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Abstract

We use graph theory to model a database of gene expression levels and provide a
tool that can assist in designing biological experiments which could help to better
understand the interactions between genes. The data was provided by StemBase
(http://www.stembase.ca). We model a portion of this database as a graph, and
study some parameters on it that may be biologically relevant. We include theoretical
discussion of the parameters, and presentation of algorithms for their computation.
The focus is on structural properties of the graph; thus, we investigate the graph’s
bipartiteness, connected components, distance between vertices, radius, diameter,
center, cut-vertices and blocks, and its maximal and maximum cliques. We develop
the terminology and results used for modeling the database, and implement some
of the algorithms in MATLAB. We analyze the results of running the code on the

database and discuss their relevance.
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Chapter 1
Introduction

In this thesis, we analyze a specific database of gene expression levels of samples of
cells from a mathematical point of view. This database is called StemBase [31], and
is provided by the Center for Cancer Therapeutics at the Ottawa Health Research
Institute (http://www.ohri.ca/programs/cancer_therapeutics/). StemBase can be ac-
cessed through http: //www.stembase.ca. The goal of this thesis is to use graph theory
to model this database, and provide a tool that can assist in designing experiments
which could help to better understand the interactions between genes.

The database is modeled by a graph whose vertices represent the genes, and edges
represent the relationship between the expression levels of the corresponding genes.
We study some parameters on this graph that may be biologically relevant, such as
distance, eccentricity, radius, diameter, etc. The focus is on structural properties
of the graph; thus, we investigate the graph’s bipartiteness, connected components,
center, median, cut-vertices and blocks, and its maximal and maximum cliques.

The thesis is organized as follows. Chapter 2 provides a brief review of some
definitions and results used in the thesis. These concepts and results arise from various
parts of graph theory, computer science, statistics, and molecular biology. Chapters
3-7 contain a short study of the parameters mentioned above, and the theoretical
development and analysis of the algorithms for computing them. Chapter 8 illustrates
our approach to modeling the database of gene expression levels as a graph and

applying the algorithms of previous chapters to this model. In this chapter, we develop
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the necessary terminology and results used for modeling the database. Chapter 9
includes the implementation of some of the algorithms in MATLAB. In this thesis we
have limited ourselves to only a portion of the database, and implemented only those
algorithms that are known to be polynomial. In Chapter 10 we analyze the results of
running the code on the database and discuss their relevance. Since this project can
be continued in various ways, such as considering other parameters and measures on
the database, we include Chapter 11, which provides some suggestions and ideas for
further research on this topic. We should mention that Chapters 2-7 contain material
that is surveyed based on existing results. Chapters 8-11 describe original methods
and results that we have found during this research.

The main goal of this research is to explore a novel approach to studying gene
expression data. Since the method taken in this thesis is an original method, this
research should be viewed as an example that presents the possibility and advantages

of our approach, which may be used for further research in this area.

1.1 Background

There are several studies on mathematical analysis of gene expression data obtained
from microarray analysis. Most of the research in this area focuses on partitioning
genes into clusters; that is, identifying groups of genes that have similar expression
patterns. There are various clustering methods. Since the structure of gene expres-
sion data is complicated, different clustering methods may yield very different results.
There are three main approaches to clustering: partition-based approach, hierarchi-
cal approach, and pattern-based approach [25]. Each of these approaches comprises
several methods. For example, agglomerative algorithms and divisive algorithms are
examples of a hierarchical approach. The K-means algorithm, self-organizing map
algorithm, model-based algorithms, and graph-theoretic algorithms are examples of

a partition-based approach. We will give a brief description of each of these methods.
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1.1.1 Agglomerative Algorithms

These algorithms start from individual genes as clusters, and successively merge pairs
of clusters. [16] used such a method for clustering to analyze gene expression data.
One disadvantage of this method is that the initial structure of the clusters becomes

distorted after each merge [42].

1.1.2 Divisive Algorithms

These algorithms start from one cluster containing all the genes and divide the clus-
ter(s) until each cluster contains only one gene [2] or certain stop criteria are met [26].
One disadvantage with these algorithms is that it is difficult to set stop criteria when

studying gene expression data.

1.1.3 Pattern-Based Algorithms

This approach is based on determining a subset of objects (here genes) that exhibit
similar behavior across a subset of conditions [35]. This process, called biclustering,
was first introduced in the seventies. [12] applied this to gene expression data. The
main difficulty with this approach is that the algorithms for pattern-based clustering
are heuristic and therefore can not guarantee to find desired results. [35] used this
method with some combinatorial modifications and was able to give a polynomial
time algorithm which works under certain restrictions on the original problem. [37]
presented a general statistical framework that combines biclusters with the notion of
a weighted bipartite graph and applies a greedy algorithm to identify dense biclusters.

1.1.4 K-means Algorithm

This algorithm partitions the data set into K clusters by minimizing the sum of the
squared distances of genes from their cluster centers [36]. The main disadvantage of
this algorithm is that it requires to specify the number of clusters, K, from the start;

this number is usually unknown for gene expression data.
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1.1.5 Self-Organizing Map Algorithms

This method starts from seed nodes on a specific geometric structure (for example,
a two dimensional grid) and moves the seed nodes towards randomly selected points
until so-called convergence [34]. The draw-back of this method is the requirement of
specifying the numbers and the geometry of nodes, which affects the results of the

clustering.

1.1.6 Model-Based Algorithms

These methods are based on imposing a statistical approach on the gene expression
data. Several papers describe the use of multivariate Gaussian distributions as a
model. This Gaussian model is not a good choice if the gene expression data contains
information about expression levels of specific genes during a series of time points,
since the Gaussian model does not consider the inherent dependency of such infor-
mation. [13] has described the main difficulties that may arise in considering causal

models or conditional independence, and some solutions for these difficulties.

1.1.7 Graph-Based Algorithms

These algorithms model gene expression data as a graph. There are two major ap-
proaches in such a modeling. The first approach uses a bipartite graph such that the
vertices in one part represent the genes, and the vertices in the other part represent
some type of a pattern that the genes may be associated with. [6] and [3] are examples
of such a use of bipartite graph.

The second approach is to use as a model a graph whose vertices represent the
genes, and two vertices are adjacent if the corresponding genes are ”similar”. Various
measures for determining similarity have been considered. In [37], the clustering
algorithm is based on a probabilistic model combined with the notion of cliques in
the graph. The authors developed a heuristic algorithm that identifies such special
cliques. [33] employed so-called p-quasi complete linkage clustering to the gene
expression data. In a p-quasi complete subgraph, any member of one group has edges
to one p-th of all members of the same group. As mentioned in [33], a restricted

4
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version of the p-quasi complete graph problem has been proven to be NP-complete.
Therefore, the authors developed an approximation algorithm for it.

[30] explores the possibility of relating gene expression data to protein interaction
data. For 0 < v < 1, a subset of k genes (proteins) form a y-quasi cluster if each gene
(protein) is similar to at least y(k — 1) other genes (proteins). The authors try to
find a subset of genes that is a y;,-quasi cluster and the proteins that are the product
of these genes form 7,-quasi cluster, for certain values y; and 7,.

[41] described a new approach based on representing gene expression data as
a minimum spanning tree and took advantage of the simple structure of a tree to
develop clustering algorithms.

[27] builds a graph from gene expression data in such a way that each vertex is
a gene, and two vertices x and y are adjacent if the distance between z and y in the
distance matrix (constructed by using gene expression data) is at most equal to some
given value of a threshold ¢ (¢ can be any real number). The paper uses a special
method called clique minimal separator decomposition on a data set of 40 genes to

demonstrate the method.
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Chapter 2
Preliminaries

In this chapter we have included the main definitions and results from different sub-
jects of graph theory, computer science, statistics, and molecular biology that are
required for this thesis. The material of this chapter serves as a quick introduction.

For further studies the reader is referred to the standard textbooks on these subjects.

2.1 Graph Theory

Graph theory is formally a branch of combinatorics that has applications in several
areas of science such as computer science, biology, chemistry, telecommunications,

etc. In this section we will present some definitions and theorems from graph theory.

Definition 2.1 A graph G = (V(G), E(Q)) is a structure consisting of two finite sets
V(G) and E(G) such that V(G) is nonempty and we have

E(G) C {{u,v}:u,v € V(G),u # v}.

The elements of V(G) are called vertices and the elements of E(G) are called edges.

We denote the number of vertices, |V (G)|, by n and the number of edges, |E(G)|,
by m.
For a graph G, if e = {u, v} is an edge, then v and v are called its ends, e is said

to join u and v, and u and v are called adjacent or neighbors. By u ~g v we mean

6
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that vertices u and v are adjacent in G. If vertices v and v are two ends of an edge

e, then e is said to be incident with v.

Remark 2.2 In some graph theory literature, what we defined as a graph is referred
to as a simple finite graph.

Remark 2.3 According to Definition 2.1, the two ends of an edge have to be distinct.
If we define an edge to be a pair of not necessarily distinct vertices, then we may have
an edge on one vertex. Such an edge is referred to as a loop.

Definition 2.4 The degree of a vertex v in a graph G, denoted by deg(v) is the
number of edges in G that are incident with v. By our definition of a graph, this is
equal to the number of neighbors of v.

The set of neighbors of a vertex v in a graph G is denoted by Ng(v) or simply by
N(v).

The number §(G) = min{deg(v)|v € V(G)} is the minimum degree of G, and the
number A(G) = max{deg(v)|v € V(G)} is the mazimum degree of G.

Theorem 2.5 For any graph G,

2m = Z deg(v).
veEV(G)
Proor. When we sum all the vertex degrees in G, we count every edge exactly twice,

once from each of its ends. O

Definition 2.6 The adjacency matriz of a graph G with vertex set V(G) = {v1, ..., Un },
denoted by A(G), is an n x n matrix such that each entry a;; in the matrix is 1 if

there is an edge joining v; and v;, and 0 otherwise.

Definition 2.7 Let G be a graph. A graph H is called a subgraph of a graph G,
denoted by H C G, if V(H) € V(G) and E(H) C E(G).
Let V' be a nonempty subset of V(G). The subgraph of G whose vertex set is V'

and whose edge set is the set of elements of E(G) that have both ends in V' is called

7
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the subgraph of G induced by V' and is denoted by G[V’]. The graph H is called an
induced subgraph of G if H = G[V'] for some V' C V(G).

Suppose E' C E(G) and E’ is nonempty. The subgraph of G whose vertex set is
the set of ends of the edges in E' and whose edge set is E' is called the subgraph of
G induced by E' and is denoted by G[E'].

A spanning subgraph of G is a subgraph H of G such that V(H) = V(QG).

Definition 2.8 If v is a vertex of a graph G, then by the vertez-deletion subgraph
G — v we mean the subgraph of G induced by the vertex set V(G) — {v}. That is,
V(G —v)=V(G) — {v} and E(G-—v)={ee€ E(G): visnot an end of e}.

Definition 2.9 If e is an edge of a graph G, then by the edge-deletion subgraph G —e
we mean the subgraph obtained from G by deleting the edge e. That is,
V(G —e)=V(G) and E(G —e)=E(G) - {e}.

Definition 2.10 The union of two graphs G; and G, denoted by Gy U Go, is the
graph with vertex set V(Gy) U V(G,) and edge set E(G;) U E(G2).

Definition 2.11 A weighted graph is a graph G together with a function w : E(G) —
R. If e € E(G), then w(e) is called the weight of the edge e.

Definition 2.12 A walk in a graph G is a finite non-empty alternating sequence
W = vgeviequy...e,0 of vertices and edges such that v;-; and v; are the ends of e;
for 1 <i<k.

A walk from a vertex v to a vertex vy is also called a (v, vx) — walk. A walk
Up€1V1€2Vs...e4 Uy 18 called closedif vy = vp. f W1 = vpeqvy...e0; and Wo = vi€541...€40
are walks, then by W; + W, we mean the walk obtained by concatenating W; and
W, at v;, that is, voervr...eUk. A (v;,v;)—section of a walk W = vpe vie20;...€4U% IS

a walk vie;41...e;v; that is a subsequence of consecutive terms of W.

Since in our definition of a graph there is at most one edge between any pair of
vertices, a walk vge;v1€20s...€,0; can be determined by the sequence vyvivs...up of its

vertices, and may be denoted by this sequence.
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Definition 2.13 If the vertices of a walk are pairwise distinct, then the walk is called
a path. A (vo,v,)-path P = vovy...v, in a graph G is thus a sequence of r + 1 distinct
vertices starting with vy and ending with v, such that for each i, 0 < i < r, the
vertices v; and v;4; are adjacent in G. The length of the path P = vyv;...v,, denoted

by [(P), is equal to 7.

Lemma 2.14 For any two vertices x,y in a graph G, there is an (x,y)—path in G if

and only if there is an (z,y)—walk in G.

PROOF. (=) By definition, any path is a walk. Therefore, if there is an (z,y)—path
in G, then there is an (z, y)—walk.

(<) Let W = zv;vs...v5y be an (2, y)—walk in G that is not a path. Suppose that
v; and v; are two vertices in W such that v; = v;, and suppose ¢ < j. By deleting the
sequence V;y1...v; from W we have a new sequence P = xv;...0;Uj41...v,y such that
each two consecutive vertices are adjacent. Repeat the same process for P until you
get a sequence () such that there are no repeated vertices in . Therefore, @) is an

(x,y)—path in G. O

Definition 2.15 If there is a path between any two vertices of a graph G, then
G is connected. A graph that is not connected is called disconnected. A connected
component C of a graph G is a maximal subgraph of G that is connected. The number
of connected components of a graph G is denoted by w(G). If there is a path P from
a vertex u to a vertex v in a graph G, then we say u is connected to v via path P.

Such a binary relation on the vertex set of a graph is called connection.

Connection is an equivalence relation on the vertex set V(G). So there is a parti-
tion of V(G) into the equivalence classes Vi, Vs, ..., V,. The connected components
of G are then precisely the induced subgraphs G[Vy], G[Va], ..., G[V,].

Definition 2.16 A closed walk W = vov;v5...0% such that vy = v and v, ..., Vk-1

are pairwise distinct is called a cycle. A graph that does not have any cycles is called
acyclic. The length of a cycle W = vg1vs...0;, 18 equal to k.
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Remark 2.17 It should be mentioned that paths and cycles in a graph G can be
viewed as subgraphs of G. We shall use each of these terms in both meanings, and
it should be clear from the context whether we mean a sequence of vertices or a

subgraph.

Definition 2.18 A free is a connected acyclic graph. A rooted tree is a tree with a

distinguished vertex called the root.

Definition 2.19 A forest is an acyclic graph.

The connected components of a forest are trees.
Lemma 2.20 [7] There is a unique path between any two vertices in a tree.

Proor. By contradiction. Let 7" be a tree and u and v be two vertices of T. By
definition, 7" is connected. Therefore, there is at least one (u,v)—path in T, say P.
Now suppose there is another path @ from u to v. Since P # @, there exists an edge
e = xy such that e is in P, but not in Q. Now P U Q — {e} is connected. So, it
contains a (z,y)—path R. But Ryzx is a cycle in 7". This contradicts with 7" being a

tree. Therefore, there is a unique path between any two vertices in T'. O

Definition 2.21 In a rooted tree, a vertex v that immediately precedes vertex w on
the unique path from the root to w is called the parent of w, and w is called the child
of v.

In a rooted tree a vertex w is called a descendant of a vertex v, and v is called an

ancestor of w, if v is on the path from the root to w.

Example 2.22 Figure 1 shows a disconnected graph G of 16 vertices and 17 edges.
G has two connected components. The sequence nlknmon is a closed walk in G
and kmon is a path of length 3. Component 2 has a cycle kmnlk of length 4, and

component 1 is a tree.

10
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i p
Component 1 Component 2

Figure 1

Definition 2.23 A complete graph K, is a graph on n vertices such that there is an

edge between every pair of vertices.

n

7) edges and each vertex is

From the above definition, we can conclude that K,, has (

of degree n — 1.
Definition 2.24 A cut-edge of a graph G is an edge e of G such that w(G) < w(G—e).

Definition 2.25 A cut-vertex of a graph G is a vertex v of G with the property that
E(G) can be partitioned into two nonempty subsets E; and E; such that v is the only
vertex G[E;| and G[E;] have in common.

Remark 2.26 If G is a (loopless) graph, then v is a cut-vertex of G if and only if
G — v has more connected components than G; that is, w(G — v) > w(G).

Let G be a connected (loopless) graph. Then v is a cut-vertex of G if and only if
G — v is disconnected.

Definition 2.27 A connected graph that has no cut-vertices is called a block. A

block of a graph G is a maximal subgraph of G that is a block.

A block H of a graph G has no vertices that are cut-vertices of H, but it may
contain vertices that are cut-vertices of G.

Clearly, complete graphs are blocks and have no cut-vertices. Every induced
subgraph of a complete graph is a block.

11
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Example 2.28 In Figure 2 vertex d is a cut-vertex of G, and edge cd is a cut-edge
of G. The subgraph H of G induced by the set of vertices {d, e, f, g} is a block of G.

Figure 2

Theorem 2.29 [21] Let B; and B; be two blocks of a graph G. Then B; and B,

have at most one vertex in common.

ProOF. By contradiction. Suppose that By and B, are two distinct blocks with two
vertices ¢ and y, z # y, in common. We will show that B, U B, is a block. Suppose
not. Then B; U By has a cut-vertex ¢. There are two cases:

Case 1: Suppose ¢ € {z,y}. Without loss of generality we assume that ¢ = z. We
show that (By U B;) — z is connected. Choose any two vertices v,w € (B; U By) — .
Since B; is a block, it has no cut-vertices. Therefore, By — z is connected. Similarly,
B, is a block, and so B, — z is connected. First assume that both vertices v and w
belong to the same block, say B,. Then, since B; — z is connected, it contains a path
between v and w. Now assume that v and w belong to different blocks, say v € By
and w € B;. Again, since By — x is connected, there is a path P between v and y in
By — zx. Similarly, B; — x is connected, and there is a path @ between vertex y and
vertex w in By — z. Therefore, PUQ is a (v, w)—walk in (B; U By) — . So, there is a
(v, w)—path in (B; U By) — 2. Therefore, vertex z = ¢ is not a cut-vertex of By U Bs.

Case 2: Without loss of generality suppose ¢ € By — {z,y}. Then we show that
(B1 U By) — ¢ is connected. As we mentioned before, B; — ¢ is connected, and from
the assumption we know that B, is a block, and hence it is connected. Therefore,
(Bi1UBy) — ¢ = (B; —¢)U B; is the union of two connected graphs with two vertices

in common, so it is connected. That means B; U B; does not have a cut-vertex.

12
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So, in both cases B; U B, has no cut-vertices, and hence it is a block. This
contradicts the maximality of blocks By and B,. Therefore, B; and B; have at most

one vertex in common. O

Definition 2.30 A clique of a graph G is a set of vertices C' C V(G) such that G[C]
is complete.
By the size of a clique we mean the number of its vertices. A maximum clique

of a graph G is a clique with maximum size. A clique C of a graph G is mazimal if
there is no clique D of G such that C C D and C # D.

Example 2.31 In Figure 3, C; = {e, f, ¢} is a clique of size 3 of G, and C; = {a, b, ¢}

is a maximal clique. C3 = {d,e, f,g,h} is a maximum clique of G.

N

A
A

b

=2

Figure 3

Definition 2.32 A graph G = (V,E) is called bipartite if we can partition its vertex
set V into two sets V; and V, such that every edge of G has one end in V; and the

other end in V,.

Example 2.33 Figure 4 shows a bipartite graph G with bipartition (Vy,V3) such
that Vi = {a,b,c} and V, = {d,e}.

a b c
d €
Figure 4
13
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Theorem 2.34 A graph G is bipartite if and only if it contains no cycles of odd
length.

PrOOF. (=) Suppose that G is bipartite with parts V; and V,. We will show that
every cycle of G has even length. Let C' = vgvy...u40 be a cycle of G and suppose
that vy € Vi. Since vovy is an edge and G is bipartite, v; € V,. Similarly, v, € V4,
and in general vy; € V; and vg41 € Vo, Since vy € Vi, we have v, € V5. Hence,
k = 2i + 1 for some 7 and therefore C is of even length.

(«=) Assume that G has no odd cycles; we will prove that it is bipartite, that is,
we can find a partition of the vertex set V into two parts V; and V; such that each
edge joins a vertex from V; to a vertex from V,. Without loss of generality, we may
assume that G is connected. If G is not connected, we use the following for each
connected component of G.

Let v be a fixed vertex of G, and for any vertex u let d(u) be the length of a
shortest path from v to u. Let V; be the set of the vertices u such that d(u) is
even, and V, be the set of vertices such that d(u) is odd. We claim that (V,Vs) is a
bipartition of G. Suppose not; that is, suppose u and w are two vertices from the same
part, say Vi, such that u ~ w. Let P be a shortest (v,u)—path and @ be a shortest
(v, w)—path. Let z be the last vertex that P and @ have in common. Since P and
Q are shortest (v,u)— and (v, w)—path, respectively, the (v, z)—sections of P and @
are shortest (v,x)—paths, and hence, they have the same length. Since u,w € Vy,
P and () have even lengths, and therefore the lengths of the (2, u)—section of P and
(z, w)—section of @ have the same parity. Now, if we start from 2 and go along the
(@, u)—section of P and then go through the edge uw and then go backward through
the (z,w)—section of Q, we will get a cycle of odd length. This is because the lengths
of (z,u)—section of P and (z,w)—section of @ have the same parity. Therefore, we
have an odd cycle, but this is a contradiction. The proof is similar for the case that
v and w lie in V,. So, no two vertices of the same part can be adjacent. Therefore,
(V1, V) is a bipartition of G. O

14
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2.2 Computer Science

There are many connections between graph theory and computer science. Algorithms
play a strong role in graph theory research. Since a major part of this thesis contains
various algorithms, we first mention the conventions that we will use for algorithms.

We give a short introduction to the notion of complexity and NP-completeness
for algorithms. This will give us a way to measure (or compute) the time it takes
for the algorithm to return the answer. It also gives us a tool to compare different
algorithms for the same parameter.

We will briefly introduce the two most frequently used data structures, stack and
queue. Both are restricted versions of the linear or ordered list data structure, so
they can be implemented using arrays or linked lists.

Many theoretical and applied problems in graph theory require traversing a graph
in a particular way. We will discuss two of the most famous graph traversals methods,
namely the Depth-First Search and the Breadth-First Search. These methods are

widely used in the future chapters for various algorithms.

2.2.1 Conventions for Algorithmns

Throughout this thesis, the algorithms are written in a pseudo code similar to pro-
gramming languages such as Pascal and C.

At the beginning of a section containing an algorithm, the algorithm’s name (if
there is one) and its purpose are described. Then the input and output of the algo-
rithm are mentioned. Whenever an algorithm is used (called) in another algorithm
later in the thesis, we will give a specific name to the first algorithm and put its
input(s) and output(s) in parentheses, separated by commas. Upon calling of the
first algorithm, the second algorithm provides the necessary input and receives the
output. This method is very similar to the usual calling of functions in C.

Each algorithm starts with "begin” and ends with "end.”. If anywhere during the
algorithm we use ”stop”, it means that one should terminate the algorithm.

Whenever we use the letter "M” as a value assigned to a variable, it means that
the variable is equal to infinity for that algorithm. It should be mentioned that in

15
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an implementation of such an algorithm, "M” can be substituted by a very large
number which would not occur for that specific variable throughout the algorithm,
and therefore, it would signify infinity.

By ”a = b” we mean assigning b to the variable a. A phrase such as "a = b”
returns true if a is equal to b and false otherwise.

Comments within algorithms are contained between two % signs.

2.2.2 Algorithmic Complexity

Definition 2.35 Let f and g be functions N — R. The function f is in the family
O(g(n)) ( Big-O of g(n)) if there is an integer ny and a positive real number ¢ such
that |f(n)] < clg(n)] for all n > ny.

Definition 2.36 An algorithm is of complexity O(f(n)) if its running time (as a
function on the input size n) is in O(f(n)) for some function f(n). If f(n) is a
polynomial, then the algorithm is called a polynomial-time algorithm.

Definition 2.37 [21] A decision problem is a problem that requires only a ”yes” or
"no” answer regarding whether some element of its domain has a particular property.
A decision problem belongs to the class P if there is a polynomial-time algorithm
to solve the problem.
A decision problem belongs to the class NP is there is a way to provide evidence
of correctness of a "yes” answer so that it can be confirmed by a polynomial-time

algorithm.

There is a large collection of problems (called NP-complete) for which no polynomial-
time algorithms have been found despite considerable effort over the last several
decades. It remains open whether there exist polynomial-time algorithms for these
problems. It turns out that if one can find a polynomial-time algorithm for any one of
these problems, then polynomial-time algorithms can be found for all of them. Here
we provide a brief introduction to this topic. A precise, detailed description of this

class of problems can be found in standard references.

16
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Definition 2.38 A decision problem R is polynomially reducible to a decision prob-
lem @ if there is a polynomial-time transformation of each instance I of problem R
to an instance Ig of problem @), such that instances /r and I have the same answer
(ves or no).

A decision problem is NP-hard if every problem in class NP is polynomially re-
ducible to it.

An NP-hard problem R is NP-complete if R is in class NP.

It can be shown that the class of NP-complete problems is non-empty.

2.2.3 Stack and Queue

A stack is a list of elements in which insertions and deletions are permitted only at
one end, called the fop. The other end is called the bottom. That means that it is
possible to remove elements from a stack only in reverse order from the insertion of
elements into the stack. Therefore, the structure of a stack is usually referred to as
Last-In-First-Out (LIFO). The operation for inserting or adding an element into the
stack is often called pushing. The operation for removing or deleting an element from
the stack is called popping.

A queue is a linear list in which additions and deletions take place at different
ends. The end at which we can insert a new element is called the rear, and the end at
which we can delete or remove an element is called the front. A queue data structure
is referred to as First-In-First-Out (FIFO). The operation for deleting an element

from a queue is sometimes referred to as dequeuing.

2.2.4 Graph Traversal Methods

In this section we discuss two famous methods for traversing a graph (that is, sys-
tematically visiting all vertices of a graph). First we discuss Depth-First Search. We
study two algorithms for performing a Depth-First Search on a graph. The first one
is a recursive algorithm and the second one is a non-recursive algorithm that uses a
stack. Breadth-First Search is the second graph traversal method that we will discuss.

An algorithm that performs a Breadth-First Search on a graph will be described.

17
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Depth-First Search

Assume that we are in an adventure maze and our goal is to visit all the chambers in
the maze systematically. Depth-First-Search, abbreviated DFS, is a powerful method
to achieve our goal. To perform a DFS we start at some chamber and then we go
along the passages to other chambers. If we reach a chamber that has not been visited
before, we leave a mark in that chamber to know that we have now visited it. When
we are at a chamber we continue our adventure along the passages to an unmarked
chamber, as long as this is possible. Once we get to a chamber C such that all of
its neighboring chambers are marked (they all have been visited before), we continue
the search from the chamber that was visited immediately before the first visit to C.
By proceeding in this manner we will eventually visit all of the chambers. We can
represent this maze by a graph G whose vertices are the chambers and the edges are
the passages between the chambers. So DFS is a technique to visit all vertices of the
graph G.

Method 2.39 Let G be a graph with V(G) = {v1,vs,...,u,}. In DFS the vertex
that is being currently visited is called the active vertex. Begin the DFS by choosing
a first vertex to visit, say vy. So vy is the active vertex and label it 1. Then select a
vertex adjacent to v; that has the smallest subscript (and has not been visited before)
and label it 2, and this vertex becomes our new active vertex. Add the edge vv;
to the set F. In general, suppose that we are currently visiting vertex v. The next
active vertex is the vertex with the smallest subscript that is adjacent to v and has
not been visited before. This vertex is our new active vertex; label it with the next
available label and the edge between v and the new active vertex will be added to
the set F. If all the neighbors of v have been visited, then we go back to the vertex
visited just before the first visit of v and this vertex becomes the new active vertex.
We repeat this procedure until there is no vertex in that component of G that has
not been visited. If G has other vertices that have not been visited (which means
that G is disconnected), then choose the first such vertex as the new active vertex
and repeat the above procedure starting from this vertex.

18
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Notation 2.40 The label assigned by DFS to a vertex v of the graph G is called the
depth-first search index and is denoted by dfi(v).

At the beginning dfi(v) = 0 for all v € V(G), but when the DFS algorithm
terminates, the depth-first search index for each vertex v gives us the order in which
v was visited for the first time while performing the DFS. The set F contains a subset
of E(G). We claim that the subgraph of G induced by F does not have any cycles.
Suppose not; so let u be the first vertex of a cycle C = uvvive..v,wu that we visit
during the DFS. Since C is a cycle, v and w are neighbours of u on the cycle C.
Assume that the DFS chooses to visit vertex v after u, and continue DFS to vy,
Va,...,Un, and w. When the DFS vigits w, since u has already been visited, the DFS
must go back through all the vertices v,,...,v;, and v. Therefore, it is impossible to
have a cycle C in the set F of the edges that the DFS visits. So the subgraph induced
by F is acyclic, and therefore, it is a forest. This forest is called a depth-first search
forest. If G is connected, then F' is a spanning tree, called a depth-first search tree.
Assume that F' is a DFS forest. Then each component of F' is a rooted tree such that
the root is the vertex v with the minimum dfi(v) in that component, i.e. the root
is the first vertex visited in that tree. Since F is a forest, the original graph G may

contain edges that are not edges of F.

Algorithm 2.41 : A Depth-First Search of a graph G, recursive method

Input: Graph G
Output: Values of dfi for all vertices of G
procedure DFS(v)
begin

dfi(v) ;=1

1=14+1

for all vertices v’ € N(v) do

if dfi(v’) = 0 then
DFS(v')

end

begin

19
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1:=1
for all v € V(G) do

dfi(v) :=0

while for some u, dfi(u) = 0 do
DFS(u)

output dfi(v) for all vertices v € V(G)

end.

We will show that the complexity of the DFS algorithm is O(max{n,m}). The
time spent by DFS(v) is proportional to deg(v), since the ”for” loop is executed for all
of the neighbors of v. Since }_, ¢y (q) deg(w) = 2e, the complexity of all calls of DFS
is O(m). Complexity for the initiation dfi(v) = 0 for all v € V(G) is O(n) and also
the ”while” loop is of O(n). The output line takes O(m), hence the total algorithm
has complexity O(max{n,m}).

Algorithm 2.41 uses a recursive method to implement a DFS. The next algorithm
is a non-recursive algorithm to perform Depth-First Search on a graph by using a

stack.

Algorithm 2.42 : A Depth-First Search of a graph G, stack method
Input: Graph G
Output: Values of dfi for all vertices of G

begin
for all vertices v € V(G) do
dfi(v) :=0
=0

create an empty stack S
for all r € V(G) do
if dfi(r) = 0 then
begin
push r to S
while S # ) do
begin
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pop a vertex from S and call it v
if dfi(v) = 0 then
begin
f=1+4+1
dfi(v) =1
for all vertices w € N(v) do
if dfi(w) = 0 then

push w on S
end
end
end
output dfi(v) for all vertices v € V(G)

end.

Definition 2.43 Let G be a graph and F be a DFS forest of G. Each edge of G that
is not an edge of F is called a back edge.

Clearly, each back edge is between two vertices in the same component of G, and
since F' is a spanning subgraph of G and each component of F' is a spanning tree of
a component of G, each back edge joins two vertices in a component of F, that is, in

a rooted tree.

Theorem 2.44 Let G be a connected graph and 7' be a DFS tree of G, and let
e = zy be a back edge such that dfi(z) < dfi(y). Then vertex z is an ancestor of

vertex y in the tree 7.

Proor. Consider the first time that the DFS visits vertex z. By the assumption,
the edge e is a back edge, this means that e never became a tree edge. Since dfi(z) <
dfi(y), y is visited after the first visit of z. In G we have z ~ y, but we know that
e = xy is not an edge of the DFS tree. This means that at the vertex x DFS chose
a neighbor of x other than y to get visited after x, and by continuing along a walk
through other vertices DFS eventually visited y. Since all the neighbours of each
vertex v get visited before the last visit of v, y is visited by the DFS before the last
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visit of 2. So y is in the subtree rooted at z. Therefore z in an ancestor of y and y

is a descendant of z. O

Breadth-First Search

When a graph is traversed by visiting all the adjacent vertices of a vertex first, the
traversal is called Breadth-First Search, abbreviated by BES. This method starts at
a vertex v and identifies all the vertices adjacent to it. After visiting all of the vertices
adjacent to u, the algorithm visits all vertices adjacent to the neighborhoods of u that
have not been visited before. This process continues until all vertices of the graph are
visited. Upon termination of the algorithm, each vertex v acquires a Breadth-First
Search Indez, denoted by bfi(v), which indicates the order in which the vertex v was

visited. Since vertex u is visited first, we have bfi(u) = 1.

Algorithm 2.45 : A Breadth-First Search of a graph G
Input: Graph G
Output: Values of bfi for all vertices of G

begin
for all vertices v € V(G) do
bfi(v) :=0
1:=0

initialize the empty queue @
while there is a vertex u such that bfi(u) = 0 do
begin
add u to @
while @ is not empty do
begin
dequeue a vertex from @ and call it w
if bfi(w) = 0 then
begin
t=1+4+1
bfi(w) := i
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for all vertices v € N(w) do
if bfi(v) = 0 then

add v to @
end
end
end
output bfi(v) for all vertices v € V(G)
end.

We will show that the complexity of the BFS algorithm is O(max{n,m}). The
first "for” is of O(n), since it runs on all vertices of the graph. The time spent by the
second ”for” is proportional to deg(v), since the "for” loop is executed for all of the
neighbors of v. The check on the neighborhood happens for all vertices in the graph,
and since 3, cv(q deg(w) = 2e, the complexity of this process is O(m). The output
line takes O(n), therefore, Algorithm 2.45 is of complexity O(maz{n,m}).

2.3 Statistics

In this section we will present the definitions and results from statistics that will be
used further in this thesis. Since the data that is used for this research comes from
laboratory experiments, the use of statistical methods and results for its analysis is
necessary. The data in StemBase comes from several samples of tissues, and therefore,

we first describe sample mean, sample variance, and sample standard deviation.

Definition 2.46 Suppose that z{, z,, ..., 2, are observations in a sample. The sample
mean, denoted by Z, is defined as

n
5= xi_m1+x2+...+mn
n n '

i=1

Definition 2.47 The sample variance, denoted by s2, is defined as

2 _ (x: —2)°
S =
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The sample standard deviation, denoted by s, is equal to the positive square root

of the sample variance, that is,

s = Vs

Definition 2.48 The set S of all possible outcomes of a statistical experiment is

called a sample space.

Definition 2.49 A random variable X is a function from the sample space to the
set of real numbers. We denote the range of X by Rng(X).

A discrete random variable is a random variable with a finite or countably infinite
range.

A continuous random variable is a random variable such that its range is not

finite or countably infinite; such a range can be an interval or a union of intervals.

Definition 2.50 [39] A function f from Rng(X) to [0, 1] is called a probability func-
tion or probability mass function or probability distribution of the discrete random
variable X if

1.f(z) > 0 for all z € Rng(X),

2.3, f(x)=1, and

3.f(z) = P(X = z), where P(X = z) is the probability that the random variable
X takes the value z.

Definition 2.51 [39] The function f(z) from Rng(X) to R is called a probability
density function for the continuous random variable X, if

1.f(z) > 0, for all x € Rng(X),

2. [T f(z)dz = 1, and

3.P(a<X <b)= [ f(z)dz.

Definition 2.52 The mean or expected value of a random variable X, denoted by u
or E(X), is defined as
p=EX)=> zf(x)

if X is discrete, and
+o0
u=E(X) =/ zf(z)dx

-
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if X is continuous.
The variance of X, denoted by o or V(X), is defined as

o* =V(X) = BX - = 3 (@~ uf(2)

if X is discrete, and
+oo
7 =V(X) = EX =P = [ - wPfa)ds
~00

if X is continuous.

The standard deviation of X is denoted by ¢ and it is equal to the square root of
the variance.

If we want to specify the mean, variance, or standard deviation of a random

variable X, then we will write px, 0%, and o, respectively.

The mean or expected value of a random variable is a way to describe where the
probability function is centered. However, it does not provide us with information
about the variability in the distribution. To have a better understanding about a dis-
tribution we can use variance. Variance is the most important measure of variability

of a random variable X.

Lemma 2.53 The variance o? of a random variable X is equal to
E(X?) — 2.

Proor. Assume X is a discrete random variable. Then

o? = B(X —p)? =) (- pf@) =) (¢* - 2uz + ) f(2)

€ €T

= S a o) -2 S af @)+ Y £(s).

Since by definition we have =3 _zf(z) and }__ f(z) = 1, we have
o’ =) 2’ f(z) - ¥ = BE(X?) - 2.
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In the case that X is a continuous random variable, the same proof is valid by
substituting " by [. 0

It is often useful to have a measurement for the relationship between two random
variables. In order to be able to define and compute such a relationship we define joint
probability distribution of two random variables, and expected value of a function of

two random variables.

Definition 2.54 [39] The function f from (Rng(X), Rng(Y")) to [0, 1] is called a joint
probability distribution of the discrete random variables X and Y if
1.f(z,y) = 0 for all (z,y) € (Rng(X), Rng(Y)),

2.2 2. fl@y)=1,and
3.f(z,y)=P(X =aY =y).

Definition 2.55 [39] The function f from (Rng(X),Rng(Y)) to R is called a joint
density function of the continuous random variables X and Y if

L.f(z,y) = 0 for all (z,y) € (Rng(X), Rng(Y")),

2. [ [T f(x,y)dady = 1, and

3.P((X,Y) e A) = [ [, f(z,y)dzdy, for any region A in the zy plane.

Definition 2.56 Let h be any function of two random variables X and Y defined on
a probability space with joint probability distribution f. The mean or expected value
of a function h of these two random variables is defined as
MX,Y)) = Z Z h(z,y) f(z,y)
2z€Rng(X) yéRng(Y)

if X and Y are discrete, and

oo +oco
E(h(X,Y)) = / / Wz, ) f (z, y)dedy

if X and Y are continuous.

Remark 2.57 [28] E(h(X,Y)) can be thought of as the weighted average of h(z,y)
for each point in the range of (X,Y"). The value of E(h(X,Y)) represents the average
value of h(X,Y’) that is expected in a long sequence of repeated trials of the random

experiment.
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Definition 2.58 The covariance between two random variables X and Y, denoted

as cov(X,Y) or oxy is defined to be
oxy = E((X — px)(Y — py)).

Remark 2.59 [28] Covariance is a measure of linear association between the random
variables. If the relationship between the random variables is nonlinear, then the
covariance might not be sensitive to the relationship, and therefore, in that case the

covariance is not a good measure of the relationship between the random variables.

Remark 2.60 [10] If large values of X tend to be observed with large values of
Y and small values of X with small values of ¥, then oxy will be positive. This
is because if X > ux, then Y > puy is likely to be true. Therefore, the product
(X — ux)(Y — uy) will be positive, and oxy = E((X — ux)(Y — py)) > 0. If large
values of X are observed with small values of Y and small values of X with large
values of Y, then oxy will be negative because when X > uy, Y will tend to he less
than py and vice versa. Therefore, (X — ux)(Y — uy) will tend to be negative, and
oxy = E((X — ux)(Y — puy)) < 0. This shows that the sign of covariance between
two random variables can give us some information about the relationship between

the two random variables.

One disadvantage of covariance is that the value of covariance does not indicate
anything regarding the strength of the relationship. Therefore, we introduce a com-

mon statistical parameter called correlation.

Definition 2.61 The correlation of two random variables X and Y, denoted by pxy,

is
cov(X,Y)  oxy

P = VY oxor

Since ox and oy are both positive, the denominator in the above definition is

always positive. Therefore, if the covariance between X and Y is positive, negative,

or zero, then the correlation of X and Y is positive, negative, or zero, respectively.
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Lemma 2.62 [10] For any two random variables X and Y the following hold.
l. -1<pxy <L
2. |pxy| = 1 if and only if there exist numbers a # 0 and b such that
P(Y =aX +b)=1.1f pxyy =1, then a > 0, and if pxy = —1, then a < 0.

By the above lemma, the correlation is always between -1 and 1. When the
correlation of two random variables is -1 or 1, the correlation shows a perfect linear
relationship between the two random variables (for more details look at [10}). In
general, the closer |px y| gets to 1, the stronger the linear relationship between X and
Y. However, it should be mentioned that if the correlation of two random variables
is zero, we can not deduce that there is no relationship between these two random
variables. The reason is that the correlation only measures the existence of a linear

relationship, and the two random variables might have a non-linear relationship.

Lemma 2.63 Let X, Y,Z be three random variables on the same sample space.

Assume |pxy| = |pyz| = 1. Then

sign(pxz) = sign(pxy )sign(pyz).

Proor. Since |pxy| = 1, by Lemma 2.62 we have Y = aX + b, for some a # 0
and b. Also, if pxy = 1, then a > 0, and if pxy = —1, then a < 0; that is,
sign(a) = sign(pxy). Similarly, since |pyz| = 1 we have Z = o’Y +V', where sign(a’) =
sign(pyz). Hence, Z = a'(aX +b) + b = a’aX +a'b+ V. Since a,a’,b and b’ are real
numbers, and a,a’ # 0, by the second statement of Lemma 2.62 we can conclude that
lpxz| = 1, and sign(pxz) = sign(a'a) = sign(a’)sign(a) = sign(pxy )sign(pyz). O

2.4 Molecular Biology

The expression of genes and the genetic information in a cell is a complicated process.
Here, we just mention the main parts of a gene and their function in basic terms.
Deozyribonucleic acid (DNA) is a nucleic acid that contains the genetic instruc-

tions for the development and functioning of living organisms. DNA carries the
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genetic information of a cell. DNA molecules are made up of a long, linear arrange-
ment of subunits known as nucleotides. Each nucleotide has three parts : a phosphate
group, a sugar, and a base that contains nitrogen. In DNA, the sugar is deoxyribose,
which gives its name to DNA. There are four types of nucleotides that differ only in
their base. These four types are adenine, thymine, guanine, and cytosine, represented
by A, T, G, and C. Each DNA is a double stranded molecule such that its two strands
are wound around each other to form a double helix. In DNA, the bases of one strand
are paired with the bases of the other strand. In this structure, A pairs with T, and
C with G, and they are locked in the interior of the double helix. Therefore, DNA
has a stable structure that suits for storing the valuable information of a cell [4].

The genome of an organism is its whole hereditary information and is usually
encoded in the DNA. The average mammal genome contains about 5 x 10° base pairs
of DNA [40].

A gene is a locatable region of genomic sequence, corresponding to a unit of
inheritance, which is associated with regulatory regions, transcribed regions and/or
other functional sequence regions [29]. Genes, made from long strands of DNA, are
units of information within the chromosome that can be inherited. Chromosomes are
structures made of DNA that bear the genes of a cell. Each gene is responsible for
an inherited property of an organism. Sometimes, two or more genes are involved in
a certain property of a higher organism such as height. Therefore, the interaction of
genes with each other forms the development and behavior of a cell.

DNA molecules in a cell carry the original genetic information, and thus, they are
protected within the nucleus. Nucleus is an internal part of a cell that contains the
genetic information. Only the cells of the higher organisms contain nucleus. Nucleus
containg the chromosomes. Nucleus is separated from the rest of the cell by nuclear
membrane. Whenever the genes need to communicate with the rest of the cell, a copy
of the DNA is made. This copy carries the information from the nucleus to the rest of
the cell. Ribonucleic acid, abbreviated by RNA, is another nucleic acid that can carry
genetic information. RNA is normally single stranded. When the genetic information
is carried from the genes to the rest of the cell, a particular type of RNA is used.
Messenger RNA (shortly mRNA) is a type of RNA that DNA uses as a messenger to
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send the genetic information. mRNA can be viewed as a working copy of a particular
sequence of DNA [40].

The process of transferring genetic information from DNA to mRNA is called
transcription. When a gene is active, the coding sequence is copied in the process of
transcription, producing an mRNA copy of the gene’s information. This mRNA can
then direct the synthesis of proteins in the cell via the genetic code. Proteins perform
cellular functions and define cellular identity.

During transcription certain parts of the genome are copied. There might be
several copies of any given section of the genome. Different parts of the genome are
transcribed to different extents, and this process is regulated in each cell. Therefore,
in different cells, or in the same cell at different times, different sets of genes might
be transcribed. For example, two cells of a human body that have the same genetic
information may transcribe different sets of genes, and therefore perform in different
ways, for instance, one cell might act as a neuron and the other may become a skin
cell [40]. Therefore, expressing different sets of genes is the cause of difference in
performance of various cells. Not all genes are expressed in all cells all the time.
Different cell types express different but overlapping subsets of genes. Usually for
any two different cell types about less than half of the genes are expressed in both of
them. A specific cell type can be defined by the expression of about 100-200 genes
that are expressed in a certain way that gives the cell its unique identity [4].

Transcriptional regulation is the mechanism that coordinates the expression of
DNA with the needs of various life processes such as development, gestation and
metabolism. A transcription factor is a protein that acts as a regulator of gene ex-
pression. Different transcription factors regulate expression of different sets of genes,
and thus, control the outcome of gene expression that distinguishes cells from each
other [32].

Hence, studying gene expression in different cells reveals information that helps
in better understanding of cellular functions and characteristics.

Microarray technology is a powerful technique that can be used for measuring
gene expression levels for cells in different tissues of different organisms. Loosely

speaking, expression microarrays measure the relative mRNA level over populations
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of cells in multiple samples. The main assumption of gene expression microarrays is
that the level of a given mRNA in a cell is positively correlated with gene expression
levels [44]. DNA microarrays simultaneously measure gene expression and mRNA
levels from genes [31].

A gene expression profile is the result of DNA microarray analyses, which give
the breakdown of the switching on and off of certain genes. It answers the question
of what genes are expressed in a particular cell type of an organism, at a particular
time, under particular conditions. For instance, we can have a comparison of gene
expression between normal and diseased (e.g., cancerous) cells.

According to [22], gene expression profiles specific for disease subgroups is the
most important application of microarray analysis in medical science. One possible
example of this application is using the results of microarray analysis for gene expres-
sion profiles to predict responses to specific treatments for different patients. Also,
gene expression profiling helps in building gene models that can be used in finding
treatment strategies for different diseases.

One reason that the expression levels of two genes might be highly correlated is
that they are both regulated by the same transcription factors. Therefore, if we want
to understand how various cells differ in transcriptional regulation, one approach
would be to study their gene expression levels [17].
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Chapter 3

Connectedness

One of the main questions about a graph is whether a given graph G is connected
or not, and if it is not connected, finding the connected components of G is of interest.
Answering these questions would give us a first impression of the structure of the
graph, which can then be used for further study. The algorithms that are described
in this chapter are used to determine whether a graph is connected or not.

If we have the adjacency matrix A of a graph, we can answer the question of
connectivity by trying different permutations of rows and the corresponding columns
of A, and then checking to see if the matrix obtained by simultaneously permuting
the rows and columns of A is in a block-diagonal form. Clearly, this is not an efficient
way, since it may involve n! permutations where n is the number of vertices of the
graph. Algorithm 3.1 below answers the question of connectivity in a more efficient
way. This algorithm uses Depth-First Search method described in 2.2.4 in order to
find the connected components of a graph. The second algorithm in this chapter,

Algorithm 3.2, uses Breadth-First Search as a way to find the connected components.

Algorithm 3.1 [21]: To find the connected components of a graph G by using DFS.
Input: Graph G
Output: An array called component such that the value of component[v] is the

same for all vertices v in one component.
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begin
1:=0
for all vertices v € V(G) do
visited[v]:=false
create an empty stack S
for all vertices r € V(G) do
if visited[v]=false then
begin
push r to S
i:=17+1
while S # 0 do
begin
pop a vertex from S and call it v
if visited[v]=false then
begin
visited[v]:=true
component[v] := 1
for all vertices w € N(v) do
if visited[w]=false then
push w on S
end
end
end
output component|v] for all vertices v of G
end.

As we mentioned before, the above algorithm uses the Depth-First Search (DFS)
method to find the connected components. Therefore, its complexity is equal to
O(maz{n,m}).

Breadth-First Search can also be used for finding the connected components of a
graph. The next algorithm finds the connected components of a given graph by using
Breadth-First Search.
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Algorithm 3.2 :7o find the connected components of a graph G by using BFS.
Input: Graph G
Output: An array called component such that the value of component[v] is the
same for all vertices v in one component.
begin
create an empty queue ¢
i:=1
for all vertices v € V(G) do
visited[v]:=false
for all vertices v € V(G) do
if visited[v]=false then
begin
visited[v]:=true
component([v] 1=
add v to Q
while @) is non-empty do
begin
dequeue first vertex from @ and call it y
for all vertices w € N(y) do
if visited[w]=false then
begin
visited [w]:=true

component|w):=i

add w to @
end
end
1 =1+1
end

output component(v] for all vertices v of G
end.
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Since Algorithm 3.2 is BFS with the addition of detecting the connected compo-
nents, the complexity of it is same as the complexity of BFS; that is O(max{n,m}).

Once we determine the connected components of a graph we can continue with
other algorithms that find out different parameters in a graph such as distance, eccen-
tricity, radius, diameter, blocks, cut-vertices, etcetera. Chapters 4-7 discuss various
algorithms for determining these parameters. In these chapters we assume that all
the graphs we are dealing with are connected (unless we mention that the graph is
disconnected). Clearly, if we have a disconnected graph, then the algorithms dis-
cussed in the following chapters can be applied to each connected component of the

graph.
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Chapter 4

Bipartiteness

Bipartite graphs have a special structure that is of interest in many applica-
tions. Also, many computationally hard problems are polynomial for bipartite graphs.
Therefore, one of the primary questions about a graph is whether a given graph is
bipartite. In this chapter we will discuss an algorithm that, for a given graph G,
determines whether it is bipartite.

One might think of an algorithm to test for bipartiteness which follows the de-
finition of a bipartite graph. That is, an algorithm that constructs every possible
partition of the vertex set V into parts V; and V,, and tests whether or not the
graph is bipartite relative to this partitioning. Such an algorithm would have to test
an exponential number of partitions, which makes it inefficient.

Similarly, despite of its mathematical appeal, the statement of Theorem 2.34 does
not provide an efficient way to test whether a graph is bipartite. An algorithm based
on Theorem 2.34 that checks whether every cycle has even length would be very
inefficient. This is because of the large number of cycles that have to be tested,
since the number of cycles is typically exponential in the number of vertices in a
graph. However, the proof of Theorem 2.34 is the basis of an efficient algorithm for
determining whether a graph is bipartite or not.

We now describe an efficient algorithm to determine whether a graph is bipartite.

The idea is to start from an arbitrary vertex v and put it into part V,, then proceed
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to the neighbors of v and assign them to part Vs, and so on. Obviously, the graph
is not bipartite if and only if some vertex is forced into both parts. So the algorithm
traverses the vertices of the graph and labels each vertex by 0,1, or 2 according to
whether it is still unvisited, belongs to part 1, or part 2. If there is an edge between
two vertices of the same part, then the graph is not bipartite and the algorithm stops.
The algorithm takes O(n + m) time. Assuming G is connected, O(n + m) simplifies
to O(m). Note that for a given bipartite graph G, we can assign two colors black and
white to the vertices of G according to the part they belong to. That is, all vertices
in the same part should have the same color and each edge would have one of its ends
of color white and the other end of color black.

Algorithm 4.1 : To determine whether a graph is bipartite.
Input: Graph G
Output: ”Yes” if G is bipartite, "no” if it is not.
begin
choose an arbitrary vertex s
for each vertex u € V(G) — s do
part[u]:=0
part[s]:=1
initialize queue @) as empty
add s to the queue @
while @ is not empty do
begin
dequeue the first vertex from @ and call it u
for each vertex v € N(u) do
begin
if part[u]=part[v] then
Output ” The graph is not bipartite” and stop.
else
if part[v]|=0 then
begin
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part[v] :=3 - part[u]
add v to the queue @
end
end
end
Output "The graph is bipartite”.

end.

We should mention here that Algorithm 4.1 is essentially Breadth-First Search on
the graph with the addition of the necessary commands to partition the graph into
two parts, if possible.
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Chapter 5
Distance

This chapter studies the concept of distance in graphs. Distance plays an important
role in some of the graph theory problems that have extensive real world applications.
Finding a shortest path between two vertices, or finding the center, radius, and di-
ameter of a graph are examples of problems that deal with distance. First, we study
the notion of distance in graphs without weights. We present an algorithm that finds
the distance between all pairs of vertices of a graph, and prove its correctness. In the
second section of this chapter, we give the definition of distance in weighted graphs
and we discuss the famous Dijkstra Algorithm that finds distance in weighted graphs.
The next part of this chapter is dedicated to introducing the following parameters:
eccentricity, radius, diameter, center, and median. After defining these parameters
for a graph without weights, we will discuss algorithms that can be used to find these
parameters. Finally, we define distance of a vertex from a subgraph and eccentricity
of a subgraph, and we present algorithms to compute these parameters. Throughout

this chapter, we assume G is a connected graph.

5.1 Distance in Graphs without Weights

Definition 5.1 Let G be a graph, and u and v two vertices of G. The distance
between v and v, denoted by dist(x,v), is the length of a shortest (u,v)-path in G.

It is easy to see (Theorem 5.2) that distance is metric.
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Theorem 5.2 Let G be a graph. Then we have the following:

(i) For all vertices u,v € V(G) we have dist(u,v) > 0, and dist(u,v) = 0 if and
only if u = v.

(ii) For all vertices u,v € V(G) we have dist(u,v) = dist(v, u).

(iii) (Triangle Inequality) For any three vertices u,v,w € V(G) we have
dist(u, v) + dist(v, w) > dist(u, w).

Proor. (i) By definition, the length of a path is a non-negative number. So for any
two vertices u, v we have dist(u,v) > 0. The length of a (u,v)—path is zero if and
only if it has no edges, that is, if and only if u = v.

(ii) Any (u,v)—path gives rise to a (v,u)—path of the same length in a natural
way, that is, by reversing the order of vertices in it.

(iii) Let P = uwvy...v4v be a shortest (u,v)-path and Q = vwws...w,w be a
shortest (v, w)-path. Then wvyvy...vpvwW We.. wrw is a (u,w)-walk in G. Since the
length of any shortest (u,w)-path in G is less than or equal to the length of any
(u, w)-walk, we have dist(u, v) + dist(v, w) > dist(u, w). O

One of the parameters that we are interested in is the distance of each vertex from
a distinguished vertex. The following algorithm calculates the distance of all of the
vertices of G from a fixed vertex w. In this algorithm M is a number greater than
the maximum distance between any two vertices in the graph. For computational
purposes we can choose M to be |[V(G)| (recall that G is assumed to be connected).
The array [ contains the distance from u for each vertex v. Initially, we let [(v) = M
for all v € V(G) — {u}. We start from u, and all of the vertices that are adjacent to
u (except u itself) will be of distance one from u, so for these vertices in the array we
have [(v) = 1. Then all the vertices that are adjacent to these vertices and I(v) = M
for them (they have not previously been visited) will be of distance two, and so on.

This process continues until all vertices of G are visited.

Algorithm 5.3 : 7o find dist(u, v) for a fized vertex u in a connected graph G and
every vertex v of G
Input: Graph G and vertex u
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Output: Array [ of distances of vertices of G from the vertex u
Distance(u,l)
begin
for all vertices v of G do
l(v):=M
l{u) :=0
add u to queue @
while @ is non-empty do
begin
delete a vertex z from )
for every vertex y € N(z) do
if [(y) = M then

begin
l(y) = 1l(z)+1
add y to @
end

end
output (v,l(v)) for all vertices v of G

end.
Remark 5.4 Algorithm 5.3 is in fact a Breadth-First Search in the graph.

When Algorithm 5.3 terminates, I(v) is the distance of a vertex v from the vertex u.
The first "for” requires O(n) basic operations. Within the ”while” loop, the algorithm
checks all neighbors of each vertex v, therefore, the loop takes time proportional to
> vev(c) deg(v), which is of the order O(m). The output line is of the order O(n).
Hence Algorithm 5.3 has complexity of O(max{n,m}). Since G is connected, this
simplifies to O(m).

It can be seen immediately that Algorithm 5.3 calculates an upper bound for the
distance between vertex u and any other vertex v. Thig is clear from Theorem 5.2
part(iii), the triangle inequality. We need to show that the distances that we get from
executing Algorithm 5.3 are in fact distances in the graph G.
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Lemma 5.5 If 2 and y are any two vertices in G such that z is (added and) deleted

from the queue @ before y, then {(x) < [(y).

PrROOF. By strong induction. Let vi,vs,...,v, be the order in which the vertices
were added to and therefore deleted from Q. It suffices to prove that I(v;) > I(v;)
for all j < 4, for ¢ = 2,...,n. For the basis of the induction let ¢ = 2. So, there are
two vertices v; and 14 in the queue such that v; is the first vertex that was added
to the queue and v, is added after v;. Therefore, v; is adjacent to vy, and we have
l(ve) = l(v1) + 1 > I(vy).

Now assume that for some ¢ € {2,...,n}, the statement is true for all vertices
V1, Vg, ..., Us; that is, {(v;) > I(v;) for all j < ¢. It suffices to show [(viy1) > I(v;). From
the algorithm we know that v; was added as a neighbour of a vertex, say v, and
vi+1 was added as a neighbour of a vertex, say vy (possibly k£ = k', but necessarily
k <k <1). So we have l(v;) = l(vg) + 1 and l(vi41) = l(vr) + 1. By induction
hypothesis, since £ < k' < 4, we have l(ve) < l(vw). Therefore, l(v;) < l(viy1).
Hence, by the principle of induction, {(v;) > (v;) for all vertices v; and v; such that

J <1 < n; that is, for all vertices v; and v; such that v; is deleted before v;. O

Theorem 5.6 When Algorithm 5.3 terminates, the values of {(v) for vertices v €
V(G) are equal to dist(u,v) in the graph G.

Proor. By contradiction. Assume that vertex w € V(G) is the closest vertex to u
such that [{(w) > dist(u,w). So for all vertices that appear before w on a shortest
path from u, the value of [ is in fact their distance from u. Let v be the last vertex
before w on a shortest (u,w)-path. Therefore we have dist(u,w) = dist(u,v) + 1.
Since v appears before w on a shortest path, we have I(v) = dist(u,v). Let y be the

vertex that was responsible for adding w to the @, so l[(w) = I(y) + 1. Now we have
y) + 1 =l(w) > dist(u, w) = dist(u,v) + 1 =1(v) + 1

Therefore, we have I(y) > [(v). So, according to Lemma 5.5, vertex v must have been
added to the queue @ before vertex y. Thus, w should have been added to @ as a
neighbour of v rather than y. This is a contradiction. Therefore, since [(w) can not

be less than dist(u, w), we conclude that l[(w) = dist(u, w). O

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.2 Distance in Weighted Graphs

For a connected weighted graph G with weight function w : E(G) — R and v, vk €
V(G) let P = vgvy...ux be a (vy, ug)-path. By the length of P in the weighted graph G
we mean w(P) = Y. w(v;_1v;). Therefore, a shortest (vy, vg)-path is a (vo, vx)—path
P such that w(P) is minimum. By the distance from a vertex u to a vertex v in a
weighted graph G, dist(u, v), we mean the length of a shortest (u,v)-path in G.

Let G be a weighted graph and H be the graph obtained from G by removing the
edge weights. Then dist(u,v) in G can be different from the dist(u,v) in H because
a shortest (u,v)-path in G need not be a shortest (u,v)-path in H (and vice-versa).

If in a graph G the weights are all equal to 1, then the distance between a vertex
u and any other vertex in G can be found by the same algorithm that finds the
distance in graphs without weights (See Algorithm 5.3). But, if the weights are
different from 1, then we can not use Algorithm 5.3 to find distance in weighted
graphs. A famous algorithm that finds distance (length of a shortest path) in a
weighted graph is due to Edsger Dijkstra. The Dijkstra algorithm assumes that all
edge weights are nonnegative. Dijkstra’s algorithm finds the length of a shortest path
from a given vertex u to every other vertex in a weighted connected graph. If the
graph has negative weights, then we can use another algorithm which is known as
Floyd-Warshall’s algorithm.

5.2.1 Dijkstra’s Algorithm

Dijkstra’s algorithm was first published in 1959. During the algorithm, each vertex
v has an associated label L(v), which is an upper bound for dist(u,v). We take the
convention that w(uv) = M if u # v. Initially L(u) = 0 and L(v) = M for all vertices
v # u. When Dijkstra’s algorithm terminates, the value of the label L(v) for each
vertex v is dist(u,v). At each step the algorithm constructs a set 7 C V(G) such
that a shortest path from u to each vertex v € T passes only through vertices in 7.
That means that at every stage for vertices v in the set T we have L(v) = dist(u,v).
Among all the vertices that are not in 7', the algorithm finds a vertex v’ that has the
minimum label, that is, for all the vertices not in 7', we have L(v') < L(v). Then, for
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all vertices v not in 7', if L(v') + w(v'v) is less than L(v), the algorithm substitutes
L(v) by L(v) + w(v'v). The algorithm terminates when the set 7" contains all of the

vertices of G.

Algorithm 5.7 Dijkstra’s Algorithm : To find the length of a shortest path from
vertex u to every other vertez.
Input: Connected weighted graph G with non-negative weights, and vertex u
Output: Array L containing the length of a shortest path from u to all other
vertices of G
begin
for all vertices v # u do
L(v) = w(uv)
L{u):=0
T = {u}
while T' # V(G) do
begin
find a vertex v’ ¢ T such that for all v € T we have L(v') < L(v)
T:=TU{v}
forallv ¢ T do
if (L(v") +w(v'v)) < L(v) then L(v) := L(v) + w(v'v)
end
output L(v) for all v € V(G)
end.

Since the Dijkstra algorithm is more complicated than the other algorithms that
we discussed before, we will show its correctness. To help with the proof, we introduce
the notion of a Dijkstra tree, constructed as follows.

Let S be an empty set. Starting at the vertex u, at each iteration of Dijkstra’s
algorithm, we add an edge to the set S that is not already in S. The way we
choose this edge is by Dijkstra algorithm. Note that at each step, for all v & T,
L(v) = min{L(y) + w(yv) : y € T}. Therefore, at each iteration, an edge e = zv’ is
added to the set S such that L(v') = min{L(v) : v ¢ T} and L(v") = L(z) + w(xv’)
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for x € T. Note that one end of e is already an end on an edge in S, and the other
end of e is as close as possible to y. Hence, the set S induces a subgraph that is a

tree. Such a tree is called a Dijkstra tree.

Theorem 5.8 Let G be a connected graph and 7} be the Dijkstra tree after the j-th
iteration of Dijkstra’s algorithm for j = 0,1,...,|V(G)| — 1. Then for each vertex v in
T;, the unique (u, v)-path in 7T} is a shortest (u,v)-path in G.

ProOOF. By induction. Clearly, the statement is true for Tp, the tree containing just
vertex u. Assume that for some j, 0 < j < |V(G)| — 1, the theorem is true. We need
to show that Tj,, satisfies the property. Assume that v' ¢ V(T}) such that for all
vertices s not in 7; we have L(v') < L(s). Therefore, Dijkstra’s algorithm selects the
vertex v’ to be added to Tj. Let = € V(T}) be such that the edge e = zv' is added in
the 7+ 1 iteration to T; to form 7;.;. Let @ be the (u,v')-path in T}, that is formed
by adding the edge 21’ to the unique (u, z)-path in T}. Notice that I(Q) = L(v').

Since v’ is the only new vertex in 7,4, it is enough to show that the (u,v’)-path
Q in Tj4q is a shortest (u,v')-path in G.

Let R be any (u,v')-path in G. We will show that [(R) > [(Q).

Let v be the first vertex in R such that v has a neighbor z on R that is not a
vertex of Tj, and let f = vz. Let K be the portion of R from z to v'. Note that
within Algorithm 5.7 at each step, for all vertices p not in the current tree, we have
L(p) = min{L(q) + w(pq) : q is in the current tree}. Hence L(v) + w(vz) > L(z).
Dijkstra’s algorithm selected the edge e to be added in the j + 1 iteration; therefore,
L(z) > L(v"). Hence, L(z) + w(zv') = L(v') < L(z) < L(v) + w(vz). Therefore,

I(R) = L(v) + w(vz) + I(K) > L(z) + w(zv') + I(K).

Since the weights are non-negative, we have

I(R) > L(z) + w(zv') = 1(Q).

Therefore, the unique (u,v’)-path @ in T}, is a shortest (u,v’)-path in G. The

theorem follows by induction. O
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In order to determine the complexity of the Dijkstra algorithm, note that the
computations that take place within the "while” loop, totalled over all iterations,
need n(n — 1)/2 additions and n(n — 1) comparisons. The decision for determining
whether a vertex belongs to T or not, can be done in O(n?). Therefore, the algorithm
is of order O(n?).

If we need to find the distance between every pair of vertices in a weighted graph,
we can run Dijkstra’s algorithm for all vertices of the graph, instead of just one vertex
u. Therefore, the complexity increases by a factor of n to O(n®).

5.2.2 Floyd-Warshall’s Algorithm

This algorithm was introduced independently by R.W.Floyd and S.Warshall in 1962.
The algorithm finds the distance between all pairs of vertices in a weighted graph.
Initially, for each pair of adjacent vertices v; and v;, the distance is the weight of the
edge v;v;, and for all other pairs of vertices, the distance is set as infinity. At each
iteration k, the algorithm finds the shortest distance from v; to v; via the vertices
vy, Vs, ..., Uy. Therefore, at the termination of the algorithm, the distance between

every pair of vertices has been found.

Algorithm 5.9 [19] Floyd Warshall’s Algorithm : To find the length of a shortest
path between every two pair of vertices in a graph.
Input: Connected weighted graph G
Output: dist(¢,j) for all vertices ,j of G
begin
fori:=1tondo
d(i,i) ;=0
fori:=1tondo
for j:==1tondo
if v; ~ v; then
(i, §) = wlva;)
else
d(i,§) = M
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for k:=1tondo
for i:=1tondo
for j:=1ton do
d(i, §) := min{d(, ), d(i, k) + d(k, ) }
output d(i, 5) for all v;,v; € V(G)

end.

The Floyd-Warshall algorithm has complexity of O(n®). This is because of the
three nested loops, each of complexity O(n).

5.3 Eccentricity, Radius, Diameter, Center and Me-
dian for Graphs without Weights

The goal of this section is to study important graph parameters that are related to
distance. We define the parameters that we are interested in, and for each one of
them we give a polynomial algorithm to compute it.

An important parameter in our research is eccentricity. Eccentricity of each vertex
v in a graph gives us the distance from v to the farthest vertex from v in the graph.

Definition 5.10 Define eccentricity of a vertex v of a graph G to be
ecc(v) = max{dist(v,u) : u € V(G)}.

Once we apply Algorithm 5.3, we can find the eccentricity ecc(u) of a vertex u by the

following algorithm.

Algorithm 5.11 : To find eccentricity of a single vertex of a graph
Input: Graph G and vertex u € V(G)
Output: Eccentricity e of a vertex u
Eccentricity (u, )
begin
=0
Distance(u, )
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for all vertices v of G do
if I[(v) > e then
e = [(v)
output e

end.

Since Algorithm 5.3 has complexity of O(max{n, m}), Algorithm 5.11 is of O(max{n, m})
too. Since we are assuming G is connected, Algorithm 5.11 has complexity O(m).

Diameter and radius of a graph are the next parameters we are interested in.

Radius equals to the eccentricity of a vertex v such that the maximum distance
from v to other vertices in the graph is minimum. Therefore, radius is the minimum
of the eccentricities of all vertices in a graph. Diameter is the largest distance that
occurs in a graph. If a graph is disconnected, then radius and diameter are equal to

infinity.

Definition 5.12 The diameter of a graph G, denoted by diam(G), is the maximum

distance between two vertices of G.
Definition 5.13 The radius of the graph G, denoted by rad(G), is defined as
rad(G) = min{ecc(v) : v € V(G)}.

The following algorithm finds the diameter and radius of a graph G by using the
distance and eccentricity algorithms.

Algorithm 5.14 :T0 find the diameter and radius of a graph G.

Input: Graph G

Output: Radius and diameter of G

% lis the array of distances, ecc is the array of eccentricities, and n is the number
of vertices of G. %

Rad-Diam(rad,diam)

begin

fori:=1tondo
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ecc(i) =0
for i :=1ton do
begin
Eccentricity(v;, e)
ecc(i) ==e
end
rad:=M
diam:= 0
for i :=1tondo
begin
if ecc(v;) < rad then
rad:=ecc(v;)
if ecc(v;) > diam then
diam:=ecc(v;)
end
output(rad,diam)
end.

In order to determine the complexity of Algorithm 5.14 we notice that the Algo-
rithm needs to compute eccentricity of all vertices of the graph. Therefore, it takes
time proportional to n - O(max{n,m}). For a connected graph the complexity would

simplify to O(n - m).
Another concept related to the ones above is the center of a graph.

Definition 5.15 The center of a graph G, denoted by C(G), is the subgraph induced
by those vertices of G whose eccentricity equals the radius of G.

That means a vertex is in the center of G if its greatest distance from any other
vertex is as small as possible. The center of a graph is an important parameter in
many applications. For example, in problems that deal with facility locations, a graph
can be used as a model; vertices would then represent different locations and edges
the roads between the locations. Then, the center of the graph contains the ideal
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locations for emergency facilities such as a police station or fire station. Here, the
eccentricity of a vertex v represents the response time from v to a vertex farthest
from v. Clearly, the goal for an emergency facility is to minimize the response time.
Therefore, the vertices in the center of a graph would give us a good set of candidates

for emergency facilities [9].

Algorithm 5.16 : To find the center of a graph G by using Algorithms 5.11 and
5.14
Input: Graph G
Output: Vertex set of the center of G
Center(ecc, radius, center)
begin
for i :=1ton do
Eccentricity(v;, e)
ece(v;) ==e
end
Rad-Diam(rad,diam)
initialize the set C' as empty
for i :=1ton do
if ecc(v;) = rad then
add v; to the set C
output the set C

end.

Since Algorithm 5.14 is of O(n-m), the complexity of the above algorithm is equal
to O(n - m), too.

Definition 5.17 A graph G is called self-centered if every vertex of G is in the center.

From the above definition it is clear that for a self-centered graph, the radius is

equal to the diameter. All complete graphs are self-centered.
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Algorithm 5.18 : To determine if a graph G is self-centered by using Algorithm 5.14

Input: Graph G
Output: True if and only if G is self-centered, false otherwise
Self-Center(self-centered)
begin

self-centered:=false

Rad-Diam(rad,diam)

if rad=diam then

self-centered:=true
output(self-centered)

end.

Since it takes O(n-m) to compute radius and diameter of a graph, the complexity
of the above algorithm is equal to O(n - m), too.

Median is another parameter that we are interested in.

Definition 5.19 The total distance of a vertex v in a graph G is the sum of the
distances from v to each vertex of G.

Definition 5.20 The median M(G) of a graph G is the set of vertices of G with

minimum total distance.
The following algorithm computes the median of a graph.

Algorithm 5.21 : 7o find the median of a connected graph G by using Algorithm 5.3
Input: Connected graph G
Output: Median of G
Median(M)
begin
initialize the set M as empty
for all vertices v in V(G) do

begin
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Distance(u, )
total-distance(u) := 0
for all vertices v € V(G) do
total-distance(u) := total-distance(u) + [(v)
end
min-distance:= (n — 1)2
for all vertices v € V(G) do
if total-distance(v)< min-distance then
min-distance:= total-distance(v)
for all vertices v € V(G) do
if total-distance(v)= min-distance then
add v to set M
output the set M

end.

Example 5.22 Figure 5 shows a graph G with vertices a, b, ¢, d, e, f, g. For this graph
we have the following. ecc(a) = ecc(b) = ecc(g) = 4, ecc(c) = ecc(e) = ece(f) = 3,
and ecc(d) = 2. Therefore, the radius of G is 2 and the diameter is 4. The subgraph
induced by the vertex d is the center of G, and the median of G is {d}.

a €

Figure 5

5.4 Distance and Eccentricity for a Subgraph

In the previous sections, we have defined distance between a pair of vertices and
eccentricity of a single vertex in a graph. Similarly, distance of a vertex from a

subgraph and eccentricity of a subgraph can be defined.

=4

H2
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Definition 5.23 Let G be a graph and H a subgraph of G. For any vertex v € V(G),
the distance from v to H, denoted by dist(v, H), is the minimum distance from v to a
vertex in H.
The eccentricity of H, denoted by ecc(H), is the distance to H from a vertex
farthest from H, so
ecc(H) = max {dist(v, H)|v € V(G)}.

In order to compute dist(v, H) for a subgraph H C G and a vertex v € V(G), we
use Algorithm 5.3 to find the distance between the vertex v and every vertex in H.

The next algorithm calculates dist(v, H) for a subgraph H C G.

Algorithm 5.24 : To find dist{v, H) for a fized vertex v in a connected graph G and
a subgraph H C G
Input: Graphs G and H and vertex v
Output: dist(v, H)
Distance-from-subgraph(v, min)
begin
Distance(v, () for the graph G
min =M
for every vertex u € V(H) do
if I(u) < min then
min = l(u)
Qutput min

end.

Since Algorithm 5.24 uses Algorithm 5.3, its complexity is equal to O(m).
The next algorithm finds the eccentricity of a subgraph H of G.

Algorithm 5.25 : To find ecc(H) for a connected subgraph H of G
Input: Graphs G and H
Output: ecc(H)
Eccentricity-subgraph(ecc)

begin
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for all vertices v of G do
Distance-from-subgraph (v, H)
ecc:=10
for all vertices v of G do
if dist(v, H) > ecc then
ecc := dist(v, H)
Qutput ecc

end.

Algorithm 5.25 calls Algorithm 5.24 for all vertices of the graph, therefore, the
complexity of Algorithm 5.25 is O(n - m).
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Chapter 6

Blocks and Cut-Vertices

This chapter studies a method for finding cut-vertices and blocks in a connected
graph. If our graph is not connected, then we can apply the algorithms described in
this chapter to each connected component in order to find the blocks and cut-vertices.

The first section of this chapter is about finding cut-vertices in a graph. We
discuss some important theorems that can help us characterize cut-vertices. Finding
cut-vertices of a graph is in close connection with finding blocks of that graph. In the
second section of this chapter we describe a method that finds both cut-vertices and
blocks of a graph by using theorems and results from the first section. An algorithm
for finding blocks and cut-vertices of a graph is described.

6.1 Cut-Vertices

In order to find blocks in a graph, we need to first determine the cut-vertices. There
are two major results that characterize cut-vertices in a graph. Clearly, if a vertex is
a cut-vertex of a graph, then it is a cut-vertex of some component of the graph and

vice-versa. Hence, we can focus on finding cut-vertices in a connected graph.

Lemma 6.1 [21] A vertex v in a loopless connected graph is a cut-vertex if and only
if there exist two distinct vertices v and w, both different from v, such that every

(u, w)-path contains v.

o
[o53
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PROOF. (=) Let v be a cut-vertex of G. Then by Remark 2.26, G —v is disconnected,
and therefore, there are vertices v and w in different components of G —v. So v must
be on every path from u to w in G.

(<) If v and w are two distinet vertices of G such that every (u,w)-path in G
contains v, then in the graph G — v there is no path between u and w. Therefore, u
and w are in two different components of G — v, and G — v is disconnected. So v is

a cut-vertex of G. O

Theorem 6.2 [21] Let 7" be a DFS tree of a connected graph G with |V(G)| > 1,
and let r be the root of T. Then r is a cut-vertex of G if and only if » has more than
one child in 7T'.

PRrROOF. (=) Assume 7 is a cut-vertex of G and suppose that  has just one child v
in T. Then all other vertices are descendants of v. So the subtree rooted at v is a
spanning tree of G —r, and G —r is connected. This contradicts the assumption that
r is a cut-vertex of G (see Remark 2.26). Hence r must have more than one child in
T.

(<) Assume that the root r has two children z and y. We want to show that r is
a cut-vertex of G. We will show that every (z,y)-path contains r. Since 2 and y are
both children of r, neither z nor y is an ancestor of the other. Also, no descendant of
z is an ancestor or descendant of any descendant of y in 7. Then by Theorem 2.44
there is no back edge joining a vertex in the subtree rooted at x to any vertex in the
subtree rooted at y. Therefore, every (z,y)-path in G must go through r. Hence by

Lemma 6.1, r is a cut vertex of G. O
The next theorem categorizes cut-vertices that are not a root of a DFS tree.

Theorem 6.3 [21] Let T' be a DFS tree of G and v be a vertex of T' other than
the root r. Then v is a cut-vertex of G if and only if v has a child w such that no
descendant of w is joined to an ancestor of v by a back edge.

PROOF. (=) Assume v is a cut-vertex of G and suppose that every child w of v has

a descendant joined to an ancestor of v by a back edge. Then we claim that any two
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vertices in the subtree rooted at v are joined by a path that does not go through v.
Let  and y be two descendants of v. Then either 2 is a child of v, say w1, or z is a
descendant of a child w; of v. Similarly, y is a child of v, say w., or y is a descendant
of a child wy of v. By the assumption, w; has a descendant d; that is joined to an
ancestor of v, say a1, by a back edge. Similarly, we has a descendant d; joined to an
ancestor of v, say as, by a back edge. Then the concatenation of the (z,w;)-path, the
(wy, dy)-path, edge diay, (a3, az)-path, edge asds, (da, we)-path, and the (ws, y)-path
forms an (z,y)-walk that does not contain v. Therefore, there exists an (z,y)—path
that does not contain v (Lemma 2.14).

Similarly, we will show that there is a path between any ancestor of v (not equal
to v) and any descendant of v (not equal to v) that does not contain v. Let a; be
an arbitrary ancestor of v and d be an arbitrary descendant of v. Then either d is
a child of v, say w, or d is a descendant of a child w of v. By the assumption, w
has a descendant d; that is joined to an ancestor of v, say a,, by a back edge. Then
the concatenation of the (d,w)-path, (w,d;)-path, edge dias, and (as,a,)-path is a
(d, a1)-walk that does not contain v. Therefore, there is a (d, a;)-path that does not
contain v.

Now, there is path from a; to the root r. So there is a (d, r)-walk that avoids v.
From the root r, there is a path to any vertex in any subtree of r. Hence, there is a
walk from d to any vertex in a different subtree of r that avoids v. So by Lemma 6.1
v is not a cut-vertex.

(<) Assume that v has a child w such that no descendant of w is joined to an
ancestor of v by a back edge. Then every path in G between w and r must go through
v. Hence, by Lemma 6.1 v is a cut-vertex of G. O

Definition 6.4 Define low value of a vertex w in a DFS tree T, denoted by low(w),
to be the smaller of dfi(w) and the smallest dfi among all vertices joined by a back
edge to some descendant of w (including w).

Now Theorem 6.3 can be stated as follows:
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Theorem 6.5 Let G be a connected graph and T be a DFS tree of G. Then a
non-root vertex v of T is a cut-vertex of G if and only if v has a child w such that
low(w) > dfi(v).

Proor. Let T be a DFS tree of G and v a non-root vertex.

(=) Assume v is a cut-vertex of G. Hence, by Theorem 6.3, v has a child w such
that no descendant of w is joined to an ancestor of v by a back edge. We will show
that low(w) > dfi(v). Suppose not; that is, suppose low(w) < dfi(v). Since w is
a child of v, we have dfi(v) < dfi(w). Hence, from the definition of low(w) we can
conclude that low(w) = dfi(z) for some vertex z that is joined by a back edge to some
descendant y of w. Now since low(w) < dfi(v), we have dfi(z) < dfi(v). Therefore,
x is an ancestor of v (recall that G is connected). So, an ancestor z of v is joined
to a descendant y of w by a back edge. This contradicts Theorem 6.3. Therefore,
low(w) > dfi(v).

(<) Assume v has a child w such that low(w) > dfi(v). We will prove that v is
a cut-vertex. Suppose not. Then by Theorem 6.3, there exists a back edge between
a descendant y of w and an ancestor z of v. Since x is an ancestor of v and y is
a descendent of w, we have dfi(z) < dfi(v) < dfi(y). From the definition of low(w)
we know that low(w) < dfi(x). Therefore, low(w) < dfi(z) < dfi(v). This is a
contradiction with the assumption that low(w) > dfi(v). Therefore, v is a cut-vertex
of G. 0

In the next section we combine the theorems we have discussed above with a
recursive DF'S algorithm. This combination will give us an algorithm that finds cut-

vertices and blocks of a given graph.

6.2 Blocks

The next algorithm finds all blocks of a graph. As described above, Theorems 6.2
and 6.5 characterize cut-vertices of a DFS tree. In order to find the blocks of a

graph we use a DFS algorithm as a basis and within it incorporate the notion of
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low(v). Since DFS is essentially a recursive procedure, we use the remark below in

Algorithm 6.7 to combine evaluation of low(v) with the DFS algorithm.

Remark 6.6 To find the cut-vertices and blocks of a graph using Theorem 6.5 we
need to compute low(v) for any vertex v. Consider the definition of low value low(v).
Our recursive procedure for evaluating low(v) will be based on the following:

low(v) = min{{dfi(v)} U {low(y) | y is a child of v} U{dfi(w) | vw is a back edge}).

Algorithm 6.7 uses the idea of DFS, combined with the necessary steps to find
blocks. During the search, information will be computed and saved so that the edges
can be divided into edge sets of different blocks as the search progresses. Algorithm 6.7
checks if a vertex in the DFS tree of a graph G is a cut-vertex each time the search
backs up to it. Suppose that the search backs up from w to v, and that v is a non-root
vertex such that no descendant of w is joined to an ancestor of v by a back edge.
Then, by Theorem 6.3, v must be a cut-vertex. The subtree rooted at w, along with
the edge vw, and all back edges leading from w, can be separated from the rest of
the graph at v. However, this subgraph of G is not necessarily a block; it can be a
union of several blocks. To ensure that the blocks are properly identified, we remove
each one as soon as it is detected. Also, vertices that are farther than the root are
tested for a cut-vertex property before the vertices closer to the root. This ensures
that when a cut-vertex is found, the subtree rooted at that cut-vertex (along with
the edges mentioned before) forms one block [5]. Therefore, we need to keep track
of how far back in the tree one can get from each vertex by following tree edges and
back edges. This is when we use the notion of low. During the algorithm, the vertices
are numbered according to the order in which they are first visited, that is, using
the depth-first search index, dfi. The depth-first search for blocks (DFSB) algorithm
initializes low(v) to its maximum possible value, which is dfi(v). Then during the
algorithm, each time a descendant w is found such that low(v) > low(w), we update
low(v). The algorithm must keep track of the edges traversed during the DFS so
that those in one block can be identified. As we discussed, when a block is found, its
edges are the edges most recently visited (after the previous cut-vertex). Therefore,
the DFSB algorithm uses a stack for keeping the edges such that as soon as a block
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is found, its edges will be popped from the stack and output as a block. In the main
body of the algorithm we first initialize the stack and then during the procedure
DFSB, the edges are put in the stack.

Algorithm 6.7 [18] : To find blocks of a graph G by using DFS
Input: Connected graph G
Output: Edges of each block of G
Finding-blocks
procedure DFSB(v)
begin
=141
dfi(v) ;=1
low(v) =1
for all w € N(v) do
begin
if dfi(w) < dfi(v) then
push vw to S
if dfi(w) = 0 then
begin
DFSB(w)
if low(w) > dfi(v) then
begin
add v to the set K
pop and output the stack S up to and including vw
end
else
low(v) := min(low(v), low(w))
else
low(v) := min(low(v), dfi(w))
end

end
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% main body of the algorithm %
begin
1:=0
initialize empty stack S as the edgestack
initialize set of cut-vertices K as empty
for all v € V(G) do
dfi(v) :=0
choose an arbitrary vertex v
DFSB(v)

end.

We will show that the complexity of the algorithm for finding blocks is O(max{n, m}).

As we have described before, the complexity of the DFS algorithm is O(max{n,m}).
If a graph is connected, this would simplify to O(m). The depth-first search for find-
ing blocks is an extension to the DFS algorithm. The only difference is the usage of
the stack. But the total time that is needed through the entire calls of the DFSB
procedure to push and pop the edges from the stack is proportional to m. Hence this
adds O(m) to the complexity of the DFS. Therefore the complexity of the depth-first
search for blocks in a connected graph is O(m).
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Chapter 7
Maximal and Maximum Cliques

Finding complete subgraphs of a graph is one of the fundamental problems of graph
theory, and has various applications. The problem of finding a maximum clique in a
graph is NP-complete. (For further discussion on NP-completeness of this problem
we refer the reader to [18].) However, there are approximation algorithms for the
problem of finding a maximum clique in a graph. Such algorithms based on heuristic
methods find a reasonably big maximal clique. These type of algorithms are based on
the assumption that a large enough maximal clique would be very close to a maximum
clique in the graph. Clearly, this assumption is not true for all graphs, because not all
maximal cliques in a graph need to be maximum cliques, too. For example, consider
Figure 6. The set C' = {a,b} forms a maximal clique which is not maximum. In this
example, the maximum clique contains vertices ¢, d, and e. In fact, C does not have
any vertex in common with the maximum clique of the graph. However, in a lot of

cases, finding a maximal clique may lead us to the maximum clique.

Figure 6

We start this chapter by studying the problem of finding maximal cliques in a
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graph. We discuss two algorithms for this problem. The first algorithm, because of
the special way it is developed, will give us a big maximal clique (close to maximum) in
many cases. The second algorithm will find all maximal cliques in a graph. However,
we should mention that finding all maximal cliques of a graph is not of polynomial
complexity, because the maximum number of maximal cliques of a graph can be
exponential in the number of vertices of the graph [38].

In the second section of this chapter we study an algorithm for finding a maximum
clique of a graph, and once again this algorithm is not a polynomial algorithm since
the problem is NP-hard.

7.1 Maximal Cliques

7.1.1 Finding a Maximal Clique Containing a Vertex of Max-

imum Degree

One approach to approximate a maximum clique is to find a big maximal clique.
The authors of [8] suggest an algorithm based on this approach, which we present
below (Algorithm 7.1). For this algorithm we make the assumption that a big clique
would contain a vertex of maximum degree. It should be mentioned that this is not
necessarily the case for all graphs. However, it seems to be a good assumption in
many cases. Algorithm 7.1 builds a maximal clique around a vertex of maximum
degree. The algorithm initializes a clique C to contain just v, where vpmq. is a
vertex of largest degree in G. The set S initially contains all of the neighbours of
Umaz D G. We start constructing a clique as the following. Each time we look at the
subgraph induced by S, find a vertex of largest degree in G[S], and assign it t0 Vpqq-
Since this vertex has been chosen from the neighbourhood of the previous vmge, it
is adjacent to it. We add it to the clique C and delete it from S. Then we look at
S and keep each vertex that is adjacent to V.3, and delete others. Therefore, the
vertices that remain in S are adjacent to all of the vertices in the current clique C.
Again, we find the vertex of largest degree in the subgraph induced by S, and repeat
the above process. This continues until S becomes empty; that is, there are no more
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vertices in the graph that are not in the clique and are adjacent to all vertices of
the current clique. So, at the termination of the algorithm, the clique can not be

extended anymore, and hence, it is maximal.

Algorithm 7.1 : To find a mazimal clique of G that contains a vertez of mazrimum
degree
Input: graph G
Output: a maximal clique of G that contains a vertex of maximum degree
begin
Umagz = vertex of maximum degree in G
C = {Vnasr}
S := Nag(Vmax)
let D be the sequence of degrees of vertices in G[5]
while S is not empty do
begin
Umas 1= vertex of largest degree in G[S]
S =8~ {Vnax}
update D
C:=CU {Vnas}
for all vertices u € S do
if u £q[s]) Umas then
begin
S:=8—-{u}
update D
end
end
output C

end.

In order to find a vertex of maximum degree, we need to find the degrees of all
vertices in a graph; that is, for each vertex v of a graph G we need to check up ton—1
vertices to find the neighborhood and therefore the degree of v. This requires at most
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n(n — 1) operations. So, finding a vertex of maximum degree takes O(n?) time. Also,
we can perform update of the degree sequence D by deleting the degree of the vertex
u that has been removed from S, and subtracting 1 from the degrees of all vertices
adjacent to u in G[S]. Therefore, the upper-bound of O(n?) remains unchanged for
each time that the "while” loop is performed. Since S is the set of neighbours of a
vertex of maximum degree, Algorithm 7.1 has complexity of O(n - n?) = O(n®).

7.1.2 Finding All Maximal Cliques

The following algorithms, which deal with finding maximal cliques, are based on [38].
This approach starts with a clique and tries to extend it in all possible ways. This is
done by building a set of candidate vertices, that is, vertices that are adjacent to all
vertices of the current clique. Then all possible extensions of the clique with vertices
of the candidate set are obtained by taking each candidate vertex, removing it from
the set of candidates, and adding it to the clique. The set of candidate vertices is
then updated and this procedure is performed recursively starting with the new set
of candidates and the current clique.

In order to study this approach, some related lemmas are mentioned, and then
Algorithm 7.6 is developed based on these lemmas.

Lemma 7.2 [38] Every maximum clique of a graph is maximal.

PrROOF. Assume C' is a maximum clique of G that is not maximal. Then there is a
clique D in G such that C € D and C # D. Therefore, clique D has more vertices
than C. This contradicts the assumption that C is a maximum clique. Hence, C is

maximal. O

Lemma 7.3 [38] Let C be a clique of the graph G and B C C. Then, B is also a
clique of G.

PRrROOF. Since C is a clique, for all distinct vertices u,v € C' we have u ~ v. Partic-

ularly, for all vertices u,v € B we have u ~ v. Therefore, B is a clique of G. O
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In this section we discuss a backtracking method that finds all maximal cliques
of a graph. This method is based on the observation that once we have a clique C'
of a graph, it can be extended to a larger clique if there is a vertex not in C which
is adjacent to all of the vertices of C. So let C be a clique of G and assume that
P C V(G) — C is the set of candidate vertices that we can use to extend C, so
P={veV(G)~C|u~wvforall u € C}. For each vertex v in P we do the following
process: remove v from P and add it to C, create a new set P from the old one by
removing all those vertices that are not adjacent to v, and perform this procedure
recursively on the new sets C and P.

The above procedure extends a clique C. The only problem is that we might
obtain the same clique twice. To avoid this problem we fix an order on the vertices
of G and we let the set P of candidate vertices includes only those vertices that are
adjacent to all of the vertices of C and are greater than all the vertices in C, according
to the order of the vertices; that is, P = {v € V(G) — C| order(v) >order(u) and
u~vforallue C}.

As we discussed above, the clique of a graph can not be extended to a larger clique
unless there is a vertex outside of the clique that is adjacent to all of the vertices in
the clique.

Lemma 7.4 [38] A clique C of a graph G is maximal if and only if there is no vertex
w € V(G) — C such that v ~ w for all vertices v € C.

Proor. Let C' be a maximal clique of G and suppose that there exists a vertex
w € V(G) — C such that v ~ w for all vertices v € C. Now consider C U {w}.
Then for all vertices u,v € C U {w} we have u ~ v. Therefore, C U {w} is a clique,
contradicting the maximality of C.

Conversely, let C be a clique of G with no vertex w € V(G) — C such that v ~ w
for all vertices v € C'. We want to prove that C is maximal. Suppose not. So, there
is a set D C V(G) — C such that the subgraph induced by the set of vertices C U D
is a maximal clique. Then, for all vertices v,w € C U D, and in particular for all

vertices v € C' and w € D, we have v ~ w. But this contradicts the assumption that
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there is no vertex w € V(G) — C such that v ~ w for all vertices v € C. Therefore,

C is maximal. O

By the above theorem we conclude that in an algorithm that finds maximal cliques
of a graph, a necessary condition for a clique C' to be maximal would be P = 0, since
if P # 0, then we can extend the clique C to a larger clique by adding a vertex from P
using the same process that we described before. Clearly, such a necessary condition
is not sufficient since we might have already obtained a larger clique that contains C
but the set P is still empty.

To solve this problem we use two sets of vertices P and S. Let P C V(G) — C
be the set of candidate vertices that we can use to extend the clique C to a larger
clique that has not been obtained before, and let S be the set of vertices such that all
extensions of the clique C with vertices from S have already been obtained; that is,

S={ueV(G)—-C~P:CuU{u} is a clique that has been obtained earlier.}

Now we extend a clique C' to a larger one by taking a vertex v € P, removing it
from P and adding it to C, creating new sets P and .S from the old ones by removing
those vertices that are not adjacent to v, recursively performing this procedure on
the new sets C, P, and S, and then removing v from C and adding it to S. During

this procedure, a clique C is maximal if and only if P and S are both empty.
Lemma 7.5 [38] A clique C is maximal if and only if the sets P and S are empty.

PRrROOF. Let C be a maximal clique and suppose P # 0. So, there is a vertex w € P
such that w ~ v for all vertices v € C. Then the set C U {w} is a clique of G that is
larger than C. This contradicts the maximality of C. Therefore, the set P should be
empty.

Suppose S # 0; that is, there is a vertex w € S such that the clique C U {w} has
already been obtained. This again contradicts the maximality of C, and therefore S
is empty.

Conversely, suppose that C' is a clique of G such that both sets P and S are empty.
We want to prove that C' is maximal. Suppose not; that is, there is a clique D such
that C' € D and C # D. Let w be a vertex of D that is not in C. Since D is a clique,

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



we have v ~ w for all vertices v of D, particularly v ~ w for all vertices v of C, which
means that w € P or w € S, contradicting the assumption that P and S are empty.

Hence, C is a maximal clique. O

The following algorithm finds maximal cliques of a graph G by starting from an
initially empty clique C and extending it according to the previous lemmas. The
extension of a clique C to a larger one is done by the procedure Maximal-Clique,
which recursively adds to C' a vertex w € V(G) — C that is adjacent to all vertices
in C. For each extension of the clique C by adding a vertex v € P, a new set PP
of candidate vertices will be created from those vertices of P that are adjacent to v.
Similarly, a new set SS is created, containing those vertices of S that are adjacent to

V.

Algorithm 7.6 :Finding all mazimal cliques of a graph
Input: Connected graph G
Output: The set L of all maximal cliques of G
Maximal-Clique
Procedure Next-Maximal-Clique(G, C, P, S, L)
begin
if P and S are both empty then
begin
add C to L
end
else
begin
for each vertex v of P do
begin
delete v from P
for each vertex w € N(v) do
begin
if w € P then add w to the set PP
if w € S then add w to the set SS
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end

add v to the set C
Next-Maximal-Clique(G, C, PP, SS, L)
delete v from C

add v to S
end
end
end
% main body of the algorithm %
begin

initialize the sets C' and S as empty
initialize the set of cliques L as empty
P :=V(G)
Next-Maximal-Clique(G, C, P, S, L)
Output L

end.

7.2 Maximum Cliques

The problem of determining whether a graph G of n vertices has a clique with at
least k vertices is an NP-complete problem (see [38]), whence, all known algorithms
for this problem take exponential time in the number of vertices of the graph.

If we already know all maximal cliques of a graph G, then the maximum cliques
of G can be found by choosing the maximal cliques of largest size (greatest number
of vertices). With the help of this simple observation and the following lemmas, we
will have Algorithm 7.9 which finds all maximum cliques of a given graph.

The next theorem gives an upper bound on the size of a maximum clique of a

graph.

Lemma 7.7 [38] If C is a maximum clique of the graph G, then |C| < A(G) + 1,
where A(G) is the maximum degree of G.
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PrOOF. By contradiction. Let C be a maximum clique of G and suppose that
|C| > A(G) + 1. Since C is a clique, for all vertices u,v € C we have u ~ v, which
means that deg(v) > |C| —1 > A(G)+1—1 = A(G) for all vertices v € C. But this
is a contradiction, since A(G) is the maximum degree of G. Hence, |C| < A(G) + 1.

O

Lemma 7.8 [38] If C is a maximal clique of the graph G and D C C, then |C| <
|D| + |P|, where P is the set of all candidate vertices with which clique D can be

extended.

ProOF. By Lemma 7.3 we know that D is also a clique of G. Since P is the set of
all candidate vertices for extending D to a bigger clique, at most |P| vertices can be
added to D to obtain a larger clique. Therefore, |C| < |D|+ |P)|. 0

We use the above lemmas to develop an algorithm for finding maximum cliques
of a graph. The algorithm is similar to Algorithm 7.6. Suppose that at some point
in the algorithm C,,,, is the largest clique found so far and C is the clique we are
trying to extend. Since we want to find maximum cliques, if |C| = A(G) + 1, then
by Lemma 7.7 C is a maximum clique. Also, if P is a set of all candidate vertices
for C, then if |C,ee| > |C| + |P|, by Lemma 7.8 we do not try to extend C since
it will not give us a clique larger than C,,,,. Considering these two additions, the
algorithm for finding all maximum cliques is as follows. The algorithm starts with
an empty clique C and extends it in all possible ways with a recursive procedure
Next-Maximum-Clique. This procedure extends a clique C' of G by adding a vertex
v from the set P of candidate vertices. Then it creates a new candidate set PP by
including only those vertices of P that are adjacent to v. Similarly, the algorithm
would create a new set of non-candidate vertices SS from the previous set of non-
candidate vertices S, by including only those vertices of S that are adjacent to v.
At each stage before making an extension of the current clique, the algorithm checks
for the conditions described in Lemmas 7.7 and 7.8. That means that if the size of
the current largest clique, m, is less than or equal to the size of the current clique C

plus the size of the new candidate set PP, and if C' has not yet reached the upper
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bound of A(G) + 1, then the algorithm extends C. The algorithm keeps the size of
the largest clique found so far in m. The set L contains the maximal cliques found
so far whose size is equal to m. Every time a new maximal clique C is found such
that |C| > m, the algorithm changes m to be equal to |C|, deletes from L all cliques
of size less than |C|, and adds C to L.

Algorithm 7.9 :Finding all mazimum cliques of a graph
Input: Connected graph G and maximum degree A(G)
Output: All maximum cliques of G
Maximum-Clique
Procedure Next-Maximum-Clique(G, C, P, S, L, m)

begin
if P and S are both empty and |C| = m then
add C to L
if m < |C| then
begin
m = |C|
delete those cliques from L whose sizes are less than m
end
if |C| < A +1 then
begin

for each vertex v of P do
begin
delete v from P
for each vertex w € N(v) do
begin
if w € P then add w to the set PP
if w € § then add w to the set S5
end
add v to the set C
if (m < (|C] + |PP|)) then
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Next-Maximum-Clique(G, C, PP, SS, L,m)
delete v from C
add v to S
end
end
end

% main body of the algorithm %

begin

initialize the sets C,5,L as empty

P :=V(G)

m =0

Next-Maximum-Clique(G, C, P, S, L, m)
end.

7.3 Comparison

Algorithm 7.1 finds a maximal clique containing a vertex of maximum degree of a
given graph. This algorithm is a polynomial time algorithm. Algorithm 7.6 finds
all maximal cliques of a given graph. This algorithm is of exponential time. Algo-
rithm 7.9, which is based on Algorithm 7.6, finds all maximum cliques of a graph. Sim-
ilarly, this algorithm is of exponential time, and therefore, it is very time-consuming
and is not a good practical choice. So, even though Algorithm 7.1 does not guarantee
that it can find a maximum clique in all cases, it has the advantage of finding a possi-
bly very large maximal clique and possibly close to maximum clique in a polynomial
time. Therefore, despite the theoretical value of Algorithms 7.6 and 7.9, in most
applications Algorithm 7.1 seems to be a better choice, especially when the graph has

a large number of vertices and edges.
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Chapter 8

Modeling the Database

This chapter will describe the definitions and tools that we use to model the database
of gene expression levels. This database was derived from StemBase [31]. StemBase
is a database that can be accessed at http://www.stembase.ca. It contains data on
Affymetrix DNA microarray experiments. It currently has more than 180 samples
which are mostly human and mouse stem cell samples and their derivatives [43]. The
data used for this thesis can be accessed under the chip name MOE430.

The notions, method and theorems described in this chapter are mostly original

results.

8.1 Deriving a Graph from the Data

We will describe our approach for constructing a graph that models the database of
gene expression levels.

The database is derived from laboratory experiments over various cell samples.
The expression level of each gene in each sample has been calculated. The expression
level of a gene can be viewed as a random variable defined over the set of samples.

Originally, the information on 45,135 genes over the set of samples were taken from
StemBase. Since dealing with such a large amount of information was not possible
at this point, we took the following approach.

For each gene, in each sample, the average expression level over multiple replicates
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is calculated. The biological replicates recreate the experiment several times. This
gives a sense of biological variability [44]. Dr. Scott Findlay and his team calculated
the average gene expression level over usually 3, sometimes 2 or 1, replicates. Also,
for each gene, its variance in expression level over the set of samples was found.

To make the set of genes more manageable, the 45,135 genes are ranked on the
basis of their variance in expression levels over the set of samples. According to this
ranking, genes are assigned indices 1,2,...,45135, with gene 1 being the gene that has
the largest variance in expression level and gene 45135 being the gene with the least
variance in expression level over the set of samples. These were done by Dr. Scott
Findlay and his team.

In order to understand the function of a cell and the significance of the expression
of a gene in a cell, the genes with higher variance are of particular interest for us.
The genes with higher variance are the ones that are expressed differently in various
cells, and therefore, they will be more informative. The genes with low variance
are expressed at a similar level in different cells, and therefore, their study will not
reveal much information [17]. Hemnce, the top 256 genes according to this ranking
were chosen. It should be mentioned that the decision for choosing 256 genes is based
on the technological constraints of this research. Later on, in our graph, vertex 1
corresponds to gene 1 of this ranking.

Finally, the correlation matrix for the top 256 genes was calculated. For this
purpose, as we mentioned before, gene expression level can be viewed as a random
variable and therefore, correlation as defined in Section 2.3 can be calculated between
two expression levels. The correlation matrix is a 256 x 256 matrix that contains the
correlation between each pair of gene expression levels. This matrix is a symmetric
matrix, since the correlation between expression level of gene i and gene j is equal
to the correlation between expression level of gene j and gene ¢. This matrix was
provided to us by Dr. Findlay. We use this matrix to construct a graph G.

Thus, we have a symmetric matrix A = (a;;) of size 256x256 such that each entry
a;;, for 1 <4, 7 < 256, represents the correlation between the expression level of gene
i and gene j. For all 1 <14,7 < 256, the value of a;; is a real number between —1
and 1 (see Lemma 2.62). We consider the matrix A to be the adjacency matrix of a
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weighted graph of 256 vertices, and the weight of the edge e = v,v;, w(e), is equal
to the entry a;; of the matrix A. We should mention that in matrix A, the values of
a;; for 1 < ¢ < 256 are equal to 1. That is, the correlation between the expression
level of each gene and itself is equal to 1. In the graph G, this would correspond to
having a loop on each vertex. Clearly, these loops will not affect parameters such as
the number of connected components of the graph. Hence, having the values a;; =1
will not cause any problems in our modeling. For convenience, we shall consider the
graph G to be loopless, therefore, the diagonal values of the corresponding adjacency

matrix are equal to zero.

8.2 Gene Expression Graph

In this section we will describe our terminology and results that have not been dis-
cussed before. First, we study some properties of weighted graphs. Then, we define
the notion of a gene expression graph and perfect correlation graph, and we obtain

the results that relate these two notions to each other.

8.2.1 Properties of weighted graphs

Our model for the database of gene expression levels is based on a weighted graph.
Here, we introduce the new terms on weighted graphs that we will use later to prove
our results.

Definition 8.1 In a weighted graph G an edge is called a negative (positive) edge if
its weight is negative (positive).

Definition 8.2 A complete weighted graph G has a multiplicative sign property if
for any three vertices z,y, and 2 in G we have the following:

sign(w(zz2)) = sign(w(zy))sign(w(yz)).
Theorem 8.3 Let G be a complete weighted graph. Then G has a multiplicative
sign property if and only if G does not contain any cycles with an odd number of

negative edges.
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PROOF. (=) Assume that G is a weighted complete graph and it does not contain
any cycles with an odd number of negative edges. Then G does not contain any cycle
of length 3 with an odd number of negative edges. Let C' = zyz be a cycle of length
3. Since C does not have an odd number of negative edges, there are two possible
cases for the signs of edges zy, yz, and xz. The first possibility is that two edges have
negative signs and one edge has a positive sign. In this case, the signs of the edges
satisfy a multiplicative sign property. The second case is when all three edges have
positive signs; and therefore, a multiplicative sign property is satisfied. Hence, G has
a multiplicative sign property.

(<) By induction on the length of a cycle. Consider a cycle of length 3, say v;v5v3
in G. If w(vive) is negative and w(vyvs) is positive, then by the multiplicative sign
property, w(v;v3) must be negative. Similarly, if w(v,v,) is positive and w(vyvs) is also
positive, then w(v;vs) is positive, and if w(vive) and w(vgvs) are both negative, then
w(v1v3) must be positive, according to the assumption that G is a complete graph
with the multiplicative sign property. Therefore, in any case, the cycle of length 3
has an even number of negative edges. This is the basis of our induction.

Now let G be a complete weighted graph with the multiplicative sign property
such that no cycle of length less than £ > 4 has an odd number of negative edges
(induction hypothesis). Let C = vjvs...ux_10xv; be a cycle of length k in G. We
will show that C' does not have an odd number of negative edges. Take an arbitrary
negative edge of C, say v vy.

If vp—1v, is @ negative edge, then by deleting vy and adding the edge vivi_; we
have a cycle C of length k — 1. Since vy and vy v have negative weights, by the
multiplicative sign property, v;vx-; must have a positive weight. By the induction
hypothesis, C; does not have an odd number of negative edges. Therefore, along the
path vy, ..., Ux—1 we have an even number of negative edges. Hence, the cycle C has
two more edges of negative weights, v;vx and vg_qv,. Therefore, C' does not have an
odd number of negative edges.

Now assume that vj_jvy is a positive edge. Since vqvy is negative, by the multi-
plicative sign property we conclude that vyve—1 is also a negative edge. Now consider
the cycle Cy = v1v;...0x_1v1. By the induction hypothesis, C, has an even number of
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negative edges. Therefore, the path P = vvs...ux-1 has an odd number of negative
edges. Since C' has one more negative edge than P, we conclude that C' has an even
number of negative edges.

By induction, G does not have any cycle with an odd number of negative edges.

O

Definition 8.4 Let G be a weighted graph with weight function w : E(G) — [-1,1],
and 7 and 7 be two real numbers in the interval [0,1]. We define the following
subgraphs of G induced by specific sets of edges:

G(t*) = G[E(r7)], where E(7%) = {e € E(G) : w(e) > 7};

G(17) = G[E(77)], where E(7~) = {e € E(G) : w(e) < —7~}; and

G(rr,77) = GIE(r*,77)], where E(t%,77) = {e € E(G) : w(e) > 7" or w(e) <
-7}

Definition 8.5 Let G be a weighted graph and H a subgraph of G. Then we define
the following:

o) 0 if H has an even number of negative edges

1 if H has an odd number of negative edges
Lemma 8.6 Let G be a weighted graph with no cycle with an odd number of negative
edges, and let u,v € V(G). Then for any two (u,v)—paths P and Q we have O(P) =

0(Q)-

PRrROOF. By strong induction on I(P) + {(Q). Assume P and @ are two paths with
the same ends, and I(P) = [(Q) = 1. Then P = @, and therefore the statement of
the lemma is true. This serves as the basis of our induction. Now suppose that for
some k > 2 and every pair of ends z, y, we have O(P) = O(Q) for all (z,y)—paths P
and @ such that 2 < I(P) + (Q) < k.

Let x he the first vertex after u that P and @ have in common. There are three

cases.

77

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Case 1. If z = v, then PUQ is a cycle. Since by assumption, no cycle has an odd
number of negative edges, we conclude that the number of negative edges in P must
have the same parity as the number of negative edges in Q. Therefore, O(P) = O(Q).

Case 2. If z # v but 2 ~ u, then by the induction hypothesis O(P') = O(Q'),
where P’ and @’ are the (z,v)—sections of P and (). Hence, whether the edge uz is
positive or not, O(P) = O(Q).

Case 3. If x # v and z £ u, then let P” and Q" be the (u,x)—sections of P and
@, and let P’ and @' be the (x,v)—sections of P and ). By induction hypothesis,
O(P") = O(Q'). Since P"U Q" is a cycle, by assumption of the lemma, it does not
have an odd number of negative edges; therefore, O(P") = O(Q"). Now we have
O(P") = O(Q') and O(P") = O(Q"). Therefore, O(P) = O(Q).

Hence by the principle of induction we have O(P) = O(Q). 0

Corollary 8.7 Let G be a connected weighted graph that has no cycle with an odd
number of negative edges. Then G is a spanning subgraph of a complete weighted

graph with a multiplicative sign property.

PROOF. Let « and v be two non-adjacent vertices of G. We construct a weighted
graph G + uv as follows. Since G has no cycle with an odd number of negative edges,
by Lemma 8.6 we know that all (u,v)—paths in G have the same value of O. Let P
be any (u,v)—path in G. Let w(uv) = 1 if O(P) = 0 and w(uv) = —1 if O(P) = 1.
Consider any cycle C in the graph G + uv. If C does not contain the edge uv, then
C' does not have an odd number of negative edges. If C' contains the edge uv, then
C = Quu for some (u,v)—path Q. If O(Q) = 1, then by Lemma 8.6, P = 1 and
hence by assigning a negative value to w(uv), we can conclude that Quu has an even
number of negative edges. Similarly, if O(Q) = 0, then by Lemma 8.6, P = 0 and
therefore by assigning a positive value to w(uv) we can conclude that Quu has an
even number of negative edges. Hence, C' does not have an odd number of negative
edges.

Therefore, G+uv is a connected weighted graph with no cycle with an odd number

of negative edges. We continue this process until we have a weighted graph H such
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that all pairs of vertices u and v are adjacent in H. Therefore, G is a spanning
subgraph of a complete weighted graph H such that there are no cycles with an odd
number of negative edges in H. By Theorem 8.3, H has a multiplicative sign property.
Hence, G is a spanning subgraph of a complete weighted graph with a multiplicative

sign property. O

8.2.2 Gene expression graph and perfect correlation graph

We define a gene expression graph as a way to model the information in the data-
base. Then, we construct a mathematical structure that is based on the properties
of correlation. This structure, called a perfect correlation graph, is used to obtain

results which are the bases for the analysis of our database.

Definition 8.8 We call a complete weighted graph G a gene expression graph if each
vertex v; represents gene i and the weight of an edge v;v; is equal to the correlation
between the expression level of gene i and the expression level of gene j, calculated

based on laboratory experiences.

Definition 8.9 We call a complete weighted graph G a correlation graph if each
vertex v; represents a random variable i, and the weight of an edge v;v; is equal to

the correlation between random variables i and j.

Corollary 8.10 Let G be a correlation graph. Then G has a multiplicative sign
property if all the weights are equal to 1 in absolute value.

ProoF. Let G be a correlation graph, and let x,y, and 2 be three vertices of G that
represent random variables XY, and Z, respectively. Hence w(zy) = pxy, w(yz) =

prz and w(zz) = pxz. If |pxy| = |lpvz| = |pxz| = 1, then by Lemma 2.63 we have
sign(pxz) = sign(pxy)sign(pyz). That means sign(w(zz)) = sign(w(zy))sign(w(yz)).
Therefore, G has a multiplicative sign property. 0

Definition 8.11 A correlation graph is said to be a perfect correlation groph if it has

a multiplicative sign property.
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Remark 8.12 We should mention that the word “perfect” in the term “perfect cor-
relation graph” should not be confused with perfect graphs. For a perfect correlation
graph, the word “perfect” refers to the multiplicative sign property, and therefore to

having an absolute value of 1 for all the weights (correlations).

Definition 8.13 Let G be a complete weighted graph, and 7+,7~ € [0,1]. The
pair (t%,77) is called a suitable pair of thresholds for G if G(7%,77) is a spanning

subgraph of a perfect correlation graph.

Lemma 8.14 Let G be a gene expression graph, and 7+,7~ € [0,1]. Then (7%, 77)
is a suitable pair of thresholds for G if and only if G(7*,7~) has no cycle with an

odd number of negative edges.

PrOOF. (=) Assume (77,77) is a suitable pair of thresholds for G. Then, accord-
ing to Definition 8.13, we know that G(v+,77) is a spanning subgraph of a perfect
correlation graph, say H. By Theorem 8.3, the perfect correlation graph H does not
have any cycle with an odd number of negative edges. Therefore, no subgraph of H
has a cycle with an odd number of negative edges. Since G(7%,77) is a subgraph of
H, we conclude that G(7+,77) has no cycle with an odd number of negative edges.
(«) Assume G(7%,77) has no cycle with an odd number of negative edges. Then
by Corollary 8.7, G(r%,77) is a spanning subgraph of a complete graph H with the
multiplicative sign property. Since G is a gene expression graph, the weight of an
edge is the correlation of the random variables corresponding to its ends. Therefore,
H is a correlation graph with the multiplicative sign property, and hence it is a
perfect correlation graph. Therefore, G(7%,77) is a spanning subgraph of a perfect

correlation graph. By definition, (7%, 77) is a suitable pair of thresholds for G.

8.3 Finding a Suitable Pair of Thresholds

Assume G is a gene expression graph, and let 7,7~ € [0,1]. Consider the graph
G(7*,77). According to the definition, G(7*,7) does not have an edge e such that

-7~ < w(e) < 7*. The goal is to find a suitable pair of thresholds (7+,77). Let
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Tt =15 and 77 = 74, and let (79, 7) be the pair of numbers that we want to test
for suitability. If we tried to use Lemma 8.14 directly, we could take the following
approach. First, we would find all cycles of G(7o,73), and then check to see if the
number of negative edges in every cycle is even; if so, (9, 7)) is a suitable pair. This
requires finding all cycles of a graph, which is generally an exponential problem,
and therefore, this is not a good approach. Theorem 8.16 gives us an equivalent set
of conditions that must be satisfied for a pair of thresholds to be suitable. These

conditions can be verified in polynomial time.

Definition 8.15 Let G be a graph and H a spanning subgraph of G. Define the
quotient graph G/H to be a graph such that

1. V(G/H) = {connected components of H}, and

2. if H;,Hy € V(G/H), then H; ~ Hy in G/H if and only if there exist vertices
v; € V(Hy) and vy € V(Hy) such that vy ~g v,.

Theorem 8.16 Let G be a gene expression graph and 7+, 7~ € [0,1]. Then, (7F,77)
is a suitable pair for G if and only if both of the following conditions are satisfied:
(i) There is no edge of G(v~) with both ends in the same connected component
of G(71).
(if) G(t,77)/G(r") is bipartite.

PROOF. (=) Assume (7+,77) is a suitable pair of thresholds for G.

(i) Suppose there is a negative edge, say uv, in a connected component H of
G(r*). Since H is a connected component of G(71), there is a (u,v)—path P in H
such that all of the edges of P have positive weights. Now P U uv makes a cycle in
G(r+,77) with exactly one negative edge. Therefore, there is a cycle in G(r+,77)
with an odd number of negative edges. This contradicts Corollary 8.14. So, there is
no negative edge in connected components of G(r+).

(if) Suppose that the quotient graph G(7+,77)/G(r*) is not bipartite. Then by
Theorem 2.34, G(7+,77)/G(7%) has an odd cycle. Let C = HiaiHsas...HyarH,
be an odd cycle of G(r*,77)/G(r"), where H; is a vertex and a; is an edge of
G(r*,77)/G(r) for 0 < i < k. Then by definition, for any a; = H;H,,, there exist
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vertices vy € H; and vy € Hyyq such that vyv,q is an edge of G(,77). Note that
the edges vy v;41 all have negative weights. So the odd cycle C = HyayHaas... Hyar Hy
of G(r+,77)/G(r™) gives rise to a cycle @ = v Py vy Pyvor ... 0 Pyogrvy in G(1F,77),

where P, is a (v;, v»)—path within each connected component H; (see Figure 7).

Figure 7

In the cycle @ all the edges of the paths P; are positive, and all edges vyv;41 are
negative. Since C is an odd cycle, there is an odd number of edges in @ in the form
VyVip1. Therefore, ) has an odd number of negative edges. Hence, G(7*,77) has
a cycle with an odd number of negative edges. But this contradicts the assumption
that (7%, 77) is a suitable pair. Therefore, the quotient graph G(r*,7)/G(7*) must
be bipartite.
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(«=) Assume that the two conditions of the theorem hold. We want to prove that
(r*,77) is a suitable pair of thresholds for G. Suppose not; therefore, by Corol-
lary 8.14, G(r*,77) has a cycle C with an odd number of negative edges. Since
by assumption the connected components of G(7") contain no negative edges, the
negative edges of C can not be within any connected component of G(7%). There-
fore, a negative edge of C is an edge that is between two connected components of
G(rt). Hence, the negative edges of C correspond to edges of the quotient graph
G(r*,77)/G(r). Since C has an odd number of negative edges, the quotient graph
G(r*,77)/G(r*) has a closed walk with an odd number of edges. This contradicts
the assumption that G(r%,77)/G(r*) is bipartite. Hence, G(r+,77) has no cycle
with an odd number of negative edges. By Corollary 8.14, (7%, 77) is a suitable pair
of thresholds for G. O

Remark 8.17 Assume G is a gene expression graph and (7+,77) is a suitable pair
for G. Then all pairs of (7;,7;) such that 7, > 7+ and 7; > 7~ are also suitable.The
reason is that if (7%,77) is a suitable pair, then by Lemma 8.14, G(7",77) has
no cycle with an odd number of negative edges. Therefore, any subgraph G(m;,7;) of
G(7*,77) does not have a cycle with an odd number of negative edges, and therefore,

(7;,7;) is also a suitable pair of thresholds for G.

Definition 8.18 For any two pairs of thresholds (a,b) and (¢, d), we say that (a,b)
is smaller than (¢, d) if and only if we have a < ¢, or a = ¢ and b < d. (Note that this

is the lexicographic order for pairs of numbers.)

Remark 8.19 Note that for our choice of order for the pairs of thresholds in the
interval [0, 1] there exists a smallest pair of thresholds that satisfies the conditions of
Theorem 8.16.

Remark 8.20 If the two conditions of Theorem 8.16 are satisfied for G(v+,77),
then they are satisfied for every connected component of G(r+,77). Conversely, if
conditions of Theorem 8.16 are satisfied for every connected component of G(r+,77),
then they are satisfied for G(7+, 7).
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Method 8.21 We start from (7,77) = (0,0) and increase 71 and 7~ until we find
the first pair (7+,77) that satisfies both conditions. Suppose we wish to check a pair
of thresholds (r+,77) for suitability. We take the following approach. First, we find
the connected components Ci,Cs,..,C, of G(7+,77). Then, within each connected
component C; of G(7F, 77), we find the connected components Ly, Lo, ..., L, of G(7).
We check the first condition of Theorem 8.16 for each connected component L;. This

means that for each edge e = vw in L;, if w(e) is negative, then (7+,77) is not a
suitable pair of thresholds. If there is no negative edge within a connected component
of G(7), then we continue our check for the second condition of Theorem 8.16. That
is, we find out whether G(7%,77)/G(7") (restricted to V(L;)) is bipartite or not. If it
is bipartite, then the second condition of Theorem 8.16 is also satisfied. If conditions of
Theorem 8.16 are satisfied for all connected components C; of the graph G(r+,77),
then we have found a suitable pair of thresholds (r+,77) for G. We continue the
same process for another pair of thresholds until we find a suitable pair. We initialize
(t*,77) to (0,0) and take the method of bisection within the interval [(0,0), (1,1)]
to find a suitable pair of thresholds that is very close to a smallest suitable pair of
thresholds. The step size taken in this process is 0.0001.

This process involves finding connected components of a graph and checking for
bipartiteness of a graph. Both of these two problems have been discussed in previous
chapters. In Chapter 3 we discussed various polynomial algorithms for finding con-
nected components of a given graph. In Chapter 4 we studied a polynomial algorithm
for determining bipartiteness of a graph. Therefore, there exists a polynomial algo-
rithm which can check both conditions of Theorem 8.16 for a given pair of thresholds

(7*,77) and a given gene expression graph G.

8.4 Other Parameters on the Gene Expression Graph

Besides finding suitable thresholds for the gene expression graph, we considered some
other parameters discussed in the previous chapters. After the connected compo-
nents of G(7%,77) have been identified, we can focus on each connected component.
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The idea is to investigate parameters such as degrees, distance (for graphs without
weights), center, radius, diameter, and median. Therefore, after finding connected
components of G(r+,77), we look into each connected component C; in detail. For
each connected component, we first do a study of degrees. We find the degrees of all
vertices, maximum degree, minimum degree, and average degree for each connected
component. Then, we calculate the radius and diameter of the connected component,
and we find the vertices in the center and median of the connected component. Also,
for a given vertex v in a connected component C;, we find distances of all other vertices
in C; from v. Our goal is to obtain as much information as possible about G(7%,77)
and its individual connected components. These parameters and algorithms for com-
puting them have all been studied in Chapters 3-5. We used the algorithms mentioned
in Chapters 3-5 for writing a code that computes these parameters.

We should mention the relevance of other parameters studied in the previous
chapters. In Chapter 5 we discussed the notion of distance for weighted graphs, and
presented algorithms for computing distance between vertices in a weighted graph. In
our analysis of distance in the graph G(7%, 77), we could, alternatively, use this notion
of weighted distance; however, the weights used for computing distance would have
to correspond to the (absolute values) of the inverses of correlations (or something
similar). (The idea is that the larger the correlation in absolute value, the smaller the
distance.) Chapter 6 contains results and an algorithm for finding blocks in a graph.
A block is in some sense a more strongly connected part of a connected component.
Therefore, in our model a block can be viewed as a set of genes that have a possibly
stronger relationship with each other. In Chapter 7 we discussed algorithms for finding
maximal and maximum cliques. A clique in our model is a set of genes (vertices) in
G(r*,77), any two of which are directly strongly correlated. Computing parameters
such as distance in the weighted graph, blocks and cut-vertices, and maximal and
maximum cliques may reveal more information about the gene expression graph.
In previous chapters we have studied the theory and algorithms for finding these
parameters, however, computing them is beyond the scope of this thesis.
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Chapter 9
Implementation of the Algorithms

In this chapter we include the MATLAB code for finding the parameters discussed in
Chapter 8. We will also give an example of the output of running the code.

9.1 MATLAB Code

The code written here is in MATLAB version 6.5. One of the reasons for choosing
MATLAB was because of the useful and easy structure it provides for dealing with
matrices. The code is as follows. The comments are separated by % from the actual

code.

% This program finds different parameters for the graph G of}
% gene expression levels, based on the matrix of}

% gene expression levels as an input. The program receives
% two thresholds ( real numbers between O and 1) as input

%

% The program performs the following : %

% 1. Finding the connected components of G(t+,t-)%
% 2. For each connected component C of G(t+,t-)%

% it checks the two conditions of suitability of thresholds}
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



% based on Theorem 8.16

% I) the connected components of G(t+) have no negative edges
yA II) G(t+,t-)/G(t+) is bipartite %
% If both of the conditions are satisfied for all connected’

% components of G(t+,t-), then the pair of thresholds is suitable}
% 2. Receiving the index of one of the connected components C%

pA from the user to perform the analysis %

% 3. Finding degrees, eccentricity, radius, diameter, median, and

% center for C %

% 5. Finding the distance of vertices of C from a fixed vertex uj

entered by the user %

% The algorithms, theorems, and methods used in this program are : %

% Algorithm
% Algorithm
% Algorithm
% in graphs without weights %

% Algorithm 5.10 :Floyd-Warshall’s Algorithm for finding distance %

w
N

:finding connected components by using BFS 7

S

1 :determining whether a graph is bipartite or not %

2}
w

:finding the distances from a given vertex %

yA between all pairs of vertices, used with weights %
% equal to 1 %

% Algorithm 5

% Algorithm 5

% Algorithm 5.17 :finding the center of a graph %
% Algorithm 5

% Theorem 8.16 : determining whether the two conditions for thresholds

.12 :finding eccentricity of the vertices ¥

.15 :finding the diameter and radius of a graph %

.22 :finding the median of a graph %

to be suitable are satisfied’
% Method 8.21 : finding suitable thresholds %

function thesis=main()
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a=adjecny_matrix; % this is the matrix of the gene expression levels,

rownumber = length(a(:,1)); % number of row (columns) of a;%
% equal to the number of genes),
disp(sprintf (’Welcome to the graph-theoretical analysis of

gene expression graph.’));

% Reading the threshold from the user

threshold_pos=input(’Please enter the positive threshold
for this test: ?);

threshold_neg_l=input(’Please enter the negative threshold
for this test: ’);

threshold_neg= - threshold_neg_1;

disp([’ Finding the connected components of G(t+,t-) and

determining if the pair of thresholds is suitable ’])

% Constructing G(t+,t-) : the subgraph with edges whose,

% weights are bigger than t+ or smaller than t-%

gt_plus_minus = zeros(rownumber);
% a square zero matrix of size rownumber which acts as),

% the adjacency matrix of G(t+,t-)%

for i=1:rownumber
for j=1:rownumber
if (a(i,j)>threshold_pos)
gt_plus_minus(i,j) = a(i,j);
end

if (a(i,j)==threshold_pos)
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gt_plus_minus(i,j) = a(i,j);
end
if (a(i,j)==threshold_neg)
gt_plus_minus(i,j) = a(i,j);
end
if (a(i,j)<threshold_neg)
gt_plus_minus(i,j) = a(i,j);
end
end

end

% finding the connected components of G(t+,t-)%

check_matrix_gen = ones(1,rownumber);
% vector with size rownumber and all entries equal to 1.%
% It will be used to check if a vertex has been visited or not.%

% After a vertex i gets visited, check_matrix_gen(i)=0.%
components_gen =zeros(rownumber) ;

% each row i of this matrix will be filled withY¥

% the vertices found in component i.%
que_gen = zeros(l,rownumber) ;
% a vector of size rownumber (maximum size of the queue %

% during BFS), which will act as a queue %

connecteds_gen =0;

% number of connected components in G(t+,t-)%

for k=1:rownumber 7% for all vertices k in the graph¥

if (check_matrix_gen (k) ~=0)
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% if k has not been visited before}

% then it becomes the root of a new componenty
connecteds_gen = connecteds_gen +1;
% a new component is found}
index_comp_gen =1;
% shows where to enter a new vertex i%
% in the component matrix, when i is found}
quecount_gen = 1;
% keeps track of the length of the matrixy
que_gen(1)= k;
% adding to the queuel,
components_gen(connecteds_gen,1)=k;
% adding vertex k to component connecteds_gen/
check_matrix_gen(k)=0;

% mark the vertex k as visited¥

% performing BFSY
while (quecount_gen>0) %while queue is not empty%
index_gen=que_gen(quecount_gen) ;
% dequeue a vertex and put it in index,
que_gen{(quecount_gen)=0;
% delete that vertex from the queue)
quecount_gen = quecount_gen -1;
% adjusting the length of the queue),
for i=1:rownumber
% finding neighbors of index
if (gt_plus_minus(index_gen,i)~=0)
% if index and i are adjacent in G(t+,t-)¥
if (check_matrix_gen(i)~=0)
% if i has not been visited before,

check_matrix_gen(i)=0;
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% mark i as visitedj
index_comp_gen = index_comp_gen+1;
components_gen(connecteds_gen, index_comp_gen)=i;
% adding i to the list of vertices
% in the component connecteds_geny,
quecount_gen = quecount_gen + 1;
% adjusting the length of the queue’
que_gen (quecount_gen)=1i;
% adding i to the queuel,
end
end
end
end
end

end

size_comp=zeros(l,connecteds_gen);
% a vector such that size_comp(i) gives the number of vertices
% in the connected component i%
i=1;
j=1
while components_gen(i,j)~=0
while components_gen(i,j)~=0
size_comp(i)=size_comp(i)+1;
j=3+;
end
J=1;
i=i+1;
end
disp(sprintf (’The thresholds used for this test are : %g , %g’
,threshold_pos,threshold_neg_1));
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disp(sprintf (’The number of connected components of G(t+,t-) is: g’
,connecteds_gen)) ;
disp(sprintf(’The sizes of the connected components are: );

disp(size_comp);

see=input (’Do you want to see the vertices in each connected
component? If yes, please enter 1, otherwise
please enter 0 : ’);
if (see==1)
% printing vertices in each connected component}
for i=1:connecteds_gen
j=1;
disp(sprintf (’Component J%g of G(t+,t-) includes:’,i));
temp = [0];
while(components_gen(i, j)~=0)
temp(j) = components_gen(i,j);
3=+
if (j == rownumber+1)
break
end
end
disp(sprintf(’ %g’,temp));
end

end %if see==1

%Check for suitability of the thresholds within each connected component

suitability=1;

%If the thresholds are not suitable then suitability is zeroY%
for C=1:connecteds_gen
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% each time s is the connected component C we are currently’,
% studying for suitability of thresholds’
if (suitability==1)
%while the thresholds are suitable so far, we check for thel
%suitability of the thresholds in the next componenty
size=size_comp(C);
%size of the connected component CY
if (size™=1)
% if size of the connected component is bigger than 1,%
% then we check for the conditions; if the size is one,%

% the conditions are automatically satisfied),

% Constructing the adjacency matrix of the subgraph CJ
h= zeros(size); % the adjacency matrix of subgraph C%
for j=l:size

for k=1:size

h(j,k)=
gt_plus_minus (components_gen(C,j),components_gen(C,k));

end
end
disp(sprintf (’Connected components of G(t+)

within component %g’,C));

%Constructing G(t+) in CJ

gt_plus_in_C=zeros(size);

for i=l:size

for j=1l:size
if (h(4,j)>threshold_pos)
gt_plus_in_C(i,j) = h(i,j);

end
if (h(i,j)==threshold_pos)
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gt_plus_in_C(i,j) = h(i,j);
end
end

end

#Constructing G(t-) in C%
gt_minus_in_C = zeros(size);
for i=1:size
for j=l:size
if (h(i,j) < threshold_neg)
gt_minus_in_C(i,j) = h(di,j);
end
if (h(i,j)==threshold_neg)
gt_plus_in_C(i,j) = h(i,]);
end
end

end

array_orig=zeros(1,size);
% this vector gives the label of each vertex in the originaly

% graph, for each vertex in the connected component
for i=l1:size
array_orig(i)=components_gen(C,1i);

end

% finding the connected components of G(t_plus)¥

% within C whose sizes are larger than 1Y%

check_matrix = ones(1,size);

components = zeros(size);
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que = zeros(1,size);
connecteds =0;
for k=1:size
if (check_matrix (k) ~=0)
connecteds = connecteds +1;
index_comp =1;
quecount = 1;
que(1)= k;
components(connecteds, 1)=k;
check_matrix(k)=0;
wvhile (quecount>0)
index=que (quecount) ;
que(quecount)=0;
quecount = quecount -1;
for i=1l:size
if (gt_plus_in_C(index,i) " =0)
if (check_matrix(i)~=0)
check_matrix(i)=0;
index_comp = index_comp+l;
components (connecteds, index_comp)=i;
quecount = quecount + 1;
que(quecount)=i;
end
end
end
end
end
end
disp(sprintf(’The number of connected components of G(t+)
in connected component %g of G(t+,t-) is:

%g’,C,connecteds));
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for i=1:connecteds
=1
disp(sprintf (’Component %g of G(t+) includes:’,i));
temp = [0];
while(components(i,j)~=0)
temp(j) = components(i,j);
J o=+
if(j == size+l)
break
end
end
disp(sprintf(’ %g’,array_orig(temp)));

end

% finding the sizes of connected components of G(t+)%
sub_size=zeros (1, connecteds);
for i=l:size
for j=1l:size
if (components(i,j)~=0)
sub_size(i)=sub_size(i)+1;
end
end
end
disp(sprintf(’The sizes of the connected components
of G(t+) are ’));

disp(sub_size);
%Checking for the first condition of Theorem 8.16}
for i=l:connecteds

3=2;

while(components(i,j)~=0 && j<size+1)
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for k=1:j-1
if(suitability ==0)
% if the condition is not satisfied)
break % stop%

end
templ = components(i,k);
temp2 = components(i,j);

if(gt_minus_in_C(templ,temp2) ~=0)

% if a connected component of G(t+)%
% contains a negative edge, that is,%
% an edge of G(t-)%

suitability = O;
% first condition is not satisfiedy,
end
end
J=J+
end
end
if (suitability==1)
%if the first condition is satisfied,

hcheck for the second condition

%constructing the quotient graph restricted to C%
% the graph whose vertices are the connected’

% components of G(t+) in C%

g = gt_plus_in_C + gt_minus_in_C;

quotient_graphG = zeros(connecteds);

% adjacency matrix of the quotient graph
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% filling the adjacency matrix of the quotient graph %
% with the appropriate entries. Two vertices i and j %
% in the quotient graph G(t+,t-)/G(t+) are adjacent iff}
% their corresponding connected components i and j of %
% G(t+) have two vertices v_i in i and v_j in j such %

% that v_i is adjacent to v_j in G(t+,t-)%

for indexl=1:connecteds
for index2=index1+1:connecteds
j1=1;
while(components (index1, j1) “=0)
templ = components(index1,j1);
% a vertex in connected component
% index 1 of G(t+)%
je=1;
while(components(index2,j2) ~=0)
temp2 = components(index2,j2);
% a vertex in connected Y%

% component index 2%

if (g(templ,temp2)~=0)

% if two vertices templ and ¥

% temp2 are adjacent in G(t+,t-)%
quotient_graphG(index1, index2)=1;
% there is an edge in the quotient%
% graph between vertices indexl %

% and index 2%

quotient_graphG(index2,index1)=1;

% the adjacency matrix of the ¥
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% quotient graph is symmetric %

end

j2 = j2+1;

if(j2 == size+1)
break

end

j1 = ji+1;

if (j1 == size+1)
break

end

end
end
end

end

%checking the second condition of Theorem 8.16 : %

% if the quotient graph is bipartite’,

component_length = length(quotient_graphG(1,:));
% number of vertices in the quotient graph, equal to}

% the number of connected components of G(t+)%

check_color = zeros(l,component,length);
% a zero vector of length equal to number of vertices),
% of the quotient graph. each entry i becomes 1 or 2,%

% depending on the color it receives.’

que = zeros(1l,component_length);
% a zero vector of length the number of vertices;}
% queue for the BFSY,
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for i=1:component_length
% i is the vertex of the quotient graph that is
% currently being visited’

if (suitability ==0)

% if the first condition is not satisfied,%

% we do not need to check the second condition.Y

break

end

if (check_color(i)==0)
% if vertex i has not been visited before
check_color(i)=1;
% color i with color 1%
quecount = 1;
% current length of the queue’
que(1l)= i;
% add i to the queue’,
end
while (quecount>0)
% while the queue is not empty¥
if(suitability ==0)
% if there has been a discrepancy in %
% the bipartite coloringh
break
end
index=que(quecount);

% dequeue a vertex and put it in index

que (quecount)=0;

% deleting index from the queue’,
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quecount = quecount - 1;

% adjusting the length of the queue’,

for k=1:component_length
if (quotient_graphG(index,k)~=0)
% if index and k are adjacent inj
% the quotient graph
if (check_color (k)==check_color(index))
% if two adjacent vertices k and index%
% are of the same color, then the ¥
% graph is not bipartite%
quecount = 0;
% empty the whole queue,
que = zeros(l,component_length);
suitability = 0;
% the second condition is not %
% satisfied)
break
end
if (check_color(k)==0)
% if k has not been visited before}
quecount = quecount + 1;
que (quecount)=k;

% add k to the queuel,

% color k with the appropriate color’

% other than the color of index,

if (check_color(index)==1)
check_color(k)=2;

else
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check_color(k)=1;
end
end
end
end
end
end
end
end
end
end

disp([’* ’1);

if (suitability==1)
% if both conditions are satisfied for Y%
% all connected components of G(t+,t-)%
disp(sprintf(’According to the first condition,
for a suitable pair of thresholds
there should not be any edge of G(t-)
whose both ends are in the same
connected component of G(t+). ’));
disp([’The second condition checks if the quotient
graph G(t)/G(t+)
is bipartite or not’]);
disp(sprintf(’Both conditions are satisfied
in each connected component
of G(t+,t-).%));
disp(sprintf(’A suitable pair of thresholds is found.’));

end

if (suitability~=1)
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disp(sprintf (’According to the first condition,
for a suitable pair of thresholds
there should not be any edge of G(t-)
whose both ends are in the same
connected component of G(t+). ’));
disp([’The second condition checks if the quotient
graph G(t)/G(t+)
is bipartite or not’]l);
disp(sprintf (’The conditions for suitability are
not satisfied in all connected
components of G(t+,t-).’));
disp(sprintf(’The pair of thresholds is not suitable.’));
end
disp([> ’1);

again= input(’If you want to continue to analysis of a

specific connected component,

please enter 1, otherwise please enter 0 : ’);

if (again==1)
disp(sprintf(’We now analyze a chosen connected
component of G(t+,t-).’));
M=input (’Please enter the connected component for
which you want to perform the analysis ’);
% Analysis of degrees, radius, diameter, center and median for M}

size=size_comp(M); ¥ size of the connected component M

% Constructing the adjacency matrix of the subgraph M

h= zeros(size); % the adjacency matrix of subgraph M
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for j=l:size
for k=1:size
h(j,k)=gt_plus_minus(components_gen(M, j),components_gen(M,k));
end

end

array_orig=zeros(1,size);
% this vector gives the label of each vertex of M}
% in the original graph%
for i=l:size
array_orig(i)=components_gen(M,1i);

end

% constructing the adjacency matrix of graph X.%
% X is a graph such that V(X)=V(C) and the edges of XJ

% are the same as the edges of C, without weights.%

X = zeros(size);
for i=l:size
for j=1l:size
if (h(i,j)~=0)
X(i,j) = 1;
end
end
end
for i=1l:size
for j=1l:size
if (i==j)
X(i,3)=0;
end

end
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end
disp([’ ’1);
disp(sprintf (’Study of degrees, radius, diameter,

center, and median’));

degrees= zeros(l,size);
% a vector that gives deg(i) for each vertex i%
for i=1:size
for j=l:size
degrees(i)= X(i,j)+degrees(i);
end

end

% displaying the degrees of vertices in the %
% connected component M of G(t+)%
see=input (’if you want to see the degrees of vertices
in this connected component,
please enter 1, otherwise enter 0 : ’);
if (see==1)
disp(sprintf(’ The degrees of vertices in component %g are’,M));
for i=l:size
disp(sprintf(’ Degree of vertex %g is %g’,
array_orig(i),degrees(i)));
end

end

% finding maximum, minimum, and average degree in component MY
max_deg=0;

min_deg=256;

total_deg=0;
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for i=1:size
if degrees(i)>max_deg
max_deg=degrees(i);
end
if degrees(i)<min_deg
min_deg=degrees(i);
end
total_deg=total_deg+degrees(i);
end
average_deg=total_deg / size;
disp(sprintf (’The minimum degree in component %g is %g’,M,min_deg));
disp(sprintf (’The maximum degree in component %g is %g’,M,max_deg));
disp(sprintf(’The average degree in component Y%g is %g’,
M, average_deg));
disp(sprintf(’ ’));

% finding the distance between vertices of X (connected component C)

for i=1:size
for j=1l:size
distance(i, j)=300;
end
end
for i=1:size
for j=1l:size
if (X(4,3)==1)
distance(i,j)=1;
end
end
end

for i=1:size
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distance(i,i)=0;

end

% Floyd-Warshall algorithm for finding distance

% between all vertices of a graph :%

for k=1:size
for i=l:size
for j=1l:size
if ((distance(i,k)+distance(k,j))<distance(i,j))
distance(i, j)=distance(i,k)+distance(k,j);
end
end
end

end

% finding eccentricity of vertices of XJ

eccentricity=zeros(1,size);
for i=1:size
for j=l:size
if (distance(i,j)> eccentricity(i))
eccentricity(i)=distance(i,j);
end
end

end

% finding diameter and radius of X}
radius=300;
diameter=0;

for i=1:size
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if (eccentricity(i)<radius)
radius=eccentricity(i);
end
if (eccentricity(i)>diameter)
diameter=eccentricity(i);
end
end
disp(sprintf(’The diameter of connected component %g is : %g’
,M,diameter));
disp(sprintf (’The radius of connected component %g is : %g’

,M,radius));

% finding the center of the graph%
center=zeros(l,size);
j=1;
for i=1:size
if (eccentricity(i)==radius)
center(j)=i;
=3+
end
end
disp([’ The vertices in the center are : ’]);
for i=1:j-1
disp(sprintf (*%g’,array_orig(center(i))));

end

% finding the median of the graph%
total_distance=zeros(1l,size);
for i=l:size

for j=1l:size

total_distance(i)=total_distance(i)+ distance(i,j);
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end
end
min_distance=30000;
for i=1l:size
if total_distance(i) < min_distance
min_distance=total_distance(i);
end
end
median=zeros(1,size);
flag2=0; '
for i=1l:size
if (total_distance(i)==min_distance)
median(i)=array_orig(i);
flag2=1;
end
end
if (flag2==1)
disp([’ The vertices in the median are : ’]);
for i=l:size
if (median(i)~=0)
disp(median(i));
end
end

end

% finding distances of vertices in L from a fixed vertex

choice= input(’If you want to find the distance of vertices in
this connected component from a fixed vertex,
please enter 1, otherwise enter 0 : ?);

if (choice==1)
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v=input(’ Please enter a vertex in this component from
which to find the distances : ’);

% first we check if v is in the connected component M/,

i=1;

flag=0;

while flag==0 && i<size+l

if array_orig(i)==v

u=ij;
flag=1;
end
i=i+1;
end
if (flag==0)

% v is not in this connected component
disp(sprintf(’You have entered an incorrect vertex.
Vertex %g is not in connected component %g’
V.M

end

if (flag==1)
% if the given vertex v is in component C%
% find the distance of vertices in C from v by using BFS%
distance_matrix = zeros(l,size);
% distance_matrix(i) for each vertex i of C gives),
% the distance of i from v%
% initializing distance_matrix to a maximum}
for i=1l:size
distance_matrix(i)=300;

end
% performing BFS to find distance,
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que = zeros(l,size);
distance_matrix(u)=0;
quecount = 1;
que(quecount)=u;
wvhile (quecount>0)
x=que(quecount) ;
quecount = quecount -1;
for i=l:size
if (X(x,1)~=0)
if (distance_matrix(i)==300)
% if i has not been visited before}
distance_matrix(i)=distance_matrix(x)+1;
% distance between v and i is found’
quecount=quecount+1;
que (quecount)=1;
% add i to the queuel
end
end
end
end
see=input (’If you want to see the list of distances of
vertices, please enter 1, otherwise enter 0 :’);
if (see==1)
disp(sprintf (’The distance of each vertex in the comnnected
component %g from vertex %g ’,C,v));
for i=l:size
disp(sprintf(’distance of vertex %g, from vertex %g is’
,array_orig(i),v));
disp(sprintf(’ %g’,distance_matrix(i)));
end

end
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% diagram for the distribution of distance%

% from a fixed vertexy,

array_dist=zeros(1,size);
% array_dist(k) gives the number of%

% vertices of distance k from v

for i=1:size
if (distance_matrix(i)~=0)
array_dist(distance_matrix(i))=
array_dist(distance_matrix(i))+1;
end
end
figure
plot{array_dist,’r’);
xlabel(’distance’);
ylabel(’number of vertices at distance x
from the chosen vertex’);
end
end
end
disp([’ Thank you for your attention! Bye!!’])

9.2 Sample Output

We will present the output of running the above code for thresholds (0.7986,0.8029).
We should mention that in this example we chose not to see the vertices in each
connected component of G(7%,77), and also, we chose not to see the list of degrees,
and distances from a fixed vertex. If we would like to see the results of these three
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options, the user should enter 1 when asked to, during running the code. In the case
of choosing to find distances from a fixed vertex, the output would include a diagram
showing the distribution of distances from the given fixed vertex. The sample output

is as follows.

Welcome to the graph-theoretical analysis of gene expression levels!!
Please enter the positive threshold for this test: 0.7986
Please enter the negative threshold for this test: 0.8029

Finding the connected components of G(t+,t-),

and determining if the pair of thresholds is suitable

The thresholds used for this test are : 0.7986 , 0.8029
The number of connected components of G(t+,t-) is: 18
The sizes of the connected components are:

238 1t 2111111111111 1 1 1

Do you want to see the vertices in each connected component?

If yes,please enter 1, otherwise please enter 0 : 0O
Connected components of G{t+,t-)

The number of connected components of G(t+) in connected component 1

of G(t+,t-) is: 6

Component 1 of G(t+) includes:
123467 11 15 23 25 33 39 40 41 43 45 55 56 69 72 75 76 78 82 102
113 114 115 127 131 144 145 151 155 158 168 173 174 178 189 196 202
212 224 230 243 246 251 8 18 24 46 48 B2 60 64 88 92 93 94 95 100 104
117 134 139 159 163 166 176 214 220 227 252 32 89 148 170 188 195 238
49 16 53 197 73 242 29 240 62 107 116 204 34 35 70 132 161 97 14 17
19-30 44 50 147 153 164 185 237 200 10 85 118 205
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Component 2 of G(t+) includes:
58 152 28 31 63 79 98 136 167 181 199 203 236 182 137 211 12 37 160
254 9 13 21 36 38 77 96 106 112 146 162 177 192 219 234 138 142 218
119 226 244 122 232 141 84 128 59 110 103 241 233 229 101 215 143
206 123 248 198 165 74 213 222 71 111 231 129 169 5 65 201 210 225
99 156 22 154 191 249 42 86 209 253 26 27 51 54 67 87 91 105 109 124
171 172 183 193 239 245 247 250 149 187 256 186 228 126 20 66 217
130 157 207 47 190 223 120

Component 3 of G(t+) includes:
184 194

Component 4 of G(t+) includes:
179 83

Component 5 of G(t+) includes:
216

Component 6 of G(t+) includes:
90

The sizes of the connected components of G(t+) are

115 117 2 2 1 1

Connected components of G(t+) within component 3

The number of connected components of G(t+) in connected component 3
of G(t+,t-) is: 1
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Component 1 of G(t+) includes:
61 68

The sizes of the connected components of G(t+) are

According to the first condition, for a suitable pair of thresholds
there should not be any edge of G(t-) between any two vertices of

the same component of G(t+).

The second condition checks if the quotient graph G(t)/G(t+) is

bipartite or not.

Both conditions are satisfied in all connected components of

G(t+,t-).

A suitable pair of thresholds is found.

If you want to continue the analysis of a specific connected

component, please enter 1, otherwise please enter 0 : 1

We now analyze a chosen connected component of G(t+,t-).

Please enter the connected component for which you want to perform

the analysis: 1

Study of degrees, radius, diameter, center, and median

If you want to see the degrees of vertices in this connected

component, enter 1, otherwise enter 0 : O
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The minimum degree in component 1 is 1

The maximum degree in component 1 is 98

The average degree in component 1 is 32.5042

The diameter of connected component 1 is : 13

The radius of connected component 1 is : 7

The vertices in the center are :

18 203 211 12 37 160 254

The vertices in the median are :

If you want to find the distance of vertices in this connected

component from a fixed vertex, please enter 1, otherwise enter 0 : O

Thank you for your attention! Bye!!
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Chapter 10
Analyzing the Results

The goal of this thesis was to model the data of gene expression levels as a graph,
and to analyze it using various graph-theoretical algorithms. In this chapter we will
present the original results that we were able to find by using our method.

As mentioned in Chapter 8, we used a gene expression graph as a way to represent
the data of gene expression levels obtained from laboratory experiments. If we con-
sider gene expression level to be a random variable, then the equivalent mathematical
structure that can represent a gene expression graph would be a correlation graph.
We studied some of the properties of weighted graphs and obtained results related to
the multiplicative sign property for weighted graphs. We defined a perfect correla-
tion graph and used the results obtained for weighted graphs on perfect correlation
graphs and gene expression graphs. The crucial link in this process is the notion of
a suitable pair of thresholds. We defined a suitable pair (7%, 77) of thresholds for a
gene expression graph G to be a pair (7F,77) such that G(7*,77) is a subgraph of
a perfect correlation graph. With this definition, we were able to find necessary and
sufficient conditions for a pair of thresholds to be suitable for a gene expression graph
(see Theorem 8.16).

Chapter 9 gives the code used to analyze the data. As a result, we were able
to determine suitable thresholds for our gene expression graph. The smallest pair
of suitable thresholds we could find is (0.7986,0.8029). For any 7+ larger than or
equal to 0.7986 and any 7~ larger than or equal to 0.8029, G(r+, 7™) satisfies both
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conditions of Theorem 8.16, and hence, it is a subgraph of a perfect correlation graph.

This result can be interpreted as follows. The connected components of the graph
G(7*,77) represent those clusters of genes that are highly correlated with respect to
their expression levels. Therefore, the number of the connected components and their
sizes correspond to the number and sizes of the clusters of genes.

According to [17], if the correlation between gene ¢ and gene j is very large (and
positive), there are two possible explanations:

1. gene 7 and gene j are transcribed by the same set of transcription factors,

or

2. an increase in expression level of gene i causes an increase in expression level
of gene j, which indicates the existence of a causal relationship between gene ¢ and
gene §.

If the high correlation between expression levels of gene 7 and gene j is due to
the fact that they are transcribed by the same set of transcription factors, then
the number of clusters can be viewed as an indicator of the number of classes of
transcription factors. We can conjecture that the genes in each cluster (connected
component) are controlled by the same set of transcription factors.

After running the code for the suitable pair (0.7986, 0.8029) on the data, we notice
that there are 18 connected components in the graph G(0.7986,0.8029). Among these
18 connected components, there is one very large connected component C' of size 238.
All of the other vertices (genes) that are not present in this main cluster C, form
connected components of size 1 and 2, and therefore, are not closely related to any
of the genes in the main cluster C.

We should mention that although the absolute values for the suitable pair of
thresholds that we found, (0.7986,0.8029), may seem very large, this is not unex-
pected. The reason is that the majority of the weights in the gene expression graph
have a large absolute value. That is, the majority of the absolute values of the corre-
lations of the gene expression levels are large. Figure 8 shows the distribution of the
weights (correlations) for the edges in the data. In this plot, the z—values represent
the edge weights (rounded to one decimal), and the y—values represent the number

of edges in the original graph with the given weight. It can be seen that a large
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number of edges have the absolute value of its weight larger than 0.7, and therefore,

the values of the suitable pair of thresholds we found is not unexpected.

distribution of weights
6000 T T T T T T T T T

5000

T

T

4000

3000 -

2000

number of edges with a specific weight

1000

T

i 1 1 1 L

1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 06 0.8 1
weight rounded to one decimal

Figure 8

Let us focus on the main cluster C, to obtain more information about the graph
G(r*,77). The main cluster consists of 6 connected components of the graph G(7%);
Cy and C of sizes 115 and 117, respectively, C3 and Cy of size 2, and Cs and Cg of
size 1. Thus, the picture that emerges after finding a suitable pair of thresholds is as
follows: The main cluster C partitions into 2 large subclusters and 4 tiny subclusters.
The genes in any of the 2 large subclusters have a very high positive correlation to
each other, and all the genes in one subcluster have a high negative correlation to
the genes in the other subclusters. This could mean, for example, that if the genes
in cluster C are highly expressed in a cell, then likely the genes in cluster Co will be
at a low expression level. Figure 9 shows a snapshot of the structure of the graph
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G(tt,17).
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negative edges %

size—1 component

O 4\ o

main connected component

Figure 9

The analysis of other parameters on the graph reveals specific information about
the clusters such as vertex degrees, radius, diameter, center, and median of each
cluster. One of the parameters that we determined is the degree of each vertex in
the cluster. The degree of a gene in the graph G(r*,77) is the number of the genes
directly related to it with correlation greater than or equal to 7+, or less than or equal
to —77. Also, we obtained information about the density of each cluster. This was
done by finding the average degree. The larger the degrees in a connected component,
the more edges are present in it. Therefore, the average degree of each cluster gives
us a measure of the density of each cluster. The average degree for the main cluster C'
the emerges at the suitable pair of thresholds (0.7986,0.8029) was equal to 32.5042,
with the maximum degree of 98 and minimum degree of 1. The radius of C is 7 and
its diameter is 13.

If we compare the radius, diameter, and size of the center of the main cluster C' for

different thresholds, we notice that as we get closer to a suitable pair of thresholds,
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the radius and diameter do not change significantly, but there is a significant decrease
in the size of the center. The size of the center for pairs of thresholds (0.7985,0.8029)
and (0.7986,0.8028) are 75 and 34, respectively; whereas, the size of the center for
the suitable pair (0.7986, 0.8029) is only 7. The vertices in the center for the suitable
pair of thresholds (0.7986, 0.8029) are 12,18, 37, 160,203,211, and 254.

Using the algorithms developed in Chapter 5, we are able to find the distance of
vertices in a connected component from a given vertex (provided by the user). Here,
what we computed is the distance in the underlying graph of the gene expression
graph, that is, the distance in the graph without weights. We could also compute dis-
tance in the weighted graph, but this was beyond the scope of this thesis. We hereby
present an example where the chosen gene is in the center of the connected component
C. Figure 10 shows the distribution of distances in the connected component C' from

vertex 203.
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For comparison, Figure 11 shows the distribution of distances in the connected

component C' from vertex 179, which is not in the center.
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Figure 11

Note that Figure 10 shows a marked decrease in the number of vertices as the
distance from 203 increases. This is justified by considering that 203 is in the center
of the graph. Vertex 179, which is not in the center of the connected component C,
does not show the same decreasing property (Figure 11).

The main goal of this research was to develop a tool that assists in designing
future experiments, and possibly obtain information about the structure of the gene
expression network by using graph theoretical methods. By using our model and
method of analysis, several possible questions can be answered. Besides finding a

suitable pair of thresholds and determining the general structure of the graph such as
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the number and sizes of the clusters and their density, we can answer certain questions

about specific genes. These include the following:

e For any gene (for example one of biological interest), we can determine the
following: degree, eccentricity, distances to all other genes in the same cluster,
size of the cluster containing it, and whether or not the gene lies in the center or
median. Also, we can determine its ”behavior” while changing the thresholds;
for example, we can find out if a particular gene that is in the center keeps its

position in the center as the threshold varies.

e For a specified pair (or a larger set) of genes we can determine whether or
not they lie in the same cluster. If they are in the same cluster, we can find
the distance between them. Also, we can determine how they ”"behave” as we
change the thresholds; whether they stay in the same cluster, or their relative

positions change as we change the thresholds.

Clearly, the numerical results obtained in this thesis depend on the chosen set of
genes and cell samples. However, the approach taken in this thesis can be applied
to any set of data of gene expression levels that might be of interest to researchers
in medical sciences. The notions of a gene expression graph and perfect correlation
graph, and the theory developed, are independent of the genes and cell samples
chosen. Therefore, the lemmas, theorems, algorithms, and code that we have used
in this thesis can be applied to any (sufficiently small) database of gene expression

levels.
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Chapter 11

Further Research

This thesis started a new approach for obtaining information about functional re-
lationships between genes by analyzing the data of gene expression levels from a
graph-theoretical point of view. This approach is based on applying mathematical
theory to biological data, and it takes advantage of other areas such as computer sci-
ence and statistics. Therefore, there are several possible ways for future work on this
topic. Here, we will present some suggestions and ideas for continuing this research.

1. Extending the parameters. This would include adding the calculation of other
biologically meaningful parameters for the gene expression graph. Chapters
6 and 7 of this thesis contain results and algorithms for finding cut-vertices,
blocks, and maximal and maximum cliques of a graph. To extend the analysis
to these additional parameters on the graph, one could implement the algo-
rithms presented in these two chapters. For example, cut-vertices for various
thresholds can be found. A study of behaviour of cut-vertices and blocks and

their biological significance might be of interest.

Also, parameters other than the ones studied in this thesis could be explored.

2. Adding more attributes to describe the relationship between the genes. Given
the size of the problem, it was important for us to start with the simplest possible
scenario to be sure that the problem is computationally feasible. In subsequent

work, the weights on the edges of the graph can be extended to n-tuples from
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the current single value. In this thesis we only considered correlation coefficient,
which corresponds to the idea of fitting a linear function to the data. One
could try to fit higher order polynomials to the data. In addition, the n-tuple
representing the edge weight could include the goodness of fit (error measure),
experimental error, combinations of the types of distribution of expression levels

of the two genes (unimodal, bimodal), etc.

3. Extending the graph. In this thesis we have performed the analysis for the
256 selected genes of highest variance of the gene expression level over the
set of samples. One option is to perform a similar analysis for a larger set
of genes available from StemBase. This may possibly lead to analysis of the
gene expression levels for all of the 45,000 genes. Clearly, in choosing this
option one should study and examine available software and hardware for larger

computations.

4. Applying the same method to other data. The approach taken in this thesis
is based on the data from gene expression levels. One possible extension is to
use a similar approach in the analysis of other data. For example, a similar
graph-theoretical analysis may be possible for a database of proteins instead
of genes, and post-transcriptional factors instead of transcription factors. This

may assist in proteomics instead of genomics [17].
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