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“ MASTER’S THESIS

‘Quantum Dynamics of Multi-Electron Systems in
Strong Laser Fields

Chris McDonald
Center lor Photonics Rescarch, University of Ottawa, Ottawa, ON, K1N GN5
Canada .

E-mail: «

Abstract.  The multi-configuration time-dependent Hartree-Fock (MCDTHF)
metliod is a promising new nethod that can solve the time-dependent Schrodinger
cquiation (I'DSE) for a correlated multielectron system. We have written a
comptiter code to solve the MCTDHF equations of motion. This code is highly
optimized for speed and makes efficient use of memory. As a first test of the
code. we will investigate the ionization dynamics of N2 in a strong laser-electric
field using two active electrons. By examining the final momenta, parallel to the
field polarization direction, of the two ionized electrons we are able to determine:
i) which laser dressed excited state the second electron was in at the time of
ionization and ii) the birth times of the electrons in the field. The results of these
calculations provide a means for characterizing the attosecond dynamics of atoms
and molecules without using attosecond pulses.
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Chapter 1

Introduction

The study of ionization dynamics is an extremely important endeavour in quantum mechanics [1].
While recent experimental advances have made it possible to directly observe the motion of the
valence electrons in atoins and molecules [2], theory continues to lag behind. It is critical for the
advancement of attophysics to develop a sound theoretical understanding of how multielectron
systems behave when under the influence of a strong laser field [3}; this requires a time-dependent
formulation of quantum mechanics. Currently, directly solving the time-depenent Schridinger
equation (TDSE) for a correlated inulticlectron system is not computationally feasible. For
instance, consider an atom, in the Born-Oppenheimer approximation, with five active electrons.
Tor a 3-D calculation using 10 points on each axis, the amount of memory alone needed to
represent the quantum mechanical wave would be 10'® complex numbers. Assuming that each
complex number requires 16 bytes, the total amount of memory nceded would be 1.6 x 109
bytes; that is, 1.6 x 10* terabytes. Thus, in order to perform calculations on multielectron
systems approximate methods need to be used.

The TDSE for multielectron systems has, for the tnost part, been solved by assuming that
only the most weakly bound electron is involved in the ionization dynamics. This is known as
the single active electron approximation (SAE). While sufficient for simnple systerns, experiments
performed over the last few years have shown that the SAE approximation is inadaquate for
describing more complex molecules [4, 5, 6].

There exist several approaches that go beyond the SAE approximation and attempt to
examine the physical processes involved in the interaction of strong laser pulses with multielectron
systems. In chapter 2 we will discuss some these methods and explain some of their downsides
for time-dependent calculations on correlated multielectron systems. We will also discuss the
multi-configuration time-dependent Hartree (MCTDH) method used for the propagation of wave
packets and we will give a brief introduction to the multi-configuration time-dependent Hartree-
Fock (MCTDHF) method.

In chapter 3 we will give a detailed introduction to the MCTDHF method and we will show
a full derivation of the MCTDHF equatious of motion. As well, we will briefly discuss some of
the more complicated aspects that will need to be considered to perform any calculation. In
particular we will show how the calculation of the mean-field operator can be greatly simplified.

Chapter 4 will discuss how we actually solve the MCTDHF equations of motion. We will
present a highly optimized computer code that is capable of solving the TDSE for small multi-
electron systems in one and two dimensions. We will provide a detailed description of how the
code solves the MCTDHF equations of motion. As well, we show how some of the larger portions
of the calculation can be scaled down.
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In chapter 5 we will use the MCTDHF code to solve the TDSE for an N, molecule in a
strong laser field. Here we will investigate the ionization dynamics of Ny when the molecular
axis is aligned both perpendicular and parallel to the polarization of the laser field. We will also
provide an explanation of the results using a simple classical model and preseut results that do
not appear classically. Finally, in chapter 6 we summarize the results.



Chapter 2

Background on numerical solutions of the TDSE

This chapter will provide some background information on the most widely used methods to
solve the TDSE. We will provide the basic principles of these methods and discuss some of their
drawbacks when solving the TDSE for a correlated multielectron system in the presence of a
strong laser field. We will also briefly introduce the multi-configuration time-depedent Hartree-
Fock approach and provide insight into some areas of physics for which this approach can be
extemely useful.

2.1 The Hartree-Fock approach and configuration interaction

The Hartree-Fock (HF) approach assumes that each electron is affected by the nuclear potential
and the average repulsive intcractions between tlie other electrons [7]. Each electron occupies a
spin-orbital represented by a single particle function, ;. In the HF approach, the quantum me-
chanical wave function, for an f-electron system, is approximated by a single Slater deterininant
as,

1 /
U = ﬁ;sgn(ﬁ)gcpw(i)(zi) (2.1)

where 7 runs through all permutations and sgn(m) is +1 for even permutations and —1 for odd
permuations. The x; represents both spatial and spin coordinates for the i** particle.

In HF the best approximation of the wave function is found by minimizing the energy
as a [unctional of the spin-orbitals (¢;) subject to the constraint that the spin-orbitals remain
orthonormal. That is, for the functional E[{¢;}], we wish to find the set {;}, with the constraints
{wi|w;) = di;, such that for the first variation of E we have §F = 0.

Essentially there are two forins of HF; restricted and unrestricted. Restricted HF assumnes
that each shell is closed; ie: there are an even number of electrons. For a given shell it is only
the spin part of the spin-orbital function that differs for each electron. In unrestricted HF this
constraint is lifted.

For time-dependent problems the HE approach can be extended to the time-dependent HF
approach (TDHF) [8, 9, 10, 11, 12, 13, 14]. Here the ansatz used to approximate the wave
function is given by,

f
¥(1) = = 3 san(m) [ [ i) (22
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The only difference from equation (2.1) being that the spin orbitals are now time-dependent. The
TDHF equations of motion can then be found by performing the variation * [12],

i (60(8,T) = (60 |H|T) (2.3)

and keeping the spin-orbitals orthonormal ?. The TDHF equations, in standard form, come out
to be, .

iBupi = HV i + Y [Vi0: — Vi) (2.4)
i

where V;; = <gpj*H(2) ’<p.;>, H®O is the one body operator and H® is the two body part of the
Hamiltonian [15].

The TDHF method’s problems lie in the fact that it is a single determinant approach and
that the interaction of the electrons is treated in an average way. As such, it fails to properly
take into account electron correlation.

We end this section by briefly discussing the configuration interaction (CI) approach (7,
16, 17]. Since the HF approach is ouly a single determinant approach and does not take into
account electron correlation the next logical step is to expand the wave function using many
Slater dererminants. In CI the wave function is written using the ansatz.

N
V=>"A4,9, (2.5)
J=0

where J is a set ol subscripts ,{j;}, ®; is the Slater determinant formed from all permutations
of ;) -+ p;, and Ay is the weighting coefficient for the Slater determinant J.

In CI, the A, coefficients are optimized to give the best approximation of the wave function
for the system. This method appears simple in nature but often requires large numbers of Slater
determinants produced from complex basis sets: Often the number of configurations required
becomes umanageably large.

2.2 Time-dependent density functional theory

Another common approach to solving the Schrédinger equation is density functional theory
(DFT). DFT is built from the Hohenberg-Kohn (HK) theorem [18] which we now state.

The Hohenberg-Kohn Theorem: The external potential U foi a bound system of interacting elec-
trons is uniquely determined, up to an additive constant, by the ground-state density p.

The HK theorem implies that there exists a map G such that G: U — p is invertible. Since
the kinetic energy (T) and Coulomb repulsion (V) operators are universal to any system the
Hamiltonian H is uniquely determined by U. Thus, p determines the Hamiltonian of the system
and hence implicitly determines all physical properties that can be obtained from H. The exact
ground state density function is found when the energy functional,

Bulpl = #lol + [Ur)otr)ar (2.6)

1 This variation principle is actually the Dirac-Frenkel principle which will later be used to derive the MCTDHF
equations of motion.
2 Tn general the spin-orbitals need not be orthonormal; however, this simplifies the TDHF equations.
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is miniinized, where F is the universal functional F[p] = (¥[(T + V)|¥). This is known as the
HK variational principle [19] and is expressed as,

Ey = min;Eyp] (2.7)

where Ej is the ground state energy of the system and g is a trial density function.

Using the HK variational principle it was shown that the system of interacting particles takes
on the form of a system of non-interacting particles moving in an effective potential Uey; [20]
given by,

p(rr)

|7 — rildrs Ve (28)

Ueff =U+

where Uy, is the local exchange-correlation potential [19]; this is a functional of the density p.
The role of the functional Us,.|p], as its name states, is to take into account the exchange and
correlation effects. The minimizing density can then be found by solving the single particle
Schrodinger equations,

1. .
(—Evz + Ucff) w; = Ep; (2.9)

where Ugs; is defined above and the density can be determined from,

= Z|§0i|2 (2.10)

These are known as the Kohn-Sham (KS) equations and provide a practical way of calculating
the electron density.

Density functional theory has been extended to time-dependent problems; this is known as
time-dependent density functional theory (TDDFT). A theorem analagous to the HK thecrem
has béen developed for time dependent systemns [21]. This theorem, which is known as the
Runge-Gross (RG) theorem, states:

The Runge-Gross Theorem: For every single-particle potential U that has a Taylor series in the
neighbourhood of t =ty the invertible map G: U — p is defined by solving the TDSE with a fized
intial state and calculating the coresponding density.

The RG theorem in fact holds {or piecewise analytic potentials as well and is a special case of a
more general theory [22]. In this case the time-dependent density for a given system can always
be obtained by an external potential in a system with a different particle-particle interaction,

provided that the initial states of the system have the sane intial density and the samne initial
momentum. Also, analagous to the HK variational principle, it is shown that the action integral,

A= /t Lt (W(0) 60, — H()| W) (2.11)

can be written as the functional of the density,

Alp] := Fp) —/L 1 dt /drU(r;t)p(r; t) (2.12)
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where Fp] is the universal functional of density given by,

F[p]:/ldt (W(1) i, — T = V] 9(0)) (2.13)

to

The density can then be computed using equation (2.10) by solving the single-particle TDSE
(21, 23],

1_.
10pp; = |:——§Vz + Ucff:| Wi (2.14)

where Ugyy is the time-dependent analogue of that in equation (2.8).

One major drawback to TDDFT is the difficulty associated with the determination of the
exchange-correlation functional. Proposed methods to construnct Uy, [24, 25] are extremely
complicated and it is difficult to gauge their accuracy. Another major draw back of TDDFT is
that it provides only the density of the system and not the quantum mechanical wave function.
As well, DFT has encountered many other problems [26, 27, 28]. One of these [26] being a
severe fundamental problem in which the entire history of the density enters into the exchange-
correlation term. This can cause ambiguities when representing excited states. Much like TDHF,
TDDEFT fails to properly account for electron correlation.

2.3 The multiconfiguration time-dependent Hartree method

The multiconfiguration time-dependent Hartree (MCTDH) method {29] is a multi-configuration
method designed primarily for the propagation of wave packets. It is on this method that the
multi-configuration time-dependent Hartree-Fock (MCTDHF) method, the main topic of this
document, is based. As such, we will present a brief overview of MCTDH.

In the MCTDH approach the wave function ¥ for a system with [ degrees of freedom is
approximated by a linear combination of Hartree products built using a basis of time-dependent
single-particle functions ¢§:) for each degree of freedom i [30]. The wave function ¥ is then
represented as,

ny

L
Vg, oqpit) = 3 > A, 00 (a0 0P (a0 (2.15)

J1=1 Jr=1

where A;, ;, (¢) are the time-dependent expansion coefficients and n; is the number of expansion
functions for the itk degree of freedom.

In order to obtain a unique representation of the wave function, constraints are placed on
the single particle functions; these are,

<¢§?(0) “Pﬁf) (0)> = 0t (2.16)

(PP 0) = =i (pPW|e9 e ) (2.17)

where ¢ is a single-particle, Hermitian operator.
The equations of motion for the single-particle functions and the time-dependent expansion
coefficients can be determined by applying the Dirac-Frenkel variational principle {31, 32, 33] to
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the MCTDH wave function and using constraints (2.16) and (2.17). After a lengthy derivation,
the equations of motion for the expansion coefficients are determined to be,

iy = Z (@ H|®L) AL - ZZ%‘” Ay (2.18)

i=1 k=1
where AJ = AJL dgps @J — Hl lL’ojq , g](;v) — <30J) i) i})> and A‘]i = A]‘l”.j‘_lkj,_‘,l_“jf. The
equations of motions for the single particle functions are determined to be,
i = g9, 00 + (1= PO)(p) T H)Y g1, 10 (2.19)

, PO the projector onto the space spanned by the single-particle

where ) = (iﬁgi) '”Lp'(fi))T

functions for the i*" degree of freedom, is given by,
L0\ /0
PO = Z Itﬁkl > <‘sz
k=1

and the mean field operator (H)(i) and density matrix p(® for the i** degree of freedomn are defined
by,

(2:20)

(g = (v’

H|w (") (2.21)

50— (4
where \115‘) is the single hole function for the i** degree of freedom defined by,

1 1 +1
\I)(l Z ZZ ZAJJ...] —Jk]a—ll...]f‘pﬁl) ‘pﬁj 1)80§j+1) @5{) (223)

J1 Ji-1Jit+1

v (2.22)

The MCTDH approach has been applied to a wide variely of problems. Some of these
include photo-excitation [34, 35, 36], photo-dissociation {37, 38, 39] and inelastic surface scattering
(40, 41, 42] to name a few. A full list of applications of MCTDH can be seen in reference [30].

2.4 The multiconfiguration time-dependent Hartree-Fock approach

In this section we will briefly describe the multiconfiguration time-dependent Hartree-Fock (MCT-
DHF) [43] approach; a detailed discussion of MCTDHEF will be presented in the next chapter.
This approach is designed to solve the TDSE for a multielectron system with a time-dependent
Hamiltonian. The MCTDHF method is a generalization of the time-dependent CI approach. In
addition to optimizing the time-dependent expansion coefficients, MCTDHF also optimizes the
set of (time-dependent) expansion functions. By optimizing the expansion functions it requires
significantly less configurations to approximate the wave function and thus makes it more feasi-
ble to be used for calculations on multielectron systems. The MCTDIITF ansatz is bascd on the
ansatz used in the MCTDH approach. It differs from MCTDH by restricting the solution to be
totally antisymmetric and adding exchange symmetry to the time-dependent Hamiltonian. The
equations of motion for the time-dependent expansion coeflicients and the expansion functions
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are derived using a variational principal and give similar equations to those for the MCTDH
approach.

MCTDHF is currently the only approach that is capable of solving the TDSE for a multi-
electron system and still take into account electron correlation. As such there is a wide spectrum
of possibilities available where MCTDHF can be of great use. Some of these include:

(i) Intense z-ray atom interaction - High intensity x-ray pulses with pulse durations of about
100 as - 100fs can be created. These sources have great potential to investigate the structure
of biomolecules. Since these molecules will be destroyed quickly (= 10fs) by the radiation
a sound theoretical understanding of the interaction between intense x-ray radiation and
matter is of supreme importance.

(ii) Laser driven impact ionization in plasmas - Imapact ionization, where a free electron collides
with a nucleus and canses one or more bound electrons. to be set free, is an important
ionization process in plasmas. Plasmas are often created by intense laser pulses. Experiments
[44, 45, 46] and classical calculations [47, 48] that have been done show that the laser field
does indeed have a significant effect on impact ionization; however, the capability to do a
quantum mechanical calculation for this problem is not yet available. MCTDHF has the
capability to calculate the enhanced cross section of Het 4 ¢~ — He?t - 2e™, with the
possibility of extending these calculations to more complex atoms.

(iii) Nanophysics - Quantum dots are extremely important to quantum computing; they may
provide one possible avenue to the realization of qubits [49]. As well, quantum dots and
large molecules are used in nanotechnology to create the smallest switches and transistors
[50, 51]. Here, MCTDHF provides a means for theoretical investigation.

Recently the MCTDHF method has been successfully tested using 1-D systems [1, 52, 53, 54].
However, calculations in 2-D and 3-D have yet to be counsidered. The code presented in chapter
4 is capable of doing calculations for small 2-D systems on a single processor. This code also has
the capability of being generalized to 3-D with minor modification.

2.5 The time-dependent quantum Monte-Carlo approach

We end this chapter by discussing one more approach currently in development - time-dependent
guantum Monte-Carlo (TDQMC) [65]. Through the use of quantum Monte Carlo (QMC) meth-
ods [56], it is possible to calculate the ground state wave function of quantum mechanical systems.
QMC methods calculate the ground state wave function by exploiting the similarity between the
generalized diffusion stocastic motion of Brownian particles (or “walkers”) and the solution of
the Schrédinger equation in iinaginary time. The wave function is found by following the motion
of the walker in configuration space.

In the TDQMC approach, a complex, time-depenent, guide function is attached to ecach
walker. This guide function then evolves in time according to the TDSE along with the trajectory
of the corresponding walker. Recently, this method has been used to some avail for modeling
1-D hydrogen and 1-D helium atoms [57, 58]. In TDQMC an ensemnble of N walkers is used to
represent each electron. The guide functions for the k" walker and it* electron ,of then evolve
according to,

f
1 . - -
Do (rist) = —§vf+U(ri)+ZV(r,-—r;?(t))—l—iA(t)-vi oF(rist) (2.24)
i
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where U is the external potential, V is the electron-electron potential, f is the number of electrons,
ie{l,...,fh ke {l,..., N}, Ais the vector potential of the laser field and r;‘-'(t) is the trajectory
of the kt* walker for the j¢* electron ensemble. The trajectory of the walkers is described by the
de Broglie-Bohm wave relation [59]; this is given by,

drf(t)
=1
dt e TR

Val(ry. .yt —AQ) (2.25)

Tj :"‘f (t) Vs

where W is represented by a single Slater determinant or as a sum of Slater determinants made
up from the guiding functions. Equations (2.24) and (2.25), governing the motion of the guide
functions and the walkers, form a set of self-contained equations. While there is no exchange
term in equation (2.24), this accounted for in equation (2.25).



Chapter 3

The multi-configuration time-dependent
Hartree-Fock method

This chapter will serve as a detailed introduction to the multi-configuration time-dependent
Hartree-Fock method (MCTDHF). Here we will introduce the ansatz used to approximate the
quantum mechanical wave function and provide a detailed derivation of the MCTDHF working
equations. As well, we will discuss where the major computational work loads will appear when
solving the MCTDHF equations.

3.1 MCTDHF Theory

The MCTDHF method is an approximate method that is capable of solving the time-dependent
Schrodinger equation (TDSE)

10,%(q,...,qs;t) = HU(qy,...,qy;1) (3.1)

for a system with f electrons in a time dependent Hamiltonian. The coordinates g; represent
the three spatial coordinates, «;, and the spin coordinate, s;, for the 3" electron. Here equation
(3.1) is presented in atomic units; unless otherwise stated, atomic units will be used throughout
this document !. The goal of MCTDHF is to solve (3.1) in a reasonable amount of time and with
a relatively low computation cost while still taking into account electron correlation.

3.1.1 The MCTDHF ansatz

In MCTDHF the exact solution to (3.1} is approximated using a set of n time-dependent spin
orbitals {;(g;t)} and a set of time-dependent linear expansion coefficients A, ;,(t). In the
formal mathematical sense we say that the wave function is approximated and a manifold M of
square integrable functions. Thus we write the normalized MCTDHF wave function as

U(qr,. .., qit)~ Y . Z Ajl...j,(t)wjl (@1;0)..05,(qy; 1) (3.2)

n=1 gp=1

In order to preserve the anti-symmetry of the wave function we require that the linear expansion
coefficients be anti-symmetric with respect to the exchange of any two indices; that is,

Ay dieivngr = — Ao geeds (3.3)

1 For conversion between SI and atomic units, see appendix A.

10
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This leaves only (”) independent expansion coefficients. In the limit n = f we retrieve time-
dependent Hartree-Fock approximation. The benefit to MCTDHF is that it scales linearly with
the number of spin-orbitals and as (?) with the expansion coefficients.

3.1.2 Constraints

The ansatz in equation (3.2) is not unique. In fact it is invariant under the transformations

;= ;= ZBJWA (3.4)

Ajyiip = Ajidy = Z Z B]ka fk,Akl Ky (3.5)

k=1  k;=1

where B(t) can be any invertible n X n matrix [52]. In order to restrict our choice of B(t) and
cnsure orthonormality of the spin orbital functions, we use the following constraints:

{i(0)]p;(0)) = dy, (3.6)
(pi®)]e5() = —igy (3.7)

where g(¢) is an arbitrary, single particle Hermitian operator and g;; = {@:(t)|g(t)|¢;(t)) . The
actual choice of g(t) will be discussed later.

3.1.3 The MCTDHF equations of motion

Before we begin the derivations of the MCTDHF equations of motion we first define the single-
hole function

n n
~@(1)> @"@ = Z Z Aljzu-j/ ‘pjz""hojf> . (38)
=1  js=1

As well, we define the density matrix and the mean field operator as,

pjL = <\I;(.’i)‘q;(l)> =SS A A, (3.9)
2= gr=1
(H) ;= <l1:<f> 1H‘l1'(l)>. (3.10)
TFurthermore, we define the projector onto the subspace spanned by the spin orbital functions as,

P=3 o (el (3.11)
3

From this point on all summation over indices is done from 1 to n unless otherwise indicated.
The derivation of the MCTDHF equations of motion begins with the Dirac-Frenkel varia-
tional principle

(508, — H|T) =0 (3.12)
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where 8¥ is an element of the tangent space Ty M at ¥. That is, for each time we require that
the residual (i3, — H) |¥) be orthogonal to Ty M. This ensures that i¥(x: ... x;;t), within the
ansatz, is closest to its true value [52, 60].

Performing the variation in (3.12) we get,

oV = Z 6AJ‘1~-J’/¢]'1 K27 Z A]l 35 Zwﬂ -+ 0pj, R AT (3.13)

J1edr Ji--dr

Substituting (3.13) into equation (3.12) gives,

f
i Z <‘p1’1 T ’\I’> 5A;1---jf +iz Z Ajr.ds <9011 PPy T Py ‘\I’> o¢j,

Jr.dy i=1j1...9s
= Z (ngl"'QOj[‘H|‘IJ bAL gf +Z Z A_n 3r ‘pjl' "pji—l‘p_'ia’H"'901/|H‘\IJ>590;,¢
Ji-.df i=1 j1...5¢

(3.14)

where ¥ is given by,

f
8)= 5 Ap o oi) 4 X Ay Dl i) 619
J1odr u.-dy =1
From equation (3.14) we get the following set of equations:

) = (s, 0y, [H|¥) (3.16)

i<\1/<’“>[\i/> - <\p<k>‘H}\I/>. (3.17)

To obtain the equation of motion for the lincar expansion cocfficients we substitute equation
(3.15) into equation (3.16) and rearrange to get,

Ay, = ZAll 1 Lp]l...tp]'j|H|g011...Lplj>
1.0y

—IZ Z Al \/)11~'~90jjJ‘Pl1-~-¢l;--‘Solj»>- (3.18)

i=11..

Next we need to obtain the equations of motion for the spin orbital functions. To do this,
we first note that ¥ can be written as,

=3 .goklll(k)> (3.19)
k=1
Then subbing (3.19) into the right hand side of equation (3.17) we have,
(v a5} = S o)
= Z Vet loon) - (3.20)
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To obtain the left hand side of (3.17) we put (3.8) and (3.15) into (3.17) to get,

i<\11(k)l\il> =i Z Z Azjz,,,ijll.‘.l_, {@is--0i; | et -1,

F2.dy l]...l/
/
FEY N AL AL D (eh e len ) (3.21)
Gaods iy =1

Now using constraint (3.6) in the first part of the right hand side of (3.21) and splitting the sum
over 4 into 1 = 1 and ¢ > 2 we get,

<\I’(k)‘\1’> WIZ’W Z Ak]z ]/A[J" 7 |IZ|<P1 Z Ak” ],Al“ gr

J2.d) J2--d3
+1Z|<p[ Z Z Argy i Al l12<%2' @i len bl e, (3.22)
J2-gflaanly

Next we substitute (3.18) into (3.22) and use definition (3.9) to get,

i<\1:(k)‘\11> Z;W Wl S lom) S°ST AL i Aty (0500, | H 0101,

™m J2ondrlady
—IZ“OJ Z Z Aka _”Ah Ay Z<§Dl§0‘12' ‘P“|‘Pl1'-~ Wl,>
Jzeedr i
+IZﬂkl|<Pl +IZ|<M Z Z Alaed, At 1,2(50]2. 05y Pty P11, )(3.23)
Jaedy baoly

Now using the definitions (3.9) - (3.11) and constraint(3.6) and, as in (3.22), splitting the sum
over ¢ we get,

i<\11(’“)‘\11> Z Vi o) +1Zﬂkl|‘Pl ~IZ|~P1 Zpkm {@1ldm)
—IZM YYD A, Aus z,Z(%Z il o)

g2y bzl
’l'iZ|S0[ Z Z Ak]2 ][Allz le<‘pj2 ‘Wj/’ﬂolz"'ﬂbli"'cpl_f>- (324)
! J2ogylandy

Substituting equations (3.20) and (3.24) into (3.17) and noting that the last two terms in equation
(3.24) cancel gives,

Y Hule = Z Y ley +1 ) prtlen) =1 1er) D piom otlm) . (3.25)
I l m

!
Defining ¢ := ([¢1), .-, |e/N? and @ := (|61), ..., |61))" we have,

(H) o =P (H) p +ipp — Ppgep. : (3.26)


http://h---iih--.lt
http://32--.jfl2.--h
http://32--.Jih--.il

MCTDHF Theory 14

Finally, using constraint (3.7) in equation (3.18) and acting p~! on the right of (3.26) and
rearranging we get the following set of non-linear equations:

f
Ajr. Jr = Z Aty 99]1 c gy |H|9911 s ‘plf> - ZZgijAjl-ujv;-xkjfu--~J'f (3.27)
li..dy =1 k

icp- =(1-P)p~ (H) o+ Pgle. (3.28)

3.1.4 The Mean Field Operator

While simple in appearance, there is a part of equations (3.27) and (3.28) that warrants a closer
look; this part is the mean field opcrator (H). When attempting to solve (3.27) and (3.28) it is
the computaion of (H) that will require the bulk of the work. Here we will examine the (H),,
terms.

We first break (H),, up in terms of its one-body, H)(z;;t), and two-body, Ha(x;, x;), oper-
ators. Using definitions (3.8) and (3.10) we get,

(H)p = Xf:<‘1’(k)‘H1(wi;t)"I’(l)> + i<\ll(k)yﬂg(wi,wj)‘\ll(‘)>

i=1 3>t

- Z Z Z Abjzds Allaty (@ia - 0g, [ Hr (@i D)o, -1,

=1 j2...gy la.dy

+ Z Z Z A;jzmij”%ull <§0]1 e Sojj ‘HQ(w’Law])hOlz e Qol/> . (329)

5> daedy baedyg

We will first examine the one-body part of cquation (3.29) and look at the ¢ = 1 and ¢ > 2
sepatately. For ¢ = 1 we have,

Z Z Azjz...j[Allzu.l_,- <<Ph T ’H](wl;t)l’,olz . ..<plj>

jZ-«-jf lg...l/
= Y Ay Aga Haast)

J2edy
= prH1 (s t) (3.30)

and upon using (3.3) and rearranging the multi-indices to get (f — 1) equal terms, for i > 2 we
get,

f
Z Z Z Algad, Al (piy -0, | Hilmis )| or, - 1, )

=2 ja..gpla..dy
= ([ - 1) Z Z Alt:jgjs-njjA“zJ'a-uj; (‘ph }Hl (mQ; L)|<P12> . (331)
J2d2 s dy
Similarly, for the two-body part we separate for i = 1, j = 2 to get,
DD Aliy Attaty (P05, [ Hal, @) 0t 01, )

Gaeeds landy

=(F =D > Abgisiy Atagais (932 | Ha(@1,22) 1, (3:32)

Jaide gs-- iy
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and for7 > 2, j > 1 to get,

fof
22 2 D A Aty (90, [ Ha(zo z) w1,

=2 j=i+1ja..57 la...ly

= (_E(b) Z Z Z Akaj:sj‘;.».jfAll213j4»~j/ (@jz@ja |H2(.’121,5132)'(,0[2<,013> . (333)

Jailz Fasbs Ja-3s

Where again we have used (3.3) and rearranged the multi-indices.

Looking at equations (3.31) and (3.33) we can see that these are not complex functions but
merely complex numbers. Thus, when taking into consideration 1 — P, which projects onto the
space orthogonal to the ¢;’s, it is easy to see that these terms will disappear. The components
of the mean ficld operator can now be written as,

<H>kl = plel(mi _1 Z Z Ak]275 ],Allzj:w.j/ (‘10]'2|H2(mlvm2)|(p12> . (334)

J2il2 Ja..gs

It is the evaluation of the {y;, |H2(x1,22)|w1,) terms and the summations in (3.34) that will
require a significant amount of work. The calculation of these terms will be discussed in the next
chapter.

3.1.5 Choice of constraints

Up to this point we have left the choicc of the operator g(¢) in constraint (3.7), open. The only
requirements were that g(¢) be a one-body, Hermitian operator. Here we will specify what choices
of g(t) will be used in our calculations.

The simplest choice is to use ¢ = 0. Putting this into equations (3.27) and (3.28) yields,

Ay, = Z Ay (ege - oi [ H oy -t (3.35)

i = (1-P)p (H) ¢ (3.36)

It is this choice for g that will be implemented when using MCTDHF to find the bound state of
a system. Another choice is g = H;. Putting this into equations (3.27) and (3.28) gives,

Ajgy = Z Ay (55, [ Ha o, -, (3.37)

i =Hilp+(1-P)p (H)P ¢ (3.38)

where (H>(2) is the two-body contribution of the mean field operator.

When examining the equations of motion for both ¢ = 0 and g = H; there are a few things to
note. First, the evolution of the spin-orbitals is less restricted in equation (3.38) than in equation
(3.36). This is a result of the projector only acting on the interaction part in equation (3.36).
Furthermore, as n — oo, that is, when the ¢;’s forin a conplete basis, the 1 — P term vanishes.
Thus, in equatjon (3.38), even with a complete basis, the ;’s continue to evolve with time,
whereas, in equation (3.36) they remain static. Also, for ¢ = H; the motion of the expansion
coeflicients is solely a result of electron correlation; however, when g = 0 it is the full Hamiltonian
that causes the resulting motion.



Chapter 4

The MCTDHEF program

In chapter 3 we introduced the MCTDHF method and derived a set of non-linear equations of
motion that can be used to solve the TDSE. In this chapter we focus on how we actually solve
these equations. To do this we have written a progam in the C programming langnage. Here we
will present this program and discuss the details of how the calculations are perforined. We will
discuss how our grid is set up and how differentiation and integration are handled by the code.
We will then discuss how we calculate the one and two electron terms on the right hand side
(RHS) of equations (3.28) and (3.27). Finally, we will discuss how the MCTDHF wave function
is propagated in time. For the purpose of this discuss we will write the ¢;(q;t) in terins of its
spatial and spin parts as ¢;(g;t) = @;(x;t) @ 55

4.1 The multi-electron Hamiltonian

Before we begin discussing how to solve the MCDTHF equations of motion we will first explicitly
show the form of our Ilamiltonian. Up until now we have presented the multi-electron hamil-
tonitan as H = Z{:I Hy(x;;t) + Z{q Hy(z;, x;) without explicitly stating the forms of H; and
Hy. We write the single electron Hamiltonian in velocity gauge as,

1 -
Hy(x;t) = 5(—iv —A@)* +U(z) (4.1)
and the two-electron Hamiltonian as,

Ha(x1,22) = (4.2)

where ff(t) is the vector potential of the laser electric field and U{x) is some scalar potential.

4.2 The MCTDHF User data type

When solving the MCTDHF equations most of the subroutines require many arguments to per-
form their specific calcuation. In order to avoid this we have created the MCTDHF _User data
type. The MCTDHF _User data type is declared in the following way:

16
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typedef struct {
pointer p;
} MCTDHF _User;

where we have the pointer type is declared as:
typedef void* pointer;

This allows for any data type that we wish to create to be declared with type MCTDHEF _User.
In our program we create a structure called RHS; this has the form,

struct RHS {

}

and contains all the necessary variables and pointers that are needed to calculate the RHS of the
MCTDHF equations. In the code we set up the MCTDHF _User type by the following lines:

struct RHS rhs;
MCTDHF User comm;
comn.p = (pointer)&rhs;

When passed into a subroutine of the form ¥F(...,MCTDHF _User *comm) the data stored in
comm can be accessed in the following way:

(i) struct RHS *s = (struct RHS*)comm—>p;
(i) s—>a, where a is a variable or pointer in comm

4.3 Differentiation and Integration

The grid used to solve the MCTDHF equations is specified by choosing the number of dimensions
for the calculation and then specifying s maximum value and the number of points to be used
for each axis (the code allows for a different number of points and a different range for each
coordinate axis). A unform grid spacing is used along each coordinate axis. For each axis the
grid spacing and grid points are determined by:

2T max
Az — max 4.
7 = e (43)
Tj = — Tzmaz +]AI (44)

where Z,,4, is the maximum value for the coordinate axis and N is the number of points. The
corresponding grid in momentuin space is then determined by:

Ak = -~ (4.5)
w"VLU.IL'
k; = jAk. (4.6)

In order to compute H; (z;¢);(; t) we need to calculate the terms V;(z;t) and Vig;(z;t).
These are done in the code by:

iVp;(a;t) = — F~ ' [k@;(k;1)] (4.7)
—vipi(@:t) = P k735 (k; 1)



The equations of motion and initial conditions 18

where F'~1 is the inverse Fourier transform. At first this may appear to be a less efficient way
to compute the partial derivatives than using finite difference. However, as we shall see, we will
need to take the Fourier transforms of the ¢;’s anyway when calculating the mean field. In the
code the Fourier transforms are computed using FFTW, an efficient program for computing fast
Fourier transforms (FFT) !

The code performs integration of a function f(z), along a coordinate axis, using the trape-
zoidal rule [61]. For the above described space discretization we have,

[ sy~ s + £ (4.9

4.4 The equations of motion and initial conditions

Before we begin discussing how we calculate the RHS’s of equations (3.27) and (3.28), we will
rewrite them in a way that allows us to get a clearer view of what we need to calculate. We will
set the constraint operator to be g = 0 as this will allow us to cover all aspects of the calculation?.,
First we define the following terms:

HE) = (0 | H1 |k) b5 (4.10)
2
H;kz7rL = <50190le2’50le> 55;‘&5&51" (4.11)
Oy (@i t) = Y (7 )iy () Ssxpr(@st) (4.12)
3t

and then rewrite equation (3.27) as
1 7D 1
11 Jr = Z[H;(II)CAM? g5 +1]2kA31k13<~~jf +.. IJ/kAJl Jf- uLJ
(2
+ Z[ Jl]zklAkl]‘ gr t Hn]sHAkhlJ' gt Hiljf’“lAk”'“j/—ll

+ H(Zj‘k,Ajlk,ﬁ_uj, t..+H?

Jagskl

2
+H]('j)_1j,klA]'1~-j/~2kl] (4.13)

Aj1kja-~j_/—1l +..

and equation (3.28) as,
(x5 1) ® sp = Hy(x; 1) on(e; 1) @ sg — ZHmkwm(l‘; £) @ 5+ Py (58) @ 5,4
+ Oy (ast) sy — Z Bspt (| Pht) (@) © sy,
-
= e (om D) Om (@i 1) ® Sy (4.14)

1
2

www.fftw.org
As we shall see using when g = H; we will not be required to calculate the (w;|H|p;) 8s,¢; terms.
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To solve the above system we need only specify some initial conditions and then propagate
equations (4.13) and (4.14) in time. The code currently sets up the initial spin-orbital functions
in the following manner:

©1(2;0) ®@ 51 = 1 (w5 t) @ 554
wa(x;0) ® 59 = gpi(m;t)®s_%

9911»1(-'3; O) & Sp—1 = (pn—l(m; t) Sy
xr

®
Pp(x;0) @ 8 = 1 (x5t) @ s_

[STEETT

That is, every second spin orbital function starts with the same spatial part as the one before it
but with opposite spin. The code chooses the intial spatial parts to be the bound states of the
harmonic oscillator [62]; we choose these intial states because they already form an orthonormal
basis. However, the code is written in such a way that any set of linearly independent spin
orbital functions can be used initially; the code will orthonorinalize the basis prior to beginning
propagation. The Aj, ;, coefficients are set to [(})f !]‘% which, along with the orthonormal
basis, will ensure the initial wave function is normalized.

4.5 Indexing and summation

When writing the MCTDHF code in a general way, so that the user can specify any number
of electrons and any number of spin-orbital functions to be used in his/her caluclation, a major
challenge that presented itsell was how to deal with indexing the A; . ;, coeflicients and how to
perforin the multi-index suminations that appear in the mean-field and the density matrix. Since
the number of indices in the A coeflicients is dependent on the number of electrons, f, we needed
to write the code so that summation over sets of A coeflicients, as in (3.34), can be done without
have large amounts of nested loops. Lo do this the A, ;, arestored such that j; < j» < ... < jj.
That is, we store only the (’}) independent Aj,. ;,’s and then use equation (3.3) to access the
coefficients that don’t have indices ordered as above.

The A coeflicients are stored in an array of length (") such that the first element contains
the Aj;,__;, value corresponding to the set of ordered indices that sum to the smallest number, the
second elements has the set of indices that sum to the second lowest number etc. For example,
if we had f = 3 and n = 5 then the array holding the A coefficients would be A[0] = Ajay,
A[l] = 141247 A[Q] = A125, A[S} = A134, .. .A{Q] = A345 3. Given a set {]1 .. ]f _’], 7/: jkVi, k}
(the ji’s need not be ordered) the index corresponding to Aj,. ;, in the A array is found by the
function getindex. This function has the prototype:

df

int getindex(int *a, int [, int n, int **C).

Here the pointer-a contains the values a[0] = j1,...,a|f — 1] = j;y and C is a double pointer
such that C[m]{k] = (). So using our example above, with f = 3 and n = 5, if a = (2, 3, 5] the
getindex would return the value 7.

3 In the code the A coefficients are not held in an array A, but at the end of the array psi that holds the spin-orbital
functions. The array A here is used merely to clarify the how the indexing is done. :
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In equations (3.9) and (3.34) there are summations over many indices. In order to do these
sumtnations we rewrite (3.9) as,

pr = (F =DV Y A i Aty (4.15)

Je<i <js

and, in a similar manner, we rewrite the two-body part of (3.34) as,

(HYD = (=Y il Halon) Y A, Allaiei, - (4.16)

Ja-l2 Ja<...<Jy

In order to get the density matrix we use the subroutine getrho. This subroutine has the
prototype:

void getrho(fftw_complex *A, MCTDHF User *comm)
For each set {k,l} the element py; is calulated by getrho in the following way:

(i) A variable size to be n ~ 1if k = { and n — 2 otherwise.

(i1) An array js is set up to have length size.

(iif) The smallest remaining possible index values are placed, in order, in js; that is, the arrange-
ment is such that js[0] < js[1] < ... etc.

(iv) Scts the variable nrows to be nrows =(5%¢)

-1
v) A matrix B, of size nrows x (f — 1), is set- up. This contains all ordered combinations of
il

index values form the set {j;:4=1...n, j; # k,l}.

(vi) For each “row”, i, of B we create the array indc = [k, B[i}[0],..., Bli][f — 2]] and the array
ind = [I, B[]{0], ..., B[i][f — 2]].

(vii) ind and indc are passed to the subroutine getsign to determine if they are a positive or
negative permution of the coeflicient we have stored.

(viii) The index for ind and indc are determined using getindex.

(ix) The value of A;c‘jg.‘.jj Ayj,..5; is then calculated and added to the sum.

{x) Once the summation is complete we multiply by (f — 1)L

The summation over jy...js in equation (4.16) is done using the subroutine getAsum. This
does the summation in a similar way as discribed above. The main difference being that we have
four indices, 7, j2, [ and l; that remain constant. The variable size is then set to n — 4 if none
of the j, ja, I and ly are equal; n — 3 if one, and only one, of j =1, or j == Iy, or jo =1 or jg = Iy
occurs; and n — 2 if one of j =1 and jo = Iy or j = Iy and j» = ! occurs. When three or four of
the 7, j2, { and ly are equal we do not get a contribution to the sum. The function prototype for
getAsum is:

void getAsum(int f,int n,int j,int 1int j2,int 12,fftw_complex *A int **C, fitw_complex Asum)

4.6 ' The one-body operator

The first terms in equation 4.13 and the first two terms in equation 4.14 involve the one-body
operator Hy. In velocity gauge the action of H; on ¢; is calculated using (4.7) and (4.8) by,

(@ s (w50) = F(GR = B AW)G; (k0] + U () + A0 05 ) (417)
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and in length gauge, using (4.8), as
1 159 .
Hy(@; )pj(wst) = S PR3, (ks )] + [Ue) + & E ()5 (2;¢) (4.18)
The TDSE is transforined from length gauge to velocity gauge using the unitary transformation:

Uy(5;t) = e HAOFY (7 1) (4.19)

A) - /t ~ Bar (4.20)

Where, ¥; and ¥, represent the wave function in the length and velocity gauges respectively.
The matrix elements in definition (4.10) are calculated as,

1Y = bup [ doy (i1 (@3 0, i) (121)

The code only calculates H;i) for k > j and then uses the relation H;l) = (H,S.))*. In the code
these calcuations are done by the subroutine getH1mat; this has the prototype:

void getHlmat fftw_complex *psi, fftw_complex *phir, MCTDHF _User *comm)

getHlmat calculates the H J(;) terms and the action of H; on the spin-orbital basis in the
following way:

(i) Calculate A(t) (or E(t) in length gauge).
(ii) Loop through 7 and calculate Hyyy using (4.17) or (4.18)
(iil) Loop through &k > j. If 55 = s, calculate H(.,lc) from (4.21); otherwise sct H;,lc) = 0.

7
(iv) Set HYY = (H{))".

4.7 The mean-field

In order to calculate the mean field we must calculate the {(;|Hz|p;) terms; we will label
these term as V;;.. From (4.2) we can write Ha(x1,x2) = Ha(xa — 1) and letting fi;(x) =
wi(x;t)p;(x; 1) we must evalute the integral

Vij(xa) = /dwlfij(wl)fb(wQ —xi) (4.22)

to obtain the V;; terms. Since Vj; = V} we have n+(}) independent Vj; terms. If we have N
mesh points, then computation of each V;; term will require approximately N 2 operations. Thus,
in order to obtain all of the independent V;; terms we are looking at ~ N?[n + (7)] operations.
For example, if we were doing a two-dimensional calculation on a 512 x 128 grid (ie: N = 65536)
with 10 spin-orbital basis functions then we would require ~ 2.4 x 10'* operations to obtain all
independent Vj;’s by straight evaluation of the integral in cquation (4.22).

In order to compute the integral in equation (4.22) we note that this is just a convolution
integral. Thus using the convolution theorem [63] we calculate the V;; terms by,

Vi (@) = Ft{fi; (k) Ha (K)]. (4.23)
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In the code, H, is calculated at the beginning by,

- 1
Hy(k)=F | —— 4.24
and the results are stored in the array Veek; a is a shielding parameter. Thus, in order to
calculate the Vj; terms using equation (4.23) we need to do the following:

(i) Calculate F[f;;(z)]
(i) Multiply fi;(k) by Hy(k)
(iii) Calculate the inverse transform of fi;(k)ITz(k)

The Fourier transtorms are done by FFT routines and thus scale as N log, N. Hence, calculating
the V;; terms using (4.23) requires ~ 2N log, N[n + (;)] operations, In the case of our example
above, this would work out to ~ 1.15 x 10% operations. That is, evaluation of Vi; by (4.22)
would require approximately 2000 times more computational work than using (4.23). The Vj;
are calculated in the code by the subroutine getVmat. This has the function prototype:

void getVmat(fftw_complex *y, MCTDHEF User *comm).

To calculate the two-electron part of the inean-field operator, (H )(2), the subroutine getMFH2
is used. This function has the prototype:

void getMFH2(fftw_complex *y, MCTDHF _User *comin).
It calculates (H >§‘?)7 using equation (4.16), by looping through j2 and I3 and doing the following;:

(i) Z]-3<m<jf Alads.. iy Allags..j; — Asum

(i) Multiplying Asum by V7, if j2 > Iz and by Vj,i;, otherwise
(iii) Setting (H)ﬁ) + AsumVj,;, — (H)ﬁ)

Once we have looped through all j5’s and I5’s we multiply (H)ﬁf) by (f—1)!. This is then repeated
for the next set of j and 1.

To calculate the I

Jkim terms we use the subroutine getH2mat. This has the protoype:

void getH2mat(fftw_complex *y, MCTDHF User *comm).

In order to calculate the H gy terms more efficiently, this subroutine makes use of the relation:

H® — g®

jkim kjml* (4.25)

Using relation (4.25) in a calulation with n spin-orbital functions, we need only calculate

nln+ (3)] +n2(}) = %[n2 +1] of the H;i;m terms. If we did not make use of this we would be

required to calculate n* terms. So, for example, if n = 10 we need only calculate 5050 terms as
opposed to 10* terms; this is roughly half the amount of calculation. getH2mat calculates the
H;zgm terms by looping throngh j =1 - n, k=j - nand m =1 — n. Each Hjyy, term is
then calculated in the following way:

(i) If sy = s then calculate ©} Vim; otherwise loop through I and sct H® = yg®

jklm kjml = 0.

(ii) Loop through . If s; = s; and s; = s,,, then calculate HE = fdx(go; Viem )15 otherwise

jkim
(2
set Hj,?zm =0.
(iii) Set HZ) | = H?)

kiml jkim:*
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4.8 Summations in the time derivative of the A coefficients

The summation for the first part of the RHS of equation (4.13) is done by the subroutine
getH1lsum. This has the function prototype:

void getHlsum(fftw_complex *A, MCTDHF _User *comm, int *js, fftw_complex Hlsum).

Here the pointer js is the set of j;’s that appear in the left hand side (LHS) of equation (4.13).
getH1lsum calculates the summation by setting Hlsum equal to zero and then looping through
k=1 — n and using an index { = 1 — f to reference the place in the j;...jy that k replaces.
We then search through the j;’s. If §; = k and ¢ # | we break from the loop and increase [;
otherwise we add each term to the sum in the following way:

(i) Set up a pointer called js2. This is the same as js but with js2[l] = k.

(if) Call getsign to get the sign of the permutation; this variable is called sign.

(iii) Call getindex to determine the index for the A coefficient; this is stored in index.
(iv) Multiply sign x Alindez] — temp

(v) Hlsum + H](?h) x temp — Hlsum

The summation in the second part of the RHS of equation (4.13) is done by the subroutine
getH2sum. This has the prototype:

void getH2sum(fftw_complex *A, MCTDHF User *comm, int *js, fitw_complex H2sum)

getH2sum works in a similar way to getH1sum except that this time we need two place holder
indices m and 4 such that j,, = k and j; = [. We begin by looping through m =0 — f — 2,
k=1l-ni=m+1—- f—1landl=1— n. Forl#k, asin getH1lsum, we set up a pointer
labeled js2. Again, this is the samc as js except we set js2|m] = k and js2[¢] = . ‘Tor | # k we
add each term to the sum in the following way:

(i) Forl +# k set up a pointer labeled js2. Again, this is the same as js except we set js2[m] = k
and 7s2[i] = .

(i) If f > 2 check to make sure none of the j; are equal to k or [.

(iii) Call getsign to get the sign ol the permutation and store it in sign.

(iv) Call getindex to determine the index for the A coefficient; this is stored in index.

(v) Multiply sign x Alindez] — temp

(vi) Hlsum + H;f)j,-kl x temp — Hlsum

4.9 Time propagation

Time propagation in the MCTDHF program is done in the momentum domain using a fourth-
order Runge-Kutta method. The code allows the calculation to be done in either length or
velocity gauge; however, most of our calcuations are done in velocity gauge.

When finding the ground state of a system it has been shown that imaginary time propagation
has better convergences properties [64]; this can be done by setting ¢t = —i7. Our propagator
then becomes e™H7 and thus we have the formal solution

[2(7)) = coe™ ™7 |¥g) + are™ P27 [W1) + ... (4.26)

where E; and ¥, are the eigenvalues and eigenfunctions of the full Hamiltonian H [65]. Since Ey
is the smallest energy, as 7 — oo, ¥ — W¥q provided that ¥ is renormalized after each step. In the
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MCTDHF code the spin-orbitals are orthonormalized using the Gram-Schmidt orthonormaliza-
tion procedure after each time step. We then normalize ¥ by adjusting the expansion coefficients
such that,

N

A |10 D0 1A P = A (4.27)

J1<.<Js

When solving the MCTDHF equations of motion in imaginary time we set the constraint operator,
g, to be g = 0. Starting from a bound state we then “turn on” the laser pulse and propagate the
resulting wave function in real time. Here we have the choice of using g = 0 or ¢ = H,. While
not yet fully tested, using g = H; has the advantage that it allows for the use of split-step [60]
or composite Runge-Kutta {66] integration schemes. '



Chapter 5

Ionization dynamics of N, in a strong laser field

In this chapter we first present some background information on laser matter interaction and
then put the MCTDHF code to the test. The ionization dynamics of Ny in the presence of a
strong laser ficld will be investigated in two dimensions. We will present a simple classical model
and compare its results with the results from our quantum mechanical calculations.

5.1 Laser field ionization of atoms and molecules

Many important phenomena occur when matter is in the presence of a strong laser field; some
of these phenomena include above-threshold ionization {ATI) [67] and high harmonic generation
(HHG) |68]. The key process causing these strong-field phenomena is ionization. When an atom
or molecule is exposed to a stong-laser field its Coulomb potential is modified. This change can
lower the Coulomb barrier and allow for ionization to occur.

Ionization can be characterized by the Keldysh parameter [69, 70] v given by,

=05 (5.1)

where I, is the ionization potential and U, is the ponderomitive energy {71, 72]. U, is the mean
kinetic energy gained by an electron in an ocsillating electric field of strength E and frequency
w; Uy, is given by,

E2
U,=— 5.2
b= (5:2)
For  there are essentially two parameter ranges used to describe ionization. These ranges are
defined by v > 1 and v < 1 and are discussed in the next section.

5.1.1 Ionization regimes

For v > 1 matter is interacting with a field of moderate strength (= 1013 W/em?). In this range
ionization is described by a multiphoton process. Here ionization occurs by the simultaneous
absorption of N photons, where N is greater than or cqual to the smallest number of photons
required for an electron to reach the continuum. The excited electron can emit a lower wavelength
photon and make a transition to a bound state (optical harmonic generation) [73] or it can become
ionized and leave its parent rucleus (ATI).

25
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Figure 5.1. Different ionization prcesses. When an atom or molecule is exposed to an intense laser
electric field the Coulomb potential (dashed curve) will be modified and result in a composition of
the Coulomb barrier and the time-dependent external field (solid curve). (a) At moderate intensities
the barrier has little suppression and ionization occurs through a multiphoton process. (b) At larger
intensities the barrier becomes narrow and allows for electron wave function to penetrate the barrier. As
a result the electron is tunnel ionized. (c) At extremely high intensities the Coulomb barrier is supressed
below the bound state of the electron allowing for above barrier ionization. I, is the ionization potential.

In the regime where v < 1 the laser field significantly modifies the Coulomb potential. In
this regime the dominant ionization process is tunnel ionization. With this type of ionization the
Coulomb barrier is lowered enough that an electron’s wave function penetrates the barrier and
causes tunneling to occur; this happens within a fraction of the laser cycle {70, 74]. Tunneling
ionization is best described by Ammosov-Delone-Krainov (ADK) theory [75] where tunnel ion-
ization probabilites are determined unsing the quasistatic approximation. That is, ADK theory
uses the fact that there is no significant change in the field during tunnel ionization.

A third type of ionization occurs when the field is strong enough to cause the supression of
the Coulomb barrier to be greater than the ionization potential of an atomn or molecule. The
electron can then escape directly from the well without tunneling [76, 77]. This process is known
as above barrier ionization (ABI). A schematic of these ionization processes can be seen in figure
5.1 {70].

5.1.2 The evolution of the electron in a laser field

Once the electron has been ionized it will experience an acceleration due to the presence of the
laser-electric field. The motion of the electron in the field can be explained be a simple three-step
model [67] depicted in figure 5.2{70]. When the laser field sufficiently supresses the Coulomb
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Figure 5.2. Schematic of the three step model for the evolution of an electron in an external lase field.
W, is the enegy of the most weakly bound electron and a,, is the maximum amplitude during the first
excursion.

barrier the most weakly bound electron, with energy —W), can tunnel through the barrier and
appear on the other side at position zg. It is then accelerated in the laser field and returns to its
parent ion within a fraction of a laser cycle.

This three-step model has proven very useful in providing a simple explanation of many
strong field phenomena. For instance, it is useful for explaining the process of high-order harmonic
generation (HHG) in a semiclassical way [68]. HHG occurs when high-order harmonic radiation,
in the extremne ultraviolet (XUV) and soft-x-ray spectral range, is generated by the interaction of
an intense linearly polarized laser field with atoms, atom clusters, and molecules. When the laser
field lowers the Coulowmb barrier an electron wave packet is set free at some time 7, by tunnel
ionization. It is then accelerated in the laser field where it aquires energy. Then approximately
one cycle later the electron returns to the nucleus at some time 7. It then recombines to the
ground state, with energy W}, and emits a high-energy photon by releasing the energy it gained
in the field plus Wj. This process is illustrated in figure 5.3 [70]. HHG occurs most strougly for
linearly polarized light. In the case of circularly polarized light the electron will completely miss
its parent ion upon its return. A fully quantum mechanical theory of HHG for linearly polarized
light can be seen in reference [72] and for elliptically polarized light in reference {78].

5.1.3 Nonsequential ionization

At sufficiently high laser intensities atoms and molecules can undergo multiple ionizations. Orig-
inally these multiple ionizations were thought to occur by the sequential stripping process where
the atom is ionized, then the singly charged ion, then doubly charged ion, etc [76]. Experiments,
however, showed that there also exists a nonsequential process that is responsible for multiple
ionization [44, 79].

Several models for nosequential ionization have been proposed. In the recollision model [68],
an atom or molecule is ionized by tunnel ionization. The ionized electron is then accelerated in
the laser field and returns to the parent ion with considerable kinetic energy, after about half of
an optical field cycle. The second electron is then emitted as a result of an inelastic scattering
process. Another proposed mechanism is shakeoff [80]. Here there is a rapid change in the
potential felt by the second electron due to the release of the first electron. That is, the second
clectron cannot adiabatically readjust to the ionic potential and is thus brought up into the
continuum. A third mechanism, the collective tunneling mechanism [81], has also been proposed.
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Figure 5.3. Illustration of the process involved in HHG. The electron is “born” outside the potential at
time 7. It then accelerates in the laser field and returns at some later time 7. Upon recombining with
the parent.ion an high-energy XUV photon.

In this case both electrons simultaneously tunnel through the barrier and are ejected from the
parent atom.

Both theoretical analysis [82] and experiment [83, 84, 85] have shown that recollision is the
dominant process governing nonsequential ionization in the strong field regimne. Nonsequential
ionization caused by recollision of the ionized electron with its parent ion is known to occur in
two ways - simultaneous emission or delayed tunnel ionization [86]. The momentum component
of the ionized electrons parallel to the field polarization direction k'll_Q is determined by their birth
time in the electric field; the components perpendicular to the polarization direction ki-, will not
be affected by the field in a significant way [87]. During simultaneous emission the two electrons
leave the parent ion at the same time and thus will have similar momenta parallel to the field
polarization direction. In the case of the delayed tummel ionization the first electron excites the
second during recollision. The second electron is then field ionized at some later time, Thus, for
delayed tunnel ionization, kg will differ from that of klll.

5.2 Strong field ionization of N, molecules

Over the last few years experiments have been performed using ensembles of aligned Ny molecules.
It was shown that single ionization was much more probable for molecules aligned parallel to the
field direction than for those aligned perpendicular [88]. It was also shown that nonsequential
double ionization (NDSI) depends on the orientation of the molecule [89]. For molecules aligned
parallel to the laser field both electrons were more likely be emitted in the same direction during
the same laser half cycle. When the molecule is aligned perpendicular to the field there is a time
delay between emission of the two electrons and thus they are emitted during different half cycles.
In addition it was observed that the average momentum of the escaping electrons was higher for
molecules aligned parallel to field direction [89].

In our calculations we consider a 2-D N, molecule, in the presence of linearly polarized
laser-electric field directed along the x-axis. The Coulomb potential, in the Born approximation,
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is given by,
1 1
V=22 +(y-p)? 402 V(- 222+ (y—y2)? b2

where (z1,2,%1,2) are the positions of the nitrogen atoms and b is a smoothing parameter. The
atoms are centred at (z12,912) = (£1.04,0) ! and the smoothing parameter is given by b =
0.7129. We use a two cycle pulse of wavelength A = 800 nm and maximum field intensity
2 x 1014 W/em?. The vector potential of the pulse has a sine squared envelope with a period of
5.2 fs and is given by,

Ulz,y) = — (5.3)

w

S E t -
A(t) = =2 sin? (%) sin(wt)ky (5.4)
‘where Ey is amplitude of the electric field and w is the pulse frequency.

5.2.1 The classical model

In our classical model we examnine the dynamics of the first ionized electron for different birth
times (7) in the laser-electric field. The electron is born in the field at a position o = z(7,) and
its motion in the field is governed by,

i(r) = ~ E(7) ) (5.5)

i(r) = A(r) — A(m) + v (5.6)

where v is an initial velocity, 4 is the vector potential, E is the electric field and z(t) can be
found froin,

-

z(r) = / &(7)dT + z¢ (5.7)
Th

for electrons ionized from a bound state vy = 0. However, vy may not be zero for a recolliding

electron after the collision; this depends on how much energy it loses during recollision. Due to

the small molecular extension of Ny we use zg = 0.

Since A(7) = 0 at the end of the pulse it is clear from equation (5.6) that the final drift
momentum of the electron is completely determined by its birth time in the laser-electric field.
The return time (7,) of the ionized electron is then determined.as a function of the birth time
by solving,

x(1r) = xo = 0. (5.8)

Once 7, has been determined the velocily, and hence the energy, of the returning electron can
be calculated. If the returning electron has enough energy to excite the bound electron to an
excited state then the return electron will aquire a new drift velocity of

— A(7) + sgn{z(m:))\/2(E(7,) — AE) (5.9)

where F(7,) is the energy of the return electron at 7. and AFE is the energy difference between
the ground and excited state. II, al any time 7; after 7, the barrier is suppressed below the

! This is for parallel alignment with the pulse. In the case of perpendiclar alignment we set (z1.2,y1,2) =
(0, +£1.04).
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Figure 5.4. Top left: Recollision time (7,) as a function of birth time (7). Top right: Energy of the
returning electron as a function of 7,. Bottom left: The vector potential (solid line) and electric field
(dashed line). Bottom right: Final energy of the first electron as a function of birth time for the first
excited state.

excited state, the excited electron is ionized by ABI and aquires a drift velocity of A(7y) at the
end of the pulse. This process is examined for the first, second and third excited states. The
process where the returning electron immediately ionizes the second electron was not considered.

In figure 5.4 it can be seen that the highest return energy is approximately 1.1 which corre-
sponds to the ionization potential of N;t; this shows that immediate ionization by the returning
electron does not contribute significantly to the double ionization. In the plot of the return energy
vs T, we can see two peaks. Electrons with the highest return energies are born near the peak of
the pulse around 7 = —50. These electrons return to the nucleus stightly before the next peak at
7 = 0, excite the bound electron and continue in the negative x-direction. From 7 = 0 to the end
of the pulse the bound electron is ionized when the barrier suppression is large enough to cause
ABI. When the vector potential is positive the second electron’s final momentum will be in the
same direction as the first and when the vector potential is negative its momentum will be in
the opposite direction. Furthermore, in the range over which this ionization process takes place
the vector potential takes on larger positive values (in magnitude) than negative ones. Hence we
would expect that the second electron will have a larger range of negative final momenta.
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The second peak in the top right of figure 5.4 is a result of the first electron being born near
the peak around 7 = 0. These electrons return around 7 = 50 where the pulse has another peak.
However, the return energy of these electrons is much smaller than those born around the peak at
7 = —50. Upon return, these elctrons do not have enough energy to cause the bound electron to
move to an excited state and thus classically do not play a role in the double ionization. As such,
we assuine a constant ionization rate for electrons ionized near 7 = ~30 and do not consider the
trajectories of electrons born near 7 = 0.

This is precisely what is seen in figure 5.5 where we have plotted the momentum components
parallel to the field direction (kll' ) for each electron at the end of the pulse. We see a fairly small
range of momenta occuring in quadrants two and four where the electrons have momenta in
the opposite directions, and a significantly larger mometum range in quadrant three where the
electrons move in the same direction. Most of the ionization events seen in figure 5.5 lie on
the main “cross” shaped region. The narrowness of the lines making up the “cross” can be
explained by the plot in the bottomn right corner of figure 5.4. Here we sce return energies of
the first electron that are high enough to bring the bound electron to the first excited state. It
can be seen that most of the events that will cause this excitation are densely clustered in a very
narrow energy range. Thus, we would expect that most of the final momenta of the recolliding
electron also lie in a narrow range. On the other hand the second electron can be ionized at
many different times until the end of the pulse and thus we expect it to have a much larger range
of final momenta. So, to reiterate, the thickness and postition of the lines that make up the
“cross” are determined by return energies of recolliding electron and the length is determined by
the range of drift velocities given 1o the second electron by the field. The symmetries in figure
5.5 are due to the indistinguishability of the two electrons.

5.2.2 The MCTDHF calculations

In the MCTDHF calculations we consider two cascs: i) when the molecule is aligned parallel to
the pulse direction and ii) when the molecule is aligned perpendicular to the pulse direction. The
electron-electron shielding a is given by a = 0.74. a and b were chosen so that the ionization
potential I, was close to the ionization potential of Ny (1, = 0.551).

Calculations were done using increasing numbers of configurations (n = 6, 8, 10, 12 and 14)
in the box B = [—100, 100] x [—50, 50] with uniform grid spacings Az = 0.39 and Ay = 0.78.
At the end of each pulse we calculate the single, double and total ionization probabilities in a
manner similar to that of reference [90]. The bound region By, the double ionization channel
B** and the single ionization channel B are given by,

By = {(zj,u5) | |lzgl; lys] > €} (5.10)
Bt = {(z5,u5) 2 lys] < €} (5.11)
Bt =B\ (B,uUB*) (5.12)

where ¢ is the maximum extension of the ground state along the coordinate axis. By defining the
functional I,¢ to be,

n. prn € ¢
Iclfl = / / / / | f{z1, 11 »$27y2)f2d$1dy1dl’2dy2 (6.13)
—nJ-nJ-{J—(

where f:R* - C, we have the following expression for the total ionization probability Pr:

Pr = Tooo|¥] — I..[9] (5.14)
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Figure 5.5. Momentum correlation maps at the end of the laser pulse for electrons resulting from
excitation to the first (top left), second (top right) and third (bottom left) excited states. The bottom
right plot shows the resulting momentum correlation map when all three excited states are taken into

consideration.

The double-ionization probability P™7 is determined from,
Pt = Tooo[¥] = Tooe[¥] — Teoo[¥] + I [P] (5.15)
and the single-ionization probability P* is then determined by,
Pt = pp - ptt. (5.16)

Tables 5.1 and 5.2 show the calculated single, double and total ionization probabilities at
the end of the pulse for parallel and perpendicular alignment respectively. The numbers in
tables 5.1 and 5.2 clearly show that there is more ionization for molecules aligned parallel to
the pulse polarization direction and thus agree (at least qualitatively) with what has been found
experimentally.

In order to get a picture of the dynamics involved in the ionization process we use the first
order density function given by,

p1{x1,y1;t) :/|\P(w1,y1,w2,y2)|2da;2dy2. (5.17)
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n (;) P+ P++ P[‘ E()(NQ)

6 15 0.09816 0.00149 0.09964 -1.6404
8 28 ° 0.13049 0.00065 0.13114 -1.6438
10 45 0.13096 0.00106 0.13201 -1.6441
12 66  0.13150 0.00097 0.13247 -1.6444
14 91 0.12977 0.00084 0.13061 -1.6446

Table 5.1. Calculated single, double and total ionization probabilities for N2 with its molecular axis
aligned parallel to the field polarization direction. I5p(Nz) is the ground state energy of the N; molecule
in atomic units.

n (3 P Pt Pr Eo(Nz)

6. 15 0.08079 "0.00183 0.08262 -1.6363
8 28 0.09128 0.00052 0.09180  -1.6397
10 45 0.09133 0.00077 0.09209 -1.6400
12 66  0.09149 0.00054 0.09203 -1.6403

Table 5.2. Calculated single, double and total ionization probabilities for Ny with its molecular axis
aligned perpendicular to the field polarization direction. Ep(Nz) is the ground state energy of the N
molecule in atomic units.

Also, to observe the correlated motion of the two electrons in the direction parallel to the

laser-electric field, we calculate the two-electron py(zy1,y1,®g,y2) density and integrate over the

coordinates perpendicular to the field to get pg. This is given by,

Pg(th) :/I‘I’(xl,y1,$2,y2)|2dy1dy2~ (5.18)

Figures 5.6 and 5.7 show p; and pg at times T = —27, 3, 23, 53 and 63 (top to bottom)
in the laser-electric field with the molecular axis aligned parallel to the field. The first plot at
T = —27 occurs shortly after ionization begins. In the plot of p; we see a shift of probability along
the positive x-direction. For the plot of pg we don’t yet see any correlated motion. In the next
plot we see p; just shortly after the centre of the pulse (= = 0). Here the ionized electrons arc
returning to the nucleus. As well, in the classical model, electrons could also be ionized around
7 = 0; we sce this occuring due to a shift of probability along the negative x-direction; this might
also contain some of the recolliding and second ionized electrons. It also should be noted that in
the plot of plzl we are begining to see some correlated motion in the third quadrant.

In the third graph we see a significant amount of probability shifted along the negitive x-
direction. This is a result of the first recolliding electron and the electrons ionized around 7 = 0
travelling in this direction. The wave structure we see developing is most likely as a result of
interference between these electrons. Observing pg we see more probability developing in quadrant
three as a result of the second ionized electron having its momentum in the same direction as that
of the recolliding electron. Also, in quadrants two and four we see some probability developing.
This is a result of the second electron moving in the opposite direction of the recolliding electron.
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In the fourth and fifth plots of pg we can see quite a bit of correlated motion in quadrant

three. We can also observe “bar” structures perpendicluar to the positive xQ,Q—axis. As we go

from 7 = 53 to T = 63 we see these “bars” move in the positive direction and then dissipate.
This is a result of the recolliding electrons born around 7 = 0 moving away from the ion after
recollision. When these “lines” start to disappear we begin to see correlated motion in quadrant
one which we should not see classically. Below we will provide a reason for why this occurs.

In order to compare the MCTDHF results with the results of the classical model we also
plot a momentum correlation map for the doubly ionized electrons using the n = 14 result. This
map is a plot of kﬁl vs kallz with the bound states and the single-ionization channel filtered out.
To obtain this map we apply the filter function wy,{x1,v1,x2,y2, A) given by,

2

wm(wlaylwa,y27A) = H(l _Gm(wjny7A)) (5‘19)
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Figure 5.6. Log plots of p1 and p! for 7 = —27 and 3 (top to bottom).
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Figure 5.7. Log plots of p1 and ,0‘2I for 7 = 23, 53 and 63 (top to bottom).
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Figure 5.9. Surface plot-of wio(z1,0,22,0,12).

where G, is given by,

Gm(z,y,A) = exp |— % | exp|— % (5.20)
with m € I and A € R giving the width of the filter; in our filter we use m = 10 and A
Figure 5.8 shows a 3-D surface plot of (1 — G1o(%,y,12)) and figure 5.9 gives 3-D surface plot of
wio(x1,0,22,0,12). When applied to the electron wave function it is clear the bound state and
the single-ionization channels will be supressed.
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Figure 5.10. Momentum correlation map of kﬂl vs kﬂz for the MCTDHF calculation with n = 14. In
this calculation the molecular axis was aligned parallel to the laser-electric field. The number labels on
the colour scale are all x1072 au.

To obtain the electron momentum correlation map we apply the filter to the wave function
in order to obtain the doubly ionized part ¥2*; that is,

U (@1, 91, T2, ¥2) = w(T, Y1, 22, 92) - V(21, Y1, T2, 92). (5.21)

We then take the Fourier of transform W2t to get 2% (ky,k;, ko, ko). The correlation map for
the momentum components parallel to the field direction is then obtained from,

|qjﬁ+(kxl’kx2)|2 ://dkyldky2|qj2+(kl‘1ykzj11kxz?ky2)|2‘ (522)

In figure 5.10 we show the contour plot of ]\T/ﬁ"'jz. It can be seen right away that this bears
a striking resemblance to the plots in figure 5.5. We can clearly see the “cross” shapes produced
by ABI of electrons in the first, second and third excited states. As well, we can see that the
momentum range is larger in quadrant three than in quadrants two and four. By comparing
figures 5.5 and 5.10 it is clear that we observe all classical effects in our quantum mechanical
calculations. There are, however, some significant differences that cannot be explained classically.

One major difference between what is seen in figures 5.5 and 5.10 is that in figure 5.10 there
are some final momenta in the first quadrant indicating that the recolliding electron was moving
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in the positive x-direction at the time of recollision. According to figure 5.4 this will occur for the
first electron being born around 7 = 0. Classically, when these electrons return they do not have
enough energy to cause the bound electron to move to an excited state. This can be explained
due to a Stark shift of the Nt ground and excited states. In terms of polarizability o and ficld
amplitude |E|, the Stark shift AE is given by,

AE = %|E|2. (5.23)

The polarizability of the ground and first cxcites states of Ny are ag ~ 20 and «; ~ 200
respectively. This indicates that there will be a significant lowering of the first excited state
relative to the ground state. Thus, with the reduced spacing between tlese states it is possible
for the bound electron to become excited by the lower energy returning electrons. Then, upon
sufficient barrier suppression, the second electron is ionized above harrier.

Also, in figure 5.10 it can be observed that the bars making up the “cross” structures are
shifted relative to the corresponding ones in figure 5.5. This is also a result of the Stark shift since
the final velocity of the recolliding electron depends on the energy spacing between the ground
and excited state.

What information can we gather from examining the momentum correlation plots at the
end of the pulse? First, since each excited state corresponds to a unique position of its cross
structure, it is possible to deterinine which laser dressed excited state the second electrou was in
at the time of ionization. Secondly, by examining the final momenta of the electrons we are able
to determine their birth times. These calculations provide a way to characterizes the attosecond
dynamics of atoms and molecules without using attosecond pulses.



Chapter 6

Conclusion

We have presented the multi-configuration time-dependent Hartree-Fock (MCDTHF) method
for multielectron systems in a time-dependent external field. A full derivation of the MCTDHF
equations of motion was given and it was shown how the more complicated the portions of the
calculation (ie: the mean-field) can be simplified. From a computational standpoint MCTDHF
has some very favorable properties:

(i) For f electrons, MCTDHF scales linearly with number of spin-orbital functions n > f and as
(}1) for the expansion coeflicients; the scaling is independent of the dimension of the problem
being considered. This is in contrast to the exponential scaling with the number of electrons
for straight forward discretization of the TDSE.

(ii) In contrast to TDHF, MCTDHF uses more more than one Slater determinant to approx-
imate the quantum mechanical wave function. Furthermore, the expansion functions and
coefficients are optimized by a varitaional principle. Thus, good convergence can be reached
without an unmanageable amount of configurations as with the CI approach.

We have developed a computer code to solve the MCTDHF equations of motion using the
C programming language. The code is capable of solving the TDSE for small 2-D multielectron
systems as well as larger 1-D systems on single processor machines in a reasonable time period.
The code is written in such a way that it can be easily expanded to three dimensions and once
a parallelized version of the code is finished it will be capable performing calculations on 3-D
systems. In addition we have written several post-processing routines to extract the relevant
physics from the wave function; these include energies, electron densities, ionization probabilities
and electron momentum correlation maps.

The MCTDHF program was used to investigate the ionization dynamics of Ny in the presence
of a strong laser-electric field using a 2-D, Ny molecule. Two cases were considered: (i) N
with its molecular axis parallel to the laser-electric field and (ii) No with its molecular axis
perpendicular to the field. The molecule was subjected to a linearly polarized laser pulse of
intensity 2 x 10" W/cm? and wavelength 800 nm. The calculation was done for two cycles of the
vector potential, in a sine square envelope, over a period of 5.2 fs. The results showed that there
was more lonization when the molecule was alligned parallel, as opposed to perpendicular, to the
direction of the field polarization. These results are in agreement with what has been observed
experimentally.

We also presented a more detailed investigation for the case with the molecular axis aligned
parallel to the field direction. We presented a classical model for the ionization dynamics of our
system and compared it with our quantum mechanical results. Most of our quantum mechanical
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observation were able to be explained within the framework of our classical model. However,
in our correlation plots we did observe events occuring in quadrant one that are not explained
by the classical model. Based on the polarizability of the ground and first excited states of we
have proposed a mechanism where ionization is possible due to a decrease in the energy spacing
between these states. These results provide a means for characterizing the attosecond dynamics
of atoms and molecules without using attosccond pulses.



Appendix A

Conversion between SI and atomic units

Since atomic units are not commonly used, this appendix gives the conversion between SI and
atomic units. Here the abbreviation “au” is used for atomic unit.

(i) Charge: 1 au = 1.602 x 107!% C

(i) Length: 1 au =0.52918 x 10~% cm

(iii) Mass: 1 au = 9.109 x 1073 kg

(iv) Energy: 1 au = 4.3597 x 10718 ]

(v) Time: 1 au = 2.4189 x 10717 5

(vi) Electric Potential: 1 au =27.211 V

(vii) Electric Field Strength: 1 au = 5.1422 x 10'* V/m
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