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Abstract
The aim of this study is to analyze the time series data in an innovative man-

ner, which combined the deep learning model with the mechanistic model to form a
hybrid model. In order to demonstrate the feasibility and theoretical background of
the hybrid model, the Lorenz System is used as an example to explore the underly-
ing mathematical mechanism. Through several simple exams, it is observed that the
Bidirectional Long Short Term Memory (BDLSTM) in the hybrid model could be
trained to learn the dynamical behavior of the complex dynamical system properly
and the mechanistic model in the hybrid model could adapt to different situations
flexibly.

In practical exploration, a real hybrid model, namely the Argiculture-informed
Neural Network (AINN) model, that consists of deep neural networks (DNN), in-
cluding but not limited to: Long Short Term Memory (LSTM) , Convolutional Neural
Network (CNN), and Transformer, and Dynamic Land Ecosystem Model (DLEM),
are proposed to predict nitrous oxide emissions in agricultural fields. The model
is trained using data collected from smart farm, named Area X.O, in Ottawa, On-
tario, Canada, during the 2021 growing season and tested using data from the 2022
growing season. During the data preprocessing stage, we utilized the Robust Scaler
(or MinMax Scaler) to scale the data into a narrow range. Our statistical analysis
revealed that temperature and humidity are closely related and share similar time se-
ries patterns, suggesting that they contain the same information for predicting nitrous
oxide (N2O) emissions.

To evaluate the model’s performance, several metrics were used, including mean
absolute error (MAE), mean absolute percentage error (MAPE), root mean square
error (RMSE), and coefficient of determination (R2). Our results indicate that the
AINN outperforms the pure DNN and DLEM in both the training and testing datasets,
because in the hybrid model, the Recurrent Neural Network (RNN) part could catch
the dynamical behavior of the emission of N2O, and the DLEM part could regulate
the training path and lead the entire model to converge in a limited number of basins
of attraction.

Additionally, since it is costly to collected the data from the field, it is better
for us to do time series data augmentation using Generative Adversarial Network
(GAN), with the aim of closely matching the original data distribution while also
preserving the dynamic behavior of the original data. However, even state-of-the-art
GAN models like TimeGAN fall short in preserving the temporal dynamics present
in the original time series due to the absence of first-order difference information. To
address this limitation, this study proposes a novel process for generating multivariate
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time series data. The proposed process comprises four essential modules: a) the
GAN module for generating multivariate time series data, b) the sampling module
for preserving the first-order difference distribution, c) the smoothing module for
refining the generated data, and d) an evaluation module using the Kolmogorov-
Smirnov Test (KS-test) and Hilbert-Schmidt Independence Criterion (HSIC), along
with other metrics to test the synthetic time series data. This comprehensive approach
ensures that the synthetic time series data maintains both the distribution and the
dynamic behavior of the original data.

With the advent of quantum computing, we transitioned from the conventional
LSTM to quantum LSTM and formulated the Quantum Long Short Term Memory-
Dynamical Land Ecosystem Model (QLSTM-DLEM) model, showcasing enhanced
generalization capability and stability. Experimental results indicated that QLSTM-
DLEM achieved comparable performance to Long Short Term Memory-Dynamical
Land Ecosystem Model (LSTM-DLEM) using several quantum bits.
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Chapter 1

Introduction

The recent unprecedented success of recurrent neural network models such as LSTM,
GRU, and Transformer in video processing, natural language processing, and pattern
recognition has made them popular as data-driven models. Their applications have
expanded into non-traditional areas like earth and environmental sciences, where
they are currently challenging the dominant role of knowledge-driven, process-based
models in these fields.

1.1 Motivation and Importance

It is a challenging task to conduct time series analysis. In our efforts to develop time
series analysis methodologies, we face several hurdles in terms of prediction accu-
racy and computation efficiency that need to be addressed within our architecture, as
highlighted below:

1. Assessment of Uncertainty. For time series analysis, it is necessary to take into
account the uncertainty originating not only from the noise in the observed
measurements, but also from the accuracy of our model.

2. Vulnerability to Initial Conditions. In time series analysis, even a minor al-
teration in the initial conditions can result in significant differences over the
long term. Therefore, it is crucial for the model to be capable of adjusting its
analysis over time.

3. Variability in Dataset Size. The size of time series data can vary greatly, with
some measurements yielding only a few data points, while others may have
thousands. The time series model must be able to handle both scenarios effi-
ciently and in a generalizable manner.

4. Difficulty in Detecting Long-Term, Non-Linear Relationships. Time series
models must be able to uncover long-term temporal dependencies in the data.
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Additionally, traditional methodologies often struggle with analyzing the non-
linear relationships between inputs and observed time series measurements.

5. Handling Multi-Dimensional Time Series Data. In even a simple system, a
single measurement can be influenced by multiple random variables. These
variables may be interrelated or have causal relationships, but for the sake of
simplicity, researchers often assume that they are independent and identically
distributed. This assumption leads to a loss of cross-correlation information
among the random variables and can result in an incorrect analysis.

As demonstrated in Table 1.1, RNN models are known to be capable of effec-
tively capturing long-term and non-linear relationships when trained properly. Addi-
tionally, they are well-suited for handling high-dimensional problems. On the other
hand, mechanistic modeling is indifferent to the size of the time series dataset and
the assessment of uncertainty. Given these complementary strengths, it makes sense
to explore the combination of these two methodologies into a single model that can
address all the challenges outlined above.

TABLE 1.1: The pros and cons of RNN Modeling and Mechanistic
Modeling

RNN Modeling Mechanistic Modeling

seeks to identify statistical relation-
ships and correlations between inputs
and outputs, but may have difficulties
in accurately determining the uncer-
tainty of its analysis.

aims to establish a causal relationship
between inputs and outputs and is not
concerned with assessing uncertainty.

effective in handling high-dimensional
problems and can process large
amounts of data.

struggle in handling high-dimensional
problems and can be susceptible to
model misspecification.

requires large datasets and can be com-
putationally demanding, requiring sig-
nificant processing power and memory
resources.

capable of handling small datasets and
is simple to implement, with less com-
putational requirements.

limited to making predictions based on
patterns found within the given data.

once validated, can be used as a predic-
tive tool in situations where conduct-
ing experiments is difficult or costly.
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1.2 Research Problem

1.2.1 Time Series Analysis and its Application in Agriculture

Time series data can be found in a wide range of scientific and economic fields,
including daily stock market quotations, monthly unemployment figures, population
birthrates, school enrollments, blood pressure measurements over time, and weather
time series, among others.

The correlations among sequential data points in time series data present a sig-
nificant challenge for conventional statistical methods, which rely on the assumption
of independent and identically distributed observations. To address this challenge,
time series analysis provides a systematic way to examine the correlations between
adjacent data points.The ultimate objective of time series analysis is to create mathe-
matical or statistical models that can detect underlying patterns, dynamics, or mecha-
nisms from sample data, and make accurate predictions or estimates for unseen data.

Applying time series analysis to predict nitrous oxide (N2O) emissions in agricul-
ture is a crucial step in understanding and mitigating greenhouse gas impacts. Time
series models are particularly effective in capturing the temporal dependencies and
dynamic interactions among the factors influencing emissions, such as soil moisture,
soil temperature, nitrogen content, and agricultural practices. By leveraging histor-
ical data and real-time monitoring, deep learning models like LSTM and GRU can
provide accurate and timely predictions. These models not only account for seasonal
and cyclical patterns in emissions but also adapt to anomalies caused by extreme
weather events or changes in farming practices.

1.2.2 Limitations of Current Solutions

Traditionally, researchers have used theoretical autocorrelation and cross-correlation
functions to describe the properties of time series data in sampled form. With these
methods, researchers can only estimate the mean, autocovariance, and autocorrela-
tion functions from the sampled points x1, x2, ... , xn. However, since it is impossi-
ble to have sufficient independent and identically distributed (i.i.d.) copies (usually
only one realization is available) of xt for estimating the covariance and correlation
functions, it raises questions in classical statistics. To overcome this challenge, it is
common to assume that the time series data is stationary if only one observation is
available for estimating the population means and covariance functions.

From a statistical perspective, the AR and ARMA models are the conventional
models for stationary time series analysis, while for non-stationary time series, the
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ARIMA model is widely accepted for modeling purposes. ARMA is a linear model
for time series analysis, but most observations are non-linear in nature. Linear mod-
els may provide good approximations for some applications, but in most cases, a non-
linear model can provide more insight into the time series data than a linear model.

1.2.3 Key Idea

When dealing with multivariate time series data, conventional approaches from the
statistical field, such as AR, ARMA, ARIMA, and others, are typically employed.
However, these traditional methods necessitate time series that are free of seasonal
or temporary trends, requiring the model to be trained on a stationary time series.
This limitation hinders practical applications of traditional approaches, prompting
the exploration of alternative solutions for time series analysis.

The most intuitive approach is to identify a mechanistic model that analytically
and comprehensively describes the system’s behavior when the underlying mecha-
nism behind the time series data is fully understood. However, this is not always
the case, and empirical models are often established based on partial knowledge and
available data. In such scenarios, the system typically becomes a combination of
theoretical and empirical models.

Recent advancements in deep learning have popularized the use of RNN models,
such as Transformer, LSTM, or GRU, for time series analysis. While these RNN
models effectively model time series data, they often lack interpretability and are
considered black box models. In this research, RNN models and mechanistic mod-
els are combined as a dynamical system to analyze time series data generated by a
time-varying system. The goal is to find a parsimonious solution that accurately rep-
resents the underlying patterns and dynamics of the data while providing a simple
and interpretable explanation of the results.

Moreover, with the emergence of quantum computing, the traditional RNN is re-
placed by its quantum counterpart, aiming to achieve better generalization and stabil-
ity performance. In the field of quantum neural networks, utilizing several quantum
bits, state-of-the-art regression performance can be attained.

To further understand the learning mechanism of RNN, additional neural net-
works are developed and compared, including MLP, TDNN, CNN, and transformer.
The objective is to select the most appropriate model for our specific application.
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1.2.4 Thesis Statement

We accurately predict N2O emissions in agriculture by integrating deep learning and
mechanistic modeling to develop a hybrid model known as the Agricultural-informed
Neural Network (AINN), including but not limited to LSTM-DLEM, CNN-DLEM,
and Transformer-DLEM.

1.3 Objectives

The main objectives of this thesis are as follows:

1. To analyze time series data, especially for prediction of N2O emission from
farming, using a combination of the recurrent neural network and the mecha-
nistic model.

2. To generate time series data using WGAN and MCMC method, which could
preserve the temporal dynamic in the original dataset.

3. To develop a quantum model to analyze the time series data.

The focus of this research is to explore the potential of combining the RNN with
the Mechanistic Model as a hybrid dynamical system. The models being studied
include: the Lorenz System (a simple case to demonstrate the feasibility of hy-
brid model, the hybrid combination model (the LSTM, CNN, Transformer, QLSTM
and the DLEM) to predict nitrous oxide (N2O) emissions, and the WGAN and the
MCMC models to generate time series data.

Another key objective of this research is to apply RNNs or machine learning
approaches to tackle time series data. The AINNs (CNN-DLEM, LSTM-DLEM,
Transformer-DLEM) are developed to predict N2O emissions and to uncover the
underlying mechanism of N2O production in the natural environment.

1.4 Contributions

The main contributions of this research are as follows:

• Feasibility of Hybrid Model Integration: This study explores the potential of
combining a neural network model (a black-box model) with a mechanistic
model. The hybrid model effectively learns the dynamical aspects of the sys-
tem and adapts flexibly to varying conditions.
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• Improved Prediction of N2O Emissions: Development of the Agriculture-informed
Neural Network (AINN) combines neural networks (such as LSTM, CNN, and
Transformer) with a mechanistic model, the Dynamic Land Ecosystem Model
(DLEM). This integrated model enhances prediction accuracy compared to tra-
ditional single-model approaches by capturing both data-driven patterns and
underlying physical dynamics. The study also develops a quantum LSTM
variant alongside the DLEM, showing comparable performance to the clas-
sical LSTM-DLEM model but with greater generation capacity.

• Enhanced Data Augmentation for Agricultural Time Series: Given the chal-
lenges in collecting large-scale agricultural data, this work introduces an inno-
vative data augmentation technique that combines WGAN (Wasserstein GAN)
and MCMC (Markov Chain Monte Carlo). This approach generates realistic
time series data, maintaining the original temporal dynamics, and offers more
robust datasets for training models without extensive field data collection.

1.4.1 List of Publications

During my PhD studies, I wrote and published several papers, as shown below:

Published Paper

1. Ci Lin, Tet Yeap, and Iluju Kiringa. “Stacked Bidirectional LSTM for Predict-
ing Emission of Nitrous Oxide”. In: 35th Canadian Conference on Artificial
Intelligence, Toronto, Ontario, Canada, May 30 - June 3, 2022.

2. Ci Lin, Futong Li, Patrick Killeen, Tet Hin Yeap, Iluju Kiringa. “Agriculture-
informed Neural Networks for Predicting Nitrous Oxide Emissions”, ACM
transaction on Internet of Things.

3. Ci Lin, Tet Yeap, Iluju Kiringa (2023). “On the Basin of Attraction and Capac-
ity of Restricted Hopfield Network as an Auto-Associative Memory”, 2023 In-
ternational Conference on Cyber-Enabled Distributed Computing and Knowl-
edge Discovery (CyberC).

4. Ci Lin, Tet Yeap, Iluju Kiringa (2024). “Subspace Rotation Algorithm for
Training Restricted Hopfield Network”, 36th International Conference on Tools
with Artificial Intelligence (ICTAI 2024).
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Submitted Papers

1. Ci Lin, Patrick Killeen, Futong Li, Tet Yeap, Iluju Kiringa. “Preserving Tem-
poral Dynamics in Synthetic Multivariate Time Series Using Generative Neu-
ral Networks and Monte Carlo Markov Chain”, Submitted to IEEE transaction
on Artificial Intelligence.

2. Ci Lin, Tet Yeap, Iluju Kiringa. “Implementing Restricted Hopfield Network
as Robust Auto-associative Memory Using Subspace Rotation Algorithm”,
Submitted to IEEE transaction on Knowledge and Data Engineering.

Preprinted Papers

1. Ci Lin, Patrick Killeen, Futong Li, Tet Yeap, and Iluju Kiringa. “A Unified
QLSTM-DLEM Model for Predicting Agricultural N2O Emissions”, Authorea
Preprints (2024).

2. Ci Lin, Tet Yeap, and Iluju Kiringa, “Improving Adversarial Robustness of
Conjugate Neural Networks with Guided Diversity”, Authorea Preprints (2024).

3. Ci Lin, Tet Yeap, and Iluju Kiringa. “Beyond Gradient: Subspace Rotation
Algorithm”, Authorea Preprints (2024).

1.5 Methodology

This research investigated the potential of combining Recurrent Neural Networks
(RNNs) with Mechanistic Models to form a hybrid model and achieve improved per-
formance compared to either model individually. For Theoretical exploration, the
Lorenz system was used to generate an sample data and a manually designed mech-
anistic model, which consisted of linear part and nonlinear part, was used to evaluate
the validity and feasibility of hybrid model. While, in practice, a hybrid model, which
consisted of BDLSTM and DLEM, was proposed to predict the emission of N2O in
the agricultural field.

In this exploration, the original dataset, which was a multivariate time series and
included the data of temperature, moisture, precipitation, and flux of N2O, was col-
lected using LI-COR soil-gas measurement equipment. In order to study whether
different agricultural practices have varied impact on the emission of N2O, the LI-
COR sensors were placed in a variety of places with different approaches to spread
the fertilizer. A variety of variables, including temperature, moisture precipitation,
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and flux of N2O, were measured every 30 minutes during the 2021 and 2022 growing
seasons in Area X.O, Ottawa, Ontario, Canada.

In order to analyze the multivariate time series data collected by the LI-COR sen-
sor from the agricultural field, firstly, the traditional approaches, such as ACF and
PACF, were utilized to analyze the data of interest. After obtaining the general infor-
mation of the series data and before feeding the data into the hybrid model, the time
series data needed to be pre-processed using a scaler or other data transformation
technique. Finally, the hybrid models were used to learn the dynamical pattern in the
time series data and predict the emission of N2O on the unseen dataset.

Since the time series dataset was difficult to collect once a year, we could only
collect a time series of one growing season. Therefore, it is necessary for us to
augment the data and reduce the generalized error of the hybrid model being trained.
In this study, the WGAN-GP and MCMC methods were combined to augment the
multivariate time series data. The WGAN-GP was used to generate the time series
vector source and the MCMC approach was used to sample the time series source
and generate time series dataset. Finally, the generated time series was needed to
pass into a smoothing filter. Hilbert–Schmidt Independence Criterion (HSIC) was
used to measure the quality of the time series data in comparison to its original data.

The simulation and experiment results showed that the hybrid model could per-
form better in a variety of cases than an individual deep learning model or a pure
mechanistic model. Additionally, for the data augmentation approach mentioned in
this section, the data generated by this technique were fed into the hybrid model and
achieved similar performance in comparison with the real data.

1.6 Thesis Outline

The rest of this thesis is structured as follows. In Chapter 2, some important con-
cepts of time series analysis, Bayesian statistics, and dynamical systems are intro-
duced. Concurrently, several recurrent neural networks, which are usually used to ad-
dress time series data, and one mechanistic model (Dynamic Land Ecosystem Model
(DLEM)), are reviewed.

In Chapter 3, the time series analysis is formulated, and the conceptual design of
the models is proposed along with two applications. In Chapter 4, experiments are
conducted to test the performance of the AINN. In Chapter 5, a new process is used
to generate the multivariate time series dataset for predicting the emission of N2O. In
Chapter 6, the quantum neural network is introduced and combined with DLEM to
form a new hybrid model for predicting the agricultural emission of N2O. In Chapter
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7, it summarizes the contributions of this thesis proposal and presents some research
directions for future work.
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Chapter 2

Literature Reviews

RNN are a type of ANN specifically designed to handle sequential data. They are
ideal for tasks that require modeling the temporal dependencies between time steps
in a time series such as classification, sequence generation, and forecasting [1, 2].

Mechanistic Models are mathematical models that describe the underlying prin-
ciples and mechanisms of a system based on scientific knowledge and first principles
[3]. They are widely used in fields such as physics, engineering, and biology to
model physical systems such as electrical circuits, biochemical reactions, and con-
trol systems [4].

In this research, we aim to combine both RNNs and Mechanistic Models as a
Dynamical System for Time Series Analysis. A Dynamical System is a mathematical
model that describes how a system changes over time in response to inputs and rules
[5]. Time Series Analysis is a method of analyzing and modeling time-based data
to uncover patterns, trends, and relationships [6]. With the emergence of data-driven
Dynamical Systems, these two approaches are closely related to each other [7, 8].

The relationship between Time Series Analysis and Dynamical Systems is also
bidirectional, as the insights and knowledge gained from Time Series Analysis can
inform the development and refinement of Dynamical System models and vice versa
[9]. This close relationship between the two fields allows for a more complete and
accurate understanding of the behavior of systems over time.

In this chapter, we review and analyze significant contributions in the fields of
RNNs, Mechanistic Models, Dynamical Systems, and Time Series Analysis. We
start by defining the specific characteristics of our research problem and highlighting
the limitations of previous studies on discovering accurate behavior of complex time-
evolving systems.
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2.1 Time Series Analysis

Time series data is a collection of data points that are measured at regular intervals
over a period of time. The objective of time series analysis is to understand the
underlying patterns and structures within the data, such as trends, seasonal variations,
and autocorrelation. To produce accurate and reliable results, a substantial amount
of data must be gathered.

Time series data is widely utilized in a range of fields, including language pro-
cessing, electrical signal analysis, traffic analysis, weather forecasting, and emission
analysis, among others [10, 11, 12, 13]. Time series analysis is used to develop
mathematical, statistical or even mechanistic models that can accurately describe the
behavior of the data and make predictions about future trends.

Historically, statistical models such as AR [14], ARMA [15], and ARIMA [16]
have been used for time series analysis. With the advent of deep learning, neural
network models have emerged as a powerful tool for time series analysis, including
LSTM [17, 18], RHN [19, 20, 21], GNU [22].

The application of these models includes:

• Classification: This involves identifying and categorizing the data [23].

• Curve fitting: This involves plotting the data along a curve to understand the
relationships between variables within the data [24].

• Descriptive analysis: This identifies patterns in time series data such as trends,
cycles, or seasonal variations [25].

• Explanative analysis: This involves attempting to understand the data and the
relationships within it as well as cause and effect [26].

• Exploratory analysis: This highlights the main characteristics of the time series
data, typically in a visual format [27].

• Forecasting: This predicts future data based on historical trends, using histori-
cal data as a model for future predictions [28].

• Intervention analysis: This studies how events can impact the data [29].

• Segmentation: This divides the data into segments to reveal the underlying
properties of the information source [30].
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2.1.1 Challenges in Current Time Series Analysis

Time series analysis is a widely used method for analyzing data collected over time.
Despite its widespread use, there are several challenges associated with time series
analysis, including:

1. Non-stationarity: Many time series exhibit non-stationary behavior, meaning
that their statistical properties change over time. This can make it difficult to
accurately model the time series and make predictions with traditional statisti-
cal models.

2. Seasonality: Many time series exhibit regular patterns of behavior that repeat
over time such as daily, weekly, or yearly patterns. This can make it challeng-
ing to separate the seasonal behavior from the underlying trends in the data.

3. Noisy data: Time series data can be noisy, meaning that it may contain outliers
or other unexpected observations. This can make it difficult to identify patterns
and trends in the data.

4. Model selection: There are many different models that can be used for time
series analysis, such as ARIMA, SARIMA, exponential smoothing, and neural
networks. Choosing the right model for a particular time series can be chal-
lenging and require a lot of experimentation.

5. High-dimensional data: Time series data can often have a large number of
dimensions such as multiple time-based variables or multiple observations at
each time step. This can make it difficult to identify the most relevant patterns
and trends in the data.

6. Data availability: In some cases, time series data may not be available or may
be limited in terms of frequency or quality. This can make it challenging to
develop accurate models and make predictions.

2.1.2 Linear Time Series Model

The following section provides an overview of the three most widely used linear
models for time series analysis: linear AR, MA, and ARMA. Although these mod-
els have different designs for the conditional mean ( f ), they all assume a constant
conditional variance (g2).



Chapter 2. Literature Reviews 13

Autoregressive (AR) Model - AR(p)

The linear autoregressive (AR) model was first introduced in a seminar paper in
1927 [31]. It is a regression model in which the predictors are the past p values of
the response variable Zt, with p being referred to as the AR process order. The AR
process can be described as follows:

Zt = ϕ0 + ϕ1 ∗ Zt−1 + ϕ2 ∗ Zt−2 + ... + ϕp ∗ Zt−p + σ ∗ et (2.1)

where ϕ0 to ϕp are the coefficients of the AR process, and et is independent identity
distributed white noise processes.

The AR model represents the mean f of Zt, given its past values, as a linear
combination of its p previous values, while the variance remains constant and equal
to σ2. It is widely known that an AR process is considered to be stationary only when
the roots of its characteristic equation 1− ϕ1y− ϕ2y2 − · · · − ϕpyp = 0 are within
the unit circle, which means |yi| < 1, i = 1, . . . , p.

Moving Average (MA) Model - MA(q)

Moving Average models simulate the behavior of a time-varying signal by consider-
ing the past average of q error terms, also known as the residuals. This MA process
is depicted as:

Zt = α0 +
q

∑
i=1

αiϵt−i + ϵt (2.2)

where ϵt are error terms that are independent identity distributed (0, σ2), q is the MA
process order and (α0, α1, . . . , αq) are the coefficients of MA process.

In the MA model, the conditional mean f of current observation Zt, given its
past values, is a linear function of the past q prediction errors, whereas its conditional
variance g2 is constant and equal to σ2.

Autoregressive Moving Average Model - ARMA(p; q)

The ARMA(p; q) model is the combination of the autoregressive AR(p) and mov-
ing average MA(q) models [32]. In an ARMA model, the current value of the time
series is expressed as a linear combination of both the past values of the signal and
the past error terms. The order of the ARMA model is defined by two parameters:
the order of the AR, represented by the parameter “p”, and the order of the MA,
represented by the parameter “q”. The ARMA process could be depicted as:



Chapter 2. Literature Reviews 14

Zt = ϕ0 +
p

∑
i=1

ϕiZt−i +
q

∑
j=1

αjϵt−j + ϵt (2.3)

where Zt is the value of the time series at time t, ϕ0, ϕ1, ..., ϕp are the autoregres-
sion coefficients, ϵt is the error term at time t, α1, α2, ..., αq are the moving average
coefficients, and p and q are the orders of the autoregression and moving average
components, respectively.

We emphasize that the ARMA(p; q) process is stationary if and only if its AR
component is stationary. If ϕ0 = 0, the mean of the ARMA process will be zero.

2.1.3 Nonlinear Time Series Model

Time series analysis often relies on linear models and processes, which are generally
suitable for making statistical inferences in many practical applications. However, it
is still essential to consider nonlinearity in time series. In real-world, the empirical
time series are often nonlinear, and nonlinear models can make significant contri-
butions in various applications. In this section, we will focus on several nonlinear
time series analysis techniques, including Threshold Autoregressive Models (TAR),
Markov Switching Models, and Time-varying Coefficient Models, which can help to
better understand and analyze complex nonlinear patterns in time series data.

Threshold Autoregressive Models (TAR)

The self-exciting TAR model is one of the most commonly used nonlinear time series
models for scalar data. It is an extension of the segmented linear regression model,
where the changes in the regression structure occur in the threshold space. While
this model has many variants, we will focus on the simpler two-regime TAR model
in this discussion.

A time series xt follows a two-regime TAR model of order p with threshold vari-
able xt−d if it satisfies

xt =

ϕ0 + ∑
p
i=1 ϕixt−i + σ1ϵt, i f xt−d ≤ r

θ0 + ∑
p
i=1 θixt−i + σ2ϵt, i f xt−d > r

(2.4)

where ϵt represents a sequence of independent and identically distributed random
variables with zero mean and unit variance. The model also includes real-valued
parameters θi and ϕj, with the additional assumption that θi and ϕj are not equal
for some value of i. The parameters d and r are positive integers representing the
delay and threshold, respectively. For the sake of simplicity, we use the same order
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p for both regimes. However, it is worth noting that different orders can be used if
necessary.

Markov Switching Models

Markov Switching Models (MSMs) are a class of time series models that allow for
changes in the structure of the data generating process over time. In MSMs, the
observed time series yt is modeled as a function of an unobserved Markov chain St

that determines the current state of the system. The Markov chain is assumed to have
a finite number of states, denoted as 1, 2, . . . , K, with K ≥ 2. The probability of
being in state i at time t, denoted as P(St = i), depends on the previous state and
is given by the transition probabilities P(St = i|St−1 = j) = πj,i, where πj,i is the
probability of switching from state j to state i.

To simplify our discussion, let us consider a time series xt and define St as the
state of the process at time t. In a two-state Markov switching model (MSM), St can
take on two possible values, namely St = 1 or St = 2. We say that the time series xt

follows a two-state autoregressive MSM if it meets the following conditions:

xt =

ϕ0,1 + ϕ1,1xt−1 + · · ·+ ϕp,1xt−p + σ1ϵt, i f St = 1;

ϕ0,2 + ϕ1,2xt−1 + · · ·+ ϕp,2xt−p + σ2ϵt, i f St = 2;
(2.5)

where ϕi,j are real numbers, σi > 0, and ϵt is a sequence of i.i.d. random variables
with mean zero and variance 1.0.

The autoregressive polynomial of the j state is defined as j(B) = 1− ϕ1,jB −
· · · − ϕp,jBj. In many cases, it is necessary for the roots of j(B) = 0 to lie outside
the unit circle for j = 1 and 2. The state transition of the model is governed by the
transition probabilities, as depicted in the following:

P(St = 2|St−1 = 1) = η1, P(St = 1|St−1 = 2) = η2 (2.6)

where 0 < ηj < 1.

Time-Varying Coefficient Models

Time-varying coefficient (TVC) models are a popular choice when weak stationary
conditions or linearity assumptions are no longer appropriate. Unlike linear models,
TVC models are nonlinear and offer greater flexibility. The way in which the co-
efficients change over time is a crucial factor in determining the properties of TVC
models. In this section, we present one simple TVC model. A time-varying coeffi-
cient AR (tvAR) model can be written as:
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xt = ϕ0,t +
p

∑
i=1

ϕi,txt−i + ϵt; (2.7)

where ϕj,t, for j = 0, . . . , p, are random variables and ϵt is a sequence of iid random
variables with mean zero and variance σ2. At the same time ϕj,t are independent of
ϵt.

2.2 Bayesian Inference

Bayesian inference is a process of using data analysis to estimate the properties of
an underlying probability distribution based on observed data [33]. This process
utilizes Bayes’ theorem to update the probability of a hypothesis as more evidence
is obtained. In the context of time series analysis, Bayesian updating is crucial, and
the Bayesian Structural Time Series (BSTS) model has been developed for various
applications such as feature selection, time series forecasting, decision-making, and
causal impact analysis [34, 35].

In the field of machine learning, the term “inference” is often used interchange-
ably with “prediction.” By evaluating a well-trained model, one can make predictions
about the next time measurement. In this context, learning or estimating the proper-
ties of the model is referred to as “training,” while using the model for prediction is
referred to as “inference.”

2.2.1 Bayes’ Theorem

When new data is obtained, the level of confidence in a hypothesis is updated using
Bayes’ theorem. Given two events A, B ⊆ Ω, where P(Ω) > 0, the conditional
probability of event A given that B has occurred can be expressed as follows [36]:

P(A | B) =
P(B | A)P(A)

P(B)
(2.8)

where P(B) ̸= 0. The prior probability P(A) represents one’s initial beliefs about
event A before event B occurs. The likelihood function P(B | A) can be understood
as the probability of event B occurring given that event A has occurred. The poste-
rior probability P(A | B) represents the updated belief in event A after taking into
consideration the occurrence of event B.
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2.2.2 Monte Carlo Methods

Monte Carlo methods, also referred to as Monte Carlo experiments, employ repeti-
tive random sampling to estimate expectations. They are commonly used to address
three types of problems: optimization, numerical integration, and sampling from a
probability distribution [37]. The principle behind Monte Carlo methods is that by
obtaining M random samples, θ(1), ..., θ(M), from the density π, the expectation
can be calculated through linearity of expectation, as demonstrated below:

Eπ{
1
M

M

∑
i=1

g(θi)} = Eπ{g(θ)} (2.9)

2.2.3 Markov Chain Monte Carlo

In some instances, it may not be possible or practical to sample from the target dis-
tribution ∏(θ) for Monte Carlo integration directly. Or in some cases, it is difficult
for us to identify a suitable sampling density. This is where Markov Chain Monte
Carlo (MCMC) methods come in handy. Researchers developed MCMC methods
to provide an approximate solution for sampling from any target density [38]. The
basic concept behind MCMC is straightforward: if a Markov chain with the desired
equilibrium (stationary) distribution is created, then by tracking state transitions on
the chain, a sequence of samples with the desired distribution can be obtained. Gen-
erally, the more samples that are collected, the better the obtained sample distribution
will approximate the actual desired distribution. The most widely used algorithm for
creating Markov chains is the Metropolis-Hastings algorithm.

Algorithm 1 Metropolis–Hastings algorithm

Output: M approximate samples from π(θ)
Initialization: Draw θ(0) ∈ θ from an initial distribution;
for i← 1 to M do

Draw θ
′ ∼ q(θ

′
| θ(i−1));

Draw u ∼ Uniform(0, 1);
if u < α (θ, θ

′
) then

θi = θ
′

else
θi = θi−1

end if
end for
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2.3 Dynamical System

Dynamical systems provide a mathematical framework for describing the long-term
evolution of systems in which parameters change over time according to fixed rules
or equations. This framework can be used to model complex interactions between ob-
jects or components in a system that co-evolve over time. Traditionally, researchers
used differential equations or iterative mappings to model dynamical systems and
to analyze, predict, and understand their behavior over time. The versatility of the
mathematical framework used to describe dynamical systems has made it relevant to
a wide range of areas of study, including physics, biology, meteorology, astronomy,
economics, and more.

In recent years, advances in machine learning and the availability of more data
have led to a shift in the study of dynamical systems towards data-driven approaches.
Instead of relying solely on analytical models and first principles, experts are now
able to extract essential features and gain deeper insights into the behavior of dy-
namical systems by analyzing data directly.

From a differential equation perspective, dynamical systems can be expressed in
the following form:

d
dt

x(t) = f (x(t), t; β) (2.10)

where x represents the state of the system and f is a vector field that may depend on
the state x, time t, and a set of parameters β.

For data-driven modeling of dynamical systems, it is important for researchers
to train the model with data collected from the target system so that it can learn
its dynamics and accurately predict its behavior. In the machine learning field, the
models could be neural networks, support vector regression, Gaussian processes, etc.
This problem could be formulated in an abstract manner. Assuming a training data
set collected from the target system Dtrain

target = {(z1, z2, ..., zL)}K
i=1 ∈ RK×L×N with

K trajectories of L step states, the predictive model could be expressed as:

ẑk+1 = fθ(zk) (2.11)

which is parameterized by θ. In order to find the optimal solution for the dynamical
function f Eq.2.11, the θ needs to be found, as shown in the following:

θ∗ = argminθL(Dtrain
target; θ) (2.12)
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where L is an object function to calculate the difference between future values ẑk+1

and true values zk+1. The obtained model fθ is tested on a testing data set Dtest
target.

2.4 Neural Network Models

2.4.1 Convolutional Neural Network

CNN is a type of neural network designed specifically for processing data with a grid-
like structure. First proposed by LeCun et al. [39], CNN performs the convolution
operation on input data, which involves applying a filter to each subsection of the data
to extract relevant features. This operation is represented mathematically as shown
in Equation 2.13.

s[n] = ( f ∗ g)[n] =
n

∑
m=0

f [m]g[n−m] (2.13)

where f is the input signal of length N, g is the kernel or filter of length M, n is
the index of the output signal, and m is the index of the input signal that the kernel
overlaps with at each step.

After the convolutional layer, a pooling layer is often added to reduce the spatial
dimensions of the feature maps while retaining the most informative features. A
pooling layer operates by partitioning the input volume into non-overlapping regions
such as segments or rectangles and then computing a summary statistic for each
region such as the maximum or average value. This process is commonly referred to
as max-pooling or average-pooling, respectively. By summarizing the information in
each region, a pooling layer helps to reduce the computation required in subsequent
layers while preserving important spatial relationships in the data.

2.4.2 Long Short-Term Memory

LSTM is a type of recurrent neural network that was introduced in [40]. It is designed
to overcome the problems of gradients vanishing or explosions in standard RNNs,
which can make it difficult to remember long-term dependencies.
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FIGURE 2.1: Structure of Long Short Term Memory

As illustrated in Figure 2.1, LSTM has three gates and one candidate memory
cell, which accepts the input Xt at the current time step and the hidden state Ht−1

at the previous time step. Assuming a LSTM has d input nodes and h hidden nodes
and the batch size is n, then the three gates and one candidate memory cell could be
calculated as follows:

It = σ(XtWxi + Ht−1Whi + bi)

Ft = σ(XtWx f + Ht−1Wh f + b f )

Ot = σ(XtWxo + Ht−1Who + bo)

C̃t = tanh(XtWxc + Ht−1Whc + bc)

(2.14)

where the input nodes are Xt ∈ Rn×d and the hidden nodes are Ht−1 ∈ Rn×d. The
output of the three gates (input gate, forget gate, and output gate) and the memory cell
are denoted by It, Ft, Ot, and C̃t, respectively. Each of these matrices has dimensions
Rn×h. The weight matrices between the input nodes and the three gates plus the
memory cell are Wxi, Wx f , Wxo, and Wxc ∈ Rd×h, respectively. Similarly, the weight
matrices between the hidden nodes and the three gates plus the memory cell are
Whi, Wh f , Who, and Whc ∈ Rh×h, respectively. The biases for the gates and the
memory cell are denoted by bi, b f , bo, and bc ∈ R1×h, respectively. Finally, the
sigmoid activation function, denoted by σ, is used to activate the gates.

LSTM utilizes two specialized gates, namely, the input gate and the forget gate,
to manage input and memory retention, respectively. The input gate, denoted as It,
controls the amount of new data that is incorporated through the memory cell Ct. On
the other hand, the forget gate, represented as Ft, decides how much of the previous
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memory content Ct−1 is maintained. By employing the point-wise multiplication
technique, we can derive the following updated equation:

Ct = Ft ⊙ Ct−1 + It ⊙ C̃t (2.15)

The proposed design has been effective in mitigating the vanishing gradient prob-
lem and improving the ability to capture long-term dependencies in sequential data
[40].

Same as the Ct computation, the output gate and the tanh function of the memory
cell are used to calculate the hidden state, as follows:

Ht = Ot ⊙ tanh(Ct) (2.16)

Bidirectional Long Short-Term Memory

Unlike unidirectional LSTM, BDLSTM processes time series data in both forward
and backward directions using two separate hidden layers. As shown in Figure 2.2,
BDLSTM leverages both posterior and prior probabilities for prediction and is gen-
erally more effective than unidirectional LSTM in several applications, including
phoneme classification [41] and speech recognition [42].

FIGURE 2.2: Architecture of Bidirectional Long Short-Term Memory

The output of the BDLSTM layers is a vector YT, in which each element is com-
puted using the following equation:

YT = γ(H, H
′
) (2.17)
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where H and H
′
denote the outputs in the forward direction and backward direction,

respectively. The two output sequences are combined using a concatenation function
denoted by γ.

2.5 Dynamic Land Ecosystem Model

FIGURE 2.3: Interaction among five components in DLEM

The primary objective behind the development of the DLEM was to address cru-
cial requirements for comprehending and forecasting the wide-ranging patterns and
processes of terrestrial ecosystems and continental margins, as well as the intricate
interactions involving climate, ecosystems, and human activities within the context
of multifactor global change. The DLEM integrates significant biophysical, biogeo-
chemical, vegetation dynamical, and land use processes, functioning across various
temporal scales spanning from daily to yearly, and spatial resolutions ranging from
meters to kilometers, encompassing regional and global extents. The DLEM exhibits
the following characteristics: 1) It considers multiple driving factors; 2) it incorpo-
rates fully-coupled cycles of carbon, nitrogen, and water; 3) it concurrently simulates
major greenhouse gases (CO2, CH4, N2O, and H2O); 4) and it dynamically tracks al-
terations in land cover/use and vegetation distribution. The model has undergone
validation against site-specific measurements worldwide and has been employed at
different scales [43]. The DLEM comprises five core elements: biophysics, plant
physiology, soil biogeochemistry, dynamic vegetation, and land use and manage-
ment. The interactions among these components are shown in Figure 2.3.
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• Within the biophysical component, the model captures the instantaneous in-
teractions involving energy, water, and momentum with the atmosphere. It en-
compasses micrometeorology, canopy physiology, soil physics, radiative trans-
fer, hydrology, and the influence of surface fluxes of energy, moisture, and
momentum on the simulated surface climate.

• The plant physiology module replicates crucial physiological processes, such
as photosynthesis, autotrophic respiration, carbon allocation among different
plant parts (root, stem, and leaf), turnover of living biomass, nitrogen uptake
and fixation, transpiration, phenology, and more.

• The soil biogeochemistry component simulates N mineralization, nitrification,
denitrification, NH3 volatilization, leaching of soil mineral N, decomposition,
and fermentation.

• In the dynamic vegetation component, two types of processes are simulated.
Firstly, it accounts for biogeographical redistribution in response to climate
changes. Secondly, it captures plant competition and succession during veg-
etation recovery following disturbances. Similar to other DGVMs (Dynamic
Global Vegetation Models), DLEM utilizes the concept of PFT (Plant Func-
tional Type) to describe vegetation distributions.

• The land use and management component replicates the biogeochemistry of
managed ecosystems, encompassing agricultural ecosystems, plantation forests,
and pastures.

2.5.1 The Global Nitrous Oxide Model Intercomparison Project
(NMIP)

According to [45], the radiative forcing of N2O is approximately 265 times greater
than that of CO2 over a 100-year time horizon. As a result, it is estimated that N2O
contributes approximately 6% to the overall global warming effect. Additionally, it is
considered to be the single most important ozone-depleting emission in the twenty-
first century [46]. Human activities, including industrial N2 fixation through fossil
fuel combustion or the Haber–Bosch process and manure nitrogen (N) application,
play an increasingly significant role in the perturbation of the global N cycle [47,
48, 49]. As a result, atmospheric N2O concentration has increased by approximately
21%, from 271 ppb at preindustrial levels to 329 ppb in 2015 [50, 51, 52]. This
highlights the urgent need to reduce N2O emissions, especially in the agricultural
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FIGURE 2.4: The Framework of Global N2O Model Intercomparison
Project (NMIP) [44]

sector, which is one of the major contributors to increased N2O emissions. Therefore,
reducing N2O emissions must be a top priority as part of our efforts to mitigate the
effects of climate change.

However, compared to CO2-related studies, global investigations into N2O fluxes
have been significantly limited. Consequently, significant uncertainties persist re-
garding the primary drivers and their impacts on nitrification, denitrification, and
above-below ground nitrogen exchange processes. Table 2.1 displays the commonly
used process-based mechanistic models in evaluating and predicting changes to the
N cycle and N2O emissions in response to various global factors. While the resulting
estimates of global terrestrial N2O budgets and spatiotemporal patterns have varied
significantly among these models, these discrepancies are primarily due to differ-
ences in the input data used, the structure of the models, and the methods used to
determine model parameters. Our understanding of how model structures and pa-
rameters influence N2O estimation in response to multifactor global changes in both
natural and managed ecosystems remains inadequate. To address these issues, the
NMIP has been established, utilizing consistent input data and simulation protocols
to estimate global terrestrial N2O fluxes while also considering uncertainties associ-
ated with model structure and parameters, as shown in Figure 2.4.

2.5.2 DLEM for Nitrous Oxide Emission

In this investigation, the emission of N2O, which is influenced by all these five fac-
tors, is studied. According to the description in the [67], the hierarchy structure of
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TABLE 2.1: Mechanistic Models for the Prediction of N2O Emission

Model Contact Affiliation

CLM-CN [53] E. Saikawa Emory University

DLEM [54, 55] H. Tian Auburn University

LM3V-N [56] S. Gerber University of Florida

LPJ-GUESS [57, 58] S. Olin/A.Arneth
Lund University, Swe-
den/Karlsruhe Institute of Technol-
ogy, Germany

LPX-Bern [59, 57] S. Lienert/F. Joos
Institute for Climate and Environ-
mental Physics, University of Bern,
Switzerland

O-CN [60] S. Zaehle
Max Planck Institute for Biogeo-
chemistry

ORCHIDEE [61] N.Vuichard

L’Institut Pierre-Simon Laplace
Laboratoire des Sciences du
Climat et de l’Environnement
(IPSL–LSCE), France

ORCHIDEE-CNP [62] J. Chang/D. Goll IPSL–LSCE, France

TRIPLEX-GHG [63,
64]

C. Peng
University of Quebec at Montreal,
Canada

VISIT [65, 66] A. Ito
National Institute for Environmen-
tal Studies, Japan
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DLEM for the emission of N2O could be represented in Figure 2.5.

FIGURE 2.5: Hierarchy Structure in DLEM

General Emission of Nitrous Oxide

N2O production in soils is majorly dominated by biological nitrification and denitri-
fication processes.

GN2O = (Nnit + Ndenit)× f (Tsoil)× (1− f (w f p))

f (Tsoil) =
1

1 + e−0.64+0.08Tsoil

f (w f p) = 0.0116 +
1.36

1 + e−
w f p−0.815

0.0896

(2.18)

where GN2O is the N2O produced from soil, Nnit is the daily nitrification rate (gNm−2day−1),
Ndenit is the daily denitrification rate (gNm−2day−1), f (Tsoil) is the scaled factor of
soil temperature (Tsoil,◦ C) on the N2O emission process (unitless), and f (w f p) is
the effects of water-filled porosity.

Nitrification

Nitrification is a biological process that involves the conversion of ammonia (NH3)
and ammonium (NH+

4 ) into nitrite (NO−2 ) and nitrate (NO−3 ) by soil microorganisms,
which are nitrifying bacteria. This process is an essential part of the nitrogen cycle
and plays a crucial role in maintaining soil fertility and ecosystem productivity. The
reactions involved in nitrification are the following:

2 NH3
+ + 3 O2 −−→ 2 NO2

− + 2 H+ + 2 H2O

2 NO2
− + O2 −−→ 2 NO3

− (2.19)

And the nitrification rate is calculated as follows:
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Nnit = knit × f (TNsoil)× g(w f p)× DNH4

f (TNsoil) = 7.24× e−3.432+0.618×Tsoil×(1−0.5×Tsoil/36.9)

g(w f p) = −12.904× w f p4 + 17.651× w f p3+

5.5368× w f p2 + 0.9975× w f p− 0.0243

(2.20)

where knit is the daily maximum fraction of NH+
4 that is converted into NO−3 and

nitrogen gases, f (TNsoil) is the soil temperature’s effect on nitrification (unitless),
and g(w f p) is the soil moisture effect.

Denitrification

Denitrification is the biological process that converts NO−3 into nitric oxide (NO),
N2O, and dinitrogen (N2).The reactions involved in denitrification are the following:

NO3
+ + 2 H+ + 2 e− −−→ NO2

− + H2O

NO2
− + 2 H+ + e− −−→ NO + H2O

2 NO + 2 H+ + 2 e− −−→ N2O + H2O

N2O + 2 H+ + 2 e− −−→ N2 + H2O

(2.21)

And the denitrification rate is calculated as follows:

Ndenit = Npotdenit × f (Tsoil)× f (w f p)× f (DNO3)

Npotdenit = (0.151 + 0.015× Pclay)× Rh× kden

f (DNO3) = 1.17×
DNO3

32.7 + DNO3

DNO3 = avNO3/BDsoil

(2.22)

where Npotdenit is the potential rate of denitrification (gNm−2day−1), Pclay is the per-
centage of clay content in soil, Rh is the soil respiration rate (gCm−2day−1), kden

is a parameter depending on the plant functional type to tune the potential denitri-
fication rate (gNm−2day−1), f (DNO3) represents the effect of NO−3 concentration
(gNg−1soil), avNO3 is the NO−3 content in the soil per unit area (gNm−2), and
BDsoil is the soil bulk density (gsoilm−3).
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2.6 Machine Learning Models for Prediction of Ni-
trous Oxide Emission

Despite being calibrated to specific locations, process-based biogeochemical models
typically cannot accurately forecast daily or monthly emissions with more than a 20%
margin of error. To address this limitation, researchers have started using machine
learning techniques to study environmental phenomena with high variability across
time and space. For example, machine learning models like classical regression,
shallow learning, and deep learning have been introduced to predict soil greenhouse
gas (GHG) emissions from agricultural fields. Table 2.2 displays the specific machine
learning models that have been employed for this purpose [68].

2.7 Information Bottleneck Theory

In information theory, which underlies most of the analysis presented in this thesis,
this trade-off is treated through the sub-field of rate distortion theory. In particular,
the complexity of the model is then characterized through its coding length, which
in turn is proportional to the amount of (mutual) information between data points
and their new representatives (precise definitions of all these concepts will be given
shortly). If we term this information the “compression-information,” simpler mod-
els correspond to models with low values of compression-information that enable
more efficient communication. However, these models typically suffer from a rel-
atively high (expected) distortion. Hence, this fast communication comes with the
cost of lower precision of the sent messages. Thus, the familiar precision-complexity
trade-off, which we already encountered for supervised and unsupervised learning,
arises again in the context of communication through an information-theoretic anal-
ysis [76].

2.7.1 Mutual Information

Mutual information is a measure of the amount of information that is shared between
two random variables. It quantifies the degree of dependence between the variables
and can be used to identify relationships and patterns in data.

The mutual information between two discrete random variables X and Y is de-
fined as:
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TABLE 2.2: Machine Learning Models for Prediction of N2O Emission

Models Descriptions

Support Vector Ma-
chine (SVM) [69]

SVM creates linear and nonlinear decision bound-
aries, or hyperplanes, in variable space by optimiz-
ing a margin-based formulation using a subset of the
training data called support vectors.

Random Forest (RF)
[70]

Decision trees grow concurrently by randomly split-
ting and searching for the best combination of vari-
ables.

Least Absolute Shrink-
age and Selection Oper-
ator (LASSO) [71]

The LASSO model and ridge regression are quite sim-
ilar, with the key distinction being that the LASSO
model uses the L1 norm while ridge regression uses
the L2 norm.

Feed-Forward Neural
Network (FNN) [72]

FNN automatically adapts its synaptic weights and bi-
ases using the back-propagation learning algorithm,
resulting in the creation of a distinct model that corre-
sponds to the input/output relationship in the network.

Radial Basis Func-
tion Neural Network
(RBFNN) [73]

RBFNN is a type of FNN that uses radial basis func-
tions as activation functions. Their ability to provide
global approximation, a compact scheme, and effec-
tive fitting of continuous and noisy datasets distin-
guish them from other types of supervised neural net-
works.

Long Short-Term
Memory (LSTM) [40]

LSTM is a type of recurrent neural network that is es-
pecially well-suited for sequence-to-sequence learn-
ing tasks.

Deep Belief Network
(DBN) [74]

DBN is primarily composed of Restricted Boltzmann
Machines (RBMs), with a linear regression layer typ-
ically included to facilitate prediction tasks.

Convolutional Neural
Network (CNN) [75]

CNN relies on the principle of local connectiv-
ity, utilizing convolutions in place of the traditional
weighted sums used by FNNs.
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I(X; Y) = ∑
y∈Y

∑
x∈X

p(x, y) log
p(x, y)

p(x)p(y)
(2.23)

where p(x,y) is the joint probability mass function of X and Y, and p(x) and p(y) are
the marginal probability mass functions of X and Y, respectively. The logarithm is
typically taken with respect to base 2, so the resulting units of mutual information
are bits.

For continuous random variables, the mutual information can be defined using
integrals instead of sums:

I(X; Y) =
∫∫

p(x, y) log
p(x, y)

p(x)p(y)
, dx, dy (2.24)

where p(x,y) is the joint probability density function of X and Y, and p(x) and p(y)
are the marginal probability density functions of X and Y, respectively.

Mutual information can also be expressed in terms of entropy:

I(X; Y) = H(X)− H(X|Y) = H(Y)− H(Y|X) (2.25)

where H(X) and H(Y) are the entropy of X and Y, respectively, and H(X|Y) and
H(Y|X) are the conditional entropy of X given Y and the conditional entropy of Y
given X, respectively.

In summary, mutual information is a powerful tool for analyzing the relationships
between random variables, and its calculation involves computing probabilities and
entropy functions of the variables.

Information Bottleneck Theory

The information bottleneck (IB) method is a technique in information theory intro-
duced by Naftali Tishby et.al [76]. The central idea behind IB is to discover the
best trade-off between accuracy and compression: an optimal hidden representation
H of the input X should compress the information as much as possible, while still
allowing for accurate prediction of the output Y.

IB algorithm minimizes the following functional with respect to conditional dis-
tribution p(h|x):

inf
p(h|x)

(I(X; H)− βI(H; Y)) (2.26)

where I(X; H) and I(H; Y) are the mutual information of X and H, and of H and
Y, respectively, and β is a Lagrange multiplier.
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2.7.2 Hilbert-Schmidt Independence Criterion

HSIC, which stands for Hilbert-Schmidt Independence Criterion, is a statistical mea-
sure used to test the independence between two random variables. HSIC is a nonpara-
metric method that can be used to detect any kind of dependence between variables,
including nonlinear and high-dimensional relationships.

The basic idea behind HSIC is to compare the cross-covariance of two variables
in their respective feature spaces with the product of their individual covariances. If
the cross-covariance is close to zero, then the two variables are considered indepen-
dent.

The HSIC between two random variables X and Y with observations x1, ..., xn

and y1, ..., yn, respectively, is defined as:

HSIC(X, Y) =
1

(n− 1)2 tr(KX HKY H) (2.27)

where tr denotes the trace of a matrix, KX and KY are the kernel matrices for X and
Y, respectively, with entries KX(i, j) = k(xi, xj) and KY(i, j) = k(yi, yj), where k is
a kernel function, and H = I − 1/n1n1T

n , where I is the n× n identity matrix.
The HSIC statistic can be centered and normalized to obtain a test statistic that

follows a standard normal distribution under the null hypothesis of independence:

HSICn(X, Y) =
HSIC(X, Y)−E[HSIC(X′, Y′)]

Var[HSIC(X′, Y′)]
(2.28)

where X
′

and Y
′

are independent copies of X and Y, respectively.
In summary, HSIC is a nonparametric method for testing the independence be-

tween two variables, and its calculation involves computing the kernel matrices and
their cross-covariance.

HSIC-Bottleneck Theory in Neural Network

Assuming there is an MLP composed of L hidden layers T() : Rdi−1 → Rdi , re-
sulting in hidden representations Zi ∈ Rm×di , where i ∈ 1, . . . , L, and m denotes
batch size. According to the Information Bottleneck principle, the original mutual
information terms are replaced by HSIC, as shown in Equation 2.28, as the learning
target:

Z∗i = arg min
Zi

HSIC(Zi, X)− βHSIC(Zi, Y) (2.29)
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where X ∈ Rm×dx is the input, Y ∈ Rm×dy is the label, i ∈ {0, 1, 2, . . . , L} and L
is the number of hidden layers, dx and dy are the dimensionalities of the input and
output variables, respectively.

2.8 Training Algorithm for Neural Network

In the field of neural networks, data representation has two major applications: pat-
tern recognition and data compression [77]. In pattern recognition, the challenge lies
in discovering the regularities within the data, while in data compression, the process
involves encoding, restructuring, or modifying data to reduce its dimensions, often
using fewer bits than the original representation.

In these applications, it is essential to extract features that are invariant or robust
to variations within each category. This process is referred to as feature extraction
in the field of neural networks [96]. From the perspective of information theory, the
goal of feature extraction is to minimize information loss during the transformation of
data from a high-dimensional space to a low-dimensional space [97]. Building upon
this idea, neural network-based principal component analysis has been developed.
Additionally, machine learning algorithms can benefit from from feature extraction
and selection when the model learns a mapping from input data to target data [98,
99].

2.8.1 Neural Network-Based Principal Component Analysis

Principal Component Analysis (PCA) is a well-known feature extraction method that
aims to identify the optimal directions in which the data exhibit the largest variances
and capture the most information [100]. Traditional PCA is limited to linear regres-
sion and matrix analysis, while the neural network-based PCA method estimates the
PC from the input data “online,” making it particularly suitable in addressing high-
dimensional data. This approach circumvents the need for computing a large covari-
ance matrix and is also effective in tracking nonstationary data, where the covariance
matrix exhibits slow variations over time [101].

In recent decades, several neural network-based PCA learning algorithms have
been proposed, with the Hebbian and Oja’s learning rules serving as the founda-
tion. These algorithms can be categorized into different classes, including Hebbian
rule-based PCA algorithms, least mean squared error-based PCA algorithms, other
optimization-based PCA algorithms, anti-Hebbian rule-based PCA algorithms, and
nonlinear PCA algorithms, as illustrated in Table 2.3.
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TABLE 2.3: Neural-Based PCA Algorithms

Title Categories Update Rule

1 [78, 79]

Subspace Learn-
ing Algorithms
[80]

wt+1 = wt + ηytxt − y2
t wt

Generalized Heb-
bian Algorithm
[81]

wi,t+1 = wi,t + ηi,tyi,t[xt − x̂i,t]

LEAP Algorithm
[82]

wi,t+1 = wi,t + η{Bi,tyi,t[xt − wi,tyi,t] −
Ai,twi,t}

DPD algorithm
[83]

wi,t+1 = wi,t + ηt[xtyi,t −
(∑J2

j=1 wj,twT
j,t)

wi,t
∥wi,t∥

]

2 [84]

Rubner-Tavan
PCA Algorithm
[85]

wi,t+1 = wi,t + ηtyi,t[xt − x̂t]

APEX Algorithm
[86] wi,t+1 = wi,t + ηi,t[yi,txt − y2

i,twi,t]

3

LMSER Algo-
rithm [87]

wi,t+1 = wi,t + ηt{2At − Ci,t − AtCi,t −
γ[Bi,t At + AtBi,t]}wi,t

PAST Algorithm
[88] wi,t = wi,t−1 + [xi,t − x̂i,t]

y∗i,t
δi,t

Robust RLS Al-
gorithm [89]

wi,t = wi,t−1 + [xi,t − x̂i,t]yi,t

4
NIC algorithm
[90]

Wt+1 = (1 − η)Wt +
ηĈt+1Wt[WT

t Ĉt+1Wt]−1

coupled
PCA/MCA
algorithms [91]

wt+1 = wt + ηt(
xtyt
λt
− wt)

5

Kernel PCA [92,
93] λv = C1v = 1

N ∑N
j=1(ϕ(xi)

Tv)ϕ(xi)

Robust/Nonlinear
PCA [94]

wi,t+1 = wi,t + ηtϕ(yi,t)ei,t

Autoassociative
Network-Based
Nonlinear PCA
[95]

normal backpropagation approach

1 Hebbian Rule-Based PCA.
2 Anti-Hebbian Rule-Based PCA.
3 Least Mean Squared Error-Based PCA.
4 Optimization-Based PCA.
5 Nonlinear PCA
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2.8.2 Gradient-Based Optimization Approaches

In the domain of machine learning, gradient descent (GD) is currently considered
the state-of-the-art optimization strategy [102]. Unlike PCA algorithms, which aim
to discover the principal direction for representing the data with minimal informa-
tion loss, gradient-based optimization approaches focus on iteratively updating the
parameters to minimize the target function, also known as the loss function in neu-
ral network terminology. Based on the processing of input data and the updating
method, gradient descent algorithms can be categorized as follows [103]:

All the methods mentioned above fall under the category of gradient-based opti-
mizations. Consequently, they suffer from several drawbacks, including local optima
[115], gradient vanishing and exploding [116], hyper-parameter sensitivity [117],
and difficulties with plateaus and flat regions, among others. In this paper, the pro-
posed SRA approach overcomes the issues associated with gradient-based methods
and achieves state-of-the-art performance on training MLP as a classifier.

2.8.3 Machine Learning Methods for Time Series Data Augmen-
tation

Table 2.5 provides an overview of common data augmentation methods for time se-
ries data. Similar to data augmentation techniques employed in computer vision,
most time series data augmentation approaches rely on random transformations, in-
cluding operations like cropping [141], scaling [121], and rotation [142]. The diffi-
culty in implementing random transformation-based data augmentation arises from
the inherent diversity among time series datasets. Not all transformations are suitable
for every time series dataset. For instance, the application of jittering (adding noise)
assumes that it is typical for the time series patterns in a specific dataset to include
noise. While this assumption is valid for sensor data, audio recordings, or Electroen-
cephalogram (EEG) data, it may not be applicable to time series data obtained from
object contours.

In addition to random transformations, researchers have also explored the uti-
lization of intrinsic dataset information for synthesizing time series data. This can
be accomplished through methods such as pattern mixing, decomposition, and gen-
erative models. Pattern mixing encompasses the practice of blending two or more
existing time series to create fresh, unique patterns. The fundamental idea behind
this technique is that by amalgamating distinct existing patterns, new samples can be
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TABLE 2.4: Gradient-Based Optimization Approaches

Title Update Rule
SGD [104] θ = θ − η∇θ J(θ; x(i); y(i))
BGD [105] θ = θ − η∇θ J(θ)
Mini-BGD [106] θ = θ − η∇θ J(θ; x(i:i+n); y(i:i+n))

Momentum [107]
νt = γνt−1 + η∇θ J(θ)
θ = θ − νt

NAG [108]
νt = γνt−1 + η∇θ J(θ − γνt−1)

θ = θ − νt

Adagrad [109]
θt,i = ∇θt J(θt,i)

θt+1 = θt −
η√

Gt + ϵ
⊙ gt

Adadelta [110]
∆θt−1 = −RMS(∆θt−1)

RMS(gt−1)
gt−1

θt = θt−1 + ∆θt−1

RMSprop [111]
E[g2]t = 0.9E[g2]t−1 + 0.1g2

t

θt+1 = θt −
η√

E[g2]t + ϵ
gt

Adam [112]

mt = β1mt−1 + (1− β1)gt

vt = β2vt−1 + (1− β2)g2
t

m̂t =
mt

1− βt
1

v̂t =
vt

1− βt
2

θt+1 = θt −
η√

v̂t + ϵ
m̂t

AdaMax [113]

ut = β∞
2 vt−1 + (1− β∞

2 )|gt|∞

= max(β2vt−1, |gt|)

θt+1 = θt −
η

ut
m̂t

Nadam [114] θt+1 = θt − η√
v̂t+ϵ

(β1m̂t +
(1−β1)gt

1−βt
1

)
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TABLE 2.5: Machine Learning Approaches for Time Series Data Augmentation

Family Methods

Random Trans-
formation

Jittering [118, 119, 120], Rotation [118], Scaling [121], Magni-
tude Warping, Flipping [121], Permutation, Slicing, Time Warp-
ing, Time Masking, Frequency Masking, Frequency Warping,
Fourier Transform

Pattern Mixing

Deviation From Mean (DFM) [122], Interpolation [123], Time
Aligned Averaging [124], Guided Warping [125], Equalized Mix-
ture Data Augmentation (EMDA) [126], Stochastic Feature Map-
ping (SFM) [127]

Decomposition
Seasonal-Trend Decomposition using Loess (STL) [128], Inde-
pendent Component Analysis (ICA) [129], Empirical Mode De-
composition(EMD) [130]

Generative Mod-
els

Gaussian Trees [131], Posterior Sampling [132], Linear Model
[133], Markov Chain [134], Local and Global Trend (LGT) [135],
Generating Time Series (GRATIS) [136], Long Short-Term Mem-
ory (LSTM) [135], Generative Adversarial Network (GAN) [137,
138], WaveNet [139], Autoencoders [140]

crafted, combining distinctive features from each contributing pattern. Some com-
mon approaches to pattern mixing include Deviation From Mean (DFM) [122], in-
terpolation [123], and Equalized Mixture Data Augmentation (EMDA) [126]. De-
composition methods extract features from the dataset, such as trend components
[128] and independent components [143], to generate new patterns based on these
extracted features. Generative models take a somewhat indirect approach by uti-
lizing the feature distributions within the dataset to produce new patterns. More
recently, generative models employing neural networks such as GANs [144] have
gained prominence.

2.8.4 Generative Adversarial Network for Time Series Data Aug-
mentation

As shown in Table 2.6, GANs represent one of the most significant advancements
in generative technology. Since their initial introduction in a seminal research pa-
per [144], these frameworks have been applied extensively to generate synthetic se-
quences in diverse domains, including renewable scenarios [145], sensor data [146],
finance [147], biosignals [148], smart grid data [149], and text [150]. Recently, re-
searchers have shifted their focus to synthesizing time series data, leading to the
development of several GANs specifically designed for this purpose.
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TABLE 2.6: Generative Adversarial Network for Time Series Data Augmentation

GAN Models Characteristic

WGAN [151,
152]

Enhance the stability of learning, mitigate issues such as mode
collapse, and offer meaningful learning curves that can aid in de-
bugging and optimizing hyperparameters.

C-RNN-GAN
[153]

Work with continuous sequential data and apply it through train-
ing on a collection of classical music.

RCGAN [154]
Utilize recurrent neural networks in both the generator and the
discriminator, with both models being conditioned on auxiliary
information.

WaveGAN [155]
Capable of generating one-second audio waveform segments with
global coherence; suitable for sound effect creation.

TimeGAN [138]
Generate authentic time series data that blends the flexibility of
the unsupervised approach with the control offered by supervised
training.

GT-GAN [156] Capable of generating both regular and irregular time series data.

The earliest model for generating time series data, C-RNN-GAN [153], employs
a standard GAN framework adapted for sequential data by utilizing LSTM in both its
generator and discriminator. The Recurrent Conditional GAN (RCGAN) [154] takes
a similar approach but introduces minor architectural differences such as removing
the dependence on previous output while conditioning on additional input [157].
WaveGAN [155] generates time series data by estimating the conditional probability
of the preceding data using dilated causal convolution. TimeGAN [138] presents a
framework that combines adversarial training of GANs with supervised training to
predict xi+1 from xi, where xi and xi+1 denote two multivariate time series values
at time ti and ti+1, respectively. Building upon TimeGAN, GT-GANs [156] are ca-
pable of synthesizing both regular and irregular time series data. However, when
dealing with time series data collected from dynamical systems, capturing the under-
lying dynamic behavior using these methods presents a significant challenge. This
challenge arises because the dynamic behavior is implicitly encoded in the first-order
difference or the first-order derivative over time.

2.9 Quantum Neural Network Models

In the early 1980s, Richard Feynman proposed that quantum computers could ef-
fectively address challenges in physics and chemistry by leveraging their ability to
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TABLE 2.7: A Variety of Quantum Neural Network Models

Models Application

Quantum Restricted Boltzmann
Machine Network [158] (QRBM)

classifier [159], anomaly detection [160]

Quantum Convolutional Neural
Network (QCVNN) [161]

classifier [162], data analysis [163]

Quantum Generative Neural Net-
work (QGAN) [164, 165]

image generation [166], discrete data genera-
tion [167]

Quantum Graph Neural Network
(QGNN) [168]

particle track reconstruction [169], materials
search [170], financial fraud detection [171]

Quantum Recurrent Neural Net-
work (QRNN) [172]

prediction of solar irradiance [173], language
translation [174], prediction of rotating machin-
ery [175]

Quantum Tensor Neural Network
(QTNN) [176]

tiny object classification [177], classifier [178]

Quantum Perceptron (QP) [179]
universal approximator [180], pattern classifi-
cation [181]

exponentially outperform classical computers in simulating large quantum systems
[182]. In 2019, IBM introduced a quantum processor featuring 53 qubits, open for
programming by external researchers. Simultaneously, Google achieved “Quantum
Supremacy” with its 53-qubit Sycamore chip, surpassing the computational speed of
the world’s fastest supercomputer, IBM Summit. Google completed calculations in
200 seconds that would take 10,000 years on traditional computers [183].

The rapid advancements in quantum computer hardware have paved the way for
the realization of Quantum Neural Networks (QNN). Capitalizing on quantum prop-
erties, QNN exhibits superior storage capacity and computational efficiency com-
pared to classical counterparts [184]. QNN finds extensive application in diverse do-
mains, including image processing [185, 186, 187], speech recognition [188, 189],
disease prediction [190, 191], and various other fields. Table 2.7 illustrates various
numerical types of quantum neural networks proposed for a variety of applications.
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Chapter 3

Problem Formulation and
Methodology

In this chapter, the research problem is succinctly stated based on the comprehensive
analysis of relevant literature. Additionally, the approach to address the identified
research challenges is presented in detail.

3.1 Problem Definition

In this study, we are analyzing a finite multivariate time series consisting of T real-
valued measurements taken at regular intervals, represented by X = [X1, X2, ..., XT].
In the context of regression analysis, each measurement, represented by Xt with
a real vector, is considered as the outcome of M input variables, represented by
Zt ∈ RM subjected by a random error term ϵ, as shown in the following:

Xt = f (Zt; θ) + ϵt (3.1)

where f is the model and θ are the model parameters.
The determination of input variables, referred to as regressors Zt, is heavily in-

fluenced by the particular problem being analyzed. It can comprise of observations
from the recent past, such as Xt−1, ..., Xt−P over a look-back horizon P, as well as
any relevant external observations. If the time series data shows signs of (quasi-)
seasonality, the regressors may also include observations from further back in time,
like Xt0 , where t0 is significantly less than t.

3.1.1 Recurrent Neural Network as Universal Approximators

Recurrent Neural Networks (RNNs) are universal approximators for open dynamical
systems. This means they can learn complex, time-dependent patterns and approx-
imate the state transitions and outputs of systems with stochastic inputs to arbitrary
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accuracy [192].
An RNN can be represented in a state-space form, where at each time step k, it

computes a new hidden state s̃k based on the previous state s̃k−1 and an external input
αk:

s̃k+1 = η(s̃k, αk+1)

The output at each time step k is then calculated from the hidden state:

β̃k = ξ(s̃k)

where η represents the state transition function, ξ represents the output function and
αk is a stochastic input, meaning it has a probabilistic distribution rather than fixed
values.

For a target system defined by:

sk+1 = η(sk, αk+1)

βk = ξ(sk)

we want the RNN-based model’s hidden states s̃k and outputs β̃k to closely match sk

and βk from the target system, respectively.
The error between the target and the RNN’s state can be expressed as:

ek = ∥sk − s̃k∥1

Using a Lipschitz condition on η, it is shown that:

ek+1 ≤ Cη1ek + ϵ

where Cη1 is a constant that must satisfy |Cη1| < 1 to ensure convergence over time,
and ϵ is a small error term that can be minimized.

By iterating this inequality, the paper shows that the error at any future time step
k can be bounded as:

lim
k→∞

ek ≤
ϵ

1− Cη1

This formula means that, with a sufficiently small Cη1, the error between the
RNN state s̃k and the target state sk can be made arbitrarily small.



Chapter 3. Problem Formulation and Methodology 41

To ensure the output β̃k also approximates βk accurately, the paper requires the
output function ξ to be continuous. Then, as the state error ek becomes small, the
output error also diminishes, satisfying:

lim
k→∞
∥βk − β̃k∥1 < ϵ

where ϵ represents the overall approximation accuracy of the RNN for the entire
dynamical system, including both state and output.

In order to extend universal approximation theorem, which states that feedfor-
ward networks can approximate any continuous function over compact domains, to
RNNs for dynamical systems, we want to prove the Equation 3.2. Given a compact
domain S ⊂ Rn, and a continuous function f : S→ R, there exists an RNN function
ζ that satisfies:

sup
x∈S
| f (x)− ζ(x)| < δ (3.2)

for any δ > 0, where ζ is defined by an RNN’s state transition and output functions.
The RNN’s ability to approximate complex dynamical systems stems from its re-

cursive nature, enabling it to capture both deterministic and stochastic dependencies.
The approximation holds because the RNN can mimic the transitions and outputs
of the system to any desired precision, provided certain conditions (like Lipschitz
continuity and boundedness) are met.

The main results are captured in these inequalities and the recursive relationship,
which prove RNNs’ capacity as universal approximators of dynamical systems with
stochastic inputs.

3.2 Conceptional Design

Our goal is to propose a hypothesis f that effectively captures the complex, non-
linear relationships between the input regressors Zt and the temporal evolution of
Xt, while also being computationally efficient to infer from observed measurements.
Additionally, as both the inputs and outputs are observed sequentially, it is crucial
that the model f be capable of characterizing the temporal dependencies between
observations.

Multiple hypotheses that can explain measurements based on a task-dependent
criterion can be inferred from a single set of observations. It should be noted, how-
ever, that the objective of inferring the model f is not only to explain the observed
measurements, but also to generalize the out-of-sample predictive horizons. To this
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end, the principle of parsimony, known as Occam’s razor, is often followed by re-
searchers. This principle suggests that when there are competing hypotheses that
explain the data equally well, the simplest one should be chosen. Models that fit
the data too well may be overfitting or failing to capture the underlying relationship
between regressors and time series. How to avoid overfitting is, therefore, a crucial
requirement for time series prediction tasks.

For time series analysis, there are three main types of models being used: sta-
tistical models, mathematical models, and deep learning models, as detailed in the
following:

1. Statistical models: A statistical model is a mathematical model that embodies
a set of statistical assumptions about how sample data and similar data from
a larger population is generated. These models represent the data-generating
process in an idealized manner. Typically, a statistical model is defined by a
mathematical relationship between one or more random variables and other
non-random variables. Therefore, a statistical model is regarded as a formal
representation of a theory [193]. Statistical models play a critical role in sta-
tistical inference, as all statistical hypothesis tests and estimators are derived
using them.

2. Mechanistic Model: Mechanistic models are a kind of mathematical model that
aims to explain the behavior of a system or process by specifically representing
the underlying mechanisms that influence its behavior. These models require
a deep understanding of the scientific principles governing the system, such as
physics, chemistry, or biology, in order to accurately account for the key factors
that contribute to its behavior. By using mechanistic models, it is possible to
make predictions about how the system will behave in different circumstances,
optimize its performance, and gain a deeper understanding of its underlying
mechanisms. These models are widely used across different areas such as
engineering, physics, chemistry, biology, ecology, and economics.

3. Recurrent Neural Network Models: A recurrent neural network (RNN) is a
kind of artificial neural network that has connections between its nodes that
can form a cycle. This feature allows information to move in a loop, allowing
the output of some nodes to affect the input of the same nodes in the future.
Consequently, RNNs are able to display temporal dynamic behavior, which
is useful for handling input sequences that have varying lengths. Moreover,
because they are theoretically Turing complete, recurrent neural networks pos-
sess the computational power to process sequences of input in any order and
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FIGURE 3.1: Conceptual Design of Hybrid Model

run any program. Thus, they are a versatile tool that has many applications in
various fields, including natural language processing, image processing, and
robotics.

In this research, we aim to combine an RNN with a mechanistic model to perform
time series analysis, as shown in Figure 3.1.

From the first principle, the fertilizer system could be considered as a reaction-
diffusion system, as shown in Equation 3.3.

∂C
∂t

= D0∇2C + F(C, B)

∂B
∂t

= D1∇2B + R(C, B)
(3.3)

where C represents the unknown vector function, D is a diagonal matrix of diffusion
coefficients, and R accounts for all local reactions.

In practice, it is a challenge for researchers to find the differential equations to
describe the dynamical behavior of the system. Basically, we can only study the
differential equations theoretically. In most cases, researchers will find an algebraic
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equation to approximate the behavior of the dynamical system. However, most of the
time, the algebraic equation cannot approximate the dynamical system perfectly. As
introduced in this thesis, the DLEM model, which is a terrestrial ecosystem model
that couples major biogeochemical cycles, the hydrological cycle, and vegetation dy-
namics to estimate daily carbon, nitrogen, and water fluxes, is less powerful in repre-
senting the dynamical system. The differences between these two types of equations
(differential equations and algebraic equations) are discussed in the following.

1. Many dynamical systems, particularly those involving changes over time or
space, are described by differential equations. Differential equations involve
derivatives, which represent rates of change. Algebraic equations, on the other
hand, typically do not involve derivatives and describe relationships at specific
points or states without capturing the dynamic behavior over time.

2. Dynamical systems often involve continuous changes in variables, while alge-
braic equations are typically used to represent relationships between discrete
values or states. This discreteness can lead to a loss of precision when approx-
imating continuous and smooth phenomena.

3. Many real-world dynamical systems exhibit complex, nonlinear, or chaotic be-
havior that cannot be accurately captured by simple algebraic equations. Dif-
ferential equations provide a more flexible framework for modeling these com-
plex dynamics.

4. Many dynamical systems require initial conditions or boundary conditions to
specify their behavior.

3.3 Methodology

As mentioned in Section 3.2, the approach we take for time series analysis is to com-
bine RNN with the mechanistic model and take advantage of the benefits of both
models to achieve better performance. This investigation will apply this method to
predict the emissions of N2O, which will be detailed in Chapter 4. In this chapter, a
simple example is presented to illustrate the underlying mechanism of the methodol-
ogy and discuss the validity and effectiveness of the proposed hybrid model.

Since the RNN simulates the behavior of a dynamical system, it can be repre-
sented as a system of differential equations. Knowledge of the differential equation
allows us to define a solution space (usually a functional space), denoted as the M
space in Figure 3.2. For effective RNN learning from the dynamical system using
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FIGURE 3.2: Neural Network Learning from Dynamical System

real-life data, it is essential to scale the dataset to the range of [0, 1] or [-1, 1]. This
scaling is achieved through a mapping function F, illustrated in Figure 3.2. The map-
ping function, practically a min-max scaling or other types of transformations, allows
us to convert data with varying units and ranges into the range of [0, 1], forming the
N space (Figure 3.2). As a result, the mapping function F serves as a structure-
preserving mapping and is considered an isomorphism.

Ideally, with a sufficient amount of data collected from the dynamical system, an
adequately complex RNN model can learn the entire structure of the N space, which
serves as an isomorphism of the M space, and effectively preserve the relations (map-
pings) of the elements within the M space. However, in practice, gathering ample
data poses challenges, leading to the collection of only local information in the state-
space. Consequently, our RNN model is often trained on insufficient and imbalanced
data. In such situations, to enhance the capability of our model in simulating the
real dynamical system, we can provide additional information, such as the general
algebraic relationships between variables. Incorporating this supplemental knowl-
edge empowers the model to navigate complexities more efficiently and improve its
accuracy.

3.3.1 Mathematical Formulation

In this chapter, our objective is to establish a comprehensive theory that validates
the mathematical soundness of the hybrid model. We aim to demonstrate that the
hybrid model can be rigorously formulated through a strict mathematical process. To
illustrate the application of this theory, we will utilize the Lorenz System as a specific
example. The entire process can be outlined as follows:

Gt = C(Lorenz(xt, xt−1, xt−2 . . . , xt−n)) (3.4)
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where C represents the mechanistic model, Lorenz is the dynamical system we want
to simulate, and Gt is the output of the system. In order to illustrate the validity, it is
necessary for us to use the LSTM to replace the Lorenz System part, as shown in the
following:

Gt = C(LSTM(xt, xt−1, xt−2 . . . , xt−n)) (3.5)

In the following experiments, five experiments are designed for serving different
purposes. In the first four experiments, there is a data transformation in the interface
of C and LSTM. Then the entire system could actually represented as:

Gt = C(T(LSTM(xt, xt−1, xt−2 . . . , xt−n))) (3.6)

where T is the data transformation operation. This interface separates the LSTM
from the mechanistic model; thus, the analysis is very straightforward. You can find
the detail and concrete analysis in Section 3.5.6.

In this section, we focused on the fifth experiment, which scales both the input
and output in the range of [-1, 1] or [0, 1] without interface T. In essence, the
mechanistic model is fed with scaling data but not the real data, while the output is
also in the range of [0, 1], not the real output. It is difficult to understand at first
sight. Let us discuss it step by step. Without loss of generality, the N is used as the
operator to scale the data to the range of [-1, 1] or [0, 1]; therefore, we could have
the following formulas:

N(Gt) = N(C(LSTM(xt, xt−1, xt−2))) (3.7)

In order to make the discussion more reasonable, the C, LSTM, and N are con-
sidered to be operators. Then, we need to introduce the concept of commutator, as
shown in the following:

[A, B] = AB− BA (3.8)

where A and B are both operators. If their commutator is considered to be 0, then A
and B commute. However, in our experiment, it became apparent that C, LSTM, and
N do not commute. For convenience, we can treat the combination of C and LSTM as
a single operator, denoted as D. Subsequently, we define ∆ as the difference between
ND and DN, as shown in the following:

[N, D] = ND− DN = ∆ (3.9)
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Equation 3.7 can be transformed into the following form:

N(Gt) = ND = DN + ∆ = C(LSTM(N(xt), N(xt−1), N(xt−2))) + ∆ (3.10)

In what situation is Equation 3.10 met? We could consider the entire map as T ,
which consistes of C and LSTM; thus. we have

T : [0, 1]n −→ [0, 1] (3.11)

It is straightforward to observe that in our experiment, the hybrid model is con-
tinuous in the space of [0, 1]n or [−1, 1]n, and thus in practicality, the model will
output values. Then in this situation, if we could not obtain the accurate range of the
parameters, we could simply scale the both input and output in the range of [0, 1] or
[-1, 1]. However, we could still pay attention to the additional ∆ in Equation 3.10;
it actually adds more of a work load in training the LSTM operator. This analysis is
consistent with the observation we have from the experiments 1 to 5.

3.4 A Lorenz System Example

3.4.1 Description of the Lorenz System

In the year 1963, Edward Norton Lorenz, an esteemed meteorologist and mathemati-
cian, introduced a groundbreaking three-dimensional system known as the Lorenz
System. This system emerged from a fluid convection model and offered a simpli-
fied representation of atmospheric convection [194]. The normalized form of the
Lorenz System is expressed as follows:

dx
dt

= σ(y− x)

dy
dt

= x(ρ− z)− y

dz
dt

= xy− βz

(3.12)

where (x, y, z) ∈ R3, and σ, ρ, and β are all positive values. Here, σ represents
the Prandtl coefficient, ρ corresponds to the Rayleigh coefficient, and β signifies the
aspect ratio coefficient.
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FIGURE 3.3: Example solutions of the Lorenz System for different
coefficients of σ, β, and ρ

As is widely recognized, the Lorenz System displays chaotic behavior. It show-
cases distinct trajectories when subjected to varying parameters and initial condi-
tions, as depicted in Figure 3.3.

FIGURE 3.4: Example solutions of the Lorenz System for different
Coefficients of σ, β, and ρ

The distribution of x, y, and z are shown in Figure 3.4.

3.4.2 Data Collection and Description

The training data and testing data used in this experiment are generated by the Lorenz
System with different parameters and initial conditions. The detailed information is
shown in the following:

• For training data, 10000 data points were generated from solving the Lorenz
System with the parameters σ = 10, β = 8/3, and ρ = 28 and with initial
conditions x = 0.1, y = 1, and z = 2.05. The time span for these 10000
samples range from 0 to 50. The trace of each dimension is shown in Figure
3.5.

• For testing data, 10000 data points were generated from solving the Lorenz
System with the parameters σ = 10, β = 8/3, and ρ = 28 and with initial
conditions x = −1, y = 2, and z = 1.05. The time span for these 10000
samples range from 0 to 50. The trace of each dimension is shown in Figure
3.6.
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FIGURE 3.5: Training Dataset

FIGURE 3.6: Testing Dataset
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FIGURE 3.7: Illustration of the Mechanistic Model

The mechanistic model is designed to incorporate both the linear and nonlinear
components, as demonstrated below:

• linear component: 0.5x + 0.8y - 1.5z .

• nonlinear component: 1
1+exp(x−α)

+ 1
1+exp(y−ζ)

+ 1
1+exp(z−γ)

.

• summary = linear component + nonlinear component .

Then, the training dataset and testing dataset are fed into the mechanistic model to
calculate their respective values. Please note that α, ζ, and γ represent the expected
values of x, y, and z, respectively, in this case. Since the training dataset differs from
the testing dataset, the corresponding α, ζ, and γ used to evaluate the training data
and testing data also differ. The purpose of this design is to demonstrate whether the
hybrid model can adapt to various situations. If the hybrid model can successfully fit
into different environments, it would be convenient for us to design a universal model
capable of training on one dataset and testing on another, which may be collected
under diverse conditions. Here, I present a simple case to explore the feasibility of
this idea.

3.4.3 Data Pre-Processing

In this particular case, the generated data falls outside the range of [−1, 1], posing a
challenge for the neural network in handling such data. Therefore, it is necessary for
us to scale the data within the range of [−1, 1] to ensure optimal performance of the
recurrent neural network model. In this study, the min-max normalization approach
is employed to scale the data within the range of [−1, 1], as illustrated below:
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FIGURE 3.8: Trace of Training and Testing Output

x
′
=

(x−min(x))(b− a)
max(x)−min(x)

(3.13)

Here, x′ represents the scaled value, while x represents the original value. The vari-
ables a and b correspond to the maximum and minimum values, respectively. The
scaled data can be represented as a vector at each time-step, as depicted below:

[Xt, Yt, Zt]

where Xt, Yt, and Zt represent the values of the random variables x, y, and z at time
step t. To construct a block of time series, data points from the previous n time steps
are required. Therefore, the input can be represented as a data matrix, as illustrated
below: 

Mt−n

Mt−n+1
...

Mt−1

 =


Xt−n Yt−n Zt−n

Xt−n+1 Yt−n+1 Zt−n+1

. . .
Xt−1 Yt−1 Zt−1


Please note that in this section, there is no need to pre-process the output of both

the training set and the testing set. Instead, data transformation will be performed at
the interface between the recurrent neural network model and the mechanistic model.
This transformation switches the coefficient output from the recurrent neural network
to the actual value in the mechanistic model, as demonstrated in Equation 3.14. The
detailed process will be discussed in the following section.
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3.5 Simulation and Experiment

In this study, the BDLSTM is employed as the recurrent neural network to capture
the dynamic features of sequential data. Subsequently, the output of the BDLSTM is
fed into the mechanistic model. However, prior to that, it is necessary to convert the
coefficients received from the BDLSTM, which are within the range of [−1, 1], into
practical data. The formulas for this conversion are presented below:

M = (C + 1)× (Xmax − Xmin)

2
+ Xmin (3.14)

where C is the coefficients received from the BDLSTM. Once the real value of M is
obtained, we feed it into the mechanistic model and calculate the output. In the final
step, we compare the expected output with the actual output and take the mean square
error as the loss value to tune the weight of the network with error backpropagation
approach. For this case, the LSTM neural network models are implemented using
PyTorch. The Adam optimizer [112] combined with an early stopping strategy is
used to train the hybrid model.

3.5.1 The First Case: A General Case

In this case, the normal training dataset and testing dataset, generated from the afore-
mentioned process, are utilized without any modifications. Both the training dataset
and testing dataset are then fed into the mechanistic model, allowing us to calculate
the outputs for each dataset. The results are presented in Figure 3.9.

Following the aforementioned process, once the hybrid model is appropriately
trained, we proceed to feed the training data and testing data into the hybrid model,
with varied [α, ζ, γ] values depending on the model’s status. The final regression
performance is depicted in Figure 3.10. For the sake of detailed regression accuracy,
only the first 400 points are illustrated.

It is important to note that during the training and testing phases, the [α, ζ, γ]

values vary. Specifically, in this particular case, the [α, ζ, γ] values for the train-
ing dataset are [−1.8645,−1.8585, 23.9183], while for the testing dataset, they are
[−2.6575,−2.6880, 23.7362].

When the hybrid model is evaluated using the testing dataset, if the [α, ζ, γ] val-
ues do not change from [−1.8645,−1.8585, 23.9183] to [−2.6575,−2.6880, 23.7362],
the output exhibits slight differences but remains relatively consistent, as depicted in
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FIGURE 3.9: The Outputs of the Training Dataset and the Testing
Dataset

Figure 3.11. However, another experiment is intentionally designed to create signifi-
cant deviations. This experiment aims to demonstrate the capability and advantages
of the hybrid model with varying parameters.

FIGURE 3.10: Regression Performance of the Hybrid Model

3.5.2 The Second Case: Further Study of the Adaptation Capa-
bility of the Hybrid Model

In the second case, to evaluate the adaptation capability of the hybrid model, it be-
comes necessary to modify the testing dataset. In this instance, we can apply a linear
transformation to the dataset by subtracting 5 from all numbers in the x-dimension,
adding 3 to all numbers in the y-dimension, and subtracting 10 from all numbers in
the z-dimension. These transformations preserve the periodicity and distribution of
the original data. However, the [α, ζ, γ] values for the testing dataset change from
[−2.6575,−2.6880, 23.7362] to [−7.6575, 0.3120, 13.7362]. The training dataset
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FIGURE 3.11: Regression Performance of the Hybrid Model in dif-
ferent Coefficients [α, β, γ]

remains unchanged. We can now repeat the experiment, and the outputs for both the
training dataset and testing dataset are presented in Figure 3.12.

FIGURE 3.12: The Outputs of the Training Dataset and the Testing
Dataset

However, in the second experiment, the outputs of the training dataset and testing
dataset exhibit noticeable differences. If the [α, ζ, γ] values do not change from
[−1.8645,−1.8585, 23.9183] to [−7.6575, 0.3120, 13.7362] during the evaluation of
the hybrid model using the testing dataset, the final results will demonstrate a larger
deviation than anticipated, as depicted in Figure 3.13. The final outputs for both the
training dataset and testing dataset are presented in Figure 3.14.

3.5.3 The Third Case: Scaling the Entire Testing Dataset

In the third case, to assess the adaptation capability of the hybrid model, it is neces-
sary to modify the testing dataset. In this scenario, all the values in the x-dimension,
y-dimension, and z-dimension are multiplied by a factor of 0.1. As a result, the
periodicity and distribution of the original data remain unchanged. However, the
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FIGURE 3.13: The Adaptive Outputs of the Testing Dataset

FIGURE 3.14: The Regression Performance of Training Dataset and
the Testing Dataset
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[α, ζ, γ] values for the testing dataset change from [−2.6575,−2.6880, 23.7362] to
[−0.2658,−0.2688, 2.3736]. The training dataset remains the same. We proceed to
repeat the experiment, and the outputs of the training dataset and the testing dataset
are displayed in Figure 3.15.

FIGURE 3.15: The Outputs of the Training Dataset and the Testing
Dataset

However, in the third experiment, the outputs of the training dataset and test-
ing dataset exhibit notable differences. If the [α, ζ, γ] values do not change from
[−1.8645,−1.8585, 23.9183] to [−0.2658,−0.2688, 2.3736] during the evaluation
of the hybrid model using the testing dataset, the final results will demonstrate a
larger deviation than anticipated, as depicted in Figure 3.16. The final outputs for
both the training dataset and the testing dataset are presented in Figure 3.17.

FIGURE 3.16: The Adaptive Outputs of the Testing Dataset
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FIGURE 3.17: The Regression Performance of the Training Dataset
and the Testing Dataset

3.5.4 The Forth Case: Changing the Parameters in the Hybrid
Model

Through the aforementioned experiment, it could be easily concluded that if we only
change the parameters in the hybrid model, α, ζ, and γ, the model could still be
trained in the training dataset and achieve similar performance on the testing dataset,
even if the output of both datasets is quite different from each other. It indicates that
recurrent neural network in the hybrid model could learn the dynamical and nonlinear
features in the system, and the mechanistic system in the hybrid model could adapt
to different environments and situations through changing the parameters. In this
simple case, we fixed the training centers to [100,−100, 100] and the testing center
to [0.01, 0.01,−0.01]. The output of the training dataset and the testing dataset is
shown in Figure 3.18.

FIGURE 3.18: The Outputs of the Training Dataset and the Testing
Dataset

The corresponding regression performance of the training dataset and testing
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dataset using different parameters, here, it means, training centers and testing centers,
is shown in Figure 3.19.

FIGURE 3.19: The Regression Performance of the Training Dataset
and the Testing Dataset

The hybrid model could perform similar accuracy in both the training dataset and
the testing dataset. This kind of regression effect could not be achieved by the normal
deep learning model only.

3.5.5 The Fifth Case: Scaled Input and Output Data in the range
of [-1, 1] or [0, 1]

Most of the time in practice, it is challenging to determine a suitable range for the
parameters. Consequently, at the interface of the RNN and the mechanistic model,
we cannot employ the data transformation Equation 3.14 due to the lack of knowl-
edge about parameter ranges. In light of this, a crucial question emerges: Can the
proposed architecture still function effectively under these circumstances? Based on
observations, the mechanistic model demonstrates continuity within the range of [-1,
1] or [0, 1]. This continuity allows us to utilize its structural information and train
the model using scaled data, effectively achieving our objectives. The underlying
mathematical mechanism is detailed in Section 3.3.1.

The [α, ζ, γ] values are varied in the training phase and the testing phase. For ex-
ample, the [α, ζ, γ] values for the training dataset are [−1.8645,−1.8585, 23.9183],
while for the testing dataset, they are [−2.6575,−2.6880, 23.7362]. The correspond-
ing regression performance of the training dataset and testing dataset using different
parameters is shown in Figure 3.20. It is convenient to observe, even in this case, that
the output of the testing data could fit the expected value well.
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FIGURE 3.20: The Regression Performance of the Training Dataset
and the Testing Dataset

However, if the [α, ζ, γ] values are fixed to [1, 1, 1], the corresponding regression
performance of the training dataset and testing dataset using the same parameters is
shown in Figure 3.21. The expected curve and the predicted curve fit perfectly.

FIGURE 3.21: The Regression Performance of the Training Dataset
and the Testing Dataset

Therefore, if the mechanistic model is continuous in the range [-1, 1] or [0, 1],
in the situation when the accurate parameters in the mechanistic model could not
be obtained, scaling all the data in the range [-1, 1] or [0, 1] did not change the
dynamical behavior of the hybrid model.

3.5.6 Experiment Analysis

In this section, we will discuss why, in this particular case, the model remains in-
variant to the shift and the entire dataset’s scaling. The hybrid model comprises two
components: the linear component and the nonlinear component. The linear compo-
nent and the nonlinear component are illustrated below:
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0.5× x + 0.8× y− 1.5× z
1

1 + ex−X̄
+

1
1 + ey−Ȳ

+
1

1 + ez−Z̄

(3.15)

As we can observe, the linear component contains an invariant part when the
dataset is shifted or scaled as a whole. Let’s assume that we want to shift the x, y,
and z dimensions by a, b, and c units, respectively. In that case, we have the following
equations:

0.5× (x− a) + 0.8× (y− b)− 1.5× (z− c)

−→ 0.5× x + 0.8× y− 1.5× z− (0.5a− 0.8b + 1.5c)
(3.16)

So, it consists of an invariant part plus a constant term when shifting the x, y, and
z dimensions by a certain number of units. As a result, it does not alter the behavior
of the hybrid model.

While for the nonlinear component, we have:

1
1 + ex−a−(X̄−a)

+
1

1 + e(y−b)−(Ȳ−b)
+

1
1 + ez−c−(Z̄−c)

−→ 1
1 + ex−X̄

+
1

1 + ey−Ȳ
+

1
1 + ez−Z̄

(3.17)

So the nonlinear component does not change under the shifting operation.
If the entire dataset is scaled by a factor of ζ, we have:

0.5× ζx + 0.8× ζy− 1.5× ζz

−→ ζ(0.5× x + 0.8× y− 1.5× z)
(3.18)

So it is a scaled factor times an invariant part. Thus, the behavior of the hybrid
model could also still remain.

For the nonlinear component, we have:

1
1 + eζx−ζX̄

+
1

1 + eζy−ζȲ
+

1
1 + eζz−ζZ̄

−→ (
1

1 + eζ × ex−X̄
+

1
1 + eζ × ey−Ȳ

+
1

1 + eζ × ez−Z̄
)

(3.19)

So the basic form of the nonlinear component is not changed. Thus, the behavior
of the hybrid model does not change in the situation where the entire dataset is scaled
by a factor.
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3.6 Conclusion Remarks

In this chapter, the limitations of current research on multivariate time series regres-
sion are discussed. In order to explore innovative approaches to analyzing multivari-
ate time series data, a hybrid model consisting of LSTM and a mechanistic model is
proposed to address the intrinsic issues observed in current research.

Based on the discussion above, it is evident that the hybrid model effectively
simulates the dynamical behavior of the system. Moreover, if the range of the state
variables in the mechanistic model is known in advance, it would benefit us in build-
ing a flexible hybrid model capable of tuning the state variables according to different
situations. Even in situations where the range of the state variables is unknown or
difficult to determine, if the mechanistic model is continuous in the space of [0, 1]n

or [−1, 1]n, we can scale the dataset within these ranges.
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Chapter 4

Agriculture-informed Neural
Networks for Predicting Nitrous
Oxide Emissions

4.1 Introduction

In recent decades, the ultimate goal in the agriculture field has been to maximize crop
yield in response to rapid population increase worldwide. Therefore, nitrogen fertil-
izers have been intensively applied to increase crop yields [195, 196, 197], leading to
severe environmental degradation [198], which is closely linked to present ecological
and climate changes because fertilized croplands are significant sources or sinks of
greenhouse gases, such as carbon dioxide (CO2), methane (CH4), and nitrous oxide
(N2O) [199, 200]. As a significant greenhouse gas, N2O has a 300 times higher heat
absorption potential than CO2 [201] and is also the primary cause of stratospheric
ozone depletion [202, 46]. To produce food in a highly efficient manner with the
lowest possible environmental hazards, contemporary agriculture must shift from a
single-goal to a multi-goal strategy [203].

Previously, statistical extrapolation approaches, which require collecting large
amounts of sampling data, were used to estimate N2O emissions under natural con-
ditions [204, 205]. However, such approaches become inaccurate or fail at finer spa-
tial or temporal scales because of data limitations and an inability to describe highly
complex and interactive microbial processes [206].

Alternatively, several process-based mechanistic models have been developed
to approximate N2O emissions, including the Community Land Model with cou-
pled Carbon and Nitrogen cycles (CLM-CN) [53], Dynamic Land Ecosystem Model
(DLEM) [54, 55], and dynamic Land Model (LM3V-N) [56]. However, due to the
large variability in forecasting N2O emissions, these models cannot completely and
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effectively reveal the mechanisms of terrestrial N2O emissions. For example, esti-
mating global terrestrial N2O emissions from natural sources is almost impossible,
with estimates ranging from 3.3 to 9.0 TgNyr−1 [207]. Furthermore, the biogenic
N2O emissions from human activities on the land biosphere have not yet been thor-
oughly explored [67].

With the emergence of machine learning, researchers have sought to improve
predictions of N2O emissions using artificial intelligence techniques. Initial attempts
utilized various machine learning models [208], such as Multiple Layer Percep-
tron (MLP) [209, 210], Random Forest (RF) [211], and Long Short-Term Memory
(LSTM) [18].

4.1.1 Motivations and Contributions

This research aims to address the environmental and climate challenges with a com-
mitment to sustainable agriculture. Agriculture and Agri-Food Canada has initiated
a program to reduce fertilizer emissions by 30 % from 2020 to 2030 [212]. Accurate
prediction and monitoring of agricultural N2O emissions are crucial for understand-
ing their environmental impact and implementing effective mitigation strategies [18].
This study aims to predict N2O emissions from agricultural fields using multivariate
time series data, including the amount of nitrogen fertilizers in the soil, precipitation,
air humidity, air temperature, soil moisture, and soil temperature. Therefore, the field
experiments are conducted at Area X.O. Ottawa, as shown in Figure 4.1. However,
predicting N2O emissions poses an inherent challenge [213].

(a) LI-COR Chamber in the Field (b) Overview of Area X.O

FIGURE 4.1: Images taken from Area X.O, Ottawa, Ontario, Canada

The emission of N2O is primarily related to two biological phenomena, nitrifica-
tion and denitrification [214]. It can be considered a time-varying dynamic system
that differential equations could describe, but obtaining these equations is difficult
due to the high variability of soil N2O emissions [215]. To overcome this limitation,
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inspired by the physics-informed neural network [216, 217] and chemistry-informed
neural network [218], this study proposes a novel agriculture-informed neural net-
work (AINN) model, which takes advantage of the deep learning model Recurrent
Neural Network (RNN) [18] and DLEM from agricultural fields [54, 55].

Our contributions to this work are as follows:

• Combining a deep learning model and a process-based ecosystem model to
form a novel AINN for accurately and efficiently predicting the emission of
N2O in agricultural fields.

• Formulating the mechanism of AINN as a constrained optimization problem,
which could improve the generalization of the model, with the DLEM compo-
nent in AINN acting as a regularizer.

• Improving the explainability of the neural network model since the output ob-
tained at the interface of the RNN component and DLEM component implicitly
reveals the dynamic properties of the process of N2O emission.

• Exploring various neural networks and providing an in-depth understanding of
how each model handles multivariate time series data.

4.1.2 Organization

The rest of the paper is structured as follows: Section 4.2 discusses the collection
and preprocessing of the data and performs the Granger Causality Test on the data.
Section 4.3 describes the conceptual design of the AINN in detail, presenting the un-
derlying mathematical formulation and architecture. In Section 4.4, the simulation
results obtained from the NN and the corresponding AINN are compared in terms of
the five metrics, namely: root mean square error (RMSE), mean square error (MSE),
mean absolute percentage error (MAPE), coefficient of determination (R2), and per-
centage error (PE). Finally, Section 4.5 concludes the paper by highlighting that the
AINN outperforms the corresponding NN, as the DLEM regulates the training path
of AINN and ensures convergence in a specific basin of attraction.
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4.2 Data Description and Analysis

4.2.1 Data Description

For the field experiments conducted during the 2021 and 2022 growing seasons at
Area X.O, Ottawa, Ontario, Canada, data were collected using the LI-COR auto-
mated gas chamber [219] to measure N2O emission flux, H2O flux, air temperature,
and air humidity. Additionally, the Pessl iMetos ECO D3 was used to measure soil
moisture and soil temperature. To demonstrate that nitrate quantities are essential for
predicting N2O emissions and to validate our assumptions regarding nitrate levels
in the field, as shown in Section 4.2.2, a complementary indoor experiment under
controlled conditions was conducted from January to April 2024. The LI-COR auto-
mated gas chamber was again employed to collect data on N2O emission flux, H2O
flux, air temperature, and air humidity. Soil moisture, soil temperature, and nitrate
levels were measured using 7-in-1 RS485 sensors and a Raspberry Pi. Both the field
and indoor experiments sampled data every 30 minutes1.

The N2O flux was calculated using the following equation:

FN2O =
VP(1−W0)

RST
dN2O

dt
(4.1)

and the variables were defined as follows:

• FN2O: soil N2O flux (nmol m−2 s−1)

• V: chamber volume (m3)

• P: atmospheric pressure (Pa)

• R: gas constant (Pa m3 mol−1 k−1)

• S: soil area (m2)

• T: temperature (Kelvin)

• dN2O
dt : rate of N2O change (nmolm−2s−1 ) during the chamber closure

As shown in Figure 4.2, qualitative analysis demonstrated that in the 2022 grow-
ing season, due to several reasons, the crop is planted one and a half months later
than in the 2021 growing season. Therefore, the soil temperature in the 2022 grow-
ing season (average soil temperature = 14 ◦C) is generally lower than that in the

1Here is the link to the dataset: https://github.com/Developer2046/n2o_
emission/tree/main

https://github.com/Developer2046/n2o_emission/tree/main
https://github.com/Developer2046/n2o_emission/tree/main
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FIGURE 4.2: Data were collected during the 2021 and 2022 growing
seasons. The data were collected every 30 minutes per time step. For
the 2021 growing season, data collection started on day 163 of the
year, while for the 2022 growing season, it started on day 220 of the

year.

2021 growing season (average soil temperature = 20 ◦C). With lower soil tempera-
ture and higher precipitation, the soil moisture in the 2022 growing season (average
soil moisture = 41 %) is higher than in the 2021 growing season (average soil mois-
ture = 38 %). The higher soil moisture is the primary reason for the more intensive
emission of N2O in the 2022 growing season. We will conduct a detailed analysis of
this discrepancy in the following section.

4.2.2 Data Analysis

Qualitative analysis shows that soil temperature and moisture are directly related to
the emission of N2O from the soil since they impact the nitrification and denitrifica-
tion process. However, soil temperature and soil moisture vary with the depth of the
soil. Therefore, in this research, we calculate the average values of soil temperature
and soil moisture measured at 10, 20, 30, 40, 50, and 60 centimeters. At the same
time, air temperature, air humidity, and water flux are also included in predicting the
emission of N2O from farming for two significant reasons. Firstly, they significantly
influence soil moisture and soil temperature. Secondly, nitrification and denitrifica-
tion are very active in the soil subsurface, around 0 to 5 centimeters in depth [220,
221], where soil temperature and soil moisture are closely related to air temperature,
air humidity, and water flux. In contrast, direct measurements of soil temperature
and moisture are not available.

Therefore, after careful consideration and selection, the multivariate time series
includes the water flux, air temperature, air humidity, average soil temperature, and



Chapter 4. Agriculture-informed Neural Networks for Predicting Nitrous Oxide
Emissions

67

average soil moisture. Since nitrate content is challenging to measure in the soil,
we must make a simple assumption about the amount of nitrate in the soil. Since
nitrification and denitrification could be considered as enzyme-catalyzed reactions
or first-order reactions [222], we have:

dN
dt

= −λN (4.2)

where N is the nitrate content in the soil; solving this equation, we can understand
that the amount of nitrate in the soil exponentially decays over time.

FIGURE 4.3: The amount of nitrate exponentially decays over time
in-between the watering periods. The data were collected from an

indoor experiment in 2024.

To verify that this assumption is reasonable and to demonstrate that the quantity
of nitrate in the soil is vital for predicting the emission of N2O from the soil, an in-
door experiment was conducted from January to April 2024. As shown in Figure 4.3,
the blue curve represents the actual amount of nitrate measured by the 7-in-1 sensor,
while the yellow curve is generated from computer simulation, exhibiting exponen-
tial decay over time. It is observed that the yellow curve fits the actual values well.
Thus, we can conclude that the amount of nitrate in the soil exponentially decays
over time in-between watering periods. Detailed information on the performance of
the AINN is discussed in Section 4.4.3.

Why are the average soil temperature and moisture used as features rather than
the soil temperatures and soil moisture at different depths? Because we could not
estimate the amount of nitrate at various depth levels and could only estimate the
expected amount of nitrate available for nitrification and denitrification. Therefore,
according to the superposition principle for the measurement differential equation
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[223], we use the average soil temperature and soil moisture as features. When we
input all soil temperature and soil moisture data into the model, the model would not
learn anything from the data.

Granger Causality Test

Initially proposed by Granger in 1969 [224], the Granger causality test is used to
evaluate whether one time series helps predict another. According to previous ex-
ploration, the amount of N2O is produced from the temperature, moisture, carbon,
nitrogen, and oxygen contents [225]. In determining which features we should use
in multivariate time series analysis, we feed the time series of water flux, air temper-
ature, air humidity, soil temperature, and soil moisture into the Granger causality test
program with N2O flux, and the test result demonstrates that all these features help
forecast the emission of N2O.

More factors, including soil texture, pH, oxygen accessibility, microbial activ-
ity, environmental conditions, and the type and amount of applied nitrogen fertilizer,
could control and limit the process of N2O emissions [225]. However, in our explo-
ration, we only study the major features that could have a significant influence on
the emission of N2O since, in our case, soil texture, pH, oxygen accessibility, and
environmental conditions could be seen as permanent properties that rarely change
in the process of nitrification and denitrification and have fewer contributions to the
instant emission of N2O from the soil. Therefore, we did not include all these factors
in our multivariate time series analysis when predicting the emission of N2O.

4.2.3 Data Pre-processing

The raw data is full of noise, outliers, and missing values. Therefore, before utilizing
the raw data, we need to clean it, spot the outliers, and fill in the missing data. When
all these processes are finished, the data must be scaled to the range [0, 1] before
being fed into the neural network model. Conventionally, researchers use the min-
max or robust scaling methods to transform the data into the range [0, 1] [226].
However, in practice, we could not know the data beforehand when predicting the
emission of N2O. Therefore, in this exploration, we will scale the data based on our
expert knowledge. In practice, we use the min-max scaler, where the minimal and
maximum values are determined by previous experience, not the collected data. As
shown in Table 4.1, these are the minimum and maximum values utilized in this
exploration.

The Equation 4.3 is used for scaling data.



Chapter 4. Agriculture-informed Neural Networks for Predicting Nitrous Oxide
Emissions

69

TABLE 4.1: Data Range Used in Scaling Original Data

[1] FN2O FH2O
Temp
(Air)

Humidity
(Air)

Temp
(Soil)

Moisture
(Soil)

maximum 260 5 40 50 25 50

minimum 0 0 10 0 10 30
1 In this context, the unit of N2O flux is ppb, the unit of H2O flux is mm, the unit of air humidity

and soil moisture is %, the unit of air temperature and soil temperature is ◦C.

X
′
=

X− Xmin

Xmax − Xmin
(4.3)

where X
′

is the transformed value, which is normally in the range of [0, 1], and X
is the original data. Xmax and Xmin are the maximum and minimum values shown
in Table 4.1. The transformed data X

′
could be represented by a vector at one time

step, as shown in the following:

[
Nt Tempt Wt Ht SMt STt

]
where Nt, Tempt, Wt, Ht, SMt, and STt represent the amount of available nitrogen,
air temperature, water flux, air humidity, soil moisture, and soil temperature, respec-
tively, at time step t. Since the study did not measure the concentration of available
nitrogen in the soil directly, the fertilizer was assumed to exponentially decrease in
our experiment, as discussed in Section 4.2.2. To predict the emission of N2O at time
step t, information from the previous n time steps is required. Therefore, the input
data can be characterized as a data matrix, as shown below:

[
NT

t−n:t−1 TempT
t−n:t−1 WT

t−n:t−1 HT
t−n:t−1 SMT

t−n:t−1 STT
t−n:t−1

]
where Nt−n:t−1, Tempt−n:t−1, Wt−n:t−1, Ht−n:t−1, SMt−n:t−1, STt−n:t−1 are row
vectors consisting of the values of N, Temp, W, H, SM, and ST from time step t− n
to t− 1. T is the transpose operation.
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4.3 Conceptual Design of Agriculture-informed Neu-
ral Network

4.3.1 Architecture of Agriculture-informed Neural Network

(a) Agriculture-informed Neural Network (b) Neural Network

FIGURE 4.4: Conceptual Design of Agriculture-informed Neural
Network and Neural Network

Figure 4.4(a) shows that the AINN can be divided into the RNN and DLEM com-
ponents. In this exploration, we use MLP, Convolutional Neural Network (CNN),
LSTM, and Transformer as RNN components to capture the dynamic properties of
the system. Although MLP is not typically used for multivariate time series analysis,
MLP is included in our exploration for comparison purposes. However, for CNN,
LSTM, and Transformer, all these architectures can be used to address multivariate
time series data, but each has its own characteristics.

In the AINN, the RNN component will output a vector of eight dimensions, rep-
resenting eight adjusted factors passed to the DLEM for calculating the eight parame-
ters in the DLEM, namely soil temperature (Tsoil), water-filled porosity (w f p), daily
maximum fraction of NH4

+ that is converted into NO3
– and nitrogen gases (knit),

potential rate of denitrification (Npotdenit), percentage of clay content in soil (Pclay),
soil respiration rate (Rh), parameter depending on plant functional type kden, and
the effect of NO3

– concentration (gNg−1soil), which could be calculated using the
NO3

– content in the soil per unit area (avNO3) divided by soil bulk density (BDsoil).
For comparison purposes, a particular layer with eight neural nodes is designed

in the neural network model without information from the agriculture field, corre-
sponding to the eight adjusted factors in the AINN. In other words, in a pure neural
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network model, a three-layer MLP replaces the DLEM in the AINN, as shown in
Figure 4.4(b).

Case Study of the LSTM and its Corresponding AINN

To help readers better understand the design of the AINN, we take the LSTM and
its corresponding AINN, the LSTM-DLEM, as examples. The data collected for this
model are organized into tensors with 15-time steps and six features and are fed into
the model in batches of size 20. Detailed information about the input and output
of each layer in the model is provided in Table 4.2 and Table 4.3. We must design
a slightly more complex RNN component in the AINN than its counterpart in the
RNN because the AINN is a constrained optimization problem, and the DLEM acts
as a regularizer for the entire model. The AINN probably needs more parameters to
converge successfully.

For comparison purposes, we design a hidden layer of eight nodes in the NN,
as shown in Table 4.3, highlighted by apple green. The first part of the LSTM and
LSTM-DLEM is the same. In the LSTM-DLEM, the RNN component will input
eight adjusted factors to the DLEM component, while the LSTM will input eight
nodes to the MLP component.

TABLE 4.2: Detailed Description of the LSTM-DLEM

Layer Input Shape Output Shape Parameters[1]

BDLSTM[2] (Batch Size, 15, 6) (Batch Size, 15, 100) 23200

BatchNorm[3] (Batch Size, 15, 100) (Batch Size, 15, 100) 30

Flatten (Batch Size, 15, 100) (Batch Size, 1500) 75000

FCL[4] (Batch Size, 50) (Batch Size, 8) 400

DLEM (Batch Size, 8) (Batch Size, 1) 0
1 Total parameters: 98630.
2 Bidirectional Long Short-Term Memory.
3 Batch Normalization.
4 Full Connected Layer.

4.3.2 Mathematical Formulation

Assuming the emission of N2O is governed by a dynamical system represented by a
system of differential equations, as shown in Equation 4.4 below.

dΘ

dt
= f(t, X, Θ) + H (4.4)
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TABLE 4.3: Detailed Description of the LSTM[1]

Layer Input Shape Output Shape Parameters[2]

BDLSTM (Batch Size, 15, 6) (Batch Size, 15, 100) 23200

BatchNorm (Batch Size, 15, 100) (Batch Size, 15, 100) 30

Flatten (Batch Size, 15, 100) (Batch Size, 1500) 75000

FCL (Batch Size, 50) (Batch Size, 8) 400

FCL (Batch Size, 8) (Batch Size, 50) 400

FCL (Batch Size, 50) (Batch Size, 1) 50
1 The highlighted rows (with green apple) are used to replace the DLEM in LSTM-DLEM.
2 Total parameters: 99080.

where

Θ = [θ1, θ2, . . . , θ8]
T, X = [NT, TempT, WT, HT, STT, SMT], H = [η1, η2, . . . , η8]

T.

In this context, N, Temp, W, H, ST, and SM are the independent variables, which
are the amount of nitrate, air temperature, air humidity, flux of water, soil temperature
and soil moisture, respectively. θ1, θ2, . . . , and θ8 represent the state variables that
control the emission of N2O, which are soil temperature (Tsoil), water-filled porosity
(w f p), daily maximum fraction of NH4

+ that is converted into NO3
– and nitrogen

gases (knit), potential rate of denitrification (Npotdenit), percentage of clay content in
soil (Pclay), soil respiration rate (Rh), factor depending on plant functional type kden,
NO3

– content (DNO−3
). At the same time, the white noise terms H are added to

imply that the dynamical system we handled is stochastic.
However, we could not find the specified differential equation to describe the

process of N2O emission. The experts from the agriculture field proposed a process-
based model (DLEM) to estimate the expected value of the emission of N2O over
a long period and in a large area [43]. In this section, the DLEM is illustrated in
abstract form to make the discussion more straightforward and convenient, as shown
in Equation 4.5.

E(FN2O)
.
= DLEM(E(θ1), E(θ2), . . . , E(θ8)) (4.5)

where E(θ1), E(θ2), . . . , and E(θ8) represent the eight state variables in the DLEM,
FN2O is the flux of N2O, and E is expectation operator.

Generally speaking, we could consider DLEM an average model to compute the
expected value of emission of N2O daily. How can we use the information supplied
by the DLEM to improve the performance of our model? We could integrate the
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DLEM component with the RNN component to build an AINN, reducing the com-
plexity while increasing the regression performance. Therefore, the RNN is utilized
to simulate the solutions of the eight state variables represented by seven independent
variables, as shown in Equation 4.4, and the solutions could be described in Equation
4.6.

Θ = g(t, X) + H (4.6)

where

Θ = [θ1, θ2, . . . , θ8]
T, X = [NT, TempT, WT, HT, STT, SMT], H = [η1, η2, . . . , η8]

T.

The RNN component in the AINN supplies the adjusted factors (in the range
of [0, 1]) of the eight state variables to the DLEM component. Then, we need to
transform these adjusted factors into parameters that could be fed into the DLEM.
Therefore, a data transformation needs to be executed at the interface of the RNN
and DLEM components in the AINN.

As shown in Table 4.4, this is the parameter range we supplied to the AINN, and
at the interface of the RNN component and DLEM component, we use Equation 4.7
to transform the data.

P = C× (Pmax − Pmin) + Pmin (4.7)

where C is the adjusted factor supplied by the RNN component, and Pmax and Pmin

are the values provided in Table 4.4, according to the descriptions from [54, 227].
However, the sigmoid activation in the neural network could never reach 0 and 1. It
is convenient for the AINN to converge when the parameter range is slightly more
extensive than the actual one.

TABLE 4.4: Parameter Range Used in the AINN

[1] DNO3 DNH4 Temp wfp Rh Pclay kden knit

maximum 400 50 35 1 1.1 0.5 0.5 1.1

minimum 0 0 10 0.3 0 0 0 0.9
1 The unit of DNO3 and DNH4 is g N g−1 soil, the unit of temperature is ◦C, the unit of wfp and

Pclay is %, the unit of Rh is g C m−2 day−1, the unit of kden is g N m−2 day−1, and knit is
unitless.
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4.4 Simulation and Analysis

The MLP, MLP-DLEM, CNN, CNN-DLEM, LSTM, LSTM-DLEM, CNN-Transformer,
and CNN-Transformer-DLEM are implemented using PyTorch 2.0.1. To ensure
comparability of results, all models utilize batch training with mean square error
(MSE) as the loss function. During training, the Adam optimizer [112] is employed
for optimal convergence performance, and the early stopping method [228] is utilized
to prevent overfitting. With early stopping, if the loss value stops decreasing after 20
epochs, the training is terminated, and the best weights are restored. Each model is
run ten times to reduce stochastic bias in evaluating specific model architectures. In
the subsequent discussion, referring to NN includes MLP, CNN, LSTM, and CNN-
Transformer. When mentioning AINN, it encompasses MLP-DLEM, CNN-DLEM,
LSTM-DLEM, and CNN-Transformer-DLEM.

MLPs are feed-forward networks with at least two fully connected layers that pro-
cess samples in a fixed order [229]. A significant limitation of MLPs for multivariate
time series analysis is their inability to process data hierarchically or in a multiscale
manner, and they struggle to capture temporal relationships in the data. Despite this
limitation, researchers utilize MLPs for regression problems in agriculture; thus, they
are included for comparison purposes.

CNNs, initially designed for detecting local patterns within data using convolu-
tional filters in computer vision, can automatically learn and extract essential features
such as spikes, trends, or seasonal variations in time series data. Adapted to process
one-dimensional (1D) input data, CNNs are suitable for time series analysis by ef-
fectively capturing temporal patterns and dependencies by applying 1D convolutional
filters. Therefore, researchers adopt CNN architectures for multivariate time series
analysis [230, 231].

Originally designed to address the common vanishing/exploding gradient issue
in vanilla RNNs, LSTMs integrate memory cells with gate control into their state
dynamics [232]. Due to their design goal, they are suitable for solving problems
involving sequence data, including language translation [233], video representation
learning [234], and image caption generation [235]. In multivariate time series anal-
ysis, LSTMs can understand complex relationships and dependencies between vari-
ables across different time steps.

Transformers employ self-attention mechanisms to capture dependencies between
different time steps in a sequence, effectively modeling long-range dependencies in
time series data where distant observations may influence each other. However, pro-
cessing all time steps in parallel may limit their ability to model the sequential nature
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of time series data explicitly. Unlike LSTMs, transformers lack recurrent connec-
tions that maintain an internal state representing the sequence history, potentially
hindering their performance on tasks requiring modeling temporal dynamics over
long sequences [236]. Multivariate time series regression transformers typically uti-
lize a simple encoder structure comprising attention and feed-forward layers [237].

An embedding layer is included before the transformer encoder for the Transformer-
based model, which we initially designed for natural language processing. Although
natural language can be considered a time series, it fundamentally differs from a
time series derived from dynamic systems. After experimenting multiple times, we
replaced the position encoding layer with a convolutional layer, which can capture
complex temporal dependencies in time series data [238].

4.4.1 Comparison between NN and its corresponding AINN

In this experiment, five indicators are used to evaluate the performance of models,
namely: root mean square error (RMSE), mean absolute error (MAE), mean absolute
percentage error (MAPE), coefficient of determination (R2), and percentage error
(PE).

TABLE 4.5: MLP-based Models with Different Time Steps

Model[1]
Time
Step Mode RMSE MAE MAPE R2 PE

MLP 5 Train 8.33±0.24 6.11±0.18 618±88.3 0.71±0.02 0.11±0.04

MLP-
DLEM 5 Train 6.87±0.25 4.62±0.20 293±16.3 0.81±0.01 -0.06±0.03

MLP 5 Test 36.62±0.73 25.81±0.52 5.45±0.93 0.50±0.02 -0.21±0.02

MLP-
DLEM 5 Test 32.04±0.70 21.13±0.83 3.69±0.23 0.61±0.02 0.19±0.05

MLP 15 Train 8.45±0.35 5.94±0.35 359±120 0.71±0.02 0.09±0.07

MLP-
DLEM 15 Train 6.43±0.22 4.29±0.16 217±15.4 0.83±0.01 -0.08±0.02

MLP 15 Test 38.00±0.85 24.78±0.36 3.50±0.51 0.46±0.02 -0.21±0.02

MLP-
DLEM 15 Test 31.66±0.51 21.03±0.50 3.56±0.26 0.62±0.01 0.15±0.02

MLP 45 Train 8.44±0.23 5.46±0.10 252±77 0.71±0.01 0.04±0.04

MLP-
DLEM 45 Train 9.50±0.92 6.47±1.00 1012±257 0.63±0.07 0.12±0.07

MLP 45 Test 40.03±1.52 26.75±1.61 4.08±0.83 0.40±0.05 -0.19±0.02

MLP-
DLEM 45 Test 46.40±1.67 35.30±1.31 9.34±0.61 0.20±0.06 -0.10±0.04

1 In order to make the table more readable, the performance of the MLP is highlighted
using different colors. In this table, we focus on the training performance, as there is an
exception with the model trained using 45-time steps.
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The data collected from the 2021 growing season are taken as the training dataset,
and the data collected from the 2022 growing season are taken as the testing dataset.
Since the 2021 growing season was drier than that in the 2022 growing season, and
in the 2022 growing season, the planting date was one and a half months later than
that in the 2021 growing season, the total emission of N2O in the 2022 growing
season (157 015 nmolm−2s−1) is much larger than that in the 2021 growing season
(58 137 nmolm−2s−1). Therefore, we use PE to describe the percentage error of the
model for the corresponding growing season.

TABLE 4.6: CNN-based Models with Different Time Steps

Model[1]
Time
Step

RMSE MAE MAPE R2 PE

CNN 5 34.27±0.60 22.17±0.63 3.09±0.68 0.56±0.02 -0.12±0.06

CNN-
DLEM

5 32.06±1.30 20.77±1.18 3.10±0.63 0.61±0.03 -0.05±0.08

CNN 15 34.59±0.83 22.06±0.71 3.08±0.52 0.55±0.02 -0.14±0.07

CNN-
DLEM

15 31.91±0.93 20.54±0.62 2.89±0.15 0.62±0.02 -0.02±0.03

CNN 45 33.05±1.07 20.07±0.90 2.27±0.45 0.59±0.03 -0.15±0.07

CNN-
DLEM

45 32.23±0.87 21.79±0.91 3.41±0.26 0.61±0.02 0.01±0.04

1 In order to make the table more readable, the performance of the CNN is highlighted by different
colors.

For multivariate time series analysis, the number of time steps is one of the most
essential characteristics to investigate. To explore the dynamic properties of our
system, we set the number of time steps as 5, 15, and 45. In this section, three
MLPs, CNNs, LSTMs, and CNN-Transformers, are built and trained on the datasets
of 5, 15, and 45-time steps, respectively. Correspondingly, three MLP-DLEMs,
CNN-DLEMs, LSTM-DLEMs, and CNN-Transformer-DLEMs are constructed and
trained on the datasets of 5, 15, and 45-time steps, respectively.

We will first discuss the overall behavior of all the models and then describe the
specific behavior of each model in detail in the following sections. Please note that
Table 4.5 shows both training and testing performance, as there is an exception with
the model trained using 45-time steps. Tables 4.6, 4.7, and 4.8 show only testing
performance.

It is easily observed that the testing performance for the AINN is better than that
of the corresponding NN, as shown in Table 4.5, 4.6, 4.7, and 4.8. However, there is
one exception: the MLP-DLEM trained with the dataset of 45-time steps, where its



Chapter 4. Agriculture-informed Neural Networks for Predicting Nitrous Oxide
Emissions

77

TABLE 4.7: LSTM-based Models with Different Time Steps

Model[1]
Time
Step

RMSE MAE MAPE R2 PE

LSTM 5 36.61±0.72 24.94±0.84 3.47±0.25 0.50±0.02 -0.05±0.02

LSTM-
DLEM

5 30.44±1.23 19.74±1.19 3.56±0.39 0.65±0.03 0.06±0.08

LSTM 15 36.23±1.24 25.49±1.47 4.17±0.99 0.51±0.03 -0.02±0.06

LSTM-
DLEM

15 30.25±0.47 19.72±0.51 3.58±0.25 0.66±0.01 0.08±0.03

LSTM 45 34.20±1.93 23.23±1.38 3.58±0.65 0.56±0.05 0.01±0.07

LSTM-
DLEM

45 30.66±0.44 20.97±0.99 4.16±0.70 0.64±0.01 0.12±0.04

1 In order to make the table more readable, the performance of the LSTM is highlighted by dif-
ferent colors.

training and testing performance is far worse than its corresponding MLP, as shown
in Table 4.5. This is because MLP is not inherently prepared for multivariate time
series analysis. When the time steps are too large, it cannot learn the temporal dy-
namics inherent in the data. Therefore, it is convenient for us to conclude that the
AINN, particularly the models prepared for multivariate time series data, generally
reduces overfitting compared to their corresponding NN.

For AINN, the models trained with the dataset of 15-time steps could achieve the
best testing performance among the same type of models trained with different time
steps. It suggests that the time step of 15 could be appropriate for training the model,
and it indicates that data from the 15-time steps already include primary information
to determine the emission of N2O. Among all the AINN, the LSTM-DLEM trained
with the dataset of 15-time steps achieved the best testing performance, even better
than the CNN-Transformer-DLEM. This is probably due to the complexity of the
CNN-Transformer-DLEM being too high, and our data is insufficient to converge
optimally. The complexity of the LSTM-DLEM is suitable for this kind of data
size. In the future, if we collect more data, the Transformer-based AINN can be an
appropriate candidate for analyzing multivariate time series data.

The summary of testing performance for each model is presented in Table 4.9.
Among the models, LSTM-DLEM exhibits the best performance in terms of RMSE
and R2, the CNN-Transformer-DLEM performs the best in terms of MAE, and CNN-
DLEM performs the best in terms of PE. Regarding MAPE, the NN outperforms the
corresponding AINN, while CNN-Transformer performs best. Overall, the AINN
tends to outperform NN across most metrics. MLP shows the poorest performance,
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TABLE 4.8: Transformer-based Models with Different Time Steps

Model[1]
Time
Step

RMSE MAE MAPE R2 PE

CNN-
Transformer

5 36.56±1.24 20.72±0.89 2.43±0.42 0.50±0.03 -0.38±0.04

CNN-
Transformer-
DLEM

5 31.60±2.70 21.29±2.48 3.13±0.74 0.62±0.06 -0.05±0.08

CNN-
Transformer

15 37.60±2.12 22.15±1.47 2.64±0.80 0.46±0.06 -0.34±0.06

CNN-
Transformer-
DLEM

15 30.78±1.16 19.10±0.88 2.39±0.30 0.64±0.03 -0.13±0.05

CNN-
Transformer

45 33.38±1.21 20.03±0.57 2.80±0.37 0.58±0.03 -0.20±0.06

CNN-
Transformer-
DLEM

45 31.45±1.74 19.62±1.18 2.55±0.31 0.63±0.04 -0.09±0.07

1 In order to make the table more readable, the performance of the CNN-Transformer is high-
lighted by different colors.

but LSTM-DLEM and CNN-Transformer-DLEM are comparable in solving multi-
variate time series regression issues.

4.4.2 Interpretation for AINN

(a) Training Loss of LSTM-DLEM (b) Training Loss of LSTM

FIGURE 4.5: Training Loss Comparison between LSTM-DLEM and
LSTM

As depicted in Figure 4.5, the loss values for the LSTM-DLEM and LSTM are
decreasing with increasing epochs of the training process. However, the loss value
for the LSTM-DLEM represents the MSE between the actual measured N2O and the
predicted N2O, while the loss value for the LSTM represents the MSE between the
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TABLE 4.9: Rank of Testing Performance for Each Model

Model[1] RMSE MAE MAPE R2 PE

MLP 8 7 7 8 7

MLP-DLEM 7 8 8 7 4

CNN 4 5 3 4 6

CNN-DLEM 3 4 4 3 1

LSTM 5 6 5 5 1

LSTM-DLEM 1 2 6 1 3

CNN-Transformer 6 3 1 6 8

CNN-Transformer-
DLEM

2 1 2 2 5

1 In order to make the Table more readable, the performance of the NN is highlighted by different
colors.

(a) Testing Performance of LSTM-DLEM (b) Testing Performance of LSTM

FIGURE 4.6: Testing Performance Comparison between LSTM-
DLEM and LSTM
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measured N2O (scaled) and the predicted N2O, both of which fall within the range
of [0, 1]. Therefore, the loss value for the LSTM-DLEM is more significant than
that of the LSTM in terms of quantity. Nonetheless, both indicate that the models are
well-trained and have converged.

Corresponding to the training loss for the LSTM-DLEM and LSTM, the test
performance for the LSTM-DLEM and LSTM is depicted in Figure 4.6. When the
models are well-trained, the LSTM-DLEM outperforms the LSTM for the testing
dataset. The reasons for the superior performance of the LSTM-DLEM over the
LSTM are discussed in Section 4.3.2.

FIGURE 4.7: Adjusted Factors from RNN component in LSTM-
DLEM

In this context, the dynamic behaviors of the scale factors for eight parameters in
the DLEM are shown in Figure 4.7. The DLEM plays a regulatory role in training
AINN, leading the entire model to converge to a specific basin of attraction. When
the AINN was run multiple times with different initialization, it was observed that
the dynamic behaviors of the scale factors consistently fell into a particular basin of
attraction; in other words, the adjustment factors for the DLEM show almost similar

FIGURE 4.8: Output of eight Nodes from RNN component in LSTM
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patterns. This property of the AINN is distinct from that of the NN, which can have
an unlimited number of basins of attraction because it is a universal approximator.

As shown in Figure 4.7, this is one specific pattern generated by the LSTM-
DLEM when the model achieves optimal performance. Through this, we can observe
that almost all the factors decrease with time. This phenomenon is consistent with
what we observed in reality. However, since the DLEM is not an accurate model that
could predict the emission of N2O, we could not obtain more qualitative information
from Figure 4.7. Meanwhile, for the single NN, the output of the eight nodes, as
shown in Figure 4.8, that we designed specifically in the hidden layer to make a
comparison, could not supply any information for interpreting the behavior of model.
Therefore, it is convenient to conclude that the AINN have a better interpretation than
the NN.

4.4.3 Indoor Experiment Under Control Environment

To demonstrate the necessity of measuring the nitrate quantity for predicting the
emission of N2O, an additional indoor experiment in a controlled environment was
conducted from January to April 2024. We then used soil temperature, soil moisture,
and the amount of nitrate to train our models. As shown in Figure 4.9, we could
successfully predict the emission of N2O by including the amount of nitrate in the
dataset using LSTM-DLEM.

(a) Training Performance for Indoor Experiment (b) Testing Performance for Indoor Experiment

FIGURE 4.9: LSTM-DLEM Trained on the Data Collected from In-
door Experiment

4.5 Conclusion Remarks

This study presents the development of the AINN, which combines an RNN com-
ponent with the process-based ecosystem model, particularly DLEM, for predicting
N2O emissions. We aimed to design an AINN that could perform better than the in-
dividual NN alone. The data collected during the growing seasons of 2021 and 2022
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(by LI-COR soil-gas measurement equipment and Pessl iMetos ECO in Area X.O,
Ottawa, Ontario, Canada) were used to train and test NN (including MLP, CNN,
LSTM, and CNN-Transformer) and AINN (including MLP-DLEM, CNN-DLEM,
LSTM-DLEM, and CNN-Transformer-DLEM), respectively. The models were eval-
uated using five metrics: RMSE, MAE, MAPE, R2, and PE.

Both models were trained using the early stopping technique to avoid overfit-
ting. The experimental results align with our objective of designing the AINN. By
combining the strengths of the RNN and DLEM, the AINN effectively regulates the
training process, resulting in better performance on the testing datasets with smaller
generalized errors in terms of MAE, RMSE, R2, and PE. However, regarding MAPE,
the NN are slightly better than the AINN.

Since the DLEM exists within the AINN, it could be considered a constrained
optimization problem. The training process of the AINN not only minimizes the
mean square error (the loss function) between the predicted N2O flux and the mea-
sured N2O flux but also needs to satisfy the constraints of the parameters fed into
the DLEM. It is observed that the AINN could converge to a specific basin of at-
traction. This is consistent with Bayesian theory, which suggests that overall re-
gression accuracy could be improved if prior information about the system is ob-
tained. Among all the four AINN, MLP-DLEM, CNN-DLEM, LSTM-DLEM, and
CNN-Transformer-DLEM, the general performance of the LSTM-DLEM and CNN-
Transformer-DLEM is comparable, and both models are better than CNN-DLEM.
MLP-DLEM has the worst performance since MLP is not inherently designed to
address time series data.

In the field experiment, collecting the nitrate quantity in the soil presents a chal-
lenge. Therefore, we assume that the nitrate quantity available in the soil decays
exponentially over time. An indoor experiment in a controlled environment was con-
ducted to verify this assumption. We inputted the soil temperature, soil moisture, and
the amount of nitrate collected from the indoor experiment into the model, and the
model could successfully predict the emission of N2O. Thus, we conclude that the
assumption of the nitrate quantity in the soil decaying exponentially is reasonable for
predicting N2O with the field data. In this exploration, we demonstrated only four
basic AINN: MLP-DLEM, CNN-DLEM, LSTM-DLEM, and CNN-Transformer-
DLEM. We do not intend to create complex architectures of AINN in this context, as
our focus is on understanding the underlying mechanisms of AINN. In the future, we
could explore a variety of AINN such as CNN-LSTM-DLEM, LSTM-CNN-DLEM,
and LSTM-Transformer-DLEM. All these models could be modeled as a constrained
optimization problem, potentially achieving better generalization capabilities than
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their neural network counterparts.
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Chapter 5

Preserving Temporal Dynamics in
Synthetic Multivariate Time Series
Using Generative Neural Networks
and Monte Carlo Markov Chain

5.1 Introduction

Time series analysis is widely employed in various fields, including stock market
price prediction, monthly water consumption tracking, electrical signal analysis,
weather forecasting, and N2O emission prediction [10, 239, 13, 18]. However, with
the advent of deep learning in time series analysis, the challenge of dealing with small
datasets has emerged as a significant impediment to enhancing model performance.
For most time series applications, the cost associated with collecting sufficient data
to train deep learning models is prohibitive [240]. Consequently, the utilization of
augmented data to complement real training data is regarded as a practical approach
for enhancing model performance [241].

5.1.1 N2O Emission from Farming

N2O is a potent greenhouse gas, with 300 times the heat absorption potential of CO2

[201]. It also serves as the primary contributor to stratospheric ozone depletion [202].
In the realm of agriculture, synthetic nitrogen fertilizer has played a significant role
in boosting harvests in recent decades, leading farmers to increasingly employ nitro-
gen fertilizer to maximize yields. Consequently, N2O emissions have seen a dramatic
increase. In response to environmental and climate challenges, while promoting sus-
tainable agriculture [212], Agriculture and Agri-Food Canada has initiated a program
with the aim of reducing fertilizer emissions by 30% from 2020 levels by 2030.
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To effectively regulate N2O emissions, it is crucial to predict emissions from
agricultural fields using the flux of water, humidity, nitrate concentration, and tem-
perature data. Traditional mechanistic models such as the CLM-CN [53], the DLEM
[54, 55], and the EcoSys [242] have been developed to estimate N2O emissions.
However, due to the considerable variability in soil N2O emissions, these models
encounter challenges in accurately representing N2O emissions.

As interest in N2O emissions from agricultural fields has grown, researchers have
turned to data-driven models to enhance predictions. Early efforts have involved a
variety of machine learning models [208], including the MLP [209], SVM [243], RF
[211], RBFNN [244], DBN [245], and LSTM [18], to establish connections between
input variables and N2O emissions.

5.1.2 Motivations and Contributions

In order to study the dynamical system of the emission of N2O with a data-driven
approach, an observation needs to be noticed: the multivariate time series represen-
tations do not expose the full information of the underlying dynamical system in a
way that a deep learning model can easily learn [246]. Fundamentally speaking, the
time series dataset we collected is just a finite-dimensional projection of a hypersur-
face of data called the phase space of a dynamical system. This projection results in
a loss of information regarding the dynamics of the system. However, we can still
make inferences about the dynamical system using a data-driven method. If suffi-
cient time series datasets are presented to the model, the generalized error would be
reduced greatly. While a generalized proof establishing a direct relationship between
the expected generalization error and number of augmented data points has yet to be
theoretically formulated, numerous studies empirically demonstrate that using aug-
mented data can boost both classification and regression accuracy comparable to the
addition of real data [247, 118].

In this exploration, there are two major reasons for gathering sufficient and bal-
anced time series data to fit data-driven models. Firstly, the LI-COR system used to
collect the data is expensive, costing around 200,000 Canadian dollars per system.
Secondly, we could collect only one sequence of time series data under specific con-
ditions in one growing season. To be specific, we could collect 48 data points per day
and 4,500 data points per growing season. Therefore, the lack of a sufficiently large
dataset results in the inaccurate forecasting of N2O emissions with larger generalized
error.

Our objective is to increase the dataset size using an innovative data augmen-
tation approach that integrates GANs with sampling theory. This novel approach
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is designed to generate multivariate time series data based on the original dataset.
Simulation results illustrate that augmented data can effectively maintain the data
distribution and the dynamic behavior of the original data.

Our contributions in this work are as follows:

1. A detailed analysis of time series data points generated by GAN models is
provided, visually demonstrating that GAN-generated data preserves the data
distribution but struggles to maintain the temporal dynamic behavior present
in the original time series dataset.

2. A modified Metropolis-Hastings Algorithm to sample time series data from the
data source generated by GAN models is introduced. The time series data gen-
erated by this algorithm retains most of the dynamic behavior of the original
time series data.

3. The exponential moving average method is applied to smooth the time series
dataset. Since the synthetic dataset retains the Markov Chain property (some-
times characterized as “memorylessness”), it lacks the long-term relationships
present in the original time series dataset.

4. Several new evaluation methods to measure synthetic time series data are pro-
posed, including the Kolmogorov-Smirnov Test (KS-Test), and the Hilbert-
Schmidt Independence Criterion (HSIC), among others.

The remainder of the paper is structured as follows. Section 5.2 offers detailed
information on the entire process of data augmentation, including the GAN module,
sampling module, smoothing module, and evaluation module. In Section 5.3, we
apply the synthetic time series data generated by different models to train the LSTM
for predicting N2O emissions [248]. Section 5.4 summarizes the study’s findings
and discusses the potential for improving the regression performance of LSTM with
augmented data.

5.2 Data Augmentation Process

As depicted in Figure 5.1, the process of data augmentation consists of four modules:
the GAN module, sampling module, smoothing module, and evaluation module. The
GAN module is utilized to generate the source data points for the time series. Sub-
sequently, the time series data points are sorted in ascending order based on their
timestamps and fed into the sampling module to create the raw time series data. This
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FIGURE 5.1: Process of Data Augmentation

approach ensures that the joint distribution of the first-order differences of the gener-
ated time series remains the same to the original data. Since the generated time series
data from the sampling module are independent and identically distributed, the syn-
thetic data are then passed through a smoothing module to make the time series data
more continuous. Finally, the quality of the generated time series data is assessed
using various metrics, including HSIC, autocorrelation function (ACF), KS-test, and
the train-synthesis-and-test-real (TSTR) method.

The detailed information of each module is shown in the following:

1. In the process of generating time series data points, a column of timestamp will
be added into the original time series dataset. Then the original time series data
with the timestamp will be scaled into the range of [0.05, 0.95] (since 0 and 1
is impossible to reach with the sigmoid function as the activation function, the
dataset is scaled in a slightly narrower range than the range of [0, 1]). Then
the processed dataset is divided into blocks with certain length, for instance,
32 time steps. All these blocks (including the timestamps) are fed into the
selected GAN model as the real data to train the GAN with the latent space of
100 dimensions. In this exploration, we generally use the WGAN model with
a gradient penalty to generate the source of time series data.

2. When the GAN model is converged and well-trained, the generator of the GAN
model will generate synthetic time series data points with a size of 1, 920, 000.
These synthetic data points will be ordered in a time-ascending manner and
fed into the sampling module to generate a raw time series dataset, which
has the same length as the original dataset. In this case, a modified Metropo-
lis–Hastings algorithm is used as the sampling algorithm. Although generat-
ing more data point could be advantageous, if the additional data is diverse,
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and computational resources allow for efficient training. However, if the new
points are mostly repetitive or if resources are limited, focusing on quality and
diversity in a well-selected 1, 920, 000 points might yield similar performance
gains.

3. The synthetic time series data are then fed into the smoothing module, which
uses the EMA operator to make the time series smooth.

4. During the entire process, the synthetic data generated by every module will
be evaluated with different metrics, including qualitative and quantitative ap-
proaches, such as HSIC and the TSTR method.

5.2.1 Data Description

FIGURE 5.2: Original Time Series Data from the 2021 Growing Sea-
son

Figure 5.2 shows the multi-dimensional time series data we used in this explo-
ration. The time series data were collected at a smart farm named Area X.O located
in Ottawa, Ontario, Canada (45.3189◦ N, 75.7562◦ W), from in-field sensors nodes,
namely, N2O emission sensors, and weather sensors, every 30 minutes [219].

5.2.2 GAN Module

In this exploration, for the architecture of the generator G and discriminator D, we
adopt architectures from the DCGAN model [249], with D being slightly more com-
plex than G. As for the training algorithm, we apply the WGAN-GP algorithm [151].
In the following section, unless specified otherwise, the default GAN model is a com-
bination of WGAN with a DCGAN-like architecture, and for convenience, we refer
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to it as the “WGAN” model. Please note in Figure 5.11, the training dataset needs
to be scaled to the range of [0.05, 0.95] before fitting it into the neural network. We
have not transferred it back to the normal units; therefore, the y label is in the range
of [0.05, 0.95].

Training Process of WGAN model

FIGURE 5.3: Loss Value for the Discriminator and Generator in
WGAN

As depicted in Figure 5.3, we can see the loss curves for both the discriminator
and generator. Since we change the sign for the original loss value, both the loss
of discriminator and generator could be decreased over time, in general. However,
it is a challenge for us to determine when to terminate the training through the loss
value of the discriminator and generator only. It is easy to see that after 250 epochs,
the loss value did not supply enough information for us to determine the training
status of the WGAN. However, the purpose of the WGAN is to learn the underlying
distribution of the data, and we can use this as our criteria to determine whether we
need to terminate the training of WGAN.

As shown in Figure 5.4, we collected 1, 920, 000 data points generated by the
WGAN model at epoch: 100, 200, 300, 400, and 500. As the number of training
epochs increases, the distribution of generated data gradually approaches that of the
real data. The distributions of data generated at epoch 400 and epoch 500 did not
show significant differences. This indicates that it is an appropriate time to terminate
the training of the WGAN at epoch 500, as further training would not yield any
benefit or improvement in the generated data.
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FIGURE 5.4: Distribution of Real Data and Synthetic Data
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FIGURE 5.5: Synthetic and Original Flux of N2O

Now, let us examine the data in ascending time order. As shown in Figure 5.5,
the blue curve displays all the 1, 920, 000 data points of the flux of N2O generated
by WGAN, arranged in ascending order of time, while the yellow curve shows the
original data for the flux of N2O, which is also arranged in ascending order of time.
It is evident that the trend in the synthetic data broadly follows that of the original
data. Now, let us focus on the “local” data, by which we mean data at specific time
points. Although we could not generate data at the exact same time points multiple
times, we extracted and observed data generated within very small time intervals,
as illustrated in Figure 5.6. Through observation, it can be generally concluded that
data generated at the same time points tend to follow a Gaussian distribution. The
underlying mathematical reasons are quite intriguing and might be related to the cen-
tral limit theorem or ergodic hypothesis. Further investigation and discussion of this
phenomenon will be addressed in another exploration. However, this characteristic
of synthetic data lays the foundation for the sampling procedure.

5.2.3 Sampling Module

How can we generate time series data that faithfully preserves the dynamical behav-
ior of the system? In essence, where does this dynamical behavior manifest itself? To
gain insights, let us explore the representation of the dynamical system in the form
of differential equations, as illustrated below:

∂x
∂t

= f (x, t) (5.1)
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FIGURE 5.6: Distribution of Data at One Specific Time

where x is the variable we care about and t is the time.
It is quite convenient for us to conclude that if the synthetic time series can pre-

serve the distribution of the first-order differences in a discrete dynamical system or
the derivatives in a continuous dynamical system, then the dynamical properties of
the synthetic time series can be largely preserved. Therefore, we have proposed a
sampling algorithm based on MCMC, which will be discussed in detail in the fol-
lowing section.

After the WGAN model converges, 1, 920, 000 data points can be generated, with
each point having a timestamp. After arranging the 1, 920, 000 data points in ascend-
ing order based on their timestamps, we utilize and modify the Metropolis-Hastings
Algorithm to generate the multivariate time series, as illustrated in Algorithm 2.

Modified Metropolis–Hastings Algorithm

Algorithm 2 receives the time series source S, which is organized in ascending
time order, from the WGAN model. Typically, the time range of S should be slightly
wider than the original time series. The prior distribution π(θ) is derived from the
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Algorithm 2 Modified Metropolis–Hastings algorithm

Output: A time series tlst
Input: A time series source S with ascending timestamp, a prior distribution π(θ),
an original time series dataset OS, and a starting point spv
Initialization: Initialized θ; an empty time series list tlst; an initialized vector v;
and an β factor
for i← 1 to M do

Draw the timestamp st and the vector opv from the original time series dataset
OS .
for j← 1 to N do

Draw the timestamp gst and the corresponding vector spv from the time se-
ries source S .
if abs(st - gst) ≤ δ then

if The length of time series tlst is zero then
θ
′

= v - opv,
else

θ
′

= (1 - β)(v - spv) + β(v - opv),
end if
γ = min{ π(θ

′
)

π(θ)+ϵ
, 1},

Draw u ∼ Uniform(0, 1),
if u ≤ γ then

θ = θ
′
,

spv = v,
Add random vector v into the time series list tlst,
Break the inside loop.

end if
end if

end for
end for
return a time series tlst.
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original dataset. In the outer ‘for’ loop, we draw the timestamp st and the corre-
sponding vector opv from the original dataset OS for reference. In the inner ‘for’
loop, we draw the timestamp gst and the corresponding vector v. If the timestamp
gst falls within a tolerance of δ of the timestamp st, then θ

′
is calculated based on

the information from the previously selected vector and the original time series data.
In the initialization phase, the time series tlst has not yet been generated. Thus,

we take the first element of the original dataset as the reference and calculate the
first-order difference θ

′
by subtracting v from opv. Initially, θ is set to the original

point in the multi-dimensional space. Once the time series tlst begins to have gener-
ated elements, we update the first-order difference θ

′
to consider both the generated

elements and the original elements. As outlined in the algorithm, a factor β is intro-
duced to control the balance between information derived from the original dataset
and information from the generated elements. The value of β significantly influences
the degree of similarity between the generated dataset and the original dataset, and
we will delve into its impact in detail in the following section.

Next, we calculate α by comparing the probabilities of π(θ
′
) and π(θ). If π(θ

′
)

is greater than π(θ), then this vector is selected for inclusion in the generated time
series. However, if π(θ

′
) is smaller than π(θ), indicating that γ is less than 1, we

proceed with a probability test. We generate a random number u from a uniform
distribution to determine whether we accept this vector. If u is less than or equal
to γ, we accept the element and assign v to spv. If u is greater than γ, we take no
action. As the generated time series data reaches the same length as the original time
series data, the algorithm will output the generated time series data.

The effect of β

Figures 5.7 and 5.8 depict the ACF and PACF of time series data generated with
different β values. In both figures, each row corresponds to a different β value:
original data in the first row, β = 0 in the second row, β = 0.10 in the third row, and
β = 0.50 in the fourth row. When β = 0, the generated time series data does not
exhibit any discernible periodic patterns. However, as we increase β from 0 to 0.10,
the generated data show a periodic pattern to some extent. Upon further increases in
β to 0.50, the synthetic data have completely captured the periodic information that
exists in the original data. Interestingly, variations in β do not substantially alter the
shape of the PACF for the generated data, as shown in Figure 5.8.

Figure 5.9 illustrates the joint distribution of first-order differences in time series
data generated with varying β values akin to Figures 5.7 and 5.8. In each figure,
rows correspond to different β values: original data in the first row, β = 0 in the
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FIGURE 5.7: Autocorrelation Analysis for N2O Flux, Temperature,
Flux of Water, and Humidity with Different β Values
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FIGURE 5.8: Partial Autocorrelation Analysis for N2O Flux, Temper-
ature, Flux of Water, and Humidity with Different β Values
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FIGURE 5.9: Joint Distribution Among Temperature, Flux of Water,
Humidity, and Flux of N2O with Different β Values

second row, β = 0.10 in the third row, and β = 0.50 in the fourth row. It is evident
that the β value has an impact on the joint distribution of first-order differences in
the generated time series data. Within the data generated using the same β value, the
joint distribution of first-order differences remains consistent, as confirmed by the
KS-test, as shown in Table 5.2. Furthermore, regardless of the chosen β value, the
principal component of the first-order differences in the generated time series data
remains consistent with that of the original time series data.

Table 5.1 shows the HSIC values between the generated data and the original
data, which increase as the β value increases. This suggests that a larger β value
leads to greater similarity between the generated data and the original data. However,
even when β = 0, the HSIC value for the generated data still reaches approximately
0.7954. This indicates that the generated data captures the major properties and
patterns of the original data. Please note that the HSIC values before and after scaling
differ. Generally, the HSIC value after scaling is higher than the value before scaling.
The HSIC value here is calculated after data scaling.

TABLE 5.1: HSIC Values of Generated Data with Different β Values

β 0 0.05 0.1 0.5 1

HSIC 0.7954±0.0119 0.8629±0.0047 0.8815±0.0027 0.9459±0.0009 0.9636±0.0004



Chapter 5. Preserving Temporal Dynamics in Synthetic Multivariate Time Series
Using Generative Neural Networks and Monte Carlo Markov Chain

98

5.2.4 Smoothing Module

The data points generated by WGAN are independent and identically distributed,
and the MCMC process does not establish long-term relationships among data points.
Meanwhile, the white noise effect is unavoidable in synthetic time series data. There-
fore, it is necessary to smooth the synthetic time series data using information from
the previous data points. In this study, we adopt EMA for this purpose. The simu-
lation results demonstrate that with EMA, the behavior of the synthetic data closely
resembles that of the original data.

To quantitatively evaluate the quality of synthetic data, we calculate the HSIC
and the p-value of the KS-test between the generated data and the original data. As
shown in Table 5.2, as α decreases (indicating smoother curves), the HSIC value and
the p-value of the KS-test between the generated data and the original data initially
increase and then decrease. The optimal performance is typically achieved around
α = 0.4 or α = 0.5 depending on the characteristics of the synthetic data.

TABLE 5.2: The P-Value of the KS-test and the HSIC Value Between Synthetic Data Sample
(β = 0.5) and Original Dataset

α

P[1] [2]
Temp FH2O Humi FN2O HSIC

1 9e-54 5e-95 4e-59 1e-39 0.9810

0.9 4e-40 3e-81 1e-44 1e-32 0.9835

0.8 2e-29 3e-69 7e-34 1e-28 0.9854

0.7 5e-19 1e-69 4e-24 4e-24 0.9867

0.6 1e-13 4e-67 1e-13 3e-17 0.9873

0.5 4e-7 2e-64 4e-6 6e-15 0.9869

0.4 0.0045 1e-62 0.0615 3e-16 0.9847

0.3 5e-5 1e-64 4e-17 9e-18 0.9788

0.2 1e-19 1e-76 2e-23 6e-20 0.9640

0.1 1e-73 1e-89 2e-76 6e-54 0.9283
1 In this table, P stands for p-value. If p-value is not below the threshold of 0.05, it indicates two

sequences of data share the same distribution.
2 In the header, “temp” corresponds to “temperature,” “FH2O” to “flux of water,” “humi” to “hu-

midity,” and “FN2O” denotes flux of N2O.
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5.2.5 Evaluation Module

As illustrated in Figure 5.10, we generated time series data using various combina-
tions of β (the coefficient in the Modified Metropolis–Hastings algorithm) and α (the
coefficient in the EMA function). The first four plots display the generated time se-
ries with β = 0. The second and third set of four plots showcase the generated time
series with β = 0.10 and β = 0.50, respectively. In all cases, α is consistently set to
0.4. It is evident that as β increases, the generated time series increasingly resembles
the original time series, as shown in Figure 5.2. This observation aligns with the
findings presented in Table 5.1.

TABLE 5.3: The P-Value of the KS-test and the HSIC Value Between Two Synthetic Time
Series with the Same β

α

P[1] [2]
Temp FH2O Humi FN2O HSIC

1 0.3849 0.9689 0.8279 0.9011 0.9671

0.9 0.5542 0.8593 0.7943 0.9250 0.9708

0.8 0.4657 0.8114 0.7225 0.9356 0.9741

0.7 0.5180 0.9011 0.6286 0.7769 0.9772

0.6 0.4488 0.7769 0.5911 0.8739 0.9802

0.5 0.3270 0.7409 0.7409 0.7943 0.9832

0.4 0.3270 0.5726 0.7225 0.5726 0.9862

0.3 0.3849 0.3849 0.5911 0.5726 0.9894

0.2 0.4323 0.3552 0.4004 0.6851 0.9929

0.1 0.3552 0.9541 0.3552 0.7590 0.9967
1 In this table, P stands for p-value. If p-value is not below the threshold of 0.05, it indicates two

sequences of data share the same distribution.
2 In the header, “temp” corresponds to “temperature,” “FH2O” to “flux of water,” “humi” to “hu-

midity,” and “FN2O” denotes flux of N2O.

To further explore the impact of the values of β and α on the properties of the
generated time series, we calculate the p-value of the KS-test and the HSIC value
between two generated time series (with the same β or with different β). As shown
in Table 5.3 and Table 5.4, the results are quite revealing. Table 5.3 demonstrates
that time series generated with the same β share a similar distribution for the first-
order difference, as evidenced by the p-values of the KS-test exceeding the threshold
value of 0.05. Additionally, as the α value decreases from 1 to 0.1, the HSIC value
increases from 0.9671 to 0.9967. This suggests that as the curve becomes smoother,
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FIGURE 5.10: Synthetic Data Generated with Different β Values
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TABLE 5.4: The P-Value of the KS-test and the HSIC Value Between Two Synthetic Time
Series with β = 0.05 and β = 0.10

α

P[1] [2]
Temp FH2O Humi FN2O HSIC

1 6e-6 0.0002 0.0776 6e-7 0.9275

0.9 1e-5 0.0001 0.0455 1e-5 0.9279

0.8 5e-5 0.0001 0.0615 6e-5 0.9300

0.7 0.0002 6e-5 0.0615 0.0001 0.9323

0.6 0.0004 3e-5 0.0332 0.0001 0.9349

0.5 0.0007 4e-5 0.0274 0.0003 0.9379

0.4 0.0020 1e-5 0.0546 0.0033 0.9418

0.3 0.0067 3e-6 0.0210 0.0053 0.9472

0.2 0.0240 3e-7 0.0112 0.0332 0.9555

0.1 0.0402 3e-13 0.0031 0.0652 0.9705
1 In this table, P stands for p-value. If p-value is not below the threshold of 0.05, it indicates two

sequences of data share the same distribution.
2 In the header, “temp” corresponds to “temperature,” “FH2O” to “flux of water,” “humi” to “hu-

midity,” and “FN2O” denotes flux of N2O.

the generated time series become more similar to each other. In other words, the
average behavior of the generated time series becomes nearly identical.

As demonstrated in Table 5.4, it is generally challenging to conclusively state that
time series generated with different β values share the same distribution for the first-
order difference. This is because most of the p-values from the KS-test fall below the
threshold value of 0.05. However, when examining the humidity term and the flux of
N2O term, it becomes apparent that if the α value is appropriately selected, the KS-
test indicates that the first-order difference between these two generated time series
shares the same distribution. It is worth noting that due to the limited number of data
points in this investigation (only 4,000), the confidence in the KS-test results may
not be very robust. Therefore, we utilize the p-value from the KS-test as a reference
to gauge the similarity between the generated time series. Once again, as the α value
decreases from 1 to 0.1, the HSIC value increases from 0.9275 to 0.9705. This
implies that as the time series becomes smoother, the generated time series become
more alike.
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5.3 Experiment and Simulation

5.3.1 Measure Metrics

To measure the difference between two time series data, four performance indicators
are utilized in this experiment, namely: mean absolute error (MAE), mean absolute
percentage error (MAPE), root mean square error (RMSE), and coefficient of deter-
mination (R2) as shown in the following:

MAE =
1
n

n

∑
i=1
|xi − x̂i| (5.2)

MAPE =
1
n

n

∑
i=1

∣∣∣∣xi − x̂i

xi

∣∣∣∣ (5.3)

RMSE =

√√√√√ n

∑
i=1

(xi − x̂i)
2

n
(5.4)

R2 = 1−

n

∑
i=1

(xi − x̂i)
2

n

∑
i=1

(xi − x)2
(5.5)

where n is the number of data points, xi represents the observed value, x̂i represents
the predicted value, and x is the mean of the variable.

5.3.2 Train on Synthetic Data and Test on Real Data

Numerous GANs exist in the research field for generating time series data, including
RGAN, WGAN, and TimeGAN. All of these models claim to preserve the temporal
dynamics in time series datasets. However, in practice, they often struggle to explic-
itly capture the dynamic behavior inherent in time series data. To illustrate this point,
our exploration includes an approach for training the GAN in the feature space and
generating feature data from the original time series. To facilitate an easy comparison
between the GAN-MCMC approach and the GANs, including RGAN, TimeGAN,
and WGAN, LSTMs trained on synthetic data will be evaluated on original data, as
shown in Figure 5.11. It is observed that the GAN can partially learn the dynamics
present in the original time series data. However, all of them perform worse than
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FIGURE 5.11: The neural network models are trained by the feature
blocks generated by RGAN, WGAN, TimeGAN, and GAN-MCMC

(β = 0.1).

our newly proposed method, as shown in the first chart in Figure 5.11. Furthermore,
using a GAN alone to generate time series data presents two challenges:

1. In general, GANs learn the underlying distribution present in the original dataset.
It is a challenge for GANs to learn the temporal dynamics from the time series
data.

2. In most cases, GANs can only generate feature blocks. It is a difficulty for
GANs to generate entire pieces of time series data with timestamps attached to
them unless we add conditions to the GANs.

To further demonstrate the performance of each GAN and our proposed GAN-
MCMC approach, RMSE, MAE, MAPE, and R2 are used to evaluate the perfor-
mance of the different synthetic data generated by the various approaches. Please
note that, in order to measure how much temporal dynamics exist in the synthetic
data, large and complex testing models are developed, and the terminating condition
is that the training loss of the model should be under a threshold value; in this case, it
is 1× 10−5. The stochastic effect in generating the data and in evaluating the model
should not be ignored. The testing results demonstrated here are general conclusions.
We run the evaluating models ten times to reduce the stochastic effect. To demon-
strate how much temporal dynamics are preserved in the synthetic data, 20,000 data
blocks generated by RGAN, WGAN, TimeGAN, and the multivariate time series
generated by the GAN-MCMC approach with different β = 0, 0.05, 0.1 are used to
train LSTMs for predicting the emission of N2O from farming. Then we use the
original data to test the LSTMs. As shown in Table 5.5, it is observed that synthetic
data generated by GAN-MCMC outperform the data produced by RGAN, WGAN,
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and TimeGAN. In general, the performance of WGAN is worse than that of RGAN
in preserving temporal dynamics. TimeGAN performed better than RGAN in terms
of MAPE, but in terms of RMSE, MAE, and R2, it performed slightly worse. How-
ever, from the perspective of the standard deviation of RMSE, MAE, MAPE, and R2,
its performance is the most stable among WGAN, RGAN, and TimeGAN. However,
the synthetic data generated by GANs is a stochastic process; therefore, it is quite
unpredictable how much temporal dynamics exist in the synthetic data generated by
GANs, even if the distribution of synthetic data is appropriate compared to the orig-
inal data. It is relatively straightforward to understand why RGAN performed best
among the three GANs, because we use LSTM as the testing model. However, no
matter how realistic the synthetic data generated by GANs is, it is quite difficult for
them to compete with the synthetic data generated by the GAN-MCMC approach,
since MCMC is a process that preserves the temporal dynamics present in the orig-
inal data. Furthermore, with increasing β, more temporal dynamics are retained in
the synthetic data. Therefore, from Table 5.5, it is straightforward to observe that as
the β value increases from 0 to 0.1, all RMSE, MAE, MAPE, and R2 values improve
gradually.

TABLE 5.5: Performance Comparison among Different Models on Generating
Agriculture Data

RMSE MAE MAPE R2

RGAN 0.141±0.045 0.123±0.041 1.127±0.399 -0.052±0.664

WGAN 0.250±0.088 0.218±0.081 1.892±0.625 -2.364±2.263

TimeGAN 0.196±0.011 0.144±0.010 0.739±0.069 -0.801±0.200

GAN-MCMC
(β=0) 0.117±0.015 0.064±0.010 0.252±0.069 0.332±0.171

GAN-MCMC
(β=0.05) 0.095±0.017 0.076±0.018 0.583±0.184 0.553±0.143

GAN-MCMC
(β=0.1) 0.089±0.018 0.068±0.017 0.450±0.165 0.608±0.154

5.4 Conclusion Remarks

Traditional time series data augmentation methods primarily focus on GANs, includ-
ing RGAN, WGAN, and TimeGAN. These GANs aim to replicate data distributions
closely resembling the original time series data. However, they struggle to main-
tain the temporal dynamics of the system, potentially missing crucial information
regarding the first-order differences present in the original time series.
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In this exploration, the original data were collected from Area X.O and were used
to predict N2O emissions from farming [248, 18]. It is an ideal dataset for us to use
as an example, since the data were generated from a complex dynamic system, and
the equipment used to collect the data is too expensive to be widely utilized. There-
fore, using data augmentation techniques to generate synthetic agricultural data is
both urgent and beneficial for improving the performance of the predictor developed.
The proposed GAN-MCMC approach, along with other GANs, including RGAN,
WGAN, and TimeGAN, is used to generate synthetic multivariate time series data
for predicting N2O emissions. Our investigation provides evidence that the time se-
ries data generated using the GAN-MCMC approach preserves most of the temporal
dynamics and the characteristics of the first-order distribution observed in the origi-
nal time series data.

In particular, we have thoroughly explored the role of the β factor within the mod-
ified Metropolis-Hastings algorithm. This factor controls the degree of information
preservation from the original time series. Our experiments have shown that with
small β values (around 0.50), it remains possible to effectively retain periodic infor-
mation. Furthermore, the joint distribution of the first-order difference in synthetic
time series data remains consistent when the same β value is applied in the modified
Metropolis-Hastings algorithm. Finally, we use the synthetic time series data to train
LSTMs. Our results show that LSTMs trained on synthetic agricultural data gen-
erated by the GAN-MCMC framework outperform those trained on synthetic data
produced by other GAN models, including RGAN, TimeGAN, and WGAN, in terms
of RMSE, MAE, MAPE, and R2.
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Chapter 6

Toward A Quantum LSTM-DLEM
Model for Predicting Agricultural
N2O Emissions in Various Bifurcation
Branches

6.1 Introduction

Traditionally, Long Short-Term Memory (LSTM) networks, renowned for their ca-
pacity to capture and preserve sequential dependencies, have played a pivotal role in
analyzing time series data. This includes applications in natural language processing,
speech recognition, electrical signal analysis, weather forecasting, and the study of
nitrous oxide (N2O) emissions [10, 11, 12, 13, 18].

With the emergence of quantum computing as a revolutionary paradigm promis-
ing to reshape the landscape of information processing, there is an anticipation that
quantum computing could achieve exponential speed-up compared to classical al-
gorithms. In this rapidly advancing field, the integration of quantum principles into
machine learning models has garnered significant attention, paving the way for en-
hanced computational capabilities [250]. The ability of quantum states to exist in su-
perposition can lead to a substantial speedup of computation in terms of complexity,
as operations can be executed on many states simultaneously [251]. This quantum
advantage is particularly pronounced in domains where classical neural networks
face computational bottlenecks or grapple with combinatorial explosion [252].

6.1.1 N2O Emission from Farming

N2O stands out as a potent greenhouse gas, possessing 300 times the heat absorp-
tion potential of carbon dioxide (CO2) [201]. Additionally, it serves as a primary
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contributor to stratospheric ozone depletion [202]. Within the realm of agriculture,
synthetic nitrogen fertilizer has played a crucial role in augmenting harvests in re-
cent decades, prompting farmers to increasingly employ nitrogen fertilizer to maxi-
mize yields. Consequently, N2O emissions have experienced a significant surge. In
response to environmental and climate challenges, while championing sustainable
agriculture [212], Agriculture and Agri-Food Canada has initiated a program with
the goal of reducing fertilizer emissions by 30% from 2020 levels by 2030.

Effectively regulating N2O emissions necessitates the accurate prediction of emis-
sions from agricultural fields using data on water flux, humidity, nitrate concentra-
tion, and temperature. Traditional mechanistic models such as the Community Land
Model with coupled Carbon and Nitrogen cycles (CLM-CN) [53], the Dynamic Land
Ecosystem Model (DLEM) [54, 55], and the EcoSys [242] have been developed to
estimate N2O emissions. However, due to the considerable variability in soil N2O
emissions, these models encounter challenges in accurately representing N2O emis-
sions.

As interest in N2O emissions from agricultural fields has grown, researchers have
turned to data-driven models to enhance predictions. Early efforts have involved a va-
riety of machine learning models [208], including the Multilayer Perceptron (MLP)
[209], Support Vector Machine (SVM) [243], Random Forest (RF) [211], Radial Ba-
sis Function Neural Network (RBFNN) [244], Deep Belief Network (DBN) [245],
and Long Short-Term Memory (LSTM) [18], to establish connections between input
variables and N2O emissions.

6.1.2 Motivations and Contributions

The motivation behind this research is rooted at the intersection of two critical do-
mains—quantum computing and agricultural practices. N2O emissions in the agri-
cultural field pose a significant environmental challenge, contributing to global warm-
ing. Addressing this issue requires innovative approaches that leverage cutting-edge
technologies. However, the first crucial step is to accurately predict the emission of
N2O in farming. Quantum computing, with its potential for exponential speedup and
improved handling of complex systems, presents a unique opportunity to enhance
predictive models [253].

While traditional machine learning models, including classical LSTM, have made
valuable contributions to N2O emission predictions [248], the limitations of classical
computing become apparent as we grapple with the complexities of climate dynamics
and gas emissions. Classical methods often struggle with the high-dimensional data
and intricate relationships inherent in agricultural systems, limiting their predictive



Chapter 6. Toward A Quantum LSTM-DLEM Model for Predicting Agricultural
N2O Emissions in Various Bifurcation Branches

108

power. This research aims to explore the transformative potential of quantum com-
puting, specifically in the context of the Quantum LSTM-DLEM (QLSTM-DLEM)
model, to revolutionize our ability to forecast N2O emissions with high accuracy.

Furthermore, integrating quantum computing into agricultural practices could fa-
cilitate precision farming by enabling real-time data analysis and decision-making,
ultimately leading to more sustainable farming practices. The capacity of quantum
algorithms to solve complex optimization problems can assist in resource allocation,
crop management, and environmental monitoring, thereby improving overall agri-
cultural efficiency and productivity [254]. By advancing our understanding of N2O
emissions through the QLSTM-DLEM model, this research not only aims to provide
a robust predictive framework but also contributes to the broader goal of utilizing
quantum computing for sustainable agricultural innovation .

Our contributions in this work are as follows:

1. The time series data collected from different bifurcation branches undergo
analysis using the Autocorrelation Function (ACF), and joint distribution of
first-order differences. Signatures are incorporated into the time series from
various bifurcation branches to distinguish between time series under different
initial conditions and boundary conditions. Therefore, the dataset from differ-
ent bifurcation branches could feed into one single model.

2. We propose a new approach, the QLSTM-DLEM, in sequence modeling tasks,
demonstrating its superior performance over the classical LSTM-DLEM in
capturing the temporal dependencies inherent in N2O emission data.

3. Our research highlights that the QLSTM-DLEM model, harnessing quantum
parallelism and superposition, exhibits improved generalization and stability
in predicting N2O emissions compared to its classical counterparts.

6.1.3 Organization

This paper is organized as follows. Section 6.1 provides an introduction to N2O emis-
sions and traditional methodologies for analyzing sequential data and outlines the
motivation and contributions of our exploration. Section 6.2 discusses the collection,
statistical analysis, and preprocessing methods applied to the data. Section 6.3 details
the components of the QLSTM-DLEM model, including QVC, QLSTM, and DLEM.
It further presents the formulation and architecture of the proposed QLSTM-DLEM
model designed for real-time prediction of N2O emissions at specific locations. In
Section 6.4, we introduce four metrics for model evaluation, comparing simulation
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results obtained from the QLSTM-DLEM and LSTM-DLEM models. Finally, Sec-
tion 6.5 concludes the paper by highlighting that the QLSTM-DLEM model achieves
comparable performance with its classical counterpart, with the added advantage of
improved generalization and stability.

6.2 Data Collection and Description

6.2.1 Data Description

FIGURE 6.1: Data Collected in the 2023 Growing Season

The data used in this exploration was collected using LI-COR soil-gas measure-
ment equipment, which consists of three main components [219]:

1. One LI-780 N2O/H2O Trace Gas Analyzer

2. One LI-8250 Multiplexer

3. Four LI-8200-104 Opaque Long-Term Gas Chambers

The N2O flux was measured every 30 minutes during the growing seasons of
2021, 2022, and 2023 in Area X.O, Ottawa, Ontario, Canada. This study incorporates
four time series datasets. These datasets are categorized based on distinct farming
practices, growing seasons, and fertilization conditions, with their names outlined in
Table 6.1.

Figure 6.1 illustrates the dataset of BM2023C. The N2O flux was calculated using
the following equation:



Chapter 6. Toward A Quantum LSTM-DLEM Model for Predicting Agricultural
N2O Emissions in Various Bifurcation Branches

110

TABLE 6.1: Four Different Time Series Dataset Used in this Exploration

Farming
Practice

Position Amount Plants Year

BS2021C Broadcast[1] Side 225kg/ha No Crop 2021

BS2022C Broadcast Side 225kg/ha No Crop 2022

BM2023C Broadcast Middle 150kg/ha Crop 2023

BM2023G Broadcast Middle 150kg/ha No Crop 2023
1 In the context of fertilizing, broadcasting means spreading fertilizer uniformly across the surface of

a field or garden, rather than applying it in specific rows or spots. This method allows for a wide,
even application of nutrients, making it suitable for large-scale fields where a consistent nutrient
supply across the entire area is desired.

FN2O =
VP(1−W0)

RST
dN2O

dt
(6.1)

and the variables were defined as follows:

• FN2O: soil N2O flux (nmol m−2 s−1)

• V: chamber volume (m3)

• P: atmospheric pressure (Pa)

• R: gas constant (Pa m3 mol−1 k−1)

• S: soil area (m2)

• T: temperature (Kelvin)

• dN2O
dt : rate of N2O change (nmolm−2s−1 ) during the chamber closure

6.2.2 Data Analysis

In the following analysis, there are three datasets being used, namely, BS2021C,
BS2022C, and BM2023C.

Distribution of Time Series Data

Figure 6.2 illustrates significant quantitative differences in the distribution of time
series data from the 2021, 2022, and 2023 growing seasons. However, fundamentally,
the distribution shapes are similar to each other, with most peak values occurring
around the same point. It is important to note that for the 2022 growing season, the
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FIGURE 6.2: Distribution Analysis of N2O, Temperature, Humidity,
and Water Flux for the 2021, 2022, and 2023 Growing Seasons with

Varied Farming Practices

temperature is lower than the other two growing seasons because this season started
one month later than the 2021 growing season and half a month later than the 2023
growing season. In the 2023 growing season, the N2O flux is generally smaller than
in the other growing seasons, likely due to the application of less fertilizer in the
field. These factors pose a challenge for analyzing the time series data with a single
model.

Autocorrelation Function (ACF)

Autocorrelation, as defined in statistical literature and signal processing, captures
the correlation between a signal and its delayed version across varying time inter-
vals [255]. Specifically in statistics, autocorrelation involves assessing the Pearson
correlation between values at different time points within a real or complex random
process. The formulas of calculating the ACF is shown in Equation 6.2.

γ̂ =
∑n−k

t=k+1(xt−k − x̄)(xt − x̄)

∑n
t=1(xt − x̄)2 (6.2)

where γ̂ denotes the autocorrelation coefficient and x̄ is the mean of the random
variable x. The summation runs from k+ 1 to n− k, reflecting the lag k between time
points tt−k and tt. The numerator calculates the cross-product of deviations from the
mean, while the denominator computes the sum of squared deviations, providing a
standardized measure of autocorrelation.

In Figure 6.3, the ACFs of N2O, temperature, humidity, and water flux are pre-
sented over the 2021, 2022, and 2023 growing seasons. Evidently, the time series
for temperature, humidity, and water flux display consistent periodicity across all
three growing seasons. However, slight variations exist among the 2021, 2022, and
2023 growing seasons due to factors such as wind speed, precipitation, and human
activity affecting the time series data. Consequently, when considering that all the
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FIGURE 6.3: Autocorrelation Analysis of N2O Flux, Temperature,
Humidity, and Water Flux Across Diverse Growing Seasons and

Farming Practices
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time series originate from the same dynamical system with slightly different initial
and boundary conditions, analyzing these multidimensional time series data with a
single model presents a significant challenge.

Joint Distribution in First-Order Differences

FIGURE 6.4: Joint Distributions Analysis in First-Order Differences
Across Various Growing Seasons and Farming Practices

Figure 6.2 illustrates the joint distribution in the first-order difference of time se-
ries data across the 2021, 2022, and 2023 growing seasons with different farming
practices. In [256], the temporal variability of N2O emissions from fertilized agri-
cultural soil is discussed. It is observed that the emission of N2O changes depending
on the day of the year when the fertilizer is applied, even if the amount of fertil-
izer applied remains the same. Consequently, the joint distributions differ for the
three growing seasons, although the general shape is nearly identical. This indicates
that the dynamical behavior of N2O emission varies when the initial conditions are
slightly altered.

Proposed Solution for Bifurcation Issue

Based on the data analysis of the data distribution, ACF, distribution, and joint distri-
bution in first-order difference, it becomes evident that the dynamical system of N2O
emission can undergo bifurcation branches due to different initial conditions and a
variety of parameters. Accommodating all these bifurcation branches in a single neu-
ral network model poses a significant challenge. In this exploration, we address this
challenge by incorporating time series data with signatures, enabling the distinction
of data from different bifurcation branches.
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6.2.3 Data Pre-Processing

As mentioned above, the collected raw data have different units and different scales.
It will cause difficulties for us to model the emission of N2O. It is necessary for us
to scale the feature of input data. In this study, the data are scaled in the range [a,
b] (a=0.05, b=0.95 in our case) using the customized normalization approach with
specific minimum values and maximum values, as shown in the following [257]:

x′ = a +
(x−min(x))(b− a)

max(x)−min(x)
(6.3)

where x′ is the normalized values and x is the original value, a and b are the max and
min values after scaling, respectively. The normalized data could be represented by
a vector at one time step, as shown in the following:

[Nt, Tt, Wt, Ht]

where Nt, Tt, Wt, and Ht are the amounts of available N, temperature, water flux,
and humidity, respectively, at time step t. Since the study did not actually measure
the concentration of available N in the soil, the fertilizer was assumed to be linearly
decreasing in our experiment. In order to predict the emission of the N2O at time
step t, information from the previous n time steps is needed, so the input could be
characterized as a data matrix, as shown below:

Xt−n

Xt−n+1

Xt−n+2
...

Xt−1


=


Nt−n Tt−n Wt−n Ht−n

Nt−n+1 Tt−n+1 Wt−n+1 Ht−n+1

Nt−n+2 Tt−n+2 Wt−n+2 Ht−n+2

. . .
Nt−1 Tt−1 Wt−1 Ht−1

 (6.4)

where Xt−i is a 4-tuple that includes the Nt−i, Tt−i, Wt−i, and Ht−i.
Then to distinguish different conditions for a variety of time series, we add the

signature bits to the data blocks:



Xt−n

Xt−n+1

Xt−n+2
...

Xt−1


=


S1 S2 Nt−n Tt−n Wt−n Ht−n

S1 S2 Nt−n+1 Tt−n+1 Wt−n+1 Ht−n+1

S1 S2 Nt−n+2 Tt−n+2 Wt−n+2 Ht−n+2

. . .
S1 S2 Nt−1 Tt−1 Wt−1 Ht−1

 (6.5)
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where S1 and S2 are signature bits.

6.3 Detailed Description of the Quantum LSTM-DLEM
Model

6.3.1 Variational Quantum Circuits

FIGURE 6.5: Generic Variational Quantum Circuits

In a Variational Quantum Circuit (VQC), illustrated in Figure 6.5, three major
components constitute its structure: data encoding, variational layer, and quantum
measurements. In the data encoding part, the U(input) block is dedicated to state
preparation, encoding classical data into the quantum state of the circuit. In the vari-
ational layer component, the V(weight) block embodies the variational segment with
learnable parameters, optimized through gradient methods. The final component in-
volves measuring a subset (or all) of the qubits to retrieve a classical bit string.

Research has demonstrated that VQCs exhibit greater expressiveness compared
to classical neural networks [258, 259]. They have shown promise in solving prob-
lems in quantum chemistry, optimization, and machine learning with an accuracy that
surpasses classical methods [260, 261]. This heightened expressiveness implies an
enhanced capacity to represent specific functions or distributions with a constrained
number of parameters.

6.3.2 Quantum Long Short-Term Memory

In this paper, we elevate the classical LSTM architecture to the quantum realm by
replacing the traditional neural network nodes in the LSTM cells with VQCs. These
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VQCs serve a dual role, functioning as both feature extractors and data compressors.
Refer to the schematic of our proposed QLSTM architecture in Figure 6.6. The VQC
components utilized in QLSTM are elaborated in Figure 6.5. The σ and tanh blocks
represent the sigmoid and hyperbolic tangent activation functions, respectively. Here,
xt denotes the input at time t, ht corresponds to the hidden state, ct represents the
cell state, and yt signifies the output. The symbols ⊗ and ⊕ denote element-wise
multiplication and addition, respectively. For a deeper understanding of the QLSTM
setup, refer to Equation 6.6, which provides the mathematical foundation for QL-
STM.

FIGURE 6.6: The Proposed QLSTM Architecture

ft = σ(VQC1(vt))

it = σ(VQC2(vt))

C̃t = tanh(VQC3(vt))

ct = ft
⊗

ct−1
⊕

it
⊗

C̃t

ot = σ(VQC4(vt))

ht = VQC5(ot
⊗

tanh(ct))

yt = VQC6(ot
⊗

tanh(ct))

(6.6)

6.3.3 Architecture of QLSTM-DLEM Model

As shown in Figure 6.7, the entire architecture of QLSTM-DLEM model is majorly
consisted of two parts: the QLSTM part and the DLEM part. The original data is
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FIGURE 6.7: Architecture of the QLSTM-DLEM Model

passed through the QLSTM to capture the temporal sequential feature existed in the
original data and then the processed data is fed into the DLEM model to predict the
emission of N2O.

For the DLEM components, it is a mechanistic model obtained from the agri-
culture field of study, and it needs 8 parameters, including soil temperature (Tsoil),
water-filled porosity (w f p), daily maximum fraction of NH+

4 that is converted into
NO−3 and nitrogen gases (knit), potential rate of denitrification (Npotdenit), percent-
age of clay content in soil (Pclay), soil respiration rate (Rh), parameter depending on
plant functional type kden, NO−3 content in the soil per unit area (avNO3), and soil
bulk density (BDsoil). All these parameters will be tuned by the factors passed from
the FCL component, to predict the emission of N2O.

In the QLSTM component, we utilize the parameter-shift method [262] to cal-
culate the analytical gradient of the quantum circuits. To illustrate, consider the
scenario where we have the expected value of an observable B̂.

f (x; θi) = ⟨0|U+
0 (x)U+

i (θi)B̂Ui(θi)U0(x)|0⟩ = ⟨x|U+
i (θi)B̂Ui(θi)|x⟩ (6.7)

where x represents the input value, U0(x) as the state preparation routine encod-
ing x into the quantum state, i as the circuit parameter index for which the gradient is
sought, and Ui(θi) as the single-qubit rotation generated by the Pauli operators, it has
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been demonstrated that the gradient of f with respect to the parameter θi is expressed
as [261]:

∇θi f (x; θi) =
1
2
[ f (x; θi +

π

2
− f (x; θi −

π

2
] (6.8)

This enables us to analytically compute the gradients of the expectation values
and apply gradient descent optimization, a technique commonly used in classical
machine learning, to VQC-based machine learning models.

6.4 Simulation and Analysis

In this study, both the classical LSTM-DLEM and QLSTM-DLEM models are im-
plemented using PyTorch. To ensure comparability, all models adopt a batch training
strategy with the mean square error (MSE) serving as the loss function. Throughout
the training process, the Adam optimizer [112] is employed to achieve optimal con-
vergence performance. To mitigate stochastic bias in evaluating the performance of
a specific model architecture, each model is run multiple times.

In general, three types of experiments are designed to illustrate the advantages
and disadvantages of the QLSTM-DLEM and the LSTM-DLEM:

1. Training on BS2021C, Testing on BS2022C for the QLSTM-DLEM and the
LSTM-DLEM.

2. Training on BM2023C, Testing on BM2023 for the QLSTM-DLEM and the
LSTM-DLEM.

3. Training on BS2021C and BM2023C with Signatures, Testing on BS022C and
BM2023G with Signatures for the QLSTM-DLEM and the LSTM-DLEM.

6.4.1 Experiments One and Two: Training Different Bifurcation
Branches in Distinct Models

As depicted in Figure 6.8, the following are the loss curves corresponding to Exper-
iments One and Two. In the left chart of Figure 6.8, the training and testing loss for
the BS branch is displayed. It is evident from this chart that, on the training dataset,
both the QLSTM-DLEM and the LSTM-DLEM converge to nearly the same points,
with the LSTM-DLEM slightly outperforming the QLSTM-DLEM. However, on the
testing dataset, the QLSTM-DLEM achieves a superior loss value compared to the
LSTM-DLEM. This observation suggests that the QLSTM-DLEM exhibits better
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generalization capability than the LSTM-DLEM. Moving to the right chart of Figure
6.8, the training and testing loss for the BM branch is presented. On the training
dataset, the LSTM-DLEM performs better than the QLSTM-DLEM. However, on
the testing dataset, both models exhibit nearly the same loss value. This still indi-
cates that the QLSTM-DLEM demonstrates better generalization performance than
the LSTM-DLEM.

FIGURE 6.8: Loss Values for Two Distinct Bifurcation Branches

In Table 6.2, the performance of the BS branch for the QLSTM-DLEM and
the LSTM-DLEM models is presented. While the LSTM-DLEM outperformed the
QLSTM-DLEM in all metrics on the training dataset, it is worth noting that the
QLSTM-DLEM exhibits smaller standard deviation values across all metrics. This
suggests that the QLSTM-DLEM is more stable than the LSTM-DLEM during the
training phase. Similar observations hold true for the testing dataset.

TABLE 6.2: Performance Comparison Between the QLSTM-DLEM and the LSTM-
DLEM

RMSE MAE MAPE R2 Mean[3] SUM[4]

1a 8.46±0.27 5.38±0.24 187±59 0.71±0.02 -0.49±0.63 60315±2499

1b 32.13±1.30 20.44±0.58 3.13±0.26 0.61±0.03 3.94±2.73 143090±10882

2a 8.18±1.08 5.16±0.77 165±36 0.72±0.06 0.25±1.24 57380±4934

2b 33.67±2.52 20.56±0.55 2.99±0.39 0.57±0.06 7.08±4.20 130553±16777

1a Training Performance of the QLSTM-DLEM on BS2021C: the sum value of N2O emission
in this dataset is 58368.

1b Testing Performance of the QLSTM-DLEM on BS2022C: the sum value of N2O emission
in this dataset is 158797.

2a Training Performance of the LSTM-DLEM on BS2021C
2b Testing Performance of the LSTM-DLEM on BS2022C
3 This is the mean of the errors between the expected value and actual value.
4 This is the sum of the emission of N2O in the growing seasons.

In Table 6.3, the performance of the BM branch for the QLSTM-DLEM and
the LSTM-DLEM models is outlined. Unlike the BS branch, in this scenario, the
QLSTM-DLEM exhibits slightly better performance on both the training and testing
datasets. Moreover, considering the standard deviation values across all metrics, the
QLSTM-DLEM consistently demonstrates smaller values. Hence, it is convenient to
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conclude that the QLSTM-DLEM is not only more stable but also more generalized
compared to the LSTM-DLEM model in this context.

TABLE 6.3: Performance Comparison Between the QLSTM-DLEM and the LSTM-
DLEM

RMSE MAE MAPE R2 Mean[3] SUM[4]

1a 8.60±0.75 5.77±0.34 16.57±2.82 0.68±0.05 0.55±0.65 22786±2579

1b 10.33±1.04 6.10±0.57 93.41±21.60 0.62±0.08 4.86±0.72 13648±2890

2a 8.66±0.69 6.14±0.70 18.96±3.84 0.67±0.05 0.74±1.17 22016±4669

2b 10.64±0.90 6.58±0.35 113.6±33.53 0.60±0.07 5.33±1.36 11778±5433

1a Training Performance of the QLSTM-DLEM on BM2023C: the sum value of N2O emission
in this dataset is 24964.

1b Testing Performance of the QLSTM-DLEM on BM2023G: the sum value of N2O emission
in this dataset is 33059.

2a Training Performance of the LSTM-DLEM on BM2023C
2b Testing Performance of the LSTM-DLEM on BM2023G
3 This is the mean of the errors between the expected value and actual value.
4 This is the sum of the emission of N2O in the specific growing seasons.

6.4.2 Experiment Three: Training Both Bifurcation Branches in
a Unified Model

FIGURE 6.9: Loss Value of the QLSTM-DLEM and the LSTM-
DLEM

The loss curves for the QLSTM-DLEM and the LSTM-DLEM on both the train-
ing and testing datasets are illustrated in Figure 6.9. In this case, the Adam optimizer
is initialized with a learning rate of 1e− 3, decayed by γ = 0.95 every epoch. Both
models undergo 40 fixed training epochs. Given the significant changes in the dy-
namical behavior of N2O emission with slightly different initial values and boundary
conditions, and to showcase the learning capabilities of the QLSTM-DLEM and the
LSTM-DLEM, the early stopping technique is not employed.
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Observing the convergence of both the training and test losses, it is evident that
they reach nearly the same points. However, upon quantitative analysis, it is dis-
covered that the QLSTM-DLEM generally exhibits more stability than the LSTM-
DLEM. This will be demonstrated in Table 6.4.

Since the same model is trained on two datasets with different initial conditions,
direct determination of the overall performance is challenging. As presented in Table
6.4, for datasets BS2021C and BS2022C, the QLSTM-DLEM slightly outperformed
the LSTM-DLEM model in terms of RMSE, MAE, MAPE, and R2. Additionally,
for the sum value of N2O emissions, both models produced values close to the actual
values. However, the standard deviation values indicate that the QLSTM-DLEM is
more stable than the LSTM-DLEM model under the same training conditions.

Conversely, as detailed in Table 6.4, for datasets BM2023C and BM2023G, the
QLSTM-DLEM exhibited slightly worse performance than the LSTM-DLEM model
in RMSE, MAE, MAPE, and R2. Nonetheless, for the sum value of N2O emissions,
both models generated values close to the actual values. Notably, the standard devi-
ation values still emphasize that the QLSTM-DLEM is more stable than the LSTM-
DLEM model under the same training conditions.

TABLE 6.4: Performance Comparison Between the QLSTM-DLEM and the LSTM-
DLEM

RMSE MAE MAPE R2 Mean[5] SUM[6]

1a 5.12±0.06 3.24±0.10 168±101 0.89±0.00 0.28±0.54 57255±2145

1b 29.79±1.42 18.33±1.65 2.93±0.36 0.67±0.03 3.59±1.29 144455±5171

2a 5.44±0.40 3.45±0.26 205±36 0.87±0.02 −0.29±1.17 59505±4678

2b 30.31±0.88 18.04±0.67 2.81±0.17 0.65±0.02 2.88±3.16 147286±12619

3a 6.07±0.43 2.89±0.58 3.75±2.98 0.84±0.02 -0.01±0.51 24988±2027

3b 9.64±0.38 4.71±0.46 39.07±22.18 0.67±0.03 4.55±0.50 14913±2007

4a 5.91±0.36 2.68±0.20 2.71±0.41 0.85±0.02 −0.20±1.08 25763±4315

4b 9.85±1.43 4.73±0.85 25.03±15.33 0.65±0.10 4.58±0.94 14773±3735

1a Training Performance of Quantum LSTM-DLEM on BS2021C: the sum value of N2O emis-
sion in this dataset is 58368.

1b Testing Performance of Quantum LSTM-DLEM on BS2022C: the sum value of N2O emis-
sion in this dataset is 158797.

2a Training Performance of Classical LSTM-DLEM on BS2021C
2b Testing Performance of Classical LSTM-DLEM on BS2022C
3a Training Performance of Quantum LSTM-DLEM on BM2023C: the sum value of N2O
emission in this dataset is 24964.

3b Testing Performance of Quantum LSTM-DLEM on BM2023G: the sum value of N2O emis-
sion in this dataset is 33059.

4a Training Performance of Classical LSTM-DLEM on BM2023C
4b Testing Performance of Classical LSTM-DLEM on BM2023G
5 This is the mean of the errors between the expected value and actual value.
6 This is the sum of the emission of N2O in the growing seasons.
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As depicted in Figure 6.10, it is evident that for both training datasets, the pre-
dicted curves from the QLSTM-DLEM and the LSTM-DLEM effectively capture the
trend of the actual curve. This observation is consistent when evaluating the testing
dataset as well.

FIGURE 6.10: Training and Testing Performance of quantum and
classical LSTM-DLEM

6.5 Conclusion Remarks

This study introduces the development of the QLSTM-DLEM model, a fusion of
the QLSTM and the DLEM designed for predicting N2O emissions. Our objective
was to create a quantum neural network model that could outperform its classical
counterpart. Data collected during the growing seasons of 2021, 2022, and 2023
from different farming practices were utilized to train and test both the QLSTM-
DLEM and the LSTM-DLEM. The models were assessed using four metrics: MAE,
MAPE, RMSE, R2, Error Mean, and Sum.

Data analysis revealed slight variations in the data distribution, ACF, and joint
distribution in first-order difference for data from different branches, although they
shared some similar characteristics. Integrating data from different branches into a
single model posed a challenge, leading us to incorporate signatures into the data to
distinguish time series from various bifurcation branches.

To scrutinize the QLSTM-DLEM model, three experiments were designed to
evaluate its learning capability and expressive power. The simulation results align
with our objective, demonstrating that the QLSTM-DLEM model effectively avoids
overfitting and exhibits superior performance on both training and testing datasets,
characterized by minimal generalized errors in terms of mean errors. Additionally,
the QLSTM-DLEM is found to be more stable than the LSTM-DLEM, showcasing
robustness to different initialized parameters.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

This study first discusses various approaches to time series analysis, including statis-
tical models, mechanistic models, and recurrent neural network models, and weighs
the pros and cons of each approach. Then an innovative type of hybrid model, which
combines recurrent neural network models and mechanistic models as dynamical
systems, is proposed to solve the practical issues, such as predicting the emission of
N2O.

Before applying the hybrid model to the practical utilization, a brief investigation
on the mathematical mechanism of the hybrid models is discussed. It is observed that
the recurrent neural network in the hybrid model could learn the dynamical charac-
teristic of the time series data successfully and the mechanistic model in the hybrid
model could adapt to different cases through changing the parameters. This feature
makes the hybrid model a universal model that could be trained with a dataset with
limited size and tested using a variety of datasets.

The AINN could take advantage of the benefits of both the recurrent neural net-
work models and the mechanistic models. In this investigation, we proposed a hybrid
model, which consists of the RNNs and DLEM to predict the emission of N2O ef-
fectively and accurately. The simulation results show that the AINN performs better
than single pure models (RNN and DLEM).

At the same time, since it is challenging to collect sufficient time series data, the
data augmentation approach for time series data is developed to supply enough data
to train the hybrid model and reduce the generalized error. Since the time series is not
identically independently distributed, it makes the traditional sampling method fail in
this case. Therefore, inspiring from the deep learning model, the WGAN-GP is used
to generated identically independently distributed time series vectors, and then the
MCMC approach is adopted to sampling the data along the time axis while keeping
the distribution of the generated data aligned with the original data. Finally, the
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generated dataset is passed into the smoothing filter to simulate the time-dependent
effect of the generated data points. The experiment results show that the augmented
dataset could achieve the same performance on training the hybrid model.

Through the emergence of the quantum computing, the QLSTM is developed
and combined with the DLEM model to form a new type of quantum model, which
uses quantum bits to predict the emission of N2O from the agricultural field. The
experiment results demonstrated that the QLSTM-DLEM has better generalization
capability than the traditional LSTM-DLEM model and also is more robust to a va-
riety of weight initialization.

7.2 Future Work

While the current study has focused on the hybrid model that combines RNN mod-
els with mechanistic models, there are several other promising directions for future
research that warrant exploration.

1. Further exploration is needed to deepen the theoretical background of combin-
ing RNN models with mechanistic models.

2. The data augmentation approach used in this investigation needs to be polished
further. There still exist several drawback on the current approach; for exam-
ple, it is difficult to generate the peak value of the flux of N2O, since it rarely
occurs in one growing season.

3. The mechanistic model utilized in this investigation is just an empirical sys-
tem. It is necessary for us to do more research to improve the accuracy of the
mechanistic model and understand the essence of N2O emissions from farm-
ing.

4. Sparsity is an interesting property to explore when developing this type of
model.

5. The discussion on the hybrid model’s resilience against adversarial attacks is
an intriguing topic.
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