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Abstract

An innovative approach for characterization of one dimensional Photonic Band Gap
structures comprised of metallic inclusions (i.e. subwavelength dipole elements or resonant
ring elements) is presented. Through an efficient S- to T-parameters conversion technique, a
detailed analysis has been performed to investigate the variation of the dispersion
characteristics of 1-D PBG structures as a function of the cell element configuration. Also,
for the first time, the angular sensitivity of the structure has been studied in order to obtain
the projected band diagrams for both TE and TM polarizations.

Polarization sensitivity of the subwavelength cell element is exploited to propose a novel
combination of elements which allows achieving PBGs with simultaneous frequency and
polarization selectivity. The proposed approach demonstrates that the dispersion
characteristic of each orthogonal polarization can be independently adjusted with dipole
elements parallel to that same polarization. Generally, the structure has potential applications
in orthomode transducer, and generally whenever the polarization of the incoming signal is to
be used as a means of separating it from another signal in the same frequency band that is of
orthogonal polarization.

The current distribution and the resonance behavior of the ring element is studied and the
effect of resonance on dispersion characteristics of 1-D PBGs composed of rings is
investigated for the first time, for both individual and coupled rings. Interestingly, it is
observed that 1-D PBG composed of resonant elements consistently has a bandgap around
the resonant frequency of the single layer structure.
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Chapter 1

Introduction
1.1 Photonic Band Gap Concepts

Photonic Band Gap structures (PBGs) have been the subject of intense research in recent
years due to their capability to control the flow of electromagnetic waves [1]. Photonic Band
Gap (i.e; counterpart of electronic band gap in semiconductors) is caused by Bragg
Diffraction [2] and corresponds to a frequency band across which the propagation of a given
polarization along a given direction is forbidden. Therefore, a complete photonic band gap
refers to a frequency band throughout which no mode is allowed to propagate through the
structure regardless of its polarization or angle of incidence.

Existence of PBG allows confinement of electromagnetic modes that can be used for a
multitude of applications, such as novel filter designs [3], superprism effect and negative
refraction [4], suppression of surface waves [5], and fabrication and design of guided wave
structures [6]. Many of these applications are based on the frequency and bandwidth of the
gap.

The history of studying wave propagation in periodic media dates back to the pioneering
works by Lord Rayleigh in 1887. He investigated a crystalline mineral with periodic twining
planes [7] and showed that this structure, which is a “one-dimensional photonic crystal”, has
a narrow band gap throughout which, light is not allowed to propagate. This gap is angular
sensitive, because of the fact that light is subjected to different periodicities when it is
propagating at non-normal angle of incidence. Lord Rayleigh used Mathieu differential
equations to solve the problem of wave propagation in such a medium [8]. Later in 1928,
Bloch used the results of partial differential equations with periodic coefficient and found a
solution for the wave propagation in layered media, which is called Bloch waves. At that
time, periodic multilayer film was broadly investigated, because of its application in filters,
beam splitters, and polarizers. Later in 1960’s, the solution of the wave equation in periodic

media resulted in further developments in this field. In 1970’s passive and active thin film



optical waveguides and the fabrication of solid state grating led to application of 1-D gratings
in the context of thin films and fibers [8].

Although multilayer films was the subject of intense research over the following century, it
was only 100 years later in 1987, when Yablonovitch [9] and John [10] introduced the
concepts of 2D and 3D omnidirectional photonic bandgaps. This generalization, led to many

further developments in the, theory, application, and fabrication of crystals.

1.2 Motivation

One-dimensional (1-D) PBG structures can be classified into three main groups. One type
is 1-D periodic multilayer film which is composed of consecutive arrangement of thin
dielectric layers [11]. In this type of structures, permittivity varies periodically in space,
which results in the existence of a band gap along the direction of stratification. While a
complete photonic band gap only occurs in 3D lattices, its 1D and 2D counterparts which are
much easier to fabricate, have been studied intensively and the properties of stop-band and
pass-band of such structures have been broadly investigated in the literature [12].

Another implementation of 1-D photonic band gap structures is composed of lumped
elements that are connected by a transmission line. This type is used to implement
periodically loaded transmission line networks with anti-parallel group and phase velocities
and have been used as the building block of Metamaterials [13].

The other type of 1-D photonic band gap materials, which is the subject of this thesis, is a
cascade connection of layers that are comprised of inclusions imbedded within a host
medium [14]. Multiple reflection between consecutive layers results in Bragg diffraction
phenomenon which leads to the emergence of band gap in such structures. Frequency band
and width of the band gap can be adjusted by modifying the scattering parameters of each
constituent layer.

A wide variety of numerical and analytical methods are available for computing the band
structure of PBGs composed of dielectric layers [15-17]. However, in the case of PBGs
composed of inclusions (i.e. dipole or ring elements), no closed-form analytic expression is
currently available to calculate the dispersion characteristics. That has motivated the use of
scattering matrix to transmission matrix conversion technique, as presented in this work, for
numerical calculation of the dispersion characteristics. In this approach, scattering parameters

of a single layer are calculated using full wave software HFSS [18]. Then, the conversion of



scattering matrix to transmission matrix is used to compute the band diagram of the 1-D

periodic structure [19, 20].

1.3 Thesis Contributions

The main contributions of this thesis are listed below. In fact, for the first time:

e A detailed parametric study is performed to investigate the variation of dispersion
curve vs. design parameters for 1-D PBG structure composed of dipoles [21].

e Angular dependence of the dispersion of 1-D PBG structures comprised of layers of
dipoles is investigated and related projected band diagrams are presented [21].

e A novel PBG structure with simultaneous frequency and polarization selectivity is
proposed [22].

e Dispersion characteristics of individual and coupled rings are investigated and
relationship between resonance and structure band gap is studied.

e A detailed parametric study is performed to investigate the variation of dispersion
curve vs. design parameters for 1-D PBG structure, composed of individual rings

e Angular dependence of 1-D PBG structure, composed of individual rings, is

investigated and related projected band diagrams are presented.

1.4 Thesis Objectives and Overview

It is necessary to understand that the problem at hand (wave propagation in periodic
media) is basically an eigenvalue problem and it is possible to solve this problem for periodic
multilayer film through an analytic method based on transfer matrix technique. This is the
subject of Chapter 2. Beyond that, the pertinent microwave circuit theory and scattering
matrix to transmission matrix conversion technique that is used in the calculation of band
structure for 1-D multilayer film is presented and discussed in this chapter.

The subject of Chapter 3 is the dispersion characteristics of 1-D PBG structures composed
of subwavelength dipole elements. Based on the method developed in Chapter 2, a detailed
analysis is performed to investigate the variation of dispersion curve vs. design parameters
for 1-D PBGs composed of dipoles. Also the angular dependence of the dispersion
characteristics is studied. Furthermore, a novel PBG structure with simultaneous frequency
and polarization selectivity is proposed in this chapter.



Following the procedure of Chapter 3, dispersion characteristics of 1-D PBG structures
composed of resonant open ring elements are discussed in Chapter 4. A detailed analysis is
performed to investigate the variation of dispersion curve vs. design parameters. Also the
angular dependence of the structure is investigated. The current distribution on the ring
surface and resonance behaviour of individual and coupled rings (with 90 ° or 180°rotation
with respect to each other) are discussed in this chapter. The thesis will be closed with

general conclusions.
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Chapter 2

Wave Propagation in One Dimensional Periodic Dielectric
Media

2.1 Introduction

In this chapter we begin our study of photonic band gap structures by introducing the
problem as an eigenvalue problem. A brief presentation of photonic bandgaps, Bloch states and
Brillouin Zones is given in the next three sections, following the procedure and notation proposed
in [1]. This discussion cannot be considered as a complete formulation on this topic, but it is
sufficient to understand the problem at hand. The reader is referred to [1-3], for further details.

A thorough discussion on transfer matrix formulation is given in section 2.5 and the
analytical expression which describes wave propagation in multilayer film structures is
derived. The dispersion diagram is obtained for this structure based on the derived formula.

At the end, microwave circuit analysis of periodic structure is discussed and another
approach based on the conversion of scattering parameters to transmission matrix element is

developed to obtain the dispersion diagram of 1-D periodic multilayer film.
2.2 Wave Equation

In order to solve the problem of wave propagation in a periodic dielectric medium, one

can begin with Maxwell equations:

(2-1)



in which E and H are electric and magnetic fields, D and B are the displacement and the
magnetic induction fields, and p and J are the free charge and current density. In this set of
equations, D relates to E, and B relates to H through constitutive relations. For a linear,

isotropic, non dispersive material [1] the constitutive relations have the form:

D(r) = &,e(r)E(r)

B(r) = pou(r)H(r)
(2-2)

in which () and u(r) are relative electric permittivity and magnetic permeability, and ¢,
and p, are permittivity and permeability of vacuum, respectively. For most dielectric
materials u(r) is very close to unity. In this case, by inserting the constitutive equations into

the Maxwell’s equations, the following can be written:

V-H(rt)=0
JdH(r,t) _
a(t)
V-[e(MErt)] =0
JE(r,t)
a(t)

VX E(rt)+ u

VX H(r,t) —ge(r)

(2-3)

In general both E and H are functions of time and space. Because of the linearity of the
Maxwell’s equations the time dependency can be separated from the spatial dependency, by
expanding the fields into a set of harmonic modes. Based on that, a harmonic mode can be

written as a spatial pattern times a complex exponential:

H(r,t) = H(r)el®t
E(r,t) = E(r)e/«t
(2-4)

To find the equation governing the mode profiles for a given angular frequency w,

equation (2-4) is inserted into equation (2-3), and the following condition is obtained:



V-H(r)=0
V-[e(MET)]=0

(2-5)
The two curl equations relate E(r) to H(r):
VXE(r)—jouH@r) =0
VXH(r)+ jwee(r)E(r) =0
(2-6)

By combining the two equations and eliminating E(r), an equation entirely in H(r) can

be obtained:

1 W\ 2
V X <?r)v x H(r)> - (?) H(r)

(2-7)

in which c is the light velocity in vacuum. This is the "master equation”, which can be solved
to find the modes of H(r). Then the second equation of (2-6) can be used to find E(r):

_
E(r) = weee(r) VX H(r)
(2-8)
It is also possible to derive H(r) from E(r) using the first equation of (2-6):
—J
H(r)=——VXE(r)

WHo

(2-9)

Equation (2-7) demonstrates an “eigenvalue™ problem, in which an operator performs on
function H(r), and the result is a constant times the original functionH(r). In this case the
function H(r)is "eigenfunction" or "eigenvector" of the operator and the multiplicative

constant is the "eigenvalue" of the system.



The left side of equation (2-7) can be identified as an operator ® acting on H(7), to make

it looks more like a traditional eigenvalue problem. Based on that:

2

OH(r) = (%) H()
(2-10)

in which @ is defined as an operator which takes the curl, then divides by &(7) and then takes

the curl again.

OH(r) 2 VX (LV X H(r))

e(r)

(2-11)

It is worth to note that © is a linear operator and any combination of solutions is itself a
solution. This operator also has some other special properties: the eigenvalues are real and
orthogonal to each other. These properties rely on the fact that the main operator is a special
type of operator known as a Hermitian operator. The full detail about the properties of such

operators can be found in [1].

2.3 Translational symmetry, Bloch States and Brillouin zone

Photonic band gap structures have discrete translational symmetry, which means that they
are invariant under translation of distances that are a multiple of some fixed step length. The
basic step length is called the lattice constant "a" and the basic step vector is called the
primitive lattice vector. The dielectric permittivity of a crystal is a periodic function in the
form e(r) = e(r + a)for any a. By repeating this translation, it can be seen that &(r) =
e(r + R), for any R which is an integral multiple of a.

If, for example, the periodic structure of interest has a discrete translational symmetry in'y
direction (Fig. 2.1), one can classify the modes propagating in the structure by considering
two different modes with wave vectors ky, and k,+ 2z/a . By inserting the two modes into
master equation (2-7) one can find that these two modes have the same eigenvalue. Generally

all of the modes in the form of k,+ m(2z/a), where m is an integer, form a degenerate set with
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the same eigenvalue. Adding any integer multiple of the form b=2z/a to ky leaves the state

unchanged. Such a value of b is called the primitive "reciprocal lattice vector".

Fig. 2.1. A system with discrete periodicity in y direction [1]

In a system with discrete periodicity in the y direction, H field depends on y which can be
stated as a product of a plane wave with a y-periodic function. The plane wave factor captures
the propagating wave and the periodic factor encapsulates the periodicity of the field. It
describes a plane wave in free space, which is modulated by a periodic function because of

the periodic lattice:

H ocejkyy.uk
y

(2-12)

This result is known as "Bloch’s theorem". In solid-state physics, this form is known as a
"Bloch state"[4], and in mechanics as a "Floquet mode" [5].1It is worth noting that the Bloch
state with wave vector “k,” and the Bloch state with wave vector “k,+ mb ", with b=2x/a, are
identical. Based on that, only ky in the range —z/a <ky<z/a needs to be considered. This region
which includes non-redundant values of ky is called the "Brillouin zone". The set of wave
vectors with m=0, is called the “first Brillouin zone". The first Brillouin zone might be
redundant if the crystal has some additional symmetries other than translational symmetry
(i.e. mirror planes). In this case, the “irreducible Brillouin zone” can be obtained by
eliminating these redundant values. For a one dimensional crystal with time reversal

symmetry, the irreducible Brillouin zone would be O<ky<z/a [1].
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2.4 Photonic Band Structures

According to section 2.3, electromagnetic modes in periodic structures can be written in
the form of Bloch states. To solve the problem and obtain u, (r), one could insert the Bloch

state into the master equation (2-7):
k 2
G)Hk ES (#) Hk
1 w(k)\’
V X (mv X ejkruk(r)> = <T> e/*ru, (1)

1 0\
Gk + V) x (m Gk + V)) X (1) = <#) w, (1)

w()\’
Opu (r) = <T> u (1)
(2-13)
In this case, the new Hermitian operator is defined as:
ik + V) X ! ik + V)
G e g
(2-14)

The function “u”, and therefore the mode profiles, is determined by the eigenvalue
problem in the fourth equation of (2-13), subjected to transversality (jk + V).u;, = 0 and the

periodicity condition:

u(r) = w(r + R)
(2-15)

Because of this periodic boundary condition, eigenvalue problem can be regarded as being
restricted to a single unit cell of the photonic crystal.
As k varies, the frequency of each band, for a given band number n, varies continuously.

Based on that, the description of modes in photonic crystals is given as a family of
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continuous functions, w, (k), indexed in order of increasing frequency by the band number.
The information contained in these functions is called the "band structure™ of the photonic
crystal. Studying the band structure of a crystal provides the information that one needs to
predict its electromagnetic properties. As already mentioned, a wide variety of numerical and
analytical methods are available to calculate the band structure of the crystals. In the next
section, "Transfer matrix method” will be studied to obtain the band structure of 1-D periodic
multilayer film. Prior to that, a brief explanation around the origin of the band gap will be
presented here, as the final discussion of this section.

If the dielectric constants of the materials in the periodic structure are sufficiently
different, then the refractions and reflections of waves from all of the various interfaces can
produce a photonic band gap. The reason is that the low frequency modes concentrate their
energy in the high-¢ regions, and the high frequency modes have a larger fraction of their

energy in the low-¢ regions

2.5 Multilayer Film

The simplest type of PBGs is one-dimensional (1-D) periodic multilayer film composed of
consecutive arrangement of thin dielectric layers [1]. In this type of structures, permittivity
varies periodically in space, which results in the existence of a band gap along the direction
of stratification as a result of multiple reflections at the interfaces of consecutive layers.
Fig.2.2 shows the schematic of 1- 2- and 3-D crystal lattices.

penodic in penodic in periodic in
one direction two directions three directions

Fig.2.2Schematic of 1- 2- and 3-D crystal lattices [8]
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2.5.1 Preliminary Remarks: Bragg Condition

Fig. 2.3 shows one dimensional periodic multilayer film. As this figure illustrates, one
dimensional system consists of consecutive arrangement of thin dielectric layers with
different electric permittivity. The system is called one dimensional because the dielectric

permittivity varies only along z direction (direction of stratification).

Fig.2.3 The multilayer film as a one-dimensional photonic band gap material [1].

If a plane wave is incident on the periodic layered medium, constructive or destructive
interference can occur based on the angle of incidence and the spacing between layers (4).
This problem first formulated by Sir Lawrence Bragg, is related to his work in x-ray
crystallography. Based on that, constructive interference in reflection occurs when the path
difference between the rays reflecting from consecutive planes are multiple of the wave

length. This can be expressed through the following Bragg condition:

mAd = 24 cosf
(2-16)

in which @ is the angle of incidence, A the wavelength of the incident wave of the periodic
medium along the stratification axis, m an integer number. A band gap forms when the Bragg
condition (2-16) is satisfied because all reflected rays add constructively and no wave can be

transmitted through the structure.
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2.5.2 Wave Propagation in Periodic Layered Media: Transfer Matrix Method

Wave Propagation in periodic layered media has been studied by many researchers. Exact
solution of the wave equation can be obtained in this case. An analytical investigation based
on Transfer Matrix Method is proposed in [9]. The same procedure and notation are used here
in order to formulate the problem.

One dimensional periodic layered medium comprised of two different materials is
described with a refractive index profile as below:

n, 0<z<b
nindex(z) = {Tl1 b<z<A

(2-17)

in which for non ferromagnetic materials the refractive indices and electric permittivity are
related through: n, = +/e; and n, = /&, , and

Nindex(2) = Ningex(z + 4)
(2-18)

where the z axis is the direction of stratification (normal to the layer interface) and 4 is the

period (same as a in previous section). The geometry of the structure is shown in Fig 2.4.

ny na

Figure 2.4: A one dimensional periodic medium. The coordinate system and light rays
refracting and propagating through a stack are shown. Refractive indices of alternative
regions are n; and n,, respectively. Thicknesses of the regions are d; and d, [10].
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The general solution of the wave equation for the multilayer structure is given in the form

of Bloch waves (section 2.3):

(2-19)

where it is assumed that the plane of propagation is the yz plane. ky is the transverse
component of the wave vector. Based on Fig. 2.4, the summation of incident and reflected
plane waves provide the electric field expression within each homogenous layer.

The electric field in layer a (@=1,2) of the #™ unit cell is represented by a column vector

al™
b

in the form of:

(2-20)
Based on that, the electric field distribution in the same layer is written as:
E(y’ Z) = [a;a)e—j(Z—nA)kaz + br(la)ej(z_nA)kaz]e_ijy
(2-21)
with
n; d w 2 1
kay = [(%) 2yt
(2-22)

Considering the continuity condition of the electric field at the interface, one can conclude
that the column vectors are dependent. Consequently only one vector can be chosen
arbitrarily. In the case of TE waves, applying the continuity condition for E, and H,
(Hya OE, /0x) at the interfaces, leads to:

An_y + by_y = e/k2zdc, + e Tk2zA(
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' =j k224 —jkaz4
]klz(an_l + bn—1) = .]kZZ(e] 2z Cn —e JK2z dn)
ejkzzACn + e_jkzzﬁdn = ejkzzﬂan + e—jkzzAbn

ijZ(eijZACn - e_jkzzAdn) = jklz (ejkzzAan - e_jkzzﬂbn)

(2-23)
These four equations can be rewritten as the following two matrix equations:
Jk2z4 —Jjkzz4
1 1 An-1\ _ k e ke : Cn
(1 _1) b1 T | 222 pikezd 22 5—jkosA d,

klz klz

(2-24)
K2z —jkaz
pikasa  g=ikzza \ (Cp\ _ eltert L et an
(ejkzza _e—jkzza) (dn) 222 pjkaza _ Z2Z 5-jkaza <bn)
klz klz
(2-25)
where

@ = a

b, = b%"

e = a?

d, = b
(2-26)

By eliminating
(a2)
dn
the following matrix equation is obtained:
(an—l) _ (A B) (an>
by_q1 C D/\bp,

(2-27)
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The matrix elements are

. 1 /k k
App = eJ%k1z [coskzzb +=j (ﬁ + ﬁ) sinkzzb]
2 klz kZz
. 1 /k k
By = —Jaklz[_-(ﬁ_ﬁ> mk b]
TE — € 2] ki, Ky, SNk,

. 1 /k k
= glakiz | _Z; ﬁ_£> ink b]
Crg =e€ Zj(klz % sink,,

. 1 /k k
Dyp = e J%k1z [coskzzb —=j (ﬁ + ﬁ) sinkzzb]
2 klz kZZ

(2-28)

The complex amplitude of the plane wave in layer 1 is related to those of the equivalent
layer in next unit cell through the above translation matrix. The matrix has the property of

unimodularity as it relates the field amplitude of the layers that have the same refractive
index. Based on that

AD —-BC =1

(2-29)

The matrix elements for TM waves are given by

. 1 n%kZZ n%klz
Ay = eIz |cosk, b+ =] + sink,,b
™ [ 2 2] <Tl% klz Tl% kZZ 2

. 1 (nk n?k
B — ,—jakiz |Z; 22z M1tz ink..b
™ ° [2] (n%klz n%kZZ Stz

. 1 (nk n?k
C — pjakiz | _ 22z M1z ink-.b
™ ° [ 2] <n%klz n%kZZ SH2z

. 1 [n3k nik
Dyy = e 131z [coskzzb - = ( 22z _ 1 12) sinkzzbl

]
2 n%klz n%kZZ

(2-30)

As mentioned above, just one column vector can be chosen independently.

18



If the column vector of layer 1 is chosen, in the zero™ unit cell, the remaining column

vectors of equivalent layers are related to that the zero™ unit cell by:
()= 5) ()
b, C D/ \b,
which can be inverted to yield:
(an) _ [(A B)—l]" (ao) _ (A B)—n (ao)
b, C D b, C D b,
By using the identity

(c )

For unimodular matrices, (2-31) can be simplified to:

(Z:) - (—Ac _DB)n (ZZ)

(2-31-a)

(2-31-b)

(2-32)

The column vector for layer 2 of the same unit cell can always be obtained using (2-25).

2.5.3 Bloch Waves and Band Structure

Like the case of one dimensional crystal, the periodic layered media is invariant under

lattice translation. Here the lattice translation operator T is defined by T, = z — 14 , where |

is an integer, it follows that:

TE(z) = E(T™'z) = E(z + 14)

19
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The transmission matrix elements derived above are a representation of the unit cell
translation operator. The electric field vector of a normal mode in a periodic layered media

can be written in the form of Bloch waves

E = E(z)e IKzei(wt=kyy)

(2-34)
where E} (z) is periodic with period A, that is

Ex(z) = Ex(z+ 1)
(2-35)

The subscript K indicates that the function Ej (z) depends on K. Therefore, the difference
between the field values at two points that are apart by an integer number of periods is the
same apart from the wave propagation factor given as e/*"4,

The constant K is known as the Bloch wave number. So the problem is to determine K as

function of w and ky.

In terms of the column vector representation, and from Eqg. (2-21), the periodic condition
(2-35) for the Bloch wave is:

(o) =<7 ("")
(2-36)

From Egs. (2-27) and (2-36) it turns out that the column vector of the Bloch wave satisfies

the following eigenvalue equation:

@ o)) =()

(2-37)

The phase factor e/X4 is thus eigenvalue of the translation matrix (4, B, C, D).
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It satisfies the secular equation:

_ pJKA
Pl

D _ejKA

The solutions are:

2 Y,
e/k4 = %(A +D)+ {B(A +D)] - 1}

(2-38)
The eigenvectors corresponding to the eigenvalues are obtained from Eq. (2-37) and are:
(o) = (o)
b,/ \e/kK4 — A
(2-39-a)

times any arbitrary constant. According to Eq. (2-36), the corresponding column vectors for

the nth unit cell are given by:

(2-39-b)
The Bloch wave which results from Eq. (2-39) can be considered as the eigenvectors of
the translation matrix with eigenvalues e/¥4 given by Eq. (2-38). The two eigenvalues in (2-

38) are reciprocal of each other, since the translation matrix is unimodular. Equation (2-38)

gives the dispersion relation between w, k, and K for the Bloch wave function:

K(ky, w) = %cos‘1 E (A+ D)].

(2-40)

E A+ D)| < 1corresponds to real K and thus to propagating Bloch waves.
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When E (A+ D)| >1, ="/, +iK , and so K has an imaginary part K; and the Bloch
wave is evanescent. These regions are the forbidden bands (band gaps) of the periodic
medium. The band edge frequencies are those where E A+ D)| =1.

According to Egs. (2-21) and (2-39), the final result for the Bloch wave in layer 1 of the

nth unit cell is:

EK(Z)e_jKZ — [(aoe—jklz(z—nA) + boejklz(z—nA))ejK(z—nA)]e—sz

(2-41)

where a, and b, are given by (2-39a). Noting that the function inside the square bracket is
independent of n, so it is a periodic function of 4, and is a solution of Bloch wave.

The dispersion relation (2-40) gives the Bloch wave number K along the z direction for the
Bloch wave with frequency ® and y component k, of the wave vector. The dispersion
relation « versus K for the special case k, = 0 (i.e., normal incidence) is shown in Fig. 2.5. It

can be written as:

1my ng\ | .
cosKA = cosk,a cosk,b — = (— + —> sin kya sink,b
2\n; n,

(2-42)
with
ki = (“/Ingand k, = (“/c)n, .
The refractive indices of the periodic layered medium are n; = 1.4 and n, = 3.4 (close to
the refractive indices of SiO, and Si respectively) and thicknesses of the layers are d;, = d, =
0.5mm. As Fig. 2.5 shows, the pass-bands are separated by clearly defined bandgaps. The

non-zero attenuation coincides with the bandgap of the structure and reaches its maximum at

the centre of the bandgap.
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Normalized Wave Vector

Normalized Frequency

Fig.2.5: Photonic band structure of a typical one-dimensional photonic crystal for k, = 0.

The frequency is normalized as ‘”A/ch and the wave number K is normalized as KA/n. The

real part of the Bloch wave number (propagation constant) is shown as solid curve and its
imaginary part (attenuation constant) is shown as dashed curves.

2.5.4 Microwave Circuit Analysis

As described in previous sections, the direct solution of the wave equation for the problem
of multilayer film can be obtained using an analytical solution based on transfer matrix
method. In this section another approach is presented for the calculation of dispersion
characteristic of a multilayer film. This method relies on the calculation of scattering
parameters of a single period using the full-wave software HFSS (High Frequency Simulation
Software) [11] and conversion of scattering matrix to transmission matrix elements to
compute the band diagram of the 1-D periodic structure.

The first step in the application of this procedure is the derivation of the equivalent
network parameters for a single constituent cell of the periodic structure. This is followed by
an analysis to determine the incoming and outgoing waves that propagate through the
structure consisting of the cascade connection of an infinite number of the basic unit cells
[12].

The relationship between the input variables V;*,V;"and the output variables V",V are
found by using the ABCD transmission matrix.

Figure 2.6 illustrates a two port junction with input values Vi,V and output quantities
ViV,
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V"'crww o—— .d" 4[2 — "'""“‘Vz-=£‘;

V"'g ;;--HM., o’ 421 Azz b1 -..AM VZ*= ‘-2_

Fig.2.6. Two port network with the representation of incoming and outgoing waves [12].

The incident and reflected wave amplitudes on the input side of the junction are related to
those on the output side through the wave amplitude transmission matrix. Based on Fig. 2.6,

one can choose:

¢ =V
¢ =Vi
c; =V;
c; =V

(2-43)

The superscript + (-) refers to the amplitude of the wave propagating to the right (left). The

input and output quantities are linearly related, so the matrix relation can be written as :

cf :<A11 A12) c;
(o) Az1 Ay Cy

(2-44)
where the A, are frequency dependent parameters that describe the junction.
In terms of the scattering matrix for the single junction:
£ = ‘1 :(511 512) V1+ :Sll S12 Ci'-
vy c; S21 S22/ \V5f S21 S22 \cy
(2-45)
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These equations may be solved for ¢; and ¢ to give:

1 =52
/5., /., -

(ol 511/5 (S12521 — 511522)/5 / cy
12 12

(2-46)
The equations might be solved for ¢ and c5 in terms of ¢ and ¢; to give:
/A21/ (A11A22 - A12A21)/ \
cr A11 All C+
()- (:
c; 1 (—A12) <Cz_>
k /Ay /Ay /
(2-47)

These two set of formula relates S parameters to transmission matrix parameters and vice
versa. Once the Scattering parameters are obtained either analytically or numerically, the
transmission matrix elements can be obtained using the conversion relation (2-46), and then

dispersion diagram can be obtained using (2-40).

2.5.5 Transmission Matrix Elements and Band Structure of Stratified Medium:

Revisited

In order to verify the validity of the method proposed in previous section, 1-D multilayer
film structure composed of consecutive arrangement of thin dielectric layers will be
investigated in this section.

The geometry of the cell element of the proposed 1-D PBG structure composed of
consecutive arrangement of thin dielectric layers, are shown in Fig. 2.7. The thickness of the
single period is D and it consists of two dielectrics layers with thicknesses equal to d; =
d, = 0.5mm and refractive indices equal to n; = 1.4 and n, = 3.4,respectively (same as
structural parameters for the results shown in Fig. 2.5). The width and length of the cross

section of the structurearea = b = S5mm .
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Fig.2.7: Geometry of the multilayer film structure

To calculate dispersion characteristic of the 1-D multilayer film, scattering parameters of a
single layer of the structure are calculated using HFSS [11]. Master and slave boundary
conditions along with Floquete port excitation are used to capture the periodic lattice of a
single layer and plane wave excitation. Transmission matrix elements of the single layer are
then obtained from the knowledge of the scattering matrix of that same single layer. Then,
dispersion characteristic of the 1-D PBG structure is derived using transmission matrix of a
single layer using dispersion relation (2-40).

The dispersion curve obtained by the conversion method is shown in Fig 2.8. In this
figure, the solid curve represents the dispersion diagram obtained through transfer matrix
method, while the dashed curve represents the same obtained through the conversion
technique and HFSS. As this figure shows, there is good agreement between the results of the
analytical method and our numerical results. It is to be noted that normalized frequency and
wave vector have been used in this plot.

In order to validate the implementation of the multilayer structure in HFSS and the
conversion routines developed in MATLAB, the structure shown in Fig. 2.7 was
characterized using a cascade of analytical expressions for the transfer matrix (T) as well as
through HFSS simulations. Fig. 2.9 shows the results of these calculations which demonstrate

excellent agreement between the two methods.
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Normalized Wave Vector

03 04 05 06 07 08
Normalized Frequency

Fig.2.8: Photonic band structure of a typical one dimensional photonic crystal for k,, = 0.
The frequency is normalized as ‘”A/ch and the wave number K is normalized as KA/n.
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Fig.2.9: S parameters for cascading of 2 layers of Fig. 2.7, obtained by HFSS simulation and
multiplying T matrices (a) S11 (b) S12. Phase is in radian.
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2.6 Conclusion

In this chapter, the dispersion characteristic of 1-D multilayer film was determined using
an analytical method based on the transfer matrix technique.

An approach based on scattering matrix to transmission matrix elements conversion was
proposed to obtain the dispersion characteristics of 1-D multilayer film. In this approach,
scattering parameters of a single layer of the structure were calculated using commercial
software HFSS. The transmission matrix of single layer is then obtained from the knowledge
of its scattering matrix. Then, the dispersion characteristic of a 1-D PBG structure is derived
using the transmission matrix of a single layer.

In the coming chapters of this work, S-parameters of single period of 1-D photonic band
gap structures composed of inclusions (i.e. dipole element or SRR) will be calculated using

HFSS and the dispersion characteristic obtained by the method proposed in this chapter.
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Chapter 3

Dispersion Characteristics of 1-D PBG Structures

Composed of Subwavelength Dipole Elements

3.1 Introduction

As discussed in previous chapters, the simplest type of PBGs is one dimensional periodic
multilayer film. The properties of stop-band and pass-band of such structures have been
broadly investigated in previous sections.

The other type of 1-D photonic band gap materials, which is the subject of this chapter, is a
cascade connection of layers that are comprised of inclusions (i.e dipoles) imbedded within a
host medium [1]. Multiple reflection between consecutive layers results in Bragg diffraction
phenomenon which leads to the emergence of band gap in such structures. Frequency band
and width of the band gap can be adjusted by modifying scattering parameter of each
constituent layer.

Further investigation of such artificial media shows that judicious selection of design
parameters of the cell element can lead to a certain response in terms of the polarization,
frequency and propagating angle of the mode. Therefore, the proposed 1-D PBG structures
that are studied in this chapter can be used as frequency and polarization selective structures
[2].

The analytical method that is used in this chapter, relies on the calculation of scattering
parameters of a single layer using the full-wave software HFSS (High Frequency Simulation
Software) [3] and conversion of scattering matrix to transmission matrix elements to compute
the band diagram of the 1-D periodic structure [4,5], as discussed and verified in previous
chapter. As the scattering parameters describe reflection and transmission properties of this
structure, high reflection and high transmission windows are representatives of the stop-band
and the pass-band of the structure, respectively, and will be shown to be in agreement with
dispersion characteristic of the 1-D PBG structure.
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In this chapter, we first investigated suspended membrane structures that are surrounded
entirely by air (free standing case). Then we generalized this study to cover the case where

the dielectric substrate is used as the host material.

3.2 Theory

The 3-D geometry of the cell element and top views of 1-D PBG structure composed of
layers of Perfect Electric Conductor (PEC) dipoles are shown in Fig. 3.1. The layers are D
apart along the longitudinal z-axis and Ty and Ty are lattice dimensions in the transverse xoy
plane. The length and width of the dipole are represented by | and w, respectively. To obtain
the dispersion characteristic of the 1-D PBG structure, scattering parameters of a single layer
of dipoles are calculated using HFSS [3]. Master and slave boundary conditions along with
Floquete port excitation is used to capture the periodic lattice of a single layer and plane wave
excitation. It is assumed that the separation between layers is large enough to avoid coupling
through higher order Floquete modes. Transmission matrix elements of the single layer are
then obtained from the knowledge of the scattering matrix of that same single layer. Then,
dispersion characteristic of the 1-D PBG structure is derived using transmission matrix of a
single layer as described below. The relationship between scattering matrix and transmission
matrix elements was derived in the previous chapter and is given in the following for the sake

of completeness:

1 =522
/s, /S,

N Ve
(c{) - kSn/S (S12521 — 511522)/5 ) <Cz_>

(3-1)

where the subscript in vector elements represents the port number and the superscript refers
to incident (positive for incoming) or reflected (negative for outgoing) waves. The dispersion

relation can be obtained using the transmission matrix elements of a single layer [7]:

1 1
Kk, @) = Ecos‘1 [E (A4 + Azz)]

(3-2)
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in which “D” represents the longitudinal periodicity of 1-D PBG lattice shown in Fig. 3.1a, k;
is the transverse component of the wave vector and o the angular frequency. A;; and Ay, are
the transmission matrix elements of a single cell.

b

(a)

Y
.

Ix

—— S

i
Ty
]

"

X

(b)

Fig. 3.1. (a) Three dimensional geometry of single cell of the PBG structure. (b) Top view of
the PBG structure in the transverse xoy plane. The notation shown in this figure for the
geometrical parameters will be used throughout this chapter. The same structure shown in (b)
is repeated along z axis with period D.

3.3 Dispersion characteristic as function of cell element configuration

Numerous simulations were carried out to investigate the effect of the geometrical
parameters of the conductive elements (e.g. dipoles) on the dispersion characteristic of the 1-
D PBG structure. In this chapter, the excitation is assumed to be normal incident plane wave
(wavevector parallel to z-axis) with E-field parallel to dipole unless otherwise noted. The
geometrical parameters for a unit cell of the structure in first set of simulations are described
in Table 3.1.

The separation between the two consecutive layers was set at D=20.0 mm. As seen, the
dipole width was kept constant while its length was changed and the lattice size along the
dipole length was changed simultaneously to accommodate the cell element.
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The simulation results for scattering parameters of a single layer of the PBG structure are
shown in Fig. 3.2. It can be seen that the reflection (transmission) coefficient increases
(decreases) as the length of the dipole is increased. Therefore, wider bandgap is expected for
PBG structures with constituent layers of higher reflectivity. This is in agreement with the
phenomenon that is observed in the case of stratified 1-D dielectric PBG structure which
demonstrates wider bandgap as the level of multiple reflections between layers is increased

by raising permittivity contrast between layers [8].

Table 3.1: Geometrical parameters for dipole structure shown in Fig. 3.1.

Structure Tx Ty I w
Strl Imm  04mm 09mm 0.1mm
Str2 2mm  0.4mm 1.8mm 0.1mm
Str3 3mm  0.4mm 2.8mm 0.1mm

[811]

i i i i i
15 20 25 30 35 40
Frequency(GHz)

1812

; ; ; ; ; ; ;
0 5 10 15 20 25 30 35 40
Frequency(GHz)

Fig. 3.2. S-parameters of the single layer of the structures described in Table 3.1.

As mentioned, the dispersion characteristics of the three structures listed in Table 3.1 were
obtained from the knowledge of the scattering parameters of a single constituent layer of the
PBG (Fig. 3.3). Note that normalization factors for propagation and attenuation constants are

assumed to be D/x throughout this chapter.
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The normalized propagation constant is plotted in Fig. 3.3-a, showing that a wider band
gap can be achieved by increasing the dipole length (for the same dipole width). Figure 3.3-b
shows the normalized attenuation constant for the same set of structures. The non-zero
attenuation coincides with the bandgap of the structure and reaches its maximum at the centre
of the bandgap which is generally the case for 1-D PBG structures. Transmission through 1-D
finite PBG structure composed of 15 layers of dipoles was then calculated using the T-matrix
cascade method [7,9] and the results shown in Fig. 3.4. It can be seen that "no-transmission”
regions match the bandgap region of the respective structure and this is consistent with the

dispersion calculations presented in Fig. 3.3.
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Fig. 3.3.(a). Normalized propagation constant (b) Normalized attenuation constant. The
legend refers to the structures described in Table 3.1.
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Fig. 3.4. Scattering response of the cascade of 15 layers of structures listed in Table 3.1: (a)
Reflectance (b) Transmittance.

Another set of simulations was performed to examine the effect of the periodicity D on the
dispersion characteristics of 1-D PBG structures. In this set of simulations, the lattice
parameters were T,=1mm, T,=0.4mm, and the dipole parameters were [=0.9mm and
w=0.1mm. The simulations were performed for three different value of D and the results are
shown in Fig. 3.5. Based on these results, one can observe that by increasing the separation
between the consecutive layers (D), the number of stop-band and pass-bands will increase.

Also, the larger the separation, the smaller the size of the bandgap.
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Fig. 3.5. Dispersion curve for three different separations between the consecutive layers (D).

Another factor that provides a degree of control over the bandgap, is the cell geometry. In
order to examine the effect of this parameter, simulations were performed for a number of
cases with different T, while all other parameters were kept constant as follows: D=10.0mm,
T,=1mm, 1=0.9mm and w=0.1mm. It is assumed that the dipole runs parallel to the x-axis.
The simulation was performed for two different lattice widths of T,=0.4mm and T,=1.0mm
and the results are shown in Fig. 3.6. It can be observed that diminishing Ty size results in

wider bandgap, while the location of the bandgap remains intact.
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o
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o

Fig. 3.6. Dispersion curve for two different lattice widths.
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3.4 Angular sensitivity

A set of simulations was carried out in order to investigate the variation of dispersion
characteristics for the two TM and TE polarizations as the propagating angle of modes is
changed (xoy is defined as the transverse plane). For TE (TM) polarization, it is assumed that
E (H) field polarization is parallel (normal) to the dipole length. The angle of propagation
through the structure was defined as the angle of wavevector of the given mode of the 1-D
crystal with respect to the longitudinal z-axis. In this set of simulations, the periodicity of the
structure is D=10.0mm. The lattice parameters are T,=Ty,=1mm, 1=0.9mm, and w=0.1mm.The
angle of propagation was changed from 10° to 60° and the transverse component, k;, varied
accordingly to calculate the dispersion characteristic using Eg. (3.2).

Figure 3.7-a shows the dispersion curve for the structure in Fig. 3.1 for TM polarization.
As this figure shows, the gap shifts by increasing the angle of propagation while the size of
the gap remains relatively constant for TM incidence. Also, it is worth noting that the second
gap is wider than the first one. Figure3.7-b shows the simulation results for the TE case. It
demonstrates that the gap shifts as the angle of propagation is increased and also the size of
the gap increases significantly as opposed to TM polarization. Again in this case, the second
gap is wider than the first one.

The projected band diagram, for an infinite cascade of layers composed of dipole elements
is depicted in Fig. 3.8. In this diagram the transverse component of the wave vector (k;), is

calculated through:

a -
k. =—sina
C

(3-3)

where« is the angle of propagation with respect to the z-axis and  is the angular frequency.
The angular response of the structure can be summarized in the projected band diagram
shown in Fig. 3.8 for TM (right panel) and TE (left panel) polarizations. The normalization
factor of the transverse component of the wave vector is D/x. In this figure, 9. A plane wave
with operating frequency and k; in the white region of Fig. 3.8 cannot propagate through the
1-D PBG structure and will be reflected back. These high reflection areas are strongly

dependent on the angle of propagation and the frequency. It is interesting to note that the
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bandgap shifts to higher frequencies for both polarizations as the angle of propagation is
increased.

What is observed in the case of 1-D PBG comprised of dipoles is in agreement with the
observation made in the case of a stratified dielectric medium, in which the size of the gap
increases for the first two bands in TE polarization as k; is increased. The only difference
between the two cases is that in the case of stratified dielectric medium, TM bandgaps shrink
to zero when the angle of propagation coincides with Brewster angle, while there is no such
phenomenon in the case of PBG structures comprised of dipole layers [7].

MNormalized Propagation Constant

0 5 10 15 20 25 30 35 40
Frequency({GHz)

Normalized Propagation Constant

0 5 10 15 20 25 30 35 40

Frequency(GHz)
(b)

Fig. 3.7. Dispersion curves for different angle of propagations for the structure shown in Fig.
3.1 (a) TM Polarization, (b) TE polarization.
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Fig. 3.8. Projected Band Diagram for the structure shown in Fig. 3.1 for TM polarization
(right panel) and TE polarization (left panel).

3.5 Simultaneous Polarization and Frequency Selectivity

The idea of interlacing dipoles to achieve a novel PBG with simultaneous polarization and
frequency selectivity is investigated in this section. To achieve this, a set of simulations were
carried out for propagating mode along the z axis, with E-field polarization being either
parallel or normal to the dipole. Figure 3.9 illustrates the dispersion curve for the structure
described in Fig. 3.1 for D=10.0mm, T,=T,=1mm, 1=0.9mm, and w=0.1mm. It can be seen
from Fig. 3.9 that for the E-field polarization parallel to dipole, interaction occurs between
the excitation and the structure that results in the emergence of bandgap. While for the other
polarization (E-field normal to dipole), there is no interaction between dipole elements and
the incident field and, as a result, the incoming wave passes through without any obstruction
from the 1-D PBG structure. This observation suggests the possibility of interlacing dipoles
of orthogonal orientation within the same 1-D PBG structure to independently control the
bandgap behaviour for two orthogonal polarizations. A single period of the proposed
structure is shown in Fig. 3.10. It is composed of two different layers of dipoles namely,
layers A and layer B with z axis periodicities of Da and Dg, respectively. Also, it should be
noted that the orientation of dipoles on layer A are orthogonal to the orientation of dipoles on
layer B. The same geometrical parameters T,=T,=1mm, 1=0.9mm, and w=0.1mm were used

for the dipoles on both layers while Do=10.0mm and Dg=5mm.
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Figure 3.11 shows dispersion characteristic for a normally propagating plane wave when
the E-field polarization is parallel to dipoles on layer A. The dispersion characteristic shown
in Fig. 3.11 demonstrates the existence of two separate bandgaps around 15GHz and 30GHz.

The solid curve in this figure represents the dispersion diagram when only layer A is
present, while the dashed curve represents the same when both layers A and B are present. It
can be concluded that for modes with E-field polarization parallel to dipoles on layer A, the
locations of stop-band and pass-band are not affected by the presence of layer B.

Subsequently, simulations were carried out to study the effect of polarization parallel to the
dipoles on layer B and the results are shown in Fig. 3.12. There is only one band gap around
30 GHz within the simulated frequency band and the bandgap turns out to be wider than the
bandgap of the dispersion characteristic shown in Fig. 3.11 around this same frequency.
There is no bandgap around 15GHz as opposed to what was observed in Fig. 3.11 for E-field
polarization parallel to dipoles on layer A. Again, the location of stop-band and pass-band do
not change by removing layer A when E-field polarization of the mode is parallel to dipoles
on layer B. Figures 3.11 and 3.12 show clearly that it is practical to independently modify the
bandgap behaviour of the two orthogonal polarizations. In order to further substantiate this
statement, the possibility of widening the bandgap for one of the two polarizations was
studied through adjustment of the layer with dipoles parallel to that same polarization. The
proposed structure is shown in Fig. 3.13. Relative location of layers A and B are the same as
described in Fig. 3.10. However, the lattice size of the dipoles on layer A has been reduced in
order to widen the lower bandgap around 15GHz.

Dispersion characteristic of this structure is shown in Fig. 3.14 which demonstrates the
presence of bandgaps around 15GHz and 30GHz for the modal polarization parallel to
dipoles on layer A. It can be seen that the width of the lower (upper) bandgap has increased to
2.1GHz (1GHz) as compared to the dispersion characteristic shown in Fig. 3.11. The
dispersion curve is the same with and without layer B which demonstrates that the dispersion
characteristic of the structure is insensitive to the presence of layer B when the polarization of
the modal E-field is parallel to dipoles on layer A. This example shows the possibility of
controlling the width of the bandgap for a given polarization without altering dispersion

characteristic for the other polarization.
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Fig. 3.9. Dispersion characteristic of the structure shown in Fig. 3.1 when T,=1mm, T,=1mm,
1=0.9mm, and w=0.1mm for normal propagating mode with the E-field parallel or normal to
the dipole.
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Fig. 3.10. Three dimensional geometry of single cell of PBG structure composed of cascade
connection of dipoles with orthogonal orientation.
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Fig. 3.11. Dispersion curve for the structure of Fig. 3.10 for normal propagating modes with
E-field polarization parallel to dipoles on layer A. The solid curve in this figure represents the
case that just layer A is present in Fig. 3.10, while the dashed curve represents the case that
both layers A and B are present.
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Fig. 3.12. Dispersion curve for the structure of Fig. 3.10 for normal propagating modes with
E-field polarization parallel to dipoles on layer B. The solid curve in this figure illustrates the
case that just layer B is present in Fig. 3.10, while the dashed curve represents the case that
both layers A and B are present.
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Fig. 3.13. Three dimensional geometry of single cell of PBG structure composed of cascade
connection of dipoles with orthogonal orientation.
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Fig. 3.14 Dispersion curve for the structure of Fig. 3.13 when modal polarization matches the
dipoles on layer A. The solid curve in this figure illustrates the case that just layer A is
present in Fig 3.13, while the dashed curve represents the case that both layers A and B are
present
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The same procedure was repeated for modal polarization parallel to dipole on layer B, and
the results are shown in Fig. 3.15. The solid curve in this figure represents the dispersion
diagram when only layer B is present, while the dashed curve represents the same when both
layers A and B are present. Again, close agreement between the two dispersion curves
demonstrates that the presence of layer A does not modify the dispersion characteristic of the

structure when modal polarization is parallel to dipoles on layer B.
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Fig. 3.15: Dispersion curve for the structure of Fig. 3.13 when modal polarization matches

the dipoles on layer B. The solid curve in this figure illustrates the case that just layer B is

present in Fig 3.13, while the dashed curve represents the case that both layers A and B are
present.

3.6 Effect of Substrate

To understand the effect of the presence of substrate on the dispersion characteristic of the
1-D PBG structure, a set of simulation was performed for propagating mode along z axis and
polarization of the E-field being either parallel or normal to the dipole. In this set of
simulations, the lattice parameters were T,=Ty,=1mm, and the dipole parameters were
1=0.9mm and w=0.1mm. Substrate thickness is equal to h=0.5mm and its electric permittivity
ise=3 (Rogers RO3003). The simulations were performed for three different values of D and
the results are shown in Fig. 3.16. Based on this result, one can observe that by increasing the
separation between the consecutive layers (D), the number of stop-bands and pass-bands will
increase. Also, it can be observed that, the bandgap is wider for parallel polarization rather

than normal polarization, because of the fact that, for E-field polarization parallel to dipole,
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interaction occurs between the excitation and the dipole that results in the emergence of
bandgap. On the other side, for the other polarization (E-field normal to dipole), there is no
interaction between dipole elements and the incident field, but the presence of the substrate

leads to the emergence of bandgap.
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Figure 3.16: Dispersion curve for three different separations between the consecutive layers
(D) for E field polarization parallel or normal to the dipole.

In order to verify the above statement, a set of simulations was performed to compare the
results of bare substrate and polarization of incident field normal to the dipole. The
simulation parameters are identical to those in the previous case. As shown in Fig. 3.17, there
is a close agreement between dispersion characteristics of these two cases, leading to the

conclusion that in the case of polarization normal to the dipole length, the band gap is merely

caused by substrate.
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Fig. 3.17: Dispersion curve for normal polarization and bare substrate case.

In order to investigate the polarization sensitivity of the structure, while the substrate is
present, the same procedure described in section 3.5 is repeated. The proposed structure,
shown in Fig. 3.18, is the same as the structure shown in Fig. 3.10. The only difference is the
presence of substrate. The same geometrical parameters of Tx=Ty=1mm, 1=0.9mm, and
w=0.lmm were used for the dipoles on both layers while Da=10.0mmand
Dg=5mm.Substrate thickness was set to h=0.5mm and its relative permittivity set to 3
(Rogers RO3003).

D

Dg

Fig. 3.18. Three dimensional representation of a single cell of PBG structure composed of
cascade connection of dipoles with orthogonal orientation. The substrate is present in this
case.

Figure 3.19 shows the dispersion characteristic for normally propagating plane wave when
the E-field polarization is parallel to dipoles on layer A. The dispersion characteristic shown
in Fig. 3.19 demonstrates the existence of two separate bandgaps around 15GHz and 30GHz.
The solid curve in this figure represents the dispersion diagram when only layer A is present
while the dashed curve represents the same when both layers A and B are present. It can be

concluded that for modes with E-field polarization parallel to dipoles on layer A, the widths
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of stop-band and pass-band of the structure are affected by the presence of layer B, while

substrate is present.

Normalized Propagation Constant

Frequency{GHz)

Fig. 3.19. Dispersion curve for the structure of Fig. 3.18 when modal polarization matches

the dipoles on layer A. The solid curve in this figure illustrates the case that just layer A is

present in Fig 3.18, while the dashed curve represents the case that both layers A and B are
present
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Fig. 3.20. Dispersion curve for the structure of Fig. 3.17 when modal polarization matches

the dipoles on layer A. The solid curve in this figure illustrates the case that just layer A is

present in Fig 3.17, while the dashed curve represents the case that both layers A and B are
present

Subsequently, simulations were carried out to study the effect of polarization parallel to

the dipoles on layer B and the results are shown in Fig. 3.20.
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There is only one band gap around 30 GHz within the simulated frequency band and the
bandgap turns out to be wider than the bandgap of the dispersion characteristic shown in Fig.
3.18 around this same frequency. There is no bandgap around 15GHz as opposed to what was
observed in Fig. 3.19 for E-field polarization parallel to dipoles on layer A. Based on these
simulation results, the location of stop-band and pass-band of the structure are affected by
removing layer A when E-field polarization of the mode is parallel to dipoles on layer B,
while the substrate is present. Also, dispersion curve is less affected by removing layer A
rather than removing layer B, because the former has more resemblance to the structure

composed of both layers.

3.7 Other Configurations: Metal Strip

Another configuration that can be considered here is the case of metal strip. In this case (as
opposed to dipole) the perfect electric conductor (PEC)strip hits the boundaries of the
structure, and as a result some interesting phenomena occur. The simulation results for this
case are shown in Fig. 3.21 for lattice parameters of T,=1mm, Ty=0.2mm, and the dipole
parameters were I=1mm and w=0.1mm and the simulation is performed for free standing
case. Single layer of the structure is highly reflective. Similar to Fabry-Perot resonators, this
high reflection results in narrow pass-bands for a cascade of similar surfaces [10].
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Fig 3.21 Fabry-Perot phenomena in metal strip
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3.8 Conclusion

In this chapter, 1-D Photonic Band Gap structures composed of layers of dipole elements
were presented and the impact of structural parameters on bandgap width and frequency were
discussed in full detail. The control over the dispersion curve variation by adjusting the size
of the element and/or lattice size, demonstrates the versatility of the 1-D PBG composed of
dipoles for the manipulation of the dispersion characteristics.

The angular sensitivity of the structure was studied in order to determine the projected
band diagram for TE and TM polarizations. Such information will allow designers to
efficiently predict the dispersion properties of 1-D PBG structures.

A novel 1-D PBG structure composed of layers of dipoles with orthogonal orientation was
introduced. This novel type of PBG showed simultaneous polarization and frequency
selectivity that can be adjusted independently for the two orthogonal polarizations and can be
used for filtering purposes.

In the coming chapter of this work, the same procedure will be repeated for the case of

resonant ring elements and the results will be compared with the case of dipole.
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Chapter 4

Dispersion Characteristics of 1-D PBG Structures

Composed of Split Ring Resonators

4.1 Introduction

Split Ring Resonators (SRRs) have been used to construct artificial material [1-6],
frequency selective surfaces [7], and filters [8]. These structures can be set into a dense lattice
as a result of their specific resonances. The term SRR has been used equally in the literature
to refer to two concentric rings [1-6] or to an individual ring [7, 9, 10]. This individual ring is
also known as open ring [11].

Following the procedure of Chapter 3, the dispersion characteristic of 1-D PBG structure
composed of layers of ring element is studied in this chapter. The main difference between
the 1-D PBG structure comprised of layers of open square ring element presented in this
chapter and the 1-D PBG structure comprised of layers of subwavelength dipole presented in
the previous chapter, is the rich resonant behaviour of open square ring, which leads to
interesting phenomena in the context of 1-D PBG structures.

Resonant behaviour and current distribution of an individual ring are presented in section
4.3, and following the procedure of Chapter 3, dispersion characteristic of 1-D PBG structure
composed of SRR, as a function of cell element configuration, is presented and discussed.
Angular sensitivity of the same structure is also studied and the results compared with those
of subwavelength dipole elements. Resonant behaviour and dispersion characteristics of

coupled rings are studied in section 4.4.

4.2 Theory

The 3-D geometry and top views of the cell element of 1-D PBG structure composed of
layers of Perfect Electric Conductor (PEC) SRRs are shown in Fig. 4.1. The layers are D

apart along the longitudinal z-axis and T is the size of the square lattice in the transverse xoy
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plane. The outer length of the ring, its width and gap size are represented by I, w, and g,
respectively. Throughout this chapter, the following structural parameters are chosen, unless
otherwise specified: T= 5mm, | = 4.5mm, w = Imm and g= 0.5mm. Also, all simulations
were performed for free standing case.

To calculate the dispersion characteristic of the 1-D PBG structure, scattering parameters
of a single layer of rings were calculated using HFSS [12]. Master and slave boundary
conditions along with Flogquet port excitation were used to capture the periodic lattice of a
single layer and plane wave excitation.

It is assumed that the separation between layers is large enough to avoid coupling through
higher order Floguet modes. Transmission matrix elements of the single layer are then
obtained from the knowledge of the scattering matrix of that same single layer. Then, the
dispersion characteristic of the 1-D PBG structure is derived using the transmission matrix of

a single layer as described in previous chapters.

(a)
T
—t
f
a2
I3 1 T
*
.". v

(b)

Fig. 4.1. (a) Three dimensional geometry of single cell of the PBG structure. (b) Top view of
the PBG structure in the transverse plane.
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4.3 Individual Ring

4.3.1 Resonance behaviour, Ring Current and dispersion characteristic

As mentioned in [7], SRR exhibit different responses depending on the polarization of the
incident EM wave. For normal incidence case (Electric field in the plane of SRR and k vector
perpendicular to the plane of SRR and parallel to the z-axis), two different configurations can
be discerned for E and H field excitation. The field components of the first one are E,
(Electric field normal to the gap) and Hy while the other has Ex (Electric field parallel to the
gap) and Hy as its field components. In the first configuration, an electric resonance is excited
in SRR, which depends on the length of side part of SRR (I), and the resonant frequency is
increased by decreasing I. In the second configuration, because of the asymmetry of the SRR
in the direction of E, a magnetic resonance is excited in the ring. This magnetic resonance is
resulted from a circulating current induced by the external electric field and is called the
electric excitation coupling to the magnetic resonance (EEMR) [7].

In [7], it has been shown that SRRs exhibit higher order excitation modes. For the incident
wave perpendicular to the plane of a single layer of SRR, one can find successive resonances
in the transmission coefficient. To verify the above statement, two configurations (E field
parallel or normal to the gap) are studied and two different behaviours are observed for
transmission coefficient. For the E field parallel to the gap, two successive resonances are
located at 10.4 GHz and 28.7 GHz (Fig 4.2-a), while for E field normal to the gap, one
resonance can be found in transmission coefficient at 21.45 GHz (Fig 4.2-b).

Fig. 4.3 shows the current distribution for the lowest two resonant modes of SRR. As Fig.
4.3-b shows, there are one maximum in the current distribution at 10.4 GHz (lower
resonance), while at 28.7 GHz (upper resonance) there are three maxima in the current
distribution (Fig. 4.3-c). These current distributions are reminiscent of the current distribution
of a dipole for the first, second and third modes [7].

Based on the method developed in previous chapters, dispersion characteristics of 1-D
PBG structure composed of layers of ring elements are calculated for two different
configurations of field vectors E and H for D=10 mm. Figure 4.4-a shows the dispersion
curve for E field polarization parallel to the gap, and Fig. 4.4-b shows the same for E field

polarization normal to the gap.
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Fig. 4.5 Scattering response of the cascade of 15 layers of 1-D PBG composed of SRR for E
field polarization parallel to the gap
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Fig. 4.6 Scattering response of the cascade of 15 layers of 1-D PBG composed of SRR for E
field polarization normal to the gap

Like the case of 1-D PBG structure composed of dipole, the location of the structure stop-
bands and pass-bands are verified using our T- matrix cascade method (Fig. 4.5 for E filed
parallel to the gap and 4.6 for E filed normal to the gap). It is worth to note that, unlike the
case of dipole, there is a jump in the dispersion curve of resonant ring element. This jump
occurs at the resonance frequency of constituent element of the 1-D PBG layer. This is in
agreement with the observations made in [13]. Beyond that, by changing the lattice
parameters, and/or the angle of incidence, the resonance frequency does not change
significantly. While for the case of 1-D PBGs composed of dipoles, bandgaps are formed
whenever the Bragg condition is satisfied, in this case one can always come up with a
bandgap around the resonance frequencies (~20 GHz for E field polarization normal to the
gap and ~10 GHz and ~30GHz for E field polarization parallel to the gap) regardless of the
constructive or destructive interference of the wave. This statement is further verified in the

next section, in which the variations of dispersion curve vs. design parameters are studied.

4.3.2 Parametric Study

A) Dispersion characteristics as a function of cell element configuration

A set of simulations was performed to investigate the effect of the cell geometry on
dispersion characteristics of the 1-D PBG structure. SRR position in space with respect to the
coordinate system is shown in Fig. 4.1-b. In this set of simulations, the separation between
the two consecutive layers was set at D=10.0 mm and the simulation was repeated for 6
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different values of transverse lattice constant, T. Figure 4.7-a shows the transmission

coefficient for the symmetric case (with respect to yoz plane), in which a normally incident

plane wave with (Ey, Hy) components illuminated the structure, and Fig. 4.7-b shows the

same for the asymmetric case in which a normally incident field with (E,, Hy) components

illuminates the structure. As these figures show, the resonant frequency always occurs around

10 GHz for the asymmetric case (Note that for the symmetric case, the first resonance occurs

around 21 GHz, for which the simulation results are not available).
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The dispersion characteristics for the two different configurations are shown in Fig. 4.8.
As can be seen, by increasing the cell size, the gap becomes smaller (i.e. the gap width
decreases from 5.7 GHz to 1.5 GHz for E field polarization normal to the gap) because the

PEC size becomes smaller and the structure becomes closer to the free space.
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Fig. 4.8 Dispersion characteristics as a function of cell element size for (a) E field
polarization normal to the gap (b) parallel to the gap

Another set of simulations was performed to examine the effect of changing the
periodicity (D) on dispersion characteristics of 1-D PBG structure. The simulations were
performed for three different values of D (for both configurations of E H, and k;) and the
results are shown in Fig. 4.9. Based on these simulation results, one can observe that by

increasing the separation between the consecutive layers (D), the number of stop-bands and
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pass-bands will increase. Also, the larger the separation, the smaller is the size of the

bandgap.

D=10mm
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Fig. 4.9. Dispersion curve for three different separations between the consecutive layers (D)
for (a) E field polarization normal to the gap (b) parallel to the gap

B) Angular sensitivity

As explained, SRR exhibits different responses to the incident EM wave with respect to
different configurations of electric field (E), magnetic field (H) and wave vector (k). In the
case of non-normal incidence and electric field in the plane of SRR (Fig. 4.1-b with oblique

k), four different possibilities can be considered: TE and TM incidence in yoz (phi=90°) and
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xoz (phi=0°) planes. It is to be noted that xoy plane can be defined as the transverse plane and
yoz plane as the mirror plane (or plane of symmetry) of the structure. If the propagating angle
of the mode varies in the xoz plane, there is strong mutual coupling between TE and TM
modes, because of symmetry breakdown with respect to xoz plane. In this case, the
summation of reflection and transmission coefficients is less than unity, and as a result, the
dispersion relation (2-40) is no longer valid and proper formulation should be derived in this
case, as brought in Appendix A.

In the case of oblique incidence in the yoz plane, the symmetry plane can be replaced by
Perfect Electric Conductor -PEC- (Perfect Magnetic Conductor -PMC-) for TE (TM)
incidence. The presence of the PEC (PMC) prevents coupling between polarizations and
maintains similar polarizations for incident, reflected, and transmitted waves. As noted
above, for the wavevector of the propagating mode in the yoz plane, two different TE (Ey, Hy,
and H,) and TM (Hy, Ey, and E,) polarizations are feasible.

Based on the above argument, a set of simulations was carried out in order to investigate
the variation of dispersion characteristics as the propagating angles of modes are changed. In
this set of simulations, the periodicity of the structure is D=40.0mm. The angle of
propagation (the angle of wavevector of the given mode of the 1-D crystal with respect to the
longitudinal z-axis) was changed from 10° to 60° and transverse component, “k;”, was varied
accordingly to determine the dispersion characteristics using (2-40).

Figure 4.10-a shows the dispersion curve for the configuration shown in Fig. 4.1-b for the
symmetric case (Ey, with k varying in the yoz plane), while Fig 4.10-b shows the same for the
asymmetric case (Ex, with k varying in the yoz plane). Based on these figures, the gap shifts
as the angle of propagation is increased and also the size of the gap increases by increasing
the angle of incidence.

The projected band diagram, for an infinite cascade of layers composed of ring elements is
depicted in Fig. 4.11-a for the TM polarization and Fig 4.11-b for TE polarization. In this
diagram the transverse component of the wave vector (k) is calculated using (3.3).

The angular response of the structure can be then summarized in the projected band
diagram for TM (Hy, E,, and E;) and TE (Hy, Ey, and H,) polarizations. The normalization
factor of the transverse component of the wave vector is D/x. Coloured areas of this figure
correspond to propagating waves (pass-bands), while white areas indicate evanescent waves
(stop-bands). A plane wave with the operating frequency and k; in the white region of Fig. 4.9

cannot propagate through the 1-D PBG structure and will be reflected back. These high
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reflection areas are strongly dependent on the angle of propagation and the frequency. It is
interesting to note that the bandgap shifts to higher frequencies as the angle of propagation is
increased.

What is observed in the case of 1-D PBG comprised of rings is in agreement with the
observation made in the case of stratified dielectric medium and 1-D PBG comprised of
dipoles, in which the size of the gap increases between the first two bands in TE polarization
(as ki is increased) as opposed to TM polarization. The difference between the 1-D PBG
comprised of dipole and 1-D PBG comprised of ring is that, the gaps are significantly wider
in the latter case. Also, a band gap is always observed around the resonance frequency as

already mentioned.
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Fig. 4.10. Dispersion curves for different angle of propagations for the structure shown in
Fig. 4.1-b for (a) TM polarization (b) TE polarization in yoz plane
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4.4 Coupled Rings

Following the procedure of chapter 3, where the case of dipoles with orthogonal
orientations within the same structure was studied, dispersion characteristics of the structure

comprised of rings of different orientations is addressed in this section. The current
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distribution on the rings will be presented to gain a better understanding of the underlying
physical phenomenon.

A configuration composed of cell elements of two rings with either 180° or 90° rotations
with respect to each other are studied and current distributions are investigated at reflection
resonance of the single layer of each structure. The separation between the rings in the
transverse plane is 5mm and the longitudinal periodicity of the structure (D) is 10mm

throughout this section.

4.4.1 180° Rotation

Two coupled rings rotated by 180° with respect to each other are shown in Fig. 4.12.
Figure 4.12-a shows the configuration in which the electric field is normal to the gap, while
Fig. 4.12-b shows the case of electric field parallel to the gap (red vectors). The simulated
transmission coefficient for E field polarization normal to the gap (Ey) is illustrated in Fig
4.13. As this figure shows, the resonance frequency is located at 21.6 GHz, which is around
the same frequency for the E field normal to the gap for an individual ring. Figure 4.14 shows
the current distribution at the resonance frequency, which shows strong current distribution in
lower ring due to the fact that, by exciting the structure from the lower wave port, all the
incident electric field is reflected back from the lower ring and strong current is excited on

that same ring.

(a) (b)
Fig. 4.12 Electric field direction (a) normal to the gap (b) parallel to the gap
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Fig 4.13 Transmission coefficient for E field normal to the gap

Fig 4.14 Current distribution for E field normal to the gap at 21.6 GHz

Figure 4.15 shows the transmission coefficient for the configuration of Fig. 4.12-b, for
normal incidence with E field polarization parallel to the gap (Ex). As shown, two resonances
occur at 10.25 GHz and 29.8 GHz, which is the same as the resonance of a layer comprised

of an individual ring as its cell element and excited by electric field parallel to the gap.
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The current distribution for this configuration is shown in Figs. 4.16 and 4.17 at 10.25
GHz and 29.8 GHz, respectively. It can be seen that there is a similarity between the resonant

currents of the individual and coupled ring cases. Like the previous case, the lower ring has a
higher current distribution.
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Fig 4.15 Transmission coefficient for E field parallel to the gap

Fig 4.16 Current distribution for E field parallel to the gap at 10.25 GHz
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Fig 4.17 Current distribution for E field parallel to the gap at 29.8 GHz

Figure 4.18 shows the dispersion characteristics of the coupled ring of Fig 4.12 for the two
electric field directions. There is a wide gap around 21.6 GHz for E field normal to the gap,
while for E field parallel to the gap the same occurs around 10 GHz and 30 GHz. This
corresponds to the resonant frequencies of the structure, as described above.
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Fig. 4.18 Dispersion characteristics for 180 degree rotated rings for (a) E field normal to the
gap (b) E field parallel to the gap

4.4.2 90° Rotation

Another configuration consists of two rings rotated by 90° with respect to each other as
cell element is shown in Fig 4.19. Figure 4.20 shows the transmission coefficient for this
structure, highlighting three minima at 9.95, 21.55 and 28.9 GHz.

Fig. 4.19 Electric field direction with respect to the ring locations
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Fig 4.20 Transmission coefficient for E field configuration of Fig. 4.19.

Figure 4.21 shows the current distribution at the resonant frequencies of the structure
shown in Fig. 4.19. As this figure shows, at first and third resonances, the upper ring has a
stronger current distribution, while in second resonance the lower ring has a strong current
distribution. As already discussed, for an individual ring as the cell element of the 1-D PBG
and with E field parallel to the gap, the resonance occurs around 10 and 30GHz, while for E
field normal the gap, the resonance occurs around 20 GHz. Based on that, the resonances of
the 1-D PBG with two coupled rings (Fig. 4.21) as the cell element, correspond to the
resonance frequencies of 1-D PBG’s with cell elements of each of these individual ring for
the same direction of the E field polarization.

Figure 4.22 shows the dispersion characteristics of the coupled rings displayed in Fig 4.19.
As mentioned above, three resonances occur in this case (three jumps in the dispersion curve)
and like the case of 180 ° rotated rings, the dispersion curve shows wide band gaps around the

resonance frequencies.
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Fig. 4.21: current distribution for E field polarization normal to the lower ring at (a) 9.95
GHz (b) 21.55GHz (c) 29.8GHz
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Fig. 4.22 Dispersion characteristics for 90 degree rotated rings

4.5 Conclusion

In this chapter, the resonance behavior of rings was studied and the relation between the
resonance and the formation of the gap was investigated.

1-D Photonic Band Gap structures composed of SRR elements were presented and the
impact of structural parameters on the width and the frequency of the bandgap were discussed
in full detail.

The angular sensitivity of the structure was studied in order to determine the projected
band diagram for TE and TM polarizations.

Finally, dispersion characteristics and current distribution of coupled rings were
investigated for either 90 or 180 degree rotations of the ring, and the relationship between the

resonance of an individual and coupled ring was investigated.
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Chapter 5

Conclusions and Perspectives

5.1 Conclusion

In the present work, an innovative approach for characterization of one dimensional

Photonic Band Gap structures comprised of metallic inclusions was presented. The steps

involved in this document can be summarized as follow:

v

An efficient S- to T-parameter conversion technique has been proposed to determine
the dispersion characteristics of 1-D PBG structures composed of inclusions
imbedded within a host medium.

1-D Photonic Band Gap structures composed of dipole elements were presented and
the impact of structural parameters on the width and the frequency of the bandgap
were discussed in full detail. The control over the variation of the dispersion curve by
adjusting the size of the element and/or lattice size, demonstrates versatility of the 1-D
PBG composed of dipoles for the manipulation of the dispersion characteristics.

The angular sensitivity of the 1-D PBG structure composed of dipole elements was
studied in order to determine the projected band diagram for TE and TM
polarizations. Such information will allow designers to efficiently predict the
properties of 1-D PBG structures.

A novel 1-D PBG structure composed of layers of dipoles with orthogonal orientation
was introduced. This novel type of PBG showed simultaneous polarization and
frequency selectivity that can be adjusted independently for the two orthogonal
polarizations.

1-D PBG structures composed of resonant open ring elements were presented and the
resonant behaviour, current distribution and dispersion characteristics of a 1-D PBG
composed of ring were studied. The impact of structural parameters on the width and
the frequency of the bandgap were discussed in full detail and the angular sensitivity
of the structure was studied in order to determine the projected band diagram. The

results were compared with the case of 1-D PBGs composed of dipole elements, and
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it was revealed that, as opposed to the case of dipole (in which the formation of the
gap depends on the destructive or constructive interference of the waves which
depends to the structural parameters), a bandgap forms in the resonance frequency
regardless of the structural parameters.

The resonance behaviour and current distribution of coupled rings were studied and
relationships established between response of the individual and coupled rings.
Dispersion characteristics of 1-D PBG composed of rings with different rotations
were calculated and it was shown that a wide band gap can be achieved around the

resonant frequency.

5.2 Perspectives and Future Work

This thesis work can be expanded in several other directions:

v

v

Expanding the proposed approach to two-dimensional photonic band gap structures is
for sure, the first direction to follow as future work.

Another quite exciting direction to explore is the possible application of such work to
filter design and also in modern communication systems, whenever the polarization of
the incoming signal is to be used as a means of separating it from another signal in the
same frequency band that is of orthogonal polarization.

As discussed, for oblique propagation with wave vector varying in the xoz plane, there
is a strong mutual coupling between TE and TM modes. So the dispersion relation (2-
40) and the scattering matrix to transmission matrix conversion formulation (2-46) are
no longer valid. Thus, the derivation given in Appendix A can be the starting point for

further validation.
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APPENDIX A

S- Matrix to T-Matrix Conversion for a 4 Port Network

For a 4 port network, the conversion of scattering matrix to transmission matrix element is

given as the following:

+ y
Ax1 _ S5

X —
117 + 7 oV cx _ cXYoYx
Ay 521521 521521

+ Xy c¥X x ¥
x Ax1 531552 — 52255

12 =72 T3V ox _ XV oIX
Ax2 521521 521521

- x ¥ _ XY oYX
x _ % S1185 — 851155

21 = "% T GV cx _ cXY X
Ay 521521 521521

- YX XY _ oYV cx xy YXoXY _ oYV cx
x _ M1 gx S52 921 — 551522 _ S1i §X 4 gx S52521 — 531522 4 gx
22 — a- - Y11 Sy X _SxySyx Sxy 22 21 S.y X _S.xySyx 12
X2 21°21 21°21 21 21921 21921
+ _cXxy
AW = Gx1 _ Soi
11 = + — ¢V ¢cx _ cXYcyx
ay2 521521 521 521
+ Xycy _ ¥ Xy
A = Ay1  S335%1 — 55257
12 = - T ¢¥ ¢x __ cXYcyx
) 521521 521 521
- x ¢cXY x ¢Xy
A = Ay 521511 — 511571
21 —

T T Y ox XV oYX
Ayp 8551551 — 551551

- VX oXY x ¢¥ x VX XY x ¢¥

A = Ax1 GxY S31525 — 52155, _ Si1 XY 4 XY S31525 — 52153, 4§

22 —_a_ =911 Y gx _ XV G¥X X 22 21 SY gx _ gXVgyX 11
2121 21Y21 21 21921 21921

+ yx

Ayx _ Ay, _ 521
11 = 4+ T ¥ ¢ox _ cXycoyx
Ax2 521521 521 521
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+ x VX VX ox
Ay1 522531 =537

yx _
A12 - a- - Sy x _SxySyx
y2 2121 21421
- YXcV _ oYV o¥x
Ayx _ @ _ 511 521 511521
21 7+ T oY oox Xy cyx
A2 521 21 _521 521
- YXcox _ ¢cx VX yx YXcx _ ¢cx ¢YX
A% = Ay; gV S31522 = 52155 _ Si1 Sx 4 gV S51 922 — 52155, 4 gYx
22 7 - T Y11 Sy x _SxySyx x 22 21 SJ/' x _SxySyx 12
x2 2121 2121 21 21921 2121
+ b
2 = Ay, S51
11 =~ + — ¢V cx _ cXYVcyx
ayZ 521 21 521 521
+ x ¥ _ cXygyx
2 = Ay1 _ 521855 = 535551
127 — T oY cx _ cXycgyx
ay2 521 21 521 521
- Y ox _ ¢YXcXy
A2 = Ay1 _ 511521 511 521
21

=T T oY ox XV oYX
Aya 551551 — 531551

- X oxy y yx yx oxXy y
Agz — ay1 S1y1 <Sz1 S35 — S§1522> _ Sii <Sxy XY S31522 — 5561522> + sz

- = YX Xy _ ¢cx Y X 22 21 oYX XY _ cx Q¥
y2 521521 21521 21 521521 21521
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