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Abstract

In this thesis, we study graphene’s optical and electrical properties, primarily focusing
on bilayer graphene (BLG) quantum dots (QDs). We discuss a tight-binding model to
accurately model the single-particle behavior of monolayer and bilayer graphene. Addi-
tionally, we introduce theoretical and numerical methods, including the many-body Hamil-
tonian, configuration interaction method, Bethe-Salpeter equation (BSE), and computa-
tion of Coulomb matrix elements to analyze electron-electron interactions in many-body
systems.

We examine gated BLG under a perpendicular electric field, which opens a gap in the
band structure. Next, lateral gates can be applied in a way that leads to the emergence of
a QD that effectively confines electrons and holes. Employing an atomistic tight-binding
model for millions of atoms, we compute the single-particle QD energy spectrum and dipole
matrix elements (DMEs) to analyze the oscillator strengths and optical selection rules.
We incorporate electron-electron interactions via microscopic Coulomb matrix elements
and solve the BSE to obtain the excitonic energy spectrum. Furthermore, we obtain the
excitonic absorption spectrum and predict the existence of dark low-energy exciton states.

Subsequently, we examine the effects of a shallow lateral confining potential and trigonal
warping (TW) on the electronic structure of laterally gated BLG QDs. We begin by
analyzing the influence of TW on the QD energy spectrum as the confining potential
depth varies. We find a regime where the QD levels are dominated by the presence of three
minivalleys for each K-valley. We obtain the absorption spectrum for a shallow confining
potential depth, which further amplifies the effects of TW on the optical properties. Our
results predict two degenerate bright exciton states, each built of the three minivalley
states.

Finally, we utilize an effective mass model for BLG QDs to explain the previously
observed optical selection rules, where TW effects were neglected. Labeling the QD states
with a generalized angular momentum gives deeper insights into the selection rules that
were not apparent in the atomistic model. Understanding interacting electrons and holes
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in gated BLG QDs opens potential applications in storing, detecting, and manipulating
photons in the terahertz (THz) energy range.
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Chapter 1

Introduction

1.1 Graphene

Graphene rose into the spotlight with its first isolation by Andre Geim and Konstantin

Novoselov at the University of Manchester in 2004 [1], an achievement that earned them

the Nobel Prize in 2010. They pioneered an ingenious and inexpensive method to obtain

a single graphene layer from graphite, consisting of many stacked graphene layers. Using

ordinary sticky tape, they peeled off a single layer of graphene from graphite and studied

the electronic properties of these thin graphene sheets in the presence of an externally

applied electric field, observing properties characteristic of those found in two-dimensional

semimetals. This groundbreaking work has ignited interest in graphene throughout the

scientific community ever since.

The band structure of graphene was initially analyzed theoretically by P.R. Wallace in

1946 [2], which displayed linear dispersion around the Dirac points where the conduction

and valence bands meet, resembling the dispersion of massless Dirac fermions [3,4]. Among

the two-dimensional materials, bilayer graphene, consisting of two single layers of graphene

stacked on top of each other, has attracted significant interest [5–11]. BLG provides a

more complex system due to interactions between atoms on two graphene layers, resulting

in parabolic low-energy dispersion similar to that of massive chiral quasiparticles [12–14],
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although the energy gap remains closed [15]. By using lateral gates, an electric field

can be applied perpendicular to the two layers, opening the energy gap and yielding a

voltage-tunable semiconductor [16–23]. The size of the band gap can be controlled by the

strength of the displacement field, making it tunable from zero to the mid-infrared energy

range [24]. The bandgap plays a key role in the optical and electrical properties of a

material; therefore, the continuously tunable band gap found in gated BLG has facilitated

insulating states [25], gate-tunable excitons [26, 27], and phase transitions in fractional

quantum Hall states [28]. Furthermore, this tunability enables various applications in

nanoelectronic and nanophotonics devices [17,27].

Additionally, twisting the layers of BLG relative to each other results in vast changes

in the band structure compared to untwisted BLG. Twisted BLG has become a highly re-

searched material, with the magic twist angle of approximately 1.1 degrees resulting in flat

bands [29–31] and sharp peaks in the density of states, which has lead to magnetism [32],

superconductivity [33–36] and correlated insulating phases [37–40] at low temperatures.

Moreover, there have been studies of twisted trilayer [41–44] and even twisted quadrilayer

graphene [45,46], which present a higher level of complexity with a variety of twist angles

between different layers, spanning a very large parameter space. However, this thesis will

focus primarily on BLG, particularly BLG QDs.

1.2 Quantum dots

Quantum dots enable the confinement of electrons or holes, allowing for improved control

and manipulation over the properties of these charge carriers [47]. Self-assembled and

graphene QDs garnered much attention [48–51] for their ability to confine electrons and

holes simultaneously due to their structure with a multitude of applications, including

lasers [52], light emitting diodes (LEDs) [53], storage devices [54], and sources of entangled

photon pairs via biexciton-exciton cascade [55–57]. However, their optical properties are

challenging to tune once engineered. In contrast, the gate voltages permit easy tunability

of the optical and electrical properties of lateral QDs [58–60]. The main shortcomings of
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lateral QDs are that they confine either electrons or holes, but not both simultaneously

[61,62].

Interestingly, lateral gates can be applied to BLG in a way to create a QD that effectively

confines both electrons and holes [60, 63–65] and also allows for high tunability of the

optical and electronic properties through lateral gate voltages. The ability to confine

electrons and holes simultaneously, and hence confine excitons with high tunability via

gate voltages, provides an ideal system for studying electrically tunable confined excitons

that couple strongly to light [65,66]. This has motivated Chapter 3, where we will discuss

the formation of excitons in BLG QDs and study their fine structure. Finally, the weak

spin-orbit interaction and low hyperfine coupling present in BLG [67, 68] promise long

coherence times [69], which demonstrates that BLG QDs are a promising candidate for

well-controlled long-lived valley and spin-valley qubits [70–76].

1.3 Thesis contributions

The contents of this thesis are based on research published in peer-reviewed journals,

manuscripts currently under peer review, as well as nonpublished research conducted during

my master’s. A list of manuscripts related to this thesis are:

1. K. Sadecka, Y. Saleem, D. Miravet, M. Albert, M. Korkusinski, G. Bester, and P.

Hawrylak, Electrically tunable fine structure of negatively charged excitons in gated

bilayer graphene quantum dots, Phys. Rev. B, 109, 085434 (2023).

2. M. Albert, D. Miravet, Y. Saleem, K. Sadecka, M. Korkusinski, G. Bester, and P.

Hawrylak, Optical properties of gated bilayer graphene quantum dots with trigonal

warping, arXiv:2405.09725 [cond-mat], submitted for publication to Phys. Rev. B,

2024.

For manuscript 1, I am a co-author in collaboration with other members of the Quantum

Theory Group. I reproduced all calculations and derivations involving gated BLG band
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structure, QD energy spectrum, and DME with TW. Later, I extended the previous theory

of excitons established and studied the effects of a shallow confining potential depth and

TW on the optical properties of gated BLG QDs, resulting in Manuscript 2 and Chapter

4 in this thesis.

1.4 Thesis outline

The thesis is organized as follows: Chapter 1 introduces the topics covered in the thesis,

including the history, motivation, and applications of graphene research. Next, Chapter 2

presents the numerical and theoretical methods utilized throughout this thesis.

In Chapter 3, we study gated BLG and introduce gated BLG QDs through lateral gates,

allowing the confinement of electrons and holes on separate layers of the BLG system. We

compute the QD energy spectrum and dipole matrix elements to study the optical selection

rules. We also examine excitons in a many-body system and the absorption spectrum,

neglecting the effects of trigonal warping.

Chapter 4 discusses the combined effects of a shallow confining potential depth and

the presence of minivalleys on the resulting QD energy levels due to TW. We analyze the

influence of TW on the energy spectrum as the confining potential depth varies, identifying

a regime where three minivalleys for each K-valley dominate the QD conduction and valence

band levels. Considering both K-valleys, this results in six-fold degenerate QD levels, which

become twelve-fold degenerate when including spin. We also study the effects of TW on the

optical selection rules, exciton spectrum, and absorption spectrum for a shallow confining

potential depth, which amplifies the effects of TW on the optical properties.

Chapter 5 presents an effective mass model for BLG QDs that considers parabolic and

Gaussian confining potentials separately. This model aims to explain better the optical

selection rules obtained in Chapter 3, where the effects of trigonal warping were neglected.
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Chapter 2

Methodology

This chapter will discuss the models and numerical methods utilized throughout this thesis.

Section 2.1 will begin with a discussion of an atomistic tight-binding model, which will be

the building block for our analysis. The analysis is conducted in the single electron picture

for monolayer bulk graphene, and an extension will be made to bulk bilayer graphene.

Here, we will construct the bulk Hamiltonian for both monolayer and bilayer graphene and

study the electronic properties, such as the band structure.

Then, we will study the many-body Hamiltonian, which we will use to describe a more

complex system consisting of multiple electrons, including the electron-electron interac-

tions via Columb matrix elements. We will explain how to derive and compute these

Coulomb matrix elements numerically. Additionally, we will outline a derivation of the

Bethe-Salpeter equation (BSE), which we will use to solve for the exciton energy spectrum

and wavefunctions when we study bilayer graphene quantum dots.

Finally, we will conclude with an essential numerical technique called the configuration

interaction (CI) method. This method allows us to obtain solutions consisting of multiple

electron-hole pair configurations and represents a fully numerical alternative to the BSE

equation. One can use CI to study one and two-electron-hole pair excitations, particularly

biexcitons, and their interaction and mixing with excitons in BLG QDs.
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2.1 Tight-binding model

The tight-binding model is a commonly employed method to accurately and simply model

the electrical properties of graphene and other two-dimensional materials, such as MoS2 [77]

and WSe2 [61]. It allows for an accurate prediction of the band structure in large systems

consisting of millions of atoms. Let’s consider the Hamiltonian describing an electron in

the presence of a single effective atom Hat(r⃗):

Hat(r⃗) = − ℏ2

2m
∇2 + Vat(r⃗), (2.1)

where the first term represents the kinetic energy of the electron and the second term

accounts for the interaction with the effective potential of the atom. Consider eigenstates

ϕm(r⃗) of the single effective atom Hamiltonian, they satisfy the Schrodinger equation:

Hat(r⃗)ϕm(r⃗) = εmϕm(r⃗), (2.2)

where εm are the energy levels with eigenfunctions ϕm(r⃗). If we consider the Hamiltonian

of an electron in a crystal with N atoms:

H(r⃗) = − ℏ2

2m
∇2 +

N∑
n=1

Vat(r⃗ − R⃗n). (2.3)

To diagonalize H(r⃗), we can write our wavefunction as a linear combination of atomic

orbitals m centered on an atom n at position R⃗n:

ψ(r⃗) =
N∑

n=1

Cn ϕm(r⃗ − R⃗n). (2.4)

Using the wavefunction form in Eq. (2.1), one can construct the Hamiltonian of the crystal

and diagonalize it to obtain the eigenvalues. The tight-binding model assumes that the

overlap of wavefunctions localized on different atoms is minimal and that the electron on

a single atom is tightly bound. This assumption means that the orbitals are essentially
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orthogonal to one another, i.e.:∫
ϕ∗
m(r⃗ −Rn′)ϕm(r⃗ −Rm′)dr⃗ = δn′,m′ , (2.5)

which is the overlap between m orbitals localized on atoms n′ and m′. In the subsequent

sections, we will use the tight-binding model to obtain the band structure of bulk monolayer

and bilayer graphene, and we will consider Slater-like pz orbitals, which have the following

form [3]:

ϕz(r⃗ − R⃗i) =

(
ξ5

32π

) 1
2

(z − zi)e
−ξ|r⃗−r⃗i|

2 , (2.6)

where ξ = 3.25 in units of inverse Bohr radii and r⃗i is the position of the carbon atom i in

Bohr radii.

2.1.1 Tight-binding model for bulk graphene

"⃗!

"⃗$

#
$
%

Figure 2.1: Structure of monolayer graphene with atoms on sublattice A (blue) and B

(red). The primitive unit cell vectors a⃗1 and a⃗2, and the nearest neighbour vector b⃗ are
illustrated.
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In this section, we will derive the Hamiltonian for a single layer of bulk graphene and

study the resulting band structure following Wallace’s derivation in 1946 [2, 3]. Graphene

consists of carbon atoms arranged in a hexagonal honeycomb pattern, as depicted in

Fig. 2.1. The unit cell comprises one atom from sublattice A and one from sublattice

B, with the selected unit cell vectors defined as a⃗1 = a(0,
√

3) and a⃗2 = a
2
(3,−

√
3), where

the NN in-plane bond length is a = 0.143 nm. The positions of the atoms within sublattices

A and B are given by:

R⃗A = na⃗1 +ma⃗2, (2.7)

R⃗B = na⃗1 +ma⃗2 + b⃗, (2.8)

where n and m are integers, and b⃗ = a
2
(1,

√
3) is a vector that connects an atom in sublattice

A to an atom in sublattice B within a unit cell. We can solve for the reciprocal lattice

vectors using the condition b⃗j · a⃗i = 2πδi,j, which can be expressed in matrix form as:(
b1x b1y

b2x b2y

)(
a1x a2x

a1y a2y

)
= 2π

(
1 0

0 1

)
. (2.9)

Solving Eq. (2.9) yields the reciprocal vectors b⃗1 =
(

2π
3a
, 2π√

3a

)
and b⃗2 =

(
4π
3a
, 0
)
. Utilizing

Bloch’s theorem [78], the wavefunctions of an electron on sublattice A and B can be written

as:

ψA
k⃗

(r⃗) =
1√
N

∑
R⃗A

eik⃗·R⃗Aϕz(r⃗ − R⃗A), (2.10a)

ψB
k⃗

(r⃗) =
1√
N

∑
R⃗B

eik⃗·R⃗Bϕz(r⃗ − R⃗B), (2.10b)

where ϕz(r⃗ − R⃗A) is a pz orbital localized on an atom at position R⃗A and N is the total

number of unit cells. The electron wavefunction can be written as a linear combination of

the wavefunctions on sublattices A and B as:

ψk⃗(r⃗) = Ak⃗ψ
A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗). (2.11)
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The Hamiltonian that describes our system is given by:

Ĥ =
p2

2m
+
∑
R⃗A

V (r⃗ − R⃗A) +
∑
R⃗B

V (r⃗ − R⃗B), (2.12)

where the first term gives the kinetic energy of the electron while the second and third

terms account for the interaction with the effective potential of atoms on sublattices A and

B, respectively. We now write the Schrodinger equation:

Ĥψk⃗(r⃗) = Ekψk⃗(r⃗). (2.13)

Using Eq. (2.11), we can write Eq. (2.13) as:

Ĥ(Ak⃗ψ
A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗)) = Ek(Ak⃗ψ
A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗)), (2.14)

or in Dirac notation:

Ĥ(Ak⃗|ψ
A
k⃗
⟩ +Bk⃗|ψ

B
k⃗
⟩) = Ek(Ak⃗|ψ

A
k⃗
⟩ +Bk⃗|ψ

B
k⃗
⟩). (2.15)

To build our Hamiltonian matrix, we first apply ⟨ψA
k⃗
| to Eq. (2.15) which gives:

Ak⃗⟨ψ
A
k⃗
|Ĥ|ψA

k⃗
⟩ +Bk⃗⟨ψ

A
k⃗
|Ĥ|ψB

k⃗
⟩ = EkAk⃗, (2.16)

where we have assumed that the wavefunctions on the sublattices are orthonormal. Simi-

larly, we can apply ⟨ψB
k⃗
| to Eq. (2.15) which gives:

Ak⃗⟨ψ
B
k⃗
|Ĥ|ψA

k⃗
⟩ +Bk⃗⟨ψ

B
k⃗
|Ĥ|ψB

k⃗
⟩ = EkBk⃗. (2.17)

Combining Eq. (2.16) and Eq. (2.17) gives an eigenvalue equation:(
⟨ψA

k⃗
|Ĥ|ψA

k⃗
⟩ ⟨ψA

k⃗
|Ĥ|ψB

k⃗
⟩

⟨ψB
k⃗
|Ĥ|ψA

k⃗
⟩ ⟨ψB

k⃗
|Ĥ|ψB

k⃗
⟩

)(
Ak⃗

Bk⃗

)
= Ek⃗

(
Ak⃗

Bk⃗

)
. (2.18)
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We first begin by computing the element ⟨ψA
k⃗
|Ĥ|ψA

k⃗
⟩, where we expand it using Eq. (2.12)

as:

⟨ψA
k⃗
|Ĥ|ψA

k⃗
⟩ = ⟨ψA

k⃗
| p

2

2m
+
∑
R⃗A

V (r⃗ − R⃗A)|ψA
k⃗
⟩ + ⟨ψA

k⃗
|
∑
R⃗B

V (r⃗ − R⃗B)|ψA
k⃗
⟩. (2.19)

We can expand the first term in Eq. (2.19) as:

⟨ψA
k⃗
| p

2

2m
+
∑
R⃗A

V (r⃗ − R⃗A)|ψA
k⃗
⟩ =

1

N

∑
R⃗A,R⃗′

A

eik⃗·(R⃗A−R⃗′
A)

∫
dr⃗ϕ∗

z(r⃗ − R⃗′
A)

p2

2m
ϕz(r⃗ − R⃗A)

(2.20)

+
1

N

∑
R⃗A,R⃗′

A,R⃗′′
A

eik⃗·(R⃗A−R⃗′
A)

∫
dr⃗ϕ∗

z(r⃗ − R⃗′
A)V (r⃗ − R⃗′′

A)ϕz(r⃗ − R⃗A).

In the NN approximation, the terms that contribute involve R⃗A = R⃗′
A and R⃗A = R⃗′

A = R⃗′′
A

in the first and second terms of Eq. (2.20), respectively. This gives:

⟨ψA
k⃗
| p

2

2m
+
∑
R⃗A

V (r⃗ − R⃗A)|ψA
k⃗
⟩ =

∫
dr⃗ϕ∗

z(r⃗ − R⃗A)
p2

2m
ϕz(r⃗ − R⃗A) (2.21)

+

∫
dr⃗ϕ∗

z(r⃗ − R⃗A)V (r⃗ − R⃗A)ϕz(r⃗ − R⃗A). (2.22)

The Slater orbitals fulfill Eq. (2.2), resulting in:

⟨ψA
k⃗
| p

2

2m
+
∑
R⃗A

V (r⃗ − R⃗A)|ψA
k⃗
⟩ ≈ ϵA, (2.23)

where ϵA is the onsite energy of sublattice A. The second term in Eq. (2.19) can be expanded

as:

⟨ψA
k⃗
|
∑
R⃗B

V (r⃗ − R⃗B)|ψA
k⃗
⟩ =

1

N

∑
R⃗A,R⃗′

A,R⃗B

eik⃗·(R⃗A−R⃗′
A)

∫
dr⃗ϕ∗

z(r⃗ − R⃗′
A)V (r⃗ − R⃗B)ϕz(r⃗ − R⃗A),

(2.24)
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which consists of three center integrals. It describes the hopping of an electron on an atom

from sublattice A to another atom on sublattice A while feeling the potential from atoms

on sublattice B. Since atoms on sublattice A are next NN with each other, this term can

be neglected in the NN approximation. Therefore we have:

⟨ψA
k⃗
|Ĥ|ψA

k⃗
⟩ = ϵA. (2.25)

Similarly, for the other diagonal matrix element of Eq. (2.18):

⟨ψB
k⃗
|Ĥ|ψB

k⃗
⟩ = ϵB, (2.26)

where we take ϵA = ϵB = ϵ as there should be no difference in the onsite energy between

those of atoms in sublattice A and B. Next, we compute the off-diagonal elements of

Eq. (2.18) beginning with ⟨ψB
k⃗
|Ĥ|ψA

k⃗
⟩:

⟨ψB
k⃗
|Ĥ|ψA

k⃗
⟩ = ⟨ψB

k⃗
| p

2

2m
+
∑
R⃗A

V (r⃗ − R⃗A)|ψA
k⃗
⟩ + ⟨ψB

k⃗
|
∑
R⃗B

V (r⃗ − R⃗B)|ψA
k⃗
⟩

= ϵ⟨ψB
k⃗
|ψA

k⃗
⟩ +

1

N

∑
R⃗A,R⃗B ,R⃗′

B

eik⃗·(R⃗A−R⃗B)

∫
dr⃗ϕ∗

z(r⃗ − R⃗B)V (r⃗ − R⃗′
B)ϕz(r⃗ − R⃗A)

=
1

N

∑
⟨R⃗A,R⃗B⟩

eik⃗·(R⃗A−R⃗B)

∫
dr⃗ϕ∗

z(r⃗ − R⃗B)V (r⃗ − R⃗B)ϕz(r⃗ − R⃗A), (2.27)

where we have neglected three center integrals (R⃗B ̸= R⃗′
B) and, in the last step, have

restricted our summation over NN. The summation will run over all atoms in sublattice

A, and for each of these atoms, the corresponding three NN in sublattice B, as shown in

Fig. 2.1. We can define the hopping integral for NNs as:

t =

∫
dr⃗ϕ∗

z(r⃗ − R⃗B)V (r⃗ − R⃗B)ϕz(r⃗ − R⃗A), (2.28)
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which allows us to write Eq. (2.27) as:

⟨ψB
k⃗
|Ĥ|ψA

k⃗
⟩ =

t

N

∑
⟨R⃗A,R⃗B⟩

eik⃗·(R⃗A−R⃗B)

=
t

N
·N(eik⃗·δ⃗1 + eik⃗·δ⃗2 + eik⃗·δ⃗3) (2.29)

= teik⃗·⃗b(1 + e−ik⃗·⃗a1 + e−ik⃗·(a⃗2+a⃗1)).

The NN vectors δ⃗1, δ⃗2 and δ⃗3 are given by:

δ⃗1 = b⃗, (2.30a)

δ⃗2 = b⃗− a⃗1, (2.30b)

δ⃗3 = b⃗− a⃗2 − a⃗1. (2.30c)

If we define f(k⃗) = eik⃗·⃗b(1 + e−ik⃗·⃗a1 + e−ik⃗·(a⃗2+a⃗1)) and take ϵ = 0 which is just a shift in the

energy, Eq. (2.18) becomes:(
0 tf(k⃗)

tf ∗(k⃗) 0

)(
Ak⃗

Bk⃗

)
= Ek⃗

(
Ak⃗

Bk⃗

)
. (2.31)

Diagonalizing the Hamiltonian in Eq. (2.31) results in energies given by:

E±
k⃗

= ±t|f(k⃗)|, (2.32)

where the positive and negative energies correspond to the conduction and valence bands,

respectively. The resulting band structure is presented in Fig. 2.2. The valence (blue) and

conduction (red) bands touch at certain points in the Brillouin zone, specifically at the K

and K’ points. Since there is no energy gap between the valence and conduction bands,

graphene is a semimetal.

12
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Figure 2.2: The band structure of monolayer graphene in the NN approximation with
conduction band (red) and valence band (blue). The hopping element t is set to −2.8 eV.

2.1.2 Tight-binding model for bulk bilayer graphene

In this section, we will extend our tight-binding model to bilayer graphene. In particular,

we will focus on Bernal-stacked bilayer graphene [79], as shown in Fig. 2.3. We begin by

writing the wavefunction for our lattice as a linear combination of the wavefunctions on

sublattices A1, B1, A2 and B2 as:

ψk⃗(r⃗) = A1
k⃗
ψA1

k⃗
(r⃗) +B1

k⃗
ψB1

k⃗
(r⃗) + A2

k⃗
ψA2

k⃗
(r⃗) +B2

k⃗
ψB2

k⃗
(r⃗), (2.33)

where the wavefunction of each of the four sublattices can be expressed in the same form

using Bloch’s theorem as in Eq. (2.10). The Hamiltonian describing our bilayer graphene

system is similar to that of Eq. (2.12) but extended for four sublattices:

Ĥ =
p2

2m
+
∑
R⃗A1

V (r⃗ − R⃗A1) +
∑
R⃗B1

V (r⃗ − R⃗B1) +
∑
R⃗A2

V (r⃗ − R⃗A2) +
∑
R⃗B2

V (r⃗ − R⃗B2). (2.34)

13
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Figure 2.3: Structure of Bernal-stacked bilayer graphene with atoms on sublattice A (blue)
and B (red). The solid circles represent atoms on the bottom layer and the open circles
are atoms on the top layer. The primitive unit cell vectors a⃗1 and a⃗2, and the nearest
neighbour vector b⃗ are also illustrated.

We can now construct the Schrodinger equation and solve for each element of the

4 × 4 matrix as was done in the previous section for monolayer graphene, and we will

obtain [12,80–82]:

Hbulk(k⃗) =


0 γ0f(k⃗) γ4f(k⃗) γ3f

∗(k⃗)

γ0f
∗(k⃗) 0 γ1 γ4f(k⃗)

γ4f
∗(k⃗) γ1 0 γ0f(k⃗)

γ3f(k⃗) γ4f
∗(k⃗) γ0f

∗(k⃗) 0

 , (2.35)

where the parameter γ0 = −2.5 eV represents the NN intralayer hopping and γ1 = 0.34 eV

denotes the interlayer hopping between pairs of orbitals on sublattices B1 and A2 [60].

14



These values for γ0 and γ1 were determined through fitting tight-binding parameters to ab

initio density functional theory calculations of the BLG band structure [65]. The param-

eters γ3 and γ4 describe the next NN interlayer hopping. The inclusion of γ3 introduces

the effects of TW, and we will study its effects in great detail in Chapter 4. For now, we

neglect the effects of γ3 and γ4 and our Hamiltonian simplifies to:

Hbulk(k⃗) =


0 γ0f(k⃗) 0 0

γ0f
∗(k⃗) 0 γ1 0

0 γ1 0 γ0f(k⃗)

0 0 γ0f
∗(k⃗) 0

 . (2.36)

Taking a path between the K and K’ points and passing through the Γ point, as depicted

in Fig. 3.1(b), we can diagonalize the 4×4 Hamiltonian given in Eq. (2.36) for each k-point

to obtain the band structure presented in Fig. 2.4(a). The valence and conduction bands

K

b)a)

Figure 2.4: The band structure of bilayer graphene neglecting γ3 and γ4 with conduction
band (red) and valence band (blue) (a) along the path from K’ to K passing through Γ (b)
zoomed in around K point.

touch at the K and K’ points, resulting in a zero energy gap, making BLG a semimetal, as

was the case with monolayer graphene. Fig. 2.4(b) depicts a 3D zoom around the K point,

revealing parabolic dispersion, which differs from the linear dispersion found in monolayer
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graphene. To open an energy gap, we apply an external electric field perpendicular to the

layers, resulting in a potential of VE/2 (−VE/2) on the bottom (top) layer and an overall

potential difference between layers of VE = 380 meV. The resulting Hamiltonian is given

by:

Hbulk(k⃗) =


VE

2
γ0f(k⃗) 0 0

γ0f
∗(k⃗) VE

2
γ1 0

0 γ1 −VE

2
γ0f(k⃗)

0 0 γ0f
∗(k⃗) −VE

2

 . (2.37)

After diagonalizing the Hamiltonian given above near the K point, we have an energy

gap opening, as shown in Fig. 2.5. The energy difference between the lowest conduction

band (CB) and highest valence band (VB) equals the displacement voltage VE at the K

point. In Chapter 3, we will revisit this gated bilayer graphene Hamiltonian and consider

a QD with a Gaussian-shaped potential profile. This potential profile will allow for the

confinement of electrons and holes on different layers of the bilayer graphene structure.

2.2 Configuration interaction method

In this section, I will briefly outline the configuration interaction (CI) method, also known

as exact diagonalization. This method allows for an accurate description of the effects

of electron-electron interactions and is particularly useful for studying excitations where

an electron is promoted to the CB, leaving behind a hole in the VB, thereby forming an

exciton. Consider the many-electron Hamiltonian, written in the basis of single-particle

QD states given by:

ĤMB =
∑
p,σ

Epc
†
p,σcp,σ +

1

2

∑
p,q,r,s

∑
σ,σ′

⟨p, q|VC |r, s⟩ c†p,σc
†
q,σ′cr,σ′cs,σ −

∑
p,s,σ

V P
p,sc

†
p,σcs,σ, (2.38)

where the operators c†p,σ (cp,σ) create (annihilate) an electron in a QD state p with spin σ.

The summation indices in Eq. (2.38) run over all QD states and spin up and down. The

first term, Ep,σ, represents the single-particle QD energies and the second term accounts for
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Γ

Figure 2.5: The band edges of gated bilayer graphene along the path Γ − K around the
K point with a displacement voltage of VE = 380 meV, γ0 = −2.5 eV and γ1 = 0.34 eV,
neglecting trigonal warping effects.

the electron-electron interactions with potential VC = e2

4πϵ0κ|r⃗1−r⃗2| , where ϵ0 is the vacuum

permittivity and κ is the dielectric constant and is taken as κ = 6 [3, 65]. The explicit

expression for the Coulomb matrix elements ⟨p, q|VC |r, s⟩ is given by:

⟨p, q|VC |r, s⟩ =

∫∫
dr⃗1 dr⃗2 φ

∗
p(r⃗1)φ

∗
q(r⃗2)φr(r⃗2)φs(r⃗1)

e2

4πϵ0κ|r⃗1 − r⃗2|
. (2.39)

The Coulomb matrix elements in the above equation can be written in terms of Slater-like

pz orbitals and computed numerically; this will be explained in more detail in a subsequent

section of this chapter. In the last term, we consider a positive charge background to
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maintain charge neutrality of the system and model it as:

V P
n1,n2

=
Nocc∑
n

⟨n1, n|VC |n, n2⟩ . (2.40)

We assume that the positive charges occupy orbitals identical to those of electrons and

have the same distribution as the electrons in a filled VB. To diagonalize the many-body

Hamiltonian in Eq. (2.38), we write the wavefunction as a linear combination of Slater

determinants |S⟩:
|Ψ⟩ =

∑
s

As |S⟩ , (2.41)

where |S⟩ is a configuration that can expressed as:

|S⟩ =
L∏
i=1

(c†i,↑)
αi,↑

L∏
i=1

(c†i,↓)
αi,↓|0⟩, (2.42)

where L is the number of QD states, |0⟩ represents the vacuum state, and αi = 0, 1,

indicating whether the state is unoccupied (0) or occupied (1). When including all possible

configurations, the Hamiltonian can be diagonalized exactly. However, the basis size grows

rapidly with the number of VB and CB QD states and becomes computationally expensive

quickly. In the next section, we will restrict our configurations to one-pair excitations from

the ground state, that is:

|q, p, σ⟩ = c†q,σcp,σ |GS⟩ , (2.43)

where an electron is removed from the VB state p with spin σ, and excited to a CB state

q with the same spin and the many-electron ground state is defined as:

|GS⟩ =
∏
i∈V B

c†i,↑
∏
i∈V B

c†i,↓|0⟩, (2.44)

which corresponds to a fully occupied VB. To translate the configuration given in Eq. (2.42)

into something that can be coded, we can create an array and organize our states with
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spin up on the left and spin down on the right as:

|S⟩ = |α1,↑α2,↑...αj,↑...αL,↑;α1,↓α2,↓...αj,↓...αL,↓⟩. (2.45)

It is important that we maintain consistency and organize the spin up creation operators

on the left and spin down creation operators on the right. Let’s now consider the action

of a creation operator on the general state |S⟩ given in Eq. (2.42):

c†j,σ|S⟩ = c†j,σ

L∏
i=1

(c†i,↑)
αi,↑

L∏
i=1

(c†i,↓)
αi,↓|0⟩. (2.46)

Consider the case where σ =↓, then Eq. (2.46) becomes:

c†j,↓

L∏
i=1

(c†i,↑)
αi,↑

L∏
i=1

(c†i,↓)
αi,↓|0⟩ = (−1)

∑L
i=1 αi,↑

L∏
i=1

(c†i,↑)
αi,↑c†j,↓

L∏
i=1

(c†i,↓)
αi,↓|0⟩

= (−1)
∑L

i=1 αi,↑

L∏
i=1

(c†i,↑)
αi,↑(−1)

∑j−1
i=1 αi,↓

j−1∏
i=1

(c†i,↓)
αi,↓c†j,↓(c

†
j,↓)

αj,↓

L∏
i=j+1

(c†i,↓)
αi,↓|0⟩

= (−1)
∑L

i=1 αi,↑(−1)
∑j−1

i=1 αi,↓

L∏
i=1

(c†i,↑)
αi,↑

j−1∏
i=1

(c†i,↓)
αi,↓c†j,↓(1 − αj,↓)

L∏
i=j+1

(c†i,↓)
αi,↓|0⟩

= (1 − αj,↓)(−1)
∑L

i=1 αi,↑(−1)
∑j−1

i=1 αi,↓ |α1,↑...αj,↑...αL,↑;α1,↓...αj−1,↓, 1, αj+1,↓...αL,↓⟩. (2.47)

If we had considered the case where σ =↑ in Eq. (2.46), we would obtain a simpler expres-

sion given by:

c†j,↑|S⟩ = (1 − αj,↑)(−1)
∑j−1

i=1 αi,↑|α1,↑...αj−1,↑, 1, αj+1,↑...αL,↑;α1,↓...αj,↓...αL,↓⟩. (2.48)

Similarly, for the annihilation operator acting on |S⟩ one can show that:

cj,↓|S⟩ = αj,↓(−1)
∑L

i=1 αi,↑(−1)
∑j−1

i=1 αi,↓|α1,↑...αj,↑...αL,↑;α1,↓...αj−1,↓, 0, αj+1,↓...αL,↓⟩,
(2.49a)

cj,↑|S⟩ = αj,↑(−1)
∑j−1

i=1 αi,↑|α1,↑...αj−1,↑, 0, αj+1,↑...αL,↑;α1,↓...αj,↓...αL,↓⟩. (2.49b)
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Eqs. (2.47), (2.48), and (2.49) can be used to code functions for the creation operators

that act on arrays corresponding to configurations. In this way, we can apply the many-

electron Hamiltonian given in Eq. (2.38) on each basis states and construct the Hamiltonian

matrix elements in the basis of configurations. Next, we can diagonalize this Hamiltonian

to obtain the energy spectrum and wavefunctions. It is essential to ensure that the chosen

basis of configurations is sufficiently large to describe the energy region of interest while

ensuring that the Hilbert space is not so large that it introduces computational challenges.

An explicit example of this CI method is provided in the next chapter, where we derive

the BSE, which will be used to study excitons.

2.3 Bethe-Salpeter equation

In this section, we will derive the BSE, which we will use to obtain the exciton energy

spectrum and wavefunctions. I would like to note that I am following a derivation of

Ref. 65. First, consider a system such that the ground state can be written as a single

Slater determinant, with a fully occupied VB defined by:

|GS⟩ =
Nocc∏
p,σ

c†p,σ |0⟩ , (2.50)

where the operators c†p,σ (cp,σ) create (annihilate) an electron in a QD state p with spin σ.

The index p runs over the occupied VB states and Nocc is the number of states that are

occupied. We can write our exciton wavefunction as a linear combination of electron-hole

pair excitations that conserve Sz:

|Ψµ⟩ =
∑
p,q,σ

Aµ
p,q,σc

†
q,σcp,σ |GS⟩ . (2.51)

Here, µ indexes the exciton states and the index p runs over all VB states, while q

covers all CB states. The amplitudes Aµ
p,q,σ can be obtained by solving the BSE equation,

which we will now derive. We begin with the many-electron Hamiltonian written in the

20



basis of single-particle QD states given by:

ĤMB =
∑
p,σ

Epc
†
p,σcp,σ +

1

2

∑
p,q,r,s

∑
σ,σ′

⟨p, q|VC |r, s⟩ c†p,σc
†
q,σ′cr,σ′cs,σ −

∑
p,s,σ

V P
p,sc

†
p,σcs,σ, (2.52)

where the summation indices run over all QD states as well as spin up and down. We can

write this many-electron Hamiltonian in a more compact notation with indices consisting

of single-particle QD state and spin:

ĤMB =
∑
n

Enc
†
ncn +

1

2

∑
n1,n2,n3,n4

⟨n1, n2|VC |n3, n4⟩ c†n1
c†n2
cn3cn4 −

∑
n1,n2

V P
n1n2

c†n1
cn2

=Ĥ1 + Ĥ2 − Ĥ3

(2.53)

The exciton wavefunction in Eq. (2.51) written in compact notation becomes:

|Ψµ⟩ =
∑
a,b

Aµ
a,bc

†
bca |GS⟩ =

∑
s

Aµ
s |Xs⟩ . (2.54)

Acting the many-electron Hamiltonian in Eq. (2.53) on the exciton wavefunction in

Eq. (2.54) and utilizing the Schrodinger equation, we obtain:

ĤMB |Ψµ⟩ = Eµ |Ψµ⟩ (2.55)

Acting ⟨Ψµ′ | to the above equation gives:∑
s1

Aµ
s1
⟨Xs2|Ĥ1 + Ĥ2 − Ĥ3|Xs1⟩ = EµA

µ
s2
. (2.56)

We first compute the single-particle term:

⟨Xs2 |Ĥ1|Xs1⟩ =
∑
n

En⟨GS|c†a2cb2c
†
ncnc

†
b1
ca1 |GS⟩ . (2.57)

To compute the expectation value of the above can be very long and tedious, but we can
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use Wick’s theorem [83] to help evaluate these expectation values, which gives:

⟨GS|c†a2cb2c
†
ncnc

†
b1
ca1 |GS⟩ = δa2,n⟨GS|cb2c†nc

†
b1
ca1 |GS⟩ + δa2,a1⟨GS|cb2c†ncnc

†
b1
|GS⟩ , (2.58)

where we have used the fact that a1 and a2 are from the VB and b1 and b2 are from the CB,

so we cannot have a = b. In a similar way we can solve for the terms ⟨GS|cb2c†nc
†
b1
ca1 |GS⟩

and ⟨GS|cb2c†ncnc
†
b1
|GS⟩:

⟨GS|cb2c†nc
†
b1
ca1|GS⟩ = −⟨GS|cb2c

†
b1
|GS⟩

〈
GS

∣∣c†nca1∣∣GS〉 = −δb2,b1δn,a1 . (2.59)

And:

⟨GS|cb2c†ncnc
†
b1
|GS⟩ = δb2,nδn,b1 + δb2,b1δn≤Nocc , (2.60)

where the condition on δn≤Nocc is used to ensure that the state n corresponds to an occupied

VB state. Bringing everything together in Eq. (2.59) and Eq. (2.60) gives:

⟨GS|c†a2cb2c
†
ncnc

†
b1
ca1 |GS⟩ = −δa2,nδb2,b1δn,a1 + δa2,a1δb2,nδn,b1 + δa2,a1δb2,b1δn≤Nocc , (2.61)

Substituting the above into Eq. (2.57) results in the following:

⟨Xs2|Ĥ1|Xs1⟩ =
∑
n

En(−δa2,nδb2,b1δn,a1 + δa2,a1δb2,nδn,b1 + δa2,a1δb2,b1δn≤Nocc)

= δa1,a2δb2,b1

(
Eb1 − Ea1 +

Nocc∑
n

En

)
.

(2.62)

Next, we compute the Coulomb term:

⟨Xs2|Ĥ2|Xs1⟩ =
1

2

∑
n1,n2,n3,n4

⟨n1, n2|VC |n3, n4⟩ ⟨GS|c†a2cb2c
†
n1
c†n2
cn3cn4c

†
b1
ca1 |GS⟩. (2.63)

Following similar algebra as was done for the single-particle term and using Wick’s theorem,
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we obtain:

⟨Xs2|Ĥ2|Xs1⟩ = ⟨a1, b2|VC | a2, b1⟩ − ⟨a1, b2|VC | b1, a2⟩

− δb1,b2

Nocc∑
n

[⟨ a1, n |VC |n, a2⟩ − ⟨n, a1 |VC |n, a2⟩]

+ δa1,a2

Nocc∑
n

[⟨ b2, n |VC |n, b1⟩ − ⟨n, b2 |VC |n, b1 ⟩]

+ δa1,a2δb1,b2

Nocc∑
n<n1

[⟨ n1, n |VC |n, n1⟩ − ⟨n1, n |VC |n1, n⟩] .

(2.64)

Lastly, we have the positive background term, which is given by:

⟨Xs2|Ĥ3|Xs1⟩ = δb1,b2

Nocc∑
n

⟨a1, n |VC |n, a2⟩ + δa1,a2

Nocc∑
n

⟨b2, n |VC |n, b1⟩

+ δa1,a2δb1,b2

Nocc∑
n,n1

⟨n1, n |VC |n, n1⟩.
(2.65)

The first two terms describe the scattering of a hole in the VB and an electron in the

CB given by the interaction with the positive background, respectively, while the third

term represents the interaction of the filled VB with the background. We want to measure

the energy of an exciton relative to the energy of the ground state, and so we must first

compute the ground state energy. The energy of the ground state can be found as follows:

⟨GS|ĤMB|GS⟩ =
Nocc∑
n

En +
Nocc∑
n<n1

[⟨n1, n|VC |n, n1⟩−⟨n1, n|VC |n1, n⟩]−
∑
n,n1

⟨n1, n|VC |n, n1⟩ .

(2.66)

We can now subtract the ground state energy found in Eq. (2.66) from the energy of our
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exciton to obtain the energy of the exciton relative to the ground state:

⟨Xs2|Ĥ|Xs1⟩ − δs2,s1⟨GS|ĤMB|GS⟩ = δa1,a2δb2,b1 [Eb1 − Ea1 ] + ⟨a1, b2 |VC | a2, b1⟩

− ⟨a1, b2 |VC | b1, a2⟩ + δb1,b2

Nocc∑
m

⟨n, a1 |VC |n, a2⟩

− δa1,a2

Nocc∑
n

⟨n, b2 |VC |n, b1⟩ .

(2.67)

If we assume that the scattering elements of the form ⟨n, i|VC |n, j⟩ with i ̸= j are negligible

we can obtain a more compact form:

⟨Xs2|Ĥ|Xs1⟩ − δs2,s1⟨GS|ĤMB|GS⟩ = δa1,a2δb2,b1 [Eb1 + Σ(b1) − (Ea1 + Σ(a1))]

+ ⟨a1, b2 |VC | a2, b1⟩ − ⟨a1, b2 |VC | b1, a2⟩ ,
(2.68)

Substituting Eq. (2.68) into Eq. (2.56) gives the BSE:[
(Eq +

∑
q,σ) − (Ep +

∑
p,σ)
]
Aµ

p,q,σ +
∑

p′,q′,σ′

[⟨p′, q|VC |p, q′⟩ − ⟨p′, q|VC |q′, p⟩ δσ,σ′ ]Aµ
p′,q′,σ′

= EµA
µ
p,q,σ,

(2.69)

where the self-energies Σq,σ = −
∑

p,σ′ δσ,σ′ ⟨p, q|VC |p, q⟩ renormalize the electron-hole pair

energy and p indexes VB states with spin σ′. Eq. (2.69) matches the expression for the

BSE found in Ref. 65. We will solve the BSE in Chapters 3 and 4, where we will study

excitons in BLG QDs in the presence of deep and shallow confinement as well as the effects

of TW.

2.4 Coulomb matrix elements

This section will briefly outline the procedure for computing the Coulomb matrix elements

necessary for studying many-body interactions. These Coulomb matrix elements will be

needed in Chapters 3 and 4, where we study excitons in BLG QDs. Throughout this thesis,
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I have used the Coulomb matrix elements codes provided to me by Dr. Yasser Saleem and

Dr. Daniel Miravet. Recalling the many-electron Hamiltonian in Eq. (2.38) written in

terms of single-particle QD states, we need to compute ⟨p, q|VC |r, s⟩. The expression for

the wavefunctions of the single-particle QD states is given by:

|s⟩ =
∑
i

Ds
i |i⟩ , (2.70)

where Ds
i are the amplitudes, the sum goes over all atoms within each sublattice, and |i⟩

is a Slater-like pz orbital localized on atom i. In Chapter 3, we analyze the form of the

QD wavefunctions and study their charge density in real and momentum space. Using

Eq. (2.70), we can write the Coulomb matrix elements ⟨p, q|VC |r, s⟩ between different QD

states in terms of orbitals localized on different atoms as:

⟨p, q|VC |r, s⟩ =
∑
i,j,k,l

(Dp
i )∗ (Dq

j )
∗Dr

kD
s
l ⟨i, j|VC |k, l⟩ , (2.71)

where ⟨i, j|VC |k, l⟩ is given by:

⟨i, j|VC |k, l⟩ =

∫∫
dr⃗1 ϕ

∗
z(r⃗1 − R⃗i)ϕz(r⃗1 − R⃗l)dr⃗2 ϕ

∗
z(r⃗2 − R⃗j)ϕz(r⃗2 − R⃗k)

e2

4πϵ0κ|r⃗1 − r⃗2|
.

(2.72)

It is important to note that one must compute n4
SP of these Coulomb matrix elements

⟨p, q|VC |r, s⟩, where nSP is the number of single-particle QD states chosen. In the sub-

sequent chapter, we take 32 QD states around the Fermi level, resulting in 1, 048, 576

Coulomb matrix elements. Additionally, we will consider a computational box with over

a million atoms, leading to the sum in Eq. (2.71), giving a computational complexity of

O(N4) with around 1024 operations for this case.

We will only consider direct terms ⟨i, j|VC |j, i⟩ as they provide the dominant contribu-

tions while scattering between different atoms has a much smaller impact. For the first case

where the atomic positions R⃗i, R⃗j, R⃗k, and R⃗l are near each other, the integral in Eq. (2.72)

must be computed exactly using the Slater-like pz orbitals defined in Eq. (2.6). Table 2.1
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lists direct Coulomb matrix elements computed by numerical integration as reported in

Ref. 64. The indices for atoms 1,2, 3, and 4 are defined such that when the values differ

by 0, it represents that atoms i and j are identical; a difference of 1 indicates they are

NNs; a difference of 2 indicates they are NNNs and a difference of 3 indicates they are next

NNNs. The second case we will consider is long-ranged interaction, that is, for R⃗i = R⃗l

Coulomb matrix element Value (eV) Layer relation
⟨1, 1|VC |1, 1⟩ 17.307 Intralayer
⟨1, 2|VC |2, 1⟩ 8.942 Intralayer
⟨1, 3|VC |3, 1⟩ 5.582 Intralayer
⟨1, 4|VC |4, 1⟩ 4.856 Intralayer
⟨1, 2|VC |2, 1⟩ 4.562 Interlayer
⟨1, 3|VC |3, 1⟩ 4.103 Interlayer

Table 2.1: Direct Coulomb matrix elements for bilayer graphene in atomistic basis using
Slater-like pz orbitals. The first column specifies the matrix element, the second column
corresponds to its value taken from Ref. 64 with ξ = 3.25, and the last column indicates
whether the atoms are on the same layer (intralayer) or different layers (interlayer).

and R⃗j = R⃗k, but the positions of atoms i and j are far from each other (beyond NNN),

then the interaction can be approximate as point-like:

⟨i, j|VC |k, l⟩ =

∫
dr⃗1 |ϕz(r⃗1 − R⃗i)|2

∫
dr⃗2 |ϕz(r⃗2 − R⃗j)|2

e2

4πϵ0κ|r⃗1 − r⃗2|

≈
∫

dr⃗1 δ(r⃗1 − R⃗i)

∫
dr⃗2 δ(r⃗2 − R⃗j)

e2

4πϵ0κ|r⃗1 − r⃗2|

=
e2

4πϵ0κ|R⃗i − R⃗j|
,

(2.73)

which simplifies the computation of the original 6-dimensional integrals. Substituting

Eq. (2.73) into Eq. (2.71) gives:

⟨p, q|VC |r, s⟩ =
∑
i,j

(Dp
i )∗ (Dq

j )
∗Dr

j D
s
i

e2

4πϵ0κ|R⃗i − R⃗j|
, (2.74)
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which reduces the computational complexity toO(N2).Note that in Eq. (2.71) the Coulomb

matrix elements depend on the difference between the positions of R⃗i and R⃗j rather than

their positions themselves, allowing us to reduce the number of repetitive computations.

To further accelerate the computation, we introduce the matrix Fαβ given by:

Fαβ =
∑
i

(Dα
i )∗Dβ

i . (2.75)

Defining V (R⃗i − R⃗j) = e2

4πϵ0κ|R⃗i−R⃗j |
, we can write Eq. (2.74) as:

⟨p, q|VC |r, s⟩ =
∑
i

F ps
i

∑
j

F qr
j V (R⃗i − R⃗j). (2.76)

We can define:

Gqr
i =

∑
j

F qr
j V (R⃗i − R⃗j), (2.77)

and express the Coulomb matrix elements in Eq. (2.74) in terms of the new data structure

Gqr
i as:

⟨p, q|VC |r, s⟩ =
∑
i

F ps
i G

qr
i . (2.78)

Although computing Gqr
i is computationally expensive, once we have a G vector, such

as G11, we can compute many Coulomb matrix elements of the form ⟨p, 1|VC |1, s⟩ quickly,

as there is only one sum in Eq. (2.78), resulting in computational complexity of O(N). The

codes used in this thesis implemented these techniques to reduce the runtime of computing

Coulomb matrix elements.
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Chapter 3

Excitons in Gated Bilayer Graphene

Quantum Dots

I would like to note that this chapter is based on Ref. 65, but in the next chapter, we

will extend this theory of excitons in BLG QDs. I have performed all calculations and

computations except for density functional theory fitting for the hopping parameters and

coding Coulomb matrix elements.

While BLG is gapless, applying a perpendicular electric field opens the gap, making

BLG a voltage tunable semiconductor [16–23]. The tunability of the bandgap with the

gate motivated the study of excitons in biased BLG [26, 27, 84, 85]. An exciton is a quasi-

particle, bound state of interacting electron and a hole that forms upon optical excitation

of an electron to the CB, leaving behind a hole in the valence band VB, which then

interacts via Coulomb attraction. Excitons play an important role in the optical response

of semiconductors, and those coupled strongly to light are particularly of interest [84,86,87].

Excitons in nanoscale semiconductors, e.g., self-assembled and graphene QDs, have

been studied due to their potential applications, including lasers [52], LEDs [53], storage

devices [54], and sources of entangled photon pairs via biexciton-exciton cascade [55–57].

However, the optical properties of these QDs are controlled by confining both electrons and

holes through their structural attributes: size, shape, edge type, and material composition,
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which are challenging to tune once fabricated. On the other hand, highly tunable laterally

gated QDs confine either electrons or holes. Surprisingly, lateral gates can be applied to

BLG in a way that leads to the emergence of a QD that effectively confines both electrons

and holes [60,63–65]. BLG QDs offer high tunability of the optical and electronic properties

through lateral gate voltages and provide an ideal system for studying electrically tunable

excitons.

In this chapter, we employ an atomistic tight-binding model for BLG (outlined in section

2.1.2) for millions of atoms to obtain the gated BLG band structure. Next, we apply a

Gaussian-shaped lateral confining potential to the gated BLG system and compute the

resulting single-particle QD energy spectrum and wavefunctions. We also compute dipole

matrix elements to analyze the oscillator strengths and optical selection rules for VB to

CB transitions. We then include electron-electron interactions by first computing the

microscopic Coulomb matrix elements, electron self-energy, and solving the Bethe-Salpeter

equation to obtain the excitonic spectrum. Finally, we obtain the excitonic absorption

spectrum and characterize the ground state exciton as a dark intervalley triplet exciton.

3.1 Gated bilayer graphene

We begin by considering Bernal-stacked BLG (described in section 2.1.2) as illustrated in

Fig. 2.3, where the bottom (top) layer consists of sublattices A1 and B1 (A2 and B2). The

NN in-plane bond length is a = 0.143 nm, and the interlayer distance is h = 0.335 nm.

Our selected unit cell vectors are defined as a⃗1 = a(0,
√

3) and a⃗2 = a
2
(3,−

√
3). We model

our BLG graphene system by considering a rhomboidal computational box (Fig. 3.1(a);

not to scale) constructed from N1 = N2 = 633 unit cells along the directions a⃗1 and a⃗2,

encompassing over 1.6 million carbon atoms. Utilizing Bloch’s theorem, the wavefunction

on a sublattice l is expressed as:

∣∣ϕl
k⃗

〉
=

1√
N

∑
R⃗l

eik⃗·R⃗l |R⃗l⟩, (3.1)
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a) b)

K

K’

Figure 3.1: The rhomboidal computational box geometry used in the gated BLG QD
calculations in (a) real space (dimensions not to scale) (b) momentum space. The orange
line marks a path in momentum space between K and K ′ (white points) passing through
Γ point.

where N = N1 × N2 is the total number of unit cells, and |R⃗l⟩ represents a pz Slater-like

orbital localized on an atom at position R⃗l. We can write the wavefunction of the lattice

by taking a linear combination of the wavefunction for the four sublattice which is given

by: ∣∣ϕk⃗

〉
=

1√
N

4∑
l=1

∑
R⃗l

Ak⃗,l e
ik⃗·R⃗l |R⃗l⟩, (3.2)
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where we can write R⃗l = R⃗+ d⃗l with R⃗ being a position vector to a unit cell and d⃗l is the

relative position of an atom on sublattice l within a unit cell. d⃗l can be chosen as:

d⃗A1 = −h
2
ẑ, (3.3a)

d⃗B1 = b⃗− h

2
ẑ, (3.3b)

d⃗A2 = b⃗+
h

2
ẑ, (3.3c)

d⃗B2 =
1

3
(⃗a1 + 2a⃗2) +

h

2
ẑ, (3.3d)

where b⃗ = a(1
2
,
√
3
2

). Next, we impose the periodic boundary conditions on the wavefunction

given in Eq. (3.2): ϕk⃗(r⃗) = ϕk⃗(r⃗ +N1a⃗1) and ϕk⃗(r⃗) = ϕk⃗(r⃗ +N2a⃗2) to eliminate finite-size

effects, resulting in a discrete set of k-points in momentum space [60]. This gives the two

conditions:

e−iN1k⃗·⃗a1 = 1, (3.4a)

e−iN2k⃗·⃗a2 = 1, (3.4b)

which can be equivalently written as:

kxa1x + kya1y =
2πn1

N1

, (3.5a)

kxa2x + kya2y =
2πn2

N2

, (3.5b)

where n1 and n2 are integers. Using Eq. (3.5a) and Eq. (3.5b) we can solve for kx and ky

as:

kx =
2πn1

N1
a2y − 2πn2

N2
a1y

a2ya1x − a1ya2x
, (3.6a)

ky =
2πn1

N1
a2x − 2πn2

N2
a1x

a2xa1y − a1xa2y
. (3.6b)
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Thus, we have the discrete set of allowed k-points given by:

k⃗ =
2π

a1xa2y − a2xa1y

[(
n1

N1

a2y −
n2

N2

a1y

)
k̂x +

(
− n1

N1

a2x +
n2

N2

a1x

)
k̂y

]
, (3.7)

where we have ni = −Ni−1
2
, . . . , Ni −1

2
for both i = 1, 2. The discrete set of allowed k-points

form a rhombus in momentum space as depicted in Fig. 3.1(b), which includes the K and

−K points. Recall from section 2.1.2 that the Hamiltonian describing bulk BLG in the

presence of the applied electric field expressed in the basis of sublattices is given by:

Hbulk(k⃗) =


VE

2
γ0f(k⃗) 0 0

γ0f
∗(k⃗) VE

2
γ1 0

0 γ1 −VE

2
γ0f(k⃗)

0 0 γ0f
∗(k⃗) −VE

2

 , (3.8)

where the parameter γ0 = −2.5 eV represents the NN intralayer hopping and γ1 = 0.34 eV

denotes the interlayer hopping between pairs of orbitals on sublattices B1 and A2. We

neglect the effects of trigonal warping for the moment, and we will study its effects in the

subsequent chapter. The function f(k⃗) is given as f(k⃗) =
∑3

j=1 e
ik⃗·δ⃗j , where δ⃗j are the

positions of the three NNs of a given atom. We can write them as δ⃗1 = b⃗, δ⃗2 = b⃗− a⃗2 − a⃗1

and δ⃗3 = b⃗− a⃗1.

For a particular k⃗, we diagonalize the 4 × 4 Hamiltonian in Eq. (3.8) obtaining band

eigenstates of the form |ψp

k⃗
⟩ =

∑
lA

p

k⃗,l
|ϕl

k⃗
⟩, where p labels one of the four bands (two VB

and two CB), and l represents the sublattices A1, B1, A2 and B2. In the absence of TW, a

ring of low-energy minima emerges around the K point in the lowest CB, which exhibits

rotational symmetry and resembles the shape of a Mexican hat [88,89]. Additional details

will be provided in Chapter 4.
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b)a)

Figure 3.2: (a) Gaussian-shaped lateral confining potential with QD radius RQD = 20 nm.
(b) Single-particle energy spectrum of gated BLG QD near the Fermi level with a QD
radius of RQD = 20 nm, displacement voltage of VE = 380 meV and confining potential
depth of V0 = 190 meV. Insets present the Fourier transform of the charge density in
momentum space for QD states in valley K.

3.2 Gated bilayer graphene quantum dot

We apply different lateral confining potentials to each layer, effectively confining holes on

the top layer (z = +h
2
) and electrons on the bottom layer (z = −h

2
) [60, 64,65]. We adopt

a single Gaussian potential given by:

VQD(ρ) =

+V0 e
− ρ2

R2
QD , z = +h

2
,

−V0 e
− ρ2

R2
QD , z = −h

2
,

(3.9)

where RQD is the QD radius and V0 represents the depth of the confining potential. The

confining potential given in Eq. (3.9) resembles a parabolic confining potential [63, 90–92]

near the center of the dot, but differs in that it converges to zero at large distances from the

center of the dot. We will take V0 = VE

2
, the voltage drop on the bottom layer will cancel

the displacement field potential difference of VE

2
resulting in zero potential at the center of

the QD. The same applies to the top layer. Experimentally this corresponds to forming
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circular openings in the top and bottom gates [64]. To account for the redistribution of

charge as a result of the applied electric field, we account for screening by introducing an

effective potential that is the sum of Gaussians [60,65]:

V eff
QD(ρ) =

+(c1e
− α1ρ

2

R2
QD + c2e

− α2ρ
2

R2
QD ), z = +h

2
,

−(c1e
− α1ρ

2

R2
QD + c2e

− α2ρ
2

R2
QD ), z = −h

2
,

(3.10)

where the parameters c1 = −0.018 eV, c2 = 0.207 eV, α1 = 6.128, α2 = 1.006 and the QD

radius is taken to be RQD = 20 nm. The resulting confining potential profile is presented

in Fig 3.2(a), which includes the overall potential of the displacement field and V eff
QD given

in Eq. (3.10). Including this confining potential, the Hamiltonian for the gated BLG QD

becomes:

ĤQD = Ĥbulk + V̂ eff
QD. (3.11)

To obtain the single-particle eigenstates of the QD Hamiltonian, we expand the QD

states in the basis of band eigenstates of the bulk Hamiltonian in Eq. (3.8) as:

φs(r⃗) =
∑
k⃗

∑
p

Bs
p,⃗k
ψp

k⃗
(r⃗), (3.12)

where k⃗ represents the discrete set of points in the momentum space, and p denotes the

BLG band index. Using the single-particle QD wavefunctions with index s in Eq. (3.12)

as a solution of the Schrodinger equation corresponding to the QD, we can diagonalize the

QD Hamiltonian in Eq. (3.11) by solving the eigenvalue equation given by:

εp,⃗k B
s
p,⃗k

+
∑
p′ ,⃗k′

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩Bs

p′ ,⃗k′
= EsB

s
p,⃗k
. (3.13)

Here εp,⃗k are the eigenenergies of the bulk Hamiltonian in Eq. (3.8) and the coefficients

Bs
p,⃗k

are obtained by solving Eq. (3.13). Note that in obtaining Eq. (3.13) we have used the

fact that |ψp

k⃗
⟩ are eigenstates of the bulk Hamiltonian and that ⟨ψp′

k⃗′
|ψp

k⃗
⟩ = δk⃗,⃗k′δp,p′ . The
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confining potential couples wavevectors k⃗ and k⃗′ in bands p and p′ via the matrix element:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

∑
l,l′

(Ap

k⃗,l
)∗Ap′

k⃗′,l′
⟨ϕl

k⃗
|V̂ eff

QD|ϕl′

k⃗′
⟩. (3.14)

Substituting the expression for the wavefunction on a sublattice l given in Eq. (3.1) into

Eq. (3.14) results in:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

1

N

∑
l,l′

∑
R⃗l,R⃗

′
l′

(Ap

k⃗,l
)∗Ap′

k⃗′,l′
e−ik⃗·R⃗leik⃗

′·R⃗′
l′ ⟨R⃗l|V̂ eff

QD|R⃗′
l′⟩. (3.15)

Substituting R⃗l = R⃗ + d⃗l gives:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

1

N

∑
l,l′

∑
R⃗,R⃗′

(Ap

k⃗,l
)∗Ap′

k⃗′,l′
e−ik⃗·(R⃗+d⃗l)eik⃗

′·(R⃗′+d⃗l′ )⟨R⃗l|V̂ eff
QD|R⃗′

l′⟩. (3.16)

Assuming that the confining potential in real space does not vary much within a unit cell

and making the approximation ⟨R⃗l|V̂ eff
QD|R⃗′

l′⟩ ≈ V̂ eff
QD(ρ = R⃗+R⃗′

2
)⟨R⃗l|R⃗′

l′⟩ gives:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

1

N

∑
l,l′

∑
R⃗,R⃗′

(Ap

k⃗,l
)∗Ap′

k⃗′,l′
e−ik⃗·(R⃗+d⃗l)eik⃗

′·(R⃗′+d⃗l′ )V̂ eff
QD(ρ =

R⃗ + R⃗′

2
)δR⃗,R⃗′δl,l′ ,

(3.17)

and this can be simplified to:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

1

N

∑
l

ei(k⃗
′−k⃗)·d⃗l(Ap

k⃗,l
)∗Ap′

k⃗′,l

∑
R⃗

ei(k⃗
′−k⃗)·R⃗V̂ eff

QD(ρ = R⃗). (3.18)

Let’s define Vk⃗,⃗k′,l = 1
N

∑
R⃗ e

i(k⃗′−k⃗)·R⃗ V̂ eff
QD(ρ = R⃗), which represents the Fourier transform

of the confining potential. Therefore, Eq. (3.18) becomes:

⟨ψp

k⃗
|V̂ eff

QD|ψ
p′

k⃗′
⟩ =

1

N

∑
l

ei(k⃗
′−k⃗)·d⃗l(Ap

k⃗,l
)∗Ap′

k⃗′,l
Vk⃗,⃗k′,l. (3.19)

We can solve for the Fourier transform for the top layer and relate it to the bottom layer
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as they differ only by a negative sign. Let us write R⃗ = Rxx̂ + Ryŷ, then the Fourier

transform of a 2D Gaussian is given by:

F

(
e
− R2

R2
QD

)
=
R2

QD

2
e−

R2
QDq2

4 (3.20)

Taking the inverse Fourier Transform of both sides of Eq. (3.20) gives:

e
− R2

R2
QD =

R2
QD

4π

∫ ∞

−∞
dq⃗ e−

R2
QDq2

4 eiq⃗·R⃗.

We can convert the integral in the above expression into a discrete sum:

e
− R2

R2
QD =

R2
QD

4π

∑
q⃗

Ak e
−

R2
QDq2

4 eiq⃗·R⃗, (3.21)

where Ak represents the reciprocal lattice unit cell area and can be found to be Ak =
8π2

3
√
3a2N1N2

. We can now compute Vk⃗,⃗k′,l for top layer with l = A2, B2 :

Vk⃗,⃗k′,l=A2,B2
=

1

N

∑
R⃗

ei(k⃗
′−k⃗)·R⃗V̂ eff

QD(ρ = R⃗)

=
1

N

∑
R⃗

ei(k⃗
′−k⃗)·R⃗(c1e

−α1R
2

R2
QD + c2e

−α2R
2

R2
QD )

=
R2

QDAk

4πN

∑
R⃗

∑
q⃗

ei(k⃗
′−k⃗+q⃗)·R⃗

(
c1
α1

e
−

R2
QDq2

4α1 +
c2
α2

e
−

R2
QDq2

4α2

)
(3.22)

=
R2

QDAk

4πN

∑
q⃗

(
c1
α1

e
−

R2
QDq2

4α1 +
c2
α2

e
−

R2
QDq2

4α2

)∑
R⃗

ei(k⃗
′−k⃗+q⃗)·R⃗

=
R2

QDAk

4πN

∑
q⃗

(
c1
α1

e
−

R2
QDq2

4α1 +
c2
α2

e
−

R2
QDq2

4α2

)
Nδk⃗′−k⃗,q⃗

=
R2

QDAk

4π

(
c1
α1

e
−

R2
QD(k⃗′−k⃗)

2

4α1 +
c2
α2

e
−

R2
QD(k⃗′−k⃗)

2

4α2

)
.
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Therefore, we have the expression for the Fourier transform of the confining potential on

both layers given by:

Vk⃗,⃗k′,l = ±
R2

QDAk

4π

(
c1
α1

e
−

R2
QD(k⃗′−k⃗)

2

4α1 +
c2
α2

e
−

R2
QD(k⃗′−k⃗)

2

4α2

)
, (3.23)

where the + (−) sign corresponds to sublattices l = A2, B2, (l = A1, B1). We impose an

energy cut-off of Ecut = 600 meV on our band states |ψp

k⃗
⟩, including only those band states

with energy εp,⃗k in the range |εp,⃗k| ≤ Ecut. This ensures the convergence of single-particle

QD energies around the Fermi level. Half of our band states are near the K point, while

the other half cluster around the −K point, giving rise to valley doublets and quadruply

degenerate shells (including spin).

To obtain the QD energy spectrum, we solve the eigenvalue problem defined by Eq. (3.13),

with a displacement voltage of VE = 380 meV, QD radius of RQD = 20 nm and confining

potential depth of V0 = 190 meV. The resulting energy levels, displayed in Fig. 3.2(b), are

doubly degenerate due to valley degeneracy. We can also examine the Fourier transform of

the charge density to understand where these QD states are localized in momentum space.

In the insets of Fig. 3.2(b), we present the Fourier transform of the charge density around

valley K for the first and third QD CB states. The lowest energy CB states in gated BLG

originate from the ring of minima’s along the Mexican hat, as shown in the top panel of

Fig. 4.2(a). However, one notices that for the lowest QD CB state, the Fourier transform

of the charge density is centered around the K point. Furthermore, upon examining the

third QD CB state, one observes a ring-like shape around the K point, closely resembling

the ring of minima’s found in the CB of gated BLG. The real space QD wavefunctions can

also be expressed in terms of pz orbitals as:

|ϕs⟩ =
∑
R⃗

4∑
l=1

Cs
R⃗,l
|R⃗l⟩, (3.24)
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where Cs
R⃗,l

= 1√
Nu

∑
k⃗

∑4
p=1B

s
p,⃗k
Ap

k⃗,l
eik⃗·(R⃗+d⃗l) or in a more compact notation:

|s⟩ =
∑
i

Ds
i |i⟩ , (3.25)

where the sum goes over all atoms within each sublattice and |i⟩ = |R⃗i⟩. After solving

Eq. (3.13), we obtained the amplitudes Bs
p,⃗k

, which we used to determine the coefficients

Cs
R⃗,l
, allowing us to plot the charge density of the QD states in real space on the two layers.

In Fig. 3.3(a-d), we present the charge densities for the single-particle QD states from the

first and third lowest CB valley doublets. Specifically, we plot the charge densities for the

QD states 17 and 21 from Fig. 3.2(b) on the lower (left) and upper (right) layers of the BLG.

Notably, the probability density is higher on the lower layer than the upper layer, consistent

with the findings in gated BLG, where the lowest CB near the K point is predominantly

on sublattice A1. On the lower layer, the first CB QD state is localized around the center

of the QD, while the third CB state forms a ring. On the upper layer, both CB states form

a ring around the center of the dot. In Fig. 3.3(e), we analyze the probability density of

the 32 QD states around the Fermi level displayed in Fig. 3.2(b). We observe that the CB

states are mostly on sublattice A1, while the VB states are predominantly on sublattice

B2, again consistent with the findings in gated BLG near the K point [64].

3.3 Dipole matrix elements

Now that we have obtained the single-particle QD states, the next step is to examine the

interaction of the BLG QD with light. We incorporate the coupling of light with different

states through dipole matrix elements D⃗p,q = ⟨p|r⃗|q⟩, which connect the QD states p and

q, with r⃗ denoting the electron position. Using the expression for the QD wavefunctions

in Eq. (3.25), we can write the DME as:

D⃗pq =
∑
(i,j)

(Cp
i )∗(Cq

j )⟨i|r⃗|j⟩. (3.26)
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Figure 3.3: Probability densities of single-particle states from the first and third lowest
CB valley doublets. Panels (a) and (c) show the charge densities of states 17 and 21,
respectively, on the lower layer, while panels (b) and (d) show the densities on the top
layer. (e) Charge density of the QD wavefunctions by sublattices of gated BLG QD.

To obtain an explicit expression for the DME, we begin with ⟨i|r⃗|j⟩:

⟨i|r⃗|j⟩ =

∫
dr⃗ ϕ∗

z(r⃗ − R⃗i) r⃗ ϕz(r⃗ − R⃗j), (3.27)

we can now shift r⃗ by the position of the jth atomic orbital, r⃗ → r⃗ + R⃗j, which gives:

⟨i|r⃗|j⟩ =

∫
dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i) (r⃗ + R⃗j)ϕz(r⃗)

=

∫
dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i) r⃗ ϕz(r⃗) + R⃗j

∫
dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i)ϕz(r⃗) (3.28)

=

∫
dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i) r⃗ ϕz(r⃗) + R⃗j δij.
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If i = j, the first term in Eq. (3.28) will equal zero as it is an integral over an odd function.

We can write Eq. (3.28) as:

⟨i|r⃗|j⟩ =

∫
dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i) r⃗ ϕz(r⃗)(1 − δij) + R⃗jδij, (3.29)

The first term in Eq. (3.29) is a vector in the direction R̂j − R̂i, since the electron changes

states from j to i, but the direction of the dipole moment is opposite of this (negative

to positive charge). Utilizing this fact, we can rewrite the first term of Eq. (3.29) as a

magnitude times a direction:

⟨i|r⃗|j⟩ = Dij(R̂j − R̂i)(1 − δij) + R⃗jδij, (3.30)

where Dij =
∣∣∣∫ dr⃗ ϕ∗

z(r⃗ + R⃗j − R⃗i) r⃗ ϕz(r⃗)
∣∣∣ and ϕz(r⃗) is a Slater pz orbital. If i and j are

NN, we find numerically by Riemann sums that Dij = 0.3137625 a0, whereas for NNN

Dij = 0.0711159 a0 where a0 is the Bohr radius. In Fig. 3.4(a), black arrows connect states

in the VB and CB with large DMEs for two K-valleys. In contrast to self-assembled and

graphene QDs [48, 93], the state at the top of the VB (identified by the QD index 16)

exhibits a weak connection to the lowest CB state (18) but instead couples more strongly

to the third excited state (22). λa denotes this transition. Symmetrically, the strong

transition λb occurs between the bottom of the CB (+17) and the third VB state (11).

One can conduct an identical analysis with QD states in the other valley. Transitions

within each valley can be analyzed separately, as QD states from different valleys do not

optically couple.

In Fig. 3.4(b), we present the joint optical density of states for non-interacting electron-

hole pairs. We label the transitions corresponding to each peak; the brightest peaks cor-

respond to the transitions λa and λb. Furthermore, we will analyze why the transition

across the gap is dark and why the brightest transition occurs between the QD states

corresponding to the transitions λa and λb in Chapter 5 using an effective mass model.

40



a) b)
𝜆!𝜆"

𝜆#𝜆$
𝜆"

𝜆$

𝜆!𝜆#

Figure 3.4: Dipole Matrix Elements for optical transitions. (a) Single-particle energy
spectrum of gated BLG QD near the Fermi level for two K-valleys. Black arrows connect
pairs of VB and CB states characterized by significant dipole matrix elements. (b) Joint
optical density of states for the non-interacting electron and hole in BLG QD. Blue arrows
show the magnitude of the corresponding dipole elements.

3.4 Exciton spectrum

In this section, we study the excitonic properties of gated BLG QDs and analyze the

exciton energy spectrum. We approximate the many-electron ground state as a single

Slater determinant |GS⟩ =
∏

p,σ c
†
p,σ |0⟩ , where index p runs over occupied VB states. The

exciton wavefunction |Ψµ⟩ for exciton state µ is a linear combination of electron-hole pair

excitations conserving Sz:

|Ψµ⟩ =
∑
p,q,σ

Aµ
p,q,σc

†
q,σcp,σ |GS⟩ . (3.31)

Here, µ indexes the exciton states, and the index p labels all VB states, while q labels all

CB states. The amplitudes Aµ
p,q,σ and excitonic energies Eµ can be obtained by solving the
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Bethe-Salpeter equation (derived in section 2.2):[
(Eq +

∑
q,σ) − (Ep +

∑
p,σ)
]
Aµ

p,q,σ

+
∑

p′,q′,σ′

[⟨p′, q|VC |p, q′⟩ − ⟨p′, q|VC |q′, p⟩δσ,σ′ ]Aµ
p′,q′,σ′

= EµA
µ
p,q,σ.

(3.32)

The electron-hole pair energy is renormalized by self-energies Σq,σ = −
∑

p,σ′ δσ,σ′⟨p, q|VC |p, q⟩,
where p indexes VB states. Examining the second line of Eq. (3.32) with p = p′ and q = q′,

one observes that the repulsive exchange interaction raises the energy of an electron-hole

pair. In contrast, the direct electron-hole attraction lowers it. The other Coulomb matrix

elements account for the interaction between different electron-hole pairs. We solve the

Bethe-Salpeter equation in the subspace of 32 QD states around the Fermi level. In Fig. 3.5,

we plot the exciton energy spectrum for different levels of electron-electron interactions.

We begin by examining the exciton energy spectrum of noninteracting electron-hole

pairs, as shown in Fig. 3.5(a). This analysis assumes all Coulomb matrix elements in

Eq. (3.32) are zero. The existence of eight-fold degenerate low-energy exciton states can

be understood by constructing electron-hole pairs from states at the top of the VB and

bottom of the CB while conserving Sz. This involves removing an electron from the top

of the VB (QD states 15/16) and placing this electron on the lowest CB state (17/18) in

Fig. 3.4(a). Due to the spin and valley degeneracies of the QD level, there are two possible

electron-hole pairs in each valley and four pairs between valleys (including spin), resulting

in eight electron-hole pair configurations constructed across the gap.

Above these eight low-energy exciton states, one observes sixteen-fold degenerate shells

beginning at around 60 meV. The origin of these sixteen degenerate levels can be under-

stood through a similar analysis. By removing an electron from the VB with QD index

(13/14) and placing it in the bottom of the CB (17/18) in Fig. 3.4(a), we obtain eight

degenerate exciton states. However, since we have not included the hopping parameter γ4,

the system retains electron-hole symmetry, which means that removing an electron from

the top of the VB (15/16) and placing it in the second CB doublet states (19/20) results

42



in eight additional electron-hole pairs with the same energy. Consequently, this leads to a

shell of sixteen degenerate exciton states.

Next, we include the electron and hole self-energy terms in Eq. (3.32), which require 120

VB states to achieve full convergence. This inclusion results in a blue-shift of the exciton

energy spectra as displayed in Fig. 3.5(b). Additionally, the sixteen-fold degenerate shells

found in the case of noninteracting electron-hole pairs are split into shells of eight because

the self-energies for electron-hole pairs involving QD states 13/14 and 17/18 are different

from those involving QD states 15/16 and 19/20.

Subsequently, we include direct and exchange Coulomb matrix elements, i.e., the second

line of Eq. (3.32) with p = p′, q = q′ and σ = σ′ in addition to the self-energies to obtain

the exciton energy spectra presented in Fig. 3.5(c). The eight-fold degenerate low-energy

exciton states remained degenerate until the inclusion of direct and exchange interactions.

With this inclusion, the eight configurations mix and separate in energy. The configurations

are categorized as intervalley and intravalley electron-hole pairs, where the electron and

hole can either be from QD states in different or the same valleys. While the direct

interaction is valley-independent, the exchange interaction is larger within a valley than

between valleys. Intervalley electron-hole pairs increase the valley polarization compared to

intravalley pairs, resulting in lower energy for intervalley pairs through increased exchange

interaction. However, the energy difference is almost not visible in Fig. 3.5(c).

After including all electron-electron interactions in Eq. (3.32), we obtain the excitonic

energy spectra shown in Fig. 3.5(d). These excitons can be further categorized by spin as

singlets or triplets, with triplets having lower energy due to exchange interaction. This

is why the ground state exciton is an intervalley triplet exciton, a linear combination of

intervalley electron-hole pairs with total spin S = 1.

3.5 Absorption spectra

We now investigate the absorption of a single photon by the gated BLG QD, which is

excited from the ground state to an exciton state optically. The absorption spectrum gives
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Figure 3.5: Exciton energy spectra including different levels of electron-electron interac-
tion. Exciton energy spectra in the case of (a) noninteracting electron-hole pairs. (b)
renormalized by self-energy. (c) self-energy and attractive direct and repulsive exchange
interaction. (d) all electron-electron interaction, including correlation.

the probability that a photon with energy ω is absorbed and can be derived from Fermi’s

golden rule [48,56,65,94] as:

A(ω) =
∑
ν,ν′

Wν

∣∣∣⟨Φν′ |P̂+|Φν⟩
∣∣∣2 δ(Eν′ − Eν − ω), (3.33)

Where Wν is the probability that the initial state ν is occupied and P̂+ =
∑

p,q,σ(ε⃗ ·
D⃗qp)ĉ

†
qσ ĉpσ is the polarization operator with ε⃗ being the polarization vector of the applied

electric field. For a ground state given by a fully occupied valence band, for an excitation
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to a state ν ′ = µ we have:

A(ω) =
∑
µ

∣∣∣⟨Φµ|P̂+|GS⟩
∣∣∣2 δ(Eµ − ω), (3.34)

where we shift our energies so that EGS = 0 and since |Φβ⟩ =
∑

p,q,σ A
µ
p,q,σ ĉ

†
qσ ĉpσ|GS⟩,

substituting gives:

A(ω) =
∑
µ

∣∣∣∣∣ ∑
p,q,σ,p′,q′

(
Aµ

p,q,σ

)∗
(ε⃗ · D⃗q′p′)⟨GS|ĉ†pσ ĉqσ ĉ

†
q′σ′ ĉp′σ′ |GS⟩

∣∣∣∣∣
2

δ(Eµ − ω).

Using the anti-commutation rules, {ci, c†j} = δij and {ci, cj} = {c†i , c
†
j} = 0, we obtain:

A(ω) =
∑
µ

∣∣∣∣∣∑
p,q,σ

ϵ⃗± · D⃗q,p(A
µ
p,q,σ)∗

∣∣∣∣∣
2

δ(Eµ − ω). (3.35)

Here, we consider circularly polarized light with ϵ⃗± = 1√
2
(1,±i), allowing for both left or

right-handed polarizations. We assumed the initial state to be the ground state, corre-

sponding to a fully occupied valence band.

In Fig. 3.6, we plot the Gaussian broadened absorption spectrum, including different

levels of electron-electron interactions. The grey vertical lines correspond to the excitonic

energies Eµ. Starting with the case of noninteracting electron-hole pairs in Fig. 3.6(a), one

observes a bright peak around 68 meV, which corresponds to the bright optical transitions

labeled λa and λb in Fig. 3.4(a). The second bright peak around 108 meV corresponds to

the bright optical transition λd and λe. Next, we include the effects of electron and hole

self-energies, causing the bright peaks to shift to higher energy as shown in Fig. 3.6(b).

Furthermore, the effects of the self-energies split the sixteen-fold degenerate exciton states

into eight-fold states, causing both bright peaks to split into two.

In Fig. 3.6(c), one observes that including direct and exchange interactions, in addition

to the self-energies, has red-shifted the energy of the bright peaks. Despite this shift, both

bright peaks have remained split into two. Including all correlation effects from electron-
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electron interactions has resulted in a large peak around 105 meV, corresponding to the

brightest transitions, and a second bright peak around 143 meV as presented in Fig. 3.6(d).

However, no peaks are visible for the ground state exciton around 51 meV, indicating the

ground state is dark. Many dark intervalley excitons at lower energy arise from electron-

electron interactions, which split exciton states into intervalley and intravalley excitons.

Intervalley excitons consist of electron-hole pairs originating from different valleys con-

nected by vanishing dipole matrix elements, rendering them dark. The excitons group into

spin singlets and triplets, with triplets being dark as they cannot couple optically to the

ground state, which is a singlet. Several dark low-energy excitons highlight the potential

of BLG QDs as a candidate for efficient photon storage [65].

In the subsequent chapter, we will compare the absorption obtained here with the results

obtained when including trigonal warping effects and a shallow confinement depth, which

further amplifies the effects of trigonal warping on the excitonic spectra.
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Figure 3.6: Absorption spectra including different levels of electron-electron interaction.
Absorption spectra in the case of (a) noninteracting electron-hole pairs. (b) renormalized
by self-energy. (c) self-energy and attractive direct and repulsive exchange interaction. (d)
all electron-electron interactions, including correlation.

47



Chapter 4

Trigonal Warping Effects in Gated

Bilayer Graphene Quantum Dots

I would like to note that this chapter is based on Ref. 66 except with more details provided.

Recently, the effects of trigonal warping in biased Bernal-stacked BLG have become

of interest [7, 95–101]. The interplay of TW with strong electron-electron interactions,

van Hove singularities, and a large applied electric field has led to isospin phase transitions

[7,96,97], along with correlated phases exhibiting metallic and insulating properties [98]. In

gated BLG QDs, which exhibit C3 symmetry due to TW, it was found that under specific

conditions, three-fold degenerate QD energy levels in each K-valley can arise [102, 103].

This three-fold degeneracy results from the presence of the three minivalleys around each

K-valley. While its effects have been studied in the context of transport measurements,

resulting in the bunching of twelve conductance resonances [103], its impact on excitonic

and optical properties remains unexplored.

In this chapter, we extend our prior theory of excitons in a gated BLG QD from chapter

3. The focus shifts to modulating the depth of the confining potential and analyzing TW

effects on the optical properties. This chapter is structured as follows. We begin by

analyzing the effect of TW on the band structure of the biased BLG system. Next, we

discuss the combined effect of the confining potential depth and the presence of three
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minivalleys on the QD level degeneracies and optical selection rules. Finally, we present

the excitonic energy and absorption spectra and identify the optical signatures of strong

and weak TW.
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Figure 4.1: Band structure of gated AB-stacked BLG. (a) 3-dimensional view of AB-stacked
BLG with atoms from sublattices A1 and B1 (A2 and B2) on the bottom (top) layer. (b)
The lowest conduction and highest valence energy bands of bilayer graphene around the K
point include γ3 but without γ4 and applied bias.

4.1 Gated bilayer graphene with trigonal warping

Building upon the previous chapter, we consider the same Bernal-stacked BLG as illus-

trated in Fig. 4.1(a), where the bottom (top) layer consists of sublattices A1 and B1 (A2

and B2). We begin with bulk bilayer graphene in the absence of an applied bias as in
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Eq. (2.36) but with the added inclusion of the hopping parameter γ3:

Hbulk(k⃗) =


0 γ0f(k⃗) 0 γ3f

∗(k⃗)

γ0f
∗(k⃗) 0 γ1 0

0 γ1 −0 γ0f(k⃗)

γ3f(k⃗) 0 γ0f
∗(k⃗) 0

 , (4.1)

where the parameter γ3 introduces the next NN interlayer hopping as shown in Fig. 4.1(a).

This adds the effects of trigonal warping on the band structure presented around the K

point in Fig. 4.1(b). We can see the formation of three additional Dirac cones around the

K point, which meet when there is no applied bias. Now we include the hopping parameter

γ4 and an applied electric field to the Hamiltonian in Eq. (4.1) to obtain:

Hbulk(k⃗) =


VE

2
γ0f(k⃗) γ4f(k⃗) γ3f

∗(k⃗)

γ0f
∗(k⃗) VE

2
γ1 γ4f(k⃗)

γ4f
∗(k⃗) γ1 −VE

2
γ0f(k⃗)

γ3f(k⃗) γ4f
∗(k⃗) γ0f

∗(k⃗) −VE

2

 , (4.2)

where γ4 describes the next NN interlayer hopping but differs in that γ3 represents the next

NN interlayer hopping between pairs of orbitals localized on unstacked atoms, whereas γ4

is between an orbital on a stacked and an unstacked atom, as illustrated in Fig. 4.1(a).

The added effect of γ4 is that the electron-hole symmetry is broken [104, 105]. We set

γ3 = γ4 = 0.12|γ0| for the rest of our analysis [60, 64]. Fig. 4.2(a) displays a heatmap of

the lowest CB energy near the K point, with γ3 = γ4 = 0 and VE = 380 meV. In the

absence of TW, a ring of low-energy minima emerges, which exhibits rotational symmetry

and resembles the shape of a Mexican hat [88, 89]. Upon incorporating TW effects, the

symmetry of our system reduces to C3, resulting in the three minivalleys forming around

the K point, as depicted in Fig. 4.2(b). Increasing the strength of the displacement field

enlarges the band gap, causing the three minivalleys to shift away from each other and

accentuating the depth of the three minivalleys surrounding the K and K’ points [98,103].

50



𝑲𝑲

a) b)

Figure 4.2: The lowest CB of the bulk band structure of BLG in the vicinity of K point (a)
without the inclusion of γ3 and γ4 (b) with the inclusion of γ3 and γ4. The displacement
voltage is taken to be VE = 380 meV.

4.2 Evolution of quantum dot spectrum

For simplicity, we consider the single Gaussian confining potential found in Eq. (3.9):

VQD(ρ) =

+V0 e
− ρ2

R2
QD , z = +h

2
,

−V0 e
− ρ2

R2
QD , z = −h

2
.

(4.3)

The explicit expression for the Fourier transform of the above confining potential is given

by:

Vk⃗,⃗k′,l = ±V0
R2

QD

4π
Ake

−
R2
QD(k⃗−k⃗′)2

4 , (4.4)
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where Ak = 8π2

3
√
3a2N

represents the reciprocal lattice unit cell area, and the + (−) sign

corresponds to sublattices l = A2, B2, (l = A1, B1). We impose the same energy cut-off of

Ecut = 600 meV on our band states as in the previous chapter.

We again solve the eigenvalue problem defined by Eq. (3.13), with a displacement

voltage of VE = 380 meV, QD radius of RQD = 20 nm and confining potential depth

of V0 = 190 meV, but with the TW effects included. The resulting energy levels, displayed

in Fig. 4.3(a), are nondegenerate when neglecting spin and valley degeneracies. In the insets

of Fig. 4.3(a), we present the Fourier transform of the charge density around valley K for

the first and third QD CB states. The lowest energy CB states in biased BLG originate

from the three minivalleys, so one might expect a similar localization for the low-energy

QD CB states. Interestingly, upon examining the Fourier transform of the charge density

for the lowest QD CB state, one observes that it does not localize in the three minivalleys;

instead, it appears centered around the K point. The C3 symmetry induced by TW is

noticeable when examining higher energy levels. However, for the third QD CB state, the

three maxima in the charge density do not coincide with the position of the minivalleys,

which suggests that TW effects do not strongly influence the low-energy QD states.

The BLG and QD parameters can be tuned to enhance the effects of TW, resulting in

triple degenerate QD energy levels. The complex interplay between the inherent properties

of gated BLG (C3 symmetry from three minivalleys) and the QD confining potential pos-

sessing C∞ symmetry governs this phenomenon. The confining potential given in Eq. (4.4)

strongly couples states across momentum space for small QD radii and large confining

potential depths. Notably, the three minivalleys couple, leading to low-energy QD levels

localized near the center of the K point rather than the three minivalleys. As a result, the

QD energy levels are singly degenerate, similar to those in parabolic confinement. Con-

versely, for larger QD radii and smaller confining potential depths, the confining potential

weakly couples states in momentum space, leading to bulk properties manifesting more

strongly in the single-particle QD energy spectrum. In this scenario, a sufficiently large

applied voltage that separates the minivalleys far enough in momentum space will yield

triple degenerate QD energy levels [102]. It is important to note that this triple degeneracy

is robust and can be obtained for a large space of parameters.
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a) b)

Figure 4.3: Single-particle energy spectrum of gated bilayer graphene quantum dot near
the Fermi level with a QD radius of RQD = 20 nm, displacement voltage of VE = 380 meV
and confining potential depth of (a) V0 = 190 meV and (b) V0 = 40 meV. Insets present
the Fourier transform of the charge density in momentum space for QD states in valley K.

Since the displacement field of VE = 380 meV is large enough to produce a significant

separation of minivalleys in momentum space, we can fix VE and RQD while reducing the

depth of our confining potential to achieve shallow confinement, setting V0 = 40 meV.

Under these conditions, a set of triple degenerate levels emerges, as depicted in Fig. 4.3(b).

Upon examining the Fourier transform of the charge density for the triple-degenerate low-

est CB energy levels, one observes the localization of each degenerate state around one of

the three minivalleys, indicating a regime where TW’s effects are significant. This reduced

confinement has decreased the interlevel spacing and increased the gap between the CB

and VB QD states. Additionally, this has also led to a reduction in the number of confined

single-particle QD states. When selecting the confinement potential depth, one must care-

fully choose a depth that is shallow enough to avoid masking the effects of TW (resulting

in the triple degeneracy of our QD energy spectrum) yet deep enough to yield a sufficient

number of single-particle confined states, ensuring that the results are independent of the

size of the computational box.

In Fig. 4.4, we illustrate the evolution of the single-particle QD spectrum as a function of
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Figure 4.4: Single-particle energy spectrum of gated BLG QD as a function of confining
potential depth within the 10 to 70 meV range, with RQD = 20 nm and VE = 380 meV.
Green lines represent the single-particle QD energy levels, while dashed red lines at −91
and 129 meV mark the onset of the continuum in the VB and CB, respectively.

the confining potential depth V0. Green dashes represent QD energy levels, while dashed

red lines mark the border between states confined in the QD and the continuum. As

V0 increases, QD states peel off from the continuum, becoming confined within the gap.

Interestingly, the rate at which QD states peel from the continuum in the CB surpasses

that in the VB. This asymmetry results from γ4, which breaks the electron-hole symmetry.

Below V0 = 50 meV, the QD levels exhibit triple degeneracy. However, when V0 = 60 meV,

we observe a small splitting of the triple degenerate shells in the CB. As the confining

potential depth reaches 70 meV, the previously degenerate levels in the CB separate into

three distinct QD energy levels, although the triple degeneracy persists in the VB. This

observation indicates that while QD states in the CB are more easily confined, maintaining
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the triple degeneracy is more challenging in the CB than in the VB.

4.3 Effect of trigonal warping on the optical selection

rules

Now that we have obtained the single-particle QD states, the next step is to examine the

interaction of the BLG QD with light. The aim is to explore the influence of a shallow

confining potential and TW on the oscillator strengths and optical selection rules. We

incorporate the coupling of light with different states through dipole matrix elements D⃗p,q =

⟨p|r⃗|q⟩, which connect the QD states p and q, with r⃗ denoting the electron position. In

Fig. 4.5(a), black arrows connect states in the VB and CB with large DMEs for a single

valley, considering a deep confining potential of V0 = 190 meV. In contrast to self-assembled

QDs [93], the state at the top of the VB (identified by the QD index −1) exhibits a weak

connection to the lowest CB state (+1) but instead couples strongly to the third excited

state (+3). λa denotes this transition. Symmetrically, the strong transition λb occurs

between the bottom of the CB (+1) and the third VB state (−3). One can conduct an

identical analysis with QD states in the other valley. Transitions within each valley can be

analyzed separately, as QD states from different valleys do not optically couple.

In Fig. 4.5(c), we present the joint optical density of states for non-interacting electron-

hole pairs. We label the transitions corresponding to each peak, and as observed in our

previous work [60], the brightest peaks correspond to the transitions λa and λb. In contrast

to the scenario without TW considered in the previous chapter, the transition across the

gap λc possesses a small but nonzero oscillator strength. This enhancement of the oscil-

lator strength across the gap arises from the TW effect in the bulk Hamiltonian given by

Eq. (3.8), which reduces the symmetry around the K and K’ points to C3 [26]. A better

understanding can be derived considering an effective mass model, where the difference of

angular momentum m between these two states involved in transition λc is +2 (−2) in

valley K (K’) when TW is neglected (more details in chapter 5). A photon changes the

total angular momentum quantum number m by ±1 [26], which is why this transition is
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dark. However, with the inclusion of TW, the cylindrical symmetry around the K and K’

points is broken, resulting in a difference in angular momentum between the QD states at

the top of the VB and the bottom of the CB closer to ±1, yielding a brightening of λc.

c)

!!

!!

!"

d)

!!

!"

!!

a)

!!# !"# !$#

b)

Figure 4.5: Dipole moments for optical transitions. (a,b) Single-particle energy spectrum
of gated BLG QD near the Fermi level for a single valley with V0 = 190 meV/40 meV.
Black arrows connect pairs of VB and CB states characterized by significant dipole matrix
elements, and a dashed grey arrow connects the dark transition across the gap. (c,d)
Joint optical density of states for the non-interacting electron and hole in BLG QD with
V0 = 190 meV/40 meV. Red/green arrows show the magnitude of the corresponding dipole
elements. As the transitions occur at the same energy, we split the peaks manually to
display the nine transitions to the right of (d).

After tuning the depth of the confining potential to V0 = 40 meV, triple degenerate

energy levels emerge in the VB and CB, resulting in nine possible transitions across the

band gap. Three of these nine transitions are bright and labeled as λ′a, λ
′
b, and λ′c, as

56



illustrated in Fig. 4.5(b). These three bright transitions exhibit similar oscillator strengths

as displayed in Fig. 4.5(d) and originate from transitions between VB and CB states

localized around the same minivalley. In the subsequent sections focusing on excitons and

absorption, we explore how including electron-electron interactions modifies the observed

light-matter interaction and how these new selection rules impact the brightness of the

low-energy exciton states.

4.4 Trigonal warping effects on exciton spectra

In this section, we study excitons and analyze the effects of combined shallow confine-

ment and TW on the exciton spectrum. As in the previous chapter, we begin with the

exciton wavefunction |Ψµ⟩ for exciton state µ as a linear combination of electron-hole pair

excitations conserving Sz:

|Ψµ⟩ =
∑
p,q,σ

Aµ
p,q,σc

†
q,σcp,σ |GS⟩ . (4.5)

The amplitudes Aµ
p,q,σ and excitonic energies Eµ can be obtained by solving the Bethe-

Salpeter equation, which was derived in section 2.3. We solve the Bethe-Salpeter equation

in the subspace of 32 QD states around the Fermi level for a confining potential depth of

V0 = 190 meV, including the effects of TW. Fig. 4.6(a) presents the resulting excitonic

energy spectrum.

We observe eight low-energy exciton states, as in the previous chapter, without trigonal

warping effects; this can be understood by first examining noninteracting electron-hole

pairs. We start by constructing electron-hole pairs from states at the top of the VB and

bottom of the CB while conserving Sz. This involves removing an electron from the top

of the VB (−1) and placing this electron on the lowest CB state (+1) in Fig. 4.5(a). Due

to the spin and valley degeneracies of the QD level, there are two possible electron-hole

pairs in each valley and four pairs between valleys (including spin), resulting in eight

electron-hole pair configurations constructed across the gap. These eight configurations
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a) b)

Figure 4.6: Excitonic energy spectra accounting for all electron-electron interaction for
confining potential depths of (a) V0 = 190 meV and (b) V0 = 40 meV. The inset boxes
highlight the 8 lowest (bottom right) and 2 highest (middle right) energy states. The states
are labeled as intervalley (blue), intravalley (red), singlet (square), and triplet (diamond).

are degenerate; however, upon the inclusion of interactions, the eight configurations mix

and separate in energy. The configurations are categorized as intervalley and intravalley

electron-hole pairs, where the electron and hole can either be from QD states in different

or the same valleys.

While the direct interaction is valley-independent, the exchange interaction is larger

within a valley than between valleys. Intervalley electron-hole pairs increase the valley

polarization compared to intravalley pairs, resulting in lower energy for intervalley pairs

through increased exchange interaction. These excitons can be further categorized by spin

as singlets or triplets, with triplets having lower energy due to exchange interaction.

As previously mentioned, by tuning the depth of the confining potential to V0 = 40 meV,

the number of confined states around the Fermi level has decreased. Upon examining

Fig. 4.4, one observes that for V0 = 40, three CB and one VB states are within the

gap. Since each green QD level represents three degenerate QD levels, this implies the

confinement of three VB and nine CB states for a single valley. Consequently, including

both valleys, we have six VB and eighteen CB confined states. Hence, we solve the Bethe-
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Figure 4.7: Exciton absorption spectrum with a confining potential depth of (a) V0 =
40 meV and (b) V0 = 190 meV. The solid lines depict the Gaussian broadened absorption
spectrum, while the insets showcase the unbroadened spectrum, specifically focusing on the
low-energy region. Grey vertical lines correspond to the energies of the excitonic states.

Salpeter equation in the subspace of 24 single-particle QD states around the Fermi level

and present the low-energy exciton spectrum in Fig. 4.6(b). These 24 QD states give the

most important contributions to the low-energy exciton spectrum.

The triple degeneracy, combined with spin and valley degeneracy, leads to 72 one-pair

excitations across the gap, conserving Sz = 0. These one-pair excitations represent the

dominant configurations forming the 72 low-energy exciton states. The ground state exci-

ton remains an intervalley triplet, while the two highest energy 1s excitons are intravalley

singlets. These two 1s intravalley excitons are primarily composed of one-pair excitation

involving states participating in the bright transitions λ′a, λ
′
b and λ′c. They are formed by

one-pair excitations between QD states localized around the three minivalleys. Accord-

ingly, we denote these two high-energy 1s intravalley excitons as the ’minivalley excitons’.

4.5 Absorption spectra with trigonal warping

We now investigate the absorption of a single photon by the gated BLG QD, which is

excited from the ground state to an exciton state optically. The absorption spectrum gives
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the probability that a photon with energy ω is absorbed as:

A(ω) =
∑
µ

∣∣∣∣∣∑
p,q,σ

ϵ⃗± · D⃗q,p(A
µ
p,q,σ)∗

∣∣∣∣∣
2

δ(Eµ − ω). (4.6)

As in the previous chapter, we consider circularly polarized light with ϵ⃗± = 1√
2
(1,±i) and

we again assume that the initial state is the ground state, corresponding to a fully occupied

VB. Fig. 4.7(a) displays the absorption spectrum obtained from Eq. (4.6) for a confining

potential depth of V0 = 190 meV. The grey vertical lines correspond to the excitonic

energies Eµ, and the red line corresponds to the Gaussian broadened absorption spectrum.

Notably, a small peak around 60 meV is observed for the low-energy exciton, corresponding

to the small DME of the dark transition λc as observed in Fig. 4.5(c). However, at higher

energies, around 116 meV, one observes a large peak corresponding to the optically bright

transitions λa and λb.

We now contrast this scenario with the absorption spectrum obtained for a QD with

a shallow confining potential depth of V0 = 40 meV, depicted in Fig. 4.7(b). Here, one

notices a large peak at around 214 meV, corresponding to optical transitions λ′a, λ
′
b, and

λ′c. An inset displays the unbroadened absorption spectrum; the bright peak arises due to

the two minivalley excitons. Remarkably, these two minivalley excitons are the only bright

1s excitons, while the remaining seventy 1s exciton states are dark. This phenomenon

arises from electron-electron interactions, which split exciton states into intervalley and

intravalley excitons. Intervalley excitons consist of electron-hole pairs originating from

different valleys connected by vanishing dipole matrix elements, rendering them dark. The

excitons group into spin singlets and triplets, with triplets being dark.

Moreover, an exciton can only be bright if the dominant electron-hole pair configura-

tions consist of optically active states connected by DMEs. The two minivalley excitons

are intravalley singlet excitons built predominantly of one-pair excitations involved in the

bright transitions and, thereby, are bright. The abundance of dark, low-energy excitons

highlights the potential of BLG QDs as an excellent candidate for efficient photon stor-

age [65]. Furthermore, the energy difference between the ground state and the first bright
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exciton state has decreased, potentially allowing for control over the radiative lifetime

of these excitons [85], thus offering customizable emission properties in the THz photon

energy regime.
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Chapter 5

Effective Mass Model for Bilayer

Graphene Quantum Dots

In this chapter, we present an effective mass model for bilayer graphene quantum dots.

This model will help us better understand the optical selection rules obtained in Chapter

3, where the effects of the hopping parameters γ3 and γ4 were neglected. By examining

the generalized angular momentum of discrete QD states, we gain a deeper insight into the

optical selection rules for bright and dark transitions compared to the atomistic model. We

will begin with a parabolic confining potential and examine the resulting energy spectrum

as a function of angular momenta. However, the main focus of this chapter will be on the

more familiar Gaussian confinement that has been utilized throughout this thesis.
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5.1 Parabolic confinement

We begin by considering the same lattice geometry for the BLG system described in section

2.1.2, where we have the NN vectors given by:

δ⃗1 = b⃗, (5.1a)

δ⃗2 = b⃗− a⃗1, (5.1b)

δ⃗3 = b⃗− a⃗2 − a⃗1, (5.1c)

where a⃗1 = a(0,
√

3), a⃗2 = a
2
(3,−

√
3), and b⃗ = a

2
(1,

√
3) with a = 0.143 nm being the NN in-

plane both length. One can solve for the K points, one of which is given by K⃗ =
(

2π
3a
, 2π
3a

√
3

)
.

We can expand f(k⃗) around K⃗ as:

f(K⃗ + q⃗) ≈ f(K⃗) + f ′(K⃗) · q⃗ = f ′(K⃗) · q⃗, (5.2)

where we have used the fact that f(K⃗) = 0. Since f(K⃗) =
∑

i e
iK⃗·δ⃗i we can expand

Eq. (5.2) as:

f(K⃗ + q⃗) = iq⃗ · δ⃗1eiK⃗·δ⃗1 + iq⃗ · δ⃗2eiK⃗·δ⃗2 + iq⃗ · δ⃗3eiK⃗·δ⃗3

= iq⃗ · δ⃗1ei
2π
3 + iq⃗ · δ⃗2e−i 2π

3 + iq⃗ · δ⃗3

= i

(
a

2
√

3
qx +

a

2
qy

)
ei

2π
3 − i

a√
3
qxe

−i 2π
3 + i

(
a

2
√

3
qx −

a

2
qy

)
= i

3a

2
ei

π
3 (qx + iqy). (5.3)
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To remove the imaginary phase in Eq. (5.3), we can consider a rotated geometry of the

bilayer graphene system where the NN vectors are given by:

r⃗1 =

(√
3a

2
,
a

2

)
, (5.4a)

r⃗2 = (0,−a) , (5.4b)

r⃗3 =

(
−
√

3a

2
,
a

2

)
, (5.4c)

The reason for considering this rotated geometry of our lattice will become apparent after

we expand f(k) as we have previously done around a different K point. If we instead

consider a K point given by K⃗ =
(

4π
3
√
3a
, 0
)

, we can expand f(k⃗) around K⃗ as:

f(K⃗ + q⃗) = −3a

2
(qx + iqy). (5.5)

We can see from Eq. (5.5) that there is no imaginary phase factor as in Eq. (5.3), which

looks a bit nicer, although the physics will not change by rotating the system. From

Eq. (3.8), we have the Hamiltonian describing bulk BLG in the presence of the applied

electric field (neglecting the hopping parameters γ3 and γ4) given by:

Hbulk(k⃗) =


VE

2
γ0f(k⃗) 0 0

γ0f
∗(k⃗) VE

2
γ1 0

0 γ1 −VE

2
γ0f(k⃗)

0 0 γ0f
∗(k⃗) −VE

2

 , (5.6)
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where we can now substitute the expression for f(k⃗) expanded around K⃗ in Eq. (5.5) into

the above bulk Hamiltonian to obtain:

Hbulk(q⃗) =


VE

2
−γ0 3a2 q+ 0 0

−γ0 3a2 q−
VE

2
γ1 0

0 γ1 −VE

2
−γ0 3a2 q+

0 0 −γ0 3a2 q− −VE

2

 . (5.7)

where we have defined q+ = qx+iqy and q− = qx−iqy. We want to construct a quantum dot

that confines electrons and holes on the two layers of the bilayer graphene while maintaining

that the potential is zero at the center of the dot. We choose a parabolic confinement of

the form:

V (x, y) =

−1
2
mΩ2

0(x
2 + y2), z = +h

2
,

+1
2
mΩ2

0(x
2 + y2), z = −h

2
,

(5.8)

where m is the mass of a free electron and Ω0 is the angular frequency which will be used

as a scaling factor for the potential. Using the confining potential in Eq. (5.8) allows us to

write the QD Hamiltonian as:

HQD =


1
2
mΩ2

0(x
2 + y2) −γ0 3a2 q̂+ 0 0

−γ0 3a2 q̂−
1
2
mΩ2

0(x
2 + y2) γ1 0

0 γ1 −1
2
mΩ2

0(x
2 + y2) −γ0 3a2 q̂+

0 0 −γ0 3a2 q̂− −1
2
mΩ2

0(x
2 + y2)

 , (5.9)

In an effective mass or envelope function approximation, we will move from atomistic to

continuous space by replacing q̂x = −i ∂
∂x

and q̂y = −i ∂
∂y

.

We aim to express the QD Hamiltonian in Eq. (5.9) using the raising and lowering

operators of the two-dimensional harmonic oscillator. To achieve this, we begin by recalling

the Hamiltonian for the two-dimensional harmonic oscillator is given by [106,107]:

H = − ℏ2

2m

(
∂2

∂x2
+

∂2

∂y2

)
+

1

2
mΩ2

0(x
2 + y2), (5.10)

65



which can be written in terms of raising and lowering operators as:

H = Ω0

(
a†a+

1

2

)
+ Ω0

(
b†b+

1

2

)
, (5.11)

where the operators a†(a) and b†(b) create (annihilate) clockwise and counter-clockwise

motion of electrons. The eigenstates of the above Hamiltonian are given by [93, 106, 108,

109]:

|nL, nR⟩ =
1√

nL!nR!
(a†)nL(b†)nR |0, 0⟩, (5.12)

where nL and nR are the number of clockwise and counterclockwise motion, and the angular

momentum is hence given by nL−nR and |0, 0⟩ is the harmonic oscillator ground state. The

explicit expression for the raising and lowering operators of the two-dimensional harmonic

oscillator are given by:

a =
1

2

(
1

l
√

2
(x− iy) + l

√
2

(
∂

∂x
− i

∂

∂y

))
, (5.13a)

b =
1

2

(
1

l
√

2
(x+ iy) + l

√
2

(
∂

∂x
+ i

∂

∂y

))
, (5.13b)

a† =
1

2

(
1

l
√

2
(x+ iy) − l

√
2

(
∂

∂x
+ i

∂

∂y

))
, (5.13c)

b† =
1

2

(
1

l
√

2
(x− iy) − l

√
2

(
∂

∂x
− i

∂

∂y

))
, (5.13d)

where l =
√

ℏ
2mΩ0

is the oscillator length.

We can express terms in the QD Hamiltonian in Eq. (5.9) in terms of the raising and

lowering operators given in Eq. (5.13) as:

1

2
m∗Ω2

0(x
2 + y2) =

1

2
ℏΩ0(1 + a†a+ b†b+ a†b† + ab), (5.14a)

iq+ =
∂

∂x
+ i

∂

∂y
=

1

l
√

2
(b− a†). (5.14b)
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Using Eq. (5.14), we can write the QD Hamiltonian in Eq. (5.9) as:

HQD =

[
H+ Hγ1

H†
γ1

H−

]
, (5.15)

with 2 × 2 block components given by:

H+ =

[
Â B̂

B̂† Â

]
, (5.16a)

Hγ1 =

[
0 0

γ1 0

]
, (5.16b)

H†
γ1

=

[
0 γ1

0 0

]
, (5.16c)

H− =

[
−Â B̂

B̂† −Â

]
, (5.16d)

where we defined the operators:

Â =
1

2
ℏΩ0

(
1 + a†a+ b†b+ a†b† + ab

)
, (5.17a)

B̂ = iγ0
3a

2

1

l
√

2
(b− a†). (5.17b)

We want to construct basis states and diagonalize the QD Hamiltonian in Eq. (5.15) for

different values of nL − nR, corresponding to the angular momentum m. We now consider

a four-component spinor solution of the QD Hamiltonian to be of the form:

φ =


|ΨA1⟩
|ΨB1⟩
|ΨA2⟩
|ΨB2⟩

 . (5.18)

We recall that the eigenstates of the two-dimensional Harmonic oscillator are given by
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Eq. (5.12), which we will use as a basis for the wavefunction. Note that the operators a†(a)

and b†(b) increase (decrease) the values of nL and nR by one, respectively. Upon examining

the (1,1) component of H+, which conserves the value of nL − nR and acts on the |ΨA1⟩
component of the spinor solution in Eq. (5.18), we expand |ΨA1⟩ in the following basis:

|ΨA1⟩ =
N∑
i=1

Ai|nL + i, nR + i⟩, (5.19)

where N is a cutoff in the basis size. This cutoff must be large enough to ensure the

results converge sufficiently and do not depend on the basis size. We construct the basis

by considering a particular angular momentum m = nL − nR, if m > 0, we set nL = m

and nR = 0; if m < 0, we set nL = 0 and nR = −m.

We now consider the (1,2) component of H+, which acts on the spinor component |ΨB1⟩
and increases the value of nL − nR by one. To preserve the value of nL − nR, we expand

|ΨB1⟩ as:

|ΨB1⟩ =
N∑
i=1

Bi|nL + i− 1, nR + i⟩. (5.20)

If we now examine the (2,2) component of H+ and the (2,1) component of Hγ1 , both located

in the second row of the QD Hamiltonian in Eq. (5.15), we see that they act on |ΨB1⟩ and

|ΨA2⟩, respectively. Neither of these components change the value of nL − nR, indicating

that this value remains the same between |ΨB1⟩ and |ΨA2⟩. Thus, we can expand |ΨA2⟩
similarly as:

|ΨA2⟩ =
N∑
i=1

Ci|nL + i− 1, nR + i⟩. (5.21)

Lastly, examining the (1,1) and (1,2) components of H−, which are in the third rows of

the QD Hamiltonian and act on |ΨA2⟩ and |ΨB2⟩ components, we observe that the value

of nL − nR must be one less in |ΨB2⟩ than in |ΨA2⟩. Therefore we expand |ΨB2⟩ as:

|ΨB2⟩ =
N∑
i=1

Di|nL + i− 2, nR + i⟩. (5.22)
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Now that we have the form of the four component spinor, we can construct the basis

states and diagonalize the QD Hamiltonian in Eq. (5.15) for different values of angular

momentum m. A basis size consisting of 100 two-dimensional harmonic oscillator eigen-

states per sublattice was found to be sufficiently large to ensure convergence of the energy

spectrum for a given angular momentum m. Taking the value of ℏΩ0 = 10 meV and varying

the angular momentum from -3 to +3 results in the energy spectrum presented in Fig. 5.1.

One observes that the angular momentum for the QD state at the top of the VB (labeled

with index -1) is +2, while the angular momentum at the bottom of the CB (labeled 1) is 0,

resulting in a difference in angular momenta of -2 between these states. This implies that

the optical transition across the gap in a BLG QD with parabolic confinement would be

dark since a single photon can only change the angular momentum of a state by ±1 [26]. In

the next section, we perform a similar analysis for the more familiar Gaussian confinement.

2 3
1

-2-3
-1

Figure 5.1: Energy spectrum for a BLG QD with parabolic confinement using an effective
mass model as a function of angular momentum with ℏΩ0 = 10 meV.
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5.2 Gaussian confinement

We begin with the bulk Hamiltonian expanded around K⃗ as in Eq. (5.7):

Hbulk(q⃗) =


VE

2
−γ0 3a2 q+ 0 0

−γ0 3a2 q−
VE

2
γ1 0

0 γ1 −VE

2
−γ0 3a2 q+

0 0 −γ0 3a2 q− −VE

2

 . (5.23)

We have defined q+ = qx + iqy and q− = qx− iqy. To confine electrons and holes on the two

different layers forming a quantum dot, we include the Gaussian confining potential as in

Eq. (3.10) and the QD Hamiltonian can be written as:

HQD =


V (r) −γ0 3a2 q̂+ 0 0

−γ0 3a2 q̂− V (r) γ1 0

0 γ1 −V (r) −γ0 3a2 q̂+
0 0 −γ0 3a2 q̂− −V (r),

 , (5.24)

where we have defined V (r) as:

V (r) = +
VE
2

− (c1e
− α1r

2

R2
QD + c2e

− α2r
2

R2
QD ), (5.25)

where the parameters c1 = −0.018 eV, c2 = 0.207 eV, α1 = 6.128, α2 = 1.006 and we set

the QD radius to 20 nm. To move from atomistic to continuous space, we can replace q̂x

and q̂y with −i ∂
∂x

and −i ∂
∂y

, respectively. And so q̂+ and q̂− become:

q̂+ = −i
(
∂

∂x
+ i

∂

∂y

)
, (5.26a)

q̂− = −i
(
∂

∂x
− i

∂

∂y

)
. (5.26b)
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Since the confining potential in Eq. (5.25) is a function of the radial coordinate, it makes

sense to write q̂+ and q̂− in polar coordinates as well as:

q̂+ = −i eiϕ
(
∂

∂r
+
i

r

∂

∂ϕ

)
, (5.27a)

q̂− = −i e−iϕ

(
∂

∂r
− i

r

∂

∂ϕ

)
. (5.27b)

Substituting the above expressions for q̂+ and q̂− in polar coordinates into the QD Hamil-

tonian given in Eq. (5.24) results in:

HQD =


V (r) iγ0

3a
2
eiϕ
(

∂
∂r

+ i
r

∂
∂ϕ

)
0 0

−γ0 3a2 q− V (r) γ1 0

0 γ1 −V (r) iγ0
3a
2
eiϕ
(

∂
∂r

+ i
r

∂
∂ϕ

)
0 0 −γ0 3a2 q− −V (r),

 . (5.28)

As considered in Ref. 63, we can consider a solution of the above QD Hamiltonian in the

form of a four-component spinor:

φ(r, ϕ) =


RA1(r)e

imϕ

RB1(r)e
i(m−1)ϕ

RA2(r)e
i(m−1)ϕ

RB2(r)e
i(m−2)ϕ

 , (5.29)

where the integer m represents the angular momentum. This choice is appropriate as the

q+ operator raises the phase by one unit, which allows us to relate relative phases between

the four sublattice components using Eq. (5.24). We expand the wavefunction of each

sublattice in the basis of Bessel functions defined on a large computation box of radius R

as:

⟨r|n,m⟩ =

√
2

R

1

|Jm+1(αn
m)|

Jm

(
αn
m

r

R

) 1√
2π
eimϕ, (5.30)

where n denotes the radial node number, Jm
(
αn
m

r
R

)
is the Bessel function of order m

and αn
m is the n-th zero of the m-th order Bessel function [110]. To construct the QD
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Hamiltonian in the basis of the states |n,m⟩, we need to compute the matrix elements:

⟨n1m1|V (r)|n2m2⟩ =
2

R2

1

|Jm1+1(α
n1
m1)|

1

|Jm2+1(α
n2
m2)|

∫ R

0

r dr V (r) Jm1

(
αn1
m1

r

R

)
× Jm2

(
αn2
m2

r

R

) 1

2π

∫ 2π

0

ei(m2−m1)ϕ dϕ. (5.31)

Since
∫ 2π

0
ei(m2−m1)ϕdϕ = 2πδm1,m2 , the above equation can be simplified to:

⟨n1m1|V (r)|n2m2⟩ = δm1,m2

2

R2

1

|Jm1+1(α
n1
m1)|

1

|Jm2+1(α
n2
m2)|

∫ R

0

rdr V (r)

× Jm1(α
n1
m1

r

R
) Jm2(α

n2
m2

r

R
). (5.32)

We also need to obtain an expression for the matrix elements

⟨n1m1|q+|n2m2⟩ = −i⟨n1m1|eiϕ
(
∂

∂r
+
i

r

∂

∂ϕ

)
|n2m2⟩. (5.33)

After some algebra, we obtain the expression:

⟨n1m1|q+|n2m2⟩ = −2iδm1,m2+1

R

1

|Jm1+1(α
n1
m1)|

1

|Jm2+1(α
n2
m2)|

αn1
m1
αn2
m2

(αn1
m1)2 − (αn2

m2)2

× Jm1−1(α
n1
m1

)Jm1(α
n2
m2

). (5.34)

We can construct the QD Hamiltonian in the basis of the states |n,m⟩ as in Eq. (5.30) using

Eq. (5.32) and Eq. (5.34). After diagonalizing this Hamiltonian with a basis consisting of

100 Bessel functions per sublattice, we obtain the energy spectrum as a function of angular

momentum presented in Fig. 5.2(a).

The QD states at the top of the VB and the bottom of the CB are labeled with indices

-1 and 1, respectively. We observe that the angular momentum of the state at the top of

the VB has an angular momentum of +2, while the state at the bottom of the CB has an

angular momentum of 0. Therefore, the difference in angular momentum between these

two QD states is -2. This explains why the dipole matrix element between these two QD
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states in zero, as a single photon can only change the angular momentum of a state by

±1 [26], and hence does not couple these two states optically.

Recall that the brightest optical transitions labeled λa and λb in Fig. 3.4(a) occur

between the top of the VB and the third CB QD states, and symmetrically the bottom of

the CB and the third VB state relative to the Fermi level. In Fig. 5.2(a), we see that the

angular momentum of the top of the VB state (labeled -1) is +2, and the third CB state

(labeled 3) has angular momentum +1, resulting in a difference in angular momenta of -1.

Similarly, the difference in angular momentum between the QD states at the bottom of the

CB (labeled 1), and the third VB state (labeled -3) is also -1. This matches the angular

momenta of a single photon, hence there is a large oscillator strength connecting these QD

states.

c)

b)a)

2 3
1

-2-3
-1

Figure 5.2: Energy spectrum for gated BLG QD using an effective mass model as a function
of angular momentum for a QD radius of 20 nm. The red dashed line represents the Fermi
level, and the black arrow connects an optically active transition. (b,c) Particle density for
states labeled -1 and 1 in (a).

In Fig. 3.4(b), we plot the particle density as a function of the radial coordinate mea-
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sured from the center of the QD for the QD state at the top of the VB. As expected, the

largest contribution arises from the sublattice B2, which is consistent with our findings in

the atomistic model for the QD state with index 15/16, as shown in Fig. 3.3(b). Similarly,

the dominant weight of the particle density for the QD state at the bottom of the CB re-

sides in sublattice A1 as presented in Fig. 3.3, again in agreement with the findings found

in Fig. 3.4(c) for QD states 17/18. In both cases, we can see that the particle density

decreases to nearly zero as we move radially past 20 nm, which is the radius of the QD.
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Chapter 6

Conclusions

In this thesis, we have comprehensively studied the electrical and optical properties in

Bernal-stacked bilayer graphene, focusing on gated bilayer graphene quantum dots. These

quantum dots combine the tunability of a gate-controlled semiconductor with the ability to

confine charge carriers, enabling precise manipulation of their properties. These character-

istics make gated bilayer graphene quantum dots a fertile ground for numerous applications

in quantum technology.

Beginning with Chapter 2, we outlined various theoretical models and numerical meth-

ods utilized throughout this thesis. We started with the tight-binding model for a single

graphene layer, studying its band structure, which characterizes graphene as a semimetal,

and then extended this model to bilayer graphene. Next, we described the many-body

Hamiltonian for a system consisting of many electrons, discussed the configuration inter-

action method, and derived the Bethe-Salpeter equation to solve for the exciton energy

spectrum. Additionally, we addressed the numerical challenges and techniques to compute

Coulomb matrix elements to model electron-electron interactions.

Chapter 3 explored the application of a Gaussian-shaped potential profile, leading to

a quantum dot that effectively confines electrons and holes on different layers. We com-

puted the resulting quantum dot energy spectrum using an atomistic tight-binding model

for millions of atoms. Subsequently, we computed dipole matrix elements and determined
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the optical selection rules without trigonal warping effects. We found that the transition

across the gap is dark, unlike self-assembled quantum dots, and the transition from the top

of the valence band to the third excited conduction band state is bright. We computed the

Coulomb matrix elements, self-energies and solved the Bethe-Salpeter equation, which we

used to study the exciton fine structure. Using Fermi’s golden rule, we obtained the exci-

tonic absorption spectrum. We characterized the ground state exciton as a dark intervalley

triplet exciton and observed many dark low-energy excitons. These findings highlight the

potential of bilayer graphene quantum dots as a candidate for efficient photon storage.

Chapter 4 extended the theory of excitons and studied the optical properties of gated

bilayer graphene quantum dots, including the effects of trigonal warping. We identified

triple degenerate quantum dot energy levels emerging due to shallow confinement and

trigonal warping interplay. A brightening of the oscillator strength across the gap was

observed with the inclusion of trigonal warping. We determined the exciton spectrum

from weak to strong trigonal warping controlled by gates. Notably, we predicted the

existence of two bright 1s minivalley excitons and a band of low-energy dark excitons. Such

electrical control of optical properties holds promise for various applications in quantum

information [84], storage [65], detection [111], and emission properties in the THz photon

energy range. Finally, we have demonstrated bilayer graphene quantum dots as a potential

candidate for confinement of tunable neutral excitons that couple strongly to light.

In Chapter 5, we employed an effective mass model for bilayer graphene quantum dots

to explain the optical selection rules previously obtained in Chapter 3 using an atomistic

model that neglected trigonal warping effects. We labeled the discrete quantum dot states

by generalized angular momentum. We found that the quantum dot states involved in

large oscillator strengths differed in angular momenta by an amount that matched the

angular momenta of the photon used to excite an electron from the valence band to the

conduction band.
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[8] András L. Szabó and Bitan Roy. Competing orders and cascade of degeneracy lifting

in doped bernal bilayer graphene. Phys. Rev. B, 105:L201107, May 2022.

77



[9] Xiu-Cai Jiang, Ze-Yi Song, Ze Ruan, and Yu-Zhong Zhang. Spontaneous charge-

ordered state in bernal-stacked bilayer graphene. Phys. Rev. Res., 6:013255, Mar

2024.

[10] Kostya S Novoselov, Edward McCann, SV Morozov, Vladimir I Fal’ko, MI Katsnel-

son, U Zeitler, D Jiang, F Schedin, and AK Geim. Unconventional quantum Hall

effect and Berry’s phase of 2π in bilayer graphene. Nature physics, 2(3):177–180,

2006.

[11] Faris Kadi and Ermin Malic. Optical properties of bernal-stacked bilayer graphene:

A theoretical study. Phys. Rev. B, 89:045419, Jan 2014.

[12] Edward McCann and Mikito Koshino. The electronic properties of bilayer graphene.

Reports on Progress in physics, 76(5):056503, 2013.

[13] Edward McCann and Vladimir I Fal’ko. Landau-level degeneracy and quantum hall

effect in a graphite bilayer. Physical review letters, 96(8):086805, 2006.

[14] Edward McCann, David SL Abergel, and Vladimir I Fal’ko. The low energy electronic

band structure of bilayer graphene. The European Physical Journal Special Topics,

148(1):91–103, 2007.

[15] Bitan Roy. Classification of massive and gapless phases in bilayer graphene. Phys.

Rev. B, 88:075415, Aug 2013.

[16] Eduardo V. Castro, K. S. Novoselov, S. V. Morozov, N. M. R. Peres, J. M. B. Lopes

dos Santos, Johan Nilsson, F. Guinea, A. K. Geim, and A. H. Castro Neto. Biased

bilayer graphene: Semiconductor with a gap tunable by the electric field effect. Phys.

Rev. Lett., 99:216802, Nov 2007.

[17] Yuanbo Zhang, Tsung-Ta Tang, Caglar Girit, Zhao Hao, Michael C Martin, Alex

Zettl, Michael F Crommie, Y Ron Shen, and Feng Wang. Direct observation of a

widely tunable bandgap in bilayer graphene. Nature, 459(7248):820–823, 2009.

78



[18] Paola Gava, Michele Lazzeri, A Marco Saitta, and Francesco Mauri. Ab initio study

of gap opening and screening effects in gated bilayer graphene. Physical Review B,

79(16):165431, 2009.

[19] Taisuke Ohta, Aaron Bostwick, Thomas Seyller, Karsten Horn, and Eli Rotenberg.

Controlling the electronic structure of bilayer graphene. Science, 313(5789):951–954,

2006.

[20] Kin Fai Mak, Chun Hung Lui, Jie Shan, and Tony F Heinz. Observation of an electric-

field-induced band gap in bilayer graphene by infrared spectroscopy. Physical review

letters, 102(25):256405, 2009.

[21] Edward McCann. Asymmetry gap in the electronic band structure of bilayer

graphene. Phys. Rev. B, 74:161403, Oct 2006.

[22] Feng Wang, Yuanbo Zhang, Chuanshan Tian, Caglar Girit, Alex Zettl, Michael

Crommie, and Y Ron Shen. Gate-variable optical transitions in graphene. Science,

320(5873):206–209, 2008.

[23] Hongki Min, Bhagawan Sahu, Sanjay K. Banerjee, and A. H. MacDonald. Ab initio

theory of gate induced gaps in graphene bilayers. Phys. Rev. B, 75:155115, Apr 2007.

[24] A. Friedlan and M. M. Dignam. Valley polarization in biased bilayer graphene using

circularly polarized light. Phys. Rev. B, 103:075414, Feb 2021.

[25] Jeroen B Oostinga, Hubert B Heersche, Xinglan Liu, Alberto F Morpurgo, and

Lieven MK Vandersypen. Gate-induced insulating state in bilayer graphene devices.

Nature materials, 7(2):151–157, 2008.

[26] Long Ju, Lei Wang, Ting Cao, Takashi Taniguchi, Kenji Watanabe, Steven G Louie,

Farhan Rana, Jiwoong Park, James Hone, Feng Wang, and Paul L Mceuen. Tunable

excitons in bilayer graphene. Science, 358(6365):907–910, 2017.

[27] Cheol-Hwan Park and Steven G Louie. Tunable excitons in biased bilayer graphene.

Nano letters, 10(2):426–431, 2010.

79



[28] Vadim M. Apalkov and Tapash Chakraborty. Controllable driven phase transitions

in fractional quantum hall states in bilayer graphene. Phys. Rev. Lett., 105:036801,

Jul 2010.

[29] Simone Lisi, Xiaobo Lu, Tjerk Benschop, Tobias A de Jong, Petr Stepanov, Jose R

Duran, Florian Margot, Irene Cucchi, Edoardo Cappelli, Andrew Hunter, Anna

Tamai, Viktor Kandyba, Alessio Giampietri, Alexei Barinov, Johannes Jobst, Vin-

cent Stalman, Maarten Leeuwenhoek, Kenji Watanabe, Takashi Taniguchi, Louk

Rademaker, Sense Jan van der Molen, Milan P. Allan, Dmitri K. Efetov, and Felix

Baumberger. Observation of flat bands in twisted bilayer graphene. Nature Physics,

17(2):189–193, 2021.

[30] Rafi Bistritzer and Allan H MacDonald. Moiré bands in twisted double-layer

graphene. Proceedings of the National Academy of Sciences, 108(30):12233–12237,

2011.
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Popert, Thibault Chervy, Xiaobo Lu, Song Liu, Katayun Barmak, Kenji Watanabe,

Takashi Taniguchi, David J. Norris, Martin Kroner, and Puneet A Murthy. Electri-

cally tunable quantum confinement of neutral excitons. Nature, 606(7913):298–304,

2022.

[87] Matthew C DeCapua, Yueh-Chun Wu, Takashi Taniguchi, Kenji Watanabe, and Jun

Yan. Probing the bright exciton state in twisted bilayer graphene via resonant raman

scattering. Applied Physics Letters, 119(1), 2021.

[88] Angelika Knothe and Vladimir Fal’ko. Influence of minivalleys and Berry curvature

on electrostatically induced quantum wires in gapped bilayer graphene. Physical

Review B, 98(15):155435, 2018.

[89] Anastasia Varlet, Marcin Mucha-Kruczyński, Dominik Bischoff, Pauline Simonet,
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