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ABSTRACT

This thesis deals with the design of a digital controller for a
relati\fely complicated antenna system which contains several nonlinearities
and is of a degree of complexity which makes a mathematicel analysis of the
control problem extremely difficult if not impossible.

The problem was approached by first simulating the system on a hybrid
computer. Then, before the implementation of the experimental controller,
attempts were made to obtain a representative mathematical model which could
be used as a yard stick to measurs the digitel controller performance against

a theoretical optimum.

A simplified model which gave satisfactory outputs for a variety of
step inputs was obtained. The state equations were derived from this model
and used in attempts to determine the theoretical optimum control for a
step input command to the system, Two methods were used but both failed to
yield useful results. Thus, instead of employing the theoretical solution

as a standard of performance, a graphical approach was taken.

It was found that the control system was velocity limited for large
step inputs. The graph of the position error of the system with a bang-bang
controller thus represented an easily understood and relatively precise
measure of the degree by which other control schemes fell short of achieving

a true optimal control..
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The type of control algorithm which was developed is easy to implement
and has an almost minimum time response with no overshoot for step input
commands. Antenna velocity is normally sero at both endpoints. In addition
the algoritlp makes possible the elimination of the compensation network.
This is presently used to condition the command signals which are passed from

the computer to the control system.
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SYSTEM DESCRIPTION

1l.1: Introduction

Canada's largest satellite communications ground station is located
at Mill Willage, N.S. It represents this country's contribution to the
international global satellite communications system., The station has
been in operation since late 1967. It is designed to handle traffic from

two kinds of satellites; synchronous and non-synchronous ones.

Synchronous satellites have a period of rotation equal to that of
the éarth's, so that they appear stationary to the observer on the ground.
They must, however, be located in the equatorial plane about 22,000 miles
above the ground. The ground station in this case must track a barely
moving objJect and position the antenna very accurately to assure lock-on.
Because of the large distance between the station and the satellite a
high gain communications channel is reqﬁired. A high gain channel in turn
implies a very narrow antenna beam and hence the need for the high pointing

accuracy.

Non-synchronous satellites are not confined to the earth'é equatorial
plane and orbit at lower altitudes. When viewed from the ground station
these satellites appear to sweep across the sky. The tracking system for
such satellites must be able to move the antenna through a large range of
angles and velocities. In this instance a relatively wide antenna beam
would be advantageous to reduce the requirement of very precise positioning
of the antenna before lock-on through the communications receiver can

occur.,
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l.2: The Present Operational System

Due to the different trackiné fequirements for these two types of
satellite systems, the antenna control system has to meet the conflicting
demands of great pointing accuracy required by the high gain and narrow
bandwidth of the communications receiver as well as good dynamic tracking
to keep up with the large variations in velocity of the high speed, low
altitude satellites. The control method therefore is a coﬁpromise between
the extreme pointing accuracy required by the high gain loop and the ability
to keep track of a relatively fast moving object for which a low gain loop

is needed to permit quick responses to large angular changes.

The present acquisition and tracking system is required to operate in

the following four modes:

1) Autotrack mode - the antenna tracks the satellite by
means of analogue feedback. The autotrack receiver
generates the pointing error signals which are used
to correct the antenna position. For this mode to
operate successfully the antenna must be pointing to
within 0.l degree of the satellite before a satis-
factory lock-on can occur.

2) Manual mode - the antenna position is controlled by
the operator through the motion of a Joystick which
drives a position synchro which in turn provides the

error signal to the antenna.
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3) Steering Tape mode - for low altitude, orbiting satellites

there is the provision for receiving their orbital data
and feeding this into the computer, which then can prepare
a steering tape consisting of the time and desired position
in increments of 5 seconds for the entire satellite pass.
Sﬁortly before the appearance of the satellite on the
horizon, the steering tape ia fed into the computer, which
then determines the actual éntenna position from digital
shaft encoders on the antenna base and develops an error
signal to feed to the control system taking into account
the actual time and the desired antenna position.

L) Designated Position mode — the desired position of the
antenna is determined by a number stored in the computer
memory. The actual ahtennavposition is fed into the
computer via the digital shaft.encoders and the computer

calculates the appropriate error voltage[l].

The latter mode is the one for which the digital controller has been
designed. The elevation axis alone has been considered because it is less
complex, The cross-coupling effect between the elevation and azimuth axis
were assumed to be negligible, so that a successful control scheme for one

axis should prove to be equally useful for the other one.

Under present opérating conditions for step input commands the antenna

oscillates about the desired position before coming to rest., Gne of the
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causes of this imprecise control is the digital-to-analogue (D/A) con-
verter., It transforms the control signal into a voltage level, but
limits for angular error outputs of 0.5 degrees or more. This voltage
level. remains at the maximum value until the error between the actual
antenna position and the desired one is less than 0.5 degrees. Then
the error Qignal decreases linearly until it becomes zero when the
antenna position error is zero. If we assume that the antenna is being
driven toward its desired position and has reached its maximum velocity,
then the control signal to supply a reverse torque and thus stop the
antenna motion will not be issued until the positional error is actually
equal to zero. The momentum of the antenna at this point is still so
large that it overshoots its desired position enough to cause the D/A
converter to limit in the opposite direction. This oscillatory process

results in an underdamped system response.

The achievement of good dynamic performance of the antenna system
is made more difficult by the physical size of the various parts. The
antenna, for instance, consists of an 85 foot parabolic dish weighing
240 tons. In the elevation axis a 5 HP electric motor suppliéa the
necessary motive power for positioning the antenna dish through a
12,000:1 gear ratio. In order to simplify this control task, the entire

structure is enclosed in an inflatable radome.

To improve the system response without incurring large additional
hardware costs, a digital controller scheme was proposed which would
result in a more highly damped system, so that the antenna would reach
its final position in minimum time with little or no overshoot. It was

also deemed desirable to increase the system reliability by reducing
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Figure 1: Hybrid Computer Set-Up
for Realistic fSystem Simulation.
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the number of components in:the control loop. By increasing the com-
putational load on the digital computer, the analogue compensation net-
work can be eliminated. The main reasvn for the design of the digital
controller was, however, the desire to achieve a minimum or near minimum
time transfer of the antenna between any two positions with zero velocity

and acceleration at both end points.

1.3: The Analogue Model

Initially the analogue portion of the system was simulated by the
Dalmo Victor Company of Belmont, California [2]. The model from this
simulation study was duplicated by J.A. Dolan and the author, on the
PACE analogue computer at the Analysis Section, Division of Mechanical
Engineering, National Research Council, Ottawa. The simulation then was
made more realistic by replacing the an_alogue summer in the control loop
with a digital computer. Additional saturation limits which correspond
to physical limits in the actual control system were also included. The
result of this endeavour proved that the dynamic and steady state character-
jstics of the analogue computer model were close to those of the actual
system. The findings are documented in [3].

The diagram of the hybrid computer set-up is shown in Figure 1. For
the development of the digital cpntx;oller, the model was simulated on the
EAI hybrid computing facility of the Mechanical Engineering Division of
the National Research Council. Most of the physical system components were
simulated on the analogue computer, while the determination of the appro-
priate control signal was carried out by the digital computer as a result

of the stored algorithm.
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Figure 2: Present System in the Designated Position Mode.
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where N -~ gear ratlo
KD -drive spring constant

Bqu ~ load damping at gimbal
B, - structural damping
K“ - load spring constant
j; - drive inertia
JL - load inertia
€@ - angular displacement
F;, - drive friction

Figure 3: Physical Model of Antenna and Drive Train.
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1.4 The Basic Antenna Control System

Figure 2 -shows in block diagram form the present system for operation
in £he Designated Position Mode. The mathematical representation of the
compenéation network is also given. This network conditions the output
control signal from the computer. The rate servo block has as input this
modified control signal. It is compared to the feedback voltage provided
by a tachometer mounted on the motor output shaft. The resultant output
then controls the field éurrent of a generator which in turn drives the

motor.

Figure 3 is an elaboration of the antenna structure block. It is the
physical representation of the analogue computer model and is taken from
[2]. Only the vertical axis control system is shown. The structural
dynamics of the antenna and its drive are simulated by a two-mass, two spring
model which takes into account the non-linear effects of friction and back-
lash in the gear train. Due to the complexity of this model no attempt was
made to determine theoretically the minimum timb open-loop control sequence.
Such a sequence would result in moving the antenna in as short a time as

possible from rest in one position to another position also at rest.




THE_MATHEMATICAL SYSTEM MODEL

One form of analytic solution that was attempted was the derivation
of a simplified model which was analytically tractable and still had the
same reéponse for a specific class of inputs as the real system. The
class of inputs used in this case was a series of step inputs of various

amplitudes,

In order to be assured of a realistic minimum time solution for our
problem, we attempted to derive a theoretical optimal control solution
for a standard of comparison. We were therefore trying to solve a mini-
mum time problem. This theoretical solution was of necessity based on
the analysis of the simplified model which we shall refer to as the
mathematical model in the future., This model had to contain at least
one nonlinearity in order to obtain a good response agreement. One satur-
ating type nonlinearity representing the.output limits of the control

signal D/A converter was therefore retained in the mathematical model.

The block diagram of the test set-up is shown in Figure 4. Various
kinds of simple, linear transfer functions were constructed on the analogue
patchboard and connected into the circuit as the mathematical model. A
variety of step inputs ranging from 0.5 to 20 degrees were then applied
to the system and all the transfer function parameters varied to see if
a response similar to the real system response could be obtained for the
entire range of step inputs. Initially the responses of the closed loop
real antenna system and the mathematical model were displayed on an
oscilloscope and the parameters were adjusted so that the visually dis-

played curves were as similar as possible. For finer adjustments, the
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square of the error of the open~loop mathematical model and the closed
loop antenna system was displayed. The performance criterion used to
determine the best fitting model was that of minimizing the integral
ﬂqﬁ where e is the realistic antenna system response minus the sim-
plified model response for the entire range of step inputs from 1l degree

to 20 degrees. T,is a fixed time interval of approximately 15 seconds.

The model which gave the best results was a limiter followed by a
2

fourth order transfer function of the form;?m&‘—*—‘ﬁé:c_‘.—n, The analogue
circuit configuration of this transfer function is shown in Figure 5.
The analysis of this simplified representation of the antenna control
system was then attempted. Since the model's response to step inputs
was similar to the step responses of the real system (see graphs #5 and
#7) for the entire range of step inputs, it was hoped that any theor-
etically derived optimum control for the model would serve as a yardstick
for measuring the effectiveneas of experimentally obtained solutions for

the original nonlinear case,
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THE THEORETICAL OPTIMAL CONTROL SEQUENCE

3.1: Selection of Methods for the Development of the
Optimal Control Sequence from the Mathematical Model
From the analogue patchboard configuration of the mathematical model
we obtained the corresponding state variable representation and its A
matrix, (See Appendix A). The coefficient matrix is defined by the gen-
eral vector matrix equation [5]2
dx(t) = Ax(t) + Dm(t)
dt
where X = state vector
m = control vector
A = coefficient matrix
D = driving matrix
We assume that the saturating nonlinearity 1s considered as an upper
and lower bound on the control signal m. Another assumption is that the
initial conditions are always zero. This is jJustifiable since the need
for a control input to the antenna system only arises when the antenna
position has to be changed. Thus the system will have ample time to return

to rest between two successive new reference inputs.

Starting with the initial conditions of the system at rest, the state
vector is X (0) =[0000] =[mmxx,]
where x, is the antenna position. (A11 the remaining state variables have
no physical s:l.gnificanée.) In this particular case at the completion of
the control sequence, x, should equal the desired angle and all other state
variables should once again equal zero. This formulation of the problem
yields therefore a fixed end point problem with a bound on the control

input. A general 'algorithm has been developed by L. Birta and P. Trushel
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[h:]of the National Research Council which calculates the open-loop optimal
control sequence that transfers a system from an initial state to a final
state in minimum time. The algorithm is designed to obtain the desired con-

trol sequence from the state variable representation. This was the first

attempt to obtain a theoretical solution.

The second approach was to employ Tou's methodl:5] of iteratively
premultiplying the state vector by the feedback matrix and the state trans-
ition matrix. Both these matrices were developed from the state variable
representation as outlined in Appendices A and B. This method yielded a
control sequence for the closed-loop system. Since the control signal
sequence is generated inside the forward loop of the feedback system, both
closed loop and open loop calculations should have yielded the same result

at that point in the system and thus a comparison was possible.

The third method involved the empirical determination of the control

sequence through the use of the hybrid computer model.

3.2: Development of the Closed-Loop Optimal Control System

Although the calculation of an optimal open loop sequence was theor-
etically feasible, it could not have been implemented in an actual operating
system without incorporating some means of antenna position feedback to the
controller. Only through some manner of feedback could the effects of sys-
tem noise, parameter variations and other inaccuracies, which were neglected

in the calculations of the control sequence, be overcome.

The best means of calculating the response of a closed loop system to
a step input command appeared to be by means of the method outlined by Tou

[5]. By using this method the value of the state variables is calculated
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at every sample point. Since the control sequence is not one of the

state variables, it cannot, therefore, be calculated directly.

To determine the optimal control sequence, consider the vector

matrix differential equation

X(t) = A%(t) + Da(t) (1-A)
where m(t) is the input to the digital controller and
n(t) = m(n'r*) for nT<t<S(n + 1)T
T in the above equation represents the sample interval. The solution
to equation (1-A) can be written as:
2t) = CP30)+ A ) dr 15)
Now if we define ,5[{}::."’" as the transition matrix of the process, then

(1-B) can be rewritten as:

W)= pl-L)36) / Yi)d=dr s

For the interval nT<t=<(mtl )T equation (1-C) becomes

R = pl-~T)ROT )2 hte-aT)=0T) o

where h(T) = control transition matrix

= [ $r)ddr

If we let t = (n+l)T , then we can rewrite equation (1-D) as follows:

[[w/)/] ¢ (1) x[w7/+4[77m[fn77

If the forcing function m(nT ) = 0, then the preceding transition

equation becomes:

)(“[[m/)'f_]: b(T) % (2] ")
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From the above equations it becomes apparent that the state vectors
of the plant for any two consecutive samples are related through the
premultiplication by the transition matrix ;4[ 77e Similarly we can relate
the forcing function state vector for any two consecutive sampling
instant:;; by the equation:

[ ere))T] = R(T) 3 (#77)
Combining the input state vector m and the plant state vector x

m &
yields the total state vector: 7[2‘-) = [’;‘(9)

Again \7[(41*/)7_7-—— )T (2)

R(T) ©
where now é(T) = A(f) ¢[7j

For any given system; one can readily determine a matrix B; which
describes the relationship existing between the state vector before and
after sampling,; for instance in our case

F(nT ") =B 3(nT7) ()
ince the effect of feedback in a sampled data system is felt only
after each sampiing instant; the B matrix will be referred to as the

feedback matrix.

Now the above equations (2) and (3) can be used in an iterative
manner to determine the values of the state variables at successive sample
intervals. Since we are given the initial values of the state vector v
and have determined both the transition matrix and the feedback matrix
from the state variable representation we can cbtain successive values of

the state vector througn straignttorward mathematical manipulations.




One complication that this method includes is the calculation of

the teffective gain' of the digitai controller which is in the control
loop and therefore must be reflected in the state transition matrix. The
controller, together with the saturating non-linearity, is considered as

a variable gain element Kv, which can assume different values at successive
sampling instants but is constant during each sampling period. The input
to Ky is the signal m, the error signal, which is derived internally in the
computer from the reference input and the actual antenna position. The

output is termed mgy as shown in Figure 5.

In order to obtain the value of Ky for any particular sampling
instant consider the nth interval., For any sampling period the input
and output of the variable gain element are related by a constant Kn

where mo(nT") = Knm(nT") )
and K, is the gain constant during the n%? sampling pericd. We can rewrite

equation (4) as Kn = mo(nT+2
m(nT+)

As long as the resultant Knp4l.0, the system is still in the saturating
region and the output of the nonlinear element will remain at one of its
bounds. The value obtained for Kn in the preceding equation is .then sub-
stituted into the transition matrix ¢n('1') where the subscript n denotes
the nth sampling instant. Then by application of equation (2) the entire
state vector at the (n+l)st sampling instant can be calculated. Once
equation (4) yields a Kn>1.0, then the nonlinearity is no longer affecting
the system performance since the bound on the signal will no longer be
reached. From then on we are dealing strictiy with a fourth order, linear
system which will require at the most four sampling instants to return to

the origin or stea.dy state conditions. This has been proven by Bellman [6].
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The conditions for linearity are qnly satisfied, however, if no
other nonlinearitigs start affecting the system's performance as the
reQerse torque is applied to bring tﬁe antenna to a.halt. No attempt
was made to develop a real time algorithm which woﬁid solve for the
sampling intervals of the final four output cémmands. Such a task
cannot be carried out in real time control situations without c&nsider—
able difficulty if‘one is using a process computer with a2 small memory
capacity. In addition, once the system enters the so-called unsaturated
region, the controi signal outputs are very time dependent, so that they
would have to be initiated by external real time clock interrupts to
determine the precise instant of sampling. This situation would require
some program changes as no such clock interrupts are used in the algor-
ithm. The program continues circulating through the logic chain,
branching as required. The timing estimates to assure an adequate

sampling frequency are based on the longest sequence of program steps.

In the calculation of the opt.imai output commands it is also not
possible to make allowances for any variation of the operating system
parameters and the inaccuracies of the fit of the mathematical model.
Clearly for a working system centred around a small control computer
with sampling periods of 30 milliseconds or less required for precise
antenna control, a different approach to achieving optimal or near

optimal control is desirable,
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EXPERIMENTAL DIGITAL CONTROLLER DESIGN AND EVALUATION

B o L N e e e e e sttt et ®

Lol Description of Algorithms Leading to the Final Control Scheme

The philosophy employed in designing the control algorithm was to
keep the computational time of the central processor to a minimum in
order to permit the computer to carry out other necessary functions. It
should be noted that in the algorithm for the model, additional central
processor time is used in excess of the needs of the operational algorithm.
This time is used to investigate the effects of a change in the width of
the proportional control region as well as variations in the amplitude of
the saturating signal on the system response time. The width of the pro-
portional control and the saturating signal amplitude will remain constant
in the operating system and will not be sampled at regular intervals as

they were in the test set up.

Initially several methods of improving the small error sensitivity
of the algorithm were investigated. To date there have been no require-
ments for maintaining the antenna at any specified angular position in
the Designated Position Mode for any length of time. Normally lock-on
through the receiver system occurs as soon as the antenna is pointing to
within the required 0.1 degrees and the antenna velocity is less than 0.15
degrees per second. The usefulness of the algorithm could, however, be
extended to the Steering Tape Mode if & precise enough means of correcting
very small pointing er§ors could be devised without causing instabilities

in the system.

The first program (Algorithm-1) had one switching point between a

region of maximup,signal output and the proportional region as shown in
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Figure 6. In the proporticnal region, when the control signal was made
directly proportional to the displacement error, a large limit cycle
resulted with an unstable response for some step inputs. This was due

to the high system gain. By reducing the loop gain we achieved adequate
control with this method, but it also meant a longer time interval to
achieve a deéignated angular change. Then the proportional region was
modified to result in a multiplicative type of control so that the error
signal was the product of velocity and error displacement (Algorithm-2).
This scheme suffered from the shortcoming that as the antenna approached
its desired position, its velocity approached zero and the controller
became insensitive to very small pointing errors. This lack of sensitivity
was due to the fact that for slight angular errors and low antenna
velocities two very small numbers are multiplied in the computer to yield
the multiplicative control signal. The most significant sixteen bits of
the product are thus equal to zero. Sinée the control signal amplitude

is related directly to those sixteen bits, it is also equal to zero before
the desired position is actually reached. To overcome this shortcoming

a second switch point was introduced, so that the program changes from the
multiplicative region of Algorithm-2 to a truly proportional region for
velocities <0.15 degrees per second. This last change finally resulted

in a program (Algorithm-3) which provided a satisfactory system performance.

The advantages of a multiplicative control scheme have been indicated
by M. Jafri [7] and the apparent increase in the damping of the system

appears to be at least partially a result of employing this type of control.
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hod2 Description of Control Algorithm-3

The flow diagram shown as Appendix C outlines the final version of
the digital controller program. Thet, controller provides near optimal
contfoi, minimizing the integral f alf where t, represents the final
time for the antenna to come with;n 4+0.1 degrees of the desired position.
The normal step inputs which are expected to be handled by the controller
have amplitudes in excess of 2 degrees. The control scheme is independent
of the sampling frequency provided that it is kept at or above 33 samples
a second. At slower rates the discontinuities of successive output com-
mands start to affect the present system performance. This is one of the
findings mentioned in {3]. Since the program is a closed loop algorithm
it provides the normal benefit of feedback control to the system, so that
the latter's step responses are similar for a considerable range of the
system parameter values, The diagram shown in Figure 7 is a graphical
means of showing the decision space which determines when the program
switches from the maximum drive signal to a proportional or multiplicative
mode as determined by the displacement error and the antenna velocity. In
order to achieve satisfactory step responses;, the sign and magnitude of
the antenna velocity as well as the sign and magnitude of the error displace-
ment had to be included in the control scheme. This presented no problem
as far as the simulation was concerned, as error velocity was obtained from
the output of an integrator the input of which represented antenna acceler-
ation. In the operational system the output voltage of the tachometer
mounted on the motor drive shaft represents antenna velocity, so that
connecting an analogue to digital converter to the tachometer will suffice

to provide the computer with the sign and magnitude of the antenna velocity.
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As soon as the step input is provided, the computer samples the
variables of desired antenna position, actual antenna position and
antenna velocity. It then computes the error between the actual and
desired antenna position and outputs the maximum control signal,
assuming that the initial absolute angular error exceeds 0.8 degrees.
This cycle of sampling and outputting the maximum command signal con-
tinues until the displacement error becomes less than 0.8 degrees.
Then the sign of the command signal is determined from the rules dis-
played on the switching graph (Fig. 7) and the amplitude is taken as

the product of the displacement error and the velocity.

As the displacement error approaches zero, the value of the velocity-
error product becomes insignificant resulting in no appreciable control
signal to eliminate the remaining finite error. To overcome this problem,
a second limit is set at 0,15 degrees per. second on the Qelocity axis.

If the computer senses a velocity of less than this value as well as an
absolute error of 0.8 degrees, then the error is multiplied by a factor

of four to provide the output control signal.

433 Graphical Results From the Actual System Model

Graph #1 of position error versus time for a series of step input
commands to the original system shows the present underdamped system
response as simulated on the analogue computer. It appears to be quite
nonlinear. Although tofque limiters are in the system and these limits
are reached for the inputs in question; the diode limiters used in the
simulation provide rather soft voltage limits, so that the maximum
velocity of the system is not well defined, but appears to be dependent

on the input step'éize, It should be noted, however, that the overshoot
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of the antenna is quite large and that a considerable improvement in per-

formance could be achieved by elimination or reduction of that overshoot.

The phase plane plot of the system as shown in Graph #2 exhibits the
sharp breaks which are characteristic of nonlinear behaviour. Graphs #3
and #4 respectively show the velocity profile and the corresponding con-
trol signals. These again emphasize the fact that we are dealing with a
nonlinear system. The imprecise limiting of the control signal can clearly
be seen. The velocity profile shows that the system velocity never reaches
true saturation. This is also borne out by the position error plot which

has no straight parts but rather presents a continuous curve.

Lokt Graphical Results from Algorithm-l

Graph #5 shows the error curve of the mathematical model for the stan-
dard step inputs under control of digital algorithm-1l. .In this instance
the proportional or multiplicative band is reduced to zero. The resulting
step response shows a ccnsiderably smaller overshoot and; as a result; a
faster response time for any specific step input when compared with the real-
istic system and the present control scheme., However;, using only a maximum
control signal region for the system results in limit cycling which can be
observed on graph #6. As can be seen from this control signal output corres-
ponding to the error curve of the mathematical model the controller provides
a bang~bang control. ;t can be noted here how much more precise the digital
limiting of the controi signal amplitude is when compared to the analogue
limiting as shown in graph #4. Graph #6 demonstrates the complete symmetry
of the‘model and its control as the antenna hunts around its desired
position. With regard to graphs #5 and #6, if one considers the command

input to be from the initial step input to the point of maximum overshoot
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when the antenna is momentarily at:rést, then one has an optimistic esti-
mate of the true optimal control for that specific size of step input.
If all the state variables of the system except for the position were zero
at that instant then the true optimal control would indeed have been
achieved for that particular step size. Any additional time required to
dissipate an& residual energy stored in the system and so reduce the
remaining state variables to zero would necessarily increase the optimistic
estimate. This estimate as measured from graph #5 is 0.6 seconds for the
antenna to reach its final position from a point 0.8 degrees from that

position.

It can be further seen from the three step responses shown on this
graph that once the system reaches its saturating velocity, the time required
to bring the antenna tc rest is independent of the step size and remains

constant.

Graph #7 shows the position error of the real system under control
of algorithm-l. Comparing graph #7 with graph #5, where the latter is the
position error of the mathematical model; one can readily see the similarity

between the model and the actual system.

Graph #8 shows the control signal for the real system with algorithm-l.
It indicates the same sort of limit cycle taking place as for the mathemat-
ical model (graph #6); but due to the counter torque in the system the
positive and negative ;ontrol signals are no longer of equal duration.
This lack of symmetry in the limit cycle is a necessary part of the real-
istic control system due to the small constant torque on the antenna. This
weight was added to ensure that in the case of a catastrophic power failure

or similar mishaﬁ'the antenna would not crash into its support stops but
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GRAP # 10
Real System Model with Digital Controller
Position Error versus Time for Algorithme2
with Nultiplicative Dand of 1.6 Degrees
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rather turn to point upwards. The overshoot found on this-and other con-
trol signal graphs is due to the plotter response alone and does not

represent an overshoot of the D/A converter outputs.

Graph #9 shows the effect on the control signal of the introduction
of the proportional region of 0.8 degrees into the algorithm. Here it
can be seen that for certain values of the displacement error the system
starts to become unstable as is demonstrated by the increasing control

signal amplitude.

Lo5: Graphical Results from Algorithm-2

Graph #10 shows the variable position error for the system under
control of algorithm-2, which includes a 0.8 degree multiplicative con-
trol band. It should be noted that the system response for the entire
range of step inputs no longer exhibits any overshoot ag that its
performance has been improved in this sense as compared with the initial
systemn. The sensitivity of the controller for errors of 0.5 degrees or
less is very poor; however, since the antenna will continue to drift
through the zero error position while the output of the controller

remains at zero. The corresponding control signal is shown in graph #11.

Although the control scheme is not very sensitive for small angular
errors, it is very stable. An attempt to increase the sensitivity of
the controller by making the control signal amplitude directly propor-
tional to the error displacement would have meant reverting to the type

of control provided by algorithm-l.

Graph #12 shows the effect that a variation in the width of the

maltiplicative région has on the antenna response. By increasing the




GRAPH # 13

Real System Model with Digital Controller
Phase Plane Plot for Algorithm-2
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width of the region to 1.1 degrees the antenna is slowed earlier for the
same step size. It then drifts slowly through the desired position as

only the counter torque is acting on the system for small angular displace~
ments. Similarly by reducing the region width to 0.5 degrees the braking
action occurs at a later time. Graph #13 is the phase plane plot of
algorithm-2.‘ It bears a marked resemblance to the antenna velocity versus
time plot (graph #14). From the velocity graph an indication of the
effectiveness of different control schemes can be obtained. Thus it can
simplify the choice of the minimum time controller. From the initial
sampling instant until the region of mnitiplicative control is reached
approximately 0.8 degrees from the final position, the antenna system is
driven with the maximum available force. During this part the velocity
graph is flat after an initial rise from zero. Then by the steepness of
the final drop in velocity to zero, one can judge approximately which
scheme is the most effective. Graphs #3; #11, and #17 each represent the

antenna velocity.
4.6 Graphical Results from Algorithm-

Therfour graphs numbered 15 through 18 show the system response under
control of the final algorithm. This program includes two switching points,
since only in this manner could the small error sensitivity of the system
be improved without creating an unstable control. The first switching point
at 0.8 degrees remains unaltered as does the type of multiplicative control
until the antenna velocity becomes 0.15 degrees/second or less. Then the
error control signal becomes proportional. In this case a multiple of four
of the actual sampled error is used to obtain the control signal. In this

fashion excellent small angle response is achieved as well as a good
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response to large angular errors. The time taken for the system to reach
jts final position from a point 0.8 degrees away and at maximum velocity
is approximately 1.2 seconds as measured from graph #15. The true optimal
controller could concelvably reduce the settling time by as much as one-
half or 0.6 seconds. Weighing the simplicity of the developed algorithm
against thelcomplexity of a program that might result in a true optimal
response and taking into account the relative effectiveness of algorithm-3,
it was considered that the latter provides a sufficiently close approxi-
mation of the true optimal control for step input responses to recommend
it for implementation on the operational system. That algorithm-3 was
indeed the best control program under evaluation can be seen by the steeper
gradient of the velocity profile as the antenna nears its desired position.
(See graphs #3, #14 and #17). An examination of the position error and

control signal graphs provides further evidence.

The difference between the phase plot of graph #2 and graphs #13 and
#16, where the latter represent the system under control of digital algor-
jthms, can be attributed partly to the removal of the nonlinear limits on
the summing amplifier and the removal of the compensation network. Under
control of the algorithms the maximum velocity of the system is established
more precisely due to the exact limiting of the control signal and the
quick response of the controller. With the velocity constant for a consider-
able portion of the large step inputs and with no positional overshoot the
phase plane plots of tﬁe latter two graphs have become simpler and reflect

more closely the velocity-time graphs of the system.

]
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Lo Summary of the Experimental Results

The problem under consideration has been one of developing a simple
but effecti\'re digital control scheme for a relatively complex control
system which at present is operating in a non-optimal fashion with regard

to its time response to step input commands.

To improve and possibly optimize the controller it was decided to
approach the matter from the theoretical stand-point. An optimal control
sequence was to be developed which could possibly be used on the actual
system or one which could at least be used as the standard of performance
for the actual system controller. It was also anticipated that the theor-
etical analysis of the system might yield a deeper understanding of the

control process under consideration.

The development of a suitably linear.model proved tcs be time consuming,
but a model was developed which reflected the main characteristics of the
real system response as far as a variety of step inputs was concerned. Then
two methods were employed to attempt to arrive at an optimal theoretical

solution for the simplified model.

First the state variable diagram corresponding to the theoretical
model was derived and from it the A matrix as outlined in Appendix A. This
A matrix could then be used as the input to a program developed by Dr. L.
Birta and Mr. P. Trushel of NRC[&]. This algorithm was designed to obtain
an open-loop optimal control sequence which would result in the minimum
time solution for transferring the antenna to its desired position allowing
for the bound on the control signal. Unfortunately, although the program
has yielded accurate results for lower order systems, it has not provided

any satisfactory minimum time solution in our case.
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A second more straightforward method involving considerably more
hand calculation was also applied to the problem. The technique is out-
lined by J. Tou [ 5]. This method involves the derivation of the state
transition matrix from the A matrix. This derivation is described and
carried out in Appendix B. For a fourth order system like ours this
method invol#es the determination of a large number of Laplace transforms
and their conversions to the time domain. The theory for this approach

was outlined in Chapter III.

Again the theoretically obtained results, when compared with the
actual system performance, proved to be quite unsatisfactory. This fact
could be partially attributed to inaccuracies in the measurement of the
system parameters or approximations made in the design of the model.
Nevertheless this method appears to be very sensitive to'variations in
the values of the A matrix, These variations are transmitted and some-
times magnified in the process of deriving the transition matrix from
the A matrix, and the process of iterative multiplication appears to
accentuate the difference even more. As can be seen from graph #19,
where both the theoretical and actual system response is plottedAfor a
step input, the difference between the two curves is much larger than
the difference in the time response between the actual system and the
model as measured on the hybrid computer (graphs #5 and #7). This com-
parison is quite valid as in both the calculated and the measured system
response the system is being driven with the control signal at its upper

bound for the entire period of comparison.

As a result the digital control algorithm which yielded the best

response was devised strictly on a basis of trial and error. The res-
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ponse of the system to any particuiar algorithm could be readily evaluated
on the hybrid computer, so that this method was both relatively quick and
accurate. For this particular case the system had a velocity limit. As a
result the velocity profile as well as the position error plot served as
very useful indicators of the degree by which the control scheme fell short
of a time optimal control. The superiority of one scheme over another was

quickly determined by the comparison of the position error plots.

Several algorithms were evaluated which contained only one switch
point between the region of maximum control and multiplicative or pro-
portional control. None of these proved to result in a satisfactory res-
ponse for both large and small angular step inputs. Only by introducing
two switch points and a corresponding region of multiplicative as well as
proportional control could a suitable time response and a pointing error
of lese than 0.2 degrees be achieved. M. Jafri's work[:7] on multiplicative

control proved to be of value for this program.

In the successful algorithm the type of control is dependent on both
the angular error and the antenna velocity. For velocities lesg than 0.15
degrees per second the actual angular error is magnfied by a factor of
four to yield the error signal. For velocities in excess of 0.5 degrees
per second and displacement errors less than 0.8 degrees the control signal
consists of the product of the absolute position error and the antenna
velocity. This ability to vary the effecfive loop gain of the system by
means of the digital controller for any desired range of error magnitudes
greatly enhances our control capabilities. It provides us with the
opportunity to shape the response of the system much more precisely and

quickly than we could ever hope to achieve with normal compensation methods.




By increasing the gain of the system'for most error magnitudes but
decreasing the loop gain for the error region which causes system

instability we greatly improve the system response for step inputs.

The results obtained from this program demonstrate a much tighter
control of the antenna position with a considerably reduced response
time of 7.3 seconds for an 11 degree step input, for instance, as com-
pared with 13.0 seconds for the original system. Although this scheme
is not truly optimal, it does approximate it very closely. The advan-
tage of this control is its great stability in response to all possible
step inputs. In an operatiocnal environment this characteristic is of
utmost importance and although the system response takes approximately
8% longer than a true bang-bang controller for an 1l degree step input
and as much as 40% longer for a 2.3 degree step, this time penalty

seems to be unavoidable.
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CONCLUSION

From the foregoing discussion it appears that for the design of
optimal controllers for complicated, realistic, non-linear systems the
quickest and surest method of determining an algorithm which ylelds
near optimal results is by means of simulating such a system and any
proposed con£rol scheme either on a digital or hybrid computer. This
seems to hold despite the sophisticated mathematical techniques avail-
able for optimization studies, which in no way guarantee any realistic

solution for high order control systems.

Once a simulated model exists on the hybrid computer; one can
determine the control scheme which yields the best results by experiment-
ation with a variety of possible algorithms adapted to the control process
in question. In our case the true optimal controller could be closely
approximated by applying a bang-bang control scheme and measuring from
the position error graph the time taken by the system to reach its final
state. By this means a very reasonable time estimate of the optimal

control could be obtained.

Thus a suitable and effective algorithm for the system was determined
in a relatively short time when compared with the calculations require@ to
obtain similar theoretical sequences. The effects of the algorithms could
be observed in real-time and even "compressed real-time™ and then could‘be

altered and refined in order to be as effective as possible.

The control scheme which was eventually adopted meets the specifi-
cations of a short response time to a step input with a pointing error
of less than 10.1 gegrees. The controller ensures a stable operating
system under all input conditions and the stress and wear on the system

components is greatly reduced from the present.




The simplicity of the program from the point of view of additional

hardware regquirements and the amount of central processor time is another

important design obJjective which has been met.

The maximum overshoot for the initial system step response of 11
degrees was approximately 2.5 degrees. With the digital controller this
is reduced to zero., At the same time the time response for the same step
input has been decreased from 13.0 seconds to 7.3 seconds with a pointing

error of less than 0.1 degrees.

Besides being useful in the Designated Position Mode, the algorithm
developed appears to be equally useable for the control of the antenna
in the Steering Tape Mode.




APPENDIX “A"

To determine the A matrix we use the relationship

d3(t) jgf = A xt) (a-1)
x,

where x = *2
x5
x

Using the flow graph and substituting into equation (A-1) for ;:,

we get
- - - -
x, 0O ¢ B A x,
X, o-0 | o x,
i_:s 0o -E 0 | x,
x, 0O -F 0 O x,
L | J T
0O C B A
o -0 | of
o A= 0o E o |
O -F 0 O
| .

To determine the feedback matrix B, the following equations can

be derived from Figure 5 by inspection:
x(T7) = x,(7)
X(TY = x, (T)
x,(1%) = x,(T)
X;*(T’L) = X;(T)
m(TY) = 7(T)-%(T)
r(rt) = 7(T)
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where B is the above 6-;: 6 matrix.
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APPENDIX ®B®
Determination of the Overall Transition Matrix é{ﬁ.

_@(l‘} is the overall transition matrix including the process state

variables as well as the input state variables. It is defined by

the state differential equation:

%@ - v

One can determine ¢(l‘) s the transition matrix of the plant, either
from the coefficient matrix A or the state variable diagram. We

have selected the method of deriving ééﬂ from A,

As %(y is also defined by the equality
4 =<

we can find the desired matrix by determining the inverse Laplace
transform of [SI‘ A].

et

(s < ~b -a

= 0 std -/ O
Now [S' L “/4_7 0 e s -f
o f o s

-

and the determinant A =S($3+£/SZ+35*/)




B-1
From this we get

l—s-’m’s"ns o -[eé*e/ S/Z bs? +cs+$¢/- af as tlae +b)s e .m/ﬂfe[

-/ 0 S
%&‘}:’Za Z\/— 0 -s(es+/') 51[$ij slsrd)
0 ~fs* fs s{srd)ves

Thus we have _for the first row:

$,0=-L{4]
4, t)- r { cs?=(eb +af)s ~f4

(52 +ds +e5+/)
+Cs +6a/—e/
%3[%) I {(: 3 ¢ds? +esr,f)

¢ :f as2+(aetb)s +crafre
é%(} 5(537"46'2"'65'*/)

Once all values of %(iy have been calculated, the overall transition
matrix _é.(l‘) can be developed from the plant transition matrix by the
theory outlined in Section 3.2, where f&‘) is defined as

R(t) 2
9 L
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The components of ﬂﬂ were calculated to be
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APPENDIX C

Initialization
includes sampling and
storage of parameter

values

:

Sample and store
actual antenna
position

r

Subtract actual from
desired antenna position

!

Store position error
in E

Invert & store
absolute error

position errop

Store absolute

error EAB
No Is
EAB>0.8? Fetch maximum
positive bound
Yes \
Fetch maximum >
negative bound \

Routine to provide
output control signal




Sample & store
absolute antenna

velocity (VAB) and
velocity(V)
Is
VAB>0.05/sec Multiply B
by four
Y
Multiply V » Invert
by EAB

Routine to provide
output control signal

\,
)
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