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Abstract

In this thesis, we study two kinds of categories: locoi, which are lextensive categories with
list objects, and arithmetic universes, which are pretoposes with list objects. We show three
main results: first, if C is a locos, then the list object functor L : C — C is a polynomial
functor. Second, if C is a locos, then the full subcategory Fin(C) of finite objects is a Boolean
topos. Third, if S is an arithmetic universe, then the free extension of S by an object is the
category [Fing, S| of indexed copresheaves on the internal category Fing of finite sets in S.
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Résumé

Dans cette these, nous étudions deux types de catégories: les locos, qui sont des catégories
lextensives avec des “objets des listes” (list objects), et les univers arithmétiques, qui sont
des prétopos avec des objets des listes. Nous démontrons trois résultats principaux: d’abord,
si C est un locos, alors le foncteur des listes L : C — C est un foncteur polynomial. Ensuite,
si C est un locos, alors la sous-catégorie pleine Fin(C) des objects finis est un topos booléen.
Enfin, si § est un univers arithmétique, alors l'extension libre de & par un objet est la

catégorie [Fing, S| des copréfaisceaux indexés sur la catégorie interne Fing des objets finis
dans S.
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Chapter 1

Introduction

Contents
1.1 Background and related work . ... .............

1.2 The main results of thisthesis . . . . ... ... .......

1.3 The structure of thisthesis . . . . . ... ... ........

1.1 Background and related work

As suggested by the title, this thesis focuses on locoi and arithmetic universes. These are
types of categories which feature list objects.

When working with sets, if we have a set X, then we can form the set L(X) of finite
lists with entries in X. List objects, a concept introduced by Cockett [Cock 90], are a way
to generalize this notion to any category C with finite products. Given an object X € C, the
list object associated to X is an object L(X) which is characterized by a certain universal
property; we think of L(X) as the set of lists with elements in X. Roughly, the universal
property of L(X) states that an arrow f : L(X) — Y can be defined inductively as follows
(see also section 4.1).

e For the base case, we specify the value of f(2).

e For the inductive step, we require that f(x :: £) is defined as a function of z, ¢, and
f(0). That is, f(z :: €) = h(x, £, f(£)) for some function h.

(Here, x :: £ represents an element = appended to a list £.) In general, we say a category C
with finite products has list objects if for every X € C, there is an object L(X) satisfying
this universal property.

As mentioned above, this thesis focuses on locoi and arithmetic universes. A locos is
a category with finite limits, list objects, and finite coproducts which are well-behaved in a
certain sense. In short, it is a lextensive category with (parametrized) list objects [Cock 90].
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Because of their connection to data types, list objects and locoi have been studied
mostly in the context of computer science (in addition to [Cock 90], see [Jay 93al, [Jay 93b],
[Jay 94]). Some notable results include the fact that locoi are local — meaning that if C is
a locos, then every slice category C/I is too [Cock 90, proposition 6.7], and the pullback
functors preserve the locos structure [Maie 05, proposition 2.13] — and that the functor
L : C — C mapping X to L(X) is part of a Cartesian monad when C is a locos [Jay 94,
corollary 2.7]. However, list objects gained some relevance in the context of topos theory
when Maietti [Maie 10] included them in an axiomatization of arithmetic universes.

According to [Maie 10], arithmetic universes were introduced in the seventies by André
Joyal in some unpublished lectures. Joyal used arithmetic universes to provide a categorical
proof of Godel’s incompleteness theorems (which has now been reproduced [Dijk 20]), but at
the time, he did not provide a general definition of the notion. Today, the standard definition
is due to Maietti [Maie 10]: an arithmetic universe is a pretopos with (parametrized) list
objects. Spelled out, this means that an arithmetic universe is a category with finite limits,
list objects, finite coproducts, and quotients of equivalence relations, and such that the
coproducts and quotients are well-behaved in a certain sense.

Examples of arithmetic universes include all elementary toposes with a natural num-
bers object; this includes categories of sheaves on a space (or, more generally, Grothendieck
toposes). The initial arithmetic universe is also fairly well understood: it was originally
described by Joyal as the exact completion of the category Pred(S;,) of primitive recursive
predicates. That is, Pred(S;,) (which is also the initial locos) is the category of subob-
jects of N defined by Ay formulas, and the initial arithmetic universe is obtained by freely
adding quotients of equivalence relations. Maietti discusses this characterization at length
in [Maie 10], and gives an alternative characterization in [Maie 24].

The category Pred(S;,) is notable because the arrows N — N are primitive recursive
functions up to provable equality in PRA, and because all arrows 1 — N are standard
numerals (arrows of the form s"0 for n € N). However, we can vary this construction of
an arithmetic universe by using a stronger theory of arithmetic (like peano arithmetic); we
can even get arithmetic universes with non-standard arrows 1 — N by using non-standard
models of PRA.

In addition to Maietti’s work, arithmetic universes have recently been investigated by
Vickers, who suggested in 1999 [Vick 99] that they could be used to provide a “base-free”
way to study Grothendieck toposes. Traditionally, one studies a Grothendieck topos with
respect to an elementary topos S called the base: a Grothendieck topos with respect to this
base consists of another elementary topos with a bounded geometric morphism to §. This
approach has its drawbacks, since geometric morphisms are not the most natural notion of
morphism between elementary toposes.

On the other hand, morphisms of arithmetic universes are much closer to geometric
morphisms, and Vickers’ idea led to a research program exploring whether it is possible to
develop the theory of Grothendieck toposes using arithmetic universes. This has seen some
success ([Maie 12], [Vick 19], [Hazr 20]); for instance, Vickers recently developed an analogue
for classifying toposes using arithmetic universes [Vick 19], which supplements the examples
above with a more general construction of arithmetic universes by generators, albeit without
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explicit descriptions. As we’ll discuss below, one of the main results of this thesis is a step
in the direction of this research program.

1.2 The main results of this thesis

In this thesis, we essentially prove three important results.

1. If C is a locos, then the list object functor L : C — C is a polynomial functor (corollary
5.4.2). Specifically, the map 7 : E — N (where E is the collection of finite cardinals,
see section 3.4) is exponentiable, and L is the polynomial functor associated to this
exponentiable arrow. Informally, this means that we can write L(X) = > X"

2. If C is a locos, then the full subcategory Fin(C) of finite objects in C (where finite means
isomorphic to a finite cardinal; see section 13) is a Boolean topos (theorem 15.5.1).
Moreover, the topos structure of Fin(C) is preserved by the inclusion Fin(C) — C.
Notably, result 1 is what allows us to take exponentials of finite objects.

3. If S is an arithmetic universe, then the arithmetic universe S[O] — obtained by freely
adjoining an object O — can be described explicitly (theorem 17.2.1). The category
S[O0] is the category of indexed functors [Fing, S|, where S is the canonical self-indexing
of §, and Fing is the internal category of finite sets in S (which is closely related to
Fin(S); see section 14). It is equipped with the object O = ¢ : Fing — S (the
canonical inclusion), and the functor A : § — [Fing, S] which maps an object I to the
constant indexed functor at I.

Below, we give an overview of each of these results separately, and then comment on
the overall structure of the thesis.

The list object functor is polynomial

Given a set X, it is possible to form the set L(X) of finite lists with elements in X. This
mapping X — L(X) extends to a functor L : Set — Set, where f : X — Y becomes the

map L(f): L(X) — L(Y) given by L(f)([z1, ..., zn]) = [f(x1), ..., f(zn)]
It is well known that this functor L : Set — Set is an example of a polynomial functor.

(A good reference for this notion is [Gamb 13], but we also review the definition in section
2.1.) Indeed, if we partition lists by length, we can see that this functor is given by

LX) =] x"

neN

This expression lets us to conclude that L is a polynomial functor. Specifically, it is repre-

sented by the polynomial
Ty

1 < E > N

=
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where £ = {(m,n) € Nx N | m < n}, and 7¥ : E — N is the second projection. (See also
example 1.9 in [Gamb 13].)

If C is a category with finite limits and a (parametrized) natural numbers object N,
it is possible to construct the analogue of 7 as an arrow 7% : E — N in C (see section
3.4). Therefore, if C also has list objects, then we might expect that the list object functor
L : C — C is also a polynomial functor, represented by the above polynomial. In order to
prove this result (corollary 5.4.2), we make a slightly stronger assumption: we assume C is a
locos. This part of the thesis (proving that L is polynomial when C is a locos) has already
been published to the mathematical arXiv ([Desr 25]).

As mentioned previously, if C is a locos, then the functor L is part of a Cartesian monad
[Jay 94, corollary 2.7]. Therefore, with this result, we conclude that L is part of a polynomial
monad (see [Gamb 13] for the definition).

It is worth discussing why we assume C is a locos. Firstly, though we have not con-
structed a counter-example, we suspect that L is not necessarily a polynomial functor if
we only assume C has finite limits and list objects (and hence a natural numbers object,
namely L(1)). On the other hand, the assumption that C is a locos can be weakened (as is
shown in [Desr 25]). Indeed, we don’t need to assume C has all binary coproducts, only that
certain coproducts (related to the list objects) are well behaved. However, we stick to locoi
because extensive categories are well studied, and because when list objects were introduced
in [Cock 90], they were mostly studied in a locos. As Cockett puts it in that paper, “it might
reasonably be argued that the type of mathematics determined by [a locos] is precisely what
is traditionally called ‘discrete mathematics™ .

One of the difficulties in proving that L is polynomial is that usually, polynomial functors
are discussed for locally cartesian closed categories (as in [Gamb 13]). Indeed, given an arrow
f: B — Ain C, the induced polynomial functor Py : C — C is defined using the right adjoint
Iy of f*:C/A — C/B. Since locoi are generally not cartesian closed, in order to show that
the list object functor L is induced by the arrow ¥ : E — N, we will need to prove that
7¥ is exponentiable (which is equivalent to saying IT,p exists; see fact 2.1.1). This fact is
established as a consequence of our proof strategy, which we explain below (see also the

proof of corollary 5.4.2).

The proof of this first main result is wholly contained in part II of this thesis, and is
mostly limited to chapter 5, though it does require some of the preliminary tools of chapters 3
and 4, and it uses the internal language of section 2.2. The idea of the proof is the following;:
it suffices to prove that the functor

Ly:C—C/N: X (len: L(X) — N)
(where len is the length arrow) is a right adjoint of the functor
C/IN—=C:(la:A— N)— E xy A.

(This result is theorem 5.4.1.) The counit of this adjunction is (nthy : Exy L(X) — X)xec,
where nth is the “n'” element” arrow defined in section 4.4. So, proving the result can be
rephrased as establishing a universal property, which we do in chapter 5, culminating in
corollary 5.4.2, which proves the first main result.
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The category of finite objects is a Boolean topos

The category FinSet of finite sets has many interesting properties. It is an (elementary)
topos, it is the free category with finite coproducts on one object, and it is used to build the
classifying topos for the theory of objects (see section D3.2 in [John 02]).

If we are in a category C with finite limits and a natural numbers object N, then we
can talk about finite cardinals. For any arrow m : 1 — N, the finite cardinal F,, is defined
as the pullback of 7% : E — N along m. We think of E,, as “the set with m elements”.

E, — F

| *

1 "N

We may then say that an object of C is finite if it is isomorphic to a finite cardinal. This is
not the only definition of “finiteness” in a category, but it is the notion that will be most
relevant to us.

We can then consider the full subcategory Fin(C) of finite objects in C, and ask if it
has any nice properties. If C is a topos with a natural numbers object, then it is known
that Fin(C) is a Boolean topos, and that the finite limits, finite colimits, and exponentials
are preserved by the inclusion Fin(C) < C (see theorem D5.2.7 of [John 02]). The second
main result of this thesis states that this remains true if C is instead only a locos (theorem
15.5.1). Given the first main result, this should not be so surprising — the arrow 7% being
exponentiable essentially tells us that exponentials by finite objects exist in a locos.

This second main result is established in part IV of the thesis. The first thing we show
is that subobjects of finite objects are finite if and only if they are complemented (theorem
13.2.3). The proof is not easy: it relies on some technical tools for locoi that we develop in
appendix B. These tools, in turn, rely heavily on the first main result. However, once this
has been established, we can also show that Fin(C) has finite limits and finite coproducts;
this is done in chapter 13.

In order to proceed, we need some tools from the theory of internal categories (which is
why this part of the thesis comes after part III, where we develop some results for indexed
and internal categories). In chapter 14, we introduce Fing, the internal category of finite sets
in a locos §. By considering this internal category as an S-indexed category, it turns out that
Fins(/) ~ Fin(S/I) (proposition 14.1.1). Our results about Fin(C) let us conclude that
Fing has finite products, and this implies (by theorem 12.4.2; a technical result for internal
categories) that it has “internally finite products”: products indexed by finite cardinals.
This is what allows us to conclude that the exponential of finite objects is finite (theorem
15.1.1).

In chapter 15, we finish proving the second main result (theorem 15.5.1); what remains
is showing that Fin(C) has coequalizers which are preserved by the inclusion. The proof is
rather technical, and requires us to establish an internal version of the pigeonhole principle
(theorem 15.2.6). The proof strategy is based on Maietti’s construction of coequalizers in
an arithmetic universe (proposition 3.10 in [Maie 10]).
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Adjoining an object to an arithmetic universe

As we discussed above, there has been some recent interest in developing the theory of
Grothendieck toposes using arithmetic universes, and doing so would involve a theory of
“classifying arithmetic universes”.

Perhaps the simplest example of a classifying topos is the one for the theory of objects
@: the theory with a single type, no function symbols, and no axioms. For toposes over a
base S, this classifying topos S[Q)] is equipped with an object O € S[0] and a geometric
morphism S — S[0)] (in the direction of the left adjoint functor), and it is defined by the
following universal property. For any topos 7, any X € 7T, and any geometric morphism
S — T, there exists a unique S[O] — T such that O is mapped to X and the following
diagram commutes.

O— X

We can also describe S[Q] as freely adjoining an object O to the topos S.

If we replace toposes by arithmetic universes and geometric morphisms by AU mor-
phisms, we get a description of the “classifying arithmetic universe” for the theory of objects.
The third result of this thesis is an explicit characterization of this category. In short, given
an arithmetic universe S, we construct an arithmetic universe S[Q] which satisfies the above
universal property.

To give an explicit characterization of S[Q] for an arithmetic universe S, we are in-
spired by the classifying topos Set[Q], which is given by [FinSet, Set| (see section D3.2
in [John 02]). As discussed above, we can develop notions of finiteness in an arithmetic
universe, and it turns out that the category S[O] we’re looking for is

S[@] = [FinS,S].

That is, it is the category of S-indexed functors from the internal category of finite sets
Fing to the canonical self-indexing S of S. (In other words, it is the category of internal
copresheaves on Fing.)

We only discuss and prove this result (theorem 17.2.1) in chapter 17, but most of the
thesis is dedicated to establishing results in preparation for this proof, which mostly comes
down to establishing two equivalences of categories. The first equivalence is corollary 16.2.8:

T ~ [Fil’lgp, F*T]ﬂez.

Roughly, it says that a functor on Fin® which preserves finite limits is uniquely determined
by its action on 1. Indeed, this implies preserving (internally) finite coproducts on Fin, and
each n € Fin is an (internally) finite coproduct of 1. To prove this result, we need to show
that Fin has finite colimits, and that these are preserved by the inclusion into S: this is
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essentially achieved by the second main result. We also need some results about functors on
Fin, which are proved in chapters 8 and 16 (the results of chapter 8 are developed in a more
general context).

The second equivalence is corollary 11.3.1:
[[[Copa S]]? F*T]flexcc =~ [C, F*T]flex-

Roughly, it says that a lex functor on C' extends uniquely to a lex cocontinuous functor on
the copresheaf category [C°P,S]. This is a well-known result in ordinary topos theory, but
it is not easy to adapt to the context of indexed categories and internal categories. An extra
wrinkle is that we must consider internally finite products — that is, products indexed by the
natural numbers object. Most of part III is dedicated to this task: after some preliminaries
in chapters 6 and 7, we take chapters 9 and 10 to develop the key technical tool, which is
that filtered colimits of lex functors are lex. We arrive at a first version of the equivalence of
categories with corollary 10.5.2, and chapter 11 slightly generalizes it to get the equivalence
above.

1.3 The structure of this thesis

In the previous section, we outlined the proofs of the various main results and how they fit
into the structure of the thesis. Now, we explain the structure from a more global perspective.

Part I contains the introduction and preliminaries. Most notably, section 2.2 establishes
the internal language that we will use throughout the thesis. It also contains a review of
certain categorical notions (section 2.1) and a brief discussion of subobjects and relations
(section 2.3).

Part II is focused on natural numbers objects and list objects. The first main result of
this thesis, corollary 5.4.2, is proved in chapter 5. Moreover, chapters 3 and 4 develop many
technical tools for working with natural numbers objects and list objects, respectively.

Part I1I develops many tools for working with indexed categories and internal categories.
Some basics are covered in chapters 6 and 7, including the properties of indexed categories
that come from arithmetic universes. In chapter 8, we discuss the construction of a certain
kind of internal category, which we will later use (in chapter 14) to define the internal
category of finite sets.

Next, chapters 9, 10, and 11 together establish an equivalence of categories (corollary
11.3.1) that is key for proving the third main result of the thesis. Chapter 9 discusses the
indexed colimit and filtered colimits of internally lex (flex) functors; chapter 10 describes a
specific Kan extension and establishes some of its properties; and chapter 11 shows how to
perform a “change of base” operation with these tools.

Finally, chapter 12 discusses a certain class of indexed categories, and shows how finite
products are linked to internally finite products for this class.

Part IV mostly discusses finite objects and the internal category of finite sets in a locos:
chapters 13 through 16 work to establish properties of these constructions, including the
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second main result of the thesis (theorem 15.5.1). Finally, chapter 17 uses all the previous
results to establish the third main result of the thesis (corollary 17.1.3). We finish with a
conclusion in chapter 18.

Part V contains the appendices and end matter. Appendix A contains detailed proofs
of some basic results about indexed categories (discussed in section 6.3), while appendix B
establishes technical tools that are used in the calculations of chapter 13.
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This chapter contains some preliminaries for the rest of the thesis. Section 2.1 reviews
some standard definitions and facts from the literature, and establishes some notation. Sec-
tion 2.2 builds the internal language that will be used throughout the thesis. Section 2.3
proves some basic facts about subobjects and relations.

2.1 Review of standard notions

In this chapter, we review important definitions and results from the literature that we will
reference in the rest of the thesis.

Finite limits
We will not review the definitions of finite limits, but we will establish some notation.

A category which has all finite products is called Cartesian. For a binary product
A x B, we denote the projection maps 7Ti4 B and 7r§4 B omitting superscripts when they
can be inferred from the context. The pairing of f : C' — A and g : C — B is denoted
(f,9):C — AxB,and given «: X — Aand f:Y — B, we write a x 3 for (cvomy, Bomy) :
X xY — A x B. This notation extends to the n-fold product A; x ... x A,, which has
projections 7y, ..., T, and pairing (f;)? ;. In particular, for the terminal object 1, the unique
arrow X — 1 is denoted () x.

For pullbacks, the notation is similar. The pullback of f : A — C and g : B — C

is denoted A X B, and the projections are denoted 7rf‘ P and e B We will also use the

10
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notation (p,q) : X - AxcBand axcf: X xcY — A Xc B whenever these constructions
are well-defined.

A category with all finite limits, or a functor which preserves finite limits, may be called
lex. We note that if a category C has all finite limits, then so do all its slice categories C/I.

Throughout this thesis, we will sometimes make reference to the pasting law or gluing
law for pullbacks. This refers to the standard fact that, if we have a commutative diagram
as below where the right square is a pullback, then the left square is a pullback if and only
if the outer rectangle is a pullback.

g

e<— o

g

e<— @

|

Finally, we may sometimes write eq(f, g) for the equalizer of arrows f, g.

\ \
7 7

Functors between slice categories

Given an arrow f : A — B in a category C, we write X for the composition functor
C/A — C/B. Its right adjoint is the pullback functor f*:C/B — C/A (sometimes denoted
Ay), assuming it exists. In the special case B = 1, these functors become ¥4 : C/A — C
(the forgetful functor) and A* : C — C/A (or Ay).

If f* has a further right adjoint, we call it the dependent product functor along f and
denote it IIy : C/A — C/B. We record the following fact from [Nief 82] (corollary 1.2) for
later use.

Fact 2.1.1. Let C be a category with finite limits, and let f : A — B be an arrow. Then
the following are equivalent:

e f* has a right adjoint (i.e. II; exists);

e — X f has a right adjoint (i.e. f is exponentiable, per p.8 of [Joya 95]);

. Y4 0 f* has a right adjoint.

Polynomials

Let C be a category with finite limits. A polynomial over a category C is a diagram P of the
following form.

1<% A f>B Z€>J

If the functor II; exists (i.e. if f is exponentiable, see fact 2.1.1), then the functor Fp :
C/I — C/J given by

I
) =N Y R INY) RN Yy
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is called the polynomial functor associated to P.

A functor F : C/I — C/J is called a polynomial functor if there exists a polynomial P
such that Fp exists and F' = Fp. In this case, we say P represents F. If F: C — C, then we
say it is a polynomial functor if this is the case when using the usual identification between

C and C/1.

These definitions are from [Gamb 13]; however, in that paper, they assume that C is
locally Cartesian closed. We avoid this assumption, at the cost of not all polynomial functors
existing.

Extensivity

We refer to [Carb 93] for the general definition of an extensive category: a category C with
finite coproducts is eztensive if for any X,Y € C, the canonical functor C/X x C/Y —
C/(X +Y) is an equivalence. (So, whenever we say a category is extensive, we implicitly
assume it has finite coproducts.) Since we will always assume our categories have finite
limits, we use the following characterization, drawn from proposition 2.2 of [Carb 93].

Fact 2.1.2. Let C be a category with finite limits and finite coproducts. Then C is
extensive if and only if for every coproduct X; — X;+ X5 «— X5 and any commutative
diagram as below,

Ay y A < Ay

| l |

X1 —>X1+X2 (—XQ

the squares are pullbacks if and only if the top row is a coproduct.

- /

In particular, in an extensive category, every binary coproduct is universal, which means
that its pullback along any arrow is still a coproduct. An extensive category which has finite
limits is called lextensive.

Finally, note that we may write @ to refer to the initial object of a category. (We reserve
the symbol @ for list objects.)

Regular and exact categories

For the definition of regular category, we refer to section 2 of [Borc 94b]. First, recall that
the kernel pair of an arrow f : X — Y is a pair of arrows g,h : R — X such that the

following square is a pullback.

RLX

I

X — Y
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Recall also that a regular epimorphism is an arrow which is the coequalizer of two others.
Then a regular category is one in which

1. every arrow has a kernel pair;
2. every kernel pair has a coequalizer; and

3. the pullback of a regular epimorphism along any morphism exists and is again a regular
epimorphism.

(This is definition 2.1.1 in [Borc 94b].)

We also refer to section 2.6 of [Borc 94b] for the definition of exact categories. Recall
that an equivalence relation ry,75 : E = A on an object A is effective if the coequalizer ¢
of 1,75 (also called the quotient) exists, and if (rq,7q) is the kernel pair of ¢. A category is
exact if it is regular and if every equivalence relation is effective.

Finally, per the nLab definition!, a pretopos is a category which is both exact and
extensive. In [Maie 10], the definition is spelled out as follows: a pretopos is a category with
finite limits, stable disjoint finite coproducts, and stable effective quotients of equivalence
relations.

We take this opportunity to recall the definition of an (elementary) topos: it is a category
with finite limits, exponentials, and a subobject classifier (definition A2.1.1 in [John 02]).
We refer to section A1.6 of [John 02] for the definition of a subobject classifier.

Natural numbers objects

Let C be a Cartesian category. A (parametrized) natural numbers object (NNO) is a triple
(N,0,s) consisting of an object N and arrows 0 : 1 — N, s : N — N which satisfy the
following property.

For any objects A, B and arrows g : A — B, h: A x N x B — B, there exists a
unique arrow f : A X N — B which makes the following diagrams commute.

Ax N Ax N daxs oy

(Ida,04)
A " lf <7T1,7r2,f>l lf
x B AxNxB — B

h

This definition comes from [Roma 89]. Following the convention of [Roma 89|, when we say
“natural numbers object”, we will always refer to the parametrized version. We will discuss
natural numbers objects in much more detail in chapter 3, where we’ll use the internal
language of section 2.2.

thttps:/ /ncatlab.org/nlab/show /pretopos
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A category which is lextensive and which has an NNO is called arithmetic lextensive
(we take this terminology from [Maie 10]).

List objects
Let C be a Cartesian category, and let X € C be an object. A (parametrized) list object
on X is a triple (L(X),rg, ") consisting of an object L(X) and arrows r{ : 1 — L(X),

r¥: X x L(X) — L(X) which satisfy the following property.

For any objects A, B and arrows g : A — B, h : X x B — B, there exists a
unique arrow f : A X L(X) — B which makes the following diagrams commute.

IdAXT{(
Ax L(X) Ax X x L(X) A x L(X)
(Ida, (r5°) a)
A < lf (rx. f) f
! B X x B - s B

This definition of list objects comes from [Cock 90]. As with natural numbers objects,
we will always talk about parametrized list objects.

Note that in the second diagram, we are abusing notation by writing (7, f). Indeed,
to be precise, we should write (s, f o (1, m3)). Moreover, the domain of Id4 x r{* should be
A x (X x L(X)) (with brackets). The definition will become much easier to parse when, in
chapter 4, we state it with the internal language of section 2.2.

A category which is lextensive and which has list objects is called a locos. (This ter-
minology is due to [Cock 90].) In the same paper, Cockett also showed that locoi are local
(proposition 6.7 of [Cock 90]) in the sense of each slice being local. It was also shown in
proposition 2.13 of [Maie 05] that the locos structure is preserved by pullbacks, which we
consider to be part of the definition of “local” (per [Maie 10]).

Fact 2.1.3. The property of being a locos is local. That is, if C is a locos, then every
slice C/1 is a locos, and the functor f*:C/A — C/B is a locos morphism for every arrow
f:B— AofC.

Arithmetic universes

We refer to [Maie 10] for the definition of arithmetic universes, though (as noted in [Maie 10])
the name dates back to an idea of Joyal from the seventies.

Definition. An arithmetic universe (AU), also called a list-arithmetic pretopos, is a pretopos
with (parametrized) list objects.
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A morphism of arithmetic universes, also called an AU morphism or an AU functor, is
a functor which preserves finite limits, finite coproducts, quotients of equivalence relations,
and list objects.

In [Maie 10], there is the following important result.

Fact 2.1.4 (Proposition 3.10 in [Maie 10]). Arithmetic universes have all coequalizers.
(And therefore, all finite colimits.)

With this result, we can give a simpler and more useful characterization of AU functors.

Proposition 2.1.5. Let A, B be arithmetic universes. Then F' : A — B is an AU
functor if and only if it preserves finite limits, finite colimits, and list objects.

Proof. We just need to show that if F'is an AU functor, then it preserves arbitrary co-
equalizers. In section 3.10 of [Maie 10], arbitrary coequalizers are constructed explicitly
using pretopos structures and list objects. Since AU functors preserve these, they also
preserve the coequalizers. |

Maietti also proved the following fact.

Fact 2.1.6 (Proposition 2.7 of [Maie 10]). The property of being an arithmetic universe
is local. That is, if A is an AU, then every slice A/I is an AU, and the functor f* :
A/A — A/B is an AU morphism for every arrow f: B — A of A.

In particular, this means that the pullback functors for arithmetic universes preserve
finite limits, finite colimits, and list objects.

Functors between slices of different categories
Let F': C — D be a functor. Then for any I € C, there is a functor

F/I:C/I— D/F(I)

(usually just denoted F') which maps an object (p: X — I) € C/I to F(p) : F(X) — F(I).
Similarly, an arrow f is mapped to F(f).

We will often need to know that these functors preserve limits, colimits, and list objects.
This is summarized by the following result.
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4 N
Proposition 2.1.7. Let F': C — D be a functor.

1. If C, D have finite limits and F' preserves them, then so does F'/I for every I.

2. If C, D have finite colimits of a given type and F' preserves them, then so does F'/I
for every 1.

3. If C,D are locoi and F' is a locos morphism, then so is F'/I for every I.

4. If C,D are AUs and F' is an AU morphism, then so is F'/I for every I. )

Proof. The first point is easy. The terminal object in C/I is Id; : I — I, which is
mapped by F' to Idp(p, the terminal object in D/F(I). So, F/I preserves terminal
objects. Moreover, pullbacks in slice categories are computed as in the base category, so
F/I preserves pullbacks. Therefore, F//I preserves all finite limits.

The second point is even easier: all finite colimits are computed in the slice as in
the base, so they are preserved by every F/I.

The third point is more nuanced. The first two points show that F'/I preserves finite
limits and finite coproducts, but the description of a list object in C/I is more compli-
cated. However, it can be constructed explicitly using finite limits, finite coproducts,
and list objects in C (see the proof of proposition 6.7 in [Cock 90]). Since F' preserves
all these, we find that F'/I does indeed preserve list objects.

The fourth point is a direct consequence of the first three. |

2.2 Internal language

In any Cartesian category, there is a way to express equalities between arrows in a “vari-
able form”, so that an equality f = ¢ is instead written as f(z) =, g(z). This improves
readability: to define some h: X xY x Z — A, it is much clearer to write

h(z,y, 2) =44 f(z,9(y, 2)) than h = fo{m, go (m,m3)).
We will use this notation in the remainder of the thesis.

The way to make this precise is to develop an internal language for our ambient category
C, a process which is explained in great detail in sections D1.1 - D1.3 of [John 02], particularly
on p.837. In this section, we will briefly review this process, partly because the language
we’ll use in this thesis (which we take from [Roma 89]) is even weaker than what is done in
[John 02], and partly because we also introduce some shorthands for dealing with equalizers
and pullbacks.

We should note that, in addition to what is presented in this section, we introduce
internal language notation for arithmetic and list-arithmetic operations in sections 3.2, 3.3,
and 4.1, and we use infix notation when appropriate.
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Setting up the language

First, the internal language has a collection of types, which are the objects of C. It has
function symbols of the form f : A; x ... x A, — B, which come from the arrows of C.
Arrows with domain 1 are treated as constant symbols. We inductively build typed terms
using variables and these function symbols in the usual way.

Next, a context is a list of variables and their types, suchas C' = (z: X,y : Y,z : Z), and
we write [C] for X xY x Z. A context is valid for a term ¢ if all the variables in ¢ occur in C,
and the interpretation of a term ¢ : B in a valid context C' is an arrow [t]¢ : [C] — B. This
interpretation is defined inductively: for a variable z; in a context C' = (x1 : X1, ..., 2, : X,,),
[z;]c is the projection map m; : [C] — X;, and for a term f(¢1,...,1,), its interpretation is
fo(lti], - [ta])-

Finally, if ¢,%s are terms in a context C', we write t; =¢ t2 to mean that [t;]c = [t2]c
(as arrows in C). Since this is enough to make sense of the example above with h(z,y, 2),
this completes the formal setup of the language (note that we don’t use relations). Note
that the types of the variables in C' are omitted if clear from context.

Below, we state some basic facts about this language (the only non-trivial rule is the
second one, which requires lemma D1.2.4 in [John 02]).

e The equality =¢ is an equivalence relation.

e The equality =¢ is preserved by substitution: if a =¢ b, then a[t/if] =¢ b[t/7], and if
t; =¢ s; for each i, then a[t/y] = a[5/7].

e Given arrows f,g: X7 X ... x X;; = Y and the context ¥ = (21 : Xy, ...,z, : X,,), we
have f = g if and only if f(z1,...,2,) =z g(x1, ..., Tn).

e For any appropriate arrows f, (¢:)i%, (h;)j—,, terms (¢;)i2;, and context C', we have

Fa1(trseostn)s ooy gmlt, o tn)) =c (F 0 (g1, oo Gm)) (t1, ooy )

and
F(hi(t1), ooy hn(tn)) =c (f o (h1 X ... X hy))(t1, ey tn)-

In particular, f(g(t)) =c (f o 9)(¢).

Additional notation

Terms of product types

Given two terms a : A, b : B in a context C', we can let (a,b) be shorthand for the term
Id 4« p(a,b) (and similarly for products of any length). Since (a,b) : A x B, this notation lets
us mimic products of types without having to build them into the language. Remark that
[(a,b)]c = ([a]c, [ble), as we'd expect. In particular, if we have an arrow g : A x B — X,
then g((a,b)) =¢ g(a,b), and so we will not bother to distinguish between these terms.
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Equalizers

Suppose we have a context D = (y; : Y7, ...,y, : Y,) and terms s,t : Z in the context D.
Then we can form the following equalizer diagram.

(D]=E ‘% [D] % Z
tp

We will write {y; : Y1,...,y, : Y, | s = t} as notation for the object E, and we will write
(y1 : Y1, eeuyn Yy | s =1) or (D | s =t) as notation for the context D’ = (e : E). This
makes it easier to refer to equalizers without using new variable names; for example, the

context for a pullback of f: U - W, g:V - Wis (u:U, v:V | f(u)=gv)).

We want to be talk about “terms of type E” and “terms of type [D] which equalize s
and t” interchangeably. This will require us to abuse notation in the following ways. First,
if we have a term e : F, then we can also think of it as the term i(e) : [D]. So, we may write
e : [D] to refer to this term.

—

Second, if we have terms uy : Y3, ...,u, : Y, in a context C' = (Z : X), then the term
(ug, ..., u,) is formally of type [D]. However, if s[i/y] =¢ t[d/7y], we can say (ug,...,u,) is
of type E by considering it as shorthand for ¢(Z) : E, where ¢ comes from the universal
property of the equalizer (see the diagram below).

D] =FE —*— [D] %Z
ot tlp
[(';] ([usles -, fun]c)

Remark that [(uy, ..., u,)]c = 1.

It is important to note that these two ways of abusing notation are compatible with each
other. On one hand, if (uq, ..., u,) : [D] equalizes s and ¢, then i(uq, ..., u,) =¢ (uq, ..., u,) as
terms of type [D]; on the other hand, if e : E, then i(e) =¢ e as terms of type E (these are
easy to check).

Finally, we remark that the latter notation behaves well with respect to substitution.
The proof is straightforward, though it does require lemma D1.2.4 from [John 02].

Remark 2.2.1. With the above setup, let w; : Xy, ..., w,, : X,, be terms in another context
B. Then

(U, ooy up) [W/Z] =g (uq [0/ ], ..., u,[W/Z])  (as terms of type E)

Substitution for equalizers

Let D = (y1 @ Y1,...,yn : Yn), let s,t : Z be terms in the context D, and let D" = (y; :
Yi,o ¥ : Yo | s=1) = (e: E), as in the previous section. Remark that terms in the context
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D can be also considered to be terms in the context D’, simply by “pulling back” along the
inclusion map ¢ : [D'] — [D]. Notably, if we view s, ¢ as terms in D’, then we have s =p t.

Now, consider a term like g(y1, ..., y,) in the context D. If we consider this term in the
context D', can we still substitute terms for the variables y;? The y; are no longer variables
in the context D’, so this requires special consideration.

Formally, let r : R be a term in the context D', and let uy : Y7, ..., u, : Y, be terms in a
context C. If we assume that s[@/y] =¢ t[i/y], then we can say that

r[i/y] is shorthand for re/u(Z)],

where 1) once again comes from the universal property (see the previous subsection). This
definition ensures that our substitution notation enjoys many of the same properties of
regular substitution, and we can check that it behaves the way we want with the following
remark (the proof is straightforward).

Remark 2.2.2. With the above setup, yi[t/y] =c us.

Example usage

To show how this internal language may be used, we use it to express some universal prop-
erties.

Products

In a category C, let A, B, P be objects, and let 7 : P — A, my : P — B be arrows. Then
(P, 7y, ms) is a product of A and B if and only if the following condition holds.

For any context C' and any terms a : A, b : B in the context C, there exists a
unique term p : P in the context C' such that 71 (p) =¢ a and m(p) =¢ b.

Remark 2.2.3. In this example, when we say “there exists a unique term p : P such
that...”, what we mean is uniqueness up to equality. This means that for any two terms
p1,p2 : P (in the context C) satisfying the condition, we have p; =¢ ps. Going forward,
when talking about uniqueness of terms in the internal language, we always mean uniqueness
up to equality.

Equalizers

In a category C, let A, B, E be objects, and let f,g: A — B and i : E — A be arrows such
that foi = goi. Then (E,i) is an equalizer of f,g if and only if the following condition
holds.

For any context C' and any term a : A in C such that f(a) =¢ g(a), there exists
a unique term e : £ in C such that i(e) =¢ a.
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Pullbacks
In a category C, suppose the following square commutes.

p-",B

W

A——C

S
Then (P, m, ) is a pullback of f, ¢ if and only if the following condition holds.

For any context C' and any terms a : A and b : B in C such that f(a) =¢ g(b),
there exists a unique term p : P in C such that m(p) =¢ a and m(p) =¢ b.

2.3 Subobjects and relations

In this section, we establish some basic results about subobjects and equivalence relations.
These are not new results, but we could not find them stated in the literature in the form
we wanted.

Given an object A in a category C, recall that a subobject of A is a monomorphism
B — A. The term “subobject” may also mean an equivalence class of monomorphisms
into A, where f : B — A and f' : B’ — A are equivalent if there is an isomorphism
g : B — B’ such that f'g = f. (See, for instance, definition 4.1.1 of [Borc 94a] or section
A1.3 of [John 02].)

In a category C with pullbacks, we say that a subobject f : B < A is complemented if
there is another subobject f': B’ < A such that the diagram

li
Bff>A<f > B

is a coproduct and the pullback B x4 B’ is an initial object. We say C is Boolean if every
subobject is complemented. The usual definition of complemented subobjects (and Boolean
categories) is for a coherent category (see, e.g. the text above lemma A1.4.10 in [John 02]),
but this definition is clearly equivalent in that case. Remark that, in a lextensive category,
we only need to check the coproduct condition, since sums are disjoint in extensive categories
(see proposition 2.6 in [Carb 93)]).

It turns out that subobjects are complemented if and only if they can be expressed as a
certain kind of equalizer. To express this fact, we will write {0, 1} for the coproduct 1 + T,
and the inclusion maps will be denoted 0,1 : 1 — {0, 1}.

Theorem 2.3.1. Let C be a lextensive category, and let Y € C. For any map d : Y —
{0,1}, the equalizer R < Y of d and 0 is a complemented subobject: its complement is
the equalizer of d and 1.
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Moreover, the map

arrows d— eq(d,0) complemented
d:Y — {0,1} subobjects R — Y

is a bijection (where subobjects are consider up to isomorphism).

- /

Proof. Let Ry = eq(d,0) and Ry = eq(d,1). We start by showing that these are
complementing subobjects of Y. To this end, consider the following diagram.

Ry Ry

> Y <
l ld l (2.3.1)

19 {01} « 1

The squares are pullbacks (they correspond to Ry, R; being defined as equalizers), so by
extensivity, the top row is a coproduct. (Also, in an extensive category, finite sums are
disjoint.) Thus, we’ve shown that d — eq(d,0) is a well-defined function between the
above sets.

Now, we show that d — eq(d,0) is surjective. So, let R < Y be a complemented
subobject; that means it has a complement R’ < Y such that the induced map ¢ :
R+ R’ — Y is an isomorphism.

R—— R+R «— R
\jzg\lyg/
Y

Let p: R+ R — 1+ 1 = {0,1} be the natural map, and let d = po ¢~*. We claim that
R is the equalizer of d and 0 (this will show surjectivity).

Let f: A— Y be such that do f = 0. Consider the following diagram.

A\+>Y .
R—— R+ R «—— R
Ly

1 — 0 spr1l g

Since the top row is a coproduct, extensivity implies the squares must be pullbacks. So,
there exists a unique ¢ : A — R such that the diagram commutes, and this gives the
equalizer property.
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Finally, we show that d — eq(d,0) is injective. Let d,d’ be two arrows, and assume
R < Y is both eq(d, 0) and eq(d’,0). We will show that d = po¢~!, where p and ¢ are as
in the previous part of the proof (we assume i : R — Y is complemented by i’ : R — Y).
This is sufficient to conclude injectivity: we can argue that d’ = po¢~! in the same way,
so we get d = d'.

To show d = po ¢!, we will show that d o = p. Since the domain of these maps

is R+ R, it suffices to show that do¢oi = poi and dogpoi’ = poi'. Note that poi =0
and poi =1, so we need to show the following diagram commutes.

i
R—>R+R’<—R’

NhA

This is easy: on the left, ¢ o7 is the map R — Y, and this map is by definition the
equalizer of d and 0, so we get the commutativity. The right side is similar, so we're

done. 1

Remark 2.3.2. In an arithmetic lextensive category, it can be shown that {0,1} = {z €
N | z <1} (see proposition 3.3.9). Therefore, amap d : Y — {0, 1} can be defined by giving
amap d : Y — N such that d < 1. In other words, given d' : Y — N such that d’ <1, the
equalizer eq(d’,0) is a complemented subobject of Y.

This theorem gives the following immediate corollary.

Corollary 2.3.3. In a lextensive category where every subobject is complemented, {0, 1}
is a subobject classifier.

Proof. Let A < B be a monomorphism, so that A is a subobject of B. Since A is
complemented by assumption, theorem 2.3.1 tells us there exists a unique arrow d : B —
{0,1} such that A = eq(d,0). But saying that A = eq(d, 0) is equivalent to saying that

A——1

[

B -9 (0,1}

is a pullback square. Thus, {0, 1} is a subobject classifier. |

Next, we recall the definition of relations and equivalence relations. These can be
defined for arbitrary categories, but since we will only deal with categories with finite limits,
we restrict our attention to this case, which makes the definitions simpler. Notably, the
definition we give below comes from proposition 2.5.5 of [Borc 94b].
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Definition. A relation on an object X is a subobject (i.e. a monomorphism) r = (ry,79) :
R — X x X. Moreover, we say the relation is...

o ...reflexive if the diagonal Ax : X — X x X factors through r.

o ...symmetricif cor : R — X x X factors through r, where 0 = (11, m2) : XXX — XxX
swaps the entries.

e ...transitive if, when we consider the pullback square

2 ()

Rxx R R s X

m |

RLX 3

|

X

~

the arrow (rym,rems) : R X x R — X x X factors through r.

e ...an equivalence relation if it is reflexive, symmetric, and transitive.

If we have a relation R — X x X which is a complemented subobject, then theorem
2.3.1 tells us it is associated to a map d : X x X — {0,1}. We would like to express the fact
that R is an equivalence relation by rephrasing the conditions in terms of the map d. This
is what we do in the following theorem, but first, we need a lemma.

Lemma 2.3.4. In a lextensive category, consider a relation R — X x X which is
complemented. If R is symmetric, then its complement is symmetric too.

Proof. A proof of this result can be found on the Mathematics Stack Exchange website
[favi]. We reproduce the proof for completeness.

Let v : RF — X x X be the complement of r : R — X x X. If R is symmetric,
then there is a map ¢ : R — R such that r¢ = or, where 0 : X x X — X x X is the
arrow swapping the components. We must show there is an arrow ¢ : R — R’ such that
r'yp = or’. To this end, consider the following diagram.

O s R« RIXXXXR/
|
R—"5 XxX T

o0

R—— XxX ¢—— R
r

It’s clear that o is an involution, and this implies ¢ is an involution too (notably because
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r is a monomorphism). Therefore, the bottom left square is a pullback. The top left
square is also a pullback because sums are disjoint in an extensive category (O is the
initial object). Finally, the right square is a pullback by definition.

Since we're in an extensive category, all this implies that the top row is a coproduct;
therefore, the arrow ; is invertible. We can therefore set ¢ = 75 o (7)™, and the right
square gives the desired equation. |

Theorem 2.3.5. In a lextensive category, let 7 : R — X x X be a complemented
relation, and let d : X x X — {0,1} be the associated map by theorem 2.3.1. Then:

e R is reflexive if and only if d(z, z) =, 0;
e R is symmetric if and only if d(z,y) =, d(y, z);

e R is transitive if and only if for any context C' and any terms x,y,z : X in C| if
d(z,y) =c 0 and d(y, z) =¢ 0, then d(z, z) =¢ 0.

- J

Proof. We know R is reflexive if and only if the diagonal Ay : X — X x X factors
through R; that is, there is a map f : X — R such that i o f = (Id,Id). In that case,
clearly d(z,x) = d(i(f(z))) = 0 (because i = eq(d,0)). On the other hand, if d(z, z) = 0,
then we just use the equalizer property:

: d,0
R—'% X x X —= {0,1}

fi A,I@

X

Next, by unravelling the definition, we find that R is symmetric if there is a map
g : R — R such that the following square commutes (where o = (mo, m)).

R—i>X><X

g b

R—"% XxX

Suppose this is true. We must show d = doo; we do this by decomposing X x X = R+ R/,
so that it suffices to show doi =docooi and doi’ = do o o' For the first of these, we
have doi = 0 (because i = eq(d,0)) and doooi=doiog=00g=0. For the second,
we similarly get doi’ = 1 (because R’ = eq(d,1)) and doo o =1 (because R’ is also
symmetric by lemma 2.3.4).

On the other hand, suppose d(x,y) = d(y,x), i.e. d = doo. Then doooi = doi =0,
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so by the equalizer, we get the desired g.

b

+ d,0
R—"»s X xX —={0,1}

Finally, we tackle transitivity. Write i = (i1,45), and let R xx R be the pullback
defined in the definition of a transitive relation. By definition, ism = #;m9, and R is
transitive if (i;7,i97m2) factors through R.

Suppose R is transitive, so (rymy, rams) = i o h for some h. Then, let z,y,2z : X be
terms in a context C' such that d(z,y) = 0 and d(y, z) = 0. Since the terms (z,y), (y, 2) :
X x X equalize d and 0, the equalizer property tells us that there are terms r,s : R
such that i(r) = (z,y), i(s) = (y,z). But then we can use r, s with the pullback square
R X x R to get a term « : R Xx R such that mya = r and mya = s. (Notably, because

io(r) =y =i1(s).)

Then = = i1(r) = iym(«) and z = is(s) = iama(a), so (x, z) = (i17m1, lema) () = i(h(a)).
Thus d(x, z) = d(i(h(c))) = 0 (because ¢ equalizes d,0), as desired.

On the other hand, suppose that for any terms z, vy, 2, if d(z,y) = 0 and d(y, z) = 0,
then d(x,z) = 0. To get h, it suffices to show that d o (i;71,iams) = 0 (see the diagram
below).

. d,0
R—"'— XxX —= {0,1}
hi

RXXR

<i17T17i27T2>

So, let @ : R xx R. Note that d(i;ma,isma) = d(i(ma)) = 0 and d(iymaq, ismea) =
d(i(mear)) = 0. Since igma = iyma (by definition of the pullback), transitivity of d lets
us conclude that d(i;mia, iamear) = 0. Thus, we indeed have d o (i17y,iam) = 0. |

25
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In this chapter, we establish some important theory and results about natural numbers
objects (NNOs). Section 3.1 revisits the definition using the internal language of section
2.2, and sections 3.2, 3.3, 3.4 set up essential concepts that we use throughout the thesis:
order and inequalities, definitions and proofs by cases, and the collection of finite cardinals.
Sections 3.5, 3.6, and 3.7 present a hodgepodge of tools that will be used in various places
throughout the thesis.

3.1 NNOs with the internal language

We start by expressing the definition of natural numbers objects using the internal language.

Definition. Let C be a Cartesian category. A (parametrized) natural numbers object (NNO)
is a triple (NN, 0, s) consisting of an object N and arrows 0: 1 — N, s : N — N which satisfy
the following property. For any objects A, B and arrows g : A — B, h: AXx N x B — B,
there exists a unique arrow f : A x N — B such that f(a,0) =, g(a) and f(a,sn) =.,

h(a,n, f(a,n)).

In fact, we can formulate the universal property in a way that uses the internal language
even more. This formulation, given below, avoids the need to think of the terms f, f1, f2, 9, h
as coming from arrows.

27
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Remark 3.1.1. Let N be a natural numbers object. Let A, B be objects, let g be a term
in the context (a : A), and let h be a term in the context (a : A,n : N,b: B). Then there
exists a term f in the context (a : A,n : N) such that f[0/n] =, g and f[s(n)/n] =.. h[f/b].
Moreover, if fi, fo are two such terms, then f; =,, fo.

Following the convention of [Roma 89], the term “natural numbers object” will always
refer to parametrized natural numbers objects; we will not discuss unparametrized NNOs
(where we omit the parameter A in the definition).

The NNO property lets us define the operations of addition + : N x N — N, multiplica-
tion @ : N X N — N, predecessor P : N — N, and (truncated) subtraction —: N x N — N
in the usual inductive way.

r+0=, ze0=,0 P(0) =40 r=-0=,x
r+sy=z,s(r+y) zesy=,,(xey)+zr Plsy)=,y x-=sy=,,Plx-=y)

The operations + and e, along with 0 and 1 = s0, make N into an (internal) commutative
semiring. We will prove some facts about these operations in this chapter, but we will also
frequently use results from [Roma 89] (themselves inspired by [Good 57]).

For instance, we will borrow the function |z, y| =,, (z ~y) + (y — z) from [Roma 89],
which has the property that for f,g: X — N, f = ¢ if and only if | f, g| = 0x (corollary 1.4
in [Roma 89]). Equivalently, given any two terms z,y : N in a context C, we have © =¢ y
if and only if |z,y| =¢ 0. We will also use Romdn’s min and max functions, defined as
min(z,y) =z ¢ = (¢ = y) =zy ¥y = (y =~ 2) and max(z,y) =4y ¢+ (y = @) =2y y + (x = y)
(see his proposition 1.3).

We finish this section by proving the following preliminary result.

4 N
Proposition 3.1.2. We have the following equalities.

l.a=(b+c)=apc(a=b)~c

2. |max(a,b),b| =.pa =0

L 3. (a=b)e(b=-a)=4,0

Proof. For part 1, we go by induction on c. In the base case ¢ = 0, both sides clearly
equal a = b. For the induction step, we compute

a=(b+s(c) =apeca~sb+c)=ap. Pla=(b+c)),
(a=b) = s(c) =ape P((a=b)=c).
So, the equality follows by induction.

For part 2, since | max(a,b),b| =, (max(a,b) —b) + (b — max(a,b)), it suffices to
show max(a,b) —b =, a — b and b — max(a,b) =, 0. The latter equality is an easy
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computation with part 1:
b—max(a,b) =, b= (a+ (b=a)) =up (b=a) = (b—a) =44 0.
For the former equality, we use corollary 2.2(e) from Romdn’s paper [Roma 89:

max(a,b) ~b =45 (a+ (b=-a)) =b=4p (a=0)+ ((b =a) = (b= a))
=ab (& = b) +0 =ap O — b.

For part 3, we will use the induction principle provided by proposition 3.1(c) in
Romén’s paper [Roma 89]. This principle states that, given f : N> — N, if f(a +
sb,b) =44 0, then (a=b)e f(a,b) =, 0. This conclusion is what we want with f(a,b) =,
b — a, so we compute

fla+ sb,b) =4p b= (a+sb) =4p (b=35b) —a=4p0-a=40.

This is all we needed to show. |

3.2 Order in NNOs

In this section, we develop various facts about the order relations on a natural numbers
object.

First, the definition: given terms m,n : N in a context C, we write m < n for
m —n =¢ 0, and we write m <¢ n for s(m) ~n =¢ 0.

When working in a category with finite limits, we can use inequalities in our notation
for defining objects as equalizers. For instance, we will write {m,n : N | m < n} for
{m,n: N | sm =n =0}, and similarly for {m,n: N | m < n}.

We will now prove some basic facts about inequality.

f
Proposition 3.2.1. Let a,b : N be terms in a context C'. Then the following are

equivalent:

1. a SC b
2. max(a,b) =c¢ b
3. min(a,b) =c a

4. There exists a term z : N in the context C such that a + x =¢ b

5. There exists a term x : N in the context C' such that a =¢ b - . D
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Proof. For this proof, we show that 1 = 2 = 4 = 1land 1 = 3 = 5 = 1. All the
equalities here will take place in the context C, so we will omit the subscripts.

(1 = 2). If a < b, then a = b = 0. Using proposition 3.1.2(2), we find that
| max(a,b),b| = a — b =0, which implies max(a, b) = b, as desired.

(2 = 4). Suppose max(a,b) = b, and set x = b — a. Then a + x = max(a, b) = b.

(4 =1). Assume a+x = b. Then, using 3.1.2(1),a~b=a~-(a+2z) = (a~a)~x =
0 — x = 0, which is equivalent to a < b.

(1 = 3). Suppose a < b, i.e. a—b = 0. By definition, min(a,b) = a =~ (a ~ b) =
a—0=a.

(3 = 5). Suppose min(a,b) = a, and set x = b — a. Then b ~ x = min(b,a) =
min(a,b) = a.

(5 =1). Assume a = b~ z. By Romén’s proposition 1.3(f), a ~b= (b - x) -~ b=
(b=b) —x=0-=2 =0, which is equivalent to a < b. i

4 N

Proposition 3.2.2. For any context C', the relation < is a partial order on terms of
type N in the context C. That is:

1. z <¢ =
2. If x <cyand y <¢ z, then z =¢ y;

3. fx <pyand y <¢ z, then z <¢ z.
Moreover, if z < y, then

e r+z<cy-+z,
e rez<cyez,

e v~ z2<py-—=z and

o 2 —y<gz-ux.

- J

Proof. We will omit the C' subscript for clarity. For 1, see Romén, proposition 1.3(b).
For 2, note that * < y and y < x imply |z,y| = (z ~y)+ (y ~x) = 0+ 0 = 0. By
Romén, corollary 1.4, we get = = y.

For 3, we use proposition 3.2.1 to conclude that there exist a,b : N such that
r+a=yandy+b=z2 Thenz+(a+b)=(x+a)+b=y+b= 2,0z < z as desired.

For the last part, assume that < y, so y = =+ k for some k (by proposition 3.2.1).
For the addition inequality, y + z = (x + k) + 2= (x + 2) + k, so ¢ + z < y + z. For the
multiplication, yez = (z+k)ez=xez+kez sovez < yez. For the first subtraction,
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we apply Romén’s corollary 2.2(e) to find
y—z=(x+k)~z=(x=2)+(k=(z2=2x),

so x — z <y = z. For the second subtraction, we just compute

I
—~
—
N
|
&
~

o
x5
~—
|
N
|
8

Here, we just used proposition 3.1.2 and commutativity of addition. |

Now that we’ve established the basic facts for inequalities, we present some results that
we will use a few times throughout the paper.

Proposition 3.2.3. Let C be a Cartesian category with NNO, and let n : N be a term
in a context C. If n >¢ 0, then n =¢ s(P(n)).

Proof. If n >¢ 0, then n >¢ s(0) =1, son =¢ m+1 =¢ s(m) for some term m : N (by
proposition 3.2.1). Thus s(P(n)) =¢ s(P(s(m))) =¢ s(m) =¢ n (since P(s(m)) =¢ m
by definition of P). 1

[Proposition 3.2.4. Let a,b : N be terms in a context C'. Then a < b if and only if}
b=a>¢c0.

Proof. We omit the C' subscript for brevity. Remark that the proposition is the same
as saying b > a + 1 if and only if b —a > 1.

First, suppose b > a+ 1. Then b —a > (a+ 1) = a = 1 by proposition 3.2.2 and
Romaén’s proposition 1.3(c).

On the other hand, suppose b — a > 1. Then, using propositions 3.1.2(3) and 3.2.2,
a-b=(a=-b)el<(a=b)e(b=-a)=0,
so a —b=0. Thus,
b=b+(a=~b)=a+(b-a)>a+1.

(The second equality is the definition of max; see Romén’s proposition 1.3(e).) 1
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[Proposition 3.2.5. We have sz — (x — y) =, s(x ~ (x —y)). ]

Proof. By Roman’s corollary 2.2(e),

st=(z=y)=(r+1) = (z=y)
=(@=(z=y)+ 0= ((r=y)=2)
=(@=(z=y)+{1=0)
= s(z = (z ~y))
Note that (x —y) ~2 = (r ~ ) =y =0~y = 0 by Romén’s proposition 1.3(e). i

[Proposition 3.2.6. Let a: N be a term in a context C. If min(a, 1) = 0, then a = 0. )

Proof. By definition, min(a,1) = 1 = (1 = a), so min(a, 1) = 0 implies 1 <1 = a. This
inequality can be written 0 < 1+ a; by proposition 3.2.4, this implies a < 1, i.e. sa < s0.
Thus a <0, and so a = 0, as desired. |

3.3 Arithmetic lextensive categories

In this section, we’ll show how working in an extensive category provides additional tools
for dealing with natural numbers objects. This is all based around the following simple fact
(see, e.g., [John 02, lemma A2.5.5]).

Fact 3.3.1. In a Cartesian category with a parametrized NNO, the diagram 1 N
N < N is a coproduct.

Standard definition by cases

By combining fact 3.3.1 with the characterization of extensivity of fact 2.1.2, we obtain the
following result.

Proposition 3.3.2. Let ¢t : N be a term in a context C' = (z1 : X1, ...,z, : X,,), and let
Co, C~o be the contexts Cy = (C' |t =0) and C5¢g = (C |t > 0).

> [Cso] s a co-

A

Then, in an arithmetic lextensive category, [Cp] —— [C]
product.
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Proof. Write i, i~ for the inclusion maps of [Cy], [Cs] into [C], respectively, and con-
sider the following diagram.

Co] =25 [0] <22 [Cuq)

| e [Pollcois

1 s N 2 N

We claim that this diagram commutes and that the squares are pullbacks. If this is true,
then extensivity tells us that the top row is a coproduct, as desired (see fact 2.1.2).

First, we check that the squares commute. The left square states that, in the context
Co, we have t =¢, 0, which is true by definition. The right square states that, in the
context Csg, we have t =¢_, s(P(t)). We know ¢ > 0 in this context, so the equality
follows by proposition 3.2.3.

Second, we claim that the left square is a pullback because of how [Cy] is defined
as an equalizer, and the right square is a pullback because of how [Cs] is defined as
an equalizer. This is mostly a routine check, so we omit the details. We just note that
for the latter case, if f : B — [C] and g : B — N are such that [t]c o f = so g, then
[tlcof>0and g=Poltjco f. |

The conclusion of this proposition can be reformulated using the internal language so
that it is easier to use.

Remark 3.3.3. Assume we are in an arithmetic lextensive category. Let t, C, Cy, Csq be as
in proposition 3.3.2, let ag : Y be a term in the context Cj, and let a~y : Y be a term in the
context C~o. Then there exists a unique arrow h : [C] — Y such that h(zy,...,x,) =¢, ao
and h(z, ..., x,) =c., @>0. Moreover, for any terms p,q : Y in the context C, if p =¢, ¢ and
p =cs, ¢, then p =c q.

We use the following special notation for the term h(zy, ..., x,) of the above remark:

aso  else

In other words, working in an arithmetic lextensive category allows us to define a function
“by cases”, conditional on a term of type N. The second part of the above remark tells us
that we can also prove two terms are equal “by cases”.

For legibility, we will introduce some notation for when we want to consider more than
one case at a time. We’ll write

T iftm=0 z ifm=0
y elseifn=0, = y ifn=20 olse
z else z else

Finally, we have the following result, that lets us convert between two different “condi-
tions”.
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4 N
Proposition 3.3.4. Let f,g : X — B and hy,hy : X — N. If we're working in an

arithmetic lextensive category, then the statement

“for any term x : X in any context C, if hi(z) =¢ 0 then ho(x) =¢ 0, and if
hi(z) >¢ 0 then ho(x) >¢ 07

implies that

{f(x) if hy(z) :0} _ {f(x) if ho(z) :0}'

g(x) else g(x) else

Proof. It suffices to show that the right hand side satisfies the defining property of the
left hand side. So, let Xo = {z: X | hy(z) =0} and X.o = {z : X | hy(x) > 0}. Given
x : Xo, we have hy(x) =, 0, so ha(x) =, 0 too by assumption. Thus, plugging = into the
right hand side yields f(x). Similarly, plugging some z : X into the right hand side
yields g(z). These two equalities are what uniquely define the left hand side, so we get
equality. |

Definition by cases without extensivity

It is worth noting that certain functions can be defined by cases without requiring extensivity.
In a category with finite limits and NNO, we can define a function ITEy : Y XY x N — B
(short for “if-then-else”) by induction as follows:

ITEy(CL, b, 0) =ab a, ]TEy(CL, b, Sk’) =a,b,k b
Then, if we have terms ¢t : N and ag,as¢ : Y in a context C' = (z1,...,x,), the function
h(xy,...,xn) = ITEy(ag,aso,t) satisfies h(xy,...,2,) =¢, ao and h(z1,...,2,) =c., >0
Thus, if it turns out that we are in an extensive category, we have
. (on) ift=20
[TEy(Clo, a>o, t) —C {CL>0 else

So, we will use this “by cases” notation for ITEy(a,b,k) even when we don’t assume the
ambient category is extensive.

There is, of course, a drawback to working without extensivity: the terms ag, a~o must
both exist in the context C, not in the contexts Cy and Csq (respectively). However, this
turns out to be an acceptable restriction in many cases.

Definition by cases with inequality

We will sometimes want to split into cases m < n and m > n instead of t = 0 and ¢t > 0.
The idea is to use m < n to represent m —n = 0, and to use m > n to represent sn —n = 0.
To do this formally, we will need the following result.
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Corollary 3.3.5. Let u,w : N be terms in a context C' = (x1 : X1, ..., 2, : X,,), and let
C1, Cy be the contexts C; = (C' | u < w) and Cy = (C' | u > w).

Then, in an arithmetic lextensive category, [Cj] —— [C] +—— [C5] is a coprod-
uct.

Proof. Remark that Cy = (C' | w = u = 0). So, if we let C5¢g = (C' | w —u > 0), then
by proposition 3.3.2, the following diagram is a coproduct.

[Co] —— [C] ¢ [C5q]
So, to show the result we want, we need to show that there is an isomorphism [C}] = [Cs]

which respects the inclusion into [C].

The only choice for an isomorphism between the objects [C}] = {C' | v < w} and
[Cso] = {C | w=wu > 0} which respects the inclusion into [C] is the “identity map”
(1, ey Tp) ¥ (21, ..., T,). Therefore, we just need to show that this map is well-defined
in both directions. This just involves showing that w —~u >¢, 0 (knowing that u <, w)
and that v <¢., w (knowing that w ~ u >¢_, 0). This is true by proposition 3.2.4. 11

Now, let C' be a context, let m,n : N be terms in C, let C; = (C | m < n), let
Cy=(C|m>mn),leta;:Y beatermin C, and let as : Y be a term in Cy. Then we write
a; ifm<n as ifn<m a; ifm-=-n=20

for .
as else a, else a else

Proof by contradiction

Working in an extensive category lets us do a sort of proof by contradiction.

Proposition 3.3.6. In an arithmetic lextensive category, if X is an object such that
0 =,.x 1, then X is initial.

Proof. The equation 0 =,.x 1 means that the following diagram commutes.

X ——1

S

Therefore, there is an arrow from X into the pullback of the arrows 0,s. But 0 and s
form a coproduct, and in an extensive category, coproducts are disjoint, so this pullback
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is an initial object. Thus we have an arrow X — O, but in an extensive category, initials
are strict, so X is an initial object too. |

~

Corollary 3.3.7. Suppose we are working in an arithmetic lextensive category.

e Let ¢t : N be a term in a context C, and write Cy = (C |t =0), Cso = (C' | t > 0).
If 0 =¢, 1, then t >¢ 0, and if 0 =¢_, 1, then ¢ =¢ 0.

e Let m,n : N be terms in a context C, and write C; = (C' | m < n), Cy = (C |
m >mn). If 0 =¢, 1, then m >¢ n, and if 0 =¢, 1, then m <¢ n.

- J

Proof. We only prove one case; the rest are similar. So, let ¢ : IV be a term in a context
C, and assume that 0 =¢_, 1. By proposition 3.3.6, [Cs¢] is an initial object, and since
[C] = [Co] + [Cso], this implies that the inclusion i : [Cy] < [C] is an isomorphism. By
definition, 4 is the equalizer of [t]c and 0, so [t]c o i = 0 0 4; applying ! to each side
gives [t|c = 0, which is equivalent to saying ¢ =¢ 0. |

Some technical facts

Here, we prove two small technical facts.

Proposition 3.3.8. In an arithmetic lextensive category, let f: A — Nandg: B —- N
be arrows, and let [f,g] : A+ B — N be the map induced by the coproduct property.

Then, for any n: A+ B — N, if f < n and g < n, then [f,g] < n. Similarly, if
f>mnand g > n, then [f, g] > n.

Proof. We must show that [f, g] —=n = 0. But since the domain is a coproduct, it suffices
to check on each component. On the A component, [f, g] = n becomes f — n, which is
zero because f < n. The B component is similar, so we get the desired inequality. The
reverse case is proved the same way. |

Proposition 3.3.9. In an arithmetic lextensive category, let {0, 1} denote the coproduct
1 + 1 (with inclusion maps 0,1 : 1 — {0,1}), and let {x < 1} denote the object
{r € N |z <1} (with inclusion map ¢ : {x <1} < N). Then {0,1} = {x < 1}.

Proof. First, define f : N — {0,1} by f(0) =0, f(sn) = 1, and define g : {0,1} - N
by g(0) =0, g(1) = 1. It is clear that fg = Id 1} by the coproduct property.

Then, we have fi : {x < 1} — {0,1}, and the map ¢ : {0,1} — N induces a
map h : {0,1} — {z < 1} such that ih = g (by the equalizer property, since g < 1 by
proposition 3.3.8). We claim that fi and h are inverses of each other.
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On one hand, we easily compute fih = fg = Idp,13. On the other hand, to show
hfi = Idg<1y, it suffices to show ihfi = 1, since ¢ is a monomorphism. Note that
thfi = gfi, so we must show gfi = 1.

So, let < 1. By proposition 3.3.2, we can split into the cases x =0 and = > 0. In

the former case, we have gfi(z) = ¢gf(0) = g(0) = 0 = i(z). In the latter case, z > 0
means z > 1, but since x < 1, we get x = 1. Thus gfi(z) = gf(1) = g(1) = 1 = i(x),
and we're done. i

3.4 The collection of finite cardinals

A key concept for all the results in this thesis is finiteness. In our case, we examine finiteness
by using a map which has “finite fibers”. We want an analogue of the set £ = {(m,n) €
N x N :m < n}, which can be easily achieved in a category with finite limits and a natural
numbers object N. We set

E={m:N,n:N|m<n}.

(Here, we use notation from section 3.2; explicitly, E is the equalizer of the arrows N x N —
N given by (m,n) — s(m) —n and (m,n) — 0.) Now, if we write D for the context
(m:N,n:N|m<mn) (remark that [D] = F), then we can define the map 7¥ : E — N by
7E(m,n) =p n. Going forward, we’ll use the notation E, 7% to refer to this object, which we
call the collection of finite cardinals, without mentioning it explicitly. In [John 02], (E,7¥)

is referred to as the generic finite cardinal (see the discussion above lemma 2.5.14).

Remark 3.4.1. It is not hard to convince yourself that the above equalizer exists even if
we only assume the existence of finite products (instead of finite limits): E is a countably
infinite set, and is therefore isomorphic to N. However, checking this formally is technical
and not relevant to the rest of this paper, so we omit the proof of this.

An important construction with the object E/, which will be used many times throughout
the thesis, is the pullback of 7% : E — N and another arrow [, : A — N.

ExyA—A

| L

D)
FE—————~ N

We use this notation because the arrow {4 will often be understood from the context.

Using the internal language, we have ExyA = {e: E, a: A | 7¥(e) = l4(a)}. Since E is
the object {m : N,n : N | m < n}, we could also write this as {(m,n) : E, a: A |n =14(a)}.
However, this shows us that the “n” parameter is redundant, and that we can just think
of this object as {m : N, a : A | m < ls(a)}. Specifically, we’d like to use the context
(m: N,a:A|m <la(a)) when referencing the object E x y A. The following proposition
assures us that this is valid.
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-
Proposition 3.4.2. Let [, : A — N. Then the following maps are well-defined and

provide an isomorphism F xy A= {m: N,a: A|m <la(a)}.

((m,n),a) = (m,a)
T
ExyA {m:N,a:A|m<la(a)}
~N_

9 ((malz‘\(a»’a) A (mva) )

Proof. Straightforward check. |

Note that we do need to be careful when writing {m : N,a: A| m <la(a)} for E xy A,
because applying the projection maps does not behave the way we expect. For instance, we
have the map 7rf;7A : E xy A — E, and if we consider (m,a) : E Xy A with m : N,a : A,
then 72" (m, a) is not equal to m, as we might think if we’re not being careful.

Fortunately, this issue does not come up very often. We’ll only need the following fact

to assure us that we aren’t making mistakes (the proof is a straightforward check, so we omit
it).

Fact 3.4.3. Suppose we have arrows [, : A — N, lg: B — N and f: A — B. Assume
lg o f =4, so that we can consider the following arrow.

Idg xn f
——= s,

EXNA EXNB

Then, in the context C'= (m : Nya: A|m < la(a)), we have

L (Idg xx f)(m,a) =c (m, f(a)). y

3.5 New forms of NNO induction

In this section, we develop some new inductive principles for natural numbers objects that
make it easier to prove certain results. We start with an easy result about induction for
inequalities.

Theorem 3.5.1. In a Cartesian category C with NNO, let f : AXN — N. If f(a,0) =, 0
and f(a,sn) <., f(a,n), then f(a,n) =,, 0.

Moreover, suppose C has list objects (see chapter 4). Then, similarly, given f :

Ax L(X)— N,if f(a,2) =, 0 and f(a,z ::{) <., f(a,l), then f(a,l) =4, 0.
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Proof. We start with the first statement. Since f(a,sn) < f(a,n), there exists a term
k(a,n) such that

f(a,sn) = f(a,n) = k(a,n).

Thus, if we set g(a) = 0 and h(a,n,z) = = k(a,n), we find that f(a,0) =, g(a) and
f(a,sn) =4 h(a,n, f(a,n)). But the constant zero map also satisfies these equations,
so these must be equal.

The proof of the second statement is identical: since f(a,z :: £) < f(a,{), we can
write f(a,x :: {) = f(a,l) = k(a, z,¢), which is a recursion also satisfied by the zero map.
Since f and the zero map are also equal (to 0) in the base case, we get equality by list
object induction. ]

Next, we prove a statement for “finite induction”.

Theorem 3.5.2. Let C be an arithmetic lextensive category. Let f: A — N, and let
91,92 : N x A — B. Consider the following statement:

For any terms n : N, a : A in a context C, if n <¢ f(a), then ¢g1(n,a) =¢
g2(n, a).

To prove this statement, it suffices to show the following.
L. gl<07 (l) ~a 92<07 CL),

2. g1(f(a),a) =4 g2(f(a),a);

3. There is an arrow r : N x A x B — B such that, for any terms n: N, a: A in a
context C' satisfying n <¢ f(a), we have g;(sn,a) =¢ r(n,a,g;(n,a)) for i =1,2.

%

Proof. Note that if n <¢ f(a), then min(n, f(a)) =¢ n. Therefore, it suffices to prove
that

g1 (min(n, £()), ) =na g2 min(n, f(a)), a).

Call these terms hq(n,a) and ho(n,a). We'll prove they’re equal by induction on n. In
the base case, we use assumption 1:

ma(0,a) = g1 (min(0, f(a)), a) = 1(0,a) = g2(0, @) = ga( min(0, f(a)), a) = ha(0, a).
For the inductive step, we show that both functions satisfy the recurrence

(sn.a) — r(n,a, hi(n,a)) ifn < f(a)
hom.0) =aa {0 -



3.5. NEW FORMS OF NNO INDUCTION 40

Here, g(f(a),a) just represents either of gi(f(a),a) or g2(f(a),a) (they are equal by
assumption 2), and r comes from assumption 3.

To show this equality, we split into the cases n < f(a) and n > f(a) (which we can do
because we're in an extensive category). In the former case, we get min(sn, f(a)) = sn,
so we have

hi(sn,a) = gi<min(sn, f(a)), a) = gi(sn,a) =r(n,a,g;(n,a)) =r(n,a,h;(n,a)).

Note that we used the equality from assumption 3, and g;(n,a) = h;(n,a) because n <
f(a) implies min(n, f(a)) = n. Now, in the latter case, we have min(sn, f(a)) = f(a), so

hi(3n7a> = gi(f<a)7a) = g(f(a)=a>7

which is what we wanted. Thus, we've proven the desired equality. |

Finally, we show that we can define an arrow f(a,n) inductively even if f(a, sn) depends
on f(p(a),n) instead of just f(a,n).

~
Theorem 3.5.3. Let N be an NNO in an arithmetic lextensive category. For any

arrows g : A — B, h: AXN Xx B — B,and p: A — A, there exists a unique arrow
f:Ax N — B such that

f(a7 0) —a g(a’)v

L (@ 3n) =0, h{am £ (pla). ). )

Note: for this proof, we use the following notation. If r : X — X, we write (z,n) —
r"(x) for the map X x N — X defined recursively by r°(z) = z, r*(z) = r(r"(z)). It is
easy to show (by induction on n) that r**(z) = r™(r(x)).

Proof. Consider the function f : N x A x N — B defined inductively by

h(pm;sn(a),n, f(m, a,n)) ifn<m ‘

f(m,a,n) else

f(m,a,()) =g(p™(a)) and f(m,a, sn) = {

We claim that setting f(a,n) = f (n,a,n) satisfies the equations of the theorem, and

~

moreover if f is any function satisfying those equations, then f(a,n) = f(n,a,n). Prov-
ing these two facts will give us the desired existence and uniqueness.

Existence.

For existence, we must show f(a,n) = f (n,a,n) satisfies the equations of the theo-
rem. The first equation is easy:

£(a,0) = £(0,a,0) = g(p°(a)) = g(a).
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For the second equation, we must prove an intermediate result: we claim that

~ A

f(sm,a, min(m,n)) = f(m,p(a), min(m,n)).

We prove this by induction on n. In the base case, we have min(m,0) = 0, so

~

f(5m7 a, min(mv O)) = f(5m7 a, O) = g(psm(a’))
and f(m,p(a), min(m,0)) = f(m,p(a),0) = g(p™(p(a))) = g(p""(a)).

For the inductive step, we claim that both sides satisfy

h(pm*”(a), n, k(m, a,n)) ifn<m ‘

k(m,a,n) else

k(m,a,sn) = {

We start with the left side. If n < m, then min(m,sn) = sn and min(m,n) = n.
Therefore,

f(sm,a, min(m, sn)) = f(sm,a,sn) = h(psm;sn(a),n, f(sm,a,n))
= h(pm;”(a),n, f(sm,a,n)) = h(pm;"(a),n,f(sm,a, min(m,n))),

as desired. If n > m, then min(m, sn) = m = min(m,n), so

A A

F(sm, a,min(m, sn)) = f(sm, a, min(m, n)),
as desired. Now, we show the right hand side satisfies the recurrence. If n < m, then
min(m, sn) = sn and min(m,n) = n, so

A~

f(m,p(a), min(m, sn)) = f(m,p(a), sn) = h(pm;sn(p(a)),n,f(m,a,n))
= h(pm;"(a), n, f(m, a, min(m, n)).

(For the last step, since n < m, we have m —n > 0 by proposition 3.2.4, and so
s(m = sn) = s(P(m =n)) =m = n.) If n > m, then min(m, sn) = min(m,n), so

A A

f(m,p(a), min(m, sn)) = f(m,p(a), min(m,n)).

Thus both sides satisfy the recurrence, so we have the desired intermediate result.

Finally, with the intermediate result established, we plug in m = n to get the
equality f(sn,a,n) = f(n,p(a),n). Using that, we compute

f(a,sn) = f(sn,a,sn) = h(ps”*‘m(a),n, fsn, a, n)>
= h(a,n, f(n,p(a),n)) = h(a,n, f(p(a),n)).
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Thus, this f does indeed satisfy the second equation of the theorem, and we have finished
the existence proof.

Uniqueness.

For uniqueness, suppose f is some function satisfying the equations of the theorems.
Then set

f'(m.a,m) = f(p"" (a), min(m, n) );

we claim f” satisfies the defining equations of f . If that’s the case, then clearly we have
f(n,a,n) = f'(n,a,n) = f(a,n), as desired.

So, we check that f’ satisfies the defining equations of f . For the base case, we
compute

f/(m> a, O) = f(pméo(a% O) = f(pm(a)a O) = g(pm(a>>'

For the inductive step, we split into two cases: n < m and n > m. In the case n < m,
we note that min(m, sn) = sn and min(m,n) = n. Then we compute

f'(m.a, sn) = F(p"*"(a), sn) = (mmmwz<<mmm»m)
(p (@), m, f"™"(a), m))
(@),
(a)

=/n
h(pm sn a),n ( m-— m1n(mn)<a>7min(m’n>)>
h

<pm (a),n, f'(m,a n)>

Note that, to pass to the second line, we used s(m = sn) = m = n (as before) since we’re
in the case n < m. Next, in the case n > m, we have min(m, sn) = m = min(m,n).
Therefore,

f'(m,a,sn) = f( me=min(m,sn) () min(m, sn))

f( memin(mn) () min(m, n))

= f'(m,a,n).

So, f’ does satisfy the same recurrence as f , and this finishes the proof of uniqueness. 1

Corollary 3.5.4. In an arithmetic lextensive category, let f: AX N — Nandp: A —
A If f(a,0) =, 0 and f(a,sn) <., f(p(a),n), then f(a,n) =, 0.




3.6. INCREASING FUNCTIONS 43

Proof. Since f(a,sn) < f(p(a),n), there exists a term k(a,n) such that

f(a7 871) = f(p(a),n) - k<a7n)'

Thus, if we set g(a) = 0 and h(a,n,z) = z = k(a,n), we find that f(a,0) =, g(a) and
fla,sn) =4, h(a,n, f(p(a),n)). But the constant zero map also satisfies these equations,
so by theorem 3.5.3, these must be equal. |

3.6 Increasing functions

Definition. In a Cartesian category with NNO, let f : N — N. We say f is increasing if
f(m) <., f(sm), and we say f is strictly increasing if f(m) <, f(sm).

Given f : I x N — N, we say f(i,—) is increasing if f(i,m) <;,, f(i,sm). We say
f(i,—) is strictly increasing if f(i,m) <;.m f(i, sm).

4 N
Proposition 3.6.1. In a Cartesian category with NNO, let f: N — N.

e f is increasing if and only if for any context C' and any terms m,n : N in C' such
that m <¢ n, we have f(m) <¢ f(n).

e f is strictly increasing if and only if for any context C' and any terms m,n : N in
C' such that m <¢ n, we have f(m) <¢ f(n).

For an arrow f : I x N — N, we have analogous statements.

o

Proof. We start with increasing functions. It’s clear that the stated condition implies
f is increasing, so we prove the other implication. We claim that, if f is increasing, then
f(m) <px f(m+ k). In other words, we must show that

f(m) = f(m+k) =4 0.

To prove this, we appeal to theorem 3.5.1. The base case is clear, and for the inductive
step, we use proposition 3.2.2 and the assumption f(a) <, f(sa) to get f(m) = f(m +

sk) = f(m) = f(s(m + k)) < f(m) = f(m + k).
So, if we have terms m,n such that m < n, we can write n = m + k for some k, and
use this result to conclude f(m) < f(m+ k) = f(n).

For f strictly increasing, we can argue similarly, showing that f(m) <,,x f(m+sk).
That is, we must show that

s(f(m)) = f(m + sk) =m 0.
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We again appeal to theorem 3.5.1. The base case is just the assumption that f is strictly
increasing; for the inductive step, we note that f(m + sk) < f(s(m + sk)) (we have a
strict inequality by assumption, so in particular we get this inequality) and compute

s(f(m)) = f(m + ssk) = s(f(m)) = f(s(m + sk)) < s(f(m)) = f(m + sk).

This gives the desired result.

For arrows of the form f: 1 x N — N, we can use exactly the same proof and just
add the parameter ¢ : I everywhere. |

Theorem 3.6.2. In an arithmetic lextensive category, if f : N — N is strictly increas-
ing, then f is monic.

Proof. Let m,n : X — N be such that f(m(z)) =, f(n(z)). Roman showed (proposi-
tion 3.2(b) [Roma 89]) that

NxN={a,be N|ja<b}+{a,be N|a=0b}+{a,be N |a>b},

and since we're in an extensive category, we can pull back this coproduct along (m,n) :
X — N x N to get

X={zeX|mx)<n(x)}+{zreX|m()=nx)}+{xeX|mx) >n(z)}.

Write this coproduct as X = X+ X_ + X.. Now, if we have x : X_, then m(z) < n(x),
so by proposition 3.6.1 and the assumption on m,n, we have

f(n(x)) =o f(m(2)) <z f(n()),

and by subtracting f(n(x)) from each side, we get 0 <, 0. That is, 0 =, s0 =0 = 1. By
proposition 3.3.6, we conclude that X_ is initial.

A similar argument shows that X- is initial, and therefore the inclusion X_ «— X
is an isomorphism. If we write this map as i, then for x : X we have

m(z) = m(i(i"(2))) = n(i(i " (z))) = n(=),

as desired (note that m oi = n o1 because of how X_ is defined). 1

Corollary 3.6.3. In an arithmetic lextensive category, let f : N — N, and let n: 1 —
N. If for any term m : N in a context C, m < n implies f(m) <¢ f(sm), then f o1 is
monic, where 7 : E, < N.
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Proof. Define g : N — N by

f(m) ifm<n

gim) = {f(n) +(m—=n)  else

Note that foi = goi, because g(m) = f(m) for m < n. Note also that 7 is monic (it’s
an equalizer), so to prove the result, it suffices to show ¢ is monic; by theorem 3.6.2, it
suffices to show g is strictly increasing.

Before continuing, note that g(m) = f(m) for m < n. To show this, we split into
the cases m < n and m = n; these are each easy to check.

So, we now show g(m) <,, g(sm). We split into the cases m < n and m > n.
If m < n, then g(m) = f(m) and g(sm) = f(sm) (because sm < n). Therefore,
g(m) < g(sm) by the assumption on f. On the other hand, if m > n, then

s(g(m) = g(sm) = s[£(n) + (m = m)] = [£() + (sm = m)] = s(m = ) = (sm = m)
=s(m—=n)=s(m-=n)
=0.

Note: for this last line, we have sm —n = s(m = n) because m > n. Indeed, m > n
means m = n+ k for some k, and then m ~n=~kand sm=-n=(1+n+k)=-n=1+k.

So, in each case, we have shown that g(m) < g(sm), so we’re done. i

3.7 Maximums

In this section, we construct a function which finds the maximum value in a bounded set for
which a given condition is satisfied.

Definition. Given arrowsn : I — N andt: [ x N — N, we construct an arrow g : [ X N —
N by induction as follows.

g(i,0) =0

o sk ift(i k) =0
9(i, k) = {g(i, k) else

Then, set smax(i) = g(i,n(i)). We also define max(i) = P(smax(7)).

What is this function smax : I — N7 Well, we'd like to have a function I — N which,
given i € I, picks out the value max(z < n(i) | t(i,z) = 0). The easiest way to do this is to
start with a default value which indicates that there is no maximum, and then recursively
define g(i,n) to be n if t(i,n) = 0 and g(i,n — 1) otherwise. The problem is that we don’t
have easy access to a default value; the easiest one is 0. But 0 could just as easily be the
maximum we’re looking for. So, we define smax to be zero if there is no maximum, and one
more than the maximum if it does exist.
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Note: this means that it is not meaningful to consider the value max(7) if the maximum
does not exist, i.e. if smax(i) = 0. In other words, we should only use max(i) if we have
already checked that smax(i) > 0. On the other hand, if we do have smax(z) > 0, then from
proposition 3.2.3 it is clear that s(max(i)) = smax(7), and we use the following notation:

max(i) = max(x < n(i) | t(i,z) = 0).

We now show some properties of this smax function.

-

Proposition 3.7.1. In an arithmetic lextensive category, let n: I — N andt: I x N —
N. In a context C', let ¢ : . Then we have the following properties.

e If thereis a term k : N in C such that k <¢ n(i) and t(i, k) =¢ 0, then smax(i) >¢
sk.

e If smax(i) >¢ 0, then max(:) <¢ n(i) and t(i, max(i)) =¢ 0.

o If t(i,n(i)) >¢ 0, then t(i,smax(i)) >¢ 0.

In particular, if n(i) >¢ 0 and t(i,0) =¢ 0, then max(i) <¢ n(i) and #(i, max(i)) =¢ 0;
and if moreover ¢(i,n(i)) >¢ 0, then (3, s(max( ))) >c 0.

- /

Proof. First, note that g(i, k) <;x k; this is easy to show by induction. On the other
hand, we can also show by induction (usmg this first inequality) that g(¢, sk) >; % g(7, k),
so g(i, —) is increasing. With these two facts, we can show that if there is a term & such
that k < n(i) and t(i, k) = 0, then smax(i) > sk. Indeed, we can compute

smax(i) = g(i,n(i)) > g(i, sk) = sk.
The last equality is because we assumed ¢(i, k) = 0, and the inequality is because g(i, —)

is increasing (and we assumed k < n(i)), using proposition 3.6.1.

Next, we can easily show by induction that g¢(i, g(i,k)) =ik g(i, k). We also claim
that if & is such that ¢(i,sk) = sk, then ¢(i, k) = 0. Indeed, if ¢(i,k) > 0, then the
definition of ¢ tells us that sk = g¢(i,sk) = g(i,k) < k. This is a contradiction (see
corollary 3.3.7), so t(i, k) = 0.

Now, suppose smax(i) > 0; this means we can write smax(i) as the successor of
max(i). Then, by using the inequality g(i, k) < k, we get

max(i) < smax(i) = g(i,n(2)) < n(i).

Moreover, note that

smax(i) = g(i,n(i)) = g(i, g(i, (7)) = g(i, smax(i))
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(using what we proved above), and since smax(i) = s(max(i)), we conclude (again, by
above) that ¢(i, max(i)) = 0.

Finally, suppose t(i,n(i)) > 0; we want to show that ¢(i,smax(i)) > 0. To do so,
we split into the cases smax(i) < n(i) and smax(i) > n(i) (see corollary 3.3.5). In the
latter case, we already know that smax(i) < n(i) (we proved it first), so smax(i) = n(7)
and we get t(i,smax(i)) = t(¢,n(i)) > 0 by assumption. In the former case, we assume
smax(i) < n(i). Then, assume ¢(i,smax(i)) = 0; these two assumptions tell us (by the
first bullet point in the proposition) that smax(i) > s(smax(¢)), a contradiction. Thus
(by corollary 3.3.7) we get t(i, smax(i)) > 0. i
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In this chapter, we present various facts and constructions for list objects. In section
4.1, we revisit the definition using the internal language of section 2.2, and in section 4.2,
we make a note about what it means to preserve list objects. In sections 4.3 and 4.4, we
define some important functions that we use for proving things about list objects; notably,
in section 4.4, we define the “n'* element of a list” arrow, which requires us to assume we’re
working in a locos. In sections 4.5 and 4.6, we define and prove some technical facts about

two more list functions: the “concatenation” arrow and the “head” arrow.

4.1 List objects with the internal language

We start by restating the definition of list objects using the internal language.

Definition. Let C be a Cartesian category, and let X € C be an object. A (parametrized)
list object on X is a triple (L(X),rg,r) consisting of an object L(X) and arrows rf : 1 —
L(X), r¥ + X x L(X) — L(X) which satisfy the following property. In what follows, we
write @ for rg and z :: £ for ri¥(z, ().

For any objects A, B and arrows g : A — B, h : X x B — B, there exists a
unique arrow f: A x L(X) — B such that

fla,2) =, g(a) and fla,x 2 0) =400 h(x, f(a,l)).

48
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A version of the universal property with terms can also be formulated, like for natural
numbers objects (see remark 3.1.1).

Given a term z : X, we will write [z] for the list x :: @ in L(X).

The list object property can actually be generalized slightly to the following proposition.

Proposition 4.1.1. Let C be a Cartesian category which has all list objects, and let
X € C. For any objects A, B and arrows g : A — B, h: Ax X x L(X) x B — B, there
exists a unique arrow f : A x L(X) — B such that

f(a,2) = gla) and F(a,2 5 €) =ar hla, 2,0, f(a,0)).

Proof. In the definition of list objects, replace B with A x L(X) x B. With some small
straightforward adjustments, we get the desired property. |

From this proposition, it becomes clear that L(1) is a natural numbers object. This
means that it is redundant to assume that a category has list objects and a natural numbers
object.

Finally, if a Cartesian category C has all list objects, then we can form a functor L :
C — C which maps X to the list object L(X). Its action on arrows is defined as follows:
given f: X — Y, we define L(f) : L(X) — L(Y) inductively by

L(f)(9) =2 and L(f)(z 2 €) =40 f(2) 2 L(f)(0).

We omit the easy check that this is a functor.

4.2 Preserving list objects

Definition. Let C,D be Cartesian categories with list objects, and let ' : C — D be a
functor preserving finite products. Then we say F' preserves list objects if for any X € C,
the tuple (F(LX), F(rg), F(rX)) is a list object on F'X in D.

Remark 4.2.1. In the above definition, we implicitly mean that (F(LX), F(rg), F(ri))
is a parametrized list object. However, it suffices to check that it is an unparametrized list
object: indeed, in a category with all parametrized list objects, an unparametrized list object
is automatically parametrized (because it has a canonical isomorphism to the parametrized
list object).
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Proposition 4.2.2. Let C,D be Cartesian categories with list objects. Let F': C — D
and G : D — C be functors forming an adjunction F' - GG, and assume that the counit
€ : FG = Idp is a natural isomorphism.

If F preserves finite products, then it also preserves list objects.

Proof. We start with a technical remark: for any X € C and A € D, there is a bijection
“: Hom(FX x A, A) - Hom(X x GA,GA) such that for any b : FX x A — A, the
following diagram commutes.

F(b)
FX x FGA —= FGA

Id x eAl lGA

FXxA—20 44

Indeed, the adjunction F' -4 G means that the map

Hom(X x GA,GA) — Hom(FX x FGA, A)
froeaokf

is a bijection. Since ¢ is an isomorphism, we have a bijection Hom(FX x FGA, A) —
Hom(F X x A, A) given by precomposition with Id x e;'. Combining these two bijections
gives (the inverse of) the desired bijection.

Now, we show that F' preserves list objects. Let X € C; we must show that
(F(LX), F(rg), F(r:X)) is an unparametrized list object on FX (per remark 4.2.1). So,
let Ac D leta:1 — A andlet b: FX x A — A. We claim there is a unique arrow
h: F(LX) — A such that the following diagrams commute.

«  F(LX) FX x F(LX) F(ri) F(LX)
F(TV
1 lh 1d x hl lh (4.2.1)
T A FXxA—2Db 4

Using the isomorphism Hom(1, A) = Hom(F'1, A) = Hom(1,GA) given by the adjunc-
tion (and F' preserving finite products), we get a : 1 — GA. Then, using the technical
remark, we get some b : X x GA — GA. Since LX is a list object, there is a unique
arrow h such that the following diagrams commute.

X
X LX X x LX 5 X
L lﬁ . ﬁl lﬁ (4.2.2)

GA XxGA—b gA
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Since ' 4 G, we have a bijection ¢ : Hom(LX,GA) — Hom(F(LX),A) given by
¢(h) = €4 0 F(h). We claim that h makes diagrams 4.2.2 commute if and only if ¢(h)
makes diagrams 4.2.1 commute; since there is a unique such A, this implies the list object
property for F(LX).

So, we first assume that k makes diagrams 4.2.2 commute. If we apply F to these
diagrams and post-compose with €4, we get the following.

F(LX) FX x F(LX) i) F(LX)
F(rg) PGy 1axF@m)|  |Fm
17— FGA Fx x FeA 9, péa
w lEA Id x eAl lﬁA
A FXxA—2b 4

The right diagram commutes by the technical remark, and the left diagram commutes
because the isomorphism Hom(1,GA) — Hom(1, A) is given by f + €4 0 Ff. This
shows that ¢(h) = €4 o F/(h) makes diagrams 4.2.1 commute, as desired.

On the other hand, suppose ¢(h) = €4 o F(h) makes diagrams 4.2.1 commute; we
must show diagrams 4.2.2 commute. For the first one, recall that we have the isomor-
phism Hom(1,GA) — Hom(1, A) given by f + €40 Ff. So, to check that @ = hor, it
suffices to show that their images under this functor are equal. But, as we just checked
above, their images under this functor give a and €4 o F(h) o F(r{), which are equal
because we assumed ¢(h) satisfies equations 4.2.1. Thus, @ = h o re, as desired. The
same argument applies for the second diagram. |

4.3 Important list arrows

In this section, we define some important arrows related to list objects and prove some
properties about them. Throughout, we assume we are working in a Cartesian category C
with parametrized list objects (and therefore a parametrized NNO).

We start with the definitions. These operators are all indexed by an object X, but we
remove this index if it is clear from context.

Definition. In a Cartesian category with parametrized list objects, we can define the fol-
lowing arrows.

e The length arrow, leny : L(X) — N, is defined inductively by

leny (@) =0, leny (x :: 0) =44 s(lenx (¢)).
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e The truncate arrow, tryx : L(X) — L(X), is the arrow which removes the leading
element from a list. It is defined inductively by

trx(9) = g, trx(x  0) =40 L.

e The tail arrow, taily : N x L(X) — L(X), is an arrow which iterates truncation:
tailx (n, £) returns the list ¢ with the n leading elements removed. It is defined induc-
tively by

tailx (0,¢) =, ¢, tailx (s(n), £) = trx(tailx(n,?)).

e The zeroth-or-default arrow, zerothDef x : X x L(X) — X, is an arrow which takes a
pair (z,¢) as input. If £ is a non-empty list, it returns its leading element; however, if
¢ is empty, it returns z, the “default” element. This arrow is defined inductively by

zerothDef x (z, @) =, x, zerothDef x (z,y :: () =, 40 Y.

e The nth-or-default arrow, nthDefy : X x N x L(X) — X, is an arrow which takes a
tuple (z,n, ) as input. If n < len(¢), then it returns the n'* element of ¢ (by removing
the first n elements of ¢ and returning the leading element of the result). Otherwise,
it returns x, the default element. This arrow is defined by

nthDef y (x,n, () =, ¢ zerothDef x (x, tail (n, ﬁ)) )

Note that we say “the zeroth element” for the leading element of a list instead of “the
first element”. This is to avoid confusion when we say “the n'* element”, since “the n'*
element” with n = 0 refers to the leading element.

\
Proposition 4.3.1. Let f: X — Y be an arrow. Then

leny (L(f)(£)) =¢ lenx(¢);

try (L(f)(0)) =¢ L(f) (trx(0));

taily (m, L(f)(€) =me L(f)(tailx (m, 0)):
zerothDefy (f(x), L(f)(€)) =v f (zerothDefx (x, £)).

nthDefy (f(x), m, L(f)({)) =zme f(nthDefx(x,m,?)).
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Proof. Each of these equalities is proved by induction — except for the last, which is
straightforward. For the first, we show leny o L(f) satisfies the equations defining leny.
For the third, we show that both terms satisfy h(0,¢) =, L(f)(¢) and h(s(n),l) =,
try (h(n, £)), using the previous result about tr. The other two are simple. i

The next proposition shows how to decompose list objects based on their length. We
draw particular attention to the second case: we would like to decompose a list ¢ : L(X) of
positive length into ¢ = x :: ¢/, but this is not possible unless we are working in an extensive
category. The key limitation is that we cannot extract a term of type X from the context
(¢ : L(X) | len(¢) > 0) without additional assumptions (see also proposition 4.4.2), so in
order to perform the decomposition, we need to be given an arbitrary term def : X.

For most of the thesis, we will work in an extensive category, so this restriction will not
be important. Nevertheless, we will attempt to be parsimonious with our assumptions when
possible.

4 N
Proposition 4.3.2. Let ¢ : L(X) be a term in a context C.

1. If len(t) =¢ 0, then t =¢ @.

2. If len(t) >¢ 0, then for any term def : X in the context C, we have

t =¢ zerothDef (def, t) :: tr(?).
g c (def, t) == tr(t) y

Proof. For the first point, consider the map Z : N x L(X) — L(X) defined inductively
by Z(0,0) =, @, Z(sn,{) =, {. By induction on /, it is easy to show that Z(len(¢), ¢) =,
¢. We conclude by using the hypothesis len(t) =¢ 0 to compute

t =c Z(len(t),t) =c Z(0,t) =¢ &,

as desired.

For the second point, we similarly consider an arrow Z : X x N x L(X) — L(X)
defined by Z(z,0,() =, @ and Z(x,sn,{) =, ¢ zerothDef(z,f) :: tr(¢). As before,
we can easily show by induction that Z(z,len(¢),f) =,, ¢. Now, if len(t) >¢ 0, then
len(t) =¢ s(n) for some n : N (by proposition 3.2.3). If moreover we have some def : X,
then

t =c¢ Z(def,len(t),t) =¢ Z(def, s(n),t) =c zerothDef(def, t) :: tr(t),

as desired. |

Next, we check that the tail operation has the length we expect. Combined with the
previous result, this gives us a way to tell when tail(n, ¢) is the empty list.
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Proposition 4.3.3. We have len(tail(n, {)) =, len(¢) = n. In particular, for any terms
n: N and £ : L(X) in a context C, if n >¢ len(¢), then tail(n, () =¢ @.

Proof. First, we note that len(tr(¢)) =, P(len(¢)); this is easily checked by induction
on /. Using this fact, it is easy to check that the terms len(tail(n, ¢)) and len(¢) = n both
satisfy h(0,¢) = len(¢) and h(sn,l) =, P(h(n,)), so we get the desired equality by
induction.

For the second part, let n : N and ¢ : L(X) be terms in a context C. If n >¢ len(?),
then len(tail(n, ¢)) =¢ len(¢) — n =¢ 0, so tail(n, {) =¢ @ by proposition 4.3.2. 1

The next proposition tells us how nthDef(x, n, ) behaves when n > len(¢): there is no
n* element and we should return the default .

Proposition 4.3.4. Let x : X, n: N, ¢: L(X) be terms in a context C. If n >¢ len({),
then

nthDef (z,n,{) =¢ x.

Proof. Since n >¢ len(¢) by assumption, we have tail(n,¢) =¢ @ by proposition 4.3.3.
So, by definition of nthDef, we have

nthDef (z,n, {) =¢ zerothDef(z, tail(n,()) =¢ zerothDef(x, &) =¢ x.

This is what we wanted. |

This proposition handles the case n > len(¢), but what about the case n < len(¢)? In
that case, we expect to get the n'* element of ¢, so the default = should have no impact
on the outcome. Perhaps surprisingly, to obtain this result, we must assume that we are
working in an extensive category. Therefore, we defer that result (proposition 4.4.3) to the
next section.

4.4 Lists in extensive categories

In this section, we assume that we are working in a locos, i.e. a category with finite limits
and list objects which is extensive. Just like with natural numbers objects, adding the
assumption of extensivity provides us with many additional tools. It is possible to be even
more parsimonious with our assumptions here (as is done in my paper [Desr 25]), but for
simplicity, we will assume full extensivity.

Similarly to natural numbers objects, list objects can be expressed as a coproduct.
While this fact can be found in [Cock 90], it is stated in a much more abstract way, so we
provide a simple proof.
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b'e
"1

T’X
Fact 4.4.1. In a Cartesian category with list objects, the diagram 1 —— L(X) <+—
X x L(X) is a coproduct.

Proof. With the generalized version of the list object property, if we set A = 1, g = uy,
and h = uy o (m, m3), the diagrams become the following.

e i
I — L(X) —— X x L(X)

I
e
I
Uo \Vf Uq
B

This is the usual coproduct diagram. |

The above fact is what makes it so advantageous to work in an extensive category. Most
importantly, we get the following consequence.

Proposition 4.4.2. Let C be a locos, and let X € C. If £: L(X) is a term in a context
C' such that len(¢) >¢ 0, then there exist unique terms z : X, ¢ : L(X) such that
l=cuz:V.

Proof. Consider the following diagram.

X

7"5{ i
1 — L(X) «— X x L(X)
l llenx llenX 0 Ty
1 —Y s N 5 N

It’s clear that this diagram commutes, and both rows are coproducts (by facts 3.3.1 and
4.4.1). By extensivity (see fact 2.1.2), both squares are pullbacks.

Now, if len(¢) >¢ 0, we can write len(¢) =¢ s(n) for some term n : N (by proposition
3.2.3). Since the right square is a pullback, this means there exists a unique term
(x,0') : X x L(X) such that £ =¢ z :: ¢ (and len(¢') = n, but this is automatic since
len(¢') =len(tr(¢)) = P(len(¢)) = P(s(n)) =n). 1

Immediately, we get the complement of proposition 4.3.4.
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Proposition 4.4.3. Assume we are working in a locos. Let z : X, n: N, £ : L(X) be
terms in a context C. If n < len(¢), then for any other term z’ : X in the context C,

nthDef(z,n, () =¢ nthDef (2, n, ¢).

Proof. By proposition 3.2.4, n <¢ len(¢) implies len(¢) —n >¢ 0, so
len(tail(n, f)) =¢ len({) = n >¢ 0

by proposition 4.3.3. By proposition 4.4.2, this inequality implies that tail(n,f) =¢ y :: ¢/
for some terms y, ¢’ in the context C. We conclude that

nthDef (z, n, {) =¢ zerothDef (z, tail(n, £)) =¢ zerothDef(z,y :: £') =¢ v,

and nthDef(2’, n, ¢) =¢ y by the same argument. This gives the desired equality. |

In fact, in a locos, we can define maps “zeroth” and “nth” that do not require us to have
a default element. The proper domain of zeroth is L(X)so = {¢ : L(X) | len(¢) > 0}, and
the proper domain of nth is {m : N,¢: L(X) | m < len(¢)}, i.e. the object E' Xy L(X) (see
proposition 3.4.2; note that we implicitly assume L(X) is equipped with the arrow leny).
This will be key for some later results.

Definition. Let C be a locos, and let X € C. We define the arrows zeroth : L(X)so — X
and nthy : £ X L(X) — X as follows.

e Given ¢ : L(X)~o, proposition 4.4.2 tells us there exist unique terms x : X, ¢’ : L(X)
such that ¢ =, z :: ¢'. Then we set

zeroth(l) =, .

o Let C = (m:N,(: LX) | m <len(f)), so that [C] = E xy L(X). Given (m,?) :
C', we have len(tail(n,¢)) =q len(¢) = n >¢ 0 (by propositions 4.3.3 and 3.2.4), so
tail(m, ¢) : L(X)so, and we set

nth(m, ¢) = zeroth(tail(m, £)).

The following proposition shows how these are related to their default counterparts.

Proposition 4.4.4. Let C be a locos, let X € C, and let C' be a context.

o If /: L(X) is a term in the context C' such that len(¢) > 0, then there is a term



4.4, LISTS IN EXTENSIVE CATEGORIES 57

def : X in the context C such that
zeroth(¢) =¢ zerothDef (def, £).

In fact, for any z : X in the context C, we have zeroth(¢) =¢ zerothDef(z, ¢).

e If m: N, (:L(X) are terms in the context C' such that m < len(¢), then there is
a term def : X in the context C' such that

nth(m, ¢) =¢ nthDef(def, m, ¢).

In fact, for any z : X in the context C, we have nth(m, ) =¢ nthDef(z, m, ().

- /

Proof. We start with the first point. As seen in the definition of zeroth, there exist
unique terms x : X, ¢’ : L(X) such that ¢ =¢ z :: ¢/, and zeroth({) =¢ z. Note that
def = x is a term of type X, and

zerothDef (def, ¢) = zerothDef (def, z :: ') = x = zeroth(¥).

In fact, for any term z’ : X, we have zerothDef (2, £) = zeroth(¢) by the same calculation.
For the second point, we know by definition of nth that len(tail(m,¢)) > 0, and so
tail(m, ¢) = x :: ¢ for some unique x,¢'. Again, def = x is a term of type X in C, and
nthDef (def, m, ¢) = zerothDef(def, tail(m, £))
= zerothDef (def, z :: ¢')
= x = zeroth(tail(m, £)) = nth(m, {).

For any other 2’ : X, we have nthDef(z’, m, ) = nth(m, ¢) by the same calculation. 1

We record an easy fact about the tail arrow.

4 N
Proposition 4.4.5. Let C be a Cartesian category with list objects. Then

tail(a + b, 0) =, tail(a, tail(¢,b)).

Therefore, nthDef(x,a + b,¢) =, ¢ nthDef(z,a,tail(¢,b)). If C is a locos, then for
a+b < len({), we have nth(a + b, ¢) = nth(a, tail(b, £)).

- /

Proof. The first equality is easy to prove by induction on a, and the two consequences
follow directly. |

We end this section with a technical calculation that we will use later on.
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4 N
Proposition 4.4.6. Let C be a Cartesian category with list objects. Then we have

. B > if len(¢) <m
tail(m, €) =zm.e {nthDef(:L'7 m, {) :: tail(sm, ¢) else )

Moreover, if C is a locos, then

%) if len(¢) <m
nth(m, ¢) :: tail(sm, () else '

tail(m, €) =0 {
o

Proof. We start with the first equality. We first prove by induction on ¢ that

- %) if len(¢) =0
— %4 ) zerothDef (z, £) :: tr () else '

If ¢ = @, then len(¢) = 0, so the right side reduces to @. If £ = y :: ¢/, then len(¢) =
s(len(¢')), and the right side reduces to zerothDef(x,y :: ') :: tr(y = ') =y = ' = L.

Now, in the above equality, we replace ¢ by tail(m, £). The else case simplifies (using
the definition of nthDef) to

zerothDef (z, tail(m, £)) :: tr(tail(m, £)) = nthDef(z, m, ) :: tail(sm, {).

The term len(tail(m, ¢)) in the “if” condition simplifies (by proposition 4.3.3) to len(¢) —
m, so the condition is equivalent to len(¢) < m. Thus, we get the desired equality.

Now, suppose that C is a locos. It’s clear (from previous results) that

: B @ if len(¢) <m
tail(m, £) =m, {tail(m,f) else '

But now, the “else” case is the context C' = (m : N,¢ : L(X) | m < len(¢)); note that
nth(m, ¢) =¢ nthDef(def, m, ¢) for some term def : X by proposition 4.4.4. Then, if we
take the first part of this proposition and substitute def — x, m — m, £ — ¢, we find
that

tail(m, ¢) =¢ nthDef (def, m, £) :: tail(sm, ) =¢ nth(m, ) :: tail(sm, ).

Substituting this into the previous equality gives the desired result. |

4.5 The concatenation arrow

In this section, we define concatenation of lists and prove some of its properties.

Definition. Let C be a Cartesian category with list objects. We define the concatenation
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function L(X) x L(X) — L(X), which we denote by ¢; ++ {5, by induction as follows:

(%) —|—+ 62 ) Eg, (J] . 61) 4—}-62 =z 01,02 xT .. (fl —I—I—gz)

Proposition 4.5.1. We have the following facts about concatenation.

o len(ly ++ ly) =4, 4, len(ly) + len(4s)

o U1 ++ (b ++ls) =0, 45,05 (01 ++ Uo) ++ {3

Proof. In both cases, this is an easy induction on /. |

The next results show how concatenation interacts with taking the tail of a list.

4 N

Proposition 4.5.2. In a locos, we have:

1. If len(¢y) > 0, then tr(¢y) ++ l5 = tr(¢y ++ 3);
2. tail(len(fl), El ++ 62) = 52;

3. If k S len(ﬁl), then tall(k,fl ++ €2> = tall(k,€1> ++ 62.

- /

Proof. For part 1, we note that len(¢;) > 0 implies that we can write ¢; = z :: ¢ for
some z, ¢ (by proposition 4.4.2). Then
tr(ﬁl) -+ EQ = tI'(.T 50 g) A= 62 =/ +— EQ
and tr(¢; ++ lo) = tr(x =2 (L 4+ o)) = £ ++ Lo,
so we have the desired equality.

For part 2, we go by induction on ¢;. The base case {; = & is trivial. For the
inductive step, we compute

tail(len(:v 2 ly), (b)) +H Eg) = tail(l +len(ty), = (61 ++ 62))

= tail (len(ﬁl), tr(z (0 ++ Eg)))

= tail(len(ﬂl), 61 = 62)
(Note: tail(sk, ) = tail(k, tr(¢)) is easy to prove by induction on k.) Since ({1, l3) — {3
satisfies the same recurrence, we have the desired equality.

Finally, for part 3, we use theorem 3.5.2 to prove this by finite induction. For the
case k = 0, both sides clearly just reduce to ¢; ++ f5. For the case k = len({;), we note
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(using proposition 4.3.3) that
tail(len(¢y), 61) ++ Uy = @ ++ lo = (s,

which is equal to tail(len(¢,), ¢; ++ ¢2) by part 2.
For the inductive step, let k < len(¢;). We compute

tail(sk, {1 ++ €3) = tr(tail(k, 1 ++ ls))
and
tail(sk, 01) ++ €2) = tr(tail(k, (1)) ++ lo = tr(tail(k, £1) ++ £2).

This last equality is by part 1, which we can apply because k& < len(¢;) implies that
len(tail(k, 1)) > 0. Thus, we see that both sides satisfy the same recurrence, and we're
done. |

Corollary 4.5.3. In a locos, let ¢, ¢y : L(X).

o If m < len(¢;), then nth(m, ¢; ++ ¢3) = nth(m, ¢;).

o If m < len(¢y), then nth(len(¢y) + m, ¢; ++ ¢3) = nth(m, (3).

Proof. For the first point, since m < len(¢;), we use proposition 4.5.2 to compute
nth(m, ¢; ++ ls) = zeroth(tail(m, ¢ ++ ¢3)) = zeroth(tail(m, ¢1) ++ o).

Now, we have len(tail(m,¢;)) = len(¢;) = m > 0 (by propositions 4.3.3 and 3.2.4),
so by proposition 4.4.2, we can write tail(m,¢;) = x :: ¢. By definition, we have
nth(m, ¢1) = zeroth(tail(m, ¢;)) = x. However, we also have

nth(m, ¢, ++ l) = zeroth(tail(m, £1) ++ l3) = zeroth(x :: (¢’ ++ £3)) = x,

so we get nth(m, ¢;) = nth(m, ¢; ++ l5), as desired.
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For the second point, we first use propositions 4.5.2 and 4.4.5 to compute
tail(len(¢y) +m, €, ++ £3) = tail (m, tail(len(4y), 6, ++ 62)) = tail(m, £s).
Therefore,
nth(len(¢y) +m, ¢, ++ ¢5) = zeroth (tail(len(ﬁl) +m, ¥l ++ &))
= zeroth(tail(m, f3)) = nth(m, (s),

as desired. [

4.6 The head of a list

In this section, we define a function that gives the head of a list (its first n elements).
Throughout this section, we will be working in a locos.

First, we define a preliminary function that will be needed for the head function. Note
that we need extensivity for this definition by cases, since the term nth(n, ¢) only exists in
the context (n,f | n < len(?)).

Definition. Let C be a locos, and let X € C. We define nthSingleton : N x L(X) — L(X)

by
: B [nth(n, £)] if n < len(¥)
nthSingleton(n, £) =, { p if n > len(f)
[Proposition 4.6.1. In a locos, nthSingleton(sn, z :: £) = nthSingleton(n, ¢). ]

Proof. Note that sn <len(z :: £) is the same as n < len(¢), and if n < len(¢), then
nth(sn, z :: ) = nth(n, tr(z :: £)) = nth(n, £).

Hence the two terms are the same. |

Finally, we are ready to define the head function. Intuitively, head(n, ¢) should give the
first n elements of £.

Definition. We define head : N x L(X) — L(X) inductively by

head(0,¢) = @,
head(sn, ¢) = head(n, ¢) ++ nthSingleton(n, ¢).
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4 N

Proposition 4.6.2. In a locos, we have:

1. head(sm,x :: £) = x :: head(m, ()
2. head(len(?),¢) = ¢

g 3. If n > len(¢), then head(n, ) = ¢.

Proof. Part 1. By induction on m. Base case:

head(1,z :: ) = head(0, z :: £) ++ nthSingleton(0, z :: £) = & ++ [nth(0, z :: ¢)]
= @ ++ [a] = [4],
x :: head(0,4) =z :: @ = [z].

Inductive step (using proposition 4.6.1):

head(ssm, z :: £) = head(sm, x :: £) ++ nthSingleton(sm, x :: ¢)
= head(sm, x :: £) ++ nthSingleton(m, ),

x :: head(sm, () = x :: (head(m7 ?) ++ nthSingleton(m,f))
= <x :: head(m, E)) ++ nthSingleton(m, ¢).
So, they satisfy the same recursion.
Part 2. By induction on /. Base case:
head(len(2), @) = head(0, @) = @.
Inductive step (using part 1):
head(len(z :: £),x :: £) = head(1 + len(¢), x :: £) = x :: head(len(?), ¢).

This recursion is satisfied by the identity.

Part 3. This is equivalent to saying head(len(¢) 4+ m,¢) = ¢ for any m; we prove
this by induction on m. The base case is just part 2; for the inductive case, we compute
head(len(¢) + sm, ¢) = head(len(¢) + m, £) 4+ nthSingleton(len(¢) + m, ¢)
= head(len(¢) + m, () ++ @

= head(len(¢) + m, ¢).

Note that the second line just uses the definition of nthSingleton. |
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[Proposition 4.6.3. In a locos, £ =, , head(n, () ++ tail(n, () ]

Proof. We go by induction on n. In the zero case,
head(0, £) ++ tail(0,¢) = @ ++ ¢ = L.

For the inductive step, we split into the cases n > len(¢) and n < len(¢). In the first case,
we we have sn > len(¢), so head(sn,f) = ¢ (by proposition 4.6.2) and tail(sn,?) = &
(proposition 4.3.3), so

head(sn, £) ++ tail(sn, £) = /.
In the case n < len(¢), we compute

head(sn, £) 4+ tail(sn, ¢) = head(n, ¢) ++ [nth(n, £)] ++ tail(sn, ¢)
= head(n, {) ++ tail(n, £)
by the definition of head and by proposition 4.4.6. (Note also that associativity is used
implicitly.)

This recursion is also satisfied by f(n,f) = ¢, so we're done. 1

Corollary 4.6.4. In a locos, len(head(n,?)) =, min(n,len(¢)). In particular, if n <
len(¢), then we have len(head(n,¢)) = n.

Proof. By propositions 4.5.1 and 4.6.3,
len(¢) = len(head(n, £)) + len(tail(n, £)).
Then, by proposition 4.3.3,
len(head(n, ¢)) = len(¢) = len(tail(n, £)) = len(¢) - (len(¢) ~ n) = min(n, len(¥)),

as desired. |

4 N

Proposition 4.6.5. In a locos, we have the following:

1. tr(head(n,z :: £)) = head(Pn,{)
2. tr(head(n, ¢)) = head(Pn, tr(¢))

g 3. tail(m, head(n, f)) = head(n — m, tail(m, ¢))
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Proof. For 1, we go by cases on n. The n = 0 case is trivial (both reduce to @ by
definition of head). For the successor case, we use proposition 4.6.2 to compute

tr(head(sn, z :: £)) = tr(z :: head(n, ¢)) = head(n, ) = head(Psn, ().

For 2, we go by cases on (. If ¢ = &, both sides equal @ (we can apply part 3 of
proposition 4.6.2 to note that head(m, @) = @). In the z :: ¢ case, we use part 1 to
compute

tr(head(n, z :: £)) = head(Pn, f) = head(Pn, tr(x :: £)).

For 3, we go by induction on m. For the m = 0 case, both terms clearly reduce
to head(n, ). For the inductive step, we show that both terms satisfy f(sm,n,¢) =
tr(f(m,n,¢)). This is clear for the left hand side; for the right hand side, we use part 2
to compute

head(n = sm, tail(sm, ¢)) = head(P(n =~ m), tr(tail(m, £)))
= tr(n — m, head(tail(m, ¢)).

This is all we needed to show. |
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This chapter is mostly dedicated to proving corollary 5.4.2, which is the first main result
of this thesis. Section 5.1 outlines the proof of this result, and explains how the remaining
chapters fit into the proof. Briefly, sections 5.2 and 5.3 perform some technical calculations;
then, section 5.4 puts the proof together and proves a few easy corollaries.

5.1 Goal

In a locos C, we can define a functor Ly : C — C/N by mapping X € C to leny : L(X) — N.
If f: X — Yisanarrow, then Ly(f) = L(f); this is well-defined because leny o L(f) = leny
by proposition 4.3.1.

In this chapter, we aim to prove that Ly is the right adjoint of the functor Xg o Awg :
C/N — C (whichmaps s : A — N to ExyA). Animportant consequence of this adjunction
is the first main result of this thesis: that the arrow 7¥ : £ — N is exponentiable, and that

the list object functor L is a polynomial functor. We will see these consequences in section
5.4.

65
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Before we can prove Ly is the right adjoint of Xg o A%E, we need to specify the counit
of the adjunction, which will be (nthx)x; recall that nthy : £ Xy L(X) — X was defined
in section 4.4. Indeed, the collection (nthy)x forms a natural transformation.

Proposition 5.1.1. Assume we are working in a locos. The collection of arrows (nthx)x
is a natural transformation Xpo A p o Ly = Idc.

Proof. Let f : X — Y be an arrow of C. We must show that the following square
commutes.

E xy L(X) nthy y

1dp xx L(f)| |#

E LY) —Y
XN()chy

Let C be the context (m : N, £ : L(X) | m < len(¢)). Note that, in the context C,
def = nth(m, /) is a term of type X, and so f(def) is a term of type Y. Then we compute:

nthy (m, L(f)(¢)) =c nthDefy (f(def), m, L(f)(¢))
=C f(nthDefX(def, m, 6))

=¢ f(nthx(m,?)).

For the first and last equalities, we used proposition 4.4.4. This is allowed because
m < len(¢) = len(L(f)(¢)) (using proposition 4.3.1). Finally, the second equality also
uses proposition 4.3.1. |

Then, to prove that Ly is a right adjoint of ¥p o A p (with counit (nthy)x), it will
suffice to show that for each X, (Ly(X), nthy) is a universal morphism from g0 A s to X.

Unravelling the definitions, this means that we must prove the following universal property
for each X:

For any [4 : A — N and g: F xy A — X, there exists a unique h : A — L(X) such that
[4 =leny oh and g = nthy o (Id xx h).

We will show existence in section 5.2 and uniqueness in section 5.3. We finish the proof of
the adjunction in section 5.4, and establish some easy corollaries, including the fact that the
list object functor L is polynomial.

5.2 Constructing lists

Throughout this section, we assume we're working in a category C with finite limits and
parametrized list objects (and therefore a parametrized natural numbers object).
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As noted in section 5.1, the goal of this section is to show the existence part of the
statement that (Lx(X),nthy) is a universal morphism. That is, given arrows [4 : A - N
and g : F xy A — X, we must construct an arrow h : A — L(X) such that [, = leny o h
and g = nthy o (Id Xy h).

It is particularly difficult to construct maps into a list object because its universal
property only provides inductive constructions of maps out of it. Therefore, we start this
section by developing a general technique for constructing such maps. Then, we establish
some properties of this technique, before finally applying it to this particular case.

5.2.1 Constructing maps into a list object

The key idea for constructing maps into L(X) is that we should use the inductive property
of NNOs. Indeed, suppose we have a map f: N x A — X, which we think of as a collection
of infinite sequences (&, q)m indexed by a € A. We can use this map to construct the map
Seq[f] : N x N x A — L(X), where Seq[f](m,n,a) represents [T, a; ..., Tmtn—1,4). Lhis is
done by induction on n, the length of this list, as follows.

Seq[f] (mv 0, CL) =m,a <D Seq[f] (m’ S(n)a a) —m,n,a Seq[.ﬂ (mv n, a) ++ [f(m +n, CL)]

If we are also given a map p : A — N which represents the length of a list associated to a,
then we can define List[f,p] : A — L(X) by setting

List[f, p](a) =4 Seq[f](0, p(a), a).

Intuitively, we have List[f, p|(a) = [Z04, -, Tp(a)-1,a)- The drawback of this technique is that
it requires an infinite sequence (z,.,), to specify this finite list; we address this issue later
with lemma 5.2.6.

We end this section with some very basic facts about this construction.

[Proposition 5.2.1. len o List[f,p] = p ]

Proof. To obtain this equality, it suffices to show that that len(Seq[f](m,n,a)) =mn.na 7
This is done by induction on n: using proposition 4.5.1 and noting that len([z]) =, 1, it
is easy to show that these terms both satisfy the introductory equations h(m,0,a) =, 0
and h(m, sn,a) =, nq h(m,n,a) + 1. 1

[Proposition 5.2.2. Seq[f](m, sn,a) =mna f(m,a) 2 Seq[f](sm,n,a). ]

Proof. This is proved by induction on n: it is straightforward to check that both terms
satisfy h(m,0,a) = [f(m,a)] and h(m, sn,a) =mna h(m,n,a) ++[f(s(m+n),a)]. B
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5.2.2 The nth elements of constructed lists

In this section, we prove an important result about the interaction between nth and List|[f, p|:
specifically, we show with theorem 5.2.5 that the m' element of List[f, p](a) is f(m,a), as
long as m < p(a).

We start with some intermediate results. The first thing we need to do is investigate
the interaction between truncation and Seq[f], because nthDef is built using tr, and List is
built using Seq. Recall that P represents the predecessor function.

Proposition 5.2.3. Let f: N x A — X. Then

tr(Seq[f](m,n,a)) =mn.na Seq[f](sm, Pn,a).

Proof. By induction on n, it suffices to show that the arrows agree on 0 and s. For
the base case, it’s clear that both terms reduce to @; for the inductive case, we use
proposition 5.2.2:

tr(Seq[f](m, sn,a)) =mna tr (f(m, a) :: Seq[f](sm,n, a)) =mn.a Seq[f](sm,n,a),
Seq[f](sm, Psn,a) =mna Seq[f](sm,n,a).
This is all we need to show. |
From this fact, we expect that iterating the truncation map just turns into iterating the
successor s and predecessor P. However, iterating the successor just becomes addition, and

iterating the predecessor just becomes subtraction. This observation gives us the following
important lemma.

Lemma 5.2.4. Let f: N x A — X. Then h
tail(k:, Seq[f](m,n, a)) =k mn.a Seq|f] (m +k, n=k, a).
In particular, given p: A — N, we have
L taﬂ(k:, List[f, p](a)) —. Seqlf] (k: pla) = k, a). )

Proof. We start with the first equality, which we prove by induction on k. To this end,
we show that both arrows satisfy the equalities h(0,m,n,a) = n.a Seq[f](m,n,a) and
h(sk,m,n,a) =g mna tr(h(k,m,n,a)). The first equality is trivial, since tail(0,¢) =, ¢,
m—+ 0 =, m, and n — 0 =, n. The second equality is immediate for the left-hand side
function (it’s the definition of tail); for the right-hand side function, we use proposition
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5.2.3.
Seq[f] (m + sk, n = sk, a) =kmm.a S€q[f] (s(m + k), P(n=k), a))

e (Seqm (m Ly = a))

This is all we needed to show for the first part. For the second part, we simply replace
m by 0 and n by p(a), then use the definition of List[f, p]. 1

Finally, we arrive at the desired result. Note that we need to work in a locos in order
to talk about the nth arrow.

Theorem 5.2.5. In a locos, let f: N XA — Xandp: A— N,andlet m: N,a: A
be terms in a context C. If m <¢ p(a), then

nth(m, List[f, p|(a)) =¢ f(m,a).

Proof. First, note that the term on the left is well-defined, because len(List[f, p|(a)) =¢
p(a) (by proposition 5.2.1) and m < p(a) be assumption. Then, by lemma 5.2.4 and
proposition 4.4.4,

nth(m, List[f, p](a)) =c¢ nthDef (def, m, List[f, p](a))
=¢ zerothDef (def, tail (m, List[f, p](a)))

=¢ zerothDef (def, Seq|f] (m,p(a) T a))-

Since m <¢ p(a) by assumption, we have p(a)~m >¢ 0 (by proposition 3.2.4). Therefore,
by proposition 3.2.3, p(a) — m =¢ s(k) for some term k. We substitute this into the
above equality, apply proposition 5.2.2, and use the definition of zerothDef. We get:

nth(m, List[f, p](a)) =¢ zerothDef (def, Seq[f](m, sk, a)>
=c¢ zerothDef (def, f(m,a) : Seq[f](sm,k,a)) =c f(m,a).

This is what we wanted to show. |

5.2.3 The universal property arrow

The construction List[f, p| allows us to construct an arrow A — L(X) based on two arrows
f:NxA— X and p: A — N. However, the goal stated at the beginning of this chapter
is to construct h: A — L(X) from g: E Xy A — X and [4 : A — N, so we need to adjust
this technique.
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Recall from proposition 3.4.2 that E xy A= {m: N, a: A | m < l4s(a)}. This means
that the arrow g : £ Xy A — X only gives us finite sequences (zggq, ..., xlA(a),La) instead of
the infinite sequences used in List[f, p]. We account for this discrepancy by using two tricks.

e First, if [4(a) > 0, then we can extend the finite sequence to an infinite one simply by
repeating the last element; we will use lemma 5.2.6, below, to do this formally.

e Second, we note that the first trick doesn’t work if [4(a) = 0, because then g doesn’t
give us any elements of X. However, [4(a) = 0 just means that we should set h(a) = @.
So, we have to use extensivity to split into two cases: [4(a) = 0 and l4(a) > 0.

We employ these techniques in the proof of theorem 5.2.7, below. Note that extensivity is
also required to talk about nthy.

Lemma 5.2.6. In a locos, let [4 : A — N be an arrow, let C = (m: N,a: A|m <
la(a)), and let Asg = (a: A |ls(a) > 0). Then, for any g : [C] — X, there is an arrow
g : N x [Aso] — X such that

g'(m, CL) —C g(m7 a)'

Proof. We define ¢’ by

, B glm,a) if m <ly(a)
g(m,a) =ma {g(O, a) else

We must first check that this is well-defined. If m < l4(a), then of course (m,a) : C' and
we can apply g to this pair. On the other hand, the domain of ¢’ tells us that [4(a) > 0,
so g(0,a) is still well-defined even if m > [4(a). (Note that extensivity is required for
this definition.)

Now, if we take (m,a) : C, then [4(a) > m > 0, so we can say that a : A-y.
Thus ¢'(m,a) is well-defined, and since we are in the case m < l4(a), we find that
g'(m,a) =c g(m,a) by definition. |

Theorem 5.2.7. Let C be a locos. Given objects X, A € C and arrows [4 : A — N and
g: Exy A — X, there exists an arrow h : A — L(X) such that [4 = lenx o h and
g =nthy o (Idg xx h).

Proof. Proposition 3.3.2 tells us that we have the coproduct A = [Ag] + [As¢], where
Ap=(a:A|ls(a) =0)and Asg = (a: A|la(a) > 0). This lets us define h : A — L(X)
“by cases” on each part of this coproduct.

In the case l4(a) = 0, we simply set h(a) =4, @. For the case [4(a) > 0, note that
the domain of g is [C], where C' = (m : N, a : A | m < l4(a)). Then lemma 5.2.6 tells
us that there is an arrow ¢’ : N x [A5¢] — X such that ¢’(m,a) =¢ g(m,a), and we can
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define h in the A case to be
h(a> —Aso LiSt[g/v l;x] (a)?

where Iy : [A~g] = N is just given by /;(a) =a., la(a). This completes the definition of
h; we must now check that it satisfies the required equalities.

First, we check that len(h(a)) =, l4(a). This can be done by checking equality on
both parts of the coproduct. In the A, case, we have len(h(a)) =4, len(@) =4, 0 =4,
[4(a), and in the A case, we have

len<h(a)> —A>o len(LiSt[gl7 l;x] (CL)) —Aso l;l(a) —Aso lA(a)

by using proposition 5.2.1.

Second, we check that nthx(m,h(a)) =¢ g(m,a). We could check on both parts
of the coproduct, but this would be redundant: the condition m < l4(a) in C implies
that we are already in the A case. Formally, performing the substitution a + a in the
equation h(a) =4., List[¢’, ;](a) gives us the equality h(a) =¢ List[¢’,!)4](a), and this
substitution is valid because [4(a) > 0 in C. Using this equality and theorem 5.2.5, we
compute

nthy (m, h(a)) =¢ nthx(m, List[¢’, l4](a)) =c¢ ¢'(m, a) =¢ g(m,a),

which is what we wanted. |

5.3 Equality of lists

Throughout this section, we assume we're working in a category C with finite limits and
parametrized list objects (and therefore a parametrized natural numbers object).

As noted in section 5.1, the goal of this section is to show the uniqueness part of the
statement that (Ly(X),nthy) is a universal morphism. That is, if we have two arrows
hi,he : A — L(X) such that 4 = leny o h; and g = nthyx o (Id xy h;) for i = 1,2, then
hy = hy (here, Iy : A— N and g : E' Xy A — X). Intuitively, what we need to show is that
if two lists have the same length and the same elements, then they are equal.

To simplify this problem, we can start by using the arrow nthDef instead of nth. So,
given two arrows hi, he : A — L(X), we’d like to show the following statement:

If len(hy(a)) =, len(hy(a)) and nthDef(x, n, hy(a)) =4, nthDef(x, n, ha(a)),
then hy(a) =, ha(a).

It turns out that we need to work in a locos to prove this statement. Without that assump-
tion, the best we can do is show that hj(a) =,, hao(a), where x : X; this is the content of
theorem 5.3.3.

This section will therefore be divided into two subsections. In the first, we prove theorem
5.3.3, which doesn’t require us to work in a locos. In the second, we work in a locos to improve
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this result: first, we change the conclusion to be h; = ho, and then we adjust our hypotheses
so they involve nth instead of nthDef.

5.3.1 Equality without extra hypotheses

Our goal for this section is to prove theorem 5.3.3, below. Essentially, we want to prove that
two lists hy, he : A — L(X) are equal if they have the same length and the same elements.
The idea of the proof is to go by induction on their length, and show that they are “built
up in the same way”.

More specifically, the strategy is as follows. Given arrows hq, hy @ A — L(X), we form
arrows Hy, Hy : N x A — L(X) where H;(k,a) is the list h;(a) with all but the last &k elements
removed. We then want to show that H; = Hy; if this is true, then by setting k& = len(h;(a)),
we get hy(a) = hs(a), as desired. To show that H; = Hs, we go by induction on k: the base
case is clear since Hy(0,a) = H2(0,a) = &, but the inductive step is more tricky.

For the inductive step, we must analyse the transition from having the last k elements
of h; to having the last k + 1 elements of h;. What we're doing is “adding back” an element
to h;; specifically, the one in position len(h;) — k. So, we’d expect to have

Hi(k +1,a) = nthDef (len(h;(a)) = k, h;(a)) :: Hi(k, a).

If we’re assuming that nthDef and len agree for h; and hs, then this gives us a recurrence
relation that both H; and H, satisfy, and we’re done. However, there’s a problem: nthDef
must include a default parameter. For this reason, H; must also include a default parameter,
making it of the form H;(z, k,a). This is why we can only conclude hy(a) =, 4 ha(a).

Formalizing this proof idea requires several steps. First, we must have a better under-
standing of the arrows H;. These arrows will involve the mapping (x, k, £) — tail(len(¢) ~
k,?), which we want to show interacts nicely with appending an n'" element of ¢. This first
proposition gives us more information about this idea.

Proposition 5.3.1. We have

tail(m, ¢) ifm=0
tail(Pm, €) =4m.e @ else if len(¢) < m .
nthDef (z, Pm, () :: tail(m, () else

Proof. We prove this by induction on m. If m = 0, then the left side is just tail(0, ¢).
On the right side, the condition m = 0 is true, so it reduces to tail(0, £), as desired.

On the other hand, suppose m = sn. On the right hand side, the outer condition
becomes sn = 0, which is false, so it reduces to the else-if. So, the equality we want to
prove becomes

. B o if len(?) < sn
tail(Psn, 0) =4 ne {nthDef(SU, Psn, 0) :: tail(sn, ¢) else :
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Clearly Psn = n, and the condition len(¢) < sn is by definition equivalent to s(len(¢)) —
sn = 0. But sa — sb =, a = b, so this condition is just len(¢) —n = 0, i.e. len(¢) < n.
Thus, the equality we want to prove is precisely given by proposition 4.4.6. |

In the next lemma, we show that an arrow H (which will act like the arrows Hy, Hy we
mentioned) satisfies a recurrence relation like the one we described in the proof outline.

4 N
Lemma 5.3.2. Consider the arrow A: X x N x L(X) x L(X) — L(X) given by

B L if len(¢) < k
A, k.6 L) = {nthDef(a:, P(len(€) ~ k), 0) :: L else '
Next, consider H : X x N x L(X) — L(X) given by

H(z,k, ) =4 50 tail(len(f) = k. 0).

Intuitively, H takes ¢ and removes all but the last k elements. Then,

g H(z,s(k),0) =40 Az, k, 0, H(z, K, (). )

Proof. Using proposition 5.3.1, we compute
H(z,sk,?)

=kl tail(len(f) = Sk?, é)
=, k¢ tail(P(len(¢) — k), 0)

tail(len(¢) - k, £) if len(¢) ~ k=0
=k %] else if len(¢) < len(¢) ~ k .
nthDef (z, P(len(¢) - k), ) :: tail(len(¢) ~ k, ¢) else

Note that the top condition, len(¢) =~k = 0, is the same as len(¢) < k. Moreover, the else-
if condition is just false, since s(len(¢)) = (len(¢) - k) is greater than zero by proposition
3.2.5. Thus, the else-if-else reduces to just the else case. Finally, we can just replace the
term tail(len(¢) — k,¢) by H(z, k,¢). With all this consideration, the above expression
reduces to

_ H(z,k,0) if len(¢) < k
el el 6) = {nthDef(x, P(len(¢) = k), ¢) :: H(z,k,0) else ’
which is just A(z, k, ¢, H(z, k,()), as desired. |

Finally, we reach the desired result. As noted previously, this theorem does not allow
us to conclude hy(a) =, ho(a), ie. hy = hg. It says that hy omq = hy o T4 as maps
X x A — L(X); we can’t yet get rid of the parameter X.
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4 N
Theorem 5.3.3. Let hy,hy : A — L(X). Suppose that

len(hq(a)) =, len(hs(a)),
nthDef(x, m, hi(a)) =4 m.o nthDef(z, m, ho(a)).

kThen hi(a) =44 ho(a), where x is a variable of type X. )

Proof. For i = 1,2, we define the map A; : X X N x A x L(X) — L(X) by setting
Aij(x,k,a,L) =4 par Az, k, hi(a), L), where A is as in lemma 5.3.2. For i = 1,2, define
H,: X xNxA— L(X) by Hi(z,k,a) =y a0 H(z,k, hi(a)), where H is as in lemma
5.3.2. By this lemma, we know that H;(z, sk,a) =, xa Ai(x, k,a, Hi(z, k,a)).

We claim that H; = H,y; we’ll prove this by induction on k. In the base case, we
have Hy(z,0,a) =44 @ =44 H2(2,0,a); indeed, for i = 1,2, we compute

Hi(2,0,a) =, H(2,0,h;(a)) =4, tail(len(h;(a)) = 0, h;(a))
=, tail(len(h;(a)), hi(a)) =0 9.

The last equality follows from combining propositions 4.3.3 and 4.3.2. (The length of
this list is len(h;(a)) = len(h;(a)) =4, 0, so the list is empty.)

For the inductive step, we note that A; = A,. Indeed, we have

_ L if len(h;(a)) < k
Ai(z, k,0,L) =sjar {nthDef(m, P(len(h;(a)) = k), hi(a)) :: L else ’

so the equalities assumed for this theorem give us A; = Ay. Writing A, for A; = A,,
we therefore have H;(z, sk,a) = Ay (x, k,a, H;(z,a,k)) for i = 1,2.

So, Hi, Hy satisfy the same defining equations, and we conclude by induction that
H, = H,. Now, note that

H;(z,len(h;(a)), a) =, tail(0, h;(a)) =44 hi(a),

so Hy = Hy and len(hq(a)) =, len(hs(a)) let us conclude hy(a) =, 4 ho(a), as desired. &

5.3.2 Equality with extensivity hypotheses

In this section, we work in a locos to strengthen theorem 5.3.3. First, we show that the
conclusion can be changed from hy(a) =, hao(a) to hy = h.

Lemma 5.3.4. Assume we are working in a locos. If hy,hy : A — L(X) are arrows
which satisfy the equations len(hy(a)) =, len(hy(a)) and hy(a) =, 4 ho(a) (z is a variable
of type X), then hy = ho.
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Proof. Let [4 =leny o h; = leny o hy. Let Dy be the context (a: A | l4(a) = 0) and let
D+ be the context (a: A | l4(a) > 0). By proposition 3.3.2, we have A = [Dy] + [D~o).
Therefore, to show hy = ho, it suffices to show that

hl(a) =Dy hg(a) and hl(a) =D->o hg(a).

For the first equality, we claim that both terms equal @. Indeed, in the context Dy,
we have len(hy(a)) =p, la(a) =p, 0, and this implies that h;i(a) =p, & by proposition
4.3.2. The same goes for h,.

For the second equality, we need the existence of a term def : X in the context
D+q. Indeed, if such a term exists, then by substituting x — def, a — a in the equation
hi(a) =24 he(a), we get the desired equality

hi(a) =p., ha(a).

To obtain def, we note that 0 <p_, la(a) =p., len(hi(a)), and so def = nth(0, hi(a)) is
a well-defined term of type X in D+,. |

Next, we show that the hypotheses of theorem 5.3.3 can be changed so that we use nth
instead of nthDef (recall that the arrow nthy is only defined when working in a locos).

a N
Lemma 5.3.5. In a locos, let hq, hy : A — L(X). Suppose that

len o hy = len o hy,

and denote this arrow [4. Then, in the context C' = (m : N, a: A | m < l4(a)), suppose
that

nth(m, hi(a)) =¢ nth(m, he(a)).

KThen nthDef(x, m, hi(a)) =4 m.o nthDef(z, m, ha(a)). )

Proof. Let D = (x : X;m : N,a : A), and let Dy = (D | m < la(a)), D1 = (D | m >
la(a)). Since we're in a locos, we can use corollary 3.3.5 to conclude that [D] = [Dg|+[Ds].
Therefore, to show that nthDef(z, m, hi(a)) =p nthDef(x, m, hy(a)), it suffices to show
the following.

nthDef (z, m, hi(a)) =p, nthDef (z, m, hs(a))
nthDef (z, m, hi(a)) =p, nthDef(z, m, ha(a))

We start with the second equality, since it is the easiest. Indeed, since we have m >p,
la(a) =p, len(hyi(a)), proposition 4.3.4 tells us that

nthDef (z, m, hi(a)) =p, .
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The same is true if we replace hy by hs, so the equality follows.

For the first equality, we note that nth(m, hi(a)) =p, nth(m, ha(a)) by assumption
(we can “add x : X to the context” by performing a substitution). To establish the
desired equality, then, it suffices to show that

nthDef (z, m, hi(a)) =p, nth(m, hi(a)),

and the same for hy (which is done the same way). But this equality is simply true by
proposition 4.4.4, using the hypothesis m < l[4(a) = len(h;(a)) from the context Dy. So,
we're done. |

Putting this all together, we get the following result, which is the uniqueness part of
showing that (Ly(X),nthy) is a universal morphism.

Corollary 5.3.6. In a locos, if hy, hy : A — L(X) are such that leny o hy = leny o hy
and nthX o (IdE XN hl) = nthX o (IdE XN hg) then hl hg

Proof. Apply lemma 5.3.5, then theorem 5.3.3, then lemma 5.3.4. Remark that, if we
set [y = leny o hy = leny o hy, then in the context C' = (m : Nya : A | m < la(a)), we
have (nthx o (Idg Xy h))(m,€) =c nthx(n, h(a)) by fact 3.4.3. i

5.4 Putting it together

We are now ready to prove the result that was promised in section 5.1.

Theorem 5.4.1. In a locos, Ly is a right adjoint to Xp o A_ e, with counit (nthy)y.

In particular, for any [4 : A — N and g : E xy A — X, there exists a unique
h:A— L(X) such that [4 =lenx o h and g = nthx o (Id x5 h).

Proof. Proposition 5.1.1 tells us that nth : ¥z o A_ 5O Ly = Id is a natural transfor-
mation. Moreover, theorem 5.2.7 and corollary 5.3. 6 together tell us that for each X,
(Ln(X),nthy) is a universal morphism from Xz o Arp to X (this is what the second
part of the theorem says). Thus, Ly is right adjoint to ¥p o Are (see e.g. [Borc 94a,
dfn. 3.1.4]). i
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Corollary 5.4.2. In a locos C, the arrow 7f : E — N is exponentiable, and the list
object functor L : C — C is represented by the following polynomial.

Ty
1 < FE > N

v
=

Proof. By theorem 5.4.1, Ly is right adjoint to XgoA p. By fact 2.1.1 (due to [Nief 82]),
this right adjoint existing implies that II g, the right adjoint of Awf, also exists, and so

7% is exponentiable.

To show that L is represented by the above polynomial, we must show that
ZNOHﬂ.éEOAEgL.

We note that L = Yy o Ly, so we just need to show that Hﬂg o Ag = Ly. For this,
we note that Iz and Apg are the right adjoints of Aﬂ_2E and g, respectively, and so
II.p o A is right adjoint to Xg o A p (see [Borc 94a, prop. 3.2.1]). However, Ly is
already a right adjoint of X g o Awf, so by uniqueness of adjoints, we get I po Ap = Ly,
as desired. |

Corollary 5.4.3. In a locos C, let X € C. Then the exponential
(AnX)™

(in C/N) exists and is given by len : L(X) — N.

Proof. It is easy to check that the following diagram of functors commutes.

_ E
c/N — 2", c/N

A |=n

C/E——¢C
XE
By theorem 5.4.1, Ly is a right adjoint to Xg o A p, so it is also a right adjoint to
Yy o (— x 7). However, note that the right adjoints of ¥y and — x 7F are Ay and
(=)™, respectively (the latter exists because, as noted in corollary 5.4.2, the arrow 7%
is exponentiable — see fact 2.1.1). Therefore, Ly is isomorphic to (—)”2E o Ay, which is
all we needed to show. |

We end with the following result, which will be useful later.
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4 N
Proposition 5.4.4. Let A, B be locoi, and let F': A — B be a functor which preserves

finite limits and NNO. Then the following are equivalent.

e [ preserves list objects

e The canonical natural transformation

I s
AJE —5 AN

Fl 2~ |F
B/EﬁB/N

2

is an isomorphism.

-

Proof. Since F preserves finite limits and NNO, it preserves N and E (so we just write
N and E instead of FN and FE), and it maps 7¥ in A to 7Z in B. Moreover, since A and
B are locoi, we know by corollary 5.4.2 that 72 is exponentiable in both A and B, and the
polynomial functor associated to 7¥ is the list object functor. Therefore, we can apply
proposition 2.12 in [Uemu 22|, which says that the canonical natural transformation
FIl,p = Il pF is an isomorphism if and only if the canonical natural transformation
FL = LF is an isomorphism (see the diagram below).

* Hﬂ_E
A gy T N 2N 4

(L T I

It is straightforward to check that F' preserves list objects if and only if the canonical
natural transformation F'L = LF' is an isomorphism. |
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Chapter 6

Indexed categories
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This chapter introduces indexed categories, a key tool for the rest of the thesis. In
general set theory, we often discuss families of things which are indexed by some set I.
Indexed categories provide a way to discuss indexed families when the index [ is taken to
be an object of a “base” category S, rather than a set. Specifically, an S-indexed category
C consists of a category C! for each object I € S, and we think of C! as “the category
of I-indexed families of things in C” (we give the precise definition in section 6.1). These
categories are related by “re-indexation” maps (also called transition maps): for each arrow
x: 1 — Jof S, we have a functor z* : C/ — C! which we think of as mapping a family
(Aj | jeJ)to(Ass | i€ I). Amore detailed justification of this definition can be found
in section B1.2 of [John 02].

In this chapter, we cover some basic definitions and results about indexed categories,
many of which come from section B1.2 of [John 02]. Section 6.1 spells out the basic definitions
in detail. Section 6.2 introduces limits and colimits: what it means for an indexed category
to have them, and for an indexed functor to preserve them; we also introduce a new kind of
indexed products which does not appear in [John 02].

In section 6.3, we cover an essential basic definition: the canonical self-indexing S of a
category §. We discuss its limits and colimits, including in the special case where S is an
arithmetic universe. We also study functors associated with canonical indexings and their
properties.

Finally, in section 6.4, we establish some properties of the category [C,D] of indexed
functors C — I (and the diagonal functor A : D — [C,D]), and in section 6.5, we study the

80
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indezxed category [C,D].

6.1 Basics

We start with the definitions of indexed category, indexed functor, and indexed natural
transformation, which we take from definition B1.2.1 in [John 02]. These definitions can be
given concisely as follows.

Definition. Let S be a category. An S-indezed category is a pseudofunctor S? — CAT
(the large category of categories); an S-indexed functor is a pseudo-natural transformation;
and an S-indexed natural transformation is a modification.

However, we will also spell out these definitions in more detail for easier reference. We
make the following notes.

e Most of the notation here also comes from definition B1.2.1 of [John 02].

e We will avoid discussing issues of size, since these never come into play in a meaningful
way.

e We choose to assume that indexed categories are strictly unital, meaning that the
identity arrows are preserved strictly (and the corresponding coherence isomorphisms
behave nicely; see the definition below), since they can always be easily modified to fit
this criterion.

We are now ready for the full definitions.

Definition. Let S be a category. An S-indezed category C consists of

e For each object I € S, a category C! (sometimes called the fibers);

e For each morphism z : I — J in &, a functor z* : C7 — C! (sometimes called the
transition functors), with (Id;)* = Ider;

e Forany z:/ — Jand y:J — K in S, a natural isomorphism 6, , : z*y* = (yz)*,

* *

ol el Y oK
w
x)*

(y

such that the following equations hold for I — J -4 K —» L.

eId[,cc = Idx* = Qz,IdJ gx,zy(x* o Qy,z) = chc,z(ex,y o Z*)
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If S has a terminal object 1, then we call Ct the underlying ordinary category of C, and we
denote it C.

The second equality for the natural isomorphisms can be understood with the following
diagram.
® < ® < o < o — o« e < ® < °

Definition. Let S be a category, and let C,D be S-indexed categories, whose natural iso-

morphisms are denoted ¥ and 6, respectively. An S-indexed functor F : C — D consists
of

e For each object I € S, a functor F : C! — DI;
e For each morphism z : I — J in S, a natural isomorphism ¢, : Flz* = 2*F/,
¢’ ¢
F’ FI
|~ |
DJ p fDI

such that ¢rq, = Idpr (recall that Id* = Id by assumption). Moreover, we have to have
coherence between ¢ and the isomorphisms 1,6, based on the following diagram for
any arrows ] — J -2 K in S.

(yx)*

19

* *

cv 4 e T
FKl lg, lF*’ o lFI By
px Y pi_ 2, pi

[ons
(yx)*

What this means is that for any such arrows z,y, and for any object U € CX, the
following diagram commutes.

F
be(yy
o7 (y*U)

aﬁ*d)y(U)l l%w)
ey oy — e EO) ey

I(JI* *U)
! ~ F00)
F'((yx

)°U)
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Definition. Let S be a category, let C,D be S-indexed categories (equipped with 9 and 6),
and let ;G : C — D be S-indexed functors (equipped with ¢ and ¢). An S-indezed natural
transformation 1 : F' = G consists of

e For cach object I € S, a natural transformation n’ : F! = G!

which satisfies the following condition. For any arrow = : I — J of S, the following natural
transformations are equal.

c’ x—*> cl! c’ x—*> c!
N n' !
el / all & | I el € ol )/901 ol
D) D! D — D!
x x

In other words, for any arrow z : I — J and any object U € C”, the following diagram
commutes.

Fiary 229 e

Ui*UJ lx* (775)

Most of the time, as in [John 02], we will avoid mentioning the coherence isomorphisms
to alleviate the text. We will only do a few proofs in full detail (in appendix A) to show the
machinery in action.

We end this section with one more definition, taken from example B1.2.2(e) of [John 02].
Definition. Let S,T be categories, let F': S — T be a functor, and let C be a T-indexed

category. Then we form a S-indexed category F*C as follows. (We call this operation change
of base or pullback along F'.)

e For each I € S, we set (F*C)! = cF'¥;

e For each x : I — J in S, the functor z* : CY) — CFU) is just the functor F(x)*
coming from the structure of C;

e The isomorphism z*y* = (yz)* is the isomorphism F(z)*F(y)* = (F(y)F(z))* =
F(yx)* from C.

We omit the trivial check that this forms a well-defined S-indexed category. Note that if S
has a terminal object, and it is preserved by F', then the underlying ordinary category of

F*Cis C.
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6.2 Limits and colimits

Indexed categories having (co)limits

An important aspect of indexed categories is limits and colimits. In this section, we recall the
relevant definitions from [John 02], and give an additional definition that will be important
for our purposes.

We start with the definition of finite limits and colimits in an indexed category, which
is given at the beginning of section B1.4 in [John 02].

Definition. An indexed category C has finite (co)limits of a particular shape (binary prod-
ucts, terminal objects, equalizers, binary coproducts, etc.) if each C! has them and they are
preserved by the transition functors. We also say that C has finite (co)limits if each C! has
finite (co)limits and the transition functors preserve them.

As with ordinary categories, we say an indexed category is lez if it has finite limits.

Proposition 6.2.1. Let F': § — T be a functor, and let C be a T-indexed category.
If C has finite (co)limits of a particular shape, or all finite (co)limits, then so does F*C.

Proof. We must show that for any J € S, the category C*) has finite (co)limits (of a
given shape), and they are preserved by F( ) CFU) — ¢FD (for z : I — J). But this
is just true by the assumption on C. |

Next, we look at infinite products and coproducts; the following is definition B1.4.2
from [John 02].

Definition. Let S be a category with pullbacks, and let C be an S-indexed category. We
say that C has S-indexed products if the following conditions hold.

e For each z : I — J in S, there is a right adjoint I, to z* : C/ — C'.

e (Beck-Chevalley condition) For each pullback square in S (as below on the left), the
canonical natural transformation ¢ in the diagram below on the right is an isomor-

phism.
I L7 ol ¢
?/l lz Hl \ lH
K —— L cK e ct

We say C is S-complete if it has finite limits and S-indexed products.

Similarly, we say C has S-indezxed coproducts if each x has a left adjoint Y, and the
Beck-Chevalley condition holds. We say C is S-cocomplete if it has finite colimits and S-
indexed coproducts.
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The above definition is too strong for our purposes: we will want to consider indexed
categories that have only some infinite products, not all of them. To that end, we use the
following definition.

Definition. Let & be a category with finite limits, and let C be an S-indexed category.
Given an arrow f : I — J in S, we say that C has f-indexed products if the following
conditions hold.

e For any pullback ¢ : A — B of f, the functor ¢* : C® — C*# has a right adjoint
I, : C* — CB. (In particular, f* has a right adjoint I1;.)

e (Beck-Chevalley condition) For any pullback g : A — B of f, as witnessed by the
square below on the left, the canonical natural transformation ¢ in the diagram below
on the right is an isomorphism.

*

A2 A et
ol I RN
B——J CB<Z—*CJ

Similarly, we say that C has f-indexed coproducts if each pullback g of f has a left adjoint,
and the Beck-Chevalley condition holds.

Remark 6.2.2. If § is a category with finite limits and C is an S-indexed category, then C
has S-indexed (co)products if and only if C has f-indexed (co)products for every arrow f of
S.

Next, we prove some basic results about this last definition.

Proposition 6.2.3. Let S be a category with finite limits, and let C be an S-indexed
category. If C has f-indexed products, then it has g-indexed products for any pullback

g of f.

Proof. There are two conditions to show. The first is easy: if h is a pullback of g, then
it is also a pullback of f (by the pasting law), so II,, exists.

For the second condition, let the squares below on the left be pullbacks, showing
that h is a pullback of g and ¢ is a pullback of f.

X y A s 1 C a CA < c!
el ANGEIANGE
Y y B y J cY ¢ CB « c’

Then, in the above diagram on the right, we have canonical natural transformations v, ,
Ynf, Yng. We have, essentially, 1py 0 1gr = ¢py. Because C has f-indexed products,
we know that v, and 9y are invertible. This implies that v, is invertible too, as
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desired. |

f
Proposition 6.2.4. Let S, T be categories with finite limits, let F': S — T be a functor

which preserves pullbacks, and let C be a T-indexed category.

If fis an arrow in S and C has F(f)-indexed (co)products, then F*C has f-indexed
(co)products.
Hence, if C has T-indexed (co)products, then F*C has S-indexed (co)products,
and if C is T-(co)complete, then F*C is S-(co)complete. (See also lemma B1.4.9 of
K[John 02].)

%

Proof. Let g be a pullback of f. Since F' preserves pullbacks, we know that F(g) is a
pullback of F'(f). The functor ¢* in F*C is the functor F'(¢)* in C, which must have a
right adjoint because C has F(f)-indexed products.

For Beck-Chevalley, if we have a square witnessing a pullback g of f in §, it remains
such a square in 7 since F' preserves pullbacks. Thus, because C has F(f)-indexed
products, the canonical map is an isomorphism, as desired.

For the final remark about (co)completeness, we also use proposition 6.2.1. |

Finally, we give a specific case of the previous definition, which we will study extensively
in chapters 12, 14, and 16.

Definition. Let S be a category with finite limits and a natural numbers object N, and let
C be an S-indexed category. We say C has N-finite products if it has 7£-indexed products,
where 7% : E — N is the arrow defined in section 3.4.

We also use the following terminology.

Definition. Let & be a category with finite limits and NNO, and let C be an S-indexed
category. We say C is flez if it has finite limits and N-finite products, and we say C is flexcc
if it has finite limits, it has N-finite products, and it is S-cocomplete.

We use the term “N-finite products” because we think of this condition as meaning
that C has finite products which are indexed by the natural numbers object. Indeed, the
products come from the fibers of 7% which we think of as sets that are finite from the internal
perspective of N. We'll see later that having N-finite products is related to having list objects
(propositions 6.3.6 and 6.3.7), and preserving N-finite products (which we’ll discuss below)
is related to preserving list objects (propositions 6.3.8 and 6.3.9). These connections will be
key to proving the third main result of this thesis (theorem 17.2.1), as we’ll see in its proof.
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Indexed functors preserving (co)limits

We now discuss indexed functors which preserve (co)limits. The definition given in [John 02]
(definition B1.4.13) is again too general for us; we present some more specific definitions.

Definition. Let S be a category with finite limits, let C and D be S-indexed categories, and
let F': C — D be an S-indexed functor.

e If C and D have finite (co)limits (of a particular shape), then we say F' preserves
finite (co)limits (of a particular shape) if each F! : C! — D! preserves them. As with
ordinary functors, we say F'is lex if it preserves finite limits.

e Let f: I — J beanarrowin S. If C and D have f-indexed (co)products, then we say
F preserves f-indexed (co)products if for any pullback g : A — B of f, the canonical
natural transformation FBHg = HgFA (FBZg = ZgFB for coproducts), which is the
“mate” of the isomorphism ¢*F? = FA4¢* is an isomorphism.

e If C and D have S-indexed (co)products, then we say that I preserves S-indexed
(co)products if it preserves f-indexed (co)products for each arrow f of S.

e If C and D are (co)complete, we say F'is (co)continuous if it preserves finite (co)limits

and S-indexed (co)products.

Remark 6.2.5. If F' preserves f-indexed (co)products, then it also preserves g-indexed
(co)products for any pullback g of f. (This is trivial from the definition.)

We also use the following terminology.

Definition. Let S be a category with finite limits and NNO, let C, D be S-indexed cate-
gories, and let F': C — D be an S-indexed functor.

e Assume C and D are flex. We say F'is a flex morphism if it preserves finite limits and
N-finite products.

e Assume C and DD are flexcc. We say F'is a flexcc morphism if it preserves finite limits,
it preserves N-finite products, and it is cocontinuous.
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4 N
Proposition 6.2.6. Let S, T be categories with finite limits, let F' : & — T preserve

finite limits, let C, D be T-indexed categories, and let G : C — D be a T -indexed functor.

e Suppose C and D have finite limits. If G preserves finite limits, then so does
F*G : F*C — F*D.

e Let f be an arrow in S, and suppose C,D have F(f)-indexed (co)products. If G
preserves F'(f)-indexed (co)products, then F*G : F*C — F*D preserves f-indexed
(co)products.

- J

Proof. The first part is easy: for any I € S, (F*G)! = G, which preserves finite
limits by assumption.

For the second part, let g : A — B be a pullback of f. Then Fg is a pullback
of Ff (since F preserves pullbacks), and we have to show that the following diagram
commutes.

CFA Hg } CFB
FA FB

e le

DFA 9 s DFB

But II, here (in both C and D) is just the right adjoint of F'(¢g)*, so this diagram
commutes because G preserves F'(f)-indexed products. i

6.3 The canonical indexing

In this section, we describe the canonical indexing of a category over itself, and prove many
properties of it. This construction is of fundamental importance for the rest of this thesis.

Definitions

We start with the definition, which comes from example B1.2.2(c) of [John 02].

Definition. Let S be a category with finite limits. The canonical indexing of S over itself
is an S-indexed category S defined as follows.

o For [ € S, we set ST = S/I;
e For z: I — J, the functor §/J — S/I is the “pullback along z” functor;
e The isomorphism x*y* = (yx)* is the one given by the pasting law.

There is also a way to define functors between the canonical indexings of various cate-
gories; this comes from example B1.2.2(d) of [John 02].
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Definition. Let S, T be categories with finite limits, and let F' : S — T be a functor which
preserves finite limits. Then F' extends to an S-indexed functor F : S — F*T as follows
(where S, T are the canonical indexings of S, T, respectively, and F* is the change of base
operation described in section 6.1).

e For I € S, the functor F' : S/I — T/F(I) maps p: A — I to F(p) : F(A) — F(I);
J

e For z : I — J, the isomorphism F/z* & x*F
pullbacks.

comes from the fact that F' preserves

Moreover, suppose U is another category with finite limits, G: S U and H : T — U
are functors which preserve finite limits, and HF' = G.

T i > U
%

Then H extends to an S-indexed functor H : F*T — G*U as follows.

e For I € S, the functor H : T/F(I) = U/G(I) maps p: A — F(I) to H(p) : H(A) —
H(F(I)) = G(I);

e For x : [ — J, the isomorphism H'z* = z*H” comes from the fact that H preserves
pullbacks.

In section A.1 of the appendix, we check that this construction is well-defined.

The extension of H to H is not described explicitly in [John 02], but it is referenced
in example B1.2.2(d): it’s what Johnstone describes as the 2-functor S\€ART — EATs.
(Here, €ART is the 2-category of lex categories — referred to as Cartesian categories in
[John 02] — and €ATs is the 2-category of S-indexed categories.)

Remark 6.3.1. The extension of ' : § — T to F : S — F*T is a special case of the
extension of H : T — U to H : F*T — G*U. Indeed, if we consider F' as an arrow from
Id:S— StoF:S— T, then applying the latter construction is the same as applying the
former. Therefore, results about the latter construction also apply to the former.

General properties

We now state some properties that the canonical indexing, and its associated functors, will
always have.
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Proposition 6.3.2. Let S be a category with finite limits. Then S has finite limits and
S-indexed coproducts. In fact, if S, 7 have finite limits and F' : & — 7T preserves them,
then F*T has finite limits and S-indexed coproducts.

Proof. Since § has finite limits, so does each slice category, and the transition functors
preserve them since pullbacks preserve finite limits. Thus, S has finite limits. Next, S has
S-indexed coproducts because the left adjoint of the pullback functor z* : §/J — S/1
is just the “composition with ” functor ¥, : S/I — S§/J. It is also well-known that the
Beck-Chevalley condition holds for these squares (see also lemma B1.4.7 in [John 02]).

Finally, since T has finite limits and 7 -indexed coproducts, we know F*T has finite
limits and S-indexed coproducts by propositions 6.2.1 and 6.2.4. |

-

-

Proposition 6.3.3. In the diagram below, assume that S, 7, U have finite limits, that
F, G, H preserve finite limits, and HF = G.

T H > U
2

Then the extension H : F*T — G*U of H preserves finite limits and S-indexed coprod-
ucts. (Proposition 6.3.2 guarantees that this is meaningful.)

%

Proof. We leave the proof that H preserves coproducts to section A.2 of the appendix.
For finite limits, we must show that each functor H' : T/F(I) — U/G(I) preserves finite
limits. But, by examining the definition of H!, we find that it is just the functor

H/F(I):T/F(I)—>U/H(F(I))

composed with the equivalence of categories U/H (F(I)) ~ U /G(I) induced by the iso-
morphism HF = G. The functor H/F(I) preserves finite limits by proposition 2.1.7, so
we're done. |

Proposition 6.3.4. Let S be a category with finite limits, and let C be an S-indexed
category with finite limits and S-indexed coproducts. Up to isomorphism, there is at
most one S-indexed functor S — C which preserves finite limits and S-indexed coprod-
ucts.
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Proof. This proof is done in section A.4 of the appendix. |

Remark 6.3.5. Suppose we have a diagram as below, consisting of categories with finite
limits and functors which preserve finite limits, which commutes up to isomorphism.

We know that H extends to H : F*T — G*U, but we also know that F', G extend to indexed
functors, giving us the following diagram of S-indexed categories and S-indexed functors.

As one might expect, this diagram commutes up to isomorphism. We can prove this directly,
but we can instead appeal to the machinery we’ve developed above. Indeed, proposition 6.3.2
tells us that these indexed categories all have finite limits and S-indexed coproducts, and
proposition 6.3.3 tells us that these indexed functors all preserve this structure. There-
fore, HF and G are indexed functors S — G*U which preserve finite limits and S-indexed
coproducts; by proposition 6.3.4, they must be isomorphic.

Additional structure

We now discuss properties of the canonical indexing of categories with additional structure.
In particular, we establish properties of S when § is an arithmetic universe. However, we
first need an intermediate result.

Proposition 6.3.6. Let S be a category with finite limits, let S be the canonical index-
ing, and let f be an arrow of S. Then S has f-indexed products iff f is exponentiable.

Proof. The forward implication is trivial, because f being exponentiable just means II;
exists in the canonical indexing S. So, for the converse, assume f is exponentiable. Since
pullbacks of exponentiable arrows are exponentiable (Niefield, corol 1.4), we know that
I1, exists for any pullback g of f. As is well-known, the Beck-Chevalley conditions hold
for such squares. (See e.g. the proof of lemma B1.4.6 in [John 02]; this result is a version
of lemma B1.4.7 in [John 02].) i

Now, we prove some results about flexcc indexed categories and functors.
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Proposition 6.3.7. If S is an AU, then the canonical indexing S is flexcc.
Moreover, if S, T are AUs and F : S — T is an AU morphism, then F*T is flexcc.

Proof. Fact 2.1.6 (and proposition 2.1.5) tell us that S has all finite limits and finite
colimits (i.e. each slice has them and they are preserved by the transition functors). We
know that S has all indexed coproducts by proposition 6.3.2, and it has N-finite products
because & is exponentiable in an AU (by corollary 5.4.2); proposition 6.3.6 assures us

this is sufficent. Thus, S is flexcc.

For the second part, since T is flexcc, the fact that F*T is flexcc follows from
propositions 6.2.1 and 6.2.4. |

-

o

Proposition 6.3.8. Suppose the diagram below commutes up to isomorphism.

T H > U
%

Suppose S, T ,U are AUs and F, G are AU functors. If H preserves finite limits and list
objects, then the extension H : F*T — G*U is flex; if H additionally preserves finite
colimits (i.e. H is an AU functor), then H is flexcc.

~

/

Proof. Suppose H preserves finite limits and list objects. By proposition 6.3.3, H

preserves finite limits, and H preserves N-finite products as a direct consequence of

proposition 5.4.4.

Now, suppose H also preserves finite colimits. Then each H' preserves finite colimits
too. (As in the proof of proposition 6.3.3, H' is just H/F(I), modulo an equivalence
of categories; this functor preserves finite colimits by proposition 2.1.7.) Moreover, by
proposition 6.3.3, the extension of H preserves indexed coproducts, and we conclude
that H is cocontinuous. |

Proposition 6.3.9. Suppose S,7,U are AUsand FF : S —- T, G : S — U are AU
functors. If H : F*T — G*U is a flexcc indexed functor, then the underlying functor
H:T — U is an AU functor.

Proof. By definition, each fiber of an indexed flexcc morphism must preserve finite
limits and finite colimits, so all we need to check is that H preserves list objects. That
is, we must show H commutes with the list object functor.

We know that the list object functor is polynomial, so in G*U, it is given by the
composite L = Xy oIl g o (). The fibers of H commute with ()7 by axioms of indexed
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functors, they commute with Iz because H preserves N-finite products, and they com-
mute with ¥ because H is cocontinuous. All together, this implies H commutes with
L, as desired. |

6.4 The category of indexed functors

Definition. Let S be a category with finite limits, and let C,ID be S-indexed categories.
Then we write [C, D]s for the category of S-indexed functors C — D and S-indexed natural
transformations. (We drop the subscript if it is clear from the context.)

In section 6.5, we will make this into an indexed category, but for now, we just consider it
as an ordinary category. We write [C, D].. for the category of cocontinuous indexed functors,
and we use similar notation for flex or flexcc indexed functors.

It will be important to know when [C, D] has limits, colimits, and other properties.

Proposition 6.4.1. Let S be a category with finite limits, and let C,D be S-indexed
categories. If D has finite limits or finite colimits, then so does [C, DJ; these are computed
pointwise.

Proof. We just need to check that computing finite (co)limits pointwise does indeed
give finite (co)limits for [C,D]. This is rather straightforward; we do the case of binary
products as an example.

Let F,G : C — D. We define F x G : C — D by setting (F x G)! = F! x G! for
each I € §. For this to be well-defined, we must check coherence with the transition
maps. That is, for each z : I — J, the following diagram should commute.

;g FIxGY DI

C
"E*Cll FI x Gt g}x*

Since D has finite limits, we know that x* preserves binary products in ID. Therefore, for
ueC’,
2 ((F! x G7)(w)) = 2" (F/(u) x G7(u)) = (2" F’(u)) x (¢"G”(u))
~ Fl(z*u) x G (z*u) = (F! x GY)(z*u),

as desired.

We can similarly define 71 : F'xG — F and w3 : F' xG — (. Checking the universal
property is similarly done pointwise: if we have maps o : H — F, §: H — G, then we
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can form (o, B) : H — F x G by setting (a, 8)! = (af, 81). Indeed, we have

(o, B1Y : H'(u) — F'(u) x GT(u) = (F x G) (u).

So, F' x (G is indeed the desired product. |

The most important result for us will be the following.

Proposition 6.4.2. If S is an arithmetic universe, then so is [C,S]s for any S-indexed
category C. Moreover, the finite limits, finite colimits, and list objects in [C,S] are
computed pointwise.

Proof. First, recall from proposition 6.3.7 that S has finite limits and is cocomplete, so
proposition 6.4.1 tells us [C,S] has finite limits and finite colimits.

Next, since AUs are local (fact 2.1.6), we know that each slice S/I has list objects,
and these are preserved by the pullback functors (i.e., the transition maps of S). There-
fore, we find that the list objects in [C,S] can be computed pointwise; this is done just
as in the proof of proposition 6.4.1.

Finally, we must check the AU coherence axioms between limits and colimits (i.e.
coproducts are stable and disjoint, quotients of equivalence relations are stable and
effective). Again, this can all be done pointwise, since each fiber S/ is an AU and each
transition map is an AU functor.

For example, we show that coproducts are stable. Let F,G, H € [C,S], and let
a: H— F+ G. If we pull back o along the inclusions into F' + G, we get the following
diagram; we must show that Hr + Hg = H.

Hp > H < Hg

| o]

F—F+G+—C(G

For each I € S and u € C(I), we get a corresponding diagram in S/, where the bottom
row is a coproduct and the squares are pullbacks since these are computed pointwise. But
then, since S/I is an AU, the top row HE(u) — H'(u) + H}(u) must be a coproduct.
Since coproducts in [C,S] are computed pointwise, this tells us that Hp — H <+ Hg is
a coproduct too, as desired. |

There is an important kind of indexed functors which generalize the usual notion of
constant functors.

Definition. Let S be a category with finite limits, and let C,ID be S-indexed categories.
Then there is a functor A¢ : D — [C, D], sometimes called the diagonal functor, defined as
follows.
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e For X € D, the indexed functor AcX : C — D is given by (AcX)!(¢) = I*X. That is,
for each I € S, (AcX)! is the constant functor C! — D! taking the value I*X. (Note
that we write I* for the transition functor coming from I — 1.)

e For f: X — Y in D, the indexed natural transformation Acf : AcX = AcY is given
by (Acf)(c)=1"f: "X — I"'Y.

We omit the easy check that this is well-defined. We may drop the subscript C if it is clear
from context; we may also call this functor C'F' (for “constant functor”).

Proposition 6.4.3. If S is an AU, then for any S-indexed category C, the functor
Ac¢: S = [C,S] is an AU morphism. (This makes sense by proposition 6.4.2.)

Proof. We must check that A¢ preserves finite limits, finite colimits, and list objects.
Since these are computed pointwise in [C, S| (by proposition 6.4.2), this becomes straight-
forward. To illustrate, we do binary products as an example.

Given X,Y € S, the indexed functor A¢(X X Y) is given by

Ac(X x YV (u)=TI"(X xY)2I*X x I'Y = Ac(X) (u) x Ac(Y) (u)
— (Ac(X) x Ac(Y))' (w).

Thus, Ac(X xY) = Ac(X) x Ac(Y). This works because the product is computed
pointwise in the functor category, and because the functor I* : § — S/I (the pullback
functor associated to the map (); : I — 1) is an AU morphism (hence preserve limits,
colimits, and list objects). i

6.5 The indexed category of indexed functors

In this section, we see how to make [C,D] into an indexed category. There are many ways
of doing this; we use the following definition because it is the most useful for us.

Definition. Let S be a category with finite limits, and let C,ID be S-indexed categories.
We define the S-indexed category [C,D] as follows: for any I € S, we set

[C,D)f = [Z;C, iD]sr1,

where X; : §/I — S is the forgetful functor. That is, we take the pullback of C and D along
Y to get §/I-indexed categories, and we consider the category of &/I-indexed functors
between them.

The transition functors for [C,D] are defined as follows. Given f : I — J in S, the
functor f* maps (GY),v_s € [25C, X5D] to (G'7),.x1 € [X;C, ¥3D).
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Remark 6.5.1. In [John 02], the indexed category [C, D] is defined differently. The defini-
tion is given in the discussion above example B1.2.5, and more equivalent characterizations
are given in example B2.3.12 for when C is an internal category. It is not hard to check that
these definitions are equivalent to the one we gave above.

However, there is one additional equivalent characterization that will be important to
us.

-

Proposition 6.5.2. Let S be a category with finite limits, and let C be an S-indexed
category. Then, for each I € §, we have

[C,S]" ~ [C,S]/A(),

where A : § — [C,§] is the diagonal functor (see section 6.4).

In other words, if we take the canonical self-indexing of [C,S], then the S-indexed
category obtained by pulling back along A is equivalent to [C, S].

- /

Proof. We omit the straightforward check. |

We will also need the following observations.

Remark 6.5.3. Let S be a category with finite limits. First, given I € S, the §/I-indexed
category 7S is equivalent to the canonical self-indexing of S/I (which we may denote S/I).

Next, let C be an internal category in S (see chapter 7). Given I € S, the §/I-indexed
category 245C is isomorphic to an internal category in §/I, which we’ll denote I*C, given by
m:IxCy—Tandm : I xC;— 1.

We now show that [C, D] behaves like an exponential.

f
Proposition 6.5.4. Let S be a category with finite limits, and let C,D be S-indexed

categories. Then [C,D] is the exponential of C and D (in the 2-category of S-indexed
categories).

This means that [C,D] is equipped with an indexed functor ev : C x [C,D] — D,
and for any [E, the following functor is an equivalence of categories.

[E, [C,D]] — [C x E, D]

Frsevo(ld x F)
o %

Note: in following sections, we will often need to use the explicit constructions of ev
and of the inverse in this equivalence of categories. They are given in the proof of this
proposition.
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Proof. First, we define ev. For any I € S, the functor ev’ : ¢! x [X7C, Z5D] 4,7 — D’
takes a pair (¢, F') and returns F'77(c), where T; is Id : I — I, the terminal object of
A/I. Note that X;(T7) = I, so we indeed have FT7 : C! — DI

Next, given an indexed functor G : C x E — D, we must construct an indexed
functor F : E — [C,D] such that ev o (Id x Fg) = G. So, for each I € S, we must
define Ff, : &' — [X;C,53D) 47, which means that for e € €', we must define the
indexed functor Ff(e) : X3C — ¥3D. So, let o : J — I be an object of A/I. We must
define the functor

(Fé(e))a ¢’ =D,
and we set
(Fé(e))a(c) — (¢, a’e).

This finishes the definition of Fg; now, note that for I € S, ¢ € C!, and e € &', we have

17

ev! (e, FE(e)) = (F&e)) (c) = G'(c,Tje) = G'(c.e)

because T; = Id;, so T} = Id). Thus this F; was constructed to have the desired
( 7
property. |

It will be useful to know when [C, D] has various limits. We therefore end this section
with the following characterization.

Proposition 6.5.5. Let S be a category with finite limits, and let C,D be S-indexed
categories. If D has finite (co)limits, then so does [C,D]. Moreover, given an arrow f
in S, if D has f-indexed (co)products, then so does [C, D].

In particular, let S be a category with finite limits and NNO. If D is flex, then so is
k[[C, D]; and if D is flexce, then so is [C,D].

/

Proof. First, we check that all the fibers have finite (co)limits. For each I € S, we
know that 34D has finite (co)limits (by proposition 6.2.1), so [¥25C, ¥3D] does too (by
proposition 6.4.1).

The transition maps preserve finite (co)limits since these are computed pointwise

(as noted in proposition 6.4.1). For example, consider the case of binary products. Let
x:1— J, and let F,G : 2%5C — 3*%D; then, for g : U — I in §/I and A € CY, we have

((@'F) x (@ GQ)*(A) = (2" F)?(A) x (2°G)*(A) = F*9(A) x G**(4)
— (F x G)™(A) = (&*(F x G))(A).

This shows that *F x 2*G = z*(F x G), as desired. Therefore, we know that [C, D]
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has finite (co)limits.

Next, let f be an arrow in S, and assume D has f-indexed products (coproducts are
done in the same way). We will show that the functor f*: [C,D]* — [C,D]? has a right
adjoint and omit the other details. Recall that f* maps an indexed functor (F*),.; 4
to (ny>y:I—>B-

Given an indexed functor G € [C,D]?, we define II;G € [C,D]* as follows. For
x: 1 — Ain §/A, form the pullback square below.

xT

D)
Ix,B— B

A

I—2 A

Then, we define (II;G)* : C' — D! as the following composite.

(1)

I Ix.B G™  Ix.B
¢! L, s G pix,

T
i

11
— L DI

To show that II; is the right adjoint of f*, we claim that for any F' € [C,D]* and
G € [C,D]?, we have the isomorphism Hom(f*F,G) = Hom(F,II;G&). To make sense of
this, we make the following remarks.

e An arrow 7 : f*F — G consists of a family of arrows n¥ : F/¥(u) — G¥(u) in D!,
indexed by (y : I — B) € S/B and u € C! (satisfying some conditions).

e An arrow p : F — II;G consists of a family of arrows 2 : F*(u) — Il o G™ o
(7%)*(u), indexed by (z: I — A) € S/A and u € C.

Now, by the adjunction property of Il (which comes from D having f-indexed prod-
ucts), we know that an arrow p® corresponds to an arrow (7f)*F®(u) — G™ (7§)*u.
Moreover, since F' commutes with the transition maps, this is equivalent to

il s FI ((r)) ) — G ((n])*u).
(Note that 77 is an arrow from f7§ to z in S/A.) So, from 7, we can define u by setting
/‘li = T]Erqflw)*u'

Conversely, suppose we are given p. Then, for any (y: I — B) € §/B and u € C!,
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we can define 1Y as follows. First, consider the following diagram, where P is a pullback.

Note that z*(7/¥)* = Id. Moreover, note that z is an arrow from fy to fr}¥ in S/A, so
2 FI (V) u) 22 P (2" (rd¥)*u) = FP¥(u).
Similarly, z is an arrow from y to 7Y in S/B, so
G ((W{y)*u) =Je (z*(w{y)*u) =~ GY(u).

Therefore, we can take n? to be z*u/Y with its domain and codomain adjusted by the
above isomorphisms.

This correspondence between p and n gives the desired hom-set isomorphism. |
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In this chapter, we review some basic definitions and facts about internal categories.
Moreover, we explain how to handle the following concepts with our internal language:
internal categories and functors (section 7.1), copresheaves on internal categories (section
7.2, and finite limits in internal categories (section 7.3). Finally, in section 7.4, we discuss
filtered internal categories and the category of elements for a copresheaf.

A particularly important concept for internal categories is how they relate to indexed
categories. Indeed, each internal category in S can be viewed as an S-indexed category (see
the definition at the end of section 7.1). Broadly, if we think about S-indexed categories as a
way of doing category theory with respect to a base S, then internal categories correspond to
small categories, and we think of general S-indexed categories as potentially large. Indeed,
Johnstone uses the term essentially small for indexed categories which are equivalent to an
internal category (see the discussion above B2.3.5 in [John 02]). We will see this come into
play (somewhat indirectly) starting in chapter 9, where we start taking colimits of indexed
functors whose domain is an internal category.

7.1 Definition and description via internal language

The definitions of an internal category, internal functor, and internal natural transformation
are somewhat technical. We defer to [John 02] (definition B2.3.1) for the full definitions, but
we give a summarized version here.

Definition. Let S be a category with finite limits. An internal category C in S consists of
the following:

100
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e Objects Cy, Cy € § with arrows dom, cod : C; = Cy;
e An arrow ¢ : Cy — C such that dome = code = Idg;

e An arrow 7 : C] xg, C; — C; (where the pullback is as below) satisfying domy =
domy, cody = codmy, the identity axioms (with respect to ¢), and the associativity
axiom.

T2
Cl X o Cl E— 01

™| ldom

C, Ld>00

Remark 7.1.1. In order to discuss internal categories more easily, we would like to use our
internal language. For instance, we will want to talk about “objects” and “arrows” of the
internal category C', but this will always have to be with respect to a given context. So, let
T be a context. We may refer to a term ¢ : Cy as an “object” of C' in the context T, and we
may refer to f : C7 as an “arrow” of C in the context T'. If, in a context T', we say that we
are considering an arrow f : ¢ — d of C; what we mean is that f : C'; and we are denoting
¢ =r dom(f), d =r cod(f). We may also write f : Hom(c, d). Furthermore, given ¢ : Cy, we
will denote ¢(c) : Cy by Id..

Next, we consider composition. The domain of the composition arrow 7 is Cy x¢, C1 =
{f,9 : C1 | cod(f) = dom(g)}. If we have two terms f,g : C; in a context T' such that
cod(f) =7 dom(g), then (by the abuse of notation in our internal language) we can say that
(f,g) : C1 X¢, C1, and therefore v(f, g) is well-defined. In such a case, we denote v(f, g) by
go f. Note that the condition cod(f) =7 dom(g) is implicitly fulfilled if we write something
like f:b—cand g:c—d.

Finally, we can describe the axioms that must be satisfied (throughout, we work in a
fixed context 7" without mentioning it). First, we have requirements for the domain and
codomain of identities and composites. Given ¢ : Cy, we must have dom(Id.) = cod(Id.) = ¢;
this can be summarized by saying that Id. : ¢ — ¢. Moreover, given f : b — ¢ and
g :c — d, we must have go f : b — d. Next, the identities must behave like identities.
Given f : ¢ — d, we must have fold, = f and Idj o f = f. (Note that the composites
are well-defined because of the requirements on the domain and codomain of Id.. Moreover,
note that the equality here is between terms of type C7, but there is no conflict between the
domains and codomains of these arrows - that is, we have dom(f oId.) = dom(f) and other
similar equalities even before we impose the equality f oId, = f.) Finally, we must have
associativity of composition. Given terms f :a — b, g : b — ¢, h : ¢ — d, we must have
ho(gof)=(hog)o f. (Again, it is easy to check that all these composites are well-defined
based on the axioms of domain and codomain for composition.)

This finishes the discussion of how we will talk about internal categories using the
internal language. It may be interesting to note that we are not using dependent types to
discuss these concepts, as one might usually do. At least, we are not baking this into our
internal language; we do use notation that looks like dependent types, but it is just abuse
of notation for a simply typed system. This is to avoid using complicated type theories that
may require the underlying category to have more structure.
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Remark 7.1.2. Now that we’ve discussed internal categories, we must also discuss internal
functors between internal categories. So, let C, D be internal categories in S. An internal
functor F': C' — D consists of arrows Fy : Cyg — Dy and F; : C7 — D; in S such that the
following properties hold. In the internal language, we may write F' for either of Fj or Fi,
as we do with usual functors.

e First, the action on arrows must respect the domain and codomain. We can write
this equationally as dom(Fi(f)) =f.c, Fo(dom(f)) and cod(Fi(f)) =r.c, Fo(cod(f)).
Internally, we can say that in any context 7', if we have an arrow f : ¢ — ¢ in C, then
Ff:Fc— Fd in D.

e Second, the functor must respect identities. This means that, in any context T, for
any term ¢ : Cy, we have F(Id.) = Idp..

e Third, the functor must respect composition. This means that, in any context T, if
we have f:c— ¢ and g: ¢ — ¢, then F(go f) = Fgo Ff. (The identities for the
domain and codomain ensure that everything here is well-defined.)

Internal categories play an important role in the theory of indexed categories, as each
internal category can be viewed as an indexed category. This definition comes from [John 02],
in the discussion before lemma B2.3.3.

Definition. Let § be a category with finite limits, and let C' be an internal category in S.
The S-indexed category corresponding to C, which we also denote C', is defined as follows.

e For I € S, the category C([) is defined as follows. The objects of C'(I) are arrows
I — Cy in S, and the arrows of C(I) are arrows I — C4 in §. The domain, codomain,
identity, and composition operations are induced by those in C'.

e For z: I — J in S, the functor 2* : C(J) — C(I) is given by pre-composition with z.
(That is, an object p : J — Cj is mapped to pz, and an arrow ¢ : J — C} is mapped
to qx.)

Remark 7.1.3. Given I € S, the objects of C(I) are terms of type Cy in the context (i : I)
(up to equality), and the arrows of C(I) are terms of type Cy in the context (i : I) (up to
equality). This shows that our internal language is well-suited to discuss these concepts.

7.2 Copresheaves on internal categories

Definition. Let S be a category with finite limits, and let C' be an internal category in S.
An (internal) copresheaf on C is an S-indexed functor C' — S (when considering C' as an
S-indexed category).

Note that the category of copresheaves on C' is simply the category [C,S] of indexed
functors.
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As it turns out, a copresheaf on an internal category C can be expressed internally
quite nicely, using its corresponding diagram. We take this concept from definition B2.3.11
in [John 02]. (Again, we do not give the full details.)

Definition. Let S be a category with finite limits, let C' be an internal category in &, and
let D be an S-indexed category. A diagram F of shape C in D consists of a pair (F,, ¢r),
where

e F, is an object of D, and

e ¢r is an arrow dom*F, — cod*F, in D' which is compatible with the identity and
composition of C'.

A morphism of diagrams (F,,¢r) — (G, ¢¢) is an arrow Fy — G4 which commutes with
the arrows ¢p, ¢ in the obvious way.

The motivation for this definition is the following fact, which we take from lemma
B2.3.13 in [John 02].

~
Fact 7.2.1. Let S be a category with finite limits, let C' be an internal category in S,

and let D be an S-indexed category. Then the category of diagrams of shape C' in D is
equivalent to the category [C,D].

Specifically, an indexed functor F' : C' — D is mapped to the diagram (F,, ¢r)
where F, = F%(Idg,) and ¢r = F(Ide,) (modulo some coherence isomorphisms).
Conversely, given a diagram (F,, ¢r), we form F! : C(I) — D! by setting FX(p : I —
Cy) = p*Fy and Fl(q: I — C)) = ¢*¢r (again, modulo some coherence isomorphisms).

- J

Now, let’s see how this applies to copresheaves (the special case where D = S).

Remark 7.2.2. A diagram of shape C' in S is a pair (F,, ¢). First, F, is an object of S/Cy,
so we may as well write it as 8 : Fy — Cj. Second, ¢ is an arrow dom™F, — cod*F,. Note
that ¢ is an arrow in §/C} between objects formed using the following pullback squares.

C1 Xdom Fo — Fp C1 Xeoa Fo — Fy C1 Xdom Fo L C1 Xeod Fo
R R N
Ol &) C() 01 L) C() Cl

The arrow ¢ must satisfy some requirements, but before that we will first describe the
notation we use to talk about F, and ¢.

We think of a diagram as a copresheaf, in the sense that it maps each ¢ € Cj to a
“set” F'(c). This is represented by the arrow 3 : Fy — Cp; we think of it as the collection
(F'(c) | ¢ € Cp). So, in a context T', if we write z € F(c), what we mean is that x : Fy and
we denote ¢ =r B(x). Note that we have chosen the letter 8 here to stand for “basepoint”.



7.2. COPRESHEAVES ON INTERNAL CATEGORIES 104

Next, we know that a copresheaf must also act on arrows, which is done indirectly with
¢. Using the above notation, ¢ takes a pair (f,z) with f: ¢ — d and = € F(c) and maps it
to (f,y) with y € F(d). Indeed, note that the constraint on ¢ means that we can write it
as ¢ = (m, F1), where F} is an arrow C} Xgom Fo — Fo such that cod om; = o Fy. Thus, ¢
maps (f,z) to (f,y) with y = Fi(f, z); we will denote Fi(f,z) by Ff(z). To summarize: if
we have terms f : ¢ — d and x € F(c), then we get a term F f(z) € F(d).

Finally, we can express the axioms of a copresheaf. The first is action on the identity: for
any terms ¢ : Cp and x € F/(c), we have Fld.(x) = x. The second is action on composition:
for any terms f:b — ¢, g:c— d, and x € F(b), we have F(go f)(z) = Fg(Ff(x)). (Note
that all of this is well-defined.)

We will also need an internal description of morphisms of diagrams, in order to talk
about arrows between copresheaves.

Remark 7.2.3. We have the notion of indexed natural transformations between indexed
functors, and an indexed natural transformation between copresheaves F,G : C — S cor-
responds to a morphism between the corresponding diagrams of shape C' in S. Indeed,
n: F = G gives us 771?1000 : F(Idg, ) — G (Idg, ), which we abbreviate as 7.

FOL)GO

N 4

This tells us that if x : Fy, then n(z) : Go, and if z € F(c), then n(z) € G(c). We also
have the naturality property: given f : ¢ — d and x € F(c), we have Gf(n(x)) = n(F f(z)).
This is obtained by applying 75 to the following square, which comes from naturality of n
(applied to the arrow Ide, : dom — cod in C(Ch)).

Id X 4om
Oy Xaom Fp ——dom 110,

|or

Cl X cod FO

Cl X dom GO

|96

Id x
C Xeod 0 v £

Conversely, if we have an arrow 7, which satisfies this naturality property, then it is an arrow
between copresheaves.

Finally, we saw in section 6.4 that for any S-indexed categories C, D, we can form the
functor A : D — [C,D] which gives us the “constant functors” AX : C — D for X € D.
Note that in the case D = S, the functor (AX)! : ¢! — S/I is just the constant functor
taking the value I*X = (m : I x X — I) € §/I. When studying copresheaves, these
constant functors can be described internally.

Remark 7.2.4. Let X be an object of §. The diagram of the constant copresheaf AX :
C' — S (see section 6.4) is given as follows. First, the arrow 5 : Fy — Cp is simply

7T1:CO><X—>C0.



7.3. FINITE LIMITS IN INTERNAL CATEGORIES 105

With this choice, we find that the pullbacks C1 X qom Fo and Cy Xoq Fo become

Oy x xomddon o x O x X Mo« x leXLClxX
™ ] [m SN
Cl do—m> CO Cl Ld) CO C1

and so we just have ¢ = Id. This corresponds to the constant copresheaf mapping arrows to
the identity. Indeed, let f : ¢ — d, and let (¢,z) € (AX)(c) (i-e., we have (¢, z) : Cyp x X
with (¢, x) = ¢, i.e. ¢ = ¢). If we unravel the notations, we find that (AX f)(c,z) = (d, z).

There is one more thing we will write here for simplicity. Let F' € [C,S] and let X € S.
Suppose we have a natural transformation n : ' = AX. Then the naturality condition on
7 can be expressed much more simply. The underlying arrow of 7 is 79, as below.

F()LC()XX

g

This diagram implies that ny = (my,7() for 0} : Fy — X. Then, if we have f : ¢ — d and
x € F(c), then the naturality condition says that no(F f(z)) = (AX f)(no(z)). Using the
definition of 7y, we get

(d,mo(F f(2))) = (AX f)(e,mp(x)) = (d,mp ().

So, the natuality here tells us that n{(F f(z)) = nj(x).

7.3 Finite limits in internal categories

We choose to define finite limits and colimits in internal categories via their interpretation
as indexed categories.

Definition. Let S be a category with finite limits, and let C' be an internal category in S.
We say that C' has finite (co)limits (of a particular shape) if the corresponding S-indexed
category C' has them.

Specifically, this means that each C'(I) has finite (co)limits (of a particular shape), and
that they are preserved by the transition functors z* : C(J) — C(I). However, since we can
interpret C'(I) as a category of terms in a context (see remark 7.1.3), this gives us a more
familiar characterization. (Recall that, in the internal language, “unique” terms means up
to equality. See remark 2.2.3.)
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4 N
Proposition 7.3.1. Let & be a category with finite limits, and let C' be an internal

category in S.

e [f ' has a terminal object, then for any context 7', there is a term ¢ : Cj in the
context T" such that for any ¢’ : Cy, there is a unique arrow t’ — t.

e If C has products, then for any context 7" and any terms ¢, ¢’ : Cy in T, there is a
term ¢ X ¢ : Cyin T and arrows 7 : ¢ X ¢ — ¢, ' : ¢ x ¢ — ¢ which satisfy the
universal property of products.

e [f C has equalizers, then for any context T and for any terms c,d : Cy and f, g :
¢ — din T, there is a term b : Cjy and an arrow ¢ : b — ¢ which satisfy the universal
property of equalizers.

The converse of each of these statements holds if we additionally assume that these
structures are preserved (up to isomorphism) by substitution.

o

Proof. If C has finite limits of a particular shape, then so does C(|T']) for any context
T. Since we can interpret C([T]) as a category of terms in the context 7' (by remark
7.1.3), each of the above statements is just saying that the corresponding finite limit
exists in C([T7).

For the converse statements, we know that for C' to have finite limits of a given
shape, we additionally need the transition functors to preserve them. But the transition
functor C(J) — C(I) corresponding to = : I — J is just pre-composition with x, and
this corresponds to substitution in the internal language. |

We could give similar characterizations of finite colimits, but we will not need them.
Next, we use the internal language to characterize functors which preserve these finite limits.

Proposition 7.3.2. Let S be a category with finite limits, let C' be an internal category
in S, and let F': C — S. Then:

e Suppose C has a terminal object (i.e. each C(I) has a terminal object t;, and
these are preserved up to isomorphism by the transition maps). Then F' preserves
terminal objects if and only if for any context I, there is a unique term x € F(t).

e Suppose C' has binary products. Then F' preserves binary products if and only if
for any context I, for any terms ¢, : Cy, © € F(c), and 2’ € F(), there exists a
unique term (z,2') € F(c x ) such that Fry(z,2') =; x and Fmy(x,2") =5 2.
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e Suppose C has equalizers. Then F' preserves equalizers if and only if for any context
I, for any g, h : ¢ — d with equalizer f : b — ¢, and any term x € F'(c) such that
Fg(x) =; Fh(z), there exists a unique term w € F'(b) such that F f(w) =; .

Proof. We do the case of terminal objects; the other cases are laborious but similar.
Recall that F' preserves terminal objects if for each I, the functor F' : C(I) — S/I
preserves terminal objects. Write (F,, ¢) for the diagram corresponding to F' (see remark
7.2.2).

Let I be a context. The functor F! : C(I) — S/I maps a term c : Cy to c*F,; see
the diagram below.
I Xe F() — F()
-
| %
I —5— G
Thus, if ¢ is the terminal object of C(I), it is mapped by F to 7 : [ x; Fy — 1.
But §/I already has a terminal object, Id; : I — I, and so there is a canonical map
FI(t) — Id;. By definition, F preserves terminal objects if and only if this canonical
map is an isomorphism.

So, suppose F(t) preserves terminal objects. Then there is a map

A Ix, F

W

I

1

which is an inverse of the canonical map F!(t) — Id; - i.e., if the following diagrams
commute.

Id /191\
I — I x, Fp ——=> 1 I x; Fy > > I X, Fy

A US! Uy A
\ lw:/ \) lly
Id I Id Id I m
The first diagram tells us that we can write A = (Id, x) — which, in particular, tells us

that oz =t — and the second tells us that z o m; = my. Thus, all together, we know
that there exists a map = : I — F that makes the following diagram commute.

[XtFO—)FQ

-
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So, in the context I, there exists a term = € F(t), and for any other term y € F(t), we
have z =; y.

Conversely, if there exists a unique term z in the context F(t), then we can run
this argument in reverse and find that A\ = (Id, z) is an inverse of the canonical map
FI(t) — 1d;. 1

Finally, it turns out that an internal category having finite limits — in the way we defined
above — is stronger than we might expect. For instance, we’ll consider binary products: even
though our definition only required each C'(I) to have binary products separately (and for
the transition functors to preserve them), it turns out that the binary products are “global”.
That is, they can all be determined by an arrow Cy x Cy — Cj, a sort of “product map on
objects”. We make this precise with the following result.

~
Proposition 7.3.3. Let S be a category with finite limits, and let C' be an internal

category in §. If C' has binary products, then these binary products are global in the
following sense. There exist arrows

prodOb : Cy x Cy — Cy, prodAr : Cy x C7 — (4,
projy, proj, : Cy x Cy — C4, pair : C7 Xqom C1 — C4

with the following properties. (For legibility, we will use the x symbol to replace prodOb
and prodAr when used in the internal language.)

First, the domains and codomains of these arrows are connected by the following
facts. These could be expressed diagrammatically (or equationally), but we opt for a
more legible presentation.

o If f:ci >cxand g:d; — ds, then f X g: ¢y X cg — dy X ds.
e We have proj,(c,d) : ¢ x d = ¢ and projy(c,d) : ¢ x d — d.

o If f:c—dand g:c— e, then pair(f,g) :c—d x e.

Second, for each I € S, the functor 11 : C(I) x C(I) — C(I) given by

(pl’p2 L= CO) = (prOdOb © <p17p2> L= 00)7

(¢1,42: I = C1) = (prodAro (g1, ¢o) : I — C1).
is right adjoint to the diagonal A’. (Hence, it defines the product.) Third, the natural
transformation e’ : ATIY = Id given by

6{1’1,102) - (projl o (p1,p2), Proj, o <p17p2>)
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is the counit of the adjunction A’ - TI. Finally, the map Hom(Alq, (p1,p2)) —
Hom(q, IT" (p1, p2)) given by

(f.g) = pairo (f, g)

is the inverse of h e(lpl p2) © Al(h), and this is the isomorphism giving the adjunction

Proof. For each I € S, let II' : C(I) x C(I) — C(I) denote the binary product functor
on C(I), which exists because C' is assumed to have binary products. (We will omit the
superscript when it can be inferred from context.) In the category C(Cy x Cj), remark
that m, m : Cy x Cy — Cy are objects. Therefore, 1:[(7r1,7r2) is an object of C'(Cy x Cy),
which is to say an arrow Cy x Cy — Cj in §. Therefore, we set

prodOb = X (7r; 7,).

Next, in the category C(Cy x (), remark that m,m : C7 x C; — C} are arrows:
the former is an arrow domm; — codm;, and the latter is an arrow dommy — codms.
Therefore, we can consider

II(7y, mo) : H(domy, dommy) — II(codmy, codmy),

an arrow in C(Cy x Cy).

Moreover, C' having binary products means that these products are preserved by the
transition maps. Thus, the following diagram commutes up to a canonical isomorphism.

(domxdom)* x (domxdom)*

C(Co X C()) X C(C() X C())

|

C(Cy x Cp)

> C(Cl X Cl) X C(Cl X Cl)

i

d d *
(dom x dom) s O(Cy % C)

In particular, if we start with (71, 79) in the top left, then following the bottom path

yields prodOb o (dom x dom), while following the top path yields II(domm, domms)
(because m; o (dom x dom) = dom o 7). Therefore, there is a canonical isomorphism

prodOb o (dom x dom) = II(domm, domms)

as objects of C(C} x C}). Therefore, we can define prodAr as the arrow in C(C; x Cf)
given by the following composition.

dA
prodOb o (dom x dom) DPIogAl, prodOb o (cod X cod)

[a¥) Il

~ 11 ~
[I(domm, dommy) M) II(codmry, codms)
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This means that prodAr is an arrow Cq x C7 — (4 in S, and because of how we chose its
domain and codomain (as an arrow in C'(C; x C})), they are related to those of prodOb
in the desired way.

So, we have now defined prodOb and prodAr and shown their (co)domains are
related in the desired way. Therefore, we can define the functors I : C(I)xC(I) — C(I)
in the statement of the proposition. We claim that II’ is a right adjoint of A’; to show
this, we will just show that IT! = IIZ. First, let I € S, and let p1,ps : I — Cp be
objects of C'(I). Then we get an arrow (pi,ps) : I — Cy x Cy, and the fact that II
commutes with transition maps means we get the following diagram which commutes up
to isomorphism.

(p1,p2)* X (P1,P2)

C(O()XC())XC(C()XCO) *) C(I) [)

(D1, D2)"

x O
i fi
C(Cy) » C(I)

If we start with (7, 79) in the top left, then following the bottom path yields prodOb o
(p1,p2) = I (p1, p2), while following the top path yields II(p;,ps). Thus, the two are
isomorphic.

A similar computation shows that, for arrows qi,q> : I — C; in C(I), the arrow
(¢, q2) is the same as 117 (qy, g2) = prodAr o (g, ¢2), when we account for the modifi-
cations in the domain and codomain. It’s also not hard to show that II commutes with
the transition maps since II does.

Now, we examine the projection maps. Since II7 is a right adjoint of A?, we know
the adjunction has a counit € : ATl = Id. If we take I = Cy x Cy and apply this to
(1, m2), we get

€(C7flx7g‘3 : (prodOb, prodOb) — (7, m2).
That is, we get two arrows prodOb — m; and prodOb — 7y in C(Cy x Cp); these are
the desired arrows proj, and proj,. Using these, we can define €/ for each I as in the
proposition, and easily check that this yields a natural transformation (the fact that it
is the counit will follow from showing the isomorphism with the pair map).

Next, we define the pairing arrow. Remark that, in C(C] Xgom C1), the map m :
C1 Xgom C1 — (€} is an arrow from domm; — codmy, and similarly 7 is an arrow from
domms — codms. But by definition of the pullback, we have domm; = dommy (which
we’ll write as domm,), and so we have

(71, m2) : A(domm,) — (codmy, codms),
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an arrow in C'(Cy Xgom C1) X C(C] Xgom C1). But now, because A = II, there exists a
unique arrow

¢ : domm, — prodOb(codmy, codms)

such that

(7717 my) = (projy, proj,) o Ag.

This arrow ¢ : C Xgom C1 — C] is the desired map pair. It’s now easy to check that
pair and the projections form the isomorphisms as described in the proposition. |

7.4 Filtered categories and the category of elements

In this section, we discuss filtered internal categories, which will play an important role later
on.

It is tempting to say that an internal category C' is filtered if each C(I) is filtered.
However, the definition given in [John 02] (definition B2.6.2) is weaker than this criterion.
Therefore, we leave the definition of a filtered internal category to [John 02], and introduce
some new terminology.

Definition. Let & be a category with finite limits, and let C' be an internal category in S.
We say that C'is strongly filtered if C(I) is filtered for each I. We say C'is strongly cofiltered
if C? is strongly filtered, i.e. if C'(I) is cofiltered for each I.

Remark 7.4.1. Filtered internal categories in [John 02] are only discussed when the ambient
category S is a regular category. Therefore, suppose S is a regular category and C' is an
internal category in S. If C is strongly filtered, then C' is filtered; this is easy to check.

Now, we discuss the category of elements of a copresheaf. Intuitively, this is the same
as for a regular copresheaf F': the objects of EItF are pairs (A, a) with A € C' and a € F(A),
while an arrow (A4,a) — (B,b) is an arrow f: A — B in C such that F(f)(a) = 0.

Definition. Let § be a category with finite limits, let C' be an internal category in &, and
let F': C'— S be a copresheaf on C. The category of elements of F' is an internal category
EItF in §, equipped with an internal functor 7 : EIt F' — C', defined as follows.

The object of objects of EItF' is (EltF')y = Fp, and the object of arrows is (EltF); =
C1 Xdom Fu. The domain and codomain arrows are

dom = T - CI X dom F() — Fo, cod = Fi: CI X dom F() — F().

The identity arrow is (to 3,1d) : Fy — C} Xqom Fo, and composition is given as follows. Note
that the object of composable pairs is given by

{f,g:Cl,l',yZFg|fZC—)d,gZd—)G,J?GF(C),yEF(d),Ff(x):’y},
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and the composition just maps this to (g o f, x).

Finally, the internal functor = : EltF" — C acts as follows. The arrow on objects is
6 : Fy — Cp, and the arrow on arrows is 71 : C1 Xgom Fo — C1.

Remark 7.4.2. If instead of a functor F': C' — S, we have a functor £ : C? — S, then we
can consider F to be a copresheaf on C?. The above definition tells us we have an internal
category EltF and an internal functor EItE — C'°?. However, we are often interested in the
opposite of this category and functor, i.e. (EItE)? — (C) = C. We will denote this as
7 EIt? B — C to emphasize that the focus is on the category C', not CP.

Remark 7.4.3. If z,y : F{ are objects of EltF such that x € F(c) and y € F(d), then an
arrow x — y consists of a pair (f,x), where f : ¢ — d is an arrow in C' such that F f(z) = y.

In [John 02], the category of elements of F' : C' — S is constructed as part of an
equivalence of categories [C,S] ~ doFib(S)/C; the mapping F' +— (7 : EItF — C) is one
direction of this equivalence. Here, doFib(S) refers to the category of internal categories in
S and discrete opfibrations (see definition B2.5.1 of [John 02]) between them. We will briefly
revisit this notion in section 11, but we will not spend much time on it.

Finally, we show that the category of elements is strongly cofiltered. This is the internal
analogue of a standard fact, which can be found (e.g.) as proposition 6.1.2 in [Borc 94al.
There is also a similar result in [John 02] (lemma B2.6.7).

Proposition 7.4.4. Let S be a category with finite limits, and let C' be an internal
category with finite limits. If /' : C' — S preserves finite limits, then EItF' is strongly
cofiltered. (And therefore, (EItF)° is strongly filtered.)

Proof. Let I € S; we claim (EltF)(I) is cofiltered (as an ordinary category). Per
definition 2.13.1 of [Borc 94a], it suffices to show three conditions.

First, (EItF)(/) is not empty. Since F' is lex, proposition 7.3.2 tells us that (in the
context I) there is a term x € F(t), where ¢ : Cj is the terminal object of C'(I). Thus
x: Fy, so x is an object of (EItF)(I).

Second, let z, 2’ : I — Fy be two objects of (EItF')([). Write ¢ = f(x) and ¢ = (2')
(i.e., z € F(c) and 2’ € F()). Then ¢, : I — Cj are two objects of C([), so since C
has finite limits, they have a product ¢ x ¢ € C(I) with projection maps 7 : ¢ x ¢ — ¢,
n 1 cxd — . By proposition 7.3.2, there is a term (x,2’) € F(c x /) such that

Fr(xz,2') =z and Fr'(z,2') = 2.

So, we have (z,z') : (EltF), and we have (7, (z,2)), (7', (z,2")) € (EItF); (indeed,
dom(7) = dom(n') = ¢ x ¢ = p(z,2")). We claim that (7, (z,2’)) is an arrow (z,z) — «
and that (7, (z,2’)) is an arrow (z,x’) — 2’. The domains are clear; for the codomains,
we recall that F'f(y) is notation for Fi(f,y), so Fi(rm, (z,2")) = Fr(z,2’) = z and
Fi(n', (x,2") = Fr'(z,2") = 2/, as desired.

Third, let y, z be two objects of (EItF')(I); say that y € F(d) and z € F'(e). Consider
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two arrows y — z in EItF'; they are given by pairs (g,y), (h,y) such that g, h : d — e are
arrows in C' and Fg(y) = z = Fh(y). Since C has equalizers, we get an arrow [ : ¢ — d

such that ho f = go f. Since F preserves equalizers, proposition 7.3.2 tells us there is
a term x € F(c) such that F f(z) =

Thus, z is an object of (EltF)( ) ( ,x) : x — y is an arrow of (EItF)([).

an
Moreover, (g,y) o (f,7) = (g0 f,7) = (ho f,a) = (h,y) o (f,), which is what we
wanted. 1
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In this chapter, we develop an important example of an internal category: the internal
category generated by an exponentiable arrow. The reason for including this chapter is that
we will later (in chapter 14) use this construction to build the internal category of finite sets
Fin, and we will need the results proved here.

In definition B2.3.5 in [John 02], Johnstone describes the notion of an internal full
subcategory. If C is a locally small S-indexed category, then for any object X of C! (for
some [), we can form the internal full subcategory of C generated by X. In the case of C =S
(i.e., the canonical indexing of S over itself), we know that S is locally small if and only if S
is locally cartesian closed (see lemma B2.2.3 in [John 02]), and X will be some arrow of S.

However, given an arrow f : B — A in a category S which is not cartesian closed, the
construction of the internal full subcategory (which we’ll denote S[f]) still works, as long as
we assume that f is an exponentiable arrow. Assuming that S is locally cartesian closed
— which is to say that all arrows are exponentiable — is not necessary. In section 8.1, we’ll
describe the construction of this internal category.

Next, in section 8.2, we define two families of indexed functors on the internal category
S[f]°?, which we’ll denote P;X and E;X. Broadly, these correspond to taking f-indexed

114
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products and taking exponentials by f. As one might expect, these turn out to be the same
(theorem 8.2.3), but the different descriptions allow us to prove different things about them.

In sections 8.3 and 8.4, we show that the functors Py X and E;X preserve certain limits,
subject to some assumptions on § and f. Finally, in section 8.5, we prove an easy result
about these functors having a left inverse.

8.1 Definition

In this section, we construct the internal full subcategory generated by an exponentiable
arrow f: B — A in a category S with finite limits. We will denote this internal category by
S[f] in order to be consistent with Johnstone’s notation.

Before getting into it, it’ll be important to have some intuition. The idea is that the
“objects” of this internal category are f~!(a) for a € A, which we’ll denote [a]. Then, since f
is exponentiable, it’ll make sense to form [b]l for a,b € A, and elements of this exponential
will be the arrows from [a] to [b].

More precisely, the object of objects of S[f] will be A, and the object of arrows will be
based on ([0l | a,b € A), which is the exponential of the two objects ([a] | a,b € A) and
([b] | a,b € A) of S/(A x A), which are shorthand for 77 (f) = f x Ids and 73(f) = Id4 x f,

respectively.

Remark 8.1.1. Let S be a category with finite limits, and let f : B — A be an exponentiable
arrow. Then for any arrow p : X — A, the arrow p*f is also exponentiable. (See corollary
1.4 of [Nief 82].)

In particular, if 71, 7, are the projections A x A — A, then the exponential (75 f)(i/)
exists (in the category S/A x A).

In order to construct S[f], we will need a convenient description of the arrows into
(75 f£)(*1/), This is done with the following proposition.

Proposition 8.1.2. Let § be a category with finite limits, and let f : B — A be an
exponentiable arrow in S§. Let 7, o denote the projections A x A — A.

For any I € § and arrows m,n : I — A, there is a bijection

<p£17n : HomS/AXA (<m7 n>a (ﬂ—;f)(WIf)) - HomS/I (m*fa n*f) :

- /

Proof. First, we use the universal property of exponentials to get the following bijection.

Homs/axa ((m, ), (5£)"17) 2 Homs,axa ( (m,n) x (x1), (7))

Then, we note that products in a slice category are the same as taking a pullback, then
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applying the composition functor. So, the above is equal to:

= Homs xS, m)* (71 £), (3 ))

But, we know that X, »y is left adjoint to (m,n)*; so, we can use the adjunction to say
that the above is isomorphic to:

= Homgy; ((m,n)*(ri ), {m,n)" (x5 ))

Finally, we know that x*y* = (yx)*, so we can combine the projections with (m,n) and
get the following.

= Homg/(m* f,n*f)

This is what we wanted to show. |

We are now ready to define the internal category S|f].

Definition. Let S be a category with finite limits, and let f : B — A be an exponentiable
arrow in S. The internal category S[f] in S is defined as follows.

e The object of objects is A.

e Write the exponential (75 f)™%) (in /(A x A)) as (dom,cod) : C; — A x A. Then
(] is the object of arrows, and dom, cod are the domain and codomain arrows.

e The arrow representing identities in this internal category is (@{d’ld)_l(ld ), where ®
is as in proposition 8.1.2; see the diagram below.

((I)Id Id) (Idf>

(Id, I\ A)m cod)

e The arrow determining composition is defined as follows. First, we form the object Cs
of composable pairs of arrows in the usual way.

/ \
do/ \ Am cod




8.1. DEFINITION 117

Then, note that in S/A x A, we have arrows p; : (dompy,codp;) — (75 f)™) and
ps : (domps, codpy) — (75 f)™iF), so we can apply ® and get arrows as follows.

¢f10 1(p1) ®f202(p2>
(dompy )* f e VT (codpy)*f = (dompy)* f e T (codps)* f

So, by applying ((IDf )~! to this composite, we get an arrow as follows.

dp1,cp2

(@)™ (Pl (12) © 1 (01))
CQ ? Cl

<domm (dom, cod)

Ax A

This is the desired composition arrow.
We omit the straightforward proof that this produces a valid internal category.

In [John 02], Johnstone notes (immediately after definition B2.3.5) that an internal full
subcategory comes equipped with a canonical indexed functor to the original category. This
indexed functor is full and faithful, which justifies the terminology. The next definition
describes this indexed functor in our case, which we call the “inclusion functor”.

Definition. For each I € S, we define a functor ! : S[f](I) — S/I as follows.

e An object of S[f](I), which is an arrow m : I — A, is mapped to the object m*f of
A/l

e Let p:m — nbean arrow in S[f](I). That is, we have m,n : I — A,and p: I — C is
such that domp = m and codp = n. In other words, p is an arrow (m,n) — (7))
in S/A x A; thus, we have @ﬁw(p) :m*f = n*fin §/I (where ® is from proposition
8.1.2). This is the image of p under «/.

We omit the straightforward check that this is a valid functor.

Proposition 8.1.3. For each I € S, the functor // is full and faithful. Moreover, (:!);
forms an indexed functor, which we denote ¢ : S[f] < S.

Proof. The fact that ¢/ is full and faithful follows immediately from <I>£w being a bijec-
tion. We omit the straightforward check that this defines a valid indexed functor. |
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The takeaway of this result is the following. An object of S[f]([) is an arrow n: I — A
of §, but we associate it with the object n*f of S/, which we also write as 7} : [ x,, B — [
(see the pullback square below).

n

T
I x,B—— B

w b

I —" A

Then, if m,n : I — A are objects of S[f](I), then an arrow p : m — n is an arrow m*f — n*f
of 8, which we also denote p. That is, it’s an arrow p : I x,, B — I X, B which commutes
with the first projection (see the diagram below).

I %, B

m n
N /771

1

8.2 Functors

In this section, we define two indexed functors out of S[f], and show they are equivalent.
The reason for this is that the two different definitions are useful for different purposes.

8.2.1 Products

Let S be a category with finite limits, and let f : B — A be an exponentiable arrow in S. If
C is an S-indexed category with f-indexed products (see section 6.2), then for any X € C,
we can define an indexed functor

P;X : S[f]” — C.

For each I € S, we define the functor (P;X )’ : S[f]°?(I) — C! as follows.

Objects

Let n be an object of S[f](I), which is to say it’s an arrow n : I — A, and, when considering
S[f] C S, it corresponds to n*f, which we will write as 7} : I x,, B — I (see the diagram
below).

n

T
I x,B—— B

w b

I —" A
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Then, consider the following functors.

07 I

C n CI><nB n CI

Here, (), : I x, B — 1, and II,, is right adjoint to (7})*, which exists because C has f-indexed
products and 77 is a pullback of f. Then, we just set

(B/X)!(n) = T ()3.X.

n
n

Arrows

Let p : m — n be an arrow of S[f]([); it corresponds to an arrow p : m*f — n*f, i.e. an
arrow p : I X,, B — I x,, B which commutes with the first projections. Then, we define
(P;X) (p) : (PX) (n) — (P;X)!(m) to be the unique arrow which makes the following
diagram commute.

ey xS ey
P P x5 X

Here, ¢, and ¢, are the counits of the adjunctions defining II,, and II,,. Note also that
we are using the equalities 7] o p = 7] and (), o p = (),, to obtain the isomorphisms in
the diagram. Finally, note that the existence and uniqueness of (P;X)!(p) is given by the
universal property of II,, as a right adjoint.

Proposition 8.2.1. The above defines a valid indexed functor P;X : S[f]* — C.
Moreover, the mapping X — P;X extends to a functor C — [S[f]?, C].

Proof. This is a straightforward check. |

8.2.2 Exponentials

Let S, T be categories with finite limits, let F' : S — T be a functor which preserves finite
limits, and let f : B — A be an arrow in S such that both f and F(f) are exponentiable.
For any X € T, we can define an indexed functor

E;X :S[f]* — F*T.

For each I € S, we define the functor (E;X)’ : S[f]?(I) — T /F(I) as follows.



8.2. FUNCTORS 120

Objects

Let n be an object of S[f](I), which is to say it’s an arrow n : I — A, and, when considering
S[f] C S, it corresponds to n*f, which we write as n7* : I X, B — I. Note that F(n})
is exponentiable as an object of T/F(I), since F(n}) = F(n*f) = n*F(f) and F(f) is
exponentiable (see corollary 1.4 of [Nief 82]).

Note that 71 : FI(I) x X — F(I) is the same as ()5X. Then, we let
(EpX) (n) = ((7X)7C0.

If we write n for 77" (which is hardly even abusing notation) and X for (}7X, we can say
that

(E;X) (n) = XF™),

Arrows

Let p : m — n be an arrow of S[f](/), and identify m,n with their corresponding objects
of §/I (ie., m" and 77). Then define (E;X)’(p) to be the unique arrow which makes the
following diagram commute.

evVrim
F(m) x X Fm o, x
1d x (E,X)' ()] [evro
F(p) xId
F(m) x XF®) L F(n) x Xt

In this diagram, X is considered as an object of T /F(I), as before. Moreover, evp(py)
and evp, are the evaluation arrows that come with the definition of an exponential, and
the existence and uniqueness of (E;X)!(p) is guaranteed by the universal property of the
exponential X (™).

Proposition 8.2.2. The above defines a valid indexed functor E¢X : S[f]?” — F*T.
Moreover, the mapping X — E;X extends to a functor 7 — [S[f]°?, F*T].

Proof. This is a straightforward check. |

8.2.3 Equivalence

We will show that that the indexed functors P; X and E;X are equivalent. For this to make
sense, we set the codomain of Py X to be C = F*T; note that F"*T has f-indexed products
if F'(f) is exponentiable (see propositions 6.3.6 and 6.2.4), so defining P;X is valid.
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Theorem 8.2.3. Let S, T be categories with finite limits, let /' : § — T be a functor
which preserves finite limits, and let f : B — A be an arrow in S such that both f and
F(f) are exponentiable. Then the functors

Pf,]Ef T — [S[f]ap, F*T}

are isomorphic.

-

Proof. For each X € 7 and I € S, we will construct a natural isomorphism o :

(P X) = (B X)".

Let n : I — A be an object of S[f]; we will construct an isomorphism (o), :
(P;X)!(n) = (E;X)!(n) and show it is natural in n. Recall that n corresponds to the
arrow 71" : I x,, B — I (via the inclusion S[f] < S).

Then note that the functor 77 x (=) : §/I — §/I is the same as ¥» o (77)*. Indeed,
given g : X — I, consider the pullback square below: (7])*(g) is the left vertical arrow,
50 Xan((77)*(g)) is the diagonal, which is the same as 7{ X g.

P— X

|- . b

Ix,B—=1T
In short, we find that the diagram below on the left commutes.

S/I x, B S/I x, B

(m)* I,
Sy T~ ST (7" > ST
o1 RO sp— O

If we take right adjoints along the outside of the above left diagram, we get the above right
diagram. By uniqueness of right adjoints, we find that these functors are isomorphic.
Spelled out, this means that for any Y € S/I, we have an isomorphism

BY (7)Y =5 Y™,

and this isomorphism is natural in Y. In fact, there is a unique such natural isomorphism
B, which commutes with the counits of the adjunctions. If &,, is the counit of ¥n (77)*
IL,(77)* and ev, is the counit of 77 x (=) - (=)™, then 3 is the unique map which
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makes the following diagram commute.

x BY .
w;@xn((wmw)Mm Y™

n

Y

= levn
€Y

S (n) T ()Y ———— ¥

Now, note that (),, = ()ron], and so (77)*()7 = ()%. So, if X € S, then we can form the
following isomorphism.

(o) T ()3X —— T (n7)"()3X 5"—> (()3x)

This is the isomorphism (P;X)’(n) — (E;X)’(n) we were looking for. Note that, by the
unique characterization of 3,,, we can say that (ak), is the unique arrow that makes the
following diagram commute.

X Id x (o), \ o
7 x ()5 X = > (1 X)™
~ 03¢
—l Lix leV"I
X I (rp)* (07X = Sp(rl) Ha(r7)* (01X ——— (71X

We must now show that the isomorphism (o), is natural in n. So, let p: m — n

be an arrow in S[f]|(I); we need to show that the following diagram commutes.

g x EX@, g x
o&)nl 1@
@rxym EX@L oy

Since these are two arrows into an exponential, to check they are equal, it suffices to
show they are equal when we take the product with (77*) and compose with the counit;
this is straightforward. i

8.3 Preserving indexed products

In this section, we prove that the functor E¢X preserves f-indexed products, which is to say
it turns f-indexed sums in S[f] into f-indexed products in F'*T, subject to some conditions
on the categories involved. The idea is simple: we think of the functor (E;X)! as being the
composite of the following functors:

(W) ST = (S/1)™,



8.3. PRESERVING INDEXED PRODUCTS 123

FP (SN = (T/F(I))™,
(07X) 7 (T/F(ID))? — T/F(I).

The second and third functors always preserve f-indexed products, so we just need to assume
that the first one does. However, the problem is that the exponential ({)¥X ) is not defined
on all of 7/F(I), so we can’t use this argument. We must therefore recreate this argument
while restricting our attention to objects of S[f](I).

Before we get the desired result, we need some intermediate facts.

4 N
Proposition 8.3.1. Let S be a category with finite limits, let f : B — A be an arrow

inS,letY € S/A, and let Z € §/B. Let € denote the counit of the adjunction X, - f*.
Then we have Y x X¢(Z) = X4(f*Y x Z) via the following map.

S (m), ©
Ef(f*YxZ)< s(m) fm)?sz*szfZ exld y w7

- J

Proof. Say that Y is short for g : Y — A, and Z is short for h : Z — B. Then consider
the following diagrams.

fYXZ ——Z Y xXiZ —— 7

| lh gz

Y —— B

| s s

y —9 4 y —2 4

Let’s start by examining the left diagram. The lower square is a pullback defining f*Y,
which is an arrow we write as f*Y — B. Then the product (in S/B) of f*Y and Z is
given by the top square, which is also a pullback. Thus, the overall diagram is a pullback,
and the arrow from top left to bottom right is X ¢(f*Y x Z).

Moreover, in the left diagram, the top arrow is the second projection ms, but if
we think of it as an arrow from X;(f*Y x Z), it becomes X (7). Similarly, the left
column can be viewed as an arrow from X¢(f*Y x Z) - Ato Y — A, and we can
easily check that it is precisely the composition of X¢(m) @ X¢(f*Y x Z) — 34(f*Y)
and € : X¢(f*Y) > Y.

Next, the right diagram is a pullback, because it is the definition of Y x ¥;Z (the
product in S/A). Moreover, the arrows € o ¥¢(m;) and X (m2) provide arrows from the
left diagram to the right diagram, inducing a map X;(f*Y x Z) — Y x ¥;Z. But
since both squares are pullbacks of the same maps (¢ and hf), this induced map is an
isomorphism. |
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4 N
Proposition 8.3.2. Let S be a category with finite limits. Let f : B — A be an arrow

in S, let XY € S/A, and assume the exponential XY exists, with the evaluation map
ev:Y x XV = X.

Then f*(XY), together with the evaluation map ev’ given by

FY X ) = < X)) B X

is an exponential (f*X)/™Y.

-

Proof. Given Z € §/B, we must show that the following map is a bijection.

gr—evo(Id x g)

Hom (Z, f*(XY)) > Hom (f*Y x Z, f*X)

Note that Hom(f*Y x Z, f*X) = Hom(X;(f*Y x Z), X), so in fact it suffices to show
that the following map is a bijection.

¢ : Hom(Z, f*(XY)) — Hom(f*Y x Z, f*X) = Hom(Z,(f*Y x Z), X)

To prove this, we show that this map is the same as the following chain of bijections (the
third bijection comes from proposition 8.3.1).

¢ :Hom (Z, f*(X")) ® Hom (X;Z, X¥) 2 Hom (Y x $;Z, X)
= Hom (X,(f*Y x Z), X)

So, let g : Z — f*(XY). We can follow the two maps ¢, above to get two
corresponding arrows ¢(g),¥(g) : Ls(f*Y x Z) — X; we just need to check that they
are equal. This is done with the following diagram: the top path is the arrow ¢(g) and
the bottom path is the arrow ¥(g), so we just need to show that the diagram commutes.

S (f*Y x 2) ldxg S (Y x fAXY)) — 0 (V x XY) =2 5, X

| | —

Id
SfY x $2 4 DY % 85 (XY) e e

lex1a laxldw)
Id x g

Y x5;7 — 29 sy xspxy) X Ty xy v L x

The fact that this diagram commutes is straightforward (it is mostly by naturality of the
counits), so we will not elaborate further. |

Finally, we arrive at the promised result of this section. Note that S has f-indexed
products since f is exponentiable (see proposition 6.3.6).
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Theorem 8.3.3. Let S, T be categories with finite limits, let /' : § — T be a functor
which preserves finite limits, and let f : B — A be an arrow in S such that both f and
F(f) are exponentiable.

Assume that S[f] has f-indexed sums, and that the inclusion S[f] < S preserves
f-indexed sums.

Then, for any X € T, the functor E;X : S[f]?” — F*T preserves f-indexed prod-
kucts. (That is, it maps f-indexed sums in S[f] to f-indexed products in F*T.)

/

Proof. A pullback of f is an arrow of the form #{ : [ x,, B — I for some n : [ — A.
So, for any X € S, any n: [ — A, and any Z € S[f]|(I x,, B), we must show that the
canonical arrow

(B X)' (2 2) - T (EyX)™*5(2)
is an isomorphism. Note that, if write out the definition of E ;X this arrow is

(57 1T ((5X)").

n

(On the right side, we view Z as an object of S/I x,, B.)

To start, we explain how we use the assumption that the inclusion S[f] < S pre-
serves f-indexed sums. The functor X, : S[f]({ x,, B) — S[f](I) is, by definition, the left
adjoint of (77)*. In S, the left adjoint of (7})* is ¥n, the functor given by composition
with 7], So, if we take Z € S[f]|(I x,, B) and view %,,(Z) as an object of §/I, then this
is isomorphic to ¥ (Z) (while viewing Z as an object of S/I x,, B). So, when we write
Y,.(Z), we can just treat X, as being the post-composition functor.

Moreover, we note that the functor F' : S — F*T preserves f-indexed sums (see
proposition 6.3.3 and remark 6.3.1), so we have an isomorphism ¥, (FZ) = F(%,2).

Now, before we show the canonical arrow is an isomorphism, note that for any
Y € T/F(I), we have the following chain of isomorphisms. (We use the isomorphism of
proposition 8.3.1.)

Hom (y, (<>;X)F<Enz>) > Hom ((S,FZ) x Y, ()iX)
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By the Yoneda embedding, we know these two objects are isomorphic, but we need to
show that the canonical arrow is an isomorphism. So, we must show that the arrow given
by this isomorphism is indeed the canonical one. This is a very technical calculation, since
there are many coherences to keep track of, but it is straightforward with proposition
8.3.2, so we omit the proof. |

8.4 Preserving equalizers

In this section, we prove that the functor E;X preserves equalizers, which is to say it turns
coequalizers in S[f] into equalizers in F*T. We need some assumptions on the categories
involved, but the spirit of the proof is the same as in section 8.3.

We start with a simple fact.

f
Proposition 8.4.1. Let C be a category with finite limits. Let A, B, X,Y be objects of

C, and assume that the exponentials X 4 and XP exist. Finally, let f : A — B, and let
f: XB — X4 be the usual “pre-composition with f” arrow induced by the universal
property. Then the following diagram commutes.

fo—-

Hom(Y, X 7) > Hom(Y, X4)

gl —o (f x1d) lg

Hom(B x Y, X) > Hom(A x Y, X)
\_ /

Proof. Let ¢ : Y — X?B and consider the following diagram.

AXYMAXXBMAXXA
lfxld lfxld levA

B
BXYId—X()bBXX TB)X

The left square commutes trivially, and the right square commutes by definition of f. The
top path of this diagram is the arrow obtained by following the top path of the diagram
in the theorem (applied to ¢), and the bottom path here comes from the bottom path
in the theorem. So, the two paths are equal. |

We are now ready for the desired result.

Theorem 8.4.2. Let S, T be categories with finite limits, let /' : § — T be a functor
which preserves finite limits, and let f : B — A be an arrow in S such that both f and
F(f) are exponentiable.
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Assume that the indexed categories S[f], S, and T have coequalizers, and that the
indexed functors S[f] < S and F': S — F*T preserve them.

Then for any X € S, the functor E;X : S[f]” — F*T preserves equalizers. That
is, it maps coequalizers in S[f] to equalizers in F*T.

Proof. First, we note that for any I € S and any Y € T /F([), the functor — x Y :
T/F(I) — T/F(I) preserves coequalizers. Indeed, Y is an arrow of 7, which we’ll
denote g : Y — F(I), and — x Y is the same as ¥, o g*. Since T has coequalizers, we
know that they are preserved by the transition map g*, and X, preserves coequalizers
since it is a left adjoint (of g*). Thus, the composite — X Y must also preserve them.

Now, let I € S, and consider a coequalizer diagram in S[f](/) as below.
p r
k ? m——n

We claim that the image of this diagram under E;X is an equalizer. We'll use denote
this image as follows.

F
_)F(r) X F(m) g X F(*)

F(q)
So, let Y € T/F(I), and let ¢ : Y — X¥(™ be such that F(p) o ¢ = F(q) o ¢. By the
m) XY

universal property of exponentials, ¢ corresponds to a map ¥ : F(m) x Y — X, and we
find that ¢ o (F(p) x Id) =1 o (F(q) x Id) (see proposition 8.4.1).

X F(n)

F(k)xy%F(m)xYMF(n)xy

F Id |
T e b
4 X

Now, by assumption (and by the discussion at the start of the proof), the composite
functor

S[A) — S/T —E 7/r(0) =X, 7/R(D)

preserve coequalizers, so the above is a coequalizer diagram. This tells us that there is
a unique 3 : F(n) x Y — X such that ao (F'(r) x Id) = v. But then /8 corresponds to
a:Y — X and this is a unique arrow such that F(r)oa = ¢ (again, see proposition
8.4.1).

X F(n) @) g

aT /(b F(q)

Y
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This completes the proof. |

8.5 A left inverse

We start with a simple remark.

Remark 8.5.1. Let S be a category with finite limits, and let C, D be S-indexed categories.
Then for any u € C, the following is a well-defined functor.
[C, D] > D
o y Fl(u)
(a:F=G) —— (al: F'(u) — G"(u))

In fact, this is still true if [C, D] is replaced by any of its subcategories.

We use this to establish the following isomorphism of functors.

-
Proposition 8.5.2. Let §,7 be categories with finite limits, let F' : § — T be a functor

which preserves finite limits, and let f : B — A be an arrow in S such that f and F(f)
are both exponentiable.

Let u be an object of S[f](1), and consider the composition of E; and the “evaluation
at u” functor of remark 8.5.1.

X — E;X G — G (u)

o H
T S ETs T

X = (EpX) ' (u)

If ! (u) is a terminal object of S, where ¢ : S[f] < S is the usual inclusion, then the
functor X — (E;X)"(u) is naturally isomorphic to the identity.

- /

Proof. Note that ¢"(u) is u*f, so this is a terminal object of S by assumption. Since F'
preserves finite products, F(u*f) is a terminal object of T .

Moreover, (E;X)(u) is just X¥®'/) by definition. But X exponentiated with a
terminal object is just X, so (E;X)"(u) = X, as desired. i
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In this chapter, we take the first concrete steps towards proving the third main result
of this thesis (theorem 17.2.1), which states that freely adding an object to an arithmetic
universe S gives us [Fing,S|. Roughly, chapters 9, 10, and 11 are strung together to prove
the following equivalence of categories (corollary 11.3.1); as discussed in the introduction
(section 1.2), this is a big part of proving the third main result.

[[[Cop7 S]]? F*T]fleaccc =~ [C, F*T]flez-

Here, S and T are AUs, F' : § — 7T is an AU morphism, and C'is a flex internal category. We
also recall the terms flex and flexce from section 6.2: an indexed functor is flex if it preserves
finite limits and N-finite products, and it is flexcc if it is also cocontinuous. Informally, we
think of flexcc indexed functors as coming from AU functors (see the results of section 6.3).

Where does this equivalence come from? It starts with corollary B2.5.8 of [John 02]
(which we recall in fact 10.2.1). It states that

[[C*,S], D ~ [C, D],

where D is any cocomplete S-indexed category. One direction of this equivalence is given by
precomposition with the Yoneda functor Y, and the other direction maps G to Lany G, the
left Kan extension of G' along Y (we describe these constructions in chapter 10). To obtain
the equivalence we want, we need to show that these maps both preserve flex functors, and
since Lany G is defined using colimits, this requires us to have a good understanding of
colimits in indexed categories. That is the goal of this chapter.

129
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In section 9.1, we define the colimit functor colim : [C,D] — D, and see how it extends to
an indexed functor [C,D] — D. Sections 9.2 and 9.3 each show a basic result: the fact that
colimits are computed pointwise, and the colimit interchange law. Section 9.4 shows that
the colimit functor preserves finite limits and N-finite products, and section 9.5 concludes
that taking a filtered colimit of flex functors yields a flex functor.

9.1 Defining the colimit functor

Our definition of colimits in indexed categories is based on the following fact, which comes
from proposition B2.3.20 of [John 02]. We also use the notation from the paragraph under-
neath that proposition.

Fact 9.1.1. Let § be a category with finite limits, and let D be a cocomplete S-indexed
category. Then for any internal functor f : C — C’, the functor f* : [C',D] — [C,D]
has a left adjoint colimy. If f is the functor C — 1, then f* is the diagonal functor
Ac : D — [C,D] (see section 6.4), and we denote its left adjoint by colim : [C,D] — D.

Based on this fact, we extend the colimit functor to an indexed functor.

Definition. Let S be a category with finite limits, let D be a cocomplete S-indexed category;,
and let C be an internal category in §. We define an S-indexed functor

colim : [C,D] — D

as follows. For any I € S, we must define colim” : [S3C, £3D]s/; — D!. We can view £;C as
an internal category in S/ (see remark 6.5.3), and 3D is a cocomplete S/I-indexed category
(by proposition 6.2.4, since ¥; preserves pullbacks) whose ordinary underlying category is
D!. So, we can just view this as a special case of the ordinary colimit functor given in fact
9.1.1.

In the special case when D = S, the canonical indexing of S, we can give an equivalent
definition of the colimit. Since [C,S] can be viewed as the pullback by A¢ of the canonical
indexing of [C, S| (see proposition 6.5.2), we expect that colim can be defined as an extension
like we saw in section 6.3. However, for this to make sense, we first need the following lemma.

Lemma 9.1.2. Let § be a category with finite limits such that S is cocomplete, and
let C' be an internal category in S with a terminal object. Then the following diagram
commutes (up to isomorphism).

ACT Id

S
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s

In fact, the counit colim o A = Id is an isomorphism. (Recall that colim is defined as
the left adjoint of A.)

)

Proof. Let X € S. To show that colim(AX) = X, it suffices to show that X,
equipped with the arrow Id : AX — AX, is a universal morphism from AX to A.
In fact, this also shows that the counit colim o A = Id is an isomorphism: since
both (colim(AX),nax) and (X, Idax) are universal morphisms, there is an isomorphism
¢ : colim(AX) — X such that A¢g o nax = Idax. But note that the adjunction bijec-
tion Hom(colim(AX), X) = Hom(AX,AX) is given by the maps g — Ag o nax and
h +— ex o colim(h), so we find that ¢ = ex o colim(Idax) = ex. Thus, each ey is an
isomorphism.

So, we now show that (X,Idax) is a universal morphism from AX to A. That is,
we show that for every Z € S and g : AX — AZ, there exists a unique h : X — Z such
that Ah = g.

We start with uniqueness: suppose h : X — Z satisfies Ah = g. Since we assumed
C' has terminal objects, we know in particular that C'(1) has a terminal object T". Then,
note that (AX)Y(T) = X, (AZ)Y(T) = Z and (Ah)L = h: X — Z. Therefore, we have
h = (Ah)% = gk; this shows uniqueness.

For existence, it remains to show that if we take h = gt then A(g}) =g. Let I € S
and p € C(I). Then there is an arrow p — T (where T7 is the terminal object of C'(I)),
so naturality of g’ gives a commuting square as below.

rx A4, px

9 |9k,
rz 14, pz

Indeed, we know that (AX)!(p) = I*X and (AX)! applied to an arrow is Id (and

similarly for Z). Therefore, we have g/ = g7, .

Now, we assumed C' has a terminal object, which means in particular that the
terminal objects are preserved by the transition maps. So, the functor I* : C(1) — C(I)
maps T to T;. Then, by the coherence axioms of g, we find that g7, = I*(g7) (see the
diagram below).

I*

C(1) » C(I)
g. g.

AXY = |AZY AXT = |AZ!
S I > S/1

So, gé = g{pl = I*(g+), but this is precisely the definition of (Ag%)g, so we have the

desired equality. |
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4 N
Proposition 9.1.3. Let § be a category with finite limits such that S is cocomplete,

and let C' be an internal category in & with a terminal object. The commuting diagram
of lemma 9.1.2 induces (using the definition of section 6.3) an indexed functor

colim : [C,S] — S,

where we use proposition 6.5.2 to note that [C, S] is the pullback along A of the canonical
indexing of [C,S]. This indexed functor is the same as the one defined at the beginning
KOf this section. D

Proof. This is a straightforward check. |

9.2 Pointwise colimits

In this section, we show that colimits of functor categories can be computed pointwise.
However, in order to state this result, we first need to explain what “computing pointwise”
means. For this, we need the following remark.

Remark 9.2.1. Recall that proposition 6.5.4 shows that [C, D] is an exponential for indexed
categories. If we have a third indexed category E, then this property (along with symmetry
of the cartesian product) gives us the following equivalences of categories.

E, [C,D]] ~ [C x E,D] ~ [E x C,D] ~ [C, [E, D]

We will use the following pieces of notation for passing between these categories.

e If we are given an indexed functor F' : C x E — D, then we may write F for the
corresponding functor E — [C,D] and F" for the corresponding functor C — [E, D].

e If we are given an indexed functor H : B — [C,D], then we may write H for the
corresponding functor C — [E, D].

It will be useful to give an explicit description of the mapping H — H, which we can do
using the construction given in the proof of proposition 6.5.4. So, given H : E — [C, D], the
functor H : C — [E, D] is defined as follows. For I € S, the functor

o' ¢’ — [SiE, $iD]s/r
maps ¢ € C to the indexed functor
H(c¢): S3E — 2iD
which, for any (a:J — I) € §/1, is given by
(ﬁl(c)>a & - D’
ar (HJ(a))TJ (a*c).
(Recall that T’y is Id; : J — J, viewed as an object of S/.J.)
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We now use this remark to formulate the result about pointwise colimits.

-

Proposition 9.2.2 (Colimits are computed pointwise). Let S be a category with finite
limits. Let C, D be S-indexed categories, with D cocomplete. Then [C, D] is cocomplete,
and its colimits are computed pointwise. That is, for any internal category B in S, the
following diagram commutes up to isomorphism.

|5, C. colim
:l e
C, [B,D]] colim o —

(The equivalence comes from remark 9.2.1.)

Using the notation of remark 9.2.1, if we have a functor ' : C X B — D, then

~

we have colim(F) = colim o F’. In other words, if we have G : B x C — D, then
colim(G’) = colim o G.

~

Proof. We must show that the pointwise colimit provides a left adjoint to the diagonal.
So, let F' € [B,[C,D]] and G € [C,D]; we claim that

Hom(colim o F, G) = Hom(F, AG).

Let 6 € Hom(F, AG). By unpacking all the definitions, we get the following: for
each I €8, (a:J—1)eS/I,be B(I), and ¢ € C’, we have an arrow

(0) = (F'(0)*(c) = G7(c)
in D7. Now, remark that b : I — Cj, so this is equivalent to saying
() : (F(Ide,)*™(c) = GY(e)-

On the other hand, let n € Hom(colim o F, (). Again, by unpacking all the definitions
(and using the adjunction for the colimit), we get: for each I € S, (av: J — I) € §/1,
ceCl and b € C(J), an arrow

(nl)s = (F/(6))"(a*e) = G (a")
in D7. Again, using the fact that b: J — Cj, we can consider

(nD)g : (FO(Ide, ) (c) — G (a*c).
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So, if we're given 7, then we can define 6 as follows: given o : J — I, b € B(I), and
c € C’, we can set

—

(03)e = (0 oar-

Conversely, if we're given 6, we can define 1 as follows: given o : J — I, ¢ € CF, and
be B(J), we can set

(8)5 = (6 )gc-
This gives the desired correspondence. |

9.3 The interchange law for colimits

In this section, we show that colimits satisfy an interchange law. In order to show this, we
need the following lemma.

~
Lemma 9.3.1. Let S be a category with finite limits, and let C, D be internal categories

in §. Then the following diagram commutes.

s B o5 222, p[o,s]]

ADl

AC’><D

C, [D, S]] > [C'x D,S]
\_ J

Proof. Direct computation. |

We can now state and prove the interchange law.
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Theorem 9.3.2. Let S be a category with finite limits such that S is cocomplete. Let
C, D be internal categories in S, and let

F:CxD-—=S

be an indexed functor. Using the notation of remark 9.2.1, F' induces two indexed
functors F', F' as below.

F:D—[CS] F':C —[D,S]

Then colime (colimp(F)) 2 colimp (colime (ﬁ))

%

In the above theorem, note that colim D(Z/?\ ) is an indexed functor C' — S, so we can take
its colimit again. Similarly, colim(F”) is an indexed functor D — S.

Proof. Since colimp : [D, [C,S]] — [C,S] is defined as the left adjoint of Ap, we have

an arrow
t:F - Ap <colimDﬁ> ,
and for the same reason, we have
S: colimDF\ — Ac <colimc (colimDﬁ>> :

Therefore, we get the following composite.

AD(S)

: — Ap (AC (colimc (colimDﬁ>>>

F-ts Ap (colimDZ:"\>

Now, the above arrow is in the category [D, [C, S]], so there is a corresponding arrow
in [C,[D, S]], which we denote r. We would like to know the domain and codomain of

r; its domain is P by definition of F and F ’and its codomain is as below by lemma
9.3.1.

PN Ac (AD (colimc (colimDﬁ>>>
Then, by the adjoint property, this r induces a map

colimcﬁ’\’ L) Ap (colimc <colimDﬁ >> ,
and finally, again by the adjoint property, we get a map

colimp <colimcj7\’> L colim¢ (colimpﬁ ) .
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By the same process, we get a map ' : colimc(colimpﬁ ) — colimD(colimcﬁ).

It remains to show that A and )\ are inverses of each other. To do this, we just
appeal to the uniqueness part of the adjoint property. |

9.4 The colimit preserving limits

We now turn our attention to the question of the colimit functor preserving limits. This
question is mostly answered by the following fact from [John 02].

Fact 9.4.1 (Theorem B2.6.8 in [John 02]). Let S be a pretopos, and let C' be an internal
category in S. If C' is filtered, then colim : [C,S] — S preserves finite limits.

We give a slight strengthening of this fact.

Corollary 9.4.2. Let § be an arithmetic universe, and let C' be an internal filtered
category in & with a terminal object. Then colim : [C|S] — S is an AU functor.
Moreover, the indexed functor colim : [C,S] — S is flexcc.

Proof. First, note that the colimit functor exists (without any additional assumptions)
because S is cocomplete (see proposition 6.3.7).

We know colim preserves finite limits by fact 9.4.1, and it preserves finite colimits
because it is a left adjoint. It remains to show that colim preserves list objects; however,
since it is a left adjoint and its counit is an isomorphism (by lemma 9.1.2), proposition
4.2.2 tells us that this follows from it preserving finite limits. Thus, we know that colim
is an AU functor.

For the second part, we just recall that colim : [C,S] — S is a canonical extension
(see proposition 9.1.3), so the underlying functor being an AU functor implies that its
extension is flexcc (by proposition 6.3.8). |

9.5 Filtered colimits of flex indexed functors

The goal of this section is to prove that colimits of flex functors are flex (under certain
hypotheses, including C' being filtered). Roughly, what we want is to show that taking
colimits gives us a functor

[C, [D, S] fiex] = [D, S prec-

However, to even state this result, we need to know what we mean by [D, S] .. To define
this indexed category, we first make a remark.
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Remark 9.5.1. Let S be a category with finite limits and NNO, and let C be a flex S-
indexed category. We claim that ¥;C is also flex for any I € §. It’s clear that X;7C has
finite limits since C does (see proposition 6.2.1). But what about N-finite products?

Since S is a locos, we know that S/I is a locos too, and its version of 7¥ is as below.

Id x 7¥
I xF s I x N
oo
I

If we apply X to this arrow, we get the arrow Id x 7f : I x E — I x N of S. Note that
this is a pullback of 7¥ (along mo : I x N — N), so C has (Id x 7¥)-indexed products
(by proposition 6.2.3). But then we can apply proposition 6.2.4 to conclude that 33C has
N-finite products (since ¥; preserves pullbacks).

With this remark in mind, we give the following definition.

Definition. Let S be a category with finite limits and NNO, and let C,D be flex S-indexed
categories. We write [C, D] s, for the indexed category where [C, D]}, = [X7C, D] e
(We showed that ¥7C and X3D are flex for any I in remark 9.5.1.) Note that there is an
obvious inclusion [C, D] e, — [C,D].

Before we prove the result promised at the beginning of this section, we need an inter-
mediate result.

Proposition 9.5.2. Let S be a category with finite limits and NNO, and let A, C, D
be flex S-indexed categories. If H : A — [C,D] fie;, then the corresponding indexed
functor H : C — [A,D] (see remark 9.2.1) is flex. (This is well-defined: [A,D] is flex
by proposition 6.5.5.)

Proof. Note that the explicit definition of H is found in remark 9.2.1. We start by
showing that H preserves finite limits. So, let I € S; for any ¢ € C!, H!(c) is an indexed
functor ¥3A — ¥3D such that for each (a: J — I) € §/1, we have

(ﬁf(c)) L A D’
a— (H‘](a))T‘] (a*c).
Note that a* is lex (because C is lex), and (H”7(a))?’ is lex by the assumption on H.
Therefore, since finite limits are computed pointwise for functor categories, we find that
H' is lex.
Next, we show that H preserves N-finite products. Let w7 I X, E — I be a
pullback of 7 along n : I — N; we must show that the following diagram commutes up



9.5. FILTERED COLIMITS OF FLEX INDEXED FUNCTORS 138

to isomorphism.

Ixop  HnE IXnE
C ——— [A, D]

Hni y |,

¢ —H D)

So, let x € C*»E. Following the two paths of this diagram gives us two S/I-indexed
functors

H! (IL,z), H,H>"E(z) : 3A — SiD.

We must show that for each (a:J — I) € S/I and a € A7, we have

«

(ﬁff (Hng;))“ (a) & (HnFIIX"E(a:)> (a).

We do this in two steps.

First, we can easily check that the squares in the following diagrams are pullbacks.

Ix g Blemm) g m Jx BT 5

no n FE no I E

st l Wll (e st l (14, na ldxwz
J a > 1 7 > N J ———— Jx N

Since C has N-finite products, the left square in the left diagram above gives us the com-
mutative square below on the left. Moreover, the right diagram above can be considered
to be a pullback in §/J (if we add in all the obvious arrows to J). In this way, 7'“ is an
arrow in S/J from itself to 7y = Id : J — J. Therefore, since 3*D has N-finite products
and H”7(a) preserves them (by assumption), we get the commutative square below on
the right.

CIxnE B s CJ%naE CJ %naE HW{M} c’
ngl le;la (Hj(a))w?al l(H‘](a))TJ
CI o ; CJ DI *naE ; DJ
1L, na
1

Now, using these squares and the definition of H in remark 9.2.1, we compute
(i (an))a (a) = (H'(a))"™ (a’TL,z)
~ T. *
~ (H'(a))"” (Hna(B82))
e (B (a))" (8°2)

a
a

J
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= Hm(<HJX"‘*E((7T?°‘)*CL))TJXWE(ﬁ*a:)>.

This last isomorphism uses the coherence of H with the pullback (77)*.

For the second step, we apply the construction of N-finite products in [A, D] that
was given in the proof of proposition 6.5.5. We also apply the definition of H from
remark 9.2.1. We get

(I A"5(2)) " (@)

I, ((FIIX”E((L‘))ﬁ ((W?Q)*GD
ML (B ((r%)a) ) """ (8°2)).

This is what we wanted. |

I

We are now ready to show that (most) filtered colimits of flex functors are flex. The
following theorem can be viewed as an analogue of proposition 6.2.2 in [Borc 94a].

Theorem 9.5.3. Let S be an arithmetic universe, let C' be a filtered internal category
in § with a terminal object, and let D be a flex S-indexed category.

Then, for every indexed functor G : C' — [, S] fies, the indexed functor colim(toG) :
D — S is flex. (Here, ¢ is the inclusion [D, S] e, — [D, S].)

Proof. By calculating colimits pointwise (proposition 9.2.2), we find that colim(: o G)
is isomorphic to colim o G, where colim : [C,S] — S and G : D — [C,S] is the indexed
functor corresponding to G via remark 9.2.1. Corollary 9.4.2 and proposition 9.5.2 show
(respectively) that colim and G are both flex, so their composite is too. |
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In this chapter, we continue the progress of chapter 9 towards proving the equivalence
of categories

[[[Copa S]]; F*T]flexcc = [C, F*T]flexy

which is an important part of proving the third main result of this thesis (theorem 17.2.1).
In this chapter, we ignore F" and T (this is left to chapter 11), and we prove corollary 10.5.2,
which states that

[[[COP7 SH, S]flemcc =~ [C, S] flex-

We start by defining the Yoneda functor Y (in section 10.1) and the Kan extension Lany G
(in section 10.2), which allow us to define the functors that make up this equivalence. Then,
the only difficult step to obtaining this equivalence is showing that G being flex implies
Lany G is flex (theorem 10.5.1). This step requires two intermediate results: lemma 10.3.5
(proven in section 10.3), and lemma 10.4.3 (proven in section 10.4). We put everything
together in section 10.5.

10.1 The Yoneda functor

We start this section by defining the Hom functor.

140
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Definition. Let C' be an internal category in S. Then there is an indexed functor
Hom : C? x C — S

defined as follows. For any I € S and ¢, ¢ : I — Cj, the object Hom’(c, ) € S/I is defined
by the following pullback.

e,d) —— G

l - l{dom, cod)

[—/)C()XCO

(e, )

We use this functor to define the Yoneda embeddings.

Hom

Definition. Since indexed functor categories are exponentials (proposition 6.5.4), the in-
dexed functor Hom induces two indexed functors Y, Y* as below.

Y :C = [C,S] Y*:CP = [C,S]

We call these the Yoneda embeddings. Using the notation of remark 9.2.1, we have Y = Hom

and Y* = Hom'. Note in particular that evo (Id x V) = Hom and evo (Id x Y*) = Homo o
(where o : C' x C? — C x (' is the swap arrow).

\
Proposition 10.1.1. Let S be a category with finite limits, and let C' be an internal

category in §.

e If C has finite limits, then Y : C' — [C,S] preserves them.

e If f is an exponentiable arrow in § and C' has f-indexed products, then Y : C' —
[C°P,S] preserves f-indexed products.

- J

Note: in the second point, f being exponentiable in § implies S has f-indexed products
(proposition 6.3.6), and so [C,S] does too (proposition 6.4.1); thus, the statement that ¥
preserves these products is meaningful.

Proof. For finite limits, we do the example of binary products. Given I € & and
c1,¢o € C(I), we must show that YZ(c; x ¢3) = Y(cy) x Y1(ey). These are indexed
functors X7C? — 33S, so we will show that, for each (a : J — I) € §/I and each
d € C°?(J), we have

«

(¥'(er % (;2))a(d) = (Y!(e1) x Y'(e2)) " (d).

Since Y = I—T(;n, we can use the proof of proposition 6.5.4 to obtain an explicit description
of Y based on Hom. Moreover, we know that products in functor categories are computed
pointwise (by proposition 6.4.1). Finally, we know « preserves binary products by the
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assumption on C'. So, we compute
<YI(01 X CQ))a(d) = Hom”(d, o*(c; x ¢3)) = Hom”(d, a*c; x a*cy),

(Y'(e) x Y'(@) @ = (Y(e) @ x (Yi(e) @

>~ Hom”(d, a*c;) x Hom” (d, a*cy).

(Note that in the last part, the product is in §/J.) So, to establish the desired isomor-
phism, we essentially need to show that for any d, ¢1, ¢y € C(I), we have

Hom’(d, ¢; x ¢3) = Hom!(d, ¢;) x; Hom?(d, ¢3).

These are objects of S/I, so this is not quite the isomorphism defining the product
¢ X ¢o (because that isomorphism is between external hom-sets). However, the situation
is closely related.

To analyze this situation, we’ll use our internal language; specifically, we’ll use the
characterizations of finite limits given in proposition 7.3.1. A context for the object on
the left is T'= (i : I, f,g: Cy | f :d(i) — c1(i), g : d(i) — c2(i)); by the universal
property of products, there exists a unique term h : C in the context T such that
h:d(i) — (c1 X ¢2)(i) and mh = f,mh = g. But then (i, h) is a term whose type is the
object on the left, and this gives us an arrow

Hom’(d, ¢;) x; Hom(d, ¢;) — Hom?(d, ¢; x ¢3).

We can construct the reverse arrow in the same way, and we see that these objects are
isomorphic because of the universal property of ¢; X co.

For f-indexed products, a similar technique applies. Using the construction of
products in functor categories given by proposition 6.5.5, we eventually just need to
show an isomorphism of the following form. (Here, c € C(B), a: I — A, d € C(I), and
7{, m$ come from forming the pullback I x4 B of « and f.)

Hom' (d, Mo ((75)%c)) = e (HomIXAB((Wf‘)*d, c))

This is just an internal version of the external isomorphism defining the indexed product.

We end this section with the following fact, which states that (co)presheaves can be
expressed as a colimit of representables. This fact comes from lemma B2.5.7 in [John 02];
there, it is expressed with different notation, but it’s not hard to check that its statement
implies the fact below.
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Fact 10.1.2. Let S be a pretopos, and let C' be an internal category in S. Let F': C' — S,
and consider the morphism 7 : (EltF)? — C°. Then F = colim(Y™* o ).

Dually, if E: C? — S, then F = colim(Y o 7), where 7 : Et””E — C.

10.2 The Left Yoneda Kan Extension

In this section, we define an indexed functor Lany F' based on an indexed functor F', which
is the analogue of the left Kan extension of I’ along the Yoneda functor Y. This construction
is inspired by the one given in the proof of corollary B2.5.8 in [John 02]. The definition uses
the category of elements of a copresheaf, which we recall from section 7.4.

Definition. Let S be a category with finite limits, let ID be a cocomplete S-indexed category,
let C' be an internal category in S, and let F' : C' — . Then we can construct an indexed
functor Lany F' : [C°,S] — D as follows.

First, we define the ordinary underlying functor [C°, S| — D. An object E € [C?,S]
is mapped to

colim(EltOpE T, C F>D>.

Next, for some I € S, we want to define (Lany F)! : [¥5C, ¥1S] — D!. By remark 6.5.3,
we know that ¥X7C° is the internal category I*(C°?) = (I*C) in §/I, and >35S is the
canonical self-indexing of §/I. Therefore, a functor E € [X5C,3%S] is a presheaf on I*C,
so we can form

Elt”E T YiC.

Then, we have X3F : ¥*C — 3D, and the underlying ordinary category of 33D is D!. So,
we map F to

. T i F
colim | Et*E —— I"C —— 7D |,
and this is indeed an object of D!.
The motivation for introducing the functor Lany F' is the following fact, which comes

from corollary B2.5.8 in [John 02]. (Note that the cc subscript indicates that we are referring
to cocontinuous indexed functors.)
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Fact 10.2.1. Let S be a pretopos, let C' be an internal category in S, and let D be a
cocomplete S-indexed category. Then the functor

— oY : [[C°,S], D). — [C,D]

is part of an equivalence of categories whose inverse is given by F' — Lany F'. )

-

We must comment on the this fact since, in [John 02], the functors establishing the
equivalence of categories are not included in the statement. However, they are given in the
proof of this statement, and although they are expressed slightly differently, it’s not hard to
check that they are the same as the ones we have given.

In section 10.5 and chapter 11, we will strengthen this equivalence of categories.

10.3 An alternative characterization

The goal of this section is to prove a technical result: lemma 10.3.5. This lemma provides
an alternate description of the indexed functor Lany F for a copresheaf F', and is crucial for
the proof of theorem 10.5.1. To arrive at the proof of this lemma, we start with a very basic
fact.

-

Proposition 10.3.1. Using the notation of remark 9.2.1, if F' = G o (Id x f), then
F = G o f. This is illustrated by the diagrams below.

~

BxC Y Bxp -G, R c—p_C, [BE

F F

Similarly, if F = G o (f x Id), then = a\’of.

Bxp > Mexp G B -G,

F F'

Proof. To show G o f= F , it suffices to show that their images are isomorphic under
the equivalence [C, [B, E]] — [B x C, E], which is given by H + evo (Idg x H). Applying
this map to the diagram on the right gives the diagram on the left, because F is defined
such that evo (Id x F') = F' (and similarly for G). The second case is done similarly. §

The following result is the key step for proving lemma 10.3.5. It is a version of propo-
sition 3.8.1 in [Borc 94a].
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-
Proposition 10.3.2. Let S be a pretopos such that S is cocomplete. The two following

functors [C,S] x [C°?,S] — S are isomorphic.

(F,E) — colim <(EltF)°p = oo B S)

(F, E) v colim (Elt"pE o S)

- /

Proof. Fix F' and E, and consider the following indexed functor, which we’ll denote H.
op
(ELtF)? x EltPE — T X T, gor o ¢ Hom ,

We claim that colim(colim(H)) is isomorphic to the image of the first functor, and that
colim(colim(H")) is isomorphic to the image of the second functor. If we can show this,
then we’re done by theorem 9.3.2.

First, write X = Hom o (7% x Id), so that H = K o (Id x 7). Proposition 10.3.1
tells us that H = K o 7, and proposition 9.2.2 tells us that

colim(f—[\’) = colimo H = colimo K o7 = colim(l/(\’) o

—

Applying proposition 10.3.1 again gives us K’ = Hom' o7 = Y* o7 (see the definition
of Y*), and so we can apply fact 10.1.2 to find that colim(K'’) = colim(Y* o 7%?) = F.
Thus, all together,

Colim(colim(f-]\’)) = Colim(colim([/(\’) o) = colim(F o),

which is precisely the image of the second functor.

The argument for the first functor works in exactly the same way. |

We now just make note of two short facts before arriving at the proof of lemma 10.3.5.

Remark 10.3.3. Let S be a category with finite limits, and let C,ID,[E be S-indexed
categories. Let f : C — D be an indexed functor. Then there is an indexed functor
¢ : [D,E] — [C,E] defined by the universal property of the exponential (see the diagram
below), which we denote — o f.

Cx[C,E] —&—— E
Idx(_of)T Tev
CxﬂID)E]] 1 D x [D,E]

The functor ¢ = (— o f) is given by the following formula.
¢': [Z1D, Z7E] — [ZC, TE]
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grrgoXif

The ordinary functor [D, E] — [C,E] underlying ¢ is just the usual — o f.

4 N
Proposition 10.3.4. Let S be a category with finite limits, let C' be an internal category

in §, and let F': C' = S. Then we have an isomorphism as follows.

I*(EILF)°r =~ (Elt(S3F))P

I*% A

™
[*Cop ~/ ([*C)Op

Proof. We give a sketch of the proof. First, note that the isomorphism [*C = ([*C')°P
means we can drop the “ops” in this proof. So, we need to show that I*(EltF') and
Elt(X3F) are the same, in a way compatible with the projection to I*C.

Recall (see section 7.2) that a copresheaf F' corresponds to its diagram, which in-
cludes § : Fy — Cy. The object of objects of EItF is Fj, and the functor 7 acts on
objects by the map . That means that I*7 : I*(EltF) — I*C' is the following map.

I
IxF, dx8 . 1ve

N, A

Next, recall that 3 : Fy — Cj is given by F(Idg,). So, if we consider S5 F : I*C' — S/1,
the part of its diagram corresponding to £ is

(X3 F)*G=1(1q) = Idx B:1xFy—1IxCp.

Thus, the functor 7 : EIt(X7F) — I*C' is just determined by Id x . It’s therefore clear
that Elt(X35F) is the same as I*(EltF) (they are both just I x Fjy) in a way that respects
the projection to I*C' (both projections are just Id x (). 1

Finally, we arrive at the main result of this section.
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~
Lemma 10.3.5. Let S be a pretopos such that S is cocomplete, let C' be an internal

category in S, and let F': C'— S. Consider the indexed functor Lop(F') : [CP,S] — S
defined as the composite below. (The functor — o 7% is as in remark 10.3.3.)

[cr,S] — 2™, [(EltF),§] —<olim , g

kThen Lop(F) = Lany F.

Proof. By definition, and by recalling remark 6.5.3, the I slice of Lop(F) is given by

[1*C?,S/1] — S/I
E v colim (I*(EltF)"p I rror S/I) .

By proposition 10.3.4, this is just
E v colim ((Elt(Ej}F))”p = (10)” £ S/I> .
On the other hand, the I slice of Lany F' is, by definition,
E + colim (Elt"pE LI g R S/[) .

If we let F; = X5 F, note that Fy € [I*C,S/I] (it’s a copresheaf). So the fact that these
two things are isomorphic is just an application of proposition 10.3.2. |

10.4 Revisiting the evaluation map

In this section, we prove another technical result in order to arrive at theorem 10.5.1. Es-
sentially, we show that for any ¢ € C, the evaluation map ev,. : [C,D] — D is flex. However,
this statement is not very formal, since C here should be an indexed category. Therefore,
we first need the following remarks to formalize this idea.

Remark 10.4.1. As a special case of proposition 6.5.4, we have an equivalence of categories
[C, [IC, D], D]] ~ [[C,D] x C, D].

Note that ev : C x [C,D] — D is an object of the category on the right (modulo symmetry
of x), so it has a corresponding functor on the left, that we denote

ev(_) : C— [[[[(C,]D]],]D]].

(In the non-indexed case, this functor takes ¢ € C' and maps it to the “evaluation functor”

eve: [C,D] - D : Fw— F(c).)
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Explicitly, this functor can be described as follows. For any I € S, the functor ev{_) :
C! — [¥3[C, D], ¥3D] maps = € C! to an S/I-indexed functor evl : ¥3[C, D] — Z3D. For
any (a:J — 1) € S/I, we get a fiber (evl)®: [X%5C, ¥*D] — D’. Then,

(evi)o‘ = ev‘](a*:r, —-).

Remark 10.4.2. Given a functor F': C — [D, E], what does it mean to say “for each ¢ € C,
F(c) is flex”? Since there is an inclusion ¢ : [D,E] fe, — [D,E], we should interpret this
statement to mean that I' factors through [D, E] s,

What does this mean concretely? The indexed functor F' consists of, for each [ € S, a
functor F' : C' — [D,E]’. We'd like to check that the image of F' is actually in [D, E},,,.
Since this is a full subcategory of [, ], it just suffices to show that F'(z) € [D,E]f,, for
each x.

Therefore, to check that F' factors through [D, E] fie., we need to show that for each
I €S8 and z € C!, the functor FI(z) € [D,E]! is flex.

Finally, we arrive at the main result. Note that in the statement of this lemma, it
makes sense to write [[C,S],S] fiex, because both S and [C,S] are flex. Indeed, S is flex by
proposition 6.3.7, and [C,S] is flex by proposition 6.5.5.

Lemma 10.4.3. Let S be an arithmetic universe, and let C' be an internal category. The
indexed functor ev(_y : C'—= [[C,S],S] of remark 10.4.1 factors through [[C,S], S] fiez-

Proof. By remark 10.4.2, we need to show that for each I € S and each x € C([), the
indexed functor ev’ : Z3[C,S] — X3S is flex.

We start by checking that this functor preserves finite limits. So, for each (o : J —
I) € 8/I, we must check that (evL)®: [C,S]/ — &/J preserves finite limits. By remark
10.4.1, this functor is simply

(ev)® = ev/(a*z, —) : [Z%C,2%S] — S/J
F s F7 (o).

This functor preserves finite limits because they are computed pointwise in [¥X%C, 3%S].

Next, we show that evl : X*[C,S] — %3S preserves N-finite products. This is an
S/I-indexed functor, so recall that the version of 7¥ in S/Tisldx ¥ : I x E—Ix N
(an arrow between the first projections). Now, let (o : J — I) € §/I; an arrow from
ato(m I xN —1I)in S/ is of the form (o, n) : J — I x N, and a pullback along
this arrow in S/I is still a pullback of 7 in S (see remark 9.5.1). In short, we have the
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following diagram.

J X, B > [ X E
\ ‘A
Ty I Id x 7&
9l > I X N
{a,n)

So, 77 is an arrow in S/I from an} to «, and it is a pullback of Id x 7%. Therefore, we
must show that the following diagram commutes.

Iar?
c,sper T o B
I, M,
I\«
o — &) g5

Let I € [C,S]7*"E. For the top path, we just use the definition of the evaluation functor
to compute

Ty ((evg)aﬁ”(F)) i (eVME ((axty*z, F)) o (FTE ((w?)*a*x)) .
For the bottom path, we again use the definition of the evaluation functor to compute
(ev))* (I F) = v’ (a2, Ty F) = (I F) " (o).

To proceed, we must use the construction of products in functor categories that we gave
in the proof of proposition 6.5.5. This involves taking the pullback of 77 along 7);. But
T is just the identity on J, so the corresponding pullback square is just the one below.

Id=Tsx, E

Jx, B > J X, F

Therefore, when we apply the construction, we end up with the same result as the top
path, as desired. |

10.5 Kan extension preserves limits

In this section, we show that if a copresheaf F' is flex, then so is Lany F'. We use this fact
to strengthen the equivalence of categories of fact 10.2.1.
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Theorem 10.5.1. Let S be an arithmetic universe. Let C' be an internal category in
S, and let F': C' — S. If C and F are flex, then so is Lany F' : [C?,S] — S.

Proof. Note that S is cocomplete by proposition 6.3.7. Consider the following indexed
functor (since F' is a copresheaf, we can form its category of elements).

ElsF)? T2, cor O, 10w 5], 8] (%)

Since (EItF)° is an internal category, we can take the colimit of this indexed functor.
We claim its colimit is Lany F' and that it is flex.

Step 1: We claim the colimit of (x) is Lany F.

By proposition 9.2.2, colimits in functor categories are computed pointwise, so let’s
examine the pointwise colimit of (x). That is, we must see what functor [C?,S] —
[(EltF)°P,S] it corresponds to. By applying the definitions of ev(_) (remark 10.4.1) and
— o (remark 10.3.3), it’s easy to check that (%) corresponds to the indexed functor
— o7, and so its colimit corresponds (by 9.2.2) to the functor

[C,S] —2T, [(EltF),s] —im , g

By lemma 10.3.5, this functor is isomorphic to Lany F', so we have shown that Lany F
is isomorphic to the colimit of (x).

Step 2: We claim the colimit of (x) is flex.

By lemma 10.4.3, the image of (x) lands in [[C?,S],S] fier, Moreover, since C' has
and F' preserves finite limits, proposition 7.4.4 tells us that (EItF) is strongly filtered
(hence filtered; see remark 7.4.1). So, the colimit of (k) is a filtered colimit of flex
functors. Thus, theorem 9.5.3 tells us that the colimit is flex too. Since the colimit is
Lany F', we conclude that Lany F' is flex. |

~

Corollary 10.5.2. Let S be an arithmetic universe, and let C' be a flex internal category
in §. Then the functor

—oY: [[[COP, S]]; S]fle:pcc - [C7 S]flex

is part of an equivalence of categories whose inverse is given by F' — Lany F.

- /

Proof. Fact 10.2.1 already tells us that — oY and F' — Lany F' form an equivalence of
categories between [[C?,S],S].. and [C,S]. So, it just remains to show that, when C' is
flex, both of these maps preserve flex indexed functors. For — oY, this is just a result of
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Y preserving limits (see proposition 10.1.1). For F' — Lany F', this is done in theorem
10.5.1. |
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The goal of this section is to strengthen the equivalence of categories of corollary 10.5.2.
Specifically, we want to adjust the codomain: instead of an equivalence

[[[Cgp7 SH, S]flexcc = [C, S] flex,
we want an equivalence
[[[Oop, S]]? F*T]flewcc =~ [Oa F*T]flema

where T is the canonical indexing of some AU 7T, and we have an AU functor F': S — T.
In order to make this adjustment, we will need some technical results about applying the
“change of base” F*, and how it interacts with the other parts of this equivalence.

In section 11.1, we present the equivalence of categories [C, F*D] ~ [F(C),D]; in section
11.2, we establish a naturality result for the mapping G' — Lany G; and in section 11.3, we
put these results together to get the desired equivalence.

11.1 An adjunction-like result

In this section, we’ll look at an equivalence of categories of the form [C, F*D] ~ [F(C),D].
In order to state this precisely, we first need to consider the following proposition.

Proposition 11.1.1. Let S and T be categories with finite limits, let F' : S — T
preserve finite limits, and let C' be an internal category in §. Then there is an indexed

152
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functor
Fo:C — F*(F(C))

where F : C(I) — F(C)(F(I)) maps p: [ — Cy to F(p) : F(I) = F(Cy).

Moreover, F defines a natural transformation between the functors
Id, F*F : Cat(S) — C€AZs.

Here, Cat(S) is the category of internal categories in S, and €A% s is the category of
S-indexed categories.

- /

Proof. The fact that each F is a well-defined indexed functor is easy to check. Natu-
rality is also easy. |

We are now ready for the equivalence of categories. We present it as the following fact,
which comes from [John 02] (corollary B2.3.14).

~
Fact 11.1.2. Let S and T be categories with finite limits, let F' : S — 7T preserve finite

limits, let C' be an internal category in S, and let D be a T-indexed category.

Then diagrams of shape F(C') in D are the same as diagrams of shape C' in F*D.
In particular, we get an equivalence of categories

C, F*D|s ~ [F(C),D]r.

The functor [F(C),D|r — [C, F*D]s in this equivalence is given by G +— F*G o Fg,
where F : C— F*F(C) is as in proposition 11.1.1.

- /

Note: the latter part of this fact is not included in [John 02], but it is easy to check, using
the correspondence between functors and diagrams given in lemma B2.3.13 of [John 02].

For our purposes, we need to know that this equivalence preserves limits in a special
case.

Proposition 11.1.3. Let S, 7 be arithmetic universes, let F': S — 7T be an AU functor,
and let C' be a flex internal category in S. Then F(C) is flex, and the equivalence

[O’ F*T]S = [F(C>’T]T

of fact 11.1.2 preserves flex functors both ways. That is, it restricts to an equivalence

L (C, F*Ts fiex =~ [F(C), T]7 f1ea-
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Proof. We give a sketch of the proof. Roughly, a functor G : C' — F*T preserves finite
limits if for any finite category K, the canonical natural transformation a; in the square
below is an isomorphism.

K
ok G, (FrT)X
liml 041/7 llim

However, if G’ : F(C') — T is the indexed functor corresponding to G, it’s clear that o
induces the transformation as in the following diagram.

NK
F(CK) —>(G) D
liml ﬂa2 llim

Therefore, o is an isomorphism if and only if as is an isomorphism, which yields the
desired equivalence.

For N-finite products, the argument is similar. Indeed, having N-finite products is
equivalent to a similar condition as above, but where K is replaced by an internally finite
object (which we'll see in chapter 13). Otherwise, the argument works the same. |

Finally, we apply the equivalence of categories fact to the computation of colimits.

-
Proposition 11.1.4. Let S and T be categories with finite limits, let F' : & — T

preserve finite limits, let C' be an internal category in S, and let D be a cocomplete
T-indexed category.

Let G € [C, F*D)], and let G’ € [F(C), D] be the functor corresponding to G via the
equivalence of fact 11.1.2. Then colim(G) = colim(G’) as objects of D.

- /

Proof. Colimits are defined at the level of diagrams (see the definition in [John 02],
below proposition B2.3.20), and fact 11.1.2 tells us the diagrams corresponding to G and
G’ are the same. [

11.2 Kan extension naturality

In this section, we show a kind of naturality property of the Kan extension F' +— Lany F.
Recall from section 10.2 that the Kan extension allows us to extend F € [C,D] to Lany F €
[[CP, S]], D] for any cocomplete S-indexed category ID. The goal of this section is to relate
these extensions when D changes from S to F*T. In order to do this, we need to define a
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functor F, : [C,S] — F*[F(C),T], and in order to do that, we need to talk about discrete
opfibrations.

Per definition B2.5.1 of [John 02], given a category S with finite limits and an internal
category C' in §, a discrete opfibration on C'is an internal functor f : D — C' such that the
following square is a pullback.

D, dom, Dy

[ F

C dom Cy
We write doFib(S) for the category of internal categories in & and discrete opfibrations
between them. Discrete opfibrations are important because they correspond to copresheaves
via the category of elements.

Fact 11.2.1. Let S be a category with finite limits, and let C' be an internal category
in S. Then [C,S] ~ doFib(S)/C via the map E — (EtE — C).

The above fact is proposition B2.5.3 in [John 02]. There, the category of elements isn’t
referred to by that name, but the construction of the functor [C,S] — doFib(S)/C is the
same as the definition we gave in section 7.4. With this fact, we can construct the functor
F..

Remark 11.2.2. Let S, T be categories with finite limits, and let F': S — T preserve finite
limits. If f: D — C'is a discrete opfibration in S, then F(f) : F(D) — F(C) is a discrete
opfibration in 7" — indeed, the pullback square is preserved by F'.

Therefore, we have a functor F' : doFib(S)/C — doFib(T)/F(C). By fact 11.2.1, this
gives us a functor F, : [C,S]s — [F(C), T]7. By construction, this means that given E €
[C,S], we have an isomorphism Elt(F, (F)) = F(EItF) that commutes with the projections
(see below).

Elt(F.(E))
o~ ; F(C)
F(ELE) ~ F(n)

Moreover, F, extends to an S-indexed functor F, : [C,S] — F*[F(C),T]. Indeed, on a
fiber I, we should have a functor

F{:[I"C,S/I\s — [F(I)*F(C),T/F(I)]r.

Note that I*C is an internal category in §/I, and S/I is the canonical indexing of S/I (see
remark 6.5.3). It’s also easy to check that F(I[*C') = F(I)*F(C), so were just in a special
case of the context that lets us define F; (coming from the functor F/I : S/I — T /F(I),
which preserves finite limits by proposition 2.1.7).

We now arrive at the naturality result we promised.
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4 N
Proposition 11.2.3. Let S, T be categories with finite limits, let F' : S — 7T preserve

finite limits, let C' be an internal category in S, and let D be a cocomplete T-indexed
category. Then the following diagram commutes (up to isomorphism), where the left side
is the equivalence from fact 11.1.2, and the indexed functor F', is from remark 11.2.2.

(0). Ty E2IYE oy T, 1,

~ lGHF*GoFJr

* N op *
[C7FT]3 GHL&DYG, [[[C 78]]7 FT}S

Proof. Let G € [F(C),T]7r. Recall from fact 11.1.2 that the equivalence here is given
by G+ F*G o Fg, so the bottom path yields Lany (F*G o F), while the top path yields
F*(Lany G) o F'y. We claim these indexed functors are isomorphic. We will show this is
true for the underlying ordinary functors; the other fibers are done similarly.

So, we check that the two underlying functors [C°P,S] — T are the same. For the
bottom path, we have (Lany (F*G o Fr))!; by definition of Lany, this maps E € [C°P, S|
to

colim (Elt"pE ¢ Fo prr(c) Z8 F*T).
For the top path, we have (F* Lany G)' o F,. So, this functor maps E to
colim (Elt"p(F+E) s F(0) S B).

Now, as observed in remark 11.2.2, we can replace Elt?’(F | E) in the above formula by

F(ELE).

colim (F(Elt"pE) '™ ey % D).
But now, we are taking the colimit of an object in [F(EIt°’ E), D]. By proposition 11.1.4,
the colimit of this functor is the same as the colimit of its partner in [C, F*D], which we
obtain by applying F** and pre-composing with F (see fact 11.1.2). In short, the above
colimit is isomorphic to

colim (EltOPE e pepEr?E) "L FrR0) £S F*]D).

But now, it’s clear that to show this matches the result of the bottom path, we just need
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to show that the following diagram commutes.

F*F
F*F(EWt” E) —(7>T)F*F(C)

FEIt"”ET TF )
Et?E — T 5 (O

This is just naturality of Fo (proposition 11.1.1), so we're done. |

To finish off this section, we establish the following fact about the functor F, .

Proposition 11.2.4. Let S, 7 be arithmetic universes, let F' : & — T be an AU
morphism, and let C' be an internal category in §. Then the indexed functor F. :
[C,S] — F*[F(C), T] from remark 11.2.2 is flex.

Proof. First, it’s easy to check that the following diagram commutes. .

C,Sls = [F(C),TIr

| Al
SRR N

Therefore, F; extends to an indexed functor A*[C,S] — F*A*[F(C), T], and we find
that this is the same as the indexed functor F; we defined in remark 11.2.2 (using the
equivalence A*[C,S] ~ [C,S] of proposition 6.5.2). By proposition 6.3.8, to show F',
is flex, it suffices to show that the underlying functor F', preserves finite limits and list
objects.

To show that F. preserves finite limits and list objects, we first re-examine its
definition. If we look at the proof of fact 11.2.1 in [John 02] (proposition B2.5.3), we
find that F', acts on objects as follows. Let £ : C' — S be a copresheaf; it gives us an
object E°(Id¢,) = (8 : Ey — Cp) € S/Cy. Applying F gives F(B) : F(Ey) — F(Cy),
and then we define (F, E)’ : F(C)(J) — T/J for J € T as follows.

J x4 F(Ey) —— F(Eq
q:J— F(Cy) > l F

J—2L 5 F(G

)
(8)
)

Using this description, it’s easy (if tedious) to show that F', preserves finite limits and
list objects. We show the case of binary products as an example.

Let D,E : C' — S be copresheaves. Their product D x E is computed pointwise



11.3. ANOTHER EQUIVALENCE OF CATEGORIES 158

(see proposition 6.4.1), so

(D x E)?®(Idg,) = D(Id¢,) x E(Id¢,) = (B : Do X¢, Eg — Co).
Since F preserves pullbacks, applying F’ gives F'(Dg) X p(cy) F(Eo) = F(Cy), which is just
the product F(D(Id¢,)) x F(E(Idg,)) in T/Co. Now, for J € T and q € F(C)(J),

the pullback along ¢* preserves products, so

(F.(D x E))’(q) = g (F(D“(1do,)) x F(E® (1dc,)))

= ¢"(F(D%(1dey))) x ¢" (F(E®(1dc,) )
F.D)’(q) x (F+E)”(q)

=
— (F\D x FLE)’(q).

Thus, Fy (D x E) =2 F.D x F, FE, as desired. i

11.3 Another equivalence of categories

Finally, we obtain another equivalence of categories.

Corollary 11.3.1. Let S, T be arithmetic universes, let I': & — T be an AU functor,
and let C' be a flex internal category in S. Then the functor

—oY: [[[Cmp, S]], F*T]fle:pcc — [07 F*T]fleff

is part of an equivalence of categories whose inverse is given by G — Lany G.

-

Proof. Fact 10.2.1 already tells us that — oY and G + Lany G form an equivalence
of categories between [[CP,S], F*T]. and [C, F*T]. So, it just remains to show that,
when C'is flex, both of these maps preserve flex indexed functors. For — oY, this is just
a result of Y preserving limits (see proposition 10.1.1).

So, it remains to show that if G : C — F*T is flex, then so is the functor
Lany G : [C°?,S] — F*T. By proposition 11.2.3, we know that Lany G is isomor-
phic to F*(Lany (G")) o F, where G' : F(C) — T is the indexed functor corresponding
to G. If G is flex, then so is G’ (by proposition 11.1.3). Then, theorem 10.5.1 tells us
that Lany G’ is flex; we can apply this theorem because we're considering the mapping

G’ — Lany G’
- reer [

[F(C)vT]T [[F(C)OpaT]]v T}T'

Finally, F*(Lany (G")) is flex by proposition 6.2.6, and proposition 11.2.4 tells us F, is
flex. Therefore, the composite F*(Lany (G')) o Fly = Lany G is also flex, as desired. 1
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Let C be an S-indexed category. In remark B1.4.3 of [John 02], Johnstone notes that
“the two conditions ‘C has S-indexed products’ and ‘C has finite limits’ are not entirely
independent”. Indeed, even if C has all S-indexed products, it is not guaranteed that C
has finite products. However, there are some assumptions we can place on & and C so that
having S-indexed products implies having finite products. This is described briefly in remark
B1.4.3 of [John 02]; in this chapter, we elaborate on this topic.

For this chapter, we will assume S is lextensive. In order to obtain a link between
S-indexed products and finite products, we will assume that C satisfies the extensive stack
conditions (ES conditions), which we define in section 12.2 (after proving some simple facts
in section 12.1). We use this terminology because the assumptions we use are related to the
assumption that C is a stack for the extensive topology on &, but we will not discuss stacks
directly.

In section 12.3, we establish the link between S-indexed products and finite products for
indexed categories satisfying the ES conditions. Then, in section 12.4, we show that having
N-finite products is a sufficient condition for having finite products (proposition 12.4.1, one
of the main results of this chapter). Perhaps surprisingly, it turns out that the converse
of this fact is true for internal categories; this is the content of theorem 12.4.2. Finally, in
section 12.5, we establish a similar link between preserving indexed products and preserving
finite products.

The goal of this chapter is to simplify discussions of flex categories and functors, and to
use theorem 12.4.2 to show that exponentials of finite objects are finite (theorem 15.1.1).

159
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12.1 Facts about lextensive categories

Before we introduce the notion of “extensive stack conditions”, we will prove some prelim-
inary results about extensive categories. Recall that a category C is extensive if, for any
I,J € C, the canonical functor C/I x C/J — C/(I + J) is an equivalence. The first result
shows that, in a lextensive category, we can explicitly describe the inverse of the canonical
functor.

Proposition 12.1.1. If C a lextensive category, then for any objects I, .J, the functors
+:C/IxC/J—C/(I+J)and (i},i%):C/(I+J) — C/I xC/J form an equivalence.

Proof. We must show that the two composites are naturally isomorphic to the identity.
On one hand, consider the functor + o (i§,4%). Given f : X — [+ J, we pull back along
the inclusion maps to get the diagram below.

X7 > X <4 Xy
I s |5
I —— I14+J——J

According to fact 2.1.2, extensivity implies the top row is a coproduct, so X “is” X;+ X,
which means that f “is” f;+ f;. Thus (i}, %) o+ is “equal” (isomorphic) to the identity
functor.

On the other hand, consider (i}, %) o+. Given f: X — I and g: Y — J, we form
the coproduct diagram below.

X — X+Y +—Y

b e b

I —— I+ J+—J

Extensivity now implies that the two squares are pullbacks. Thus f “is” i}(f + ¢) and

(13 p}]

g “is” i%(f + g), so as before + o (i}, %) is isomorphic to the identity. |

The following is a technical result we’ll use later.
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Proposition 12.1.2. In a lextensive category, for any x : I — J, the following diagram
is a pullback.

R AN

v v

I —2

Here, V is the codiagonal.)

k< /

Proof. We first note that it suffices to prove this in the case J = 1. Indeed, if we have
x: I — J, then we can form the following commutative diagram.

I+1 J+J<>—+<>>Il+]l

v v v
I L, J Y y 1

W =F 8

The right square is the diagram where z is () : J — 1, and the whole rectangle is the
diagram where z is () : I — 1. If these two squares are pullbacks, then the left square
is too, by the pasting law.

So, we focus our attention on the case z = () : I — 1. But now that J = 1, this is
equivalent to saying that the following diagram is a product.

\% 0+90

I¢—I+] —1+1
Moreover, note that (V, ()4 ()) : I+ I — I x (L + 1) is the same as the canonical map

(I x1)+ (I x1)— Ix(1+1). Since lextensive categories are distributive, this map is
an isomorphism, which implies that the above diagram is indeed a product. |

12.2 Extensive stack conditions

Definition. Let S be a lextensive category, and let C be an S-indexed category. We say C
satisfies the extensive stack conditions (ES conditions) if the two following conditions hold.

e CY ~ 1 (where Q is the initial object of S)

e For any I,J € S, the functor (i%,i%) : C'™/ — C! x C’ is an equivalence of categories.
We also call C an ES S-indexed category (ES for “extensive stack”).

The first important result characterizes the important classes of ES indexed categories.
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Proposition 12.2.1. Let S be a lextensive category.

e The canonical indexing S is an ES S-indexed category. Moreover, if T is a lex-
tensive category and F': & — T preserves finite limits and finite coproducts, then
F*T is an ES S-indexed category.

e Any internal category of S is an ES S-indexed category.

- J

Proof. We start with the first point. We only show that F*T satisfies the ES conditions;
the result then follows for S.

We have two ES conditions to check. First, we must show that (F*T)® ~ 1. Since
F preserves finite coproducts, we have (F*T)® = T/F(0) = T7/0. But since T is
lextensive, 7 /O ~ 1 (see corollary 2.9 of [Carb 93]).

Second, we must show that (i,4%) : T/F(I[ + J) — T/F(I) x T/F(J) is an equiv-
alence of categories. Since F' preserves finite coproducts, this is just asking whether
(i5,15) : T/(A+ B) — T /A x T /B is an equivalence, where A = F(I) and B = F(J).
This is true because T is lextensive (see proposition 12.1.1). This finishes the first point.

Now, we prove the second point. Let C' be an internal category of S. Again, we have
two ES conditions to check. First, we note that C'(0Q) ~ 1. Indeed, C'(Q) has precisely
one object and one arrow, because the arrows O — Cy and O — (' in § are unique by
definition.

Second, given I,.J, we must show that (i},i3) : C(I + J) — C(I) x C(J) is an
equivalence; we must construct its inverse. This is easy: given objects f : I — Cjy and
g:J— Cyin C(I) and C(J), we map the pair (f,g) to [f,g] : I +J — Cy, an object
of C(I + J). We define the action on arrows in the same way; it’s easy to see that this
preserves domain and codomain, and that the assignment is functorial. Moreover, it’s
clear that these functors are strict inverses of each other (not just up to isomorphism).
So, we're done. |

12.3 Products when assuming ES conditions

We are now ready to see how indexed products correspond to finite products when assuming
the ES conditions. As noted earlier, the following propositions are inspired by remark B1.4.3
in [John 02].

Proposition 12.3.1. Let S be a lextensive category, and let C be an ES S-indexed
category. Then the following statements are equivalent:

e C has Vj-indexed products, where V; : 1 + 1 — 1 is the codiagonal;
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e C has binary products.

In particular, if C has all S-indexed products, then it has binary products.

Proof. We start by proving the equivalence between the following two statements.

e For any pullback g : A — B of Vy, the functor g* has a right adjoint II,.

e For each I € S, the category C! has binary products.

By proposition 12.1.2, we know that the pullback of Vy along I — 1 is the codiagonal
Vi:I+1— 1. So, the first condition is true if and only if each V7 has a right adjoint.
It remains to show that V7 has a right adjoint if and only if C! has binary products.
Since C is ES, we know that (if, %) : C'™1 — C’ x C! is an equivalence of categories; this
implies that V7 has a right adjoint iff (i},45) o V} has one. Now, note that

(i1,i3) o V" = (i1V", i3V*) = ((Vir)", (Vig)") = ((Idp)", (Id;)*) = (Id, Id) = A,
where A : CT — C! x C' is the diagonal functor. Therefore, V# has a right adjoint if and

only if A has one, but this is equivalent to saying C! has binary products.

Now, we check the equivalence of the proposition. To do so, we must show that,
under the assumption that the pair of statements above are true, we can prove the
equivalence of the following two statements:

e The Beck-Chevalley condition holds for pullbacks of Vy;

e The transition maps preserve products.

Let x : I — J in S, and consider the following commutative square, which is a pullback

by proposition 12.1.2.

T+7-2TT 547

R
I—%

The arrows V; and V; are pullbacks of V;, so by assumption the functors V; and V%
have right adjoints. Therefore, we can form the following square, which has a canonical
natural transformation in it.

oI+ (x 4+ x)*

M-

CITCJ

CJ+J
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If we throw in the equivalence C'*! ~ C! x C! provided by the ES conditions, the diagram
changes to the following, where A* is the right adjoint of the diagonal A.

Tr* X ¥
Clxcol 2= ¢l x(c’

cl o«

l,*

Now, we remark that the canonical map ¢ is an isomorphism if and only if x* preserves
products. So, if the transition maps preserve products, then the Beck-Chevalley condition
holds.

Conversely, if the Beck-Chevalley condition holds for pullbacks of V¢, then C has V-
indexed products. But then it also has V j-indexed products because V ; is a pullback of
V1 (by proposition 12.1.2). By the same proposition, this square is a pullback. Therefore,
by the Beck-Chevalley conditions (from having V j-indexed products), the canonical
natural transformation in the diagram above is an isomorphism. |

-

o

Proposition 12.3.2. Let S be a lextensive category, and let C be an ES S-indexed
category. Then the following statements are equivalent:

e C has Z-indexed products, where Z is the unique arrow Z : O — 1;

e C has terminal objects.

In particular, if C has all S-indexed products, then it has terminal objects.

/

Proof. Before starting the proof, note that every arrow [|; : @ — I is a pullback of
O — 1; this is a consequence of extensivity. (We can rephrase this fact as saying that
I x O = Oy this is a consequence of distributivity per proposition 3.2 in [Carb 93].)

First, we note that [|5 : C! — C© (where [|; is a pullback of Z) has a right adjoint if
and only if C! has a terminal object. Indeed, by the ES property, we know that C® ~ 1,
so [|3 is just the unique functor C* — 1, and for this functor to have a right adjoint is
equivalent to saying C! has terminal objects.

Now, suppose that each C! has a terminal object, i.e. each [|7 has a right adjoint.
Given x : [ — J, remark that the following diagram is a pullback. Indeed, if we have A
with arrows A — [ and A — O, then extensivity implies A = Q.

0O ——O0

L

I %57
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If C has Z-indexed products, then it also has [] ;-indexed products (by proposition 6.2.3),
so in the diagram below (where we replace C? with 1 thanks to the ES condition), the
natural map 1 is an isomorphism.

1+———1

] N r

CI(—*CJ
T

This implies that the terminal object is preserved by z*.

Conversely, if C has terminal objects, then we can still form the above square, and
¥ is an isomorphism since x* preserves terminal objects. Therefore, the Beck-Chevalley
condition holds for pullbacks of Z, so C has Z-indexed products. |

Corollary 12.3.3. Let S be a lextensive category, and let C be an S-indexed category.
If C is ES, then it has finite products if and only if it has Vj-indexed products and
Z-indexed products (where V; and Z are as in propositions 12.3.1 and 12.3.2).

Proof. Immediate from propositions 12.3.1 and 12.3.2. |

12.4 N-finite products

Let & be an arithmetic lextensive category. Recall from section 6.2 that an S-indexed
category C has N-finite products if it has 7¥-indexed products, where 7¥ : E — N. We
use this terminology to suggest that C has finite products, but in a way where “finiteness”
is indexed by the natural numbers object N of S§. In this section, we show the relationship
between N-finite products and finite products in the ordinary sense.

Proposition 12.4.1. Let S be an arithmetic lextensive category, and let C be an ES
S-indexed category. If C has N-finite products, then it has finite products.

Proof. It suffices to show that the arrows V; : 1 +1 — 1 and Z : O — 1 are pullbacks
of €. Indeed, if this is true, then C has both Vj-indexed products and Z-indexed
products (by proposition 6.2.3), and so it has finite products by corollary 12.3.3.

We start with V3. We claim that the following diagram is a pullback.

g (012

E
lv]l lﬂzE
2 N

1] —————
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Briefly, we need to show that if f : [ — N satisfies f < 2, then thereisamapg: [ — 1+1
such that f =[0,1] o g. Since we're working in an extensive category, we can decompose
I = Iy+1- (see proposition 3.3.4), and let g be the obvious arrow lo+/I~9 — 1+1. Then,
the equality f = [0,1] o g is equivalent to saying f = 0 in the context (i : [ | f(i) = 0)
(which is obviously true) and f =1 in the context (i : I | f(i) > 0) (which is true since
f(7) > 0 means f(i) > 1, and we assumed f < 2, i.e. f <1, s0 we get f(i) =1).

For Z, we claim that the following square is a pullback.

0O —— F

L, I

1 —— N

This is shown in the proof of proposition 13.4.1. |

The above proposition is helpful, but not too surprising. More interesting would be a
converse: a case where having finite products implies having N-finite products.

This is not true in general. We can form an example similar to Fing, the internal
category of finite sets in &, which we’ll see in chapter 14. We modify its definition slightly
to define an S-indexed category BFin (B for bounded) as follows. For each I € S, we set

BFin(/) = {p: I — N | there exists n: 1 — N such that p < n}.

This is a subcategory of Fin([), and its finite products are computed the same way as
those in Fin(I). However, BFin does not have N-finite products. If it did, then it would
have to be equal to Fin, which is of course not true (for instance, Idy € Fin(N) while
Idy ¢ BFin(N)).

So, in general, having finite products doesn’t imply having N-finite products. However,
it turns out that this is true for internal categories.

Theorem 12.4.2. Let S be a locos, and let C' be an internal category in §. If C' has
finite products, then it has N-finite products.

Proof. If C has finite products, then C(1) has a terminal object ¢t : 1 — Cy, which
gives us a term t : Cj in any context; we also get the term Id; : C in any context.
Moreover, proposition 7.3.3 tells us that the binary products of C' are given by arrows

bProdOb : Cy x Cy — Cy and bProdAr : C x C; — (. So, we can define an arrow
prodOb : L(Cy) — Cjy inductively by setting

prodOb(@) = t, prodOb(c :: £) = bProdOb(e¢, prodOb(¢)).

In the same way, we get prodAr : L(C}) — C (with prodAr(@) = Id;).

To show C has N-finite products, let 7 : I x,, E — I be a pullback of 7¥ :
E — N via some arrow n : [ — N. We must show that (77)* has a right adjoint



12.4. N-FINITE PRODUCTS 167

I, : C(I x, E) — C(I).

Defining the right adjoint. We define I1,, as follows: given an object g : [ X, F —
Co of C(I %, E), theorem 5.4.1 gives us an arrow g : I — L(Cy), and we let I1,(g) =
prodObog. For an arrow h : I x, E — C of C(I x,, E), we let I1,,(h) = prodAroh. We
must show that this is well-defined: notably, we must show dom(II,(h)) = II,(domh)
and cod(Il,(h)) = II,,(codh). To show this, we first claim that

dom(prodAr(¢)) =, prodOb(L(dom)(¢)).

This is easy to show by induction on ¢, using the properties of bProdOb and bProdAr
from proposition 7.3.3. Then, we simply calculate

dom o I1,,(h) = dom o prodAr o h = prodOb o L(dom) o h = prodOb o dom o h
= IT,,(domh).

(The penultimate equality is a general fact; it’s easy to prove with theorem 5.4.1.) The
corresponding equality for the codomain is proved in the same way, so I1,, is well-defined.

Defining the counit. To prove II, is a right adjoint, we first define the counit.
For ¢ : L(Cy), write codProd(¢) = prodOb(L(cod)(¢)). Then, let

L*={¢: L(CY) | L(dom)(¢) = const(codProd(¢),len(¥))},

the collection of lists [f1, ..., f] where f; : p — ¢; and p = II;¢;. Next, define f : Cox L* —
L(C4) using theorem 5.4.1 by setting

len(f(c,?)) = len({), nth(k, f(c, £)) = nth(k, £) o proj,(c x codProd(?)).

This is well-defined: the arrow proj,(c,codProd(¢)) has codomain codProd(¢), which is
the domain of nth(k, ¢) by the definition of L*.

Now, define f' : Cy x L* — L(Cy) by f'(¢,f) = proj,(c,codProd(f)) = f(c,?).

We claim that f’ is an arrow Cy x L* — L*. To see this, we must show that for any
(c,0) : Cy x L*, we have

L(dom)(f'(c,€)) = const(codProd(f(c,£)),len(f'(c, ?))). (12.4.1)

To show this, we first note that codProd(f’(c,¥)) = ¢ x codProd(¢). Indeed, it’s easy
to compute codProd(f’(c, 0)) = ¢ x codProd(f(c,?)), and we have codProd(f(c,¢)) =
codProd(¢) because L(cod)(f(c,¢)) = L(cod)(¢). (This last equality can be shown with
the uniqueness of theorem 5.4.1: we have cod(nth(k, f(c,¢))) = cod(nth(k,¢)).)

We can now show equation 12.4.1 by appealing to the uniqueness of theorem 5.4.1.
These lists clearly have the same length, which is len(f’(c,¢)) = 1 + len(¢). We must
show these lists have the same k' element for k& < 1+ len(¢); this amounts to saying the
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k' element of the list on the left is codProd(f’(c, £)) = ¢ x codProd(f) for each k. We
split this into two cases: k£ = 0 and k > 0. For the case k = 0, we have

nth(0, L(dom)(f'(¢,£))) = dom(proj; (¢, codProd(f))) = ¢ x codProd(¥),
as desired. For the case k > 0, we have

nth(sk, L(dom)(f'(c,£))) = nth(k, L(dom)(f(c,£))) = dom(nth(k, f(c,£)))
= ¢ x codProd(¢),

as desired. So, f’ is indeed a map Cy x L* — L*.

Finally, we define a map proj : L(Cy) — L* inductively by setting proj(@) = & and
proj(c :: £) = f'(¢,proj(¢)). We note that L(cod)(proj(¢)) = ¢; we can easily show this
by induction on ¢ (using L(cod)(f(c,¥)) = L(cod)(¢), which we proved above). This also
implies that codProd(proj(¢)) = prodOb(¥).

We can now define the counit. For any object ¢ € C(I X, E), we know that
g: 1%, E— Cy. This induces a map g : I — L(Cy), and we define ¢, : I x,, E — C; by

e,(i, k) = nth(k, proj (§(0))).

We claim this is an arrow (7}")*Il,g — ¢ in C(I x,, E). For the codomain, we compute

cod (e, (i, k) = cod(nth(k, proj(g(i)))) = nth(k, L(cod)(proj(7(i))))
— nth(k,5()) = g(i, k).

For the domain, we use the fact that proj lands in L* to compute

dom(ey (i, k)) = nth(k, L(dom) (proj(7(i)))) = codProd(proj(g(i))) = prodOb(g(i)).
Since I1,,(¢g) = prodOb o g, and (7})* is just pre-composition with 77, this is indeed the
desired domain. So, this arrow is well-defined.

Establishing the adjunction. We now must show that II, is indeed a right
adjoint of (7})* with counit (¢,),. So, let f € C(I) and g € C(I x,, E); we must show
there is a map

Hom((77)"f, g) — Hom(f,IL.g)

which is the inverse of the map going the other way given by the counit. So, let ¢ be an
arrow (77)*f — g in C(I x,, E). That means that ¢ : I x,, E — (4, and this induces a
map ¢ : I — L(C}). Moreover, since dom o ¢ = f o w7, the domains of the elements in
the list ¢ are all f(i). So, we can say (f(i), ¢(i)) € P*, where

P* ={c:Cy,0: L(Cy) | L(cod)(¢) = const(c,len(?))}.
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Now, proposition 7.3.3 gives us a pairing function C Xgom C1 — C;. By using
induction (as we did for proj), we can extend it to a map pair : P* — C; which satisfies
dom(pair(c, ¢)) = ¢ and cod(pair(c, ¢)) = codProd(¢). Then, we define ¢ : I — C; by

(1) = pair(f(i), ).

We claim that v is the desired arrow f — II,,g in C (/) which gets mapped to ¢. First,
we must check that the domain and codomain match. For the codomain, we compute

cod(pair(f(i), ¢(i))) = codProd(¢(i)) = prodOb(g),
which is what we want. For the domain, we immediately get dom(pair(f (i), (3))) = £ (i),

as desired.

So, we have defined a map Hom((7?)*f, g) — Hom(f,II,,g) given by ¢ + pairo(f, @);
we must show it is the inverse of the map ¢ — €, 0 (7})*9. If we write v : Cy X, C1 — C
for the composition arrow, then for one direction, we need to show

'7(pair(f(i)7§_b(i))> Eg(iv k)) = ¢(Z7 k)

By making a couple substitutions, this is equivalent to

v(pair(f (i), $(), nth(k, proj(L(cod)((i))))) = nth(k, ¢()).

Basically, this says that if we take a list [f1, ..., fu] of arrows with common codomain,
take their pairing (f;)" ;, and then compose with the k" projection, we get f;. We will
omit this proof, but it boils down to using induction combined with the similar equality
of proposition 7.3.3. A similar argument works for the reverse direction. |

12.5 Functors preserving finite products

Now that we’ve discussed ES indexed categories which have finite products, we consider
functors on such categories which preserve these products.

Remark 12.5.1. Let § be a lextensive category, let C,D be S-indexed categories, and
let FF: C — D be an S-indexed functor. Then the following diagram commutes (up to
isomorphism).

CI+I M CI % CI
FIJrIl lFI % FI

DI+I — DI % DI
(i1, i5)

Indeed, this is trivial by noting that F’oi} = if o F/*! (by the axioms of an indexed functor).

Remark 12.5.2. Let S be a lextensive category, and let C be an ES S-indexed category.
For any I € S, let V; : I + I — I be the codiagonal, and let A; : C! — C! x C! be the
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diagonal functor.

If the right adjoints II;, A} of Vi and A; (respectively) exist, then the following diagram
commutes (up to isomorphism).

CI+I

1 s CL
m,%c e

Ixcl

Indeed, it’s easy to check that (i, 75) o Vi = A;. Taking right adjoints gives II; o FF = A%,
where F' is the right adjoint of (if,i%). But since C is ES, we know (i}, 7}) is an equivalence,
so its right adjoint is its inverse. Therefore, we have IT; = A% o (if, %), as desired.

Lemma 12.5.3. Let S be a lextensive category, let C,ID be ES S-indexed categories
with binary products, and let F': C — D be an S-indexed functor.

Then F' preserves binary products if and only if it preserves Vy-indexed products.

Proof. By proposition 12.1.2, any pullback of V; is of the form V;: I+ 1 — I. So, F
preserves Vy-indexed products iff for any I, the canonical natural transformation v in
the following square is an isomorphism.

cl+I wHI s C!
FI-i—Il / lFI
DI+I s DI
1}

(Note that we use proposition 12.3.1, along the assumption that C, D are ES with binary
products, to get the II; functors.) But now let’s enlarge this square and add some

components.
I

A7

ctxc!
Fi| PLxFI| F!
DI x D!

e N
i (i1, 13) N
I1; ’

CH—I

CI

DIJrI DI

Here, A% : CT x C! — C! is the right adjoint of the diagonal; it’s the functor creating
binary products. Remarks 12.5.1 and 12.5.2 tell us that there are natural isomorphisms
in all the cells except the right square. In the right square, there is a canonical natural
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transformation ¢ : A% o (FI x FI) = F! o A%, and its composition with the rest of the
elements gives the canonical transformation of the outer square.

Moreover (by remarks 12.5.1 and 12.5.2), since the other elements of the square are
isomorphisms, v is an isomorphism if and only if ¢ is. Therefore, F' preserves Vj-indexed
products if and only if for each I, the natural transformation ¢ is an isomorphism. But
this latter condition is equivalent to saying F! preserves binary products for each I, i.e.
F" preserves binary products. |

Lemma 12.5.4. Let S be a lextensive category, let C,D be ES S-indexed categories
with terminal objects, and let F': C — D be an S-indexed functor.

Then F preserves terminal objects if and only if it preserves Z-indexed products
(where Z is the unique map QO — 1).

Proof. A pullback of Z is [|; : @ — [. Then we can argue similarly to the previous
lemma, with the following diagram.

The details are straightforward. |

Theorem 12.5.5. Let S be an arithmetic lextensive category, let C, D be ES S-indexed
categories with N-finite products, and let F' : C — D be an S-indexed functor.

If F preserves N-finite products, then it preserves finite products.

Proof. In the proof of proposition 12.4.1, we showed that V; and Z are pullbacks of
7¥. The theorem follows from this and lemmas 12.5.3, 12.5.4. |

One might wonder if there are situations where a converse to this theorem holds, anal-
ogous to theorem 12.4.2. That is, if C' is an internal category in & with (/N-)finite products,
and ' : C — D preserves finite products, does F' preserve N-finite products? We are not
yet able to answer this question. We expect that it does not hold in general, but perhaps it
holds in the special case where D = F*T, for F' : S — T a morphism of lextensive categories.



Part 1V

Finite objects and extensions of
arithmetic universes

172



Chapter 13

Finite objects in a locos, part 1
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In this chapter and chapter 15, we prove some facts about the category of finite objects
in a locos. In general, there are many notions of finite objects in a category, such as Dedekind
finiteness or Kuratowski-finiteness (see e.g. section D5.4 of [John 02]). However, the notion
that will be most relevant to us is the notion a finite cardinal: a pullback of 7¥ : E — N
along some arrow 1 — N (see also section D5.2 of [John 02]). Therefore, we say an object
is finite if it is isomorphic to a finite cardinal (we state this as a definition in section 13.1,

below).

Our goal for this chapter and chapter 15 is to show that, in a locos C, the full subcategory
of finite objects is a Boolean topos, and that the inclusion of this subcategory preserves all
the relevant structure (see theorem 15.5.1); this is the second main result of the thesis. This
is well-known when C is a topos (see theorem D5.2.7 of [John 02]), but we show that this is
still true in the weaker setting of C being a locos.

In this chapter, we start by presenting the definition and some basic facts (in section
13.1). The first big result, in section 13.2, is that subobjects of finite objects are finite if and
only if they are complemented (theorem 13.2.3). To prove this result, we rely heavily on the
tools developed in appendix B.

Finally, we discuss finite limits and coproducts of finite objects in sections 13.3 and 13.4,
and summarize the results so far in section 13.5. We defer more complicated constructions
(exponentials and quotients) to chapter 15, since we will need the additional tools that we
develop in chapter 14.
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13.1 Definitions

Definition. In an arithmetic lextensive category C, for any arrow m : 1 — N, we write
E,, for the object given by the following pullback square. We call E,, the finite cardinal

associated to m.
E, —— F

[
1 "5 N
Equivalently, we have F,, = {k: N | k < m}, so each FE,, has a canonical inclusion into N.

We say an object X € C is finite if X = E,, for some m : 1 — N, and we write Fin(C) for
the full subcategory of finite objects in C.

Later on, we will talk about finite objects in slice categories. The following proposition
gives a characterization of these objects, but first, we establish some notation. Given an
arrow m : I — N, we write I x,, E for the following pullback.

m

T
I %, F —— F

07,

—m N
Note that we write 7]* and 75 for the projections of this particular pullback.

Proposition 13.1.1. Let C be an arithmetic lextensive category, and let I € C. An
object X € C/I is finite if and only if X is isomorphic to 77* : I x,, E — I for some
m: I — N.

Proof. Arithmetic lextensive categories are local (see proposition 2.7 in [Maie 10]), so
the functor I* : C — C/I preserves the collection of finite cardinals. (Also, the terminal
object in C/I is Id; : I — I.) Therefore, a finite object in C/I is the pullback of Id x 7&

and some n; see below.
7

]—>I><N<—I E
\lﬂ/

It’s clear that we can write n = (Id, m) for some m : I — N. So, since pullbacks in slice
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categories are computed as in the base, the pullback of these arrows gives the following.

Ix,E (mum) ok

e A
AN

I s I x N
(1d, m)

Id x 7¥

This is precisely what we wanted. |

A special case of the notation defined above is when the arrow I — N is of the form
I - 1 - N for some m : 1 — N. Since there is no risk of confusion if we specify
the domain of m, we also denote this pullback by I x,, E. Then we have the following
proposition, which will be useful for converting maps into lists.

Proposition 13.1.2. Let C be an arithmetic lextensive category, let I € C, and let
m:1— E. Then I x,, F = [ x E,,. Specifically, the map I x,, E — I x E,, given by
(i,k) — (i, k) is an isomorphism.

In particular, if C is a locos, then for any arrow ¢ : I x E,, — X, there exists a
unique arrow h : I — L(X) such that len(h(i)) = m and nth(k, h(i)) = g(i, k).

- J

Proof. By proposition 3.4.2, we know that [ x,, E = {i : [,k : E | k < m}. So, the
map I X, E — I x E,,, given by (i, k) — (i, k) is well-defined, and so is its clear inverse.
Thus, we have the desired isomorphism.

The second part of the proposition is just a special case of theorem 5.4.1. |

One might note that we have changed the order of the pullback, writing I x,, E instead
of E' X, I (as we did in chapter 5). This is simply because it will be easier to draw diagrams
in this chapter with I as the first component.

13.2 Subobjects of finite objects

In this section, we show that if F'is a subobject of E,,, then F' is finite if and only if F' is
complemented. These results rely heavily on the machinery developed in appendix B, and
we make use of the maps ¢Z, kZ, and more from that appendix.

Lemma 13.2.1. In a locos, let n : 1 — N, and let F' — FE,, be a subobject. If F is
complemented, then F' is finite (meaning F' = E,, for some m : 1 — N).
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Proof. Since F' is complemented, then by theorem 2.3.1, there is arrow d : E,, — {0,1}
such that F' — F,, is the equalizer of d and 0. To such a map d, we can associate a map
ly: 1 — L({0,1}) such that

len(¢4) = n and nth(4y, k) = d(k) for k < n.
(See proposition 13.1.2.) Now, set m = c¢Z({4), and define f; : N — N by
fi(k) = kZ(ly, k).
Remark that, if & < ¢Z(¢4) = m, then by lemma B.7.3, we have
fi(k) = kZ(ly, k) < kZ(Ly, sk) = fi(sk).

Therefore, if we let ¢« be the inclusion E,, — N, then corollary 3.6.3 tells us that the
composite fo = f1 0 is monic.

Next, note that for any k < m = c¢Z({4), we have
fa(k) = kZ(4, k) < len(fy) = n

by proposition B.6.3. This implies that f, : E,, — N induces a map f3 : E,, — E,.
Note that f3 is monic because i’ o f3 = f5, which is monic (where i’ : E,, — N).

Now, we claim that d o f3 = 0. Indeed, if &k < m = ¢Z({;), then
d<f3(k>> = nth<£d7 f3(k)) = nth(gda kZ(£d7 k)) =0
by proposition B.8.1. So, we now plan to show that the following diagram is an equalizer.

E, -, B, %; 0,1}

We need to show that for any g : X — E, such that d o g = 0, there exists a map
t: X — F,, such that g = f3 ot; the uniqueness is guaranteed since f3 is monic.

So, let g : X — E, satisfy d(g(z)) =, 0. In particular, we have
g(x) <n=len(ly) and nth(4y, g(x)) = d(g(z)) = 0.

Therefore, by proposition B.8.2, if we set t(z) = chZ({y4, g(z)), then t(x) < cZ(ly) = m
and g(z) = kZ({4,t(x)). The former condition tells us that t is a valid arrow X — E,,,
and the latter tells us that g(x) = f5(¢(x)). This is all we needed to show. i

Lemma 13.2.2. In a locos, let m,n : 1 — N, and let ¢ : E,, — E, be a subobject.
Then this subobject is complemented.
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Proof. Define g : E,, x E,,, — {0,1} by ¢g(b,a) = min{|b,i(a)|, 1}. By proposition 13.1.2,
there is a map h : E,, — L({0,1}) such that

len(h(b)) =, m and nth(h(b), a) =p, min{|b,i(a)|, 1} (for a < m).
Then, define d : E,, — {0,1} by d(b) =1 = c¢Z(h(b)). We claim that the following is an

equalizer diagram (if so, we conclude by theorem 2.3.1 that i is complemented).

; d, 0
E,, —— E, —= {0,1}

First, we must show that d o7 = 0. To show this, first note that for any a < m, we
have

nth(h(i(a)),a) = min{|i(a),i(a)|, 1} = min{0, 1} = 0.

By proposition B.8.2, the existence of a < m = len(h(i(a))) such that nth(h(i(a)),a) =0
implies in particular that ¢Z(h(i(a))) > 0. Thus,

d(i(a)) = 1 = cZ(h(i(a))) = 0,

as desired.

Now, let ¢ : X — E, be such that d o ¢ = 0. We claim there exists a unique
Y : X — E,, such that i o ¢ = ¢. Uniqueness is guaranteed by the fact that ¢ is monic,
so we just check existence.

; d,0
E, —— E, —= {0,1}
g
X

¢

Given z : X, since 0 = d(¢(x)) = 1—cZ(h(¢p(x))), we have cZ(h(¢p(x))) > 1. Therefore, if
we set ¥(x) = kZ(h(¢(x)),0), then proposition B.8.1 tells us that nth(h(¢(x)), ¥ (x)) = 0.
By definition of h, we get

0 = nth(h(¢(2)), ¢ (x)) = min{|¢(z), i(¢(2))], 1},

and therefore 0 = |p(z),i(¢)(x))| (by proposition 3.2.6), which implies ¢(x) = i(1p(x)).
Thus ¢ = i 0 1), as desired. |

Combining the above lemmas, we immediately get the following result.

Theorem 13.2.3. In a locos, let n: 1 — N, and let F' — FE,, be a subobject. Then F
is complemented if and only if F' is finite.
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Proof. Immediate by lemmas 13.2.1 and 13.2.2. |

13.3 Finite limits

In this section, we show that finite limits of finite objects are finite.

Proposition 13.3.1. In an arithmetic lextensive category C, the terminal object 1 € C
is finite. In particular, Fin(C) has a terminal object, and it is preserved by the inclusion
Fin(C) — C.

Proof. We claim 1 = F;, so we just need to show that the following square is a pullback.

(0,1)

1
I

1 % N

This is not hard: if we have a term e = (z,y) € E with 1 = n¥(e) = y, then z < y = 1,
so sx = s0, so z = 0. |

Proposition 13.3.2. Let C be a locos, and let f,g: A — B be arrows in C. If A and
B are finite, then so is the equalizer eq(f, g). In particular, Fin(C) has equalizers, and
these are preserved by the inclusion Fin(C) — C.

Proof. Let X — A be the equalizer of arrows f, g. Note that we can consider B C N,
and since f = g iff |f, g| = 0, we find that X = eq(d,0), where d : A — {0,1} is given
by d(a) = min{|f(a),g(a)|,1}. Thus X is a complemented subobject of A (by theorem
2.3.1), and since A is finite, X must be finite too by theorem 13.2.3. |

Proposition 13.3.3. Let C be a locos. If A,B € C are finite, then so is A x B.
In particular, Fin(C) has binary products, and these are preserved by the inclusion
Fin(C) — C.

Proof. Let m,n: 1 — N; we claim that F,, x E,, is isomorphic to E,,.,. To show this,
we will use the maximum function defined in section 3.7. We define maps f : E,, X E,, —
Eren and g : Een — E,, X E, as follows.

fla,b) =aen+b

glc) = (max(:v<m|a:on§c), c;max(:v<m|$on§c)on>
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First, we check that these maps are well-defined. We start with f. If a < m and b < n,
then f(a,b) <aen+n = (sa) en < m en, so this is well-defined.

Next, we consider g. Let c <men; since men >c>0,0en <c, and men > ¢,
proposition 3.7.1 tells us that there is a term max < m such that max e n < ¢ and
s(max) e n > ¢. This max is what we wrote as max(x < m | z en < ¢) in the definition
of g. Now, since max e n < ¢, there is a term k such that max e n + k = ¢; note that
this implies ¢ — max en = k. Thus, ¢g(c¢) = (max, k); we’ve noted that max < m, so it
remains to check that £ < n. To see this, note that

max en + k = c < s(max) en = max en + n;

subtracting max e n from both sides yields k& < n. This completes the check that f and
g are well-defined.

Finally, we claim these maps are inverses of each other. On one hand, if we start
with ¢ < m e n, then we’ve shown that g(c) = (max, k) where max e n + k = ¢; hence,
f(g(c)) = c¢. On the other hand, let a« < m and b < n. Denote max(x < m | zen <
aen+b) by max. We must show that max = a; if so, then (a e n + b) — (max en) = b,
and we get g(f(a,b)) = glaen+b) = (a,b).

So, it remains to show that max = a, where max = max(z <m |z en < aen+b)
and a < m, b < n. On one hand, we know that « < m and aen < aen + b, so
proposition 3.7.1 tells us that max > a. On the other hand, well-definedness of g means
that max en < aen-+b, so if we had max > a, then max en > saen = aen—+n > aen-+b,
a contradiction. So, by corollary 3.3.7, we get max < a, and we conclude max =a. |

Corollary 13.3.4. If C is a locos, then Fin(C) has finite limits, and the inclusion
Fin(C) — C preserves them.

Proof. Immediate from propositions 13.3.1, 13.3.2, and 13.3.3. |

13.4 Finite coproducts

Proposition 13.4.1. In a locos C, the initial object @ € C is finite. In particular,
Fin(C) has an initial object, and it is preserved by the inclusion map Fin(C) < C.

Proof. We claim O = E,. Note that ¥ > 0: indeed, if (m,n) : E, then 7% (m,n) =

n >m > 0. So, by proposition 3.2.3, we have 7F = s o P o 7¥, and hence the following
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diagram commutes.

EO—)E
lPowf
1 -0 NS N

Therefore, there is a map from Ej; into the pullback of 0,s. But since 0,s form a
coproduct, and we're in an extensive category, their pullback is the initial object. Thus
we have a map Ey — O; since initials are strict in an extensive category, this is an
isomorphism. |

Proposition 13.4.2. Let C be a locos. If A;B € C are finite, then so is A + B.
In particular, Fin(C) has binary coproducts, and these are preserved by the inclusion
Fin(C) — C.

Proof. Let m,n: 1 — N; we claim that F,, + E,, is isomorphic to E,,,. We'll denote
the inclusion maps into E,, + E, by i,, and i,,, and we define maps f : F,, + E, = En
and g : E,1, = B, + E, as follows.

[ k ifkeE, [ imk)  ifk<m
F(k) = {m +k ifkekE, glk) = {zn(k ~m)  else

First, we check that these maps are well-defined. We start with f: if &k € F,,, then
f(k) =k <m <m+n, and if k € E,, then f(k) = m + k < m + n. Either way, we
have f(k) < m + n, so we can say f(k) € Epn. For g, let k: E, 4, (ie. k< m+n).
If Kk <m, then k: E,,, 80 in(k) : E,, + E, is well-defined. On the other hand, if £ > m,
then since k < m + n, we have kK —m < n: indeed, kK > m means k = m + k/, with
k' =k —m, and so

s(k=m)=n=sk')~n=(sk'+m)=-m)=-n
s(k' +m) = (m+n) = sk~ (m+n)=0.

So, k : E,, and i, (k) is well-defined.

Now, we check that f and g are inverses are of each other. First, we show that go f
is the identity on E,, + F,. We split into cases: if k € E,,, then g(f(k)) = g(k) = in(k)
(because k < m), and if k € E,, then g(f(k)) = g(m + k) = i,((m + k) = m) = i, (k)
(because m + k > m). So, gf(im(k)) = im(k) and gf(i,(k)) = in(k); this shows that
gf =1d.

Finally, we show that f o g is the identity on E,,.,. Again, we split into cases. If
k < m, then f(g(k)) = f(im(k)) = k, and if & > m, then f(g(k)) = f(in(k —m)) =
m + (k= m) =k (because k > m). Thus, we get fg = Id. |
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Corollary 13.4.3. If C is a locos, then Fin(C) has finite coproducts, and the inclusion
Fin(C) — C preserves them.

Proof. Immediate from propositions 13.4.1 and 13.4.2. |

13.5 Summary

We summarize the results so far in the following theorem.

Theorem 13.5.1. If C is a locos, then Fin(C) is a lextensive category, and the inclusion
Fin(C) < C preserves finite limits and finite coproducts. Moreover, if B € C is finite,
then a subobject A < B is finite if and only if it is complemented.

Proof. In corollaries 13.3.4 and 13.4.3, we showed that Fin(C) has all finite limits and
finite products, and that these are preserved by the inclusion Fin(C) < C. To show
Fin(C) is lextensive, it just remains to show that coproducts are stable and disjoint, but
this is clear since it is true in C.

Finally, we showed in theorem 13.2.3 that subobjects of finite objects are finite if
and only if they are complemented. |
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In this chapter, we define the internal category of finite sets, Fing, and explore its
properties.

We start with the definition in section 14.1: it is a special case of the construction
discussed in chapter 8. We also explain its connection to the category of finite objects
discussed in chapter 13. Next, in section 14.2, we show that this internal category has N-
finite sums, and that they are preserved by the inclusion Fing < S. Finally, in section 14.3,
we see how the results of chapter 13 apply to give us results about Fing.

We include this chapter here so that, in chapter 15, we can use Fing to prove results
about the category of finite objects in a locos. Specifically, we will use theorem 12.4.2 to
conclude that Fing has N-finite products, and this will let us show that the category of
finite objects has exponentials (theorem 15.1.1). Later, in chapter 16, we will explore more
properties specific to Fing.

14.1 Basics

Definition. Let S be a locos. Since the arrow 7¥ : F — N in S is exponentiable (see
corollary 5.4.2), we can form the internal category S[r¥] in S (see section 8.1). We call this
the internal category of finite sets in S, and denote it Fing. (We drop the subscript if it is
clear from the context.)

182
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Of course, since Fing is defined from an exponentiable arrow, all the results from chapter
8 apply to it. For one, we have a full and faithful inclusion Fing < S (see proposition 8.1.3).
Moreover, if F': & — T is a morphism of locoi, then Pz and E ¢ are well-defined. Indeed, a
locos morphism F preserves the arrow 7 : E — N, so 7¥ and F(n¥) are both exponentiable.
Therefore, we also introduce the following notation.

Definition. Let S, 7 be locoi, and let F : S — T be a locos morphism. We will write
L7 — [Fing, F*T] for either of the functors P p,E;p : T — [Fing’, F*T] (which are
isomorphic by theorem 8.2.3).

In chapter 16, we will establish some results about the functors LX.

The remarkable thing about Fin is how it relates to the concepts of finite objects that
we discussed in section 13. (Indeed, the abuse of notation is no coincidence!)

Proposition 14.1.1. If S is a locos, then for any I € S, we have Fing(I) ~ Fin(S/I).

(More specifically, the inclusion Fing(/) < S/I lands in Fin(S/I), and this forms
an equivalence of categories.)

Proof. We know that there is a full and faithful inclusion Fing(/) < S/I which maps
an object n : I — N of Fing(I) to n*(7¥) = (a7 : I x,, E — I). Therefore, Fing([) is
(isomorphic to) the full subcategory of S/I spanned by pullbacks of 7% : E — N.

On the other hand, Fin(S/I) is defined to be the full subcategory of S/I spanned by
finite objects of §/I. But by proposition 13.1.1, finite objects of S/ are precisely those
which are isomorphic to 7f : I x,, B — I for some n : [ — N. Therefore, the inclusion
Fins(I) < S&/I lands in Fin(S/I), and it is full, faithful, and essentially surjective, so
we have the desired equivalence. |

We will use this characterization in the next section to obtain several facts about Fin.

14.2 Finite sums

In this section, we want to show that Fing has N-finite sums (when considered as an indexed
category). In order to do this, we need a technical tool about maps into list objects.

The technical result is based on the fact that, by the adjunction of theorem 5.4.1, arrows
m:I— Nand f: I x, E— X uniquely induce a map f : I — L(X). We think of f(i) as
being the list [f(7,0), ..., f(¢,m(i) — 1)], so we should be able to build this list by adding the
values f(i, k) to the list step by step. This step-by-step construction would be captured by

amap fy: 1 Xg, F — L(X) with properties given in the following proposition.
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-
Proposition 14.2.1. In a locos, let m : I — N and f : [ x,, E — X, and let

f: I — L(X) be the arrow corresponding to f via the adjunction of theorem 5.4.1.
Then there exists an arrow fy : I X4, E — L(X) that satisfies the following properties.

1. f5(i,0) = @.
2. foli,m(i)) = f(3).

3. For a < m(i), fa(i,sa) = fo(i,a) ++ [f(i,a)].

- /

Proof. We start by constructing fo. First, let py : [ X4, £ — N be the arrow mF o my;

that is, given a pair (i, k) with k£ < sm(i), we have ps(i, k) = k. Then, we can form the
following pullback square.

(I Xgm E) Xp, E —— E

! I3

Ix, E—P N

Note that we can write (I X, E) X, E ={i € I,a,b € N | b < a < sm(i)}. Then,
we can define fo : (I X4, E) X,, E — X by setting fo(i,a,b) = f(i,b) (note that this is
well-defined because b < a < m(i)). The list object correspondence gives us an arrow

fo: I Xgn E— L(X)
which satisfies len(fy(i,a)) = a and nth(fy(i,a),b) = fo(i,a,b) = f(i,b) (for b < a <
m(i)). We now check that fs satisfies the three claimed properties of the proposition.

For the first part, we note that len(fy(4,0)) = 0, so the equality follows by proposi-
tion 4.3.2.

For the second part, we appeal to uniqueness. Indeed, we have len(fs(i,m(i))) =
m(i), and for a < m(i), we have nth(f(i,m(i)),a) = f(i,b). So we get the equality by
the defining equations of f(i).

For the third part, fix i € I and a < m(i); we will show that the two lists are equal
by again invoking uniqueness. First, it is clear that these lists have the same length, sa.
Next, we must show that for any b < sa, i.e. b < a, we have

nth(fg(i, sa), b) = nth(ﬁ(i,a) + [f(i, a)), b).

We know the left hand side is equal to f(i,b). For the right hand side, we split into the
cases b < a and b > a.
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e If b < a, then since len(f5(i,a)) = a, we can use corollary 4.5.3 to get
nth( i, @) ++ [f(i, )], b) = nth(fa(i, @), b) = £(i,b).

e If b > a, then b = a since we already have b < a. Then, again using the fact that
len(f2(i,a)) = a = b and corollary 4.5.3, we have

nth(fo(i,a) ++ [/(G,0)], b) = nth([f(i,a)],0) = [(G,a) = /(i)
Thus, we have the desired equality. |

With this tool under our belt, we can show that Fin has N-finite sums. We will put
the bulk of the proof in the following lemma, and obtain the final conclusion afterwards.

Lemma 14.2.2. In a locos S, let m : I — N and let n : I x,, E — N. Then there
exist arrows s : [ — N and p: (I x,, E) X, E — E such that the following square is a

pullback.

(I xmE) %, B —L 5 E

- /

Proof. Let m : I — N,let n: I x,, E — N, and let i : [ — L(N) denote the arrow
corresponding to n (by theorem 5.4.1). We define s = S[n] : I — N to be S[n] = sumon,
where sum : L(IN) — N is the arrow define inductively by

sum(@) = 0, sum(n :: £) = n + sum(?).

Note that sum(¢; ++ ¢2) = sum(¢;) + sum(¢s); this is easy to show by induction on ¢;.

Next, let ny : I X, E — L(N) be the arrow given by proposition 14.2.1, and define
PSn|: I Xg, E — N tobe PS[n] = sumons,. Then, by viewing the object (I X, E) X, E
as

(I xXmE)x, E={i€l,a,be N|a<m(i),b<n(ia)},
we can define p: (I X, E) x,, E— E to be
pli a,8) = (PS[nl(i,a) + b, S[nl(3)).

We claim that these choices of s and p make the square into a pullback.
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First, we must check that p is well-defined. To start, let (i,a,b) be in the domain
of p. Then a < m(i), so sa < sm(i), so PS[n|(i, sa) is well-defined. Using proposition
14.2.1, we compute

PS[n](i, sa) = sum (ﬁg(z’, sa)> = sum (ﬁg(z’, a) ++ [n(i, a)])
= sum(ny(7, a)) + n(i,a) = PS[n](i,a) + n(i,a) > PS[n|(i,a) + b.

It is easy to check that PS[n|(i, —) is increasing (using the above inequality), so since
sa < m(7), we have (using propositions 14.2.1 and 3.6.1)

PSn|(i, sa) < PS[n|(i,m(i)) = sum(ny(i, m(7))) = sum(n(i)) = Sn|(7).

Thus, we have checked that PS[n|(i,a)+b < S[n](i), which shows that p is well-defined.

It is clear by definition that s and p make the square commute. So, we need to
check it is a pullback square. Unravelling the definitions, this is equivalent to checking
the following statement.

In a context C, let i : I and k : N be such that k& <¢ S[n|(i). Then there exist
unique terms a, b : N such that a < m(i), b < n(i,a), and k = PS[n](i,a)+b.

We claim that this should be accomplished by setting

a =max (z < m(i) | PS[n](i,z) < k) and b=k = PS[n|(i,a).

First, we check that this a is a valid maximum, i.e. a < m(i) and PS[n|(i,a) < k.
By proposition 3.7.1, it suffices to check that m(i) > 0 and PS[n|(:,0) < k. For the
latter, we simply use proposition 14.2.1 to compute

PS[n](i,0) = sum(nz(i,0)) = sum(&) = 0.

For the condition m(i) > 0, we note that if m(i) = 0, then proposition 14.2.1 tells us that
S[n|(i) = sum(n(:)) = sum(na (i, m(7))) = sum(na(i,0)) = sum(2) = 0. This contradicts
the condition k < S[n](7), so (by corollary 3.3.7) we must have m(i) > 0, as desired.
Therefore, we know that a < m(i) and PS[n|(i,a) < k. The latter inequality tells
us that there is some b such that PS[n](i,a) + b = k, and subtracting PS[n|(i,a) from

both sides gives the desired expression of b. So, we have chosen our a and b, and we have
shown so far that a < m(i) and k = PS[n](i,a) + b. It remains to show that b < n(i,a).

To show this last condition, we note that PS[n](i,m(i)) = S[n|(i) (using proposition
14.2.1), and since k < S[n|(i), we must have PS[n](i,m(i)) > k. Then proposition 3.7.1
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tells us that PS[n|(i,sa) > k. As noted earlier, PS[n|(i, sa) = PS[n|(i,a) + n(i,a), so
we get

PS[n](i,a) + b=k < PS[n|(i,a) + n(i,a).

Subtracting PS[n](i,a) from both sides gives b < n(i,a), as desired. i

Finally, we are ready for the statement that Fin has N-finite sums.

Proposition 14.2.3. Let S be a locos. Then the internal category Fing has N-finite
sums, and these are preserved by the inclusion Fing < S.

Proof. Recall that having N-finite sums means having 7#-indexed sums. So, consider
a pullback of 7¥, i.e. an arrow of the form 77" : I x,,, E — I for some m : [ — N. We
must show that (77*)* : Fing([ X, E) — Fing([) has a left adjoint ¥,,, and that this
left adjoint commutes with the inclusion.

Now, we know that (77")* : §/I x,, E — S/I has a left adjoint, ¥;m, which is
simply given by composition with 7{". Since Fing can be viewed as a full subcategory
of S, it suffices to show that ¥ m restricts to a functor Fing(I x,, E) — Fins(I). Or,
equivalently, we’ll show that ¥.m restricts to a functor Fin(S/I x,, E) — Fin(S/I).
(This will also imply that the Beck-Chevalley condition holds, since it holds in S.)

So, let n be an object of Fin(S/I x,, E). We will express this by saying that
n: I %, E — N, and the corresponding object of Fin(S/I x,, E) is n}" : (I X, E) X, E —
I X, E (by definition, every object of Fin(S/I X, E) is of this form, up to isomorphism).
We must show that Y.m(77) is an object of Fin(S/I); that is, we must show it is the
pullback of some s : [ — N.

(I X, E) XHEL)E

W{ll

Ix, E Ty

m
S

[ ———— N

In short, given m and n, we must construct s and p such that the above square is a
pullback (since ¥;m is just post-composition with 7{*). This is done in lemma 14.2.2. 1§

14.3 Key facts

With the following proposition, we take the results from chapter 13 and apply them to the
internal category Fin.
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Proposition 14.3.1. Let S be a locos. Then the internal category Fing has finite
limits, finite coproducts, and N-finite sums, and these are preserved by the inclusion
Fil’lg — S.

Proof. The N-finite sums are covered by proposition 14.2.3. Let I € S; note that S/I
is a locos since locoi are local (see proposition 2.13 in [Maie 05]). By proposition 14.1.1
and theorem 13.5.1, we know that Fing(/) has finite limits and finite coproducts, and
that these are preserved by the inclusion Fing(/) < S/I. It just remains to check that
the finite limits and finite coproducts are preserved by the transition maps, but this is
true since the transition maps in S are pullbacks, which preserve finite limits and finite
coproducts since S is a locos. |
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In this chapter, we continue the work of chapter 13 and obtain more results about the
category Fin(C) when C is a locos, culminating in theorem 15.5.1, the second main result of
this thesis.

In section 15.1, we show that Fin(C) has exponentials (theorem 15.1.1), thanks to the
connection between Fin(C) and Fin¢ that we developed in chapter 14.

The goal for the remainder of the chapter is to show that Fin(C) has coequalizers, and
that they are preserved by the inclusion Fin(C) — C. In section 15.3, we show this for
quotients of equivalence relations, and in section 15.4, we show it for general coequalizers.
However, the latter result requires some technical tools. So, we first show that collections of
finite lists are finite (theorem 15.1.8 in section 15.1), and we show an internal version of the
pigeonhole principle (theorem 15.2.6 in section 15.2).

We end this chapter with section 15.5, which summarizes the results of chapters 13 and
15.

15.1 Exponentials and finite lists

In this section, we show that the exponential of two finite objects is finite. We expect the
exponential (E,)F™ to be given by E,=; however, since we don’t need this fact specifically,
and since such a proof seems very technical, we prefer the following indirect proof.

189
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Theorem 15.1.1. Let C be a locos. If A, B € C are finite, then the exponential B4
exists and is finite. In particular, Fin(C) has exponentials, and these are preserved by
the inclusion Fin(C) — C.

Proof. As we noted in proposition 14.3.1, the internal category Fin¢ has finite products.
By theorem 12.4.2; Fin¢ therefore has N-finite products.

Now, let A, B € Fin(C) ~ Fing(1). By definition, we have A = E,, for some
m : 1 — N; this means that A — 1 is the pullback along m of 7¥ : E — N. Since
Fing has N-finite products, the functor A* : Fing(1) — Fing(A) has a right adjoint
II4 : Fing(A) — Fing(1), and we can set

X = II4(A*B) € Fine(1) ~ Fin(C).

We claim that X is the exponential B4 in C.
To show that X is the exponential B4 in C, it suffices to show that

HomC/I(I*A, I*B) = HOIHC/I(IL, I*X).

But now, we know that A, B, X are finite, the pullback I* preserves finite objects, and
1 € C/I (by proposition 13.3.1). Therefore, these hom-sets are between objects of
Fin(C/I) ~ Fin¢(I), and since this is a full subcategory, what we actually need to show
is

HOIIlFinC([) (I*A, ]*B> = HOHlFinc([)(I]_, I*X)

To show this, we remark that the diagram on the left is a pullback square, which
gives us the commutative diagram on the right (since Fin has N-finite products).

*

Ixd_T, 4 Fin(l x A) 2 Fin(A)
Wll l<>A I, lHA
r——1 Fin(1) «—— Fin(1)

Then, we compute

HOIIlFin([)(]l, I*X) = HOInFin([)(ﬂ, I*HAA*B) = HomFin([)(IL, Hmﬂ';A*B)

= Hompin([XA)<7Tik1,7T;A*B) = HOHlFin([XA)(T(ikﬂ,ﬂ'ik[*B).

But now, we can think of Fin(/ x A) as a full subcategory of C/I x A again, and we
have

HOI’IlFin([XA)(ﬂ'TI[,TFT[*B> = HOmc/[XA<7TT1,7TTI*B) = HOmc/I<Eﬂ17Tikﬂ,I*B).
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We can directly compute in C that ¥, 771 = I*A, so this gives us the desired isomor-
phism. |

With this result, we can already say that Fin(C) is a Boolean topos.

[Corollary 15.1.2. If C is a locos, then Fin(C) is a Boolean topos. )

Proof. In theorem 13.5.1, we showed that Fin(C) is a lextensive category and that all its
subobjects are complemented. By corollary 2.3.3, this implies that {0, 1} is a subobject
classifier for Fin(C). Finally, since Fin(C) is cartesian closed by theorem 15.1.1, we
conclude that it is a Boolean topos. |

However, we will need to know that the colimits of Fin(C) are preserved by the inclusion
into C, which is not yet guaranteed.

Now that we have shown exponentials of finite objects are finite, we see how this has
implications for collections of finite lists in a locos.

Proposition 15.1.3. Let C be a locos. Given X € C and m : 1 — N, the exponential
XEm exists and is given by L(X),, = {¢: L(X) | len(¢) = m}.

In particular, given m,n : 1 — N, the object L(E,), is finite.

Proof. We claim that L(X),, is the exponential X with the evaluation map E,, x
L(X), — X given by (k,¢) — nth(k, ). So, we must show the universal property of
the exponential, which says that for any ¢ : F,, x I — X, there exists a unique map
h: 1 — L(X),, such that nth(k, h(i)) = g(k,4). But having h : I — L(X),, is the same
as having h : I — L(X) with len(h(i)) = m. Therefore, this is just the property proven
in theorem 5.4.1 (see also proposition 13.1.2).

For any m,n : 1 — N, the above argument shows that L(E,),, is the exponential
(E,)"m, and we showed in theorem 15.1.1 that this exponential is finite. i

Next, we would like to show that the object L(X )<, = {¢ : L(X) | len(¢) < m} is
finite when X is finite. We show this in theorem 15.1.8, below; our technique is to show that
L(E,)<m is a complemented subobject of L(Eqy,),,. Specifically, a list [ay, ..., ax] in L(E,)<m,
should correspond to the list [0,...,0,1 + ay,...,1 + ax] in L(Fs,), (where we add enough
zeroes to make the length be m). However, doing this argument formally requires some
technical tools, which we establish below.

Tools for finite lists

We start by defining some functions.
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e We define fnz : L(N) — N inductively below. Intuitively, fnz(¢) gives the position
of the first non-zero element of /.

fnz(2) =0, fnz(k:0) = {1 + fonz(f) if 51; 0 .

e We define rZ : L(N) — L(N) by rz(¢) = tail(¢, fnz(()).
e We define gz : L(N) — N inductively below. Intuitively, gz(¢) = 0 means all elements

of ¢ are greater than zero.

1 itk=0

gz(2) =0, gz(k = l) = {gz(ﬁ) olse

e We define ohz : L(N) — N by ohz({) = gz(rz(¢)). Intuitively, ohz(¢) = 0 means / is
of the form [0, ...,0, z1, ..., z,] with 2y, ...,z, > 0.

For the following propositions, we assume we're working in a locos.

-

-

~
Proposition 15.1.4. We have:

1. fnz(f) <len(?)

2. f?”LZ(gl -+ 62) S len(fl) + fnz(ﬁg)

3. If a < len({) and nth(a,?) > 0, then fnZ(¢) < a.

4. If a < fnz(¢), then nth(a, ) = 0. )

Proof. The first part is an easy induction on ¢, and the second part is an easy induction
on /1. (See theorem 3.5.1 for doing induction on inequalities.)

For the third part, write ¢ = head(a, ¢) ++ tail(a, £). Since a < len(¢), we can write
tail(a, £) = nth(a, ¢) :: tail(sa, ) (proposition 4.4.6). Then by the second part,
fnz(l) = fnz <head(a, ¢) ++ (nth(a, ) :: tail(sa,ﬁ)))

< a+ fnz(nth(a,/?) : tail(sa, ?))
a+0.

For the fourth part, if a < fnz(¢), then a < len(¢) by the first part. So nth(a, )
is well-defined, and we can split into the cases nth(a,¢) = 0 and nth(a,f) > 0. The

latter case implies fnz(¢) < a, which is a contradiction (see corollary 3.3.7), so we get
nth(a, ) = 0, as desired. |

For the next proposition, we use the const arrow, which we define formally in section

15.2. Essentially, const(x, n) is the list of length n whose entries are all equal to .
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(

Proposition 15.1.5. We have ¢ = const(0, fnz(¢)) ++ rz(¢).

Proof. First, note that these lists have the same length. Indeed, the length of the right
side is fnz(f)+ (len(¢) = fnz(¢)), which is equal to len(¢) since fnz(¢) <len(¢). To show
these lists are equal, then, it remains to show that their k%" elements are the same for
all k& < len(?).

So, let k < len(¢). We split into two cases. If k < fnz({), then we have
nth(const((), fnz()) ++rz(0), k) = nth(const(0, fnz(f)), k) =0 = nth(¢, k)
by proposition 15.1.4 and corollary 4.5.3. On the other hand, if £ > fnz(¢), then

nth(const(O, fnz(l)) ++rz(f), k:) = nth(rz(¢),k =~ fnz(¢))

= nth(tail(fnz(¢), ), k ~ fnz({))
= nth(fnz(¢) + (k = fnz(¢)), £) = nth(k,?).

That’s all we needed to show. |

(

Proposition 15.1.6. We have gz(¢) < 1 and gz({; ++ {3) > gz({s).

Proof. Easy by induction. |

(

Proposition 15.1.7. If gz(¢) = 0, then we have nth(a, ¢) > 0 for each a < len(¢), and
moreover there is a unique ¢, given by ¢ = L(P)({), such that L(s)(¢') = ¢.

J

Proof. Since a < len(¢), we have ¢ = head(a, ¢) ++ (nth(a, ¢) :: tail(sa, ¢)). By proposi-
tion 15.1.6, we have

0= gz(¢) > gz(nth(a,?) :: tail(sa, ()).

So, gz(nth(a,l) :: tail(sa,?)) = 0, which implies (by definition of gz) that we cannot
have nth(a, ) = 0. Thus nth(a, ) > 0, as desired.

For the second part, set ¢’ = L(P)(¢). Then for any a < len(?), we have
nth(L(s)(¢'),a) = s(nth(¢',a)) = s(uth(L(P)(£),a)) = s(P(nth(¢,a))),

and this equals nth(¢,a) since nth(¢,a) > 0. This tells us that L(s)(¢') = ¢. For
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uniqueness, note that we must have len(¢') = len(¢), and nth(¢,a) = s(nth(¢,a)), so
nth(¢,a) = P(nth(¢,a)) = nth(L(P)(¢),a). This forces us to have ¢’ = L(P)(¥). i

We can now prove the main result.

[Theorem 15.1.8. Let C be alocos. Given m : 1 — N, if X is finite, then so is L(X)<m.]

Proof. Say that X = F,,. Note that the successor map s : F,, — Ej, is well-defined, so
we get L(s) : L(E,) — L(FE,). Then we define the following map.

L(E,) = L(E.,)
¢ — const(0,m = len()) ++ L(s)(¢).

Note that if len(¢) < m, then len(¢) = m, so this induces a map
a: L(E,)<m = L(Esy)m.

Next, note that the inclusion E, < N induces L(FE,) < L(NN), and so we can apply
the arrow ohz to terms of type L(E,,).

We now claim that the following is an equalizer diagram.

h
L(E)<m =2 L(Esn)m 0:(:; N

We showed that Fin(C) is closed under equalizers (proposition 13.3.2), so this implies
the desired result (together with theorem 15.1.1, which says that L(X),, is finite when X
is finite). The rest of the proof is dedicated to showing that this is indeed an equalizer.

First, we note that ohzoa = 0. Tt’s easy to show by induction that ohz(const(0, a)++
(") = ohz(¢') and ohz({') = gz(¢') = 0 when ¢’ = L(s)(¢). Thus, given some ¢ : L(E,)<pm,
applying ohz to «(f) does indeed give 0.

Now, we show the equalizer property. Let ¢ : L(E,),, be a term in some context,

and assume that ohz(¢) = 0. We must show that there is a unique ¢’ : L(E,)<, such
that a(¢) = ¢. We claim that ¢’ = L(P)(rz(¢)) satisfies this condition.

First, we must show that L(P)(rz(¢)) is a valid element of L(E,)<,,. It’s clear
that len(L(P)(rz(¢))) = len(rz(¢)) < len(f) = m. Moreover, it’s easy to check that
rz(¢) : L(Esy,) since £ : L(Ey,), so applying P to each component gives us something in
E,. Thus, this ¢ is a valid candidate.

Next, since we assume that 0 = ohz({) = gz(rz(¢)), proposition 15.1.7 tells us that
0" = L(P)(rz(¢)) is the unique term such that L(s)(¢') = rz(¢). Moreover, we know by
proposition 15.1.5 that

¢ = const(0, fnz(f)) ++ rz({),
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and len(¢') = len(rz(¢)) = len({) ~ fnz({) = m = fnz(¢), so
a(l') = const(0,m = len(¢')) ++ L(s)(¢') = const(0, fnz(f)) ++ rz(¢) = ¢.

Thus, ¢ is the desired term.

Finally, we must show uniqueness. Suppose that ¢’ : L(E,)<,, satisfies a(¢') = ¢.
We claim that we must have fnz(f) = m = len(¢). We split into two cases: if '/ = &,
then ¢ = const(0, m) and we find that fnz(¢) = m, so we get the equality. On the other
hand, if ¢ =k :: ¢”, then

fnz(l) = fnz (Const(O,m = len(?")) ++ (sk :: L(s)(ﬂ”)))
= (m = len(¢)) + fnz(sk :: L(s)(£"))
=m = len(¢') 4 0.
Thus, ¢ = const(0, fnz(f)) ++ L(s)(¢'). But we also know that ¢ = const(0, fnz(¢)) ++

rz(¢); by taking the tail of both of these, we find that L(s)(¢') = rz(¢). By proposition
15.1.7, this tells us that ¢/ = L(P)(rz(¢)), as desired. 1

15.2 The pigeonhole principle

In this section, we prove an internal version of the pigeonhole principle (theorem 15.2.6),
which will be a key tool for discussing general coequalizers of finite objects. (Indeed, we only
use this result in section 15.4, while working towards the proof of theorem 15.4.5.)

Proving this internal pigeonhole principle requires some more technical tools, which we
establish below. Throughout this section, we work in a locos.

Pointwise sum of lists
First, let sum : L(N) — N be the map inductively by sum(2@) = 0 and sum(x :: £) =
x 4+ sum(¢). It’s easy to show that sum(¢; ++ f2) = sum(#;) + sum(¢3) by induction on /.

Next, we want a map that can add two lists in L(/N) component wise. We start with a
map headsum : N x L(N) x L(N) — L(N) defined inductively by

headsum(0, ¢4, () = @,
headsum(sn, {1, ¢3) = (zerothDef (¢, 0) + zerothDef ({5, 0)) :: headsum(n, tr(¢;), tr(¢3)).

Note that we require the induction scheme of theorem 3.5.3 for this definition. Then, consider
L(N) xn L(N), the collection of pairs of lists of equal length. We define the arrow + :
L(N) xy L(N) = L(N) by

0y + 05 = headsum(len(¢y), (1, (5).

Note that this is different from the concatenation of lists, which is denoted ¢; 4+ ¢5. This
arrow has the following properties.
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4 N

Proposition 15.2.1. In a locos, the following are true.

1. len(¢y + ¢3) = len(¢;) = len(¥s);
2. nth(k, (; + ¢3) = nth(k, ¢1) + nth(k, ls) (for k < len(¢;) = len(¢s));

g 3. sum({; + fy) = sum(¢y) + sum(¥s).

Proof. For the first item, it’s easy to show that len(headsum(n,¢;,¢3)) = n (go by
induction on n), so the result follows easily.

For the second item, it’s easy to show (by cases on n) that tr(headsum(n, ¢, ¢5)) =
headsum(Pn, tr(¢1), tr(¢s)), and it follows that

tail(m, headsum(m, ¢, (3)) = headsum(n — m, tail(m, (1), tail(m,{3)).
Therefore, if k& < len(¢;), then we can write len(¢;) — k = sn for some n, and we have

tail
= (2Def(tail(k, {;

(k, headsum(len(¢;), ¢1, ¢5)) = headsum(sn, tail(k, £1), tail(k, £3))
),0) + zDe f(tail(k, (5),0)) :: headsum(n, tail(sk, £1), tail(sk, £5))
= (nth(k, ¢1) + nth(k, £2)) :: headsum(n, tail(sk, ¢1), tail(sk, £3)).

(For the last equality, we used the assumption k < len(¢;) = len(¢s).) Therefore,

nth(k, {1 + f3) = zeroth(tail(k, headsum(len(¢y), ¢y, (5)))
— nth(k, 1) + nth(k, £s).

Finally, for the third point, proposition 4.6.2 tells us that it suffices to show
headsum(n, ¢1, £3) = sum(head(n, ¢1)) + sum(head(n, £3)).

We show that the left hand side satisfies the defining equations of headsum. The case
n = 0 is easy; for the induction step, it suffices to show that

sum(head(sn, £)) = zerothDef(¢, 0) 4+ sum(head(n, tr(¢))).

To see this, we split into cases with ¢. If / = &, then clearly both sides equal zero. If
¢ =z :: V', then the left side is

sum(head(sn, z :: £)) = sum(zx :: head(n, ¢)) = x 4+ sum(head(n, ¢))
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(using proposition 4.6.2), while the right side is
zerothDef (z :: ¢,0) + sum(head(n, tr(z :: £))) = x 4+ sum(head(n, ¢)),

as desired. |

Proposition 15.2.2. In a locos, let ¢1, ¢y : L(N) be two terms in a context C' such that
len(¢;) = len(¢s). If nth(k, ¢1) < nth(k, ¢3) holds in the context (C,k : N | k < len(¢y)),
then sum(¢;) < sum(¥y).

Proof. Denote n = len(¢;) = len(¢5), and for simplicity, let C' be (i : I). Then n: I —
N, and we have a map I x,, E — N given by (i, k) — nth(k, () —nth(k,¢;). Then there
is a list 3 : I — L(N) such that len(¢3) = n and nth(k, ¢5) = nth(k, ¢3) — nth(k, ¢;) (by
theorem 5.4.1).

Now, since nth(k, ¢;) < nth(k, ¢2), we have nth(k, ¢;) + nth(k, ¢3) = nth(k, ¢;). But
this implies ¢y = ¢; + {3: these lists have the same length and elements (by proposition
15.2.1), so we get equality by theorem 5.4.1. Using proposition 15.2.1 one more time, we
have sum(¢y) = sum(¢;) + sum(?3), so we get sum(¢;) < sum(¢y), as desired. i

Constant lists

We can define a map const : X x N — L(X) which maps (z,n) to the list of length n which
has the value x in each position. There are two equivalent ways of defining this map. First,
we can define this inductively: const(x,0) = @ and const(z, sn) = x :: const(z,n). Second,
we can define this via the list adjunction (theorem 5.4.1): the length of const(z,n) is n, and
nth(k, const(z,n)) = z. (It’s not hard to show that these definitions are the same.) It’s easy
to show that, when dealing with lists in L(NN), we have sum(const(z,n)) = x e n.

Next, we can define a map single : N x N — L(N) given by
single(a, b) = const(0, a) ++ [1] ++ const (0, b).

It’s clear that len(single(a, b)) = a + b+ 1 and sum(single(a, b)) = 1. Moreover, we can use
corollary 4.5.3 to show that:

e if k < a, then nth(k,single(a, b)) = 0;
e nth(a,single(a, b)) = 1;
e if &k < b, then nth(a + 1 + £, single(a, b)) = 0.

In short, for k < a + b+ 1, we have

nth(k, single(a, b)) = {(1) ! |ké12,’e: " '

(To prove this formally, we can use a trichotomy argument like in the proof of theorem 3.6.2.)
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Counting occurrences

First, we define a map eqTests : N x L(N) — L(N) by induction as follows:

eqTests(z, @) = @, eqTests(z,y :: ) = |x,y| :: eqTests(zx, £).

Proposition 15.2.3. Let C be a locos. Then we have len(eqTests(x, ¢)) = len(¢), and
for k < len(¢), we have nth(k,eqTests(x,¢)) = |z, nth(k, £)|.

Proof. The first equality is an easy proof by induction on ¢. For the second, we
first note that tr(eqTests(x,)) = eqTests(x,tr(¢)) (by induction on ¢), and therefore
tail(k, eqTests(x, £)) = eqTests(z, tail(k, £)) (by induction on k).

Now, suppose that k& < len(¢). Then we can write tail(k,¢) =y :: ¢, and nth(k, ) =
y. But then we compute

nth(k, eqTests(x, £)) = zeroth(tail(k, eqTests(z, ()))
= zeroth(eqTests(z, tail(k, £)))
= zeroth(eqTests(z,y :: ')
= zeroth(|x, y| :: eqTests(x, ()
= [z, y| = |z, nth(k, )],

which is what we wanted. |

Next, we fix some m : 1 — N, and define a map countOc,, : L(E,,) — L(N) which
takes a list £ : L(FE,,) and outputs a list of length m whose k' entry tells us how many times
k occurs in the list £. This is defined as follows: we have a map E,, x L(E,,) — N given by
(k,0) — cZ(eqTests(k,)), so by proposition 13.1.2, we can define countOc,, as the unique
map such that len(countOc,,(¢)) = m and nth(k, countOc,,(¢)) = cZ(eqTests(k, ()).

Proposition 15.2.4. In a locos, let m : 1 — N. Then, for any ¢ : L(E,,), we have
sum(countOc,, (¢)) = len(¥).

Proof. We will show this by induction on ¢. First, consider the base case { = @. For
any k < m, we have

nth(k, countOc,,(2)) = c¢Z(eqTests(k, @)) = c¢Z(2) = 0,
and so we conclude by uniqueness that countOc,,(&) = const(0,m). Therefore,

sum(countOc,, (@)) = sum(const(0,m)) = 0.
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For the inductive step, we claim that
countOc,, (y :: £) = countOc,, () + single(y, m — sy).

First, we check that all the lists involved have the same length. We know by definition
that countOc,,(y :: £) and countOc,,(¢) have length m. For the third term, since y < m
(because y : E,,), we have sy < m, and so 1 +y+ (m = sy) = sy+ (m ~ sy) = m. Hence,
the lists have the same length.

Next, for k < m, we compute

nth(k, countOc,, (y :: £)) = cZ(eqTests(k,y :: £)) = cZ(|k,y| :: eqTests(k, ())

14 cZ(eqTests(k,£)) if |k,y| =0
| cZ(eqTests(k, £)) else

1 if |k,y| =0

= cZ(eqTests(k, () + {0 else

= nth(k, countOc,,(¢)) + nth(k, single(y, m = sy)).

By uniqueness and proposition 15.2.1, we conclude countOc,,(y :: £) = countOc,,(¢) +
single(y, m = sy), as desired.

Finally, with this equality, we can check the inductive step. Using proposition 15.2.1,
we compute

sum(countOc,, (y :: £)) = sum(countOc,,(¢)) + sum(single(y, m — sy))
= sum(countOc,,(¢)) + 1,

which is what we wanted. |

Final result

Before we prove the final result, we need a fact about the “count zeroes” operation from
appendix B.

Proposition 15.2.5. In a locos, let ¢ : L({0,1}) be a term in a context C. If cZ(¢) = 0,
then nth(k, ) > 0 in the context (C,k: N | k < len(¢)).

Proof. In the context (C,k : N | k < len(¢)), consider the term k. Since k < len(?),
we know that tail(k,¢) = nth(k, /) :: tail(sk,£) (see proposition 4.4.6). Now, suppose
nth(k, ¢) = 0, so that tail(k, ) = 0 :: tail(sk, ). Then, by propositions 4.6.3 and B.5.2,

we have

cZ(l) = cZ(head(k, ) + cZ(tail(k, {))
> cZ(tail(k, £))
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=cZ(0 :: tail(sk,?)) = 1 + cZ(tail(sk, £)) > 1.

But this contradicts the assumption c¢Z(¢) = 0, so we must have nth(k,¢) > 0 (using
corollary 3.3.7). [

Theorem 15.2.6 (Internal Pigeonhole Principle). Let m : 1 — N, and let ¢ : L(E,,) be
a term in a context C' such that len(¢) > m. Then there are terms 0 < a < b < len(¢)
such that nth(a, ¢) = nth(b, ).

Proof. Define f: N — N by f(z) =1~ (z = 1), and let ¢ = L(f)(countOc,,(¢)). We
claim that c¢Z(¢') > 0.

For a contradiction (using corollary 3.3.7), suppose that ¢Z(¢') = 0. By proposition
15.2.5, we have nth(k,¢’) > 0 in the context (C,k : N | k < len(¢")). That is, in the
context (C,k: N | k <len(¢)), we have

0 < nth(k, £)
= nth (k, L(f) (comntOc,, (£)))
= f(nth(k, countOc,,(¢))).

(For the second equality, we used proposition 5.1.1.) Note that 1 —a > 0 implies a = 0
(see proposition 3.2.6), so this inequality implies 0 = nth(k, countOc,,(¢)) = 1, i.e.

nth(k, countOc,,(¢)) < 1 = nth(k, const(1,m)).
Using propositions 15.2.2 and 15.2.4, this implies that
len(¢) = sum(countOc,,(¢)) < sum(const(1,m)) = m,

a contradiction to our assumption len(¢) > m.

So, we have ¢Z(¢') > 0. By proposition B.8.1, we have nth(v,¢’) = 0 for some
v < len(?") (specifically, for v = kZ(¢',0)). Then, as above, we compute

0 = nth(v, ¢')
= nth (v, L(f)(countOc,(¢)))
= f(nth(v, countOc,, (¢)))
= f(cZ(eqTests(v,?))).

Note that 1 —a = 0 implies a > 1 (by definition), so the above inequality implies
cZ(eqTests(v,0)) =1 > 1.

Using proposition 3.2.4, this gives us cZ(eqTests(v, £)) > 2.
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Now, let a = kZ(eqTests(v,¢),0) and b = kZ(eqTests(v,¢),1). Since we showed
cZ (eqTests(v, £)) > 2, proposition B.6.3 and lemma B.7.3 tell us that

0 <a <b<len(eqTests(v,?)) = len(¥).
(We also use proposition 15.2.3 for the equality). Proposition B.8.1 tells us that
nth(a, eqTests(v, £)) = 0 = nth(b, eqTests(v, £)).
And, proposition 15.2.3 tells us that
nth(a, eqTests(v, ¢)) = |v, nth(a, £)|, nth(b, eqTests(v, £)) = |v, nth(b, £)|,

so we get nth(a, ) = v = nth(b, £). Thus, we have found values of a and b that satisfy
the conditions we want. |

15.3 Quotients of equivalence relations

In this section, we show that quotients of finite objects by equivalence relations exist and
are finite. In fact, we show that these quotients are split, and thus absolute.

We start by proving some intermediate results.

Proposition 15.3.1. Let C be a lextensive category, and let f,g : R = X. Suppose
there exists a map P : X — X such that

o P?=P;
e Pf= Pg; and
e (Id,P): X — X x X factors through (f,¢) : R - X x X.

Then {x € X | z = Px} is the coequalizer of f,g. In fact, this object is part of a split
coequalizer. y

o

Proof. Let B = {x € X |z = Pz}. It is equipped with the inclusion i : B < X which
makes it the equalizer of P and Idx. Using the assumption P? = P, we can construct
«a : X — B with the universal property as follows.

' Id
B—lsX—=X
A P

i 4

X

Finally, let » : X — R be the arrow witnessing that (Id, P) factors through R. Then
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consider the following diagram.

r 7
¥~ N ¥ O\
Rf:;XTB

g

To prove the result, we will show that this diagram is a split coequalizer. To do this, we
need to prove four equalities:

1. aof=aogy;
2. aoi=Idp;
3. for=Idyx;

4. gor=1io0aq.
For the first one, we use the assumption Pf = Pg and the definition of o to compute
toaof=Pof=Pog=ioaog,

and so ao f = a0 g since 7 is a monomorphism.

For the second, we have ioaoi = Poi = i (by definition of a and because i equalizes
P,1d), so @ oi = Id because i is a monomorphism.

For the third and fourth, we note that (f, g) or = (Id, P) by definition of r. Taking
the first projection gives for = Id, and taking the second projection gives gor = P = io«
(by definition of «). i

4 N
Proposition 15.3.2. Let C be a locos, let n: 1 — N, let (f,g9) : R — FE, x E, be a

complemented equivalence relation on a finite object E,,, and let d : E,, x E, — {0,1}
be the associated map (see theorems 2.3.1 and 2.3.5).

Suppose there exists a map P : E,, — E, such that

e d(z, Px) =, 0;

e if x,z: E, are terms such that d(x, z) = 0, then Pz < z. (Note that < is applied
by noting that E, < N.)

Then P2 = P, Pf = Pg, and (Id, P) factors through R. Thus, by proposition 15.3.1,
K{x € E, | x = Px} is the quotient £, /R (in particular, it is a split coequalizer).

%
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Proof. First, we show P> = P. Let x € E,, i.e. z € N with # < n. Then d(z, Px) =0
and d(Pz, P(Pz)) = 0 by assumption. By symmetry and transitivity of d, we have
d(z, P*x) = 0. By the second assumption, this tells us that Pz < P?z. On the other
hand, d(Px, Px) = 0 by reflexivity, so the second assumption tells us P?z < Px. Thus
Pz = P?z.

Next, we show Pf = Pg. Let r : R. By definition of d, we have d(f(r),g(r)) =
0; and by the first assumption, we have d(f(r), Pf(r)) = 0. Using symmetry and
transitivity of d, we get d(g(r), Pf(r)) = 0, and so the second assumption implies that
Pg(r) < Pf(r). But we can obtain Pf(r) < Pg(r) in the same way, so we conclude
Pf(r) = Py(r).

Finally, we claim that (Id, P) factors through R. Since (f, g) is complemented, it is
the equalizer of d, 0.

d,0
R <% X x X —= {0,1}

Therefore, by the equalizer property, to show (Id, P) factors through R, it suffices to show
that do(Id, P) = 0. But this is just saying d(z, Pz) = 0, which is true by assumption. N

o

-
Proposition 15.3.3. Let C be a locos, and let n: 1 — N. Forany d: E, x E, — {0,1}

which satisfies the equivalence relation axioms (see theorem 2.3.5), there exists a map
P FE, — E, such that

1. d(z, Px) =, 0;

2. if x,z : E, are terms in a context C' such that d(z, z) =¢ 0, then Pz <¢ z.

/

Proof. Since we have d : E,, x E,, — {0, 1}, proposition 13.1.2 tells us that there exists a
(unique) arrow ¢ : E,, — L({0,1}) such that len(g(z)) =, n and nth(g(z), k) =, d(z, k).
Then, let

P(z) = 2Z(g(x)).

(The arrow zZ is from appendix B.) Note that P : E,, — N. However, since d is reflexive,
we have 0 =, d(z,z) =, nth(g(z), z), so proposition B.2.3 tells us that

P(z) =, 2Z(g(x)) <, x <z n.

Thus, we can say that P : E,, — F,,. We now check that P satisfies the desired properties.
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For (1), note that
d(z, Px) = nth(g(z), Pz) = nth(g(z), 2Z(g(z))).

Since zZ(g(z)) < n = len(g(x)) (as noted above), we can apply proposition B.2.1 to
conclude that nth(g(z),2Z(g(x))) = 0, as desired.

For (2), if d(x, z) = 0, then nth(g(z),z) = 0, so by proposition B.2.3 we conclude
that

P(z) = 2Z(g(x)) < z,

as desired. |

Corollary 15.3.4. Let C be a locos, let B € C, and let A — B x B be an equivalence
relation on B. If A and B are finite, then the quotient B/A exists and is finite, and
A = B — B/A is a split coequalizer.

In particular, Fin(C) has split quotients of equivalence relations.

Proof. Since B is finite, so is B x B (by proposition 13.3.3). Therefore, the subobject
A < B x B is complemented (by theorem 13.2.3), so we get an associated equivalence
relation map d : B x B — {0, 1} (by theorems 2.3.1 and 2.3.5).

Now, since B is finite, say that B = E,, for some n : 1 —+ N. Since d : E,, X E, —
{0,1} is an equivalence relation map, proposition 15.3.3 tells us there exists a map
P : E, — E, such that (1) d(z, Px) = 0, and (2) d(z,2) = 0 implies Pz < z. By
proposition 15.3.2, this implies that {x € F,, | z = Pz} is the desired quotient, and it is
a split coequalizer.

It remains to show that this quotient is finite; since it is defined as the equalizer of
the maps Id, P : E,, — E,, this is true by proposition 13.3.2. |

15.4 (General coequalizers

Finally, in this section, we show that Fin(C) has arbitrary coequalizers, and that these are
preserved by the inclusion into C. This is stated as theorem 15.4.5; as we’ll see in its proof,
the strategy is based on Maietti’s construction of coequalizers in an arithmetic universe
(proposition 3.10 of [Maie 10]).

To achieve this proof, we’ll need some technical tools, which we establish before arriving
at the main result.
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Cutting out repeats from a list

We define a map cutRep : L(N) — L(N) by induction as follows:

cutRep(@) = o,

n_ Jtail(zz(eqTests(z, £)), £) if zz(eqTests(z, £)) < len()
cutRep(z :: £) = { x :: cutRep(¥) else '

Proposition 15.4.1. In a locos C, we have len(cutRep(¢)) < len(¢) and

len(cutRep(¢)) < max {P(len(f)), k + len(cutRep(tail(k, 6)))}

Proof. The first part is an easy induction on ¢: it’s clear that len(tail(k, ¢)) < len(¢) for
any k, so we have

len(?) if zz(eqTests(z,¢)) < len({) .

len(cutRep(x :: ¢)) < {1 + len(cutRep(¢)) else

The inequality then follows easily by induction.

For the second part, if we use induction on k, it suffices to show that
len(cutRep(¢)) < max {P(len(@)), 1+ len(cutRep(tr(ﬁ)))}.

To show this, we go by cases on . The case { = & is easy; for the case { = x :: (', we
start by noting as before that

len(¢') if zz(eqTests(z, ")) < len(?')

.o /
len(cutRep(x :: £')) < {1 + len(cutRep(¢')) else

Then, since
P(len(z :: ¢')) =len(¢') and 1+ len(cutRep(tr(z :: ¢'))) = 1 + len(cutRep(¢')),

the desired inequality is clear. |

Proposition 15.4.2. Let C be a locos, and let m : 1 — N. If £ : L(E},) is a term in a
context C' with len(¢) > m, then len(cutRep(¢)) < P(len(?)).

Proof. If len(¢) > m, then len(¢) > sm, so ¢ : L(E,,)sm. By the internal pigeonhole
principle (theorem 15.2.6), there are terms 0 < a < b < len(¢) such that nth(a,?) =
nth(b, £). Write x for this common value.
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We start by using proposition 15.2.3 to note that

nth(b = sa, eqTests(z, tail(sa, ())) = |z, nth(b =~ sa, tail(sa, ()|
= |z, nth((b = sa) + sa, )|
= |z, nth(b, ¢)| = |z, x| = 0.

Therefore, by proposition B.2.3, we have
zz(eqTests(z, tail(sa, £))) < b= sa < len(tail(sa, £)).

Now, note that tail(a,¢) = nth(a,f) :: tail(sa, ) = z :: tail(sa, ¢) by proposition 4.4.6,
and so by applying the definition of cutRep with the above inequality, we have

cutRep(tail(a, ) = cutRep(z :: tail(sa, £))
= tail (zz(eqTests(x, tail(sa, 0))), tail(sa, E)) .
Therefore,

len(cutRep(tail(a, £))) < len(tail(sa, ¢)) < len(f) - sa.

With the above equality, we find that a+len(cutRep(tail(a, £))) < a+(len(f) -sa) =
P(len(?)) (because len(¢) > b > sa). Combining this with proposition 15.4.1, we have

len(cutRep(¢)) < max {P(len(f)), a + len(cutRep(tail(a, f)))}
< max {P(len@)), P(len(@)}
= P(len(0)),

which is what we wanted to show. |

Corollary 15.4.3. Let C be a locos, and let m : 1 — N. Then for any ¢ : L(E,,), we
have

len(cutRep®(¢£)) < max{m,len(f) = k}.

Proof. First, we show that len(cutRep(¢)) < max{m, P(len(¢))}. This is easy by split-
ting into cases: if len(¢) < m, then by proposition 15.4.1 we have len(cutRep(¢)) <
len(¢) < m. On the other hand, if len(¢) > m, then proposition 15.4.2 tells us that
len(cutRep(¢)) < P(len(?)).

The desired inequality follows by induction on k. |

Definition. Let m : 1 — N. We define the arrow cut,, : L(E,) — L(E,,) by setting
clty, (£) = cutRep'™ ¥ (¢).
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[Corollary 15.4.4. Let ( : L(E,,). Then len(cut,,(£)) < m. ]

Proof. This is immediate by corollary 15.4.3. |

Main result

Theorem 15.4.5. Let C be a locos, let A,B € C, and let f,g : A = B. If A and
B are finite, then the coequalizer of f, g exists and is finite. In particular, Fin(C) has
coequalizers, and these are preserved by the inclusion Fin(C) — C.

Proof. Since we have already shown that quotients of finite equivalence relations are
finite (corollary 15.3.4), we just need to construct the equivalence relation F < B x B
generated by f and g and show that F is finite. (The quotient of this equivalence relation
will be the coequalizer of f and g.)

This is done as in the proof of proposition 3.10 in [Maie 10]: we start by creating the
reflexive symmetric relation (rq,79) : R < B X B generated by f,g. This construction
only uses pretopos tools, so we already know that R is finite since Fin(C) is a pretopos
(by corollary 15.1.2).

Now, we need to construct the transitive closure of R. As in [Maie 10], we want to
say that two elements b, b’ : B are related if they are connected by a finite list zy, 29, 13
such that all pairs (b, 1), (1, 22), (22, x3), (x3,b) are in R. Formally, we set

U={bV:B,l:LR)so | L(ry)(back(l)) = L(ry)(front(f)),
b = ri(zeroth(f)), v’ = ry(last(f))}.

(Here, front removes the last element of ¢, back removes the first element, and last picks
out the last element.) Then, we have two obvious projections py,ps : U — B, and we let
E — B x B be the image of (p1, ps) : U — B x B. This is how the equivalence relation is
constructed in [Maie 10]; she notes that it follows easily that E is an equivalence relation,
and that the quotient gives the desired coequalizer.

However, it is not clear that this construction produces a finite object E, because
the object U is not finite - it involves the infinite object L(R)¢. In order to fix this,
we would like to restrict ourselves to a collection of finite lists. The idea is that we
shouldn’t need a list which is longer than the size of R (remember, we noted that R is
finite). Indeed, if a list connecting b to b’ is longer than |R|, it will have a repetition (by
the internal pigeonhole principle, theorem 15.2.6). If we cut out the elements in between
the repetition, we still get a list connecting b and b'.

So, let Uy, be defined just as U, but with the restriction that ¢ : L(R)<|g; theorem
15.1.8 tells us that this object is finite. Then its image Fy;, will also be finite. We
claim that taking the quotient B/Ey;, will give the desired coequalizer, following the
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same proof strategy as in [Maie 10]. There is only one problem: the proof of transitivity
doesn’t work the same.

With the original equivalence relation, if we have a list ¢ showing that b ~ b’ (i.e.,
(b,b',€) : U) and another list ¢ showing that & ~ b”, then the list ¢ ++ ¢’ shows that
b~V (ie, (bb", 0 ++ ") : U). Now, if we have (b,0,0),(0',0", ') : Ufin, it’s not
guaranteed that (b,0",¢ ++ (') : Uy, because the list £ ++ ¢/ may be too big. So, we
have to formalize the idea that we can cut out a part of the list and still have it be of
the right format.

In short, given (b,0,¢), (V',0",¢') : Ugyy,, we must show that (b, 0", cut|g (£ ++¢')) :
Ufin. We showed with corollary 15.4.4 that cutjg(¢ +4 ¢') is of the right length. So, to
get the desired conclusion, it suffices to show the following (since cut is just defined by
repeated application of cutRep).

If (b,0/,¢) : U, then (b,b', cutRep(¥)) : U.

We sketch the proof as follows. If ¢ has no repetitions, then cutRep(¢) = ¢, and we’re
done. If ¢ has repetitions, then there is a minimal x < len(¢) such that there is some
r < y < len(¢) with nth(z,¢) = nth(y,¢) (we can test for this using eqTests). In this
case, if we set = nth(x, ) = nth(y, £), then we have

cutRep(¢) = head(zx, £) ++ [r] ++ tail(sy, £).
But note also that head(z,?) ++ [r] = head(sz,?) and [r] ++ tail(sy, {) = tail(y, ().

Therefore, we can check the conditions of U on each part of this list, and we conclude
that (b, b, cutRep(?)) : U. i

15.5 Summary

All in all, we get the following result. (The is essentially theorem D5.2.7 from [John 02], but
for a locos.)

~
Theorem 15.5.1. If C is a locos, then:

e Fin(C) is a Boolean topos;
e all coequalizers of equivalence relations in Fin(C) are split; and

e all finite limits, finite colimits, and exponentials are preserved by the inclusion

Fin(C) — C.

- /

Proof. In corollary 15.1.2, we noted that Fin(C) is a Boolean topos. In corollary 15.3.4,
we showed that the quotients of equivalence relations in Fin(C) are split. Finally, in
theorems 13.5.1, 15.1.1, and 15.4.5, we showed that the finite limits, finite colimits, and
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exponentials of Fin(C) are preserved by the inclusion Fin(C) — C. i
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In this chapter, we elaborate on the properties of the internal category Fing. We start
in section 16.1 by applying previous facts to this internal category. First, applying the results
of chapter 15 tells us that Fing is flex (theorem 16.1.1). Second, applying the results of
chapter 8 tells us that the functors ILX have some nice properties; notably, the mapping
X — LX has a left inverse (corollary 16.1.3).

As it turns out that, this left inverse is a two-sided inverse, giving rise to an equivalence
of categories:

T ~ [Fil’lgp, F*T]ﬂem.

This result (corollary 16.2.8) is a big part of establishing the third main result of the thesis
(theorem 17.2.1), as discussed in section 1.2 of the introduction. Its proof is rather technical,
and it takes up section 16.2.

16.1 Applying known results

To start with, we apply the results of theorem 15.5.1 to the internal category Fing and the
inclusion Fing < S. However, in order to conclude that the finite colimits are preserved by
the transition functors, we must assume that S is an arithmetic universe.

Theorem 16.1.1. Let S be an arithmetic universe. Then the internal category Fing has
finite limits, finite colimits, and N-finite sums, and these are preserved by the inclusion

210
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LFing — S. In particular, FinZ is flex. J

Proof. We already saw in proposition 14.3.1 that Fing has finite limits, finite coprod-
ucts, and N-finite sums, and that they are preserved by the inclusion Fing < S. Since
S is an arithmetic universe, the argument in the proof of proposition 14.3.1 applies to co-
equalizers: theorem 15.5.1 tells us Fing(/) has coequalizers and that they are preserved
by the inclusion, and the pullback functors for arithmetic universes preserve coequalizers
(see fact 2.1.6). |

Next, we prove some results about the indexed functor ILX, which are easy consequences
of previous theorems.

\
Theorem 16.1.2. Let S, 7 be arithmetic universes, and let F : S — T be an AU
morphism. Then, for any X € T, the indexed functor LX : Find — F*T preserves
finite limits and N-finite products. That is, LX is a flex morphism.

In particular, this means that the mapping X +— LX is a functor

L:7— [Finf;p, F*T]ﬂew.

Proof. By propositions 6.3.7 and 6.3.8, S and T have all finite colimits, and F' : S — F*T
preserves them. Moreover, by theorem 16.1.1, Fing has finite colimits and N-finite sums,
and these are preserved by the inclusion Fing < S.

Thus, all the hypotheses of theorems 8.3.3 and 8.4.2 are satisfied, and they let
us conclude that LX preserves equalizers and N-finite products. The latter condition
implies that LX also preserves finite products (by theorem 12.5.5, which we can apply
because the domain and codomain of LX are ES by proposition 12.2.1), so we're done. 1

\
Corollary 16.1.3. Let S, T be arithmetic universes, and let F' : S — 7T be an AU
morphism. Consider the following composite (the first functor is L, the second is from
remark 8.5.1, and 1 refers to 1: 1 — N).

X LX G — G'(1)

R
T [FinZ, F*T];\ T

This composite is naturally isomorphic to the identity.

-
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Proof. Note that this composite functor is the same as if we had omitted the “flex”
condition from the middle category. Moreover, note that the object 1 € Fin(1) is a
terminal object, and so is t!(1) € S (see proposition 13.3.1). Therefore, by proposition
8.5.2, the composite is naturally isomorphic to the identity. |

We claim that the functors in the above corollary form an equivalence of categories. To
show this, we must show that the other way of composing the functors also produces the
identity. However, this proof is rather difficult, so we leave it to the next section.

16.2 Uniqueness of functors on finite sets

In this section, we build up to showing the fact that if G is an indexed functor on Fin®
which preserves N-finite products, then G is isomorphic to LX, where X = G'(1).

We start with an explicit computation of certain N-finite sums in Fin.

Remark 16.2.1. Let S be a locos, let I € S, and let m € Fin(I). Recall that, via the
inclusion Fin < S, m corresponds to 7{" : I X,,, E — I.

Write 1,, for the arrow 10 (), : [ X,, E = N (where (),, is the arrow from I X, E
to the terminal object). Remark that we can view 1,, as an object of Fin(I x,, E), and in
fact, it is given by ()7 (1). Now, we know the object 1: 1 — N of Fin(1) corresponds to the
object Ey — 1 of §/1 (by definition; see section 13.1). Therefore, the object of S/I x,, £
corresponding to 1,, = () (1) is

m

m (I X BE) X By — (I X E).

Next, remark that (77*)* : Fin(/) — Fin(/ x,, E), and since m € Fin([), we can
consider (7]*)*m. As an object of §/I X,, E, this corresponds to

m (I X E) X1 (I X4 ).

We can therefore form an arrow ¢, : 1, — (77")*m in Fin(/ x,, F) which is given by the
following arrow in S/I x,, E.

(I X E) x By —"— {m, m)
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4 N
Proposition 16.2.2. Let S be a locos, let I € S, let m € Fin(/), and let ¢,, : 1, —

(77*)*m be the arrow in Fin(I x,, E) from remark 16.2.1. Then (m, ¢,,) is a universal
morphism from 1, to (77")*.

In particular, recall that Fin has N-finite sums, so 7] has a left adjoint X,,; let n,,
denote the unit of this adjunction. Then there exists an isomorphism x,, : m — %,,(1,,)
such that (7")*Xm © ¢m = M-

- /

~Y

Proof. First, note that F; = 1; see the proof of proposition 13.3.1. To prove the first
part of this proposition, we must show that for any object n and any arrow f : 1,, —
(77")*n, there is a unique p : m — n such that f = (7")*poc,,. Note that such an arrow
f becomes the following in S/(I x,, E).

(I xm E) x Ey /

>y (I X E) X1 (I X, E)

Since this diagram commutes, we must have f = (mq, fa) for some f5 : (I X, E) X E; —
I x, E. But since E; = 1, we know that m; : (I X, F) x E; — I X, E is an isomorphism,
and so there exists a unique p : I X, E — I x,, E such that fs = p o 7. Finally, note
that (7]")*p is (Id;x,,r) X1 p, and so

(m")*'pocm = (ldrx,,g X1 p) 0 (m1,m1) = (M1, pom) = (7, fa) = f,

as desired. The uniqueness is also clear from the construction.

The second part is standard from the theory of adjunctions. |

Next, we need a general tool for defining maps when indexed products and sums are
involved.

Remark 16.2.3. Let S be a category with finite limits, and let C be an S-indexed category.
Consider a commutative diagram in S as follows.

E, —*Y g
N
I

Assume that (7,,)* : ¢! — CP and (7,)* : ¢! — CP» have right adjoints II,, and II,, (we
can do this construction for left adjoints too). Then, for any A € C! and T € CE», we can
define a map

67 - Home: (A, I T> s Homer (A, I p*T>
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as the following composite.

n

Home: (A,HT) = HomcEn<(7Tn)*A,T)

*

-

¢;&,T Hom¢s,, (p* (ﬁn)*A,p*T)

Home: (A,Hp*T) = HomcEm((Wm)*A,p*T)

It’s clear that ¢/ is natural in A and 7.

Now, remark that if we set A = II,,T, then we can apply qﬁg"T to the identity map to
get an arrow

oI T (Idy, ¢) : TIT — M p*T.

p

We simply denote this arrow by ¢Z. Note that, if ¢, and ¢,, are the counits of the adjunctions
for 11,,, and II,,, then ¢$ is the unique map which makes the following diagram commute.

() TIT ——— p*(m,)*TI T

(m)*d5 | I

() MM p*T —=—— p*T

Moreover, we note that (¢!)r is a natural transformation.

~
Proposition 16.2.4. Let S be a locos, let I € §, and let p : m — n be an arrow in

Fin(7). Let Xy, xn be as in proposition 16.2.2, and let (ﬁ]lg" be as in remark 16.2.3. Then
the following diagram commutes.

_Xm > (1)

m
P % (p*1n)
o

n

- J

Proof. Because (m, ¢,,) is a universal morphism from 1,, to (7]*)* (proposition 16.2.2),
to show the two arrows are equal, it suffices to show they’re equal when we apply (7]")*
and pre-compose with c,,.

First, applying (7]")* to x, o p and precomposing with ¢, lets us consider the
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following diagram.

1y —— p*l, .
: %
vol
Cm, p(mt)*n W p*(ﬂ?)*j? (1n)
1 n

We can check that this diagram commutes. The triangle commutes by definition of x,,
and the bottom right square commutes by naturality of x*y* = (yx)*. For the left square,
we must consider the corresponding square in S/I x,, E and check that it commutes.
This is technical but straightforward, so we omit it.

Second, applying (7]")* to ¢;mo = ox,, and precomposing with ¢, lets us consider
the following diagram.

1%
g
*
=
s

oy > p*ln > p7(n7)"Z (1n)

URe '
Cm \ lg

(") m — e (") (L) —= (7")' 2 (p"1n) i (01")"2 (1)
(T1)*Xm m m ¢ "

Again, it’s easy to check that this diagram commutes. The left triangle commutes by
definition of x,,. The middle square commutes by naturality of 7,,. The right square
commutes by definition of ¢,,.

Note that the paths along the top of both diagrams are the same; thus, we get the
desired equality. |

We have one more technical fact to check before proving the desired result.

-
Proposition 16.2.5. Let S be a locos, let C,D be two S-indexed categories with V-

finite products, and let F': C — D. Let v, : F'II,, = II,F™ and t,, : F'II,, = II,,F™
be the canonical natural transformations, and let ¢, be as in remark 16.2.3.

Then, for any m,n : I — N in S, any p : m*(7¥) — n*(x¥) in S§/I, and any
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T € C*nF  the following diagram commutes.

Fr (13 T) BN I F™(T)

¢F”T
p
FI(67) 11y " (7)
L e
. !
FI (H p*T> Yy 1 ()
N\ Y,

Proof. We have two arrows going into II,, applied to something. So, by adjoint prop-
erties, it suffices to check that they are equal when we apply (7}")* and post-compose

with the counit ¢,,. When we do this, we get the two following diagrams.

) GG — (1p°7) () () T F7 )

m

()= FI (HT

o~ gl

o NFT (el o
jad ((w;n) HT) L R pm ((w;n) Mp T) ETGMT)

~ \FW;T)
- Fm(pel) b

F (p*(n)"TIT) s Fm(p'T)

It’s easy to check that this diagram commutes. The top right square commutes by natu-
rality of the isomorphism (7?)*F! = F™(77")*; the right square commutes by definition

of 1,,; and the bottom square commutes by definition of ¢, (and then applying F™).
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m\* .. T Tm *¢F”T
T Yoy omyert prd 8, (et e o (e T

e (a7)

*(—n\* ] p*(ﬂ—?>* o * (- ;[ n
pr(ep) P! (T ) =28 (e T T T
*x F™T
= By
Y *Fn T \ ~
pE" ((W?)*HT> v > p T
F™(p*ey) e

F™ (" (a)"TIT) » F™(p*T)
It’s also easy to check that this diagram commutes. The top right square commutes by
naturality of z*y* = (yx)*; the upper middle square commutes by definition of ¢,; the left

middle square commutes by definition of ¢, (and applying p*); the left square commutes
by naturality of &,,; and the bottom square commutes by naturality of p*F™ = F™p*.

Finally, we notice that we can glue these two diagrams together along the bottom
and right sides. We can also glue together the left sides; these two compositions are equal
by the coherence of F' with the structure of the indexed categories. Thus, the two ways
of going along the top and the right must be equal; this is what we wanted to show. 1

Proposition 16.2.6. Let S be a locos, let C be an S-indexed category with N-finite
products, and let G : Find — C preserve N-finite products. Then G = ]P’Wés(Gl(l)).

Proof. Let X = G'(1). For I € S and n € Fin([), define o), : G'(n) — (P, X)(n) to
be the following chain of maps.

GI —1 ~ ~
Gt 2t (1) = men(an) 5 s ()
Note that x,, is the map from proposition 16.2.2, the second map is the canonical iso-
morphism G'Y,, 2 I1,,G™ (because G preserves N-finite products), and the third map is
the isomorphism that makes G commute with the change of base functors. It is clear o,

is an isomorphism.

We must check that (al), is natural. So, given some p : m — n in Fin(I), we
consider the following diagram.
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6'(m T8 67 (3 21) —= 60z —= T (36N
¢f(—) QG
Gy T Gh((On) — Tpr (G (1)

G'(p)

o' (20:1)

~

GI\(/m)GI(—WQGI (é()* 1) =, G

m

I

2

~

Onl) —= (LG

We note that the left side of this diagram is (P, s X ) (p), by definition; so, it remains to
show that this diagram commutes.

e The left square commutes because it’s just G’ applied to the square of proposition

16.2.4.

e The upper middle square commutes by proposition 16.2.5.

e The lower middle square commutes by naturality of G'%,, = II,,G™.

e The upper right square commutes by naturality of ¢,.

e The lower right square commutes since it’s II,, applied to the coherence diagram
between G and the structure of the indexed categories.

So, we've constructed a natural isomorphism o' : G — (P, p X)" for each I. |

Theorem 16.2.7. Let S, 7 be arithmetic universes, and let F : S — T be an AU
morphism. For any flex indexed functor G : Fin® — F*T, if we set X = G(1), then
G = LX naturally in G. That is, the following composite (these are the same functors
from corollary 16.1.3, but reordered) is naturally isomorphic to the identity.

G — G(1)

N

[Fing‘pa F*T} flex

T

X —LX

F

ingp, F*T] flex
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Proof. Recall that L is the same functor as Pz (see section 14.1). The result follows
from proposition 16.2.6. |

Corollary 16.2.8. Let S, T be arithmetic universes, and let F' : S — T be an AU
morphism. We have an equivalence of categories T =~ [Fing , F*T] 1, given by X — LX
and G — G'(1).

Proof. Immediate from corollary 16.1.3 and theorem 16.2.7. |
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In this section, we finally prove the third main result of this thesis: an explicit char-
acterization of S[Q], the free extension of an arithmetic universe S by an object (theorem
17.2.1). We need a minor technical result, which we prove in section 17.1, before proving
the main result in section 17.2; building on many previous results.

17.1 Equivalence of categories for finite sets

Our goal in this section is to slightly adapt the equivalence of categories of corollary 11.3.1.
Specifically, we want to consider this equivalence for the internal category Fin. It turns out
that, in this case, the indexed functor Y has a particular form, as we see with the proposition
below.

Remark 17.1.1. Let S be an arithmetic universe, and let ¢ denote the inclusion Fing — S.
Note that ¢ € [Fing, S|, and [Fing, S] is the pullback along C'F of the canonical indexing of
[Fing, S| (see proposition 6.5.2). So, we can form the indexed functor

L. : Fing — [Fing, S].
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Proposition 17.1.2. Let S be an arithmetic universe. Then the indexed functors
L., Y : Find — [Fing, S]

are isomorphic.

Proof. These are indexed functors on an internal category, so it suffices to check that
their corresponding diagrams are isomorphic. This is a rather tedious calculation, so we
just sketch the proof.

The functor IL: corresponds to a diagram whose object is
(Erpt)®(Idey) = ((30) 702,

Since C'F preserves finite limits (proposition 6.4.3), we can just replace CF(rf) with
“the ¥ of [Fin,S]”. Moreover, since C'F preserves NNO, we know that ()% is just
m : Nxt— N (where here, we write IV for the NNO in [Fin, S]). Therefore, by corollary
5.4.3, this exponential (which is happening in [Fin, S|/N) is just len : L(t) — N.

Now, (len : L(¢) — N) € [Fin,S|/N is the object in the diagram corresponding to
L¢. To understand it better, we must understand L(¢), which is an object of [Fin,S]. In
particular, it is an indexed functor on an internal category — therefore, we can consider
its corresponding diagram.

Now, the diagram associated with this indexed functor is obtained by considering
the fiber at Cy = N and evaluating at Idy. List objects are computed pointwise for
functors, so

L(t)" (Idy) = L(:" (Idw)),

the list object on ™ (Idy). The inclusion functor maps n to n*(wf), so this is just

¥ = ([n] | n € N). List objects are computed fiberwise for slice categories, so we have

L(:"(Idw)) = (L([n]) | n € N).
But finally, we are also indexing by the length arrow, so throwing that in gives us
([ | m,n € N)

as an object of S/N x N. This is the object of the diagram representing this whole
indexed functor, and it’s just (dom,cod) : C; — Cj specified to Fin. So, this diagram
matches the one from the Yoneda embedding. |

With this proposition, we get a refinement of corollary 11.3.1.
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Corollary 17.1.3. Let &, T be arithmetic universes, and let F' : § — T be an AU
functor. Then the functor

—ol: [ﬂFing,S]], F*T]flemcc — [Fing‘pu F*T]flem

is part of an equivalence of categories. )

-

Proof. Since Lt = Y by proposition 17.1.2, this is precisely the statement of corollary
11.3.1 applied to Fing’, which is valid because Fin? is flex by theorem 16.1.1. i

17.2 Final result
~

Theorem 17.2.1. Let S be an arithmetic universe. Then the category [Fing,S]|, to-
gether with the object ¢« € [Fing, S| and the functor A : § — [Fing,S], satisfy the
following property.

For any arithmetic universe 7, any AU functor F': § — T, and any object X € T,
there exists a unique (up to isomorphism) AU functor F' : [Fing,S] — T such F(:) = X
and the following diagram commutes up to isomorphism.

- /

Proof. By corollaries 16.2.8 and 17.1.3, the following functor is part of an equivalence
of categories.
[[[Fing, S]], F*T]flexcc — T

G— (GoLy)'(1)

Note that (G o L)% (1) =2 GY(L.(1)) = G'(¢) (by corollary 16.2.8), so there exists a
unique (up to isomorphism) flexcc indexed functor

H : [Fings,S] — F*T

such that H'(:) & X. We claim that H = H" is the functor we want.

We start with existence. The functor H : [Fing,S| — 7 that we've constructed
satisfies H(¢t) = X. Moreover, since H is flexcc, we know that H is an AU morphism by
proposition 6.3.9. (Note that, by proposition 6.5.2, [Fing, S]] is the same as the pullback
along A of the canonical indexing of [Fing, S].) So, it just remains to show that H makes
the diagram commute up to isomorphism. To this end, we use propositions 6.3.7 and
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6.3.8 to get the following diagram.

[Fing,S] —2t F*T

Al -
S

Since F' and A are AU morphisms (see proposition 6.4.3), they extend to flexcc indexed
functors. Thus H o A and F are flexcc functors S — F*T, so by proposition 6.3.4, they
must be isomorphic. Their underlying functors must therefore be isomorphic too, so we
get Ho A= F as desired.

Next, we show uniqueness. Suppose that Hy, Hs : [Fing, S| — 7 are AU morphisms
such that H;oA = Fand H;(t) = X for i = 1,2. Then, again by propositions 6.3.7, 6.3.8,
and 6.3.4, they extend to flexcc morphisms H;, Hs which make the following diagram
commute.

[Fing, S] M3 pup

Al -
S

But since H} (1) = H;(t) = X, the uniqueness we obtained from the equivalence of
categories tells us that H; = H,, and so Hy = H,, as desired. |



Chapter 18

Conclusion

As promised in the introduction, in this thesis, we showed three main results. First, we
showed that if C is a locos, then the list object functor L : C — C is a polynomial functor,
induced by the arrow 7¥ : E — N (corollary 5.4.2). The proof mostly amounted to proving
(in section 5) the adjunction of theorem 5.4.1, which turned out to be an important technical
tool for future results.

Second, we showed that, if C is a locos, then the full subcategory Fin(C) of finite objects
is a Boolean topos (theorem 15.5.1). The proof, which mostly occupied chapters 13 and 15,
relied heavily on the first main result and the technical tools of appendix B. It also used some
technical tools of internal categories (notably, theorem 12.4.2), and used the link between
Fin(C) and the internal category Fin¢ of chapter 14 (proposition 14.1.1).

Finally, we showed that if S is an arithmetic universe, then the extension S[O] by
an object O — equivalently, the classifying AU S[O] for the theory of objects O — can be
explicitly described as the category [Fing, S| of indexed copresheaves on Fing. This result
was based on two equivalences of categories (corollaries 11.3.1 and 16.2.8), and required the
development of tools for indexed categories (in part III) and tools for the internal category
of finite sets (in part IV). Notably, we used the concepts of flex and flexcc indexed functors
to provide a link between AU functors and indexed functors.

We can view these three results as interesting in their own right. However, we can also
view the first two as stepping stones for the third, which fits into the larger story we discussed
in the introduction: using arithmetic universes to develop the theory of Grothendieck toposes.

Where does the story go from here? We hope to mimic the classical theory, and show
that Grothendieck toposes with respect to an arithmetic universe S can be identified with
finitely presented extensions of S.

For toposes, it is well known that all geometric theories can be built from two operations:
“adding a collection of objects” (that is, an internally indexed collection, i.e. adding an object
X — B for some fixed B € §), which corresponds to specifying types in a signature, and
“localization”, which corresponds to adding an axiom. (Indeed, function symbols can be
built from a combination of these two.) These two operations both give us finitely presented
extensions of a category, and one might suspect that all finitely presented extensions of
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arithmetic universes can be obtained in this way; thus, they are what we should consider in
adapting the theory of Grothendieck toposes to arithmetic universes. In short, to continue
this line of research, we should study extensions of AUs by collections of objects (which
should not be too different from the case of a single object) and localizations of AUs (which
will be more complex).

We expect that results for arithmetic universes should be similar to the classical results
for toposes. In this thesis, while we only study the extension by a single object instead of a
family of objects, we find a first confirmation of this hypothesis. It is an encouraging step
in the direction of this greater goal.



Part V

Appendices and end matter
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Appendix A

Basic properties of indexed categories

Contents
Al Canonical functors are well defined . . ... ... ... ... 227
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A.4  Unique functor preserving coproducts . ........ ... 231

In this appendix, we give detailed proofs of some of the facts about indexed categories
in section 6.3. The details of indexed categories make these proofs quite involved (albeit
relatively straightforward), which is why we avoid this level of detail in the rest of the thesis.

A.1 Canonical functors are well defined

Recall the following fact from section 6.3. Suppose A, By, By are categories with finite limits,
and suppose Fi, Fy, G are functors as in the diagram below which preserve finite limits and
satisfty GF} = F5.

Bl G > Bg
AN R
A

Then G extends to an A-indexed functor G : FyBy — F3Bo.

In this section, we give the definition of G more formally and check that it is well-defined.

Notation

Let o : G o F; — F5, denote the isomorphism assumed to exist in the proposition statement.
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Defining the functors

For each I € A, we must define a functor G : By /Fy(I) — By/Fo(I). An object X -2 Fy(I)
is mapped to the object

G(X) S G(R (1)) 25 By(D),

and the mapping of arrows is depicted below.

- G(X) ¢) > G(Y)
X # Y \ /
% A = G(p) SR (D) G(q)
Fl(I) ar
|
_ R |

Defining the natural isomorphisms

J

For each z : I — J in A, we must define a natural isomorphism ¢, : G'z* = 2*G”, as in the

square below.
J

Bl/Fl(J) EE—— BQ/FQ(J)
Bl/Fl([) 7} BQ/FQ(I)

Civen an object X = Fy(J) in By/Fy(J), the arrow ¢,(X,p) is defined by considering the
following two diagrams.

G(F(I) xy X) Glm), G(X) Fy(I) x; G(X) —2— G(X)
G () G(p) G(p)
c ) ) e ) m GF ()

g oy ayg

Ry — 29 pip Ry —29 L pip

Remark that the left column of the left diagram is G/ Fy (z)* (X, p), and the left column of the
right diagram is Fy(2)*G”(X,p). Moreover, the left diagram consists of two pullback squares
glued together (because G preserves pullbacks and « is an isomorphism); thus, the left and
right diagrams are both pullbacks of Fy(z) and a; o G(p). We will therefore let ¢, (X, p)
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be the unique isomorphism G(Fi(I) x; X) — F5(I) x; G(X) that respects the projection
maps.

It remains to check that this collection of isomorphisms is natural in (X, p). Given an
arrow f : (X,p) — (Y, q), we must check that the naturality square commutes.

; G (1) %, x) 22,

X ———Y

N G(1d xjf)l
Fi(J)

Fy(I) x; G(X)
lld x; G(f)

=), Fy(I) x5 G(Y)

G(Fi(I)x;Y)
That is, we must show (Id X ; G(f))0¢.(X,p) = ¢.(Y,q)oG(Id X ; f). Since these are arrows
into a pullback, it suffices to show that they are equal when the projection maps are applied.
Since the ¢, are chosen to commute with the projections, this becomes a trivial calculation;
we omit the details.

Coherence conditions

We have defined all the parts of the indexed functor G. However, we must check that some
coherence conditions are satisfied.

First, we note that if z = IdI, then Glz*(X,p) and 2*G!(X,p) coincide: they are

precisely the arrow G(X *; G(Fy(J)) 25 Fy(I), viewed as the pullback of itself via the
identity map. Then gbz(X p) is the Canomcal map from this pullback to itself, which is the
identity. Thus, ¢, = Idg:, as desired.

Next, we must establish the coherence condition between the ¢, arrows and the isomor-
phisms z*y* = (yx)* of the A-indexed categories F;B; and F;B,. For this calculation, the
precise definitions of these indexed categories are important: the isomorphisms come from
the pasting laws for pullbacks.

Without getting too much into the details, the important idea is that we have two
diagrams of the following form, where all the squares are pullbacks.

P p" s G(X)
l l lG lG(p)
G(F\(1)) —2 G(R () —L= G(R(K)) G(F(K))
o e e o
B(I) —% 5 B(J) — L By(K) B(I) 2 By (J) —L— By(K)

We need to establish that two arrows P’ — P” are equal, but P’ and P” turn out to both be
pullbacks of the arrows Fy(y) o Fy(z) and ax o G(p). Moreover, it turns out that the arrows
P’ — P’ each commute with the projections of these pullbacks (because of how the arrows
¢, and the isomorphisms z*y* = (yx)* are defined), so they must be equal.
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A.2 Canonical functors preserve coproducts

In section A.1, we showed how to extend a functor G to G : F;B; — F;B,. In this section,
we show that this indexed functor always preserves indexed coproducts. (This provides part
of the proof of proposition 6.3.3.)

Let  : I — J be an arrow of A. Recall that ¢, : G'lo* = 2*G’ is the natural isomor-
phism defined previously. Recall that F7B; and F;Bs have arbitrary internal coproducts, so
they each have an adjunction (X, x*, 1., €,), where ¥, is the usual functor (post-composition
with x). Then we can form a natural transformation v, as in the following diagram.

BRI —9 s By Ry
zml b o lzx
31/F1(J) T BZ/FZ(J)

Specifically, 1, is given by the following composition.

—_— —_— —

%G ¥,G %, Y1t G7Y, G’%,

To show G preserves arbitrary internal coproducts, we must show this 1, is an isomorphism.

Let X -2 Fi(I) be an object of By /Fy(I); we will show that ¢,.(X, p) is an isomorphism.
By unravelling the definitions of the functors ¥, (composition) and z* (pullback) and the
transformations 7, €., ¢, we find that ¢, (X, p) is the following arrow in By/F5(.J).

Id))
p, X)—>F2 — G(X)

\F /m / _ /G(p)
1 /Fl

G(F

\/

Note that Fy(z) o oy = aiy o G(Fi(z)) because « is natural, so the domain and codomain of
the arrow ¢,(X,p) = m 0 ¢, o G({p,1d)) are equal. We will therefore actually claim that
1, (X, p) is the identity map. This is true because ¢, commutes with the pullback projection
maps and G preserves pullbacks, so we can make the following calculation.

¢I(X7p) =T 0 ¢, 0 G((p, Id>) =T 0 <G(p>, Id> =1d

This is all we needed to show.
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A.3 Indexed categories with coproducts

In this section, we develop some results that will be used in section A.4

First, let C be an S-indexed category with all S-indexed coproducts. Let I — J -2 K
be a diagram in S. For any A € C! and B € C¥, consider the following series of isomorphisms
(which come from the adjunctions and the indexed category):

Hom(X,¥X,A, B) =2 Hom(3,A,y*B) = Hom(A, z*y*B)
= Hom(A4, (yz)*B) = Hom(X,, A, B).

This induces a canonical isomorphism 9, , : 3,3, = X,,.

Now, recall that an S-indexed category C is just a pseudofunctor S — CAT. But, if
C has all S-indexed coproducts, we can form another pseudofunctor C : S — CAT with
the categories C’, the functors ¥,, and the canonical isomorphisms ¥, , : £,3, = ¥,,. In
particular, we have

Vide = Ids, = V214 and Vs © (Z*ﬁy,m) =1.y2 0 (ﬁz,yx*)~

Furthermore, suppose C, D are S-indexed categories with all S-indexed coproducts, and
let F': C — D be an indexed functor which preserves coproducts. Then F', equipped with
the canonical isomorphisms 1, : Y, F! — F7Y,, is also a pseudonatural transformation
Cl — D, In particular, 114, = Idpr, and the following diagram commutes for any z, y.

Yyz

=

o T or v ek
Ffl ol Fjl i FKl Dy
Bl 2, I >y > BX

12y

Dy

yx

This diagram is the analogue of the one given in section 6.1.

A.4 Unique functor preserving coproducts

In this section, we prove proposition 6.3.4. It states that if S is a category with finite limits,
and C is an S-indexed category with finite limits and S-indexed coproducts, then there is
at most one S-indexed functor S — C (up to isomorphism) which preserves finite limits and
S-indexed coproducts. In order to prove this result, we rely on the facts from section A.3.
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So, let I, Fy : S — C be two S-indexed functors which preserve finite limits and
arbitrary coproducts. They are equipped with natural isomorphisms ¢;, : Flz* = x*F;/
and ¥, : ExFiI = F{] Y. Our goal is to construct an S-indexed natural isomorphism
a: Fy = Fs.

We start by fixing some notation. For any object A € §, remark that Id 4 is a terminal
object in S/A. Since F, F, preserve finite limits, we find that F{(Id4) and F3'(Ida) are
terminal objects, and so there exists a unique arrow F{'(Id4) — Fy'(Id4) (which is an
isomorphism). We call this arrow T4.

Now, let B € S; we will define a natural isomorphism o : Ff = FP between these
two functors /B — CP. Given an object f: A — B in §/B, note that f = X;(Ids). We
can therefore define a(f) to be the following composite.

FP(f) = FP(Zp(1da))
V@Di} Idy)
S(Fi(Ida))
125(Ta)

S5 (F5'(Ida))

[¥a,7(1da)
FP(%p(Ida)) = FP(f)

(
)

We must now check naturality. Consider an arrow of S/B as follows.
x—9 54
A
B
Of course, h = f o g, and we can moreover note the following.

x —% 54 x —9 4
N, /f = N /IdA = 3y(3y(1dx) 5 1)
B A

We will focus our attention on the arrow X, (Idx) 25 1d, in S/A. If we apply F{* to it, we
can consider the following diagram in C*.

R, x)) 2,

a'(g)]| i
(5, (1dy) 29,

FAIdy)

2

F{ 1dy)
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This diagram commutes because Fy'(Id,) is a terminal object. Then, we apply 3, to this
diagram, and add commutative squares on the top and bottom based on the natural isomor-
phisms X FA 2 FPY . (Remark that X;(Id4) = f and ¥;3,(Idx) = fog = h.)

FP(g)

FP(h) > FP(f)
Uy 5 (Ze(1dx)) Wy (Ida)
EfFlAE\J’g(IdX) M) EfFl‘:"(IdA)
%r(at(g)) Y4 (Ta)
EszAgg(IdX) M) Esz’:{(IdA)
U2,1(3y(Idx)) Ua,4(I1da)
o — L R

We now notice that the right column is precisely a?(f). To finish our proof of naturality, it
now suffices to show that the left column is o (h). Put another way, we want to show that
the following square commutes.

£ P (1dy) L1 al10)

Ef(CYA(g))l

In the above diagram, we can expand the definition of «, yielding the following.

5 FAY, (Idy) Yu.r(Zy1dx)), FES,(Idy)
S (1, (Idx)) i p(ldx)
5 fng;% (Idy) thfy(IdX)
Er(3g(Tx)) Sn(Tx)
5 fzgé% (Idx) th;}f(Idx)
Y (1hag(ldx)) Yo (ldx)
sz;‘gg(IdX) Yar (2 (1dx)), FQBE;(IdX)

To see that this commutes, we break it down into three squares, where the vertical arrows
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in the top square have been reversed (replacing ¥ ; and ¥ ,ll with 1 , and 1 ).

P15 (3g(Idx))

EfFJleEg(IdX>

N

Yr(th,4(1dx)) Y1 (1dx)
ﬁﬁg(FlX (Idx))

s FBY,(Idy)

N

28, FX (Idy) y Y, FX (1dy)

r(3g(Tx)) Yn(Tx)

Vs q(F5<(1d M
)

Y3, F5 (Idx)

Y (1hag(Idx)) Yo (ldx)

~ E Id v

» P, (Idx)

To finish off the proof, we claim that each square here commutes. The top and bottom squares
commute by the diagram in section A.3, and the middle square commutes by naturality of
¥, so we're done.
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In chapters 13 and 15, we will prove results about finite objects in a locos. However, we
will need some tools to do this, which we will develop in this appendix. Specifically, we will
define some functions on binary lists (elements of L({0,1})) and prove facts about them.
Throughout, we work in a locos.

We attempt to summarize these results as follows: they are used to identify the zeroes
in a binary list. We define a function ¢Z : L({0,1}) — N which counts the number of zeroes
in a binary list, and we define a function £Z : L({0,1}) x N — N where kZ (¢, k) gives the
position of the k' zero in the list ¢ (if it exists). We want to show that, if k < ¢Z(¢), then
kZ (¢, k) does indeed give us the k' zero of the list £. But how can we express this fact?

First, the condition k < ¢Z(¢) should imply that kz(¢, k) does indeed give the position
of a zero of the list £. That is, we should have kZ (¢, k) < len(¢) (proposition B.6.3) and
nth(¢, kZ(¢,k)) = 0 (proposition B.8.1).

Second, the function kZ (¢, k) should not pick out the same zero twice. We formalize
this by showing that kZ(¢, k) < kZ(¢, sk) as long as k < ¢Z({) (lemma B.7.3).

Finally, we should know that all zeroes of ¢ are identified by the kZ function. So, if
there is some n < len(?) such that nth(¢,n) = 0, then there should be some k < ¢Z(¢) such
that n = kZ(¢,n) (proposition B.8.1).
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This appendix is dedicated to proving the above results. Unfortunately, the proof strate-
gies are quite ad hoc, and it is difficult to organize them into a sensible narrative.

B.1 Key definitions

In this section, we define the functions on binary lists that will allow us to do our calculations.
We preceed these definitions with the following remark, which will justify the form of these
definitions.

Remark B.1.1. Since a locos is extensive and hence distributive, we have

{0,1} x L({0,1}) = [{0} x L({0,1})| + [{1} x L({0,1})]

So, when defining functions on L({0,1}) (and proving facts about them), the inductive step
— which involves considering the list b :: £ — can be split into two cases: 0 :: £ and 1 :: £.

We first define the arrows tZ (“trim to zero”) and tpZ (“trim past zero”). Intuitively,
tZ(¢) trims ¢ up to the zeroth zero and leaves it, while tpZ(¢) trims ¢ up to the zeroth zero
and removes it. Formally, we have the following definition.

Definition. We define tZ,tpZ : L({0,1}) — L({0,1}) inductively as follows.

tZ2(2) =9 tpZ(2) =
tZ0:0) =0/ tpZ(0::0) =/
tZ(1:0)=tZ(L) tpZ(1 ::0) =tpZ(L)

Next, we define zZ (“zeroth zero”) and pzZ (“past the zeroth zero”). Intuitively, zZ(¢)
gives the position of the zeroth zero in the list ¢; it also counts the number of trims necessary
to turn ¢ into tZ(¢). Moreover, pzZ({) gives the position after the zeroth zero, i.e. it counts
the number of trims necessary to turn ¢ into tpZ(¢).

Note that we expect pzZ({) = 1+ 2Z({), unless ¢ doesn’t have any zeroes, in which case
pzZ(l) = zZ(¢) = len({), but we don’t offer a formal proof yet.

Definition. We define zZ,pzZ : L({0,1}) — N inductively as follows.

2Z(@)=0 pzZ(2) =0
2Z(0::0)=0 pzZ(0::0) =1
2Z(1 ) =1+ 2z(() pzZ(1::0) =1+ pzZ((l)

Next, we define arrows that iterate these definitions. We start with tkZ (“trim to the k™"
zero”) and tpkZ (“trim past the k' zero”). These descriptions are pretty self-explanatory.

Note that for these definitions, we need to use the new induction scheme of theorem
3.5.3. Also, note that in both cases, for the inductive step, we need to trim past the current
Z€ro.
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Definition. We define tkZ, tpkZ : L({0,1}) x N — L({0,1}) inductively as follows.
tkZ(£,0) =tZ(¢) tpkZ(£,0) = tpZ(¢)
tkZ(l,sn) = tkZ(tpZ(£),n) tpkZ (L, sn) = tpkZ(tpZ(¢),n)
Finally, we define kZ (“k'* zero”) and pkZ (“past the k' zero”). Intuitively, kZ (¢, k)

gives the position of the k' zero; equivalently, it gives the number of trims necessary to turn
¢ into tkZ (¢, k). The arrow pkZ is analogous for trimming just past the k™ zero.

Definition. We define kZ,pkZ : L({0,1}) x N — N inductively as follows.
kZ(€,0) = zZ(¢) pkZ(£,0) = pzZ({)
kZ(l,sn) =pzZ(0) + kZ(tpZ({),n) pkZ(L, sn) = pzZ(0) + pkZ(tpZ({),n)
We define an arrow ¢Z (“count zeroes”) which counts the number of zeroes in a binary
list.
Definition. We define ¢Z : L({0,1}) — N inductively as follows.
cZ(2)=0
cZ(0:40)=1+cZ(0)
cZ(1::4)=cZ(l)
Note that the induction relation can also be written as ¢Z (b :: £) = b+cZ(¢), where b = 1-b.

We also define chZ (“count head zeroes”) and ctZ (“count tail zeroes”) via the following
abbreviations.

Definition. We write

chZ(l,n) = cZ(head(¢,n)) and cZ(l,n) = cZ(tail(¢,n)).

B.2 First results - zZ

Proposition B.2.1. Let ¢ : L({0,1}) be a term in a context C. If 2Z(¢) <¢ len({),
then nth(¢, 2Z(¢)) =¢ 0.

Proof. It suffices to show that nthDef(¢, 2Z(¢),0) =, 0. Indeed, if 2Z(¢) < len(¥),
then proposition 4.4.4 tells us that

nth(¢, 2Z(¢)) =¢ nthDef (¢, 2Z(¢),0) =¢ 0,

as desired.

So, we show nthDef(¢, 2Z(¢),0) =, 0 by induction on ¢. In the base case, we have

nthDef (&, 2Z(2),0) = nthDef(&, 1, 0) = zerothDef(&, 0) = 0.
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In the induction case, we must evaluate nthDef(b :: ¢, 2Z(b :: £),0). By splitting b into
the cases b =0, b = 1, we can easily check that

0 ifb=0

nthDef(b :: £, 2Z(b :: £),0) =4 {nthDef(f 2Z(0),0) ifb=1"

This inductive characterization is shared by the zero map, so the two must be equal, as
desired. |

Proposition B.2.2. In a locos, we have the following.

1. 22(0) <, 1 + 2Z(tx(0))
2. 2Z(0) gy k + 2Z(tail(¢, k))

Proof. For part (1), we simply split the list into cases. In the empty case, we trivially
have

2Z(8)=1<2=1+2Z(tr(@)).
In the non-empty case, we split into cases for b € {0, 1}:

0 ifb=0
22 (b £) =ur {1 +22(0) ifb=1"

In either case, the term is less or equal to 1 + 2Z(¢) = 1 + 2Z(tr(b :: £)).

For part (2), we go by induction on k. The base case is trivial; for the induction
step, we start by using part (1) to note that

sk + 2Z(tail(¢, sk)) = k + 1 + zZ(tr(tail(4, k)))
> 2Z(tail(¢, k)).

Thus, there exists a term ¢(¢, k) such that sk + zZ(tail(¢, sk)) = 2Z (tail(¢, k)) + ¢ (¢, k).

Then we compute:
2Z(0) = (sk + zZ(tail(¢, sk))) = (2Z(€) = zZ(tail((, k))) = ¢(¢, k).

This recursion is also satisfied by zero, so we’re done. |

Proposition B.2.3. Let k£ : N, ¢ : L({0,1}) be terms in a context C' such that k <
len(?). If nth(¢, k) =¢ 0, then 2Z(¢) <¢ k.
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Proof. Note that len(tail(¢, k)) = len(¢) = k > 0, so we can write tail(¢,k) = b == £’

Then we compute
0 = nth(¢, k) = zeroth(tail(¢, k)) = zeroth(b :: £') = b,
which tells us that zZ(tail(¢, k)) = 0. Using proposition B.2.2, we conclude that

2Z(0) < k + 2Z(tail(6, k) = k + 0 = k,

-

as desired. |
B.3 First results - tK
~

Proposition B.3.1. For every ¢ € L({0,1}) and k € N, we have

1. tZ(0) = tail(¢, zZ (1))

2. tpZ(4) = tail({, pzZ (L))

3. thZ(0, k) = tail(¢, kZ(¢, k))

4. tpkZ (0, k) = tail(l, pkZ (¢, k)) )

o

Proof. Part 1. We check that tail(¢, 2Z({)) satisfies the equations defining tZ(¢).

tail(@, 2Z(9)) = &
tail(0 :: £,22(0 :: £)) = tail(0:: £,0) =0 :: £
tail(1:: 0,22 (1 :: 0)) = tail(1 :: £),1 4+ 2Z(¢)) = tail(¢, 2Z(¢))

Part 2. We check that tail(¢, pzZ(¢)) satisfies the equations defining tpZ ().

tail(@, pzZ(9)) =
tail(0 :: £, pzZ(0 :: £)) = tail(0 :: £,1) =
tail(1 :: £, pzZ(1 :: 0)) = tail(1 = £, 1 4+ pzZ(£)) = tail(¢, pzZ(¥))

&
l

Part 3. We check that tail(¢,kZ(¢, k)) satisfies the equations defining tkZ (¢, k).

tail(¢, kZ(¢,0)) = tail(¢, 2Z(0)) = tZ({)
tail(¢, kZ (¢, sk)) = tail(¢, pzZ(0) + kZ (tpZ(¢), k))

— tail <tai1(£, p2Z(0)), kZ(tpZ(0), k))
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— tail (th(ﬁ), kZ(tpZ(0), k))
Note that we used parts 1 and 2 for the computation (along with proposition 4.4.5).

Part 4. We check that tail(¢, pkZ (¢, k)) satisfies the equations defining tpkZ (¢, k).

tail(¢, pkZ(€,0)) = tail(¢, pzZ (L)) = tpZ(¥)
tail(4, pkZ (¢, sk)) = tail(¢, pzZ (L) + pkZ(tpZ (L), k))

— tail (tail(é, p2Z(0)), pkZ(tpZ(0), k))
— tail (th(e), pkZ(tpZ (£), k))

Again, we used part 2 for the computation. |

[Proposition B.3.2. We have kZ(@, k) = 0. ]

Proof. We go by induction on k. For & = 0, we have kZ(2,0) = 2Z (&) = 0. For the
successor case, we have

kZ (2, sk) = p2Z(2) + kZ(tpZ(2),k) =0+ kZ (2, k) = kZ(D, k),

a recurrence which is also satisfied by the constant zero map. |

[Proposition B.3.3. kZ(1 0 k)=14+kZ({L, k) ]

Proof. We split into the zero and successor case for k. For the base case,

kZ(1:4,0)=2Z(1:0) =1+ zZ(¢),
1+ kZ(,0) =1+ 2Z(L).

For the successor case,

kZ(1::4,sk) =pzZ(1 = 0)+ kZ(tpZ(1 = 0), k) =1+ pzZ(l) + kZ(tpZ((), k),
1+ kZ(C, sk) =1+ pzZ(0) + kZ(tpZ (L), k).

That’s all we needed to show. |

Proposition B.3.4. We have tpkZ((, k) = tpZ*T1(¢). In particular, tpkZ((, sk) =
tpZ (tpkZ (L, k)).
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Proof. This is a special case of a more general fact. Given f: X — X, we write f*(x)
for the function defined inductively by f°(z) = x and f**(z) = f(f*(z)). However, using
the induction scheme of theorem 3.5.3, we can also define g(z, k) by g(z,0) = f(z) and
g(z,sk) = g(f(x),k). This proposition is the special case of proving g(z, k) = f**(z),
where f is replaced by tpZ (tpkZ is the same as the corresponding g).

So, let’s prove g(x, k) = f**(z). First, we show that f**(z) = f*(f(z)) by induction;
the base case is trivial, and for the induction step, it’s easy to check that both satisfy

h(z,sk) = f(h(z,k)). Then, we note that f***(z) = f**(f(z)) is the same recursion as
the one defining g(z, k). |

[Proposition B.3.5. tkZ({, sk) = tZ(tpkZ (L, k)) ]

Proof. We go by induction on k. In the base case, we have
tkZ(0,1) =tkZ(tpZ(L),0) = tZ(tpZ(¢)) = tZ(tpkZ(¢,0)).
For the inductive step, we compute
tkZ(l, ssk) =tkZ(tpZ(¢),sk)  and  tZ(tpkZ((, k)) = tZ(tpkZ (tpZ(0), k)).

Thus both terms satisfy the recursion f(¢, sk) = f(tpZ({), k). i

[Proposition B.3.6. kZ((,sk) = pkZ (L, k) + 2Z(tpkZ (L, k)) ]

Proof. We go by induction on k. If k& = 0, both sides easily reduce to pzZ(¢) +
27 (tpZ({)). For the inductive step, we compute

pkZ (L, sk) + 2Z(tpkZ(L, sk)) = pzZ(€) + pkZ (tpZ (L), k) + 2Z (tpkZ (tpZ (L), k)),

which is the same recurrence as kZ, as desired. |

Proposition B.3.7. We have

1. 2Z(0) < pzZ(L)
2. 2Z(0) < kZ(L, sk)
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Proof. For the first part, go by induction on ¢. For / = @&, both are zero. For 0 :: ¢, the
subtraction is zero; for 1 :: £, we have

2Z(1:4) ~pzZ(1::4)=2Z(£) ~pzZ({).

So the recurrence is clear.

For the second part, just apply part 1 with the definition of kZ:
kZ (L, sk) =pzZ(l) + kZ(tpZ(0), k) > pzZ (L) > zZ(L).

This is all we needed. |

[Corollary B.3.8. If pzZ(¢) > len(¢), then tpZ(¢) = @. )

Proof. By proposition B.3.1, tpZ(¢) = tail(¢,pzZ(¢)). Since pzZ({) > len(¢) by as-
sumption, we have tail(¢, pzZ(¢)) = @ (by proposition 4.3.3), as desired. |

B.4 Intermediate results - zeroes and heads

Proposition B.4.1. We have 2Z({;) < 2Z({; ++ {3), and also

27 (ly) if zz(01 ++ £3) < len(fy)

2Z(b ++ b)) = {zZ(£1 ++ 4s) else

Proof. We start with the inequality. We prove it by induction on ¢;, using theorem
3.5.1 to show that zZ(¢;) ~ 2Z(¢; ++ ¢3) = 0. The base case ¢; = & is trivial. For the
induction step, we must show that

2Z(x 2 0) = 2Z((x : £) ++ ba) <gpp, 22(0) ~ 2Z(€ ++ £2).

We split into the cases x = 0 and z = 1. In the case x = 0, the left hand side reduces to
0, so the inequality holds. In the case x = 1, we have

2e(1i0) = 2Z((1 5 0) ++ o) = [+ 2Z(0)] = [L + 2Z(€ ++ £)] = 2Z(0) = 2Z(€ ++ L),

so we also have the inequality. This finishes the induction.

Next, we show the equality. Again, we go by induction on ¢;. In the base case
¢, = @, the if-else reduces to the else case (because len(¢;) = 0, and x < 0 is impossible),
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so the equality is clear. For the inductive step, we show that both terms satisfy

0 ifx=0
He b b)= {1 + f(l,0y)  else

For the left hand side, this is clear. For the right hand side, we must check that f(0 :
0, 0y) =0and f(1::40,0y) =1+ f(£,0y). With 2 = 0, it’s clear that both branches of the
if-else reduce to zero, so the whole function is indeed zero. With = = 1, we apply the
definitions of zZ and len to find that it equals

1+2Z(¢) if 1 4+2Z(0++43) <1+ len(¥)
14+ 2Z(€ ++ 42) else '

The if condition simplifies to zZ (¢ 4+ ¢3) < len(¢), and we can pull the +1 out of the
if-then, so we get the recursion we wanted. |

Corollary B.4.2. We have zZ(head(¢,n)) < zZ(¢). Moreover, if n <len(¢), then

zZ(head(¢,n)) if zz({) <n
2Z(0) = { 27(¥) else '

Proof. By proposition 4.6.3, we can write ¢ = head(¢, n) ++ tail(¢,n). The inequality
follows directly by applying proposition B.4.1; for the equality, we also need to note that
n < len(¢) implies len(head(¢,n)) = n (by corollary 4.6.4). |

4 N
Proposition B.4.3. We have pzZ(¢,) < pzZ (¢, ++ (), and also

pZZ(El "“*‘62) _ { pZZ(gl) if ZZ(gl 4+ €2) < len(gl)

pzZ (0 ++ ls) else
and
B pzZ(4y) if pzZ(¢1) <len(¢y)
L pzZ(ly ++ o) = {pzZ(& ++ ls) else )

Proof. We start with the inequality. We prove it by induction on ¢, using theorem
3.5.1 to show that pzZ(¢y) — pzZ(¢; ++ ¢2) = 0. The base case ¢; = @ is trivial. For the
induction step, we must show that

2Z(x = 0) = 2Z((x 2 ) +4 02) <upup, 2Z(0) ~ 2Z (£ ++ L2).

We split into the cases x = 0 and x = 1. In the case x = 0, the left hand side reduces to
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1 =1 =0, so the inequality holds. In the case x = 1, we have

pzz(l o l) —=pzZ((1 : £) ++£3) = [1 +pzZ(0)] =~ [1 + pzZ (£ ++ £3)]
=pzZ(0) ~ pzZ (£ ++ £5),

so we also have the inequality. This finishes the induction.

Next, we show the first equality. Again, we go by induction on ¢;. In the base case
¢y = @, the if-else reduces to the else case (because len(¢;) = 0, and = < 0 is impossible),
so the equality is clear. For the inductive step, we show that both terms satisfy

1 ifx=0
f(x A 22) = {1 + f(& €2) else

For the left hand side, this is clear. For the right hand side, we must check that f(0 ::
0, 0y) =1 and f(1 €, 0y) =1+ f(£,¢y). With = = 0, it’s clear that both branches of
the if-else reduce to 1, so the whole function is indeed 1. With x = 1, we apply the
definitions of pzZ, 27, and len to find that it equals

1+ pzZ(0) if 1 +2Z(0++43) <1+ len(¥)
1+ pzZ (0 ++ {2) else '

The “if” condition simplifies to 2Z (¢ 4++ {3) < len(¢), and we can pull the +1 out of the
if-then, so we get the recursion we wanted.

Finally, we prove the second equality, by showing that the right hand side satisfies
the same recurrence as the first equality. Once again, the base case { = & is trivial, and
in the inductive = 0 case, both branches reduce to 1. Finally, in the inductive x = 1
case, the expression reduces to

1+ pzZ(0) if 1 +pzZ(¢) <1+len(l)
1+ pzZ (L ++ 4s) else ’

which simplifies in the same way as before to get the desired recurrence. |

Corollary B.4.4. We have pzZ(head(¢,n)) < pzZ({). Moreover, if n < len(¢), then

zZ(head(¢,n)) if zz(¢) <n
p22(t) = {p pzZ(0) else '

Proof. By proposition 4.6.3, we can write ¢ = head (¢, n) ++ tail(¢,n). The inequality
follows directly by applying proposition B.4.3; for the equality, we also need to note that
n < len(¢) implies len(head(¢,n)) = n (by corollary 4.6.4). i
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[Corollary B.4.5. If p2Z(¢1) < len(¢y), then tpZ (1 ++ b)) = tpZ({y) ++ Lo. ]

Proof. First, by proposition B.3.1, we have
th(fl =F 62) = tail (51 ==F 62, pzZ(& ==F 52)) o

Moreover, since pzZ(¢;) < len(¢;), we can use proposition B.4.3 to note that pzZ(¢; ++
ly) = pzZ(¢y). Therefore,

th(gl -+ £2> = ta11<€1 -+ €2, pZZ(€1)> o
Proposition B.3.1 also tells us that
tpZ (0y) ++ €o = tail(4y, pzZ(€1)) ++ Ls.

Since pzZ(¢1) < len(¢y), proposition 4.5.2 tells us that these two terms are equal. i

[Proposition B.4.6. We have kZ ({1, k) < kZ(ly ++ (o, k). ]

Proof. We go by induction on k, using corollary 3.5.4 to show that the function given
by f(l1,0e, k) = kZ(l1,k) = kZ(l; ++ 5, k) is equal to zero. The base case k = 0 is
covered by proposition B.4.1. For the induction step, we compute

F(01, b, sk)
=kZ(ly,sk) — kZ(ly ++ {o, sk)

— |p22(01) + kZ(tpZ(01), k)| = [p2Z (6 ++ ) + RZ(pZ( ++ 65), F)]

< [p22(60 ++ &) + KZ(pZ(01), 1) = [p22(6 ++ &) + KZ(tpZ (6 ++ 1), K)
= kZ(tpZ(0)), k) = kZ(tpZ (01 ++ L), k).

Note that, for the third step, we used proposition B.4.3 to get the inequality.

We now split into two cases: pzZ(¢y) < len(¢y), and pzZ(¢,) > len(¢;). In the first
case, we use corollary B.4.5 to get

F(l1, bo, sk) < kZ(tpZ (L)), k)
= kZ(tpZ(6,), k)
= f(tpZ(01), lo, K).

~ kZ(tpZ(ly ++ 42), k)
= k?Z(th(éﬂ ++ 45, k‘)

In the second case, we use corollary B.3.8 and proposition B.3.2 to get
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_ kZ(D, k) < kZ(tpZ (L 4+ L), k)
=0 k’Z(th(gl == EQ), k?)
=0 < f(tpZ(1),la, k).

So, in both cases, we get f(¢1,0s,sk) < f(tpZ(¢1), Vs, k), which is what we needed to
complete the inductive step. |

[Corollary B.4.7. tpZ(head(f,n)) = head (th(E), n - pzZ(f)) J

Proof. By propositions B.3.1 and 4.6.5,

tpZ(head(¢,n)) = tail(head (¢, n), pzZ(¢)) = head(tail(¢, pzZ({)), n ~ pzZ({))
= head(tpZ (), n — pzZ(()),

as desired. [

Proposition B.4.8. If n < len(¢), then

_ [kZ(head(,n),k) i kZ(l, k) <n
RZ(6 k) = { kZ (L, k) else

Proof. We go by induction on k. In the base case, this reduces to corollary B.4.2. For
the inductive step, we claim both sides satisfy the recurrence

F(l,n, sk) = p2Z(0) + f(th(E), n = pzZ(0), k:)
This is clear for the left hand side by the definition of £Z, so we just need to compute
this for the right hand side.
Let’s look at the top branch first. We have
kZ(head(¢,n), sk) = pzZ(head(¢,n)) + kZ(tpZ(head(¢,n)), k)
= p2Z(0) + kZ <head(th(€), n = p2Z(0)), k:)

There are two key steps in this second equality. First, we use corollary B.4.7 to transform
tpZ(head(¢,n)). Second, we claim that pzZ(head(¢,n)) = pzZ({); to justify this, we can
appeal to corollary B.4.4, but for this result to apply, we must have zZ(¢) < n < len(¢).

We have n < len(¢) by assumption; moreover, we're in the case kZ (¢, sk) < n, so by
proposition B.3.7,

2Z(0) < kZ(L,sk) <mn,
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as desired.

Next, let’s consider the condition, which is kZ(¢, sk) < n. Expanding the definition
of kZ, we get pzZ(0)+kZ(tpZ(€), k) < n. We claim this is equivalent to kZ (tpZ(¢), k) <
n = pzZ({); in fact, we claim that a + b < ¢ is equivalent to b < ¢ = a in general. To
show this, we invoke proposition 3.3.4:

e If a + b < ¢, then subtracting a from both sides gives b < ¢ ~ a;

e If a+b > ¢, then (again) subtracting a from both sides gives b > ¢ — a.

Thus, the condition for the successor case is indeed kZ(tpZ({), k) < pzZ({).
So, all together, replacing k by sk in the right hand side gives us the following:

{ p2Z(6) + kZ(head(th(E), n = p2Z(0)), k) it kZ(tpZ(£), k) < n = pzZ(0)

pzZ() + kZ(tpZ(0), k) else
i {kZ (head(th(E), n = p2Z(0)), k:) it kZ(tpZ(£), k) < n = pzZ(0)
kZ(tpZ(0), k) else
So, the claimed recurrence holds. |
4 N

Corollary B.4.9. Let ¢ € L({0,1}) and k,n € N. Then
kZ(head(f, n), k) < kZ (£, k).

Moreover, if kZ(¢, k) < n <len(¢), then

L kZ(head(l,n), k) = kZ((, k). )

Proof. For the first part, first note that ¢ = head (¢, n) ++tail(¢, n) by proposition 4.6.3.
The inequality then follows directly by applying proposition B.4.6. The second part
follows from proposition B.4.8. |

B.5 First results - cZ

[Proposition B.5.1. c¢Z({) < len() ]

Proof. We show that ¢Z(¢) — len(¢) = 0 by induction on ¢. The base case is clear; for
the inductive step, we compute

cZ(0::4)=len(0::4) = (1+cZ¥)) - (1 +1en(f)) = cZ({) = len(¥),
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cZ(1:0)=len(l::0)=cZ(l) - (1+1en(()) = (cZ(¢) ~len(¥)) - 1.

Thus this term satisfies the recursion f(b:: £) = f(¢) = b. |

[Proposition B.5.2. cZ(ly 4+ ls) = cZ(ly) + cZ({s). ]

Proof. We go by induction on ¢;. The base case ; = & is easy; for the induction step,
we compute

cZ(b:: b4+ L) =cZ(b:: (L4+£y)) = b+ cZ(£ 4+ £o)
and
cZ(b :: £) + cZ(ly) = b+ cZ(£) + cZ (L),

so both satisfy the same recurrence. |

Proposition B.5.3. Let £ € L({0,1}) and n < len(¢). If nth(¢,n) = 0, then

chZ(l,sn) = s(chZ(l,n))

Proof. Since n < len(?), by definition, we have

head (¢, sn) = head(¢, n) ++ nthSingleton(¢, n)
= head (¢, n) ++ [nth(¢,n)] = head(¢,n) ++ [0].

Then, by proposition B.5.2, we have

chZ(l,sn) = cZ(head (¢, sn)) = cZ(head(¢,n) ++ [0]) = cZ(head(¢,n)) + cZ([0])
=chZ(l,n) + 1,

as desired. [
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B.6 Intermediate results - technical facts

Proposition B.6.1. Let £ € L({0,1}). Then

1. cZ(tZ(0)) = cZ(t)
2. cZ(tpZ(0)) = cZ(l) -~ 1

Proof. We start with the first statement, going by induction on ¢. For the base case,
cZ(tZ(@)) = cZ(2). For the inductive step,

cZ(tZ(0:0)=cZ(0:0)=1+cZ({)
and
cZ(tZ(1::0)) =cZ(tZ(0)),
while ¢Z(1 :: £) = ¢Z({). Thus both functions satisfy

) 1+cZ(t) ifb=0
f(b“@:{ fO)  ifb=1"

For the second statement, we again go by induction on ¢. For the base case, we have
cZ(tpZ(@)) = cZ(2). For the inductive step,

cZ(tpZ(0::4)) = cZ(l) and cZ(tpZ(1 :: ) = cZ(tpZ(L)).
Thus both functions satisfy

o feZ(e) ifb=0
f(b“g)_{f(e) ifh=1"

This completes the proof. |

Proposition B.6.2. Let £ € L({0,1}) and £ € N. Then

1. cZ(tpkZ(L, k) = cZ(4) — sk
2. cZ(tkZ(L, k) =cZ(l) -k

Proof. For the first part, we go by induction on k. In the base case, we have
cZ(tpkZ(£,0)) = cZ(tpZ(()) = cZ(£) ~ 1

by proposition B.6.1.
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For the inductive step, we claim that both functions satisfy f(¢, sk) = f(¢, k) — 1.
This is clear for ¢Z(¢) = sk; for the other term, we compute

cZ(tpkZ (L, sk)) = cZ(tpZ(tpkZ(L, k))) = cZ(tpkZ (L, k)) — 1

(using propositions B.6.1 and B.3.4). This finishes the proof.

For the second part, we go by cases on whether £ is zero or a successor. For the
zero case, we use proposition B.6.1 to compute

cZ(tkZ((,0)) = cz(tZ(L)) = cZ ().

For the successor case, we use propositions B.3.5 and B.6.1, as well as the first part, to
compute

cZ(tkZ (L, sk)) = cZ(tZ(tpkZ (L, k))) = cZ(tpkZ (L, k)) = cZ(€) ~ sk.

That’s all we needed to show. |

Proposition B.6.3. Let ¢ € L({0,1}). Then:

1. kZ(l,cZ(0)) = len({);
2. If k < cZ(0), then kZ({, k) < len(?).

Proof. The first part is proved by induction on ¢: we show that kZ(¢,cZ({)) satisfies
the defining equations of len. For the base case, we compute

kZ(2,cZ(2)) = kZ(2,0) =2Z(2) = 0.
For the inductive step, we compute

kZ(0::0,cZ(0::0)=kZ(0:: 0,1+ cZ({))
=pzZ(0::0)+ kZ(tpZ(0::0),cZ(0)) =1+ kZ(l,cZ({))

and
kZ(1 = l,cZ(1:0)=kZ(1::4,cZ(0)) =1+ kZ(L,cZ()).

(Note: the last equality is from proposition B.3.3.) Thus kZ(b :: £,cZ(b :: {)) = 1 +
kZ(l,cZ({)), as desired.

For the second part, we first use proposition B.3.1 to compute

len(tkZ (¢, k)) = len(tail(¢,kZ (¢, k))) = len(¢) = kZ({, k).
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So, to get the result, it suffices to show len(tkZ(¢, k)) > 0. Using proposition B.5.1,
proposition B.6.2, and the assumption cZ(¢) > sk, we compute

len(tkZ(L,k)) > cZ(tkZ(L,k)) = cZ(€) ~k > sk~ k=1 > 0.

This is what we needed to show. |

4 N
Proposition B.6.4. We have

CJ14+z2Z(0) 0 <cZ(0)
p22(l) = { 2Z(0) else
and
(14 kZ(L k) itk < cZ(0)
phz(l k) = { kZ(0, k) else
- J

Proof. We start with the first equality, which we prove by induction on ¢. For ¢ = &
note that pzZ(@) = 2Z(@) = 0, and the if-then reduces to the else case because 0 <
c¢Z (@) = 0 is impossible. So, we get equality.

In the inductive case £ = x :: £, we split into cases depending on x. If x = 0, we
have pzZ(0 :: ¢') = 1 and

{1+z2(0::£’) if0<cZ(0:0) {1 if 0 <1+4cZ(€) _

2Z(0 0 else 0 else

(Note that we reduce to the “if” case because 0 < 1+ c¢Z(¢') is true.) If z = 1, then we
have pzZ(1 : 0') =1+ pzZ(¢') and

{1+2Z(1 ) if0<cZ(1::€’):{1+1+2Z(€’) if 0 < cZ(V)

2Z(1 1) else 1+ 2Z(¢) else
1+z2Z(l") if0<cz(l)
— 1+ ., .
2Z(0) else

So, the same recurrence is satisfied.

We now move on to the second equality, which is proved by induction on &, which is
to say we must show the right hand side satisfies the same inductive definition as pkZ.
The base case k = 0 reduces to the first equality, so that’s done. For the inductive step,
we compute

L+ kZ(l,sk) if sk<cZ(l) [14+pzZ(0)+kZ(tpZ(L),k) if sk < cZ({)
{ kZ (¢, sk) else N { pzZ(0) + kZ(tpZ(0), k) else
)( )

B 1+ EkZ(tpZ(0), k) if sk < cZ(¢)
=) = { kZ(tpZ(0), k) else
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To ensure that this is the same recurrence as pkZ, it just remains to check that sk < cZ(¢)
is the same condition as k < c¢Z(tpZ(¢)). By proposition B.6.1, the latter condition is
k < P(cZ({)), so we need to check that sk < m is the same as k& < Pm (where
m = cZ({)).

However, ssk—m # sk— Pm in general, so we will instead appeal to proposition 3.3.4
(noting that a < b means sa—~b = 0, and sa—b > 1 is equivalent to b < a by proposition
3.2.4). If sk < m, thenm > 0, s0o m = sPm. Then 0 = ssk—m = ssk—sPm = sk— Pm,
so k < Pm. On the other hand, if sk > m, then Pm < Psk = k (by proposition
3.2.2). |

B.7 Intermediate results - key facts

Lemma B.7.1. Let ¢ € L({0,1}). Then:

o tkZ(l,cZ(l)) = o
o If cZ(¢) > 0, then len(tkZ(¢, P(cZ(¢)))) > 0.

Proof. For the first part, we simply use propositions B.3.1, B.6.3, and 4.3.3 to compute
1en(tk2(£, cZ(e))> = 1en<tai1(€, kZ(¢, cZ(E)))) - len<tai1(€, 1en(£))) = len(@) = 0.

The conclusion follows by proposition 4.3.2.

For the second part, we similarly use proposition B.3.1 to compute
len<t/§Z(€, P(cZ(E)))) - 1en<taﬂ(€, kZ(¢, P(CZ(@)))) = len(f) = kZ (¢, P(cZ(())).

Since ¢Z(¢) > 0, we have P(cZ({)) < cZ({), so kZ(¢, P(cZ({))) < len(¢) by proposition
B.6.3. Thus the above term must be greater than zero. |

4 N
Lemma B.7.2. Let ¢ € L({0,1}).

e If n <len({), then
n<kZ({l,chZ(l,n)).

o If n <len(¢) and chZ(¢,n) > 0, then

kZ (L, P(chZ(l,n))) < n.
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Proof. We start with the first part. Using the first part of lemma B.7.1, along with
proposition B.3.1, we compute

o =thZ (head(e, n), cZ(head(t, n)))

= tail <head(€, n), kZ (head(f, n), cZ(head(?, n))))
If we calculate the length of both sides, we get
0 = len(head(l,n)) ~ kZ (head(ﬁ, n),chZ(, n))
Since n < len(¢), corollary 4.6.4 tells us len(head(¢,n)) = n. Thus we conclude that
n < kZ(head(ﬁ,n), chZ (¢, n)),

and by applying corollary B.4.9, we conclude that n < kZ(¢,chZ (¢, n)).

Now, we prove the second part. Since chZ(¢,n) > 0, we apply the second part of
lemma B.7.1 to head(¢,n). This tells us that

0 < len (tkz(head(e, n), P(chZ(¢, n))>)
— len (tail (head(é, n), kZ(head(,n), P(chZ(l, n))))>
— len(head(f, n)) - kZ(head(K, n), P(chZ(¢, n)))
—n-kZ <head(€, n), P(chZ(¢, n))).

Thus, kZ(head(¢,n), P(chZ(¢,n))) < n. (Note: in this calculation, we also used propo-
sition B.3.1, corollary 4.6.4, and the assumption n < len(?).)

To conclude the proof, we’d like to show that
kZ(head(¢,n), P(chZ({,n))) =kZ (L, P(chZ({,n)))

by applying the second part of corollary B.4.9. To do so, we just need to check that
P(chZ(l,n)) < n (we already know that n < len(¢)). For this, we use the fact that
chZ(l,n) > 0 to compute

P(chZ(l,n)) < chZ(l,n) < len(head(¢,n)) = n.

Note that, in this calculation, we also used proposition B.5.1, corollary 4.6.4, and the
assumption n < len(?). i

[Lemma B.7.3. If m < ¢Z({), then kZ({,m) < kZ({,sm). ]
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Proof. Since m < ¢Z(¢), by propositions B.3.6 and B.6.4, we have
kZ(l,sm) = pkZ(l,m) + 2Z(tpkZ(L,m)) > pkZ(l,m) =1+ kZ({,m) > kZ({,m),

as desired. [

B.8 Final results

[Proposition B.8.1. If k < cZ({), then nth(¢,kZ (¢, k)) = 0. ]

Proof. First, note that nth(¢,kZ (¢, k)) is well-defined because k < ¢Z(¢) implies that
kZ (¢, k) < len({) (by proposition B.6.3). This also lets us say (by proposition 4.4.3) that

nth(¢, kZ (0, k)) = nthDef (¢, kZ(¢, k), def) = nthDef (¢, kZ(¢, k), 0).

So, it suffices to show that nthDef(¢, kZ (¢, k),0) = 0 for all ¢, k.

We prove this by induction on k. The base case k = 0 reduces to showing that
nthDef(¢, 2Z(¢),0) = 0, which we can do by induction on ¢. For ¢ = &, we check

nthDef(, 2Z(2),0) = nthDef (2, 0,0) = 0.
For the induction step, we can split into the cases b = 0, b = 1 and check that

0 itb=0

nthDef (b :: £,22(b :: £),0) = {nthDef(ﬁ, 2Z(0),0) ifb=1"

This inductive characterization is shared by the zero map, so the two must be equal.

Thus, we have established the base case for the induction on k. For the inductive
step, we compute:

nthDef (¢, kZ (¢, sk),0) = nthDef(¢, pzZ(¢) + kZ(tpZ(¢), k), 0)
= nthDef (tail(¢,pzZ (¢)), kZ(tpZ (L), k), 0)
= nthDef(tpZ(¢), kZ(tpZ (L), k), 0).

We used proposition B.3.1 for this last equality. (We also use proposition 4.4.5.)

So, we've shown that the term f(¢, k) = nthDef(¢,kZ(¢, k),0) satisfies f(¢,0) =0
and f(¢,sk) = f(tpZ({), k). This inductive characterization (using the inductive scheme
of theorem 3.5.3) is also satisfied by f(¢, k) = 0, so we have the desired equality. |
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Proposition B.8.2. Let £ € L({0,1}) and n < len(?).
If nth(¢,n) = 0, then chZ(¢,n) < cZ(¢) and n = kZ(¢,chZ(¢,n)).

Proof. By the first part of lemma B.7.2, we have n < kZ({,chZ (¢, n)).
On the other hand, we can also apply proposition B.5.3 to note that

chZ(l,sn) = s(chZ(l,n)) > 0.

This (combined with sn < len(?), because n < len(¢)) means we can apply the second
part of lemma B.7.2 to sn. This gives

kZ (¢, P(chZ({,sn)) < sn.
Since chZ (¢, sn) = s(chZ(¢,n)), this reduces to
kZ(l,chZ({,n)) < sn.
Finally, after applying the definition of < and cancelling the s on each side, we get

kZ(l,chZ(l,n)) < n.

Since we've established both inequalities, we conclude that n = kZ(¢,chZ(¢,n)). 1
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