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ABSTRACT

A modified version of the LMS adaptive algorithm, which uses a fillered value of
the'error signal; is studied. The effect of error filtering on the spccci of convergence
and on the ﬁﬁsadjﬁstment is evaluated.

The problem of sequential coefficient access in the LMS algorithm is investigated.
Some efficient architecturés, suitable for VL.SI applications, are presented.

Finally a har_dware implementation of a high-speed 16-tap FIR adaptive digital

filter, based on TDC1028 integrated circuits, is presented.
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GENERAL INTRODUCTION

Adaptive signal processing has been a topic of intensive research during the last \
several decades. The reason for that attention is the considerable potential of adaptive
processing methods. Without a claim for strict semantic definition, it can be sta’f&\/
' that an adaptive system, or algorithm, is characterized by the ability to adjust a |
set of its parameters and its behavior in accordance with a specified criterion. This
self-optimizing capacity is very attractive, since in practice quite often insufficient
information s available about the desired characteristics of ‘the system, or those
characteristics change with time.
.=\dai:tive methods are widely used in control applications, robotics, communi-
cations and signai processing. In recent‘ years they hdve become even more attrac-
tive, because the technoloé{cal progress in electronics and computer design makes
it possible to implement sophisticated algorithms that require a great amount of
computational power in real-time realizations.
Nowadays adaptive signal processing is grown into a mature discipline. Ne\.rer-
theless new research results come out at an ever increasing iate. But, as pointeci out
in (8], the }?'End is now towards specific applications and case studies.
The author’s interest in investigating the capacities of the LMS (Least Mean-
Square) algorithm came as a result of research on the implementation of high-speed
adaptive filtering. Since its introduction in 1960 by Widrow and Hoff (5], the LMS
algorithm has been widely used for various applications. A consi('ierable number
of other adaptive algorithms have been proposed, like the Kalman and fast Kalman
algoritl;ms [33], lattice structures [12], IIR (Infinite Impulse Response) adaptive filters
[18], etc.. Some of them are more powerful than the LMS. In spite of that the LMS
algorithm remains an attractive and popular method, due to its proven efficiency,
relative simplicity of implementation and numerical robustness. This is especially

true for high-speed real-time applications.

-1-
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understood, and has many modifications. Yet it is possible to further improve its

A great amount of research has been done on the LMS algorithm, it is well

performance and to find new applications.

Cihapter one of this thesis is an introduction to adaptive filtering and the LMS
algorithm. Its main goal is to introduce the notation a.nd some basic principles that
arc used furthdr in the text.

In chapter\two a modified version of the LMS algorithm is introduced, which
uses a filtered valhe of the er-ror signal in the coefficient update equation. The effect
of the error filtering on the performance of the algorithm is studied. It appears that
no previous work has been done on this topic'.

In chapter three the problem of sequential coefﬁcignt access is addressed. Some
alternative a.rchit\ectures for VLSI-based t adaptive digital filters are proposed. Some
original researdh can be found here too.

Finally, in chapter four an efficient hardware implementation of a high-speed

(10 MHz sampling rate) adaptive transversal digital filter is proposed, which uses
TDC1028 integrated circuits.

\

1t VLSI — Very Large Sca—de Integration

/
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CHAPTER 1
. INTRODUCTION TO ADAPTIVE FILTERING

1.1 Introduction t

The field of adaptive signal procéssing is very broad. But the issues disa;ssed in
the thesis are mainly related to a class of methods known as closed-loop adaptation.
The concept of closed-loop adaptation is illustrated in Fig.1.1. The input signal
is denoted by z, y stands for the output, d for the desired ougput (also called the

reference or training signal), and e is the error signal.

o r
> Signal Processor —v

—— Adaptive Algorithm [

Fig.1.1 Closed-lcop adaptation

_ The adaptive algorithm uses the information from the input signal and the error
signal to adjust the variable parameters of the processor in order to optimize a certain

performance criterion. Depending on where the signals come from, on what the

-3-
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performance criterion and the type of signal processor's architecture are, there can

be a large variety of algorithms and possible applications.

1.2 The Adaptive Linear Combiner

The adaptive linear combiner (or nonrecursive adaptive filter) is the simplest and
most widely used structure for adaptive signal processing. The most general form of
the adaptive linear combiner is shown in Fig.1.2. It consists P a set of adjustable
weights wg, wy,...,wyr, a corresponding signal vector with elements :1:0,51:1,...::1:;‘, a
summing device and a single output signal y.

In the cés:}vhen the input signals are samples of a process, the resulting structure
is a single-input adaptive transversal filter. This particular structure is in the core of
all furthér discussions Ehroughout the text.It is shown in Fig.1.3 together with other
components necessary for a complete adaptive system. The input and the weight

vectors of length {L+1) are:
Xk=[f€k J:k_l'....'ck_L]T (].])

Wy = [wok wlk...ka]T (1.2)

The index k is used to emphasize the fact that the vectorg are variable in time.
Normally & stands for iteration number as will be see:n later. The superscript T means
transposition.

The name linear combsner comes from the fact that for given values of the weight
vector, the output signal yx is a convolution of the input signal with the filter impulse

response. The input-output relationship is:

L ——
Yk = Zwikxk-.‘ (1.3)
1=0
Or in vector form:

ye = X Wr = WX, (1.4)

-4 -
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Fig.l.2 Adaptive linear combiner =-- general form.

0k

Adaprive

¥ 3

Algorithm

f

Fig.1.3 Adaptive transversal filter



1.3 Mean-Square Error Performance Criterion

A large class of adaptive algorithms is based on the minimization of the mean-

square value, or the average power, of the error signal. By definition:
— — T _ T
ex =dp —yp =dx - X W =dp — WX, (1.5)

Here it is assumed that the coefficient vector W is held constant so the index k is

dropped. ’i‘hen:

ef =di + WIXy, XTW - 24, XTW (1.6)

If ex,dx and Xy are statistically stationary, then taking the expected value of

(1.6) over k yields the equation:
MSE 2 ¢ = E|¢}] = E[d}] + WTRW —2PTW (L.7)

Here R is the (L --1) x (L + 1) square autocorrelation matrix of the input signal and

P is a vector of cross-correlations between the desired response and the input vector.

z? IkTh—1 ... TeTk_L
Th—1Tk Ii_l . kalz:k_L
R = E[Xy Xf| = E - : | (1.8)
Trk-LTk . IE_L
P = E[dk}{k] = E[dkzk diTi_1... dkxk—LlT (.1.9)‘

From equation (1.7} it can be seen that the mean-square error is a quadfatic
function of the elements of the weight vector. It represents a surface in the multidi-
mensional space (or more precisely the (L+1)-dimensional space) of weights and is
often called the performance surface. Since it is quadratic and non-negative then a
‘single minimum exists, which corresponds to the optimum weight vector. This opti-
mum weight vector can be found by taking the derivative of (1.7) with respect to W

and setting it equal to zero. The derivative itself is the gradient and by definition is:

-6~



Ve % = 2(RW - P) . (1.10)

Then solving the matrix equatioﬁ
V=0=2(RW* - P) (1.11)
yields
W' =R-1p (1.12)
where W* is the optimum weight vector {Wiener solution). t

Expression (1.12) is the Wiener-Hopf equation in matrix form.The minimum

possible mean-square error can be obtained bjr substituting (1.12) into (1.7):
Emin = E[d;ﬂ - PTw* (1.13)

The discussion so far shows that when the signals in the system are stationary
and with known statistics, the optimum weights can be computed a priors and only
once. This kind of situation is more like the matched-filter design problem and a
truly adaptive system is not necessary. However, in many practical situations these
conditions are not met and an alternative approach is necessary. Such an approach
is provided by the methods of gradient search. They represent an iterative way of
searching for the minimum of the performance surface, starting from arbitrary weight

values, Widely used is the method of steepest descent. The iteration equation for the

weight vector is:
Wy =Wy —u¥y (1.14)
where p is a small constant and 6’;,.is the estimate of the gradient at the k-th iteration.
It can be proved 5] that the algorithm is stable and converg;ér to the optimum
solution for values of u in the interval

1

AT'.I‘IIII.J:

O<pu<

(1.15)

t The symbol * is used to denote the optimum value, not complex conjugate.
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where Apqz is the largest eigenvalue of R.
From eqn. 1.5 the gradient can be written as:
E|el] o
VvV = T k] = — .
’ W | E[2e,Xy] {1.16)

Then the weight recursion becomes:

N Wiy = Wy + ZME[Cka] (1)

There exist a number of ways of estimating E[ek}{k] which will not be discussed
here. It is important to note that for the steepest descent algorithm iteration number
does not correspond to sampling interval. Usually there are many sampling intervals

between two iterations, This is necessary because of the need to estimate Vy .

1.4 The LMS Algorithm

The least mean-square (LMS) algorithm can be derived from the algorithm of
steepest descent by assuming that the estimate of the mean-square error is the squared

error itself. Thus the éxpected value in (1.17) is replaced by the instantaneous value

and the weight vector recursion is:

Wiy = Wy +2ue Xy (1.18)

This is the basic equation of the LMS algorithm. A direct implementation, us‘ing
one delay line, is shown in Fig.1.4.

The gradient estimate used is noisy but unbiased. The adaptation process will
never stop, evenafter reaching steady-state. The coefficients will continue to oscillate
near the optimum soliition.

It is worth noting that in the great majority of cases where the LMS algorithm is
used iteration number corresponds to sampling interval, i.e. all the filter coefficients

are updated at every sampling interval.

-8~
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For the LMS algorithm the condition for convergence is proved [5, p.103| to be:

O<p< t_r[IEI , 9 ‘(1.19)
and
tr[R] = (L + 1)(stgral power) (1.20)

However in other references [9] a more restrictive but safer bound is imposed:

1

0<,U.<‘3-t'-;[-ﬂ

(1.21)

In practice it is normal to work wit}} values of u ten times smaller tha;n the permissible
maximum, ‘

The two most important performance characteristics of the LMS algorithm are
the speed of convergence and the residual (or excess) mean-square error after conver-
gence,

The excess mean-square error is inherent in the LMS algorithm and is due to the
coefficients’ wandering around the optimum solution. A fairly good approximation is
given (5, p.110] by:

AN excess MSE = pémintr[R] (1.22)

A convenient dimensioniess measure can be defined, called misadjustment:

__excess MSE - -

M ~ utr[R] (1.23)

fmin
‘The convergence rate of each individual coefficient of the filter towards the
steady-state value in general is different and is governed by the corresponding eigen-

value of the input correlation matrix R. The curve of coefficient values versus time

can be approximated by an exponent with time constant

(1.24)



for n =0,...,L,
The relaxation .of the mean-square error (called the learning curve) can also
be expressed as an exponential function. In the case of equal eigenvalues a simple

expression for the second time constant exists:

L+1 1
e RS = .25
Tmee ¥ Pur[R] T 2 (1.25)

since Zr[::o An = tr[R].

o~
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1.5 Other Adaptive Algorithms and Architectures

The main criteria fo.r evaluating the performance of an adaptive system are the
speed of convergence, the residual error after steady-state is reached, i.e. the precision
with which the desired signal can be approx?mated and the computational complexity.
Some additional requirements that must be taken into account are the numerical
stability of the algorithm under various conditions, the effects of nonstationarity on
the convergence etc.. Asis often the case, no universal solution to all those problems
exists. Fach adaptive algorithm has its own merits, depending on the particular

application.

First of all some alternative algorithms for adapting transversal architectures
will be e;canﬁned. :

The LMS algorithm has proven to be very efficient when the eigenvalues of the
input correlation matrix are equal, or at least close to each other. On the other
hand, a large eigenvalue spread adversely affects the speed of convergence. Each tap
coefficient converges with a different time constant, determined by the correspond-
ing eigenvalue. The smaller the eigenvalue, the slower the convergence. A possible
remedy is to premultiply the gradient estimate by the iﬁverse of the estimated input
autocorrelation matrix. This results in a modification of the LMS algofithm known

as the orthogonalized LMS algorithm. The coefficient recursion becomes:
Wk+1 = W]‘ '{" 2#Ekﬁ_;1Xk (126)

This modification has the effect of making all time constants almost equaI,I thus im-
proving the overall convergence. The matrix ﬁ; ! is updated recursively but this
requires a considerable amount of additional compl'ltations compared to the conven-
tional LMS algorithm.

Another approach is suggested in a recent public.a.tion [22]. The algorithm, called

vartable step LMS, uses a diagonal feedback matrix My instead of the single adap-

tation coefficient u.

=12 -



,uo(k) 0 BN 0

0 mlk) ... 0
Mk: . 1() . . (1.27).

0 0 ... pi(k)

Moreover, the elements of the matrix My are allowed to vary with time according

-~

to a certain algorithm. The weight update equation is:
Wk+1 = W],[ -+ ZCkMka (128)

The authors claim that only about a 15 percent increase in computational complexity
is entailed.

. Yet another technique exists, which performs the filtering operation and the'co-
efficient update in the frequency domain using the.power of the FFT (Fast Fourier
Traﬁsform). Moreover, the transformation decorrelates the coefficients, thus improv-
ing the convergence properties. Consid;arable computational savings are reported
possib‘le [26] for filter lepgths greater than 16. A drawback of this'a.pproa,ch is the
block nature of the algorithm (because of the FFT’s), which may not be appropriate
for all applications. Also the hardware implementation could be much more compli-
cated than the time-domain techniques.

The most powerful method, developed to date for transversal filter adaptation,
is the recursive least-squares (Kalman) algorithm. This algorithm tries to minimize
the sum of the exponentiai.ly weighted error samples, going back in time, i.e.:

n
Jo = a"Hdp - XTWy|? (1.29)
k=0 '
for 0 < « < 1. The performance function J,, is based on tirﬁe averages (unlike the
LMS algorithm which is based on ensemble averages). The coeéiéients are updated

according to the following formula:

Wyi1 = Wi + e, Ky {1.30)
-13~
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where Ky, is the Kalman gain vector, which must be ﬁpdatéd in-a continuous manrio.r.

In terms of adaptation speed and accilracy the Kalman algorithm is much su-
perior-to all other approaches. But the' price to pay is a considerable increase in
complexity and computational burden. Even the fast version of the Eslgorithm, in-
troduced by D. Falconer and L. Ljung {33], cannot overcome this problem. Another
disadvahtage is the reported instability of the fast Kalman algorithm after a large
number of iterations, especially while working with finite precision arithmetic [12].

Another class of adaptive algorithms are based on the lattice structure. The algo-
rithms can be gradient or recursive least-squares. The advantages over the transversal
architecture are as in the non-adaptive case — better numerical propertices and a rel-
atively easy way to expand the filter order. Because of the orthogonalizing properties
of thé lattice structure the speed of convergence is also improvéd. Unfortunately the
computational complexity becomes greater.

For the sake of completeness IIR (Infinite Impulse Response) adaptive algorithms
should be mentioned. Their use is still limited because the analysig i3 quite compli-
cated and they are prone to numerical instabilities. The main advantage consists in
the possibility of modeling transfer functions with both poles and zeros and also of
possible computational and memory savings due to reduced filter length, which is
cha.racteristic: of IIR systems in general.

Thef?a’:ie also many other modifications of existing algorithms, like the one using
delta-modulation techniques [1], or block Ieast-s;quaroﬂ‘[??]. It is not possible and not
neceésary to consider them all,

To summarize the discussion it can be pointed out that algorithms more power-
ful than the LMS exist bﬁt they are more complicated and sometimes not very well
understood. As mentioned before the focus of this work is concentrated on high-speed
adaptive filtering, where simplicity of implementation and reliability are great advan-
tages. For that reason further investigation of the properties of the LMS algorithm

will be done in search of possible improvements of its performance.

- 14 ~



CHAPTER 11

LMS ALGOMTﬁM WITH FILTERING OF THE ERROR SIGNAL (FLMS)

T

2.1 The Idea of Error Filteri-ng

In chapter one it is pointed out that the LMS algorithm uses an unbiased but
noisy estitnate of the gradient (see equation 1.18). Naturally the question arises
whether it is possible to do something to improve the estimate. For convenience the

expression for the gradient is given here again:
Vi = —2E[er Xy (2.1)

It is important to note the statistical expectation involved, i.e. the need for
ensemble averaging. In the steeI;est descent algorithm the gradient is estimated by
using small perturbations of the weight vector and averaging the gradient estimate
over all samples between two iterations. But the perturbations contribute to an excess |
error. Thus the a'Jgorithm of steepest descent does not provide better results than
the LMS algorithm {or more precisely it is proven to be inferior in performance).

Another consideration in choosmg (for our goals) a suitable manner of i xmprovmg

, thc performance of the LMS algonthm is simplicity. That is the reason why relatively

compllcatcd methods like the orthogonalized LMS algorlthm or the variable step
approach, mentioned in chapter one, are put aside. However, the overly simplified
methods for coefficient update using sign-bit multiplications are shown [29] to severely
degrade the convergence rate and will not be considered here.

Taking into account all these considerations, the idea came to investigate the
cfect of using a filtered value of the error signal. The filtering operation itself should
be very simple in order not to introduce additional computational complexity and

delay into the update procedure. A good candidate is a simple exponential averaging

- 15 -



in time i.e.:

Be=) o= dk e (2.2)
Obviously a = 1/¢.

Intuitively there is a feeling that the information about past values of the errot
signal could be useful for improving the converge.nce of the algorithm.

Such processing of the error signal is reported 18] to be useful in IIR adaptation
algorithms. There it is done fna'mli,r to guarz;ﬁtee the stability of the algorithm (the
derivation is based on the principle of hyperstability). ' Simulation results also show

slight convergence speed improvement.

Duttweiler [29] has investigated the effects of noulincar operations on the coef-
ficient update term 2pexXy, i.e. the sitnatinn where ey is replaced by a function
(possibly nonlinear) f(ex) and Xy is replaced by g(Xi) . He proves that linear func-

tions give optimum results. However, the possibility of linear filtering of the update

components is not addressed.

-

2.2 Linear Systems Approach to the FLMS algorithm

Trying to explain the effects of error signal filtering on the LMS algorithm lb

not a simple task. It must be made c¢lear from the start that the introduction of the
a ‘

filtering operation does not change the performance criterion ‘used in conventional
LMS algorithms ~— the minimization of the mea.n-squa.ré error. . For that reason the
FLMS algorithm will be analyzed using the now classical and well developed theory
of LMS adaptation but inserting modifications where necessary. .
The exponential averaging operation in (2.2) can be thdught of as a first-order

TIR linear filter shown in Fig.2.1.

The impulse response of the filter is:

h(n) = a™u(n) for n=0,...,00 :’ (2.3)



Fig.2.1 Error filtering element

where u(n) is the unit step function. The transfer function is given by the equation:

H(z) = Zh(n)z"“ = Z(az‘l)“ (2.4)

To guarantee stability and convergence of the sum in (2.4) the following condition

must be met:
laz™ < 1 or iz| > {a (2.5)
i.e. z must take values outside a circle of radius |af in the z-plane. Then (2.4) has a

closed-form representation:

H(z)= — = % © (26)

1—az"1 z—a

For real signals it is necessary to include the unit circle in the convergence zone,

which imposes limits on the possible values of a :

la| <1 (2.7)

~17 -



The frequency response can be written as:

elw 1

H(eY)| = |= =
H(&)] = | V1 — 2acosw + a2

o (2.8)

: . LA L
where w = 2nf/f, and f, is the sampling frequency. The phase response is given by: -

o(w) = tan—t ZRUEEN] [ “Sif‘_wml (2.9)

Re[H(e7w)] 1--acosw

The Nyquist interval of frequencies is 0 < f < f,/2sothat 0 < w < %, Fora > 0 the
.
resulting filter is lowpass, for a < 0 the filter is highpass. The frequency response and

the phase response are shown in Fig.2.2 and Fig.2.3 respectively for three different

L

values of a.

The only modification required to implement the FLMS algorithm is to replace

the error ex with the filtered error € in the coefficient update procedure:
Wip: = Wy — 2u8 Xk (2.10)

As can be seen from Fig.2.1 and equation (2.4), the filtering operation does
not introduce delay inio the update procedure (actually in hardware implementation
there will be initially one clock cycle delay for the summation but this is not signif-
icant). Also the additional computatiéns are negligible compared to the rest of the
algorithm. Values of « equal to powers of two are particularly attractive for hard-
ware implementation because the multiplication can be replaced by shifting. Further

considerations on how to choose a (or &} will be discussed in the following sections

of this chapter.
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2.3 Effects of Error Filtering on the Speed of Convergence

In order to be more specific in our discussions, a pa.rticulé.r model of the adaptive
filtering problem is assumed. The input signal zx to the filter is composed of a sine
wave and white gaussian noise with variance depending on the chosen signal-to-noise
ratio. The.desired output dg is a pure sine wave with the same frequency.

When trying to minimize the mean-square error E[e?] the adaptive algorithm
attempts to predict and cancel the sine wave from the desired output and to suppress
the noise contained in the input. So it will eventua.[iy c\onverge to a narrow passband
filter centered around the frequency of the sine wave. During adaptation it is the
error resulting from the uncanceled sine wave that drives the algorithm towards the
correct solution. The noise disturbs the adaptation process and creates statistical
fluctuations. The filtering of the error signal will eventually have the effect of virtu-
ally increasing the ad#ptation constant i for a specific frequency. In the steady-state,
however, when the sinusoidal signal is almost cancelled out, the modification is ex-
pected not to affect the performance, i.e. not to increase the residual mean-square
error. Whether these intuitive conclusions are correct or not remains to be segn.l_ _

From the observation of the error filter’s frequency response (Fig.2.2) it is clear
that for bigger absolute values of the coefficient a the lowpass (highpass) characteris-
tics are more pronounced and a greater gain in convergence speed could be aclhieved

for given frequency wy if |H (&%)

>> 1. At the same time the area below the curve
of the frequency response becomes greater with increasing values of ja|, which means
that the power of the noise component also increases. A well known expression for

the variance of a white-noise signal processed by a linear system is:

o0
oF = o Z: h%(n) (2.11)
=0
where o2 is the variance of the input white noise, ol is the variance of the processed

noise (which can no longer be white) and ~(n) is the impulse response of the linear

systefn.
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In our specific case:

oo 1 '
2 = —_
Y h(n) = — (2.12)
=0 ]
Improvement in convergence speed is expected to be present as long as more

emphasis is put on the power of the deterministic signal than on the power of‘t@

noise. Using that fact and equations (2.12) and (2.8) the following relation can be
established:

' ! . (2.13)
vV1—2acosw+a?/ T 1-a? o

or, since (1 — a?) is always greater than 0:

L= >1 (2.14)
1 —2acosw 4+ a? = '
Solving that inequality for a gives:
la| <|cosw| | (2.19)
W7 '
[

e
From the left side of inequality (2.14) a solution for the optimum value of a, max-

imizing this expression, can be found. Taking the derivative with respect to a and

setting it equal to zero gives:

o 1—q?

— =0 2.16

Jda (1-2acosw+a2> i ( )
After solving the equation (which involves rather elementary mathematics that will

not be shown here) the following result for a is obtained:

COsw

Qopt = ——————
P 1+sinw

(2.17)

for 0<w<w

The value of @,pt can now be substituted in (2.14) to find the maximum achievable

improvement in adaptation speed. The result is quite simple:

n . 4
Graz = —— (2.18)
sinw _ .
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for O<w<r
<

From the above discussion it is clear that the criterion for choos.ing an appropriate
value of a and the resulting performa.ncé improvement are frequency dependent. This
is not desirable in general, because it limits the usefulness of the algorithm to a
rather restricted number of applications. However, in some cases it can be used with
success. For example in cancelling harmonic interference with a2 known frequency
from a broadband signal, or retrieving a narrowband signal from broadband noise. It
is certainly necessary to have a priori information about the approximaﬁe frequency
range of the narrowband signal. 3
. The results of the above discussion are summarized in Fig.2.4 and Fig.2.5. In
Fig.2.4 are plotted expressions (2.15) and (2.17) . The shaded region is where the
performance of the FLMS algorithm is better than that of ;he LMS algorithm. Also
the curve of optimum values is given. From Fig.2.4.can conveniently be seen what
value of a is optimum for a given frequency, and what is the limit beyond which the
performance is worse than for the conventional LMS algorithm. On the other hand,
if a is fixed, then it can be determined for what range of frequencies this coefficient
gives better performance.

Fig.2.5 is a plot of the maximum achievable improvement G,,- versus frequercy.
It is clear that bigger improvement is possible for frequencies near the edges of the
working zone, i.e. w =0 and w = 7. Of course there is a practical limit , because the
product G ,,-u must be less than the ma.xkgum permissible value of the adaptation
constan.t timaz, Otherwise the algorithm will not be stable.

Extensive computer simulations have been carried out to support the theoretical
results and to look for possible surprises. The noise process is modelled by a pseu-
dorandom sequence with zero mean and unit variance. The distribution is gaussian
and the process can be assumed to be white with sufficient confidence. Tests were

performed which showed that those assumptions were correct. The noise signal is
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multiplied by an appropriate constant to achieve the desired signal-to-noise ratio in

of the simulations are done for filter length L = 16 taps. In the fig

the input z of the filter. The sinusoidal signal used is with unit amplitude. Most
Ere comments

FS means the number of samples per period of the sine wave and gives information
about its frequency.

Fig.2.6 shows the evolution of the mean-square error in time for three different
values of the coefficient a (respectively o). The input signal-to-hoise ratio is 0 dB ;
the relative ffequency of the sine wave is 0.1f, ; the adaptation constant x = 0.00055.
All curves are obtained by averaging 100 runs of the algorithm, every time using a
different random sequence and different initial phase of the sine wave.

From Fig.2.6 it can be seen that the algorithm converges most rapidly for o = 2
(or @ = 0.5). The coefficient @ = 1.5 (a = 0.66) gives worse results, although the
lowpass characteristics are more pronounced. From formula (2.17) the optimum value
of a for frequency 0.1, is found to be 0.51 (& = 1.96). For the maximum improvement
forﬁula (2.18) gives Gmaz = 1.7. The upper limit for e is found from (2.15) to be
a = 0.81(a = 1.23). Fig.2.7 shows that there is aimost no improvement for o = 1.25
which is in accord with the theory.

Another observation that can be made from the graphs is the absence of visible
difference between the three cases in terms of residual mean-square-error after con-
vergence is completed for all of them. This fact comes to confirm the expectations,
but needs more ca.refull investigation, which will be done later in this chapter.

Fig.2.8 shows a different situation. Here the frequency of the sine wave is higher
(0.33f,) and the value a = 0.5 clearly gives worse performance than in the case
without filtering. In this case agp: = —0.26 (or @, = ~3.9), i.e. highpass filtering.
But Gmaez = 1.14 which is quite small. This is the reason why in Fig.2.9 the difference
between the two curves is so small.

In Fig.2.10 the input SNR is higher (20 dB). The curves have the same behavior

as before, except that they are smoother and the residual MSE is very small, as
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expected‘. _

Fig.2.11 shows the error signal ey, itself (not a.veraged) for both LMS and FLMS
algorithms. The error decreases faster for FLMS but after convergence both errors
are the same.

It is interesting to observe how the coefficients of the filter change with time,
Initially they are all set to zero. The behavior of one cc;efﬁcient is characteristic for
all of them. The coefficient, chosen arbitrarily for observation, is wg. Fig.2.12 shows
the coefficient values for one statistical sample and Fig.2.13 shows the mean value
(i.e. averaged over ‘all 100 runs).

Two things deserve attention. First, it is seen that in the case of filtering the
cur.ve exhibits a kind of "overshoot”. This is not necessarily bad. The curves have
no special physical meaning, moreover they show only one of the coefficients, so the
final result can still be better in terms of minimizing the mean-square-error.

The second important observation is that the coefficient seems to converge to
di-fi'erent values for different a. This fact is quite difficult to explain exactly. Some
light can be brought on this by referring to a publication by R. J. Keeler [17]. Keeler
points out that some of the assumptions used to simplify the derivation of the LMS
algorithm and its performance are clearly not applicable to a large number of real
situations. Those fundamental assumptions, on which the so-called Independence
theory of convergence [13] is based, are:

1. All succéssive input vectors X;, X; for ¢ # j are independent over time.

2. The weight vgctor Wy is independent of the data vector Xy for all k.

3. After convergence is completed, the error signal ) is uncorrelated with the
input vector Xy.

Clearly in the presence of a deterministic signal in the input data neither of
these conditions is met. As a result the coefficient vector will converge to a solution

different from the Wiener solution.
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In order to simplify the analysis Keeler assumes that the coefficient vector is
updated once for every L sampling periods, where L is the number of filter taps.

Thus only one of the coefficients is affected. For the mean weight vector recursion he

gives the expression:
E[Wyi1] = (X - uR)E[W) | + puP ~ 42028, TS, -1 [0...1]T (2.19)

where Sy is the deterministic signal vector and o2 is the variance of the noise. From

here an expression for the steady-state expected weight vector can be obtained:
Weo = lim E[Wy|= RP — poRISTS, 10...1T (2.20)
—00

But R™'P = W* is the Wiener solution, so:

Woo =W" = uoZR™*STS, _1[0...1]7 (2.21)

Now the bias term is clearly seen in the right-hand side of equation (2.21). When
updating at every sampling interval the expression will be much more complicated,
involving more terms and affecting all coefficients. An exact analytical expression is
extremely difficult, if not impossible, to find, but equation (2.21) gives enough insight
into the problem, at least in qualitative sense.

To account for the filtering of the error signal, o2 must be replaced by o2 /(1—a?).
That is where the additional bias comes from.

Equation (2.21) shows that when the noise power is small, the bias term can
become insignificant. This is in accord with Fig.2.14; for SNR=20 dB in both cases
the coeflicient converges to the same value, which is in fact the optimum solution.
Small values of p also contribute to decrease the bias.

in Fig.2.15 the entire weight vector is plotted, i.e the impulse response of the
filter, after convergence is completed and for three different values of a. The impulse
response is sinusoidal with period equal to that of the input sine wave, as it should
be. In the frequency domain the transfer function approximates a delta function, i.e

a very narrow passband filter around the frequency of the input sinusoid.
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Fig.2.15 Impulse response of the adaptive filter in steady state
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2.4 Error Filtering and Misadjustment

As was seen in the preceding section, the error ﬁltering operation can provide
improvement in convergence speed without increasing the misadjustment. This is of |
course desirab!e. If the error filtering causes bigger misadjustment, then it becomes
useless, since the same result could be obtained by simply iﬁcreasing the adaptation
constant u . However, as desirable as it is, this phenomenon is rather difficult to
explain in the framework of conventional LMS algorit}u’n analysis.

Let us define a vector Vi which is the difference between the optimum Wiener

vector W™ and the actual weight vector Wy:
Vi = Wy - W* o (2.22)

or for the steady-state:

Voo = Woo — W* (2.23)

It can be proved that the excess mean-square error is given by:
excess MSE = VIRV, (2.24)

This equation indicates that any deviation from the optimum solution must eventually
contribute to bigger misadjustment. In the preceding section it was seen how the
error filtering process drives the coefficients further away from the optimum solution.
Therefore the misadjustment should be greater.

Another way to come to the same conclusion is by considering the covariance of
the gradient estimate. Let N denote the vector of noise components in the gradient

estimate. Then:

Ve = Vi + Ny (2.25)

After convergence is completed Vi = 0 and

Ny =~ ﬁ'k = —2e Xy (2.26)
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Defined as in (2.25), Ny is zero mean, then:
cov[Ny] = E[NkN} | = 4E[eZ X, XT] (2.27)
Assuming e independen£ of Xy, (2.27) becomes:
 cov[Ny| = 4E[e}|R o (2.28)

For the FLMS algorithm Efef] is replaced by =5 Ele?|, which increases the gradient
noise covariance, which in turn will increase the misadjustm'e‘nt. Fig.2.16 shows the
error signal before and after filtering. The filtered signal indeed has a bigger amplitude
span and is slightly delayed in time, due to the neéative phase rer:ponse of the error

filter.

Dgaééf)fte all theoretical indications, there is no sign of increased misadjustment in
the si;nulationl results. Fig.2.17 shows plots of three learning curves on a logarithmic
scale. ‘The logarithmic scaling emphasizes small differences but even this measure’
cannot distinguish between the curves after convergence is completed in all three
cases. Moreover, Fig.2.18 and Fig.é.lg compare the autocorrelation functions and the
power. spectra reépectively of the error signal for the LMS and the FLMS algorithms.
The measurements are taken after a sufficient number of iterations (5000) to allow for
complete convergence of both algorithms. The plots are seen to be almost identical.

It can be speculated that an explanation must be based on the nonvalidity of
the independence assumptions given in section 2.3. Fig.2.18 shows the presence of'
relatively high amount of uncanceled sine wave in the error signal. It is clear then that
the error signal ey, is correlated with the input vector Xy and the desired response dy.
Then the term E[ef XXy cannot be separated into a product of two expectations,
as in equation (2.27). As mentioned before, consecutive input vectors are also highly

correlated. Probably those complicated relationships are responsible for the results

obtained.
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2.5 Possible Applica-tions of the FLMS Algorithm{_

G;)od candidates for the FLMS é.]gbrithm are noise cancelling pmb[gxrls where
a deterministic or narrowband signal is present either as desired for retrieval‘or for
cancelling. Also, a priori information i;“, needed about the approximate frequency
range of this signal. The FLMS algorithm is more appealing for high speed real-time
applications because it-requires veryllit&ié-additional effort..

There i; one more important use of the FLMS algorithm that has not be,en |
discussed yet. While doing simulations with the LMS algorithm, it has been found

that under certain special conditions it could exhibit instability. The error filtering

- provides a kind of fading memory for the error values, thus helping to overcome the

“ instability. If working with relatively small values of a (around 0.25), the performance

of the FLMS algorithm will not be significantly different from that of the LMS algo-

-rithm over the entire frequency range. But this slight filtering can help in preventing

instability. This problem wiil be addressed again and in more detail in chapter three.

A simple example, illustrating the use of the LMS and the FLMS algorithms,
will be given. The chosen structure is the self-tuning filter, shown in Fig.2.20.

Let the input signal be composed of a per_iqdic signal s and a broadband noise
signal n. The de[ay, inserted before the ad-aptive filter, if sufficiently long, decorrelates
the noise components in z and z4 but the periodic components are still correlated.
Thus the adaptive filter, trying to minimize the outplut mearn-square error, is able to
predict and cancel.the periodic component only. Depending on what is considered to
be the useful signal, the output of the system can be taken from vy, or from e. The
signal y after convergence is the periodic component only, filtered from noise, and the -
signal e gives the noise only, without periodic interference (all this of course within
the performance limits of the system). |

Fig.2.21 shows the input signal to the filter. The signal-to-noise ratio is 3 dB;

the periodic signal is a sine wave with unit amplitude and with frequency 0.0625 f,
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L— — Adaptive filter

Fig.2.20 The self-tuning filter

(16 samples per period); the noise is white gaussian; the filter length is 32 taps.

In Fig.2:22 and Fig.§.23 is plotted the filter output y for the LI\LIS and FLMS
cases. The value of the coefficient a is 0.5. The results of the filtering are seen to be the
same for both cases, except that convergence is faster with the FLMS algorithm. In
Fig.2.24 the input and output signals are shown in extended scale in order to observe
the results more conveniently. The improvement is obvious. The signal-to-noise ratio
in the output is found to be 10 dB, i.e. 7 dB improvement is achieved.

Details concerning the self-tuning filter are not a subject of special interest in

this thesis and will not be discussed any further.
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Fig.2.24 Extended time base plots:
a) input signal, b) output signal from the LMS algorithm
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CHAPTER I
MODIFIED LMS ALGORITHMS FOR VLSI APPLICATIONS

3.1 The Problem of Sequential Coefficient Access

In our discussions so far the attention was focused on the most popular form of
LMS adaptive a[gorithnﬁ, where all filter coefficients are accessible in parallel and
can be updated every. sampling interval. This is the most straightforward form of
the algorithm, for which the mathematica.l derivation was shown in chapter one. It
is also the most efficient one in terms of adaptation speed and performance under
nonstationary conditions [4,12].

In some cases though, it is not possible, or not necessary, to update all the filter
coefficients at the same time and for every sampling period. T_his is the case especially
for hardware implementation, where simplicity and minimization of the number of
components are always basic aims.

As can be seen from Fig.1.4, a direct hardware implementationlo_f the “standard”
LMS algorithm requires at least one delay line, L1 multipliers for the transversal
part of the filter, L+1 multiplier-accumulators for the adaptive part, two summing
elements and, of course, some additional hardware. It is a well known fact that
the cost of a multiplier is relatively high compared to other hardware components,
especially for high-speed devices. For that reason it is important to keep tht'i number
of multipliers as low as possible without degrading too much the system performance.

One solution to this problem is to use a few multipliers on a time-shared basis
in both the FIR and adaptive parts, or j.ust in one of them. Thus the algorithm
will perform in virtually the same way but the time-shared elements must do many
operations between two iterations in burst mode. This approach is suitable if the

sampling rate is relatively low compared to the maximum speed of the components
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but it is clearly not applicable when very high speed is needed and all components |
must work almos‘t at the limit of their capacities.

pVith the advent of the VLSI (Very Large Scale Integration) era tremendous
progress has been made in reducing the nurnbe} of hardware compgﬁé}lts in elec-
tro_rﬁcs design ‘in general and in signal processing applications in pa.rticula;r. There
are now commercially available single-chip integrated circuits that incorporate an en-
tire transversal (FIR) filter and can operate at clock speeds of 10 MHz and up. A
schematic diagram of such a device is shown in Fig.3.1. There is a port fof the input

signal z, an output port y, a port for changing the coefficients and an address bus

for selecting the coefficients.

—_— FIR >

Fig. 3.1 Single-chip programmable FIR filter

In this form the filter should be called programmable, instead of adaptive. It
must be emphasi?;ed here that only one coefficient can be accessed at every clock
cyéie.via the W-port and an appropriate address to select the coefficient.

An obvious bottleneck exists here, but it is not likely to be overcome soon because
the number of pins on an integrated circuit is the limiting factor. It is physically not
possible to provide a separate port for every coefficient, especially when this number

is high (and the trend is towards more and more elements on a single chip).
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The above-mentioned programmable filter poses no problems for non-adaptive
applications. But when useﬁ far adaptive filtering, it can create significant loss in
convergence speed,

The “ideal” ‘in that case \w;rould be to incorporate both the transversal and the
adapt;ive parts into a single chip, as in Fig.3.2 and provide input/output pins for z,
y, d (desired output), e (error signal) and w for eventually initializing the coefficients
to certain values. The problem now is that the device becomes too specialized and
with quite narrow application. The author is not aware of any commercially availaBle

device of that kind. Some experimental custom-designed chips exist [6, 7|.

——¥ Adaptive filter

Fig.3.2 Single-chip fully adaptive filter

The seriousness of the sequential coefficient access problem is clear from the
above discussion. Since there is no evidence that the problem will be solved soon
and the use of VLSI circuits is growing very rapidly, it is imi)ortant to investigate
new (or modified) adaptive algorithms suitable for this kind of application. In the
following sections of chapter three the LMS algorithm will be the object of such an

investigation.
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3.2 Sequential Coefficient Access LMS Algorithms

i

The most straightforward way of modifying the LMS algorithm into a serial
version is by performing the update operation only once every L+1 sampling periods.

Then in the basic equation for weight vector recursion
Wipr = Wi + 2ue Xy (3.1)

the index k stands again for the iteration number, but there are L sampling periods

between two iterations. A more relevant notation can be introduced and the update
. L. .
equation can be written' as: ) A

Wik+1 = Wik — 2ue(k(L + 1)) z(k(L + 1) —9) (3.2)
for :1=0,.,L

Note that here w and z are not vectors but single values. The subscript ¢ stands
for C(-Jefﬁcient number (or positien in the transversal structure) and k is the iteration
index. The values of e and z cofre's":pond to a specified sampling interval. It is seen that
e is not a function of the coefficient number 7, which means that it remains constant
between two iterations. Equation (3.2) suggests the following way of performing the
adaptation process:

1. At iteration moment & all new values of the filter coefficients are computed

at the same time, according to equation (3.2).
| 2. Between iterations k and k + 1 one filter coefficient at a time is replaced by

its new value at every sampling period.

3. Between iterations £ and £+ 1 no intermediate modification of the computed

coefficient values is done, |
4. The transversal part of the filter generates an output every sampling interval.
Here it is important to clarify the use of the term update in the present discussion.

To update the coefficient vector means to compute the new set of coefficients in the
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adaptiye part of the system. It does not mean at this point that the transversal part
. automatically accepts the new coefficients, as is the case with the conventional LMS

algorithm._ The newly computed coefficients must replace the old values. This is a
- separate operation, which is done independently, as described before.,

Since the coefficients are changed once every L-+1 sampling intervals, then the
speed of co‘nvergence is on the order of L+1 times slower than the standard LMS
algorithm. The only positive effect is that the delay between consecutive iterations

~decreases the correlation between two input vectoss, so the algorithm will perform in
accordance with the Independence Theory [14].

‘Fig.3.3 shows a possible implémentatioh of this algorithm. The need for L+1
multiplier-accumulators, working in parallel, is obvious. The adaptive part is clocked
by a signal with L+1 times lower frequency. This particular modilﬁcationewill be
referred to as cas;e No.1.

The a.rchitecf.ure proposed in Fig.3.3 is Lighly inefficient, since it makes use of
all those multipliers only, durin{; a smail portion of the operating time. However, the
same architecture can be used to perform in a much better way simply by allowing
the*coefﬁcients to be consta..ntly updated {computed) between two iterations. Thus
a new set of coefficients is computed every sampling interval, as in the conventional
LMS algorithm, but then those values are inserted into the transversal filter one
by one. The update equation is exactly like (3.1) and k is the sampling interval.
The difference is that the value of the error signal ey is not exactly the same as in
(3.1), because the output signal yj results from convolution with a weight vector
different from the computed one (from one sampling period to the other only one
coefficient is changed). The decrease in error values will tend to be slower than in the
conventional LMS algorithm but on the other hand this will result in bigger steps in
the coefficient updates, which in turn will drive the filter towards convergence more
rapidly. As a result of these two opposite processes, the modified algorithm performs

virtually as éfﬁciently as the conventional LMS algorithm. This modification will be
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called parallel Toefficient computation with intermediate update and will be denoted

as case No.2.

In equation (3.1) the error ex can be replaced by its full expression, and taking

the expected values from both sides gives:
E[Wyia] = E[Wy| + E[2u(di — XT W) Xy] | (3.3)

Here a prime is used to denote the coefficient vector that is loa‘ded in the transversal '
part to produce the actual output, in contrast with the unprimed values, which are

stored in the adaptive part. Knowing that E[XyxXF] = R and E[deXy| = P (3.3)

becomes?:

E[Wyy1] = (1= 2uE[WL|E[W_|R)E[Wy] + 2uP (3.4)

T}?is expression differs from the similar one for the “true” LMS algorithm only in
the presence of the term E[W{]|E[W_!| which in"general must be different from
the identity matrix I. The effect of this term on the convergence speed is difficult to
assess. But for relatively small filter lengths W/ .z Wy, E[WL]E[W;l) =~ I and the
term can be neglected. Simulation results which will be given later seem to confirm
thi§ assumption.

Both architectures proppéed so far in this section are quite controversial. First
they use an integrated single-chip FIR filter in order to reduce the hardware com-
plexity. Then it turns out that a separate delay line and L+1 multi?lier-a.ccurnulators
are necessary for the adaptive part, which increases the complexity. For that reason
an alternative approach is more suitable. Only one multiplier and one adder can be
used i:o compute all coefficient updates. Such a realization is possible if only one
coefficient is updated every sampling interval. This _approax:h is suggested in [30,31].
A simplified‘ block diagram is shown in Fig.3.4. The sample/hold device is clocked at

every L+1 sampling intervals to allow a new value of e to be used. The memory unit

t A detailed proof is given in appendix A
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plays the role of an accumulator, i.e. it is use'd'to‘ store previous coefficient values
and can b; implemented by a simple;Barre‘l shifter. The delay unit 2= can also be
implemented using a shifter (FIFO). |

Note tl;at the coefficients are updated backwards, i.e. starting from coefficient -
wy, to éocfﬁcient wg. The update equation is the same as for case No.l but the
computation is not done in parallel and the index 1 goes from L to 0. The performance
is still the same as in case 4No.1. |

A sflight modification of this latest version is possible which consists in not keeping
ille value of e constant between two iterations. Instead, a different value of e is used

for every coefficient update and there is no need for a sample/hold device. Equation

V)

{3.2) then becomes:

w;-.k,-.l = wi  + 2pe(k(L + 1) + L- t)z(k(l +1) — L +1) (3.5_)

unﬁ & means iteration number.

This modification is expected not to affect seriously the performance of the latest
version. It is probably even d_esirable,' because in that way the afgorithm uses more
statistical information and will eventually find the way to the optimum solution with
fewer ﬂuctuations.. This latest modiﬁedversion will be referred to as case No.3.

The slight modification describ\ed. above can prevent start-up problems that are
possible with the algorithm proposed in [30]. Suppose that initially all coefficients
are set tlo“zero, which is common pra:‘:tice.. Suppose also that the desired signal is a°
sinc wave with period that fits an exact integer number of ti into the filter iéngth.
If the value of the error signal }}gﬁpens to be taken at a m&'ﬂ‘{h;ﬁhe desired
sfgpal crosses zero, then the update correction will 'bzé'zerb,' ie., ekl = yk - dk"'-'—-'l 0
and 2uer Xy - 0. Thus all coefficients will ‘re'_ma.in unchanged, since e; is kept the

same for all updates. At the next iteration the algorithm will hit again at the same

-
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poini of the sine wave with the same result. Théoretical]y this can continue forever
and no>convergence is possible. On the other hand, if the error signal e, used in the
update equation, is allowed to change'at every sampling interval, such a p;'oblem will
not occur. |
But another problem is present — some of the cqgfﬁcients will be updated in a
completely random manner. When the input sinusoid ;nd the “desired” sinusoid are
ne;lr zero at the'same moment, the err;)r signal contains only a noise component. In
this case slight error filtering, as described in chapter II, can ilclp. The filtered error
prbvides informatiq_n about past values of the error signal which coﬁtain a determin-
isti;: component.- Although much more slowly than normally all filter cocfficients will
converge to the optimum splution. :
The kinds of situations described above have been observed during computer
-
simulations. They are very unlikely to happen in real physical applications but are
theoretically possible and should be considered seriously. Moreover, the proposed
modifications do not require any sxgmﬁcant design effort — just the opposnte they
are simpler and avoid the use of a frequency divider and sample/hold device, and the

error filtering element is very simple to implerent.

2w
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3.3 Simulation Results

In order t& support the results discussed in this chapter, software simulations
have been carried out similag.to those in chapter two. The input and the desired
signals are generated in the same way. The filter length is 16 taps and the rest of the
simulation conditions, like input SNR, sampling frequéncy etc., can be seen on the
figures. 7 |
) In Fig.3.5 are shown learning curves for case;_s No. 1, 2 and 3. It is clear that case
No.2 has much better convergence p;'operties than the other two. The performance ‘
of case No.1 and case No.3 is virtually the same in terms of convergencé speea but
for case No.3 the behavior of the mean-square error is less erratic, as was suggested
in the previous section.

In Fig.3.6 are shown the mean valﬁes of one of the filter coefficients (ws)‘in time
for the three cases. The staircase form reﬂécts the fact that the coefficient is replaced
by a new value every -L-%-l samples (i.e. 16 samples). Case No.;demonstrates slightly
faster convergence compared to case No.l.

In Fig.3.7 a comparison is done between the learning curves of the conventional
LMS algorithm with parallel coefficient access and case No.2 with parallel update but
Fequential coefficient access. Both algorithms give practically the same results. But

the price to pay for that was shown to be costly in hardware.
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3.4 Digital Precision Considerations

In all discussions so fa:r there was no concern about the precision with which
computations were carried out. It was assumed that infinite precision was available.
Now it Is time to address this important question because, as will be seen, éigniﬁca,nt‘:
differences may result when working with limited precision, especially with fixed-point
arithmetic. |

The theory of quantization error analy:%is in non-adaptive systems is well d:avel—
oped and relatively easy to understand and apply [24]. The errors due to finite word
length are interpreted as additive white noise with uniform distribution and variance
0% = 2-2B /12 (assuming rounding), where B is the number of significant bits in the
signal r\%entation. In adaptive systems, however, ther%ilite word length affects
the system ﬁerformance in a more complicated way and can be more damaging.

As was shown in chapter 1 (1.23), the misadjustment after convergence depends

(except for external conditions) on the value of the adaptation constant p and the

filter length (L + 1) :

M = pémin(L + 1){signal power) (3.6)

‘Thus one of the design parameters that can control the misadjustment is the step
size u. In fixed-point implementations a very small value of x can actually degrade
performance. This happens because the correction term 2uertr i, (1=0,..,L) can
become smaller than the value of the least significant bit in some or in all filter coef-
ficients. Then the corresponding coefficients are not updated, the adaptation process
stops before it is completed and the output mean-square error remains much higher
than the minimum possible. It may t-um out that additional tap weight precision is
necessary in order to achieve the desired level of misadjustment. This higher precision

was not necessary from the point of view of quantization errors."
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For the discussion of the présent topic results will be used from the work of
Caraiscos and Liu {10] and Gitlin and Weinstein [11]. A simplified diagram of an
adaptive system, using fixed-point arithmetic, is shown in Fig.3.8 . The primes
denote quantized values. The desired signal d). is scaled by multiplying by a constant

b. This is often just a right shift, and b = 1/2 in most of the cases.

—— FIR

w
[

— Adaptive algorithm

Fig.3.8 Adaptive system with finite precision arithmetic

It is assumed that the input signals are properly scaled and that their values lie
between -1 and +1 . The data values are represented by By bits plus sign, and each
filter coefficient by B,, bits plus sign. It is assumed also that no overflow occurs.

The condition for the i-th element of the weight vector to continue being updated

2l 2 2 (3.7
This condition can be approximated with sufficient confidence {11] by replacing the

magnitudes by 1/2 times their RMS (Root Mean Square) values and also assuming
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the RMS values of all components z}, ; to be equal. Then:

w/A\ BB Bl 7] > 2Bt (a9

and also E[e}*] = ¢ = MSE and E[a:jcz] is the input signal power. For inequality
(3.8) to be kept & must increase when & becomes too small.

Caraiscos and Liu [10] have found a simplified expression fot t:he optimum value
of u tha;: minimizes the mean-square error, provided that the algorithm has converged
and for the case B, = By = B. Adapted to our notation it is: ‘

278 ] (L+1)
T T\ 3Emmtr R

(3.9)

This is the value of 4 for which the error due to nﬂsa&jus_tment is equal to the roundoff
error. However, they prove that 1.:his value is too small to ‘allow the algorithm to
converge completely. In practice one should work with values of u bigger than u*
and (3.9) turns into an inequality. It can be simplified a bit more. As was mentioned
before, b is usually 0.5. Also tr[R] = (L+1)(signal power) and the input signal power
can be assumed to be 0.5, which is the power of a sine wave with unit amplitude.

Thus for the adaptation constant x we obtain:

2
3Emin

pw>2"98 (3.10)

Remark: In thew {min can become zero and g — oo, which obviously does
not make sense. But in practice the output error power cannot get smaller than the

roundoff error power, which is:

2 o 2-—2.Bu, 2—254
e?=(L+1)o +0%=(L+1) TR (3.11)

Expression (3.10) is a simple formula for fast initial design of a fixed-point system.
When some a priori information is available (e.g. channel characteristics, initial input

statistics etc.) €min can always be computed from (1.13).
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It must be stressed here that (3.10) provides the lower bound for u in the steady
" state. During initial adaptatioh ,u. can be given larger values for fast start-up. It is
well known [11] that the fastest initial adaptation is achieved with it =0.5maz and
Hmaz is the maximum permissible value, given by (1.19).

Once ‘a...va,lue of p is chosen, the steady state mean-square error can be de-
termined. When the same word length is used for both data and coefficients, i.e.

By = B,, = B and p is not verj,; large, the following expression is obtained:

B! (L+1)o2 1, oo . )
oo = Emin + Ei’f"fm:‘n”[R] + Wp—w + Ei(w W+ L+1)og . (3.12)
where 03 = 02, = 222, : .

3.5 Concluding Remarks

The main objective of this chaptenwas to address the issue of sequential coeffi-
clent access in the LMS algorithm. It was shown that even in the case of sequential
coefficient access virtually the same perfbrma.nce.as with the conventional LMS al-
gorithm could be achieved but with significant hardware complexity. A sim.p[e mod-
ification using a sequential update was proposed which is shown in Fig.3.4. This

particular architecture is the most efficient and is recommended for high-speed VLSI

applications.
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CHAPTER IV
HARDWARE IMPLEMENTATION OF A HIGH-SPEED
ADAPTIVE FIR DIGITAL FILTER

4.1 The TRW TDC1028 Chip

In this chapter a hardware architecture for a high-speed adaptive FIR diéital
filter is eﬁcamined. The main building blocks are the TDC1028 integrated circuits,
manufactured by TRW Inc. |

In IMig.4.1 the functional block diagram of a TDC1028 chip ié shown. In a 48-pin
package it incorporates an 8-tap FIR programmable filter. The word length of the
input signal-is foﬁ bits and the coefficient word length is also four bits. The filter
can operate with either two’s complement or unsigned magnituae values for'b_:oth the
input data and the coefficients, together or separately. The maximum clock speed is
10 MHz. Every clock cycle one coefficient can be replaced by a new value via a 4-bit
coefficient port and 3-bit address. For more details the interested reader can refer to
(32].

In the TDC1028 chip an alternative to the canonical FIR architecture is used
in order to permit pipelining and expa.nsic;n of the filter length. The equivalent
architecture is shown in Fig.4.2 . | |

In Fig:4.1 are shown the input and output provided for pipelining. The output
of a given chip, denoted SUM OUT, can be co&imected to the input SUM IN of the
next chip, thus prov1d1ng a transfer of the partial sum from section to section. The
ports DATA OUT and DATA IN can be connected in the same way.

TDC1028 can also work in bit-slice parallel mode, giving the possibility for in-

- créased resolution in the coefficient and the input data, separately or together.
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Fig.4.1 Functional block diagram of TDC1028 chip .
(Reprinted from VLS} Data Book, TRW Inc., 1986)

4.2 Filter Architecture

The objective of this section is to suggest an efficient hardware 1‘cture for a
16-tap 8-bit word length adaptive digital fiiter, based on TDC1028.

The configuration of the transversal part is suggested by the manufacturer and
is shown in Fig.4.3. Both data and coefficients are represented with 8-bit precision (7
plus 1 sign). Word length expansion is done in multiples of four. A separate section
is needed for every possible combination of 4-bit groups from the coefficient and data
words. More specifically, since both words contain two 4-bit groups, four possible
combinations exist, as illustrated in Fig.4.4. The numbers in each square indicate the
weight of eaéh product.

In order to expand the filter length to 16 taps, it is ;necasary to connect an-
other four sections in vseries with the previous four. This brings the total number of
TDC1028 chips to eight. Also additional haraware components are needed for the
scaling and the summation. ’

Basically two solutions come to mind for the implementation of the adaptive
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CTigdl Enuu. alent pipelined FIR architecture

P

pa\ﬂ@lhc -ﬂ,:stun 1‘.L ﬁrst one is to use a mlcroprocessor and the 5econd one

is to use dedicated hardware. The choice of the hrst solution will r&;ult in a very

big lom in adaptation speed. The 'microproces.sor must execute many 'mstructions

“for cvery coefficient update, including memory ‘fctch and store, fnultiplica.t;ions and

additions. Thus many clock cycles are necessary to update only one coefficient. Even

fast signal processors, like the TMS320 series, cannot successfully cope with the

problem. In order to éxploit the full capacities of the FIR part, a dédicated hardware -

implcmcnlat:ion of the adaptive pa#t is needed. Moreover, it is even. a simpler solution
in terms of hardware components ‘and programming. . The only a.dva.ntage of the
xmcropmccssor-bascd realizatjon is the possibility of modlfymg the adaptive a]gorlthm

without hardware modifications by supplying a new program for the rmcroprocessor

But our choice is still the dedicated ha.rdware implementation of the adaptive part.

v
L

Tﬁc basic ldea for a complete adapuve system comes from Fig.3.4 in chapter

u- 7

three. !': our caSe howpver advantage can be taken from the fact that the filter
sectiuns are 8—taps long, thus giving access to two coefﬁc:ents at a time every clock

cycle A l'unctlona.l d:a%ra.m of the pmposed system is given in Flg 4.5 .
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The delay elements z~7 and the storage units (shifters) can be implemented using

TDCIOll variable-length shift registers by TRW Inc., whlch provide progra.mmqble

v lengths between 3 and 18 stages with byte-wide words. The storage units require 8
words of memory space. Every 8 clock cycles the same coefficient comes out of the
register, takes part in the update process, gets modified and stored back as last in
the queue and at the s-a.me time its value isMinto the FIR pzirt.

The error filtering element can be implemented by a shift right operation and
an adder (subtracter). The shifter should be strapped for sign extension in the case
of the two's complement mode of operation.

Another shifter can be used for th(.! multiplication by 2u. The value of 4 depends .
on the p'a.rticular application, but for pur;;ose of example let find one reasonable value.
Suppose that the output: noise level after convergence is -10 dé, which is a normal

" value for 8-bit brecisionf If/{he 0dB powéf is 0.5 (sine wave with amplitude one), then
Eoutoo = 0.05. 'Substituti':qg that value for &mnin and B =7 in (3.10) gives x> 0.0028
and 2u > 0.057. It is convenient then to ch rose 2u = 0.0625, which corresponds to

right shift by four positions (division by 16j_.

As a result the whole system uses only
two additional 8 by 8 bit muitipliers. H er, for greater flexibility and precision a
tr;e\ multiplier can be used for the multiplication by 2pu. |

Care must be taken to inslure the initialization to zero of all filter. coefRicients in -
the FIIi part and all values in the storage units during initial start-up. Otherwise .
probleras may arise that will lead t3 non:gnvergénce.

The nature of*the signals = and di depends on the particular application, as
mf;ntioned in cha.ptef one and will not be discussed here. The proper synchronization
between the components,of the system and many more ‘Pardware details are subject

/to actual implemén'tation details. For that reason they will not be addressed in this
texi. | .

The transversal part of the adaptive system was built at the Department of

Electric-él Engineering, University of Ottawa. The author has téstgd it and the results -

-T2 - .
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showed proper perforﬁmnce'. Work remains to be done on the a.daptive. part of the
system.

The potential applications of the adaptive filter are in the field of noise cancelling,
spectrum estimation, linear prediction, etc. for frequencies up to 5 MHz. It can be
used in video systems, radar and sonar signal processors, digital communications

systems and many other applications.
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Fig.4.3 Architecture for 16-tap 8-bit word length FIR digital ﬁ.llcr using TDC1028
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CONCLUSION

The main results from the work done in this thesis are found in the last three

chapters.

, The first result that deserves attention consists in the attempt to clarify the
effect of error signal filtering on the performance of the LMS algorithm. A good
insight is achieved into'the problem. The modified LMS algorithm, called FLMS
alg'o'rithrn, is shown to be'very simple to impleinent. It requires almost ho addi‘pional
computations. On the other hand, improvement over the LMS algorithm can+ bc
achieved only in certain cases and usually additional afpriori information is nceded.
Also the factor of improvement is moderate. Future research can be oriented towards
more sophisticated ways of processing the error signal. More work can be done also
to find a better explanation of the misadjustment problem.

Another important result is the proposed modified LMS algorithm suitable for
VLSI applications. It is proved that they are efficient and easy to implement. More
work can be done in this airection too.

- The field of applications of adaptive algorithms is very large and all indications

are present that it will continue to grow.
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] _ APPENDIX A

Derivation of Equation 3.4
The weight vector recursion for the LMS algorithm is given by:
Wy = Wk + 2per Xy E (A.l)

Let us substitute ex by its full expression and take the expected value from both

sides:

E(Wyi,] = E[Wy] + E[2uXyk(dx — XTWL)]

= E[Wy| + 2uE[Xydi] — 20 EX  XT W] (4.2)

But we know that E[XxXJ] = R and E(Xydx] = P. Also, because the input vector
X} is assumed to be independent of the coefficient vector Wy for all k, the expected

value of the product XRXEWL can be separated into a product of two expected

values, i.e.:
EXXTW| = B[XuXT|E{W}) (4:3)
Thus eqn. {A.2) becomes: |

- E[Wysa] = E[Wi] + 24P — 2uR E[Wy] (A.4)

Now by multiplying the last term in egn. (A.4) from the right by E[WL|EIW 1]

(which will not change the equality) and combining some terms we obtain:
E[Wyt1] = (I - 2uB[ W} B[WL ) E[Wy| + 2P (45)

This result is the same as eqn. (3.4).

3
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