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Abstract

Complexity-performance tradeoff in different implementations of the V-BLAST
algorithm is discussed. Low-complexity alternatives to the optimal ordering procedure,
such as ordering at 1* step, adaptive power allocation and pre-set non-uniform power
allocation are proposed. A unified analytical framework for the optimum power
allocation in the V-BLAST algorithm is presented. Comparative performance analysis of
the optimum power allocation based on various optimization criteria (average and
instantaneous block and total error rates) is given. Uniqueness of the optimum power
allocation is proven for several scenarios. Compact closed-form approximations for the
optimum power allocation and for the optimized error rates are derived. The SNR gain of
optimization is rigorously defined and analyzed using analytical tools, including lower
and upper bounds, high and low SNR approximations. The gain is upper bounded by the
number of transmitters, for any modulation format and type of fading channel. While the
average optimization is less complex than the instantaneous one, its performance is
almost as good at high SNR. A measure of robustness of the optimized algorithm is
introduced and evaluated. The optimized algorithm is shown to be robust to perturbations

in individual and total transmit powers.

i



Table of Contents

1. INTRODUCTION ....ooiiiii ettt ettt 1
1.1.  MOTIVATION OF THIS RESEARCH.......ccoiiiiiiiiiiiiiiiiniiiininiinies s sneessonnnns s snes 1
1.2, CONTRIBUTION OF THE THESIS ....eoittiiiireeieenieeniesereeereseee s eece s ssaessnsssnssnanens 2
1.3, ORGANIZATION OF THE THESIS......ccivoiiiiiriiiiiiiiiiiictiieciinece e sine e sees s 3
2. LITERATURE REVIEW .......oeoiiiiie et e et e nnee e 5
2.1.  MIMO CHANNEL MODELING AND CAPACITY ....cccucivriimrnerinnniinnieinsninesisnnscenses s 7
2.2, SPACE-TIME CODING .....cciouriiiiieiianitireteeeesenierttreeeeesersereeaeneereseesessesaemneeeraeeerinns 8
2.3.  SIGNAL PROCESSING AT THE MIMO RECEIVER: V-BLAST ........ccccooviiiiiincnne 9
2.4, SUMMARY .ooueiiiiieraiineee e sttee e e reesree s e e e semee s e ab e sb s e s esae s e ae st sba e e saars e ree s 15
3. V-BLAST ALGORITHM AND ITS CHALLENGES ........ccccoiiiiiieirieeecieen, 16
3.1. WHY V-BLAST? ALTERNATIVE RECEIVER ARCHITECTURES........cccocervrnnrinueerune 16
3.2,  BASICV-BLAST ALGORITHM .....coeoctiiiieiriirieieearee s ninreeieeessbe e ssnscenaessinessans 18
3.3.  COMPLEXITY-PERFORMANCE TRADEOFF IN DIFFERENT IMPLEMENTATIONS OF V-

2] 7 N OO O RO REPP TP 20
3.4.  ZF-V-BLAST WITH ORDERING AT 157 STEP ......ccoivivirieiieireieieier et 21
3.5.  UNORDERED V-BLAST WITH OPTIMUM POWER ALLOCATION.......cccocevirirverounenns 24
3.6, SUMMARY ..eeeiiiiiitiiiies et tee e et rer et e e s ettt et ee e e s e ettt bt et reeeeaeeananreraneeeens 25
4. ERROR RATES.... .ottt e 26
4.1.  BLOCKERROR RATE......coiioiiieiieeiiiiiii e e nne e s 26
4.2, TOTALBITERROR RATE......eeeiiiiiiiiciie ettt 27
4.3.  AVERAGE ERROR RATES IN HIGH SNR REGION.....c.cooiveiiiiiiriiieiicreeee e e 32
4.4, SUMMARY ..oiiiiiiiiiiiiiin it see et s e saaa s s ar s erae s 33
5. OPTIMUM POWER ALLOCATION......ccoitiiiiiiierineeneee st 34
5.1.  UNIQUENESS OF THE SOLUTION .....cccutttiimritrsiimenssiosianesssssnnseesssinneseesismsnesssnnnees 34

iii



5.2. INSTANTANEOUS POWER ALLOCATION ....ccuuttiitirierirerrsreertietennertnesesectsnessensesenseres 38

5.3. OPTIMUM POWER ALLOCATION USING THE AVERAGE BLER.........ccc.cccviiiinnnne, 41
5.4.  OPTIMUM POWER ALLOCATION USING THE AVERAGE TBER.............cccoeiiiiin 46
5.5.  INSTANTANEOUS VS. AVERAGE POWER ALLOCATION .......ccoceviiimniricneninnieninennns 50
5.6, SUMMARY ..ooriiiiiiiiiiiei ittt sttt s e s ab e sr s nab e s st e s e s 52
6. ROBUSTNESS OF THE OPTIMUM POWER ALLOCATION.........cceecennne 53
6.1. LOCAL ROBUSTNESS.....cuiittitieitniitrieteenteentesne et sescinsssneests s snnsssstsestessnessnsssnns 54
6.2. V-BLAST WITH PRE-SET POWER ALLOCATION........coieceeiiiiririeiniiecennneisnnicenneeenens 60
6.3. GLOBAL ROBUSTNESS....ccctttteriearitiueenieenieesteesraeeteesieseseesssessnessaeessanesenssasesnnes 61
I N 0) Y 1Y 7N TP 63
7. SNR GAIN OF OPTIMUM POWER ALLOCATION .......coooiiimmriicireee e 64
7.1. BLER SNR GAIN OF THE OPTIMUM POWER ALLOCATION .......cocviruiiiniicinianninnes 66
7.2. TBER SNR GAIN OF THE OPTIMUM POWER ALLOCATION .......ccovvrvviriavnuneininenens 69
7.3, EXAMPLES AND COMPARISONS ....cccicuriiumiiiiieiiieiniansineeisneesmeessmnenissesmnes s 73
TA.  SUMMARY ...cotiiiiiiieeeeiteesietesiteeeireesbeesnaeseataesasneaeameesemnesaasneesesneeesonneseentsasarsessans 79
8. CONCLUSION.....citt ittt e e s s b e e s s snranessaneneas 80
8.1.  SUMMARY OF THE THESIS ......cooiiiiiiianieeenier it nee et snrcee e snia s 80
8.2.  FUTURE RESEARCH......cccotiieitteeinieiintcreineesaniee e e neteesba e esaaaesssabeessasasconnaessranesonns 82
9. REFERENCES .......coiiii ittt ettt et s s senee e 83
9.1. OVERVIEWS AND HANDBOOKS ......cccuriiiirieiiiiiiniesiiiissinieses nnese s ssmanesssnnessses 83
9.2, MIMO CHANNELS/CAPACITY ....oouterieemrrerreenresemrsieesiesrsssaesnesssesssssssnsssnassssssnans 84
9.3, SPACE-TIME CODES .....ccooutiiiieiiitiiniieeiiee it sris s s 85
0.4, V-BLAST ot et r e sttt ear s ee e et rae et e bbb e ra 86
APPENDIX A. MATHEMATICAL DERIVATIONS .......ooiiiiiiiiteeeieeee e 90
A.1.  CLOSED-FORM EXPRESSIONS FOR OPTIMUM POWER ALLOCATION........c.coouvviunnen. 90
A.2. THE GAIN OF OPTIMIZATION FOR SMALL SNR.......ccovviiiimiiiiiiiiiince 91

iv



A.3. THE GAIN OF OPTIMIZATION FOR HIGH SNR ....coomriiiiiiiiieie e eeeenninn 94

A.4. PROOF OF THEOREM 7.4 ..ottt et e te e e e e e erte s s e s e eenn e sns 96
APPENDIX B. MATLAB CODE....... ottt e eea e stas et seeese s e e naas 97
B.1l. AUXILIARY FUNCTIONS ..ovtutitiiieitietttiireteeteneesstaseseseneeassssanessennaessessssesesnanresessnan 97

B.2. ANALYTICAL AVERAGE AND INSTANTANEOUS ERROR RATES FOR ARBITRARY

POWER ALLOCATION ...covuttteteeeeetttneeteetrnerseeennessssttanasserensesssnntseesennsssannoesesnaoesseensneesseens 98
B.3.  OPTIMIZATION BASED ON VARIOUS CRITERIA ..c.o.evveviniiireeeeiirnenserereennnessessens 101
B.4. ERROR RATES THROUGH MONTE-CARLO SIMULATIONS ...vuuueieretiiieeeeeenevesnnenas 106



List of Figures

Fig. 2-1. Basic MIMO SCHEME.........ccceeeiieiiiiieiiee ettt seeeeessebeeessae et e s naeneseees 6
Fig. 2-2. Number of MIMO publications for the last decade ............ceevvveericciniiciriienenen. 7
Fig. 2-3. Number of V-BLAST publications for the last decade...............ccoevricnnnnn. 10
Fig. 2-4. V-BLAST with optimum power allocation ............ccccoerivrcernireniennecnenneeenn. 13

Fig. 3-1. TBER for ZF and MMSE V-BLAST, with and without optimal ordering,
n=m=3, number of Monte Carlo simulations gradually increasing with SNR up to
10%, BPSK modulation, Rayleigh fading .............cccovveuvrreeeresimresiesreecesmeeeseeeensenens. 21

Fig. 3-2. TBER for ZF-V-BLAST with 1* step ordering and with optimal ordering,
n=m=3, BPSK modulation, Rayleigh fading.............ccccccoovevcininninnniniciinienn 23

Fig. 4-1. TBER for 3x3 ZF-V-BLAST, analytical and simulated, number of Monte Carlo

simulations gradually increasing with SNR up to 5-10°, BPSK modulation,
Rayleigh channel. ........ccooveoiiiiiiiiii e e 31

Fig. 4-2. Exact and approximate analytical instantaneous TBER compared to simulations,
3x3 ZF-V-BLAST with non-uniform power allocation given by (5.7), number of
Monte-Carlo simulations 106, BPSK modulation ........ccoooeeeeviimmmieen i eeeeeeeeene 31

Fig. 5-1. Two-dimensional illustration of Theorem 2 geometry.......c..cccovveviivinnreneccnnes 35

Fig. 5-2. Normalized closed-form second derivative (i.e. Pei/P.i) of M-ary FSK SER in
AWGN channel, M=50......ccorriiiiiiiiiiiiniriireritiiiiis s ceeesirnrneressseresrarsseessssenssnsesssessees 36

Fig. 5-3. Instantaneous TBER (for two different channel realizations) versus o for for
2x2 ZF-V-BLAST, BPSK modulation, SNR =10 dB. .......cccccceiriiiiniiiricnieen, 38

Fig. 5-4. TBER of 2x2 instantaneously optimized MMSE-V-BLAST with BPSK
MNOAUIALION. ...ceiiiiiiiiiiiii ittt et r e te e e re s e s s s ere e re e e e e e 39

Fig. 5-5. SNR Gain for various starting points for numerical optimization, 2x2 ZF-V-
BLAST, BPSK modulation. .......c.ccoooiiiiiiiieeniiiiiieiiciiee e cneceeeneeeeeveeeeeeserreeeee e 41

Fig. 5-6. Closed-form power allocation by (5.7) and (5.9) with b; given by (5.8), 2x2 ZF-
V-BLAST with BPSK modulation. .........ccceeviieririennieinineenieee e e esieee e 45

Fig. 5-7. SNR Gain of optimization by BLER using closed-form power allocation (5.8)
and (5.9) with b; given by (5.8), 2x2 ZF-V-BLAST, BPSK modulation. ............... 45

Fig. 5-8. Closed-form power allocation by (5.7) and (5.9) with b; given by (5.17), 2x2 ZF-
V-BLAST with BPSK modulation. ........ccccoeiiiiiiuineierereiemieinietennnee e eeeseenneeeee e 48

Fig. 5-9. SNR Gain of optimization by TBER using closed-form power allocation (5.8)
and (5.9) with b; given by (5.17), 2x2 ZF-V-BLAST, BPSK modulation. ............. 48

Fig. 5-10. Optimum power allocation for 2x2 ZF-V-BLAST with BPSK modulation for
various optimization StrateGIes. ........ccuieviiiiiiiniiiniiiiie it 49

vi



Fig.

Fig.

Fig.

Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

5-11. Optimum power allocation for 3x3 ZF-V-BLAST with BPSK modulation for

various Optimization StrateIEs. ........cocerererieeriernrereeneereeseeereesreeeessr e e sreeseeeeesanie 49
5-12. TBER of 2x2 ZF-V-BLAST with BPSK modulation for various optimization
13 11T o4 LTS OO PP O TP PUPPTRT 51
5-13. TBER of 3x3 ZF-V-BLAST with BPSK modulation for various optimization
10 €113~ o1 T RS RU UPTOTRPPPUPPOPT 51
6-1. The robustness measure of the BLER-based optimization with respect to the
variations in q,...a,,, €xact and approximate, versus SNR for 3x3 ZF-V-BLAST,
BPSK modulation, Au/u =10%......ccccevurvieiirniiiiiiiriineiineeerieetcnesess s snese s 56
6-2. The robustness measure of the TBER-based optimization with respect to the
variations in q,...«,,, €xact and approximate, versus SNR for 2x2 ZF-V-BLAST,
BPSK modulation, Aufu=20% «...cecerieiiniinieiniiieiinieieestnie e 57
6-3. Average TBER versus o for 2x2 ZF-V-BLAST with BPSK modulation. ....... 58
6-4. Average TBER versus o, o for 3x3 ZF-V-BLAST with BPSK modulation...58
6-5. Average BLER versus o, for 2x2 ZF-V-BLAST with BPSK modulation. ....... 59
6-6. Average BLER versus o, oz for 3x3 ZF-V-BLAST with BPSK modulation...59
6-7. TBER of 3x3 ZF-V-BLAST with BPSK modulation for fixed power allocation.
.............................................................................................................................. 61
6-8. The Lagrange multiplier for the BLER-based optimization versus SNR for 3x3
ZE-V-BLAST . .. oottt ettt rte e st s e st e e e tn e s aae s eseeeannnesnnees 63
7-1. Definition of the SNR ZaIN. ........ccceiiiiiiii e re e s e 65
7-2. Empirical PDF of instantaneous o' for 2x2 ZF V-BLAST, BPSK
modulation, Rayleigh channel, SNR = 20dB, number of trials 10% e, 71
7-3. Average BLER SNR gain vs. SNR for 2x2 ZF-V-BLAST with BPSK
TNOAULALION. .....eviiiiiieieieeeee it cettes et ee e e sibe e st e e srabtesareeeesbeee s beesssnaeeeeaeasaeesares 75
7-4. Average TBER SNR gain vs. SNR for 2x2 ZF-V-BLAST with BPSK
TNOAUIATION. ..eiiiiiiiitiei ettt et re st s se et eeeee b e e e ee st rraeesensereeeeanreeeenanees 75
7-5. Optimum power allocation at low SNR for average BLER-based optimization,
3x3 ZF-V-BLAST with BPSK modulation..........ccceeeivueeeriiierienriiieen e ceeiieee e 77
7-6. Average BLER at low SNR for unoptimized 2x2 ZF-V-BLAST with BPSK
modulation, exact and approximate by (7.21).........cceeeeiiiiiiiieeee 77
7-7. Average BLER SNR gain at low SNR for 2x2 ZF-V-BLAST with BPSK
TNOAUIALION. ...ei ittt e e s e s st e e e s eee e seaeees e sarees 78
7-8. Average TBER SNR gain at low SNR for 2x2 ZF-V-BLAST with BPSK

TNOAUIATION. ... i ivre ettt ettt reeeeteen et st enna s aeee et aaesenareeranssetnnneerernnaseree 78

vii



List of Acronyms

Acronym Meaning

BER bit error rate

BFSK binary frequency shift keying

BPSK binary phase shift keying

CSI channel state information

IEEE Institute of Electrical and Electronics Engineers, Inc.
ML maximum likelihood

MIMO multiple-input multiple-output
MMSE minimum mean-square error

M-PSK M-ary phase shift keying

NLOS non line of sight

OOK on-off keying

PDF probability density function

QoS quality of service

QAM quadrature amplitude modulation
QPSK quadrature phase shift keying

Rx receive

SER symbol error rate

SQP sequential quadratic programming
SISO single-input single-output

SNR signal to noise ratio

SNIR signal to noise plus interference ratio
STTC space-time trellis code

STC space-time code

Tx transmit

TBER total bit error rate

V-BLAST Vertical Bell Laboratories Layered Space-Time
WLAN wireless local area network

WWAN wireless wide area network

ZF zero-forcing

viii




List of Symbols and Notations

Notation Meaning
T transposition
+ conjugate transposition
|a| Euclidean norm of the vector a
a; i-th component of vector a = [al s Qg 5enly, ]T
a; or (A)l. i-th column of matrix A = [al,az,...am]
. First
Symbol Meaning appearance
m number of transmit antennas Section 2.1
n number of receive antennas Section 2.1
S =[5],55,5,]" Tx vector 3.1
r=[n,r,.r,1" Rx vector 3.n
H=[h;h,,..h, ] MIMO channel matrix, h; denotes i-th column of H | (3.1)
&~CN(0,021) noise vector (3.1
0'% noise power 3.1
7o =1/ average per-channel SNR for unoptimized V- (4.3)
BLAST )
S decision variable (3.4
. demodulation error at step j, for BPSK
€ =5;=5; e € {0,12} 3.9
E,_ = [epez .. el._l] error vector at step i, (4.5)
w; nulling vectors (3.9)
a= [0‘1 . ”am] power allocation vector (3.13)
_ precoder matrix for power allocation
A dzag(«/oc ,...,w/am) (3.13)
=i truncated precoder matrix for power allocation
1 —dzag(\/oT,...,Jocl-_l) p p @8)

X




of _ o; the “effective step SNR”, which includes
e = |E A |2 2 propagating errors from the past decisions as (4.8)
i-1Ai-1] T interference
F?ZI;C average BER with n-th order MRC (4.3)
P,=P, (y’.) conditional (on no errors at previous steps) error (.1
rate at step i )
B, = ZE P B, unconditional error rate at step i (4.4)
i—1 -1 Hi- ’
Pk, = Pug, | (v:) probability of error at i -th step conditioned on 45
" " the error vector E,_, (4.5)
P, =P (Y1-..viy) | the probability that error vector E,_; occurs 4.5)
_ m BLER (probability of having at least one error at
P=1-1|_(1-F,;
B H'=1( i) the detected Tx vector) “.1
L TBER (the error rate at the single output steam,
Py = ;Zﬂia to which all the sub-streams are merged) (4.4)
i=1
AP/P the measure of robustness of system described
5= il by function P to system parameter u (6.1)
G the SNR gain found from
(7.1)

P(oci’p’,...,ocff’) =P(a,..,a), G=a




Acknowledgements

I would like to thank my research supervisor Dr. S. Loyka for his support and guidance.

Xi



1. Introduction

1.1.MOTIVATION OF THIS RESEARCH

Discovery of multiple-input-multiple-output (MIMO) wireless in 1995 was the most
significant breakthrough in the field of communications since 1948, when Shannon
founded information theory. It induced a true paradigm shift in wireless communication
by turning the multipath propagation, traditionally an enemy of wireless transmission,
into its ally. This has opened up plentiful opportunities and spawned numerous research
activities.

MIMO offers tremendous spectral efficiencies compared to traditional systems.
However, since the area is relatively new, there is still much work left to practically
achieve those appealing horizons. The Vertical Bell Laboratories Layered Space-Time
(V-BLAST) algorithm [37] has attracted significant attention in recent years as a signal
processing strategy in the MIMO receiver due to its relative simplicity and also the ability
to achieve, under certain conditions, the full MIMO capacity. Unfortunately, the
algorithm has a few drawbacks as well. Its computational complexity is still high for
many applications, and also its error rate performance is degraded by the effect of error
propagation.

This work addresses these issues by considering an optimum transmit power
allocation to improve the V-BLAST error rate performance using various optimization
criteria from a unified perspective. The optimum power allocation is considered as a low
complexity alternative to the computationally-demanding optimal ordering procedure of
the V-BLAST algorithm. The power-optimized V-BLAST without optimal ordering and
V-BLAST with optimal ordering demonstrate the same error rate performance at high

SNR.



Although there have been some attempts to incorporate power allocation into the V-
BLAST algorithm, they either require heavy feedback and numerical optimization, or
provide analytical solutions so involved that it is hard to gain physical insight within the
framework presented. None of the previous works gave comprehensive study on the
impact of optimization criterion chosen, qualified analytically the gain of power
allocation, or analyzed the robustness properties of the V-BLAST with adaptive power
allocation. This thesis adopts systematic approach to comparative study of the power-
optimized V-BLAST based on various optimization criteria and develops an analytical

framework to quantify the gain of optimization.

1.2.CONTRIBUTION OF THE THESIS

The major contributions of the thesis are:

e Low complexity V-BLAST modifications such as V-BLAST with ordering at 1*
step (section 3.4), V-BLAST with adaptive power allocation (section 3.5) and V-
BLAST with pre-set power allocation (section 6.2);

¢ unifying analytical framework for optimization and performance analysis of the
unordered V-BLAST with adaptive power allocation (Chapter 4);

e comparative study of various power-optimization strategies (section 5.5);

¢ investigation of the uniqueness of the optimum power allocation for different
scenarios (section 5.1);

e compact closed-form approximations of the optimum power allocation (sections
5.3 and 5.4);

e compact closed-form approximations of the average error rates of the optimized

V-BLAST (section 6.1);



e rigorous definition and analysis of the SNR gain of optimization, including

lower- and upper-bounds as well as closed-form approximate expressions (Chapter

7

e definition and analysis of a robustness measure of the power-optimized V-

BLAST (Chapter 6).

The findings of this thesis have been presented in the following publications:

[1] V. Kostina, S. Loyka, On Optimum Power Allocation for the V-BLAST,
IEEE Trans. Comm., submitted, Sep. 2006

[2] V. Kostina, S. Loyka, On Optimization of the V-BLAST algorithm, /IEEE
International Zurich Seminar on Communications 2006, ETH Zurich, Switzerland, pp.
110 — 113, Feb. 2006

[3] V. Kostina, S. Loyka, Transmit Power Allocation for the V-BLAST
Algorithm, 23rd Queen's Biennial Symposium on Communications, Kingston, ON,
Canada, pp. 165 — 168, May 2006

[4] S. Loyka, V. Kostina, F. Gagnon, On Convexity/Concavity Properties of
Error Rates of the ML Detector and Their Applications, IEEE Trans. Information Theory,

submitted, Jul. 2006

1.3.ORGANIZATION OF THE THESIS

The thesis is organized as follows. Chapter 2 indicates current trends in the rapidly
developing MIMO research area and elaborates on previous studies of power allocation
for the V-BLAST algorithm, drawing a distinction with the present work. Chapter 3
particularizes the V-BLAST algorithm and proposes V-BLAST with ordering at 1** step
and V-BLAST with optimum power allocation as low-complexity alternatives to the
optimal ordering procedure. The rest of the thesis is analytical analysis of the V-BLAST

with optimum power allocation. Chapter 4 gives a brief review of the relevant error rate



expressions [54][56] and also presents some additional results, which facilitate the
optimization and the performance analysis. Chapter 5 states and solves the optimum
power allocation problem for various optimization criteria (TBER/BLER,
average/instantaneous) and proves the uniqueness of the solution for the BLER-based
optimization for a variety of modulation formats. Chapter 6 introduces and studies a
robustness measure of the optimized algorithm. Chapter 7 analyses the SNR gain of the

optimization defined in several ways. Finally, Chapter 8 concludes the thesis.



2. Literature Review

High data rate wireless link, which offers good quality of service (QoS), is of
interest in emerging wireless local area networks (WLANS), as well as outdoor wireless
wide area networks (WW ANSs) and cellular systems.

Designing such a link in non-line-of-sight (NLOS) environments represents a
significant engineering challenge. To increase the maximum data rate which can be
transmitted via a channel (i.e. channel capacity), one can, in principle, either increase the
bandwidth (measured in Hz), or spectral efficiency (measured in b/s/Hz).

An increase of bandwidth is an extremely unattractive and costly solution because
of the scarcity of available radio spectrum. The maximum achievable spectral efficiency,
on the other hand, is limited by transmit (Tx) power and receive signal-to-noise ratio
(SNR), so increasing the Tx power might be another way to boost the capacity. However
this solution is also inadequate. Firstly, the transmit power in a terminal used by or
located near human beings is limited to less than 1 Watt due to bio-hazard considerations.
Secondly, the average SNR in NLOS environments is greatly reduced by fading, which
causes fluctuations in signal level. Lastly, the signal-to-noise-and-interference-ratio
(SINR) in cellular systems is capped due to the presence of co-channel interference.

Due to these factors, achieving higher data rates for power and bandwidth limited
systems is a challenging task. Fortunately, another domain can be exploited to increase
the channel capacity: space. Use of multiple antennas at transmitter and receiver allows to
take advantage of the spatial dimension in wireless transmission (Fig. 2-1). This is based
on the premise that in rich scattering environment, the signals from each individual
transmit antenna appear highly uncorrelated at each of the receive antennas. The received
mix of signals can be processed in such a way as to improve the QoS (the bit-error-rate or

BER) or the data rate.
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Fig. 2-1. Basic MIMO scheme

Multiple-input multiple-output (MIMO) wireless systems were discovered in 1995-
1996 by Foschini [37] and Telatar [18]. Their pioneering works predicted remarkable
spectral efficiencies of MIMO systems. They demonstrated that MIMO, when compared
to traditional single-input single-output (SISO) systems, could offer 10-fold and even
more performance improvement in terms of capacity, making 1Gbps wireless links a
reality without additional transmit power or received SNR. No wonder their work incited
tremendous scientific interest in this area: number of publications in MIMO area has been
exhibiting rapid growth over the last decade (Fig. 2-2). Several special issues of IEEE
journals were dedicated solely to MIMO communications ([1]-[4]). Some overview
papers discussing the ever changing state of affairs in the area have been issued [5]-[8].

MIMO turns multipath propagation, traditionally a pitfall of wireless transmission,
into its ally. This is a new paradigm in wireless communications, which requires new
channel modeling, coding and signal processing techniques. The entire MIMO research
area can thus be roughly divided into three smaller domains: channel modeling and
capacity, space-time coding and receiver design. Below the thesis briefly outlines the
recent advancements in the first two sub-areas and then dwells on MIMO receiver design

as it constitutes its main topic.
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Fig. 2-2. Number of MIMO publications for the last decade’
2.1.MIMO CHANNEL MODELING AND CAPACITY

Since profound understanding of MIMO channels is crucial in selecting proper
signaling strategies in MIMO wireless networks, investigating the MIMO channel
capacity in diverse environments and elaborating on proper channel models is one of the
major trends in a broader MIMO research area. Pioneering studies [18][19] showed that
in the presence of rich multipath leading to antenna decorrelation and full channel rank,
MIMO links offer capacity gains that are proportional to the min(m,n), where m is the
number of transmit antennas and » is the number of receive antennas. However, in real
propagation environments, the fades are not independent due, for example, to insufficient
spacing between antenna elements, and the channel capacity can be significantly smaller.

[20] and [21] suggest simple MIMO channel models in the presence of spatial fading

LIIYS

! This data includes any published paper containing all of the keywords “MIMO”, “wireless”, “channel”,

LI

“space-time”, “communications” returned by the Google Scholar search engine.



correlation which allow to gain insight into the impact of propagation conditions on
MIMO capacity. Chizhik et al. [22] go further and suggest a model which takes into
account not only the spatial fading correlation but also the structure of scattering in the
propagation environment. They point out the existence of pinhole channels that exhibit
uncorrelated spatial fading between antennas but still have a poor rank property. H. Shin
et al. [23] derive an analytical expression for the ergodic (average) capacity of such
channels. However, the exact analytical expressions for the capacity of the MIMO system
are mathematically intractable and hence are not very insightful. For that reason, many
recent studies have been focused on deriving simple approximations and bounds for
MIMO system capacity [24]-[26]. There have been many recent advances in this area, but
many problems still remain open. An excellent tutorial and more detailed discussion on

recent achievements in MIMO capacity evaluation can be found in [27].

2.2.SPACE-TIME CODING

The core idea in space-time coding (STC) is to complement time, a natural
dimension of coding theory, with the spatial dimension arising from the use of multiple
spatially separated antennas. The gain extracted from independence of multiple fading
paths used by signal to travel from source to destination is called diversity gain. If the
m-n links comprising the MIMO channel fade independently, the receiver can combine
the arriving signals in such a way that the resultant signal exhibits considerably reduced
amplitude variability in comparison to a SISO link and we get m-n -th order diversity.
To extract total available spatial diversity in MIMO channel through appropriate
construction of the transmitted space-time codewords is an objective of space-time
diversity coding.

In the STC schemes, m code symbols are generated and transmitted

simultaneously, one symbol per Tx antenna. The STC concept was originally revealed in



1998 in [28] in the form of trellis codes. Space-time trellis codes (STTC) provide the full
diversity and coding gain, but require a multidimensional Viterbi decoder, the complexity
of which grows exponentially with the number of antennas. In addressing the issue of
decoding complexity of STTC, Alamouti proposed a simple space-time block coding
(STBC) scheme for 2 Tx antennas [29]. STBC codes immediately gained a lot of
attention because they can be decoded using simple linear processing, and yet they
provide the full diversity gain. Alamouti scheme provides the maximum possible
transmission rate allowed by the theory of orthogonal space-time block coding. The
generalization of the Alamouti scheme for an arbitrary number of antennas [30] provides
full spatial diversity but only half of the maximum possible rate. Despite the low
complexity of the STBCs, they do not provide any coding gain, unlike the STTCs.
Therefore, a few papers have appeared [31]-[33] in which the STBC is combined with an
outer channel coding scheme to provide such coding gains. In most of these works,
however, the conclusions are based on computer simulations, as performance analysis
represents considerable difficulties. So far there have been some efforts to provide
analytical tools which describe the performance of these space-time techniques [34]-[36],
but still many open problems remain. This is not a surprise as with MIMO discovery an
entire new dimension, a spatial one, was introduced to coding theory, opening new

horizons for researchers.

2.3.SIGNAL PROCESSING AT THE MIMO RECEIVER: V-BLAST

As each Rx antenna in MIMO system sees a superposition of the Tx symbols (Fig.

2-1), the job of the MIMO receiver is to recover the original information from this mix in
a reliable and computationally effective way. The Maximum Likelihood (ML) receiver
yields the best performance, but its complexity is exponential in number of Tx antennas

as exhaustive search over all possible transmitted vectors is required. Less complex



solution is to use a linear receiver interface, which uses complex combining weights to
separate the transmitted data streams so that each stream can be decoded separately. But
the error rate performance of such receivers is often unsatisfactory as linear combining
enhances noise. Superior performance can be achieved by employing a nonlinear receiver
interface, such as V-BLAST (Vertical Bell Laboratories Layered Space-Time), which
was originally suggested by Foschini [37] in 1996. It is a comparatively simple algorithm
and yet it achieves a significant portion of MIMO capacity. In [38], a laboratory result
yielding 20 — 40 bit/s/Hz has been reported in indoor conditions with realistic SNR and

error rates.
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Fig. 2-3. Number of V-BLAST publications for the last decade’
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The key idea behind V-BLAST is successive interference cancellation, namely,
layer peeling where the individual data streams are decoded and stripped away layer-by-
layer. The detection of a Tx symbol proceeds in steps and includes 3 major procedures at
each step:

(1) interference cancellation from already detected symbols,

(2) interference nulling from yet-to-be-detected symbols,

(3) optimal ordering (based on after-detection SNR).

A more detailed description of the algorithm can be found in Chapter 3.

V-BLAST has attracted significant attention in the recent years (Fig. 2-3) as it
provides a good compromise between transmission rate, achievable diversity, and
decoding complexity. However, the algorithm suffers from several drawbacks. Its
computational complexity is still high for many applications, and, because of successive
detection, its BER performance is degraded by the effect of error propagation. Thus,
different modifications have been proposed to improve the algorithm in these directions
[39]-[53].

Addressing the issue of the computational complexity of the original V-BLAST
algorithm, Hassibi proposed a square root method for V-BLAST signal detection [39].
Original V-BLAST algorithm calculates pseudo-inverse of the channel matrix at each
detection step. Square-root V-BLAST avoids direct computation of pseudo-inverse by
using unitary transformations. Further improvement on the square-root algorithm was
developed in [40], which speeds up the original square-root algorithm by 36% in terms of
the number of multiplications and additions. Since it uses unitary transformations to
avoid the computation of any matrix inversion or “squaring” operation, it maintains the
advantages of the original square-root algorithm, such as robustness, hardware

friendliness, and numerical stability. A recursive fast detection method, which avoids
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inverting a matrix and finds the nulling weights via induction, was suggested in [43].
Compared to the improved square-root algorithm [40], it requires 13.6% less
multiplications and 38.9% less additions. However, it is notable that in terms of
numerical stability, the recursive algorithm yields to the improved square-root algorithm.

If the optimal ordering procedure is excluded from the algorithm, an efficient
implementation based on QR decomposition is possible [41][42], which makes V-
BLAST without optimal ordering an attractive low-complexity solution to space-time
decoding.

Different research trend in the area is aimed at the reducing the BER, rather than
complexity, of the original V-BLAST. Various modifications have been proposed in an
effort to limit the error propagation effect. Among them, a joint ML and V-BLAST
detection scheme {46], in which the ML detector is applied to the first (and hence most
critical) subchannels to be decoded. In [47], low-diversity substreams are iteratively
decoded by using decisions from high-diversity substreams, and in [48], all symbols are
pre-estimated using the channel state information (CSI) and the most credible one is
chosen to be detected first. Although these schemes do exhibit some performance
improvement over the conventional V-BLAST, they often require a heavy feedback
channel and also are more computationally intensive.

A popular approach to improve the error performance of the V-BLAST algorithm,
which offers a reasonable complexity-performance tradeoff, is to decrease the error rates

at lower steps by employing a non-uniform power allocation among the transmitters (Fig.

2-4).
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Fig. 2-4. V-BLAST with optimum power allocation

Several techniques have been reported that find the transmit (Tx) power allocation
that minimizes the instantaneous (i.e. for given channel realization) total bit error rate
(TBER) or block error rate (BLER) [49]-[50]. The TBER is defined as the error rate at the
output stream to which all the individual sub-streams are merged after the detection [56].
Thus, it takes into account the actual number of errors at the transmitted symbol vector.
The block error rate (BLER) is defined as the probability to have at least one error at the
detected Tx symbol vector [56]. It does not take into account the actual number of errors,
but just the fact of their presence, and is easier to analyze than the TBER.

In [49], an optimum transmit power allocation that minimizes instantaneous BLER
for 2xn ordered V-BLAST 1is found numerically, and the SNR gain of 2 dB is
demonstrated by simulation at the TBER of 1073,

In [50]-[52], the instantaneous TBER (rather than BLER) is considered as an

optimization criterion. Because TBER includes explicitly the error propagation effect, its
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exact analysis is very involved. Hence, various TBER approximations have been
employed.

In [50][51], transmit power allocation that minimizes the instantaneous TBER when
error propagation is neglected is found in closed form for mxn ZF V-BLAST with or
without ordering. Error propagation analysis in [52] neglects the fact that there can be
more than one error in decoded symbols. Authors claim that this assumption “may be
justified at high SNR” but their simulation results show that their approximation of the
TBER is not very accurate. However, it allows them to find a closed-form solution for
mxn V-BLAST with either ZF or MMSE nulling. Detection ordering in a V-BLAST
with this power allocation corresponds to the optimal ordering for uniform power

allocation. Simulation results demonstrate that 4x4 V-BLAST with this power allocation

provides 2.5-4.0 dB gain in SNR over the conventional V-BLAST at the TBER of 1073,

Although the instantaneous power allocation techniques proposed in [49]-[52] do
demonstrate a few dB performance improvement over the original (unoptimized) V-
BLAST, they also add considerably to the system complexity, since new feedback session
and power reallocation are needed each time the channel matrix changes; the
instantaneous per-stream (transmitter) SNRs also need to be sent to the Tx end.

A less complex approach is to use an average rather than instantaneous
optimization, i.e. the optimum power allocation is found based on the error rate (BLER or
TBER), averaged over all channel realizations. Since this ignores the small-scale fading,
only occasional feedback sections and power reallocations are required, when the average
SNR changes, and only the average SNR needs to be fed back to the Tx end. This thesis
adopts the latter approach but also studies some performance measures of the
instantaneous optimization for comparison purposes. Similar approach has been taken up

in [53][54]. The optimum power and rate allocation technique, based on minimizing the
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average error rate for fixed total data rate, has been proposed in [53]. In [54], power
allocation which minimizes the upper bound of the average BLER is suggested. However,
only numerical techniques have been used in [53][54] to find the optimum power
allocation, whereas this thesis develops an analytical approach to the average
optimization of the V-BLAST power allocation, which provides more insight and also
less demanding in terms of computational power. While the previous works [49]-[53]
evaluated the performance of the optimized system through simulations only, by
comparing optimized and non-optimized error rate curves, this thesis presents an
analytical performance evaluation of both instantaneous and average optimization via a

rigorous definition of the SNR gain of the optimization and via a measure of robustness.

2.4.SUMMARY

Discovery of MIMO, which is one of the most significant technological
breakthroughs in modern communications, has inspired numerous research works in the
areas of MIMO channel modeling, space-time coding and signal processing. Literature
review outlining recent advances in these areas has been provided in this chapter. The
main question that interests researchers and engineers is whether the enormous
performance gains predicted by Foschini [37] and Telatar [18] can be reached in realistic
operating scenarios. Several papers [49]-[54] have been published that propose
employing non-uniform power allocation in the V-BLAST algorithm as a signal
processing solution with reasonable complexity-performance tradeoff. However, these
works lack analytical tools for analyzing the performance of the proposed system. This
thesis addresses this issue by developing a unified analytical framework for optimization

and analysis of the V-BLAST algorithm with non-uniform power allocation.
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3. V-BLAST Algorithm and its Challenges

The following standard baseband discrete-time MIMO system model is employed in

the thesis,

r=Hs+&=)" h;s +&, G.1)
where § =[s,,5;,...5, ' and r=[4,7,..r,]" are the vectors representing the Tx and Rx
symbols respectively, “T” denotes transposition, H=[h;,h,,..h, ] is the nxm matrix of
the complex channel gains between each Tx and each Rx antenna, where h; denotes i-th
column of H, n2m, § is the vector of circularly-symmetric additive white Gaussian

noise (AWGN), which is assumed to be CN (0, 0(2)1), i.e. independent and identically

distributed (i.i.d.) in each receiver’. It is assumed that matrix H is known at the receiver.
In practice, channel knowledge at the receiver can be maintained via training, though not

perfectly.

3.1.WHY V-BLAST? ALTERNATIVE RECEIVER ARCHITECTURES
The Maximum Likelihood (ML) detector bases its output on the following decision
rule [5][8]:
§ =arg msin|r - Hs|2 (3.2)
The ML receiver is optimal in terms of minimizing bit error rate. However,
exhaustive search over all possible transmitted vectors (see (3.2)) renders a computing

complexity of this receiver exponential in the number of Tx antennas. Hence, simpler

receiver structures are needed that offer reasonable performance-complexity tradeoff.

? the case of unequal noise power per Rx can also be considered within the present framework
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The decoding complexity of the ML receiver can be significantly reduced by
employing linear receiver front-ends to separate the transmitted data streams, and then
independently decode each of the streams. The general form of a linear interface is given
by

r' =Gr, (3.3)
where mxn linear interface matrix C is chosen so that the metric

|r’ - s|2 (3.4
can be used for decoding.

ZF (Zero-forcing) receiver: The ZF front-end minimizes (3.4) disregarding the

presence of noise [§]:

G, = arg min|GHs —s|” —
G (3.5)
Gy = HNI’

where H™ =(H+H)_1H+ denotes the Moore-Penrose pseudoinverse of the channel
matrix H, “+” denotes complex conjugate transposition. Obviously ZF receiver is not
applicable for rank-deficient channel matrices as H™' does not exist in this case.
The output of the ZF receiver is obtained as
r=s+H% (3.6)
Thus, the ZF front-end decouples the vector channel into m scalar channels with
additive spatially-colored noise, completely removing inter-stream interference (that is
why it is called zero-forcing). Each scalar channel is then decoded separately, and the
processing complexity is significantly reduced. However, this receiver enhances noise,

especially for ill-conditioned channel matrices, which results in considerable performance

degradation compared to the ML decoder.
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MMSE (Minimum mean-square error) receiver. The MMSE front-end is obtained

from the condition of minimum mean-square error [8]:

2
G = in(|{G(H -
MMSE aég min (I (Hs+&) s|> g > ’ 57

G ymse =(H H+031,) ' HY
I, is the mxm unity matrix, 0‘(2) is the noise power. MMSE receiver balances

interference mitigation with noise enhancement, and yields better performance than ZF
receiver. It is also is more stable numerically as the inverse in (3.7) always exists®.

However, its performance is still not satisfactory for most practical cases.

3.2.BAsiCc V-BLAST ALGORITHM

ML receiver is not feasible due to its complexity, whereas linear receiver interfaces
are not feasible due to their unsatisfactory performance. V-BLAST is a suboptimum
receiver interface that offers a good compromise between error rate and complexity.

The detection of a Tx symbol in the V-BLAST algorithm proceeds in steps and
includes 3 major procedures at each step [37]:

) The interference cancellation step: when the signal from the i-th
transmitter is detected, the interference from the i-1 already detected symbols is

subtracted based on the knowledge of the channel matrix H
l’:r_zh]§] (3.8)

where h j is the j-th column of H, and § ; are the demodulated symbols.

2) The interference nulling step: by applying a linear combining to received
signals the amount of interference from yet-to-be-detected symbols is reduced (MMSE)

or completely removed (ZF):

4 Note that H'H is positive semidefinite and hence H'H +6,2I,, is positive definite.
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. -1
: =w,r =W h;s; + wlej,zl hje; +wE, (3.9)

where e; =5, —s; is demodulation error at step ;. (3.9) clearly shows that the errors from

past decisions propagate to the current decision. The choice of the nulling vectors w; to

satisfy either ZF of MMSE criteria categorizes the V-BLAST structure, giving rise to ZF-

V-BLAST or MMSE-V-BLAST, respectively:

-1
1* column of H,_, (H,?L_IH,-_I) , ZF

W, = B ., (3.10)
I column of M, (B H,+03L, ) » MMSE

where H; =[h;,,h,,..h,] is the matrix obtained from H by removing its first i

columns.
3) The optimal ordering procedure. the strongest signal, among the
remaining undecoded streams, is chosen to be detected next. The after-processing SNR at

each step is given by

The full optimal ordering detection algorithm can be summarized in Table 1 [37]:

If ZF nulling vectors are employed and the detection order is known beforehand, a
series of calculation of the inverse can be replaced by applying the Gram-Schmitt
Orthogonalization (GSO) process [41], leading to cost-efficient QR-implementation. Let

us consider the QR decomposition of H=QR, where Q is unitary and R is lower-

triangular. In a coordinate system associated with Q, Q'r =Rs+Q*¢, the channel
matrix is lower-triangular, hence there is no interference from not yet detected symbols,
and no need for the interference nulling step which involves calculation of the pseudo

inverse; combining vectors are found as
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[w,...w,|=Q (3.12)
As was shown in [56][62], QR- and regular ZF-V-BLAST are equivalent in terms

of basic algorithm steps, that is, regular V-BLAST in fact performs QR decomposition.

Table 1. V-BLAST algorithm with optimal ordering

Initialization: X,=r

Recursion: i«1..m
-1
G H, (H;L—IHi—l) ) ZF

1

5 -1
H; (H;—le’—l +GOIm~i+1) , MMSE
k; =arg min"(G,-)j" - optimal ordering
J

w; =(G;) N
7, =Ww;'r -interference nulling
Sk, = D! (Fki) - quantization

r; =1, —5;, -h, - interference cancellation

3.3.COMPLEXITY-PERFORMANCE TRADEOFF IN DIFFERENT

IMPLEMENTATIONS OF V-BLAST

Different variants of the V-BLAST algorithm generally exhibit different
performance (Fig. 3-1). Optimally ordered MMSE-V-BLAST entails the most
computational cost, but is capable of achieving excellent performance. Optimal ordering
mitigates the effect of error propagation and allows to improve the error rate performance
of the algorithm, yet it is a computationally intensive procedure. On the contrary,
unordered ZF-V-BLAST ranks the worst in terms of performance. However, an efficient

QR implementation makes it an attractive low-complexity solution to space-time
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decoding [41]. Besides, orthogonality of ZF combining weights simplifies the error rate
analysis of the algorithm, leading to analytical closed-form error rate expressions [54]-
[56]. Hence optimization of the ZF-V-BLAST can be carried out analytically, leading to
simpler and more insightful solutions. For these reasons, unordered ZF-V-BLAST is

chosen as a baseline for optimization in the present thesis.

0
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Fig. 3-1. TBER for ZF and MMSE V-BLAST, with and without optimal ordering,
n=m=3, number of Monte Carlo simulations gradually increasing with SNR up to
10, BPSK modulation, Rayleigh fading

3.4.ZF-V-BLAST WiTH ORDERING AT 1°" STEP

The optimal ordering procedure has a significant computational complexity as it

requires computation of m—i+1 SNRs at detection step i (or, equivalently, computation

of the inverse of (m —i +1)x (m —1 +1) matrix). Hence it is one of the major obstacles to

cost-efficient implementation. On the contrary, when the detection order is known, only

one QR decomposition is needed at the beginning of the algorithm.
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Since the optimal detection order is not known beforehand, the suboptimal

“ordering at 1% step” technique is suggested in the thesis’. According to this method, the
g P q £g

-1
columns of H(H*H) are sorted in ascending order before successive nulling and

cancellation, i.e. the optimal ordering procedure is performed at the first step only. QR
implementation of ZF-V-BLAST with ordering at 1st step is compactly described as

follows:

Table 2. ZF-V-BLAST algorithm with ordering at 1% step

Initialization: r,=r
-
G,=H(H'H) -ZF

{ky...ky,} = sojrt "(Gl )j“ - ascending order

G= |:(G1 )k1 (G )kmi|

G=QR - Q - unitary, R - lower-triangular
[wl e wm] =Q - matrix of ZF weights
Recursion: i«l..m
Fi, =W,'T;
~ 1{ A
skz =D (rki)
r =1 =8, -hy

Since the strongest signal is decoded first, the credibility of the 1% step decision is
increased. Because the overall performance is dominated by the first decoded stream
[54][56], the proposed V-BLAST modification mitigates the error propagation effect. The
simulation results demonstrate that V-BLAST with 1* step ordering performs nearly as

well as the V-BLAST with optimal ordering (Fig. 3-2).

° After this work was finished, we discovered that similar idea has already been proposed in [44], and its
complexity has been analyzed in [45]
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Fig. 3-2. TBER for ZF-V-BLAST with 1* step ordering and with optimal ordering,
n=m=3, BPSK modulation, Rayleigh fading

Complexity analysis has been done in [45]. It demonstrates (see Table 3) significant

complexity reduction the V-BLAST with 1* step ordering in comparison with the regular

V-BLAST. The greater the total number of antennas, the greater the difference: thus, for

3x3 V-BLAST the total number of operations required the V-BLAST with 1* step

ordering and for the optimally ordered V-BLAST equals 440 and 490, respectively, and

the complexity reduction is 10%, whereas for 10x10 V-BLAST the corresponding

numbers are 19123 and 45815, and the complexity reduction is 58%.

Table 3. Number of operations for the two variants of V-BLAST algorithm

V-BLAST with optimal ordering

V-BLAST with ordering at 1 step

Anm’ + 6nm* +2nm — lm3 +lm2 +lm
3 2 6

13

—m

14

16am* + 3+?m+3—(4nm+8m2+6n)
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3.5.UNORDERED V-BLAST wITH OPTIMUM POWER ALLOCATION

Optimal ordering procedure attempts to decrease the error rate at lower steps by
always detecting a symbol with the highest after-processing SNR first. Alternatively, the
credibility of decisions at lower detection stages can be increased by employing a non-
uniform power allocation among the transmitters (Fig. 2-4). It will be shown that the two
approaches result in almost the same performance.

The standard MIMO system model (3.1) should be modified to account for a non-

uniform power allocation,
r=HAs+&=Y " h.Jos; +§ (3.13)
where A =diag (\/oc_1 SO (' ), and a; is the power allocated to the i-th transmitter. For

the regular (unoptimized) V-BLAST, the total power is distributed uniformly among the
transmitters, o, =a, =...=a,, =1. In the optimized system, o, are chosen to minimize

the TBER or the BLER, ecither average or instantaneous, leading to average and
instantaneous optimization, accordingly. Instantaneous optimization is more demanding
both in terms of the processing power and the feedback channel required as it needs new
feedback session and computation of power allocation each time the channel matrix
changes. The average optimization requires only occasional feedback when the average
SNR is changed.

This thesis uses the unordered ZF-V-BLAST as a baseline for optimization for the
following reasons:

(i) Since the efficient QR implementation of ZF-V-BLAST can be applied when
the order is known beforehand, the optimum power allocation is considered as a low
complexity alternative to the optimal ordering. Yet it is capable of achieving almost the

same error rate performance (see Chapter 5).
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(i) the optimal ordering presents serious difficulties for analytical performance
evaluation, especially when no approximations are used [55][S7]. For the case of ZF-V-
BLAST without optimal ordering, the average TBER and the BLER were found in
closed-form in uncorrelated Rayleigh fading in [54]-[56], which allows optimization to be
carried out analytically and in closed-form.

The ZF-V-BLAST algorithm with optimum power allocation, assuming o; are

known, can be summarized as follows,

Table 4. ZF-V-BLAST algorithm with non-uniform power allocation

Initialization: | ry =r
-1
G=H(H'H) -ZF
G=QR - Q - unitary, R - lower-triangular
[w,..w,]=Q - matrix of ZF weights

Recursion: i—1l...m

3.6.SUMMARY

Among different variants of the V-BLAST algorithm for space-time signal
processing, unordered ZF-V-BLAST is an attractive choice due to its particular
simplicity. Its performance however suffers from the error propagation effect. Introducing
the optimal ordering procedure into the algorithm is one way to mitigate it. Unfortunately
this solution is rather computationally intensive, which may be a limitation for some
applications. As low-complexity alternatives to the optimal ordering, 1* step ordering and
optimum power allocation techniques have been proposed. Both strategies yield almost

the same performance as the V-BLAST with optimal ordering.
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4. Error Rates

Analytical closed-form error performance evaluation of the un-ordered ZF-V-
BLAST in uncorrelated Rayleigh fading channel has been reported in [54]-[56]. Below
we outline the major results and extend them so that they can be used as a tool for the
optimum power allocation. Following [56], BPSK modulation is assumed for simplicity,
although the results below can also be generalized to other modulation formats (e.g M-
QAM [54]), which results, however, in more cumbersome expressions.

Since this research relies on the V-BLAST error rate performance analysis in [54]-
[56], it also adopts the same basic assumptions:

(D the channel is random, quasistatic (i.e. fixed for every frame of
information bits but varying from frame to frame), frequency independent (i.e., negligible

delay spread), Rayleigh fading;

2) the Tx signals, noise and channel gains are independent of each other;

3) perfect channel knowledge is available at the receiver;

4 there is no performance degradation due to synchronization and timing
eTTorS.

4.1.BLOCK ERROR RATE

The BLER is defined as a probability of having at least one error in the detected Tx

symbol vector, which can be expressed as [54]-[56],
m
P =1-1]J(1-~,) 4.1)
k=1

where P, =P, (Y;) is the instantaneous, i.e. for given channel realization, conditional (no
errors at the previous steps) error rate at step 7, y; is the after-processing instantaneous

SNR at step i. The BLER is relatively easy to analyze as it does not require explicit error
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propagation characterization. The average (over all channel realizations) BLER Pp can

be expressed in a similar way [54]-[56],

Py =1-T]r,A-Pe) 4.2)

el

where P = (P -)H is the average conditional error rate at step i, which is the same as the

. . . . —MRC
average error rate with (n-m+i)-th order maximum ratio combining (MRC) P(n-m+i), and

is known in closed form for many modulation formats. Specifically, for BPSK

modulation,

—  —MrC 1— W, nemti p_m4i-1 f 1+ 1, k
})ei = P(n—m+i) ((X«,"Y()) = |:Tl:l z Cn—m+i—l+k 2 : >
k=0

_ | %Yo
Hi \J 1+,

where C*_ .. ... are the combinatorial coefficients, y,=1/c3 and a;y, are the

4.3)

average per-Tx SNR for the unoptimized and optimized V-BLAST, respectively.

4.2. TOTAL BIT ERROR RATE

The TBER, i.e. the error rate in the output data stream to which all the individual Tx

streams are merged, is given by
1 m
Py=—23 Pu» 4.4
mg

where P, =P, (y;...7;) is the unconditional error probability at step i, which includes

the errors propagating from the preceding steps. To account for different combinations of

errors in the first i-1 steps, the error vector is introduced: E, | =[e,e,...¢,_], where
e, =5, —5, represents demodulation error at step k e, €{0,+2}, and §, denotes the

symbol demodulated at step k. P,; can then be expressed as:

27



Z eilE; Er 1° (45)

where Fp  =Fug, | (7;) is the probability of error at i -th step conditioned on the error

vector E; ;, and By =K (Y1---7i1) is the probability that such error vector occurs,

which can be expressed as:

(4.6)

Rather than considering the TBER as a sum of unconditional BERs P,; as in (4.4) [56],
where each P,; includes the errors propagating from steps 1 to i —1, the sum in (4.4) can
be regrouped to emphasize the errors that occurred first at step i and then propagated
further to steps i+1,...,m. Let us regroup the error vectors by the position of the first
error, ie. group i includes error vectors that can be written as

E‘j_l = [O, 0,12, ] The TBER can then be written as

—

i—

m
Zatpez )
i=1

Jj-1 5
ai = 1+Pei+l|2 + Z Z Pejli;:]—l kHI Pr{ek lEk—l}’ am :1
=i+

j=i+2 [eHl. . 'ej—l

1
m

4.7

where a; describes the after-effects of the error that first occurred at step 7. If there were

no error propagation, then all a; =1; the error propagation effect increases ga;, resulting in

higher TBER. In many cases (i.e. intermediate to high SNR), (4.7) is easier to deal with
than (4.4)-(4.6), since simple but accurate approximations are possible.

Note that (4.4)-(4.7) hold for both instantaneous and average error rates. In the latter

case, similarly to [56], the average step BER conditioned on E;_, is:
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—MRC
Py, , = Pin-msi) (Yff )
Yfﬁ ~ o 4.89)

2 2°?
[EiA]” +03
where the wunequal power distribution is taken into account by using
A, =diag(,/on . J oy ) and y, is the “effective step SNR”, which includes

propagating errors from the past decisions as interference. The average TBER can be

evaluated using (4.8) in (4.4)-(4.7). If there is no error in the earlier decisions,
ﬁ =q; / oy =0,;Yo. At intermediate to large SNR, earlier errors greatly reduce y,ﬁ

since |E,_|A; | >> o.
To find the instantancous TBER, we need to evaluate F,; . This can be

accomplished by considering the decision variable at step i (after the interference

cancellation and nulling — see (3.9)),

. -1

=it ) S oy + Wi, 9
w; are ZF combining weights given by (3.10). # is a Gaussian random variable for any

given 5;, E,_, and H,

A0 CN(w:hiJ?Zsi+w,.+z"j‘=‘1hj,/ajej,cg), (4.10)

and the binary decision rule applied to 7, yields:

eilE;_; — 2

—;—Q(Re{ o +wi Y h jJa—jej})+ @411
+%Q(Re{ "o —w Z,1 J\/—_ })

-1
where Q(x) =+/2n Jm e /2t s the Q-function. The instantaneous TBER is obtained
X
by substituting (4.11) into (4.4)-(4.7).
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Example. For m=n=2, (4.11) reduces to,

Fy=P,= Q(Re{wfhl\/&_l})
P =Fap= Q(Re {thzxfa—z})

1 . . (4.12)
Fop = EQ(Re {th?.\/az + 2W2h1\/&:})+
1
+—2—Q(Re {w“;hz«/ocz - 2w;h1\/_oc_1})
and the TBER is given by [56]:
1
F, = E{ By + £, (1 - Pel) + Bk } (4.13)
e N ———— [ —
g;ﬂsgep 2™ step conditional Error propagation

t d
(on no error at 1% step) BER  (from I¥* 102" step)

Due to the fast-decaying behavior of the Q-function, F,;z ~ is well approximated by

Pug, . ~O(%uin )/ 2, Xy = min [Re{w;“h,.\/a_,. £wi i, e 1}] .(4.18)
Validity of analytical TBER expressions, instantaneous and average®, has been
demonstrated through simulations. Fig. 4-1 compares analytical instantaneous TBER
from (4.11), (4.4)-(4.7) averaged over all channel realizations, analytical average TBER
from (4.4)-(4.8) and the TBER obtained by Monte-Carlo simulations. Both uniform and
non-uniform power allocation are validated. As a non-uniform power allocation, the
closed-form optimum power allocation a®”’ for optimization average optimization is
used’. Fig. 4-2 plots exact and approximate instantaneous TBER given by (4.11),(4.14),
(4.4)-(4.7) for two different channel realizations, versus y,. Clearly both instantaneous

and average TBER expressions are in agreement with TBER obtained by Monte Carlo

simulations.

® The average TBER expression was justified in [56] for uniform power allocation. This thesis extends
this result for non-uniform power allocation.

7 See Chapter 5 for exact expression (eq. (5.7)), however, it is not the exact value of «° that is important
here, but the fact that the analytical TBER expressions hold for non-uniform power allocation as well.
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---+-- Simulations
: --~-- Analytical Inst. Using (4.8)
10" --H-- Analytical Av. Using (4.11)
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o ]
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) with o °P! for
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10-5 L L L - ‘ I |
o 5 10 15 20 25 30 3

av. SNR (dB)

Fig. 4-1. TBER for 3x3 ZF-V-BLAST, analytical and simulated, number of Monte

Carlo simulations gradually increasing with SNR up to 5- 10°, BPSK modulation,
Rayleigh channel.

inst. TBER

---<-- Simulations
—©— Analytical Using (4.11) - Exact
—t— Analytical Using (4.14) - Approx.

0 2 4 6 8 10
1/o? (dB)

Fig. 4-2. Exact and approximate analytical instantaneous TBER compared to
simulations, 3x3 ZF-V-BLAST with non-uniform 6power allocation given by (5.7),
number of Monte-Carlo simulations 10°, BPSK modulation
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4.3. AVERAGE ERROR RATES IN HIGH SNR REGION

An accurate high-SNR approximation of (4.2) for arbitrary fixed @ can be obtained by

approximating Pei and keeping only the leading term in each oy,

— m —
IACEDW
i=1

m i
CZi—l

=0 (40C,"Yo )n—m+i

: (4.15)

~

Due to increasing diversity order with step number in unoptimized V-BLAST,

o, =a, =...=0a, =1, the average BLER is well approximated by the first step BER [56],

Py~ P, for yo>>1, (4.16)

As we demonstrate below, this approximation also holds for the optimized system (see
Chapter 5).

Using (4.7), the high-SNR approximation of the average TBER for the un-

optimized systems is as follows [56]:

|al

—— 1 ——
P, =—F,,

3

i-l

Zl_l = 1 + _ﬁezp -+ i z Fel.]Ei—l H PI‘ {ek | Ek—l }, (4. 1 7)
i=3[ey...¢] k=2

E )

—= —MRC
Pei;_, = P(n—m+i)(
where only the error patterns with an error at 1% step, E, =[i2, e2...e,._1], are

considered; @, quantifies the contribution of the error propagation effect to the TBER and
is independent of the average SNR. This expression will be instrumental in comparing the
impacts of error propagation on the performance of the unoptimized and optimized
systems. Since the 1% step BER has a dominant effect on the overall performance in the
high SNR region, whether TBER or BLER is used as a performance criterion, it follows

then that optimum power allocation algorithm should reduce the 1% step BER by
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allocating most of the power to the 1* transmitter. As we demonstrate rigorously below,
this is indeed the case.

For the optimized system at high SNR, the average TBER can be well approximated

by using the high-SNR approximations of Pei (similarly to the average BLER

approximation) and the  approximated error  propagation  probability,

Py =12 if |E,._1|2 #0 ; see Chapter 5 for further details.

4.4. SUMMARY

The existent error rate expressions [54][56] of the unordered ZF-V-BLAST have
been extended for the V-BLAST with non-uniform power allocation, so that they can be
used as a tool for the power-optimization and the performance analysis of the optimized
system. Exact instantaneous TBER has been derived in closed form. All novel error rate

expressions have been validated through simulations.

33



5. Optimum Power Allocation

Under the total Tx power constraint, individual (per Tx or stream) powers can be
optimally allocated in such a way as to minimize the TBER or the BLER, either
instantaneous or average. While the instantaneous (i.e. for each channel realization)
power allocation requires an instantaneous feedback in order to supply the Tx end with
the optimum allocation for each channel realization, the average power allocation does
not require instantaneous feedback (only the average® SNR needs to be known at the Tx
end) and hence does not incur significant penalty in complexity. A comparative analysis
of the optimizations based on the BLER and the TBER, both instantaneous and average,
is provided below.

The problem of optimum power allocation can be formulated as follows:

m
minimize P(a), subjectto Y o; =m, (5.1

i=1
where P is the objective function equal to the BLER or the TBER, either instantaneous or

average, whose argument is the power allocation coefficients @ = [a;,0,,...t,,]°. For the

unoptimized system (uniform power allocation), o, =, =...=a,, =1.

5.1. UNIQUENESS OF THE SOLUTION

The optimization problem in (5.1) is a convex one and thus has a unique (global) solution
when the BLER is used as the objective, P(a)=Py(a) or P(a) =Pp(a). This is the
case not only for the BPSK but for a variety of modulation formats. For M-QAM, M >4

modulation and P(a) =Ps (o) , the uniqueness of the solution has been demonstrated in

8 Over all channel realizations

° 1t is also a function of Yo and, in the case of instantaneous optimization, of the instantaneous per-stream
SNRs
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[54]" by noting that P (a) is log-concave'' as long as 13ei is convex. In the case of the

instantaneous BLER, P(a) = Py (a), the uniqueness follows from the same argument. As

demonstrated in [58], this result also extends, in a non-trivial way, to any 1-D or 2-D
constellation, and also to some multi-dimensional constellations. The major results of
[58] with application to the current problem are summarized below.

Theorem 5.1. P, is a convex function of the instantaneous SNR v, for any 1-D or

2-D constellation.

This covers such popular constellations as BPSK, BFSK, QPSK, QAM, M-PSK,
OOK.

Theorem 5.2. For N >3, where N is the constellation dimensionality, P, is convex
in the large SNR mode,

S N +J2N

;2 5.2
l dr%)in ( )
where d;, is the minimum distance to the boundary of the decision region among all

constellation points (see Fig. 5-1).

Fig. 5-1. Two-dimensional illustration of Theorem 2 geometry.

% while QAM modulation has been considered in [54], the argument there holds true for BPSK

modulation as well, by noting that Q(\/_y' ) is a convex function. We note that this result also extends, in a

non-trivial way, to any 1-D or 2-D constellation, and also to some multi-dimensional constellations
[581[54].
" By definition, F is log-concave if log F is concave [13]
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The idea behind the proof is as follows. The probability of correct decision is the
integral of the probability density function (PDF) of the received signal over the correct
decision region. Based on the fact that the decision regions of the minimum distance
detector in AWGN channel are convex polyhedrons this integral can be bounded so that

statements of theorems 1 and 2 follow. Detailed proofs are given in [58].
If (5.2) is not satisfied P, can have inflection points Peilvi” =0. One of the examples
of non-convex P,; is shown in Fig. 5-2.

Corollary. The optimization problem in (5.1) has a unique solution when

instantaneous BLER is used as the objective, P(a)=PB(a) for any 1-D or 2-D

constellation. It has a unique solution for any N-dimensional constellation, N >3, if all

instantaneous step SNRs satisfy (5.2).

0.04

0.02

nommlized second derivative of SER

6 -4 -2 2 4
SNR (dB)

Fig. 5-2. Normalized closed-form second derivative (i.e. P¢;/P,;) of M-ary FSK SER
in AWGN channel'?, M=50.

12 Closed-form SER for M-ary FSK in AWGN channel can be found, for example, in [9]
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Theorem 5.3. For any N-dimensional symmetric constellation (i.e. when the
probability of error is the same for all constellation points), 1- P,; is log-concave in y, for
any log-concave noise density (i.e. Gaussian, Laplacian, exponential, etc.).

The proof follows from the integration theorem for log-concave functions [13]

Corollary. The optimization problem in (5.1) has a unique solution when

instantaneous BLER is used as the objective, P(a)=Py(e), for any symmetric N-

dimensional constellation.
This covers such popular modulation formats as N-ary orthogonal, biorthogonal and
simplex signals.

Theorem 5.4. If the instantaneous BER P, is convex, the average BER P, is

convex for any fading (e.g. Rayleigh, Rice, Nakagami, log-normal, composite fading).

The proof follows from the convexity of the instantaneous BER and the observation
that the fading PDF is nonnegative function.

Corollary. The optimization problem in (5.1) has a unique solution when average
BLER is used as the objective, F (a) = I_’B (a), for any 1-D or 2-D constellation and any
fading.

To sum up, the solution is unique in terms of average or instantaneous BLER for
any 1-D or 2-D constellation. It is also unique in terms of instantaneous BLER for
symmetric multi-dimensional constellations. This significantly simplifies the analysis
since any found solution is automatically the global minimum.

If the instantaneous TBER is used as an objective, numerical results indicate that it

can be non-convex, depending on a channel realization, i.e. some channel realizations

produce convex P(a) = P,,(a), and some — non-convex one, so that the uniqueness of the
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solution cannot be guaranteed. As an example, Fig. 5-3 shows the channel realization

which produces the TBER with two minima, a local one and a global one.

0.5 . - ' 10° ' a N
0.4} H=H' : H=H"
0.3¢
o« o
w L
ra) m
@ =
2 0.2 .
£ =
local min. E
| i
global min. global min. 1
0.1 : - - 10° ‘ ' '
0 0.5 1 1.5 2 0 0.5 1 1.5 2
oy oy

Fig. 5-3. Instantaneous TBER (for two different channel realizations) versus o, for
for 2x2 ZF-V-BLAST, BPSK modulation, SNR =10 dB.

While the problem can be solved numerically, care should be taken when choosing
a starting point in the numerical algorithm as it determines the particular local minimum
that the algorithm will converge towards. It may also affect the convergence speed of the
algorithm. In the case of average TBER, the uniqueness of the solution is an open
problem. Extensive numerical evidence (see subsection ) indicates that it is unique (i.e.
only one global minimum). In the case of high average SNR, the uniqueness follows from
the high-SNR approximation of the TBER which is convex (see subsection 5.4 for

details).

5.2.INSTANTANEOUS POWER ALLOCATION

In this case, the best power allocation is found for each channel realization. Since an

analytical solution is either not feasible or too complicated, with little insight available, a
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numerical algorithm is used to minimize the instantaneous TBER (see (4.11), (4.6), (4.7))
or BLER (see (4.1)), subject to total power constraint, for every channel realization H.

Since instantaneous error rates expressions (4.1), (4.6), (4.7), (4.11) hold for both ZF and
MMSE nulling vectors w;, both variants of V-BLAST can be optimized using this
technique. Note that as P and Pg are functions of instantaneous per-channel SNRs, the

instantaneous feedback of these SNRs is required. Fig. 5-4 plots the average TBER of

optimized in this way MMSE-V-BLAST.

10° ¢ .
------- Unoptimized
—H— Instantaneously optimized by BER
1078 —>— |nstantaneously optimized by BLER
o 1 0-2 E
w
m
|_
z 10° -
107 .
1 0'5 ! L l 1
0 5 10 15 20 25
av. SNR (dB)
Fig. 5-4. TBER of 2x2 instantaneously optimized MMSE-V-BLAST with BPSK
modulation.

As a numerical optimization algorithm, the MATLAB® implementation of
Sequential Quadratic Programming (SQP) method (MATLAB function finincon [15])
was used in this research. SQP closely mimics Newton's method for constrained
optimization just as is done for unconstrained optimization. At each major iteration, the

Hessian of the Lagrangian function is approximated using a quasi-Newton updating
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method. This is then used to generate a subproblem whose solution is used to form a
search direction for a line search procedure [15][16]. SQP methods represent the state of
the art in nonlinear programming methods as they outperform other methods in terms of
efficiency, accuracy, and percentage of successful solutions. In application to this
research, termination tolerance values that are less than 10 have been experimentally
shown to provide sufficient accuracy in finding the minimum of the instantaneous
TBER/BLER (Fig. 5-3 — the dot at the curve indicates the solution found by the
algorithm).

As indicated above, the optimum allocation in terms of the BLER is unique for a
variety of modulation formats. This uniqueness facilitates numerical evaluation as there is
only one global minimum and no local minima.

In the case of instantaneous TBER, the numerical algorithm converges to the local
minimum which is the closest to the starting guess. The best strategy to insure that the
global optimum is found for most of the channel realizations is to use several starting
points which produce several local minima and choose the best one among them (curve
labeled “min” in Fig. 5-5 ). Unfortunately this method has high computational complexity
as it requires several runs of the numerical optimization algorithm for each channel

realization. To save the processing power, it is desirable to stick to one starting point

which finds the global optimum in most cases. According to Fig. 5-5, 0 = [1,1] ranks the

best among the starting points tested. For this reason, the uniform power allocation is

used as a starting guess for numerical optimization throughout this work.
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Fig. 5-5. SNR Gain for various starting points for numerical optimization, 2x2 ZF-
V-BLAST, BPSK modulation.

5.3.0rTIMUM POWER ALLOCATION USING THE AVERAGE BLER

In this case, the average BLER is the objective function in (5.1), P(a)=Ps(a).

Using the Lagrange multiplier technique for constrained optimization with the following

Lagrangian,

L(o)=Pa(@)+A (2] 0 -m), (5.3)

the optimum a are found from
OL(w)/00, =0Ps (a)/d0; +A =0, i=1..m (5.4)
where A >0 is the Lagrange multiplier, which is found from the total power constraint,

zzlai(l)zm, i.e. (5.4) and the constraint are considered together as a system of
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equations'’. Since the objective is convex, the solution is the global minimum. Using

(4.2) and after some manipulations, (5.4) reduces to,

Om(-Po) 1 OPa__ A . . 5.5)
aOL, 1—Pe1 aOCl I‘PB, - -

Note that the optimality conditions (5.5) do not require all Pei be equal; rather, their
normalized derivatives should be equal. Unfortunately, (5.5) together with the total power
constraint is a system of nonlinear transcendental equations, which in general cannot be

solved analytically in closed form. Thus, some approximations are required.
For high SNR, Pei, P30 1, and (5.5) can be approximated as

oln(1-Pes) 0P
oo, oo,

[ 1

~A, i=l.m (5.6)

so that the optimality requires all the derivatives dPei | Oo; be equal, which is what one

would intuitively expect based on the total power constraint.

A compact and accurate analytical solution of (5.6) can be obtained using the Newton-
Raphson method and the approximation in (4.15) (see Appendix A.1 for details):

ma,;

m ~
Zo‘k
k=1

oc:-’pt ~

2

(5.7
G
~ b, b,
al ~ i1 (1 - B 3 ] s
(4’Y0 )n—m+i+1 me; " 4v,
where the numerical coefficients b;, c; are given by
b, = n—m+i+l (n —m+ l) mn_m+2Céi—1 Y
’ n—m+1

(5.8)

(n+1)!

= (n—m+l)!(n—m+i+l)

[4

13 strictly speaking, an additional constraint o; >0, i =1...m, is required. However, since the solutions
obtained always satisfy it, it is not included explicitly.
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The first equality in (5.7) assures the total power constraint holds for the approximated

allocation. Noting that 5 =m, (5.7) can be further approximated as,

m

opt ., opt

oy A m Zoni ,
i=2

| , (5.9)
———Zﬁ—g—, i=2,...,m

(4y0 )m

a

t

i.e. almost all the power goes to the 1* Tx as y, — «, and oc‘l’p is quite close to m for

finite but large v, . Referring to (4.16), this is explained by the fact that 1¥ step has lowest
diversity order (n-m+1) and hence its error rate dominates. The power allocation
algorithm tries to reduce the BLER by allocating more power to the 1¥ stream and thus
reducing the 1* step BER. Fig. 5-6 compares the approximate solutions above with the
accurate numerical ones. It should be noted that while the approximation in (5.7) is more
accurate, the approximation in (5.9) is simpler and more insightful. As Fig. 5-7
demonstrates, (5.7) yields the same gain14 as numerical optimization already for
Yo 2 5dB, and (5.9) approaches numerical optimization results at higher SNR. Hence
(5.7) can be used instead of numerical optimization for the whole range of practical SNR,
while (5.9) is instrumental in asymptotic analysis.

Example: the optimum power allocation for the 2x2 V-BLAST in terms of the

average BLER,

o ~2—af, o' ~36/y,, (5.10)
As expected, optimization reduces the dominating 1* step BER,

B =1/(8v,), (5.11)

' The SNR gain of optimum power allocation is defined as the difference in SNR required to achieve the
same error rate in the optimized and unoptimized systems, see Chapter 7 for further details
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if compared to the unoptimized one, P, = 1/ (470) [56]. The low power allocated to the

2™ transmitter, as?*, however, results in decreased diversity order at the 2" step,

3 3
7~ ’
(4agrry,) 169361

P¥ ~ (5.12)

so that the optimized 2 step BER is higher compared to that of the un-optimized system,
PY >> P, ~3/ (4y0 )2. The 1* step BER is therefore reduced at the price of increased
2" step BER, but the dominant effect of 1% step BER is still preserved in the V-BLAST
with optimum power allocation, since P ~ P¥* in high SNR region. However, this
region is achieved at significantly higher SNR (%/?0‘ >>1) compared to the un-optimized
system (7, >>1). Note also that P¥* exhibits a fractional diversity order.

In general, in the unoptimized V-BLAST step i exhibits (n—m+i)-th order

diversity, P, ~(1/y, )"_m+i. In the optimized V-BLAST, step i has fractional diversity

order,

B ~ (1, )(""””)(“n-mlﬂ-ﬂj , (5.13)
but the diversity order still increases with the step number. Hence, high SNR
approximations of the total BLER (4.15), (4.16) which were derived for a fixed power
allocation, are applicable to the V-BLAST with optimum power allocation in which a is a
function of SNR. Using (5.9), (4.16), the average optimized BLER can be approximated
as,

Pp (a"”’ O S (5.14)

(4m'Y0 )n—m+1
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Fig. 5-6. Closed-form power allocation by (5.7) and (5.9) with b; given by (5.8), 2x2
ZF-V-BLAST with BPSK modulation.
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Fig. 5-7. SNR Gain of optimization by BLER using closed-form power allocation
(5.8) and (5.9) with b; given by (5.8), 2x2 ZF-V-BLAST, BPSK modulation.
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5.4.0PTIMUM POWER ALLOCATION USING THE AVERAGE TBER

Similarly to the BLER-based optimization, the average TBER can be used in (5.3)
as an objective function in the Lagrange multiplier technique to find the optimum power
allocation. As it was indicated above, the average TBER is convex in o at high SNR;
numerical evidence also suggests that it is convex at low to moderate SNR. Hence, the
optimum power allocation is unique for arbitrary SNR. Closed-form analytical solution is
not feasible due to the complexity of the problem", but since the problem is convex,
efficient numerical algorithms can be employed to solve it [13]. At high SNR mode, an
accurate approximate closed-form solution can be obtained using the Newton-Raphson
method. As in the case of BLER-based optimization, the 1% step BER has the dominant
effect on the overall performance [56], and hence the optimization algorithm will have to

reduce the 1* step BER by allocating most of the power to the first transmitter, i.e.

o - m, oc‘;pt,...,ocﬁf" —0 as y, > . Therefore, for the V-BLAST with “close to

optimum” power allocation at high SNR, yfﬂ , 1=2,...,m, are small, and the probability

of error propagation can be approximated as'®
= —MRC . 2
B, ® Po-mi (0)=1/2 if [E,,[ %0 (5.15)
Using this, (4.7) can be approximated as
- 1 & ) -
P, (a) zﬁg(m—HZ)Pei ~

2m = (4(xi'Yo )n—m+i

(5.16)

~

The solution is similar to that for the BLER-based optimization, so that (5.7),(5.9) can be

used with b, given by (see Appendix A.1 for details):

15 As in the previous case, the Lagrange equations are the system of non-linear transcendental equations

18 For unoptimized system (5.15) is not applicable since in that case yf/f ~ 1/ |E,._1 Iz rather than 0 [56]
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bi = n—m+i

+ Céi—l (n "m+i)(m_i+2)mn—m+2
\1/ (m+1)(n—m+1) (5.17)

but, as before, b =m, which means that almost all the power goes to the 1** Tx at high

SNR. The difference in the solution for the BLER and TBER-based optimizations is due
to the fact that, in the latter case, the error propagation gives a contribution which does
not appear in the former case. Since the probability of error propagation is small [56], this
difference in the solutions is not large, as demonstrated below.

As before, the approximate solutions (5.7) are already accurate for intermediate to
large SNR, y,2>5dB (see Fig. 5-8Fig. 5-9). Moreover, as Fig. 5-10, Fig. 5-11
demonstrate, the BLER and TBER-based optimum power allocations are very close to
each other and hence the choice of the optimization criteria does not affect significantly
the final result. This is not a surprise as the 1% step error rate is dominant, due to the
lowest diversity order, in terms of both the average BLER and TBER and hence most of
the total power goes to the 1% transmitter, regardless of the criterion.

Similarly to the BLER-based optimization, fractional diversity order increasing with
the step number is observed according to (5.13). Using (5.16) and (5.9), the average

optimized TBER is,

Pei(0”)~ mtl 1 (5.18)
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<. 7 numerical
3 1p< - — — closed-form (5.7)
N simplified closed-form (5.9)
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0 5 10 15 20 25 30
av. SNR (dB)

Fig. 5-8. Closed-form power allocation by (5.7) and (5.9) with b; given by (5.17), 2x2
ZF-V-BLAST with BPSK modulation.
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Fig. 5-9. SNR Gain of optimization by TBER using closed-form power allocation
(5.8) and (5.9) with b; given by (5.17), 2x2 ZF-V-BLAST, BPSK modulation.
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Fig. 5-10. Optimum power allocation for 2x2 ZF-V-BLAST with BPSK modulation

for various optimization strategies.
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Fig. 5-11. Optimum power allocation for 3x3 ZF-V-BLAST with BPSK modulation

for various optimization strategies.
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5.5.INSTANTANEOUS VS. AVERAGE POWER ALLOCATION

The average TBER of instantaneous and average power optimizations is shown on
Fig. 5-12, Fig. 5-13. Clearly, the results are quite close to each other, especially for
Yo = 20dB . Essential difference between these two is that the instantaneous optimization
performs better in terms of instantaneous TBER, especially for some channel realizations
that do not favor the average power allocation. However, the cost of using the
instantaneous optimization is higher as each channel instant requires its own optimization
and feedback session. On the other hand, the average optimization requires only one
computation of a”* as long as the average SNR stays the same. Furthermore, no
computationally-expensive numerical optimization is required as the approximate
expressions above provide good accuracy, and only y, needs to be fed back to the
transmitter. The main conclusion here is that the average power optimization can be used

instead of instantaneous one at high SNR without any visible penalty in the average error

rate, but with much smaller complexity.
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Fig. 5-12. TBER of 2x2 ZF-V-BLAST with BPSK modulation for various
optimization strategies.
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Fig. 5-13. TBER of 3x3 ZF-V-BLAST with BPSK modulation for various

optimization strategies.
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5.6.SUMMARY

Optimum power allocation techniques based on various criteria, i.e. average and
instantaneous block and total error rates, have been studied. Compact closed form
solutions have been derived for the optimum power allocation based on average BLER
and TBER. Due to the dominant contribution of lower steps to the error rate, these steps
get more power in the optimized system, with the 1% step getting most of it. The power
allocation strategies based on the average BLER and TBER are almost the same, since in
both cases 1% step is dominant in terms of the average error rate.

The error rate performance of the optimized system has been investigated; closed-
form expressions for optimized error rates at high SNR have been obtained. Despite the
non-uniform power allocation in the optimized system, 1% step still dominates in terms of
the error rate. Conditional error rates of the higher steps exhibit fractional diversity order.
While the instantaneous optimization requires instantaneous feedback and thus is more
complex than the average one, which requires only the average SNR be fed back to the
transmitter, its average error rate performance is only slightly better than that of the
average optimization. At high SNR, both strategies exhibit the same average error rate.

BLER and TBER-based optimization strategies have been shown to result in the
same performance improvement. BLER is a preferable choice of optimization criterion
due to the especial simplicity of its analytical expressions, and also because the BLER-
based optimization problem has been shown to have a unique solution for a variety of

modulation formats in any fading channel, which facilitates numerical optimization.
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6. Robustness of the Optimum Power Allocation

When the optimization algorithm is implemented in a practical system, there are
various sources of inaccuracies and disturbances, which may affect its performance but
which were ignored in the idealistic analysis of the previous chapter. These may include
numerical inaccuracies of the optimization (due to, for example, using fixed point
arithmetic devices, various approximations, etc.), inaccurate or outdated estimate of the
average SNR etc., which result in inaccuracies in the optimum power allocation
coefficients . A robust algorithm, which is insensitive to all of these factors, is desired
from the practical perspective.

In order to estimate the impact of these factors on the system performance, let us

introduce the measure of robustness & (sensitivity) of the average optimized error rate
(either BLER or TBER), P = P(a®"), to the changes in some system parameter u,

AP/P
Aulu

. (6.1)

where u may represent the total Tx power, u = ZZI a; , or the power allocated to any of
the transmitters, u = a;. The measure of robustness (6.1) is the ratio of the normalized

variation in the performance AP/P to the normalized variation in the system parameter
Au/u, which causes this performance variation. Note that the use of normalized
differences in the definition is essential as it makes the measure to be independent of the
scale. The algorithm is robust to variations in the system parameter u if relatively small
change in u leads to relatively small change in the error rate P, i.e. when & is small or

moderate number.
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6.1.LOCAL ROBUSTNESS

When both the perturbation in the system parameter Au and in the system

performance AP are small enough, one can use the derivatives in (6.1) instead of the

finite differences,

P u

d=d§ = =], 6.2
ou P 62)

so that OP/6u determines the algorithm robustness, and &' serves as a measure of local
robustness. If u is power allocated to any of the transmitters, dP/du is found from (5.4)
as 61_’/ oo; =—\. If u is the total Tx power,
OP/du= ZZI 8?/ da; - 0o, [Ou = —XZZI do,; /Ou =\, the last equality following from
differentiating the total power constraint, Zaoci J0u=1. Therefore, in both cases
61—’/6oc,~ = 61_"/814 =-\, so that

Au

dxd == 6.3
= (6.3)

Thus, the Lagrange multiplier A, evaluated at the optimum point and appropriately
normalized, is the measure of local sensitivity'’ of the average error rate to variations in
the total or individual Tx power. The normalized variation in the average error rate can be

evaluated from the normalized variation in the system parameter using (6.3),

871 _ o] _ ]

u u

(6.4)

For the BLER-based optimization at high SNR, the Lagrange multiplier can be

approximated as (see Appendix A.1),

n-m+1 1
A= n—-m+l >
m (4my,)

(6.5)

17 an extended discussion of this issue in the general framework can be found in [13]
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the average optimized BLER is given by (5.14). If the system parameter u is the total or

the 1% transmitter power and its variations are small, substituting u ~ o, ~ m , (5.14) and

(6.5) into (6.3), one obtains the robustness measure with respect to the variations in the

total or 1% transmitter power as
8 ~n-m+1, (6.6)
i.e. equal to the diversity order of the system. The algorithm is locally robust as long as

(n—m) is not too large; 8, ~1 and consequently AP/P ~—Au/u if n=m. This result

is a consequence of the fact that the high-SNR average BLER is dominated by the 1% step
BER (see (5.14)) so that its diversity order and hence the sensitivity to the Tx power is
minimum when n = m ; increasing (n—m) results in increasing diversity order and hence
in increasing sensitivity to the Tx power. Thus, the beneficial effect of higher diversity
order with more Rx antennas is accompanied by the negative effect of higher sensitivity
to variations in system parameters.

The robustness measure with respect to «,...a,, is found by substituting (5.9),

(5.14) and (6.5) into (6.3):

s/ xfmmtl b gy ioom, (6.7)

i i—1
" (dyg et

where b, is given by (5.8). Thus, the algorithm is also robust in terms of «,,...,a, at
high SNR. Furthermore, higher steps exhibit better robustness since, comparing (6.6) and

(6.7), 8 >3, i =2..m. It should be noted that this robustness of the algorithm is a “free

bonus”, which was not a goal of the original design.
For the TBER-based optimization, the Lagrange multiplier can be approximated at

high SNR as (see Appendix A.1),
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! (6.8)

5 (m+l)(n—m+l)
(4myo

2m?

)n—m+1 ’

m+l1 1

and, from (4.15), (4.16), (5.9), the average optimized TBER is,
6.9
2m (4m'Y0 )n—m+1 ( )

Fet ( a’?! ) ~

As before, the robustness measure is given by (6.6) and (6.7), only b; are now taken

from (5.17). Hence the conclusions above hold true for TBER as well.
Fig. 6-1-Fig. 6-2 compare approximations (6.3), (6.6)-(6.7) with the exact

robustness measures computed from (6.1), for BLER- and TBER-based optimization,
accordingly. Clearly (6.6)-(6.7) give good estimate of 6" for y, >10 dB. For y, <10 dB

they represent conservative estimates, the actual robustness being better than predicted by

(6.6)-(6.7).
10° AP .
vy e AT
e j) |
’ Approximate &' (6.7)
—— —Exact &' (6.3)
— - Exact 3 (6.1)
s
i F
w 107 o /7“
7 i
II‘ _F
+ 4 _
107 i | 1 |
av. SNR (dB)

Fig. 6-1. The robustness measure of the BLER-based optimization with respect to
the variations in o,...«,,, €xact and approximate, versus SNR for 3x3 ZF-V-BLAST,

BPSK modulation, Aufu=10%.
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Approximate 3’ (6.7) 5, \4\‘\;_
— ~~ Exact d' (6.3) ]
~~"" Exact § (6.1) , ,
0 5 10 15 20 25 30

av. SNR (dB)

Fig. 6-2. The robustness measure of the TBER-based optimization with respect to
the variations in ¢,...q,,, exact and approximate, versus SNR for 2x2 ZF-V-BLAST,

BPSK modulation, Au/u=20%
As an illustration of robustness of the TBER to small changes in o, Fig. 6-3 shows

the average TBER versus o, for 2x2 V-BLAST. When o, is far away from o, the

slope of the curves is quite steep and determined by the diversity order of the dominating
step; thus, allocating too little power to the 1** Tx increases the 1% step BER, making it
dominant, whereas giving too much power to the 1 Tx boosts the 2™ step BER. Note
that the slope is steeper in the domain of the dominating 2 step BER, apparently because

of its greater diversity order. But as the power allocation algorithm attempts to balance
these two extremes and approaches o, the curves become very flat, confirming local
(in the vicinity of o) insensitivity of the TBER to variations in o,. The same

conclusions hold for greater number of Tx antennas (Fig. 6-4) as well as BLER-based

optimization (Fig. 6-5, Fig. 6-6).
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Note that the instantaneous error rates are not robust to the changes in system
parameters, at least for some channel realizations (see Fig. 5-3). This is because of the
exponentially-decaying behavior of the Q-function, which makes the instantaneous TBER

sensitive to changes in a.

E Pe Peo i
107 I\ <—dominates dominates™ > |
here here f

TBER

Fig. 6-3. Average TBER versus o, for 2x2 ZF-V-BLAST with BPSK modulation.

11 l.lll.l_

Pl

I (.l[l_ll_

o2
Fig. 6-4. Average TBER versus o, o for 3x3 ZF-V-BLAST with BPSK modulation.
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BLER

Fig. 6-5. Average BLER versus o, for 2x2 ZF-V-BLAST with BPSK modulation.
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:

1 l_III.II.

10 o

Fig. 6-6. Average BLER versus o, o; for 3x3 ZF-V-BLAST with BPSK modulation.
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Local robustness of the solution means that small inaccuracies in o®" do not affect

the average error rate significantly. This explains why the approximate closed-form o
results in almost the same average error rate as the accurate numerical one. Fig. 5-7, Fig.
5-9, Fig. 5-13 show no performance gap between these two. Therefore, the closed-form
approximate solution can be used instead of numerical optimization algorithm for the

whole range of y,, and not only for y, >5dB, where the closed-form solution is very

accurate (see Fig. 5-10-Fig. 5-11). The choice of the optimization criteria (BLER or
TBER) does not affect significantly the final result either (since they are indistinguishable
on Fig. 5-12-Fig. 5-13, a single curve represents both). Thus, BLER or TBER can be used
equally well as a performance criterion for optimization. From the analytical viewpoint,
the BLER (either instantaneous or average) is preferable to use since it is convex and has
a simple closed-form. It should also be remarked that the effect of the error propagation,
which is what differentiates the TBER from the BLER, does not have any significant
impact on the optimum power allocation, since both the TBER and BLER are dominated
by the 1% step error rate [56]. Robustness of the algorithm also accounts for small

difference between instantaneous and average optimization at high SNR.

6.2.V-BLAST WITH PRE-SET POWER ALLOCATION

Small sensitivity of the BLER/TBER to @ suggests even further simplification in

the optimization algorithm: since ¢ changes slowly with the SNR (see Fig. 5-10-Fig.

5-11), we can pick up only one fixed value of a and still get performance improvement

for a wide range of v,. Such simplified algorithm does not require any feedback at all,

and yet, as Fig. 6-7 demonstrates, it attains almost the same performance as the

dynamically optimized system. In this example, the 3x3 V-BLAST with

a =[2 0.6 0.4] (this power allocation is optimum for y, =15 dB, see Fig. 5-11) is
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considered, and its performance is very close to the optimized V-BLAST in the range of

Yo =15+10 dB.
< | Unoptimized
‘ — Optimized
) —*— a=[2, 0.6, 0.4
1021 [ ]
o
i
0
l_
>
«
107} .
0 10 20 30 40

av. SNR (dB)

Fig. 6-7. TBER of 3x3 ZF-V-BLAST with BPSK modulation for fixed power
allocation.

6.3.GLOBAL ROBUSTNESS

The robustness considered above is local robustness, i.e. for small variations in the
vicinity of the unperturbed values of the system parameter. When variations are not
small, the finite differences in (6.1) cannot be accurately approximated by the derivatives
and the approximations in (6.2), (6.3), (6.6), (6.7) may not be accurate. In such a case,
one has to consider a measure of global robustness. To this end, let us consider the
average error rate of the perturbed system P (a;u+Au) , where Au is not necessarily

small and u is the total Tx power. Let a¥, denote the optimum power allocation of the

perturbed system, so that the optimum allocation for the unperturbed system is

o =a%’_,, the optimized average error rate of the unperturbed system is 'ﬁ(agp ';u),
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and the optimized average error rate of the perturbed system is P (a"A’,’" U+ Au) . From the

general theory of convex optimization [13], the last two quantities are related by the

following global inequality,

APzﬁ(aZ‘l’f;u+Au)—I_’(a8’”;u)2—XAu, (6.10)
where A is evaluated at Au=0, and the equality is achieved for Au=0. It follows
immediately that:

e if Au is positive, i.e. the total Tx power is increased, the optimal value of P
decreases by no more than AAu ;
e if Au is negative, i.e. the total Tx power is decreased, the optimal value of P is

guaranteed to increase by at least 7»|Aul .

Dividing (6.10) by P, one obtains
>-8'—, (6.11)

where &' is given by (6.3). Therefore, &', which was introduced as a measure of local
robustness in (6.3), also serves as a measure of global robustness in (6.11). It gives the
lower bound on the normalized variation in the error rate due to any (not necessarily
small) variation Au in the total Tx power. The inequality in (6.11) transforms into the
approximate equality for small perturbations (see (6.4)). Thus, the Lagrange multiplier A
plays a key role not only in the local but also in the global robustness.

Note that the Lagrange multiplier A at Au =0 is required in (6.10), (6.11). Since it
is not known in closed-form for arbitrary SNR, the high-SNR approximation in (6.5) can

be used with reasonable accuracy for y, > 0 dB, as Fig. 6-8 demonstrates.
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Fig. 6-8. The Lagrange multiplier for the BLER-based optimization versus SNR for
3x3 ZF-V-BLAST.

6.4.SUMMARY

Robustness of the optimized algorithm in terms of variations in system parameters
have been studied. It is demonstrated that robustness, local and global, is quantified by
the value of the Langrange multiplier of the power-optimization problem. Using the
measure of robustness introduced, it has been demonstrated that the optimized algorithm
is not sensitive to small variations in total and individual Tx powers. This suggests a
simplified power allocation strategy, which does not require any feedback at all but relies
on pre-set values of transmit powers. It has been demonstrated that the pre-set power
allocation can provide almost the same performance improvement in the wide range of

SNR as the adaptive power allocation strategy.
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7. SNR Gain of Optimum Power Allocation

This chapter explores some properties of the SNR gain of optimization using mostly
analytical techniques, and uses numerical results only as the last resort. The analysis and
conclusions below are valid for any modulation format, unless otherwise stated.

The SNR gain of optimum power allocation is defined as the difference in SNR

required to achieve the same error rate in the optimized and unoptimized systems, i.e.
P(a?,...0" )= P(a,..,0), (7.1)

where P is the performance criterion, i.e. the BLER or the TBER, either instantaneous or

average, the left-hand side represents the optimized error rate under the total power

constraint Zzla;’p’ =m, the right-hand side represents the error rate for the uniform

power allocation, o; = o, and the SNR gainis G=a.

For the average optimization, the average error rate is used in (7.1). For the
instantaneous optimization, one may use both instantaneous and average error rate in
(7.1). In the former case, one obtains the instantaneous gain of the instantaneous
optimization, and in the latter case, one obtains the average gain (i.e. in terms of the
average error rate) of the instantaneous optimization. To be able to compare the
instantaneous and average optimizations below, the average gain of the instantaneous
optimization G, is used. It compares to the gain of the average optimization G,, as
follows

Ginst 2 Gy (72)

1.e. the instantaneous optimization is at least as good as the average one. This follows

from the inequality min{ f(x, y)} <min { f(x, y)} , where the expectation is over y. If the
X X

instantaneous gain of instantaneous optimization is averaged over H, it is also greater that
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the gain of the average optimization G,

since instantaneous optimization outperforms
average one for each channel realization. Averaged over H gain of instantaneous

optimization should not be confused with G,,,,

which is defined in terms of average,
rather than instantaneous, error rate.

According to the definition (7.1), the properties of the SNR gain are determined by
the criterion chosen to measure performance and hence might be different depending on
whether TBER or BLER is used in (7.1). To avoid confusion, this chapter will consider
separately the SNR gain defined by the BLER and TBER and later demonstrate that they
share many similarities. Note that G can be considered to be a function of the targeted
error rate or the SNR at which this error rate is attained. In this analysis, G is considered

to be a function of vy, where ¥ is the average SNR at which the optimized system attains

the targeted error rate, see Fig. 7-1.

TBER / BLER

SNR (dB)
Fig. 7-1. Definition of the SNR gain.
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7.1.BLER SNR GAIN OF THE OPTIMUM POWER ALLOCATION

Presented below are the universal bounds on the BLER SNR gain, either
instantaneous or average, which hold for arbitrary modulation, arbitrarily-fading channel
and an optimization strategy which is based on reducing the BLER

Theorem 7.1. The BLER SNR gain of optimum power allocation, either
instantaneous or average, is bounded as follows

1<G<m (7.3)

Proof. The key to the proof is the fact that the BLER, either instantaneous or

average, is a monotonically decreasing function in each argument a,...,a, , which

follows from (4.1), (4.2), and the fact that P,; is monotonically decreasing function of the

SNR.
Based on this fact and also on the inequality P, (a‘l’pt,...,a‘,’,{")s Pz (1,...,1), which

simply states that the optimized system is at least as good as the unoptimized one, the
lower bound in (7.3) follows.

For the upper bound, using the monotonic-decreasing property of the BLER and the

fact that o; <m, which follows from the total power constraint, one concludes that
P (ocfp ol ) > P (m,...,m). Comparing this inequality with the definition of the gain

in (7.1) in view of the monotonic-decreasing property of the BLER, the upper bound
follows. Q.E.D.

The small-SNR behavior of the SNR gain in terms of the average BLER, which is
related to the lower bound in Theorem 7.1, for the BLER-based optimization and for a
variety of modulation formats, is described by

Theorem 7.2. Small-SNR behavior of the BLER SNR gain for the average BLER-

based optimization is as follows:
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G,—>Gy=las v, >0, (7.4)

where

( mzatz a_ﬁei .

— 4= 5 , coherent detection

(Za) 10 oo

G, = (7.5)

ma| o, |

m-&—7, bj=——— , noncoherent detection
zilbi| 6(“1‘70) 070=0

and a,, b, are the coefficients at the 1% term of the Taylor series expansion of Pei at
oY =0 . The equality in (7.4) is achieved, i.e. G, =1, if and only if all g; or all b, are

equal, for coherent and non-coherent detection respectively.
Proof. See Appendix A.2.

This result is valid for a variety of modulation formats for which the error rate
admits MacLaurin’s series expansion in SNR or JSNR about SNR=0. In most cases, the
strict inequality in (7.4) holds, i.e. there is an SNR gain of optimization even at very low
SNR, since different P, exhibit different behavior so that the expansion coefficients are

also different. For coherent BPSK and non-coherent BFSK,

1 n-m+i-1 ‘ k

gBPSK _n—mEi C -~
i ) 2n—m+i part n—m+i+k—1 zk’ (76)
biBFSK _ alBPSK /2,
and for 2x2 V-BLAST, G,=0.17 dB and 0.79 dB respectively.
Theorem 7.2 also applies to the instantaneous gain of the instantaneous
optimization, in which case P, should be used in (7.5) instead of Pei, and the

coefficients a;, b, and hence the gain depend on the channel realization, as long as the

derivatives in (7.5) exist and are not all equal to zero simulataneously.
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The average SNR gain of instantaneous optimization is also lower bounded by G;
in (7.5), G, 2 Gy 21, because of (7.2). Thus, we conclude that (7.4) holds for a variety
of scenarios for BLER-based optimization.

The following theorem states that the upper bound in (7.3) is achieved at high SNR:

Theorem 7.3. High-SNR behavior of the average BLER SNR gain for the BLER-

based optimization, both instantaneous and average, with BPSK modulation in Rayleigh

fading channel, is as follows:
G—omas yy, > o 7.7
Proof. From the high SNR approximation of the average BLER (4.15) with a®"

given by (5.9), one concludes that

- - PMRC (y,), unoptimized
Pp —> Pe = _'IMZ:( 0) p. _ as Yo —> © (7.8)
P (my,), optimized

i.e. the first step dominates for both unoptimized and optimized systems. Using this in the

gain definition in (7.1), one concludes that for the average optimization, G,, - m as
Yo —> . Using (7.3) and (7.2), this also holds for the average gain of the instantaneous

optimization, G,

—>m as y, —>©. QED.
It should be noted that this result also extends to any modulation/fading for which
(7.8) holds, i.e. for which the first step error rate dominates the BLER. Based on the

diversity order argument, this condition should hold for most modulation formats in

Rayleigh-fading channel.
For the average-BLER based optimization with BPSK modulation, a high-SNR

approximation of the average BLER gain is given by (see Appendix A.3 for derivation)
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m
G, =~ R

ay
1 4 S
n-m+ - _r—
n—m+3’4y0 (79)

_(n-m+ 1) by 4 3" 2

m b;_m+2

Cm,n

2

and b; is given by (5.8). Note that (7.9) reduces to (7.7) for y, — o, as it should be. The
convergence rate to the upper bound in (7.7) is however small, since the convergence

condition is 3y, >>1.

It follows from (7.9) that the average BLER gain of the average BLER-base
optimization with BPSK modulation is an increasing function of the average SNR in the
high-SNR range. Numerical evidence indicates that this also holds for low to intermediate

SNR, see Fig. 6.
Theorem 7.4. Under the total power constraint Zi’ilai =u, where u is the total

Tx power, the BLER SNR gain of BLER-based optimization in (7.1), either instantaneous
or average, is a monotonically increasing function of u:

oG A

—=- 20
ou  OPg(a...a)/da

(7.10)

Proof. see Appendix A.4.

7.2. TBER SNR GAIN OF THE OPTIMUM POWER ALLOCATION

To extend the results of the previous section to the SNR gain defined in terms of the

average TBER, we will need the following generic properties of the average TBER,

which serve as a substitution to the monotonically decreasing property of the BLER'®.

'® Unfortunately, the TBER is not necessarily monotonically decreasing in ¢,...0t,, since increasing

power of the lower step transmitters increases inter-stream interference to the higher step transmitters due
to the effect of error propagation. Hence, the TBER may potentially increase if the error propagation effect
is strong enough.
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Property 1. For regular (unoptimized) V-BLAST, the average TBER decreases

with SNR or total Tx power,
o, (o.,...,a)/8a <0 (7.11)

This property is supported by the results in [12], [56], and also by research on the
error rate performance of diversity systems with co-channel interference [59]-[62]'9,
since the error propagation in V-BLAST effectively “creates” co-channel interference and
thus it is similar to diversity combining with interference. Note that since all the Tx
powers are increased in (7.11) simultaneously, the effective signal-to-interference ratio
for propagating errors stays the same or even decreases due to decrease in the probability
of error propagation [56].

Property 2. For a partially-optimized V-BLAST, in which o are used up to the

stream k<m, the TBER decreases when the SNR at the unoptimized streams increases:
61_’;,(alo’”,...,oczpt,oc...,cx)/aa<0 (7.12)

This property follows from Property 1 and (4.4), since first & errors rates P,q,..., P,

are fixed and the others are those of the unoptimized system and behave according to
Property 1, i.e. decrease with the SNR. The same reasoning also holds for instantaneous
TBER.

Property 3. For the average TBER-based optimization, the following inequality

holds,
oczfitl > oczpt, k=2.m (7.13)
The rationale behind this property is the fact that according to the optimum power

allocation strategy, more power is granted to the more significant source of error. Since

1% to the best of our knowledge, it has never been observed in the literature that error rate may increase
with SNR, even when co-channel interference is present. This strongly supports Property 1.
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lower steps generate on average more errors due to lower average after-processing SNR*
and the effect of error propagation, they are allocated more power. This property is also
supported by numerical evidence. This, however, does not necessarily hold for the
instantaneous TBER-based optimization since some channel realization may “favor”
lower steps, which may thus have higher SNR and fewer errors than higher steps, so that
they will get less Tx power. This is demonstrated in Fig. 7-2 where the distribution of

o for instantaneous optimization (o’ is a random variable since H is random) for

2x2 V-BLAST is shown. Clearly with non-negligible probability o' <1, and hence

a? <o,

0.8

0.6

0.4

0.2

0 . .. e bl .5 . )

opt
oy

Fig. 7-2. Empirical PDF of instantaneous o{"’ for 2x2 ZF V-BLAST, BPSK
modulation, Rayleigh channel, SNR = 20dB, number of trials 10*

2 srojecting out interference from yet-to-be-detected higher-step symbols results in SNR loss. Since the
dimensionality of the projected out space decreases for higher steps, the SNR loss decreases as well.
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It can be now shown that Theorem 7.1 also holds for the average TBER SNR gain.

The lower bound in (7.3) follows from the fact that optimization can not increase the
TBER, so that P, (a"p t) > P, (1,...,1); using Property 1 gives the lower bound.

To prove the upper bound in (7.3), note that by Property 2 for k=m-1,

P, (ocfpt,...,oc"p’ oc) is a decreasing function of a, and by Property 3, a%’, >a%;

m-1°

therefore, P

et

opt opt opt D opt opt opt : :
(ocl yeres Oy 1500y )ZPe,(oc1 ,...,ocm_l,ocm_l). Repeating  this  for

k=m-2,...,1, one obtains
,(a"”’)z...zE, (oc1 ,...,ocfpt)zi’;, (m,...,m) (7.14)

The last inequality here is due to Property 1 and o, <m, which follows from the total

power constraint. Using (7.14) in the gain definition in (7.1) and relying on Property 1,
the upper bound follows.

For the SNR gain defined in terms of instantaneous TBER for instantaneous
optimization, analytical proof of the upper-bound in (7.3) presents serious difficulties, but
numerical evidence suggests that it is still valid.

Theorem 7.2 still holds for the average TBER SNR gain, with the substitution of
P, — P, in(7.5).

Theorem 7.3 is no longer valid, i.e. the upper bound m is never attained if the gain
is defined in terms of the TBER. Instead, the following holds.

Theorem 7.5. High SNR behavior of the average TBER SNR gain for the average

optimization is as follows:

1

G,y > G, <mas 7y >0, G, :m( zall)n_mH <m, (7.15)
m+

where g, is given by (4.17).
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Proof. From the high SNR approximations of the average TBER for optimized and

unoptimized systems in (4.17) and (5.16), one concludes that

ﬂ———————l, unoptimized

_ m (4'Y0 )n—m+

Pe ~ , (7.16)
m+1 1

——, optimized
2m (4m'Y0 )n m+1

Using (7.16) in (7.1), it follows that G, > G, as 7, — .

Thus, the improvement in average TBER is less than the upper-bound in (7.3). The
reason for this is the increased power of propagating errors for the optimized system (due
to greater power going to lower steps) compared to the unoptimized one. For example,
the optimum power allocation algorithm gives most of the power to the 1% Tx trying to
avoid the errors at the 1* step. But if the error does occur at the 1% step, its amplitude is
higher than for the unoptimized system, which makes the error propagation effect more
severe.

The high-SNR approximation of the TBER SNR gain is similar to that in (7.9):

G, ~ G , where

C,n

ay
n-mslll + —
\/ n-m+3dy, (7.17)

(m+1)(n—m+1)b5™* +3m" "+
Cmn = n—-m+2 ’
m(m+1)b]

with G, given by (7.15) and b, is given by (5.17).

7.3. EXAMPLES AND COMPARISONS

Let us consider the 2x2 V-BLAST. The average BLER in this case is,

5 {Fel (v0)=1/(4v,), unoptimized (118)

Pet(270) = 1/(8v,), optimized
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so that G, =2 (3 dB) at high SNR, which is the same as upper-bound in (7.3). This is not
the case for the average TBER SNR. At high SNR, the probability of error propagation
for the unoptimized V-BLAST is Peap ~1/5 [56] (4.17), and Peap =1/2 (5.15) for the
optimized V-BLAST. The average TBER is,

3 _—
ZP ~
5 el (Yo) 207,

, unoptimized

— 1— —
Pe == Pa (14 Peap ) ~ (7.19)

%-};a (2y) = , optimized

32y,
In this case, G,, =8/5(2 dB) at high SNR, which is less than the 3 dB upper-bound in

(7.3). The high-SNR behavior of the average BLER and TBER gains is as follows,

r -1
9
G =21+ s
av,BLER 23 3670 }
- (7.20)

- -1
8 3
Gy, 18ER “g 1+ 23y }
i 0

The simulation results validate these conclusions. Fig. 7-3 demonstrates that the
average BLER gain of the optimized 2x2 V-BLAST monotonically increases with SNR
and tends to 3 dB, which is the upper bound. The average BLER gain of the instantaneous
optimization also tends to 3 dB and attains this bound, but much faster than that of the
average optimization. The average TBER SNR gain of the same system tends to 2 dB,
monotonically and slowly increasing (see Fig. 7-4). For the instantaneous optimization,
the gain is higher but still does not exceed the 3 dB upper bound. Note that the averaged

over H gain of instantaneous optimization reaches the upper bound fastest. This is

explained by the fact that it is defined in terms of instantaneous error rate, which
decreases exponentially with SNR, resulting in steeper slope of this gain in comparison

with the gain defined in terms of the average error rate.
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Fig. 7-3. Average BLER SNR gain vs. SNR for 2x2 ZF-V-BLAST with BPSK

modulation.
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The SNR gain of the optimum power allocation is almost the same, at high SNR, as
that of the optimal ordering procedure (see [55] for details). The computational
complexity, however, of the former is much less than that of the latter. Hence, the
average power optimization can be used instead of the optimal ordering with roughly the
same performance.

Let us now turn our attention to the small SNR behavior of the optimized 2x2 V-
BLAST. According to (7.6), the first coefficients in the Taylor series of 1361 and 122 are

given by ¥ =1/2 and of*” sK =3/4 accordingly, and the low SNR approximation of

the BLER is given by (see Appendix A.2)

5 31 3
Py (“) = Z‘E\/o‘ﬂo “Z\/&ﬂo ) (7.21)

which means that the higher steps have more impact on the overall performance. This is
exactly opposite to the behavior of the system in high SNR mode. Approximation (7.21)

is verified in Fig. 7-6, and the asymptotic low SNR gain is found from (7.5) as G, =1.04

(0.17 dB). Fig. 7-7 corroborates this low SNR limit. Note that the average BLER SNR

gain is a decreasing function of SNR in small SNR region, reaches 0 dB at about

Yo ®—5 dB and monotonically increases for y, > -5 dB. The average TBER SNR gain

exhibits similar behavior, as Fig. 7-8 demonstrates. This can be justified as follows. As
the contribution of the lower steps into the total error rate is smaller in low SNR region,
less power is allocated to them. But as the SNR increases, lower steps begin to have more
impact on the overall performance and hence receive more and more power (see Fig.
7-5). At the transition region, when the contributions of all step BERs into the total error
rate are roughly the same, little can be done with the optimum power allocation.
Optimum power allocation in this case is very close to the uniform power allocation and

hence the least gain is observed.
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Fig. 7-5. Optimum power allocation at low SNR for average BLER-based
optimization, 3x3 ZF-V-BLAST with BPSK modulation.
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Fig. 7-6. Average BLER at low SNR for unoptimized 2x2 ZF-V-BLAST with BPSK
modulation, exact and approximate by (7.21)
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Fig. 7-8. Average TBER SNR gain at low SNR for 2x2 ZF-V-BLAST with BPSK
modulation.
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Whether the gain is defined using the TBER or the BLER, it exhibits roughly the
same behavior: it is bounded as in (7.3), it approaches the lower bound at low SNR, and it
increases monotonically with the SNR. In both cases, the instantaneous optimization

attains the upper-bound at vy,~20..25dB. In both cases, the gain of average

optimization increases with the SNR much slower than that of the instantaneous one. The
only significant difference is that the BLER gain of average optimization attains the
upper bound = m, and the TBER gain does not. However, since the upper bound is
achieved by the BLER gain at rather high SNR, this difference seems to be less important
from practical perspective. As indicated by Fig. 7-3 and Fig. 7-4, both gains are close to

each other at practical SNR range.

7.4.SUMMARY

The SNR gain of the optimization has been rigorously defined for various criteria
(average and instantaneous BLER and TBER) and investigated. Universal bounds have
been derived, which hold true for any optimization strategy, modulation format and
channel fading type. Specifically, the gain is upper bounded by the number of transmit
antennas. The upper bound is achieved at high SNR for the average BLER-defined gain,
but is not for the TBER-defined gain, which we attribute to increased power of the error
propagation in the optimized system. Closed-form high SNR approximations of the gain
have been obtained. Low SNR behavior of the SNR gain has also been studied. There is a
nonzero gain at very low SNR, and the gain is a decreasing function of SNR in low SNR

region.
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8. Conclusion

8.1.SUMMARY OF THE THESIS

Among different variants of the V-BLAST algorithm for space-time signal
processing, unordered ZF-V-BLAST is an attractive choice due to its simplicity. Its
performance however suffers from the error propagation effect. Introducing the optimal
ordering procedure into the algorithm is one way to mitigate it. Unfortunately this
solution is rather computationally intensive, which may be a limitation for some
applications. As low-complexity alternatives to the optimal ordering, 1* step ordering and
optimum power allocation techniques have been proposed (Chapter 3). Both have been
shown to provide almost the same performance improvement as optimal ordering.

Optimum power allocation techniques based on various criteria, i.e. average and
instantaneous block and total error rates, have been systematically studied and compared
to each other. Accurate high-SNR approximations in a compact closed form have been
derived for the optimum power allocation based on average BLER and TBER (Chapter
5). Due to the dominant contribution of lower steps to the error rate, these steps get more
power in the optimized system, with the 1 step getting most of it. The power allocation
strategies based on the average BLER and TBER are almost the same, since in both cases
the 1* step is dominant in terms of the average error rate.

The error rate performance of the optimized system has been investigated (Chapter
5); closed-form expressions for optimized error rates at high SNR have been obtained.
Despite the non-uniform power allocation in the optimized system, 1* step still dominates
in terms of the error rate. Conditional error rates of the higher steps exhibit fractional
diversity order. To the best of our knowledge, this is the first time when fractional

diversity order is observed in a practical system in a Rayleigh fading channel.
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BLER and TBER-based optimization strategies have been shown to result in the
same performance improvement. BLER is a preferable choice of optimization criterion
due to the especial simplicity of its analytical expressions. Besides, BLER-based
optimization problem has been shown to have a unique solution for a variety of
modulation formats in any fading channel, which facilitates numerical optimization.

While the instantaneous optimization requires instantaneous feedback and thus is
more complex than the average one, which requires only the average SNR be fed back to
the transmitter, its average error rate performance is only slightly better than that of the
average optimization. At high SNR, both strategies exhibit the same average error rate.

The SNR gain of the optimization has been rigorously defined for various criteria
(average and instantaneous BLER and TBER) and investigated (Chapter 7). Universal
bounds have been derived, which hold true for any optimization strategy, modulation
format and channel fading type. Specifically, the gain is upper bounded by the number of
transmit antennas. The upper bound is achieved at high SNR for the average BLER-
defined gain, but is not for the TBER-defined gain, which we attribute to increased power
of the error propagation in the optimized system. Closed-form high SNR approximations
of the gain have been obtained.

Robustness of the optimized algorithm in terms of variations in total and individual
Tx powers have been studied (Chapter 6). Using the measure of robustness introduced, it
has been demonstrated that the optimized algorithm is not sensitive to small variations in
the above-mentioned parameters. This suggests a simplified power allocation strategy,
which does not require any feedback at all but rather relies on pre-set values of transmit
powers.

The analytical results and approximations above have been validated through

simulations.
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8.2.FUTURE RESEARCH

A unified analytical approach for the optimization and analysis of the V-BLAST,
which has been developed in the thesis, can be adopted to power-optimize the V-BLAST
in various operating scenarios. For example, the BPSK modulation has been assumed for
simplicity in this research. An obvious extension would be to generalize the analysis for
other modulation formats. Except for more cumbersome expressions, this generalization
is quite straightforward within the framework developed.

Another limitation of the analytical analysis of the current research is that it
assumed the unordered ZF-V-BLAST as a baseline for power-optimization. A desirable
extension would be to generalize the results of the thesis for the V-BLAST with MMSE
nulling and the V-BLAST with optimal ordering. The major difficulty here is that the
optimal ordering procedure, as well as the MMSE nulling, complicates considerably the
analytical performance evaluation of the algorithm.

The approaches used in the thesis to evaluate the performance of the optimized
system can be applied to study different power-optimization strategies as long as the
performance criterion is known in closed form. In particular, the measure of robustness
and the definition of the SNR gain introduced can be directly applied to analyze the
behavior of the optimized system once the function quantifying its performance is
defined.

This thesis has touched some issues that obviously need further research. For
example, the convexity of the average TBER has been observed numerically but not
proven analytically; the small SNR behavior of the V-BLAST requires better
understanding; implications of two different ways to define the SNR gain of
instantaneous optimization should be elaborated further, etc. So, this work is only a

beginning towards full understanding of the power-optimized V-BLAST.
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Appendix A. Mathematical Derivations

A.1. CLOSED-FORM EXPRESSIONS FOR OPTIMUM POWER ALLOCATION

In the high SNR range, P, is approximated by (4.15), and (5.4) is transformed into

6L(a) _ (n—m+i)C£,-_1

. =M+ p—m+i+]
o0, (47,) Q;

+A=0, i=l..m (A.1)

It follows that each ¢; can be expressed via the single parameter A:

q;

nemeisll 4y ), (A2)

a; = """ l(n—m+1i) Chi

Substituting (A.2) into the total power constraint 2:11 ; =m and introducing a new

o; =

~(n+1)Y/(n-m+1)!

variable x = A , we obtain the following equation for x:

n—m+i

i(4yo )-n—m+i+1 aixc" =m,
i=1

(n+1)‘
(n=m+1)Y(n-m+i+1)

(A3)

¢ =

Following the Newton-Raphson method [17], the zero-order approximate solution to

(A.3) is found when only the leading term (i =1) is kept in (A.3),

n—m+l1

Xy = c\l/m (4y0 )n—m+2 /ay (A.4)

First-order approximate solution can be written as x =x,(1+8), where & is a small

increment. By substituting x into the lefi-hand side of (A.3), one obtains

1-i

Zaxgl (1+8)* =§:b, 1+8)7 (4y )n-m+ixi =
i=1 i=1

n-m-2 G _ N n—m+2 i
b, = a;a, n—m+i+ly, €l — n—m+i+{/(n m+ l)m C2i—1
i

n-m+1

(A.5)
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Keeping only the first two leading terms in (A.5S), i =1,2, one obtains:

m(1+¢8)+by (4v,) " " =m, (A.6)

from which it follows that

—1/(n-m+3)

&=-b, (me,) ™ (4v,) (A7)

and

x=x(1+8)= c{/al—lm (470):::::; 1____b2___ ,
me, n—m+3/4yo

— -(n-m+2)c
A= x—(n—-m+2)q — 1 (ﬂj ? 1— b, l
4y, )"—m+1 m me, n—m+3/4yo

Finally, the optimum power allocation o is found by substituting A from (A.8) into

(A.8)

(A.2):

1-i ‘i m
&; = b; (4yq Jn-m+ivl {1 _—_—bz_—\/] , o =md,; /Yy d, (A9

me Y4y k=1
The last equality here is to assure the total power constraint for the approximate solution.
When P, is used as objective, due to similarity of high SNR approximations (4.15)

and (5.16), the above argument can be applied directly with substitution

4 :n_m+i+\1/(m—i+2)(;n—1m+i)C£i_1 (A.10)
in (A.2) and
—m-2 & ~ , : .
b, =a.a~”n“'"m+"+lmcl o] Ctint (1= mA ) (m =i+ 2) " (A.11)
¢ (m+1)(n—m+1)
in (A.5).

A.2. THE GAIN OF OPTIMIZATION FOR SMALL SNR

The main idea of the proof of Theorem 2 is to use the small SNR approximations of

P, to find a®’. The gain is then found in closed form using the definition (7.1). The
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small SNR approximation of P, is found via the MacLaurin’s series expansion. For
coherent modulation formats (e.g. M-ary PSK, coherent binary FSK), the error rate is a

function of ¥SNR [9] so that the expansion in /oy, about zero is used”' as a low-SNR

approximation,

op, (A.12)
al- =
O\ oY o74=0
where we keep only the two leading terms. For the BPSK modulation, a®™X are given

by (7.6). The small SNR approximation of the BLER is obtained by using (A.12) in (4.2)

and keeping only first-order terms in /o, ,

— 1 m
By (a)zl—;m—+\/%;ai\/€;. (A.13)

2m—1

Using (A.13) as the objective function in (5.4), one finds o"":

5L(a) _ ai\/% A0

oo, m | opt 2
i lg=goPt 2 JOL. ma;
a-a : ——)Otfpt=—-——’—2. (A.14)

m . ai
S o =m
i=1

The optimized BLER can now be expressed as P, (a"p’) =1-27" 427" my, 1,Ziaiz .
Comparing it to the non-optimized one in the gain definition in (7.1),

Py (a,0t,.,0)=1-27" + 27 Jay, Ziai , one finds the gain G, =a.,

2
m) .a;
G, :—Z’—>1 (A.15)

(Ziai )2 _—

2! recall that \/; cannot be expanded in MacLaurin’s series.
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By the Cauchy-Schwartz inequality, the equality holds if all g; are equal.

For the instantaneous BLER the approximation in (A.12) applies for BPSK as well as for
some other modulation formats [9] hence (A.15) also holds.
For non-coherent modulation formats (e.g. DPSK, FSK), the MacLaurin’s series

expansion in terms of SNR can be used as a low-SNR approximation of the error rate,

= 1 oP,
B.~—+by,, b =——4
ei + Yos O 6(0‘1'70)

; : (A.16)

0¥o=0
For the BFSK detected non-coherently, biBF K are given by (7.6). Similarly to the

coherent case, the small SNR approximation of the BLER is,
B 1 Yo X
PB(a)zl—E;+—271jZI:bioci. (A.17)
=

The derivatives OL(a)/0a; =—b2""yy+A cannot be now all equal to zero

simultaneously unless all b, are the same, which means that there exists no stationary

point inside of the feasible region and the solution is located on the region boundary. It

follows from (A.17) that the BLER is minimized when all the power is allocated to the

stream for which |bi| is maximum?,

opt _ opt
(0.8 =m, O;
Imax >

=0, i #i,,, , wherei,, =arg max|b,.| (A.18)
!

When all b, are equal, any power allocation gives the same BLER, so that (A.18) can also

be used. Finally, using the optimum allocation in the definition of the SNR gain, one

obtains:

Gy =m-<—21. (A.19)

22 the magnitude is required since all b; are non-positive
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The equality holds if all b, are equal, in which case, as expected, there is no gain due to
the optimization. It should be pointed out that the argument above holds for the
instantaneous BLER as long as the approximation in (A.16) holds, which is the case for
many non-coherent modulation formats [9]. Thus, (A.19) also applies to the instantaneoﬁs
gain of the instantaneous optimization, in which case b, and hence the gain depend on
channel realization.

For the instantaneous BLER-based optimization, the averaged over H gain cannot

be worse than that of the average optimization, see (7.2), hence the former is also subject

to the inequalities in (A.19) and (A.15).

A.3. THE GAIN OF OPTIMIZATION FOR HIGH SNR

This approximation follows along the lines of the proof of Theorem 7.3: high SNR
approximations of the average BLER of the optimized and unoptimized systems are used
in the gain definition in (7.1) to obtain (7.9).

The high SNR approximation of the optimized BLER (4.16) is improved by
keeping the first two terms (rather than one) of the Taylor series expansion of the exact
BLER expression at 1/y, =0 (see (4.15), (5.9),(5.8)):

"( opt) i C2;

n—-m+i ~
i=1 [4&”” tYo]
1 u Cl.
~ _ +Z 2i—1 —— %

1 n—m+l1 pcs i1 n—m+i
[4(’" ~by (41,) n-m+3 ]Yo} (4(51- (474 )‘m]\(oj

1

_ 1 e

~ : n—m+1 [m * (n = 1) b, (4Y0 )—n—m+3 j ¥ 3n—m+l (‘l.’yon)—m+2m+3 >
(4mYo ) m ( 0) by

which can be compactly written as
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D AW 1 Crnn
Py (aop )~ = 1:1 + =1 }
(n—m+1)by™"* +3m" "+
cms” = mbn—m+2
7}

(A.20)

b

where b, is given by (5.8). From (4.16), the unoptimized BLER 1is approximates as

Py (a,0,...,0) ~ 1/ (4ay, )n_erl , and comparing it to the optimized one from (A.20) in the

gain definition in (7.1), one finds the gain G, = o as:

m

G, = (A21)
cm,n
n—m+3,4y0

When P, is used to define the SNR gain, the argument above applies with minor

n-m+l1+

changes (see (5.16),(5.9),(5.17)),

1
z._l_. __mil__ m+(n_m+1)b (47 )_Eln+—3 + Im (4'Y()) n—-m+3
2 0 n-m+1 bn—m+2
(470) ’)

_ n—m+3 n—m+3
_m+1 1 14 Cmn ’ Wherecmn:(m+l)(n m+1)b; 2+3m
2m (4my, Yy n-m+3ydy | m(m+1)by "

where b, is given by (5.17). Using the high SNR approximation of the unoptimized

TBER (4.17), one finds the gain by definition in (7.1) from

{0 (A.22)

as
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m- "-m+11/2&1/(m + 1) (A23)

Cm n

n—m-i-\l/l + n——r;-B,—— r4—’Y0-

A.4. PROOF OF THEOREM 7.4

From the total power constraint,

m opt
oo™ 4, (A.24)
i Ou
and from the optimality condition (5.3)
OP; (%
—A——) - A<0 (A.25)
oo

Taking the derivative of (7.1) with respect to o',

0Py (“om) _ OP (at...a) Bor

B do oo
o : (A.26)
_, _Ga _aPB(“Dp ) P (a...01)
o ol oo
Using (A.24)-(A.26), one obtains:
m opt
Qo _y 0o Oop A 0 (A.27)

=——= 2
u i oo Ou P, (ov...a)/Ba

The same reasoning holds true if the instantaneous BLER is used to define the SNR gain.
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Appendix B. Matlab Code
B.1. AUXILIARY FUNCTIONS

Q-function

function Q@ = Q(gamma) $Q~function
Q = 1/2*erfc(gamma/sqrt(2));
end

Adaptive Change of Number of Monte-Carlo Simulations

function out = numberOfTrials(SNR)

$Changes adaptively the number of Monte-Carlo trials based on the SNR to
optimize the calculation time

$The higher the SNR, the smaller 1Is the error rate, hence more
simulations

%are reguired for reliable results

%

%SNR (dB) ~ scalar integer from 0 to 40

persistent N

if isempty (N)
N= 10"3
end

switch SNR
case 9
N = N*10
cage 12
N = N*10
case 21
N = N*10
case 33
N = N*10
case 36
N = N*2
end
out = N;
end

Difference in SNR Between two BER(SNR) Curves

function out = gain(BERe, BERd, SNRe)

$returns gain in S§NR versus SNR: given BERe at SNRe for unoptimized
system,

$SNR required to reach the same BER is found for optimized system.
$Difference among the two is returned

SBERe - etalon BER: vector of BERs for unoptimized system
$BERd - data: vector of BERs for optimized system
$SNRe -~ etalon SNR: vector of SNRs

BERe = -log(BERe) ;

BERd = -1log(BERd):;

SNRd = interpl (BERd, SNRe, BERe) ;
out = SNRe - SNRd;

end
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MMSE-BLAST Weights

function out = WwMMSE(H, gamma)

gReturns complete matrix of MMSE weights
%

%H - channel matrix

$gamma - scalar SNR (W)

m = size(H,1);
G = H; $Allocate
matrix from which we'll be successively deleting columns
for i=1l:m
P = inv(G'*G + gamma*eye{m-i+1));

tmp = G*P;
w(:,i)= tmp(:,i); FMMSE-BLAST
welghts
w(:,i)= w(:,i)/norm(w(:,1i)); $normalize
weights
G(:,1)=0; $null next
column
end
out = w;
end
ZF-BLAST Weights

function out = wZF(H, gamma)
$Returns complete matrix of ZF weights

%
$H -~ channel matrix
$gamma - scalar SNR (W) (not needed, only added for consistency to use

with function handles)

m gsize(H,1);

G = H; gallocate
matrix from which we'll be successively deleting columns

for i=1:m

G(:,1)=[1; %Delete
next column
Gg = null(G'); § null
space basis
P = Gg*Gq'; %
orthogonal projection matrix, to (i+l1...m)
w(:,1)= P*H(:,1i); $ZF-BLAST
weights
w(:,1)= w(:,i)/norm(w(:,1)); $normalize
weights
end
out = w;
end

B.2. ANALYTICAL AVERAGE AND INSTANTANEOUS ERROR RATES FOR
ARBITRARY POWER ALLOCATION

Analytical Instantanious Pejgi-1

function out = ibpsk(gamma, alpha, H, E, W)
% Analytical instantanious conditional step BER of BPSK P{ei|Ei-1}

%
$ gamma - average SNR
% H -~ channel matrix
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$ E error vector of size
sgrt(alpha(i))

$ W - V-BLAST weights matrix

k-1

k = numel (E)+1;

w = W(:,k);
h = H(:,k);
Hl = H(:,1:k-1);

$step welight

a = w'*h*sqrt(alpha);
if k==1||~any(E)
out = Q(sgrt(2*gamma)*real(a));
else
S = 0;
{indices,j,Es] = find(E);
elements of E and dissected version of E
ne = numel (indices);
for i=1:2"ne
combinations in E

signs = dec2binvec(i-1,ne);

signs = signs' - ~gigns';

Eis = signs.*Es;

Ei = sparse(indices,l,Eis, k-1,1);

b = 2*w'*HL*Ei;

S =
end
out =

end

S/2” (ne+l) ;

end

Analytical Average Pejgi-1
function Out = abpsk(n,mu)

n - diversity order
mu - equivalent SNR

e dp e

P =20;

for i O:n-1

i}

g
|

end

Pea =
Out

P*({(l-mu)/2) " "n;
Pea;

end

TBER, Instantaneous or Average

which

$current step

S + Q(sgrt(2*gamma) *real (a+b))

= P + nchoosek(n-1+i,1i)* ((1l+mu)/2)"i

% average BER,

with error amplitudes

$ l-st step or E = 0
% if l-st step

% Indices of nonzero

% Number of errors in E
% Different sign

& Signs in forxrm {0,1)}

% Signs in form {-1,1}

$ Dissected error pattern

% Reassembled error pattern

+ Q(sqgrt(2*gamma) *real (a-b));

Analytical average BER of BPSK of MRC order n

order n MRC

function Out = ber(m,n,alpha,ErrorRateHandle,gamma,H, WeightsHandle)

% Exact TBER, instantaneous or average
m - number of Tx antennas
n - number of Rx antennas
alphalm, 1]

89 OP Op <P

- gset of alphas for a given SNR
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$ ErrorRateHandle ~ handle of function defining step error rate Pl{ei[|Ei~
1}

$ gamma - average SNR

$ H - channel matrix

% WeightsHandle - handle to function calculating V-BLAST weights (ZF or
MRC')

switch func2str (ErrorRateHandle)
case ‘abpsk’
mu = sqrt(l/(1+1/(alpha(l)*gamma)));
args = {n-m+l1,mu};
case 'ibpsk!'
W=WeightsHandle (H, gamma) ;
args = {gamma, alpha(l), H, [],W};
end

$ Computing probability matrix P

P(1,1) = l1l-ErrorRateHandle(args{:}); % no error at
step 1

P(1,2) = 1-P(1,1); % BER at step 1
for k = 2:m

ak = 2°(k-1)+1;
for 1 = 1:2"k
if 1 < ak

Eki = decl2binvec(i-1,k-1); $ error (row)
vector at step k with ei = (0,1} (binary rep of i-1 with k-1 bits)
Eki = alpha(l:k-1).*Eki'; $ error vector

at step k with ei = {0,alpha(i)}
switch func2str (ErrorRateHandle)
case 'abpsk’

mu = sgrt (alpha (k) *gamma/ (1 + gamma* (
alpha(k)+4*sum(Eki)) ) );
args = {n-m+k,mu};

case ‘'ibpsk’
args = {gamma, alpha(k), H, sqgrt(Eki),W};

end
P(k,i) = (l-ErrorRateHandle(args{:}))*P(k-1,1); % no
error at step k
else
P(k,i) = P(k-1,i-ak+1)-P(k,i-ak+1l); ¢ error
at step k
end
end
end

% Computing step BER

for k=1:m
Psk = 0;
for i = 2~(k-1)+1:2"%k
Psk = Psk+P(k,1i);

end

Ps(k) = Psk; $ step k BER
end
Out = sum(Ps) /m; % total BER
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end

BLER, Instantaneous or Average

function Out = bler(m,n,alpha, ErrorRateHandle, gamma, H, WeightsHandle)

% Exact BLER, instantaneous or average

%

$ m - number of Tx antennas

$ n - number of Rx antennas

$ alpha/m,1] - set of alphas for a given SNR

$ ErrorRateHandle - handle of function defining step error rate Plei|Ei-
1}

% gamma - average SNR

$ H - channel matrix

% WeightsHandle -~ handle to function calculating V-BLAST weights (ZF or
MRC)

Pc = 1; $Probability of no error in block

switch func2str (ErrorRateHandle)
case 'abpsk’
for k = 1:m
mu = sqgrt{alpha(k)*gamma/ (1l + gamma*alpha(k)));
args = {n-m+k,mu};
Pc = Pc* (1 - ErrorRateHandle(args{:}));
end
case ‘'ibpsk!
W=WeightsHandle (H, gamma);
for k = 1:m
args = {gamma, alpha(k), H, zeros(k-1,1),W};
Pc = Pc* (1 - ErrorRateHandle(args{:})):
end
end

Out = 1 - Pc;

end
B.3. OPTIMIZATION BASED ON VARIOUS CRITERIA

Average BLER/TBER for Instantaneous Optimization

function out = instOpt(m,n, SNR, alpha,ErrorRateHandle, WeightsHandle)
$returns average Error Rate for instantaniously optimized V-BLAST
$if alpha!=NULL returns average Error Rate for this alpha

4m - number of transmit antennas

$n -~ number of receive antennas

$SNR - vector of SNR(dRB)

$ErrorRateHandle - handle of function defining step error rate P{ei[Ei-
1}

$WeightsHandle - handle to function calculating V-BLAST weights (ZF or
MRC)

SNRw = 10.7(SNR./10); $Convert dR to W, SNR - SNR for 1 antenna in
unoptimized case, SNRw - total SNR

N=length (SNRw) ;

options = optimset ('LargeScale', 'off', 'TolCon',1e-015, 'TolFun', le-
015, *Display', 'off'); %optimization options
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fprintf (' Instantaneous Optimization\n');
for i=1:N

tic

fprintf ('SNR = %.0f dB \n', SNR(1i));

out (1,1:2) =
getAvER (m,n, SNR(i),NaN, ErrorRateHandle,WeightsHandle) ; $instantaniously
optimized

etime = toc; hours = floor(etime/3600); minutes = floor(etime/60);
$alapsed time
fprintf ('Elapsed time: %i hours, %i minutes, %i seconds\n', hours,

minutes - hours*60, floor(etime)-60*minutes );
fprintf ('%$s\n’',datestr(now));

end

end

function out = getAVvER(m,n, SNR, alpha, ErrorRateHandle,WeightsHandle)
$returns average FError Rate for instantaniously optimized V-BLAST
$1if alpha!=NULL returns average Error Rate for this alpha

$m ~ number of transmit antennas

g¢n - number of receive antennas

$SNR - scalar SNR (dB)

$ErrorRateHandle - handle to a function representing error rate
(TBER/BLER)

N = numberOfTrials(SNR); % number of simulations is changed adaptively;
the higher SNR the higher N

gamma = 10.~(SNR./10);

options = optimset ('LargeScale', 'off', "TolCon',le-012, 'TolFun', le-
012, 'Display', '‘off');
Pti = 0;
Ptib = 0;
if isnan(alpha)
for k=1:N
H = wgn(n,m,1, ‘linear', 'complex'); Ygenerate

complex MIMO channel matrix each component of which is distributed as
Nc(0,1)
alphaBer =
fmincon (@Piber,ones(m,1), [}, [],ones(l,m),m,zeros(m,1l), m*ones(m,1),[],opt
ions); %Finds min Pi(alpha) subject to ones(l,m)*alpha =m, O<alpha<m
alphaBler =
fmincon(@Pibler,ones(m,1),[]1,[],ones(l,m),m, zeros(m,1l) ,m*ones(m, 1}, [],0p
tions); %Finds min Pi(alpha) subject to cones(l,m}*alpha =m, O<alpha<m
Pti = Pti + ErrorRate(alphaBer);
Ptib = Ptib + ErrorRate(alphaBler);
end
else
for k=1:N
H = wgn(n,m,1, 'linear', 'complex'); $generate
complex MIMO channel matrix each component of which is distributed as
Nc(0,1)
Pti = Pti + ErrorRate(alpha);

end
end
out = [Pti/N Ptib/N]; Yaverage
BER
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function out = ErrorRate(alpha)
out = ErrorRateHandle (m,n,alpha, @ibpsk, gamma,H, WeightsHandle) ;
end

function out = Piber(alpha)
out = ber(m,n,alpha,@ibpsk,gamma, H, WeightsHandle) ;
end

function out = Pibler(alpha)
out = bler (m,n,alpha,@ibpsk,gamma, H, WeightsHandle) ;
end

end

Average BLER/TBER for Average Optimization

function out = avOpt (m,n,SNR,ErrorRateHandle)

% counts analytical average error rate (BLER/TRBER) for optimized and
unoptimized V-BLAST

% returns [Ptavop, alpha, gain] for each component in SNR vector

%

%m - number of transmit antennas

$n - number of receive antennas

$SNR - vector of SNR (dB)

$ErrorRateHandle - handle to a function representing error rate
(TBER/BLER)

SNRw = 10.” (SNR./10); $Convert dB to W, SNR -~ SNR for 1 antenna in
unoptimized case, SNRw - total SNR

N=length (SNRw) ;

au=ones (m, 1) ; $unoptimized alpha

options = optimset ('LargesScale', 'off', 'TolCon',1le-015, 'TolFun', le-

015, '‘Display', '‘off'); %$optimization options

fprintf ( ‘Average Optimization\n');
for i=1:N
tic
fprintf ('SNR = %.0f dB \n', SNR(i));

Ptu(i) = ErrorRate(au);
$uncptimized Pt

aBer (l:m,i) =
fmincon(@Pe,au, [], [],au',m, zeros(m,1l) ,m*au, []1,options); %Finds min
Pa(alpha) subject to ones(l,m)*alpha =1, O<alpha<l

PtaBer (i) = ErrorRate(aBer(:,i)})):
$optimized numerically by average
gaBer (i) = gain(PtaBer(i)); $SNR gain
aApBer(l:m,i) = aapp(SNRw(i),m,n, 'ber'); 2colosed-
form alpha
PtaApBer (i) = ErrorRate(aldpBer(:,i));
gaApBer (i) = gain(PtaApBer(i)); $SNR gain

aBler (1:m,i) =
fmincon(@Pb,au, [], [],au',m, zeros(m,1l),m*au, []1,options); $Finds min
Palalpha) subject to ones(l,m)*alpha =1, 0O<alpha<l

PtaBler (i) = ErrorRate(aBler{:,i));
$optimized numerically by average
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gaBler (i) = gain(PtaBler(i)); . $SNR gain

aApBler(l:m,i) = aappSimple(SNRw(i),m,n, 'ber’'); %closed-
form alpha

PtaApBler(i) = ErrorRate(aApBler(:,i));

gaApBler (i) = gain(PtaApBler(i)); % SNR
gain

etime = toc; hours = floor(etime/3600); minutes = floor(etime/60);
Felapsed time

fprintf ('Elapsed time: %1 hours, %1 minutes, %i seconds\n', hours,
minutes - hours*60, floor(etime)-60*minutes );

fprintf ('$s\n',datestr(now) ) ;

end

out = {Ptu' PtaBer' PtaApBer' PtaBler' PtaApBler'...
aBler' aBer' aApBer' aApBler'...
10*1loglO([gaBer' gaApBer' gaBler' gaApBler'])
}

function out = ErrorRate(alpha)
out = ErrorRateHandle (m,n,alpha, @abpsk, SNRw(i));
end

function out = Pe(alpha)
out = ber{(m,n,alpha,@abpsk, SNRw(i));
end

function out = Pb(alpha)

out = bler(m,n,alpha, @abpsk,SNRw(i));
end

function out = gain(ER)

%SNR gain
%
$ER -~ target error rate (error rate of optimized system)

out = fsolve(@Pdiff,m,options);

function out = PAiff(g)
$pifference in Error Rates between Optimized and Unoptimized

$systems
%
%g (scalar): difference un SNR (W) between Optimized and
Unoptimized
$systems
out = log{(ErrorRate(ones(m,1)*g)) - log(ER);
end
end
end
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Closed-Form Approximate a°”

function alpha = aapp(gamma,m,n, type)

EClosed-form approximate alpha

%3Returns [alphal; alpha2; .. alpham] for given SNR

$gamma -~ SNR (scalar)

$ m - number of Tx antennas

$ n - number of Rx antennas

$ type - type of approximation ('bler or 'ber’')

for k = 1:m

alpha (k) = b(k)*({4*gamma) * (-d(k))*(1 - Db(2)/(m*c(l))*(4d*gamma)" (-
d(2)))*c(k)/gamma; %calculate closed-form alpha
% alpha(k) = b(k)*{4*gamma){-d(k));
end

$alpha (1) =m-sum{alpha(2:m));
alpha = m*alpha/sum(alpha);

function d = d(k)
d = (k-1)/(n-m+k+1);
end

function ¢ = c (k)
c [1+n-m+1:1+n-m+m] ;
c prod(c)/ (l+n-m+k) ;

end

function b = b(k)
switch type
case ‘bler!
b = (nchoosek (2*k-1,k) * (n-m+k) / (n-m+1) )"~ (1/ (n-
m+k+1) ) *m~ ( (n-m+2) / (n-m+k+1));
case 'ber’
b = (nchoosek (2*k-1,k) * (n-m+k) * (m-k+2) / (n-
m+1l)/ (m+1)) "~ (1/ (n-m+k+1)) *m”* ( (n-m+2) / (n-m+k+1)) ;
end
end

end

Closed-form Approximate SNR Gain of Average Optimization

function Out = gainApp (gamma,m,n, type)

$Closed-form expression of gain of power allocation by average versus
SNR

%

$gamma -~ scalar SNR

&m - number of transmit antennas

¢n - number of receive antennas

$type ~ string representing optimization type ('ber’' or ‘'bler')

Out = gainA(m,n, type);

if (gamma==Inf)
return;

end
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Out = Out*(l+c{()*(4*gamma).”(-1/(n-m+3)))."(-1/(n-m+1));

function Out = c{)
b = b(2);
switch type
case 'ber’
Out
m+1l)+3*m™ (n-m+3) ) ;
case 'bler’'
Out = 1/b" (n-m+2)/m* (b (n-m+3) * (n-m+1) +3*m" (n-m+2) ) ;

1/ (n-m+2) /m/ (m+1) * (b (n-m+3) * (m+1) * (n-

end
end

function Out = b(k)
switch type
case 'ber
Out = (nchoosek (2*k-1,k)* (n-m+k) * (m-k+2) / (n~-
m+l)/ (m+1) )~ (1/ (n-m+k+1)) *m" ( (n-m+2) / (n-m+k+1));
case ‘bler!
Oout = (nchoosek (2*k-1,k)* (n-m+k) / (n-m+1) )~ (1/ (n-
m+k+1) ) *m” ( (n-m+2) / (n-m+k+1) ) ;
end
end
end

function Out = gainA(m,n, type)
$Asymptotic gain of power allocation by average
switch type

case ‘ber'
mu = sqrt(l/5);
for k=2:m
Ps(k) = abpsk(n-m+k,mu); #Step k BER
end

Out = m* ((1l+sum(Ps))*2/(m+1)) "~ (1/(n-m+l));

case 'bler’
out = m;
end
end

B.4. ERROR RATES THROUGH MONTE-CARLO SIMULATIONS

BPSK Quantizer

function out = quantize(val)
$ BPSK quantizer

out = sign{real({val)):

end

Unordered V-BLAST Decoder for Arbitrary a

function out = vblast(z,alpha,gamma,H,WeightsHandle)

SUnordered V-BLAST decoder with arbitrary power allocation, returns
demodulated

$signal

%

% z[m,N] - N received vectors, N - number of Monte-Carlo simulations

% alphal(m,1} - set of alphas

$ gamma - average SNR

% H ~ channel matrix
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$ WeightsHandle ~ handle to function calculating V-BLAST weights (ZF or
MRC)

¢

[n,m] = size(H);

A = sqrt(alpha*gamma) ; Samplitude of
transmitted signals

N = size(z,2); $number of

Monte~Carlo simulations

W = WeightsHandle (H, gamma) ;

Y = z;
G = H; $Allocate
matrix from which we'll be successively deleting columns
[m,n] = size(H);
for i=1l:m
sest(i,1:N) = quantize((W(:,1i))'*y); $Detect next
symbol according to signal constellation
y =y - H(:,i)*A(1i)*sest(i,:); $Substract the
contribution of already detected symbols from y
end
out = sest;
end

Numerical Instantaneous TBER for Arbitrary a

function out = montecarlo(m,n,N,alpha,gamma,H, WeightsHandle)
fNumerical total instantanecus BER for V-BLAST with arbitrary power
$allocation

$m - Number of transmit antennas

%1 - Number of recelve antennas

&N ~ number of Monte-Carlo simulations

% alpha[m,1] - set of alphas

% gamma - SNR

% WeightsHandle - handle to function calculating V-BLAST weights (ZF or
MRC)

$H ~ channel matrix

s = randsrc{(m,N, [-1,1]1); $generate
transmit signal vector for BPSK modulation
A = sqrt(alpha*gamma) ; $amplitude of

transmitted signals
for i=1:m
st(i,:) = A(i)*s(di,:);

end

v = wgn(n,N,1, 'linear"', 'complex'); $generate
received noise vector each component of which is distributed as Nc(0,1)

z = H*st+v; $received vector

sest = vblast(z,alpha,gamma,H,WeightsHandle) ; $demodulated by
V-BLAST symbol

out = sum(abs(sign(sest-s))},2); &Total Number of
errors
out = sum(out)/m/N; $Total BER
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end

Numerical Instantaneous TBER for Different V-BLAST Receivers: ZF and MMSE,
With and Without Ordering

function Pe=compareBLASTs (m,n,N, gamma)
§Numerical total instantaneous BER for different V-BLASTS:
$ZF~BLAST,

$EF BLAST with ordering at Ist step,
§ZF BLAST with optimal ordering,

SMMSE BLAST,

$MMSE BLAST with optimal ordering

%

%m -~ number of transmit antennas,

%n -~ number of receive antennas,
$gamma - SNR (W)

s = randsrc(m,N, [-1,1]); $generate
transmit signal vector for BPSK modulation
H = wgn(n,m,1, 'linear’, 'complex'); $generate

complex MIMO channel matrix each component of which is distributed as
Nc(0,1)

v = wgn(n,N,1, 'linear', 'complex'); $generate
received noise vector each component of which is distributed as Nco(0,1)
A = sqgrt(gamma/m) ; $amplitude of
transmitted signals

z = A¥*H*s + Vv; $received vector
sest = zeros(m,1l); $Initialize

vector of estimates
Pe = zeros(5,1);

e ZF BLAST =~ oo e oo o e
Y = z;
G = H; $Allocate

matrix from which we'll be successively deleting columns
for i=1l:m

G(:,1)=I[1; $Delete next
column
P = eye(m)- G*pinv(G); $Projection
matrix
sest(i,1:N) = quantize((P*H(:,1i))'*y/A); $Detect next
symbol according to signal constellation
y =y - A*H(:,1)*sest(1i,:); $Substract the
contribution of already detected symbols from v
% Null i-th column of G
end
Pe(l) = sum( sum({abs(sign{(sest-s)),2)); $Total Number

of errors

G e e e Ordered ZF BLAST -~ = o o o o o o

Yy = z;

[B, index]=sortrows (inv (H' *H) ) ; ¥Oordering

G = H(:,index); $Aallocate

matrix from which we'll be successively deleting columns
for i=1:m

G(:,1)=[1; $Delete next
column
P = eye(m)- G*pinv(G); $Projection
matrix
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sest (index (i), 1:N) = quantize((P*H(:,index(i))) "'*y/A);%Detect
next gymbol according to signal constellation

Yy =y - A*H(:,index (1)) *sest(index (1), :); $Substract the
contribution of already detected symbols From y
$ Null i-th column of G

end
Pe(2) = sum( sum(abs(sign(sest-s)),2)); $Total Number

of errors

--Optimally ordered ZF BLAST

y = z;

G = H; $Allocate
matrix from which we'll be successively deleting columns

for i=1:m

maxSNR=0 ; $Null maxSNR
value
for k=1l:m $0rdering:
Find symbol with max SNR for this stage
if all(G(:,k)==0) continue; $Skip if this
symbol is already detected
end
F=G;
F(:,k)=0;
P = eye(m)- F*pinv(F); $Projection
matrix
SNRk = abs(H(:,k) "*P*H(:,k)); $SNR

if (SNRk>maxSNR)
maxSNR=SNRKk ;
index(i)=k;

end
end
G(:,index(i))=0; $null next
column
P = eye(m)- G*pinv(G); $Projection
matrix

sest(index(i),1l:N) = qguantize((P*H(:,index(i)))'*y/A); %&Detect next
symbol according to signal constellation

y =y - A*H(:,index(i))*sest(index(i),:); %Substract
the contribution of already detected symbols from v
% Null i~-th column of G
end
Pe(3) = sum( sum(abs(sign(sest-s)),2)); $Total Number

of errors

% o et s e s s v e IS F B AAG Tre vm e w se se  c  sn s  s s  n

Y = 2z}

G=H; %$Allocate
matrix from which we'll be successively deleting columns

for i=1l:m

P=inv(m/gamma*eye (m)+ G'*G); SMMSE
nulling matrix

w=G*P; SMMSE
weights

sest(i,1:N) = quantize(w(:,1i)'*y); #Detect next
symbol according to signal constellation

y =y - A*H{(:,1)*sest(i, :); $Substract
the contribution of already detected symbols from y

G(:,1)=0; $null next
column® Null i-th column of G

end
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Pe(4) = sum( sum(abs(sign(sest-s)),2));
Number of errors

$Total

G e e s s et s e Op timall v Ordered MMSE BIAST e e m o o s o o o o o e o o

i
i

y = z;
G=H;
matrix from which we'll be successively deleting columns
for i=1:m
minEr=inf;
error to infinity {(Jjust in case)
P=inv{(m/gamma*eye (m})+ G'*G);
nulling matrix
for k=1:m
find symbol with min MSE for this stage
if all(G(:,k)==0) continue;
symbol has already been detected
end
Erk=norm(P(:,k));
if (Erk<minEr)
minEr=Erk;
index(i)=k;

end
end
w=G*P;
weights
sest(index(i),1:N) = cuantize(w(:,index(i))'*y);

symbol according to signal constellation
y =y - A*H(:,index(i)) *sest(index(1i),:);

the contribution of already detected symbols from y
G(:,index(i))=0;

column

end

Pe(5) = sum{ sum(abs(sign(sest-s})),2));

Number of errors

Pe = Pe./m/N;

end

ZAllocate

$Set min
SMMSE
$0rdering:

%Skip if the

BMSE

SMMSE
$Detect next
&Substract

%null next

%Tota.l

$Total BER
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