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Abstract.

Suppose that G is the distribution function of 5rumne§ativa

randpm Qariab]e, w{fh_finite expectation u = ? {1-G{s))ds, and that
‘F 13 the probability distribution function wh?ch is linked‘to G by
the following formula: | '

.]'GS"dS o ,X>‘0’- . : . .L
Uy -_— .

O—

0 ,\.x<o",

Given an independent sequence (Xi)T with common distrﬁbution function
F, we J;nt to construct a nonparametric estimator of G in {erms of
the random variables (Xi)?; further, we want to.do this so that the
'estimator has strong con;istency Eropertﬁes when n + . This probiem
afisés when the statistician observégﬂgsyﬁdebendent renewal processes
which started long before the staét of ‘observation, and the sgatistician
éan only observe the n "residual lives" from the start of observation '
to the next renewal in each proces;. If G 1S the dnder]ying distribution
of the renewal.ﬁfocesées, the residual lives can be represented by |
random vatiables.witﬁ distribution function F related to.b by (i).

We consider the case where G is continuous on R -and the case
where, with 1 =.1nf{x{ G(x) =1} < =, G is continuous everywhére

but at T, i.e., G{t ) < 1.

The distribution F given above has a'density f given by



e e e ETTVTTY

i1

Lo , ,'Xx<0,

where f is nonincreasing andfright-éontinuous. Since G(0) = 0

by hypothesis, we have u ='{f(0))'] and therefore

...'[ ‘
1 - (Fo) 7' . 0,
6 - (£(0)) (X)\’ X >

Qo ~o -7, x<0,
Now, if f, is an estimator of f then

Vo (o) x>0,

s X < 0

is an obvious estimator o% G.

Since G is nondecnéggiqg and,right-continuous it is natural to
seek a‘nondecrgasing and rjght-cbntinuous estimétorfor G by a non-
increaéing and rjght—continuous estimator for f. In thiﬁ thesis we
déve]op two monotonization methods for transforming a histogram
estimator ;n of f into a histogram estimaﬁor ?n which 1is monptohe

nonincreasing on [0,). We examine those methods in detail and show

that

~

sup [ftt) - ?n(t)['f_ sup_[f(t) —.fn(t)l
0<t<e O<t<m

when f is aii,densitywhich vanishes on (-«,0) and is nonincreasing

on [0,=). {We use this to obtain strong uniform consistency and rate of

convergence results for the monotone histogram estimator ¥n' These



developments rely on an examination-of properties of estimators
-Ei,...,Bh of probabilities Pys-esPp subject to the restriction *

Y : Y . . . .
Py > =+ > Py 5 Tt is shown that if py 3_;.. >p, then

m ~

max |p, - P | < max [p, - p.|

1ckem ¢ K T qgen KK
where Pk 1s the usual "sample proportion” estimator of pk.' We finally
show that the results for the monotonized histogram apply to the

estimator &n obtained from ?ﬁ by (ii).
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1. Introduction.

N i et 1B e e 1

1.1, Introductorx_eXamble..

Before stating the general probl%m which is the central motivaiion

4

for this thesis, we describe a situation which illustrates the context
in which that problem can arise. . |
| Suppose that a statistician is asked to determine. an optimal

policy.for changing the bulbs of the street'1amps in a city. To this
end, the statistician would surely waht to estimate the Qistribution |
function of the lifetime of the bulbs used for the street lamps in that
éity The inferfmation given to the statistic¢ian is the fo]1ow1ng Each
street lamp :::r::Ltalled Tong ago and, since then, each bulb has been
replaced ag/%oon as it failed. No data are available regarding pﬁst'

replacements. Instead, the statistician will know, for each of n

{treet lamps, the residual life of the bulb; i.e., the length of time,

-from the start of the study ,until that bulb fails. _The statistician's

problem is: how can the n observed residual lives be used to estimate
the distribution function of bulb lifetimes? This question will be
answered in 1.4 on the basis of a mathematical model for the

situation described above. e

1.2. Mafhematica1 model.

Our model for the situation described in 1.1 will be developed in- the

framework of renewal theory. Recall that a renewal process is a sequence

(Zi)T of nonnegative independent random variables with common distribution

function G such that G(0) < 1, and that G is said to be arithmetic



if and §ﬁ1y if_theredexistsAa § > 0 such that G is the distribution
.function of a discrete random variable whose possible values are 0,

+ 8, +28, ... . "Suppose that an object s put in use until it fails,

at which time it is promptly replaced by anether object of the same type,
and so on, so that the sequeﬁce of 1ifetimeswean.be represented by a
sequence (ZT)T of independent ra:30m variaelee with common distribution

function G. 'Consideﬁ such a process at time t. Let X(t) represent the

-

residual life of fhe'object in use at time t. It is known [see, e.g.,

o

Feller (1971, p. 370)] thaf if G is nonarithmetic and the expectation
w= [ (1-G(s))ds is finite then

0
X
Jim POX(t) < x] = [ 1=8(s) 4
toeo - o ™
where
X
f l:%iél ds’ s x>0,
(1 Fx=
0 , X <0,

is a probepility distribution function. Thus, when t is large, the
fesidua] life of the object in use at t can be represented by a random
variable with distribution function F.
In our 1nf¢eductory example, let G be the distribution function of
a random variable representing the lifetime of a randomly selected bulb.
It is reasonable to represent the residual ]ife of a rahdom1y selected
bulb in use at the start of the study by a random variabte X with distribution
function F reiated to G by (i), For n street lamps, the n residual

lives of the bulbs in use at the time of the study can be represented by



the ‘sequence (Xi)? of iﬁdependent random variables with common distribution
function F. The statistician's problem i§ to construct an estimator

of G, using the independent random vériab]es (Xi)? with common distribution
function F. To study large.samp1e"properties of the estimator, the
statisticiah will considér an infinite sequence (Xi)T and will study

the behaviour of_the estimator 1n'the jimit, as n + « ,

1.3. The problem.

The probiem can now be stated in mafhematiéal terms. Suppose that
G s the distribution function of a.nonnegative random variable, with
u o= T (1 - G(s))ds < = , and that F is the‘distribution function which
is l?nked 1o G-by formu]a (i). Given a sequence of independent random
variables (Xi)T with comhon distribution function F, we want to_construct
g‘nonparametric estimator of G in terms of the Eandom varigbles (Xi)q; N
further, we want to do this so that the estimator has strong consistency'
proﬁerties when n + «=. Since G = 0 on (-=,0) we will only consider
the behaviour of its estimator on [0,x).

We consider fhe case where G is continuous. In particular, G(0O} = 0;
in physical terms this means that we only consider tﬁe case where there
are no instantaneous failures. In practical terms, the continﬁity
hypothesis for G is not realistic because it is un]ikeTy that the precise
residual lives will be. observed. Eut the estimator of G will be seen
to be based on the number of failures 1n.each intervél of a‘preassigngd
partition of [0,=). Therefore.it is not necessary to know the precise.

time of each failure; as long as the number of failures is known 1in each

interval of the preassigned partition of [0,=).



"Lét‘r = inf{x:- G{x}) =.11.. When t is'finité; we,COnsider‘tﬁo
.cases: G(t ) =1 and G(v ) < 1. 'Ih-ré]ation to the introducto}yb
example, the case G{t ) < corresponds to the case where no bulb is
left in a‘street‘lamp for more than a pre;ssigned tipe T >0 . In
thjs case, G is discontinuous at T but is stil continuous oﬁ (~=,1)

and on (T,=).

1.4. Method of solution. S. . ' .

Qur solution o% the problem described in 1.3 is based on the observation
that the distribution function F givén by (i), which is the distribution

function of the residual lives Xy Xosev.s has a density f given by

1-6(x) ,x>0,‘rl
(i1)  f(x) = H .
0- ‘ o, x <0

f is nonincreasing on [O,m)-and'right-continuous at 0. Since G{0) =0
. B .

by hypothesis, we have p = (f(0)) and therefore

- 1o (FO) ) x>0,
(i1i) G(x) = : _ a
: 0 o ' , x < 0.

Now, if fn is an estimator of f then

2

"is an obvious estimator of G.



As 6 is a probability distribution function, it is natural to want
to estimage it Ey an estimator which is Fight-continuous and nondecreasing;
-ifﬂé‘is estimated as in (iv) then this amouﬁts to wanting that the
density.estimétor”fn be right—continuoys.and monotone nonincreasing
on [0,»). To obtain such a moﬁotone_estimator of.f, we cbnéider a
histdgramlestimator %n of f and transform it into an estimator ?n of f
which is monotone nonincreasing on [0,=). Thus we obtain“a honotone
estimator ‘ah =] - (?n(O))T1¥n of G on [0,=}. |

In chapter 3, we give two methods for obtaining ¥n by menotonizing
a histogram estimator of f. These methde'are based on suggestions by
Aver et al. (1955) for transf;kming the usual %gtimates (ﬁi""’ﬁm)
of the probabilities (pi,...,pm) into a monofoﬁe sequence of estimates

Y Y ’ oo n
(p]?...,pm)_such that p, 2 2Py

We consider this transformation
in chapter 2.

We obtain strong uniform consistency results for ?n in chapters 3
and 4. This yields analogous results for En which we consider in chapter.
. ) : .

The approach described above, based on (iv) and the use of a
"monotonized histogram", was suggested by Cox (1969). He suggests that
the estimation of f at O be done independently from estimating f elsewhere;
we, on the other hand, use the value of our estimator ?n at 0 to estimate

f(0). Though Cox proposed this approach to estimating G, he did not

consider large-sample properties of 'En.'



- 1.5 Summary and results.

Suppose that some objécts have lifetimes thch can be represented by
a random variable with distribution function G as in 1.2. Suppose that
the residual life of such an object dt the time of the study can Ye

re resentéd by a random variable with distribution function F related to

G/by (i). In this thesis, we obtain an estimator En of.G which is monotone -

and right-continuous, and we prove strong uniform consistency results and
rate of convergence results for &n' Those results are stated in chapter
5. Our estimator En of G is obtained by formula (iv), with f= ?n ,
where ?n is an estimator.of f which is monotone nonincreasing on [0,«).
Qur other chapters are mainly.concerned with constructing a monotone non-
increasing estimator of f whigh has sbme strong uniform consistency and
rate of convergence properties. |

In chapter 2, we consider the estimation of a.sequence of

probabilities (p],...,pm) by a sequence of estimators (BI,...,B ) such

m
that B] > 0. > 3 ; this is appropriate when it can be assumed that
= m

p]_z ...z_pm. Qur reason for considering this problem is that
methods fqr transforming the usual estimator (Bk)T into (Ek)T yield
analogous methods for transforming a histogram %n into a monotonized
histogram ?n. Notation and arguments are much simpler in the case of

estimation of a finite sequence of probabilitﬁes than in the case of

densities, and can easily be generafﬁzed to the case of densities.

The estimation of a finite monotone sequence of probabilities is considered:

by Ayer et al.; as discussed in 2.1, our presentation completes theirs.
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' fwo monotoniéation‘méthods are considered in chapter 2. Each yields
an analogous monotonizgtipn method for the case of histogréms; these
methods:.coﬁsidered iﬁ chapte} 3, transfbrm a histogram estimator %n
of f into an estimator ?n monotone on [0,«). In chapters 3 and 4, f is
not necessarily the'deﬁsity specified iq (ii) but is, more generally,
any density function which vanishes on (=«,0), is nonincreasing on
[0,«) and is right-continuqus. Qur analysis of thé monotonization methods
enables us to compare.the distance of ?n to f with the distance of ;n
to f; thjs comparisoh shows that the rate of convergence of ?n is at least
asrgooa as the rate of convergence of %n‘ On tﬁe basis_of this observation,
and adapting some results’ by Révész (1972), we obtain some rate of
convergence results for ?n. |
The argumen%s in chapter 3 also yield some strong pniform consistency
results (without rate of convergence) but Eimi]ar results - with weaker
conditions - can be obtained by different arguments; that is done in
chapter 4. Qur estimator ?n,was considered by Barlbw et al. (1972});
they obtainedlstrong consistency results for ?n at points where f is
continuodé. In chapter 4, we complete the work of.Barlow et é]. by
obtaining strong consistency at 0 (where f is not continuous), and at
T (hefined in 1.3) when T <« and f is not continuous at T. Oﬁr arguments are
based in pét; on a proof .by Révész (1968). From the stroﬁg pointwise
consisteﬁcy results andi@gﬁbtonicity, we obtain strong uniform consistency results.
In chapter 5, results from chapters 3 and 4 are applied to the
gpeciffc case where f is the density specified in (ii) to obtain the already

mentioned strong uniform consistency results for &n'



1.6. Notation.

As already noted in I 5, f has two mean1ngs in this thes1s In
chapteraS and 4, f 1s any den ty function which van1shes.on (-m,O),
is nonincreasing on [O,m) é;;sjs right—continudus.. In chapter 5, fis
the particular dens1ty function wh1ch is described in section 1.4, The
usual histogram estimator of f is denoted by f , and the moriotonized ‘
histogram estimator of f is denoted by ?n. We use F for the d1str1bqtion
function with den;ity function f and Fn for the empirical dtstribution
functidn,estimattng F (e.d.f.), computed from (Xi)?; in this thesis, we

-

work with the left-continuous form of the é.d.f., namely

n
F (x) =n X I(_m xﬁxi).ln the remainder of this thesis, when the word

cbnsistencg is used it shoutd be understood to mean strong consistency;'
i.e., convergence of estimators is established in the "tlmost sure"
mode of convergence. When convenient, we write a.s. instead of "with

.
probability one'. F1nally, when we say that a function g is cont1nuous
on an interval we mean that g is continuous in the relative topology of
that interval; e.g., to say that g is continuous on [a,b] means that g

is continuous at each x in (a,b), is right-continuous at a; and

left-continuous at b.



é. Monotonization methods.

2.1. Introduction

Throughoﬁt this chapter, we consider fhe S{Euation‘where, for
k = 1,.:.,m, a number Nk of 1ndependentitrja1s are made of an event
which occurs with probability Py Let ay dﬁrote the'numbef.of successes
in the k-th trial, and f, the ratio a,/N,. For each k, as N >,
ﬁk > Pys with probability one, by the strong law of large numbers.

The problem con;idered in this;éhapter is the following. Suppose
that one.has reasons for assuming that the 6robab11it1es Py satisfy
the inequalities Py 2 ees 2Py - Then it is natural to seek estimates i

‘ E],.[.{Bﬁ which satisfy B] > ... 3:35; the usual estimates
V,/’ﬁqf..l,ﬁm may fail to have this property.

‘ We consider two approaches to the prob1¢m stated above. In 2.6,
we state a procedure which uses the data ((ag’Nk))E=1 }o transform
the sequence E = (ﬁk)E=1 into P = (EkjE=l so that 31 > . 3_3% .

On tfe other hand, in 2.14, we use the data ((ak,Nk))m to obtain a

k=1
sequence 0 = k0 < k] < ... < kO = m and put
) a
W Kl 2 S kg
(i) Py = : L when k. (+1 <k 2k
) Ny T
k1._1+1 <3< k1. :

The first part of this chapter is devoted to showing that those two
approaches yield the same result. The second part uses the first of the

above-mentioned approaches to compare the distance between (Bk)2=] and
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(pk)té] witﬁ:the distance between (ﬁk)'l':=1 and (pk)r:::]f

m -
k=1’

copétruction of (Ek)tzl is based on a suggestion by Ayer et al. (1955),

biﬁour two approaches to the monotonizatfon of (ﬁk) the first
" which we consider in more detail in 2.2 . Looking at (Bk}Ez]“this way
. -will yield the comparison of distances mentioned above; the result, giﬁen

in theorem 2.17, is that, when Py E_pz 2 2P0
.. n )
{(11) maxk]pk - pkl f_maxklpk - ﬁk| .

The consistency of (BR)E=1’ when the number of trials increases indefinitely,
follows from (ii) and is stated in theorem 2.19 .

Inequality (ii} is not obtained in any of the papers that we
consulted; it complements, in the context of the monotonization of estimates

of probabilities, the inequality

o2 ~ 2
'|<§<m (pk_pk) Nk i z (pk_pk).'Nk .

ot
mentioned by Ayer et al. . In the spirit of this thesis though,lsﬁequa11ty
(ii) is the first step before a more general analogous inequality is
obféined for histograms in chapter 3 .
The second of the above-mentioned constructions of (Bk)E=i’ also
based on a suggestion by Ayer et al., is useful for proving thét the first

method has a well defined, unique final output; this is done in theorem

2.13 . Ayer et al. propose a min-max formula to compute each Ek. An

analogous formula is used throughout the book of Barlow et al. (1972)

e



in cases of monotonization more general than those considered in this

chapter. For each k,

5

DI
: J
{i91) Bk = min max LSS5\ _
I<r<k k<s<sm  § N, - *
r<j<s '

Those are Il‘exph’cit formulas for the determinafion of the (Ek)$=];
but are not recommended for calculation (Ayer'et al., 1955, p. 644).
Qur formula (i), on the other hand, will be seen to be conveﬁient for
calcuiations. |

The monotonizétion methods presented 1n-this_chapter are generalized
in section-2.21 . The work done in this chapter and that generalization
can be adapted to the analogous problem of monotonizing a histogram,
which is of interest when estimatigg a monotone density. That problem
will be considered in chapter 3.

The content of this c¢hapter is related, in part, to some sections of
Barlow et ai. (1972). In that book, there are extensive discussions of
some very geﬁera] ideas which are gathered into the concept of "isotonic
regression”. They deal with the estimation of isotonic regression in a
very general framework; particular instances of their estimator turn
out to be precisely our monotone estimators = (Bk)t=] » in the context
of the estimation of probabilities, and ?n’ in the context of the
estimation of monotone density functions. However, the results whiéh

interest us (e.g., theorem 2.17 and theorem 3.12) cannot be obtained from

the general considerations of isotonic regression in Barlow et al..

~f
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2.2. The monotonization method by Aver et al..

!

In.this-section we bresehi a method of monotonization of esfimdtes
(ﬁk)ﬂ=] of (pk)E=1 suggested by Ayer,et al.. We then present a discﬁssion
of thé.resu]ts'obtéined by Ayer et al. from this method. Finally we
make two remarks to clarify the steps involved in this method. Ayer et
a17 describe their method in the following terms (with the notation

changed in order to match to notation herein):

' “The maximum likelihood estimates 31,...,35 of the numbers

Pps-- 5Py May be found in the following way. If ﬁ] > ... >

Cthen By = By s k= L2,.m o If By < By, for some

> 0,
m—.
. ora LYY v . . =-“

i (1 = 1,21...,m 1): then Pi = Py the ratios ﬁi ai/N1

and ﬁ1+] = a1+]/Ni+] are then replaced in the sequence
ﬁ],ﬁz,...;ﬁm by thé single ratio (a1+§i+])/(Ni+N1+1), obtaining

an ordered set of m-1 ratios. This procedure is repeated until an
ordered set of ratios is obtained which are monotone nonincreasing.

Then, for each k, Ek is equal to that one of the final set of ratios

to which the original ratio ak/Nk contributedf

Clearly, the method is not fully Speci%ied: there might be several
orders in‘which it can be applied, and it is not dbvious.that which-
ever order is chosen the method Qi]] necessarily yield the same monotone
nonincreasing sequence, As shown in 2.12, th%s is indeed the case. ;
--Ayer et al. state the following results - without proof for the last

three.
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) :
(1) The existence of a maximum likeljhood'estimator (ER)E=] subject

to the conditions B] 3_32 > ... 3_36 : '
(2)'The uniqueness of the maximum likelihood estimator (Bk)g=]'which

is, for each k, given by the min-max . fonnu]a 2.1. (iii).

ﬁﬁg’ Py can also be obtained by the method of monoton1zat1on quoted
g//>’Tbove. . i _ -
(4) Since ﬁk convergés with probability one to Py {k = 1,2,...,m), by

the strong law of large numbers, Ek converges, with probability Sﬁe,

to bk (k = 1,2,...,m).

In sections 2.5 and 2.6 we propose a new description of this method;
Theorem 2.12 proves the uniqueness of the monotone output Sequence‘_
obtaiﬁéd by the method and shows that its k-th element is‘indeed given by
the min-max formula 2.1. (§ii). MWe theﬁ show in tHeorem 2.16 that the.
'monot0n1zed estlmate is not worse than the original and statement (4)

follows.

Remarks.

-

A. When ﬁk and ﬁk+]'are replaced by the single ratio ™ then, at the
next iteration, ﬁk\is treated as a single term and not as an adjacent

~ pair of equaI' ms.\\This is illustrated in Figure 2.A, where
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Figure 2.A.

In Figure 2.A, each arrow represents an iteration of the monotonization

Vmethod. The downward path illustrates how the monotonization should be

applied according to Ayer et al.; i.e., the tatios ﬁ] = a1/N and

ﬁ2 = a2/N are replaced in the squence (ﬁ1,ﬁ;,ﬁ3) by the single ratio-
(a]+a2)/(2N) , obtaining an ordered set of 2 ratios. The upward path
shows how not to apply the method of monotonization. The‘first iteration

is applied to the pair ﬁ]‘and ﬁz as in the downward path but three

.

distinct ratios are kept. Each further iteration is applied to a pair

of ratios and three distinct ratios are kept at each step; this yields
a sequence of estimates of (p],pz,p3) in which either
M = T, < Ty O Ty <M, = Mg is always the case and the sequence does not

converge in finitely many iterations to a nonincreasing estimate.
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3
B. It is not obvious that the method of monotonizétion always yiers~a
unique monotone nonincreasing estimate. Figure 2.B shows different
orders of application of the method; it is not clear at a glance that,
e.g., the sequences obtained at state (la) and at state (2a) can both

be transformed to.the saqfﬁwnotone nonincreasing estimate. Here again

an arrow refers to an iteration of the method of monotonization. Assume

that N; = ... = N = N and that (ajs...536) = (3:2,1,3,4,3) . Now
the start%ng'sequence is (ﬁ],ﬁz,...,ﬁﬁ) = (3/N,2/N,1/N,3/N,4/N,3/N) .
We first note that, as Py < f; and By < 65, this sequence is not
monotone nonincreasing. Therefore we can apply the first iteration
either to the pair ﬁ3 and ﬁa or to the pair ﬁ4 and‘ﬁs. If we apply

it to the pair ﬁ4 and ﬁs we obtain state (2a}, where ﬁ4 = 3/N and

P - 4/N are replaced by the single ratio (3+4)/(N+N) = 7/2N . The
new sequence is  (1,,....mg) = (3/N,2/N,1/N,7/2N,7/2N,3/N) . According
to Ayer et al., the new sequence should contain only 5 terms because
ﬁ4hand ﬁ5 should be replaced by onfy one ratio. It is however more natural
to keep sequences of the same length, and we will do se, but it is to be
remembered that the new ratio should be considered as replacing both

ﬁ4 and ﬁs in the next iteration; for future 1tgratjons, ﬁ4 and ﬁs are

replaced by the .single object (w4,n5), where Ty = Tg = 7/2N . This is

represented in Figure 2.B by encifcling the corresponding points. We

apply another iteration to the/sequence (ﬂ],...,WG) in state (2a).
It can 6n1y be applied to fhe pair 4 and (v4,n5). This yields state

(2b), where My = /N and 4,n5) = (7/2N,7/2N) are replaced by .

(8/3N,8/3N,8/3N).
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. 'Figure 2.B represents a11'pdssib1e paths that the method of
monotonization of Ayer et al. could follow if the sequences
(a],.L.,aG)f%q(352x1,3,4,3), (NyaeaolNg) = (Ns.nuuN) and

(Bys---»Bg) = (3/N,2/N,1/N,3/N,4/N,3/N) were given. Note that all

" paths yield the same final output sequence of state (d).

The following sequences are the estimates (ﬂ];...,ﬁé) at each state

of Figure 2.B.

324 4 4 3 3217 7 3
) Gp 2w v W @) Gy v W
36 6 6 4 3 3 28 8 8 3
) e wswww N (20) Gy ¢ 3w 3w 3 W
310 10 10 10 3 32 11 11 11 1
(e) G0 v v v v W (2) (@ ¢ W W W

————

o e T oy T
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2.3. Definitions and.remarks.

A. Definition: Llet M= {m,...,m ) be a finite sequence of real

numbers. A cluster of I is a subsequence of I consisting of consecutive

" and equal terms. A maximal cluster is a cluster which cannot be enlarged

to yield another cluster; i.e., (nk: k,y < k f-kz) is a maximal cluster

1 —
iffm = ...=n1 and 1, F W (unless k, = 1}, and m ., # =n
k1 . k2 . k] 1 k1 1 _ k2+1 k2
(unless k2 =m). The cluster C{r,s) of I will denote the subsequence

(nk: r<k<s).

B. Remark: -The sets of integers which are indices of distinct maximal

clusters form a partition of {1,2,...,m}. In Figure 2.C the maximal

1

] 2 3 4 5

Figure 2.C.

C. Definition: Let D = ((a],Ni),...,(am,Nm)) be the data described in
2.1. For integers r and s such that 1 <r < s <m, put



Proof. Let é,b,c, and d be reals, with ¢ and d bositivé. Now

A cluster C{r,s) of ‘a sequence I = (n ],- T ) is said to have the

k
T € C(r,s) , i.e., for every "k with r<k<s.

average property (w1th respect to D) if w, = A(r,s) 1is true for every

D. Notation: A sequence will be said to be MNI if it is monotone
. . A _

nonincreasing.

Lemma 2.4. Let A(-,-) be as in defiﬁition 2.3.C. For any integers r and s

such that 1 <r< s<t<m,

(i) A(r,s) = A{r,t) e A(r,t) * A(s+l;t) ,
(11) A(r,s) < A(r,t) & A(r,t) < A(s+1,t) ,.
(111) A{r,s) > A(r,t} & A(r,t) > A(s+1,t) ,
(iv) A(r,;s) = A(s+1,t) = A(r,s) = Alr,t) = A(s+1,t) ,
(v) A(r,5) < A(s+1,t) = A(r,s) < A(r,t) < A(s+1,t)
(vi) A(r,s) > A(stT,t) = A(r,s) > A(rst) > A(s+1,1) .

(*) %-= id k# a(ctd) = cla+b) & ad = cb
_ atb _ b
and
b
ad+ac = bcrac = 3. ah
(**)%=%=§-ad=bc-_—ep . ¢ cHd
_ atb _ b
ad+bd = bet+hd = d " d
Put
a= ) a , b= a >
rskes s+1gk<t
c= ] N, d= LN
r<kes s+1<ket
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Then (i) follows from (*), (ii) and (iii) follow from (*) with:
“=“‘$eb1a6ed\by "<" and ">" respectively, (iv) follows directly from
(**), and (v)-and (vi) follow from (*) with "=" replaced by "<* and

">" vrespectively.

.+

2.5. The Standard Monotonization Transformation. -.

We apply the label Standard Monotonization Transformation (SMT)
to a slight modification of the basic steﬁ in the procedure proposed by

Ayer et al. It is used to transform a non MNI estimate I = (WI""’“m)

of (p],...,pm) jnto an”estimate T* which is, so to speak, one step closer

to being MNI. The SMT can be formalized as follows.

The SMT is applied in relation to the basic data D = ((a1,N1),...,(am,Nﬁ)).

As defined in 2.3.C, A(r,s) = ( J ak)/( ) Nk) . The input
r<k<s r<k<s

to the SMT is a non MNI sequence T = (ﬂ1,...,ﬁk) whose maximal

clusters'all have the average property (with respect to D), as

defined in 2.3.C. The output T* = (ﬂT,.--,ﬂ;) is obtained as

follows. Select a pairof contiguous maximal clusters C(k],kz)
and C(k2+1,k3) of T such that ﬁkz = A(k],kz) < A(k2+1,k3) = ﬂké+1;
put
*_ R L
TS T ' ,1fk¢{k],...,k3},
* .
m, o= Alkq,ky) = (] a )/} NoY o, if ke (kyoovoskal .
k _ 13 k15y533 k k]§y§y3 k [ 3

Remarks.

A. The maximal clusters of the sequence'(ﬁk)gz] = (ak/Nk)Ez] all

have the average property; this will be shown in 2.7.A.
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% ' M . .
B. Let N = (m,...,n ) bea non MNI input whose maximal clusters all
have the average property. If the SMT is applied to I then the maximal
' ' %

. *
clusters of the output sequence T* = (n],...,nm) all have the

average property;lthis will be shown in 2.7.D.

C. If the input sequence contains v maximal clusters then the cokresponding
output sequence cdntains\at most v-1 maximal clusters; this will be

“ shown in 2.7.8B.

2.6. Monotonization procedure.
K

This procedure starts with the basic data D = ((al,N]),..:}(am;Nm)).'
" The initial estimate of Py is ﬁk = ak/Nk . The procedure yié]ds, as

its finai.output, an MNI estimate (Bk)w=1 '

Procedure.

mo . voamo m ‘en -
(1) 1If (ﬁk)k=1 is MNI, put (pk)k=1 = (ﬁk)k=1 and stop. Otherwise:
_ m . .
(2) put T = (ﬁk)k=] ]
{3) apply the SMT to the input I, get a new sequence II*. If T*
is MNI, put (Bk)ﬂ=1 = I* and stop. Otherwise,

(4) put 1 =T1* (i.e., replace I by I*) and return to step (3).

-
!

Note that all sequences we use as inputs to the SMT are legitimate
inputs. By definition of the SMT, the input sequence to the SMT must be ‘
such that each of-its maximal clusters has the average property. It will -
be shown in 2.7.A and 2.7.E that, in the procedure described above, the
initial jnput to the SMT, and all subsequent inputs to it, have the

required property.



Notes.

A. As the ‘number of maximal clusters decreases at each application of

the SMT, the procedure must stop after finitely many iterations.

B. At each iteration, there may be Eevera1'pairs of maximal clusters

which may be selected for application of the SMT. But it will be shown

in 2,12 that, no matter how the selection is done, the procedure

yields a unique MNI sequence.

2.7. Notes on the monotonization procedure.

~ A. Fact. The maximal clusters of (ﬁk)E=] all have the average property.

-- Indeed, given any maximal cluster C{r,s} of (ﬁk)g=1’ we have,

by the definition of maximal clusters, ﬁr = ... = ﬁs; i.e.,
ér/Nr = ... =a/N . Then, for r<k<s,
By = (ar+”'+as)/(Nr+"'+Ns) = ‘A(r‘,s) .

B. Fact. If Il = (n],...,wm) is a non MNI sequence with v maximal
clusters, all with the average property, then the-éorresponding output
sequence TI* is composed of at most v-1 maximal clusters. -~ Indeed,
the SMT transforms a pair of maximal clusters into a single cluster

and leaves the other clusters unchanged, so the output T*

contains at most vw-1 maximal clusters.

C. Remark. The new cluster formed by the SMT is not necessarily
maximal. For instance, in Figure 2.B, the first iteration yielding

step (la) transforms the pair of contiguous maximal clusters

C(3,3) and C(4,4) of (ﬁk)ﬁ:] into the cluster C(3,4) of
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of II= (w],f..,nm) . Now C(3,4) is not maximal because it is adjacent
to a cluster with elements equal to those.of C(3,4); C(3,4) is however

contained in the maximal cluster c(2,4).

D. Fact. let Il = (w],...,nm) be a non MNI sequence whose maximal
. clusters all have the average property, and let T* be the output
sequence obtained by applying the.SMT to I. Then the maximal clusters

of It* all hage the average property.

Proof.

(1) First, we note that if two contiguous clusters C(r,s) and C(§+],p)
of a sequence 1l = (wk)E=] have-the average property, éﬁﬂ are such
that A(r,s) = A(s+1,t) , then thé‘concatenated cluster C(r,t) of
Il has the average property. Indeed, if C{r,s) and C(s+1,t) are_'
contiguous Elusteks'with equal terms then C({r,t) is a cluster.

Now it follows from Temma 2.4.(iv) that if A(r,s) = A(s+1,t)
then A(r,s) = A(s+],t) = A(r,t)_. But then all the é]ements of

C{r,t) are equal-to A(r,t}; that is, C{r,t) has the average property.

~

(2) Now, for some g, with k0 = 0 and kOr = m, consider the maximal clusters of

(1) C(],k])’...,C(ki-]+],k1), C(k-i+]’k-i+'|)""!C(kc_]+]3m) .

‘Suppose. that they have the average propert¥ and that T is not MNI

so that the SMT can be applied. Let i be such that

Alks_*T,ky) < Alk,#1,ks 4} and such that the pair of maximal
clusters C(kj_]+1,k1) and C(ki+],k1+]) is selected for concatenation.
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The new cluster C(ki_]+i,ki+]) has the average property by‘definifion
of the SMT. Now, if the sequence (i) of maximal c]usfers is replaced
by a sequence which differs from (i) only in that the pair
Clky_y+1aky) and Clkg+1,k;,q) is replaced by Clk;_p+1,ki,q)s one

thq1ns the sequence of clusters
(i) C(l,k1),...,C(ki_]+1,ki+]),...,C(Bo_]f1,m)_.

A11 those are clusters of the output seguence I* and each has the
average property. Now the maximal clusters of II* are either as
shown, or concatenations of contiguoue clusters with equal elements.

There are four possibilities:

(151) Alk;_p#1oks 1) # ALKy _y#1,Kp) # A(ki+]+1,k;;2)
(V) Alky_p#1kyy) 7 ALk _q#1ikgy) - Ak, 41+ ks yp)
(V) Al gty q) = Ak #kigg) # Ak okiy)
(Vi) ALk 1ok ) = Ak ¥k ) = A(ki;]+],k1+2) .

In case (iii), the input maximal c]usters C(k1 ]+1,ki) and C(ki+]’ki+1)
are replaced by‘the maximal cluster C(ki 1 ) and the other input

maximal clusters remain unchanged. As already noted in (1), C({k. +1,k

j1t ki)

has the average property.
In case (iv), the input maximal clusters ﬁ(k._ +],k1) and
(k +1,k. +]) are replaced by the cluster C(k ]+1 k1+1), wnich is

: then concatenated with C(k +7, k1+2)-t0 arrive at the maximal cluster

+1

C(k 1,k1+2); the other input maximal clusters remain unchanged.

i-1

As already noted in (1), C(k1_1+1,k1+2) has the average property.

Cases (v) and (vi) are similar to case (iv).
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E. Fact. Each maximal-cluster of a sequence I = (m,....7 ) obtained

in the course of procedure 2.6 has the average property.

Proof. ‘IF (ﬁk)2=1 is MNI then. (Bk)?;]lé (ﬂk)E=]; there is no app]ication
of the SMT and this is the only sequence obtained in the course of
pro;edure 2.6, In view qf 2.7.A, each maximal cluster of (ﬁk)E=]
has the average propefty. Thus the stated Fact is indeed true when
(P, is MI.

' Ifi(ﬁk)Eﬁ] is not MNI then, in 9ieL of 2.7.A and 2.7.D, the output
ofﬁthe first application of the SMT is'a Sequence T each of‘whose
maximal clusters has the average propérty. In view of 2.7.D, it
follows that this remains true for the outﬁut of each subsequent
app]icatiohs of the SMT. In particular, this remains true for thg final

output segquence (Bk)E=1'

Proposition 2.8. With 1 <v <m, let L be the largest integer & > v
for which
A(v,2) = max A(v,s)
v<s<m

is true. Then, for all v < k <L,

Alv,L) = max A(%,s) min max ~ A(r,s)
v<s<m v<r<k | k<s<m

Proof. Observe first that, for v <k <L,

A(v,L) = max A(v,s) > max A(v,s) > A(v,L) .

v<s<m - k<s<m

Thhs
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;

(i) A(v,L) = max A(v,s) when v& k < L .
: ' k<s<m ' - ‘

Consider the case where v <L, Ifv<uc<lL then \).i u-1 < L, hence
" Afv,u-1) < max A{v,s) = A{v,L) ;
V<s<m '
1

| now, by lemma 2.4(i) and {ii), with r = v, s = u-1, and t =L,

-

(i1)  A(wl) < Alusl) .

As (ii1) is trivially true when u = v , it follows that (ii) is true

when v < u < L. Thus, without assuming that v <L,

(ii1) . max A(u,s) > max A(u,s) > A(u,L) > A(v,L)
. k<s<m L<s<m

when v < u <k < L.

From (i) and (ii1) we conclude that, for v < k <L,

-'A(\),L) = max A(v,s) > min max A{r,s)y > A{v,L) .
k<s<m v<r<k | k<s<m

Proposition 2.9. With 1 < v <m, let L be the Targest integer £ > v

for which

L

A(v,2) = max A{v,s)
v<s<m

is true. If L < m then, for L+] < k <m,

(*) min max A{r,s)) = min max A(r,s)) < Alv,L) .
ve<r<k (k<s<m L+1<r<k  [k<s<m

1]

Proof. Suppose that L < m and consider k & {L+1,...,m}.

If L+] < w < m-then, from the definition of L, A(v,L) > Alusw). ' L
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From this and lemma 2.4;(iji), withr=v, s =1L, and t = w, it follows

that A(v,w) > A(L+],w). gdmb1ning the two inequalities, we have
(1) ' A(L+},W).< A(v,L) ﬁhgn W 3_L+1 .

As noted 1n:(1f)fin the proof of propositioﬁ 2.8,

ﬁﬂ. A{v,L) < A(u,L) when v<uzlL .

By (i) and (115;

1
.

A(L+1,w) < A{u,L) when v < u <L < L+1 < W .

- From this and lemma 2.4.(vi), with r = u, s =L, and t = w, it follows

that

(i11) . A(L+1,w) < A(U,w) when v <u <L <L+l <w.

Consider u such that v < u < L. Since k > L+1 , (iii) is true for

every w > k 3 hence

(iv) max A{L+1,w) < max A{u,w) when v <u <L.
k<w<m k<w<m
A(L+1,w) < A{v,L)
\\hs true for every w > k; it follows that
max A{L+1,w) < A(v,L) .

K<w<m

We conclude that
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{v)  min max  A(r,w)) < Alv,L) .
var<k |k<w<m .

-

tet p € {v,...,k} be such that

(vi) max A(p,s) = min { max A(r,s)) . ‘ .
k<s<m v<r<k [k<s<m ' |
Now, since k > L+, .

_min max A(r,s)) < hax A(L+1,s)
wer<k |kes<m [ 7 kes<m .

from this and (iv) and (vi},
maﬁ Alp,s) < max A{u,s)
k<s<m k<s<m
is true for all u such that v <u <L ; it follows that o ¢ {v,...,L}.
Therefore {vi) holds for some p such that L+l < p <k ; we conclude
- from this remark that |

min { max A{r,s)? = min { max A(r,s)
L+1<r<k |k<s<m v<r<k |k<s<m

Now (*) follows from this and (v).

Now we claim that the sequence (Ek)ﬂz] obtained as a final output

-

of procedure 2.6 is unique and can be computed, for each ks—by the formula
Bk = min max A(r,s)
1<r<k |k<s<m
But before we prove this claim in theorem 2.12, we obtain some properties

of the sequence T = ( min max A(r,s))tz] .
1<r<k (k<s<m

" In the rest of this chapter we will use the sequence
0=k, < k] < ... < k0 = m whose importance has already been pointed

out in 2.1. It is obtained as follows. ‘
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%fhiﬁanJO.

Put ﬁo =0; for i>1,f k; ;<m letk, be the largest integer

k <m for which

Ak,

1_]+1,k) = max Ak,

+1,s) .
i-1°?
ki _qF1<ssm

.
-

-For some integer o, kc =m .

-

In the next two results, we denote a cluster C(r,é) of a given sequence

m= (w],...,wm) by'Cgr,s;Hz.

Proposition 2.11. Put T =-(Y];...,Ym) , with Y, = min max A(r,s)
‘ | S <r<k tk<s<m
for 1 <k <m, and let (ko""’ko) be as in 2.10. Now:
(a) The sequence T is MNI.
(b) Each maximal cluster of T has the average property; i.e., if
C(r,s;T) is a maximal cluster of T then Yy = A(r,s) for all
Y, € C{rss:T).

/
(c) The maximal c1usters§of P.are C(k, #1.k:3T), T <i <0
Proof. For 1 < i <o, let (*} be the following statement:

6(k1_]+1,k1;r) is a maximal cluster of T'; it has the, average property

and, if i < ¢, then

1
Further, by

(i) - Y, = _min max, A{r,s)) = min max Aér,s}) < A(ki-1+]’ki)
’ / 1<r<k  {k<s<m k,+1<r<k |k<s<m ‘
for k.+l <k <m.
We show first that (*} is true for i =1 . For k > k.1, (i)

follows from proposition 2.9, with v =1 and L = k] .
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proposition 2.8, with v =1 and L =k  , ¥y, = A(l,k;) for 1<k < ky3

therefore C(],k1;P) is a'cluster and it has the average property. By this -

*remark and (i), Y41 < ALK}) =y, and it follows that C(1,ky3T)
1 . 1 .

is a maximal cluster.

+

L] .
Next, suppose that (*) is true for i = j <o . If j+l <o then,

from (i), ‘ ~

\\

/I
(1) Yy = min ¢ max A{r,s)) when k.+]+]_§ k< ms
, kj+15y§k k<s<m N - :

further, from proposition 2.9, with‘ v = kj+1 and L = kj+1,

. (iﬁi) min max A(r,g)) = min max A{r,s)
kj+1§y§k k<s<m k5+]+15y§k k<s<m '

— .
7 < A(k 41,k

1

) and (iii) that

(iv) \ mi max A(r,s)) = min- 4 max A(r,s)
kj+1§p§ kj+]+1§r5k k<s<m

) when k.

We conclude from (i1

Further,{.pproposition 2.8, with‘\yﬁ= kj+1

min max A{r,s)) = A(k.+1,k.,,) for k.+1 <k < k,,, . It now
kj+]5y§k <k§§§m J J+1 =" ="3 "

[ L

follows from (ii) that Y, = A(k.+1,kj ) when kj+1 <k<k hence

j+1 >’
C(kj+1,kj+];r) is a cluster with the average property. By this remark

and (iv), ¥y < Alk.+1,k:.4) = v ; and, since (i) is assumed true
kj+]+] J bl R kj+] . :

for i=7, Yk-+] < A(kth+lskj) = Yk . Thus
; .

j J

ij > ij+!‘= Ty > ij+1+]‘. Therefore the cluster C(kj+]’kj+1; r)

J+1
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is maximal and has the average property. From this and (1v), (*) is
true for 1= j+1 .

Now it follows by induction that statement (*) is true for

1< 5_0:. This proves conclusions (b) and (c). But then, for -

—
.IA

i <o and. ky %1 <k<ky

Y = Alky_pHTaky)

It follows from this and statement (*) that

(o = ....= Yk] = A(],k]) ' > Yk]f] = A(k]+1,k2) ,
R S Alkg*kg)
Y = .=y, - = Alk__,*l,k_4) >y = Alk__+1,m) .
ky_pt] : Kg-1 -2 "’ o-1 Koot o-1
Thus  A(T,ky) > Alkj+1aky) > oo > A(k_p+1.m) and
Yy = oo Y, > Y = ... T Y, 2 ... Y > Y = .0 T Y,
1 ky ” Ykt T K, kg1 Tkgott] m®

wifich concludes the proof of (a).

-broposition 2.12. Let (ko""’kc) be as in definition 2.10. If

-

i, < g then

AU,ky) > Alke*1,W) when u < kg < kel < w

Proof. Let i be such that 1< i < ¢ . Consider first the case

i > 1. Let j be an integer such that 1< j+1 <i . By propositidn 211,
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ATky) > oo > Alkg_p+1hm) 3

- for integers o and B such that 0 <-a <. 8 < ¢-1, it follows fram this and

lemma 2.4. (vi) that _ 5

'A(kaﬂ,k > A(k 41,k

B) B B+1) '

Therefore, since 0 < j < 1 < o-1,
(1) Alkyroky) > A(ki;1,ki+]) :
By definition of k1.+],
A(k%ﬂ,kiﬂ) > A(k%+1',w) when w > k1-+1 .

Thus from this last inequality and (i), if 0< j < i < o-1 then

L]

(ii) A(kj+'l,k_i) > A(ki-ﬂ,w) when Wik-i” :

Now, as noted just after (ii) in the bf‘oof of proposition 2.9; with

V=g rland L= kg

kiii) A(u,kg) > A(kgﬂ,w.) when kg 1+ <u <k, < kptl < w .
With 2 =1, (1) yields

(iv) A(u,k]) > A(k]+1,w) when u < k] < k]+1 < WL

If “1<j<i<o-1then, with 2 =j and w= |<1. , (i11) yields

Ausks) >AlkyHakg) when ks (#1 < u < k;

By lemma 2.4. (vi), this yields
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(v) A(u,ki) >'A(ki+1,w) when kj_]+1 <u f-kj and ki+1 <w

“and, for 1 <k <m,

8
T
\‘
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A(u,ki) > A(kj*]’ki). when .kj“]ﬂ <u< kj. .

Therefore, from this last inequality and (ii), for each j such that
T<i<i,

-

When i > 1, if u < ki then either k; _q¥1 < u <kyooroug kg
the conclusion of the proposition follows from {iii), with & =1, in

the first situation - and from*(v) in the second situation. Finally,

if

11

1 then the conclusion is given by (iv}.

Theorem 2.13. .The final MNI output (Bk)E=1 of prdcedure 2.6 is unique
. . -— ; '

Bk = min { max A{r,s)
1<r<k |k<s<m

Proof. As in proposition 2.11, we write v, for min ¢ max Alr,s)
‘ m 1<r<k | k<s<m
and T for (Yk)k ] .

Let P = pk k 1 be a final output obtained by procedure 2.6. The
maximal clusters of both ¥ and T have the average property, by 2.7.E
and\\\ﬂ1 respect1ve1y Therefore, to show that the two sequences il
and T are equal, it suffices to prove that their max1ma1 clusters are the

same. Th1s also shows the uniqueness of the final output.
‘Let (ko""’ko) be as in definition 2.70 and consider the following
statements.



34

o, A -
(a) pki > pki+] when 1 < i <'0 ;
(b} C(ki_]+l,kﬁ;3) is é maximal cluster-of ¥ for every i ¢ {l,ﬁ..,c} .

Consider i such that 1< i <o .  From proposition 2.12,

-

(i) . 5(;:;;) > A(ki+1.w) when u'f_ki <kip SW

With u = ki and w = kg+l, (1) yiellds:

(i1) ﬁki = A(k;oks) > Alkgtl k) = ﬁk1+] :

If P = (ﬁk)E=] is MNI then procedure 2.6 has only one Step
- where P is the input and P =.E is the final output. Thus (a) is
true in Ehis case.

Ne;t, suppose that E is not MNI. - We show that, in this case,-if

the input I to procedure 2.6 is such that m_ > T, 4 then the output
. 1' .I' . .

* * .

% 1 .
* is such that jki ? nki+] . Suppose that ﬁki > ﬂki+1 . Note that
M. is the last element Of.exTiijﬁa] cluster of 1 and T 4] is the first

1 i
element of an adjacent maximal cluster, say C(u,ki) and C(ki+l,w),
respectively. But since T 2 T4 the SMT will not be applied to
i i
this pair of maximal clusters. If neither C(u,ki) nor C(ki+1,w) is
* * .
affected by the SMT then nki = nki > ﬁki+] =-nki+] JOIf C{r,u-1)
gets combined with C(u,ki) then o= A(r,ki) while

:
nﬁ1+1 = ﬂk1+] = A(ki+1,w); and, by (i) =¥ > ﬂ§.+] . Similarly

*
ks
if the SMT affects C(k1+1,w). -- Now, by (ii) and what was just shown,
the first output sequence II* is shch téat, nﬁ > ﬂE +] - This sequence
i i
is in turn the input sequence T for the second application of the SMT,

if a second application is needed. By what was just shown, the output

5
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I* of ;he second_app]ication'again has the property “:i > ﬁ:i;] .
Continuing thus until the last application gf the SMT, whose output
is P, we see 'that (a) is again.true.

~ Now consider i such that 1 f.i <o . In Yiew of (a), if
C(ki_]+1,ki;a)“is a cluster of P it must be maximal; indeed,

Bk > ak 41 » SO that Bk +1 1s the first element of a maximal cluster,
i-

i=1 1
and Bk. > Ek.+1 y 50 that Bk. is the Tast element of a maximal ciuster.
i i

i-1

] .
.~ Suppose that C(ki_]+1,k1;P) is not a cluster of ﬁ. Then, in view of

(a), there exists integers Ug and-u1 such that k1_1+1 <y <y f-ki

and such that C(ki_]+l,uo;3) and C(u],ki;ﬁ) are two maximal clusters of

P, ‘Those two clusters have the average property by 2.7.E; therefore
Bk{;]+] = A(ki_]+1,u0) and Bki = A(u],ki) . Furthermore, Eki—l+]

. and ﬁki are elements of the MNI sequence P and they belong to distinct
maximal clusters by hypothesis; therefore

Ak +1,ud) > Alu,,k.) .

i-1 Hyo¥

i

But, as noted in {ii) in the proof of proposition 2.9, with

v o= ki-1+] and L = k,i s

A(u,ki) E-A(ki-l+]’ki) when k1_1+1 <u <k, .

= =

It follows fram the last two inequalities that

Alk.

-1 k)

t1hug) > Ak,

which contradicts the definition of ki' We conclude that our supposition

is false; i.e., C(k1_1+1,k1;%) is a cluster of P. As already noted,
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thisvimplies that C(ki_]+l,ki;Pj is in fact a haximal c]usteriof 3
As i was arbitrary, (b) follows.

From {b) and é.?.E,the maximal clusters of P are
c{1, k :®), ,C(kU_],m;a) and A(ki_]+l,ki). is the®value of each term
in C(ki_]+l,ki;%). From proposition 2.11, the maximal clusters of T dre
C(1,ky3T)s. s C(k_>mT) and A(k;_q+1.k;) s the value of each teém

in C(ki_]+l,k1;r) .-- We conclude that P and T are one and the same

sequence. The conclusion of the theorem now follows fram the definition

of Vi

2.14, Monotonization algorithm.

Let D = ((a1,N]); . am,Nm ) be the starting sequence of data, with
ay and Nk as-in 2.1. let P = ﬁk k=] ° where ﬁk a Nk » be the starting

sequence to be monotonized.
Algorithm.

(1) If P is MNI, put P =P and stop. Otherwise, put k0 = 0
“.yand i =1 and go to step {2).
(2} Given ki—] <m, let k, be the largest integer & such that

A(ki-1+]’2) = max A(ki_]+1,s) . _
k1_1+12§5m -

Ny
For ki-1+] < k 5-k1 , put Py = A(kf_1+1,k1) . Go to step (3).

- (3) If ki =m, stop. Otherwise, increase i by 1 and return to

step (2). o

+
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Note that, since m is finite, there'is an interger ¢ such that
ky=m . The sequence (ki)?=0 obtained -here is the same as ‘the one

obtained by the procedure in definition 2.10. It follows from bropogition

2.11 and théorem 2.13 that the fiﬁa]voutput sequence of this algorithm

is the same as the one obtained in procedure 2.6.

v ~

'Probosition 2.15. Let a,b and c'be nonnegative real numbers. Let I]

and'I2 be two nonempty real intervals where 11'15 to the_]eft of 12.
Now, if h is any real-valued function, nonincreasing on I] ] IE’ and if
a <'b <c, then

(*) sup  [h(t)-b] < maX<sup [h(t)-al, sup [h{t)-c|

teI]UI2 tsI] tEI2

Proof. The proposition follows if inequality (*) is verified, under the
stated hypotheses, in the following three cases:

b3

(i) inf  h(t) > b,

tEI]UI2
(i1) inf  h{t) <b < <sup h(t),
‘ tEI]UI2 . t&:I]UI2 '
(iii)- sup h{t) < b .
L teI]Ulz ‘
Since h is nonincreasing, sup h(t) = sup h(t) and

inf  h(t) = inf h(t) .

tE:I]UI2 teI2



N
L.

38

Case (i): Suppose that inf h(t) > b . Then

. teI]UI2 .
sup |h(t)-b|]=  sup h(t)-b = sup h{t)-b
teI]UI2 teI]UI2 tsI]
< sup h{t})-a = sup |h{t)-a|
tel tel,
1 1
< max{sup |h(t)-al|, sup |h(t)-c|}.
tel tel
S 2.
Case (ii): Suppose that inf h(t) <b < sup h{t). Then
tel. Ul tel,UI
1772 - 17°2
sup |h{t}-b] = max{ sup h(t)-b , b- inf h(t)}
tEI]UI2 teI]UI2 tEI]UI2
< max{sup h(t}-a , c-inf h(t)}.
tel tel :
1 2
< max{sup |[h(t)-al|, sup ]h(t)—c|} .
tEI] teI2

Case {(iii): Suppose that sup h{t) < b. Now

tEITUIZ .
~sup |h(t)-b] = sup {b-h{t)} =b - dinf h(t) =b - inf h(t)
teI]UI2 tE:I]UI2 tEIlUI2 t512
< ¢ ~inf h{t) = sup |h{t)-c| |
teI2 tt-:I2 '

| A

max{ sup |h{t}-a|, sup [h(t)-c|l .
tsI] tE:I2

Lemma_2.16. Given I = (nk)E=] » @ non MNI sequence whose maximal

m
k=1

sequence obtained when the SMT is applied to II. If (bk)rl'z=1 is an MNI

. *
clusters have the average property, let TI* = (wk) be the output

sequence of real numbers then



39

* '
max |b - m | < max |b, - m| .
1<kem KK Ticken KK

wy

Proof. The non MNI sequence HC= (nk)'r:=1I is Eomposed of maximai.£1u§ters,
each of which has the aVerage property. Apply the SMT to I. THEn there

is a pair of maximal clusters;c(k],kz) ‘and C(k2+1,k3) of T such that -
A(k],kz) < A(§2+1,k3) and such that the odthut * is

»

™ v AT kR LK eakghs
= Alkakg) s A ke Tkyaeenaky)e

T

X X *

i
We then have
3 * - )
(1) mix|b2-wg| = mix[bg—ngl when & ¢ {kys..o0ka)

Now let I

17 [k],k2+l) and 12 = [k2+1,k3+1) , and define h a%

follows:

h(t)

{Ek LAt [kokHT), Ky <k <Ky s

arbitrary or undefined outside I1 U I2 .

Since A(k],k2)5< A(k2+1,k3) , it follows by lemma 2.4.(v) with r = S

5§ = k2 and t = k3 that A(k],kz) < A(k],kS) < A(k2+13k3); hence

* *
T, = ...=T <£T, = ... =T <7 = ... =T Then it follows
k] k2 k-i k3 k2+1 ‘k3 _
by proposition 2.15 that
*
max Ibk - ?;\ = sup |h(t) - wk.[
ky<keky L telyUL, 1 o [
< max{sup |[h(t)-m |, sup [h{t)-m |}
{tel SRS kot
1 . 2
= max% max |b,-m |, . max |b,-m |}
k "k k kK
k]jksz k2+1§k5k3

1

max b -m | .
k "k
k]§K§k3
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From (i) and last inequality, when 2 ¢ {k1,...,k3},

* ' * ' *
max |b,-m | = max{max|b -n,|, max |b,-m l}
T1<k<m k 7k p LR ky<k<ks kK
< max{max|b - |, max |b,-w I}
- { 1y LR k.<k<k k _k
| 13
max |b,-m |.
1<k<m k Tk

- Theorem 2.17. If Py 2Py > e 2p and (Bk)?=1 is obtained

m
by applying procedure 2.6 to (ﬁk)[f::T then

max |p, - B.| < max Ip, - B,
1<k<m k E T 1<k<m ko Tk
. m . f\,‘ m _ me ’ . .
Proof. If (ﬁk)k=] is MNI then (pk)k=1 = (ﬁk)k=1. and the inequality
is trivially satisfied. If (p,),_y is not MNI then, as noted in 2.6.A,

(ﬁk)rl]:=I is mohotonized after finiteldy many applications of the SMT.

After each application of the SMT, use lemma 2.16, with bk =Py - Then
for any SMT output 1* = (ﬂ:)?g:1 , |
() b, - | by - Bl
i max |p, - m, | < max jp, -
1<k<m koK g KK
In particular, (i) is also true for the final output TI* = ¥
Example 2.18. Theorem 2.17 is false if the condition Py 2Py 2 .- Z;p

is omitted. Indeed, suppose that m = 2 and Py <-p, and that, after
the SMT is applied with the input (ﬁ],ﬁz), we get a pair B], 32 .
If p,< ﬁ] < f, < p, 'then, as indicated in Figure 2.E,

"

|p'i - P1-| > Iﬂ-l - p'i' .
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| Therefore

max_[B; - oyl > max |B, - pil s
i=1,2 i=1,2

which contradicts the conclusion of theorem 2.17. . ' !

Py °
By =By foem oo ’
ﬁ] T *
. :
12

Figure 2.E.

Theorem 2.19. For l<k<m , suppose that N ~ . Then §, converges to

Py with probability one. Further,-if Py 2Py 27wen 2P, " then ﬁk also

converges to Py with probability one.

Proof. Given 1 <k <m, ﬁk converges to Py by the strong law of large
numbers. Now, if Py > ...E_Hntheh, by theorem 2.17, Bk also converges

to Py with probability one.

v

Remark 2.20. In theorem 2.18, as m is fixed, there_exists a set A

such that
(i) Qé has probability one,

(ii)-fbr we Q, (E](m,N]),,,,,B

m(w!Nm)) + (p-ls---,Pm) in Rm when

min{N],...,Nm} +.00
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2.21. Generalization.

This chapter deals with sequences of data ((ak’Nk) E=1‘ A1l the concepts
and resuits obtained in this chapter for such sequences are based on the
properties of the operator A(.,-) which are described in lemma 2.4.

. m ; .

Consider sequences (bk,dk) k=1 where bk and dk are reals, with dk

positive. The opekator Av(-,-) associated to such sequences is as follows.

For integers r and s such that 1 <r <s <m , let

Clearly lemma 2.4 remains true when A{-,-) is replaced by -Av(-,-).

It follows that all the concepts and results obtained in this chapter

for sequences ((ak/Nk{)E=T can be tréﬂsferred to sequences ((bk,de $=1"
with A(-,-) replaced by Av(.,-). E.g., the initial sequence 1T = (bk/dk)E=1
can be monotonized by procedure 2.6 and the final result X = (%R)E=]

is such that, for eéch k,

Y .
m, = _min{ max Avir,s)) .
1<r<kik<s<m
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3. .Monotonization 'methods for histograms.

3.1. Introduction. -

Throughout this chapter we consider the situation where (Xi):;]

is a sequence of nonnegative independent random variables with common

density function f which vanishes on (-=,0) and is nonincreasing on-

[0,»}; since f is real-valued at 0, it follows that f is bounded..

For n € N+, (Xi)? is a samp]é which can be used to estimate f nonpara-

metrically, for instance by means of a histogram, To construct a histogram

from the sample, we introduce a partition of [0,%), namely intervals

{[tkn) » tﬁ:%): k =1,2,...} where O‘= t%n) < tén) < s without risk

of confuston, we refer to the sequence t(n), t(n),... itself as "a
1 2

.partition of [0,»)". For each k 51N+, we denote the interval

[tén)=t£:%) by Aén), its length by Gén), and its indicator function by

Iﬁn). For the sample (Xi)?=]’ we denote the number of observations in
. n . . B ' :
Aén) by aén); i.e., aén) = Z Iﬁ")(xi). Throughout this chapter, M is

] J

is a random integer such that max X. e A(n). The histogram estimator

1<i<n M

fn of f related to the partition above is defined as follows:
a(n)/(nd(n)) , t e A(n) , k e N ,
- k k k
(1) = |
0 , L <0,

Note that aén) = 0 when k > M, Hence fn(t) =‘0 when t £ UE=]A£3) .
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As f.isinonincreasing on [0,}, and vanishes on (-=,0},

_ it s eatural to seek an estimator ?n of f which vanishes on (—w,O) A P

i eand is nonincreasing on [O,m)._ The main result of tﬁis chapter‘isjthat.
¢ we can constfugt such an estimator ?n’ with rate of convergence at least
as good as that of-¥n. This is shown in theorem 3.12. Applfcations'

. of this theorem are presented in 3.13. One application is the uniform
consistency of ?n’ ehowd in 3.13.8, but it should be noted that similar
results Wijl'be obtained in chapter 4 under mileer conditions and by.
diffarent methods. Heweyer; the methods used in chapter 4 do not yield
rate of convergence reselts for ?n; on the other hand,.the main puepose
of chapter 2 and this one is to develop methods which do yield rate 0%

.convergence results for %n'

The estimater %h is obtainedcby applying a monopenization method,
'described in 3.4 and 3.14, to}the‘in%tial“hfstogram %n‘ The monotonization
procedere presenfed in 3.4 is useful in the preof of thegrem 3.12. 1In
3.14, ae obtain an ‘algorithm which(gives an explicit formula for the final
histogram ?n. In 3.16, we give a geometriclinterpretation of this algorithm.

In 3.15.A, the histogram estimator %n will be seen to be the slope of the
‘polygoﬁa] graph joining -the points (tk,Fn(tkﬂ , k=1,...,M+1; and
the monotone estimator ?n will be seen to be the slope of the
.polygonal graph joining the points (tk1+l’Fn(tk1+19 » 1 =10,...,0
- where (ki)g is a sequence described in definition 3.6, end
Fn is the e;d.f. related to the sample (Xi)q' From this

we already see that the second polygonal graph is smoother
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than the fifst one..
- ..}n this chapter, a function (R ;}R)Vis said-to be ﬂﬂi;if it vanishes
'oﬁ-(-;;o) and is nonihcfeasing on [0,=). In order to simplify the
notation, the depeqﬁence-on n will (1n'genera1) not be explicitly
indicated: in the.rehainder of this chapteé:.tk; B S Tis and ag
.will be written instgad of tkn); Aﬁ"?, Gén), Ién), and a&n), respeétive]y.
Hé say that a sequence 1 = (“k)2=1 and the sequence of adjacent

intervals (Jk)E=] describe a histogram I' iff

A

' m , ifted ,1<k<m,

4] -, elsewhere .

For instance, the sequence of ratios (ak/(nak))r=] and the sequence of
. M Loon ' | :
intervals (Ak)k=1 describe f .

Now to monotonize fn’ it suffices to monotonize its sequence of
ratios I = (ak/(nﬁk))r=] . If this is done, a nonincreasing Sequénce '
is obtained which, when considered together with (Ak)Eé], describes
a histogram that is nonmincreasing on [0,»). The two metisds of
monotonization we present start with the basic sequence H ='((ak,n6k))|:=1 )

. ) A,_ 'M’ N
the sequence of ratios I = (ak/(ndka_k=]

intervals (Ak)ﬂz] . In view of 2.21, procedure 2.6 can be applied

, and the seqpencé of

to the basic sequence H and-the sequence of ratios M. Qur first
histogram monotonization method is developed from grocedure 2.6 and
is presented as a finite nmufiber of applications of a 'standard transformation.

After each transformation, .a new estimate of f is obtained - whose distance
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to f can be compared to that of tHe previous estimate. We do this in
lemma 3.9. That permits us to compare, in theorem 3.10, the distance
between f and the MNI estimator ?n with the distance between f and the

histogram estimator fn. That yields our main result, namely theorem 3.12.

g

3.2. Definition and remérks.‘

et

A, Defihitfon. Let H = ((a],nél),...,(am,ném)) be the data described

in 3.1. For integers r and s such that 1 <r <s <M, put

Clusters and maximal clusters of sequences are defined as in 2.3.A.

A cluster Q(f,s) of a sequence I =<(ﬂ],...,ﬂM) is said to have

the average property (with respect to H) if T = Av{r,s) 1is true

' for every m € C(r,s); i.e., for m with r<k<s.

Throughout this chapter the average property wi]Thalways be cons%dered

to e wjth respect to H.

B. Remark. ‘Lemma 2.4 remains valid when A(~,-) is Feﬁ%aced by Av{:,-),
with m = M. The above-defined average Av{-,-) plays in this chapter

a ro]e‘analogous to the role played by A{-,-) in-chapter 2.
C. Remark. It will be seen in 3.15.A that

Fn(t

- F_(t
Av{r,s) = 5+]) ”(

r

) | <

Py
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Therefore Av(r,s) is the slope of the e.d.f. straight-Tine intefpolation

between abscissas tr and ts+]'

. 3.3. SMT for histograms.

Réharks.

The standard monotonization transformation for histograms (SMTH)

is used to transform a nonincreasing est1mate (w], ..,wM) of
(f(t]L...,f(tM)) into M which is, in: the same way as in the SMT in 2.5,

one step closer to being monotone. It can be formalized as fo]]ows.

.The SMTH is applied in relation to the basic data
H = ((a],na]),...,(aM,n}sM) . As defined in 3.2.A,

Avir,s) = ( 7} ak)/( ) nak) . The input to the SMTH is a
. r<k<s r<k<s

sequence T = {m )M_ , which is not nonincreasing, whose maximal
k k=1

clusters all have _the average property {with respect to H) as

) ) * * . .
defined in 3.2.A. The output I* = (& ],...,WM) is obtained as

follows. Select a pair of contiguous max1ma1 clusters C( k »K )

and C(k2+1,k3) of M, such that sz = Av (k1’k2) < A(k +1 k3) T +] ;
pUt N

* _ ’ . - k ’

']Tk = TTk . P 1f k ¢ {kfla---s 3}!

* . ' ‘

m, = Av(k,,k,) = ( a, }/( ng ) , if k e {ky,... ko}.

k 1773 k]i&§k3 k k}fﬁfﬁ3 k 1 3

The following remarks are’analogous to the remarks in 2.5 and can

be obtained by arguments similar to those presented there.

A. 1 = (ak/(nsk))'::] is a sequence whose maximal clusters all

0



have the average property.

B. lLet I = (n],...,wm): be an input, which is not nonincréasing, whose
maximal clusters all have the average property. If the SMTH 1is
applied to I then the maximal clusters of the output sequence

* * * .
> = (n],...,wM) all have the average property.
C. If the input sequence contains v maximal clusters then fhe'\

. corresponding output sequence contains at most v - 1 maximal clusters.

3.4. Monotonization procedure.for-histograms.

As mentioned in 3.3, this procedure starts with the initial histogram
f ; more explicitely, it starts with a sequence of data (( ],nél),...,(aM,n6M9 .
a sequence of ratios (; (tkg E 3 ( k/(nd 9 E=1’ and an‘assotiated
sequence of intervals ( k)k=]' Affer each application of the SMTH,
the procedure yiflgi a histogram. If thisshistogram is not nonincreasing
UE=1Ak then.the SMTH is applied again. The procedure yields, as its |
final output, a histogram estimate ?n of f which is MNI in the sense
_ gpeeified in 3.1.

Procedure.

-~

(1) If the sequence (f (tk))t=] is nonincreasing then the histogram f

n
is MNI. Put % ? and stop. Otherwise:

L)

(2) put It = (?n(tk))"j:] 3

(3) apply the SMTH tosthe input T, get a new seaﬁenée Ii* = TwE)E
Put _;. ‘ .

*y
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*

1Tk . . 3 ,t 4 Ak’ ] i k M’

<
—_—

r*(t) =
0 » elsewhere .

If the sequence NI* is nonincréasing then the histégram I'* is MNI.

Put ?ni= I* and stop. Otherwise,

(4) put T =1* (i.e., replace 1 by I*) and return to step {3).

1

By definition of the SMTH, the input sequenée‘to'the SMTH must be such
that it is not nonincreasing-and each of its maximal c]ustefs has fhé
average property. In the procedure described aone, the initial input )
to the SMTH,'and_all subsequentjinputs to it, have the required property;

see comments in 3.5.-

Note. As the number of maximal clusters decreases at each application
of the SMTH (remark 3.3.C), the procedure must stop after finitely many

N, iterations. , : =
"3( .

3.5." Notes on the monotonization procedure for histograms.

The following notes are analogous to 2.7.A, 2.7.0 and 2.7.f respectively.

They follow because Av{-,-) and A(;,-) share the required properties.

A. Fact. The maximal clusters of (?n(tk))?::] all have the average

property with respect to H.

B. Fact. ‘Let I = (Trk)L1 be a sequence, which is not nonincreasing,
whose maximal clusters all have the average property, and let I*
be the output sequence obtéined by applying the SMTH to II. Then

thé maximal clusters of M* all have the average property.
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C. Fact. Each maximal cluster of a sequence M= (“k)t=i "~ obtained
in the course of procedure 3.4 has the average property. (This follows
from A and B above as Fact 2.7.E follows from 2.7.A and 2.7.D).

In particular, this is true for the final output sequence

M : :
GH“kOkﬂ' :

We use a procedure analogous to that in 2.10 in order to formulate a

result analogous to proposition 2.11.

Definitibn 3.6. Put k_ = 03 for i > 1, if Kk, ; <M let k; be the

largest k for which

Av(k.

stk = max Av(k;_(*1,s) .

ki _y*1<s<M

For some integer o, kG =M.

Proposition 2.11 is obtained fram arguments depending only on lemma
2.4. By remark 3;2.81we'then have the following corresponding

proposition.

Proposition 3.7. Put T = (y],..:,YM), with vy, = min max Av(r,s)
R lsrgk |k<s<M

for 1 <k <M, and et (ko""’kc) be as in 3.6. Now:

T——

(a) The sequence T is nonincreasing.
(b} Each maximal cluster of I has the average property; i.e., if C{r,s;T)

is a maximal cluster of T then Y, = Av(r,s) for all Yy € Cir,s;T).

(c) The maximal clusters of T are C(k1-1+]’ki;r)’ 1<i<o.

The final nonincreasing sequence 1 = (%R)E=] obtained by procedure

3.4 can also be obtained by procedure 2.6 in relation to the sequence
of data H, with A(-,-) replaced by Av(-,-). Theorem 2.13 is obtained

from arquments depending on lemma 2.14 and from.the nature of procedure
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'2.6. By remark 3.2.B, we then have the following corresponding theorem.

Theorem 3.8. The final nonincreasing output sequence Y of procedure

3.4 is unique and, for 1 <k <M,

%k = min ( max Av(r,s)) .

1<r<k \k<s<M

It follows that procedure 3.4 yields a unique final MNI histogram'?n

given by _ .
min max _ Av(r,s) s, tea

e
?n(t) - 1<r<k [k<s<M .

1<k<M,

0 ' -, elsewhere .

- Lemma 3.9. Let T = (ﬁk)E=] be an input sequence }or the SMTH (see
3.3}; M.is a sequence which is not honincreasing‘and whose maximal
clusters all have the average property; Let M* = (“:)E=1 be the output
sequencé obtainea when the SMTH is applied. to . Let T be the histogram

described {(see 3.1) by T and (Ak)E=] and let I'* be the histogram described

M .
by I* and (Ak)k=1' Now:

(a) If h is nonincreasing on [0,«) then

sup Jh(t) - T*(t)| < sub Ih(t) - v(t}] .
O<t<e O<t<e

(b) For any T e [ty,=), if h is nonincreasing on [0,T] then

sup |h(t) - T*(t)| < sup |h(t) - I(t)]
0<t<T O<t<T
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Proof. The steps of this proof are basically the same as those in the

proof of lemma 2.16. By assumption,

T s ted,1<k<M,
T(t) = k k> =" -
0 » elsewhere,
and
. ted, 1<k<M
T , t e ) < < .
re(e) = (K | s
0 s elsewhere .

-

Suppose that the maximal clusters C({ ],kz;ﬂ) and C(k2+1,k3;n) are such that

Av(k],kz) < Av(k2+1,k3) , with 1 = k] < k, < k2+1 5_k3 < M, and that these

- 2
. . -
two maximal clusters are chosen for concatenation. Then T* is obtained from
the SMTH by the following transformation:

*

T, = T : s IF k # {kyyouinkyd s
(1) © ok o me
(= Av(kyakg) , i ke {kpye.ook

i 3} .
It follows that for each t € A,, with ¢ ¢ {kl,..p,k3}, r*(t) = T(t) .

Consider U Ak = J] U J2 , where
' k,<k<k

135283
Jy = U A, = [t t, o)
T pckek, K T Kpkotl
13828
and
Jn = U a = [t ,t ) .
2 L 4l<k<k. K kot17 kgt
pTIZRIKg
In view of the above,
C(31) sup [h(t) - r*{t)| = sup [h(t} - I(t)] .

téJIUJ2 tJéJ]UJ2



Next, consider t e J) UJ, . By (i), T*(t) = Av(k,skq) on Jy U J,
and, by hypothesis, ’

Av(kyak,) Lifted,, .
Mt) = {_ 172 o 1
Av(k,#1,K3) Lifted, .

By assumption Av(k],kz).< Av(k2+],k3); hence, by lemma 2.4.(v), with
A(-,+) replaced by Av(-,-),

< e
o M
S

N

Apply proposition 2.15 with'I] = J],’I2 = Jé, a = Av(kysk,),
b = Av(kl,k3) and ¢ = Av(k2+1,k3). Note that J1 and J2 are nonempty
intervals and, by (iii), a < b < c¢. This yields
(iv) sup {h(t) - T*(t)[= sup [h(t) - Av(k sKs)]
ted, UJ ted, UJd
1772 1772 :
' < max{sup [h(t) - Av(kp>k,) [, sup [h(t) - Av(k2+l,k3)|}

tsJ] ter
= max{sup [n(t) - T(t)], sup [n(t) - r(t)l}
tEJ1 teJ2
= sup |h(t) - T(t)| .
tEJ]UJ2

Now, from (ii) and (iv), taking the supremum over all t e [0,=),

(v) sup|h(t) - T*(t)| = maX{ sup [h(t) -T*(t)], sup [h{t) - F*(t)|}
-t ( t£d,Ud, ted;Ud, |
f_max{' sup |h(t) - T(t)|, sup [h(t) - r(f)]}
t¢d U9, tedUd,

1]

sup|h(t) - T(t)] .
t
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. This proves statement (a).
Next we consider Te [tM,m). Note that (ii) remains true when the

supremum is taken over all t e [0,T] N (J, U J,). (The set [0,TI~ (J5 U J
1 2 |

1 U dp)

may be empty, but then both terms in (ji) are -« ),

 To show that (iv) remains frue w{th t restricted to [0,T], we need
to show that I, =J;01 [0,T] # ¢ and that I, =, M [0,7]# ¢ .

If either I1 or 12 is empty, proposition"Z.]S cannot be app]iedk Since

Ko < kotl < k3 <M, we see that t < tk2+1 St <tys<T . Thus

2 3

Jy N L0.TY = [ty oy ) N[0T = [ & o) = 9,

1ot 1" %2
and
! J C L ifFT >t .
3,N 10,1 = { 2 , = kgt
| [t, ..t ) Ut ,T] , ift, < T<t .
kyt177ky" = kg ky= kqt!
Since t, J] N [0,T] and t, ed, N [0,T], we have that J]fl [0,7]
1 3 : |

a_ndJ2 N [0,T] are both nonempty intervals. Therefore (iv) remains
true with t restricted to [0,T]. -Now, from (ii) and (iv), with t
restricted to [0,T], statement (b) follows by (v), with t restricted
to [0,T].
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Theorem 3.10. Let fn be the histogram estimator of f and let ?n be

obtained by procedure 3.4. Now:

() swp 17(t) - ¥.(0)] < sup If(t) - F (1)) .
O<t<w A O<tess o

(b)Fmﬂmw'Te[twwL

~

o2 2 g O =Ryl
Proof. If ?n is MNI then ?n = %n and the conclusion of the theorem is
trivially true. If %n is not MNI, apply procedure 3.4. After the first
apptication of the SMTH an output sequence II* = (WE)E=] is obtained
' which,‘together with (Ak)r=] B describes a histogram estimate T* of ;\

f. As f is assumed nonincreasing, one can apply lemma 3.9.(a), with

h = f, to obtain i

~

(1) i sup |f(t) - T*(t)| < sup |F(t) - fn(t)| .
05ﬁ<w_- o O<tee &

-

By using lemma 3.9.{a), with h ='f, after each apb]ication 6f the SMTH
we obtain (i) for any histogram estimate I* obtained in the course of
procedure 3.4. In particular, (i) is also true for the final output
histogram ¥n' This shows statement (a):

Statement (b) follows by consjdéring Te [tM,m) and the same

argument as above, but using lemma 3.9.(b} instead of 3.9.(a).
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3.11. Remarks on theorem 3.10.

A. The conclusion of theorem 3.10 may be false if the condition that
- f be nonincreasing on [O,w) is omitted. This is~sh6wn by an

example such as 2.18, adapted for histograms.

B. IfTe[0,t ) then the conclusion of theorem 3.10. (b) may be false.
We-illustrate th1s in Figure 3.A where we suppose that all the
observations of a samp]e of size n Tlie In the two 1ntervals
[t],tz) and [t2’ 3) of the part1t19n;‘1.e., M=2. Let f, fn

and ¥ be as in Figure 3.A. If t, <T < t, then

sup | f(t

- ?n(t)| ;I §up |f(t) - f (t)]
0<t<T '

n

4

» vy
— — ,——— e ———— —— o ~
‘ . . Q9 fn
—— f
n
- f
4 t ts
Figure 3.A.

Theorem 3.12. Suppose that f vanishes outside an interval J, where J

is [0,=) or [0,T] with T < «, and let ||-|| be the supnorm over J.

If f, the sequence of partitions ((tin)) EnE 1,2,...) , and

k=
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x{n) are such that

PLVm X(n)||f < F || = 0] =1
-+ :
then
“pLlim x| [F - ¥ ] = 01= 1.
N

Proof. If J ='[0,w), the conclusion of the theorem is obtained by theorem
3.10.(a). Consider the case where J = [0,T], with T < =, and f vanishes

outside J. Then, with probability one, ~max X, <T for all n. Now,
" 1<iz<n :

since M is such that t n) < max X; - is follows that, for all n,

~ 1<i<n

(

M

T > tén) a.s.. Thus when J =1{0,T] , by theorem 3.10.(b), for each n,
Cx(m - F O axtm) - f ] as o

Therefore the concfpsion of the thébrem follows also in the case of

bounded- 1intervals Ji

3.13. Applications of theorem 3.12.

A. The theorems on the rate of cohvergence of.$n that we are aware of
Fequire that f be continuous on R. In our case, f is nonincreasing
on [0,«) and vanishes on (Tw,o), and is therefore discontinuous at

" 0. However, a minor modification of a proof given by R&vész (1972,
p. 101) yié]ds the result stated below. The modification consists |
simply in uéing‘partitions of [0,%) instead of partitions of (-w,=)

. e . . .
as in Révész's argument. The proof remains entirely the same except

that, in sup|f(t) - fn(t)|,.the supremum is taken over t e [0,=) instead of ove

-

r
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te (<,=). The modified R&vész result is that

SNVERE " .
Pl ——" sup |f(t) - fn(t)l +0)=1 ',
"Tog n O<t<w | -

ﬁﬁen:

(a) f vanishes on {-«,0) and ¥n is definéd, as 1in 3.i, relative
to a partition of [0,=);

(b) f has a bounded ﬁeri&atjve on (0,») and is differentiab]e_frém
%he r%ght at 0;

(c) there exists a 3§ >0 such that

1+8

1im x

f(x) = 0 ; - o

(d) -for each n and all K, ai") = cn"]/B'. ' : .

Applying this to our case, where it is kthroughout this chapter) assuméd .°
’ .
that f vanishes on (-«,0) and is nonincreasing on [0,=), we obtain

the following coﬁsequence of theorem 3.12.

THEOREM: If conditions (b}, (c) and.(d) above are satisfied then

| 173 7 . |
.P[ L sup | f(t) - }h(t)l -+ 0] =1 ..
. Llog n O<te

.

.. B. Theré are also consistency results for the histogram estimator %n =z

which, by theoreﬁ 3.10, give consistency resu}ts for the MNI histogram

%h-abtained by procedure 3.4. By the s;;e modification as

descrfbed in A abo;e we can adapt another REvész result (1972, p. 97) ‘Jf

to conclude that , "o

- [
.
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A
4

- P( sup ]f(t)l- %

O<te= n
" when: -
{(2) f vanishes on (-,0) and f6 is“défined, as in qu,Are1ative ’
“to a partition of [0,=)3 ' |
(b) f is uniformly continuous on [8,=);.

(c) there exists a § >0 such that

~

T8 A
é x? f(x) dx <=3 . N -

(1og qlr
—

(e) sup, 6&”)-+ 0 asn e | .
Applying this to our case, where f’vanisheé on' {-«,0) and.is '

nonincreasing on [O,w);'wé obtain  the fq]Towing consequence of

theorem 3.12.

THEOREM: If conditions (b), (c) and (d) above are satisfied then '

Pl osup [F() - F () 0=,
0<t<00 -
Note {\Ht, in our case, where f is non1ncreas1ng on [0 ), condition (b) _‘

-

s equ1va1ent to requiring that f UE cont1nuous on [0, w)

[
- o : -

-

In chapter 4, we cbtain the un1f0rm cons1stency of ? with milder
cond1t1ons. Il.e., the cond1t1on f X f x)dx w111 be omitted and the
_conditions on 6£ n) w111 be restr1cted to those 6(n) for wh1ch Aﬁn) is

in.a neighbourhood of a point of d1scont1nu1ty‘of f. In itself the condition



- thﬁt T is nﬁnin;reasfng{on'[o;b) fs a strong p?dperty.' From'fhis it -
suffices that its ﬁNI estimator'?ﬁ is poithisé coﬁsistéht on & closed
~ interval -for ?n to be uniformly consistent (see 4.5). This yields a direct . &

""argumeﬁt for fhe consistency of ?H{W1th no con§1dération of ?n,and ;

where the only conditions'afe those ﬁhich ensure that %n is pointwise

convergent on a closed interval . However, the arguments used in -

‘chapter 4 yield no results on rates of.convergence of-?n.

3.14. Mongtonization algbrithm for histograms.

]

In this section we give an algorithm for’ constructing the monotone estimator
¥n of f. The algorithm starts with the initial data H'= ((ak;nék))zz]
and a sequence of intervals (Akatzi. The algorithm monotonizes directly

LY

the sequence of ratios I

(ﬁk)ﬂ=] » where & = ak/(ndk), into a

1]

.nonincreasing sequence I (%k)E=1 , It yields theMNI estimator ?n as the

‘histogram described by X and (A

M
k)k=]'
" Algorithm.

(1) If'NI is nonincreasing, put ?n-= %n‘and stop. Otherwise,'but

k, =0 and i = 1 and go to step (2). -

(2) Given k,_; <M, let k? be the largest integer £ such that
; 3
Av(ki_]+1,£) = max Av(k
ki _q*tlss<M

For k1_1+1 <k f-ki’ put %k = Av(ki_1f],ki) . Go to step (3).

i-1t1as) .

(3) If ki = M, go to step (4). Otherwise, increase i by 1 andrreturn to
step (2).
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(4) Put
. : "
' _ k
?n_(t) =

0 , efsewhere .

Note that since M is finite, there is an integer o sucﬁ that k = ME
The:seqqence (k{)?=0'obtained here is the saﬁe as " the ogé obtained by
Ithe procedure.jﬁ:defjnition 3.6. It then follows frun.propos{tign
i3;7'and theorem 3.8 that the ﬁinaT outpuf sequence X of‘this‘a]gorithm -
is tﬁe same as-the one obtained by procedure 3.4. Thus procedune 3.4°

and algorithm 3.14 both yield the same final histogram'oufputiﬂi

3.15. IRelétion with the e.d.f. .

_ Recall that in this thesis,an(x)’= n_1 .g I(-m;x)(x ) s thF
left-continucus form of the e.d.f.. ' "
A. MNote that ki (‘E] Ik(Ki)) is the number of obsérVations,qin the
=r =1 - :
sample (Xi)?=1’ with values 1in Ui=fﬂk =.[tr,té+]). Therefore
n
. r<£<s * _,r<g<s(izl ) 1
(i) Av{r,s) = —— = =
NEQ nd, n r<Eis' (teeq = t)
Faltsen) - Folty)
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By definition of Av(-s-), ~
. 3

. Av(k,k) , ted,, 1<k<M,
;én(t)\E % R
. 0 ‘ » elsewhere .
By (1), this can be rewritten as follows:
.TJ-F(t .) F (b)) . . '
- t,) - ‘
co] kel n ke, 1ok,

() F8)=( " tuq-t

! . 0 ~, elsewhere .

By (ii), we note that the histogram estimator %n can be seen as the -
slope of the e.d.f. straight-line interpolatioh between tk aﬁd tk+1

.fok each k. By {i) we note fhat Av{r,s) is thg séopé of the e.d.f.
straight-line 1ﬁ%erpo1ation between tr and ts+1. - Hence, by a1gor1thm
3.14, %n can be seen as the slope of the e.d.f. straight-line

. . e} .
“interpolation between b4 )1.=0 is

and-tki+1, for each i, where (ki

i-1
as in definition 3.6.

Recall that M is such that max X. € [tusty..) . Then, for
1<i<n | M2 "M

t >ty » F(t) = 1. It follows that, for r < M and M+l < s,

Folto) - F (t.) _ - Fale) b Falty)  Foltyyg) - Fole)

Consequently, for r <k < M,

F(t) - F (t)
(1) max P_S n'r’ max n' s n'r

~kt]<s<e ts - tr K+1<s<M+] tS -t

But then, for r < k <M, from (i) in A above,



§3
Falten) Fo(t,) |

(1i)° max ~Av(r, s) = max £ n r
- k<s<M +k<s<M - t -t '
s¥1  'r
. \ |
F(t) -F(t) F (t) - F (t)
= max 03 T = mag < .n -
_k+]§§§ﬂ:l -t s>k+1 £ -t

S r ' s r
Fufther, recall from proposition 3.7 that the sequence ¥ = (%k)t=1 of
3.14 can be obtained as follows: for each ks

%k = min { max Av(r,s)}. Thus ?n can also be expressed.as follows:
T1<r<klk<s<M ' ;

min { max Av(r,s)} s te A 12k f_M"
¥ <r<kik<s<M '
ROE _ |
0 ' , elsewhere .
~ Therefore o :
F(t,) - F (t))
) min max LD T s ted, 1k M,

0 . , elsewhere .

Considér k > M+1; recall that, for such k, Fn(tk)= 1. Then, for-any r < k,

F (t) - F(t) 1-F (t)
max ——3 T = max 1T
szk+1 tS - tr s>k+1 t. - tr
V- Fylt)
' tee1
nence *(t) - F (L) (t)
t)-F (t) 1-F (t
0 < min  max n_s T = pin
Tarck 52kt t -t lsr<k teyg - b,
T-F(t) 1-1
< n' -k = =0
bl T Wt T K

From this and (iii), we conclude that



F(t) - F (¢t
min max -0—3 fl r)

. » ted,k é_l
1<r<k  s>k+] to -t
(iv) ¥ (t) =

0 .

. s t<0.
This form of ?n will be particularly useful in chapter 4.

. 3.16. Geometric 1nierpretation of algorithm 3.14.

Assume f  is not monotone nonincreasing on [0,=). By 3.15.A.(i),

- F(t_ )= F_(t)
Av(r.s) can be replaced by —L—S*! N and, by 3.15.B.(ii),
tser B
: Fo(t) - Fo(t))
max Av(r,s).can be replaced by max If we do this,
k<s<M . s>k+1 tg -t

algorithm 3.14 can be‘réwritten as follows.

Algorithm
A

.Lep‘fn be 0 outside [t],tM+]).

(1) Put'ko =0and i =

1 and go to step (2).

(2) Given ki_y < M, let k; be the largest integer & such that

Fn(t£+l) - Falt

n ki_]+l) o Faltg) - Fn(tk1”1+l)
= max : ‘
TS IR s2kj_1*2 ts = %, .+
: i-1 " i-1
Put ‘ o
. D Pt T Pl ) .
?n(t) = when t ¢ U Ak ;
R P Ktk

Go to step (3}.

.64
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,(3)‘If ki = M, stop. Otherwise, increase i by 1 and return to step (2).

This method of~obtaining ?n is quite simple geometrically. In words,

it consists of the folloﬁing steps.

M1
j=i’

Let the graphé; consist of the following points (th;Fn(tj)a
and let ¥ be O outside [tysty,). Start with 2 = 1. With i > 1 and

L.

i1 < M, consider all possible ségments joining (t, .,F (t

.. )) to
21_] n* &

. i-1
any other point ofg? to the right of this one; among these segments,

choose the one with the 1afgest slope. That yields 21 because, by (2)
above [with 21 = k1+l], this segment ig'the one joining the point

(tg oF {tg

)) to the point-(tg',Fn(tg }}. In this manner, we obtain
i-1 i . '

i-1 i

0,...,20 where o is.defined by tg = tM+]‘ Finally, construct the
o .

N T . c ain
polygonal graph joining the points (tﬂi’Fn(tRi))i=0’ on eaﬁgyjnterval

L

[t£ oty ), from step (2) above, ?n is the slope of the polygonal
i

i+l

graph on that interval.

3.17. Illustration of algorithm 3.14 and the min-max formula.

We first illustrate algorithm 3.14 by illustrating its geometric
interpretation. Then we will illustrate, with the same example, the
geometric 1nterpretét10n of the min-max formula. I1lustrative graphs

are given in Figures 3.B, C, D and E, ét the end of this chapter.



Let Fn be as in F{gure 3.B.(i) and let O =ty <ty <... bea
partition of [0,»)}). In th1s example, M = 3. We obtain a graph conéisting
of the po1nts ((tk, n k))): P this is sketched in Figure 3.B.(ii). By
joining consecutive points of the graph in Figure 3.B.(ii) we ‘obtain the
polygonal graph with slope f in each interval [tk’tk+l)’ this is sketched
in Figure 3.B.(iii). The histogram f is shown in Figure 3.B.(iv}.

Figure 3.C shows how to obtain the polygonal graph with slope ?n

in each interval [t +l’tk +l). This polygonal graph is sketched in Figure
: : i .

K.
. i-1 , :
3.C.(§ii). 1In Figure 3.C.(i) we show &1l possible segments joining
(tl’Fn(tl)) to another point of the graph. The segment with largest slope -
is the one joining (t],F (t])).to (tz,F (tz)). By 3.16,
- F (t,) - F_(t;) | |
?n(t) S R n: | on [t],tz). Similarly, in Figure 3.C.{i1) we
t, -t
2 1

show all possible segments joining (tz,Fh(tZ)) to another point of

the graph of Figure 3.B.(ii) to the right of (t2,Fn(t2)). The segment
with the largest siope is the one joining (tZ’Fn(tz)) to (t,,F ( 4)). By

4,
. F (t,) - F (t,)
3.16, ?n(t)'= n' 4 n’ 2 on [tz,t4). The resulting ¥n is shown
t, -t
4 2

in Figure 3.C.{iv).
Now, for a geometric interpretation of the min-max formula, recall

that Av(-,-) is the slope of a segment joining two distinct points '

3’ =1
one such slope. For any fixed k, the min-max formula is

in the sequence ((t F ( )))M+] For each k, the min-max formula yie]ds‘

(i) ?n(tk) = min { max Av(r,S#

- l<r<k kfﬁfﬂ
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It is not poss{ble to know, from a glance at the graph of the points

-((tﬁ’Fn(tj)D?Z:’ which slope the min-max formula will yield,

Consider the e.d.f. of Figure.3.B.(i), with, the partition-

) < t2 < ... and M ='3, and the graph of Figure 3.B.(ii) obtained from the
- 4
points ((t.,Fn(tj)»j=] .

i <o

Put k = 1 and consider the min-max formula (i). It yields
F(t ) - F.(t))
‘ ¥ (t)) = max. Av(T,s) = max - s+ e
" 1gs<3 lss<3 -ty -t

1
As in the case of algorithm 3.14, the segment with slope ?n(t]) is the
one joining the point (t],Fn(t])) to the point of the graph of
Figure 3.B.(i1) which yields the Jargest slope. This is represented in Figyre

3.D.(i), which is identical to Figure 3.C.(i).

Now we obtain ?n(tz) from the min-max formula, with k = 2:

?n(tg = min { max Av(r,s) - )
1€r<2 {2<5<3
= min{ max . Av(l,s), max AV(Z,S)} .

2<s<3 2<s<3

Figure 3.D.{ii) shows that, in this example,

-

Faltsey) - Folty)

max Av(1,s) = max n
2<s<3 2<s<3 toyq - tI
- Fn(t3) - Fn(t])
t3 - t1

Figure 3.D.(iii) shows that



| . F (t..) - F (t,)
max Av(2,s) = max -1 st1 n_2
2<s<3 2<8<3 .ts+] -t
_ Fo(tg) = F (%)
tq_ —'tzv .
Figure 3.D.(iv) shows that oo r

It follows that

A1)

‘ | F (t,) - F (t
min {max Av(r,s)} = n( 4) n( 2) .
, . .

1<r<2)2<s<3 t, -t

.

Now we obtain ?n(t3) from the min-max forﬁﬁ]a, with kv= 3:

Fn§t4) 3 Fn(tr)

?n(t3) = min Av(r,3) = min

1<r<3 1<r<3 t4 - tr‘

But a glance at Figure 3.D. - for example, 3.D0.(iv) - shows that

/

Fty) - F (t)
¥ty =1L L =

?n(tz) i

t, -t

4 2

Finally the polygona] graph w{th slopes given by the
min-max formula is sketched in Figure 3.D.(v) 'and is indeed identical
to the polygonal graph obtained in the illustration. of algorithm 3.14
" sketched in Figure 3.C.(ii1).

—_
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~It is seen that algorithm 3.14 is geometrically more” appealing than -
“the min-max formula. '
In conclusion, f, and ?h are shown together, for ease of tpmparféon,

in Figure 3.E.
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4. .Uniform consisténcy of the monotonized estimator.

4.1, -Introduction.

As in chapter 3, let (X )1 -1 be a sequence of 1ndependent 0nnegat1ve

random variables with common probability density function f, where-f

is nonincreasing on [0,=). Since f is real-valued at 0, it follows that

f is bounded. -- The distributijon function ef the Xiis‘1s

-\t. |
F(t) = g x)dx, and we let T = inf{t: F(t) = 1}.. If X, is not %.s.
bounded, we-have that F(t) < for all t, hence
T = inf{t: F(t) = 1} = 1nf $.= o jotherwise T if'finite. For every
nem , let 0 = g n)° < t(n) ... bea Partition;(see 3.1) Qf [0,=).

As f is monotone on [0,=), the limit f( +)'exists fer'all X € [0,«5
aqd the 1imit f(x)T exists for all x € (0,=). We consider the version %
of the density of the X;'s wh1ch is r1ght cont1nuous on [0,=). MWe
note that_the assumpt1on_;hat fis ?Jght-cont1nuous at 0 is, in fact,
essential for the application to renewal processes in chapter 5. The
symbo]s Ain){ Gin), ;é”), and ai ), and the histogram estimator F and the
monotonized estimator ? , are def1ned as in chapter 3.

The_purpose of this chapter is to 0bta1n results on the uniform
consistency of ?n. Those results are given in theorems 4.6 and
’ 4.7.1. 1If ;f <o and f(1 ) >0, some interesting results can be

“obtained ‘when, for each-n, the partition can be chosen 50 that t( n) . T

%

for eome integer Rn. ;n,eractice, T s generally unknown; and clearly
T can be chosen as a partition point only if it is Enogﬁf.- Therefore,

when 7 is finite we consider two cases:T known, and T unknown. In, theorem

4

"



~aln)

4.6 we consider the case where f is continuous on [0,=}, and the )
case where f is nat continuous ht;f {t < ) with T unknown. In theorem - .
4.7.1 we consider the case where f is not continuous at T (f < =) and
T is known. ‘ ‘ |

"The uniform toqsfstehcy of ?n js obtained by first showiné its
pointwise consistency on an 1nterval and then extending this result

to uniform consistency on that interval by means of analytic methods

(see 4.5). : . .

" There exist pointwise consjstency results for ?A cn'(O,T)-in Barlow
et al. (1972)"but we are notrawéke of any such rgsultg fqn_interva1su
including 0 or © ( if T < = ).” To obtain uniform consiétency on [0,«),
when T < =, we establish consistency at.0 and af-t as well as- on
(0,1) U (t,=).. To obtain consistency at 0 we need some conditioné on
the rate at which G(H)'decreases as n + «, for those k for thch

k .
K is in’a neighborhood'oF 0. To obtain consistency at t, when T is

L

known, we let, for each n, t(n) ? T for some ﬁn:‘ This has the effect of ma-
o n

king ?n =0=fa.s. on [1,®). We then consider the consistency of
?n(r'). To dodﬁhis, we need some conditions on the rate at which

6&") decreases, as -.n -+ «, for those k for which Aﬁn) is in a neighborhood,

and at the left, of T. To‘ébtéin the consistency at 0 and af T, we

partly follow some arguments used by RévEsz (1968, pp. 163-167). We

o
—

give those results in 4.3.6 and 4.7. . -
In lemma 4.2, we show the pointwise consistency of ?ﬁ at points_of
continuity of f. The result and argument are adapted fyom Barlow et-al.

(1972, 'p. 149Y. fhose authors consider what they call the "generalized
b

failure rate function”, a function that includes the usual failure rate

1]
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'functiop;and density as special cqses When the generalized faf]ure'

‘rate function becomes the Hensity f, the correspond1ng est1mator ngen

by Barlow et al. becames precisely the monotone epLimator ? 1ntroduced '

in chaptef 3. -- By departing from the generaifty-: the argument in
Barlow et al., adapting thefr'argument to the specific case of density
estimation, we obtain an argument we believe to be more "transparent® |
than theirs - and a result which is valid with fewer conditiohs. More
exp}icit]y, the general result in Barlow et al. implies that ?n is
consistent at points X, Of continuity of f satisfying ﬁ < F(xo) <1.
We establish consistency for continuity poinés of f on {0,=), and do that
w1thout any re11ance on some of their conditions (e.g., the way the
_sequence of partitions should "became dense" and the existence of a f1n1te
expectation for X]).
Throughout this chapter we refer to the set
Q = {w lim sup|F(t) - Fn(t;w)\ = 0}
n+ t . ‘
~which, by the Glivenko-Cantelli theorem, has probability one. '[As we use
the left-continuous form of the e.d.f., the theorem in fact asserts that
supXER|th') - Fn(x;m)l + 0 a.5.3. but F{x ) = F(x) at continuity

points and having a density, F is” continuous].

Lemma 4.2. Suppose that supy 6£n) + 0 when n + =, For any fixed

X € (0,) and for all w e Qs as n >,

o
| A
—

¥ (x30) < Tm ¥ (x30) ¢ Flx))

Aam oA,



- ~ Proof. 'Consider an arbitrary w g Q]

We first prove that, for an arbitrary X5 e (0,),

m'?n(xo.,m) gf(x;) :

‘Consider an,arbitrary & such that 0'< £ < Xg+ Select partition points

e n =120, sothat £ > £ and ™ 5 as now . There
i 3 =7 i

- exists an integer N such that, for n > Ny £ < tg.n) <x . Givenn >N,
n

n) = '[tkn)’tla?'%); for such an n, using'

there exists k such that xo € AI(<

(iv) in 3.15.8B, |

F.(tgn);w) - Fn(t(n);w)

(1) ¥ (x50 = min{ max = r
) e 1<r<k)s>k+1 ((n) i (n)
- s r
Foelmy - F (el
= min max n_s m? n( r )
SO KT
(n). (n),
F (t > ) - F (t' H )
< max ne T Jn'.m -
— () (n} _ (n)
te Xy toh - tjn
Faa) - FL(ei™0)
< sup n
T X <K< )
In

Consider an arbitrary x ¢ [xo,oo). For each n >N, x - tgn) >x-&£>0.
N

77
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-Given € > 0, let n be large enough so that, by theiﬁ]ivenko-ﬁante]li.

theorem, &

sup [Fn(t;m) - F(t)]| < e
0<t<o
and, by the right-continuity of F at &,
HORMEGIETS
In -

It follows that

®

(1) Fylxol - R0 = ) - IR ERAC R
. + F(g) - ™)+ Rl - F(E)
In
< 3e + F(x) - F(g)
Now
(i) sup Fix) - F(8) . sup Flx) - F(E). X - &
XOS)Koo X - t(") x0§x<m X - £ X t(")
n In
<{ sup Fix) - F > sup 2B
X <X<eo _ Xgx<e t(_n)
In
" = sup F{x)} - F(é) %o & U
X _<X<e X - £ X, - t(n)
" n

+ sup LX) - F(E)

X X< -
0~% X -5



‘and ) ;.‘ S o - :T’K;mtf |

[

(1'v_)‘ sup 3s()= 3e ()+ 3;
S X _<X<» - .An n s
0 X tjn Xo ‘tjn xo  E
By (i) and (ii),
?ﬁ(xo;m) < sup .———§E——— +osup HXL=F
R 0 xgexes L (n)
Jn In .
Then, from (iii) and (iv) and the arbitrariness of e,
Tim ?h(xo;w) < sup Flx) - F(E)
X _<X<e x - £
0_
-

As f is nonincreasing on [0,=) and & < Xy if Xg S X <@ then

X ‘ X o
F(x) = F(E) = 1 ¥ ¢(t)dt < —— T f(g)dt = £(&) .
x - & * x-8¢& . x-£& &
We conclude that | L
~

. jim ?n(xo;w)-i f(g) .
As £ was arbitrary in [O,xo), Tim ?n(xo;m) f_f(xo) .

We now prove that, for an arbitrary x  in [0,®), 1im ?n(xo;m)_i f(x:) .
Consider an arbitrary £ such that Xq < £ < =, Select partition

points t.(n),-n =1, 2,..., so that t(n) < E and t(") +"E as n + o,
i, ‘ i, = i
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" - .
There exists an iﬁteger-N such fhat, for n > N, Xg < té") < E. - Given

-

n
n >N, there exists k such Fhat X, € Aﬁn) = [t&n),téz%); for such an n,
by an argument similar fo that in (i),
| Fn(tgn);w) - F(x50) '
(v) ¥ (xiw) > inf n '
O<x<x, t(n) -x .
. \]n . .

Consider an arbitrary.x e [O,xoj. Given e > 0, 1e£3h~be large énough
so that, by the Glivenko-Cantelli theorem, by the left-continuity of

F at a,'and,by arguments such as those which yie1d (ii), we obtain

(i) - FpeMsw) - F w2 -3+ FE) - F(x)
n
Now, since & > t(n) > X,
‘ — Jn 0
-~ - ] -
(vii) jor EEL=F) 5 gy EE)-E(X)
0<x<x t@)—x 0<x<x E - x
A . _ X
and s
' ]
tviii)  dnf e, el -3¢
0<x<x {n) () _
tjn X tJn X5 g Xo
By (v) and (vi), ‘ ' ‘ \\-
CN e s -3¢ . F - F{x
?’n(xo,m) > inf —+ inf

0<x<x, ((n) Ox<x o (n)

n . ‘ n

- X
qup, from (vii) and (viii} and the arbitrariness of e,

r



'li_.%}( s6) > inf Fg) - F(x) |
- o Ox<x, B -x

. -

As f is nonincreasing on [0,=) and %g € 8 17 0 < x < X, then

m *\) F(g) - ngi N f(t)

E'x - ) - . . l . ."'
‘We conclude that . - , .

J_jmrfhn(xo;m) > f(g) .

As £ was arbitrary in (xo,m),-lim_?n(xoiw) g_f(x:); and it follows for

X = 0 that lin ¥ (0;0) > £(0%) = £(0) . \

4.3. Consistency at 0.

1

In this section we follow some }rgumeﬁts which-ane, in part, based
on arguments used by Révész (1968, pp. ]63-166), tb proﬁe the

consistency of ?h at 0. We start with a useful inequality.

Proposition 4.3.1. If x <1 then 1+x_+x2 > e,

-

Proof. Suppose that x < -1. As x + -w, +xixZ increases whereas eX
2 X. th

decreases and, at x = -1, l+x+x~ > e”; therefore Txx? g_ex
on (-=,-17. | '
2
On [-1,1], noting that § 1/nl = 5/2, we have .

n=0 -

81
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1+x+5<2 = (14x+ Jz-xz) + %xz v
1.2 _ 5.2
3_(1f3+ >x) + (e - 5)x

(v 38+ ( T n[)x

v

- {(1+x+ A
- n>3 n!

Proposition 4.3.2. For a real random variable X, and any x e R,

. '\P[X >x] < e e

Proof.” This s obtained for examplé from_inequality 5.26 in Bi111ngsley

(1979, p. 65).

" Proposition 4.3.3. If neg NT and 0 < Ah < «, and x and y are such that
: . & = it _

y - X z_n*]An, then

(Fn(y) - F(x) F(y) - F(x)) | ( A )
E exp {A - - - < BXp f(x)
" y - x Y - X B n(y-x)

Proof. Suppgse that x, y and An satisfy the stated conditions. Put

= I,y - IEI[x’y)(Xi)

and note,that the random variables 0 (i =1,2,...) are independent,
have mean 0, and have variance bounded as follows:

‘

.2- ) ‘ 2 ' . I.",
E 4 - BTy, y)(Kq) - Bl yy(%7)] |
= 2
IEI[xyr(X) [xy(x )) .
2

-5[51'[*_,3/)(’(1‘) N
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-Consequent1y,
B | j
(i) . ,_1_, 2 .1 Y
7% E % v 'xf f(s)ds |
1Y o
f—y-x xf f(x)ds - f(x) .
‘ /-
Now

LR - R0 FO) - RGO R ) - B ] (Fn(y) - an)‘ -

(i1) - -
y - x y-x - (y-x y - X
- ‘, . p
11 I[I | -) E(Ip, (4]
y-x n [x y [x,y)'" ‘
.13 ?.a

¥y-%x n i
1 | N
As .a; <1, and y-x > n"'A_ by hypothesis, we have .

Anly-x) ey < (nly=x) T <

By the independence of the random varfab]es u% (i =1,...,n),

proposition 4.3.1, and (i) and (ii), we obtain a bound:



{’ FLv) - F (x) Fly) - F(x))}
E exp An ( -

Y- X ¥y - X
| ) B .
- n ]
= fxp<?n izl n(y-x) o
n | An;
Z&Fe""{ﬂrxr >

il
—
[ i R
—_ .
’_AH
- p—
+
o
— M
™~
—~—
~ St
1 =0 ™o
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e S
b
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>
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jo
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Proposition 4.3.4. Ifn el and 1 <A, <= and x and y are such that

O<x<y<e andy-x> n'IAn then, for hny'un e R,

- Fly) - Fn(:f) Fy) - F(x) s N AU
¥y - % oy - X A -

n

Proof. Suppose tﬁét X, y and A ‘satisfy lhe stated co

by propositions 4.3.3 and 4.3.2,

-U 2
nsx —— £(0)
n(y-x)
nditions. Now,
A}
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A
¥

oo 2 : 52 7 "
-u A ~ -u A R
e n?xD{my—Tﬂ— f(O)} >e n.exP ?l-(y_r-l)()_ f(x) o »
| R - F() Fly) - FOW
>e T E exp A - . ﬂ"—)
y - x y-Xx N

N 1

s p AT(Fn(y) - Falx)  F(Y) - F(x)) sul L

. y=x y - X
P'roposit'igh 4,3.5. Suppose that, for some 0 < T < ®
- P = inf {téz% - tlgn): _0.5 t}((n) <T}> ni(]og' n)"
for some r > 1and all n > 3. Then
- Tim¥ (0) < F(0) aus.
. Proof. Observe first that, for any real ?\n and y_,
- [ elmy el
(i) P SL(]D) n N P § -~ .
1 el .(n) (n) [ —
o<t VT g R
- Te on)y () 1\ -
. . Fn(tk ) ) F(tI< ) . Hn .
o (n), (n) (n) ’ ‘
0<1‘.k i_T tk _ tk ln .
(n) (n) ,
) ; ) Fn(tk ') ] F(tk ) . Hn
- (n) 1+ (n) (n)
0<tk_ <T . tk tk An_ .

Suppose that’the partition points tl((n) satisfy the stated conditions anc)ﬁ_' «
{ _ ‘
and pf”}\n = (np Tog n)]/z. Now &, > 1 and

\ ,
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-

Y

N2 -1,

t(n) (") _.]/2 ]/Z(Iog n) =n ln for n > 3 and 0 f_tgn) <T,

J+l

hence t( ) > n A whenever 0 < t(n) <T. For n 3;3, apply proposition

. 4.3.4 to each term in the sum in. (i), w1th_x =0and y = t(n);‘to.obtain

k
? (n) (n) = (
F (t F(t |
(i4) P| sup ,“(k)-(k) ih 8 |
0<t£n)§j Lo _'tk") A

The hypothesis _

1nf{t£+% - tﬁn): 0< tén) <'T}_3;n—](1og n)r

implies that-the sum in (i1) has at most T/{n_](log n)"Y terms, hence is

bounded by
- “H
(111) . —L— e N e 2ell0an) grg)y . T "0 (1+£(0))
(log n) ©onp (log n)

Put ="C log n, with C > 2+£(0). Now, for n > 3,

- C log n < C log.n

(np log n)]/z ) ( )(H])/2 ,

_ll
A log n

thus, due to r > 1, un/kn + 0. In view of (ii) and (iii),

. AR
] P sup - >
n=3 0<t£“) T tE” g{n -//%fk
. n
g § T -C+1+F(0)
“n=3 (log n)
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By the 'Bgr:é%Cantelh' Temma;,

P(limsup A:) # 0 and - P(liminf AS) = 1

n-+co o N

where
. Fei™)
R sup -
" 0'<t£" Jer tl((“) _
* and o
(n)y . " )
F(t F
0<t£")g t[((“) té

Consider an arbitrary w in liminf AE. Now there exists an integer
N :
no(m) such that w e Aﬁ when n > no(m), hence

. ' SN
) . Fn(tl((n);w) Féf(")) U
Iim  sup - e < Tim — = 0 .,
ne o (n) (n) (n) - A '
% .
Recall that ' ’ N
» s
Q] = {w: Tim Sup|Fn(t;m) - F(t)|= 0}
n+ ot )
and put ‘
_ F (e Rl
_522 = (w lim- Sl(lp X - <0 -
N n) (n (n) [
O<tk ._.<_T tk tk
Now P(Q]) = | by the Glivenko-Cantelli theorem and P(QZ) = 1 because
Timinf Aﬁ c'ﬂz. -- Consider an arbitr'ar‘y e >0and w e.‘Q] n 92. There

\

— -



xists:nl(w) such tﬁat, when n Z_n](mj,
sup[F (t;d - F(t)] < €T .
t
which implies = . - | | -

Pt se Fe(™)

(iv) u :
| ttn)>T té“) tﬁ")

And there exists ny{w) such that, when n > n,(w),

F (t(n);m) .F(t(n)') l

(v) sup nk - k < g
o<t{Mar tﬁ“)_ | tﬁ“)

P
‘E;ca]l-from 3.16 that, for any w ahd n,

_ (n)
Fn(tk]+1’w)
¥n(0;w) = '
v . kl+1

-~

where %, is determined by algorithm 3.14.  Now by.(iv) and (v), for

we A0, andn >max{n,(w), no(w)}s

rel™y F e Fel"))

. %n(oiw) - ——]— = ! - k1+1
) ) (0,
, k]fl . k1+1 k]+1

{n) (n)

P\

1t follows that
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(n)
' Fred™)) - . e
'?n(O;w) < gt l = g+ - [ f(s)ds.
+(n) g(n) 0
k1+] k}+1 ,
< ¢+ f(0)"

a— . A

As £ was arbitrary, and w is an arbitrary element of an 92, this fmplies

Tim ¥ (0) < f(0)  a.s.

Theorem 4.3.6. Suppose that supk Gén) + 0 and that, for some T > 0,

. . 4
,,/*inf{téi%_- tﬁn): 0 §Jt£n) <T} > n-l(log n)"

/

for some r > 1 and all n > 3.  Then

-?-“n(o) + f(0) a.s.

Proof. Suppose that the partition poinfs tﬁn) satisfy the above conditions.

By lemma 4.2, the condition that sup, Sﬁn) + 0 as n >« implies

———— n J—
and, by proposition 4.3.5, the other conditibn in the theorem implies

Tim ¥ (0) < (0)  a.s.
From those two inequalities we conclude that

1im ?n(O) = f{0) a.s.
n

We now obtain the theorem on pointwise consistency'of ?n .



}"I,

Theorem 4.4. Suﬁpose that sup 6&")'+ 0 and that, for some T > 0,

inf{tég%_- tﬁ"); 0 §_t£")< T} > n*l(1og n)"

for some r > 1 and a1l n > 3 .

.

.\ .
(a) If f is continuous on [0,) - T finite or not - then, for
each X e [0,») and a1l w in a sed O of probability one,
I;m ?n(xo,w) = f(xo) . : s
(b) Suppose‘that T <w If fis continuous on [0,t) then, for arbitrary

Ty and T, such that T, < 7 < T,, for all Xj € [0,T;1 u [Tz,f),

. 0
and for all w in a set QO of probability one,

];m ?n(xo,m) = f(xo) .

Proof.

(a) Suppose that f is continuous on [0,). By lemma 4.2, for each
x € {0,=)and all we 5 ?n(xo,m) -+ f(xo);and,by theorem 4.3.6,
¥ (0) > £(0) as. . '

(b) Suppose that T < « and that f is continuous on [O,T).‘ Consider an

arbitrary T]'s 1. By lemma 4.2, for each x € (0,T1) and atl

we Q) ?n(xogm) - f(xo). By theorem 4.3.6, ?n(O) + f(0) a.s. .

With prgbabijity dne,'hone df‘ihe observafions Xi has value greater
than T. Fix an arbitrary T2 > 1. For n sufficiently large, there

is a partition point tﬁn) such that 1 < t(n)_f_T

K Then, for all

X
such n, ?n =0=°fa.s. on [Tz,w).
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- To extend this result to the uniform consistency of_?n we use the - -

-following lemma. . ’,1\h~—’;/////,/’;“\,z\
Lemma 4.5. Suppose that I is a closed interval whose left endpoint is
finite; i.e., I = [d4,b] or [a,®}, with == < a < b < ., Suppose that
probability density functioné (hn)T converge pointwise to a continuous

probability density function h. If'h and each hn are nonincreasing on I

-then hn converges uniformly to h on I,

This can be proved by an argument analogous_to that used to prove
Polya's result - that if probability distribution functions (Hn)T converge

pointwise to é/céﬁggnuous probability distribution function H then the

convergence Gin fact uniform.

'he'followfhg theorem states our main results for cases where T is unknown.

Theorem 4.6.. Suppose that Sup) Gﬁﬁ% + 0 and that; for some T > O,

e (n) L (n), (n) S PRSI
1nf{tk+1 -t 0t < T} zzn (log n)
for some r > 1 and ail n > 3.
(a) If f is continuous on [0,=) -1 finite or not- then
v
P| sup [f(t) - f (t)] ~0] =1.
0<t<eo n
(b) Supposethat t < «.- If f.is continuous on [0,t) then, for arbitrary
T] and T2 such that T1 < T < T2,

Ny

PLsup {f(t) - fn(t)| +0] =1

where the supremum is taken over all t e [Q,T1] U [TZ,W).
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Pfeof' Statement (a) fo1lows directly fran lemma 4.5 and result {(a)

of theorem 4 4. Then from this and result (b)»of theorem 4.4,

- b

. Pl osup_ [f(t) - ¥ (t)] ~0f =1
N | | 0<t<T, . |

and

P| sup |f(t)-?-‘(t)[+o =1 .
T2§t<m | o -

4.7. Consistency when t is finite and known.

In~th:; section, we consider the casewhere 1 is finite and known, and
f is continuous on_[0,1), f{t") > 0 (i.e., f is not continuous at T).
We obtain the uniform consistency of ?n on [0,=). In view of theorem
4.6.(b), the crucial point is at .

Consider the set
= {w:Xi(w)< T, i eN'}.

By definition of T, P(QB) = 1. Recall that, given n, the random variabTe

M is such that max X, e Aén); see 3.1. For each n, Tet tén} = 1t for
1<i<n . 4 n

some integer & . Thus, if we Q5 then té?l) e t(nz] . Note that

?n(té?zn+];m) 0 for each n, by a]gor1thm 3. 14, so that ? Tsw) = 0 for

oy 2 ¥ (n)
each n. Also, simce ?n T jw) = ?n(tgn_1,m),

s
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{ )
0
(1) ?"n(T-;w) = F (t(n+]amj -
. U .
\ t1(<24)»] d )

h ]

where k0 = M(w) and kc-l f-ko - 1. is determined by algorithm 3.14.

Now assume that, for some T ¢ (0,1),

Cinfref™ - gl -1

—

=T < tén) <t} >n (log n)r

for some r > | and all n > 3. Conéider the probability

Flo) - Fel™) (o - F ey}
p sup t - : >

T- T<t(n) T - t(n) T - t(n)' : A

-~

instead of the one considered in (i) in the proof of proposition 4.3.4.
Using arguments analogous to those used in section 4.3, and in particular

to those used in the proof of proposition 4.3.4, one obtains P(QZ) =]

where

2y = {w: Tim sup k - L <0
nee T<t£“) r—té”) T—t[&n)s

Recall that f{t") > 0 by hypothesis. Since

e

Fr) - F(e{M ) =

\ (my fls)ds > (r.- té:]

2 -1
n

for w e 92r1 2 there exists n3(m) such that, when n 3_n3(m),
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Fo(Ts0) - Fn(t(n)l’“)

>0 . '
T - t(n) |

-

Thus there are some observat{ons X (w) in Ag")1 for all n > n3(w)
n

. Furthermore, for each n > n3(m), max X1(w) < T = t(n) and then

‘ ~ 1<i<n n
(n). = +(n) :
M{w) = to Il j.e., T = tM(w)+L for all n > n3(u0. It follows frqm this

and from (i) that, for each n 3;n3(w),
\
: ' AR alt T ep3e)
(i) . ¥ (150 = o
(n)
-t
o-1

where.k_, is determined by algﬂtiihmﬂgéléﬁ Recall that P(Q]) =1,

where

Q, = {w: Tim sup{F(t) - F tiw)| = 0} .
N+ f ,

Consider an arbitrary € > 0 and w € 2 N 2y N Qy. There exists n](w)

such that, when n z_n](m),
. el
sup[F(t) - F (tsw)] < 55

t .

which implies

(111) sup - ” <€
0<t£n)<T—T T - tﬁn) T - tin)
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_-And there exists nz(;u)-such that, when n i'nz(m),
“(Jn) o a(n)
F(t) - F F(t30) - ;
(iv) sup | ° ) .(tk‘ )- n(0) - Pl su) <
\ T—Tjtl((n)':‘r T - tl((n) T - t!((n)
Now, by (11), (i11) and (iv), for w e'n] n QN Qg and _ |
n > max{n,(w), n,(w), ny(w)} ,
™~
Fe) - F(el™ ) .
Ol ¥ (sa) |
-t ! ' .
kO-]+] . N
» F () F(tﬁzi];]) F (t50) - Fn(tlg:;z]ﬂ;m)
( ' (
T - tk;z]ﬂ T - thLH
TN ) ()
Fle) - F(t F(tsw) - F (t.";
< s ({)_ (ty )_. (T3 w) (.k w) .
Oitl((n)G T t|(<n) ' T - tl((n)
It 'foﬂows that
Fir) - F(ed™ L)
?’n(‘r-;w) > o-] - €
(n)
Tt
o-1
] T
= o f( ) f(s)ds - ¢
n n ¢
T gt Ty gt
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As € was arbitrary, and w is an arbitrarx element of R]li 92 [} 93. 5

this implies
) 1Py 2 as. .

Now, because ?n is nonincreasing on [0,=), for 0 < Xy < T and for any w,*

Z,/j | %h(xo;m) 3~¥n(1-;w)" '

‘E“) > 0.

of f, for we Q], '

.

Suppose that sup, § TﬁEﬁ“b}“1emma 4.2 and by the continuity

T ¥ () < T F (xgse) < flx) .o )

As x, s'(O;T) was arbitrary, for any w,

[ ‘. —a ‘%u -. -
L Tim n(T sw) < FlT) .
This and {v) yield o
(viy  timE () = fx) e,
n-+oo

Also, for t ¢ {0,t) and w e 25 by lemma 4.2,

-

(vii) lim ?n(t;m) = f(t) .
n-w<

Suppose further that, for some T > 0,

: 1nf{t£2% - t&"): 0 < t&n) < T} g_n'](109 n)"

for some r > t"and all n > 3, so that, by theorem 4.3.6,

(viii) ;,/éim ¥n(0) = f(0) a.s. N

n-+e=



For each n, puf

¥ (t)

and

F*{t)

Y 2T R R e f.'mm:e.w:mm-.-.w:-.m?m:m-
1 "Fn ( t ) ) t # Ts
?n(T-) , t =T,
f(t) s t# T,
f(t) s t=T

In view of (vi), (vii) and (viii), there exists @ such that P(Qq)

and, for each t € [0,7] and any we 94,

Tim ?f:(t;w) = £x(t) .

n—l»oo
From this ana\lemma 4.5, /
Gix) P | sup [f¥(e) = F (1) »0f=P(a) =1 .

O<t<r

Now note that, for any w,.

sup |f(t) - ?n(t;m)l = sup |f(t) - ?*(t;m)l

0<t<t

< sup
O<t<t

O<t<t n

fe - Va0 —
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From this and (ix),

(x) Pl sup |[f(t) - ?n(t)| +0[=1.
' O<t<r

Now, if w e 93 then, as noted before (i), ?n(T;w) = 0., But then
¥ (tiw) = f(t) = 0 on [1,%). He \thus finally obtain the following

»

Theorem 4.7.1. Suppose that Sup Gﬁn) + 0. Sdﬁpose that, for some

T, >0, b

inf{fgié -'tﬁnyzuo g_tﬁn) < T]} z_n'](log n)r.

for some r' >/} and all n >3°; and that, for:some T, € (0,1),

4 | 1nf{tkn) - tif%: T, < tﬁn) <t} 3_n_](1og ON

for some s > 1and all n >3 . If <= and, for each.n, tin) = 1 for

n
some Qn’ and if f is continuous on [0,t) then

" Pl sup If(t) - ¥n(t)1 0] = 1.
) 0<t<eo :

L

Remark . : "\

1

: TN .
To obtain this result we assumed alsg’g;;k f(t) > 0 but, in view
of theorem 4.6.(a), this result is also valid when f(t~) = 0 because then

f is continuous on [0,).
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" 5. Aﬁp1ication to renewal p:ébasses.

5.1, Introduction. .
—~ ) 3

In this chapter we use the now famiNar notétions Aén), 6£n);

f . ¥ defined in 3.1. Consider the problem stated in chapter 1. We

make 6bservations of the residugl life of éach of n objects put on test

inn independgnt renewal processes which have started 1 ago in a |
manner such that these residual 1ives can be represent;:ui;\?ndependent
identically distributed random variables (Xi)?' We want to estimate the
distribution function G of the random variable which represents the lifetime
of an object of this type. Recall from chapter 1 that if X .is a random

variable’ representing the above-mentioned residual lives then X has a

distribution function F with density function given by

Jiil ’tio’
f(t) = H
\‘\—_‘T—-.___
0 , t <0
where pu = [ s dG(s) <= As mentioned in chapter 1, we consider here
0

0n1y'the case where G is continuous at 0; i.e., f is right-continuous at

0. From this assumption we noted in hhapte; 1 that u = (f(@j)—] and



\ | - , ‘ S [
it &) =1 - (£(0) (1) on [0} .

~In this bhaptef we obtain two results on the npnparametric estimation
of 'G. The first one, considered in theorem 5.3, is on the consiéténqy
of the monotone estimator 1 - (%h(o))'j%h(t) . The second one, considered
in theorem 5.4, is a result on the rate\of convergence of the monotané
estimator 1 - (?ﬁ(o))']?h(t) as wé11 as the not necessariiy monotone

- esfimator 1 - (fn(o))']fn(t) . Both results are obtained from our
discussions and results in chapters 3 and 4. Both fﬁ and ?n are computed,

by procedures or formulas given 1n chépter'B, from the observed residual

1ives X],...,Xn.

Lemma 5.2. Suppose that (hn)T is a sequence of real-valued functions such

that, for some sequence “(x{n): n = 1,2,... ) and some set J containing

0,
x{n) sup {h(x) J&n(x)l + Q.
Xed .

If 0 < [h(0)}] < = then

"~ h
X(n) Sup h_(il._n—(x_)_ +0 .
xed | h{0) hn(O)

Proof. Clearly,. for n so 1arge that h (0) # 0,

Since h(0) is finite and nonzero, and since x(n)[h(o) - hn(o)l + 0

by hypothesis, it follows that



1 1

h(0) hn(_O)'

+0 as n =+ =,

(1) s x(n)

Also, by hypothesis,

: \
(1) x{n) sup|h{x} - hn(x)l +0 as n + o,
‘ Xed -

Now, f}om (1) and (ii),
| h(x) h (x)

h(0) h_(0)

x(n) sup
Xed

< |h(x}] xIn} sup
. : xed

n(0)  hy(0)

] x(n) sup {h(x} - h (x)]
th (0)] - xed

+

n

+ 0 as n-+w

Theorem 5.3. Let

T
Suppose that Sup, Gﬁn) + 0 and that, for some To-> 0,

< To} > n_](1oé‘n)r

2

= inf{x: G(x) = 1} = inf{x: F(x) =1} .

101
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(b} Suppose that 1 < =, If G is continuous on [o,1) then, for arbitrary

T] and Té such that T] <T< T,

2

PLsup|G(t) - (1 - (¥ (0))7 ¥ ()} ~ 01 =1,
where the supremum js taken over all t in [O,T]] U [Tz,é) .

(c) Suppose that T < = and that G is continuous on [0,t). Suppose that, for

3 <t égi:{i;:::(iog ﬁ)s

some T3 e (0,71),

R O R L S AR

for some s > 1 and all n 3f3 . If, for.each n, tgn)= T for some £
n o

then

P | sup [6(t) - 01 - (¥ N7T¥ (03] -0 =1

0<tge

Proof. Put h = f; i.e., %%%% =-%%%% =1-6(x). ForeachneMN, put

h, = ?n and x{(n) = 1. The conclusions of statements (a) and (b) follow

from the results {a) and (b) of theorem 4.6, respectively, and Jemma

-5.2, with h, h. and x(n) as above. The conclusion of statement {c) follows

from theorem 4.7.1 and lemma 5.2. a
Theorem 5:4. Let l|-[1I be the supnorm over an-interval I.

(a} If f, the sequence of partitions ((tén)): 150 = i,2,...),the interval

I, and x{n) are such that

PLlim x(m)||F - F |[; = 0]

1
0 n''il

1]



then

|
]
.

PLlim x{n)|]G - .01 - (1?,,(0))']3;,,}11I =.0] =
n L4

e}

(b)'Let T =\?hf{x: G(x) = 1} = inf{x: F(x) = 1} . Let I be [0,:)
. or [0,7] with T <« If f, the sequence of partitions .
. (Ftén))i;]: n = 1,2,...), and x(n) are such that
PLlim x{(n)]|f - fn||I = 0] =1
n .

then

PLTim x(n)[16 - (1 - (¥ (0)) ¥ )] = 0] = 1
n

Proof. Put h = f; i.e., %%%%—=,;%%% = 1 - G(x}. The conclusion of

statement (a) follows from lemma 5.2, with hn = fn and_h as above. The
conclusion of statement (b) follows from theorem 3.12 and lemma 5.2, with

hn = ?n and h as above.

f/ﬂ___/lv - . . . . - |
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