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Abstract

The aim of this thesis is to formulate modele;of N
. - : 4 L .
first order theories in categorical'tzfme. In the first'
f

chapter there is a brlef descrlptlon Lawvere s theory

4

‘and'Volger S loglcal category., It lS poihted out that ln
‘ l
Volger's formulation only a certain ¢lass of model homoé'"

. morphism is represented. Ih\theﬁsecond chapter the haéic
hotion’of this thesis, the ‘theory category is defined.
It‘is shown that a full subcategory of set valued functors !

from the theory category, which consmsts of functors

."b’

-correspondlng to models (called model functors) ts isomorphic !

- to the category of models and H-homomorphisms. It is also

/

shown that a certa}n factorization of a functorﬁcorrespondlng

J

d'
to a structure is;necessary and suff1c1&nt for the stnucture

to be '‘a model. In the thlrd chapter there is glven a
categor%cal characterlzatlon of functor% 1somorph1c to

El

moéel functors, for certain cLass—of theory'categorles.

There.is'shown-via thié characterization, that a category -
) of models gnd certaln homomorphlsm is closed under flnrte,y
Products and- flltered COllmltS. S : R o A
N . ) ":'..._‘___H.h ' .
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A

Chagter I

5 . Introduction

B

'The categorical formulation of models for algebras -

which are deflnable by equatlons was glven ‘in (437, and lt

4. C’/}

can be descrlbed as follows.

3

-

A skeletal category (2L is called -an algebralc theory
Cif it eatlsfles the condltlons.. - 7 (t
C?thas finite prodicts and-a ‘terminal object.
‘2. There is an object A in OL such .that for
| any ogjectjxlin CZL;whicH is not terﬁf%al .
,

¥ = 1T A for some n. i §
A S o

.

A functor F between algebralc theorles Ol and OL is

called an algebralc functor if: . s

-

oL 1. Flpreserves finite, products and the tetminal
'object, | :
2; F(A) = A'. .
The cat.gory of algebraic.theories‘and-algebraic functors ‘ .
will be%Lehoted A7 ' | - \
"Let N be the discrete category of natural'numﬁers. b
Any functor from'N to the category of sets will be called

© an algebralc type. The category of algebralc types and

—_ -

natural transformatlons Wlll be denoted G type.

iy . * Define a functor_uo: A -~ O-Type as follows:

]

E

:

P u (Ol () = OLa®, a1 for (e obj(A)

: " . ! .

% , Uy (F) (&) =7y for d: OB » O Remor (A)
! and .. t ¢ (JlﬁAn; Al.

e



< ¢
?hen there 15 a functor U : 40-Type + A, which .is left

i adjoint tO UO (cf. 161). For'a given I ¢ ij(O*Tybe),

]
E Yy (Z) can be defined as follows:

o obiwen = @ A, A%,
é ‘ h':' (a®, ™ = (T(a)™; .

L where T(h) is the set of all n—argrment terms io the langd;ge

i

.. of type L (i.e. khe free word algebra on n generators) 3
The composition of morphisms in W (Z}. is deflned to

m

be éubstitution of terms i.e. if (t £ ) e (A", A"] -

l,'-l
'anq (sl,...,s ) € [A , Al 1, then (t .r:,tq) o) (Sl’f"}sm)-T.
(tl{S ,...,S),---'t (51'---,5 ))-

In other words U (Z) ‘is the~free algebraic theory

'generated by the set of morphlsms

{os n—‘%A.lnENro'Gz{n)}- . .

U Or R A U

Now, let E = {t = s | £, s ¢ T(n), n ¢ N} be the set

: - £
of all equatioﬁﬁ of terms-in the 1a§guage of type L. For

THip

v

E < E define ~E to Be the smallest-congruence in the category

e \

(L) (an equlvalence relation R is a congruence 1n a category

C if R ¢ U.C[X, Y] and R preserves composition of morphisms)
X, YeObj{C) ’

'which satisfies the conditions: - N

] 1. if t = s € E, then t ~E s - —

2. ~E Presrrves products, i.e. if t; ~ E s;

i = Le..m, then (t tm) ~ B (s

l""' /l""’sm)'
Then thé gquotient category VO(Z)/~E is also an'algebraic '

pi Vo(2) > Vo () /oE

theory, and the ;?nonical'projection-ﬁ




rd

is an algebraic functor.. Every product preserving functor

. from U (Z)/~E to the category of sets is an algebra of

"t

A ]

type Z in which all equations from E hold Moreover, lf ¥

[}

2 .
1s a natural transformation between two such functors, then

-

WA is a homomorphism between the corresponding algebras.

Mathematical structures which are not definable by
\' -, ' . ! . . . . . )
equations cannot be described in this way. The elementary .

theories defined in (8] are generalizations of algebraic

\
theonies and allow models of an arbitrary first order theory
to be expressed in categorical terms. Below we present

" the main ideas " a

A c tegory ¢£5 is called a boolean category if it

)satisfie%*the conditions:
1. {15 has finite products and a terminal object

(The unlque morphism from an object X to

oy

I Will be denoted by 'X) )

2. There is an object ( and morphisms I 9 Q,
"~ 1 %qin J; sucn that
o 1 : o, T
- I“\\ S . ..

. :isz is a coproduct.” -
170 R — _j,/

. 3., " For any object X in ;15//

//‘_/ ‘I . ) . ‘ . o o
‘ X — N
.l - . ) ldx; lx) , N
. X x @ is a coproduct.’
'(wherellX =10, 0,=00"').



» , -4 -
A functor F between boolean categories -E; and ~Bﬁv

LCalled a boolean functor if it pneServés finite produets and

Epe terminal object and F(Q) :lgr'-p(l) = 1! and'FTO) = 0-_

Define morphisms-‘ﬂ .V in !ET to be the unlque “mor-

phlsms determined by the follow1ng dlagrams. T

R "
TN TN

/4{/ A2 %
1 o
, § . \ iég' ‘ e
ldQ'lQ) o ! {
o x A 2 g *
Q ldQ' OQ)

' It can be shown that 2, with morphisms OﬂwilQ; =, v, Als a
. . . E . . %
- boolean algebra object in.JS‘; (For example: v.o {0y, 1)

v o (id 1g) 0 0g'= Iy o 0y =/l Y. Thus, for any

s Q" o Ig 2 |

. [

XeObj (y) [‘sxgiaii\ihboolean algebra, and therefore IQK;
- can be regarded as ‘ap 1ally ordered category ) )

t
A boolean category jk} is a 1oglcal category lf for

_'any £: X + Y ¢ Mor(-& ), there is a functor.. 3 between )

the partzal%y ordered categorles (X, Q] and EY, 2], such

— ~

Y-

e

2

\

. h . . ' .
A AT KR R & 25 A NS L AR T S P AT e - T e R G (A S P M T £ P2 S N G M S AT A Ml e e W 1

\

i T T




‘that'_ N . . ‘. + B .-l

' 1. ;3 [X Q1 -+ [Y, Q] leleft ad301nt to the S
. s v .--..
i functor a o £: [Y, 21 » [X, Q1 7 .
: o 2. aidy- xfz(g) o-_(flxldY_,) = Hid - (g o (flndY ))
- ' .. l : . 2 , - X-] 2 - 2
2 f ] . PR ) .
tor”fi: X, > Yi_ i ;_},’2 and g?AY%;x[Xé?f Q.'
“in o . . -7 ﬁ
T DU 4y = 3 q ity 0
Coo 3 Fhagxaa g o 1Y) = Ty iy 0 B

for f: X » ¥ in ofF .

A boolean functor F between loglcal cateqorles JS <43

‘a logical furictor if r(3 @)y = HF(f)(F(g)) for £: X + ¥,

g: X »~ Q ¢ Mor(aE' ). A loglcal category -6' is called an

- e
. N .

elementary theory lf “

ll. J; is skeletal and

2. ‘there is a basic object A in J;,.éuch that
for any X ¢ Objéyé;)}-x'x.I-there'exist n}
. F 4 S ,
m e N, such that X = n‘x‘ﬂm

-

A logical functor‘between elementary theorles 15 called a

¢

theory map if it preserves the b351c object. '.f‘ ' ':. I

' Any functor from the dlscrete caﬁegory N x .2 to the ;' o

o cetegory of Sets i5 called a relathnﬁi type. The category .

, of relationél}typeé‘éna naturel'trénsformations Yill be . ..
denoted Type) 7 - : . i | | '

Let B-be the category of elementary theorles and theory .

- :maps._ Define alfunctor U: B + Type ag follows.

- . i)



el e R T e

L Rt

it}

LAy

U(«E‘)O(n)
U (-5_ Yq(n
U(F) 4 (n) (1)

L U(F) | (n) (P)

;5._' R “%\

-_5 [a%, al for_' . '&'e Obi(B} moe N

o i o

(]

oGran,. oo |
I‘(t) for F: '5' [ € MOr(B‘) t e 'g_[Afl, Al
Flp) (7. ot P e &rial, &

4

.

o

Then, there_is a functor V: Type .- B, whichiis left adjoint

7

€0’ U (c£. [81). o .

"L
()

“{p:

first order language of type £ in the follow1ng'sense

NN

Y-

morphisms {0.

Let I be a given relational type, tnen'tne'categery‘

is. the free elementary theory generated by the set of

n+A_,] g € E (n),-ncN} u

A-\»Q |-P-eE (n),ncN}

The set of all morphlsms of V(L) can be regarded as a

err

d nelN, te [al, A], F e [A" ' QJ, t is h term of rank n (i.e.

1t is 1nterpreteﬂ as an n argument fUnctlon) and F 13 a

..

formula of rank n (i.e. lt is 1nterpreted as an n- argument

.‘predlcate)

k)

Yy
. formula. of the éame'rank;-then the expression

(,0) o (id

l; if t, are terms of rank n and F is a

n-aF) is a term of rank n. It is

. 2 A o
\\\\ interpreted as the conditional  term:

[}

-If F then ty, else t.. .. . 4

*
2° - : e

A

'2.' if t lS a: term of rank n and F'is afformula
. v ’ : ‘
of  the same rank “then the expreSSLOn 3 E‘

is a- formula, and 1t is 1nterpreted as the

1magelof F through t. . ‘ "" L

Thls language dlffers from- the usual one because



=T -

]Ordlnary exlstentlal quantlflcatlon can be expressed as

-

an 1mage along a progectlon from a product) 1

Pa

aP q . > e L
{ Any morphlsm A, x A" ox Q7 in, U(E) is unlquely
,speoified by 2™ morphisms'A‘ -+ Ap x 3 (51nce _ T
o m . . .
n L] : oo n :
AT x Al ) and hence by 2™« p. morphigms A" +/A and
. .. l l . ‘ . v

et o
; . . /
3™ x q morphlsms An + Q. ‘ e .
» - .h .
o On the other hand 1f‘there lsiglven a first order. %

.-language_of type z, whlch contains condltlonal terms andﬁ

[y

extended Quaptification (i.e. the\%hantlfier is interpreted-

as image) then morphlsms in V(ZI) can be\deflned as
e ™ & p +'@ x'q tuples of terms and formulas, and the com-
.pOSltlon of morphlsms is. substltutlon 15 terms and formulas..
Now, ié£ T be a setﬂof clos?d\formulas (i.e. formulas
of rank O) of thls languagej‘ Défine

“To be the smallest -

congruence in: the category U(E),'whl

\l\ —

tlons; o . ) T -

. . e
satisfies the ftondi-

- - Ay

-

1. - 1f E € T then F ~T 1,
2, ~T preserves finite products

A

3. “wT preserves-coproduots of the form X ;‘K{.

' e Ce -ty si‘
i.e. if t. ~T s, i, =1, 2, thén‘ﬂ H) ~T (_7)

‘ 1 t2 S,
T ~ .

4. .1f t ~T s and F ~T G, then ;;F ~T ;; G.
Then the quotlent category U(E)/~T lS also an elemen-
 tary theqry (of. [8]), and the canonical progectlon Mo
v(I) =+ Véif/~T is a;theory map. Any theory map from

V() /~T to an-eleﬁehtary theory, which is a full subcategory

Fa ' ) } . 4




of SetS‘lS .a- mod&l of T

. /'} L.

E Before dlsqgii;:? propertles of natural transformatlons
betweep'modellfunctors, consider the.follow1ng deflnltlons.
- et TR and Y[ be two“structures’(see.seetion 2) 'of type

'L and- 1et H be a set of formulas A function

ITNiJ i Iqﬂr| is an Hs homomorphlsm (cf. [2]) if it is'a

homomorphlsm with respect to all operatlons ih‘Eé (i.e. for

/ ™~ . . ) ] r
a texm t of rank n., _ '

h o 'mﬁrtf1 :'-‘?Lrt.‘ o h" | - ' )

-
b

and for any formula F € H of rank n
h (ml“F } o 'If'" - ." . -

If H is the,set of all formulas,r then it follows that h is:

a monomorphism and - ’31 is an elementary exten51on of h(?ﬂl)

(a’' moded rﬁl is an elementary extenSLOn of a model ’Fl
l'ﬁi | < |1ﬂ | and for any formula F and a in the universe
' !

of T[ a e 'T( Fiff a‘e TZ'F (cf. [‘7])’5

gpw, let.%Tz ‘11 V(£)/~T + Sets be two model functors

and let there be a natural transformatlon Ve 'FTl 11- For

.any formula F of rank n the follOW1ng diagram commutes

&

I ’ : } . ] n
Rl = = .




. © T (1) .
(D) ST
MN(1) : ;"’Z(Q)‘ o
- Y1) |
V4 - ’ )
. r ¢ . - ' -
] 1 m ’, . ‘
P (0)
_{’ WUUT) — AT
‘\\_ ) c
Y1 L. ¥g

.th

T - i pfoj - S
W™ ~ Ten® > T -

An l_° i . ] . ‘ \ijA

_ ] - _

Meh ~ (@™ —x > V(a)

. ' i7" proj -
.G - -
L P 1 N . ’r-
mo ’ . .
commute. ; «

Thus DUE) o-(¥0% = ¥, o WL(E) . Now let a ¢ W'F',
_ \ o - . . -
then 'UTt (F‘),(a) =. l’m, ] _‘PQ 0 m (F) (a) = l'fl , SO
’W(F) O.A(‘PA)‘n(a) = l-\n : 30 (}PA)n‘(a) € "ﬂrF-‘_.' Thu?
(wﬁ)n(Wﬂl'é‘) S ‘rlrF’ and. this meané that natural tran$4

formations between model functors are inclusions in elemen-

+ Y
tary  extensions. .

it was the main aim of this work to describe a farmu-

N, . . . . .-
~ N . -

-g-‘
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‘Chapﬁer II
N . Theory Categories ' . '

PO - e

I ’ e - : -

In sonfe respects, the flrst order language and the ‘
theory c@tegory are’ formulated in thlS chapter 1n a ;ay
’smmllar to that of [8]. The.maln difference is in exgres~
sing formulas ds ‘'subobjects not as characterlstlc functlons.
Thls latter idea comes from [1]. . |

1. Relational types | ;‘

¢

Any functlon Z fgpm N-x 2 to sets, such that all sets.

£o (0): L (l):---'El(O), I (l),.;. are disjoint and‘El(O) = {1}

wigl be called a relational type. Elements ogfzo(n) are -

called‘n—ary function symb0153 and elements of I (n) are -

called'néary'predicate symbols. ' In the follewlng it w1ll

be assumed that I 1%ra frxed relatjonal type

2. Structures ' . ' - L l |

¢ -

r.-

Let A be a nonempty set. -ah interpretation is a
function whose domain is the set (j' Z,(n) u L) Xy (n)y L
| . —" a0 o §€% 1 N
'sucK that if f « Eo(h) then £ : A™ + A (i.e. T¢'.is an '
T

n-ary function), if P EMZl(n) and n. = 0 then 'P' < A",

and 71" = AO.
] I ’ \A '

Y .
The pair % (a,*" ) will. be called a structurevof h

~

type I (or eimply a structure). . The set A is the universe

of the struéture Cyly

"3. The Alphabet

As usual the alEhabet of a first orderrlanguage is a

.~

disjoint union of a set V of lnd?v1dual varlabl Eymbole,
| =
o , Sy

-



. conditions:

- S kg'_ | : }?

y ‘
‘a set F of functlon symbols, a set P of predicate symbols,

~aset L of loglcal symbols .and a set A of auxlllary \

_symbols.- In the follow1ng alphabet will COnSlSt of the

a

symbols:
1. V

Lj V*(n) where
n—O %

~ . ! 4

V‘*(n) = V(n) y {pg} - . o
’ {pl,...,p}lfn"‘.ﬂ
Viin) =

. ' g- © ¢ if n. 0
2. F = "} Ip(n) T
} IIL;)() 0"
’ o . [
3. P o= 5 Zy(n)
n=0 1
4 ‘L :'{""-1' V, A, 3} . . :
X ‘ .. ) \J
5. A= {{,)} A o ,
) . o gl T . ' . .
The interpretation h wil}l be jextended to the set V in the
following way: .
1. for p? ¢ V(n)" - s - .
P n o . . ' . th . .
: p;,t A -+ Alis tﬁé projection on the i axis, i.e. .
.‘ i HE—- s . ‘ . - ,\
I . S e ’ /
~ Py (al, seer o @y) =;ai.foF_alf ~eer @, € A .

2 Fm . . - . , - n 0
. Pg is the unique function from A" tg A

4. Terms C L

Deflne the set T of(prgper terms as follows: T = CD T(n)
- = ", n=0
where for each n, kfn) is the\smallest set satlsfylng the
' - o !

- [

1. ¥(m) v I, ) < T(n)

2. if tfb""' t_ € T(nf,and £ ¢ T(m) then. : -

Tl

-



"3...1f t e T(0) then t(pgx e'T(n):

Elements of the set Tx = T U_CD {pg} will be called terms,
: : ' n=0 . T '

;L”*ﬁ\-. The interpretation ™" will be extended to the set of
_térmg in the following way: S Jﬂ

1. if\tgf T(n} and fl‘ ey tm\e TLp); £hen

Teley See g 20 g, L "1 ) (where
r.n LS % Y , ' : "
(,t1 roestes tm ) denotes the product function) i.e.
! ‘ i
I S R o I K (] \
t(tl..i.ﬂ. tm) (a) = £t ( tl {a), ..y rt; (a{) for a;l
a € Ant .‘ * T - -

. r b T . '
2. if t e T(0) then t(pg) 1s an n-argument constant functioh,

r " R
. n B r" ., . . )
such that t(po) (al, ey an) = £ . .. ‘,‘T.'
: 5J“~Formu1as‘
-~ Deflne the set F of §§\ﬁulas as follows: LJ F(n)

where for each n, f(n) is the smallest set satlsfylng the
. conditions:

1‘ ) ,
1. "I;(n) < F(n) .
.oow -l . ! '
2. if ty, ..., t_ e T(n) and F ¢ F(m), then | (
;. Flegi-.... t ) e F(n), o
3. if F ¢ F(0) then F(py) ¢ F(n),

| /’ 4. if ¥, Gﬂe F(n), then = F, AFG, VFG ¢ F(n),
1 .

. "/_ 5. if n = % Pt € T{m) and F ¢ F(m)
/ ; then 3 ? ' (F) e F{n), . . -
/ E ‘-»-- t
/ 6. if n ‘0 and F ¢ F(m), then ;J (F) e F(n).
/ “pg
s ' - | Py

Any subset of the set F will be called a theorg.

 The interpretation "1 will be extended to the set of
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formulas in ‘the follewing way:

s

1. if ISRAREEY, t, €. T(n) and F ¢ F(nm), then
r . v |
F(tl ..... t ) < A" and a « rF(tl P

" P o | ‘ ’

i\f\f ey @, ..., "t'r‘n (a‘).) e "F'  (Thus
! o
) T

1 e is the'inverse image of

‘ gf\by the product functlon (e ,f;..} rhm ))

1

n

A ”'i i e 0

) . ' : r - £t F =-A
2. if F-e F(0) then F(pg) = o :
- g if TF' = -

3. if P, G < F(m), then r_-iF" =AM '-F-"

_ Lop? - rFﬂfu ra
F : ]
| e FaFGY = TF' q TG
4. if F e F(m) and tl, s--+s £, € T(m), then
r rY e
Ht tn“(F)' SRS RARKEY tn V() =
/{( @, s TE @) 1 a e TEL
' ' : ' - F = A g TF s g
5. if F.¢ F{(m), then :; ﬁJF) = . ey
S © Py o\ if 'Fl= g

w
- -

6. Models

A structure CL is a model for the theory T if for all n:

if F € Tn F(n) then el - IC2L|

/

Let K “denote the class of all models for the theory T.

~

A formula F ¢ F(n)las a semantlcal consequence of- the theory T

-.in symbols }-=F ~ if for alI ?e KT TP = IOLI . The |

will he denoted Cn(T).

set of all formulas F such that F=

7. Abbrevmatlons
) 1

In the sequel'the following symbols_will be usegvas

f’\
ol

,abbrev1at10ns of formulas or parts of formulas.

for F, G ¢ F(n): ( o . ' (o



; S °
- 15 - ; St
l. F v Gwill denéte ng“

2. F A G will denoﬁe‘nﬁG

3. F + G will denote ~F v G

4. F <> G will denote (F +-G) A (G » F)

For F,, }.., F_ e\F(n):
n

19)]

L. Fyowill denote/f V... VF_

=1 . e
‘n \

v Fu w1ll denote |

-1 _ i E n

|_l

. . . n ’
7. ln will denote lgpo')', where 1 ¢ El(O)
8. 0 will denote=1, Oﬁ will denote'ﬂln
For any structure 0]; (of type Z)

_ln = 1(P0) = {(alr s an) € - A
| LT rpg1(al, a') e LT } -.IClen,‘p

fu
ol
-
S
I
-

9. 'for t; s ¢ T(n)
£t = s will denote :J 1P1(l )(t s}

Py J

For any strdcture L, Tt = & =

: r ‘ - '
€ Ialn ] ("t"' "'s-l_) (a) ¢ »lepl(ll) } =

o o TRPY
aec 1LY (@, T @ e

g | B o T : ’ - .\
. r-
cpy » P ) UCRDY = ta « [OL? | Tt -
?%1(a)} ' . | : -
10. for tg, é;'e T(n) 4= 1, ..., m.
- : m -
_ ty- 1""tm-5 Syr eend sm.will denote {:} t; = s,

11l.° for natural numbefs Myr =~ / my s~ i < 1is k.

(m, , "f’.Ei'_f"' mk) will denote: . - S



12,

13.°

= 16 - :
My oy ) +m}f \
p . L8 erey P ' - ifm, =0
My +e.atmy o+l My+e..tmg: : *
o N '
My +. .. +my

thus for an

(ml, ceer Myy L., mk) is thevprojection:

l]C’L ooty //)lcjilmi.

- ifm :.0’ -

P " ' ’ - .
0 -~
structufe le . o

a) .Eor example, let a be the formula &
: X (F (p m+n+k . m¥n+k)) E
m+n+k m+n+k Py - vt Prun *
m+l 7 TN Fmgn

According to definition 11, o« can be

‘"expressed as: |

i Flme oz w0,

[N

exist m and k such that F(m, n)" which
)

-

This last expression can be read as "There

‘agrees with the intuition attached to the -

formula o<

) If m * 0 then the symbol (k, m, m) = (k,
1

~

¢
~makes sense and in any structure CﬂL

“k, me ™ = (k, m, W= {(a, b, c) e

°-10L|k*“‘”‘? I b =_c}

To make the symbol (k, m m) = (k, m, M)

meanlngful for any m, pg z pg will denote 1k

1(m) will denote (m, m) = (m, m), thus for
s U T s .
any structure C)L 1(m) is the diagonal in

_ the set (OLI™ ;

m, m)

T T



%. H-homomorphism 2 ©  Let H be a set of forx{lulas

- 17 -
‘ /
l% For F ¢ F(m) and G < F(n) F X, G Wlll denote
/ .F(m, n) a G(m, n), thus’ for any structure OL

a9 g
"Fx @ = {(a; b) ¢ ICLI™™ | ac F and

b e I‘-Gﬂ} = el & Y
- . J

LeFUL (lal.a-‘)and '6'? (|5|,.£

two structures of type L. For any functlon h: ]OZ.I |-5' [
define functlons h" |O). |I* - lﬁ- ™ as *follows:

if n = 0. then . E o .

-

n ' 4
h (al' e ey an) = (h(al), ceoy h(aq{() for all al, seer @y e\‘)—lha]
if n = 0 then h® is the unique funLtlon EOLI + lt&] A

function h:- IOI;I - I~6‘ | <is an H- homomorphlsm if for.all n

Jit satiéfies the'condltlons:

: rA frn - o | g %
l)hoat =£.t o h" for all t e T(n)

2) h (C'JI.r c 5TF for a1l F € H(n)y = H n F(n)

8.1 Prop051tlon

Let H be a set of formulas sucha that Z (n)- < H(n) for

all n, then h: IULI |.B‘ | is an H-homomorphism iff h . R

satisfies the condition 2) for all F ¢ A, where W is ‘the

smallest set such that: T \

1) H < H

2y H. is ciosed under A, 3 and substitution {i.e. -

»

Tif F, G e A(n), ty, ..., t_c T(n) and :
S I .« % s F S‘ € TU{) thén F "-\)"G; 3 (F)l
- l n. tly “« s 8y t
.‘. . m
F(ss, ~v., S5_) € H). .
L TRl | N N\
Proof
"I Let h be aan*homomofphism, and»? e Hin).

. - -
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| because h | )

/If ‘. ' . t .-_ 18 -
o1 iE F e H then’ F satis %
] . ﬁles the ndltlon 2),
/ © s an H homqmorph:.sm / '
e : '
/ 2., Let F = Gl A G? and suppose that G ‘a'nd G, satisfy the
' condltlon 2), then h (OZ. Gi, ) = hn(arG-' ' OLer) c

uOL";)nh <Oz";)c£""; G L b, a0

thueh(Ol. ‘Br'\

3. Let F ;_?t_r;
-1’

G e F(m) and suppose that G satJ.sf:Les the COndltlon 2) .

t (G)/ for some -tl' et tn'E T(m),'

“ v ey

T ‘ then KF (C?l.3 et @) =2 (OB L, O

o Gpo oh)(Ol’mc._&po ")

\‘\

k)

(Ulcn - <hoOLt1, --.-,ho C)Z't';)( Sy -
(‘Bl‘ﬂ .Gr o hm)l(afG-‘)‘é gy

( . nEt,h(Oancg '
(5 "t'{ p e BT E -5'3
thus hn(OItF-') c .GrF\T I

4. Let n = 0.and F = 3 (G) for some G ¢ F(m) . Suppose
C PO ’ | .
f r that G satlsfles th,e condition 2), then

h(07-3 @) = w0 pg‘.)( "¢

My
e

ro o ke
~E .'].pg'(G) ,

n

thush(a '8'--.

5. Let F = 'G(tl, ..., t ) for ‘some tl' iy tm ¢ T(n) and
“ . . . »
G. ¢ F(m), and suppose that G satisfies’ the condition 2).

. Let b ¢ hﬁ'(dl G(tl, (e ey _t ) ) then b = h (a) for some
a e OIFG(tl, .eey t'? S0 '

S ~.

»
-

T ";0], @) « AT, so0 A
) ( "" .Et )(b)=(.6rt1, .&t (h(a))

[

? .
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(_.5"1;'1 o h%, .Brt:n o ™) (a)
(h.G_OZrt;_} ceer h o C)Zt ) (2)
WO L, O )(a)) ¢ h <UZ'G) e

1.

r- o, fpr :
r- : - : ' :
b e Gty .....t) , thus hn(OL"" 6'“'
\J, . -
6. Let F = G(po) for some G ¢ F(0) and suppose that G

L S

11

‘satisfies ‘the condltlon 2). Let b ¢ h (Ol G(p0

"then b = n" (a) for some a ¢ Ol G(po) / so

m,

~n™n r¥.
Ozpo'(a) G, so

h(UlG)
h(CJZ

n

.Gr -‘,‘.so b € -[J G(p0 ' thué .
.Sr' .l ;

~

n .

It follows from 1-6 that h sat:[sf:.es the condltlon 2)

for all F ¢ H.

Let h satisfy the condition 2) for aITF ¢ 7. Let

t e T"(n),.t_hen t(n, 1) (n,_ ¢ H,.so ’

h“_*laﬁa_'?;(p_, 1 (m, 1) R -3 t%{)

ll]

b= B
-

[
—t

if n = 0 then let (‘a r ey an) € IOLI then

(@), v o7 2. 'Olrt (@j, «o-s a)) SO t@, 1 o=

so (h(ag), «..rhlag), h(C)Z " lags geer an))) e
“*H(‘ﬂ't(n. 1)
5 @), ..., na) h(?Ol ©ay vener a))

thushoO].r-' '.B‘rqloh

' h(—d-lrtﬁ )= .5 rt‘, thus h o Ol"-t‘ P

Thus h is an ‘H-homomorphism: {J L

. ' ﬂ .
lf n = 0, then Olt € a t(n, 1) = (n,,1) , so

"- ."
hOLE) ¢« Se@ D o=, 1, s0 -
B n

t o h'.

(\

- M
(mn, e S e, 1z, 1

14

T ‘ - r - .
5“ o ©hMia = (o o pp ) (a) <
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 F,G on thefSet_F(mEQ) as-follows:_', o -

LI

.&h -

.model

‘Then T is an equivalence relation.

]

_.‘20 -
&

In the sequel we w111 always assume that the set H

Satleles condltlon

“*)
Among. all sets of formulas satlsfylng (*) we w111 dls—"

tlngulsh the folloW1ng

- .O‘-

1.

x

(n) c'H(n) for afl n, and 7 -

B ]

Hy - the smallest set satlsfylng (*)

Hy = set of all formulas do which not involve

X

-HZ - any set of formulas'Vhich contains 0 and

*" is closed under v, A,.3 and Substltutlon and

such that lfFVG FAG, 3

. ) (E»or
tl-...r. t ™

n

F(ty e t)) is in H, then the constituants

5

P, G are in-H2.

‘9. Theory categories

Let T be a theory for whxch there GXlStS at least one .

'9.1 The relation E‘ .

Let K denote ‘the class of. all models for T.

m
Iy

Define a relatlon ~ on ‘the set of formulas as follows:

- th c
g iff | '
rﬁ? = rdw'?oﬁ all (jl E,KT‘?nd F, G.c F(n) for some n-
W I - ) ) \-- .
RS N )

——

class of F, will be denoted by F. {or- 1f it is necessary _

]

9:2 The relatlon E,G_;_ S -

@

- to 1nd1cate that relation is relatlve to theory T,.- by FT)

T

”

T

For each F € F(m) and each G ¢ F(n) deflne the relation

o r

For F ¢ F the equivalenoe""

/’\
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T f - . . " ] " . Lt
¢ F, G ¥ iff for. all OLe K P and "y agree 1n the

cartesian product of TFY and &' (i.e. 7 « S Tyl

\T * ' ' .
- r L o1 TR .
P x "6 n-"¥Y. Flg is am equlvalence relatlon. Let

L] T denote the eqtl:uvalenc;e class of ¢, then P P G (or
F,G ‘ S o . _
~ F o Gp) will denote the trlplé (F [¢] 'T » G). Cléarly, if

- : _ . F,G , o
FXF oand g E.G"‘-then ¥ ® G =F' ¢ G‘f."qu" any UL ¢ k

T
T cp-_Gml will denote the set "F: x G oo My regarded as a
. Ay s oL

binary relatlon from F to 1'”G-' f’

e

An J.mmedlate consequence of the ahove deflnltlons is

R

the }follo‘vung L~ ' o
9.2.11 Prqppéltion ” | i e
e . r A et oo =
F&G =F' 3" G 1ff "F & G/ = P! o' G for all
0 ' . ’ ' v “’ J.‘ . - -‘ 'l
‘/ OZ € KT- . o . . . .
"Proof: ' i : ' ' ~ :
I, Let F o G = F' ¢' G', then
F = F' ,\E = G '\and [$] _ = [4']. . ¢ SO
. . 'D" ' _,_‘7. - F'G ' F"G. ) ;:.J
' for ‘any 01 € K','I, ’ - S~
T = TP asd) S = fe7, sof .
Y% G a2 FY o BN 0 T8, but B

"1:”7 x TG g o = T x 6T 4T because
9 e [0'1 . so
’ : Fl"GI ) : . .0

, TFY x TGV g T = Ty Pt g Tt and finally
o Tod < TE et -
11 ifTF oo @ = T ¢r§.GT'_ for all. C)Ze Ky ‘then |
’ "F-' = J:F.'l ;e = t‘G.'l for all 026 KT So .
e -

VF'=F', G =6 and ’

H
4 -
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. . \ .
PP o« TG o Tt = fEN et 7 S TF L TG, T
= v ™ g _ .
so [¢] T [¢.] p [$'] T
F,G F,G F',G' .
Thus F ¢ G"'= F" ¢' G' . ‘
9.3 [F, G1 « . " S ],

: Por F. ¢ F (m) and G ¢ F(n) define EF jﬁ] = {F ¢ G-' P e an

“and for all CHL e K e oo é1 is a functfon from 'F' to TGc'}.

——”
9.4 The operation o

For E «¢ F(k), F ¢ F(m), G ¢ F(n), ¢ e F{k+m) and
¥ oe F(m+n) deflne FYGoE®F = E(¢EW)G where
(oF¥) = A (k, m, n)(¢(k m, n) A F(k, m n) a¥(k, m n)).
The intuitive sense of the formula {PF¥) can be explalned
in the folibwlng way- o : ’
‘For every C:E-e KT' : (¢FW?{= {ff,‘n) | there exists m eer’
such that (k, m)‘élrﬁﬂ ana km; n) ¢ TY'}, ‘
rE(¢FW)d1 = {(k, ﬁL@I there&éxists m’é\'F“, such-thét;w _
(k, m} « o, (m, n)\e Py, k‘e [ ahhci'\nie\:e"}'; {(k, n) |,
there exﬁsts m ¢ TE' such that (k, m)'e e ¢ ;q\énd\\. |
(mf n) € EL» Gl ‘ ': N N 3 o | " f\\;\\;_
Thus r'E:(tI>F‘i’)G lS the composition of 'E @ F and "F.y.GY

’

9 4.1 PerOSlthn o

._‘..“-‘ . I;‘x
N \‘ .
. IEF = F', then E ¥, GoEY) F' = E' WG iff
oy, o By, BT - E{\&\s\\\fif all C?Le [
Proof A : '; -

i

‘\\\\\Eét F ='Fi, then C .i (‘*‘i -

P - = B (Y.: )
F¥;G0EY¥ F'=F Y, GoEY F E(¥)F¥))GP and )
r; 0 |

I ST . I - i BN U |
FY,G E ¥, F' -= F- ¥, EY¥) F = "E(¥;F¥,)G

- By Proposition 9.2.1
’ - v 7 . L . s ’ o
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'E(W“Rw')G‘=‘E' & G' i r ol o T
LN = Vlff | E(*l?wz)G £t 'p

"I,. '
"o @ for all

9.5 [F, &)y

.
. Let H b;\;\Qet offformulas as in 8. Define
o “« _ :
[(F, Gly = {F ¢ G «:5[F, G111 ¢ ¢ H}.

9.6 Proposition . .

oy

. Let TA(T, H) .5 {Obj(Th(T, H)), Mor (Th (T, H)), o} —

where ot : ' N

n

Obj(Th(T, H)) = {F Fe H} " .- ~
oz, 1) = L. (F, &, they
' F,GeH o o }
Th(P, H) is a category. N L - ' : '

Proof
T, Let .E® F ¢ (E, FI; and

F' ¥'G e [F, G, then ' - = T

o

F' ¥,G 0 E ¢ F=FYGoEO®F = E(WFYG
. -1 . ) s
.r‘E(tbF‘i’)G o RE ¥ G-l o TE ¢ F for all‘OLe K

. T
For all . Kps: ". 6 .
_\rF ¥ G'-is a function from 'F' to 'G!
' ﬁé ) Fﬂ‘is a.funcﬁion‘froﬁ rﬁ‘ to rF’; so

s ! ‘
" v 6 o " ¢ F'is a function from 'E' to rGﬁ, so

’

| - ) . C oy B )
rb(¢FW)é‘ is a functlon-from-rE1 to rG ; SO

E(®F¥)G ¢ [E, Gl. ‘ /}//(,/’T“f¥T\TR 
_ Now, there exist E' ¢ E, F" ¢ f,_g' ¢ G, o' ¢ [¢] m and

’, ~
.

¥' e [¥]1 , such that E', F",.G', ¢', ¥' & H, so_
. FTG LT 3 .
“(¢'F"¥') ¢ H and (@'F"¥') ‘¢ [OFY] T

o E;G

50
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G &, H o (FO,G o E¢ 1F) =G ¢

- 24 - -
CET(®'F"Y')G' = E(¢F?)G € [E G]

e

Fo; every F ¢ H{m), Fi(m}F is an identity morphism:

(1Y i(m) = (m, m) = (m, m) = (pzm' e, p2m) =
- . -

2m 2m, . A 2

(P p17ever Por) = () p<™ = = 1

.omtd . oam i=1 Pj pmﬂ. i=1 3plpl(l(po N
2m 2m - L

(Pi ' Pm+l) € H . S8

' D

(2) r'Fi(m)}.?-n,:{,(m, m)y | m e rfn} is a function for
all cjle K
:: Thus from (l) and (2) it follows that F1(m)F ¢ [F, F]H

Now, let E. ¢ F e [E, FJH and F Y G e [F, G]H,

then.rfl(m)F o o é‘;:-rh s B
- and
Fva o TFimrE = Ty & forall CL. -

_ ﬁhuswby,Perosition 9.4.1
Fi(mMF 0 E0 P =E¢ Fand - _

F ? G o} Fi(m)F

P Y G

The operatmon 0o is associative:
‘ - ;/— . — P ' ' .

Let_E ¢1 F e [(E, F]Hi/F’QZ G e [F, G, and -

G ¢, H ¢ [G, H]y, -then

(G QB HoF ¢2 G) 9 E“¢l F = F(¢2G¢3)H OKE ¢i=F -

E(®,F(¢ G¢y))H; and ' : : - #_ ;ﬂ»ﬁ

H o E(6;F4,)G =~ ..

3. 3

'E((¢1F¢2)G¢3)H

For any structure.cym € KT. :
r Py |

Y T o Teo. w0 o Tre. oy o =
B9 F(9,603))H =" (TGe H o "F,6') ¢ .'E &) F )
Moo gy = (TFp gV 5 O Yy o L .o
G-o3H’ = (TFo,67 0 TEQF) = E((¢1F¢21G¢3)H',

so by Proposition’9.2.1: - .

-



- 25 -

E(d? F(@ Gd3))H = E((d) 1Fo )G¢ JH 0.
- An J.mmedlate consequence of the prev:.ous deflnltlonska.—s the
follow1ng , | ! !

. 9.7 Proposition

. ’ "= 7
For any 0L= (Ioll ) e K the functlonr-‘

a fundtor Ol “Th (T, - H) - Sets, such that C?? (F) = "¢ 'for R

, defines

/»Feobj('rh('r H)), and OL(Fq,G),_ b b & for
F & G e Mor(Th(T, H)). | . o

Proof . o : : ‘ - T ‘

[

For any F' ¢ G' ¢ [F G]H’ (JI(F' ¢ G') is a function, from
- — ’ - —
L)l(F = "F to Ca(G) 2 rG:'. Moreover by Proposition 9. 4 1

U’l preserves the composition of morphisms and from the
o~

proof of-~Proposition 9.6 II it follows that C‘l preserves

identity morphisms E] .

Remark The functor C‘l sometlmes will be denoted Cl(T H)

ﬁ\-
‘to J.ndlcate the domain category. Functors of the form (&

— i

_111.be called model functors.

In the sequel we w111 use the follow1ng abbrev1at10ns-

1. For—t-¢ T (m)
. N '. . . . l
T t w111.-denote the morpHism, lm t(m, 1) = p$:1 1:.

2- Fortlp --oy‘t € I(m)

. N (Elf “ee ,_1“_1-:n)~ wi_ll denote the morpbtsm

. h e
./ L. : B m+n
R AR U iR
N . ‘ ) ! " -
- Note, ;that s:.nce for - any structur,e 02— € K
1 L rt-'/'and
T - ¢ -1
2. ".-—'(t PR ) = (r.t-I r Sees rtn ), hence

- - ~1 - ~n"’ L

.



r ' .. r "
%_-.- O (Ell * e wy -1-:!1) = r.‘t-1 ] (tl' + =y En} =
ra r. . '
o (g, .., "t';l y =Tl oL £y -
. N ) 1 n

] t(tl ..... tn) , and N

by Proposition 9. 2P'. 1

‘ to”(t ., t ) =t(t t)

Let Med (T, \H) denote the full subcategory -of SetsTh(T H)
consisting of all- C)there C/-Ldk

denote the category of models of
. ' e ‘
then

o Let K,I',(H-)

and. H-homomorphisms,

9.8 'Theorem

The categories Meod (T, H)'and‘,ﬁg(ﬂ) are'%isomorphic.-

Proof : '
I If 02 E € kT an:c':l Ol‘z 6’ *Eheh OLF .E- P for
some P ¢ l‘Ei(n)' "or L't = .6- Pl for some t € I (n),

=Te) s;%i_me\:zl’,-t(g, 1) = (n, 1) e H, k\then U.:(P) = 'J(p) -
or Chitin, 1) 2 (n, 1)) =& (e, 1) = (ny 1)), thus 3

~ ] 2 .
(_,Ldaz .(_) o) 1-_;-,.-,3 SRR I ST A \_/

It follows Jfrom the above and the def:.nz.tlon ‘of Mod (T, H)

i

// that the map  ( DY K + Obj (Mod (T, H) is bljectl*&e

II Now, let_a,-G.eK.andh: |0].|->—.]£-|he.a.n
: H—ho;norqorphism For F ¢ H{(n) deflne | _‘ '
:h‘E = _(hn) e where (h )Olr T denotes the function h"
restricted to the set QL% . we w111 show that fi is a
'natural transformat‘;on 51 - -8 . Let F e f(n), ., .

G ¢ H(m), ¢ ¢ H{ntm) and F 5 G be a morphlsm 1n Th(T H) .
Letanlr _and a' =OlrF¢G (a), then (a, a).s al‘ a
‘and a' ¢ Cl'c", so h™(a) « ErF-‘,

(h™a), n™a')) = ™™, 2y ¢ STo and

@
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\

B T -
E.EG_, SO hm(a') .8 Fd)G(h (a)), 50 -
m r..m
W CLF ¢ 6 (a)) = £ 0 & P (), thus the
follow1ng dlagram commutes'
OZ(F b G) 1 -
r <!
COl'r o ¢
O/ ‘ are
hf = (h )OL'-F—'_ Ha = (W™ e
ra_ X ro
. LTF ~ L&'
' '-5"5' ¢ G -
"
G o0y
Thus the map (~) is a functor. 'It.remains to show
that (7) is full and. faithful, |
¥
Let h, h': |C2L| + ]l}l be two H- homomorphlsms.
If h = h' then Hu = R'_ | so _ : °
A 1y I’
h' = h';
Thus (7) is faithful.
Let 02 .G‘ € K and Y: C‘L .6- be a natural
transformation. Define a function e IC:al + l}lgl
as ¥ = ¥1 . then ¥% = ¥y , because the foilowing
1 ~ ' n ' :
. T . . .
diagram commutes for i ?hl'F-- n:
Y B .
5, — ' g
IOLI“ Ol(l)~——>~-[71 1 &m —
‘ -~ r o™ *
oz oup ) l.& ©h = &b
IOLI 01(1)———-—->—0T |-8|
Y=
1.

1

' Lgt F ¢ H(n), then the following diagram computes:



€
)
l
o

;O = Ol ——— i - &""
Arimipl Y ,£<Fl(n)1 )
| CUI" - Ourn). .Lm I-GI“

. T

n

1f 2 € 02(1-“). then ‘1‘ (a) = ¥3 (a) = Y1 (C”).,(Fi(n)ln) (a)) =
‘ n e Tn
-(L(Fl(n)l ) o ¥2) {a) = vs(a) ¢ L (F = LT,
(Ol F') < cGrF » thus ¥ is an H-homomorphism,

Moreover (.E)f = '(,,‘ff,')nosz-\ = (¥7) = Y. Thus (") - ;
,- ‘ ] : ’ n arFﬁ . a '

iS'full 0.

-

Tt remains to find an independent characterization of
those functors Qﬂl Th(T,’ H) + Sets whlch are isomorphic

! \
to functors (:a OL. Kp+ An answer will be glv% '\-,

-
die

Chapter IIT w1th the aid of the follow1ng results.
T +

Let B(H) denote the set of all férmulas F ¢ F such that

there ate n ¢ N, F;,"G; ¢ H i =1, ... n and

@
Q

:.‘" . ' n i .'_“ ;
\F:b.F «r (Fﬁ‘l G.)

| i=1 oot ' L
| ' B

Remark: If 0 ¢ H then B(H) consists of ali.formuias which
[emark Y, . .

are gquiﬁalent to formulas from the boolean closure of H

3

(closure under v, A, and ™), because if a{formulé.F'g F(n)

is in the boolean closure of H then there are formulas

.Fi.ﬁ e H{n}), 1 =1 ...\m,~j = 1...k such thai{/ F is equivalent
r . : ‘ :

.tO _ . . . : ‘ . e T~

k m . * ‘ o
A\ \UP, .  whereF, . is Fi- 3 OTAF; 4
i i=1 | , ' o
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(eg. conjunctivk normal form).

For given j, 1 5 j < k iet . | e

'9(”15" C and

F. =
J * i,J
Fl,j irl,j .
G. = ' :
sl L;J Fi,3 where :
t F, = R, 5 ' : . T e
i, i,
*
nF. . = l andL)F 5 = . then
g ke _ n o
F is equivalent to ‘ ' -
. . . '\.
k ' \
: (MF. Vv G.) and F., G. e H(n)
Dl 3 37 ane Fye Gy e i)

o

Thus any formula equlvalent to F is ln B(H) Q.

) Let Uns Th(ﬂ, H} + Th(T, H), be the functor

u (Fg) = F& for Fb & Obj(Th(ﬂ, H}), and

b ]

up(F o Gg) = F[9°G, for F ¢ Gg € Mor(Th(g, LR
Since g < T and for any F, Ge F P,G c. F, G . hence rt is
‘easy to see that uT is a well.deflned functor.(\

9.9 Proposition

i

For any strﬁqture Cjie K . CjL is. a model of

: g
Cn(T) n B(H) iff there. is a factorization
3 - | |
Th (@, H) —— Sets
{. ./\.n. .- ..._v
u 7 ‘
T - 7
. Id .
' ' . )
Th(T, H) '

Prodf-

I. Let T' denote the set Cn(T) n B(H).
, Cn ).
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Let F, \G € H'and F ~ G, then

F > G ¢ B(H) and F «» G ¢ cn(T)

Thus F «> G ¢ T', so . -
. - . ‘ . F
F“I G. X?R ' . L K A

v

It means that for formulas from H relations x and z

- A S ' .

-are equal an&;also relations F,G and F, G are equal

therefore = - _ S ' B
Th(Tr HY = Th({T*, H) ] ' 1

and 'the following diagram commutes

CTh(P, H)

Th(T,H) = Th(T',H) ~

. L . : | ' o a
Let Ol - Kg and let there be a'functor'ITL»such that
the following diagram commutes: .

o~

Th(f, H) = Sets

u
T
Th(T, H) -
. : l | ’ . {
We will show that for -any F e T'{n) . : ' ik
- E S S

{ CIF = |OLM. =
Let F ¢ ‘T'(n), then-there are formulas Fﬁ' Gj't H
j =-l} .ﬂ.un, such tﬁét_ .

(
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F m ' . .
F o+ F, - G., 3 = V .
izl 5 3 gso for j ‘__l, «s. N
S _ | \
we have : : Y
— ‘-_-':I‘ Fj - Gj,_ SO .
F. i(n) G. e Mor(Th(T, H)) and
j s P =
~ V ‘“r )
G. i(n) 1° o F, i(n) G. = F, i(n) 1 so
] i Ip 3 fp

'mmj i(n)1_ ) o'BTL(r i(n) 6, ’“‘Z(F i) 1),
o 3 T T : fp
but T (c, im) 1) - .O'L(Gj i(n) 1%) and

Lo b
P .\ .

WIL(r #n) 1) - GL(Fj ith) 1 ).

'I' ,‘rla

‘Now, let a e [_(F “Z (F ), then

a e LJ%(F l(n) 1 g)(a) =4(};(G. i(n) 1n o?ﬂz_(F 1(n) Gj ) (a)
. : NTR

'BT(_(F i(n) S5, ) (a) 'ﬂ’fl(s OZ.(

L

,Thus a.(F )CO].(E. ), so'
s K
s = O], 50

'OZer -+ G-j' = '|‘a |® and therefore
_ o . 5 _ _
. r.m 1 . [N
OL N e >e = 100"
: j=1 ] - _ .
. ~ Om - AT -, o P o ;
Since QG N\ F. ~ G, = .5 F  for all 6’ € Kg | .
o N L ‘ . -
therefore anrs . IUl'ln-‘ 0. T .

-~

Thus . for a given 'I_', if H is big ex;\ough any functor

'I‘h('I‘ H) + Sets, sucﬂ that m o u corresponds

T




//"

Y -

- 32 -

to a eEructure Will-corresponé to a model. On the g

other hand, for glven T and H if T 15 not axlomatlzable'
in B(H)u 1t certalnly is included in F.

Let V,-denote the inclusion funetor fnom‘Th(T,'H)'to
Th(T, F) (i.e. UH(f) =F for F ¢ H and

V,(F ® G) =F @& G for F ¢ G ¢ Mor (Th(T, H)) )

- 9.10 Proposition

For ‘any functor m : Th(T, H) + Sets W e Mod (T,. H)

iff there i§79 factorization:
’ 1

17
Th(T, H) ~————9p Sets .

H. -
'
Th{T, F) L. \
= ' . .-_.-\-' -
for some ﬁrl>e'Mod(T{ F}.
Proof o | B S : .

It is an immediate consequence_of the eguality

ST H) (T F) * |
ol - = Q) oV, for all Ol e Kp D, s
' ’ - S ) . . .

-In the next chapter “there will be glven condltlons under

which any functorm Th(T H. ) + Sets 1 =0, 1, 2 iz

1somorph1c to a functor C?l for some- C9Z € KCn(T) n B(H)

; Flnally we should remark that the semantically defined '
: T
relations L anda F,G have syntactical definitions; this

follows from the GBdel,completeness theorem. - S '

]



Chapter IIT

. Characterization of Model Functors

.

N
’

5
We shall begln this chapter w1th definitions of some

categorical notlons that w1ll be used - in the followlng_ -/T\T\\//?T\

Let I be a small category "and A be a category, then a

functor D: I =+ A'lS called a diagram. Usually we shall not

‘distinguish between the funqtor D and its image, thus

Obj (D) will mean {Diul i € Obj (1)} an@vﬂor(b) will mean

et

{p, | o-e¢ Mor(I)}. A source (resp. a sink) in the category
A is ajdiagram such that all its morphisms have commog L
domain (resp. cedomain);‘ (F, £.0 G)5 . g wiil‘denqte a

. source such that'f * F *>. C- for i ¢ J, and (F r 9ir G) Jﬂ ' “
~ < .

will denote a sfﬂ& such that- gyt Fo o> G for ie-J.

? : ‘ .
A source *(F, £., Dy )l e OB3 (1) will.be called a seuree ) ;

to the diagram D. A 51nk (D; , g - G).

t

‘called a sink from the diagram D.

i ¢ Obj(r) ¥Witl'be

4

. A source (F, ti, Di)i . Obj(If
‘cone .to the dlagram_Q, if for any a: i » j « Mor (I),

.

to ‘a diagram D.is‘a'

from a -diagram

5 .. X N :
D o f, = fj' A s;nk 6Di, gy

G i ¢ obj(I)
D is a cocone from the;diagram'D, if for any a: i +. 5 € Mor(I)

_ g.lo a j 9; A cone . (F f s ‘Ds ) to a diagram‘

j i e Obj(I)

/h is a 1imit of the dlag;am D if for any other cone
)

v D)5 ¢ obj (D) :
unique morphism h:i F'l+ F, such,that f o h = fi for all

X

(Ff, £ ‘to the dlagram D there.exists a

Ne Obj(I) "A cocone (D r G). frem a diagram

T e 9i ie Ob](I)
D is a colimit of'the dlagram D if for any other cocone

-
~
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a category' B. for all i € J A \{amlly of funcths {OL}

‘définitions is

For alla: i » k ¢ Mor(I)

Al

’( - 34 - ) ! '

. v . . ) .. ! 1 ' '
(D- r 9y ,G")i ¢ Obj(I) . from the dia&ram D there exists a f

unlque morphism h: G:—» G', such that h 0 g = g for all

ie Obj(I) Let UL be a*functor from a category A to.

is Q:ollectlvely fa:t.thful if for any I( G ¢ Obj{A) and any
\}\\

£ 9 TIE, G, if Ul () = Cl . ;(9) for all j ¢ J, then

: £
£ = g, A famlly of functors {Ol} J'collectively

reflects llmlts if for any dlag;am D in A and any cone C

to D, if Olj.(C) is a lln}lt of OLj(D) for.all j ¢ J then

C is a limit of D. A familys{cz.} 3¢ 7 collectively reflects -

colimits" :Lf for any dlagram D in A and any cocone C from D,

‘if Ol (C) is. a collmlt of Ol (D), for all j ¢ J,, then c:

=

_‘LS a collmlt of D. An J.mmedlate consequence of the above

5 - .

. ,V.

10. 1o Prop051tlon R .
| Let the. famlly éf functors {a }:] c 1 be collectlvely
falthful-and collectlvely reflect limits (resp COllmltS)
' Let S be a source to (resp sink from) a dlagram
D: I + A. If OLj_(S) is a‘limit (reep. colimit) of the
diagram O.Zj (D) for all j e J, ttlen 5 is a ll%mit (resp.
co-limiti of D.’ ,3 ‘)3\

. » - . 0' .
Proof ' )

Let S = (F,wfi, Di)i € ‘Obj (I) - - . ] ) . . el

a(D)OOZ (f) ‘Ol.c(f-) allbjeJ,o'so -
OZ (D o.f \ C‘)l (£, )..so ~

ij/

i

od
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S is a cone. to the-diagram D, so 1f CE (S) is a llmlt of

the dlagram OZ (D) for all j € J then S is a llmlt of D

(For S a 51nk from D the proof is 51m11ar)ﬁ '*- s -°
-~ . '
Let I and ; ‘be small categories such that
o _ ;t
3. représents I,.and

T~

.represents Ib;

\l ‘ ' w Lo
Let P, D : I+ A, be diagrams in.a category A stich that”_

P(i) = D{(i). "1i s 1, 2. The sink P is a pushout of,al

It

pullback of the dlagram D if there exists a dlagram

F: j_A, such that F‘ls.a_pullback of D.and“PJ;s’a pushout
) of F. " N : \ S @
o . A
10.2 Example
T T T o o .
Let fitlAi -+ B i=1, 2 be funttions in Sets. Define

a

functions g;: Ay » C

gi(x ) = f (x Y, xi e Ay i1, 2, then—(g%, g,) is a

pushout of a pullback of (f fz);

Proof ot
Let F :'{(xl, X5). ¢ Ay X A2 I £4:(%q) = £, (x, )} and ~ _-J%
hi: F -+ A. i = i, 2 be functlons such that h,. (xl,ﬂx ) = Xy

i=1, 2 for (xl, xz)c F, theal(hiilgg) is.a_pullbact of -
(£, | |
Now, we will showthat (gyr 95) is a pushout of . (h), hy):

f ) ‘ i A . L :
v o B '
-

f=] 2"

fl(Al) v fz(Az) ; =1, 2 ,-such,that:

N
A7
™~

"o
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1t

(1. (g o fl)(x1?7x23 =gy (x)) = £ (x £,(x,) = g, (x,)

1)
(g2°oth2)(x 2), for all (xl, xz) ¢ F, thus

94 o:h; =g, 0 h L .
< 1

(2) Sdppcse that there are g; t A +C' i =1, 2 , such

_that, g1 o h1 = 92 o h

befine a function us C.+'C' as follows

afy) =y 0%
4 qz(x ) '1f y

n

‘fii?i), fcrﬁscmg Xy e\Al

iy \

“u is well deflned because if y fl(xl) = fz(x then .

J)
jxl, x2) e,E and by assumption

] . t

Y ’ '
gy (%x9) = 95 o hy(x, x2{i= g, 0 hylxy, x5) = g, (%) -

Now, for xi € A; i=1, 2 ' o : gi
- ' e .
uo g;{x;) =uwo £(x) = g;lx3) 1 =1, 2\, -thus

| '.g‘d g;™ 95« 1= 1,
It remains to show that the function u is unique;
) L]
suppose that there is w:.C + C', such thatJV 0'g; = gi-
i =1, 2. Let y ¢ C, then there is X « n; such that \

£ (x) =y, s0 V) = V(E (D) = vig () = g0 = uly) O

A functor ch from the category A to a cateqory B

\

preserves pushouts of pullbacks, if for any dlagrams P, D

fz(xz), for some x, ¢ A2 o

U ST A T,
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such that P is a pushout of a pullback of D, an(P) is a
pushout of a pullback of le(n) A fam;ly of . functors ) v
»§

‘ Ozj. A+ Bj je J collectlvely reflects pushouts of,p_ull—-

* backs if for any dlagrams P, D I+ A, such'that p(l) = D(i)
i =1, 2 (where I is_the above category) 1f CR (P) is a

pushout of a pullba%of/oz (D) for all 3 e J then P is

a pushout of a pullback of D.

10.4 Prop051tlon ' - : i S

. ~ The’ famlly of functors {(al} Q) . is collectively |
T
£a1thful.

Proof J - . | -- | ////i/?i

" . /

This is-a-consequence*oﬁoProposit}on 9.271 0.
It follows fr tlre - above that the famlly of functors
“{C)‘}(ju K collQ\bavely reflects monomorphlsms and -

\\/ epimorphl ms:. (cf. [31;_pa 70} .

10.5 Proposition

) ) a2y ~

The family {OL}OI.E K collecti\_rély reflects finite
e T o

limits. -
Lé£ {F, F¢.b.' 5;}2_1 be a- cone to a diagram D iﬂITh(T, HY,
//such that {r ﬁ, rF¢ D er }i 1 is. a 1imit of rﬁ‘ in Sets

‘/
s

for any a Ko mLet {F', FfbD r D}llbe any other

cone to D. Let m, m'-, kl, o k ; be numbers such that

-

n
FeF(m), F'eF(m') -and Dy e F(k;) i =1, 4..n.
Define the formula ¥ to be '

3(1‘[1 Y klr ceer K )(n (CI) (m , nm, klr '.'V'I. Eif "";kn) A

| D (m' m, kl,’.,., %5

K.y ooy kn)‘n'¢i(g', m, kl, ‘f".Ei' E.., kn)
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' Note that. ¥ ¢ H,, smnce we can assume that ¢ ¢',-D.
1 - 1L -

i‘;\i#g.. n are in H. Let CjZe K we will show that

T‘ ' ) R - 1 I }"
JFP'" ¥ F is a function from F" to, F .
' ' o s P . r."- -
| There gx;sts a-uplqge fqutlon f: " F". +.rF such .
SO DRI U <N B B ) - -
that Fo.D; o'f = "F'¢,D; i =1, ...\ n. Let%a ¢ 'F',

v thén .f(a) e . rF-‘ and.- - o ' 5
e T _ T - A ¢ V- - !
¢ k= 9Dy (£(a)) = TFTeD; (@) =1 el
MRS T I i T, ' _
! Yo) - (£(a), ki{|e ¢+ (@, ky) ¢ @, and k; ¢ 'D;

SR

i =-1 <o Dy
so . {a, f@)) % 50 R
| (a, £(a)) ¢ "F'VF. ! o o
\HOW; suppose that (a,b) ¢ rF’Wft: Definé a function
' rF;‘ +‘rf";Asuch that * o ’ . 7
f(x) .for x = a l
£'(x) = : ' -
b for :'x = a, then -
rF¢iﬁ;‘ o f' = rF'¢iD£1 i=1...n, go-
by uniqueness of £, f' = f,_so_ﬁ(a).: b. Thus for any
. C:a € K. MPryFliis a'ﬁﬁ/;tioh from rF:‘ to rfjﬂand it
) follows that F'YF is a morphlsm in Th(T, H) hlso fl
'rFfbiD?‘-o P yE =’F¢D i=l',...nforall e Koy

so by Proposition 9.4.1, F@iDi'olF ¥F = F' ¢iDi i=1. \n:

L)

- ) Now, suppose.thét there is'a morphism ﬁ'W'F: F' + F,
1 ) . . . ' - ‘ - l' “
| such that F¢sD. o F'VY'F = F'¢.D, 4 =1 ... n, then , -
i’ : ST oA
ro, D o TFIY'F = "F'cz:iD'i" i =1 ...n for all CL - Ko
. . [ . e ] ~
but for any: CTW € K rFfoﬂ is unlque;asofrf'W'F = Tpryp?

}1 1

for all Ol ¢ K so-F‘WfF = F'¥F." Thﬁs {F, Fo,D,, Dy

is a limit of the diagram'D [.
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10.6 Proposition | o _ - . . ,\\/

“The famlly {C:l} cz. K collectlvely reflects finite

.colimits if H is closed under V.
Proof.

. - Let {ﬁi D, ¢.G, G} l be a cocone from a finite dlagram D_

in Th(T, #)}, such that-{' Di ' Di¢i ., G }i=l is . a eollmlt

of the diagram rﬁ‘fin_SePs for any tﬁle K- Let
. ] . -:‘ . ’
* =, 10

{Di, DiQiG',‘G'}-_ -be another cocone from D. Let

m, m', kl;-..., k  be numbers such that G ¢ F(m), G' . F(m )

r

and D; ¢ Fky ) i = 1 ... n. Define the formula ¥ to be o~

1

—:}(kl, coer ksm, mt) (@ Oyt Ry e R me )

' oy .
pi(kl, eeor Koy oeay kn,’m, m') A-¢.(kl; eeey ko, o

' 1
kg ) N Kir -oer K, m, m')))

Note that Y ¢ H,'since we can assume that éi' Di,~¢i e H

i=1...n. Let ]:E-e KT.,we will show that rG\l’G'ﬂ‘1 is a .
A : - : _
function from rs" to, rG* . There exists a unlque functlon
- A . . .7
g: o'+ o, such’that g o ™. 0.6 = Di¢iG' i=1...n.

"
Let a € rG ’ then eXlStS i 1(S~1S n and ki € rDi such
'tha£ rD ¢.G (k;) = a (in Sets colimit sinks are collectively onto)

T ) Ny r Ty . .
D; 5. 167 (ky ) (g o -Di¢iq')(ki) ilg(a), SO . {\
. r . r.. . ..,
(ko g(a)) ¢ 9 4 (kys a) e "0 and k; ¢ Dy ) so
= -
(a, gla)) « "¥ ', so (a, gla)) ¢ 'G¥G' .

o+

. -
Now suppoze that (a, b) ¢ fevc"™ for some b «¢ rG' '

theh there exists j» 1 £ 3j<sn and.kj7e rDj .euch that
(ki @) e '@“;am&-(k., b) ¢ "o, so
b = ij¢'GT‘tkj) =g 0 rDJd)JG (k } = gf(a). 'Thgé for any : \‘

r e r" r.n
Cjz € KT‘ GY¥G'. is a function from G to G' agd it

AN
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r

.fgllows that GYG' is a morphism in Th(T, H).. Also for all

Pagaed L o ™ F v A -
- Ky '6¥6' o 'Dy#.G = 'poe.c i=1...n, soby

Proposition 9\3%f ' Lo N |
: P . .
L t “D.d. = ‘ o
o GYG' ¥-D;9;G = DG | |
Now, -suppose that there'igfa-morphism GY'G': G » G', such
. f v
) o

that GY¥'G' o© Di¢iG =J9£¢iG' i=1...n, then N

P B i) L I '
rGW'GLJ o Di?ig” = Di¢iq; | i=1...n for all C;E € KT.r
tut for a_gny""ae KT- TevG"'. is unique, so - .. -

. _
Tovrg® = gy for all CR« Ky
so GY¥'G' = GYG' . |

= =N . e o .
| Thus {D;'fDi¢iG’.G}isl is a COllmltle the diagram D 0.
Remark - . B N

Y ) f
L

"In the above proof if.the diagfam D satisfies the condition:
. there exists i, 1 € i £ n, such
for any j, 1 s j‘s(p there exists a, such that
Da; Dj -+ Di is a morphlsm.ln D,

.then the-fofmﬁia ¥ can be -defined as C
. ~ ! 1 g

: ‘ v " .
’ t . ] . 1
3 (ki"m' m') ((pi(-}gi' Er'mW) A Dl(]il' m, m') A q)i(El’ m, m ))
and the proof remains_valid; so 'in this case the assumption
' %
that H is closed under v' is not necessary. In particular
we have the, following:

10.6.1 Corollary

The family L} OZE K collectively reflects coeguilizers \!
- N n T .

and the initial object_ D.

'10.7- Proposition

- ! : X . l ! ) .'. ' » »
The. category Th(T, H) is finitely complete (i.e. every .finite
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%iagram has a limit).

Proof

P

It is\sufficient to show that Th(T, H) has a terminal object

and pullbacks (3]:

ra ) ' L
a) For any CjZ € , L= 1C9L|°,is a terminal object
u in Sets,,so by Proposition 10.5 1 is a terminal -
. M

= obﬁect in Th(T, H).
b) Let D;8,G ¢ Mor(Th(T, #)) i =1, 2, D

| D, e F(m) and G ¢ F{n). : L

e F(k),

Define formulas F, ¥y, ¥, as follows: F is ! .
Dl}}i’ m) A D2 (k, m) A 3(151 I_Tl.r 1'1) (q’l(}ir m, E) l. G(k,.m, n) s
| : . . P } =

b, (k, m,. n))

\yl is (}ir m, | (kr m, }i) : _‘- ) \ |

' m, m) , then ‘since’ we can assume that .

2 is (k ;—"Tﬂl

Di, ¢i' G, ?i, F' i 1, 2 are ln H hence FY Dl and F‘IPQD2

fare mdrphisms in Th(T, H), and-for any Cpl € KT

‘Fl o= {(k, m) ¢ D] x ™) | Jpi0,G(k) = "D-2¢2G" (m)}
jFWiD; : TF' = rD;“ i= l,'_h is a progectlon, 80
("e", rFW.ﬁ? ' rﬁ; )§=l is a pullback of.

{rDldJl(;}'1 rD2¢2G'1}, thus “byv Propositions 10.1,.19.4 énd'lO.S
- - .2 ) . : L .
(F, F¥;p;, D;)7_, is a pullback of {D, 2,6, D,¢,G} O. lAn'
immediate.consequence of the above proof is )

F
10.8 PropoSition

For any Cjﬁ € KT' the functor CSi.p;esérves finite limits.
Proof ' R
Cﬂ-preserves'the terminal object and pullbacks, so preserves .

finite limits-(3] O.

-
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10.9 PrOposition. . ‘ ' | - .

{OL}O! collectlvely reflects pushouts of

Proof

]

If H'is closed under v, then the fam;ly of fuﬁcgﬁrs

~—

Ci (D)

Let P, D: I » Th(T H) be dlagrams such that f/:
There exists a dlagram F, such that F i?_a pullback

. =
‘CZR e K (ZZ{P) is a pushout of a pullback of

of D, so (jL(F) is a pullback of (Ji(D) Therg exists a
élagram H in sets, such tha£\ﬁ 15“a=pullback of Ci(D) and
5 éﬁ(P) is a pushout of A, thus H is 1somorphlc ;S—Ejr(F)

. (as pullbacks of (D)),,/ 50 C" {P) is a pushout of OZ-(F) '
‘so by Proposition_lQ.G P is a pushout of F and flna ly P
is a“pushout of a pﬁllback of D U.'_ R !

10.10 Proposition

The category Th(T,-H) has an initial object 0, if 0 « .
- - " 2 .

_Proof o o L

. e N .
For any L« KTr Ly = rd‘g; g is an initial object in .

§Et§*-so by Corollary 10.6.1, 0 is an initial object in

Th(T, H) O. « |
( I ) \\ \_“-\\ . . o ) .
lO 11 Proposition \ . ‘

\ i - .
" The category Th(T H) has pushouts of pullbacks lf H is

\\

closed under v.

Proof ' - f-“ ' Lo

-

et D} G e Mox (Th(T,H-: ))"D ¢ H(k), D, ¢ H(m) and

‘1 l 2 2=
G ¢ H{nYy. Deflne the formula H to be

)

3(k ‘m, n) (G(kr m, n) A ((D (k, m, n) A ‘:)l(k m, n)) Vl

(D (k, m, n) A o, (ki m, n)))), then for any a ¢ Kq

) )

llbacks. ‘
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;‘ . - r -‘ f ' )
rH. = {n | D,9,G (k) ='n for some k € F D oor

g ‘l o ” :
= pY Y r
- da&m) n for some m ¢ oz } = Dl lG ( Dl ) U rD2¢ c! (rbz ?’ N
a*aaln o.H (k) = nl¢l (k) for all % e "p] N
. r )
2¢2ﬁ‘(m) = 'p, 6,6 (m) for all m ¢ "D D,, thus )
: 1¢1H"D2¢2H I3 Mor(Th(T H)),'Slnce H ¢ H.. For any (:2 € K
e TR .9, 2, '
(rDi ,.P s H)L 1 is a pushout of & pullback of _
.. iy = L w2 '
‘ADi ' Raii;gxyr G151 -1 (compare Example 10.2), so] Y .
\ _— ' - '
'PropOSltlon 10 b (Di' D, $. H, H) is a pushout of a. pullback

of (D D, ¢, G,-G)2 g,

An‘lmmedlate conseqpence of the abpove proof is

10.12 PrOpOSlthn

e

For anyfczn € K the functor CZL_prese#ves pushouts _' g%

.of pullbacks if H is clOSed under v (.

1013 Prop051t10n . , S

The category Th(i, H) has coeguiliZers'ofikerﬁél'pair .

Proof

Let F ¢ Hik), G e H(m), H € H(n) and (F¢ G, h\\G) be a

Ly

kernel. pair of GYH, (By Proposition 10.7 fpr ao}\yorphism

GWH‘such a pair exists)l ﬂ/ S ' f\\
Befine thé-formula H' /o be \\\\h o

= . - - vy ea

-z%m, n)(G(g, n) A W(mf E)fAeH(m, &)), tAQE‘H e H and-

. . 4 -
any Ole K' . |-H'-l = {n ¢ 8° |. there exist m ¢« Yo '

1

Y o
'Thus H) is’ an image of gl through function GTH_. Since

(rfél 2G ) 1is a‘kernel pair of ToyH" ,-1t follows that’ ~\;
N [ o

' -
rG‘PHn,ls_a coequ;llser of ( F¢1G . TF¢2G ). By Corollary

G ., F@

10.6.1 ‘GYH' 4§ a coequilizer of' (F®,G, F&,6) O.

"



An immediaté consequence of

' '(m(l m(p_l) ’ m(f ))1. -1 is a product ‘of m(D), SO

. . ._ 44 -
the above proof is the following:

v

10.14 Proposition

S ' ~ - ' 1\ o
L4

 For any 'Ol'e KT upreservés coequilizers of ke;r'f_-r_;;sl

pairs [J. R

11.  The structure corresponding to a flnlte 11m1t preéervlng“

functor. ' . - \._,_A
funccor e .

-

Let . Th(T, H) -+ Sets be a flnlte limit )preser\ung

functor. (Thusm preserves monomorphlsms [3], P 168)

Let I be a dlscret category Wlth n objects where n = 0.

~

Let D: Irl + Th(T H) be a diagram, such that D =

= 'i"l for
L P Tt p o on
=1, ..., n. F
.1 ' _,\n or any QGKT(l'i'hll)ll
a product- of the diagram’ OZ(D), so by Prop051tlon 10.5
(1 n

n" E—l 1)1 1 is a pro,duct of D and therefore

there e)ﬁsts a unlque product :Lsomorphlsm

s W)~ (WL n?
.Cle'arify; '_jn = i]gl’m(.P_?). -

For n =0, lst .jn. denote the uniq_ue iSOmorphism from
the términal'object. {m (To)o to the terminal object
(W, . X

Deflne the structure m c['ﬂ? I, m ) correspondlng
to the functor 'm-', as follows: :

1. 1T = WL |

2. if f ¢ Z (n), then m f ='m(§) 0 j;l

3. if P e I;(n), then . ‘
’UR'?' = omm (1)) (’W(Pn

R

-l




S
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i

-Note that 31nce'“?_ preserves monomorphlsms, '"2‘ m (P)\:?L”‘“-—

S11.1 Prop051tlon ' -

If t ¢ T(n), then : | . :
W TATE = Mo o 577 T o
Procf ) , | . - | . J

1. if t ¢ V(n), then t = p__r.Ll, for some i, 0 <i < n.

r n-‘. ) \ . . .
M M "M is the i-th projection,

l -

SO ‘ _ S
fmr nt’ . r 1N n A
~"Pjy o0, = UN'Z P; o II M (El = m(p}il) ; SO
: rnt 1=1 > -
P = TN (p3) o i ~L g R -

. 3 RN
2. 1f t € Eo(n), then (l) holds by the def:Lm. ion ofm )

'3." let t = S(f:l t)r s« T(m)r_ti,'l T(n) and suppose

that (l)‘holds for s, tl, ey tm' . | ‘

for i =1 ...m E{;‘O (tl, ceer )= g, se

m(p ) oW, - £ = WUE), so
N m .
jm 0 ‘m (El! > ey t) = :T[ W(Ei)f -t’hus .
(B'nrs(t Lt )" -m_r m"“ Nt
W(S)OJ onm(t)ojl;-
-1 5 ' ' -
m(s)_ o = o O‘M(tl, ciar to) J jnl =
’m(s(tl, )) o i, =’m(s(t et ) oj“1

4. let t = s(po), s € T(O) and suppose that (1) holds for s.

/ rmrﬁ =mr "'d'n cWl(s) 0 ]0 ! l'pn,

50

but_ , ) . .

21 ) R L ‘ (e
' ’_p_y o J, = 3g ofa'n(l-r1 ln ‘130) as unlquesmorphlsms

to [ 1°,
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. r= | - | h
.mt ‘Un(s)o:o OJoom(lll)OJl" " '
P (s o 1 nln 1) o 3 m(s(po)) °.3,

Q.
11.2 Prop051t10n )

. Let the functor %Tl Th(T, H,) - Sets preserve finite

. .iﬂlimits,.then ) _ ;
N r"‘ _ . . . . — - .
MM - i, oM (Pi(n)1 ) (0L () - '
}. ‘ ‘ R . e ‘ .
for all F ¢ Hi(n) provided that’ , _ !
- ' .“' - " . .
(0y 1i =0, —UTL_preserves coequilizers of kernel pairs.

] (l) l

l,‘ UiZ preserves pushouts of pullbacks.
. f/ . . R
{2y i = 2, '3?1 preserves pushouts of pullbacks and the
initial object."
- Proof : .

N In the proof we will use the following:

~

If fi;‘Ai * B, g;: C +;Ai'-Tf'C +B i-= ﬁ, 2 are morphismé

in sets, such that

Yy e
2 ol . B
b |
& S
L {
C - is a pullbpck then
k‘
r o . \

a) h(C) = £,(A)) 0 £,(a), | o
b) g,(C) = £5¢ @ |
IT ¢

1f fig'Ai + B, gi:'Ai + C, hf.C + B i = 1, 2%°are morphisms

in Sets, such that .



h(C) =

CIIT

If g;: A+ B

are

Tr

"is a pushout of a pullback,

then

fI(Al) U fj(Aé){ {(compare gxqﬁble 10:21.

kY ' .
i\= 1, 2, h: B+D, f: B.+ C and u: D + C

morphlsms in Sets, such that h is a coequlllzer of

(gl, g ), £ oo gl = £ o g, and u is the unigue map such

that w o h = £, then

Now,

1.

_% o -
£(B) = u(D) : °

92 " h
— D
A >B——

g’ 7. | | -
\ l“ | ot
let F e Ho(n) ... SRR

If-f € E (n), then Prop051tlon holds by the deflnltlen
of the structure 1”7 .

A\QZ, ' l’ G2 € H {n) and
. o'm.«; 1 1) (UG & = 1, 2.

Suppose that(F

]_(I'I)G\-t : \G;QA .
/:(n)l o

O
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. ) . . - "

is a pul{?ack, SO by Proposition 10.5

e
| W(G ) b,
'ﬂZ(FJ.(n)G ) MU i1
"ﬁ(m(n)l) o
'Zﬂl( F) — = WT) S -

e (nmA /Fru/c;:.(n)l ) L

is a pullback too, thus usirg Iaq
'ﬂ?_(G 1(n)l )(Q*Z(Gl)) N 0']7_(G l(n)l )(T (G)) =

WL(Fit)1, )(TQ(F) + SO S :

- 6 . . .

oML (e ik ) (FRLGE, 1) gy 0 Tile,im1) (TRE,)) -

rq

] ‘om(Fl(n)l )("GW(F) , so.-. SRR .
"\— 'm"c. ’TTl"’G =5 o'b‘TL(Fi(nyln)(Wlu-‘*))j.
3.- For 1 : l or i-=-2, Hsuppose that F = G v Gz,a ‘ o
. >

16y G et (n) and‘"’l""’ = 3, ¢ UL iG, i3y Vg )

k =1, 2. For any - K"I‘
.. . r
Gll(n).;ln




. ) %‘ | : . o . . ‘
W(Gl) i i(n)lx . ~

4 EN : l -t n.:
o TREEGIPN - e i

PR LR %‘W‘Z(i‘h) L
’m(GZi(-m/F){' | - : g 0
s ' : Ao SR
WG, - 'm(GZi‘_(a)}n), - e
is a pushout of a puilback too, ‘th.ﬁs using .
We(ei ()1, )(’B‘TL(E;‘ 2 v UG, i (n) 2 )(’ZM(G j;
WL ()1 )('m(F)), so
L oL (e, l(n)l)('b’mcn v 3, 'm(emm |
: {

('m.(s N =5 Om(Fl(n)l )(m(m, so :
”6'1'“‘ 'mf" "er =3 o'm.(rl(n)l ) () .

For 1i -— 3, Suppose that F --aG G « H; (n) and B 0

o L
’UJZ\" 7 - =Jp° (Gi (n)1 .)-(Wi (G}) . Fo;‘,%a%y Z « KT"/‘_ '
~/ + {Z(\;/
wl o .
a 0 l(n _' e
n(," ' n ’/’\
: — :
"onl(n}f\ /'-./c;:(n)ln
'15 a pullback, sp' by Propos:.tlon 10 5 g .
Sme B
’T'Z(O J.(n)y \Sh(n a
“"‘mo i(n)l,) I
N ’Zﬂ"uo ) -
"”7,(0 if n)M /6:1 (n)lr ) -
s oi‘l(;lG) S

.is a pullback tob, thus A E o - o

AY)
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| TIL(Gi(n)1 )(0=L(G)) heird ('IG:L(n)l )(?ﬂ“{,(-:e))
IQ“Z(O i(n)l M ®) =g, so
0 'm?.(G (n)l )(7‘\‘(_ G)Q) n j om‘(ﬂGi(n)l
JA n

('ITZ(-\G)) = #, s0 o

*) "m""- " 3n ’Q‘Tég—.ci(h)ln) (P ) = 4.

‘Por any Oz.e K

Gl(n)l

\

LB

. R
M 61 (nV
’Wc(-. G’

is, a pushout of a pullback too, so _

LG 1) (T @)) m(‘lGl(n)l )m'z(-mc))
m(ln_l(n)ln)_tmtln)” =T nbissor

. In
(WM a®) = 3, (M(TY), = |.TR 7, so

o BTSN ) 0 MR mein 1) (TL6E)) . -

From, (*) and (**) follows that

Y

o Wz (ei (1) (W2@) v 30 ’m(‘tGL(n)l )

is a pusl)out of a pullback, s0 by Proposition 10.9 °

IR,

5. 0 WL (rGim 1) = MR OG- RS

‘ [
o

/‘ .
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p
5. "For i = 0, suppose that F \EI—_ ,
tlr s .ny tn € T(m)r G ¢ H (m)' and
o R v 1 7 B _ . :
CBUE = 5 0 W (el i (m) 1) (@)

Define the formula ¢ to' be - . i
4 ' -

n .o e s
) t'(m n) = m+n 7 :

: 1= - pm+,i" R

i=1

and the formula‘H to be

- L _ ‘
G x G a () t;{m, m) = t.(m, m),
; i~ i ~=e
i=1 - )
let g, and g, ‘denote respectively the morphisms
H{m, m, m) = (m}j m)G and RS
X i
H(m, m, m}.= (m, m, m)G, then for any lec K z
- \\_,-) .
. (g 2Y is a kernel pair of thln and ,G¢fﬁ is

I .
.a coequlllzer of ( gl , Tg 4 . Thus by Proposition

1‘E§ 10.5 and Corollary 10.6.1 (gi, 92) is a kernel pair
‘of G¢1n " and GOF is a coequilizer of (93¢ 9,); so
finally 1YZ(G¢F) is a coequ1llzer of (q“?(gl), 1"1(92)1

and the follow1ng diagram commutes

e : Mig,) Mucer) \
WUE L= (T) — S L) X

A s qn(gz) g s V
‘ - : (Fi(n)ln)

WUT)

; Thus by III

WRUFL (n) 1 H?ﬁl(m) = W2 1) (WL @) =

. .
M1 o1 o"m(Gl m1 )M @y = o -
L1/ ACT R )(‘mtsumyl DML @), but for
T 1 = i,...;n ' E? 0 (t ' ..:} ) = p-(t SR Y ) '

T _1( S b




r

. . n .." i . " -
m(gi; .o-mtgl,...,w;_q) = Wt,), so | _
iy o W) k) = TN (£5) = 1 M o35, so

- ' : ’ i ﬂ"

1=l ,\_:_/\ 1=1 * "
. SRR P | no [
QHZ(El, ""‘En} =3, .0 ,Ia_qﬁlrﬁz o j . thus
L i=1,

WLEL L) (W (F) = 5756 1 M

= 3 fo) ! N
. i=1 g
‘n
30 TUGL ML) (W@ = 578 1 W7 (T -
, . i=1 7 ~
2Ly o o,

’

ME =5, 0 MEimn) (Tiem)..

6. If i =0 and F = EJFP(G) for G « Hi(n) the proof is
- . 0 - 3 ‘ :
similar to case 5.

o
J . - <3
7. For'i =1 or i = 2, suppose that F = g : ‘ @),
_ N R tl tn
tl""" tn e T(m), G ¢ Higm) and ‘
. - . ; - .
MG = (G, oW 6imL) (@)
Define the formula ¢ to be . : .
n - — | B o
. n ti (IE: n) = Pm+i: then for™ a_ﬁ‘Y Ul [ KT
_ rdﬂ .

N ol -
chbN . L
. I I} T

re TFi (n)

r o

n - n‘-'

is a pushout of a pullbéck, so by Proposition 10.9

L
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’“ﬂZ(Gqsl )
'ﬂl(GtPF)

m(Gbe)/ -
M@ /K

(l )

is a pushout.of a pullbéck too, thus ~N

BL(Ge1 Y (WL @YY =
jn o BT (Fl(rr)l )

"‘m(mm)l )(uruF)), 50
WL @Ey = 5 o WL (ce1 Y (F @)

j_-o "\m_(lmcpl 0 Gi{m1_ )('K‘rz(e.)) = .
G 0 YL, vies

£, o Gl(m)l Y (FNG)Y = .

~

i 0 WLy Gt 28 o BL(Gi 1) (@) =
n ; |

i oito o m MM o3 o"m(c;l(m)l ) (L@

.n .1'1 1=1 k

n

For i = 1 or i =

“F-= HDIS(G)' G, €

_’mf"-:- om(cn.(m)l (”ﬂ"‘ua))

For any OZe K

is a pushout of a pullback, SO

. ~ Ny .
2.sup’§§3e‘“-fﬁatr

Hi(ﬁ) and

L3

1]

i




. Let F = Gty -.. t), G e f; ),/
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M — ’m(sl ‘ E
m(GlmF)\l _ '?m(mw)l =
‘TR(F’ > WU, -

Gl 1.)
, 'ﬂl(e) m™0

is a pushout of a. pullback too, so - :
CWNUEL (01 ) (WL(ED) ’m_(c;l 1 )(‘m(e)), so .
3043q“1(Fl(0)l )(]ﬂl(p)) = 34 oBTZ(Gl 1, )(TRJG)) -
| o’ETl(l 115 0 Gl(m)l )(’HQ(G)) -

0 'mu 114).0 ’Y\"(_(Gl(m)l y (U@ =
30030 o’m om(Gl(m)l)( 7(E)_):,"
M m"('mf 'Wl"F , thus | ”

0 ’b‘\‘um 0)1 )(m_(m) M UASIN

t, .oy, tg e T(A) and
MG = WG o "

ng;nmo.m_sl(m)lm)(g. ?) N
- pefine the fermula).? to be , '

i nim /

£:} ti(gj'm) . Pnsi //
. For any C?LG'KT YA

'rF¢G G o R N
rF¢1 ' L L
L, * M .“" - '

i' .

T —

is a pullback, thus
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WR(G)

MWL (Foc) / \%‘(m)l) S \ /
WL (Fol.) |

L'mn:)

'm (FJ. (n)mk )R(n;lm) ‘ ~
) ‘ .

is a pullback' too, so usirf'g/_Ib-
AL EL ) 1) (TIUR) = rmu 21 ) TH(BL (6L m 1)
U@ = Mgy, S g T (WUcE 2 @) -

m -;"_ " Lhat _
5o (n Mo g 0 ML eLmL) TIL@)) -

.M 7
10. Let F -(G(Po)r G ¢ H, (0) and
" ' ;.
WS -5, e M GO (M@

For any C)Z € K

) F1 @ .
. e ! [“ E
‘_1_ i -

is a pullback, thus o | | ;

. “' m P _ P l
3 o’m(m(n)l )(rf“za F)) = <Vn Fel TR =
121




W(G)

f’mm é/ \]w)l o)
L(Fl 1y)

TWE S '»W(T)

“'TvzuﬁJ;;:;Tf*i. (1 1.1 ) ' ' N\

nn 0

is af pullback too, soO )

N \ : I \

SN (Fl(n)l )('m(F)) = mz (1,1 1*--)7-1__(?{;-1 (GL(0)1)

('ﬂl(c))) = Gt o T Po 0o 307 oML Gy L\
y

_ - \

// m(G)) =3 l& (m P;1 ) 1 I Om(GL(O)l ) \\ \\
e = 5 ("5«“"93" M, DAY
jn WL (Fi (n)l'n) (YWL(F)) = "‘ﬁ" ra a. S N _ \

/\ ‘ _ ' , | |

s/ .1.3"Prop ition .

t a &ct’or '\1}/

limits. NIf m sati/sfi s the condition (i) from proposition |

" 11.2, then

(whéﬂre as before T' =7C'n('T) a B (H))

T ' -»(b)——lrn_g)£¥' M) 45 isomorphic to q)'ﬁ..

\ B i vauff1c1ent to_show that ].f F, G ¢ 'H(nJ)_
) . : \
o | ‘. :and P> G e Cn(T) then M ﬂﬁl G (for

the details compare w:Lth the pro of
PI'OPOS:LthI'l 9.9. I1). Let F, G ¢ H(n) and

P + G & Cn(T), then Fl(n)G €. Mor(Th(T, H))

N ] and Gi (n)l 0 Fi(n)Gq = Fi(n)1

, | T

N ‘ ' thus 'm(c;l (1, ) o MM (Fi (n) Cy)

E_ '\\j o . "W'L(Fl (n)l ) and by roposotion 1l. 2. ’
g ) ¢ ‘ f/'
1 \ o

o



5

. "
= M

,-so

/
(b)/fFor any F ¢ H(n) deflne
/ Yo —\3 0 "G'YZ(F i(n) 1), then
J /€$ is a bljectlon from ‘
> (T', r" R,
WLE) to 'a.g) (F) ’m \
We will show that the transformatlon P is - natural,"\

e ™~ ‘,u\\‘_‘\\:;\_‘
Let F e H{n), G € H{m), ¢ ¢ H(n+m) and FoG be a ’

morphism 1n/mh(T, H). ©Let V¥ denote_the formula F x G n ¢,
then for any le €’ K ‘FeG! = rF‘PG-‘, thus F®G = FYG. |

Consider the diagram.-

(F) — — 5 M@
' R o _ '
‘P'f'. | ' .'JJ(T:. .
o~ Y ' / —~~—~— P
M - (WY T > (M) @ = M
(W) (r¥a) e
7 Tt =3 ryo
g ’TQ"?‘{;G‘.' = Te x T /n’U_‘{‘ Y

. /,- -

The above diagram commutes lff for any a e 7@”(?)_an&
! . N
!

/b = TWL(FYe) (), (Vp(a), wG(a)) <MY/

To show the last,#ggtlce that T and ¥ are 1somorphlc:"\

N,
N

{since rﬁw and 'Y are lsomorphlc for any CjZ e Ky and -S:‘

that the following diagram commutes 1n Th(T, H) (smnce

its image commutes for. any Cﬁi\s Kpd .

S




CF . | .
‘ T‘?(g n) = n : - L
. _ 1 Gi{m) 1 o

- Fi(n)1l,
3 a\}‘l’ (n,m,n) = (n,m,n)l Y -
N — ' . D Y.
-1 1
where ¥(n, m, n) = (n, m, n)F is an isomorphism. Therefore
the follow1ng diagram commutes in sets
e TES) . M@
AM(¥ (n,m,n) = (n;m,0) F) \
| AT .
TUFL (L)) WG m 1) 3
M (n,mem) = (nyme) TN © 4
W (T 4 ’Wl(l )
Let a ¢ 'W'L/(F) and b = 'ﬂ"l( ¥G) (a) , then there is

\

W(\P(nr m, }I} = (n, m, !n)f‘) -(at) \-and
(wgla), Ygb)) = (J/om(n(n)l Y @), | | |
; n) ln) (a'),

om Gl(m)l (b)') o YL (‘P(n, m,r n) z (n, m,

/\ 'W?. (V) such that

-
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by

qﬂl(?(n,'m; m) = (n, m, M1 )—; f |

qﬂl( ﬁiT; cens g:ﬁ) o W (v l(n+m)1 +m’ ¢ SO
(@), vg®) = Gy oM I, L., BT,

in om(pE:T, R ply ) ULy ifnem)l ) @ -
‘(jmm oML (¥ w1, ) (e«

S pem © WL (¥ i (n+m) 1mm) (WM (7)) = M

Thus

(pz(a) r (D)) e'm gt

12. Theorem

Let Sets(Th(T' Hi))'denotle the full subcategory of ¢
Th . H.
(T ) conSLStlng of those finite limit preserVLng

functolrs wﬂéft satlsfy condition (i), then

(Th(Tr Hy )) is equlvalent to

Km,(H ) where T! = Cn(T) n B(H)
J

_Proof

1. By Proposition 9.8 | . .
- LU e K (Hy) - Mod (T', H) 3

is an isemorphism, and Mod(T‘, Hy) is a full subcategory

of

4

Th(T', )

¥ o= SetsTh(T' ﬁﬂ.

Sets

2. By Propositions 10.8, 10.10, 10.11 and 10.14, fox any
: : v,y
WL e moa(r', H) i WLe se 5 (Th(T' Hi DY 5o

, H.
— Mod (T', H,) is full subcategory of Sets (Th(T i),

,‘fﬁh;?\\EY*P£Q9Q51tlon 11.3(by Mod(T', H. ) is representative )

in the category sets (Th(T, Hj )) From 1, 2, and 3

. 1

~ follows that
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TTye Ky )+ seedTR(T, Hy))

islﬁull, faithful and representative and therefore

(cf. [31) - v
KT,(HV)AiS equivalent to sets (Th (T, #;)) 0.
12. 1 Corollary ' | ¢
. (Th (T, H))U
. N _
Let Sets denote the full-subcategory of |

Sets Th(T" H), whose objects are all 7“1 0 UH’ where

' b) Mod(T, H) is a full subcategory of Sets

( b . ’ (Th(T, H))U
. 1TZ ¢ Sets Th(T, )) ‘then Sets - - is eqguivalent
¢ t?"KT(H) .
proof - ’
3 (Th (T, H))y
1. Mod(T; H) is a full subcategory of Sets: H,
‘ because T o

- a) By Prop051tlon 9.10 and Theorem 12 1f

o~

TTl ¢ Mod (T, H) then.

’m Tt. o V for some 'rL ¢ Sets (Th(T'_F))

Th(’I‘, H)

L (Th(T, H)y
Mod (T, H) is }épresenﬁaiive_in Sets f becausoj
it WM (Th(T’ F)), thenqnllis isomorphic to |
(jﬂl)(T’ F} and since V, 1 is an‘inclusion |
qﬂz 0 U is 1somorph1c to (?ﬂl)(T' F) o UH =

(Qﬂl)‘T' H Mod(T H) . .

(’\‘): K (H) + Mod(T,,H) is an lsomorphlsm

From 1, 2 and '3 follows that P .
. (Th(T, H))y, - '
‘ H,

L~ .
( e KT(HF + Sets

0
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 is a full, K faithful and rep;esentative and therefore

f. 3 . S . .
(ef. [31) ‘ (Th(T, ),
H

KT is equivalent to Sets ' a.

12.2 Corollary' 

. preserved by the embeding

ERANIARATON ST rean P A S T P e

The category KT.(HO)'has finite products which.are.:
L~ . " Th(T, Hy)

( ): KT,(HO) + Sets
wheére as before 7' = Cn{(T) o B(HO).

Proof . :
’ (Th(Tr HO))

' Let qnli ¢ Sets i=1, 2. X

Define thé functor ‘

- P: Th (T, HO) + Sets, such that
pE =M ® « M@ For F.‘e: Hyo and o .
p(FoG) = WL, (FOG) x ')TL (FOG) for FeG ¢ Mox (Th( H‘o”

then P is a product of-functors‘jﬂ and 7ﬂ2

Th (T, Hy) :
Sets .

We will show that,
' (Th (T, HO))

P ¢ sets .
"1, P preserves finite limits. Suppose that D: J = Th(T,
is a fi lte dlagram in Thr, H ), then

p(lim D,) = (lim L . )(’llmD) cun (M (1m?.w ))

Hy)

i)

50

jeJ i=1,2 jeld 11,2 - - jeJ-
lim (1lmm (D 1). |
i= l 2 jeJ - . |
"Since lim Gﬁwl (D 1) ex1sts for any J € obj (J) therefore
‘ i=1,2 » _ :
© O 1im in B @) =/13.m(llmm () (ef. 1510
i=1,2 jelJ ' B jeJ i=1,2
C ;-i//
- / .

.

é‘f\



[N

=L e 9 s

. .
-, h N

-+ p(lim D) #{ lim(lim RAL
jeJ. ] o 3ed 1?1,2

lim P(D,). - '

jeJ 9

.D. : . ... ’ -
;) lim(1in 0N 20,

-

jeJ iel,?

2. P preserves coequilizeérs of kernel pairs.l In the

" ‘category of sets a diagram - -’ -

. f . n
aT—% B—>C

v

is a coequilizer of a kernel pair iff it satisfies the

3

o,

following:

1. h{£(x)) = h{g(x}).for

2. if hiy)

- Y
' &-E{A, such, that £(x)

1

30 if £(x) = £(x') and g

then x = X'

all x ¢ A

h(y') for some -y, y' ¢ B then there 1is

=y and gl®) = ¥'.

(%} = g(x‘).fdr X, x' ¢ A

4, if z ¢ C then there 1is y,e'B, such that z = hiy) s

Now let f . S

£ - h
T T e iy H )
- F G.——-—-——-’—H be s
K : * %

a cOequilizer*of Xernel pair in TH(T,‘HO), then

N I
MW, (F) ——%
. E’Ti(g)

is a coequilizer of a kernel pair in Sets.

‘we will show that the diagram

g

~ L M.wy

PO R A ]
P L

e
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CpeE) ] P'(h')/'";.. et

P (F) . X P(G) —— > P(E)
P (qg) o B °

f/eatisfies the'conditiens 1, 2, 3 and 4.

e,

.

-

W (@) (xy) = Yi, , qﬂl (9) (x,) = ¥y, SO

.W~Suppe;Efjhatl(z 17 2 ) € P(H); then
z. ¢ AL (H) and 22 é QWZZ(H), 50 - there are

-

Let (xl; Xy) € P(F), then .

P(n) (PUE) (xp5 %)) = (W (h) (T (®) x, Y

M, (h) (‘mz'(f)"_g_’ic';)")) ('ml.m c'ml g) (x,))

T

ML, ) (WL, te) (x5)))

Suppese that

Py ¥ P'(h) (y'l, yz) for some .

(ylf Yz): ‘(Ylf Yz) € P(G)r then-

’Wl(h) (yl) = WML, () (yy)and m ) (yz) = 'm (1) (y2)

o
g0 there are X‘bc ”MQ (F) and x2 ¢ VEL-(F)
such that N UL

M) ) = vy MWGEO ) =y,

(xl, X. ?\; P(F) and o ' ’
P(i)(xl, X,) = (Yl: Yz)' N 'L

1 1 B
Yy € ml(a) and y,-¢ mz(a) ' ’
‘such that : c - }
z) = Wy (yl) and z2 M, v,y S0

P(h) (P(g) (xyr X))

(yyr ¥o) € P(G) and/(zl, 22) = P(h) (¥yr Y3}~

S%ralghtforward

Thus (*) is a coequlllzer of kerne pair

¥

. _ |
, A |

N
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From 1. and 2. follows that P e Sets(*h(T H )) e

Thué the category‘Sets(Th(T f )) has flnlte _products

whlch are preserved by 1nclu51on in Sets(Th(T' H )

\ ThTH ‘
Since Sets( (T, ) is equlvalent to KT,(H ), it follows

- that KT,(H“) has finite preducts which are preserved by

_the gpbedlng

~ o : Th(T, HO)‘
“( ) (H )} + Sets 0

12.3 éorollafy . | ' (“

=The category KT.g{) i = 0, 1, ? has filtered
colxmlts, Wthh are preserved. by the embedlng
e
("5 K (H) +SetsTh(TH)

Qhere:as before‘T' = Cn{T) n B(HiK;

Proof‘ :

: _ Let f{ k Rel ‘be a filtered dlagram-ln Sets and

ké\lgf ¢ = colim qwl in Sets Th(T Hl). Lét {D.}. J‘be

finite diagram in Th(T, H;), then
I . 1. 1lim D. exisfsf : . | el

S 2. M windy) = 1lm'W? D.) for all K ¢ Obj(I)

o . - . jEJ J ' ]b‘] } . .. .
o Thus

C(lim'b.) = collm’MR

(llm D. ) = colim(mQ (lim D.)) =
jGJ -J k_c ' k’ J 'E.I,’,' k L J {

jeJ

uw_l,‘.collm(llnlqwz (D )) < o » L
) kel jel : - :

!

- ’ ;- R
since {D]}jeJ is flnlte and {FR }h 1 s, flltered B

/
therefore

~

colim(limmh(b.)) = 11m(collmm k(D )) (C;f- [53)r
kel  jel ) 3eJ keIl 7 _
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C(lim D.) = lim(colim M . (0 )) - 1in(cols ]

jeJ I jeJ her . 3 Sed hs;mTHQ p) (BL) =
lim C(D.), so C preserves flnlte lifits. .. ' fl~. -
jeJ : el P

-

IT 1. Suppose that colim D. ekisre
R 'f' jeJ '

2. Suppose that’UTZh(collm D, ) & coiim?TZ (D.)
‘[ Jer 3 = jeas RT3

for al%_h € Obj(I)‘
“then
;'C(colim-Dj) = collm'#vz (collm D. ) = COllm(inQb(COllm D 1) =
jed kel ; ' jel 3 kel l

l

o collm(collminn h(D })
3 kel ¢ JeJ o

'Slnce {D. }]GJ is finite and {qﬂ? heI is frltered .

therefore ' ) - .
collm(collnﬁzrzk(D )) = collm(collmfxmrI(D.)) -
keI jeJ 7 jed heI ‘ 3

(cf. [51), so

‘C(colim D.) = Im(colimTWQ'h(D-I) =
jeJ 3 J ke X C 3
COllm(COIlmqﬂQ h}JD e ,collm C{Dj), [=Te} _ , ) -
’ JEJ . . jeJ .7 - : ..
L N - TN :
_ C preserves all finite colimites, which axe preserved
¢ bym b szI. . ' S 1}\
. , R
: From I and II it follows that - T o N,
| ' (Th(T, H.)) - Ty
- C e Sets " " S AR
(Th(T; H ))
Thus the category Sets - has. flltered copigducts,
| ' Th(T, Hi)
which are preserved by the 1nclu516n*1n Sets ! i
Slnce Sete(Th(T' i ))15 equlvalent to. Kﬂ'(H ); it fOllOﬁé”

that-K o (H ) has flltered colimits Whlch\yre preserved by

S



- 66 -
the embeding

3 s . i ":l.‘h(r.'{"pj H)
(Ve Ky () + sets I i B
13. Example. Small categorles
Let 5 be a relgtional type such thaﬁ‘ 4/%?‘
Zg(l) = {d,,c}, Zo(n) =g fOf\n =1, z (0) = {1},°
23(31 = P and Ei(n) g for n/# 0 and n = 3 The symbols

d and c interpreted ast’pary functlons, such that for a
) hats >
morphism x, d(x) is the identipy'morphism on the domain

of x and c(x) is the identity'morphism on . the codomain of
x. The symbol P_is interpreted as a three argument predi-
cate, such that for_morphiéms X, Y, Z, P{x, ¥y, 2) ho}ds
\'iff the compoSitiop ef‘x and y equals z. .
There ie a. theory ¢ B(HO) such that~KTc(H0§ is

the bategory of all smallxéétegqqies. For example 7¢ ‘can.
consist of the following axioms (the formulas on the

right hand side are rewritten in the usbial first order

LS N -

5

/1eﬁgua9e): o ~ T - o
i e?r = amd) < dplpyd), | oo =l N I
2. B3, D) A p(2, 1, 1) - P} E.pz,_P(x; g, £ Y%, ¥ W) z.z
3. p(a, pl, ph, . .o R@Exew
4. P(p:]L-, ey .1%)", o " B(x, (%), ¥
5. clo) = e, o cle(x) = el
6. A = df ' ] d(dtgyf : alx)

Thus Th(Tc,,HO) is the theory category'fof'small catego;ies,

structures. corresponding 'to set_valued gunctors_from

\
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Th(T", H ) which preserve finite products and coequilizers '

-0f kernel palrs are small categories.

Now let R deﬁote

dwﬁ Edmz “13(2
apl = aey - 3(4
s N 6

6 6

6 6
P(P6q:g pl! P3) A P(Psfpzf p4) > ps

' In the jusual language

d(x) F.d(y)'h Vx,; L

> ,HLJ_P(u, X, X 'Yy A

.l' . . . f Ll *

. Vu, u', x', y'EP(uf X
P(u r Y ¥ ) + u = u'l
(It is easy to-see, tha
pretation: d(x) ie ap

are pro;ectlons )

Let H be the clos

: substitution, then Set

-

_category of small.cate

This follows fronﬁCoro

s

J
v

~

the following formula

11

2)(f’(°(pl = C(93) nelpy) =e

5 5 5 5
1y Blpge Py p3),A P(Psr Py Py

6.
p3) A (P(pl. pg, 94) A

!
6

1

pg)f

R{¥%, ¥) has the translation

c(%) = c(x') A cly) & ely") A dl
P(ur Y t)] A

x') AP, Y, ¥') AR’y x, x'

t the formula R(x, y) has the in

roduct of c(x) and c(y) and x an

[

(pi) A

Y)Y A

0oz adly)
X L og

) A-'

ter—

dy

ure" of H0 u {R} under A, 53 and

(Th(T®, H))y : -
s , H:is Equivalent to
gorles and product preserVLng fu

llary 12 1 0.

the

nctors.
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