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Abstract1

Many types of organisms disperse through heterogeneous environments as2

part of their life histories. For various models of dispersal, including reaction-3

advection-diffusion models in continuously varying environments, it has been4

shown by pairwise invasibility analysis that dispersal strategies which generate5

an ideal free distribution are evolutionarily steady strategies (ESS, also known6

as evolutionarily stable strategies) and are neighborhood invader strategies7

(NIS). That is, populations using such strategies can both invade and resist8

invasion by populations using strategies that do not produce an ideal free distri-9

bution. (The ideal free distribution arises from the assumption that organisms10

inhabiting heterogeneous environments should move to maximize their fitness,11

which allows a mathematical characterization in terms of fitness equalization.)12

Classical reaction diffusion models assume that landscapes vary continuously.13

Landscape ecologists consider landscapes as mosaics of patches where indi-14

viduals can make movement decisions at sharp interfaces between patches of15

different quality. We use a recent formulation of reaction-diffusion systems16

in patchy landscapes to study dispersal strategies by using methods inspired17
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by evolutionary game theory and adaptive dynamics. Specifically, we use a18

version of pairwise invasibility analysis to show that in patchy environments,19

the behavioral strategy for movement at boundaries between different patch20

types that generates an ideal free distribution is both globally evolutionarily21

steady (ESS) and is a global neighborhood invader strategy (NIS).22

1 Introduction23

Organisms move in order to acquire resources and avoid dangers. In a given land-24

scape with spatially varying habitat quality, what would be an ‘optimal’ strategy25

of movement? This question is, of course, much too general to have a meaningful26

answer, in particular since the meaning of ‘optimal’ is not easily defined. One as-27

pect of this question has, however, generated a fascinating body of literature on the28

‘evolution of dispersal’ that has inspired and challenged mathematicians and evolu-29

tionary biologists alike (McPeek and Holt, 1992; Lou, 2008; Cosner, 2014; Cantrell30

et al., 2017; Clobert et al., 2001, 2012). Here, we study the evolution of dispersal in31

the relatively novel framework of reaction-diffusion equations in ‘patchy’ landscapes32

(Maciel and Lutscher, 2013).33

Reaction-diffusion equations have been instrumental in studying questions in the-34

oretical spatial ecology (Cantrell and Cosner, 2003). In the simplest case, they de-35

scribe the temporal dynamics of the density, u(x, t), of a population from random36

movement and growth by37

ut = duxx + f(x, u), (1)

where d denotes the diffusion rate and f the spatially dependent population growth38

function. Hastings (1983) first studied the evolution of movement strategies (‘disper-39

sal’) in this framework. He showed that a ‘mutant’ population can invade if and only40

if it has a smaller diffusion rate than the ‘resident’. This conclusion that evolution41

in a spatially varying but temporally constant habitat favors slow dispersal rates42

has since been confirmed and strengthened in many respects (Dockery et al., 1998;43

Hutson et al., 2003; Altenberg, 2012). Intermediate or higher dispersal rates can44

evolve under certain conditions when movement is not just simple, random diffusion.45

In this case, diffusion could be space dependent and/or an additional advective or46

taxis term can describe directed movement. For example, when habitat variabil-47

ity also induces conditional dispersal, faster dispersal can be selected (McPeek and48

Holt, 1992; Cantrell et al., 2010; Averill et. al, 2012; Cosner, 2014). Faster dispersal49

can also be selected in advective environments (Lam et al., 2015; Lou and Lutscher,50
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2014). Directed movement towards more favorable regions combined with diffusion51

has also been shown to confer competitive superiority in some situations (Cantrell52

et al., 2006).53

An approach to the evolution of dispersal that has been used extensively in recent54

years is a version of pairwise invasibility analysis, where one considers the dynamics55

of two (or more) populations that differ only in their movement strategy and asks56

whether one population can invade (i.e. grow from low density) and dynamically57

exclude the other (Dockery et al., 1998; Cantrell et al., 2010; Averill et. al, 2012;58

Cantrell et al., 2012a,b; Cosner, 2014; Cantrell et al., 2017). This approach is in-59

spired by ideas from adaptive dynamics as described, for example, in Geritz et al.60

(1998), but does not use the full adaptive dynamics formulation, just pairwise in-61

vasibility analysis. The evolution of movement strategies can then be studied by62

considering a succession of such competitive interactions between an initially rare63

‘invader’ (or ‘mutant’) population and a ‘resident’ population (Dockery et al., 1998;64

Cosner, 2014). The underlying assumption of this approach is that ecological pro-65

cesses (e.g. competition) occur on a much faster time scale than mutations. In the66

successive competition processes, more advantageous traits substitute others, which67

drives the dynamics of the evolutionary process. Some types of traits (interpreted68

as strategies) have special properties that make them especially relevant to under-69

standing evolution, and are known as ‘evolutionarily singular’ (Geritz et al., 1998).70

Some terminology describing such types of traits has been developed in the contexts71

of adaptive dynamics and evolutionary game theory. Two such types are the evo-72

lutionarily steady strategies (ESS), which have the property that populations using73

them can resist invasion by populations using other strategies that are close to them,74

and neighborhood invader strategies (NIS) (Apaloo, 1997), which allow populations75

using them to invade populations using other nearby strategies. Our invasibility76

analysis will show that certain dispersal traits represent evolutionarily steady strate-77

gies (ESS), in the strong sense that populations using them can resist invasion by any78

population using another strategy, and are global neighborhood invader strategies79

(NIS), in the sense that a population using them can invade any population using an-80

other strategy. Another type of strategies of special interest, are convergence stable81

strategies, which have the property that populations using strategies closer to them82

can invade those using strategies that are further away. Our results do not show that83

the strategies are convergence stable, nor do we show directly that they cannot be84

evolutionary branch points. Thus, we do not show that our evolutionarily steady and85

neighborhood invader strategies are continuously stable in the strict sense. These are86

interesting topics for further study. However, since populations using the ESS/NIS87

strategies that we find can invade and exclude populations that do not use them,88
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and resist invasion once established, they cannot be part of any polymorphism that89

includes other strategies.90

While it can often be shown that evolutionarily singular strategies exist, they91

typically cannot be calculated analytically. There is, however, growing evidence that92

dispersal strategies that generate an ideal free distribution (IFD) are evolutionarily93

steady and are neighborhood invaders in various classes of dispersal models; see94

Cantrell et al. (2010); Averill et. al (2012); Cantrell et al. (2012a,b); Cosner (2014);95

Cantrell et al. (2017). Fretwell and Lucas (1969) introduced the IFD as a concept96

related to the spatial distribution of organisms. It is characterized by the feature that97

at equilibrium, all individuals will have equal local fitness in the sense of reproductive98

success in a given location, as described by the local per-capita population growth99

rate; see e.g., Holt and Barfield (2001); Cantrell et al. (2008); Cosner (2014). The100

underlying mechanism behind the concept is that if individuals are ideal in that they101

can assess the fitness they would have at any given location, allowing for factors such102

as habitat quality and crowding, and are free to move where they choose, they will103

move to optimize their fitness. It follows that in a population of ideal free organisms,104

the local fitness of individuals will be equal in all occupied habitats (since otherwise105

some individuals could and would move to increase their local fitness), and there106

should be no net movement (since once local fitness, i.e., per capita population107

is equalized, an individual moving to a new location would increase the crowding108

there, and thus would have lower fitness than it had before moving, unless two109

individuals just change places). Thus, an IFD is characterized as a distribution such110

that no individual can gain an advantage by changing its location while all others111

stay put. Several empirical studies have shown that approximations of IFDs naturally112

occur in ecological populations (Parker and Sutherland, 1986; Doncaster et al., 1997;113

Diffendorfer, 1998; Morris et al., 2004).114

With regards to model (1), these considerations imply that when a population115

is at steady state and satisfies an IFD, then the local per-capita growth rate (local116

fitness), f(x, u)/u, must be identically zero across the landscape (Cantrell et al.,117

2008; Cosner, 2014).118

Diffusion and advection have been widely used to model the dispersal of or-119

ganisms, even though they have various limitations as models; see e.g., Cantrell and120

Cosner (2003); Cosner (2014). One issue is that if a diffusing population is introduced121

anywhere at any density, it will immediately have a positive density everywhere. In122

the present context, we envision habitats that are in principle accessible to all individ-123

uals, that is, where habitat type may affect dispersal rates but there are no complete124

barriers to dispersal, so this issue is not problematic. However, there are some serious125

problems in using classical reaction-advection-diffusion models to describe popula-126
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tions in heterogeneous environments. Reaction-advection-diffusion equations with127

spatially varying coefficients are not only difficult to study mathematically, they128

are also difficult to parametrize empirically. Landscape ecologists typically view129

heterogeneous landscapes as collections of ‘patches’, i.e., regions that are relatively130

homogeneous within but substantially different from the adjacent region. This view131

has the empirical advantage that it requires only one set of parameters per patch,132

and it allows one to include habitat preference of organisms by studying movement133

behavior at (or near) an edge or interface between two patch types. There is ample134

empirical evidence that individuals of many taxa adjust their movement behavior to135

habitat conditions inside patches and preferentially chose one over the other habitat136

at interfaces (Schultz and Crone, 2001; Schtickzelle and Baguette, 2003; Crone and137

Schultz, 2008; Reeve et al., 2008).138

Reaction-diffusion equations in patchy landscapes were first studied by Shigesada139

et al. (1986), but without consideration of movement behavior at edges or interfaces140

between patches. Appropriate matching conditions at these interfaces were intro-141

duced by Maciel and Lutscher (2013), based on work by Ovaskainen and Cornell142

(2003). In the simplest case, one considers only two patches, say {x > xn} for patch143

1 and {x < xn} for patch 2 with an interface at x = xn. Population densities in144

patches i are denoted by ui = ui(x, t). Then one has an equation of the form (1)145

on each patch with diffusion rate d and growth function f(x, u) replaced by di and146

fi = fi(ui), respectively, on patch i, i.e.,147

ui,t = diui,xx + fi(ui), x ∈ patch i.

At the interface, the matching conditions are148

u1(x
+
n , t) = k u2(x

−
n , t) (2)

d1u1x(x
+
n , t) = d2u2x(x

−
n , t), (3)

where k is a composite parameter that encapsulates individual movement behavior149

as described by d1 and d2 and patch preference at the interface; see below. Super-150

scripts ± denote the one-sided limits from the right and left, respectively. Equation151

(3) simply states the flux conservation at interfaces. We write α ∈ (0, 1) for the152

probability that an individual at the interface chooses to move to patch 1 and 1− α153

for the probability that it moves to patch 2. Then we have the explicit expression154

for the composite parameter k (Ovaskainen and Cornell, 2003; Maciel and Lutscher,155

2013):156

k =
α

1− α
d2
d1
. (4)
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Thus, densities are discontinuous at interfaces in the presence of patch preference157

(i.e. α 6= 0.5) and/or when diffusion rates in the two patches are different. This158

discontinuity and its dependence on movement behavior turns out to be crucial to159

basic quantities such as population persistence conditions and spread rates in periodic160

environment in the absence (Maciel and Lutscher, 2013) or presence (Maciel and161

Lutscher, 2015) of Allee effects. More recently, Maciel and Lutscher (2018) showed162

how different movement strategies for competing species in patchy landscapes can163

lead to different outcomes of the competition.164

Here, we study how the outcome of competition feeds back to the evolution of165

movement strategies in patchy landscapes. The patch preference parameter α and166

diffusion rates d1, d2 represent the behavioural traits that we will study as strate-167

gies. Our analysis will be aimed at determining what choices of α, d1, d2 represent168

evolutionarily steady strategies. (Those will turn out to be neighbourhood invader169

strategies as well.) The condition for an ESS comes out in terms of the composite170

parameter k. To achieve the ESS values it turns out that organisms would need to171

assess features of the habitat types arising from f1, f2 such as local carrying capac-172

ities. In practice that would require certain sensory and cognitive abilities. We will173

not attempt to address the question of how and when organisms can obtain the in-174

formation needed to achieve an ESS, although that is an interesting issue in sensory175

ecology; we will merely identify what information is needed in certain environments.176

In this work, we consider a landscape of two patch types. We model movement177

and growth through reaction-diffusion equations in a patchy landscape and include178

interface conditions as above. We seek evolutionarily stable strategies (represented179

by parameters α, d1, d2) using two distinct approaches. First, we consider an infinite180

periodic landscape in which patches of the two types alternate. Our analysis of181

this case is based on a recently derived homogenization technique for these type of182

models. In the limit of small-scale heterogeneity, this technique allows us to transform183

a spatial problem in heterogeneous space into a problem in homogeneous space where184

diffusion and growth are given by certain spatial averages. The standard framework185

of adaptive dynamics can then be applied to the homogenized model. Secondly, we186

consider a landscape of only two patches. We consider this scenario as one period187

of the infinite landscape. We study this case by deriving the ideal-free distribution188

(IFD) and determining its stability analytically. We find that both approaches lead189

to the same result that ideal-free strategies are indeed evolutionarily stable.190
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2 The model191

We model population dynamics of a ‘resident’ and an ‘invader’ (‘mutant’) in a one-192

dimensional patchy landscape consisting of two types of patches, denoted by Ωi, with193

i = 1, 2. On patch (type) i, we denote by ui the density of the resident population194

and by u′i the density of the invader/mutant. In patch type i, these populations195

have diffusion rates di, d
′
i, respectively. For population dynamics, we assume logistic196

growth and Lotka-Volterra competition, and – as indicated above – we assume that197

resident and invader are identical with respect to these dynamics. Hence, our system198

of equations for x ∈ Ωi is199

uit = diuixx + riui (1− (ui + u′i)/Ki) , (5)

u′it = d′iu
′
ixx + riu

′
i (1− (u′i + ui)/Ki) . (6)

Parameters ri, Ki are assumed positive.200

For interface behavior, we denote by α (α′) the probability with which a resident201

(invader) moves into the patch of type 1 at an interface. Thus, at an interface point202

with patch type 1 on the right and type 2 on the left, we choose the conditions in203

(2)-(3) with k given by (4). At points where patch type 1 is to the left and type 2204

to the right, the same conditions apply with the signs denoting the directions of the205

one-sided limits in (2)-(3) exchanged. The matching conditions for the invader have206

α replaced by α′ and di by d′i.207

For our first approach, we divide the real line into periodically alternating patches208

of type i with length li and period l = l1 + l2. Accordingly, type-1 patches may209

be taken as Ω1 = {x ∈ (nl, nl + l1)|n ∈ Z} and type-2 patches as Ω2 = {x ∈210

(nl+ l1, (n+ 1)l)|n ∈ Z}. The interface points xn = nl (n ∈ Z), have a type-1 patch211

to the right whereas the interface points xn = nl + l1 (n ∈ Z) have a type-2 patch212

on the right.213

For our second approach, we take Ω1 = (0, l1) and Ω2 = (−l2, 0). The interface214

x = 0 has the type-1 patch to the right. At the boundary points l1 and −l2, we215

impose no-flux conditions u1x(l1, t) = u2x(−l2, t) = 0. This set-up is equivalent to a216

periodic setting with patches of length 2l1 and 2l2 (see Appendix).217

Our main goal is to determine dispersal strategies, in terms of diffusion rates218

and patch preference, that are evolutionarily stable. Evolutionarily stable strategies219

are characterized by the property that a population using such a strategy cannot220

be invaded by any small population using a different strategy. We present some221

analytical preliminaries for the second approach in the next section. In Section222

4, we begin with the infinite landscape and use the homogenization approach. In223
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Section 5, we consider the bounded landscape and present exact stability and invasion224

conditions. We collect the proofs for the latter case in Section 6. We close with a225

discussion of biological implications.226

3 Analytical preliminaries227

Before we turn to the exploration of trait evolution, we need to provide some an-228

alytical results for our system of equations. This material is somewhat technical,229

and it is not essential to read it closely to follow most of the rest of the paper.230

Due to the non-standard interface conditions, several standard tools and properties231

of solutions of parabolic or elliptic equations are not immediately obvious for our232

system, e.g., the maximum and comparison principle, the existence of a dominant233

eigenvalue as well as existence, uniqueness and positivity of solutions in appropriate234

function spaces. The background theory is needed for several reasons. We need to235

know that the model is well posed in the sense that solutions actually exist, and stay236

nonnegative so they are biologically meaningful. That requires a maximum principle237

and some estimates for the time-dependent problem. To obtain the existence of a238

dominant eigenvalue, we will need to use the Krein-Rutman theorem, which is the in-239

finite dimensional analogue of the Perron-Frobenius theorem. We need the existence240

of a dominant eigenvalue for the time-independent linearized model to characterize241

invasion fitness. To apply the Krein-Rutman theorem, we need to know that the242

resolvent of the linear operator describing the diffusion and patch preference in the243

time-independent linearized model has a compact, positive resolvent. That, in turn,244

requires a maximum principle and some estimates for the time-independent problem.245

To give a characterization of the dynamics of the time-dependent model, we need246

to use some ideas that underlie monotone dynamical systems theory, which require247

a comparison principle. All of these are standard for classical reaction-advection-248

diffusion models, but none of the standard results apply to models with an interface249

and patch preference. We provide this necessary theory here. We begin with the250

following maximum principle.251

Proposition 3.1 Suppose that smooth functions ui satisfy the inequalities252

u1t ≥ d1u1xx + a1(x, t)u1, 0 ≤ x ≤ l1, (7)

u2t ≥ d2u2xx + a2(x, t)u2, −l2 ≤ x ≤ 0, (8)

with smooth functions ai for 0 < t ≤ T ∗ and with boundary and interface conditions253
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u2x(−l2, t) = 0 = u1x(l1, t), u1(0
+, t) = ku2(0

−, t), d1u1x(0
+, t) = d2u2x(0

−, t),
(9)

where k > 0. Suppose further that ui(x, 0) ≥ 0. Then ui(x, t) ≥ 0 for 0 < t ≤ T ∗.254

Furthermore, if ui(x, 0) > 0 for at least one i, then ui(x, t) > 0 for i = 1, 2 and255

0 < t ≤ T ∗.256

We provide the proof in Section 6. From this proposition, we immediately obtain257

the following comparison principle.258

Proposition 3.2 Suppose that smooth functions ui = ui(x, t) and vi = vi(x, t) sat-259

isfy the inequalities260

u1t ≥ d1u1xx + f1(u1), 0 ≤ x ≤ l1, (10)

u2t ≥ d2u2xx + f2(u2), −l2 ≤ x ≤ 0, (11)

and261

v1t ≤ d1v1xx + f1(v1), 0 ≤ x ≤ l1, (12)

v2t ≤ d2v2xx + f2(v2), −l2 ≤ x ≤ 0, (13)

with smooth functions fi for 0 < t ≤ T with boundary and interface conditions (9)262

for both ui and vi. Suppose further that ui(x, 0) ≥ vi(x, 0). Then ui(x, t) ≥ vi(x, t) for263

0 < t ≤ T. If, in addition ui(x, 0) > vi(x, 0) for at least one i, then ui(x, t) > vi(x, t)264

for 0 < t ≤ T.265

The proof of this proposition follows from Proposition 3.1 as in the classical case.266

We set wi = ui − vi. Then267

wit ≥ diwixx + fi(ui)− fi(vi) = diwixx + gi(x)wi,

where gi are functions that depend on ui, vi and f ′i . By Proposition 3.1 we have268

wi ≥ 0 for 0 < t ≤ T since wi(x, 0) ≥ 0. The statement of strict inequality follows269

from the corresponding statement in Proposition 3.1. We note that the proof applies270

more generally when the growth functions in each patch are allowed to vary spatially,271

however, we are not considering this case. �272

We now move to the time-independent problem273
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−d1u1xx + c1u1 =f̄1, 0 ≤ x ≤ l1, (14)

−d2u2xx + c2u2 =f̄2, −l2 ≤ x ≤ 0, (15)

d1u1x(0) = d2u2x(0), u1(0) =ku2(0), u1x(l1) = 0 = u2x(−l2), (16)

where f̄i = f̄i(x) are given functions.274

Proposition 3.3 Suppose ui solve (14)-(16) with ci > 0 and f̄i = f̄i(x) ≥ 0. Then275

ui > 0.276

We give the proof of this proposition in Section 6.277

Proposition 3.4 Suppose ci > 0. Given f̄1 ∈ C([0, l1]) and f̄2 ∈ C([−l2, 0]), there is278

a unique solution u1 ∈ C2([0, l1]) and u2 ∈ C2([−l2, 0]) of (14)-(16) with279

‖u1‖C2([0,l1]) + ‖u2‖C2([−l2,0]) ≤ C
(
‖f̄1‖C([0,l1]) + ‖f̄2‖C([−l2,0])

)
. (17)

The proof of this proposition can also be found in Section 6.280

We are now ready to prove the existence of a principal eigenvalue that will be281

important in the analysis of trait evolution.282

Proposition 3.5 The operator defined by the left-hand sides of (14) and (15) and283

the boundary and interface conditions (16) has a principal eigenvalue with positive284

eigenfunction.285

The proof follows from the previous results. Assume at first that ci(x) > 0. By286

Proposition 3.4, the solution operator of (14)-(16) defines a continuous mapping from287

C([0, l1]) × C([−l2, 0]) into C2([0, l1]) × C2([−l2, 0]), which, when combined with the288

compact embedding of C2 into C gives a compact mapping from C([0, l1])×C([−l2, 0])289

into itself. By Proposition 3.3, this mapping is strongly positive. Hence, by the290

Krein-Rutman theorem (Du, 2006), the operator has a positive principal eigenvalue291

with positive eigenfunction.292

If ci are not positive, we pick a large enough constant q > 0 and solve instead the293

problem294

−d1u1xx + (c1 + q)u1 =(λ+ q)u1 = λ̃u1, 0 ≤ x ≤ l1, (18)

−d2u2xx + (c2 + q)u2 =(λ+ q)u2 = λ̃u2, −l2 ≤ x ≤ 0, (19)

with conditions (16). When ci+q > 0, the previous reasoning applies, and a principal295

eigenvalue λ̃ > 0 exists. We find that λ = λ̃− q need not be positive. �296
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4 Homogenization analysis297

Our first approach to the problem is based on homogenization. This technique is298

well known in multi-scale problems and frequently used in physical and engineering299

applications (Othmer, 1983; Bensoussan et al., 2010) but somehow less prominent300

in ecology (Powell and Zimmermann, 2004; Garlick et al., 2011). We give a brief301

heuristic explanation of the underlying ideas before we derive the details for our302

particular application.303

Landscape attributes may vary on scales that are relatively small compared to304

the dispersal behavior of the species that we are interested in. For example, stands of305

trees and open grassland may alternate on a scale of tens or a few hundreds of meters306

while organisms’ dispersal may occur on the scale of kilometers. In that case, one307

could expect that dispersal “smooths out” the different landscape characteristics so308

that only some appropriately averaged landscape quality determines “most” of the309

population dynamics. If dispersal behavior of individuals varies between the different310

small-scale landscape types, then one could also expect that some appropriately311

averaged dispersal behavior characterizes the “most important” aspects of movement312

on the large scale.313

In our case, we expect to obtain a system of reaction-diffusion equations for two314

competing species (w,w′) on the large scale, written as315

wt = D̂wxx + r̂w(1− c1w − c2w′), w′t = D̂′w′xx + r̂′w′(1− c′1w − c′2w′),

with “effective” diffusion coefficients (D̂, D̂′), low-density growth rates (r̂, r̂′) and316

intra- and inter-specific competition coefficients ci, c
′
i. These effective coefficients317

should be an appropriate average of the patch-wise coefficients, where “appropri-318

ate” includes movement behavior as expressed by di, d
′
i and α, α′.319

All of these ideas can be made precise by multi-scale analysis; see, e.g., Ben-320

soussan et al. (2010). The idea is that one writes the density of the population as321

a function of two (or more) variables that represent the different scales. Then one322

expands the density in terms of a small parameter, corresponding to the ratio of the323

two scales, and obtains equations for each of the terms in the expansion. When solv-324

ing these equations successively, the appropriate averages emerge from the equations.325

For example, in the case of reaction-diffusion equations with diffusion and reaction326

varying on a small scale only, one obtains the harmonic mean of the diffusion coef-327

ficients and the arithmetic mean of the reaction terms as the appropriate averages328

(Othmer, 1983). The appearance of the harmonic mean of the diffusion coefficient329

can be explained in terms of residence times (Powell and Zimmermann, 2004). The330

resulting equations on the larger scale are obviously much simpler to study because331
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they have constant coefficients. They typically provide also a very good approxima-332

tion of the two-scale model even when the scale difference is not very small (Dewhirst333

and Lutscher, 2009; Garlick et al., 2011).334

The difficulty in applying these ideas to our model arises from the discontinuity of335

the densities at the interfaces. Previous theory typically assumed smooth densities.336

However, recent progress by Yurk and Cobbold (2018) extends this theory to include337

discontinuous interface conditions for a single population. The application to two338

competing species and stage-structured species was developed by Maciel and Lutscher339

(2018) and Alqawasmeh and Lutscher (2019), respectively. We now explain this set-340

up in more detail.341

We assume that the habitat consists of two types of patches that are alternating342

periodically in one-dimensional space. We assume that the period is small and use it343

in the asymptotic expansion to obtain a spatially homogeneous averaged model on344

the larger scale. As described above, the two types of patches are arranged as345

Ω1 = {x ∈ [nl, nl + l1]|n ∈ Z} and Ω2 = {x ∈ [nl + l1, (n+ 1)l]|n ∈ Z},

with l being the period. The dynamic equations are given by (5)-(6) and the interface346

conditions are as explained in Section 2.347

To simplify notation, it is convenient to define a function u(x, t) for x ∈ R as348

u(x, t) = ui(x, t) on Ωi. Similarly, it is convenient to think of the diffusion coefficients349

as piecewise constant functions d = d(x) with values d(x) = di for x ∈ Ωi. In the350

same way, we can write the reaction terms as g(x, u, u′) according to the right-hand351

terms in (5)-(6). Analogous definitions can be made for u′(x, t), d′(x) and g′. Then352

formally, the densities satisfy the equations353

ut = [d(x)u(x, t)]xx + g(x, u, u′), u′t = [d′(x)u′(x, t)]xx + g′(x, u, u′), (20)

with the interface conditions to hold at the points of discontinuity of the coefficient354

functions.355

Following the technique of homogenization, we choose l = ε � 1 as the small356

parameter, and assume the existence of two distinct spatial scales, ξ = x and y = x/ε.357

Variable ξ is termed the “slow” and y the “fast” scale. Diffusion and growth are358

assumed to depend on the fast scale only, i.e., d = d(y) and g = g(y, u, u′), while359

population density is a function of both scales, u = u(ξ, y, t).360

We deal with the equation for u first (assuming, for now, that u′ ≡ 0). We361

write the population density as a series expansion in ε, u(ξ, y, t) =
∑
εiu(i)(ξ, y, t).362

Substituting this series into (20), we obtain equations for the different orders of ε,363

again satisfying corresponding matching conditions at interface points. Yurk and364
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Cobbold (2018) showed that the lowest-order term can be written as365

u(0)(ξ, y, t) =
w(ξ, t)

h(y)
, (21)

with366

h(y) =

{
1 if y ∈ Ω̃1 = Ω1/ε,

k if y ∈ Ω̃2 = Ω2/ε.
(22)

Furthermore, the numerator, w(ξ, t), which is a function of time and the slow scale367

only, solves the equation368

wt = l̂2〈d〉Hwξξ + 〈g〉A, (23)

where l̂ = (l1+l2)/(l1+l2/k) is a weighted average of the patch lengths, and 〈d〉H and369

〈g〉A are the harmonic mean of diffusion and arithmetic mean of growth, explicitly370

given by371

〈d〉H =

(
l1 + l2/k
l1
d1

+ l2/k
d2/k2

)
, 〈g〉A =

[
l1g1(w) + l2g2(w/k)

l1 + l2/k

]
. (24)

For simplicity, here we denoted gi(w) = g(x,w, 0) for x ∈ Ωi. (Recall that we are372

dealing with the case u′ = 0 here.)373

In other words, if the scale of the heterogeneity (the period) is small enough, the374

solution of the first equation in (20) is approximated by the leading term (21). Its375

time evolution is completely determined by w(ξ, t), which satisfies the “homogenized376

equation” (23). The harmonic mean of the diffusion coefficients and the arithmetic377

mean of the reaction term represent the appropriate averages of the small-scale vari-378

ation in movement and growth, respectively.379

We now apply the homogenization procedure to the system of two equations (5)-380

(6) for the resident (u) and the invader (u′), as was done by Maciel and Lutscher381

(2018) and Alqawasmeh and Lutscher (2019). The resident leading term is given by382

(21), with w(ξ, t) and h(y) obtained from (23) and (22). The only modification arises383

in the average growth rate where the interaction term with the invader (u′) must be384

considered. We thus have385

〈g〉A =

[
l1g1(w,w

′) + l2g2(w/k, w
′/k′)

l1 + l2/k

]
, (25)

where k′ = d′2 α
′/[d′1(1 − α′)] is the composite parameter that defines the density386

jump of the invader at an interface. We obtain similar equations for the invader387

substituting w′, k′, g′1,2 and d′1,2 for w, k, g1,2 and d1,2.388
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The complete homogenized equations with the averaged growth and competition389

coefficients written explicitly in terms of the original model parameters are390

wt = l̂2〈d〉Hwξξ +

(
r1l1 + r2l2/k

l1 + l2/k

)
w

[
1−

(
r1l1/K1 + r2l2/(k

2K2)

r1l1 + r2l2/k

)
w

−
(
r1l1/K1 + r2l2/(k

′kK2)

r1l1 + r2l2/k

)
w′
]
, (26)

w′t = l̂′
2
〈d′〉Hw′ξξ +

(
r1l1 + r2l2/k

′

l1 + l2/k′

)
w′
[
1−

(
r1l1/K1 + r2l2/(k

′2K2)

r1l1 + r2l2/k′

)
w′

−
(
r1l1/K1 + r2l2/(k

′kK2)

r1l1 + r2l2/k′

)
w

]
. (27)

This system is a spatially explicit Lotka-Volterra-type competition system for391

w and w′. Each species diffuses according to its appropriately averaged diffusion392

coefficient as above. Each species has as its low-density growth rate the (weighted)393

arithmetic mean of the growth rates in the two patches (r1 and r2). The weights,394

l1 and l2/k or l2/k
′, include parameters k and k′, respectively, the parameters that395

summarize the interface behavior of individuals. If diffusion is the same in both396

patches (d1 = d2) and if there is no patch preference (α = α′ = 1/2), then k =397

k′ = 1, and we obtain the usual arithmetic means. The terms in round brackets398

inside the square brackets can be understood as inter- and intra-specific competition399

coefficients. They represent (weighted) arithmetic means of the inverse of the (scaled)400

carrying capacities with weights r1l1 and r2l2/k (or r2l2/k
′). The scaling factor k or401

k′ in front of K2 indicates that the carrying capacity of a species in patch type 2 is402

scaled by how it uses space via interface conditions.403

This homogenized competition system contains no spatial variation. In the case404

of spatially homogeneous Lotka-Volterra competition systems for two competitors,405

if one of the competitors excludes the other in the model without diffusion, then the406

same is true for the corresponding model with diffusion on the real line. This follows407

from Theorem 4.4 of Weinberger et al. (2002) after a suitable change of coordinates.408

Hence, we study the non-spatial dynamics of the preceding model. It turns out that409

the analysis is simplified by the rescaling410

v =

(
r1l1/K1 + r2l2/(k

2K2)

r1l1 + r2l2/k

)
w, v′ =

(
r1l1/K1 + r2l2/(k

′2K2)

r1l1 + r2l2/k′

)
w′, (28)

which leads to the system411
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dv

dt
= r v (1− v − av′) (29)

dv′

dt
= r′ v′ (1− v′ − a′v) , (30)

with coefficients412

r =

(
r1l1 + r2l2/k

l1 + l2/k

)
, r′ =

(
r1l1 + r2l2/k

′

l1 + l2/k′

)
, (31)

a =

(
r1l1/K1 + r2l2/(k

′kK2)

r1l1/K1 + r2l2/(k′2K2)

)(
r1l1 + r2l2/k

′

r1l1 + r2l2/k

)
, (32)

a′ =

(
r1l1/K1 + r2l2/(k

′kK2)

r1l1/K1 + r2l2/(k2K2)

)(
r1l1 + r2l2/k

r1l1 + r2l2/k′

)
. (33)

It is straightforward to analyze the rescaled system according to the procedures413

of adaptive dynamics (Geritz et al., 1998). The resident-only steady state is v = 1,414

v′ = 0. The initial invasion dynamics of a small invader population v′ are governed415

by416

dv′

dt
= r′ (1− a′) v′, so that v′ ∝ er

′(1−a′)t. (34)

We note that the competition between resident and invader depend only on the417

composite parameters k and k′ and not on the preference and diffusion parameters418

individually. This fact simplifies our analysis considerably since the adaptive dynam-419

ics become a one-dimensional problem in the ‘trait value’ k. The invasion exponent420

of a potential invader with trait k′ at small density in an established resident with421

trait k is given by422

s(k, k′) = r′ (1− a′) .

The ‘canonical equation of adaptive dynamics’ (Dieckmann and Law, 1996) describes423

the change of the trait k over evolutionary time (T ) via the selection gradient as424

dk

dT
=
∂s(k, k′)

∂k′
|k′=k.

The calculation of the selection gradient425

∂s

∂k′
|k′=k =

dr′

dk′
(1− a′)|k′=k − r′

∂a′

∂k′
|k′=k
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is simplified by the fact that a′(k, k) = 1. Furthermore, after a somewhat tedious426

calculation, we find that the sign of the selection gradient is given by427

sign
∂s

∂k′
|k′=k = −sign

∂a′

∂k′
|k′=k = −sign

(
k − K1

K2

)
.

Therefore, the evolutionarily singular strategy is given by428

k =
K1

K2

. (35)

With this expression, we return to the nonlinear, non-spatial system (29)-(30).429

Species v can invade at (0, 1) if and only if a < 1. Vice versa, v′ can invade at430

(1, 0) if and only if a′ < 1. Stable coexistence is possible if and only if a, a′ < 1. If431

species v uses the singular strategy (i.e., k = k), one finds that a ≤ 1 with equality432

only if k′ = k as well. It is straightforward to see that a′ = 1 if k = k. In that case,433

coexistence requires a = 1, i.e., k′ = k, so that the two have to be identical. Hence, if434

v uses the singular strategy then it will invade all other strategies and go to fixation,435

i.e., dynamically exclude the other strategy. Hence, the adaptive dynamics converge436

to the singular strategy.437

In summary, when the patches are small compared to the dispersal ability, averag-438

ing allows us to reduce the problem in the heterogeneous landscape to a homogeneous439

system, that, in turn, simplifies to an ODE problem for the question that we want440

to answer. The adaptive dynamics for the movement parameters di, α reduces to441

the dynamics of the single trait value k, the combined behavior at an interface. The442

result then predicts that k should evolve to k. In the next section, we explain how443

this value of k represents an ideal-free distribution (IFD) in the full model.444

5 Steady-state analysis445

We now move to the steady-state analysis of the model in a heterogeneous landscape.446

We first identify the IFD for a single species in this case and then study its stability.447

Since the landscape is periodic, we study the problem on a single period only. Hence,448

we denote Ω1 = [0, l1], Ω2 = [−l2, 0]. We have the equations449

u1t =d1u1xx + r1u1 (1− u1/K1) , in Ω1, (36)

u2t =d2u2xx + r2u2 (1− u2/K2) , in Ω2, (37)

together with the boundary conditions450
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u1(0
+, t) = ku2(0

−, t), d1u1x(0
+, t) = d2u2x(0

−, t), (38)

u1(l
−
1 , t) = ku2(−l+2 , t), u1x(l

−
1 , t) = 0 = u2x(−l+2 , t). (39)

We provide a proof for the global existence of unique solutions to this system (in451

fact, to the system with the two competing populations) in the appendix.452

We denote a candidate for an IFD by u1,2. As outlined in the introduction and453

proved by Cantrell et al. (2008); Cosner (2014), local individual fitness at the IFD454

must equal zero everywhere in the domain. Hence, in (36) and (37), we must have455

ri(1 − ui/Ki) = 0 or ui = Ki. This is the only candidate for an IFD within the set456

of functions that are smooth on each patch.457

Consequently, at an IFD the population matches the carrying capacity in each458

habitat patch. The piecewise constant equilibrium u1,2 must also satisfy boundary459

conditions (38)-(39). Values of the composite parameter k for which this is possible460

may be termed the ‘ideal-free dispersal strategies’. The only possible choice is461

k =
K1

K2

. (40)

Hence, the ideal-free dispersal strategies are exactly the same as the ones that462

emerged from the adaptive dynamics approach in the previous section.463

We note that because the idea-free dispersal strategy is piecewise constant, it464

does not depend on the diffusion coefficients di independently but only on their465

ratio through the composite parameter k, which accounts for the discontinuity at466

the interface.467

In the following, we investigate whether k is an ESS for the non-homogenized468

equations as well. First, we show that a population using this strategy cannot coex-469

ist at steady state with any other population using a different strategy. Second, we470

will show that a population using the ideal-free strategy will be able to invade from471

low density any population using a different strategy.472

473

The steady-state densities of a resident φ1,2(x) and a mutant φ′1,2(x) of equations474

(5)-(6) satisfy the equations475

d1φ1xx + r1φ1 (1− (φ1 + φ′1)/K1) = 0 (41)

d1φ
′
1xx + r1φ

′
1 (1− (φ′1 + φ1)/K1) = 0 in Ω1 (42)

and476
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d2φ2xx + r2φ2 (1− (φ2 + φ′2)/K2) = 0 (43)

d2φ
′
2xx + r2φ

′
2 (1− (φ′2 + φ2)/K2) = 0 in Ω2, (44)

together with the periodic boundary conditions (38)-(39), with k and d1,2 substituted477

by k′ and d′1,2 in the mutant’s equations.478

Theorem 5.1 Let φ1,2(x) and φ′1,2(x) be positive solutions of (41)-(44) with bound-479

ary conditions as described and parameters k, k′, respectively. If k = k = K1/K2, φi480

and φ′i are constant on Ωi and k′ = k.481

Proof. Dividing (41) and (43) by φ1/K1 and φ2/K2, respectively, and integrating482

over space, we get483

∫ l1

0

[
d1K1

φ1xx

φ1

+ r1K1

(
1− φ1 + φ′1

K1

)]
dx

+

∫ 0

−l2

[
d2K2

φ2xx

φ2

+ r2K2

(
1− φ2 + φ′2

K2

)]
dx =∫ l1

0

[
d1K1

(φ1x)
2

φ2
1

+ r1K1

(
1− φ1 + φ′1

K1

)]
dx

+

∫ 0

−l2

[
d2K2

(φ2x)
2

φ2
2

+ r2K2

(
1− φ2 + φ′2

K2

)]
dx = 0, (45)

where we have integrated by parts and used boundary conditions, with k = k.484

Integrating equations (41) and (43) directly, we obtain485

∫ l1

0

[
d1φ1xx + r1φ1

(
1− φ1 + φ′1

K1

)]
dx+

∫ 0

−l2

[
d2φ2xx + r2φ2

(
1− φ2 + φ′2

K2

)]
dx =∫ l1

0

r1φ1

(
1− φ1 + φ′1

K1

)
dx+

∫ 0

−l2
r2φ2

(
1− φ2 + φ′2

K2

)
dx = 0. (46)

Similarly, the integrals of (42) and (44) result in486 ∫ l1

0

r1φ
′
1

(
1− φ′1 + φ1

K1

)
dx+

∫ 0

−l2
r2φ
′
2

(
1− φ′2 + φ2

K2

)
dx = 0. (47)
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We now subtract (46) and (47) from (45) to derive the expression487

∫ l1

0

d1K1
(φ1x)

2

φ2
1

dx+

∫ l1

0

r1K1

(
1− φ1 + φ′1

K1

)2

dx

+

∫ 0

−l2
d2K2

(φ2x)
2

φ2
2

dx+

∫ 0

−l2
r2K2

(
1− φ2 + φ′2

K2

)2

dx = 0. (48)

Since all integrand functions are positive, they must cancel individually. We thus488

have489

φix = 0, φi + φ′i = Ki in Ωi, i = 1, 2. (49)

In particular, φi, φ
′
i are constant on Ωi.490

Then we can write φ1 = s and φ2 = s/k = sK2/K1. Conditions (49) then give491

φ′1 = K1 − s and φ′2 = K2(K1 − s)/K1. Hence, k′ = φ′1/φ
′
2 = K1/K2 = k. Thus, we492

have shown that if the resident employs the ideal-free movement strategy k = k, a493

nontrivial coexistence steady state with a mutant occurs only if the mutant uses the494

same strategy k′ = k. �495

We consider now the invasibility problem of a rare population using the ideal-free496

movement strategy (k = k) on an established population using a different strategy.497

We write φ′1,2(x) for the steady-state density of the established population and k′ for498

its strategy as above. It satisfies equations (42) and (44) with φi = 0. The growth499

rate of a rare population in the presence of φ′1,2 is determined from the eigenvalue500

problem (Cantrell and Cosner, 2003)501

d1u1xx + r1 (1− φ′1/K1)u1 = σu1 in Ω1 (50)

d2u2xx + r2 (1− φ′2/K2)u2 = σu2 in Ω2, (51)

with periodic boundary conditions as in (38)-(39) and parameter k = k.502

Theorem 5.2 Under the above assumptions and conditions, we have σ > 0.503

Proof. Dividing (50) and (51) respectively by u1/K1 and u2/K2, and integrating504

over space, we have505
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∫ l1

0

[
d1K1

u1xx
u1

+ r1K1

(
1− φ′1

K1

)]
dx = l1K1σ, (52)∫ 0

−l2

[
d2K2

u2xx
u2

+ r2K2

(
1− φ′2

K2

)]
dx = l2K2σ. (53)

Itegrating by parts and using boundary conditions (38) and (39), with k = k =506

K1/K2, we find507

∫ l1

0

d1K1
(u1x)

2

u12
dx+

∫ l1

0

r1K1

(
1− φ′1

K1

)
dx

+

∫ 0

−l2
d2K2

(u2x)
2

u22
dx+

∫ 0

−l2
r2K2

(
1− φ′2

K2

)
dx = (l1K1 + l2K2)σ. (54)

The steady steady φ′1,2(x), in turn, is determined from the system508

d1φ
′
1xx + r1φ

′
1 (1− φ′1/K1) = 0, in Ω1 (55)

d2φ
′
2xx + r2φ

′
2 (1− φ′2/K2) = 0, in Ω2. (56)

Integrating and summing the equations, we get509 ∫ l1

0

r1φ
′
1

(
1− φ′1

K1

)
dx+

∫ 0

−l2
r2φ
′
2

(
1− φ′2

K2

)
dx = 0. (57)

Finally, we subtract (57) from (54) and obtain510

σ =
1

l1K1 + l2K2

[ ∫ l1

0

d1K1
(u1x)

2

u12
dx+

∫ l1

0

r1K1

(
1− φ′1

K1

)2

dx

+

∫ 0

−l2
D2K2

(u2x)
2

u22
dx+

∫ 0

−l2
r2K2

(
1− φ′2

K2

)2

dx

]
≥ 0. (58)

The inequality is strict if at least one of the integrals is not zero. If the established511

population φ′i does not use the ideal-free strategy, then at least one of the integrals512

involving φ′i must be positive. Thus, a rare population using the ideal-free movement513

strategy can always invade a population using any other movement strategy at steady514

state. �515
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Remark: With some additional analysis, it should be possible to establish that,516

as well as being able to invade a resident population that uses any other type of517

strategy, an invading population using an ideal-free strategy will actually exclude518

the resident population. (That is, in this setting, invasion implies fixation.) The519

argument would be the same as in Cantrell et al. (2010); Averill et. al (2012). The520

time dependent version of (41)-(44) is a competition system with the usual advection-521

diffusion operators replaced by diffusion operators with an interface condition for522

patch preference. Those operators have maximum and comparison principles by523

Propositions 3.1 and 3.2. Since the proof of the usual comparison principle for524

systems of two competitors is based on using single-equation maximum principles in525

a component-wise way, it would extend to the models we consider here. That would526

imply that the time-dependent system corresponding to (41)-(44) is monotone with527

respect to the usual competitive ordering. Then, by the general theory of competitive528

systems, if σ > 0, a small invading population using the ideal-free strategy will529

ultimately grow until the system approaches an equilibrium where the ideal-free530

population has a positive density. If, in addition, there is no coexistence equilibrium,531

the only equilibrium where the ideal-free competitor has a positive density will be one532

where the non-ideal-free competitor is not present, which would imply competitive533

exclusion. For examples and discussion of this aspect in the reaction-advection-534

diffusion case, see Cantrell et al. (2010); Averill et. al (2012); Cosner (2014).535

6 Proofs536

In this section, we provide the proofs of the analytical preliminaries from Section 3.537

6.1 Proof of Proposition 3.1538

First we note that, as in the classical maximum principle, we can assume functions539

ai to be of any sign. The new variables ũi = eγtui satisfy the same equations as ui540

with ai replaced by ai + γ and the same boundary and interface conditions.541

Secondly, for ε > 0 we define542

v1 = u1 + kεet, v2 = u2 + εet.

Then vi(x, 0) > 0 and vi satisfy (7)-(8) with strict inequalities, as well as the bound-543

ary and interface conditions (9).544

Now suppose that vi(x, t) ≤ 0 for some i, some x ∈ [−l2, 0] ∪ [0, l1] and t ≤ T,545

and define546

t0 : = sup{0 < t ≤ T : vi(x, t) > 0, x ∈ [−l2, 0] ∪ [0, l1], i = 1, 2} > 0.
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Then there exists some x0 ∈ [−l2, 0] ∪ [0, l1] with v1(x0, t0) = 0 or v2(x0, t0) = 0 and547

vi ≥ 0 for t ≤ t0, x ∈ [−l2, 0] ∪ [0, l1]. We distinguish two cases.548

If x0 ∈ (−l2, 0) or x0 ∈ (0, l1), then vit(x0, t0) ≤ 0 and vixx(x0, t0) ≥ 0 but549

vit(x0, t0)− vixx(x0, t0) > 0 by assumption. Hence, we have a contradiction as in the550

classical maximum principle.551

If x0 = 0, then v1(0, t0) = kv2(0, t0) = 0. However, since vi ≥ 0, for x ∈ (−l2, 0)∪552

(0, l1), we have v1x(0, t0) ≥ 0 and v2x(0, t0) ≤ 0. By the interface condition, we find553

v1x(0, t0) = 0 = v2x(0, t0).554

Now, if v1(x, t0) > 0 on some interval (0, δ) then v1x(0, t0) > 0, and similarly if555

v2(x, t0) > 0 on some interval (−δ, 0) then v2x(0, t0) < 0, which is a contradiction.556

Hence, we must have v1(x, t0) = 0 somewhere in (0, l1) and also v2(x, t0) = 0 some-557

where in (−l2, 0). But then by the classical maximum principle, we have v1 = v2 ≡ 0558

for 0 < t ≤ t0. This is another contradiction.559

The remaining two cases x0 = −l2 and x0 = l1 are treated in the same way.560

Hence, we must have vi > 0. Since this argument holds for all ε > 0, we find ui ≥ 0561

for i = 1, 2, x ∈ [−l2, 0] ∪ [0, l1] and 0 < t ≤ T.562

Finally, assume that ui 6≡ 0 for t = 0 but ui(x0, t0) = 0 for some i = 1, 2,563

x0 ∈ [−l2, 0] ∪ [0, l1] and 0 < t ≤ T. Then, by the strong maximum principle ui ≡ 0564

for 0 < t ≤ t0, which is a contradiction. Hence, we must have ui > 0 for all i = 1, 2,565

x ∈ [−l2, 0] ∪ [0, l1] and 0 < t ≤ T. �566

6.2 Proof of Proposition 3.3567

If u1 has a negative minimum on [0, l1] or u2 on [−l2, 0] then it must occur at −l2, 0568

or l1 by the classical maximum principle. Suppose that a negative minimum occurs569

at −l2. Then either u2 ≡const< 0 or u2x(−l2) > 0. By the boundary condition, we570

exclude the latter. But with the former, we find the contradiction 0 > c2u2 = f̄2 ≥ 0.571

The same argument applies for a negative minimum at l1.572

Suppose now that the minimum occurs at x = 0. Then either u2 ≡const< 0 or573

u2x(0) < 0. The former case cannot occur by the same argument as above; therefore574

the latter holds. By the interface condition, we then find u1x(0) < 0. But this means575

that the minimum of u1 must occur in (0, l1], which is impossible by the previous576

argument. Therefore, ui ≥ 0.577

Now suppose that f̄2 ≥ 0 and f̄2 6≡ 0. Then u2 > 0 by the strong maximum578

principle. This implies u2(0) > 0, so that u1(0) > 0 as well. But then u1 > 0 by the579

strong maximum principle, again. �580
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6.3 Proof of Proposition 3.4581

We begin with the time-independent problems (14) and (15) together with Neumann582

boundary conditions on each interval. The two problems decouple, so that each prob-583

lem becomes an independent, regular Sturm–Liouville problem. Hence, we obtain584

solutions of585

−diũixx + ciũi = f̄i

with Neumann boundary conditions on [0, l1] and [−l2, 0], respectively, for continuous586

functions f̄i. By the maximum principle, we have min f̄i < ũi < max f̄i so that587

‖ũi‖∞ ≤ ‖f̄i‖∞. From the equation, we then find ‖ũixx‖∞ ≤ C‖f̄i‖∞. We can bound588

the first derivative from the bound of the second derivative so that we obtain the589

estimates590

‖ũ1‖C2([0,l1]) ≤ C‖f̄1‖C([0,l1]) and ‖ũ2‖C2([−l2,0]) ≤ C‖f̄2‖C([−l2,0]).

Secondly, we define y1 to be the solution of591

−d1y1xx + c1y1 = 0, 0 ≤ x ≤ l1,

with conditions y1(l1) = 1, and y1x(l1) = 0. Then we have d1y1xx(l1) = c1(l1) > 0592

by the differential equation, which leads to y1x(l1) < 0. Hence, near l1 we have593

y1x(x) < 0 and y1(x) > 1. Suppose that y1x(x) = 0 somewhere in [0, l1) and denote594

x0 as the supremum of all such x. Then for x > x0, we have y1x(x) < 0 and y1(x) > 1.595

Therefore, we find y1xx(x0) ≤ 0. However, by the differential equation, d1y1xx(x0) =596

c1(x0)y1(x0) > c1(x0) > 0. Hence, we have a contradiction and conclude that y1x(0) <597

0 and y1(0) > 0.598

The same argument goes to show that y2 defined as the solution of599

−d2y2xx + c2y2 = 0, −l2 ≤ x ≤ 0,

with conditions y2(−l2) = 1, and y2x(−l2) = 0 satisfies y2(0) > 0 and y2x(0) > 0.600

Now we define601

u1 = ũ1 + a1y1, u2 = ũ2 + a2y2

for parameters ai. Then ui satisfy the equations (14) and (15). Furthermore, we have602

u1x(l1) = 0 and u2x(−l2) = 0. We claim that we can choose the parameters in such a603

way as to satisfy the interface conditions in (16). The conditions can be written as604

d1y1x(0)a1 − d2y2x(0)a2 =0, (59)

y1(0)a1 − ky2(0)a2 =kũ2(0)− ũ1(0). (60)
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The determinant of the coefficient matrix on the left-hand side is605

−kd1y1x(0)y2(0) + d2y1(0)y2x(0) > 0.

In particular, there is a unique solution ai that depends on di, ci, k but not on f̄i.606

Therefore the solution ui satisfies the estimate in the statement of the proposition.�607

7 Discussion608

Habitat heterogeneity is ubiquitous in nature, and organisms respond to habitat vari-609

ation by adjusting their movement behavior. For instance, populations can develop610

conditional dispersal and exhibit patch specific movement rates as well as attraction611

towards more favorable regions. It is critical to the persistence of the population that612

individuals choose ‘good’ movement strategies. These strategies are therefore traits613

subject to selection and evolution (Clobert et al., 2001, 2012). The theoretical study614

of the evolution of dispersal is well established by now (Johnson and Gaines, 1990;615

McPeek and Holt, 1992; Cosner, 2014), and models based on reaction-diffusion equa-616

tions in particular, have generated interesting biological results as well as challenging617

mathematical problems (Cantrell et al., 2006; Lou, 2008; Lou and Lutscher, 2014).618

Our work continues this line of inquiry by using a relatively recently established619

reaction-diffusion model for population dynamics in a ‘patchy’ landscape.620

Our model reflects a landscape-ecology point of view that separates a hetero-621

geneous landscape into patches. Within a patch, conditions are homogeneous, at622

interfaces between patches, they change abruptly. Individual movement behavior623

depends on patch quality and may include patch preference. Our model is both,624

easier and more difficult than previous models. It is easier to parametrize than625

models with continuous variation in habitat quality and movement behavior, and it626

allows the straightforward inclusion of empirical results on patch preference. It is627

more difficult because the population density is discontinuous at an interface with a628

prescribed jump condition so that the classical results on existence and uniqueness629

of solutions cannot be applied directly. We provided a proof of the well-posedness630

of the equations, as well as extensions of the classical maximum- and comparison631

principles, and the existence of a dominant eigenvalue.632

We studied the evolution of dispersal in our model within the framework of in-633

vasion analysis, a part of the adaptive dynamics framework (Geritz et al., 1998).634

We used two different approaches, one via homogenization and one via steady-state635

analysis. Somewhat surprisingly, both approaches gave the exact same results. The636

three movement parameters (habitat-specific movement rates and habitat prefer-637

ence) combine to a single effective preference parameter k = d2α/[d1(1 − α)] that638
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governs the density matching at an interface and is based on a mechanistic deriva-639

tion (Ovaskainen and Cornell, 2003; Maciel and Lutscher, 2013, 2015). The adaptive640

dynamics for the homogenized model identifies the optimal value k = K1/K2 as the641

ESS and NIS of the system: We showed that a population with this strategy cannot642

be invaded by any other strategy but can invade every other strategy. This strategy643

also corresponds to an IFD in the non-homogenized model. This result fits into a644

growing awareness of a general principle (Cosner, 2014). It is somewhat remarkable645

that the optimal strategy, k, does not depend on patch sizes. This observation ex-646

plains why the homogenization, which is accurate for very small patch sizes, yields647

the same result as the non-homogenized steady-state analysis.648

Because of the mechanistic interpretation of trait k, we can interpret special cases649

of our result. If diffusivities are equal, the evolutionarily stable habitat preference is650

given by α = K1/(K1 + K2). This intermediate preference allows the population to651

optimally make use of space, preventing the invasion of mutant traits. On the other652

hand, when there is no habitat preference, i.e. α = 0.5, the evolutionarily stable653

ratio of diffusion rates is d2/d1 = K1/K2. Selected diffusion rates in a patch are then654

inversely proportional to the carrying capacity in that patch. Since the inverse of the655

diffusion rate is proportional to the ‘residence index’ (McNair, 1982; Turchin, 1998),656

our result says that the time that an individual spends in a certain patch should be657

proportional to the carrying capacity of that patch.658

Although we have assumed an explicit expression for k based on specific move-659

ment characteristics, our analysis is quite general and is valid when other assumptions660

on movement are made. Potapov et al. (2014) derived a family of diffusion models661

by modelling random walks with transition probabilities, from one location to the662

next, that depend on conditions at the starting point, at the end point or at some663

position in between. In this formulation, transition probabilities from x to x ± ∆x664

are then written as p = p(x± θ∆x), with θ ∈ [0, 1]. Fokker-Plank (FP), ut = (du)xx,665

and Fickian, ut = (dux)x, diffusion equations are obtained when θ = 0 and θ = 0.5,666

respectively. When θ = 1 one gets the diffusion equation ut = (d2(u/d)x)x, which667

has been termed attractive dispersal (AD). In the absence of habitat preference, FP,668

Fickian and AD diffusion equations lead to k = d2/d1, k = 1 and k = d1/d2, respec-669

tively. The first case corresponds exactly to the equations we have considered (when670

α = 0.5). AD results in an ESS d1/d2 = K1/K2, where diffusion is proportional671

to the carrying capacity in a patch. Yet for Fickian diffusion, an IFD can not be672

achieved as, unless K1 = K2, we always have k 6= K1/K2. Potapov et al. (2014)673

numerically determined that FP and AD are two candidates for ESS’s within this674

family of diffusion models, FP being selected when diffusion is decreasing with fitness675

and AD being selected when diffusion increases with fitness. The FP equation is of-676
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ten considered to provide the best description of ecological diffusion as it aggregates677

individuals where movement is slow (Turchin, 1998).678

Our model could be extended to study the evolution of dispersal and patch pref-679

erence for more than two patches (or patch types). Perhaps the simplest extension680

would be to include a “corridor” between the two patches, i.e., a region that con-681

nects the two patches but in which there are no population dynamics. This extension682

relates to much earlier work by Slatkin (1978). Other authors have studied the evo-683

lution of dispersal among discrete habitat patches (Cantrell et al., 2017). Our work684

could be related to theirs by using a transition from continuous to patch models685

via residence times (Cobbold and Lutscher, 2014). Finally, empirical studies about686

patch preference and movement rates exist (e.g., Kuefler et al. (2010)) and it would687

be interesting to see whether or how close real populations are to the theoretical688

“optimal” behavior.689
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Appendix698

We begin the appendix with a short remark on the relation between the infinite699

periodic model and the restricted two-patch model. As in Section 4, it is convenient700

to write the equation for a single population in the infinite periodic case as701

ut = [D(x)u]xx + f(x, u).

If we assume that the two patch types have length 2l1 and 2l2, respectively, then the702

parameter functions D and f are periodic in x with period 2(l1 + l2) = 2l, i.e., they703

are invariant under the translation x 7→ x+ 2l. Since the functions are also piecewise704

constant, they are also invariant under the reflection x 7→ 2l1 − x. Combining the705

translation invariance with the reflection invariance, we obtain a second reflection706

invariance under x 7→ 2l1+2l−x. Since the coefficient functions have these symmetry707
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properties, every steady-state solution, u∗, has the same symmetry properties. The708

coefficients in the corresponding eigenvalue problem709

λφ = [D(x)φ]xx + ∂f(x, u∗)/∂u φ

will then also have these symmetry properties. Therefore, the eigenfunctions will710

have these properties as well. The fixed points of the reflection symmetry are x = l1711

and x = l1 + l. A smooth function with such a reflection symmetry must have zero712

slope that these fixed points. Hence ux = 0 for x = l1 and x = −l2. In particular,713

every steady-state solution of the periodic problem is also a steady-state solution of714

the restricted problem, and the corresponding eigenfunctions are also eigenfunctions715

of the restricted problem. It is obvious that every solution of the restricted problem716

can be continued periodically to the real line with the symmetry conditions satisfied.717

A similar case was discussed in more detail for a discrete-time system of equations718

by Musgrave and Lutscher (2014).719

720

In the remainder of this appendix, we show the existence and uniqueness and721

global boundedness of solutions to our model equations on the intervals [−l2, 0] ∪722

[0, l1]. Our proof is based on semi-group theory and closely follows the proof in723

Cosner (1987).724

We consider the reaction-diffusion system725

uit = diuixx + (Ei − Fiui −Givi)ui = diuixx + hi(ui, vi), (61)

vit = Divixx + (Ẽi − F̃iui − G̃ivi)vi = Divixx +Hi(ui, vi), (62)

for t ≥ 0 and726

x ∈
{

[0, l1], i = 1,
[−l2, 0], i = 2,

(63)

together with boundary and interface conditions727

u1x(l1, t) = 0 = u2x(−l2, t), u1(0, t) = ku2(0, t), d1u1x(0, t) = d2u2x(0, t), (64)

v1x(l1, t) = 0 = v2x(−l2, t), v1(0, t) = Kv2(0, t), D1v1x(0, t) = D2v2x(0, t). (65)

All parameters are assumed positive. We begin by defining the appropriate function728

spaces.729
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Set-up of the problem730

We cast the problem into the form of an abstract evolution equation731

d

dt
w + Aw = F (w), (66)

where w = (u, v)T and u = (u1, u2)
T and v = (v1, v2)

T . We define operators732

Au

(
u1
u2

)
=

(
−d1u1xx
−d2u2xx

)
and Av

(
v1
v2

)
=

(
−D1v1xx
−D2v2xx

)
. (67)

Then we can write733

Aw =

(
Au + I 0

0 Av + I

)(
u
v

)
=


−d1u1xx + u1
−d2u2xx + u2
−D1v1xx + v1
−D2v2xx + v2

 (68)

and F (w) = (Fu, Fv)
T , where734

F (w) =

(
Fu(w)
Fv(w)

)
=


h1(u1, v1) + u1
h2(u2, v2) + u2
H1(u1, v1) + v1
H2(u2, v2) + v2

 . (69)

We define the following function spaces.735

Yu = Yv = L2([0, l1])× L2([−l2, 0]), and Y = Yu × Yv. (70)
736

Wu = Wv = W 2,2([0, l1])×W 2,2([−l2, 0]), and W = Wu ×Wv. (71)

Since we are in one space dimension, we have W 2,2 ↪→ C1. Hence, a function u ∈ Wu737

is continuously differentiable, so that we can impose the boundary and interface738

conditions that we want. We therefore set X = Xu ×Xv with739

Xu = {(u1, u2) ∈ Wu | u satisfies (64)} (72)

and accordingly for Xv with (64) replaced by (65).740

On Yu we define the inner product741

〈u, z〉Yu = 〈u1, z1〉L2([0,l1]) + k〈u2, z2〉L2([−l2,0]) (73)

and obtain the norm742

‖u‖2Yu = ‖u1‖2L2([0,l1])
+ k‖u2‖2L2([−l2,0]) (74)

and similarly on Yv with k replaced by K. Finally, we have743

‖w‖2Y = ‖u‖2Yu + ‖v‖2Yv . (75)

28



The linear problem744

Proposition 7.1 The linear operator A defines an analytic semigroup on Y.745

Proof. We will show that A is invertible and that the closure of the numerical range746

is contained in [1,∞). Then Lemma 2 in Cosner (1987) (which is a special case of747

Theorem V.3.2 in Kato (1966)) states that the conditions for the generation of an748

analytic semigroup from Part 2, Section 2 in Friedman (1969) are satisfied.749

We note that since the operator A is diagonal, and since Au and Av are essentially750

identical, it is sufficient to show the two properties for Au.751

We begin by calculating the numerical range of Au.752

〈Auu, u〉Yu =

∫ l1

0

(−d1u1xx + u1)ū1dx+ k

∫ 0

−l2
(−d2u2xx + u2)ū2dx

= −d1u1xū1|l10 +

∫ l1

0

d1u1xū1xdx− kd2u2xū2|0−l2 +

∫ 0

−l2
kd2u2xū2xdx+ 〈u, u〉Yu .

(Note that ū denotes the complex conjugate of the function u.)753

By the boundary and interface conditions (64), the first and third term cancel.754

The two integral terms are non-negative, and therefore, we find755

〈Auu, u〉Yu =

∫ l1

0

d1u1xū1xdx+

∫ 0

−l2
kd2u2xū2xdx+ 〈u, u〉Yu

≥ 〈u, u〉Yu .

Hence, the numerical range756

θ(Au) = {〈Auu, u〉Yu | ‖u‖Yu = 1} (76)

is contained in [1,∞) and so is its closure. The same is true for Av and therefore757

also for A.758

Secondly, we show that Au has a bounded inverse. Consider (f̄1, f̄2) ∈ Yu. There759

exist unique functions ũ1,2 that satisfy760

−d1ũ1xx + ũ1 = f̄1, x ∈ [0, l1],

−d2ũ2xx + ũ2 = f̄2, x ∈ [−l2, 0],

with Neumann conditions at all boundaries, i.e. ũ1x(l1) = ũ1x(0) = ũ2x(0) = ũ2x(−l2) =761

0. The reason is as follows. We notice that with these boundary conditions, the two762
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equations decouple. Then each problem is an inhomogeneous boundary value prob-763

lem, a special case of a regular Sturm–Liouville problem. A unique solution exists764

by classical methods (e.g., an explicit calculation of the Green’s function). We need765

to estimate the norm. Classical results (e.g., Theorem 9.27 in Renardi and Rogers766

(2004)) give the estimate in W 1,2
767

‖ũ1‖W 1,2([0,l1]) ≤ C‖f̄1‖L2([0,l1]), ‖ũ2‖W 1,2([−l2,0]) ≤ C‖f̄2‖L2([−l2,0]). (77)

However, we need an estimate in W 2,2. We can write the equations as768

ũixx =
1

di
(ũi − f̄i)

and take norms on both sides to get769

‖ũixx‖L2 ≤ C̃(‖ũi‖L2 + ‖f̄i‖L2).

By the previous estimate, the right hand side can be bounded by some multiple of770

the L2-norm of the data fi alone so that we obtain the overall estimate771

‖ũ1‖W 2,2([0,l1]) ≤ C‖f̄1‖L2([0,l1]), ‖ũ2‖W 2,2([−l2,0]) ≤ C‖f̄2‖L2([−l2,0]). (78)

We now use the same construction of functions y1,2 in the proof of the existence772

of the dominant eigenvalue to obtain functions773

ui = ũi + yi (79)

that satisfy the differential equations and the same norm estimates as ũi with po-774

tentially different constants.775

The same construction works for Av and therefore we have shown that A is776

invertible with bounded inverse. Lemma 2 in Cosner (1987) (which is a special777

case of Theorem V.3.2 in Kato (1966)) now states that C\[1,∞) is contained in the778

resolvent set of A and779

‖(λ− A)−1‖ ≤ 1

dist(λ, θ(A))
(80)

for all λ in the resolvent set.780

Denote the distance by d = dist(λ, θ(A)). We want to show that there exists a781

constant C such that782

d ≥ 1 + |λ|
C
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for <λ ≤ 0, so that from (80) we get the required estimate783

‖(λ− A)−1‖ ≤ C

1 + |λ|
. (81)

On the semicircle |λ| with <λ ≤ 0, the function d assumes its minimum when784

λ is purely imaginary. Hence, it is enough to show the inequality on the imaginary785

line. Hence, we need to show the existence of a constant C such that786

√
1 + z2 ≥ 1 + z

C
, z ≥ 0.

The function z 7→ 1+z2

(1+z)2
is positive, continuous, and bounded with f(0) = f(∞) = 1.787

Its maximum is 1 and its minimum occurs at x = 1. We can take C to be the inverse788

of the minimum of this function.789

With this, we see that A satisfies the characterization to generate an analytic790

semigroup according to the theory developed in Friedman (1969), Part 2, Section 2.791

The statement is also available in Theorem 36.2 in Sell and You (2002) or in the792

book Pazy (1983). �793

The nonlinear problem794

We now return to the nonlinear problem (66) and prove local existence of solutions.795

We use the following (notation adapted) time-independent version of Lemma 3 in796

Cosner (1987).797

Proposition 7.2 Let A be a closed linear operator on a Banach space Y such that798

(81) holds. Suppose that F is a function on Y such that for some 0 < β < 1 and for799

any R > 0, there exists a constant C(R) such that800

‖F (A−βp1)− F (A−βp2)‖Y ≤ C(R)‖p1 − p2‖Y (82)

for all p1,2 ∈ Y with ‖pi‖Y < R. Then for any p0 ∈ D(A) and each R > ‖A−βp0‖Y801

there exists a t∗ > 0 such that problem (66) has a unique solution in [0, t∗].802

From the previous section, we know that A is a closed linear operator on Y and that803

the norm estimate for the resolvent holds. To find an appropriate choice of β, we804

begin with the statement of Lemma 37.8 in Sell and You (2002).805

Lemma 7.3 Let A be a positive, sectorial operator on Lq(Ω,Rn) with domain D(A) ↪→806

Wm,q for some m ≥ 1. Let 0 < β ≤ 1. Then D(Aβ) 7→ W k,p if p ≥ q, k ≥ 0 and807

k − n/p < mβ − n/q.808
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We apply this lemma with n = 1, q = p = 2 and m = 2. Then we get that809

D(Aβ) 7→ W 1,2 for all 1/2 < β ≤ 1. We now fix some β ∈ (1/2, 1).810

We pick functions p1,2 ∈ Y and set qi = A−βpi. Since A−β maps into D(Aβ) and811

since by the previous lemma and our choice of β, we have the embedding into W 1,2
812

in each component, we see that qi are continuous and there is a constant C1(R) such813

that ‖qi‖∞ ≤ C1(R)‖qi‖W 1,2 ≤ C1(R)‖A−β‖‖pi‖Y .814

For ν ∈ [0, 1] we define u(ν) = q2 + ν(q1 − q2). The function ν 7→ F (u(ν))815

satisfies F (u(1)) = F (q1) and F (u(0)) = F (q2). We apply the fundamental theorem816

of calculus and the chain rule to write817

‖F (A−βp1)− F (A−βp2)‖Y = ‖F (q1)− F (q2)‖Y (83)

= ‖F (u(1))− F (u(0))‖Y (84)

= ‖
∫ 1

0

DF (u(ν))
d

dν
u(ν)dν‖Y . (85)

Clearly, the derivative of u is d
dν
u(ν) = q1 − q2. Furthermore, the nonlinearity of F818

consists of polynomials of degree at most 2 in each component. In particular, DF819

consists of at most linear combinations of the functions in qi. Since qi are bounded820

by the above reasoning, there is an L∞-bound C2 = C2(R) on DF for ‖pi‖ ≤ R.821

Hence, we get the estimate822

‖F (A−βp1)− F (A−βp2)‖Y ≤ C2(R)‖q1 − q2‖Y (86)

Therefore, the proposition applies and we obtain local existence of solutions.823

Proposition 7.4 Let p0 ∈ D(A) and denote by w(t) the unique local solution of824

(66) and w(0) = p0. Then w(t) ∈ D(A) for all t ∈ [0, t∗] and w as well as dw/dt are825

strongly continuous in [0, t∗]. Furthermore, d2w/dt2 exists and is strongly continuous.826

Finally, if the initial condition as a function of x is non-negative and appropriately827

bounded, then so is the solution.828

Proof.829

The analytic semigroup generated by A maps Y into D(Aβ) for all β ≥ 0 (Theorem830

37.5 in Sell and You (2002)). Therefore, the solution is in D(A), see also Theorem831

2, in Friedman (1965). Continuity of w with respect to time follows from Theorem832

2 in Friedman (1965). Higher regularity of solutions follows from the considerations833

following that theorem. Specifically, if the (Fréchet) derivative of F (A−βp) exists834
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and is Lipschitz continuous, then the solution has strong first and second derivatives835

and they all belong to D(Aβ). Since F consists of quadratic terms, the derivative836

consists of linear terms and is therefore Lipschitz continuous.837

To show positivity of solutions with non-negative, non-zero initial data, we apply838

the comparison principle (Proposition 3.2). To show the upper bounds, we proceed839

as follows. Function hi is negative for ui > Ei/Fi, independently of vi. Hence, it is840

sufficient to show an upper bound for solutions of the ui-equations alone.841

If kE1/F1 ≥ E2/F2, we set u1(x, t) = E1/F1 and u2(x, t) = ku1. If kE1/F1 <842

E2/F2, we set u2(x, t) = E2/F2 and u1(x, t) = u2/k > E1/F1. In either case, we find843

hi(ui, 0) ≤ 0. Hence, we have found an upper solution and can apply the comparison844

principle again. �845

Proposition 7.5 The local solutions obtained above are global solutions, i.e. they846

exist for t ∈ [0,∞).847

Proof. We pick T0 > 0. As in the proof of Lemma 3 in Cosner (1987) and in the848

proof of Theorem 1 in Bell and Cosner (1981), we need to show that for every local849

solution w on [0, T1] with T1 ≤ T0, there exists a constant R′ such that ‖Aw‖Y < R′.850

Then we can choose R > R′ and apply the local existence result successively on851

[0, t∗], [t∗, 2t∗], and so on until T0. Since T0 was arbitrary, we have global existence.852

To show the existence of the constant R′, we note that Aw = −wt+F (w). Hence,853

we aim to estimate854

‖ − wt + F (w)‖Y .

We set855

E(t) =
1

2

(
‖w‖2Y + ‖wt‖2Y

)
=

1

2

(
‖u‖2Yu + ‖v‖2Yv + ‖ut‖2Yu + ‖vt‖2Yv

)
(87)

and calculate E ′(t).856

The first term in (87) gives857

d

dt

1

2
‖u‖2Yu = −〈u,Auu〉Yu + 〈u, Fu(u, v)〉Yu . (88)

We estimate the first of these terms as we did in the calculation of the numerical858

range of the operator A, see Proposition 7.1. We obtain859

−〈u,Auu〉Yu ≤ −〈u, u〉Yu ≤ 0.
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To estimate the second of these terms, we note that by the maximum principle,860

non-negative solutions (u, v) are L∞ bounded independent of time (see previous861

proposition), so that the terms Ei − Fiui − Givi are also L∞ bounded independent862

of time. Then we can estimate863

〈u, Fu(u, v)〉Yu =

∫ l1

0

u1(E1−F1u1−G1v1)u1dx+k

∫ 0

−l2
u2(E2−F2u2−G2v2)u2dx ≤ C1〈u, u〉Yu .

The second term in (87) is estimated in the exact same way.864

The third term in (87) consists of three terms, namely865

d

dt

1

2
‖ut‖2Yu = −〈ut, Auut〉Yu + 〈ut, DuFu(u, v)ut〉Yu + 〈ut, DvFu(u, v)vt〉Yu . (89)

The first of these three terms satisfies the same estimate as the corresponding866

term above, i.e.867

−〈ut, Auut〉Yu ≤ −〈ut, ut〉Yu ≤ 0.

The second term can be estimated in a similar way as the second term above since868

DuFu consists of linear polynomials. Hence, we find869

〈ut, DuFu(u, v)ut〉Yu ≤ C2〈ut, ut〉Yu .

The third term is slightly different. It is given by870

〈ut, DvFu(u, v)vt〉Yu =

∫ l1

0

u1t(−G1u1)v1tdx+ k

∫ 0

−l2
u2t(−G2u2)v2tdx

≤ C3

(∫ l1

0

u1tv1tdx+ k

∫ 0

−l2
u2tv2tdx

)
≤ C3

(∫ l1

0

(u21t + v21 t)dx+ k

∫ 0

−l2
(u22t + v22 t)dx

)
≤ C4 (〈ut, ut〉Yu + 〈vt, vt〉Yv) .

A similar estimate holds for the v-component.871

Altogether, we obtain the estimate E ′(t) ≤ ĈE(t). In particular, E can grow at872

most exponentially in time. In particular, ‖w‖ and ‖wt‖ remain bounded for any873

finite time. The bound on F (w) is obvious by the L∞- bound of w. Hence, we have874

shown that a constant R′ exists as required. �875
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