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ABSTRACT

This thesis considers methods for predicting reliability and mean
timé to first failure of complex systems. The need for these methods,
is a result of recent advances in pure materials technology and fabri-
cation procedures, that potentially lead to more reliable systems. 1In
this thesis, two types of complex systems are considered.

Chapter I, treats systems, with k independent parameters, each
exhibiting degradation failure. A model is developed for predicting,
the reliability and mean life of such systems, from data taken early
in life tests. Therefore saving many hours of test time; and elimina-
ting the need of testing to failure,

Chapter II, treats complex systems composed of independent
systems, each exhibiting constant failure and repair rates. From the
verbal description of a complex system, a Markov model is developed,
from which predictions of reliability; availability and mean time to
fir st failure, are made. This model also allows for the inclusion of

a random waiting time between failure and beginning of repair.

| et
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LIST OF SYMBOLS

{ ]k Set of k elements
n Set inter section operation
U Set union operation
€ Inclusion operation
(=3 Proper subset operation
¥ Quantifier, meaning "for all".
i 1
{Xl} Set of k independent system parameter A,i=l,2,.. k.
k
{xt) ]k Set of k independent Brownian processes.
x12 - xl1 Region of acceptance of parameter X'
ok Drift coefficient for parameter X'
D Diffusion coefficient for parameter X'
Ri(t) Reliability function for parameter x'.
k
Rt)= w Ri(t) Reliability function for k parameter system
i=1
tlL Mean time for which parameter Xl, has values
in the range xl2 - x11.

tL-inf {tlle Mean life time for k parameter system



LIST OF SYMBOLS CONTINUED--

Pyi (xi, t) Joint first order density function of Xl(t) at

time t = t.
pXi(x(l3 /xi;t) Conditional density function for Xl(t) ,
at time t = t.

P{Xié;{}i;xz;" x?t) Joint first order density function for
{Xl(t)}k, at time t =t.

> .
(th) Variance about the mean mlt, of parameter

Xl, at time t.
(rnt)1 Expected,mean value of parameter Xl, at time t=t.
Erf (y) Error function integral of argument vy,

-x 2
That is Erf (y) = 1 fye M ax .
2m o

L Two sided Laplace transform operator
g—;— Partial differential operator, with respect to x.

In the case where a single parameter system is being
considered, the subscripts and superscripts in i; are dropped.

That is, when k = 1, we write x* as X, and Ri(t) as R(t), etc. .
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CHAPTER I

INTRODUCTION

In general system failures are classified either as random failures
or degradation failures. This chapter treats systems, that have a set
{Xi}k, of k, independent parameters, with each parameter in this set,
inde pendently exhibiting degradation failure. The objective of this
chapter, is to construct, for such systems a mathematical model,
from which an overall reliability function and estimates of the mean
lifetime, can be obtained.

In the development of the overall reliability function, R(t), it is

shown that if the parameters of the system are independent, then

R(t) = 1T<r Ri(t)’ where Ri(t)’ the reliability function for parameter
Xi, givézia measure of the probability at time t, that parameter Xi
has a value that as in some pre-assigned region, called the region of
acceptance.

i

A method is developed, for computing for a given set {R(tL

) =R,
the set of times {t L ] K’ after which the parameters {Xl]k, have

values outdide their respective acceptance regions {xlz - xll]k. The

mean lifetime, that is, the mean time to first failure, of the complex

€ {t

system is then defined as the minimum time t I_l.}k

L
It is assumed that the fluctuations in each parameter's value is

characterizable by a Brownian process. This assumption is reasonable,

if one considers parameter fuctuations, as a "macroscopic" manifesta-

tion of internal "microscopic" activity. From a mathematical point

of view, a Brownian process, is a type IV, stationary Markov process

with Gaussian statistics. The transitional probability density function,



I

of such a process, completely characterizes it, and is obtained,
as the unique solution of a linear partial differential equation
of the Fokker - Planck type. As a consequence of stationarity,
time and ensemble methods of averaging are equivalent, for an
ensemble, (sample), of identical parameters having the same nominal
values.
The above assumptions allow a closed form mathematical model
to be constructed. From this model, predictions of reliability and

mean lifetime, can then be made.



THEORETICAL DEVELOPMENT FOR SINGLE PARAMETER SYSTEMS

We begin by considering a system with a single parameter, denoted
by X. The value of X, at any time, is some point on the real line.
Let X(t) be the stochastic process characterizing the time behaviour
of X. Itis the Author's thesis, that X(t), can be treated as a stationary
Markov process with Gaussian statistics.

The Joint second order density function pX(xo: xX;t), completely
characterizes X(t), and can be written as the product of two density

functions.

Pylx i xit) = Py(x /xit) py (x ) (1)
where pX(xo /x;t) is the conditional density function of the random
variable x(t), att = t, and pX(xo) is the first order density distribution
function for the random variable X(t) at t = O.

Since the random variables X(t); ¥ t, are assumed to be

Gaussianly distributed, we can write for X(o) ,

(x4 -m,)?

1 ___Z_Q_
Pylxo) =0, [ e 2% (2)

where m and 02 , are respectively the mean and variance of
the random variable X(t), at time t = 0.

In Appendix A, it is shown that the conditional (transitional)
(x /x;t), is the unique solution of the linear

Px'¥o
partial differential equation, of the Fokker-Planck type,

density function,

5 {px(xo/x;t)} {px(xo/x;t) } {px(xo/x;t)]

D a —'——2——— +2C6 = a
dx dx ot

Jrem e
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and is give.: as,

(x-xo-IZCt)2
! P (3)

x [x:t) = e
px( o ) J 2m2Dt

The first order density function pX(x;t), for the random variable

[ON)

X(t), at time t = t, is obtained from (1), by integration

PX(X,t) = {m Py (xO:x;t) dxo
= ;F Py (x  /x5t) pylx Jdx (4)

substituting (2) and (3) into (4), we obtain
(x-mc,—ZCt)2

Z
{ 2(oo+ 2Dt )

P (x,t) = e (5)
X N4 211'(0‘2 + 2Dt) '

therefore the random variable X(t), at time t = t, is again
Gaussianly distributed. This follows from the fact that the
transformation (4), is linear. This is shown schematically

in Figure 1.

pr(xo) pX(xo/x;t)dxo > 52—

Figure 1.
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Now (5), may be written as

ey
i ZTTZ

P (x;t) = e t (6)
X Ot ; 2T

2 .
where m, and ot , are respectively, the mean and variance of

the random variable X(t), at time t=t. and are given as

m = m +2Ct

t o

) (7)
o) = 02 + 2Dt

t o}

C and D are constants, called the drift and diffusion coefficients
respectively; as seen from (7), they give a measure of the rate
at which the mean and variance change with time.

The probability R(t), that at time t = t, the parameter X, has
a value that is in the acceptable region xz-xl, of the real line, is

called the reliability function for the parameter X. That is
R(t) = P {x1 s X(t) = xz} (8)

is called the reliability function of parameter X. Then from (5),

we have
*2
R(t) = [ pylxitdx (9)
X1 .

and as shown in Appendix A, on substituting (6) in (9),

we obtain
X_=-Im X - m
ty . Erf(—i—o——t) (10)

t t

R(t) = Erf(—

where Erf(y), is the error function integral of argument y, and

mt and Gt are obtained from (7).
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EXTENSION TO k - PARAMETER SYSTEMS

The following definitions now extend the techniques developed

above, to systems with k-independent parameters.

Definition k-Brownian System. A k-Brownian system, is

a system with a set {Xi }k’ of k independent parameters,

where the time behaviour of each parameter in this set, is

characterizable by a Brownian process. That is the

k~-Brownian system is characterized by a set {Xi(t)}k, of

k independent Brownian processes.

Since the processes are independent, the Joint first order density
function, for the set of k random variables, {Xi(t)}k, at time t=t, is
(x ;xZ;. .. ;xk;t) = P {lr(w (xj sz(t) ij + dxj) }

(1}, j=1
Because of the independence of the processes, the above eqn. can
be written as

P { f% (xj sz(t) < xj+dxj) } = 1;1 P {x‘] SXj(t) th-k:lxj ]

j=1 j=1
or

k -
(xi;xz;. ..;xk;t) = T p J..(xl;‘c). (11)

P 3
{X(t)}k i=1 X

where each

P J..(xl;'c)dxl = P {xls Xl(t) s x° +dx ], 1=1,2,...,k

X
is of the form given in (6), viz:,
(x-ml)
—t
i 2
. . y
P .(xl;t)dx1 = e 2(d2) (12)
i i
X O, 2w

. . >
and mt, (01) , are respectively the mean and variance of the random

variable Xi(t), at time t = t.
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Definition Acceptable region. The acceptable region for
i

xi] is som
%, 1 e

parameter Xl, i=1,2,...,k; denoted by [x

1

closed interval of the real line, (x1 -xi).

2

Definition Reliability. The reliability, R(t), of a k-Brownian
system is the probability, that at time t = t, the set of k-random
variables, {Xl(t) }k have values that lie respectively in {xlz-xl1 } K
From the above definition of reliability, R(t), is expressed as

N (xj1 < X(t) = %))

R(t) .

n
‘o

that is
1 1 2 2 k
R(t) = P {x1 < Xl(t) s x, i xS Xz(t) SXZ:...:X1SXk(t) sxlg}

or x1 2 k
2 *2 *
R(t) = . 1 2 2
) "rl IZ vrk p{Xl(t) (x ;x ;, ,,xk;t) dx1dx - .dxlf..
% *1 1)
..... (13)
by (11}, we can write (13) as
xi
2 ] .
k i i
R(t) = ) p .(x;t)dx (14)
i=1 x| x!
k
= ™  R.(t) (15)
i=t '

where R _(t), is the reliability function for the single parameter Xl,
i

which is given by (10) as

1 i i i
XZ - 1nt X1 - mt
R.(t) = Erf( —_—}= Er{( ‘-—"T"'——) (16)
1 g 1 o
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then substituting (16) into (15), yields,

k Xié -mi X:.L - ml
R(t) = 7 (Erf: (=Lt) - Brf (b))
B o} ol
t t
or using equation (7),
x. -m> -2C"t x: -m’ -2C"t

2
{ Erf | - . ) - Erf( - — )
1 /(0;)2 +2D't / (c:) 2Dt

For example, when {xli = - co]k, equation (17) becomes

e}

R(t) =

1 3%
[\V)

i

xi-rni
{3 +Exf (22—t
i Gt

R(t) =

UEEY

i

(17)

(18)

(19)

Equation (18), is the reliability function for a k~-Brownian system.

i

: ) i i
For given sets, {Ri(tL ) = Ri }k and {xz X, }k’ (16), can be

solved for a set of k times, { tii_. }k; thus enabling an estimate of

the mean lifetime t_, of the k-Brownian system to be made.

L

Definition Mean Lifetime of a k-Brownian System.

The mean lifetime t_, of a k-Brownian system is the smallest

. L .
. i i
time t; € {tL ]k. where the set [tL }k

» is obtained by solving

the set of equations (16), for arbitrary, but specified {Ri(ti):Ri }k

i i .
and {xz - %, }k' That is
. i
t, = inf {tL }k

is defined as the mean lifetime of a k~Brownian system.

(20)
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PRACTICAL REALIZATION OF THE MODEL

In this section we wish to show how the reliability function equations
(16) or (17), can be constructed from test data.

In order to obtain the reliability function of the form given in (17),
the constants rnit and Gi , 1 =1,2,...k; have to be determined.
It is seen in (7), that mt and (oit)z, are linear functions in t. That is,
the set of equations, of the form of equation (7), are uniquely specified
once mit, (Oti)z, are known for i =1,2,...,k, at two fixed points in
time. Then the first step in the procedure, is to determine mit and
Gi » at two arbitrary faced instances of time; for example at t = o,

t

and at t = tl' Therefore, (mlo, Glo) and (mt, Olt), can be obtained by
making two cumulative plots for each parameter Xl, i=1,2...., k;

one att = o, the other at t = ti'

To illustrate the technique of making these plots, let us assume,
that we have a sample consisting of N, k-Brownian systems. Then
select a parameter Xi, {where Xi could be, for example, a resistance,
etc.). At any instant' _f).|f time, Xi can assume values in some interval
of the real line. Let xl; be a sufficiently large interval, as to include
the range of the random variables Xi(t), ¥ t. Then make a plot at
time t=o, of the fraction n/N, versus xi, of the systems, whose
parameter Xi, has a value that is less than or equal to xi. By
assumption, this data will be normally distributed, and well yield a

graph as shown in Fig. (2).

P
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Cumulative Plot at Time (t=o0).

From the theory of normal distributions, (mOGO) may be read of

as shown in Fig. (2).

Similarly, (mlt
|

made exactly as described above, but made att = ti.

, th), are obtained from a cumulative plot,
1

159

Note, that these two figures, represent Ri(o) and Ri(ti) respectively.

The above procedure is then repeated for each of the k parameters,

it
ty, ty’ "k

i i
and the sets [mo, Go}k’ and {m i .
from equation (7), the drift and diffusion coefficients C and Dl,

i=1,2,...,k; are computed. These coefficients are then substituted

into (17) and R(t) is uniquely specified.

. - . i -— 'i -
Then on specifying the sets {Ri(t L) = Ri]k and {x X l}k’

, are obtained. Then
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the equations (16), are solved for the set of times, {tl thus

L}k’
providing an estimate of the mean lifetime tL’ via (20).

Comment For any specified time ts > t,, each function,

1
Ri(ts) € {Ri(ts) }k’ yields for each parameter X', i=1,2,...,k;
the cumulative distribution of its data, at time t = ts. It should
be noted, that these cumulative distributions are obtained

a~priori, and hence are bona fide predictions.

EXAMPLE

To illustrate the theory presented in the Chapter, we now give an
example of reliability prediction for a sample of resistors. As only
one parameter, namely the resistance is of interest here, we treat
each resistor as a 1~Brownian system. Thatis a typical resistor,
whose resistance fluctuates with time, is treated as a 1-Brownian
system.

In this example, the means and variances of a sample of 200
resistors, at times, t = 1000, 2000 and 5000 hrs, are predicted
from data taken at times, t =o, and t = 250 hrs. The reliability
function (19), is computed, and an estimate made, of mean life-

time, t based on a reliability, R(tL) = .75, and a region of

L!
acceptance, [xl,xz:l , = [-w, 2433Q]. These predictions are

tabulated and compared with results obtained from test data.

Specifications

In this example, we are dealing with a {1 -Brownian system, that

is (k=1); Therefore all sets { have only one element.

} o
We drop the set and superscript notation and define.

xee
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a) Region of acceptance, [xl,xz:l = [ -o, x2] with x2= 2433Q .
i

b) {Riﬁ L)]k = R =.75

c) Sample size, N = 200; sampling times, t=o, t=250 hrs,

d) The means and variances are to be predicted, for

t = 1000, t = 2000, t= 5000 hrs, based on the times in {c).

2
The sample at time t = 0, yielded the following cumulative data .

X % S x
2436 1.0
2432 .85
2430 .75
2428 . 65
2426 .50
2425 . 35
2424 . 25
2423 .20
2422 .10
2421 . 05

Table 1.

2 Using the Chi-Square test for goodness of fit; The hypotheses,
that the data was drawn from a normal population, was established

with a confidence of 95%.

N aicciune
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. . 2 .
The resulting mean and variance, (m,,0 ), attime t=o ,
o)

1

computed digitally2 , are

4 m = 2426.24 Q
2 o = 4,95 Q
R o
f At time ‘c1 = 250 hours, the following cumulative data, was
E obtained from the sample.
X 2 € X
N 3
2437 1.0
2433 . 85
2432 . 80
2431 .75
2429 .60
2427 .55
2425 . 35
2423 . 20
2422 .10
2421 .05
: Table 2.
: 2
The resulting mean and variance, (m , @ ), at time t=250 hrs.
3 250 250
computed digitally , are
= 2 .
m, o 426.5 Q
0250 = 5,06 Q
By equation (7), the drift and diffusion coefficients are
c. 250" ™o .25
- 2t, 500
3 All calculations of mean ard variance, in this example, were
performed on an I. B, M. system 360 digital computer. The program
used was called a "Data Reducticn Program, and was taken from the
"Scientic Subroutine Package", for the system 360.

| vt



Then the reliability function, equation (19),
X = mo - 2Ct

R(t) = % + Erf 22 ) (19)
\/c + 2 Dt
O
becomes
. 2433 - 2426, 25 - égo t
R(t) = 3 + Erf = ) (21)
\/ 24.5 + (555t

T e N, i | St G T T T 2 TN S S, SRR

The mean lifetime tL’ equation (20}, for R(tL) =R =.75, is

obtained from (21), as the solution of

5

2433 - 2426,25 - — t
R(tL)§R=.75= % + Erf (/ >3 200 I_J)
.5+ ——
24.5 200 tL

solving,

tL’/:’ 2830 hrs.

Using equations (21) and (7), the reliability R(t), and the mean

were computed as predictions, at times

T T ST

and variance, mt, Gt,
t=1000, t = 2000, t = 5000 hours. The results are given in
Table 3. It should be appreciated, that all these results, are

based on test data, for only the first 250 hrs. of test time.

[t Observed |Predicted |Observed |Predicted|Observed[Predicted |
hours R(t) R(t) m, mg g, Ot
1000 . 82 | . 85 2427. 4 2427.25 5.35 5.38
2000 .78 .79 2428, 2 2428, 25 5.75 5.77
5000 * .59 * 2431, 2 * 6.82
TABLE III

No 5000 hrs data was available at the time of writing this report.

i However, the test is still in progress.



PSR ETacR e

L i s Y e T A ek

A R TR AT L LT e s it

e R 1A T b T

- 20 -

Corcluding Remarks

In chapter I, we have provided the first systematic approach
for the reliability modelling of complex systems whose independent
pérameters exhibit non constant failure rates. It was shcwn, that
a practical treatment of such systems is obtained by using elements

of the theory of diffusion processes.

By using this approach, it was also shown, that computationally
it is straightforward to obtain predictions of the mean life and the
reliability function for such systems. Although too much should
not be inferred from a single example, this method was illustrated
by an example taken from industry, and a close agreement between
prediction and experimental results was obtained. It is hoped in the
near future, that this method will be applied to some further

problems.

Since to the knowledge of this author, all existing methods for
treating systems with non constant failure rates, are empirecal
ones, there was no simple way of comparing them with the proposed

method.

The major drawback of this method, is that it excludes the cases
when periodicities or transients are present in the fluctuations of the
parameters values. Itis expected that this shortcoming can be
overcome by using a more sophisticated diffusion model. However
because of the complexity of the mathematics, this was beyond the

present capabilities of this author.

jrmereTn
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LIST OF SYMBOLS

{N} Set of N, states of complex system

N Set inter section operation

U Set union operation

[ Proper subset operation

¥ Quantifier, meaning "for all"

S(t) Stationary Markov Stochastic process of the

third type.

P(t) N x i, column vector of state probabilities

P_(o) N x 1, column vector of initial state probabilities

[A] N x N, constant matrix of transition rates
= d/dt Total differential operator

(e(t)]= e[AJIc N x N, state transition matrix

R(t) Reliability function

r(s) Laplace transform of R(t)

trn Mean time to first failure

_Js) Laplace transform of —PTﬂ

8(t) Availability function

Q Steady state availability

L One sided Laplace transform operator.

S

e
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CHAPTER 1I

INTRODUCTION

.This chapter treats complex systems, comprised of r, (r 2 1),
independent systems. The overall complex system is defined to
have N, (N 2 1), distinct states; where any particular state
i €{N}, indicates the subset of the, r, independent systems,
that are operational at a given instant of time. The possible tran-
sitions between states, result because of the failure or repair of a
particular system. It is assumed in this development, that each
of the, r, independent systems, has known constant failure and
repair rates. It is also assumed that the state transition behaviour
of the complex system is characterizable, by a stationary Markov
process of the third type, with poisson statistics. Then based on
these assumptions, a mathematical model is developed, from
which predictions of reliability availability and mean time to first
failure are made.

There is associated, with each state i € { N}, a state probability
Pi(t)' Where Pi(t)’ gives a measure of the probability, that at
time t = t, the complex system is in state i. Then we can associate
a N x 1, state probability vector, P(t), with the N, states of the
system. Using the above assumptions of stationary Markov behaviour,
and poisson statistics, it is shown that, _15(_6, satisfies the matrix
differential equation, P_'(z) = [A]-I:-’Tt) ; where [A ]is a constant
N x N matrix, whose entries are the constant transition rates.

The solution of the above matrix differential equation, is of the

form P(t) = [#(t)] P(o). Four well known methods of obtaining
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explicity, [8(t)], are presented. One of these solution methods
utilizes analog computer simulation, and it is shown, how using
this method, the reliability function, and mean time to first
failure may be simulated directly.

To consider the general reliability modelling of such a complex
system, we characterize, its state transition behaviour, by a

stationary, absorbing, Markov process. This process has (N-1),

acceptable states, and a single failed state, labelled as N. Then

; the resulting reliability function R(t) = . P.(t); and an estimate
1

1=
of the mean time tm, to fir st failure, is made by integrating R(t).

To consider the general availability modelling of such a complex
system, we characterize, its state transition behaviour, by a
stationary, nonabsorbing, Markov process. The resulting availabi-

lity function 6(t), defined over some subset of states {k}g {N},

k

is B(t) = Z Pi(t). Then the steady state availability Q , over the
i= .

same set {k}, is obtained as, € = limit 6(t) .

t -]
It should be noted, that the state probability vectors, E(_t), for

LIRS

the reliability and availability models, are not the same. Even-
though, both satisfy the same general matrix differential equation,
namely _P(_t) = [A]JP(t); the [A] matrix, is different in the
two cases, because of the different nature of the absorbing and the
nonabsorbing Markov process,

A general procedure, in algorithmic for m, is given for obtaining
the mathematical model of reliability or availability, directly from the

verbal description, of the operational requirements of the complex

i system. Three examples are given to illustrate all aspects of the theory

; developed in this chapter. In example II, it is indicated, how the
important case of a random waiting time, between failure and the

beginning of repair, can be treated.

L
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THEORETICAL DEVELOPMENT

Consider a complex system comprised of r, (r = 1), independent
systems. Itis assumed that these independent systems, all have
constant, a priori known, failure and repair rates. The approach
that will be taken in this chapter, is that of modelling this complex
system, as a, {N ] state stationary Markov process. Where a
particular state, indicates what subset of the original r independent
systems are operational at any given instant of time. Then transi-
tions between states, are a result of the failure or repair of the

independent systems.

Since the pcossible "next" states, through which the complex system
will pass, depends only on its present state, and not on any previous
states through which the complex system might have passed in
attaining its present state; The assumption of a Markovian behaviour
is quite plausible. Also because of the assumption of constant
failure and repair, (transition), rates, we are led naturally to regard
the behaviour of the complex system as characterizable by a stationary
Markov process. Thenassuming that all transitions have the poisson
property; that is at most one transition, between states, can occur
in any interval (t, t + dt), and that the probability of no transition in

this interval is propecrtional to dt. "we c¢an model the

complex system as a stationary Markov process with poisson sta,tistics.4

4, A number of authors, refs (10, 12, 16, 17, and 19), have

utilized these assumptions in developing reliability models.

L e
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Accordingly then; letS(t), be the stationary Markov process

of the III¥d type, which characterizes the state transition
behaviour of the complex system. Then at any time t = t, S(t), is

a discrete random variable whose range is, {N}

To characterize the state transition behaviour of such a complex

system, we now develop method for obtaining the state probabili-

ties, Pi(t)’ defined as

P(s(t) =i€{N}) = Pi(t), ¥i€{N}.
The two assumptions below, provided the basis for our model

I. Markov Assumption. The next state of the complex system,

is determined from considerations on its present state only;

and not by any considerations on previous states through which the
system passed in attaining its present state. Mathematically, let,
{S(T)}, be the set of states, through which the complex system
passed, ¥ T <t., Let S(t) =i, be its state at time t=t. Then

the Markov assumption, states with probability one, that

P( {S(T)}: S(t) =1 /S(t+T) = j) = P(S(t) =i / S(t+dt) = j)

that is, the conditional probability of going from state i, to state j,
in the interval (t, t +dt), is independent of the previous state

history {S(T }, ¥ T <t.

II. Poisson Assumption. Irrespective of what transitions occurred
during the interval, (0,t); if the system is in state, i, at time t = t,
then the probability of a transition from state, i, to some state,
j € {N} , in the interval of time, (t, t+dt), is
a, dt + dt

i p(at)
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and the probability of more than one transition occurring in

in this interval, is

9 (at)

where ¢(dt), has the property, that

Limit Lc(ldt) =0
dt, o t
Then P(S(t) =i / S(tHdt) = j) = a,idt, is the conditional probability
J
of a transition from state i to state j, in the interval of time (t, t+dt);
given that at time t, the state of the complex system was i. Thus a..

ji
has limits of reciprocal time, and in the reliability literature, it is

b

called a failure or repair rate, depending on the context in which it

is used.

Accordingly then, let Pi(t), be the probability that at time t = t,
the complex system is in state i. Then at any time t = t, there is a
N x 1, state probability vector PT*.),. associated with the {N} states
of the complex system. By assumptionsIandIl, above, we can write

the probability, Pj(t+dt), that the complex system is in state j at time

t =t +dt, as the sum of the probabilities of the two mutually exclusive

events, (a) and (b), below. That is
Pj(t+dt) = P{Event(a)} U P {Event (b) } (1)
where,

Event (a):: the complex system was in state j at time t=t, and
remained in state j, during the next interval of time, (t, t+dt).

The probability of this event is

N
P{Event(a)} = ( 1- = a5 Pj(t) (2)
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Event (b): The complex system was in some state i,
(i # j) at time t=t, then a transition from state i, to state s
occurred in the next interval of time, (t,t +dt). The

v probability of this event is

N

P {Event(b)} = ( = a,.dt) P(t)
i7 0 i
i=1

Adding, equation (2) to equation (3), we obtain (1),

N N

P (t4dt) =(1- = a,.dt) P(t)+ ( =

; e j 7 ajidt) Pi(t)
j=1 i=1

j=1,2,....,N
putting,
N
a,, = - Z a,,
JJ i#j 1)
j=1
and substituting (5), into (4), we obtain
N
P (t+dt) - P.(t) = (a,, P(t))dt + { = a P (t)) dt
J J 3 ) ifj Jt ot
i=1
j=1,2, .... N.

In the limit dt» 0, equation (5) becomes,

dP. (t)
J

dt i

(3)

(4)

(5)
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This set of equations, (7), can be conveniently written in

matrix form as,
Py = [A]l P(y) (8)

[A] , is an N x N, constant matrix of transition rates, and ﬁt),
is the N x 1 column vector of state probabilities. Thus we have
succeed in constructing the mathematical model for determining

the state probabilities, that characterize the complex system.

The following theorem, plays an important role in the modelling

of complex systems,

Theorem. Addition of Transition Rates.

Given a complex system, which is composed of r, (r = 1),
independent systems. The system has a finite set of sets,

{N}. For any pair of statesi,j €{N}, let al,<i , k=1,2,...,r,
be the transition rate of independent system kJ, from state i,

to state j. Then at any instant of time t=t, when there are

P, (P s r), independent systems in state i; an overall transition
rate from state i, to state j, for the complex system, in interval

(t, ttdt), can be written as

P
a,. = = a° (9)
Proof:

5
Let Pjik(t) , be the probability of a transition of independent

system k, from state i, to state j. By assumption II, for ]
t = dt, we have

—a_,l_{dt

p Ny = e (10) |
Ji

P,lf (t), should not be confused with the state probabilities
ji
P.(t) or P.(t).

1 J
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since all of the r, systems are assumed to be independent, the
Joint probability P (dt), that all P, (P s 1), systems, will go ‘

from state i, to state j, in the interval of time, (t,t+dt), can be

written as

P
P.(dt) = m P, (dt) (11)

g
ji k=t i
substituting (10) into (11), gives

-z alfdt

P.. (dt) = e k=1 Ji

ji
This suggests that an overall transition rate, from state i, to
state j, in interval (t, t + dt), given that at time t, that there

are P, (P<r ), independent systems in state i, can be defined

as

P
a,, = Z a, k (9)
k=g :

which establishes the theorem.
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SOLUTION OF THE MATRIX DIFFERENTIAL EQUATION

In order to obtain an explicit expression for the state probability
vector, P(t), we have to sclve equation (8). That is we have to

solve
P(t) = [A] P(y) (8)

It is a well known fact, that (8), has a unique solution, which
varies continuously with given initial data, P(o) .
This solution has the form,

P(t) = [3(t)]P(o) (12)

where [&(t)], is a N x N matrix, called the transition matrix,

and is defined by

[A] iti

o il

[(alt
e =

Ca(t) ] (13)

©
=

i Thus, the obtaining of an explicit expression for P(t), involves
the compution of the matrix exponential function (13). For physically
realizable situations, where [A] is a constant square matrix, a

closed form expression for [ &(t) ], always exists, and can be found

by any of the following four methods.
Method I: Via Laplace transform techniques
Method II: Via Mason's rule and flow graph theory

Method III: Via the theory of functions of a matrix.

Method IV: Via Analog computer simulation.

Gt DF R B e A T e B w8 ek et s L e
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Description of Method 1

The one sided Laplace transform of (8), with L(P(t) p(s),

yields the set of algebra equations in the complex variables, viz:
sp(s) = P(o) + [Alp(s) (14)
rearranging (14), gives
) = [si-[al1" Bloy (15)
where I is the identity matrix. Comparing (15} with (12), we have
()] = L™ ([s1-[aJ17) (16)
therefore the general solution of (8) is given as

By = L [sI-[a1]"h Bo) (17)

Description of Method II

The Laplace transform of equation (12) can be written as,
P(s) = [&(s)]P(o) (18)

since the elements of TD(O) can be arbitrarily specified, the
column vectors of [@(s)] are linearly independent. Then @ij(s)

is uniquely determined as,

pi(S)

Pj(O)

@ij(S) = (19)

Equation (19) can be interpreted as the "gain" between two
nodes , j, and i, of a Mason flow graph. Such a signal flow graph

is a linear graph of the transformed state probabilities, equation(8);
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The'"gain", (19) can be computed directly from such a graph ;
via the Mason rule , as

Ak (s)Gli. (s)

3 -z ( J
(s) k( As) ) (20)

¥i, j, € {N}
and

-1
0 = L7 (2(e)

then equation (12) can be written as

z (1) (21)
k

To illustrate the method of constructing a Mason graph, consider
the expression for the transformed state probability, p.{s), as
i

obtained from (14)

P, (o) N a,.p.(s)
)

1 1) ]
= + —_
p(s) = — 2 - (22)

then regarding the transformed state variables as graph nodes,
and the transition rates {a,j} as path transmittances, the Mason
i

graph for (22); is shown in Fig. (4).

See reference (14). A description of this formula is given in

Appendix B.

T i 35 K i Ly
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Description of Method III.

In this method, [ §(t) ], is computed directly from its series

definition, (13). That is, from

© i i
[an] = et . » A (13)
i=o L

The theory of functions of a matrix, guarantees that for a matrix

[A], with a known spectrum, there exists an alternative finite
expansion of (13). This theory, requires a knowledge of minimal
polynomials and elementary divisors of a matrix7. To illustrate
the theory, we present a method which is applicable to the case,

when the matrix [A], has, N distinct eigenvalues. That is when

the spectrum of [A], contains the set of eigenvalues; Bi,i=1, 2,...,N,

which are all distinct, In this case.

a2

e P

JLAlt Bt 1T (LAl-BD, (23)

™MZ

(e

<

[é(r)] =

i=1

e o,
LT g
—_
—
™
e
1
w
_

This theory is covered in reference 15.

e
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Description of Method IV,

To obtain an analog computer simulation of equation (8), a
convenient apprcach is to construct frem eguation (14), the
Mason graph for the transformed state variables, E)_(_s). This
Mason graph is then transformed directly into an analog computer

schematic, via the scheme below

Mason Graph «— To —> Analog Computer Schematic
p,(s) P (1)
BAQON
- Q,';i‘b—o Integrator

Summer

D0 > Multiplier

3 —f— Inverter

For example, using Method IV, the Mason graph figure 4, is

transformed into the analog computer schematic as shown in Fig. 5.

Figure 5

Having discussed methods for solving equation (8), we now develop

the procedures for the reliability and availability modelling of complex

systems, whose state probabilities _P—(-t), satisfy (8).
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RELIABILITY MODELLING

To construct a reliability model for the {N}, state complex system,
we characterize its behaviour by an absorbing Markov process. Speci-
fically by a process having (N-1), acceptable states, and a single
absorbing state, which we label as N, and call the fail state. The
specific characterization of the "fail" state N, is important, and

accordingly then we give its properties in the following definition

Definition. Fail State N, A state N, of a stationary Markov
process, is a fail, (absorbing) state, iff the following conditions
are jointly true

a) Itis a fail state

b) Limit PN(t) =1

to>w
’ c) Ay = 0, ¥ i €{N} (24)
] d) Ay # 0, for some i€ {N}.

Physically, an absorbing state, expresses the fact, that after a

sufficiently long time, any real system will fail.

Now the other (N-1), states, are acceptable states. Where in
the model, by an acceptable state i € {N-1 }, is meant a state i,

which satisfies all the conditions given in the definition below.

Definition. Acceptable State. A statei # N, i€ {N}, is an ac-
" ceptable state in the context of a reliability model, iff, the follow-~
ving conditions are jointly satisfied

a) Itis an acceptable state

b) The process S(t), is a stationary Markov process
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c) limit P,(t) = 0. ¥i€N}, i # N
t>eo 1
d) 2 > 0 for some j € {N} (25)
e) aij > 0 for some j€ {N-1}.

That is, a state i € {N }, is an acceptable state iff, there is

at least one transition to, and one transition from state i.

Now, consider a {N }, state complex system, whose state
probability vector P(t), satisfies (8), and can therefore be
computed by any of the methods I, II, III, or IV. Then with
équations (24) and (25), as constraints on the state probabilities —f’(t),

we can define a reliability fuaction for such a complex system, as,

Definition. Reliability Function R(t). For a {N }, state

K complex system, whose state probabilities —15(1:), satisfy (8),
subject to constraints (24) and (25). The reliability function R(t)
is the probability that a time t = t, the state S(t), of the complex

system, will be contained in the set {N-1}, of acceptable states.

; That is,
. N-1
R(t) = P(S(t) = U i)
i=1
or alternatively
N-1
R(t) = Z Pi(t) (26)
i=1

Having now defined the reliability function R(t); we can define
the mean time tm’ to first failure of such a complex system. This

definition applies only to a reliability function obtained as in (26).
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Definition. Mean Time trn' To First Failure.

The mean time t to first, is defined to be the average
time taken for the complex system to pass from the set
{N-1}, of acceptable states, to the fail, (absorbing), state,
N. Thatis, tm = average of the first exit times from the

set {N-1} . Alternatively

t_ = [R(t) at

then substituting (26) into (27).

N-1
t = j'Pi(t) dt

m i=1

and dencting the Laplace transform of R(t) as

L (R(t)) = r(s)

we can write (27), as

t = limit r(s)
m
5350

or writing

and

L(P(t)) = py(s)

limit p.(s) = vy
s>o0

i

then substituting (31) into(28),

N-1

t = Y

m i=1 1 ‘

(27)

(28)

(29)

(32)

R

s
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thus the problem of computing tm, becomes a problem in obtaining

;, that is Yi , i=1,2,..., N-1. as given by (31).

‘To compute ; , we begin by Laplace transforming (8), and

using the notation of (30),
s p(s) - Plo) = [A] p(s) (33)

and in the limit s 7 o, from (24) and (25) and the final value

Tauber theorem; equation (33), becomes

@ - 1_.5(_0) = [Al vy (34)
where
(o]
a = || = limit s p(s) = limit P(t). (35)
{ s5»0 t—>»

-1
then multiplying both sides of (34), by [A] ~, we obtain the

desired result, viz: ,

i

v = [A]l " (a - Plo)) (36)

P(o), is the constant vector of initial state probabilities and a
is given by (35). Therefore the problem of computing T{ , and

hence t , reduces to inverting matrix [A].
m

8 2 .
It can be shown , that the variance © m’ about the mean time
t given in (32), is
m

N-1
2 d 2 ;
o) = - 2limit (— Z p.(s)) -t (37)
m ds . _ i m
s - o i=1
where trn is obtained from (32), by first computing (36).

See refs (16, 19)

 Raticasat
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Comment. The reliability function, equation (26), is

obtained for a specified complex system, by first computing

-P(t), by any of the methods, I, II, III, IV. Then Pit) is

substituted in (26) to yield R(t). For example, using method
IV, we would simulate the reliability function, (26), as

shown in Figure 6.

EAS!

R

Figure 6

Then the mean time tm, to first failure, given by equation (27),

is simulated as shown in Figure 7.
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AVAILABILITY MODELLING ;

To construct an availability model for a {N }, state complex
system, we characterize its behaviour by a non absorbing, sta-
tionary, Markov process. Specifically, by a process, in which
there are no fail, (absorbing), states, and all states are "acceptable"

states, in the sense of equation (38) below.

Definition. Acceptable State For An Availability Model.

A state i € {N } , is an acceptable state for an availability model,
iff, the following conditions are jointly satisfied.

a) State i, is an acceptable state for an availability model.

b) The process S(t), is a nonabsorbing stationary Markov process.

c) Limit P.(t) = 8., i €N}

t> «

i where (0<6, s1) (38)

§.': d) a..>0, a, >0, for somet, j, €{N}
ij ji

That is, in an availability model, transitions are possible, to

and from each state, i € {N }.

Then for a complex system, whose state probabilities P(t),
satisfy (8), subject to the constraints (38); we define an avaiilability
function 6(t), as

Definition. Availability Function 8(t). For a { N} state

complex system, whose state probabilities P(t) satisfy (8)

subject to constraints (38). The availability function 8(t), is
the probability, that a time t = t, the state, S(t), of the complex
system is contained in some proper subset {k} c {N}. Thatis

8(t) = PS(t) = U i)

1=

or alternatively
k
8(t) = = P(1) (39)

i=t 1
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Now because of the existance, of steady state,non zero proba-
bilities, in the case of the availability model, we also have a

steady state availability @ , defined as,

Definition., Steady state availability Q. The steady state
availability Q , is the probability that after a sufficiently
long time, the state S(~) of the complex system will be in the

subset, {k} ¢ {N}. Thatis

k
€ = P(S(e) = U 1)
i=1
or alternatively
k
Q = limit 8(t) = = limit P, (t)
t> izl t 2o t
k
= 6.
i=1 1

To compute the steady state availability €, given by (40),
consider

8 = 1limit P (t)
t~>

using equation (12), we can write (40) as

8 = limit [&(t)] P(o)
t-> o
. 9 it .
Now it can be shown , that the transition matrix [3(t)], can
be partioned as

Ca(t) ] = [Q) + [M(p)]

See reference (10) .

(40)

(42)

(43)
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where [ Q] is a constant matrix characterizing the steady state

behaviour of the system, and [ M(t)]is a matrix characterizing

its transient behaviour. Thatis [M(=)]=[0]. On substituting
(43) into (42)

6=[Q] P(o) (44)
or alternatl:\irvely

6. = Z Q.. P.[o) (45)

i =1 4

then substituting (45) into (41), yields the required expression

for Q, namely

k N
Q= = Z Q. PJo) (46)
i=t j=t 1

Comments. a) The availability function (40), is obtained for
a specified complex system, by using any of the methods, I,
II, III, or IV. to compute the state probabilities P(t). For

example using Method II, we would compute 8(t) as
N

8(t) = ; z &, .(t) Pfo) (47)
i=1 j=1 M J
where the @ij(t) are fir st computed, using Masons' rule,
equation (20).
b) It should be kept in mind, that eventhough in
the reliability as well as the availability model, F(t), satisfies
the same general form of the matrix differential equation (8).
The explicit forms of (8) are different for the two cases,

because of the different nature of absorbing and nonabsorbing

Markov processes.

We now present a general algorithm for the reliability and

availability modelling of complex systems.

[ o
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ALGORITHM FOR THE RELIABILITY AND AVAILABILITY
MODELLING OF COMPLEX SYSTEMS

This algorithm, which is divided into six sequential steps; permits
the reliability and/or availability model to be constructed and analyzed,
directly from the verbal description of the operational requirements

of the complex system,

Step I. Verbal Description. Formulate a precise verbal descri-

ption of the operational requirements of the complex system;

. that is, state precisely what requirements the complex system
must satisfy, to be considered as successful; and what conditions
produce failure. These requirements and conditions are always
stated, in terms of the number of operational or non-operational
independent systems, required to produce a given state of the

complex system.

Step II. State Assignment. Choose as many states as are needed

to characterize the complex system from its verbal description;
including one fail state, when reliability is being considered.

N.B. The inclusion of extraneous states,increases the dimension

of the problem, unnecessarily complicates it, and usually yields

d incorrect results .

Step III. Construction of the Transition Diagram. The transition

diagram is the graph of the state space of the complex system.
This diagram is constructed by enumerating the possible transitions

between states, by a path, whose direction is the direction in which

the transition occurs. The path transmittance is the transition

rate between the two states in question.

LT TSR, S I S iy
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Step IV. Construction of the Transition Graph. The transition

graph, is important, because it yields on inspection the system
matrix [A], for the particular model. This graphis constructed from
| the transition diagram by using the following rule, which is
suggested by equation (5).

Rule. To each node, j, on the transition diagram, add a self loop

of transmittance, a,,, given as
JJ

ajj = -(Z of the transmittances of all paths emanating from node,j.)

Then matrix [A], is obtained on inspection of this graph, by having
the self transmittances, as,,, as the diagonal elements of fal.

The transmittances, (transJition rates), ajj, between states, are
the off diagonal elements of [A]. Where the indexi in aij refers

to its row position in (A], and the, j, index refers to its column

position in [A].

Comment., Steps I-IV, give the éxplicit form of equation (8), for
the reliability or availability model, that was being considered.
However to obtain predictions of reliability (26) or availability (39),
equation (8) has to be solved by any of the techniques of methods

I. II, III, or IV. Ananalog computer, usually givesthe quickest and
most flexible simulation of a model. Accordingly then, analysis
and/or analog simulation of the model can be systematically

realized, as outlined in steps V and VI, below.
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Step 5. Construction of the Mason Signal Flow Graph. The

Mason graph, is the graphical representation of equation (33),
where the transformed state probabilities p;(s), and the
initial conditions Pi(o), are nodes on the -graph. The Mason
graph, may be obtained directly from the transition graph of
step IV, by using the following rules.

Rules 1) Divide all path and loop transmittances, on the
transition graph by the complex variable s.

2) Add to each node j, when appropriate, a node, P (o),
with transmittance to node j, given by Pj(o)/s. This is to talie
care of the initial conditions P(0). (see equation (33) ).

Once the Mason graph has been constructed, we can compute
(3 (1t)], equation (12), as the inverse Laplace transform of
[&s)], where [ &(s)], is obtained from the Mason graph, by

using the Mason rule, equation (20).

Step VI. Construction of the Analog Computer Schematic.

The analog computer, provides flexible time domain simulation
of a reliability or availability model. This simulation is readily
achieved after the analog computer schematic has been obtained.
The analog computer schematic is obtained directly frorﬁ the
Mason graph by using the transformation scheme given in method

Iv.

We now present three examples, to illustrate the theory covered

in this chapter, and the use of the above algorithm.

e



- 47 -

Example I. Reliability and Availability Modelling

of a Two State Complex System.

- Step I. Verbal description

Reliability Model. The complex system consists of r, (r =1),

independent systems. Each independent system either works,
that is, in an acceptable state, or fails, that is, is in the failed
state. The complex system is considered as failed at the fir st
time, that all of its r independent systems systems are simulta-
neously non-operational. Accordingly then, this complex system
has only two states, an acceptable state and a failed state. The

system operates in a non repair environment,

Availability Model. The description here is the same as that

given above for the reliability model, except that there is no
fail state and the system operates in a repair environment.
Then the complex system is considered "zvailable", at any time
t =t, iff, all of its r, independent systems are operational at
that time; eventhough any or all of these independent systems,

may have failed, and been repaired prior to this time t.
Step II. State Assignment.

Reliability Model

State Description
1
(Acceptable All r, independent systems are operational
State)
2
(Failed All r, independent systems have failed
State) - and are not being repaired.
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Availability Model.

State Description
1 All r, independent systems are working
2 All r, independent systems have failed,
L but repairs begun immediately upon failure.

Then, the set of successful states {k}, consists of only one state,
namely state 1, and therefore the availability function, equaticn (39),

becomes 6(t) = P, (t).

1

Step III. Construction of the Transition Diagram.

Let the failure and the repair rates of the r, independent systems
i i

be respectively asy 0 2 o i=1, 2, ..., r. Now by equation (9),
we can define the overall failure and repair rates, respectively
T
221 T F 2y
i=1
and
r
i
= Z
12 T L5 Pr2

Then for the reliability model, the reliability transition diagram,

is shown in Figure 8.
Q'“

Figure 8.

and the availability transition diagram, is shown in Figure 9.

- 2!

Q2

Figure 9.
e e e e e
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Step IV. The transition graph, for the reliability and availability

models, are shown respectively, in figures (10) and (11).

Ay
Figure 10
(R

-0y, 'aoe‘ Figure 11

from the above graphs, the matrix, [A], for the reliability

model, is
-a 0
21 :
= [A]

a.z1 0

and for the availability model,

-

-a a

21 12
= [A]
%21 T2
Step V. The Mason graph, for the reliability and availability

models, are shown respectively, in Figures (12) and (13)

P 56) Figure 12
% ¥s

-an >

s b Qu|s (RO
Figure 13

(o) Bt
¥s Vs

-Q'x% D Qz% -Qiafs

011/5
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Step VI. The analog computer schematic, for simulating the
reliability function and the mean time tm, to first failure, is
shown in Figure 14.

B0) 2,0 Falo)

@l T R Figure 14

t RO o > [T b

The analog computer schematic, for simulating the availability

function 8(t), is shown in Figure 15,

B

Blo)

P &)

Figure 15.
L{>—>4®(i)

To illustrate methods I, II, and III, for solving equation, we take

a numerical example. Accordingly)'let a,, = 5, a;, = 4. Then for
the availability case, we have
-5 4
[a] = (48)
5 -4

thus the [@(t)] matrix is a 2 x 2 matrix, which will now kte computed

by methods I, II, and IIL

Method 1. By equation (16),
-1
{ s +5, -4
[e(t)] = L (49)
, -5 s+4
([ s+4 4
-1 s(s+9) ’ s+9
L (s49) * s(s+9) (50
5 s+5
s(s+9) ' s(s+9)

\

taking the inverse Laplace transform of (50),

( -9t _
% + 53 ’ 3 _ 4/ge 9t
Ca(t)y J = (51)
5 5e-9t 5 + 4e'gt
9 9 "9 9
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then using equation (43), viz;
[2(t)] = [Q] + [M(t)]

we can write (51), as

1_4 4 ot |5 -4
M(t)]:?iss T3 -5 4

and replacing (52), in (12), we obtain

' p (o)

P (t) = é [4+5e-9t]P1(o)+ %[4-4e 5

1
then the availability function 8(t), given by (39); for this case is

8(t) = P(¢)
and is therefore given by (53). The steady state availability Q ,

may be obtained directly from (54), as

2 = Limit 6(t)
t—> o

taking the limit, (53) gives
Q= 2P (o) +4/9 P_(o)
T 971 2

or alternatively by substituting (52) into (47), we find

{2
Q=2 Z Q. P./o)
i=t j=1 M

4

4
= -9- Pi(o) + 'c—)' PZ(O)

as is given in (55).

(43)

(53)

(54)

(40)

(56)

(57)
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Method II. From figure (13), using the Mason rule equation(ZO),iO
we find
5 (o) - Pls)  Gpys)aggls) 0y
Tl = P (o) Als) 5(519)
5 (s) = Pls)  Gyo(8)8,,(s) s+5 (58)
"22 PZ(O) A(s) s(s+9)’
T L R P T L
12 Pz(o) A(s) s(s+4)
- pys)  Gy(e)8,(s)
2% 7 P (o) Als) T s(s+49)
Therefore, from (58),
s+4 4
[a(s)] = s(s+9) s{s19) (59)
5 s+5
s(s+9) s{s19)

comparing (59) and (50), we see that they are the same .

Method III. The eigenvalues {Bi}’ of a matrix [A], are the
roots of the characteristic polynomial C(B), where

C(B)=det [BI - [A] ]=0 (60)
then for matrix [A], given by (48); equation (60) yields the distinct

eigenvalues Bl’ and BZ as

B, =0, B, =9 (61)

10 See Appendix for a description of equaticn (20).
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then equation (23) of method III, is applicable, and

-Blt -th
ety ] = e [[al-8,1]- e [[A] -8 1]
(B - B,) (8, - B)
on substituting (61), and (48), into (62), we find
4 4 -9t 5, -4
(el = 5|5 5|%5 |5 4

which is the same result as was obtained by method I, equation (52).

Example II. Reliability Modelling of a Complex System with a
Perfect Space and Random Delay Between Failure and Beginning

SN
of Repair

The problem is to use the general algorith, to obtain the
reliability function, and mean time ' tm, to first failure, of the
complex system shown in Figure (16). This is to be accomplished,

by 1) Masons' rule and 2) analog computer simulation.

(2>
(2>

Figure 16

Step I. Verbal Description.

The complex system consists of an on line system, D, , and a

1
standby system, DZ' System DZ’ acts as a perfect spare;
that is DZ’ cannot fail while it is on standby.

i This delay, is assumed to be a random variable, which is

exponentially distributed, and has mean value = T.

(62)

(63)
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The operation of the system requires, that on failure of Di’
the system DZ’ immediately becomes the on line system,

Then after atime delay, of mean value T , repairs to Dl’
are begun. The complex system is considered to be in the

failed state, when D,, which is now operating on line, fails,

2
before repairs have been completed to Dl'

The two systems, Di’ and D_, are assumed to be identical

2
and therefore have the same failure and repair rates, denoted

by, Aand p, respectively. We also introduce a waiting rate p,

1
which is the reciprocal of the mean delay T. Thatis p= T
} 12
Step II. State Assignment
State Description
1 D1 and D2, are both operating
2 D1 fails, and DZ’ immediately operates on line

After a mean delay T, service begins on the failed

3
system Di' System DZ’ is now operating on line.

4 The on line system fails before repairs have been
started on D1 or before repairs have been
completed on D,

Step III Construction of the Transition Diagram.

The reliability transition diagram, constructed from the above

state assignment, is shown in Figure (17).

te In this state assignment, states 1,2, and 3, are the acceptable

states. (see equation(25, of chapter II).
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Step IV. Construction of the Transition Graph.
The reliability transition graph, constructed from the above

transition diagram, is shown in Figure (18),.

Then the matrix [A ], and this equation (8), obtained by

inspection of the above transition graph, is

y- - e 3 (" -1
P, (t) -\ 0 u 0 P (1)
P_(t) A -(p+\) O 0 P_(t)
2 - x | 2 (64)
P (1) 0 P -(ptN\) 0 P ()
P, (1) 0 ) ) 0 P, (t) |
i | ] - -

Step V. Construction of the Mason Graph.
| The Mason graph, constructed from the above reliability

transition graph, is shown in Figure (19).

Figure 19
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Now taking the Laplace transform of (26), we have

3
r(s) = Z p. (s) (65)
i=t 1
and from (29},
t = limit x(s) (66)
m
s= 0

On using the Mason rule, equation (20), we find for (65),

sz+ps+)\s+ps 4 pH2hs+ 2N 2)\2 + N0

r(s
(s) (s+p+N) (stN+p) (s+th-pp) (67)
and by (66),

2
¢ _ WP+ AP+ 2t 2N t+hp (68)
m (p+A) (+X) (A=-php)
Then for the sample case, with
p = 0.2/ hrs
A = 0.001 /hrs . (69)
g = 0.04 /hrs

(68), gives, tmg 3.52 x 104 hrs. Another estimate of tm’

will now be made by the analog computer techniques of step VI.

Step VI. Analog Computer Simulaticn.

The analog computer schematic, obtained from the Mason
graph, is shown in Figure (20). The reliability function R(t),
and mean time to first failure, for the sample case (69), are

shown in Figure (21).

Figure 20
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Analog Computer Graphs
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Example III. Reliability Modelling of a Complex System

with Hybrid Redundancy.

‘The problem is to use the general algorithm, to obtain by analeg
computer simulation the reliability function, and mean time t

b

to first failure, of the complex system shown in Figure (22).

Figure 22

Step I. Verbal Description.

The complex system consists of four "identical" D-systems,
and two "identical" B systems. The complex system is
considered as successful provided that two or more of the D
systems, survive for a specified period of time. The operaticn
of the complex system, is such that failure of any of its B,
systems, renders the associated D, system, inoperable. That
is an operable D, system, rendered inoperable by the failure
of its,B system, is not considered as failed, and does not
require servicing.

Let both B systems, have the same ccastant failure and repair

rates, denoted by A\, and My respectively. Similarly denote

1
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the identical constant, failure and repair rates of a
D system by )\2 and H, respectively.

It is assumed that there are enough repair crews and
service facilities, so that all queues are avoided.

Also repairs are begun immediately upon failure.

13
Step II  State Assignment

e

State Description

| Both B systems, and all four D systems,
are operating.

2 One of the D systems, fail.
Two D systems, both associated with a single

3
B system, fail.
Two D systems, one associated with each of the

4
B systems fail.

5 One of the B systems fail.

6 One of the B systems, and one of its associated
D systems, fail.

. One of the B systems, and both of its D systems
fail,

8 More than two D systems fail, or both B systems,
fail.

Step III. Construction of the Transition Diagram.

The reliability transition diagram, constructed from the above

13

States 1-7, are the "acceptable" states. State 8, is the fail state.
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state assignment, is shown in Figure (23).

Step IV. Construction of the Transition Graph.
The reliability transition graph, and the matrix A]

are shown in Figures (24) and (25) respectively.

Step V. Construction of the Mason Graph.

The Mason graph, constructed from the transition graph,

is shown in Figure (26).
Step VI. Analog Computer Simulation.

The analog computer schematic, obtained from the Mason graph,
is shown in Figure (27). The plot of the reliability function
R(t), and the mean time to first failure, for the sample case

below, is shown in Figure (28).

Sample Case.

% Mean time t to first
1 My Ao ) m

failure.
0.05 (0.5 1.0 2.0 ‘ 5.8 hrs

Figure 23.
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CONCLUDING REMARKS.

In chapter II, we have presented a survey of the currently
available techniques for the reliability and availability modelling
of complex systems composed of independent systems, each
of which exhibit constant failure and repair rates. This survey
led to the development of a general algorithm for the systematic
modelling and analysis of such types of complex systems. It
was also indicated in example II, how a generally applicable
technique of "state splitting", could be utilized, to take into
account the important case of a random waiting time between

failure and the beginning of repair.
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SUGGESTIONS FOR FURTHER RESEARCH.

These suggestions are divided as indicated below, into those
suggestions, which pertain to chapter I, and those that pertain

to chapter IL.

CHAPTER I

There exists extensive mathematical literature on the subject
of diffusion processesl4. The literature is the work of pure
mathematicians, and therefore from an engineering point of view,
the mathematics there is definately on an exalted plane. However
there is to be found in this literature, many elegant results, which
appear to have direct application in the reliability field. Itis
therefore this author's opinion, that any effort spent in translating
these results into the reliability field, will make for significant

and worthwhile contributions.

For example, hidden periodicities and transients in the
fluctuations in a parameter's values, could be treated by well known

methods from the theory of diffusion processes.

14
See for example references (21-> 30).

[
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CHAPTER II

It is this author's opinion, that researches interested in
expanding the theory presented in this chapter, would find it

profitable, to examine

1) The optimization techniques and methods of Control Theory,
with a view to utilizing them in formulating a theory of optimum

1
reliabile systems

2) Since device operation is essentially binary, (that is, a
device either works or fails, is repaired, or is not repaired),
modelling problems in reliability and availability, starting with

\ state assignments from word descriptions, could borrow from
i the theory of Switching Circuits, such concepts as minimal state

assignments and realization schemes

Since the completion of this work, there has been
an attempt, (See Fan et al. IEEE Trans: Reliability
Sept. 1967), to apply the discrete maximum principle

to problems in reliability.

16

See for example reference (20).

e
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APPENDIX A

On Brownian Processes

In this appendix, we define mathematically, a Brownian process
X(t). We then give, and inter relate, the statistics necessary to
characterize X(t); and develop a linear partial differential equation,
from the solution of which, explicit expressions for the statistics of
X(t) are deduced. A theorem is then given, which states, that for
certain initial data, (which correspond, with the initial data of our
reliability model), this partial differential equation has an unique
solution. This unique solution is then obtained, via the use of Laplace
transform techniques, and the explicit expressions given in chapter I,
for the conditional probability density function. pX(xO /x;t), and first

order density pX(x;t), established.

Accordingly then, let X, be a typical system parameter, and
X(t), be the Brownian process which characterizes the time behaviour
of X. We now give some basic definitions, and develop the pertinent

statistics for X(t).

Definition. Stochastic Process. The family of time functions,
generated, by assigning to sets, £, of outcomes of some
experiment, according to some rule a time function, X(t,£), is

called a stochastic process. Thatis,

X(t,8) = X(t)

is called, a stochastic process.

Comment At any specified time t = t, X(t) is a random variable,

that is a function, whose range, we take, to be the real line.

[
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Then, by the statistics of a stochastic process X(t), is meant,
a set of probability density functions, necessary to characterize
the random variables, X(t), ¥ t. Also, the statistics of X(t),
are said to be Gaussian, when all the probability density functions,
characterizing X(t), are of the Gaussian type. Such density functions,
have the remarkable property, not possessed by any other type of
density function, namely, they retain their Gaussian property, under
all linear transformations. Also, from an experimental point of
view, the occurrence of Gaussianly distributed random variables,

is the rule, rather than the exception.

Definition. Stationarity. The stochastic process X(t), is said
to be stationary in time, (in the "strict sense"), iff the random
variables, X(t) and X(t+a), have the same statistics, ¥t, and

any arbitrary a .

Physically, by stationarity in time, is meant, that the underlying
microscopic mechanisms, producing variations in the values of X,

do not change with time.

Definition. Gaussianly Distributed Random Variable.

A random variable X(t), is said to be Gaussianly distributed ¥ t, iff

<xMt)> = 0 ¥n>2, ¥t I-1
= m, for n = 1. {(fir st moment)
= m, for n = 2. (second moment)

That is, a Gaussianly distributed random variable, has all

moments, except its first two, equal to zero.

Definition. Markov Process. A stochastic process X(t), is a
markov process, iff, for every time sequence

< t < t < ... <t < t
to { 2 n-1 a

with probability one,

n-1
’ {jrjo X(tj) ) % /an X(tn)S *n +dxn} -

6.8 oo
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P X(t.) = x. < + -
{ (tJ) % /xrl X(tn) sx_ dxrl ] I-2
~That is, X(t), is a Markov process, iff, ¥ ’ci < t, any
condition on X(ti)’ has no influence on the statistics of X(t). In the
case of a stationary Markov process, X(t), the time trl T is
arbitrary, and can be set equal to zero. Then tr1 can be replaced

by t. This brings as to the following definition

Definition Stationary Markov Process. The stochastic process
X(t), is a rtationary Markov process, iff ¥ t, and any arbitrary a;

with probability one,

P {X(t ,+a)=x /x < X(t) s x +dx }
n-~ n-1 n n n n

1

= P {X(tr1 )=xn__1 / an X(tn) < xn+dxn}

-1

or alternatively

P {X(tn-i) = Xy / an X(tn) < xn+dxn}

may be written as

P {X(o) = X, /x s X(t) s x+dx }= Py (xo/x;t)dx I-3

Equation (I-3), is the conditional density function for the stationary
Markov process X(t), defined in (3) of Chapter I.

We are now in a position, todefine a Brownian process

Definition. Brownian Process. A stochastic process X(t),
which has the properties given in equations (I-1) and (I-3), is

called a Brownian process.

That is, a stochastic process X(t), is a Brownian process, iff,
(1) it is a stationary Markov process and, (2), the random variables,

X(t), ¥ t, are Gaussianly distributed.

I R s
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The Statistics of the Brownian Process X(t)

Since X(t), ¥t, is a stationary Markov process, with Gaussian
statistics, its first and second order statistics completely characterize
it. We now define these statistics, and develop a linear partial diffe-

rential equation, whose unique solution is pX(xO /x;t).

Definition. First Order Density Function. The first order

density function, px(x;t), of the random variable X(t), is defined

as
pX(x;t)dx = P {x = X(t) £ x+dx} 1-4

and since X(t) has Gaussian statistics, pX(x, t), ¥t,

is of the form
2
(x-m,)

2
.o 2 0t I-5

P (x3t) = e
X J Z'nOtz

in particular at t = o, the initial first order density of the

random variable, X(t), is written as
- 2
(xO mo)
2

(x ) = ! e 2% I-6

Equation I-4, gives the probability that at time t, the random
variable X(t), has a value that has in the interval (x,xMdx) that is
px(x;t)dx, is the probability that at time t, parameter X, has a
value that lies in the interval, (x, x+dx). Accordingly then, it
appears natural td define a reliability function for the parameter

X, as
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Definition. Reliability Function For a Parameter. The
reliability function R(t), called the reliability function of
the parameter X, gives a measure of the probability, that

at time t, the parameter X, has a value that lies in the

interval (xz-xl), that is
R(t) = P {x1 < X(t) = x, }
X2
= j‘ Py (x;t)dx 1-7
X1
then on substituting (I-5) into (I-7), we obtain
x, (x-mt)2
S 2a?
R(t) —O'{:/-—Zr fx e Gt dx I-8
1
. (x - my)
and putting y = — equation (I-8) becomes
t
(xz-mt)
{ : o _yZ o) .2
R(t) = ‘J‘ t e dy + J" e Y dy
v 27 o -(xy~my
O-1:
X_-m X, - m
2t { t
= E —_— + —_—— -
rf { Ot ) Erf ( Gt ) 1-9

It should be noted, that equation (I-9), is the same as

equation (10}, of Chapter I.

In the above development of the reliability function, R(t)
it was assumed that pX(x,t) is of the form given in (I-5).
The validity of this assumption is now established, by showing,
that px(x, t), is uniquely determined from pX(xo /x,t), where
pX(x0 /x,t), is the unique solution of a linear partial differential

equation. Accordingly then we give the following definitions:
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Definition. Conditional Probability Density Function.
The conditional probability density pX(xo /x,t), of the
random variable X(t), ¥ t, is a second order statistic

of X(t), defined as
px(xo/x;t)dx = P {X(o) = X [ x s X(t) < xtdx } I1-10

that is, Px (xo /x;t)dx, gives a measure of the probability,
that at any specified time t = t, the random variable X(t),
has a value in the interval x, x+dx; given that a time t=o,

the random variable, X(o) = X

Definition. Joint Second Order Density Function.
The joint second order density function pX(x0 :x;t) of the
random variable X(t), ¥ t; is a second order statistic

of X(t), defined as
- - < s .
px(xo x;t) dxodx P {xo X(o) . X + dxo. x sX(t) sx+dx }

I-114
that is Py (xo: x;t) dx0 dx, gives a measure of the joint
probability, that a time t = 0, the random variable X(o)
is in the interval (xo, x0+dxo), and at time t = t, the random

variable X(t), is in the interval x, x+dx.

Equation (I-11), is obtained from (I-6) and (I-5) by multiplication,
as
(xO: xt) = p

(x /x5t) pylx) I-12

Py X

now pX(xo;t), is o:ta1ned from px(xoz x;t) by integrating, thatis,

Py (x;t) = _"[o Py (xo; x;t) dxo I-13
and substituting (I-12), into (I~13), we obtain equation (4),
of Chapter I,

py(xit) = .J; Py(x_/x:t) Py (3 )dx I-14
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then px(x;t), is uniquely determined from pX(xo /x;t). Thus it
remains to be established that pX (xo/x;t) is itself unique.

We establish this, by developing a linear partial differential
eqﬁation, which has as solution pX(xo /x;t), and then give a
theorem which states that this solution is unique. This unique
solution for pX(xo /x;t) is then replaced in (I-14), and equation
(I-5), is obtained, thus proving the validity of the assumption of

the form of (I-5); and establishing equation (5) of Chapter I.

The Partial Differential Equation For pX(xO/x;t )

The derivation presented below, is an outline of that given by
Kac (ref 5).

We begin, by defining a discrete conditional density function
pX(n Ax/ mAx; sAT)=P {X(0) =nax [/ x(sAT)= max} I-15

then (I-15), gives a measure of the brobability, that parameter X
has a value m Ax, at time sAT, (thatis, after s, "jumps", each
of duration AT), given that initially, at time t = o, it had the value
nAx. The transition from this discrete density, to the continuous

density, is then effected by the limit,

(xo/ x;t) = Limit (nAx / mox; sAT) I-16

nAx - x
o
maAx >x

SAT>t

Py Py

Now, by an inductive argument, we will show that px(nAx/mAx;sAT),

satisfies the difference equation

pX(nAx [ max ; (sH)ATY = a [pX(nAx / (m+1) Ax; sAT) }

+ B {px(nAx / (m=-1)Ax; sAT) }I-17
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where a, and B, are respectively, the probability of an

increase or decrease, Ax, in the value of X, in time AT; and

ot C
@ = 5t 55 &%
g C
= - - — A
8 2 2D °F

C and D, are constants, which may be either positive or negative,

and are called the drift and diffusion coefficients respectively.

Then equation (1-17), may be inductively established as follows,
Since the process is Markov, the event, given by the L.H. S. of
(I-17); namely the value mAx at time (st+l) AT, from nAx at t = o.
This event is the sum of the two mutually exclusive events, (a) and (b),
below.

a) the value (m+1)Ax, was attained at time sAT from a value

nAx, at time t = o. Then a decrease of Ax, (with probability

B), occurred, in the next interval of time AT.

b) The value (m-1)Ax, was attained at time sA T, from a value
nAx, at time t = o. Then an increase of Ax, (with probability a },

occurred in the next interval of time AT.
QED,

Then from Kac, ref (5); in the limit, equation (I-16), and

2
Ax - D

ZAT -

Ax »dx, AT-=>d4dT,;

the difference equation (I~17), becomes the partial differential equation,

o { Py (%, [%;t) } D2 {px(xo/x;t)} 2C2 {pX(xO/x;t)}
—— e = +
3t 3 x° dx

R R —
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We now give a theorem, which states, that subject to certain
intial conditions, (which are always satisfied in our reliability
model), the solution of (I-18), is unique. Then we solve (I-18),
via Laplace transform techniques, subject to these initial conditions,

and obtain an explicit form for pX(Xo [ x;t).

Theorem. If there exists a pX(Xo / x;t) such that the following
conditions are satisfied,

a) X(t), ¥t, is a stationary Markov process, with Gaussian
statistics.

b) I:i_:n(i)t Py (xo/x;t) = 6 (x-xo)

¢) Limit Py (x0 / x;5t)= o
X0

‘ ‘ then Py (xo /x;t), subject to this initial data (b),(c), is the unique
' solution of (I-18).

Proof: See references (1), (2).

Using Laplace transform techniques, we now solve (I-18), subject
to the initial data (b) and (c), given in the theorem. Accordingly then,

| putting x, as variable and denoting the two sided L.aplace transform as

L { Py (%, /x;t) } = P (x_ / s;t)
equation (I-18), transforms into a fir st order, ordinary differential
equation,
P : k
d ( X(xo/s,’t) )
| dt

2
(Ds™ + 2sC) PX(X0 /s;t) I-19

and integrating (I-19), yields

2 .
P (XO/S;t) _ keDs t +2Cst

X I-20

R R A
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where the constant of integration k, is obtained from (b), of

the theorem, as

k = limit PX(xo/s;t)
ts o
$X
= L {limit p_ (x /x,t) } = e ©
X o
t=>o0

then substituting (I-21), into (I-20), we have a convolution,

SXO
P (xo/s;t) = e ¥

2
eDs t + 2sCt
X

and the inverse transform of (I-20), gives

1 2
p(x /x5t) = [ e : 6(E-x )d &
X o J 2w 2tD = ©

since, from ref (9),

2 -
|_-1 Ds 't +2Cst 1 - 2.2Dt
{e } = e

by the "sifting" property of the delta furction, (I-22) , gives,

the explicit solution for pX(xn /x:t). viz:,
- 2

(x-x ~2Ct)

o

1 - —
P, (x /x;t) = e 2.2 Dt
X o v 2m. 2tD

which is equation (3) of Chapter I. Now from (I~4),

[>-]

Pylxit) = .pr(xo /x;t) Py (% )dx.

on substituting (I-6) and (I-23), into the convolution integral

(I-4), we obtain 5
(x-mg-2Ct)

- L ; e 2(02 +2Dt)
/ 2n(c” +2Dt)

pX(X;t)

I-21

1-20

I1-4

1-24
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and (I-24), maybe written as,
el
. = 1 20, 2
px(xst) - 2 = t
which is equation (5) of Chapter I, and equation (I-5) of the

appendix. where

8

m + 2Ct
o

2 02+2Dt
(o]

Q
In

as was given in equation (7) of Chapter I.
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APPENDIX B

Description of Mason's formula.

In chapter II, it has been demonstrated, that the effecting of
an explicit solution to a reliability or availability model reduces
to solving, a set of equations of the form of equation (8). That

is we have to obtain explicit solutions, to

P(t) = [A]P(v) (8)

where the general solution of (8) is of the form

P(t) = [&(t)] P(o) (11)
taking the Laplace transform of (11), yields
n
As) = Z &,..(s) P.lo
pils) = 2 #(s) Pyfo)

Since the Pj(o) are arbitrary, the @ij(s) can be made linearly

independent, and uniquely determined, from the ratio

p; (s)
éij(s) = B (o) (35)
J
This was pointed out in method IV, of chapter II. Equation (35),
can be interpreted as the gain between modes J and i of a
Mason signal flow graph. Then an alternative expression
for (35), is
! k
8,%(s) G, (o)
8 (s) = Z 36a
o) = s (36a)

where; a) Gli(j(s): is the gain kth forward path from node j to node 1i.
b) Aijk(s):is thatﬂ?ath of A(s), which remains, when all branches
touching the k= forward path between nodes i and j,
and all branches having a node in common with it are removed.
c) A(s): 1is called the graph determinent; &(s) = 1-Z gains of

the feedback paths taken one at a time and Z product of the

gains of non-touching feedback paths, taken feedback paths
taken two at a time - Z product of the gains of non~touching three
at a time, etc.



R. Phillips:

W. Feller:
A.I. Kinchin:
A, Papoulis:

M. Kac:

M. Chen Wang
and
G. E. Uhlenbeck:

J. L. Doob:
A, A, Wolf:

B. Vander Pol
and

A. Bremmer:

- 79 -

REFERENCES

Semi Group Methods In the Theory of Partial
Differential Equations: In Book Modern
Mathematics for the Engineer: Edited by
Beckenback: McGraw-Hill 1957,
Introduction to Probability Theory and Its
Applications: Vol. 2: John Wiley 1966.

———

Mathematical Foundations of Statistical Mechanics:

Dover 1950,

Probability, Random Variables, and Stochastic
Processes. McGraw-Hill, {965,

Random Walk and the Theory of Brownian Motion
American Mathematical Monthly: Vol 54. No 7,
1947,

Theory of Brownian Motion: Reviews of Modern

Physics: Vol 17 Nos. 2 and 3. April, July, 1945,

Stochastic Processes: Wiley 1952.

Mean Ergodic Theorems and Tests for a Certain

Class of Random Processes: Proc. IEEE Feb. 1963.

Operational Calculus Based on the Two Sided
Laplace Integral: Cambridge University Press

1959, (Latest Edition).



10,

11.

12.

13.

14.

15.

16.

17

18.

19.

20.

R.A. Howard:

G.

. Saaty:

. Feller:

. Dorf:

- 80 -

Dynamic Programminp and Markov Processes

M.I.T. Press 1966,

Mathematical Methods of Operations Research: .
McGraw-Hill, 1960.

Introduction to Probability Theory and Its
Applications: Vol 1, Wiley 1957.

Time Dbomain Analysis And Design of Control

Systems. Addison Wesley, 1965,

Zadeh: C.A. DeSoer: Linear System Theory The State

. Bellman:

Glinski:

E. Dolazza:

P.

Korchajing:

L. Tinhtun:

E.J. McCluskey:

Space Approach, McGraw-Hill, 1963.

Introduction to Mairix Analysis:

McGraw-Hill, 1960.

Class Notes EE5501« Jan - April, 1967.

System States Analysis and Flow Graph
Diagrams in Reliability: IEEE Transaction on

Reliability Dec. 1966,

Calculation of Reliability Parameters
for Systems with repairable elements:
Telecommunications and Radio Eng. (in Russia)

Part 2, Vol. 21, Jan. 1966,

Reliability Prediction Techniques for Complex
Systems: IEEE Transactions on Reliability,
August 1966.

Introduction to the Logical Design of Switch-

ing Circuits, McGraw-Hill, 1965.



21,

22.

23.

24.

25.

26.

217.

28.

29.

30.

- 81 -

E.B. Dynkin

K. Ito, H.P. Mackean.

W. Feller

J. L. Doob

E.B. Dynkin

R. Blumenthal, R.Getoor.

N. Wiener.
N. Wiener.
K. Ito.

R.H. Cameron.

Markov Processes, Volumes I and II

Springer Verlag 1965,

Diffusion Processes and Their Sample

Paths. Springer Verlag 1965.

The General Diffusion Operator and
Positivity Preserving Semi-Groups
In One Dimension.

Annals of Mathematics Vol 60. 1954,

Martingales and One Dimensional
Diffusion. Transactions American

Mathematical Society Vol 78. 1955.

Markov Processes and Problems In
Analysis. Proceedings International
Congress of Mathematicians. Stockholm

1962.

Sample Functions of Stochastic
Processes with Stationary Independent
Increments. Journal Math. Mech.

Vol 10. 1961

Nonlinear Problems In Random Theory.

M.I. T. Press. 1958,

Differential Space. Journal Math:

Phys. Vol 2. 1923,
On Stochastic Differential Equations.

Mem. Am. Math. Soc. Vol 4. 1951,

The Generalized Heat Equation and a

Corresponding Poisson Formula.

Annals of Mathematics Vol 50. 1954,



