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ABSTRACT

This doctoral dissertation focuses on the nonlinear spectroscopy of solids at terahertz

frequencies. In this study, the nonlinear propagation of broadband terahertz (THz)

pulses through solids is theoretically and experimentally investigated.

The experimental observation of a very strong nonlinear response in crystalline

quartz in the THz frequency region through THz time-domain spectroscopy (THz-TDS)

is reported. A previously developed theoretical model, describing the nonlinear opti-

cal interactions, is modified and predicts a very large nonlinear refractive index equal

to 5.17 × 10−14 m2 W−1. The frequency analysis of the time-domain response reveals

a nonlinear refractive index on the order of 10−13 m2 W−1 in addition to a fifth-order

nonlinear susceptibility with a negative real part.

Moreover, a simple method to model the propagation of a broadband THz pulse in a

nonlinear medium with a dispersion of the nonlinear refractive index is presented. This

method uses a spectral solution to the wave equation based on Fourier analysis. Using

the same model, an expression to extract the nonlinear refractive index dispersion for

broadband sources is derived. This model factors out the dependence of the experimen-

tal data on the spectral shape of the THz pulse. Furthermore, the model takes the effect

of the absorption spectral profile of the material into account. As the next step, the

proposed method is applied on the experimental data from the nonlinear spectroscopy

of BK7 glass. In addition to its high value of the nonlinear Kerr coefficient equal to

4× 10−14 m2 W−1, BK7 glass is of a great interest due to its absorption profile unique to

the borosilicate glass family.

Finally, a theoretical study on the relationship between the THz nonlinear refrac-
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tive index and the THz-induced third-order susceptibility sensed by the optical probe is

presented. This analysis explains the scaling factor in the translation of the THz non-

linear refractive index to the optical regime in the phenomena such as terahertz-induced

Kerr effect in optical probe setups and terahertz field-induced second-harmonic (TFISH)

generation, which is of a great importance for the measurement consistency in different

frequency regions.
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Chapter 1

INTRODUCTION

Terahertz (THz) frequency range is the electromagnetic spectrum window located be-

tween far-infrared and microwave frequency ranges. It is associated with the frequency

range of 0.1 THz to 10 THz, corresponding to the wavelength range of 3 mm to 30 mi-

crons, as shown in Fig. 1.1.

Figure 1.1: THz band in electromagnetic spectrum.

Thanks to certain properties of the THz waves such as low photon energy, trans-

parency to most dielectrics and the strong absorption in molecules such as water, it

has different applications in non-destructive testing of biological tissues, security and

inspection of pharmaceutical and agricultural products [1, 2, 3, 4, 5]. Despite inherit-

ing some of its features from microwave and optical ranges, THz waves do not fit into
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either of the two categories [6]. For instance, microwave frequencies are usually gen-

erated through oscillations of carriers in electrical components, though traditional radio

frequency sources cannot exceed several hundreds of GHz. On the other hand, light

is usually emitted through the excitation of electrons to higher energy states and their

relaxation to lower states. However, at the THz frequency range, the photon energy

is smaller than the thermal energy at the room temperature, and it is indistinguishable

from thermal relaxation. Thus, it requires unique techniques for both generation and

detection.

1.1 THz Generation Techniques

There are three main techniques for generating THz waves. The first one is THz

generation based on illuminating a DC-biased photoconductive (PC) antenna by a laser

beam, as shown in Fig. 1.2. The ultrashort laser pulse hits the semiconductor area be-

neath the antenna gap and excites the electrons to the conduction band, where they

are accelerated via a bias field before recombination. This photocurrent in turn emits

electromagnetic radiation with a duration of a few hundred femtoseconds to a few pi-

coseconds, depending on the characteristic recombination rate of the substrate [7, 8, 9].

The most common semiconductor used for PC antenna is GaAs, where the combina-

tion of high carrier mobility and and short carrier lifetime enable a strong and wide-

band THz emission, though the THz bandwidth is limited by the phonon resonances at

8.5 THz [10].

The second technique is THz generation inside the plasma, as depicted in Fig. 1.3.

A part of the pump beam is frequency-doubled in a second-harmonic generation (SHG)
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Figure 1.2: THz generation using photoconductive antenna (PCA). The semiconduc-
tor substrate is DC-biased under the two electrodes. Then, the biased region between
the electrodes is illuminated with an ultrashort laser pulse. The generated electrons are
accelerated in the DC field and create a current. The photocurrent radiates an electro-
magnetic pulse in THz region with a duration of a few hundred femtoseconds to a few
picoseconds before the carrier recombination happens.

crystal. Then, the residual fundamental beam alongside the second harmonic is tightly

focused to an intensity sufficient for air ionization, forming the plasma region for THz

generation [11, 12]. The main mechanism behind the THz generation is the transient

photocurrent of the ionizing electrons as the result of the superposition of the funda-

mental and second harmonic waves [13]. In this method, the THz generation is based

on the four-wave mixing process of the fundamental beam and its second harmonic in

the ionized plasma. The generated ultra-short THz pulse can have a bandwidth up to

150 THz [14, 15].

The third technique to generate THz radiation is through optical rectification (OR)
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Figure 1.3: THz generation from air plasma. IR (800 nm) beam passes through an
SHG crystal such as Beta Barium Borate (BBO) and generates the second harmonic
(400 nm). Then, both the fundamental and second-harmonic beams are tightly focused
so that the air is ionized. In the plasma, the four-wave mixing of the fundamental and
second-harmonic pulses generates an elecromagnetic pulse in the THz spectrum.

in non-centrosymmetric crystals such as ZnTe, InP and GaP [6, 13, 16]. The nonlinear

polarization induced by OR could be expressed as [13]

P
(2)
i ≙∑

j,k

ε0χ
(2)
i,j,k(0, ω,−ω)Ej(ω)E∗k(ω), (1.1)

where i, j, k represent the Cartesian components of the nonlinear polarization and the

driving fields. Depending on the crystal symmetry, many of the susceptibility tensor

elements are zero. Consequently, the nonzero elements of the tensor determine the

crystal orientation at which the intensity of the generated THz field is maximum.

To achieve an efficient nonlinear process, in this case the generation of the THz ra-

diation as described in Eq. (1.1), the phase-matching condition should be met between
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the infrared (IR) driving field and the generated THz field. For the two frequency com-

ponents of the IR pulse, ω1 and ω2, the energy and momentum conservations are given

as

ω1 − ω2 ≙ ΩTHz, (1.2a)

k1 − k2 ≙ kTHz. (1.2b)

Dividing Eq. (1.2a) by Eq. (1.2b), we obtain:

ω1 − ω2

k1 − k2
≙
ΩTHz

kTHz

, (1.3)

which means that the phase velocity of the THz field, vTHz
ph ≙

ΩTHz

kTHz
, equals to the group

velocity of the optical pulse, v
Opt
g ≙

dωOpt

dkOpt
. This implies that, in order to achieve a

field build-up, the THz field must propagate with the speed of the optical pulse enve-

lope. For instance, for ZnTe, this condition is met at 812 nm and 1.69 THz [13]. Thus,

the amplitude of the generated THz increases linearly as the THz field co-propagates

with the optical beam in the crystal, as shown in Fig. 1.4. For a larger field am-

plitude, one may choose a generation crystal with a larger effective nonlinear coeffi-

cient than ZnTe (deff ≙ 68.5 pm/V), such as LiNbO3 with an effective coefficient of

deff ≙ 168 pm/V [17]. However, due to the large mismatch between the THz refrac-

tive index and optical group index, in a standard collinear geometry, the generated THz

radiation propagates along a cone with an angle of Θc ≙ cos
−1 vTHz

vg
, with a limited con-

version efficiency. To achieve the index matching, the pulse-front tilting technique is im-

plemented, where the intensity fronts of the pump beam are tilted after deflecting from

a diffraction grating and passing through two cylindrical lenses, as shown in Fig. 1.5.
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Figure 1.4: THz generation in ZnTe crystal. Phase-matching condition is achieved at
812 nm and 1.69 THz. The amplitude of the THz wave increases as it copropagates

with the optical pulse.

The tilting angle γ is chosen in a way to satisfy the phase-matching condition described

in Eq. (1.3): v
Opt
g cosγ ≙ vTHz

ph . In the crystal, the generated THz radiation propagates

perpendicular to the tilted fronts of the optical beam and its amplitude builds up as it

propagates through the crystal.The bandwidth of the THz radiation depends on the the

THz absorption spectrum in the generation crystal, and on the dispersion. The THz

pulse generated by optical rectification in most crystals have a bandwidth of 3 THz.

However, GaP crystal enables a pulse bandwidth of up to 10 THz [18, 19]. Further-

more, it has been shown that optical rectification in organic nonlinear crystals such as

diethylaminosulfur trifluoride (DAST) can generate THz pulses with a bandwidth up to

180 THz [20].
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Figure 1.5: THz generation in LiNbO3 crystal. Phase-matching condition is achieved
using pulse-front tilting technique using a grating, a half-wave plate and a pair of

lenses. The tilt angle is designed to satisfy the phase match between optical pump and
THz field. HWP: Half-wave plate. L: Lens

1.2 THz Detection Techniques

The three main THz detection schemes are based on mechanisms closely related to

that of generation schemes. The first method is PC sampling. In this technique, the

THz beam is focused on the PC antenna gap where no DC bias voltage is applied on the

electrodes. A transient voltage is induced by THz pulse across the gap. Then an ultra-

short optical probe pulse is also applied on the gap, co-propagates with the THz beam

inside the substrate and generates carriers, as shown in Fig. 1.6. By sweeping the over-

lap time along the THz pulse duration via a delay stage, we can sample the THz pulse at

different points of the signal by measuring the THz-induced photocurrent signal at the

electrodes [7]. GaAs-based antenna has a detection bandwidth of up to 8 THz. [21].
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Figure 1.6: THz pulse detection based on photo-conductive sampling. The THz pulse
is focused in the gap between the electrodes, where there is no bias DC voltage. An
ultrashort optical pulse illuminates the gap and generates carriers. The THz field acts as
the bias voltage and accelerate the carriers to create a photocurrent proportional to the
THz pulse. We can sample different points of the THz temporal waveform by changing
the delay between the ultrashort optical pulse and the THz pulse. Finally, the photocur-
rent is recorded at the electrodes. OPM: Off-axis parabolic mirror.

The second method, air-biased coherent detection (ABCD), is based on the second-

harmonic generation in air plasma. In this method, the optical field is tightly focused to

ionize the air and create a plasma region. As the THz pulse passes through the plasma

region, the SHG of the optical beam occurs through the third-order nonlinear process

between THz field and the fundamental field, as shown in Fig. 1.7. The generated second

harmonic is related to the THz field as [22]:

E2ω ∝ χ
(3)
xxxxETHzEωEω, (1.4)

where, Eω ,E2ω χ
(3)
xxxx are, fundamental wave, second harmonic wave and third-
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Figure 1.7: THz detection in an air-biased coherent detection (ABCD). The IR (800 nm)
beam is tightly focused to create a plasma in the biased region between the electrodes.
The THz pulse is also focused in the ionized region. The second harmonic (SH)
(400 nm) generation happens in a FWM process where the intensity is proportional
to the THz field. After the fundamental beam is filtered out with a band-pass filter, the
SH intensity is measured by a photodetector. OPM: Off-axis parabolic mirror; BPF:
Band-pass filter; PD: Photodetector.

order nonlinear susceptibility of the plasma, respectively. From Eq. (1.4) we can see

that the intensity of the second harmonic beam is proportional to the intensity of the

THz field, I2ω ∝ E2
THz. It means that when the second harmonic beam is detected by the

photodetector, the phase information of the THz is lost and the detection in incoherent.

For a coherent detection, an external bias voltage is introduced to the plasma area.

Thus, Eq. (1.4) is modified into [22]:

E2ω ∝ χ
(3)
xxxx(ETHz +Ebias)EωEω, (1.5)

The generated second-harmonic intensity is quadratically proportional to the sum of

the THz field and the bias field, I2ω ∝ (ETHz + Ebias)2. By a proper modulation of
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the bias field, we can isolate the desired linear term I2ω ∝ ETHzEbias from the other

terms [22]. Thus, we can extract the THz field from the measured intensity. Thanks

to the non-absorbing and non-dispersive medium, the generation and the detection pro-

cesses with extremely large bandwidth are attainable in air plasma, and are only limited

by the properties of the laser pulse [22]. The detection bandwidth of 150 THz has been

reported for the ABCD method [14].

The third method of the THz pulse detection is electro-optic (EO) sampling which is

based on the linear electro-optic effect in a non-centrosymmetric crystal such as ZnTe.

The propagation of the THz pulse through the detection crystal causes a birefringence to

a co-propogating optical pulse. This phase difference between the two polarization com-

ponents is proportional to the strength of the THz field, Γ ∝ ETHz [13]. As the optical

probe beam co-propagates with the THz pulse in the detection crystal, the two perpen-

dicular polarizations experience different phase shifts. Then, this phase difference is

translated into the probe beam ellipticity after passing through the quarter-wave plate

(QWP). A Wollaston prism splits the beam into its two polarizations with the intensity

difference proportional to the beam ellipticity. Using the Jones matrix formalism, we

have:

⎡⎢⎢⎢⎢⎢⎢⎣
EX

EY

⎤⎥⎥⎥⎥⎥⎥⎦
≙

⎡⎢⎢⎢⎢⎢⎢⎣
1 −1

−1 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
1 0

0 j

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
ejΓ 0

0 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
1

1

⎤⎥⎥⎥⎥⎥⎥⎦
(1.6)

≙

⎡⎢⎢⎢⎢⎢⎢⎣
(cos(Γ/2) − sin(Γ/2)) − j(cos(Γ/2) − sin(Γ/2))
−(cos(Γ/2) + sin(Γ/2)) + j(cos(Γ/2) + sin(Γ/2))

⎤⎥⎥⎥⎥⎥⎥⎦
.
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Finally, the differential signal which is proportional to the THz pulse amplitude is

detected using a pair of balanced photodetectors, as shown below:

IY − IX ∝ ∣EY ∣2 − ∣EX ∣2 ≙
≙ 2

⎡⎢⎢⎢⎢⎣( cos(Γ/2) + sin(Γ/2))
2

− ( cos(Γ/2) − sin(Γ/2))2⎤⎥⎥⎥⎥⎦∝ sin(Γ). (1.7)

If ∣Γ∣≪ 1, then sin(Γ) ≈ Γ. This condition ensures that the detection process is linear.

Thus, IY − IX ∝ Γ∝ ETHz. Fig. 1.8 shows the detection scheme.
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Figure 1.8: The schematic of the THz pulse detection based on electro-optic sampling.
(a) Without the THz field: The linearly polarized probe beam passes through the

detection crystal without sensing any birefringence. Then, via the quarter-wave plate,
the linear polarization of the beam is converted to circular. Thus, the beams with the
orthogonal polarizations at the output of the Wollaston prism have equal intensities,
meaning that the detected signal is zero. (b) With the THz field: The presence of the
THz pulse inside the detection crystal causes a birefringence. The phase difference

caused by the birefringence is translated into the beam ellipticity. Thus, the beams at
the output of Wollaston prism have different intensities. Thus, the THz signal which is

proportional to this intensity difference is detected at the output of the balanced
photodetectors. OPM: Off-axis parabolic mirror; QWP: Quarter-wave plate; PD:

Photodetector.
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The THz generation and detection methods and their bandwidths are summarized in

Table 1.1.

THz generation technique THz detection technique

Technique Bandwidth (THz) Technique Bandwidth (THz)

PC Antenna (GaAs) 6 [8, 9, 10] PC sampling (GaAs) 8 [21]

OR EO sampling

ZnTe 3 [16] ZnTe 4[23]

GaP 10 [19] GaP 7 [24]

LiNbO3 3 [17, 25]

DAST 180 [20]

Air plasma 150 [14] ABCD 150 [14]

Table 1.1: Different techniques of THz generation and detection and their respective
bandwidths

1.3 THz Nonlinear Optics

The introduction of intense THz sources with electric field peak values as large as

1 MV/cm [25] using optical rectification in LiNbO3 has made the study of the nonlinear

behaviour of materials in the THz frequency range possible.

The high intensity THz fields cause strong effects such as impact ionisation and inter-

valley scattering in semiconductors [26]. Thus, it can be used to study the carrier dynam-

ics in semiconductors and consequently to develop the nonlinear terahertz metamaterials

by manipulating the carrier dynamics in semiconductors [27].

Furthermore, the vibrational modes of the majority of solids and large molecules lie in
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THz spectrum range [28]. The coupling between the intense THz field and these vi-

brational modes gives valuable information about the light matter interactions in this

frequency range. Moreover, thanks to the strong THz-phonon couplings, intense THz

pulses induce strong nonlinear responses in solids and liquids [29].

Finally, two-dimensional materials such as graphene, due to the Dirac electrons in their

band structure, demonstrate a very large nonlinear response that is used to generate THz

high-harmonics [30].

1.4 THz Time-Domain Spectroscopy

THz time-domain spectroscopy (THz-TDS) is a useful tool to characterize the opti-

cal response of different materials and distinguishing them, as several fundamental phys-

ical processes such as rotational transitions of molecules, lattice vibrational modes in

solids and organic compounds and intraband transitions in semiconductors occur in this

frequency range [13]. As a result, it has been used in applications such as security [31],

biomedical sensing [32, 33], spectroscopy and imaging [7], and communications [34].

Furthermore, THz-TDS systems are used for monitoring production processes [35],

art conservation [36], and material characterization [37]. In THz-TDS, a single-cycle

THz pulse with a duration of a few picoseconds propagates through the sample. Us-

ing a very short optical pulse and sweeping it along the duration of THz pulse in the

detection scheme, we are able to resolve a time-domain signal. The time-domain mea-

surement of the real signal makes it possible to simultaneously obtain the amplitude and

phase response of the sample. Thus, one can calculate the optical properties, such as

refractive index and absorption coefficient, of a sample material with respect to the ref-
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Figure 1.9: Transmission THz-TDS. As the THz field propagates through the sample,
both the amplitude and temporal profile of the pulse change. Since the time-domain
signal is related to the frequency domain via Fourier analysis, recording the temporal
waveform of the THz pulse gives the full information about the spectral response of the
sample.

erence response (e.g., of free space) [7]. Fig. (1.9) illustrates the concept of transmission

THz-TDS.

1.5 THz-TDS Data Analysis

As highlighted in previous sections, THz-TDS provides the spectral response of the

the material despite the fact that the THz signals are recorded in time domain. Thus,

time domain and frequency domain are related to each other via Fourier transform:

F∥f(t)∥ ≙ ∫ ∞

−∞

f(t)e−jωtdt. (1.8)
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Fig. 1.10 illustrates the general concept of THz-TDS. The analysis could be per-

formed for both transmission and reflection measurements, although this work focuses

on the former. The input field, Ein(ω), is normally incident on a sample with a thick-

ness d and a complex-valued refractive index ñ(ω) ≙ n(ω) + jκ(ω). By applying the

electromagnetic field at the interface between any two media at normal incidence, the

reflected electric field and transmitted field are related to the incident field by Fresnel’s

coefficients [38]:

r ≙
Er1(ω)
Ein(ω) ≙

ñ(ω) − 1
ñ(ω) + 1; (1.9)

t ≙
Et(ω)
Ein(ω) ≙

2ñ(ω)
ñ(ω) + 1 ≙ 1 + r (1.10)

In general, Fresnel’s coefficients are complex-valued; however, if the sample has a

small extinction coefficient, we can use the real part of the complex refractive index to

calculate the Fresnel’s coefficients. From the Fig. 1.10, one can easily conclude that

the input field passes through two interfaces and a propagation inside the sample before

exiting the second interface. In other words, the output field is related to the input field

as [7]:

Eout(ω)
Ein(ω) ≙ t12t21ejnωd/ce−αd/2 ≙

2n

n + 1
×

2

n + 1
ejnωd/ce−αd/2, (1.11)

where t12 and t21 are the transmission coefficients from medium 1 to 2 and from medium

2 to 1, respectively. In order to characterize the sample, we need to compare the output

field to a known reference signal, for instance the transmitted field in the absence of

any sample. The reference signal can be simply calculated from Eq. (1.11) by setting
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Figure 1.10: Schematic geometry of spectroscopy of a sample at normal incidence.
The input field experiences two Fresnel’s reflections at the interfaces before and after
the propagation inside the sample before exiting the second interface.

the refractive index to 1 and the absorption to 0. Now we can characterize the material

by dividing the sample signal by the reference signal. This complex-valued ratio is the

spectral response of the sample:

Eout(ω)
Eref(ω) ≙

4n(n + 1)2 ej(n−1)ωd/ce−αd/2 ≙ T (ω)e(j∆ϕ). (1.12)

The complex-valued response is expressed as an amplitude response multiplied by a

phase response. The optical parameters of the sample could be extracted from the spec-

tral response:

n(ω) ≙ 1 + ∆ϕ(ω)c
ωd

; (1.13)

α(ω) ≙ −2
d
ln((n + 1)2

4n
T (ω)). (1.14)
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It is useful to point out that these equations are derived with the assumption of no

interference from the signal echoes caused by multiple internal reflections inside the

samples, so we can safely truncate the signal without any information loss or distortion

in the response. The minimum thickness that satisfies this condition is calculated as

τ < 2
dn

c
⇐⇒ d >

cτ

2n
. (1.15)

It means that, for a fixed pulse duration τ , the minimum thickness to avoid echo inter-

ference is equal to half the distance equivalent to the pulse duration inside the sample.

In other words, the pulse duration should be less than the round-trip time of the light

propagation inside the sample. Otherwise, the echoes interfere and overlap with a part

of the main signal. This interference is called Fabry-PÂerot effect. This effect needs to be

dealt with properly; otherwise, there would be distortions and fluctuations in the spec-

tral response. Eq. (1.12) needs to be modified by introducing a Fabry-PÂerot correction

factor, FP, calculated as [39]:

FP ≙
M

∑
m≙0

(r21e(jωnd/c)e−αd/2)
2m

. (1.16)

This correction factor calculates the total phase and amplitude of the first M round-trips

inside the sample, including the main signal, m ≙ 0. Each round-trip has two similar

reflections r21 at the boundaries, two propagation phases and two propagation losses.

Thus, Eq. (1.12) is modified as

Eout(ω)
Eref(ω) ≙ FP ×

4n(n + 1)2 ej(n−1)ωd/ce−αd/2 ≙ FP × T (ω)e(j∆ϕ). (1.17)
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If the scan duration is sufficiently long to cover most reflections, then M →∞. Thus,

for a long scan measurement, the Fabry-PÂerot coefficient is given by

FPtot ≙

∞

∑
m≙0

(r21e(jωnd/c)e−αd/2)2m ≙ 1

1 − (r21e(jωnd/c)e−αd/2)2 , (1.18)

where FPtot is the correction factor that includes all of the reflections in the output

signal.

1.6 THz Nonlinear Spectroscopy

When an intense field is applied to a nonlinear material, its refractive index is modi-

fied by an intensity-dependent term according to

n ≙ n0 + n2I, (1.19)

where n0 is the linear refractive index, I is the field intensity and n2 is the nonlinear

refractive index. As the field propagates through the sample, it accumulates a phase.

For intense fields, in addition to the phase corresponding to the linear propagation, it

acquires a phase proportional to the field’s intensity:

∆ϕ ≙ n0k0L´¹¹¹¹¸¹¹¹¹¶
Linear phase

+ n2Ik0L´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
Nonlinear phase

. (1.20)

From the Fourier analysis, we know that the phase in the Fourier-domain is equivalent

to the delay in the time-domain, according to f(t − τ) F
←→ F (ω)e−iτω. Thus, the accu-

mulated phase is equivalent to a delay in time domain. As a result, for a material with a
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positive n2, we expect that the higher the intensity of the applied field is, the more phase

it acquires and, consequently, the larger the delay experienced by THz pulse. THz-TDS

enables us to simultaneously measure the phase and amplitude response. For the nonlin-

ear spectroscopy, we calculate the nonlinear phase as the differential phase of the intense

THz signal with respect to the response of the lowest signal level:

∆ϕNL ≙ ϕt − ϕlow ≙ n2Ik0L, (1.21)

where ∆ϕNL, ϕt and ϕlow are the nonlinear phase difference, the total phase response of

the measurement and the total phase response of the measurement with the lowest THz

field amplitude, respectively.

In a similar fashion, the total absorption is expressed as the sum of the linear absorption

and the intensity-dependent nonlinear absorption according to

α(ω) ≙ α0(ω) + α2(ω)I, (1.22)

where α, α0, and α2 are the total absorption coefficient, linear absorption coefficient and

two-photon absorption coefficient, respectively.

In the process of calculating the nonlinear coefficients, two important considerations

should be pointed out. First, since the nonlinear phase and absorption are intensity-

dependent, the intensity should be calculated accurately. As one can see from Fig. 1.10,

the propagation happens between the two Fresnel’s reflections, meaning that the effec-

tive field intensity for the nonlinear phase and absorption is the electric field after the

first reflection. Second, due to the dependence of the nonlinear phase and absorption on

the intensity, one should take the effect of the field decay inside the sample into account.

20



This would be of significance to the samples with a notable absorption. In Chapter 3,

we will show that, assuming an insignificant field evolution inside the sample, the effec-

tive field of the nonlinear effects is calculated by applying an average absorption equal

to the half of the sample thickness. In other words, we should replace the E(ω) with

E(ω)e(−αd
4
). We should note that the absorption coefficient is usually defined as the de-

cay rate with respect to the intensity, not the field. Thus, the decay rate with respect to

the field is one half compared to that with respect to the intensity.

1.7 Existing Studies on the THz Nonlinear Optics

1.7.1 THz Induced Nonlinear Effects

THz-TDS enables simultaneous measurement of the magnitude and phase of the

THz signal through the linear electro-optic effect, representing a suitable technique for

measuring the complex refractive index of a material at the THz frequencies [16]. The

recent development of intense THz pulse generation techniques opens the door to study-

ing nonlinear behavior of different materials in the THz region [17]. Nonlinear ef-

fects such as THz-induced impact ionisation and inter-valley scattering in semiconduc-

tors [26, 40, 41, 42, 43], THz high-harmonic generation by hot carriers [44, 30, 45, 46],

and THz-induced ferroelectricity and collective coherence control have been demon-

strated [40, 47, 48]. A very large third-order nonlinearity has been reported for water

vapor [49] where the stepwise multiphoton transitions in water molecules lead to a third-

order susceptibility of χ(3) ≙ (0.4 + 6i) × 102 m2 V−2.

21



Extreme THz-induced Kerr effects have been reported for different liquids [50, 51,

52, 53, 54], where the nonlinear refractive indices can be several orders of magnitude

larger than their values in the optical regime. THz-induced Kerr effect has also been

used to demonstrate a transient orientation of dipole moments in liquid water and also

the effect of cation and anions on the total polarizability anisotropy of aqueous ionic

solutions [55, 56]. THz-induced Kerr effects have been observed in amorphous chalco-

genide glasses such as arsenic trisulfide and arsenic triselenide [57]. Kerr-like nonlin-

earitiy induced by a strong THz field has been reported in ZnTe, where the combination

of THz generation and linear electro-optic effect reveals a THz-induced Kerr effect in

optical frequencies using Z-scan technique [58].

THz-induced Kerr-type birefringence has been investigated in the common optical

window and substrate materials such as diamond, sapphire and magnesium oxide in a

THz pump-optical probe configuration [59]. Z-cut quartz has also been explored and

exhibits a birefringence due to a linear electro-optic effect.

Crystalline quartz has been used to efficiently generate intense broadband pulses and

also in broadband electro-optic sampling for the frequencies up to 8 THz [60, 61]. Fur-

thermore, it has been theoretically predicted that crystals can demonstrate an extremely

large nonlinear refractive index at the the THz frequency range [62]. Crystalline solids

such as quartz are predicted to show THz nonlinear refractive indices that exceed the op-

tical values by several orders of magnitude. Z-scan measurements of ZnSe crystal at the

THz frequencies has shown a nonlinear refractive index of n2 ≙ 4×10
−11 cm2 W−1 [63].

The majority of the THz-induced nonlinear refractive index measurement studies,

using both Z-scan technique and THz-TDS, are based on optical probe beams, resulting
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in the measurement of the THz-induced third-order susceptibility in the form of χ(3) ≙

(ωopt, ωopt,ΩTHz,−ΩTHz). Moreover, THz Z-scan has been shown to be prone to error

for thick samples [64]. However, there has not been any experimental demonstration of

THz-induced intensity-dependent refractive index using THz-TDS in a THz pump-THz

probe measurement scheme reported to date, to the best of our knowledge. In Chapter 2

of the thesis, we report on the measurement of n2 in crystal quartz using THz pump and

THz probe technique.

1.7.2 Modelling of THz Pulse Propagation in Nonlinear Medium

Different numerical models for the propagation of ultrashort optical pulses in non-

linear medium have been proposed [65]. These models are categorized under two main

groups: envelope-based models and carrier-resolving models where the latter is more

suitable for ultrashort pulses of which the bandwidth is significant compared to central

frequency. An envelope-based model has been proposed to model the self-phase mod-

ulation and frequency generation for THz few-cycle pulses in a nonlinear dispersive

medium [66], where their presented model is used to compare the effect of linear dis-

persion and nonlinear effects in different length scales on the envelope evolution,in the

paraxial regime. Another method based on unidirectional pulse propagation equation

(UPPE) has been used to study the effects of dispersion, diffraction and time-varying

nonlinear refraction in the non-paraxial regime [67].
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1.7.3 Measurement of the Nonlinear Refractive Index at THz Frequencies

There are several techniques developed to measure nonlinear refractive index in both

optical and THz regimes. Z-scan technique has been used to measure THz-induced

third-order susceptibility in the schemes with an optical [58] or a THz probe beam [50].

However, as mentioned earlier, the accuracy of Z-scan at THz frequencies declines with

the increase of the sample thickness [64]. Similarly, the measurement of the THz-

induced n2 is carried out in THz-TDS systems in two ways. In the first configuration,

THz-induced index change is measured in the optical regime through the recording of

THz Kerr-signal [51, 59]. In the second configuration, the nonlinear effect induced by

the THz field is sensed by the THz field as it propagates through the sample. In other

words, the THz beam acts as both pump and probe simultaneously. The studies in Chap-

ter 2 and Chapter 3 are based on this configuration. Of the works studying this configu-

ration, full-phase extraction of n2 is the most common approach. In the works [49, 68],

another method is used for the extraction of n2 around the sharp resonances of water

vapor at THz frequencies. In this method, in order to estimate the value of n2 for each

resonance, the phase response has been normalized by the spectral density of the signal

around the same resonance. However, in these two approaches, the dependence of the

calculated n2 dispersion on the pulse spectral content has not been explored. Thus, it is

of a great interest to derive an expression that takes the THz pulse spectral shape into

account in the calculation process. In Chapter 3 of the thesis, we develop such a theoret-

ical model capable of describing nonlinear interaction under broadband THz excitation.

Furthermore, the model allows one to extract the dispersion of the nonlinear refractive
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index at the THz frequency range.

1.7.4 THz-Induced Third-Order Susceptibilities

In addition to the two THz-field induced nonlinear effects mentioned earlier, there is

yet another third-order nonlinear THz effect such as THz field-induced second-harmonic

(TFISH) generation. In this effect, a THz field induces an SHG at optical frequencies,

and the associated nonlinear susceptibility can be described as χ(3)(2ωOpt +ωTHz, ωOpt,

ωOpt, ωTHz). The measurement of the nonlinear susceptibility responsible for the TFISH

in a Z-scan setup shows that its value for chalcogenide glasses is more than three or-

ders of magnitude larger than the corresponding value of the reference sample, SiO2.

This can be attributed to the strong nonlinear response of Se contained in chalcogenide

glasses [69]. The reported nonlinear susceptibility values for each group of the nonlin-

ear THz interactions are categorized and shown in Table 1.2. In Chapter 4 of the thesis,

we establish a relationship between these three groups of the nonlinear processes. This

effort is of great importance for the measurement consistency of the nonlinear coeffi-

cients in different frequency ranges. Also, in a collaboration with Prof. Jepsen’s group

at DTU, we predict the value of the TFISH for SiO2 at its resonance frequency (see

Chapter 4 of the thesis) that is verified by their experimental work [74].

1.8 Thesis Layout

The current Introduction chapter provides the background for all the aspects of ºTHz

Nonlinear Time-Domain Spectroscopyº. We start with the introduction of the THz spec-

tral range and different methods of generation and detection of the THz waves. Then,
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THz-induced nonlinearity

THz probe Optical probe

THz nonlinear refractive index THz-induced Kerr TFISH

Material n2(m2/W) Material n2(m2/W) Material χ(3)(m2/V2)
Water [50, 52, 70] 7 × 10−14 CS2[51] 4.4 × 10−18 As2S3∥69∥ 3.4 × 10−19

Ethanol[50] 6 × 10−13 Benzene [51] 5.6 × 10−19 Si [71] 2 × 10−18

α-pinene [50] 3 × 10−13 CCl4 [51] 2.7 × 10−19 SiO2 [71] 2.8 × 10−22

Water vapor [70] 0.6 × 10−14 CCl3 [51] 1 × 10−19

Si [72] 1.2 × 10−16 CH2I2 [51] 1.4 × 10−18

As2S3∥57∥ 3.4 × 10−18

As2Se3∥57∥ 1.7 × 10−18

Diamond [59] 3 × 10−20

ZnTe [58] 1 × 10−17

GaP [73] 1.7 × 10−17

Table 1.2: The reported values for the THz nonlinear refractive index, THz-induced
Kerr effect, and TFISH

we introduce the the concept of THz-TDS in a transmission geometry and extend it to

the nonlinear regime.

In Chapter 2, we modify a previously developed theoretical model for the nonlinear

refractive index of crystalline quartz. Next, we report on the experimental observation

of a very strong nonlinear response in crystalline quartz in the terahertz (THz) frequency

region through THz time-domain spectroscopy (THz-TDS).
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In Chapter 3, we propose a simple method to analyze the propagation of intense THz

pulses in a nonlinear medium via Fourier analysis. Using the same method we derive

an expression for the extraction of the nonlinear refractive index dispersion from the

nonlinear phase spectrum.

In Chapter 4, we attempt to establish a theoretical relationship between three differ-

ent THz-induced third-order nonlinear effects: THz nonlinear refraction, THz-induced

Kerr effect and THz field-induced second-harmonic generation (TFISH).

Finally, in Chapter 5, we summarize the studied concepts and draw conclusions.
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Chapter 2

STRONG NONLINEAR RESPONSE OF CRYSTALLINE QUARTZ AT THE THZ

FREQUENCIES

2.1 Introduction

A recent theoretical study has predicted that at the THz frequencies crystals could

demonstrate giant nonlinear responses as a result of the strong coupling between the

THz radiation and vibrational modes in solids [62]. Furthermore, several experimental

reports have demonstrated a similar strong coupling in different liquids that leads to the

nonlinear refractive indices several orders of magnitude larger than the typical n2 values

in the optical regime [50, 52, 53, 54]. Moreover, another experimental work reported an

extreme nonlinear response for the water vapor at the THz frequencies, that is attributed

to the vibrational-rotational transitions [49].

In this chapter, we report on the experimental observation of very strong nonlin-

ear interactions in crystalline quartz in the THz regime. First, a theoretical model for

the nonlinear refractive index of quartz at the THz frequencies is presented [62]. This

model relies on the classical anharmonic oscillator, where the nonlinear refractive index

is given as a sum of contributions from different vibrational modes. As predicted by the

model, the value of the nonlinear refractive index at the lower frequencies exceeds its

typical values in the visible range by several orders of magnitude. Then, we perform

nonlinear THz-TDS on a 1-mm-thick z-cut quartz sample. The time-domain analysis of
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the collected data demonstrates an increased delay, experienced by the pulse as it propa-

gates through the sample, with increasing THz beam intensity. However, the growth rate

of the delay decreases with the further intensity increase, revealing a phase saturation

process. Further, the analysis in the Fourier domain shows an increase in the nonlinear

phase and nonlinear absorption with the increase of the THz field intensity. At higher

signal levels, however, the nonlinear phase grows with the field intensity increase at a

declining pace, whereas the nonlinear absorption tends to increase more rapidly. The

data analysis revealed extremely large values of the nonlinear refractive index and fifth-

order susceptibility, where the latter has a negative real part. The results of this research

were published in Advanced Optical Materials journal.

Publication: S. Zibod, P. Rasekh, M. Yildrim, W. Cui, R. Bhardwaj, J.-M. MÂenard,

R. W. Boyd, and K. Dolgaleva, ªStrong nonlinear response in crystalline quartz at thz

frequen- cies,º Advanced Optical Materials, vol. 11, no. 15, p. 2202343, 2023.

2.2 Theory

An extremely large refractive index has been theoretically predicted for quartz in

the THz regime, where the nonlinear refractive index was predicted to be several orders

of magnitude larger than its typical visible and near-infrared values [62]. The model is

based on the equation of motion of a classical anharmonic oscillator:

ẍ + 2γẋ + ω2
0x + ax

2
+ bx3

≙ αE, (2.1)

where x is the ion displacement from the equilibrium position, γ is damping factor, ω0

is the resonance frequency, E is the applied field and a and b are the second- and third-
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order nonlinear coefficients, respectively. The parameter α on the right-hand side of

Eq. (4.1) is determined as α ≙ q/m, where q and m are the effective electric coupling

strength and effective reduced mass of the vibrational mode, respectively. After apply-

ing perturbation theory and performing some algebraic operations [62], the relationship

between the complex nonlinear refractive index and the resonance parameters takes the

form

˜̄n2 ≙
πqN

ñ0

α3

(ω2
0 − ω

2
− 2γiω)4 × [2a2

3ω2
0 − 8ω

2
− 8γiω

ω2
0(ω2

0 − 4ω
2
− 4γiω) + 3b] . (2.2)

Here N is the atomic density, and ñ0 is the linear refractive index. Among the two terms,

the term related to the second-order nonlinearity is two orders of magnitude larger than

the contribution coming from the third-order nonlinear coefficient b. This can be at-

tributed to the fact that the cascaded processes are usually much stronger than the direct

higher-order processes. The nonlinear coefficient a is related to the known parameters

of the crystal through

a ≙ −
a1mω4

0

kB
αT , (2.3)

where a1 is the lattice constant, kB is Boltzmann constant and αT is the thermal ex-

pansion coefficient. With the assumption of a single dominant vibrational mode at

37.2 THz and ignoring the much weaker resonances at lower frequencies, one can eval-

uate the nonlinear refractive index of crystalline quartz at very low frequencies to be

n̄ω≪ω0

2 ≈ 2.21 × 10−9 esu or, equivalently, 4.42 × 10−16 m2 W−1 [62].

However, the strong vibrational resonance at 37.2 THz is not the only resonance

contributing to the vibrational n2. There are several other resonances at lower frequen-
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cies, among which are the ones at 3.9 THz and 7.9 THz [75]. To take the contribution

of these additional resonances into consideration, we modify Eq. (2.2) into the form

n̄2 ≙
πqNα3

ñ0

3

∑
j≙1

1(ω2
0,j − ω

2
− 2γiω)4 × [2a2j

3ω2
0,j − 8ω

2
− 8γiω

ω2
0,j(ω2

0,j − 4ω
2
− 4γiω) + 3bj] . (2.4)

In this modified equation, the nonlinear refractive index is now given as a sum of the

contributions from the three resonances: the strong resonance at 37.2 THz, and the

weaker resonances at 3.9 THz and 7.9 THz. Cross-interactions between the phonon res-

onances, as it was previously reported in the case of second-harmonic generation in the

mid-infrared frequency range, could be considered to refine the theoretical model, but it

is beyond the scope of this work [76]. Eq. (2.3) shows that the second-order nonlinear

coefficient is proportional to ω4
0 , meaning that the resonant value of the nonlinear coef-

ficient for the dominant resonance is, for instance, approximately 500 times larger than

that for the resonance at 7.9 THz.

Fig. 2.1 shows the dispersion of the nonlinear refractive index caused by the domi-

nant resonance and the resonances at 7.9 THz and 3.9 THz. The top inset of the figure

resolves the value of n2 at around low-frequency resonances. The comparison indicates

that the nonlinear refractive index at the dominant resonance at 37.2 THz is approxi-

mately 20 times larger than the one at the stronger resonance of the two lower-frequency

resonances.

Substituting Eq. (2.3) into Eq. (2.4), we can see that the contributions of different

resonances to the nonlinear refractive index at very low frequencies are proportional to

1/ω2
0 . Consequently, at much lower frequencies (1 THz and below), the contributions

from the resonances at 7.9 THz and 3.9 THz are approximately 20 times larger and 100
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Figure 2.1: Theoretical modelling of the nonlinear refractive index caused by the dom-
inant resonance at 37.2 THz (blue solid lines) and the resonances at 7.9 THz (black
dashed lines) and 3.9 THz (red dashed lines) in quartz. The top inset resolves the values
of the nonlinear refractive indices at around the low-frequency resonances. The bottom
inset shows the contribution from three resonances at the lower frequencies (1 THz and
lower).

times larger than the one at 37.2 THz, respectively, as shown in the bottom inset of

Fig. 2.1. The contributions of the three resonances to the nonlinear refractive index are

listed in Table 2.1. The table clearly demonstrates that the dominant contributions to the

nonlinear refractive index at very low frequencies are from the resonances at 7.9 THz

and 3.9 THz: nω≪ω0

2 ≈ 5.17 × 10−14 m2 W−1.

2.3 Experiment

The intense THz radiation is generated in an optical rectification process in lithium

niobate (LiNbO3), where the pulse-front tilting technique is used to make the process
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ω0 (THz) nω≪ω0

2 (m2 W−1) nω≈ω0

2 (m2 W−1)

3.9 4.17 × 10−14 8.38 × 10−13

7.9 9.98 × 10−15 3.35 × 10−12

37.2 4.42 × 10−16 7.40 × 10−11

Table 2.1: The contribution to the nonlinear refractive index. The comparison indicates
that the nonlinear refractive index at the dominant resonance at 37.2 THz is approxi-
mately 20 times larger than the one at the stronger resonance of the two lower-frequency
resonances. However, at much lower frequencies (1 THz and below), the contributions
from the resonances at 7.9 THz and 3.9 THz are approximately 20 times larger and 100
times larger than the one at 37.2 THz, respectively.

phase-matched and efficient [17]. The setup schematic is depicted in Fig. 2.2. The beam,

coming from a 800-nm Ti:sapphire laser with a pulse duration of 45 fs and repetition rate

of 1 kHz, is split into the pump and probe paths. In the pump path, the beam diffracts

from a grating and, after passing through two cylindrical lenses, propagates through the

generation crystal. The generated THz radiation is collimated and focused with several

gold off-axis parabolic mirrors. A pair of wire-grid polarizers is also used to control the

THz field amplitude during the measurements.

In the probe path, the near-infrared (NIR) probe and THz beams co-propagate inside

the 200-µm-thick ZnTe detection crystal. A delay stage is also used to change the over-

lap time between the THz and probe beams, so that one can measure different points of

the THz pulse. As the THz pulse propagates through the detection crystal, the refractive

index experienced by the probe beam is modified through the linear electro-optic effect,

resulting in a birefringence in the crystal. The phase difference induced by the birefrin-

gence is then converted into the beam’s ellipticity via a quarter-wave plate. A Wollaston
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Figure 2.2: The schematic of THz-TDS experimental setup. The 800-nm beam is split
into pump and probe paths. The phase-matching condition required for the generation of
intense THz field in LiNbO3 crystal is achieved through the pulse-front tilting technique.
OPM: Off-axis parabolic mirror; HWP: Half-wave plate; QWP: Quarter-wave plate; PD:
Photodetector; RFL:Reflective focal length.

prism splits the beam into two components of which their intensity difference is pro-

portional to the beam ellipticity. Finally, a pair of balanced photodetectors connected

to the lock-in amplifier is used to detect the differential signal. The peak amplitude of

the electric field is estimated to be 225 kV cm−1 at the focal position where we place

the 1-mm z-cut quartz sample. To eliminate the water-vapor absorption, the part of the

setup where the THz beam is generated and propagates is enclosed and purged with ni-

trogen. Different field amplitudes are obtained by rotating the first wire-grid polarizer

and keeping the second one fixed.
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2.4 Results and Discussion

In Fig. 2.3 (a), we show the time-domain signals for different THz field amplitudes

for both free-space and crystalline quartz. One can observe an increase in the time

delay experienced by the pulse in the crystal quartz with an increase of the THz field

amplitude. The inset in Fig. 2.3 (a) clearly demonstrates this observation. In contrast,

the free-space THz time-domain signal does not exhibit such a delay increase.

Fig. 2.3 (b) shows the average time shift for each of the THz field amplitude levels

compared to the lowest-level amplitude, where the average time shift for each level is

calculated as

tiav ≙
1

N

N

∑
k

t(Vi ≙ Vk) − t(Vlow ≙ Vk). (2.5)

Here tiav is the average time shift, N is the number of data points, Vi is the i-th sig-

nal and Vlow is the lowest-level signal. The analysis is performed over the main lobe,

the interval between the first two minima, highlighted in the inset of Fig. 2.3 (a), as it

represents most of the THz spectral content. We can see that, with the field intensity

increase, THz pulse experiences more delay with respect to the lowest-intensity pulse.

However, at higher intensities, the growth slope declines, which indicates the presence

of the saturation effect. From the pulse duration of τd ≈ 2.5 ps, one can estimate the non-

linear refractive index by approximating the signal with its main frequency component

f ≈ 1/τd ≙ 0.4 THz. We can relate the nonlinear refractive index to the slope of the linear

region of the figure through n2 ≙ (∆tav/∆I)cd−1, where d ≙ 1 mm is the thickness of the

sample. Thus, the nonlinear refractive index is calculated to be n2 ≙ 7.5×10−14 m2 W−1.

At higher intensities, the saturation effect limits the the refractive index change, reduc-
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ing the nonlinear refractive index to smaller values. Thus, the delay increases at a slower

pace with the further increase of the intensity. Fig. 2.4 (a) shows the spectral density for

the quartz sample and free space in the frequency range between 0.3 and 2 THz, where

the fast Fourier transform (FFT) performed on the time-domain signal is depicted. We

notice that as the signal level increases, the absorption, which is the difference between

the free-space and quartz sample spectra after factoring out the sample’s Fresnel reflec-

tions, increases. This behavior clearly indicates the presence of a nonlinear absorption

process.

Fig. 2.4 (b) shows the nonlinear phase experienced by the THz signal for different

intensity levels at 0.4 THz where the spectral density is maximum. It indicates that,

as the THz intensity increases, the nonlinear phase cannot be expressed with a single

nonlinear term, and suggests a negative higher-order nonlinearity term. Z-cut quartz is a

non-centrosymmetric crystal, meaning that both the even- and odd-order susceptibilities

are nonzero. However, the even-order nonlinearities are not of direct relevance in this

study, as we are interested in exploring the nonlinearities at the fundamental frequency.

Nevertheless, the even-order nonlinearities can contribute to the self-action effects in a

cascaded manner [62]. The differential nonlinear phase for the higher THz field ampli-

tudes in a sample with a thickness of d is related to the intensity by

ϕNL
i (ω) ≙ ϕi(ω) − ϕlow(ω) ≙ n2(ω)Iiω

c
d + n4(ω)I2i ωc d. (2.6)

Here ϕi is the total phase of the i-th signal and ϕlow is the phase experienced by the

lowest-level signal, used as the linear response of the material, n2 and n4 are the nonlin-

ear refractive index coefficients associated with the third-order and fifth-order nonlinear
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(a)

(b)

Figure 2.3: (a) THz time-domain signal in free space (dashed lines) and crystalline
quartz (solid lines) for different intensity levels. The inset shows the delay increase with
the growth of the THz amplitude. (b) The average time shift in free space (red) and in
crystalline quartz (blue) for different intensity levels.

susceptibilities, respectively, and Ii is the peak intensity of the i-th level signal. By

observation of Fig. 2.4 (b), one can conclude that a negative n4 effect is likely to be
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(a)

(b) (c)

Figure 2.4: (a) Signal spectral density for free-space (dashed lines) and quartz (solid
lines). The difference between the free-space and quartz signals increases with an in-
crease in the signal level. (b) Nonlinear phase experienced by the signal of different
amplitude at 0.4 THz. (c) Absorption coefficient for each signal level at 0.4 THz.

contributing to the intensity dependence of the nonlinear phase shift.

The absorption coefficient of crystalline quartz, measured as a function of the THz

intensity, is depicted in Fig. 2.4 (c). We can see that at lower intensities, the absorption

coefficient increases linearly with respect to the field intensity. However, at higher in-
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tensities, a quadratic term also reveals itself. The absorption coefficient of the material

can be expressed as

α(ω) ≙ α0(ω) + α2(ω)Ii + α4(ω)I2i , (2.7)

where α, α0, α2, and α4 are the total absorption coefficient, linear absorption coefficient,

two-photon absorption coefficient and three-photon absorption coefficient, respectively.

We calculate the value of n2 to be n2 ≙ (9.0 ± 1.4) × 10−14 m2 W−1. This value is

20% greater than the value estimated from the time-domain analysis of n2 at 0.4 THz

as the main frequency component of the signal. This difference is potentially rooted in

approximating the signal with a single-frequency component. In fact, the frequencies

with lower amplitudes experience smaller nonlinear delay and reduce the average time

shift calculated in the time domain. Furthermore, the measured value exceeds the the-

oretically predicted value by a factor of 1.74. This difference arises from the fact that

the calculations carried out theoretically were based on the assumption that the field

is monochromatic. However, the THz field used in the experiment is a short wide-band

pulse. Consequently, there are contributions to the nonlinear phase shift at 0.4 THz from

different frequencies, resulting in the higher value of ϕNL. Furthermore, the data analy-

sis reveals the values of other nonlinear coefficients: n4 ≙ (−2.7 ± 1.0)× 10−26 m4 W−2,

α2 ≙ (8.1 ± 0.9) × 10−11 m W−1 and α4 ≙ (2.4 ± 0.6) × 10−23 m3 W−2. The real and

imaginary parts of the third-order and fifth-order nonlinear susceptibilities are related to

these nonlinear coefficients as:

R(χ(3)) ≙ 4

3
n2
0ε0cn2, (2.8a)
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I(χ(3)) ≙ 2

3
n2
0ε0

c2

ω
α2, (2.8b)

R(χ(5)) ≙ 8

5
n3
0ε

2
0c

2n4, (2.8c)

I(χ(5)) ≙ 4

5
n3
0ε

2
0

c3

ω
α4. (2.8d)

Thus, the complex third-order and fifth-order nonlinear susceptibilities are found as

χ(3) ≙ (1.4×10−15+i7.5×10−17)m2 V−2 and χ(5) ≙ (−2.7×10−30+i1.5×10−31)m4 V−4,

respectively. These measurements confirm the presence of an extremely large nonlinear

refractive index at lower THz frequencies.

This extreme behavior agrees with the theoretical modelling presented in Section 2

for the lower frequency regime. However, in order to examine the presented model

in a wide spectrum, specially in the vicinity of the phonon resonances, one may need

to excite the sample at these frequencies, which is beyond the spectral range provided

by our source. The sources based on DAST organic crystals or two-color air plasma

generation can be used to cover a wider spectral range.

Another challenge that requires a special treatment when pumping at the resonance

frequencies is the strong absorption that may prevent the observation of any signal.

Moreover, the absorption rapidly reduces the field strength, preventing the propagation

of the nonlinear driving field. As a solution to this challenge, one may need to convert

the setup to a reflection geometry as implemented previously for the case of the second-

harmonic generation in quartz at the THz frequencies [76].
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2.5 Conclusions

We have observed a strong nonlinear response of crystalline quartz in the THz re-

gion. The experimental results confirm the theoretical predictions made earlier, with an

amendment to the theory by including additional vibrational resonances.

Further, time-domain spectroscopy reveals that the observed nonlinear behavior re-

sults from a complex interplay of the third- and fifth-order susceptibilities, where the

real part shows a positive third-order and a negative fifth-order contributions. Further-

more, the measured nonlinear refractive index of n2 ≙ 9.0 × 10−14 m2 W−1 at 0.4 THz

is seven orders of magnitude larger than the nonlinear refractive index of fused silica

measured in the visible region. We attribute this large nonlinearity to the contributions

from the vibrational modes in the crystal. Numerical evaluation of Eq. (2.4) reveals that

the vibrational modes at 3.9 and 7.9 THz are the primary contributions to this large non-

linear response, despite the fact that the strong resonance at 37.2 THz might be expected

to be the origin of the large optical nonlinearity. Including these lower-frequency reso-

nances allowed us to obtain a correct order-of-magnitude agreement between the theory

and experiment. The slight difference in the values of the measured and predicted n2 (a

factor of 1.74) is rooted in the fact that the spectrum of the THz radiation is wide-band,

and the contribution of different spectral components is possible. This difference is a

motivation for the exploration aimed at pushing the analysis beyond the approximation

of a monochromatic radiation ± the necessary measure in the extremely wide-band THz

frequency range.
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Chapter 3

BROADBAND THZ PULSE PROPAGATION IN NONLINEAR MEDIUM:

DISPERSION OF THE NONLINEAR REFRACTIVE INDEX

3.1 Introduction

THz nonlinear TDS allows one to measure the material response to an intense single-

cycle ultrashort THz pulse. This ultrashort pulse has a wideband spectrum. For example,

a THz field with the pulse duration of 2 ps has a spectral content centered around 0.5 THz

and extending up to 1 THz. Thus, exploring the dependence of the experimental data on

the spectral shape of the THz pulse is of a great interest for a precise characterization of

the material in the THz region.

This chapter studies the effect of the nonlinear dispersion in the THz-TDS measure-

ment of the nonlinear refractive index. A simple model for the propagation of ultrashort

THz pulse in a nonlinear medium is proposed. This model is a spectral solution to the

wave equation based on Fourier analysis under the slowly evolving wave approximation

(SEWA) condition [77]. The result of the simulations for a quartz sample has a good

agreement with the experimental results previously presented in Chapter 2. In addition,

we analyse the effect of nonlinear refraction on the delay experienced by the THz pulse.

Next, using this pulse propagation model, we simulate an intense THz pulse propaga-

tion in an arbitrary medium. We define this medium with a significant absorption and

a nonlinear refractive index dispersion with a linear profile. The goal is to calculate
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the nonlinear refractive index dispersion from the phase response of this simulation and

obtain the n2 dispersion defined for the medium initially. To accomplish this, we derive

an expression to calculate the exact dispersion of the nonlinear refractive index from

the phase response and successfully extract the n2 dispersion. Comparing this expres-

sion to the existing calculation methods based on monochromatic approximation and

sharp resonances, we conclude the effectiveness of this method to factor out the effect

of the input pulse spectral shape from the phase data for an accurate calculation of n2

dispersion. Finally, we apply the proposed method to our experimental results of the

nonlinear time-domain spectroscopy of the BK7, a material with a considerable nonlin-

ear response and an absorption profile unique to the chalcogenide and borosilicate glass

families. This work enables a precise calculation of the nonlinear refractive index by

factoring out the pulse spectral shape from the nonlinear phase response.

Publication: S. Zibod, R. Bhardwaj, J.-M. MÂenard, R. W. Boyd, and K. Dolgaleva,

ªBroadband THz Pulse Propagation in Nonlinear Medium: Dispersion of The Nonlinear

Refractive Index,º 2024, (Manuscript under preparation).

3.2 Numerical Simulation of Pulse Propagation in a Nonlinear Medium

To model the pulse propagation accurately, one needs to choose the proper approx-

imation for the solution to the Maxwell’s equations. For single-cycle pulses, slowly

varying envelope approximation (SVEA) is not valid, and computationally complex
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carrier-resolved methods such as unidirectional pulse propagation equation (UPPE) are

used [49, 65]. If the backward propagation is negligible, the wave equation is simplified

to forward Maxwell’s equations (FME) [65],

∂E(ω)
∂z

≙ ik(ω)E(ω) + i

2k(ω)∆⊥E(ω) + iωP (ω)
2n(ω)cε0 , (3.1)

where the second term on the right-hand side accounts for the diffraction in transverse

plane, which is ignored for the sake of simplicity. Under the SEWA condition, the

equation can be solved in the spectral domain [77]. The last term of Eq. (3.1) accounts

for the nonlinear refractive index contribution, FNL(ω), and is calculated as:

FNL(ω) ≙ ωP (ω)
2n(ω)cε0 ≙

ω

c
n2(ω)F(I(t)E(t)) (3.2)

. For simplicity, we consider the length of the sample in the range of ±zd from the focus,

zd being the beam’s Rayleigh length, to avoid the spurious effects of beam’s divergence

and diffraction [50]. This is a reasonable assumption since for a beam spot size of 1 mm

in a material with a refractive index of n ≈ 2, the Rayleigh length is zd ≈ 2.9mm and

thus, most of the available optical samples fall within this range. Plugging FNL into

Eq. (3.1), we can rewrite the wave equation in the form:

∂E(ω)
∂z

≙ ik(ω)E(ω) + iFNL(ω). (3.3)

The pulse propagation is modeled using the solution obtained via split-step Fourier

method (SSFM), as explained in [78]. In this simulation, the propagation length is split

into 100 segments. In each segment, the linear effects (absorption and dispersion) are

applied to the input field. Then, the field is transformed back to the time domain using
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inverse fast Fourier transform (IFFT) with the nonlinear term applied to the field. Then,

the output of each segment is the input of the next segment, and the procedure is repeated

for the length of the sample, as shown in the Fig. 3.1.

Figure 3.1: The illustration of the idea behind the split-step Fourier method (SSFM).
The length of the sample is split into N segments. In each segment, the input time-
domain field is transformed into the frequency domain where the linear effects, i.e. the
dispersion and absorption, are applied to the field. Then, the nonlinear term is applied
to the field after transforming the signal back to the time domain.

To analyze the effect of the nonlinear refraction on the propagation of the intense

broadband THz pulse, we numerically simulate the pulse propagation in a medium with

a nonlinear response with the strength similar to that reported for the crystal quartz [79]

(see Chapter 2). Fig. (3.2) (a) displays the result of the numerical simulations of a

single-cycle THz pulse with a pulse amplitude of 125 kV/cm. The 1-mm-thick sam-

ple has a nonlinear refractive index of n2 ≙ 9 × 10−14 m2/W. The nonlinear refractive

index imposes an extra delay on the intense THz pulse in addition to the linear phase

delay acquired on propagation. Similar to the propagation of a pulse inside a dispersive

medium, the different field-induced nonlinear phases in different frequencies change

the temporal shape of the signal. In other words, each frequency component of the field

ªseesº a different refractive index change. Fig. (3.2) (b) shows the nonlinear delay ex-
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Figure 3.2: (a) Numerical simulation of a single-cycle THz pulse in a 1-mm quartz
sample. (b) The average time shift experienced by the pulse in the sample (numerical
simulation and experimental data).

perienced by the pulse in the simulation and the experimental data of Chapter 2 [79]. To

replicate the experimental data as close as possible, the term representing the fifth-order

susceptibility χ(5) ≙ −2.7 × 10−30 m4 V−4 is added to Eq. (3.3). We can see that the

simulation result agrees with the experimental data. The slight difference between the

simulations and the experimental data in Fig. 3.2 (b) can be attributed to the fact that

the nonlinear refractive index and the higher-order susceptibility calculated from the ex-

perimental data are obtained at the peak frequency under the assumption of a uniform

intensity profile for the whole frequency range.

Next, we introduce a dispersion profile to the nonlinear material. Fig. (3.3) (a)

shows the effect of the nonlinear refractive index dispersion on the pulse propaga-

tion. The simulation is carried out for two scenarios: (i) a constant nonlinear refrac-
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Figure 3.3: (a) Numerical simulation of single-cycle THz pulse in a 1-mm sample with
and without nonlinear refractive index dispersion. (b) The average time shift experi-
enced by the pulse in the sample simulated for the two scenarios.

tive index of n2 ≙ 4 × 10−14 m2/W; (ii) a linearly changing from n2 ≙ 3.5 × 10−14 to

n2 ≙ 4.5 × 10−14 m2/W nonlinear refractive index in the frequency range from 0 to

1 THz. Fig. (3.3) (b) shows the nonlinear delay experienced by the pulse for differ-

ent intensities with and without nonlinear refractive index dispersion. We can see that

the signal experiences a larger delay in the sample with dispersion compared to the sam-

ple with a constant n2 value. The reason is that the field contribution to the nonlinear

phase is asymmetric around the peak frequency, thus causing an increased delay in com-

parison with the flat profile.

The nonlinear delay experienced by the pulse in Figs. (3.2) (b) and (3.3) (b) is cal-

culated as the average time shift compared to the lowest-level signal, as explained in

Chapter 2 [79]:
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Figure 3.4: THz time-domain spectroscopy: three different cases. For the linear re-
sponse, the refractive index is calculated from the accumulated phase experienced by
the monochromatic field. In the case of a wideband pulse, the Fourier transform is ap-
plied, where the phase spectral response gives the refractive index dispersion. In the
case of an intense wideband pulse, the field experiences a nonlinear phase shift, which
is a function of both frequency and time.

tiav ≙
1

N

N

∑
k

t(Ei ≙ Ek) − t(Elow ≙ Ek). (3.4)

Here tiav is the average time shift, N is the number of data points, Ei is the i-th signal

and Elow is the lowest-level signal.

3.3 Calculating the Nonlinear Refractive Index Dispersion

The linear refractive index of a material is calculated from the accumulated phase

of the signal as it propagates through the sample. In the case of a monochromatic field

propagating in a medium with an instantaneous response, the refractive index is simply
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calculated as n0 −1 ≙
∆ϕlin

k0L
, where ∆ϕlin is the phase difference between the sample and

reference signals. In the case of a wide-band measurement with a non-instantaneous

response (dispersive medium), the field after the propagation in the sample is related to

the reference signal via Fourier transform [78]:

Eout−lin(ω) ≙ ∫ ∫ Eref(ω)e−iωtdωe−i∆ϕlin(ω)eiωt dt, (3.5)

where ∆ϕlin(ω) ≙ (n0(ω) − 1)k0d is the linear phase difference. In the case of the prop-

agation in a nonlinear medium, the output field is expressed as

Eout−NL(ω) ≙ ∫ ∫ Eref(ω)e−iωtdωe−i∆ϕlin(ω)e−in2(ω)I(t)k0deiωtdt. (3.6)

As we can see, the output field experiences an additional nonlinear phase, which is a

function of both frequency and time. Thus, the nonlinear refractive index cannot be ex-

tracted in a similar manner to the extraction of the linear refractive index. These three

cases are summarized in Fig. 3.4.

To analyze the effect of the spectral shape of the signal on the nonlinear phase, we

numerically simulate the pulse propagation in a medium with a constant nonlinear re-

fractive index equal to n2 ≙ 4 × 10
−14 m2/W for all frequencies. An ultrashort THz pulse

of 2 ps duration is illustrated in Fig. 3.5 (a) alongside the spectral content of the signal.

Fig. 3.5 (b) shows the normalized nonlinear phase obtained from the numerical simula-

tion. Since ∆ϕNL(ω) ∝ ω∆nNL(ω), the nonlinear phase normalized by the frequency

gives the intensity-dependent index change for each frequency component. As can be

seen from Fig. 3.5 (b), the normalized phase initially decreases with the frequency at
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Figure 3.5: (a) Temporal and spectral profile of the input pulse. The 2-ps THz pulse has
a 1-THz bandwidth centered at 0.5 THz. (b) The nonlinear phase spectrum normalized
by the frequency as a measure of the field contribution to the nonlinear phase.

a very small rate and reaches its minimum at the signal peak frequency, after which it

rapidly grows with a further frequency increase. The reason for this behavior is that the

cubic signal which is the source of the nonlinearity in the Eq. (3.3) has a peak at a higher

frequency compared to the main signal, as previously reported in the paper [66].

In the literature, there have been two approaches taken to calculate the value of the

nonlinear refractive index from the phase response. The most common approach is to

consider a constant intensity equal to the pulse peak intensity for all the frequencies

[53]. Thus, similar to the case of a monochromatic field, the nonlinear refractive index

is given by

n2(ω) ≙ ∆ϕNL

Ik0d
, (3.7)

where ∆ϕNL(ω) ≙ ϕtot − ϕlin ≙ k0(ω)∆nNL(ω)d is the phase difference between the

intense signal and weak signal. We can see that the extracted nonlinear refractive index
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profile depends only on the phase response and does not take the effect of the spectral

content of the pulse into account.

A second approach is to normalize the phase response by the spectral density of

the signal in the sharp resonances [49, 68]. In this approximation, dividing the ϕNL(ω)
by ∣E(ω)∣2 does not directly result in a parameter with a unit similar to the unit of

∣E(t)∣2. Parseval’s theorem requires that ∫ ∞−∞ ∣ETHz(t)∣2 dt ≙ ∫ ∞−∞ ∣E(ω)∣2dω, meaning

that ∣E(ω)∣2 has to be multiplied by an effective bandwidth and divided by the pulse du-

ration to have the values and units similar to those in the time-domain, as implemented

in Ref. [49, 68].

We can start our analysis by assuming that the nonlinear phase is much smaller than

1. Next, we apply Taylor’s series expansion for the nonlinear term in Eq. (3.6). After

some simplification, we have

Eout−NL(ω)
Eout−lin(ω) ≙ 1 − in2(ω)F(E3

in)
F(Ein)k0(ω)n0(ω)ε0cd ≙ 1 − i∆ϕNL(ω). (3.8)

Rearranging the terms in Eq. (3.8), we obtain the expression for the dispersion of the

nonlinear refractive index:

n2(ω) ≙ ∆ϕNL(ω)F(E(t))
ωdε0n(ω)F(E(t)3) . (3.9)

Next, we simulate THz pulse propagation in a medium with linear absorption and a

nonlinear dispersion. The linear extinction coefficient for the medium is set to κ ≙ 0.01,

and the arbitrary nonlinear refractive index has a dispersion with a profile similar to

the profile described in Fig. 3.3. The goal is to calculate this arbitrary n2 dispersion
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Figure 3.6: The dispersion of n2 calculated using different methods. The graph displays
the arbitrary dispersion profile (orange), monochromatic approximation (blue), sharp-
resonance approximation (red), Fourier method expressed by Eq. (3.9) (dashed), and
the modified Fourier method expressed by Eq. (3.12) (black circles).

from the phase response of the simulation. Next, we calculate the nonlinear refractive

dispersion using the two common methods described above and the derived expression

in Eq. (3.9). Fig. 3.6 compares these calculation methods for the nonlinear refractive

index. The sharp-resonance (red), as expected, has the worst accuracy for a single-

cycle broadband THz signal and diverges rapidly. The method has its best accuracy for

the many-cycle signals where the pulse has a sufficiently narrow bandwidth or for the

cases where a medium with sharp resonances, such as water vapor, is studied [49]. The

monochromatic approximation (blue) ignores the field spectral profile and calculates a

dispersion profile similar to the normalized nonlinear phase, shown in Fig. 3.5 (b). The

52



dispersion calculated using Eq. (3.9) (dashed line) is smaller than the initial arbitrary

profile (orange) due to the linear absorption. We may correct this shift with the intro-

duction of an absorption term to Eq. (3.9). Assuming that the induced nonlinear phase

depends only on the field amplitude, and the field evolution is not significant, we can

calculate the effective absorption for the process. If we assume the absorption term to

be e−
αx
2 , the average absorption for the propagation length d can be calculated as

Aav ≙
∫ d

0
e−

αx
2 dx

d
≈
1 − (1 − αd

2
+

α2d2

8
)

αd
2

≙ 1 −
αd

4
≈ e−α

d
4 . (3.10)

Applying the average absorption to the signal, we can calculate the correction term. The

electric field in Eq. (3.9) is substituted by the new field calculated as

Enew(t) ≙ F−1(e−α(ω)d
4 F [E(t)]) . (3.11)

Thus, the expression for the dispersion of the nonlinear refractive index is given by

n2(ω) ≙ ∆ϕNL(ω)F(Enew(t))
ωdε0n(ω)F(Enew(t)3) . (3.12)

As can be seen from Fig. 3.5, the modified expression extracts the correct values of the

nonlinear refractive index (black circles).

3.4 Extraction of n2 Dispersion from the Experimental Data Obtained from BK7

In this section, we apply the method, developed above, to the experimental data

obtained from the nonlinear THz spectroscopy of a 1-mm-thick BK7 sample. BK7 is

an amorphous borosilicate glass with a refractive index of 2.51 at the THz frequen-

cies [80]. Due to its alkali network modifiers, it exhibits a high refractive index and
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absorption coefficient at the THz frequencies [81], which makes it a good candidate for

the nonlinear characterization such as the Kerr coefficient measurement, as it has been

previously shown in a similar material family of chalcogenide glasses [57]. Due to the

disorder-induced coupling of the far-IR radiation into the phonon modes in the amor-

phous materials, the refractive index and absorption coefficient frequency dependence

is described by the power-law relation [81]:

n(ω)α(ω) ≙Kωβ, (3.13)

where β is the power constant that is dependent on the glass composition and the co-

efficient K is a measure of disorder in the material. For BK7, the power constant is

β ≈ 2.3 [82, 83].

Fig. 3.7 demonstrates the temporal signal and absorption profile of BK7 for different

field amplitudes. The power coefficient β is approximately 2.2. The absorption increases

with an increase of the field amplitude, while the power coefficient does not show any

significant change.

Fig. 3.8 (a) shows the nonlinear phase normalized by the frequency for each signal

level. As can be seen from the figure, due to the BK7 absorption spectrum, the profile of

the normalized phase is totally different from the phase response we previously observed

in Fig. 3.5 (b), highlighting the effect of the absorption spectrum on the nonlinear phase.

We next perform the calculation of n2 dispersion from the phase response for each

intensity level via Eq. (3.12). Finally, we averaged the n2 values calculated from all

signal levels. The averaged dispersion is shown in Fig. 3.8 (b) where the error bars are

the standard deviation of the averaged n2 for different intensities. The extracted n2 of
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Figure 3.7: THz nonlinear time-domain spectroscopy of BK7 for different field am-
plitudes. (a) THz temporal signal in free space (dashed) and BK7 sample (solid) for
different signal levels (b) Absorption coefficient profile for different signal levels. The
power coefficient β is approximately 2.2.

BK7 is averaged over different signal levels and is estimated to be n2 ≙ 4×10
−14m2/W.

The dispersion profile has a very small slope and appears to be relatively flat. This can

be explained by the fact that the frequency range at which the nonlinear measurements

have been performed lies far away from the material resonances. This is also true for

the linear dispersion of BK7 and other amorphous glasses at low frequencies [81, 82].

3.5 Conclusions

In this chapter, we studied the effect of the nonlinear refractive index dispersion on

the nonlinear THz-TDS. A numerical method based on Fourier analysis was presented

to simulate the propagation of a wideband THz pulse in a nonlinear medium. The intro-

duction of the dispersion profile to the nonlinear refractive index leads to a larger delay
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Figure 3.8: THz nonlinear response of BK7. (a) The nonlinear phase normalized by the
frequency. (b) The extracted nonlinear refractive index averaged over calculated values
for different intensities. The dispersion is not significant as the measurement frequency
range lies within the resonance tail.

experienced by the pulse. Next, we analyzed the phase response of the sample for a con-

stant n2. We noticed that the nonlinear phase spectrum does not resemble the spectral

shape of the signal and also differs significantly for different frequencies. Then, based

on the same Fourier analysis, we derived an expression for the nonlinear dispersion and

compared it with the two most common methods: monochromatic and sharp-resonance

approximations. The proposed method was shown to have a much better performance

for the broadband measurements. Finally, we applied the proposed method to the ex-

perimental data in BK7. In the measurement frequency range, the nonlinear refractive

index has a small dispersion and is estimated to be n2 ≙ 4 × 10−14 m2/W. This study

enables us to calculate the n2 values precisely by factoring out the effect of the pulse

spectrum in phase response.
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Chapter 4

THZ-INDUCED MECHANISMS OF THE THIRD-ORDER NONLINEAR

INTERACTIONS

4.1 Introduction

Different THz-field-induced nonlinear effects described by the third-order nonlinear

susceptibility have been reported in three main categories. The first category of the ob-

served effects is the THz-induced Kerr effect at the optical frequencies. These effects are

described by the third-order susceptibility in the form of χ(3)(ωopt, ωTHz,−ωTHz, ωopt),
as shown in Fig. (4.1). In this configuration, a strong THz pump beam copropagates with

a weak optical beam inside the sample. The optical beam experiences a THz-induced

birefringence proportional to the intensity of the THz field. Similar to electro-optic sam-

pling, the birefringence is converted into the intensity difference after passing through

a quarter-wave plate and then a polarizing beam-splitter. The differential electric signal

detected in the balanced photo-detector is called Kerr signal. The temporal shape of the

THz-induced Kerr signal has the intensity profile of the THz pulse with a signal peak

value proportional to the square of the THz field amplitude, E2
THz [40].

The second category of the THz-induced effects is the THz field-induced second-

harmonic (TFISH) generation where the associated nonlinear susceptibility takes the

form χ(3)(2ωOpt + ωTHz, ωOpt, ωOpt, ωTHz), as shown in Fig. 4.2. In this configuration,

an optical probe beam, copropagating with the THz beam inside the sample, produces a
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Figure 4.1: THz Kerr configuration. A strong THz pump beam copropagates with a
weak optical probe beam. The optical beam experiences a THz-induced birefringence.
Similar to the electro-optic sampling scheme, this birefringence is translated and de-
tected as an electric signal using a quarter-wave plate, a polarizing beam-splitter and a
pair of balanced photo-detector. The detected signal that is called Kerr signal replicates
the temporal form of the field intensity with a peak value proportional to the THz beam
intensity.

THz-induced second-harmonic generation. This effect is the extension of a DC electric

field-induced second-harmonic generation (EFISH) [84]. Then, using a band-pass filter,

the probe beam is filtered out and the second-harmonic signal is detected using a photo-

multiplier tube.

One can remove the sample and introduce a static bias field at the place of the sample

to modify the TFISH technique for coherent detection of the THz field, in a technique

known as air-biased coherent detection (ABCD) [22].

The third category of the THz-induced nonlinear effects is the nonlinear refractive

index n2 at the THz frequencies, represented by the third-order susceptibility in the form

of χ(3)(ωTHz, ωTHz, ωTHz,−ωTHz). This group of effects is studied thoroughly in Chap-

ter 2 and Chapter 3 and also in the published work [79]. Fig. 4.3 shows the configuration

corresponding this group. The nonlinear sample is placed at the main focal point of the
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Figure 4.2: THz-field-induced second-harmonic (TFISH) generation configuration.
The co-propogating optical probe and THz beams cause an optical second-harmonic
generation. Next, the fundamental frequency is filtered out while the second-harmonic
beam is detected in a photo-multiplier tube.

THz beam. As the intense THz beam propagates through the sample, the refractive index

is modified with an intensity-dependent term. Thus, after passing through the sample,

the THz frequency components have additional phases in comparison to the linear phase

experienced by the lowest-level signal. In simple terms, the intensity-dependent change

in the refractive index is sensed by the same THz beam. Then, the THz field is detected

using the electro-optic (EO) sampling technique [85, 16]. In this technique, the THz

field amplitude is decreased either by a THz-field attenuation using Si wafers or by de-

creasing the magnification using an off-axis parabolic mirror with a larger focal length,

as shown schematically in Fig. 4.3, in order to avoid over-rotation and THz-induced

nonlinear effects in the detection crystal. As we can see, in this effect the intense THz

beam acts as both the pump and probe beam, and the EO sampling is only used to record

the THz temporal signal.

Looking at these three categories, one could deduce that the distinguishing factor

is the frequency of the probe beam. In the THz-induced Kerr effect, there is a THz-

field-induced intensity-dependent refractive index sensed by the optical probe beam. In
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Figure 4.3: A schematic of THz nonlinear refraction. An intense THz pulse passes
through a sample and experiences a nonlinear phase shift in addition to the linear phase
shift, acquired by the pulse on propagation regardless of the THz intensity level. The
temporal waveform of the THz pulse is detected via EO sampling.

TFISH, the THz field linearly contributes to the optical second-harmonic generation.

This linear dependence of the TFISH technique on the THz field makes it possible for

TFISH to be used for coherent detection of the THz field [14, 86, 87]. Thus, one can

conclude that the probe frequency for this THz effect is twice the optical frequency.

In the THz nonlinear refraction, the THz-induced intensity-dependent index change is

sensed by the same THz field. Thus, the probe beam is at the THz frequency.

In this chapter, we explore these three groups of third-order nonlinear interactions

and explain how these effects are related to each other. First, using the Lorentz oscillator

model, we derive the relationship between the third-order susceptibility corresponding

to the THz nonlinear refractive index and the third-order susceptibilities corresponding

to the TFISH and use this model to theoretically predict the value of TFISH suscepti-
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bility of SiO2 at its dominant resonance frequency. Next, by using a similar approach

we extend our study to the relationship between the susceptibilities representing THz

nonlinear refraction and THz-induced Kerr effect. This work categorizes the third-order

THz-induced nonlinear interactions based on the probe frequency and explains the de-

pendency of the nonlinear susceptibility values on it, which is a significant contribution

targeting the consistency of the reported values in the literature.

Publication: B. Zhou, M. Rasmussen, S. Zibod, S. Yan, N. Noori, O. Nagy, Y. Ding,

S. Lange, K. Dolgaleva, R. Boyd, and P. Uhd Jepsen, ªMeasurement of the dispersion

of χ(3) of SiO2 and SiN across the THz and far-infrared frequency bands,º Laser and

Photonics Reviews, Jul 2024.

4.2 THz Field-Induced Second-Harmonic Generation

This project originated from a collaboration with Prof. Jepsen’s group at DTU where

they requested us to adapt our theoretical model, described in Chapter 2, to validate their

experimental measurement results on TFISH in solids. Their proposed novel technique

is based on the solid-state biased coherent detection (SSBCD), where the measured SHG

signal of the probe beam is linearly proportional to the incident THz signal [88, 89]. In

the proposed method, the ratio between the TFISH signals detected in the SSBCD and
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ABCD is used to extract the third-order complex susceptibility corresponding to the

TFISH in a solid-state material such as SiO2. Using the two-color air-plasma generation

method [90, 91] and SSBCD/ABCD detection scheme, the measurement is performed

over an ultra-wideband range of 1-50 THz, covering the resonance frequencies of differ-

ent materials in THz and Far-IR frequency ranges. The question concerned the measured

value of 5.5 × 10−22 m2/V2 for the susceptibility corresponding to TFISH in SiO2 at its

dominant resonance at 37.2 THz [74].

The theoretical modeling starts with anharmonic oscillator as described in [62] and

Chapter 2,

ẍ + 2γẋ + ω2
0x + ax

2
+ bx3

≙ αE(t), (4.1)

where x is the ion displacement from the equilibrium position, γ is the damping factor,

ω0 is the resonance frequency, E(t) is the applied field and a and b are the second-

and third-order nonlinear coefficients, respectively. For simplicity, we assume there is a

dominant resonance at 37.2 THz. The parameter α on the right-hand side of Eq. (4.1) is

determined as α ≙ q/m, where q and m are the effective electric coupling strength and

effective reduced mass of the mode, respectively. We assume that the applied field is

given by

E(t) ≙ ETHze
−iωTHzt

+EOpte
−iωOptt

+ c.c., (4.2)

where the field has two frequency components, one in the THz range and the other

one in the optical range. Applying perturbation theory and introducing the expansion
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parameter 0 ≤ λ ≤ 1, we seek a solution to Eq. (4.1) in the form of the power-series

expansion with respect to λ:

x(t) ≙ λx(1)(t) + λ2x(2)(t) + λ3x(3)(t) +⋯. (4.3)

Here the first-order, second-order and third-order ion deviations are given by [92]

x(1)(t) ≙ x(1)(ωTHz)e−iωTHzt
+ x(1)(ωOpt)e−iωOptt

+ c.c., (4.4a)

x(2)(t) ≙∑
p

x(2)(ωp)e−iωpt
+ c.c., (4.4b)

and

x(3)(t) ≙∑
q

x(3)(ωq)e−iωqt
+ c.c., (4.4c)

respectively. The second-order correction term oscillation has frequencies denoted by

ωp ≙ ωj+ωk, where ωj and ωk would take any values of ± ωTHz and ± ωOpt. In the same

manner, ωq ≙ ωl+ωm+ωn is the oscillation frequency of the third-order correction term,

where ωl, ωm and ωnwould take any values of ± ωTHz and ± ωOpt. After substituting

x in Eq. (4.1), we sort and split the terms with respect to the power of λ into three

equations:

ẍ(1) + 2γẋ(1) + ω2
0x
(1)
≙ αE, (4.5a)

ẍ(2) + 2γẋ(2) + ω2
0x
(2)
+ a∥x(1)∥2 ≙ 0, (4.5b)

and

ẍ(3) + 2γẋ(3) + ω2
0x
(3)
+ 2ax(1)x(2) + b∥x(1)∥3 ≙ 0. (4.5c)
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Eq. (4.5a) gives the steady-state solution at the fundamental frequencies in the form of

x(1)(ωTHz) ≙ αETHz

ω2
0 − ω

2
THz − 2iγωTHz

(4.6a)

for the THz frequency and

x(1)(ωOpt) ≙ αEOpt

ω2
0 − ω

2
Opt − 2iγωOpt

(4.6b)

for the optical frequency. Substituting Eqs. (4.6a) and (4.6b) into Eq. (4.5b), we find

the second-order correction terms for the components oscillating at the frequencies

2ωTHz and 2ωOpt:

x(2)(2ωTHz) ≙ − aα2E2
THz(ω2

0 − ω
2
THz − 2iγωTHz)2(ω2

0 − 4ω
2
THz − 4iγωTHz) (4.7a)

and

x(2)(2ωOpt) ≙ − aα2E2
Opt(ω2

0 − ω
2
Opt − 2iγωOpt)2(ω2

0 − 4ω
2
Opt − 4iγωOpt) . (4.7b)

The optical rectification terms at zero frequency induced by the THz and optical

beams are described as

x(2)(0, ωTHz,−ωTHz) ≙ −2 aα2E2
THz(ω2

0 − ω
2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

(4.8a)

and

x(2)(0, ωOpt,−ωOpt) ≙ −2 aα2E2
Opt(ω2

0 − ω
2
Opt − 2iγωOpt)(ω2

0 − ω
2
Opt + 2iγωOpt)ω2

0

, (4.8b)

respectively. Finally, the solution at frequencies ωOpt ± ωTHz is given by

x(2)(ωOpt ± ωTHz) ≙ −2 aα2EOptETHz(ω2
0 − ω

2
Opt − 2iγωOpt)2(ω2

0 − ω
2
THz ∓ 2iγωTHz) , (4.9)
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where the approximation ωOpt ± ωTHz ≈ ωOpt was applied.

Knowing all the second-order correction terms, we plug x(2)(t) into Eq. (4.5c) and

find the third-order correction-terms. There are many frequency components resulting

from the third-order processes described in Eq. (4.5c). However, there are only two

frequencies of direct interest to this study, ωTHz and 2ωOpt + ωTHz:

x(3)(ωTHz) ≙
⎡⎢⎢⎢⎢⎣

2a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz)

+

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

⎤⎥⎥⎥⎥⎦∣ETHz∣2ETHz

+

⎡⎢⎢⎢⎢⎣
4a2α3(2ω2

0 − ω
2
Opt − 2iγωOpt)

ω2
0(ω2

0 − ω
2
THz − 2iγωTHz)2(ω2

0 − ω
2
Opt − 2iγωOpt)2(ω2

0 − ω
2
Opt + 2iγωOpt)

+

3bα3

(ω2
0 − ω

2
Opt + 2iγωOpt)(ω2

0 − ω
2
Opt − 2iγωOpt)

×

1(ω2
0 − ω

2
THz − 2iγωTHz)2

⎤⎥⎥⎥⎥⎦∣EOpt∣2ETHz; (4.10)

x(3)(2ωOpt + ωTHz) ≙
⎡⎢⎢⎢⎢⎣

2a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)3

×

(3ω2
0 − 9ω

2
Opt − 10iγωOpt)

(ω2
0 − 4ω

2
Opt − 4iγωOpt)2

+

3bα3

(ω2
0 − ω

2
Opt − 2iγωOpt)2(ω2

0 − 4ω
2
Opt − 4iγωOpt)

×

1(ω2
0 − ω

2
THz − 2iγωTHz)

⎤⎥⎥⎥⎥⎦ETHzE
2
Opt. (4.11)

In Eq. (4.10), the first bracket represents the THz-induced correction term, while

the second bracket shows the optically induced nonlinear term, which could be ignored
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with controlling the intensity of the probe beam. The relationship between the nonlinear

susceptibility and deviation is given by

PNL ≙ Nqx(3) ≙ 3χ(3)∣E∣2E. (4.12)

Thus, the nonlinear susceptibility can be expressed as

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙qN
3

α3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

(4.13)

⎡⎢⎢⎢⎢⎣2a
2
(3ω2

0 − 8ω
2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) + 3b

⎤⎥⎥⎥⎥⎦.
The calculation of a is straightforward and presented in [62]. The direct-process

contribution to the susceptibility at low frequencies is given by

χ
(3)ω≪ω0

Direct ≙
qN

3

3bα3

ω8
0

≙
n0

3π
n
(2)
2,v ≙ −

2N ∣µ∣4
3h̵3ω3

0

, (4.14)

where the dipole moment µ is related to the linear susceptibility via [92]

χ(1) ≙
N

3h̵
∑
n

∣µna∣2[ 1(ωna − ω) − iγ +
1(ωna + ω) + iγ ]. (4.15)

In the low-frequency regime, Eq. (4.15) can be simplified as

χ(1),ω≪ω0 ≙
2N ∣µ∣2
3h̵ω0

. (4.16)

Plugging Eq. (4.16) into (4.13) and replacing χ(1)ω≪ω0 with 1
4π
[(nω≪ω0

0 )2 − 1], where
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nω≪ω0

0 is calculated as presented in [62], we obtain:

χ
(3)ω≪ω0

Direct ≙
qN

3

3bα3

ω8
0

≙ −
3(χ(1)ω≪ω0)2

2Nh̵ω0

≙ −

3[(nω≪ω0

0 )2 − 1]2
2Nh̵ω0(4π)2 ≙ −

3[(nω≪ω0

0 )2 − 1]2
32Nh̵ω0π2

. (4.17)

For THz frequencies ωTHz ≪ ω0, the ratio between the second term, describing the

direct process, and the first term, describing the cascaded process, in the first bracket is

found as

χ(3)(ωTHz)Direct

χ(3)(ωTHz)Cascaded

≙
3b

2a2
ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz)(3ω2

0 − 8ω
2
THz − 8iγωTHz)

RRRRRRRRRRR(ωTHz≪ω0)

≙
bω2

0

2a2
≙
−3.27 × 10−11

2.24 × 10−9
≈ −0.015. (4.18)

It is implied that at the THz frequencies ωTHz ≪ ω0, and the direct contribution could be

neglected with respect to the cascaded process. However, in the vicinity of the resonance

frequency, one has to take into account the direct contribution, and Eq. (4.15) takes the

general form

χ(1)(ω) ≙ 2N ∣µ∣2ω0

3h̵(ω2
0 − ω

2
− 2iγω) ≙ χ(1)ω≪ω0

ω2
0(ω2

0 − ω
2
− 2iγω)

≙
1

4π
[(nω≪ω0

0 )2 − 1] ω2
0(ω2

0 − ω
2
− 2iγω) . (4.19)

Substituting Eq. (4.19) into Eq. (4.17), we obtain:

(qN
3
)3bα3

≙ −
3(χ(1))2
2Nh̵ω0

≙ −

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
− 2iγω)2 . (4.20)

The third-order susceptibility as a function of frequency can be calculated by substitut-
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ing Eq. (4.20) into Eq. (4.13):

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙ 1(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)⎡⎢⎢⎢⎢⎣

qNα3

3
× 2a2

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) +

qNα3

3
× 3b

⎤⎥⎥⎥⎥⎦
≙

1(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)⎡⎢⎢⎢⎢⎣

qNα3

3
× 2a2

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz)

−

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
THz − 2iγωTHz)2

⎤⎥⎥⎥⎥⎦. (4.21)

Using Eqs. (4.11) and (4.20), one can write the nonlinear susceptibility corresponding

to the THz-field-induced SHG as

χ(3)(2ωOpt + ωTHz) ≙
⎡⎢⎢⎢⎢⎣
qN

3

2a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)3

×

(3ω2
0 − 9ω

2
Opt − 10iγωOpt)

(ω2
0 − 4ω

2
Opt − 4iγωOpt)2 +

qN

3

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)2

×

1(ω2
0 − 4ω

2
Opt − 4iγωOpt)

⎤⎥⎥⎥⎥⎦
≙

⎡⎢⎢⎢⎢⎣
qN

3

2a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)

9

16ω8
Opt

+

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
THz − 2iγω)2

×

1

4ω6
Opt(ω2

0 − ω
2
THz − 2iγωTHz)

⎤⎥⎥⎥⎥⎦. (4.22)

In Fig. 4.4, the absolute value of the third-order susceptibilities obtained from Eqs. (4.21)

and (4.22) are plotted on a semi-log scale. The damping frequency is set equal to

γ ≙ 1
2
Γ ≙ 5 × 1012 rad/s.
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Figure 4.4: Third-order susceptibility corresponding to the self-action effects (blue)
and the third-order susceptibility corresponding to the TFISH (red). For TFISH, the
value at low frequency is scaled down by a factor proportional to ω8

0/ω8
Opt. However,

at the resonance, it is scaled down by a factor proportional to the product of the factors
ω6
0/ω6

Opt and 1/Q3, where Q is the resonance quality factor.

As can be seen from the figure, the value of the TFISH susceptibility at low fre-

quencies is related to the susceptibility corresponding to self-action effects with a factor

proportional to ω8
0/ω8

Opt. The reason is that the dominant term at low frequencies is

the term related to the cascaded process (first term) in both THz self-action process and

TFISH. For TFISH, four resonance factors disappear compared to the expression de-

scribing THz self-action in Eq. (4.21), thus, the factor of (1/ω2
0)4 is replaced by a factor

of (1/ω2
Opt)4.

However, the dominant term for both THz self-action and TFISH at resonance frequency
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is the direct term corresponding to b. For TFISH, three resonance factors disappear com-

pared to THz self-action, thus, the factor of (1/ω2
0)3 is replaced by a factor of (1/ω2

Opt)3.

However, there is another factor of (1/Q)3, where Q is the resonance quality factor cal-

culated as Q ≙ ω0/Γ , due to missing three enhancement factors at resonance frequency.

As expected, the resonance related to the two-photon absorption in THz self-action spec-

trum at around 18 THz is not replicated in TFISH spectrum and the dominant resonance

at 37.2 THz is much broader compared to the THz self-action.

In Fig. 4.5, we plotted the absolute value, real and imaginary parts of the nonlinear

susceptibilities obtained from Eqs. (4.21) and (4.22) for the THz self-action and TFISH,

respectively.

As the final step, we included the lower-strength lower-frequency resonances in our

model. Similar to the approach presented in Chapter 2, we obtain a linear sum of the

three individual resonances, assuming that there is no cross-talk between them. Thus,

Eqs. (4.21) and (4.22) become modified to include the two additional resonances as

follows:

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙ 3

∑
k≙1

χ
(3)
k (ωTHz, ωTHz,−ωTHz, ωTHz)

≙

3

∑
k≙1

⎡⎢⎢⎢⎢⎣
qNα3

3
× 2a2k

(3ω2
0,k − 8ω

2
THz − 8iγkωTHz)

ω2
0,k(ω2

0,k − 4ω
2
THz − 4iγkωTHz)

−

3[(nω≪ω0,k

0,k )2 − 1]2
32Nh̵π2

ω11
0,k(ω2

0,k − ω
2
THz − 2iγkωTHz)2

⎤⎥⎥⎥⎥⎦;
(4.23)
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Figure 4.5: The absolute value, real and imaginary parts of the nonlinear susceptibility
describing the THz self-action (top) and TFISH (bottom)

χ(3)(2ωOpt + ωTHz) ≙ 3

∑
k≙1

χ
(3)
k (2ωOpt + ωTHz) ≙

3

∑
k≙1

⎡⎢⎢⎢⎢⎣
qNα3

3

2a2k(ω2
0,k − ω

2
THz − 2iγkωTHz)

9

16ω8
Opt

+

3[(nω≪ω0,k

0,k )2 − 1]2
32Nh̵π2

ω11
0,k(ω2

0,k − ω
2
THz − 2iγkωTHz)2

×

1

4ω6
Opt(ω2

0,k − ω
2
THz − 2iγkωTHz)

⎤⎥⎥⎥⎥⎦. (4.24)
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Figure 4.6: The plot of the third-order susceptibilities corresponding to the self-action
effects (blue) and TFISH (red) with three resonances included. As expected from com-
paring Eqs. (4.23) and (4.24), each resonance in TFISH is related to the corresponding
resonance in the self-action effects by a factor proportional to the product of the factors
ω6
0,i/ω6

Opt and 1/Q3
i , where ω0,i and Qi denote the resonance frequency and quality factor

of the i-th resonance, respectively. In the TFISH spectrum, the resonance at 24 THz is
the sum of the contributions from the resonances at 37.2 THz and 24 THz.

In Fig. 4.6, the absolute value of the third-order susceptibilities obtained from Eqs.

(4.23) and (4.24) are plotted on a semi-log scale. We can see in Fig. 4.6, the sus-

ceptibility of the TFISH spectrum at its dominant resonance at 37.2 THz is equal to

3 × 10−22 m2/V2 which is close to the the TFISH experimental value 5.5 × 10−22m2/V2,

presented in the manuscript [74]. With the inclusion of multiple resonances, deriving

a straightforward relationship similar to ω8
0/ω8

Opt becomes even more complicated, as
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Figure 4.7: The absolute value, real and imaginary parts of the nonlinear susceptibility
of the THz self-action (top) and TFISH (bottom) with the inclusion of three resonances

the total susceptibility at frequency ωTHz is the sum of the contributions from each reso-

nance. One should notice that each resonance in TFISH is related to the corresponding

resonance in the self-action effects by a factor proportional to the product of the factors

ω6
0,i/ω6

Opt and 1/Q3
i , where ω0,i and Qi are the resonance frequency and quality factor

of the same resonance, respectively. In Fig. 4.7, the absolute value, real and imaginary

parts of the nonlinear susceptibilities of the THz self-action and TFISH described by

Eqs. (4.23) and (4.24) are plotted.

4.3 THz-induced Kerr Nonlinearity

For the case of the THz induced Kerr nonlinearity, many of the steps and calculations

are similar to the calculations performed in the previous part. (The in-detail calculations
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are included in the Appendix of this thesis.) However, the frequency of interest in the

calculations is ωOpt instead of 2ωOpt + ωTHz. Thus, the third-order correction term for

the THz Kerr effect is given by

x(3)(ωOpt) ≙
⎡⎢⎢⎢⎢⎣

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

×

(2ω2
0 − ω

2
Opt − 2iγωOpt)

(ω2
0 − ω

2
Opt − 2iγωOpt)3

+

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)

×

1(ω2
0 − ω

2
Opt − 2iγωOpt)2

⎤⎥⎥⎥⎥⎦∣ETHz∣2EOpt. (4.25)

Consequently, the nonlinear susceptibility corresponding to the THz-field-induced Kerr

effect is given by

χ(3)(ωOpt, ωOpt,−ωTHz, ωTHz) ≙⎡⎢⎢⎢⎢⎣
qN

3

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

×

(2ω2
0 − ω

2
Opt − 2iγωOpt)

(ω2
0 − ω

2
Opt − 2iγωOpt)3

+

qN

3

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)2

⎤⎥⎥⎥⎥⎦ ≙⎡⎢⎢⎢⎢⎣
qN

3

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

1

ω4
Opt

−

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
THz − 2iγωTHz)3

×

1

ω4
Opt(ω2

0 − ω
2
THz + 2iγωTHz)

⎤⎥⎥⎥⎥⎦. (4.26)
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Figure 4.8: Third-order susceptibility corresponding to self-action effects (blue) and
THz-induced Kerr effect (red)

Fig. 4.8 shows the absolute value of the third-order susceptibilities for the THz non-

linear refractive index and THz-induced Kerr effect at the optical range on a semi-log

scale. Fig. 4.9 maps the susceptibility values provided in Table 1.2 to their correspond-

ing probe frequencies. It clearly shows the three distinctive ranges of numbers for these

effects. Among the plotted data, silicon is an interesting case to examine. Using the first

terms in Eqs. (4.21) and (4.22), and removing the similar coefficients, the susceptibilities

are given as
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Figure 4.9: Reported susceptibility values for different THz-induced nonlinear effects.
The values for the THz self-effect (blue) is well separated from the values for the THz-
induced Kerr effect (red) and TFISH (black) by several orders of magnitude.

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙ K(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

×

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) , (4.27)

χ(3)(2ωOpt + ωTHz) ≙ K(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)3

×

(3ω2
0 − 9ω

2
Opt − 10iγωOpt)

(ω2
0 − 4ω

2
Opt − 4iγωOpt)2 . (4.28)
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In order to find the ratio between Eqs. (4.27) and (4.28), we need to evaluate the expres-

sions under the following assumptions: ωOpt ≙ 375 THz, ωTHz ≈ 1 THz. Silicon has a

single dominant resonance at λ0 ≙ 300 nm [93]. Thus, ω0 ≙
8
3
ωOpt. It is now possible to

simplify and evaluate the expressions in Eqs. (4.27) and (4.28):

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙ 3K

ω10
0

, (4.29)

χ(3)(2ωOpt + ωTHz) ≙ 2.11K

ω8
0ω

2
Opt

≙
15K

ω10
0

. (4.30)

Thus, the ratio of the susceptibilities are calculated as

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz)
χ(3)(2ωOpt + ωTHz) ≙ 0.2. (4.31)

It can be concluded from Fig. 4.9 that this ratio for Si is equal to 0.6.

4.4 Conclusions

In this chapter, we categorized the reported THz-induced third-order effects into

three main groups based on the frequency of the probe beam. The THz-induced non-

linear refractive index n2 at the THz frequencies, represented by χ(3)(ωTHz, ωTHz, ωTHz,

−ωTHz), TFISH generation expressed as χ(3)(2ωOpt + ωTHz, ωOpt, ωOpt, ωTHz), and, fi-

nally, THz-induced Kerr effect in the optical frequencies described by χ(3)(ωOpt, ωTHz,

−ωTHz, ωOpt), have probe beams at the frequencies ωOpt, 2ωOpt and ωTHz, respectively.

Then, we derived expressions that relate the third-order susceptibilities corresponding

to TFISH and THz-induced Kerr effect to the nonlinear susceptibility corresponding

THz self-effects. We concluded that, despite the fact that all three effects are caused by
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the contribution from the vibrational modes, it is the frequency of the probe beam that

determines the order of the corresponding third-order susceptibility. After deriving the

expression for each effect, we showed that the values of the susceptibility for TFISH and

THz-Kerr effects are related to the the values of the susceptibility for THz self-action

by a factor dependent on the resonance frequency and the frequency of the probe beam.

Furthermore, we calculated the TFISH susceptibility of SiO2 at its resonance frequency,

which agrees with the reported experimental value in Ref. [74]. This work establishes

the relationship between different third-order THz-induced nonlinear effects and is of

great importance for the consistency of the reported values.
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Chapter 5

CONCLUSION

5.1 Conclusions

In this doctoral thesis, first we explored the literature on the nonlinear behaviour of

different materials at THz frequencies. In the process, three main questions arose: How

large is the nonlinearity of the solids at THz frequencies? Are the current approxima-

tions able to extract the nonlinear refractive index dispersion from THz nonlinear TDS

data? Finally, what is the relation between the THz-induced effects at THz frequencies

and optical frequencies? In this work, we study and explore nonlinear THz spectroscopy

of solid samples from different aspects and try to answer the above questions.

First, we modified a previously established theoretical model for the nonlinear re-

fractive index of crystalline quartz at the THz frequencies by including additional vi-

brational resonances. This model predicted a nonlinear refractive index several orders

of magnitude larger than the typical values at the optical frequencies [62]. The inclu-

sion of the additional resonances allowed a better agreement between the theoretical

prediction and the experimental measurements. Then, through the THz nonlinear time-

domain spectroscopy, we measured the nonlinear refractive index of quartz at the THz

frequencies, which had a good agreement with our theoretical model.

Furthermore, we presented a simple method to model the propagation of a broadband
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THz pulse in a nonlinear medium with a nonlinear refractive index dispersion using a

spectral solution to the wave equation based on Fourier analysis. This method is a useful

tool to investigate the effects of the nonlinear dispersion on the propagation of ultrashort

THz pulses in a straightforward fashion. Furthermore, based on the same model, we

derive an expression to extract the nonlinear refractive index dispersion for broadband

sources and compare it with the approximate methods previously proposed: monochro-

matic approximation and sharp-resonance approximation. We perform a simulation on a

sample with linear absorption and an arbitrary dispersion for nonlinear refractive index,

and successfully extract the dispersion from the simulated propagation output. Through

this, we are able to factor out the effect of the spectral shape of the broadband THz

pulse.

Finally, we derived a relationship between the nonlinear susceptibility corresponding

to the THz self-action and THz field-induced second harmonic (TFISH) generation and

THz-induced Kerr effect. As a result, we are able to explain the scaling factor between

the values reported for the susceptibilities corresponding these effect in the experimental

works. We concluded that although all three effects are caused by the vibrational modes,

it is the frequency at which the effect is sensed that determines the magnitude of the

susceptibility. In other words, the frequency of the probe beam is the distinctive factor

in these three effects.
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5.2 Future Outlook

5.2.1 THz Nonlinear Spectroscopy of Semiconductors

At the THz frequencies, semiconductors have a similar optical behavior to the be-

havior of metals in the visible/NIR range [94]. Their complex permittivity is modelled

by Drude-Lorentz model as

εr(ω) ≙ ε∞ − ω2
p

ω2
+ iγpω

+

ALωL

ω2
L − ω

2
− iγLω

, (5.1)

where ε∞ is the background permittivity, caused by high-frequency resonances (elec-

tronic interband resonances), while the second term is the Drude term, where ωp is the

plasma frequency and γp is the damping constant. Drude model describes the resistiv-

ity of the conducting material with the scattering of the carriers inside the material and

models the metallic behavior of the semiconductor. The last term is the Lorentz term

describing the contribution of the vibrational modes to the permittivity of the semicon-

ductor and is similar to the Lorentz model we used in Chapter 2 and Chapter 4, where ωL

is the resonance frequency, γL is the damping frequency, and AL is the oscillator’s am-

plitude. The plasma frequency of the semiconductors falls in the range of 9 − 75 THz.

However, due to the significant background permittivity (∼ 10 − 16), the frequency at

which the sign of the permittivity changes is lower than the plasma frequency ωp and is

called the reduced plasma frequency, calculated as

ωreduced
p ≙

ωp√
ε∞

. (5.2)

For the un-doped InSb, the background permittivity is ε∞ ≈ 15 and ωp ≈ 2π×9 THz.

This implies that the sign of InSb permittivity changes at the reduced plasma frequency
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Figure 5.1: The complex permittivity function of InSb. The blue curve shows the real
part of the permittivity, while the red curve represents its imaginary part.

ωreduced
p ≈ 2π × 2.2 THz, which is a frequency range accessible by the available THz

sources. Fig. 5.1 shows the real and imaginary parts of permittivity of the un-doped

InSb [94].

Metals at low THz frequencies are highly conductive with a negative permittivity of

large magnitude. The Drude-like behavior of the un-doped InSb at low THz frequencies

makes it a suitable candidate to replace the metals in the plasmonic devices [95]. Several

studies have been carried out on the linear characterization of different semiconductors

using THz-TDS in reflective configurations [94, 96]. Furthermore, nonlinear effects

such as THz-induced impact ionisation and inter-valley scattering in semiconductors

have been previously reported [26, 40, 41, 42, 43]. However, to the best of our knowl-

edge, the nonlinear optical properties of the semiconductors in the THz frequency range,
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such as the third-order nonlinear effects discussed in this thesis, have not been reported.

One would expect a Drude-like semiconductor such as InSb to show a strong nonlinear

response near its plasmonic frequency range. Thus, nonlinear characterization of semi-

conductor thin-films at the THz frequencies in the transmission configuration would be

a major contribution to the field of nonlinear THz optics and THz nonlinear devices.

5.2.2 Effective Medium Theory and Composite Materials at the THz Frequencies

The growing list of applications for the photonic technologies comes with the need

for new optical materials with specific properties. They are used for improving the

lasers gain, engineering the nonlinear response of materials, and tailoring the material

dispersion for phase matching, to name a few [97]. Optical metamaterials are artifi-

cially engineered structures made of metals and dielectrics that are designed to show

the electromagnetic properties that are not available in nature but are not forbidden by

Maxwell’s equations like negative refractive index [98]. A special group of metama-

terials is composite materials that are hybrid optical materials achieved by intermixing

two or more homogeneous constituent materials in scales much smaller than the optical

wavelength, so that on a macroscopic level, the electromagnetic wave sees the structure

as a homogeneous material. Therefore, like all other homogeneous optical materials,

the structure can be described by two electromagnetic parameters: ε and µ. The relation

between the resultant parameters and the constituent materials is described through the

effective medium theory.

Many different models have been developed for different structure geometries: Maxwell

Garnett, Bruggeman and layered structures, as shown in Fig. 5.2 [99, 100]. As shown
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Figure 5.2: Composite material geometries. (a) Maxwell-Garnett structure: very small
spheres of inclusion material are embedded inside a host material. (b) Bruggeman struc-
ture: Two constituent materials are embedded in each other to form an effective medium.
(c) Layered structure: sets of alternating thin layers.

in the figure, there are three main composite geometries. The first structure is Maxwell

Garnet, where very small spherical or oval-shaped particles of inclusion material are

embedded in a host material. Bruggeman is the second structure, where two different

materials are embedded in an effective medium. Finally, the third one is layered struc-

ture where planar layers of materials are stacked alternatingly over each other. Of the

three groups mentioned, the latter one is of particular interest for its fabrication simplic-

ity.

In a layered composite structure, the effective permittivity is the weighted average

of the two constituent materials and is calculated as

εeff ≙ (1 − f)ε1 + fε2. (5.3)

The validity of effective medium theory in this structure could be verified by the

transfer matrix formalism [38, 101]. Consider three layers of different thicknesses and

complex refractive indices, as depicted in Fig. 5.3. At each intersection, we have the
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Figure 5.3: A schematic of three stacked layers. Each layer is described by its thickness
and its complex refractive index.

continuity of the tangential electric and magnetic fields as follows:

E
∣∣
j ≙ E

∣∣
j+1 (5.4)

H
∣∣
j ≙H

∣∣
j+1, (5.5)

where Ej−1, E
∣∣
j , Hj−1 and H

∣∣
j are the tangential electric and magnetic fields at the j-th

interface. One should note that the fields are the sums of the tangential fields of the

forward and backward travelling waves. Thus, the relationship between the incident and

reflected fields are given by

Ei
je
−ikjdj

+Er
j ≙ E

i
j+1 +E

r
j+1e

−ikj+1dj+1 , (5.6)

H i
je
−ikjdj

−Hr
j ≙H

i
j+1 −H

r
j+1e

−ikj+1dj+1 , (5.7)

where kj ≙ ñjk0 is the complex propagation constant for the j-th layer, and dj is the

thickness of the j-th layer. Since we assume that the materials are nonmagnetic, we

are more interested to find the relation for the electric fields. The relation between the

magnetic field and electric field for a propagating wave is given as

Hj ≙
Ej

ηj
, (5.8)
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where ηj ≙
√

µ

ε
≙

120π√
εr

is the wave impedance in the j-th layer. Substituting Eq. (5.8) in

Eqs. (5.6) and (5.7), we obtain the relation between the incident wave coming from the

previous interface and the reflected and transmitted waves at the current interface:

Ei
je
−ikjdj

+Er
j ≙ E

i
j+1 +E

r
j+1e

−ikj+1dj+1 ; (5.9)

Ei
j

ηj
e−ikjdj −

Er
j

ηj
≙

Ei
j+1

ηj+1

i

−

Er
j+1

ηj+1
e−ikj+1dj+1 . (5.10)

These relations can be written in matrix form as⎡⎢⎢⎢⎢⎢⎢⎣
Ei

j

Er
j

⎤⎥⎥⎥⎥⎥⎥⎦
≙Mj

⎡⎢⎢⎢⎢⎢⎢⎣
Ei

j+1

Er
j+1

⎤⎥⎥⎥⎥⎥⎥⎦
. (5.11)

Finally, the transfer matrices at each layer should be multiplied to obtain the total

cascaded transfer matrix. The relation between the incident, reflected and transmitted

fields in an N + 1 layer structure is given by

⎡⎢⎢⎢⎢⎢⎢⎣
Ei

1

Er
1

⎤⎥⎥⎥⎥⎥⎥⎦
≙Mtot

⎡⎢⎢⎢⎢⎢⎢⎣
Ei

N+1

0

⎤⎥⎥⎥⎥⎥⎥⎦
≙

N

∏
j≙1

Mj

⎡⎢⎢⎢⎢⎢⎢⎣
Ei

N+1

0

⎤⎥⎥⎥⎥⎥⎥⎦
. (5.12)

Now that the transfer matrix method is established, we can use it to simulate a multi-

layer structure and compare the results with an effective medium bulk structure, as de-

picted in Fig. 5.4.

The reflectivity and transmittivity spectra for a structure of 24 bi-layers of InSb and

Al2O3 with the periodicity of 5 microns and filling factor of InSb f ≙ 0.1 are depicted

in Fig. 5.5 and compared with the responses from the equivalent effective bulk medium.

We observe a very close agreement between the two sets of responses. We can see that

the transmittivity (red) spectra obtained from the transfer matrix method and the effec-

tive medium theory completely overlap. The reflectivity spectral response calculated
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Figure 5.4: A multi-layer structure of InSb and Al2O3 bi-layers and the bulk effective
medium.

from the matrix formalism (blue dashed-line) follows the response obtained from effec-

tive medium theory very closely. The minor discrepancy is rooted in the fact that the

multi-layer structure modeled by the transfer matrix is not symmetrical. Consequently,

the scattering matrix is not symmetric anymore, meaning that it is important that the

field is applied from which side. For an exact overlap, one could calculate the reflectiv-

ity responses from both ends of the structure, R1 and R2, and then express the reflectivity

as the geometric average of these responses calculated as R ≙
√
R1R2 [102].

Linear characterization of the composite materials including semiconductor layers

would be a major contribution to the field of THz-TDS. Moreover, the effective medium

theory enables the engineering of the optical properties of the materials in THz fre-

quencies by changing the fill factor. Developing THz composite materials with optical

properties exceeding those of the constituents can enable new applications.

Given that the effective medium theory extends to the nonlinear susceptibility [103]
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Figure 5.5: Reflectivity and transmittivity spectra of a structure with 24 bi-layers of
InSb and Al2O3, with the periodicity of 5 microns and InSb filling factor of f ≙ 0.1.

and the large nonlinearity of Drude-like materials around their plasmonic frequency

range, one expects that the effective third-order susceptibility of a layered structure

with fill-factor of f for a semiconductor like InSb can be estimated as χ
(3)
comp ≈ fχ

(3)
InSb.

However, compared to the equivalent bulk InSb, the composite material has a larger

transmission. Fig. 5.6 compares the transmission of a structure of 24 bi-layers of InSb

and Al2O3, with the periodicity of 5 microns and InSb filling factor of f ≙ 0.1 and a

single InSb slab with the thickness equal to the total amount of InSb in the compos-

ite dInSb ≙ 0.1 × 120 ≙ 12 µm. We can see that the amount of the transmitted power of

the composite material at 1.5 THz is 10 times larger than that exhibited by InSb slab.

One can conclude that composite materials can enable accessing the very strong non-

linear response coming from the semiconductors while avoiding the strong absorption.
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Figure 5.6: The transmission spectra of a structure with 24 bi-layers of InSb and Al2O3,
with the periodicity of 5 microns (dashed lines) and InSb filling factor of f ≙ 0.1 and
the equivalent InSb slab with the thicknes of 12 microns (solid lines).

Ref. [101] proposed a design procedure for a similar problem in a copper-silica compos-

ite within optical frequencies. A carefully designed composite material with semicon-

ductor inclusions would benefit from a nonlinear response significantly stronger than

the other solid materials and a tailored optical response in the THz frequency range.

5.2.3 Nonlinear Spectroscopy of Solids with Different Structures

As a continuation to the works performed in Chapter 2 and Chapter 3, there are

other candidate materials for the exploration of the third-order nonlinear interactions at

the THz frequencies. For example, exploring the nonlinear response of other crystalline

solids with different crystal structures could be of interest. For example, THz-induced

nonlinear birefringence in a sapphire sample is of great interest for further exploration.
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Finally, one can examine the nonlinear response of chalcogenide glasses. Strong THz-

induced Kerr effect has been previously reported for this group of glasses [57]. Other

groups of effects, per the discussion in Chapter 4, would be interesting to explore in

these materials.
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Appendix

THz Kerr vs THz n2

We provide a theoretical model to express the relation between the THz-induced

third-order susceptibility corresponding to self-action effects and third-order suscepti-

bility corresponding to THz -induced Kerr effect.

Theoretical model:

The theoretical modeling starts with anharmonic oscillator as described in Ref. : [62]

ẍ + 2γẋ + ω2
0x + ax

2
+ bx3

≙ αE(t), (6.13)

where x is the ion displacement from the equilibrium position, γ is damping factor, ω0 is

the resonance frequency, E(t) is the applied field and a and b are the second- and third-

order nonlinear coefficients, respectively. For simplicity, we assume there is a dominant

resonance at 37.2 THz. The parameter α on the right-hand side of Equation (6.13) is

determined as α ≙ q/m, where q and m are the effective electric coupling strength and
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effective reduced mass of the mode, respectively. We assume that the applied field is

given by

E(t) ≙ ETHze
−iωTHzt

+EOpte
−iωOptt

+ c.c.. (6.14)

where the field has two frequency components, one in THz range and the other in the

optical range. Applying perturbation theory and introducing the expansion parameter

0 ≤ λ ≤ 1, we seek a solution to Equation (6.13) in the form of power series of λ.

x(t) ≙ λx(1)(t) + λ2x(2)(t) + λ3x(3)(t) +⋯ (6.15)

where the first-order, second-order and third-order ion deviation are given as [92]:

x(1)(t) ≙ x(1)(ωTHz)e−iωTHzt
+ x(1)(ωOpt)e−iωOptt

+ c.c., (6.16a)

x(2)(t) ≙∑
p

x(2)(ωp)e−iωpt
+ c.c., (6.16b)

x(3)(t) ≙∑
q

x(3)(ωq)e−iωqt
+ c.c., (6.16c)

respectively. The second-order correction term oscillation has frequencies denoted

by ωp ≙ ωj + ωk, where ωj and ωk would take any values of ± ωTHz and ± ωOpt.

In the same manner, ωq ≙ ωl + ωm + ωn is the oscillation frequency of the third-order

correction term, where ωl, ωm and ωnwould take any values of ± ωTHz and ± ωOpt.

After substituting x in Equation (6.13), we sort and split the terms with respect to the

power of λ into three equations:

ẍ(1) + 2γẋ(1) + ω2
0x
(1)
≙ αE, (6.17a)
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ẍ(2) + 2γẋ(2) + ω2
0x
(2)
+ a∥x(1)∥2 ≙ 0, (6.17b)

ẍ(3) + 2γẋ(3) + ω2
0x
(3)
+ 2ax(1)x(2) + b∥x(1)∥3 ≙ 0. (6.17c)

Equation (4.5a) gives the steady-state solution at the fundamental frequencies in the

form :

x(1)(ωTHz) ≙ αETHz

ω2
0 − ω

2
THz − 2iγωTHz

(6.18a)

x(1)(ωOpt) ≙ αEOpt

ω2
0 − ω

2
Opt − 2iγωOpt

(6.18b)

Substituting Equations (4.6a and 4.6b) in Equation (4.5b), we find the second-order

correction terms for the components oscillating at the frequencies 2ωTHz and 2ωOpt:

x(2)(2ωTHz) ≙ − aα2E2
THz(ω2

0 − ω
2
THz − 2iγωTHz)2(ω2

0 − 4ω
2
THz − 4iγωTHz) (6.19a)

x(2)(2ωOpt) ≙ − aα2E2
Opt(ω2

0 − ω
2
Opt − 2iγωOpt)2(ω2

0 − 4ω
2
Opt − 4iγωOpt) (6.19b)

The optical rectification terms at frequency 0 induced by THz and optical beams are

obtained as:

x(2)(0, ωTHz,−ωTHz) ≙ −2 aα2E2
THz(ω2

0 − ω
2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

,

(6.20a)

x(2)(0, ωOpt,−ωOpt) ≙ −2 aα2E2
Opt(ω2

0 − ω
2
Opt − 2iγωOpt)(ω2

0 − ω
2
Opt + 2iγωOpt)ω2

0

. (6.20b)

Finally, the solution at frequencies ωOpt ± ωTHz is given by:

x(2)(ωOpt ± ωTHz) ≙ −2 aα2EOptETHz(ω2
0 − ω

2
Opt − 2iγωOpt)2(ω2

0 − ω
2
THz ∓ 2iγωTHz) , (6.21)
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where the approximation ωOpt ± ωTHz ≈ ωOpt is used.

Knowing all the second-order correction terms, we could plug x(2)(t) into Equation

(6.17c) and find the third-order correction-terms. There are many frequency components

resulting from the third-order processes described in Equation (6.17c). However, there

are two frequenies of direct interest in this study, ωTHz ∶

x(3)(ωTHz) ≙
⎡⎢⎢⎢⎢⎣

2a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz)

+

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

⎤⎥⎥⎥⎥⎦∣ETHz ∣2ETHz

(6.22)

and ωOpt:

x(3)(ωOpt) ≙
⎡⎢⎢⎢⎢⎣

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

(2ω2
0 − ω

2
Opt − 2iγωOpt)

(ω2
0 − ω

2
Opt − 2iγωOpt)3

+

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)2

⎤⎥⎥⎥⎥⎦∣ETHz ∣2EOpt

(6.23)

In Equation (6.22) the first bracket represents the THz-induced correction term,

while the second bracket shows the optically induced nonlinear term, which could be

ignored with controlling the intensity of probe beam. The relation between nonlinear

susceptibility and deviation is given by

PNL ≙ Nqx(3) ≙ 3χ(3)∣E∣2E. (6.24)
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Thus, the nonlinear susceptibility is expressed as :

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙qN
3

α3

(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)

(6.25)

⎡⎢⎢⎢⎢⎣2a
2
(3ω2

0 − 8ω
2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) + 3b

⎤⎥⎥⎥⎥⎦
The calculation for a is straightforward, as presented in Ref.[62] The direct process

contribution to the susceptibility at low frequencies is given as:

χ
(3),ω≪ω0

Direct ≙ −
qN

3

3bα3

ω8
0

≙
1
3π
n0

n
(2)
2,v ≙ −

1
3π
n0

3π

n0

2N ∣µ∣4
3h̵3ω3

0

≙
2N ∣µ∣4
3h̵3ω3

0

, (6.26)

where dipole moment µ is related to linear susceptibility via:[92]

χ(1) ≙
N

3h̵
∑
n

∣µna∣2[ 1(ωna − ω) − iγ +
1(ωna + ω) + iγ ] (6.27)

In the low frequency regime, the Equation (4.15) is simplified into

χ(1),ω≪ω0 ≙
2N ∣µ∣2
3h̵ω0

(6.28)

Plugging (6.28) into (6.25), and replacing χ(1),ω≪ω0 with 1
4π
[(nω≪ω0

0 )2 − 1], where

nω≪ω0

0 is calculated as presented in Ref.[62], we have:

χ
(3),ω≪ω0

Direct ≙ −
qN

3

3bα3

ω8
0

≙
3(χ(1),ω≪ω0)2

2Nh̵ω0

≙ −

3[(nω≪ω0

0 )2 − 1]2
2Nh̵ω0(4π)2 ≙ −

3[(nω≪ω0

0 )2 − 1]2
32Nh̵ω0π2

,

(6.29)
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For THz frequencies ωTHz ≪ ω0, the ratio between the direct process (second) and

cascaded process (first) terms in the first bracket is given as:

χ(3)(ωTHz)Direct

χ(3)(ωTHz)Cascaded

≙
3b

2a2
ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz)(3ω2

0 − 8ω
2
THz − 8iγωTHz)

RRRRRRRRRRR(ωTHz≪ω0)

≙
bω2

0

2a2
≙
−3.27 × 10−11

2.24 × 10−9
≈ −0.015,

(6.30)

meaning that at THz frequencies ωTHz ≪ ω0, the direct contribution could be ne-

glected with respect to cascaded process. However, for the frequencies close to the

resonance frequency, we need to derive a frequency-dependent expression for the direct

contribution. Equation (6.27) has the general form of:

χ(1)(ω) ≙ 2N ∣µ∣2ω0

3h̵(ω2
0 − ω

2
− 2iγω) ≙ χ(1),ω≪ω0

ω2
0(ω2

0 − ω
2
− 2iγω) ≙ 1

4π
[(nω≪ω0

0 )2−1] ω2
0(ω2

0 − ω
2
− 2iγω)

(6.31)
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Substituting Equation (6.31), into Equation(6.29), we obtain:

(qN
3
)3bα3

≙ −
3(χ(1),ω≪ω0)2

2Nh̵ω0

≙ −

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
− 2iγω)2 , (6.32)

Substituting Equation (6.32) into Equation (6.25), the third-order susceptibility as a

function of frequency is calculated as:

χ(3)(ωTHz, ωTHz,−ωTHz, ωTHz) ≙ 1(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)⎡⎢⎢⎢⎢⎣

qNα3

3
× 2a2

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) +

qNα3

3
× 3b

⎤⎥⎥⎥⎥⎦
≙

1(ω2
0 − ω

2
THz − 2iγωTHz)3(ω2

0 − ω
2
THz + 2iγωTHz)⎡⎢⎢⎢⎢⎣

qNα3

3
× 2a2

(3ω2
0 − 8ω

2
THz − 8iγωTHz)

ω2
0(ω2

0 − 4ω
2
THz − 4iγωTHz) −

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
− 2iγω)2

⎤⎥⎥⎥⎥⎦
(6.33)

Now, using Equations (6.23) and (6.32), the nonlinear susceptibility corresponding

to THz field induced Kerr- effect is given by:
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χ(3)(ωOpt, ωOpt,−ωTHz, ωTHz) ≙
⎡⎢⎢⎢⎢⎣
qN

3

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

(2ω2
0 − ω

2
Opt − 2iγωOpt)

(ω2
0 − ω

2
Opt − 2iγωOpt)3

+

qN

3

3bα3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)(ω2

0 − ω
2
Opt − 2iγωOpt)2

⎤⎥⎥⎥⎥⎦ ≙⎡⎢⎢⎢⎢⎣
qN

3

4a2α3

(ω2
0 − ω

2
THz − 2iγωTHz)(ω2

0 − ω
2
THz + 2iγωTHz)ω2

0

1

ω4
Opt

−

3[(nω≪ω0

0 )2 − 1]2
32Nh̵π2

ω11
0(ω2

0 − ω
2
THz − 2iγωTHz)3

1

ω4
Opt(ω2

0 − ω
2
THz + 2iγωTHz)

⎤⎥⎥⎥⎥⎦
(6.34)
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