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ABSTRACT

9

The nen-standard analysis provides an alternate approach

S—p.

to real analysis including elementary calculus To examine -

+

the validity and usefulness of an informal presentation pro-

AR I

posed. by H.J. Keisler a rigorous treatment of non-standard
analysis is presented following W.A.J. Luxemburg. The peda-
. ngogical Implications introducing infinitesimals are‘inconclu—

sive due to the lack of sufficient. experimental information

P




CHAPTER 0

INTRODUCTION

-

Since the inventiqn of! differential and integral calculus

by Newton and Leibniz at the end of the Seventeenth Century

the.question of infinitesimals has’been an indispensable and

'often controversial topie, in the foundation ‘of analysis fThe

existence of "infinitely small" numbers which has been taken ’

for granted by Leibniz and his followers has been disputed on
4

mathematical as well as on philosophical grounds § N

- ‘ \.

S
The developers of calculus in"the Elghteenth Century

(Bernoullis, Euler, Lagrange) made frequent often ingenious

- uses of the notions of "infinitely small" and “infinitely large".

Occasionally, certain paradoxical situations (as 1n the conver—_
gence problems for infinite series) arose but these "were handled:
skilfully if not rigorously and the end results were accepted as
useful and cdorrect. :

During the Nineteenth Century with Cauchy, Balzano, Cantor,

Dedekind and Weierstrass the inrinitesimals were eliminated by

-using more precise notions as cqnvergence, limits, completeness

o

as applied to real number system "It ‘is worth noting that Cantor
whose work laﬁﬁ the foundations for classification of "infinities'
(cardinalities of sets) cﬂtegorically reJected the possible exis—
tence of infinitely ‘small numbers. - It appeared that this notion .

Was now completely eliminated fron&nmthematics. - '.

r
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,However,kin l960 Abraham Robinson (1918 1974) introduced
infinitesimals within the framework of model theory He showed
" that there exists a new kind, of extension of the real number -
:system which properly includes ihe standard .(classical) one.
This extended system contains "infinitely large" and” "infinitel
sma}l" elements and gives rise to so called "non-standard" ’9\

analysis. Such- non- standard models (first introduced by Skolem

in 1934 for arithmetic) have. ‘been created for_ various mathemati-

-

cal structures. _
The usefulness of non- standard analysis was demonstrated
by several-new proofs of old theorems and by solutions to old

*unsolved problems (invariant subspaces in Hilbert space theory,
diophantine analysis in number theory, field theory in algebra)
To quote the- eminent logician Kurt Gédel who commenting on
.Robinson s talk at the Institute for Advanced Study at Princetor
in March 1973 said: (inm part)\ |
%'lbwould like to point out a fact that nonstandard analysic
-frequently simplifies substantially the propfs, not only of 2le-
mentary theorems, but’also of deep results.’ This 1is true, e. g
-‘also for. the proof of the existence of invariant subspaces for
‘compact operatGrs, disregarding the improvement of" the result;
and it 1s true in an’ even higher degree ‘in other cases. This
- state of affairs shguld prevent a rather common midinterpreta-_

tion of non-standard analysis, namely the idea that 1t is some

'kind of extravagance or fad of- mathematical logicians Nothing

&
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could-be-farther from the truth,- Rather there are good
reasons to peliete that‘non—standard‘analysis,‘in some version
or other, will be the'analysis of the “future.

‘One reason is the Just mentioned simplification of proofs,.
since simplification facilitat@s discovery ' Another, even more
convincing reason, 1s the following: Arithmetic starts wiﬁh
_ the integers and proceeds by successively ‘enlarging the number
system by rational and negative numbers, irrational~numbers,_
etec. But the next quite natural step after the reals, namely the
introduction of infinitesimals, has simply been omitted I think
in coming centuries it will be considered a great. oddity in the
history of mathematics that the first exact theory of infinitesi-

mals was developed 300 ‘years after the invention of the differen-

tial calculus" b

L\

The use of model_theory as a foundation for non—standard

.analysis require a. considerable amount of mathematical logic. . An
L

rattempt has been made-by W, A J. Luxemburg to establish a minimal
logical apparatus needed for a proper introduction of infinitesi—
_'mals His approach has been followed in this thesis. .

'In teaching element&f//calculus two problems present them—"

selves///////the’intuitive“concepts underlying the use of real

~

number~system and 2) - the question-of minimal riéor Conce'r"'r'f':‘:‘z
ing the firsts the notions‘of limits, completeness, continuity

-. require some understanding. of "small" and. "large" which ultimatel*

lead-to the use of "infinitely small" and’ "infinitely largeﬂ;

* _Private_communicatﬂ _from Mrs. A..Robinson.
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As to the second points the classical e-5 techniQue is usually

beyond the ability of most students at that stage and could be

' often a self-defeating device To circumvent these difficul—

ties, hundreds of attempts have been made by text- book writers.

An 1nteresting but by ne means a definitive attempt ‘has

- been made by H. Jerome Keisler to present introductory calculus.

based on infinitesimals Since the present foundations of non-

standard analysis require a considerable, logical machinery and
e A

several rather subtle notions Keisler 5 approach is-to establish

an intuitive basis for the 1arger number system H (called hyper—

"reals) and assume certain axioms (rather loosely stated) in order

to develop the usual techniques for limits, convergence, continuit

'derivatives-and integrals- v | LB

In Chapters I - VI we describe the non standard number Sys-—
tem ¥R as an extension of the real number system R, iq~Chapter VII

Keisler S approach to the elementary introduction 1s presented

n " The references are given by a _number in square brackets.

The Bibliography includes a list of general materialmﬁsed“

in the Preparation of the thesis

Y
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" ; . JHE LOGICAL MACHINERY -

" CHAPTER I

51 In real analysis quantification in the formal language'

-

‘is over real numbers (as "individuals" or'eiements) and over.

sets : o R~

-~

In example (l) the quantification I1s over individuals,

- in examples (2) and (3), the quantification is over sets.

: Examples . S e R
(1) The trichotomy law, in symbols: . ' ) ﬂ

u

(VX)(Vy) [x e RAaye R] - [x < < yl.v [x > y] v [x =vyl.

where the quantification of the variables X and .y is~ over real

~
¥ o

. numbers only. ) ‘ _ . - s

~ {(2) The Peano Induction Axiom,-in symbols:

(WWIlly e Ny a0 ey nn eyl [n+1cyl]
| | = (n)[n'+ 1 ¢ y]

where NILis.the pdﬁgr-set-ofiNl o
The Dedekind upper bo&nd’o;ooerby:can be“statedjas follows:
‘(3) Ebery non-empty subset of R which is bounded above

has a least upper bound in symbols

(Vx)(Vy)(az)[[[x € Ry A‘x = Ay € R] A [z € X = z < y v.z= y]j%

\(3W)[[W § R] A (¥S)[S € X => s-< w v 5. %'ﬁ] AL
a (Vy)[(Vr)[r €X =T <VVvr=y]
S N | . EW‘?'Van=-VJ,J]k

« Where Rl'is the power set ¢f R.

- ‘ L3 -
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Our aim is to construct a language which should contain

a

all statements of real analysis which deal with numj; ,,rela-‘
.tions betﬁ/en numbers, relations between sets and nu

bers and .
S50 on.' This language will be based on the axiomatic set theory '

and 1its constants will range over sets and humbers,

§2 The Language L °

The atomic.symbols of L are: -
(1) The connectives: AV, =>, <=>, =, Which stand for

Mand!, "or", "implies“, "iff" "not",«respectively."

\\\‘ () The-variables:' atcountably infihite sequence denoted
"3_ by X, ¥, z,‘..; with or without subscripts.
K I (3) The quanti{iers. (H-) and (V+) for existential and
universal quantifiers, respectively - o ‘ : ‘{
(4) Brackets:g : 1, ¢ )1"m] N ’ _‘ e .
:’\‘ (5)' The basiC‘predicates:‘ =, ¢ for.Fequality" and "member-

oL
:

~

_ ship", respectively

[y ;

(6) Extra logical constants (briefly, COnstants)st thls 1s
a set of symbols whidh is large enough to be put in one~to- —one
I
correspondence with the entities ©of whatever structure~may be

M)

under consideration. This set of constants is infinite but

\\Rixed:- The constants will be denoted by Roman letters with or

without subscripts and numerals 0, 1, 2, cen a . ' e ' ) f

Tne atomie formulas are a ¢ B and Y = p where a,'§}é), P

1

'denote constants and variables.‘ The. wff (well formed formulas)

. . . " . . .
(‘\k! , ) + 4



'and [‘1V] are wff@is a wff." then [(Vx)V] ’d [(Bx)V] are

. wff where X denotes an arbitrary variable provided X does not

-where A 1% an element in a certain structure " The wff of I, wit

LJn>0HRn-is called the superstructure on'R and is denoted by R.

| ; . |

will be obtained in succeasive stages by. applying connectives
“"--.___..-

and quantifiers LIV is an atomic formula,- then [V] is a wrf

IV, Ware wff, then [V A W], [V v Wi, [V =, W], [V <= W]

already appear in V under the sign of a quantifier | In- wff
[(¥x)V] and [(ﬂx)V],\VEis called the scope of the quantifier

LA variable x 1s called -free in .a wif [V] if X is not in

’(Vx) or (3x) or in the scope of a quantifier in. V.

4

A wff 1s called a sentence if every variable is in the

scope of a quantifier. . s

For real analysis we shall only consider those wff of L
|

whose quantifiers are of the form: - L !

"(‘dx)[[x e 41 = ...1{ and "(ax)[[x < A1 A S L

this property are - called the admissible wff

The set of admissible wff of I will b% denoted by K = K(L)

- and the subset of K of all admissible sentenoeS/ﬁhioh hold 1n

B

a' certain structure by K = K (L).
. . . A ° .
§3 The Structure of °R and Some of its Properties
~ .
Let R be the set of real dumbers We define inductively

the sets

Ry = R-and R .."= P({ R ) where P(X) denote the power set of

k=0

1 . . o

A

3

¢

v

4 ' ’ =

]



"ments of RO are referred to as -the 1ndividuals.

_called of:rank ﬁ in R. The individuals are given rank 0.

number n such that a « R . In fact, 1f a is of rank n, then

2 e Rn - Rn—ltWh1Ch implies a e R, and a { R _3; hgr?'n is t]

'xl, vees X, € RO u Rp-l‘ Innpappicular, if an entitx'¢ € R

“for all g+l > p

The elements of R ‘are calléd~the entities, but the ele-

Deririttion 3.1. The entities of R, - R,y (n>1) are

A : - j - ('\

By this definition, the empty set gets assigned rank 1.

\ - - .
(1 e ¢ e Rl - R,.) | }
l . i
If a < R # ¢, then the rank of a 1s thé smallest natura

smallest natural number suth that a ¢ R 1is Jﬁst;fiedﬁ

Lemma 3.1. (1) R, © R, for all n >p > 1.

\

. n = "77' ’ | . Y
L A1) Uyk=0 Bx = Ry u R, for alln > 1. o N
(111) R ¢ R, ;) for all 0 < k < n and for all n > O, »
‘(iv) If X e ¥ € R; (n >1), then x ¢ R, v R _y-
(v) If'(xl,’,.., X, Ve y e R (p > 1), then
B A

ls a binary relation, then 1ts domain, dom ¢ = {x]3y)(x,y)e
and its range, ran ¢ = {y|(Ix)(x,y) ¢ @} e R.

g Progf. '(;) If x ¢ Rp, then, by definition, x < i é.

and so x <{J J_, R, for all q > p-ll(;ﬁgnbe x e P g R)=



(11) For n 3{1,;Rn < Rn;l’ and so . S ”
n' ‘ T ey . 7
'LJ'k=O‘Rk = BO u Rn,for RO n Rn = ¢, for n > 1.

(iii)' Fromf(ii) 3k C_Eg;u Rn (9 i.k;i nj, then. )
Ea L Rk € P(Ro'u Rp) =R ) |
. (iy) If y € Rn, (n >1), t@en'y S Ro u Rn—l’ SO
X e Ro U Rn-l'_ q E
' (f) If (x95 ..o, xngﬂé y‘t ?p (p > 1), then .
(xl, RN xn).e.RO U”Rp-l' o o - S
, . : S
Hence ‘ _ . o« .
{{Xi}, {xq, (xa, ..k, ¥n)%} € 30\U Bp—l_= 66 u P(RO-U_RP“E)

Aa

implies Xy € RO u Rp_2 c Ro ) Rp—l' Similarlyw we -can prove

. . ‘ 7 _
?hat_the.entities Koy weny xp € HO U Rp—l-(p > IJ. 1In particu-
. A A ' .

lar, dom ¢ ¢ R and ran ¢ ¢ 'R = LJn>O Ry~

4

+° An ordered pair (a, b) is definef in the sense of Kuratowski
by (a, b) = {{a}, {a, b}}.

. The n-tuples (a3, ‘.., a ) are defined inductively by

(a) = a, (a;, ..., &) = ((ay, .0 ah;l),.aﬁj.:,lt-follows that -

5, «

relations defined as sets of n-tuples (n = 1, 2, i..) are all
. A ' e : )
entitieg of R.

f

. . A
E € R < R.

. 'For example, -let E = {(x, y)lx, Yy ¢ R} we shall”prVegthat
n+2 : ' . N
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4

‘The result 'can be obtalned easily. - t .
Indeed, - R
e
let. .
' 7
X, ¥ e Rl’l : -
= T ) . - ) _ : > . d
- then - x}, {x,.y} € Roy1 .
(x, 9) = {{x}, {x; y}} €-R_,,
. A. =
Hence E= {(x, yJ} «R '
. N - . ‘

i.e. ) E ¢ R.

e

, o o
f-'InwthiEfmanner; we can define the algebralc operations

of R, in terms of ternary relations as follows:

Let &, b, « Ro’ then

L : A co : ‘
‘ab = ¢ 1iff (a, by ¢) ¢ P ¢ R (P is the relation which character-

izes the multiplication) . : v

‘ a+ b= c-iff (a, /b, c) € S ¢ R (S is the relation*which charac—

T——

terizes the addit/ion). g ' ¢

we shall pow assume that the set of cons nts/of L is

w

brought .in one-to-one correspondence with all the entities of
A

" the structure R and we shall from now on identdfy'the constants

A A

of L with the entities of R so that R 1s part of L: If such an

A

identification has been established then we refer to R as an
bl | v :
L- structure '

. A
The interpretation of the basic predicate €. of L in R will

be the membership relation of axiomatic set theory

[
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CHAPTER II o y '
ULTRAFILTERS AND MONOMORPHISMS \

L]
2

?i Definition 2 1 (Filter) ,-_ T ' 7 "y

-

By a filter over I (a non empty set) we mean a non- emp%y

-

set F of subsets of I such thaﬁ ' A
' (1) the empty set, ¢ ¢ Fe o . \\\\
(11) "1f A, B ¢ F then AnBeP - PR

(Iii% if A e Fand B > A then B ¢ F. " ‘k
i : T
A filter F) is'called finer than g filter F,(F, < F,) whenc

ever A e‘F2 implies A ¢ Fy. N : ;

_The relation "<" orders the set~of all filters over I.

Zorn's Lemma If X 1s a pa/yially ordered set (1.e. X is

reflexiue antisymmetr&c and transitive) and every chain‘ﬁas an
upper bound, then X has a_ maximal element _ _ |
Since the set of all filters over I 15 a partially ordered
set and every chain of them has an upper bound&\P(I), then it ha:
a maximal element ' o : ’ o'

‘We call this maximal element an ultrafilter.

An important characterization of ultrafilters is the follow~
ing !’ . : ;,

A filter F is an ultrafilter 1ff for every ‘A e I either
‘A eForlI-Ace F (See [1] Theore§b2 .2 on. Page 5)

A filter is called free whenever n(A : A ¢ F) =/$.

.. . .

““ e R

o~ -
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Definition 2.2 (8- Incomplete Filteﬁ) - ' -i f

A filter F is called §- incomplete,.whenever there exists

-

‘a sequence F eF (n=1, 2, ...)'suqh that N 'Pn ¢ F.
- . . . n= l

- A

Lemma. ~Let F, E be two filters in P(I) Denote the

- filter generated by F and E by FveE, Then

i

.Ftv E

{F n E|IF ¢ E,.E ¢ ‘E}.

. Proof. - (a) B;_s, is ﬁ“f;lter..

*

- Take Fll' E 1

1 and F2 n—_E2 in.R.S. Then F., n El.n 2

T F.on F2 nE; n E, € RfS: since Fin F, ¢ F and E; nE,-¢E.

Take F 0 E ¢ R. S. and let F 0 E « B. Then B B u (F o E) =

(B. v F)-:\GB v E). Now B u FeF,BuEcecE. Thus B ¢ R. S.

. , . ®
If F # ¢, E.# ¢ thegn F v E # ¢. . & / o
' (b) R. 8. i'F,_E.einee'Frn‘I =F, I nE-=E, l
(¢} R. S.- ¢ F‘J'E, therefpge R. S. = FVvE. - ¥

S T

. | - _..m
Lemma . 'Let fAn}hzl be a family of sets,and let Ac= L),An

. /. n=1

. n-1 o . , -1 -

then {(A_ - gﬁ ﬂ.\k)}ii__l 1s e-pertitio? of { that 1is le Ay = ¢
® n-1 *"
(A ALY = A and if n # m
nga i=1 1 : -
n-1 Com-l
(A, - U Ai) n (A U Ay) = ¢,
. plal . /il .

L]

Proof. Let n #¥ m suppose n > m thenm < n = 1.



m-1 L E ' - o
Lj; Aydon (A = Ay = A -
) ( T Ll ) Apn N ocaypna_ o N CA,
_ n-1 : -1
since m < n - 1.* CA_ oocurs hefe in () caA., but CA_ n A
= . - m , i m 'm

“}’ n-1 ' o

Lo S n-1 oo m-1 . . .
. _- nx _ - H
therefore (An 'ng Ai) n (Qm ;ﬁl Ai) = ¢. Clearly

n
=

1’1—1 | o«© - n_,l o
A m U Ry 2 Ay therefore U (A~ ) A o U A = 4.
‘»n = i 1l . n=1 . n 129 1 'n=l n _‘

Take a € A. \Then .
- @ . , o
Case 1 a ¢ N A;. -Then a ¢ A and a ¢ N A
- © =
< | .
. B \ " ] .
Case 2 a ¢ A; then there exists n, a ¢ A_.
i=1 e
Let S = {n e Tja\é_An} and S # ¢.. Therefore there exists the

least n, with'a é'Ano. Thus a ¢ A v Ay u Az u ool v A .

If a ¢ Ay the proof 1s complete.

~

If agd Al' Case 1 a ¢ Az; then a ¢ Aé —.Al the pﬂfOf 1s complete

' Case 2 a & A

2"
Case (1) a ¢ A3 -> a € A3 - A v A,, ete.
' : k=1 . o :
Eventually a ¢ Ak.— U Ai. Thus 1t i1s .a partition of A.
' i=1 .

Theorem. Let U be an ultrafilter. Then U is §-incomplete

1ff there exists a partition {1.}°_, of I~with.In } U for all n.

4
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Proof. Let U be d-incomplete. Then there exists F

ir"e u,

. - ® —_— . R x
1=1, 2, ... with N Fy t U, Let- N F; be the filter gener-
| 1=1 % 1>1
ated by N F, and consider N F, v U. Since U 1s an ultra-

o 4>1 1> & . ’ ' :
filteF, v U = P(I). Thus ¢ eN F, v .U, By Lemma there exists
A en Fi and F ¢ U such that A n F = ¢. Now A ¢ N Fi implies
A>n Fi'- Thus A n.F > F n M Fy slnce A n F = ¢ we have FnGLFi~=

i

1 1° i

= NFnF =NE;, E =FnF e U...Let.J, = CE Lf J, =.

chgi = CNE; = C = 1. To make J, a partition let I,

n-1 : o '
Jo- U J,. Then I = |J I, I are disjoint. Furthermore
n —~ 1 . ~ n n
i=1 n=1 B
I, ¢ U:

. . - "~ n-1 _
In.facta_suppose In e U. Then Jn '_fﬂl~Ji € U sinceq‘

: ~ .n-1 : o
Jﬁ > Jn - U Ji.ge gét Jn € U implies qu E?U'--Bgt Ei e U.

Conversely, /et I, be a partition of I with I, £ U for all n.
Then CI_. ¢ U, and r\c;n = CYI, = 01 =;¢, but ¢ ¢ U. There-

fore U 1s d-incomplete.

]

Do

- . .
.l s, ey

" Another important property of &-incomplete ultfafilter;is:



| N
3 ' : .

Lemma 2.2. If U is a 5 ~incomplete ultrafilterwon I/E/;////i/
A, B are two subsets of I such that A u B ¢ U d//et ‘K
F'e {Y cI|AuYeU}: Phen F is a f ltegf//;iZeed,
S (1) ¢ ¢ F or else;’o fﬂ/:/;/j U which'contredicts the
‘agsumothn téif/ﬁ/i’ﬂff//////ﬁ | : .
(ii) Z ¢ F implies Y u Z e F.

Av 7 e U then (A u.Y) n (A u2Z) ¢ U. i.e., Au (Yni2)el

Since A v ¥ ¢ U @nd

~therefore Y n 2 ¢ F. . :
(111) Y & 2 < I ard Y e F implies 2 ¢ F. ’
Since A v Y ¢ Uand A u Z > A u Y-then A v Z ¢ U (since U is a
- 1ncomp1ete ultrafilter ) Therefore Z ¢ F. Thus F is a filter.
Since B ¢ F, so F 1ls strictly finer than U. This contradicts
fthat U is a;a-incomplete ultrafilter. .This completes the proof.

Rémark. This above result can be extended to finlte num-.

[

ber of subsets of I such tmt L}Ezl I, € U. Then there is~one‘

k
index k, 1" < & <-n such that I, e U.
' _ . A CAp - _
' 82 The mapping from R into R~ can be treated in a more general
0 . , ]
.l A A AI A R
way as follows: (with R = A and R™ ="B). (See [3]). - )

. ] : A A ' ™
Definition 2.3. Let ¢ : A + B be a map of A inﬂg wperé
A A ‘ d
. i . ‘ _
A and B are superstructures over' two sets of individuals A and

- B respectlvely.” Glven a wfl a, then *a 1is, called a ¢-transform

of o, Lhere ¥y is obtiined from a-by replacing each constant .

-

' -
¢ € A"by e, e.g.'¢—transform of "(Vx)[x e A]-=>'[x e B]" is.
"(Vx)[x e *A] => [x ¢ *B]. : _ o

“n



o (®) *(NY. e =ni, *

R @ xep, ey

Defiﬁition 2.4, ¢ : A -+ B is a monomorphism ifr *¢ ®(¢d)=¢

and wfs (welbzformed sentence)( it 1is simply cdalled K—sentence

'defined similarly ‘to K —sentence in 52(Qf Chapter I) a holds

in A iff *g ‘holds %n B
If x e AO, 1.e. x 1s an 1n?&vidual, we shall drop the

*—notation and identify X fiyp ¥x,

¢ ls assumed to be g monomorphism in the prosf of the '
‘ ) £
following Lemma. '

- . . . A
Lemma -2.3. Given‘any econstants a, b, 835 ++-5 @, €A

we have

a .

(1) a < b iff *a c ¥p
(11) a e b Iff %3 ¢ *p

(111) *(a x b) = *a x *p | | - | ST

u

(1v) Let a = a(x1,>..., xn), its only free variables;
. \ o

if E = {(xl, sees x,) e Cnla}_Ehen-*E = {(xl, ey x, ). e *¢n|*a},
T , . : L -
i.e. *E consists of all members bof wch satisfying . *a, the ¢-

o

ﬁransform of o.
(v) #*{a) = {*a} . ‘

o (vi) ¥*(a - b) = %3 - #p
& o '

(vii) w(a)"fuJ§=1_ai> = Lngil?ai' .. | : -

1 I

(c) *{al, cees anf {*a

1)

11
—
B

v
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Fl
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(viii) For any bihary relation R.< A and any Q € A we
1) o

-héve
(2) *(R[Q]) S ()my*Ql
() "*(p) = pe*ry /

/J

(c) *(Dg') =qD'(¥R)"

ti) We transiatg‘"a c b"”into "(vx)[x ¢ a)] => [x e b
' then b& ¢ we have h(vx)E£ e ¥a] => [x ¢ *bJ; Since
¢ is a monomorphism we have (vxj[x e ¥a] => ka)[x € ‘b:

i.e, %*a c *p - .
I3 T L4

s

- (11) This follows immediately from the definition of ¢-

transform, that is to take « as "a e b". The result
. #ollowi: o . . | ' “<
(#11) z ¢ a x b can be translated into - '

(V2)(z e (axd)] => ('Elx)_(i’y)-[x caiyeda (x,y)=z]
. | and - o o | 7 ~—— 7
(VZ)[(HQ)(HY)[X €aAyeb a (x,y) = é]] ~> [2 ¢ a'x b]
By ¢-transform, in the same manner as above, they become; !
(¥2)[z ¢ ¥(a x b)] => @x)(3y)[x ¢ *a Ay ¢ *b A (x,y) = 2]

l.e. *(a x'b) ¢ ®a.x *b and

H

CFDLEXEPIIx € *a Ay < *b A (x,9) = 2] => [z < %a x %b]

_ 1)-'R[QJ = {y|( x € Q)(x,¥) ¢ R}, Dp 1s the domain of R and

Dp = D(R) = {x]( y)(x,3) ¢ R}, Dy’ - o) = D(R™Y) 1s the

1

range of R and R~ = {(y,x)[(x,y) € R}
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1.e. *a x *b c *(a x b) therefore *(a x b) 7 ¥a x *h, By

induction the result can be applied to Cartesian products

d

'qf finite number’ of_members of A- : ' _/F\-

(iv) Forn=2, 1.e. o = a(x,y) use. the K-sentences

S (VZ)(HXJ(Jy)[Z € B A x ¢ Carayel]= [(x,y) ZAa(x,y)]
¢ ahd _— : -

- -.

i

(VX)W ¥)[x € C A y ¢ C] => .

[a(x,y) => (32)[z ¢ E a (x,y) = 2]]
By,@—trénsform'they become (Vz)(ﬁx)(iy)[z ¢ ¥E A x ¢ *Con Yy e *C]
- o [(x,¥) = zap *alx,y)1'1. e. *E o {(x,y) ¢ ¥C%|*a(x,y)] and
(V) (Wy)lx ¢ ¢ a y e *ol = [¥a(x,y) = (2)lz € %5 4 (x,y) = 2]]
. o,

1l.e. *E = {(x,») ¢ o2 I*a} The general result can be obtained

by induction. o - o o o

(¥v) By (iv), let E = {a} = {x « A IX(i\a} by ¢~-trans-
‘ form, 1t gives

, ’ v
¥E = #{a} = ix € *A 1x = = {#z} H\\\i

(ti) Let E'i a_— | {x e afx * b, by éﬁv), with n =1,

! !
> !

¢ =a and "a ¢ b" for "a(x)" then, -

= {x- e ®d|x § *b} = %g - *p, B
(vii) “(a) and (b) follow from (vi) by taking anb

- {(a - b) and auvb=rc¢ - [(c - b) - aj’ with
|

-

A 2
.c = aub e A

(c) follows from (iv)“and induction. Indeed,
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suppose *{agy ..., dn—l} - {{ai) ce, *a.

‘S;nce_?aif3;..,~an} = {al, Ceey an_l}'u {an? theﬁ;

*{al; rery @l a,_11 v {*an}.

n', " ii?lg el
’ V1 o {
! L, = * ) #e
. N Y
2 .. {d) follows from ordered pair and ordered n- tuple
‘Indeed, define : S ' ) C
—_ A .
(a; ) = al, (a ) = -*a, .
‘ (al,la2) = *{{a }, {al, a, 1} ) - :
T T = {{*ey 0, {*ay, *a,))
-, N A
e #* *
(%21, *ay)

Suppose that.
*(al, 855 vy an-IJQEF*E}’ seey *a )

and *((al, az’_""-an—l)’ an)_

g{?}al, % ces anel)}’ {kal;.':"an—1)5 agﬁ}" : ‘.a

]

n

{*{(al,‘ae, cees an—i)}’n*t(al’.aE’ ...,‘an_ifﬁ:én}}

((%ay, a5, oes 3y 1)), (Xay, 835 eva 8y 5), #a )}

 f{(*al, *a2,..5.,'*an_l)},;{(fal, *a2,-.5., *a 1), *a th
. \ _ \

((*?1’ *a , I‘.,.*

2 an.1)s Ya) . - .

I}

(*al, *a,, e, *a)
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a'(zeU b <=> .{':L-]a(i) e b(1)}Y ¢ U

> 2y -

P ‘ l . . A
(viii) (a) If R is.a binary relation.in A then
‘ | ) ‘ ¢ ) ) [

: = ' ~ T
R e (AO U_Am)zu Sa *R =.*02 where. C=A_ < A € A,

So (x,Y),e R imnlies (x,y) e:*(CE), i.e. X, ¥y € C

(x,y) € *R implies (x,y)‘e *(C ), i €. X, V.¢ *C;’
The image of R[Q] = {y ¢ C](ﬂx € Q)(iz e R)(xyy) =‘z}
iee. *(RIQD = {y c.*Cf(Bx 18 Gs « R (x,9) = p)

(by (iv)) which equals *R*Q]. o
LY

K ' ~(b) _DRO— {x](iy)(x,y) <« *R}. fThe image
*(DR) = {x]Gy)(x,y) ¢ ¥R} = D(*R) f
() ~*(pg") = iy, B[ (x,9) € ¥R} = D'(*R). q.e.q.

§3 RI 1s the set of all mapping of T into R There exists a

natural imbedding a + *3 of R into RI defined by *a(i) a for-

ali i ¢ I, i.e. R is'identified.in RI by the constant mappings.#*

The undefined basic predicates "=" and "s" of R can ber

extended to AL by, means of the following U- dependent definition,

l.e. by the monomarphism ¢ which defines equivalence classes
4)

w

A
on RI. . . )
Definition 2.5 {U-Dependent Definition) ¢
I\Ii-‘: — . ¢ ; 1
If a, b ¢ R” then a =;'b <=>"{ala(1) = 6(a)} e U and

Y

~ - .. A A r '
b Therimbedding R + RT is a monomorphism, the proof could be

. found on page 27 Theorem 2. - -

» ff,)

3 : ’ t
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By Definition 2.1,.we know that I.¢ U. It follows that
. » - ' ' - '

L . A . : ° . P

1f a, b ¢ R, then a = b 1iff ;;figf band a € b 1ff

~ -

{L]*a(1) ¢ *b(1)}®c U.. Hence the relations "=U' and "¢ " are
L -’. . . -‘ _- - . . "A ' 1 ’ ‘ .
U.extensions of "=" and "e" of R.  We"shall from now on drop
the U—notation "=y" and userthe_oriéinal notations "=" and "e"
A respectively A g R
The?gnove definition ‘can be ﬂustified by the. following

. For all a,. B € RI :either.(a_e b} or not (a ¢ b),holds.
" In fact, lEt:ﬁ

ys

1

Uy = {1]a(1) e b(1))
~and

. CU, = {1]a(1) § b)),
S S | _
Since Ul u'U2 =I'¢ U, 1f'follows from the basic property (see

‘Lemma 2.2) of an ultrafilter that either Ui e U and UE(I U or

N 1 ¢ Uand Uy e U, ui.e., elther a ¢ b or not' (a « b) holds.
2 N .

~T

Similarly we oan prove that for all a, b e R~ elther a = b or-

‘not fa = b) holds. The Justification of U—dependent’definition

is now completed' ' . .
: By using Definition 2.5, we can prove Lemma 2.3 with

respect to U. As an illustration, we prove Lemma 2 2 (1), (41)

“and’ (v) as follows:

3

"(1_)h Sipce a < b '
then (le(1) ¢'a} e {1le(l) « b, for all i ¢ I

-

C¢ e *a'implies {i|c(i)-e a} < U, and U 1s an ultrafilter.

e, ) 4
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Y
Therefore - \{i|c(15“£ b} e U.
That 1s - C € ?b; ' . ¢
Hénce - & - *a < #p,

T (ii)i Bxﬁ%&finition 2.5 weshave
“ *a ¢ *o Iff {i|*a(d) & *b(1)} e U.
Sttice ¥a(1) = a, *b(1) = b; for all 1 ¢ I,
thus *a(i) = a ¢ b = ¥b(1), for all 1 « I, implies
¥a(1) € *b(1).
n__,,) Therefore A e b iff *a ¢ *p. |
_ , ‘ N ! ' '
For all a ¢ R, let x ¢ *{a} then,
{1]x(1) € {al} c v

> {1]x(1) = a} e U

<= x e.{*a} e
*{a} = {#a}.
S e s
[}
r
o
'l
y
3
"\5
p ’?. «t
v — ~

hy
e

‘\_"._‘g -



CHAPTE i
THE ULTRAPOWER OF R WITH RESPECT TO ULTRAFILTER U

A
§1 Now we are in a position to describe an ultrapower of R.

Let I be a fixed Infinite set, let\U be a 6&1ncomplete
/

ultrafilter, and let {In|ﬁ,= 1, 2, ...} be a codntaplé parti-

tion of I satisfying I_ ¢ U (n =1, 2, '
e n

R »
. : ) ) .. AI
Definition 3 1'. An entity a of the *L-structure R .is

called internal whenever there exists a natural number n >0

‘such that a e *R An infernal entity a is called a standard

- <. . . Ao
entity whenever tﬁere_exists an entity b ¢ R such that a = #b,
All entities which are not internal are ‘called external.

The set ', "R of all internal entities 1s called the

T
A

ultragower of R w.r.t. the ultrafilter U and will .be denoted by
N EET ‘. o : - J A l“if A
*(R). Observe that the mapping a + *a of R into R imbeds R
i - " R-"A ' .
into the substructure *(R) of R

I - ) _ - ..

I . , : P . *
| The notion of ‘rank extends immediately to the internal enti-
: N : :
ties, :

. : ) ‘ . ‘ . ’ A ) ]
Definition 3.2. An internal entity'a e *(R) 1s said to be

of rank n (n > 1) whenever a e ¥R - *R__ (by Lemma 293 (v1))

~

The ehﬁities of #R = *R _are said ‘to be of rank 0. The entx-
. | ‘ - - . A :
. ties of rank 0 are also referred to.as the individual of *(R).
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T

The embty_set *¢ has rank 1 (by Definition 2.4). By}heens L
of Lemma 2.2 the rank of an internal entity can also be speci-

fied in the following way. If a # ¢.and internal then a e *Rp‘

B

for_qpme”p > 0 and by Definition 2.5, ‘we have

Ug=o (1] rank a(1) = k} = U, ¢ U, Let I, = {1] rank a(1) = k)
and suppose that there exist a finite number of I.o 1 2k <n,

such thatf .
{i]. rank ‘a(l) = k} < U.

By definition of rank a(l) = k where k 1s the sﬁallest natural

number such that a(i) e R, . _ o SA )

Therefore there exists exactly one index k 1 <k < n,’

such that Uy = {1 rank a(i)? kY ¢ U and for all i e U1 ¢ U,

e(id'e.Rk - ,kul SO a € f(R - k_"l),‘(by Lemma 2.3 (vi)(i}i)) ,

r

- we have a ¢ *R *Rk/l’ l.e., rank a = k.

4

. / A ' .-I..“‘ .' A "
< If\é =%¥b,_b ¢ R is a standard-~egtity of.*(R) then its
7 _ ‘ A

‘rank remainé'unchanged In fact 1;e§>e R and b is of rank n,

. , / :
N * Rl L # = % -
then b ¢ Rn Rn—l therefore b € R Rn—l and a b, there |

v

for® a is of rank n.

‘Lemma 3.1. There exist internal entities which are not
————— T ‘ . " / " - ? ¥ .

standard.
A

Proof. In fact,'let a ¢ R have-infinitely-meny elements;:®

then there exists a sequence {Bh tn=1,2,"%,.} of elements
, o . - g f;t’— .
of a such that b #.b_,Vn, m=1, 2, ... and n # m. '

¥
¢

.
e [ e ¢ S e+ 3 T e e



al by definition.

Let b.: ; + a such that.bFi) = brl fo? all{é/e In (p

=l’
2, .. ‘ ;
b(1) € a 1.e. b ¢ *a
. ‘ ' — /\- . . .
But there does.not exlst ¢ ¢ a ¢ R such that b = #¢ o
F=3

i.e. Bti)‘= ¢ since b(i)\is not constant. o

As a consequence of Definition 3.1, if a 1is an element

(
~of a standard entity, then a is internal that 1s, if a .e *h,

¢

A o RN '
b ¢ R then a is internal. 1In'fact, if b ¢ R then b €' R for

~

. . .
some n, s¢ b < R, v Rn-l' ~Thus, by Lemma 2.3 .(i1)

a e ¥ c Pﬂé v ¥R

* %
-1 implies a g RO g ¥R

n-1 :

- 1.e. either a is in ¥R or in—*Rn_l‘which‘shows that a is inter- -

-

The followlng lemma also shows that the elements of an inter-
nal entity are ihternal.
Lemma 3.2.° If a e b ¢ ¥R (n > 1), then
T K ¥ - :
a e\ Ro U, Rn-l' . | :

\  Proof. If'a_élb € *Rn (n > 1) then

U, = {1la(1) Eh2927T~£iU and Ui'é {1]6(1) « Rnf e U

| fhus . S s
U, - {li,él'b(i)"cpﬁo y ﬁn-l} (since b(1) « Rn‘-<-“> b(1) < Ro v Rpayp)
To prove ‘
_,; a e *Ro u ¥R 4, = *(Ro u Rn;l)
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L . o . ) L

sIt suffices to show that U3 = {1l9(%) € R, “_3n-1} e U of

U3 > Up n U,. 1In fact, take i ¢ ql n'Ue'then agr)'e b(1)

- - ‘ * ‘ V ’ . | Q

and b(i)nE.Ro U Rn—l' Thus |

) \ a(1) « R v Rn_lﬁand.i < Ug. | Q.E.D.

" Definition 3.3. Ajwff V,in L is said to be in prenex

‘normal form, if the coﬁbectives are in the scope of all quanti-

’
b)
fiers.

Lemma 3.3. Every admissible wff has a prenex normal form
(for proof see [7] 2.4, llﬂheorem on page 11). : o | o

Definition 3. U (The Admissible Wil -of *L)

A wff of *L is called admissible whenever all the quanti—
fiers occurring in 1t are of the form "(Vx) ?[x € al = ...]"
and "(ax) [{x ¢ a] & ...]",}where'a is a constant denoting‘an
entity of ﬁI.-A_ o .I:‘ ' . :

" An admissible wff of *L is called 1nter;a&awnénever all the ;
conspants occurring in it denote internal” entities._ An admiss—
ible wff of *L is called standard whenever all constants occurring
in. 1t denote standard entities Thus -a-standard wff is 1nternal

The set of all internal sentences of *L will be denoted by

_ *K 3%K(*L), and the subset of all internal ‘sentences which hold 'I

-

o T “
in *(R) will be denoted by *K = *K (*L).

\\-sIf v isﬁan admissible wff of L, then 1ts u-transform #Y 1is

»

defined to be that standard wff of *L which 1is obtained from V by

replacing in V all the constants, ai, ...,-*ap, but leaving

the variables and bracketing:unchanged.

B ’ . 3 B . . ’ | ‘\

@
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L-wff with free varilables x

- \

’ Theorem 1.- Let V = V(xl, cees xp)-be an admissible

12 e xp and -let

“ ! : ' .
A = {(31, ey xp)J(xl’ LR xp) € an V(xl’ R xp)}’

. A N .A.
where a is an arbitrary entity of R.: Then A -« R and

{(yys oovsy )I(yls e Vg ) < *a A *V(y,, ..., Iy )}

The prooﬂ of- the above theorem is given in the Addenda [1]

-

§2 Theorem 2. *(R) is a higher order nonstandard model of
. : : : )
A , A :
R, that is, an admilssible sentehce V of K(L) ‘holds in R if and
_ N AL oA : SR
only 1if *V holds In ¥(R), and R is properly imbedded in *(R).
: A 4 v R A N N . .
Proof. "R 1s properly imbedded in *(R)" is Justified by

Lemma 3.1. . - | 5

Now we ére'going to show that if V ¢ K(L), then V . Ko if
and only 1f ¥V ¢ ?KO.

- (1) If V has no quantifiers -then it follows immediately
from Definition 2.5.
(11) If V has quantifiers, assume that V e K has the pre-

|- S .
nex normal form V = (qxn) e (qxl)wa where- W has no quantifiers.

. Assume that (qxn) 1s an existential quantifier,(axn): Then

V e KO(L)'is equivalent to "the set A = {xnlxn € a and ‘ L

(qxn_l)'g.. a(x,)W} # ¢ where a 1is the domain- of (3x_). . Then

Iats



| '
by Theorem 1 and Definition 2.4 A £ ¢ is equivalent to
¥ = ‘ * :

A A {xn|xn € *a and (qxqu) .. (qxl)*W} # ¢ which in
turn is equivalent to *V ¢ *K. The proof is completed.;

«

Theorem 3: Let V = V(xl:/ﬁ.., xn) be an internal wff

A

" ‘with the free variables Xy5 +++5 X, and let-a ¢ *¥(R) be an.

internal entity. Then the set {(xl, “e iy xn)[(xi, cely xnjea

AV(xy, %, xn)}-is internal.

v
Proofa If V has no gquantifiers, that is, Vv = H;Zl’ cees Xoo

Ays een an) where 815 eees ap are the constants occurring in V,

’

then a,, ..., ap'are internal entities,

—

,Sincemahis internal (i.e.na ¢ *(R) = Lin;

Cooa *
a alJ n>0 Rn apd SC a ¢ Rn

*
0 Rn therefore

for some n

e ' i.e.'a(i) € R, for all 1 ¢ I)

it follows that the mapping

1 E(1) = {(xl, e, xn)|(x1,‘..., x ) e a(1) A

Vxys ey X a1(1), weny a (1)) (

i5 a mapping of I into R for some n, and so this mapplng deter-

mines an internal entity‘deooted by E. - Then E = {(x . . %\)|

(gl;'.L., x,) € a A V).

~

For the general internal wff, the proof will be by induction
. A



4 et Cj -

~on the number of quantifiers. Assuming that the theorem

holds for all interhal wff with < n quantifiers. Let

Vv = (qxn+1) AT (qxl)w be an internal wif with the free

n

ﬁariablés ¥q» ey yp. “There is no loss in generality to

>

) = @3

n . : N -
LR . ‘. . - . %
assume that (qxn+l. xn+l) with domain b e (R).. Since b

is internal, by the induction hypotheslis, the binary relation

B = {((¥gs -+s ¥p)s Fngp) | ((Fgs.ves YDy Xpyq) € @ % b and

(ax ) ... (gxq)W(yy, ...,‘ypg,xn+l)}
is inte?nai, thus by'Lemma 3.1 (v) of Chapter I aﬁd.F.T.l),- 5
its QOméin'{(Ml, e, yp),(yl; S Yé)y{ a and ' | i
| (3xn+l)(qxn) . (qxl)W}

Al : -

is internal. The proof 1s completed. ' '

¢
(;f

. " ' . ', T -
- . -~ . -
- . A .

. ",[
1) From now on whenever we quote Theorem 2, we refer td& it as

the Fundamental Theorem. (F:T.) \

Y [ =
P '_



CHAPTER IV

A NONSTQNDABD REALyNUMBER 3YSTEM

~

§1 . *R as a Totally Ordered Field

f% Chapter III we have developed a mode1 of R which is
. A ;‘9..
o
an U-ultrapower denoted by *(R). o

v

o ,
Let *R be the set of indivi?réls of *¥(R). By F.T. we
know that *R'is a totally ordered! field. We éhall'not re-

peat the proof here, but for the sake of 1llustration, we are
. . . A :
golng to check some of the fieldfaxioms which hold in R and

.see how to interpret them by means of an ultrafilter U in the

[}

following eiamples.

Pr——

(1) Addition,

a+b ="c can be exp}essedlin the language L by

specify;ng "+" as an extra logical constant. &y F.T. we have
\ - - .
’ kg ¥4 #p = #o

in our new language *L.
In ordgr'to_upderstand the new statement in the new lan-
guage we construct an ultrafilter U, Through U, we can inter-

pret *a as a(1), *b as b(1); *c as c(1); "+" as "+Uﬁ,~"=" as

—

"=,", then

*g ¥4 ¥p = #e

c(1)} € U- Lo

-

.iff o {1 af1) + b(ij

" (11) Commutativity of Multiplication.

N [é xrb = ¢ A.b xa =d] = [c¢ = d]
( .

X



"can be considered as a_mepping

T 2L = . -

A

Taking "x" as an extra logical constant the commutativity

of multiplication can be expressed as a wifs 1n the 1anguage L.

By F.T.,,we have

[*a x %pb = #c A #p ¥y = *d]) = [%c = *d]
o | o o7
By meanSJOf U, the commutativity of multiplication can be inter-

preted in *L as follows:
[2(2) xy b(1) =y (1), A (1) xpra(l) =; &(1)] % [e1) = a(1)]

1ff {1ja(l)b(i) = c(;j}n{ilb(i)a(ij = d(i)}eu_=>'{i|c(i) = dfi)}eu

(111) The Order Relation "<V, ,
: 1 . ) A -7 .
We define a set of all positive real numbers P, then a < b .
il A t . ) .
can be defined as b - a e P c.R'c R. The statement [b -2 ¢ P]

can be expressed in the language L by taking "-" as an extra _q

logical constant then by F.T., we can express the order: relation

"<"' 2 < b 1ff [¥b ~ *¥a ¢ P]. Using the ultrafilter U we can

interpret the corresponding new. statement in *L as follows
o
[*b - *a e RP]
. . . [ . \
1ff -~ {i]p(1) - a(1) € P} € U.
In the Same manner we can check any one of the other field axloms

of R which alsc hold 1n *R by the use of tne ultrafilter u.

" "Similarly other mathematical -congcepts can be interpreted in the

new 1anguage *L.

Example (i1v). The absolute value |r| of a real number r e R

of R into RT = {r|r ¢ R and

r > 0} the set of all nonnegative real numbers. Let this mapping
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-

: . W
be denoted by a constant of L. Since the set of-all constants
cof L 1s in one-to-one correspondence with all thelentities'of

A A A
R, this mapping can be extended from R to *(R) by a mapping

*[«] of *R into *(r* ). By F.T., we have *la| = a for all
0 é.a ¢"*R and *|a| = -a for all 0 >a e *R.
Example (v). Max (a, b) 1s a mapping of R x R into R such

that if-max(a;fb) = x then it can be- defined as a sentence of K

%%%)[[{ € R A x e-{a, b} A a > b] => [x.= all v ' =
. [[x € R A X e {a, b} A a ?‘b3,5> [x = al]]

By F.T., this statement -can be’ interpreted as
@x)[{[x ¢ *¥R A x ¢ {a, b} A d > b} = [x =a]] v

_ | [[x <«-*R A x ¢ {a, b} A a =b] => [x = al]]
-whereox ¢ *R means {i x(ii_e R} ¢ U.

Similarly we can extend min{a, b) to *min(a, b} of R ¥ R -
into R. : ' & : ‘ -
. Remark. The elements of *R which are identified with the

elements of R will be called standard real numbers.

9

§2  The Archimedean Property : o g
— A \

s ’ /
" Express the Archimedean property of R as a’ sentence of Kot

(vx)(vn)[x ¢ R} A [n e N1 => [[nx < 1] < [x < 0]

ﬁy F.T., the following corresponding statement holds in ¥R
(%) (vx)(Vn)[x ¢ *R] A [n ¢ *N1] => [[nx < 1] <> (x < 01
There are two possible interpretations of (**)

(1) If we interpret #*N, "the set,of 311 natural numbers", which
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. <Y
satisfies all Peano Axioms, as a proper, extension of N (the
set of all natural numbers in R) then ¥R is Archimedean
(11) 1If we . interpret *R with respect to N the

Archimedean

There'does~not‘exist an n such that:the statement:
(Va)[0 < a ¢ ¥R] => [na > 1],
where na means a #+ ...+ a, n times +, holds.

53' The Completeness Property of *R o

'In order to study the completeness of ¥R, we will need -
/
‘ quantification over sets. For this purpose, we will study

_ first some properties of internal sets

a
N

Theorem l. The union and intersection of two nonémpty

interﬁﬁ} sets are internal

-

_ N n
Proof. Let ﬁp?'Rq be)two sets where Roe1 = P(ij=0,R

the-power'Set of U E=0 Ry, since Rﬁ < R for alln > p > 1

LY

R, < R for-allm>gq > 1..- Let s = max{m, n}. Then R - R ‘andi

q T - h ~ ' p q

R« RS therefore Rp c Rq c.Rs'and Rs € R

o 'for all 0 < s <t

_ t+1
‘and for all #<3 0. Thus Ry € Ry < U 'R, therefore R_e J-R
| . unio‘ . n>0

, ‘ : *
.So by F.T., *R_ e U *R i.e. *R_ v *R_ ¢ |J R_ so that
S o B P 4 > N

n’

T

*R_u *R_ is internal. ' . o ‘:
P g =% T o '

Similarly, we prove the intersection of two noo:eTpty.sets.
T _ . :

to be internal the same way. o . ¥

-

* Rg and Hé are nonempty sets.

»

v



) - . | ‘ (f /
T eQrem 2. . Every non- empty interndl subset of *R which

l is bounded above ha's a least upper bound.

’/' ‘

?roof. Since every non-empty subset of R which 1is

)

\g\x; a bounded above has a least upper, bound? (this is séicalled_the
R ' Dedekind completeness property}, this statement can be ek— -
pressed by -a sentence of K .r In’ syﬁbols, |
(Vy)(v:{)(:m)[[x € Ry ] A [x ==¢] A [y ¢ XJ A [y ¢ R} A [z ¢ R] A
[z <yves= J=> (HW)[[W§R]{\(VS)[S£X—> . .
_.s <wVs =wl] A (YQI[OWr)[r ¢ X = r <'q v.r = q] =>.[w < q Vv W?é]:
" By F.T., the following *L-sentence holds.
(Vy)(?X)(BZJEEX e ¥Ry 1 A tx.%k1¢J A fy ex) alye *R] Az ¢ R]a
[z >y viz=y]lo @wllw e *R] A (¥S)[S € X w» 5 = w v 5 = w] A

L]

.3 | " AWt e X r<qvr =gl [Wegvw=all

-r PO

M

¢ - which proves the theorém.

Theo#em 3? Eye?y ﬁon—empty 1nterhal sdbset oC *N has a
'*Bfirst‘elemedt. ’ :f_a/ : -
| gggég.- Since the principle of 1hduction states that every
nodéempty'set of natural ﬁumbers has a first eiement, this stase-

ment can be expressed by a sentence of K . Iﬁ symbols,

(vx)[[x ¢ NI “ﬁux:~—1¢11 > <ay>[[y e x1 A [(vz)[z € x] ~>

o’

[y<zvy z11]

[

By F.T. the following ¥L-sentence holds., ' -

-

(R)[fx ¢ *N] A [x == 1= Gy ¢ x] A [W2)z ¢ x] =

|‘_ . . . ] [y(zvy Z]:]:]

which.ﬁ?qyes_the theorem.”. -



‘Theorem 4. . The least upper bound of 2, non- empty inter— =

¢
& N

-nal set of\finite numbers is finite
’ Egggi. Let B = {y|ly +R and y < t} be a. et of real nu
bers where t is a finite real'numbepd then by,the‘coﬁpletenées
:tneoren'for the);eal'numoerVSystem R, the set B®has a:ieast s
upper bound say, X.~ : V ” o
| Since B is an entity of R it can befeipneseed.as a ﬁﬂ

sentence of K .- In symbols, : '_{7

-a

(vy)[[y ¢ R] Aly <8)'AlteRrI) -0 ol T -

[

'_'-—> (ax)[[x ¢ RJ Ey <xVys= X‘JJ

/"\

By F. T the following *L setnence holds

(Vy){[y ¢ *¥R] & [y <t] A Lt e *R]]

R f s @)X e *R1 A [y < x vy o= x]] e

O

L 7 L _ o .1.. ;Q:E.b.

§4 Finite and'Infinite Numbers

To prove w > Lr] fogtall r ¢ R.

a ;' : 3

It\ﬁuffioes to show that {1|w(i) > Irl} € U, ¥r or

{ilw(i) < |r|} 4 U, ¥r.

»

| Claim {i|m(i);i [p]} = U IJ; where n' = [|rl] S //
Proof Let w(i) = mif 1 ¢ Im, then take 1 ¢ L.5.  w(i)<|r

and let [|r[] ﬁ,_then w(l) =1 v w(i) = 2 v .;.‘y'mki):= n

o n _ _ o . '5,, e B
i.e..1.e y I, -+ Take 1 ¢ R.8.* 41 ¢ I.¢for Some J < n then
. j=1 Jt o - J e .
d ’ ' . , - ) ' . oL ] ’
w(1). = J for some'J-i'nﬂﬁhich'implies‘w(ioig_n = [|r|] < |rf, 1.

v \ . + . -
ot

D ry

1 e L.S., Since IJ ¢ U, it remains ‘to show that L} I, ¢ U,
. \ . o . n S . Lo ,j"«l \]

then 1,7 €U and A I,' U LLeee (y I €U, thus 9] Ij¢U. Q

L ]
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Definition 4.1. A real number a e ¥R 1s called finite

whenever there exists a standard real ‘number /< r € R such®

that, |a|'< r. A real number a e,*R which is not finite will

" .be called infinite . R

Theorem l A natural number n e ¥N 1is finite 1iff n'is a

standard natural number. In symbols, *N n_MO'=,N.1)

Proof. Since N ¢ R ¢ Me l.e. 1f n is a standard natural

number then n is.finite anda*Nﬁis a proper exbension of N there-
fore n ¢ *N and is finite. . o

Conversely, if n e *N“is_flnite then there exists a stan-
dard real Pumber 0 <reR sueh that n < r. |

Since *Ko contains the sentence

(vx)[x € ¥ =3 [x < r]'$=; (x=11vIx=21v.. V\Eﬁ' - 5T,

where r gnd p are consﬁants'and‘p = [rj, the integral part of r.-
Thus by F.T. we get n = lorn=2or ... orn = [r], i.e. n
1s-a standard natural number which completes the proof.

As a consequence of the above theorem the set of all in—

‘ﬂ,‘

finitely large nagﬁral numbers is givenJ*N - N, similarly, we can

‘i.\

prove that *R - K 1s the set of all infiniteiy large real numbers.

Remarks. Integral Part Function-

The mapping 1 [ : RY » N u {0}, where Ir[ denotes the lar-

gest nonnegative integer less- than or equal to r. This mapging
A A
can be denoted by a constant of L, then by passing from R to ¥(R)

A
et

to a mapping #]-[ of *(Rf) into *N uv {0}, i.e.,ffor all

St

“Ofi N € *th), *Jr[ in the largest nonnegative integer < r¥.

1) See Definition 1.1 Chapter V.

-
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CHAPTER V

THE- INFINITESIMALS

§l Algebra of Infiniteéimals*

Definition 1.1. - A real number a ¢ *R is called an infini-.

tesimal or infinitely small whenever la] < r for 2al1 0 <.r ¢ R.

The set of all finite real numbers of *R will be. denoted

by M_ and the set of all infinitesimaié by M.

Observe that R ¢© M Ml c M and R n M {0}

~ Lemma 1. A real number 0 # a ¢ *R is an infinitesimal if
and only if its reciprocal 1/a 1is infinite
~ Proof. Indeed, la] < r for all“0 < r ¢ R, f.e. a is an

‘infinitesimal then I%[ > % and |%| is 1infinite. Conversely,

Lg[ > % for all 0-<f% € R then |a| < r. The proof is completed.

Lemma 2. (1) The sum of two infinitesimals 1s an infini-

_tesimal. 4 ‘
.f(ii) The product of fwo'iﬁfinitesimals is an infinitesimal.

Proof. (1) Let €15 €, be two infinitesimals, by Defini- _

o

tion 2.1, we have le;] < r, |e2] < r;,; for all 0 < r ¢ R. Sincq

is an infini-~

1

'Iel + €2| < l€1|fi |€21 < 2r3 Thereforgue t e,

o
Y

fesiméih

(11) Let e be two infinitesimals, by Definition 2.1,

1 €2
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- . - - -

. i
we have |e | < v, Jey| < ®, for all 0 < r ¢ R. Since
, . ’ o \

. i
Vs St ' w

2

A

ereal = leglle,] < x

Therefore €,€, is an 1nf1nitesimal.1¢TQ§'proof is completed.

Theorem 1. The set of-all infinitesimals M; is a ring

1

<wibhoub\3nity. - ' \

Proof. Since *R 1s a proper extension of R, hence all

“ field axioms, operations (i.e. addition and mulpiplibatibn),

‘ - ¢
- order relation "<" and completeness propertylwhibh hold in R, -

also hold in *R. Now we claim\that M, 1s a ring without un%ty

i @

Fifst,'we shall prove that Ml 1s a ring.
(1) Closure. By Lemma 1 and.Z2 above we know that Ml is

closed under addition and multiplication. W

(11) ° The Additive Identity.  The additive identity 0 in R

-

by F.T. w?/pave ¥0 in ¥R which 1s’an infiniteslmal, by definl-

tion, so ¥0 e M. B o 1

"-

(11i) The Addit;ve Inverse. .This folidws immediately from

Definition 2.1.

({v) - (v). Commutativity and Distributivity. Since they

¥

Jh0ld in *R as a whole, so they also hold ih M,. Therefore M;

-is a ring. "Since the unity *1 in *R is unique and by Definif

tion 1.1, *¥1 ¢ M, then M, has no unity element. The proof is

completed. . - -‘)

o

3
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§2 - The Quotilent Ring M /M .

Definition 2.1. If a, b ¢ *R and a - b is infinitesimal,

#

then we say that b is infinitely close to a and write a = 1b.

J

Lemma l. Ml is a maximal ideal‘in MO

Proof. (1) M, is an ideal in' M .- That is towprove
(1) 1f hk e M; then h —k ¢ M (2) if h e M) and a e M_

. ,
then ah ¢ Ml.

Proof of (1l). FBy Definition 1.1

Ih} < r, |kl <r for all'0 <r ¢ R

—_— ~ . s
Ih - k| < [n| + |k| <2r"
therefore . h-keM
0T 1 .
]
Proof of (2). By Definition 1.1 ) P

_.lal' <=, |h] < r for some 0 < s ¢ R and- for all 0 < r ¢ R so

\ ' |ah| < rs \ -

-

therefore ah «¢ Ml

therefore g} is an ideal 1in Mo

(11) M) 1s a maximal ideal in Md. If not, let a e M,

- -

o | ' I 1 ,
and M;' in Mo‘such that a ¢ My, My < M;" and a ¢ M,'. Sincew_‘
a ¢ Ml then a has a multiplicative inverse and a ¢ Ml';-_Then

aa ¢ M,' and so M.' = M _, then M, - 1s a maximal 1deal in M
: Y 1 o] 1 . X\ . . ©

.-

=
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¢ .

. Lemma 2, MO/MI, where M, is a commutative ring with
unity of *R and‘Ml is a maximél'ideal in Mé, is a field.
Proof. M, 1s a subring of *R. This can be proved by -

checking step by.step of the definition of a ring.

We shall prove that MO is'commutative, closed and with

unity of ¥*R.

| M, is closed, in fact, if a, b e M, thénj]é| <ry, |bler,
'|'/ . N
for some‘Q <ry, Ty €R

. _ lab}{;‘la'] |’b| <|I‘1I'2-

‘ therefore ab e M_
ab < M and ba ¢ M_ so ba - ab (since ab = ab holds in *R)

therefore‘Mo is commutatilve.

=

Me have, from Lemma 1, that aa_l =1 e-Mo therefore ﬁg’is

4

hcommutative,”closed and with unity and M is a maximal 1ldeal .in

1

M, By a re§u1t'from algebra we can conclude that M /M, 1s a

" field. )
. . ' K/

Theo§em 2. The quotient ring M_/M; 1s order isomorphic to 3

. - , | /

the fleld R of the standard real numbers. -

Prdof. Let A be an equlivalence class 1in Mo modulo Ml

then A = a + M, = {a + my|m; e M;}. Since R ¢ M_ then for

1

=

every standard real number r in R, r ¢ some A. If r, s are two
PR Y . .
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different standard real nﬁmbers‘whiéh are-in A then

r=a+m, s =a+mn

1’ 2
r-s=a+m - (a'+:m2) | . .
| ) VI""S=ml—m2.“
1s an infinitesimal. Therefore |r - s| = .0, by. Definition

1.1, we can put |r - s] < |r - s| which is Impossible! There-
" fore for évery r € R, r 1S in only one equivalence class, say

A, M_ modulo Mj. Consequepfly_R is shown'to_be a subfleld of
MO/Ml.'

)

a eiMé and r is-un%gue. Let a e M, then D= {r : r ¢ R and

To. complete the proof, we want to show that a =1 r.where"' ‘

r < a} and D" = R~ D define a Dedekind cut (D, D') in R. Let
r ¢ R be the real number 1in R which determilne the same cut (D, D']

~ The-Dedekind cut 1is unique, if a =,.r then the proof of this

theorem is completed. In fact, by indirect .proof, i.é. 1f not

a =, T then by Definitlon 1.1 there exlsts a posltive real num-
ber 0'< ¢ ¢ R.such that |a - r| > €.

Case I. If a > r, then |a - r| > ¢ implies that r + 5 < a.

% - . . [
5

Case II. If a < r we have r —‘% > a.
: A

Both cases glve the same contradiction to the fa¢t that a

and r determine the same cut. Therefore MO{Ml 1s Qrder-;somdrf

phic to R.
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.'Définition 2.2. The ring and order homomdrphism.of MO
- . . N ) .’

onto R with kernel M; will be called the standard part homo-

morphism and willl be,denoted\by st.

Definition 2.3. Let stk M+ Rbea ring and order

homomorphism then M1-= {rlr e-Mo and'st(r) = 0} 1s called the

]

kernel of st.
' In the proof of Theorem 2, and the definitions above, we

- know that st(a) where a e‘MO(is the unlque real number r which

i1s. infinltely close to a.
Theorem 3. “(i) st(a + b) = sta) + st(b), st(ab) =

st(a) st(p) and st{a - b) = st(a) - st(b) for all a, b ¢ M_.

(11) If a, b e M, then a < b.implies st(a) < st(b).

<

(111) st(|2]) = |st(a)], st(max(a, b)) = max(st(a), st(b))~

‘and st(min(a, b)) = min(st(a), st(b)) for all a, b % Mo.

*(1v) st(a) = 0 if and only 1if a ¢ M;.
(v) For all standard r ¢ ﬁ we have st(r) =r.

(vi) TIf a ¢ M_ and st(a) > 0, then |a| = 1#t(g).1

(]
(vii) For all a,°b € M0 we have a = lb if and only if

‘st(a) = st(b). . - ' |

.-(ﬁiii) JIf bre M and b is positivé, then st(?ﬁ) = Y5t (oY,

for“all positive integer n. - - -

[



- 43 -

Proof.. (1) can be proved directly by the definition.of

homomorphism.

. (11) Let a st{a) + €5 b =.st(b) + 52_where a, b e'Mo,

a

€13 €5, € M then 0 < b - a’= (st(b)) - st(a)] + (e, - €

1 since
“(éé" 51)-i st(b) - st(a) < 0 1s impossible. Theref
st(b) - st(a) > 0. i.e. st(b) > st(a). = ‘
- (111) o [st(a) ar_a> 0
st(|a[) = .
- d-st{a) 1f a < 0 )
= |st(a)].
. st(d) 1f a > b ‘
st(max(a,b)) = _ .
st(b) if b > a

From (11), if a > b, st(a) > st(b).

| max(st(a), st(b)) = st(a)
if a2 <b, st(a) < st(p)
. ": max(stfgi, st(b)} = st(b). | '
In either case, st(max, (ab)} =_hax(st(a), st{b)). }Similarly,'
we can prove that = . A | | 3
st(minta,bj) = mih(st(a),~st(b)),

(1v)  © st(a) = 0 iffa My [ - .

This can bé obtalned directiy'from Def;nition 2. 3.
el (v) For éll;staﬁdaf& r € R we have'ét(r) = r. This'.is
: agsertéd by Theorem 2 above. ." | 3 ﬁ
. (vi) ' If a ; MO,'st(a) i O-thenulql = 1St(a)'z By def;n;;

. tion, a = st(a) + € wﬁere a e‘Mé and'{is_an-infin;tesimal) € Mi

A



"and st(a) > 0 together imply that a_> 0 i.e. ao= |a| there-

fore la| = ist(a).

it

u(vii} HOr 2ll a, b« M, we have a = .b iff st(a) = st(b)~

If a = ;b, i.e. a - b = € where ¢ e My stgg - b} = st(e). By
(1) and (iv) we have .
st(a) - st(b) =0 )

st(b}.

i.e. ‘,'st(a)_a -
: . : [
If st(a) =.st(b) P
then 0 = st(a) = st(p) t~’/‘ K

i}

st(a'- b) by (1) -

thus a - b is infinitesimal by (iﬁj thereforeé a = 1P

(viii) - Since st(¥5) = st[(st{b) + £)/M3
1 1 1

| L
= =1 (==1).- =2
st[(st(b))" + %-st(b)n et % o7 (st(a)n™ -2+ ...]

]

s .
st(0)" = VsE(BY. - - ‘ L .

§3° Some External Sets and Their Properties

Theorem.1l. The non-—empty sets *N - h, M Mo and the set

l’
of infinitely large real numbers *R_ = *R ~ R are ail external.
(Md > R).

Proof. (1) Assume that *N - N 1s internal. Then ‘'since
*N - N # ¢ (by Lemma 2.1 of Chapter II). By Theorem 3 of Chapter

IV on intéfnal.sets we know that *N - N has a first element, say,

¥
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wy. Thus k + 1 < w_ for all k ¢ N implies that wy - 1 ¢ *N-N

'(Indeed, n ~1<n for every n e.N which 1s true fof R so by

T E.T. it 1s true for ¥R when interpreted in *R, i.e. mo-1<wo)

. ternal. . : | ' : : . RS

which shows that *N =N~ no firsﬁ element. Thus *N -~ N is

external.

(11) Assume that M, is internal. Since 0 « {>~therefore

M) # ¢ and h e M; in particular [h] < 1, by Theorem 2 of Cﬁéﬁ—-
ter IV, M, has a least upper bound, say, a,. Furthermore . -
- ’ \ ) . AN

{a }#-M;. By the definition of infinitesimal we have a,/2

is also a least upper both_of'Ml, S0 Ml is external.

(111) Assume that M,.1s internal, by Theorem 2 of Chapter IV,

Mé has g';east upper bound, say,‘bo, thenz2bo > b, and 2b_ e M

‘ which contradicts the fact that b, 1S a least upper bound by M_.

Thus Mo 1s external. o . R oo

(iv) If *R_ = ¥R - M, is internal, then also M = *R - *R,

'is intérnal which contradicts (i11). Thus'*R°° = ¥R - Mo_is exi_

- o~

L

§4 A Nonstandard Construction of the Real Number System R

Following the same pattern as im the proof of Theorem 2, we
couid.construct R by/ﬂSing'Q—infinitesi 1ls instead of sequences

of rational_numbers.\
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Let Q be the set of all rational numbers, then *(a) is (//
a higher order nonstandard model of the superstructure a
The set of individuals in *Q < *R is a subfield of *R which
has the same proper?ies-ag Q as far as_they can be expreseed

by sentences of K,. By Lemma 3.1'of Chapter“III; we have'

-

*Q # Q, and in fact, we could prove that *Q contains an element
which 1s larger than any standard rational number We define
*q ¢ *Q to be finite whenever |*q[ < q for some standard rational

_number, and *q ¢ *Q to be infinitesimal whenever |¥q| < q all

N

' positive,standard'fationals q. Let__!QO denote the set of éil.
finite rétionalsfand.le% Q, denote the set of all infinitely

small rationals, then it could b€ proved by'the same techniques

as. before tha.‘tQl 1s a maxinfl ddeal in the h?tegral domain Q

thus the quotient ring Q /Q 1s a field and order isomerphic to

a fleld whias 1s 1 omorphic to the field of Dedekind cuts of Q.

Hence Q_/Q, 13.130 rphic to R as a totally ordered field.

&~ (

Remark. Since does not /possess the completeness property,

in order to make the constr&ction.ef R*start;pg frem Q infini-

~

teslmals rigorous, ene should prove that the completeness property
‘ \ ) ' . : H

¢

holds in'QOZQl.
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'CHAPTER VI

w‘r‘

. APPLICATIONS TO REAL ANALYSIS

§1 The Theory of Limits

Definition 1.1. A seguence s = {sn|n = 1, 2, ...} of

real numbers-1is a mapping from N into R. N
N s = {snln =1, 2, ...} 1s a subset of N x R and therefore
A : e -

"an entlity of R. 'The entity s can be extended to an.entity_*s
. A .
in *(R)%; By the F.T. and Lemma 2.3 (viil) of Chapter II

s + ¥s is a mapping of *N into ¥R.

Definition 1.2. The sequence s

I
~
2]
o)
0
Co
Pt
no
-
—
|_I-
m

bounded if the range of s 1is bohnded,w'iue.‘s = {s |n_,'= I, 2, ...}

1s bounded if and only if there exists r ¢ R such that . °

|s, | irf&?mlffeN: o

1

u

Theorem 1. A sequencé,{sd|n"# 1, 2, ...} in 3 13 bounded

. . o : P . . .
if and only if *é@ is finité for all infinitely large natural num-
: . 9 . . ) R

bers w e *N ~ N.

Proof. If s in R 1s bounded then |sn]‘i r, for some r e R

~y | ,
and for all n € N.” By €he‘F.T., we have ™

}*sn| <r, ¥n ¢ *N dnd for some r ¢ R.
Conv?%sely,=a . éy Definition 1.2 iﬁ (ran *si c M;, then
‘jusn| < a'for all 0 ¢ *N and some a ¢ .M, that 15 Tsnl < st(a)
for'all:n efgiwﬁi%h sho#s that (sn | -n = 1; 2,'QLL} %3 bghndéd.
. , A-) ° _
. : ﬁi
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i

_Definitiqg 1.2, A sequence {sn|o'= 1, 2,..1.} 1s said

L™

to be conVefgen? wlth limit s 1if and onlj if
(*) [(Vt)[o < E ¢ R] => (Ix)[x ¢ N] a (Vy)[y e N Ax o<yl
- [|s < s} < €]

_In nonstandard analysis this is expressed in a more intultive

Qgshlon as follows.

Theorem 2. Let'{8h|n'= 1, 2, ...} be a sequence of num-

. bers of R, ard let s ¢ R. Then 1im s, = s if ;naranly if -

. e i ) . L. N+
¥g =._5 for“all w ¢ ¥N - N. &

w o -elT ’ .
Proof. To proye the condition 15 necessary, let 1lim s_=s.

. ) ) L ~ ‘ n-+<
. p }- - ' -

' Then (*) of Definition 1.2 above. belongs to K and also the ,

3

-following is a Sentence of K

o | -
(vx){x « N A x >.n] =>.[st -5 :\e], where e¢+> 0 and n ¢ N

4

are constants.

BY, . T, the following *L-sentence holds |

(VX)[x € *N A § > n] => [|*s. - s| < €]

X

'Véﬁdjso;rfor(ell w e *N - N we have |*s¢ - s] < g. Since e 1s

arbitné}y, that 1s, *s;-F ls, or all'w « ¥N - N.

I

Next we are going to prové the condition is sufficient
A

Let 0 <-€ €.R, the following sentence holds in *(R)
(3y)y. ¢ *N] A (Vx)[x <N Ay 4x] = [ - s| < el

£ v b A
By Theorem 2 the following L-senuence holds 1n R.

(3y)ly. € N] A'(Vx)[x\‘us Nay< x1\=> (s “=s8| < el

':; The ahOve étatemgnt means that thebe exlst n, e N such that

H

> ¢



an f/;T\<‘c.fof all n > n_, since ¢ is. arbitrary therefore

. R } . N
- ™
lim s_ = s. . . MEI b
n--w : _ , \ :
o e

Tbe-obndition'*og = 38 for all i e JN - N_isq@quivélent

o

to st(*sw)'= s for all-w ¢ *N - N, for *s in. this case 1s

finite. . N . //// )

Corollary 1. 1If the. limit in Tngorem 2 exists' it 15

‘unique. That is, 1et {s |n = 1 2; } be a séquence of num-

bers of R and let s, t € R and iim sn = 5 and 11&,53 =t then_

-+, - ' N

Proof. The proof'iﬁ indirect. . < . . - CR)
; e ’ ! ‘. - I

Let s #t so |s - t| > 0 and let e = %is -t T Sifce”
. £ . s
, . £ o

(Vx)[kx e N A x> ni = |éx - s| % s,jwhere;af>°0“and-n eGN.and

(¥x)[x ¢ N A x > n} —> ]sx ﬁ,£] < e whére“;_>'0 and n e N. By

el

/’—\ .
F. T the following ¥, -sentence holds-

(Vx)[x e *N A X > nj = ]*_sx - 8| «g

\\
- . Al U )
and-‘”f‘(Vx?[x e #N A x> nJ —>ﬂ|*sxo+ t|¢<‘al, | ,
e A : R : L
so s -] gy -8y - (s -0 - | ¢
< 2 = |s - tf
This contradicts the fact that s éft.j B ‘ '

.Coroliary 2. 1If the sequence {s | = 1, 2, g..}'of real

numbers 1s convergent then 1t 1s bounded

1 . . - Q

- . .
-2 - - i P
"

i

k¥
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' Proof. '§aqfe {sn|n $ 1, 2, ...} 1s convergent, we have
4 .
L (¥x)x e N A x>.n]=>|s - s| <ewhere € > 0 and n ¢ N are

constants.
Then by the F.T., we have

(Vx)[xj}mkN A X > n) = |*sx - él < E

In"particﬁiar fTor all- w e *N - N we have |*sn~— s| < ¢

1

i.e. S l*s | < e + [s|
which shows that'*sm'is finite by Thecrem 1, .we have shoﬁn

that {sn‘:'n =1, 2, ...} is bounded.

e 'Theorem 3. A séqueﬁ@e {snln =1, 2, ...} of real numbers
of R 1s convergent if . and only 1if *sm = l*sw‘ o '

for all w, w ¢ *¥N - N. . :

\ ‘Proof. By Theorem 2, thefnedesséry condition 1s Justified.

¢

To proveﬁthe condition is'sufficient; we only have to show,

by Theorem 2, that *s is finite for all w_e *N - N. The proof

'f/ of this pért is indirect; suppose that ,there 1s an infinitely
'~ large number W, ¢ *N - N such that *sm is finite. Define
' U o . o] ’ ' -
~ ’a
= % * - # o
A = {n|n € N and | swo s, | < 1}
'l

L.}

where A 1is a set of naturai_numbérig. From Theorem 3 of Chapter
III, A %o theréfore~internal,\ By ﬁhefdeﬁinition of A, we have
¥ N - N < A. The inclusion hére.is improper. Indeed,fif n e N.

is finite, then

'G\_
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which shows that n LA,

not 1nternal this contradiction
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w
o] s
i *

‘and so A = *N - N.

I/

2

If

Corollary 3.

are sequences of real

then
(1) 1lim (sn + tg)
n+«e ki
(11) 1im s t_ = st
-+ nn
(iii)- lim ¢s_ = ¢s
N+ no .
(iv) 1lim (sn/tn)‘a
N n-+w .
Proof. (i)

."(Vx)[x e N A x > n]‘==> |sx

(and) (vx)[y‘e N A X\> nl] => ltx-; t] < £/2 where € >0 andh
§ e Nso (s, 4+t -5 vl < lsy sl ¥ ley -t < c. By
F.T. we have | . “ R
|(fsw t ¥ - (s 4 t) | -I Sy~ s| +.|f;w:— t] < e foe all
n e'*N - N therefome *s + ¥t =l;s +_t‘; .
angl ~ ¥(s + t)wﬂe *ﬁm’+.*t |
By Theorem 2, we have |

" lim (s o+ tn)'; s+t

11+

By Theorem 2 ¢

{snln =1, 2,

numbers if 1im 5h

n-+e=

=_S
+ ¢

S

s/t“if £t #0

1

- *s |+ [¥s | e M

.}, (& _|n =

Since *N - N

shows the result.

1, 2,

,and-lm t =t

-+

- s] < eg/2 where € >0andnelN

R



1

N

(11) By the homomorphism st theorem

#® = * #* = . * * = )
st(¥(st) ) = st(*s *t ) = st(¥s )st(¥t ) = st for all

- * _ N * ‘. .= ' . .. ) . _ ..
we *N - N i.e. (st__)uJ 15t therefore lim s t = st: .
. Ve - ) n-—+o«
oy ' _ € RN - N
(111) We only take s, - 8| < ToT fo? all wpe *N N.

We get the desired result, lim cs_ = cs.

(1v) By, (11) :
1l

' 1
. 1lim s = 5=
“how DT t

3

the result follows.

§3 Continuity and Differentiability
. . o .

[

- Definition 3.1. For every e > 0, “there exists a positive

- .number §(e) such that if
0 < |x -al <&, then |f(x) - bl < ¢

and f(x) is saild to have the 1limit b as x + a [lim f(x) ='bj;

~ = Definition 3.2. Lét a functlon f be defined on a set S

and u ¢S, f is sald to be continuous at u if-and only 1f for

evefx e > 0, there exists a cbrrgsponding § > 0 such that x ¢ &

and |[x - u| < & imply phét_._

|£(x) - £Qurh < e

. \ : :
Lemma 1. Let u, £ ¢ R and let Xq be a limit. point of the

dem f then lim CfP(x) = &, APF 1im f(sn) = & for evely sequence
X+X n+e » - '
o " . . “ _
fs. :n=1,2, ...} such that s_ ¢ dom £ for all n and lim s _=x
n - . e - n E . N r-+co n '

o o



53 - ) | ﬁ”

-

Lemma 2. If a function f is defined on a ‘eet S and 1if
~uis a limit poini of S belonging to S, then f is continuous

at x, if and only if lim f(x) = f(xo). -

X+rX 4
o]

L]

. Theorem 1. (i) Mm f(x) = ¢ if and only if *f(x_+h)= %
. - ’x+x ' - ) . N i
o |

. for all 0 # h'e M, . (1) 1In particular, f is continuous at x

if and only if ¥f(x_ +.h) = f(x) foriall h ¢ M;, that is, equi-
, 3 .

valently, st(¥f(a)) = f(st(a)f for all a ¢ ¥R such that st(é)=x5.
, ( ' S ‘ T

Proof. (1) Assume that lim. f(x) = £ then-
) X+X '

.(7\;

(¥x)[0 < € ¢ R] => (36)[0u< 8 (a R%A (¥x)[x ¢ R A 0 < |x-x,| <.6]

v - : . => [|f(x) - ] <e]
his a L-sentengg\g;ﬁyg, . | o .
. N . “ ' ] |
By F.T. the ffollowing *L-Sentence holds. .

(Ve)[0-< € eJ*R] > (38)[0 < S e ¥R] A (Vx)fke*R A0 < IX—XGJéﬁl

[}

A

7 [[*(x) ¢ 2| < el | .

since edis arbitrary, thﬁf“;;(x) lf where x = xa'+ h for all

)]

G_?"hne Ml-. . .

.Conversely, Just "reverse the steps and use the F.T., the result
. /,f‘- .

» follows: °

(11) \By Lemma 2, we can use (1) to treat lim f(x)=f(xo)
- o ' X+X
. : o

. -
7 . : )
. . -

Y
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' the result follows. That is, lim f(x) = f(x,) 'if and only

X+X
o

Ml'

if *r(x  + h).=-1 f(x,), for all h; «

Definition 3.3. Let f be a functlon, for each X, € dom £,

we defiine -

f £(x *h) - £(x)
. . f'(xo) = 1lim - A _ .
~ . . - h+0 -

. % . . - -
If thls limlt exists, f£(x) 1s said to be differentiable at x=x_,

~and f'(xo) is called the derivative of f at x.

Remark. By the above definitipn and. Theorem 1 [ 1s differ-

entlable at xé if and only 1if tHere exists a constant % ¢ R.
(Since f'(x ) exists means that £1(x, ) 1s finite) such that

*f(xo+h) - *r(xo) |

h = 1%

.fo? all 0 #h ¢ Mi. . , o ,~ALl‘.

Corollary 1. If f is-di{ferentiable at xafnthenrf is

i
v,

continuous at xo.

Proof. - From the above remark, we have

o - = 1
é%~%1' _ *f(xo + h) f(xo) lhf (xo)
o since f'(xo), by definition, 1s finite. So hf'(xo) is a infi-
o . | , . . | | '
nitesimal therefore *f(x_ + h) - *f(x.) = ;0 for all h-e M

3

1.
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_ Definition 3.4. Let f be a function continuous on dom f.

f 18 sald to be uniformly continuous on dom f 1ff for every

-

"e > 0, there exists &§(e) such that |f(a) - £(b)]| <& for all
a, b ¢ don f and |§J;Kbl < 8. T . .
In symbol,
. (4 : . . . ‘
(**) (ve)(36)[0'< € € R'A 0 <& ¢ R] = _ - ~

(Va)(gb)’uf(a”) - £(b)| < € an]a - b] < &1

Theorem 2. Let f be a real function of a real variable.

Theri f is uniformly continuous if and-only if kf(a) = 1*{f(b)
L - - . [ i ' ) [y
for all a, b e dom*f and'a = ;b. L

»

Proof. The cdndition.is necessafy._
' » . Assume that £ 1s uniformly continuocus. From the L-sentence

(**)Jof Ko,lthe following L-sentence also belongs to K.

-

(va)(vb)[|f(a) - £(b)|-< e A |Ja - b] < 6] where ¢ > 0, § >0 _
are constants. By the F.T. the‘following-*L-sentence|holds;
(V%)(Vb)[l*f(a) - %¥£(b)| < € A |a - b| < 8]

thus for all a, b < dem*f

L

 *¥f(a) = l*f(b)land a f.lhﬁ_ ﬁ A \

\\<g For the proof of the sufficient Eonditién is Jjust to reverse
th

stebs by using the F.T. -

. - C
.\ .
Theorem 3. (Heine). ' Let f be a real function of a real

..variablé_defined on the bounded and closed 1nterval X, € x L Xq,
X1 xgré R. ?f‘f 1s continuous, then: £ is_unifd}mly cont;nuous.

. .



Y

Proof.. ‘-Let a, b ¢ *R satisfy x; < a, b é x, and a = b,
then by definition of finite numbers df *R, a,.b ¢ M_and '

x ='st(a) = st(b) satisfies x; < x % X,.

K -Since f 1s qontinuous by‘Theérem 1 we have-*f(a)u=.1*f(b) ‘

where a.= st(a) + bl, b = st(b) + b2,-i.e. a=x+b,,b=x+b

l’

therefore *f(a) = 1ff(b) again by the F.T. this result folldwgf

§4 Definite Integral ' . "

Definition 4.1. Given a function f ;nd‘tﬁe’closed inter-
ﬁal [a, bl and0 <A Xx € R, we define-ZQIf(x) A x as the Riémaﬁ%
Eg T(x) Ax = f(xO)Ax,t f(317Ax + }., + f(xn_l)ﬁg

where n is the greatest lnteger such that a + ndx < b and Kk

r
o

(k = 0, ..., n=1) Where Xpoy = @ + (0 - 1)Ax are the paptition
points. ' '
Definition 4.2. If lim J° f(x)ax = & then
' ' Ax-+0 C . ;

(ve)(I6)[0 < e RA 0 < 6 e R] = I):Z f(x)ax - ¢ <. 8

" where a, b are constants and a < b, Ax}= Eﬁg,~n ¢ N.which 1s a
sentence 6f Ko' By the F.T. we have the followiﬁg %7 -sentence

¥

which' holds in ¥R.
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:

.(Ve)(jé)[0~$ e e€RADO<E ¢ R] = lzg f(x)d¥ <"%| < § where

dx = Eﬁé,'wrﬁ *N We'defiﬂe_fg f(x)dx as an infinite Riemann

sum. '

—

. .Theorem 1. If f is‘continuous on [a, b] and dx > 0O aﬁ

ihfihitesimal'then the infinite Riemann sum Zg f(x)d; 1s a
-

"finite real number.
BN

Proof. Since every {2 f(x)Ax is bounded above and below,
say. :
f : _ m{b - a} < Zg‘f(x)Ax < M(b - a)

. . ¢ - :

where m, M are minimum and makimum of f, for f 1s continous
on [a, b]l. This statement-qan be expressed és a seﬁt%nce_of Ko
: s . : ‘
In symbols,

@m AL < ax < R] = [In(b - 2) < 12 £(x)ax] A

[3

tZZ“f(xiﬂx < M(b - a)]]
where a, b are constants and 4x = E%i’ n e NQ - —

By

@m)@M)[0 < dx ¢ *R] => [[m(b - a) < [O *f(x)ax] &

T 30 *f(x)di/i M(b - a)]]
where ay..b afe conétant-aﬁd dx = E&é, w ¢ *N which shows that.
- : /

/
{ f(x)dx is bounded below and above by m(b -.a) and M(b - a)

ﬂ'

'reSpectivelys thuiiny the definition of a finite number of *R,

dx 1s finite. - f5

'

" we know-that [ £(

P
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"Remark. As we can define the derivative as the standardr
Ax

part of the quotlent 8y (denoted by %%) the definlte integral

is now defined by the standard part of theé infinite Riemann

Q

sum denoted by [ f(x)dx = st(fg £(x)dx).
. . . a
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CHAPTER VII

THE HYPERREAL NUMBERS .

§1 A New Extension of the Real Number System

The real number system can be developed through a pro-
cess of extension from N (the set of all natural numbers ) to
Z (the set pf'all Integers) to Q (the set of all rational hﬁm-
befs) to R‘(the set of all reai'numbers)}

The ineclusion .- ]
| | Nete Q cR |

is proper and the elements of the subset can be identified with

- speclal elements of the superset. Q and R are %ields and Q is

dense in R, 1.e. between any two ratlonal numbers there exists

a non~-rational real number, and R is a‘closure‘df Q with respect

to 1limits of sequences. R 1s so constructed and is a set of

equivalent classes of Cauchy sequences of rationals. Since a

. ‘ L.
Cauchy sequence of real numbers corverges to a real number the.

extension of R w.r. to Cauchy sequences 1is again R. We cannot

- obtaln’ any non-real number system_by following the same process

as in the construction of R starting with Q.

§2 The Axioms for the Hyperreal ggaf:rs i_ .

In order to avoid the heavy 10gical machinery, H.J. Keisler
1ists a set of axioms in such a way that H, the hyperreal num-
ber system would become an drdered fleld and also a proper ex-

tens;on of R.
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I.° Order Axioms. : .o p

(A) Every real number is a hyperreal number. That is,

R is a subset of H.
‘(B)‘ The Trichotomy Law holds for all hyperreal numbers, !

[ y
that is, exactly one of the following three relations holds: :
' L a <h,a=»mb, az>hb.
- 7

II. Axioms About Finite and Infinitesimal Numbers. S

(4) Every‘fihité'hyperreal number is infinitely closefto

some real number. . : : /‘

. (B) .There exists a pos;tive infinitesimal hyperreal number.

x

IITI. The Function Axioms

<

(A) For every real’ function f of one or two vdbiables,

there 1is a corresponding hyperreal function f* of the same num-

L ber of varlables called the natural extension of f. .f "
(B) Ir fis a real function of one variable and 4 is a real
nuﬁber, then: ‘ ) | o
| When f(a)'ié defined, f*(a) = f(a)
When . f(a) is undefined, so 1s f*(a). = 8
(C)- If £ is a real fﬁnction of fwo fériabies and a,:b are
real numbers, then: | .L ‘
When f(a b) 1s defined, f*fa,b) =;T(a3;b); e

- IV. The Solution Axioms

(A) Let S be any system of real formulas “If S is true

of all real numbers, then S 1s trlue of all hyperreal numbers

/

: /

t !
. N !

. o . . w



" real solution of S is a hyperreal solution of T.

a

(B) Let S and T be two systems of real formulas. If

every real solution of S 1is a solution of T, then every hyper-. °

!
Remarks. With this set of axioms, H.J. Keisler proves

that (i) for every finite hyperreal number b, there exists a

unique (standard) real number ¢ which is infinitely close-to b

: (ii) no real number is infinitely close to any infiqite hyper-

real number, (111) every Infinitesimal 1s infinitely clos@ to,

zero; (1v) zero 1s the;only infinitesimal which is also a stan-

dard_reai number; (v)gevery infinitesimal (except zero) is a .
reciprocal of ip infinitely large hyperreal number. s
. ! - M .

The standard part of a finite hyperreal number, denoted by

st(b), 1s defined as the unique real Aumber ¢ being infinitely
. . . : & . .

close to b, 1.e. b = st(b) + €, where € 1s an infinitesinal.
‘There is no standard part for any infinite hyperreal number.
After éstablishing some rules for infinitesimais'and standard

part, the hyperreal Aumbers can be applied to eiementary calculus.

. One shows that “standard part operation" dommutes with algebraic

opkrations (i e. field operations, exponentiation, root éxtrac-
tlon, order).

§3 Applications to ElementarxﬁCalculus

3.1 Derivative. In traditiOnal elementary calculus

coursé; as the definition of derivative of a function depends

on‘the 1imit concept; so the concept of limit 1is usually treated



before that of tHe derivative. By the concept) of starfdard

- ’

" part, we can treat them the other wady. round 1nyg'more natural

and simpler way. . S . : \

v Definiﬁion ‘Let f be a real function of ong variable,

thé derivative of f 1s the new function f' whose \alug at x is

the lope of f at x, denoted by £'(x), if "h \

s £i(xy= st(f(x tax) - flx), B
" for all Ax 0. '

Remark. fSince every'finipe hyperreal number has a uhiq&e,'

3 ‘standard‘part, then the sloﬁe; f'(x} exists 1f and only if
L S 9 ; . -

C L p(x 4 Ax) - £(x)
. . Ax

1s finite and ﬁas,phe same standard péft'fof\all 1nfinitesimalr

Ax # 0.
@ -Examples.

(1) ‘Find the derivative ‘of the function

f(x) x2

g
i

<)

y o+ Ay = (x +\AX)2 = x° + 2x bx + (81)°

Ay = 2x Ax.+-(Ax)2

‘ﬂ = 2x '+ Ax
st(3E) = st(2x + 4x)
= 2x'+ 0 -

= 2x
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s

I _ ; SN (8%
Therefore, f'(x) = st(—x) = 2x, for akl x € R. :

(11) ‘Find the. derivative of‘the,function

Y A 1. . e -
ol .
A# -(x+::\x)2/3 + xl/3(x+Ax) + x273 . . =
fl-(x) = St( T . . o b
= st(— ~A/ oy

f(x+Ax)2Z3 id/3(x+ﬂx)l/3 + x2/3)| J
AN o 1 N
[St(x+Ax)]2/3 +'st(x1/3)[st(;t3x3]1/3-+ st (x273)

, S , ‘
‘ <St(x))2/3 + St(x)’/3(st(x))l73 ¢ ot (23

1 .-’ N )
3(st(x))?/3 — T

-

——£~—; for all values of .x glR.,' -
32/3 . ' [ . . o
The process of finding the'derivative of 'f 1s Qalled differ

1l

2

" entiation. ¥ is.sald to be diﬁferentiable at x AT £'(x) is de-
;/ffhed,';.e., the slope of f exﬂsts,, l
3.2 Limits »

o ) : Jo- _ .
Definition. L is said to Le the limit of f(x) as x approac

¢ whenéver x 1s infinitely clbfe to but not equal to ¢, f£(x) 1is

infinitely close to L. In symbols, o
. ' Lim £(x) = L. S
' ‘ X+C ‘ '
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S
' *Theorem 1. The’ slope of f at X 1s given by the limit

ff(x) = 1im f(x+Axi‘ - f(}()
Ax»0  BE

The theorem follows immediately by comparing the. definitions
i of slope and limit

Examgles :
2 -
{ (1) Find lim %, = 3X +6 S
x+l x + x + .2 . -
T Takingrr # 1 and st(x)‘= 1
L - 3x + 6 1~ 3 +6 _ 1
S0 st (X 5 e L

.\K : xT + x + 2
J (11) Find 1im V9 = x.

X'*O . “
Since x approaches 0 at either side along the real line, /9-x
is defined therefore we can take the standard part .of V/9-x as
follows ' R . ' .
.Taking st(x) =.0 but x # 0.
étJ@fE&= [st(9 - )12 —

)

1

9 - st(x)1%/?

<9)ﬁ<2'

U

(111) Find Iim ' ' S
- x+0+ ;2 4 e (l/x) ,
a Taking tﬁe standard pert of f E(l} ) we have, .
' X4 . : - 2 4+ € / . ‘ : !

N

B .o \




5o : '.-65..'

St( E(l/ ))"= i 1 - - 1 ‘
2 + e AN st(e-cl/x)) L2Fst( i %)
: R / ’

_ 1
S 24t (D)
~ _ . e
o S : . “___l_I_
2+St(5) o

1 ' : '
T¥sc(n) (where n 1ls an
o infinitesimal)
- B 2+0 . . R

AN

-~ 3.3 Continuity 2 G

I

I
T

Definition (A). f is sald to be continuous.at a boint a
1Ff B . . .3
-(i)ﬂ f i1s defined at c¢ ‘ _ N . .\\

(11)  whenever x is infinitely close to c, f(x) is infinifely

close to f(e). . e
g;;o}gm 2. f Ls continuous ‘at ¢ iff 1im f(x) = f(e)-.
—_— \\ . ’,‘ i ) . . X+C

This theorem foilows immedliately from the definition

-3 —

Definition (B)\\ We say ‘that f is continuous-on an open

.interval T if f 1s cqptinuous at every point c in T. This is

-

equivalent to s?ying that

5
2 .

v [ C£(st(x)) = st(£(x))
for é:ery hyperreal number x whose standard part is in T.

(UL ST
o ) S

G-
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/

3.4 The Definit:\lntegral

+

Definition. /f is seid»to be integrable over [a, b] if

there exi&ﬁs a real number J QEEh that

J =

r~o

f(x)ax.
. . s - ) S . b ’ 7' '
‘Thet number J,—4£4t exlsts, 1s denoted by [ f£. ("=" means "is

infinitely close to").

4
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y, ~ SUMMARY

, The-non—standardlanalysis provides ‘&n altennate approach -
to real analysis including elementary caleulus.‘ The present
approach to non-standard analysis requires a'cons;dgbable knew-
ledge of mathepatical legic. \Although Luxeanrg [21] has.tried
to reduce the loglecal machineny neeessary fef real analysls to

a minimum‘it 1s still fdrmidabie. Another approach 1s presented

by D. Laugwitzr[l3] who tries t¥ minimize the 1ogicai apparatus

but admits that his method lackA full rigor.L e

. _ . \
For the purpose of elementany Introduction to non-standard

analysis Keisier develops a hypenweal‘number system on intuitive

basis. The advantage of such presentation appears to be some

simplification in the formal maﬁlpulations dealing‘with)sequences

and limits To a large extent Kelsler's method when dealing o

with derivatives and integrals differs insignificantly from most
presentations in non—rigorous caleulus text -books .. ‘ '&\

At prﬁsent the teaching of non-standard calculus is 1n the

' preliminary stage. S¢ far only one complete text-book (Keisler s)

a

. has appeared. Also the teaching experience has been very 1im1ted

Therefore no definitive evolution can be made at “this time.
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- _ - ERRATA

Page 35, line 15, read w € *R.

I3

-
r.
]
: L}
- L)
o
‘ E?’
.
ot

'-I‘d



ADDENDA
(1]

Theorem 1. Let V ﬁ-V(xl, vees xp)'be‘an anissible

e

« L-Wf the free variables xj, ..., x , and let  —
A= {(gl,...., xp)l(xl, cees xp) e a and V(xl,'...:_xb)|, -
. - - . o A . *
where a 1s an arbitrary entlty of R, then A « ﬁ‘and

{yys oo yp)l(yl, s yp) € *a and *V(yy, ..., yl.

. A :
Proof. A ¢ R is trivial. In fact, A is a set of p-ary

“relation, then A ¢ R.
If:y = v(xl, cees X aq, R aq) is atomic, that is, V

has the form (31, se xp,\el,-_.., aq-l) € aq or (xl, ey

kp‘l,‘el, e aq) € X, with possible Bermutation of the

—_—

B "variébles, then the result follows immediately from Definition

!
Y

2.3 and Lemma 2. 3 (i11). In order ‘to show that the result holds
“for all wff.V of L without quantifiers we need only show tﬂht
it. holds for wff.V and W then it also holds for [V A WJ vl
(for p=> q can be replaced by—1p v g, p <=> q can be replaced
by [p~=> ql] A [q > p], and p V- g can be*replaced by

~[[-p] A Eﬂq]]) Assume that

{(xl; ce., X )l(xl"‘i"‘xp) ¢ *a and *ixy, REP xp?}.

Gae, then we have’ to show that

¥B =*{‘xl’ e, X )|(xl,_..., x-)'e LPY ene %*V(x , ;;;}7xp)}. |

ﬂhefe‘B = a - A, The result follows immediately . In fact, 1if

-1
'R
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oy

e

-

._(xl,....,_xp) e *a and_(xl, v, ip) ¢ ¥A which in turn

‘ t

implies (xl,‘.,.3 xp)H?"*V(xi,...., xp). That is

(xl, e ey xp) e ¥a and (xl, s xp) e_#fv(xl, cee, xp).

_ ~ )
Then (x;, ...,_xp) e ¥B.

Assume'npw Vv = V(xl; :f" xp,'yi;'..., yq) and

W= wtxl, ..:,_xp, zlg PR zr) be two L-wff without quanti- a

fiers, for which the result holds, and let |

A.= {(xl, ces xp,Ayl, ":"ﬁaj' 15 .:., VA )[(xl, e Zr) € a.
and [V A W]} |

then

)

A =7{(x1’-"".zr)l(xl’ cevy, Z.) € a and Y} n
{(xl, e zr)l(xl,.;.., zi)‘e a and W} -i

4

- implies by Lemma 2.3 (v} that . _'_ ,
Ch— "\ : _
{ kp = { .1 oo *(, %‘{(xl’ cees zr)lgxl, cees ;r) e *a

and [*VA*w]} T

" Next we. are going to prove that admissible wif with quantifiers
by 1nduction on the number n of quantifiers By Lemma 3 3,

-_then V can be expressed as an admissible wff with (n+1) quanti-

e

’fiers of the form q(xn+l) e q(xl)w(xl, PR n+;’ Yis vees yq)

. A —_
where W has no qu@g&}fiers and ¥y, +.<) yq are without 1o%§\8££
. e = G .

geheraligy, we may assume thét 941 is the existeﬁtial quantl-
L . i~

o | , -

‘fier, otherwise consider not V.
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For n = 0, the result h%lds as’ shown above for V with-

“out gquantifilers.

+

Now let b denote the domain of (Hx +1); Then, since V
is admissible, b € ﬁj Let 7 . ;
B.= {((yy, ...,_yf), e [0 o )y k) caxd
apd q(xn) ce q(xl)W} | \

A
where a ¢ R.

have

- and (qxn) .. (qx Y*WY}
. The domailn of thé binary relation.B 1s the set
A= Ly, ooes yp)l(yl, e yp) e a and

ﬁ532n+1)(xh+l € bon (qxn;;.;.'qul)w)}

-

_ The domaln of the binary *B is the set
{(yl’ '.'°, .Yp)l(_yls----, yp) ‘E *a‘ al’ld

(Hxh+l)(xn+1 e *b n (ax,) ... (ax;)*W)}

= {(yl: :":_y )|(yl: -°?:‘yp) ¢ *a and *ngl’
- Then by Lemma 2. 3 (v), we " have

A o= {<y1, cees Yy, cees V) € ¥*goand *VGyy,

*B = {{(yys 5o ¥, X nﬂ)h‘;@ac}_rj s ¥pyy) € a x WD

Then, by the induction.hypothesis and Lemma 2.3 (v) we

o

(7 oeos YOy, ooes ¥)) € @ and Viyy, oo sry )

‘s xpll

s yp}}.

>
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