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Abstract

We propose a novel idea for cycles that is based on the network topology in planar graphs.
Using the graph theory terminology of chordal graphs, we call those cycles Planar Chordal
Cycles (PCCs). Sufficient conditions are formulated to guarantee the existence of PCCs to
cover a set of faces in the graph. These conditions to form a cycle are then mapped to the
dual domain to reduce the complexity of cycle construction so that it is easier for
identification and construction. This mapping is made possible by using a novel idea of
constructing a dual graph that can capture the face connectivity in the original graph (and we
call it the Modified Cycle Graph (MCG)). An algorithm based on some searching techniques
and criteria is proposed to use those conditions to construct cycles with different objectives
and properties. The application of PCCs in multicasting and mesh network protection are
discussed. An efficiency and performance study has been conducted to compare this

technique to other techniques.

We have also analyzed performance measures for network cycle-based protection
mechanisms. We present a detailed study and analysis on the restorability of a single
protection cycle covering single-domain networks, and we also present the corresponding
redundancy and protection path analysis. For two-domain networks that use a single cycle in
each domain, we present an analytical model that extends the single domain idea by
considering the shared edges between the two domains. Limited results have been obtained in

special cases for more than two domains.
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Chapter One

Introduction

Computer and data communication networks have evolved rapidly in the last two decades
from simple network topologies like buses and rings to arbitrary mesh networks. The
increasing usage of communication networks and the popularity of the Internet-based
services is demanding more and more bandwidth from kbps in the early days to Gbps
nowadays. Optical networking appears to be the solution to this as it is becoming an
essential transport architecture to form the backbone network. However, optical networks
require better technology and techniques to provide services as well as there own
management and control.

1.1 Overview

Different network applications such as multimedia applications using digital audio and video
have become essential in networking and the support for such huge transmission is essential.
Rather than establishing a point-to-point path for multiple connection requests that basically
need similar information, a single connection can be established to route from the source
through different intermediate nodes to a set of destinations, forming the basis for what are
called multicast trees. However, the network links have the possibility of failures that affect
the data being carried. The loss is particularly huge in the context of optical networking.
Therefore, it has become very important to protect these networks against failure, and to
develop very fast techniques to restore the failure as soon as it occurs. It is also important to
have efficient and quick methods to deal with the applications running over such networks. A
cycle-based approach is the method that can provide redundant capacity in the form of a
virtual ring (cycle) overlaid on a set of network links such that if any of the ring links failed
to operate, the working traffic can find another path through the redundant capacity. It is

interesting to see that the cycle can also be used for multicasting.

In the following sections, we present a literature review for the methods and approaches to
several areas of work related to our research work: 1) the multicasting techniques, 2) the

network survivability techniques, and 3) graph theory that allows us to formulate our



topology-based algorithms. It should be noted that our review naturally has a strong flavor in
optical networking because it is the underlying technology for today’s backbone network.
There are many interesting issues related to the methods and approaches when deploying
optical networking. However, many of the methods and approaches are applicable to
traditional electronic networks as well which in fact are where they were originally
developed and established. For example many of the multicast techniques in optical networks
are based on trees which were originally proposed and used in electronic networks. It is

interesting to note that graph theory still applies independent of the networking technologies.

1.2 Literature Review on Multicasting
Multicasting is defined as the ability of a communication network to accept a single message

from an application and to deliver copies of the message to multiple recipients at different
locations [SaMu00]. Multicasting research has a long history in various fields, and has been
widely studied in IP networks [DoLe93, SaAz98]. The need for multicasting with higher
bandwidth has been growing with the development of different applications such as
multimedia applications including digital audio and video, and the developments in video

conferencing.

Multicasting is equivalent to connecting a subset S of nodes in an undirected graph G, and
many formulations are possible. The most popular one is the Minimum Steiner Tree (MST)
problem that seeks a minimal cost subgraph such that there is a path between each pair of
nodes in G. Finding an MST for any given graph G and node set S is NP-Complete [Karp72].
Many heuristics exists such as Shortest Path Heuristic (SPH) [TaMa80], and parallel version
[MaBe93], and other algorithms [DoLe93, ZhHu93, ShLu95].

Different techniques have been proposed for Multicasting in Optical Networks (MON),
which include wavelength routing [DiPo03], optical label switching (OLS) [ChEI00], and
optical burst switching (OBS) [JeXi00]. Using light splitting, the time-consuming and
expensive packet copying procedure in the electrical domain can be substituted by the quick

and cheap light splitting in the optical domain.

A survey for multicasting techniques was given in [DiPo03]. Figure 1.1 shows a

classification chart we have developed for the multicasting methods presented in this thesis.
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Figure 1.1: General Classifications for Multicasting in Optical Networks
According to this classification, MON can be divided into two main classes: multicast in

single-hop WDM networks and multicast in multi-hop WDM networks.

1) Single-Hop Networks

In single-hop networks (which are called broadcast-and-select networks) a passive star
coupler 1s used [LiWa01l, TsKu00]. The star coupler broadcasts any information it receives
from one station in a given wavelength to all the other stations in the network in the same
wavelength. The stations that are members in the multicast group tune their receivers to that
wavelength to receive the data. The AAPN (Agile All Photonic Networks) which has been
proposed recently is an example of a single hop network [AAPNO3].

2) Multi-Hop Networks
Multicast in multi-hop networks is further divided according to the light-splitting capability

of the network nodes. If all the network nodes have light-splitting capability, then the
broadcast is called a full light-splitting multicast [SaAz98]. Otherwise, it is called a sparse
light splitting multicast [Qi1Je99, ZhQi99].



The full light-splitting multicast is further divided into static or dynamic for the methods
using MST. Other methods will be based on the virtual rings and will be discussed later on.
In the static technique, there is no consideration for the link utilization; i.e., it is independent
of the number of wavelengths and the traffic load [SaAz98]. The static multicasting could be
fixed or alternative. In the fixed type, the MST heuristics are used to find and prepare one
MST. In the alternative type, two or more MST trees are prepared for a multicast group.
Then a search algorithm is used to pick a suitable wavelength to hold the MST tree, giving

rise to wavelength assignment.

In the sparse light-splitting method, the nodes are divided into Multicast Capable (MC) and
Multicast Incapable (MI) nodes. The methods under this category are divided into two
groups. The first group of techniques tries to map the multicast performed at the IP layer into
the WDM layer. For example, the MPLS multicast [ZhQi199] [Qi1Je99] usually produces a
forest, before a connection path is found. The GSMP protocol [DoLe93] is proposed for
collaboration between IP routers and optical switches. The second group is based on
implementing the multicast directly onto the WDM layer. The member-first and member-
only algorithm is the algorithm in which a heuristic tree formation algorithm is used to
construct a multicast tree that avoids branching at the MI switches [ZhWe00]. This will lead

us to a Degree Constrained Steiner tree Problem (DCSP).

A formulation of the light-tree-based virtual topology design as an optimization problem
with one of two possible objective functions has been studied [SaMu00]. For a given traffic
matrix, the objective was either of the following: minimize the network-wide average packet

hop distance, or minimize the total number of transceivers in the network.

Even though lots of work has been done in developing tree-based methods to implement
multicasting, no multicasting method that is tree-based has discussed or presented a solution
for the survivability of such a method against single failures. It is usually left to external

methods to take care of the survivability.

Ring-based methods have been used extensively for network survivability. They could also
be used in multicasting, thus achieving the two goals at once. Ring-based multicast using a
physical ring has been studied in a few papers like [OhNo90][FeYu98] [ScSe05]. Most of the

work has not emphasized on how to find the ring for a given set of nodes, but more on using



existing ring networks (e.g., WDM ring networks [ScSe05]), or on assuming a ring has
already been deployed [OhN090, FeYu98]. An algorithm [Wase91] has been proposed to
construct a ring from the edges of a tree obtained from searching for the multicast nodes.
However, the algorithm is not guaranteed to find the solution even though it appears to work
in many cases. Furthermore, the complexity of the algorithm is very high and thus it is not
scalable. On the other hand, the guaranteed method to connect a set of nodes in a cycle as
discussed in the following has an exponential complexity; it is very slow even for small

networks.

1.3 Literature Review on Network Survivability
The failures in the networks in general can be due to either link failures or switch (node)

failures. Even though a switch failure would lead to a much higher loss of data and disruption
due to the fact that the switch failure affects all links connected to it, this is unlikely to
happen for many reasons. As most of the backbone network these days is optical, we will
provide some of these reasons when we review below the failures in optical networks

especially fiber cuts.

Even though the estimated lifetime for any mile of cable is about 228 years before its
failure[ToNe94], different studies (e.g., [VeP002]) indicate that metro networks annually
experience 13 cuts for every 1,000 miles of fiber, and long haul networks experience 3 cuts

for 1,000 miles of fiber. Thus, the main reason for network failure is the fiber cut.

Reducing the fault recovery time is the main objective in introducing the protection
mechanisms at the WDM layer targeting the SDH/SONET recovery time of 60-100 ms
[Maie02]. The t\;vo alternative implementations for the recovery mechanisms at the WDM
layer are implemented either at the OCh (Optical Channel) sublayer or at the OMS (Optical
Multiplex Section) sublayer. In the OCh sublayer methods to protect the whole light-path are
implemented (path protection), while in the OMS sublayer the methods that protect the links

of the network (link protection).

According to a previous classification [Maie02], with some adaptation shown in Figure
1.2, the survivability techniques can be divided into two main classes: pre-planned protection
and provisioning protection. In this thesis, we are interested in pre-planned mechanisms

because they are much faster and this is a requirement for optical networks. Pre-planned



protections can be divided into two main classes based on the network layout (topology): ring
and mesh. For either part, the techniques are further classified into link protection and path
protection techniques. In the following, we give a brief idea of each technique, simple

examples and a set of publications discussed the topic.
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Figure 1.2: General Classification Scheme of Protection Techniques
(Adapted from [Maie02])

1.3.1 Provisioning vs. Pre-planned Restorability

In the pre-planned protection, a set of routes is predetermined to protect the working traffic at
the time of establishment of the working paths, while in the provisioning protection an
“online methods” are used to overcome the failure as soon as it occurs. The provisioning
techniques are more efficient than the pre-planned techniques in terms of capacity since we
do not reserve any capacity during the normal network operation [AsSh01]. Such techniques

usc the available capacity to compute ncw routing paths in casc a failurc occurs|[KoSu02].

In the pre-planned protection, we reserve a capacity to be used only when a failure occurs;
this capacity is not used in the normal network operation. This is much faster and depends
only on the failure detection time and the switching time to the predetermined paths. Since

we are dealing with optical networks, the amount of traffic is usually huge and any failure



would result in a large amount of data loss. Any time spent in the computation of new routing
paths for the disrupted traffic using the provisioning techniques will significantly affect the
network operation [LuAn02]. Thus having a pre-planned protection technique is a very

favourable and widely used option in optical networks.

The pre-planned protection techniques are classified into link-based and path-based

protection techniques for both the mesh and the ring topology designed networks.

1.3.2 Link and Path Protection for Ring Networks

In the link protection techniques for the ring designed optical networks (e.g. SONET rings),
the techniques used are OMS SPRING (Shared Protection RING) with two fibers and OMS
SPRING with four fibers. For the path protection techniques, OChS DPRing (Dedicated
Protection Ring) techniques are used [Maie02]. (See the introduction for this section 1.3 for

more information about OMS and OChS)

1.3.3 Link and Path Protection for Mesh Networks
Similar to the ring networks, the protection in mesh networks can be classified into two main
classes, link protection or path protection. We discuss each category and the different

methods underlying them.

Link Protection

In the link protection techniques for the mesh optical networks one usually “optimizes” a set
of predetermined paths for each link that has working capacity. Those sets of paths are called
“loopback” since one can configure a loop back path between the endpoints of each link.
These paths could be a general set of independent paths [LuMe01], or paths organized as
rings (cycles) that protects a set of links at the same time [Grov98]. In the ring loopback, we
have different techniques based on double and single cycle cover [GaHe94][ArGr00], p-
cycles and node cover. Such rings could be organized in such a way that they use dedicated

capacity or shared capacity between the rings.

To find the optimal solution for cycle based schemes, we should first find all the possible
cycles in the network graph, then we find an optimized solution for a given objective and set

of constraints. The number of all possible cycles grows exponentially with the size of a graph



with a general topology (e.g., a mesh network). A classification for cycle enumeration

methods will be presented in a later section.

P-cycles
The main idea of a p-cycle [Grov98] is to use the cycles to protect the cycle links and the

straddling links in the cycle in contrast to the regular cycle (ring) methods that uses the
cycles to protect the on-cycles only. The initial step in the solution requires all simple cycles
to be enumerated from the network graph which has an exponential complexity as noted
above. Therefore, the optimal solution for the p-cycle problem requires an optimization based
on this set of all simple cycles, thus giving rise to an NP-complete problem. In addition,
finding the optimal set of p-cycles that protects all the working links can be done jointly or
non-jointly with the demand routing [GrDo02, GrSc02, ScSe05]. There have been a few
approaches to solve this NP-complete problem in a reasonable amount of time [StGr00]. For
example, a fast algorithm called the Straddling Link Algorithm (SLA) [ZhYa02a] was
proposed to a find set of p-cycles for a network. An extension for the SLA has been studied
[DoHe03] where different methods of cycle expansion and growth have been presented.
Their method seems to perform well for the example networks presented in that paper.
However, performance evaluation for general graphs was not presented. In addition, their
cycles might contain links in different areas. That is, the cycle might protect links further
than near links that are protected by another cycle. As an alternative, [ZhZh03] presented a

greedy algorithm based on updating the working capacity after cycles have been found.

In [GrSh0O3] the authors tried to extend the idea of p-cycles to path-segment protection
rather than only on-cycle and straddling links protection. This implies some improvement in

the spare capacity usage; however, the complexity of the problem is rather increased.

Different studies have explored the effect of limiting the hop-count for obtaining better
optimal spare capacity results. Specifically, the threshold of the hop-limit has been studied
for p-cycles [AdSa05] and for independent paths (we call them “all-routes” later) [HeBy95].
It has been shown through examples that p-cycles require a hop-limit threshold that is around

three to four hops more than those for all-routes.

Path Protection



In the path protection techniques for the mesh optical networks one usually “optimizes™ a set
of shared or dedicated protection capacity for each end-to-end working path. This would use
the idea of 1: N for the shared techniques where one protection path is planned to protect a
number of different working paths, while 1: 1 and 1+1 is used for the dedicated methods in

which one path is dedicated to protect another path [RaMu99a].

1.3.4 Multi-Failure and Multi-Domain Protection

Most of the methods that have been discussed in the previous sections do not consider the
probability of having more than one failure at the same time. Some works have considered
formulating some optimization models for the purpose of protecting networks from multi-
failure, but the complexity of such formulations is high [ScSe05][Grov03]. It is preferable to

have modified protection techniques that take care of these issues.

There has been some work on multi-domains that is related to routing in multi-domains
[DiMa91]. Instead of protecting the whole network with one cycle, an interesting idea has
been introduced in [HuCo01] to divide optical networks into different domains and to protect
each domain independently with a Hamiltonian.

1.4 Literature Review on Related Graph Theory Work
We divide our review of graph theory literature into two categories: Cycle Enumerations and

Planar Graphs.

1.4.1 Cycle Enumerations
Cycle enumeration is basically finding all possible simple cycles in a given graph. Different
methods have been proposed for cycle enumeration, and they can be classified into different

categories depending on the underlying approach [MaDe76]:

1) Cycle vector space: This approach depends on the fact that the set of all cycles and edge-
disjoint unions of cycles is a vector space [Sysl81]. The idea is to start with a cycle basis
and then compute and test (all) the other vectors to find out which are cycles or not.
Different algorithms differ in trying to generate as few vectors as possible that contain all
the cycles [DoKr96].

2) Search algorithms: This approach relies on finding efficient algorithms to find a super set

that contains all the cycles, and then to test and extract the cycles with the desirable



properties. Examples are the backtracking algorithms [HsHo72] and the search
permutations algorithm [Tier70].

3) Edge-digraph: This approach first builds the edge-digraph of a digraph, and then deletes
cycles of minimal degree. The procedure is repeated until no further deletion is possible.
These operations can be easily generated using matrices as done in [CaGl66,Tarj73].

4) Adjacency matrix: this method first set up an adjacency matrix A to reflect the nodes
direct connectivity. It then computes A, A’... A" which represents the node connectivity
for paths of lengths 2,3, ... n, and using a set of related matrices and operations to

compute the cycles of each possible length from 3 up to n [MaDe76].

One of our interests is the method that uses cycle graphs obtained from the plane cycle basis
of a graph, first introduced by Syslo where a new graph is produced (mapped) from the
“faces” of a planar graph [Sysl81]. The resulted cycle graph is then used to find (enumerate)
all the simple cycles for the original planar graph based on the fact that the set of faces form

a basis for all simple cycles.

1.4.2 Planar Graphs

Since most of the backbone network is representable by planar graphs (i.e., embeddable

without intersection of edges) we will consider such graphs as the basis for our work.

A chord is defined in plane geometry as a “line segment joining two points on a curve”
[Weis06], and a cycle chord is a line segment joining two points in a cycle but not part of the
cycle. Then, a graph is said to be chordal graph if every cycle with length more than three

always contains a chord.

Chordal graphs and the related idea of chordal rings have appeared in the literature and
been studied for various objectives; for examples, in efficient routing [AtLe89] [KrLu95] or
in wireless for network decontaminating [FIHu06]. In all such works, the network is assumed
to be chordal. However, there appears to have no work done in finding chordal subgraphs out

of a non-chordal graph.

A Hamiltonian cycle is a cycle which contains every node exactly once. Finding
Hamiltonian cycles in planar graphs has been studied for specific classes of graphs.

However, the problem is NP-Complete for a general graph, even for a 3-connected planar

10



graph [GaJo76]. Although the problem for a 4-connected graph has been shown to be linear-
time solvable [ChNi89], the same problem for 2-connected graph still remains to be a hard
problem. 2-connected graphs is the class of the graphs we will be dealing with in this thesis
and will be discussed in Chapter Two and it simply mean that every two directly connected

nodes have another simple path connects them.

1.5 Motivations
As mentioned, the advent of optical networking has provided enormous bandwidth to

extend/enrich existing applications, and multicasting is one application that can benefit from
the enhanced performance. Multicast using trees in multi-hop wide-area networks (usually
called mesh networks) is a very common approach as discussed but it needs an external
protection mechanism to survive against single link failures. Since a cycle is a closed loop,
using cycles for multicast implies a built in protection mechanism. However, finding
multicast-cycles for a given subset of nodes in a network graph is an NP-complete [BoMu82]
problem as the simple/brute-force approach of enumerating all possible cycle in the network
has an exponential complexity with respect to the network size. Unlike tree-based multicast
that can add a node easily, it is a challenge to use the cycle approach. Thus, we are motivated
to find good algorithms with polynomial complexity, if possible, for multicasting using

cycles.

A failure in the optical layer will have the most impact on the services (IP, ATM etc) built
on the upper layers because the time to detect a real physical layer failure from the upper
layer can be quite long if one has to rely on the timeouts from all intermediate layers. Thus,
having a protection scheme implemented at the lowest layer (the physica/WDM layer)
would provide the best and fastest protection. Current cycle-based protection approaches
have a scalability problem as reviewed when required to cover every link that the cycle
surrounds. They are also not amenable to multiple failures. Therefore, we are motivated once

more to improve these types of shortcomings.

As evident from the above two motivations, scalability will be a big issue in designing an
algorithm that can work well with any network size. One would not (and usually cannot)
enumerate all the candidates (all network paths, simple or closed) to find the optimal
solution, as the number simply grows exponentially with the network size. Therefore, we

would like to introduce a new approach for providing a good solution subset that most likely
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contains a good sub-optimal solution, and at the same time provides a reasonably good
reliability for the network. Ideally, such an approach would also allow a new optimal solution

set to be re-established after any network changes.

Embedding logical topologies over a physical topology is a common networking technique
to support various network protocols and functions. Multicasting and network protection as
discussed above are such examples. Various cycle-based approaches such as rings, p-cycles
and Hamiltonian cycles have been reviewed, but it would be good to understand their
capabilities such as capacity, simplicity, propagation delay (worst for Hamiltonian cycle) and
others discussed above. Also, since there have been very few papers on a comprehensive
performance study for the cycle-based approaches for network protection
n, we are particularly interested in providing a more comprehensive performance evaluation
as well as theoretical analyses that provide closed-form formula for different network
performance aspects. A case 1s the use of Hamiltonian cycles as a protection approach in both
single and double domains, which we become interested in when we want to seek out the
related protection performance of p-cycles. For example, finding a Hamiltonian cycle for a 2-
connected graph is a related but challenging problem by itself as reviewed before. Thus
dividing the network into domains is not only interesting but should be easier to find a

Hamiltonian cycle for a smaller subgraph (a domain).

As one last point on the theoretical aspect, we are intrigued with the approach of using the
dual graph domain to represent cycles, and our initial investigation has suggested that this is
a viable approach, and hence we are motivated to develop a very fast algorithm based on this
concept in order to meet the challenges discussed above.

1.6 Objectives

In general, we are interested in investigating the theory, analysis and application of cycle-

based algorithms. Specifically, we are interested in

1) Using graph-theory based techniques and methodology to develop cycle-based methods
for multicasting and protection in mesh networks.

2) Comparing different cycle-based approaches and studying their efficiency and trade-offs
with respect to different network parameters.

3) Establishing a basis for theoretical analysis for performance evaluation of the cycle-based
network protection techniques.

12



1.7 Methodology and Approaches
As suggested in the motivation discussion, we are interested in finding cycle-based

algorithms to accomplish our research objectives. Our initial study has suggested that graph
theoretical approaches especially the dual cycle graph concept would allow us to build a
special type of cycle. We then borrow the idea of chordal planar graphs to build what we call
PCC (Planar Chordal Cycles), which has similar properties to p-cycles. We start by studying
how mapping between the PCC and its dual captures the properties/characteristics of this
type of cycle. For example, our algorithm fully characterizes the face adjacency in term of
nodes and edges. This allows us to provide a prototype algorithm based on the simple

searching techniques of the Breadth-First or Depth-First search methods.

In addition to the normal assessment of the algorithm in terms of complexity, generation
efficiency and accuracy, we have built into the algorithm (call the MCG (Modified Cycle
Graph) algorithm) different combinations of search techniques and search criteria (e.g.,
cycle size limits) so that it would carry out two major applications: the multicasting and

network protection, which are described as follows.

As suggested in our motivation, our multicasting will be cycle-based. We use our PCC to
establish multicast cycles. We also improve its performance such as removing the extra parts
of the cycle that is not required in the multicast and relaxing some original conditions of PCC
to allow shorter paths along the boundary. We evaluate the performance in terms of the

length of the cycle (in term of number of hops).

We then investigate the capability of PCC for network protection, one of the original
motivations. Different searching criteria (such as various forms of size limits) are used to
improve the performance in terms of capacity requirement for network protection. In doing
so, we also need to use optimization on generated PCC candidate set. We also compare its
performance with the most optimal solution (obtained by providing the set of all possible
cycle as an input to the optimization model) as well as using all the possible paths in the
network. As we have mentioned in the literature review, the optimal set of p-cycles that
protects all the working links can be done jointly or non-jointly with the demand routing. We
consider in this thesis the non-jointly model for the following reasons: working capacities are

usually optimized for some objectives like load balancing and path length. In some cases,
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specific schemes for routing traffic would be desired by the network management to use
specific paths rather than other. Thus, we assume a given distribution for the working traffic
among the network.

We also use the evaluation results of PCCs to support our theoretical study of Hamiltonian
cycles which is a special case of PCCs. We shall provide more theoretical analysis in closed-
form formula for different network performance aspects as well as a framework for the study
of multi-domain protection. Different performance measures such as network redundancy,
restorability, and average protection path length, will be defined and evaluated in terms of
various parameters such as the cycle size and the max-to-min capacity ratio. These enable us
to conduct other trade-off studies such as computation speed versus coverage or spare
capacities.

By taking multi-domain management issue into account, where the privacy of each domain
is maintained, we hope to provide pre-planned protection solutions based on the resources
available in that domain. We shall first start with single domain that has generated much
research interest, and then extend it to double domains. We also provide some guidance for
dual failure protection.

There are several tools/techniques that we rely on to carry out our research. We have used
C/C++ language [DeDe98] to program/implement our ideas and algorithms to evaluate the
performance, or to provide verification to our theoretical analysis. We also use optimization
packages of AMPL [AMPLO06] and CPLEX [CPLEO06] to allow us to determine the optimal
subset of the solution set generated.

We test our algorithms on a large number of randomly generated graphs in order to provide
the average performance within a give confidence interval. These are generated using LEDA
libraries [LEDAO6] in C/C++ language. The large number of randomly generated graphs will
enable us to cover more possible future topologies and make our analysis more reliable. We

also provide 95% confidence intervals to cross check the accuracy of our evaluation.

1.8 Contributions
The following are the contributions of this research work:

1) The introduction of the concept of PCC (Planar Chordal Cycles) and its mapping into
dual graph domain.

2) The MCG (Modified Cycle Graph) that fully characterizes the face connectivity for a
planar graph.
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3) Graph-theory based algorithms that allows the fast generation of PCC.

4) The application of PCC on network protection.

5) The application of PCC on multicasting.

6) Theoretical study of single-domain and dual-domain protection using Hamiltonian Cycles

7) A comprehensive comparison among PPC, rings, p-cycles and all-routes as protection
mechanism for optical mesh networks in term of restorability.

1.9 Thesis Organization
The remainder of the thesis is organized as follows. Chapter Two discusses the network

model, operations and assumptions to be used throughout the thesis. Chapter Three is
devoted to characterizing and generating planar chordal cycles. Chapter Four presents the use
of PCCs for protected multicasting and also contains further improvements, comparisons and
a performance study. Chapter Five studies the use of PCCs for network protection with a
comprehensive comparison with p-cycles which in turn are compared to rings and the all-
routes methods. Chapter Six presents an analytical study of cycle-based network protection.
Chapter Seven concludes our findings and suggests future work.
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Chapter Two
Network Models, Operations
and Assumptions

In this chapter, we will provide the operations and assumptions that are common for the
whole thesis. Operations and assumptions specific to an application will be discussed in the

relevant chapters later on.

2.1 Graph Network Model and Definitions
For easy description and analysis of the physical network, we consider a network graph with

N nodes and M edges representing the network switching devices and the cables,
respectively. Each physical link (a cable that can contain multiple fibers) between two
devices is represented by an edge along with some parameters between the corresponding
graph nodes. The set of nodes is denoted by V= {v,, v,... vy} and the set of edges by E= {e,,
ey, ey}. Each edge can also be specified by its endpoint node labels as in edge (i, /), e, j) or
simply e;. We will use edge and link synonymously as well as node and vertex. Each node i
will have two parameters: D; which is the number of edges incident at node i (degree), and C;
which is the installation cost of node i. Then we can define D, as the average nodal degree

(average of all D;’s in the graph). Each link i will have the following parameters:

wi the number of fibers in the corresponding cable.

¢t the installation cost of that cable.

d;: the actual length of the cable in kilometers.

Cwi the working capacity of link e;.

Cypi the portion of ¢, that is protected using a given protection techniqﬁe.

Cooui the remaining portion of ¢, that is NOT protected using the given protection
technique. 1.€. Cwuit Cupi= Cwi

Cyi: the capacity reserved for protection purpose on link i.

Cooxi- the maximum capacity on link i. This implies ¢,; + ¢ < Cyxi

Based on the above link parameters, we shall define the following:

Comax: the maximum protection capacity on a link in the network
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Cpmin' the minimum protection capacity on a link in the network

Cuavg: the average unprotected working capacity on all links in the network.
Chavg: the average working capacity on a link in the network.

Cooma. the maximum working capacity on a link in the network

Cymin: the minimum working capacity on a link in the network

F: the ratio of maximum working capacity to minimum working capacity.
Jep(): the probability density function for link protection capacities

Jew(x):  the probability density function for link working capacities

A simple path is a set of successive edges and nodes with no intersection. A simple cycle is
a simple path that is closed (i.e. where the two ends of the path meet). An on-cycle link is a
link that lies on the cycle. A cycle chord (alternatively called a straddling link) is a link that
joins two nodes on the cycle but is not an on-cycle link. A graph is called 2-connected when
there 1s at least another path between any directly connected nodes. A graph is said to be
planar when there exists a planar embedding (drawing) without any intersection of its edges.
It is non-planar otherwise'. Note that there could be more than one planar embedding for the

same graph.

A face is a region encircled by the edges of a simple cycle (without chords), and usually
identified by the edges either clockwise or counter-clockwise in its cycle sequence starting
from a specific edge®. It is possible that the graph under consideration is a subgraph, in which
case the faces in the graph can be classified into internal and external with respect to the
subgraph, e.g., both cycles 9-0-1-5-9 and 5-1-2-3-5 in Figure 2.1a are external faces of cycle
6-7-9-5-3-4-6 whereas the faces 5-3-4-5 and 6-7-9-5-4-6 are the internal faces. For
simplicity, the faces can also be labeled as shown in Figure 2.1b. Face number i will be

denoted as Facei in the text, or Ci as a short-hand notation.

In a planar graph, the nodes (or edges) that lie on the boundary of an external face are

! The smallest classes of non-planar graphs are Ks (complete graph with 5 nodes) and K; ; (complete bipartite
graph with 3 nodes in each set). Kuratowski in 1930 [ BoMu82] shows that a graph is planar if and only if has no
subgraph homeomorphic to K5 or K; 3.

? In some graph theory litriture the unbounded region outside the boundary of the graph is called the external

Jace and is dientifed by the boundary of the graph.
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called the external nodes (or edges). Otherwise, the nodes and edges are internal. Two faces
are adjacent if both faces have at least one common edge between them, and they are called
edge-jointed faces (or edge-disjoint as used in graph theory although this is a somewhat
confusing terminology!). If two faces have exactly one node in common (which is not part of
a possible shared edge), they are called node-jointed (or node-disjoint). The set of all
individual internal faces of a planar embedding of a graph is called a planar cycle basis. A
cycle of faces is a set of faces where there is an ordering of the faces in which each face is
adjacent to the next one and the last face adjacent to the first one. In planar graphs, M<3N-6
[HeFu99] is a well-known relationship obtained from the fact that the smallest face in a

simple (no multiple edges or self-loop edges) planar graph is bounded by three edges.

(a) (b)

Figure 2.1: Labelling Faces in a Graph

To illustrate the above definitions and terminologies we give the example in Figure 2.1.
We show in Figure 2.1b that a bidirectional link in Figure 2.1a can be represented by two
unidirectional links. So for illustration purposes, where required (e.g. in later chapters), we
will use these two representations interchangeably (as done in Figure 2.1a and Figure 2.1b).
This figure shows an example of a planar graph with a set of nodes V={0,1,2,3,4,5,6,7, 8,
9} and a set of edges E={(0, 1), (0, 9), (0, 8), (1, 2), (1, 5), ...}. The area bounded by the
edges (1, 2), (2, 3), (3, 5), (5, 1) is an internal face and denoted by Face3 in Figure 2.1b. The
nodes 5, 7, 9 are internal nodes while the nodes 1, 2, 3, 4, 6, 8 are external nodes. Likewise,
the edges (1, 2) and (3, 4) are two examples of external edges, and the edges (1, 5) and (7, 9)
are two examples of internal edges. Facel and Face2 are adjacent (edge-jointed) since they
have a common edge (0, 9). Face3 and Facej are only node-jointed at node 5, and Faces

Face2 and Face4 are also node jointed at the same node 5. Face/ is a simple cycle, but the
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simple cycle {0, 1, 2, 3, 5, 9, 0} is not a single face because it is a combination of a set of

faces (Face2 and Face3). Finally, faces Facel, Face2, and Face5 form a cycle of faces.

2.2 Dual Domain Model
The previous section summarizes the terminologies in a representation which we call the

“regular” graph domain. There is a dual domain representation called the cycle graph, which
is a powerful representation we shall rely on in this dissertation. We first introduce the
definitions and terminologies in this dual domain representation. We then present its

modified version and the reasons for this modification.

(b) Regular cycle graph C(G) (c) Modified cycle graph MC(G)

Figure 2.2: Comparison between the Cycle Graph and the Modified Cycle Graph
for a given Network Example

2.2.1 Cycle Graphs and Definitions

The cycle graph® C(G) [SyslI81] of a planar graph G is formed by taking the faces of G to be
the nodes in the new dual graph C(G). The edges of C(G) indicate the presence of edge
adjacency between the faces in G. For example, vl and v2 in C(G) (which represents two
faces in G) are connected by an edge if they are adjacent (have at least one edge in common)
in G. Figure 2.2b and Figure 2.2c show an example for a cycle graph and the modified cycle

graph respectively. We can see that node 5 is connected to both node 1 and node 4 since

Face) is adjacent to Face/ and adjacent to Face4.

? Cycle graphs are defined in the literature as the non-empty intersection between every two elements of the
cycle basis set of a graph. Therefore they are also called the intersection graphs of the basis. The cycle graphs in

[Sysl81] uses a special type of cycle basis called the plane cycle basis.
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We use the following notations for the cycle graph:

N’ the number of nodes in C(G), which equals the number of faces in G.
M’ the number of edges in C(G).
D’4:  the average nodal degree in C(G).
It can be shown that N'=M-N+1 using the observation that in any planar graph deleting

edge will reduce the number of faces N’ by one and the fact that we have M=N-1 in a tree.

It is interesting to notice that a cycle of faces in G is a simple cycle in C(G). An example
can be found in Figure 2.2b later. We can see that node 1 is connected by an edge to node 2,
Face3 and Face5 since the corresponding Face/ shares edges with each of the faces Face2,

Face3 and Face5 in G.

2.2.2 Modified Cycle Graph

Although the regular cycle graph can capture the edge-jointed property between the faces of
a planar graph, it cannot account for the node-jointed property and the number of edges
shared between the faces. Therefore, we want to introduce the following modified cycle

graph concept.

In the modified cycle-graph MC(G) of a graph G, the nodes are defined in the same way as
for the regular cycle graph, i.e., they are the planar faces of G. However, in addition to
showing the adjacency of two faces, we repeat an edge a number of times equal to the
number of common (shared) edges between the two faces in G. This is the same idea as
forming the geometric dual graph except that we do not consider the external face®.
Furthermore, we shall use another set of edges, called the dashed edges, between the nodes in
MC(G) when the two corresponding faces in G are node-jointed. Each dashed edge is given a
label set consisting of the labels of all faces sharing the same common node in G (but not the
two faces corresponding to the end-nodes of the dashed edge). For convenience, this label
set has a similar notation as the label at a node in MC(G) except that when it appears at a

node it means only one face while at a dashed edge it represents a set of faces.

As a consequence of our modification, we now need two more parameters for each node in

the modified cycle graph MC(G): the parameter e(n) which is the number of edges forming

* There are two categories of dual graphs: geometric dual graph and combinatorial dual graphs
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the corresponding face in G, and the node degree deg(n) which is the number of regular (not

dashed) edges incident at that node.

(a) PCC (b) Not a PCC

Figure 2.3: PCC Examples

2.3 PCC Model
One important type of cycle in planar graphs is called the PCC (Planar Chordal Cycle). This

is defined as a simple cycle in a planar graph such that all the links inside the cycle are
chords. Figure 2.3 shows an example of two sifnple cycles in G. From the definition Figure
2.3a is thus a PCC while Figure 2.3b is not. We shall characterize in the next chapter the

existence of PCCs in planar graphs with respect to a set of faces.

(c)NotaPCCin G (d) Subgraph in MC(G)
Figure 2.4: PCC in G and MCG

In general, any connected subgraph in the dual graph domain would correspond to a cycle

(or a set of node-disjoint cycles) in the regular graph, but not always a PCC (or a set of
PCCs). Figure 2.4 shows two examples (parts (b) and (d)) of subgraphs in the dual domain
that do correspond to simple cycles (parts (a) and (¢)) in G but are not PCCs. Our MCG
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modification is indeed helpful to identify these cases. Figure 2.4b shows the subgraph
(shaded area) that corresponds to the cycle shown in Figure 2.4a. As seen, the four faces
sharing the same node in Figure 2.4a become the cycle 1-3-4-5-1 in Figure 2.4b. In the case
of Figure 2.4d we have a “cycle” of two nodes which corresponds to two faces having two

common edges Figure 2.4c. These observations will be generalized in the next chapter.

(b) MC(G)""
(labels of dashed edges not shown for simplicity)

Figure 2.5: Canada Network and its MCG

2.4 Examples
Figure 2.2 illustrates the difference between the cycle graph and its modified version. Node 2

and node 3 are connected with one edge in the regular cycle graph (Figure 2.2a) and by two
edges in the modified cycle graph (Figure 2.2b). In addition, there are three dashed edges.
One of them is between node 1 and node 4 because faces C1 and C4 are node-jointed. This
common node is also a common node for faces C3 and C5; thus, “3” and “5” are included in

the set of labels for this dashed edge. Moreover, Node 4 in Figure 2.2b has deg(4)=2 (i.e.,
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node 4 in C(G) of Figure 2.2a has a node degree of 2) and e(4)=3 (i.e., face C4 in G is
bounded by three edges)

In Figure 2.5 we show an example of a real network (Canada network) and its modified
cycle graph. The network has 13 nodes and 24 edges. Notice that all the pairs of the adjacent
faces have only one edge shared between them, thus the cycle graph and the modified cycle

graph are the same except for the dashed edges.

2.5 Test Network Topologies
We present real network examples that will be used throughout the thesis in addition to some

simple networks created. Another type is the random graph generated using the software
package LEDA [LEDAO06]. We present in the following a quick description of examples for

those categories.

Figure 2.6: USA Long Haul Network

The first real network example is the one shown in the previous section in Figure 2.5,
which represents the Canada network and has 13 nodes and 24 edges (nodal degree
48/13=3.7). The other two real network examples are two versions of the USA long haul
network. Figure 2.6 show the extended version of the USA long haul network with 42 nodes
and 66 cdges (nodal degree 132/42~3.1). Figure 2.7 shows the simplified USA long haul
network with 28 nodes and 45 edges (nodal degree 90/28~3.2). The faces of both figures are
given labels which will be used later on. Notice that the labels in Figure 2.6 are placed in the
center of each face while the labels of the faces in Figure 2.7 are placed on the edges

surrounding each face.
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(b) N=15, M=20

Figure 2.8: Random Graphs Examples
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The other type of graphs are the random graphs created by software using LEDA libraries.
All the graphs are 2-connected graphs. A random topology is generated and the nodes are
assigned labels from 0 to N-1 (where N is the number of nodes). Figure 2.8 shows 2
examples of different sizes created randomly. The labels on the edges shown in small squares
are the face labels which have been created by an internal algorithm in the package.

2.6 Assumptions

The following assumptions hold for the reminder of the thesis unless otherwise stated:

- All edges are bidirectional unless explicitly stated.
- All graphs are planar unless otherwise stated.

2.7 Concluding Remarks

In this chapter, we have presented our network model in the regular and the dual domain with
a set of definitions and terminologies. We have also presented an important modification for
the dual graph representation which will capture the planar properties relating a new type of

cycle called a PCC. In the next chapter, we shall discuss the properties of PCCs and the set of

rules that is necessary and sufficient for their existence.
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Chapter Three
PCC Properties and Generation Algorithms

Following the definitions and modifications of the cycle graph domain in the last chapter, we
shall characterize the PCC in the regular and the dual domains. We then present different
formulations for algorithms to generate PCCs. All these form the basis for various

applications in future chapters.

3.1 PCC (Planar Chordal Cycle) Characterization
We start our discussion by making some observations on the characteristics of one, two, and

three adjacent faces of a planar graph in forming a PCC. Then we will generalize the rules for
forming a PCC from » adjacent faces. We will discuss them separately in two domains: the

regular graph domain and the dual graph domain, in order to appreciate the correspondence.

3.1.1 PCC in Regular Domain
We study some simple cases of two and three faces before we generalize them. A complete

list of all simple cases is provided in Appendix A for completeness.

(1) e e
- b o2
onz PUC with

one stsdding link

Figure 3.1: Different Cases of Two Adjacent Cycles
3.1.1.1 Simple Cases
Figure 3.1 depicts some examples of two faces. One can see that Cases a) and c¢) correspond
to a PCC whereas Case b) does not because there are two edges shared between the two faces

and these faces have many edges other than those shared ones.
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Figure 3.2: Example Cases of Three Adjacent Cycles

Since there are many cases of three adjacent faces, we show only a couple examples in
Figure 3.2. A complete list is provided in Appendix A. Figure 3.2a is a case when two faces
(C1 and C2) share one edge between them while the third one (C3) shares more than one
edge with C2. In this case, we have a PCC formed by taking the two faces (C1 and C2) as
internal faces for the PCC. Figure 3.2b shows that one face C2 can have more than one edge
shared with each of the other two faces C1 and C3. In addition, each of these two faces has
only one edge that is not shared with the first face C2. In such a case, a PCC is possible by
taking only the edges of the first face (C2) as the cycle edges for the PCC. The PCCs in the

figures are shown with bold edges.

Before we extend the idea to many faces, we identify two classes of PCCs. The first class
is for PCCs whose on-cycle edges are not shared between adjacent faces. In such a class, all
of the faces are internal faces for the PCC. Figure 3.1a is a typical example for two faces in
which we see that all the “non-shared” edges of faces C1 and C2 are forming the PCC (i.e.,
C1 and C2 are internal faces for the PCC).

The other class is for PCCs that contain at least one external face with respect to the PCC
that is covered by the PCC. A face is said to be covered by a PCC when each edge of the face
is either an on-cycle or straddling for the PCC. Figure 3.1c is the first example of this class.
Figure 3.2 above has two examples: The PCC example in Figure 3.2a has two internal faces

and one external, while in Figure 3.2b, there is one internal face and two faces external to the
PCC.

3.1.1.2 Generalization
When there are more than 3 faces, we could encounter a problem when two internal faces of

the PCC can be node-jointed and no neighboring faces are inside the PCC which will result

27



in a non-simple PCC. For example, in Figure 3.3b, faces C1 and C3 are two internal faces for
the PCC traced out by the thick lines; they are node-jointed and the third face (C2), sharing
the same node with these two internal faces C1 and C3, is an external face. Figure 3.3c shows
the case where the three faces (C1, C2, and C3) are all internal faces and thus the cycle is

considered a PCC.
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(a) the original graph (b aself-intersected PCC
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Figure 3.3: Face Adjacency at a Node and its Effect on the PCC

Given a set of faces and their edges in G, a PCC can be formed from the on-cycle edges or

chords of internal and external faces provided that

(i) There is exactly one common edge between each pair of adjacent internal faces.

(i) Any subset of the internal faces could not form a cycle of faces.

(ii1) Each edge of the external face edges should be either a common edge with an internal
face, or an edge joining two nodes of the internal faces nodes.

(iv) When two internal faces of the PCC are node-jointed at a node v which is not part of a
common edge between these two faces, we require all the faces sharing this node to be

internal faces.

Figure 3.4: PCC Conditions in Regular Domain

In general, for a set of k faces numbered from 1 to &, any face could be edge-jointed with
any number of other faces (1, 2 ... up to k-1). Continuing with the same observations and
deduction on two and three faces, we can now make the following statements on the
conditions for forming one PCC from k faces. Alternatively, we can say that a PCC can be

formed if the internal and the external faces of this PCC satisfy the conditions in Figure 3.4.
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3.1.2 PCC in Dual Domain

We shall now describe the same observations about two and three adjacent faces in Section

3.1.1 using the modified cycle graphs. The numbers at the nodes are e(v) as discussed in

Chapter Two (number of edges forming face v in G).

9 9 9 3
C1 C2 Cl C2 Cl C2

(a) (b) (©)

Figure 3.5: Cases of Two Adjacent Faces Represented in the Modified Cycle-Graph

3.1.2.1 Simple Cases

The cases of two and three faces in the dual domain can be classified and summarized by the

following:

1) For two connected nodes in MC(G) as in Figure 3.5, we consider the following two
subcases:

a)

b)

When the two nodes are connected by only one edge as in Figure 3.5a (which
corresponds to the case of two adjacent faces with one edge shared between them, as
shown in Figure 3.1a), then there is a PCC to cover the edges of the two
corresponding faces.

When the two nodes are connected by more than one link (which corresponds to the
case of two adjacent faces with more than one edge shared between them), then we
will have a PCC to cover the links of the two corresponding faces either when
e(Cl)=deg(C1)+1 or e(C2)=deg(C2)+1 but not both (i.e., one of the faces has only
one other link not common with the other face). For example, Figure 3.5b has two
links (as it corresponds to Figure 3.1b), However, its e(Cl)=e(C2)=9 and
deg(C1)=deg(C2)=2, meaning that neither the relationship e(C1)=deg(C1)+1 nor
e(C2)=deg(C2)+1 1is satisfied. Now one would find that Figure 3.1c would form a
PCC because as shown in Figure 3.5¢ e(C2)=deg(C2)+1. Recall that e(v) is the
number of edges Face v has in G; this is shown in Figure 3.5 and Figure 3.6 as

numbers beside the nodes.
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Figure 3.6: Cases of Three Adjacent Faces Represented in MCG
(e(N) is Shown for Each Node.)

2) For the three-connected nodes in MC(G) as shown in Figure 3.6, there are also two sub-
cases:

a)

b)

When there is no cycle of three nodes in MC(G), a PCC can be found in G under

either of the following conditions:

1) If there is exactly one edge between (C1, C2) and between (C2, C3). See Figure
3.6a as an example.

i) If there is more than one edge between (C2, C3), but only one edge between (Cl1,
C2) and e(C3) = deg(C3)+1, then a PCC also exists. In Figure 3.6b this does not
hold and thus no PCC is possible. On the other hand, this relationship holds in
Figure 3.6¢ and thus a PCC is possible as seen in Figure 3.2a.

When there is a cycle for the three nodes in MC(G), a PCC can be found in G if at

least one of the nodes (say v) in this cycle possesses the property that e(v)=deg(v)+1.

For example, consider Figure 3.2a where imagine the edge that is hanging on two

nodes in C2 to form C3 is hanging between a node in C1 and a node in C2. Note that

the two nodes (here C1 and C2) other than v (here C3) should be under either

Condition la or Condition 1b stated above.

3.1.2.2 Generalization

Similar to the generalization in 3.1.1.2 for the set of faces in G, the previous observations can

be generalized to any number of nodes in MC(G). The following conditions in Figure 3.7 are

for a set of nodes S in MC(G) that can guarantee the existence of a PCC in G in order to

cover all edges of the corresponding faces.
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Given a set of nodes S in MC(G), a PCC can be found to contain (or cover) all the edges
of the corresponding faces in G if all the following conditions are met:

1) S can be divided into S; and S, such that the induced subgraphs /s on S and Is; on S;
(but not necessarily /s, on S,) are connected.

2) A set S; must satisfy the following conditions where applicable:
a) I5; does not have cycles or multiple edges (considering only the regular not the
dashed edges)
b) Is; can have a cycle from the regular edges with only one dashed edge and the label
of this dashed edge includes the labels of all the nodes in the cycle except the two
labels of its own end-nodes.

3) A set S, contains only nodes such that a node member v observes the relationship e(v)-
deg(v,S) <1 where e(v) is the number of edges forming face v in G, and deg(v, S) 1s the

number of nodes in the set S connected with node v.

Figure 3.7: Conditions for Finding a PCC in Dual Domain
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5=1{6,2,1,3,5,9,8}
s, ={4}

f(4)=5
Def(4,S)=4

Figure 3.8: Example on the PCC Conditions
Figure 3.8 shows an example for the set S and a possible partition into .S; and S, where the

conditions in the dual domain are met and the PCC as illustrated.

3.1.2.3 Example When S=S§;

One particular scenario is when all the nodes of S belong to S.(thus S.=&). Here,
Condition 1 is satisfied since the induced subgraph on S; is connected. Condition 3 is not
applicable since no external nodes (faces) are assumed to exist. Therefore, we shall discuss
Condition 2 using the following two examples to explain the applicability of the two
subcases. Figure 3.9a is an example for Condition 2a to verify the existence of a PCC (there
is no need to check Condition 2b because no dashed edges exist). It is a simple path from v,

to vk in MC(G).There are no multiple edges along this path, and no cycles formed from the
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regular edges. Figure 3.9b shows the corresponding set of adjacent faces in G, and Figure

3.9¢ the PCC covering the edges of all these faces.
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(b) Series of adjacent cycles in G correspond to the above path n MC(G)

“ 7
¢) PCC on the series of adjacent cycles in G

Figure 3.9: Set of Adjacent Faces Corresponding to a PCC (Without Dashed Edge)
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(a) Simple path with one dashed edge in MC(G)

(b) Series of adjacent cycles in G correspond to thgg

path in MC(G)

(%)

(c) PCC on the series of adjacent cycles in G

Figure 3.10: Set of Adjacent Faces Corresponding to a PCC (With Dashed Edge)

Figure 3.10a is an example for Condition 2b. It is a simple path with one dashed edge
joining v; and v; for which we have to verify for the existence of a PCC. Since the label of
this dashed edge includes v,, then this dashed edge satisfies Condition 2b and the PCC can be
formed as in the previous case by including all the faces as internal faces. Figure 3.10b shows

the corresponding set of adjacent faces in G, and Figure 3.10c the PCC covering the edges of

all these faces.
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3.1.2.4 The Mapping Theorem
Based on the previous discussion, we provide the following theorem that prove the
completeness and correctness the general mapping from G to MC(G) that would guarantee

the existence of a PCC.

Theorem 1

Any connected subgraph’, induced on a set S of nodes in MC(G), satisfying the conditions in
Figure 3.7 will have at least one PCC that would cover the edges of all corresponding faces
in G. A PCC can then be formed by taking the set of faces that correspond to the nodes in the

set S; as its internal faces.

Proof:
We shall use mathematical induction on the subset S having f'nodes. Let N be the number of

nodes in a given MC(G).

Boundary case of =1

For /=1 node we see that all conditions in Figure 3.7 are satisfied, and there is only one

simple PCC without any chordal links.

General case of N> f>1

Assuming there exists a subset having f >1 nodes that satisfy the conditions in Figure 3.7,
(i.e., there exists a PCC in G covering all the links of the corresponding f faces), we want to
show that a PCC can also be found on an induced subset with /47 nodes, if such subset can
be generated. In other words, we want to determine if an additional node can be a member of

either set S; or S, while satisfying the conditions in Figure 3.7.

To proceed, remember that an external face can also be covered by a PCC (such as Face i;
in Figure 3.11a). Figure 3.11b shows the corresponding MC(G) where the bold edges
represents the subgraph of the internal faces of the PCC. According to the conditions in
Figure 3.7, the f nodes can be divided into two sets S; and S, such that S; contains the nodes
corresponding to the internal faces and S, contains nodes corresponding to the external but

covered faces. Let k be the node degree of node ir;. Then there are several cases to consider

> We consider whether the subgraph on the regular edges is connected or not without considering the dashed

edges.
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in which a new node i (a face in G) can be connected to the other nodes (faces).
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g) New face has two common edges with the h) Equivalence of (g) in MC(G)

existing faces (case 2)

Figure 3.11: Different Cases for a New Face Joining the Existing Set of Faces

1) Case of i=1:

In this case we have only one face that is edge-jointed to the Face if,, i.e., there is one

regular edge joining ix; to another node. Regarding the dashed edges, we have two cases:

l1a)

1b)

No dashed edges are connected to is; (e.g., Figure 3.11b): In this case, node iz is an
additional node in set S; and is connected to only one member of the same set. So no
cycle of any kind exists, and Condition 2a in Figure 3.7 is satisfied. The PCC of an

example in such a case is shown in Figure 3.11a.

A dashed edge is connected to ir; (e.g., Figure 3.11d): There are two more sub-cases

depending on whether the dashed edge would form a cycle with the bold edges or not:
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1) Not forming a cycle e.g., edge (i;,i3): In this case, there is no cycle violating

Condition 2b.

11) Forming a cycle (e.g., edge (i.1,ir+;)) with the bold edges (ix;,i) and (isir;)): In this
case, the label iris included in the label of this dashed edge, and then Condition 2b

is satisfied.

One can see that in both cases, there is no violation of Condition 2a by the assumption of the
mathematical induction. Since the node i ; is assumed to be a member of the set S;, then
Condition 3 does not change and still satisfied by the induction hypothesis since it deal with
S, and nothing change to this set. Therefore, a PCC can be formed by adding an extra face as

shown in Figure 3.11c.

2) Case of k>1:

Under this case, whenever node ir; satisfies the relationship of e(i ;) - deg(i+;,S) = 1, one
finds that the existing PCC already covering the links of the first f/ faces would also cover
Face i+, (as an external face to that PCC). This is because there is only one edge for Face i,
that is not already one of the on-cycle edges and this edge is a chordal link for the existing
PCC. Figure 3.11g and Figure 3.11h illustrate the case where this condition is satisfied.
deg(v, S) represents degree node v among the subset set S (i.e. the number of edges connects
v to nodes in set S). On the other hand, if the new face dose not satisfy the condition, i.e., if
e(ir-1) - deg(ip+;, S) # 1, then the PCC does not exists, as illustrated in Figure 3.11e and
Figure 3.11f.

In summary, a PCC can be found for f+/ nodes whenever the conditions of Figure 3.7

holds. We therefore complete the proof by mathematical induction.

Corollary 1:

If the conditions of Figure 3.7 are satisfied on the whole graph MC(G) (i.e. all the nodes are
either in §; or S,), then all the links in the original graph can be covered by one PCC, and this

PCC is a Hamiltonian Cycle of the graph G.

Proof:

According to Theorem 1, all edges (within a subgraph of the network) that satisfy the
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conditions in Figure 3.7 are covered by one PCC. Since each covered edge is either an on-
cycle edge or a chordal link, their end points must lie on the cycle. By extending the theorem
to the whole network graph, it follows that all nodes are covered by one cycle which is the

definition of a Hamiltonian cycle.

3.2 Algorithms in Dual Domain to Generate PCCs
After the proof of the sufficient conditions, we are now in a position to provide a simple

algorithm to build the modified cycle graph from a given graph G. Then we want to present
two more common algorithms for various applications to be used in later chapters. Before we

do so, we shall define the following terminologies.

3.2.1 Terminology and Definitions

deg(v, S): the number of edges joining node v with nodes in the set S.

“non-visited”: the initial state of the nodes before any iteration of the algorithm.

“visited™: the state when a node is included in the final subgraph(s), such that the same
nodes in the same connected subgraph in MC(G) corresponds to one PCC in
the original graph.

“blocked”:  the state when a node will not be included in the final subgraph(s), because
such nodes will prevent a PCC from forming with its visited neighbor nodes.

“covered”: the state when a blocked node has cover number less than 2.

Likewise, we define a set of nodes to be Non-visited, Visited, Blocked, or Covered according

to the corresponding state the set is in.

Let c(v) be the “cover number” of node v which is the number of edges the corresponding
Face v has in G minus the degree of node v on the set “visited”. In other words, c(v) = e(v) -
deg(v, VisitedUCovered) where U is the union set operator. This variable c(v) determines
how many edges for the corresponding Face v in G are not covered with the PCC that formed
in the Visited set. The other faces corresponding to the set of nodes in the set Covered will be

external faces to this PCC and covered by it.

By calculating ¢(v) for each node in the blocked set, one can form a new set called Covered

as defined above. That is, Covered = {x| x € Blocked and ¢(x) < 1}). In the beginning of the
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algorithm, all nodes are initialized to the “Non-visited” state, but at the end of the algorithm,
they would belong to one of the 4 sets of nodes called “Non-visited”, “Visited”, “Blocked”
and “Covered”. Note that the set Visited and Covered correspond respectively to the sets S;
and S, already explained in Section 3.1.2.2. The PCC in G can now be formed by taking the
faces corresponding to all nodes in the set Visited as internal faces. The faces corresponding

to the nodes in the set Covered will be external faces to this PCC.

3.2.2 The MCG Building Algorithm
Figure 3.12 gives the pseudo code for building the modified cycle graph. The initialization

numbers the faces one by one by uniquely representing each face through its bounding edges.
Consequently, a graph G can be represented by a list of faces which in turn is represented by

a list of edges, all of which are stored in the database of a program.

To build the MC(G) of a graph G, we create a node »; corresponding to each face f; in G,
and then traverse the edges of the face f; edge-list to see if an edge in the list also appears in

the list of any other face f; list. If so, connect the node »; with the node #;.

The procedure is similar in establishing the dashed edges, but one would examine the end
nodes of each edge (rather than the edge itself) in a face-list. Nodes #; and n; are connected
by a dashed edge if an end node of an edge in the edge-list of face f; also appears as an end

node in the edge-list of face f; except if the edge itself appears in both lists.

The above algorithm is summarized in Figure 3.12, and implemented in C/C++ [DeDe98].
The LEDA libraries [LEDA] are used to generate graphically the modified cycle graph for a
given graph G. The “Sense of direction” is defined to be the awareness of each edge for the

edges around its end points and their order.

The complexity of the above algorithm is O(M-MN) since the number of faces is O(M-N)
and each face list is bounded by M edges and the face list is compared to each other face (i.e.
we have (M-NY*M= M-M°N).

Figure 3.13 is an example generated by the algorithm. This is a real network called USA long
haul network with 28 nodes and 45 edges (i.e. nodal degree 90/28~3.2 ) as shown in Figure
3.13a. Figure 3.13b is the corresponding MCG graph having 18 nodes and 24 regular edges
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and 22 dashed edges. The details of such mapping has also been previously exemplified in

Section 2.4. Note that the labels for the dashed edges are hidden for better viewing.

Alg MCG (G) // Applicable for a planar graph G
Begin Alg MCG
Initialization: Assign a unique number for each face in the graph

G and get the list of edges bounding each face.

To build this list we should have kind of “sense of directions” for the edges
intersection at each node. In other words, we need an ordering of the edges in clockwise
or counter-clockwise direction at each node starting at any edge. Now starting at any
node you can list all the faces around that node. We can do that for all nodes, then all
faces will be listed.

For each face f; in G: Add a node ng in the graph MC(G)
For each face f; in G
For all edges k in f;
If k appears in f; list
Add a regular edge between ng and ng; in MC(G)
If an end point of k appears in face f; but not k
Add a dashed edge between ns and ng in MC(G) with a
label consisting all faces have the end point of k in

their list.

End Alg MCG

Figure 3.12: Pseudo-Code for MCG (Modified Cycle Graph) Algorithm

Figure 3.13: MCG for “Simplified” USA Long Haul (Figure 2.7)
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3.2.3 Breadth First Search-Based Algorithm

Given a starting node in MC(G), the fundamental algorithm in the previous section did not
specify the way/order how other nodes are explored/searched in order to form a PCC. We
propose here the Breadth-First Search as a common approach we use in our research and

later we present a Depth-First Search method.

In general, the BFS algorithm searches all nodes that are k-hop away from a starting node
before nodes that are (k+1)-hops away. We use a queue to implement our BFS algorithm. We
start by adding the neighbor nodes of the starting node to the queue and iteratively remove
one node from the head of the queue. We search for the neighbors of this dequeued node and
add/enqueue any of its “non-visited” neighbors to the end of the queue. For each enqueued
node, a tree edge is marked after joining this node with its proceeding (parent) node. The

resulted tree is called BFS tree.

There are a few conditions to check according to Figure 3.7 and corresponding actions

taken before enqueuing the node:

1) Calculate and check if e(v)-deg(v,Visited) <I. If so, Condition 3 is satisfied, mark those

nodes “covered”; otherwise mark as “blocked”
2) Check if either Condition 2a or 2b is met by the following procedure:

Condition 2a: look one step further to see if any nodes there are already visited. If so,

mark it as “blocked”; if not, mark it as “visited”.

Condition 2b: check whether the present node being enqueued has a dashed edge with an
already-“visited” node. If so, compare the labels and mark accordingly as visited or blocked,

and if not, mark it as “visited”.

Figure 3.14 is the pseudo code of this BFS algorithm which is called the PCMCG (Planar
Cycles using MCG). Here the Q.Push adds a node to the end of the queue Q while Q.pop
removes a node from the front of the queue. The instruction “find_cycle(visited)” finds the
cycle in the original graph that correspond to the nodes marked as visited in the MC(Q)
graph. We also use two functions to check the cycles found: cycle regular and cycle dashed.
The function cycle regular checks if the given nodes forms a cycle or not on the regular

edges whereas cycle dashed checks if the given nodes forms a cycle with one dashed edges
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and other regular edges from the given nodes. The matrix variable A4’ represents the

adjacency matrix for the modified cycle graph.

Initialize array status/[] of size equal to the number of nodes in MC(G) to not-visited.
Call Alg PCMCG(v) // calls Alg PCMCG to mark the nodes that can form a PCC
// with v as visited
PCC=find cycle(status) // generates the PCC based on the resulted status
// value

Alg PCMCG (V)
Begin Alg PCMCG
Status[v]=visited
Q. Push (v)
while Q is not empty do
v=0.pop
get A’ (v) and organize list of ncdes (y) based on some ordering
for all nodes y € A’ (v)
if node y is not visited then
if (cycle regular(v,y,z) and status{z]=1 from some node z)
OR (node v and node y connected by multiple edges) then
status{y]= blocked,
else If (cycle dashed(x,y,z) and labels(y) € cycle labels)
OR (no edge between node v and node y)
status{y]= visited
Q.push (y)
For all nodes y € A’ (v)
If status(y]= blocked and c(y) <1 then status(y]= covered

End Alg PCMCG

Figure 3.14: Pseudo-Code for PCMCG (PCC in MC(G)) Algorithm Using BFS
The BFS algorithm is illustrated by a step-by-step evolution from of the original graph
(Figure 3.15) and the corresponding MC(G) in Figure 3.16. Notice how the algorithm starts
from Face 3 (shaded in Step 1) and considers all of the adjacent faces (one-hop neighbor)
before moving to a new face that is 2-hops away. The neighbors in our algorithm are scanned

in ascending order of their face indices.

For example, the algorithm chooses its first ncighbor, Face 2, (Faces 2 and 3 are now
shaded in Step 2). The algorithm then chooses Face 4 as the next neighbor (Step 3), which
will be marked as “blocked” because it has multiple edges with Face 3. Finally, Face 5 will
be considered as the last neighbor of Face 3 (in Step 4). After all of the three neighbors have

been considered, the algorithm moves back to the lowest-labeled neighbor of Face 3,
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S&ep-4 Step-5
: Denotes that the face is blocked

Figure 3.15: Using BFS Option for the MCG Algorithm Shown in the Original Graph

Figure 3.16: Showing Figure 3.15 in the MCG Domain
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and considers its neighbors there, effectively considering neighbors that are two-hops away.
In this case, Face 2 is the lowest labeled neighbor of Face 3, and the algorithm chooses Face
1(Step 5) as the two-hop neighbor. Face 1 is marked as “blocked” because it i1s forming a

cycle with Face 2, Face 3, and Face 5.

The complexity of the algorithm is O(N’M ") since each node can be in the queue at most
once and each neighbor for each node being examined is visited and the neighbors of the
neighbors are visited for verifications at each step. where N’ and M’ are defined in Section

2.2. Since N'= M-N+1 and M’<M, the complexity of the algorithm is therefore O(N'M )=
O((M-N+1).My= O(M*-MN)

Initialize array status[] of size equal to the number of nodes in MC(G) to not-visited.
Call Alg PCMCG2(v) // calls Alg PCMCG2 to mark the nodes that can form a PCC with v
// as visited

PCC=find cycle(status) // generates the PCC based on the resulted status value

Alg PCMCG (v) // first call with input node v
Begin &Alg PCMCG2
Status[v]=visited
Q.Push (v)
while Q is not empty do
v=Q.pop_ front
get A’ (v) and organize list of nodes (y}) based on some ordering
For all nodes y € A’ (v)
if y is not visited then
if (cycle regular(v,y,z) and statusfz]=visited for some node z )
OR (node v and node y connected by multiple edges) then
status(y]= blocked,
else If(cycle dashed(v,y,z) and labels(y) € cycle labels)
OR (no edge between node v and node y)
status([y]= visited

Q.push front(y)

For all node y € A’ (v)
If status{y]= blocked and c(y) <1 then status(y]= covered

End Alg PCMCG2

Figure 3.17: Pseudo-Code of PCMCG Using DFS

3.2.4 Depth First Search-Based Algorithm
The DFS is essentially the same algorithm as the breadth first search except for the modified

node traversing behavior. It is an alternative method to the BFS. Unlike the BFS, the DFS

picks one neighbor node and continues to search from that neighbor node in increasing hop-
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distance from the starting node. The pseudo code for this implementation is shown in Figure

3.17. Here Q.pop_front and Q.push_front, respectively, removes and adds a node from the

front of the queue.

Table 3-1: Results of Applying PCMCG on the Graph of Figure 2.5

Starting | PCC faces: totaledges/ | On cycle edges Chords edges
face : chords +
cycle edges

0 1,6,2,4,8 24/13 (1,2),(2,3),(3,8),(8,4),(4,5),(5,7),(7,6),(6,1) (1,3),(1,4),(3,4),(4,6) ,(5.6)

1 0,2,4,6,8 24/13 (1,2),(2,3),(3,8),(8,4),(4,5),(5,7).(7,6),(6,1) (1,3),(1,4),(3,4),(4,6) ,(5.,6)

2 1,50,11,12,6,108 | 24/24 (1.2),2,13),(13,12)(12,1),(11,10),(10,9),9,8), | (1,3)(T.4),2,3),(2,12),
(8,3),3,:4),(4,5),(5,7),(7.,6),(6,1) (4,6),(4.8),(5,6).(7,8),(7,9),(8.10),

(8,12)

3 No such face 24/0

4 157,011,120 2424 (13).G 22BN LT 1L1010.8), | (1L.2LA212),3.4.3.8)(4.9),
(8,9),(9,7),(7.5).(5,4),(4,6),(6,1) (5,6),(6,7),(7,8),(8,12),(9,10)

5 2,4,11,12,7,10,6 24/24 (1,2),(2,13),(13,12),(12,11),(11,10),(10,9),(9,8), | (1,4),(1,6).(2,3),(2,12),(3,8),(4,5),
(8,7),(7,5),(5,6),(6,4),(4,3),(3,1) (4,8),(6,7),(7,9),(8,10),(8,12)

6 0,7,1,9,2,10,11 24/22 (1,2),(2,3),(3,4),(4,8),(8,12),(12,11),(11,10), (1,3),(1,4),(2,12),(3,8),(4,5),(4,6),
(10,9),(9,7),(7,5),(5,6),(6,1) (6,7),(7,8),(8,9),(8,10)

7 4,6,9,1,5,10,12 24/22 (1,3),(3,2),(2,13),(13,12),(12,8),(8,10),(10,9), (1,2),(1,6),(2,12),(3,4),(3.8),(4,5),
(9,7),(7,5),(5,6),(6,4),(4,1) (4,8),(6,1),(6,7),(7.8),(8,9)

8 6,0,1,2,4 24/14 (1,2),(2,3),(3,8),(8,4),(4,5),(5,7),(7,6),(6.1) (1,3),(1,4),(3,4),(4,6),(5,6),(7.8)

9 7,10,4,6,11,1,2 24/22 (1,2),(2,3),(3,8),(8,12),(12,11),(11,10),(10,9), (1,3),(1,6),(2,12),(3,4),(4,5),(4,8),
(9,7),(7,5),(5,6),(6,4),(4,1) (6,1),(6,7),(7,8),(8,9),(8,10)

10 9,11,7,5,6,2,12 24/24 (1,2),(2,13),(13,12),(12,11),(11,10),{10,9),(9,7), | (1,4),(1,6),(2,3),(2,12),(3,4).(4,5),
(7,5),(5,6).(6,4),(4.8),(8,3),3.1) (6,7),(7,8),(8,9),(8,10),(8,12)

11 5,10,2,4,12,9 24/18 (1,2),(2,13),(13,12),(12,11),(11,10),(10,9),(9.7), | (1,4),(2,3),(2,12),(3.8),(8,9),(8,10),
(7,8)(8,4),(4,3),(3,1) (8,12)

12 5,2,4,11,7,10,6 24/24 (1,2),(2,13),(13,12),(12,11),(11,10),(10,9),(9,8), | (1,4),(1,6),(2,3),(2,12),(3,8),(4,5),

(8,1)(7.5),(5.6).(6.4).(4,3).3.1)

(4,8).(6,7),(7,9).,(8,10),(8,12)
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Figure 3.18: Illustration of some PCCs from Table 3-1
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3.2.5 Example: PCCs Using BFS

Here we show an example in which we have generated all the possible PCCs using the BFS
technique. The network graph was shown in Figure 2.5. The results in Table 3-1 show the
maximum PCC generated starting from each face. The PCC internal faces are shown in
column 2 of Table 3-1. Column 3 shows the ratio of the total number of edges to the total
number of on-cycle and chord links which are shown, respectively, in columns 4 and 5. We
can see that a Hamiltonian cycle was obtained in different cases where we have 24/24 which
means that 24 edges (all of them) in that cycle either are on-cycle or chords. Some of the
results shown in the table are shown graphically in Figure 3.18.

3.3 Cycle Properties

In general, the number of all simple cycles in a graph increases exponentially with the
number of nodes and edges. Our algorithms introduced above would cut down the tedious
task of enumerating these cycles which is an NP-complete problem. In addition, our
algorithms may generate cycles of different properties and therefore each type of algorithm
may lead to a different application. We shall illustrate this by first comparing BFS with DFS

before discussing other desirable properties.

3.3.1 BFS vs. DFS Cycles

Even though BFS and DFS could result in similar cycles in very special cases in which the
ordering of the edges and nodes enforces choosing the same next node (e.g. see section

3.1.2.3). Some observations and properties are made below.

(a) BFS (b) DFS
Figure 3.19: Comparing BFS and DFS PCCs

Since the BFS and DFS search the graph space in different ways, we can observe different
general properties of the PCCs they generate as demonstrated in Figure 3.19. The shaded area
represents links that are chords or on-cycle while those outside might not be. The dotted edge

represents an example of one chord (in general we could have many). We can have the
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following general observations:

1) The shorter of the two paths provided by the PCC (that joins the end nodes of a chord
link) is longer in the DFS method. For example, compare the shortest path that joins the
end-nodes of the dashed edge of Figure 3.19a with that of Figure 3.19b.

2) The BFS approach generates PCCs that usually covers edges in the same area while the

DFS covers edges in different domains.

In terms of complexity, both approaches have the same complexity since each node is
inserted in the queue once and the same number of comparisons is made. The complexity of

the BFS method has been discussed in Section 3.2.3.

3.3.2 Discussion

The problem of finding the longest cycle in a planar graph is an NP-complete problem. The
longest cycle in the graph G is called the circumference of the graph, denoted by circ(G). A
Hamiltonian cycle is a cycle with size equal to the number of nodes. Qur MCG rules in
Section 3.1 give sufficient conditions to find the long cycles in the graph. However, they do
not provide information on the size of the cycle to be generated. Many theorems have been
introduced to find a good lower bound for the size of long cycles, e.g., [ChNi89]. MCG could
be used in conjunction with these theorems, and our results can be updated until the lower

bound in the theorem is reached.

The DFS approach appears to be suitable to produce long cycles, but unfortunately it
is not guaranteed to find the longest cycle in a planar graph in a polynomial running time
because the algorithm could be blocked (when other faces cannot be added to the current
cycle). Using an exchange-and-repeat method based on the idea of backtracking (to get
around the blocking point), it may be possible to find the longest cycles but will cause an
exponential running time. The main problem that would affect finding the longest cycle is the
number of shared edges between the faces. When the number of shared edges is more than
one, then either of the two faces could be inside the cycle. In such a case, the algorithm

should route around one of the two faces to find a longer route.

3.4 Concluding remarks
In this chapter, we have characterized the existence of PCCs using the graph faces in both the

original G domain and the dual MC(G) domain. Although we are able to prove the mapping

45



properties from G to MC(G), a proof in the other direction is quite tedious due to the
complexities to having to check all the different combinations and conditions of a given
number of faces to form a PCC. So far, a complete proof has eluded us. We have also
presented two formulations for finding PCCs using different searching techniques. Based on
those formulations and by introducing different criteria for the size and for the next node
choice we will have cycles with different properties for various applications. This will be

discussed in both Chapters 4 and 5.
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Chapter Four
Multicast Using PCCs

We would like to use virtual rings for multicasting as it has the advantage of surviving a
single link failure. We want to investigate how PCCs studied in Chapter Three can be used to
build a virtual ring for multicasting. We will evaluate its performance in terms of the

complexity to obtain a “good” multicast cycle.

(@) (b)

Figure 4.1: a) A Multicast Ring,
(b) Embedding a Logical Multicast Ring in the Meshed Network

4.1 Multicasting using Cycles (MC)
In using a ring to multicast, a node having data to send to any other nodes in the network

simply sends its data contained in a message in only one direction and waits for it to return.
A returning message after one full rotation is a confirmation of the successful completion of
multicasting. Figure 4.1a is an example of a multicast ring with 8 nodes. The multicasting
ring can be protected against a single link/node failure by allowing the node to send the data
in both directions of the ring in order to guarantee that each single node in the rest of the ring

will receive the data. This is simply because there are two paths between each pair of nodes.

Figure 4.1b suggests that a procedure is required to embed a logical ring containing a given

set of multicast nodes in a mesh network. This can be done by modifying the MCG algorithm
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to seek out a given (but arbitrary) set of “on-cycle” nodes. In addition to the use of on-cycle
links to provide a protected multicast, the chords (if any) can be used as redundant links to

provide a shorter path in both the normal and failure operation.

There are some problems associated with finding MCs (Multicast Cycles). First, finding an
MC is an NP-complete problem [Wils72], which is similar to the MST problem, and thus a
good heuristic is required. Secondly, cycles have a longer transmission path length than trees
on the average to reach all destinations. In other words, the mean time a message takes to
reach all the multicast nodes in a tree is shorter. On the other hand, a cycle has an integrated

protection mechanism while a tree needs an external protection mechanism.

4.2 Problem Statement
Based on the above discussion we can now formulate our problem as finding a cycle to

contain a given subset of nodes in a general network graph. Formally, we have

Input: The network topology with a set of N nodes and a set of M edges.
A multicast set which is a subset of the network nodes.
Output: A cycle path specification connecting all multicast nodes.
Constraints:  if possible, a cycle of no more than x hops.
We want to obtain a fast and efficient algorithm to determine the existence of a MC

connection.

4.3 Implementation Approach
To contain all the multicast nodes, we can run the PCMCG algorithm using either one of the

formulations (Alg PCMCG or Alg PCMCGQG2) presented in Section 3.2. To do this, we start
with a face to generate one PCC at a time, and stop when the current cycle found includes all

the multicast node members.

Since our PCMCG algorithm is very fast, we can repeat the above process with yet another
face until all faces have been tried as a starting face. Therefore, more than one cycle may
exist to contain the set of multicast nodes. A criteria can be employed during the searching
technique to produce cycles of given properties (or to achieve a given objective). A typical
objective in multicasting is to minimize the length of the cycle (in terms of the number (x) of

hops).
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Several modifications are required for the algorithm and its data structure. First we need a
data structure (e.g. an array) to store the set of multicast nodes for comparison in the
algorithm. Then, in order to check for the existence and validity of multicast node members,
each node in the dual domain would need an extra parameter which is the set of nodes
bounding each face. During each step of the algorithm, whenever a new node is added to the

subgraph that represents the PCC in the dual domain, a comparison is made to check against

Alg PMPCC
For all v in MC(G) Do
Initialize array status[] of size equal to the number of nodes in MC(G) to not-visited.
valid= Call Alg PCMCG3(v,S) //calls Alg PCMCG3 to mark the nodes that can form a PCC
//with v as visited, S is the multicast members
If (valid is true)
PCC[i++]=find cycle(status) // generates the PCC based on the resulted status value
Return PCC list
End Alg PMPCC

Alg PCMCG3 (v,S)
Begin Alg PCMCG3
S1=S
Status{v]=visited
Check Delete(v,S1) // removes from S the nodes that are included in Face v
Q. Push(v)
while Q OR S1 is not empty do
v=0.pop
get A’ (v) and organize list of nodes (y) based on some ordering
for all nodes y € A’ (v)
if node y is not visited then
if (cycle regular(v,y,z) and status[z]=visited for some node z)
OR (node v and node y connected by multiple edges) then
status{y]= blocked,
else If (cycle dashed(x,y,z) and labels(y) € cycle labels)
OR (no edge between node v and node y)
status[y]= visited
Check Delete (v,S1)
Q.push(y)

For all nodes y € A’ (v)
If status(y]= blocked and c(y) <1 then status[y]= covered

if (S1 is empty) return true

else return false

End Alg PCMCG3

Figure 4.2: The PMPCC Algorithm
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the multicast nodes stored in the data structure that have not been checked out. The process

stops whenever the entire multicast node set has been checked out.

(g) PCC from FaceS$ (result)
Figure 4.3: Example of Using PMPCC to Construct a Multicast Cycle

4.4 The Algorithm
Figure 4.2 presents the pseudo code for our modified algorithm as discussed in Section 4.3.

Called the PMPCC (Protected Multicast using PCC) Algorithm, it uses the BFS method and
starts with a set containing all the multicast nodes. As discussed before, whenever a member
of the multicast node set is included in the PCC it is removed (checked out) from the set. The

algorithm stops if either the set is empty or no further expansion is possible. The main
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differences between this algorithm and the PCC finding algorithms in Chapter Three are the

few lines shown in bold face.

4.5 Examples
Three examples are provided here. One is to illustrate the algorithm, the second is to consider

a more realistic network, and the third example will be used in the performance evaluation

section that follows.

Example 4.1: Simple Network

Figure 4.3a shows a set of multicast nodes (highlighted). Figure 4.3b-e provides a step-by-
step illustration of how a PCC is generated to contain the set of multicast nodes from Face 1
when the PMPCC algorithm is run to provide the multicast cycle. Figure 4.3f and Figure 4.3g
show the multicast cycle obtained when starting from face 3 and 5, respectively. The first
result is a possible multicast cycle since it does include all the multicast nodes. So does
Figure 4.3e. It is possible that a PCC cannot be found to include all the multicast nodes as in
the case of Figure 4.3g. Here Figure 4.3¢ has 9-hop length cycle while and Figure 4.3f has 8-
hop length cycle.

(a) Multicast nodes (b) Multicast cycle
Figure 4.4: Multicast Example in USA Long Haul Network

Example 4.2: USA Network
Figure 4.4a stipulates that the multicast node set {8, 9, 11, 16, 23, 24, 26} is required within

the USA Network. Figure 4.4b illustrates the best multicast cycle generated using our
algorithm. By examining and comparing this cycle with other cycles resulting from excusive

enumeration we find this cycle is 3 hops longer than the optimal one. However, a post
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processing for the PCC is possible to improve its size. This will be discussed in a later

section in this chapter.
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(b) Multicast cycle
Figure 4.5: Multicast Example in a Grid Network with 64 Nodes
(a) Multicast Nodes (b) Multicast Cycle

Example 4.3: The Grid Network
Figure 4.5a 1s a Grid network with N=64 nodes and the multicast set {1, 2, 9, 57, 61, 38,

60, 12, 14}. This is a large network which will allow us to have some estimate of the
efficiency of the algorithm. Figure 4.5b is the best multicast set obtained. Again a quick and
easy post processing is possible to optimize the size of the cycle by pruning the unused

regions of the cycle like faces 22, 23, 24 which will be explained later in this chapter.
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4.6 Performance Analysis
Since optimally embedding a multicast set within a mesh network can be an NP-complete

problem, we evaluate the run time of our algorithm. We first use the results of Examples 4.2
and 4.3 as an introduction, then we provide a more systematic evaluation using random

graphs later.

OUTPUT:

Please input the multicast node set ("," between node numbers, no space ):
8,9,11,16,23,24,26

Multicast PCC from node 5:3 4 5 6 7 10 17 18

Multicast PCC from node 12:5 7 8 9 10 11 12 13 14 15 17 18
Multicast PCC from node 13:5 7 8 9 10 11 12 13 14 15 17 18
Multicast PCC from node 14:5 7 8 9 10 11 12 13 14 15 17 18
Multicast PCC from node 15:3 4 6 7 10 13 14 15 17 18
Multicast PCC from node 17:5 7 8 9 10 11 12 13 14 15 17 18
Multicast PCC from node 18:5 7 8 9 10 11 12 13 14 15 17 18
Best multicast PCC:3 4 5 6 7 10 17 18

20 ms to find Multicast set!!

(a) Results for USA network

QUTPUT:

Please input the multicast node set ("," between node numbers, no space ):
1,2,9,57,61,38,60,12,14

Multicast PCC from node 1:1 2 3 4 5 6 7 8 10 12 14 15 17 19 21 22 24 26 28 2 9 31 33 35
36 38 40 43 45 47

Multicast PCC from node 2:1 2 3 4 5 6 7 9 11 13 15 16 18 20 21 23 25 27 29 3 0 32 34 35
37 39 41 43 44 46 48

Multicast PCC from node 3:1 2 3 4 5 6 7 8 10 12 14 15 17 19 21 22 24 26 28 2 9 31 33 35
36 38 40 43 45 47

Best multicast PCC:2 4 9 10 11 12 13 18 22 23 24 25 26 27 28 32 36 37 38 39 40 41 42 44
46 48
170 ms to find Multicast set!!

(b) Results for the Grid network
Figure 4.6: Performance of PMPCC on the USA and the Grid Network Examples

4.6.1 Time Complexity of Examples 4.2 and 4.3
After running the PMPCC algorithm, we obtain a list of possible multicast cycles and the

best (smallest) multicast cycle as shown in Figure 4.6. One can see the algorithm completes

in a mere 20 ms for the real network example (USA).
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Figure 4.7: Comparison of the Best Generated Multicast Cycles Between All Cycles and
PCC from Different Random Graphs
In Figure 4.6b we consider the algorithm performance on the larger Grid network with

N=64 nodes, as described in Example 4.3 of the last section. In [HeFu99], a lower bound for
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the number of cycles in a grid network is 1.41464"=4,253,654,438 cycles. Thus, if we use an
algorithm that tries to test all the cycles of the graph to find a multicast cycle would search
for around 4 billion cycles, however using PMPCC searches up to 64*64= 4096! An
illustration for the best-multicast cycle generated by the algorithm is shown in Figure 4.5b,
and the time is merely 170ms, suggesting a polynomial time complexity for our PMPCC
algorithm. The time complexity for the PMPCC algorithm is the same to that of finding a
PCC which have been discussed section 3.2.3 and 3.2.4, i.e., it is of O(M’-MN).

4.6.2 Results for Random Graphs

We generate random graphs in order to compare our algorithm performance to the optimal
performance (obtained by checking all cycle). The libraries in [LEDAO6] are used to
generate random planar 2-connected graphs. Then a random multicast set is generated from

the network nodes.

We compare the best cycle generated by PMPCC with an optimal one obtained from
exhaustively checking all possible cycles in the same random graph network. A cycle is

considered optimal if it has a smallest number of hops.

In Figure 4.7 we compare the MC size (in terms of number of hops) obtained from All-
Cycles (AC) and PMPCC for different network sizes. Let F' denote the ratio between the
maximum link capacity and the minimum link capacity over all the network links. The F
parameter can be used as a criterion in choosing the next neighbor when there are multiple
neighbors, thus affecting the searching process for PCCs. This will be considered in more

details in the next chapter.

In each graph the horizontal axis gives the network number. All points in a given graph
represent networks of the same size (with the same number of nodes, VN, and the same
number of links, M) (and different topologies) and with different randomly generated
multicast set members. Figure 4.7a shows an example for N=10 nodes and M=20 edges with
30 networks generated. We can see in this figure that PMPCC successfully found an MC for
each case where AC also found an MC. The sizes of the cycles are quite similar for many of
the networks except for a few where the size of the PMPCC is higher than AC.

As mentioned in the algorithm discussion before PMPCC does not always succeed in

finding an MC. This can be seen in Figure 4.7c for the first network where we have a square
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and no diamond, which indicates that an MC has been found by AC but not by PMPCC.

Table 4-1: Comparison between the Average MC Hop Length

for the Networks in Figure 4.7
N M F MC average size

AC PCC

10 |20 1 6.92 7.53

10 {20 3 7.06 7.46

15 120 {3 9.50 9.94

15 |30 3 9.96 10.38

Table 4-1 compares the AC and PMPCC algorithms further in terms of the MC average
hop length for the networks considered in Figure 4.7. For N=10 and M=20, the average size
of the optimal multicast cycle (found by AC) is around 7 hops long regardless of the capacity
distribution (1 or 3). However, the average cycle size for the PMPCC algorithm for the same
networks and same multicast sets was around 7.5. By examining the other two cases for
N=15, we can see that the difference between the average lengths of the MC found by
PMPCC and AC is about 5% of the AC size.

Although the comparison does indicate that PMPCC performance is a bit worse than AC, it
can actually be improved to have the same or very similar performance. This will be

discussed in Section 4.7.

4.6.3 Complexity Performance

We provide the following analysis to summarize our observations above. We know that for a
planar graph with N nodes and f faces we have f'< 2N-4. Thus, starting from a specific face
and performing a searching technique, we will have at each step a possibly new PCC (thus a
max of f PCCs). If we run the algorithm from each face in the graph, then the max number of
steps is O(Nz), since /* < (2N-4)%. Thus, the number of PCCs generated is bounded by (2N-4)*
when using PMPCC.

The previous two sub-sections provide some comparison examples between the theoretical
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number of PCC with the total number of cycles in planar graphs. It has been shown [HeFu99]
that the max number of simple cycles in a planar graphs with N nodes (denoted by C(N)) for
a general planar graph is 228" < C(N) < 3.37", and for a grid graphs is 1.414" < (V) <
1.935". Thus, if a network has N=28 nodes, then we would have the max number of cycles in
a general planar graph within the range 10523875848 < C(N) < 593796000000000, while
PMPCC would generate a maximum of (2*28-4)* =2704 PCCs.

NumberofPCCs vs PCC size

250
§ 200
5 150 —e—Actual (N=28)
o}
-g 100 i Max expected
3 50 (f x size)

0 -
0 2 4 6 8 10 12

Size
No.of ‘internal faces

Figure 4.8: Actual and Upper Bound for the Number of PCCs Generated by PMPCC

In Figure 4.8, we compare further the actual number of cycles generated by PCMCG with
this upper bound for a graph with 28 nodes. The upper bound is the theoretical maximum
expected for the number of PCCs which is the total number of faces times the number of
internal faces, i.e. f x size. On the x-axis, we show the number of internal faces in the PCC
and in the y-axis we show the number of PCCs. The two curves show the maximum

theoretical number of PCC and the actual number obtained from running the algorithm.

The complexity is also reflected in the run time of our algorithm. For networks with less
than 30 nodes and nodal degree around 3, the time to build the modified cycle graph is
around 10 milliseconds. Referring to Figure 4.8, the average time to compute all PCCs
starting from a specific face is usually less than 15 milliseconds. Then the time to compute
all PCCs is less than 15 faces * 15 ms/face = 225 milliseconds in comparison with a very

long time (on the order of minutes) to compute all cycles.

We now discuss the complexity for improving the size of the PCCs which will be
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discussed in the following section. In brief, in both algorithms we require visiting all the face
that are internal faces that are marked as visited (max is f=n’). For each such face we traverse
each adjacent face for it (average is D’,e in MC(G)) and each edge in that face. Thus the
complexity for reducing the number of faces is n”.D ’m,g2= n".(2m’/n’)*=2m"/n’ (where n’ and
m’ are the number of nodes and edges in the MC(G) graph). Regarding the other algorithm to

allow the cycle of faces, we have similar parameters and thus similar complexity.

4.7 Optimizing PCC for Multicasting
Previous comparison results suggest possible improvements to the PCCs to make them more

efficient for use in multicasting. This is discussed in the following.

4.7.1 Reducing the Number of Faces

Since our algorithms so far (both PMPCC and the previous version in Ch.3) are formulated to
explore the whole network graph, including areas that do not have multicast nodes, the
resulted multicast cycle could contain extra faces whose removal would improve the size of
the cycle (i.e. shorter circumference). For example, in Figure 4.4b we could consider the

multicast cycle without Face3 which in turn will reduce the cycle length by two edges.

Alg Face-Optimizel
For each node v in MC (G) such that

It belongs to the solution set AND is adjacent to only one member in
the solution set, do
For all the edges of the corresponding face to v in G

® If none of the nodes of those edges belongs to the
multicast set, then remove it from the solution cycle

Figure 4.9: Optimize the Number of Faces Algorithm (Face-Optimizel)

Figure 4.9 shows a simple algorithm that examines all the visited nodes of degree 1 in the
solution set subgraph and checks if the corresponding face has any member of the multicast
set nodes. If not, it removes the face from the multicast cycle. Otherwise, it keeps it. This

algorithm should be repeated until no more faces can be removed.

4.7.2 Allowing Cycles of Faces
By definition, a PCC is not supposed to include a cycle of faces. This might affect the
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efficiency of the cycle (in terms of its size) when used for multicasting, as there might be a
shorter path when a cycle of faces is allowed. For example, if we include Face 2 in the cycle
in Figure 4.10, then a shorter path from node 1 to node 2 can be found when using the direct

edge rather than using two edges.

Including a face outside the cycle could reduce the cycle size if it is connected to at least
two internal faces and if the number of unshared edges is less than the number of shared
edges. This suggests the face-processing can be modified as follows. For each internal face,
check the external neighbor faces and test if their inclusion would reduce the size of the

cycle.

Figure 4.10: Allowing a Cycle of Faces to Reduce the Cycle Size

Alg Face-OptimizeZ

step 1
o For each node v in MC(G) that belongs to the solution set, do
» look at the neighbors that are not in the solution set
and adjacent to v and include them in a frequency list
step 2
o consider all the neighbor faces that have frequency > 1
o for each such face subtract the number of edges shared with the
solution set from the number of non-shared edges
® note: shared edges shouldn't have a multicast node in common
) if the difference 1is 1, include that face in the solution set

Figure 4.11: Allow Cycle of Faces Algorithm (Face-Optimize2)

Figure 4.11 is the pseudo-code for the algorithm to search among cycles of faces whose
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center node is not in the multicast set of nodes. The algorithm should be repeated until no

more faces can be added

4.8 Dynamic Membership
Since members can join and leave a multicast set, we need to consider operations of adding

or dropping a node and how the cycle can be updated. Other related issues involve the adding

or severing of a link, and changes in link cost that might affect the cycle.

The most simple-minded approach to the above problem is to treat the network as a new
problem after each change, and therefore just rerun the algorithm after the changes to obtain
a new MC configuration. The problem in doing this is that many connections may need to be
re-routed and the packets already in the pipe retransmitted. Therefore, we shall provide in the
following a simple make-and-break operation to make the transition to the new MC
configuration after a new node joins the multicast set. make-and-break simply refer to
making the new solution before breaking the old one when a change occurs to the current

state of the current solution.

For each node v in the new multicast set but not in the old set
Identify all the neighbor faces to v in G (call this set NF,)
For each face f in NF,
-Find the shortest path from the node corresponding to f in
the weighted MC(G) to the current nodes corresponding to the
current solution
Choose the shortest among this set and add all the corresponding

faces to the multicast cycle faces

Figure 4.12: Updating the Multicast Cycle when New Multicast Nodes Join
Figure 4.12 is the pseudo code to illustrate the operations which lead to the new multicast
cycle. In essence, the shortest path is first found in the “weighted” MC(G) graph from each
neighbor face (node in MC(G)) of the new multicast node to the current subgraph
(representing the current multicast cycle). Then the shortest of these paths is used. A
weighted graph in this discussion is one where all edges are weighted with respect to the

number of shared and non-shared edges between the faces.
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@G (b) MC(G)
Figure 4.13: Multicast Cycle for a Set of Multicast Nodes in G and MC(G)

@G (b) MC(G)
Figure 4.14: New Node Wants to Join the Multicast Set

(@G (b) MC(G)
Figure 4.15: Multicast Cycle for a Set of Multicast Nodes in G and MCG
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Figure 4.13 to Figure 4.15 are used to illustrate the steps in the algorithm. Assume we have
the current solution for a given multicast set {1, 3, 4, 5, 10, 15} shown in yellow (Figure
4.13a), and the corresponding MC(G) in Figure 4.13b where the green nodes are the internal
faces in the multicast cycle. When node 20 wants to join this multicast set (Figure 4.14), the
algorithm identifies all the neighbor faces next to 20 {in this case, they are faces 13, 14 and
16). Then, we find the shortest path from each of the three nodes to the green nodes. Then
add the nodes along that path (10, 11, 13) to the current solution (Figure 4.15) and the new
MC is now defined.

The weights for each regular edge {, v} on the MC(G) is calculated by weight(u, v) =
e(u)+e(v) - number of edges between node « and v where e(n) is the number of edges face »

has in G.

4.9 Concluding Remarks

We have presented algorithms to find multicasting cycles, which are protected against single
failure. The use of chords is possible as we have mentioned in the beginning of the chapter
to have further improvement in the protection capability provided by the cycle. We have
shown how different simple post-processing algorithms can be used to improve efficiency of
the produced PCCs. Further improvements are possible but would increase the comhplexity of
the solution. In summary, our multicasting technique has the properties of tree-like (fast)

construction and ring-like (reliable) protection.
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Chapter Five
Planar Graph Protection using PCCs

In this chapter, we shall study the application of PCCs for network protection, and hence the
capability of an MCG-based algorithm to generate a special set of p-cycles. This has the
advantage of bypassing the task of having to generate all p-cycles in the network, which has
an exponentially increasing complexity with the size of the network (and is thus an NP-
Complete problem in general). Our algorithm here has a polynomial complexity and hence is
efficient and scalable in providing cycle-based network protection especially in optical
network applications (i.e., with a response time on the order 50 ms).

5.1 Cycle-Based Protection

In the cycle-based network protection methods we want to find an optimum (with respect to a
performance measure) set of cycles to cover (protect) all network links. There are two types
of protection (coverage). In ring protection, the link is just a part of the cycle (i.e., an on-
cycle link) and it is protected by the path that traverses the cycle in the other direction. In p-
cycle protection, however, a link can be either an on-cycle link or a chord (straddling link),
i.e a link that is directly connecting two nodes on the cycle. Figure 5.1 illustrates the

scenarios of failures of an on-cycle link and a chord.

For example a logical p-cycle as in Figure 5.1b can be set up in the mesh optical network
where all links are bi-directional. When link 5-6 fails, the nodes would detect the absence of
the signal (and therefore a failure). By consulting the database at node 6, the data in the
direction of 6-5 can be routed counterclockwise along the path of 6-8-3-2-1-5 (Figure 5.1c)
using pre-established wavelength, and similarly the traffic going in the direction of 5-6 can
be routed clockwise along the path 5-1-2-3-8-6. In the case where the failed link is a chord
we have two choices when consulting the database at the failed nodes of that link (see Figure

5.1d).

To generate an optimum set of p-cycles using spare bandwidth as a performance measure,
reducing the number of protection cycles usually reduces the spare bandwidth requirement

and always makes it easier to manage and control the survivability of the network. In fact, if
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a Hamiltonian network (as defined in Chapter Two) is homogeneous (i.c., all the links have
the same working capacity), then the optimum solution is a single Hamiltonian cycle which
protects all the links of the network with the minimum amount of spare capacity used
[HuCoO1]. An example is the cycle 0-1-2-3-4-5-6-8-7-0 1n Figure 5.1. Assuming all the
edges in the network have 1 unit of working capacity, this cycle is optimum in the sense that

it requires the least spare capacity required to protect the whole network.
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Figure 5.1: P-Cycle Operation Example
However, for large networks this solution (if it exists) is impractical as discussed in
Chapter One (Section 1.5). This is because such a solution will incur a long propagation
delay in the recovery of one cycle link by having to traverse all the nodes and links in the
opposite direction in the p-cycle (to reach the other end of the failed link). Another
disadvantage for long p-cycles is that they reduce the probability of the network being able to

survive a dual failure.

The best set of p-cycles that protects the network can be found from a candidate set of
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cycles through optimization. The “biggest” candidate set is the set of all cycles in the graph
network, which obviously contains the most optimal set of cycles to protect the whole
network. Unfortunately, the size of this set grows exponentially with the network size, and so
does the complexity of the search algorithm. So it is natural to address the following issues

related to our PCCs:

a) How good are the PCCs as a candidate set when compared with the set of all cycles?

b) What different searching techniques, when employed in the generation of PCCs, would
improve the results?

¢) How much do restrictions on the size of the PCC (or regular cycle) affect the optimal
solution?

d) How far are all the cycle based methods (including our PCC methods) from the global
optimal solution obtained from all paths enumerations?

5.2 Problem Statement

Based on the issues we want to address, we formulate our problem as finding a set of cycles

(candidate set) that can be used to find an optimal solution for the network protection but

with various constraints built in.

Input: A network topology of N nodes and M edges, along with the cost and the
working capacity of each edge.

Output: A P-cycle candidate set.

Constraints: These can appear in various forms that would affect the type of cycles to be
obtained. For example, cycles with a maximum number of hops, or a criteria
that would exclude certain next neighbor nodes to be searched.

5.3 Implementation Approach

We first run the PMPCC algorithm (formulation 1 or 2 presented in Chapter Three) to find
PCCs that can be used in the candidate set. Since allowing cycles with no size limitations
may generate long cycles (eventually Hamiltonians) in general, we would like to set a limit
on the size of cycles to be generated. However, we would also like to investigate the effect of
using different size limits to generate PCCs to cover the network. A sample USA Long Haul
Network is used in various case studies to demonstrate the effect, and randomly generated

networks with a similar size and capacity distribution are used to demonstrate the general

trend of the performance.

Since the formulations in Chapter Three do not use any specific criteria for choosing the

next node, we shall refine the searching techniques here to be used in generating the PCCs.
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We shall evaluate later the performance of these techniques in their capability to find the

optimal solution in networks that are randomly created with various capacity distributions.

The Modeling Language for Mathematical Programming (AMPL) [AMPLO06] will be used
to find the optimal subset of cycles that best protects the network. This simple and structured
modeling language uses the CPLEX optimization software package [CPLE06]. Our objective
is to minimize the total spare capacity in the network links assuming enough capacity always

exists in each link.

We then discuss the effect of variation in the network capacity distribution on these results.
After that, we study how far the cycle-based methods are from the global optimal solution
that results from enumerating all the network paths and solving the optimization problem to

find the most optimal set.

5.4 Size-Restricted PCC and PCC Coverage
The basic algorithm in Chapter 3 is now modified to provide PCC coverage and to limit the

size of the generated PCCs if so desired. This is done as follows.

5.4.1 Limiting the PCC Size
The idea is rather simple. A size parameter is added to the algorithm so that the PCC size can
be checked after each node is marked as visited; the algorithm exits when the target size is

reached. The pseudo code of this algorithm (called Alg PCMCG4) is shown in Figure 5.2.

There can be variations such as limiting the number of levels used in the BFS/DFS search
tree, the number of internal faces of a generated cycle, or the number of hops of a generated
cycle. Since all these variations lead to a cycle with a limited size, we simply refer to them as
the size parameter. We shall use them in different contexts to show the effect of limiting the

size of the PCC.

5.4.2 PCC Coverage

Based on the idea of a cycle cover in which one finds a set of cycles such that each edge
appears at least once in a cycle, either of the two formulations shown in Chapter Three can be
used to generate a PCC cover. We run the algorithm until no further addition of faces is
possible. The algorithm is then re-run on the remaining graph faces. The pseudo code for this

is shown in Figure 5.3.
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Initialize array status[] of size equal to the number of nodes in MC(G) to not-
visited.
Call Alg PCMCG4(v,s)// calls Alg PCMCG3 to mark the nodes that can form a

// PCC with v as visited. The cycle size is limited to

// an internal faces

PCC=find cycle(status)//generates the PCC based on the resulted status value

Alg PCMCG4 (v,s)
Begin Alg PCMCG4
Status[v]=visited
0.Push(v)
current size=l
while Q is not empty and current_ size<s do
v=0.pop
get A’ (v) and organize list of nodes (y) based on some ordering
for all y € A’ (v)
if y is not visited then
if (cycle regular(v,y,z) and status([z]=visited for some node z )
OR (node v and node y connected by multiple edges) then
status/[y]= blocked,
else If (cycle dashed(x,y,z) and labels(yecycle labels)
OR (no edge between node v and node y)
status{y]= visited
Q.push(y)
For all nodes y e A’ (v)
If status{y]= blocked and c(y) <1 then status[y]= covered

current_size= current_size+l

End Alg PCMCG4

Figure 5.2: Pseudo Code of PCMCG4 to Find PCC with Limited Size

Initialize array status[] of size equal to the number of nodes in MC(G) to not-visited.
While status contains not visited node
= not visited node
Call Alg PCMCG(v) //calls Alg PCMCG to mark the nodes that can form aPCC
// with v as visited
PCC=find cycle(status) // generates the PCC based on the resulting
// status values
Block Faces (Status) // the faces that have been used in the generated PCC
// will be marked as blocked, so they will no be used
// in the new cycle

End while

Figure 5.3: Using PCMCG to Find PCC Cover
A combination of the above criteria could be used to find a PCC cover with a limit on the
cycle size. Note that apart from some links, we do not use any faces inside the second cycle.

The following examples explain this idea with a relatively large network graph example.
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5.4.3 Criteria and Examples

There can be many different combinations of PCC coverage with different size limits. We
shall use the following set of criteria on the extended USA Long Haul Network with 49
nodes and 66 edges shown in Figure 2.6. There are 5 criteria, each with fewer branches in
each BFS level. The results are shown in Fig. 5.4 in which different cycles are presented in
different shading levels. This network is the same as Fig. 2.6 which shows the face numbers

much more clearly.

1) Using no criteria

This is the standard PCC cover where we have no restriction on the number of levels to be
searched, and its results will be used as a reference. The idea is to search the whole network
for the biggest PCC (recall we repeat the search by starting from each face so the biggest
cycle can be selected). Then we repeat the above procedure on the remaining part of the

network not covered by the previous PCC found.

Example: Figure 5.4a shows that Faces 19 and 21 cannot be covered by the biggest (first)
PCC. Therefore, a second PCC is generated when we re-run the algorithm on these two faces.

Consequently, we need 2 PCCs to cover the whole network.

2) Using 4-level BFS

The procedure is similar to (1) except that the BFS algorithm is not allowed to go more than

4 levels (i.e. its depth) of the search tree.

Example: Figure 5.4b shows that 5 connected parts (shown in different shading levels)
remain to be covered after the biggest (first) PCC is obtained. Therefore, we have to run the
algorithm for each face. Consequently, we need 6 PCCs to cover the whole network. Note
that a connected part refer to region of faces next to each other. In our example here, each

connected part happens to be the special case of a single face.

3) Using 3-level BFS

The procedure is the same as (2) but only 3 levels are used. Again, the algorithm is repeated

recursively for each remaining parts until all connected parts are covered.
Example: Figure 5.4c shows that there are 4 connected parts (shown in different shading

levels) remain to be covered after the biggest (first) PCC is obtained. Therefore, we have to
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run the algorithm for each part. Consequently, we need 5 PCCs to cover the whole network.

Notice that 3 connected parts are single faces here and 1 connected part is consists of 4 faces.

Figure 5.4: PCCs Generated using Different Criteria

4) Using 2-level BFS

The procedure is the same as (2) but only 2 levels are used. Again, the algorithm is repeated
recursively for each remaining parts until all connected parts are covered.

Example: Figure 5.4d shows that there are 4 connected parts (shown in different shading
levels) remain to be covered after the biggest (first) PCC is obtained. Therefore, we have to
run the algorithm for each part. Consequently, we need 6 PCCs to cover the whole network.

Notice than one of the connected parts (consists of 9 faces) needs two PCC to be protected.
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5) Using 1-level BFS

The procedure is the same as (2) but only 1 levels are used. Again, the algorithm is repeated
recursively for each remaining parts until all connected parts are covered.

Example: Figure 5.4e shows that there are 2 connected parts (shown in different shading
levels) remain to be covered after the biggest (first) PCC is obtained. Therefore, we have to
run the algorithm for each part. In this case, several connected part need to repeat the
procedure recursively and therefore more cycles to cover. Consequently, we need 6 PCCs to

cover the whole network.

In summary, when using a breadth-limited BFS in our algorithm, the more restrictive on
the breadth, the more PCCs are required to cover the mesh network. Similarly, using a depth-
limited DFS will also result in more PCCs (examples not shown here). Our MCG algorithm
appears to be very flexible to provide a set of p-cycles according to different types of size
limits On the other hand, our investigation above is limited to unit working and protection
capacity if we are to provide 100% restorability to the network. If each link has a different
working and spare capacity, not only 100%-restorability is not guaranteed, we are also faced
an optimization problem to get the best to satisfy the required capacity. This will be

presented in the following section.

5.5 PCC Size vs. Optimal Coverage
When each link has a different working and spare capacity from others in the network, the

biggest PCC cannot be obtained easily as the first PCC because a PCC is created only when
all on-cycle links must have the maximum of the link bandwidth. Finding the right
combination is an NP-complete problem. To find out the optimum coverage, we could first
generate an arbitrary set of PCC so long as they cover the network (i.e. each link appear at
least one PCC. This can be done guaranteed by generating PCCs starting from each face at a
time. This set of PCCs can then be optimized using optimization model to get the best subset

that would have the least capacity.

With this procedure, we want to investigate the relation between the PCC cycle size (in
hops) and the optimal solution that can be obtained from this cycle size limit. We shall
investigate it under the assumptions of identical working capacities and uniformly distributed

working capacities.
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5.5.1 Networks with Identical Working Capacities and the Longest Cycle

We first start with the simpler case in which each link in the network has the same working
capacity. Our objective is to find the largest cycle to protect the whole network in order to
demonstrate the good PCMCG performance in finding long cycles. As explained before this
objective is equivalent to finding the minimum spare capacity to protect the network when

the Hamiltonian network has a unit working capacity on each of its links.

We have used the ALG- PCMCG3 algorithm on 1000 randomly generated planar networks
graphs (as discussed in Section 2.5). In each graph, we compare the best solution (largest
cycle) with the largest possible cycle obtained from excessive enumeration for all possible
cycles. Our ALG-PCMCG3 was able to find the same solution in around 94% of these cases

(i.e. around 940 cases)

5.5.2 Networks with Uniformly Distributed Working Capacities

For the networks where the working capacities are different, then we can use the ALG-
PCMCGS3 algorithm to generate a set of all possible PCC with all possible size value (in term
of number of internal faces). The ILP (Integer Linear Programming) [Grov98] is then used to

optimize this set as follows.

Let C be the set of candidate cycles, E the set of all network links, M = |E| the number of
network links, cg; and c,,; the amount of spare and working capacity on link j respectively, c¢;

the cost of link j, and », the number of unit capacity copies of cycle i. Our objective is to

optimize the amount of spare capacity as follows.

M
Minimize D ey (5.1a)
J=1
A
s.t. S, =) Pih V(jek) (5.1b)
=1
d
Cy <) X, V(jeFE) (5.1¢)
i=1
n 20 Vi=1,2,-|C]| (5.1d)
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where the variable p, ; is 1 if cycle 7 passes over link j; otherwise it is 0; the variable x, ; is

the number of paths that a single copy of p-cycle i provides for the restoration of link j in
cycle i for all (i, j). This variable is 0 if one or both of the end nodes of the prospective failure
link j are not on the cycle 7, 1 if both end nodes are adjacent to each other on the cycle, and 2
if both of the failure link end-nodes are not adjacent to each other on the cycle (this is the

case that link j is a straddling link of cycle i.). Both variables x, ; and p, ; are evaluated in

advance for each cycle in C.

5.5.2.1 Performance Evaluation

We use the above optimization to evaluate the effect of PCC size on a simplified version of
the USA Long Haul Network with N=28 nodes and M=45 links (Figure 2.7). The working
capacity of each link is assigned an integer value randomly but uniformly between an upper

and a lower bound as follows:

1) Identical unit capacities (no randomness; used as reference)
2) Integer randomly between 1 and 2
3) Integer randomly between 1 and 3
4) Integer randomly between 1 and 4
5) Integer randomly between 1 and 5

Figure 5.5 shows the optimal spare capacity as a function of the PCC size in terms of the
maximum number of faces that can be included in each PCC. For the reference case of unity
capacity (no randomness), the spare capacity is a decreasing function of the PCC size. One
sees that 60 units of spare capacity are can be obtained from cycles with one face. This
decreases to around 30 spare units for cycles with 11 faces. Similar observations are made
when there are more working capacities allowed. The networks of case 5 achieve the highest
optimal capacity (150 units for PCC size of 1 down to 75 units for PCC size of 11). Also it
would appear that the amount of spare capacity gained in uniformly increasing as the

randomness is increased.

Figure 5.6 shows the percentage improvement in the optimal spare capacity as a function
of the cycle size transition. For example, there are around 18 units reduction in Case 1))
when we increase the PCC size from 1 to 2 (indicated by “1-2” label in the horizontal axis).

This represents an 27% (16/60) improvement. As one can see, most reduction (around 10%-
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27%) occurs when the PCC size is small (less than 4), but getting less (around 5%) when
PCC size is increasing. Similar behavior can be seen for the other curves. This suggests that

using small cycles would be enough to get a good suboptimal solution.
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Figure 5.6: Improvement in Optimal Spare Capacity as a Percentage
vs. the Increase in the Cycle Size in Terms of Faces

Figure 5.6 also shows the percentage improvement fluctuates at bigger PCC size as we are

only investigating a particular network. To appreciate the general behavior better, we have
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randomly generated 100 simple planar biconnected networks, each with 20 nodes and 29

edges. There are 4 working capacity assignment cases we investigated:

1) Identical unit capacities (no randomness; used as reference)
2) Integer randomly between 1 and 2
6) Integer randomly between 1 and 4
7) Integer randomly between 1 and 8

Cases 3 to 5 from before are replaced by Cases 6 and 7 here because we would like to study

the effect of larger variances in the capacities.
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In Figure 5.7 we see that the four curves have similar behavior; a quick drop in the first
few values then it shows kind of stability. The stability starts from around size 4 or 5. We
mean by the stability point is the point after which the leveling of the curve is very small; 1.e.
does not increase or decrease as it was before that point. In the following figure (Figure 5.8),
we compare the improvement percentage at each step. We can see that a similar behavior for

the four curves; less that 4% improvement when increasing the face size more than four.

5.6 Searching Techniques
As seen from early discussion of BFS and DFS in Chapter 3 and their illustrations, the order

of choosing the next neighbor nodes can result in different PCC set which is important in the
evaluation of the resulted PCCs. Here, we shall investigate three different ordering
techniques that can be combined with either the BFS or the DFS technique. These ordering

can be used in increasing or decreasing order.

a) Label-based ordering: Since all faces are labeled, a simple way is to choose a face with the
highest label (e.g. number) or the lowest label to start. This can be considered as a
random way of choosing the next neighbor since the face labeling is assigned randomly.

b) Count-based ordering: This ordering is done by considering the number of unshared links
between two faces. The more unshared links, the more on-cycle links there are in the
resulting cycle. One can then choose a face with the most unshared links (choose one
randomly if there is a tie). This is a good option for homogeneous networks where the
links have identical capacities.

c¢) Cost-based ordering: This is done by considering the link installation costs on both faces
and the shared links between them. A minimum is chosen from the minimum of three
different parameters: the minimum link cost on both faces, and the minimum link cost on
the shared edges between the two faces. The faces are then sorted (either high-to-low or
low-to-high). This would be a good option in non-homogeneous networks where the links
have different capacities on its edges.

Figure 5.9 is an example of Label-based ordering. Comparing to the example shown in

Figure 3.15 notice how Face 5 (instead of 2) is chosen by this ordering in Step 1. in this

particular example we have similar final result because of the few available choices as faces

4 and 1 were blocked to be inside the PCC, however the result is usually different as can be
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easily expected.

Step-1 Step-2 Step-3

Figure 5.9: Running the Breadth First Search with
Label High-To-Low Link Ordering Option

From various experiments, we have also determined that an increasing ordering or a
decreasing ordering of the labels is not significant. However, this ordering is important in the
second and the third option. More discussion on this effect will be shown on the Comparison

subsection later on this chapter.

5.6.1 Comparing Different Searching Techniques

In order to compare the different ordering techniques discussed so far, we have conducted
simulation on a large number of randomly-generated networks, each with different links
capacities but with the same capacity distribution function for the working capacities. The
simulations have also been repeated for different maximum to minimum ratio (denoted as F)

in the link working capacities.

We would like to compare different (BFS/DFS, Label/Count/Cost, High/Low)
combinations of search technique in terms of the relative optimal. We define the Relative
Optimal (RO) as the ratio between the best solution (in spare capacities as in Section 5.5.2)
that can be obtained by a given combination of search technique as given above and the best
solution that can be obtained by the p-cycle method [ScSe05] when using all possibile cycles
within a given maximum protection path length. A low RO means the given method has a
better performance since it is being compared to the best possible cycle-based method. In the

following, we shall use High to indicate High-to-Low sorting while Low means Low-to-High
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Figure 5.10: Comparing Different Searching Techniques (N=20, M=30)
(a) F=1, (b) F=2 (¢) F=10

sorting. The denotation Ran/Cnt/Cost means the choice of label-based, count-based or cost-

based respectively as detailed before.
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Figure 5.10 shows the comparison for networks with N=20 nodes and =30 edges but with
a different F, each in a different plot. By examining Figure 5.10a (case of F=1), one can see
that the RO performance curve of each technique is a decreasing function of the PCC size as

before which levels off around PCC size of 4 faces.

By examining the other figures in Figure 5.10 we can see that (BFS, Cnt, High) technique
appears to have the best (lowest) RO most of the time when F is low as the network is
homogeneous in its capacities. On the other hand, (BFS, Cost, Low) appears to have the best
performance in highly variant networks (high F' value) since this ordering accounts for the

cost.
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In Figure 5.11 we show the comparison for larger network with 30 nodes and 45 edges.

We can see similar general behavior by having (BFS, Cnt, High) as good searching technique
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in such low capacity variant but large networks.

Form our various simulations, there does not appear to be a clear winning technique. One
reason is that an optimization has been done on the different combinations to choose the best
PCC set. However, we do observe that the (BFS, Cnt, High) technique appears to perform the
best in homogeneous networks (networks with very little varying link capacity), while the
(BFS, Cost, Low) technique can perform well in heterogeneous networks (networks with a

high variation in link capacities).

Another important observation from studying the searching technique is to see that the
PCC can get around 5%-15% less than the RO obtained from p-cycle using all possible
cycles (all-cycles) which explained in 5.5.

This observation is mmportant if computation time can be significant in obtain the optimal
subset out of the candidate set. With a smaller candidate set and a polynomial complexity
order (with respect to the network size), our algorithm has a big advantage when compared
with the all-cycles method which has an exponential growth with respect to the network size.
5.7 Comparisons among Other Protection Methods
Before wrapping up our investigation of the protection application of the PCMCG algorithm,
it would be of interest to see how it fares against the legacy approach of all-routs and the
simple approach of ring protection. We do this by first comparing p-cycles against the all-
rout and ring approaches using the RO measure defined in the last section. We then compare
the number of PCC cycles generated by PCMCG algorithm with the total number p-cycles
possible in the network under a given restriction on the protection path length. Obviously, the
protection path length is the length of the path that is used to re-rout the traffic between two
end nodes of a link that fails.

Appendix B gives an example to explain how the optimal solution is found for p-cycles,
all-routes and ring works when a size restriction is imposed. In both p-cycle and rings a
subset cycles with the given size restriction that have the minimal spare capacity is found to
fully protect all the given working capacities. In all-routes, however, a subset of routes is
found with the given length restriction that have the minimal spare capacity to protect all the

working capacities.
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5.7.1 Relative Optimum
We have conducted our experiments on 500 random graphs for different network sizes with a
given max-to-min capacity F. The cost K units is used for F, i.e. F=K=i, The Relative

Optimal (RO) is then measured in each case.

Figure 5.12 presents the average of all the measured RO as a function of the protection
path length. We can see that solutions only exist for path length greater than or equal to 5.
For example, the RO performance of rings at F=1 improves (reduces) as the protection path
length increases a few more hops. It reaches its optimal at around 8 to 9 hops. P-cycles at
F=1 start from a lower value but can only reach its best performance around 12 hops. Finally,
the All-Routes scheme at =1 starts from even a better value than the other two schemes and
improves further as the path length increases only a few more hops. It stabilizes at around 10
hops length. The order of performance is All-routes (best), P-cycles and rings (worst). As F

is increased from 1 to 4 and then to 10, the observations are similar.
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Figure 5.12: Comparison of Relative-Optimal Performanc;
among Rings, P-Cycles and All-Routes (N=20, M=30, F=1,4,10)
Figure 5.13 shows the performance comparison for small networks of N=8 nodes and

M=12 edges. Here similar observations are made except the stability points needs longer path
to show up. Notice that the max possible path in such network is 8. Figure 5.14 shows the
performance for a network with the same number of nodes and more edges (i.e. higher nodal
degree) in which we see that the RO ratio increases which suggests that using short
protection paths in highly variant working capacities network is not recommended since we

will be much further from the global optimal.
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P-cycles, Rings, All-Routes (N=8, M=12, F=1,4)
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Figure 5.13: Comparison of Relative-Optimal Performance
among Rings, P-Cycles and All-Routes (N=8, M=12, F=1,4)
P-cycles, Rings, All-Routes (N=8, M=18, F=1,4)
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Figure 5.14: Comparison of Relative-Optimal Performance
among Rings, P-Cycles and All-Routes (N=8, M=18, F=1,4)
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Figure 5.15: Comparison of Relative-Optimal Performance
among Rings, P-Cycles and All-Routes (N=30, M=45, F=4)
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P-cycles (N=20, M=30, F=1,2,3,4)
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Figure 5.16: Comparison of Relative-Optimal Performance
among P-Cycles and All-Routes (N=20, M=30, F=1,2,3,4)

We can see that similar behavior stays the same for larger network with the same nodal
degree except that the stability point noticed at shorter lengths and easier to decided. For
example, in F igﬁre 5.15 N= 30 nodes and M= 45 edges which have a nodal degree of 3 and
thus it has the same nodal degree as Figure 5.13 but it is larger and the stability point show
up at less path length compared to the maximum possible length for that graph. More

examples are provided in Figure 5.16.

With the observations from other simulations, we can say in general that networks with a
higher nodal degree can perform better (when restricting the size) under any protection

scheme even with a small number of nodes (Ref: Figure 5.14).

If the protection capacity is relatively important, the choice will be between p-cycles and

all-routes (i.e. ring is excluded). All-routes is better than p-cycle for around 30% when short
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protection path lengths are used, but only about 10-20% for longer paths. This difference also
depends on the F values (Ref: Figure 5.12 vs. Figure 5.13), and is only obvious when the
networks are larger than 20 nodes and with an average nodal degree greater than 3. Under
these scenarios, we need to only generate cycles or paths with length around half of the

maximum size to reach a near optimal solution.
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Figure 5.17: Comparison Between the Number of a) All Cycles and
b) PCC:s vs. Size for Different Networks

5.7.2 Number of Cycles and Cycle Size

As have been demonstrated before that a candidate set is used in an optimization model to
find the best subset according to a given performance measure. The size this set and the
complexity to find the optimal solution increases rapidly with the size of the candidate set
and would require much longer computing time to solve. To investigate the effect/benefit of
imposing a restriction on the protection path length and the size of the candidate set, we have

used our PCMCG algorithm to find all the possible cycles when the number of internal faces
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is restricted. Likewise, we do the same for the simple cycles (here called all-cycles) which is

used in p-cycle. However, in this case the size is the number of edges.

A simple comparison can be observed by noticing that the cycle size in term of faces has
the range [/,F] whereas the range of the cycle size in term of edges is [3,N]. Let Mf= (N-
3)/(F-1) which represents the ratio of the cycle (in term of edges) to the cycle size (in term of
faces). Since F=M-N+1, one obtains Mf=(N-3)/(M-N). Then if S is the size of a cycle in
term of faces and S2 is the size of the cycle in term of edges, we have on the average
S2=81*Mf +2. For example for a network with N=10, M=18, Mf=9/8=1.125, then for cycles
of size 2 faces, then, in average, it consists of 4 edges. Consider an example network with
N=10, M=18, Mf=9/8=1.125. The cycles would have 4 edges on the average if each cycle has

2 faces on the average.

Figure 5.17a depicts the number of cycles generated as a function of size limit (in terms of
the number of hops of a cycle) using the all-cycles method, while Figure 5.17b gives the
number of PCCs generated with respect to the size limit measured in the number of faces.
Both figures have performances for various networks sizes (N,M). Note that Figure 5.17a is

plotted on a log scale. Also the size limit can only increase to as many as N.

For a network with N=10 nodes and M=18 edges in Figure 5.17a, the number of cycles
generated is an increasing function of size limit but levels off at around 100. However this
number increases rapidly as the network size increases, e.g. to around 500 for a network

with =30 nodes and M=45 edges .

On the other hand, we can see that in Figure 5.17b, the number of cycles generated is an
increasing function of size limit but levels off at around 25. This number increases as the
network size increases in a reasonable ratio, e.g. to around 35 for a network with N=30

nodes and M=45 edges .

One can easily observe that the number of PCCs for N=10 and M=18 increases from
around 8 (when the cycle size is 1) and levels off to around 25 (when the cycle size is 6),
whereas the number of all-cycles starts increasing exponentially from 8 at size 3 up to 100 at
size 10. For larger network sizes, N=20 nodes and M=38 edges, where we have almost
doubled the number of nodes and edges, the number of PCC is has increases by a factor of 2

to 3 while the number of all-cycles have increased by a factor of more than 15.
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From our experiments, we can say that the “stability” point (defined in Section 5.5) of PCCs
is at about half of the max possible size. Whereas for all-cycles is at about 70-80% of the

max possible size.

It is interesting to note that Figure 5.17 also provides the information on the effect of nodal
degree. For example, a network of N=20 nodes and M=30 links would give a nodal degree of
3. From the figures, we can see that when the nodal degree of the node is increased from 3 to
3.8 (i.e. networks with N=20 nodes and A#=38 links ) the number of all cycles increased from
by a factor of 10 or more, while the number of PCCs increases within a factor of 3. Other

network examples have been provided for completeness.

5.8 Concluding Remarks
We have presented in this chapter the approaches of using PCC size limit, PCC coverage and

the different choices of picking neighboring nodes (and therefore modifications of our
original MCG algorithms) to find PCCs efficiently for network protection. Through the
performance evaluations of these techniques (using both practical and random networks) as
well as comparing with other protection techniques, we have demonstrated the advantages of

PCCs in providing cycle coverage and achieving a good level of optimality.

Since we show that our PCC is better than p-cycle in term of the candidate set and no

much difference in the optimal solution achieved, this demonstrates the efficiency of PCC.

85



Chapter Six
PCC-based Protection Analysis

In this chapter we will provide an analysis for the network restorability and some other
performance measures for cycle-based protection schemes in mesh optical networks.
Specifically, we want to study the use of Hamiltonian cycles for protection purpose, not only
because Hamiltonian cycle is a special case of many cycle-based algorithms such as p-cycle
and our PCC, but because they can be generated by our MCG algorithm and have been
partially analyzed in Chapter Five. Here, we shall first provide the theoretical analysis of the
single cycle case which has attracted much research as discussed in the Literature Review in
Chapter One which will serve as a bench mark. We then endeavor to tackle the difficult task
of analyzing the Hamiltonian cycles in two domains that would provide insight into multiple
domain analysis. To represent more possible scenarios of future network and verify the
proposed analysis, we have used random graphs that are generated with conditions that
approximate realistic networks. Simulation study is also presented for comparison with the
theoretical study. We hope such exercise can help us to forecast/plan for the network
performance when using cycle-based network protection techniques, and to shed lights into
finding more efficient techniques or possible improvements for link protection mechanisms

in mesh networks.

6.1 Domain Model and Definitions
Recall from Chapter Two that a Hamiltonian cycle is a simple cycle that traverses all the

network nodes. Unfortunately, not every graph is a Hamiltonian cycle, and our protection
operation in Section 5.1 shows that more than one cycle (Hamiltonian and non-Hamiltonian)
are required to cover all nodes in a general planar network. In order to develop an analytical
model and to perform optimization later for various performance measure (such as
restorability), we shall define D-domain coverage as the process of using D Hamiltonian
cycles to cover all nodes. This is done in such a way that each domain has a clear cut
boundary with its neighboring domain and that each domain 1s protected by only one

Hamiltonian cycle. For example, Section 5.4.3 has discussed how a number of PCCs were
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generated to cover the network. Each PCC in that section could be thought of as one domain.
We shall provide the restorability and other performance measures such as redundancy and

protection path length analysis of this type of coverage in the sections coming up.

Restorability is an important performance parameter to measure how efficient a protection
scheme uses network resources. Let us first define the fotal network restorability as the
percentage of the total working capacity that could be restored in case of any single link
failure, for a given amount of protection capacity in the network. For a pre-designed fixed
capacity network with a known amount of working capacity on each link, one objective is to
determine how much of the network working capacity (from all the links) can be protected
by the remaining capacity on each link (i.e. the available protection capacity) in case of any
single link failure in the network. Another important performance measure that will be used
and analyzed later on is the network redundancy (R;) which is defined as the ratio of the
protection capacity to the working capacity of the network in order to achieve maximum

restorability (100%) for a given network.

We define the protected working capacity c.,; on a link as the amount of link working
capacity that can be protected by the protection cycle (Hamiltonian in the analysis in this
Chapter), and the umprotected working capacity c.,;, on a link as the part that has no
protection because there is not enough protection capacity contributed by the cycle protection
path. We can likewise define the following parameters: Cp, and C,a as the average of both
protected and unprotected capacities, Cy.ag as the average working capacities on the links.
All of the parameters above are average among all links of the same network. The total
network restorability (will simply be referred to as restorability if there is no ambiguity in

meaning) can thus be calculated as following:

m

pri
R _ ; _ Mx Cpavg _ Cwavg _Cuavg — 1_ C"ﬂ"é’ (6])

m
M x Cwavg Cwavg Cwavg
cwi

i=]
Every link on the cycle should be able to protect either a failed on-cycle link or a
straddling link of the cycle. Consequently, there are couples of considerations/observations.

1) Since the amount of protection capacity on a cycle is determined by the weakest (lowest
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capacity) link, the restorability of a protection cycle in a fixed capacity network is
constrained by that minimum value when that link is an on-cycle link. 2) A failed straddling
link can have the following three operation models according whether it will/can use the
information from one or two paths and the consideration would affect the restorability

analysis.

The RBP (Random Backup Path) Model: When a straddling link fails, it will re-route its

traffic along one of the two backup paths it selects randomly.

The SBP (Shorter Backup Path) Model: When a straddling link fails, it will re-route its traffic

along the shorter of the two backup paths. Since there are only two paths, the shorter path is
also the shortest path.
The TBP (Two Backup Path) Model: When a straddling link fails, it will re-route its traffic

along both backup paths.
Unlike the TBP, both RBP and SBP use only one backup path.

The following assumptions are used in our analysis that follows:

1. All links are bidirectional.

2. Each node is connected to at least two other nodes (i.e., a node degree of more than or
equal to two).

3. The network can be decomposed into D Hamiltonian subgraphs.

4. Each subgraph is protected by a Hamiltonian cycle.

5. Each cycle link is protected by a backup path that traverses the remaining links of the
cycle between the two end-nodes.

6. The working capacity on each link is randomly distributed according to a uniformly
distributed function f.,, bounded by cyumi» and Cmar-

7. The protection capacity on each link is randomly distributed according to a uniformly
distributed function f, bounded by c,mi» and cpmas-

The last two assumptions on uniform distribution with fixed bounds make our analysis more

realistic than a pure random analysis. Moreover, we have observed the existence of such

bounds from our simulations; the uniform distribution is relaxed for simplicity.

6.2 Single Domain Restorability Analysis
For single-domain (D=1) coverage, we assume that the network has already been covered by
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a single Hamiltonian protection cycle. We first provide the common analysis, and then the

restorability is analyzed using all three operation models for a failed chordal link.

Let X be a random variable for the minimum available protection capacity on a
protection path. For a given value of X=x, the amount of unprotected working capacity on an

arbitrary link e; can be computed as follows:

Comi = Max(O, Coi — .X') =u; X (cwi - X),
Cwi <x (62)

0
where u, =
1 C,; > X
Let Cuag(x) be the average unprotected working capacity conditioned on a minimum
protection capacity x of the protection path, and f;,, be the probability density function for an

amount of working capacity x on a link. We then have

[o

g 0 y<x
Cums (3) = [ux(r=-x) .. = {1 ox

(6.3)

Civ max

Cor ()= [ (r=2) 1. 00

X

The value of x depends also on the length of the protection path. As explained before, we
need to consider two link cases here: the cycle links and the straddling links. Let £.,(x)) be the
density function of an amount x of link protection capacity, and F,,(x) the cumulative
distribution function of f,. Let fx (x | k) be the conditional density function of x on a given

protection path of k& hops. Then we have

k
Sfy(x | PathLength=%) = Z Jop ()% Pr((k-1) links have protection capacities larger than x)
1

= ch,, () (1= F, () =k £, (x)x (1= F, (x)" (6.4)

Using the same upper and lower bounds for both working and protection capacity, we
have: Cumaxr™ Cpmax=Cmax ANA Comin= Cpmin=Cmin , Then we have on average Ciug=( Cmax+ Cmax)/2.
The probability density fc,(x) and the cumulative function F,,(x) of the protection capacity

arc
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[ @)= £, ()= _
C

max min

F,(x)=F,,(x)= ;i"— (6.5)

Substituting (6.5) into (6.4), we have

k-1
(Cmax - x)

k
(cmax - Cmin )

(6.6)

k-1
Sy(x|k)=kx 1 x( c‘““_xj —k
cmax—cmin c c

max min

We can also substitute (6.5) into (6.3) to calculate the conditional average unprotected

working capacity as following:

Coy)= | -y = (= 6.7

Cmax - Cmin 2(Cmax - cmin )

Since there is only one Hamiltonian cycle covering the network of N nodes and M links,

each network link could be either a cycle link with a probability of % , or a straddling link

M-N

with a probability of . Using the un-conditioning techniques, we obtain

fy(x)= f,(x|cycle)x Pr{cycle} +

6.8
[y (x|Straddling ) x Pr{Straddling } (6.8)
We are now ready to complete the restorability analysis of the Random Backup Path Model

and the Shortest Backup Path Model in the following.

6.2.1 The Random Backup Path Model

Under this model, whenever a straddling link fails we randomly choose one of the two paths

provided by the Hamiltonian cycle to re-route the traffic.

For every cycle link, the protection path length is N-/. As for a straddling link, the
minimum path between two nodes (other than the directly connected straddling link)
obviously has to be at least two links long. Therefore, two is the minimum value for the

protection path length for a failed straddling length regardless of which one of the two paths
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1s chosen. Since the minimum for the first protection path is 2, the maximum of the second
(alternate) protection path (on the opposite direction) will be N-2 hops long (so that the total
length of a Hamiltonian cycle is always N). Since any one of the two protection paths can be
chosen randomly, the path length & has a range of 2<k<N-2. For a uniform length

distribution, we have

1 1
(N-2)-2)+1 N-3

Pr(path length =k) = (6.9)

Note that the expression is independent of &, because there is an equal probability of picking

a backup path of any length within the range. Continuing on from (6.8), we have

£ (x) = Z /.(x|k)x Pr(Path Length = k)

:%[(N—l)xfcp(x)(l_F;p(x))N—Z:|+ M — Nl:z___kf;p(x) 1— (7;(X))k

By using (6.6) and the fact that the number of the straddling and the on-cycle links are (M-
N) and N, respectively. We have

NN=1) (e =) M-N & (e -x)" (6.10)
£o(x) = x — Dt
M (cmax - Cmin ) M(N - 3) 2 (cmax - Cmin )
Use (6.10) to remove the condition in (6.7), and with a change of variable v = —C—"Q
cmax - Cmin

the average unprotected working capacity can now be computed as following for the random

choice scenario:

pmax [ Cipmax pmax £ Swmax

Coo = j j o o)y | f ()l = j 1 j 4y x e,y =)y | (x)elx

max mm )
€y min

Then
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1 2 N=2
N(N -1 M-N
Cure =[5 [—( Jyre s MY ) X (€ s ~Ci )Y

: M M(N-3)%
Cone—Conin [ NN =1) M-N 3
— max min d k +d
2 U M er.M(N—3); OIV Y (6.11)

_ cmax —Cmin N(N — l) + M- N NZZ
2 (M(N+D) M(N-3)5k+2
Substituting (6.11) in (6.1), we can compute the restorability R for the random choice case

as following:

N=2
R(Random Choice) = 1 - 1| YWV=D | M-V > . (6.12
F+1l M(N+1) M(N-=3)4&df+2 12)

2

where ; _ ¢w 1s the ratio of maximum to minimum link working capacity in the network.
C

min

One can see that F plays the most important role in the restorability formula, and clearly
shows how the restorability of cycle schemes decrease in networks with unequal link

capacities. This is also the case in the other models.

6.2.2 The Shortest Backup Path Model

To recap, by the shortest backup path, we mean that whenever a straddling link fails we

choose the shorter of the two paths provided by the Hamiltonian cycle to protect this link.

Using this model, we have k,;,=2 and ko= N/2 ,i.e. 25k < —]g, Again, based on uniform

distribution Pr(path length = k) = ((N /2)-2+ 1)7l = ﬁ . Starting with (6.8) and using a

similar approach as in the previous section, we have

k
k+2

F-1| N(N=D) 2(M-N)
F+1| M(N+1) M(N-2)

Mtoiz

R(Shorter Cycle Path) =1— (6.13)

2

Again the factor F stands out. As a simple verification note that for =7 (a flat network,
where link capacities are equal everywhere) the maximum achievable restorability is one. As

pointed out before, the existence of a Hamiltonian cycle in this case is enough to guarantee
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full restorability in a flat network, because every protection path is capable of handling the
working traffic of any other links in the network. When F becomes big as in a hierarchical or

an arbitrary network, the restorability R of the Hamiltonian cycle becomes very low.

6.2.3 Approximations

The formulas presented in the previous two subsections could be approximated (and further
simplified) if we assume the straddling protection path length is similar to the on-cycle
protection path length. In such case, the length of every backup path (cycle or straddling) is

N-1 hops long, and we can write
S = (N =Dx [, - F, 0]

1 c... —X v
— (N _l)x x max
min c n

¢ max c max mi

_ x)N—Z
N-1

V= 1)

(cmax - cmin )

Cinax _ 2 _ _ N=2 Cinax _ _ N
PR ECRE U CRET, N (U RS i
- . 2(0 —c

max min) (cmax - Cmin)N_I 2 o (cmax _cmin )N

1 N-1

=C ~—(c. . —c.)——

wu _avg 2( max mm)N+1
(6.14)

Therefore,
Reol-E=L, N1 b Com (6.15)
F+1 N+1 c

This very interesting result indicates that in a mesh network with uniformly distributed pre-
determined link capacities, the total network restorability using a Hamiltonian protection
cycle is a decreasing function of both total number of nodes N, and the ratio of maximum to
minimum link capacity, F. As expected for a flat network (F=1) where link capacities are

identical, the restorability is equal to one. It also sets the lower bound for restorability to

Nl for the case where the ratio of maximum to minimum link capacity is large.
+

The above approximation hides the fact that the restorability in a network does indeed

change slightly with the average nodal degree of the network as revealed by Sections 6.2.1
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and 6.2.2, which is the subject of more discussion in the next section. However, it provides a

quick, rough, and lower bound estimation.

6.2.4 Both Backup Paths Model

When both backup paths are used, traffic on a failed straddling link can be re-routed along
both paths simultaneously. Therefore, the required protected working capacity on a
straddling link can be shared by the protection capacity for the two paths in the Hamiltonian
cycle. Let us denote the minimum available protection capacity on a protection path provided
by a protection cycle by a continuous random variable X. For a given value of X=x, the
amount of unprotected working capacity on an arbitrary link e; can be calculated as follows:

¢, =Max(0,c

wi

0
-x)=u,x(c,, —x), i on—cycle ui:{l

C,<x+y

1

0
Cwui :Max(o’cwi —-X —y)'__ui X(Cwi —X _y)9 l Sl‘l"addling, U, :{
l c,>X+y

where y is the minimum protection capacity from the alternate path. Without loss of
generality assume x < y. Then in the worst case (least restorability of the straddling link) y
will be equal to x. Then for any straddling link i, the total average not protected working

capacity is the maximum of 0 or ¢,; —2x . It follows that for any link i

Max(0,c,; — x) = u,; x(c,; — x), i on-cycle
" | Max(0,c¢,, —2x) = u,, x(c,, —2x), i straddling

0 ¢, <x 0 ¢, <2x
where u, = and u,; =
1 c,>x

1 c, >2x

As discussed in the previous sections, for a network with N nodes and M links protected by

one Hamiltonian cycle, the cycle length is N hops long, and each network link is either a
M-N

cycle link with a probability of %’ or a straddling link with a probability of . Thus
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o N (6.16)
Cre (¥) =% J— (z —x)f,, () + MMN I (z -2x)f,, (z)dz

2x

where C,q0(x) represents the value of average unprotected working capacity conditioned on
the minimum protection capacity on the protection path, and f., is the probability density
function for the working capacity on a link. The value of x, which is the minimum protection
capacity on a protection path, depends also on the length of the protection path. Let f.,(x) be
the density function for an amount of x link protection capacity, and F,(x) the cumulative
distribution function. Then fx (x | k), the conditional density function of x conditioned on a

given protection path with a length of £ hops can be obtained as follows.

k
/(x| PathLength=k) = Z S ()< Pr((k-1) links have protection capacities larger than x)
1

k i . (6.17)
=) L) (A= F, () =k £, (Ix (1= F,, (x))
1
Again, if we consider that both the working and the protection capacities of the network
links are uniformly distributed random variables, and have identical probability density

functions, we have

Cwmax— Cpmax—Cmax and Cumi= Comin=Cmin and Crrang = max min
1 X—C_.
[, (X)=fo(0)=———  F (x)=F, (x)=——m_
max. ~ Covin and Cnax ~ Crin
1 X—C_.
f,(0)=fo()=——  F (x)=F,(x)=—"_ (6.18)
Cmax ~ Cmin and max — Cmin

Substituting from (6.18) into (6.17), we will have:

- k- kel
Sexlk)=kx ! xl: X~ Comin } :kw__ (6.19)
min c

k
c - - Cmin (cmax - cmin )

max

By substituting (6.18)) into (6.16), we obtain the conditional average unprotected working

capacity as following:
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U(IV
l’ c.. —c

mjn max min

jzx dZMNJ.ZZX;dZ
M

(Cmax —X) + M-N . (Cmax —2X)
2 (Cmax - cmin ) M 2 (Cmax - cmin )

- L(N (o =T (31 e =2 _mz}

N,
M

[\

(cmax - cmin ) (cmax - cmin )

Then

i (6.20)
Cuavg(x)=ﬁ(sz+(M—N)(4 2_%%}}

Coax =X .
_ max _ _
where v = PP I =C o — Crin

It has been shown in Section 6.2.1 that the length & of the backup paths of a straddling link
has a range of 2 < k < N-2. Using the un-conditioning technique and totality of probability,

we can remove the condition on & to obtain the following:

Sy (x| two-paths-used) = £, (x| cycle) x Pr{cycle}
+ f, (x| Straddling) x Pr {Straddling}

M-N
=——fx(x|k N-1)+ ——M—fA(x!k N)
_NND | =0 (M =NIN (g =0
M (e —cmm)”‘ M (Coe = )"
_N (N_l)va‘2+(M—N)vN_']
o, (6.21)

Using (6.21) to remove the condition in (6.20), we obtain the average unprotected working

capacity can now be computed as follows.

Corog _J—iv_ll-‘ﬂw +(M—N)(4v2 —%+j—jn[(N—l)va_2 +(M—N)vN_']Jdv

2M IM s
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Cume =5377 j( +(M =N A2

(V=)™ (M =N (M- W) [4 2-ﬂ+ ])dv

Cavg = 2]]32 —1)xv" + N (M =N + (M= N) (4 [ (N=1)x v +(M = N )y ]
4;0[(N Dy (M-N)VN—1]+.IC-;[(N_1)XVN—2+(M_N)VN—1]))dV
Cavg = 1) + N (M= N (M= N)[4[(V =10+ (M =N )]

2

“2EN(N -1 (M =N T S (N -1)r" (M =N ) ]

Cavg = AR N (o
(o), e e L )y
Finally,
R =1—L1]3vj\142 ({N((z:h (KQZ)H“M‘N)[“[(EH (154\[;]2\’)}
_%[(N]\;l)+(]\]{/;]1\[)}+;_j{l+(ﬁj;_]vl}]) (6.22)

6.2.5 Simulations and Verifications

We first present a network example adapted from a real network to demonstrate the

applicability of our analysis and to verify the accuracy of our analytical formulas.
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Network 1

Figure 6.1: Commercial Network Protected By One Cycle

6.2.5.1 Real Network Example

We consider the topology of a commercial network called BBN Planet from the MAPNET
database [MAPNOS5]. The original topology contains some hanging nodes (with only one link
connected to the rest of the network) that cannot be protected by any cycle-based link
protection and must be removed. The network includes two links with a capacity of one OC-
3 each, two links with a capacity of two OC-3, thirteen spans with a capacity of one OC-12
each, and three spans with a capacity two OC-12 each. Since the resulting network is not
Hamiltonian, we replace the two OC-12 links (one between Dallas and Kansas City, and the
other between Kansas City and Chicago) by a single direct OC-12 link from Dallas to
Chicago. The resulting network after aggregation consists of one link with a capacity of OC-
3, one link with one OC-6, thirteen spans with one OC-12 each, and three spans with one
OC-24. As we can see from Figure 6.1, the network has 11 nodes and 18 links with link
capacities ranging from OC-3 to OC-12. It can also be covered by one Hamiltonian cycle

shown in black-and-white links.

Table 6-1: Commercial Network Results for Hamiltonian Cycle Restorability

One cycle
Calculated Analytical
from capacities | formula (6.13)
Restorability 0.3792 0.4143
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The restorability in the first column was calculated from the data provided by the network
and using the shown Hamiltonian cycle in the figure, while the value of the second column is

obtained from (6.13) for the Shorter Backup Path model.

6.2.5.2 Verification

We have also run simulations to verify our analytical results from (6.12), (6.13) and (6.22).
We have generated many random biconnected graphs using [LEDAO6] libraries, and then use
a program to select 500 networks that can be covered by one Hamiltonian cycle.
Restorability is computed for each of the 500 networks for a given F (the max-to-min link
capacity ratio). Figure 6.2 shows the mean network restorability performance for the 500
networks as a function of F (with minimum set to 1), each with N=10 nodes and M=18 edges.
One can see the analytical result (dashed curve) are very close to the simulation results (small
stars with the continues curve). Similar observations are made for the Random-Path case and

for the two paths case.

R bility Camparison of H. Cycle N=10, M=18, R=500
+
f T T T T T
\

T
%?  1-path Random simulation
\‘ <% 1-path Shorter sitnulation
\ 2-paths simulation
0g )_ Yo - 1-path random analytical }»
h -+ 1-path sharter analytical
2-paths analytical

. - === 1-path random analytical{simplified)

08l \\\ . — — 1-paths sharter analytical(simplifiad) [

o
-~
T

1

Festorability

Y
T,

o
2
T

Confidence interval

05

Q44

&
F (Max-to-Min ralio)

Figure 6.2: Verification of Restorability Analysis
We have also provided the 95% confidence intervals in Figure 6.2. The intervals are very
small as indicated by the vertical bars. Since the confidence intervals here and other from

other simulations are in general very small, they are omitted in other figures in future.
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6.2.6 Performance Evaluation

With our analytical equations verified, we can now go to investigate more properties of
protection coverage by one Hamiltonian cycle by studying the restorability performance
under various parameters for the three models discussed in Section 6.1 which are now
discussed under the One Backup Path (both the Random Backup Path model and the
Shortest Backup Path Model) and the Two Backup Path.

1 T v
—+—  SBP model
—+— RBP model

0.9 F —&— Approximation B

o.8 —
= MN=30, M=52
TQ;-: - -
E a7+ X a
]
&
= osh .
= !
=
= os| ’ \\\:\ e
=
= .

04l T .

i M

a2 L L L L L

1 2 3 4 5 =] 7 =] a 10

Mar-to-Min Link Capacity

Figure 6.3: Total Restorability vs. Network Capacity Factor

6.2.6.1 One Backup Path

Figure 6.3 presents the restorability (R) performance comparison among the RBP, the SBP
and the approximation formula introduced in the previous sections. Looking at the
performance curve of the RBP, one sees that R drops sharply as F increases but no as much
beyond F=8. The SBP has almost the same performance for small /" but its advantages shows
up more clearly as F increases. Note that beyond ' = 3, R is less than 0.6 and we consider
this to be very poor performance, and thus not practical to use a single Hamiltonian cycle to
protect the whole network (for example, when links with capacities of OC-192 and OC-12
coexist). Finally, our approximation formula produces not just a lower bound but actually not

a bad approximation especially for smaller values of F such as F' < 3 for practical purpose.

Figure 6.4 shows the change of network restorability with the total number of nodes N in
the network with the average nodal degree fixed at 3.5, For F=2 and when the network size is
below 20 nodes, the number of nodes do affect the restorability negatively and the difference

between the random, shorter and the approximation formulas are not significant. However,
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for larger values this impact is not noticeable. For F=10, the number of nodes impact on the
restorability is noticeable for network size up to around 35 nodes, after which the three
curves have a smaller different and have constant behavior. In all cases, we see that the SBP
performs better than the RBP. This can be explained by the fact that a longer the path is more
likely to have small backup capacity as obtained in (6.6).

1

Average Modal Degree = 3.5 | —+— SBP model
0.9 —#— RBP model —
—&—  Approximation

0SS+ ~

0. 44 F=10 -
a.3 —\§\\‘é—£~;§___ ! 7
ozl —& : %

0.1 =

Tutal Hetwork Restorabilty

R

: L L L L L i L
10 20 30 40 50 &a gl a0 o0 100
Total Network Modes

Figure 6.4: Restorability vs. Network Size
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Figure 6.5: Restorability vs. Nodal Degree

Finally, Figure 6.5 shows the performance of network restorability with respect to the
average nodal degree for networks with N=30 nodes. The curves are given for two cases of
capacity ratios, F=2 and F=10. For /=2, increasing the network degree has little effect on the
network restorability with a slight better value for the shortest path. However, for a larger F

value (e.g. F=10) the increase in the network restorability is more obvious when we increase
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the network nodal degree.

Notice that the difference of approximation formula from the other two models in both
Figure 6.4 and Figure 6.5 due to the fact that the approximation formula ignore the increase

in the number of edges and its effect in the restorability.

Seatstiiny Tanpsnies o Mamioman Uyecle Neds (04, By

Restorability

F (Max-tb-Min)

Figure 6.6: Total Restorability vs. Network Capacity Factor Using One and Two
Backup Paths

6.2.6.2 Two Backup Paths

Figure 6.6 shows the network restorability comparison between using one backup path and
two backup paths for networks with N=10 AM=24. The restorability performance of SBP
decreases rapidly in the beginning (from R=1 at F=1 to R~0.65 at F=3) before slowing down.
The RBP has a close but better performance. On the other hand, the TBP has much better
performance than both (e.g. R~0.7 at F=6 compared with R~0.5 for both SBP and RBP)

Additional information/observations can be obtained from Figure 6.2 for a network with
N=10 nodes and M=18 links. From both Figure 6.2 and Figure 6.6, increasing the number of
edges will increase the restorability of the Hamiltonian cycle. From further comparison, TBP

will benefit much more from increasing the number of edges in the graph more than SBP and
RBP.

6.3 Double Domain Restorability Analysis
Since a single Hamiltonian cycle is hard to come by sometimes, it should be of interest to

assume and to study scenario where the network can be decomposed into D=2 Hamiltonian

102



subgraphs. However, as we move into the D=2 domain protection, we run into much more
intricate mathematical analysis as there are many combinations of scenarios to consider
including new ones. In the following, we shall first present some analysis on decomposable
graphs that will lead to the concepts of shared versus non-shared capacity between the two
domains edges. Any of the previous methods of SBP, TBP and RBP will be used in our

analysis where appropriate/desired.

6.3.1 Analysis of Decomposable Graphs

Decomposable graphs are graphs that can have a clear edge cut edge cut defined before in
Chapter Two. We are interested in analyzing graphs that can be decomposed into D= 2
Hamiltonian cycles in a network graph G here. In other words, we consider two subgraphs g;
and g, such that g; U g> = G and g; N g» = b edges. Let the numbers of nodes and edges in
each subgraph be n;, m; and n,, m,, respectively. Also assume the intersection between the
set of nodes and edges of the two subgraphs is not empty and has at least one edge and two
nodes (b > 1). Thus n;+n; > N+2 and m,;+m; > M+1 In particular, assume we have exactly b
edges and b+1 nodes common between the two subgraphs, then we have n;+rn, = N+b+1 and
m+m; = M+b (e.g. Figure 6.7). Let EI and E2 be the edge set of g; and g», respectively.
Then E=EIVE2 and EINE2= {e}, e; ..., ep}

ain A

e
p

o S S
»!
S
=
———0
\\\
O
A
@)

Figure 6.7: Graph Decomposition
The restorability R of the whole graph G and the restorability (R; and R>) of each subgraph

are then respectively given by:

S e, (6.23a)
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S e, (6.23b)

S e, (6.23¢)

ie £,
R, =

2, Cu

ie E,

To find the sum of protection capacities in G, we need to consider two capacity cases at the
intersection between the two cycles. That is, whether the protection capacity in the links of
intersection is shared by the two cycles or not, as discussed in the following two sub-

sections.

6.3.2 Shared Protection Capacity

In this case where sharing protection capacity between the two cycles is allowed, we should
add the additional protection capacity contributed by one cycle on all links of the second
cycle except for the amount that is greater than the sum of the protection capacities from both

cycles in the shared links. This is captured in (6.24a) below.

b (6.242)

z pri = : pri + : cwpi - : maX(O’ cwple, +cwpzq _cwp,)
iek iek) ick, i=l

The sum of working capacities in G is then the total working capacities in subgraph 1 and

subgraph 2 edges minus the working capacity at the shared links (since it has been counted

twice):

b
E Cpi = E Ci T E Cpi = E Cui
icE iek ickE, i=1

Observe that R, (and similarly R,) can be written as assuming that the distribution of the

capacities in the whole graph is the same as in the two domains

— = - -1 — =

: pri Z Cwi : cwpi : cwpi
| ek icE, | i€k -1 __ i€k

R = . = (Che)” =

m, m m, m,C

1~ wavg
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Rearranging, we can obtain

: Wpl = R ml Cwavg

iek)

(6.25)

Note that the above equation assumes the distribution of the capacities in the whole graph is

the same as in the two domains including the max-to-min capacity. Hence, F must be the

same for each domain and similar to the whole graph.

-1 — -

z pri

iek,

z cwpi

i€k,

——1(Ce) ' =
l m, wav‘g) mlC

wavg

The total network restorability can now be derived using (6.23)-(6.25) as follows:

E wpz z z Mpl z max(() cwpe \1p,e - pri)

_ ieE _ i€k ieE,

S VI YO 8

ieE ieE) i€k,

R .m c vy T R, .m,.c E max(0, Cope. T Cupe _pr,)
ml wavg + m2 wavg - z Cwe,
i=1
E max (0, Cope. T Cpc, ‘pr,)
R=|R.m +R,.m, - m, +m,

wavg

-1

(6.263)

Finally, using the fact that the capacities are uniformly distributed, we can estimate the

average value for R by estimating the average value for the working and the protection

capacities, and assuming they basically have the same average value statistically. Then we

have
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(6.27)

max(0,c,_ + Copres ~ e ) = b.max(0, RC e T RoCrng — Crrng)

wpe,
i=1

(6.28)

b
c. =~bc

we; wavg

i=1
Substituting (6.27) and (6.28) in (6.26a), we obtain R , the average value estimation for R
for the shared capacity case as follows.

b.max( 0,R,.C,.. + RyComy = Crang )

R,.m, + R, m, —-
c

wavg

A
R =
b.c.
m, +m, — —==£

wavg

R, .m, + R, .m, —b.max(0,R, +R, - 1)
m, +m,—~b

R=
Using the well known relation 2. M=N.d from graph theory, we can make our estimate

explicit in terms of the number of nodes and the nodal degree

Rnd+ R,n,d -2bmax(0,R, + R, —1) (6.29)

nd +ny,d —2b

R =

6.3.3 Not Sharing Protection Capacity
We can follow a development parallel to Section 6.3.2 as follows. Same notation and

explanation apply except where noted. Equations (6.24a) and (6.26a) instead will be as

shown in (6.24b) and (6.26b). That is, for the protection capacity we have

: cwpi = : pri + : cwpi

ick ickE) icE,

(6.24b)

For the restorability, we then have
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) . (6.26b)
R=[Rm + R2m2].[m1 +m, —[ch’ }/cwavg}

i=]
Then, by substituting (6.27) and (6.28) in (6.26b) we obtain the estimate for the R in the

non-shared capacity case, i.e.

Again, by using the number of nodes and the node degree instead of the number of edges
we obtain

Rnd+R,n,d (6.30)
nd +n,d —2b

R =
As noted in the beginning of the section we can use this formula on the RBP, the SBP or the
TBP models as well as for both R; and R,. Note that the formulas found for the restorability

of two domains needs the values of R; and R, as a two sub domains which can be calculated

from the single domain formulas generated in Section 6.2.

Figure 6.8: Multiple domains interconnections

6.3.4 D-Cycles Extension (D>2)

When we have more than two domains, the formulas above can be applied recursively. The
following example will illustrate the idea. Consider a network consists of three domains.
Assume that the restorability of the three domains A, B and C are Ry, Rg and R,
respectively. Then the restorability of the two domains A and B assuming the capacity is not

shared between the domains is
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R R,m,+R,m,

A,B
m, +my —b

where m, and m, are the number of edges in domain A and B respectivly

Then the restorability of the three domains is the restorability for Rsp and R¢ as two

domains

R, gmyp + Rom,

R =
A8, m, g+ me —-b,
Then
R +R
M(mA +mB _bl) +RCmC
R _my +m, — b,
AB.C
¢ m, +m, —b +m. —b, (6.31)

R,m,+R,my, +R.m_

m,+mgz+m.~ (b +b,)
Similar argument can be applied for more domains. In general, we can have:

e Rm+Rmy t. 4 Rom, (6.32)
A my 4 my — (b, + b, ¥ ...+ by )

6.3.5 Performance Evaluation

We study in the following the network restorability performance where two cycles are
sharing the capacities or not; we also compare it to the one cycle case. Three performance
curves are shown in each diagram in this section: one cycle using the RBP (shown as “One
Cycle Random”), two cycles with shared protection capacity between the two cycles and
using the RBP (shown as “Two Cycles Random Shared”), and the third one is for the non-
shared protection capacity using the RBP(shown as “Two Cycles Random Non-Shared”).
The experiment is repeated in Figure 6.9b except that we use SBP instead of the RBP.

Figure 6.9a shows the restorability of a graph with respect to the number of shared edges
between the two subgraphs. Starting with the “One Cycle Random” curve from the bottom,
obviously the network restorability for one cycle is not affected by the shared edges between

the two subgraphs and thus the corresponding curve is constant in both figures. It is used here
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Figure 6.9: Restorability Comparison Using One and Two Equal Cycles for Both the
Shared and the Non-Shared Cases. G=(N=40 Nodes, M=61 Edges) and F=2

and in future figures as a reference. As for the Two Cycle Random Shared, the restorability
appears to be linearly increasing from 0.72 (with one common edge) to around 0.8 (with 10
common edges). The non-shared case has the best performance as the restorability improves
further at the low end (restorability of 0.73 at 1 common edge) and the high end (around 0.92

at 10 common edges). In this figure we assume that the two sub-graphs are equal in size.

For the SBP cases in Figure 6.9b, the observations are very similar, and the results are in

fact very close to that of the RBP model.

Figure 6.10 shows the performance for the same network in Figure 6.9b except F is
different. Observations similar to Figure 6.9b can be made except the difference between the
Two-Cycle Random Shared and Two-Cycle Random non-Shared is smaller in this case

where F=3 in Figure 6.10a. In fact for /=4 in Figure 6.10b, there is hardly any difference.
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This is expected because the restorability of each sub-graph is a decreasing function of F, and

thus both R; and R; expected to be below 0.5 resulting in 2pmax(0, R + R, —1)=0 in (6.29).

Therefore, the restorability becomes the same as (6.30).

G{N=40, M=61}, F=3

0.¥5 T T T
<> One Cycole Random
E Two cycles Random Shared
Twio cycles Random Non-Shared
D F f-mmmmmmmmmmmmmmmmemmmmmmmemmememimememmemmme e mmeeeeaoeTaa —
e eI
= OBE fromm oo . ".___...__.-'.'.-.w_‘:,,.,-r:’;".'" ................... -
= T
= e e
= " Pl
" e
<3
o [ = L T e L —
BB o === = === e e e e e e oo —
< o [z o N o Ty A <
0.5 L ' L L L i : .
1 2 3 4 & 3 ri 8 24 10
Shared edges between the two subgraphs
(a) F=3
G(M=40, M=61}, F=4
0.62 T T T T T
T One Cyale Random
0.6 ’> E Twix cyctes Random Shared | L ___________..___ 3
: 2 Two cyclas Random Man-Shared
D B8 o mmmmmm e e e e e eeea oo LR T —]
- S L e -
_ .
R o 7 T L T TR U —
=
=
S e
® 052F---------momeo e el b b -
Ea
BB o mm e —
L O e e i i —
[ e i —~
s Oy R s x pey i
0.44 L L L L o
1 2 3 4 5 S ¥ 8 g 1mn
Shared edges betwsen the two subgraphs
(b) F=4

Figure 6.10: Restorability Comparison for Different F (Max-To-Min Value)

Figure 6.11 studies the effect of the size difference (n2-n1)/2 between the two subgraphs
sizes on the restorability (assuming same nodal degree in both subgraphs). In Figure 6.11a,
the restorability for the shared case decreases slowly as the difference between the two
subgraphs increases. Similar behavior is observed for the non-shared case but with better
value. For a higher value of F' (Figure 6.11b), we notice similar behavior but a smaller

difference between the shared and the non-shared curves.
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Figure 6.11: Restorability Comparison using One and Two Cycles for RBP and
for Both the Shared and the Non-Shared Cases. G=(N=40 Nodes, M=61 Edges ) and
F=2,3

Before we conclude with some results on using more than two cyclés, we study the effect of
the node degree (2M/N) on the network restorability using two cycles. For the non-shared
case we see that the improvement in low-nodal degree network (Figure 6.12a) increases
around 0.17 values when moving from 1 to 10 shared edges, whereas as the nodal degree
increases (Figure 6.12d) the improvement is around 0.09 values, which means that in the
dense networks the improvement in the restorability using two cycles is less significant than

the sparse networks.
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Protect a Network

Figure 6.13 shows a comparison between the restorability of using two cycles and three
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cycles to cover the graph with N= 40, M=121, and F=2. One can see that, like the two-
domain case, the restorability is almost a linearly increasing function of the number of edges
shared between two adjacent graphs. The improvement, as expected, is around 0.02%. This is

due to the availability of more protection capacity for the straddling links on each cycle.

Finally, it is interesting to note that although the restorability formula for two domains
assumes the same F values in both domains, it can also be used as a rough approximation for
domains with different F' values. For example, in the same commercial network of Fig. 6.1,
the two cycles we come up with have F=2 and 4 respectively. On using the formula of (6.30),
we obtain a restorability of 0.4912, which is not very far away from the figure of 0.4725
obtained based on capacities. The validity of the approximation, however, needs to be further

verified by more case studies.

6.4 Network Redundancy Analysis
After we have analyzed the restorability for different cases of single and double domains we

study now another performance measure which is the network redundancy. Define nerwork
redundancy (Rg) to be the ratio of the protection capacity to the working capacity of the

network in order to achieve maximum restorability (100%) for a given network.

6.4.1 Single Domain Analysis

We will provide the worst and the best case analysis here as the mean value analysis solution
has so far eluded us. The assumption in the analysis is that the whole network can be covered
by one Hamiltonian cycle. Define Ry wors to be in the redundancy required in the worst case
which occurs when the link with the maximum working capacity (Cumay) is an on-cycle link,
because every other link in the cycle must then have a protection capacity equal to ¢ymgy in
order to achieve full restorability. This also occurs when the straddling link has the maximum
working capacity and only one backup path (shortest or random) is used which again require

every other link on the cycle to have capacity of ¢,

In view of the above, we must assign protection capacities equal to cymq t0 every cycle
link in order to guarantee 100% restorability. Therefore, the total protection capacity in the
network equal to Cymax X N. Define P, to be the ratio of maximum to average link working

capacity and D,,, the average nodal degree of the network, we can write
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R — Nwamax _ Nxcwmax 4F

d_worst =
MxC,q M x (%ﬁm) D, (1+F) (6.33)

The best case scenario occurs when we are using both backup paths for the straddling links
and all the links with a higher working capacity are straddling links. i.e. no on-cycle link has
working capacity more than any straddling link. The analysis of this scenario is rather hard.
So far, we have the results when the number of straddling links is more than the number of
on-cycle links (i.e. nodal degree >4). Under this case, we have similar to the above except
that N 1s multiplied by half of the C,,,. to account for all the on-cycle links that might have
less capacity that the straddling links and for the nodal degree which is halved, Then:

C C
N x W max N x wmax
R, ,. = - 2 __ 2F (6.34)
- chavg Mx(Cmin ;Cmax ) Davg(1+F)

6.4.2 Two Domains Analysis

If the protection capacity is shared between the two cycles then the worst redundancy value
will be a bit better than the single cycle case since at the worst case we assume that the

maximum protection capacity exists in each of the two cycle domain. i.e.
Rd_wonst_nvo_shared= deworsr

If the protection capacity is not shared, then we have extra protection capacity equal to the

number of shared edges times the maximum capacity value. i.e.

— N x Cwmax +b'Cwmax _ NX Cwmax + b'Cwmax _ (4+b)F

R st _two _nof _shared N
d _worst _ _not _shared M x Cavg M y (Cmin =+ Cmax ) Davg (1 + F) (635)
2

where b is the number of shared edges.

The best case can be obtained when all the high working capacity is all included in one

cycle in a similar fashion to the case discussed in the previous subsection. For the other cycle
it will contain in the best case a much smaller value than the first one. Again this best case

would occur at high nodal degree value >4.
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Cwmax (nl + N)cwmax
4 4 (6.36)

R, .. = -
d _best chavg MX(Cmin + Cm::IX)
2

C,.
7, X —ymax +n, X
1 2 2

_ (n+N)C, —(ﬂ+1) F
2Mx(C_.. +C_ ) N D (+F)

min max avg

6.4.3 Performance Evaluation

In Figure 6.14 we show the relation between the redundancy and the nodal degree for
different Max-to-Min ratio. In flat networks (F=1) we see that the highest value starts at
nodal degree equals 2 with 100% redundancy drops to around 40% at high nodal degree of 5.
We notice similar behavior for the higher value of / where we need 150% redundancy for
networks with nodal degree of 2 with /=3 which drops to 60% redundancy for networks with

nodal degree of 5. Again we see similar behavior for £=8.

Redundancy vs Nodal Degree
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Figure 6.14: Redundancy and Nodal Degree
In Figure 6.15 we compare the redundancy requirement changes with the Max-to-Min ratio
for different nodal degree. Figure 6.15a shows the one cycle case and Figure 6.15b shows the
two cycles case. In Figure 6.15a, we see that the redundancy required increases for D=2 case
from 100% at F=1 to around 180% at F=10, whereas the redundancy increases from around
50% to 90% when moving from F=1 to F=10 with D=4. For the best case scenario for D=4

we see that the restorability changes from around 20% at =1 to around 35% at F=10.
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Figure 6.15: Redundancy and Max-To-Min Ratio
In Figure 6.15b, we see that the redundancy required for the worst case increases for D=4

case from 50% at /=1 to around 90% at F=10, whereas the best redundancy increases from

20% to 35% for similar values of F.

6.5 Average Protection Path Length Analysis
After we have analyzed the restorability and the redundancy for different cases of single and

double domains we study a related performance measure which is the average path length.

We will do that for single and two domains as well.

6.5.1 Single Domain

Since there is one cycle covering a network with N nodes and M links, there are N on-cycle
links and M-N straddling links. Each of the on-cycle links has a protection path length of N-1
(the portion of the cycle in the opposite direction). As discussed before, each straddling link

has a protection path length k within a range of 2 < k < N-2 when we use random choice and
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within 2 < k < N/2 when we use the shorter. If we denote the length of an individual backup
path in the network by 4, i=1,...,M, the average backup path length H, could be analyzed as

follows:

1 M
H, :M;hi

Where x can be RBP, SBP or TBP

Random Backup Path Case

For choosing one of the two alternate paths randomly with an equal probability, the
average protection path length seen by a straddling link is (N+17)/2 hops. Thus the average
backup path length for the network is

HRBP=ﬁNx(N—1)+<M—N)x

Nﬂj:—l—(N2 ~3N+M.N+M)
2

oM (6.37)

Shortest Backup Path Case

If one chooses the shorter of the two paths, the protection path length could be anywhere

between 2 and N/2, implies (N+4)/4 on the average. Then

HSBPz—Alz(Nx(N—l)+(M—N)x

——(3N2 —7N+M.N+4M)

N+4j 1
4M

(6.38)

Two Backup Paths Case

When both backup paths are used, the total length of the two paths is always N. The
protection path length for the on-cycle link is always N-1. Then the average protection path

length for any link

1 -N 2
H,,p =E(NX(N—1)+(M—N)><N)=V+N=N__l_)__

avg

(6.39)

6.5.2 Two Domains
When using two cycles for protection the average protection path will be reduced down to
half of all the values found in the previous section when the two cycles are almost equal in

size. This is intuitive because the recovery path length for an on-cycle link will need to
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traverse N/2-1 links rather than N-1 links. For the straddling links, the range for the
straddling links recover path length is 2 to N/2 rather than 2 to N-2. The mean path length for
the three backup path models are then the following

1 2
=——AN"-3N+MN+M
RBP _two 4 ( ) (640)
2 —L(3N2 ~IN+M.N+4M)
- M (6.41)
N 1
HTBPAlwo =4
2 D, (6.42)

When the two cycles are different in size the analysis becomes harder since we have to find

the probability of each backup path length of each link relative to its protection cycle size.
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Figure 6.16: Average Protection Path Length Comparison
for N=20 and 40 Nodes and Different Nodal Degree
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6.5.3 Comparison

A comparison between the average protection path lengths for a single cycle is shown in
Figure 6.16. Figure 6.16a shows the comparison for a N=20 nodes network and Figure 6.16b
for N=40 nodes network. Under the TBP model in Figure 6.16a, the average protection path
length increases very slowly from 19 at nodal degree of 2 to 19.6 at a nodal degree of 5.
However, when using a single backup protection path we have different performance. Under
the RBP model, the path length decreases from 19 to around 14 when the nodal degree is
increased from 2 to 5. The SBP can improve further in that the protection path decreases
from 19 down to around 11. We observe similar behavior for larger network s (V=40 nodes)

in Figure 6.16b.
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Figure 6.17: Comparison Between the Analytical and the Simulation Results for the
Average Protection Path Length for N=20 and 40 Nodes and Different Nodal Degree

Finally, we present in Fig. 6.17 a comparison between the analytical and simulation
results obtained from the random graphs used in the previous sections. We can see a very
close match between the two results.

6.6 Concluding remarks

In this chapter, we have presented mathematical analysis of network restorability,
redundancy, and average protection path in mesh networks using one domain (protection
cycles). We have also looked the two domain model that has been suggested in the literature.
Even though we have obtained limited results for the Two-Domain Protection, we
nevertheless shed some light into the behavior of the network. The extension we provide in

the decomposition (two cycles) could also be applied to any number of protection cycles by
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applying the derived results for the intersected pairs of cycles. More work would employ
analyzing more general cases where the intersection between the two subgraphs

(Hamiltonian cycles) is more arbitrary than our simplified assumption.

Our results can be used by network planners to forecast the restorability of a given
network, or by network architects to find more efficient techniques for link protection in
hierarchical or random mesh networks. In fact the network designers could fine-tune their
networks to target the theoretical bounds we provide in this paper. Possible tuning includes,
but not limited to, the size of the network domains, the shared edges between domains, and

the node degree within each domain.

In general, we feel that using one protection path for a straddling link in very high speed
networks is more practical for quick and simpler operation of switching the traffic. In this
regard, SBP have been found to have a bit better performance than RBP which suggest using
it rather than random choice. When optical technology has progressed to allow the splitting
the traffic at some point on the cycle and re-aggregating it at another point, TBP will be a

better choice.
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Chapter Seven
Conclusions

We have proposed a novel idea to generate cycles from planar graphs that can be applied to
mesh networks. Using a chordal graph approach, we have found the sufficient conditions to
formulate and to guarantee the existence of PCC (Planar Chordal Cycle) to cover a set of
faces in the mesh network. Using the dual graph concept, we have also invented the Modified

Cycle Graph (MCG) that can reduce the complexity of identifying and constructing PCCs.

By including a set of searching techniques and criteria, we are able to come up with
algorithms to construct cycles with different objectives and properties. In fact, these are put
in work in the applications of multicasting and network protection, two research areas that
receive much interest nowadays, Performance evaluations have been carried out for these
two applications which in turn help to test out the performance and properties of the PCC in
addition to demonstrating the capability of our algorithms to generate the cycles very fast (in
polynomial time). Of course, nothing is perfect. Efficiency and performance study have been
conducted to compare our MCG technique to other techniques, and some tradeoff study

performed.

We have also analyzed some performance measures for network cycle-based protection
mechanisms. We have presented detailed study for restorability analysis for single protection
cycle which is useful for single domain networks, and we have also presented redundancy
and protection path analysis. For two domains network that would use single cycle for each
domain, we have presented analytical model that uses the single domain idea and considering
the shared edges between the domains. Our work provides some foundation for future

analysis of multi-domain protection.

7.1 Future Work
Based on this thesis work we suggest the following future work:

e Extending the idea of PCC for non-planar graph using the general cycle basis idea rather

than the planar cycle basis of planar graphs.
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Implement signaling protocols for protected multicasting using PCC.

Extending the analysis and performance study in Chapter Six for more than two cycles.
Also, to extend the analysis for other distributions rather than just uniform random

distribution.

More work would employ analyzing more general cases where the intersection between

the two subgraphs (Hamiltonian cycles) is more arbitrary than our simplified assumption.
Taking into account the bandwidth requirement in multicasting.

Comparing the presented cycle-based approach and similar approaches with non-cycle

based approaches such as the tree-based methods.
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Appendix A:
Mapping Between Regular Graph and Modified Cycle Graph

In the following we present a detailed study for the cases of two and three adjacent faces in
both regular and dual domain explaining the cases at which we have PCCs. Summary of

these cases have been presented in Chapter Three.

Al. Regular Domain

One face is a simple cycle with no straddling links (then it is PCC). Figure 3.1a shows ltwo
adjacent faces with one edge in common. This is also PCC with one chord link which is the
common edge between the two faces. However, two adjacent faces with more than one edge
in common cannot be one PCC (Figure 3.1b). An exception for this happen when one of the
two faces has one edge that is not common with the other face at which case we could have a

PCC (Figure 3.1c).

O (O

No one PCC to
one PCC with (a) nrotect!! (b)
one straddling link _
O=

one PCC with

one straddling link

(c)

Figure A.1: Different Cases of Two Adjacent Cycles

For the case of three adjacent faces, let us first define some variables to characterize

various scenarios:
a;j: the number of edges common between face 1 and j. a; > 0.
bi: the number of unshared edges of face 1 with other faces. b; >1.

® Assume that we have three faces labeled 1, 2 and 3. We can use the above variables to
classify all the possible cases of three faces for which a one PCC exists that uses all the
links of those faces (i.e. either on-cycle or chords):
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Figure A.2: Different Cases of Three Adjacent Cycles
a;2=1, ay3=1, a;3=0: Figure A.2a shows a PCC exists regardless the value of bi’s.

a;p = 1, a3 > 1, a;3=0: Figure A.2b shows that no PCC exists unless bs=1 (e.g. Figure

A.2¢).

a2 > 1, ap3 > 1, a13=0: Figure A.2d shows that no PCC exists unless both b; and b; = 1
(e.g. Figure A.2¢).

ap=1,a3=1, a;3= 1: Figure A.2f shows that no PCC exists unless at least one of by, b,
and bs equal to 1 (e.g. Figure A.2g with by=1).

a;> 1, ap3= 1, a;3= 1: Figure A.2h shows that no PCC exists unless either b, or b, =1
(e.g. Figure A.21 with b,=1). We could also have b;=0, the condition becomes if b, or b3
= 1(Figure A.2k and 3.2m).

a;> 1, a3> 1, a;3= 1: Figure A.2j shows that a PCC exists if b, =1. We could also have
b,=0, and in this case, there is no PCC (Figure A.2n).
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a;n> 1, a3> 1, a;3> 1(Figure A.20): no PCC exist whatever the value of b;, by and bs

Note that many other cases are omitted since they are similar to these cases. They could be
obtained from the permutation of subscripts, e.g. (a;> = 1, az3 > 1, a;3= 1) is equivalent to (a;;
> 1, a3 = 1, a;3 = 1) by changing labels and notice that a;; = aji. (Note that these two cases
have the same explanation in words: we have three faces and two pairs of them have one

edge in common and one pair has more than one edge in common.)

Summarizing and classifying the cases above, we can have PCC in any of the following

cases
1) For the case of two pairs of adjacent faces (al2 and a23 > 0, and al13=0):

a) When both pairs have one edge in common (al2 and a23 =1), no other condition
imposed.
b) When one pair has more than one edge in common (al2 =1 and a23 >1), we should

have b3= 1.
¢) When both pairs have more than one edge in common (al2 and a23 >1), we should

have both b1 and b3= 1.
2) For the case of three pairs of adjacent faces (al2, a23 and al3>0):

a) When all the three pairs have one edge in common (al2, a23 and al3 =1), we
should have at least any of the b1, b2 and b3 =1.
b) When one pair has more than one edge in common (any of al2, a23 and al3>1.
Denote the two subscripts of this a as x and y, the third subscript as z),
1) If two faces of x, y and z are node-jointed at a node other than the pair of
nodes where they are edge-jointed, we should have b for any of these two faces

equals 1.
2) Otherwise (no two such faces exits), we should have bx or y=1.

¢) When two pairs have more than one edge in common (two of al2, a23 and al3 are
>1, say axy and ayz>1, and thus axz=1), if there is no two faces that are node-jointed
at a node other than the pair of nodes where they are edge-jointed, we require by =1.

Thus, for the case of two pairs of adjacent faces in a group of three faces, a PCC will exist
either by having a;=1 for the two pairs (no more than one edge in common), or by having
either b; or b; =1 when a;>1. For the case of three pairs of adjacent faces in a group of three
faces, existing as a cycle of faces as defined in Chapter 2, we should apply the conditions of
two pairs first. We also require at least on of the b5 to be 1. Another case would be when two

faces of the three are node-jointed at a node other than the two nodes where they are edge-
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jointed (In Figure A.2k, face C2 and C3 are node-jointed in the upper left node and this node
is not part of the edges disjoint these two faces). In such case, if we have one pair of faces
that have more than one common edge, the condition of having one of the by to be 1 to
restrict it to specific subscript to 1, not any i. When we have more than one pair, then no PCC

exists.
9 9 9 3
Cl C2 C1 C2 Cl C2

Figure A.3: Cases of Two Adjacent Faces Represented in the Modified Cycle-Graph

A2. Dual Domain

Observations stated in the previous section in the modified cycle graph are illustrated in

Figure A.3 and Figure A.4.

We now examine all the cases of n=2 and 3 nodes in MC(G) that have a potential of
forming a PCC in G. These cases correspond to 2 and 3 faces in the cycle space which can be
found in the previous section in Figure 3.1 and Figure A.2. Their dual graph representation is
presented in Figure A.3 and Figure A.4 (with e(n) of each node shown as number beside each

node) from which we can make the following observations for the existence of a PCC:

1) For two connected nodes in MC(G) as in Figure A.3, we consider the following two

subcases:

a) When the two nodes are connected by only one link as in Figure A.3a (which
corresponds to the case of two adjacent faces with one edge shared between them),

then there is a PCC to cover the links of the two corresponding faces.

b) When the two nodes are connected by more than one link (which correspond to the
case of two adjacent faces with more than one edge shared between tem), then we
will have a PCC to cover the links of the two corresponding faces if only either
e(Cl)=deg(C1)+1 or e(C2)=deg(C2)+1 but not both(i.e. one of the faces has only one
other link not common with the other face). For example, Figure A.3b has two links
(as it corresponds to Figure 3.1b), However, its e(Cl)=e(C2)=9 and
deg(C1)=deg(C2)=2, meaning that neither e(C1)=deg(C1)+1 nor e(C2)=deg(C2)+1 is
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satisfied. Now one would find that Figure 3.1¢ would form a PCC because as shown

in Figure 3.5¢ e(C2)=deg(C2)+1.

8 9
c1°® 7C2
c¥
(b)
8 9 9 10
Cl ’7@ Cl1 ’?cz
C3
(d)
8 8
Cl ch
C3;
0

C3
(©)
3 10
Cl C2
C3
(e)
8 3 9 /\ 9
C1 VCZ Cl vcz
C3s C3
(8) (h)
9 3 9 N0
C1 @cz C1 VCz
Cc3 C36
0] )]
3 5 8 9
Cl @cz Cl C2
C3, C3;
(k) 0
8 ey Y LI e
C1 C2 Cl V C2
C3s C33
(m) C1 @cz ®)
C3

(0)
Figure A.4: Cases of Three Adjacent Faces Represented in MCG (e(N)

are shown for each Node. The Cases Correspond to Cases in Figure A.2)

2) For the three connected nodes in MC(G) as in Figure A.4, there are also two subcases:

a) If we do not have a cycle of the three nodes in MC(G), then we must have the

following conditions in order for this path in MC(G) to correspond to a PCC in G

i) If there is exactly one edge between (C1, C2), one edge between (C2, C3), and no
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other conditions, then a PCC exist, e.g. Figure A .4a.

i) If there is more than one edge between (C1, C2), one edge between (C2, C3)
(Figure A.4c), and e(C1)-deg(C1)=1, then a PCC also exists, e.g. Figure A.4b and
Figure A.4c.

b) If we have a cycle for the three nodes in MC(G), then this cycle in MC(G) would
correspond to a PCC in G if at least one of the nodes in this cycle (say v) should have
the property that e(v)-deg(v)=1. Note that the two nodes other than v should be under

the conditions of either 1a or 1b stated above.

For example, in Figs. 6f, 6g, 6h, 61 and 6j, we have a cycle of faces C1, C2 and C3. In
Figure A.4f and Figure A.4g we should have any of C1, C2 or C3 with the property e(.)-
deg(.)=1 and this is the only condition since there is one edge between each pair of the nodes.
In Figure A.4h and Figure A.41, if we have C3 with e(C3)-deg(C3)=1, then this will satisfy
the condition of three faces. However, the condition of two faces between C1 and C2 is not
satisfied because we have two edges between them. If we started by imposing either e(C1)-
deg(C1)=1 or e(C2)-deg(C2)=1, then this will satisfying the condition of two faces between
C1 and C2 and in the same time satisfy the condition of three faces (Figure A.41). In Figure
A.4f, we should have C2 with e(C2)-deg(C2)=1, then this will satisfy the condition of two
faces between C2 and C1 from one side and C2 and C3 from another side, and at the same

time satisfy the condition of three faces.

Besides these conditions, a dashed edge is not allowed to form a cycle with the other
regular edges as in g, Figure A.4h, Figure A.41 and Figure A.4j. An exception is when we
have multiple edges between two nodes (e.g. In Figure A.4g C1 and C2), we could have a
dashed edge between one end C1 of the multiple edge and the third node C3, such that either
e(Cl) - deg(C1) =1 or e(C3) - deg(C3) = 1. This face, in fact, is an external face with respect
to the PCC formed from the other two faces and still covered by this PCC by having all of its

edges except one shared by the on-cycle edge and the other edge as a chord link.
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Appendix B:

Example for All-Routes, Rings, and P-cycles

We now present an illustration example by using the network of 7 nodes and 10 edges in

Figure B.5. The information is provided here to supplement Section 5.7.

In this example we shall discuss a few cases at which a restriction on the protection path
length would affect the optimal value as well as presenting the most optimal solution for the
network with different maximum working capacity. We discuss the idea in more details for
the three protection methods. In order to explain the idea of pre-configuration and the
optimal design, we shall first use a brute-force method to enumerate all paths/cycles. The
result for the cycle-based pre-configuration (ring or p-cycle) is shown in Table B-1 while all-
paths is show in Table B-2 below. In our comparison discussion below, we assume the

capacity of each edge is the cost with the same 7 units, i.e. i=F=K

Figure B.5: Graph With 7 Nodes and 10 Edges

Table B-1: Cycle Enumeration of the Network in Figure B.5S

3-43-54-5
1-21-42-4
0-1031-434
0-1031-22-43-4
0-3 0-6 3-6
0-10-31-43-54-5
0-10-31-22-43-5
0-10-6 1-43-43-6
0-10-6 1-22-43-4
0-10-6 1-4 3-4 3-6
0-10-61-22-43-5

—l=|olw|wla|un|r|win]—~

— O
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Table B-2: All Paths Enumeration of the Network in Figure B.5

1 1-4 34 34 | 0-1 1-2 24 34 3-6
2 1-2 2-4 34 35 | 0-1 36 3-5 45

3 0-6 3-6 36 | 0-1 1-2 2-4 3-6 3-5 4-5
4 1-4 3-5 4-5 37 | 1-2 14

5 [-2 24 3-5 4-5 38 | 0-1 1-2 34

6 0-1 14 3-4 3-6 39 |1 0-1 1-2 3-5 4-5

7 0-1 1-2 2-4 34 3-6 40 | 0-1 1-2 34 3-6

8 0-1 1-4 3-6 3-5 4-5 41 | 0-1 1-2 3-6 3-5 4.5
9 0-1 1-2 2-4 3-6 3-5 4-5 42 | 3-54-5

10 | 0-3 3-6 43 | 0-1 14

11 1-4 3-4 3-6 44 | 0-1 1-2 2-4

12 [ 1-2 2-4 3-4 3-6 45 | 0-1 14 3-5 45

13 1 14 3-6 3-5 4-5 46 | 0-1 1-2 2-4 3-5 4-5
14 | 1-2 2-4 3-6 3-5 4-5 47 | 0-1 1-4 3-6

15 | 14 34 48 | 0-1 1-2 24 3-6

16 | 1-2 2-4 34 49 | 0-1 1-4 3-6 3-5 4-5
17 1 1-4 3-5 4-5 50 | O-1 1-2 24 3-6 3-5 4-5
18 | 1-2 2-4 3-5 4-5 51 |1 0-3 06

19 ] 14 3-4 3-6 52 { 0-1 14 34

20 | 1-2 2-4 34 3-6 53 { 0-11-224 34

21 1-4 3-6 3-5 4-5 54 | 0-1 1-4 3-5 4-5

22 1 1-2 2-4 3-6 3-5 4-5 55 [ 0-1 1-2 2-4 3-5 4-5
23 | 14 24 56 | 34 45

24 | 0-1 24 34 57 [ 0-1 14 45

25 | 0-1 2-4 3-5 45 58 § 0-1 1.2 24 45

26 | 0-1 24 34 3-6 59 1 0-1 1-4 3-6 4-5

27 | 0-1 2-4 3-6 3-5 4-5 60 | 0-1 1-2 24 3-6 4-5
28 | 14 24 61 | 34 35

29 | 0-1 34 62 { 0-1 14 3-5

30 1 0-1 1-2 24 3-4 63 | 0-1 1-2 2-4 3-5

31 | 0-1 3-5 4-5 64 | 0-1 1-4 3-6 3-5

32 | 0-1 1-2 24 3-5 4-5 65 | 0-11-2 24 3-6 3-51
33 [ 0-1 34 36

B.1 All-Paths
In this approach, knowing all possible paths in the network definitely guarantees the
existence of the “most” optimal solution for the network. We first consider the following few

cases of enumeration.

For i=1, the optimal set of routes is {#3, #14, #22, #27, #28, #41, #42, #55, #60, #65} with
a 7 unit of spare capacity required. Notice that we have 10 routes as preconfigured protection
routes for the graph , one for each edge (e.g. link 0-3 can be protected by route #3). Notice

also that 7 is the number of different edges in the collection of edges for this set of routes.

For i=2, the optimal set of routes that protects the whole network is {#3, #10, #12, #16,
#25, #26, #28, #29, #40, #42, #51, #53, #56, #61, #63}. The optimal cost is 20. Notice that
the edges of one unit of working capacity needs 1 path with 1 unit of spare capacity on each
link (e.g. link 0-3 can be protected by route #3), while the edges of two units of working
capacity needs either 1 path with 2 units of spare assigned to its edges, or two paths each
with one unit of spare assigned to its edges (e.g. 0-6 is protected by #10 and #12). For the i=3
case, the optimal set of routes that protects the whole network is {#3, #10, #12, #14, #16,
#25, #26, #28, #40, #42, #51, #53, #55, #56, #61, #63, #65} with optimal cost is 35 unit cost.
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We readily observe that an optimal solution still exists for path length restriction is greater
than 5 since the longest path among all the routes above is 5 hops-long. A solution also exists
if the path length restriction is 4 or 3, but more costly. Finally, there is no solution if path

length restriction is 2 since edge 0-1 cannot be protected by a path less than 3 hops long.

In summary, if we enumerate the paths with a restriction on the path length, we can obtain

a smaller set of paths which might result in a less efficient solution (i.e. using more spare

capacity).
(a) max is 2 units (b) max is 3 units
Figure B.6: Network in Figure B.5 with Different
Units of Working Capacity Assigned to each Edge
B.2 Rings

For a given cycle, each of the links on that cycle has a protection path that uses all the cycle
links except for the link being protected. Thus, a set of candidate cycles in the network
provides all the links that appears on at least one cycle in that set with a protection path(s).
For the ring preconfiguration scheme, we shall try to find a candidate set of cycles that
covers all the links on the network by having each link lie on at least one cycle. Using rigs
makes the operation easier but with higher spare capacity cost, as observed in the

enumeration below.

Using again Figure B.5 and the set of cycles in Table B-1, the optimal solution for i=1 is
achieved by using Cycle #3 and Cycle #11. That is, we use Cycle #11 (with 7 links) to
protect the 7 links on its on-cycle links, and Cycle #3 (with 4 links) to protect the remaining
3 links. The total spare capacity in this case is 11 units of spare capacity. For i=2, the optimal
sét are the Cycles #1, #2, #5 and #10. The total cost of spare capacity required is 29 . For i=3,
the optimal set is { #1, #2, #5, #7 and #10}, and the total cost of spare capacity required is
49.
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B.3 P-cycles

For the p-cycle preconfiguration scheme, wﬂave to find a subset @k cycle such that each
link on the network either lies on a cycle (like the rings) or straddles on a cycle. Using the
same figure and the set of cycles in Table B-1, we can have the following cases. For i=1, the
optimal p-cycle design is Cycle #11 with one unit of capacity assigned to each of its on cycle
edges. Notice that this cycle has 7 edges and is a Hamiltonian cycle. This can be obtained
easily from the list of cycles in Table B-1 without solving the optimization problem. Thus,
using this cycle, the optimal cost of the spare capacity required is 7 to protect the 10 units of

working capacity on each link.

When i=2 (Figure B.6a), the optimal cycle is again Cycle #11 but with two units of
capacity assigned to each of its on cycle edge. This is not so obvious in contrast to the case of
i=1, but can be obtained by solving the optimization problem. Thus, the optimal spare
capacity required using all cycles are 2 units on each of the 7 links with a total cost equal to
2(2*4+1*3)=22 (4 links with cost 2, and 3 links with cost 1) to protect the 15 units with total
cost of 25 (25=2*2%*5+5) (2 unit cost more than all-rotes).

For i=3 (Figure B.6 (4 links with cost 2, and 3 links with cost 1) to protect the 15 units
with total cost of 25 (25=2*2*5+5) (2 unit cost more than all-rotes).

For i=3 (Figure B.6b), the optimal set of cycles are Cycles #10 (with 1 unit of spare
capacity) and Cycle #11 (with 2 units of capacity). So the optimal spare cost =41 which is 6

units of cost more than all-routes!

In all the three cases above, we can see the optimal solution with no path length restriction
needs Cycle #11 to be part of the solution which means that if a restriction on the protection
path length is imposed, then we cannot achieve the optimal solution in such cases. To explore
further, if the restriction of the path length is 4 hops, there is no solution for any i, and if the
restriction is 5 hopes, then the most optimal solution will be {#2, #5, #6} for i=1 with a total
cost of 9 units which is 2 units more than the “most” optimal solution with no restriction on

the protection path length.

As an intermediate summary, one can easily see that the all-routes scheme is more efficient
than the other schemes. However, the number of protection routes is much larger, resulting in
more complicated management and switching in case of a failure. We shall now study the
general behavior by presenting a simulation study for a set of randomly created networks

with different working capacities.
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