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‘Chapter 1

INTRODUCTION

1.1 SCOPE OF THE PROBLEM

During recent years, the analysis of the response of struc-
tures to dynamic loadings has ~become increaSingly important
More and more emphaSis i1s being given in design p;oblems
on‘the aspeéts related to the dynamic-be%aviour as it ié
found that merely the static analysis is inadequate.

Stiffened or unstiffened flat plates of various geome-
tries are extenSively used in many structures like air-
crafts ships, missiles, containers, sea-platformaﬁetc..
These are subjected to different types of static and time-
varying forces in their working environment,

For tﬂe study og.the'dynamic response of plates, whether

to periodic loadihg or random lbading Or to transient shock,

it is essential to know the modes and periods qf natural os-

cillation. This is termed as theyfree-vibration analysis.

" The present study is aimed at the free-vibration analysis of

homogeneous triangular plate of arbitrary planform and vary-

ing thickness,



1.2 HISTORICAL BACKGROUND

The trénsverse- vibration of homogeneous platésahas béen‘a.
subject of étudy 5ince the early nineteenth century .. How-
ever, the mathematical complexity @nvolvé@ in- its analysis
“has limited the exact solutions to plates of certain specif-
iec geometfies- and boundary conditionsa The Hanalysis gets
even morelihvolved _ané‘compiicated for plates with varying
thickness. ' Thus for the solution of plates of complex geo-
metries and varying thickness, one has to make use of the
approxfmaﬁe solution methods.
A review of'the existing literature reveals that the

L]

yibration'analysis of rectangulér, circular, trapezoidal and
rhombic plates .has been investigatéd bf ‘many re;éarche;s;
However, for triangular and other polygonal plates, because
of the complications_éosed by their geometry, the published
literature is rather limitéd. This is particularly true for
triangular ‘plates of arbitrary planform and with complicat-
ing effects like non-uniform thickness. Most of the exist-
ing analytical and experimental work in the field of plate
vibration has been reviewed by Leissa [1,2,3].

Focussing our  attention on the the available literature
on triangular plate vibration, it is convenient to classify
it ‘into :ﬁ(l)_works dealing directly-with the analytical and
experimeniél methods ﬁor triandular plates, and {(2) works in

which the triangular plate problem 1is addressed as one of

the trial problems for testing a numerical technique.

b
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 Most of the earlier works have Been restricted to speéif-
i;'t;iangular .éeOmetries. The isoceles right triéngular
_ca;tilever plate problem has been.invgstigated by Christen-.
§oﬁ'f46] using the gridwork method. Hanson and Touvila [§7] 

-

studied‘similar‘problems using experimehtal techniques. The
general isoceles E?Ygﬁgle has been investigated by Kuméras-
wamy and Cadaﬁbe.[48] and by Ota,Hamada,Tarumoto [49].
Williams, Yeow éna Brinson [7] used Ehe‘trilinear coordi-
nates to develop solution of " a simply supported équilateral

plate. Whereas Negm, Chander and Donaldson [10] have ap-

plied the extended field method of approximate analysis for

forced vibration of clamped :ighﬁ triangle and.clamped-sim-
ple-clamped isoceles triangular plates.
Gustafson, Stokey and Zorowski [9] made an experimental

study - of cantilevered  triangular plates while Hew-

itt,Mazumdar and Jagannathan [50] have obtained the frfequen-

cies and mode shapes of clamped equilateral triangular vis-
coelestic plate usin@ithe'concepf of contour lines of equal
deflection, |

In some of the paperé dealing with the formulation of new
triangular plate bending elements [17,23], the triangular
isoceles cantilevered plate vibratioﬁ problgi/has been dealt

with as a trial problem.



1.3 OUTLINE OF THE PRESENT STUDY

In structural analysiﬁ the two populariapprcxiﬁaté method;f
both based on mathemaﬁical7approximations, are "the Finite
Difference Method' and the Energy or Variationa} Approach.
Finte Elementiuethod, which is a éériant.of the latter, is a
very powerful and attractive technique by virtue of its ver-
satality in application and the relative ease with which
complex plate ,geometfies éan be accurately modelled " by an
assemblage og finitetelemenﬁs_and the solutions determined
usiné modern digital combuters. The unified approach in
discretization of the Finite Element Method makes it emi-
nently suitabie for completely arbitfary'and complex geomé-
r. tries and boundary conditions. _ )

In the present study of the natural modes and Ereduencies
of general arbitrary trian les, the Displécement Finite Ele-
ment.formqlation is carried out in terms of suitable non-di-
mensional ﬁarameters using the nine degree-of-freedom trian-
gulargplate bending element developed by Bazeléy et al..
The effect of sweepback and thickness variation is studied
for plates of diffe;ent aspect ratios. The cbmputer program
developed incorporating this element has provisions for au-
tomatic mesh generation - ‘and also for graphical representa-
tion of the deflected configuration of plate for each mode ﬁ
together with the 'nodal line’ of pocints of zero deflectionyf

Consistent stiffness - and mass matrices are generated using

numerical integration. As a trial several test-problems are
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run for fectangular, rhombic, delta (right-angle)_,tfiangle

and equilateral triangular plates.v A remarkably good agree-

ment is observed between the r;ﬁul S gbtained using the pre- -

sent approach and exact, expefiment and other approxiﬁate

results available in literature for such problems. For the

arbitrary Eriahgular plate with linear variation of thick-

ness ‘in the two coordinate directions, a large body of data

'-has been generated for various .values of the four prihcipal

non-dimensional geometric parameters, viz., the aspect ra-

tio, sweepback angle, and the two thickness tapetr ratios.

i
- .
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GENERAL- INTRODUCTION TO PLATE THEORY g

A plate can be defined as a structural component- for which
one dimension, referred to as the thickness 'h', is mabh
smaller compared to the otQRer two linear dimensions. iike
all structures, plates are essentiélly three dimensional,
however,, by introducing Eertain simplifying approximations
an adequatel analysis of stresses and’ moments in aAElate,
characteriz%§ by the fact thét its thickness is small, can
be pe:formqé' by treating it as a two-dimensional problem.
These ap?roximations consist of the introduction.of particu-
lar simplifications into the . governing équations of the
mathematical theory of elasticity. The motion of the plate
is then described as the deflection of its central plane.

o

2.1 ASSUMPTIONS OF PLATE THEORY

It is well known that for tﬂé majority of technical applica-
tions the Kirchhoff-Love's classical theory of plates (thin
plate small- deflection theory of bending) yields suffi-
ciently accurate results. The fundamental'simplifying as-

sumptions adopted'in the classical theory are:

1. The middle surface of the plate remains unstrained

during bending; thus, it is a neutral surface.




2, _Norﬁalsito thé midd1e sﬁrﬁace'bEfore deformatipn're-
| main normal to the same surface after deformation.
(thié»assumptioh does not imply that trénsverse shear
strain is necessar#l& zero. The assumption implies
Ehat the trgnsverse shear is so small that any
_di§tortion of transversélsécﬁions caused by the
‘existence of transverse shear strain makes a

negligible‘cOntribﬁtion to displacements.)

3., Normal stresses in the direction transverse. to the
. plate are small compared to other stresses; thus,

they are neglected.

4. The deflection of the middle plane is small. The
slope of the deflected plate in any direction is
small so that its square may be neglected in com-

parison with unity.

These assumptions are applicable and justified for the
cases of bending of thin-plates when the deflections are
small. For the analysis of thick plates and when the de-
flections are not smalll(exception; when the plate bends into a
developable surface) a more general theory is required owing

to the fact that the assﬁmptions are no longer appropriate.



2.2 BASIC PLATE RELATIONS AND EQUATIONS -

The éqaation defining small lateral deflection of the middle
surface of a thin plate subjected to lateral loads ‘may be
formulated by aliminating iess significant terms from the
equation of threé- dimensional elasticity - Consequently,
the governang plate equat1on can be derived in a concise and'
stralghtforward manner. |

' Using rectangular coordinates coinciding with the princi-
pal materlal axes,,the stress- straln relatlons for an ortho-

tropic elastic body are given by

)
éx:écﬁj’%o}"izfi;)
. L - -
é}"ﬁ;\f(d;‘ 2% ’;)GUE> (1)
Gp =L (0 ~ %0 —;é}o;,)

The constants E , ¥ , and G represent the modulus of
"elasticity ; Poisson's ratio , and shear modulus of elastic-

ity respectively.



. | o
" The simpiifying; assumptions in the cléssical‘ theory of

plates can be mathématically fdrmulated as

R

& @-oi).

For a geometric linear theory thin—plate small deflec-
tion theory ) in which displacement coﬁponents are small
compared to the plate thickness 'h', the strain displacement

relations are:

_ox |
é{- "'@ 3 é;= 9—” é};a‘o‘

ox ‘
7~ g oz (R-2)
) . Ok, dur 2 OK L 4, dw
= 555 0 55 0 L 2 TN

Because of the assumptions , &=0 , the deflection func-
tion depends, in rectilinear coordinates, only on variables

x and y , thus for static problems

w=w{x,y)
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Inroducing the simplifications , the stress-strain relations’ . °

' become - o ‘ o SRR

3 %%
€5 (G %) @)
f‘?:éé-% ;€0 fex

| . . :
For an isotropic plate

i

AxcEycE 6
' @5
).)7?.: 7);11-2)

Conseqguently

j;‘fETi-—BJ{;:>
€22 F(Govg)
Yoo = L7 & é)
CA A



o } 11
2.3 STRESS AND MOMENTS RELATIONS

Considering now the state of stress in a plate wzth an arbz-
trary small deflectlon wix,y) by tak1ng a dlfferntlal ele-

ment cut out of the plate by two pairsg of planes parallel to

xz and yz plates4}1.

¢

-~

Figure 1:: DIFFERNTIAL PLATE ELEMENT

The middle‘plane 15 a neutral plane and accord1ngly the
displacements u and v in the Xy- plane at a distance z from

-

the mid plane are given by"

= ,..“;_r 96\}-/3{ |



The ét:aiﬁs in-this xy-plane are-therefore

;% = -2 9”/9& 7 . i :
| é} )VX -52»/# - -@-QS’) ‘

‘Substituting equations (2.8) into equations (2.6) yields

Toe - £2 /5%, 5%
z | 7_;3_<T24§ézz.¢,) A?é#t>

/)’L()w// 499%;) | .C;z.?;

E",,?.- - EF on-a )

These stresses vary linearly through the thickness of the
plate and are equivalent to moments per unit length acting

on an element of the plate

L

/2

Mz = f U‘x_;a(g '= .__D(Q‘V'sz -,L))fky;)
-4/




‘-‘where D , the flexural ngzdlty of the plate, -f-}) ’-?(" ‘))

[4]

24 EQUATIONS FOR EQUILIBRIUM .

| Consider an _element’ dxdy of the plate sub]ected to a un:L-

formly dlstrlbuted load’ per unit area q.

l
|
|
|
|
{
© dy ) SR S

v
v
/
e
i
dx
Q ‘ - | M |
L ) b
{- Q+Q ‘ .- 7 : ﬁ;ré”t/;x}h
¢ . i3 4 Y /h / ,;‘,,(bﬁl;‘/,‘).{‘
Q+Qiy ;‘{:‘:)/ ;Af(”“’#
Y
2V | )

Figure 2: FORCES AND MOMENTS ON DIFFERENTIAL PLATE ELEMENT
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'2.4.1  FORCE EQUILIBRIUM

Projecting all .the forces acting on the'element ontoTthe_z-

~ axis ' . ‘
| Y-3 | | - .

vhich gives
LA

acP N | o
o x"? e L @R)

b

2.4.2 ° MOMENT EQUILIBRIUM

Taking moments of all forces with respect to the x-axis

‘.H.i a_fv_a_z’( @ Q!,,._a;; =0 ' @./3) .

( Hfghef crder guanties arising from the moment of lcad g
and - the moment due to .change in force Qx are.negleéted ) -

The equation of equilibrium expressed'in; terms of the

. derivatives of the moments and the applied loading]

-

] =0 ,,-' . 7
>>,,<,-; Jedy 3;2."? | -.@;fr)
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- The governing, differntial equation for the lateral deflec- -

tion of the plate c¢an be obtained by substituting = the mo-

ment- curvature equat1ons in the equ111br1um equatlon

aa‘ti,;_pak)‘ ,;__?(/ ,,)3 ‘39:} (a“)#va
X )z);( ac)'y .9; a;& oz

where the plate flexural rigidity D=D(x,y)

Writihg this in the invariant form [(43] ,

V(27D -G o' wde g (2-16)

where
- .
2 2 '
>3 ’.‘@1 | @17

And the 'die operator' is defined by

ok _ z '.:. I Fa . . |
03Py Koot 10Y-4[V 00303 flos o]

T
= 22 _-,aa_a av,da.aau .
dx* oy dxoy 2x Ay a;a- Iz @ /5)

@)



2.5 NON-DIMENSIONALI ZING SCHEME
At this point we introduce the following non-dimensional

-2

parameters

Ptfe s Fxp i 7e

{@9)
Wt Wia 5 D%= 2>,

With these definitions the differential operators can also

be written 1n the non- dlmen51onal form as,

2 5 ()!-'
4 T2y ¥ :333'
. ) I 3 . -{- V,pz
- - 9 ¢2 )?)2 a.'; G}Q O\/‘

& (aj 272 972) b‘
$;4nu£a¢€} AAe Lis €¢ﬁnJLﬂLL Caw be S¢»7beﬁkux. ad.

a) aw‘ >y O Fp S
<> 2, = 3Ty "y
¢ ) ox2 9} 029-':.9; 92_2}' ” o> Ix* (a1

Q’.’D"‘ ow* L) I St 222 22" S
a1? 5?3 3557 2537 972 O52

O# (> W)= 2 o“‘"(.b"; w") (o2
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Vz( Pyw) = a—‘i{ 4 (2* Vrﬂw”’) |
Muhﬁq A.a_. -2_2?7. (q.w)

@vx.d.

RTE)- <3f OISR

| - |
V*ZD % w") - ) Q CZ) Wy
| - 9L %_j’*

Aol ay PGP T

ifua lan be ek lo, o

o 2 32 v 2 wlb ;
7 V@”V Wy~ (=) P 9(&’*; ™)

= gadp?
>,
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2.6 DIFFERENTIAL EQUATION FOR PLATE VIBRATION - .. °

The fourth order partial differential equation is. written in
the invariant form , in terms of the non-dimensional parame-

ters , és o :
Vi 3—(3* V’*i)_*) _ (}—2)) O*‘!(.D,; er-) - ?4-_3_(52 Ca\’-a?J)
. Do

. . ,",2 ’*l . -. ' . .
Where the operators V and ¥ .and the other parameters

have been defined earlier (section 2.5).

This equation governs the bending of plates subjected~£o
static lateral loading , g, where the flexural rigidity par;
émeter D*: ‘the lateral deflection parameter w¥ , and the
static lateral ‘loading q are all. functions of the spatial

coordinates. ' In other words

D= EW , w57 7=¢;(F’?]>_

4

n the case of the free-vibration of a plate, the surface
lojg}q? a(3,7 ) , will be replaced by inertial body force
acting% It can be easily seen that the magnitude of the in-
ertial force acting on the. differential element , LJ<7, ‘is
( T A5y e w/a) - | |

=TﬁdJiWLdﬁf%£5-f is the mass density of the blate,.h is
the thickness and of47 is the area of the differntial ele-
ment. The direction in which this force acts is opposite to

- . . - 4 1 r\ »
the ditection of positive lateral direction] or in other
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wbrds-the neéa;ive z4direc£ion.-'Replacing the static later-
al force per ﬁnit area, q{1,7) , ‘by the.ineftial body force
per unit a;ea-Q-the governing-equaﬁion fo} the free vibra- ‘

tion of plates can be obtained as

R ey

oR @29

2 a2 ./ & * P £4¢26Z2 ’»
Wt Y=(1-v ‘D,; + W= 0
V(g )-(-) g (L) # AR AT

Where now the non-dimensional displacement w* is a funtion

of the two spatial coordinates and tiqe.

A
. LAV NEARD

Using separation of variables , w (§,7,t) can be written

WERE) = (). TEy @)

Substituting in equation (2.24)

ST SR : $ _ ¢ g2 2
| | ' (@26)

Lo e 59, 2 ot LR/
fm’f)z;-j 7 aTr)-cr) ) (3 U;JE)]: T 7(e)
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"As the LHS is a function of spatial coordinates only and RHS

a funtion of time only, for this relation to hold god@

LHS = RHS= A c¢onstant

Denoting this constant by 6)‘, a real positive number -

.6%?7& DT =0 gap

which has a solution of the form
TE) = A S (OE+T) st
vhere A and | are constants.

The constant ( @%) is limited to be a positive real number
because otherwise the solution of the equation would give an

unstable diverging solution. The LHS of the equation gives:
2 2 . . 4 . 2 $, A v .
[V"fv"’w*(s,a) ~G-v) S B/ - ‘igi“—";‘ff?), =0 @29
' o

a homogeneocus fourth order partial differntial equation go-

verning the free vibration of a plate.

247 BOUNDARY CONDITIONS

The governing differntial equation together with the appro-
priate conditions of the plate at the boundaries in terms of
the lateral deflection of the middle surface w{(X}%) consti-

tute the complete system of equations to be solved.



T T s et

_.21.

Three_fypes of boundary conditions ére considered here

2.7.1  SIMPLY .SUPPORTED EDGE CONDITIONS:

. The conditions on a simpiy supported edge parallel to the

y—axis at x=a, are

W/ =0
X=q
. _ | .30
. - Ju AN DA
M’z/ = =D C";?. * Z’gﬁ;» = 0
= = A,

Since the change of w with respect to the y~coordinate van-

ishes along this edge , these conditions become

2
H- = 0 9‘1}- = 0 .3
l=a

NS

2.7.2 CLAMPED EDGE CONDITIONS

If a plate boundary is clamped, the deflection and the nor-

mal slope of the middle surface must vanish at the béundary.

. This can be expressed as

w=0 _ _ (- 32)

‘9€§n=0 , n being normal to the edge.

"Thus on a clamped edge parallel to the y-axis at x=a, the

boundary conditions are

w-é o 5;?./ =0 ({‘ 233

4.
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_The boundary conditions on & clamped edge parallel to the x-axis

at y=b are

I
™

w—/ -
DL

2]

2.;?.3 FREF, EDGE CONDITION
Kirchoff first showed t hat for the thin pléto theory two bouﬁdary
conditions at the free edge could be formulated involving the bending
moment, twisting moment and the shear force. One condition corresponds
to equating the bending moment strass resultant to sero; and the other
corresponds to setiing equal to zero an expresaion involving both the
twisting moment shear stress raesultant and the transverse shear stress
resultant. u

The boundary conditions on a free edge paréllel to the y—-axis

at x=a are,

‘x=a

(922’)_/22:‘2 4 » B'\A.J-/s(yz)
x=



2.7.4 CONTINUITY CONDITIONS ~

 In some 'ca;se's the plate is assumed ‘lto‘ be resting 2long an ir';term'ediat
.line support parai_Llel 'fto the fixed edge. Along this edge we imﬁbse thg
continuity conditions, | L |

23
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" Figure 3:

BOUNDARY CONDITIONS

X
section A-A
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2.8 METHODS FOR SOLUTION

The thin plate_deflection is governedfb% a fqurthforder par-
tial difﬁerénﬁiél equation.,  All solutions for the lateral |
deflections must satisfy the governing equation and tﬁe ap-
propriate,plate boundary condi;ions. Integration of this
lequation ﬁo.yieid exact analytical solutionsof the deflec-
tion w(X,Y) poses considerable probleﬁs. E;cept'for éimple
. donfigurations of ioading and shape, such as axisymmetrical-
ly loaded circular plates or rectangular piateé with cer-
tdin edge conditions , the solution of the governing plate
equation is extremely difficult. Thé most powerful method
"1s ‘the Fourier Series Method, but, unfortunately of tall thé

combinations of boundafg\conditioﬁs possible only very few

can be tackled using this method.

The follbwing are the different types of solution methods

for an exact analytical solution:

l. Navier Solution: applies onl{\;o the limited category
of simply supported rectangutlar plates. In this
method the deflection can always be represented in

the form of a double trigonometric series.

x i - — . —-—
wloy) = I Ly, S 225 S 7p 230)

M=/ T

2. Levy Solution: for solution of rectangular plates

with two opéosike edges simply supported and arbi-
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trary bouhdary ccnditiohs on the remaining twoksides.

M. Levy suggested the solution in the form

ok | o
WGy = 3V Sinmx @39
w. K= M/ = o

3. Levy Solution in Combination With the ' Principle of

- Superposition : For rectangular plates with arbi-

trary boundary conaitions imposed on all four sides.
. This solution has been successfully used for a large
number of problems [6].

4. Conformal Mapping Method: .Used for the analysis of

vibrating polygonal plates yielding very satisfactory
convergence. However, it isAdifficult to obtain map-
ping fﬁntions for a plate with a complicated shape.
Only fundamental f;equency cén be detefmined-- higher

-

modes are not possible.

L

The order of mathematical complexity increases manyfolds.
when the flexural rigidity, D, 1is not constant( as in the
preéent problem of plate with varing thickness ). Thus rec-
ourse has to be made to the approximate techniques- for the
solution of the problem. The different approximate methods

are briefly discussed below.

-

Energy Methods: These are based on the fact that the go-

verning equation of the deformed elastic body can be derived

by minimizing the energy associated with deformation and
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loading. * Applications of the energy methods are effective

in

situations’ involving irregular shapes,non-uniform

loads,variable cross-section and anisotropic materials.

1.

o
&

Erinéiple of Virtual Work: It is esseBtially the

' statement “‘of ‘equilibrium. According to this,  the

first-order variation of the total potenkial energy
1 " - ' '
is zero for any  virtual displacement--or, the total

potential energy is‘stationafy.

Rayleigh-Ritz: involves the setting up of a power
series to represent the plate deflection w satisfying

at least the geometric boundary conditions and sub-

- stituting this in the energy integrals and minimizing

" them with respect to the vai-i_ous pa-ramet’)ers of the power ser-

ies, This results in the solution of a number of

simultaneous equations to obtain the eigen-values.

Modified Rayleigh-Ritz Method Incorporatiég Lagrange
Multipliers: In this approach use of -Lagrange Mul-
tipliers is made'to enforce boundary conditions or
constraints not satisfied by the assumed series of
the Ritz method. In this way it can handle problems

with unusual constraints.
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‘Weighted Residual Methods:  Substituting the series of as-

sumed functions in thelgoﬁerning‘ differential equation a
"residue” ( error ) will bé obtained. This method invblves
minimiiing this error byltaking the inteéral'of the weighted
error ovef the domain to be zero. Their are two ﬁethods as=

sociated with this. These dre:
; | \

=
A

(1) Galerkin's Method

(2) Collocation Method

LY

Finite Difference Method: Direct approximation to the go- -
'verning equation is made in terms of a finite n;mber of va-
lues of the unknown function, selected at strategic mesh
points. The governing differntial equation and the expres-
sions defining the boundary conditions are replaced£§¥ith
) equivalent'differedce equations. The solution of the prob-
lem is'thus reduced to thersimultaneous,solution of a sét of
algebraic equations written for every nodéi point within the
domain.With the Finite Difference Method some fairly difficult
problems can be treated;bﬁt, it. becomes difficult to use
when we encounter irregular geometry or unusual specifica-
tions of boundary conditions.

M

Finite Strip Method: The domain is assumed to be divided

into two systems of strips at right angles to one another,



each strip regarded as functioning as a beam. This method‘
_pérmitshqﬁalitative énélysis of the plate behavior with ease
but is‘less adequate,in general,in obtaining accurate quan-
titative results. Its application is limited to rectahgular

plate geometry with afbitrary‘boundary conditions.

Finite Element Method: The basic concept of the method
when applied to problems of structural analysis,is thatla
continuuh(the';otal structure) can be modelled anélytically
by its subdivisions into éegions(the finite element) in'each
of which the'behavior is described by a seperate set of as-
sumed functions represénting stresses or displacements in
that region. in common with the alternative procedures for
the accomplishment of numerical solutions for practical prob-
lems in structural mechanics,the Finite Element Method re-
quires the formation and solution ofa system of algebraic
equations, The special advantages of the ﬁethod reside in
its suitability for automation of the equation formation
process and in the ability to represent highly irregulér and
complex structures and loading situations. The method in-
volves extensive calculations but beéause of the repetitive
nature of these computations it is ideally suited for pro-
gramming for a solution using a digital computer,
Of all the approximate methods described above, by far

the most powerful and versatile tool is the Finite Element

Method. Within the scope of plate analysis,particularly for
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arbitfa;y plate ggometryAaﬁd boundary conditioné_the‘Finite
Element Method is found to be most convinient to use and has
proved highly successful. The téchniQUe and its application
to the present problem will be discussed in‘dgtailé in-Chap-

ter III.
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Chapter III

L4

FORMULATION OF THE PROBLEM

The need for the.approxima;e solution techniques to describe
the free-vibration of plates with arbitrary planform and

thickness wvariation 1is apparent when one considers the

‘'mathematical complexity involved in such investigations.

Although the governing equation describing the dynamic be- .

haviour of plates is relatively simple to write, exact solu-

" tions of real problems are seldom possible. This is particu-

larly true for non-simple plate geometry {(e.g., arbitrary

triaﬁgular and quadilateral planforms } and boundary condi-

tions. The solution gets even more involved for the case of

plates with varying rigidity (e.g., due to thickness varia-
tion-in D=EHV12(1-?1) ) as can be seen from the governing
differential eguation discussed in article 2.6. A rigorous
solution for such problems is impracticable. ]
The real-life problems do not always involve simple rec-
tangular .or regular triangular shapes. The plates with com-
plicated non-simple geometries being not amenable by the
available rigorous solution technigues, one has to consider

the approximate techniques for such problems. A satisfacto-

ry numetical solution would first require a suitable scheme

for the reduction of the infinite degrees of freedom of the
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~continuum to finite‘numbér; To accomplish this"discretizé-
tion' twq"classical approaches both based on mathematical
apprqximatfons are possible. The first is one in which a
direct approximation to the governing equation is made in
terms of a finite number of“vaiués of the unknown function,
selected at strategic mesh points. This is+*the well-known
mei:hod of -FI_NITE DIFFERENCES.

The variational, or energy, formulation of the problem is-
.the second alternative. Hére_ solution of the differential
equation is replaced by an .equivalent problém of minimizing
a certain fhnctibnal which is defined by a‘suitable integral
of the unknown function and its deriv&tes. In structural
problems, such an integral can in fact be the total poten-
tial energy of the'system. Taking a discfete number of unk-
nown parameters to define the unknown function, the approxi-
mate solution will be obtained by minimizing witﬁ respect to
these parameters. - This is the principle of the well-known
Ritz Method. |

A particular variant of this épproach often used for
'discretization' from the engineering viewpoint is the
FINITE ELEMENT METHOD. The structure can be considered as
subdivided, a priori, into sections or elements and the at-
tention is then focussed ¢én ;the unknown'vaiues of displace-
ments {or force) at nodal points where such elements are

joined. In each of such elements, the behaviour 1is de-

scribed by a seperate set of assumed functions representing
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the displacements or stress in that region. The approximat-

ing functions: (sometimes called interpolation functions )
are defined in terms of the values of the field variables at
specified points called nodes or nodal points. For two-di-

mensional or three-dimensional continuum the struc e is

éimilarly subdivided, but not by points "as in the one- di-

mensional case, but by lines and surfaces. One of the great
advantages of the Finite Element Method over,othef numerical
methods is the ease with which arbitrarily shaped regions
can be modelled by an assemblage of finite elements and ana-
lysed accurately. The method involves ‘extensive computa-
tions but; because of the repetitive nature of these compu-
tations, it is ideally suited for programming for a solution
using a high-speed'digital computer. The paper by Turner,

Clough, Martins, and Topp [44] in which a continuous struc-

ture, which was part of an aircraft, was analysed as an as-

semblage of two-dimensional elements. This may be regarded

as a starting point of the Finite Element Method.

In common with the alternative procedures of numerical
solutions for practical problems in structural mechanics,
the FEM requires the formation and solution of systems of
algebraic equations from the govefning differential equation

describing the behaviour of the structure.
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There are four principal methods for de;ermining‘the ele-

ment properties for the construction of the algebraic equa-

tions for the element.

1.

ed

L
DIRECT APPROACH: Originating from the direct stiff-
ness method of structural analysis, this is used only

for reiatively simple probléms.

VARIATIONAL APPROACH: A more advanced approach for

"the determination of the element properties 1is the

Variational Approach. Using calculus of variations
it involves extremizing a. functidnal. For solid me-
chanics the functional could Be the potential energy,
the complementary potential energy, . or some deriva-
tives of these, as in Reissner)s variational prihci-
ple. There are two methods associated with the vari-

ational approach,namely,
(a) Displacement Finite Element Method
(b) Force Finite Element Method

The Disblacement Finite Element Method (Stiffness
Method) : Here the displacements of the nodes are
chosen as the unknowns. In this approach the compa-
tibility conditions. in.and among elements are ini-
tially satisfied. Then the governing egquations in
terms of the nodal variable are written for each no-

dal point using equilibrium conditions.
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The Fo:ce Finite Element. Method(Flexibil}ty Method):
Here the internal forces are chosen asfthe-ﬁhknoﬁns.
In this approach the equilibrium conditions are used
first to gener?te the governing equations. The com-
patibility conditions are then "introduced to develop
additional equations that;might be necessary to ob-

-

tain a solution.

WEIGHTED RESIDUAL APPROACH:An even more versatile ap-

‘proach with its basis entirely in mathematics is

‘Weighted Residual Approach. It starts from the go-

verning equation and can be used for problems for

‘which we do not have a funtional.

ENERGY BALANCE:The determination of the element prop-

‘erties with this approach relies on the balance of

thermal and/or mechanical energy of a system and re-

guires no variational statement,
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"Regardless of the'approach-used, the application-of the

Finite - Element Method for the solution of the continuum

problem, follows a certain step-by-step procedure.

1.

SUBDIVISION OF THE CONTINUUM  domain into elemenfs.
./ ' . '
The two important parameters, viz., the shape of the.

elements'used and the number of such elemeﬁpigare de-

'cided by .the nature of the given problem, engineering

judgement and experience.

element
nodal line

. L)
SELECT INTERPOLATION FUNCTIONS to represent  the vari-
ation of the field variable over the element. The

order of the element depends on the number of nodes

‘assigned to the element, the number and nature of

unknowns at each node, (these could be the magnitude
of the field variable and its derivatives) and cer-
tain continuity requirements imposed at the nodes and

the element boundaries.

Ay

DERIVE THE ELEMENT PROPERTIES: -Once the_elements and
their interpolation functions have been selected, the

matrix equations describing cproperties of individual
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elements are derived using one of the four approaches

ASSEMBLE : THE  ELEMENT PROPERTIES - TO  OBTAIN
SYSTEM(GLOBAL) EQUATIONS AND  APPLY  BOUNDARY
CONDITIdNS-taking.care of the continuity-of the nodal
variables at the nodes. The contribution of each fi-
nite element to the overall system properties leads
to a final system of\ equations involving the nodal

variables. Depending on the nature of the problem

.this could be linear or non;linear system of simulta-

neous algebraic equations or an eigen-value problem

(as in the case of dynamic analysis).

SOLVE THE SYSTEM OF EQUATIONS for .the determination
of the wvalues of the field variables at the nodes.
Many standard solution techniques are now available

to accomplish this.

INTERPRETATIONS: from the values of the nodal varia-
bles the distfibution of ;he field variable over an
entire element domain can be known using the shape
functions, Alsb other important parameters 1like
stresses and strains and velocity distribution etc.
can be determined using the appropriate set of‘rela-
tions (stress-displacement and stress-strain rela-

tins, or pressure-velocity relations etc.).
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3.1 DISPLACEMENT FORMULATION OF THE PLATE VIBRATION
PROBLEM :

The aim of the present thesié problem is to present accurate
-data regarding the natural frequeneies and mode-shapes of -
the triangylaf plates'which would be of considerable use aﬁd-
help to the designer. As for the accurate finite element
modelling of the arbitrary plate -geometry is concerned, an
obvious choice of the shape of the finite elements to be
used.fs the triangular plate element.The problem thén, at
this stage, is to select a triangular element most suitaSle
(considering factors such as the convehience and ease 1in
formulation, availability in explicit form the element prop-
erties, accuracy, computational effort and reliability) for
the specific problem of 1linear-free-vibratiocn analy;is of
triangular plates.

The plate can be imagined as subdivided into elements‘in;
terconnected at specific nodes and along the nodal 1ines.‘
If the displacementé at the nodes associated with a typical
element define uniquely the displacement within it, then the
process of minimization of ‘potential energy will result in

stiffness and mass matrices.
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Neglecting the effect of shear, thé bending. strain energy

of'én isotropic plate of flexural rigidity D can be written

" as

M( QEEEEIR RN

'This can be written in the equivalent matrix form as

XTIt s
A

where,

{kf E-RR ) e

and rigidity matrix [D] for isotropic materials
’
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The RHS of équatibn (3.2) can now be expressed in terms of
the non-dimensional guantities defined in chapter II, name-

ly,

3 =x/a , 7 =y/b o

| ‘ (355
¢ =b/a , w’%=w/a- : '
where 'a' and 'b' are the characgteristic dimensions of the

'plate as shown in Fig..4.

X.£=X/a ' | -
¢ .

mﬁvwh

>y n=Y¥b

Figure 4: PLATE GEOMETRY

The quantity {X} is written in the form

) -ﬂagé;z.
LXJ AL o




In the symbolic form we write

where '*' denotes the equivalent non-dimensional form.

@™

Substituting egn.(3.7) in egn.(3.2) the strain energy
. &P . + | & : .
U= S X D '[)( ] A5 NER)
AvF _ . '
Finally, strain enetgy U can be written as,
L[ L [ *| e 3.9
veg & [xlollx] «x e
A
In the displacement finite-element formulation the displace-
ment. w(x,y) is expressed in terms of the nodal variables.
' : N ne
w Cop) = | NCopd | w
where N(x,y)=1’_-“-‘:, Ny, o - --J

are the 'shape functions' or
the set of assumed displécement_ pattern in each element and
ne
{w} are the element nodal variables.

~
\
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3.1.1 'DISPLACEMENT FUNCTIONS REQUIREMENT

In the formulation of the total potential énergy of the ele-

ment the transverse displacement w(x,y) is the primary vari-:

able. The strain‘enefgy ekpression (egqn. 3.1) involﬁes the
second depjvatives éf the displacement w{x,y). To ensure
that the approximate solﬁtion converges to the correct solu-
tion as we increase the number of elements, and to make it
meaningful to assemble the global system of . equations from
the element equatiocns, “the set of assumed diéplécement pat-
terns in each element should belong to the admissible class

of functions sétisfying the following requirementé:

1. Compatibility: ‘ _ - | .

{a) The assumed w(x,y) - must be continuous and

have continuous - first derivatives 1inside each ele-

ment.

-

(b) wix,y) and its normal derivate B%éﬁ(the
normal slope) " must be uniguely specified along any
element interface S§ (where n is normal to S) by nodal

~displacement selected on S.
) .o 4

2} Completeness: All rigid body displacement states and
32? uniform strain{ constant curvature) states must be
' ;;includea in the expansion. In other words, the six
terms'l,x,y,xl ,xy,yl.(or their equivgient in other

coordinate system) fmust be included in the set of

element displacement modes.

AT

N

|

g

N
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Enforc1ng this Cl1 contlnu1ty nequlrments presents a problem..
It is. found that it ;s impossible to spec1fy 51mple polyno-'
mial express:ons for' the shape functions ensuring fullwcpm—
pat1b111ty when only w and 1ts slopes are.pfescfibediat the
nodes. Con51derable dlfflcultzes have been‘ehcounte;ed in
the developement of  suitable plate elements. Reiterating:
these are causeé by the need 'for both éiSplacement and siope
compatibility‘alohgﬂthe lines‘conneéting the elements; which

finlturn, is caused by the éependence of the internal energy.
on the second der1vat1ves of the normal dlsplacement.

A way of getting around this d1ff1culty would be to de-
fine additional nodal degrees.of freedom,.‘leadlng to the

generation of slope and deflection compatible elements with

nodal aegrees of freedom béing

. N % .
QJ.' 2”/52 > 9‘0%;} P ° ”/}z& P 9%}"4.%%9;

@.',ro'\
‘ 2
L Y 9“%} ” 9%@9;

Also, by intfoddcing the mid;side nodes with the normal
slope 3“"/3,, as the nodal variable leads to the 21-DOF ele-
ment described by Argyris, Bell, Bosshard, Irons and Visser

[18].

'
N .

The réduced eighteen-degree-of-freedom version is devel-
oped by Argyris, Bell, Cowper et al. [18]. An essentially
similar but more complicated formulation has been developed

by Butlin and Ford [18].



3.2 \NON;CONFORMJNG'ELEMENTS

It is found that #the compatibility requirement is not actu-
ally necessary fé‘ straih energy convergence. 'Non-Cdnform-
ing' elemehts ichiQiolatequope;continuity between;;orners
have been used extensively énd'often with good results,

If any groﬁp of Non-Conforming elements can represent
rigid body motion and constant curvature states exactly, the
‘Einite Element soiutions wili converge to the true value of
strain energy, though not neceésarily in monofqnicl form
[22,18] o ‘ S

Numerical results Iéor many non-conforming 'elemenés have
‘been presented [18,21] ahd‘fdr many problems shown to give
better results than with conforming elements. Although
tﬁeir derivation is simpler} the use of non-conforming ele-
ments in general purpose programs has certain disadvantages:
(a) energy convergence is sensitive to the mesh division
pattern, (Q) curvatures and bending moﬁents may hot converge
even if the stré;n energy does, .  {(c) no error control is
available (d) lacklof assuredness of an upper bound or lower
‘bound solution. Admittedly these are not very versatile and
‘reliable for proérams dealing with a wide variety of prob-
lems, the so called "General Purpose” programs, i.e. they
might work beautifully for one type of problem but fail when
used in a different type of analysis. However, for programs
where just one type of problem, say, the free- vibratiéﬁ

‘analysis of thin plates, 1is concerned a simple conforming
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element can prove torbe very effective and éfficient{ In
fact in many problems réported'in [21,18], ° the reSults of
the ndn-éonforming element are as good as or even better

than the results obtained by using ¢onforming elements. To

make a judicious and effectiﬁe use of the . non-conforming

element it is imperative to study thoroughly the behaviour
of the element in a similar problem for which results are
available, and run a few check-problems to reéognizé‘the pe-

cularities, if any, of.the particular element.

Y . .
Several displacement models with various degrees of re-
finement have been proposed as well as elements for analysis

based on équilibrium,mixed and hybrid variational princi-

ples. A review is presented in Appendix A. Thus, to select

a suitable element from a long 1list of alternatives, it is

important to consider which alternative provides the best

balante in usage, taking into consideration factors such as
simplicity of formulation, versatality of appiiCation, reli-
aBility, computational effbr; and accuracf. -
‘From the study of the wvarious trianguiqr elements availa;
ble (Appendix A) it can be concluded that for the problem
requiring highly accu:até.results and for the development of
general~purpose computer programs where reliability, ve?sa~

tality and accuracy are most important the use of high-pre-

cision elements‘(HSM, A-9, etc.)is recommended.



46

.waever} in the formulatioﬁ of programs for = some spgcific
. problems, :the;use_ of the relatively simple elements could
| prove highly efficient and lead tol;esults of acceptable ac-.
Curacy.with substantial savings of .effort, time and money.
ZFrom thé designer's vieﬁpoint, the comparative study of the
solution cénsidered in f26]'the 9 DOF element of Bazeley et
al. is the simplest available element of acceptable accura-
cy.If ‘more accurate results are reqﬁired, thg“A—9 or the HSM
.1s recommended.

The simple non-conforming ﬁine—degrée-of-freedom triangu-
lar element developed by ‘Bazeleg et al.[21]'viqlates' the
cdntinuity of slope conditions. - However because of its con-
ceptual simplicity in formulation, convenience and economy
it has been used in a number of structural problems
[16,18,21] dealing with the free vibration of plates and
shown ﬁo giée results with acceptable accuracy. - Thelc5m~
plete derivation of the shape funtions for 'this element is
presented in Reference 21. For this element it has been
“proved [18] that thé strain energy woulé always converge
when fpe mesh is generated by three sgﬁs of parrallel

'straight lines.
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. AZ,wW

ki

Figure 5: ELEMENT WITH NODAL‘DOF,

The three degrees of freedom at each node are:

- The disp1a¢ement, 'w'

t

Rotation al?out X-axis, 52: (: —QW/QVZD (3"”>

- dw /5,
Rotation about Y-axis, (9; (' 2 /92'- )

Thus the displacement w(x,y) can be expressed in terms of

. ) ne
the shape functions N(x,y) and the nodal variables fwf as:

A)'(x,;{) = LN(Z’QOJ {w_f?:e |

t
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' This expression can be written in terms of the area coordi-

nates Li and the non-dimensional parameters defined in sec-

~ tion 3.1, as : ‘
e 2l a2 | [ el
a(8)= Zf_/v,; NE N

“
=)

With a little algebraic manipulation it can be seen that,

w¥= 5 !LV*'* N /v?‘/ A
' 4:--/ N < “ _ri'r
) 5%?; ,:J'ED ¥
2u -f
2% /;
X|£=!/a
A
b ic
X2,¥,
" x‘lryT
—
Y=Y/b

Figure 6: SYSTEM OF ELEMENT COORDINATES
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"I‘he shape funct\ons N expressed explidit‘ly-in terms of the

-
by

area coordlnates,

2— ,__-_,_2°-:i:"
. /V/ = [-/ .ﬁ -Z.? 7"[ [3 / —Zés
g
- é\BCA {2) 7‘ /L//"’“a) ‘é,:) C/u AL L,/ £3>
- _ .2-
/V/ = C3<4'£,27‘o.?££/{é£3) . ng./-/ O?/ 3')
y l .
2 | .
Aé:{. e 3 -'r’-'Lg;zL, - L, /-32'-__ L,zf-/z
2

L PR | 2 |
Mas blts tutils) = bs(lts+ 00,ts)

3. . Z - 2 |
Ny =iy (Lats &iz,cﬂzj) - Co (fLytds,L,l5)
Ny 2 > 2 2.
R /‘3"‘ Lyl + 471y = Lyt 2N
2;_ Z 2 ’ . 2 /
N3 = é’l( 3 L, ';,1 1/4.11.3) - 6 (L& ZJ”"Cgi/‘f_g 13)
3 5 . '
N3 = Caz (Lj -L/ —-;LO_?{[,Z.GQZ_s) - C-/ (L.( L3A1§o‘?¢i,é-213>
Moe b= - p Cr= G-X,
by = N
by = - %
3 }’ }.9 o C} - /;EOL_Z_I

&> becng o Cotndinal; gy Lo e L
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Bending strain energy for the element as given earlier in

| equatlon (3.9)
ff M MIK £

At this stage we note that | :
[ | 1! i ' _ 4
| | T - ;}%;z e .

kZ (D’/}r"/%wj 7 (a‘;v%p?%
and consequently the strain energy is given by

g {”*fﬁ [K;ﬁ] f""“f%e | l'@vs-D |

where,

kss = P /f J d;;acy | 1 @)

lg
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In the expanded form the stiffness matrix [K:;] of_thé ele- .

ment is,.

kﬁ-—. = fffpfq;’tfd? (3.

' ?SS A%
. - 5 ¥ ’ = JﬁV‘ /
’4 o _2&_ 42 9/\/ QN ( LY /V 7% 3-:_
7 Lo & #* 27 <
' ' i > |
VN o Rk (308

S ) £

The flexural rigidity D can be expressed as
3 .
2= 2 () @

where Dp = E%j/Z&ChQJ327 - and 4, is some character-
istic thickness. '

Introducing this in equation’(3.l7) we'get
. . :
$é D, 17’<?&2r) lqér‘i;‘i7 ' (}20>
4* .

This inteéral can be evaluated wusing the Numerical Integra-
tion technique (section 4.4) after substituting the appro-
priate function for the thic;ness 'h'.

The final glcbal sfiffness matrix 1is assembléd by apﬁropri—
ately combining the contributions of the constituent ele-

ments. of the plate.
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3.3 ELEMENT MASS MATRIX

Neglecting rotary inertia effecf, the expression for the Ki-

- netic Energy is,

f:d//];off% N:-’:N'aﬁx_.a%}r‘ "
A L |

7321
o 20 ,eL A-;"'Tar"d'“ |
- , Fd
Tl SR e
A _ .
y
Substituting ‘AJ* =,’_N*JZL."§",eand non-‘dimensionalizi-ng' o

various guantities we get,

2’ | %
r-frattoale furf [[(h) WA Gty fg s
| 4*

Thus,

N (e’ : ' .
. ¥ T :
['A7 }.. = [((%ﬁb) ﬁﬂ*.fwﬁaifci7 ' (3-23)

&

t

The system of equations for the free vibration problem would

now look like

"

{.Do [k;_‘;] - mffa."*;é £, [M*H {“?we o W

Rewriting this as

2e

l:[k;} _ co‘zf;;qé;{o [M*‘H {N%)Z -0 125)




53

* ' » : . : o
" where [ kks—] and [M] are the final global stiffness and

‘mass matrices respectiVely, assembled from the element ma-
. ¥ (@ * (e : '
tries [ K &_and.['fﬁ it

We thus have an_gigénproblem of the form
2 e | |
[«‘(-O( /‘7] {w} =0 (3-26)

. . . ' 2 . .
with the non-dimensional frequency parameter X~ asg its ei1-

. . ~.

genvalues’

AP ftRES L IR
/N

3.4 THICKNESS VARIATION

The spatial variation of the thickness, 'h' needs to be spe-
cified in order to determine the coefficients of the stiff-‘
ness matrix and the mass. matrix. As can be seen from
egn.(3.20) and eqn.(3.23), the integrand of Kij* involﬁes a
cubic power of 'h' and that of Mij* involves first power.
Theoretically any order of thickness variation can be han-
dled whén the integrals are evaluated numerically using the
quadrature formulas. However, with higher orders of thick-
ness variation, becapse of the presence of '"h**3' jp Kij* ,
a very high order of integration scheme is needed'fpr exact
ihtegration, thereby paying the penalty by way of computing

time.

L
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In the present problem, a linear variation of thickness,

'h', in the two coordinate directions has been assumed.

-

HCZ y) =z Ko+ mzx+ Ty .27

hl

This can be written in terms of the non-dimensional parame--

ters as
- A yenFemFy (3-28)
Ay
where
7f};¥ = M X . m'x - ;'7.". 5 . .
4 TR —= W

Defining the two ratios

¥ e //
M = /z.-o - # 33/, 720 " Y
#, L -
° Ao (3.30)
o
W 4
y = 8/,
From eqgn.(3.28), C
. - ’
?77/-‘ = /L/,t_ o /
(3-30
and . ~

| ma;”x = (%/; -/) Sec & + B Can 9("/2-#")
Rewriting‘eQn.(3.28),

-A%ﬁ‘=/*C@fﬁ)§+£@g”)ﬁw9%¢ﬂ3%§C%ﬁ277 . (3:37)
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' This can be substltuted for the thlckness taper ratio in the

expressions for Kij*.-and Mij*,

In the above procedure the so-called consistent mass concept
is adopted. In this case, the mass coefficients are derived
by integratioﬁ of the same dlsplacement functlons which are
employed in the formulation of the stiffness matrix. Howev-
er it 1s pointed out [19] that the consistent mass matrix
provides a better approximation to the inertia forces acting
-in hhe‘ structure than 'is obtained for the elastic forces
from the corresponding stiffness matrix. This is because
the mass matrix is derived from the assumed displacement
functions whereas the stiffness matrix involves derivatives
of the displacement fugctions, and the derivatives are
represented with less accuracy than are the displacements,
Thus 1t would be reasonable to employ lower order interpola-
tion functions in formulating the mass matrix. However, in
practice the introduction of additional displacement func-
tions for this purpose complicates rather than sfmpiifies
the ovefal} analysis. |

In genéral,. the only simplified mass.maprix of practical
significance is the lumped mass matrix. The diagonal form
of the lumped mass matrix can be of significant advantage
both in the solution of the eigenvalﬁe problem. However, in
many cases , particularly when higher order elements are

used, it is difficult to derive satisfactory lumping proce-
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du;és. " Moreover tﬁg consistent mass displacement-typerfpr-

muiation offers a major-aanntage in £ha£ vibration freqﬁén;
“ciés computed-'frpm such models - represent§ upper boun@sfto

the true vibration frequencies if continuity is maintained

in the.finite element formulation.

L]

< ’ )
‘3.5 - SOLUTION OF THE EIGENPROBLEM .

)

: The-generalized Eigenproblem is of the form"

VR

¢

»

o (3:33)

in which the stiffness and mass matrices are symmetric.
: The»fdliowing; different efficient algorithms have been
‘&éveloped for the.solution of the Eigenproblem in structural

-mechanics [181].

- . Q

1. Househdlder - QRITIhVEFSE Iteration {HQRI)

2. GeneralizeaxJacobi Iteration

-

3. Determinafit Search
4. Subspace Iteration

. The opt}mum choice depends upon the chéractéristics of the
SE}UCtUFBl problem under consideratien pa%tiéularly on the
order and the bandwidths of -the matrices,l and the number of
eigenvalues and eigé vectors to be'comﬁﬁfed. Each of these

methods is discussed\in brief:- - K
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3.5.1% HOUSE HOLDER - QR - INVERSE ITERATION: |

To use this method, . it -is necessary to transform the eigen-

problem 'to the standard form

Axs Ax

*

?n? then the HQRI solution is carried out in three steps.
a : L]

Matrix A is reduced to Egé tridiagonal form using the

householder's procedure.

. " r“’] . - )
(b) all N eigenvalues of 'the tri-diagonal matrix are ob-

tained by QR iteration.

(c) inverse 1iteration is used To calculate the required
number of eigenvectors of the tri-diagonal matrix,
‘ which are then transformed to the 'eigenvectors of the

‘original matrix.

 HQRI i;; very efficient if many ‘eigenvalues & eigenvectors |

are required and if-.the matrix 1is full or has large band-

>

width--arising from coordinate transformation or static coén- |

densétioq. It is “inefficient for small bandwidths _ or for
. * ~>
the problem of large’system-put feﬁ\gigenvalues are needed.

. N

£ . -
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3.5.2 . -GENERALIZED JACOBI ITERATION (GJI)

ThlS is an attractlve alternatxve to HQRI as the. pre11m1nar¥
transformatlon to standard form is not requ1red.

Egé = W f‘_’_’é is solved__dl_rectly usmg genera-iiied #aco‘-
bi rotation matrices to‘t:ansfqrm ;5 and g.simﬁltaﬁeQusly to
diagonai;fofm. | ' :

GJI is most - efficiéh; if off—diégonai termé /in both ma-
trices are small or if oniy a few off-diagonal terms exist.
“Like the HQRI, GJI is effective in obtaining all the eigen-

values and eigenvectors of the system.

3,5.3 DETERMINANT SEARCH

For matrices with small Panawidfhs a DS algo?ithm provides a
éery effiéien;'soluﬁion. The algbrjthm'uses triangular fac-
torizafion and vector inverse iteration directly on the gen-
eral broblem Rf= 0M$" and salves for the required eigenva-
lues and vectors in succession from the least dominant-pair

ﬁpwards. in the.eigehproblem'M can be diagonal, with 2e;o

diagonal elements, or maybe banded pobkitive definite,

.

3.5.4 SUBSPACE ITERATION

It is a very effective procedure for findinga relatively
small number of eigenvalues and eigenvectors of large struc-

tural systems. It involves the fepeafed application of Ritz

{\ H
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i
oW -

" “method, in which computed eigenvectors from one step are .

used as thg'trial basis vectors for the next iteration.
The objectivefdf_ the -Subspace ;teratidn analysis 1is the
calculation of p eigenvectors and eigenvalues satisfying

k¢ Mt

in which the eigenvectors @ from an M-orthonormal basis of

“the p-dimensional least dominant subspace of the operators K

and M. " The solution is carried -out by simultaneous itera-
tion with g lineérly inﬁependent vectors, where q > p. In
the k-th iteration step, the vectors span the g-dimensional

subspace Ek and 'best' eigenvalue and eigehvector approxima-

tions are calculated i.e.,when vectors span the p-dimension-

al 'least dominant -subspace the required eigenvalye and ei-
‘genvectors are obtained.
~V* «-—= starting set of g starting vectors

For the k-th step, the procedure is to solve for V, from
é‘ l./ic = ZI _)./-/ C3'31’>

Then the projections of the operations K & M onto the sub-
space Ek is given by |
‘ 7 — ,
Ke =V &y
(3-35)
l{jﬁ: = kk f' £ |
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.$olvihg- ther eigenproblem of the“'p:ojeéted operators
leads finally'to the k-th improved approximation to eigen-

"vectors.

Ve = Ve G G26)

_Provided that the starting subspace is not orthogonal to any

-

of the required eigenvectors, ' the procésa converges to the

desired results, i.e.

. 2 l" . . ) -
,Qk—'—__f_Lz ord Y —>P as k—=co

- 339



Chapter IV

DEVELOPMENT OF THE COMPUTER PROGRAM

- 4.1 ANTRODUCTION

Hading established the underlying mathematics *of the Fiﬁite
Element Method- and the formulation of the element equations
fof the plate vibration problem, . a cOmpdter program has to
be developed to evaluate, assemble and solve the resul&ing
eigenvalue problem..

In this chapter the details of computer codeé for the
free vibration analysis of arbitrary triaﬁgular plate have
been discussed. The discussion also includes comments on
debugging, verification and documentation phases. Speéial
care has been taken to tonstruct the FORTRAN program in its
simplest form. Fufther, coding can be easilg.understood
with the aid of the many comment statemédt; appearing

throughout the program.

&
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The program consists of essentially three units as shown in

the figure below.

UNIT:1

SET UP ARRAYS
READ INPUT DATA

GENERATE MESH TOPOLOGY

SET UP AND SOLVE THE EIGENVALUE PROBLEM

2

IT:2

CALCULATE, IF

=

2

IT:3

PRINT AND/OR PLOT SOLUTIONS

REQUIRED, QUANTITIES DERIVED FROM SOLUTION

UNIT 1:

The reading

fine the finite

-

d generation of the arrays of data that de-

Slement model of the problem are performed

by UNIT 1 of the program.
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UNIT ,2: . ‘ '

3

The actual finite'elemgnt calculations as .described in
Chapter Il are carried oytlby this main body of the program..
In'this part of the pfogrém element matrices ana vectors are
Eaiculated and assembled,’ boundary conéitiong'are imposed,
and the global set of equations is solved to'deterﬁine the

frequencies and nodal -boint values of the displacement giv-

. ing the modal shape.

2

IT 3:

This is concerned with the presentation of the results.
The freguencies are tabulated and .the mode shapes plotted

showing the deflected plate with-the 'nodal %idgsf.

The overall logic ‘'of the Finite Element Program developed
for the presenf problem is'sﬁown in Table 1. The aim of the
program is to keep it simple yet efficient and versatile.
Although in the présent problem the non-conforming 9 DOF
triangular element is incorporated, with minimal modifica-
tions the same ?rogram'caﬁ‘ handle different types of ele-

ments.
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Start

Set Matrix ‘Arrays '

Read Plate Geometry

Read Type Of Mesh Fineness Required

Initialise Matrices

Generate Mesh Topology

Read Material Properties And Boundary Conditions

Print . All Ihput Data And Meéh,Data

Begin with first element

Compute Element Matrices

4

Add Element Matrices To Global Matrices

£ re All Elements Assembled
.NO :
- ' Y vEs

Modify System Egns. To Account For Boundary Conditions

Solve Eigenproblem

Plot The Mode Shapes
Print Freguencies And-.Eigenvectors

TABLE 1

OVERALL LOGIC OF THE COMPUTER PROGRAM

red
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In the flrst half of thls chapter the programming aspectsﬂ‘? the
different bu11d1ng blocks used in_the program w111 be dlscussed
one by one.

These are:
1. Mesh Generation
2. Stiffness-gatrix and Mass Matri# Caiculations
3. .The Eigenvaiué Solver
4, 'Modejsﬁape.piottinglRoutine

Later the total strucﬁure of the program incorporating all
these units would be considered with 'detailed descripition

of the entire listing.

4.2 MESH GENERATION

Even for the case of fairly small-size Finite Element prob-
lems, data prepration ( nodal numbers_and their coord{nates;
element numbers and their definition )-becoﬁes guite an ela-
borate and tedious task . and a potential sourge of error.
The presence of such errors will bring about incorrect re-
sults and if detected at that stage it would mean more runs
on the computer after correctioﬁ. | However, 1if the errors
remain undetected and éuch incorrect results are wused for

making decisions and judgements, there maybe serious repur-

cussions. It is therefore important to eliminate such er-
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‘rors in data and this can be achieved to a large extent by

66

automatic mesh generation.  Using as input_theAminimal am-
mount of necessary information to describe the geometry of
the domain ahd._the des&red fingnesélof the mesh divisions,
the required data is generated-by the computer.

' In the presént program the elementary routine developed
'by Y.K.Cheung and M.F.Yoe [20] hés been suitably modified

for more effective use in the current problem under study.

The objective is to generate a, mesh pattern that would di-

vide the arbitrary triangular plate under consideration into

triangular elements using three sets of parallel straight

lines { As stated earlier in secton (3.2), for this non—con—'

forming triangular element the strain energy would alwéys

converge if the elements are generated by three sets of par-

allel lines ).
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" The obvious :  choice of the mesh'pattérn'for the triangular

plate will then be;:

The input data needed to geﬁerate this type of mesh is:

1. Total number of generating line segments (i@;iﬂ,;..),

NY ( 'NY'=5 in the above fig.)

2. Weighting factors, CONX and CONY, along the spanwise

and chordwise directions resp;;pively;
3. Aspect Ratio, PHI (=b/a)
4. Sweepback Angle,.THETAt=e )

The output consists of firstly the 7 and 7 coordinates of
each point with its corresponding number and secondly the
element number with its element definition. Both nodal num-

bers and element numbers are arranged in sequential order.
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The plate 1in the X,¥-plane is first transformed to the .

- 3,7 -plane using the transformation_

3 =x/a
7 =y/b
(;5 =b/a
X ' - : o
A - _ pE=%l

(1,0}

’ a
0.0y : -
N n=Yip .

(-9SING,C058)

Figure 7: COORDINATE TRANSFORMATION

Depending on the value of the weighting factor CONX the

size of the intervals along the generating lines are fixed.

CONX < 1 : intervals along the generating lines

will become progressively shorter.

CONX = 1 intervals stay equal

CONX > 1 intervals become progressively longer.
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Coordinates of point i along the generating line AB are giv-

.en by: _
0 1 2 3 : i
AG:| ot m t kz"'*l'-— - l —%B
‘—-__f(nk+w+... +ﬂ) R
. ‘ Lo, ' :
. h . Z—k} -
X =(%,- "4)—’—,,—:: Ay (41)
N |

Summing the geometric progression,

- | o ¢,
xas (s -x) G
| ‘ SR (42)
Simildarly i
L. 2

¥r (o) Slrm
-Corfesponding to CONX, a weighting factor CONY has been in- .
‘troduced along the spahwise.airection which controls ' the
size of the elements'along that'direction.
This is useful arhenr for example, referring to the present
_préblem a finer mesh is desired close to the constrained
edge of the pléte so that. when the displacement at the nodes
are plotted and points of zero displa;ement determined a
better 'representation 1s obtained of the néture of the 'no-
dal-line' close to the edge.

However it should be nocted that tﬁe condition that the

~ triangular elements be generated by three sets of parallel

lines would require

CONX=CONY
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The node numbexg\are 1abelled correctly as we go 'from one

.£Enerat1ng line to ‘the’ next, by 1ncrea51ng the number by one-

. El
emerytlme we come across a point. .

Example: For the;different parameters defined as; 5

~

. - 7 @
. . .y

S - PHI=1.5 . . vl
o e T
. CONX=1.00 T
e CONY=1.00 N -

) "" ‘ : NY‘?’S L 'l‘:\:
ST , oy

L. : ’
. . < , . : . |
lfhe mesh nith.node numbers, node coordlnates and eiement
numbers as shown in’ Flg 8 is generated. The- complete mesh

data 1s transferred to the main program to carry out*furtherj'
1 3 “+ 3 *

calculations. = - o - ‘,'- L'-.

With merely 1ncrea51ng or decrea51ng the value of NY, the

b.

E
mesh can be—madé-flner or coarser as desrred.~ v b
S roo L /,
. L w b
‘L - i
3 - b =
. 3 - o :.-v!:ﬁ"'l I
=
A
N &« .
. ‘s sl
o ,
r . .,
P - . 2 1
- - - " .
v f l:“ﬁ" .
- 4 - /‘\\\ b
a .
7
ey 1
. . v
- Q -
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Figure 8: TYPICAL FINITE ELEMENT MESH FOR NY=5

4.3 GENERATION OF ELEMENT MATRICES

The structural stiffness matrix is generated by appropriate-

o ly assembling,all_thelelement stiffness mgtrices. Thusithe -

" ment.

\primary step is to obtain the stiffﬁess,matrix'for each ele- -

. " | . oy
: ‘ 2 &
From Egn. (3,20} the_coefficient(ko\is given by
T . . ~ -.

14
.

®© DU o g o L
5 enf8h Ay [y o
—~ & e

P

4

A;.(§Qn. 3.18) 1involves the. second partial derivatives of
the shape funétions_[N] with respect to the spatial coordi-

‘nates Y and? . The function [Ni] being a cubic function in’
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_ _ +
near function in Li. If the thicknéss 'h' is .constant over

" area coordinates Li, the guantity A would then be a li-

the entire element, Eguation(4.3) can be integfated'expli4

citly using the following formula:

KB e A1B1 I e
g e - G
AT |

However for the case of variable thickness plate ,

(&) . : .
A S ACL Aren oF ErEmens
()

-

L]
h=h(L1,L2,L3). .

: . © |, ce :
and as the expression for K;')_lﬁvolves the cubit power of
. ' ) S
'h', even a tiinear variation. of 'h' makes Fs(L1,L2,L3)
qﬁ%te involved for explicit integration, Thus numerical

integration formulas are used to evaluate the integfals.

4,3,1° ELEMENT MASS MATRIX:.

Erom the egn:(3.23) in chapter IIi, ‘the expréésiqn for the
Améss matrix:coefficient is: ‘ . ' '
C - s # '
mi® = ([ A 541 = [ R r an o)
O - AT |

In this case, N being a cubic function and h a linear func-

tion, _F§ would therefore be®a 7-th order function of the

. , Ki
area coordinates and will have to be integrated numerically.
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4.4 'NUMERI CAL. INTEGRATION

An important part of Finite Element Analysis is the-evalua-

9 : ) .
"tion of integrals in the element equations. - In many cases

these integrals cannot be evaluéted in closed form and in
others the term-by-term multiplication and integration could

be highly cumbersome and time consuming. In such cases the

~approximate numerical methods are used.

‘Quadrature formulas_épproximate the definite integral of

a fgnctibn by a properly weighted sum of particular values

-

of the function at suitably 'distributedipointS"wi;hin-the-u

domain of integration. In the preéént proBlem ‘the integ-
rands in the stiffness and mass matrix calculations are pog
lynomials in area coordinates‘and the integration has to be
performed over the triangular région. Suitable quadrature
rules of the Newton-Coges'type and_'Ehe Gauss & Radau type
have been derived by Silvester, ;roﬁs.and Hammer [27].

The " highly effiéient"Gaussién type formulas thch are
fully symmetric with the three vertices of the triangle have

been derived by Hammer- -and co—éorkefg [27]
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For integration over a triangle of area A the formulés_are

of the form:

[

where, ~
I.7.7T =area‘coordinates of the i-th sampling point
A!') "U) J-O . ) . 4

t{;=weight associated with the i-th sampling point

R
Y “r -

N = nuﬁbetﬁ%f sémélihé‘bﬁih&é
The values of the cénstants We 5., and f. ' for vari-

ous formulas are listed In table [2]. _Because of triangular

symmetrf-of the formulas the sampling pointé occur in groups

of six, three, orhone. 1f a sampling poin£ has area coordi-

nates ( @, 8, ) , a#ﬂ#a" , then there are also five

symmetricaliy disposed po{nts with coordinates (4,7, 2Y, (B,

o), (Br,«), (Fep), and (¥,p &) .all of which have the
same weight, A sampling pSint Ghicﬁ has two equal coordi-

nates, for example, (&,6,4) occurs as a member of a triolof

sampling'points with equal weights the coordinates of the

. other two being (4,¢,8) and (8,3,%). occur at the centroid.

1
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TABLE 2

'WEIGHTS AND AREA COORDINATES FOR NUMERICAL INTEGRATION

3 POINT

FORMULA

(DEGREE OF
PRECISION: 2)

7 POINT

FORMULA'

(DEGREE OF
PRECISION: 5)

)
1

176
1/6
.23

172
1/2

1/3

 0.7974269853 -
0.1012865073

0.1012865073

0.4701420641
'0.4701420641

0.0597158717

1/6
2/3

RV

1/2

1/2

1/3

0.1012865073

0.1012865073
0.7974269853
0.4701420641
0.0597158717
0.4701420641

2/3
1/6
. 1/6

1/2
1/2

1/3
0.1012885073

0.7974269853

0.1012865073
0.0597158717
0.4701420641
0.4701420641

/3
1/3

1/3

1/3.

1/3

1/3

©0.225

0.1259391805

"
"
011323941527

75}
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The essential steps .in the element matrix calculations for K. -

- and!{?-are listed below:i

.1..

76

i

Specify the (&,») coordinates (El,ni),(éz,nz) and

- (£3,73) df‘nodal points of each element.

Calculate the area A and the coeff1c1ents BI CI, BJ,

CJ, BM AND CM

R - L
Specify a set of 1 1ntegrat1on points (L1, L2, LB),
121,2,3 -,I{ and quadrature weights Wi tor the

ut;iangular element doma1n.-

Calculate values of the shape functions Ni, and its

second partlal derivatives gg& i;} :A;, at the 1nte—
¢ 7

gratlon points’ (-l L2 L3y

=

Calculate the_thickness "h' at each point of integra- -

tion, .

Using the results of step 2 through 5 , determine the
Galue of the inteérands in eqn. (3, 20) and egn.(3.23)
at the integration point (Ll L2, L3) and multlply each
by(ﬁlA) '

Sum the number computed in ‘step 6 in accordance with

eqgn.(4.6) to obtain k;‘and M_:
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TABLE-?{E

C e

ELEMEEI‘ STIFFNESS MATRIX FLOWCHART

NEL = 0 |

. NEL = NEL+1l

+ f

RETRIEVE ELEMENT NODE NOS.
NICI, NIC2, NIC3

RETRIEVE NODAL COORDINATES
(X1, Yl), (X2, ¥2), (X3, ¥3)

t

DETERMINE BI, BJ, BM, CI, CJ, CH

!

CALCULATE ELEMENT AREA

Y

CALCULATE THICKNESS COEFF.
TAl, TA2, TA3

¥

NUMERICAL INTEGRATION LOOP TO
CALCULATE STIFFNESS COEFF.

/

ASSEMBLE 'ELSTIF' INTO/PLATE
STIFFNESS MATRIX '/§§& '

-.‘”‘5‘."“ .

K




TABLE 4

NUMERICAL INTEGRATION LOOP ‘

I
.

NG

CALCULATE
THICKNESS
oo

AT NG

RETRIEVE COORDS., AND WTS.™V

OF SAMPLING POINTS FROM

'SUBROUTINE GAUSSP3

Y

CALCULATE SHAPE FUNCTION
DERIVATIVES AT POINT NG

78

DETERMINE F¥*

A

ADD TO ‘ELSTIF'. ACCORDING
TO INTEGRATION SCHEME
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4.5 THE EIGENVALUE SOLVER

After having assembled the structural'stiffness and mass ma-
trices and after having introduced the boundary condltlons,
the next step 1nVIOVes the' -solution of the. resulting elgen-.
problem. In the present problem, the Generallzeeracobl‘
Method .of solution section (3 51) bas been used. In this
" method the solution of the generallzed eigenproblem K¢=A M
, M # I, _1s sought employlng the ba51c propertles of the e1~

genvectors in the matrix '
Sk
7 C%-?)

5 .
The: nxn matrix is unique and is constructed by iteration.
The 1dea is to dlagon?llze K and M using succe551ve pre- and

postmultlpllcatlon by matrlces P and P, , respectlvely,

where k=1,2...

-Defining k=K and M, =M

9 - r
)(/A-'-r‘/ - /Dc k‘-' /OA— J L= /K& : ) .
Similarly .
rM p
M4:+/ = /?. el L2k



o

« !
‘ 80.

‘933 are selected to bring K, and M, closer tb diagonal form,
such that : |

Kme N aws M ke G

Kb/

-Thus with 1 being tﬁe 1aet iteration
- \ (4-10)
YT

In practice it is not necessary that M,, converges to I and

K., to{\, but they only need to converge to diagonal form.

| "“’ N dm.f (ké) nd alm?}'(M&)

ALk —> O
A s m;.(m

&7‘}‘ , - ’
</ ) .
. @.//)

gl 0“"‘?"6/—%—)

iy

P, .is an orthogonal matrix whlch in the Jacobi Method is a

K
rotation matrix which is selected in such a way that the
off-diagonal element in K, and M, is zerced simultaneous-
ly. If element (i,j) is to be zeroed the*pdrreépbnding'or-

thogonal matrix PK is

L] . 'J‘ d\ 1 3
A
3
-
l . 7
~
~
N .
5 LN .
-— L’ “ * .
'k w
T 1 .
- ~ i
~ i r
~
« .
~ !
S
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- .‘ . . T ’ .__T '- .

Performing the multiplications & K fk and A Hg_&and us-
(ktr ) Qtﬂ) L —. .

1ng ‘the condltlon that K and ”@i: shall be zero gives,

L _@"/ ; CM/ x G2)

where

Ck) 4>
)’ = =K /x O’ K / x

(&) ' )

e _: e ?‘ - ZU k
3 Ky et ok) &

f",_‘ kﬁ ? _ k ¢S]
A (&, /{,C‘-'-' (k) («&; 3
Z : << mff - /e” O

&) (4 K“’ - ey, &
z=_£+5x,f,;(/<) PR

The. above relations are used when M is a positive definite

full or banded mass matrix. 1In that case
k) 2 )
e &) ® ‘ '
(o{ ) ok kS0 | D)

In.ad&ition} det fi #0 is a necessary condition for the al-
. gorithm t§ work. The, actual soluton procedure may be sum-
marized in the followi g Steps i .

1. ‘Initialize the tWmeshold for the 'sweep. Typicélly

" the thféshold used for sweep m may be 107"

2. For-all ki,j)'with 1<j calculate coupling factors.
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b . / ' l
[ Ck )/kﬁ)kcﬁu and [ "”)__* ) /_M‘" }:)J/i and

qpplylng a transformatlon if «the factor is larger

than the current threshold. T L

3. Check the convergence by comparing-successive.eigen-

valué approximated by testing if ail"off—di gonal

_elements are small enough. - ' | kk\x

~

The Subroutine JACOBI given in Ref. 19 is wused in this
computer program. . The Jacobi -Method solves simultaneously

for all eigenvalues and corresponding eigenvectors. However

.

in large structural problems when the order of K and M 1is

large,' thlS method would prove 1neff1c1ent when we requ1re‘

b

only éome eigenpairs.- For such large systems more effective

L

‘solution metheds are available which solve for only a few

specific eigenpairs (e.q., Subépéde Itefation Method). )
Wheh.thé order of the matriﬁes is relétively‘small, as in
the present probleg, the solution\SE;Fhe_eigenproblem is'not
very expensive and the simplicity and elegance of the Jacobi

solution makes it attractive. .
]
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4.6  PLOTTING OF MODE SHAPES “

Having determlned ‘the nodal- poznt values of dlsplacement to-
: gether w1th frequency for each mode by the JACOBI routlne;
it is desired to present these results in a sultable format.
We are f1r5t 1nterested in determxnlng the coordlnates of
'the points on the plate}where. the d;splagement W 1is zero,

This is achieved by -considering the chordwise "stations,

namely} i%: f?ii ;12,15 ;16,18;-19,20 and’ the spanwise std-
"~ tions 5731 : 57;6 : _ETEE ; 4,15 ;. 5?53 . Along each of
these stations the displacement at each nodel is scanned ai;
we move froﬁ?one node to thei next. I1f a change'of sign is
observed between eﬁo consecutive nodes, the point of zero
_displacement- is interpolated from the coordiﬁates of  the
nodes and the values of the.diSplacemeht gt each node.

CCIEi and i+l denote the two consecutlveﬂ nodes with coordi-
‘nates (Xi fi) and (X1+1 Yz+l) reSpectlvely and the displace-~
ments H& and Hi+l the coordlnates of zero dlsplacement are'.*

" §

given by (u51ng linear interpolatlon)

s Z,, =X, .?"('{;4/‘" «:j’*/‘&: //(/U«:/ # /“‘Qw/) |
Fr=det (o™ 3a) 4/ ) J (1) # o220 )

v
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The MODSHP plotting routine executéé the following 'steps for

each mode: . A o

1. Determines the points of zero displacement along a1l

~ the chordwise and spanwise stations.

2. Plots the geometry of the plate in dotted lines.
. _' ‘q .
‘3. Designates the points of zero displacement with a

symbol.

4. Using the displacements at the nodes on the boundary

of the-plate,lit plots the'dgflected geometry in sol- :
id lines. ' ‘

5. Prints the values of the different.parameters and

also the frequency. '
All operatioms, 'Encluding the genefation of the sequence
of node numbers along the stations for any value of NY, are

automatic. -
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The following variables have to be transfered to the MODSHP
subroutine ﬁrémﬁthe main program: | ' |
NY: No. of éenerating lines
NV: No. of modes to be plottedA .-

XX: Matrix of eigenvectors

(X,Y) coordinates of 'the nodes

COORDS

MAXNOD : MAX. No. of nodés'in‘ihe mesh

¢

THETA :. Sweepback angle S,
| , =
EIG : Vector of eigenvalues
NCASE : Problem identification
. PHI/: Aspect Ra%io

e 5 HX,HY : Thickness Tapér Ratio



| R(SPﬁ&ﬁgﬂoTCORDl- =1.5
T7E. SWEEPBACK ANGLE=0.0°
S TI/T020.0. | T2/10=0.5

" N.D. FREQ FOR MODE 1=0.384

4
" MODE 4 ‘ ' ji MODE S y
NON-DIM.FREQ=3.280 : HON-DIM.FREG=4.067

Figure 9: SAMPLE PLOT FROM "MODSHP" ROUTINE
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4.7 VERIFICATION

The relatlvely simple problem of the natural;frequehcies of
‘a cantllevered rectangular plate 1s a convehient,example to
-study the _verlflcatron and _performance of the prograﬁ es_
some results are-evailable in literature [18]. |

.The Finite Element solutions were. so‘desfgned ‘that the
effects of the mesh pattern, finénese'of subdivision, diffe-
rent orders numerical integration schEme}siogle 'precision
and double precision could be  studied. ..Table 5 shows the -
eight differently oriented meshes ®dd/or different fineness
ratios considered, | |

A very coarse divdsion'into'only four elements, mesh (a),
for’ which results are aveilable using the same element,

lRef[lB], conflrms the proper funct10n1ng of the program.

It can be concluded from the table of frequenc1es “for the
various mesh patterns that the’ numerlcal results do show a
converging trend thohgh as expected not monotonic, for the
mesh (f), (g) and (H). Although for each 1nd1v1dual cases
the results may be good but the same cannot be. said about
the convergence for these meshes.

also, from Table( 6 ) it is observe@*that Double Preci-
sion hes negligible 1mprovement on the accuracy of the re\
sults. The same table shows the results obtained from
different integration schemes. A comparasion would show
that a 3-point .integration for the stiffness matrix. and
3~point.integrationlfor the mass matrix gives adequate re-

u sults.



 TABLE 5

~ .VERIFICATION-PROBLEM

E= 30x10
V= 0.3
a= 1 in

€= 0.283, 1b/1n3

6

4

lb/iﬁz

ZIENKIEWICZ

13523.00

EXACT
mi: R 846 ‘ 8§26.0
ranp= 3638 3728 R
= 5266 5157
W= 11870 12055
j . : - Py . -~ 4 -
- < -
A : :
: 2 E
A - -
- -] -
- j - D N X
4 Elements 6 Elements - 8 Elements 6 Elements
(a) (b) (e) (d) P
836.98 819.3 837.09
3938.75 "4212.48 3564 .59
4912.38 5139.81 6951.00
11895.82 11988.82 15400.00
) _ . 4 . Py
p - -] p ] - ]
p 3 . 7
+ s “ N e 4 i
i 4 ‘; E \\\ ‘
" 8 Elements 3§ 1 8 Elements 12 Elemefts 4 20 Elements
(e) : (£) (g) (h)
863.38 . 869.98 782.32 836.93
4385.15 3835.50 3578.60 '3623.90
7614.00 7553.00 3580.00 .15192.00
13678.00 %20&3.00 11805.00



. STUDY OF DIFFERENT INTEGRATION SCHEMES

‘TABLE 6

_89 :

£= 30x10° 1b/in’
Y= 0.3
d= 0.1 in
3 \
. f= 0.283 1b/in -
IXACT . ZTENKIEWICZ
W= 846 826.0
vup= 3638 3728
= 5266 5157
- 9= 11870 12055
Integration .
Int. Scheme For 1 3 7
Scheme Mass -
Fot Matrix POINT POINTS POINTS
Stiffnes
Matrix
447.79
1 POINT 1101.48
 3908.86 -~
7711.24
SINGLE DOUBLE
— - PRECISION | PRECISION
21a 272 L " 836.98 836.97 837.29 -
( /3,0/333/6,)/ : 3938.75 | 3938.70 3977.39 .
! R 4912.38 4912.37 4998.35
11895.82 11895.08. 12487.24
3 POINTS 838.25
(0.5,0.5,0.0 4083.19
0.333...) . 50026.76
| 12398. 44
! ,
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4.8  TRIAL PROBLEM

To check the SUItablllty 'of the 9 deegres of freedom element

in the analy51s of free vibration of skew plates, the prob-

lem of the skew- plate 51mply supported at the two parallei

-edges_and free at the other two 1s con51dered. This problem

has been 1nvest1gated by T. Mlzusawa et al. [12] using the
modified Rayle1gh—R1§z method with Lagarange “mult}pliers.
For. a rectangular pi;te with similar poundary conditions the
results are compared with D.Gorman's [Sj.

‘Table (7) gives a comparison between the5reeults obtained
by Mizusawa [12] and fesults from the present FEM study%
First four modes for skew angles from 0 to 45 deg. have been
1nyestlgated. For 0 deg. (square . plate) the results for
=0.33.. have been compared with D.Gorman's'iqﬂ_Table (8);
The results for both these cases evidentally show that for

this problem of skew plate the degree of accuracy obtained

" using the simple 9 DOF non-conforming element gives very sa-

tisfactory results for all values of the skew angle in the
range of 0 to 45 degrees. Tﬁe percentage dicrepancy (with
results obtained by Mizusawa et al.) 1in the non-dimensional

frequency parameter o is in the range of -1.55 to +3.1



L : _ .TABLE 7
' 'NON-DIMENSIONAL FREQUENCIES FOR SKEW-PLATE

-

X

Non Dimensional Frequency Pgrameter
a = wa th ' '
,/\ ' H‘Z D '

¢ = 1.0 v = 0.3

BABU . PRESENT A :
“ | e | eum | ST | PETEAS
N REDDY Element) J &l
1 2 3 >
. :
= 0 0.9759 0.9766- 1.00058 « | (2.52%)
e=-15 | 1.033 1.039 1.0406 .| (0.73%)
Mode g2 30" | 1.229° 1.263 1.2327 (0.3%)
1 6= 45 1.655 1.819 1.7076 (3.1%)
= ¢ 1.635 - 1.636 1.6663 (1.9%)
.6=15 | 1.670 | 1.819 1.644 (-1.55%)
Mode 9= 30" | 1.791 2.469 1.7648 - | (-1.46%)
2 5= 45" | 2.056 4.084 2.0964 | (1.967)

o

k.
'

-




‘e ~° TABLE -}

' SQUARE PLATE

X|E ’
A -
’ C -
. ..c .
A % . . F 1
| N
b , it §S
S '
| l /
{ [
! /i
. 1
| il .
V .- F : 1 )
o
r "'< a >\ >y!1]
N \"d
. A
¥ o= 1/3
. . 4
D, GORMAN PRESENT STUDY
{9 DOF ELEMENT)
a1 9.568 9.803469
- az 15'._88 16.22731



| . Chapter V. |
. PRESENTATION AND DISCUSSION OF RESULTS

It will be noted that the;e are four geometric parameters
associated with. the triangular plate of 'afgitrary planform
with linear thickness variation along the two coordinate di-

rections. These are:

1. Aspect Ratio ( PHI=b/a )

2. Sweepback Angle ( THETA )

3. 'Thickness Taper Ratio Along the X-Axis { =T1/TO )
4. Thickness Taper Ratio Along th f—Axis ( =T2/T0 )

In the current study,” three types of boundary conditions

have been considered. These are:
1., Clamped-Free-Free Plate -

2. Plate Clamped Along One Edge and With Simple Supprot

W

- at .Opposite Tip.

3. Support Along Chord at an Arbitrary Location.

_93_
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Figure 11: PLATE WITH SIMPLE SUPPORT AT TIP
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Figure 12: . PLATE WITH INTERMEDIATE SUPPORT -ALONG i$

[

In the present study two locations of the intermediate. sup-

port have been considered,

(1) (2/3)*b from.the root

-y

(2) (1/3)*b from\root
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b,

computations for a general case,. it is.important to examine

the convemgence of thefsolutioﬁ-as . the number of the ele-

ments -is 'increased. - “This is -particularly’essential for -

non- conforming elements because as mentloned earl1er ‘the

-'convergence may ‘not be monotonlc for such cases. This study

is 1mportant in orde: to determlne “the- requ1red degree of

mesh~fineness. for accurate'resﬁlts; AS expected it is‘

found that convergence rates could dlffer dependlng upon the
boundary condltlons. It will be noted that although a mesh
‘of 25‘elements;w;ll provide good convergence for cantilever
anq-siﬁple—support:et tip cases, tables (9;10,11), the same

mesh-fineness is found to be inadequate for the pin-pin-pin

‘case, table (17). For this‘particular boundary condition 49

elements are reguired to give very good results. Thie study
is presented'in Tables (9,13).

It can be apptéciated that a definite converging trend is
observed in - all cases‘ considered and that convergence 1is

»

faster for larger aspect ratio table (/0)}. Also, for lower

gq'.-"

" In the Finite Element Analysis;' _before proceeding with. the

sweepback angles and 'lower modes a monotonic convergence is.

observed whereas for higher angles the convergence is not
alWays'monotonid. This type of non—monotonlc convergence
would be; in fact, expected when using non-conforming ele-
ments. Tt

‘A study of. the convergence'-for different tapet~;atios

along the span is also presented. Again a mesh of 25 ele-

-ments is found to provide adequate accuracy tables (12,13).

v
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it can be concluded from the convergence study that primari-

”iy the type of boundary conditions. dictates the'mesh-finef

102

" ‘ness required for accurate results. In all further computa-.

"tions for cantilever-an&-the simple support at tip boundaryi:-

conditions a mesh of 25 elements has been used. Thirty*Siﬁk

elemgnté‘have been used for the two cases with intermediate
supports. . Whe;eas for the pin-pin-pin case‘, 49 elements
have been used. Any-furthér increase in the number of ele-
ments used does not provide any substantial improvement in

the accuracy of the results. However, if still better accu-.

racy /is justified for certain problems, a finer mesh can be”

used at the expense of éomputation time, ) :

\ ‘ .
5.1 TEST-PROBLEMS FOR TRIANGULAR PLATE "
)

Problem l: Table‘(l4) gives a compgrfson between the-first
six natural Erequencieé for a delta platé ( PHI=1; _THETAQO’

clamped at tﬂ; root for which some FEM results are avai-
lablqr using othe; sophisticated triangular plate. ggnding
eleﬁents. Vibration experiments on such platés are reported
by Gustafson.et al. [9].‘ The agreement between the calcu-

lated and experimental frequencies appeares to be consistent

‘and very goed. The nodal line patterns associated with the

),

first five modes are shown in Table (15). The experimental
lines are shown in dotted lines. The agreement between
predicted and experimental results is very good. An excel-

lent agreement is observed between the results obtained us-.
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ing "high-ptedisien" element [23] and the ffequencies'ob-
tained in ‘the breseht study using a relatively simple ele-

ment,

Problem 2: Using ‘the tr111near coordlnates,,*R Williams et
al, [7] have developed the solutlon for the natural frequen-
cies of a 51mple— supported equllateral trlangular plate.
Table (16) shows a compa:&elon between the results in {7])-
and the results obtained in this the51s using the present FE
program. for the same problem. As can be seen from table

(16) there is excellent agreement on the'frequencies.‘ (

Preblem 3 Another problem studied is the delta (right an-
gle} trianglular plate simply supported along thelthree edg-
es. Table_(l7)l shows that for this case more elements are
'required for geod convergence. The results.obtained using
49 elements are found to be in-very-close agreementlwith the
- results_obtained by D.Gorman [ priVate'communication.].

4
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TABLE 15

MODE-SHAPES OF CANTILEVERED DELTA ‘P-LATE

Gato R
&= 0°
T2/7= /O
717 1O

-—-  EXPT.

L
BOR-§1N.FRED=1 | . 852
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TABLE 16
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NATURAL FREQUENCIES OF SIMPLE-SUPPORTED EQUILATERAL PLATE

MODE

om=n=1

n=1
m=2

n=2
m=1

m=2
n=2 .

L
"o 32X 3

R. WILLIAMS
ET AL
[Ref. 7 ]

8.380

19.5308
19.5308

33.32

&

PRESENT
STUDY

8.295991
19.98189
20.34328

32.32584

DISC.
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.. TABLE 17

FREQUENCIES FOR SIMPLE-SUPPORTED RIGHT- TRIANGULAR PLATE
PRESENT METHOD
D. GORMAN .
51 25 ELEMENTS | 36 ELEMENTS 49 ELEMENTS

o= 49.35 | 46.7967 43.24670 48,51588

6= 1.0 = 98.70 91.6803 - | 94,52025  95.70825
| oay= 128.30 113.4275 120.6834 122.3324

a= 167.80 134,1078 153.9639 160.5054 -
34.28 | 33.5009 33.6928
65.59 - 63.1047 63,9128
$= 1.5 91.85 - 85.4672 87.3232
13 106.40 - 103.1617 104.3955
27.76 27.0901 27,2546
b= 2.0 49.89 : 48.2962 48.8727
) 74.67 69.4294 72.0442
81.32 ' | , 76.9656 . ~ 78.2961
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&

A large body . of data has been generated for each case of the'

boundary conditions.’ Three values of Aspect Ratio (1.0,1. 5

and 2.0), four _va;ues of the Sweepback angle (0,15,30,45)

.and three values:(l.0,0.S and 0.0) for eath Thickness Taper

Ratio have been considered, For all poseible combination of. .
these.four_par;heters,ﬁ?and for various.bouhdary conditions,
the first six natural freguencies ard;the corresponding mode
shapes are computed. The gomputed_don-dimensional perameterix
, ‘defined as i%?%ﬁ%%g is euitably tabulated_ro girela com=
parative study of the effect of sweepback, change in T1/TO
and change in aspght ratio for a fixed T2/70. These. fre-
Quencies are presented in Tables (18-29). Computer plots of
the mode shapes for each case is plotted giving the configqu-
ration of the deflected plate and the 'nqdal points'.,  All

computations are done with value of Poisson's ratio of 0.3.

A typical mesh for each case of the boundary conditions is

shown in Figs. (10,11,12,13).



PHI =a/b

R
THETA= § :
-“/Tb = hj, hls

a = wa2y| L heo
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Figs.!3~/5 show the. variatibn of 'fundamEntal frequency vSs.
thicknees tapef"ratio along the tralllng e ge,\_TZ/Tn, for

,different skew angles and taper ratlos alongn the root

(Tl/TO) These are presented for fixed Aspect Ratio. It is

1nterest1ng to note that: . K .
. (1) With decreasing T2/T0, the frequency increases for

all skew angles and Ti/TU ratios.

-(2), A similar trend is observed with decreasing T1/T0.
However it is noted that the spread in the fundamental fre-

.

quency with change in T2/T0 reduces with decreasing T1/TO.

(3) With increasing sweepnackv 'the‘frequency first de-~
cceaseé, atta;ns a minimum and then rises again. This trend
is cobserved fef 511 T1/T0 ratios. It is also noted ﬁhat,
‘ w1th decrea51ng Tl/TO the minimum occurs at lower sweepback

angles. .
[}

(4) ".The frequency shows lesser dependence on the
sweepbagk for larger aspect ratios and decreasing T2/T0 and

T1/T0. -
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5.2 CONCLUSIONS

A solution procedure based on the Finite Eleménﬁ'Methoa_hés

been developea for stud?ing the free vibrétion‘bf triangular

plates of arbitrary planform and with linearly varying

'thiﬁkneSSQ - Many sample problems have been'éolbed to evalu-’

. ate the effectiveness of the method for the free vibration
of plates. The method is shown lto vield resﬁlts #ith good
accuracy. The results for the skéw plaﬁe stuéiéd, 'Tabie
(7), showed that the solution procédure was. stable over a
broad :angerof the sweepback angle (skew -angle} --- O‘to 45

degrees, for the first four modes

However, 'no attempt was made to study the stability of the

.method beyond 45 degrées. Results for all trial probléms (

rectanqular,square, equilateral and right triangular plates
) show a very good agreemént with the results aéailable_fér
tﬁése cases.

If can . thus be concluded that although a rélatively
simp;e element was used, it produces excellent results from
the point of.view of accuracy and computational costs. The
results obtained compare rémafkably well with those évaila—
ble for delta and equilateral triangulér plates. A maximum
descrepancy of six percent is observed. The performance and
effectiveness of the element was thoroughly investigated and

with a very good degree of confidence the extensive solu-

tions for the current problem were developed. ' The non-di-

menSional frequency parameter and the mode shapes obtained

&
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.forlall the cases have'oeen'presented- " For lower modes and
- for boundary condxtloﬂs“ﬁonsxdered the element performs sa-_.
‘tlsfactorlly. The solutzon wgs found to be stable over a
broad range (0-45) of the sweepback angle. For platos with
boundary condltlons other than those con51dered it would be
recommended to check the convergence to select the mesh
'flneness required fofr acceptable degree of accuracy. For
problems deménding still bottef accuracy, the use of more

sophisticated elements (A-9,HSM etc.) is suggested.

]
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' Appendix A

TRIANGULAR PLATE BENDING FINITE ELEMENT

,Formulétion of plate and éheli-élements- has'been an area of

a@tive research in.the Finite Element Method. . This is due
to the many difﬁicﬁltiés arising " in ‘the safisfagtion of the
completeness and compafébility requirements for such ,eie—
ments. . Various theories ﬁave been used to get around these
diffipulties and in the process, ‘a large number of'eieménts
are ayailablé—simple' as well as highly sophisticated ones.
Unfortunately, ﬁost of these are not always reliable,in the
sense of Aconsistency of stability of. solutions. Eurther,

their theoretical formulation is highly invelved and intri-

cate.- Triangular plate bending‘elements having displacément

ana rotations at the corner modes as degrees of freedom(DOF) .
are particularly appeéling f&r many practical reasoné;.e.g.[

arbitrary plate géometry, geﬁeral -supports and cutouts can
be modelled accurately. Several theoretical and-numerical
studies on plate bending finite. elements have appeared in
the pést two decades. A detéileq recent study of triangulaf
p;ate.bending elements with three DOF at the corner nodes
(displaceﬁentﬁJ and rotations 6x,0y ) has been done by
J.L.Batoz et. al.[17]. It is apparent that accurate'and ef-

ficient elements can be developed for the analysis of spe-

- 124 -
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cific probLems.- Thus, at thlS stage, :to select an element
suitable for the partlcular problem of the vibration of

plates, it is important to consider wh1ch alternat1ve pro-

vides the best balance 1n_ usage. The alternatlves and the‘_':

factors governmng selectlons_afe: Simplicity in formula-

tion,.cemputationai effort, reliability and accuraey.

v

A.l REVIEW gg 9-DOF TRIANGULAR PLATE BENDING ELEMENTS

The available trlangular plate bending elements with Q—DOF-
the dlsplacement W' and rotatlons 9x and 5y at the three

corner nodes, have been cla551f1ed [17] as:

1. .Displacement models based on KirchoffA thia-plate
| theoty_ | . | |
2. Hybrid étressﬂ models based also on Kirchhoff Plate '

Thedty‘ | 7 | -
3. Displacement models derived frpm the theory of plates

with transverse shear deformation. - .

Clough &ATocher[25] in 1965, reported the element formu-

lations based on the principle of minimum potential-energy,

where displacements W, rot. 9x='9w/gy., and 9y=3""_'/.9x. , are

required to be continuous. . Elements labelled A,T and T-10
in this Ref. are based on cubic polynomials in lecal coordi-
nates X,Y. Their ‘ineffectiveness is due to; incompleteness

[A], incompatability( A,T,T-lO), sensitivity to mesh orien-
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. tation (A,T) and singularity (T). It was then realised that
it is impossible to formulate a‘coﬁpatible~triagular element
iwi;h 9 DOF.. With a simple polynomial expénsion for W. One

of ‘the first compatible trianqular felements is the HCT ele-

ment\[i?j. - Its férmulatidn'is based on subdivision /GF the
compleEe eleméﬁt into three subtriangles.’ Aﬁ incompiete. cu-
bic(9-terﬁ)"polynomial is used in each.subfegioﬁ for the
displacement and the-normal slope' aiong the exteridr'edge
of each region varies linearly. . The formulation lof_this
element has'aiso been.discussed usihg area- coordinates [22]

where it is called LCCT~9. The HCT element has frequehtly

been regarded as a reference element for bending ahélysis of

1]

plates, mainly because of the extensive numerical results

. e . ) , S
presented with its formulation. However, the formulation

-ifvolves cumbersome algebraic manipulation and element is’

rather stiff. Several studies(e.g. order of convergence,

error estimates) have been conducted for this element{37].

A non-conforming' élement satisfying the rigid body mode
and thé constant strain sﬁa;es is presented in [21]. .  The
shape fﬁnctidné expressed in area coordinates are given ex-
plicitly in reference [18]. In fhe same reference, numeri-
cal results using this element are presented for both static 
and dynamic analysis. In many cases, it is shoﬁn that the.
results obtained wusing this simple non—confofming element .
are superior to those obtained using sophisticated coﬁfgrm-

ing elements. The use of this element is recommended, spe-
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cially when 3cphvenieﬁce éﬁd gcdnme"is importani, qs}the
sthdy ofithis élement.repOrté the convergence to ﬁhé'corréét |
answef,_ when the mesh is generated by three séts §f equally
spaced parallel lines. _' o e ' '

Reported‘in'the same Ref.[21] is a Eénforming element ob- .
:tained by apppopriate‘superposition of'polynomidlé and ra-
tioqél shape functions in érea‘qoo;dinates._ Due to the
‘presence of these rational functions, ~ a very high;'ordef
numerical integration sScheme is needed to evaluate the
stiffﬁess matrix. In the results for free vibrations of the
plates uéing these elements, better résh}gs are repbrped us-"
ing the non-conforming elemént for the problems_éonsideréd
[21]. o | o

.A.Razzaque [24] has presented the A-9 element described
from the .conforming element by 'replaci;g the true second-
derivatives of the. sﬁape fuﬁctioné' with smoothed deri§a¥‘
‘tives. These\pseudo—derivatibes are the least sqﬁare line-
.rar polyﬁomial of the t#ue second derivatives and the result
is-that'ohiy-‘three numerical points are needed to evaluaté
the stiffness matrix. The pseudo-derivatives are not given
explicitly, but gbod pumenical results are reported for éev-
eral static problems. The CPT element [30] is a 9-DOF
- trianqular element used in the éomputer program ICES-STRUDL
II. Two'subtriangles_are used in thé formulatiqnl‘ The nor—.
mal slope continuity 1is enforced along the three sides but

the transverse displacement is not inter-element continuous
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,‘along'one - side, only a few numerical results using this

. elements have been published. x

128

A.1.1 HYBRID STRESS ELEMENTS

The hybrid stress (or hybrid mixed) .methods [31]1is‘one'ap~

_prdéch to get around the difficulties posed by, the compaﬁi-

bility reqﬁirements for the formulation‘of‘pure,displacemeht

: modes; - .This elemenf,is derived‘from-Ki:chhoff plate theory

and has a linear distribution of the bending moments in the

interior normal slope ( W,») variation along the edges of the

glemeﬁt. This element has been studied by various authors

[32~35]), The derivation of the stiffness matrix of hybrid
stress elements appears .to be rather cumbersome and the

evaluation of the element matrices appears to involve more

"algebraic manipulations and computer storage than compara-

tive displacement models. . Numerical results. available with
this élement show that it is a #gry effective 9—DO? triangu-
lar élémént[l?].- | |

Anbther way of deriving this element has been ﬁhe hybrid
displacement approach instead of the hybrid stress model
[35;36]. Another class of 9-DOF triangular eigments‘fbr the
analysis of thin plates can be Sbtained with thé so-called

simplified hybrid displacement method [37] by using a 10-

_term cubic ‘polynomial for w and correcting the stiffness ma-

trix to restore continuity of w,n along the sides. The re-

sulting 10-DOF are reduced to 9 using static condensation.
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" A drawback of ~this elemént is. that the stiffness_matrix_in'

some cases can be singular . (after the introduction of boun-

dary conditions) [38] and nence not reliable.

A.1.2 DISCRETE KIRCHHOFF THEORY ELEMENTS

Based on the discrete Kirchhoff theory for bendlng of thln,

plates these elements are, formulated includlng transverse

shear aefofmatlon . In this case the 1ndependent quantltles-
are the deflection w, and the rotatlons x and Yy and only
Co- cont1nu1ty requ1rements need to be satlsfled | The tran-
sverse shear energy is neglected and the Klrchhoff hypothe-
sis-is introduced in a discrete way along the edges of the

element to relate the rotations to. the transverse displace-

ment. This approach has been used to formulate 9 DOF trlan—-
gular bendlng elements [39 401]. However they ‘are not well
known for several reasons———-The |formulation is neither

simple nor attractive [17] and is 'mathematically cloudy'
[a1]. Practical applications are reported to be difficult

and complicated [42,45].

The aim of the present thesis problem is to present accu-
rate data regardlng the natural freguencies and mode- shapes
of the triangular plates which would be of.considerable use
and help to 'the designer. As for the accurate finite ele-

ment modelling of the arbitrary plate geometry is concerned,
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an-obviéus choice of thé shape _of;the'finité elements td_be
used is the. tfiangular ﬁlape'element;The probleﬁ -then, at
this stage} is'to select a'triangula; element most sUi;aBle
(considening-factors ‘such as the convenience and ease in
formﬁlation, availability“in explicit form the éleméntlpropf
eftiés,'acCuracy,-conputational effort and reliability) for
the specific problem of linear-free-vibration analysis of

triangular plates.
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'Aﬁpendix B
'AREA COORDINATES
(TRIANGULAR COORDINATES OR NATURAL COORDINATES)
In the case of the triangle it 1is found that the area coor-
dinates are very“usefﬁl and convinient in defining the in-

terpolation procedures. " Illustrated below is a scheme of

designation of points used in area coordinates.

Identifying the sides of.ﬁhe elements by the opposite ver-

tex; e.g., side 1 is opposité of the vertex point 1. A gen-
eral point P within the triangle is seen to uniguely subdi-
vide the triangle into three triangles of area.Al, 142, and

A3,‘ wherg the subscfipts are identified with the adjacent

side. The trianguLﬁr coordinates Li (i¥l,2,3) are, by defi-

nition, fhe ratios of the areas 4; to the total area A;
i-e-, ' " . . . o

*Li. = ftf 5 A :/,:2,3 . \5'/>

A \

o
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- Evidently_;he sum-éf—theée a;éas'Ai's‘must equal A :: .

-"A,.f ;4k-*‘43 :¥’4 .- o ! ; . ,(B“g>'_

and, dividing both sides by A,

Ltbatly=l gy

The rectangular coordinates, x and ¥, . Ean‘be written in
terms of the area cpordinétes as, .
' v
(B

Feobh At Laat Ly o

To solve for Ll, L2, andl3 in terms of the known x and y

coordinates of the vertices, eqgns.(B3) and (B4) can be writ-
Y : '

~ten as,
1Y r_l l I 1 .r;_’_ ‘
LN LN E A A S | (A’r‘i)
;L - 3: '}(2. 33_] L3J

and, by inversion

1._.{, = -Q-f? (504-‘ + .‘.{J{c_«tv‘ 64,.:}‘), 4_',=./)°3;3 | C/3'6>

t
LS
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where |

. b ’. . -.. ._' ‘. ' ) . '_ )
20 oo Fora Eﬂi,}.&*? ; bi= Ay Fn s b2 - X

) .*-?_ 7 . adr Ay

| 4;___‘,1,_},,-3_ M%cyc% |

and

. / ' r / <, PN b ' |
A:Jdu!' I = Aaa /23 (37
B | -
. ‘ . _J“

therefore, to any point P(x,y) within the triangle there
corresponds a unigue set of area coordinates Ll,LZ,LB (whichl

are not independent but are related by egn. (B3).).
. . . ' . /—-—h‘
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Appendix C
PROGRAMMING -DETATLS

C.1 CODING FOR ASSEMBLING THE STRUCTURAL MATRiCES

The address of the eleﬁentrmétrix coefficients in the global
matrix can be\easily determined from the element definitions
LNODS(NEL,IJ, I=1,{no. of nodes per element) for the element

number NEL(NEL=1,MAXNEL)

LNODS(NEL,1)=1
:LNODS(NEL, 2)=3 .

LNODS (NEL, 3) =k

The numbers 1i,j,k are the numbers corresponding to the three

nodes of the element NEL.

- 134 -



.....

N P 7 lass
~ The element matrix cdrresponding to this element is. a 9x9 .

-y

matrix if‘tpere are 3 DOF per node.

L 2 N ¥ S ks
f_" —
4 a_” a"!} ----- a‘[?
‘.2. a—d; Q;_:_
. : ,
+ |
‘ !
1 1
. [} 1 .
— L] l ) ) ]
& Rq, C Aaq .

The three rows corresponding to the i-th. n§de are destined
for the three rows following [(i-1)*3]-th. row of the global '

. matrix. ~Again for each row, the column .numbers are deter-

mined in exactly the same way.
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L 13

---~-----For Element No. "NEL" Smme————— —mmiems

DO 50 I=1,NNODZ

‘DO 49 1I=1,NVABZ
- ISTRST=(LNODS (NEL,I)-1)*NVABZ+I1

IELEMT=(I-1)*NVABZ+I1I

. DO 48 J=1,NNODZ
"DO 47 JJ= l NVABZ
_JSTRST (LNODS(NEL J)= l)*NVABZ+JJ

JELEMT (J l)*NVABZ+JJ
ss(;STRST,JSTRST{;SS(IsTRST,JSTRST)+ELSTIF(IELEMT,JELEMT)
CMM(ISTRST,JSTRST)=CMM(ISTRST,JSTRST)+E;MM(IELEMT,JELEMT)

‘

47 'CONTINUE

48 CONTINUE

49 QONTiNUE‘-

50 chTIng : : - e ‘

ISTRST,JSTRST: destination in global matrix of of the coef-

- ficient (IELEMT,JELEMT) of the element.
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'C.2 - BOUNDARY ‘CONDITIONS

After assembling \the structural

db{sf\to be so

‘-(k m)w-

subject the prescrlbed boundary

.matrix the ei

The variable "MAXFIX" indicat
cdnstraints,' Such  constraints
.the rigid.bodylmodés_associatéd
es. |

The nodal fixity is'indicate
digit fixity code, correspondlng
tathn about X-axis 8x ; rotat
digit set to zero indicatés ass

-any value while for the digit

-~ DOF is constrained.

If the fixity code”correspond

then the - diagonal‘coefﬁiéients

137

stiffness matrix .and mass-

lved is of the form-

0

condltlons.
es the:. number of nodes with
are necessary to eliminate

with the structural matric-

d to the program by a three

to the dlsplacement w ; ro-.
ion about ¥- axis 9; . A

ociated DOF is free to take

set to unity the associated

ing to the n-th DOF-is unity

corfesponéing to this n-th

DOF in both the stiffness matrix and mass matrix are made

unity and the rest of the coeff

row and column are.made zero. <

icients in the corresponding
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C.3 PREPARATION OF DATA.

After selectlng the element type and meéh lelSlonS, the in~

put’datafls extracted dzrectly f:om the eketch of the plate.

‘Nermelly this would involve complete information concerning

element and node numbering, nodal coordinates, material

properties and boundary condition. The use of the eutematic

mesh generatlon routlne, however, greatly 51mp11f1es this

[}

.task of data preparatlon by e11m1nat1ng the need for element‘f

and node‘numberlng The scheme for non—d1men51onallzat10n

o reduces further the number of quantltles to be prescribed.

The follow1ng are the four groups  of data requlred by the

program:
1, Problem Identification
2. Data for triangular element .mesh generation.:
3. Materlal Properties.
4,

Spec1fzcat10n of Boundary Condltlon.

Classification 1 : Problem Identification

FORMAT : IS

Card columns used : 1-5 ' | e

Number of cards in this group : 2

Explanation : ' These - two cards identify the type'iof

problem being analysed,

Card 1 (4¥)1 if the same element type is used for the

entire plate.
\
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(45)2 * .if more 'than one t}pe of .elements are
| be1ng used o -
TNote._Thls card is included with. the view of poss1ble exten-
sion of" the present program to 1nclude more than one element

_types:

card 2 (44)0 ‘For cantilevered plate

(¢8)1  for plateAclamped at root and with sim-

ple support‘at tip.

(46)2 Clamped plate with internal simole‘sup— .

port at a distance of b/3 from the tip.
(48)3  Simple support at 2b/3 from tip.

- iIndicates a case other than

=
w3

those ment ioned above. -

Clagsification 2 : Data for plate geometry

o

To generate the mesh topology using the automatic mesh gen-

eratlon routlne, the non-dimensional parameters defining the’

geometry of the plate--PHI,THETA , HX HY; and the mesh charac-

. teristics-—-NY,CONX,CONY have to be prescribed.

e = e
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.
FORMAT:I5 |

Card coipmns used:1-5

. Number of cards : 1

Explanation : This specifies the deéired mesh fineness. It
~ denotes the number of intervals the root-
chord .and trailing edge { AO and OB respec-

tively ). are each divided into.

FORMAT : F5.2,5X,F5.2

»

Card columns used : 1-15 .

‘Number of cards in this group: 3°

Explanation: . LI - ? -
. »~

Card 1 value of aspect rétio;PHI, nd .sweepback

-~

angle THETA.
Card 2 Weighting factors QONX-and'CONY.

Card 3 : Thickness taper ratios HX (along X) and
HY (along Y). |

Classification 3: Material Properties

Before the element stiffness coefficients can be evaluated

element materiél.properties must be available., 1In this pro-
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gram it is assumed that all elements have the same’ 1sotrop1c

propertles. As th:s program is formulated in terms of non-

dimensional parameters, only the Po1sson § ‘ratio need‘be

" specified.

' FORMAT: F5.2
card columns- used: 1-5

- Number of.cards:_l,

Explanation: Value of Poisson's ratio "PR".

Classification 4 : Boundary conditions
NOTE:For NCASE= 0 (Cantilever plate)  and NCASE=1 (Clamped at
root and simple support- at tlp)-—the boundary condi-

tlons ‘are ‘taken care of automatlcally in the program.

NCASE=2\and NCASE=3 (lptermedlatelsupports at b/3 and
2b/3 from the tip’respectively‘) g 'Inpdt of boundary
conditions is not required for these cases if NY=6.( 36
elements ; 28 nodes ). The program has prov1slon to
supply the:B.é.

For cases other than those mentioned above, the no-
dal fixities have to~"be . prescribed using.a three digit'
fixity tode, The first digit refers to the displace-
ment 'w'; the second and third toAthe rotations ﬁ@x and

By respectively.



... the associated DO

)

©A digit set to

. 142
X e:é indicateé‘that ‘the assédiaﬁeé DO?‘isl
free to move. whil ‘fdr.the case of the-digit'sef';pofunity
is coﬁét;aingd{ | BT .

rExampIe:; - .If node number 'i' is clamped-

"j' is simply supported

‘and 'k' is free

The nodal fixfties'wouid then bhé:

_bmdé#_ i Wt ng} o ‘.by{
1 -l 1 1
) 1 * 0 0
Kk 0 '0. 0

Initially (0,0,0) is set for all nodes; thus only the fixi-

ties of the constrained nodes need be specified.

Format: IS ~ _ r
b - .

Card columhs used: 1-5

Number of cards in this group: 1

Explanation: Specifies MAXFIX, the number of nodes

with constraints. )

' FORMAT; 415 S | -
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Card columns used 1- 20

Number of cards in this group MAXFIK

'Explanatlon- The node. number followed by

"The input data and the element and node numberzng as gener— o

. 1ts fixity codes for 'w','éx' & 'Oy

each with IS Format.

c.4 PRINT QUT OF DATA AND MESH CHARACTERISTICS

ated by the mesh generatlon routine are prlnted out in a
foutine manner. The inclusion of such a data image allows
the checking_of input data easily and qu1ckly. ' Also, the
mesh.details giving the element definition, the nodal coor-
dinates and the nodai fixities  are suitably presented for

easy reference.
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L TABLE 13 -

SAMPLE DATA PRINTOUT L

FLAFAL AUNLER CF LLEMENT S 245 .
- HEJE, a 2l
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* - g )
. 3 2 19 L)
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] 3 i t1
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(3] L 12 a
1t 7 ' 13
[ 3 [ ] 9
L 13 14 14
1a S 15 13 )
Va3 9 1a RS-
lua 19 - ] 11
. ir 12 17 13
11 1z L 17
17 12 3 La
A 13 Lr. s
&1 ta 13 13
‘ 22 1e ] [
L] e 14 20
L 17 <9 ta . .
) it 21 at

- i VISAL CO-CRDIMATES
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Qe
Tx2n9

S wr VU wale L O L oy e -

.
1
R
’ .
t
. 13
3
1
13
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1 Ded Jet) e} 1 t 1
2 Jed [P ] Ja 1 : 1
- H Jed Jed el H 1 1
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2 la 2a SR 1 1 1
7 Jul K red M fl ]
] Jal Ta} e 3 3 3
. El Je 3 APD | e} ] 4 3
- L) Jal Ja ta) 7 3 )
11 lad Ja Ja H 3 2
id e G 2e ) a2 ] 3 3
- [} oot Ja) lad 2 2} ]
13 cal fed ‘e 2 3 2
[ Jet) ed st 3 2 J
1. ted ‘e J.) b > 1
17 la ‘e s Tetr bl 2 3
1y FERY) Jdad de 3 M ¥
114 e ") lat 2 3 )
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C.5 DEFINITION OF SYMB

™

OL§ AND PROGRAM LISTING

Y

" DEFINITION OF SYMBOLS

VARIABLE NAME
A

i

ALFAl,ALFA2,ALFAS

AREA
BI
BJ
" BM
cI.
R
cM

CONX
CONY

Coords(I,J)
oMM, )
E16(3)
ELMM( , )
ELSTIF( , )

FN(J)

" DESCRIPTION

-

o —————— . . . - e e At e ———

Coefficient of Shape Function

" Derivatives

X2

Area Cdordinatés of

Integration Points

Element Area

Yo = Y3
Y3 Y,
Y, ~ Y2
Xz = X
Xy - X3
- x,

Weighting Factor Along

X-Axis

Weighting Factor élOng
Y-Axis

Nodal Coordinates

Global Mass Matrix'

"Eigenvalue, J-th.

Element Mass Matrix
Element Stiffness Matrix

Shape Function, J-th.

e T



HX
s
LNODS (1 ,J)
MAXFIX

MAXNOD

MAXNEL - S .

MAXVAR
'NCASE

NY

NNODZ -
NVABZ
N2X(1)
N2Y(1)
N2X¥Y(I)
NGP

NV

NI’

RS S

. 7 146
Taper-Ratio Along X

‘Taper-Ratio,Alohg'Z

'Element'Definition

Maximum Number Of

" .Nodal Fixities

Méximum Number Of

A

Nodes -

Maximum_Numbér of

Elements

Maximum Number Of

- Variables. .

Problem Identification

. Code-

Mesh Fineness Factor
Number of Nodes
Per Element '
Number of Variables
Per Node |
N /e
I oy
DN )3x3y
Number of Géussian

Integration Points

. Number of Eigenvalues

Required
Maximum Number of

Iterations for JACOBI



NN

" NFIX

PHEHI

PT( , )
‘PR

ss( , )

THETA

xx( , )

SUBROUTINES

- AGEN

GAUSS3
GAUSS7

ITER

. 147
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