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- ABSTRACT

The Debye charactf-:ristic temperatures of 24 cubic elements
and 18 alkali halides have been calculated from their elastic constants
by the Hopf-Lechner method, which has been extended to a tenth degree
polynomial approximation, the Houston-Bhatia-Tauber method, and
the Fedorov method, to various degrees of approximation. The cal-
culated values have been compared with the experimental ones and the

relative merits of the three methods discussed.
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CHAPTER I
INTRODUCTION

The well knc;wn Debye T3 law for the specific heat (Cv)
of solids at lo;:v temperatures l;aads to a well defined value of the
Debye temperature at 0°K (@i). This temperature can also be calcu-
lated from the elastic stiffness constants (@%1 ) (Born and von Karman

1913, Born 1923). The equality

el
e = @f

provides a useful check on the consistency and accuracy of elastic

constant and specific heat data. During the last six decades, a number
: 1

of methods have been proposed to calculate @i to varying degrees of

accuracy.

The present thesis concerns itself with three of these which were ex-

pected to provide accurate values:

(2) Hopf-Lechner (1914) method. We have extended this

method by employing a tenth degree polynomial.

Af



(b) Houston (1948) - Bhatia and Tauber {(1954) method.

3-, 6.-, 9- and 15-direction approximations, and

(c) =2 recent method due to Fedorov (1968).

Employing the best available elastic constant dgta for 24
cubic elements and 18 alkali halides, we have calculated the Debye
temperatures for these substances using the above three methods. The
calculated values have been compared with the experimental ones and

the relative merits of these methods have been discussed.
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CHAPTER II

REVIEW OF THE DEBYE THEORY

An Outline

Einstein (1907) was the first to apply qua.nt.um rules to spe-
cific heats and thus he was able to explain the low temperature deviations
from the Dulong-Petit law of specific heats. He assumed that each
atom of the solid was an oscillator and that all the oscillators had the
same frequency Ve which W;S characteristic for the solid. This ra-
ther simple model gave suprisingly good agreement with experiment,
especially for those times, but at low temperatures the theoretical values
fell below the observed ones. Subsequently, as an improvement, Nernst
and Lindemann ( 1911 ) modified the Einstein assumption by introdu-
| cing 2 new characteristic temperature Vg /2 1in addition to \.)E' This
gave a better agreement between theory and experiment at low tempera-
tures, but there was no fundamental justification for its introdﬁction.

So it became apparent that the introduction of some more freqﬁencies
could still be justified, as Einstein himself, realizing the limitatiéns' of
his assumption, suggested (1911). If one considers the Fourier analysis .
of the motion of the atoms then one sees that the motion will be charac-

terized by many frequencies. This was the starting point of Debye's




theory of specific heats, only he did not use Fourier analysis, the cal-
culations being very laborious, but he used a2 method analogous to Jeans!

proof for the Rayleigh radiation formula.

-

Debye (1912) assumed that a2 monoatomic lattice may be treated as
an elastic isotropic continuum with no dispersion of wave propagation.
For an actual solid such an assumption is justified only for low frequen-
cies, long wavelengths, but for high frequencies, at which the wave-
length is comparable to the distance between two atoms, it is only appro-
ximately correct. The atomic nature of the lattice was taken into ac-
count only by the fact that the total nmﬁber of the allowed modes of
vibration was equal to the total number of degrees of freedom available
to the iattice of discreet atoms. So on this model is then imposed the
condition that there is a unique meaximum frequency ¥H for thé modes
of vibration. This then leads t;> 2 characteristic temperature € D’
where 8 = h vDIk.

Born (1915) proposed that instead of a single cut off frequency
Y5 there should be a single cutoff wavelength, since such a condition
would be imposed by the atomic distance. Such an assumption, Brillouin
(1946) has shown, leads to equipartition in the modes, ané to three
charactéristic temperatures. Thes? are often close to 8D° However,

this theory gives a worse agreement with experiment, than the Debye

- theory (Bijl 1957).

V|



Joud

:2ve

(o7}
ey
o)
N}
w
L8]]
e

Subseguent cdevelopments in this {iel
shown that the Debye model is 2 very simplified model and the resuliing
expressions for the specific heat, C_. is inadeguate for representing

v z
the specific heats of real subsiances over a2 wide temperature range.
However, for very low frequencies the Debye spectrum is indeed correct
-—-— ov - - -
(Biackman 1933) 2nd the Debye temperature at 0 X has 2 definite

theoreticzal significance.

Debye’s Moedel

Assuming an isotropic non-dispersive medizm, 2 plane wave
propagating in such 2 medium witk velocity v musi satisfy the wave

equation

2 _ u
ve = — = ... PR ¢

where VZ is the Laplacien, and u is 2 small displacement of the
volume element a2t the poinﬂ: x,v,z). In oz:der to find the solution we
can assume that the solid is a2 cube of side 1, and that the boundary
condition is either the *Born cyclic condition®, which hzs 2 propagating

wave type of solution, or that 2t the faces of the cube the ampilitude is

zero, which has 2 standing wave type of solution

Assuming the ®Born cyclic condition™ and the origin of the
g e=mnal
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coordinate axes to lie at the centre of the cube the solution for the dis-

placement u is

ZTrnx 27n Zﬁnz
4 = Ael ( x + —F y + - wt)
1 L L
or
. N . _
a = Ae (k x kyY k =z @t) ceieeae.. (2)
where n, nY and n = 0+ 1, +2,..... s
and 2Tn 2Tn 27n
k = 2, kx=—%, k= =
= L y L L

are the components of the wave vector k in the direction of propagation

of the wave. Thus substituting Egq. {2) into Eq. (1) we get

' 1
T T
< v 2
v
or
2 2 2 2 LZ 2
n + n +n, =n = S5 Vv ccecenn (3)
x v 2
v
or
S (4)
- v

For any set of integers n_, nY and n_ there is 2 wave number and
hence a frequency specified by Eqg. (3). In fact to each set there are

three normz]l modes of vibration, one longitudinal, a2nd two independent

transverse modes. Thus the same frequency can ba obiained for several .

o
~
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combinations of integers. The number of identical frequencies, (or
modes) can be calculated by noting that Eq. (3) is the equation of a sphere
in the "quantum number space”, if n , nY and nz could assume conti-

X

nuous values, but this is not the case, since they specify only certain
points on the surface of a sphere. However, for large quantum numbers
they will appear as continuous, resulting in a continuously varying fre-

quency. Therefore the number of modes g(v) dv within a range v

and v + dv is
2
g(v)dv = 47n dv

which is the volume of a spherical shell of radius n in n-space. Thus

using Eq. (4) we get

2
g(v) av =é1311— av (5)
Y

where V = L3 is the volume of the solid. Considering the three modes
of vibration for each wave vector, and an isotropic medium Eq. (5)
becomes

-3 -3 2
g(v)dv = 417V(VL + Z‘VT ) v dvy ceccsee (6)

Since there are only 3N degrees of freedom available to the N dis-~
crete atoms, there must be 2 limit to the frequency range of the solid

specified by 2 maximum cutoff frequency v D’ such that
v

D .
I g av = 3N R ¢/
o



and therefore we get for v

D
vy = (9_N_> 1/3 (vj E ZV-T3',)- 13 .. @
4TV

In general, in a real solid the three modes of vibration have different
velocities in different crystallographic directions, so that removing
the assumption of isotropy, we must consider the velocity of each type

of wave averaged over all directions. We can define a mean velocity

v as follows
m

' 3
3 -3 aQ
F - C— = B - — ® o e 0 000
v3 f i 4w (9)
m =1

il

where dQ is the element of solid angle, vy is the velocity of the

longitudinal mode, and Vs and v, are the velocities of the two trans-

verse modes. So the expression for v D becomes

. (3N )1/3.v
: m
b 41V

\ 3
(115-)1/3 1/3/2 e 2 -3 L o)
4V i=1 41

In discussing specific heats and other physical properties, it

<
!

is better to use a parameter related to the temperature rather than to
the frequency. Thus the characteristic Debye temperature, called @o

at 0K , is defined to be
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h LY
@, = T D e (11)
or
) o Tk Zuav m ceseenn (112)
or
h 1 n \1/3.
®6 = (4“_ v) vV SRRERE {(11b)
c

where h is the Planck constant, k the Boltzmann constant, n is the
number of degrees of freedom per cell, and Ve is the volume per cell.

For a gram-atom of a monoatomic solid €, takes the form

h (38 _p \ 1/3.
=== | —— —1 v eeeeaan 1
® =% (411 M J Voo (12)
where N is Avogadro's number, e V, M being the atomic weight

and p the density at 0°K. - .

In the above relations it is seen that € depends on the
average velocity Vo Eq. (9), which in turn depends on the elastic
constants of the solid (see next chgpter ). Real solids show dispersion.
which is due to their lattice nature, in contrast to a2 continuum, which
the Debye theory assumes. Born and von Karman (1912) c9nsidered
the atomic nature of the solid and a gereralized spring force model

holding together the atoms. Such a model gives dispersion. Since in

i
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the limit of low frequencies, iong waveiengths, which correspond to
temperatures of tﬁe solid tending to OOK, the velocity becomes inde-
pendent of fz;équency,the e, deterrmined from calorimetric measu-
rements {(Debye theory) is the same with that determined from sound
velocities, called @oe 1. At other temperatures they are usually different,
Alers (1965).

The distribution function for the fre.quencies may be found by

combining Eg. (5), (7), (9)and (10)

g(v) = %153 w2 for v s v
]_D ceeecea (13)
=0 for v >.VD ’

Debye Specific Heat

The average energy T of a2 harmonic oscillator of frequency
v in thermal equilibrium at temperature T, as derived by the use

of quantum mechanics is given by

hv
b v kT 1

E=-—;— hvy +

e

Hence the molar internal energy of 2 solid will be

Y max

E =_j Tg(v) dv ... (@5)
0
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According to the Tebye theory Voax = VD and by Eq. (14)

Eq. (15) becomes:

3. /T ,3

, 9Nk T \

E= 255 0 +9NkT(-®——)§D ~— at ... (6)
* hv .

where t = =T ° Thus the molar specific heat, if x = @D/T, is

H JE

£ Y

Oy (BT)

£ : v

g

1

E x 3

E 1 t

. =9R\:4—3f —— a - ::] ....... (17)
E x 0o ¢ -1 e -1

£

E

E a x o

g Functions of the type .—n S < dt are called Debye functions,
£ x Jy e-l

{ the integral part of which has a series ex ansion as follows, provided
E g P pa _ P

E

% x>0 and n=2 1:

L d

n ® n n-1 n-2

£ gt=niC@il) -y, e | E— 4 X pa@-x" ~ =n!
t . 2 3 n+l
0 e -1 k=1 k k k k

where ((z) is the Riemann zeta function. Thus Eqg. (17) becomes:

x

‘4 - w

_ 47 1 3% ~ kxf[1 , 3 6 6
C—3R[-—- 3 - —IZXZe ( t5— t3at ) |08
5 x e -1 k=1
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High Temperature Limit

At high temperatures ®D/T' = x tends to zeroand C as
‘ v
expressed by Eqg. {17) tends to the classical limit of the Dulong-Petit

law, ie.

C = 3R ceacens (19)
v . -

Low Temperature Limit

bl be b s st B tia Mala il L

At low temperatures x-» @ so that

4. © 3
9R[__ £ 4 __(_x_) ]
v - 3 t x
e -1 X = ™.

x 0e-l

O
1

IR 3 31 (3 +1)

or

: 3
c =3r £ +* (—11) : ' e (20)
5

This is the celebrated T3 law for specific heats at very low tempera-
tures. This law holds for T < @ /50 (Blackman 1941). Thus
experimentally @ D can be determined from calorimetric measure-

ments using either Eq. (20) for very low temperatures, or Eq. (18) for

higher temperatures.

Al
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CHAPTER I

VELOCITY-OF SOUND AND THE DEBYE TEMPERATURE

The characteristic temperature @:1 of 2 solid is related
to the mean velocity of sound, Eq. (9). In this section we will see how

the sound velocity is related to the elastic constants of the solid.

The basic assumption is that the solid is considered as an
elastic continuum obeying Hooke's law. Therefore this theory is good
only for low frequencies. Héoke‘s- law provides 2 relation between the
stress and strain .tensors. The coefficients of the strain components
are relafed to the elastic constants. From the dynamical equation of
motion of a small displacement, (Musgrave 1954), a set of three simul-
taneous differential equations arise. To solye the equations the relations
for a plane wave propagating in the direction defined by the direction
cosines p,q, and r 2are substituted It then follows that the three sound

velocities are the three real roots of the Christoffel secular equation:
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2
A -
11~ PY £10 A3
A 2 A = '
A2 22 PV B3 = 0...(21)
N _ A3 A= PV

where p is the average density of the solid’and the elements Ai' are
related to the _elastic stiffness constants cij and to the di_rection cosines
p-q.r as follows:

2 2 2 .
All— P ¢y, +q 66 +r g +2qr c56+ 2rpc15+ quc16 ,

2 2 2 ' »
= i + 2 + 2 , , _
A&2 P c66+q czz-i-r S at quc24 Tpc,+ 2Pac,, %

+ qzc + rzc + 2arc

A 44 33

2
= + +2 ,
33~ P C55 34t Z¥Pe35t 2PAC 4

2 2 2
= + +
A= et a et Tie grarle it ) trple Fege) Fralegpteg)
A

2 2 2
= + + + + ,
13 P €157 2 ST T S35 +qr(c45+_°36) rp(e 3t egg) +pa (et eg,)

2 2 2
= + + + + .
A23 P c56 +q c24+r c34+ qr(c44 c23) + rp(c36 c45) pq(c25 c46)

For various lattices with particular symmetries the above relations

i?
E
E
E.
%

simplify considerably, because many of the elastic moduli are equal
to zero. - From the above secular equation the velocity of sound can now
be found in any direction. Only in the case of the hexagonal lattice it

is possible to factorize Eq.{21), but for others it is possible to do so,
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only in some preferred directions. After this, the integral for the
mean velocity, Eaq.(9), has to be evaluated. This is not always possible

analytically, so a number of approximate methods have been developed.

‘ el
Methods of Calculating €,

In this section we first summarize some of the general
methods for obtaining the mean velocity Vo and then give a few ex-
plicit approximate expressions for crystals of cubic symmetry. Discus-
sion of three of the important methods, viz. those due to Hopf —.Lechner

(1914), Houston (1948) - Bhatia-Tauber (1954), and Fedorov (1968) is

deferred to the next chapter. - —

Direct Numerical Integration

The evaluation of the integral for the mean velocity Vo

Eq. (9 )’ can be approximated by a direct numerical integration. In order

to do this a minimum section of the unit sphere is considered. The

size of this section, which must be large enough to represent the solid

in a;ll directions in the unit sphere, will depend on the symmetry of the

particular lattice, for example, it is 1/48 of the unit sphere for cubic

lattices, 1/16 for tetragonal lattices and larger for lattices of lower

symmetry. Then the area A of the surface subtended by this section

is further subdivided into N smaller equal areas aj, and the direction
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cosines corresponding to the centre of each small geometrical area

are determined. These are substituted into the secular equation, Egq. (21),
and the corresponding three real roots are found. Then the inteération
sign of equation (9.) is replaced by the summation one, and the sum of'

the reciprocal of the cube of the velocities multiplied by the associated.

small area aj divided by the total area A is found.. This thenis

equal to % , and @oel becomes:
v
m
1/3 N 3 a. J-1/3
el _h 3N ~ -3 i
% = ¢ (4nv) [1/3521;1 5 3 ] cerenee. (22)

The accuracy of this method will depend on the anisotropy of the solid,
and on the number N of the directions considered, that is the larger

the N the greater the accuracy. This method is capable of very high

accuracy.

Harmonic Series Expansion

Another method for cubic, and non cubic lattices with a prin-
cipal axis of symmestry, is the expansion of the integrand of equa.ﬁon
(9) in terms of harmonic polynomiais ha;ring the same symmetry as that
of the corresponding Christoffel equations of elasticity. This is an
extension of Houston“s method for integrating approximately functions

of complete cubic symmetry. Betts el al. (1956) have worked out the

formulae for hexagonal, tetragonal and trigonal crystals, and Joshi (1961)
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for orthorhombic crystals. For the cubic case this method will be

considered in detail in a subsequent chapter.

From Young's and Shear Moduli

For an isotropic medium the integration called for by

equation (9) for the mean velocity Vo reduces to

3 1 2
3 - 3t 3
Von Vi Vo
where Vi, and Vo are the longitudinal and transverse velocities res-

pectively. The condition for isotropy, for any material of any lattice

symmetry, is realized, to a certain extent, by the randommness of the

P T R L TS LI TR U TR TP DAV

~

grains for the polycrystalline state of the material. Thus the Young's
modulus E and the shear modulus G, which describe the polycrystalline
solid and are related to the single crystal moduli (for cubic solids see
Voigt 1910, and Reuss _1929) are related also to VL and vT by the

following equations

e f4aG-E 1/2
V. | P \3G-E

g)1/2
T \ P

For polycrystalline solids this method gives quite reasonable

;
£
;E';
E.
3
E

and

v

values.
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Cubic Symmetry

In'the case of cubic crystals the secular equation (14)

reduces to

- v2+c 2+ ( + ) ( + ) +
p 1P T o +x €127 C44’ P4 (c1pF ) PT
(c..+c. ) 2ie Bre. (D) (c.. +c. ) =0.. (23)
12" €44’ PV TCPATC it TP cyp teydar |50
(¢, +c JIr (c,,tc, Or - 2+ r2+ ( + )
12" ©44”*P 127 €249 PV TCF TC P T

For a nearly isotropic medium Born and von Karman (1913) have given

the following equation for v

3 3/2 2 1 3 . 1 1
3°° 37z * 32 * 5127 n*2 0 57 c5/2) .. (24)
Tm “a4 11 44 11
.provided

&5 = (clz_ c11+ 2c44) / (cll- c44)

js small compared to unity. : -

When the ratios ch/cll’ c44/c11 are small, an approxi-

mate expression was given by Blackman (19352, 1935b):




It was found; (Varshni 1964), that this equation gives systematically
. 1
high \values fpr ®: of IV and III-V semiconductors and it was mo-

dified to
2

c,., cC 1/6 |
v = .89 (—“——‘éi) ....... (26)
m p3

Anisotropic solids present 2 pa.rtiéular difficulty as the
spread of the velocities is high. Blackman (1951) obtained the following

. . el .
semitheoretical formulae for @, , designed to cover the cases where

(c:11 - clz)/ cy; isvery small
®e1 (2 ’ 2323 3N (c,.- c, Ne, ,tc. +2c ) c He
o T\k p3/2 4TV 11 "12°'711 T12 44’ "44

This formula also was found (Varshni 1964) to give too high values for
@:'1 of Groups IV and III-V solids, and the constant . 525 was changed

to .4174. By this method calculations can be quickly made, and can

provide an accuracy of 5 to 10%.

de Launay's Tables

A convenient method for calculating ®e1 , which does not re-
o
quire the use of computer, makes use of tables prepared by de Launay

(1954). In this method the effect of the electron gas was taken into accbimt.
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The expression is

3/2
ol 9 (n) (e} o ..,
o~ amv \k P 1843

The factor f(s,t) has been calculated numerically and tabulated. It
is a function of the anisotropy of the crystal and has the value of unity

when the elastic constants satisfy the condition for isotropy

and

12 44"

The variables s and t are defined as follows

€117 44

s -
S12 T €4
and
C - C
2 4
t = lc 4
44

Thus for any value of s and t one can look up in the tables the cor-

1
responding value for f(s,t) and therefore calculate @: . Sometimes

interpolation is necessary.
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CHAPTER IV

THREE METHODS FOR CALCULATING THE DEBYE

TEMPERATURE

Hopf-Lechner Method _ -

The oldest and best known of the general methods i;s due to
Hopf and Lechner (19 14), which is based on replacing vi-3 of the
jntegrand of equation (9) by a function more suited to calculation. To
explain the method it is ;best to refer to Eq. (23) again, written in a

more convenient form.

If 'Vz— C
p 44
z = C - C
11 “a4
and . .
c..+c
K = __1.-7:__5‘& _________ (27)
1 44

then equation (23) becomes

z - p2 Kpa Kpr

2 .
Kqgp z-q Kgqr =0 ....... (28) -
Krp Krgqg : z-rz

il
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or
3 2
z -z +b1z - bZ = 0 deeeeanas (29)
in which
2 2 2. 2 2 2 2 -
bl = (1-K)(p g+qg r +r p )  .ceceec--. (30)
and
. 2 3. 2 2 2
b2 = (1-3K +2K )p g = ececececnn (31)
In this notation, Eq. (9) becomes
3/_2 3
3 P .
2 - > @ L., (32)
v3 c..-c¢ i=1 (= +§)3/2 4T
m ‘11 44 M 1

where [ = c44/(cll—c )

44
As it stands, Egq. (32) is not integrable analytically. Hopf
and Lechner (1914) devised an approximate method to evaluate the

integral.

Since the values of velocity will vary over a definite range,

/2

the function (z -i-Q)--3 was approximated over this range by a power

series, i.e.

5
@) 3% = 3 e (33).

n=0

The range of z chosen by Hopf and Lechner was from z =0 toz =1,

;e m—
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> ,
which means that pv varies from 44 to STh The coefficients a

were chosen such that the two functions, Eq. (33), are equal at

z = 0.2m

where

m = 0,1,...5

For a more accurate evaluation, the polynomial should be fitted over
the extreme values of z that actually occur in a particular crystal
(Durant 1936; Blackman 1955). it was pointed out by Blackman (1955}
that the extreme values of the velocity will be found for cubic cfystals

to be associated with a few special directions in the crystal, and they

- all

will be contained in the set of the six different velocities along the

[100], [ 10], and [111] directions as shown below.

[100] direction
2

pvl = cll : - ® 99 0 00 000 (34.)

pvz2 = Cu4 cecccccs . (35)
2

PVy = Cuy cececcane (36)

2 1
pVy = 32 (c:11 +c12+ 2c44) cececccne (37)
pvz = C cecossena (38)
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_ 1
pPvy = 3 (cn- ch) ......... (39)

[111] direction

-~

2 1

PV, =3 _(Cll + 2c12+4c44) ......... (40)
2 1 .

pvz - 3 (cll- c12+ C44) ------ :-. (41)
2 1 , ‘ :

pPvy, = 3 (- ¢50* c44) C deieaenes (42)

The maximum and minimum values of z thus obtained for the vérious
elements are shown in Table II , and for alkali halides in table VIIJ .

Hopf and Lechner (1914) used a fifth degree polynomial; Fuchs (19362,b) \

found it necessary to employ an eigth degree polynomial for the case
of alkalies. A ninth degree polynérnial has been considered by Sutton
(1955). Here we have éarried out the evaluation for a tenth degree

polynomial.

A Tenth Degree Polynomial Approximation

For a tenth degree polynomial approximation Eq. (33)

becomes

10
-3/2
(z+C) / = Z a,nzn ......... (43)
n=0 - -
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In order to find the coefficients a the range of z from 2z maximum
n
(z )to z minimum (z . ) for each solid (see Tables II and VIII )
max min . ,
was divided into ten equal parts. Then the two functions of Eq. (43)

were calculated for each of the eleven values of z in this inverval.

This resulted into 11 simultaneous linear equations in 2 - It

z -z
max min
Az = '
) 10
the equations are 10
-3/2
z . +g) / = a_z% |
min £ » min
10
-3/2 n
((Zmin+ Az) +§) = Z a'n(zmin+ A z)
n=0
. 10
-3/2 n
(Zma.x+ g) = Z @ B o e (44)
n=0

By solving these simultaneous equations we obtain all the coefficients a_.

Let the integral of Eq. (31) be called F then we can write

ST D> DY
11 44 1 daQ n 4dQ
—_—= F= —_— a 2t =0, (45)
< p/ [i='1 (zi+g)3’/?“4"TT n=0 T i=31 147

>
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In order to evaluate the R.H.S. we must express it in terms

of the direction cosines and the elastic constants. Now if zl, :z.2 and

z, are the three real roots of the secular equation, Eq. (28), then

(z—zl)(z-zé)(z -z3) =0

3 ' 2 3 2
- - =z - ->_.=0... 6
z (zl+z2+z3).z +(zlzz+z.zz3+zlz3)z Z1ZZZ3 zZ -z +blz 32 0 (46)

Where bl' and b2 are defined by Eq. (30) and (31). From the above

identity we have

= 47 %
zl-l-zz-i-z3 1 (47)
zlzz+ z2z3+ z,2; = 1?1 ceessanee (48) ‘
! ~
;= e .. 4
ZIZZZ3 bZ (49)

Using these equations we obtain for the sums of the type (z 1n+ z;-f-z: )

the following relations

i=1
3 1
- - 1
=1 1
3
2 -
z -
1 -

i 1-2b

fwp
I
o
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- 3b1 + 3b

]
"
fa—

N
N

e
I
ot

[\V]

M
N
o
1]
!

2
4bl +4b2 + Zbl

)
n
Pt

W
\

2
z —1-5b1+5b2+5b1 - 5b.b

[
(V)

(=0
I}
[
o)

M
pl
o
it
fod

2 3 2
- 6b1 + 6b‘2 + 9b1 - 12b1b2 - Zbl +3b2

ot
|
ot

3
7 2 3 2 2
i§_1 2/ =1-7b, +7b, +14b) - 2lbb, - o +Tb, +Tbb,
3, g 2 3 2 2
2 2= 1 - 8b +8b,+20b] - 32b, , - 16b+ 12b+ 24b b,
2 4
- 8b. b + 2b
§3 9 -1 -9b.+9b_+27b2 4§b b.- 30b> +18b2+ 54b b
.lzi"l 2 1~ %12 1 2 122
i=
2 4 . 3 3
- 2Tb b, +9b) - 9byb, + 3b,

w4
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3
10
Z z =1-10b +10b +35bi2- 60b b - 50b>+ 25b 2+ 100b b

5 2 1 2 1°2
- - 60b1b22+ 25bf- 40bfb2+ 10b:+ 15bf;‘- 2b15 L e (50)
Let
€, = (1-%9) _
and |
K, = (1- 3KZ+2K0)  eeeeeaes (51)

where K is defined by Eq. (27).

The powers and the combinations of b 1 and b2 appearing in the )

preceeding set of equations, Egs (50), are found in terms of Kl’ K 2

A

and the direction cosines p,q, and r, and are presented in the following

set of equations,

' 2 2 2 2 2 2
1= Kl(pq +pr f—qr)

4 4 4 4 222
12- Kf(p4q4+pr +qr +2pgqr)

W
i

366 66 66 . 442 424 244 444
Kl[pq+pr+qr+3(pqr+pqr+pqr)-3pqr]‘

4. 88 88 88 662 626 266 6 6 4
klpa+pr +qr talpar +tpar tpar)-dpar

646 466 4 4 4
+pgqr+par)tépaqr ]
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5 510 10 10 10 10 10 8 2 82 8 2
1=K1[p qg +p r +q r +5(p q8r +pgr +p q8r8)

8 8 848
-5 q 1'4+p q%r +p4q8r8)- 20p6q6'r6+ 10(p6q6r4+p6q4r6

4 6 6
+paqgr)]

X -
2 2P 9

2 _ 2 4 4 4
bz - szqr
b3 _ K:3 6 6 6
2 - zpqr
_ A 42 424 2 4 4
ble = KIICZ(p qr +pgqr +tpgqrzr)
6 6 26 2 6 6 4 -
be = KZK (p6q rz-i-p qr +pqr +2p q4r4)
172 1 2
2 2 664 646 466
= K R
ble Klz(pqr+pqr+pqr)
3 28 2 664, 646 466
b13b2 = K';'Kz[psqsr2+p8q 24 0% s+ 3(p g T D g T +piqr )
6 6 6
-3pgqr ]
6 6 6
blzbz2 = lcf' ICZZ (p8q8r4+ p8q4r8+ p4<_18r8+ 2p QT ) eeeecesccs (52)
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The powers and the combinations of the coefficients Kl and K

appearing above are expressed in terms of XK by the following set

of equations,

=
1
]

S
1]
N
w
-+
~

xf = 1-38%+ 3K4- x°

Kf - 1 - 4k%+ ex:- ax®r k8

Kls = 1- 5K2+A 10K*- 1o£<6+ s5°- 10k
€, = 1- 3K+ 2K°

2 = 1-ex’s 4K+ 9k 12K%+ 4%

' 3 7
K: = 1- 9K2+ 6K + 27K4- 36K5- 15K6+ 54K - 36K+ 8K9

KIKZ = 1- 4K2+ 2K3+ 3K4- ZK5

KZ K, = 1- 5K2+ 2K3+ 7K4- 4K5- 3K6+ ZK7

2

A
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2 2
K'lKZ =1-7K +4K3+ 15K4- 16K5— 5K6+ 12K7- 4K8

6 9

3 2 ' 8
3k, = 1-6K + 2K+ 12K 6KO- 10K+ 6K+ 3K - 2K

2 7
Kl KZZ = 1- 8K2+ 4K3+ 22K4- 20K5- 20K6+ 28K +K8- 12K9+ 4K10 ... (53)

Now we can substitute the explicit expressions for b1 and bz,

equations (52) and (53) into eqﬁations (50), and carry out the integration,
which will involve about 60 terms, term by term. The evaluation of

each integral was done by the use of gamma functions.

-
-

In spherical polar coordinates the direction cosines p,qand r are

p = sin® cosg
q = sin® sing
r = cos®

The integration is over the unit sphere and the element of solid angle
. 2 )
deis (r =1

de = sin6d0dg

As an illustration we show the evaluation for one of the terms.
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T 2T
884 4 _ 1 8 8
fp QT L4 _Z—TT S S sin Ocos cpsin86 sin8cpcos4e sin®d6dey

T 2T
1

1 17 4 8 8
- : ) 8 : - —
2 S sin cos ©d6 j sin @cos ¢ do 215701
0 0

All the different terms and their values after integration are listed

below

10 10 d@ _ _3
P 9 445 7 46183
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6 6 d2 _ _5
PT 4n 2703
8 8dn _ 7
PT 4n = 21879

10 1042 _ _3
P T 20 T 46183

(%]

L

ae _
Pa9T 45 T 5005

sl oo fo gt b Lo e Dt s et Ldiachlae MRt Liidatu &L UM AR A R LA AN Al kA L L

5 .
PAT 45 ~969,969°

o
o
o~
8

22242 __1
PAaT 4g 10
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318

1%
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= 1155

= 415701

= 1155

9009

_
415701




- 35 -

266 _ L
AT 2o " 9009

288de _ 7
Par 45 T 415701
466d2 _ _1
PaAar 44 ~ 51051

AT 4w ~ 415701

With the above values for the integrals the set of equations (52) after

being integrated becomes

de _ 1
[b1.4n =55

-2.4Q 1 2
‘[b1;4n "21 4
L3442 61 _ . 3
1 47 5005 1
831 "

»hl%

o 255,255 1

- 4345 K 5
4,849,845 1

~
518

=~

N

|5
1]

ury o

o

(8,1

Nﬁ
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5005 "2

2 41 969,969 2 1°2 4w 17017 "1°2

ao 1 2.2 do 85 2 2
(- L &8>
b, T T 385 K1F, fblbz 4n 4,849,845 "1 %2
3 a2 _ 205 3 ... (54)
j[b1 P2 am T969,969 "1 %2

Thus the final result for the tenth degree polynomial, after combining

Eqgs (45),_(53) and (54) is given below

/ n n n, .4 4@
\c11 c ) /[3a+ a(zlv+z2+z3)]

3/2

(—-—B———> 3a ta b —— x
- 5
cll c44 | 0 1 4,849,84% |

. .
I

[a2(2,9o9, 907 + 1,939,938 K°)

-

' 3
+ a3(2, 078, 505 + 2,494, 206 K2+ 277,134 K

3
+a4(1, 616,615 + 2,401, 828 K2 + 369,512 K + 461,890 K4)
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2
+ a.5(1, 322,685 +2,099,500 K + 335,920 K3+ 965, 770 K4

+ 125,970 K5)

5 :
+a6(1, 119,195+1,773,270 K + 263, 568 K3+ 1,296,522 K4

+ 267,444 K5+ 129, 846 K6)

+ a.'7(969, 969 +1,487, 738 K2+ 194, 446 K3+ 1,433, 474 K4

1348, 194 KO+ 366, 282 KO+49,742 K')

+ a8(855, 855 +1, 256,584 KZ-!- 140, 752 K3+1, 429, 180 K4

6

+362,064 K5+ 621,528 K + 143, 184 K?-l- 40,698 K8)

+ a9(765, 765+1,075,032 K2+ 102,384 K3+ 1,343,628 -K4

6
. +332,748 K5+828, 648 K + 240,084 K7+ 142,506 K8

+ 19,050 K9)

+ a10(692, 875+ 933,210 KZ+ 75,920 K3+ 1,222,620 K4

+ 284, 600 K5+ 960, 300 K6+ 308, 840 K7+ 289,070 K8

+ 68, 620 K9+ 13,790 Klo) ] ......... (55)
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Up to the a.8- term the above expression agrees with the corrected
expression due to Fuchs (1936a,b). An error in one of the coefficients

in Fuchs (1936 2) has been corrected (Fuchs 1936b).

~

Debye temperatures were calculated for eighth, ninth, and
tenth degree polynomials. The resulis are shown in Tables III

and VI and are referred to as 8HL, 9HL, and {0HL respectively.

All calculations were carried out in a 'double precision' on an IBM 360.
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Houston-Bhatia-Tauber Method.

Houston (1948) proposed a method for integrating functions
of .complete cubic symmetry over the unit sphere on the basis of an
expansion in Kubic Harmonics Km, which have the same symmetry
iaroperties. They were first introduced by von der Lage and Bethe
(1947). Houston used Kubic Harmonics for an approximate determina-
tion of the frequency spectrum of cubic crystals. Subsequently Bhatia
and Tauber (1954) used the same method in order to determine the
Debye characteristic temperature at 0°K. They used a 3-term appro-

ximation. Betts, Bhatia and Wyman (1956) presented formulae using

V|

6-term approximation, while Tenerz (1956) used a 5-term one. Later
Betts (1961) derived 2 9- and 15-term approxiination. Formulae for
hexagonal, trigonal and tetragonal symmetﬁes have also been worked
out by Betts, Bhatia and Horton (1956) and for orthorhombic by Joshi

(1961).

Kubic Harmonics of Cubic Symmetry

A Kubic harmonic is defined as 2 homogeneous polynomial
solution of Laplace's equation which obeys certain symmetry properties
with respect to the operations of thé cubic symmetry group. Following

von der Lage a.na Bethe (1947) we say that a Kubic Harmonic is of type a if it is
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jnvariant under all the operations of the cubic symmetry group. Betts,
Bhatia and Wymé.n (1956) have presented a method for generating the

Kubic Harmonics of a type. We summarize here their results.

Suppose n = r+s (r and s being positive integers) and the

function Ars being defined as

-a- 2r-2a 2s-2b 2a+2b
2 - b s , ,r+s-a-b .
. =( r+2s)ir!s! = = (-1) (a+b)ix v Z ... (56)
IS (r+s)! a=0 b=0 a!b! (2a+2b)!(2r-2a)!(2s-2b)! '

=
then the Kubic Harmonics of degree 2n are -
rs

‘ 2 2 2
= " ® & 8 88 & 57
K SArs(x Y 52 ) | (57)

where S means symmetrization operation.

Thus the lowest Kubic Harmonics up to degree 8, can be written as

Ko = 1,

.Ki = 0,. , -

KZ = S(2x4- 6x2y2),

,K3 = S(xé- 15x4y2+ 180xzy2z2),.

K, = S(2x8- 5.6x6y2+ 70x4y4) ....... (58)
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The Kubic Harmonics Km satisfy the orthogonality con-

ditions

h T 2T

f f KmKn singdedy= 4ﬂYm6m,n- © eeeeen . (59)
0 0

where Y, is a normalization constant and & n is the usual

m,

Kronecker delta function, equal to unity when m =n and zero other-

wise.

1 .
Calculation of @: ” by Kubic Harmonics

For the calculation of the Debye temperature we must eva-
luate the iﬁtégral for the mean velocity Vo’ Eq.(9). Suppose _I(e, o)

) -3
has complete cubic symmetry, then for calculating v m

. ,
e, g) = 3 v, (0,97 e (60)

i=1
~and by Eq. (9) we need evaluate

2T
—%- 40 = J =I g 1(8, o) singdede =@ c.cece--.. (61)
v

m 0 0
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Houston's method consists in expanding I(6,¢) in the Kubic Harmo-

nics having the same symmetry, which we denote by Km(e, )

I(6,9) = », A K (8,9)
m=0

= A0K0+A1K1+A2KZ+... ceeee.. (62)

The degree of the polynomial is 2m when expressed in terms of
x,y,z, except for the case of K.1 (K= 0) . Clearly the number of terms

retained in the expansion (62) defines the degree of approximation.

By integrating Eq. (62) over the unit sphere we get

T 2T ' AL
J = j' g I(8, @) sinodedy = S g (A0K0+A1K1+A2K2+...)smec-.-edcp
o ‘o 070
and since K0= 1
AL
J= f | : (A0K0+ A1K0K1+A2K0K2+. ..)sin6déde.
0 “0

Now using thé property of orthogonality over the unit sphere, Eq. (59),

we get
ﬂ 2“ . - -
J =s S 1(0,¢) sinedede= 4 Ao ceeio.. (63)
o "o

A
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Thus the problem of finding vIr_l3 reduces to obtaining the value for
Ao.

Consider again the equations (60) and (62). From Eq. (60)
we can always find I(9,¢) for any direction by finding the three roots
of Christoffel's equation of elasticity, Eq. (23). If we kn—ow Ii(e,cp),
(i=1,n) for a number of directions n then we can have the following

n simultaneous linear equations in Ao, Ai’ .o .An,

n

A K +A1K +AK_ +....AK

1,(8,9) o™ 0 1 T A5 o n

1,(0,0) = AgKy +AK, +AK +....AK

0 1771 2 2 n n
In(e,cp) = AOK0 +A1K1 +A2K2 +....AnKn ....... (64)

We must keep in mind that the K;g are functions of direction and have
different values in different equations. They must be computed each
time separately. The above system. of Eq. (64) can now be solved.

for . AO exactly by eliminating A 1,A2, .- .An successively.

M
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. 1 .
Knowing A.o, @f can be calculated from

1/3

3-, 6-, 9- and 15-term approximations

On solving the equation of elasticity theory for the velocities
v.(8, ¢) 2long the directions [100], [1107, [t11], [210], [211],
and [ 2217 one finds the following expressions for I(9,q) in terms

of the elastic constants

3/2 -3/2 a -3/2

I(100) = p {?c44 fle b)Y,

r10y= 6> 2o 443’2+[ coit 3 BT +[c44+-§ @te)17/%1,
1(111)=p3/2{2EC44+ -?1: (a-a)]-3/i [c44. (e +28)] 3/2 , |
1(210)=p3/2{c4‘;3/2+[c44+%.a-l-'ilo' 902+ 16p2y /27732

1 1 2 2 1/2.-3/2 -
+ Lo it 2 %" o (9a"+1687) 7] }
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1(211)= 0>/ 2 {[e

adt %(G-B)]-3/2+[c +—1- (5a +8)

44" 12

1/2 .-3/2 1
+[c44+ 12 (5a + B)

]

i 2 2
+ 12 (9a + 338 - 6aB)

i 2 2 i/2.-
- 1z (9a + 338 - 6a B) /]3/2}

2 -
1(221);;,3/ {[c44+ % (@a-8)] 3/?‘+ [c44+ "{15 (5a +48)

1 2 2 1/2.-3/2 1
+ s (9a + 488 +24as)/] / +[c44+—1'§(5a+48)

s ess s o

§ 2 2 1/2.-3/2
- -1—8'(9<.1+488+.24o,3)/] / }

where p 1is the average density of the solid and

@ = €447 Cag

g8 = ¢ 12+ c 44
The six lowest Kubic Harmonics of type a written explici-

2
tely (Xz + yz +z =1) are
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~

1}
M
<

N

+
W

_ 210 1
K, = x+y t2 - 5K, 143 52 73 Bor

.1 0 10 45 126 210 3
Ky =x +y +2 o Xg ™ 17 B37 143 K- 1150

444 6 1 54
115 5 2-7-19K4 5-17-19K3

+11'13°17 Kz - 5.7*11.13 Ko 0000000 (67)

’ 1
Knowing the Kms and the I (9,q) for each direction we can find

n

Ao , where n means the number of terms retained in the expansion.

It must be noted that from a set of six directions we can have more than
A one. combination of them for determining 'AI:), n < 6, each combina-
tion giving different values Ané (Betts, Bhatia and Wyman 1956). The

expressions for Ao from a 3- and 6-term approximation are

3

Ay =-3i5[101(100)+161(110)+9I(111)] ....... (68)
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6 1
= T AaR1 080 4
AO 1,081, 080 [117,603 I(100) + 76,544 1(110)+ 17, 496 I(111)

+381,250 1(210) + 311,040 I(211)+ 177,147 1(221)] ....... (69)

To further extend the method a way of choosing more

directions is to project the 1/48th of the unit sphere’on a plane (Betts

1961), as shown below.

444 (111)
433 443
422 (211) \ \ 442 (221)
7\ 432
411 441
421 431
400 (100) 410 - 420 (210) 430 440 (110)

Fig. 1. The distribution of directions over the 1/48th of the unit

sphere as it appears in its plane projection.
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The procedure is to divide the large triangle into smaller and smaller
triangles each time using all the corner points. From figure (1) we
can see, for example, that for Houston's formula, Eq. (68), the three

directions lie at the corners of the largest triangle.

Having so located the various directions we can choose any set of them
spread over the triangle so as to have a good sample of the velocities

jn the solid angle. By taking in addition .to the directions appearing in
the 6-term approximation the directions [411], [431] and [4337 one
gets a 9—1';erm approximation, and further with the additional

directions [4107, [4117, [4307, [421], [432], arnd [443] a 15-term

approximation..

The resulting formulae are (Betts 1961)
A90 = 0.05637817 1(100)+ 0.04952710 1(110)- 0.05588614 I(111)
+ 0.17827058 I(210)+ 0.10294771 I(211)+ 0.20711638 1(411)

+0.21376348 1(431)+ 0.17478397 1(433)+0.07309875 1(221) ..... (70)

and



4 -

15
A 0= 0.0436705 I(100)+ 0.02292211(410)+ 0.3400264 1(210)

- 0.8133145 1(430)+ 0.9623617 I(110)+ 0.2285255 I(411)
- 0.5323867 I(421)+ 2.2314783 I(431)- 1.9823060 I(441)
+0.8005275 [(211)- 3.2370533 I(4321+ 2.3675765 1(221)
+ 2.5033260 1(433)- 1.7484174 1(443)- 0.1269366 I(111)

We may mention here 2 misprint in Betts' (1961) paper; the tenth
term in Eq. (7) of Beits should have 1{211), as in the 2bove Eq. (71),
rather than I(411). The coefficients of the I's can be regarded as

correct to seven significant figures (Betts 1961).

In this work calculations were carried out for 3-, 6-, 9-
and 15-term approximations, which are réferred to as 3HBT, 6HBT,

9HBT and 15HBT respectively.

For 3 and 6 direction approximations it is possible to obtain A = inan
analytical form in terms of the elastic constants, Egs.(68) and (69).
However, for 9 and 15 direction approximations it becomes necessary
to solve the cubic equation nurnericé.lly. As a test for the 9- and 15-

3
term approximation we found A 0 and A% by both ways, that is, using
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the analytical expressions, Egs (68) and (69) and by solving the secular

equation numerically. Both results agreed to five significant figures..

~

The calculated values of Debye temperatures by the four HBT methods

are recorded in Tables III and VII .

-



Fedorov Method

Fedorov recently (1963, 1965a,b, 1968) has presented 2
general theory for the propagation of plane elastic waves in homoge-

neous crystalline solids.

Using this theory Fedorov and Bystrova (1966) have developed two
approximations, I, and 12, for the integral F, Eq. ( 9 ). These

are as follows.
First approximation:

57.2 - 8.4r +0.48«r
: a b

{ r
1= 27312) 241 rb[ 0. 1r (1-0. 06 )+ }
2 . 1001
r.T :
-3/2 b c [ ]
. - ——— - - - - 02-607 --------
+c 1 1001 57.2(1 r2)+0 5rb rc(7 rz)_

Second approximation:

4
T
b -3/2 2 3 4
= . . - 5.
I2 Il+ 1001 [a. (0. 17r1+ 0. 261 1+ 4, 18r 1 72r 1)
-3/2 2 3 4 ]
-c (0. 17r2+ 0. 7r > + 5. 86 > 5.28r 2) ........
H _ 53 r = 53 r = 3
ere T3 T a’ P b’ c c
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I . - b
1 - a’ 2 ¢
- = .2¢,, = c_+ 0. 4c_, = ,
a c1+0 2c3 b c2 0 -’-lc3 c =a+h
and cl, CZ’ c3 are expressed in terms of the normal elastic constants

of cubic crystals and the density as follows:

. o as
1 p ’
. - ©12¥ C4q
2 P ?
1 C127 % s
C3 =
P

* Calculations of the Debye temperatures were carried out
using both the approximations, which are called 1F and 2F respec-

tively, and the results are shown in Tables IIIl and VI



CHAPTER V

DATA AND RESULTS

Data

The experimental data employed in the calculations is sum-
marized in Table I for the elements and in Table V for the alkali
halides. If for any solid more than one measurement has been carried
out on the elasti'c constants and the different sets of values are in
reasonable agreement with each other then the most recent measure-
ment has been followed. For rubidium, lithium chloride, sodium fluo-
ride, potassium fluoride and rubidium chloride two sets of elastic
constants, while for sodium chloride three sets ‘of elastic onstants have
been recently repbrted which differ from each other; calculations were
carried out for all sets and these are represented by Rb-1and Rb-2
in Tables I, iI, III and IV, LiCl-1 and LiCl-2, NaF-1 and NaF-2, KF-1
and KF-2, RbCl-1 and RbCl-2, and NaCl-1, NaCl-2 and NaCl-3
in Tables V, VI, VII and VIII. In those cases where the given value
was obtained by extrapolation in the quoted reference, this fact has been

.

jndicated by 'Extr. ' in the last column.

Tables II an_d- VIII show the anisotropy T (= 2 c44/cll— clz) ),

z zZ

. s , K, the experimental values of Debye temperatures together
min’ ~max _

. el . .
with their sources, and theoretical @, . The way these theoretical
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values were obtained is explained later.

- el
For the elements @ o was calculated using the lattice

constant 2y in terms of which the density may be expressed as

M
o = =5 s (74)
Nal

where p =2 for body-centered cubic (b. c c.), 4 for face-centered

cubic (f. c.c.)and 8 for diamond lattices. Thus

Wi /3
et _ Rk 3p "\ m -
® = K kz—;) cececcsa (75)

For a number of elements (see Table I) the lattice constants were calcu-

lated from the room temperature value (Gray 19 63) either by the method )

of Corrucc:.n;. and Gmewek (1961), or using the thermal expansion data
given in section 4f of Gray (1963). In Table I is shown which methods

were employed for which elements.

For the alkali halides @eol was calculated using the a{rerage

density p of the solid.

) ' . el . .
For a diatomic solid in the equationof 8o the atomic weight is re-

placed by half the molecular weight M (M =M 1‘+ MZ’ M 1 and MZ

y
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being the atomic weights of the individual atoms). Thus

1/3
el h 6 NP
Bo = E(m) Vm J (76)

. ' 1
Similarly, for @eo from the Houston-Bhatia-Tauber method, Eqg. (65),

we get '
@el - hf 18NP /3 (77)
°  k\ 4T"MA/ '

where M is the molecular weight.

In the case of LiF, KCl and KI the density at 0°K was not available.
In these cases the molecular volume at the room temperature was
calculated from the lattice constant (at the room temperature). From
this, using the thermal expansion data (Yates and Panter, 1962) the

molecular volume at 0°K was obtained,

DISCUSSION

In the harmonic approximation, it js well known that near

el
@o = @O
where @S js the equivalent Debye temperature derived from the

) el
heat capacity as T-—>0 and @, is the corresponding Debye tempe-

rature calculated from the elastic constants at T = 0. If elastic
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constant data at a higher temperature are employed, the calculated value

of the Debye temperatu

A few years

(1961) suggested that ‘owing tc anharmonic effects,

el
from ®o, . They base

re need not be equal to @§ .

ago, Ludwig (1958) and Leibfried and Ludwig

@: in fact differs

d their results on special models and found 2

difference of about 2-3%. Subsequently, however, it was shown by

Barron and Kle

el

c
e # B0 was in error.

sidered by Feldman (1
vibrational anharmoni

T = 0. He explicitly

of @‘é and @Sl to the first orde

Comparison of Cal

in (1962) that Leibfried and Ludwig's derivation of

More recently, the problem has been con-
964), who has obtained the correction due to the
city on the specific heat of a Bravais crystal near
shows that this correction maintains the equality

rin A, A beingan ordering parameter.

Elements

Other than

el .

®@o may be due to errors in the low
el .

The calculated value of @, 1is moO

c .. than to changes in C;.-

11

<imate expression due to Bla

culated values by the Thiree Methods

from the method of calculation, uncertainty in
-temperature elastic constants.

re sensitive to changes in €, and
This can easily be seen from the appro-

ckman (19352,b), Eq. (26), where Vo
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is given only as the sixth root of 2 product of <1 and cz4 multiplied
by a constant. From this one can easily see that 1% change in ¢ 11 %%
a4 will result in about . 2% and . 4% changes, respectively, in @,:1 .

The same change in <2 will produce 2 negligible change in @?,1 .

The calculated values of @%1 jn Table III have been given to
a greater number of significant figures thanis warranted by the accura-

cy of the experimental data; this has been done to bring out the small

changes which occur when successively better approximations are em-

Vi

A coniparison of the values obtained by 10HL, 15HBT, and
2F (which may be considered to be the best values for the respecfive
methods) shows that for elements with T ~ 1, the three sets are close
to ea;ch other, but for highly anisotropic materials (7 > 2. 5) Zf va,lues-
are too high as compared with the other two. Im fact, for such subs-
tances 2F results are not even as good as 6HBT ones. We may note
here that in both cases, 6HBT and 2F, @Sl can be expressed iﬁ an
analytical form as a function of the elastic constants and the numerical
work involveci is of the same order of magnitude. It appears that the

second approximation of Fedorov is not satisfactory for highly aniso-

tropic materials with 7> 1.
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There is very good agreement between 10HL and 15HBT
values; onl;y in three cases (Li, Au, and Nb) is the difference between.
the two values greater than .1°A. Broadly speaking, the HL values tend
to increase from 8 9 | 10, and similarly HBT values tend to decrease
from 6 9 15 (omit 3HB'I‘). These trends are by no means univers\al
and one can readily spot a few except‘ions. The closeness of 10HL and

. 15HB'I‘~values, and the opposite "asymptotic” trends of HL and HBT
values, however, suggest that an average of 10HL, and 15HBT values
may be co_nsidered as the "best theoretical value®”. Such an average is

given in the last column of Table II and is compared with the experi-

mental value.

Comparison of the Experimental and Theoretical Debye Temperatures

It can be seen in Tables II and IV that there is no general
‘ el c
trend in the relative magnitude between @c and @o - Mostof the

1
elements have @;: > @?, , though only by a small amount.

Next we compare the theoretical and experimental @o 's for

each el ement; .

Argon
The agreement between the observed and calculated values

is reasonable.
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Lithium

A proper comparison between experiment and theory is not
possible for two reasons. Firstly lithium undergoes a martensitic
type of transition to a close-packed hexagonal structure at about 70° K-
and the observed value is for a partially transformed sample. Secondly
the calculations were carried out from elastic constant data at 78°K.
Consequently it.is not surprising that there is a large difference between

the observed and the calculated value.

Sodium
The observed value is about 7°K higher than the calculated
one, but in this case also the calculated value is based on 78°K data

and the difference could be partially or wholly on account of this.

Potassium

The agreement between the two values is satisfactory.

Rubidium
The calculated values by both sets of elastic constants are
nearly the same and close to the experimental value; thus the experi-

mental@, does not show preference to either set of elastic constants.

Copper, Silver, and Gold
The agreement between the theoretical and experimental values

is excellent.

NS
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»7

Alumlmum
, The calculated value agrees better with that of Phillips (1959)
= .

rthan that of Dixon et al. (1965).

@
o

[

A
“Diamond, Silicon, Germanium, and Lead

Agreement is fair. It may be noted that for diamond, elastic

HIUR PSR

constants at 300°K were used in the calculatmn. However, in view of

e

the high value of the Debye temperature of diamond, one expects that

R

the difference between these values and those at 0°K would be negligible.

st bt

To a lesser degree, similar considerations hold for silicon and germa-

nivum

[9-3-8.8-4)

Transﬂnon Metals

% There is considerable scatter in the experimental @o ‘values
=3
5 as reported by different workers. Most of the quoted values in Table III '

" due to Heiniger, Buchner, and Muller (1966), who

hs‘- are "best estimates

3 ha.ve recently reviewed experimental results on the low temperature

e
% specific heat of the transition metals. We shall consider these elements
&

t;_together.

% Vanadium and Niobium

The experimental values agree well with the theoretical

wvalues.

M
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Tantalum, Tungsten, Palladium, and Platinum

There is a difference of 3° to 5° between the theoretical
and experimental values; considering the spread of experimental
values (see tables in Heiniger et al. 1966), this disagr;ement is perhaps
not too serious. For tungsten, the calculated values by all the 9
approximations are identical to 5 significant figures, a reflection of the

fact that its 1T is very close to 1.

Molybdenum and Iridium
The differences between the theoretical and the observed
values are rather large {14. 5° and 9. 6° respectively) and better measu-

c .
rements of @, are desirable.

Iron and Nickel

Dixon et al. (1965) have analyzed their experimental data
in two ways as explaifxed in footnotes b and c of Table II. The calcu-
lated values agree better with the set in which a, B, and y were

determined by the method of least squares.

Thorium
The observed value is too high and 2 redetermination would

be worthwhile.
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Recently, Wanner (1970) has used the same data for the
elastic constants as those used here and has calculated @s,l by nume-
rical integration taking 200 different directions in 1/16 of the unit
sphere. Table IV  shows ®§1 as obtained by Wanner ané the 10HL,
15HBT, 2F and @(:, from experiment. The agreement between @:’
from numerical integration and from the other methods is very good in
all cases, except for the highly anisotropic elements ILi, Na, K, and
Rb. Wanner's values for a.1.1 elements, except the ones having the
diamond lattice structure, are slightly higher thén our "best theoretical

value" (@?,1 theoret. ).

Alkali Halides

The general remarks about the relati.vé merits of the three
methods mentioned above apply also here. For the alkali halides
(Tables VI and VII), values of @fl due to 2F (Fedorov) seem to be
greater than thé ones obtained by 10HL and 15HBT when T > 1 and
less when T < 1, with the exception of RbCl and RbBr, though only
by about . 2%. The éa.me behaviour is observed for the elements

. 1
(Table III), which show too high values of @i when T > 2.5.

el . ’
The "best theoretical value” for €, has been computed in the same

way as for the elements.
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TABLE VII

Alkali Halides: Calculated values of Debye temperatures in °K.

A

Houston-Bhatia -Tauber

Solid ~ 3HBT 6HBT 9HBT 15HBT
LiF 729. 48 733. 20 733. 07 733.07
LiCl-1 427. 52 428. 89 428. 85 428. 85
LiCl-2 424. 62 . 425.95 425.91 425.91
LiBr 273. 56 274.08 27407 274.07
NaF-1 489. 75 491.77 491.85 491.85
NaF-2 494. 33 496.48 = 496.57 496. 57
NaCl-1 318.02 ~ 320.69 320. 85 326.85
NaCi-2 319. 45 322. 26 322. 44 322.44
NaCl-3 319. 06 321.78 3A21». 95 321.95
NaBr  222.14 224.23 224.37 224.37
Nal 165.42  167.37  167.52 167. 52
KF-1 325. 49 332. 12 332. 84 332.84
KF-2 319.95 326. 80 327.58 327.57
KCl ~ 226.08 234. 60 236. 08 236.04
KBr 159. 42 164. 40 165. 15 165. 14

KI 122. 33 129.07  130.72 130. 61
RbF 207.23 21l 27 211.70 211.70

RbCl1-1 159. 50 167. 12 168. 76 A 168. 68
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Solid 3HBT 6HBT 9HBT 15HBT
RbCl-2 160. 24 168. 33 170. 16 170. 05
RbBr 127. 59 134. 59 136. 30 136. 18
RbI 99.239  105. 80 107. 74 1107.55
CsCl 157. 93 159. 31 159. 40 159. 40
CsBr " 149.32 149. 47 149. 47 149. 47
CsI 126. 11 126. 21 126. 21 126. 21
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“In Table VIII it is seen that T variesina rather regular
manner, that is, it decreases for all the alkali compounds as the size
of the halide ion is increased. This results in 1> 1 for the lithium
halides and 7| < 1 for the rest. An excepti.on to this behaviour of the
halide ion is shown by the cesium halides, where the trend is reyersed. |
It must be noted that these three cesium halides have a b.c.c. lattice

while the rest have an f.c.c one.

Comparison of the Experimental and Theoretical Debye Temperatures

The alkali halides show a trend toward @061A> @f,: , except

IG,While in the case of the elements there is no such trend, as a matter

el

of fact most of them show @f > @o -

. . A

From Table VIII it can be seen that @i and ®§ agree
with experiment to within iess than 2% in almost all cases. The exceptions
are Nal, KBr, RbCl, RbBr and RbI. In these cases the disagreement

is about 3% or more. .

Next we compare the theoretical and experimental @2 's for each

group of the alkali halides.

.

Lithium Halides .
LiF: The calculated value is within the experimental error

of the observed value due to Marfin (1955) and outside the experimental

N
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error of the value due to Scales (1958).

1iCl: The two sets of elastic constants give @oel differing only by

about 1%, both lying within the experimental error of ®§ .

. - c . . .
LiBr: There is no @, available, so that no comparison with expe-

riment can be made.

Sodium Halides
Na¥: The calculated values by both sets of elastic constants
differ between them by about 1%, but there is no experimental value to

compare with.

NaCl: @i from the three sets of elastic constants agree amongst

themselves to within .3 % and fall within the experimental error of @f .

NaBr: There is no 85 to compare with.

Nal: The theoretical value is too high and does not fall within the ex-
perimental error of any of the three observed values. The difference

is about 3%.

Potassium Halides
KF: The two calculated values differ between themselves by

c .
about 2%, but there js no ®, to compare with.
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KCl: The agreement with the experiment is satisfactory in three cases

but @E " due to Seward and Narayanamurti (1966) is lower by 3. 5%.

KBr: The two experimental values are close to each other, and are
~ 9° greater than the theoretical value; the difference appears
to be due to the fact that room temperature elastic constant data was

used.

KI: Agreement is fair, except with the observed value due to Scales

(1958) which is rather low.

Rubidium Halides
As mentioned earlier, the calculated values are rather high
by about 3% for RbCl, and 4% for RbBr and Rbl. The two values cal-

culated for RbCl agree amongst themselves to within 1. 2%.

Cesium Halides

The cesium halides as a group'are the most isotropic as
compared to other groups. The calculated values by the three methods
converge very quickly to the final value, ané are very close to each
other, especi'a'lly sn the case of CsI for which the agreement with expe-
riment is about 1%. Unfortunately there are no experimental results

available for the other cesium halides. '
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Regularities in the Debye Temperatures

Because the frequency spectrufn and consequently the spe-
cific heat and the Debye temperature of a solid are dependent upon the
relative masses of the vibrating jons we have plotted the Debye tem-

Iierature of the alkali halides vs. their reduced mass.
The two figures, 2 and 3, show the same points but grouped differently.

In Fig. 2 the grouping is done on the basis of the alkeli io=.
It is observed that all the members of a group fall ona straight line.
This regularity is most pronounced for 1i and Na halides, where the
points are almost exactly on the line, while for the Cs halides itis
less so, but still good. We note that as the mass of the halide ion be-
comes larger the effect of the reduced mass on the Debye temperature
is more pronounced for the lighter alkall ions (Li-i. 'N'a+), and less soO
for heavier ones, especially Rb+ and C;+ Thus the absolute value of

the slope decreases as We pass from Li to Cs halides.

In figure 3, where the grouping is done on the basis of the
halide ion, a similar behaviour is obserx;ed. Again all groups fall on
different straight lines, only the Cl compounds are not too regulaer,
and the absolute valug of the slope aecreases as we pass from ¥ to

I compounds.
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These two figures can be used for estimating Debye tempe-
ratures of alkali halides for which data is not available. For example,

from fig. 2. we estimate @, of Lilto be = 200 + 25°K. The

second correlation (Fig. 3) gives 210 # 5°K.

|
E

&
E
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