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Abstract

Let K.(F) denote the Lie algebra of skew symmetric matrices with coefficients

in a field F. For1 < k <m+ 1, define
am(E) (@1, T3 y) 1= Y (—1)0q1) "+ Talh-1)YTa(k) " Tolm)s
0ESH

and let a} ( respectively o, ) be the sum of all am(k) with k even ( respectively
odd ).

This dissertation contains two parts. In the first part (Chapter 2), we prove that
the almost standard polynomial

f(xla trryTmy y) = aa; + ﬁa’; + E 'Wca'm(k)

k<m=2n44
or k2>in—1

is a weak identity of K, for any a,8,7 € F and any integer n 2 2 if and only
if m > 2n — 2. As a consequence, the Lie standard polynomial identity of degree
4n — 7 on the Lie algebra K is obtained. The sharpness of the results is also
examined in this part, in the case n = 7, a positive answer is given. In the second
part (Chapter 3), the similar problem on spzn:(F), the Lie subalgebra of all skew-

symmetric matrices with respect to the symplectic involution, is discussed.

v
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Chapter 1

Introduction

1.1 Standard Polynomials in Matrix Algebra

Let X = {z1,T2, ", Tn, -} be a countable set which we call the set of variables
and F be a field. FA[X] denotes the free associative (non-commutative) algebra
over F in countably many variables 1,22, --. Sometimes we will use other vari-
ables z,y, z, i, ¥;, for notational simplicity. An associative polynomial over Fisan
element f(z1, %2, ++,%a) € FA[X].

DEFINITION. Let A be an associative algebra over F. If there is a nonzero poly-
nomial f(z1,%2,°*+,Zn) € FA[X]such that f(ri,re,--,7a) = 0 for all substitutions
1,72, 3 Tn € A, then f(z1,22,- -, 2,) is a polynomial identity of A.

The standard polynomial of degree k is defined to be the polynomial

Sk(ml-.\ " 'sxk) = Z (—-1)61120-(1) © ZTalk)s
dES)

where S, is the symmetric group on % letters and (—1) is the sign of the permutation
g

The standard polynomial satisfies the following easily verified properties.

1. Sy is multilinear.
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2. Sy is alternating.

3. It can be given recursively by

k+1
Sk-}-l(zl: e PR $k+1) = Z(_l)‘+1$£5’k(31a Tyttt $k+1)

=1
k+1 .
= E(—l)kﬂ-lsk(mh ey By T )T
=1
Let M.(F) denote the n xn matrix algebra with entriesin F, K,.(F) (respectively
H,(F)) denote the subspace of skew symmetric ( respectively symmetric) matrices

of M,(F)(with respect to the transpose involution). In 1950, Amitsur and Levitzki

[2] proved the following theorem.

Theorem 1.1.1 [Amitsur, Levitzki]
1. M, has no identity of degree less than 2n.
2. Son(y, T2, -+, T2q) is an identity of M.
3. If|F| > 2 or n > 2, any identity of M of degree 2n is a scalar multiple of

the standard identity San(21, T2, s Tan)-

Razmyslov [16] introduced the concept of weak dentities of the pair (A, W), namely,
polynomials which vanish on some fixed subspace W of an algebra A. A weak
identity is called essential if it is not a polynomial identity of A.

In 1958 and 1980, Kostant [13][14] proved that, if char(F) # 2 and n is even,
Son—2{Z1,° ", Tan2) is @ weak identity of K,(F) but Szn-3(1,: "+, ZTon-3) is not.
This was e;ctended to all n's by Rowen [17] in 1974. In the same paper, Rowen gave

several other interesting results about standard polynomials.

Theorem 1.1.2 [Rowen]
1. Son-2(z1,"*+,Tan-2) vanishes for all specializations of z1,-++,%on.2 t0 ele-

ments of K,(F), for all n.
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2. Son-1(Z1,"*,Zam—1) vanishes for all specializations of T1, -, Tan—2 0 ele-
ments of Kn(F) and of an-1 to an element of H.(F), for alin.

3. Son-z{Z1, "+ T2n-2) vanishes for all specializations of Ty, ,Z2n-3 10 ele-
ments of K,(F) and of T2n—2 to an element of H,(F), for n odd.

These are the best possible results if F' has charocteristic 0.

But minimal polynomial identities need not resemble standard polynormials; this fact

was pointed out in [15] by Ma and Racine who constructed a multilinear polynomial

Tén(xl? T ,.’Egn) = E ("l)azo(l) * 0 To(2n)

oESgn
1€i<2n,0—1(i)=1,2 mad 4

such that any other homogeneous weak identity of Ha(F ) is a consequence of Ts.,

(n # 3) if the characteristic is 0 or larger than n.

1.2 Polynomial Identities in sl.(F)

For any associative algebra A, one introduces a new multiplication

[z,y]:==xy —yz

where 7,y € A and obtains the Lie algebra A=, If we let yRy = yz and yL, = zy
then [z,y] = #(Ry — Ly). We denote sl,(F) the Lie subalgebra of M,(F)~ of
matrices with trace zero and K (F) the Lie subalgebré of M,(F)~ of skew-symmetric
matrices.

Recalling that z ady := [z,y], we define the Lie standard polynomial
LSn(z1, ", Tnjy) i= ySn(ads,,ads,, - yads,);

note that LS, is of degree n + 1.
We denote the left justified Lie products [ - - [[z1, 2], 73, -+ 2] by [21, T2, Zn)-
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Denote by FL[X], the free Lie algebra generated by X. A polynomial identity
of a Lie algebra L is a polynomial f(z1,- -+, 2s) € FL[X] such that flray - y7n)
vanishes for all substitutions ry,---,r; € L.

For 1 < k < m + 1, define the associative polynomials

a (B)(Z1, - s Tm3 §) 1= E;, (=1)°Zo1) "+ * » To(k-1)¥Zo (k) * " * Ta(m)s
gEST

and let a}, (respectively a;,) be the sum of all am (k) With k even (respectively odd).
A multilinear polynomial f of degree m + 1 over the field F is almost standard if

f =Y apam(k), where ax € F. In particular, the standard polynomial
(1.2.1) Sng1(y, @1, 7 Tn) = of +a;

is almost standard. By the Amitsur-Levitzki theorem, Son(T1yey Ton) = at,. 4+
agn_1 is, up to scalar multiple, the only polynomial identity of degree 2n for M,(F}.
The Lie standard polynomial LS,(z1,+-,%s;y) is also almost standard and the
relation between LS, and the a,(k)’s will be given in chapter 2.

By the Amitsur-Levitzki theorem, if k > 2n+1 or m — (k—1) 2 2n then an(k)
is an identity of M, (F).

In 1979, Benediktovic and Zalesski [5] proved the following theorem.

Theorem 1.2.1 [Benediktovic, Zalesski] Let char(F) =0.

1. For2n < m < 4n — 4, an almost standard polynomial f of degree m+1 is a
polynomial identity of Mu(F) if and only if f is a linear combination of at,a; and
am(k) withk <m—2n+1ork22n+1. When m > 4n — 3, every an(k) is an
identity of M. (F).

2. The Lie standard polynomial LS, is an identity of sl, if and only if m 2
4n — 4,
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Although this theorem does give a polynomial identity of minimal degree for sla( F'),
In general, 4n — 3 is not the minimal degree of a polynomial identity in sl,(F). In
fact, Drensky and Kasparian [6] constructed all polynomial identities of degree 8 for
sls(F) in 1983, in that paper, they found two identities of degree 8:

(e, @) = Z(—l)a((—3/4)[[wa(l)a%(z)],[mo(s),m‘nwl],[ma(q),:ﬂa(s),:rx]]

a

+(1/4) [[ma(l)amo(z)] ) [30(3),%(4),%561] , [:Ba(s),xx]]
—(1/4) [[‘Ea(l),ze(z),mhxl] ) [%(3)&1] ) [%(4),%(5)”)

and

hz(mla' 0t $m6) = Z(_l)d((llé) [[30(1)73’1] ] [ma‘(Z)v 331] ] [30(3]110‘(4)] ) [mcr(S):xa(ﬁ)”

g

+(1/8) [[ma(i)a ZTe(2)s 321] ) [mcr(S)a xa(é)] ’ [xa(S)a Lo(6): mln
+(1/2) [[%(1),%(2)] ) [30(3), Lo(4)s T1, -’61] , [&'a(s), %(e)”

which generate all polynomial identities of degree 8 for sls.

1.3 The identities of algebras with involution

Aun involution * of an algebra A is an antiautomorphism of period 2. Amitsur (3]
defined a *-polynomial to be a polynomial where the variables can also appear with
a *: such a polynomial can also be evaluated on associative algebras with involution
in the obvious way. Let F{X,#} be F[z1,2}, 2,23, -,] the free algebra with a
given involution * over F. The set T'((A, x)) of all *.polynomial identities of A is a
*_T-ideal of F{X,*}, i.e., an ideal invariant under all endomorphisms of F{X,*}
commuting with the involution * [10]. In case A = M,(F), n 2 2, two involutions

play a very important role : the transpose involution, denoted (t), and the canonical
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symplectic involution (s), defined on 2n x 2n matrices by

3

A B Dt -Bt
¢ D -ct A

where A, B,C and D are n x n matrices. In fact, it can be proved (see [19], The-
orem (3,1,62).) that if F is an infinite field and algebraically closed, then either
T((Ma(F), ) = T(M(F), 1) o5 T((Ma(F), #)) = T(MalF), 5).

We let spaa(F) be the Lie subalgebra of all skew-symmetric matrices (with re-
spect to involution s) of Man(F), let Hon(F,s) be the Jordan subalgebra of all
symmetric matrices (with respect to involution s) of Man(F).

In this thesis, we follow the approach of Benediktovic and Zalesski’s theorem to
get the analogous results for Lie algebras Kn(F ) and sp2n(F). In chapter 2 we shall
get that Lie standard polynomial of degree 4n — 7 is an identity of K,forn>3.In
order to get this result, we shall first show that the almost standard pdlynomials

f(:clv"'vm‘m;y) = aa;*’ﬁ“;"" z 'Tkam(k)

k<m=2ni4
or k2>2n-1

vanish for all specializations of 21, - -, Zm to elements of Ky and of y to an element
of M,, for any ¢, B, € F and any integer n 2 2 if and only if m > 2n — 2. The
sharpness of the results is examined in section 2.2. In the case n = 7, we will be
able to get the following statements: 4n — 7 is the minimal degree of Lie standard
polynomial identity for K,(F') and, whenm > 2n—2, an almost standard polynomial
f(z1,-",Tm;y) i a weak identity of K, if and only if f(z1,"**,Tm;¥) is a linear
combination of al, aZ, and am(k) with k < m—2n+4 or k > 2n—1. The content of
chapter 3 is threefold: to give an analogue for the symplectic involution by proving
that 4n is the minimal degree of the standard polynomial Sp (21, -, T.,) satisfied

by span(F), or satisfied by all elements z1,--+,Zm—1 € spen(F) and z,, € Han(s, F),
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to show that the Jordan standard polynomial JSg,—s(z1,- -, Tsn—g;y) (defined in
section 3.3) of degree 8n.—7 is a polynomial identity of the Jordan algebra H,, (F,s)
by the method of superalgebras we used in chapter 2, and finally to give a new basis
of the T-ideal consisting of the polynomial identities of si3(F'). In this basis, every
polynomial is Lie almost standard as defined in section 3.4.

Throughout the thesis F' always denotes a field of characteristic 0 unless other-

wise noted.



Chapter 2

The identities of K,(F)

In this chapter, we will show that a multilinear polynomial

flzy,  Em;y) = adf, + Ban + Y, Mam(k)

k<m—2n44
or k22n—1

is an identity of K, (F) for any o, 8,7 € F and any integer n > 2 if and only if
m > 9n — 2. Furthermore, it will be proved that f(z1,:-*,%m;y) vanishes for all
Z1,**,Zm € K, and y € M,, when m > 2n — 2. As a consequence, we get that the
Lie standard polynomial of degree 4n — 7 is an identity of the Lie algebra K.(F)
where n > 3 and also, by a computational proof, we will find that this result is

sharp for n=T.

2.1 Weak Polynomial Identities For K,

In order to carry out the proof, we shall first collect a few easily verified results ;
most are observations of Kostant and the proofs can be found in [18, Lemma 3 and

Lemma 4].

Lemma 2.1.1 1. Ifchar(F) # 2, then K,.(F) and H,(F) are orthogonal relative to
the trace bilinear form and the restriction of the trace form to Kn(F) and to Hy(F)

is nondegenerate.



CHAPTER 2. THE IDENTITIES OF Kn(F) 9

2. Suppose (*) is a given involution with respect to which By,---, By are sym-

metric and Agyy,---,Aq are skew; then
Sd(Bla "t Bks Ak-i—l? Ty Ad)x = (_1)[d/2]+d—ksd(B1? e aBks Ak-i-l-n e :Ad)
where [r] is the greatest integer inr.

In the following Lemma, we consider some elementary properties of the trace on

an almost standard polynomial.

Lemma 2.1.2 Let ax(§) = Yoes, (—1)7 %oy Tog_ny¥Togsy " * Togy-
For X;,Y € M,(F), 1 £t <k, we have
1) Tr(a()(X, -, X Y)) = (=1)ENEDTr(S(Xy, Xa, -, Xi) Y).
2) Tr{agen(F) Xy, Xaean; Y)) = Tr(Xy TEF asi(@) (X2, -, Xogas, Y)).
3) Tr(az(§)(X1, - Xo; Y)) = (=1)Tr(Xa TEi(-1)"aaka (1))
= (—l)jT?'(Xl Sop(Y, X2, Xa, -+ ) Xax ).

Proof. 1) Forany o € 8, X;, Y € My(k), 1 <i<k, 1< < k+1,
Tr(Xoq) * Xo-0)Y Xo() -+ Xotr) = Tr(Xos) -+ Ko Xoq) -+ Xoti-1)Y)-

Therefore,

Tr(ae(i) (X1, Xu; Y)) = Tr(( 32 (1Y Xoiy - -+ Xo Koy - Xa(—1))Y ).

cES)

Moreover, the sign of the permutation

o) .-+ olk-j) olk—j+1) olk—j+2) .- olk—j+7)
o(j) -+ olk—-1) o(k) a(1) oo -1)

is (_1)(k—:‘+1)(:'—1) - (_1)(k+1)(:i-1)_
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Hence, Tr{ap(j){(X1, -, Xi;Y)) = (—1)EHN-DT (S (Xy, -+, XK)Y)-

2)  axws1(J)

o
= Z (=1 Zopy *** TogoyYTors) " " Foganan)
GESk41
-1

S D=1 gy BT B 0¥ Te() T 2k
TESyy i=2 '

l

2k+1 .
+ STLHETUYD 2oy Ba(on)Y () TP Br(2k41))-

i=s €52
For any 7 € Szk, Xr, ¥ € Mp(k),if1 <257 -1,
Tr(Xe@ - Xr@XaXorn) - Yoo Xr(antn))
= Tr(XiXrti41) - Y - Xeesn) Xr(2) -+ - Xoti)
and if j < i < 2%+ 1,
Tr(Xe@y Y - Xe@Xa Xo(ia) - - Xrians1))

= Tr{ X1 Xes1) - - Xe@ra) Xe() - Y -+ Xrt):

Therefore
Tr(azs+1(4))
-1
=Tr(3 (1) 3 (-1 XiXogry Y - Xoeran) Xo) -+ Xo(n)

=1 €S2k

2k41 .
+ Tr( 3 (1) T (=1 XaXoan) - Xo@reen Xe@) Y -+ Xo(i)

i=j g€Sk

-1

= Tr(3 (=1 DI X, go4 (5 — 8) (X5 Xow13 V)

1=1
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2k+1 i i ) )
+ Tr( ) (~1) N0 X aq(5 + 28 — i+ 1)(Xay -+ Xowas3 Y))

i=3

j-1

=Tr(X (Z aok(f — 1) (Xay -+, Xowg13 Y)

i=1
2k+1
+ 3 an(f + 2k — i+ 1)(Xa,y o0, Xoke3 Y)

1=3

2k+1

= Tr(Xy Z ask(i)( X2y -, Xaka13 Y)).

=1
3) Similarly,

i=1

Tr(aak(f)) = Tr(3 (=1)7HEDE=X, a9 (5 — 1))

i=1

. 2k . . : . .
+Tr(Y (=1 DX agp o (5 + 2k —4))

=3

= TT(X1(§(—1)i-la2k-l(j — 1)

i=1

+ %(—1)1._10‘:23:—1(.]; + 2k —i)))

i=j

= (=1)Tr(X, %(ml)*“azk_a(i))-

i=1
But, .
2
Soa(Yy Xa, oo Xaw) = 2 (1) anea (8)(Xa, -+, Xas Y).
=1
Hence,

Tr(azk(7)) = (=17 Tr(Xy So(Y, X2, - -+, Xak))-

Theorem 2.1.3 The almost standard polynomial

(2.1.1) f(@1 e 2miy) = aaf + fam + Y. meam(k),
k>2n~1
or k<m=2n+4
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where m > 2n — 2, is a polynomial identity of Ky, for alln and arbitrary o, B, € F.

Proof. First, we noticethat f k> 2n—lork < m— In+4 with m > 2n —2 then
an(k) is a sum of polynomial multiples of Sp,_2’s. Hence 3. byt Ym@m (k) 18

a polynomial identity of K.
It is easy to check that

t+1 )
(2-1-2) at+1(k) = Z("‘l)mﬂat(}-’)(-’b‘h sy By $t+1§y)-’~"j
=1
and
t4+1 _
(213) a’t'i'l(k + 1) = Z(—1)3+1$jat(k)($1, e a‘%js Crry Tt y)'
j=1
Thus
+1 _
ait:-l = Z(_l)t+3+la§l'($1: sy By Tes Y)T;
=1
and
i+1

Upp1 = E(—1-}t+j+la:_($1a sy By, T y)z;.
—

Since Spu_1(y,T1y+ s Tan-2) = Gy + G2,y is a polynomial identity of Ky it is
sufficient to show that as,_, is a weak identity of K.

By Lemma 2.1.2.1), we have
Tr(a’;ﬂ.-l) =n Tr(SZn—l(wls ntT ?$2n—1)y)'

When 7 is odd, we assume that X1, -+, Xon—1,Y € K. By Kostant’s theorem, we
get S2n_1(X1, b ,in_1) = 0, SO

(2.14) Tr(a;n,_l (X17 e 7X2‘n—1; Y)) =0.

On the other hand, by Lemma 2.1.2.2) and equation ( 1.2.1),

2n-1

(218)  Tr(ag.) = nTr(X: Y azmeal)(X, s Xan1, ¥))

i=1

(21.6) = n TT(X1(2(L;“_2 - Sgn_:l)(Xz, e ,in_h Y)).
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Since Sgn_l(Xg, ey, Xgn..l, Y) is an identity of I{n, TT(.Y152,3_1(.¥2, T ,.an_l, }’)) =
0. By equations ( 2.1.4) and ( 2.1.5), Tr(Xi a3,_,)} = 0.
For any 1 €j €£2n—1 and j odd,

(a2n-2()(Xay*++, Xon-1; ¥))' = (=1)"azn-2(2n — 7)(Xo, -+ y X2g-1;Y)
= ““a2n—2(2n - J)(X27 o sXQu—l;Y)'

This implies that az,_, takes values in K. Hence az,.; = 0 by the nondegeneracy
of the trace bilinear form on X,.

For n even, we assume X,+++, Xz,-1,Y € K, and X; € H,.. Rowen has proved
that, for all n, Sgn-1(Z1, "+, Z2.-1) vanishes for all specializations of 3, -, Zon-2

to elements of K, and Z2,-1 to an element of Hy, for all n. By Lemma 2.1.2.1),
TT(G;,R_I(Xl, Tty Xgn_l; Y)) =n TT(SQn_l(Xl, =t ,in_])Y) = 0

Analogous arguments show T'r(X;az,_;) = 0 and a3, , € H.. Again by the
nondegeneracy of the trace bilinear form on Hy, we get ag,_5(X2,-- -, Xan-1;Y) = 0.
a

In the rest of this section, we use the superalgebra method to give an alternate
proof of above theorem, but only for the case n is odd. This supertrick which uses
superalgebras to derive certain identities was first used, most probably, by Kemer
in [12].

Let = = {£o,é1,- -} and Fg[E] = F[E)/I, where I is the ideal generated by all
£i; + €;¢; and ¢7. We call Fg[Z] the ezterior or Grassmann algebra, and write also
¢; for the image of & in Fg[Z]. Write B = {£]0 < i < oo} and B’ = {£, -+ &,[0 <
u < 00,1 < +++ < i, }. For the empty product u = 0 we write “1”. Each element
of Fg|Z] can be written uniquely in the form } cnb;c € Fyb € B', where all but

a finite number of the oy are 0. If b = &, --- &, we write deg(b) = u. Let Fg[E]o
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(resp. Fg[Z]) be the F—subspace of Fg[=) spanned by all monomials of even (resp.
odd) degree, then Fg[=] = Fg[=lo @ FE[E]

A superalgebra is a Z-graded algebra A = Ao + A1, Aid; & Aiy; (modulo 2).
An example of such an object is the Grassmann algebra F e{=]-

Let X = 2106 +22@ &+ + Tm @ €. In this way we arrive at a superalgebra
of the form M, ® Fg[S]. For every integer & > 1,

Xk = | Z ‘ Se(ziyy -+ Tiy) ® i+ Eige
i1<iz< i

In particular, X* = 0 for k > m and
(2.1.7) X™ = Sm(z1, s 2m) D1 &y

which implies that X™ vanishes on M, (respectively K,) whenm 2 2n (respectively

m > 2n — 2) by using Amitsur-Levitzki’s theorem (respectively Kostant’s theorem).
If welet Y =y @ & € Mo(F)® Fg[Z], then

(2.1.8) XY X™E = (=1)fam(k 4+ 1)(21, 1 Zm; ¥) @ Lo+ &

or if we choose Y = y ® 1 € M,(F) ® Fg[Z], then

(2'1'9) XkYXm_k = am(k + 1)(‘7:1’ *ry8m y) £ 61 - 'gm-

Now, we give another proof of theorem 2.1.3 in case n is odd.
Proof. Assumingnisoddand m>2n—2,let X =21 @&+ 22 @& +-+ +
Tm ®&n € I{n(F) ® FE[E] and Y =y®§& € I{N(F) ® FE[E]

(X+Y)™ = yR&+u®bL+  +2n @)™
= Sm+1(y$xlu"'s$m)®£0£1"'£m-

By Kostant’s theorem, we have Smi1(y, 21,  Tm) = 0,50 (X + YY) =0
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Expanding
(X+Y)m+1 — Xm-i-l +(yxm +XYXm—1 ‘|'" . +Xm-—1YX _l_ me) + . + Ym_H,

since, over a fleld with enough elements, a homogenous component of an identity is

also an identity and X™ = 0, we get
(2.1.10) XYX™ 4.+ XY X =0.
Next let Z = 21 @ £ob1 + -+ - + 2m ® Eom. Then

ZXm_l = Zam—l(l)(lBl, e :mi—lai'i?' v 13:11'1;21') iy 6051 ot '£m3

=1

szm—2 = Zam-],(z)(xh'",xi—l,ii,"‘,xm;zi)®€0£l"'Em:

i=1

X712 = Y ama(m)(Tyc i di e 3mi %) @ foby s fme

i=1
Therefore,
(2.1.11) ZX™ 11— XZX™ 4.4 (-1)MTIXMTNZ
= ilsm(ziamla"'aiia"'szm)®£0£1"'£m'
Now, assume Z = [V, X] = ¥, (y 0 z;) ® &ofi. Since i,y € Koy zi =y oz; € Hy
by ( 2.1.11) and Rowen'’s result, we have

(2.1.12) ZX™ — XZX™ 2 p (-1 X™TIZ =0

when z; € H, and z; € K, 1 <i < m.
Substituting Z = ¥ X — XY in equation { 2.1.12), we have

(2.1.18) YX™=2XYX™ ' 42X?YX™ 2 o 4 (=1)"X™Y =0,
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or
(2.1.14)  XYX™ - XY X™ 2 e 4 (m1)PTIXTTIYX =0,

since char(F) # 2 and X™ = 0. Summing equation ( 2.1.10) and equation (2.1.14),

we get -
Xyx™14+ Xy X" 4... =0,
le.,
at = an(2)+an(d)+ - =0,
by equation ( 2.1.8). m

Furthermore, if we make certain modifications in the above proof, we can prove
that theorem 2.1.3 holds for arbitrary y’s. Since the characteristic is not 2 we only
show that Theorem 2.1.3 holds with y € Ha.

If we assume m = 2n—2 andlet X =21 @& +22®@ &+ +7m @ém €
K. (F)® Fg[z]and Y =y ®1 € H,(F) ® Fg[E], then by Rowen’s theorem,

(2.1.15) YX™ = XYX™ 1 4o 4 ()XY
= Sm+1(y3$17"':$m) ®£1£‘m = 05

sincem+122n—1.

Forany Z=2z Q&+ +2mn ®&m € K, ® Fg[=], we have
(X+2)" = (m+2)Q+ -+ (@n+2m)@m)"
= Sp(mi+21, 2 Tm+ 2n) O b Em
= 0.
On the other hand, we expand

(X+Z)"=X"+(X" " Z+ X" 72X+ + ZX™ Y 4+ 27
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Since any homogeneous component of degree d of a polynomial identity is also an

identity, when the field has more than d elements, we have
(2.1.16) X 1Z 4 X" 2ZX 4+ ZX™ =0,

Since 7; € K, and y € Hy,, zioy € K, and we may substitute Z = XoY =
10y ® € 4+ +Tm 0y ® & in equation { 2.1.16) to obtain

(2.1.17) - XYX"T L XPYXTT 4+ XTTIYVX =0,

since char(F) # 2. Summing equation ( 2.1.15) and equation ( 2.1.17), we get
XY Xy + XY X™ 3+ =0

i.e.,

af = an(2) +an(4)+---=0.

This completes the proof of the following theorem.

Theorem 2.1.4 The aimost standard polynomial

f(fcl,"',mey) =aa:1+ﬂa;+ Z 7ka'm(k)’

k>2n-1
or k€<m—2n+4

where m > 2n — 2, vanishes for zy,---,zm € K, andy € M, for alln and arbitrary

aw@37k € F.

2.2 Sharpness

Naturally one may ask the following two questions about theorem 2.1.3:
1. Ts 2n—2 the best result ? In other words, is fon—a(Z1, - » Tan—a; Y} = @3, 3+
Ba,_, (the third term in eqation (2.1.1) appears only if m 2 2n — 1) always an

identity of K, for arbitrary a and f € F too?
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9. If m > 2n — 2 and an almost standard polynomial f(zy,:-- ,Tm;Y) is @ weak
identity of Kn(F), does f have to be a linear combination of at, a; and an,(k) with
E>%n—lork<m—2n+27

Tn this section, we will discuss these two problems.

As a subspace of M, (F), Kn(F) has a basis BY of matrices e;; ~ €5, 1 Li<J <
n, where ¢;; is the matrix whose only nonzero entry is 1 in the (¢,7)-position. Let
W = {Y;,---,Y:},t > 2, be asubset of B There is a directed graph Gw associated
with W, constructed as follows: The vertices of Gw are the indices 1,- - -, n and each
element Y; = e;,j, — ;i of W is represented by an edge Y with an arrow, where
{ik,jk} = f’k and the arrowhead points to ji. If < 17;1,- .- ,f’;t > is a sequence of
edges in the graph Gw, 7 a permutation of (1,---,t), such that one may order the
endpoints 7, and j, of V., in a way so that iz = 1,43 = J2,***, t: = Ji—1, then we
call {< Vir, -, Yoe >,41,:} a path of length ¢ with initial vertex i; and terminal
vertex j,. The degree of a vertez of Gw is the number of edges (in Gw) incident
with it. It is easy to verify that Yz ---Yn = (—1)ei,5,, where ! is the number of
edges which are traversed in the direction against the arrow when you go through

all ¢ edges from iy to j; and we call (—1) the orientation coefficient of this path.

DEFINITION. A pscudo-Eulerian path on a directed graph G is an undirected
path which traverses every edge of G once and exactly once and which may travel
in either direction on an edge e of G, regardless of the orientation of e. If there
exists a pseudo-Eulerian path on G, then G is called pseudo-Eulerian graph. If the
pseudo-Eulerian path forms a circuit, then it is an Eulerian circuil.

Since all intermediate vertices in a path are in pairs, only the end vertices can
have odd degree. It follows that a pseude-Eulerian graph always has exactly only
zero or two vertices which have odd degree. Let f(z1,%z,:--,%:) be a multilinear
polynomial and W = {¥,--+,¥;} C By then f(11,-+-,Yi} = ey + Be;i, if there

-
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are exactly two vertices ¢ and j in Gw that have odd degree, or fir,--- . Y)) =
T, diesi, for suitable d; € Z if each vertex of Gw has even degree, or f(Yq, -+, Y1) =

0 if Gw is not a pseudo-Eulerian graph.

DEFINITION. The sign of a pseudo-Eulerian path P on a directed graph with
labelled edges is the number (—1)?(—1)! where (—1)° is the sign of the associated
permutation of the edges of the graph and (—1) is the orientation coefficient of the

path. We denote it by £(P).
For example, the sign of the path {< Viry e oy Yo >80, 50} s (1) (=1)%

A positive (respectively negative) pseudo-Eulerian path is a pseudo-Eulerian path

whose sign is +1 (respectively —1).
We will show by example that 2n — 2 is the best result in theorem 2.1.3, i.e., for

12 2, fanes(1y 1 Toned; ¥) = @G3,_a + Pfaz,_s is not always an identity of K, for

arbitrary « and §.

Example. Let y = z1 = ez —ey,for 1 <r<n— 2 let T3, = €142 — €r42,1 and
Zor41 = €r422 — €2,42. LhHED Y, T1,°0 ", Ton-3 € K,. In this example we deal first

with case n odd and = 2 3.

a'z{'n_a = Cn(ﬁlz - 621),
where ¢, € F can be calculated recursively:
e3 =3, ¢cn=—(n—2}{n —3)cp-2 + (=1)"=D2(2n — 3)((n — 2)}).

Proof. We prove this result by induction on n.

1) For n = 3, we have

ag' = a3(2) -+ (13(4).
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The substitution:
r1=epp—€n , I2= €13 €3,
T3 = €32 — €23 , Y = €12 — €21

gives the following diagram

Figure 1

From Figure 1 we can easily see that there are only two non-zero terms in as(2):
nYyraks = (612 - 621)(812 - 621)(613 - 831)(632 - 623)
= (—611 - 622)612
= —€12
and
—T1Yrzr2 = '-(612 - 821)(612 - 6’21)(632 - 623)(613 - 631)
= “‘(—611 — 622)621
= ej.
In az(4), four terms are not zero:

—I123T2Y = —€12 , —T3Talny = €21,

LT3y = —¢€12 I1T223Y = €21.



CHAPTER 2. THE IDENTITIES OF Kn(F) 21

So, af = —3(e12 — en)-
%) Assume the result is true for n — 2. Considering the corresponding graph

which has n vertices and 2n — 2 edges,

Figure 2

we get
am-3(2) = — z#: a2n-7(2) (21, T2, * s Tais Baigrs " s
i
B2j, £2741, " » T2neby T20-37 Y)
X(Z2:41T2i%2;T2541 T T2j+1T25T2iT 2041
+Z2;Toi 412541527 T $2j$2j+1132i$2i+1)

= —(n—2)(n —3)azm-2-3(2)(en1 + e22),

since the first two terms in the brackets are ez and the other two terms are é1.

By the same observation, we have
aan-3(2k) = —(n—2) (n— 3) az(n—z)-a(-?k) (en + €22)

for each k < n—3.

Since Y73 agq-7(2k) = a},_; = ca_z(e12 — €21), the following equality follows:
a2n-—-3(2) + - + aZn—S(Qn - 6) = -—(?’u‘. - 2)(11. - 3)6-,;_2(612 - 621)(811 + 622)

= —(n—2)(n —3)ca-z(er2 — €21):
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It remains to compute az,—3(2n — 4) and agn-a(2n — 2).

We notice that the general non-zero terms in azn-3(2n — 4) are
+Z20(1)L20(1)+1520(2)41T20(2) " " FL " Z24(n—3)T20(n—-3)+1YL20(n-2)T 20 (n—2)+1
and
FZa0(1)+1%20(1)T20(2) L 20(2)41 " " L1 " Z20(n-3)+1T2¢(n-3)YT20(n-2)+1%20(n—2}s

where z, is in the (2k + 1)th position and k=0,1,---,n—3. Each term of the first
type yields (—1)"~1/2¢;; and each term of the second type yields (—1)=3/2ey;.
So, aza-s(2n — 4) = (=1} (n = 2)((n — 2)!)(e12 — €n1).

In az,_3(2n — 2), the general non-zero terms are
FT25(1)T20(1)+1%20(2)+1%20(2) """ T1 " 'Eza(nu2j+1$26(n-z)y
and

FL20(1)+1%20(1)F20(2) L20(2)+1 """ T1° " " T2o{n-2)F20(n-2)+1Y,
where z; is in the (2k 4 1)th position and k =0,1,---,n — 3. Each term of the first
type yields (—1)("‘1)/2612 and each term of the second type yields (—1)tn=3)/2¢y,.
So, agn-3(2n —2) = (=1)t"=1/2(n — 1)!(e12 — e21)- Hence, we have

a;"n_s = (agn_3(2) + e 4 agn_3(2n - 6)) + 02,1_3(271. - 4) + agn_3(2n — 2)

= (~(n—2)(n = B)ea-z + (—1)"""*(2n — 8)(n — 2)}) (e — e21)-

ie. cn = —(n—2)(n = 3)enz + (~1)"D/2(2n — 3)((n — 2)1). D
Remarks:
1) Since ¢ = —3, the two terms in ¢, always have the same sign (—1)(»~1/2,

which means that aJ,_s is not a weak identity of Ky, for n odd and n 2 3.
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2) For n even, if we assume that af,_; is a weak identity of K, then Tr(a,_3)} =
0 = (n=1)Tr(Sz2n-3(X1,- -, X2n=3)Y), by Lemma 2.1.2.1). But San-a( X1,y Xon-3)
is skew when n is even. By the nondegeneracy of the trace bilinear form on K,
S2n—3 is an identity of K, which is impossible.

3) Since Saa—2(¥, 21, T2n-3) = (@Zn_3 — ad_3) (21, , Tan-3; ) is an identity
of K_n, the above calculation also gives us that ag,_3; = eu(€12 — €21), if we consider
the same substitutions and the same constraints on n as above.

Now, we discuss the second question which is a much harder one.

In the case n < 3, the dimension of K, is less than 2n — 2, which implies that
every am(k) =0, wherem >2n~2and 1<k <m+1.

In the case n > 4 and m > 4n — 7, we also have a,,(k) = 0 for each k. Sinceif
k—1>9% —2ordn—T7—k+13> 2n—2, then a,(k) = 0, otherwise, it must be
either agn—7(2n — 2) or agn_7(2n —3).

For X and Y are the same as in the equation ( 2.1.9),

X2n—3yx2n-4
= —Qan-7(2n —2) @ &1+ - Lan—7

= _aj-n.—'f ® 61 Tt 6411—7 - Z Xt YX““"""‘f

t>2n~2
or An—=5—t>2n

=0,

for m = 4n — 7. Similarly, a4n-7(2n — 3} =0
So, in the two cases above, the theorem is not sharp in this sense. If we assume

In—2<m<4n—8and n > 4 and we let

2n-2

g= E ok (k)

k=m—2n+44
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and

f=g+ z Bran (k).

k—13>2n~2
or m+l=k>2n—2

Using the same notation of X and Y as in equation( 2.1.9), we may write g as
g=- 4 aXY X" st XY X™F 4 g XY X™TF 4

where k+1 < 2n—3 and m — k + 1 < 2n — 3; here for notational simplicity, we

replace g ® & -+ - Ean—7 simply by g.
We assume that [ is a weak identity of K. As mentioned in the beginning of

the proof of Theorem 2.1.3, 3°  &-122n-2 Bran(k) is a weak identity of K,, sois

or m43=k22n—2
g.

In order to prove that ay = ay for every k, we multiply ¢ by X2n=5-(k=1} and
X2n=3=(m—k+1) on the left and right respectively:
in—s-(k—-l)gX2n—3-(m-k+1) — Z Xi}/Xtin—S-t' + E ijxdn—&-j
dn—-8—i{22n—2 j2an—2
+ akx2n—5Y‘X2n—3 + ak+1X2n—4yx2n—4
+ ak+2X2n-3Y—X'2n—5'

Obviously, the two summations on the right-hand side of above equation are zero.

Moreover,
XMAY X gr @& - banes — X2y X6 _ ...
and |
xon-sy X8 4 X3y x2S — gt @& - Lan-g — Xy xm=T ..,
vanish on K,. Since g is an identity,

(ax — app2) XY X =3 = 0.



CHAPTER 2. THE IDENTITIES OF Kn(F) 25

If we can prove that X2*~5Y X?*~2 is not an identity of K, (F), then a = ap42
for every k, in another word, the result is sharp when X**~°Y X?"~3 is not an identity
of K.(F). So, the sharpness is equivalent to whether X**~*Y X3 is an identity
of K,(F) or not. When n < 6, 4n — 8 is greater than the dimension of the space
K, (F) which implies that X?*=5Y X?"~2 is an identity of K,(F) for such n’s.

When n > 7, one could conjecture that X?*5Y X?~3 is not an identity of
K.(F); i.e., an almost standard polynomial f of degree m is a weak identity of
K.(F) if and if f is the form of equation (2.1.1). Unfortunately, we shall give a
positive answer to this question by a computational proof only for the case n = 7.

As will be seen, the quantity of computation is very large even for the case n = 7.

Assuming n = 7, the polynomial we will consider is X°Y X! or

"-"20(10) = Z To(1) ' - To(9)¥Ta(20) " * " To(20)-
o€8:0

In order to show that az(10) is not an identity of K7, we consider the following

substitution:

I = €1z — €21,

T4 = €18 — €p1,

Ty = €24 — €42,

Ty1p = €27 — €724

I13 = €35 — €63,

Ti6 = €45 — €64,

Iyg = €57 — €75,

T2 = €14 — €41,

Iy = €17~ €71.

Iy = €25 — €52,

T11 = €34 — €43,

I14 = €37 — €73,

Ii7 = €47 — E74,

Ia0 = €67 — €75,

T3 = €15 — €31,

|

Tg = €33 — €32,
‘Tg = €36 — €62,
T2 = €35 — €53,
Tys5 = €45 — €54,
T1g = €58 — €85,

Y = €12 — €21,
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which vields the diagram of Figure 3.

Figure 3

Actually, since azp(10) is multilinear, we may choose {z1,- -+, 20} to be a subset
of the basis By = {e;; — e;ill < i< j <7} ; since ax(10) is alternating in all
z;, all the z;’s we choose must be distinct for azp(10) to be non-zero. So only one
element in By is left and we assume that it is ei3 — ea1. In order to have a non-zero
substitution, we have to choose y € B; such that the associated graph G7 is a
pseudo-Eulerian graph, i.e., G7 must have only zero or two vertices which have odd
degree. On the other hand, ax(10)(X4,- -, Xo0;Y) is skew symmetric for any XY
in By, which tells us that G7 has to have exactly two vertices which have odd degree.
Hence, y = €1 — en OF Y = €3; — €;3 Where 1 can be 2,4,5,6,7. No matter how y is
chosen, we can always relabel the vértices of the graph G7 to get above substitution.

Therefore, this is the only non-zero substitution we could possibly have.

Now we consider the graph G7 in which only vertices 3 and 2 have odd degree.
since ao(10) is skew symmetric, azo(10)(z1,***, 2203 y) = d(esz —e23) for some d € Z.

By the discussion at the beginning of this section, we know that this d is the sum of
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the signs of all pseudo-Eulerian paths on G whose initial vertex is 3, terminal vertex
is 2 and tenth edge is §. In this section, the value of a20(10) will be determined by
counting the number of pseudo-Eulerian paths from 3 to 2 whose tenth edge goes
either from 1 to 2 or from 2 to 1 which is called a valid pseudo-Eulerian path in G
in the following discussion, and by determining if each path contributes a positive
or a negative value to the total sum.

We may denote a path by a sequence p = {prp2 - - paz} of vertices where p; = k
and pi4y = [ if the ith edge of this path is ex — e for any 1 < i £ 22. The
sign of this path can be calculated as the product of the sign of the corresponding
permutation and [12, sign(p,-.;.l. ~ p;), since in this substitution we always choose
Tk = €5, — ins Such that 1 < Jp.

For example, the path
TeT1Z2T7T3LTIT4T20T5Y ToT13T12215%11T14%19%18716T17T10
in G can be represented by
3214251671263543756472.

The sign of this path is the product of the sign of the permutation

(1632)(47)(5820109)(1113 1514)(12)(16 1917 18)

and (—1)!! which is +1.
We say that two vertices in Gy are symmetric if after we exchange these two

vertices in the graph the summation of signs of all valid pseudo-Eulerian paths is

invariant.

Lemma 2.2.1 In the graph G, vertices 4, 5, 6 and 7 are symmetric.
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Proof. We shall only show the symmetry of 4 and 5 since the proofs of symmetry
of all other pairs of vertices are exactly the same.
Using the above notation, we get that every pseudo-Eulerian path in G7 from 3

to 2 whose tenth edge is from 1 to 2 has the form

or

since the degree of vertex 4 or 5 is 6.

We notice that every vertex which is adjacent to 5 is adjacent to 4, so if we
replace 4 by 5 and replace 5 by 4 in either the above cases we still get a valid
pseudo-Eulerian path in G7. Therefore it is sufficient to prove that the sign of the
paths remain the same.

It also should be noticed first that either {4,5} or {5,4} must be an edge in
every valid path.

The first change to be considered is the signatures of the corresponding permu-
tations. Since this operation is equivalent to the operation of five edge exchanges
which are exchanging {4,3} (or {i,4}) and {5,i} (or {i,5}) where : = 1,2,3,6,7,
the signature part is changed after this operation.

Secondly, we have to consider the sign of the edge which is tréversed. By the

discussion preceding this lemma, the change of this part can be calculated by con-

21
fe=l

sidering T1%L, sign(pis1 — pi). All of sign(pis1 — pi) are unchanged except the one

with pi41 = 4 and p; = 5 (or pi41 = 5 and p; = 4). So this part is also changed.
Therefore, the sign of every valid pseudo-Eulerian path in Gy is invariant under

this operation, which means that 4 and 5 are symmetric. O

Let P be a valid pseudo-Eulerian path in G7, then P contains three parts. The
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first part P, from the initial vertex of P, namely 3, to the initial vertex of y, 1 or 2,
whose length is 9; the second part consists of only one edge y which is either from
1 to 2 or from 2 to 1 depending on whether the P, ends at 1 or 2 and the third part
P, is the remaining part which has length 11,

If we assume that P, only traverses 6 or fewer vertices of Gz, the skew symmetric
matrices corresponding to the edges of P, can be considered as matrices in Kg. Since
we know that Sio(z1,- -+, T10) is an identity of K§, the sum of the signs of all valid
pseudo-Eulerian paths of G7, in which P; only traverses 6 or fewer vertices, is equal

to 0. A similar discussion would lead to a similar conclusion about Fj.

Lemma 2.2.2 The following hold for Gr:

1. The summation of the signs of all valid pseudo-Eulerian paths, in which P,
only traverses 6 or fewer vertices, is equal to 0.

2. The summation of the signs of all valid pseudo-Eulerian paths, in which P,

only traverses 5 or fewer vertices, is equal to 0.

By Lemma 2.2.1, the summation of the signs of the paths which start with
321425 is the same as that of those which start with 321426,321427,
321524, 321526, 321527, 321624, 321625, 321627,
321724,and 321725 and which start with 3217 26, so we need only cal-
culate one of these summations and multiply it by 12. In the following computation,
we say that this summation is with multiplicity of 12. A similar discussion can be
applied to all other paths in G, this step will help us to reduce the quantity of
computation by a factor of 12 . So, we only compute the summations of the signs

of the paths which start with
321425 with multiplicity of 12,

321435 with multiplicity of 12,



321451
321452
321453
3214536
324123
3241512
324153
324154
324156
32435
. 324512
324514
324516
324521
324526
3245314
324536
32456
34123535
341245

34125

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with

with
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multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity
multiplicity

multiplicity

of 12,
of 12,
of 12,
of 24,
of 12,
of 12,
of 12,
of 12,
of 24,
of 12,
of 12,
of 12,
of 24,
of 12,
of 24,
of 12,
of 24,
of 24,
of lé,
of 12,

of 12,

30
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3415 with multiplicity of 12,

342145 with multiplicity of 12,

34215 with multiplicity of 12,

34235 with multiplicity of 12,

3425 with multiplicity of 12,

3451 with multiplicity of 12,

3452 with multiplicity of 12,

3453 with multiplicity of 12,

3456 with multiplicity of 24,

We notice the following fact that can be used to reduce the number of calculations:
Let P be a valid pseudo-Eulerian path in Gy. If its first part Py (or its third part P,)
contains a cycle C of length k at vertex vy, then we can get another valid pseudo-
Eulerian path P’ in Gy by only changing the direction of traverse in the cycle C into
the reverse direction. It is easy to see that £(P) = (=1)FF/2DE(PY), ie.

EPY ifk=4lork=41+3
§(P) =
—&(P') otherwise
So, the summation of the paths which start with 324125 is equal to the summation
of the paths which start with 321425 and the same hold for all the following pairs:
324512 and 321542, 324514 and 324154, 341235 and 321435, 342145

and 341245, 34235 and 32435.
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Since the calculation is very lengthy, we used a computer ( the program is given

in Appendix) to get the following numbers:

Paths starting with Number of paths Multiplcity Sum of signs

3214235 4928 24 —1200
321435 8424 24 —1920
321451 2104 12 0
321452 4112 24 —600
321453 5080 12 —960
321456 7092 24 —1560
324152 1584 12 0
324153 5424 12 960
324154 3424 24 —-960
324156 5840 24 --360
32435 36872 24 —6960
324516 6036 24 —240
324521 5064 12 1200
324526 4732 24 840
324534 6324 12 —1680
324536 7744 24 -120
32456 26636 24 -480

341245 - 8424 24 -1920
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Paths starting with Number of paths Multiplicity Sum of signs

34125 25472 12 3120
3415 166736 12 36960
34215 26720 12 —1080
3425 126896 12 6120
3451 129056 12 1680
3452 122704 12 —1680
3453 140544 12 —38880
3456 167952 24 —840

Therefore, the summation of all valid pseudo-Eulerian paths (with their signatures)
in G7 is —322560.
The above calculation shows that the theorem is sharp in the case n = 7 and

9n —2 < m < 4n — 8. For the case n > 8, the problem is still open.

2.3 Lie identities of K,

We have given the definitions of a Lie identity of a Lie algebra and of the Lie
standard polynomial LS (%1, +,Zm;¥) in chapter 1. Following the approach of
Smith in [20], it is not hard to find the relationship between LSm and the almost

standard polynomials an, (k).

First, we set g(0,0) = 1, g(n, k) = 0 for all n < 0 and ¢(0,k) = 0 for all £k # 0.

Ther we recursively define

g(n+1,k) = g{n, k — 1) — (=1)"¢(n, k) for all n > 0.
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The entries g(n, k) thus obtained may be displayed in the usual fashion:

-+ - etc,

The -above pseudo-Pascal triangle yields the coefficients in the following theorem:

Theorem 2.3.1 LSu(z1, > Zm;y) = S0t g(m, k — Dan(k)(z1,+ Tm3; ¥)
Proof. We proceed by induction.
For m = 1, LS1 = [xl,y] = —(11(1) + 61(2).

Suppose the result holds for m.
Since we have equation { 2.1.2) and equation ( 2.1.3), by the induction hypothesis,

m+1 .
LSm-i-l = E ("1)J+1ad$jLSm(($11 te ﬁi:ja *ry Tl y)

=1
m+1 . m+1

= > (~1y¥*'adz; S g(m, k= 1)an (k) (1,0 <y &5yt Tt )
=1 k=1
m+1 mel .

= Z: Q(ma k—1) z (_1)3+1$J'am(k)(xh sy Egy ety Tmal y)
k=1 i=1

m+1 m41

- E Q(m’ k— 1) E (_1)j+la'm(k)($13 Yty i’j) Tty 'y)ﬂ':j

k=1 =1
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m+1

= > gqlmk—Nama(k+1)(21,- -, 2m3y)

k=1

m+1

- kz_] g(m, k= 1(=1)"an(k) (21, -, Zmiy)

m+2

= Y (a(m, k—2) = qlm, k= 1))amns (k)

k=1
m-+2

= Z Q(m + 1! k- 1)am+1(k)($1, e amm+1;y)
k=1

By induction, the result is true for all m. o

By the superalgebra method, we can get another expression of the relationship

between LSy, and an(k).

Define an operation on K, ® FE[E] as follows: for any ¢ € K, ® Fg[=); and
be K, ® Fg|E];, where t,7 =10,1,

ab+ba fi=j=1

[G,b],:

ab — ba otherwise

and then extend it to K, ® Fg[=] by linearity.

Let X = 2. Q61+ 2: Q6+ 4+ 2, Qém € K, @ F[Z] and Y = y ® 1, then
we will show that

m

(2.3.18) 1V, %, X e = LS, 2y ¥) @ 1+ m
holds for any m. In fact, when m =1, wehave Y =y ® 1 and X = z; ® {. Then
[V, X], = (yz—-ny)®&
= LS (z;y)®&.

Assume equation ( 2.3.18) is true for k — 1. Let m = k, then ¥ =y @1 and
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X =z, ®& + -+ + 7 ® & By the induction hypothesis,
k-1

k
e -
[Y'aXv“")X]S = ZySk_]_(adx],'",&d.’l’:{,"',ad$k) ®£1°"&"'£k-
=1
Therefore,
k
[YsX?”'aX]s
k—~-1
= [[},:Xa aX]:X]s
k
= ySk_I(ad:nl,-' . ,&d:c,-, v ,admk)adz,- ®fl e -f; .o -fk&'
i=1

k
= Z(—l)iSk_l(adxl, coeybdzy, - adzg)adz @ &1 -
= y Si(adzy,- - adzi) @ €1« -~ Eke

So, the equation ( 2.3.18) is true for any m.
On the other hand, we notice that for X, Y as above,

[V, X,X]. = [YX-XY,X],
= (YX-XY)X+X(YX - XY)

= YX?-XYX+XYX-XY

= [V, X?],.
In general, we have that
2k k .
[Y,X,"-.,X]s = [Y,Xza"'s-}(z]saifm=2kak=1a27°"
2k+1 k

e v, ———
[V, X, X], = [V, X%, X, X],ifm=2k+1,k=12--.

By the definition of bracket product, we have
2k

prmm—— ——
[V, X, ,X]), = Y(Rx2 — Lxz2)*.
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Expanding (Rxz — Lxs)* by the binomial formula, we get

2k
[ k k
(2319) [Y’1 X, X ]5 — E(___l)k—t thYXQ(k_t)'

t=0 1

Similarly, we can get that
' 2k+1 :
[V, X,--,X]s = Y(Rx2— Lx:)*(Rx — Lx)

k k \
= Z(_l)k"t XZtYXZ(k"t}(RX — Lx)
=0 \ + j
k k \
= E(_l)k—t (XZH_IYXZ(k_t) _ X2tYX2(k—t)+l)_
t=0
\ ¢ )

Since the following holds for any 0 <t < m:
(2.3.20) XYX " P =an(t+1) Q& b,

we have the following result:

LS,

I
7
L
=
!

an(2t 4+ 1), if m = 2k,

k k
LS, = Y(-1)* (am(2t +2) — am(2t + 1)), if m = 2k + 1.
t=0 t
/

By this relation between LS., and an(k) and theorem 2.1.3, we can get the following

result:

Theorem 2.3.2 The Lie standa_n:'"a"'.;;-'_é'a'._,unomial LS4n-s(z1," " Tan-s,y) 5 an iden-
tity of Ku(F) forn > 3. Whenn =7, 4n — 7 is the lowest degree Lie standard
polynomial satisfied by K.(F).
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Proof. Letting 2k = 4n — 8 in equation ( 2.3.19), we get

’_4‘n_8 > = 2 t n—4 2 Im—dmt
[V, X, -, X, = X (=1)"* X2y x2en-4~t)
=0 t

In—4
o= (_1)n-2 XZn—4yx2n—4
n—2

since Sp,-3 is an identity of K, which implies X n-2 = (0, Moreover
4, g @ ameg = YX™ B g XP-Oy X2
Xy Xy X2y Y6 4 L. | Yin-8y
— -y X

since X2*~% = 0.
But since aj,_g is an identity of K,(F), X**~*Y X**~* = 0 and so is LS4n-s-
When n = 7, 4n — 8 is 20 and 2n — 2 is 12. We calculate LSy in the following

way:

[V,X,--,X]s = Y{(Rx2—Lx2)*(Bx — Lx)

: ()

— Z(_I)Q-t X2tyx2(9—t)(RX - LX)
Y
; (o)
— E(—-l)g“‘ (X2t+1YX2(9—t) _ Xzeyxz(g—:)ﬂ)
-\
9

9
(XY X — X8y Xx1) - (XY x® - X1¥vX®)
4 5
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9
= (=XBY X1 + XY X0 4+ XY X° — XY XH).

4
Since the coefficients of X°Y X% and XY X® are distinct, by { 2.3.20), LS9 cannot
be of the form (2.1.1) in Theorem (2.1.3) and we have shown in section 2.2 that

Theorem 2.1.3 is sharp for n = 7. Therefore LS is not an identity of K. 0



Chapter 3

The identities of other Lie algebras

In the previous chapter, we discussed the almost standard polynomials and the
Lie standard polynomial in K,(F); also the definition of the canonical symplectic
involution (s) and the definition of spz,(F) as the Lie algebra of all skew-symmetric
matrices (with respect to the involution s) on Ma,(F) is found in chapter 1. In
the present chapter, we will study the almost standard polynomials and the Lie
standard polynomial in sp;,(F) and discuss the polynomial identities of some other

linear Lie algebras for small n’s.

3.1 Weak Polynomial Identities For sps,(F)

The symplectic involution s is defined on 2n x 2n matrices by

8

/-
A" B Dt —B
C D -t A

where 4, B, C and D are n X n matrices, and t is the standard transpose involution.
We denote Hy,(F,s) and sp2,(F) as the space of symmetric matrices and the space
of skew-symmetric matrices with respect to the symplectic involution respectively.

In 1982, Rowen [18] proved several results which are analogous to the results

40
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about the identities of matrices with the standard transpose involution mentioned

in chapter 1:

Theorem 3.1.1 [Rowen [1§]

The following results hold:

1. Sin-2(x1, -+, Tan—2) vanishes for all specializations of x1,*,Tan—2 to ele-
ments of Han(F,s).

2. Sin-1(z1,° -, Tan—1) vanishes for all specializations of Ty, -+, Tan—z to ele-
ments of Hon(F,8) and of T4n_1 to an element of span(F).

3. Sun_o(z1, -+, Tan—2) vanishes for all specializations of 1, ,Tan-3 to ele-

ments of Hon(F,s) and of Tan_z to an element of span(F).

The sharppess of Theorem 3.1.1 1) was proved only for n = 1,2 by Rowen, then for
n = 3,4 by Jay M.H.Adamsson [1}].

Now, we consider a matrix

M=

in spon(F). If M® = —M, we get
A'=-D, B'=B, C*'=C.

So, span(F) has a basis W = {e; — entintis €ij — €ntjnti (2 # 7) s imtis Cinmts T
einti (8 < 3), €ntis Cntijtenisi (8 <J) |1 <i,j < n} and has dimension 2n® + 7.
Fach basis element in W can be represented on a graph with 2n vertices by a pair of
labelled, directed edges or by a single directed edge in the following way. We label
the vertices from 1 to 2n and draw a directed edge with positive label from point 2

to point j to represent e;;. Similarly, we introduce an edge from point ¢ to point j



CHAPTER 3. THE IDENTITIES OF OTHER LIE ALGEBRAS 42

with a negative label to represent —e;;. In this manner, each of the basis elements
in W is represented by a pair of labelled, directed edges or by a single directed edge
on a graph.

A pseudo-Eulerian path P on this graph is defined as a path in which every single
edge and exactly one edge of each pair of edges is traversed exactly once. The sign
of this pseudo-Eulerian path P, denoted by sign(P), is determined by two factors
which are the signature of the permutation of the edges in P and the signs of the
edges which are traversed.

For example, in spz, define

Ty = €12,
Tz = €2,
Iz = €31 — €22

which corresponds to the following diagram.

Figure 4

x3 x1 «x3

The only three pseudo-Eulerian paths from point 1 which return to point 1 are
P, =z, 2223, Py = 23z 2 and Py = z, (—xz3) 22 sign(P) 1s the signature of the
identity permutation on three elements which is +1- sign(F,) is the signature of the
permutation (312) which is +1 and sicn(FP;) is the signature of the permutation

(132) which is -1 times the sign of x5 which is -1, so sign(FPs) = 1-

Theorem 3.1.2 The standard polynomial Sy (21, ,Zm) is a weak identity of span

if and only tf m 2> 4n.
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Proof: Since sp,, is a subset of Mz, the standard polynomial of degree greater or

equal 47 is an identity of span.

In the following, we will show that Sy,_; is not an identity of sps, by choosing
a particular substitution. As in the case of K,, we may determine the value of the
(4,7)th entry of Sm(z1,+*,Zm) by counting the number of pseudo-Eulerian paths
from vertex : to vertex j in the graph, and by determining if each path contributes

a positive or a negative value to the total sum.

When n = 1, we choose z,, z5, T3 as in the above example and we know that
there are only three pseudo-Eulerian paths from ! to 1 and the sum of their signs
is 3, which gives us that the (1,1) entry in S3(zy,Z2,23) is 3. So, Sin-1 is not an

identity when n = 1.

When n = 2, we choose

I3 = €1z, Ty = €31 — €24y
Iz = €, Ig = €34,
I3 = €11 — €22, Iy = €43,

T4 = €13 — €42.

which yields the Figure 3.

By observation on the Figure 5, we can get that every pseudo-Eulerian path from

1 to 1 must have the form

Ly Te Tyl

or ---(—axs)zrze(—T4) .
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Figure 3

Since we know that the path z;z,zs in Figure 4 has positive sign and the sig-
nature of the even length permutations (z4zez7zs) or (257 T6z4) is +1, every
pseudo-Eulerian path from 1 to 1 in graph 5, which is given by adding z4 z¢ 7 5 or
(—zs) z7 T6 (—24) in T172%3 at the front, at the end or in the middle of this path, is
always positive.

Similarly, all other pseudo-Eulerian path from 1 to 1 in graph 5 are positive. So,

S4n—1 1s not an identity when n = 2.

In general, we choose
I = €1z, T2 = €21,
T3 = €11 — €22,
andfor2 <r < n,

Tyr—q4 = €2r=3,2r=1 — €2r,2r-2, T4r—2 = €2r-1,27y

T4r-3 = €27-1,27~3 — €2r-2,21, Tgr—1 = €2r2r~1,
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for which we have the following diagram

2n-3  xd4n-4 >
‘\H—‘/

4n-a

x4n-2

Figure 6

-
o ETi] 2n
2

-x3

Arguing as in the case n = 2, we can get that every pseudo-Eulerian paths from

1 to 1 in graph 6 must be of the form

Tiy ¢ TiyTyn—q Tan—2 Tan—1 Lan-3%iy =" Tiy

OF  Zj *** Zjp(~Tan-3) Tan—1 Tan—2 (—Tan—a)Tjs * ** Tjs

where z;, * + T3, Tiy + - - £iy and j, -+ - T4, Tj, - - - T;, are the pseudo-Eulerian paths from
1to1in the case n — 1.

By the same reasoning as in the case n = 2, we get that every pseudo-Eulerian
paths from 1 to 1 in graph 6 has a positive sign.

Therefore, the (1,1) entry in Sgn-1(Z1, -+, Z4n-1) is positive which implies that
Sin-1 is not an identity of span. m]

Note that while this result says that Sy, is the minimal standard identity satisfied
by 5pan, it does not say that sps, satisfies no other identity of degree 4n or less. In

[9], Giambruno and Valenti constructed a polynomial identity of degree 4n — 1 of
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SPan:

k"
Tino1{Z1y s Tan23 ¥) = Qg + 23 aan—2(4i — 2).

=1
where a4,_»(k) and ej,_, are the almost polynomials defined in chapter 1.

With a little modification of the above substitution, we can get another interest-

ing result.

Theorem 3.1.3 Sun(Z1,-+,Z4) is the standard polynomial of minimum degree
which vanishes for all specializations of 1, -+, Zan—1 to elements of spa(F) and

of x4, to an element of Han(F,s).

Proof: By the Amitsur-Levitzki theorem, the standard polynomial of degree 4n is
satisfied by all specializations of zy,-- -, Z4n—1 to elements of spz.(F) and of z4, to
an element of Ho,(F, s).

By the following substitution, we will get that Sy—; is not satisfied by those
elements. The whole calculation procedure is similar to the proof of Theorem 3.1.2.

First, we notice that the space of 2n x 2n symplectically symmetric matrices
Hy,(F,s) can be given a basis of 2n? — n matrices: €i; + €njinti (1 £ 4,7 <
) €ingi — €inti (1 S1<J <), enpij+ensii (1 84<7<n)

When n = 1, we choose

Ty = €12,
Ip = €31 — €22
T3 = €1+ e,

where z,, 2o € spo(F) and z3 € Ho(F,s).
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By checking the following graph,

Figure 7 T

x3 x3

we find that there are only six pseudo-Eulerian paths from point 1 to point 2:
P, = zi(—z2)z3, P2 = 2123(~12), Ps = 292123, Py = zo7371, P = :cgigccl and
Ps = z3z1(—22). An easy calculation gives us that sign(P) = —1, sign(P2) = +1,
sign(Ps) = —1, sign(Py) = +1, sign(Ps) = —1 and sign(Fs) = —1. Hence the
(1,2) entry in Sa(z1, z3,23) is -2. This implies that Sgn—y does not vanish for all z,,

z, € spo( F) and z3 € Ha(F, s).

When n = 2, we let

I1 = €12, I5 = €31 — €24,
Te = €11 — €22, T = €34,
Z3 = en + ean, T7 = €43,

T4 = €13 — €42,

Then the associated diagram is as in Figure S.

By observation on the Figure 8, we can get that every pseudo-Eulerian path {from

1 to 2 must he of the form

"'$4$6$7I5"'

or ---(—z5)z7z6(—T4) -
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Figure 8

Since we know that the path z;(—z,)zs in Figure 7 has negative sign and the
signature of the even length permutations (2426 T725) and (z5 T7 26 24) is +1, every
pseudo-Eulerian path from 1 to 2 in graph 7, which is given by adding =4 z¢ 7 T5 OT
(—zs) z7 25 (—4) in 212273 in the front of z,, at the end of this path, in between of
z, and 2, and in between of z; and z3, is always negative.

Similarly, we can get all the other pseudo-Eulerian paths from 1 to 2 in graph 8
and their signs. The summation of the signs of these paths is —8. So, S4n—1 is not
an identity when n = 2.

For n > 3, we choose
T = €12, - Iy = €31 — €224

Ty =€+ €22,

and for 2 < r < n,
Tyr—q4 = €2r=3,27-1 — €292r-2- Tyr—2 = €2r~1,2r3

Tgre3 = €2rw12r=3 — €2r=2,2r, T4r—1 = €2r2r-1:
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for which we have the following diagram

Figure 9

x4n-2

7T 2n
2n-2

Arguing as in the proof of Theorem 3.1.2, we can get that every pseudo-Eulerian

paths from 1 to 2 in graph 8 must be of the form

(3.1.1) Tiy * 0t TipTan—g Tan—2 Tan—1 Tan—3Tiz * " Ligs

(3-1‘2) Or Tj  Tjp(—Zan—3) Tan-1 Tan—2 (—Zan—4)Ts " Ties

where &, -+ - Ti, T4y - - - Ti, and zj, -+ - 25,2, + - T5, are the pseudo-Eulerian paths from
1 to 2 in the casen — 1.

By the same reasoning as in the case n = 2, we get that every pseudo-Eulerian
paths from 1 to 2 in graph 9 of the form ( 3.1.1) and the form ( 3.1.2) will have

the same sign as the correspording pseudo-Eulerian paths z;, ---zi;2i; - %y or

f
2j -+ TjT; - Tj, have. Therefore, the summation of the signs of these paths is
—8 % 272 which tells us that the (1,2) entry in Sgu_1(%1, -+, Zan-) is DOt 2€r0, OF
Sin—1 is not an identity of spa,. O

Since spay is a subset of My, (F), Theorem 1.2.1 [5} by Benediktovic and Zalesski

yields the following result.
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Theorem 3.1.4 For n > 1 and for m > 4n, the algebra spa, satisfies the almost
standard polynomial

fz1, Tmyy) = aah + Ban + D ram(k)

k<m—in+l
or kpdndl

for all &, B, vx € F and Lie standard polynomial LSgn_a(z1,* s T8n—a;Y).

In fact, we also can prove this theorem directly by the method we used to show
Theorem 2.1.3. But since the minimum degree of the standard polynomial satisfied

by sp2. is 4n, we cannot get a better result than Theorem 3.1.4.

3.2 The Mininum degree of the Lie standard iden-

tities of some low dimension Lie algebras

In the theory of Lie algebra, we have four infinite families of finite dimentional
simple Lie algebras which are A;, B;, C; and D).

The Lie algebra A; is actually slj41). A; has a basis {e( # 7), ei — eiq1i+1(1 <
i < 1)} and its dimension is % + 21,

The Lie algebra B is a 212 + I dimensional Lie algebra. It consists of all (21 +
1) x (21 4+ 1) matrices

a bl bg
o m n
¢ p 9

t=—n,p'=-p

which satisfy that a =0, ¢; = ~b, ¢ = —b}, g=—mi, n
The Lie algebra C; is the symplectic Lie algebra spy which has the dimension

202 4 1.
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The Lie algebra D; is another orthogonal algebra of 21 x 2/ matrices

D q

which satisfy n! = —n, p* = —p, ¢ = —m’.

The classification theorem gives us the Dynkin diagrams of their roots systems

as the following:

o

Al (I>0): o e) QO ...0
1 2 3 -1

Bl (I>1): ?——O RN
2 -2 -1 ]

c2r O O --.0 o o —")
2 -2 -1 I
’ -1
DI(>3) O O ...0
1 2 [-3 I-2

By Benediktovic and Zalesski’s theorem, we know that the minimun degree of a

Lie standard polynomial identity of A; ( denoted by MLI(A;) ) is 4n 3. i.e,
MLI{A)) =35, MLI(A)=9, MLI(As)=13,
MLI(A) =17, MLI{As) =21, MLI{As)=25.

Since By & A; and C; & A; we have MLI(B) =5 and MLI(Cy) = 3.
For Bz, n = 5, we calculate LSg first: let X = 2, @&+~ +2s®& € B,® Fgl=]

and Y =y ®1, then X* = 0if k > 8. So

LSs(z1, + 28y} @ &1+ - €8
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= Y(Ryz — Ly2)*
= YX® —4X?Y X% +6XY X — 4X°Y X% 4+ X°Y

= —4X*YX® + 6 XY X* - 4X°Y X2

By theorem 2.1.3, 4X?Y X® + 6X1Y X% + 4X®YX? = 0. To show that LSs is an
identity of Ba, it is enough to show that X*Y X* = 0.

Since the dimension of B, is 10 and LSs is multilinear and alternating in z;’s,
we need only check the substitutions where zy,- -+, z5 are chosen to be eight distinct
elements of the basis U = {e;; — eji,1 # j,1 < 4,7 < 5} of By, letting the two
missing basis elements be e;; — e;; and ey — e, then it is easy to see that there
are only two cases: 1 = k and j # [, or ¢, j, k, [ are distinct. In the first case, we
assume that i = 1, j = 2 and [ = 3. Since XY X4 is skew symmetric, in order
to get a pseudo-Eulerian graph with exactly two vertices which have odd degree,
we must choose that i = €12 — €3, Or ¥ = egq — €42 (in the cases of y = €13 — ea
OF y = eg5 — €53, We can rearrange the indices of the graph to reduce them to the
previous case). A similar discussion applied to the second case yields that there are

only four subtitutions need to be checked:

1) {mi} = U\{en—en,e1a—em}, y = e12— ea;
2) {z:} = U\{en—emes—ean}, y = e — e
3) {z:} = Ul{en—en,eas—ep}, ¥y = e12—ea3
4) {m,} =U \ { €12 — €21,€34 — €43 }, Y = €14 —€a1.
It is not hard to get that the result of these substitutions into LSs are 0. So, LSs is

an identity of Bs.

On the other hand, we compute the value of LSy in the same way. Let X =
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m1®61+°°-+$7®§7EB2®FE[E] andY:y@l,then kao 'IkaS SO

LS:(z1,- - 2ny) @& &
=Y (Rx2 — Lx2)3(Rx — Lx)
=YX —3X?YX® +3X'YX® - X°YX
—_XYX®+3X°Y X -3XY X*+ XTY.

If we choose y = e12—ep; and the z’s to be the basis U\ { e12—e21, €13—€a1, e15—es1 },
then we will get that the (3,5) entry of the matrix LS7(zy, -+, z7y) is 24, which
means that LS7(z1,---, 27 y) is not an identity of B;. Therefore, MLI(B,) =9.

Also C3 = By, 50 MLI(C,) = 9. |

Theorem 2.3.2 tells us that M LI(B;) = 21. Based on theorem 3.1.4, MLI(C3) <
21. But the actual value of M LI(C3) is unkown.

Now we consider [;. When [ = 1, the dimension of D; is 1. Obviously
MLI(D,) = 2. When I = 2,3, since D; = A; x A; and D3 = A3 we have
MLI(D;) =5 and MLI(D;) = 13.

To make the results of above discussion clearer, we give the tabular version in

the next page.
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Ailn=1+1) |C(n=2)| Bi(n=20+1) D (n=2I)

n | 4n-3 | MLI | dim | MLI | dim || 4n-7 { MLI | dim | MLI | dim

ol 5 | 5 |8 | 5 | 3|14/ |/ ]| 2|1

3l 9 | 99 /| /s |5 3|/ |/

sl 3 l13{15 9wl 9| /| /|56

sl (|2l /7 Ly 139 w0/ ]/

61 21 | 21 |35 <2120 || 17| / |/ | 18] 15

7195 | 25 a8 | 4 | /|l b || /| /

"3._3 Identities of Hy,(F),s)

If A is an associative algebra over a field F then it inherits a quadratic Jordan
algebra structure A by

a Uy := aba; a? = a®

If A is unital we need only a Uy since 5% = 1U,. A Jordan algebra J is said to be
special if it embeds in an A@ for some associative algebra A. Let FJ[X] be the
free Jordan algebra generated by X, FSJ[X), the free special Jordan algebra, the
Jordan subalgebra of FA[X] generated by X. A Jordan polynomial is an element
of the free Jordan algebra FJ[X], a special Jordan polynomial an element of the free
special Jordan algebra FSJ[X].
In At
aVy:=aob:=ab+ ba.
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Smith [20] introduced the Jordan standard polynomial
‘IS"(:II’ L2477y T y) = ySn(‘/:r:; ’ V’L‘zs thty V:z:f.)-

Racine and Drensky [7, Proposition 4] .proved that the algebra M,(F)®) satifies
J S4n—4 but not JSy,_s by showing that

(333) J52n(m1$ E2y7 4 L2n; y) = LSZn(zla T2,y T2n) y)'

By Rowen’s theorem 3.1.1 and the method we used to prove theorem 2.1.3, we can
get results similar to theorem 2.1.3 and theorem 2.3.2 for Jordan algebra Hi,(F)s)

very easily.

Theorem 3.3.1 The almost standard polynomial

T1, ", TmiY) = Qa, Q.. YrmGml k),
f( ) m+Bag, + (k)
or jl:%:::ilni-l

where m > 4n — 2, is a weak identity of H,,(F,s) for all n and arbitrary o, 8,7 € F.

Proof. Since the same reasoning as in the K,{F') case holds for Hp,(F,s), it is
sufficient to show that ay,_, is a weak identity of Han(F,s).
We assume Xy,-+, X5,1,Y € Hon(F,s) and X € spz,. By Lemma 2.1.2.1),

we have
Tr{ag,.. (X1, sy Xan-13Y)) = nTr(Sgn-1(X1, - ,er—l)y)-
By Rowen’s theorem 3.1.1.2), we get S4n1(X1, -+, Xn-1) =0, s0
Tr(ag,—1(X1,- -+, X413 Y)) = 0.

Arguing as we did in theorem 2.1.3, by Lemma 2.1.2.2),

dn-1

Tr(a':l-ﬂ—l) = TLTT(X] Z a4n—2(i)(X2a' o 9X4n—11 Y))

=1

= nTr(X1(2a4,_3 = San-1)(Xz2,"*+, Xan-1,Y)).
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By Rowen’s theorem 3.1.1.1), Sip-1(X2, -+, Xan-1,Y) vanishes on Hi.(F,s), we
have Tr(X1Ssn-1{X2,* Xan-1,Y¥)) = 0. So, Tr(X1aj, ;) = 0 we may assume
char(F)=10.

For any 1 € j <4n—1 and j odd,

(@an—2($)( X2y, Xane139))° = (=1)"lagn-2(dn = )( Xz, Xgn-259)
= —agaozfdn — ) (X2, Xan-13Y)

This implies that aj,_, takes values in spy.. Hence ag,_, = 0 by the nondegeneracy

of the trace bilinear form on spa,. (]
Theorem 3.3.2 Forn > 3, the algebra Hy,(F,s) satisfies J Sga_s.

Proof: Let X =2, ® & + -+ + Zgns @ €ans € Han(F,s) @ Fg[Zland Y =y ® 1,
then exactly the same proi: can give us that LSs.—s vanishes on Hy,(F,s). So by

equation ( 3.3.3), JSan-s is an identity of Han(F,s). 0

3.4 Identities of Lie algebra sly(F)

We denote by sli(F) the Lie subalgebra of Mi(F) of matrices with trace zero. Let
TL: be the T-ideal of L, consisting of the polynomial identities of slx(F'), where a
T-ideal is an ideal of FA[X] which is closed under endomorphisms of FA[X]. The

following lemma is obvious.

Lemma 3.4.1 The T-ideal of identities of sly(F) consists of those polynomials from
the free Lie algebra FL[X], which are identities of My(F).

In 1973, Yu. P. Razmyslov [16, Theorem 2], found a finite basis of TL; in the

following theorem:
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4]
-1

Theorem 3.4.2 [Razmyslov]
The T-ideal of sl,(F') has a basis of the form

(344) LS4(SC1,I2,$3,.’B4;y) =10
(3-4.5) (ly, 21} (ad2)” = [(y)(ad =), 2] + [y, (2)(ad =)°].

Later V. T. Filippov [8, Corollary of Theorem 2], gave a basis consisting of one
identity
[y: 2, [t z), 2] + [y, 2, [2, 2], 8] = 0.

In the present section, we will define Lie almost standard polynomials and then give
a basis of identities of the Lie algebra slo(F) consisting only of Lie almost standard
identities.

DEFINITION: For 1 £ &k < n, let

La'ﬂ-(k)(xl? trtydng y) = Z (_l)a [mﬂ.: La(1)s" "1 To(k=1)s ¥y To(k)y " " :Ia(n—l)],
cESL—1

or

Lan(k)(z1,  , Za3y) := 2nan_q(k)(ad zy,ad z2,- - - ,ad zp_1; ad y).

A multilinear polynomial f of degree n + 1 over a field F' is a Lie almost standard
if f(z1, -, 2Zn;y) = Xop cxLan(k) where ax € F. In particular, the Lie standard
polynomial
LSp(z1,- " 20} y) = Z(—-l)k'lLan(k)(a:l, Cer T, Y] Tn)e
k=1

Lemma 3.4.3 Let F(z1,22,--+,2,;y) be a polynomial which is linear in each of
T1,T2," ", Ty and homogeneous in y, then F(z1,23, -+, Zm;y) vanishes in sl (F)
if and only if F(X1,Xs,--, X Y) is identically zero whenever X, Xz, -+, Xm are
elements in the basis' B = {e;;(1 # j,1 <i,j < n),ei —eipin(1 <i<n—1)} of
sl.(F) and Y = diag(uy, -, un) € sl,(F) such that uy,---,u, are distinct.
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Proof: Let R be the set of all semi-simple regular elements in sl,(F'), then, as proved
in Humphreys’s book [11, Appendix of section 23], ® is a non-empty open set in
Zariski topology. So R is a Zariski dense set in sl,(F). Therefore, F(£1,%2, ", Zm; ¥)
is a weak identity of sl,(F) if and only if F(Xi, Xz,--- , Xm;Y) is identically zero
for Xy, X3, ++, X arbitrary matrices of sl,(F)and Y € R.

Also we know that ¥ € R if and only if the eigenvalues of Y are distinct or,
passing to a suitable field extension of F', there exists a matrix ¢ such that g7'Yg =

diag(uy,-- -, un) € sl where uy,---,u, are distinct. Since
§IF(X1, o, Xmi Vg = F(97' X191 97 Xmg3 97 Y g);

in order to prove F(&y,Z2,-++,%m;y) vanishes in si,(F) it suffices to show that

F(X1,Xz,+++,Xm;Y) is identically zero for X1, X5, ++, X,n, arbitrary matrices of

sl,(F) and Y is a diagonal matrix in the maximal toral subalgebra H of sl,. Fi-

nally, since F(zy,%g, *-,Tm;¥y) is linear in each of zy, -, Tm, it suffices to take

X1, X2, -, Xm to be elements in the basis B, proving the lemma. 0
Let L = sly(F). The Cartan decomposition of L is

L=H+La+L—on

where H is the maximal toral subalgebra generated by the element & = €11 — e, L.
is the subspace generated by & = e1 and L_,, the subspace generated by y = ea.

We know that
(3.4.6) [k, z) = 2z, [h,y] = -2y, [z,y] = A.

Also ¢(z) =y, #(y) = z, ¢(h) = —h yield an automorphism of sl,.
Set '

(3.4.7) gi(er, -y eay) = (Las(l) — Lag(4))(z1,-- - 2439,
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(3.4.8) ga(z1, -, 243y) = (Lag(2) — Lay(3)) (1,71 243 9),
(3.4.9) gs(z1, -, za5y) = (Lag(l) —2Las(3))z1,- 1243 9).
We can prove the following lemma.

Lemma 3.4.4 ¢1(z1,- ", z4;y) , g2(z1,---,34;y) and ga(z1,---,24,y) are polyno-

mial identities of sls.

Proof: Since Las(1) — Lay(4) is multilinear, it is suffices to prove that Las(1) —
La,(4) is identically zero for z;,:--,z4 € Band y = h. Also Lag{1) — Lay(4) is
alternating in i, Z2, T3, so they must be distinct (otherwise Lay(1) — Laq(4) will be
zero already) which leads to z, = z,z2 = y,z3 = h. Furthermore, since ¢ yields a

automorphism of sly, if (Las(1) — Lay(4) Yz, y, h,z; k) = 0 then
(Lag(1) — Laa(4))(y, &, —h,y; —h) = —(Las(1) — Lag(4))(z, ¥, h,y;h) = 0.

So only two substitutions have to be checked, namely,

(3.4.10) Ty =2, Ty =Y, T3=h, za=2, y=h
and
(34.11) L1 =&y, Ta =Y, :1’,‘3=h, :1:4=h,y::h.

For the first substitution, we calculate Las(1) and La4(4) seperately. By the defini-

tion,
. —_— o
La4(1)(1'1,.’1’.‘2,:r3,$,h) = Z("'l) [-T,h,mc(l),xa(z), 36{3)}'
cESs
Since [c,0,2) = 0, Woil of {2,021, 0028 end [, 0,01, 88, 22] are zero. Siuce

[z, h, k) € La, [2,k,23,21,22] = 0 and [z,k,y] € H, [2,h,22,73,21] = 0. The

two remaining terms are

~[z, b, 22,21, T3] = [22,y, 2, k] = 2[h, =, h] =4[z, h] = -8z
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and

~[z, by 23,22, 21) = {22, h,y, 2] = —~4z,y, z] = —4[h, z] = —8z.

So Las(1}z,y,k, z; k) = —16z.
For
La4(4)($11 o PR PR h) = Z (“1)6[1": Ta(1)) To(2)s Ta(3) h]7

ocESy
since [z,2] = 0, [z, 21,22, %3, k] and [z, 71, 23, 2, h] are zero. By [z,y,2] = 0 and
[z, h, 2] = 0, we have [z,22,z3,21, ] = 0 and [z, 23,21, T2, k] = 0. The rest of the

terms are calculated in the following:
~[2, 22, 21,23, h] = —[h, 2, h, h] = -8z

and

_[3:11:3: 2,1, h] e [22,1},3}, h] = 2[];,,;;1 h] = —8z.

So Las(4)(z,y,k,z;h) = —16z. Hence (Las(l) — Laq(4))(z1,* -, 4;y) vanishes for
the first substitution.

For the second substitution, the calculation is even simpler. Since x4 =y = bk,
Lay(1)(z1, %2, 23, k3 k) = 0. For Las(4), since no matter which permutation o 1s
chosen, [k, Zs1), Za(2)s To(z) is always in H, so [h, Zo(1), To(2)s Tea), ] = 0. These
suffice to establish the fact that ¢,(z1,- -, 24y} Is an identity. Applying the same
arguments to {Las(2) — Las(3))(21,-++,z4;y) and (Laa(1) — 2La4(3)) (21, -, T4 %)

will complete the proof of the lemma. ST O

Theorem 3.4.5 The polynomial identities g1(z1,-+,%4;y), go(z1, -, 2a3y) and
ga{z1,"+, 245 y) form a basis of T L.

Proof: First, we will show that these three polynomials are linearly independent.
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We know that FL[z1,z2,++,2n41] has a basis of {{Znt1, 2,0, 2 To(n)]|Vo €
S,.}[4, lemma 5 on page 126]. So {Lan(k)(z1, -, 2a;¥)|l £ k < n} are linearly

independent.

If o g1 + 0292 +isgs = 0, for any a1, @z, a3 € F, then by the linear independence
of {Las(1), Las(2), Las(3), Las(4)} we have a3 = oz = a3 = 0. So g1, g2 and g3 are

linearly independent.

Secondly, we prove that the polynomial identities ( 3.4.4} and ( 3.4.5) are coun-
sequences of g1, g2 and ga. In fact, it is easy to see that LSi(z1,%s,23,24y) =

(1 — ¢2)(Z1,22,23,¥;74). Also by the foliowing calculation we can see that the

polynomial identity ( 3.4.5)

Ry(z,y,2) = [y, 2,2,2,2) - [y, 2, 2,2, 2] + [2, 2, 2, 2, Y]
is equivalent to the polynomial identity ga(z,y, 2, z; z) = (Las(1)~2La4(3))(z,y, z, 75 7):

Las())(z,y,2,2;2) = 0,

Lay(3)(z,y,2,2;2) = [z,9,2,3,2]— [z, 2,y, 2,z

+lz, 2,2, 2,y] — (2,9, %, 2, 2.
By the Jacobi identity, [z,y, 2] — [z, 2,y] = [2,¥, 2], so
Las3)(z,y,z,252) = [z,y,2,%,2]+ [z, 2,7, 2,y] - [2,9, 2,2, 2]
= —Ry(z,y,z2).

This yields the result. |
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Appendix

The Mathematica program referenced in section 2.2 is presented in this appendix
as follows:

*(This program will calculate the summation of the signatures of all valid pseudo-
Eulerian paths in the graph defined in section 2.2)*

graph={{1,2}, {1,4}, {15}, {L,6}, (1,7}, (2,3}, {2,4], (2,5}, {2,6}, {2,7}, (3,4}, {3,5), (3.6},
{3,71, (4,5}, (4,6}, {4,7), (5,6}, {5,7}, (6,7});
*(the graph is given by the set of arcs, where {i, j} denotes the arc from i to j)*

tepaly_List]:=
Block[{v, done, x, mdpl=1, mdp2=2, pegnl=9, pegn2=11, edp=2, ss, m=7,
s={3}, edp=2, ss, j, m=7, gi={}, p={}, sol=0, ind=Table[1,{7},{7}]},

adjmly); d=0;
h{s_List,v_]:=Count[s,v];

While[ Length[s]>0,

v=Last[s];sn=1;

done=False;

Whilelind[{v,h[s,vl]l<=Length[e[[v]]] and !done,
x=e[[v,ind{[v/h[s,v]]]++]];
done=(pegnl+pegn2+2>Length[s]) and

(IMemberQIgi,{v,x}] and !MemberQI[gi,{x,v}]);
I;

If{done,AppendTols,x];AppendTolgi,{vx}];
f{MemberQ[y,{v,x}],AppendTo[p,Position[y,{v,x}]],
AppendTo[p,Position[y,{x,v}]]

Iff (Length[s]==pegn1+2),
ind[[vh(s,v1l]=1;
s=Dropl[s,-2],
ind[{vh[s,v]ll=1;
s=Dropl[s,-1]
)
If[Length(gil>0, gi=Droplgi,-1];p=Droplp,-11]

’

If[(Length[s]==pegnl+1),
If[(Last[s]==mdp1) or (Last{s]==mdp2),
ss=Union[s];



If[(Length[ss]==m),
AppendTols, Last{Complement[{mdp1,mdp2},(Last[s]}1]};
v=Last[s],
s=Drop[s,-1];
gi=Droplgi,-1];
p=Droplp,-1]

s;Drop[s,-I];
gi=Droplgi,-1];
p=Droplp,-1]

);

If[(Length[s]==pegn1+pegn2+2),

Ifi (Last{s]==edp),
ss=Union[Drop(s,pegni+1]];
If[(Length[ss]>m-2),

For[i=1,i<x=Length[s]-1,i++,
Iffs[[i}]<s[[i+1]],sn=sn,sn=-sn]

sn=sn Signature[p];
sol=sol+sn;
]
I;
s=Dropls,-1];
gi=Droplgi,-1];
p=Droplp,-1]

]
JF

*( The following subrotine will yield the adjacent matrix of the given graph)*
adjm[g_List]:=
Block[{a,b k,t),t=Table[0,{i,7}};e=Table[0,{i,7},{;,7});
For[ k=1,k<=20k++,a=g[lk,1]};b=g[[k,2]];
t{{all=t{[al}+1;t{[bl]=t{[b]]+1;
| el[atl{alll]l=b:e[[b,tl[b]]]]=a
For| i=1,i<=7,i++e[[i}]=<Complementle([i}],{0}]]
I





