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Abstract 

One of the fundamental problems in Diophantine approximation is approximation to 

real numbers by algebraic numbers of bounded degree. In 1969. II. Davenport and 

W. M. Schmidt developed a new method to approach the problem. This method 

combines a result on simultaneous approximation to successive powers of a real num­

ber £ with geometry of numbeis For now, the only case where the estimates are 

optimal is the case of two consecutive powers. Davenport and Schmidt show that if 

a real number £ is such that 1,£, £2 are linearly independent over Q. then the expo­

nent of simultaneous approximation to £ and £2 by rational numbers with the same 

denominator is at most {\fh — l ) /2 = 0.618.... the inverse of the Golden ratio. In this 

thesis, we consider the case of a number and its cube. Our main result is that if a real 

number £ is such that ! , £ ,£ ' are linearly independent over Q, then the exponent of 

simultaneous approximation to £ and £a by rational numbers with the same denomi­

nator is at most 5/7 = 0.714.... As corollaries, we deduce a result on approximation 

by algebiaic numbers and a version of Gel'fond's lemma for polynomials of the form 

u 



Resume 

Un des problemes fondamentaux en approximation diophantienne est celui de Fap-

proximation des nombres reels par des nombres algebriques de degre borne. En 19G9. 

H. Davenport et W. M. Schmidt ont developpe une nouvelle methode pour appro-

cher ce probleme. Elle combine un resultat d'approximation simultane de puissances 

consecutives d'un nombrc reel £ avec des methodes de geometric des nombres. Pour 

Fi list ant le seul cas ou les estimations sont optiniales est celui de deux puissances 

consecutives. Davenport et Schmidt ont demontre que si un nombre reel £ est tel 

que l .£.£2 sont linerairement indcpcndants sur Q. alors Texposant d'approximation 

simultane de £ et de £2 par des nombres rationnels de meme denominateur est au 

plus (\/5 — l ) /2 = 0.618... soit Universe du nombre d'or. Dans ce memoire, nous 

considerons le cas d'uu nombre et de son cube. Notre resultat principal est que si 

un nombre reel £ est tel que 1,£,£* sont lineairemeut indcpcndants sur Q. alors 

Tcxposant d'approximation simultane de £ et de £3 par des nombres rationnels de 

meme denominateur est au plus 5/7 = 0.714.... Nous en deduisons des corollaires 

sous la forme d'un resultat d'approximation pai des nombres algebriques et d'une 

version du lemme de Gel'fond concernant les polynomes de la forme a + bT + cTA. 

m 
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Chapter 1 

Introduction 

1.1 History 

Jn their 1969 paper [4], H. Davenport and W. M. Schmidt established the followmg 

lesult, wheie 
1 + ̂  = 1 + I = 1.018. 

2 

denotes the golden ratio. 

T h e o r e m 1.1.1 (Davenpor t -Schmid t ) Svppose thai ( e R is neither rational nor 

a quadratic irrational. Then there are arbitrarily large values of X such that the 

inequalities 

M < X, Ixot -Xi\< eyX-l/\ \roe - x2\ < ClX-V\ (1.1.1) 

where C\ is a suitable positive number depending only on £, have no solution in integers 

OiQ.X1.X2 not all zero. 

If (xo.X1.X2) G Z3 is a non-zero integer solution of the inequalities (1.1.1) of 

Theoiem 1.1.1 for some large value of X, then we must have XQ ^ 0 and we obtain 

max i 
Tj. 

x0 
e- X2 

X 0 

http://OiQ.X1.X2
http://xo.X1.X2


1.1. History 2 

which means that the pair (xy/xo. T2/XQ) is a good approximation to (£, £2) by rational 

numbers with the same denominator. 

By an argument based on geometry of numbers, Davenport and Schmidt deduce 

the following corollary where the height H{a) of an algebraic number a is defined 

as the height of its minimal polynomial in Z[T], the height H(P) of a polynomial 

P G M[T] being defined as the largest absolute value of its coefficients. 

Corollary 1.1.2 (Davenport-Schmidt) Let £ be as in Theorem 1.1.1. Then there 

are infinitely many algebraic integers a of degree at most 3 over Q which satisfy 

| £ - a | <c2H(a)-y-1 

for a suitable constant c2 = c2(£) > 0. 

The same method also leads to a similar result of approximation by algebraic 

numbers of degree at most 2: 

Corollary 1.1.3 Let £ be as in Theorem 1.1.1. Then there are infinitely many alge­

braic numbers a of degree at most 2 over Q which satisfy 

If - a\ < c:,H(a)-<-~] (1.1.2) 

for a suitable constant c$ = Ca(£) > 0. 

However, although it is known that the estimates in Theorem 1.1.1 and in Corol­

lary 1.1.2 are the best possible (see [7] and [8]), this is not the case for Corollary 

1.1.3. Indeed, Davenport and Schmidt showed in [3] that in (1.1.2) the exponent 

—7 - 1 « —2.618 can be replaced by -3, in which case the estimate is optimal. 

In another direction, Jarmk's transference principle (Theorem 1 of [5]) also allows 

one to restate Theorem 1.1.1 in the following dual form: 

Corollary 1.1.4 Let £ be as in Theorem. 1.1.1. Then, there are arbitrarily large 

values ofY such that the inequalities 

M < Y, 1̂ I < Y, \y0 + y£ + y2(
2\ < e4Y~''-\ 
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where C4 = Gi(£) > 0 is a suitable positive number depending only on £, have no 

solution in integers yo,yi,y2 not all zero. 

The latter corollary can be viewed as a version of Gerfond's lemma in degree 2. 

A sharper result, with an explicit value for the constant C4 is given in [1]: 

Theorem 1.1.5 (Arbour-Roy) Let £ G 1R. Suppose that for each sufficiently large 

value of Y there exists a non-zero polynomial P G Z[T] of degree < 2 satisfying 

H(P) < Y and |P(f)| < V ^ " 1 -

Then £, is algebraic over Q of degree < 2. 

1.2 Main results 

In this thesis, we are looking at simultaneous approximation to a real number and 

to its cube by rational numbers with the same denominator. Our main result is the 

following: 

Theorem 1.2.1 Let £ G R be such that ] ,£ ,£3 are linearly independent over Q, and 

let A > 5/7. Then there are arbitrarily large values of X for which the inequalities 

ko| < X. |xo£ - aril < A '" \ \x0? - x2\ < X'\ 

admit no non-zero solution (j"o, £1.3*2) 6 Z3 . 

We don't know if this statement remains true for A — 5/7 even at the expense of 

replacing the upper bound X~x by c*,X~x for a suitably small positive constant e>>-

Applying the method of Davenport and Schmidt to the above result, we deduce 

the following analog of Corollary 1.1.3: 

Corollary 1.2.2 Let £ and A be as in Theorem 1.2.1. Then there are infinitely many 

algebraic numbers a which are roots of polynomials of the form a.T3 + bT + c with 
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a, b, c G Z ami which satisfy 

1̂  - a| < A-1"1^. 

We do not present the details of the proof of this corollary in this thesis since 

there are abundant examples of such in the literature, starting from the original work 

of Davenport and Schmidt in Section 2 of [4] (see for example Section 2 of [9] or 

Chapter 2 of [11]). 

Using Jarnfk's transference principle, Theorem 1.2.1 admits the following equiv­

alent form, analogous to Theorem 1.1.5: 

Corollary 1.2.3 Let ( G ! and let r > 7/2. Suppose that, for each sufficiently large 

Y, there exists a non-zero polynomial P(T) G ZT 3 + ZT + Z satisfying 

H(P)<Y and |P(f ) | < Y~T. 

Then £ is a root of a non-zero polynomial in ZT 3 + ZT + Z. 

We give a direct proof a weaker result in Appendix B (corresponding to the 

measure found in Chapter 3). 

The rest of the thesis is mainly concerned with the proof of Theorem 1.2.1. We 

proceed in several steps. In order to describe them, it is useful to make the following 

definitions: 

Definition 1.2.4 Let £. ?/ G R. We say that a real number f.i is a measure of simulta­

neous approximation to (1,£, n) if there exists a constant c > 0, and arbitrarily large 

values of X, sxich that the inequalities 

ko| < X, \x(£ - xi | < cX~", \x0V ~ x2\ < c.X~>', 

have no non-zero solution (x0,Xi,x'2) G Z3 . When this holds, we say that c is a 

constant associated to the measure ji. 



1.2. Main results 5 

Definition 1.2.5 Let £.7] <E R. We say that a real number A is an exponent of 

simultaneous appioximation to (1,£, 77) if there exists a constant c > 0 such that the 

inequalities 

ko| < -X"- I^0? - 3,"l| < C'A'_A, \XQ1] - x2\ < cX~x, 

have a non-zero solution (XQ,X\.XI) G Z3 .for any sufficiently large X. In this case, 

we say thai c is a constant associated to the exponent A. 

From these definitions. Theorem 1.1.1 can be restated by saying that 1/7 is 

a measuie of approximation to (1,£, £2) for any £ € R such that l .£ ,£ 2 aie linearly 

independent over Q. Similarly, Theorem 1.2.1 says that each real A > 5/7 is a measure 

of approximation to (1. £. £3) for anv ( G l such that 1, £, £3 are linearly independent 

over Q. 

Moreover, by Minkowski's Linear Foims Theorem [10. Chapter II, Theorem 2C], 

we have: 

Theorem 1.2.6 Let £, r] € R. For every X > 1 the inequalities 

\xo\<X. \x^ - x,\ < X~l/\ \xa-q - x2 | < X^2 (1.2.1) 

have a non-zero solution (XQ,X\.X2) € Z*. 

This shows that, for any £,77 € R. the number A = 1/2 is an exponent of 

simultaneous appioximation to ( l .£, 77) and c = 1 is a constant associated with this 

exponent. We also note the following propeities which follow immediately from the 

definitions: 

• If /i € R is a measure oi approximation to a triple (1, £, 77), then any real number 

/ / with \i < fi' is also a measure of approximation to the same triple. 

• If A G R is an exponent of approximation to ( l ,£, 77), then any real number A' 

with A' < A is another such exponent of approximation. 
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• If /j is a measure of approximation to (1, £, rj) and if A is an exponent of approx­

imation to the same triple, then A < /t. 

• If A is not a measure of approximation to (1,£. 77). then A is an exponent of 

approximation to the same triple and. as such, its associated constant can be 

taken to be arbitrarily small. 

• If ji is not an exponent of approximation to ( l .£ . 77). then \x is a measure of 

approximation to the same triple and. as such, its associated constant can be 

taken to be arbitrarily large. 

In view of these remarks, Theorem 1.2.1 can be restated by saying that, if A is an 

exponent of approximation to (] .£.£3) for some £ € R such that l .£ ,£ 3 are linearly 

independent over <Q>. then A < 5/7. 

The reason why we restrict to triples (1, £, 77) where 1, £, r\ are linearly independent 

over Q is that, otheiwise, Diriclilet's Theorem [10. Chapter I, Theorem 1A] implies 

that A = 1 is an exponent of approximation to (1,£, rj). 

1.3 Outline of the thesis and methodology 

The chapters of this thesis represent the different stages which lead me finally to 

Theorem 1.2.1. In each one. new tools or new methods are introduced to improve the 

upper bound on any exponent of approximation A to a triple (1, £, £3) with Q-linearly 
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independent entries. 1 find successively: 

A < v / 3 - 1 =0.732... 

A < 0.7277... 

A < 8/11 = 0.7272... 

A < 0.7252... 

A < 0.7221... 

A < ( 9 + v / l5)/18 = 0.7151... 

A < 5/7 = 0.7142... 

(Chapter 3) 

(Chapter 5) 

(Chapter 6) 

(Chapter 7) 

(Chapter 8) 

(Chapter 9) 

(Chapter 10). 

All results rely on the construction of a so-called sequence of minimal points 

for (1,£,£'*) following ideas of Davenport and Schmidt in Section 3 of [4]. This is a 

sequence of integer points x, = (x7fl,Xjj,xlt2) G Z 3 which is canonically attached to 

the triple (1,£,£3) and from which one can deduce whether or not a given A > 0 is 

an exponent of approximation to (] ,£,£3) . Upon putting 

Xi = max {\Xi.ol K i l - K2I} , 

L, = max{\xiX>£, - a?u | , |a;/>0£
3 - xi<2\} , 

this condition is simply that 

Li < cX^ j 

for some constant c > 0 (by construction, we also have X\ < X2 < X-A < ... and 

Lx> L2> L-i> ...). 

The main tool is the construction of polynomials with specific properties. If 

P(u0 , u i , . . . , \ik) € Z[u0, U i . . . . , ufc] 

is a multi-homogeneous polynomial in triples of indeterminates u, = (a^Mj. i , 1/̂ 2), 

upper bound estimates for 

| F ( x ; , x i + 1 , . . . , x , + , ) | (1.3.1) 

file://{/Xi.ol
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can be given in terms of Xt Xl+k,Ll...., L,+k (see Appendix A). When P is 

suitably constructed, then, depending on the value of A, this upper bound tends to 0 

as i —> 3G. and therefore the integers (1.3.1) are all zero for each sufficiently large ? 

(see Proposition A.l). 

Some of those polynomials are relatively easy to find, like the polynomial y? from 

Chapter 3. The polynomials oi polynomial points w,f,g,S,k that appear in the 

subsequent chapteis came from a computer search. Each new polynomial found in 

this way presents a challenge. First, one needs a compact way of writing it (some of 

them involve many monomials). Then, one has to understand how the polynomials 

arc related with one another, and finally one has to understand what their vanishing 

means. When we can show that some polynomial P as above does not vanish at 

(x, x, f f r) for infinitely many values of ?, then we get an upper bound for A. For 

example, the upper bound A < \ /3— 1 = 0.732... is obtained in Chapter 3 by showing 

that for A > 2/3 we have xl0xt.2 — xfd ^ 0 for each / sufficiently large. The subsequent 

improvements aie more challenging and we let the reader discover them as he goes 

through the thesis. We simply mention that the final estimate A < 5/7 follows by 

observing first that if A > 5/7 then / must vanish at certain pairs of points. From 

this, we deduce that k cannot vanish at related triples of points and this leads to a 

contradiction. 

1.4 Notation 

Notation 1.4.1 Throughout the text, for fixed real numbers £ and r\. we will use the 

notation A <C B or B 3> -4. where A and B are non-negative variable real numbers, 

to mean A < cB for some constant c > 0 depending only on £ and q. We will also 

write A x B if A < B < A. 



Chapter 2 

Minimal points and sequences of 

minimal points 

In their proof of Theorem 1.1.1, Davenport and Schmidt begin by defining a sequence 

of minimal points associated to a triple of the form (1,£,£2). In this chapter we work 

in greater generality by considering triples of the form (] . £, 77). The notion of minimal 

points that we attach to such a triple differs slightly from the definition of Davenport 

and Schmidt when i] — £2, but it is easy to adapt most of their arguments to our 

setting. 

2.1 Minimal points 

Definition 2.1.1 Let £,7/ G K. For each point x = (x0,Xx,x2) G M'\ we define the 

norm, and proximity functions: 

Hxlloo := max{|xo|. \xi\, \x2\}, -^.r/(x) := max{|j:o£ - Zi|, \xoV - x2\). 

We usually write ||x|| := ||x||oo and L(x) := L^i7/(x). 

Throughout this section, we fix £, n G E \ Q . Then, for any non-zero point x G Z3, 

we have L(x) > 0. 

9 
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Definition 2.1.2 For each real X > 1. consider the set of points x € Z3 with 

l < | | x | | < X , L(x) < 1. (2.1.1) 

A minimal point corresponding to X is a point x of this set for which L(x) is minimal. 

Note, that since the set defined by (2.1.1) is finite and non-empty (e.g. it contains 

(0,1,1))) f° r any real X > 1, there exists a minimal point corresponding to X. 

Lemma 2.1.3 If x — (XQ,XI,X2) is minimal point (for some real number X > 1), 

then x is primitive, i.e. we have gcd(xo,a.'i,X2) = 1. 

Proof: Indeed, if a = gcd(;co,a'i,:C2) > 1 then x = ax.' for some point x' € Z3 . 

This implies that ||x'|| < ||x|| and -L(x') = ^ ( x ) < L(x), so x is not minimal. I 

Lemma 2.1.4 Let t > 0. Then, for each X sufficiently large, a minimal point x 

corresponding to X satisfies L(x) < s. 

Proof: By Theorem 1.2.6, there exists a non-zero y G Z3 with L(y) < min{l ,e}. 

Choose A" > ||y|| and let x be a minimal point corresponding to X, then since y is a 

solution of the inequalities (2.1.1), we have that L(x) < L[y) <s. I 

Lemma 2.1.5 Let x = (xo,.Ti,^2) € 1? be a minimal point corresponding to some 

X > 1. If X is sufficiently large, then x has non-zero coordinates and satisfies 

| |x|| x \Xl\ 

fori = 0,1,2. 
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Proof: We first note that, for each X > 1, a minimal point x = (o,o,X\.X2) 

corresponding to X satisfies 

kof I - 1 < \xi\ < \xot\ + 1, 

\xoTl\ - 1 < k 2 | < |x0??| + 1. 

If such a minimal point x satisfies |xo| < 2 /min{l . |£|, |r/|}, then, looking at the 

right-hand side of the above inequalities, we have ||x|| <C 1. Since there are a finite 

numbei of points which satisfy ||x|| <C 1, this means that L(x) x 1. But by Lemma 

2.1.4, taking X sufficiently large wc can always find a minimal point x' coirespond­

ing to X with L(x') as small as we want. So, for X sufficiently large, we have that 

|^o| > 2/min{l . |£|. \r)\}. Then, fiom the above inequalities we find that the coordi­

nates of x are non-zero with |x0| x \xi\ and |a.'o| x \x-2\- I 

2.2 Sequences of minimal points 

From now on. we will suppose that £. 7/ € K are such that 1. £. r] are linearly indepen­

dent ovei Q. We begin with a lemma which will be used to constiuct sequences of 

minimal points. 

L e m m a 2.2.1 Let ( . i / G l be such that l,£,r/ are linearly independent over Q. For 

any X > 1 + max{|£|, |r/|}, there are exactly two minimal points corresponding to X. 

7/x is one of them, then the other is —x. 

Proof: Fix some X > 1 + max{|f|. \rj\}. and a minimal point x = (x0.X\.X2) 

coi responding to X. 

We first show that L(x) < 1/2 and deduce that xQ ^ 0. Indeed, since (1, [£], [r;]) 

is a solution of the inequalities (2.1.1) of Definition 2.1.2. where [£] and [rj] denote the 

file:///x-2/
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integers nearest to £ and r/, respectively, we get L(x) < max{|£ — [£]|, |?; — [77] |} < 1/2. 

Now, suppose on the contrary that x0 = 0. This gives 1 < ||x|| = max{|xi |, |x2 |} = 

L(x), but since L(x) < 1/2 this is impossible. So. we must have XQ ̂  0. 

Now suppose that x ' = (x'0,x
/
1.x2) is another minimal point for X. It satisfies 

L(x) — L(x'). Then we have 4 possible cases. 

In the first case we have L(x) = \x0£ — X\\ and L(x') = |â 077 - x'2\. This implies 

a'o£ - 3'] = ±(x'0T] - x'2) => =F3'o?7 + x0£ - (a'i T a"'2) = 0 =*• x0 = x[, = 0, Xj. = dbx2 

which is impossible since XQ ^ 0. The second case, when L(x) = |xo7? — -T2| and 

L(x') = |XQ£ — x'a|. leads similarly to a contradiction. 

In the third case, Z-(x) = |xo£ — £ i | and £ ( x 0 = |^o£ ~ x'i\- so w e n a v e 

i"of - A = ± ( 4 £ - a-i) =• (xQ T 4 ) £ - (xi T x[) = 0 => x0 = ±XQ, a-i = ±x', 

and this implies 

| - -x 2 ±x 2 | = | . C 0 7 / - X 2 T ( ^ O ? / - X 2 ) | < \XQ1]-X2\ + \X'0II-X2\ < 2L(x) < 1 => x2 = ±x'2. 

Thus x = ±x ' . Finally, in the fourth case we have L(x) = \x0r] — x2\ and L(x') = 

|x[)?7 — x'2| and by a similar argument we again find that x = ±x ' . I 

Note that if x is a minimal point (for some real number X > 1). then it is 

minimal for ||x||. So, on the basis of Lemma 2.2.1, we can construct recursively a 

sequence of minimal points (x,),>i C Z3 which will satisfy the following definition. 

Definition 2.2.2 Let ( , / j E R be such that 1,£, r) are linearly independent over Q. 

We define a sequence of minimal points associated to (1,£./?) to be a sequence of 

minimal points (x,),>i C Z3 of strictly increasing norms with the following property: 

ifx is a minimal point satisfying ||x,|| < ||x|| < | |x,+i | | then x = ±Xj. 
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Equivalcntly we could define such a sequence using the following property: 

z/x is a minimal point satisfying L(x,+1) < L(x) < L(x,). then x = ±x , . 

Note that any two sequences of minimal points associated to (1,£, rf) differ only 

by the choice of their first element and a choice of sign factors. In particular, if (xj),>i 

is a sequence of minimal points, then (e,x,),>r is also a sequence of minimal points for 

any r > 1 and any choice of t% E {±1}. Thus if a sequence of miuimal points satisfies 

a certain property for each i sufficiently large, then by omitting its first elements we 

obtain a sequence of minimal points which obeys this property for each i > 1. 

N o t a t i o n 2.2.3 If (x,),>] is a sequence of minimal points associated to (1,£. ?/). we 

usually write 

Xj = (xl.0.2\,i,xh2). X% := ||x,|| and L, := L(x,). 

We note that the X, form a strictly increasing sequence of positive integers and 

that the L, form a strictly decreasing sequence of positive real numbers. 

Moreover, for any two points x , ,x 7 of the sequence with i ^ j , because they are 

primitive points with x4 ^ x^ (see Lemma 2.1.4), we have that x, and x7 are linearly 

independent. 

Let (xi),>i be a sequence of minimal points associated to (l.£,7/). Note that 

if x,.0 = 0, then (0. ±1 .±1) are four different points that are minimal points corre­

sponding to ||xi||, in contradiction with Definition 2.2.2. So, for all i > 1 we have 

a\tQ y£ 0. Because of this, we must have L(xj.) < 1. Moreover, for an appropriate 

choice of ei, e2 E {0, ±1} , the point x = (x^o. 0,'ij + ei.x\2 + e2) satisfies L(x) < 1/2 

and ||x|| < ||xi|| + 1 < ||x2||. So, for all i > 2 we have L(x,) < 1/2. Finally, we note 

that, for eveiy ? sufficiently large and appropriate choices of e, E {±1} the points e,Xj 

remain in the same octant as (1,£, rf). 
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Lemma 2.2.4 Let £, ?? G R be such that 1,£, n are linearly independent overQ. Let 

(Xi),>i be a sequence of minimal points associated to (1. £,??). Then for each choice 

of j >i>2 we have \xjsk\ > \xuk\ for k = 0,l, 2. 

Proof: For i > 2 we have L(xj) < Lfc) < 1/2. If |XJ)0 | > j^'i.o! then we have 

|x,.i| + 1/2 > \xho£\ > \Xi$£\ > |x',-.i| — 1/2 which gives \Xjj\ > |IC?J| since x t and x^ 

are integer points. Similarly we find |XJ,2| > \xiz\-

There are three possible cases: max{l, |£|, |T7|} = 1, max{l, |£|, |?;|} = |£| or 

max{l, |^|,|r?|} = |??|. 

In the first case we get |2\,-,0| > \XJ$£\ > |x,,i| — 1/2 which implies that \xjfi\ > 

\XJJ\ and similarly we obtain |:c;.0| > \xjt2\- Thus | |x ; | | = \XJ,Q\. Since | |XJ|| > ||x,|| we 

conclude that |.r;to| > |.r».o| and we are done. 

In t he second case we get |x,.i| + l /2 > |x/,o£| > |X/,o| and this gives \XJJ\ > \XJ.Q\. 

We also have |x ; ji | + 1/2 > |x,,o£| > \XJ.QV\ > \2ja\ ~ 1/2 and we get \xjtl\ > |Xj.2|. 

Thus | |xj| | = \xhi\. Since | |XJ|| > ||x,|| we now obtain |x3-,o£| + 1/2 > |av,-.i| > |a-j.i| > 

\xi.o£.\ — 1/2 which implies 1 > 1/|£| > |xz,o| — |x,.o| and again we are done. 

The third case leads similarly to \Xjft\ > |Xi,o|- I 

2.3 Some key lemmas 

The next series of Lemmas provide deeper results that we will use throughout, this 

thesis. The first of these could be described as the main property of a sequence of 

minimal points. It lies at the basis of almost all further considerations. 

Lemma 2.3.1 Let £,n G R be such that 1,£, r] are linearly independent over Q. Let 

(xi)i>i be a sequence of minimal points associated to (1. £.?;). Suppose that A > 0 is 

an exponent of approximation to (1,£,?7) and thai, c > 0 is a constant associated to 

file:///xiz/
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this exponent. Then, for each i sufficiently large, we have 

U < cc*X-+\ 

where CQ = 2max{l. |£|, |?7|}. 

Proof: Fix some /. > 1 and put X = 2(J\T,-+1 - 1)/CQ. If / is sufficiently large, 

the hypotheses imply the existence of a non-zero solution x = (XQ, x-i, x-i) € Z3 of the 

inequalities of Definition 1.2.5. For such a point x, we have 

N <x <xtil-i <x,41, 

Nil < \xo£\ + cX~x < \i\x + 1 < xi+1, 

|rr2| < \x0r}\ + cX~x < \rj\X 4- 1 < Xi+X. 

Thus ||x|| < Xl+i, and so we obtain 

Lt = L(xi) < L(x) < cX~x = ccA(2(Xi+i - 1))~A < cc+X, A y - A 
i+i 

where the last estimate uses X,-i > X2 > 2 and so 2(A",+1 — 1) > X,+ 1 . 

Lemma 2.3.2 Let £, 77 € R 6e such that l,£,r] are linearly independent over Q. 

Let (Xj)j>] be a sequence of minimal points associated to (1,4,77). Suppose that 

Xt_i,Xj,Xj+i are linearly independent. Then 

1 <C Xi+iLj_iL,. 

Proof: Since X/_t, x?:. x,-+1 are linearly independent, the determinant of these three 

points is a non-zero integer and so its absolute value is > 1. We now find an upper 

bound for the determinant: 

2"i-l,0 2,'j-l.l $1-1,2 £'i-l,0 £ j - l , o£ — 3,'i-l,l Xj-i.o'/? — a.'j-l,2 

2'j.0 2 ' U xi,2 = Xi$ Xifi£ — Xjti XifiV — .Cj,2 

3"i+I.O -Tj+l.t 3"z+l,2 3'j_i_i,o Xi+1,0? — Xj+1,1 .T,+i)o77 ~~ ^i+1,2 

*S Xi+]L,-\L,. 

file:///rj/X
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I 

Lemma 2.3.3 Let £, n E R be such that 1,£, r? are linearly independent over Q. Let 

(x,-),>i be a sequence of minimal points associated to (1, £./?). Denote by I the set 

of all indices i > 2 for which x,_i,x,-,x i+1 are linearly independent. Then I is an 

infinite set. 

Proof: For each i > 2, denote by W, the subspace of R3 of dimension 2 generated 

by x(mJ and x,. Suppose I is finite, then it either has a maximal element i0, or it is 

empty in which case we take /0 = 1- Then, for all i > i0, the points X,_I,X,-,XJJ.] 

are linearly dependent. This is equivalent to saying that for all / > ?D we have 

W, = 14',T1, which implies that there is a plane W such that W = W, for all i > i0. 

Let axo + bx± + cx-x = 0 be an equation of W with a,b<c E Z not all zero. This gives 

axi,0 + bxid + cxz_2 = 0 

for all i > i.Q and therefore 

|a\,0(a + b£ + cr/)\ == |&(xt-i0f - 3-;,i) + c(x,,0?7 - z,->2)| < L(x,-). 

Since a-+-&£ + a ? ¥" 0 by hypothesis and since |a7,,0| x ||x,|| by Lemma 2.1.5 we obtain 

||xi|| x L(XJ). 

However, the left hand side tends to infinity and the right hand side tends to zero as 

/ —> 0. This is a contradiction. I 

Combining Lemmas 2.3.2 and 2.3.1, we obtain: 

Lemma 2.3.4 Let £, n E R be such that 1,£, r; are linearly independent over Q. Let 

(XJ)I>I be a sequence of minimal points associated to (1,£,77). Denote by I the set of 
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all indices i > 2 for which x l _ 1 ,x , ,x z + 1 are linearly independent. Suppose that A > 0 

is an exponent of approximation to (l,£,r)). Then, for each i G I, we have 

1 « x-xx^\ 

Theorem 2.3.5 Let ( . J |GK be such thai 1,£, 77 are linearly independent over Q. / / 

A is an exponent of approximation to ( l ,£,r;) . if/ien A < 1. 

Proof: Suppose by contradiction that A > 1. Let ( X j ) ^ be a sequence of mini­

mal points associated to (l .£, n). Denote by I the set of all indices i > 2 for which 

x-i-i.. Xj.Xj+i are linearly independent. By Lemma 2.3.3. the set I has infinitely many 

elements. This is impossible in view of Lemma 2.3.4. I 

The next basic estimates will be useful throughout this thesis. They will allow 

us to simplify many computations. 

Lemma 2.3.6 Let £, 77 G K be stwh that l .£, 7; are linearly independent over Q. Let 

(x,),->i be a sequence of minimal points associated to (1,£.??). Denote by I the set 

of all indices i > 2 for which Xj_i.x,-,x,-+i are linearly independent. Suppose that 

A > 2/3 is an exponent, of approximation to (1, £,/?). Then for any i G I we have 

Xx <C ACi+i, L% <C Li_l, Li <C Xt 

Proof: We note that 2(1 - A)/A < 1 since A > 2/3. Then, by Lemma 2.3.4 we 

have 

x?« x^rx)/x« x,+1. 

We also find using Lemmas 2.3.1 and 2.3.2 that 

L, « uix^uhi-yf « L]-2(1-X)/XLU < LU-
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Finally, by Lemma 2.3.1 

L, <c x;+\ < x;2X < A74/3. 

I 

In particular, if i < j are consecutive elements of I. the first two estimates of 

Lemma 2.3.6 imply that X,2 <C X3 and L3 <C L2
V. 



Chapter 3 

The function (p and a first estimate 

To prove Theorem 1.1.1. Davenport and Schmidt proceed by contradiction. They 

suppose that, for any c > 0. the inequalities of their theorem have a solution for 

each X sufficiently large. They then construct a sequence of minimal points (x,),>i 

associated to (l .£.£2) similar to our construction in Chapter 2. They first show that 

det(x,) = 7^0 
^'j.O - C 7 , l 

for all i sufficiently large. Using a result similar to Lemma 2.3.1. they conclude that 

1 < | det(x,)| < XhLt <C cXzX;+f 

where the lower bound comes from the fact that det(xj) is a non-zero integer. Then, 

they show as we do in Lemma 2.3.3 that, for infinitely many indices ?, the points 

XJ_I ,XJ ,XJ + I are linearly independent. So, their determinant is a non-zero integer 

and arguing as we did in Lemma 2.3.4 they find 

1 < |de t (x ,_ 1 ,x , .x , 4 i ) | < A' l+iL tL,_i < ^X\~lhX]h. 

Combining these results they derive a contradiction if c is sufficiently small. 

Adapting the ideas of Davenport and Schmidt described above, we will show the 

following result: 

19 
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Theorem 3.7 Let £ G M. be such that l , f , £ 3 are linearly independent over Q. 27ie?i 

A = \ /3 — 1 is a measure of approximation to (1,£,£3). 

We first introduce a polynomial which we will use throughout this paper, and 

which plays the role of the determinant in the work of Davenport and Schmidt: 

Definition 3.8 We set 

¥>(x,y.z) := xoyo xiyi 
V (x) :=v9(x,x,x) 

where x = (x0,Xi,x2), y = (1/0,2/1.^2). z = (30,21,-2). 

Lemma 3.9 Lei £ G M 6e sue/;, tfmi 1,£,£3 are linearly independent over Q. Let 

(x,)j>i be a sequence of minimal points associated to ( l .£ ,£3) . Suppose that A > 2/3 

is an exponent of approximation to (1, £,£'*). T/ie/T,, /or eac/i sufficiently large i, we 

have 

> ( * i ) 
'•'i.O : C ) , 1 

7^0. 

£j . l £'i,2 

Proof: If the result were false we would have x'f^ = x?0x,-j2. Since Xj.0 ^ 0, this is 

equivalent to 

— — and = 
Xi,o m Xi.Q \Xi,0 m 

where m,n are integers with m -^ 0 and gcd(m,n) = 1. It follows that 

.3 
# i , l ;Ci.2 ft n" 

1, — - , 1 ^ = I- —, —7 => (Z/.o, 3',,i, J j . 2 ) OC (77?., 777 77., 77' ) . 

Xi.a xlS)) \ m m?) 

Since £i,o,3;U;-T?;,2 have no common factors, they then take the form 

x,fi = eirv\ Ti.i = e?n277. xx,2 = m 3 , 

where e G {±1}. For i large enough, \x,j\ x A", for j = 0,1,2, and this gives 

Iml x 1771 x X 1/3 
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Since \em2(m£, — n)\ = |x,.0£ - a \ i | < £, we obtain 

\m£ - n\ < X~2/3A 

and this implies 

??r<f - ir\ = |m£ - 7?||?n£ 4- ra < X8 ' L 
- V 3 , 

(3.1) 

(3.2) 

The vectors x,_i, x, are linearly independent so the matrix 

Xt-1,0 3-"i_t,i .C,„i.2 

has rank 2 and therefore has a non-zero 2 x 2 minor. For ? large enough, ,c,_i i and 

.r,,i are not zero, so we have 

•Tj-1,0 '^7-1 t 

3',.0 -r7,l 

^ 0 or 
3*i-1,i •'Ei-12 

3"(,1 X, 2 

^ 0 . (3.3) 

Suppose that the first mequality of (3.3) holds. We then have 

^ 0 . 
3*f-l,0 «C?-1.1 

m n 

Using (3.1) and Lemma 2.3.1 we obtain 

2*7-1,0 ^ 1 - 1 , 0 ^ ~~ $1-1,1 

m m£ - n 

Since A > 1/3, this contradicts (3.4) if i is sufficiently large. 

Suppose that the second inequality of (3.3) holds. We then have 

(3.4) 

« X^X-^L, + Xv%__i « Xr'L^ < X 

3*1-1,1 3*z—l.2 

2 9 

Using (3.2) and Lemma 2.3.1 we obtain 

7^0. (3.5) 

3't-i.i Xi-i,i£, — XI-LJ 

m m 2 £ 2 — 7?̂  

. - 1 / 3 • ^2/3 2/3 , 
« X ^ L Y " 1 ' ^ , + A7/0L,„! < * ; ' L.-i < A y 2 / 3 - A 
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Since A > 2/3, this contradicts (3.5) if i is sufficiently large. I 

Lemma 3.10 Let £ G K be such that 1,£, £3 are linearly independent over Q. Let 

(x,),>i 6e a sequence of minimal points associated to (1,£.£3). Suppose that A > 2/3 

is an exponent of approximation to (1,£,£3). Then, for each i, we have 

1 < XfLf. 

Proof: We find 

•2 2 p2 _ 2 

< X f l i + X,|x,-.oC - x,A\\x,fi£ + a-,-,11 < X2L,-. 

But by Lemma 3.9, <p(Xi) is a non-zero integer. So its absolute value is > 1. I 

Proof of Theorem 3.7: Let (x,),>i be a. sequence of minimal points associated to 

(1, £. ?;). Denote by I the infinite set of all indices i > 2 for which x,„ i ( x,, x l + i are lin­

early independent. Suppose on the contrary that. A is not a measure of approximaf ion. 

Then for every c > 0, A is an exponent of approximation. 

Let i G I with i arbitrarily large. We then find: 

1 <C (X?Lj)x (Lemma 3.10) 

« (X,2L i)
A(A'ffiL,_iL l)

2 (Lemma 2.3.2) 

< c*+xX?+?x-x* (Lemma 2.3.1). 

Since A = \/3 - 1 is a root of x2 + 2.x - 2, we have X?72X~X' = 1. and so the latter 

estimate becomes 1 -C c4_A. This is a contradiction. I 

b(x,)| 
Vi,0 XiA 

%iA Xjo 



Chapter 4 

A family of planes in R3 

Define the height of a 2 x 3 matrix A., denoted \\A\\, to be the maximal absolute value 

of its minors of order 2, and define the height of a 2-dimensional subspace V of Q3 , 

denoted H(V), to be the height of any 2 x 3 matrix whose rows form a basis of V n Z 3 . 

The next, result generalizes Lemma 4.1 of [7]. The first part is essentially due to 

Davenport and Schmidt (see the proof of Lemma 2 of [3]). 

Lemma 4.1 Let £,7? e R be svch that 1,£, 77 are linearly independent over Q. Let, 

(x,-)j>i be a sequence of minimal points associated to (1,^,77). As in the proof of 

Lemma 2.3.3, we denote by \\\ the subspace 0 /R 3 of dimension 2 generated by Xj_i 

and x,-. For each i > 2. rue have that { x ^ . x , } is a basis of W^ fl Z3 over Z and 

H(Wi) x Hx.-IILfr.!). 

Proof: Suppose on the contrary that {x,_i.x,-} is not a basis of W, D Z3. Then 

there exists a non-zero point x — (XQ, £ I , a'2) € Wj D Z3 of the form x = 7'x,_! + sx, 

for rational numbers r and s with max{|r|, |,s|} < 1/2. We get 

|lxll < lrlllx?-i|| + MIWI < llx'll a n^ -^(x) ^ lrl-^(x?;-i) + ls |i(x/) < £(x)-i) 

which contradicts the fact that x.;_i and Xj are consecutive minimal points. Thus. 

{xj-ijX,} is a basis of T-Vj fl Z3. 

23 
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We note that 

2"(-i,o xi~l \ 

X,,0 %i,l 

X,-]fl A - 1 2 

X?,o 3/'i,2 

x , - i , i a"i_i 2 

#1,1 3.'i.2 

Therefore, 

;ci-l,0 3/'/-l,0^ ~~ A-1,1 

3\,0 xr>o£ — £».l 

2\-l,0 X,_i,o?? — £|-1,2 

Xj.fj Xt.oH ~ xi.2 

a, \_u x,_i,i7//^ - a,\_i>2 

< llx.-iULfx.) + | | x l | |L (x l _ 1 ) , 

< ||X I_1 | |L(X,) + H x J ^ X ^ ) , 

<C llxj-.iHLtxj) + | |x , | |L(x ,_ i ) . 

H(\V,) = < | |x ,_ 1 | |L(x,) + H x ^ ^ x ^ ) < l l x j i m x ^ i ' 
X,_i.o Ji-1,1 3-̂ -1,2 

X, 0 3 \ i a\t2 

Write Mj = .r t_i i - . r , _ i . o ^ «2 = £»-i.2-a",_i,0r7 ancU'j = x u - x 8 > 0 £ - ?>2 = x?,2 - x>fir). 

Choose an index j for which \u3\ = L (x l _ 1 ) . This gives 

tf(n<;) > 
Xj_l.o xt-l,j 

X,,Q X; " i j 

— Ft-l,0'j — X1%QU, 
(4.1) 

> |x , ) 0 | |y ; | - |a\-i,o| | t '7 | > {\xlfl\ - |x 7 _i ) 0 | )L(x l _i ) . 

As we observed in Chapter 2, for i sufficiently large and for an appropr ia te choice of 

e € { ± 1 } - the points x8_i and ex, lie in the same octant . Then the point z = x ;— f-x,__i 

satisfies 1 < ||z|| < | |xJ | . However, since x ,_i and x, are consecntive minimal points , 

x,_j is a minimal point corresponding to max{| |x j_i | | , | | z | | } . This means tha t L(z) > 

L(x ,_ i ) . Choose an index k for which \i\ — euk\ = L(z) > L (x ,_ i ) . Then, we also 

find t ha t 

H(W,) > \Xi-ifiVk - a-VoUfcl = \x,-lto(uk - euk) - (x\0 - ex,-lfi)uk\ 

> | j V i , o | i ( x , - i ) - \xlfl - ex ,_ i . o | I (x / „ ] ) . 

Since from Lemma 2.2.4 we have \X,.Q\ > j.xrz__x,oi- it follows tha t |x?io — fX,_i,o| = 

\x, o| — |x,_j,o| and we get 

H(W,) > lavLolLCx,.!) - (|x,,0 | - \x^lfi\)L(x,^). (4.2) 

file:///Xi-ifiVk
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Combining the inequalities (4.1) and (4.2) we get 

'SH(Wi) > |x-i_i,o|i(xJ-_i) + (|a-i.o| - |a' i_i,o|)i'(xi-i) = l ^ o m x ^ ) . 

Therefore we have 

| |X7-| |L(XJ_I) > 3H(Wi) > |:c?-,()|L(x,_i) x ^ ^ ^ ( x ^ j ) 

which means that H{Wj) x ||x,-||L(x,-_i). I 

From this lemma, we derive the following useful general estimates. 

Corollary 4.2 Let £. n G R 6e such that 1,£. r; are linearly independent over Q. Let 

(Xt),->i be a sequence of minimal points associated to (1,£,7?). Denote by I the set of 

all indices i > 2 for which x,__.1;Xj.Xj+i are linearly independent. Then for any pair 

i < j consecutive elements of I we have 

Xi+iLi x XjLj^]. 

Proof: Since i < j are consecutive elements of I, we have that W.i+1 = Wj and 

from the lemma we obtain 

Xi+iLi x H{\\'i+\) = H(Wj) x XjLj-i. 

Corollary 4.3 Let t;.n G R be such that 1,^,1] are linearly independent over Q. Let 

(x,),->i be a sequence of minimal points associated to (1, £,?;). Denote by I the set 

of all indices i > 2 for which Xj_i,x, ,x,+ 1 are linearly independent. Suppose that 

A > 0 is an exponent of approximation to (1, £,??). Then for any pair of consecutive 

elem.cnts i < j of I we have 

X.j < (X1+lXj+1)
l-x and LjLj < XT*/U-A). 
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Proof: We first note that: 

1 < X J + 1 L J _ I L J (Lemma 2.3.2) 

x Xj+iiX^L.X-^Lj (Corollary 4.2) 

< Xf-fX^Xj-f (Lemma 2.3.1). 

This proves the first estimate of the corollary. The second follows from Lemma 2.3.1 

and the first estimate: 

UL, «(xH 1x r i ly
x <^ X;x/{i-x). 



Chapter 5 

The function $ and the point ip 

We now introduce further tools which will be used throughout this thesis. In this 

chapter, we use them to improve on Theorem 3.7 by showing that, if £ 6 R is such 

that l . £ , £ ' are linearly independent over Q. then any exponent of approximation to 

(i ,£,£3) is at most equal to the root of 7x3 - 2x2 - 5x + 2 near 0.7277416. 

Definition 5.1 We set 

<J>(x, y. z) = v?(x, y, z) + (p(y, z, x) + p(z, x, y), 

V'(x, y) = $(x, x, y)x - 2<p(x)y. 

The function j/> constructs new points of R? out of each pair of points of M3. The 

following proposition provides upper bounds for the norm and the proximity function 

L{-) of these points. 

Proposition 5.2 For any x , y G R3 we haue: 

||(/>(x.y)|| <C ||x||3L(y) + | |x| | | |y| |L(x)2. 

L(^(x-y)) « | |x||2L(x)L(y) + | |x| | | |y| |L(x)2. 

27 
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Proof: L e t x = (a'0, Xi,x2) and y = (y0, yL, y2) be points of R3. Write f = (1,£. £3) 

and define 

Ax = x - x0£ = (0. Axu Ax2) and <J(x) := *(x , f ,£ ) = Ax2 - 3£2Axi. 

Wre find the following developments: 

v?(x) = a^S(x) - 3£Ax2£0 - Ax*, 

$ ( x , x . y ) = :cg(5(y) + 2x0yoS{x) - 'S£y0Ax1 - 6?x0Aa;iAj/i - 3Aa'?Aj/!. 

Using these we get the following estimate for yy: 

il>(x. y) = *(x . x, y ) ( x 0 | + Ax) - 2<p(x)(y0| + Ay) 

= (xlS{y) + 2x0y0S(x) - 3^yQAxl - 6^.T0AXI AVl - 3Ar?Ay1)(.r0£ + Ax) 

- 2(xg<5(x) - 3£Ax?a;0 - Az?)(jfo| + Ay) 

= ( a ^ y ) - 6^XQAXIAt/i + 3£c0</oAx-2 - 3a;0Ax2Ayi + 2,y0A:r*)f 

+ 0( | |x | |2L(x)L(y) + | |x| | | |y| |L(x)2). 

The conclusion follows upon noting that L(£) = 0 . I 

In our context, these estimates lead to: 

Lemma 5.3 Let £ e M fie SWJ/I if/ioi 1,£,£3 ore linearly independent over Q. Let 

(x,-)^! fie a sequence of minimal points associated to (1,£,£3). Denote by I /Vie ,se/ 

o/a/ / indices i > 2 /or wfticft Xj_i,x,-,x,-+1 a/̂ e linearly independent. Suppose that 

A > 2/3 is on exponent, of approximation to (1, £, £3). Then for any pair of consecutive 

elements i < j in I w;e have 

H^x^xj)!! ^XiXjL;. 
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Proof: By Proposition 5.2, we have ||0(x,-,x,,)|| <C XfLj + XjXjL'^. So it suffices 

to show that XfLj <C X,XjLf. Since i and j are in I, Lemma 2.3.6 gives indeed 

X'^Lj <S! XjXj+\Lj <̂ [ AjA,_i_iiv _j < XxX^Lt. 

We now observe that the function ^ has the following non-vanishing property. 

L e m m a 5.4 Let ^ £ 1 k such that 1,£,£3 are linearly independent over Q. Let 

(x,)j>i 6e a sequence of minimal points associated to ( l .£ ,£ 3 ) . Suppose that X > 2/3 

is an exponent of approximation to (1,£,£3)- Then for any i,j > 1 «;?£/* / sufficiently 

large we have 

't/>(xi>xj) # 0 . 

Proof: By Lemma 3.9. we have <^(x,) 7̂  0 for each / sufficiently large. Tf i = j we 

find 

0(xi,x,-) = <p(x,-)xl 7^0. 

Otherwise 7 7̂  j , so x,,Xj are lineai'ly independent and we obtain 

-(/.'(xj.xj) = $(x i,x i )xJ-)x,- - 2v?(x,-)Xj 7̂  0. 

Combining Lemmas 5.3 and 5.4 together with the fact that any non-zero integer 

point has norm at least 1, we obtain immediately: 

Corollary 5.5 Let £ e M be such that 1,£.£3 are linearly independent over Q. Let 

(xj)i>i be a sequence of minimal points associated to (1,£,£3). Denote by I the set 

of all indices i > 1 for which x,_].,Xi,x,+1 are linearly independent. Suppose that 
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A > 2/3 is an exponent of approximation to (1, £, £3). Then for any pair of consecutive 

elements i < j m I we have 

1 < X,X,I t
2 . 

We are now ready to prove the main result of this chapter: 

Theorem 5.6 Let I; £ R be svch that 1,£, £3 are linearly independent over Q. If X 

is an exponent of approximation to (1,£. £3), /,/ien A < A0 where A0 ?s the largest real 

root o/7x8 - 2x2 - 5x + 2, o6o«i 0.7277416. 

Proof: Suppose by contradiction that A > A0. Let (x,),>j be a sequence of 

minimal points associated to (1,£. f3). Denote by I the set of all indices ? > 2 for 

which x ,_ 1 .x l ,x , + 1 are linearly independent. Let i < j be a pair of consecutive 

elements of I with i arbitrarily large. 

We first note that 

A(l-A) X? « (Xl+lXJ+l) 

< A l + I XJ 

(Corollary 4.3) 

(Lemma 3.10) 

which gives us that 

x3 A-2«x,A i irA ) . 

Combining this result with Corollary 5.5 we obtain 

1 « (X,X,L2)A(3A~2) 

< (X}-?X$Llx)3X-2 

« I ( l-A-2A2)( :U-2)-} A2( l-A) 
t+1 

= X 
A - (7A 3 -2A 2 -5A+2) 

(Corollaiy 5.5) 

(Lemma 2.3.4) 

(Lemma 2.3.1) 

(equation (5.1)) 

(5.1) 

i+i 

However, since A > A0 the exponent of Xt+l in the latter expression is negative and 

so that power of X,+i tends to 0 as i —> oo. This is a contradiction. I 
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Since A0 < \/Z—l ~ 0.732, the theorem has the following immediate consequence. 

Corollary 5.7 Let £ G R be such that 1,£,£3 are linearly independent over Q. Then 

A = VS — 1 is not an exponent of approximation to ( l .£ ,£ 3 ) . 



Chapter 6 

Intermediate points and large 

systems of inequalities 

In this chapter we show that, if £ € M is such that 1,£, £3 are linearly independent 

over Q, then any an exponent of approximation to (1,£,£3) is at most 8/11. This 

improves on Theorem 5.6 since 8/11 = 0.72 < 0.7277. 

We begin by looking at a special case: 

P ropos i t i on 6.1 Let £ £ R be such that 1,£,£3 are linearly independent over Q. 

Let (XJ)J>I be a sequence of minimal points associated to (1,£, £3). Denote by I the 

set of all indices i > 2 for which Xj_i,xMXj+i are linearly independent. Suppose 

that for infinitely many i e I, we have i + 1 e l . Then A = N/2 /2 is a measure of 

approximation to ( l .£ . £3). 

Proof: Suppose on the contrary that A is not a measure of approximation to 

(1, £,£3). Then for every c > 0, A is an exponent of approximation to (1,£,£3). 

Let i e I be such that j + l e l . Lemma 2.3.4 shows that 1 < A'rAX7
1~1

A and 

32 
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Corollary 5.5 gives 1 <§; A,A',+1Lj\ For such an i we then have 

^ c2(l-A)^(l-A)-A(2A-l) = c2(l-\)Xl_-2X> 

Since A = y/2j'l is a root of 2x2 — 1 we have AJ
1"2A = 1 and so for a choice of c > 0 

sufficiently small this is a contradiction. I 

From this result it is clear that, for any £ e R such that ] . £, £8 are linearly 

independent over Q, if A > V2/2 is an exponent of approximation to ( l .£ , £3) then 

for each j e l sufficiently large we have i + 1 ^ I. 

At this point, we pause and make the following general observation about systems 

of linear inequalities: 

Proposition 6.2 Let. m, n £ Z>0 and a,,; A £ M for i = 0 , . . . , m and j — 0 n. 

Suppose the system, of linear inequalities 

n 

y j a^jXj + bj < £,, i = 0 , . . . , m 
j=o 

has a solution (.T0, . . . ,xn) € K"+1 for any choice of e{) ,em > 0. Then it has a 

solution for e0 = • • • = em = 0. 

Proof: We note that, for 0 < k < rn, the system of inequalities 

n 

y j —n^jXj — bz + Si > 0, i = 0 , . . . . k — 1 
3=0 

2_] —a>ijXj — bi> 0, i = k + 1, . . . , m 
.1=0 

(6.1) 

together with the linear functional 

n 

8 = J2ak-JxJ 
j=o 
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is a linear program. According to Theorem 1 of §8.1 of [6], either the set of admissible 

solutions (i.e. solutions to the system of inequalities) is empty, or the set of admissible 

solutions has at least one minimal solution (i.e. a solution for which 8 takes its 

minimum value), or there are admissible solutions for which 8 is arbitrarily small (i.e. 

can be made smaller than any given real number, positive or negative). 

We now show by reverse induction on k that t he system 

( " 
Yl di.jXj + bi<Si, i = 0,...,k 

(6-2) 

V^ ciijXj + bi < 0. i = k + 1 m 

has a solution for every choice of £Q, ... ,e^ > 0. 

For k ~ m. this is true by hypothesis. Suppose now that 0 < k < m and that 

the system (6.2) has a solution for any choice of £Q , e^ > 0. Fix CQ Ek-i > 0. 

Then, the set of admissible solutions to (6.1) is non-empty. If there are admissible 

solutions for which 9 is arbitrarily small then there is a solution for which 6 + ft*. < 0. 

We are left with the case where the set of admissible solutions has at least one mini­

mal solution. Let d0 be the value of 6 for a minimal solution. Since we have solutions 

such that 9 + bk < €k for every ê  > 0, then we must have 8Q + bk < 0 and so a minimal 

solution satisfies 8 + bk < 0. I 

Using this lemma we can deduce the following proposition. 

Proposition 6.3 Fix n G Z>0. Let £ € M be such that l , ^ , ^ are linearly indepen­

dent over Q. Suppose that A > 2/3 is an exponent of approximation to (1,£,£3). 
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k = Q,...,n-l< 

Then the following system of 4n-\-4 inequalities. 

Bo + XA0 < 0 (6.3) 

0 < 2A2n + B2n+i (6.4) 

0 < A2n+1 + B2n + B2v+l (6.5) 

5 2 , f i + A . 4 2 n 4 1 < 0 (6.6) 

^2k+i + B2k+i — A2k+2 + B2k+2 (6.7) 

0 < A2k + A2k+2 + 2B2k^x (6.8) 

0 < A2k+l + B2k + B2k+l (6.9) 

. #2*.-. i + AA2t+1 < 0 (6.10) 

/ias a solution (AQ ,42ri+i. £? 0 , . . . , B2n+i) ^ R4"+4 u^i/j A0 = 1. 

Proof: Let (x,),>i be a sequence of minimal points associated to (1, £,£'*). De­

note by I the set of all indices i > 2 for which Xj.^x^Xj+t are linearly indepen­

dent. Let ?0 < • • • < in be n + 1 consecutive elements of I. Define real numbers 

Ao.o- Ao.i A0 2«-i and B,0,o, B,0<1,..., Bln,2n+l by the conditions 

xy «, = x 

A * o - A t f e + 1 -

YB'o ik _ r 
A » o _ L u - l ' 

A z 0 - -^fr 

for fc = 0 , n. 

Since A is an exponent of approximation to ( l .£ .£ 3) . we have 

J O - 1 ^ ^ o 

1 < X; L2ri 

1 < X,n^iL,n 

^ « A'-i2 

- l ^ ' n 

by Lemma 2.3.1, 

by Lemma 3.10, 

by Lemma 2.3.2, 

by Lemma 2.3.1, 
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k = 0 77 — 1 < 

X,k nLlkx X u + 1 L u + 1 _ i by Corollary 4.2. 

K A ' l ) . I , M 1 I l
2

i by Corollary 5.5, 

] -C X,k..iLllr^iLlk by Lemma 2.3.2, 

Llk <C A ^ J . J by Lemma 2.3.1. 

We also note that the condition X,k>liLlk x Xlk+1Ltk i is equivalent to 

^ i r f i i t ( , ^ ^ ! H i i t H i - i and Xtk-iLn » A r
u + 1Lu + 1_x . 

Let e > 0. Assuming that *0 is sufficiently large, we obtain the following inequal­

ities by passing to the logarithm in base XlQ: 

An,o — 1 

B,u$ + AA0,o < ^ 

— 2/l, ( ) 2„ — 5i 0 ) 2n+l < £ 

~ A0 ,2n f 1 ~ ^ io 2r? ~~ B1fj2n U < £ 

•B?o,2«+l + ^Ao ,2n+ l < f 

A 0 2fcH + -Bi0,2M-l — A0,2fc-|2 — •B,Ui2A.f2 < £ 

— Ao.2fc+l — BKu2k+l + Au,2fc+2 + 5,0.2fr+2 < £ 

~A0 .2fc — A0.2iH-2 ~~ 2I?j0]2*,+ l < £ 

_A 0 ,2fc+1 — Bi0,2k — B,a_2k+\ < £ 

Bnh2k+l + AAo 2fc+l < ^ 

For example, to get the thiid inequality, we use 1 <C A",2 LUl. It means that 

> k = 0 , . . . , n ~ 1 

_ n Y2A*V'2n+Bl0.2" I 1 < cA* L,n = rA,o 

for some constant c depending only on £. Passing to the logaiithm in base X,0 we get 

0 < log r / log A,0 + 2A(h2, l + B,0l2n+i. 
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For /() sufficiently large, this gives 

Since for every £ > 0 this system of inequalities has a solution, Proposition C.2 

shows that it solution for s = 0. I 

The question now becomes to determine for which values of A, the system of 

inequalities of Proposition 6.3 has a solution for each integer n > 0. To analyse this, 

we first make the following observation. 

Lemma 6.4 Let n € Z>i and c > 2. Suppose that Oo,a,i,... ,a„ are real numbers 

satisfying the inequalities 

dk+i > cak - ak-i, k = 1 , . . . , n - 1. 

Then, for any choice of k,Lm £ Z>0 with k < n, m < k and I + k < n, we have 

CmO'k+l > Ckdl+m — Ck-mO-l 

where the the sequence (Cj)j>o is the solution of the recurrence relation ci+i = ccz — c,-_i 

with Ci = 1 and CQ = 0. 

Proof: Set a = (c + \fc2 — 4)/2. The recurrence relation Ck-n — cCk — Ck-i 

has x2 — ex + 1 as its companion polynomial with roots a and tv_1 which are real 

and distinct since c > 2. The general solution of the recurrence relation is then 

c,k — Cak + Da~k. Solving for cfl = 0 and c.i = 1 we get 

ak - a~k 

We note that since c > 2 we have that a > 1 and so ĉ  > 0 for all k > 0. 
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We begin by showing that for k,l,m e Z>0 with m < k and / + m < n — 1 we 

have 

We prove this result by induction on k. The case k — 0 is clear. Suppose that 

for some k G Z>0 the result holds for each choice of L in € Z>0 with m < k and 

/ + m < n - 1. Choose /, m G Z>0 with m < k + 1 and / + m <n—l. If m = 0 there 

is nothing to prove. So we can assume m > 0. We find 

<°(fc+i)G/+,n+i — <°(A-i)+ia/+m > C(k->-i)(cai+m — a/+m-i) - ck+2ai+m (hypothesis) 

= ckat f (,„_i)f i - ck nai) („,_i) (recurrence rel.) 

> CA-(ni-i)«/+i - cfc-(m-i)+iOj (induction hyp.) 

= ^(k+l)-mal f 1 — C(fr+i)-m-rl<2/ 

We can now prove the lemma by induction on k. The case for k = 0 is clear. 

Suppose that for some k G Z>0 with k < n, the result holds for each choice of 

/ . m e Z>0 with m < k and / + fc < r?. Choose Z,?n e Z>0 with m < A: + 1 and 

/ + /c + 1 < n. If m = k + 1 then the result is clear. So we can assume m < k + 1. 

We find 

> a«(/+i)+77, - ck-mai+i (induction hypothesis) 

> C(k+L)(ii+m - r(fc+i)-ma/ (previous result) 

I 
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Theorem 6.5 Under the hypotheses of Proposition 6.3. the system 

(A + 1 K 2 A - 1 ) 

1 - A 

A2n > cnA2 - f„_! 

7A - 5 A 1 + cn-iA2n > r„ _ A2n 

has a solution (A2,A2„) <E M2 with 

2 A - l + v /A(3A-2 ) ak - «-*• 
a = r and c k = r . (6.11) 

1 — A a — a - 1 

Proof: Let (A0,..., Ain+\. B0 B2n+i) € R4, l+4 be a solution of the inequalities 

of Proposition 6.3, with A0 = 1. We claim that A2 and A2n satisfy the conditions of 

the theorem. To show this we first note that, from (6.7) we have A2k+i — A2k+2 + 

B2k+2 — B2k+\ for k — 0, ?? — 1. Substituting this into (6.9) and (6.10) we get 

A2k+2 + B2k + B2k+2 > 0 (6.12) 

(1 - \)B2k+l + \{A2k+2 + B2k+2) < 0 (6.13) 

for t = 0 ? ? - 1. 

From (6.8) we also have B2k+\ > — (A2k 4- A2k+2)/2 for k = 0 n — 1. Since 

A < 1. substituting this in (6.13) gives 

(3A - l).42fc+2 + 2XB2k+2 < (1 - \)A2k 

for k = 0 n — 1. This inequality can be rewritten in the form 

B2k+2 < (1^A2k - {-^^A2k+2 (6.14) 

for k = 0 ?? — 1. 

To eliminate B2k and B2k+2 from (6.12), we substitute these quantities by the 

upper bounds given by (6.14). After simplifications, this gives 

2(2A - 1) 
A2k+2 - K 'A2k + A2k_2 > 0 (6.15) 
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for k = 1 77 — 1. For k = 0. we only eliminate B2 from (6.12) and get 

. (1 - X)Ap + 2XB0 
M T ^ A — • 

As (6.3) gives BQ < — \A0, this leads to 

Since Aa = 1 this is the first inequality stated in the theorem. 

Set c — 2(2A — 1)/(1 — A). Applying Lemma 6.4 to the inequalities (6.15) for 

k=\ ?i — l, with I — 0 and m = 1, we obtain 

Mk > ckA2 - CU-IAQ 

for k — 1, n, where Q and c^ are given by (6.11). In particular, for k = n, we 

obtain the second inequality stated in the theorem: 

Mn > CnA2 - C„_iA0. 

Similarly, applying Lemma 6.4 with I = 0 and m = k — 1, we get 

A) + ck^A2k > ekA2k„2 (6.16) 

for k = 1 ,77. 

By (6.5), we have 

- ^ n f l > —B2n — £>2n4l. 

Substituting this in (6.6) we get 

(I - \)B2r,,1 - \B2„ < 0 . 

Combining this with the lower bound for B2n+i provided by (6.4) and the upper 

bound for B2n given by (6.14) for k = n — 1. we obtain (since A < 1): 

7A - 5 
^271-2 > ^ . A2„. 
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By relation (6.16) with k — n, this finally gives 

7A - 5 , 
AQ + Cn-xAir, > Cn A2n. 

Corollary 6.6 Let £ e M. be such that 1,£,£3 are linearly independent over Q. If X 

is an exponent, of approximation to (1, £,£'*), then we have A < 8/11. 

Proof: Suppose on the contrary that A > 8/11. For any n € Z>0 the theorem 

provides a solution (A2,A2TI) £ R2 of the inequalities 

(A + 1 ) (2A-1) 
2 - 1 - A 

A2n > c„A2 - C„-i, 

7A - 5 , 
1 + Cn-iA2n > cn _ A2n, 

where a and (ck)k>o a r e given by (6.11). 

Since o and (A + 1)(2A — 1)/(1 — A) are increasing functions of A for A G (2/3,1), 

and since A > 8/11, we find that Q > 3 and (A + 1)(2A - l ) / ( i - A) > 95/33. Thus, 

the first displayed inequality implies that A2 > 95/33. We also note that, since a > 3, 

the sequence (ck)k>i tends to infinity with k and Ck > 3c*_i (since Ck — aCk-\ — a1~lc). 

In particular, if n is large enough, we obtain 

84 
A2v > cnA2 - c„_! > cn-i{3A2 - 1) > —cn_i 

while the last displayed inequality implies 

1 > Ci-1 ( 3 ^ - l ) A2n. 

Combining the two estimates, we get 

1 1 A - 8 
l > c 2 

n - l 1 - A 
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This is a contradiction since 11A — 8 > 0. I 

R e m a r k 6.7 Set A = 8/11. Going back to the proof of Theorem 6.5. a more careful 

analysis shows that for this A, we have for large values of k: 

11 3 
^2k+\. ~ —rA2k. A2k+2 ~ '&A2k. B2k ~ —7-42fc, B2K+i ~ —2A2k. 

For example, this is compatible with the existence of a sequence of minimal points 

(xt)i>i satisfying the following conditions. For ?' < j consecutive elements of I, where, 

as usual I is set of all indices / > 2 for which x H i , x , , x , + 1 are linearly independent, 

we have: 

l|x,|| = xf) i ix^nxx^ 4 , ||X;||XA;3. 

i (X l )xx r
2 . LCX^O-A;-974 , L(X,)XA76 . 



Chapter 7 

The functions / and g 

In this chapter, we improve the upper bound on the exponent of approximation from 

8/11 = 0.72 to the root of 4a,-3 - x2 - 1 near 0.7252700. 

Definition 7.1 We set 

</(x. y, z) = <&(x. y, z)4>(y, y, z) - 4»(x, y, y)$(y , z, z) - ^(y)$(x, z, z), 

/ (y -z ) = 0(y ,y ,z) = $ ( y , y . z ) 2 - 4 ^ ( y ) $ ( y . z , z ) . 

By expanding <?(x, y. z) in terms of ,r0, A x i , . . . , Az2 and collecting terms, a simple 

but tedious computation gives: 

|p(x ,y ,z) | « | |y||3 | |z||L(x)L(z) + |!z||2L(x)L(y)3 

+ | |x| | | |y| |3L(z)2 + | |x|| | |y| |2 | |z| |L(y)L(z). 

In particular, for / ( y , z ) we have: 

| / ( y , z ) | « | |y | | iz | |L(y)L(z) + ||z||2L(y)4 + | |y||4L(z)2. (7.2) 

In the setting of Remark 6.7, this gives: 

g(x,+uxuxJ) = 0(X;1/4) and / ( x „ x , ) = <D{X~2) 

43 
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but since both values are integers we have: 

g(xi+i, x,, Xj) = 0 and / ( x „ Xj) = 0. 

Since x , + i is a linear combination of x,- and x ; , but not a multiple of X;, the following 

proposition shows that this cannot happen. 

Proposition 7.2 Let £ G R be such that 1,£, £3 are linearly independent overQ. Let 

(XJ),>I be a sequence of minimal points associated to (1,£,£3)- Suppose that A > 2/3 

is an exponent, of approximation to ( ] .£,£3) . Lei i, j 6 Z>i and x = ax, + foe, /or 

some constants a.b with b ^ 0. i / i a n d / are sufficiently large, we have /(x,-,Xj) ^ 0 

o r ^ x . x ^ x j ) ^ 0 . 

Proof: Suppose p(xi,x,,Xj) = / ( x ^ x , ) = 0. Then, since g is linear in its first 

argument we obtain 

p(x,x,,Xj) = .o(ax, +6x J ,x i .x J - ) = ^ ( X J ^ . X J ) + 6t/(x J ,x l ,x,) 

= 6 io(x i .x i ,x /) = -3&<p(x,-)p(xj). 

By Lemma 3.9 this gives y(x, Xj.Xj) ^ 0 if / and j are sufficiently large. I 

Let i < j be consecutive elements of I. Our first goal is to show that, if 

/ ( X J , X J ) 7*= 0 for arbitrarily large values of i, then the exponents of approximation 

to (1,£,£3) are bounded above by 5/7. As a consequence, for an exponent of ap­

proximation A > 5/7 we must have / ( X J , X ? ) = 0, for each sufficiently large i. In 

view of Proposition 7.2 this means that for each h G Z with i < h < j . we have 

(/(x/,,Xj,x;) 7̂  0. This will lead to the main result of this chapter which tells us 

that exponents of approximation are bounded above by the root of 4r 3 — x2 — 1 near 

0.7252700. We first establish a technical lemma. 
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Lemma 7.3 Let £ G R be svch that ! ,£,£' ' are linearly independent over Q. Let 

(XJ),>I be a sequence of minimal points associated to (1,£, f3). Denote by I the set of 

all indices i > 2 for which Xj-^x^Xj+x are linearly independent. Suppose that 

1 < XjL? 

for infinitely many pairs of consecutive elements % < j of I. / / A is an exponent of 

approximation to ( l .£ .£ 3 ) , then A < 5/7. 

Proof: Suppose by contradiction that A > 5/7. We find: 

1 < {X3L*y-x (hypothesis) 

< Xj- 3 ALJ 2 ( 1 - A ) (Corollary 4.3) 

< A'J~:U,4(1™A) (Lemma 3.10) 

= A""(7A~5) 

This is impossible if j is sufficiently large. 

We can now complete our first goal and show that /(x, ,Xj) = 0 when A > 5/7. 

Lemma 7.4 Let £ € M be such that 1,£,£3 are linearly independent over Q. Le/, 

(x;);>i 6e a sequence of minimal points associated to ( l .£ ,£ 3) . Denote by I £/ie .sei 

of all indices i > 2 for which x,_i,Xj,x,-+1 are linearly independent. Suppose that 

/(x, ,Xj) ^ 0 /or infinitely many pairs of consecutive elements i < j of I. If A is an 

exponent of approximation to (1,£, £3), then A < 5/7. 

Proof: Suppose by contradiction that A > 5/7. Using the expansion of / ( x , y) 

given by (7.2) we get 

1 < | / ( x , . x ; ) | « XfX^Lj + X)L\. 
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If 1 <C XjLj, then we also have 1 <C XjLj in contradiction Lemma 7.3. Therefore we 

must have 1 <€. XfXjL.tLj. We will show that this is impossible if A > (5 — \ / l3 ) /2 . 

Indeed, we have: 

1 < (X3X?L,L ;)
A(1~A) (hypothesis) 

< x,3A(1-A)X7A(2A_1) (Corollary 4.3) 

< x3(i-A)2
AyA(2A~i) (Lemma 2.3.4) 

< X f ~5A+3 (A'i+i < X,-) 

which is a contradiction for j sufficiently large since A2 — 5A + 3 is negative for any A 

in the interval from (5 - vT3)/2 « 0.697224 to 1. I 

Corollary 7.5 Let £ € R 6e SMC/I /,/;,a£ 1,£,£3 ore linearly independent over Q. Lei 

(xj)z>j oe a sequence of minimal points associated to (1,£,£3). Denote by I the set 

of all indices i > 2 for which X j . ^ x ^ x , - ^ are linearly independent. Suppose that 

A > 5/7 is an exponent of approximation to (1,£. £3). Then for all pairs of consecutive 

elements i < j of I with i sufficiently large we have /(x,,Xj) = 0. 

We now look at what happens when /(x,-,Xj) = 0 for all sufficiently large /. 

Lemma 7.6 Let £ € R he such that 1,£,£3 are linearly independent over Q. Lei 

(x,-),>i &e a sequence of minimal points associated to (1,£,£3). Denote by I i/?.e ,set 

of all indices i > 2 for which x,_i,Xj,x l+.i are linearly independent. Suppose that 

A > 2/3 zs an exponent of approximation to (1,£,£3). Then for any pair of consecutive 

elements i < j of I with / (x„Xj) = 0 we have 

1 <§C X, Li + Jtj Xj+iXjLjLj. 
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Proof: By Proposition 7.2 we have ^(x,+1,x,-,Xj) ^ 0. Combining this with the 

expansion of <?(x,y, z) given by (7.1) we find that, 

1 < |<?(x2+i5x*'>xj)l ^ XjL^Li+i + ^ Xj+xXjL-iLj < XjL) + X, X1+iXjLiLj. 

I 

Note that in the case where A > 5/7 only the second term in the RHS of the 

inequality is of interest. Since Xi+i < Xh for h = i+1..... j , the choice of /?, = / + 1 in 

the preceding argument provides us with the smallest upper bound for | .G(X/ , .X, ,X ; ) | . 

Corollary 7.7 Let £ € M 6e swc/i f/m£ 1,£.£3 are linearly independent over Q. £e£ 

(xi)i>i ae o sequence of minimal points associated to (1,£,£3). Denote by I f/ie sei 

of all indices i > 2 /or which Xj_i,x,,Xj+i ore linearly independent. Suppose that 

A > 5/7 is an exponent of approximation to (1,£, £3). Then for any pair of consecutive 

elements i < j of I we have 

1 <C X; Xj+lXjLjLj. 

Proof: By Corollary 7.5 we have that / ( X J . X J ) = 0 and by Lemma 7.6 it follows 

that 

1 « X]L) + XfXi+iXjLiLj. 

The conclusion follows from Lemma 7.3 since the summand X?Lf —> 0 as i —> oo. I 

Theorem 7.8 Let £ € M be such that 1,£,£3 are linearly independent over Q. //' 

A is an exponent of approximation to (1,£, £3), Men A < Ao t/;/?,ere Ao ?s i/ie roo^ of 

4x3 - x2 - 1 near 0.7252700. 
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Proof: Let (x,),>j be a sequence of minimal points associated to (1,£<£3)- Denote 

by I the set of all indices i > 2 for which x z _i ,x ( ,x ? + i are linearly independent. Let 

/ < j be a pair of consecutive elements of I with i arbitrarily large. Suppose by 

contradiction that A > AQ. We then get 

1 < (X2X,,iX,L7L,)A ( 1~A ) (Corollary 7.7) 

< ( A ; 2 X , + 1 ) A ( 1 - A ) ^ ; A ( 2 A _ 1 ) (Corollary 4.3) 

« {X'fX^Y^iXXtY^-^ (Corollary 5.5) 

<<x(i-A)(i.A)L2A(2A-1) (Lemma 2.3.4) 

< A-(,4A 'J~A2_1) (Lemma 2.3.1) 

which is a impossible for i sufficiently large since 4A3 — A2 — 1 > 0. I 

Note that we can improve on this upper bound for A using an argument similar 

to the one presented in Chapter G to prove A < 8/11. To this end we replace the 

condition 0 < 2A2n + B2nn with 0 < 2A2„-2 + A2n-\ + Mn + B2n-i + B2r) n in 

Proposition 6.3. In this way Ave find that, if A is an exponent of approximation io 

( l . f . f 3 ) , then A < A0 where A0 is the root of 16a;3 - 7x - 1 near 0.7237766. 



Chapter 8 

The point S and estimates for g 

In this chapter, we first note that the upper bound for an exponent of approximation 

to (],£,£3) found in Chapter 7 is not optimal. This is clone by constructing various 

new points which must be zero for an exponent of approximation A > 0.72377..., the 

value found at the end of Chapter 7. We also introduce a new point S which will 

play an important role in the sequel. Finally, we provide estimates for <7(xi_i,x,,x7) 

when 7 < j are consecutive elements of I and conclude that these values are 0 when 

(1< £;£'*) admits an exponent of approximation A > 5/7. 

8.1 Various new points 

Definition 8.1.1 We set 

V>(x,y) := <&(x,x,y)y - 24>(x,y,y)x 

and let A denote the usual cross product 

( Xi x2 

3/i 2/2 

where x = (x0, Xy,x2) and y = (y0,3/1,2/2)-

49 

) 

Xo X-2 

2/0 V2 
5 

.To X\ 

*/o 2/i 
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Note that we have 

U'(x, y ) A t/>(x, y ) = / ( x , y ) x A y 

which means that 0(x, y) oc ?/>(x, y) when / ( x , y) = 0. 

Definition 8.1.2 For any x = (3;0 .£ ] :£2) and y — {y^.y^y-i), we also define 

#o(x, y) := t/o^'(x> y) + x0ip(x, y) , 

0i(x,y) := yi^(x.y) +a-W'(x,y), 

(92(x,y) := y 2^( x»y) +3-2 0(x ,y) . 

We can also write these points as 

0o (x, y) = V'(x, y) 0y + i'(x, y)0x, 

#i(x,y) = ' 0 ( x , y ) i y + ^ '(x,y)1x, 

^2 (x, y) = i/'(x, y) 2y + V;(x, y)2x. 

It is interesting to note that 

2ff(x,y,z) = /9o(y,z)oX2-3^i(y ;z) ]j;1 + 2^0(y,z)2a:0 

which can also be written as 

2#(x,y, z) = $(x , z. 0(y, z)) + $(x, y, </;(y, z)). 

Using the points #,. we construct further new points: 

2xj(j(x., y, z)x - (p(-x)9i(y, z), •/ = 0,1,2 

4xip(x, y, z)x A y + 6>;(y, z) A ?/.'(x, y), I = 0,1, 2 

/ (y , z )^(x , z ) + 4tp(y)<p(z)tl>(x,y). 

For the exponent A = 0.7237766, it can be shown that all these points vanish when 

evaluated at (x, y, z) = (XJ, Xj, x*.) where i < j < k are consecutive elements of I with 
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/ sufficiently large. Right away we note that since A > 5/7 we have / ( x j , x j = 0 

and so the last point is non-zero. This is a contradiction. More precisely, we find the 

following uppei bound for the norm of this point: 

II v(x, z ) / (y , z) + 4i>(x, y)<f{y)if{z) || 

<C ||x| |3 | |y| |4L(z)3 + | |x| | | |y| |4 | |z| |L(x)2L(z)2 + ||x|f3 | |y||3 | |z||L(y)L(z)2 

+ | | x f ||y||2 | |z!|2L(y)2L(z) + | |x | | | |z | |3L(x)2L(y)\ 

If i < j < k are consecutive elements of I with / ( x ^ x / J = 0 and i sufTiciently large 

then we have 

/ (XJ,XA,)0(X„XJL) + 4v?(xJ)so(xjt)v
,(x,,x_;) ^ 0 

and so the above estimate applied to the norm of this non-zero integer point gives: 

1 « X*X)XlL)Lk + X,XiL?L*. 

Using this we can show that, if A is an exponent of approximation, then A < 0 72211. 

We will not provide a proof for this, but proceed to look at a point which will later 

be used to prove stronger results. 

8.2 The point 5 

Definit ion 8.2.1 We set 

5(x. y, z) = ($(x, x. y )$ (x . x, z) - 4^(x)<I>(x, y. z))x 

- 2<p(x)$(x. x, z)y + 2y?(x)$(x, x, y)z. 

Note that S satisfies 

S(x. x, y) = -3p (x )v (x , y) and 5(x, y. y) = / ( x . y)x. 
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By expanding S(x, y, z) in terms of xo,Axi A22. we find the following upper 

bound for the norm of this point: 

| |S(x,y,z) | | « | |x||5L(y)L(z) + ||x||4 | |y||L(x)L(z) 

+ | |x||3 | |z| |L(x)2L(y) + | |x|| | |y|| | |z| |L(x)4. 

Proposition 8.2.2 Let ( G l 5e such that 1,£. £3 are linearly independent over Q. 

Let (xj)j>i he a sequence of minimal points associated to (1,£,^3). Suppose that 

X > 2/3 is an exponent of approximation to (1,£.£3). Leti,j € Z>i andx = a x , + fox7 

/or some constants a,b with a ^ 0. 77ie?i ?/ 7 and j a?'e sufficiently large we have 

/ (x i (Xj) ^ 0 or S(x2,x,x,,) 7^0. 

Proof: Suppose /(x,-,Xj) = 0. Then, since 5 is linear in its second argument we 

obtain 

5(xi, x, Xj) = 5(x i ( ax* + b-Xj.Xj) = -3U<£(X,) '0(XJ, x7) + 6/(x7, Xj)x,-

= -3av?(x i)VHx7.x i). 

By Lemmas 3.9 and 5.4 this implies that 5(x,-, x,Xj) 7̂  0 if i and j are sufficiently 

large. I 

Lemma 8.2.3 Let £ € R 6e sztc/i //iai 1, ̂ , ^3 are linearly mdependent. over Q. Let 

(xi)j>i be a sequence of minimal points associated to ( l , ^ , ^ 3 ) . Denote by I the set 

of all indices i > 2 for which Xj_i,x,-,x,+1 are linearly independent. Suppose that 

X > 2/3 is an exponent of approximation to (1,£,£3). Let i < j be a pair of elements 

of I for which /(x,-,Xj) = 0. Then we have 

1 <§̂  Aj \jLjLj + A j Aj-f jiv^ + A?A,- Lj. 

Proof: Since x.j_\ is a linear combination of x,- and Xj, but not a multiple of x3. 

Proposition 8.2.2 shows that S(xi,Xj-i<Xj) is a non-zero point of 1?. So its norm is 

file:///jLjLj
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bounded below by 1. On the other hand, using the general upper bound for the norm 

of S given above we find: 

HSte.x^.Xj)!! « XfLj^Lj + XfX^L.Lj + XfXj^Lj^ + XtXJ.lXJL
4

l 

<§C X1 Xj-^LiLj + Xi XjL~Lj_i + X,XJ_iXjL1 

< XfXjLjLj + XlXjUfL^ + XXX)L\ 

x X l XjLi,Lij + A^ X1^.\1JI + XjX; L1 

where the last equivalence comes from Corollary 4.3. I 

8.3 New estimates for g 

Since y is linear in its first argument, we can view it as a scalar product-

Definition 8.3.1 Forx = (x0,Xi,x2) andy — (yen 2/1,2/2) we define the scalar product 

by 

(x. y) = xoj/o + 3:i2/i + x2ij2-

Identifying polynomials a + bT + cT3 G M[T] with points (a, b, c) G R3, we also define 

a polynomial Pyz G R[y,z][T] by 

<x, Pyz) = .g(x,y.z). 

Lemma 8.3.2 Let y , z G Z3 wiiA <£>(y) 7̂  0 a?id / ( y . z ) = 0. 77?en wc /iave 

| |P y z | |< | |V ' (y ,z ) | | 2 and |Pyz(OI « | |Py , | | y y - (8.3.1) 

Moreover, for any x G Z3 , we also have 

|s(x,y,z)|« (||x||||y|r1L(y) + l(x))||^(y,z)||2. 
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Proof: A computation shows the identity 

4>(x, tf(y. z), v(y. z)) = $ (x . y. y ) / ( y , z) - 4y?(y)p(x, y. z) 

and also that 

*(x , y, y) = 2x0y0y2 - 3x^1 + x2y%. 

Since ,/(y,z) = 0, the first formula reduces to 

-4^(y) / / (x ,y .z ) = 2x0il'0V2 - 3AV>I + ^'2^0 

where V' = &"(y. z)- Since this holds for any x. we conclude that 

- 4 ^ ( y ) P y z = 2?/W2 - ZTwl + Thrl 

Since ^(y) is a non-zeio integer, we have |<f>(y)| > 1 and so the above formula leads 

to 
H J / ' C V z l l l 2 

K'll<< M^l < < i | l " ( y ' * 
We also note that 

0 = / ( y . z) = g(y. y, z) - <y, Pyz) = {|/0| + Ay. Pyz) = y0Fy»(0 + (Ay. Pyz> 

and so 
l(Ay,Pyz)l „ „L(y) 

ml l|y|| 
This proves (8.3.1). For x € Z'3. we deduce that 

|( /(x.y,z) | - |<x,Py z) | = |a-()Pyz(0 + (Ax,P y z ) | 

« | | x | | | P y z ( 0 | + ||Pyz||L(x) 

«(||x||||y|r1L(y) + L(x))||Pyz|| 

«(||x||||y|r1L(y)+I(x))||^(y)z)||2. 

VVe will need the following technical lemma which refines Lemma 7.3. 
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Lemma 8.3.3 Let ^ e R f e such that l,£,£'s are linearly independent over Q. Let 

(x,),>j be a sequence of minimal points associated to (1,£, £3). Denote by I the set of 

all indices i > 2 for which x , _ 1 , x i , x , f l are linearly independent. Suppose that 

2 r 4 1 < XiXjLl 

for infinitely many pairs of consecutive elements i < j of I. //' A is an exponent of 

approximation to (1,£.£3), then A < 5/7. 

Proof: Suppose by contradiction that A > 5/7. We then find: 

1 « (XiX*Lt)x 

<C (X,XjXl+] ) 

^ A
l + 1 XJ 

(hypothesis) 

(Lemma 2.3.1) 

(Lemma 2.3.4) 

However we also have: 

i « (XfX^XjLiLj)*1-* 

«(x , 2 x + 1 ) A ( 1 - A , A7 A ( 2 A - 1 ) 

< A' (2-A)(l-A) V-A(2A-1) 
t+1 x: 

(Corollary 7.7) 

(Corollary 4.3) 

(Lemma 2.3.4) 

Combining these two results we obtain 

1 <x 
-(8A3-4A243A-3) 

which is a contradiction if j sufficiently large since 8A3 —4A2 + 3A —3 > 0 when A > A0, 

where A0 is the real root of 8r3 - 4x>2 + 3x — 3 near 0.7124456. I 

Lemma 8.3.4 Let £ G E be such that 1,£,£3 are linearly independent over Q. Let 

(x,),-^! be a sequence of minimal points associated to ( l .£, £3). Denote by I the set of 

all indices i > 2 for which Xj_i.Xj,x,-+i are linearly independent. Suppose that, for 
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in finitely many pairs of consecutive elements i<jofI we have p(x,_i,x2.Xj) ^ 0. 

If X is an exponent of approximation to (1,£,£3). then A < 5/7. 

Proof: Suppose by contradiction that A > 5/7. Choose a triple i < j < k of 

consecutive elements of I with i arbitrarily large such that g(xs_i.x,,Xj) ^ 0. Then 

we find 

1 < bta-i-Xj-Xj)! (hypothesis) 

< (Xl-iX~1Ll + £,,_!) ||V;(XJ,XJ)||2 (Lemma 8.3.2) 

< L^ill^^x^Xj)!!2 (Xt.i < Xt,L, < L,-y) 

< XfXfL^iL^ (Lemma 5.3). 

We first claim that Xfn <C X}. \. To show this, we observe that 

1 < {X?X]Lt^L*)x (hypothesis) 

< (X?-xXfX-£)x (Lemma 2.3. L) 

< Xll-W-Vx^X-f* (Lemma 2.3.4) 

« X^)(l-X\Xl+lXJ+L)2X^Xl~+f (Corollary 4.3) 

_ v-(5A2 + A-2) y2A(l-A) 
— A, + 1

 AjH 

Since 5A2 + A — 2 and 2A(1 — A) are respectively increasing and decreasing functions 

of A for A > 1/2, the above estimate combined with our assumption that A > 5/7 

leads to 
v62/49 „ v20/49 

A»+l ^-Al+1 

and therefore 

X,n < X',+l <C A"J+i. 

It then follows from Corollary 4.3 that 

X* « X"iVA). (8.3.2) 
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By Corollary 7.5, we also have /(x^x*.) = 0 and Lemma 8.2.3 now tells us that 

1 « X*XkL}Lk + X]XJ+1L
3
3 + X:X

2
kL

4
r 

This means that at least one of the summands must be 3> 1. We now look at each 

summand separately and find that this is impossible. 

We first suppose that 1 <C XfXkLjLk. This gives 

1 < (XfXkLjLkf
L^ (hypothesis) 

« X;2( ]-A)X-3(2A- ] ) (Corollary 4.3) 

< x^~XfX^(2X~l) (equation (8.3.2)) 

but we also have 

1 « {XjXkL)f (Corollary 5.5) 

< (X,XkX;^f (Lemma 2.3.1) 

« X^X~2)Xl (equation (8.3.2)). 

Combining these two results we obtain 

i « x;Hx 2+7A"0) 

which is a contradiction for j sufficiently large since 2A2 + 7A — 6 > 0 when A > 

(y/97 - 7)/4 « 0.712214. 

We now look at the second summand and suppose that 1 <C X'fXJ+iLy We then 

find: 

1 < XfXJ+iL* (hypothesis) 

<&X*X^X (Lemma 2.3.1) 

< X~+
([A_5) (equation (8.3.2)) 

which is a contradiction for j sufficiently large since A > 5/7. 
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Therefore, we must have 1 <C XjX^LJ. However, this is in contradiction with 

Lemma 8.3.3. I 

Combining Corollary 7.5 and Lemma 8.3.4 we can now suppose that if A > 5/7 

is an exponent, of approximation, then for all pairs of consecutive elements i < j of I 

with i sufficiently largo, we have /(x,-,Xj) = 0 and p(xi_1,x,-,Xy) = 0. 



Chapter 9 

Finer estimates 

Let T = (l.T.T3) and £ = (],£, £3). As in the proof of Proposition 5.2, for a triple 

x = (xo..Ti.x2). we define 

Ax = x - xo£ = (0, Ax-!, Ax2). 

We also define the polynomial 

P x (T ) :=$ (x .T \T) . 

We then have 

P x (0 = * ( x , | , | ) = cT»(x0| + A x . | , | ) = <fr(Ax,|,|) = P A x (0 

since $ is multilinear and 4>(T, T, T) = 0. This gives the following upper bound: 

|P x (£ ) |«L(x) . (9.0.1) 

A short computation shows that 

Px(£) = A;c2-3£2A ;Cl. 

and therefore 

I(x) = max{|Aa;i|, \Ax2\} ~ max{|Axi|, |PX(0|}- (9-0-2) 

59 
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For that reason, and for simplicity, we replace the polynomial notation by the notation 

used in the proof of Proposition 5.2: 

<J(x) :=^(x) = P x ( 0 

and (9.0.2) then becomes 

L(x) x max{|Axi|, |<J(x)|}. 

In order to improve the upper bounds of the previous chapters, we will reexamine 

some results and refine them by taking expansions with respect to Ax\ and <5(x) 

instead of Axi and Aav 

9.1 Finer es t imates for cp 

For an arbitrary point x G R3, expanding <p(x) as a polynomial in Xo, Axi and 5(x), 

wo find 

¥>(X) = .TJJ<S(X) + 0 ( | | X | | L ( X ) 2 ) . 

This leads to the following result which refines Lemma 3.10. 

Lemma 9.1.1 Let ( e K be such that 1,£, £3 are linearly independent over Q. Let 

(XJ)J>I be a sequence of minimal points associated to (1,£, £3). Suppose that X > 2/3 

is an exponent of approximation to (1,£,£3). Then, for each sufficiently large i, we 

have 

i<Mxi)\~xf\6(Xi)\. 

Proof: The preceding estimate gives 

^ ) = i ? 0 i i ( x 1 ) + O(X fI?) . 

Since A > 2/3, we have 

x,Ll« x/~2A < x;1/3 = o(i). 
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The conclusion follows since by Lemma 3.9 we also have <p(x;) ^ 0 for i sufficiently 

large which means that 

1 < |v(Xi)|. 

I 

The next, lemma collects easy estimates that will be useful in the computations 

which follow. 

Lemma 9.1.2 Let F, E R be such that 1,£.£3 are linearly independent over Q. Let 

(xj)?>i he a sequence of minimal points associated to (1,£. £3). Denote by I the set 

of ail indices i > 2 for which Xj_i,x,-,Xj+i arc linearly independent. Suppose that 

X > 2/3 is an exponent of approximation to (1, £, £3). Then for any pair of consecutive 

elements i < j of I we have 

|<Kxj)l < |5(XJ)| , L,L3 < |<J(xj)| and Lx < |£(x,)|Xj. 

Proof: By Lemmas 2.3.6 and 9.1.1, we have 

|<s(Xi)| < L3 « xjAIZ < x;8/s«|«j(Xi)|. 

The second result follows from Corollary 4.3 and Lemma 9.1.1, 

LiLj < X~ V ( 1 - A ) < X 7 2 < |(5(Xj)|. 

Finally, by Lemmas 2.3.6 and 9.1.1. we have 

Li < X;A/3 < X;2X, < |5(xi)|A'i. 

I 
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9.2 Finer estimates for g 

We now turn our attention to g and begin by establishing a general upper bound for 

|0(x,X,,Xj)|. 

Lemma 9.2.1 Let ( e l be such that 1,£,£3 are linearly independent over Q. Let. 

(xt)j>i be a sequence of minimal points associated to (1,£;£3)- Denote by I the set 

of all indices i > 2 for which x;_i.x,,x,-+i are linearly independent. Suppose that 

A > 2/3 is an exponent of approximation to (1,£,£3). Then for any point x and any 

pair of consecutive elements i < j of I we have 

|<?(x,x,t,Xj)| « |<5(xO||<5(x,)|||x||X:% + \S{pc)\\5(xj)\X^Xj +X]L(x)L3
t. 

Proof: Expanding g(x, y ,z) in terms of XQ, A X I , . . . ,8(z), for arbitrary points 

x , y , z e R 3 , we find 

S(x,y ,z) = -6(-x)5(z)$z0 - 35(y)5{z)x0ylz{) + S(z)2x{)yl 

+ <9(||z||2L(x)L(y)3 + | |y||2 | |z| |L(x)L(y)L(z) + ||x|| | |y|| | |z| |L(y)2L(z) 

+ ||y||3L(x)L(z)2 + | |x| | | |y| |2L(y)L(z)2). 

In particular, for i and _/ as in the statement of the lemma, we get: 

\g(x,Xi,Xj)\ « \S(x)\\8(^)\XfXj + |*(xf-)||<5(xJ)|||x||X?XJ + |<Kx,)|2||x||A? 

+ X?L(x)L* + XfXjLWLiLj + \\x\lXtXjIjLj. 

The third term in this upper bound is superfluous because, by Lemma 9.1.2, we have: 

MxjJIlxllA-f < \S(xi)\\S(-x.J)\\\x.\\XfXj. 

The fifth term can be dropped as well because, by Lemma 2.3.6, we have: 

XfXjUxjLiLj < X2L(x)L3 . 

file:////x/lXtXjIjLj
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Finally, we observe that the last term can also be discarded because, using Lemma 

9.1.2, we find 

\\x.\\XiXjL
2

iLJ < |<S(x,)||<y(x,0|||x||X?X,. 

I 

Corollary 9.2.2 Let £ € R be such that 1,£,£3 are linearly independent over Q. 

Let (XJ)I>I be a sequence of minimal points associated to ( l ,£ , £3). Denote by I the 

set of all indices i > 2 for which x ,_ i ,x , ,x , + i arc linearly independent. Suppose thai 

A > 2/3 is an exponent of approximation to ( l .£ ,£ 3 ) . Then for any pair of consecutive 

elements i < j of I with / ( X J , X 7 ) = 0 we have 

1 « |<5(x,)||<J(xJ-)|^Xl+1Xi + X)L\. 

Proof: Since / ( X J . X J ) = 0. by Proposition 7.2 we have (/(xi+I,Xj,Xj) ^ 0. By 

Lemma 9.2.1, we then get: 

1 « |<S(x,)||<J(xj)l*?*»+i*; + |d"(x,+1)||5(x,)|X3X,- + A7L3L i + 1 

« l ^ x ^ H ^ x ^ l X ; 2 ^ ! ^ + ^ ( x ^ A ^ Y , ! , + X)L\. 

In the latter estimate, the second term can be dropped because using first Lemma 

9.1.2 and then Lemma 2.3.6 we find 

XtLt <£ X?\5(xi)\ <£ XH1\6(xi)\ 

which implies that ^(^X'fXjLi < \8(x.i)\\&(x.j)\XjXi+lXv I 

This leads to the following refinement of Corollary 7.7. 

Corollary 9.2.3 Let £ G K be such that l , f . £ 3 are linearly independent over Q. 

Let (xj)t>i 6e a sequence of minimal points associated to (1,£, £3). Denote by I f/?e 
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set of all indices i > 2 for which x,_j,x,,x,-+i are linearly independent. Suppose that 

A > 5/7 is an exponent of approximation to ( l , f , £ 3 ) . Then for any pair of consecutive 

elements i < j of I we have 

1 < |5(x,)||5(x ;)|X,2X i+1AV 

Proof: Since A > 5/7 we have / (x , ,x^) = 0 by Corollary 7.5. From Corollary 

9.2.2 we then get 

1 « WxiWixjyxfX^Xj + X]Lt 

The conclusion follows since by Lemma 7.3, we have XjLf — o(l). I 

9.3 A further consequence of the vanishing of / 

In the next lemma, we follow essentially the same steps as in the proof of Lemma 

9.2.1 to expand /(xj,Xj) = <?(XJ,X,,XJ). When / (x^Xj) = 0 the main term of this 

expansion is bounded above in absolute value by the sum of the other terms. This 

gives: 

Lemma 9.3.1 Let £ G R be such that l .£ ,£ 3 are linearly independent over Q. Let 

(XJ),>! be a sequence of minimal points associated to (1,£,£3). Denote by I the set 

of all indices i > 2 for which Xj-^x^Xj+i are linearly independent. Suppose that 

A > 5/7 is an exponent of approximation to (1, £, £3). Then for any pair of consecutive 

elements i < j of I we have 

IS&mx^X? « XjLJ. 



9.4. Finer estimates for S 65 

Proof: Expanding / ( y , z) in terms of !/o, Ag/i < (̂z), for ai'bitrary p o i n t s x . y . z g 

R3, we find 

/ ( y , z ) = <?(y,y,z) - -4tJ(y)5(z)a/32b + * ( z ) 2 ^ 

+ 0( | |z | | 2L(y) 4 + ||y||2||z||L(y)2£,(z) + | |y| |3L(y)£(z)2). 

In particular for i and j as in the statement, of the theorem, we have / ( X J . X J ) = 0. 

This now gives 

|<5(xt)||<5(xj)|XfX7 « \6WXt + X]L] + XfXjL^Lj. 

The conclusion follows because, by Lemma 2.3.6, we have 

|*(xj) W « X^L) « X ? X , I 4 % « X)L\. 

I 

9.4 Finer estimates for S 

Expanding 5 (x ,y , z ) in terms of x0, Ax*i,. . . , S(z) we obtain: 

5 (x ,y , z ) = (5(y)S(z)4 - 4J(x)(J(z)^j/0) | 

+ C(| |x| | | |y| | | |z | |L(x)4 + ||x||3 | |y||L(x)2L(z) 

+ | |x| |3 | |z| |L(x)2L(y) + | |x||4L(x)L(y)L(z)). 

L e m m a 9.4.1 Let ( 6 1 fee such that 1,£,£3 are linearly independent over Q. Let 

(Xi)i>i be a sequence of minimal points associated to (1,£,£3). Denote by I the set 

of all indices i > 2 for which x,_i ,Xj,x i + 1 are linearly independent. Suppose that 

X > 5/7 is an exponent of approximation to (1,£,£3). Then for any i G I we have 

1 <^ X'j Xj^.{L\. 

file:///6WXt
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Proof: Let i < j be a pair of consecutive elements of I with i arbitrarily large. 

By Corollary 7.5 we have /(x,,Xj) = 0. 

We first note that by Proposition 8.2.2 we have ^ ( x ^ x ^ ^ X j ) ^ 0 since x 7„! is 

a linear combination of x, and Xj, but not a multiple of x7. Using the expansion of 

S given above, we then find 
»* 

] < | |5 (x„x J _i .x 7 ) | | 

« |5(x ;_1)||(5(xJ)|Xf + WxOIMx, ) !* , 4 * , - ! + XtX^XjL? + XfX3L
2

tL3^ 

« | (J(x J ) |X t%_ l + |(J(x()||«J(xJ)|X,4JSTJ + X.XjL? + XfXjtfLj^ 

x \S(^)\XfL^ + I^XOH^XJIA;4^ + XX)L\ + X?Xl+lL* 

where the last step is obtained by applying Corollary 4.3 to eliminate LJ_J from the 

last term in the RHS. We now show that the first and the second term in the RHS 

of this equation are superfluous. The first one is superfluous because 

XtLj-i < X,L, (L3-i < L,) 

< Xf\6(x,)\ (Lemma 9.1.2) 

•C A'j+i|<5(x,)| (Lemma 2.3.6) 

<X7\S(^)\ (X,+1<Xj) 

andso wefind that ^(xjJIXfLj-i -C \5(xz)\\S(xj)\X*Xr For the second term, Lemma 

9.3.1 immediately gives us that \5(xl)\\5(x.J)\X?XJ < X^X^L*. We are now left with 

l<^X1XJ
2L* + XfXl+1Ll 

The conclusion follows since by Lemma 8.3.3, we have X,X2Lf = o(l). I 

Theorem 9.4.2 Let £ e M. be such that ! .£ ,£ are hnearly independent over Q. If X 

s an exponent of approximation to (1,£,£3), then A < (9 + >/15)/i8 « 0.7151657 



9.4. Finer estimates for S 67 

Proof: Suppose by contradiction that A > (9+ %/l5)/18. Let (yil)l>i be a sequence 

of minimal points associated to (1,£,£3). Denote by I the set of all indices / > 2 for 

which x ^ . ^ . x ^ ! are linearly independent. Let i < j be a pair of consecutive 

elements of I with i arbitrarily large. 

Combining Corollary 9.2.3 and Lemma 9.3.1 we have 

Xx « Xt+1XfLl (9.4.1) 

We then find that: 

1 -C XfXl+i L] (Lemma 9.4.1) 

< X?+iX*L? (equation (9.4.1)) 

< Xf~^\X(; (Lemma 2.3.1) 

< X?-™x{Xl+1X3+i)6(1-A) (Corollary 4.3) 

_ V-10-21A V 6( l -A) 
- A

? + l A j + 1 • 

But we also have: 

1 <C X*XJ+1L* (Lemma 9.4.1) 

< X* X^x (Lemma 2.3.1) 

< (Xl+yXj^f{1-x)X*-*x (Corollary 4.3) 

_ vrS(l-A) y2(2-3A) 

Combining these two results we obtain 

t „ V-2(54A2-54A+H) 

1 < A l + 1 

which would lead to a contradiction if A > (9 + v /15)/18 and i is sufficiently large. I 

We end this chapter by noting that the upper bound provided by this theorem 

is not optimal. It can be slightly improved using the fact that ( / ( x ^ ^ x , ^ ) = 0 
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when A > 5/7. In order to do this, one needs an analog of Lemma 9.3.1 where 

instead of decomposing / ( X J , Xj). we decompose <?(XJ_I, x i t Xj) and observe that, since 

^ ( x ^ . x ^ X j ) = 0, the "main term" is bounded above in absolute value by the sum 

of the other terms. 



Chapter 10 

The function k and the last 

estimate 

In this chapter we come to the main result, of this thesis by showing that 5/7 is 

an upper bound for any exponent of simultaneous approximation to (1,£,£3), when 

1, £. £3 are linearly independent over Q. This result relies on properties of the following 

function. 

Definition 10.1 We set 

fc(x,y,z) = <?C0(x,z),x,y) + ^ (x) 2 $(y ,y ,z ) . 

Note that k satisfies the following remarkable property: 

Proposition 10.2 

fc(x, ax + by, y) = 62($(x, x. y ) / ( x , y) + 9<p(x) V(y))-

As an immediate consequence we get the following corollary. 

Corollary 10.3 Let ( e l fc such that 1,£,£3 are linearly independent over Q. Let 

(xj)j>! be a sequence of minimal points associated to (1,£ ;£
3). Denote by I the set 

69 
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of all indices i. > 2 for which x,_i,Xj.x,+ 1 are linearly independent. Suppose thai 

A > 2/3 is an exponent of approximation to (1,£, £3). Let i < j be. a pair consecutive 

elements of I and let x = axz + bx.j for some constants a,b with 6 ^ 0 . Then, if i is 

sufficiently large we have / ( x ; , x ; ) ^ 0 or A:(x,,x.x7) ^ 0. In particular. 

if /(x, ,Xj) = 0 then k{xhyii+i,,Xj) ^ 0. 

Proof: Suppose / (x 8 ,x 7 ) = 0. Then, by Proposition 10.2 we find: 

£-(x,;,x,Xj) = /t'(x,,ax, + bxj,Xj) = 62 (<2>(XJ,x,-,X.,)/(XJ,Xj) + Oi^x,) V(x j ) ) 

= 96V(xi)V(x,). 

By Lemma 3.9 this gives fc(x,,x, x^) ^ 0 if i is sufficiently large. 

The second assertion follows since x l + 1 is a linear combination of x, and x7 but 

not a multiple of x,. I 

Combining this result with estimates for A;(xj,x,+1,x7), we get: 

L e m m a 10.4 Let ( e l be such that 1,£,£3 are linearly independent over Q. Lei 

(x,),>! be a sequence of minim,a,1 points associated to (1,£,£3). Denote by I the set 

of all indices i > 2 for which Xj-^Xj.Xtn are linearly independent. Suppose that. 

A > 2/3 is an exponent of approximation to (1,£, £,}). Then for any pair of consecutive 

elements i < j of I with /(x,-,Xj) = 0 we have 

1 « IS^m^XfXf^Li + XiX^XjL] + X*XML2
tL3 + XfXjLl 

Proof: Upon expanding k(x,y.z) in terms of XQ.AXI, ... ,5(z), for arbitrary 

points x , y . z € M3, we get: 

k(x,y.z) = S(x)H(z)xi
0y

2
0 

+ 0(||x|| | |y||2 | |z||L(x)5 + ||x||2||y||||z||L(x)4L(y) + ||x||3||y||2L(x)3L(z) 

+ ||x||4 | |z||L(x)2I(y)2 + | | x f ||y||L(x)L(y)L(z) + ||x||6L(y)2L(z)). 
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If x , y , z are minimal points with ||x|| < ||y|| < ||z|| then we have L(x) > L(y) > L(z). 

So. the second summand in the error term is bounded above by the first, while the 

sixth summand is bounded above by the fifth, and the estimate becomes 

fr(x. y. z) - 5(x)2S(z)x4
0y

2
0 + 0(|!x| | | |y | |2 | |z | |L(x)3 + | |x||3 | |y| |2L(x)3L(z) 

+ | |x| |4 | |z| |L(x)2L(y)2 + | |x| |5 | |y| |L(x)L(y)L(z)). 

In particular, for % and ,; as in the statement of the lemma, we get 

| f c (x„x , u . x ; ) | « |<J(x,)||(J(x;)|A;4X/
2

+lLlH-X,.Yl
2

+1Xi;Lf 

+ X\ Xl+iL\Lj + Xt XjL, + X'"Xz^i_LlL}. 

In this estimate, the third term is superfluous since Lemma 2.3.6 gives 

X\X,^L\L3 < X,Xl+1XjL*. 

The conclusion follows since Corollary 10.3 shows that fr(x,,xl+x,Xj) is a non-zero 

integei when i is sufficiently large. I 

We can now prove our main lesult. 

Theorem 10.5 Let £ G M. be such that 1,£,£3 are linearly independent over Q. If X 

is an exponent of approximation to ( l .£ .£ 3 ) , then X < 5/7. 

Proof: Suppose by contradiction that A > 5/7. Let (x,),>i be a sequence of 

minimal points associated to (1,£, £3). Denote by I the set of all indices / > 2 for 

which X J _ I , X , , X I + I are lineaily independent. Let i < j < k be a tiiple of consecutive 

elements of I with % arbitrarily large. By Corollary 7.5 we have that / (x„Xj ) = 

/(xj,Xfc) = 0. Then. Lemma 10.4 provides 

1 « \b(*3)\\b{*k)\X*X)+xL3 + X ; X
2

+ i X,L= + X^X,+1L
2Lk + XfXkL

4. 
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We note that the last term in the RHS is superfluous since it is related to the second 

term by the inequality XfXkL* < XjX^^L). This follows from: 

A3 < A ; % (Lemma 3.10) 

< Xf+{x),xLj (Lemma 2.3.4) 

< * ? - . ^ (A>5/7). 

Similarly, the third and the first terms satisfyX]Xd^L]Lh < XfXfnLj\S(xj)\\S(xk)\ 

because 

X3LjLk < X3Afc~
A/(i~A) (Corollary 4.3) 

< X'fX^3X-2m~X)\5(xj)\\S(x.k)\ (Lemma 9.1.1) 

< X^X:/(^-2)/(1-A)|<S(x,)||<S(x*)| (Lemma 2.3.6) 

« X;+T-5)/(2-2A)|5(x,)||5(xfr)| (X,+1 < X,) 

^ . ^ ( X J M X O I (A>5/7). 

We also note that the first term is also superfluous since by Lemma 9.3.1 we have: 

ISix^WS^lX^X^Lj < X,X2
J+lXkL). 

Therefore, we must have 1 <C XjX^+1XkLj. In order to analyse this fact, we 

first show that 

x2(7A-4) < < ; xa-A)(«-3)_ ( 1 0 J L ) 

Indeed, we have 

1 < (A;2XH 1X,|5(x4)||5(x;)|)3 (Corollary 9.2.3) 

< Xf+1 A^lf |<J(x,) | |(J(xj)| (Lemma 9.3.1) 

« A--(
1
8A_3)A'JL1LJ (equation (9.0.1)) 

« (A71/(1-A)A,+1)8A™HA;-A/fi-A) (Corollary 4.3) 

v-2(7A-4)/(l-A) v8A-3 
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This now gives: 

1 « (X,X?+1X,LS)2<7A-4> 

< X ( l - A ) ( 8 A - 3 ) + 4 ( 7 A - 4 ) ( ^ L 5 ) 2 ( 7 A - 4 ) 

<x 
r(l-A)(8A-3)-2(3A-2)(7A-4) v2(7A-4) 
.7 + 1 xt 

(hypothesis) 

(equation (10.1)) 

(Lemma 2.3.1). 

But we also have: 

1 <C XjXj+iXkLjLk 

« x*xHXxlrXKi~x) 

„ v(l-A)(8A-3)/(7A-4,+ ] v l - A / ( i - A ) 
^ A . ; + l Afc 

(Corollary 9.2.3) 

(Corollary 4.3) 

(equation (10.1)). 

Combining the two results we find 

(2A-l)(10.\-l)(7>,-a) 

^ J f l 

which is a contradiction for A > 5/7 and j sufficiently large. I 



Appendix A 

Finding new relations 

The result presented in this appendix is the main tool that I used to find the various 

points and polynomials that appear throughout this thesis. It provides sufficient 

conditions for a polynomial to vanish when evaluated at a number of consecutive 

elements of a sequence of minimal points associated to a triple of the form (1,£,£3). 

The argument is adapted from Appendix A in [9] which deals with the case of (1, £, £2). 

Let £ G R. o\ = 1. <T2 = 3 and let. (xi)i>i be a sequence of integer points of strictly 

increasing norms. We fix integers k > 0, p > 0 and a (A; + l)-tuple 

d = (d0 4)ezg !-

For each j = 0 , . . . , k, we also choose a triple of indeterminat.es u, = (UJ.Q. UJ^.UJ^). 

We define the weight of a monomial 

k 2 

j=Q l=Q 

to be 
k 

J2{a1ejtl + a2eh2)-
j=o 

and its multi-degree to be 

Oo | , • • •, h t l ) = («?o,o + e0,i + fio;2- • • •, Pfc.o + ek,i + eka). 

74 

http://indeterminat.es


A. Finding new relations 75 

Finally, we denote by E(d, p) the subspace of Q [u0 ufc] generated by all monomials 

of multi-degree d and weight p. We also write 

i = ( i , . . . , i ) ez 3 h 3 . 

Proposition A . l Suppose that there exist positive real numbers o0 a*., ,d0, • • •, Pk 

and an infinite set I* of positive integers such that, for any i € /*, we have 

||x,,..j|| <C | |xi| |a ' and £ (x i + i ) := L r i .^ 2 (x ,+ ; - ) <C ||x,-||_/^ (j = 0 , . . . ,k ) 

with implied constants not depending on i. Suppose also that a polynomial P G E(d,p) 

satisfies 

(nn(£f>-
for every choice of f0d, f0<2,..., fk,ijk,2 G Z>0 with 

k k 

E ^ + ^ ) ^ + / ^ ) < E a A and / j . i+ / J ) 2 <^ (j = 0 k). 

Then we have 

P(*i x,fit) = 0 

for any sufficiently large i G /*. 

Note that the conditions of the proposition provides a system of homogeneous 

linear equations with integer coefficients in the unknown coefficients of P. So, when 

this system has a non-zero solution (over R), then it has a non-zero integer solution. 

Proof: We note that 

P(Xn...,Xi_ik) = exd
li---x^kop(h^^.-J^,...A,^±^-. XHk-2 \ 
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where t he sum ranges over all choices of /0 . i , /o,2, • • •, fk,i, fk 2 € Z>0 with f3 ] + fh2 < d3 

for j = 0 , . . . , fr. Since we have 

x t , 0 ' ' ' xi+k,0 
•£j-t?./ 

A- 2 /J," 

<ii i^,oi^-^^n / L ( x '+ j ) X /^ CTM 
3=0 1=1 

k 

<g; T T | | x J | a J r f j - K + a3)(/ j , i+/3-i) 

<§; | | X ; | | E j = u ( « ^ , - K + ' ^ ) ( / ; , J + / ; 2 ) ) 

the hypothesis implies 

|-P(X, XI + fr)| « ||x,| 

for some £ > 0 whenever 1 e I*. However, P(xj x,+k) is a rational number with 

bounded denominator. So, it must vanish for each sufficiently large 1 e /*. I 



Appendix B 

Polynomials 

In this appendix, we state a result which, according to Jarnik's transference principle. 

is dual to Theorem 3.7, and we give a direct independent proof of it, using resultants. 

Definition B . l Let £, r\ G M.. We say that a real number T is a measure of linear 

approximation to (1,£,77) if there exists a constant c > 0, and arbitrarily large values 

of X, such that the inequalities 

\xo + xi£ + x2rj\ < cX~T, \xi\ < X, |x2 | < X, 

ha,ve no non-zero solution (XQ,XL,X2) G Z3 . When this holds, we say that, c is a 

constant associated to the measure r. 

Definition B.2 Let £, rj G R. We say that a real number r is a exponent of linear 

approximation to (1 ,£,??) if there exists a constant c > 0 such that the inequalities 

\x0 + XiC + x2v\ < cX~T, \xi\ < X, \x2\ < X, 

have a non-zero solution (xo,Xi,x2) G Z3 for any sufficiently large X. In this case, 

we say that c is a constant associated to the exponent r . 

According to Jarnik's Transference Theorem, a number T is an exponent (re­

spectively a measure) of linear approximation to (1, £, n) if and only if A = 1 — 1/r is 

77 
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an exponent (respectively a measure) of simultaneous approximation to (l,£,?y) (see 

Theorem 1 of [5]). 

By combining this result with our Theorem 3.7, we deduce: 

Theorem B .3 Let £ € R be such that l .£ ,£ 3 are linearly independent over Q. Then 

T = y/3 + 2 is a measure of linear approximation to (1,£,£3). 

Our proof below is largely inspired from [1]. We start with a definition and some 

preliminary results. 

Definition B.4 The height H(P) of a polynomial P is the largest absolute value of 

its coefficients. 

Fix real numbers £ and r] such that 1,£, 77 are linearly independent over Q. For 

each real X > 1. consider the finite set of non-zero polynomials P(T. U) G ZT+ZU+Z 

with H(P) < X. Since 1, £, 77 are linearly independent over Q. there exists a non-zero 

polynomial P from that set for which |P(£, 77)] is minimal. We call such a polynomial 

a minimal polynomial corresponding to X. 

We note that minimal polynomials P = aT + bU + c are primitive, in the sense 

that gcd(a, b, c) = 1. We also note that for any X > 1 there are exactly two minimal 

polynomials corresponding to X. If P is one of them, then the other is —P. 

If P is a minimal polynomial for some real number X > 1, then it is minimal 

for H(P). We can recursively construct a sequence of minimal polynomials (P,)i>i Q 

ZT + ZU + Z with the following property: 

if a minimal polynomial P satisfies H(P,) < H(P) < ff(P,>i). then P — ±P , . 

We say that such a sequence is a sequence of minimal polynomials associated to 

We note that equivalently we could define such a sequence using the following 

property: 



B. Polynomials 79 

if a minimal polynomial P satisfies |P,+ 1(£, 7?)| < |P(£, rj)\ < |Pj(£, i])\, then P = ±P. 

If (Pi)i>i is a sequence of minimal polynomials associated to (1,£, 77), we usually 

write Yj :— H(Pi) and M, := |-P7(£, ?;)|. We note that the Y, form a strictly increasing-

sequence of positive integers and that the M?: form a strictly decreasing sequence 

of positive real numbers. Moreover, for 7 ^ j , the polynomials Pt.Pj are linearly 

independent. 

Lemma B.5 Let £,77 6 K such that I, £, 77 are linearly independent over Q. Let 

(Pi)i>i be a sequence of minimal, polynomials associated to (1,£, 77). Suppose that 

T > 1 is an exponent of approximation and that c > 0 is a constant associated to this 

exponent. Then, for each i sufficiently large, we have 

M, < c(2c0)
Ty;;i 

where CQ = 2max{l, |£|, \r)\}. 

Proof: Fix some i > 1 and put X — {YUi — \)/CQ. If 7 sufficiently large, the 

hypotheses imply the existence of a non-zero polynomial P(T< U) = x0 + XiT + x2U € 

IT + UJ + Z such that 

max{|,ri|, |x2 |} < X and \x0 + Ja£ + x2T]\ < cX~ r , 

and therefore: 

ko| < k i f + ^*2 |̂ + cX~~T < CQX + 1 = Yi+1, 

\xi\<X = (Yi+i - l ) / c 0 < Yl+U 

\x2\ <x = (Yi+1 - i ) / t - o < y ; + i . 

This means that # ( P ) < l/+i = H{Pi+\) and so we obtain 

Mi < \P&V)\ < c.X~T = c(2c0) r(2(y;+1 - 1 ) ) - < c(2c0YY~\. 
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I 

The next two lemmas are very well known results (see [2]). In the second lemma, 

the notation Res(P,Q) stands for the Sylvester resultant of polynomials P and Q (in 

one variable). 

Lemma B.6 Let P,Q € C[T] be polynomials of degree at most 3. Then 

H{PQ) x H(P)H(Q). 

Lemma B.7 LetP,Q € Z[T] be non-zero polynomials with deg(P) < m anddeg(Q) < 

n. Then, for any complex number £. wc have 

| Res(P,Q)| « H{P)"-'H{Qy^{\P{0\H{Q) + \Q{^)\H{P)). 

From the latter results, we deduce: 

Lemma B.8 Let P. Q E Z[T] be non-zero polynomials of degree at most 8 with great­

est common dims or L € Z[T] of degree 1. Then, for any complex number £, we have 

H(Lf\L(0\ « H(P)H(Q)(\P(0\H(Q) + \Q(Q\H(P)). 

Proof: If L(£) = 0 we are done. Suppose L(£) ^ 0. Since P/L and Q/L are 

relatively prime their lesultant is a non-zero integer. From the previous lemmas, it 

follows that 

I < | Res(P/L.Q/L)\ « H(P/L)H(Q/L)(\(P/L)(0\H(Q/L) + \(Q/L)(£)\H(P/L)) 

_ H(P}H(Q} (\P(0\H(Q) \Q(Q\H(P)\ 
H(L) H(L) \\L(S)\ H(L) ^ |L(£)| H(L) J ' 

I 

Identifying polynomials in ZT3 + XT + Z with the triples of their coefficients in 

Z3. we also note that: 
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Lemma B.9 Let P,Q,Re ZT3 + ZT + Z. Then, for any £ e C, we have 

| d e t ( P Q , i ? ) | < 2(\P(0\H(Q)H(R) + \Q(0\H(P)H(R) + \R(0\H(P)H(Q)). 

This follows by observing as in the proof of Lemma 4 of [3] that the determinant 

of the matrix (P. Q, R) does not change if, in this matrix, we replace the constant 

coefficients of the polynomials by their values at £. 

L e m m a B.IO Let ( , ? ] 6 l be such that 1,£, ?? nre linearly independent over Q. Let 

{Pi)i>\ be a sequence of minimal polynomials associated to ( l .£ , 77). Suppose that 

r > \ is an exponent of approximation to (],£.if). Them, there are infinitely many 

indices i > 2 for which P;_j, P,. P,+i are linearly independent over Q. 

Proof: For i > 2. Denote by Wt the subspace of Q[T] of dimension 2 generated 

by Pj_i and P». Suppose on the contrary that P ^ . P j , P,+ 1 are linearly dependent 

over Q for every i > io- Then W, = Wj+i for all i > i0 and so there exists a subspace 

W of Q[T\ such that W = Wt for all i > iQ. Let {P, Q} be a basis of WnZ[T}. Then, 

for each i > /'o we can write 

P^a.P + biQ 

for some integers a.i and &, with |a,| <C Yj. Since P, and Pj+i are linearly independent, 

we get 

1 < 
iij b, |a,P,.+1(0-«m^(OI 1-r «F i+1 |P i(OI«^-1 IQCOI 

which is impossible for •/ sufficiently large. I 

We now look at polynomials of a very specific form: 

Proposition B . l l Let P G ZT3 + ZT + Z be a non-zero primitive polynomial whose 

coefficient of X2 is zero. Suppose that P = (aT2+bT+c)(dT+e) for some a, b, c,d,e E 

Z. Then a = ±ds and b — ^es for some s G Z. 
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Proof: If n — b = 0 then set s = 0. Otherwise, set s = gcd(a, b). We find 

p = (aT2 + bT + c)(dT + e) = adT* + (ae + bd)T2 + (be + cd)T + re 

but P E ZT3 + ZT + Z so we must have ae + bd = 0 which implies (a/s)e + (b/s)d = 0. 

Note that ged(a/.s, b/s) — 1 and that, since P is primitive, we also have gcd(d e) = 1. 

We conclude that a = ±ds and b — ̂ es. I 

Corollary B.12 Let P,Q € Z7'3 + ZT" + Z be non-zero primitive polynomials and let 

L = gcd(P, Q). Then P = ±Q or deg(L) < 1. 

Corollary B.13 Let P,Q. R G ZT 3 + ZT + Z be non-zero primitive polynomials and 

let L = gcd(P. Q, R). If deg(L) = 1, then P.Q,R are linearly dependent. 

We conclude with: 

Proof of Theorem B.3: Let (P,),>i be a sequence of minimal polynomials as­

sociated to (1,£,£3). Suppose on the contrary that r — \/3 + 2 is not a measure of 

approximation. Then for every c > 0, r is an exponent of approximation. 

By the previous lemmas, for each i such that P*_i, P t . Px+\ are linearly indepen­

dent, we have 

1 < \det(P^uP,.Pl+1)\ <C |P,_1(0 | t f(P,) i / (P,+i) 

<A/,_1y,yH 1«er t
1- ry, f l . 

We also note that since r > 3 this gives 

(B.l) 

y t
2 < y + i . ( B . 2 ) 

Let L = gcd(P,,Pt-^i). Since P, and P, + 1 are linearly independent, by Corollary 

B.12 we have that cleg(L) e {0,1}. Suppose deg(L) = 1. Then by Lemma B.8 we 
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have 

i/(L)3 |L(0| « fr(P t)^(P l+1)(|P,(OI^(P«+i) + \P,+i(Q\H(P,)) 

« Y,Yt+i(YtMt+i + rt+1A/,) (B.3) 

« ^2+r-
We note that by Corollary B.13 we have Res(L,Pl_1) ^ 0 since Pj_i,P,,P ; + i are 

linearly independent. By Lemma B.7 we also have 

1 < | Res(P,.u L)\ < HiLfdP^iOlHiL) + \L(0\H(Pt-l)) 

« Mt^H{Lf + Y^H{Lf\L^)\ 

« Y?~T + V;_1J^(JL)3(Z,(0! (H(L) « tf (Pt) - K) 

< F7
3~r + i^iKV^"/ (equation (B.3)) 

<Y^ + Y?Y%? (v,_, <y.) 

< y;^T + l ; i l r (equation (B.2)) 

which is a contradiction for i sufficiently large since r > 3. 

Therefore, we may assume that deg(L) = 0, and so, applying Lemma B.7. we 

get 

l< |Res(P„P f + 1 ) | 

« H{Pt)
2H{Pl+,f{H(P1+1\P,{i)\ + H(Pt)\P,+i(0\) / N 

(B-4) 
« y , 2 ^ 2

f l ( i ; M M , + i;A/,,1) 

« cYt
2Y,lr-

Combining the estimates (B.l) and (B.4). we conclude that, for each i such that 

Pi_i. Pj. Pt4i are linearly independent, we have 

i«c^X^-'h"-]2^-3«c1+Ty (;f X4T-X. 

This occurs for infinitely many i (by Lemma B.10), but r2 — 4r + 1 = 0 and so, for a 

c sufficiently small, this is impossible. I 
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