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Abstract

In this thesis we study the question of existence of optimal controls for systems
governed by second order nonlinear evolution equations.

Let I = [0,7) , (X, H,X") be an evolution triple, with compact embedding X —
H < X" and Y a separable, reflexive Banach space, modeling the control space.
Here X* denote the dual of the Banach space X .

Let t — U(t) be 2 measurable set-valued map with values U(t) € 2¥. For admis-
sible controls , we introduce the class U,q given by

Upg = {u: I =Y, strongly measurable, and u(t) € U(t) a.e.}.

We consider the following Lagrange type optimal control problem:

J(z,u) = JT L(t, 2(t), #(t), u(t))dt = inf

subject to the following state and control constraints : (P)
#(t) + A(t, 2(2)) + Bz(t) = f(t,2(t))ult),

2(0) = 2o € X, #(0) = z1 € H, u(t) € U(?) a.e.

To establish the existence of an optimal pair {z,u} for the problem (P), an appro-
priate hypotheses on the data have been introduced and some apriori bounds for
the admissible trajectories of (P) have been derived.
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Chapter 1

Introduction

1.1 A Brief Review of Literature

For any problem posed , one has to ask the following questions:

(i) existence of solutions,

(ii) uniqueness of solutions,

(3ii) continuous dependence of solutions on the initial data.

Control problems are also concerned with the above questions.

Many physical systems are in general governed by first or second order linear or

nonlinear evolution equations of the form:

$(0) = do (1.1)

{ 8 = A(t,6) + f(t, 6,u)
ue uud

or

£ = A(t, ¢, ¢) + f(t, dyu)

9?(0) = ¢o
¢(0) = ¢ ‘ (1.2)
u € Usy

where u is the control from a given admissible class Uaa.

Systems (1.1) and (1.2) are defined in suitable Banach spaces .

One of the fundamental concerns of control theory is the question of existence of
optimal controls. For systems governed by differential equations in finite or infinite

dimensional Banach spaces , covering ordinary or delay differential equations. or
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partial differential equations, this question has been the subject of great interest
over the last decades [6,8,10,3,11,2, 21,22,26).

For finite dimensional problems much progress has been made. For a comprehensive
treatment of the existing theories and techniques we refer to the books by Cesari
[19],Clark [23] and Ioffe-Tichimirov [24].

The theory of distributed parameter systems (i.e. infinite dimensional systems
),presents more difficulties and is lagging behind. An outline of the results existing
in that direction can be found in books by Ahmed-Teo [2] and Lions (26].

We mention here, that the system (1.1) covers a wide variety of nonlinear (6,7] and
linear [26]parabolic systems. On the other hand, (1.2) covers hyperbolic and other
systems.

In many diffusion and wave propagation problems, the system is essentially gov-
erned by a nonlinear partial differential equation. Another interesting example, the
Navier-Stokes equation arising in hydrodynamical problems, is a system of nonlin-
ear diffusion equations.

Similarly, in other problems, one has to deal with a system of nonlinear diffusion
equations, such as the KdV equation describing the dynamics of water waves.
The subject of control theory for nonlinear problems is very sketchy (20,21,16,26,6,4]
and is wide open. Recently, interesting work has been done by Ahmed [12] and Pa-
pageorgiou [30], related to the question of existence of optimal controls for infinite
dimensional systems governed by integro-differential equations, and for systems gov-
erned by nonlinear second order evolution equations .

In this thesis we present some recent results in this direction , extending the work

of Papageorgiou [30].

1.2 Formulation of the Control Problem

Let I = [0,T], (X, H,X") be an evolution triple, with compact embedding X —
H < X" and Y a separable, reflexive Banach space, modeling the control space,
where X* denotes the dual of the Banach space X .

Let ¢t ~ U(t) be a measurable multifunctions with values U(t) € Puk(Y). For



admissible controls , we introduce the class Uqq given by

Upg = {u: I — Y, strongly measurable, and u(t) € U(t) a.e.} (1.3)
and

PudY) = {A €Y : nonempty, weakly compact and convez} (1.4)

We wish to consider the following Lagrange type optimal control problem:

J(z,u) = [T L{t, z(t), #(£), u(t))dt — inf = m

subject to the following state and control constraints : (P)
£(2) + A(t,(t)) + Ba(t) = (&, 2(H)u),

#(0) = zo € X,2(0) =z, € H,u(t) € U(t) a.e.

By an admissible "state-control” pair {z,u} for (P), we understand a pair of
state trajectory z(-) € C(I, X) and control function u(-)€ L*(I,Y) such that &(:)
€ Wyo(I) and both functions z(-), u(-) satisfy the constraints of problem (P), where
W,.4(I) is the Sobolev space defined by

W, (I) = {z: v € LI*(X) and £ € LY(X")}. (1.5)
In (P) the infimum is takes as follows :

m = inf{J(z, u), for admissible state — control pair{z,u}}

= limn—-ooj('rm un) (16)

Clearly, problem (P) cannot be solved without further assumptions on the data.
These assumptions will be introduced in Chapter 3.

The fundamental questions of control problems are various and they sometimes
present serious difficulties.

In fact, the difficult question of the existence of an optimal state-control pair {z,u}
arises in nonlinear systems because of the interaction between some topological
properties and the nonlinearities.

Also the optimal state- control pair {z,u} may be very difficult, if not impossible, to
determine numerically. There are no easy computational methods for this purpose.

However, for The existence of optimal control one can use two techniques:
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- Classical method (the most popular technique used).

_-Selections theorems (or Cesari's approch) wich is very difficult . specially to
prove that the optimal control has a measurable selections (see the book of Ahmed-
Teo (2, Th.5.4.9, pp.391.]. However some results in this direction have been obtained

recently in [8,9].

1.3 OQutline of the Thesis and Contributions

The thesis contains four chapters under the following headings:

Chapter 1. Introduction

Chapter 2. Nonlinear First-Order Evolution Equations.

Chapter 3. Optimal Control for Nonlinear Second- Order Evolution Equations.
Chapter 4. An Example.

In Chapter 2, we present the necessary background materials from mathematics
to be used in the next chapters. The existence of solutions and their properties are

given for first-order nonlinear evolution equations and parabolic problems.

Chapter 3 constitutes the most important part of the thesis. It is devoted to
the study of the question of existence of optimal controls for second-order nonlinear
evolution equations.

In the first part of this chapter, we discuss Papageorgiou's results and, in the second

part , we present the main results of this thesis which extends Papageorgiou’s results.

Finally in the last chapter we give an example , wich illustrates our main results
(Theorem 3.3).



Chapter 2

Nonlinear First-Order Evolution
Equations

2.1 Introduction

Nonlinear systems are more frequently encontered in practical problems than lin-
eac ones. Also the question of existence of optimal controls for such systems (first
or second order ) is of fundamental importance. In fact it is required to ensure
that the evolution equation describing the control system has a unique solution for
each admissible control. For the existence of a solution one can use several meth-
ods : semigroup theory, time discretization or the Galerkin’s approach. Here we
will use the last method which converts infinite- dimensional system into its finite-
dimensional approximation and then by using a priori estimates and compactness
arguments, one shows that the approximating sequence has a subsequence that con-
verges to the solution of the original problem.

In view of this objective, in this chapter we shall present a basic review of the tools
one can use to prove the existence of solutions.

The next chapter will be concerned with the question of existence of optimal control

of second-order nonlinear evolution equations.



2.2 Monotonocity, Hemicontinuity and Demicon-
tinuity
Definition 2.1

(i) An operator 4:V — V" is monotone on the real Banach space V with dual
V=if and only if,
< Au—Av,u—v>yey2 0 foralluveV.
where < .,. Syy+ denote the duality for the pair (V,V").

(ii) A is hemicontinuous if it is continuous from every closed line segment in V to

the weak topology in V*. That is if and only if the map
t —< A(u + tv),w >

is continvous for allu,v,weV,te R .

(iii) A is strictly monotone if:
< Au—Av,u— v >y y> 0

forallu,veV , with u #v.

(iv) A is said to be demicontinuous if and only if A transforms a strongly conver-
gent sequence into o weakly convergent one . That is: u, s uasn— o0

. . w
implies Au, — Au as n — 00,

Remark 2.1

(a) In(i) if A is linear then A is called positive definite.

ie < Au,u>>0forallueV.

(b) If A is multivalued, the Definition1(i) is replaced by < y1 —yz,u —v Syv-2 0
for all y; € Au, y2 € Av.



(c) Demicontinuity == Hemicontinuity (see Zeidler [33]).

2.3 Weak Convergence and Weak Compactness

Here we shall assume thay V is a reflexive Banach space and 1 £ p < o9, 142 =1.

Definition 2.2 A sequence {fi}2, C LP(I, V) converges weakly to f € LP(I,V),
writlen

fo = f in LP(1,V),

provided

fr < filt), g(t) Svy. dt — .[I < f(t), 9(t) Svy- di
for each g € L3(I,V*).

Theorem 2.1 (Boundedness of weakly convergent sequences). Assume that
fi — f € LP(I,V), then

(D) {fi}2, i3 bounded in LP(I,V). and

(@) | f Nzrun S timing || fi fleeqry)-

Theorem 2.2 (Weak compactness). Assume 1 < p < co and the sequence {fe}2,
is bounded in LP(I,V). Then there ezists a subsequence {fi;}32, C {fe}iz, and
function f € LP(I,V) with f, — f € LP(L, V).

Remark 2.2

In the case p = 1 the terminology is slightly different. We say that {fi}i2, C
L®(I,V)converges to f € L®(I,V) in the weak-star topology, written

fo 5 f e L2(1,V)



provided
'/; < fiul(t) g(t) Svy- dt — .[1 < f(), g(t) Svye dt
as k — oo for each g € L'(I,V").

2.4 Monotone Operator and the Galerkin Method

‘We consider the operator equation
Az = f for z eV (2.1)
with the corresponding Galerkin equations
a(zp,wg) = < fiwe> fork=1,2,.n (2.2)
where
a(z, w) =< Az,w > , T = span{wy, ..., wn}.
We seek z, € V such that

Va = Tk=1 ChknWh,

where the coefficients ¢, are unknown real numbers .

Theorem 2.3 (Browder,Minty (1963) ). Let A: V — V" be a monotone , coer-
cive and hemicontinuous operator on ¢ real , separable reflezive Banach space X .

Assume {wy, Wy, ....wn} 18 a basis in V .Then the following assertion holds:

(a)Galerkin method. If dim V =co ,then for each n € N, the Galerkin equation
(2.2) has a solution z. € V, and the sequence (zn) has a weakly convergent
subsequence
To, — 2 EV asn — o0,

where z is a solution of the original equation (2.1).

(b) Uniqueness. If A is strictly monotone , then equation (2.1) (resp.eq.(2.2))is
uniquely solvable in V(resp.V, ).



(c) Strong convergence of the Galerkin method .Let dim V= oco. If the
operator A is strictly monotone , then the sequence of Galerkin solutions (z,)
converges weakly in V to the unique solution x of equation (2.1)

If A is uniformly monotone, then (z,) converges strongly in V' io the unique

solution of (2.1).

Proof: see Zeidler [33 ]

Remark2.4

Let A:V — V" on real reflexive Banach space V : If the operator A is monotone
and hemicontinuous , then A satisfies the following condition
2, 2z, Azy —— y , limsup < Az, Tp >¢ <Y T >

implies Az =y .

2.5 First-Order Evolution Equations

2.5.1 Existence and uniquenes of solutions

A large class of physical systems are governed by monotone operators, they arise in
applications to the nonlinear partial differential equations. In nonlinear problems
an essential tool we use is the Galerkin method and so monotonicity is required.
The technique used is to write the initial value problem into a functional equation.
Let V < H < V" be an evolution triple and let {w;,ws,....} be a basisin V. We
set H, = span{w;,ws,...,w,} and introduce on the n-dimentionnal space H, the
scalar product of the Hilbert space H. Note that Hn — V— H.

Let M(V,V*) denotes the space of nonlinear monoione hemicontinuous operators
from V to V" .

Suppose 4 : I — M(V, V") and satisfies the following propperties :

(A1)Coerciveness. There exists & constant ¢ >0, h(:) € L}(I)and 1 < p< o0
such that
< AR)s,v >z W) +ellvP €T,
forallve V.
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(A2) Monotonocity
< A(t)u — At)v,u —v >y y20,t €],
forallu,v € V.

(43) Growth condition.
|| Ao [lve< U+ I v IEgvy) L €1
for all v € V. Let p,q satisfy the condition } + L =1, that is , ¢ is the

conjugate to p

Under the above assumptions, one can prove the following result.

Theorem 2.4 [5]. Consider the nonlinear evolution equation

¢+ Alt)g = f
{ s @

and suppose the operator A: I — M(V,V*) satisfies the assymptions (A1) — (A3).
Then for each ¢o € H and f € LI(I, V"), the equation (2.8) has a weak solution
¢ e LP(I,VINC(, H).

Further if A is strictly monotone , then the solution is unique.

Proof: The proof will be based on Galerkin's approximations , for wich we need

an apriori bound.If ¢ is any solution of (2.3) , then for each t € I,
t . t t
j < ¢, 6 Syey df +/ < A(8)$, ¢ Sy-y df = j < f, 6 >yev db,
o 0 0
giving
2 ¢ 2 ‘
1 60) [ +2 [ < AO)3(6),6(6) Svoy d8 =I oy +2 [ < F(6),8(8) >v-y 8.
Using assumption (A1) we obtain

60 By 426 [ 1 46) [ 28 <1 o Ty +2 [ @) | 842 [ 1< FO90) >l &
0 0 0

<[ o i +2J2 | h(8) | dB +2(J2 | £(6) - dO)F(J3 || #(6) I)# for all t € 1.

11



Hence using the Cauchy inequality ,

P e ?

ab<ElaP+|ble>0,0b€R,

P q

we have,
P ¢ t 5-9 ¢
2 Jofe_t P 2 4o 9 7.

66) B +20e=) [ 1 86) It 0 <1 do i 42 [ 14O | 0427 11 FO) 18- 6

and , for sufficiently small € > 0 so that ¢ > e"’% , we obtain

60 veu [ 1806) I 46 <1 oy en [ HE) 10 s 11 £ - d2)

for all ¢ € I, where ¢, ¢z, c3 are suitable positive constants . Hence , it follows that
é € LI, H)N Ly(I, V) and using (A3) there exist constants cs and cg such that

|  llzsrvn S es + s | 6 [Zagrwy + 11 f lzsqzvey - (2.5)

Then from (2.4) and (2.5) it is not difficult to verify that there exist a constants c7

and cg such that

I & lleerv)S cr + sl do I + 1| B flaqny + | f Boecrven - (2.6)
Then using inequalities (2.4) and (2.6), it follows that there exists a finite positive
number A such that

| ¢ lleecavi< M

li é lleeqrvaS M (2.7)

where ¢ is any solution of (2.3) .
Let Wyq = {¢: 6 € L?(1, V) and é € LY(I,V")}
where the derivative is understood in the sense of distribution .

Endowed with the norm

18 lw,e= (1 & oy + I 6 ety s (2.8)

W, is & Banach space , and by virtue of Th1.2.15 (1) one can conclude that W,
can be embedded in the Banach space C(T, H) . Hence it follows from (2.7) that

12



6 € C(T, H). With the a priori bounds we just established and Galerkin's approach
we can now prove the existence of a solution of the Cauchy problem (2.3).

Since V is dense in the Hilbert space H , there exists a sequence {e;} € V such
that (ei,e;)s = dij and for an z € H, z is the strong limit over n of the finite sum
il e;)e; denoted by

z = s.limy Y1 (2, €)es.

Consider the sequence

ey =3l (2.9)

i=1
for suitable {a?, i=1,...,n } so that af(0) = B where {8;} are the Fourier coeffi-

cients of o with respect to the fundamental sequence {v;} and

do = s.lim Y Bie; = s.limdg. (2.10)

i=1
For notational simplicity , we write A(t)v = A(t,v), and let {¢"} be chosen such
that the following system of equations holds

< ¢ e Swevy=— < At M), 8 >y T < Foei >wvevpi=1,...,n.(211)

The system (2.11) can be writen in the following equivalent system of ordinary
differential equations in R™

& = F“(t,a“) +g"
{ a™(0) = g (2.12)
where F* = {F,i=1,2,.n}
with

FP = FP(t,a},03,.,a7) = — < A(t, Tia o) & >i=12,.,m
and

g" = {fi,i =1,2..n}

with fi =< fiei> i=1,2,.n

and

ﬁ" = {ﬁg,i = 1,2,...17.}.

13



Since the mapping v — A(¢)v is monotone and hemicontinuous from V to V= |
o — F™(t,@) is continuous from R" to R" and —F™ is monotone. Hence it follows
from the theory of ordinary differential equations that for each positive integer n, the
system (2.12) has a unique absolutely continuous solution a” on I with a®(0) = g".
Thus ¢" , in (2.11) is well defined and {¢"} is contained in a bounded subset of
Wea,

In fact it follows from the equality

< ¢% 8" > + < A(t, "), " >=< f, 4" > (2.13)

and the apriori bounds established in (2.7) that

{Il 6" lzegrys | 8 llzagrve} S M (2.14)

for all positive integers n.

Since LP(I,V) ,1 < p < co, is a reflexive Banach space o is Le(I,V"), then there
exists a subsequence {¢™} € {¢"} and ¢° € LP(I,V) , with its distributiona 1
derivative ¢° € L3(I, V") , such that

qu. M, ¢0 c LP(I, V) (215)
g™ = §° € LI(I,V*) (2.16)
Taking n = ni in (2.11) , multiplying by ¢ € L?(I), and integrating over (0,T), we
obtain
T . T T
[ <dmvesat+ [ < At g, ve: > d = [ <hva>d ()

for 1 < i < ng. By virtue of the monotonicity and hemicontinuity of A it follows
from lemma 3.3 [6] that

whenever v, % vy € LP(I,V), then A(-,vn) — A(-,v0) in L?(I,V*") through sub-
sequences if many.

Hence using (2.15), it follows from (2.16), and letting k — o0 that

]T<$°1,be->dt+/r<.4(t¢°)¢e->dt=/T<f¢'6'>dt (2.18)
0 ¥ t A y ) i o ' i =

14



for all integers i > 1 and 7 € LP(I).

Therefore, ¢° satisfies

PO+ A=

in the sense of distribution as elements of L3(I, V).

From (2.15), it follows that #° € WP4 and hence ¢° € C(T, H). Thus #°(0) is a well
defined element of H. We show that

¢%(0) = @ as given.

For any ¢ € CY(T) with ¥(T) = 0, scalar multiply

40 + A(t, %) = f by ¥(t)e; to obtain

—(8%(0), e)¥(0) — f: < ¢°, 9% > dt + ]OT < A(t, 6°), p(t)e: > dt
= fo T fe) e > dt (2.19)

Integrating by parts the first term in (2.17) and comparing with (2.18), one can
easily conclude that

limj—oo(#%(0) — $0*, &i)ar = 0.

Since {e;} is a basis of V and V is dense in H, we conclude that ¢p* — ¢°(0) in
H. Furthermore, we recall that ¢3* —» @o strongly in H. Hence ¢°(0) = ¢o, and
¢° is a weak solution of (2.3).

For the uniqueness, if ¢* € W?9 is another solution of (2.3), then in L(Z, V") we

have

L(d0 — ")+ A(t, ¢°) — -} =
(g5 oo
Since ¢°,¢° € C(I, H), scalar multiplying (2.3.0) by (¢° — ¢°) and integrating over
the interval [0,t], ¢ € I‘ , we have ‘

| 0(t) — 67() [y +2 < A(8,¢°(0)) — A(6,4°(6)), 4°(6) - 6°(6) > O =0.

Hence one can conclude from assumption (A2) that

#°(t) = ¢7(t) for all ¢ € I, thus proving uniqueness.
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2.6 Control Problem

The subject of control theory for nonlinear problems is vast and wide open . The
nonlinearities usually appear in lower -order terms as in systems of the form:
{ L+ A(t,6) + B(t) = f(t,6,u)

$0) = o (2.20)
u€ uad

for the first order and

7,(%)** Aty ) + B(t)é = f(t,¢,u)
¢(0) _ g (2.21)
u € Uy

for the second order.
Systems of the form (2.21) will be considered in the third chapter , however, in
the present chapter, we discuss control systems governed by the nonlinear evolution
equation:
{ 2 = At)p+ (. dru(t))t €1

¢(0) = do (2.22)

u € Upyg
where {A(t),t € I}is a family of densely defined linear operators, not necessarily
bounded, with domain D(A(t)) C V and range R(A(¢)) C V" and f: IxV xU —
V-
This system covers a wide variety of nonlinear systems.
We consider here an example of control of nonlinear parabolic system in the weak
form.
We start with

2.6.1 Notation and formulation of the problem

Let € be an open bounded connected subset of the Euclidean space R™.
The points of Q are denoted by z = (21, %2, .- a:ﬂ) and the derivatives with respect to
x;-variables by D; = '% yi=12,..,n Di= -?-, k any positive integer; and D* =

D21... D% for an n-vector o = I thh a; positive integers and | e |=
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T8 | ;. We write integrals in Lebesgue n-measure over Q as [ f(x)dr. By functions
we mean r-vector functions ¢ = (@i, 81,..., 9,) for some fixed r 2 1. where each o;

is a real-valued function on Q or on I x Q. Thus D¢ = (D*é,, D%da, ..., D*$,) and

63_(& 82 82c)
St \ Ot dt ot

Let 1 < p < co , where m be any fixed positive integer, and let W™? be the Sobolev

space defined by
W™HQ) = {¢ € LP(Q) : D*¢ € LAQ)for | o |< m}

with the norm

16 lmp=( 5 || Dat Ifiniey)?

lalgm
Wm#(Q) is a reflexive Banach space. Let V be a closed subspace of W™?(Q) with
Ce(R) ¢ V where C3°(Q) is a family of infinitely differentiable functions with
compact support in & . Since V is a closed subspace of a reflexive Banach space
WmP(Q), it is a reflexive Banach space with the norm | @ lvel @ lmp -
We consider the Banach space L?(I, V) of equivalence classes of functions ¢ from I
to V with

J 161 dt <eo

and the norm defined by || ¢ llzewy= Ui | ¢ 5 de)7 . LP(Z,V) is itself a Ba-
nach space and further, its (topological) dual is Li(I,V*); that is , (LP(I,V))" =
LY(I,V*), where 1 + 1 =1 and V" is the dual of V. Let H denote the Hilbert
space [2(2) and A(t), t € I, be a system of partial differential operators on {2, with
coefficients depending on t € I, of the form

At)p= T, (-1)*1DAu(t, 2,6, D1, Doty s D)

!ul—;m

where each A, is an r-vector function of (¢,z) € I X @2, the r-vector function ¢, and
the values of all the derivatives D?¢ for | 8|S m.

We use (f, g) for the duality product between g € LP(I,V)and f € L'(I,V*) and
< f,g > for the duality product between g € V and f € V. We shall consider the
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control problem for the nonlinear parabolic system of the form

g 4 A(t)d = g,t € (1o, T),
{ d(to) = ¢o € H, (2.23)

where ¢ is any measurable r-vector-valued function on I x Q. This is an initial value

problem .
For ¢,1 € LP(I,V) define
Mo )= S [ < Aultid, Didy.. D, D7 > b, (2.2¢)
lafgm =7

and let g € L9(I,V*) and ¢ € H.

Definition 2.3 A function ¢ € LP(I,V) is said to be o week solution of system
(2.23) if it satisfies

(Lé,¥) + h(¢,¥) = (9, ¥)

where L denotes the closure of the operator Lo = & from the space LP(I,V} to the
space LI(I,V*).

or

~(6, L) + h(8,¥) =< ¢0,%(0) > +(9, %)
for all ¥ in LP(I, V) CY(I, H). (

[
[}
o

g

Let E be a separable reflexive Banach épace of r-vector-valued functions on Q
and I a closed subset of E and U/ the family of all strongly measurable functions
on I with valuesin I". Let f : I x ' = V" so that:

—

. for each t € I ,f(t,") is weakly continuous on T

L]

. for each v € I', f(-,v) is measurable on [
3, for each u € Usq, f(u) € LI, V") where f(u)(t) = f(t,u(t)).

Definition 2.4 A function f(t,u) of the two variables u € R,t € G is said to satisfy

Caratheodory’s conditions, if it is continuous with respect to u for almost allt € G
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and measurable with respect fo t for all values of u.
Here G denotes a set of finite or infinite measure in n-dimensional space.

Definition 2.5 An linear operator from a normed linear space X into a normed

linear space Y is bounded if it transforms any bounded set into another bounded set,

We shall denote by f the Nemyckii operator defined on the set of real functions on
G ,and where f(¢,u) satisfies the Caratheodory conditions.

The nonlinear operator f plays a fundamental role in questions related to the exis-
tence of solutions of a vast class of nonlinear systems.

It turns out that the continuity and boundedness of the operator f follow from
the fact that f acts from LP(G, R) into L9(G, R). In fact, one has the following

properties:

Theorem 2.5 ([25],Th. 2.1-2.2 ,pp.22-26) Suppose that the operator f transforms
every function in LP(G, R) into a function in L9(G,R) (1 < p,q < 00,:-, + ;‘; = 1).

Then the operator f is countinuous and bounded.

Remark 2.4 The boundedness of a nonlinear operator does not , in general, follow
from its continuity.

For an example, see ([23] , p.13 ).

Theorem 2.6 ([25], Th.2.3 , p.27 } If the operator f acts from LP(G,R) into
LY(G,R) (1£p,q< oo,;l;+% =1) then

| £(t,v) |a< a(t) + 5| u 7,
where b is a positive constant, a(-) € LG, R*) end | - |r denots the usual norm in

R.

For a proof of Theorems 2.5-2.6 , we refer the reader to (28] .
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For a general case (i.e. f acting from L?(G, V) into LG, V") (1 £ p,q < o0, %-i-% =
1), where V is a reflexive Banach space with reflexive dual V' .}, see [13] (Lemma

1-2, pp.4-6).

Remark 2.5. Note that for functions with values in a separable Banach space ,
weak and strong measurability are the same. We now consider the following control

problem of the nonlinear parabolic system

#(to) = o € H,
u e uad:
in the weak form

8 L A(t)g = f(t,ult)),t € (o, ta],
(S)

$(to) = ¢o € H,

{ (Lé, %) + h(¢,¥) = f(t,u(¢)) for all ¥ € LP(I, V)N C(L, H),
(Sw)
u e uada

2.6.2 Existence of solutions of the parabolic system S,

For the existence of solutions for the problem S,, one needs the following funda-
mental assumption on the operator 4.

(A;) Each A, is an r-vector-valued measurable function in all variables and contin-
uous in £ where

§(¢) = {€°(¢) | @ [€ m} and £°(¢) = D9,

Forafixed p, 1 < p < co, there exist a constant ¢® > 0 and a fuction g € LI(IxQ, R)
where i+% = 1, such that ,for all (¢,2) € I x @ and each vector § = {£* | « |< m}

H

| Aa(t,z,€) [<] y(¢,2) | +c Z pé 1, (2.26)

|8|€m

for all | a |< m.
Note that A¢ € LI(I,V*) for each ¢ € LP(I,V). The following lemma, essentialy

due to Browder, gives us the existence of solutions to the parabolic problem S,.

Lemma 2.1



Suppose A(t), t € I, satisfies the basic assumption (Al) and the following conditions
are satisfied :

(A2) for all 6,4 € LF(I, V) , k(8,6 = ) — h(h, & — ¥) = (46 = Ap. 6~ 1) 2 0
, i.e., the operator A is monotone.

(A3) There ezists a nonnegative function ¢ : RY — R* with c(z) — +co as

T — +oo such that

(g ) = (Ag, @) 2 clll ¢ 1) || ¢ || for all ¢ € LP(L, V).

(A4) For each control u € U, f(u) € LY(I,V").

Then for each control u € U there exisis one and only one solution ¢(v) € L*(I,V)
of the weak boundary value problem (S.) corresponding to the parabolic system
%+ A(t)e = f(u) with $(to) = do € H.

Purthermore , this solution ¢ = ¢(u) € C(I,H).

Proofithe proof follows from [17),(Theoreml, p.343), (see also {18),Theorem 3.5,
pp.35-38.) Now one can introduce the concept of admissible trajectory for the sys-
tem (5)

Let F = {¢:¢ € LP(I,V)NCYI, H) such that ¢(t,) = 0}.

Definition 2.6. A function ¢ € LP(I,V) is said to be an admissible trajectory of
system (S) if and only if

(1) d(to) = do and there ezists an admissible controlu € U s0 that

(i) (L¢,9) + h(¢, %) = (f(u), ) for all ¥ € F.

Let M C LP(I, V') denote the set of all functions {#} that satisfy the above definition
and corespond to some control u € H.

For the next lemmas , we assume that assumption (A3) has been replaced by
(A3Y. There exists a finite number ko and a pair of finite positive numbers k; and
I, such that the function ¢ appearing in condition (A3) satisfies

e(z) > ko + ki(z)P~* for all z > ks
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Lenuna 2.2. Suppose A(t),t € I, satisfies Assumptions (Al),(A2),(A3) and sup-
pose for each u € U, f(v) € LI, V") with sup,ep(f; | f(u) [§ dt) < B for some
B € (0,0¢) and ¢y € H. Then the set of admissible trajectories H of system (S)

is ¢ bounded subset of LP(I, V) and is also conditionally weakly sequentially compact.

Proof Here we note that if we assume 7 is a bounded subset of LP(I,V) , and
since LP(I,V), 1 < p € o, is a reflexive Banach space , then # is conditionally
weakly sequentially compact.

For more details see [6],(Lemma 3.1,p.193).

Lemma 2.3, Under the hypotheses of the previous lemma the set Y = {y 1y =
Lé = ¢, € H} is a bounded and conditionally weakly sequentially compact subset
of L%(1,V").

Proof: For the complete proof see [6],(Lemma 3.2 , p.194.)
Denote by A4 the operator determined by

(A¢,¥) = k(¢,¥) for ¢,¥ € L*(L, V).
From the property (A1) one can easily see that A : LP(I, V) — LI(I,V*).
Under appropriate assumptions on the function f appearing in the system of equa-
tions (§) or (Sy), one can prove the weak closur of the set H by using of the

following lemma.

Lemma 2.4. Suppose A satisfies properties (Al), and (A2) and let
(i) A be hemicontinuous from the dense linear subset D(A) of L*(I, V') to L¥(I,V*), -
(i) (Adn — 4B, bn — 6) = h(bn, 6o — 8) — k(b 6a — $) = 0 as 1 = 00
whenever ¢, — ¢ in LY(I,V) and A¢, = A¢ in LI, V")

Then n = Ad, whenever Ad, — 7 weakly in L(I,V").

Proof. Here we shall follow the same proof of [6],( Lemma 3.3 , p.195).
Suppose ¢n —— & in LP(I,V) and Ad, — n in L3(I,V"). For any ¥ € D(4) we

22



can write, by virtue of property (A1),
(A —n ¥ — @) = (A¢ — A¢n, ¥ — ¢) + (Agn — 0. ¥ — &)
(A — Adn, 0 — 6n) + (Y — 480,00 = 8) + (A¢n — 1,9 — ¢).
By hypothesis (42) , (AY — A¢n, ¥ — ¢,) = 0 and consequently it follows from the
above equality that
(49 —n, Y — ¢) 2 (AY — Adn, dn — @) + (Adn — 1, ¥ — ¢)=
(AY — A, bn — 8) — (Adn — A, 6o ~ 8) + (Ada — 1, — 8).
The first term on the right hand side of the above inequality converges to zero as
dn L+ ¢ , the second term converges to zero by hypothesis (i) of the lemma, and
the third term converges to zero since 4¢, — 7 in L(I,V*").
Thus

(A —n, % = ) > 0 for all ¥ € D(A). (2.27)

Suppose n—A¢ # 0; then , since D(A) is dense in L?(I, V'), there exists a ¢~ € D(A4)
such that

(n—A46,¥7) > 0.
Define 1 = ¢ + 84" for § > 0. Then by € D(A) for all § , and replacing ¥ by ¥, in
inequality (2.27) , we have
0(Ahg —n,9") 2 0.
Canceling 8 , we have
(n — As, ") <0,

which can be written as

(n— A, ") < (A — Ad,Pu).

Letting § — 0, the right-hand side goes to zero by the hemicontinuity of A.

Hence

0< (T.' "A¢:¢.) S 0)
which is a contradiction . Thus n = Aé or A¢, — Ad in LI(I,V").



We conclude this section by mentioning that in the last lemmas it is shown that
the family of admissible trajectories is a weakly closed and weakly sequentially com-
pact subset of a reflexive Banach space and that the set of attainable states at any
given time is a weakly compact subset of a Hilbert space.

Using theses basic results one can prove the existence of optimal controls for first-
order nonlinear evolution equations.
The next chapter will be devoted with the existence of optimal controls for second-

order nonlinear evolution equations and it will conclude with the main results of

this thesis.



Chapter 3

Optimal Control of Nonlinear
Second-Order Evolution Equations

3.1 Introduction

In this chapter we shall consider, the control problem of second-order nonlinear
evolution equations .

First , we present a recent result of Papageorgiou [30], which establishes the exis-
tence of optimal controls for a class of systems governed by second-order nonlinear
evolution equations. His results extend the works of Lions [26](Chapter IV) who
limited his investigations to linear systems. An example of nonlinear hyperbolic
distributed parameter optimal control problem is also presented in detail in the end
of his work .

Second , the main results of this thesis will be presented.It is related to the problem
of existence of optimal control of Lagrange type.

Our result extends Papageorgiou's earlier result mentioned above. We introduce
more general conditions admitting stronger nonlinearities. In fact, Papageorgiou’s
results follows from our general results,

We mention here that our result will appear in [1].

3.2 Basic assumptions

Let ¥ be a separable reflexive Banach space.

Let H be a separable Hilbert space and X a dense subspace of H, carrying the struc-
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ture of a separable reflexive Banach space, such that X embeds in H continuously.
Identifying H with its dual (pivot space), we have X — H — X*, with all embed-

dings being continuous and dense. We shall also assume that all the embeddings

are compact. By || - [lx (resp. | - |a || - || x+)- we will denote the norm of X (resp.
of H,X*). Also by < -, >, we shall denote the duality brackets for the pair (X, X*)
and by (-,+), the inner product of H. The two are compatible in the sense that
< o Dxxu= (). Let Wy (I)={z € LP(X): £ € LI(X")}. The derivative in this
definition is understood in the sense of vector-valued distributions. This is a separa-
ble, reflexive Banach space with the norm || = [, (=l = sy + | £ [Feqx))*/*
Recall that W, ,(I) embeds into C(I, H) continuously (see Ahmed and Teo [2]).
Therfore, every equivalence class in W, (I) has 2 unique representative in C(I, H).
Furthermore, since we have assumed that X embeds into H compactly, we have that
W, (1) embeds into LP(H ), compactly too. Finally, Nagy [28] proved that if X is a
Hilbert space , then the injection W, o(I) — C(I, H) is compact. For further detail
on evolution triples and the Banach space W, (1), we refer to Zeidler [33], chapter

23.

3.3 Existence of Optimal Controls

Let (X, H,X") be an evolution triple, with compact embeding X < H — X* , and

Y a separable reflexive Banach space, modeling the control space.

We consider the following Lagrange type optimal control problem:

J(z,u) = JT L(t, z(t), #(t),u(t))dt — inf =m

subject to the following state and control constraints :
E(t) + A(t, 2(t)) + Bz(t) = f(t, 2())u(t),

2(0) = 7o € X,2(0) = =, € H,u(t) € U(t) a.e.

(P)

Definition 3.1 By an admissible "state-control” pair {z,u} for (P), we understand
a pair of a state trajectory z(+) € C(I, X) and a control function u(-) € L=(Y) such
that 2(-) € Wpo(I) and both functions z(-),u(-) satisfy the constraints of problem



(P).

Definition 3.24n admissible state-control pair{z, u} is said to be optimal if J(x,u) =

m.

Remark 3.1 Recall that W, (I) embeds into C(I,H) continuously, and so the
initial condition #(0) = z; € H makes sense.

We are now ready to discus the following result:

3.3.1 Papageczgion’s result

To establish the existence of an optimal control pair for problem (P} Papageorgiou
([30}) considers the following hypotheses on the data:
H(A): A: I'x X — X" is a map such that

1. t = A(t,v) is measurable,

o

v ~ A(t,v) is monotone and hemicontinuous

(%]

< At vy v > 2l v |} ae withe> 0,

)

N AR ) x-S a(t)+ b v lx ae witha(:) € L*(1),6>0

H(B): B € £L(X,X") (i.e. B is continuous, linear) is symmetric

(ie. < Bz,z2 >=<2z,Bz > forall z,z,€ X) and < Bz,z>2 ¢ [z ||[%,¢'> 0
(i.e. B(-) is coercive)

H(f): f: Ix H — L (Y,H) is a map such that

1. t — f(t,z)u is measurable for every (z,u) € H x Y,
2. z — f(¢,z)"h is continuous for every (t,h) € I x H,
3. || f(t,a:) ”[,(y,;{)s al(t) + b, ] T IH a.e. with a1(°) € L,z,_, b > 0.

H(U): U : I = Py(Y') is a measurable multifunction so that
t | U(t) |=sup{|| u |[y: v € U(t)} =g(t), g € LY.
H(L): L:Ix Hx HxY = R=RU{+0co} is an integrand such that
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—

. (t,z,y,u) — L{t,z,y,u) is Borel measurable,

sV

. (z,y,u) — L(t,z,y,u) is lower semicontinuous ,

[

. u— L(¢,z,y,u) is convex ,

. fp(t) - A;I(l zla+|y |H + " u ”Y)) < L(tvxay:u) a.e. with 9’() € L‘,M‘ > 0.

N

Hj: There exists an admissible “state-control” pair (z,v) such that J (z,u) < oo.
Under the above assumptions Papageourgiou establishes the following result:

Theorem 3.1: If hypothesis H(A), H(B), H(U), H(L), Ho hold and z, € X,
z, € H, then problem (P) admits an optimal pair.

Proof: For the complete proof, see Papageorgiou [30]

Now the following example of a nonlinear , hyperbolic optimal control problem

will illustrate Papageorgiou’s result (Theorem 3.1).

An example

Let Q be a bounded domain in RY, with smooth boundary I' = 9§t. Now one
considers the following Lagrange control problem:
Jz,u) = [T fq L(t, 2, 2(t, 2), z(t, 2), (3, 2))dzdt — inf = m/
subject to {z,u} satisfying the following constraints : (P')
&2 — Az — £N,) Di(k(t,| Dz¢ P))Dize = f(t, 2, 2(t, 2))u(t, z) a.e.on I x Q
z |ixr=0,2(0, 2) = o(z), 2:(0,2) = z1(2) and || U(E, .} |2y < n(2) a.e.
Here D; = ai:.’ i=1,2,...,N, Dr = (D1z,...,Dnz) = gradient of z, DzDy =
sV DizD;y and | Dz |>= TN, | Diz [* . We shall need the following hypotheses
on the data of (P')

H(k): k is a function from I x Ry — R, such that:

1. t — k(¢, u) is measurable,

©

28



2. u+— k(t, u) is continuous,

3. 0 < k(¢, M) < Lforall (¢,)) € I x R, ,with L >0 and k(¢,0) = 0.

4, < k(t, A=k, x> d(A—p) forall \,u € Ry, A 2 p and for some d > 0
H(f);: f: I x QxR — Ris a function satisfying

1. (t,z) — f(t,z,z) is measurable,

2, =+ f(t,z,2) is continuous,

3. | f(t,2,2) |€ a1(3,2) + by(2) | = | ace. with ay(,-) € L*(I x Q), 5 () € L=(Q).

H(n): n(") € L3.
Ho: 70 € H{(R), 71 € L) and m’ < oo,
H(L): L: IxQx Rx R xR — R=RU {400} is an integrand such that

1. (¢, 2,z,y,u) = L(t, z,z,y,u) is measurable,
2. (z,y,u) = L(¢,z,2z,y,u) is lower semicontinuous,
3. u+— L(¢,2,z,y,u) is convex,

4. (P(t!z) - NI(G)U T !R + | ) |R + | u IH) < L(t,z,z,y,u) a.e. with ti”(':') €
LMI x Q), and M(.) € LP().

In this case , X = H}{(Q), H = L*(Q) and X" = H~'(R) . It is well known that the
triple (X, H,X*) has all embedings compact (Sobolev embedding theorem).
We shall Consider the following Dirichlet forms:

N
ar(t,z,y) = jﬂ S k(t,| Dz |))D;Diydz = fn k(t,| Dz |*)DzDydz
i=1

and

N
ZD.-D.-ydz:LDa:Dydz

i=1

as(t,z,y) = .[n

for all z,y € H5(Q).

One can find a nonlinear operator A: I x X — X* such that
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< At,z),y >= as{t, ,y),

B e L{X,X") such that

a(t, z,y) =< Bz,y >, for all z,y € Hy
and

FiIx L3Q) = L¥Q) defined by

ft,2)(z) = f(t,2,2(2))

satisfying the hypotheses H(4), H(B) and H(f).
Finaly let f : I x L2() — L}(f2) be defined by

f(ts z)(z) = f(t, z,2(z))
and L : T x LX) x LX) x L*() — R be defined by

L(t,a,p,2,0) = [ Lt 2,2(2),9(2), u(z))d=.
satisfying the hypotheses H( f) and H(L).
For the control space we put ¥ = L2(Q) and U(t) = {u € L}(Q) :|| u [l2y< n(2)}-
U(-) is mesurable and satisfies hypotheses H(U).
Also let £, = 2o(-) € H} and #, = z,(-) € L*(Q).
For more detail we refer the reader to {30].

Now problem (P’) can be rewritten in the following equivalent abstract form :

J(z,u) = JT L(t, z(t), £(t), u(t))dt — inf = m'

subject to the following state and control constreints :

(t) + A(t, 2(8)) + Bx(t) = f(t, z(2))u(t) a.e.

2(0) = & € X,2(0) = 2, € H,u(t) € U(t) a.e

This has the form of problem (P) and one can check (see [30]) that it satisfies all
the hypotheses of Theorem 3.1 thus we have the following Theorem:

(P)

Theorem 3.2 If hypotheses H{k), H(f)h, H(n), Ho and H(L) hold, then (P') ad-
mits an optimal peir {z,u} € C(I, H}(N)) x L*(Q) such that
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gt—”"’ € L3I, H(Q) N CI, LX) and % e LI, H\()).

Hence Theorem 3.2 concludes Papageorgiou’s result and at the same time the first

part of this chapter.

Now we go to the most important part of this chapter and present the main result
of this thesis.

3.3.2 The Main Results of the Thesis

To establish the existence of an optimal pair {z,u} for problem (P), we shall need

the following hypotheses on the data:

H(A): 4: I x X — X" is a map such that

1. t = A(t,v) is measurable,

&

v — A(t,v) is monotone and hemicontinuous,

(I~ )

L <At u) v >2cliv % —d|v i} ae withe>0,d20.

.

ARG ) xS alt) + b || v |5 ae witha(-)} € LI(I),b> 0 or b € LP(J).

H(B): B € £L(X,X") (i.e. B is continuous and linear) is symmetric

(i.e. < Bz,z>=<z,Bz>forallz,z € X)and < Br,z >2¢' ||z ||%, ¢ >0,
(i.e. B(-) is coercive)

H(f): f: Ix H — L (Y, H) is a map such that

1. t— f(t,z)u is measurable for every (z,u) € H x 7Y,

1o

z — f(t,z)"h is continuous for every (¢t,h) € I x H,

<

| fGt,z) "Z:(Y,H)S a(t)+b |z, for2<p<ooandl<gs2

H(U): U : I — Pug(Y) is a measurable multifunction such that
t =] U(t) |=sup{ll u |ly: w € U(t)} = g(t), g € LT,
H(L): L:Ix HxHxY — R= RU {+co} is an integrand such that

31



1. (t,z,y,u) — L(t,z,y,u) is Borel measurable,
2. (z,y,u) — L(t,z,y,u) is lower semicontinuous,
3. uw=— L(t,z, 3y,u) is convex,

4 o(t) = B(1 2 | + |9l + 12 l¥) S L(t2,9,u) ace. with () € L, 8 > 0.
Finally since our cost-functional is R-valued, inf{J(z,u),u € Uyg} = m may
be co, and in this case there is nothing to prove. So we shall need the following

feasibility hypothesis.

Ho: there exists an admissible “state-control” pair (z,u) such that J(z,u) < oco.

Lemma 3.1: Under assumptions H(A), H(B),H(f) and H(U), for each zo€X,
2,€H and u € U,a the evolution equation of problem (P) has a unigue solution T
satlisfiying
(a) z € LX)
(b) teL=(H)NL(X)
(c) Z€L(X")
(d) (b) and (¢c) S>EEW,,
(e) A(2(1)) € L(X7).

The proof follows from standard application of Galarkin’s technique and the apri-
ori estimates given in Lemma 3.2 ; see also the proof of Theorem 24 .
Before studying the problem of existence of optimal controls, we shall start by de-
riving some apriori bounds for the admissible trajectories of (P).
Denote by S the set of solution trajectories of the evolution equation of problem

(P) corresponding to the admissible set of controls as defined above.

lenuna 3.2 (A priori estimates): Under assumptions H(A3), H(f), H(B) and
H(U) the set Z = {&,z € §} is a bounded subset of Woe(I).

Proof: Let z be any solution trajectory of the evolution equation in problem (P),

corresponding to an admissible control u(-)eL*®(Y"). By Lemma 2.1, the following
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scalar multiplication is well defined,
< #(1),2() > + < A(t, #(2)), 2(2) > + < Bz(t), £(t) >= (f(t, z(£))u(2), #(¢)) a.e.
Since & € W,(I) it follows from Proposition 23.23 (iv), p.422 of Zeidler [33], that
204) 3(4) S= 1d . Ry
< &(t),2(t) >= 57 | #(t) [ a-e.
Furthermore, because of hypotheses H(A3), we have

o) #(2) Ik —d | 4(8) (< ALt 3(8),5(1) > ae.

Also using the product rule and exploiting the symmetry of the operawor B €
L(X,X") (see hypothesis H(B)), we obtain

% < Bz(t),a(t) >=< Bi(t),z(t) > + < Ba(t),&(t) >

=2 < Bz(t),z(t) > a.e.
So finally we can write that
1d 1d

L | a(e) vl 608) I +55; < Ba(0),2(0) > ) 40) iy +(S(6 2()ult) £08) e

Integrating the above inequality, we have
1., 1 E 1 1
5 | 2(2) 13 -3 ENF +¢.':f0 | (s) |k ds + 5 < Bz(t),z(t) > -5 < Bzy,zo >
¢ t
<d [ 13(s) By do+ [ (Fls,a(e)ule), 2(e))ds

t
= | a(t) [y +2¢ [ 3(s) I do+¢ [l (8) Ik
<z [y + 1 B llexxall 2o ik

+2d [ 1406 ds +2 [[ (s, 2(s)uls), ()i (3.1)

Note that by applying Cauchy’s inequality,

P e?
a'bsglalp'*._q_lbr',e>0,a,bER,
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to the last integral on the right-hand side and using H(f),H(U) we obtain

[t x)u(s),é0ds < [ 1 Fs,2())u(s) L -1 6(5) b ds

< ([ 1) By o3[ 1 £Gsyate)uts) I do

<= i) B+ S [ S 0euto) 1y ds

< ﬁ% [ aGs) 15 ds + PP +blf-q—° Lol [ 1) ds

where # > 0 is the embedding constant X — H.

Hence

| £(6) By +2c = BS) [ N5(6) 15 ds+ ¢ [ a(e) I

to €9 €7 ¢ .
<M +2d [[13(9) By do 2~ g Ll e flor 42015 g 2 [ [2(s) I s
with M =[ zy [f + || B [leex.x)l| 2o 1%
and consequently, for a sufficiently small € > 0, such that ¢ > 8 %, we obtain
a9 t . 9
() B +er [ 1 d(s) g ds + ¢l 2(0) I <
¢ t
¢z + 2d,[, | &(s) |} ds + ¢ + cs-L | z(s) 13} ds a.e, (3.2)
where ¢, ¢a, ¢3 are suitable positive constants.
Observe that since & € W, o(I), from theorem 22 p.19 of Barbu [18], we have
z(s) = 2o + [32(7)dT in X (hence in H too),
5 L
=l a(s) (45 2 ao [} +2( [ |4(7) b dr)? S 2 mo [y 427 [ 8(r) I d.
Substituting this estimate in the inequality (3.2), we obtain
¢ t
|&(8) By +er [ 112(e) I ds+ ¢ I 2(8) RS ea s [ 13(7) [ ar,

where c; and c5 are positive constants depending on ¢;, ¢3 ,d and | zg |g. Hence by

Gronwall's inequality, there exists a constant M; > 0 so that for every admissible
trajectory () € C(I,X) and all ¢t € I, we have

| 2(2) |a< M. (3.3)
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But recall that z(t) = zo + [4Z(s)ds in H, for all t € I. So for every trajectory x(-)
of (P) and every t € I, we have

4
| 2(2) |4 <] 2o |k +/0 | 2(s) | ds | zo |g +MLT = A, (3.4)
Using estimates (3.3) and (3.4) in inequality (3.2), we obtain:
:
|08) By eu [ 11 () I ds+ ¢ [l 2(2) I < M,

where M, is a postive constant depending on ¢s, M, and M,. Then from the last

inequality, it follows that
€ L°(H)N LX),z € L™(X). (3.3)

Finally let z € L?(X), and by ((-,-))o denote the duality brackets for the pair
(LP(X), LYX")) (i, if v € LI(X"), 2 € LP(X), then ((v,2))o = J§ < v(t),2(t) >
dt). Also, let A : LP(X) — L%(X") be the Nemyckii operator corresponding to
A, z); ie. A(y)(t) = A(t,y(t)) ae. and similarly for evry u € S, (f(z)u)(t) =
F(t, 2(£))u(t). Clearly , by assumption H(f3), f(z)u(-) € LI(H).

With this notation we can rewrite the evolution equation of problem (P) as an

abstract equation in L9(X*) :
%+ A(2) + Bz = f(z)u.

Scalar multiplying this by z € LP(X) , we have

((3,2))e< | ((A(E), 2))o | + | (B2, 2))0 | +H{(f(z)u, 2))o
< [I1AG) Nzogxe) + Il Bz luscey + 1| @) fanee] = lery
< [l allze +8Ms+ | B lowraey Mo+ 8 1 6 looll @ flze +5:M0)] 1 2 o)
where 4 is the embedding constant H < X*, and the existence of Mj;, Mg follows

from (3.5) and (3.4). Since z(-) € LP(X) was arbitrary, we deduce that there exists
M; > 0 such that, for all arbitrary trajectories z(-) of (P), we have

| & ||zsgx)< M. (3.6)



Thus, the assertion of Lemma 3.1 follows from (3.5) and (3.6).

Theorem_3.3: If the hypotheses H(4), H(B), H(U), H(L), Ho hold and zo € X,
z, € H, then problem (P) admits en optimal pair.

Proof: From lemma 3.2 it follows that Z is a bounded subset of the reflexive Banach
space W,4(I). Therfore, Z is a relatively weakly compact subset of Wy4(I). Now
let {(Zn,un)}n>1 be a minimizing sequence of admissible “state-control” pairs for
problem (P); i.e.

liMp—ce J(Zn,tn) = inf{J(z,u), for admissible” state — control” pair(z,u)} = m.
Since {za}n> C S, by passing to a subsequence if necessary, we may assume that
£, % vy in W, (). Hence one can easily see that z € C(I,X) and that y = & in
the distribution sense. But recall that W, (I) embeds compactly into LP(H). Thus
2, = y in LP(H) and clearly z.(t) = z(t) in H uniformly on I. Furthermore, from
hypotheses H(U/) and proposition 3.1 of [29] we have that S = {u € L*(Y) :
u(t) € U(t)a.e} is w.-compact in L*(Y). Hence we may assume that u, Sy
in L*(Y). Then invoking theorem 2.1 of Blader [14], we conclude that J (z,u) is
strong-w. Ls.c. i.e. J(z,u) < iminf J(2a,un) = m, whenever 2, = z in L'(H) and
u, % uin L®(Y). It suffices to show that (z,u) is an admissible "state-control”

pair for (P). To this end, we have
((:Em in —3.7))0"'((4‘1(:&:1): in—i))+((33m jn"'i))ﬂ = ((.’E(mﬂ)um éﬂ—i))o(s"?)

by integrating by parts formula (3.7) for functions in W, () (see Zeidler [33],Propo-

sition 23.23(iv), pp. 422-423), we have:
- . . 1 - . n 1 . 2] - - -
(&ns#n = £))o=5 | &a(T) = &(T) [g —5 | Zx(0) — 7 B +((&,&n — £))o. (3.8)

Since 7,(0) = z1, the second term vanishes and | £,(T) — (T |z— 0 as n — o0, (
¢n € C(I, H)) and also since #, = y = & in LP(X) we have ((£,2n — #))o — 0 as

n — oo. Then by passing to the limit as n — oo in (3.8) we have

((Fny&n — 2))o = 0 as n — o0. (3.9)
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Note that for every h € LP(H), we have

T T
[ Fttan(e)une), b = [ unle), (F(ts () B

But since z.(t) = z(t) in H, then (f(2,za(t))) h(t) = (f(t.z(EN) A(t) in Y for
almost all ¢ € I (see hypotheses H(f)2). Also by H(f)3, we have

| (FCza®NREY - < (FEza))* ey BXE) 1o
< a(t) + (BM3"") | h(t) la
(3.10)
So there exists n(*) € L{(Y™) so that [| (f(2, za(£)))"R(2) [ly-<[| n(2) |ly-a.e.
and therefore it follows from dominated convergence theorem that

(fan))h = (f(z))hin LNY™).

Hence
T T
[ e (At () BN > [ (8, (=) R
o [t a0 e = [ (St atute) O
= f(zn)un > f(z)uin L3(H).

On the other hand, since &, — & in W,,(I) and since the embedding

W,o(I) — LP(H) is compact, we have that || #n — & [[Le(an)— 0 and hence

((f(@n)ttn, En — E))ea.Logry — 0. (3.11)

Exploiting the symmetry of the operator B, we have

% < B(za(t) — 2(£)), za(t) — 2(t) >= 2 < B(za(t) — z(t)), Tn(t) — 2(t) > a.e.

Integrating the above equality, we get

< B(za(T) = 2(T)),2a(T) = =(T) >= 2(Blzn - ) &n = £
= ¢ | 2a(T) — 2(T) I} +2((Bz,2n — £))o < 2(Bn,&n =~ £)o
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Note that since £, — % in LP(X), we have z,(T) = z(T) in X. Obviously
0 < liminf || z.(T) - z(T) |},
and clearly ((Bz,Z, — 2))o — 0. Thus we have

¢ liminf || 2n(T) = 2(T) |% +2lim({(Bz,%, — 2))o £ 2 Uminf((Bza, 20 — £))o

= 0 < liminf((Bzn, &n — 3))o. (3.12)

Now passing to the limit as n — oo in (3.7) and using (3.9), (3.10) and (3.11) above
we get that

limsup((A(Zn), #n — £))o < 0.

Also note that because of hypothesis H(A)4, {A(%a)}ax1 € L¥(X") is bounded
and so, by passing to a subsequence, we may assume that A(Z,) = v inL9(X").
But A(-) is hemicontinuous and monotone (since A(2,-) is), hence A(Z) = v; ie.
A(Z.) 2% A(£) in L(X"). Then for any z € LP(X), we have :

(Bar2))o + (Al 2o + (Bras Do = (F(@n)tns 2))o

— (% 2))o + ((A(#),2))o + ((Bz,2))o = ((f(z)u, 2))o as n — o0

= £(t) + A(t, £)(t) + Bz(t) = f(¢,z(t))u(t) a.e.

z(0)=z9€ X,2(0) =2, € H, u € SF

= (z,u) is an admissible "state — control” pair for(P). So

J(zu)=m

= (z,u) is the desired optimal pair. Q.E.D

3.4 Concluding remarks

One can see that if we put p = 2 and the constant d = 0 in our hypothesi H(A4)3
(3.3.2) then hypotheses H(A)3 (3.3.1) of Papageorgiou follows.
Moreover the other assumptions on the data are a particular case of ours In fact ,
it suffices to choose p=¢g=12.
Hence the more general conditions we have introduced arise in the strong nonlin-

earities H{A). However hypotheses H(L) on the integrand are the same.
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We mention that Papageorgiou in [30] assumes the existence of the solution of

problem (P), but here we proves its existence.
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Chapter 4

An Example

The following example illustrates our results (Theorem 3.3) given in chapter 3.

4.1 An example.

In this section we work out in detail an example of a nonlinear hyperbolic optimal

control problem.
Let Q be a bounded domain in R", with smooth boundary I' = 8Q. We consider

the following Lagrange control problem:

J(d,u) = Jg fq L(t, 2, ¢(1, 2), u(t, 2))dzdt — inf = m’
sxszjecl: to {¢,u} satisfying the folloing constraints (P
&4 Ag— TN Di(kij(t,) Doy [P=2))Dje = f(t,z,0(t, 2))u(t, 2)a.eon I x Q
$ lrxr= 0,8(0,2) = do(2), 8:(0, 2) = 1(2)and | U(,.) [|z=@) = n(¢) a-e.
Here D; = &, i=12,...,N, D§(D:¢,...,Dn¢) = gradient of ¢, DDy =
sN.o1 Di¢Djp and | Dy |*= T, | Diyp [* . We will need the following hypotheses
on the data of (P’)

H(k): k is a matrix from I x R, — L*(R") such that:

—

. t = k(t, n) is measurable ,

o

. = k(t, ) is continuous ,

| Kty €) leamy< @ +B | € | for all (¢,€) € T x R* with 8 >0anda 20,

(2]
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4 < k(t,]| € P2 k(2| 1 P=%)n,6 — g >pe> 0 for all (8,€,7) € I X R* x R,
5. < k(t,| E1P72)E, € >pn2 B | € |fn for all (2,€) € I % R* and 3 > 0.

H(f),;: f: I x 2 x R— Ris a function satisfying

—t

. (t,z) = f(t,2,7) is measurable ,

o

z — f(t,z,&) is continuous ,

[+ ]

|t 2,3) 1S @ty 2) + bi(2) | 7 | ae. with ai(-,) € LI X Q), bi(+) € L=(R).

H(n): 7() € L}
Hop: ¢o € WoP(Q),¢1 € L¥Q) and m’ < 0.
H(L: L:IxQ9xRxRXR— R = RU {+o0} is an itegrand such that

. (2,3, y,u) f.,(t,z,:z:,y,u) is measurable ,

-

[Cv]

.z ) L(t,z,z,y, u) is lower semicontinuous ,
3. u+— L(t,z,z,y,u) is convex,

4 o(t.z) — M)}z - + | ¥ |r + | v |p) € L(t,z,3,p,w)2e. with w(.,.) €
LMI x ), and M(.) € L(9).

We denote by Wi#(Q) and W'#(Q) the usual Sobolev spaces defined by

WEP(Q) = {¢ € WHP(Q) : ¢ lon= 0}
and
WW(Q) = {¢ € I?(Q): D¢ LP(Q), | BI <1}

respectively. W'?(Q) is 2 Banach space with respect to the norm

I 6 1152= Tiaigr | D¢ llewcay -
It is separable for 1 £ p < co and reflexive forl<p<oo.

Consider the following Dirichlet forms:

N
a(t, 6, ¥) = /Q 2 kig{t,| D¢ P*)DigDjbdz = jn < k(t,| D¢ [P~*)D4, DY >pn dz

L=t
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and

N
a(é ) = jn Z D;pD;pdz = _/an')Dll)dz

iJj=1

for all ¢, 9 € W3P(Q). Using hypotheses H(k)3, we get

|ar(ts$8) 1S (U & Hugrcay +811 6 Iay) 116 Bivirca

where ( is a positive constant depending on the embedding constant War(Q) —
W) and « is as defined in H(k)3.

Therefore, there exists an operator 4 : I x X — X* such that

< A(t1 ¢)|¢ >= al(t! ¢: ¢)

Note that by Fubini's theorem ,

t +— ai(t, ¢,1) is measurable for all ¢, € WIP(Q). Hence, t — A(t, ¢) is weakly
measurable from I into W-19(Q).

But recall that W-19(Q) is a separble Hilbert space. Thus Pettis’ measurability
theorem tells us that

t — A(f, &) is measurable.

Also let ¢, 2 ¢ in WoP(Q). Then D¢, > D¢ in LP(Q, RV) and since by hypotheses

H(k)2 , k(t,-) is continuous , we have
k(t,| Don(2) P~2) — k(t,| Dé(2) [P7?) a-e.

= jﬂ < k(t,| Dgn P"2)Ddp, Db >pn dz — j o< k(t,| D¢ [P~*)D, D >pn dz

= A(t, 6n) = A(f,¢) in W™1(Q) = A(t,-) is demicontinuous, hence hemicontinu-
ous (by Remark 2.1(c)). Also for every ¢,% € Wy*(Q), we have

< A(t, 9)—-A(L ¥), o= >= '[n < k(t,| D¢ P"2)D¢—k(t,| DY P~*) D¢, (Dé—Dp) >pn dz.

Therefore, the monotonocity of A(t, -) follows from hypothesis H(k)4 . Furthermore,
from hupothesis H(k)5 we obtain

< At,8),6>2 81| 6 100y with B> 0.
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Thus we have satisfied hypotheses H(A).

Next note that by the Cauchy-Schwartz inequality, we get

-
| az($,¥) I< H(Q)z”_ | ¢ "wo‘-P(m" P "wg-v(m .
Thus there exists B € £{X, X~) such that

a2(¢i¢) =< B¢ﬂl’ >

for all ¢, ¥ € WoP(Q). Clearly B is symmetric and using Poincare's inequality, we
obtain

<B48>2 ¢ || 6 ey ¢ >0

Thus we have satisfied hypotheses H(B).
Let §: I x L¥Q) — L*(Q) be defined by

f(ts $)(z) = f(tyz, ¢(z))-

In this case, H = L*(€). Thus f(t, ) is the Nemyckii operator corresponding to f,
acting from L*(Q) into L?(Q) and so by Theorem 2.5 and Theorem 2.6 it satisfies
hypotheses H(f).

For the control space we put ¥ = Le(Q) and U(t) = {u € Lo(9) ]| v lo< n(t)}
Note that GrU (graphof U ) = {(t,u) € IxL=(R) : u(t) € U(t) a.e.}. Observe that
the function (t,u) — (n(t)— Il v llco) is measurable in t and continuous in u , thus
jointly measurable. Hence Grl7 € B(I) x B(L=(Q)) with B(I)(resp.B(L“(Q)))),
being the Borel o— field of I (resp. of L°(£2)).Then by theorem 4.2 of Wagner [32]
U(-) is measurable, while from hypotheses H(U), we deduce that t —] U(t) l€ LY.
So we have satisfied hypothesis H(U).

Also let 8o = do() € Wa(Q) and 61 = ¢1(.) € L(§2) (see hypotheses Ho). Finally
let T : I x LA(Q) x L¥(Q) x L®(9) = R be defined by

Lt b, 9) = [ 1t,2,8(2),0(2) u(zDdz, 6 € P, € L7

Invoking theorem 1 of Pappas (31), we can find Caratheodory's integrands
Bt IxQxRxRxR—oRk21 (e (t2) = Lu(t, 2, 6,9, u) is measurable
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and (6,9, u) = Li(t, d,2,%, u) is continuous), so that Ly T L and ¢(t,z) = M (2 )i
6 lntl i |nt+ | ulr) S Li(t,z,6,9%,u,) < k ae. where bk 2 1.

Set Li(t,é,%,u) = J Li(t, 2, 6(2), 0(2), u(z))dz. It is easy to check that

t s Li(t, @ 9, u) is mesurable, while (¢,¥,u) — L(t, 6,9, u) is continuous, thus
Li(y++,-) is jointly measurable.

Furthermore , from the monotone convergence theorem, we get L. 1 L, hence
L{:,+",") is measurable.

Also from Blader [14], we know that

(¢,1,2) — L(t,8,%,2) is lower semicontinuous while L(t,,v,-) is clearly con-
vex and &(t) = Ml ¢ llxy + | ¢ floa + I v [} S Lt 61%,u), with
3(8) =l (ot ) llzaeey and M =[f M() o

So we have satisfyled hypotheses H(L).

In this case, X = WiP(Q) , H = I}¥Q) and X* = W'9(Q) . We know that
(X,H,X")is an evolution triple, whith all embeddings being compact ( Sobolev
embedding theorem).

Defining z(t) = ¢(t, ), it easy to check that problem (P') of this example is a special
case of the abstract problem (P).

Theorem 4.1:
If hypotheses H(k), H(fh, H(n), Ho, H(L} hold, then (P’) edmits an optimal pair
[z,u] € C(I,WyP(R)) x Lo(I x ) such that

oz o 2
€L (I, WaP(R)) N C(I, L)) and %‘} € LI(I, W19 (Q)).

44



Bibliography

(1]

3]

[4]

5

[6]

(8]

(9]

[10]

(11]

N. U. Ahmed and S. Kerbal, “ Optimal Control of Second-Order Nonlinear
Evolution Equations“Journal of Appl.Math.and Stoch.Anal. V1,2,(1993)

N. U. Ahmed and K. L. Teo, “Optimal Control of Distributed- Parameter
Systemas | North-Holland, New York, New York, (1981). .

N. U. Ahmed and K. L. Teo, “Comments on ¢ Selector Theorem in a
Banach Spaces*Journal of Opt.Theory and Appl. . 19, 1, pp.117-118,, (1976).

N. U. Ahmed and K. L. Teo, “Optimal Control of Systems Governed by a
Class of Nonlinear Evolution Equations in o Reflezive Banach Space” Journal
of Opt.Theory and Appl., 25, pp.57-81., (1978).

N. U. Ahmed, “Optimization and Identification of Systems Governed by Evo-
lution Equations on Banach Space®, Pitman R.N.M.S, 184, (1988).

N. U. Ahmed “Optimal Control of a Class of Strongly Nonlinear Parabolic
Systems”, J. of Mathematical Analysis and Applications, 61, 1, 188-207, (1977).

N. U. Ahmed , “Some Comments on Optimal Conirol of a Class of Strongly
Nonlinear Parabolic Systems*, Journal of Math. Anal.and Appl., 68, pp.595-
598., (1979).

N. U. Ahmed , “Ezistence of Optimal Controls for a Class of Systems Gov-
erned by Differential Inclutions on Banach Space, Journal of Opt.Theory and
Appl., 50, 2, pp.213-237., (1986).

N. U. Ahmed, “Ezistence of Optimal Relazed Controls for Differential Inclu-
sions on Banach Space Nonlinear Analysis and Appl., Lecture Notes in Pure
and Appl.Math., 109, pp.39-49., (1987).

N. U. Ahmed, “Properties of Relazed Trajectorie for a Class of Nonlinear
Evolution Equations in Banach Space “SIAM, Journal on Control and Opt.,
21, 6, pp.953-967., (1983).

N. U. Ahmed, “Abstract Stochastic Ewolution Equations on Danach
Spaces “Stoch.Anal.and Appl, 3, 4, pp.397-432., (1983).

45



(12}

(13]

(14]

(15]

[16]

[17])

(18]

[25]

N. U. Ahmed, “Optimal Control of Infinite Dimensional Systems Gov-
erned by Integro-Differential Equations“, to appear in Oct.(1993). Marcel
Dekker,Inc.of New York, in the Series: Lecture Notes in Pure and Appl.Math.

N. U. Ahmed, “Nonlinear Integral Equations on Reflezive Banach Spaces with
Applications to Stochastic Integral Equations and Abstract Evolution Eque-
tions . Journal of Integral Equations 1, pp-1-15, (1979).

E. Balder, “Necessary and sufficient conditions for L}-strong -weak lower
semicontinuity of integral functionals’’, Nonl. Anal.-TMA 11 , pp. 1399-1404..
(1987).

V. Barbu, “Nonlinear Semigroups and Differenticl Equations in Banach
Spaces -, Noordhoff Intern. Publishing, Leiden, The Netherlands (1976)

L. D. Berkovitz, “Ezistence and Lower Closure Theorems for Abstract Con-
trol Problems®, SIAM Journal on Control, 12, pp.27-42., (1974).

F. E. Browder, “Strongly Nonlinear Parabolic Boundary Value Problems®
Amer.J.Math.86., pp. 339-357, (1964).

F. E. Browder, “Ezistence and Uniqueness theorems for solutions of nonlin-
ear boundary values problems “ Proc. Symp. Appl. Math., Vol XVII, pp.24-49,
Amer.Math.soc., Providence R.L, (1965).

L. Cesari, “Optimization Theory and Applications*, Springer-Verlag , New-
York, (1983).

L. Cesari, “Geometric and Analytic Views in Ezistence Theorems for for Opti-
mal Control in Banach Spaces ,I Distributed Controls“ Journal of Opt.Theory
and Appl., 14, pp.505-520., (1974).

L. Cesari, “Geometric and Analytic Views in Ezistence Theorems for for
Optimal Control in Banach Spaces 11, Distributed and Boundary Conirols ¥,
Journal of Opt.Theory and Appl., 15, pp.467-497., (1973).

L. Cesari, “Geomeiric and Analytic Views in Ezistence Theorems for Optimal
Control in Banach Spaces , IIT, Weak Solutions “ Journal of Opt.Theory and
Appl., 19, pp.185-214., (1976). Appl., 15, pp.467-497., (1973).

F. Clarke , “Optimization and N onsmooth Analysis®, Wily, New York (1983).

A. Ioffe and V. Tichomirov, “Theory of Eztremal Problems ¢ North-Holland,
Amsterdam (1979).

M. A. Krasnosel’skii, © Topological Methods in the Theory of Nonlinear In-
tegral Equations « International Series of Monographs in Pure and Appl. Math.,

46



(29]

[30]

[31]

(32]

(33]

45, (1964).

J. L. Lions, “Optimal Control of Sysiems Gouverned by Partial Differential
Equations“, Springer-Verlag, Berlin, (1971).

J. L. Lions, “Optimisation pour certaines classes d’equations non lin-
eaires “ Annali.di matematica pura ed applicata , 72, pp.275-293., (1966).

E. Nagy, “4 theorem of compact embedding for functions with values in an
infinite dimensional Hilbert space®, Annales Univ, Sci. Budapest, Sectio Math
23, pp. 243-245., (1980)

N. S. Papageorgiou, “On the theory of Banach space valued integrable mul-
tifunctions Part 1. Integration and conditional ezpectation® , J. Multiv, Anal
17, pp. 185-206., (1885)

N. S. Papageorgiou, “Optimal control of nonlinear second order evolution
equations . Glasnik Mathematicki 28, (1993).

G. Pappas, “An approzimation result for normal integrands and applications
to relazed controls theory® J. Math. Anal. Appl., 93, pp. 132-141., (1983).

D. Wagner, “Survey of measurable selection theorems SIAM J. Control and
Optim., 13, pp. 859-903., (1977).

E. Zeidler, “Nonlinear Functional Analysis and its Applications IT%, Springer-
Verlag , New York, (1990).

47





