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Abstract

High resolution, multi-sensor, hot/cold-wire measurements were made in passively

heated, uniformly sheared turbulence in a wind-tunnel. Measurements were focused

on terms that are important for modelling of the scalar probability density function

(PDF) equation. Unlike previous studies, which considered a single combination of

velocity and scalar fields at a time, in this study three different scalar fields were

investigated in the same nearly homogeneous turbulence with three passively super-

imposed temperature fields, namely a transversely homogeneous temperature field

with a uniform mean gradient, and two inhomogeneous temperature fields, the plume

of a heated line source and a thermal mixing layer. The use of the same uniformly

sheared flow allowed the isolation of the effects of scalar inhomogeneity and initial

conditions by evaluating the results in the three scalar fields. Thus, the measurements

covered a wide range of scalar field conditions and set the ground for a conclusive

comparison. For the homogeneous scalar field, results conformed with the literature:

the scalar PDF was essentially Gaussian; the conditional expectations of velocities

upon the scalar value were approximately linear; and the conditional expectation of

the scalar dissipation rate upon the scalar value was mildly anisotropic and had a

shape that was similar to those of any of its three parts, which justifies the use of the

streamwise part as a surrogate for the total. All these properties behaved very differ-

ently in two inhomogeneous scalar fields, the thermal mixing layer and the plume of a

heated line source: the scalar PDFs were distinctly sub-Gaussian; the conditional ve-

locity expectations were non-linear functions of the scalar value; and the conditional

scalar dissipation rates were very strongly anisotropic, as well as depending on the

scalar value in fashions that differed strongly from those of any of their three parts.
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Chapter 1

Introduction

1.1 Turbulent mixing and scalar transport

One of the goals of investigations of scalar fields is to provide an insight into the

mixing process. Dimotakis (2005) reviewed various levels of scalar mixing. Passive

scalar mixing is the first level which does not affect the flow dynamics. In other

cases, the dynamics of the flow and mixing are coupled; mixing of the temperature

and salinity fields in large-scale ocean currents is an example in this category. A third

type of mixing makes changes to the fluid(s) and is necessarily coupled to the flow

dynamics; examples are flows with combustion and detonations.

Turbulence is the essential mechanism that enhances the extent of mixing of scalar

fields. This mixing enhancement has many practical applications in combustion and

flow processes that require rapid mixing of scalar fields within short distances. The

traditional approach for such problems is to investigate the transport equations of

velocity and scalar fields in terms of statistical moments with modelling for reacting

flow with large density variation and non-linear reaction rate. An alternative to the

traditional approach in which the transport equations of velocity and scalar fields

are expressed in terms of the physical variables is the probability density function

(PDF) method, which was developed in the 1960s and 1970s (Pope, 1985). In the

PDF method, the exact transport equations for the PDFs of the velocity and scalar

fluctuations are derived from the Navier-Stokes and scalar transport equations. PDF

equations for more than one scalar can also be derived, representing thermochemical

states of the fluid based on the selected scalar parameters (e.g., mass fractions and

enthalpy). One of the main advantages of PDF equations is that, in reacting flows, the

transport equation can be treated without approximation. This makes it unnecessary

1
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to consider additional assumptions, for example to introduce the linearity assumption

for a very fast or very slow reaction rate. Maintaining the advantages of the velocity

and scalar PDF equations, the transport equation of the joint probability density

function (JPDF) of velocity and scalar takes exactly into account, in a closed form,

the effects of convection, reaction, body force and mean pressure gradient, for complex

flows such as those with a variable density and non-linear reaction rates. Compared

to conventional turbulent closures, the PDF methods also have many advantages for

inert and constant-density flows. All terms in the PDF transport equations can be

determined from PDFs which are functions of velocity sample space, scalar sample

space, time, and space. Density and source terms are known functions of scalar

sample space and mean pressure is calculated through the Poisson equation in terms

of the PDF. However, to solve the PDF transport equations, one needs to model

some conditional expectations. The existing models for conditional expectations are

developed so as to force the PDF or JPDF of fluctuations to relax into a normal

distribution (Pope, 1985). Relaxation to a normal distribution is justified by the fact

that the effects of diffusion eventually smoothen the PDF (Pope, 2000).

1.2 Objective of this thesis

In PDF methods, the assumption of Gaussian or jointly Gaussian distributions for

scalar PDFs or JPDFs is consistent with some but not all experimental evidence of

previous scalar experiments, which considered a single combination of velocity and

scalar fields, which makes it difficult for a conclusive discussion on the shape of PDFs

and JPDFs. The few available scalar experiments in turbulent flows contradict each

other. The main objective of the present study is to measure the scalar PDF and other

statistical properties of the scalar in three different passive scalar fields in uniformly

sheared flow (USF). In this configuration, the turbulence is nearly homogeneous and

free of external intermittency and wall effects. The three scalar fields include a homo-

geneous one, created by superimposing a uniform mean temperature gradient (UTG)

in the transverse direction, and two non-homogeneous scalar fields, a thermal mixing
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layer (TML) and the plume of a heated line source (PLS). The non-homogeneous

scalar fields have fundamentally different characteristics: the former one is free of

initial effects but the latter one is not. The use of the same USF and the three scalar

fields allows us to isolate the effects of non-homogeneity of scalar fields and initial

conditions on the shapes of PDFs, which has not been addressed in previous scalar

experiments. A second objective is to conduct measurements of conditional expecta-

tions which appear in terms of the scalar PDF equation. Such measurements include

the conditional expectations of the velocity and the scalar dissipation rate upon the

scalar fluctuation value.

1.3 Methodology

The measurement of JPDFs and conditional expectations requires simultaneous velocity-

scalar measurements and measurements of scalar derivatives in three directions. The

experimental study of the small-scale characteristics of a scalar field necessitates the

use of a measurement technique that is capable of resolving motions with the smallest

dynamically significant time and length scales of the field under investigation. Among

the three most popular local velocity measurement techniques, which are particle im-

age velocimetry (PIV), laser Doppler velocimetry (LDV) and hot-wire anemometry

(HWA), we chose HWA, as this technique has the highest temporal and spatial reso-

lutions, as well as not requiring flow seeding, which would have been inconvenient for

our open-circuit wind tunnel facility. Concerning scalar measurements, a resistance

thermometer, known as a “cold-wire”, is able to resolve temperature fluctuations

up to a few kHz. The basic idea behind this method, which initially was proposed

by Corrsin (1947), is that for low overheats the cold-wire is insensitive to velocity

fluctuations and responds only to temperature fluctuations. Following consideration

of alternative approaches, it was decided to use hot-wire anemometry and cold-wire

thermometry for simultaneous measurement of velocity-temperature statistics and

multi-sensor cold-wire thermometry for direct measurements of the scalar derivative

statistics.
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1.4 Plan of the thesis

This thesis is prepared in the form of a manuscript-based thesis. A general background

which covers relevant PDF transport equations is provided in Chapter 2. Chapter 3

contains a description of the apparatus, instrumentation and measurement procedures

used in the experiments. Experimental results and their analysis and discussion are

presented in Chapter 4 in the form of two manuscripts to be submitted to a refereed

journal for possible publication. Finally in Chapter 5, a summary of the main results

of the thesis is presented, with contributions of this work and recommendations for

future research.



Chapter 2

Background

2.1 Statistical definitions

The cumulative distribution function (CDF), or distribution function (Papoulis, 1991),

of a random variable X is defined as the probability that X B χ, i.e.,

FX�χ� � P �X B χ�, (2.1)

where χ is the sample space of fluctuating parameters (herein χ-space). As χ varies

from �ª to ª, the CDF changes from 0 to 1 as a non-decreasing function. The joint

distribution function of two random variables X and Y is defined by

FXY �χ,ψ� � P �X B χ,Y B ψ�, (2.2)

where ψ is in a sample space of fluctuating parameters (herein ψ-space).

The probability density function (PDF) of a random variable X is defined as the

derivative of its distribution function

fX�χ� � dFX�χ�
dχ

. (2.3)

It is easy to infer the following properties of a PDF

fX�χ� C 0 (2.4)

fX��ª� � fX��ª� � 0 (2.5)

5
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S
�ª

�ª

fX�χ�dχ � 1 (2.6)

F �χ BX B χ � dχ� � fX�χ�dχ. (2.7)

This approach is extended to define the joint probability density function (JPDF) ofX

and Y (assuming that FXY �χ,ψ� is a continuous function and has partial derivatives

up to order two)

fXY �χ,ψ� � ∂2FXY �χ,ψ�
∂χ∂ψ

. (2.8)

The CDF of a random variable X conditioned on an event Y1 for which P �Y1� A 0

is defined as

FX �χ S Y1� � P �X B χ S Y1� � P ��X B χ�Y1�
P �Y1� , (2.9)

where P ��X B χ�Y1� is the joint probability of the random variable X and an event

Y1. The PDF of a random variable X conditioned on an event Y1 for which P �Y1� A 0

is defined as

fX �χ S Y1� � d

dχ
FX�χ S Y1�. (2.10)

2.1.1 Moments of a random variable

The expectation of the random variable X, denoted by E �X� or `Xe, is defined as

`Xe � S �ª

�ª

χfX�χ�dχ. (2.11)

The variance of X, or its central moment of second order, is defined as

a�X � `Xe�2f � ax2f � S �ª

�ª

�χ � `Xe�2
fX�χ�dχ. (2.12)
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The square root of the variance is called the standard deviation and is a measure of

the width of the PDF.

In general, a central moment of nth order is defined as

`�X � `Xe�ne � `xne � S �ª

�ª

�χ � `Xe�n fX�χ�dχ. (2.13)

To provide a full statistical description of the random variable under investigation,

one needs to specify either the PDF or the complete set of moments of the random

variable.

2.2 Governing equations of turbulent flows

The velocity, temperature, pressure, and concentration in turbulent flows may be con-

sidered as random variables due to the random nature of such flows. The Reynolds

decomposition consists of separating each flow parameter into an average and a fluc-

tuation (Pope, 2000). It is interesting to note that the Reynolds decomposition was

proposed before development of the modern axiomatic foundations of probability the-

ory by Kolmogorov (1933).

2.2.1 Mass and momentum transport equations

In the proposed research, the air flow can be considered as Newtonian and incom-

pressible, with a negligible body force. For such a flow, the conservation of mass and

the momentum balance can be expressed as follows

∂Ui
∂xi

� 0 (2.14)

and
∂Ui
∂t

�Uj
∂Ui
∂xj

� �
1

ρ

∂P

∂xi
� ν

∂2Ui
∂xj∂xj

, (2.15)

where ρ and ν are the density and kinematic viscosity of the fluid and i �1, 2, and 3

represent streamwise, transverse, and spanwise directions, respectively. These equa-

tions and the following ones are written in Cartesian tensor notation, for which the
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Einstein summation convention applies to terms with repeated Roman indices. By

applying Reynolds decomposition to the velocity as U � `Ue � u and to the pressure

as P � `P e � p, the Reynolds-averaged equations are obtained. Angle brackets in

these expressions denote ensemble averages for the flow parameters. For stationary

and ergodic flows, ensemble averages would be equal to corresponding time averages.

In the following, we will assume that the flows of interest are stationary and ergodic

and so will use time averages, which are denoted by overbars. Under such conditions,

Reynolds decomposition may be written as U � U �u and P � P � p. The fluctuation

terms u and p are considered to be random variables with zero means. Taking the

averages of all terms in the previous equations, one gets continuity and momentum

equations for the means as, respectively,

∂U i

∂xi
� 0, (2.16)

∂U i

∂t
�U j

∂U i

∂xj
� �

1

ρ

∂P

∂xi
� ν

∂2U i

∂xj∂xj
�
∂uiuj
∂xj

. (2.17)

The term `uiuje is the covariance tensor of velocity fluctuations and the last term on

the right hand side of equation 2.17 represents transport of momentum fluctuations

by turbulent velocity fluctuations. It has been known since the time of Osborne

Reynolds that turbulence produces virtual mean stresses which are proportional to

the covariances of velocity fluctuations (Taylor, 1935). The Reynolds stress anisotropy

tensor is defined as

mij �
uiuj
2k

�
1

3
δij, (2.18)

where δij is the Kronecker delta and k � 1
2uiui is the turbulent kinetic energy per unit

mass.

One can easily derive the momentum equation for the velocity fluctuations by

substituting Reynolds decomposition in equation (2.15) and subtracting equation

(2.17) from that as follows
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∂ui
∂t

�U j
∂ui
∂xj

� uj
∂U i

∂xj
� uj

∂ui
∂xj

� �
1

ρ

∂P

∂xi
� ν

∂2ui
∂xj∂xj

�
∂uiuj
∂xj

. (2.19)

This equation demonstrates that there is coupling between the means and the fluc-

tuations. Multiplying equation (2.19) by ui and averaging, one obtains the balance

equation for the turbulent kinetic energy as

∂k

∂t
�U j

∂k

∂xj
� � uiuj

∂U i

∂xi
�

1

ρ

∂ujp

∂xj
�

1

2

∂ujuiui
∂xj

� ν
∂2k

∂xj∂xj
� ν

∂2uiuj
∂xi∂xj

�
1

2
ν�∂ui
∂xj

�
∂uj
∂xi

��∂ui
∂xj

�
∂uj
∂xi

�.
(2.20)

The physical significance of each term in equation (2.20) can be summarized (Tavoularis,

2005) as follows.

� The left-hand side represents the total rate of change of k.

� �uiuj
∂U i
∂xj

is the rate of production of k, which is in most cases positive.

� �
1
ρ

∂ujp

∂xj
is the rate of work of pressure fluctuation gradients.

� �
1
2

∂ujuiui
∂xj

is the turbulent diffusion of k by non-linear turbulent interactions.

� ν
∂2uiuj
∂xi∂xj

and ν ∂2k
∂xi∂xj

are terms representing viscous diffusion of Reynolds stresses.

� 1
2ν� ∂ui∂xj

�
∂uj
∂xi

� � ∂ui∂xj
�
∂uj
∂xi

� is the rate of dissipation ε of k, which is always posi-

tive.

2.2.2 Uniformly sheared flow

In the present study, the coordinate axes x1, x2, and x3 are aligned with the stream-

wise, transverse, and spanwise directions, respectively. For uniformly sheared flow
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(USF) in a wind tunnel, the mean velocity field is ideally defined as

U1 �
dU1

dx2

x2 �U c, (2.21)

U2 � 0, (2.22)

U3 � 0, (2.23)

where the origin of x2 is on the centreline of the wind tunnel and U c is the mean

velocity of the centreline velocity. Two dimensionless parameters that characterise a

USF are defined as follows.

τ �
x1

U c

dU1

dx2

, (2.24)

S� �
dU1

dx2

�2k�
ε
, (2.25)

τ is the dimensionless development time, which also represents the total strain expe-

rienced by the turbulence. S� is the shear rate parameter, which is the ratio of the

turbulence timescale to the timescale of the mean shear and represents the relative

strength of the turbulence with respect to the production by mean shear.

In USF, velocity and pressure fluctuations are ideally statistically homogeneous

in any plane perpendicular to the streamwise direction, whereas the turbulence is

stationary. In USF the turbulent kinetic energy equation (2.20) is simplified to

U1
dk

dx1

� �u1u2
dU1

dx2

� ε. (2.26)

This equation can only be valid approximately because the left-hand side is a function

of x2 while the right-hand side is not. This means that the x2 dependence of U1 tends

to destroy the lateral homogeneity.
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2.3 Equations for passive scalar transport

2.3.1 General equations

Assuming that, for small temperature differences, the effects of buoyancy are negligi-

ble, a passive scalar field is governed by the advection-diffusion equation

∂T

∂t
�Uj

∂T

∂xj
� γ

∂2T

∂xj∂xj
, (2.27)

where γ is the scalar diffusivity. Equation (2.27) is a linear equation in T . The

physical significance of each term can be summarized as follows.

� The left-hand side represents the total rate of change of T , which is the sum of

temporal and convective rates of change.

� The right-hand side represents the molecular diffusion of the scalar.

Applying the Reynolds decomposition to the temperature as T � T � θ, and sub-

stituting this into equation 2.27 and averaging all terms, one can derive the balance

equation for the mean scalar as

∂T

∂t
�U j

∂T

∂xj
�

∂

∂xj
�γ ∂T
∂xj

� θuj� . (2.28)

The last term on the right-hand side of this equation is called the turbulent heat

flux vector. This term introduces three additional unknowns (namely `θu1e, `θu2e,
and `θu3e), which makes this equation open even if the statistical properties of the

velocity field were known. One can derive a transport equation for the temperature

fluctuations by subtracting (2.28) from (2.27) as

∂θ

∂t
�U j

∂θ

∂xj
� uj

∂T

∂xj
�
∂θuj
∂xj

�
∂θuj
∂xj

� γ
∂2θ

∂xj∂xj
. (2.29)

Noting that the mean of the temperature fluctuations is equal to zero (θ � 0), the

balance equation for the second moment of scalar fluctuations is
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θ2

∂t
�U j

∂θ2

∂xj
� �2θuj

∂T

∂xj
�
∂θ2uj
∂xj

� γ
∂2θ2

∂xj∂xj
� 2γ

∂θ

∂xj

∂θ

∂xj
. (2.30)

The different terms in this equation have the following physical significance.

� The left-hand side represents the total rate of change of scalar variance.

� �2θuj
∂T
∂xj

is the rate of production of scalar fluctuations, which is usually posi-

tive, by the interaction of turbulent heat flux with the mean scalar gradient.

� �
∂θ2uj
∂xj

is the rate of turbulent transport of scalar variance by velocity fluctua-

tions.

� γ ∂2θ2

∂xj∂xj
is molecular diffusion of the scalar.

� �2γ ∂θ
∂xj

∂θ
∂xj

�� �2εθ � �2εθ� is the rate of destruction of scalar fluctuations, εθ, of

θ2.

2.3.2 Scalar transport equations in uniformly sheared turbulence

Assuming a stationary USF and neglecting the streamwise gradient compared to the

transverse gradient, equation (2.30) reduces to

U1
∂θ2

∂x1

� �2θu2
∂T

∂x2

�
∂θ2u2

∂x2

� γ
∂2θ2

∂x2
2

� 2εθ. (2.31)

For a passive scalar field imposed on a stationary USF flow, in addition to the rate

of production and destruction of scalar fluctuations, the rate of turbulent transport

by velocity fluctuations and molecular diffusion affect the rate of change of scalar

variance. For a scalar field with a uniform mean temperature gradient in USF, where

the scalar and velocity fields are both transversely nearly homogeneous, equation

2.31 reduces to the following equation (Tavoularis & Corrsin, 1981a; Ferchichi &

Tavoularis, 2002).

U1
∂θ2

∂x1

� �2θu2
∂T

∂x2

� 2εθ. (2.32)
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One of the advantages of the above equation is its similarity to the equation of tur-

bulent kinetic energy in USF, equation (2.26), which introduces an analogy between

the structures of the scalar field and of the velocity field.

Multiplying equation (2.15) by θ and equation (2.27) by ui, adding and taking the

mean and using the continuity equation, one can get the equation of turbulent heat

flux (or temperature-velocity covariance) as

∂θui
∂t

�U j
∂θui
∂xj

� �
∂θuiuj
∂xj

� uiuj
∂T

∂xj

� θuj
∂U i

∂xj
�

1

ρ
θ
∂p

∂xi

�
∂

∂xj
�γ ui ∂θ

∂xj
� ν θ

∂ui
∂xj

�
� �νγ ∂ui

∂xj

∂θ

∂xj
� .

(2.33)

In the case of a statistically stationary USF with a 2D mean scalar field, the non-zero

components of the previous equation may be reduced to the forms

U1
∂θu1

∂x1

� �
∂θu1u2

∂x2

� u1u2
∂T

∂x2

� θu2
∂U1

∂x2

�
1

ρ
θ
∂p

∂x1

�
∂

∂x2

�γ u1
∂θ

∂x2

� ν θ
∂u1

∂x2

� � �νγ ∂u1

∂xj

∂θ

∂xj
� (2.34)

and

U1
∂θu2

∂x1

� �
∂θu2

2

∂x2

� u2
2

∂T

∂x2

�
1

ρ
θ
∂p

∂x2

�
∂

∂x2

�γ u2
∂θ

∂x2

� ν θ
∂u2

∂x2

� � �νγ ∂u2

∂xj

∂θ

∂xj
� . (2.35)
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2.3.3 Growth of a thermal mixing layer in USF

One can consider a USF which is stationary and two dimensional on the mean. By im-

posing a thermal mixing layer in which the streamwise gradient of any scalar statistical

property is negligible compared to its transverse gradient and neglecting molecular

diffusion compared to turbulent diffusion, the mean scalar transport equation (2.28)

is reduced to

U1
∂T

∂x1

� �
∂u2θ

∂x2

. (2.36)

Applying a gradient transport model to approximate the turbulent heat flux term

(Sreenivasan et al., 1982) and also considering that the transverse mean scalar gradi-

ent is the dominant component of ∂T
∂xi

, equation (2.36) may be simplified to

U1
∂T

∂x1

� �D22
∂T

∂x2

, (2.37)

where D22 is the turbulent diffusivity, which is a function of the local scales of the

turbulent velocity field. According to the gradient transport model, maximum pro-

duction would occur at the location of the maximum temperature gradient. The mean

shear can affect the solution in two different ways, first through the mean velocity

and second through the turbulent diffusivity. If the solution is limited to a relatively

narrow mixing layer, in which one may assume that the mean velocity is uniform, one

may derive a self-similar solution for the mean temperature rise in the form (Ferchichi

& Tavoularis, 1992)
∆T �x1, x2�

∆T h
�

1

2
�1 � erf �ξ��, (2.38)

where ∆T h is the temperature difference between the warm and cool streams and ξ

is a dimensionless transverse coordinate, defined as ξ � �x2 � x20�x1��~w�x1�; in this

expression, x20 is the displacement of the thermal mixing layer centre and the mixing

layer width w�x1� is the distance between points at which the mean temperature

rise is equal to 0.25 and 0.75∆T h. Extensions of this analysis provide estimates for

the temperature variance and the temperature-velocity covariance vector (Ferchichi
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& Tavoularis, 1992).

2.3.4 Transport equation for the velocity-scalar PDF

The formulation of statistical balance equations for the turbulent velocity and for

transported scalars (i.e., the concentration of an admixture or temperature) in terms

of their PDF and JPDF is an alternative to the more common approach, which is

in terms of statistical moments. The transport equation of a velocity-scalar JPDF

without a source term, neglecting gravity forces, and assuming constant density, has

the following form

ρ ��∂fuθ
∂t

�U j
∂fuθ
∂xj

� � � ∂P
∂xj

∂fuθ
∂Uj

�	 �∂ ���
∂τij
∂xj

SV,Θ �
∂p
∂xj

SV,Θ� fuθ�
∂Uj

�

∂2 ��εθSV,Θ� fuθ�
∂Θ2

,

(2.39)

where V is the velocity sample space (V -space), τij � µ � ∂ui∂xj
�
∂uj
∂xi

�
2
3
∂uk
∂xk

δij� and µ is

the dynamic viscosity of the fluid (Williams, 1965; Swaminathan & Bray, 2011).

� The first term on the left-hand side is transport in physical space.

� The second term on the left-hand side is transport in velocity space by the mean

pressure gradient.

� The first term on the right-hand side represents transport in velocity space by

the viscous stresses and by the fluctuating pressure gradient.

� The second term on the right-hand side represents transport in Θ-space (scalar

space) by the molecular fluxes.

The PDF approach has an advantage in reactive flows, because it can treat arbitrary

chemical reactions exactly, whereas the moment approach requires the use of models.

As can be seen in Eqn. 2.39, terms that represent convection, reaction and body force
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are in closed form and the mean pressure force can also be converted to a closed form

using Poisson equation; nevertheless, terms that represent molecular processes and

fluctuating pressure forces contain conditional expectations, which have to be mod-

elled. Models of these terms have usually been tested in homogeneous turbulence with

superimposed canonical scalar fields, in which velocity and scalar fluctuations may,

under certain conditions, have a normal JPDF, in conformity with some experimental

evidence.

2.3.5 Transport equation for the scalar PDF

An alternative approach to the solution of the velocity-scalar JPDF equation is the

solution of the turbulent velocity equations by some approximate means, such as large

eddy simulation (LES), together with solving the scalar PDF equation (Pope, 1985).

Despite some known disadvantages of the scalar PDF equation by comparison to the

JPDF equation (Pope, 1985), the former provides a suitable theoretical foundation for

examining the statistical properties of a scalar field in turbulent flows. In particular,

it allows one to focus on the statistical differences between different scalar fields

embedded in the same turbulence, which is the topic of concern in the present study.

Ferchichi (1998) derived the following transport equation for the PDF of temperature

fluctuations directly from Eqn. 2.29 by taking the time derivative of the averaged

“fine–grained” PDF (Lundgren, 1967).

∂fθ
∂t

�U j
∂fθ
∂xj

�
∂T

∂xj

∂ �uj S θ � Θ fθ�
∂Θ

�

∂ �uj S θ � Θfθ�
∂xj

�
∂θuj
∂xj

∂fθ
∂Θ

� γ
∂2fθ
∂xj∂xj

�

∂2 �εθ S θ � Θfθ�
∂Θ2

,

(2.40)

where Θ is the sample space of the temperature field (Θ-space). The physical signif-

icances of the different terms in Eqn. 2.40 and the corresponding terms in Eqn. 2.29

are as follows.
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� ∂fθ
∂t � U j

∂fθ
∂xj

� this term is the total rate of change of temperature PDF and

corresponds to ∂θ
∂t �U j

∂θ
∂xj

.

� ∂T
∂xj

∂�uj Sθ�Θfθ�
∂Θ � this term is the turbulent transport of the temperature PDF by

the mean temperature gradient in Θ-space and corresponds to uj
∂T
∂xj

.

�
∂�uj Sθ�Θ fθ�

∂xj
� this term is the turbulent transport of temperature PDF in physical

space and corresponds to
∂θuj
∂xj

.

�
∂θuj
∂xj

∂fθ
∂Θ � this term is the transport of the temperature PDF by the gradient of

turbulent heat flux in the Θ–space and corresponds to
∂θuj
∂xj

.

� γ ∂2fθ
∂uj∂uj

,
∂2�εθ Sθ�Θ fθ�

∂Θ2 � these terms are the molecular diffusion of the temperature

PDF in the physical space and the molecular diffusion of the temperature PDF

in Θ-space; they correspond to γ ∂2θ
∂xj∂xj

.

Like the JPDF equation, the scalar PDF equation contains conditional expectations,

which need to be modelled. However, instead of a conditional fluctuating pressure

gradient term, the scalar PDF includes a turbulent transport term, which contains

the conditional velocity expectation uiSθ � Θ (Pope, 2000). A common modelling

assumption is to assume that uiSθ � Θ is a linear function of Θ, which would be true

if the velocity-scalar JPDF were jointly normal. Models that account for the effects

of the molecular diffusion term, which contains the conditional expectation of scalar

dissipation rate upon the scalar fluctuations εθSθ � Θ, are required to close Eqn. 2.40

too. These models, referred to as mixing models, usually have a limited scope, which

is to produce a JPDF with realistic first and second order moment evolutions (Pope,

1985).

Ferchichi & Tavoularis (2002) showed that, for a USF with a uniform mean tem-

perature gradient in which the velocity and the temperature fields are transversely

nearly homogeneous, equation 2.40 could be simplified to the following form

U j
∂fθ
∂xj

�
∂T

∂xj

∂ �uj S θ � Θ fθ�
∂Θ

�

∂2 �εθ S θ � Θ fθ�
∂Θ2

. (2.41)
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Additionally, if one assumes that (a) the conditional expectations of the velocity

fluctuations are linearly related to the value of the scalar; (b) the scalar dissipation

rate and the scalar value are statistically independent; and (c) the scalar PDF in a

stationary turbulent flow is self-preserved, the only acceptable solution of equation

2.41 is the Gaussian function. Ferchichi & Tavoularis (2002) demonstrated that these

assumptions were approximately satisfied in a USF with a uniform mean temperature

gradient.

2.4 Lengthscales

One of the features of all turbulent flows is the wide range of lengthscales they contain.

One way to characterize spatial structures is to investigate the spatial correlation ten-

sor. The typical separation distance over which a component of the spatial correlation

tensor approaches zero is a measure of the macroscopic lengthscale of the turbulent

flow in a particular direction. These lengthscales, known as integral lengthscales, are

comparable to geometrical scales of the apparatus. Using one point measurement and

Taylor’s frozen flow approximation, one can define the streamwise integral lengthscale

for the case of a statistically stationary process as

L11,1 � U1S
ª

0

u1�t�u1�t � τ�
u2

1�t� dτ. (2.42)

where τ � t2 � t1 is the time lag. The same approach can be applied to the scalar field

to define the streamwise scalar integral lengthscale as

Lθ,1 � U1S
ª

0

θ1�t�θ1�t � τ�
θ2

1�t� dτ. (2.43)

The smallest eddy sizes in a turbulent flow are characterized by the Kolmogorov

microscale η � �ν3~ε�1~4
. By analogy to the velocity field, the local temperature

microscale is defined as ηθ � �γ3~ε�1~4
. It characterizes the smallest significant scale of

the scalar field, at which the scalar differences are smeared out by molecular effects.
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The Taylor microscale is an intermediate lengthscale. The streamwise Taylor

microscale is defined as

λ11 �

¿ÁÁÁÀ u2
1�∂u1~∂x1�2

. (2.44)

By analogy to the velocity field, the Corrsin microscale is defined as

λθ1 �

¿ÁÁÁÀ θ2

�∂θ~∂x1�2
. (2.45)

Using Taylor’s approximation, the Taylor and Corrsin microscales can be estimated

from temporal derivatives, which can be conveniently measured with a single probe.

The corresponding expressions are

λ11 � U1

¿ÁÁÁÀ u2
1�∂u1~∂t�2

, (2.46)

λθ1 � U1

¿ÁÁÁÀ θ2

�∂θ~∂t�2
. (2.47)

A turbulence Reynolds number that describes the strength of turbulence activity is

defined as

Reλ �

¼
u2

1 λ11

ν
. (2.48)



Chapter 3

Literature review

3.1 Uniformly sheared turbulence

Experimental studies of the structure of turbulent flows can be mostly categorized

in two different groups: those of inhomogeneous and those of homogeneous turbulent

flows. Wakes, jets, boundary layers, channel flows and atmospheric turbulence are

some well-known examples of inhomogeneous turbulence, which is also anisotropic.

On the other hand, grid turbulence is considered as nearly homogeneous and isotropic.

A case of nearly homogeneous but anisotropic flow is uniformly sheared turbulence.

The first attempt to generate a USF was conducted by Rose (1966) using a grid

consisting of parallel rods with variable spacing to produce a velocity gradient. This

flow suffered from non-uniform length scales. Afterward, Champagne et al. (1970)

used equally spaced parallel channels with transversely varying porosity, followed by

flow-separating plates. They were able to produce USF with nearly uniform scales.

Additional experimental studies of USF are the following.

� Harris et al. (1977) studied USF with greater shear rate and a longer develop-

ment time than Champagne et al., in the same wind tunnel.

� Tavoularis & Corrsin (1981a) used hot-wire anemometry to study the properties

of USF with a superimposed uniform mean temperature gradient in a wind

tunnel. They modified the shear generator of the Harris et al. (1977) to achieve

higher turbulent intensities. They measured temperature fluctuation utilizing

resistance thermometers (cold-wires).

� Rohr et al. (1988) studied USF generated by deviding the cross section in 9

channels and injecting fluid at a different flow rate in each channel. For velocity

20
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measurement, they used hot-films.

� Tavoularis & Karnik (1989) used hot-wire anemometry to document the effect of

the shear value on USF in a wind tunnel at moderate Reλ. The shear generator

was based on the Tavoularis & Corrsin (1981a) design.

� De Souza et al. (1995) used LDV to study USF in a high speed wind tunnel.

They used a perforated plate with variable porosity followed by a flow separator

to produce turbulent Re number of the order of 103.

� Garg & Warhaft (1998), using hot-wire anemometry, investigated the small

scale characteristics of the USF in the range of 156 B Reλ B 390. They used

the Tavoularis & Corrsin (1981a) design for their shear generator in their wind

tunnel.

� Ferchichi & Tavoularis (2000) used hot-wire anemometry to study the effect of

the turbulent Reynolds number on the fine structure of USF in the same facility

as Karnik & Tavoularis (1987) with a turbulent Reynolds number up to 660.

� Shen & Warhaft (2000, 2002) and Warhaft & Shen (2002) used an active grid fol-

lowed by a screen shear generator to study the effects of high turbulent Reynolds

number up to 1000 on the small scales. In particular, they studied the higher

order structure functions and mixed structure functions using hot-wire anemom-

etry.

� Kislich-Lemyre (2002) used LDV and flow visualisation to study the large-scale

structure of USF produced by a perforated plate in a water tunnel.

� Gylfason et al. (2004) studied intermittency, pressure and acceleration statistics

from hot-wire measurements in wind-tunnel turbulence in USF for the range

452 B Reλ B 877. They used the same set-up as Shen & Warhaft (2000) to

produce USF.
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� Isaza et al. (2009) investigated the large-scale velocity statistics of USF. They

used both an active and a passive grid to produce USF with different initial

value of the shear parameter. They also used hot-wire anemometry for their

velocity measurements.

� Vanderwel & Tavoularis (2011), expanded on the work of Kislich-Lemyre using

PIV and flow visualization to quantitatively study the large-scale structure of

USF in a water tunnel with a turbulent Reynolds number around 150.

Alternative methods of generating the uniform shear including curved screens, or

tapered honeycombs are described by Dunn & Tavoularis (2007).

The main time-averaged characteristics of the USF can be highlighted as follows:

� The Reynolds stresses and turbulent kinetic energy grow exponentially in USF

(Tavoularis, 1985).

� It is observed that the exponential growth only begins after a sufficient devel-

opment time has been achieved (τ à 5, Tavoularis & Karnik (1989)).

� The magnitudes of the non-zero Reynolds stresses are ordered as `u2
1e A `u2

3e A`u2
2e A �`u1u2e. The reason is that the streamwise normal stress receives energy

directly from the mean shear but the others receive energy indirectly from the

streamwise component through pressure-strain rate covariance terms.

� The previous studies also measured the integral length scale L11 and Taylor’s

microscale λ11. The integral length scale is observed to consistently grow from

a starting value, which is comparable to the spacing of the elements in the shear

generating apparatus.

Moreover, several direct numerical simulation (DNS) studies investigated the HSF

within relatively small ranges of turbulent Reynolds number and short development

times. These include the studies by Rogers & Moin (1987), Adrian & Moin (1988),

Lee et al. (1990), Kida & Tanaka (1994), and Isaza & Collins (2009). The DNS results
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established a close correspondence between the turbulence structure and the evolution

rate in HSF and those in USF. DNS have also determined the temporal evolutions

of the entire velocity and vorticity fields. These studies identified coherent structures

in HSF, which were confirmed by the experimental observations of Kislich-Lemyre

(2002) and Vanderwel & Tavoularis (2011) in USF. Among DNS studies, the results

of Rogers & Moin (1987) and Adrian & Moin (1988) clearly identified the presence

of hairpin vortices in HSF. Lee et al. (1990) and Kida & Tanaka (1994) investigated

the instantaneous structure of HSF and showed that it is organized into coherent

turbulent structures. Isaza & Collins (2009) discussed the asymptotic behaviour of

large-scale turbulence in HSF. A limitation of DNS is that they are restricted to

relatively low Reynolds numbers.

3.2 Passive scalar fields

Generating a temperature fluctuation field, as a passive scalar, is one of the prevalent

experimental approaches to investigate the small scale structure of scalar fields in

turbulent flows. Warhaft (2000) published an extensive review on passive scalars in

turbulence. This review focuses on the cascade phenomenology, the deviation from

local isotropy assumption in the inertial and dissipation ranges and its the depen-

dence of local anisotropy on internal intermittency. One of the addressed issues in

that review was about non-Gaussianity of the PDF of the scalar fluctuations in some

experimental results. Dimotakis (2005) also provides an overview of turbulent mix-

ing at different levels and the existing experimental, theoretical, and computational

challenges.

3.2.1 Passive scalar fields in different turbulent flows

The earlier study of Tavoularis & Corrsin (1981a) in USF with a mean temperature

gradient showed that, in addition to Gaussianity of the scalar and velocity statistics,

the velocity-scalar joint PDF is also jointly Gaussian. They used round heating rods

right after the flow separator to produce temperature field at a turbulent Reynolds
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number up to 266. This flow has been re-examined by Ferchichi & Tavoularis (2002)

with the same range of Reynolds number but the focus was on the PDF of the scalar

and velocity fields. Their heating system was made of Nicrome ribbons mounted on

a wooden frame and placed at a distance downstream of the shear generator. They

showed that the conditional expectations of the velocity fluctuations were linearly

related to the scalar value and the scalar dissipation rate was statistically independent

of the scalar. They also supported their results with a theoretical analysis using PDF

formulation (Pope, 1985). Their results were consistent with the results of Tavoularis

& Corrsin (1981a).

In the 1980s and early 1990s, there were several experimental studies of thermal

mixing layers in grid turbulence. LaRue et al. (1981) and LaRue & Libby (1981)

produced a thermal mixing layer by heating half of their grid. Ma & Warhaft (1986)

investigated a similar flow with a mandolin and a toaster to produce the mixing

layer. Both experiments suggested zero value of the skewness of the temperature

fluctuations at the centre of the thermal mixing layer and peaks near the edges. The

kurtosis showed small sub-Gaussianity (� 2.8). In this flow, the thermal mixing layer

is a transversely non-homogeneous scalar field and the grid turbulence provides nearly

isotropic velocity field, which is also nearly homogeneous on a transverse plane.

Ferchichi & Tavoularis (1992) studied the evolution of a thermal mixing layer in

USF. The results showed that the mean temperature field reached a quasi-asymptotic

state and the thermal mixing layer approximately maintained an error-function-like

profile (like grid turbulence experiments) with a width that grew almost linearly.

Their theoretical predictions of the thermal mixing layer width and temperature fluc-

tuation statistics agreed with their measurements. However, they did not report any

PDF.

Karnik & Tavoularis (1989) investigated diffusion from a heated line source in a

USF with a turbulent Reynolds number up to 360. As expected, the reported joint

PDF of velocities were nearly Gaussian. On the other hand, the PDF of the tem-

perature fluctuations showed a measurable deviation from the Gaussian behaviour,
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with a skewness that increased with increasing distance from the centreline. How-

ever, the velocity-temperature correlation coefficient `θuie ~ �`θ2e `u2
i e�1~2

on the cen-

treline is around zero due to the approximate symmetry of the mean temperature

field. Whether the non-Gaussianity of temperature fluctuations at the centreline was

related to zero correlation of the temperature and velocity fluctuations was not in-

vestigated in these experiment. The joint PDF of velocity-scalar also indicated an

increasing deviation from a Gaussian behaviour away from the centreline. In this con-

figuration, the scalar field is transversely inhomogeneous whereas the velocity field is

transversely nearly homogeneous.

Sinai & Yakhot (1989) derived theoretically an exact closed-form solution for the

scalar PDF of a homogeneous decaying scalar field with no mean gradient and a sta-

tistically stationary turbulent field. They showed that this solution would reduce to

a Gaussian PDF if the conditional scalar dissipation were independent of the scalar

value. Based on Sinai & Yakhot’s solution, Ching (1993) presented a closed solution

for the PDF of temperature fluctuations using a fluctuation-dissipation assumption.

Ching explained that the use of this assumption might be justified by considering the

universal characteristics of turbulence fluctuations. However, the validity of this as-

sumption for a forced thermal field remained unclear. Ching derived various types of

PDF shapes depending on the conditional expectation of dissipation rate. For exam-

ple, a power-law behaviour of conditional expectation of dissipation rate would result

in a stretched-exponential PDF and a constant conditional expectation of dissipation

rate would give a Gaussian PDF.

Pope & Ching (1993) obtained an exact expression for the PDF of any measured

quantity in a general stationary process in terms of conditional expectations of time

derivatives of the property under investigation. Their expression indicated that the

conditional expectations of both the time derivative squared and of the second time

derivative influenced the shape of the PDF, including its tails. They also showed

that Ching’s fluctuation-dissipation assumption corresponds to the case when the

expectation of the second time derivative of the scalar conditioned upon scalar value

is a linear function of the scalar value. Using the Chicago convection data (Castaing
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et al., 1989), they plotted the conditional expectation of the second time derivative

of the scalar against the scalar value which indeed showed linearity. One should note,

however, that the calculation of the second time derivative from experimental results

is subjected to higher experimental uncertainty. In this regard, it is also notable that

the two conditional expectations that appear in equation (2.40), i.e., the conditional

expectations of velocity and dissipation rate upon the scalar value, originate from

the transport equation of the scalar field, whereas the conditional expectation of the

second time derivative mentioned by Pope & Ching (1993) has no connection to the

transport equation of the scalar field and it is valid for any stationary random process.

The previous analytical studies motivated several experimental studies. Jayesh &

Warhaft (1992) examined the scalar PDF and the conditional dissipation in a grid-

generated turbulence with a uniform mean temperature gradient. Their measure-

ments were conducted over the range 60 B Rel B 1100, where the Reynolds number

Rel was based on the integral length scale and the standard deviation of velocity

fluctuations. For Rel A 70, all PDF showed exponential tails. These authors found

significant positive values of the correlation between the mean scalar fluctuations and

the scalar dissipation rate when exponential tails occurred. This means that the con-

ditional scalar dissipation rate was not independent of the scalar value. Jayesh &

Warhaft (1992) argued that dependency of the statistics of the scalar dissipation rate

and the scalar fluctuations was the result of some large and rare fluctuations, which

produced exponential tails of the scalars.

Gylfason & Warhaft (2004) addressed the truncation effects in the temperature

statistics (PDF) caused by limited dimensions of their experimental apparatus with

respect to the integral length scales of the flow. They used three different grids

to produce flows with different integral length scales. By investigating the PDF of

temperature, they inferred that rare fluctuations were able to arrive at the measuring

point from far transverse positions towards upstream when the integral length scale

was sufficiently small compared to the width of the tunnel. For the largest ratio of

the integral length scale to the wind tunnel width, they observed sub-Gaussian PDF

of the temperature fluctuations.
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Anselmet et al. (1994) studied the joint statistics of a passive scalar and their

dissipation rate in a boundary layer and a jet. They showed that, in regions where the

temperature skewness factor was nearly zero, the correlation coefficient was also very

small, and the assumption of independence was fully justified. They concluded that

the main parameter influencing the joint statistics of temperature and its dissipation

rate was the asymmetry of temperature fluctuations, which was different in each of

their flows. Mi et al. (1995) investigated the joint statistics between temperature and

its dissipation rate components in the self-preserving region of a slightly heated round

jet. The results pointed out that the assumption of statistical independence between

the dissipation rate and the fluctuations appears to be more closely approximated in

their turbulent round jet than in a turbulent plane jet. Mi (2006) presented some

experimental results for the correlation between non-Gaussian statistics of a scalar

and its dissipation rate in wake and jet flows and concluded that the independence

assumption, often used in combustion modelling, is appropriate only in flow regions

in which the scalar PDF is close to a Gaussian one. The previous studies did not

report any results on the conditional expectation of velocity components upon the

scalar value.

As it is inferred from equation (2.40), the conditional expectation of the velocity

upon the scalar also plays a role in the transport of the scalar. Li & Bilger (1994)

presented experimental results on the conditional mean transverse velocity across

a turbulent scalar mixing layer. Their results showed that the conditional mean

transverse velocity is approximately a linear function of the scalar fluctuations at the

centre of the scalar mixing layer and is strongly non-linear at the edge of the mixing

layer. Feng et al. (2007) investigated the velocity conditioned on a conserved scalar in

a confined liquid rectangular jet using simultaneous PIV and PLIF. The joint velocity-

scalar PDF was not Gaussian in their flow and the PDF of the conserved scalar was

accurately described by a beta-type PDF. They stated that the conditional mean

velocity was a linear function of the scalar value when it was close to its local mean

value. Their report is consistent with the Jayesh & Warhaft (1992) observation of

large and rare fluctuations, which are responsible for the exponential tails of the scalar
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PDF.

Lavertu & Mydlarski (2005), Lepore & Mydlarski (2011) and Germaine et al.

(2014) performed a series of scalar experiments by inserting a heated line source across

a fully developed flow in a channel with an aspect ratio of approximately 18. In these

experiments, both the velocity and the scalar fields were inhomogeneous. Lavertu &

Mydlarski (2005) investigated a two-dimensional PLS by placing the line source across

the width (i.e., the long dimension) of the channel, whereas Lepore & Mydlarski

(2011) generated a three-dimensional scalar field by placing the source across the

height of the channel. The results of both studies showed that, far downstream of

the line source, the scalar PDF was nearly Gaussian, both in the channel centre and

close to the wall. Germaine et al. (2014) measured the conditional expectations of the

scalar dissipation in the two-dimensional PLS in the channel flow and found that all

three components of the scalar dissipation rate depended strongly on the temperature

fluctuation value.

3.2.2 Numerical models

The recent review of Haworth (2010) discussed progress in PDF methods and par-

ticular physical models for modelling conditional expectations. In equation (2.39),

the conditional expectations correspond to viscous stresses, the fluctuating pressure

gradient, and scalar molecular fluxes. In this case, assuming a passive scalar, the con-

ditional expectations of the viscous stresses and fluctuating pressure gradient upon

the velocity and scalar would be independent of the scalars and can be modelled by

generalized Langevin models (Pope, 2000). In the scalar PDF equation, the condi-

tional expectation terms are those corresponding to turbulent velocity fluctuations

and scalar molecular fluxes (Haworth, 2010). The effects of molecular diffusion ap-

pear in terms of scalar molecular fluxes or equivalently the conditional expectation of

scalar dissipation rate, equations (2.40) and (2.39). This conditional expectation ex-

ists at both PDF equations for velocity-scalar and scalar. The models for the effects

of molecular diffusion (or equivalently models for conditional expectation of scalar
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dissipation rate) are called mixing models. Some common mixing models include

the interaction by exchange with the mean model (IEM) by Villermaux & Devillon

(1972) and the linear mean-square estimation model (LMSE) by Dopazo & O’Brien

(1974). These two models are independent of velocity value, however, several other

models which depend on velocity value have been proposed (Fox, 1996). A common

assumption of these mixing models is that the PDF of conserved scalars should relax

to normal distributions in statistically homogeneous systems. This assumption has

been supported by some experimental results (Tavoularis & Corrsin, 1981a; Ferchichi

& Tavoularis, 2002). The models contain certain adjustable coefficients which have

been evaluated from experimental and/or DNS data (Haworth, 2010). As an example,

a new mixing model, called the shadow-position mixing model (SPMM), is introduced

by Pope (2013). The performance of this model is tested against a scalar mixing layer

in which it is assumed that in the center of the layer the Gaussian estimate can be

expected to be accurate.

3.2.3 Anisotropy and intermittency of scalar fields

The departure from local isotropy at moderate Reynolds numbers is very evident

in second order moments of scalars (Warhaft, 2000). The variation in the slope of

the passive scalar spectra in different flows confirms this departure (Warhaft, 2000).

It is notable that for scalar field in shear flows, there is a slower evolution of the

spectral slope toward �5~3 (Sreenivasan, 1991) compared to similar scalar fields in

grid turbulence experiments (Mydlarski & Warhaft, 1998). Budwig et al. (1985) and

Tong & Warhaft (1994) for grid turbulence and Sreenivasan & Antonia (1977) for

shear flow found that a�∂θ~∂x2�2f � 1.4 a�∂θ~∂x1�2f. This was contrary to the isotropy

assumption for small scales, which postulates that a�∂θ~∂x2�2f � a�∂θ~∂x1�2f. In grid

turbulence, this small scale anisotropy at the second order is independent of Reλ

(Mydlarski & Warhaft, 1998).

At the third order moments, the local isotropy assumption for the scalar field is
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broken down entirely. This breakdown depicts a direct effect of the large scale struc-

tures on motions with inertial and dissipation scales. The scalar derivative skewness

a�∂θ~∂x1�3f ~ a�∂θ~∂x1�2f3~2
, which should be zero by local isotropy assumption, has

been found to take values of the order of one as Reynolds number increases. Sreeni-

vasan & Antonia (1977) found characteristic ramp-cliff structures in the temperature

signal of a heated turbulent jet. The skewness caused by these structures appears

to be constant for both shear flows and grid turbulence although the dependence of

the skewness on Reλ has not yet been systematically studied for a specific shear flow.

The analysis of structure functions in a heated jet by Antonia & Van Atta (1978)

showed a clear scaling range for the odd-order structure functions in the longitudinal

direction, which should be zero due to local isotropy assumption at high Reynolds

number. This illustrates that the anisotropy is not restricted solely to the dissipation

range.

Sreenivasan & Tavoularis (1980) investigated the skewness of longitudinal temper-

ature derivatives with different combinations of linear mean temperature gradients

in various uniformly sheared flows. The magnitude of the skewness of the longitu-

dinal temperature derivatives was non-zero only when both the mean velocity and

temperature fields contained large scale non-uniformity. Their results confirmed that

the non-zero value of the temperature derivative skewness in shear flows, such as the

heated jet of Antonia & Van Atta (1978), was not consequence of large-scale inter-

mittency of those flows. Tavoularis & Corrsin (1981a) and Ferchichi & Tavoularis

(2002) showed that the skewness of the temperature derivatives has non-zero values

in both the longitudinal and transverse directions in a USF with a mean tempera-

ture gradient. Their experiments were conducted in the narrow turbulent Reynolds

number range 200 B Reλ B 250.

Budwig et al. (1985) and Tong & Warhaft (1994) examined the skewness of the

temperature derivatives in a grid turbulence with an imposed uniform mean temper-

ature gradient for a turbulent Reynolds number up to 130 and they found that the

skewness was non-zero in the direction of the mean temperature gradient. These two

sets of experiments had one fundamental difference. In the former experiment, the
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temperature gradient was in the streamwise direction along that the velocity field

was inhomogeneous. In the latter experiment, the temperature gradient was in the

transverse direction where the velocity field was isotropic. Both studies reported

that the skewness of the temperature derivatives was approximately constant with

an absolute value close to 1.5. Mydlarski & Warhaft (1998) used an active grid and

a uniform mean temperature gradient for Reλ up to 731. They measured the skew-

ness of the transverse temperature derivative and concluded that it is independent

of Reynolds number. It is important to notice that in the presence of a large scale

temperature non-uniformity in shear flows, the skewness of both the longitudinal and

the transverse temperature derivatives show non-zero values. However, in grid turbu-

lence there is only skewness in the transverse direction (i.e. the direction of the mean

temperature gradient).

These experimental results were supported by the numerical results of Holzer &

Siggia (1994), which showed ramp-cliff structures in the scalar field in which mean

temperature gradient were embedded in a two dimensional purely Gaussian velocity

field. This suggested that the ramp-cliff structure could be an inherent characteristic

of scalar fields.

Finally, much of the evidence about scalar intermittency is collected by investi-

gating fourth order moments of the scalar derivatives. The combined results of the

both shear-flow data (Sreenivasan & Antonia, 1997) and grid turbulence scalar exper-

iments (Mydlarski & Warhaft, 1998; Tong & Warhaft, 1994) showed that the kurtoses

of the temperature derivative in the longitudinal and transverse directions increase

with Reλ.

3.3 Data convergence

The convergence of the fluctuating statistics is a crucial issue in this study. The

following is a brief review of recent literature, with focus on the convergence of the

velocity and temperature statistics. Garg & Warhaft (1998) used 8 � 105 samples

as a typical length of their velocity time series in a USF. The sampling rate were
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set at twice the low-pass filter cut-off frequency. The measurements for the PDF

were spaced at about an integral scale apart to provide statistical independence and

a typical length of a record was about 123000 samples. Derivative statistics were

determined for a wire spacing that was between 2 and 3 Kolmogorov microscales.

The results in this study showed that the derivative PDF to the third order were not

fully converged for the case with a turbulent Reynolds number of about 150.

Shen & Warhaft (2000) used 107 � 108 data points to measure high-order velocity

derivative moments in a USF. To obtain 108 data points, they collected data over 8

hours, while monitoring the airflow temperature to ensure its constancy. Measure-

ments of parameters in the inertial range converged better than derivative statistics.

They used 107 data points for PDF and 106 point for each point in the structure

function. They argued that a sensor separation distance 5η was proper for measuring

∂u1~∂x1 and ∂u1~∂x2, because the dissipation spectrum peaks at about x2~η � 10

(Mydlarski & Warhaft, 1998). Their results showed no convergence problem for the

third to fifth moments, while the sixth and seventh moments had a large uncertainty.

Gylfason & Warhaft (2004) used 8�106�2�108 samples for measuring the statistics

of longitudinal temperature derivatives and 4�105 data points for transverse statistics

in grid turbulence with a uniform mean temperature gradient. They also used 8�106

data points for their velocity field. For the transverse statistics, the sampling rate

was set at 400Hz in all of their measurements. This low frequency was used to obtain

independent data points for the determination of moments.

In summary, the convergence analysis in the previously mentioned studies has

shown that data sets with population sizes of the order of 108 samples were fully

converged to the third and fourth order derivative statistics. These studies also

suggest that derivative data sets with less than 106 samples are not appropriate for

the analysis of the third and fourth order moments due to incomplete convergence

(Garg & Warhaft, 1998).
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3.3.1 Summary

The previous literature review has indicated that, although there are a great deal

of experimental results on scalar transport, previous experiments were mostly per-

formed in different experimental facilities at different turbulent Reynolds numbers

and using different measurement methodologies; these differences tend to introduce

an uncertainty in the comparison of results. More specifically, it was found that there

is no experimental study that specifically and systematically investigates the effects

of scalar inhomogeneity on the transport and the fine scale structure of scalar fields

in turbulent flows. In summary, we have identified the following issues that have not

been resolved adequately and seem to be worth further study.

� The current consensus among scalar PDF modellers is that scalar fluctuations

would have a Gaussian PDF in the centres of scalar mixing layers, but this

assumption has not been fully supported by the available experimental data.

Moreover, the source of non-Gaussianity, when it exists, has not been identified.

� Scalar fluctuations in the centres of passively generated scalar plumes are known

to have measurable non-Gaussianity, but an adequate explanation for this fact

is lacking.

� The shapes of previously measured expectations of velocity components, condi-

tioned upon the scalar value, have been inconsistent. In some cases, the edges

of these expectations had very large uncertainties, as a result of the relatively

small populations of collected samples.

� The shapes of the conditional expectations of the scalar dissipation rates and

their dependence on the scalar field characteristics also remain uncertain. Most

published studies do not report simultaneous measurements of all three compo-

nents of the dissipation rate, and in some cases the spatial and temporal res-

olutions of the scalar derivative measurement techniques were not completely

adequate. The question whether a single component of the scalar dissipation
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rate can act as a surrogate of the total, particularly in inhomogeneous scalar

fields, remains without a satisfactory answer.

The previous issues have been investigated systematically in this study. All ex-

periments were conducted in the same turbulent field, which is nearly homogeneous

but highly anisotropic. Three different scalar fields with different levels of complexity

(one homogeneous and two inhomogeneous) were superimposed passively on a USF

at a fixed turbulent Reynolds number. This let us, in particular, to eliminate the

effects of turbulence inhomogeneity and external intermittency and to separate the

effect of scalar inhomogeneity from the effect of scalar initial conditions.



Chapter 4

Experimental facilities, instrumentation and measurement

procedures

4.1 Wind tunnel

All experiments were conducted in the open-circuit wind tunnel at the Fluid Dynam-

ics Laboratory, University of Ottawa (see fig. 4.1). This wind tunnel had a 16:1

contraction and a test section with a height h � 0.305 m and a length of 16.6h. The

width of the test section was fixed at 1.5h for an upstream length of 2h, following

which it was increased linearly to compensate partially for boundary layer growth so

that the centreline velocity would be approximately constant.

Air filters (Camfill Farr, 30/30) were placed at the inlet of the wind tunnel to

remove particles suspended in the oncoming air. The particle removal ratio of the

filter was 82 % for 8.4 µm particles and decreased linearly to 10 % for 0.5 µm par-

ticles. The flow was produced by a mixed flow fan (Woods, model 63Mx, 630 mm

Figure 4.1: The open-loop wind tunnel facility.

35
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Figure 4.2: Heater

diameter), operated by an electric motor with a variable frequency drive (Mitsubishi

Electric Inverter, Model FR-D700). A LabVIEW interface was developed to control

the motor speed, the traversing system positioning, and the data acquisition during

measurements. The unobstructed wind tunnel could operate at a maximum velocity

of about 30 m/s and a turbulence intensity of less than 0.5 %. The pressure drop

along the contraction was monitored at all times to detect possible variations of the

wind-tunnel velocity during measurements.

A turbulent flow with a nearly uniform shear was generated by the same shear

generator/flow separator apparatus used by Tavoularis & Karnik (1989), Ferchichi &

Tavoularis (2000) and Ferchichi & Tavoularis (2002). The shear generator consisted

of an array of 12 parallel channels, each containing a number of screens with different

solidities. It was followed by a flow separator, comprising additional unobstructed

lengths of the same parallel channels, which straightened the stream and ensured

uniformity of the initial length scales. The height of each channel, including the

half-thicknesses of the separating plates on either of its sides, was M � 25.4 mm.

Passive heating of the flow was provided by a screen consisting of 49 pairs of

electrically heated ribbons (0.1 mm �0.8 mm) of Nichrome alloy spaced by 6.1 mm

in the transverse direction (Fig. 4.2). Each pair of ribbons was separated by 9 mm

in the streamwise direction such that the downstream ribbon was in the wake of the

upstream one; this arrangement was designed as to allow the injection of as much

heat as possible into the flow without introducing significant flow disturbance. The
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Figure 4.3: The positions of insertion slots.

insertion slots for the heating screen are shown in Fig 4.3.

The test section was equipped with a 3-axis traversing system, capable of travel-

ling in the streamwise and vertical directions throughout the test section; spanwise

traversing was also possible at specific locations that coincided with the screen in-

sertion slots (Fig. 4.3). Probes were traversed in the transverse direction with the

use of a linear positioning device with a resolution of 0.005 mm. Streamwise travers-

ing of the probes was done manually along a traversing system with a resolution of

0.5 mm. Additional information on wind tunnel components is provided by Karnik

& Tavoularis (1987).

4.2 Probe repair equipment and calibration facilities

Probe repair equipment: The sensors of hot-wire and cold-wire probes were ex-

tremely fragile and occasionally were broken or burnt during probe handling or during

measurements. The repairs of hot-wire and cold-wire probes were conducted by the

author using a spot welding apparatus (Dantech 55A12/13). Welding energy was

discharged through an electrode from a welding generator (Dantec 55A12), capable

of discharging up to 300 mJ of electric energy in 100, 200 or 400 µs. It was found that

setting the welder to discharge 40-60 mJ in 200 µs worked well for welding 2.5 µm

Tungsten hot-wire sensors, whereas discharging 20-30 mJ in 100 µs was proved to

be the best welding settings for 0.63 µm 90%Pt/10%Rh sensors used for cold-wires.
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Before welding, the tips of the cold-wire prongs were polished carefully with microcut

silicon carbide grinding paper (1200/P2500). The same grinding paper was used first

to sharpen the tip of the welder electrode to less than 30 µm across; this was followed

by polishing this tip with a polish pad (Struers MD Chem, 0.04 µm) to remove all

possible impurities from it. Such a sharpened and polished tip was capable of pressing

the 0.63 µm wire to the prong surface. A 0.05 µm colloidal silica solution was also

used during the polishing procedure.

Calibration jet: This facility has been described in detail by Bailey (2006). Low

turbulence, uniform airflow, generated by a nozzle unit (Dantec 55DH5), was used

for velocity calibration of hot-wires. The unit had a circular plenum with an area

of 2827 mm2 and was equipped with four interchangeable nozzles having exit areas

120, 60, 24 and 12 mm2. Air velocities that ranged up to Mach 1 could be generated,

depending on the nozzle being used. For directional calibration of the hot-wire probes,

only the 120 mm2 nozzle was used, giving a maximum exit velocity of approximately

35 m/s with an area ratio of 22.8. A 689 kPa (100 psi) compressed air line was used

as an air source. The velocity at the exit plane of the jet was calculated from the

pressure difference ∆P (in Pa) along the nozzle using the Bernoulli equation

Unoz �
Anoz

1 � �Anoz~2800� �2∆P

ρ
� 2gHnoz�0.5

, (4.1)

where Anoz is the nozzle exit area in mm2, ρ is the air density in kg/m3, and Hnoz �

0.085 m is the elevation difference between the nozzle exit and the plenum pressure

tap. The calibration jet was equipped with a rotary table for directional calibration of

the hot-wire probes. Angular position was adjusted using two rotary tables (Velmex

B5990TS) driven by stepper motors (Vexta PK245-01AA), which were controlled by a

motor controller (Velmex NF90). Positioning resolution with these rotary tables was

nominally 0.01X, however, the positioning uncertainty was 0.05X because of backlash

within the rotary tables (Bailey, 2006).

The calibration jet flow could be heated with the use of a resistance heater

mounted upstream of the nozzle inlet and powered by a variable transformer. This
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Figure 4.4: Air temperature rise across the heated calibration jet vs. input voltage of
the resistance heater in Volt for a jet velocity of 7.5 m/s; solid line: ∆T � 0.0086V 2 �

0.046V � 1.7.

capability was used for calibrating thermistors and cold wires and for determining

the resistance-temperature relationship of hot wires. A representative variation of air

temperature rise in the jet vs. the transformer voltage is plotted in Fig.4.4.

Ultra cryostat circulator: An Ultra Cryostat Circulator unit (Colora, Model

KT90S) was used to maintain the compressed air temperature constant during the

calibration of thermistors. The unit had a bath of antifreeze coolant (a glycol solu-

tion); the temperature of the bath was kept below ambient by the cooling system of

the unit with a resolution of 0.01 K. The circulating pump of the unit maintained

uniform temperature throughout the bath. The compressed air, which was passed

through a 12 m long copper coil immersed in the bath, reached the calibration jet

inlet with a temperature variation that was less than 0.2 K during the calibration of

thermistors.

4.3 Data acquisition systems

UEI data acquisition system A UEI PD2 MFS-8-300/16 PowerDAQ acquisition

card was used at the early stage of measurements performed in this study. This card

could perform simultaneous sampling of up to eight analogue input channels. It was

capable of performing analogue-to-digital conversion with a resolution of 16-bit at
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up to 300 kHz for a single channel or 37.5 kHz for all eight channels. Input voltage

ranges were user selectable as either 0-5 V, 0-10 V, 5 V or 10 V.

NI PCI-6143 data acquisition system Two NI PCI-6143 acquisition systems

were used for the majority of measurements. The devices were capable of performing

simultaneous analogue to digital conversions with 16-bit resolution for up to eight

channels. A maximum sampling rate of 250 kHz per channel was possible with these

cards. The range of input voltages was from �5 to 5 V. The analogue signals were fed

to the data acquisition cards using two shielded connector blocks (NI BNC-2110). The

blocks also provided the capability of sharing the start clocks and the sample clocks

of the cards externally using a BNC cable. This capability was used to synchronize

the two NI PCI-6143 cards when synchronization was required. The data acquisition

cards were also capable of being internally connected through a RTSI bus cable to

share their internal clocks.

NI cDAQ-9171 data acquisition system A NI cDAQ-9171 1-slot USB chassis

was used with a four-channel analogue input module NI 9217 to run and acquire

the analogue signal of a 100 Ω RTD sensor. The maximum sampling rate was up

to 400 Hz per channel. This data acquisition system had a 24-bit resolution with

a 50/60 Hz noise rejection module and was capable of operating both 3- and 4-wire

RTDs.

4.4 Pressure, reference temperature and air density measurement

Pressure: Two pressure transducers were used in the course of this study. The first

one (Furness Controls, Model FCO332) had a selectable range between either 0 to

250 Pa or 0 to 2500 Pa and the second one had a range from 0 to 50 Pa; both of them

had a specified uncertainty of 0.025% of the full range. The former transducer was

used with a Pitot tube for calibration of the cross-wires and the latter one was used to

measure pressure difference along the wind tunnel (16:1) contraction for monitoring

the speed of the wind tunnel during the measurements. Both pressure transducers

provided analogue outputs in the range 0 to 5 V and were also equipped with digital
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Figure 4.5: Typical pressure transducer calibration curve; solid line: the best fit to
the experimental data using linear least-squares method.

displays. A typical calibration curve of the first pressure transducer for the range 0

to 250 Pa is shown in fig. 4.5.

Reference temperature measurement: The mean temperature upstream of the

heating screen was monitored with the use of a platinum resistance temperature detec-

tor (RTD, Model 29348-T01-B-48, RDF Corp.), precision-calibrated and embedded

in a micro-capsule made of stainless steel with 1.67 mm diameter. The thermistors

(see the next section) used in this study were calibrated against this RTD in the

calibration jet. The reported time constant of the RTD was 0.4 s at 0.91 m/s water

flow. The excitation current of the data acquisition system that operated the RTD

was 1 mA, which is much lower than the maximum permissible current of 5 mA for

negligible self-heating. The manufacturer measured the resistance of the RTD in an

oil bath for the range between 0 to 100XC with 1XC increments. The best fit was

represented by the equation R � R0�1�A�T �B�T ~100��T ~100�1���, where R is the

resistance of the RTD in Ohm, T is the temperature in XC, R0=100.01 Ω is the resis-

tance of the RTD at 0 XC, A �0.003852, and B=1.522592. The specified uncertainty

of the RTD was 0.1 K.

Air density: A weather forecast board was used to measure the density of ambient

air. The board had a digital pressure sensor (BOSCH, model BMP085) to measure
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the local ambient pressure with a specified uncertainty of 100 Pa. The local ambi-

ent temperature and humidity were measured using a digital sensor (SENSIRION,

Model SHT1x) with manufacturer-specified uncertainties of 0.3 XC and 2 %, respec-

tively. The air density ρ was calculated using the equation ρ � Pd~�RdT ��Pv~�RvT �
where T is measured at the tunnel inlet, Pd is the partial pressure of dry air, Pv

is the partial pressure of water vapour, Rd is the specific gas constant for dry air

equal to 287.058 J/(kgK), and Rv is the gas constant for water vapour, equal to

461.495 J/(kgK). Pv was calculated using the following equation (Jones, 1995)

Pv �H � 610.78 � 107.5T ~�T�237.3� (4.2)

where H is the humidity and T is in XC. The partial pressure is Pd � P � Pv, where

P is the ambient pressure measured using the pressure sensor. The sampling rate of

the weather forecast board was 0.2 Hz.

4.5 Thermistor thermometry

Thermistor probes: Two glass thermistor mini-probes, (EPCOS B57540 series 10

kΩ 1% RAD), shown in Fig. 4.6, were used in the course of this study. Thermistors

Figure 4.6: Sketch of the glass thermistor. All dimensions are in mm.

were used to measure the local mean temperature of the flows for two purposes (i)

calibration of cold-wire probes (either in-situ calibration in heated flows or calibration

in the jet) and (ii) correction of hot-wire readings for the variation of the flow tem-

perature, using a modified King’s law (Tavoularis, 2005). The thermal cooling time

constant of the thermistor probes was lower than 1 s. The dissipation factor εth of the

thermistors was 0.4 mW/K. For operation with an excitation current of iexcitation �
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50 µA provided by home-made circuitry, the self-heating of the thermistors was about

0.06 XC, as calculated from the following equation:

∆Tself heating � �RI2�thermistor~εth. (4.3)

Thermistor circuitry: An existing custom-made circuit, shown in fig. 4.7, was

modified to run thermistors and provide output amplification in the range from 0 to

5 V. The resistors of the bridge were changed to power the 10 kΩ probes and also

a voltage follower was added before the bridge to prevent voltage drop due to the

current draw. The gain and the offset were adjusted by the two adjustable resistors

R9 and R10, respectively.

Figure 4.7: Thermistor circuit.

Calibration method: The output voltage of the thermistor circuit was calibrated

against the pre-calibrated RTD in the calibration jet. To bring the temperature of

the compressed air below the ambient temperature, the compressed air was passed

through a 12 m copper coil which was placed in a bath of glycol solution cooled by the

Ultra Cryostat Circulator unit (see Sec. 4.2); and then the flow was passed through

the resistance heater, which adjusted the temperature to the desired level. One of the

main advantages of this arrangement was that the inlet flow temperature of the jet

was sufficiently stable (with less than 0.2XC) to be measured accurately by the pre-

calibrated RTD, which had a relatively slow temporal response. The circuit output

Eth in Volt could be described by the expression T � 0.9376E2
th�14.4934Eth�54.1510

where T is the air temperature in XC. The thermistors were calibrated at a flow speed
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Figure 4.8: Sketch of the cross-wire probe. All dimensions are in µm.

of 7.5 m/s, which was comparable to the velocity at which the measurements were

performed. Readings of the thermistors were compared with the reading of the RTD

at different velocities in the wind tunnel and the difference was found to be less than

0.1 XC; this shows that self-heating of the thermistors was indeed negligible. The

resolution of the thermistors, which was limited only by the electronic noise of the

circuitry, was 0.01XC.

4.6 Hot-wire anemometry

Hot-wire probe: A cross-wire probe was used for velocity measurements in this in-

vestigation. This probe was custom-built, with a 0.6 mm separation distance between

the prongs of each sensor and a 0.5 mm separation distance between the planes of

the two sensors (Fig. 4.8). The tips of the prongs were tapered to 60 µm diameter.

Sensors were made from 2.5 µm Tungsten wire welded onto the probe prongs and

had a length of approximately 0.85 mm, which resulted in a length-to-diameter ratio

of lw~dw � 340. The recent study of Li et al. (2004) showed that for sensors made of

Tungsten wire conduction effects would be negligible for lw~dw C 270. The total resis-

tance of each prong and lead wire for each sensor was 4.4 Ω and the cold resistances

of the sensors were found to be in the range of 18.0 to 20.0 Ω, with the actual values

varying for individual sensors.
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Circuitry: The hot-wires in this study were operated by constant temperature cir-

cuits (A.A. Lab, model AN-1003), capable of operating at both 1:1 and 1:10 bridge

ratios for sensors with maximum operating resistances of 99.9 Ω and 9.99 Ω, respec-

tively. The frequency response of the anemometer depended on the probes used, with

an upper cut-off frequency of up to 50 kHz, achievable through adjustment of circuit

capacitance and inductance. The anemometer units had output signal conditioning,

in the form of adjustable output gain and offset as well as an analogue filter with

a selectable cutoff frequency, consisting of two double-pole low-pass filters. Due to

the high impedance of the hot-wire sensors in this study, the feedback circuit of the

anemometer was set to oscillations. Following previous attempts by Bailey (2006),

it was determined that the frequency response of the circuit could be altered to re-

store circuit stability by changing capacitor C31 and C32 on the anemometer circuit

(Manual, 1996). Through trial and error, it was found that by replacing the existing

2.2 nF and 0.1 nF capacitors with an 0.82 nF and 10 nF capacitors, respectively, the

circuit oscillations were eliminated and a high frequency response was maintained.

Calibration method: The relation between the anemometer bridge output Ei and

the effective cooling velocity Veff was determined using the modified King’s law

(Tavoularis, 2005)
E2
i

Twi � Tª
� Ai �BiV

ni
effi, (4.4)

where i indicates the individual sensor, Tw is the sensor temperature, and Tª is

the free-stream temperature. The calibration of the cross-wire was performed using

the effective angle method, originally proposed by Bradshaw (1971). The detailed

procedure of the calibration method has been described by Holloway (1989), Browne

et al. (1989) and Bruun (1995). In this method, a yaw calibration was performed

after each sensor repair to determine the effective angle of the individual sensor. It

is noted that before yaw calibration the probes were run for more than one hour at

10 m/s with 1.5 OHR and checked for any possible wire stretch or deficiencies in the

welding. In the course of measurements, except for possible initial stretches after

welding, it was found that the wires kept their orientation until burnout or physical
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Figure 4.9: A typical calibration curve of the cross-wire. X: sensor 1; j: sensor 2;
solid lines: fitted curve using modified King’s law.

damage. After yaw calibration, a velocity calibration was performed to determine

the calibration constants, Ai, Bi and ni before each measurement run. A set of

representative calibration curves for the cross-wire sensors is shown in Fig. 4.9, with

modified King’s laws fitted to the data by least square fitting.

4.7 Cold-wire thermometry

Four-wire probe: A custom designed, quadruple cold-wire probe (fabricated by

Auspex) was used to measure the temperature derivatives. The length and arrange-

ment of the sensors are shown in Fig. 4.10. Lead resistance for each sensor was in the

range 5.2 to 5.5 Ω. The sensors were made of 0.63 µm 90%Pt/10%Rh wire, having

resistances in the range 260 to 310 Ω. The length-to-diameter ratios for each pair of

parallel sensors were lw~dw � 635 and 730, respectively. The parallel sensors with the

smaller separation were used to measure the temperature derivatives in the transverse

direction (which was also the direction of the mean temperature gradient), while the

parallel sensors with the larger separation were used to measure spanwise derivatives.

Circuitry: Four constant-current circuits, like the one shown in Fig.4.11, were used

to power the cold-wire probes. The constant-current circuit, designed by S. Marineau-

Mes, consisted of the following five blocks.



47

Figure 4.10: Sketch of the four-wire probe. All dimensions are in µm.

� Block A, which provided a precision voltage reference for the circuit. The

Analog Devices AD586 chip was a precision 5 V voltage reference at a relatively

low noise level (approximately 100 nV/Hz1~2). A single-pole low-pass filter was

connected to the voltage reference output.

� Block B, which generated a reference voltage in the 0-5 V range and provided

a constant-current source for the probe. Analysis showed that the current to

the probe was given by ip � �Va~R, where R is a 2 kΩ resistor. Thus the current

through the probe was in the range 0 � 2.5 mA. The current used in this study

was 0.15 mA.

� Block C, which is similar to block B, except that instead of the probe it has

a 100 Ω resistor. This value was proper for the 1 µm (90%Pt/10%Rh), which

had a resistance near 100 Ω. For the 0.63 µm wires this resistor was replaced

with a 300 Ω resistor, as necessary to balance the circuit. The advantage of this

arrangement was that drift and noise in the reference voltage would be tracked

by both the probe and the offset circuit identically, thus leading to common

mode rejection.

� Block D, which represents the instrumentation amplifier. The Analog Devices

AMP-01 was a low-noise precision amplifier. The overall gain could be varied

from 0.1 to 1000 with a minimum dynamic response of 26 kHz for the highest

gain. A proper combination of the resistors Rs and Rg provided a desired gain,

as listed in the table inserted in Fig. 4.11.



48

Figure 4.11: Constant-current circuit for cold-wire probes (S. Marineau-Mes, 1997).

� Block E, which is a second-order Butterworth filter, intended to eliminate

aliasing effects when sampling the output signal. The corner frequency of the

circuit could be changed by replacing the capacitors of the filter. In this study,

the cut-off frequency of the filter was set at 8 kHz using 4.7 pF capacitors.

Calibration method: The outputs of the cold-wire circuits were calibrated against

a pre-calibrated thermistor in the calibration jet. This preliminary calibration was

performed to examine the overall performance of the sensors. As shown in Fig. 4.12

calibration results were fitted well by linear expressions. It was verified that the
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Figure 4.12: Typical calibration curves of the quadruple cold-wire probe; X: wire 1;
j: wire 2; l: wire 3; Q: wire 4, solid lines: linear least squares fits.

cold-wire outputs did not show any measurable sensitivity to the mean velocity for

velocity range considered in this study. After a preliminary calibration, an in-situ

calibration was performed in the heated flow during each test. For in-situ calibration,

both the cold-wire probe and the thermistor were mounted on the traversing system

at the same level. A cathetometer with a resolution of 0.05 mm was used to ensure

that the tips of the cold-wire and the thermistor were at a same horizontal plane.

As the final step of calibration, the outputs of the cold-wires were calibrated against

the thermistor for different mean temperatures across the scalar fields. All cold-wires

and the associated electronic circuits were calibrated at the same time to minimize

relative errors in the calibration of the sensors. To eliminate the effects of drift in

the cold-wire output, which is unavoidable because of the high amplification gain

used, only temperature fluctuations were measured with cold wires, whereas the local

mean temperature was measured by the thermistor. Thus, the instantaneous local

temperature value was represented by the sum of a mean, measured by the thermistor

as a time average, and a mean-free fluctuation, measured by a cold-wire.

4.8 Simultaneous velocity-temperature measurements

Three-wire probe: A custom-made three-wire probe (by Dr. Petar Vukoslavčević)

consisting of a cross-wire and a cold-wire was used for simultaneous point-measurement
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of the fluctuating velocity-temperature statistics. A sketch of the probe is shown in

Fig. 4.13. The temperature sensor was placed so that it was slightly upstream

of the middle of the cross-wire to reduce thermal interference from the hot-wires.

Vukoslavcevic & Wallace (2002) showed that, for velocities higher than 2.5 m/s and a

0.5 mm separation distance between the cold and hot sensors, the effects of hot-wire

sensors on the temperature sensor were negligible. In their study, the hot-wire sensors

of the three-wire probe were made of 90%Pt–10%Rh, for which the wire temperature

exceeded 300 XC even for the relatively low overheat ratio (OHR) of 1.5. Mydlarski &

Warhaft (1998) used 0.5 mm spacing between their hot (3.05 µm tungsten wire) and

cold (0.63 µm 90 %Pt–10 %Rh) sensors in a flow with a Batchelor microscale ηθ � 0.3

mm. In their study, the tungsten wires were operated at an OHR of 1.8, which re-

sulted in a temperature rise of about 200 XC. For the previous estimates, the wire

temperatures were calculated by assuming that the thermal resistivity coefficient αr

was 0.0048 for tungsten and 0.0016 for 90%Pt–10%Rh wires, as specified by Sigmund

Cohn Corp.

In the present study, we chose Tungsten for the cross-wires rather than a platinum

alloy. The temperature rise of the Tungsten sensors was estimated to be lower than

150 XC for the overheat ratio of 1.5 used in this study; this value is much lower than

the temperature rise that Pt–alloy wires would have, if such were used instead. In

order to achieve higher sensitivity to velocity variations, it would have been desirable

Figure 4.13: Sketch of the three-wire probe. All dimensions are in µm.



51

Table 4.1: Combined resistance of the prongs and lead wires for the three-wire probe.

prong number 1 2 3 4 5 6

resistance in Ω 7.9 8.1 8.3 7.9 8.0 8.1

to operate the sensors at a higher OHR, but this was avoided because it was found

during preliminary tests that, for OHR higher than 1.5, the resistance of the wires

changed after some use. The resistances of the welded wires were in the range from 18

to 20 Ω following each repair. The combined resistances of the prongs and lead wires,

measured before welding, have been listed in table 4.1. The cold-wire was made

of 0.63 µm 90%Pt–10%Rh material. The sensors had lw~dw � 950 and resistances

ranging from 335 to 360 Ω following each repair. To ensure that the current flowing

to the hot-wires in the three-wire probe did not affect the reading of the cold-wire, the

mean and higher order moments of the temperature signal were compared in heated

flows with the hot-wires switched on and off and were found to have no measurable

difference.

Circuitry and calibration method: The same circuitries and the same calibration

procedures, as those described in the Sec. 4.6 and Sec. 4.7, were used to run and

calibrate the cross-wire and the cold-wire of the three-wire probe.

4.9 Measurement procedures and uncertainties

4.9.1 Measurement procedures

The mean temperature upstream of the heating screen, monitored with the use of an

RTD, was subtracted from all other measured temperatures to provide the reported

temperature rises, which were insensitive to room temperature fluctuations. Addi-

tionally, a thermistor probe was mounted on the traversing system at the same level

as the three-wire probe and was used to measure the local mean temperature at each

measurement location downstream of the heater. The hot-wire signals were corrected

for variations of the mean temperature, measured by the local thermistor, and for

instantaneous temperature fluctuations, measured with the cold wire, with the use of
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a modified King’s law (Tavoularis, 1983, 2005).

The hot- and cold-wire signals were low pass filtered at 10.4 and 8 kHz, respec-

tively, and sampled simultaneously at a rate of 22 kHz. The filtered signals were

digitized using a 16-bit National Instrument (PCI 6143) data acquisition system.

Before processing, the time series were filtered digitally using a double-pass, seventh-

order, Butterworth, low-pass filter, with a cut-off frequency that was adjusted at

each location to the local Kolmogorov frequency fk � U1~�2πη�. For example, at the

high speed region of the USF with U1 � 11 m/s, the Kolmogorov frequency was esti-

mated to be about 7.0 kHz. Time series consisting of 5.5�105 samples were recorded

for calculating time-averaged profiles, whereas longer ones, consisting of 1.1 � 108

samples, were recorded separately for calculating PDF and conditional expectations.

Each of the latter time series extended over 83 min and was divided into 2.5 � 103

segments. Each segment was long enough to represent adequately the longest time

scales of turbulent motion (namely, more than 200 times the velocity integral time

scale) and short enough not to be influenced by possible wind tunnel speed fluctu-

ations, hot/cold-wire voltage drift and room temperature variations. For example,

non-stationarity of room temperature is accounted by computing averages in such

segments of sufficient but not excessive duration.

4.9.2 Velocity fluctuation measurement uncertainty

The spatial filtering effects of hot-wire probes have been extensively investigated for

wall-bounded flows (Smits et al., 2011) using a Nano-Scale Thermal Anemometry

Probe (NSTAP). Ashok et al. (2012) performed a similar investigation in grid turbu-

lence and showed that spatial filtering in the near wall region of a wall-bounded flow

is remarkably similar to the filtering seen in grid turbulence, in spite of the anisotropy

of turbulence in wall-bounded flows. In their study, they discussed the effects of the

spatial filtering on the estimates of the variance, dissipation rate, Kolmogorov length

scale, integral length scale, and power spectrum of velocity fluctuations. They showed
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that the ratio lw~η scales the spatial filtering of the variance of longitudinal veloc-

ity fluctuation very well. Their results suggested that the filtering is quite evident

at high as well as low wavenumbers, but for lw~η @ 2 the effects of spatial filtering

on estimates of the variance, dissipation rate and Kolmogrov length scale would be

negligible, whereas the spectra would be unaffected when lw~η @ 5.

In the present study, the ratio lw~η always remained below 3.4. The effect of spatial

filtering on estimates of the variance, dissipation rate, integral and Kolmogrov length

scales was estimated to be less than 5 %, as estimated in accordance with the Ashok

et al. (2012) study. Temporal filtering was not expected to be an issue in the present

study, as hot-wires were operated in a constant temperature mode (Li, 2004, 2006),

with additional use of the optional high frequency compensation circuitry provided

by the anemometer manufacturer.

4.9.3 Measurement uncertainty of temperature fluctuations

The operational amplifiers used in the cold-wire circuits (section 4.7) provided r.m.s.

signal to noise ratios of above 50 in all long-run measurements. The equivalent rms

temperature fluctuation measured by the cold wire in the unheated flow was about

0.001 K in the course of measurements. Assuming that the noise was independent of

temperature fluctuations so that the noise and temperature fluctuation contributions

to the signal could be added in the mean square, one may determine that the noise

effect on the measurement of temperature was entirely negligible, so that no correction

would be necessary.

For an accurate measurement of temperature fluctuations, the cold-wire sensors

should have sufficient temporal and spatial resolution to capture the small scale char-

acteristics of the temperature fields. The temporal resolution of a cold-wire is mainly

determined by the frequency response of the circuit, the convective velocity of the

flow, and the thermal response of the wire itself, which depends on the wire material,

diameter and length. LaRue et al. (1975) showed that a new 0.63 µm Pt wire had a
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Figure 4.14: (a) PDF of temperature fluctuations and (b) temperature spectra at the
centre of the PLS measured simultaneously by all five cold-wire sensors; black solid
line represents -5/3 slope; fk represents the local temperature microscale.

roll-off frequency of approximately 5 kHz in a flow with a speed of 7.5 m/s. For cold-

wires with lw~d @ 1500, end conduction would be a significant source of error for the

measurement of temperature fluctuations (Browne & Antonia, 1987). Consequently,

attempts to improve the spatial resolution of cold-wire probes by using shorter sensors

would result in an increase in the end conduction error. To achieve a sufficiently large

lw~d while also keeping the sensor length within an acceptable range, we used wires

with a diameter of 0.63 µm, as thinner wires would be extremely difficult to mount to

the prongs and operate in the flow. In the present study, we used five 90%Pt–10%Rh

cold-wire sensors. They all had a diameter of 0.63 µm but three different lengths: one

longer sensor (LS) in the three-wire probe with lw~dw � 950, a pair of intermediate–

length parallel sensors (MS1 and MS2) in the quadruple-wire probe with lw~dw � 730

(used to measure the transverse temperature derivative) and a pair of shorter sensors

(SS1 and SS2) with lw~dw � 635 (used to measure the spanwise temperature deriva-

tive). As a first comparison of the performances of all cold–wires, Figure 4.14 shows

frequency spectra and PDFs of scalar fluctuations measured simultaneously by all

five sensors in the centre of the plume of a heated line source at x1~h � 10. The forms

of the PDFs were almost the same (figure 4.14a). All spectra collapsed (figure 4.14b)

except at frequencies near the Kolmogorov frequency, where the LS sensor measured
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Table 4.2: Ratios of moments of the temperature and its temporal derivative measured
by cold-wires of two different lengths at the centre of the plume (x1~h � 10).

n 2 4 6

�θn�
LS

�θn�
SS

1.01 1.03 1.08

��∂θ~∂t�n�
LS

��∂θ~∂t�n�
SS

0.96 0.91 0.79

values that were somewhat lower than those measured by the shorter sensors, in agree-

ment with findings by Mydlarski & Warhaft (1998). A spike occurred in the scalar

spectra at a frequency of about 3 kHz. Such spikes have also been encountered in

previous experimental and analytical studies (Tavoularis, 1978; Tatarskii et al., 1992;

Mydlarski & Warhaft, 1998). Warhaft (2000) attributed this spectral spike to the

Fourier transform and postulated that its presence in the spectra does not affect the

second-order structure functions (Warhaft 2000). Insight into this phenomena, which

is essentially analytic, is provided by Lohse & Muller-Groeling (1996) for the velocity

field. However, further investigation is required to address this issue in temperature

fields which is beyond the scope of this study. Table 4.2 shows that ratios of the

second, fourth and sixth moments of the temperature measured by the longer and

shorter sensors increased with moment order. This trend may be attributed to end

conduction effects, which are stronger for the shorter sensor, in agreement with the

findings of Mydlarski & Warhaft (1998). In any case, the difference for the tempera-

ture variance was 1%, which is negligible for the present purposes. To keep errors at

the lowest possible level, only temperature statistics measured by LS will be reported

in the following chapters.

4.9.4 Measurement uncertainty of temperature derivatives

Figure 4.15 shows that differences among time derivative spectra measured by all

sensors of the four-wire probe at the centre of the plume at x1~h � 10 were negligi-

ble. This is an indication that the frequency responses of all four sensors were close
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Figure 4.15: Spectra of the temperature time derivative measured by the four sensors
of the four-wire probe.

to each other, so differences between the time constants of the four sensors may be

neglected. Moreover, all signals were digitally filtered at the Kolmogorov frequency,

which was comparable to the estimated cut-off frequency of the sensors, so that any

differences in sensor time constants would have negligible effects on the measurements

(Tavoularis & Corrsin, 1981b). For example, the Kolmogorov frequency at the loca-

tion of measurements was about 4.8 kHz, which was slightly lower than the estimated

cut-off frequency of the cold-wire sensors in our study, which was typically 5 kHz for

a new 0.63 µm 90%Pt/10%Rh sensor in a stream with a velocity of 7.5 m/s.

Mydlarski & Warhaft (1998) showed that the dominant source of error for the tem-

poral derivative of temperature fluctuations was the spatial resolution, and not end

conduction effects. Our findings are in agreement with this observation, as Table 4.2

shows that ratios of the second, fourth and sixth moments of the temporal derivative

measured by the longer sensor and one of the shorter sensors decreased with mo-

ment order. To keep errors at the lowest possible level, only temperature derivative

statistics measured by SS and MS will be reported in the following chapters.

Estimates of the temperature dissipation rate measurement error due to the length

of the cold-wire sensors can be obtained from the theoretical analysis of Wyngaard

(1971). Considering that a typical value of ηθ for the present temperature fields was

about 0.3 mm, one may calculate the typical values lw~ηθ � 1.3, 1.5 and 2 for the SS,
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MS, and LS, respectively, from which one may estimate that the LS would resolve up

to 90% of the scalar dissipation rate and the sensors of the four-wire probe (MS and

SS) would be able to resolve up to approximately 95% of the scalar dissipation rate.

The reported results will be corrected for this error.

To keep errors in measurements of the spatial temperature derivatives as low as

possible, all sensors of the four-wire probe were inspected under a microscope for

straightness and parallel positioning prior to the experiments. To evaluate the ef-

fect of electronic noise, velocity sensitivity of cold-wire sensors and other undesirable

influences on the measurements of spatial velocity derivatives, we compared mea-

surements of these derivatives in the unheated and heated flows. The mean square

value in the unheated flow was subtracted from that in the heated flow to provide

a noise-corrected value, under the assumption that “noise” and temperature fluctua-

tions were uncorrelated. Some typical examples of the magnitude of these corrections

are as follows. The values of rms temperature derivatives
¼�∂θ~∂xi�2 were typically

3.5 K/m in unheated flows or unheated regions of the three scalar fields. The ratios

of the rms temperature derivatives at the centre of the TML to corresponding values

in the unheated flow were about 43, so the noise-correction in this case was less than

0.1% and could be neglected. The same ratios were approximately 6 at a position

in the TML where the temperature rise was about 0.1 K; in this case, the corrected

mean square temperature derivatives were 3% lower than the uncorrected values.

The effect of wire spacing ∆x on the accuracy of temperature derivatives measured

by parallel sensors has been studied by several investigators. Antonia & Mi (1993)

showed that this effect on �∂θ~∂xi�2 would be negligible for ∆x~η @ 3. Tong & Warhaft

(1994) also showed that for 1 @ ∆x~η @ 3 the shapes of the PDF of derivatives and their

their skewnesses and kurtoses were insensitive to ∆x, but for ∆x~η C 3 the skewness

and kurtosis tended to diminish with increasing ∆x. The values of ∆x~η for our four-

wire probe were 2.4 and 2.6. To test the consistency between temperature derivatives

measured by the two pairs, we compared measurements at the centre of the TML

taken with the probe in one orientation and those taken with the same probe rolled

by 90X about its streamwise axis. Figure 4.16 shows that the PDF of scalar derivatives
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Figure 4.16: PDF of ∂θ~∂xi normalized by its standard deviation for the two different
spacing between the parallel wires of the 4-wire probe (a) transverse direction, and
(b) the spanwise direction; �: ∆~η � 2.4 and X: ∆~η � 2.6.

Table 4.3: Ratios of temperature derivative variances measured by the two pairs of
cold-wire sensors.

�∂θ~∂x2�2
90~�∂θ~∂x2�2 �∂θ~∂x3�2

90~�∂θ~∂x3�2

0.98 1.02

∂θ~∂xi measured by the two wire pairs essentially coincided. Table 4.3 shows that the

temperature derivative variances measured by the two pairs of sensors were within

2% from each other; such precision is well within the measurement uncertainty of the

sensor spacing, determined with the use of the microscope. During the same tests, the

correlations between the temperature and its first derivatives in the transverse and

spanwise directions were also found to be the same for the two pairs. These results

demonstrate that there was no significant qualitative difference between the assumed

and the actual probe geometries and that the ratio of spacings of the two wire pairs

was represented accurately by the used value of 1.1.



Chapter 5

Results

This chapter consists of two manuscripts intended to be submitted for publication

in journals. In the first manuscript, the effects of scalar field inhomogeneity on the

probability density functions and velocity conditional expectations are investigated

using three different scalar fields superimposed on a uniformly sheared flow. The

scalar fields cover wide range conditions to set a ground for a conclusive comparison.

The effects of scalar discrepancies are isolated by using the same turbulent flow in the

three scalar fields. In the second manuscript, the fine structure of the scalar fields as

well as the conditional expectations of the scalar dissipation rate are presented and

discussed.

5.1 Passive scalar transport and mixing in uniformly sheared turbulence

This section contains a draft for a manuscript, entitled “Measurements of scalar prob-

ability density functions and velocity conditional expectations in uniformly sheared

turbulence”, which is intended to be submitted for publication in the Journal of Fluid

Mechanics.
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The statistical properties of the velocity and scalar fields were measured simultaneously

in nearly-homogeneous, uniformly sheared turbulence with three passively superimposed

temperature fields, namely a transversely homogeneous temperature field with a uniform

mean temperature gradient (UTG), a thermal mixing layer (TML) and the plume of

a heated line source (PLS). In the UTG, the temperature probability density function

(PDF) was Gaussian and the conditional velocity expectations were linear functions of

the temperature value, whereas in the TML and the PLS the temperature PDF were

sub-Gaussian and the conditional velocity expectations were non-linear. The results are

interpreted in the light of the effects of scalar inhomogeneity, bounding values and initial

conditions.

Key Words: Turbulence, Homogeneous Turbulence, Uniformly Sheared Flow, Homoge-

neous Shear Flow, Turbulent Mixing, Mixing and Dispersion

1. Introduction

The formulation of statistical balance equations for the turbulent velocity and trans-

ported scalars (e.g., the concentration of an admixture and temperature) in terms of

their probability density functions (PDF) and joint probability density function (JPDF)

is an alternative to the more common approach, which is in terms of statistical moments.

Although both approaches lead to open hierarchies of equations, the PDF approach has

an advantage in reactive flows, because it can treat arbitrary chemical reactions exactly,

† Email address for correspondence: stavros.tavoularis@uottawa.ca
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whereas the moment approach requires the use of models. In the velocity and scalar

JPDF transport equation, terms that represent convection, reaction and body force are

in closed form and the mean pressure force can also be converted to a closed form; never-

theless, terms that represent molecular processes and fluctuating pressure forces contain

conditional expectations, which have to be modelled. Models of these terms have usu-

ally been tested in homogeneous turbulence with superimposed canonical scalar fields,

in which velocity and scalar fluctuations may, under certain conditions, have a jointly

normal JPDF, in conformity with some experimental evidence. An alternative approach

to the solution of the velocity-scalar JPDF equation is the solution of the turbulent

velocity equations by some approximate means, together with a solution of the scalar

PDF equation (Pope 1985). Like the JPDF equation, the scalar PDF equation contains

conditional expectations, which need to be modelled. However, instead of a conditional

fluctuating pressure gradient term, the scalar PDF includes a turbulent transport term,

which contains the conditional velocity expectation ui|θ = Θ, where ui is the velocity

fluctuation, θ is the scalar fluctuation and Θ is the sample-space variable for the scalar

values (Pope 2000). A common modelling assumption is to assume that ui|θ = Θ is a lin-

ear function of Θ, which would be true if the velocity-scalar JPDF were jointly normal.

Despite some known disadvantages of the scalar PDF equation by comparison to the

JPDF equation (Pope 1985), the former provides a suitable theoretical foundation for

examining the statistical properties of a scalar field in turbulent flows. In particular, it

allows one to focus on the statistical differences between different scalar fields embedded

in the same turbulence, which is the topic of concern in the present investigation.

The shapes of the scalar PDF and the velocity-scalar conditional expectations in tur-

bulent flows under different conditions have been subjects of many theoretical, exper-

imental and computational investigations. Most fundamental studies have considered

passive scalar fields, so that the turbulence would be decoupled from scalar variations.

To further reduce the complexity of this problem, much research has focussed on statisti-

cally simple velocity and scalar fields, particularly on configurations in which the velocity

fluctuations, and in some cases also the scalar fluctuations, would be approximately ho-

mogeneous. Nearly homogeneous turbulent fields that have been generated successfully in

wind- and water-tunnels include grid-generated, nearly isotropic turbulence (GT), and

uniformly sheared flow (USF), which has a strongly anisotropic turbulence structure.

Nearly homogeneous temperature fields have also been superimposed passively on the
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turbulence by the injection of a small amount of heat from electrically heated elements

inserted in the flow; these include cases in which the mean temperature was uniform on

transverse planes and the temperature fluctuations decreased downstream, and cases with

a linear transverse profile (i.e., having a uniform mean temperature gradient; such flows

will be referred to as UTG), which generated continuously temperature fluctuations.

Similar heating methods have been used to superimpose inhomogeneous temperature

fluctuation fields on homogeneous turbulence. Among such cases, of particular interest

in the present study are thermal mixing layers (TML) between two streams with different

mean temperatures and plumes generated by thin heated elements placed across the flow

and acting essentially as scalar line sources (PLS). The available literature on relevant

experimental studies of the scalar PDF and the velocity-scalar conditional expectations

will be respectively summarized in the following two paragraphs.

The few available measurements of a scalar PDF in nearly homogeneous turbulence

have been contradicting each other. In an early study of a GT with UTG (Venkatara-

mani & Chevray 1978), the scalar PDF was found to be moderately non-Gaussian with

a slight positive skewness and a flatness that was slightly lower than the Gaussian value

of 3. In other experiments in GT with UTG, the scalar PDF was found to have expo-

nential tails when a conventional grid was used (Jayesh & Warhaft 1991, 1992) and a

sub-Gaussian shape when an active grid was used (Mydlarski & Warhaft 1998; Mydlarski

2003). Gylfason & Warhaft (2004) conducted scalar experiments in UTG superimposed

on GT by three different grids (a “small” regular grid, a “large” regular grid and an

active grid) and concluded that the integral length scale of the turbulence would need

to be sufficiently small, by comparison to the tunnel width, for rare large scalar fluctu-

ations to arrive at the measuring position from large upstream transverse separations,

thus producing an exponential scalar PDF. Gylfason & Warhaft (2004) showed that this

condition was not satisfied in the active grid case; in this case, the scalar PDF was found

to be sub-Gaussian, as large fluctuations were clipped by the maximum and minimum

temperatures at the tunnel walls. In USF with a UTG, the scalar PDF was found to

be essentially Gaussian (Tavoularis & Corrsin 1981; Ferchichi & Tavoularis 2002). In a

TML superimposed on GT by heating half of the grid (LaRue & Libby 1981), the scalar

PDF was distinctly non-Gaussian, even at the TML centre, whereas in a TML generated

by a heating screen that was far upstream or downstream of the turbulence-generating

grid (Ma & Warhaft 1986), the scalar PDF was slightly sub-Gaussian in the TML centre
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and increasingly non-Gaussian away from it (Warhaft 2000). In a study of a TML in

USF (Ferchichi & Tavoularis 1992), which did not present measurements of the scalar

PDF, the temperature fluctuation skewness was found to be zero on the TML centre and

to increase monotonically in magnitude on either side. One of the earliest experimental

determinations of the scalar PDF was the one performed by Uberoi & Corrsin (1952)

in a PLS embedded in GT; they observed that the PDF at the centre of the plume was

nearly Gaussian far downstream of the source. In a conserved PLS in GT (Li & Bilger

1996), the scalar PDF skewness was found to be slightly positive near the centre of the

plume and to increase in magnitude towards the edges. Similarly, in a PLS embedded in

USF (Karnik & Tavoularis 1989), the scalar PDF was nearly Gaussian at the location

of the mean temperature peak, but it became increasingly skewed as the distance from

the peak location increased. The scalar PDF is known to be even more complex in some

inhomogeneous turbulent flows. On the far-field centreline of the wake of a heated cylin-

der, the scalar PDF had an exponential tail towards the cold side and a Gaussian tail

towards the warm side (Kailasnath et al. 1993). In a heated jet, the scalar PDF relatively

close to the orifice was skewed, with an extended tail on the cold side and a nearly Gaus-

sian warm side, but in the far field this PDF became approximately Gaussian (Tong &

Warhaft 1995). More recently, Lavertu & Mydlarski (2005), Lepore & Mydlarski (2011)

performed a series of scalar experiments by inserting a heated line source across a fully

developed flow in a channel with an aspect ratio of approximately 18. In these experi-

ments, both the velocity and the scalar fields were inhomogeneous. Lavertu & Mydlarski

(2005) investigated a two-dimensional PLS by placing the line source across the width

(i.e., the long dimension) of the channel, whereas Lepore & Mydlarski (2011) generated

a three-dimensional scalar field by placing the source across the height of the channel.

The results of both studies showed that, far downstream of the line source, the scalar

PDF was nearly Gaussian, both in the channel centre and close to the wall.

Measurements of velocity conditional expectations have also produced inconsistent re-

sults concerning the linearity of this property. In GT with a UTG, the velocity conditional

expectations were found to be approximately linear in cases in which the scalar PDF was

not strongly non-Gaussian (Venkataramani & Chevray 1978; Mydlarski 2003); unfortu-

nately, authors that reported scalar PDF with exponential tails (Jayesh & Warhaft 1991,

1992; Gylfason & Warhaft 2004) did not provide measurements of velocity conditional

expectations. Similarly, in USF with a UTG, where the velocity-temperature JPDF was

63



Scalar pdf and velocity conditional expectations 5

Gaussian, the velocity conditional expectations were approximately linear (Ferchichi &

Tavoularis 2002). In GT with a reactive scalar mixing layer, the conditional mean trans-

verse velocity was approximately a linear function of scalar value near the mixing layer

centre, but strongly non-linear towards the edges (Li & Bilger 1994). In a heated jet, the

velocity conditional expectations were nearly linear, except at locations with large neg-

ative temperature fluctuations (Tong & Warhaft 1995). In a confined rectangular water

jet containing dye as a passive scalar, the conditional mean velocities were approximately

linear at a location that was 30 jet diameters downstream of the jet orifice (Feng et al.

2007). Finally, in a confined wake, the conditional transverse velocity variation was found

to be approximately linear, but the variation of the conditional streamwise velocity was

non-linear (Feng et al. 2008).

As indicated by the previous discussion, available experimental evidence has been in-

sufficient to clarify conclusively the shapes of the scalar PDF and the velocity conditional

expectations and their dependence upon the turbulence and scalar field properties. As a

strategy towards enhancing our insight on these issues, it seems appropriate to consider

a series of different scalar fields in the same turbulent flow; by increasing the complexity

of the scalar field, one would be able to elucidate the effects of the scalar initial condi-

tion and mean scalar variation, while keeping the transporting mechanism characteristics

fixed. To avoid further complications, it seems advisable to examine, at least in the initial

phase, nearly homogeneous turbulence.

The objective of the present research is to further investigate experimentally the shapes

of the scalar PDF and the conditional expectations of the velocity components in USF

with three different passively superimposed scalar fields. USF is a very appropriate envi-

ronment for studying the fundamentals of turbulent mixing, as it is free of complications

arising from turbulence inhomogeneity, the proximity of walls and external intermittency;

moreover, like most practical flows and unlike GT, USF is subjected to turbulence pro-

duction, which induces strong turbulence anisotropy. Our choices of scalar fields were

made as to allow us to examine separately and in combination the effects of scalar in-

homogeneity and those of initial conditions, namely the extent by which local scalar

fluctuations could be traced back to the apparatus that generated each scalar field. The

following three cases were considered: a) UTG, in which the scalar field was both homo-

geneous and free of initial effects; b) a TML, in which the scalar field was inhomogeneous

but also free of initial effects; and c) a PLS, in which the scalar field was both inhomo-
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geneous and subjected to initial effects. In addition to measurements reported in this

article, we have also conducted high resolution measurements of the scalar fine structure

and conditional expectations of the scalar dissipation rate in the same flow and for the

same scalar fields, but we will present these results in a separate article. We hope that

our results will advance our understanding and modelling capability of passive scalar

transport and mixing in turbulent shear flows and help resolve some of the controversies

that have appeared in the literature concerning the scalar PDF equation.

2. Apparatus and experimental procedure

All experiments were conducted in an open loop wind tunnel which has been described

in detail by Karnik & Tavoularis (1987). The test section had a height h = 305 mm, a

width equal to 1.5h and a length equal to 16.6h (see figure 1). Uniform mean shear

was generated by a shear generator, comprising an array of 12 parallel channels, each

containing a number of screens with different solidities, followed by a flow separator,

comprising additional unobstructed lengths of the same parallel channels, which straight-

ened the stream and imposed uniformity of the initial length scales; the height of each

channel, including the half-thickness of the separating plates on either of its sides, was

M = 25.4 mm. Passive heating of the flow was provided by a screen consisting of 49 pairs

of electrically heated ribbons (0.1 mm×0.8 mm) of Nichrome alloy spaced by 6.1 mm in

the transverse direction. Each pair was arranged such that the downstream ribbon was in

the wake of the upstream one; this arrangement was designed as to allow the injection of

as much heat as possible into the flow without introducing significant flow disturbance.

As discussed by Karnik & Tavoularis (1989), the thickness of ribbons was small enough

for the possibility of vortex shedding from these ribbons to be ruled out. Each desired

initial mean temperature profile was generated by adjusting manually the electric cur-

rent through each pair of ribbons. The UTG was generated by gradually increasing the

current through each pair of ribbons from the bottom to the top of the wind tunnel cross-

section. The TML was generated by heating electrically the ribbons in the upper half of

the screen, while compensating for the fact that the mean velocity increased upwards.

The PLS was generated by heating a single pair of ribbons that was located near the

wind tunnel centreline. A considerable length of the upper wall of the test section was

covered by a foil made of copper, which was heated electrically to a temperature that
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Figure 1: Schematic diagram of the experimental facility showing mean velocity and mean
temperature profiles: (a) USF with UTG and (b) USF with TML (top) and USF with
PLS (bottom). The origin of the coordinate system is 0.075h above the centreline of the
test section.

was approximately equal to the local flow temperature, thus minimizing heat losses from

the warmer part of the flow.

A three-sensor probe, consisting of a hot-wire pair in a cross-wire configuration and a

cold-wire, was used for simultaneous velocity and temperature measurements. The sep-

arations between neighbouring sensor planes were 0.5 mm. Platinum-plated Tungsten

wires with a diameter of 2.5 µm and a length to diameter ratio of 340 were spot-welded

to the cross-wire prongs and operated at a constant overheat ratio of 1.5; for all measure-

ments, the sensor length was smaller than 2.4 times the local Kolmogorov microscale.

The cold-wire sensor was made of a 90% Pt – 10% Rh alloy; it had a diameter of 0.63 µm

and a length to diameter ratio of about 950, and was operated at a constant current

of 0.15 mA, which was sufficiently small for the velocity contamination of the cold-wire

signals to be negligible; the cold-wire length was in all cases smaller than twice the lo-

cal temperature microscale ηθ ≡ (γ3/ε)1/4, where γ is the thermal diffusivity. The -20

dB cut-off frequency for fresh cold-wires was estimated with the use of the square-wave

test to be about 5 kHz, which is consistent with values given by LaRue et al. (1975)

and Lemay et al. (2003). The hot- and cold-wire signals were low pass filtered at 10.4

and 8 kHz, respectively, and sampled simultaneously at a rate of 22 kHz. The filtered

signals were digitized using a 16-bit National Instrument (PCI 6143) data acquisition

system. Before processing, the time series were filtered digitally using a double-pass,

seventh-order, Butterworth, low-pass filter, with a cut-off frequency that was adjusted

at each location to the local Kolmogorov frequency. Time series consisting of 5.5 × 105

samples were recorded for calculating time-averaged profiles, whereas longer ones, con-

sisting of 1.1 × 108 samples, were recorded separately for calculating some PDF and
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conditional expectations. Each of the latter time series extended over 83 min and was

divided into 5, 000 segments. Each segment was long enough to represent adequately the

longest time scales of turbulent motion (namely, roughly 200 times the velocity integral

timescale) and short enough not to be influenced by possible wind tunnel speed fluctua-

tions, hot/cold-wire voltage drift and room temperature variations. Alternate segments

were discarded so that the remaining 2, 500 segments were statistically independent of

each other. PDF and conditional expectations were first calculated separately for each of

the latter segments and then the values for all these segments were ensemble averaged to

provide the reported results. In particular, the room temperature variation is accounted

by commuting in blocks

The mean temperature upstream of the heating screen was monitored with the use

of a platinum RTD (29348-T01-B-48, RDF Crop.), precision-calibrated by the manufac-

turer and embedded in a micro-capsule made of stainless steel with 1.67 mm diameter.

The upstream flow temperature was subtracted from all other measured temperatures to

provide the reported temperature rises, which were insensitive to room temperature fluc-

tuations. Additionally, a glass thermistor mini-probe (EPCOS B57540, 10 kΩ 1% RAD),

with 0.8 mm diameter and a time constant that was lower than 1 s, was mounted on

the traversing system at the same level as the three-wire probe and was used to measure

the local mean temperature at each measurement location. The circuitries of the RTD

and the thermistor provided low enough excitation currents so that the self-heating of

the mean temperature probes was essentially negligible during the measurements. The

hot-wire signals were corrected for variations of the mean temperature, measured by the

local thermistor, and for instantaneous temperature fluctuations, measured with the cold

wire, with the use of a modified King’s law (Tavoularis 1983, 2005). The cross-wire was

calibrated in a calibration jet using the effective angle method (Browne et al. 1989). The

cold-wire voltage was calibrated in-situ in the heated flow against the mean temperature

measured by the thermistor probe.

3. Mean characteristics of the turbulence and the scalar fields

3.1. The velocity field

The characteristics of the USF in the absence of the heating screen have been documented

in earlier reports in the same facility by Karnik & Tavoularis (1987), Tavoularis & Karnik
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(1989), and Ferchichi & Tavoularis (2000). The insertion of the heating screens resulted

in a slight reduction of the mean shear and production of some additional small-scale

turbulence, which was expected to decay before the measuring section. The heating

screen was inserted at a position with x1/h = 4.5, where the dimensionless turbulence

development time (or total mean strain of the flow) was

τ =

x1∫

0

1

U1c

dU1

dx2
dx1 ≈ 5.8. (3.1)

Figure 2a shows representative mean profiles of the streamwise velocity at four positions

downstream of the heater, with the heater in place but without heating. These profiles

were fitted well by lines; the standard deviation of the difference between the measure-

ments and the corresponding linear fit decreased downstream to about 1.8% at x1/h = 10.

The centreline mean velocity varied by less than 1% in the range 7 6 x1/h 6 10. Figure

2b shows representative transverse profiles of the time-averaged streamwise and trans-

verse turbulent intensities and the shear stress correlation coefficient in the unheated and

heated flows. This figure demonstrates that the effects of heating were very small; the

small differences in the profiles of the stresses may be attributed to minor changes of the

performance of the shear generator between measurements in the different flows, partic-

ularly in its lower half which contained several fine screens and/or fibreglass sheets. In

agreement with previous studies (Tavoularis 1985; Vanderwel & Tavoularis 2011), which

showed that for 5 < τ in USF the turbulence would be fully developed, we also found

that all stresses downstream of the screen increased at approximately exponential rates.

The evolution of the turbulent kinetic energy, k = 1
2uiui, illustrated in figure 2c, could

be fitted by the exponential expression

k = k0 e
aτ , (3.2)

where a ' 0.11 and k0 = 4.5 × 10−2 m2s−2. The value of growth exponent was close

to those in previous experiments in USF generated in wind (Karnik & Tavoularis 1989)

and water tunnels (Vanderwel & Tavoularis 2011). As shown in figure 2d, the Reynolds

stress anisotropies, defined as

mij =
uiuj
2k
− 1

3
δij (3.3)

were essentially constant along the x1 axis in the range of interest.

68



10 A. Behnamian and S. Tavoularis

0.5 1 1.5 2 2.5 3

−4

−3

−2

−1

0

1

2

3

4

U1/ U1c

x
2
/M

(a)

0.050.06 0.07

−4

−3

−2

−1

0

1

2

3

4

u′1/U1c

x
2
/M

0.03 0.04 0.05
u′
2/U1c

0.4 0.5 0.6
−u1u2/(u

′
1u

′
2)

(b)

7 8 9 10 11 12 13

0.004

0.003

0.002

0.0017

τ

k
/
U

2 1
c

(c)

0.14
0.16
0.18

m
1
1

−0.14
−0.12
−0.10

m
2
2

−0.04
−0.02

0.0

m
3
3

7 8 9 10 11 12 13
−0.16
−0.15

−0.12

τ

m
1
2

(d)

Figure 2: (a) Transverse profiles of the dimensionless mean velocity in the unheated flow
with the heating screen in place; O: x1/h = 7; .: x1/h = 8; M: x1/h = 9; ◦: x1/h =
10; solid lines represent linear least square fitting; for clarity, each of the three most
downstream plots has been shifted to the right from the previous plot by half unit. (b)
Transverse profiles of the streamwise and transverse turbulent intensities and the shear
stress correlation coefficient at x1/h=10. (c) Streamwise evolution of the turbulent kinetic
energy; solid line indicates fitted exponential expression. (d) Streamwise evolution of the
Reynolds stress anisotropies. Symbols for (b)–(d) are as follows. ◦: unheated flow; �:
UTG, �: TML, ×: PLS.

U1
h

U1

dU1
dx2

k m11 m22 m33 m12 L11,1 λ11 η ε Reλ

ms−1 - m2s−2 - - - - mm mm mm m2s−3 -

7.48 1.28 0.19 0.16 -0.12 -0.02 -0.15 41 6.8 0.25 0.93 195

Table 1: Characteristic properties of the velocity field at x1/h = 10, x2/M = 0.

The streamwise velocity integral timescale T11 was measured by integrating the corre-

sponding autocorrelation function in each time series segment to its first zero and then

ensemble averaging the values in all 2.5× 103 segments. The streamwise integral length

scale was determined with the use of Taylor’s frozen flow approximation as L11,1 = U1T11.
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Figure 3: Downstream evolution of the streamwise integral lengthscale; �: UTG, �: TML,
×: PLS; O: measurements by Ferchichi & Tavoularis (2002); solid line represents a seg-
ment of 3.4.

Figure 3 shows the streamwise integral lengthscale growth. Within a limited range, the

results could be fitted by the exponential expression

L11,1

M
= 0.39 e0.11τ . (3.4)

The presently measured values of L11,1 were somewhat larger than values reported by

Ferchichi & Tavoularis (2002); the difference is attributed to differences in length scale

reduction of the oncoming flow by the screens, which were different in the two studies. The

integral lengthscale that is most relevant to scalar transport is the transverse scale L22,2.

This scale was too difficult to measure in the present facility, but it may be estimated

from the ratio L22,2/L11,1 ' 0.56, which was measured with the use of particle image

velocimetry in fully developed USF in a water tunnel (Vanderwel & Tavoularis 2014);

thus, we will consider that, at x1/h = 10 in the present flow, L22,2 ' 23 mm.

The streamwise Taylor microscale was measured as

λ11 = U1

[
u21

(∂u1/∂t)2

]1/2

. (3.5)

The turbulent kinetic energy dissipation rate ε was estimated from the mean turbulent

kinetic energy equation (simplified for USF), as the difference between turbulent kinetic

energy production by the mean shear and convection by the mean flow. Then the Kol-

mogorov microscale was calculated as η = (ν3/ε)1/4.

Representative values of the main time-averaged properties of the velocity field are

presented in table 1. The turbulence Reynolds number Reλ = u′1λ11/ν was 195, which

is large enough for the flow to be considered fully turbulent. Measured energy spectra
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Figure 4: Representative temperature measurements in the UTG field. (a) Transverse
profiles of the mean temperature; O: x1/h = 7; .: x1/h = 8; M: x1/h = 9; ◦: x1/h =
10; solid lines represent a linear least square fitting; for clarity, each of the three most
downstream plots has been shifted to the right from the previous plot by a half unit. (b)
Transverse profiles of the normalised standard deviation of the temperature fluctuations
and the turbulent heat flux coefficients at x1/h = 10.

were generally in agreement with previous results in USF experiments at comparable

turbulent Reynolds numbers (Ferchichi & Tavoularis 2000; Garg & Warhaft 1998). The

one-dimensional power spectrum of the streamwise velocity fluctuations had an inertial

subrange for streamwise wavenumbers κ1 in the range 4 × 10−3 . κ1η . 10−1; within

this range, the spectrum, when plotted in logarithmic axes, decreased with a slope of

−1.57, which is only slightly smaller than the Kolmogorov value of −5/3.

3.2. The homogeneous temperature field

Representative values of some important time averaged properties of the three scalar

fields are listed in table 2. Figure 4 shows transverse profiles of the mean temperature

rise ∆T , normalized by ∆T c = 0.70 K, the normalised temperature standard deviation

and the streamwise and transverse turbulent heat flux coefficients for the UTG case. The

non-linearity of the mean temperature profiles was very small and non-uniformities of the

three latter properties had standard deviations that were lower than 6%. In summary,

the inhomogeneity of the present UTG field was significantly lower than those in previous

studies in the same facility and elsewhere. The temperature variance grew at the same

rate as the turbulent kinetic energy and could be represented well by the exponential

expression θ2/∆T
2

c = (1.6× 10−3)e0.11τ , in conformity with previous UTG experiments

in USF.
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∆T dT/dx2 θ′/∆T u1θ/u
′
1θ
′ -u2θ/u

′
2θ
′ Lθ1/L11,1 λθ1/λ11

K Km−1 - - - - -

UTG (x2 = 0) 0.70 7.9 0.080 0.52 0.45 0.54 0.65
TML (at A) 1.00 28.0 0.34 0.49 0.42 0.55 0.60
PLS (at C′) 0.45 12.7 0.23 0.41 0.38 0.51 0.60

Table 2: Characteristic properties of the temperature fields at x1/h = 10
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Figure 5: (a) Typical isotherms on the TML vertical centreplane; ∆T/∆Th =
0.95(�), 0.90(M), 0.75(.), 0.50(×), 0.25(/), 0.10(O) and 0.05(�). (b) Streamwise evolu-
tion of the TML width.

0 0.5 1
−3

−2

−1

0

1

2

3

∆T/∆T h

ξ

0 0.5 1
θ′/θ′c

−1 0 1
uαθ2/(u

′
αθ

′2)
−0.5 0 0.5
uαθ/(u

′
αθ

′)

 

 
α = 1

α = 2

 A

(b)(a) (c) (d)

 C

 B

Figure 6: Transverse variations of time-averaged properties in the TML. (a) Mean tem-
perature; O: x1/h = 7; .: x1/h = 8; M: x1/h = 9; ◦: x1/h = 10; solid line represents
a fitted error function. (b) Standard deviation of temperature fluctuations, normalised
by its peak value; symbols as in (a); solid line represents a fitted Gaussian function.
(c) Turbulent heat flux coefficients at x1/h = 10. (d) Triple correlation coefficients at
x1/h = 10. Repeated Greek indices are not summed.
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3.3. The thermal mixing layer

The upper half of the heating screen was heated such as to produce a thermal mixing layer

between a heated stream having a nearly uniform temperature rise of ∆Th = 2.00 K and

an unheated stream. The development of this TML was consistent with the one that has

been documented in detail by Ferchichi & Tavoularis (1992). As shown in figure 5a, the

mean isotherms evolved linearly in the streamwise direction, such that the 50% isotherm

remained parallel to the test section axis but the TML penetrated deeper into the low-

velocity side than the high-velocity side. The TML width, defined as the distance between

the 75% and 25% isotherms, grew linearly as w/M = 0.20(x1/h)−0.49 for 5 6 x1/h 6 10

(figure 5b). When plotted vs. the dimensionless transverse coordinate ξ = (x2 − x20)/w,

the mean temperature evolved in a self-similar manner (figure 6a) and could be fitted

well by the error function ∆T/∆Th = 0.5[1 + erf(ξ)] (Ferchichi & Tavoularis 1992).

The position of the 50% isotherm was x20 ≈ 0 for 5 6 x1/h 6 10. The temperature

fluctuations also evolved in a self-similar manner. Their transverse profiles could be fitted

well by a Gaussian function, except at the warm edge, where some small (less than 8%

of the peak value θ′c at x1/h = 10) residual temperature fluctuations, introduced by

the heated screen, persisted downstream (figure 6b). The peak temperature fluctuations

decreased linearly with distance from the screen as θ′/∆Th = −2.8 × 10−3(x1/h) +

0.198 for 7 6 x1/h 6 10. The location of the peak temperature fluctuations essentially

coincided with the inflection point of the local mean temperature profile, where the mean

temperature gradient was maximum. The streamwise and transverse heat flux coefficients

peaked at the TML centre (figure 6c), whereas the triple correlation coefficients crossed

zero at that location (figure 6d). For convenience in the discussion, we have identified

three special locations across the TML (figure 6d): point A, which is the TML inflection

point or TML centre, and points B and C, which are on either side of the centre at

distances of about 0.7L22,2 from it; points B and C were defined for comparisons with

the PLS (see next subsection).

3.4. The plume of a line source

A single pair of ribbons (at x2 = 0) was heated to generate a thermal plume, as de-

scribed in section 2. The present PLS was consistent with the one reported by Karnik

& Tavoularis (1989). The mean isotherms evolved linearly in the streamwise direction

(figure 7a). The locus of the peak mean temperature ∆Tm was shifted towards the low–
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Figure 7: (a) Typical isotherms on the PLS vertical centreplane; ∆T/∆Tm =
1.0(×), 0.5(◦), 0.25(�) and 0.1(�) (b) Streamwise evolution of the PLS width.
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Figure 8: Time-averaged transverse profiles in the PLS. (a) mean temperature rise; sym-
bols as in figure 6; the solid line represents a fitted Gaussian function, with its inflection
points marked by dotted lines. (b) Standard deviation of temperature fluctuations at
x1/h = 10. (c) Turbulent heat flux coefficients at x1/h = 10. (d) Triple correlation
coefficients at x1/h = 10.

velocity side and the heated fluid penetrated deeper into the low-velocity side than the

high-velocity side; this is attributed to the fact that, at each downstream measuring

plane, the diffusion time x1/U1 decreased upwards, so that the scalar had more time to

spread in the low velocity region. The PLS width w, defined as the distance between

points at which the temperature rise was 50% of the local peak value, grew linearly as

w/M = 0.29(x1/h)− 1.02 for 5 6 x1/h 6 10 (figure 7b).

Transverse profiles of the mean temperature rise, the standard deviation of the tem-

perature fluctuations, the turbulent heat flux coefficients and triple velocity-temperature

correlation coefficients have been plotted in figure 8 vs. the dimensionless transverse co-

ordinate ξ = (x2 − x20)/w, where the position of the mean peak x20 evolved streamwise
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Figure 9: a) Streamwise development of the normalized peak mean temperature rise in
the PLS (•); solid line is a fitted power law. b) Streamwise development of the normalized
standard deviation of the temperature fluctuations in the PLS; θ′c/∆T r(◦), θ′ph/∆T r(�),

θ′pl/∆T r(�); lines represent fitted power laws.

following the relationship x20/M = 5.8 × 10−2(x1/h) − 0.28 for 5 6 x1/h 6 10. The

mean temperature rise profiles appeared to be nearly Gaussian with the exception of the

edge regions. The decay of the peak mean temperature is shown in figure 9a. The values

were scaled with the reference temperature rise ∆T r = P/(ρcpδhU1c) = 40.6 K, where

P is the power per unit length supplied to the pair of heated ribbons that produced

the plume, ρ is the air density, cp is the specific heat of air under constant pressure

(both properties were evaluated at ambient temperature) and δh is the ribbon thickness

(Karnik & Tavoularis 1989). For 6 6 x1/h 6 10, the decay of the peak mean tempera-

ture rise could be approximated by the power law ∆Tm/∆T r = 0.191(x1/h)−1.11. Three

special locations have been marked across the PLS. Point A′ is the location of the mean

temperature peak and points B′ and C′ are the locations of the two inflection points of

the mean temperature profile. It is noted that the distance between point A′ and either of

the two other points was approximately 0.7L22,2; this was the reason for choosing points

B and C in the TML, as described earlier.

The temperature fluctuation profile in the range 4.5 < x1/h < 5 was single–peaked,

but further downstream it became double–peaked. The standard deviations of the tem-

perature fluctuations at the PLS centre θ′c and at the two peaks θ′ph and θ′pl, could,

respectively, be fitted by the power laws θ′c/∆T r = 1.48× 10−2(x1/h)−0.82, θ′ph/∆T r =

2.74×10−2(x1/h)−1.03 and θ′pl/∆T r = 1.92×10−2(x1/h)−0.88 , in the range 7 6 x1/h 6

10 (figure 9b) The decrease of the peak on the high–velocity side was somewhat faster

than that on the low–velocity side so that, although closer to the source θ′ph > θ′pl, at
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Figure 10: Ratio of integral length scales, symbols as figure 3.

x1/h = 10 the peaks had approximately the same values. The complexity of the evolu-

tion of the θ′ profile indicates that this property was not self–similar, in spite of the near

self-similarity of the mean profiles.

Both turbulent heat flux coefficient profiles in the PLS had zeros at point A′ and

extrema at points B′ and C′. In contrast, the triple correlation coefficients had zeros at

approximately all these three points and local extrema in–between. The variations of the

heat fluxes and the triple correlations in the PLS were very different from those in the

TML; this observation indicates that the scalar fluctuation fields in the TML and the

PLS had distinct features in spite of some similarities in the mean profiles.

3.5. On the passivity of the temperature fields

The passivity of the scalar field was investigated by comparing velocity statistics and

spectra in the unheated and the three heated flows. The standard deviation of the trans-

verse velocity in the heated flows was always within 3% of the value in the unheated flow.

In addition, the term g(u2θ)/T (g is the gravitational acceleration), which represents pro-

duction by buoyancy in the turbulent kinetic energy equation, was less than 0.3% of the

dissipation rate in all cases considered. The flux Richardson number Rf ≡ g(θu2)/T

u1u2 ∂U1/∂x2

(Tavoularis & Corrsin 1981), which represents the ratio of the buoyancy term and the

production term, was of the order of 0.001 in the present scalar fields; such values are

much smaller than 0.2, which is an approximate upper limit for buoyancy effects to be

considered negligible.

3.6. The temperature integral lengthscale

The streamwise integral lengthscale Lθθ,1 of the temperature fluctuations was measured

in a manner similar to the one used for measuring L11,1. The evolutions of the ratio
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Figure 11: Turbulent Prandtl number across the non-homogeneous scalar fields at x1/h =
10.

Lθθ,1/L11,1 for the three present scalar fields, as well as for the fields studied by Ferchichi

& Tavoularis (2002) and Karnik & Tavoularis (1989) in the same facility are shown in

figure 10. Despite the differences in heating methods, all data are consistent and show

a downstream decrease of this ratio near the heaters (τ 6 9), followed by a monotonic

increase towards an asymptote of about 0.8 very far downstream (not reachable in the

present experiments).

3.7. The turbulent Prandtl number

The turbulent Prandtl number

Prt =
−u1u2/(dU1/dx2)

−θu2/(dT/dx2)
. (3.6)

is a customary measure of the analogy between heat and momentum transport in non-

isothermal turbulent flows. Values of this parameter have been reported in many previous

studies to be not too far from the ideal value of 1. In the present UTG, Prt ≈ 1.1, which is

consistent with the measurements of Tavoularis & Corrsin (1981) in the same type of flow.

For the two inhomogeneous scalar fields, the turbulent Prandtl number was calculated

from smooth fits to the corresponding profiles of mean temperature and heat flux. In

view of the approximate antisymmetry or symmetry of the TML and PLS mean profiles,

only the lower halves of these profiles will be considered here. The calculated transverse

variations of Prt are shown in figure 11. Values near the edges of these flows have not

been presented, as subjected to large uncertainties. Moreover, no value has been given

for the centre of the PLS, where Prt would be indeterminate. In the TML, the value of

Prt increases mildly from the centre towards the edge, exceeding considerably, but not

excessively, the value measured in the UTG. In the PLS, Prt follows a similar, but much
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Figure 12: (a) PDF of the velocity fluctuations, (b) JPDF of the streamwise and trans-
verse components of velocity fluctuations; dashed lines have been fitted to measured con-
tours with values (from the outer one towards the inner one) equal to 0.00001, 0.0001,
0.001, 0.01 and 0.1; solid lines indicate the corresponding contours of a jointly Gaussian
PDF with the same correlation coefficient as the measurements.

stronger, trend, exceeding the UTG value by several times near the plume’s edge. It is

of interest to note that in the central PLS region Prt < 1; this is consistent with the

inapplicability of gradient transport in this region, where large temperature fluctuations

are remnants of the initial heating. A possible cause for the large values of Prt in the

outer regions of both the TML and the PLS is the external intermittency of the scalar

fields, which effectively reduces the level of local heat flux, in contrast to the velocity

field, which is not subjected to such intermittency. Apparently, this effect is stronger for

the PLS, which is generated by a single heating source, than the TML, which receives

heat from several sources.

In summary, the present results have demonstrated that the turbulent Prandtl number

in non-isothermal homogeneous turbulence would be not constant when the scalar field

is intermittent and its value may also be strongly influenced by initial effects.

4. PDF, JPDF and conditional expectations

4.1. Velocity PDF and JPDF

The PDF and JPDF of the streamwise and transverse velocity fluctuations are shown in

figure 12. They were all nearly Gaussian, in agreement with previous USF experiments

(Tavoularis & Corrsin 1981; Ferchichi & Tavoularis 2000, 2002). At x1/h = 10, the skew-

ness and flatness factors of the streamwise component were respectively −0.05 and 3.09;

those of the transverse component were −0.11 and 3.11. All these values are compatible

78



20 A. Behnamian and S. Tavoularis

−5 −4 −3 −2 −1 0 1 2 3 4 5

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

θ/θ′

(a)   UTG

−5 −4 −3 −2 −1 0 1 2 3 4 5

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

θ/θ′

◦ A
× B
⋄ C

(b)   TML

−5 −4 −3 −2 −1 0 1 2 3 4 5

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

θ/θ′

 

 

◦ A′

× B′

⋄ C ′

(c)   PLS

Figure 13: PDF of scalar fluctuations in the three scalar fields; solid lines represent the
normal PDF.

with relatively mild deviations from Gaussianity, which may be neglected in the general

context of this study.

4.2. The scalar PDF

PDF of the temperature fluctuations at locations of interest in the three scalar fields are

presented in figure 13 and the corresponding skewness and flatness factors are listed in

table 3. It is immediately apparent that the temperature PDF was essentially Gaussian in

the UTG field, but distinctly non-Gaussian in the TML and the PLS. It is also interesting

to note that, at some locations in the TML and the PLS, the skewness or the flatness

factor happened to be not very different from the Gaussian values, despite the visibly

strong non-Gaussianity of the corresponding PDF. This observation demonstrates that

the use of skewness or flatness factors alone as indicators of scalar Gaussianity may lead

to erroneous conclusions. Comparisons of the extreme local instantaneous temperatures

(namely the highest, θmax, and lowest, θmin, measured temperature values) and the

extreme mean temperature rises ∆Thot and ∆T cold across the wind-tunnel test section
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UTG TML PLS

A B C A′ B′ C′

S -0.19 -0.03 -0.97 0.89 -0.06 0.34 0.18
F 3.1 2.1 3.3 3.2 2.5 2.4 2.3

Table 3: Skewness and flatness factors of the scalar PDF.

are shown for all scalar fields in table 4. ∆T cold was the unheated stream temperature for

all cases, whereas ∆Thot was the highest mean temperature across the UTG profile, the

mean temperature of the heated stream for the TML and the peak mean temperature

for the PLS profile.

UTG field: Previous literature has suggested that scalar Gaussianity in UTG fields

may be the result of clipping of the scalar field by the wind tunnel walls (Warhaft 2000;

Gylfason & Warhaft 2004). Unlike flows downstream of active grids, which are mixed very

thoroughly, the core of the present USF was not affected by wall effects. As evidence for

this assertion, consider that at the centre of the present UTG case the normalised mean

temperature differences from the temperatures of the unheated (near the bottom wall)

and strongest heated (near the top wall) streams were (∆T cold −∆T )/θ′ = −14.5, and

(∆Thot − ∆T )/θ′ = 13.0 (see table 4). As figure 13 shows, temperature values at the

UTG centre were confined approximately within the range ∆T ±5.5θ′, which means that

no fluid from either of the two near-wall regions ever penetrated the UTG centre. The

distances between the upper and lower bounds of the local temperature fluctuation range

from the corresponding highest or lowest mean temperature in the wind tunnel are too

large to be attributed to heat conduction from warmer to cooler air alone (the effect of

heat conduction will be discussed in a following section). In support of this assertion, we

also note that the transverse integral lengthscale L22,2 was smaller than 8% of the test

section height, which effectively eliminates the possibility that near-wall fluid would ever

reach the wind-tunnel centreline. Additionally, all selected measurement locations in the

three scalar fields were sufficiently close to the centreline to be free of wall effects.

TML field: At all three locations in the TML, the PDF shapes were strongly sub-

Gaussian. At the TML centre (point A), the anti–symmetry of the mean scalar profile

resulted in a nearly symmetric PDF and a near–zero skewness, but sub-Gaussianity was

revealed by the low flatness. On the two sides off–centre of the TML (points B and
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UTG TML PLS

A B C A′ B′ C′

(∆T cold −∆T )/θ′ -14.5 -3.0 -5.0 -2.1 -6.6 -4.2 -4.4
θmin/θ

′ - 5.5 -2.6 -3.8 -1.8 -3.0 -2.0 -2.4
(∆Thot −∆T )/θ′ 13.0 3.0 2.0 5.2 0.0 1.5 1.4

θmax/θ
′ 5.0 2.7 1.8 3.8 4.8 5.0 4.5

(∆Thot −∆T cold)/θ
′ 27.5 6.0 7.0 7.3 6.6 5.7 5.8

(θmax − θmin)/θ′ 10.5 5.3 5.6 5.6 7.8 7.0 6.9

Table 4: Normalised mean temperature differences and extreme local temperature values
at the points of interest in the three scalar fields.
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Figure 14: PDF of temperature rise in the PLS (left plot) at different locations along the
mean temperature rise profile (right plot); x1/h=10.

C), the PDF were visibly asymmetric and had relatively large skewnesses of opposite

signs; perhaps surprisingly, the flatnesses were only slightly higher than the Gaussian

value of 3, a fact that seems not to have much physical significance but to be specific

to the distribution of large fluctuations in this field. At point A, the lowest and highest

instantaneous temperature values were close but not equal to the cold and hot stream

temperatures. One may possibly attribute these differences to heat conduction between

an eddy that originated in one of those streams and the surrounding fluid. This issue

will be further discussed in a following section. This assertion is compatible with the

measurements at the other two points in the TML. At point B, which was towards the

warm stream side, the highest measured temperature value was also just below the warm

stream temperature, whereas the lowest temperature value was much higher (in terms of

local temperature standard deviations) than the cold stream temperature. The opposite

observations can be made for point C, which was towards the cold stream.
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(x2 − x20)/L22,2 ∆T (K) θ′ (K) S F

A′ 0.0 0.60 0.091 -0.06 2.5
B′ 0.83 0.44 0.104 0.34 2.3
C′ -0.83 0.45 0.103 0.18 2.4
D′ -1.65 0.25 0.080 1.0 3.6
E′ -2.48 0.08 0.040 2.4 10.2
F′ -3.31 0.06 0.020 4.1 30.7
G′ -4.14 0.02 0.010 - -

Table 5: Scalar field properties at the locations of the PDF shown in figure 14.

PLS field: At first glance, the PDF at all three locations in the PLS appear to be a

combination of those in the UTG and the TML fields. They were sub–Gaussian on the

cold side and nearly Gaussian on the warm side. The lowest measured temperatures at

all three points were obviously bounded by values that were significantly higher than

the unheated stream temperature. In contrast, the highest measured values at all points

exceeded significantly the local peak mean temperature. Such high temperature values

are necessarily remnants of the initial heating of the flow by the source. The effect of

initial heating is examined in more detail in Figure 14, which shows the gradual change

of the shape of the PDF of the local instantaneous temperature rise ∆T from the edge

to the centre of the PLS; to assist in this task, Table 5 summarises some relevant scalar

properties at the locations of PDF measurement. It is noted that the tails of the PDF at

points D′, E′ and F′ show some scatter, as these PDF were based on records of 5.5×105

samples, which were much smaller than those used for the PDF at points A′, B′ and C′.

The effects of initial heating were clearly detectable at the plume centre (point A′) and

the nearby points B′ and C′, where the warm tails of the PDF far exceeded the peak mean

temperature. At point D′, which was off-centre by only 1.65L22,2, the local temperature

only rarely exceeded the peak mean temperature, whereas at the more distant points

E′ and F′ the temperature never came close to the peak value. One may speculate that

most of the PLS was likely subjected to initial condition effects, but heat conduction

reduced the maximum local temperature value in the outer PLS regions to levels below

the centreline average.

Figure 14 may also be used to examine the transport of unheated (“cold”) fluid into

the PLS. A great deal of cold fluid was present at point F′, close to the PLS edge, and

some cold fluid was found at point E′, but no cold fluid was detectable at point D′, which
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Figure 15: Isocontours of the JPDF of the scalar and (a) the streamwise and (b) the
transverse velocity fluctuations in the UTG; dashed lines have been fitted to measured
contours with values (from the outer one towards the inner one) equal to 0.00001, 0.001,
0.01, 0.05, 0.14; solid lines indicate the corresponding contours of a jointly Gaussian PDF
with the same correlation coefficient as the measurements.

was half-way across the PLS. Once more, it appears that heat conduction reduced the

difference between the temperature that a fluid particle had at the start of its random

walk and the average local temperature at its current location.

On a final note, one may observe that the temperature skewness and flatness factors

increased drastically from the centre towards the edges of the PLS, as a result of the

corresponding PDF becoming increasingly one-sided and pointed. This is clear evidence

against the use of a single PDF shape to describe the entire scalar field.

4.3. Velocity–temperature JPDF

Isocontours of the JPDF of the temperature and the streamwise and transverse velocity

components for the UTG, TML and PLS fields are, respectively, shown in figures 15, 16

and 17. A general observation from these figures is that the orientations of the axes of

all u2 − θ contours, which are connected to the sign of u2θ, are consistent with gradient

transport. Moreover, the u1 − θ contour sets are roughly mirror images (with respect

to the velocity axis) of the corresponding u2 − θ contour sets; this is attributed to the

strong negative correlation of u1 and u2. Both velocity–temperature JPDF in the UGT

field were approximately Gaussian, whereas in the TML and the PLS they were distinctly

non-Gaussian.

At the TML centre (point A), the JPDF contours were nearly anti–symmetric. All

contours could be fitted visually by axes with comparable inclinations, which means

that at all JPDF levels the temperature–velocity correlations had the same signs as
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Figure 16: Temperature-velocity JPDF isocontours in the TML; solid lines have been
fitted to measured contours with values (from the outer one towards the inner one) equal
to 0.00001, 0.0001, 0.001, 0.0025, 0.005, 0.01, 0.1 and 0.14; for point A, contours with
values 0.0025 are not shown in the plots.

the corresponding overall turbulent heat fluxes. The inner (high–value) contours were

roughly elliptical (i.e., Gaussian-like), but the contour shapes gradually evolved towards

flat–sided ones as the contour values decreased so that, for large temperature fluctuations,

the low–value contours were nearly parallel to the velocity axis. This means that, on rare
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Figure 17: Temperature-velocity JPDF isocontours in the PLS; solid lines have been fitted
to measured contours with values (from the outermost contour towards the innermost
one) equal to 0.00001, 0.0001, 0.001, 0.005, 0.01, 0.1 and 0.14.

occasions, very warm or very cool fluid was transported to the TML centre by both strong

upwards moving eddies and strong downward moving eddies. This appears to contradict

the gradient transport premise that scalar fluctuations would correspond to differences

between local means. However, it may be explained as the result of extreme instances
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of wandering of the instantaneous thermal mixing layer, such that, for example, warm

fluid first wandered to an extremely low level and then returned to its average level (and

possibly beyond it) by crossing the TML centre.

At point B of the TML, the JPDF isocontours were asymmetric: on the cool side they

maintained elongated shapes until the contour values became very low, whereas on the

warm side they were all flat–sided. At point C of the TML, the JPDF isocontours were

roughly mirror images (with respect to the temperature axis) of those at point B. The

shapes of the contours at points B and C can be explained by arguments similar to those

used for point A. An interesting observation is that the temperature at any of these three

points never reached either of the extreme values of the unheated or fully heated streams

(see table 4). This issue will be further discussed in a following section.

The JPDF isocontours in the PLS resembled those in the TML on the cool side but had

very different shapes on the warm side. Contours with high JPDF values were elongated

and maintained elongated shapes towards the warm side at all contour values. In contrast,

contours with low JPDF values were flat–sided on the cool side, which may be explained

in the same fashion as for the TML. At the PLS mean peak (point A′), the contours

were approximately symmetric with respect to the velocity axis, as may be expected by

the near–symmetry of the mean scalar field and the near–homogeneity of the turbulence.

Isocontours at point B′ were approximately mirror images of corresponding isocontours

at point C′, which is also consistent with the mean property variation in this field.

4.4. Velocity conditional expectations

The velocity expectations, conditioned on the temperature value (VCE), for the three

scalar fields are shown in figure 18. One may readily observe that the shapes of the

streamwise VCE were essentially mirror images of the transverse VCE, a fact that is

attributed to the strong correlation between the two velocity components. In the UTG

field, these VCE were linear, in conformity with the previously observed joint normality

of the corresponding velocity and temperature fluctuations. In the two inhomogeneous

temperature fields, however, the VCE were strongly non-linear and had shapes that de-

pended on the type of scalar field as well as on the location within this field. In the

TML the VCE were monotonic but inflected, whereas in the PLS they seemed to have

very mild extrema and were not inflected at all. In the UTG and the TML large tem-

perature fluctuations of either sign were, on the average, transported by strong velocity
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Figure 18: Velocity conditional expectations in the UTG, TML and PLS fields; ◦: α = 1;
•: α = 2.
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fluctuations, whose sign was consistent with gradient transport. In the PLS, this was also

the case for large negative temperature fluctuations, but not for large positive ones; the

average velocity fluctuations transporting large positive temperature fluctuations were

nearly zero in the PLS centre and approached moderate asymptotes at the two off-centre

positions.

4.5. Events with strong transverse velocities

To gain insight into the phenomena that are responsible for the observed shapes of the

PDF and JPDF, we need to examine transport events with velocity and temperature

fluctuations that are far from the corresponding averages, as averages cannot reveal

the contributions of individual events and are insensitive to rare events. Towards this

purpose, we have identified all events with large values of transverse velocity fluctuations

and examined simultaneously the transverse and streamwise velocity fluctuation values

and the temperatures of the corresponding fluid parcels. All events with strong transverse

velocity fluctuations are shown as points in figure 19, together with the corresponding

instantaneous streamwise velocity and temperature rise values. To identify such events,

we used the condition |u2/u2′| > 3. These events were very rare, as their total frequency of

occurrence (probability) was 0.8% (see figure 12a); the frequency of occurrence for events

with |u2/u2′| > 4 was 0.03% and that for events with |u2/u2′| > 5 was 3.5×10−4%. It

is important to note that the statistical samples of signals used in this presentation

were fully time–resolved and extended over times that were of the order of 106 integral

timescales. Thus, we are confident that our measurements have captured all possible

events, even the most rare ones.

In the UTG field, the warmest fluid parcels had mostly large negative transverse veloc-

ities and much larger than average streamwise velocities, whereas the coolest parcels had

mostly large positive u2 and large negative u1. Events with the opposite properties may

also be observed, but these were even more rare than the former events. In general, the

distant migration of fluid parcels in UTG is compatible with gradient transport. Similar

conclusions can be reached from figure 19 for the TML. In contrast, extreme temperature

events in the PLS had a more complex behaviour. The motions of fluid parcels with very

low temperatures were compatible with gradient transport as these parcels generally had

large u1 and u2 of opposite signs. However, very warm parcels with large u2 were ex-

tremely rare and those that existed had moderate u1 in most cases. As also illustrated in
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Figure 19: Typical maps of events with large values of the instantaneous transverse
velocity fluctuation; the instantaneous values of temperature rise in K are indicated by
the colour of each point. The unheated stream temperature was ∆T cold = 0 for all cases,
whereas ∆Thot was the highest mean temperature rise across the UTG profile (=1.51 K),
the mean temperature of the heated stream for the TML (=2.04 K) and the peak mean
temperature for the PLS profile (=0.60 K). The presented values in the plots are local
mean temperatures.
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the velocity–temperature JPDF (figure 17), parcels with the highest temperatures at the

centre and at the two inflection points of the PLS had small velocity differences from the

local averages and so likely originated in the central region of the PLS. At the PLS cen-

tre, where the mean temperature gradient vanished, this observation is compatible with

gradient transport; however, at the two inflection points, where the mean temperature

gradient had maxima, gradient transport is contradicted by the observations.

5. Additional discussion

5.1. Maximum turbulent mixing length and its connection to scalar transport

In this subsection, we will introduce a random walk model to estimate the maximum mix-

ing distance across the USF, which will be consequently used to explain the observations

that were made in the previous section. This model is only approximate and meant to

be used for qualitative analyses. For convenience, mean velocity and mean temperature

profiles will be represented by the fitted analytical expressions, which were in all cases

very close to the measurements.

Let us first consider a point P1 on the centreline of the USF and a second point P2

at the same streamwise distance from the origin as P1 but at a transverse distance δx2

from it. Points P2 that are located above P1 (namely, towards the mean velocity gradient

direction) would have δx2 > 0 and points located below P1 would have δx2 < 0. The ratio

δx2/L22,2 represents a relative mixing length and will be used as the independent variable.

Let us now consider a fluid particle that performed a random walk such that at the origin

of time it was located at an upstream position having the same level as point P2, whereas

at the current time it was located at point P1. During this time, the particle would, of

course, have moved spanwise as well, but this is of no consequence to the present analysis,

because all fields of interest are two-dimensional on the mean. Because the streamwise

rate of change of all mean fields was much weaker than their transverse rate of change,

one may approximate the values of the mean fields on the plane of particle origin by

those on the plane of current location. Following classical turbulent mixing arguments,

one may assume that the particle maintained its original velocity (or, more appropriately,

its original momentum), which is taken to be the mean velocity at P2, while located at

P1, where the mean velocity is equal to the USF centreline velocity. Then, this particle

would appear to have an instantaneous streamwise “nominal velocity fluctuation” δu1
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Figure 20: (a) Normalized nominal velocity fluctuations vs. normalized turbulent mixing
distance in the USF; the lines have slopes ±2.1. (b-d) Normalized nominal temperature
fluctuations in the three fields vs. normalized turbulent mixing distance. (b) The plotted
line has a slope of 3.1; (c) the lines represent fitted error functions; θ′c is the temperature
standard deviation at the centre of the TML (point A); and (d) the lines represent fitted
Gaussian functions; θ′c is the temperature standard deviation at the centre of the PLS
(point A′).

that would be equal to the difference between the mean velocities at points P2 and

P1. This and subsequent fluctuations will be normalised by the corresponding measured

standard deviations at the current particle location. In the present USF, δu1/u
′
1 would be

an increasing linear function of δx2/L22,2, as illustrated in figure 20a. Although δu1/u
′
1

should have no upper and lower bounds in an ideal USF, the PDF shown in figure 12a

demonstrates that, in the present flow, this parameter was confined within the range

from approximately -5 to 5. The ±5 limits in figure 20a intersect the fluctuations at

approximately δx2/L22,2 ≈ ±2.3. This observation is consistent with the well–accepted

notion that, at least in nearly homogeneous turbulence, turbulent eddies would travel as

far as approximately two integral length scales.

Although gradient transport notions dictate that particles arriving at P1 with a posi-
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tive δu1 would typically have a negative nominal transverse velocity fluctuation δu2, it is

not possible to estimate directly the magnitude of the latter. Nevertheless, one may take

advantage of the fact that u1 and u2 are strongly negatively correlated in USF, particu-

larly when they have large magnitudes, as the result of actions of horseshoe–shaped co-

herent structures (Vanderwel & Tavoularis 2011). Assuming a perfect correlation between

the two velocity components, one may plot a roughly estimated δu2/u
′
2 vs. δx2/L22,2,

as in figure 20a. The fact that the δx2/L22,2 values corresponding to δx2/L22,2 = ±2

are close to the extreme values in the PDF of u2 (figure 12a) indicates that the present

random walk model is fairly realistic.

Now, we will apply the same random walk model to explain previous observations on

scalar transport. We will assume that a particle that originated at the P1 level maintains

its temperature at a value equal to the mean temperature at P1 and so, when it reaches

the P2 level, it appears to have a “nominal temperature fluctuation” δθ, which is equal

to the difference between the mean temperatures at points P2 and P1. The variations of

δθ/θ′ across the three scalar fields of interest are shown in figures 20b–d. In the UTG and

TML cases (figures 20b and c), values of δθ/θ′ corresponding to δx2/L22,2 = ±2 were

close to the extreme values in the corresponding scalar PDF (figures 13a and b), which

supports the plausibility of the presented random walk model for the scalar mixing in

those two cases. Similar arguments also apply to the two edges of the PLS, where the

nominal temperature fluctuations are bounded by the temperature of the unheated flow.

In sharp contrast, however, gradient transport arguments fail drastically to describe the

nominal temperature fluctuations in the PLS central region: at point A′ (PLS centre),

such arguments predict no positive temperature fluctuations at all, whereas at points

B′ and C′, the highest δθ are much lower than the highest observed local temperature

fluctuations. This observation supports our postulate that high positive temperature

fluctuations in the PLS core are remnants of the heat source near-field.

5.2. Estimates of heat conduction effects

In a previous section, we observed that the cold tail of the temperature PDF at an inter-

mediate location in the PLS, where fluid particles originating in the unheated flow stream

would be expected to penetrate occasionally, did not reach as far as the unheated fluid

temperature. Similar observations would likely apply to locations at moderate distances

from an edge of any scalar field that is bounded by fluid with a uniform scalar value.
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In this section, we present a rough evaluation of the hypothesis that heat conduction (a

phenomenon that is entirely the result of molecular random motions in the fluid) would

introduce sufficient local mixing to explain this apparent paradox. Although this analysis

is necessarily quantitative, its results were meant to be used for qualitative purposes only.

From the outset of this analysis, it is clear that we are concerned with rare, exception-

ally strong transport incidents, during which a fluid particle travels to a far transverse

distance from its location of origin. In USF, such incidents have been found by Vanderwel

& Tavoularis (2011) to occur as the result of the actions of hairpin vortices, whose legs

are elongated and only moderately inclined with respect to the streamwise direction. The

average distance between the legs of the hairpin vortices was found to be about 1.6λ11,

which is consistent with the hypothesis of Tennekes (1968) that the distance between

the branches of looping vortex tubes is comparable to λ11. In view of these observations,

we may consider a rare transport event that consists in the “ejection” of an unheated

cylindrical fluid particle with a diameter λ11 (which in the present flow is 6.8 mm) by a

hairpin vortex towards regions of warmer fluid in the PLS (or the TML, as this case is

covered as well). While the fluid particle moves transversely, let’s say with the extreme

transverse velocity 5u′2, it would also be convected streamwise, let’s say with the cen-

treline velocity U c. Therefore, during the time it would take it to traverse a transverse

distance ∆x2, the particle would also be convected by a streamwise distance ∆x1, such

that the transport time would be ∆t ≈ ∆x2/(5u
′
2) ≈ ∆x1/U c. During this time, the

particle would be subjected to heat conduction with its surroundings, which we may

assume have a temperature equal to the local mean temperature.

As a representative example of the application of this approach, consider a fluid particle

that originated at the level of point G′ in the PLS, namely at the edge of the unheated

fluid, and at the current time was found to be at the level of point D′, where the mean

temperature rise was 0.25 K and the lowest measured value of the temperature rise

was 0.04 K. The distance between the levels of points G′ and D′ is ∆x2 ≈ 2.5L22,2 ≈
57 mm and so the transport time would be ∆t ≈ ∆x2/(5u

′
2) ≈ 0.040 s. The streamwise

convection distance of the particle would be ∆x1/ ≈ U c∆t ≈ 0.30 m, which is very

plausible for the present facility, in which the heating screen was located 1.67 m upstream

of the main measuring plane.

For a very rough estimate of heat conduction, let’s assume that the cylindrical fluid

particle had an initial temperature equal to that of the unheated flow and was during
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its migration surrounded by fluid with a temperature rise of 0.25 K. Assume that heat

transfer between this fluid particle and its surroundings takes place only by conduction;

it is noted that, if some convective heat transfer were present at the same time, its effect

would be to further raise the temperature of this particle. An exact solution is readily

available for this transient heat conduction problem (Ozisik 1993). This solution predicts

that, following time ∆t ≈ 0.040 s, the temperature on the axis of this particle would

be 0.04 K. This value is comparable to the lowest measured temperature of 0.05 K at

point D′. Despite its crude approximations, this analysis is sufficient to demonstrate, at

least qualitatively, that heat conduction was strong enough to truncate the tails of the

temperature PDF, especially near the edges of the scalar fields. Of course, molecular

effects would depend strongly on the value of the Prandtl (or Schmidt) number and

would weaken with an increase in the value of this parameter.

6. Conclusions

The present study has examined experimentally several issues related to the shape

of the scalar PDF in inhomogeneous scalar fields transported by turbulent shear flows.

Simultaneous measurements of the fluctuating velocity and temperature fields have been

made in uniformly sheared turbulence, in which a homogeneous temperature fluctuation

field, or one of two inhomogeneous ones, were superimposed passively. These temperature

fields included one with a uniform mean temperature gradient (UTG), a thermal mixing

layer (TML) and the plume of a heated line source (PLS). The scalar PDF and the

velocity-scalar joint PDF, as well as velocity conditional expectations, were measured

and analysed. Because all three scalar fields were superimposed on the same nearly

homogeneous turbulent flow, it was possible to evaluate the effects of the mean scalar

profile and scalar initial conditions. The availability of extremely long data records in

this work also permitted the detection of rare events.

The scalar PDF was essentially Gaussian in the UTG field, as the result of thorough

mixing of fluid with practically unbounded temperatures on both the warm and cold

sides. In contrast, the scalar PDF was distinctly non-Gaussian in the TML and the

PLS. At the centre of the TML, both tails of the scalar PDF were bounded by values

set by the warm and cold streams, whereas, at the centre of the PLS, the cold tail was

bounded while the warm tail was nearly Gaussian, a phenomenon attributed to sustained
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temperature fluctuations introduced by the heating source. It was thus concluded that

the reasons for the approximate Gaussianity of the scalar PDF in the UTG field and

the warm side of the PLS are fundamentally different. The joint velocity-temperature

PDF were nearly Gaussian in the UTG field but strongly non-Gaussian in the TML and

the PLS. The shapes of the JPDF could be explained by arguments similar to those

made for the corresponding scalar PDF. In conformity with the previous observations

concerning Gaussianity of the scalar and joint fluctuation fields, the velocity expectations,

conditioned upon the scalar values, were linear in the UTG field and strongly non-linear

in the TML and the PLS. However, the non-linearity characteristics were different in the

two inhomogeneous scalar fields. In the TML, the conditional velocity expectations were

inflected, as temperature fluctuations on both the cool and the warm sides were restricted

by the temperatures of the two far streams. On the cool side of the PLS, the conditional

velocities were similar to those in the TML. In contrast, on the warm side, it was the

velocity expectations that appeared to be bounded; this may be attributed to the fact

that warmer fluid was transported from a range of intermediate distances, including some

short distances on both sides of the measurement points and so the average conditional

velocity for a given temperature value was relatively small.
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5.2 Passive scalar fine structure in uniformly sheared turbulence

This section contains a draft for the second manuscript, entitled “Measurements of

non-homogeneous scalar fine structure in homogeneous turbulence” which is intended

to be submitted for publication in the Journal of Fluid Mechanics.
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Previous measurements of statistical properties of three temperature fluctuation fields

embedded passively in uniformly sheared turbulence are complemented in this article

with measurements pertaining to their fine structures. These temperature fields were a

nearly homogeneous one, generated by a uniform mean temperature gradient, and two

inhomogeneous ones, a thermal mixing layer and the plume of a heated line source.

Simultaneous measurements of the local temperature and all its derivatives were made

with fine resistance thermometers (cold wires). The probability density functions (PDF)

of the scalar dissipation rate and its three parts departed from the log-normal PDF in

all fields. The expectation of the scalar dissipation rate, conditioned upon the scalar

value, was found to be anisotropic in all scalar fields. In the homogeneous scalar field, all

conditional dissipation parts had approximately similar shapes, which justifies the use of

the streamwise part as a surrogate for the total; in contrast, in the two inhomogeneous

scalar fields, the transverse part had a very different shape from those of the other two,

which means that the total cannot be surrogated by any of its parts. The scalar dissipation

rate was found to be approximately independent of the scalar fluctuation value only in

the UTG field, whereas in the two other fields the former was strongly dependent on the

latter in ways that were specific to each field and the location of measurement.

Key Words: Turbulence, Homogeneous Turbulence, Uniformly Sheared Flow, Homoge-

neous Shear Flow, Turbulent Mixing, Intermittency
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1. Introduction

In a companion article (Behnamian & Tavoularis 2015), hereafter referred to as Part

1, we have reported results of experimental investigations of turbulent transport of three

temperature (as representative of a transported scalar property) fluctuation fields su-

perimposed passively on a uniformly sheared flow (USF). These fields included a nearly

homogeneous one that was generated by a uniform mean temperature gradient (UTG)

and two inhomogeneous temperature fields, namely a thermal mixing layer (TML) and

the plume of a heated line source (PLS). In that article we presented measurements of

overall statistical properties of these fields, including temperature probability density

functions (PDF), joint velocity-scalar probability density functions (JPDF) and expec-

tations of the velocity components conditioned upon the scalar fluctuation values. The

objective of Part 1 was to contribute to the available database for the development of

realistic models that permit the solution of the scalar PDF equation (Pope 1985) as well

as to our general understanding of turbulent transport and mixing. The choice of the

three scalar fields was such it became possible to evaluate separately the effects of scalar

inhomogeneity and scalar initial conditions on turbulent transport: the UTG fluctuation

field was both homogeneous and free of initial effects; the TML was inhomogeneous, yet

also essentially free of initial effects; in contrast, the PLS was both inhomogeneous and

with sustained initial effects. The observed significant differences among the scalar PDF

and joint properties in the three scalar fields were explained by consideration of the dif-

ferences in the mean scalar fields and the residual effects of initial heat injection. In the

present Part 2, we complement the results of Part 1 with measurements of the PDF of

all three scalar derivatives, the PDF of the scalar dissipation rate, expectations of the

scalar dissipation rate and its components, conditioned upon the scalar value, and other

scalar fine structure properties in the same three scalar fields and the same uniformly

sheared turbulence. This is one of very few experimental documentations of simultaneous

statistics of all three scalar derivatives; together with results in Part 1, results in Part 2

provide measurements of all terms in the scalar PDF equation that require modelling.

2. Literature review

Among the most important indicators of the scalar fine structure are various statistical

properties of the spatial derivatives of the scalar fluctuation field (Tavoularis & Corrsin
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1981b). Local isotropy of the scalar (Kolmogorov 1941; Obukhov 1949; Corrsin 1951)

would strictly require that all odd-order moments of all scalar derivatives should vanish;

however, the skewnesses of scalar derivatives in many experimental configurations have

been found to be non-zero, a phenomenon that has been attributed to the ramp-cliff

shape of scalar variation (Sreenivasan & Antonia 1977). Even-order moments, such as

the flatness of scalar derivatives, are indicators of the internal intermittency of scalar

fields and generally attain values that are significantly larger than the Gaussian value

of 3. In the presence of a turbulent/non-turbulent interface, scalar derivative statistics

would also be complicated by external intermittency, the length scale of which would

normally be much larger than that of internal regions with intense dissipative activity

(Tong & Warhaft 1994). The present interest, however, focusses on fully turbulent flows

that are free of external intermittency and solid wall effects.

Most experimental studies of scalar fine structure have reported mainly statistics of the

streamwise scalar derivative, which is conveniently estimated from the temporal deriva-

tive of the scalar time history via Taylor’s “frozen flow” approximation. Statistics of

transverse scalar derivatives have also been reported by some authors for grid-generated

turbulence (Tong & Warhaft 1994; Mydlarski & Warhaft 1998), boundary layers (Sreeni-

vasan et al. 1977; Anselmet et al. 1994), USF (Tavoularis & Corrsin 1981b; Ferchichi &

Tavoularis 2002), a plain jet (Antonia et al. 1986a), a round jet (Anselmet et al. 1994;

Mi et al. 1995) and a fully developed turbulent channel flow (Germaine et al. 2014).

Several authors have reported measurements of non-zero skewnesses of streamwise and

transverse scalar derivatives in shear flows. In a USF with UTG, Sreenivasan & Tavoularis

(1980) showed that the magnitude of the streamwise skewness would depend directly on

the mean scalar gradient and indirectly on the mean shear and it would approach an

asymptotic value of near one; they also suggested that the sign of this skewness would be

opposite to the product of the signs of the mean transverse scalar and velocity derivatives.

Tavoularis & Corrsin (1981b) extended this argument to suggest that the sign of the

skewness of the transverse scalar derivative would be opposite to that of the streamwise

one. These relationships for the signs of the scalar derivative skewnesses were also found

to apply to the wake of a heated cylinder, in which both the turbulence and the scalar

field were inhomogeneous (Tavoularis & Sreenivasan 1981). The skewness of the spanwise

scalar derivative (namely in the direction that was normal both to the flow and to the
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mean scalar gradient) has also been measured (Sreenivasan et al. 1977; Tavoularis &

Corrsin 1981b); in these cases, however, this skewness was found to be negligible, as

the result of the two-dimensionality of the flow and scalar fields. Sreenivasan (1991) and

Sreenivasan & Antonia (1997) compiled measurements of the streamwise scalar skewness

and plotted them vs. the turbulent Reynolds number. These results exhibited large scatter

and had no discernible trend (see also Warhaft (2000)).

The flatness of scalar derivatives in shear flows was consistently found to be signifi-

cantly larger than the Gaussian value. The streamwise derivative flatness was generally

approximately 30% higher than the transverse and spanwise derivative flatnesses (Sreeni-

vasan et al. 1977; Tavoularis & Corrsin 1981b; Mi et al. 1995). A compilation of results

from different experiments (Sreenivasan & Antonia 1997) has shown that the flatness fac-

tors of all scalar derivatives increased with turbulent Reynolds number at approximately

the same rate.

Some of the previously mentioned studies also presented PDF of scalar derivatives.

The tails of these PDF were always stretched far beyond the Gaussian tails, in a quasi-

exponential manner. Ching (1991) and Holzer & Siggia (1994) suggested that the tails of

the streamwise scalar derivative PDF follow the expression exp(−C1 | ∂θ/∂x1 |α1), where

C1 and α1 are constants. Ferchichi & Tavoularis (2002) reported that the coefficients of

fitted exponential expressions to each tail of both the streamwise and transverse scalar

derivative PDF in a USF with UTG were in the ranges 1.9 6 C1 6 2.1 and 0.72 6 α1 6

0.87.

The instantaneous value of the scalar dissipation rate (or, more accurately, the rate of

destruction of scalar fluctuations by molecular motions) is defined as εθ = εθ1 +εθ2 +εθ3,

where, for example, εθ1 = γ (∂θ/∂x1)
2

and γ is the molecular or thermal diffusivity.

Statistical properties of εθ, including its time average εθ, have served as indicators of the

scalar fine structure and have been used extensively in the modelling of turbulent mixing.

In particular, the PDF of εθ is an indicator of the internal scalar intermittency, with rare

events occurring with values |εθ − εθ| >> ε′θ; for example, Ferchichi & Tavoularis (2002)

showed that the tail of this PDF (estimated from measurements of εθ1) in a moderate

Reynolds number USF with UTG extended to values with |εθ − εθ| > 25ε′θ. The scalar

dissipation PDF is commonly assumed to be log-normal (Gurvich & Yaglom 1967), as,

for example, in large-eddy simulations of combustion problems (e.g., Bushe & Steiner
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(1999)). However, both experimental and numerical evidence suggests that the scalar

dissipation PDF departs from log-normality. Plots of this PDF in linear axes (Eswaran

& Pope 1988; Jayesh & Warhaft 1992; Schumacher & Sreenivasan 2005) reveal that the

log-normal approximation is not good for low values of εθ, whereas plots in logarithmic

axes show that the tails of the PDF also depart from log-normality (Su & Clemens

2003; Schumacher & Sreenivasan 2005; Markides & Mastorakos 2008; Sutton & Driscoll

2013). Analysis by Holzer & Siggia (1994) of a scalar field embedded in a 2-D synthetic

Gaussian velocity field suggested a distribution for the tail of the PDF of εθ in the form

(C2/ε
1/2
θ )exp(−C3ε

α2

θ ) where C2 and C3 are constants and α2 = α1/2. Ould-Rouis et al.

(1995) determined experimentally that α2 = 0.75 in a heated boundary layer. Chertkov

et al. (1998) derived analytically a similar relationship for scalar advection in “smooth

and white-in-time flow” (Sreenivasan & Schumacher 2010) with an infinitely large Péclet

number and found that α2 = 0.33. Finally, Schumacher & Sreenivasan (2005) reported a

value α2 = 0.43 in a DNS at low Reλ and a scalar with a Schmidt number of 32.

The corresponding statistical properties of the three components εθα, α = 1, 2, 3 of

the scalar dissipation rate would be identical only for a perfectly isotropic scalar field, a

condition that has never been met in practice. Thus, measurements of the statistics of εθ

would, in principle, require simultaneously measurements of all its three components. So

far, very few authors have reported such simultaneous measurements (Sreenivasan et al.

1977; Antonia et al. 1986a; Anselmet et al. 1994). As a consequence, comparisons of the

characteristics of measured scalar dissipation rate components have not been reported

widely.

The conditional expectation εθ | θ appears in a diffusion term of the scalar PDF trans-

port equation (Pope 1985). This term is usually modelled by so-called mixing models,

which account for the effects of molecular diffusion. The simplest approximation of εθ | θ
is to assume that εθ | θ = εθ, which means that εθ would be independent of θ, or, in

other words, that the fine structure of the scalar field would be universal and indepen-

dent of large-scale features (Ching 1993; Kailasnath et al. 1993). Due to the scarcity of

direct measurements of this property, the available information on the shape of condi-

tional scalar dissipation rates has mostly been based on surrogate measurements of one

or two of its parts. The existing literature on the shapes of εθ | θ and its three parts

is contradictory. In GT with a UTG, εθ1 | θ was found to be ∪-shape behind a con-
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ventional grid (Jayesh & Warhaft 1992) but ∩-shape behind an active grid (Mydlarski

2003). These two shapes have been associated with super- and sub-Gaussian scalar PDF

(Jayesh & Warhaft 1992; Ching 1993; Mydlarski 2003). In a USF with a UTG (Ferchichi

& Tavoularis 2002), εθ1 | θ was nearly uniform except for its two tails. In the wake of a

heated cylinder (Kailasnath et al. 1993), εθ1 | θ was ∪-shape and diminished at negative

fluctuations, thus resulting in a lobe shape on the cold side. In a jet of a fluorescent dye

mixture (Kailasnath et al. 1993), the streamwise and transverse parts of the conditional

dissipation rate had similar shapes and the authors argued that the shape of the total

conditional expectation was the same as those of its parts.

Anselmet et al. (1994) presented measurements of εθ1 | θ and εθ2 | θ in a heated bound-

ary layer. At an intermediate distance from the wall (y+ = 60), both properties were

found to be nearly uniform for both positive and negative temperature fluctuations.

However, close to the wall (y+ = 3), the temperature PDF was asymmetrical and these

conditional expectations depended on θ: εθ1 | θ retained low values for positive θ but

had much larger values for negative θ, whereas εθ2 | θ was nearly uniform for large posi-

tive and negative θ and decreased at lower |θ|, reaching a minimum near zero. Without

showing results, these authors noted that measurements of conditional scalar dissipation

in a heated round jet agreed qualitatively with those in the heated boundary layer. Mi

et al. (1995) measured all three parts of εθ | θ, although not simultaneously, in a slightly

heated round jet; they found that local anisotropy was weaker near the jet axis and that

all three parts of εθ | θ were ∪-shape. Germaine et al. (2014) measured all three parts

of εθ | θ, also not simultaneously, in a two-dimensional PLS in a fully developed channel

flow. Far downstream of the source, the scalar PDF was found to be quasi-Gaussian, but

the shapes of the three parts of εθ | θ depended on the transverse location. Close to the

wall, all three parts εθi | θ increased with increasing θ for large positive values of the

latter. In the centre of the channel, however, the streamwise component was ∩-shaped

with a peak at θ/θ′ ≈ 2, whereas the two other components had shapes similar to the

streamwise part on the negative fluctuation side but showed no clear trend on the positive

side.

A deeper understanding of the dependence (or not) of εθ upon θ can be achieved by in-

vestigating the JPDF P (θ, εθ) of these properties. Anselmet et al. (1994) presented such

JPDF measurements in a heated boundary layer and a heated round jet and concluded
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that, in regions with a symmetric temperature PDF, the assumption of independence

between the scalar and its dissipation would be fully justified; they suggested that the

main parameter influencing this JPDF would be the asymmetry of the scalar fluctua-

tions and, to a lesser degree, the asymmetry of the temperature derivative. Mi et al.

(1995) compared isocontours of P (θ, εθ2) in a heated round jet with the corresponding

isocontours of the product P (θ)P (εθ2) of the marginal PDF; they concluded that the

dependence of the two parameters was weak in their experiment. Ferchichi & Tavoularis

(2002) demonstrated that, in USF with a UTG, isocontours of P (θ, εθ1) essentially col-

lapsed on the contours of the product P (θ)P (εθ1), which supported their conclusion that

the scalar and its dissipation rate were independent.

In summary, measurements of scalar dissipation rate statistics have been conducted

in several types of turbulent flows, including grid generated turbulence, USF, boundary

layers, wakes and jets. Some of these flows were complicated by inhomogeneity of the

turbulence and external intermittency, as well as inhomogeneity of the scalar field, which

may have introduced strong asymmetries in the PDF of the scalar and its derivatives.

The effects of such factors, as well as possible effects of measurement resolution, noise

and turbulent Reynolds number, are difficult to separate, as different experiments have

been conducted under different conditions and using different experimental procedures.

The present study is an attempt to resolve some of the lingering questions on the scalar

fine structure by measuring directly the scalar dissipation rate and other fine structure

indicators in three different scalar fields superimposed on the same homogeneous turbu-

lence.

3. Apparatus and instrumentation

As the facility and instrumentation have been described in Part 1, only details that are

essential for Part 2 will be presented in this section. All experiments were conducted in

an open loop wind tunnel, having a test section that had a height of h=0.305 m, a width

of 1.50h and a length of 16.6h. Uniform mean shear was generated by a shear generator,

which was followed by a flow separator, consisting of an array of parallel plates spaced by

M = 25.4 mm to straighten the flow and impose initial uniformity of length scales. An

array of electric heating ribbons was inserted in the fully developed flow (at x1/h = 4.5)

to generate passively the desired scalar field. A three-wire probe consisting of a cross-
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wire and a cold-wire (see Part 1) was used for simultaneous velocity and temperature

measurements. The separations between neighbouring sensor planes were 0.5 mm. The

velocity sensors were tungsten wires with a diameter d = 2.5 µm and a length to diameter

ratio l/d = 340, and operated at a constant temperature with an overheat ratio of 1.5.

The cold-wire sensor was made of 90%Pt-10%Rh and had d = 0.63 µm and l/d ≈ 950.

A second probe, consisting of two orthogonal pairs of parallel cold-wires, was used to

measure simultaneously the three temperature derivatives. The sensors in this probe had

d = 0.63 µm and l/d = 635 (those used for measuring the spanwise derivative) and 730

(those used for measuring the transverse derivative); the corresponding sensor separation

distances were 0.66 and 0.60 mm, respectively. It is well-known that end conduction would

introduce error for cold-wires with l/d < 1500 (Browne & Antonia 1987). However, tests

similar to those done by Mydlarski & Warhaft (1998) showed that the dominant source of

error for the derivative of temperature fluctuations in our measurements was the spatial

resolution, and not end conduction effects (Behnamian 2015). The typical value of ηθ for

our flows was about 0.3 mm, yielding l/ηθ = 1.3 and 1.5 for the two pairs of parallel cold-

wires. The results of Wyngaard (1971) showed that our temperature measurements with

parallel cold-wires would resolve up to 95% of the scalar dissipation rate. The streamwise

temperature derivative was calculated using Taylor’s “frozen flow” approximation.

The operational amplifiers used in the cold-wire circuits provided r.m.s. signal to noise

ratios that were higher than 50 in all long-run measurements so that the noise effect on the

measurement of temperature was entirely negligible and no correction was deemed to be

necessary for the calculation of the temperature variance. To keep errors in measurements

of the spatial temperature derivatives as low as possible, all sensors of the four-wire probe

were inspected under a microscope for straightness and parallel positioning prior to the

experiments. It was verified that the spectra of temperatures measured by the two sensors

of each pair essentially coincided and so did the spectra of the temporal derivatives of

the temperature measured by the two sensors of each pair. To evaluate the effect of

electronic noise, velocity sensitivity of cold-wire sensors and other undesirable influences

on the measurements of spatial velocity derivatives, we compared measurements of the

temperature derivatives in the unheated and heated flows. The mean square value in the

unheated flow was subtracted from the corresponding value in the heated flow to provide

a noise-corrected value, under the assumption that “noise” and temperature fluctuations
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were uncorrelated. Some typical examples of the magnitude of these corrections are as

follows. The values of rms temperature derivatives

√
(∂θ/∂xα)2 were typically 3.5 K/m

in unheated flows or unheated regions of the three scalar fields. The ratios of the rms

temperature derivatives at the centre of the TML to corresponding values in the unheated

flow were about 43, so the noise-correction in this case was less than 0.1% and could be

neglected. The same ratios were approximately 6 at a position in the TML where the

temperature rise was about 0.1 K; in this case, the corrected mean square temperature

derivatives were 3% lower than the uncorrected values.

The effect of wire spacing ∆ on the accuracy of temperature derivatives measured by

parallel sensors has been studied by several investigators. Antonia & Mi (1993) showed

that this effect on (∂θ/∂xα)2 would be negligible for ∆/η < 3. Tong & Warhaft (1994)

showed that for 1 < ∆/η < 3 the shapes of the PDF of derivatives and their their

skewnesses and kurtoses were insensitive to ∆, but for ∆/η > 3 the skewness and kurtosis

tend to diminish with increasing ∆. The values of ∆/η for our four-wire probe were 2.4

and 2.6. To test the consistency between temperature derivatives measured by the two

pairs, we compared measurements at the centre of the TML taken with the probe in

one orientation and those taken with the same probe rolled by 90◦ about its streamwise

axis. The PDF of scalar derivatives ∂θ/∂xα measured by the two wire pairs essentially

coincided. The temperature derivative variances measured by the two pairs of sensors

were within 2% of each other; such precision is well within the measurement uncertainty

of the sensor spacing, determined with the use of the microscope. During the same tests,

the correlations between the temperature and its first derivatives in the transverse and

spanwise directions were also found to be the same for the two pairs. These results

demonstrate that there was no significant qualitative difference between the assumed

and the actual probe geometries and that the ratio of spacings of the two wire pairs was

represented accurately by the value of 1.1 used.

The cold-wire sensors were operated at a current of 0.15 mA. The hot- and cold-wire

signals were low pass filtered at 10.4 and 8 kHz, respectively, and sampled simultaneously

at a rate of 22 kHz. As in Part 1, before being processed, the time series were filtered

digitally using a double-pass, seventh-order, Butterworth, low-pass filter, with a cut-

off frequency that was adjusted at each location to the local Kolmogorov frequency

fk = U1/(2πη). Time series consisting of 5.5× 105 samples were recorded for calculating
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time-averaged profiles, whereas longer ones, consisting of 1.1×108 samples, were recorded

separately for calculating the main PDF and conditional expectations of interest. Each

of the latter time series extended over 83 min and was divided into 2.5× 103 segments.

4. Results

4.1. General properties of the scalar fields

The characteristics of the USF and the three scalar fields (UTG, TML, and PLS) in this

study were thoroughly documented in Part 1 and only necessary details are provided

here. Downstream of the heating screen, the turbulence was fully developed and nearly

homogeneous on transverse planes. The turbulent kinetic energy increased at an approx-

imately exponential rate and the streamwise integral length scale evolution could also

be fitted by an exponential expression. In the UTG, the non-uniformities of transverse

profiles of normalized temperature fluctuations and the turbulent heat flux coefficients

were sufficiently small for the scalar field to be considered as nearly homogeneous. The

temperature variance grew at the same rate as the turbulent kinetic energy. The TML

was generated by heating the upper half of the flow so that its mean temperature rise

was ∆Th = 2.00 K. The mean isotherms of the field evolved linearly in the stream-

wise direction. The TML penetrated deeper into the low-velocity side of the USF than

the high-velocity side; however, the distance of the 50% isotherm from the wind tunnel

centreline, denoted as x20, was nearly zero in the range 5 6 x1/h 6 10. The PLS was

generated by heating a pair of ribbons located on the centreline. Similar to the TML,

the mean isotherms evolved linearly in the streamwise direction but with slightly higher

slopes than those in the TML. The heated fluid penetrated deeper into the low-velocity

side than the high-velocity side and the locus of the peak mean temperature rise ∆Tm

(also denoted as x20) shifted towards the lower velocity region linearly in the range

5 6 x1/h 6 10. Figure 1 shows representative transverse profiles of the mean tempera-

ture rise ∆T (normalized by the corresponding maximum ∆Th or ∆Tm), respectively,

the temperature standard deviation θ′ (normalized by the corresponding value θ′c in the

“centre” of the scalar field) and the turbulent heat flux correlation coefficients for the

two inhomogeneous scalar fields at x1/h=10. The profile of the mean temperature rise

in the TML could be fitted by an error function and the one in the PLS could be fitted

by a Gaussian function. Although the mean profiles of the TML and the PLS were very
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Figure 2: PDF of scalar fluctuations at x1/h = 10; ◦: UTG, x2=0; •: TML, point A; ×:
PLS, point C′; solid line represents Gaussian PDF.

different, both scalar fields had maximum fluctuation levels at locations that essentially

coincided with inflection points in the corresponding mean profiles and roughly maxima

or minima in the turbulent heat flux profiles (point A in the TML and points B′ and

C′ in the PLS). Consequently, the TML had a nearly Gaussian, single-peak θ′ profile,

whereas the PLS had two peaks of θ′ and a minimum at its centre (point A′), where the

mean temperature rise was maximum and the turbulent heat fluxes vanished. As shown

in Part 1, no fluid from the unheated stream (or the high-temperature stream for the

TML) reached any of these points.

The PDF of the scalar fluctuations at selected locations in the three scalar fields are

shown together in figure 2. The scalar PDF was essentially Gaussian in the UTG, but

distinctly non-Gaussian in the TML and the PLS. In the TML centre, the PDF appeared
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to be symmetric and sub-Gaussian with both tails bounded. At point C′ of the PLS, the

scalar PDF was asymmetric: it had a nearly Gaussian tail on the warm side, and it

was sub-Gaussian with a bounded tail on the cold side. The similarity between the cold

tails of the PDF in the TML and the PLS is consistent with the similarity between

the cold sections of the two mean temperature rise profiles. On the other hand, the

apparent similarity between the warm tails of the PDF in the PLS and the UTG field is

merely coincidental. Although Gaussianity is the consequence of scalar transport along

the UTG, near-Gaussianity in the PLS warm side is attributed to sustained temperature

fluctuations introduced by the heating source.

4.2. PDF of scalar derivatives

The PDF of the three scalar derivatives in the streamwise, transverse, and spanwise

directions at x1/h = 10 and selected transverse locations are shown in figure 3. A gen-

eral observation is that the negative tail of the PDF of the streamwise derivative was

more flared than the positive one, whereas the opposite can be said for the PDF of the

transverse derivative; the tails of the spanwise derivative PDF appeared to be roughly

symmetric.

Attempts were made to fit both tails of all PDF with exponential functions (Holzer

& Siggia 1994), albeit with different coefficients for each tail for cases with large PDF

skewnesses. All positive tails of the streamwise derivative PDF could be fitted well by

the same function, having coefficients C1 = 0.85 ± 0.03 and α1 = 1.99 ± 0.11. The

negative tail for the UTG field was also nearly exponential, with coefficients C1 = 0.77

and α1 = 1.90, in agreement with the results of Ferchichi & Tavoularis (2002). In the

TML and the PLS, the negative tails had a roll-down shape at large fluctuations that

made the fitting unsatisfactory. Such roll-down shapes have been previously observed by

Holzer & Siggia (1994). Analogous observations can be made for the tails of the transverse

derivative PDF. All negative tails of these PDF could be fitted by the same exponential

function with C1 = 0.85 ± 0.03 and α1 = 2.0 ± 0.1. The positive tail was exponential

with coefficients 0.87 and 2.0, respectively, in the UTG, but had roll-down shapes in the

TML and the PLS. Both tails of the spanwise derivative PDF for all three scalar fields

had roll-down shapes (see also Germaine et al. 2014).

The skewness and flatness factors of the three temperature derivatives at selected loca-

tions are listed in table 1. The presently measured skewnesses were generally in conformity
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Figure 3: PDF of scalar derivatives normalized by the corresponding standard deviation
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derivatives; solid lines show Gaussian PDF; Greek indices are not summed.

Skewness Flatness

Scalar field UTG TML PLS PLS UTG TML PLS PLS
Location x2 = 0 A C′ A′ x2 = 0 A C′ A′

∂θ/∂x1 -0.91 -0.94 -0.71 -0.21 14.8 16.0 13.9 10.7
∂θ/∂x2 1.45 1.56 1.22 0.25 11.2 11.5 10.2 9.3
∂θ/∂x3 0.08 0.07 0.10 0.03 10.9 10.7 9.8 9.0

Table 1: Skewness and flatness factors of the scalar derivatives (x1/h = 10).

with the qualitative models of Sreenivasan & Tavoularis (1980) and Tavoularis & Corrsin

(1981b). The streamwise and transverse derivatives had significant negative and positive,

respectively, skewnesses at all locations where the mean scalar gradient was strong, and

much lower skewness magnitudes in the PLS centre, where the mean scalar gradient van-

ished. The spanwise derivative skewnesses were universally negligible, as a consequence

of the spanwise statistical symmetry of all scalar fields. The streamwise derivative skew-

nesses were comparable to the asymptotic value suggested by Sreenivasan & Tavoularis

(1980) and the transverse derivative skewnesses had magnitudes that were consistently

about 50% higher in agreement with the measurements of Ferchichi & Tavoularis (2002).

A possible explanation for the difference in magnitude of the two skewnesses is that, for

a transverse mean temperature gradient, the very large and rare temperature excursions

(cliffs) would be more prevalent in the transverse direction than in the streamwise direc-
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Skewness Flatness

Scalar field UTG TML PLS UTG TML PLS
Location x2 = 0 A C′ x2 = 0 A C′

-0.03 -0.03 -0.04 3.2 3.1 3.2

Table 2: Skewness and flatness factors of the logarithm of the PDF of the scalar dissipation
rate at selected points in the three scalar fields.

tion (Tong & Warhaft 1994); we were not able to test this hypothesis as we could not

obtain instantaneous temperature traces in the transverse direction.

It is worth noting that the scalar derivative skewness magnitudes tended to rise to large

values toward the edges of the TML and the PLS; for example, the streamwise derivative

skewness at (x2−x20)/M = −1.2 in the TML and at (x2−x20)/M = −1.6 in the PLS was

−1.2, whereas the transverse derivative skewness at the same locations was 2.7. Because

scalar fluctuations near the edges of these fields were affected strongly by large–scale

scalar intermittency, we will not consider these results in the present discussion.

All flatnesses were much higher than the Gaussian value of 3, pointing to the strong

intermittent character of the scalar field in all directions. The flatnesses of the streamwise

scalar derivatives were consistently about 30% larger than those of the transverse and

spanwise derivatives, which were roughly equal. These observations are consistent with

previous scalar experiments in shear flows (Sreenivasan & Antonia 1997; Sreenivasan

et al. 1977; Tavoularis & Corrsin 1981b; Antonia et al. 1986a; Mi et al. 1995; Ferchichi

& Tavoularis 2002).

4.3. PDF of the scalar dissipation rate

Figure 4 shows the PDF of the measured scalar dissipation rate and its logarithm in

standardised form. The plots include data from all three scalar fields, at locations having

strong mean scalar gradients. Differences among values in the three fields were relatively

small in much of the PDF; the largest difference was in the negative tail of the PDF of

log εθ, where the values in the PLS were larger than those in the two other fields.

All fields exhibited strong internal intermittency, as demonstrated by the fact that

they all had large fluctuations of εθ, with values that could reach up to 40 times the

corresponding standard deviations. All data in the PDF tails were bounded by two expo-

nential functions having exponents α2 = 0.64 and 0.68. (Holzer & Siggia 1994; Chertkov
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Figure 4: Standardised PDF of the normalized scalar dissipation rate (a) and its logarithm
(b) in the three scalar fields, at points having strong mean scalar gradients (symbols as
in figure 2). Solid lines in the left plot represent two exponential fits to the PDF tail and
the solid line in the right plot represents a Gaussian function.

et al. 1998). The PDF of the standardized logarithm of the scalar dissipation rate at

the points of concern in the three scalar fields were visibly non-Gaussian, despite the

fact that the corresponding skewness and flatness factors, listed in table 2, were not very

different from the Gaussian values. Deviations from log-normality could be observed

both in the cores (see insert in figure 4a) and the tails of all PDF, in conformity with

previous studies. In particular, the high-dissipation tails were sub-log-normal, whereas

the low-dissipation tails were flared, a fact that is consistent with the small negative

skewness of these PDF. Such deviations from a log-normal distribution, particularly the

low-dissipation tails, have been attributed previously to the effects of measurement res-

olution, noise, low Reynolds number and the presence of unmixed scalar field, which

would tend to increase the population of low εθ values. Su & Clemens (2003) showed

that the PDF of the scalar dissipation rate could become closer to the log-normal PDF

by an improvement of measurement resolution or an increase in Reλ. We have presently

observed that very low dissipation values were more frequent at point C′ of the PLS than

in the UTG and TML fields. This difference cannot be caused by effects of measurement

resolution or turbulent Reynolds number, which were the same (or very close) for all

three scalar fields. It may be explained, however, by the presence of high-temperature

unmixed scalar patches originating in the source of the PLS (see Part 1); such patches

of unmixed scalar were not present in the two other fields, in which scalar fluctuations

were produced by the mean scalar gradient. Lepore & Mydlarski (2012) investigated the

influence of the turbulent Péclet number Pe (defined as u′1Lθθ,1/γ, where Lθθ,1 is the
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Scalar field UTG TML PLS
Location x2 = 0 A C′

εθ1/εθ 0.22 0.22 0.20
εθ2/εθ 0.395 0.48 0.46
εθ3/εθ 0.385 0.30 0.24
εθ ( K2s−1) 0.094 0.91 0.052

Table 3: The scalar dissipation rates and the relative magnitudes of its parts at selected
points in the three scalar fields.

streamwise thermal integral length scale and γ is the thermal diffusivity) on the small-

scale statistics of passive scalar increments in a heated wake, in which Pe was varied

by changing the initial thermal length scale of the scalar field. In the present study, the

scalar integral length scale, and thus the Péclet number, varied by less than 5% in the

three scalar fields at x1/h = 10 (see figure 10 in part 1) and so, if there is any Pe-effect,

it is not expected to be discernible.

4.4. Conditional expectations of the scalar dissipation rate

The variations of the conditional scalar dissipation rates and their three parts in the

three scalar fields are shown in figure 5a-c, whereas the relative magnitudes of the three

scalar dissipation parts are shown in figure 5d-f.

In the UTG field, all functions had relatively flat shapes and were slightly ∩-shape for

small scalar fluctuations. The near-uniformity of εθ | (θ/θ′)/εθ = 1 indicates an essential

independence of εθ from θ, in agreement with the findings of Ferchichi & Tavoularis

(2002). The similarity in the shapes of all scalar dissipation parts justifies the use of the

streamwise part as a qualitative surrogate for the total in the UTG field. Nevertheless,

the streamwise part had values that were roughly 40% lower than those of either the

transverse or spanwise parts throughout the entire range of scalar fluctuations, which

indicates that one should apply a correction to the locally isotropic estimate of εθ | (θ/θ′)
from its streamwise part. The correction factor for εθ was about 1.5, which is consistent

with the value reported by Tavoularis & Corrsin (1981b).

In the TML, the conditional scalar dissipation and all its three parts were strongly non-

uniform. Nevertheless, they all had similar shapes, as over most of the range of scalar

fluctuations (|θ/θ′| 6 2), they were ∩-shaped, but, for large scalar fluctuations, they

turned locally ∪-shape. It is interesting to observe that the streamwise and spanwise
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Figure 5: Conditional expectations of the scalar dissipation rate and its three parts (a-c)
and relative magnitudes of the three conditional dissipation parts (d-f) in the UTG field
at x2=0, at the TML centre, and in the PLS at point C′; thick solid lines in a-c represent
the total conditional expectation εθ | (θ/θ′)/εθ; dotted lines in d-f indicate the value of
1.

parts had comparable values over the entire range of scalar fluctuations, whereas the

transverse part was significantly larger. Most remarkably, for the largest θ of either sign,

εθ1 | (θ/θ′) and εθ3 | (θ/θ′) were very small so that εθ2 | (θ/θ′) accounted for more than
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80% of εθ | (θ/θ′). In summary, the conditional scalar dissipation rate in the TML was

not, even very roughly, a multiple of any of its parts.

In the PLS, the differences among the conditional scalar dissipation parts were very

strong, both quantitatively and qualitatively. As in the TML, the streamwise and span-

wise parts had comparable values over the entire range of scalar fluctuations, being

∩-shape centrally and locally ∪-shape towards their two edges. Also in conformity with

the TML results, the transverse part was much larger than either of the two other parts,

especially for large θ of either sign, for which it accounted for more than 80% of the total.

Unlike in the TML, however, the transverse part was strongly ∪-shape in the entire scalar

range, in sharp contrast to the two other parts. The total dissipation shape was affected

visibly by the former two parts in the central range, but at large scalar fluctuations it

was dominated in value and shape by the transverse part. Consequently, the use of the

streamwise (or any other) part as a surrogate for the total scalar dissipation rate would

be grossly inappropriate for the PLS. This is in agreement with the observation of Ger-

maine et al. (2014) that in a PLS in a channel flow away from the wall the shape of the

streamwise part of the scalar dissipation differred from the shapes of the two other parts.

A comparison of the previous results in the three scalar fields makes it clear that the

shapes of the scalar conditional expectation rate and its three parts vary widely from one

field to another and so a simple representation of these properties by a universal model

(Gaussian or otherwise) would be inaccurate.

4.5. Further discussion on the dependence of the scalar dissipation rate upon the scalar

value

The conditional expectations of the scalar dissipation rates shown in the previous section

indicated a weak dependence of this property upon the scalar fluctuation value for the

UTG field and a strong dependence for the TML and the PLS. To further investigate this

dependence in our experiments, we have plotted iso-probability contours of the JPDF

P (θ, εθ) and P (θ, εα) in figure 6, together with the product of the corresponding marginal

PDF. Statistical independence requires that P (θ, εθ) = P (θ)P (εθ), with similar equalities

also applying to the three scalar dissipation parts. Another feature of interest in these

JPDF is their degree of asymmetry with respect to scalar fluctuations. This can be

quantified by a comparison of the correlation coefficients θεθ/(θ
′ε′θ) for positive and

negative θ. Although an equality of the values of these coefficients is not proof of JPDF
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θεθ1/(θ
′ε′θ1) θεθ2/(θ

′ε′θ2) θεθ3/(θ
′ε′θ3) θεθ/(θ

′ε′θ) θεθ/(θ
′ε′θ)

θ < 0 θ > 0 θ < 0 θ > 0 θ < 0 θ > 0 θ < 0 θ > 0 θ

UTG, x2 = 0 -0.153 0.109 -0.197 0.176 -0.147 0.102 -0.226 0.195 -0.031
TML centre -0.097 0.095 -0.181 0.166 -0.128 0.083 -0.198 0.173 -0.025
PLS, point C′ -0.098 0.140 -0.120 0.191 -0.091 0.156 -0.149 0.234 0.085

Table 4: Correlation coefficients between the scalar value and the scalar dissipation rate.

symmetry or of statistical independence between εθ and θ, their inequality may reveal

some features of the scalar field structure. The values of these correlation coefficients and

the total correlation coefficients in the three scalar fields are presented in table 4.

In the UTG field, the JPDF iso-contours followed closely the corresponding iso-contours

of the marginal PDF products. This is consistent with the previously demonstrated near-

Gaussianity of the scalar field, which is a necessary and sufficient condition for statistical

independence between εθ and θ (Ching 1993; Ferchichi & Tavoularis 2002). Nevertheless,

all JPDF showed small asymmetries, in conformity with the observed skewness of the

dissipation distribution, the correlation coefficients in table 4 and the results by Ferchichi

& Tavoularis (2002).

In both the TML and the PLS, the significant qualitative and quantitative differences

between the iso-contours of the JPDF and the marginal PDF products provided further

evidence for the strong dependence of εθ upon θ. In both fields, the JPDF value was

larger than the marginal PDF product value for a range of small (positive or negative)

scalar fluctuations and the order was reversed for relatively large scalar fluctuations.

All contours were somewhat asymmetric in the TML (less so for the streamwise scalar

dissipation part) and strongly asymmetric in the PLS, in conformity with our previous

observations.

In summary, our observations demonstrate conclusively that the scalar dissipation

rate in inhomogeneous scalar fields depends strongly on the scalar value and that this

dependence is not universal but particular to each field and also depends on the location

within the field. Moreover, we have also demonstrated that a zero scalar skewness or a

symmetry in the scalar PDF does not necessarily imply statistical independence of the

fine and large scalar structures; this result contradicts the suggestion of Anselmet et al.

(1994).
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Figure 6: Comparison of iso-contours of JPDF of the scalar fluctuations and the scalar
dissipation rates (scattered dots) and iso-contours of the products of the corresponding
marginal PDF (solid lines) in the UTG at x2 = 0, the TML centre and the PLS, point
C′; iso-contour values from the outer one to the inner one are 0.00001, 0.0001, 0.001, 0.01
and 0.1.

5. Conclusions

In this article, we have reported simultaneous measurements of the three scalar deriva-

tives in three different scalar fields in nearly homogeneous, sheared turbulence. The fine

structures of these scalar fields were compared at locations that were not subjected to

external intermittency. The PDF of the logarithm of the scalar dissipation rate departed

clearly from log-normality in all three scalar fields: the high–dissipation tails were sub-
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log-normal, whereas the low–dissipation tails were flared. The low-dissipation values in a

thermal plume that contained the remnants of thermal patches introduced at the source

were higher than those in a homogeneous scalar field and in a thermal mixing layer.

Analysis of conditional scalar dissipation results in our study revealed that the use of

a single part of the scalar dissipation rate as a surrogate for the total would be appro-

priate for a homogeneous scalar field but quite inappropriate for inhomogeneous ones,

in which the dependence of this conditional expectation on the scalar fluctuation value

would be specific to each field. Finally, comparison between the JPDF of the scalar and

its dissipation rate and isocontours of the products of the corresponding marginal PDF

showed that these properties were approximately independent from each other in the

homogeneous scalar field, but dependent in the inhomogeneous fields, irrespectively of

the degree of symmetry of the scalar PDF.
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Chapter 6

Conclusion

6.1 Summary of results

This work investigated the transport and mixing of homogeneous and inhomogeneous

scalar fields in a uniformly sheared flow generated in a wind tunnel. The passive

scalar fields were superimposed using slightly heated metallic ribbons positioned in

the spanwise direction. Simultaneous measurements of velocity, temperature and

temperature dissipation statistics were performed using a three-wire cold/hot-wire

probe and a quadruple cold-wire probe. The temporal and spatial resolutions of the

measurements were sufficient to resolve the fine structures of both the velocity and

the scalar fields in our experiments.

The time-averaged properties of the flow and the three scalar fields (UTG, TML

and PLS) were investigated. The turbulent flow in this study was free of compli-

cations arising from turbulence inhomogeneity, the proximity of walls and external

intermittency, while, like most practical flows, it was subjected to turbulence pro-

duction and strong anisotropy. A comparative analysis of mean temperature, r.m.s.

fluctuations, heat fluxes, and triple correlation coefficients variations led to identifi-

cation of similarities and differences in the three scalar fields. For example, the mean

temperature, heat fluxes and triple correlation coefficient profiles across the TML

showed resemblance to those across either of the halves of the PLS, if symmetry is

taken into consideration. On the other hand, the comparison of r.m.s. fluctuation

profiles clearly demonstrated the effects of initial condition in the PLS but not in

the TML or UTG. Self-similarity and the evolution of scalar properties were also

documented for all scalar fields.

The PDF and JPDF of velocity fluctuations were found to be Gaussian in the USF.
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The PDF of scalar fluctuations was also Gaussian in the UTG, but in the TML and

PLS the scalar PDFs were distinctly non-Gaussian. The most important observation

in the PDFs can be summarized as follows. At the centre of the TML, both tails of

the scalar PDF were bounded by values set by the warm and cold streams, whereas

at the centre of the PLS the cold tail was bounded, while the warm tail was nearly

Gaussian, a phenomenon attributed to sustained temperature fluctuations introduced

by the heating source. It was thus concluded that the reasons for the approximate

Gaussianity of the scalar PDF in the UTG field and the warm side of the PLS are

fundamentally different. Supporting evidence for the presence of sustained initial

effects in the PLS was provided by a comparative investigation of velocity-temperature

JPDFs, velocity conditional expectations and events with strong transverse velocities

in the three scalar fields. In particular, the velocity expectations conditioned on

temperature values were found linear in the UTG and strongly non-linear in the

TML and the PLS. The non-linearities were different in the two non-homogeneous

scalar fields. In the TML, the conditional velocity expectations were inflected so that

temperature fluctuations on both the cool and the warm sides were restricted by the

temperatures of the two far streams. On the cool side of the PLS, the conditional

velocity expectations were similar to those in the TML. In contrast, on the warm side

of the PLS, these velocity expectations appeared to be bounded, although the velocity

fluctuations themselves had no theoretical bound; this is attributed to the fact that

the warmest fluid was likely transported not from distant but nearby locations and

from either side of the measuring point, so that the average velocity of warm patches

remained relatively small.

The fine structures of the three scalar fields were also investigated by direct mea-

surements of scalar derivatives in the streamwise, transverse and spanwise directions.

The form of the distribution of scalar dissipation rate statistics departed clearly from

log-normality in all three scalar fields. The low-εθ tail of the logarithm of the scalar

dissipation PDF in the PLS had higher values than those in the other two scalar

fields. The level of anisotropy of the scalar dissipation rate in the UTG was nearly

constant for the entire range of scalar fluctuations so that any of its three parts may
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be used as a surrogate for the total. In the non-homogeneous scalar fields, the trans-

verse part was much stronger than the streamwise and spanwise parts and had a

very different shape, which makes the use of one of the three parts as a surrogate

of the total inappropriate. Finally, a comparison between the JPDFs of the scalar

fluctuations and the scalar dissipation rate with the corresponding marginal PDFs

suggested that symmetry of the scalar PDF does not necessarily imply independence

of these properties.

6.2 Main contributions

The present study reported high–quality simultaneous measurements of velocity and

temperature statistics in passively heated USF. The measurement accuracy of the

temperature and its three derivatives was excellent throughout these fields, and the

acquisition of extremely long data records allowed the detection of rare velocity-

temperature events. Very few previous studies had comparable methodologies.

In this study, for the first time, three different scalar fields were investigated ex-

perimentally in the same turbulent flow, so that it was possible to examine scalar

transport without concerns for differences among transporting mechanism charac-

teristics. The present results were also capable of separating the effects of external

scalar intermittency. The choice of scalar fields was made as to allow one to examine

separately and in combination the effects of scalar inhomogeneity and those of initial

conditions, namely the extent by which local scalar fluctuations were connected to

the apparatus that generated each scalar field.

The results of this study can be used for tests of the accuracy of the mixing mod-

els in homogeneous turbulence, and in particular for estimating the errors resulting

from the use of the Gaussian approximation. Additionally, the present results can be

helpful in the development of new models that account for the effects of initial con-

ditions in scalar fields. Due to technical and time limitations, the effects of turbulent

Reynolds number on the dissipation range statistics have not been examined in this

study.
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6.3 Recommendations for future work

The present study has shed some light on the transport mechanisms that affect the

shape of the scalar PDF in inhomogeneous scalar fields in homogeneous turbulence.

An apparent extension of this work would be to examine scalar transport in various

kinds of inhomogeneous turbulence. For example, it would be interesting to investi-

gate scalar transport in the wake of a heated cylinder in a USF or GT. At the centre

of the wake of a heated cylinder in a low–turbulence free stream, Kailasnath et al.

(1993) showed that the tail of the scalar PDF was nearly Gaussian on the warm side

and exponential on the cold side. In the proposed experiment, one would be able to

determine the effects of multi–scale turbulence and the return to homogeneity away

from the cylinder.



Appendix A

Power spectrum analysis

Figure A.1 presents the one-dimensional power spectrum of the streamwise velocity

component. Three distinct ranges can be identified.
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Figure A.1: Power spectrum of the streamwise velocity fluctuations measured at
x1~h � 10 as a function of wavenumber normalized by the Kolmogorov microscale;
solid line has a slope of �5~3; the inset shows the optimal compensated spectrum,
with a dashed line added to assist in the determination of the plateau; the ordinates
are in arbitrary units.

� At relatively low wavenumbers (κ1η ß 2 � 10�3), there is an energy containing

range, which is characterized by a relatively flat spectrum.

� At intermediate wavenumbers (4 � 10�3 ß κ1η ß 10�1), there appears to be

an inertial subrange, in which the spectrum decreases at a rate which is not

very different from the Kolmogorov value of �5~3. As the inset in the same

figure illustrates, the optimal spectral slope in this range is �1.57, which is in

agreement with previous results in USF experiments at comparable turbulent

Reynolds numbers (Ferchichi & Tavoularis, 2000; Garg & Warhaft, 1998).
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� At high wavenumbers (κ1η à 10�1), there is a viscous subrange, which is char-

acterized by an increasing rate of decrease with increasing wavenumber.
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