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Abstract Integrodifference equations are a class of infinite-dimensional dy-
namical systems in discrete-time that have recently received great attention
as mathematical models of population dynamics in spatial ecology. The dis-
persal of individuals between generations is described by a ‘dispersal kernel’; a
probability density function for the distance that an individual moves within a
season. Previous authors recognized that the dynamics are reduced to a finite-
dimensional problem when the dispersal kernel is separable. We prove some
open questions from their work on the dynamics of a single population and
then extend the idea to investigate the dynamics of two spatially distributed
species in (i) a competitive relation, and (ii) a predator-prey relation. In all
cases, we discuss how the dynamics of the population(s) depend on the amount
of suitable space that is available to them. We find a number of bifurcations,
such as period-doubling sequences and Naimark-Sacker bifurcations, which we
illustrate through simulations.
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1 Introduction

Integrodifference equations are discrete-time analogues to reaction-diffusion
equations [2]. Similar to their continuous-time counterparts, integrodifference
equations are frequently used as models of spatial population dynamics in
ecology [8]. They were developed specifically to accurately model the life cy-
cle of organisms with separated growth and dispersal stages. The analysis of
integrodifference equations, however, proves more difficult than for reaction-
diffusion equations since the dynamics are discrete in time and since the equa-
tions are non-local. For that reason, simplifications, approximations, and spe-
cial, explicitly solvable cases are particularly useful to have. In this paper, we
formalize and extend an idea by Kot and Schaffer [8], who noticed that for a
particular dispersal kernel (see below) the dynamics of the infinite-dimensional
integrodifference equation reduced to a two-dimensional map. We prove an
open question in their work, and we apply the method to study two systems
of interacting species.

Very simply, discrete-time dynamical systems are famous for generating
complex dynamics, for example the logistic map

Nt+1 = ’I’Nt(l — Nt), (1)

that has been studied widely mathematically and used extensively in ecological
modelling [12]. In this model, N; is the population density at time or generation
t, and r > 0 is the growth parameter. Alternatively, by scaling the steady-state
density to unity, the logistic equation can be written as

Nit1 = (F + 1)N; + N7 (2)

It is well known that the solutions to (1) converge to zero if r < 1, and to the
unique positive steady state if 1 < r < 3. At r = 3 there is the first of a cascade
of period-doubling bifurcations that eventually lead to chaotic dynamics for
large enough r < 4. When r > 4, then the equation does not preserve positivity
and is therefore no longer suited to model a biological population.

Now we consider the spatial distribution of a population and denote its
spatial density at time ¢ in a one-dimensional, bounded habitat {2 by N;(zx).
During the first part of their life cycle, individuals grow according to some
growth function F but do not move spatially. The density at the end of this
growth phase is therefore F'(N¢(x)). During the second phase in the life-cycle,
individuals disperse but do not reproduce or die. We denote K (z,y) as the
probability density of dispersal locations from initial location y. This function
is referred to as a ‘dispersal kernel’ or ‘seed shadow’ [14]. The population
density after the dispersal phase and at the beginning of the ¢+ 15* generation
is then given by

Ny (a) = /Q K (2,y)F(Ni(y))dy. (3)
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We require K and F' to be non-negative. In general, we require F(0) = 0,
since no individuals are generated from nothing. In this paper, we will use the
logistic function for F.

The dispersal kernel necessarily satisfies the property |, o K(z,y)dx <1 for
all y € {2, since it is a probability density. Typical dispersal kernels in the
ecological literature are the Gaussian and the Laplace kernels but many other
forms are known and used [14]. Here, we follow the idea of Kot and Schaffer
and use the cosine kernel [8]

Zcos| Z=(x—y) |, |z —y| <R,
Ky =2 (e -] e @

0, otherwise.

The cosine dispersal kernel is separable, meaning that it can be written as

K(x,y) = % cos <;§> cos <;§> + %sin (;;) sin (;g) (5)
Throughout this work, we take the spatial domain to be an interval of length
L,ie. 2=[-L/2,L/2]. We assume that in one generation an organism can
move from one point in the domain to any other. Mathematically this means
that R > L. Furthermore, we can scale R = 1 by writing z = RZ, y = Ry

and K (z,y) = RK (%,7), thus after dropping the tildes we arrive at the scaled
cosine dispersal kernel:

™ cos (g<xy>>, r—yl <1,
K(z,y) =

0, otherwise.

We remark that now 0 < L < 1.

Since the cosine kernel is separable, the dynamics of the infinite-dimensional
integrodifference equation can be reduced to a 2-dimensional map. We study
some aspects of this map in detail in the next section. In subsequent sections,
we extend the model to include two interacting species, namely competitors
in section 3, and predator and prey in section 4.

2 Logistic IDE

Integro-difference equation (3) with the logistic growth function and the (scaled)
separable cosine kernel was first studied by Kot and Schaeffer [8]. They noted
that since the cosine kernel is separable, the dynamics of equation (3) re-
duce from an infinite-dimensional function space to a two-dimensional space
spanned by the sine and cosine function in (5). More specifically, if we write

Ny(z) = ay cos (”;) + by sin (”2”3) (7)
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then the dynamics of coefficients ay, by are given by the two-dimensional map
L/2

a1 = Z/_L/Q cos (WQy)F(at cos (71'2y) + b sin <7r2y)>dy,
L/2

bii1 = Z/L/Q sin <7T2y>F(at cos <7T2y> + by sin <7T2y>)dy

When we choose F as the logistic function (2), the two integrals become poly-
nomials in the trigonometric functions and can be evaluated explicitly. After
lengthy calculations, we arrive at the two-dimensional mapping (compare [8])

(8)

arr1 = (x1 — X2as)ar — x3b;,
biy1 = (X4 - Xsat)bm

(9)

where

2 g L
X5—3rsm 1)

Kot and Schaeffer observed that the set {b; = 0} is an invariant manifold of
system (9), and that on this manifold, the equation for a; is of essentially the
same form as the logistic equation in (1). It should therefore exhibit the same
qualitative dynamics [8]. Furthermore, they noticed that if —1 < x4—x5a: < 1
for all ¢, then the invariant manifold is attractive. It is clear, however, that
outside of the invariant manifold, the expression for Ny in (7) could be negative
for some x € [-L/2, L/2] and therefore not biologically relevant.

The remainder of this section is devoted to a more thorough study of system
(9). More specifically, we show that for biologically feasible parameter values
r, L the dynamics of (9) on the invariant manifold do, indeed, exhibit the full
range of the logistic dynamics. Moreover, we show that the invariant manifold
{b: = 0} is locally attracting.

We begin with the fixed point (a¢, b;) = (0,0) that corresponds to the ex-
tinction of the species. Linearizing about this fixed point leads to the diagonal

Jacobian matrix
x1 0
11
(5 o) (1)

whose eigenvalues correspond to the diagonal entries. Inspecting the expres-
sions for y; and x4 in (10), we see that 0 < x4 < x3 for all » > 0 and
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L € [0,1]. Hence, the extinction fixed point is stable if x; < 1. Furthermore,
since X1 is an increasing function in both r and L, there exists a unique curve
in (r, L)-space such that x;(r, L) = 1. Crossing this curve leads to a loss of
local stability of the extinction fixed point.

We now turn to the dynamics on the invariant manifold {b; = 0}. The
mapping reduces to

atr1 = (X1 — X2at)as, (12)
which, upon applying the change of variables
ag > 212 (13)
X2

transforms (12) to the logistic mapping

ars1 = <i£)at(1 — ay), (14)

where x?/x2 acts as the growth parameter, see (1). From the form of x; and
X2 given in (10) we see that for any fixed L > 0 this growth parameter can
take on any positive value as r increases. Therefore, the dynamics of (12) does
indeed take on the full range of logistic dynamics.

We are interested in those trajectories of (12) that remain bounded for
all t > 1. We first note that any initial condition, ag outside of the interval
[0, %} maps to a negative value aj, which in turn leads to a trajectory that
remains negative for all £ > 1 and diverges. Furthermore, the critical point of
the mapping (12) is given by x7/4x2 and therefore the interval [0, %] maps
into itself so long as

X o xa

dx2 ~ xe
In the complimentary case when x; > 4 it follows that there is an interval
centred at x1/2x2 which maps outside of [0, %] Figure 1 illustrates this be-
havior.

Finally, we prove that the invariant manifold is locally attracting.

Lemma 1 Let ag € [0, %] If 1 < x1(r,L) < 4 then the invariant manifold
by = 0 is locally attracting.

Proof To begin, if x1(r, L) < 4 then those trajectories on the invariant mani-
fold whose initial conditions, ag, are between the roots of the logistic function
satisfy

X1
0<a < 2= 16
S ar > Ayo ( )
for all £ > 1. This implies that
Xi
X4 — X5 <4 > < X4 —atXxs < xa (17)
X2

for all ¢ > 1, since the y; are positive functions of r, L for ¢ = 1,...5.



6 Jason Bramburger, Frithjof Lutscher

X1
4X2 ________ by — - DN -—-—-—-—- - -

Y

a, X/1
X2

a

Fig. 1: Cobweb diagram of a diverging trajectory of the first component of (9)
when b; = 0 and y; > 4.

Let us deal with the upper bound of (17) first. We wish to show that when
x1 < 4 then x4 < 1. Differentiating the function x4(r, L) with respect to r

and L gives
Ons _[rL 1 (7L
ar |8 4™\ 2))

Ox4 T 1 L

A% 1 2 _Z .=

oL~ +T)[8 8COS( 2 )}
respectively. Both functions are strictly nonnegative for all » > 0 and L € [0, 1],
meaning that y4(r, L) is a nondecreasing function of both r and L. The same
can be shown for xi(r, L), meaning that for each L, x1(r, L) can only cross 4

once and x4(r, L) crosses 1 once. Therefore, if x1(r, L) = 4, we can solve for r
in terms of L to get

(18)

4

oL 4 1 L
8+4s1n(2>

Substituting this expression into y4(r, L) gives
L 1. L
4|:8 — ZSIH (2):|
. (20)
=)

1+7(L) = (19)

xa(r*(L), L) =
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The function x4(r*(L), L) is an increasing function of L, and therefore obtains
its maximum on the compact interval [0, 1] at L = 1. Hence,

0 < xa(r*(L), L) < x4(r*(1),1) ~ 0.88812 < 1. (21)

In particular, as r increases the function xi(r,L) crosses 4 before x4(r, L)
crosses 1 for each L € [0, 1].
Now, let us write the the lower bound of (17) as §(r, L). Then

5(T,L):(1+T)VL L (WL)](1M)ZSi:z[l(ﬂ‘*Ll)[g(:l‘)T (WQL)] 7
TS o

2
(22)
after direct substitution. This function is quadratic in 7, and its maximum is
bounded by x4(r, L) for every L € [0, 1], which implies that although §(r, L)
is positive for some values of r and L, it is always bounded above by a value
less than 1. Hence, for L € [0,1], §(r, L) will eventually become a strictly
decreasing function for all large enough r. Thus, d(r, L) can only cross —1
once.
We again substitute expression (19) to show that §(r*(L), L) is bounded
below by —1. The substitution yields

["SL + Isin (T’QL)] 3[1 — 4sin? (’;f)]

which is a decreasing function. Therefore, on the compact interval [0, 1], §(r*(L), L)
obtains its minimum when L = 1. Hence,

5(r* (L), L) > 8(r*(1),1) ~ —0.71188 > —1. (24)

Hence, so long as our elements a; remain between the roots of the scaled
logistic function the invariant manifold b; = 0 is attracting. We now show that
for each ag € (0, x2/x1] we can choose by > 0 such that a; will remain in the
interval and therefore b; will converge to zero.

We write the equation for a; in terms of the function f(a) = (x1 — x20)a
as

ai+1 = flay) — XSbt2'

It is clear that a; is bounded above by xi1/x2 since x3 > 0. Clearly, given
ag > 0, one can choose by > 0 such that a; > 0. The goal is to show that b,
approaches zero fast enough so that a; remains positive.

From the bounds above, we know that b; decays no more slowly than

bi1 = +0.890;.
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Solving this equation, we find b7 = (0.89)*'b2. Substituting this expression
into our equation for a;+1 we get

ar41 = flay) — X3(0.89)2tb(2).

The maximal value returned by f is x2/4x2 and since y; < 4 we have that
after one iteration of the map f we have moved into a strictly smaller invariant
interval, namely (0, x%/4x2] C (0,x1/x2)-

Since x; > 1 we know that the trivial equilibrium of f is unstable and
hence there is a region to the right of a; = 0 such that all orbits are increasing
away from the origin while inside this region. Therefore, there exists an 71 > 0
sufficiently small such that f(a) > a and increasing when a € (0,7;] and the
interval (ny, X% /4x2] is mapped back into itself by f. Furthermore, there exists
a positive 7y < 11 such that f(n2) = 71. Note that f maps the interval (12,71)
into (11, x?/4xz]. Let us write e, := 1y — 72 > 0 and then for any ag such that
f(ao) € (1, x3/4x2] we may take by small enough such that

0< ngg <é€q.

Therefore, a; = f(ag) — x3b3 € (02, X3 /4x2]. Moreover, since x3(0.89)%'b% <
x3b3 < 1 we have that a;11 = f(ar) —x3(0.89)2'b3 € (12, x3/4x2] for all t > 1,
which remains between the roots of f.

We now move to those initial conditions ag such that f(ag) € (n2,m]. As
before, there exists a positive 13 < 12 such that f(n3) = 72, and we write
€9 :=1n2 —n3 > 0. Then f maps (n3,n2] into (n2,71]. We may take by small
enough such that

0< ngg < €2

and using arguments similar to those above we must have that a;11 = f(a:) —
x3(0.89)%b3 € (n3, x3/4x2] for all ¢t > 1.

We may continue this process by defining 7,41 strictly smaller than 7; by
f(mix1) = n; for all i > 1. Note that that n; > 0 at each step since f(0) =0
and f(a) is strictly negative for a < 0. Then for an initial condition ay such
that f(ao) € (it1,m4), © > 1, we define €; = 1; — n;41 > 0 and take by small
enough such that

0< ngg < &;.

From the previous arguments this will guarantee that a;.1 = f(a¢)—x3(0.89)%b3 €
(Mix1, X3 /4xz] for all t > 1. The first few iterations of this process are shown
in Figure 2.
Now {n;};>1 is a monotone decreasing sequence bounded below by 0, and
is therefore convergent. If {n;};>1 converges to 0 then we have that

oo

0./ = (U] ) U ol

i=1

thereby completing the proof since for each initial ag we can find a nontrivial
interval of by as above such that the invariant manifold is attracting. To see
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1 y = fla)
v=a
€
&
€ 4
LIERI! M3 M2 M Ta

Fig. 2: The first few elements of the sequence {n;};>1.

that {n;};>1 is converging to 0, we assume it converges to some 7 # 0 and
derive a contradiction. Immediately we can see that n > 0 since the sequence
must be converging to its infimum and 0 is a lower bound. But since 0 < n <
m we must have that f(n) > 7. Hence, there exists some ¢ > 1 such that
f(n) € (nix1,m;])- But this is impossible since this implies that n > 7,412 by
definition of the sequence. Hence, 7, — 0 as i — oo.

Lemma 1 shows that there exists initial conditions for which solutions con-
verge onto the invariant manifold. In particular, the full range of stable, oscil-
latory, and chaotic dynamics of the logistic equation can be seen in the logistic
integrodifference equation as well. This behaviour was originally suggested by
Kot and Schaeffer [8].

To consider ecological implications of dispersal distance and domain size,
we investigate how parameters x; depend on domain size L. Notice that
xi(r,0) = 0 for each 1 < ¢ <5, and all parameters are increasing in L. There-
fore, as L increases from zero, the population will at first be unable to persist
until L reaches a certain threshold. At this point, a globally stable, positive
state will emerge. The threshold domain length is known as the ‘minimal’ or
‘critical’ domain size [15]. Increasing L further will lead to instability of the
positive state via period-doubling bifurcations. Eventually, the dynamics will
be chaotic. Since parameters x; are also increasing in r, the values of r at the
bifurcation points decrease as L increases. Put simply, the larger the domain,
the smaller r is required to destabilize the positive steady state and observe
cyclic or chaotic solutions.

3 Competition Model

The ideas presented in the previous sections can be extended to models for
interacting species. In particular, an integrodifference model for two species
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can be reduced to a four-dimensional model, provided both species disperse
according to a cosine kernel as in (6). In this section, we consider the case
of two competing species; in the next section, we will study a predator-prey
system. In each case, we begin with an explanation of the non-spatial model
for comparison purposes.

3.1 Non-Spatial Model

We extend the logistic model for a single species to two competing species,
where each species reduces the per-capita growth of its competitor. Specifically,
we denote by N; and M; the densities of species 1 and 2 in generation ¢. The
two-dimensional mapping describing the non-spatial population dynamics is

Nt+1 = ’I"Nt(l — Nt — O[Mt),

25
Mt-‘rl = SMt(l - Mt - 6Nt) ( )

Parameters r,s are the intrinsic growth parameters of Species 1 and 2, re-
spectively. Parameters «, 3 > 0 are the competition coefficients, indicating
the strength with which the species affects the other. When o = g = 0, the
equations decouple to two logistic growth models. We assume that growth pa-
rameters r, s are in the interval (0,4) so that the single-species models preserve
positivity.

The following lemma summarizes some of the important characteristics
of the mapping in (25). The proof of the lemma consists of straightforward
calculations and is omitted here.

Lemma 2 Consider the mapping (25) with o, f > 0 and r, s € (0,4).

1. If for some t > 0 we have 0 < Ny <1 —aM; and 0 < My <1 — BN, then
O§Nt+1 S 170&Mt+1 andOﬁMH_l S ]-*BNt—Q—l-

2. Ifr €[0,1] then Ny — 0 as t — co.

3. If s €10,1] then My — 0 as t — co.

The first part of the lemma identifies {(N,M)[0 < N <1—-aM,0< M <
1— BN} as an invariant region of the mapping. This is the region in which the
dynamics remain biologically relevant. When « = 8 = 0 the invariant region
becomes the unit square [0,1] x [0,1]. As «, 8 increase, the region becomes
smaller.

The second and third statements of Lemma 2 give sufficient conditions
for the global stability of the extinction state, (N, M) = (0,0). Moreover,
linearizing about the extinction state gives the sufficient condition for local
stability as r, s < 1. Therefore we see that in this case local stability implies
global stability, much like in the one-dimensional logistic map.

We now turn to the three non-trivial fixed points of the model. These are

the exclusion states
-1 -1
(T ,o) and <0, i ) (26)
r s
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along with the coexistence state

(ra(s —1)+s(1—7r) sBlr—1)+r(1— s))
rs(af —1) ’ rs(af —1) ’

Convergence to one of the exclusion states shows that only one of the species
persists in the habitat while the other goes extinct. This phenomenon is known
as ‘competitive exclusion’. Convergence to the coexistence state implies that
both species persist in the habitat with steady population densities. We inves-
tigate the conditions for local stability of these states.

The Jacobian matrix of the mapping in (25) is given by

(27)

r—2rN —raM —ralN (28)
—sBN s—2sM — sBN |’

Evaluating this Jacobian matrix at the first exclusion fixed point in (26) gives

1—r a(l—r7)

RO

The eigenvalues of this upper diagonal matrix correspond to the diagonal
elements, and therefore we have the following conditions for local stability of
the Species 1 exclusion state:

1 3 d
srs an s(r—1) s(r—1

(30)
Similarly, the stability conditions for the other exclusion state in (26) are given
by
s(r—1 s(r+1
1<s<3 and u<oz<¥. (31)
r(s—1) r(s—1)

When both of these local stability conditions are satisfied, we observe two
locally stable states exist simultaneously. (Ecologists sometimes refer to this
phenomenon as ‘coexisting stable states’ or ‘bistability’.) Initial conditions
will determine the outcome of competition. Alternatively, when 1 < 7, s < 3,
0<a< :EZ:B and 0 < B < ZE::%, neither the exclusion states nor the trivial
state are stable. Local continuation theorems such as the Implicit Function
Theorem allow one to see that when («, ) are sufficiently small, a coexistence
solution extends continuously from

(T;1,8;1>. (32)

Since the coexistence state is stable, there is a region about («,3) = (0,0)

s(r—1)
o1 the

second exclusion state in (26) and the coexistence state meet via a transcritical

in which this fixed point is stable. Moreover, on the curve a =

bifurcation. Similarly, on the curve 3 = :Ef:g the first exclusion state in (26)
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B
r(s+1)
s(r-1)
=10) Founder
Stable Control
r(s-1)
s(r-1)
Stable (0,31
Coexistence Stable
o
s(r-1) s(r+1)
r(s-1) r(s-1)

Fig. 3: Stability regions of the nontrivial fixed points of (25) in («, 8) parameter
space for 1 < r, s < 3 fixed.

and the coexistence state meet via a transcritical bifurcation. We therefore
conjecture that when neither the trivial state nor the exclusion states are
stable we have a stable coexistence state. This reasoning is known in the
ecological literature as the principle that ‘mutual invasion implies coexistence’
[4]. A stability diagram in («, 8)-space is given in Figure 3 for 1 < r,;s < 3
fixed.

When r, s exceed 3, densities begin to oscillate after undergoing a period
doubling bifurcation. The analysis of these cases becomes quite complicated
even in the non-spatial framework and is left for future work. Here, we limit
our attention to the cases where only fixed points of the model can be stable.

The ecological interpretation of the model outcome is standard for two-
species competition models: as long as the inter-specific competition coeffi-
cients («, 3) are small enough, the two species can stably coexist. If £ is small
but « is larger than a certain threshold, then the impact of species 2 on species
1 is so large that species 2 can exclude species 1. Species 2 is competitively su-
perior. If both coefficients are large, the outcome depends on initial conditions,
a situation sometimes termed ‘founder control’.
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3.2 Spatial Model

Let us now turn our attention to a system of integrodifference equations with
growth function given by the competition mapping (25). That is, we consider

Npwa() =7 / K (z,4)N:(y)[1 - Nuly) — oM, (y)]dy,
2 (33)

My () = s /Q Kt (1) My(w)[1 — Mi(y) — BNy()ldy,

where K and Kj; govern the dispersal of species 1 and 2, respectively.

We take both kernels to be cosine kernels with dispersal radii Ry and Ry,
respectively, and as before 2 = [-L/2, L/2], for some L > 0. We assume that
in one generation that both species can move anywhere throughout the do-
main, and therefore we assume without loss of generality that Ry > Ry > L.
As before we can scale the variables appropriately to arrive at the integrodif-
ference equation

wr E/Z T
Newso) =T [ o (2<x - y>)Nt<y>u ~ Niy) - aMi(y)ldy.

s 7E//2 s (34)
Moss(o) = 55 [ con (Gt =) )Ml = M) = AN ()

where R = R;,lR r is the relative dispersal radius and L = LR;,1 the relative
domain size, with L < R < 1. We will drop the tilde for ease of notation since
no confusion can arise.

As before, since the cosine kernel is separable, so that we can write

N¢(z) = ay cos <M) + by sin <M),
2 2
T . (T
Mi(x) = ¢ cos <2R) + d; sin (2R>

Inserting this ansatz into integrodifference equation (34) leads to the mapping
in four variables:

(35)

apyr = (§1 — &oar — Ezco)ay — (Eaby + E5dy)by,
beyr = (§6 — Erag)by — Esbicy — Egady,

(36)
ct+1 = (€10 — §11¢e — E12ae) e — (E1sbe + E1ady)dy,

dey1 = (€15 — &16Ce)dr — E17becy — E1sa4dy,
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with coefficients
5 7L + 1 E

! s "1\ 72

(7L 1. 5(wL

& = rsin (4) {1 3 sin (2>]
£ = rRa 9 L n 1 s' 7mL(2R — 1) n 1 S, wL(2R + 1)

3= in in SR+ 1 in 1

L
q=g ()
rRa 1 . (mL(2R-1) 1 . (7L(2R+1)
& = sin - sin
4 |[2R-1 4 2R+1 4

_|=L 1 . («L
omr|F - 3o ()]

(Bl (P L L PLER-1Y, 1 (7L2R+1)
877y S oR—1°™ 1 SR+1°0 1

on v (1) 5 (35

§12 = 8 {2 sin (WL> sm ( ) ! sin (ﬂL(R i 2)>}
4 |R 4R R+2 4R
_spl1 WL(R 2) . (TL(R+2)
513_4[1%28”1( iR > R+2 ( iR )}
fua = %sin?’ (Z}Lz) (37)

¢ 5,6’ 1 sin TL(R—2)\ 1 sin mL(R+2)
YT 4R 4R R+2 4R
¢ ﬁ sin L) 1 sin rL(R—=2)\ 1 sin mL(R+2)
®7 4 |RT \4R) R-2 4R R+2 4R
We note that {b; = 0,d; = 0} is an invariant manifold of the mapping

n (36). On this manifold, the mapping reduces to a system of competition
equations almost as in (25). Since the situation is similar to that in Section 2,
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we conjecture that a proof similar to Lemma 1 can show that this manifold is
locally attracting. Our work here will be restricted to this invariant manifold.
Our numerical simulations indicate that it is at least locally attracting.

The mapping in (36) has several fixed points, but for the remainder of
this work we will focus on only the four that relate to the four fixed points of
the non-spatial model previously studied. We consider the points written as
(at, by, ¢, dy) given by

(07050,0) (383)

(51 ~1 0,0 0)
Y (38b)

&2

(O’O’ . 1’0> (38¢)

11
En(1—&) +&(Ew—1) _ &12(& — 1) +&(1 — &) )
( €812 — &2bn 0, 3610 — Eob11 0. (38d)

Fixed point (38a) is the extinction state. We denote the exclusion state (38b)
as ¢* and (38c) as ¢*. State (38d) is the coexistence state.
Linearizing (36) about the extinction state leads to the matrix

600 0

0& 0 0

00 ¢ 0 (39)
00 0 &,

whose eigenvalues lie along the diagonal. So long as these diagonal elements
have a modulus strictly less than 1, the trivial fixed point is stable. Moreover,
from the forms given in (37) we can easily see that for all relevant parameter

values
0<& <& and 0< &5 < o (40)

In this way, it is clear that the trivial solution is asymptotically stable if

1,610 < 1.
Let us now inspect the local stability of the exclusion fixed point a*. Lin-

earizing about this fixed point leaves us with the upper triangular matrix

&1 — 262a” 0 —&3a* 0
0 &6 — &ra” 0 —&oa®
41
0 0 §10 — §120" 0 ’ (41)
0 0 0 &15 — &i1ga”

where again the eigenvalues correspond to the diagonal elements. The eigenval-
ues coming from the first and third rows correspond to those of the non-spatial
model, and therefore we focus on these exclusively since we are interested in
the effect of adding a spatial aspect to our model. A necessary condition for
stability of a* is that

|61 — 26207 < 1, €10 — &12a™] < 1. (42)
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The first condition implies that 1 < & < 3. In the second case, we can use the
form from (37) to see that the condition is satisfied when 8 € (BrLower; Bupper)s
where

BLower = 610 -1 ;
i () e (2 + i (22
BUPPGT == 510 1 .
oo ()« o () i ()

(43)

Through an almost identical analysis of ¢*, we find that the necessary

conditions for stability which correspond to the non-spatial model are given
by

|61 — &3] < 1, 610 — 2611 < 1. (44)

In this case the second condition requires that 1 < £19 < 3. The first condition
leads to the requirement that & € (QLower, QUpper), Where

1—1
X Lower = 5 5
% {2 sin (ZL) + 2R1_1 sin (”L(Qf_l)) + 2R1+1 sin (”L(Qfﬂ))} c*
1+1
“Wpper = R L 1 f(2R 1) 1 L(2R+1) .
. . e — . ™
T {2 S <7r4) + gr—gsin ( 1 ) + sgpy7 S0 < 1 )} c*

(45

For the remainder of this section we focus on how the stability diagram
in Figure 3 changes by varying the spatial parameters L and R. We begin by
noting that if 1 < &;,&19 < 3, and both o < apewer and S < Brower, then we
may safely assume that the coexistence state is stable at least in the invariant
(a¢, c¢)-plane. Furthermore, when 1 < &1,610 < 3, @ € (@Lower, QuUpper) and
B € (BLowers Bupper), then both a* and ¢* can be stable, leading to founder
control in the model. These cases fully recover the four regions of Figure 3 in
the spatial model.

Now we fix growth parameters r, s and relative dispersal radius R within
an appropriate range and consider the stability conditions as domain length
L varies. Our first requirement is that £;,&3 > 1, as functions of just L. Then,
since both & (L) and &5(L) are increasing functions of L on [0, R], we define
L; > 0 to be the first (and only) point in [0, R] such that & (L;) = 1 and
L5 to be the first (and only) point in [0, R] such that £5(L2) = 1. Then for
L* = max{Ly, Lo} there exists a non-trivial interval in (L*, R] such that 1 <
&1,&3 < 3. Note also that functions a*(L) and ¢*(L) change from being negative
to positive at L; and Lo, respectively. Therefore, aypper(L) is a decreasing
function on (Lg, R], where it is coming down from infinity at the singularity
L = L,. Similarly Bypper(L) is decreasing on (Lj, R] where it is coming down
from infinity at the singularity L = L.
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The lower bounds, arewer (L) and Brower(L), become a bit more delicate.
Just as with the upper bounds, arewer(L) has a singularity at L = Lo and
BLower (L) has a singularity at L = L;. When Ly < Lo we see that arewer(L2)
is behaving in a very similar manner to opper (L) on the interval (L*, R] since
it is decreasing as we move away from the singularity at L = L*. Now, the
singularity of SrLower (L) at L = Ly lies outside the interval of interest, but one
can see that Brower(L2) = 0, showing that in the interval (L*, R], Brower(L)
is increasing off the L-axis. This situation is fairly intuitive since inside the
interval (L1, Lo) we have that a*(L) is stable and positive, whereas ¢*(L) is
unstable and negative. As L increases over Lo the region in the first quadrant
of (a, 8)-space which determined the stability of a*(L) continuously deforms
into four separate regions to include the stability regions for a now positive
and possibly stable ¢*(L). In this way, we see that by increasing the size of
the spatial domain we are now able to support a wider array of dynamics and
even coexistence of the species. This is summarized visually in Figure 4a. A
similar situation holds in the case when L; > Ly and is summarized in Figure
4b.

Now let us inspect how the bounds on a, 5 change as R varies. Begin by
fixing 7, s and choose L large enough so that 1 < &; < 3. Now & is a decreasing
function of R, and we therefore seek a point R* > L such that 1 < &o(R*) < 3.
If such a point exists, then there exists a connected component of the interval
(R*,1] such that 1 < &o(R) < 3. Now as functions of R over the interval
(R*,1] we find that both aypper(R) and arower(R) are increasing functions.
Similarly, Supper(R) and Brower(R) are decreasing functions of R over the
interval (R*,1]. This situation is described visually in Figure 5.

We can deduce several ecological insights from the analysis and the plots.
First, we notice that L; and Ly are the critical domain lengths for species N
and M, respectively. These are the minimal length of the habitat for which the
species can persist in isolation (see previous section). In Figure 4a, we have
L, < Lo, so that species N has the smaller critical domain size. While both
species should benefit from a larger habitat being available to them, species
M benefits more in the following sense: it will require a smaller interaction
strength (apower) to eliminate its competitor; whereas competitor species N
will require a larger interaction strength (Spower) to eliminate specie M. Figure
4b shows the opposite behaviour.

Increasing R in Figure 5 can indicate that species M increases its dispersal
radius or that N decreases its dispersal radius. In the former case, Ly will
increase whereas in the latter Ly will decrease. Accordingly, the results are
similar to the case Lo > L1 above: species M benefits. The only difference to
Figure 4b is that the value of aypper now increases. This is the value where
the system loses stability though a flip bifurcation. If species M disperses
farther, more individuals will be lost from the domain, and hence the value of
a required to destabilize the system is higher.
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Fig. 4: Stability regions of the fixed points in («, §) parameter space for r, s, R
fixed with (a) Ly < Lo and (b) Ly > L. Arrows indicate the direction the
bounds are moving as L increases through (L*, R].

4 Predator-Prey Model

The dynamics of the competition model in the previous section are rela-
tively simple. Only transcritical bifurcations occur in the chosen parameter
range. Earlier, we had studied period doubling bifurcations in the singles-
species model. Now we turn to a predator-prey model where we can observe a
Naimark-Sacker bifurcation as well.
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Fig. 5: Stability regions of the fixed points in (o, 8) parameter space r,s, L
fixed and varying R. Arrows indicate the direction the bounds are moving as
R increases through (R*,1].

4.1 Non-Spatial Model

We use a simplified (and scaled) predator-prey model, originally studied by
Neubert and Kot [13], with polynomial mapping

Nt+1 = TNt(l — Nt — Pt)+7

(46)
Py = sNi P,

where Ny is the density of the prey and P; the density of the predator at gen-
eration ¢. Subscript '+’ indicates the positive part of the expression in brack-
ets. To avoid negative solutions, we also limit r € (0,4). Predation linearly
decreases per-capita reproduction of the prey. Predator per-capita growth is
linear with prey availability and growth factor s > 0. We summarize some
simple basic observations without proof in the following lemma.

Lemma 3 Consider the mapping in (46) with r € (0,4) and s > 0.

1. If Ny € [0,1] then Nytq € [0,1] for all t > 0.

2. With initial conditions Ny € [0,1] and Py > 0, if s < 1 then P, — 0 as
t — oo.

3. With initial conditions Ng € [0,1] and Py > 0, if r < 1 then Ny, P, — 0 as
t — oo.

Lemma 3 gives an invariant region for the prey density and provides nec-
essary conditions for growth. If s < 1 then the predator approaches zero and
the prey density can exhibit any of the dynamics of the logistic equation.

The mapping in (46) has three fixed points: the extinction state, (0, 0), the
prey-only state and the coexistence state. A detailed bifurcation analysis of
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this non-spatial model (in a slightly different parametrization) was given in
[13]. We summarize the most important results for later reference.
The prey-only state is given explicitly by

(r;1,0> (47)

(1’5(7«—1)4). (48)

and the coexistence state by

S ST

The Jacobian matrix of system (46) has the form

(o) w

The extinction state is locally stable when r < 1, and, by Lemma 3, it is
also globally stable in this case. The stability region for the prey-only state is
given by

r
r—1’

Crossing the curve = 1 leads to a transcritical bifurcation from extinction to
prey persistence. Crossing the curve r = 3 with s < r/(r—1) leads to a period-
doubling bifurcation from the prey persistence state. Numerical simulations
reveal that this bifurcation leads to temporal oscillations in just the prey while
the predator remains absent.

The Jacobi matrix at the coexistence state (48) is given by

1 2 s(r=1)—r —r
7’( s ST s . (51)
s(r—1)—r 1

T

5 < 1<r<3. (50)

The Jury conditions [6] lead to the following stability region (see also [13])

r 2r 3r
— <5< ——, s>

_— 1 4. 52
r—1 r—1 r+3’ srs (52)

Crossing the curve s = r/(r — 1), for 1 < r < 3, leads to a transcritical
bifurcation in which the prey persistence state loses stability to the coexistence
state. Moreover, crossing the curve s = 2r/(r — 1), 1 < r < 4, leads to a
Neimark-Sacker bifurcation in which the coexistence state loses stability to a
closed invariant curve. We observe temporally oscillating population densities
of both species. Crossing the curve s = 3r/(r + 3) for 3 < r < 4 leads to a
period doubling bifurcation in which also the predator species vanishes from
the system [13]. This behavior was termed the ‘subcritical collapse of predator
populations’. The stability results are summarized in Figure 6.
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s 31

Fig. 6: Bifurcation diagram in parameter space for the mapping (46). Bifur-
cation curves are marked as: T - transcritical, PD - period doubling, NS -
Neimark-Sacker. In Region 1 the extinction state is stable. In Region 2 prey
persistence is stable. Coexistence of the species is stable in Region 3. Region
4 has a stable invariant curve in (Ny, P;)-space. In Region 5 there is a succes-
sion of period doubling bifurcations from the prey persistence state leading to
chaos.

4.2 Spatial Model

Having explored the bifurcation structure of the non-spatial model, we turn
to the corresponding integrodifference model to study how spatial dispersal
and domain size affect predator-prey dynamics. After scaling (see previous
section), we consider the system

m\h

Neva(e) = i [ eos (5 =) ) M1 = Not) ~ P, .

% TL ( _y)>Nt(y)Pt(y)d?J,

m\h

Pt+1 -

where R = RNRIS1 is the relative dispersal radius of prey to predator and
L < R <1 is the scaled domain size. We assumed that the predator disperses
further than the prey.

As before, we simplify the infinite-dimensional system to a finite-dimensional
map by using separability of the cosine kernel. Inserting a similar ansatz to
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the one in (35) into (53) leads to the mapping in four variables:

a1 = (G — CGar — (ser)ay — Cabf — (sbedy,
bir1 = (C6 — Crar)by — (gbicy — Coardy,

Ce+1 = Groatcy + Cr1bedy,

diy1 = Crabics + Ci3asdy,

(54)

g_f lsin L n 1 sin wL(R —2) n 1 sin mL(R+2)
T 4|R iR) "R—2 AR R+2 4R

[R 1— 5 Sin (WL(fR 2)> N RiQ sin (WL(fRJr 2)”

o
Il

_r|2 . (7L 1 . (7L(R-2) 1 . (7nL(R+2)
=3\ ) R 2™ iR T Ry2™M™ iR

~r[ 1 . (nL(R-2) 1 . (7nL(R+2)
<94[R—28m( AR >R+2sm( AR ﬂ

o — P losn (TE) 4 L g (TECR-D) 1 (7L2R+1)
e P UR) Tor—1 Y iR SR+1

_sR[ 1 . (7L(2R—-1) 1 . (mTL(2R+1)
meT ( iR )‘2R+1sm< 1R )]

4|21

¢ _sR[ 1 sin TL2R-1)\ 1 sin mL(2R+1)
2T 2R -1 AR 2R+ 1 4R

o= B lygn (TE) - L (TEGR-DN 1 (mLER )
B AR)  2R-1 AR 2R+1 iR

As before, we find that b; = d; = 0 is an invariant manifold of the mapping
and we will see again that the behaviour on this invariant manifold closely
resembles that of the non-spatial model. The relevant fixed points are the
extinction state, the prey-only state, and the coexistence state, which we can

)}
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find explicitly (written as (aq, by, ¢, ds)):

(070707 0) (56&)
(Cl ~1 00 0)
0,0, (56b)
G2
1 GG 1) -G >
<C10’0’ ¢3C10 0 (56c)

The trivial fixed point is stable when (; < 1. As in the non-spatial model, if
prey growth rate r is chosen small enough, then the extinction state is stable,
independently of domain size and dispersal radius.

Linearizing about the prey-only state, (56b), gives the matrix

2-G 0 % 0
¢r(G1—1) Co(1-¢1)
0 Go—~ Clz 0 ° 2 ' (57)
0 0 ClO(C;*l) 0
0 0 0 C13(§;_1)

which is an upper-diagonal matrix, meaning that its eigenvalues are the diago-
nal elements. The eigenvalues coming from the first and third row correspond
to those of the non-spatial model, and therefore we focus on these eigenvalues
exclusively. Hence, a necessary condition for the stability of the fixed point
(56b) is

Sl 1) 1)’ <1. (58)

G

The first condition implies that 1 < ¢; < 3. To understand the second expres-
sion, we use the explicit formulae in (55). Since (19 depends linearly on the
growth parameter s, the latter condition is satisfied when 0 < s < s1, where

4G

R(G—1) [2 sin (L%) + 5 sin (”L(iﬁ_l)) + 2R1+1 sin (ﬂL(i?l))]
(59)

2-¢l<1 and

S1 =

which is implicitly a function of r.

Holding L and R fixed, we are able to plot this region in parameter space
for s as a function of r. To begin we set r; to be the unique positive value of
r such that {(; = 1. That is,

1

L : L
Eme)

Similarly, we set 72 to be the unique point such that {; = 3, which leads to
the bounds 71 < 7 < ra. One can easily see from the form of r; (and by
extension r5) that as L increases r1 (and r9) decrease. In the same way, if R
increases then r; (and r9) increase as well. One sees that s; has a singularity at

r = (60)
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r =11, where s; is decreasing to the right of 1 for the duration of the interval
(r1,72). Numerical investigations indicate that holding R fixed and increasing
L through the interval (0, R] the curve s; is decreasing, and thus the region
becomes smaller for larger L. Similar investigations reveal that when L is fixed
and R varies through the interval [L, 1] the curve s; is increasing, and thus
the region becomes larger for larger R.

The linearization of the coexistence point (56¢) is given by the matrix

Ci0—C2 0 —¢3 0
C10 C1o0
0 Co — L GGo(CGi—1) =G (3 =Co
6 C10 ¢3C10 C10 (61)
M 0 1 0 :

3

¢12[C10(C1—1)—¢Co] Ci3
0 C10¢3 0 C10

The eigenvalues of this matrix are quite complicated and for this reason we
restrict our analysis to the invariant manifold b, = d; = 0. This reduces the
4 x 4 matrix to the 2 X 2 matrix

Clc()—Cz %Ca
SHESISE A (62)
3

allowing us to now use the Jury conditions to inspect the stability. In this case
the Jury conditions lead to

2%
G Clo<17
(17%>1, (63)
U3¢
G Clo> s

Simplifying the first two conditions and using our previous notation of the
curve s and the values 1 and ry gives s1 < s < 2s1 on the interval r; < 7 < ro.
On the interval r > ry the third Jury condition becomes important and the
lower bound on s now becomes

12¢,

R(¢1 +3) [2 sin (Lg) + 55— sin (WL(ig_l)) + 2R1+1 sin (WL(igH))]
(64)
greatly resembling the condition for stability of the coexistence state in the
non-spatial model. Moreover, this curve behaves in a similar way to that of
s1 in that holding R fixed and varying L through the interval (0, R] causes
the curve to decrease and holding L fixed and varying R through the interval
[L,1] cause the curve to increase.
Therefore we see that on the invariant manifold b; = d; = 0 the behaviour
of the spatial model greatly mimics that of the non-spatial model. A bifurcation

So =
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ry

r

Fig. 7: Bifurcation diagram in parameter space for the mapping (54) on the
invariant manifold b; = d; = 0. In Region 1 the extinction state is stable. Prey
persistence is stable in Region 2 and coexistence is stable in Region 3. The
arrows on the bifurcation curve represent the direction the curves are moving
when R is fixed and L increases through the interval (0, R]. When L is fixed
and R increases through the interval [L, 1] all arrows reverse directions.

diagram on this invariant manifold looks roughly the same as that of the non-
spatial model given in Figure 6 and has corresponding steady-states stable in
the various regions. In this way we observe that the introduction of space does
not qualitatively change the dynamics of the model, at least on an invariant
manifold. The stability results presented here are summarized in Figure 7
along with the effect the additional spatial variables, R and L, have on the
bifurcation curves.

The arrows in Figure 7 indicate that increasing the domain size in a spatial
predator-prey model has roughly the same effect as increasing the prey growth
rate in the non-spatial model: when L is larger then a smaller value of r is
required for prey persistence, for predator persistence and for the existence of
stable oscillations. Vice versa, increasing the relative dispersal radius has the
opposite effect of increasing the domain size. These relationships show that the
dynamics of this predator-prey system are determined by the ‘effective’ prey
growth rate, in some sense the portion of prey growth that remains within
the domain. Increasing the domain size or decreasing prey dispersal radius
increases this effective growth rate of the prey since fewer individuals leave
the domain due to dispersal.

In Figure 8b we provide numerically generated orbit diagrams of the full
mapping (54) to demonstrate that stability on the invariant manifold seems
to imply stability within the full mapping (54). For the chosen values L =
0.85, R = 0.9, we have r1 ~ 1.613 and o ~ 4.839. In Figure 8a we hold
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(b)

Fig. 8: Simulations of the full mapping (54) with r increasing up from O.
Parameters are set to L = 0.85, R = 0.9 and (a) s = 5.5, (b) s = 2. The
limiting values of a; and ¢; are plotted for each value of r.

s = 5.5 and plot the limiting values of a; and c¢; using the initial conditions
(ao, bo, co,dp) = (0.1,0.1,0.1,0.1) for each r. One sees that the trivial solution
attracts the initial conditions for 0 < r < r; and as r crosses r; a transcriti-
cal bifurcation occurs leading to the attraction by the prey persistence state.
Solving s1(r) = 5.5 with L = 0.85 and R = 0.9 gives r ~ 2.358, which from
Figure 8a we can see is the place when the coexistence state begins attracting
initial conditions. From the Jury conditions, we find that crossing s = 2s;
leads to a Neimark-Sacker bifurcation which gives temporally oscillating prey
and predator densities. Solving 2s;(r) = 5.5 for r with L = 0.85 and R = 0.9
gives 7 ~ 4.384, which we again see is reflected in Figure 8a.

In Figure 8b we use the same technique as that used to generate Figure
8a, but taking s = 2. As expected, we see the prey-only state bifurcate at
r = r1. However, we have chosen s so small that the coexistence state does
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not emerge. From the stability conditions of the prey persistence state on
the invariant manifold we saw that crossing r = ry with s < s2(r2) leads
to a eigenvalue of —1 which gives a period-doubling bifurcation. This period-
doubling bifurcation can be observed in Figure 8b, where we see that further
increasing r leads to a period-doubling cascade into chaos with the component
a; mimicking the dynamics of the logistic function.

5 Discussion

Integrodifference equations model the density of populations with discrete,
non-overlapping generations in a continuous spatial habitat. This modelling
framework is very appealing to ecologists since many species, in particular in
temperate climates, show distinct growth and dispersal phases during their life
cycle. In addition, and in contrast to reaction-diffusion equations [2], the frame-
work easily accommodates very general descriptions of dispersal behaviour
through the use of different dispersal kernels [14]. Even empirically obtained
kernels without given parametric representation can be directly substituted
into the equations.

At the same time, the mathematical theory of the dynamical behaviour of
integrodifference equations is still relatively young — it began with the work
by Kot and Schaeffer [8] — and incomplete. Discrete dynamical systems are
known to exhibit more complex behaviour than their continuous-time ana-
logues, as is obvious when comparing the discrete logistic equation (1) with
any one-dimensional continuous equation. The integral operator in (3) makes
the analysis only harder. Over the years, researchers have developed various
techniques to analyze stability and other properties of integrodifference equa-
tions.

Kot and Schaeffer suggested the use of a separable kernel to reduce the
infinite-dimensional integrodifference equation to a 2-dimensional map [8].
They conjectured, but did not prove, that in certain cases, the dynamics of the
map approach a 1-dimensional manifold, on which the dynamics of the logistic
map are recovered. We proved that this manifold is, indeed, locally attracting
for the map. We also showed that by varying the original model parameters
(scaled r and L), the dynamics on the invariant manifold show the complete
range of the logistic map. We found that increasing growth parameter r has
the same qualitative effect as increasing scaled domain size L (and therefore
also the same as decreasing non-scaled dispersal radius R). Hence, the dynam-
ics are determined by some ‘effective growth parameter’ that measures the
growth in population that remains in the domain after dispersal, rather than
being lost from the domain via movement. While our technique is specific to
the separable kernel, the overall results are not. They have been shown for dif-
ferent kernels, for example the Laplace kernel, where the eigenvalue problem
can be reduced to a boundary-value problem [8,16]. The idea of an ‘effective
growth parameter’ also arises in an approximation technique for integrodiffer-
ence equations, known as ‘average dispersal success’, and leads to the same
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qualitative results [5,11,17]. Other authors have used the idea of reduction of
dimensionality and approximated kernels via separable kernels [9].

To our knowledge, nobody has used the approach of dimensionality reduc-
tion to study the effects of spatial domain size and dispersal range on interact-
ing species. In fact, relatively few papers deal with integrodifference equations
for interacting populations on bounded domains [1,3,7,8,10,14]. Our results
on the effect of domain size on predator-prey dynamics are analogous to those
found by Cobbold et al. who used the dispersal success approximation for
the Laplace kernel [3]. Some aspects of how dispersal behaviour affects the
outcome of competition were studied via the average dispersal success in [10].

There are, of course, limits to the method of dimension reduction. Mathe-
matically, the simple spatial shape of solutions in the ansatz (35) implies that
on the invariant manifold, the spatial distribution of the population is always
a cosine function, in particular always concave. It is known that this is not the
case for a simple integrodifference equation with logistic growth function and
Gaussian or Laplace dispersal kernel [11]. Similarly, several aspects of inter-
acting populations, such as pattern formation in predator-prey systems [14],
cannot be observed with the cosine kernel. From a modelling point of view, the
cosine kernel is clearly only a special case that does not approximate all natu-
ral dispersal behaviour well. Based on our results here, we suggest that using
a low-order approximation, such as simply doubling the ansatz in (35) with
different radii, to a Laplace or Gaussian kernel could lead to an analytically
tractable model that could capture the most important aspects. We leave this
idea for future work as well as the extension of the proof that the invariant
manifold is locally attracting also in the higher-dimensional cases.
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