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Abstract

Let k£ be a field of characteristic 0. We classify locally nilpotent derivations D :
k[X,Y,Z] - k[X,Y, Z] satisfying DX = D?Y = 0; in particular, it is proved that
every k-derivation D satisfying D>X = D?Y = D?Z = 0 is essentially a partial deriva-
tive. Then we study three classes of k-derivations D : k[X\, ..., Xy] = k[X,,..., X;),
namely the elementary, constructible and nice derivations. We note the simple fact
that elementary => constructible = nice, and we investigate under which conditions
the converses hold. We find that if n = 3 then all three notions are the same; in
dimension 4, if D is irreducible then constructible is equivalent to elementary; in di-
mension 5, there is an example which is constructible, irreducible but not elementary.
Another result states that rank D < n — 2 holds for all constructible derivations and
alln > 3.
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Introduction

One of the basic objects of study in algebraic geometry is the attine n-space A" over
a field k. There are a number of basic problems in the study of A®. One of them is

the automorphism problem, which can be stated as:

Give an algebraic description of the group of (polynomial) automorphisms
of A".

Equivalently, one has to describe the automorphisms of B = k[X},...,X;] as a
k-algebra (recall that A™ = Spec B).

The question is trivial when n = 1, so the problem relates to a situation where
n > 2. The group of all polynomial automorphisms of B is denoted by GA,(k). Any
element F' of GAp(k) can be represented as an n-tuple F = (Fy,... ,F,), where each
F; € k[X1, ..., X;]; this means that F' : B — B maps X; to F;. The affine subgroup
of GA, (k) is:

Af,(k) = {F € GAn(k) | deg F; = 1,Vi}.

The elements F of Af, (k) with F;(0) = 0 for each i form the linear subgroup GL, (k).
The triangular subgroup BA, (k) of GA,(k) is:

{F € GAn(k) I E = aiXi + fi, a; € k.v fi € k[Xh ven 7Xi—l]7 V'l}

The tame subgroup is that generated by Af,(k) and BA,(k), and is denoted TA,(k).
In dimension 2, the structure of GA,(k) is given by the following theorem, which

goes back to van der Kulk [13]:

Theorem 1. The automorphism group GA;(k) is the amalgamated product Af>(k) *;

BA,(k) where I = Afa(k) N BA, (k).
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In particular, every element of GA,(k) is tame. For n > 3, it is not known whether
the inclusion TA,(k) C GA,(k) is proper; it is, however, known that TA,(k) is not
the amalgamated free product of Af,(k) and BA, (k) along their intersection. An
interesting fact is that, even in the dimension 2 case, the famous Jacobian Conjecture

is unsolved. It can be stated as:

If the Jacobian determinant of a polynomial morphism ¢ : A®™ — A" is a

nonzero constant, then ¢ is an automorphism.

It is a common understanding that one way to approach the automorphism problem
is to study the actions of the group G, on A", where G, = (k,+). An action p :
Ga x A™ — A" corresponds to the one-parameter subgroup {g; | t € k} of GA,(k).
Note that A" = Spec B and G, x A" = Spec(B[T]), where T is an indeterminate
over B; since an action p is a morphism of varieties, it determines a homomorphism
of k-algebras & : B — B[T|. More precisely, one can check that a k-homomorphism
§r : B — BT corresponds to a G,-action if and only if it satisfies the following two

conditions:
1. The diagram
B 5 BT
Noid | evg
B

is commutative, where ev is evaluation at T = 0.
2. For all f €imér, f(X +Y) = fé)(X).
Given such a &r, let D : B — B be the composition:
B BT B BT B.

In other words, if b € B then D(b) = coefficient of T in £r(b). One can verify
that D is a locally nilpotent derivation of B and that exp(T'D) = &r. This means
that studying algebraic G,-actions on A" is equivalent to studying locally nilpotent
derivations D : B — B. In fact, the study of locally nilpotent derivations has proved
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to be an efficient way of investigating G,-actions; substantial progress was made in
recent years via this algebraic approach.

We will examine locally nilpotent derivations of polynomial rings. In Chapter 1,
some well-known results are stated that will be referred to later, along with some
useful terminology. At the end of the chapter, a brief description of the connection
between derivations and Hilbert’s fourteenth problem is provided. This is a very
interesting aspect of derivations, and illustrates that some remarkable progress has
been made recently.

Chapter 2 concerns homogeneous derivations. First, a technique on degree func-
tions is developed, and some properties of homogeneous derivations are proved. The
second part of Chapter 2 studies a method of associatiﬁg a homogeneous deriva-
tion gr D to any given locally nilpotent derivation D of a polynomial ring. Subse-
quently one can apply the results for homogeneous derivations to gr D and then obtain
some information about the original derivation D. In this way, a classification has
been obtained for locally nilpotent derivations D : k[X,Y, Z] — k[X, Y, Z] satisfying
D?X = D?Y = 0; in particular, it is proved that every k-derivation D satisfying
D*X = D?Y = D?Z =0 is essentially a partial derivative.

Chapter 3 is an extension of the study of three classes of k-derivations D :
k[Xy,..., Xa] = k[X\,..., Xy], namely the elementary, constructible and nice deriva-
tions (these notions were introduced in papers of van den Essen, Janssen and Hub-
bers). It is known that the kernel of an elementary derivation can be non-finitely
generated as a k-algebra. This increases the interest in elementary derivations.

We note the simple fact that elementary = constructible => nice, and we inves-
tigate under which conditions the converses hold. We find that if n = 3 then all
three notions are the same; in dimension 4, if D is irreducible then constructible is
equivalent to elementary; in dimension 5, there is an example which is constructible,
irreducible but not elementary.

Chapter 3 also gives some results concerning the rank of constructible derivations,
notably that rank D < n — 2 holds for all constructible derivations and all n > 3.

The topic of locally nilpotent derivations of a polynomial ring is very interesting..
Although some remarkable progress has been made recently, there are quite a few



intriguing questions still unsolved. Little by little, we are discovering things about
dimension 3, but dimension 4 is still a big mystery. This topic will undoubtedly
continue to contribute to the development of algebraic geometry.
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Chapter 1
Preliminaries

Throughout this thesis, k denotes a field of characteristic zero. All rings are commu-
tative and have an identity. Let A be a ring. We use A* to denote the group of units
of A. The phrase “A is a domain” means that A4 is an integral domain, i.e., that A
has no zero divisors; “A is a k-domain” means that A is a domain and a k-algebra.
If A is a domain then qt A denotes the field of fractions of A. If A C B are domains,
then tr. deg,(B) is an abbreviation for the transcendence degree tr. deg, 4(qt B).

If A is a subring of a ring B and n is a positive integer, then B = A™ means
that B is A-isomorphic to the polynomial ring in n variables over A. Suppose that
B = A"l A coordinate system of B over A is an ordered n-tuple (X1,..., X,) of
elements of B satisfying B = A[X}, ..., X,]; a variable of B over A is an element X

of B such that B = A[X, Xs,..., X,] for some X,,...,X, € B.
A Let A be a subring of a domain B. An element b of B is algebraic over A if it is
a root of a nonzero (but not necessarily monic) polynomial in A[T). If every element
of B which is algebraic over A belongs to A, we say that A is algebraically closed
in B. The ring A is said to be factorially closed in B if, for all z,y € B, we have
zy € A\{0} = z,y € A. Note:

Factorially closed implies algebraically closed.

To see this, suppose z € B is algebraic over A (we may assume that z # 0). Choose
a nonzero polynomial f(T) € A[T] of minimal degree such that f(z) = 0, say,
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f(z) =aez™ + - an_1z+a, =0. Then
(aoz" '+ - @n-1)T = —a, € A\{0}.

If A is factorially closed, then z € A, and thus A is algebraically closed. Note also
that if A is factorially closed in B, then A* = B*.

1.1 Basic facts

In this section, some basic notations for derivations of a ring will be given, followed

by a list of well-known and very important results concerning derivations.

Definition 1.1.1. Let B be a ring. We say a map D : B — B is a derivation of B
if for any z,y € B,

1. D(z+y)= Dz + Dy

2. D(zy) =Dy +yDz.

The kernel of D, defined by ker D = {z € B|Dz = 0}, is a subring of B. f Ris a
subring of B and D(R) = 0 then we say that D is an R-dertvation.

Definition 1.1.2. A derivation D is locally nilpotent if Yz € B, 3n € N such that
D™ (z) = 0. We say D is irreducible if the only principal ideal of B containing D(B) is
B (or equivalently, if D cannot be written as D = aD’ with « representing a nonunit

element of B, and D' representing a derivation of B).

1.1.3. Given a multiplicatively closed subset S of B\{0}, a derivation D of B can
be extended to a derivation of S™!B in the usual way, using S~'D to denote the
extension. For all b/s € S™!B,
S“ID(E) _ sD (b) —26D (s)
s s
1.1.4. Let B be a domain containing Q, let D : B — B be a locally nilpotent
derivation, and let B{T] be a polynomial ring of one variable. Define

§: B - B[]

[o o]
D"b
b — 20 - ™.
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Note that £ is a homomorphism of A-algebras, where A = ker D. For any b € B we can
define the ezponent vp(b) of b with respect to D as follows: Define vp : B — {—o0}UN

by

N|D"b # 0} ifb#0;
uu(b)={'f:{"€ 1D # 0} ;fbio

When the context is clear we use v instead of vp. Note the very useful formula:

v(ab) = v(a) + v(b) (1)
for any d, b € B. (Proof: v is the composition B LN B[T) oo {-o0}UN.) Note that
v is a degree function (see 2.1.1).

1.1.5. Let B be an integral domain of characteristic zero, let D : B — B be a nonzero
derivation of B, and let A = ker D. Note the following well-known facts:

1. If D is locally nilpotent then A is a factorially closed subring of B. In particular,
if D is locally nilpotent and B is a UFD then A is a UFD.

2. Let Sbea multif)licatively closed subset of B\{0}, and consider the derivation
S~!D of S~'B. Then A

(a) S~!D is locally nilpotent if and only if D is locally nilpotent and S C A.
(b) If S C Athen kerS™!D=S"'Aand ST'!ANB=A.

3. Assume that Q C B. If D is locally nilpotent and Db = 1 for some b € B, then
B = Afb] = AllL,

4. Assume that Q C B. If D is locally nilpotent, choose any b € B such that Db #
0 and D% = 0, and let S = {1, Db, (Db)?,...} C A. Then S~'D(b/Db) = 1,
so, by 3, S~1B = (S~'A)[b] = (S~ A)M.

5. If D is locally nilpotent, let S = A\{0}. Then 4 implies S—!B = (qt A)!}, and
2(b) impliesqt AN B = A.
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6. Let b € B\{0}. The derivation 6D is locally nilpotent if and only if D is locally
nilpotent and b € 4.

7. Let f € B[T) = B! and let D' be the unique derivation of B[T] which extends
D and satisfies D'T = f. Then D' is locally nilpotent if and only if D is locally
nilpotent and f € B.

8. Suppose that B is a UFD. Then

(a) D = aD, where a € B and Dy is an irreducible derivation of B. Moreover,

a and Dy are unique, up to multiplication by units of B.

(b) If D is locally nilpotent then so is Dy, and a € ker D.

Proof. 1. Since A = {b € B | v(b) < 0}, equation (1) implies that A is factorially
closed in B.

Now if B is a UFD, for all a € A, factor @ in B, say a = p1p»---p,. Then
p1,P2,--- ,Dr € A. Since B is a UFD, py, po, ... , p, are uniquely determined by a. So
Aisa UFD.

2. (a) If S7'D is locally nilpotent, then clearly D is locally nilpotent, and it can
be shown that S C A. If we use v to represent vs-1p, and let s € S, then

0> —u(s) = v(1) = v(s) = v(1/s) 20 = v(s) =0
= scker(S!D)NB=kerD = A.

Hence S C A.
Conversely suppose D is locally nilpotent and S C A. For all b/s € S~'B, we

would have

_sD(b)—-bD(s) _D(b)
- s? T s

D)

Inductively (S~'D)" (b/s) = D™ (b) /s, so S™'D is locally nilpotent.
(b) Suppose S C A. Let a/s € S7!A. Then S~'D(a/s) = D(a)/s = 0.
So S7'A C kerS~!D. Conversely, let b/s € S~!B and S™'D(b/s) = 0. Since
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S7ID (b/s) = D (b) /s, it follows that D (b) = 0, hence b € A and ker S~'D C S—'A.
This proves that ker S!D = S~!A. So

ST'ANB =ker(S'!D)NB =kerD = A.

3. Given any b € B define

Py B—-B
= (_b)n n
.'L"—)ZOTD I.

If Db = 1, one can verify that p_, (z) € A for any z € B. Suppose B # A[b], say,
Jy € B\A[b]. We can choose y such that v(y) is minimal. 'Write

— (=0
po-b(y) =y+)_ ~—=7D".
; (n)!
Clearly v(D™y) < v(y) when n > 1. So D"y € A[b] for all n > 1. Then

20 e apl

!
=l n.

It is known that ¢_,(y) € A, and therefore y € A[b], which is a contradiction. Thus
B = A[b], and we know that A is algebraically closed in B. So A[b] = All,

4. Following these assumptions we have
b DbDb — bD?b
STID(=-) = 222000
From 2, ker S='D = §~!A. Using 3, we have S~!B = (S~'A4)[b/Db] = (S~1A)!!. So
S™'B = (S~ A)fb] = (S-tA),
5. Choose any b € B\A. If D"b = 0 but D""!b # 0, take b, = D"~2b. Then

Dby = D" '5#0, and D%, =0.

Let S; = {1,Dby, (Db;)?,...}. Then 4 implies that S{'B = (S{'A)1l. But S; €
SC A So S™!'B=(5"1A)M = (qt 4)01.

6. If D is locally nilpotent, and b € A, it is clear that 4D is locally nilpotent.
Conversely if bD is locally nilpotent, write D; = bD. Choose f € B such that
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D\f #0 and D?f = 0; then bDf = D, f € ker(D,)\{0} implies that b € ker(D,) (by
part 1) so b € A. Consequently, D}(z) = b"D"(z) for alln > 1 and all z € B, and it
follows that D is locally nilpotent.

7. First, suppose that D is locally nilpotent and f € B. For any h(T) € B[T],
say h(T) =ao+a;T +---+a,T", denote

RP (T)=D(a)) +D(@)T +---+D(a,)T".
Then
D' (h(T)) = h® (T) + K(T)D' (T) = kP (T) + fh'(T).

Note that deg(D'h(T)) < r and coefficient of TT in D'(h(T)) is D(a,), so we can
reach some n such that deg (D™h (T')) < deg h (T'). Inductively we conclude that D’
is locally nilpotent.

Now suppose that D’ is locally nilpotent. Then D is locally nilpotent since D’
extends D. We need to show that f € B. We consider two cases:

Case 1. deg f > 1:

For any h(T) € B[T], D' (h(T)) = hP(T) + fh'(T). Note that degh? (T) <
degh (T') and deg (fh'(T)) > deg (h(T)) + 1. So deg D' (h(T)) > degh (T). This
contradicts the assumption that D’ is locally nilpotent. '

Case 2. deg f = 1:

Write h (T') = aT™+ lower terms, f = aT + b. Then

D' (h(T)) = hP(T) + k' (T) (aT +b).
One can see that the coeflicient of 7" in D' (h (T)) is Da + naa. Note that
v(Da)=v(a)-1, v(naa)=v(a)+v(a).

So Da + naa # 0. This implies that deg D’ (h(T')) = degh(T). Once again, this
contradicts the assumption that D’ is locally nilpotent.

8. If D is reducible, then D = a; D, with a; a nonunit element of B and D, a
derivation of B. If D, is irreducible, we are finished. If not, then D = oy D = ayasD,,
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andsoon... D = a ay---a,D,. If we reach some n such that D, is irreducible, again

we are finished. If not, then
D(B g n a109 -

Take a € D(B), a # 0, then a = o, - - - aph, for some h, € B. This is true for
any n, and each a, is a nonunit. This is impossible because B is a UFD. So we must
have D = aD, for some Dy irreducible. For the uniqueness, let D = aDy = 8D,.
Then D(B) C (a), D(B) C (8). Denote d = ged(a, 8). Then

(a/d)D = (B/d)D, ged(a/d,B/d)=1.
So DoB C (8/d), D\B C (a/d). But Dy and D, are irreducible. So a/d and 3/d are

units, and hence a and § are associates. This proves (a), and (b) follows from 6. O

In connection with 3 and 4, we give the following:

Definition 1.1.6. Let B be a domain, and let D : B — B be a locally nilpotent

derivation.

1. An element s € B is a slice for D if Ds € B*.
2. An element b € B is called a local slice for D if Db € ker D\{0}.

A closely related concept is that of a fixed point.

Definition 1.1.7. Let B be an integral domain of characteristic zero and let D :
B — B be a locally nilpotent derivation. Then Fix(D) denotes the closed subset
V(DB) of Spec B, and the elements of Fix(D) are called the fized points of D.

Remark 1. In 1.1.7, let & be the algebraic action of G, on Spec B corresponding to
D. Then one can see that Fix(D) is exactly the set of fixed points of a.

One notes that if D has a slice, i.e., Ds € B* for some s € B, then D is fixed point
free (because DB = (1) in this case, so that V(DB) = ). However, the converse is
not true: In 3.4.4, the derivation T is fixed point free but does not have a slice.

The following related question is notoriously difficult: If B = k® and D is a fized
point free locally nilpotent derivation of B, does it follow that D has a slice?
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1.2 Derivations of polynomial rings

Let k be a field of characteristic zero, and let B be a polynomial ring in n variables
over k. One way to study k-derivations of B, is to classify them according to their

ranks:

Definition 1.2.1. Let D be a k-derivation of B = k™. The rank of D is the least
integer 7 > 0 for which there exists a coordinate system (X, ... ,X,) of B satisfying
k[ Xes1,-..,Xn] Cker D.

Consider locally nilpotent derivations of B = k{®. Derivations of low rank are
easy to understand: rank D = 0 means D = 0, and it is easy to see that if rank D =1
then D has the form f (X3,...,X,)-9/0X, for some coordinate system (X,... ,X,)
of B. In other words, rank D = 1 is equivalent to the two conditions:

ker D = k"Y' and B = (ker D).

Let A = ker D (where D : B — B is locally nilpotent). By 3 of 1.1.5, we know
that if D has a slice, then B = Al'l. Since B = k™, one is tempted to think that
A = kI*~U and hence rank D = 1, but we do not know if this is true generally. In
fact this is a special case of the following open problem:

Cancellation Problem: Given a k-algebra R, does RI* = kl"*+s! imply that R =
klrl?

Actually, our question is equivalent to the Cancellation Problem. So the Cancel-
lation Problem can be formulated as: Is it true that if D : B — B has a slice, where
B = kM, then rank D = 17 We do not know the answer in general, but in some
special cases we have a positive answer:

Case 1: n < 3. By 1.2.2 and 1.2.10 below, A = k[*~1, So, if D has a slice then
rank D = 1.

Case 2: Let B = k[*. If D has a slice which happens to be a variable of B, then
rank D = 1. To see this, let s be a variable of B such that Ds = 1. By 3 of 1.1.5 we

have B = A[s] = AlYl. So

A = A[s]/sA[s] = B/sB = ki*~1,
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This implies rank D = 1.

Theorem 1.2.2. (Rentschler’s Theorem) [25] If L is a field of characteristic
zero and D is a nonzero locally nilpotent derivation of L[{X,Y] = L&, then there
exist P,Q such that L[X,Y] = L[P.Q] and D = a% for some a € L{P]. Moreover,
ker D = L[P} = LI!.

As to derivations of rank two, (7] gives an explicit description. Let us quote
the main results from there for future reference. Let R be a UFD which contains
Q B=RX,Y]= R and K =qtR.

Definition 1.2.3. Given P € B, define an R-derivation Ap: B — B by

0 3]
Ap= -PYﬁ + PXW,
or equivalently
Px P
Bphy=| " 7
hx hy

for all h € B.

Theorem 1.2.4. (Theorem 2.4 of [7]) Let R be a UFD containing Q, let B =
RIX,Y] = R¥ and let K = qt R. For an R-derivation D # 0 of B, the following are

equtvalent:
1. D 1s locally nilpotent;

2. D = alp, for some P € B which is a variable of K[X,Y] and satisfies
gedg (Px, Py) = 1, and for some a € R[P]\{0}.

Moreover, if the above conditions are satisfied, then ker D = R[P] = Rll.

Definition 1.2.5. Given a coordinate system v = (X3, ... ,X,) of R, and an element
P € R, = k[Xy,..., Xy}, define a derivation A}, : R, = R, by

] 0
T = - _— —_—
Ap = —Fx. 0Xn-1 Pres X,
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Remark 2. A convenient notation is vy = (X,...,Xn-2,Y,Z) and A} = —Pz3/0Y +
Py9/0Z.

Corollary 1.2.6. (Corollary 3.2 of [7]) For a k-derivation D # 0 of R, = k™,

the following are equivalent:
1. D is locally nilpotent and rank D < 2;
2. D = aA} for some v, P and a satisfying
o y=(X,,...,Xn-9,Y,2Z) is a coordinate system of R,
o P € Ry is a variable of k(X,,... Xn_2) [Y, Z] and gedg, (Py, Pz) =1,
e «a is a nonzero element of k[X,,... Xp_, P].
Moreover, if the above two conditions are satisfied then the following hold:
3. ker D = k[X),... Xq_a, P] = kin-1;
4. AY is irreducible;
5. A} (Ry) contains a nonzero element of k[X), ... Xp—].

Given a k-derivation D of B = kl*| note that rank D = n if and only if there
is no variable of B in ker D. The existence of rank n locally nilpotent derivations
of k® remained an open question for some time (such derivations obviously exist
when n = 1 and, by Rentschler’'s Theorem, they do not exist when n = 2). Then
Freudenburg [17] gave examples, for all n > 3, of rank n locally nilpotent derivations
of klnl.

We now define some classes of derivations with special and interesting properties:

Definition 1.2.7. Let B = k[X|,... , Xy, Y1,. .., Yy] be the polynomial ring in n +
m variables over k. A k-derivation D on B is called elementary if it is of the form

D=0y (X1, ,Xn)8/0Y; + -+ am (X1, .. , Xn) /0¥pm.
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Observe that DX; = 0 for all i and D?Y; = 0 for all j, and therefore every
elementary derivation is locally nilpotent. Elementary derivations were studied in
[12]. This class of derivations may appear to be trivial, but it is not. For instance,

their kernels are not always finitely generated as k-algebras (see the next section).

Definition 1.2.8. Let R = k"l let D : R — R be a derivation. We say D is
triangular if there exists a coordinate system (X,,... , X,) of R such that D (X)) € &
and D (X;) € k[X,,..., Xim1]for2<i < n.

Note that all triangular derivations are locally nilpotent. By Rentschler’s The-
orem, the restriction of D to k[X, X5] kills a variable, so the rank of a triangular
derivation is less than n. The first example of a non-triangular locally nilpotent
derivation of k™ was given by Bass in [1]. Daigle in [2] gave a triangulability crite-
rion for derivations of k(X Y, Z].

Definition 1.2.9. Let B be a Z-graded ring, say, B = @®;czB;,let D: B — B be a
locally nilpotent derivation. If there exists d € Z such that DB; C B;.q for all z, D

is called homogeneous with respect to this grading.

The case of polynomial rings is of great interest. When B = k™ = k[Xy,..., X,],
we usually make B a graded ring by assigning weights to the variables; say w =
(ay,...,a,) € N* and w(X;) = q;. In this case, we call D w-homogeneous. The case
w = (1,...,1) is just the standard grading. Note that Freudenburg’s example of rank
n derivation of k" (n > 2) is homogeneous in standard grading.

There are some good properties for locally nilpotent derivations on a polynomial

ring of three variables. The following theorem is due to Miyanishi [21]:

Theorem 1.2.10. If D is any non-zero locally nilpotent derivation of kP®, then
ker D = k1.

Then, consider a theorem by Daigle [3] giving the jacobian formula for these
derivations. First, some notation is required:

Let B = k[X),...,X;] = k(. Given f = (f1,..., fa-1) € B}, define A; by

- a(fla-" 1fn—l1g)
Ar9) = B X

(for each g € B).
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Theorem 1.2.11. Let B = k[X},...,X,] = k™, and let D : B — B be a locally
nilpotent k-derivation such that ker D = k(P=Y. If f = (fi,... , fa_1) € B*! is such
that ker D = k[f,,..., fa-1], then A; is irreducible, locally nilpotent, and satisfies
D = aAy for some a # 0 in ker D.

To make it clear, the two theorems can be combined:

Corollary 1.2.12. Let B = kB!, let D : B — B be a nonzero locally nilpotent
dertvation, and let A = ker D = k(f, g]. Then D = al; for somea € A.

Remark 3. If D is homogeneous, then f and g can be chosen to be homogeneous, by

a theorem of Zurkowski [29]; it is also a consequence of:

Lemma 1.2.13. Let k be a field, A = kIl (r > 1) and let A = @;enA; be a
grading such that A9 = k. If f,..., fa are homogeneous elements of A satisfy-
ing k(f1,..., fa]) = A, then there is a subset {g1,...,9-} of {fi,...,fn} satisfying
A=Kkg,...,9:]

Proof. Consider a subset {gi,...,9s} of {fi,..., fa} satisfying A = k[g;,...,gs] and
minimal with respect to this property (in particular, deg(g;) > 0 for all 7). Let R =
k[Ty,...,T] = ki, with grading R = ®;enR; determined by Ry = k and deg(T}) =
deg(g;). Then the surjective k-homomorphism e : R — A,' @ — o(gi,...,gs), is
homogeneous of degree zero and it suffices to show that p = ker e is the zero ideal.
Assume the contrary. Note that (T},...,T;) D p, i.e., the variety V(p) C A’
passes through the origin. Since the origin is a smooth point (A is smooth over
k), and since p is generated by its homogeneous elements, the jacobian condition
implies that some homogeneous ¢ € p contains a term AT; (A € k*). Since ¢ is
homogeneous and deg(T;) > 0 for all 4, ¢ — MT; € k[T\,...,Tj-1,Tj41,... Ty, so
g; € k[g1,...,8j-1,9j+1, . . g, contradicting minimality of {g1,...,g:}. a

Lemma 1.2.14. Let B = k[X,,... , X, = k(" andlet D : B — B be a k-derivation.
Suppose K is an eztension field of k, let B = K[X,,... ,X,] and eztend D to a K-

derivation D : B — B.

1. D is irreducible if and only if D is.
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2. D has a slice if and only if D has a slice.
3 Ifn<3,rankD=1 < rank D = 1.

4. Let M be a collection of monomials X7'--- Xt (e; € N), and let N € M.

Then the following are equivalent:

(a) ker D contains an elementz =3\ .\  AMM (Apr € k for all M) such that
Av #0;

(b) ker D contains an element 2’ = 3, \  MyM (X € K for all M) such
that Ny # 0.

Proof. (1) D is irreducible iff {DX;}, are relatively prime in B, iff {DX;}, are
relatively prime in B, iff D is irreducible.

(2) If D has a slice then, obviously, so does D. Suppose that D has a slice: Let
1’ € B be such that Dz’ = 1. Choose a finite set B of monomials X{' --- X2 (e; € N)
such that 7’ is a K-linear combination of B. Let V = Span,(B), V = Spang(B),
W=DV)and W=D(V),andlet T:V = W and T : V — W be the restrictions
of D and D respectively. Note that T and T are linear maps of finite dimensional
vector spaces. Then T'(z) = 1 is a system of linear equations, and this system is
consistent since T(z’) = 1 (consistency is independent of the field). So D has a slice.

(3) We claim that the following hold:

rankD=1 == rankD=1 == B = (ker D){!! 223 rankD =1.

The first implication is obvious and, to prove the second one, we may assume that D
is irreducible. Then D is irreducible by (1) and, since rank(D) = 1, it follows that D
has a slice; then D has a slice by (2), so B = (ker D)/ by 3 of 1.1.5. If n < 3 then
ker D = k[3; together with B = (ker D)!!], this gives rank(D) = 1.

(4) If ker D contains an element T of the form specified in (a), then z € ker D,
so (a) implies (b). Conversely, suppose ker D contains ' = Y ._, M\iM; (A} € K,
M; € M), such that X, # 0. Starting from B = {M,,..., M.}, define V, V, W, W,
T and T as in the proof of (2), and consider the system of linear equations T'(z) = 0.
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Then ker(T) and ker(T) have the same dimension (this property is independent of
the field), so every k-basis of ker(T) is a K-basis of ker(T). So ker(T) must contain
an element z = Y .._, iM; (\; € k) with A; # 0, and this proves that (b) implies

(a). O
Remark 4. As special cases of part (4) of 1.2.14, we obtain:

e Given a subset {X;,,...,X; } of {X,,...,X,}, ker D contains a nonzero linear
form in {X;,,..., X;. } if and only if ker D does.

e ker D contains an element of the form X; + f(X\,...,X;_,) if and only if ker D

does.

Lemma 1.2.15. Let R be a UFD containing Q, let B = R[X,Y] = R and let
0%# D: B — B be a locally nilpotent R-derivation. Assume that D is irreducible.

1. If D*X = 0 then ker D = R[bY + f(X)], where b € R and f(X) € R[X).
Moreover, DX € R and DY € R[X].

2. If D*X = 0 = D%, then D = bj% — a3 for some a,b € R. Moreover,
ker D = R[aX +bY] and DX, DY € R.

8. If R is a PID and D®*X = 0 = DY, then D has a slice.

Proof. By 1.2.4, we know that for some P € R[X,Y]

) 0
kerD=R[P] and D= Pyﬁ - ng}—;.

Now Py = DX € ker D = R[P] implies Py € R, so P = bY + f(X) and DX = b.
Then DY = —Px = —f'(X) € R[X], which proves (1).

If also D?Y = O then, by (1), DY € R; so f(X) = aX +c (a,c € R), kerD =
R[P-c| = R[aX +bY], and D = b3% —az. This proves (2). Note that ged(a,b) = 1
(because D is irreducible, DX = b and DY = —a). If Ris a PID then ua+vb=1
for some u,v € R, so D(vX — uY) =1, and (3) holds. a
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1.3 Hilbert’s fourteenth problem

One interesting aspect of derivations is their connection with Hilbert's fourteenth

problem, which can be stated as:

Let k be a field and L a subfield of the field of rational functions (X}, ..., X,)
containing k. Is LN k[X),... ,X,] a finitely generated k-algebra?

The first counterexample to Hilbert’s 14th problem was found in 1958 by Nagata
in dimension n = 32 {22|. Roberts in [26] gave a new counterexample to Hilbert’s
problem (with n = 7). This example was used by Deveney and Finston in [9] to show
that there exists a locally nilpotent derivation of k(") whose kernel is not a finitely
generated k-algebra.

If one has a derivation of k[X},...,X,] whose kernel is not finitely generated
then one obtains a counterexample to Hilbert’s 14th problem by taking L = qt(ker D).
Furthermore, Derksen (8] and Nowicki [24] showed that essentially all counterexamples
to Hilbert 14 can be realized as kernels of derivations. In particular, note the following

interesting fact (Theorem 5.4 of [24]):

Theorem 1.3.1. Let B be a domain and a finitely generated k-algebra. For a subal-
gebra A of B, the following are equivalent:

1. There ezists a k-derivation d of B such that A = kerd.

2. A is algebraically closed in B.

It was proved by Zariski in [28] that Hilbert 14 is true if tr. deg,(L) < 2, and this
was used by Nagata and Nowicki to show in [23] that the kernel of any derivation of
k[X1,...,Xp,] is finitely generated if n < 3.

The following derivation is essentially the example of Roberts, Deveney and Fin-

ston which we mentioned in the above:

Example 1.3.2. Let B = k[z,y, 2, s, t,u,v] be a polynomial ring of seven variables
over a field k, and let D : B — B be the derivation defined by

d a d d
— 3 3 3 2,22
D._zas+yi+za+zyz—i.
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Then ker D is not finitely generated.

The derivation D in this example is elementary, and this shows that elementary
derivations are not trivial. It is easy to construct similar examples (elementary, with
non finitely generated kernel) in dimension higher than 7. Van den Essen and Janssen
proved in [12] that elementary derivations of a polynomial ring of dimension less than
6 have finitely generated kernels. For elementary derivations of klf!, the question is
still open. Recently, Freudenburg [14] constructed a triangular derivation of k% with

a non finitely generated kernel:

Example 1.3.3. (Freudenburg’s Example) Let B = k[z,y, s,t,u,v], and let D :
B — B be the derivation defined by

d 0 0 o
.39 3.9 3, 9 229
D=z as+ysat+yt6u+zy 5"

Then ker D is not finitely generated.

A few months later, Daigle and Freudenburg took a step further. They used the

previous example to construct a counterexample in dimension 5, see [6].

Example 1.3.4. (Daigle and Freudenburg’s Example) Let B = k[q, b, z,y, z],
and let D : B — B be the derivation defined by

%, 5} 0
= g2 — =
D=a 6x+(ax+b)6y+yaz

Then ker D is not finitely generated.

So now Hilbert 14 is open in dimension 4 only. When we look at the three
examples above, we notice that they are all triangular and monomial (a derivation is
monomial if it sends every variable to a monomial; in Example 1.3.4, this is the case
after a change of variables). Maubach proved in [20] that in dimension 4, triangular

monomial derivations have finitely generated kernels.

Theorem 1.3.5. (Maubach) Let A = k[X,, X2, X3, X4). Then the kernel of every
monomial trianguler derivation D : A — A is generated by at most 4 elements.
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Therefore if one wants to find a counterexample in dimension 4, one has to con-
struct a more complicated example. On the other hand, one can always try to prove
that every locally nilpotent derivation of k) has a finitely generated kernel (this
would prove a special case of Hilbert 14 in dimension 4). In [5] some interesting
results were given for triangular derivations of k4. Using the notation #(R) = s for
a finitely generated k-algebra R, indicating that R can be generated by s elements

but not by s — 1, the following was proven:

Theorem 1.3.6. Given any integer n > 3, there ezists a triangular dertvation A of
the polynomial ring k[X,, X2, X3, Xi| whose kernel satisfies n < #(kerA) < n+1.



Chapter 2
Homogeneous Derivations

We shall begin with degree functions, which are closely related to the notion of a
graded ring. We shall then discuss homogeneous derivations on graded rings, and a
method for obtaining a homogeneous derivation gr D from a derivation D of a graded
ring. The method used in this chapter can be summarized as follows: given a deriva-
tion D of a polynomial ring B, we introduce a grading of B and the homogeneous
derivation gr D; in some cases, we hope to get information regarding D by studying

the properties of gr D.

2.1 De'gree functions

Definition 2.1.1. Let B be an integral domain. By a degree function on B, we mean
amap w: B — Z U {-oo} satisfying, for all f,g € B,

1. w(f) = —oco if and only if f =0,
2. w(f +g) < max(w(f),w(g)) and
3. w(fg) = w(f) +w(g)

If A is a subring of B and w(\) = 0 for all A € A\{0}, we can say that w is over A.

18
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Every degree function w : B - Z U {—oo} determines a filtration F' = {F;B}cz
of B, defined by F;B = {f € B | w(f) < i}. To be precise, each F;B is a subgroup
of (B,+), with F;B C F;;,B for all € Z and the following conditions hold:

L. Uiez FiB =B,

2. Nz FiB = {0},

3. F;BF;B C F;,;B (for all i, j € Z) and

4. the associated graded ring, gr B, is an integral domain.

Here, the associated graded ring is gr B = @,¢z gr; B, where gr, B = F;B/F,_B.
The symbol map gr : B — gr B can be defined by setting gr (0) = 0 and, for f €

B\{0},
gr(f)=f+Fi.\BegrB,

where f € F;B\F;_B. In order to stress that these objects are determined by w, one
may write F¥ = {F"”B}icz, gr¥ B = ®;cz gr” B and gr* : B — gr* B.

Conversely, if F = {F;B}icz is a filtration of B satisfying the above conditions,
then the map w: B — ZU {—oo} defined by

w(f)=inf{i € Z| f € FB)

is a degree function on B.
By a filtration of B, we always mean the special type of filtration described in
the above, meaning that it is always assumed that conditions (1-4) are satisfied. So

filtrations are now equivalent to degree functions.

Consider the special case where B is already a graded ring:

2.1.2. Let B = ®;czB; be a graded integral domain. For each i, let h; : B — B;
denote the projection map (i.e., f =Y h; (f) for all f € B).
The grading determines the filtration F, B = @<, B; and the corresponding degree

function on B is

w(f) = sup{i € Z | hs(f) # 0},



CHAPTER 2. HOMOGENEQUS DERIVATIONS 20

where f € B\{0}. The filtration F determines the associated graded ring gr B and,
clearly, the maps B, — F,B — gr, B give an isomorphism B — gr B of graded
rings. Note that the symbol map gr : B — gr B is not an isomorphism (not even an

additive map), except in the trivial case B = B,.

We will often need to consider two degree functions on a ring B. In this case we

note:

2.1.3. Let B be an integral domain and v,/ : B - Z U {—o0} two degree functions
satisfying v < V' (i.e., v(b) < V/(b) for all b). Then we have F¥'B C F¥B for all i
and this defines a ring homomorphism 1, : gr¥' B — gr’ B which is homogeneous
of degree zero. The kernel of ¥,/ is a homogeneous prime ideal of gr*’ B and, given
any b € B\{0},

Yo (817 5) =0 & v (b) < ' (b).
In particular, 9, . is injective if and only if v = /.
The following special case of 2.1.3 is particularly useful:

2.1.4. Let B be an integral domain, v : B — Z U {—o0} a degree function, F =
{F;B}iez the filtration determined by v and R = gr” B the associated graded ring
(R; = gr* B). Let also B = @z B; be a Z-grading satisfying B; C F.B for all i € Z;
this is equivalent to assuming that v < w, where w : B - Z U {—o0} is the degree
function corresponding to the grading. -
We have B; — F;B — gr; B = R; for each ¢, and this defines a ring homomorphism
¢ : B = R which is homogeneous of degree zero. Note that ¢ is the composition of
the isomorphism B — gr*¥ B with the homomorphism ¥, ,, : gr* B — gr B. Denote
p = kery; then p is a homogeneous prime ideal of B. If h € B is nonzero and

homogeneous, then
hepevih)<w(h).
Also observe that:

ep=0ifand only if v = w
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and that, if we assume that v is nonnegative (i.e., v (B) C NU {~o0}):

e p is contained in the prime ideal B, = @;5¢B; ;

e p is maximal if and only if B, is a field and p = B,.

2.2 Associated derivations

In the last section, we defined an associated graded ring gr B from a ring B and
a degree function. We shall now define an associated derivation gr D from a given

derivation D.

2.2.1. Let B be an integral domain, F' a filtration of B and w the corresponding

degree function. Recall the following notions.
1. Given a map D : B — B, define w(D) € Z U {—o0, 00} by
w(D) = sup{ w(Dz) —w(z) | z € B\ {0} }.

Note that w(D) = —oo if and only if D is identically zero. We call w(D) the
degree of D (with respect to w).

2. If0 # D : B — Bis an additive map and w(D) < oo, the associated map gr D :
grB — gr B is defined as follows. Let d = w(D) € Z; then D(F,B) C F,.4B
holds for all < € Z, so D determines additive maps gr; D : gr; B — gr;, 4 B; then
the gr; D extend uniquely to an additive map gr D : gr B — gr B. Note that

gr D is nonzero and homogeneous of degree w(D).

If D is the zero map then we define gr D = 0. Hence, gr D = 0 if and only if
D = 0. Note, also, that if D is a derivation then so is gr D.

Remark 5. The degree of D might be infinite: Let B = k{zy,... ,z,,...], the polyno-
mial ring in infinitely many variables, graded according to the standard total degree.
Define a k-derivation D : B — B by Dz; =0 and, for n > 1, Dz,, = z}. Clearly D
is locally nilpotent but deg D is infinite.
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Definition 2.2.2. Let B = ®;zB; be a graded integral domain and w : B —
Z U {—oo} the degree function corresponding to the grading. Let D : B — B be an
additive map satisfying w(D) < oco. The homogeneization of D (with respect to the
grading) is the map D : B — B defined by D = 6~! o {gr D) o8, where gr D is defined
in 2.2.1 and 6 : B — gr B is the isomorphism of graded rings mentioned in 2.1.2.
Thus D = 0 if and only if D = 0 and, more generally, w(D) = w(D). Also note
that D is an additive map, is homogeneous of degree w(D) and is a derivation (resp.

a locally nilpotent derivation) whenever D is one.

Remark 6. We will often identify the isomorphic graded rings B and gr B. Conse-
quently, we will often write “gr D” when we mean “D”, and use the terms “homo-

geneization of D” and “associated derivation” interchangeably.

We now give some explicit information about gr D.

Lemma 2.2.3. Let B = &;czB; be a graded integral domain of characteristic zero
and w : B = ZU {—o0o} the degree function corresponding to the grading. For each
i, let h; : B — B; be the projection map. Let 0 # D : B — B be a locally nilpotent
derivation such that w(D) < oo, let gr D : B = B be its homogeneization and write
d = w(D).

1. (gt D)(hmf) = hmsa(Df), for all f € B and all m > w(f).

2. ker(gr D) = {f € B | Vi,w(Df;) — w(f;) < w(D)}, where we write f =, f;,
fi € B;.

3. vgp(H) < vp(H), for all homogeneous elements H of B.

Proof. Assertion (1) is obvious and (2) follows directly from (1). We prove (3). Let
m = w(H). Since H is w-homogeneous, we have (gr D)H = (gr D)(hmH). By (1),
(gr D)(hmH) = hm+a(DH). Note that

w(DH) < w(H) +w(D) =m +d.
Refering to (1) again,

(gr D)*(H) = (gr D)((gr D)H) = (gt D)(hm+a(DH)) = hm2a(D*H).
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Inductively, (gr D)(H) = hmswa(D'H). So D'H = 0 implies (gr D)*H = 0, which
means I/grD(H) < I/D(H). (]

Remark 7. Without the assumption of H being w-homogeneous, assertion (3) would
not be true. This is because ker D € ker(gr D) generally. So for f € B such that
Df =0 but (gr D)f # 0 we obtain vg p(f) > vp(f) =0.

Next, we would like to know some cases where w(D) is finite.

2.2.4. Let B = ®iczB; be a graded integral domain and w : B — Z U {—oo} the
degree function corresponding to the grading. Let D : B — B be any map. It is
convenient to introduce the auxiliary function § = ép : B = Z U {—oo} defined by
5(0) = —oo and, for b € B\ {0}, §(b) = w(Db) — w(b) (note that w(Db) = §(b) + w(d)
holds for all b € B). We also define é(S) € ZU {—o0, 00} for any subset S of B by
setting §(@) = —oo and §(S) = sup{d(s) | s € S} (S # 0). Observe that §(S) < oo
whenever S is a finite set. Also, w(D) = é(B).

Lemma 2.2.5. Let B = @®;czB; be a graded integral domain of characteristic zero
and w : B = Z U {—oo} the degree function corresponding to the grading. Let
D : B — B be a derivation and § = ép. Then:

1. §(zy) < max(é(z),d(y)), for all z,y € B;
2. §(z+y) < max(8(z),d(y)), for all z,y € By,

3. ifxy,...,zn € B satisfy w(z,),...,w(Tn-1) < w(z,), then §(z, +--- + z4) <
ma'x((s(xl)1 sy 6(1:"));

4. if E is a subring of By, S # 0 a subset of E and E is algebraic over the subring
S generated by S, then §(E) = §(S);

5. if H C B is a set of homogeneous elements such that B = By[H], then w(D) =
max(6(By), 6(H)).
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Proof. For assertion (1), we may assume that z,y # 0. Then

d(zy) = w(D(zy)) — w(zy) = w(yDz + zDy) — w(zy)
< max(w(yDz), w(zDy)) — w(zy)
= max(w(Dz) + w(y), w(Dy) + w(z)) - w(zy) = max(é(z),4(y)).

For assertion (2), note that §(¢) = w(Dt) for all £ € By, so
§(z +y) = w(D(z +y)) = w(Dz + Dy) < max(w(Dz), w(Dy)) = max(é(z), 5(y)).
In (3), we have w(z, + - - - + Z,,) = w(zx) and (for some j)
w(D(z1 + -+ + Zq)) < max(w(Dzy), ..., w(Dzy)) = w(Dxz;),
50

8(zi+ -+ Zn) = w(D(Z + - + Zn)) —w(T1 + - + o)
< w(Dz;) = w(za) = 8(z;) + wlz;) — w(za) < 8(z;)-

Note that, in assertion (4), we have §(S) = 6(S) by (1) and (2); so we may assume
that S is a ring. Given b € E, choose a polynomial ®(T) € S[T]\ {0} (where T is an
indeterminate) of minimal degree such that ®(b) = 0. Then 0 = D®(b) = ®P)(b) +
®'(b) Db and (using char B = 0) &'(b) € By \ {0} imply w(®(P) (b)) = w(Db) = §(b).
Now ®(P)(b) = Y. D(s;)b* (where s; € S) and w(D(s;)b') = w(Ds;) = 8(s;) < §(S)
for each %, so §(b) = w(®P) (b)) < §(S).

For proving assertion (5), consider b € B; choose a finite subset {z,...,z,} of H
such that b € By[z),...,z,]. We will show that

8(b) < max(8(Bo), 8(z1), .- ., 6(zn))-

By a homogeneous subring of B, we mean a subring R C B satisfying R = _(B;NR).
Note that, for each j = 0,...,n — 1, By[z1,...,Z;] is a homogeneous subring of B
and z,4; is homogeneous. So it suffices to prove that, if R is a homogeneous subring
of B and z € B\ {0} is a homogeneous element, then §(R[z]) < max(é(R), I(z)).
Since R[z] is a homogeneous subring of B, and in view of part (3) of Lemma 2.2.5,
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it’s enough to check that d(f) < max(d(R),8(z)) holds for all homogeneous elements
f of R[z].

Let 0 # f € R[z]N By, and write f = &(z), where the polynomial ®(X) =
Yien @i X' (a; € R) satisfies w(a;) + iw(z) = n whenever a; # 0. Then

w(as) +iw(z) <n for all i.
We have w(D(a:)z') = 6(a:) + w(a:) + iw(z) < 6(R) +n for all i € N, so
w(®P)(z)) < §(R) +n.
Also, w(®(z)) = w(T iaz™") < max; w(aiz*™) < n - w(z), s0
w(®'(z)Dz) < n — w(z) + w(Dz) = n + 6(z).

Since Df = &P)(z) + &'(z) Dz, we conclude that

w(Df) < max(w(®'?(z)), w(¥'(z) Dz))
< max(6(R) + n,d(z) + n) = max(d(R), () + n,

as desired. a

Corollary 2.2.6. Let B = @;czB; be a graded integral domain of characteristic zero
and w: B —» ZU{—oo} the degree function corresponding to the grading. Let H C B
be a set of homoageneous elements satisfying B = By[H|. Suppose that By contains a
field k and let T C By be a transcendence basis of qt(By) over k. Then every locally
nilpotent derivation D : B — B satisfies w(D) = ép(T U H).

Proof. Let § = ép. Since D is locally nilpotent, all units of B are in ker D and in
particular D is a k-derivation; so 4(k) = {—oco}. Observe that By is algebraic over
k[T, which is the ring generated by the set k U T} so, by part (4) of Lemma 2.2.5,
0(Bg) = 6(k U T) = max(d(k),d(T)) = 6(T). Then part (5) of Lemma 2.2.5 gives
w(D) = max(§(By), 6(H)) = max(d(T),s(H)) = 6(T U H). a

Corollary 2.2.7. Let B be a finitely generated domain over a field k of characteristic
zero and let D : B — B be a locally nilpotent derivation. If w: B — ZU {~o0} is
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the degree function of an arbitrary Z-grading of B, then w(D) < oo. More precisely,

if T,,...,Zn € B are homogeneous and satisfy B = k(z,,...,z,], then w(D) =
dp({Z1,.- -+ Ta})-

Proof. Observe that each element of k* is a unit in the graded integral domain B,
and so is a homogeneous element of B. It follows that k¥ C By, where B = @;ez B, is
the given grading (if A € k£ \ By then one of A, 1 + X is non-homogeneous, which is
absurd). Choose homogeneous elements zy,...,z, of B such that B = k[z,...,z,];
then k C By and 2.2.6 gives w(D) = dp({z1,...,Zn}) < 00. O

AN APPLICATION
It is desirable to give an example showing the use of gr D. In [19], Makar-Limanov
defined an invariant for any commutative ring R, and we use ML(R) to denote this

invariant. The definition is:
ML(R) = ﬂ{ker D | D is a locally nilpotent derivation of R}.

Clearly, ML(R) is a subring of R; it is called the ring of ebsolute constants of R.

Proposition 2.2.8. Let R be a k-domain which has finite transcendence degree over
k. If R satisfies ML(R) = R, then ML(R!") = R. '

Proof. We want to prove that under the assumption of ML(R) = R, every non-
zero locally nilpotent derivation of R/ = R([T] has kernel R. So, let D be such a
derivation, and consider R(T] as a graded ring, the grading being determined by the
usual T-degree. Then, 2.2.6 shows that D has a finite degree, and the homogeneization
D, = gr D of D is defined (and D, #0). Let d = deg D = deg Dy, E = ker D. Note
that if £ C R, then E = R, because otherwise the fact that E is algebraically closed
in R[T] would imply
tr.degz R > 0, and then tr.degg R[T] > 1.

However by part (5) of 1.1.5,

tr.degg R[T] = 1.
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This is a contradiction. So, we may assume E € R, and choose f(T) € R[T] such
that deg f(T') > 1 and D(f(T)) = 0. Write

fT)=anT™+---+a1T +a9 (a; € R and an, # 0),
then by 2.2.3
Dy(amT™) = hm+a(Df(T)) =0,

which implies DT = 0 because ker D, is factorially closed in R[T]. We know that
D, is homogeneous of degree d, so D,(RT*) C RT?", and thus

A=T"4D

is a derivation of R[T], homogeneous of degree zero. Since T' € ker Dy, this A is
also locally nilpotent. Note that AR C R and AR # 0. For the second assertion,
observe that AR = 0 would imply A = 0 (because AT = 0), but A # 0 because
D, # 0. Restricting A to R, we get a non-zero locally nilpotent derivation of R. This
contradicts ML(R) = R, and we can conclude that £ = ker D C R, and thus £ = R.
So, we have proved that every non-zero locally nilpotent derivation of R[T'] has kernel
R, and ML(RY) = R. O

2.3 The case B = k[X,..., X))

In this section, B denotes the polynomial ring k[X;,...,X;] in n > 1 variables
over a field k of characteristic zero.- Note that every nonnegative degree function
w: B - NU{-o0} is “over k”, i.e., satisfies w(A) = 0 for all A € k.

2.3.1. Let B = k[X),...,X,). Then every degree function v : B — NU {—o0}
determines an N-grading of B and a degree function 7 : B - NU {—o0}. Namely,
the grading B = @;cnB; is obtained by declaring that k C By and that, for each j, X
is homogeneous of degree v(.X;); and we let 7 be the degree function corresponding

to that grading.
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Observe that 7 satisfies 7(X;) = v(X;) for every j, so, keeping in mind that v is
over k, we get (M) = v(M) for every monomial M = AX'--- X (A € k, ¢; € N).
Moreover, if f € B\{0} is written as a sum of monomials, f = " M;, then

B(f) = maxw(M;) = maxv(M;) 2 v(f).
j

)

Hence, U > v and we are in the situation described in 2.1.4 (with w = 7). Note that,

in this case, the following holds (notation as in 2.1.4):

e ¢ : B — gr¥ B is a homomorphism of k-algebras.
e No nonzero monomials belong to p = ker ¢.

e p is not maximal. Indeed, if p is maximal then, by 2.1.4, By is a field (so By = k)
and p = B;,s0p =(X},...,Xy), resulting in X; € p being a contradiction.

e Given any monomial M = AX{'---Xt(A € k, ¢; € N), pnk[M] = 0; in
particular, X; — A ¢ p, for all j and all A € k.

2.3.2. Let B = k[X),...,Xy] and D : B — B a locally nilpotent derivation. Then

the following objects are determined by D:

1. The exponent v = vp : B — NU{-00} of D. Recall that v is a degree function.

2. The N-grading of B, B = &2,B;, determined by v as in 2.3.1, and the degree
function 7 : B - NU {—o0} corresponding to this grading. Recall that 7 > v.

3. A Ti-'homogeneous prime ideal p C B (see 2.3.1). Note that the facts stated in
2.1.4 and 2.3.1 are valid here. In particular, if h € B\ {0} is -homogeneous,

hep « v(h) <T(h).

4. The homogeneization gr” D : B — B of D with respect to the grading (2).

From now-on, we will make use of these objects without further comments.
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Lemma 2.3.3. Let B = k[X,,...,X,], let 0 # D : B — B be a locally nilpotent
derivation and let 7 : B — NU {—oco} be the degree function determined by D as in
2.3.2. Then U(D) > —1 and if equality holds then D is triangular.

Proof. Choose i such that DX, # 0. Since 7(X;) = vp(X;) and 7(DX;) > vp(DXj),
v(DX;) - U(Xi) > vp(DXi) — vp(Xy) = -1,

so max;(7(DX;) — 7(X;)) > —1. This implies that (D) > —1 by 2.2.7. For the

second assertion, we may assume that vp(X;) < --- < vp(X,). If (D) = —1 then
7(DX;) < 7(X;) = min{v(Xj),...,7(X,)}, so DX; € k[X,,..., X;-1] (for each j),
i.e., D is triangular. O

Lemma 2.3.4. Let B = k[X,,...,X,] (n > 2),let 0 # D : B > B be a locally
nilpotent derivation and let v, U and p be determined by D as in 2.3.2. Let a; =
v(Xi) € N and assume that htp = n — 1. Then, for all i,j, 36;; € k* such that
X" — B X" € p. In particular, a; > 0 for all i.

Proof. We first prove the Lemma under the assumption that k is algebraically closed.
Let C C A" be the zero set of p and note that C is a curve. Since the monomial
X1 -+ X, does not belong to p, we may choose a = (ai,...,a,) € C such that
a; # 0 for all i. Define t x a = (t*ay,...,t%ay,) for each t € k and consider the
subset E = {t*a |t € k} of A*. Since each a; is nonzero and some a; is positive
(because D # 0), E is an infinite set.

We claim that, given any f € B;\{0},

f€p= f(a) =0= f vanisheson E = f €p.

In fact, the first implication is trivial and the second one follows from f(t*a) = t' f(a).
In particular, every homogeneous element of p vanishes on E, so £ C C, and since £
is infinite, we can obtain the last implication.

In particular, let fi; = af*X;” — o’ X", then fij(a) =0, so f;; € p. Dividing f;;
by a;" gives XV — Bi; X;* € p, with B;; € k*. If a; = 0, then we may choose j such
that a; > 0. Then X — f3;; € p, which contradicts an earlier observation. So a; > 0
for all 2.
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We now drop the assumption that k is algebraically closed and let k be an algebraic
closure of k. Write B = k[X},...,X,] and let D : B — B be the extension of D.
Then, in addition to p C B, v and 7, which are determined by D, we may also
consider p C B, vp and Up, determined by D. If h € B\ {0} is 7-homogeneous then

hep < vp(h) <vph) < v(h)<v(h) < h€p,

so pN B = p, and since B is an integral extension of B, p must have height n — 1. By
the special case proved in the above, we have X’ — Bi; X J" € p, with 3;; € k*. This
implies that vp(X;” — 8;;X;*) < a;a;, so

D% (XP) - ;D% (X2) = 0.
Since D%% (X/”) and D% (Xj*) are nonzero elements of B, it follows that §;; €
k*. a
HOMOGENEIZATION AND RANK

Lemma 2.3.5. Let R = k[z),... ,z,), let D : R =& R be a homogeneous locally
nilpotent derivation with respect to the standard grading of R, and let A = ker D.
Use V to denote the k-subspace of linear forms in R. If rank D = r, then

dimy(ANWV))=n-r.
Moreover, if r = 1, then A is generated by n — 1 linear forms.

Proof. Clearly dim (AN V;) < n-r. Let (uy,...,u,) be a coordinate system of R
such that k[uryq,...,u,] € A. Then

u; = ap(z) + () + -+ + aim(2),
where a;; is the component of degree j of u;. Since D is homogeneous, we have a;; € A

for © > r. By the chain rule, the jacobian determinant satisfies

6(u1, ven ,u,,)

Bz "



CHAPTER 2. HOMOGENEQOUS DERIVATIONS 31

so the jacobian matrix evaluated at z =0,

a(ul, . ,'U.n)
||m(0)||,
is invertible. This implies dimk(a,1,... ,an) = n, and then dimy(ar411,... ,an1) =
n—r. Since @r41,1,... ,8n € ANV, dimg(ANV}) > n—7r. Sodime(ANV])=n-r.
If r =1, then , clearly, the subring k[as;, ... ,an,] of A is actually equal to A. O

Before we close this section, we make two observations concerning the relationship

between rank D and rank(gr D).

2.3.6. Let D be a locally nilpotent derivation of B = k[®. Then a coordinate system
and a system of weights can be chosen such that rank(gr D) < rank D. Indeed, let
r = rank D and choose a coordinate system (X}, ..., X, ) of B such that D(X;) = 0 for
all 7 > r. Define gr D using the standard grading of k[ X}, ..., X,]. Then (gr D)X; =0
for all 2 > r, so rank(gr D) < rank D.

The second observation is that replacing D by gr D may sometimes increase the

rank, as is illustrated below:

Example 2.3.7. Let B = k[X,Y,Z]. Define D : B - Bby DX =1,DY = X
and DZ =Y. Clearly D is a locally nilpotent derivation of B, with a slice X ,
rank D = 1, see §1.2. Consider D, = gr D with respect to the standard grading,
then D)X = 0,D,Y = X and D,Z = Y. We prove that rank D; = 2. Clearly
rank D, < 3. We need only show that rank D, # 1. Suppose rank D; = 1, then
ker Dy = k[X,aY + §Z], by 2.3.5. But D\(aY + 8Z) = aX + BY will never be 0
unless @ = § = 0, which is impossible. So rank D, = 2.

2.4 Derivations of £[X,Y, Z]

Lemma 2.4.1. Let B=k[X,Y,Z], let 0 # D : B — B be a locally nilpotent deriva-
tion and let U and p be determined by D as in 2.3.2. Assume that DX, DY,DZ are

nonzero and let a = 7(X), b=7(Y) and c =7(2).
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1. If D is U-homogeneous then ht(p) = 2 and X® — oY, X - 320, Y —~42Z%€p
for some a, 3,7 € k*.

2. Suppose D is homogeneous with respect to some w, = (a1,by,c;) € Z3, w, #
(0,0,0). Ifhtp = 2, then nw, = mv for some m,n € Z\ {0}. It follows that D

1s U-homogeneous.

Proof. (1) Since D is homogeneous, we have ker D = k(f, g| with f and g homogeneous

(see remark 3 in chapter 1). One can check that f, g € p; since f and g are relatively

prime, ht p > 1. Since p is not maximal, ht p = 2. The second part follows from 2.3.4.
(2) If ht(p) = 2 then, by 2.3.4, X® — aY* € p for some a € k*, and

v(X? —aY?) < 5(Xt - aY?) =ab

It follows that D%(X®%) — aD%(Y?) = 0. So wi(X?®) = w,(Y?), ie. a;b = ba.
Similarly, ac = cja and bic = ¢1b, 50 (2 2 &) has rank one and we are done. 0

Lemma 2.4.2. Let B = k[X,Y,Z] and let 0 # D : B — B be a locally nilpotent
derivation such that DX = 0 = D?Y. Suppose that DZ # 0 and that D is homo-
geneous with respect to some weight w = (1,1,c), where ¢ > vp(Z). Then ker D is
either k{X,Y) or k[L,Z + h(X,Y)|, where L is a linear form in X,Y. In particular,
rank D = 1.

Proof. We may assume that D is irreducible. First, we claim that ker D contains
a nonzero linear form in X,Y. To prove this claim, we may assume that k is alge-
braically closed (by 1.2.14); we may also assume that DX # 0 and DY # 0.

Let v = vp, ¥ and p be as usual, and note that we have two gradings on B: The

w-grading and the 7-grading. Write ¢; = v(Z) and
#(X), 7(Y),7(2)) = (1,1,c1), (a1 Lc).

Case 1: If ¢; =c, then D is homogeneous with respect to 7. By 2.4.1, p contains
X + aY for some constant a. Then D(X +aY) =0.
Case 2: If ¢; < c, write

DX=aq+aZ+---+a,7", (2)
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where a; € k[X,Y]. Note that DX is w-homogeneous. Let d = w(DX). Then a;
is homogeneous of degree (d — ¢i) ( in £[X, Y], homogeneous, w-homogeneous and

T-homogeneous are the same ). If we compare the U-weights of terms of DX, say

D(aiZi) - P(aij) = '17(01') + iC]_ - U(a]-) - j61
=d-c)+ct—(d-cj)—aj
=c(j—1) —a( -1
=(c-a)j—-1),

it follows that, in the right hand side of (2), the first nonzero term, say a;Z*, has the
highest U-weight.

If v(a;Z") < U(a;2"), then a;Z" € p; since Z' € p, we .must then have a; € p, so
some linear factor L of a; is in p. Then L satisfies v(L) <7(L) =1, so L € ker D.

If v(a;2%) = V(a;2"), then v(a;Z*) > V(a;27) > v(a;27) for all j # i, so v(a; Z*) =
v(DX) = 0; it follows that i = 0, ap € ker D and DX = ao. If ay € k then, as
in the above paragraph, some factor L of aq is in ker D. If ap € k then w(D) =
w(ag) — w(X) <0, s0o w(DY) < w(Y) =1, so DY € k; then DX, DY are linearly
dependent over k, so some nonzero linear form in X,Y belongs to ker D.

This proves that ker D contains a linear form in X,Y. As we said at the beginning,
this is valid without assuming that k is algebraically closed. (We. now drop the
assumption that k = k.)

Now we prove the other assertions. Make a linear change in X,Y (keeping the
same Z) and arrange that DX = 0. Note that D is still w-homogeneous, so, by
1.2.15, there is a w-homogeneous Q € B such that ker D = k[X,Q], DY = Qz and
DZ = —Qy (see 1.2.12); moreover, Q is irreducible. Then @z = DY € ker D, so
Rz=MAX*(A€kands€N)and

Q = AX*Z + h(X,Y). (3)

If A = 0 then ker D = k[X, Y] and we are done; so assume that A # 0. We claim
that s = 0 (in which case we are done because AZ + h(X,Y) = Q € ker D). To prove
this, we assume the contrary: s > 1. Then X Jh(X,Y), so degy(h) = s +c, since h
is homogeneous of degree (s + c). It follows that, of all the nonzero monomials that
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occur in the right hand side of (3), Y**¢ is the one with highest v-degree (because
v( XYY =s+c—iand v(X*Z) =c¢). So v(Q) = s +¢ > 0, a contradiction. O

Proposition 2.4.3. Let B = k[X,Y,Z]| and let D : B — B be a locally nilpotent
derivation . If D*X =0 = D?Y, then

1. ker D contains a non-zero linear form in X,Y or a polynomial of the form
Z+ h(X,Y), and

2. rank D < 3.

Proof. 1t is clear that (2) is a direct consequence of (1). We need only to prove (1).
By 1.2.14, we may assume that k is algebraically closed; we may also assume that
DX # 0 and DY # 0. Let ¢c = v(Z) and let

7= (W(X), v(Y),v(2)) = (1,1, c).

If (D) < 0 then 7(DX) =0=v(DY), so DX,DY € k,so DX, DY are linearly
dependent over k£ and consequently ker D contains a nonzero linear form in X,Y.
From now-on, we assume that 7(D) > 0.

We use induction on c, the case ¢ = 0 being trivial.

Let D, = gr D with respect to 7. By 2.4.2, ker D, is either equal to k[X, Y] or to
k[X,Z + h(X,Y)).

If ker D, = k[X,Y] then D, = P(X, Y)%, for some P(X,Y) € k[X,Y]; moreover,
P(X,Y) = D,Z is -homogeneous. Then

DZ = P(X,Y) + p, where U(p) < T(P). (4)

Factor P into a product of linear forms in X,Y. We claim that at least one of
these linear forms is in the kernel of D. Indeed, if this is not the case then v(P) =
7(P). Note that 7(DZ) = 7(P) by (4); since v < 7, we also have v(DZ) = v(P)
(because v(P) = U(P) > U(p) > v(p)). Since X,Y € ker D,, part 2 of 2.2.3 gives
7(DX) — 7(X) < (D) and similarly for Y; thus

7(D) = max{v(DT) - %(T) | T € {X.,Y,2}}=0(DZ) - v(2).
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It follows that
.u(DZ) =v(P)=7(P)=7(DZ) =7(D)+v(2) =v(D) + v(Z).

This is a contradiction, because we have assumed that 7(D) > 0. We can then
conclude that some linear form of X and Y is in the kernel of D, so (1) holds in this

case.
In the second case, ker D, = k[X, Z + h(X,Y)], denote

9=2Z+h(X,Y).

Since DY € ker Dy, DY = Q(X, g) is U -homogeneous. Then

DY = Q(X,g) + p, where 7(p) < 7(Q). (5)

Note that DY # 0, because otherwise ker D; = k[X,Y,Z + h(X,Y)] = B, and
this is impossible since D, # 0. Now DY # 0 implies that (DY) — 7(Y) = v(D),
by 2.2.3. So

7(Q(X,9)) =v(DY)=v(D)+v(Y)=7(D) +1

and it follows that 7(Q) > 1. From this, equation (5) and v(DY) = 0, we obtain
v(Q) < 7(Q). Therefore some irreducible factor F of Q must satisfy v(F) < T(F).
By 7-homogeneity and irreducibility, we have F = X or F = ag + fX° (a,8 € k),
and F' = X is impossible because v(X) = 7(X). Hence,

v(ag + BX°) < v(ag + BX°) =7(2),
and we note that o # 0 since v(X°¢) = %(X°¢). This results in
viaZ +ah(X,Y) + BX°) < ¥(2).
A change of coordinates of B can be made as follows:
Zi=aZ+ah(X,)Y)+ 86X, YV1=Y, X =X.

In this new coordinate system we still have D2X, = 0 = D?Y}, but v(Z;) < v(Z) =c.
By the inductive hypothesis, we know that (1) holds for D. So (1) is true in both

cases. a
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Proposition 2.4.4. Let B = k[X,Y,Z)] and let D be a nonzero locally nilpotent
derivation of B. If D*X = D?*Y = D*Z =0, then

1. ker D contains a non-zero linear form in {X,Y, Z},
2. rank D = 1;

3. if D is irreducible then, for some coordinate system (X', Y’, Z') of B related to
(X,Y,2Z) by a linear change of variables, we have D = f(X’)% + g(X’)%,
where ged(f(X'), g(X')) = 1.

Proof. We may assume that D is irreducible. If ker D contains a nonzero linear form
in X,Y, or a nonzero linear form in Y, Z, or one in X, Z, then (1) holds. So assume

the contrary. Then, by 2.4.3, ker D contains polynomials V;, V,, V3 of the form
i =X+ f(Y, 2), V=Y +g(X, 2), Va=2Z+h(X,Y).

Let R = k[V3] and note that B = R[X,Y); applying 1.2.15 to this situation gives
DX, DY € k{V3]. By symmetry, DY, DZ € k{V;] and DX, DZ € k[V4).

Of the three polynomials DX, DY,DZ, at most one can belong to k (if, say,
DX, DY € k, then some nonzero linear form in X,Y is in ker D, a contradiction).
So we may assume that DX, DY ¢ k, from which we obtain k[V2] N k[V;] € k and
k(Vi]Nk[V3] € k. It follows that k[V}] = k[V2] = k[V3]. (Indeed, since k[V3]Nk([V3] € k,
we may write p(V;) € k[V;] for some polynomial ¢(T') € k[T] of positive degree and
such that p(0) = 0; then o(T) = Tw\(T) (v1(T) € k[T]), so Va1 (V2) € k[V3]. Since
B = k[V4]1?), k[Vj] is factorially closed in B, so V; € k[V4]. By symmetry, V; € k[V,]
so k[Va] ='k[V3].) It follows that Vi, V3, V; are actually linear forms in X, Y, Z. This
proves (1).

We may choose a coordinate system (X',Y’, Z') of B such that X', Y’ Z' are
linear forms in X,Y,Z and X’ € kerD. Let R = k[X'] and write B = R[Y", Z'],
where D(R) = 0, DY’ = 0 = D?Z’. By 1.2.15, D has a slice, so rank D = 1; also,
DY',DZ' € R, so assertion (3) holds. a

Remark 8. If we only assume D?X = 0 = D?Y, it may happen that rank D = 2. In
example 2.3.7, D, is just such a derivation.
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Theorem 2.4.5 summarizes the results of this section concerning locally nilpotent
derivations satisfying D?*X = 0 = D?Y. We stress that this is a complete description
of this class of derivations. Indeed, if D is such a derivation, then D = aD, where
@ € ker D and Dy is an irreducible derivation belonging to the same class (D3X =

0= D?Y). So we may always assume that D is irreducible.

Theorem 2.4.5. Let B = k[X,Y,Z] and let 0 # D : B = B be a locally nilpotent
derivation. If D is irreducible and D*X = 0 = D?Y, then one of the following holds.

1. There ezists a coordinate system (L, L., Z) of B, where L, and L, are linear
forms in X, Y, such that D(L,) = 0, D(L;) € kL] and D(Z) € k[L,, L,] =
k[X,Y].

2. There erists a coordinate system (V,X,Y) of B such that D(V) = 0 and
DX, DY € k[V].

Conversely, if D is any k-derivation satisfying (1) or (2) then D is locally nilpotent
and satisfies DX = 0 = D?Y.

Remark 9. In case (1), the rank of D can be 1 or 2; in case (2), it must be 1 (by
1.2.15, D has a slice whenever (2) holds).

Proof of 2.4.5. By 2.4.3, one of the following holds: (i) ker D contains a nonzero
linear form L, in X,Y; or (ii) ker D contains a polynomial of the form Z + h(X,Y).

If (i) holds then choose a linear form L, in X,Y independent from L,; then
(L1, La, Z) is a coordinate system of B, and D(L,) = 0 and D?*(L,;) = 0. By 1.2.15
(with R = k[L,] and B = R[L,, Z]), we obtain that (1) holds.

If (ii) holds then let V = Z + h(X,Y) and R = k[V], and note that B = R[X,Y].
Then 1.2.15 implies that (2) holds.

The last assertion, concerning the converse, is obvious. a

2.5 Further comments

We would naturally like to examine the same question in higher dimension. To be
precise, let B = k[X),...,Xy], n > 3, and let D : B — B be a derivation. If
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D?X; = 0 for all 7, what can be said about rank D? (We are particularly interested
in the case where D is homogeneous with respect to standard weight.)

We first look at a very simple case. A derivation D of B is called linear if, for each
i, DX; is a linear form of Xy,... ,.X,;. Then DV = MV, where V = (X,,...,X,)*
and M is a n x n matrix over k. Now the condition D?X; = 0 is equivalent to M? = 0.
From a result of [16], the rank of D is simply the rank of M. But M? = 0 implies
that rank M < [n/2], so rank D < [n/2] in this case.

Next, consider the following example:

Example 2.5.1. Let B = k[z,y,t,t1,... ,ta] = k*+3] and let D : B — B be the
derivation defined by

d .. 0 3}
D=z"—+z""! +o Y ey —
yati yatn

o~ Yo
Thus, D is elementary, homogeneous in standard weight, and satisfies D*V = 0
for each V € {z,y,%,...,tn}. Obviously, rank D < n + 1. However we want to
show that rank D = n + 1. Suppose rankD < n + 1. By 2.3.5, there is a linear
form of k{to,... ,t,) in ker D. This means that we have ¥ ..  a;z"'y* = 0, for some
ay,...,aq € k not all zero. This is impossible, so rank D = n + 1.

This example illustrates that there exists an elementary derivation of a polynomial
ring of dimension n whose rank is n — 2. Similarly, an elementary derivation can be
constructed whose rank isifor1 <i:<n-2.

Following the results of the last section and the example above we would tend to
think that, for a derivation D of B = k[X),... ,X,] = k"l if D?X; = 0 for all i then
rank D < n — 2. But we do not know if this is true, even in the dimension 4 case, as

only a very weak result was obtained in dimension 4:

Lemma 2.5.2. Let B = k[T, X,Y,Z] = k¥, and let D be a homogeneous derivation
of B. If D*T = D*X = D?*Y = D?*Z =0, then rank D # 3.

Proof. Suppose that rank D < 4 and let us deduce that rankD < 2. Since D is
homogeneous, we can make a linear change of variables such that one of the new
variables is in the kernel of D. We can assume DT = 0 and we can extend D
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to D : k(T)[X,Y,Z] = k(T)[X,Y,Z], where k(T) = qt(k[T]), such that DX =
DX, DY = DY, DZ = DZ,s0o D'X = DY = D°Z = 0. Then, using 2.4.4,
rank D = 1, and ker D contains a linear form, that is some aX + bY + ¢Z € ker D,
where a,b,c € k(T) are not all zero. Eliminating denominators, we may assume
a,b,c € k[T]. Write

a=Za,-Tﬂ b=Zb,-T", c=Zc,-T", ai, b;, ¢ € k.

Suppose a # 0, then some a; # 0. Since D is homogeneous, a;T? X +b;T’Y +¢,;T?Z €
ker D. Then a; X + b;Y +c;Z € ker D, because ker D is factorially closed in B. This
implies that rank D < 2, as desired. O

To clarify this, see the following table, where B = k[X),...,X,] = ki* and
D : B — B is a homogeneous derivation satisfying D>X; = 0 for all i. A “,/” means
that there exists such a derivation, a “x” means that there is no such derivation, and

“?" means that we do not know.

Existence of a homogeneous k-derivation D of k[X,..., X;]
satisfying rank D = r and D?X; =0foralli=1,...,n.

r=1 |[r=2 |r=3 |r=4 |[r=5 |r=6

=1 Vv X X X X X
2 v X X X X X
3 Vv X x X X X
=4 Vv v X ? X X
51 V v v ? ? X
=6| V v v v ? ?

To be precise, if n is any integer greater than or equal to 5, the n-th row of the
above table begins with n — 2 /s, followed by two “?”s, and then “x"s for all

T>n.



Chapter 3
Constructible Derivations

The notions of “constructible” and “nice” derivations presented here can be found
in [11], but the reader should be warned that we modified some of the definitions.
“Elementary” derivations were studied in [12], but refer to 3.3.1 for the definition.

3.1 Definitions and basic facts

Definition 3.1.1. Let B be a domain of characteristic zero and Der(B) the set of
derivations D : B — B. Recall that Der(B) is a B-module. Given a subset © of
Der(B),let B® ={be B|Db=0¥DeD}.

1. Given a subset D of Der(B) and D € Der(B), we say that D is derived from D
in at most one step if D has the form D = Y, f;D;, where D; € D and f; € B®.
Let D% denote the set of all derivations D which are derived from D in at most
one step, and note that D™ is simply the B®-submodule of Der(B) spanned by
D.

o

A constructing sequence is a sequence
901“'79"1 (mZO)

of finite subsets of Der(B) satisfying ©; C (D;_;)" for all 7 such that 0 < 7 < m.

40
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3. Given a finite subset D of Der(B) and D € Der(B), we say that D is con-
structible from D if there exists a constructing sequence Dy, ..., D,, satisfying
Dy = D and D,, 3 D; such a sequence Dy,...,D,, is called a constructing
sequence from © to D. The set of all D which are constructible from D is
denoted C(D).

Remark 10. If D € C(D) and a € ker(D) then oD € C(D). (Indeed, there ex-
ists a constructing sequence Tg,..., D, such that Dy = D and D € D,,. Then
Do, ..., Dm, {D},{aD} is also a constructing sequence, so aD € C(D).) However,
the converse does not hold, i.e., aD € C(D) does not imply D € C(D).

Lemma 3.1.2. Notation as for 3.1.1.
1. If Dy, ..., Dy is a constructing sequence then C(Dg) D C(Dy) D --- D C(Dm).
2 IfD' CD then C(D') C C(D).
3. If Dy, ..., D is a constructing sequence then B® < B®1 C ... ¢ B?m,

Proof. 1. If D € C(®;), where i > 0, then there exists a constructing sequence from
D,’ to D:

1 !
DhDi*‘l"' . 793'

Now D;_|,D;,D},,,...,D) is a constructing sequence from D;_, to D, so D €
C(D;-1), which implies that C(D;) C C(D;-,).
2. Let 7 € C(D’'). Then we have a constructing sequence from D’ to 7:

! / /
9, 1,...,9’..

Note that every D € D' C D can be derived from ® in at most one step. So the
sequence D, D', D},...,D] is a constructing sequence from D to 7. This means 7
can be derived from D, or 7 € C(®), and C(?’) C C(D).

3. Let us show that B® C BP+:. Take 7 € D;41, then 7 = Y bpD, where
bp € B®:. For any z € B®:, we have

T(z) = E bpDz =0,
DeD;
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because Dz = 0 for every D € ©;. This means B®: C ker 7. Since 7 is arbitrary, we
have B®: ¢ BPi+, as desired. O

Lemma 3.1.3. Let B be a domain of characteristic zero and let ® = {Dy,... ,Dp} C
Der(B). Given another subset D' = {D},... ,Di.} of Der(B), if we have

D! D,
=M| : (6)
D D,

m
such that M is an invertible matriz over B®, then BY = B® and every derivation

that can be derived from ®' in at most one step can also be derived from D in at most

one step, and vice versa. Consequently, C(D) = C(D').

Proof. From (6) we see that Dj,..., D) can be derived from D in at most one step;
so D, D’ is a constructing sequence. By 3.1.2, B® ¢ B? and C(®) D C(D'). Write

D D!
. = M-! .
Dn D

where M~! has entries in B? ¢ BY, so M~! is over B®. Thus D,,...,D,, can

be derived from ©’ in at most one step and consequently D', is a constructing
sequence. Using 3.1.2 again, B® > BY and C(D) c C(D'). We conclude that
B?® = B? and C(D) = C(D"). O

Definition 3.1.4. Let B = k™ and D € Der(B).

1. Let v = (X,,...,Xn) be a coordinate system of B. We say that D is v-

constructible if it satisfies the following equivalent conditions:

« DeC({s%r 55D,
e D € C(D) for some subset D of {3%-,- .-, 58}

The set of y-constructible derivations is denoted C(v). Hence,

C) = C{al- - s
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2. We say that D is constructible if there exists a coordinate system <y of B such

that D is vy-constructible.

Remark 11. It is known that constructible derivations are locally nilpotent (see 3.3.2),

and this is why we are interested in them.

Remark 12. The set C(v) is not “closed under construction”, i.e., if ® C C(v) then
it does not follow that C(®) C C(v). (Example: Let B = k[X, Y] = kB, v = (X, Y),
D, = X%; and Dy = Ya—a)-{-; then {Dy,D;} C C(v), Dy + D, € C({Dy,D,}) but
D, + D, € C(v) since D, + D, is not locally nilpotent—see the preceding remark.)

3.1.5. Let R be a domain and B = RI™. Two coordinate systems of B over R,
¥=(X1,...,Xn) and ¥ = (X],...,X]), are said to be related by a linear change of
variables if there exists a matrix A € GL,(R) satisfying

X1 Xy
: =A :
X, Xn
Lemma 3.1.6. Given two coordinate systems of B = k™, v = (X|,...,X,) and

v =(X],...,X}), if the change between v and +' is linear, then C(y) = C(v').

Proof. Recall that C(7) = C({3%,-.. . 5%=})- We know that the change from 7 to
v’ is linear:

Xy ay - Qn X{

Xn Gnl **° Gun X;

where a;; € k for all 4,j. Use the notation M = (a;;) to denote the above matrix.
For any f € B, we have

of _ of 9X, . 8f X
8X! ~ BX,9X! 80X, X,

0 o
= (0116—)(1+"'+%16Xn)(f)~
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Here f is any polynomial of B, and we conclude that

0 0 T
— =0+t
ax; ~ ax, "X,
Continuing with 8/9X] for each i, then
2 9
ax; ap Qn} X,
e Qn ** G r

This matrix is M*. We know that M is invertible over k, and so is M*. Then according
to Lemma 3.1.3, C(v) = C(¥'). a

3.2 Rank of constructible derivations

Lemma 3.2.1. Let R be a PID of characteristic zero and B = RI™. Let Dy, D, be

a constructing sequence such that Dy = {%, ey %} for some coordinate system
(X1,...,Xn) of B over R. Then there ezists a coordinate system (Y),...,Y,) of B
over R and a subset D} of {a—aﬁ, ey ﬁ,:} satisfying:

1. Do, D] is a constructing sequence and (D})+ D DT;

2. (Xy,...,Xn) and (Y3,...,Y,) are related by a linear change of variables.

Proof. Let M be the R-submodule of Der(B) spanned by {3%-,...,3%-}, ie, M =
Spang (Do) = DF; let N = Spang(D;) € M and

N={DeM|rDe N forsomer € R\ {0}}.

Note that N is a submodule of M and that M/N is torsion-free, hence free. So
M = N ®Q for some submodule Q of M. Observe that N and Q are free, and choose
a basis @, = {D,,...,D,} of N and a basis {D,,,...,D,} of @ (where 0 < r < n).
Since {D,...,D,} and {(—,i,—l,...,%} are two bases of M = R™, there exists a
matrix A € GL,(R) such that

0/0X; D,

: =A :
8/0X, D,
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Now define Y;,...,Y, € B by

then (Yi,...,Ys) is a coordinate system of B related to (X),...,X,) by a linear
change of variables; also, D; = 3% for 1 < i < n, 50 D} C {5%,..., 55~} We have
D, C N C M =9, soDg, D} is a constructing sequence. It is easy to see that

1 0 1

B® = B¥ = ¥ = B,
if we wrife A= B?% = B?: then RC A and
D7 = Span,(D,) = Span,(N) C Span,(N) = Span, (D)) = (D))"
a

Proposition 3.2.2. Let B = R[X,,...,X,] = R, where n > 2 and R is a PID of

characteristic zero. If D € C({5)671, e 5‘%}), then
8 3
DeC{zr - 59—}

for some coordinate system (Y1,...,Y,) of B related to (X,,...,X,) by a linear

change of variables.

Remark 13. The assumption that R is a PID is crucial. For instance, Example 2.5.1
shows that the result is false with R = k¥ (a very nice UFD).

Proof of 3.2.2. By assumption, there exist constructing sequences Dy, ..., D, satis-
fying:

(i) for some coordinate system (Uy,...,U,) of B related to (X1,. .., X,) by a linear

change of variables, and for some s such that 0 < s € n, we have Dy =

{8‘971,...,%}; and

(ii) D € Dpm;
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choose such a sequence which makes m the smallest. We claim that some permutation
(Y1,...,Y,) of (Uy,...,U,) satisfies the requirement. Since this is clear if m = 0 or

s < n — 1, it suffices to show that the assumption

m2>lands=n

leads to a contradiction. Since Ris a PID, B = Rl™ and D, = {%, el %}, we may
apply 3.2.1 to Dy, D;; we obtain a set D} such that D}, D,,...,D,, is a constructing
sequence satisfying (i) and (ii). This contradicts the minimality of m. O

Corollary 3.2.3. Let B = k[X),...,X,] = k"l and let D € C({aLxl,...,ai,n})

(where n > 3).

1. De C({%,T, 8_1), for some coordinate system (Yi,...,Y,) of B related

REEY ) e

to (X1,...,Xy) by a linear change of variables.

2. For some coordinate system (Zy,...,Z,) of B, D € C({3%, ..., 372}) and

consequently Zn_1, 2, € ker D.

In particular, rank(D) < n —2.

Proof. Assertion (1) follows immediately from 3.2.2. To prove (2), fix (Y,...,Ys)
satisfying (1), let R = k[Y;] (a PID) and note that B = R[Y,...,Ya_,] = RP*-1.
Applying 3.2.2 to D € C({3%,..., 37%—1}) gives a coordinate system (21, ..., Zn-1)
of B = k[Y;]*~! (over k[Y;]), related to (V;,...,Y,_;) by a linear change of variables
and satisfying D € C({bz—,"'-razaj ). Let Z, = Y,, then (Z,,...,2Z,) has the

desired properties. The fact that Z,_,, Z, € ker D follows from part (3) of 3.1.2. O

Remark 14. Corollary 3.2.3 cannot be improved, i.e., rank(D) may be equal to n — 2
(see Example 2.5.1).

3.3 Relationships

Definition 3.3.1. Let B = k" and D € Der(B).
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1. Let v = (X,...,X,) be a coordinate system of B. We say that D is -
elementary if there exists a subset D of {3%-,..., 5%} such that D € D*.
In other words, for a suitable permutation (Y3,...,Y;) of (X1,...,X,) and a
suitable integer m € {0,...,n}, D is of the form

9 d

D fl( m+ly. - }’ + "+fm(ym+11-~yyn)—

' n)’a—)z
(where D = 0if m = 0).

2. Let v = (X,,...,Xn) be a coordinate system of B. We say that D is y-nice if
it is a k-derivation and satisfies D?(X;)=0foralli=1,...,n

3. We say that D is elementary (resp. nice) if there exists a coordinate system vy

of B such that D is y-elementary (resp. y-nice).

Remark 15. Every nice derivation is locally nilpotent.

Clearly, every y-elementary derivation is y-constructible. The following result of

van den Essen and Hubbers implies that every y-constructible derivation is y-nice:

Lemma 3.3.2 (Proposition 2.2 of [11]). Let v = (X\,...,X,) be a coordinate
system of B = k™ and let Dy, . .., D,, be a constructing sequence such that D; D(X;) =
0 for all Dy, D, € Dy and all i. Then D1Dy(X;) =0 for all D\, D, € Dy, and all i.
In particular, each D € C(Dy) is y-nice.

Proof. Clearly, we may assume that m = 1. Let D,,D, € D,. Write D, =
S, firDyry Dy = ¥, f2r Doy, where Dy, Dy € Dq for all 7 and fir, for € BYo,
Then '

DiDy(X:) = ) firDir(f2s D2s X:) Zflrfz,olruz,()c) =0.

s

Thus the following implications hold:

Corollary 3.3.3. Let B = k™ and D € Der(B).
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1. Given a coordinate system v of B,

D is y-elementary => D 1is y-constructible = D 1s y-nice.

2. D is elementary = D is constructible == D 1s nice.

We now consider the converses of the implications of 3.3.3. For B = k" and
D € Der(B), the situation is as follows:

n || Dis y-elem. <= D is y-construc. | D is y-construc. <= D is y-nice
1 true (see 3.3.4) true (see 3.3.4)
2 false (see 3.3.5) true (see 3.3.6)
3 false (see 3.3.5) true (see 3.3.6)
4 false (see 3.3.5) ?
>4 false (see 3.3.5) ?
_?'_.l D is elem. « D is construc. D is construc. < D is nice
1 true (see 3.3.4) true (see 3.3.4)
2 true (see 3.3.7) true (see 3.3.6)
3 true (see 3.3.7) true (see 3.3.6)
4 || essentially true (see 3.3.10, 3.3.9) ?
>4 false (see 3.3.11) ?

The paragraphs below give justifications for these claims.

3.3.4. Suppose n = 1 and let ¥ = (X) be any coordinate system of B (B = k[X]).
Then every 7-nice derivation of B has the form D = Aga)? for some A € k, and hence

is y-elementary.

3.3.5. If v = (X1,..., Xn) (where n > 2) and D = (X, — X2)(3% + 5%;), then D is
y-constructible but not y-elementary. Hence, when n > 2,

D is v-constructible = D is y-elementary.

3.3.6. Let n = 2 or 3, let v be a coordinate system and suppose that D is ~y-nice.

Then D is «-constructible.
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Proof. By Remark 10 Remark 15, and 1.1.5 8(b), we may assume that D is irreducible.
When n = 2, let v = (X|Y). Write D = P3/0X + Q3/8Y, where P,Q € B and
ged(P.Q) = 1. Now D?X = D?Y = 0 implies that PPy = —QPy, PQx = —QQy.
It follows that P and @ must be constants. So D = ad/dX + b3/3Y, a,b € k, which
is y-constructible.

When n = 3, let v = (X, Y, Z). Since D is y-nice, part (3) of 2.4.4 shows that we
can make a linear change of variables, say v = (X', Y’, Z’), such that

o 0 N O
D= f(. )W-i-g(X)b?;.
Then D is v'-elementary, so that D € C(+'). We know from 3.1.6 that C(vy) = C(v').
So D is ~y-constructible. O

3.3.7. Suppose that n = 2 (resp. n = 3) and suppose that D is constructible. Then

D is elementary.

Proof. We have rank(D) < 1 by 1.2.2 (resp. 3.2.3), and it follows that D is elementary.
O

In order to justify the above two tables, there remains to consider whether or
not (when n > 4) constructible = elementary. We will see that this implication
does not hold, but we will also see that the question is more interesting if we replace

“elementary” by “pseudo-elementary” (definition below).

Definition 3.3.8. Let B = k{™l| D € Der(B), and recall that we may write D = aDj
where @ € B and where Dy € Der(B) is irreducible. We say that D is pseudo-
elementary if D, is elementary and D is locally nilpotent.

3.3.9. Let B = k[U,V,X,Y] =k and D = (VX - UY)(U%,— + V). Clearly,
Dy=U aix + Vg’,—, is elementary, so D is pseudo-elementary. We claim that D is not
elementary. Indeed, assume that D is elementary and choose a coordinate system
v = (X1, X2, X3, X4) such that, for some s € {0, 1,2, 3,4},

E)
D=Zfi(X1,...,X,)5y.

i>s
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Then VX — UY must be a common factor of the f;; in particular, s < 4 (because
D 7‘-‘ O) and VX - UY € k[Xl,X2,4\’3]. So

B/(VX -UY)= R[X,) =R  for some ring R,

or equivalently the variety in A* defined by “VX — UY = 0" is a product S x A' for
some surface S. This is impossible, because the variety has an isolated singular point

at the origin. Finally, note that

{baT’ 'aiy}’ {DO}v {D}

is a constructing sequence, so D is constructible (but not elementary).

Proposition 3.3.10. Let B = k¥ and D € Der(B). Then D is constructible if and

only if it is pseudo-elementary.

Proof. The implication from pseudo-elementary to constructible is easy. We only
prove the converse. By part (2) of 3.2.3, we have a coordinate system v = (X,Y,U, V)
of B such that DU = DV = 0 and D is y-constructible. Since D is y-constructible,
we have D2X = D?Y = 0. Applying 1.2.15 to D, gives

i} 0
so Dy is y-elementary and hence D is pseudo-elementary. O

3.3.11. Let B = k[XI,XQ,Xa,X4, X5] = kBl and

, 0 d 0
T = (1+X4X2 - .5X3)6X1 +X56X2 +X46X3.

Then T is constructible but not pseudo-elementary. The proof is given in the next

section.

3.4 An interesting example

We refer to the derivation 7 of 3.3.11 as “Winkelmann’s derivation”; our main goal,

here, is to show that it is constructible but not pseudo-elementary, and we will also



CHAPTER 3. CONSTRUCTIBLE DERIVATIONS 51

review some of its other properties. Winkelmann’s derivation was given in [27] for
other reasons, and it was noted in [11] that 7 is constructible. The material presented
in this section is not new, except maybe for the observation that r is not pseudo-
elementary, but we include it here for the reader’s convenience.

Note that 7 is irreducible; consequently, “elementary” and “pseudo-elementary”

have the same meaning for 7. Our proof that 7 is not elementary requires the following

results:

3.4.1 (Theorem 2.5 of [7]). Let D be a locally nilpotent derivation of k™ of rank
at most 2. If D 1is fized point free, then rank D = 1.

3.4.2 (Theorem 2.1 of [12]). Let D be an elementary derivation of B = k™. If D
is fized point free, then rank D = 1.

Remark 16. See 1.1.7 for the definition of “fixed point”. In 3.4.2, if instead of assum-
ing that D is elementary we only assume that it is constructible, then the conclusion
is false. (Indeed, this section shows that 7 is constructible, fixed point free and of
rank 3.)

We will need to find generators for ker 7. For this, we use an algorithm of van
den Essen (10] (or [12] for a brief description without proofs). We now review this

algorithm:

3.4.3. Let D # 0 be a locally nilpotent derivation of B = k[X,,..., X,] = k{*l.

1. Choose an element a € B such that d = Da # 0 and D?a = 0. Let s = a/d €
Bld~!] and define

21 .
b = Z ﬁ(—S)JDJX,'.
j=0
Since D is locally nilpotent, there exists e; € N such that
r; = d*b; € B.
Define Ry = k[ry,...,Tn,d]. Then it is shown in [10] that

Ry C ker D C Rold™'].
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2. For each m > 1 define inductively R,, as the k-subalgebra of B generated by
the elements g € B such that dg € R,_;. Then we get

RyCR C---CkerD and kerD=|J Rn.

m2>0

3. Each R, is a finitely generated k-algebra and can be computed as follows:

suppose that R, = k[F},... ,Fj] (m > 1). Put
I(F,...,FF)={PekT,..., )| P(F,...,FR) € dB}.

Then I(Fy,...,F) is an ideal in k[T},... ,T;] generated by a finite number of
elements, say P|(T),...,Py(T). By definition this means that P,(F,,... ,F}) =
df; for some f; € B, all i. It is shown in [12] that

Rm=k[F\,...,F, f1,... . fi]-

4. If ker D is a finitely generated k-algebra, then ker D = R, for some r € N (and
R, = R, for all n > r). Conversely, if there exists r € N such that R, = R, .,
then ker D is finitely generated k-algebra and ker D = R,.

3.4.4. The following hold:
1. T is constructible.
2. T is fized point free.
3. ker T = k[ay, as, a3, a4, as), where
a; =X1 X5 - Xo(1+ XXy - X3X5), a2 =XaXs — XoX,,
a; =Xy ag=Xs, a5 =X1Xs — X3(1 + XoXs - X3 Xs).
4. rankT = 3.

5. T is not elementary and T has no slice.
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Proof. 1. Let Do = {3%-, 3%, 57} Then define

3] 0 d
=155 Xogx; T Xeax b
It is clear that the two derivations in ®,; can be derived from D, in at most one step.

We claim that 7 can be derived from D, in at most one step. To prove it we need

only show that

3 0 0
1+ X4X2 - X5X3 € ker 8-.-){: N ker(Xsa—X2 + X4a—.X3)

This is straightforward. If we take ©, = {7}, then Dy, D;,D, is a constructing
sequence and consequenly 7 is constructible.
2. This one is quite simple. Note that

TX[ - XQTX3 + -X37-X2 = 1.

So 7 is fixed point free.
3. To find the generators of ker 7, we use van den Essen’s algorithm 3.4.3. Take

a = X, then d = DX, = X5 and s = X3/ Xs. We have

= XiXs — Xp(1 + Xa X4 — X3X5)

ro=10

r3 = X3Xs — X2 X,
re = Xy

rs = Xs

Ry = k[X 1 X5 — Xo(1 + X2 Xy — X3X5), XaXs — XoXy, Xy X

Next we want to calculate R;. According to step 3 of the algorithm, each f € R,
satisfies that Xsf = P(ry,r3,74) for some P(Ty, T3, Ty) € k{Th, T3, Ta). So

P(Tl,"';;, 1‘4) =0 (mod Xs),
and then P(r; (mod Xs),r3 (mod X;),r4 (mod X5)) =0. That is

P(—Xz - X4X22, —X2X4, X4) =0.
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Now we consider a map

k[Ulv U27U3] E) k[XZ) X4]

U]_ = —X2 - X4X§
U2 > —X2X4
U3 —> X4

The image Ima of « is a subring of k[X,, X}], so it is an integral domain. What is
dim(Ima)? Clearly dim(Ima) < 2. On the other hand,

(=X2 — X4 X2) = (- X2 X)) X2+ X, =0,

which implies that X, is algebraic over Ima. So k[X>, X4] is algebraic over Ima.
Thus dim(Im a) = 2. It follows that ker a is a prime ideal of height 1, so a principal
ideal. It is easy to see that

(= X2 — XaXH) X4 + (- X2X4)? — (-X2X4) = 0.
This means U U; + U2 — U, € kera. So kera = (U\Us + U2 - U,). We take

f =X rira + 12— 13)
= X1X4 - X3(1 + X2X4 - X3X5)7'

then we have
Ry = k[7'117’3,1'4,7‘5,f]-

Then we must calculate R,. Every g € R, satisfies Xsg = Q(r1,73,74, f) for some
Q € k[Uy,U;,Us,Uy] and such a Q must satisfy Q(r; (mod Xj),73 (mod Xs),74
(mod Xs), f (mod X5)) =0, i.e.

Q(-X, - X4X§, -XoX4, X4, XiXy — X3(1+ X2X,4)) =0.
It follows that, if we write @ = 3_, Q:(U1, Uz, Us)U;, then

Qi(—=X2 — XuX3,-X2X4, X4) =0,
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so @; € kera (for all t). Hence Ry = R; and kerr = R;. This proves the third
assertion.

4. Let’s calculate the rank of 7. It’s clear that rankT < 3. To prove that
rank 7 = 3, let A = ker 7 and consider the morphism ¢ : Spec B — Spec A determined
by the inclusion A — B. Let oy, as, a3, a4, a5 be as in the third assertion, let R =
k[Y1,Y2,Y3,Y,, Y] and let 4 : Spec A — Spec R be the closed immersion determined
by the surjective k-homomorphism R —+ A, ¥; = a; (1 < i < 5). Since dimA = 4
and and dim R = 5 the kernel of R — A is a prime ideal of height 1, denote it by p.
Notice that

aqas — ooy —ao(l +a3) =0, so YiYs - VY - Y (1+ Y,) € p,
and this polynomial is irreducible. Thus
p=(YiYs - Y1Y3 - Yo(1 + 12)).
We know that-Imy = V(p). Now consider the morphism
Yo :Spec B — Spec R.
This is a morphism from A5 to A3. One can check that for each point z = (zy,... , Ts),

Y op(z) = (en(2), - - , a5(2))-

It is easy to see that the point a = (0, ~1,0,0,0) € A% belongs to V(p), hence to
the image of 1. We claim that a is not in the image of ¥ o ¢. To see this, suppose
that @ = ¥(p(z)) for some z. Then z, = as(z) = 0,5 = a4(z) = 0. It follows that
az(z) = 0. but az(z) = a; = -1, a contradiction. So we have a point

a €eImy\Imyoyp

and it follows that ¢ : Spec B — Spec A is not surjective. To prove that rank 7 = 3,
assume the contrary. Then rank7 < 2 and, since 7 is fixed point free, we have
rankT = 1 by 3.4.1. Then B = AlY and in particular ¢ is surjective, contradicting
what we have just proved. So rank 7 = 3.

5. From the proof above, we can conclude that T has no slice. This is obvious
because if there is a slice, then B = Alll; but we already know this is not the case.
By 3.4.2, T is not elementary. - Qg



Conclusion

This thesis studies locally nilpotent derivations of polynomial rings.

Chapter two classifies locally nilpotent derivations D : k[X,Y,Z] —
k[X,Y, Z] satisfying D2X = D?Y = 0. In the special case where D*X =
D?Y = D?Z =0, Proposition 2.4.4 shows that D is elementary.

This leads to the investigation of the relationships between elementary
and nice derivations (where D : k[X,..., X,] = k[Xy,...,X,] is “nice” if
D2X; = 0 for all ; note that all nice derivations are locally nilpotent). Chap-
ter 3 is devoted to that question. It is clear that all elementary derivations
are nice, and Proposition 2.4.4 essentially states that the converse holds in
dimension three. Because this result does not hold in higher dimension, it
is natural to introduce an intermediate class of derivations, namely, that of
“constructible” derivations. The implications

D elementary = D constructible = D nice

are fairly obvious, and we considered their converses. In dimension 3, as
mentioned before, all converse implications are true. In dimension 4, a con-
structible derivation is “almost” elementary (pseudo-elementary). In dimen-
sion 5, it is shown that an example of Winkelmann gives a constructible
derivation of k[X), X3, X3, X4, Xs] which is not elementary or even pseudo-
elementary.

Also worth noting is Corollary 3.2.3, which states, in particular, that
constructible derivations of k[X), ..., X,] have rank < n -2 (if n > 2).

The structure of locally nilpotent derivations of polynomial rings is very
complicated. It is therefore good to restrict the study either to low dimension
or to some special classes of locally nilpotent derivations. In dimension 3,
as mentioned in Chapter 1, some properties of these derivations are known,
but there are still many open questions. In dimension 4, very little is known;
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for example, it is not known whether all “nice” derivations have finitely
generated kernels, or whether all of them have rank strictly less than 4.

Another aspect of locally nilpotent derivations of polynomial rings is, as
mentioned in Chapter 1, their connection with Hilbert’s 14th Problem. By
the recent work of Freudenburg and Daigle, Hilbert 14 is open in dimension
4 only. Another recent result of the same authors states that a triangular
derivation of a polynomial ring of dimension 4 always has a finitely generated
kernel.

In the last few years, some remarkable progress has been made in the
study of locally nilpotent derivations, but there are many questions we still
cannot answer. One very interesting question is certainly to determine
whether or not there exists a locally nilpotent derivation of k[ X1, X2, X3, X4]
with non finitely generated kernel; another one is to completely describe the
locally nilpotent derivations of k[X,Y,Z]. We tend to believe that these
problems will not be settled in the near future.
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