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ABSTRACT

The study of the seismic response of broad, anchored, cylindrical liquid-storage tanks has
large practical significance because these structures are used in many critical engineering
applications ( petroleum industries, nuclear power stations, municipal water supply systems,
wine industries...). The performance of such tanks during recent earthquakes and in
experiments has indicated that the existing codes for designing tanks are in need of
improvement.

Due to the complexity of the dynamic analysis, several researchers have used a static
approach to predict the dynamic buckling load. It has been demonstrated that such a static
analysis yields useful information. On the basis of this finding, an approximate analytical
method is developed to study the buckling of broad, anchored, cylindrical liquid-storage
tanks subjected to horizontal ground motion. The solution is based on the linearized
Donnell’s shell stability equations and Galerkin’s approach. The smallest buckling load (or
the critical load factor) is calculated using the inverse iteration method. Theoretical results
are then determined for two cases of broad tanks presented as examples. The validity of the
findings of the present work is checked through comparison with results obtained by the

numerical Finite Element Method (FEM).
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Chapter 1

Introduction

1.1 Shell Types in Structural Engineering

Shells may be divided into different groups according to the shape of their middle surface
[1]. One can distinguish between shells of revolution, translational shells, skew shells,
rectangular shells, and cylindrical shells.

Circular cylindrical shells are used extensively as liquid-storage tanks in the petroleum
industry as well as in municipal water supply systems. These structures are efficient because
they carry the hydrostatic pressure caused by their contents mostly through membrane
stresses.

Liquid-filled cylindrical tanks can be characterized by their height-to-radius ratio. For a
ratio less or greater than 1.5, a tank is named broad or tall respectively. Also, depending on
its base fixity, a tank is classified as anchored (fixed base) (Fig 1.1) or unanchored (free base)

[2]. In the present study broad, anchored, cylindrical liquid-storage tanks are examined.



1.2 Definition of Problem

Any structural member has two Kinds of stiffness: membrane stiffness and bending stiffness.
The membrane stiffness is in general “several orders of magnitude greater” than the bending
stiffness. A thin shell can absorb a great deal of membrane strain energy without deforming
excessively. It must deform much more in order to absorb an equivalent amount of bending
strain energy. If the shell is loaded in such a way that most of its strain energy is in the form
of membrane compression, and if there is a way that this stored-up membrane energy can be
converted into bending energy, the shell may fail in a process called buckling [3].

Broad, anchored, cylindrical liquid-filled storage tanks have been damaged during recent
earthquakes [4,5,6]. This may lead to loss of contents, which apart from the economical
losses can result in dangerous consequences. Therefore, existing codes for designing tanks
[7] are in need of improvement.

Buckling of such tanks is suspected to be due primarily to the horizontal component of the
ground motion [8]. Under normal conditions, the stresses in the tank wall are dominated by
the hoop stress due to the hydrostatic pressure (Fig. 1.2). During ground motion, an
additional fluid pressure is caused by the motion of the tank. This hydrodynamic pressure
can be expressed according to Veletsos and Malhotra [2] by the sum of two components:

1. “an impulsive component which represents the effect of the part of the liquid that may be
considered to move in synchronism with the tank wall as a rigid mass” and,

2. “a convective component which represents the effects of the part of contained liquid

undergoing a sloshing motion”.



Further, the contribution of the convective component of the response is usually small and
can be neglected. Also, for relatively broad tanks the contribution of higher impulsive modes
of vibration to the response can also be ignored [9]. Under these conditions, the dynamic
pressure depends on the amplitude of the horizontal ground acceleration and varies along the
length of the tank as well as in the circumferential direction. In the latter case the pressure

varies as cos8 [10] (Fig. 1.3). Consequently, at a critical acceleration it happens that the tank

buckles as it exchanges its membrane strain energy for bending strain energy.

1.3 Methods of Solution

Several authors have studied experimentally and theoretically the buckling of broad,
anchored, cylindrical liquid-filled storage tanks under earthquake motion. Experimental
studies are very expensive and have shown some weakness in characterizing accurately the
buckling of such tanks. But on the other hand, they are very useful to verify some
engineering concepts and to improve design criteria.

Theoretical studies are divided into two groups: numerical and analytical. Due to the cost
and time consumption of the numerical study, an analytical solution is preferable. However, a
numerical solution is very effective when complicated geometries and boundary conditions
are involved.

Static and dynamic buckling of liquid-storage tanks have been examined analytically.
Dynamic analyses have shown a high degree of complexity due to several factors such as
liquid sloshing, shell flexibility, soil/structure interaction, ... [11]. For these reasons, several

researchers (e.g. Natsiavas and Babcock [12]) have analyzed the buckling behavior of liquid-



filled tank models using a static approach. In this approach the maximum value of pressure
induced by dynamic and static loading was considered. The practical validity of this method
was confirmed experimentally by Nagashima et al. [13], who have shown that a static
buckling evaluation can be applied to predict buckling caused by horizontal (or vertical)
excitation.

The objective of this work is to develop an approximate static, analytical method to study
the buckling of broad, anchored, cylindrical liquid-storage tanks subjected to horizontal

ground motion.



Figure 1.1: Geometry of a cylindrical anchored tank.
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Figure 1.2: Variation of the hydrostatic pressure in the axial direction.



Figure 1.3: Variation of the hydrodynamic pressure in the circumferential direction.



Chapter 2

Literature Survey

2.1 Previous Work

Anchored, broad, cylindrical tanks subjected to lateral loads can buckle in two modes: shear
and bending. Not many researchers were aware at first that shear buckling exists. Many
studies have been conducted to verify this fact in recent years. Studies have been performed
theoretically and experimentally to understand how and why buckling occurs in such
structures.

Several researchers (e.g. Niwa and Clough [14]) have used the shaking table test (Figs. 2.1-
2.4) to simulate the ground motion and to study different factors affecting the buckling of
some chosen tanks. Broad (anchored and unanchored) tanks have been examined under
horizontal and vertical accelerations. Bending buckling damage has been observed to be of
two types: elephant-foot buckling and diamond-shaped buckling. The bending buckling
modes have been observed at the bottom of the tank. Niwa and Clough have found also that
the rocking motion in the unanchored tanks can generate large axial compressive stresses in
the shell over the narrow contact zone; these cyclic dynamic stresses induce the bending

buckle pattern in the tank wall. They have demonstrated that the elephant-foot buckle




mechanism for broad tanks can result from two motions: uplifting and rocking. An extensive
experimental evaluation of tank buckling with ground excitation has also been conducted

by Shih and Babcock [15]. It basically confirmed the important role of the cos@ mode in tank

failure. Manos [16] has evaluated the performance of anchored wine tanks during the San
Juan, Argentina earthquake. He has shown the effect of the overturning moment on the
anchors: “anchors may yield, fracture, or be pulled out”. He has explained that the
transformation of anchored tanks to unanchored ones induces uplifting and rocking in the
system. As a result the possibility of buckling increases. He has discussed the importance of

making a good design for the anchors in order to prevent any possible failure.

Buckling and dynamic response of broad, anchored liquid-storage cylindrical tanks
subjected to horizontal ground motion have also been studied theoretically by many
researchers. Zhou et al. [8] have used Sanders nonlinear thin shell theory and an idealized
fluid model to study the elephant-foot buckling failure of anchored, broad tanks under
horizontal excitation. Natsiavas and Babcock [12] have used an energy type method to study
the shear buckling observed at the top of a fluid-filled anchored tank during base excitation.
They have found that energy methods compared with the FEM provide a better insight into
the coupling of the various modes during the whole procedure of developing and solving the
system equations. Veletsos et al. [2] have shown that the hydrodynamic pressure of an
anchored tank subjected to horizontal excitation can be expressed by the sum of two
components: “impulsive” and “convective”. The contribution of the convective component

of the response is usually small and can be neglected [2,10]. For relatively broad tanks, the



contribution of higher impulsive modes of vibration of the response can also be ignored [9].
Hydrodynamic pressures on the wall and base of a broad, anchored tank have been
determined [2,10]. Ishida and Kobayashi [17] presented a four degree-of-freedom model for
analyzing the rocking response of tanks. Auli et al. [18] presented another approach in which
the interaction between the bottom plate, foundation and shell was modeled by placing axial
springs around the lower edge of the shell. Several analytical works have also been conducted
by Fujita [19], Fisher and Seeber [20], Veletsos and Tang [10], to study the soil effect in the
seismic response of anchored tanks. It has been found that the foundation flexibility has
significant effects on the impulsive components of the response. Also, it has been shown that
the interaction of the liquid with the elastic shell and with the elastic ground yields a system

of vibration quite different from those systems which neglect ground elasticity.

Numerical analyses have been used often to provide accurate solutions to buckling
problems. Geometrical imperfections can have a major effect on the behavior and buckling of
cylindrical liquid storage tanks under lateral seismic action. Such imperfections can not be
examined accurately by experimental or analytical studies. Considering that, Kokubo et al.
[21] have developed a special purpose FEM program. They have used 8-node isoparametric
shell elements to study the effects of four types of geometrical imperfections and combined
loading on buckling loads and postbuckling behavior. For short cylindrical shells they have
found that shear buckling is dominant. Liu et al. [22] have also analyzed the effect of
geometrical imperfection on the dynamic buckling of liquid-filled shell subjected to seismic

motion. They have chosen a simple circumferential imperfection pattern to explain the

10



additional buckling modes encountered in some experiments. The FEM has been used to
obtain accurate results. Yi and Natsiavas [23] have presented a FEM model to study the
seismic response of liquid-filled tanks. They have discretized the shell structure using
cylindrical finite elements. They have included in their study the formulation of the nonlinear
base uplift problem and effects due to shell and ground flexibility. Nishino et al. [24] have
used the FEM code ‘FINAS’ (Finite Element Nonlinear Structure Analysis System) to study
the dynamic buckling behavior of liquid-filled thin-walled cylindrical tanks. This FEM code
was unable to carry out the dynamic buckling analysis at each time step of transient response
employing direct integration method. Therefore, they have obtained a static solution for the
eigenvalue problem at the time step defining the maximum bending moment and shearing
force on bottom end of the shell. The solution has included the fluid-structure interaction.
Wunderlich et al. [25] have studied the dynamic behavior of liquid-filled shells of
revolution. They have modeled the shell using shell ring elements including non-linear
behavior, coupled with isoparametric continuum ring elements and special infinite elements
for the soil and isoparametric pressure ring elements for the fluid. They have found that non-
linear effects in the soil have lead to different stress distributions in the shell and influenced

the plastic collapse of the structure.

Due to the complexity of the dynamic analysis (nonlinearities, soil / structure interaction,
sloshing motion, ....) some researchers have used a static approach to obtain an acceptable
solution for this dynamic problem. Nagashima et al. [13] have explained three methods for

converting seismic loads to static loads: namely, “lateral load buckling tests” [26], in which a




horizontal force is applied on the tank wall; “tilt buckling test”, in which buckling is caused
by injecting liquids into cylinders in an inclined state; and “centrifugal force buckling tests”,
which permit liquid-containing cylinders to rotate or swing around. Several researchers
(Clough, Niwa, Lundquist, Shih, Babcock,...etc..) have used these methods. They have
referred to some earlier studies where buckling of a cantilever shell under a transverse load
has been analyzed. The following discussion sheds light on the most well-known static
analyses.

Lu [26] studied the buckling of a cantilever shell under transverse end load. He used the
prebuckling membrane stresses obtained by beam theory, but he disregarded boundary
conditions. This solution has considered only cylinders of moderate or large length (L/R>4).
Schroeder [27] presented a solution for the elastic buckling of a perfect cantilever cylinder
under a transverse shear. The linearized Donnell’s equations, in conjunction with Galerkin’s
method were used to obtain an approximate solution to the problem. Boundary conditions
were not completely satisfied. Galletly and Bachut [28] have shown in their report how
buckling occurs in a cantilever cylindrical shell subjected to a transverse shearing force at its
tip.

Referring to above studies, Nagashima et al. [13] have used the “lateral load buckling test”
in their experimental study. Two types of buckling modes were created: local buckling mode
and diamond-shaped mode. The first type was caused by shear and the second by bending
(Figs. 2.5, 2.6). Experimental and FEM results have shown good agreement between the
two methods for a medium range of frequency. Galletly and Bachut [29] have used the same

approach to predict the buckling of a nuclear reactor vessel under horizontal ground motion.

12



Experimental and theoretical results on the plastic buckling of short, steel cantilevered
cylindrical shells subjected to transverse edge shearing loads have shown a good agreement

between the two methods {29].

2.2 Donnell Linearized Stability Equations

Stability equations for cylindrical shells have been available in the literature since the late
1800s. The earliest solutions for cylinders subjected to axial compression were presented by
Lorenz in 1911 [30]. Solutions for buckling under uniform lateral pressure were given by
Southwell [31] in 1913 and by von Mises [32] in 1914. In 1932 Fliigge [33] presented a
“comprehensive treatment” of cylindrical shell stability, including combined loading and
cylinders subjected to bending. Results for cylinders subjected to torsional loading were
given by Donnell [34] in 1933.

The Donnell equations form the basis for more stability analyses in the literature than any
other set of cylindrical shell equations. Accurate results can be obtained, by the use of these
equations, for cylindrical panels and for complete cylindrical shells [35]. Due to their
simplicity, Donnell’s stability equations have been used by a number of researchers. Tooth
and Fernandez [36] have studied the buckling of horizontal vessels under internal pressure.
They have used Donnell’s linear stability equations. Results obtained from analytical studies
have been compared with those obtained by some experimental investigations. Comparison
has shown good agreement between the two methods. Huang et al. [37] have used Donnell’s
stability equations to study the instability of a cylindrical shell under three-point bending.

Analytical results agree with those obtained by the FEM. Yamaki [38] has used also

13



Donnell’s stability equations to study the buckling of shells under several kinds of loading
(uniform pressure, hydrostatic pressure, bending...). Studies have been carried out for two
types of boundary conditions: simply-simply and clamped-clamped. He has compared results
obtained from Donnell’s theory with those derived from the Sanders and Fliigge theories. The

three theories produced approximately similar results.

2.3 Approximate Solutions of Differential Equations

Approximate solutions of differential equations are ones which satisfy only some of the
conditions of the problem; for example the differential equations may be satisfied only at a
few positions, rather than at each point. An approximate solution can be expanded in a set of
known functions with arbitrary parameters. These parameters can be determined by two
ways: the method of Weighted Residuals and the Variational Method.

In the method of weighted residuals one can work directly with the differential equation
and boundary conditions whereas in the variational method one must use a functional related
to the differential equation and boundary conditions. There are two strategies in both
methods: (1) a first approximation may be sufficient; its validity is assessed using experience
and intuition, and (2) a sequence of approximations can be calculated in order to demonstrate
convergence to the correct solution. In the second strategy the calculations must be sent to a
computer: successive approximations must be calculated without any reformulation or
intervention by the analyst [39].

The method of weighted residuals encompasses several methods (collocation, Galerkin,

integral,...). The Galerkin method is the most known and powerful method [39,40].

14



Variational methods are not applicable to all problems, and thus “suffer a lack of generality”.
They require a lot of mathematical manipulations. On the other hand, the method of
weighted residuals is simple and easy to apply. In the present study, the first strategy is

applied to the Galerkin approach.

2.4 Outline of Present Investigation

In the present study an approximate analytical method is developed to study the buckling of
broad, anchored, cylindrical liquid-storage tanks subjected to horizontal ground motion. A
static approximation is used to represent the actual dynamic situation.

The solution is based on the linearized Donnell’s stability equations and Galerkin’s
approach. Hydrodynamic pressure [2] chosen at a constant acceleration, and hydrostatic
pressure are the only loadings considered. The boundary conditions are completely satisfied.
The smallest buckling load (or the critical load factor) is calculated using the inverse iteration
method. This theory is incorporated in the FORTRAN computer code BUCBAN.
Theoretical results are then determined for two cases of broad tanks (L/r = 0.5 and L/r=1.0)
presented as examples. The general structural FEM analysis program ADINA is also used to
determine the critical load factor and the corresponding mode shapes. Resuits from the two

programs are compared and discussed in detail.

15




Figure 2.1: 2.9m x 6.1m tank on shaking table [14].
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Figure 2.2: Buckling damage obtained during the shaking table test (free base) [14].
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Figure 2.6: An example of displacement distribution, pressure and axial membrane
stress obtained during a lateral load buckling test [13].
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Chapter 3

Analytical Solution

3.1 Introduction

The circular cylindrical shell constitutes a fundamental element in light-weight structures
and the determination of the buckling load has been one of the most crucial problems for the
design and development of these structures. Hence, a number of studies were conducted on
this subject since the basic equations were established by Flugge and Donnell in the 1930s.

[n the early stage of the development, approximate solutions were obtained by applying
the Ritz or Galerkin procedure with a few unknown parameters, under the assumption of
the membrane prebuckling state. Only the classical “simple support” conditions were
considered, for which relatively simple expressions can be used to represent incremental
buckling displacements. In the second stage of the development following the rapid
spreading of computers, solutions were obtained for more complicated boundary conditions.
Linear and nonlinear theories of circular cylindrical shells, such as those of Donnell, Flagge
and Sanders were used for wide ranges of geometries and boundary conditions.

In this chapter an approximate analytical method is developed to study the buckling of

broad, anchored, cylindrical liquid-storage tanks subjected to horizontal ground motion. The



solution is based on the linearized Donnell’s shell stability equations and Galerkin’s

approach.

3.2 Geometry and Loading

The cylindrical tank has a radius r, a thickness t and a length L (Fig. 3.1) A point on the

shell midsurface is defined by axial and circumferencial coordinates x and @. For

X
convenience a non-dimensional axial coordinate is defined as ¢ = — . The cartesian frame in
r

Fig. 3.1 refers in the following to the development of the analytical solution.

L
This study covers two sizes of broad tanks; o= 05 and o= 1.0. The loading is

considered to stem from two types of lateral pressure; hydrostatic and “hydrodynamic®. The
hydrostatic pressure arises due to fluid pressure on the tank wall. This pressure, varying
linearly from the top to the bottom of the tank, is given by :

Py = pigx 3.1)
where p, is the density of water and g is the acceleration of gravity. For the validation study
described in Chap. 5 the hydrostatic pressure is considered as external, while for the analysis
of practical tanks described in Chap. 6 this pressure is considered as internal.

The “hydrodynamic™ pressure is arising from the fluid motion. This pressure at a constant
pseudo-acceleration (peak) is expressed [2] by:

P, = a(x) prGeoso (32)




where a(x) is a dimensionless function which defines the heightwise variation (Fig. 3.2) of
the pressure, and G is the assumed pseudo-acceleration.

[nteraction between the base plate and the tank is not considered here. Auli et al. [18] have
shown that the consideration of this interaction leads to a nonlinear problem which
complicates the solution greatly.

The tank is rigidly anchored at the base and is without a roof or ring beam at the top.
Consequently, the first edge (top) is assumed free, while the second is clamped. Thus the
following boundary conditions are enforced at the shell ends:

at x=0 N,=N,,=M.=0,=0
(3.3)

atx=L w=w_=u=v=0
where N, N,, are respectively the normal and shearing force intensities, M, is the
bending moment with respect to the x axis, Q. is the transverse shearing force intensity in

the radial direction and u, v, w are the displacement components in the x, @, z directions
respectively. The sign convention for the displacement components and stress resultants is

given in Fig. 3.3.

Grossi [41,42] has shown that for the free edge the following equations can be used to give

a good approximation in the satisfying of the M, and Q. requirements respectively:

3w
——-&2 = (atx=0)
(3.4)
3w
Eg‘= (atx=0)



3.3 Governing Equation

Stability equations for cylindrical shells have been available in the literature since the late
1880. The linearized Donnell equations have been used by several authors (see Sect. 2.2).
The major steps used to obtain the governing equation are presented in the following.

The stress resultants for elastic isotropic cylindrical shells are [36]:

N, =C(&,+ve,)
N, =C(e, + ve)

(1-v)
N,,,,=N¢,=C 5 Vxp
D . .
M,=—;5(w +w)
D . "
__£ 3.5
M, rz(w +w) (3.5)

D -
M., = Mg =;—2-(1— v)w

D . .
Qx=—".—3(w +w )

D [11] " .
__¢=—r—3(w +W +W)

where

B E 90y d)
I R T SR> ) =5

and the strain components &, &, and ¥xp are defined as:
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i w
&=7+9T
vV -w) W
8«!:( ; )+2r2
W +v) ww
}’mp: r + ’.2

E is the Young’s modulus and v is the Poisson ratio.

Setting the radial pressure to zero, the equilibrium equations can be defined as [36]:

Ni+ Ny =0
Ng+Ngp=0

.. Nw
Qi +Q,+——+

w w
. N¢(1+T)+(N“+N‘¢)—r'_=0 3.7
My + My +rQ,=0
Mg+ M. -rQ. =0

A stress function £ is introduced, satisfying
F =N, F =N, F =—Nx,,,=—N¢, (3.8)
In order to obtain equations which relate the stress function £ to the radial displacement w

the following manipulations are required. The operators V2 V4, and V? are defined as:

V(. =VVH(L)

V4(.)=ViVi(.) (3.9)
2 2
v3(.)=( % + ﬁwz)(...)=(...),g;+(...)W
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VHFY=F"+2F +F (3.10)
Since F' = F one can introduce the following:

VHFY=F"+2F + F = wWF"+F =2F") o
VA(E) = (N, = Wo)' + (N, = W) =21+ NGy )
Substituting first (3.5.a - 3.5.c) into (3.11) and then substituting (3.6) into the resulting

equation, one obtains:
"’Et n "o o
V“(F):—r—z—(rw +ww —Wz) (3.12)

The second equation is obtained from (3.7) by eliminating O, and Q,, and then

combining (3.5.d - 3.5.f) together with (3.8). The result is

2
V4 (w) = 55(rF" FFW A Fw =2Fw") (3.13)

Equations (3.12) and (3.13) are the two non-linear equations relevant to the large deflection
range.

In order to find the stability equation one can investigate the possible existence of adjacent
equilibrium configurations. For this purpose a small increment represented by w, is given
to Wy, the prebuckling deformation, to reach an adjacent equilibrium configuration w called
the buckling mode, which is very close to the original one. Linearizing the procedure one can
have

W= Wy + W (3.14)
Assuming the stress resultants change in the same way,

F—F+F (3.15)
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Substituting (3.14) and (3.15) into (3.12) and (3.13), neglecting the prebuckling rotation
terms and confining the equations to linear terms, the following equations are found

Et .
V4(FI) ="TW1
2 (3.16)
V4(W1) = 5(’1:1" + Fo"Wl +Fy Wi‘ "2F3W;)

These two equations can be combined into a single equation by applying the V# operator to

both equations and adding them. The resuiting equation is :

D
r—zvf‘wl + Etw, o~ AVH(N, Wi+ N Wy gy + 2N g Wy )0 (3.17)

where N_,N a2 Nex, are the membrane stress resultants and A is the buckling load
parameter. In fact, Eq. (3.17) is the Donnell linear stability equation valid for any load
condition corresponding to the original state, where the deformation w, corresponds to an

increment beyond this equilibrium position.

3.4 Membrane stresses

The initial bending stresses are not taken into consideration. Previous studies conducted by
Tooth et al. [36], Huang et al. [37], and Yamaki [38] have shown the validity of this
approximation for a number of different loadings. All approximations inherent in the

Donnell shell theory are embedded in Eq. (3.17).




Using the Donnell equations, membrane stresses can be obtained for hydrostatic and

hydrodynamic™ pressures. N %0* N o> and N m, are expanded in a Fourier senes as:

ny _
_ﬁ A— cosngsin (¢
=0

my _
N o =_2 _2 B— cosng sin y-¢ (3.18)
=1,3n=0.1
m _
N, = 2. 2. Copsinnpsin g
=1,3n=0,1

mnr
where =57 and the coefficients A—, B—, and C— are calculated using the

mn’ mn?

Normal Fitting Method The expansions (3.18) satisfy the end boundary conditions (3.3).

3.5 Approximate Displacement Function

Yamaki [38] has given theoretical solutions for a number of cylindrical shell buckling
problems involving different kinds of ioading (uniform pressure, hydrostatic pressure...) and
boundary conditions. He has presented both exact and approximate solutions. The exact
solutions are algebraically complex requiring the solution of a hierarchy of eigenvalue
problems. Simpler approximate solutions are obtained by using assumed displacement
functions and satisfying governing equations in the mean. The displacement functions must
satisfy the boundary conditions exactly. Several terms (in the axial and circumferential

directions) containing free constants are generally employed in the functions to improve the




approximation. Yamaki has reported also that the Donnell stability solutions are practically
accurate so long as the corresponding circumferential buckling wave number n exceeds 4.

In the present study an approximate solution is formulated. Thus the expression for w; is

taken as:

m n
w, = 2 ia,,,,,(Xl SIN fpg — X, SN2 Up¢ + X3sin3u,g — Xysind g

m=my My,3... 1=y Ny -

-X sin%’i) cosng (3.19)

mm - ”
where =-——.a,, are constant coefficients and X, X,, X3, X, and X are real
m 2 L mn | 2 3 4 5

numbers coupled together in order to satisfy boundary conditions (3.3,3.4). Consequently,
X, - X;=X; (w; =0 atx=L) (3.20.a)
X,=2X, (W, =0 atx=L) (3.20.b) (3.20)
X, +27X,=8X,+64X, (W =0ax=L) (320¢)

Boundary conditions significantly affect the number of terms used to compose the
displacement function. In other words, when boundary conditions are simple and similar at
all edges, one can obtain easily the displacement function. Yamaki has given approximate
displacement functions for simply-simply and clamped-clamped supported shells.

In this study the presence of the free edge complicates the problem. This is due to the free
edge motion described by X5. If X is equal to zero then (using 3.20.2 and 3.20.c)

_ 3 64X,

X1=X3 28

) (3.20.d)

30



But in reality the free edge motion does exist and X is not zero. This is verified by the
FEM solution. For this reason X can be approximately determined using some
experimental and numerical results {13,43]. It was found that X5 depends on the kind of
loading. Consequently using Egs. (3.20.a-3.20.d) and by trial and error X5 (or X)) can be

obtained as:

X, +64X
X;= 1.0675(8——2;—86‘;4—) (for hydrostatic pressure)

(3.20.¢)

X, +64X
X;= l.0965(§-2—-;_86——i) (for “hydrodynamic™ pressure)

Considering the above conditions, it is seen that once one of the constants has been selected,
the rest of X, may be determined.
The series parameters m;, m,, n, and n, can be varied in the search for the mode

corresponding to the smallest buckling pressure. As a double series is involved selectivity
must be exercised in the choice of trial buckling modes to keep the numerical problem of a

practical size.

3.6 Method of Approach

Substitution of the expansions (3.18) and (3.19) into the governing equation (3.17) and

application of trigonometric identities lead to the requirement (3.21):
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S S (H sin e + Fy in2 g + F Sin3ptng + Hy sind g + Hy) cosng

m=m; '"i+2 ”""x i e

23 D cos(es — pn)g c0s(i~m)@ + Dy COS(pt ~ a5 COS(+ M) +

m—lB n-Ol

Dyscos( uz + Um)s cos(n — n)@ + Dy, cos( Mo+ Hm)S cos(n+ n)g +
D, cos( i, =2 up)s cos(n — n)@ + Dy, cos( Mo —2Un)S cos(n +n)@ +
Dyscos(p= + 2 p)s cos(n— n)@ + Dy, cos( M=+ 2 )G cos(n+ n)p +
D, cos(pz — 3 pm)s cos(n—n)@ + Dy, cos( = — 3 Up)s cos(n+ n)p +
Dy cos( = + 3 up)s cos(n — n)@ + Ds4 cos( Hy + 3Un)S cos(n+ n)p +
Dy, cos( u= — 4 14, )G cos(; —n)@ + Dy cos( p= — 4 4, )S cos(n + n)p +
Dy cos(u- +4uy)s cos(n— n)@ + Dy cos( p=+4uy)s cos(n + n)p +
Ds sin y=¢ cos(n — n)@ + Ds, sin HoG cos(n + n)@ +

Dy sin( u= — Up)$ cos(n n)@ + Dy, sin( f. = Up)S cos(n +n)p +
De3 SIn( = + f)G COS(N— 1)@ + Dgy SIN( 45, + M )S cos(n +n)p +
Dy sin( uz — 2 iy )g cos(n—n)@ + Dy sin( = — 2 p)g cos(n+n)@ +
Dossin( g +2 1, )s cos(n— n)@ + Ds, sin( Mo+ 2 1)S cos(n+n)p +
Dy, $in( 1= — 32 )g €08(n ~ M) + Dy Sin( 15, — 3 1) COS(n+ 1)@ +
Dygy sin( p= + 34y )5 cos(n—n)@ + Dy, sin( u= + 3 Uy )G cos(n+n)@ +
Dy, sin( u= ~ 4 4p)s cos(n—n)@ + Dy, sin( i — 4 4,)S cos(n+n)e +
Dy sin( p= + 4 Uy )g cos(n— n)@ + Dy, sin( u- +4uy)s cos(n+n)p]} =0

where
2 D 2 214 4
Hl:Xl(r_z(#m+n )"+ Etpy)
T D 2 244 4
Hy ==X, (5 (uah + )" +16Etuz)
H, = Xs( (Yu2 +n?)* +81Etu,)

F{Z:—X4(;;(16p3,+n )* + 256 Etul)
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D=7 (g = pm)* +(n=n)*)? (3.22)

D —
Dy ==7 (a5 + pm)* +(n+ 1))’

D -
Dy =7 ((#7 = 2p1)* + (n=1)*)?

Dy =22 (s ~ 241" + (1 + )’

Dy =—Pf((u; +2 pi)? +(n=n))?

D -
Dyy == (5 + 2 ) +(n+m)*)’

D -
Dy, =72t = 3am)* + (0= 1)*)

D -
Dy =72 (5 =3 p)* + (n+ 1))
H3 2 o 252
Dyy == ((Hz + 34m)” + (= 1)")

D -
Dyy == (5 +3m)* + (n+1)*)? (3:22)

D -
Dy =7 (st = 4p1)* + (n—)*)’

33




7 (st~ 4 ) + (04 1))
Dy =~ 4((#—+4#,.,)2+(n n)*)?
Dy = ——:—((y;+4ym>2 +(n+n))?
Dy, = %(p;z +(n-n)*y?

Dy, = %(ﬂ;z+(ﬁ+n)2)2

Dy, = %«u; =t +(n=n)})?
Dy =2 ((ttg — i)+ (4 )Y
D =26 (s + ) + (=Y
Dy =~ ?«wum)%(r‘wn)z)z

Dy, —((#-—2ﬂm)2+(n n)*)?

P

D ==t~ 2410)? + 1Y

|9

Dyy = (4t +2 ) +(n—n)?)?

Dy = -4:((‘11— + 244, )2 + (n+ )Py

Dy, = éf—«u;—wm) +(n-n)*)*

Dy, = %((#——3#,.)“("”) )’
Dy

P

s = 2 + 3 ) + (= 1))

PI

Doy == (5 + 3ptp)* + (n+ 1))’

(3.22)

(3.22)
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D _
Doy =7 (45 = 4 ptm)* +(n=m))?

I5) _
Dy, =‘T9((#; - 4#».)2 +(n+ n)?)?

D - 2
Dsy =~ ((#5 + 41n)* + (n=1)*)’
D, _
Doy == ((pt5 + 4ptm)* + (n+ m)*)?
and

Dy == X(n* By + ' Ay)
Dy = Xy (n* By + 4 i’ A2)

Dy = - Xy(n By + Yty ) o2
Dy = Xy(n*Boy + 16 4 Az2)
Dy = Xy B sin"5-
Dy =-2Xinp,Cry
D, = 4X,nu,Cry
Dy=—6X I C— (3.23)
23; =8X. 4n.umcﬁ
3.6.1 Galerkin Method
The equation (3.21) has the form:
22 Ay (6.0} =0 (3.24)

Using the Galerkin approach, the equation is multiplied by w,(/,7) and integrated over
the shell surface. Here /1 and 7 cover the complete set of m,n combinations in the series

for w,. The typical equation may then be reduced to :
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S S G (B L Xy i - Ko St XS sim Ko Tam- X5 ST m)

m=m; My, n=N S
*‘-H—z Li( X1 Jaam-X2 Sriam* X3S3mam- X4 JSaiam~XsSi S 2m)
*ﬁs-[nﬁ(Xl iim= X2 Jagzm™ X3S 3i3m= X4 Jsiiam-XsSi JSom)

+ﬁ;[mi(Xl iam- X2 S 2iam* X3S3i4mXa Sasiam=X5Si Sam)

+H L Xy i X ot X3 g Xa Jai- X585 X0) (3.25)
-X[ % 2] I« Dl ! Ir'mn+ D 12 I :n; X Xl Jmm;- X2 J2mmm+ X3 J3mmm ‘X“ J4mmm X S J' m )
+( D 13 nn;+ D 14 I :n;)( X 1 J;mn;'X 2 Jmem+ X3 J 3dmmm” X J4mmm -X 5 S J;r;)

*( D21 [r'vﬁ;+ D22 nin X Xl a2mm” X?- J2m2mm+ X3 ']3m2mm X4 J4m7mm X5 Si Jﬁmm)
-X5 S5

X' X, T )

dm2mm~

XS, J

3mm

' "
*+( D"-3 I nin” D. 24 [ mm)( X\J 1 m"mm -X 2 J"mme 3m2mm

X,

4m3mm”

+(D3l[,',ﬁ;+D32 ’m;)(Xl J’

m3mm

X,

2m3mm

+X3J

3m3mm

+ X,

3m3mm”~

X, Jr

am3mm~

+(Da3 1! it Dy [7:=X Xy S X S - X585 3pm)

nin 2m3mm

# D, 41 nm?+ D 42 1 ;nn X X\J 1 m4mm -X 2 J2m4mm +X 3 J3m4mm -X, 4 J4m4mm -X 5 S Jc'tm;

+ D43 [r';ﬁ;.i- D44 [:'m X Xl m4mm'X2 J2m4mm+X3 J" Imdmm X4 J4m4mm XSS J4mm )

+(D51[,',,;;+D5')1' )(XlJ szj +X3J

nin 3mm”

X,y X5 S =)

+(DgyI! =+ Dey I )(Xlem; ‘XZK'Z,;,,,,',,; +X3K;”.m; -X4K;n.m; -X5S,,-,K,'n;"- )
+(Dg3 1" "'D64[,',',,,,)(X1 i XlKmem X3K;,ﬁm; -XyK o - Xs5Si K;;)
Dy [+ Dy L5 X X1 K - X Ko + XK, X Kigomin X553 Ky )

+(D73 nnn+D74 nnn)(XlKIanm -XzK'Z'n‘anl; +X3K;ﬁ2m; 'X K4m2mm X5S Kme )
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X, K

2m3mm

+ X5K.

3m3mm

+( Dgl [,',,7,',+ D82 [:n;)( Xl Km3mm

-X,K,

2m3mm

+(D831,’,ﬁ;+D84[” ')(XlK

nrin m3mm

+ XK,

3m3mm

(XK.

mdmm

X, K.

2mdmm

+X3K

3mdmm

+(Doy 1=+ Dy |

ﬂl"l)

+(Dg3 1152+ Dog I NX K,

nin mdmm

X, K,

2rmdmm

+X;K

3mdmm

XK.
X, K
XK

ddmm

X, K.

dim3mm

4i3mm

dmdmm

-X5S; K,

3mm )

-X5S: K,

mm)

XS K. =)

i > dmm

"YS n 4,,,,,, )]]}_0

The “Ks”, "Js" and “Ss” terms of equation (3.25) are defined in Appendix A. They

represent integrals which must be evaluated with due regard for the relative values of the

arguments of the trigonometric functions involved.

3.6.2 Eigenvalue Problem

The Galerkin approach leads to a matrix equation of the form :

[Al(a) - A [B] (a)=0

(3.26)

where (a) represents the array of coefficients @, and [A] and [B] are two symmetrical

matrices. This equation represents a general eigenvalue problem and may be solved for the

eigenvalue A by the use of inverse iteration method [44] described in Chap. 4. The main goal

of this work is to predict the critical load factor corresponding to the smallest value of A.

In Chap. 5 the eigenvalue problem is solved for two kinds of loading (considered

separately); external hydrostatic pressure and “hydrodynamic” pressure. In Chap. 6 the

combination of internal hydrostatic and “hydrodynamic” pressures are considered. The

internal hydrostatic pressure does not cause buckling. Therefore, the critical load factor is

37



calculated in Chap. 6 with respect to the “hydrodynamic” pressure. The resulting matrix
equation describing the general eigenvalue problem in Chap. 6 has the form:

[Al(a) - [B’)(a) - A [B")(a) =[A - B’}(a) - A [B")(2) = 0 (3.27)
where the two matrices [B’] and [B”] contain terms related to the membrane stresses for the
hydrostatic and “hydrodynamic™ pressures respectively.

The analysis was carried out in two stages. Values were found in the first stage for modes
corresponding to a single assumed harmonic in the axial direction. From this set the
harmonic with the smallest buckling pressure was identified. In the second stage, a final
solution was found using a combination of harmonics in the axial direction starting with the
one giving the smallest buckling pressure and identified in the first stage.

The theory presented in the preceding for the smallest buckling load was incorporated in
the FORTRAN computer code BUCBAN. Results from this program are discussed in the

following chapters.

3.7 Conclusion

An approximate solution scheme based on the linearized Donnell’s shell theory and
Galerkin’s approach has been developed to study the buckling of broad, anchored tanks
(free-fixed ends). The specific membrane loading is given through (3.18) upon choice of

coefficients A—, B—, and C-. In Chap. 5 this theory is applied to cases of empty tanks

mn’
subjected to hydrostatic (external) and “hydrodynamic” pressures. In Chap. 6 the same
theory is applied to practical cases of full tanks (internal hydrostatic pressure) subjected to

“hydrodynamic™ pressure. For other kinds of loading the Eq. (3.20.¢) must be adjusted.
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Figure 3.1: System considered.
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Figure 3.3: Shell theory displacements and stress resultants.
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Chapter 4

Finite Element Solution

4.1 Introduction

The FEM is a numerical method for solving problems of engineering and mathematical
physics. Typical problem areas of interest in engineering that are solvable by use of the FEM
include structural analysis (buckling, vibration, stress analysis,... ), heat transfer, fluid
flow,...et.

For problems involving complicated geometries, loading, and material properties, it is
generally not possible to obtain analytical mathematical solutions. These analytical solutions
generally require the solution of ordinary or partial differential equations, which, because of
factors listed above, are not usually obtainable. Hence, one needs to rely on numerical
methods, such as the FEM for acceptable solutions.

The finite element formulation of the problem results in a system of simultaneous algebraic
equations for solution, rather than requiring the solution of differential equations. These
numerical methods yield approximate values of the unknowns at discrete numbers of points
in the continuum. Hence, this process of modeling a body by dividing it into an “equivalent

system of smaller bodies or units” (finite elements) interconnected at points common to two
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or more elements and/or boundary lines and/or surfaces is called discretization. In the FEM,
instead of solving the problem for the entire body in one operation, one formulates the
equations for each finite element and combines them to obtain the solution of the whole
body. But on the other hand, this solution is expensive in terms of time. For this reason,

many researchers prefer to use analytical methods in order to minimize the cost.

4.2 Computer Programs for the Finite Element Method

There are two general approaches to the solution of problems by the FEM. The first is to use
large commercial programs called general-purpose programs which are designed to solve
many types of problems. The other is to develop small, special-purpose programs to solve
specific problems.

The major disadvantage of special-purpose programs is clearly their inability to solve
different classes of problems. For this reason, general-purpose programs are oftenly used to
solve a large variety of problems. Numerous commercial software packages are available
for FEM implementation. A partial list of existing programs includes: ALGOR, ADINA,
NASTRAN, ANSYS, GIFTS, IMAGES-3D.

In the present study, the FEM solution is determined using the ADINA program [43].
ADINA (Automatic Dynamic Incremental Non-linear Analysis) was developed at MIT
(Massachusetts Institute of Technology) by Bathe. This program provides several advantages
for the user. In addition to its capacity to solve dynamic and non-linear problems, this
program can read geometry and element data prepared by another mesh/element generator

such as another pre-processor or CAD program. The user has also the opportunity to use
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several types of elements: truss elements, two-D solid elements, three-D solid elements, beam
elements, plate elements, shell elements, pipe elements, general spring elements, fluid
elements. This variety in types of elements is not provided in all above listed programs
(example: Algor). Depending on the nature and complexity of the problem, one can choose
the appropriate type of elements. ADINA has effective data facilities available, including
those for mesh generation and for graphically checking the prepared model. To build the
input file no particular order of the commands is required. This fact reduces the time

consumed to prepare and check the input data especially for a large finite element model.

4.3 Modeling the Problem Using ADINA

Several points should be defined in ADINA in order to solve this linear buckling problem:

e Linear analysis: small strains are used.

o Material: elastic material is chosen.

e Geometry: due to the symmetrical loading and geometry, only one half of the tank is mod-

eled. This point is justified and discussed in detail in Sect. 5.3

o Element: the isoparametric shell element having eight nodes and uniform thickness is
chosen. The integration order is taken as 3x3x3 for this specified element.

e Degree of freedom: there are three displacements and two rotations at each node.

e Loading: surface pressure loading is used in this study.

e Mesh: it consists of a number of elements in both circumferential and longitudinal direct-

tions. This number of elements is selected to provide convergence. In Chap. 5 a convergence




check is presented for every specific mesh. It has been observed that the number of elements

in the circumferential direction has the largest effect on the solution.

The selected mesh for the first tank, having an aspect ratio _r- = 1.0, consisted of 60 (20x3)

eight-nodded isoparamateric shell elements with a total of 227 nodes (Fig. 4.1). However,

L
for the second tank having an aspect rati -;=05, the selected mesh consisted of 120

(40x3) eight-nodded isoparametric shell elements with a total of 447 nodes (Fig. 4.2).

e Convergence tolerance: high convergence tolerance is desirable to minimize the physical

norm error of the solution (10E-10).

e Boundary conditions: nodes located at the top of the tank have five degrees of freedom,

while at the bottom they are completely fixed (clamped edge). Finally at the remaining
edges, nodes can have only, due to the symmetry, two displacement and two rotation degrees

of freedom.

4.4 Solution Methods for Eigenproblems

One can distinguish between two kinds of eigenproblems: standard and general. The
simplest problem encountered is the standard eigenprobiem:

Ko =Ao 4.1)

where K is the stiffness matrix for the finite element assemblage, ¢ is the eigenvector and A

is the eigenvalue. There are n eigenvalues and corresponding eigenvectors satisfying (4.1).
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The ith eigenpair is denoted as (4, ¢;), where the eigenvalues are ordered according to their
magnitudes:
0SASAS..€4 <A (4.2)
For the general eigenproblem, the equation has the form:
K¢ = AM¢ (4.3)
where M is the mass matrix . K, A, and ¢ have the same definitions as before.

The most common eigenproblems that are encountered in general scientific analysis are
standard eigenproblems. For this reason, the solution of standard eigenproblems has attracted
much attention in numerical analysis, and many solution algorithms are available. However,
there are some techniques to transform the general eigenproblem to a standard one [44].

When considering the design of an effective solution method for an eigenproblem, a basic

question is wether one should first solve for the eigenvalue A, and then calculate the
eigenvector ¢, or vice versa, or whether it is most economical to solve for both A and ¢

simultaneously. The answer to this question depends on the solution requirements. In this
study the main goal is to calculate the smallest eigenvalue for a general eigenproblem
described in Chap. 3.

The solution methods can be subdivided into four groups: vector iteration methods,
transformation methods, polynomial iteration techniques, and the Sturm sequence techniques
[44]. All these methods are iterative in nature.

The effectiveness of a solution method depends largely on two factors: first, the possibility
of a reliable use of the procedure, and second, the cost of solution. The solution cost is

essentially determined by the number of high-speed storage operations and an efficient use of
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backup storage devices. However, it is most important that a solution method can be

employed in a reliable manner.

A vector iteration technique named inverse iteration has been used in the analytical

solution. The real justification for using this method derives from the fact that it does work

and it can be used economically. The same method is employed also in ADINA. The

technique of inverse iteration is very effectively used to calculate an eigenvector and at the

same time the corresponding eigenvalue can also be evaluated.

4.4.1 Inverse Iteration Method

The inverse iteration algorithm can be described as follows. Assume that K is positive

definite, whereas M may be a diagonal or banded mass matrix. Take a vector for ¢ say X;.

Assume that y, = Mx; then evaluate for k=1.2,....,

Kxe+1 = Ye
Yewr = Mt
P y
k+1 )Yk
P (X)) ===
Xe+1Yeat
yk-(-l
yk+l - 12
( k+l k+l)

where, provided that y7 ¢, #0,

Yest = M@ and P(;/m)—)}.l as k—>o

4.4)

4.5)

(4.6)

4.7)

4.8)
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It should be noted that the superscript T denotes the transpose and the vector p(:\:./ﬂ.l) is the
Rayleigh quotient.
p(}/ﬁ.;) is an approximation to the eigenvalue )1 It is this approximation to }1 that is

conveniently used to measure convergence in the iteration. Denoting the current

N k+1) o k+1 = .
approximation to /'{1 by /’l: *h [i.e., ﬂ: 2 P(xk+1)], one can measure convergence using

’ }1(k+l) _ zgk)l
___AT(,‘_H)__.

The tolerance (tol) should be 1072* or smaller when the eigenvalue )1 is required to 2s-digit

<tol (4.9)

accuracy. In this study s has been chosen equal to five.

Finally if [ is the last iteration one can calculate )1 and @;

A= p(xi1) (4.10)
o = =t — @.11)

=TT =
(xl+ly[+|)

All other eigenpairs ( /'l; ,¢;) can be calculated by the same iterative cycle.
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Figure 4. 1: Finite clement model of tank#1 (Lrr =1.0)
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Figure 4.2: Finile element model of lank#2 Lr =0 5
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Chapter 5

Validation

5.1 Geometry and Loading

The validity of the theory presented in Chap. 3 is partially checked through comparison with
the FEM solution. The author has chosen two examples of broad tanks, for which the

dimensionless functions o(x) in Eq. (3.2), are provided by Veletsos et al. [9,10].

L r
The first tank is characterized by the following aspect ratios: P 1.0 and 7= 1000.

This tank is made from steel. Its material properties (E,v) are given in Table 5.1. The second

L r
tank corresponds to the following geometric ratios: 7 =0.5 and rte 1000. This tank is also

made from steel. The corresponding Young’s modulus (E) and Poisson ratio (v) are given in
Table 5.1.

Empty tanks are examined in this chapter. Two kinds of horizontal loading are considered;
external hydrostatic pressure and “hydrodynamic” pressure. Each of these pressures is
multiplied by a factor of ten (10) in order to satisfy the following condition in ADINA (43]:

« the smallest critical load (A) should be greater than 1 and smaller than 500”.
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The theory, described in the chapters 3 and 4 is applied to these models. Results and

discussion are presented in Sect. 5.3.

Table 5.1: Geometrical and material properties for tanks under examination

Poisson Young's
Tank # Lir r/t ratio modulus (E)
v) (MPa)
1 1.0 1000 0.3 207000
2 0.5 1000 0.3 207000

5.2 Convergence Check

In the analytical solution, the number of harmonics in the circumferential direction has a
great influence on the convergence of the solution. This is shown in Table 5.2 . It has been
found that sixteen (16) to twenty six (26) terms in the circumferential direction provide
adequate convergence.

In the FEM solution, the number of elements in the axial and circumferential directions
should be chosen carefully in order to obtain accurate results. The appropriate mesh is
obtained when convergence is reached. Consequently, the analyst should refine the mesh

until convergence is obtained. Convergence of the FEM results is shown in Table 5.3.
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It can be seen from Table 5.3 and Figs. 5.1 that convergence is reached for tank # 1 when
the critical load (A) is equal to 13.55. Therefore, the appropriate mesh for the first tank
consists of 3 elements in the axial direction and 20 elements in the circumferential direction.

For tank # 2, convergence is obtained when A is equal to 21.93 (Figs. 5.2). Consequently,
the appropriate mesh for the second tank consists of 3 elements in the axial direction and 40
elements in the circumferential direction.

It has been observed that the number of elements in the circumferential direction has the
largest effect on the solution. This observation was reported also by Azar and Redekop [45]
who used ADINA to study the ram bending of cylindrical pipes.

In the FEM solution the mesh depends significantly on the type of elements used and the
number of nodes in each element. As example, if one solves the same problem using the plate
elements or the 4-node shell elements (integration order=2x2x2), he must refine much more
the corresponding mesh (the number of elements is much higher than in above cases). In the
present study the use of the isoparametric 8-nodes shell elements with an integration order of

3x3x3 leads to an economical and accurate solution with relatively few elements [21].
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Table 5.2: Effect of the number of harmonics in the circumferential direction (BUCBAN)

Number of Terms Mode Kind of Critical Load Critical Load
in the Circumferential Number Loading Factor for Factor for
Direction Tank # | Tank # 2
8 1 Ext. Hydrost. 140.68 714.71
10 1 Ext. Hydrost. 41.30 268.31
12 1 Ext. Hydrost. 18.29 114.40
14 1 Ext. Hydrost. 13.13 56.36
16 1 Ext. Hydrost. 12.84 33.55
18 1 Ext. Hydrost. 12.84 25.07
20 1 Ext. Hydrost. 12.84 2292
22 1 Ext. Hydrost. 12.84 22.92
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Table 5.3: Convergence check for the FEM (external hydrostatic pressure)

Number of Number of Critical
Tank L/r Elements in the Elements in the Load Factor
Number Circumferential Longitudinal (ADINA)
Direction Direction

1 1.0 16 3 14.19
1 1.0 18 3 13.77
1 1.0 19 3 13.64
1 1.0 20 3 13.55
1 1.0 21 3 13.55
1 1.0 22 3 13.55
1 1.0 20 2 16.4
1 1.0 20 4 13.55
1 1.0 22 6 13.55
1 1.0 24 9 13.55
2 0.5 28 3 2473
2 0.5 32 3 24.63
2 0.5 36 3 24.20
2 0.5 38 3 23.10
2 0.5 40 3 21.93
2 0.5 44 8 21.93
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5.3 Results and Discussion

Table 5.4 shows analytical and numerical results obtained for both tanks under laterai

hydrostatic (external) and “hydrodynamic” pressures.

Table 5.4: Analytical and numerical results

Critical Critical Solution Percentage
Tank Kind of Load Factor | Load Factor Time(s) of Error(%)
Number Pressure (BUCBAN) (ADINA) BUCBAN/ADINA w.r.L.
FEM Sol.
1 Ext. Hydrost. 12.84 13.55 321/1145.43 5.2
1 Hydrodynamic 38.25 36.26 413/2066.12 54
2 Ext. Hydrost. 22.92 21.93 362/1636.79 4.5
2 Hydrodynamic 56.80 60.05 540 / 5049.65 54

It is seen from Table 5.4 that results obtained from analytical and numerical analyses

agree closely. The percentage of error measured with respect to FEM solution is

approximately five percent (about the same percentage of error was found for other sizes of

tanks in Appendix B). This indicates clearly that this method gives, as expected, an

approximate solution for the problem. In fact, Galerkin’s method usually doesn’t provide an

exact solution. It can be accurate only when boundary conditions are simple (example:

simply-simply supported shell), which is not the case in the present study.
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Error is due especially to the fact that an assumed displacement function is taken as the
solution to the problem; this assumption is based on the experience and intuition of the
analyst. It is not always easy to predict the exact shape of the displacement. The analyst
should feel the problem in order to obtain a suitable function. The fact of not considering
bending stresses and prebuckling deformations in the analysis has also some effects on the
solution.

In the first stage of the analytical solution the smallest buckling load occurs at the first
axial mode (/=1). In the second stage, using the combination of two or three axial modes,
the above listed values were obtained. The main goal of combining two or three axial modes
is to obtain the real or exact first buckling mode. Resuits obtained after and before the
superposition stage were very close. Therefore, the first buckling mode corresponds to the
axial mode m=1.

As mentioned in Sec. 2.1, tanks subjected to lateral loads can buckle into two modes: shear
and bending. Shear buckling occurs usually at the top of the tank while bending buckling
occurs near the base [13,46]. By looking to Figs. (5.4, 5.6, 5.8, 5.10), one can observe that
most of the damages occur at the top of the tanks. Consequently, buckling is probably due to
shear in this case. Results agree with those obtained by Nagashima et al. [13,21] who have
found that shear buckling is dominant for short cylindrical shells.

In the FEM solution, only half of each tank was modeled because symmetrical buckling
was expected. The real justification for expecting symmetrical buckling derives from the fact
that geometry and loading are symmetric. In order to assure that buckling is symmetric the

author has used a quarter tank model (Figs. 5.11, 5.12) to study the buckling of tanks under
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external hydrostatic pressure. Results (Figs. 5.13-5.16) were identical to those obtained in the
cases of halves of cylindrical shells (Figs. 5.3-5.10).

In Appendix B results are reported for other tanks. The same procedures were used and
similar results were found. In fact, several researchers have used the above FEM model to
study the buckling of tanks under lateral load. Kokubo et al. [21] have developed a special
purpose FEM program. Their objective was to study the effects of four types of geometrical
imperfections and combined loading (lateral load, bending,..) on cantilevered and simply
supported tanks (short and tall). They have modeled halves of the cylinders using the 8-node
isoparametric shell elements (Figs. 5.17-5.18). Nishino et al. [24] have used the FEM code
‘FINAS’ to study the buckling of liquid-filled thin-walled cylindrical tanks subjected to
lateral excitation. They have modeled halves of the cylinders (Fig. 5.19). By looking to Fig.
5.19, one observes clearly that similar buckling modes were found in the present study (Figs.
5.4, 5.8). Natsiavas et al. [11] have used the FEM code ANSYS to study the seismic behavior
of an unanchored liquid container. They have discretized haif of the cylindrical tank by
quadrilateral shell elements (Fig. 5.20). One of their objectives was to predict the possibility
of any buckling failure at a given excitation level.

In reality, under dynamic action, loading becomes unsymmetric. This is due to several
factors (rocking, sloshing motion,...). Therefore, nonsymmetrical buckling is often expected.

As mentioned by Nagashima et al. [13], the static approach is accurate as long as the study
is made in the medium range of frequency. For high range of frequency, the analyst should
expect higher percentage of error. Consequently, the present study can not cover dynamic

problems involving high seismic acceleration.
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In comparing results, consideration should be given to the major characteristics of the
two methods. The analytical solution provides the option of finding buckling pressures for
single specified modes or combination of modes. Accuracy depends on the simplicity of the
specified buckling mode. In the present study, the first buckling mode (starting mode) is hard
to predict. If the solution starts far from the real first buckling mode, results will be certainly
wrong. This high degree of difficulty is due to the presence of the free edge. For this reason,
constants in the displacement function should be adjusted according to the kind of loading.
The number of degrees of freedom corresponds to the number of modes specified, and is
usually quite low. The solution is thus computationally very economical (Table 5.4).

In the FEM there is no prior assumption made about the buckling mode. The number of
degrees of freedom equals the number of unknown nodal displacements in the full domain,
and is usually very large. The solution is thus computationally expensive (Table 5.4), but can
accurately represent any general buckling mode. As well, solutions can readily be found for

different boundary conditions.
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Figure 5.1.b: Convergence of FEM Sol.
(Axial Direction; L/r=1.0)
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Figure 5.3: Deformed shape of tank#1 (L/r = 1.0: load=hydrostatic).
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Figure 5.4: First buckling mode of tank#1 (L/r=1.0; load=hydrostatic).
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Figure 5.5: Deformed shape of tank#1 (L/r=1.0: load="hydrodynamic").




Figure 5.6: First buckling mode of tank#1 (L/r=1.0: load="hydrodynamic").
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Figure 5.7: Deformed shape of tank#2 (L/r=0.5; load=hydrostatic).
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Figure 5.8: First buckling mode of tank#2 (L/r=0.5: load=hydrostatic).
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"hydrodynamic™).

Figure 5.9: Deformed shape of tank#2 (L/r=0.5; load
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.5: load="hydrodynamic”).

Figure 5.10: First buckling mode of tank#2 (L/r=0
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Figure 5.11: Finite element model of tank#1 (L/r=1.0; quarter of the tank is modeled).



Free

Figure 5.12: Finite element model of tank#2 (L/r=0.5; quarter of the tank is modeied).
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Figure 5.13: Deformed shape of tank#1 (L/r=1.0: lo



uarter of the tank is modeled)

d=hydrostatic: q

Figure 5.14: First buckling mode of tank#1 (L/r=1.0; loa
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Figure 5.15: Deformed shape of tank#2 (L/r =0.5: load=hydrustatic; quarter of the tank 13 modeled).
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ic. quarter of the tank 1s modeled)

Figure 5.16  First buckling mode of tank#2 (L/r =0 5. load=hvdrostat
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Figure 3.18: Shear mode obtained by FEM [21].
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Figure 5.19: Shear buckling mode obtained by applying an extemal lateral pressure on the tank wall {24].
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Chapter 6

Practical Application

6.1 Geometry and Loading

Two practical models of broad, anchored, cylindrical tanks are examined in this chapter
(Table 6.1). Tanks have been designed according to the standard AWWA D 100-84 [471.

The first tank is a steel model tank, of 16 m in diameter, 8 m high and 0.008 m in
thickness. The second tank is also made from steel, with a radius of 15 m, a height of 7.5 m
and a thickness of 0.015 m.

Both tanks filled with water are examined in this chapter. Consequently, effects of
hydrostatic (internal) and “hydrodynamic” pressures are combined together for each tank.
The membrane stresses caused by the “hydrodynamic” pressure are calculated at an
acceleration G=0.3g.

The theory, described in the chapters 3 and 4 is applied to these models. The critical load
factor is calculated with respect to the “hydrodynamic™ pressure because the internal
hydrostatic pressure does not cause buckling. Consequently, the sum of terms related to the

membrane stresses caused by the internal hydrostatic pressure (Eq. 3.25) should be added to
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the [A] matrix as shown in Eq. 3.27 (see Sect. 3.6.2). Results and discussion are presented
in the next section.

Table 6.1: Geometry and loading

Tank Acceleration for
Number L(m) r(m) t(m) E(MPa) v “Hydrodynamic”
pressure G
1 8.0 8.0 0.008 200000 0.3 0.3g
2 15 15 0.015 200000 0.3 0.3g

6.2 Results and Discussion

Analytical results are shown in Table 6.2 for these broad tanks. The critical load factor for
tank#1 is equal to 6.4 while for tank#2 it is equal to 3.5. These results mean that both full
tanks do not buckle at the above ground acceleration (0.3g). Therefore, the predicted critical
ground acceleration for the first tank is equal to 1.9g while for the second it is equal to 1.1g .
Referring to some reports and experimental studies [4,14,46], the author has found that the
values obtained for the critical accelerations are reasonable for this type of tank and loading.
In the experimental study conducted by Niwa and Clough [14], some anchored tanks, filled
with water, were tested on the University of California shaking table under a combination of
horizontal and vertical accelerations. The motions were applied first with quite small peak
accelerations, and the intensity was increased gradually in successive tests until damage was

observed. Critical accelerations in the horizontal and vertical directions were found around
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0.95g and 0.4g respectively. Therefore, the critical horizontal accelerations obtained in this
section appear reasonable.

Lau et al. [4] have reported some observations regarding the effects of the 1989 Loma
Prieta earthquake on some anchored tanks. The accelerations in the horizontal and vertical
directions were recorded as 0.7g and 0.5g respectively. Only some of the anchored tanks
suffered earthquake damage. This means that the average value for the critical horizontal
acceleration is estimated to be at least equal to 1.0g (if the vertical acceleration is not
considered).

Shih and Babcock [46] have studied experimentally the buckling of anchored oil storage
model tanks (IP) under horizontal acceleration. The ground motion is simulated using three
types of excitation. The acceleration spectrum of the base excitation varied between 0.5g and
5.0g. Most of the tanks, subjected to a base excitation less than 0.9g, did not buckle.

In fact, the analyst would expect to obtain by using an approximate static approach a
higher critical acceleration than the one describing the real dynamic situation. This
observation was reported by Niwa and Clough [14]. The present approximate solution is
based on a static approach where several factors (sloshing motion, rocking motion,
uplifting,...) were not considered. The consideration of some additional factors (Sect. 6.3)
makes the solution more acceptable. Also one should remember that the static approach is
only accurate for medium range of frequency [13].

It has been observed that the internal hydrostatic pressure affects strongly the solution.
This hydrostatic pressure reduces enormously the effect of the “hydrodynamic” pressure

(both tanks, subjected to a ground acceleration G=0.3g , buckle if they are empty). The same
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observation was reported by Nagashima et al. [13], who found that the elevation of the water
level intensifies dramatically the buckling resistance.

Table 6.2: Analytical results (BUCBAN)

Tank Number Critical Load Factor (A)
1 6.4
2 35

6.3 Practical Considerations

In the study of buckling of liquid storage tanks under earthquake motion, a number of
factors have an influence on the solution. These factors include rocking motion, uplifting,
vertical excitation, interaction between the base plate and the tank, interaction between the
system and the ground, and sloshing motion. Each of these factors complicates significantly
the problem. For this reason researchers have assumed that these factors are independent and
have treated each phenomenon separately. But on the other hand, it is the combination of
these factors which makes the problem realistic.

In order to understand the effects of the prelisted factors, one can refer to the following
studies. The rocking problem has been studied analytically by Veletsos et al. [48] and
Ishida et al. [17]. Results have shown that the rocking motion induces an overturning moment
in the tank wall. This phenomenon is also related to the tank flexibility.

The uplifting problem has been studied by Malhotra et al. [2] and Ishida et al. [17]. They
have reported that base uplifting may “significantly influence the dynamic response of tanks

and lead to axial stresses in the tank wall”. Axial stresses cause bending buckling (elephant
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foot buckling or diamond-shaped buckling) [23]. Numerical methods have been used to
solve this problem.

The effects of liquid sloshing have been studied analytically by Haroun et al. [49], Veletsos
et al. [50] and Tang [51]. They have found that the sloshing motion increases stresses in the
tank wall. The liquid sloshing is represented according to Veletsos by the convective
component. This component can be neglected for relatively broad tanks [2].

The vertical acceleration has been considered by Veletsos et al. [52]. An analytical solution
has been obtained for this problem. Results have shown that the vertical acceleration
increases the axial membrane stresses in the tank wall. Therefore, according to Nagashima et
al. [13], bending buckling is probable in this case.

Base plate/tank and soil/structure interactions have been analyzed by Auli et al. [18],
Waunderlich et al. [25], Lau et al. {47], and Daysal et al. [53]. Numerical analyses (FEM) have
been used to solve these problems. Researchers have found that these interactions introduce
some nonlinearities in the problem and make the analysis much more complicated. Both
interactions affect the dynamic response of the system.

In the present study, only the cos@ mode has been considered in the “hydrodynamic”
pressure. However, when a geometrically nonlinear theory of shells is used to analyze the
dynamic response of broad tanks under earthquake motion, cosn® modes can have a

significant influence on the membrane stresses near the base [8].
In future studies, one can consider in addition to the horizontal excitation the effects of the
liquid sloshing and vertical acceleration. Attention should be paid to the formulation of the

displacement function, which depends strongly on the boundary conditions.
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Chapter 7

Conclusions

From the present study the following conclusions can be drawn.

e An approximate solution scheme based on the linearized Donnell’s shell theory and
Galerkin's approach has been developed to predict by static analysis the smallest buckling
load factor of an anchored, full, broad, cylindrical liquid-storage tank under horizontal
ground motion.

e Results obtained from this method agree with results from the FEM solution (ADINA).
The percentage of error with respect to the FEM solution is around five percent; this is very
acceptable for an approximate solution.

e The major advantage of this method is the saving in cost and time.

e This method can be used for different kinds of loading.

¢ The present study does not consider the prebuckling displacement, the initial bending
stresses, the interaction between the base plate and the tank, the presence of an additional
vertical acceleration, any possible rocking... . The consideration of some of these factors are

recommended for future studies.
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Appendix A

Definitions of terms used in equation (3.25)

2
Lin = f cosAgcosnpdy
0
2 —
[, -= f cosAp cos(n— n)pdo

[ -= r cosAig cos(n+ n)gdg

L
I =§ Sin (36 Sin W gds
L
Jrom = [SI02 15 sin il
.
Jsam = Jsin3 st sin ptasi
L
Jaim = { sin4 u;6 sin U, gds
S,;,=sm%£
L
I 2 ny,sds
L
Jiam = Esmﬂmgsmﬂmgdg
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It~ ©t=—RI~ ©C—wit~

J2i2m sin2 ;6 sin2 u,cds

J3iom = I Sin3 w6 sin2 upds

St

J4m2m - jSll’l4[lm§' Slnzymgdg

'———.\“N

Jom = 1sin2 p,cdg

0

o'—:\lh

Jm3m sin HnS Sln3.umgdg

L
Joism = g sin2 p;6 sin3 p,gds

h

JS3iim = ; sin3 ;6 sin3 uygds

I~ ©

Jaizm = zsm“#ﬁg sin3 u,¢ds
L

J3m = Ism3y,,,gdg

Jm4m sin #mgsm4.“m§dg

o‘-—-wllh

L
Jajam = gsian,;,g sind u,qds
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L
S3iam = I sin3 u;6 sind uy,cds
:
Tupin = |5ind b sind pingls
L
Jam = j;sm4 Umcds
L
L
Joi = { sin2 u,;¢dg
L
Jaq = ,I sin3 u;¢ds
L
Jiq = Jsind uaci
L
Xi =j dc
0
L
S mim = { sinp;6 COS( My = Him)§AS
L
S = g Sinz6 COS( Uy + fm)dS
L
i = gsin2 His COS( Mz — Hn)sds



L
Tyanin = |52t oSt + 1)l
L
A g Sin3 g6 cos( 4y — M )eds
L
Simim = g Sin3 ty6 COS( Uy, + Hm)SdS
L
J s = 15it4 10 c0S( 5~ t1n) 5
L
i = ]; sind u g coS( 7, + Hn)5ds
L
Jom = { cos( 5, — Hm)sds
L
Jom = g cos( 5, + Hn)gds
L
s = :{ sinusg cos( Uy, — 2 U )sds
L
Jiamm = g sinu g cos( Uy, + 2 Um)gds
L
Vo { sin2 u;6 COS( 45, — 2 Hm )5S
L
Sosiamm = g Sin2 pg COS( 5, + 2 m )5S
L
Syamim = (I) sin3 w6 cos(uy, — 2 Hm)5dS
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3m2mm

ak‘
|
O I O e I O iy |

sin3 w6 cos( U= + 2 iy )6ds

sind p;¢ cos( ut, — 2 Uy )5AS

k3
)
E]
3|

J

4m2mm

sind ;¢ cos( = + 2 4y, )5ds

L
Jopm = { cos( uy, — 2 Hm)5ds
L
Somim = J; cos( 45 +2 im)gds
L
Joam= = ,Z sinu;g cos( (- — 3 iy )sds
L
v J; sinppg CS( 5 + 3 pm)Hls
L
Jypam = g sin2 u;g cos( 4= — 3 ) sds
L
Jysane = g sin2 w6 cos( = + 3 tp)cds
L
Jysamm = g sin3 u;¢ cos( = — 3 iy )5ds
L
Jys == £ sin3 wsg cos( U= + 3 Hm)sds
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L

S ipamm = T sind p;6 cos( 4y — 3 U )eds
0
L

S opamm = T sind ;6 cos( iy, + 3 U )eds
0

DAL wl

Jimm =1 cos(ptz =3 pm)ds

it~ ©

Jomm =1 cOS(pt5 +3 up)5ds
0

L
S oamm = £ sinsg cos( p — 4 tn)5ds
L
Jtm = g sinpg cos( py, +4 Hp)sds
L
Srsamn = g $in2 6 €0S( 47, — 4 Hn)5HS
L
Josam = ];sin2 Mg cos( U + 4 tp)gds
L
Ty = |53t cos(us; ~ 4 )l
L
Jamn = 2 sin3 6 cOS( i, + 4 Hm)5dS
L
Jonai = 15ind s 0055 ~4120) s
L
S ysamm = { sind s Cos( 4, + 4 i) s
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L
1
amm = { cos( iy, — 4 Uy )5ds
L
" -
e { cos( iy, + 4 i)

L
[

S = j sinu;6 sin p=gde
0

L
Sopm = :];sm2 M6 Sin p-cdg
L
Siim = z sin3 y;6 sin p-gds
L
Siim = ,:[sm4 M6 Sin p=cds
L
J-= g sin y-¢ds
L
i = £ sing;6 sin( 4 — Um)sds
L
Ko = { sinp;6 sin( g, + Hp)ds
L
Kimm = { Sin2 g6 Sin( 5, = Hm)§ds
L
Ko = E SIN2 (6 SIN( K7, + Hm)SAS
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L
Koimm = { sin3 u6 sin( = M )6ds
L
Ky = { sin3 g6 sin( g + Hm)5ds
L
K yimm = { sind w6 sin( 45, — Um)eds
L
Koz =[5 s sinCits + pim)ode
L
Ko = { sin( 4 — Hn)5ds
L
o = { sin( 5, + fm)5ds
L
Koz = Isinstas sin(us; =2 tn s
L
K smm = (f) sinug sin 5, + 2 i )5ds
L
Ko = { Sin2 6 SIN( 4y, = 2 )5S
L
Kpamm = J; sin2 ;6 sin( 4, +2 m)5ds
L
Ksiamm = I sin3 6 sin g, — 2 i )5As
L
Kamm = { sin3uag sin( 4, + 2 4 )85
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L
R
L
Kisanis = | 5ind i SinCt5 + 2 )l
L
Komm = { sin( 4t — 2 ) 5ds
L
Ky = { sin( 15 + 2 )5
L
K osmm = { sinuy¢ sin( gy — 3 Uy )ods
L
K s = g sing;¢ sin( y, + 3 i )5ds
L
Ko = 002 g sin 5~ 3110
L
Kismm = { Sin2 p;¢ sin( g + 3 Uy ) gdS
L
Kiamm = £ sin3 46 Sin( 7 = 3 tim )5S
L
Kismm = (f) sin3 w¢ Sin( 5, + 3 4 )5dS
L
K oiismm = { sind p6 Sin( 45 — 3 U )d
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sind u,,¢ sin( - + 3ty )6ds
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3
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3
31
"
O i N

L
Ko = ':[ sin( g — 3y )ds
L
Kimn = { sin( ¢ + 3t )55
L
K pamm = g sinpg sin( g5, — 4 4n)5ds
L
K samm = Z sing Sin( pt, + 4t )5ds
L
K amm = { sin2 u;6 sin( ;= 4 m)5ds
L
K mamm = { sin2 g6 sin( 5, + 4 4y )5ds
L
Kopans = 503 1 SinC 5~ 1) 5
L
K = { sin3 u;6 sin( 4, +4 n)6ds
L
Kopunis = st s ~ 4 ) s
L
K = 5104 i SinCstz + 4 110) 5
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|
n
O'-—-i‘“*

sin( u — 4 )55
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Appendix B

Additional examples of anchored steel tanks are used to verify the theory

of Chap. 3. Tanks, described by their aspect ratios (L/r, r/t) are subjected

to external hydrostatic pressures. The critical load factor is calculated in

each case.
L/r tr BUCBAN | ADINA ADINA Percent.
(quarter of the | (half of the of Error

tank is tank is modeled) W.I.t.
modeled) FEM Sol.

2.0 10.001 17.02 16.32 16.32 42

1.5 10.001 29.85 29.00 29.00 29

1.25 |0.01 111.64 116.66 116.66 4.3

0.75 |0.01 26191 272.12 272.12 3.8
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Appendix C

Computer Program BUCBAN
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CessesssssssasssssasssassBUCBAN FORTRAN #506508008280308000008808080000000

c LAST MODIFICATION - JUNE 25 1997

C TO STUDY THE BUCKLING OF BROAD, ANCHORED LIQUID STORAGE TANKS

C UNDER HORIZONTAL GROUND MOTION .

C THE LINEARISED DONNELL'S EQUATIONS ARE USED IN CONJUNCTION WITH

c GALERKRIN'S APPROACH.

o RESULTED EIGENVALUE PROBLEM IS SOLVED USING THE INVERSE ITERATION METHOD.
IMPLICIT DOUBLE PRECISION(A-H,0-2Z)
CHARACTER»7 THEO(1)
COMMONAYY/R,XL,T,E,POI,PI MINT MHIM, NHIM MLOI MHII NLOI NHII.MI.KP
COMMON./CODE/SAVE (20, 3) .MSAVE (20,2) .NSAVE (4) .MZ ,NZ ,SAVE1(20)
COMMON/THEORY /1T, ISTAGE
COMMON/ADD/X1,X2,X3,X4.X5
DATA THEO-'DONNELL'~/

c MOST IS NUMBER OF SINGLE AXIAL MODE TRIALS - FIRST STAGE

c MSPACE 1S SPACING BEIWEEN AXIAL MODES - FIRST STAGE

c MADD+1 IS NUMB OF AXIAL MODES IN SOLN - SECOND STAGE

DATA MOST~10/, MSPACE/10/., MADD/1/
c X1,X2.X3,X4 and X5 ARE CONSTANTS FOR THE BUCKLING DISPLACEMENT FUNCTION
c CHOOSE ANY VALUE FOR X2
OPEN (UNIT=8,FILE="'THESIS')
IT-1
CALL INFIX(1)
WRITE (8.6) THEO(IT)
6 FORMAT (/' STABILITY ANALYSIS USING: ',A.' THEORY'/)
MINT=2
CALL INFIX(2)
c FIRST STAGE - SINGLE AXIAL MODE IN EACH TRIAL
ISTAGE=1
DO 10 MZ=1,MOST
MLOI=1+(MZ-1)eMSPACE
MHII=MLOI
MSAVE (MZ, 1) sMLOI
MSAVE (MZ ,2) =MHII
WRITE(6,999) IT.MZ
999 FORMAT(' CALCULATION STATUS REPORT - IT = '.I3, ' MZ = ',I3)
CALL COEFFM
MM=NHII-NLOI+1
CALL MAITER(MM)
10 CONTINUE
c SELECT AXIAL MODE WITH LOWEST CRITICAL LOAD
HIRAT=99.D9
MVALUE=999
DO 20 MZ=1,MOST
MVAL =1+ (MZ-1) @MSPACE
SAV=ABS (SAVE1(MZ))
IF (SAV.GT.HIRAT) GO TO 20
HIRAT=SAV
MVALUE =MVAL
20 CONTINUE
SECOND STAGE - COMBINATION OF AXIAL MODES
START WITH AXIAL MODE HAVING THE LOWEST CRITICAL LOAD
MATRIX SIZE IS (MADD+1)®(NHII-NLOI+1)
ISTAGE=2
MZ=MOST+1
MLOI=MVALUE
MHI I =MVALUE+MADDSMINT
NSAVE (1) »MLOI
NSAVE (2) «MHIT
NSAVE (3) sNLOI -1
NSAVE (4) =NHII-1
CALL COEFFM
MM= (MADD+1)® (NHII-NLOI+1)
CALL MAITER(MM)
1000 CONTINUE
ROT=R/T
ELOR=XL/R
WRITE(8.16) ROT.ELOR.MHIM.NHIM
16 FORMAT (/' RESULT SUMMARY'/

(e pNp]




30
26

36
46
S6

959
963

* /T =', F7.2,' LR «', F7.2,' MHIM = ',I2,' NHIM = ', 12/

1
2
3 ' .---.------..‘-.---.-----------.i--------------..- (V4
4

' MLOI MHII',1SX.'DONNELL')

DO 30 MZ-1,MOST
WRITE (8.26) (MSAVE (MZ,J).J=1,2),SAVEL(MZ)
FORMAT (1X,215,8X,D14.4)
WRITE (8., 36) SAVE1(MZ)
FORMAT(~' STAGE 2 RESULTS ',D14.4)
WRITE (8.46) NSAVE(1),NSAVE(2)

FORMAT(' STAGE 2 MLOI.MHII',7X.I3,','.I3)
WRITE (8.56) NSAVE(3).NSAVE(4)
FORMAT(~' STA.1,2 NLOI.NHII',7X.I3,','.I3)
CONTINUE

6
16

S00

20

SUBROUTINE INFIX(IFUN)

INITIALIZE DATA

IMPLICIT DOUBLE PRECISION(A-H.0-Z)

COMMONAYY/R.XL.T .E.POI,PI,MINT ,MHIM, NHIM . MLOI ,MHII ,NLOI NHII MT,RP
COMMONMATRIX/A1(3.61),B1(3.61).C1(3,61) .B2(61) ,ROL,ACC.IND,RLOAD,
16

COMMON./HHH/AMN (40, 40) ,BMN (40, 40) ,CMN (40, 40)

IF (IFUN.GT.1) GO TO 500

WRITE (8.6)

FORMAT(~' STABILITY ANALYSIS OF A CYLINDRICAL SHELL ')

WRITE (8.,16) R.XL.T.E,POI

FORMAT (/' SHELL GEOMETRIC AND MATERIAL PROPERTIES '~/

1 1X,' RADIUS «' ,E12.5,2X.'MM'/

2 1X,' LENGTH - ,E12.5,2K,'MM'/

3 1X,' THICKNESS - ,E12.5,.2X,'MM' /

4 IX.' YOUNGS MODULUS =',E12.5.2X,'MPA'/

5 1X,' POISSON RATIO =',E12.5 /)

RETURN

iNITIALISE THE MEMBRANE COEFFIS
I=0

DO 20 I=1.MHIM.2

IIalI+1

DO 20 J=1.NHIM+1

AMN(II,J)=.0D0

EMN(II.J)=.0D0

CMN(1I,J)=.0D0

CALL LOCLOD

10

SUBROUTINE LOCLOD
IMPLICIT DOUBLE PRECISION (A-H.0-Z)
MEMB. SOLUTION USING THE DEFINED WALL PRESSURE BY VELETSOS AND

TANG ‘'SOIL-STRUCTURE INTERACTION EFFECTS..'1990
COMMONYY/R.XL.T.E,POI,PI MINT, MHIM NHIM MLOI MHII.NLOI, NHII MI.KP
comONAIATRDUAl(a.Gl).31(3.61).c1(3.61).BZ(Gl).ROL,ACC,IND.RLOAD.
1a

COMMON./HHH/AMN (40,40) ,BEMN(40,40) .CMN(40.40)
COMMON/THEORY/IT,ISTAGE

IND (INDICE)=1 FOR L/Re.5 AND IND=2 FOR L/R=1.0
INDe1

N=2

NN=1

MM=0

DO 10 M=1,MHIM,2

MM=MM+1

ADJUST THE MEMBRANE STRESSSES

AMN (MM,N) «-1.0D0®A1 (IND ,M)*4.d0=ROL=G* (XLew2)/(PIee2)
BMN (MM, NN} «0 . 0DO®B2 (M) *ROL#ACC®ReXL

BMN (MM_N) =-1.0D0®B1 (IND M) *ROLaGe (Re=2)

OMN (MM, N) =-1.0D0*C1(IND M)*2 .d0sROL=R=GeXL PI

NLOIe=l

NHII=26

RETURN 2



0

n QO aa

130
120
110
100

666
66
6666
667

SUBROUTINE COEFFM

ROUTINE TO SET UP THE STABILITY MATRIX 'AMAT’

IMPLICIT DOUBLE PRECISION (A-H.0-Z)

COMMON/YY/R,XL,T.E,POI,PI MINT MHIM NHIM,MLOI MHII NLOI NHII MI.KP
COMMON/EEE/SMALL ,AA (350,350) ,BB(350,350) ,BBB(350) ,XX(350)
COMMON/ADDX1,X2.%X3.X4.,X5

PRINT=,'ARE YOU CONSIDERING THE COMBINATION OF BOTH HYDROST. AND'
PRINTe=, 'HYDROD. PRESSURES ?. IF YES TYPE 1 IF NO TYPE 0.'

READe ,SIGN

PRINT=, 'ARE YOU CONSIDERING INTERNAL HYDROSTATIC PRESSURE OR EXT.'
PRINT+,'ONE?. IF INTERNAL TYPE 0 OTHERWISE TYPE 1’

READe ,SIGNAL

CHOOSE ANY VALUE FOR X2

X2=10.010D0

X4=,5D0#X2

TARE A FACTOR OF 1.067S AND 1.0965 FOR EXT.HYDROSTATIC

PRESSURE AND HYDRODYNAMIC PRESSURE RESPECTIVELY.
X3=(8.d00X2+64.40%X4),20.d0

X3=1,0965%X3

X3=X3e1,0675

X1=(8.D0*X2+64.D0%X4-27 .D0#X3)

X5=X1-X3

EQUIVALENCES MI,NI = MHAT,NHAT: MI,NJ = M. N

COEFFT PLACE MENT HORIZONTAL - ((MLO (NLO-NHI) MHI})
REQ=0

LOOP OVER MHMAT TERMS - VERTICAL IN MATRIX

DO 100 MI=MLOI,MHII,2
LOOP OVER NHAT TERMS
DO 110 NI=NLOI,NHII
NIIsNI-1

REQ=REQ+1

LOOP OVER M TERMS
RCO=0

DO 120 MJ=MLOI ,MHII,2
LOOP OVER N TERMS - HORIZONTAL IN MATRIX

DO 130 NJ=NLOI,NHII

NJJ=NJ-1

RCO=RCO+1

SET COEFFICIENTS FOR THE A AND B MATRICES

CALL COFL(MI,MJ.NII,NJJ,COF)

AA (REQ,RCO) =COF

CALL COFS(MI,NII,MJ.NJJ,SUM1,SUM2)

IF ((SUM2.EQ.0) .AND. (SIGNAL.EQ.0) .AND. (SIGN.EQ.0)) THEN
PRINT®, ' INTERNAL HYDROSTATIC PRESSURE DOES NOT CAUSE BUCKRLING'
STOP

ENDIF

BB (REQ,KCO ) =SUM2+SIGNAL*SUM1

AA (REQ,.RCO) =AA (REQ,RCO) -SUM1e (1-SIGNAL)

CONTINUE

CONTINUE

CONTINUE

CONTINUE

MIT=KEQ

FORMAT (/' AA MATRIX FOR STABILITY ANALYSIS'//)

FORMAT (1X.7D10.2)

FORMAT (' BB MATRIX FOR STABILITY ANALYSIS'//)

CONTINUE

RETURN

END

VERTICAL IN MATRIX

HORIZONTAL IN MATRIX

CoenssssaneessentieesNsenstassiNnistasnstatnnsnenaes

SUBROUTINE COFL (MI MJ.NI,NJ.COF)

ROUTINE TO CALCULATE TERMS FOR THE A MATRIX

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

COMMON/YY/R.XL,T,E.POI ,PI MINT MHIM NHIM MLOI MHII NLOI, NHII -MI.KP
COMMON/THEORY/IT.ISTAGE
COMMONMATRIX/A1(3.61),B1(3.61),C1(3,61).82(61) ,ROL ,ACC.IND -RLOAD,

16

COMMON/ADD/X1,X2.X3,X4.X5

DIMENSION RLAM(10)

DO 87 I=1,S 3



IF(I.EQ.1) THEN

MI 1MI

MJ1eMJ

SIGN=X1

ENDIF

IF(I.EQ.2) THEN

MI 1=20MI

MI1=2eMJ

SIGN=-X2

ENDIF

IF(1.EQ.3) THEN

MI 1=3eMI

MJ1=3eMJ

SIGN=X3

ENDIF

IF(I.EQ.4) THEN

MI 1=4oMI

MJ1=48MT

SIGN=-X4

ENDIF

IF(I.EQ.5) THEN

SIGN--XS#SIN (REAL (MI)*PI/2.D0)

ENDIF

EM=REAL (MJ)

EMI 1=REAL (MI1)

EN=REAL (NJ)

AMU= . SDOEMePT®R/XL

AMUT =, SDOSEMI 10PT*R/XL

RRMI =~ ( 1.DO/AMUT ) ® (COS (EMI 1#P12.D0)-1.D0)

PRL=PISR/XL

ADD =AMU®AMU+EN®EN

BRAC=ADD®®4

BRAC1= (4 .DO®AMUSAMU+ENeEN)ee4

BRAC2= ( 16 . DOSAMUSAMU+EN®EN ) @ 4

BRAC3= (9. DOSAMUSAMU+EN®EN) ee4

IF (NI.NE.NJ) THEN

RINN=0.0

ELSE

RINN=PI

1F (NI.EQ.0) RINN=2ePI

ENDIF

IF (MI1.NE.MJ1) THEN

RIMM=0.0

ELSE

RJMM=.SDO*XL/R

ENDIF

IF(I.EQ.1) THEN

SIN1-SIN( (EMI1-2.DOEM)eP1/2.D0)

SIN2=SIN( (EMI1+2.D0®EM)*PI/2.D0)

RJ102=.5D0e ( (SIN1/(AMUI-2.D0®AMU) ) - (SIN2/ (AMUI+2.DO=AMU} ) )

SIN3=SIN((EMI1-3.D0®EM)*PI/2.D0)

SIN4=SIN( (EMI1+3.DOSEM)*PI/2.D0)

IF (AMUI .EQ. (3%AMU)) THEN

RJ103-.5D0® (XL/R - SIN4/(AMUI+3.DOeAMU))

ELSE

gua- .5D0e ( (SIN3/ (AMUT -3 .DO®AMU) ) - (SIN4/ (AMUI+3.D0%AMU) ) )
IF

SINS=SIN( (EMI1-4.DO®EM)*P1,/2.D0)

SING=SIN( (EMI1+4.DO®EM)*PI/2.D0)

RT104=.5D0% ( (SINS/ (AMUL-4 .DO®AMU) ) - (SIN6/ (AMUI+4 .DORAMU) ) )

ENDIF

IF(1.EQ.2) THEN

SIN1~SIN( (EMI1-EM)®PI/2.D0)

SIN2<SIN( (EMI 1+EM)*PI1/2.D0)

SIN3=SIN( (EMI1-4.DOEM)*PI1/2.D0)

SIN4=SIN( (EMI1+4.D0®EM)ePI/2.D0)

SINS=SIN( (EMI1-3.D0®EM)e®PI/2.D0)

SING=SIN( (EMI1+3.DO%EM)*P1/2.D0)

RJ201=.5D0e (SIN1/ (AMUI-AMU) -SIN2/ (AMUI+AMU) )

RJ203=.5D0e (SINS/ (AMUI-3.D0*AMU) -SING/ (AMUI+3.D0=AMU) )

RJ204=.5D0e (SIN3. (AMUI-4.DQ®AMU) -SIN4/ (AMUI+4 . DO®AMU) )

ENDIF

IF(1.EQ.3) THEN

SIN1=SIN((EMI1-EM)*P1,2.D0) 4



87

SIN2=SIN( (EMI 1+EM)*PI,2.D0)
SIN3=SIN( (EMI1-2.DOEM)=PI~2.D0)

SIN4=SIN( (EMI1+2.DO®EM)*PI/2.D0)

SINS-SIN( (EMI1-4.DO®EM)*PI/2.D0)

SIN6=SIN( (EMI1+4.DO®EM)*PI/2.D0)

IF (AMUT .EQ.AMU) THEN

RI301=.5D0® (XL/R -SIN2/(AMUI+AMU))

ELSE

RJ301=.5D0% (SIN1/ (AMUI-AMU) -SIN2/ (AMUL+AMU) )

ENDIF

RJ302=.5D0 (SIN3/ (AMUI -2 .DO®AMU) -SIN4./ (AMUI+2 . DOSAMU) )
ggg;- .SD0e (SINS./ (AMUI -4 .DO®AMU) -SIN6. (AMUI+4 . DOSAMU) )
IF(I.EQ.4) THEN

SIN1=SIN((EMI1-EM)*P1,2.D0)

SIN2=SIN( (EMI1+EM)ePI~2.D0)

SIN3=SIN( (EMI1-2.DO®EM)*P1/2.D0)

SIN4=SIN( (EMI1+2.D0®EM)*PI/2.D0)

SINS=SIN( (EMI1-3.DG*EM)*PI/2.D0)

SING=SIN( (EMI1+3.DO#EM)*PI~2.D0)

RJ401=.5D0® (SIN1/(AMUT -AMU) -SIN2/ (AMUI+AMU) )
RJ402=.5D0® (SIN3/ (AMUI -2 . DO®AMU) -SIN4/ (AMUI+2.D0®AMU) )
g;gg- .5D0® (SINS. (AMUI -3 .DO#AMU) ~SIN6./ (AMUT+3 . DO®AMU) )
DR2= (EsT#T#T/(12.D0%(1.D0~-POI®POI)*ReR))
HIMN=X1#DR20BRAC+X1@E®T® ( (AMJ)®e4)
HZMNe-DR2#X2#BRAC1-160X20EeTe ( (AMU) e 4)
HIMN=X3eDR2#BRAC3+X3081 ,DOeEeT® ( (AMU) #e4)
H4MN=-X4#DR20BRAC2-X4#256 . DOSEeT® ( (AMU)®04)
HSMN=-X5eDR2# ( (EN)#®8)eSIN (EMePI2.D0)

IF(I.EQ.1) THEN

COF 1=SIGNeH IMNeRINN®RIMM+SIGNeH2MN*RINNeRI 102+
1 m§§m-ﬁm-m103-R1m+srmoﬁ4m-m1o«ammsm:-asm-amn-am

F

IF(I.EQ.2) THEN

COF 2«STGNeH IMN®R.J20 1 oRINN+SIGNeHZMN® RIMMORINN+
1 mggu-asm-mzn3-R1m+sme-mm-mzo4-axm+smn-asm-axm:-amz

IF(I.EQ.3) THEN

COF 3=SIGNeHIMNeRJ301#RINN+SIGNeH2MN®RJI302*RINN+
151Qg;m-ﬂw-mmwxm-nom-ma04-R1m+smu-ﬂsm-arm-nmu
END

IF(I.EQ.4) THEN

COF 4=SIGN*HIMN®RJ40 1 #RINN+SIGNeHZMNoRJI4029RINN+
1 SIGN®RIMMeHAMN®RINN+SIGN#HSMN®RINN®RKMI+
1 SIGNeHIMNeRI403*RINN

ENDIF

IF(I.EQ.S) THEN

RJ001=1/AMU

RJ002=-(1.D0/(2.DOAMU) )® (COS (EM*PI)-1.D0)

RJ004=0.0

RJ003=1.D0/(3.DOSAMU)

XI=XL/R

COF5=SIGN*H1MNeRI00 1#RINN+SIGNeH2MNeRI0029RINN+

1 SIGNeHSMNeXTeRINN+SIGNeHIMNeRINNeRJI003

ENDIF

CONTINUE
COF «COF 14COF 2+COF 3+COF 4+COFS
RETURN

SUBROUTINE COFS (MI NI MJ.NJ,SUM1,SUM2)
ROUTINE TO CALCULATE TERMS OF THE B MATRIX
IMPLICIT DOUBLE PRECISION (A-H.0-Z)
COMMON/YY/R,XL,T,E,POI,PI MINT MHIM NHIM,MLOI MHII,NLOI NHII MI.KP
COMMON/HHH /AMN (40 ,40) .BEMN (40,40) ,CMN(40.40)
COMMON/THEORY /1T, ISTAGE
COMMON/ADD./X1.X2.X3.X4.X5

DIMENSION SUM1(6).SU(2.6)

DATA TOL-/1.D-05/

DO 88 I~1,5

IF(I.EQ.1) THEN

MI1=MI S



NN

SIGN=X1

ENDIF

IF(I.EQ.2) THEN

MI 1=20MI

SIGN=-X2

ENDIF

IF (1.EQ.3) THEN

MI1=3eMI

SIGNeX3

ENDIF

IF(I.EQ.4) THEN

MI 1=4#MI

SIGN=-X4

ENDIF

IF(I.EQ.5) THEN
SIGN=-XSeSIN(REAL (MI)*P1,2.D0)
ENDIF

EM=REAL (MJ)

AMU= . SDOSEMePI*R/XL

AMU2 «AMUSAMU

EN=REAL (NJ)

EN2=EN®EN

SUM CONTRIBUTIONS FROM THE TERMS OF THE MEMBRANE SOUTION
VARIATION OF NN=1,1 CORESPONDS TO HYDROSTATIC PRESSURE

" " NN=2,2 " * HYDRODYNAMIC PRESSURE
" " NN=1,2 " " COMBINATION OF BOTH PRESSURES
DO 110 NN=1,NHIM+1
NB=NN-1
SUM=0.0D0
MM=0

DO 100 MB=1,MHIM,2

CALL JINT(MI1.MJ,MB.ONEIM,TWOIM ONEJ2M, TWOJ2M ONEJIM,.TWOJIM.
1 ONEJ4M,TWOJ4M . RIMIMB,I)

CALL KINT(MI1,MJ,MB,ONEKM,TWORM,ONER2M,TWOR2M,ONERIM,TWORIM,
1 ONER4M,IWOR4M, I}

MMaMM+1

AMUB= . SDO®REAL (MB)*PI*R/XL
AMUB2=-AMUB®AMUB

CALL IINT(NI,NJ.NB.ONEI,TWOI)
ENB=REAL (NB)

A=AMN (MM ,NN)

B=BMN (MM ,NN)

C=CMN (MM ,NN)

ENMU2C=2 , DOENeAMUeC
ENDIF2«(EN~ENB)®e2

ENSUM2= (EN+ENB ) #e2

EMDIF 2= (AMU-AMUB)e®«2

EMSUM2= (AMU+AMUR ) @2
EM2SU2=(2.D0*AMU+AMUB ) #e2
EM2DI2+(2.D0sAMU-AMUB)®e2
EM4SU2=(4,D0*AMU+AMUD ) #e2
EM4D12=(4.D0*AMU~AMUB )#e2
EM3SU2«(3.D0=AMU+AMUB ) #e2
EM3DI2=(3.D0*AMU-AMUB)®e2

DD1e-X1e (BeEN2+A®AMU2)
DD2=X2«EN2eB+4 . DOeX2eAMU2=A
DD3=-X3= (EN2#B+9 .DO=AeAMU2)
DD4=X4*EN2eB+16.DOeAMU2%ARX4
DDS=XS®EN2#SIN (EM*PI/2.D0)*B
DD6=~2.D0sX1eENeAMUC
DD7=4.D0eX2eEN*AMUsC
DD8=-6.D0eXIeEN=AM=C

DD9«8 .DOsX4eENeAMU=C

D11=.25D0#DD1e ( (EMDIF2+ENDIF2)ee2)
D12=.25DQ=DD1® ( (EMDIF2+ENSUM2)®*2)
D13=-,25D0*DD1e ( (EMSUM2+ENDIF2)*=2)
D14=-.25D0eDD1e ( (EMSUM2+ENSUM2)®*2)
D21e.25D0eDD2= ( (EM2DI2+ENDIF2)ee2)
D22+ .25D0*DD2e ( (EM2DI2+ENSUM2)@=2)
D23e-.25DQeDD2= ( (EM2SU2+ENDIF2)e=2)
D24=-.25D0*DD2e ( (EM2SU2+ENSUM2)*=2)
D31=.25D0=DD3= ( (EM3DI2+ENDIF2)*e2)
D32=.25D0=*DD3= ( (EMIDI2+ENSUM2) @#2) e
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100
110
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D33=-.25D0=DD 3 ( (EM3SU2+ENDIF2)#e2)
D34=-,25D0®DD3# ( (EM3ISU2+ENSUM2) ##2)
D41=.25D0sDD4# ( (EMADI2+ENDIF2)e®2)’
D42=.25D0®DD4s ( (EM4DI 2+ENSUM2 ) #e2)
D43=-,25D0wDD4e ( (EM4SU2+ENDIF2)#e2)
D44=-,25D0wDD4® ( (EM4SU2+ENSUM2) ##2)
D51=.5D0#DD5® ( (AMUB2+ENDIF2)#e2)
D52« ,5D0#DD5® ( (AMUB2+ENSUM2 )#e2)
D61e.25D0#DD6s ( (EMDIF2+ENDIF2)=e2)
D62=-,25D0®DDE® ( (EMDIF 2+ENSUM2) ##2)
D63=.25D0sDDE# ( (EMSUM2+ENDIF2)#=2)
D64=—,25D08DDE® ( (EMSUM2+ENSUM2 ) a#2)
D71=.25D0*DD7# ( (EM2DI2+ENDIF2)#e2)
D72e-,25D0#DD7s ( (EM2DI 2+ENSUM2) ##2)
D73e.25D0®DD7# ( (EM2SU2+ENDIF2)ee2)
D74=~,25D0eDD7% ( (EM2SU2+ENSUM2)e2)
D81=.25D0eDD8" ( (EM3DI2+ENDIF2)®e2)
DB2=-.25D0#DDA® ( (EM3DI2+ENSUM2) ee2)
D83« .25D0eDDEe ( (EM3SU2+ENDIF2)®e2)
D84=~-,25DawDD8* ( (EM3ISU2+ENSUM2 ) *e2)
D91=~,25D0#DDIe ( (EMADI2+ENDIF2)ee2)
D92~ . 25D0#DDY® ( (EM4DI 2+ENSUM2) ##2)
D93=.25D0*DDGw ( (EM4SU2+ENDIF2)#e2)
D34e-, 25D0wDDIw ( (EMASU2+ENSUM2) ee2)
SUM=SUM+D 1 1#ONEI sONEJM+D 1200NEJM*TWO I +D 138 TWOIM#ONEI +
D 148TWOJMSTWOT +D2 10NEJ2MeONEL +D22#0NEJ2MeTWOI +D 238 TWOJ2MeONE I +
D240 TWOJ M8 TWOT +D 4 1#0NEJ 4M#ONE I +D 4 2#0NEJAM*TWOI +D 439 TWOJ4MeONE I +
D44 TWOJAM® TWOL+D5 1#RIMIMB#ONEI +D52#RIMIMB*TWOI+D3100NEI #ONEJ 3+
D32@0NE.JIMeTWOI +D 339 TWOJIMeONE 1 +D 348 TWOJ IMeTWOI +D6 1#ONERM®ONET +
D629ONEKMSTWOI +D6 38 TWORM®ONE I +D6 42 TWORMeTWOI +D7 1#ONEK2M*ONET +
D7290NEK M TWOL+D7 39 TWORKZM®ONE I +D 7 4#TWOR 2MsTWOI +D9 18ONER4M#ONE L +
D9290NEK AMSTWO I +D9 38 TWOKAM®ONE L +D 94 TWORKAMe TWOI + DB 1#0NER IMeONE I+
DB2e0NEKIM®TWOI +DB3#TWOK IMONEI+D 842 TWORIMeTWOT
CONTINUE
SU (NN, I )=SUM
CONTINUE
SU(1,I)=SU(1,I)*SIGN
SU(2.1)=SU(2,1)*SIGN
CONTINUE
SUM1=SU(1,1)+SU(1,2)+SU(1,3)+SU(1,4)+SU(1,5
SUM2SU(2,1)+SU(2,2)+SU(2.3)+5U(2.4)+SU(2.5

Ceese
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SUBROUTINE IINT(NI.NJ,NB.ONEI,TWCI)

COMPUTE THE TWO I INTEGRALS FOR THIS NI NJ NB SET
IMPLICIT DOUBLE PRECISION(A-H.0-Z)
COMMONYY/R,XL.T.E,POI PI MINT MHIM NHIM MLOI ,MHII ,NLOI NHII MI.KP
DO 100 L=1.2

NCOM=NJ-NB :

IF(L.EQ.2) NCOM=NJ+NB

NSUM1=NI~-NCOM

NSUM2=NI+NCOM

VAL=PI

IF (NSUM1.EQ.0.AND .NSUM2.EQ.0) VAL=2.D0ePI

IF (NSUM1.NE.0.AND .NSUM2.NE.Q) VAL=.0DO

IF(L.EQ.1) ONEI=VAL

IF(L.EQ.2) TWOI=-VAL

RETURN

END

Cee

SUBROUTINE JINT (MI.MJ.MB,ONEJM,TWOJM ,ONEJ2M,TWOJ2M,ONEJ IM.,TWOJ3M.
1 ONEJ4M,TWOJ4M RIMIMB,J)
COMBUTE THE TWO J INTEGRALS FOR THIS MI MJ MB SET
IMPLICIT DOUBLE PRECISION(A-H,0-Z)
COMMONAYYR.XL.T.E,POI ,PT MINT MHIM NHIM MLOI ,MHII NLOI,NHII .MI.RP
DIMENSION VAL(2.4)
AMUHs , SDO®REAL (MI)*PI#R/XL
AMUH2=AMUH®#2
AMUB=. SDO®REAL (MB) *PI#R/XL
DO 100 L=1.2 7




DO 99 I=1.4
IF(I.EQ.1) MJleMJ
IF(I.EQ.2) MJl=2eMJ
IF(I.EQ.3) MJl=3eMJ
IF(I.EQ.4) MJl=4eMJ
RMCOM=MB-MJ1
MCOM=MB-MJ1
IF(L.EQ.2)THEN

MCOM=MJ1+MB
ENDIF
AMUO= . SDO®REAL (MCOM) sPT®R/XL
AMUO2=AMUO®® 2
DIFMU=AMUH-AMUO
SUMMLI=AMUH-+AMUO
M1=MI-MCOM
M2eMI+MCOM
IF(J.LE.4) THEN
IF((M1.NE.0) .AND. (M2.NE.0)) THEN
VAL (L,1)=.5D0e ( (-COS (M1#PI/2.D0)+1.D0)/DIFMU -
1 (COS (M2#P1,2.D0)-1.D0) /SUMMU)
ENDIF
IF((M1.EQ.0).AND. (M2.NE.0)) THEN
‘g%(rf..l)--.sno-(cos(Mz-prxz.no)q.no)/smw

I
IF((M1.NE.O) .AND. (M2.EQ.0)) THEN
g,%éré.r)--.snu-(cos(m-pr/z.no)-l.nuynrm
IF((M1.EQ.0).AND.(M2.EQ.0)) THEN
VAL(L.I)=.0
ENDIF
ENDIF
IF(J.EQ.S5) THEN
IF(MB.NE.MJ1) VAL (L,I)=SIN(REAL (MCOM)®*P1/2.D0) AMUO
IF (MB.EQ.MJ1) VAL(L,I)XLR
ENDIF
99  CONTINUE
100  CONTINUE
ONEJMsVAL (1.1)
ONEJ2M=VAL (1.,2)
ONEJ4M=VAL (1,4)
ONEJIMsVAL (1,3)
TWOIM=VAL (2.1)
TWOJI2M=VAL (2.2)
TWOJ4M=VAL (2.4)
TWOJIMVAL (2,3)
IF(J.LE.4) THEN
SIN1=SIN( (MI-MB)*PI1/2.D0)
SIN2=SIN((MI+MB)*PI/2.D0)
IF (MI.NE.MB) THEN
RJMIEL EMs- .5DO® (SIN1/ (AMUH-AMUB) -SIN2/ (AMUH+AMUB))
S

RIMIMB=.5D0e (XL/R - SIN2/(AMUH+AMUB))
ENDIF
ENDIF
IF(J.EQ.5) RIMIMBel.D0/AMUB
RETURN
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SUBROUTINE KINT (MI,MJ.MB,ONEKM . TWOKM,ONER2M , TWOK2M . ONERIM . TWORKIM,
1 ONEK4M,TWOK4M.J)
c COMPUTE THE K INTEGRAL FOR MI.MJ AND MB SET
IMPLICIT DOUBLE PRECISION(A-H,0-Z)
COMMON/YY/R,XL,T,.E.POI,PI MINT MHIM, NHIM MLOI MHII,NLOI NHII MT .KP
DIMENSION VAL(3.4)
AMUHe . SDOSREAL (MI)®PIeR/XL
DO 100 Le=1,2
DO 99 I=1.4
IF(I.EQ.1) MJ1«MJ
IF(I.EQ.2) MJla2eMJ
IF(I.EQ.3) MJle3eMJ
IF(1.EQ.4) MJl=dsMJ
RMCOM=MB-MJ1 8
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MCOM=MB-MJ1

IF(L.EQ.2) THEN

MCOM=MB+MJ1

ENDIF

AMUO- . SDOSREAL (MCOM) ®PI®R/XL
DIFMU=AMUH-AMUO

SUMMU =AMUH+AMUO

M1=MI-MCOM

M2=MCOM+MI

IF(J.LE.4) THEN

IF((M1.NE.0).AND. (M2.NE.0)) THEN

VAL (L.I)=.SD0® (SIN(M1#P1,2.D0)/DIFMU- SIN(M29P1,2.D0)/SUMML)
ENDIF

IF ((M1.EQ.0) .AND. (M2.NE.0)) THEN
VAL(L,I)=.SD0w(XL/R - SIN(M2ePI/2.D0)/SUMMU)
ENDIF

IF ((M1.NE.O) .AND. (M2.EQ.0)) THEN
VAL(L,I)=.5D0s (SIN(M1ePI~2.D0)/DIFMU- XL/R)
ENDIF

IF((M1.EQ.C).AND. (M2.EQ.0)) THEN
VAL(L.I)=.0

ENDIF

ENDIF

IF(J.EQ.5) THEN

IF (MB.EQ.MJ1) VAL(L,I)=0.0

-IF (MB.NE.MJ1) VAL(L,I)=-(COS(REAL (MCOM)®PI1-/2.D0)-1)/AMUC

ENDIF

CONTINUE
CONTINUE
ONERMeVAL (1,1)
ONER2M=VAL (1.2)
ONEK4M=VAL(1.4)
ON2K3M=VAL(1,3)
TWORM=VAL (2,1)
TWOR2M=VAL (2,2)
TWOR4M«VAL(2.4)
TWOR3IM=VAL (2.3)
RETURN

END
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SUBROUTINE MAITER(N)

TO FIND THE SMALLEST EIGENVALUE USING MATRIX ITERATION METHOD
ERF. BATH AXeLEX (GENERAL EIGENVALUE PROBLEM)
IMPLICIT DOUBLE PRECISION(A-H.0-2)
COMMON/CODE/SAVE (20,3) ,MSAVE (20, 2) ,NSAVE (4) ,MZ ,N2,SAVE1 (20)
COMMON~EEESMALL ,AA (350,350) ,BB (350, 350) ,BBB (350) ,XX(350)
COMMON/ADD/X1,X2.X3.X4.X5,SIGNAL

DIMENSION BBBO(350)

DATA TOL~1.D-09/,NTRIAL-6000/

MT=N

ALAMO=.0DO

ASSUME MODE SHAPE FOR FIRST TRIAL

®X(1)=1.D0

DO 10 I=2.MT

XX (I)=XX(I-1)®.9D0

DO MATRIX REDUCTION OF THE AMAT MATRIX

CALL MATRED (MT)

SET UP THE RHS

DO 20 I=1,MT

BBB(I)=.0D0

DO 21 J=1.MT

BBB(1)*BBB(I)+BB(1.J)eXX(J)

BBBO (I)=BBB(I)

LOOP OVER MAXIMUM OF NTRIAL ITERATIONS

SOLVE FOR THE XK+1 USING BARSUB

Rel

CALL BARSUB (MT)

SET UP THE YK+1- NONFACTORED

DO 30 I=1.MT

BBB(I)=.0D0

DO 31 Je1.MT

BBB(I)=BBB(I)+BB(I.J)*XX(J)

CONTINUE g
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TOP AND BOTTOM OF RO FRACTION
TOP=.0

BOT=.0

DO 40 I=1,MT
TOP=TOP+XX(1)*BBBO(I)
BOT=BOT+XX(1)#*BBB(I)
ALAM=TOP/BOT
CONVEGENCE CHECK
DIF=DABS (ALAM-ALAMO)
RAT=DIF/DABS (ALAM)
IF(RAT.LE.TOL) THEN
G0 TO 900

ENDIF

K=K+1

ALAMO=ALAM

ROOT=DSQRT (DABS (BOT) )
SET UP THE YR+1 - FACTOED
DO SO I=1,MT
BBB(I)~BBB(I1)/RO0T
BBBO(1)=BBB(I)
IF(K.LT.NIRIAL) THEN
G0 TO 970

ENDIF

CONTINUE

SAVE1(MZ) =DABS (ALAM)

‘COMPUTE EIGENVECTOR

SUM=.0D0

DO 60 I=1,MT

SUM=SUM+3CX (I ) ®BBB (1)

ROOT=DSQRT (DABS (SUM) )

DO 70 I=1,MT

XX (1)=XX(I)/ROOT

WRITE(8,16) K,ALAM

FORMAT (/' MAITER SOL.'.
*ITERATIONS=',IS, 'ROOT=',D11.4)

WRITE (8,26) (XX(J).J=1.MT)

FORMAT (' EIGENVECTOR'~(1X.6D11.3))

RETURN

END

c.....'Q...Q......Q..............................Q...Q.........Q

SUBROUTINE MATRED (NEQ)

IMPLICIT DOUBLE PRECISION(A-H.0-Z)
COMMON./EEE/SMALL ,AA (350, 350) ,BB(350,350) ,BBB(350) .XX(350)
NEQM1eNEQ-1

MUST ZERO COLUMNS 1 TO IHI-1

DO 10 IC=1,NEQM1

D=1.D0/AA(IC,IC)

ICP1=IC+1

MUST CHANGE EQUATIONS IC+1 TO NEQM1

DO 11 IE~ICP1.NEQ

FAC=AA (IE.IC)*D

MUST CHANGE COEFFICIENTS FROM IC+1 TO NEQM1
DO 12 JC=ICP1,NEQ
AA(IE,JC)=AA(IE,JC) -FAC®AA (IC,JC)

STORE FACTOR IN LOWER LEFT TRIANGLE
AA(IE,IC)=FAC

CONTINUE

c:: ““““ as asse 2208800880080 0008 00008802820 808R02R0S

11

SUBROUTINE BAKRSUB (NEQ)

IMPLICIT DOUBLE PRECISION(A-H,0-Z)
COMMON/EEE/SMALL ,AA (350,350) ,BB(350.350) .BBB(350) .XX(350)
CHANGE RHS AS FOR A MATRIX REDUCTION
NEQM1=NEQ-1

DO 10 IC=1,NEQM1

ICP1=IC+1

MUST CHANGE EQUATIONS IC+1 TO NEQM1

DO 11 IE=ICP1.NEQ

FAC=AA(IE.IC)

CHANGE RHS

BBB(IE)=BBB(IE)-FAC*BBB(IC) 10
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CONTINUE

BACKSUBSTITUTION OF LAST UNKNOWNS

XX (NEQ) =BBB (NEQ ) /AA (NEQ .NEQ) '
BACKSUBSTITUTION TO DETERMINE NEQM1 UNKNOWNS
DO 20 I=1,NEQM1

IE=NEQ-I

JLO=NEQ-I

SUM=.0

SUM THE QUANTITY TO BE DEDUCTED TERMS I TO NEQ
DO 21 K=1,I

JC=JLO+K

SUM=SUM+AA (IE,JC)#XX (JC)

XX (IE)=(BBB(IE)-SUM)-AA(IE,.JLO)

RETURN

END

BLOCK DATA

IMPLICIT DOUBLE PRECISION{A-H,.0-Z)

COMMONYY/R.XL.T.E.POI ,PI MINT MHIM NHIM MLOI MHII NLOI NHII MIKP
COMMON/MATRIX/Al(:i.sl).81(3,61),C1(3,61),BZ(GlLROL.ACC.IND.RLOAD.
16

Re=RADIUS XLeLENGTH T-THICKNESS E=YOUNGS MOD POI-POISS RATIO
DATA R-/15000.D0~/, XL~,7500.0D0-,T~15.00D0/ .E/.207D06/,POI/.3D0/
DATA MINT.0.. MHIM-S59-/ NHIM/1/,MLOI,0/ MHII/0-/,NLOI/ 0/,NHII/ (14
-DATA PI/3.141592653589793D0/, MI~,0/, RP/1/,.ROL-1.0D-06/

DATA ACC,9.81DC/. G-2.9430D0/

END
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