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Abstract

One of the fundamental problems in Diophantine approximation is approximation to
real numbers by algebraic numbers of bounded degree. In 1969. II. Davenport and
W. M. Schmidt developed a new method to approach the problem. This method
combines a result on simultaneous approximation to successive powers of a real num-
ber £ with geometry of numbels For now, the only case where the estimates are
optimal is the case of two consecutive powers. Davenport and Schmidt show that if
a real number £ is such that 1., &2 are linearly independent over Q. then the expo-
nent, of simultaneous approximation to £ and £2 by rational numbers with the same
denominator is at most (v/5—1)/2 = 0.618.... the inverse of the Colden ratio. In this
thesis, we consider the case of a number and its cube. Our main result is that if a real
number ¢ is such that 1,&, £} are linearly independent over Q. then the exponent of
simultaneous approximation to £ and £ by rational numbers with the same denomi-
nator is at most 5/7 = 0.714.... As corollaries, we deduce a result on approximation
by algebiaic numbers and a version of Gel'fond’s lemma for polynomials of the form

a—+bT + ¢T3,

il



Résumeé

Un des problemes fondamentaux en approximation diophantienne est celur de 'ap-
proximation des nombres véels par des nombres algébriques de degré borné. En 1969.
H. Davenport et W. M. Schmidt ont développé une nouvelle méthode pour appro-
cher ce probleme. Elle combine un résultat d approximation simultané de puissances
consécutives d'un nombre réel € avec des méthodes de géométrie des nombres. Pour
I'instant le seul cas ou les estimations sont optimales est celui de deux puissances
conséeutives. Davenport et Schmidt ont démontré que si un nombre réel € est tel

2 sont linérairement indépendants sur Q. alors I'exposant d’approximation

que 1.£.¢&
simultané de £ et de €2 par des nombres rationnels de méme dénominateur est an
plus (v/5 — 1)/2 = 0.618... soit l'inverse du nombre d’or. Dans ce mémoire, nous
considérons le cas d'un nombre et de son cube. Notre résultat principal est que si
un nombre réel € est tel que 1,£,&% sont lindairement indépendants sur Q. alors
I'exposant d approximation simultané de £ et de £ par des nombres rationnels de
méme dénominateur est au plus 5/7 = 0.714.... Nous en déduisons des corollaires

sous la forme d'un résultat d approximation par des nombres algébriques ct d'une

version du lemme de Gel’fond concernant les polynémes de la forme a + bT + ¢T%.

iii
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Chapter 1

Introduction

1.1 History

In thewr 1969 paper [4], I1. Davenport and W. M. Schmidt estabhished the following

result, wheie

145 1
= +2\/_:1+—=1.618.
g

denotes the golden ratio.

Theorem 1.1.1 (Davenport-Schmidt) Suppose that € € R 1s nerther ratiwonal nor
a quadratic wrrational. Then there are arbitrarly large values of X such that the

mequalities
lzol < X, rof — x| S e X7V g€ — 1] < e XY, (1.1.1)

where ¢; 1s a surtable positive number depending only on &, have no solution 1 integers

29..21. 22 not all zero.

If (rg.x;.29) € Z® is a non-zero mteger solution of the inequalities (1.1.1) of

Theorem 1.1.1 for some large value of X, then we must have 1y # 0 and we obtain

max {

g-2

Ty
6 - =
Lo

Lo

¥

1\(—1/'\/
<0 < erfrol™?

[l)()i
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which means that the pair (z;/zo. 72/T0) is a good approximation to (£, £2) by rational
numbers with the same denominator.

By an argument based on geometry of numbers, Davenport and Schmidt deduce
the following corollary where the height H(«) of an algebraic number « is defined
as the height of its minimal polynomial in Z[T], the height H(P) of a polynomial

P € R[T] being defined as the largest absolute value of its coefficients.

Corollary 1.1.2 (Davenport-Schmidt) Let & be as in Theorem 1.1.1. Then there
are infinitely many algebraic integers o of degree at most 3 over Q which satisfy

€ —al < cH ()™
for a suitable constant ca = c9(€) > 0.

The same method also leads to a similar result of approximation by algebraic

numbers of degree at most 2:

Corollary 1.1.3 Let € be as in Theorem 1.1.1. Then there are infinitely many alge-

braic numbers o of degree al most 2 over Q which satisfy
€ — o < esH ()™ (1.1.2)
for a suitable constant c3 = c3(&) > 0.

However, although it is known that the estimates in Theorem 1.1.1 and in Corol-
lary 1.1.2 are the best possible (see [7] and [8]). this is not the case for Corollarv
1.1.3. Indeed, Davenport and Schmidt showed in [3] that in (1.1.2) the exponent
—v — 1 = —2.618 can be replaced hy -3, in which case the estimate is optimal.

In another direction, Jarnik’s transference principle ("Theorem 1 of [5]) also allows

one to restate Theorem 1.1.1 in the following dual form:

Corollary 1.1.4 Let & be as in Theorem 1.1.1. Then, there are arbitrarily large

values of Y such that the inequalities

<Y, il Y. o+ 3é+ 0 <aY
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where ¢y = c4(€) > 0 is a suitable positive number depending only on &, have no

solution in integers yo, yi. Y2 not all zero.

The latter corollary can be viewed as a version of Gel'fond’s lemma in degree 2.

A sharper result, with an explicit value for the constant ¢4 is given in [1]:

Theorem 1.1.5 (Arbour-Roy) Let £ € R. Suppose that for each sufficiently large

value of Y there exists a non-zero polynomial P € Z[T] of degree < 2 satisfying
1
H(P)y<Y and |P(§)]< ZY””‘I.

Then € is algebraic over Q of degree < 2.

1.2 Main results

In this thesis. we are looking at simultaneous approximation to a real number and
to its cube by rational numbers with the same denominator. Our main result is the

following:

Theorem 1.2.1 Let £ € R be such that 1,€,£° are linearly imndependent over Q, and

let X\ > 5/7. Then there are arbitrarily large values of X for which the inequalities
<X, ref — ) < X7 e —al < XA
lool < X. o fxof — 24} < o el =gl < .
admit no non-zero solution (xg,T,.12) € Z>.

We don’t know if this statement remains true for A = 5/7 even at the expense of
replacing the upper hound X~ by ¢, X~ for a suitably small positive constant ¢;.
Applying the method of Davenport and Schmidt to the above result, we deduce

the following analog of Corollary 1.1.3:

Corollary 1.2.2 Let £ and A be us in Theorem 1.2.1. Then there are infinitely many

algebraic numbers o which are roots of polynomials of the form a1® + b1 + ¢ with
4



1.2. Main results 4

a,b,c € Z and which satisfy

16 _ O,’[ < X—l——l//\.

We do not present the details of the proof of this corollary in this thesis since
there are abundant examples of such in the literature, starting from the original work
of Davenport and Schmidt in Section 2 of [4] (see for example Section 2 of [9] or
Chapter 2 of [11]).

Using Jarnfk’s transference principle, Theorem 1.2.1 admits the following equiv-

alent form, analogous to Theorem 1.1.5:

Corollary 1.2.3 Let £ € R and let 7 > 7/2. Suppose that, for each sufficiently large
Y, there exists a non-zero polynomial P(T) € ZT® + ZT + 7 satisfying

HP)<Y and |PE)|<Y™.

Then & is a root of a non-zero polynomial in ZT® + ZT + Z.

We give a direct proof a weaker result in Appendix B (corresponding to the
measure found in Chapter 3).

The rest of the thesis is mainly concerned with the proof of Theorem 1.2.1. We
proceed in several steps. In order to describe them. it is useful to make the following

definitions:

Definition 1.2.4 Let £&.m € R. We say that a real number i1 is a measure of simulta-
neous approximation to (1,.£.n) if there exisis a constant ¢ > 0, and arbitrarily large

values of X . such that the inequalities
lrol <X, Jrp — o] S e X7V |xon — 2] < eXTH,

have no non-zero solution (xy,T1,22) € Z3. When this holds, we say that ¢ is a

constant associated to the measure p.
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Definition 1.2.5 Let £&.n € R We say tha! a real number A 15 an exponent of
simultaneous approximation to (1.€.7m) of there earsts a constani ¢ > 0 such that the
inequalities

ltol € X, o€ — 1] <X, |agn — 19 < XM

have a non-zero solution (xg,x1.x2) € Z* for any sufficiently large X. In this case,

we say that ¢ s a constant associated to the erponent A.

From these definitions. Theorem 1.1.1 can be restated by saying that 1/ is
a measute of approximation to (1,£,£?%) for any ¢ € R such that 1.£,£2 are linearly
independent over Q. Similarly, Theorem 1.2.1 says that each real A > 5/7 is a measure
of approximation to (1.£.£%) for anv € € R such that 1.£.&® are linearly independent
over Q.

Moreover. by Minkowski's Linear Foims Theorem [10. Chapter I1, Theorem 2C],

we have:
Theorem 1.2.6 Let £, n € R. For every X > 1 the inequalities
‘J;Q‘ < X. |JL’0£ — 11;1‘ < X“l/z. LC(}T} - JJQ‘ < X_l/2 (121)

have a non-zero solution (ro,x1.22) € Z°.

This shows that. for any £&.7 € R. the number A = 1/2 is an exponent of
simultaneous approximation to (1.£,17) and ¢ = 1 is a constant associated with this
exponent. We also note the following propeities which follow immediately from the

definitions:

e If 4 € R is a measure of approximation to a triple (1,£,7), then any real number

i with g < g/ is also a measure of approximation to the same triple.

e If A € R is an exponent of approximation to (1,£,7), then any real number X

with A < A is another such exponent of approximation.
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o If 41 is a measure of approximation to (1,£,n) and if X is an exponent of approx-

imation to the same triple, then A < .

o If ) is not a measure of approximation to (1,£.n). then A is an exponent of
approximation to the same triple and. as such, its associated constant can be

taken to be arbitrarily small.

e If ;1 is not an exponent of approximation to (1.£.7). then p is a measure of
approximation to the same triple and. as such, its associated constant can be

taken to be arbitrarily large.

In view of these remarks, Theorem 1.2.1 can be restated by saying that, if A is an
exponent of approximation to (1.£.£%) for some € € R such that 1.£€, €% are linearly
independent over Q. then A < 5/7.

The reason why we restrict to triples (1, £, 77) where 1, £, 5 are lineai lv independent
over Q is that. otheiwise, Dirichlet’s Theorem [10. Chapter I, Theorem 1A] implies

that A = 1 is an exponent of approximation to (1,&,n).

1.3 Outline of the thesis and methodology

The chapters of this thesis represent the different stages which lead me finally to
Theorem 1.2.1. In each one. new tools or new methods are introduced to improve the

upper bound on any exponent of approximation A to a triple (1, £, £%) with Q-linearly
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independent entries. I find successively:

A<V3-1=0.732.. (Chapter 3)
A <0.7277... (Chapter 5)
A< 8/11 =0.7272... (Chapter 6)
A <0.7252... (Chapter 7)
A <0.7221... (Chapter 8)
A< (9+V15)/18 = 0.7151... (Chapter 9)
A<5/7T=0."7142... (Chapter 10).

All results rely on the construction of a so-called sequence of minimal points
for (1,&, &) following ideas of Davenport and Schmidt in Section 3 of [4]. This is a
sequence of integer points X, = (2.0, %i1.2,2) € Z2 which is canonically attached 1o
the triple (1,&,£%) and from which one can deduce whether or not a given A > 0 is

an exponent of approximation to (1,£,£?). Upon putting

X; = max {

Ii.o|~ 1331.11- fl"zzl} )

L, = Hl&X{Wz’.Of - «777;,1f, !271',053 - 371:,2|} ;

this condition is simply that

L; <X
for some constant ¢ > 0 (by construction, we also have X; < Xy < X3 < ... and
Li>Ly> L3> ...).

The main tool is the construction of polynomials with specific properties. If
P(Uo, Uy,... ,uk.) S Z[UO, ..., uk]

is a multi-homogeneous polynomial in triples of indeterminates u; = (0. uj1, ¥j2),
upper bound estimates for

‘P(xiﬂxi+17"'7x1+k)[ (131)


file://{/Xi.ol

1.4. Notation 8

can be given in terms of X,..... Xovi-Loo ooy Liyr (see Appendix A). When P is
suitably constructed. then, depending on the value of A, this upper bound tends to 0
as 1 — oo. and therefore the integers (1.3.1) are all zero for each sufficiently large 7
(see Proposition A.1).

Some of these polynomials are relatively easy to find, like the polynomial » from
Chapter 3. The polvnomials o1 polynomial points w, f, g, S,k that appear in the
subsequent. chapters came from a computer search. Each new polynomial found in
this way presents a challenge. First. one needs a compact way of writing it (some of
them involve many monomials). Then, one has to understand how the polynomials
arc related with one another. and finally one has to understand what their vanishing
means. When we can show that some polynomial P as above does not vanish at
{x,. .. .. X, +4) for infinitely many values of 1. then we get an upper bound for A. For
example. the upper bound X < V3 —1 = 0.732... is obtained in Chapter 3 by showing
that for A > 2/3 we have 222,20 — 23, # 0 for each i sufficiently large. The subsequent
improvements ate more challenging and we let the 1eader discover them as he goes
through the thesis. We simply mention that the final estimate A < 5/7 follows by
observing first that if A > 5/7 then f must vanish at certain pairs of points. From
this, we deduce that k cannot vanish at related triples of points and this leads to a

contradiction.

1.4 Notation

Notation 1.4.1 Throughout the text, for fixed real numbers & and 7. we will use the
notation A < B or B >» A. where A and B are non-negative variable real numbers,
to mean A < ¢B for some constant ¢ > 0 depending only on € and n. We will also

write Ax Bif A<« B« A



Chapter 2

Minimal points and sequences of

minimal points

In their proof of Theorem 1.1.1, Davenport and Schmidt begin by defining a sequence
of minimal points associated to a triple of the form (1,£,£?). In this chapter we work
in greater generality by considering triples of the form (1, £, 7). The notion of minimal
points that we attach to such a triple differs slightly from the definition of Davenport
and Schmidt when 7 = £2, but it is easy to adapt most of their arguments to our

setting.

2.1 Minimal points
Definition 2.1.1 Let £, € R. For each point x = (29,1, 22) € R3, we define the
norm and prorimity functions:
%]l = max{|zo|. |Ti]. |T2]}, Ley(x) == max{|zo — 1], |xon — 22|}
We usually write ||x|| := [|X||oc and L(x) := L¢,(x).

Throughout this section, we fix £, n € R\@Q. Then, for any non-zero point x € Z?,

we have L(x) > 0.

9
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Definition 2.1.2 For each real X > 1, consider the set of points x € Z? with
1< |x]| <X, L(x) <1 (2.1.1)

A minimal point corresponding to X s a poini x of this sct for which L(x) is minimal.

Note. that since the set defined by (2.1.1) is finite and non-empty (e.g. it contains

(0.1,1)), for any real X > 1, there exists a minimal point corresponding to X.

Lemma 2.1.3 If x = (xg,21,22) 45 minimal point (for some real number X > 1),

then x is primitive, i.e. we have ged(xg, 1. 22) = 1.

Proof: Indeed, if @ = ged(xg, 21,22) > 1 then x = ax’ for some point x’ € Z°.
This implies that ||x'|| < ||Ix]| and L(x") = 1L(x) < L(x), so x is not minimal. |

Lemma 2.1.4 Let ¢ > 0. Then, for each X sufficiently large, a minimal point x

corresponding to X satisfies L(x) < ¢.

Proof: By Theorem 1.2.6, there exists a non-zero y € Z* with L(y) < min{1, ¢}.
Choose X > ||y|| and let x be a minimal point corresponding to X, then since y is a

solution of the inequalities (2.1.1), we have that L(x) < L(y) < <. |

Lemma 2.1.5 Let x = (xg,7,,72) € Z> be a minimal point corresponding to some

X > 1. If X is sufficiently large, then x has non-zero coordinates and satisfies
x| = |l

fori=20,1,2.
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Proof: We first note that, for each X > 1, a minimal point x = (29, 7;. 22)

corresponding to X satisfies

|zo€] — 1 < x| < |2oé] + 1,

lzan| — 1 < |oo] < |won| + 1.

If such a minimal point x satisties |y < 2/ min{1. |¢|, |n|}, then, looking at the
right-hand side of the above inequalities, we have ||x|] < 1. Since there are a finite
number of points which satisfy ||x|| < 1. this means that L(x) =< 1. But by Lemma
2.1.4, taking X sufficiently large we can always find a minimal point x’ correspond-
ing to X with L(x') as small as we want. So, for X sufficiently large, we have that
lo] > 2/ min{1.]&|.|n|}. Then. fiom the above inequalities we find that the coordi-

nates of x are non-zero with |rg| < |21] and |z¢| < |&,]. |

2.2 Sequences of minimal points

From now on. we will suppose that £.17 € R are such that 1.£.9 are linearly indepen-
dent over Q. We begin with a lemma which will be used to constiuct sequences of

minimal points.

Lemma 2.2.1 Let £.17 € R be such that 1.€. 1 are lnearly independent over Q. For
any X > 1+ max{|£],|n|}. there are eractly two minamal points corresponding to X.

If x 15 one of them. then the other 15 —x.

Proof: Fix some X > 1+ max{|{|.|n|}. and a minimal point x = (xg.2;.22)
corresponding to X.
We first show that L(x) < 1/2 and deduce that xo # 0. Indeed, since (1, [£]. [7])

is a solution of the inequalities (2.1.1) of Definition 2.1.2. where [€] and [n] denote the


file:///x-2/
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integers nearest to £ and n. respectively. we get L(x) < max{|{—[£]],|n— ]|} < 1/2.
Now, suppose on the contrary that o = 0. This gives 1 < ||x]| = max{|z|.|r|} =
L(x), but since L(x) < 1/2 this is impossible. So. we must have xy # 0.

Now suppose that x' = (2§, r}.2%) is another minimal point for X. It satisfies
L(x) = L(x’). Then we have 4 possible cases.

In the first case we have L(x) = |[rof — x| and L(X') = |oyn — a5|. This implies
o€ — 1y =(xgn —25) = Frgn+rof— (11 Fay) =0 = ro=1,=0, v, = £}

which is impossible since 79 # 0. The second case, when L(x) = |zon — 2| and
L(x') = |zp€ — 2. leads similarly to a contradiction.

In the third case, L(x) = |2 — 21| and L(x") = |x(€ — 27| so we have
2o — &y = (apf — ) = (o F L — (@1 F2) =0 = xg=Fa), 21 = 7]
and this implies
|—zotah] = |ron—raF(ron—rs)| < |xon—To|+lrgn—uy] < 2L(x) <1 = 2, = +as,.

Thus x = £x’. Finally, in the fourth case we have L(x) = |2on — 25| and L(X/) =

|xgn — 4| and by a similar argument we again find that x = £x'. |

S

oy

Note that if x is a minimal point (for some real number X > 1). then it i

minimal for ||x||. So, on the basis of Lemma 2.2.1, we can construct recursively a

n

sequence of minimal points (x,),>1 € Z* which will satisfy the following definition.

Definition 2.2.2 Let £&,n € R be such that 1,&€,n are lincarly independent over Q.
We define a sequence of minimal points associated to (1,€.n) to be a sequence of

minimal pownts (x,),>1 C Z* of strictly increasing norms unth the following property:

if X 18 @ mmumal pownt satisfying ||x,]] < x| < [|%41]] then x = £x,.
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Equivalently we could define such a sequence using the following property:

of x 18 @ maimamal point satisfying L(x,41) < L(x) < L(x,). then x = +x,.

Note that any two sequences of minimal points associated to (1,£, n) differ only
by the choice of their first element and a choice of sign factors. In particular. if (x,),>;
is a sequence of minimal points, then (¢,x,),>, is also a sequence of minimal points for
any r > 1 and any choice of ¢, € {£1}. Thus if a sequence of minimal points satisfies
a certain property for each @ sufficiently large. then by omitting its first elements we

obtain a sequence of minimal points which obeys this property for each 1 > 1.

Notation 2.2.3 If (x,),>1 is a sequence of minimal points associated to (1,£.7). we

usually write

X, = (0. 201, Lr2). X, = |x,|| and L, := L(x,).

We note that the X, form a strictly increasing sequence of positive integers and
that the L, form a strictly decreasing sequence of positive real numbers.

Moreover, for any two points x,, X, of the sequence with 7 # . because they are
primitive points with x, # x, (see Lemma 2.1.4), we have that x, and x, are linearly
independent.

Let (x,),>1 be a sequence of minimal points associated to (1.£.7). Note that
if 2,9 = 0, then (0.+1.+£1) are four different points that are minimal poiuts corre-
sponding to ||x,||, in contradiction with Definition 2.2.2. So, for all : > 1 we have
T,0 # 0. Because of this, we must have L(x,) < 1. Moreover, for an appropiiate
choice of €1, €, € {0, £1}. the point x = (219. 211 + €1. 21,2 + €) satisfies L(x) < 1/2
and ||x]|| < |Ix1l] + 1 < [|x2]|. So. for all ¢+ > 2 we have L(x,) < 1/2. Finallv, we note
that, for every 7 sufficiently large and appropriate choices of ¢, € {1} the points €,x,

remain in the same octant as (1,£.7).
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Lemma 2.2.4 Let £, € R be such that 1,€,n are lineurly independent over Q. Let
(xi),>1 be a sequence of minimal points associated to (1.£.m). Then for each choice

of j > i>2 we have |z ] > |t,x] for k =0,1,2.

Proof: For i > 2 we have L(x;) < L(x;) < 1/2. If ;0| > |2:0| then we have
lz,0] + 1/2 > |2,08] > |2i0€] > |zia] — 1/2 which gives |2,1] > |z,1] since x, and x;
are integer points. Similarly we find 22| > |72

There are three possible cases: max{1l.|&].|n|} = 1, max{1,|¢|,|n]} = |&| or
max{1, [§]. 7]} = In].

In the first case we get |2;0] > |2;0€] > |£,1] — 1/2 which implies that |2;0] >
|z;.1] and similarly we obtain |z, o] > |z;2]. Thus ||x,|| = |x;0]. Since ||x;]| > [|x;]| we
conclude that |z,0] > |7,0| and we are done.

In the second case we get |z,,|+1/2 > |z, €| > |z, 0| and this gives |x;1| > |2, 0]
We also have |z, ,| + 1/2 > |z,0€] > |z,0n] > |2j2| — 1/2 and we get |2;1] > |x,2].
Thus ||x;]] = |2,/ Since ||x;|| > ||x,|| we now obtain |x;o&| +1/2 > |2;41] = |zia] >
[2;0€] — 1/2 which implies 1 > 1/|€] > |2,0] — |7,0| and again we are done.

The third case leads similarly to |2;0] > |i0]. |

2.3 Some key lemmas

The next series of Lemmas provide deeper results that we will use throughout this
thesis. The first of these could be described as the main property of a sequence of

minimal points. It lies at the basis of almost all further considerations.

Lemma 2.3.1 Let £,n € R be such that 1,£,1 are linearly independent over Q. Let
(x:)i>1 be a sequence of minimal points associated to (1.£.7). Suppose that A > 0 is

an erponent of approxzimation to (1.€,1) and that ¢ > 0 1s u constani associated to
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this exponent. Then. for each i sufficiently large, we have

Av—A
L, <ecy X, 4

where ¢o = 2max{L.|&],|n|}.
Proof: Fix some i > 1 and put X = 2(X;; — 1)/¢e. If i is sufficiently large,
the hypotheses imply the existence of a non-zero solution x = (g, 71, Z2) € Z* of the
inequalitics of Definition 1.2.5. For such a point x, we have
lzo] < X < X, —1 < Xoy1,
23] <ol + X <X 4+ 1< X,

7o < Jaon] + X < X +1 < Xipq.
Thus ||x|| < X,41, and so we obtain

L, = L(x;) < L(x) < X = ey (2( X1 — 1)) < cqd X3

where the last estimate uses X,.1 > Xy > 2 and so 2(X,;41 — 1) > X;,1. |

Lemma 2.3.2 Let £,n € R be such that 1,€.n are linearly independent, over Q.
Let (x;);>1 be u sequence of minimal puints associated to (1,€.7m). Suppose that

X,—1, Xy, X;41 are linearly indepcndent. Then
1< XLy Ly,

Proof: Since X;.1, X;, X;41 are linearly independent, the determinant of these three
points is a non-zero integer and so its absolute value is > 1. We now find an upper
bound for the determinant:
Ti-10 Ti-1a1 T-12 Tom1,0 Tim10§ — Ti—1,1 Tim100) — Ti-12
i .l'q',l ;2 - Tio iCi‘Qf — xi,l Lol — L2 <4 Xi+J Lz—l Lz-

Ti+10 Tip1,t Tig12 Tit1.0 l"i+1,0§—371+1,1 Tog1,07 — Tig1,2
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Lemma 2.3.3 Let £,7 € R be such that 1,£,n are linearly independent over Q. Let
(Xi)>1 be a sequence of minimal points associated to (1,£.n). Denote by 1 the set
of all indices i > 2 for which x,_1,X;,X;41 are linearly independent. Then 1 is an

infinite set.

Proof:  For each i > 2, denote by W, the subspace of R? of dimension 2 generated
by x,_;) and x,. Suppose I is finite, then it either has a maximal element ig, or it is
empty in which case we take iy; = 1. Then, for all i > 4y, the points x,_;, X;, X;.1
are linearly dependent. This is equivalent to saying that for all i > i, we have
W, = W,_|, which implies that there is a plane W such that W = W, for all i > ;.

Let axg + bxr) + cr2 = 0 be an equation of W with a.b, ¢ € Z not all zero. This gives
axio+bxr;y +cx,0=0
for all i > iy and therefore
|7.0(a + 0+ en)| = |b(xiol — 24,1) + c(@i0m — i2)| < L(x5).
Since a +b& + cn # 0 by hypothesis and since |z, 0| < ||x,|| by Lemma 2.1.5 we obtain
=l =< L(x).

However, the left hand side tends to infinity and the right hand side tends to zero as

i — 0. This is a contradietion. |

Combining Lemmas 2.3.2 and 2.3.1, we obtain:

Lemma 2.3.4 Let £.n € R be such that 1,£, 1 are linearly independent over Q. Let

(x;)i>1 be a sequence of minimal points associated to (1,€,m). Denote by I the set of
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all indices 1 > 2 for which x,_y,X,, X,y ure linearly independent. Suppose that A > 0

is an erponent of approzimation to (1,£,m). Then, for each i € I, we have

=X y1-A
1< XX T

Theorem 2.3.5 Lel §,n € R be such that 1.£,n are linearly independent over Q. If

A is an exponent of approrimation to (1,£,n), then A < 1.

Proof: Suppose by contradiction that A > 1. Let (x,);>; be a sequence of mini-
mal points associated to (1.£€,n). Denote by I the set of all indices i > 2 for which
X,..1- X,. X;4; ave linearly independent. By Lemma 2.3.3. the set I has infinitely many

elements. This is impossible in view of Lemma 2.3.4. |

The next basic estimates will be useful throughout this thesis. They will allow

us Lo simplify many computations.

Lemma 2.3.6 Let £, € R be such that 1,&,n are linearly independent over Q. Let
(x,)i>1 be a sequence of minimul points associated to (1,£.1). Denote by 1 the set
of all indices i > 2 for which X;.1.X;,X;j+1 are linearly independent. Suppose that

A > 2/3 is an exponent of approrimation to (1,€,n). Then for any i € I we have
X2« Xipy, Lo<IL2,, Li< X"

Proof:  We note that 2(1 — A)/\ < 1 since A > 2/3. Then, by Lemma 2.3.4 we
have

X< XIT < X

We also find using Lemmas 2.3.1 and 2.3.2 that

L« Li(Xi+1LiLi—1)2 K L}_2(1~'\VAL?_1 < L?—l-
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Finally, by Lemma 2.3.1

L < XA < X2 < X3,

In particular. if 1 < ) are consecutive elements of I. the first two estimmates of

Lemma 2.3.6 imply that X? < X, and L, < L.



Chapter 3

The function ¢ and a first estimate

To prove Theorem 1.1.1. Davenport and Schmidt proceed by contradiction. Thev
suppose that, for any ¢ > 0, the inequalities of their theorem have a solution for
cach X sufficiently large. They then construct a sequence of minimal points (x,),>;

associated to (1.€.£?) similar to our construction in Chapter 2. They first show that

T,0 T
det(x,) = 0l # 0
ivv,l L2

for all 1 sufficiently large. Using a result similar to Lemma 2.3.1, they conclude that

1 < [det(x,)] < X,L, < X, X

where the lower bound comes from the fact that det(x,) is a non-zero integer. Then,
they show as we do in Lemma 2.3.3 that, for infinitely many indices ¢, the points
X,-1.X;, X4y are linearly independent. So, their determinant is a non-zero integer

and arguing as we did in Lemma 2.3.4 they find
- 2v1-1/v 1/~
1< |det(x-1, %, X4 1) K Xpa L Loy € X7 X

Combining these results they derive a contradiction if ¢ is sufficiently small.
Adapting the ideas of Davenport and Schmidt described above, we will show the

{ollowing result:

19
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Theorem 3.7 Let £ € R be such that 1,£,€% are linearly mdependent over Q. Then
A =+3 =1 is a measure of approrimation to (1,£,£%).

We first introduce a polynomial which we will use throughout this paper, and

which plays the role of the determinant in the work of Davenport and Schmidt:

Definition 3.8 We set

ZoYo T1¥h
p(x.y.z) = L o0 = pxx, x)
21 29

where x = (o, 21,22), ¥ = (Yo, Y1- Y2)» z = (20,21, %2)-

Lemma 3.9 Lct £ € R be such that 1,£,€% are linearly independent over Q. Let
(x,)i>1 be a sequence of minimal points associated to (1.£,£%). Suppose that X > 2/3

is an exponeni of approzimation to (1,&,€%). Then. for each sufficiently large i. we

have
2 2
X T
([)(Xz‘) . 2,0 7,1 7& 0.
Ti1 2

Proof: If the result were false we would have 23, = 1'12,037,‘,2. Since ;¢ # 0, this is

3 -
Toa N Tio To1 n?
=— and — = =

Tig M Tio Tig m?

equivalent to

where m, n are integers with m s 0 and ged(m,n) = 1. It follows that

3
Ty T non o o
(L ol 1‘2> = (l ) = (Tig. 201, Ti2) « (m*,m*n, n?).

" Tio T “m’md
Since 2,0, 5.1, Ti o have no common factors, they then take the form

To = em®, x = emPn. x5 =end,

where ¢ € {£1}. For i large enough, |z, ;| < X, for j =0, 1,2, and this gives

im| = |n] < X2
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Since |em*(mé& — n)| = |1,0€ — 7,.1] < L, we obtain
mé — n| <« X7—2/3L1 (3.1)
and this implies
m2€? — n?| = |mé — n|jmé +n| < X, 2L, (3.2)
The vectors x,_;, x, arve linearly independent so the matrix

Ti—10 Tyi—11 Lr-12

Ly 0 l'z,l L2

1

has rank 2 and therefore has a non-zero 2 x 2 minor. For 7 large enough, x,_;, and

;1 are not zero, so we have

Tim1p Lo Tl The
1,0 i £0 or ! 12 £0, (3.3)

Z.0 *vz,l IS Z, 2

3

Suppose that the first inequality of (3.3) holds. We then have

Tim10 Lrey,
B ) (3.4)

m n

Using (3.1) and Lemma 2.3.1 we obtain

Tim1,0 Ti—10€ — & —~1,1 . _ 1/t 1/3—
? 1 « X, X, 2/3Lz _+_)&l1/3L7‘1 <<X,WLZ_1 < 1\11/3 A
m mé —n

Since A > 1/3, this contradicts (3.4) if i is sufficiently large.

Suppose that the second inequality of (3.3) holds. We then have

Ti—11 L1232
Z ) (3.5)
m? n?

Using (3.2) and Lemma 2.3.1 we obtain

2
Tomtd Tpm108" — g2 -1/3 2/3 2/3 2/3-A

X, XL+ XL, < XML, < X
m? m2€2 — n?
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Since A > 2/3, this contradicts (3.5) if i is sufficiently large. |

Lemma 3.10 Let £ € R be such that 1,€,&* are linearly indcpendent over Q. Let
(X,),>1 be a sequence of minimal points associated to (1,£.£3). Suppose that X > 2/3

is an exponenl of approzimation to (1,€,€%). Then, for each i, we have

1 < XPL;.
Proof:  We find
2 2 .2 2 2 _ 2
e T Tio Lok — Ty
I(,/"(X,)! - = 9
Tl Fi2 Ty T0u€° — Tip
2 . . 2
L XL + X |2i08 — 2ol|T0 06 + 21| € XLy
But by Lemma 3.9, ¢(x;) is a non-zero integer. So its absolute value is > 1. |

Proof of Theorem 3.7:  Let (x;);>1 be a sequence of minimal points associated to
(1,£€.17). Deuote by I the infinite set of all indices ¢ > 2 for which x;_;.x,, %, are lin-
early independent. Suppose on the contrary that A is not a measure of approximation.
Then for every ¢ > 0, A is an exponent of approximation.

Let i € I with ¢ arbitrarily large. We then find:

1< (X20) (Lemma 3.10)
< (X?LH)MX, 1L, 1 L,)? (Lemma 2.3.2)
< c‘*“Xf;f’\_)‘z (Lemma 2.3.1).

Since A = v/3 — 1 is a root of 72 + 2x — 2, we have X2 2 = | and so the latter
i+1

estimate becomes 1 < ¢*=*. This is a contradiction. |



Chapter 4

A family of planes in R3

Define the height of a 2 x 3 matrix A, denoted || AJ|, to be the maximal absolute value
of its minors of order 2, and define the height of a 2-dimensional subspace V' of Q3,
denoted H(V), to be the height of any 2 x 3 matrix whose rows form a basis of V NZ*.

The next result generalizes Lemma 4.1 of [7]. The first part is essentially due to

Davenport and Schmidt (see the proof of Lemma 2 of [3]).

Lemma 4.1 Let £, € R be such that 1,&,n are linearly independent over Q. Let
(x;):>1 be a sequence of minimal points associated to (1,€,m). As in the proof of
Lemma 2.9.3, we denote by W, the subspace of R® of dimension 2 generated by x;_1
and x;. For each i > 2, we have that {x,_i,X;} is a basis of W; N Z* over Z and

HW;) =< [|%]| L(%,-1).

Proof: Suppose on the contrary that {x,_1.%;} is not a basis of W, N Z®. Then
there exists a non-zero point x = (g, L1, 22) € W; NZ? of the form x = 1x,_; + sX,

for rational numbers r and s with max{|r|, |s|} < 1/2. We get
[IxlE < Jrllisi-all + Isllixll < il and - L(x) < [rlL(Xi-1) + [sIL(x;) < L(xi-1)

which contradicts the fact that x;_; and x; are consecutive minimal points. Thus.

{x,_1,%,} is a basis of W; N Z3.

23
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We note that

o100 Lt Tre10 2-1.0§ — Lomi
' 1 l ' l X1 | L(3%2) + (1% L(3%0-1),
Th0 L1 T0 20§ — T

Ti—1,0 Ty—12 Ti—10 T=107) — Ti-12
I t 1 I I K et [ L(x0) + %] L (01 ),
Lr,0 2,2 L0 L0l — T12

L1 Th—12 L1l Tre11M/E — Too1 2
T T T < IxallE ) + Ik ).-
:Cz,l T2 T4 Z,.1 '7/5 - ‘51.2

Therefore,
, Lrw1 L1 Tom1,2
H(W,) = ’ 1 l Xt [|L(20) + 13 [ L (%) < I3[ L(%1)-
Tio I T2

Write uy = Ty 1 =T2108 Ug = T 0—T 1o and vy =2, —2,08. V2 = 2,9 — T,0n.

Choose an index j for which |u,| = L(x,—1). This gives

. L1000 To—1,
H(”z) 2 ' o - I«Tz—l,Ol'j - 'T‘L.Oujl

To Ty (4.1)

v

[z ollu; | = |zerollty] 2 (J2ol = li-1,0) L(xe-1)-

As we observed in Chapter 2, for 1 sufficiently large and for an appropriate choice of
€ € {£1}. the points x,; and ex, lie in the same octant. Then the point z = x, —ex,_;
satisfies 1 < ||z|| < ||x.||. However, since x,_; and x, are consecutive minimal points,
X, is a minimal point corresponding to max{||x,_1.]|z||}. This means that L(z) >
L(x,-1). Choose an index k for which |vx — eux| = L(z) > L(x,-1). Then. we also

find that
H(W,) > |2,—100k — Zopts| = |T—1,0(0k — €Us) — (200 — €Lr—1,0)Us]|
> |rrolL(x,21) — |T0 — €T, 10| L(%,—1).

Since from Lemma 2.2.4 we have |T,0] > |T,~10]. it follows that |z,q — ex, 10| =

|z, 0] — |2:~10] and we get

HW,) 2> 710l L(x-1) = ([T0] = [Te-10])L0621). (4.2)


file:///Xi-ifiVk

4. A family of planes in R® 25

Combining the inequalities (4.1) and (4.2) we get
SH(Wi) > |2ic1 0] L(xi-1) + (Jzio| — |2im10)) L(Xi-1) = |@i 0] L(xi-1)-
Therefore we have
llxil| Lxi-1) > 3H(W;) > @i 0| L(xi-1) = ||xa]| L(%:-1)

which means that H(W;) = ||x;|| L(xi-1)- i

From this lemma, we derive the following useful general estimates.

Corollary 4.2 Let £.1 € R be such that 1,€, 1 are linearly independent over Q. Let
(x;)i>1 be a sequence of minimal points associated to (1,€,7n). Denote by I the set of
all indices i > 2 for which X;_1,%;, X,y are linearly independent. Then for any pair

1 < j consecutive elements of I we have
Xi+1Li = Xij._].

Proof: Since i < j are consecutive elements of I, we have that W, = W; and

from the lemma we obtain

Xz'—l—lLi = H(‘?’i"'i_é.]) = H(IVJ) = Xij_l.

Corollary 4.3 Let £, € R be such that 1,£€, 1 are linearly independent over Q. Let
(x:)i>1 e a sequence of minimal points associated to (1,.€,m). Denote by I the set
of all indices i > 2 for which x;_1,%,,Xiy+1 are linearly independent. Suppose that
A > 0 is an exponent of approximation to (1,€.m). Then for any pair of consecutive

elements i < j of I we have

X; < (Xi+1Xj+1)1_’\ and L;L; < Xj“*/(l-A)_
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Proof: We first note that:

1< Xl L (Lemma 2.3.2)
= X, (X LXTHE, (Corollary 4.2)
< X,:lAXj"lX;;I\ (Lemma 2.3.1).

This proves the first estimate of the corollary. The second follows from Lemma 2.3.1

and the first estimate:

LL, < (X1 Xpun) ™ < X,0Y,



Chapter 5

The function ¢ and the point

We now introduce further tools which will be used throughout this thesis. In this
chapter. we use them to improve on Theorem 3.7 by showing that, if £ € R is such
that 1.£,&* are linearly independent over Q. then any exponent of approximation o

(1,£.€%) is at most equal to the root of 723 — 222 — 5 + 2 near 0.7277416.

Definition 5.1 We set

b(x.y.2) = o(x,y.2) + 9(¥,2,x) + 0(z.x.y),

Ul’(x> y) - q)(X* X, Y)x - ZQ(X)y

The function ¥ constructs new points of R? out of each pair of points of R®. The
following proposition provides upper bounds for the norm and the proximity function

L(-) of these points.

Proposition 5.2 For any x,y € R® we have:

o VI < IxIPL{y) + Iy 1L (x)*.

L(p(x.y)) < |x[PLx)L(y) + lIx[llly | L(x)*.

27
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Proof:  Let x = (2¢..1,72) and y = (Yo, y1.¥2) be points of R*. Write £ = (1,£.6°)

and define
Ax = x — 20§ = (0. Ay, Arz) and  0(x) := d(x. &, §) = Axy — 362 Az;y.
We find the following developments:

o(x) = 238(x) — 3EATI Ty — A,

B(x,x.y) = 256(y) + 220y0d(x) — 3yoAa? — 6ExAir; Ay, — 3A22AY;.
Using these we get the following estimate for ¢

I(x.y) = O(x.x. ¥)(wof + Ax) — 22(x)(yo§ + Ay)
= (256(y) + 2xoy0d(x) — 3EyoAa? — 6ExoAT; Ay, — 3A3’¥Ayl)($o£ + Ax)
— 2226(x) — 3¢Ax3xy — Al’?)(llﬂé + Ay)
= (230(y) — 6€a3Az1AY1 + 3Eiwoyodat — 3zeAaiAy + 2hoAat)g

+ O(Ix|*L(x)L(y) + IxIllyll L(x)?).

The conclusion follows upon noting that L(£) = 0. |

In our context, these estimates lead to:

Lemma 5.3 Let £ € R be such that 1,€,€® are lineurly independent over Q. Let
(xi)i>1 be a sequence of minimal points associated to (1,€,€3). Denote by I the set
of all indices i > 2 for which X;_1,X;,X;+1 are linearly independent. Suppose that
A > 2/3 is an exponent of approzimation to (1,€,£3). Then for any pair of consecutive

elements i < j in I we have

L’)(X“ Xj) ” K XlXJL;z
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Proof: By Proposition 5.2, we have [[i(x;.x;)|| < X?L; + X;X;L2 So it suffices

to show that X?L; <« X, X;L?. Since i and j are in I, Lemma 2.3.6 gives indeed

Xij < XiXinl, K ){iXiJ—lL?—l < XlXJL?'

We now observe that the function ¢ has the following non-vanishing property.

Lemma 5.4 Let € € R be such that 1,£,€% are linearly indcpendent over Q. Let
(x,)i>1 be a sequence of minimal points associated to (1.£,£%). Suppose that A > 2/3
is an exponent of approximation to (1,€,€%). Then for any i, j > 1 wnth i sufficiently

large we have
(Zr’lj(xisxj) —77é 0.
Proof: By Lemma 3.9. we have ¢(x,) # 0 for each i sufficiently large. If i = j we
find
Y(xi, xi) = o(x;)x, # 0.

Otherwise i # J, so x,,x; are linearly independent and we obtain

W(x;, %) = O(x, X3, X;)%; — 2¢(xi)x; # 0.

Combining Lemmas 5.3 and 5.4 together with the fact that any non-zero integer

point has norm at least 1, we obtain immediately:

Corollary 5.5 Let £ € R be such that 1,£.£% are linearly independent over Q. Let
(Xi)i>1 be a sequence of minimal points associated to (1,€,&%). Denote by 1 the set

of all indices i > 2 for which X;-1,X,,X,+1 are linearly independent. Suppose that
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A > 2/3 is an exponent of approrimation to (1.£,£3). Then for any pur of conseculive
elements i < j m I we have

1< X,X,L2.

We are now ready to prove the main result of this chapter:

Theorem 5.6 Let & € R be such that 1,£,€% are linearly mdependent over Q. If )
is an exponent of approzimation to (1,£.63), then X < Ay where g 15 the largest real

root of 7x® — 2x% — 5x + 2, about 0.7277416.

Proof: Suppose by contradiction that A > Xg. Let (x,),>1 be a sequence of
minimal points associated to (1,£.€*). Denote by I the set of all indices ¢+ > 2 for
which x,_1.X,,X,4; are linearly independent. Let i < j be a pair of consecutive
elements of T with i arbitrarily large.

Ve first note that

X< (X, X, )20 (Corollary 4.3)

< X;\ﬁ_’\)Xf(l"'\) (Lemma 3.10)

which gives us that

X2 g MY, (5.1)

Combining this result with Corollary 5.5 we obtain

1< (X, X, L} (Corollary 5.5)
& (Xi;{\X;\LfA):%’\_Q (Lemma 2.3.4)
< (X,l_,fl)‘—?}‘zXJA)B’\_2 (Lemma 2.3.1)
< XL(JlrI’\_Z’\2)(:"A_2)“§ A*0-%) (equation (5.1))
— X;(f,\i*—»z—s“z)'

However, since A > )Ag the exponent of X, in the latter expression is negative and

so that power of X, tends 1o 0 as i — oo. This is a contradiction. |
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Since \g < v3—1 = 0.732, the theorem has the following immediate consequence.

Corollary 5.7 Let £ € R be such that 1,€, €% are lincarly independent over Q. Then
A = /3 — 1 is not an exponent of approzrimation to (1.¢,£°).



Chapter 6

Intermediate points and large

systems of inequalities

In this chapter we show that, if £ € R is such that 1,£,£* are linearly independent
over Q, then any an exponent of approximation to (1,£,€%) is at most 8/11. This
improves on Theorem 5.6 since 8/11 = 0.72 < 0.7277.

We begin by looking at a special case:

Proposition 6.1 Let £ € R be such that 1,£,6% are linearly independent over Q.
Let (x;),>1 be a sequence of minimal points associated to (1,€,€%). Denote by 1 the
set of all indices i > 2 for which X, x,, %41 are linearly independent. Suppose
that for infinitely many i € 1, we have i +1 € I. Then X\ = v/2/2 is a measure of
approximation to (1.£.&°).

Proof: Suppose on the contrary that X is not a measure of approximation to
(1.£,€%). Then for every ¢ > 0, X is an exponent of approximation to (1,&.£%).

Let i € I be such that i +1 € I. Lemma 2.3.4 shows that 1 < X; X\ and

32
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Corollary 5.5 gives 1 < X; X, L2. For such an i we then have

1< (XinHL?)(l‘/\) < 62(1—,\)Xi(l—/\)Xz(iI:zA)(l—,\)

< C2(1-,\)Xi(1—/\)-/\(2>\—1) — C2(1—A)Xi1—2x~’_

Since A = v/2/2 is a root of 222 — 1 we have )(11“2’\2 = 1 and so for a choice of ¢ > 0

sufficiently small this is a contradiction. |

From this result it is clear that, for any £ € R such that 1,£,£% are linearly
independent over Q, if A > V2 /2 is an exponent of approximation to (1,£,£3) then
for each i € I sufficiently large we have i +1 ¢ 1.

At this point, we pause and make the following general observation about systems

of linear inequalities:

Proposition 6.2 Let m,n € Z>y and a,,,b, € R fori=20,..., mand j =0..... .

Supposc the system of linear incqualities

n
§ alea;j+bigglg i=0....,m,

J=0
has a solution (xo,...,%,) € R" for any choice of €y....,gm > 0. Then it has a
solution for eg = --- =€, = 0.

Proof: ~ We note that for 0 < k < m, the system of inequalities
n
S, —bte >0, i=0,.. k-1
=0

Z—ai‘jmj——biz(). i=k+l,...,m

1=0

together with the linear functional

n
g = E Ok, T,
J=0
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is a linear program. According to Theorem 1 of §8.1 of [6], either the set of admissible
solutions (i.e. solutions to the system of inequalities) is empty, or the set of admissible
solutions has at least one minimal solution (i.e. a solution for which 8 takes its
minimum value), or there are admissible solutions for which 6 is arbitrarily small (i.e.
can be made smaller than any given real number. positive or negative).

We now show by reverse induction on & that the system

k13
Zaid% +b;<g, i=0,....k
j=0

(6.2)

7
Za,;j:n]ijigO. i=k+1.....m
=0

has a solution for every choice of g¢,...,5, > 0.

For k = m, this is true by hypothesis. Suppose now that 0 < k < m and that
the system (6.2) has a solution for any choice of gg....,e, > 0. Fix &¢.....&11 > 0.
Then. the set of admissible solutions to (6.1) is non-empty. If there are admissible
solntions for which @ is arbitrarily small then there is a solution for which 6 + b, < 0.
We are left with the case where the set of admissible solutions has at least one mini-
mal solution. Let 8y be the value of 8 for a minimal solution. Since we have solutions
such that 8+ b, < €, for every ¢ > 0, then we must have 6, +b; < 0 and so a minimal

solution satisfies 8 + b, < 0. |

Using this lemma we can deduce the following proposition.

Proposition 6.3 Fiz n € Zs. Let £ € R be such that 1,£,&% are linearly indepen-

dent over Q. Suppose that X > 2/3 is an exponent of approzimation to (1,€,£%).
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Then the followtng system of 4n + 4 iequalities.
By + XA <0 (6.3

O S 2A2n + B2n+1
0 < Agpyq + Bop + Bopyy

Bont1 + 245,41 <0

(Agks1 + Bakrr = Aggio + Bokyo (6.7
0 < Aoy + Agiyo + 2Boiaq (6.8
k=0,...,n—14
0 < Agjy1 + Bor + By (6.9
L Boy1 + Moy <0 (6.10
has a solution (Ag.. ... Aoni1.Boy - ..y Bang1) m R unth Ay = 1.
Proof: Let (x,),>1 be a sequence of minimal points associated to (1,&,&%). De-

note by I the set of all indices 1 > 2 for which x,_|,x,.x,41 are linearlv indepen-

dent. Let 15 < -+ < 1, be n + 1 consecutive elements of I. Define real numbers

A Ao ez Avo 2nw1 and B, 0. By 1, ..., Big2nt1 by the conditions

A’U 2k _ >
X = X

(S
X“’LO 2kl ¢
0 I ’lk+1‘
XPox 1
124} — Loy -1

By 2h41
‘XZQ - L'Lk

fork=0,.... n.

Since ) is an exponent of approximation to (1.£.£%). we have

Lig1 < X by Lemma 2.3.1,

1< XL

in

1< X, 1L, 1L

in In

L, < X;’ll by Lemma 2.3.1,

by Lemma 3.10.

by Lemma 2.3.2,
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;

XLy, = Xy, Ly, ,—1 by Corollary 4.2.

1< X, X

Thil

Lfk by Corollary 5.5,

1« X, 1Ly, 1L, by Lemma 2.3.2,

L, < X,;il by Lemma 2.3.1.

We also note that the condition X, ,;L,, <X

w1 Ly -1 i equivalent to

X“H_lL”» < X le+1—1 and Xlk--lle > X L1k+1_1.

Ut 1 241

Let £ > 0. Assuming that g is sufficiently large, we obtain the following mequal-

ities by passing to the logarithm in base X, :

‘410,0 == 1
Bm,O + )\A’IU‘O S £
_2141() 2n T Bm,Zn-{-l S £
—Aani1 — Buan — Byyonin <€

qu‘2n+1 + )\AIU,ZH—{-I S £

\
4410 2k -1 + Bzo,2k+1 - ‘410,21»‘42 - Bu),Zk +2 S g

— Ay ok+1 — Brggke1 + A okr2 + Biooks2 < €

— Aok — Agaks2 — 2Byanr1 <e pk=0,...,n—1

_A’L(],2k+l - B’L(),zk - BIU.2k+l S 3

Big ki1 + Ay ok < € )

For example, to get the thiid inequality, we use 1 < )(fﬂ L,,. It means that
2 - 24‘\10,271.'*‘310,271 i1
1<eX, L, =cX,
{for some constant ¢ depending only on §. Passing to the logarithm in base X, we get

0 <logc/log X,, + 24,20 + Bip2nt1-
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For iy sufficiently large, this gives
0 < e+ 24520 + Bigan+1-

Since for every ¢ > 0 this system of inequalities has a solution, Proposition 6.2

shows that it solution for € = 0. |

The question now becomes to determine for which values of A, the system of
inequalities of Proposition 6.3 has a solution {or each integer n > 0. To analyse this,

we first make the following observation.

Lemma 6.4 Let n € Z»y and ¢ > 2. Suppose that ag,as,...,a, are real numbers

satisfying the inequalities
Qe > Cay—Qp—y, k=1,...,n—1.
Then, for any choice of k.l.m € Zso withk <n.m <k andl+ k <n, we have
CmOtt 2 CkOitan — Chemy

where the the sequence (¢;)i>o 18 the solution of the recurrence relation civy = cc,— ¢y

with ¢; = 1 and ¢g = 0.

Proof: Set a = (¢ + V¢ —4)/2. The recurrence relation ¢ 1 = ccp — Cr_y

L which are real

has r? — ¢x + 1 as its companion polynomial with roots a and o~
and distinct since ¢ > 2. The general solution of the recurrence relation is then
cr = Ca* + Da~*. Solving for ¢y = 0 and ¢; = 1 we get

ok — ok

Cp = .
a—a !

We note that since ¢ > 2 we have that & > 1 and so ¢, > 0 for all £ > 0.
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We begin by showing that for k,[,m € Zog withm < kand !4+ m <n-—-1we

have
CkOppm+1 = Chp1Q4m = ChomQy 41 — Ch—ma14y.
We prove this result by induction on k. The case k = 0 is clear. Suppose that
for some k € Zsq the result holds for each choice of l.m € Zyy with m < k and

l+m <n-—1 Choosel,mé€ Zsgwithm <k+1landl+m <n-—1. If m =0 there

is nothing to prove. So we can assume m > 0. We find

Clk41)Wtmt1 — Clh=1)+1C4m > Cka1)(COm — Qrpm—1) — Chp20i4m  (hypothesis)
= CkUlt (m-1)41 — Ck #1004 (m—1) (recurrence rel.)
> Ch—(m-1)M41 — Ch—(m—~1)+10 (induction hyp.)

= Clh+1)—mAi t1 — Clhe+1)—m—1 Qi

We can now prove the lemma by induction on k. The case for k = 0 is clear.
Suppose that for some k € Zx¢ with & < n, the result holds for each choice of
I.m € Zso with m < kand [+ &k < n. Choose [,m € Z>¢ with m < k + 1 and

Il+k+1<n If m=~k+1 then the result is clear. So we can assume m < k + 1.
We find

CnA(h41)+1 = CmOi(141)

v

CRAQ+1)+m — Chem Q41 (induction hypothesis)

> Clkr1)Usm — Clht1)—m0 (previous result)
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Theorem 6.5 Under the hypotheses of Proposition 6.3, the system
A+1D2X-1)

Ay >

1-2A
A2n 2 CnAZZ — Cp-t
TA—15
n—An> n 1 N n
1+¢ 149, 2 C 1_)\142

has a solution (A;, A2,) € R? with

2A—=14+JABX -2 af —aqh

= ( ) and ckz——a—. (6.11)
1A a—a?

Proof:  Let (Ag,..., Ays1. Bo. ..., Bani1) € R*" be a solution of the inequalities

of Proposition 6.3, with Ay = 1. We claim that A, and A,, satisfy the conditions of
the theorem. To show this we first note that, from (6.7) we have Aggyy = Agpyo +

Boj 42 — Bogyy for k= 0,....n — 1. Substituting this into (6.9) and (6.10) we get

Agk2 + Bok + Bopy2 2> 0 (6.12)
(1 = X)Baiy1 + AM(Aoprs + Bayy2) <0 (6.13)

for k=0..... n— 1.
From (6.8) we also have Bogyq > —(Agy + Agpya)/2 for k =0...., n — 1. Since

A < 1. substituting this in (6.13) gives

(3) — 1) Agpsa + 22Bapsz < (1 — A) Ay

for k=0...., n — 1. This inequality can be rewritten in the form
(1=2Xx) BA-1)
Bz < X Agy, — TAzkw (6.14)

for k=0..... n—1.
To eliminate By, and Bayo from (6.12). we substitute these quantities by the
upper bounds given by (6.14). After simplifications, this gives

2(2X — 1)

Y Agy + Aggpe 2 0 (6.15)

Agiso —
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foo k=1..... n — 1. For k = 0. we only eliminate By from (6.12) and get

(1= \)Ag + 2AB,

Ao > —
2= 1— A

As (6.3) gives By < —AAj. this leads to

_Q+n@-1)

A2 2 11—\

Ap.

Since Ay = 1 this is the first inequality stated in the theorem.
Set ¢ = 2(2X —1)/(1 — X). Applying Lemma 6.4 to the inequalities (6.15) for

k=1..... n— 1, with [ = 0 and m = 1. we obtain
Ay > Ay — 1 Ao

for k = 1,....n, where o and ¢, are given by (6.11). In particular. for k = n, we

obtain the second inequality stated in the theorem:
Agn > cnAa — o1 Ao,
Similarly, applying Lemma 6.4 with [ = 0 and m = k — 1, we get
Ag + cp_1Aog = Agpy (6.16)

fork=1....,n.
By (6.5). we have

—42n +1 Z _B2n - BZTH 1-
Substituting this in (6.6) we get
(1 - )\)BZn.Ll - )\an S 0

Combining this with the lower bound for By,;; provided by (6.4) and the upper

bound for By, given by (6.14) for k = n — 1. we obtain (since A < 1):



6. Intermediate points and large systems of inequalities 41

By relation (6.16) with k = n, this finally gives

AO + cn—lAZn Z Cnl——‘A2n'

Corollary 6.6 Let £ € R be such that 1,£,£3 are linearly independent over Q. If A

is an exponent of approzimation to (1,£,&%), then we have A < 8/11.

Proof: Suppose on the contrary that A > 8/11. For any n € Zs, the theorem

provides a solution (Ajy, Ay,) € R? of the inequalities

A+ 1A= 1)

Ay >
2= 1—\
A2n 2 CnAQ — Cp-1.
TA-5

1 Ty A~n>'n—A n:
+c 1A = C 11—\ 2n;

where « and (¢;)g>0 are given by (6.11).

Since a and (A + 1)(2A —1)/(1 — A) are increasing functions of A for A € (2/3, 1),
and since A > 8/11, we find that o > 3 and (A + 1)(2A — 1)/(1 — X) > 95/33. Thus,
the first displayed inequality implies that A > 95/33. We also note that, since o > 3,
the sequence (cx)r>1 tends to infinity with & and ¢, > 3¢, (since ¢y —acy_1 = o).
In particular, if n is large enough, we obtain

4
AZn 2 CnAZ ~Cp-1 > Cn——l(3A2 - 1) > %Cn——l

while the last displayed inequality implies

1 > Cp—1 (37)\ =9 - 1) Agn.

1—A
Combining the two estimates, we get

, 11A-38

1> Cn-—lﬁ‘
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This is a contradiction since 11X — 8 > 0. |

Remark 6.7 Set A\ = 8/11. Going back to the proof of Theorem 6.5. a more careful

analysis shows that for this A, we have for large values of k:

11 , : (
Agpyy = —4—A2k- Agpyro = 3Ag. By = _’ZA%: By = —24Ay,.

For example, this is compatible with the existence of a sequence of minimal points
(x,),>1 satisfying the following conditions. For i < j consecutive elements of I, where,
as usual I is set of all indices i > 2 for which x,_1,x,,X,,; are linearly independent,

we have:

Il =X, Il =< X4 ixl = X2,

L(x) =< X2 L(x,_) =< X L(x,)= X5



Chapter 7

The functions f and g

In this chapter, we improve the upper bound on the exponent of approximation from

8/11 = 0.72 to the root of 42° — 22 — 1 near 0.7252700.

Definition 7.1 We set
9(x.y.z2) = P(xy.2)0(y.y.2) — ¢(x,y,y)®(y.z.2) — p(y)®(x,2,2).
fly.2) = g(y.y,2) = &(y.y.2)* — do(y)®(y. 2, 2).

By expanding g(x.y.z) in terms of xg, Ay, ..., Az and collecting terms, a simple

but tedious computation gives:

9.y, 2)| < Nyl L(x) L(z) + l2]]*L(x) L(y )’

' (7.1)
+IxllyI*L(2)* + x|y |2l L(y) L(2)-
In particular, for f(y.z) we have:
|f(y.2)| < lyIP Izl L(y) L(2) + |12 L(y)* + lyl|*L(z)*. (7.2)

In the setting of Remark 6.7, this gives:

91, %, %) = O(X7VY) and - f(x,.x,) = O(X72)

43
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but since both values are integers we have:
9(Xir1,X,.x%;) =0 and  f(x,,x;) =0.

Since x;4; is a linear combination of x; and x;. but not a multiple of x;, the following

proposition shows that this cannot happen.

Proposition 7.2 Let £ € R be such that 1,£,£€% are lincarly independent over Q. Let
(X:),>1 be a sequence of minimal points associated to (1,€,£%). Suppose that A > 2/3
is an exponent of approzimation to (1.€,€%). Leti,j € Z»1 and x = ax; + bx, for
some constants a,b with b # 0. If i and j are sufficiently large, we have f(x;,x;) # 0

or g(x.x;,x;) # 0.

Proof: Suppose ¢(x;,%,.X;) = f(x;,%,) = 0. Then, since g is linear in its first

argument we obtain

9(x.%,,x,) = glax, + bx,, X;.X;) = ag9(X;. X,. X, ) + by(x,, X,. X;)

= bg(x;. %, X;) = —3bp(x:)p(x;).

By Lemma 3.9 this gives g(x.x;,x;) # 0 if i and j are sufficiently large. |

Let i < J be consecutive elements of I. Our first goal is to show that, if
f(xi,%x,) # 0 for arbitrarily large values of ¢, then the exponents of approximation
to (1,&,€%) are bounded above by 5/7. As a consequence, for an exponent of ap-
proximation A > 5/7 we must have f(x;,x,) = 0, for each sufficiently large i. In
view of Proposition 7.2 this means that for each h € Z with ¢ < h < j. we have
9(Xn,X;.%;) # 0. This will lead to the main result of this chapter which tells us
that exponents of approximation are bounded above by the root of 47° — 22 — 1 near

0.7252700. We first establish a technical lemma.
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Lemma 7.3 Let € € R be such that 1,£, & are linearly independent over Q. Let
(X:)i>1 be a sequence of minimal points associated to (1,£,€%). Denote by I the set of

all indices 1 > 2 for which x,_1,%;,X;41 are linearly independent. Suppose that
1 < X;L?

for infinitely many pairs of consecutive elements i < j of I. If A is an exponent of

approximation to (1.£.£%), then A < 5/7.

Proof:  Suppose by contradiction that A > 5/7. We find:

1< (X, L) (hypothesis)
< X]TRL7AON (Corollary 4.3)
< X;_:;'\ ~A1=A) (Lemma 3.10)

= (7A=B)
X, .

This is impossible if j is sufficiently large. |

We can now complete our first goal and show that f(x;,x;) =0 when A > 5/7.

Lemma 7.4 Let £ € R be such that 1,£,6% are linearly independent over Q. Let
(X:)i>1 be a sequence of minimal points associated to (1.€,€%). Denote by 1 the set
of all indices i > 2 for which x,_1,%X;,X;y1 are linearly independent. Suppose that
f(x.,x,) # 0 for infinitely many pairs of consecutive elements i < j of 1. If X is an

exponent of approzimalion to (1,£.£3%), then A < 5/7.

Proof: Suppose by contradiction that A > 5/7. Using the expansion of f(x,y)

given by (7.2) we get

1 S ‘f(x’b‘x))l << ‘Y?XJL';LJ' + JY;)L?.
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1« XJ?L?, then we also have | < X;L? in contradiction Lemma 7.3. Therefore we
must have 1 < X?X;L,L;. We will show that this is impossible if A > (5 — /13)/2.

Indeed, we have:

1< (X?X,L,L,)*0Y (hypothesis)
< X?'\U"’\)X;'\(Q'\—l) (Corollary 4.3)
< Xifll_'\PX;A(g)‘_l) (Lemma 2.3.4)
< xp-m (Xeps < X))

which is a contradiction for j sufficiently large since A2 — 5\ + 3 is negative for any X

in the interval from (5 — v/13)/2 ~ 0.697224 to 1. |

Corollary 7.5 Let £ € R be such that 1,£,€ are linearly independent over Q. Let
(Xi)e>1 be a sequence of minimal points associated to (1,€,€3). Denote by I the set
of all indices i > 2 for which x;_1,%;.X;41 are linearly independent. Suppose that
A > 5/7 is an czponent of approzimation to (1,€.£3). Then for all pairs of consecutive

elements i < j of I with i sufficiently large we have f(x,,x;) = 0.

We now look at what happens when f(x;,x;) = 0 for all sufficiently large i.

Lemma 7.6 Let £ € R be such that 1,£,€3 are linearly independent over Q. Let
(x:):>1 be a sequence of minimal points associated to (1,£,£). Denote by 1 the set
of all mdices i > 2 for which X,_1,X;,X,+1 are linearly indepcndent. Suppose that
A > 2/3 is an exponent of approzimation to (1,£,£%). Then for any pair of consccutive

elements i < j of I with f(x,,x;) = 0 we have

1< XPL + X2 X1 X;LiL;.
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Proof: By Proposition 7.2 we have g(X,41,X;.x;) # 0. Combining this with the

expansion of ¢g(x,y,z) given by (7.1) we find that

1< g, X X)) K XPLP Loy + X2 X1 XGL,L; < XL} + XX X, LiL;.

Note that in the case where A > 5/7 only the second term in the RHS of the
inequality is of interest. Since X;1; < Xpforh =i+1,.... J, the choiceof h = i+1in

the preceding argument provides us with the smallest upper bound for |g(xs. x;,x,)|.

Corollary 7.7 Let £ € R be such that 1,&,&* are linearly independent over Q. Let
(xi).>1 be a sequence of minimal points associated to (1,€.€%). Denote by 1 the set
of all indices i > 2 for which x;_1,X,, X1 are linearly independent. Suppose that
A > 5/7 is an exponent of approximation to (1.€,£3). Then for any puir of consccutive

elements i < § of I we have
1< X2 X1 XL, L.

Proof: By Corollary 7.5 we have that f(x;,x;) = 0 and by Lemma 7.6 it follows
that
1< XL} + X2X i X;Li L.

The conclusion follows from Lemma 7.3 since the summand Xj?Lf —0asi—oo. 1

Theorem 7.8 Let £ € R be such that 1.£.£3 are linearly independent over Q. If
X is an exponent of approximation to (1,£,€3), then X < \g where Ao is the root of

473 — 22 — 1 near 0.7252700.
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Proof:  Let (x,),>; be a sequence of minimal points associated to (1, ¢, £%). Denote
by I the set of all indices i > 2 for which x,_,,x,,x,4; are linearly independent. Let
i < j be a pair of consecutive elements of I with ¢ arbitrarily large. Suppose by

contradiction that A > Ag. We then get

1< (X2X,01 X, L,L,)*=2 (Corollary 7.7)
< (XfX,H)A(l"\)X;’\(z’\'” (Corollary 4.3)
< (X2X, )MV (X, LMD (Corollary 5.5)
Xﬁl’\)(l ,\)Lz,\(z,\ 2 (Lemma 2.3.4)
< X;(;W_’\ - (Lemma 2.3.1)
which is a impossible for i sufficiently large since 4X* — A2 — 1 > 0. ]

Note that we can improve on this upper bound for A using an argument similar
to the one presented in Chapter 6 to prove A < 8/11. To this end we replace the
condition 0 < 2Ag, + Bany1 with 0 < 249, 5 + A1 + Ao + Bopo1 + B2,y in
Proposition 6.3. In this way we find that, if A is an exponent of approximation to

(1.£.6%), then A < Ag where \g is the root of 162% — 7z — 1 near 0.7237766.



Chapter 8

The point S and estimates for g

In this chapter. we first note that the upper bound for an exponent of approximation
to (1,&,€?) found in Chapter 7 is not optimal. This is done by constructing various
new points which must be zero for an exponent of approximation A > 0.72377..., the
value found at the end of Chapter 7. We also introduce a new point S which will
play an important role in the sequel. Finally. we provide estimates for g(x;_1.%,.x%,)
when i < j are consecutive elements of I and conclude that these values are 0 when

(1.€, &%) admits an exponent of approximation A > 5/7.

8.1 Various new points
Definition 8.1.1 We set

‘lﬁ(x, y) = ¢(x,x,y)y — 20(x,y,y)x
and let A denote the usual cross product

1 Ig Lo T2| |To L)
XAy = y 3

Y Yo Yo Y2 (Yo W1

where x = (29, Ty, T2) and ¥y = (Yo, Y1, Y2)-

49
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Note that we have
Y(x.Y) AP(x,¥) = f(x,y)x Ay
which means that ¥(x,y) x ¥(x.y) when f(x,y) =0.
Definition 8.1.2 For any x = (20,1, 22) and 'y = (Yo, ¥1,Y2), we also define

Bo(x,y) = Yot (x,y) + 2o (x,y),
bi(x.y) = yyp(x.y) + 210 (x.y),

02(x,y) = yaih(x,y) + x28h(x, y).
We can also write these points as
0o(%,y) = ¥(x,¥)oy + 'LZ‘(X,y)ox,

01(x,y) = (%, y)hy + ¥(X. y)hX,

O2(x.y) = (%, ¥)2y + (X, y)2x.
It is interesting to note that
29(x,y.2) = 0o(y.2)ox2 — 30,(y,2)121 + 200 (y, 2)229
which can also be written as
29(x.y,2) = B(x, 2. B(y. 2)) + D(x.y, ¥y, 2))-
Using the points #;, we construct further new points:

2zig(x,y,z)x — p(x)0;(y,z). i=0,1,2
dr,9(x,y,2)x ANy + 0;(y,z) ANp(x,y), i=0,1,2
fly, 2)¥(x,2) + dp(y)o(z)y(x.y).

For the exponent A = 0.7237766, it can be shown that all these points vanish when

evaluated at (x,y.2) = (x;,X;, X)) where i < j < k are consecutive elements of I with
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1 sufficiently large. Right away we note that since A > 5/7 we have f(x,,x;) = 0
and so the last point is non-zero. This is a contradiction. More precisely, we find the

following upper bound for the norm of this point:

lv(x,2)f(y.2) + (X y)ey)e (@)
< XUy lI*L(z)® + =y I 2] L(x)*L(z)* + )Xy P 2| L(y) L(z)?

+ Py P2l L(y)*L(z) + x|z L{x)*L(y)".

If 1 < ) < k are consecutive elements of I with f(x,.x;) = 0 and : sufficiently large

then we have
F0, %)%, x1) + 40(x, ) () (x,%,) £ 0

and so the above estimate applied to the norm of this non-zero integer point gives:
1< XPXIXPL L, + X, X121

Using this we can show that, if A is an exponent of approximation, then A < 0 72211.
We will not provide a proof for this, but proceed to look at a point which will later

be used to prove stronger results.

8.2 The point S

Definition 8.2.1 We set

S(x.y,z) = (P(x,x.y)P(x.x.2) — 4p(x)P(x.y.2))x

— 29(x)P(x.x,2)y + 2p(x)P(x,X.y)2.
Note that S satisfies

S(x.x.y) = -3p(x)v(x,y) and Skx.y.y)= f(x.y)x.
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By expanding S(x,y.2z) in terms of zo, Ax;...., Az, we find the following upper
bound for the norm of this point:

"L(y)L(z) + Ix||*[ly | L(x)L(z)

+Ix 1Pzl L(x)* L(y) -+ Ixllllylllz] L(x)*.

15y, 2)|| < [|x]

Proposition 8.2.2 Let £ € R be such that 1,£.£* are linearly independent over Q.
Let (x;)i>1 be a sequence of minimal points associated to (1,£.€%). Suppose that
A > 2/3 is an exponent of approzimation to (1.£.£%). Leti,j € Z>y and x = ax, +bx,
for some constants a,b with a # 0. Then of i and j are sufficiently lurge we have

f(xi,x;) # 0 or S(x,,x.x,) # 0.

Proof: Suppose f(x;,x;) = 0. Then, since S is linear in its second argument we

obtain
S(x:.x,%;) = S(xi. ax; + bx;,%;) = —30¢(x,)Y(Xi, X, ) + bf (%, %;)x;
= —3a¢(xi)1/',!(x7. Xj).

By Lemmas 3.9 and 5.4 this implies that S(x;,x,x,) # 0 if i and j are sufficiently

large. |

Lemma 8.2.3 Let £ € R be such that 1,£,€ are linearly independent over Q. Let
(x:)i>1 be a sequence of minimal points associated to (1,£.&%). Denote by I the sel
of all indices i > 2 for which X;—1,X;,X;41 are linearly independent. Suppose that
A > 2/3 is an exponent of approxzimation to (1,€,€%). Leti < j be a pair of elements
of I for which f(x;,x;) = 0. Then we have

1< X{XGLL; + X)X L) + X, X7 L.

Proof: Since x;_; is a linear combination of x; and x;, but not a multiple of x;.

Proposition 8.2.2 shows that S(x,,x;-1.X;) is a non-zero point of Z*. So its norm is
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bounded below by 1. On the other hand, using the general upper bound for the norm
of S given above we find:
NS (xi, %1, X)) € XPLja L+ XX, L L, + X2 X, L2L; 0 + X, X, X, LY
K XX LiLy + XPX,L2L; 0, + X, X, (X, LE
< X!X;LiL;+ X?X,L2L,  + X, X? L}
=< X*X,LL; + X2X, L + X,-X?L;1

where the last equivalence comes from Corollary 4.3. |

8.3 New estimates for g
Since g is linear in its first argument, we can view it as a scalar product.

Definition 8.3.1 Forx = (xp,21.22) andy = (Yo, Y1, y2) we define the scalar product
by
(x.y) = Toyo + T1Y1 + 22y

Identifying polynomials a + T + cT® € R[T| with points (a.b,c) € R®, we also define
a polynomial Py, € Ry, z|[T] by

(x.Py) = 9(x,y.2).

Lemma 8.3.2 Lety,z € Z* with p(y) # 0 and f(y.z) = 0. Then wc have

Lly)

1Poall < 1y, 2)* - and - |Pya(©)] < 1 Pyall o

(8.3.1)
Moreover, for any x € Z3, we ulso have

lg(x,y.2)| < (IxlllIylI L(y) + L(x)) [¥(y, 2)]>
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Proof: A computation shows the identity

e(x.v(y.2), v(y.2)) = S(x.y. ¥) fy,2) — 4o(y)g(x.y.2)
and also that
d(x,y,¥) = 2Tl — 3T1Y; + ToYp.

Since f(y.z) = 0, the first formula reduces to
—4(y)g(x,y.2) = 220Uy — L1905 + 2203
where v' = w(y.z). Since this holds for any x. we conclude that
—40(y) Pys = 209wy — 3Twi + T02.

Since » is a non-ze1o integer, we have |p > 1 and so the above formula leads
Ll b

to

1Byl < ”‘*lff’T)),” < [ty =)

We also note that

0=fly.2) =g(y.y.2) = (¥, Byz) = (W€ + AY. Fyz) = %o Pya(§) + (Ay. Pya)

and so

_ [(Ay, Py)
‘PyZ(g)i - [UO{

This proves (8.3.1). For x € Z*. we deduce that

< ||P | EY)

Iyl

lg(x.y,2)| = [(x. Pya}| = |20 Py2(§) + (A%, Pyy)|
L x| Pyz(E)] + | Pyal| L(x)
< (Ixlllly "' L(y) + L(x)) | Py
< (IIxlllly I~ Ly) + L(x)) vy, z)lI*

We will need the following technical lemma which refines Lemma 7.3.



8.3. New estimates for ¢ 55

Lemma 8.3.3 Let £ € R be such that 1,£,€* are linearly independent over Q. Let
(x,)i>1 be a sequence of minimal points associated to (1,£,%). Denote by 1 the set of

all indices i > 2 for which x,_1,X;,X, 1 are linearly independent. Suppose that
1< X, X2L;

for infinitely many pairs of consecutive elements ¢ < j of I. If A is an exponent of

approzimation to (1,£.£%), then A <5/7.

Proof:  Suppose by contradiction that A > 5/7. We then find:

1« (XL-XJZLf))‘ (hypothesis)
< (XX;X ) (Lemma 2.3.1)
< leff\-MQXf/\ (Lemma 2.3.4)

However we also have:

L« (X2X, 0 XL L)MN ™ (Corollary 7.7)
€ (XX, NIV XA (Corollary 4.3)
< J\’i(ij’\)(lﬂ'\))(j—’\(z'\‘l) (Lemma 2.3.4)

Combining these two results we obtain

_ 3_ 2.9\
1 < Xi+($/\ 4224 3A-3)

which is a contradiction if ¢ sufficiently large since 8A% —4A2+3X—3 > 0 when A > ),

where ) is the real root of 82° — 42% + 3x — 3 near 0.7124456. |

Lemma 8.3.4 Let £ € R be such that 1,£,£* are linearly independent over Q. Let
(%i)i>1 be a sequence of minimal points associated to (1.&,£3). Denote by I the set of

all indices i > 2 for which X;_1.%;,X;41 are linearly independeni. Suppose that, for
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infinstely many paws of consecutive elements 1 < j of I we have g(x,_1,%,.x,) # 0.

If X 1s an exponent of approzimation to (1,€, &%), then X < 5/7.

Proof: Suppose by contradiction that A > 5/7. Choose a triple i < 3 < k of
consecutive elements of I with : arbitrarily large such that g(x,-1.x,.x,) 5 0. Then

we find

1< |g(xX1-%,. %) (hvpothesis)
K (Xt XMLy + L) o (x, %)) (Lemma 8.3.2)
< Ly yll(x, x,)|? (X,o1 € X, L, < L))
< X}X2L (L} (Lemma 5.3).

We first claim that X2, < X,.;. To show this. we obhserve that

1< (}(,2)&";2[',,_1Lf‘)A (hypothesis)
L (XXX (Lemma 2.3.1)
< Xfi;’\)([“A)Xf’\ X;ll’\Q (Lemma 2.3.4)
& XEIEN(X LX) PO XA (Corollary 4.3)
_ X;(is/\%,\—z)sz,:(ll—,\)

Since 5A%2 + X\ — 2 and 2A(1 — X) are respectively increasing and decreasing functions
of A for A > 1/2, the above estimate combined with our assumption that A > 5/7
leads to

-62/49 20/49
X <€ X))
and therefore
31/10 -
X13+1 < XH-{ L X1

It then follows from Corollary 4.3 that

k 4(1—- A\ Q¢
X3« XY, (8.3.2)
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By Corollary 7.5, we also have f(x,,x;) = 0 and Lemma 8.2.3 now tells us that
1< X} XpLy Ly + X)X, 1 L3 + X, X7 LY

This means that at least one of the summands must be > 1. We now look at each
summand separately and find that this is impossible.

We first suppose that 1 < XX, L,L;. This gives

1 < (XX Ly Li )30 (hypothesis)
< X;Q(J“’\) X,:a(g’\_]) (Corollary 4.3)

< ]\’;3(11_’\)2)(;3(2’\_” (equation (8.3.2))

but we also have

I« (X]X,\.Lf)3 (Corollary 5.5)
< (X, X, X228 (Lemma 2.3.1)
< Xjfl("))‘—mX;f (equation (8.3.2)).

Combining these two results we obtain

—(2X24TA—0)
1< X,

which is a contradiction for j sufficiently large since 2A% + 7A — 6 > 0 when \ >
(V7 — 7)/4 ~ 0.712214.

We now look at the second summand and suppose that 1 < X?X J+ ng’. We then

find:
I« XfX 1+ 1L§ (hypothesis)
< XfX};f’\ (Lemma 2.3.1)
< X;ﬂ’\_{)) (equation (8.3.2))

which is a contradiction for 7 sufficiently large since A > 5/7.
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Therefore, we must have 1 < X;XZLJ. However, this is in contradiction with

Lemma 8.3.3. |

Combining Corollary 7.5 and Lemma 8.3.4 we can now suppose that if A > 5/7
is an exponent of approximation, then for all pairs of consecutive elements ¢ < 7 of 1

with ¢ sufficiently large, we have f(x;,x;) = 0 and g(x;_1,%;,x;) = 0.



Chapter 9

Finer estimates

Let T = (1.7.7%) and £ = (1,£,€%). As in the proof of Proposition 5.2, for a triple

X = (2p,21. L2). we define
AX = x — Jfoé = (0, Axy, Axy).
We also define the polynomial
P(T) = ¢(x. T, T).
We then have
PAl) = B(x,6,€) = Blao€ + Ax.£,€) = D(AX, ) = Pax(€)
since ¢ is multilinear and ®(T, T, T) = 0. This gives the following upper bound:
| P(€)] < L(x). (9.0.1)
A short computation shows that
Py (&) = Ay — 362 Axy.

and therefore

L(x) = max{|Ax|, |Axs|} =< max{|Ax,|, | Px(€)]}. (9.0.2)

59
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For that reason, and for simplicity, we replace the polynomial notation by the notation

used in the proof of Proposition 5.2:
6(x) 1= be(x) = P(§)
and (9.0.2) then becomes
L(x) = max{|Az;|.|0(x)|}.

In order to improve the upper bounds of the previous chapters, we will reexamine
some results and refine them by taking expansions with respect to Ax; and §(x)

instead of Az, and Ax,.

9.1 Finer estimates for ¢

For an arbitrary point x € R3, expanding ¢(x) as a polynomial in x5, Ar; and §(x),
we find

p(x) = 256 (x) + O(|Ix[ L(x)?).

This leads to the following result which refines Lemxma 3.10.

Lemma 9.1.1 Let £ € R be such that 1,£, € are linearly independent over Q. Let
(Xi)i>1 be a sequence of minimal poinis associated to (1,€,€%). Suppose that X > 2/3
is an exponent of approzimation to (1,€,€%). Then, for each sufficiently large i, we
have

1< Jolxs)| = X26(x,)]
Proof: The preceding estimate gives
o(x;) = 2206(x;) + O(X,L?).
Since A > 2/3, we have

X, L? < X172 < X7V = (1),
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The conclusion follows since by Lemma 3.9 we also have ¢(x;) 5 0 for i sufficiently

large which means that

1 < Je(x;)]-

The next lemma collects easy estimates that will be useful in the computations

which follow.

Lemma 9.1.2 Let £ € R be such that 1,£.£° are linearly independent over Q. Let
(X:):>1 be a sequence of minimal points associated to (1,£.€%). Denote by 1 the set
of all indices i > 2 for which x;_1,%X;.X;+1 are lmearly independent. Suppose that
A > 2/3 is an exponent of approximation to (1,£,%). Then for any puir of conseculive

elements i < j of I we have

6(xj)l < lo(x)l. LoLy < 6(x;)|  and L, < ]6(x;)

X;.
Proof: DBy Lemmas 2.3.6 and 9.1.1, we have
16(x)] < L, < X;7** < X% < |8(x)]-
The second result follows from Corollary 4.3 and Lemma, 9.1.1,
—=A/(1=A _
LiL; < XU < X2 < o (x;)].
Finally, by Lemmas 2.3.6 and 9.1.1. we have

Li € X7 < X72X, < |6(x)| X
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9.2 Finer estimates for g

We now turn our attention to g and begin by establishing a general upper bound for

‘9(X~xwxj)‘~

Lemma 9.2.1 Let £ € R be such that 1,£,€% are linearly independent over Q. Let
(x,)e>1 be a sequence of minimal points associated to (1,€,€%). Denote by T the set
of all indices i > 2 for which x;_1.%,,Xiy1 are linearly independent. Suppose that
A > 2/3 is an exponent of approzimation to (1,€,£%). Then for any point X and any

pair of consecutive elements i < j of I we have

lg (., %,)| < [0 )[|0(x)][[x]

X2X, + 10(x)|18(x,)| X2 X; + X2L(x) L.

Proof: Expanding ¢g(x,y,z) in terms of 2y, Azy,..., 6(z), for arbitrarv points

x,y,z € R?, we find

9(x.y,2) = —0(x)8(z)yp 20 — 30(y)8(2)Toya 20 + 8(2) 0y
+ Oz L(x)L{y)* + Iy I*ll2ll L(x) L(y) L(2) + x| |y lllz]| L(y ) L(z)
+ IVIPLx)L(2)* + x|y > L(y) L(z)).

In particular, for ¢ and j as in the statement of the lemma, we get:

lg(x, %z, 3;)] < 18005 )IX7 X + 18 (i) |80, Il X7 X + 16.(¢) P < )| X
+ X2L(X)L? + X2X,L(x)LiL, + [[x|| X, X, L2L;.

The third term in this upper bound is superfluous because, by Lemma 9.1.2, we have:
|80x, )P 12X << 18 i) 16 Ge )1l X7 X
The fifth term can be dropped as well because, by Lemma 2.3.6, we have:

X2X,L(x)L;L; < X2L(x)L?.
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Finally, we observe that the last term can also be discarded because, using Lemma
9.1.2, we find
x| XX, L7 L, << 18(x)|0(x)] x| X2 X -

Corollary 9.2.2 Let £ € R be such that 1,£,63 are linearly independent over Q.
Let (x;),>1 be a sequence of minimal points associated to (1,£,€*). Denote by 1 the
set of all indices i > 2 for which x,—;,%,.%X,51 are linearly independent. Suppose thal
A > 2/3 is an exponent of approzimation to (1.£,€3). Then for any pair of consecutive

elements ¢ < j of I with f(x;,x,) = 0 we have
L < ()6 )X X n X + XF L

Proof: Since f(x;,x,) = 0. by Proposition 7.2 we have g(x,.,.%;,%,) # 0. By

Lemma 9.2.1, we then get:

1< 00160 XEX i1 X + 16k )I0(%,) | XP X + X2LI L
< 00| 6(x ) X2 Xi1 X + [6(x,)|XPX, L + X7 LY.

In the latter cstimate, the second term can be dropped because using first Lemma,

9.1.2 and then Lemma 2.3.6 we find
XlLi < Xflé(xl)[ < X,Hl()'(xi)]

which implies that |6(x;)| XX, L; < [6(x:)]|0(x;)| X2 X1 X, |

This leads to the following refinement of Corollary 7.7.

Corollary 9.2.3 Let £ € R be such that 1,£.£° are linearly independent over Q.

Let (x;),>1 be a sequence of minimal points associated to (1,€,€*). Denote by 1 the
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set of all indices i > 2 for which x,_1,x%,.X;41 are linearly independent. Suppose that
A > 5/7 is an exponent of approzimation to (1,£,€3). Then for any pair of consecutive

elements i < j of I we have
1< [80)1806 )| X2 X X,

Proof: Since A > 5/7 we have f(x;,x;) = 0 by Corollary 7.5. From Corollary
9.2.2 we then get
1< J3(x)|[6(x XX X5 + XL

The conclusion follows since by Lemma 7.3, we have X?L} = o(1). |

9.3 A further consequence of the vanishing of f

In the next lemma, we follow essentially the same steps as in the proof of Lemma
9.2.1 to expand f(x,,x%,) = g(x;,x;,%x,). When f(x;,x;) = 0 the main term of this
expansion is bounded above in absolute value by the sum of the other terms. This

gives:

Lemma 9.3.1 Let £ € R be such that 1.£,£% are linearly independent over Q. Let
(Xi)>1 be a sequence of minimal points associated to (1,€,.€%). Denote by 1 the set
of all indices i > 2 for which x;_),%;,X;41 are linearly independent. Suppose that
A > 5/7 is an exponent of approzvmation to (1,£,£3). Then for any pair of consecutive

elements i < j of I we have

[6(e)[16(x)|1X7 < XL
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Proof:  Expanding f(y, z) in terms of yo, Ay, . .., 6(2), for arbitrary points x,y,z €

R3. we find
fly.2) = g(y.y.z) = —40(y)8(z)yo 20 + 6(2)*yq
+O(lzIPL(y)* + llyl2IzllL(y)*L(z) + Iy I’ L(y)L(2)?).

In particular for i and j as in the statement of the theorem, we have f(x;,x;) = 0.

This now gives
10(x) 16 ()1 X7 X5 < |8(x)P X7 + X7LE + XPXGLE L.
The conclusion follows because, by Lemina 2.3.6, we have

|0(x)° X} < XL < XPX LIL; < X7LY

9.4 Finer estimates for S
Expanding S(x,y,z) in terms of zg, Az),...,d(z) we obtain:

S(x.y.2) = (8(y)3(2)25 — 46(x)0(2)tuo)é

+O(lIxlyllizl| Lx)* + 1%/ ly [l L(x)L(z)
+Ix [Pl L(x)*L(y) + Ix|I*L(x) L(y) L(2)).
Lemma 9.4.1 Let & € R be such that 1,£, & are linearly independent over Q. Let
(x;:)i>1 be a sequence of minimal points associated to (1,§ ,E%). Denote by 1 the set

of all indices i > 2 for which X;_1,X;, X;41 are linearly independent. Suppose that

A > 5/7 is an exponent of approzimation to (1,£,€%). Then for any i € I we have

1< X3X L3,
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Proof: Let 7 < 7 be a pair of consecutive elements of I with 7 arbitrarily large.
By Corollary 7.5 we have f(x,.x,) = 0.

We first note that by Proposition 8.2.2 we have S(x,,x,-1,x%,) # 0 since x,_ is
a linear combination of x, and x,, but not a multiple of x,. Using the expansion of

S given above. we then find
1< IS, %5-1. %)

< 60,18 XP + 18NS )IXEX o1 + X, X, 1 X, L+ X3X, L2,

< 16(x,)

XOL, o+ 16(x)|0(x) |1 X)X, + X, XL + X3X,L2L,

T

=3I X7Ly-1 + 10(x:)]18(x,)

XX, + X, XL + X)X, L}

where the last step is obtained by applving Corollary 4.3 to eliminate L,_; from the
last term in the RHS. We now show that the first and the second term in the RHS

of this equation are superfluous. The first onc is superfluous because

XL, < XL, (L. <L)
< X216(x,)] (Lemma 9.1.2)
L X 1l6(x,)| (Lemma 2.3.6)
< X,16(x,)] (X1 < X))

and so we find that |6(x,)| X7 L, < |6(x,)]|6(x,)|X*X,. For the second term, Lemma
9.3.1 immediately gives us that [6(x,)|]0(x,)| XX, < X, X2L}. We are now left with

1< X, X2+ XX i L)

The conclusion follows since by Lemma 8.3.3, we have X7X]2 Lt = o(1). i

Theorem 9.4.2 Let £ € R be such that 1.£, &3 are lincarly independent over Q. If A
15 an exponent of apprommation to (1,€,€%), then X < (94 V15)/18 ~ 0.7151657
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Proof:  Suppose by contradiction that A > (94++/15)/18. Let (x,),»; be a sequence
of minimal points associated to (1,£,£3). Denote by I the set of all indices i > 2 for
which x,_;.x,,x%,,; are linearly independent. Let i < j be a pair of consecutive
elements of I with ¢ arbitrarily large.

Combining Corollary 9.2.3 and Lemma 9.3.1 we have

X, < X, X217 (9.4.1)
We then find that:
1< X3X L7 (Lemma 9.4.1)
< X} X0L? (equation (9.4.1))
< X;‘_;ll‘r”\XJG (Lemma 2.3.1)
< XPMX 1 X )PV (Corollary 4.3)
— X,]gl‘Ql)‘Xﬁilf/\).
But we also have:
1k XfX,.HL:; (Lemma 9.4.1)
< X)X 71(1%’\ (Lemma 2.3.1)
< (X, 41X ”1)3(1_’\)){;;? (Corollary 4.3)
R el

Combining these two results we obtain

1< X;21(54)\~—54>\+11)

which would lead to a contradiction if A > (94 1/15)/18 and i is sufficiently large. B

We end this chapter by noting that the upper bound provided by this theorem

is not optimal. It can be slightly improved using the fact that g(x,.,,x,.x;) = 0
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when A > 5/7. In order to do this, one needs an analog of Lemma 9.3.1 where
instead of decomposing f(x;,x;), we decompose g(x;_1, X;, X;) and observe that, since
9(x;_1.%,,%,) = 0, the “main term” is bounded above in absolute value by the sum

of the other terms.



Chapter 10

The function k£ and the last

estimate

In this chapter we come to the main result of this thesis by showing that 5/7 is
an upper bound for any exponent of simultaneous approximation to (1,§, &%), when
1, £. €3 are linearly independent over Q. This result relies on properties of the following

function.
Definition 10.1 We set
k(x.y,2) = g((x.2).x.y) + p(x)*D(y, ¥, 2).
Note that k satisfies the following remarkable property:
Proposition 10.2
k(x, ax + by, y) = 0(®(x, x. y) (%, y) + 9(x)*0(y))-
As an immediate consequence we get the following corollary.

Corollary 10.3 Let £ € R be such that 1,£,£° are linearly independent over Q. Let

(xi)i>1 be a sequence of minimal points associated to (1,€,€3). Denote by 1 the set

69
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of all indices i > 2 for which x;_1,%;,Xix1 are linearly independent. Suppose thal
A > 2/3 is an exponent of approrimation 1o (1,£,€%). Let i < j be a pair consecutive
elements of I and let x = ax, + bx; for some constants a,b with b # 0. Then, if i is
sufficiently large we have f(x;.x,) # 0 or k(x,,x.x,) # 0. In particular,

i f(x.x;) =0 then k(x;,xi11,%x;) #0.
Proof: Suppose f(x,.x,) = 0. Then, by Proposition 10.2 we find:

k(xi, x.x;) = k(x,, ax, + bx;,%x;) = b (D(xs, %0, %) f(%5,%,) + 99(x,)*0(x,))
= W*p(x;)%0(x,).

By Lemma 3.9 this gives k(x,,x,x;) # 0 if 7 is sufficiently large.

The second assertion follows since X, is a linear combination of x, and x, but

not a multiple of x,. |

Combining this result with estimates for k(x,, x;11,x;), we get:

Lemma 10.4 Let £ € R be such that 1,£,&% are linearly independent over Q. Lel
(xi)>1 be a sequence of minimal points associated 10 (1,€,€3). Denote by 1 the set
of all indices i > 2 for which X,_1,%;.X,.; are linearly independent. Suppose that
A > 2/3 is an exponent of approzimation to (1.€,£%). Then for any pair of consecutive
elements i < j of T with f(x;,x;) = 0 we have
1< |0(x)||0(x5)| X7 X2 Li + Xo X2 X, L2 + XP X LAL, + XX LY

Proof: Upon expanding k(x,y,z) in terms of zg. Az, ....d8(z), for arbitrary
points x,y.z € R3, we get:

k(x,y.2) = 8(x)*(2)woys

+O(xlIyIlI1L(x)" + Iy 2l L) LCy) + %Iy [ L(x)* L(2)
+ Xl Iz L)Ly )* + IxIP Iy I L) L(y) L(z) + [1x[° L(y)? L(2)).
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If x, y, z are minimal points with ||x|| < |ly|] < ||2|| then we have L(x) > L(y) > L(z).
So. the second summand in the error term is bounded above by the first, while the

sixth summand is bounded above by the fifth, and the estimate becomes

k(x.y.z) = 8(x)*8(2)2ou5 + OUIxIlly 1?2l L(x)* + |||y [ L(x)* L(z)
+ [l * Izl L) L(y)? + Ix]° Iy | L(x) L(y) L(2))-

5

In particular, for 2 and j as in the statement of the lemma. we get
|k(x,%,51.X,)| € ]5(xz)|]5(x7)\XfX12+le + X, X2 X, L8
+ XPXHLIL, + XX LY+ XX, L2,
In this estimnate, the third term is superfluous since Lemma 2.3.6 gives
APXE LML, < X, X2 X, L5,

The conclusion follows since Corollary 10.3 shows that k(x,,X,4;,X,) is a non-zero

integer when 1 is sufficiently large. |

We can now prove our main 1esult.

Theorem 10.5 Let £ € R be such that 1,£, €% are linearly independent over Q. If X

1s an exponcnt of approrimation to (1.£.£%), then A < 5/7.

Proof: Suppose by contradiction that A > 5/7. Let (x,),>1 be a sequence of
minimal points associated to (1,£,£%). Denote by I the set of all indices : > 2 for
which x,_1, X,, X,y are lineaily independent. Let 1 < 7 < k be a triple of consecutive
elements of I with 12 arbitiarily large. By Corollary 7.5 we have that f(x,.x,) =

f(x;,%x) = 0. Then. Lemma 10.4 provides

1< 00 )6 (xe)IX X2 Ly + X, X2 X LD+ X0 X, L2Ly + X)X L3
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We note that the last term in the RHS is superfluous since it is related to the second

term by the inequality X ]“Xka & . JX]24 1 X kL?. This follows fiom:

X< X?L, (Lemma 3.10)
< X;’f{’\)/’\LJ (Lemma 2.3.4)
< XL, (A >5/7).

Similarly. the third and the first terms satisfy X> X, L2L, <« X1X?, L,|6(x,)]]6(x4)]

because
X,L,Ly < X, XN (Corollary 4.3)
< XJ3X,:(3'\_2)/(1_)‘) 10(x,)]10(xx )] (Lemma 9.1.1)
< XX 15 0x)) 18 (%) | (Lemma 2.3.6)
< X {5 00) 16 ()| (X1 < X3)
< X, 116016 (xk)| (A>5/7).

We also note that the first term is also superfluous since by Lemma 9.3.1 we have:

|5(Xj)[](3(xk)’X]4‘¥]2+1LJ < XJX]2+1

X, L.

Therefore. we must have 1 < X, X2 X;L3. In order to analyse this fact, we

first show that

X ¢ x N, (10.1)
Indeed, we have
L < (X2X, 01X, 100x)]16(x,))? (Corollary 9.2.3)
< X2 XOLY8(x)]10(x,)] (Lemma 9.3.1)
< X;(f'\_"j) X°L.L, (equation (9.0.1))
< (XA X,y (Corollary 4.3)

r=2(TA=1)/(1~X) y-8A=3
e )&] A] -1
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This now gives:
1< (XJXf+1Xk.L?)2(7’\"1) (hypothesis)
< XJ(.i;’\)(&—g)w(%\_d) (XkL?)2(7)"4) (equation (10.1))
<« '{7(1_1’\)(8)‘_3)—2(5>‘_2)(7’\_4)X,§(7)‘_'4) (Lemma 2.3.1).
But we also have:
1« YJQX s Xkl L (Corollary 9.2.3)
<€ XX X MUY (Corollary 4.3)
< 4‘(‘%’{’\)(8’\"3)/(7'\—4”]X,i—A/(l_’\) (equation (10.1)).
Combining the two results we find
_(2A-1)(20N=1)(TA=5)
1< 1¥J+1 2(TA—4)(1—7)
which is a contradiction for A > 5/7 and j sufficiently large. |



Appendix A

Finding new relations

The result presented in this appendix is the main tool that T used to find the various
points and polynomials that appear throughout this thesis. It provides sufficient
conditions for a polynomial to vanish when evaluated at a number of consecutive
elements of a sequence of minimal points associated to a triple of the form (1,¢,£%).
The argument is adapted from Appendix A in [9] which deals with the case of (1, £, £2).

Let £ € R,01 = 1.05 = 3 and let (x;);>1 be a sequence of integer points of strictly

increasing norms. We fix integers & > 0, p > 0 and a (k + 1)-tuple
d=(do.....di) € ZE"

For each j = 0,...,k, we also choose a triple of indeterminates u; = (u;g. 1. u;2).

We define the weight of a monomial

e]l
upt —HHM Ug, ..., U

=0 1=0
to be
k
Z(O’lej,l + 0'26‘}2).
J=0
and its multi-degree to be
(leol, .-, lex]) = (€00 + €01+ €02 .. €r0+ €k + €12).
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Finally, we denote by E(d. p) the subspace of Q [u. . .. u;] generated by all monomials

of multi-degree d and weight p. We also write
1=(1,...,1) € Z%**3

Proposition A.1 Suppose that there exist positive real numbers oqg. . . ..oy, Bo, - ., Bk

and an infinite set [* of positive integers such that, for any i € I*, we have
I il < Alxifl™ and  L(xirs) = Lem goz (X)) < 1%, 17" (5 =0,...,k)

with implicd constants not depending oni. Suppose also that a polynomial P € E(d, p)

({1 () 7)o

3=0[=0

satisfies

for every choice of foi, fozs---, fua. fra2 € Zsq with

k k
Z(Q’J + j3j)(fj,1 + fjgz) < Zajdj and fj_l -+ fj,z < dj (] =0..... k?).
j=0 =0

7

Then we have

for any sufficiently lurge i € I*.

Note that the conditions of the proposition provides a system of homogeneous
linear equations with integer coefficients in the unknown coeflicients of P. So, when

this system has a non-zero solution (over R), then it has a non-zero integer solution.

Proof: We note that

xX; X; X Tisk
) — ¢pdo Lotk 2,1 1.2 Lo bk, it+k.2
P(Xu"'vxﬂk) '“f ‘T‘L,O” ‘Ei+k.0p (1’ coy 027""1’ . o1 a2
;087" 08 Tk 087" Torio

ko2 , 0N
=erady xS T L (( RLE N 1) 0 ) : P(1)
nl ks Fidd \\ Ziq, 0% Oujy

§=0 1=1
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where the sum ranges over all choices of fo.1. fo2,. .., foi. fe2 € Zxo with f,; + f,2 < d,

for j =0,....k. Since we have

. , ko2 Toso i k ; 2 LX)\

o Lyt [T st for—ton T (E02)

lz,{(])' C1ik0HH( N 0501 - 1) < |CL¢+J.OI 3= F1—fr.2 ( Koll )
=0

=1

k
< H HXl”QJdJ_(("J+37)(fJ,1+fg 2)
1=0

< sz “Z?:u<"‘l‘17“(‘*]‘*‘%)(f},l+f) 2))
the hypothesis implies
|P(x,..... Xen)| < 1% )7°

for some ¢ > 0 whenever 1 € I*. However, P(x,...., X,4+x) 18 a rational number with

bounded denominator. So, it must vanish for each sufficiently large 1 € I~ |



Appendix B

Polynomials

In this appendix. we state a result which, according to Jarnik’s transference prineiple.

is dual to Theorem 3.7, and we give a direct independent proof of it, using resultants.

Definition B.1 Let £,n € R. We say that a real number 7 is a measure of linear
approximation to (1,&,7n) if there exists a constant ¢ > 0, and arbitrarily large values

of X. such that the inequalitics
2o + T +a2n] < X7, o <X, o] <X,

have no non-zero solution (x9,T1,72) € Z*. When this holds, we say thal c is a

constant associated to the measure T.

Definition B.2 Let £,n € R. We say that a real number 1 is a exponent of linear

approximation to (1,£.n) if there exists a constant ¢ > 0 such that the inequalitics
[Zo+ 1€ +aom| < c X7, o] <X, Jro <X,

have a non-zero solution (xo,Z1.%2) € Z* for any sufficiently large X. In this case.

we say that ¢ is a constant associated to the exponent T.

According to Jarnik's Transfercnce Theorem, a number 7 is an exponent (re-

spectively a measure) of linear approximation to (1,£,n) if and only if A =1 —1/7 is

77
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an exponent (respectively a measure) of simultaneous approximation to (1,£,7n) (see
Theorem 1 of [5]).

By combining this result with our Theorem 3.7, we deduce:

Theorem B.3 Let £ € R be such that 1.£, &% are linearly independent over Q. Then

T = /3 + 2 is a measure of linear approzimation to (1.£,£%).

Our proof below is largely inspired from [1]. We start with a definition and some

preliminary results.

Definition B.4 The height H(P) of a polynomual P is the largest absoluie value of

its coefficients.

Fix real numbers £ and 7 such that 1,&, 7 are linearly independent over Q. For
each real X > 1, consider the finite set of non-zero polynomials P(T.U) € ZT+ZU+Z
with H(P) < X. Since 1,&,n are linearly independent over Q. there exists a non-zero
polynomial P from that set for which |P(£, )| is minimal. We call such a polynomial
a minaimal polynomial corresponding to X.

We note that minimal polynomials P = oT + bU + ¢ are primitive, in the sense
that ged(a, b, ¢) = 1. We also note that for any X > 1 there are exactly two minimal
polynomials corresponding to X. If P is one of them, then the other is —P.

If P is a minimal polynomial for some real number X > 1, then it is minimal
for H(P). We can recursively construct a sequence of minimal polynomials (P,);>; C

ZT + ZU + Z with the following property:
if @ minimal polynomial P satisfies H(P,) < H(P) < H(P;,;), then P = +P,.

We say that such a sequence is a sequence of minimal polynomials associated to
(L& m).
We note that equivalently we could define such a sequence using the following

property:
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if a minimal polynomial P satisfies | Py (€, m)] < |P(E.0)] < |PJ(E,n)|. then P = £P;.

If (P))i>1 is a sequence of minimal polynomials associated to (1,£,7n), we usually
write Y; := H(F;) and M; := |P,(£.7)|. We note that the Y, form a strictly increasing
sequence of positive integers and that the M; form a strictly decreasing sequence
of positive real numbers. Moreover, for ¢ # j, the polynomials P,. P; are linearly

independent.

Lemma B.5 Let £,n1 € R such that 1.&,m are linearly independent over Q. Let
(P)i>1 be a sequence of minimal polynomials associated to (1,§,7m). Suppose that
T > 1 48 an exponent of approximation and that ¢ > 0 is a constant associated 1o this

exponent. Then. for each i sufficiently large, we have
M, < ¢(2c0)7Y (]
where ¢y = 2max{1,[¢].|n|}.

Proof: Fix some i > 1 and put X = (Y;;; — 1)/cy. If ¢ sufficiently large, the
hypotheses imply the existence of a non-zero polynomial P(T,U) = zg+2, T +a5U €

ZT + ZU + Z such that
max{|z|,|z2|} £ X and |xg+ 216+ 10m| < X7,
and therefore:

lzol < l2i€ +22n] + X777 <X +1 =Y,
|21] € X = (Yig1 — 1)/co < Yoy,

|zo] < X = (Yig1 — 1)/eo < Yipa.
This means that H(P) < Y4, = H(P;y1) and so we obtain

A'[i < ]P(E.T]), < X = C(ZCO)T(Z(Y;+1 — 1))_T < C(QC())TY;II.
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The next two lemmas are very well known results (see [2]). In the second lemma,
the notation Res(P, @) stands for the Sylvester resultant of polynomials I> and Q (in

one variable).

Lemma B.6 Let P.Q € C[T] be polynomaals of degree at most 3. Then
H(PQ) = H(P)H(Q).
Lemma B.7 Let P,Q € Z[T] be non-zero polynomuals unth deg(P) < m and deg(Q) <
n. Then, for any compler number £, we have
|Res(P.Q)| < H(P)" H(Q)" T (IP(OH(Q) + Q&) IH(P)).
From the latter results, we deduce:

Lemma B.8 Let P.Q € Z[T] be non-zero polynomuals of degrec at most 3 with great-

est common dwnsor L € Z[T| of degree 1. Then, for any compler number &, we have

H(LYIL(E)] < HPYH(Q)(IP(O)IH(Q) + Q&I H (P)).

Proof: If L(€) = 0 we are done. Suppose L(£) # 0. Since P/L and Q/L are
relatively prime their 1esultant is a non-zero integer. From the previous lemmas, it

follows that

1< |Res(P/L.Q/L)| < H(P/L)H(Q/L)(|(P/L)OIH(Q/L) + |(Q/L)()|H (P/L))

_ H(P) H(Q) (IP(O!H(Q) + IQ(S)!H(P))
H(L) H(L) \ L) H(L) ~ |LEIH(L) )

Identifying polynomials in ZT® + ZT + Z with the triples of their coefficients in

Z3. we also note that:



B. Polynomials 81

Lemma B.9 Let P,Q,R € ZT? + ZT + Z. Then, for any £ € C, we have
[det(P,Q. B)| < 2(|P(OIH(Q)H(R) + |Q(O|H(P)H(R) + |R(§)|H(P)H(Q)).

This follows by observing as in the proof of Lemma 4 of [3] that the determinant
of the matrix (P.Q, R) does not change if, in this matrix. we replace the constant

cocfficients of the polynomials by their values at €.

Lemma B.10 Let £, € R be such that 1,£,n are linearly independent over Q. Let
(P)i>1 be a sequence of minimal polynomials ussociated to (1.€,m). Suppose that
T > 1 is an cxponent of approximation to (1,£,m). Then there are infinitely many

indices © > 2 for which P,_,, P,, P;1, are linearly independent over Q.

Proof:  For i > 2. Denote by W; the subspace of Q[T of dimension 2 generated
by P;_; aud P,. Suppose on the contrary that P,_;, P, Py are linearly dependent
over Q for every i > iy. Then W, = W, for all i > i, and so there exists a subspace
W of Q[T such that W = W, for all ¢ > iy. Let {P,Q} be a basis of WNZ[T]. Then.
for each i > iy we can write

P = azP+ le

for some integers a; and b; with |a;] < Y;. Since P, and P,y are linearly independent,

we get
a; b a; P, — i1 B
which is impossible for i sufficiently large. |

We now look at polynomials of a very specific form:

Proposition B.11 Let P € ZT? +ZT +7Z be a non-zero primitive polynomial whose
coefficient of X? is zero. Suppose that P = (aT?+bT+c)(dT+e) for some a,b,c,d,e €
Z. Then a = +ds and b = Fes for some s € Z.
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Proof: If a = b =0 then set 5 = 0. Otherwise, set s = ged(a.b). We find
P = (a1? + bT + c)(dT + ¢) = adT> + (ae + bd)T? + (be + cd)T + ce

bul P € ZT?+ZT +Z so we must have ae +bd = 0 which implies (a/s)e+(b/s)d = 0.
Note that ged(a/s.b/s) = 1 and that. since P is primitive, we also have ged(d. e) = 1.
We conclude that a = %ds and b = Fes. |

Corollary B.12 Let P,Q € Z1®3 +ZT +7Z be non-zero primatwe polynomials and lel
L =gcd(P, Q). Then P=+Q or deg(L) < 1.

Corollary B.13 Let P.Q. R € ZT® + ZT + Z be non-zero primative polynomuals and
let L = ged(P.Q, R). Ifdeg(L) = 1, then P.Q, R are linearly dependent.

We conclude with:

Proof of Theorem B.3:  Let (F,),>1 be a sequence of minimal polynomials as-
sociated to (1,£,€%). Suppose ou the contrary that 7 = /3 + 2 is not a measure of
approximation. Then for every ¢ > 0, 7 is an exponent of approximation.
By the previous lemmas, for each 2 such that P,_. P,. P,y are linearly indepen-
dent, we have
1 < |det(P_1, P. Pa)| < [P (§)|H(P)H(P1a)

(B.1)
L M, VY, <Y TTY, .

We also note that since 7 > 3 this gives
Y2 <Y (B.2)

Let L = ged(P,, P+y). Since P, and P,y are linearly independent, by Corollary
B.12 we have that deg(L) € {0,1}. Suppose deg(L) = 1. Then by Lemma B.8 we
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have
H(LPILE)| < H(P)H(P)(|1P(H(Pirt) + [P1 (§)[H(P))
LYY (YoM + Yo M) (B.3)
<LYY2AT
We note that by Corollary B.13 we have Res(L.FP,.;) # 0 since P,_,, P,, P, are
linearly independent. By Lemma B.7 we also have
1< [Res(Py, )] < H(LP(P-1(€) H(E) + L) H(Py))
< M, \H(L)® + Y,_ | H(L)*|L(¢)]

<Y+ Y, H(L)|L(E)| (H(L) < H(P) =Y))
LY T Y, VYA (equation (B.3))
<Y YEYET (Y1 <Y)

LY YA (equation (B.2))

which is a contradiction for 7 sufficiently large since 7 > 3.
Therefore. we may assume that deg(L) = 0, and so, applying Lemma B.7. we
get
1< [Res(P,. Pyy)|
< H(P)*H(P,41)*(H(P1|P,(€)] + H(P)| P41 (8)]) (B.4)
LYY, (YoM, + VM, 1)
< YPYET
Combining the estimates (B.1) and (B.4). we conclude that, for each 7 such that

P,_,. P, P, are linearly independent, we have

1< C’r—l}'zQ(T_l)},fl:;Q-M'r—B < Cl—i—'r},;—;f—*—»ir—l‘

This occurs for infinitely many ¢ (by Lemma B.10), but 72 — 47 + 1 = 0 and so, for a

c sufficiently small. this is impossible. |
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