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Abstract

In this thesis, some basic concents and theorems are studied, leading to the cascade
algorithm which is the most usual approximating method used in the construction
of wavelets. By considering the symmetry property of scalar wavelets, Lawton's
complex-valued scalar wavelets are studied and some recent results are implemented
in the theery of complex-valued scalar wavelets. Another important part of this thesis
is the study of multiwavelets. Some comparisons are made among real-valued scalar
wavelete, complex-valued scalar wavelets and real-valued multiwavelets, A special

contribution is the figures of different kinds of wavelets and some numerical results.
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Chapter 1

Introduction

Wavelets are mathematical functions that cut up data into different time and fre-
quency components, and then studies each component with a resolution matched to
its scale. They are a relatively recent development in applied mathematics. In the
last twenty to thirty years, wavelets were developed independently in the fields of
pure mathematics, engeneering and physics. Exchanges among these fields have led
to many exciting applications.

The main branch of mathematics leading to wavelets began with Joseph Fourier
with his Fourier synthesis. He observed that any “smooth” 2m-periodic function f(z)
is the sum o

ap + Z(ak cos kx + by, sin kz)
k=1
of its Fourier series. Dirichlet’s theorem states that if f is continuous and piecewise
differentiable, then the Fourier series converges pointwise. The coeflicients ag, a; and
by are calculated by the formulas

1 27
a = — f(z)dz,
2T 0
1 2
ap = = f{z) coskz dz,
T Jo
1 27

by = = f(z)sinkzdz.
T Jo

Problems arise from the difficulty of relating time and frequency properties of a func-
tion to those of its Fourier coefficients. An example that shows such difficulty was



given by J.-P. Kahane, Y. Natznelson and K. de Lecuw [19]. They showed that, to
get a continuous function g(x) from an arbitrary squarc-summable function f(x). it
is sufficient to increase, or leave unchanged, the moduli of the Fourier coefficients
of f(z) and to adjust their phases judiciously. Thus, it is impossible to predict the
properties (support length, regularity) of a function solely from the knowledge of the
order of magnitude of its Fourier coefficients. Indeed, even if we know the Fourier
coefficients explicitly, it is still difficult to predict these properties and many problems
are still open.

At the begining of the 80's, many scientists used “wavelets” as an alternative
to traditional Fourier Analysis. This alternative gave hopes for simpler numerical
analysis and more robust synthesis of certain transitory phenomena.

The first mention of wavelets appeared in an appendix to the thesis of A. Haar in
1909 [17], where wavelet functions are defined as:

2-32  2i(k .- 1) <z < 29k —1/2),
hig(z) =< ~273/2  2(k—-1/2) < = < 2k,
0 otherwise.

The Haar wavelets are compactly supported but their discontinuity somewhat limits
their applications.

The theory of wavelets has been recently developed by A. Grossman and J. Morlet
[16], Y. Meyer (32], S. Mallat [29], I. Daubechies [11] and others. A major achieve-
ment is due to the multiresolution analysis concept, introduced in 1986 by Y. Mayer
and S. Mallat. Multiresolution analysis provides a natural framework for better un-
derstanding and designing wavelets. In 1987, I. Daubechies constructed for the first
time a set of orthonormal and compactly supported wavelet basis functions which are
perhaps the most elegant, and have become the cornerstone of wavelet applications
today.

Wavelets are functions that satisfy certain mathematical requirements and are
used in representing data or other functions. They are generated by translations and
dilations of one basic function.

A one dimensional (1-D) orthonormal wavelet basis for L?(R) is a family of func-
tions obtained by dilating and translating a “mother wavelet” 3 € L*(R) :

Dix(z) = 27929279z — k), zeR, j,keZ,

2



satisfying -
/ ¥(t) dt =0,
J—o0

ancl

/ ?_j‘)jlk(m)’l,'Jg‘k(I) dr = 5j_1.

So any f in L*(R) can be written as

flz) = z Z < fijk > Yiu(z)
JEL keZ
where equality holds in the L-sense, and the coefficients are given by the scalar
product

< [ty >= f " )T do.

In wavelet analysis, the scale that one uses to look at data plays a special role.
Wavelet algorithms process data at different scales or resolutions. In multiresolution
analysis, scaling functions are defined by

oik(z) =272¢(277z — k), =z eR, jkeZ,

with ¢ € L*(R). The functions ¢g,(z) = é(z — n),n € Z, constitute an orthonormal
basis for a closed subspace V4.

In contrast to single wavelet bases, multiwavelets correspond to many scaling
functions. It is known that the oldest example of a function 1 for which the Yik
defined by (1.1) constitute an orthonormal basis for L?(R) is the Haar function,

1 0<z<y,
Yr)=4{ -1 <<l
0  otherwise.

Alpert generalized the Haar system to one-dimensional non-regular multiwavelets
in L*(R) by producing an example of such multiwavelets. Using fractal interpola-
tion, Geronimo, Hardin and Massopust [15] constructed a two-scaling function with
short support and symmetry, and Donavan, Geronimo, Hardin and Massopust [14]
constructed a corresponding two-wavelet also with short support and antisymmetry.
Using matrix method in the time domain, Strang and Strela [36] constructed the D-
G-H-M multiwavelet, and, in [37], they constructed a nonsymmetric pair. All these
cases are in L2(R).



Because of the good localization ia both the spatial and frequency domains.
wavelets have found many applications in different fields, ranging from pure and
applied mathematics, to physics and engineering.

In mathematics, wavelets are usad to characterize some functional spaces, such
as LP(R") for 0 < p < oo, Holder and Hardy spaces, ete. Applications of wavelet
decompositions in numerical analysis, e.g., for solving partial differential equations,
seem very promissing because of the “zooming” property which allows a very pood
representation of discontinuities, unlike the Fourier transform.

In physics, wavelets correspond to coherent states. In engineering, the exciting
application of wavelets lies in signal analysis, such as sound synthesis and denoising
images, etc..

It is well known that it is not possible for single wavelets with real-valued cocf-
ficients to have orthogonality, symmetry and compact support simultaneously, but
this is possible for complex-valued wavelets and multiwavelets. Morcover, it is not
very clear what is the difference between multiwavelets and complex-valued wavelets
in their regularity, symmetry and support length. Due to the complication of con-
struction of higher-dimensional wavelets, we are essentially concerned with the 1-D
wavelets. In the following chapters, we shall study and make some comparison be-
tween complex-valued single wavelets and real-valued multiwavelets.

We should mention that this thesis is essentially based on published and submitted
literature. Every chapter begins with a brief introduction in which we refer to the
problem to be studied.

The work is organized as follows. In Chapter 2, we study and provide some design
techniques for the construction of 1-D complex-valued orthonormal scalar wavelet
bases with compact support and real-valued biorthogonal multiwavelet bases. Chap-
ter 3 deals with complex-valued scalar wavelets. Chapter 4 describes multiwavelets.
Chapter 5 contains numerical results and figures. Chapter 6 is the conclusion.



Chapter 2

Design of Wavelet Bases

The construction of Mayer’s wavelets can be viewed as the first construction of smooth
orthonormal wavelet bases. However, the advent of the concept of multiresolution
analysis provides a natural framework for better designing wavelets. But to construct
orthonormal wavelet bases with compact support, one may start from the filter or
mask mg rather than from the scaling functions ¢ or vector spaces V; of a multires-
olution analysis. In general, orthonormal wavelets cannot be written in closed form,
but their graphs can be computed with arbitrarily high precision, via an algorithm
which is called “cascade algorithm”.

Except for the Haar bases, all the orthonormal wavelet bases with real coefficients
cannot have symmetry and compact support simultaneously. Biorthogonal wavelet
bases can overcome this shortcoming. In (3], it is shown that it is possible to construct
symmetric biorthogonal wavelet bases with arbitrarily high preassigned regularity.

In this chapter, we study the necessary and sufficient condition of the existence of
orthonormal wavelet bases and biorthogonal wavelet bases, and provide some tech-
niques for designing them.

2.1 Multiresolution analysis

Wavelets have been introduced by A. Grossman and J. Morlet [16] as functions whose
translations and dilations can be used for expansions in L2(R). The construction of
a smooth wavelet basis is generally related tc a multiresolution analysis.



Definition 2.1 A multiresolution enalysis, MRA, consists of a decreasing sequence
of closed linear subspaces of L*(R) satisfying

N N ol Sl U ol Y ol G i (2.1)
with
Vv =L3(®), (2.2)
jez
(V= {0} (2.3)
JE€Z
and
feV,e f(¥)eV,, VjielZ, (2.4)
feWw= f(--k) e, VkeZ, {2.5)
3 ¢ € Vy such that ¢y,(z) = ¢(z — n) is an orthonormal basis of V4. (2.6)

Together, (2.4), (2.5) and (2.6) imply that, for any j € Z,
{6ixlx) = 27p(279z — k); k € Z)

is an orthonormal basis for V}.

The basic tenet of a multiresolution analysis is that there always exists an or-
thonormal wavelet basis {t;x};xez of L*(R) whenever a set of closed subspaces sat-
isfies (2.1)- (2.6), where v;x(z) = 279/29(2 7z — k).

For each j € Z, define W; to be the orthogonal complement of V; in V;_,, i.c,,
Vioi = V; @ Wj; then W;LW;, if 5 # j'. We now have

LY(R) = D W;
JEZ
and
feW; e f(21) € Wy, (2.7)

Our objective is thus to find 1) € Wy such that {y(-~k)}«ez constitute an orthonormal
basis for Wy.



Since Vy C V_, there exists a sequence of complex numbers {h,.,}nEZ such that
$(x) =Y hub_ia(z) = V2 Y ha(22 - n) (2.8)
H n
with
+oc -
=< 0.6o1,>=VE [ 4()3E - ds (2.9)
-0

The Fourier transform of {2.8) is

-~

B(€) = % Z ho € €26(812) 1= mo(£/2)(£/2). (2.10)

From this definition of mg (&), we can see that my is a 2z-periodic function in L?([0, 27]).
A necessary condition to obtain a continuous scaling function ¢ € L%(R) is

Imo(E) + Imo(€+m)2=1  ae. (2.11}
and
mp(0) = 1. ' (2.12)
It is proved in [11], pp. 131-135, that if we define a basic wavelet function 1 as

Y= (~1)"h 1 Y1,

¥(z) = V2 ) (- R ¥(2z — n), (2.13)

then {%pn}nez constitute an orthonormal basis of W,. Thus, we see from formula
(2.7) that for any j € Z, {¥;}nez is an orthonormal basis for W;. Consequently, the
collection of {4;2};nez constitute an orthonormal basis for L(R).

The functions @;x(z), ¥;x(z) and my(£) have special names as in the following
definition.

Definition 2.2 For a given multiresolution analysis, MRA,



1. the functions ¢;x, j.hk € Z, are called scaling functions generated from the
(father) scaling function é(x)

2. the functions Wy, ik € Z. are called wavelets generated from the mother
wavelet ().

3. mp(€) = ﬁ Znez hne™" is the frequency response of the filter associated with
the multiresolution analysis MRA.

Remark 2.1 In the previous discussion, we proved that we can derive an orthonor-
mal wavelet basis from any multiresolution analysis. However, it is not true that any

wavelel is related to a multiresolution analysis. The following counterexample is due
to Y. Meyer [39)]:

Jwy={ ! VFSwlsorar <ul < dm+ ¥,
0 otherwise.

The translates and dilates
2722 iz — k) kjeZ

of ¥ constitute an orthonormal basis of L*(R). Suppose the vector space Vy is gener-
ated by

Vy = span {w;, = 2712p(27I7 — k), k€Z, —0 < j< J},

We can verify that the sequence of vector spaces (V1) jez does not satisfy condition
(2.4).

Similar to the orthonormal wavelet case, the theory of biorthogonal wavelets is also
based on the idea of a biorthogonal multiresolution analysis, which is a double mul-
tiresolution analysis. The difference is that biorthogonal wavelets have biorthogonal
scaling functions.

Definition 2.3 A biorthogonal multiresolution analysis, BMRA, consists of two sin-
gle multiresolution analysis ladders:

{0} =»...VacVicWCV,CV,C... = LYR), (2.14)



(0= . hchclhcll, cV,c... = LYR), (2.13)

wilh

Vo = span{gyy; k € Z}, 1y = span{an'k; keZ}, (2.16}

where ¢y and aglk, for k € L, are so-called scaling functions.
In addition, the two multiresolutions are related to each other by the biorthogonal

condilions:
V, LW, VLW, (2.17)

where W, and I-'I;j are the (non-orthonormal) complements of V, and 173 i Vi and

Vi_1, respectively.
Like the situation in the orthoniormal wavelet case, for fixed JEZ,

W; = span {U‘i-k}kez W; = span {T’ij*}keZ‘

The biorthogonal wavelets with dilation factor 2, ¥;.(z) and J;j_k(z:), derived from two

mother wavelets, 1)(z) and 1:5(:1:) ,respectively, are a pair of families of dual wavelets
defined as

Yin(z) = 2729277 — k), du(z) = 272270z — k). (2.18)
Therefore, any f in L?(R) can be expanded into the series

F=Y" < fitix > b

Jk

= Z < foin > b

Jk

(2.19)

Once we have the basic idea of construction of wavelet and biorthogonal wavelet
bases, the stimulating questions then arise: what is the necessary and sufficient con-
dition for the existence of orthonormal wavelet and biorthogonal wavelets bases, and
how to construct them? Some answers, given in [11] and {3], are briefly summarized
in the following sections,



2.2 Compactly supported orthonormal wavelet bases

From the basic idea of multiresolution analysis for constructing orthonormal wavelot
bases, we can see that the casiest way to ensure compact support for the wavelet ¢
is to choose a compactly supported scaling function ¢.

By (2.9), for compactly supported @, only finitely many &, are nonzero, and the
27-periodic function my,

1 _
m(€) = —= Y h,e™™, (2.20)
v
is a trigonometric polynomial. The orthonormality of ¢, gives
mo(&)|* + Imo(€ + 7)* = 1. (2.21)

In constructing wavelet bases, we are also interested in making ¢ and % reasonably
regular. To do so, we have the following theorem.

Theorem 2.1 Assume that v constitute an orthonormal basis of wavelets associ-
ated with a multiresolution analysis. If

[$(@)] < CQA+I2)™™ 1, (z)| < O+ o)™,
and ¢ € C™ with ¥\ bounded for | < m, then my, defined by (2.9) and (2.10),

factorizes as

1 + eif s T+l

2

L(£), (2.

[aW]
[
b2
—

mo(€) = (
where L 15 2w-periodic and £ € C™.

PROOQF. The proof proceeds by induction on {. It uses a Taylor expansion and
the facts that the dyadic rationals 277k, (j,k € Z) are dense in R and the Fourier
transform of ' f(z) is #*9(€). For the detail, see [11], pp. 155-156. O

The existence of mp of the form in (2.22) is discussed in the following two propo-
sitions.

10



Proposition 2.1 A trigonometric polynomial mg of the form

ol = (3 'ﬁ,"_“)h £) (2.23)
satisfies (2.21) if and only if L{€) = |L(€)|* can be written as
L(g) = P(sin*(§/2)),
with
P(y) = Py(y) +v" R (% ~ y) : (2.24)
where

N=1
N-=1+k '
PN(U)=Z( k-r )yk (2.2¢

k=0

g

(S}

oW
—

and R is an odd polynomial, chosen such that P(y) 2 0 for y € [0,1].
PROQF. If we let

Mo(g) = |mu(f)|2
= (cos*&/2)NL(¢)
= (cos®£/2)" P(sin®¢£/2),

the proof of the proposition follows from Bezout's theorem applied to
A-y)"Ply)+y " P(l-y) =1

For the detail, see [11], pp. 168-171. O
The following proposition due to Riesz is used in the spectral factorization of L{£).

Proposition 2.2 (Riesz Lemma) Let A be a positive trigonometric polynomial in-
variant under the substitution £ — —£; hence A is necessarily of the form

A
A(E) = Z @, cos(mé), with a,, € R.

m=0

Then there exist a trigonometric polynomial B of order M, i.e.,

A
B(&) =) bme™,  withby €R,

m=0

such that |B(E)|* = A(&).

11



PROOF. The proof giver: in {11}, pp. 172173, is constructive and can be found below
in Section 2.4. 0O

Although the above propositions ensure the existence of mg. not every such my
leads te an orthonormal wavelet basis. We need additional conditions.

For this purpose, we define some terms to be used later.

Definition 2.4 4 family of functions {0,},e0 i a Hilbert space H s called a Jrame
if there ezist constants 4 > 0. B < 0o such that. for all fin H,

AlAIF <D 1< f.6, > [* < BISIF.

€4

We call A and B the frame bounds. If the frame bounds aere equal, A = B. then we

call the frame a tight frame.

Definition 2.5 The sequence {p, }nen is a Riesz basis in a Hilbert space M if and
only if

1. The closure of the finite linear span of the uy, is H, and

2. 34>0,B < oo such that
‘42 ICNF < ” Z Cm“n"ﬁ < BZ |Cn|2
1l n rn

for all C = {Cp}nen € I*(N) .
The following proposition follows from the general theory.
Proposition 2.3 The sequence {ji,}nen s 4 Riesz basis if and only if

1. The pn are independent, i.c., no u,, lies within the closure of the finile lincar

span of the other u,, and

2. dA >0, B > oo such that

AP Y < fon > P BISIR, forall feH.

In [3]), it is mentioned that characterisation 1 is used more frequently.

12



Theorem 2.2 Suppose my is a trigonometric polynomial such that |mg(&)|?+|mg(€+
7)|? =1 and me(0) = 1. Define ¢ and o by

b(€) = (2m) 7 [ mo(277¢),

j=1

W(€) = e /2 mg(E/2 F M)B(E/2).

Then ¢ and ¢ are compactly supported L®-functions, satisfying

d)(m) = \/EZ hn¢(2I - n)a

$iz) = V2 (~1)"h-nnid(2z = )

where h,, is determined by my via me(§) = % Yo hn e~ ", Moreover, the family of
functions {1;x(z) = 277°9Y(277x — k); j, k € L} constitute a tight frame for L*(R)
with frame constant 1. This tight frame is an orthonormal basis if and only if mg
satisfies one of the following equivalent conditions:

1. There exists a compact set K, congruent to [—,n) modulo 2n, containing a
neighborhood of 0, such that

Cop -k
;gggglf{lmo@ )| >0.

2. There ezists no nontrivial cycle {&,,&,,... &} in [0, 27), invariant under . £ — 26
modulo 2w, such that mg(§;+7) =0 forallj=1,... ,n.
3. The eigenvalue 1 of the [2(Ny — Ny) — 1] X [2(Np — Ny) — 1] matriz A defined by

N
A[k= z hnhk-—2!+ns _(NZ_N1)+1S£:}CS (NZ_"NI)+1’

n=MN

ts simple (here we have assumed that h, =0 forn < N} and n > N;).

PROOF. The proof, which is long, can be found i [11], pp. 174-194. This the-
orem summarizes deep results of Mallat [29], Cohen (2], Lawton [23], [24], Cohen,
Daubechies and Fauveau [3]. In the course of the proof, use is made of a result of

13



Deslauriers and Dubuc [13] on the compactness of the Fourier transform of distribu-
tion, stated as Lemma 2.1 below. 0O

This theorem tells us that we “almost always” have a corresponding orthonormal
wavelet basis provided mg(0) = 1.

Remark 2.2 (i) 4 compact set K is called congruent to [~m, 7] modulo 27 if

1. |K|=2m,
2. For all & in [—7, 7], there ezists | € Z so that £ + 27 € K.

(ii) A special case for condition 2 is & = -3, & = %, Cohen (2] summarized this
spectfic equivalent condition as follows: Under the conditions in Theorem 2.2, if my
has no zeros in (-7 /3,7 /3], then ¢o, are orthonormal. The conclusion is optimal
because it is not possible to find o < % such that the absence of zeros of my in
[—amr, an] guarantees orthonormality of ¢q..

For instance,

mo(€) = =(1 + e %) = ¢73/2 05 %g-

n| =

This mg satisfies

Imo(E)F + [mo(€+m)*=1 and mg(0) = 1.
Substituting my(£) into
(&) = (2m) " [ mo(27%)

=1
leads to

é(6) = (2%)_1/2ﬁe‘3"2-"m cos (g 2"{)
= (2m) /2 73/ I]l: cos (g Q_jE)
i=
_ -1/2 -3t/ sin(3¢/2)
= (am e TR

Thus we have
0<z <3,

1
3
9lz) = { 0 otherwise.



The functions ¢ou(z) = ¢(T —n) are not orthonormal, but for any a < %, mg has no
zeros in [—am, ar|.
2.3 Compactly supported biorthogonal wavelets bases

Since the basic idea of biorthogonal multiwavelets bases of double multiresolution
analysis is very similar to the one of orthonormal wavelet bases, we can mimic the
construction of ¢ and 1 in the orthonormal case.

Define the 27-periodic functions mg, m,, i, and m, as follows:

1 : 1 ,
= ——— =ing T — "‘Iﬂf
E) \/§ Eﬂ h’n e ' m (E) \/5 Eﬂ :gﬂ € H

io(€) = % Shne e = % 5 e
where
gn = (—1)“m, Z f-ln+2k = 51:,0,
9= (=1)"hnst,  Ga=(=1)""hinyy.
(For simplicity, we assume that only finitly many %, and g, are nonzero.)

Definition 2.6 Two scaling functions ¢ and 5, generating possibly different multires-
olution analyses of L*(R), are said to be dual scaling functions if

+oo

< o( -j),t};(- —k) >:= é(z —j)a(m ~k)dz =61, j kel

Now we define two scaling functions ¢ and ¢ by
-~ w .
(&) = (2m) 2 [ mo(27)
=1

and
oo

6(€) = 2w)"21 (27%).
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Obviously, the above infinite products can converge only if
mg(0) = 1 = mye(0).

By the following lemma, borrowed from G. Deslauricrs and S. Dubue [13], we can see
that ¢ and ¢ are compactly supported.

Lemma 2.1 If

N2 N
= Z o€ ™ with Z Tr=1,

n=0N n=N|
then

[Ire-e

is an entire function of ezponential type. In particular, it is the Fourier transform of
a distribution with support in [Ny, N,).

PROOF. By the Paley-Wiener theorem for distributions, it is sufficient to prove that
HJ 1 (277¢) is an entire function of exponential type with bounds

II (277€)| < C1(1 + €)Y exp(M[S€])  for SE > 0,

[Ir@79)| < Ca1 + 164" exp(MalSE])  for SE 20,

for some C), Co, My, M,. For the detail, see [11], pp. 176-177. O
Also similar to the orthonormal scalar wavelet case, we define ¢ and a as

8(6) = /2 To(E72 + ) B(E/2)
6(€) = €/ mg(€/2 + m) $(£/2).
Unlike the orthonormal case, where |mo(£)] < 1 by (2.21) so that [¢(€)] < 1
automatically followed to ensure that ¢ € L?(R), there is no priori condition ensuring
that a and 5 are square integrable or bounded in the present case.

Conditions which ensure that the scaling functions have preassigned regularities
are given in the following proposition taken from Proposition 4.9 in (3},

16



Proposition 2.4 Assume that both my(€) and my(€) can be factored in the form

1+e i

mi©) = (22 g

and

and suppose that for some k, k) > 0
Be = suplf(€)f(26) - fTIOIE < 2N,

By, sup]f(g)f(gg) flab-tg)| ik < 9R-172,

Then ¢ and ¢ are in LA(R) and
+00 -
¢(z)é(z — n}dz = dy 0.

-DO

PROOF. One introduces the functions

in(€) = -1/ |:H ritg (2 35 ]X[—w w](2 "€)

i=1
n
in(€) = (21)7V7 [H o (2 Js)J Xi-=1(27€)
=1
with support in [~277, 2/7], and proves, under the conditions of the propositon, that
lim 4, = a, lim &, = ¢
n—+00 =00

in the L? sense. O

The above propositions ensure the square integrability of ¢ and 5which constitute
dual scaling functions, but we still need some extra conditions to obtain biorthogonal
multiwavelets bases. The next theorem is taken from [3)].

Theorem 2.3 Let {hn}nez and {hn)nez be finite real sequences satisfying

Z hniln+2k = 6‘:.0:

nek
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and define
Tn(] =-1/2 Z Iy L-m{
ﬁlU(&) =271/ Z iln e—i'li’
n

8(&) = 2m) 72 T mo(2796),
7=1

-~

6(£) = (2m) 7' T mo(2776).
i=1
Suppose that, for some C >0, € > 0,

Bl < C+lENT2=, |36 < ca+ )= /3e. (2.26)
If we define

P(z) = \/_Z h_n+1q§(2m +n),
\/_Z h_,,.qu (2r + n),

then the functions
biklz) =272z — k),  jkeZ,

constitute o frame in L2(R). Their dual frame is given by the the functions
Yis(s) =27 s - k), kel

and, for any f € L*(R),

F@) =" < £,k > inlz) = D < frtbie > Biale),

FkEZ Jk€EZ
where the series converge strongly.

Moreover, the functions v, and {Ejk constitute a pair of dual Riesz buses, with

< '%D; k1 11[)]" k> J,J‘6k k'y
if and only if
fd)(z)qz(:t: — k) dz = k.

18



PROQT. The proof given in [3] is quite long and proceeds by means of seven lemmas.
The first part mimicks the construction of ¢ and ¢ in the orthonormal case. Having
constructed candidate functions ¢ and ib', one needs to show that they generate Riesz
bases of wavelets. One obstruction is that there is no e priori estimate ensuring that
&’: and q~5 are square integrable or bounded. For this purpose, one uses conditions
(2.26). After some manipulation, one establishes the bounds

Z[ < fi,di > < CIAIA for some C > 0, (2.27)
e
Z| < f2:"-/;jk > 2 < Clifall* (2.28)
ik

From these bounds, one derives the L2-converge to f € L2(R) of the limits

lim Z <f!d"jk>":f‘;jk=‘!}‘i,f_13m }: <f:{£jk>¢jk=f-

—+00 g
il dlkl<K FIRAL L9 ¢

Jv

Finally, one shows that v;; and {b;—k constitute dual Riesz bases by establishing linear
independence, that is
< Wik, Wirkr >= 600k

This completes the discussion of the proof. O
We can also study the existence problem starting with mg and m,.
Suppose the matrix M is of the form

mu(f) ml(f)
mo(+7m) m(E+7) |’

then the necessary and sufficient condition for the existence of orthonormal wavelet
bases is that M be unitary, that is, mq and m, satisfy the identities

mo () + [mo(€ +m)[* = 1,
ma () + [ma (€ +m)2 = 1,

and

mo(€)my (E) + mn(f + ?T)ml (f +7)=0.

19



On the other hand, the necessary and sufficient condition for the existence of
biorthogonal wavelet bases is that

h()R(z) + §(=)7(2) = 2,
h(z)h(-z) + §(2)3(—2) = 0,

where z = e~ ¥,

This completes the basic theoretical steps in the construction of orthonormal
wavelet bases and biorthogonal wavelet bases.

2.4 Construction of orthonormal wavelet bases

In this section, we provide a practical numerical technique for the construction of
orthonormal wavelet bases.

From the theoretical steps for the construction of orthonormal wavelet bases, we
see that the construction of mg is very important. Therefore, it is necessary to
specify the construction of myg first. The Riesz Lemma tells us that we need only find

a trigonometric polynomial B(£) of order M such that |B(€)]* = A(£). We discuss
this construction in three steps:

Step 1. Since

M
Al€) =) amcosmf,  am€R,
m=0
it can be written as

A(€) = Pa(cos§),

where P, is a polynomial of degree M with real coeflicients. P4 can be factored

as
M

PA(C)=a (C_Cj):
=1
where the zeros c; of P4 appear either in complex conjugate pairs ¢;, &;, or in
real singlets.

On the other hand,
A(6) = eMiQa(e™), (2.29)
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where ()4 is a polynomial of degree 2. Let z = ™%, then |z| = 1; and

M -1
Qalz) = z“’an(z+22 ——cj)

M1 1
— L
= aH (22' c;z + 2). (2.30)
j-1
Step 2. Consider
1. 1
(2) =52 ~ gz + 5.

There are two cases:

(i) If ¢; is real, then the zeros of f(z) are z = ¢; & \/cf — 1.

1. For |e;} 2 1, these two real zeros are of the form 7;, r;~!, and they

degenerate when |¢;| = 1.

2. For |¢j| <1, the two zeros are complex conjugates with absolute value 1.
These can be written in the form €'®, e~*i, and they correspond to the
value € such that A(€) = 0. Since A > 0, this kind of zeros must have even
multiplicity.

(i) If ¢; is not real, then we consider the polynormial

TR N ERNE L Y I T
f(z)f(z)—(Qa ch+2) (22 Gz+z ).
The zero of f(2)f'(z) are ¢; £ \/c;2 — 1 and ¢; + (/& - 1.

1. For |¢j| = 1, these four zeros reduce to a pair of complex conjugate zeros

with absolute value 1. Each of them has multiplicity two.

2. For |c;| # 1, these four different zeros form a quadruplet zj, 774, 5, Z; 71

Step 3. Factoring ¢}(z), we have

) L K L
Qlz) = jou [H(z =)z —m” ] [H 2~ %) (z — e7i%) :|

I=1 k=1
J
- LII(z - 5)(z = 5)(z - 27z - f;l)] .
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Since =

= e~ is on the unit circle , we have
(€™ = 20) (e = 571 = Jzo |7 e = 2ol
Substituting all the above into (2.29), we obtain

Al§) = 1A©)
= |Qa(e™)]

- [ |aM|Hlfrl ’H'ﬁ'*z} [ﬁ a _T')r

[==1

K . 2 J 2
. I:H(e—tﬁ _ eiak)(c-iﬁ _ e-iak):l LH(B—-EE _ zj)(c-—if _ EJ):|
B

=1

I

Consequently,
1 L J 12y
B(§) = [§|0M| II 1™ H|Zj|-2:| [Jte* - Ta)]
] Li=1
[H(e—zf mk) -if _ mk) I;H -z ) — 2}.)]

=1

L

- [%lamlnlnl“ﬂlzjl'z} [ —n]

K
. {]:[(e‘ziE —2e X cos oy + 1) ] LH e" % — 2R Rez; + |z )]

k=1

[

It is obvious that B(€) is a trigonometric polynomial of order M with real
coefficients

We see from the above construction of B that the polynomial B is not unique.
In fact, in each quadruplet we can choose any elements of the quadruplet, in each
duplet we can choose either r; or 77! to make up B. In Daubechies’ method, from
the quadruplet, the two zeros with absolute value smaller than one are chosen, i.e.,
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z;I and 37!, and it will be seen later that such choice make the cor-

responding scaling functions and wavelet functions asymmetric except for the Haar

z; and %, or

wavelet. However, Lawton chose the two zeros from the quadruplet by replacing one
zero of each conjugate pair by the reciprocal of its conjugate, i.e., z; and zJT" or Z; and
z !. Such choice may make the corresponding scaling function and wavelet function
symmetric. We will discuss the symmetry of Lawton's complex-valued scalar wavelet
in the next chapter,

In general, there are no closed-form formulas for compactly supported #(z) and
¥{z). Nevertheless, if ¢ is continuous, we can compute ¢(z) with arbitrarily high pre-
cision for any given z. Daubechies gave a fast algorithm called “Cascade Algorithm”
to plot ¢(z) and ¥(z).

Before describing the cascade algorithm, we need two propositions.

Proposition 2.5 If f is a continuous function on R, then, for all z € R,
tim ¥ [ fle+ 7T dy = 1(z).

i] f is umiformly continuous, then this pointwise convergence is uniform as well. Iff
is Hélder continuous with exponent o,

/() ~ f)l € elz -yl

then the convergence is exponentially fast in j:

‘f(r)—?" [+ v@na| < e (2.31)

PROOF. All the assertions follow from the fact that 2/¢(27.) is an “approximate
d-function” as j tends to co. More precisely,

f@-2 [ e+ yw"_(ziy)'dy’ -

# [11) - (e + 9)I5E) dy]

U[f f(o+2792)[30) d
Si@llzr - sup |f(z) = flz + u)]

lul<2~iR

(where we suppose that support ¢ C [—R, R]). If f is continuous, then this can be
made arbitrarily small by choosing j sufficiently large. If f is uniformly continuous,
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then the choice of j can be made independently of z, and the convergence is uniform.

If f is Holder continuous, then (2.31) follows immediately as well. This completes
the proof. O

Proposition 2.6 If ¢ is Holder continuous with erponent ¢, then there exist ¢ > 0
and jo € N such that, for j > j,,

16~ mflle < €270, {l = plllum < 27, (2.32)

where n? () are the functions defined as piecewise constants on the intervals [2‘1(11 -
1/2),279(n+1/2)), for n € N, such that 75 (277k) =292 < ¢, ¢_jx >, and nj(x) are
the functions defined as piecewise linear on [277n, 277 (n + 1)}, for n € Z, such that
m(27k) = 22 < ¢, 655 >.

PROQF. The proof is taken from [11], pp. 205. Take any £ € R. For any j, choose
n so that 277n < £ < 279(n +1). By the definition of 5 (), mi(z) is necessarily a
convex linear combination of 2//2 < ¢, ¢_; . > and 2/ < ¢, ¢_; .41 >, whether e = )
or 1. On the other hand, if j is larger than some jq,

|6(2) = 27 < 6,650 > | < |6(z) — $(2770)| + [B(277n) - 22 < 6,61 > |
< ¢z —~ 27n|* 4 ¢277°

< 279

the same is true if we replace n by n+1. It follows that a similar estimate holds for any
convex combination, or |¢(z) — 75(z})| < 277, Here ¢ can be chosen independently
of z, so that (2.32) follows. This completes the proof. O

In Proposition 2.5, if we take f(z) as ¢(z), and let = be any dyadic rational,
z = 277K, then we have

8(z) = lim ¥ ] (27K + )8y dy

F—o0

= lim 27 / d(z)p(27z — 2-TK) dy

j—rco

= lim 22 < ¢, ¢_;pi-15 > .
J=rc0

Moverover, _
16277 K) - 2% < ¢, ¢_j-ax > | < c27H°
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whenever j 2 jg, where ¢ and j, are dependent on J or K. Therefore, we can get ¢(z)
at every dyadic rational z, and moreover get a sequence of functions approximating ¢
by interpolating the intervals with dyadic rational end points. Together with Propo-
sition 2.6, it is clear that to get the scaling function ¢ with arbitrarily high precision,
we need only compute the approximating function 7, where € = 0, 1.

Now we state the 1-D cascade algorithm.

Algorithm 2.1 (1-D Cascade Algorithm) Assume that ¢ is a compactly supported
scaling function, which is continuous or Hélder continuous with ezponent o, and let

eyl =< ¢, ¢_;n >. Then the ¢} are computed recursively by the convolution:
c?] = 60.11:

-~ = —j+1
Gl = hmeanci?
n

This algorithm provides a numerical approximation to the scaling function, and
consequently, to the wavelets, to arbitrarily high precision.

2.5 Construction of biorthogonal wavelet bases

For biorthogonal wavelets, we can also use the cascade algorithm once we have a pair
of dual filters, mp and my. A. Karoui in his Ph.D. thesis [20] gave a method for
constructing pairs of dual filters whose coefficients are given in parametric form. We
shall skip the description of the method and the reader is referred to [20]
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Chapter 3

Complex-Valued Wavelets

It was seen in Chapter 2 that real-valued wavelets with compact support cannot be
symmetric except for the Haar wavelet. In signal analysis, symmetry is often desir-
able and sometimes necessary. Some years after the theory of real-valued orthonormal
wavelet bases with compact support has been developed by Daubechies, Lawton [22
has shown that it is possible to achieve orthonormal and symmetric scaling functions
and wavelets at the price of complex coefficients. Recently, J.-M. Lina and L. Gagnon
[25] found that analysis based on complex-valued symmetric wavelets leads to a mul-
tiresolution form of the Laplacian operator and moreover that this property leads to
new methods in image enhancement applications.

This chapter is organized as follows: firstly, we review Lawton’s method to con-
struct complex-valued wavelet bases; then we study some properties of these wavelets,
comparing them with Daubechies’ real-valued compactly supported wavelet bases.

3.1 Construction of complex-valued wavelets

Recall that the procedure for constructing real-valued compactly supported wavelet,
bases consists of three steps: firstly, we construct a scaling function ¢ which satisfies
the two-scale relation

Hz) =D habralz) = V2 had(2z - n) (3.1)
and the normalization

f é(z) dz = 1. (3.2)
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Secondly, we find a basic wavelet ¥ of the form
1/’(-7:) = Zgn¢—l.n(m) = \»/5 Zgn¢(2$ - TL) (33)

where

n = (=1)" a1 (3.4)

Finally, for any j € Z, the wavelet basis for V; is
{djn; K €ZYU {thw 1 <j, ke Z}
where
Gie = 2712279z ~ k), g = 279 %p(2z — k). (3.5)

The key point to obtain the scaling function ¢ is the construction of my by means of
the Riesz Lemma.

The difference between the construction of real-valued wavelets and complex-
valued wavelets lies in the construction of my. To simplify the discussion below,
we first introduce a notation.

Notation 3.1 The “z-notation” consist in setting z = €% in, say, a filter mo(€), for
a point on the unit circle, and extend the value of z to the complezr plane.

Let N denote the number of vanishing moments of the wavelet 1(z), i.e., the
support length of the frequency response mg(€) (or the support length of the cor-
responding scaling function). The z-transform H(z) = Y., h,2™" of any real finite
impluse response (FIR) conjugate quadrature filter (CQF) k() of length N, has the
factorization

H(z) = ho (1 + E)ME (1 - %) i]l [zk (1 - fzﬁ) (1 - Zz"-)] . (3.6)

where 2K is the number of complex roots and L is the number of real distinct roots.
In the construction of real-valued wavelets, Daubechies chose the complex roots
which satisfy |z¢| < 1, that is, all the complex roots lie inside or on the boundary of
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the closed unit disk. However, this way of factorizing H(z) is not unique. Lawton's

method consists in replacing one zero of each conjugate pair by the reciprocal of its
conjugate,

e =to (142) TLE-D I [+ (- 2) (-], en

In the case L = 0, we have

N2 K

Hy(z) = hg (1 + %) I1 [zk (1 - %) ( - z_,:"_)] . (3.8)

k=1

To obtain the filters associated with Hy(z), it suffices to multiply their coeflicients

by V2.

3.2 Properties of complex-valued wavelets

In the previous section, we reviewed the construction of complex-valued wavelets. In
this section, we shall study the properties of complex-valued wavelets and compare
them with real-valued wavelets. For convenience, we let ¢;, and ¢p denote the scaling
functions of complex-valued wavelets and real-valued wavelets, respectively, and 1,
and ¥p denote complex-valued and real-valued wavelets, respectively.

Compactness of the scaling function ¢,

For a fixed integer N, the scaling function ¢; has the same vanishing moments as ¢p
because ¢;, and ¢p have the same filter or mask, that is,

1+ e\ " o . .
mo(€) = ( 5 —) L(£), where L is a trigonometric polynomial.

Thus ¢,, can have compact support and consequently #;, has a compact support in
the interval (—J, J+1] for some integer J, i.e., by #O0fork = ~J, ~J+1,... ,J, J+1.

Orthogonality of the translates ¢, (z — k)

In the case of real-valued wavelets, the condition of orthogonality of ¢p (z — k) defines
in a large sense the Daubechies wavelets. To state the condition in the case of complex-

28



valued wavelets, we rewrite the z-transform H in the form

J+1
H(z) =) hy2™ (3.9)
n=-~J
with
H(1)=1. (3.10)

Then as the real-valued case, the orthogonality of {(¢1)ox}rez is equivalent to the
relation

P(z) — P(~z) =z, (3.11)
where the polynomial P(z) is defined as
P(2) = zH(z)H(z). (3.12)

Accuracy of the approximation

It has been known that in the multiresolution approximating process, any function f
in V; can be approximated as

flz) = Z ¢, ¢(z) (3.13)
keZ
where
¢l =< f,djx > . (3.14)

To maximize the regularity of the functions generated by the scaling function ¢,
we require that the first J moments of the wavelet vanish, in other words, in terms
of H(z), we require that

H(-1)=H"(-1)=...= HV-)(-1) =0. (3.15)

The real-valued wavelets are the real polynomial solutions of (3.11) and (3.15)
with filters of length N = 2J + 2.
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Symmetry

As claimed by Lawton, only complex-valued solutions of ¢ and 1 can achieve compact.
support and symmetry at the same time with N/2 odd, that is, J even (N/2 = J+1).
By the construction {3.7) of Lawton's wavelets, we have

L+2K=N/2-1. (3.16)

If N/2 is even, then L # 0, which means that H(z) has real roots and it is
not possible to construct a symmetric filter. Thus we cannot get symmetric scaling
functions and symmetric wavelets,

On the other hand, if N/2 is odd, then all roots of H(z) are nonreal, therefore
L =0 and a symmetric filter can be constructed.

The condition of symmetry on the filter means

Bpn=hin, —J<n<J+1. (3.17)
In the z-transform, this condition can be expressed as
H(z) = zH(z™1). (3.18)

J.-M. Lina and M. Mayrand [26] described the first solutions in terms of a parameter
J, (J=0,1,...,8), by using parametrized solutions of equations (3.11), (3.14) and
(3.18). These solutions have also been studied by an inspection of the roots of some
polynomials which satisfy (3.11). Such polynomials are defined by

P = (2) men, (3.19)
where
ps(z) = irj(z + 1)z — 1) (3.20)
-
with

?

Wj=(-1P?4J(

Toj+1 = 0,

2J+1)
J
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for j=0,1,...,J. It is easy to show that P;(z) satisfies (3.11).

The 2.J roots display the symmetry since the conjugate inverse of a root is also a
root, and furthermore, there are no roots having unit modulus.

Suppose the roots inside the unit circle, i.e., |2x} < 1, are denoted by z for

k=1,2,...,J,and 2* = z;,,_;, then
ﬁ z =2 J 2 — 3z}
Piz) = ( ) H (“ _’11) . (3.21)
P 1— 2z Pl 1-2

The z-transform H(z) can then be written as

H(z) = (1 ey Y ple (3.22)
with s ' R
=11 (1=22) 1T (+25)

where R and R' are two arbitrary subsets of {1,2,...,J} . Due to the spectral
factorization (3.12) of P(z), we have

pa(z) = 2/p(z"")p(z),
and this leads to the following constraint on R and R": R\ R' =0, i.e.,
keRekgR. (3.23)

This selection of the roots satisfies the first three properties. For real-valued Daubechies
wavelets, all the real solutions for h; are also derived from the constraint (3.23). This
is equivalent to considering

keReaJ+1-keRandk g R. (3.24)

One instance of this condition is to let R = {1,2,...,J} and R’ = @; this corresponds
to the Daubechies wavelets with the highest number of vanishing moments N = 2J+2,
that is, the “least asymmetric” wavelets. However, the symmetric complex-valued
wavelets are obtained by another subset of solutions of (3.23). This subset corresponds
to

keRe J+1—-keRandké¢R. (3.25)
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We notice that conditions (3.24) and (3.25) are incompatible. Therefore, only complex-
valued wavelets can be symmetric.

The complex-valued wavelets share the usual properties of the real-valued wavelets
and they can be symmetric. Besides that, the complex-valued wavelets have an
unexpected analytic structure that relates the real and imaginary parts of the scaling
functions. In particular, suppose that the complex scaling function and wavelet are
written as

¢(z) = h(z) +ig(z),  P(z) = w(z) +iv(x),
where h, g, w and v are real functions.

Using the Fourier representation of these four real functions, A{z), g(2), w{z) and
v(z), it can be shown that for small values of J (J < 12), the complex scaling function

and the wavelet of the multiresolution analysis for those symmetric complex-valued
wavelets can be written as

8(z) = h(a) + iadEh(a)
(3.26)
Y(z) = wlt) + thw(z) + iB0w(z).
These identities are verified in the interval [0, 7] when they are written in the Fourier
representation.

For J > 10, higher derivative terms in h(z) become non negligible. Obviously, the
two real functions h(r) and w(z) are a genuine scaling function and a true wavelet only
in the case of a real multiresolution analysis (& = # = &£ = 0). In the complex case,
h(z) (the real part of the scaling function) and w(z) (the real part of the wavelet) arc
still endowed with interesting properties. Indeed, h(z) is a good smoothing function
since we can easily verify that

/@d:n:l,

fqé(:c) (:r,— %) dr =0, for m=1,2 and 3.

Moreover, w(z)} is an “admissible wavelet” with J vanishing moments.
The parameters ¢, § and k in (3.26) can be computed directly from the filter

coefficients h, by using the first nonvanishing moments of ¢(z) and #(z). Denoting
by

v = /Mﬂ:‘ dz, ;= f@z" dr,
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we have

i1
1 . T
HE > Mieity withmg = 35020 n¥hy and 9 = 1,
3=0

and
1

i
% Z Liojv;, withly = ,‘{:I_J n¥b,.

j=0

Ti=

Straightforward integrations by parts lead to
ST 1)

_ _kR(T43) + S(Ty4a) o
T+ + DR ™ "= TROa)

o= —%%(72), =

This property can help in interpreting redundant descriptions of signals.

This theory is beyond the scope of this thesis and we refer the readers to [25], [26],
[27), [28]. In these references, among other results, one finds two applications in image
processing: enhancement and restoration of images. In both cases, the efficiency of
this multiscale representation relies on the information encoded in the phase of the
complex wavelet coefficients.
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Chapter 4

Multiwavelets

It is well known that real-valued wavelets can not be compactly supported and sym-
metric at the same time except for the Haar wavelet. Complex-valued wavelets can
achieve compact support and symmetry simultaneously, but complex-valued coeffi-
cients produce some redundancy in describing signals. Therefore, in the majority of
cases, the three properties of symmetric scaling functions and wavelets, orthogonality
and real coefficients are desirable. Recent studies have shown that these three prop-
erties can be achieved simultaneously if the coefficients of the filters become matrices
and not scalars. The resulting scaling function, ®, and wavelet, ¥, are vectors, and
have been called multiwavelets.

Multiwavelets open new possibilities. Besides symmetry, they can have shorter
support, with more vanishing moments, than scalar wavelets. Short support is nec-
essary in some applications. Filters with short support have simple implementations
and achieve good time localizations. However, they do not have good frequency do-
main behavior. The frequency responses are poor and the frequency localization is
not good either.

In this chapter, we study some multiwavelets and compare them with complex
waveleis. The organization of this chapter is as follows: the common characters are
introduced first, then three kinds of multiwavelets are studied and a brief comparison
of different wavelets is made.
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4.1 Multiwavelet theory

The theory of multiwavelets is not a straightforward generalization of the theory
of scalar wavelets. The main difference is that, in general, matrix multiplication is
not commutative. A number of results on scalar filter banks are valid only because
multiplication of scalar quantities is commutative.

The following results are taken mainly from [5], pp. 186-204.

First, we start with a notation, which will be used in later discussion.

Notation 4.1 Let Hp(£), H\(£) denote the lowpass and highpass analysing multi-
filters and Go(§), G1(§) denote the lowpass and highpass synthesizing multifilters,
respectively, of a two-channel multifilter bank, i.e.,

Ho(€) = —1\/-5 > h0 gming Hy(€) = % Z B gming
1 -in —in
= ﬁzn:gﬁme LGl = Zg“’ ¢, (4.1)

where b, g,(f), 1 =0,1, are 2 x 2 matrices. Let Ho(z), Hi(2), Go(z), G1(2) denote

the z-transform of Ho(€), H1(£), Gol€), G1(£), respectively, that is,

Ho(z2) =) A0z, Hi(z) =Y #Pz,
Go(2) =Y g2, Gia) =) gz, (4.2)

Then, following standaerd terminology, we call Hi(z), Gi(z), i = 0,1, matriz Laurent

polynomials, since they can include negative powers of z.

With the above notation, the orthogonality of multiwavelet filters is characterized
by the identities

Ho(2)Ho(2) + Ho(—2)Hy(~2) = I, (4.3)
H(2)Hy(2) + Hi(~2)H\(~2) = I, (4.4)
Ho(2)H,(2) + Ho(~2)Hy(~2) = 0, (4.5)
Hi(2)Hy(2) + Hy(—2)Hy(—2) =0, (4.6)



where H; is defined as Hi(z) = HI(z"!), where the subscript * denotes complex
conjugation of the coefficients. In general, the product of Hi(z) and I;’i(::), as well

as Hy_i(z) and H,_i(z), does not commute. The orthogonality in the time domain is
given by the relations

< hn(ﬂ), hGT(n + 2k) > = 0,1, (4.7)
< hy(n), AT (n +2k) > = 6], (4.8)
< ho(n), AT (n + 2k) > = 0. (.9)

To discuss more deeply the properties possessed by multiwavelets, we need some
definitions.

Definition 4.1 A filter with filter coefficients oy, is called linear phase if the phase

of the function a(§) = 3 ane™™¢ is q linear function of £, i.c., for somel € 7,
af§) = |af€)le™.
This means that the coefficients a,, are symmetric about I, i.e., oy = 9.

Definition 4.2 A multifilter is called a linear-phase multifilter if and only if all of
its components ere linear-phase polynomials.

Definition 4.3 A zero-phase multifilter H (z) is called a half-band multifilter if and
only if

H(z)+ H(-2) =, where ¢ # 0.

Definition 4.4 A zero-phase multifilter H(z) is a polynomial matriz, and its cuto-
correlation (or spectral) matriz A is defined us

A(z) = H(z)H(z) = H(z)HT (71).

From Definition 4.3, we should notice that not all elements of a half-band multi-
filter are half-band polynomials themselves, but only those that are along the main
diagonal must be half-band polynomials and the others must contain only odd powers
of z.

From Definition 4.4, we have the following proposition.
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Proposition 4.1 A necessary condition to have an orthegonal multifilter bank is that
the product filter P(z} = Hy(z)Hy(z) be a half-band autocorrelation matriz.

PROOF. This result follows from Definitions 4.3 and 4.4 and relation (4.7). O

Remark 4.1 (%) In the cuse of scalar wavelet filter banks, the condition of Proposi-
tion 4.1 is not only necessary, but also sufficient. However, in general, this condition
is only necessary in the case of vector filter banks because matriz multiplication is
noncommutative.

(it) In the scelar case, the step from the scaling function to the wavelet is auto-
matic, but this automatic method fails in the multiwavelet case because the filter coef-
ficients are matrices. Thus we need some other methods. Proposition 4.1 will offer a
general design method to get multifilter banks. If we start with any linear-phase half-
band eutocorrelation matriz, then we can obtain an orthogonal perfect-reconstruction
multifilter bank by matriz spectral factorization.

Condition 4.1 (Eigenvalue condition) Let Ay, Az,..., A, be the eigenvalues of
an n X n matriz M. The matriz is seid to satisfy the eigenvalue condition if A, = 1
is a stmple eigenvalue and |X;| < 1,71=2,... ,n.

The following proposition has been established by A. Cohen, I. Daubechies and
G. Plonka [4] and C. Heil and D. Colella [18].

Proposition 4.2 Suppose the multiscaling functions satisfies the following dilation
equation in the frequency domain

- -~

D(§) = Ho(£/2)2(€/2). (4.10)
If Ho(0) satisfies the Figenvalue Condition 4.1, then the solution to (4.10) is unique.

PROOF. Assuming that Hy(£) is a Laurent polynomizl, one extends Hy(€) to the
complex plane, ¢ = £ + in. The result follows from estimates on

[ Ho(271¢) - - Ho(27"¢)|
in the complex plane. For the detail, see [4]. O
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Remark 4.2 In particular [84], if $(0) # 0, the solution () is determined uniquely
up to a constant factor. In fact, if

H(g) = _HHU(E/T‘),

then
B(€) = cH(E)b

where b is an arbitrary vector satisfying vib =1 for the left eigenvector v, of Hy(0)
associated to the eigenvalue A, = 1.

We note that the weaker condition v7b # 0 is sufficient.
Now we describe the general design in more detail.
Suppose P(z) is the product filter of an orthogonal multifilter bank, that is,

P(z) = Hy(z)H{ (z7") (4.11)
1 12
= [ }221%3 ingg ] : (4.12)

Moreover, suppose that P(z) is a half-band multifilter, i.e.,

P(2)+ P(—z)=1. (4.13)
Then by matrix spectral factorization, we can find Hy(z) such that

Hy(2)Ho(z) = P(2). (4.14)

An efficient matrix spectral factorization algorithm necessarily can handle zeros on the

unit circle. For instance, the matrix spectral factorization due to Youla and Kazanjian

[43] can handle zeros on the unit circle. The detailed procedure is described in [5].
A very important requirement of the design is that

det P(2) = z5/2(1 + z71)*Q(2), (4.15)

where K is any even number specified in advance and @Q(z) is a linecar-phase polyno-
mial in z7!. Note that K must be an even number because

det P(z) = det Hy(z)det Ho(z)
| det Hy(2}|?, (4.16)

Il
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and only K/2 zeros are assigned to det Hy. Moreover, the product multifilter P(z)
must be a Hermitian matrix, i.e.,

P (¢€) = PT (e¥). (4.17)

After discussing the gencral design, we turn to the general properties of multi-
wavelet bases. As in the case of scalar wavelet bases, we write the equivalent *low-
pass” and “highpass” filters after 7 iterations as

Hi(z) = Ho(z* )Ho(z* ') - Hy(2) (4.18)
Hi(z) = Hy (2% )Ho(z* ) -+ - Hy(2), (4.19)

where the order of multiplication is important.

If for some two-vector e and under special conditions, the two functions
fin=hone,  fi.=hi.e, (4.20)
converge to a pair of continuous functions, ®(z) and ¥{z),

o) = lim fi,, Vo) = lim fi,, (4.21)

i—oa

then we say that the multifilter bank is regular. The limit functions ®(z) and ¥(x)
are the multiscaling function and multiwavelet, respectively:

= V2 hond{2z —n), (4.22)
=2 Z h 821 — n), (4.23)
H 0(£/27), (4.24)
T(¢) = H(6) H Ho(£/2%). (4.25)
i=1
Hence
B(€) = Ho(€/2)3(£/2). (4.26)

39



When £ = 0, (4.26) becomes

$(0) = Ho(0)B(0). (4.27)
Thus,
(Ho(0) — 1)®(0) =0, (4.28)

where [ is the 2 x 2 identity matrix.

To obtain a non-trivial solution of (4.28), we need to have
det(Ho(0) — I) = 0. (4.29)

Equation (4.27) shows that Ho(0) has eigenvalue 1 (this corresponds to mg(0} = 1 in
the scalar case).

In [11], Daubechies gave two methods to estimate the regularity of scalar wavelets.
Unfortunately, not all scalar approaches can be generalized to the multiwavelet case.
Shen [34] has characterized the regularity of multiwavelets by means of necessary and
sufficient conditions on the filters, using the properties of transition operators. This
is beyond the scope of this thesis.

G. Strang and V. Strela [37] gave an approach to test the accuracy of multi-
wavelets. Their method consits in forming an infinite block matrix, consisting of the
filter coefficients (which are matrices), shifted by 2 in adjacent rows:

hg hg h] h(]
h3 hg h1 hn
h.g hz h,l h.g

If this matrix has eigenvalues 1, 1, - - -, (%)N, then the multiwavelets have N vanishing
moments. This method is a straight extension of similar result for the scalar wavelet
case.

From (4.18), we have

det HP(z) = lim det Ho(2? ') det Ho(2%™') - - - det Hy(z). (4.30)
This relation clearly implies the following proposition.
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Proposition 4.3 A necessary condition to obtain multiwavelets with N vanishing
toments is that det Hy(z) has a zero of order N at z = -1,

Up to now, we have discussed the general multiwavelet theory and the general
design of multifilters. In the next section, we shall study three kinds of multiwavelets.

4.2 Examples of multiwavelets

After considering the existence and discussion of orthonormal scalar wavelets, people
began discussing multiwavelets. The first multiscaling function was constructed by
Geronimo, Hardin and Massopust [15]. Donavan, Geronimo, Hardin and Massopust
[14] constructed the corresponding multiwavelet. Strang and Strela [36] have con-
structed the D-G-H-M muitiwavelet and other multiwavelets [37). Many other people
studied multiwavelets such as Daubechies [11], [12], Ashino, Nagase and Vaillancourt
(1], and Cooklev [5], [6], [7], [8], [9], and others. In this section, we shall study
multiscaling functions and multiwavelets constructed by the above quoted persons.

Donavan-Geronimo-Hardin-Massopust multiwavelet

The G-H-M multiscaling function and D-G-H-M multiwavelet have been constructed
by Geronimo, Hardin and Massopust [15] and Donavan, Geronimo, Hardin and Mas-
sopust [14], respectively, by means of factal interpolation functions. The D-G-H-M
multiwavelet has also been constructed by Strang and Strela [36] by means of algebraic
methods in the time domain. Here we shall follow the latter method.

The G-H-M scaling functions can be characterized by the following properties:

1. Symmetry: The first obvious character is that the two scaling functions ¢; and
¢ are symmetric functions (see Fig. 4.1 below), which satisfy

é1(z) = 61 (1 — 2), $2(z) = ¢2(2 - 7).

2. Short support: It is a unique character of the G-H-M scaling functions. The
functions ¢;, ¢ = 1,2, vanish outside [0, 7).
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3. Second-order accuracy: The two scaling functions can produce the hat function
exactly:

1 1 _ z, 0<e <,
—ﬁ@(ﬂ?)'*'ﬁd’l(m—l)"'@(“") ={ 2-z, 1<x<?,

that is, a combination of the translation of ¢1(z) and ¢5(z) yields the functions
1 and z. This establishes two vanishing moments for the new wavelets which
will be orthogonal to the functions 1 and z, i.e.,

/l-d);(z)d:z::O, i=1,2,

/:r'l,b.-(m)d:n=0, i=1,2.

Therefore, the order of approximation is 2.
4. Orthogonality: The translates of the two scaling functions,

{d’l (33 - k)}keZ? {‘I’?(J‘. - kJ}keZ*

are all mutually orthogonal, that is,
./.(b,(l' - k)(bJ(."L‘ - I) dr = 6i_j6k_g, 1= 1,2, j‘ € Z. (431)

Once the scaling functions have been found with the above four properties, the
next step is to construct the corresponding orthonormal multiwavelets from the scal-
ing functions. This step is not automatic since the filter coefficients are matrices.
Strang and Strela considered the multiscale relations

o(z) = { Eg] ghk[gé(gj:”,
o= 05 ]- a5 0 ]

kEL

where h; and g are matrix coefficients, and g; are obtained as the solution of linear
and quadratic equations, whose solution was first computed by Mathematica. The
key point of their methed is to find a paraunitary matrix P(2), that is, a matrix
Laurent polynomial which is unitary on the unit circle |z| = 1. Then the scaling
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functions come from one half of the matrix and the wavelets come from the other
half. More specifically, let L be the matrix consisting of the low-pass coefficients:

1 fI.U h] h,g ha
\/i ho hl hz ha

Now L is a block Toeplitz matrix where

hohy + hihT + hohT 4 hahd = 21,
hohg + hlhg =0

thus, half of the rows in I satisfies LLT = I,
Then construct a new matrix of the form

hg hy hy hg
[ L } _ 1 hao hi hy hs
Bl="% . e .
\/5 G0 ot G2 O3
o S G2 43

Since LLT = I, to obtain orthogonal multiwavelets, it remains to require that
LBT = 0 and BBT = I. After some matrix transformation and calculation, we
get a paraunitary matrix P(z),

P(z) = [ 2 ] - [ s ] U(z), (4.32)
where
P(z) = Py+ Pz}
and
P(z)P(z) = 2I
with

P0=[h0 hl] P1=[h2 hajl‘
9 6 i’ 92 g3

Here, U(z) has a specific form given by Vaidyanathan [40] and P(z) denotes the
conjugate transpose of P(1/z).
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From (4.32), we can get B(z) from the product B(1)U(z). This gives the cocffi-
cients of the highpass filter, and consequently, the orthogonal multiwavelets follow,
A more detailed construction is found in {36}, [37}.

The G-H-M lowpass and D-G-H-M highpass multifilters in the z-notation are
1 6 82 1 6 0
G = — - -1
Ho'(z) 10[—1/\/5 -3 ]+1o[9/\/§ 10}2

1 lone 37T e o)
Hg(z)_i[—l/\/i -3 ]+i[9/\/§ .,10]2_l

710 1 32| 10| 9 0
B[ e[ ]

One verifies that .
det HY (2) = —Ez‘3(1 +z)°

and the eigenvalues of JH (1) are A, = 1 and Ay = —0.2.

Since | Af < 1, it follows from Proposition 4.2 that the cascade algorithm will pro-
duce the G-H-M multiscaling function and D-G-H-M multiwavelet, shown in Fig. 4.1,
from any initial two-vector satisfying Remark 4.2.

Strang~Strela piecewise linear multiscaling function

Strang and Strela [37] have produced a pair of orthonormal piecewise linear multi-
scaling function and multiwavelet, satisfying the orthogonality condition (4.31), with
the following filters:

Hg(z)z[\/%ﬂ g]+[—\/1§/2 1?2}’"1*[3 132]"""

#2055 [ i 0]+ 3 [ v T |
170 0 7.
+ﬁ[0 _7/2];: .

The product filter, ]
P(z) = Ho(2)H;j (z7Y),
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Figure 4.1: G-H-M multiscaling function and D-G-H-M multiwavelet.

J »
] - I=3 - (X
¢ ’

» - -] - [X]

has determinant .
det P(z) = Zz”z(l + z)4.

The determinant of Hy(z) is
det Hy(z) = %2-3(1 + ).

The eigenvalues of 3Hy(1) are A\, = 1 and A, = 0.5. Since |Ag| < 1, it follows
from Proposition 4.2 that the cascade algorithm will converge to the Strang-Strela
multiscaling function and multiwavelet, shown in Fig. 4.2, from any two-vector values
satisfying Remark 4.2

Cooklev’s nonsymmetric multiwavelets

As an example of multiscaling function whose product filter,

P = ) = [ Pl Tal?)

satisfies
P(z}+ P(-z)=1
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Figure 4.2: Strang-Strela’s piecewise linear multiscaling function and multiwavelet.
and

det P(z) = z*(1 + z71)%,
is given in [5], pp. 196-199. Here P(z) is given to a precision of 1073

11

l

z) = 63.71922217 + 24.24695963(z" + 2) + 8.03533024(z3 + 2%),
1.73714280357z" ~ 3.413316119z + 1.737142803572°,

1.73714280357z~° — 3.413316119z™" + 1.73714280357z,
0

#(z) = 09956031378 + 0.5(z™" + z).

12

p(2)
p*(2)
p*(2)
p*(z)

By spectral factorization, Hy(z) is found, to a precision of 10~° to be

B0 _ [ 1.75167877900545 0.0
0 7 | 2.37892314369563 0.685375014813871 |’

RO [ 4.544528207816465 0.000975993758244328
I 7| —2.25450962889358 0.7251643084881315 |’

O _ [ 3.890440724620659 0.0
2 7| -2.582798346116616 0.0 |°
B0 _ [ 1.110456699381924 0.0
37 | 2.493296531394941 0.0 |
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Figure 4.3: Cooklev’s nonsymmetric multiscaling function.

The corresponding scaling functions (see Fig. 4.3) are nonsymmetric because of
the lower triangular A

The eigenvalues of %Ho(l) are A; = 0.9985 and A, = 0.1247. Since A\, =~ 1 and
|A2] < 1, it follows from Proposition 4.2 that the cascade algorithm will converge
to the two scaling functions shown in Fig. 4.3 from any two-vector values satisfying
Remark 4.2. It seems that the multiscaling function does not have vanishing moments
of order at least one since Hy(z) does not satisfies the basic condition 1.6 given in
[34]. Moreover, the orthogonality condition

Hy(w/2)Hg(w/2) + Ho(w/2 + m)Hy (w/2 + 7} = I
is not satisfied by the multiscaling function.

Ashino—Nagase—Vaillancourt simple multiwavelets

The multiwavelets of D-G-H-M and Strang-Strela have good time localization at
the expense of frequency localization. To achieve better frequency resolution, I.
Daubechies in [11] suggested split-type orthonormal wavelets generated by the tensor
product of two one-dimensional wavelet bases. In [1], R. Ashino, M. Nagase and R.
Vaillancourt extended this to split-type multiwavelets.
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As in Chapter 2, let mg and m, be defined by

1 .
mo() = =5 D hyemt
T

myi(€) = —e~Emg(€ + 7).

Multifilters for this type of multiwavelets are constructed in the form

wio= (7§ o] mo=[§ 28]

where mg, m;, Mg, My € C*™ satisfy the orthogonality relations

Ima(€)* + |mo(€ + m)|? = 1,
[ma(E)* + |mi(€ + )2 =1,

mo(§)ma (§) + mo(€ + m)my (€ + m) = 0,

Mo(E)[? + 1Mo (€ + m)|2 = 1,
M (E)? + |m (€ + m) =1,

e e a——

ﬁlo(f)?"ﬁl(f + 'ﬁig(f + TF)T—FL] (E -+ ‘IT) =0.
Therefore, the block matrix
[ Mo(§) Mqo(€ +m) ]
M(€) M(E+m)

is a 4 x 4 unitary matrix, and the corresponding multiwavelet is

S = | B® [ 3er2) | _ [ mole/2)bie/2)

N/ = | ~ =M 2 - = -

© [ Ba(6) ] &2 G ] [ ulE/2(E ) ]

with the multiscaling function

sy | 0O ] _ (€/2) | _ | mol€/2)d(¢/2)
§e) [ch(&)} M“(‘f’z)[w(s/z)} [m1(§/2)¢(5/2)]'

This method produces perhaps the simplest multiwavelets, but these multiwavelets
cannot achieve symmetry and orthogonality at the same time if the support is com-
pact.

The support of these multiwavelets is shorter than the support of the individual
wavelets used to build the multiwavelets.
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Cocoklev’s real multiwavelets from complex wavelets

Using the z-notation, Cooklev has represented Lawton’s complex wavelets (described
in the previous and the next chapters) as multiwavelets or filterbanks in the form

[ HEE) —Hi()
”"(‘)“[Haz) Hs*(z)}’
_[HR) -HI()
H‘“"[H{(z) H{l*(z)}’

where Hf and H/, i = 1,2, denote the real and imaginary parts of H,, respectively.
To construct an orthogonal perfect reconstruction multifilter pair, Hy(z) and
H,(z) are forced to satisfy conditions (4.3)-(4.6). Since HE and H! comes from
a complex-valued scalar filter, the symmetry of Hy and H, is connected with the
symmetry of the polynomials H7(z) and H!(z), i =1,2.
This method to get Hy and H, by representing a complex number by a matrix,

vel 2]
=Ty & '

offers a straightforward way to construct multiwavelets from complex wavelets. We
remark that these multiscaling functions and multiwavelets, considered as real two-
vector functions, do not satisfy the orthogonality condition (4.31).

Figures for Cooklev’s multiwavelets are found in the next chapter.

4.3 Summary

In the previous two sections, we studied the basic multiwavelet theory and three types
of multiwavelets. There are other methods of construction of multiwavelets which we
did not mention such as the construction with separable multifilters, etc. Also, there
are some general properties of multiwavelets such as the method to calculate the
regularity of multiwavelets, which have not been described here.

It is worth mentioning the general method for designing multifilters. In section 4.1,
we discussed it according to Proposition 4.1. It did open our eyes to the idea, but
there is still considerable freedom in the design of the product filter. The product
multifilter from G-H-M has determinant 23(1 + z7!)®, the product multifilter from
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Strang and Strela, has determinant x2(1+ z=')* and the product multifilter of Cook-
lev has determinant z*(1+z7")%, These determinants have multiple zeros at z = —1.
If, at z = 1, the low pass matrix filter has the simple cigenvalue 1 and the remain-
ing eigenvalues lie inside the unit disk, then, by results of A. Cohen, 1. Daubechics
and G. Plonka [4] and C. Heil and D. Colella [18], the cascade algorithm produces
unique multiscaling functions and multiwavelets from any starting values satistying
the conditions of Remark 4.2,

Carresponding to the examples described in Section 4.2, we sec that there are
always some properties which cannot be considered with other properties in every
method. Therefore, the question arises: can we find an approach to construct mul-
tiwavelets with orthogonality, symmetry, flexible support length and arbitrarily high

number of vanishing moments? This question has been addressed by Strela [38) and
Plonka and Strela [33)].
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Chapter 5

Numerical Results

In this chapter, we give some examples obtained by using the techniques described in
the previous chapters.

The integer N will stand for the number of vanishing moments of the correspond-
ing wavelets. Seven interations of the constructive cascade algorithm are used to
produce the scaling functions and the corresponding wavelets.

In Tables 5.1-5.7, we list the filter coefficients yh, for Lawton’s compactly sup-
ported complex-valued scalar wavelets. The yh, are normalized so that ) wyh, =

V2.

5.1 Lawton’s complex filters

In this section we list the coefficients of Lawton's complex filters for N = 3,... ,8.
These coefficients have been obtained in double precision by spectral factorization
and appropriate choices of the zeros of the corresponding polynomials as described
in Chapter 3. Figures are drawn for Lawton’s filters and some of the corresponding
Daubechies real filters.
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Table 5.1: Real and imaginary parts of coefficients of Lawton’s complex filters (N=3,
4).

N Real part Imaginary part
3 1.0 0.0
0.0 1.290994448735805
-5.0 3.872083346207415
—5.0 3.872983346207415
0.0 1.290994448735805
1.0 0.0

4 | —0.3288759177860308 | 0.0
0.4459203153501978 | —0.4919071368212055
9.428332711191807 | —0.4719059655503813

~0.3233906644553652 | 3.031447506010529

—5.1478263402245 7.00670694312182

—2.815006925782846 5.490983190116556
1.355892271930708 1.49572258173444
1.0 0.0

5.2 Figures of filters and multifilters

In Fips. 5.1-5.22, we present four sets of graghs of scaling functions and wavelels,
namely Daubechies’ real-valued scaling functions and wavelets, Lawton’s complex-
valued scaling functions and wavelets and Cooklev's multiscaling functions and mul-
tiwavelets, corresponding to N = 3,5, 7 and 9. These scaling functions and wavelets
are symmetric or antisymmetric. In Figs. 5.93-5.30 we present Daubechies’ wavelets,
Lawton’s wavelets and Cooklev’s multiscaling functions and multiwavelets corre-
sponding to N =4 and 6. These scaling functions and wavelets aie nonsymmetric. It
should be noted that we have presented all the possible choices of the different pairs
of roots. For N = 9, there are 8 different pairs of roots, but here we present. the
figures for only two of them.
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Table 5.2: Real and imaginary parts of coefficients of Lawton’s complex filters (N=5a
w 1

5b).

Real part Imaginary part
ba 1.0 0.0

0.0 0.831886572169963
—06.13173192019257 0.7917661169179349
~(0.6586596009630741 | —7.687581425789803
19.68268079807375 | —21.19836885676934
19.68268079807376 | —21.1983688567G934
—0.6586596009630626 | —7.687581425789798

—-6.131731920192565
0.0

0.7917661169179358
0.831886572169963

1.0 0.0
ob 1.0 0.0
0.0 2.146102088992586
—~8.08859137390339 4.866011231748732
—10.44295686951719 —95.715373087152539
0.1140862609655073 | —26.45346079725317
0.1140862609655073 | —26.45346079725317

—10.44295686951719

—8.08859137390339
0.0
1.0

—5.715373087152539
4.866011231748732
2.146102088992586
0.0




Table 5.3: Real and imaginary parts of coefficients of Lawton’s complex filters

6b).

N Real part Imaginary part.
6a| —-0.3525429847631032 0.0
0.4378567219471435 | —0.1612263943365642
2,833009948217348 0.3338646425068745
~2.466420032719199 2.83396811327802
~10.10934132288158 1.421297178983743
6.776550724343143 | —11.97460163814514
31.09144971014476 | —25.6886325726374
21.30160056972714 | —21.53201718949971
—1.730092397784233 | —7.168760006351443
—4.075109753558128 0.1889704260123404
1.241995276806895 0.4573240748072259
1.0 0.0
6b| —0.3525429847631032 0.0
0.4378567219471439 | ~0.849383278203893
3.81935492332577 —0.7232582508071488
0.6538492156268676 7.077909452588108
—12.10097031008202 12.4997205586225
—15.46355880805532 ~7.117944144125023
—10.06938770931809 ~31.75291375656898
—14.74733861418923 —22.71889992923275
—17.53055103650256 1.995064442738126
—6.872910355862587 8.03623504851984
1.241995276806895 2.409304155561767
1.0 0.0
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Table 5.4: Real and imaginary parts of coefficients of Lawton’s complex filters (N=7a,

7b).

N Real part Imaginary part
7a 1.0 0.0
1.438849039914203 x 10~13 2.9305252116394
—11.97580718984453 6.110930406015826
~17.90823562140083 —17.0745931076402
15.98914477600771 —58.86683141967491
62.38680688430644 —33.14082805110399
76.63931213167729 52.62692486547231
76.63931213167726 52.62692486547229
£2.38680688430646 -33.14082805110396
15.98914477600778 —58.86683141967487
—17.90823562140083 —17.07459310764019
—11.97580718984453 6.110930406015829
1.447730824111204 x 1013 2.9305252116394
1.0 0.0
7b 1.0 0.0
1.438849039914203 x 10~13 0.1936998107325399
—7.700577990156376 2.18242267614775
—0.4227348593065159 6.948569279606624
22.95646171908758 4.629458127662693
—19.31674307896992 —19.31348858203644
—119.3864799360843 —49.95887759444824
—119.3864799360843 —49.95887759444822
—19.31674307896998 —19.31348858203638
22.95646171908754 4.629458127662728
—0.4227348593065159 6.948569279606633
—7.700577990156372 2.182422676147751

1.447730824111204 x 10~1?
1.0

0.1936998107325399
0.0
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Table 5.5: Real and imaginary parts of coefficients of Lawton’s complex filters (N=Te,

7d).

N Real part Imaginary part
7C 1.0 0.0
1.447730824111204 x 1073 | —2.071825245627513
—9.82804810602721 —3.478153151665104
—7.206125507776627 14.92651298687195
32.91442030830939 38.86518208974296
61.61641546950584 —5.039477407932414
15.28669926705027 —96.4454511013251
45.28669926705024 —96.4454511013251
61.61641546959578 -5.039477407932381
32.91442030830536 38.86518208974297
—7.206125507776648 14.92651298687196
--9.82804810602721 —3.478153151665101
1.447730824111204 x 1013 | —2.071825245627513
1.0 0.0
7d 1.0 0.0

1.438849039914203 x 10~%3

—7.902930785078248
—0.2994858644340397
20.28273014608556
4.5185292801489
—76.82808687531349
—76.82808687531352
4.518529280148926
29.28273014608558
—0.2994858644340184
—7.902930785078241

1.447730824111204 x 10~13

1.0

—0.6650001552793477
—0.4503545782029717
6.434530727108367
0.99627674472907
—37.03767526159686
—99.3145049229234
—99.3145049229234
—37.03767526159689
5.996276744729059
6.434530727108364
—0.4503545782029717
—0.665000155279347
0.0




Table 5.6: Real and imaginary parts of coefficients of Lawton’s complex filters (N=8a,

8b).

N Real part Imaginary part
8a] —0.3654035130767648 0.0
0.4332401363153551 | —1.175671899258328
5.468628318386223 | —0.966936924202706
2.154412990202434 12.82761730601287
—25.39526029108023 22.02190553865803
—41.62756038658029 | —29.14360359356
—-1.564633930407763 | —95.4488486955918
62.33627814247862 | —53.26717138311495
100.5263446742042 29.39063303150425
99.640680378049 —7.650386189351594
50.05527753116172 | —87.5951515487718
—14.0576688028018 —69.1980613464433
—31.31921193253186 —7.950565603455275
—11.28799307598986 10.27577485259034
1.185648525017842 3.217461948734303
1.0 0.0
8b| —0.3654035130767648 0.0
0.4332401363153547 | —0.221637056148777
3.644505968244319 | —0.864625659408783
—2.594995370261593 0.109083378809105
-12.82333067360978 6.051100091854874
16.02397217567745 12.81905629460162
39.0895326298611 8.19932589856566
—56.65414987944823 | —10.21125730200725
—176.8374106092276 —26.00877486465673
—135.5546135069382 —22.71101749657261
—16.29781508577406 —4.783487884606011
14.75438336534211 8.86005978526359
—6.48380673392083 9.24873761362526
—6.295916413172762 3.804541847797286
1.185648525017842 0.60655425636867
1.0 0.0
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Table 5.7: Real and imaginary parts of coefficients of Lawton’s complex filters (N =8,

8d).
N Real part Imaginary part
8c | —0.3654035130767648 0.0
0.4332401363153547 (.6613053412153862
4.175701969061297 0.0916167965306238
~-2.323818396514227 ~8.05263946951064
—22.33651830171234 —7.478584027994018
—7.554104200569189 32.76567068736411
50.1862328116619 56.74814685320867
70.5665170579438 —27.87749101355935
54.66929627531263 | —131.4449547500384
72.20464419690774 —96.6439114761984
79.33035967470545 9.46143090484678
20.59533017556049 38.95561165539702
—10.6731492790571 9.69839607664202
~7.749640807731013 —4.542288571204864
1.185648525017842 —1.809794699692604
1.0 0.0
8d | —0.3654035130767648 0.0
0.4332401363153551 0.2927295018941654
3.694543222009351 0.01069446826330411
—3.051543670543708 —3.043360107515777
—16.25684463452721 0.04766271281203771
10.859132769742 19.10482564738217
50.07923019909295 13.43101259654665
—4.533581947011819 | —64.15106790158599
~89.673282535801 —143.9198764220257
—55.59964106164756 | —121.6476355347244
25.79496076632876 —38.00043119359607
26.22501019443524 5.201918468106044
—5.559089001482733 3.0605164 70640859
—-6.43285339372806 —1.928944433588192
1.185648525017842 —0.801112992673029
1.0 0.0
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Figure 5.1: Real scaling function and wavelet D3.
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Figure 5.2: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L3 with starting value dy4.

Symmetric and antisymmetric figures for N =3

The following figures present Daubechies’ real-valued scaling functions and wavelets,
Lawton’s complex-valued scaling functions and wavelets and Cooklev’s multiscaling
functions and multiwavelets for N = 3.
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Figure 5.3: Real multiscaling functions and multiwavelets C3 with starting value
(1 1]T6y0.
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Figure 5.4: Real scaling function and wavelet D5

Symmetric and antisymmetric figures for N = 5.

In this subsection, we present Daubechies’ real-valued scaling functions and wavelets,
Lawton’s complex-valued scaling functions and wavelets and Cooklev’s multiscaling
functions and multiwavelets corresponding to N = 5. In this case, there are two pairs
of roots, referred to as N = 5a and N = 5b, corresponding to two sets of scaling

functions and wavelets. For Daubechies’ case, we only present one pair of roots.
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Figure 5.5: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L5a with starting value é,,.
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Figure 5.6: Real multiscaling functions and multiwavelets C5a with starting value
[1 1]T6n0.
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Figure 5.7: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L5b with starting value §,,.
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Figure 5.8: Real multiscaling functions and multiwavelets C5b with starting value
{1 1]%6p0.
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Figure 5.9: Real scaling function and wavelet D7.

Symmetric and antisymmetric figures for N =7

In this subsection, we plot Daubechies’ real-valued scaling functions and wavelets,
Lawton’s complex-valued scaling functions and wavelets and Cooklev’s multiscaling
functions and multiwavelets corresponding to N = 7. In this case, there are four pairs
of roots, identified as N = 7a, N = 7Tb, N = 7c and N = 7d, corresponding to four
sets of scaling functions and wavelets. For Daubechies’ case, we only present one pair
of roots.
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Figure 5.10: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L7a with starting value &,;.
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Figure 5.11: Real multiscaling functions and multiwavelets C7a with starting value
[1 1]76,0.
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Figure 5.12: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L7b with starting value dy;.
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Figure 5.13: Real multiscaling functions and multiwavelets C7b with starting value
[1 1) 650.
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Figure 5.14: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L7c with starting value §,,.
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Figure 5.15: Real multiscaling functions and multiwavelets C7c with starting value
[1 1]%6pe.
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Figure 5.16: Real (bold lines) and imaginary parts of complex scaling function and
wavelet [.7d with starting value §,;.
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Figure 5.17: Real multiscaling functions and multiwavelets C7d with starting value
(1 1]% 60
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Figure 5.18: Real scaling function and wavelet D9.
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Figure 5.19: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L9a with starting value 6,,.

Symmetric and antisymmetric figures for N =9

The following are Daubechies’ real-valued scaling functions and wavelets, Lawton's
complex-valued scaling functions and wavelets and Cooklev’s multiscaling functions
and multiwavelets corresponding to N = 9. In this case, there are eight pairs of roots
corresponding to eight sets of scaling functions and wavelets. Here, we only give two
cases. For Daubechies’ case, we only present one pair of roots.
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Figure 5.20: Real multiscaling functions and multiwavelets C9a with starting value
[1 1]76n0.
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Figure 5.21: Real {bold lines) and imaginary parts of complex scaling function and
wavelet L9b with starting value é,;.
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Figure 5.22: Real multiscaling functions and multiwavelets C9b with starting value
[1 1]% 8o
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Figure 5.23: Real scaling function and wavelet D4.
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Figure 5.24: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L4 with starting value é,,.

Nonsymmetric figures for N = 4

In this subsection, we present Daubechies’ real-valued scaling functions and wavelets,
Lawton’s complex-valued scaling functions and wavelets and Cooklev’s multiscaling
functions and multiwavelets corresponding to N = 4. For N = 4, the plots are
asymmetric.
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Figure 5.25: Real multiscaling functions and multiwavelets C4 with starting value
(1 1)76ng.
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Figure 5.26: Real scaling function and wavelet D6.

Nonsymmetric figures for N =6

The following are Daubechies’ real-valued scaling functions and waveicis, Lawton’s
complex-valued scaling functions and wavelets and Cooklev’s multiscaling functions
and multiwavelets corresponding to V = 6. In this case, there are two pairs of roots,
identified as N = 6a and N = 6b, corresponding to two sets of scaling functions and
wavelets. For Daubechies’ case, we only present one pair of roots. Since N = 6, the
plots are asymmetric.

5.3 Comparison of multifilters

The most obvious property one sees in the above graphs is either symmetry/antisymmetry
or asymmetry. Daubechies’ scaling functions and wavelets are asymmetric. Lawton’s
complex-valued scaling functions and wavelets as well as Cooklev’s multiscaling func-
tions and multiwavelets are symmetric or antisymmetric only when N is odd, for the
reasons explained in Chapters 2 and 3. Another visible property is the support length
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Figure 5.27: Real (bold lines) and imaginary parts of complex scaling function and

wavelet L6a with starting value &,.
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Figure 5.28: Real multiscaling functions and multiwavelets C6a with starting value
[1 1)78po.
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Figure 5.29: Real (bold lines) and imaginary parts of complex scaling function and
wavelet L6b with starting value dy.
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Figure 5.30: Real multiscaling functions and multiwavelets C6b with starting value
[1 1]76,0.

of the corresponding scaling functions and wavelets as shown in the figures.

We recall that Cooklev’s multivawelets, Cy, come from Lawton's complex wavelets,
Ly, in a simple way, but we see from these figures that the shapes of the scaling func-
tions and wavelets of these two kinds dependes upon the starting values used in the
cascade algorithm. This can be explained as follows. Since the lowpass filter is of the
form

Ho(z) = Y Hiz™,

keZ

then
Ho(1) =) H,.
keZ
In the case of the G-H-M lowpass filter Hy(2), the eigenvalues of $Hy(1) are 1 and
—0.2. Since A; = 1 and |A;| < 1, then it follows from Proposition 4.2 that the cascade
algorithm will converge to the multiscaling function from any two-vector satisfying
Remark 4.2. On the other hand, Cocklev's multifilters coming from Lawton’s complex
wavelets will satisfy
Ho(l)= 33 H=1

keZ
Hence, all eigenvalues are A = . Since the Eigenvalue Condition 4.1 is not satisfied,
Proposition 4.2 does not apply and the scaling function depends upon the starting

3]

For G-H-M and Strang-Strela multiwavelets, the eigenvalue condition implies that

values

there exists no matrix M # I which commutes with the matrix coefficients H, of the
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filter. For Cooklev’s multifilters coming from Lawton’s complex wavelets, cach Hy is

of the form )
H = [ O ] :
b
which represents the complex number

zr = a4 + b,

Since matrices of the form H commute under matrix product, as does the product
of complex numbers, H; commute with the rotation

_ { Cos —singo

. ~ COS ¥ -+ 18ino.
sin o Cos ¢

Thus,
é(z) | _ ¢ (22 ~ k) _
R ¢2($)] = 2 ;GZj RH.R"R [ d);(%_ ) ] (5.1)
- é1(2z — k) .
= ﬁkEEZ:HkR{ qb2(2:c—k)]' (5.2)

Hence, R® is produced by the same filter as ®. In the complex case, this is obvious
since

elo(z) = \/§Z e hie el (2 ~ k) (5.3)
keZ

= V2)  he¢(2z - k). (5.4)
keZ

In Figs. 5.31 and Figs. 5.32 we present “new” multiwavelets whose filter coefficients
come from the coresponding multiwavelets filter coefficients, with N = 3, multiplied
by /% and e*/8,

It should also be noted that the zeros of the polynomial Q4(z) in (2.30) of degree
N — 1 for Daubechies’ wavelets yh, have been obtained by the constructive use of
Riesz Lemma in IEEE double-precision floating point arithmetic. Since these zeros
are simple, the errors are very small.

To find the zeros of the polynomials y H{2) with N zeros at z = —1, quadruple
precision was used to obtain the coefficients h,, which are the coefficients yh, of
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Figure 5.31: New real multiscaling functions and multiwavelets C3N1 with starting
value [cos(w/3) — sin(r/3)  sin(n/3) + cos(n/3)]%.
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Figure 5.32: New real multiscaling functions and multiwavelets C3JN2 with starting
value [cos(7/G) — sin(7/6) sin(n/6) + cos(r/6)}7.
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Daubechies’ filters, of the polynomials 3on hnz™™ of degree 2NV — 1, The composite
root finder of Malek-Vaillancourt [30] and [31] recovers the exact double-precision
zeros by means of the QR algorithm in double precision. This root finder is destgned
to handle polynomials with multiple zeros.

It is to be noted that constructing and evaluating the polynomials in double
precision will yield the multiple zeros, z = —1, to an error of 10" for N = 3. A
similar error yields for N = 4. This situation gets worse for farger value of N,
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Chapter 6

Conclusion

The object of this thesis was to study and compare different kinds of one-dimensional
wavelets with emphsisis on complex-valued scalar wavelets and real-valued muiti-
wavelets.

The usual approximating method used in the plotting of wavelets, which is called
“cascade algorithm”, was described. Several sets of real-valued scalar wavelets,
complex-valued scalar wavelets and multiwavelets with the same vanishing moments
and the corresponding scaling functions were obtained by this algorithm.

Complex-valued scalar wavelets are the extension of Daubechies’ real-valued scalar
wavelets, and they offer possibilities to achieve properties,such as symmetry, which
cannot be achieved in the real case .

We studied the construction and the properties of the complex-valued wavelets.
It is quite remarkable that the imaginary part of the scaling function is an admissible
wavelet since its integral vanishes. Since the complex filter coeflicients may produce
some redundancy, and people did not pay much attention to it, the study and use
of complex-valued wavelets is more recent. Recent studies in physics show that the
symmetry property permits the use of symmetrization in signal analysis to avoid
border effects. Therefore, some physicists and engineers began to pay more attention
to the development of the wavelet theory. Recent contributions are due to J.-M.
Lina et al. They generalized the solution of the orthogonality conditions for complex-
valued wavelets and constructed the symmetric multiresolution analysis on [0, 1]. The
associated quadrature mirror filter (QMF) which exhibits the underlying symmetry
of the analyzing function should be of interest in image analysis.
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Multiwavelets is a very recent topic. Many properties of multiwavelets should be
considered with matrix theory since the coefficients of filters are matrices and the
theory of scalar wavelets cannot be generalized in a straighforward way. The theory
for multiwavelets is still in the development and experimental stage. The general idea
was reviewed and several examples were studies in the thesis. The general expression
for the determinant of the product filter P(z), which appears in the general design
method, have not been completely studied, and this research will remnain active in the
future.

Some comparisons between Daubechies’ wavelets, Lawton’s wavelets and muli-
wavelets are made, but it will be worth making a more detailed comparison, Since
there are still many unclear differences among them, it may be useful to understand
the factors which cause these diffences for the implementation of the wavelet theory.

Although the wavelet theory and its applications have been extensively studied
and received quick development, there are still many challenging questions without
answers.
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