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ABSTRACT

This work is to make a study on the system identification
problem. Special attention is paid to the parameter determination by

the implicit synthesis method.

In Chapter 1, system identification problem is formulated.
Preliminary considerations, such as mathematical model construction,

test signal and stored energy,etc.,are described.

In Chapter 2, the fundamental principles of system identification,
such as correlation technique, model referenced technique,etc., are
described. The concepts of generalized model and generalized error
are explained. Based on these concepts, the identification schemes
are classified as "using a physical model" and "using explicit mathema-

tical relations™.

In Chapter 3, several typical identification schemes of different
methods, such as learning model,orthogonal filters, quasi-linearization
method, regression analysis method,etc.;are described in some detail.

A brief description of some other methods is also given.

In Chapter 4, a detail investigation of the system identification
by the implicit synthesis method is made. An extension of Clymer's
method to the nonlinear system is presented. We have found that the

can be
parameters of a first-order nonlinear system whose nonlinearity &

approximated bY o polynomial
né{;rfeéenta.ble A-Zs:&eonia/er.g-e-nt—powex_se-r&e-s in the dependent variable

can be determined by this method. Several examples are worked out on

an EAI TR-48 analog computer and the values of the parameters thus
determined are found to be satisfactorily accurate. A method of
E identifying an nth-order linear system with all simple and real

characteristic roots is also proposed. This method involves transformation




of variables and can be implemented on an analog and digital hybrid

computer system.

Despite the critical stability problem associated with the
implicit synthesis method, it is still considered as very powerful

and promising because of its simplicity.
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CHAPTER 1.
General Description of System Identification Problem
1. Introduction

System identification is one of the most important problems in
achieving system optimization and/or adaptation. In this problem the
system is considered as a black box (Fig. 1), neither the form nor the
parameters of the system being known. The system configuration is
to be determined from the known input and the measured output. If the
form of the system is not accurately estimated, the system thus identi~
fied may be an equivalent system in a certain sense but not the exact
system to be determined. Since the form or order of a system can be
roughly estimated by dimensional analysis, transient analysis, etc.,
usually the form of the system is assumed to be known and the system
is described by a proper mathematical model. Then the identification
problem is reduced to a parameter determination problem and the only
thing we have to do is to determine the parameters in the system. If
the measured quantities used to determine the values of the parameters
are corrupted by noise, then statistical analysis has to be used to
achieve the best estimate for the parameter values. This type of prob-
lem is called the parameter estimation problem, and is covered in the

system identification problem in the broader sense of the latter.



2. Preliminary Considerations

There are some important things which should be consi-
dered in the identification problem. They are the proper choice
of the mathematical model which describes the system, the deter-
mination of whether a test signal can be used or simply the
normal operating signal is to be used, and the consideration of

the stored energy.

2.1 Mathematical model construction

The fir st problem in the system identification is the
determination and construction of a proper mathematical model.
Given a process, one should determine and know whether the
system is linear or nonlinear, time-invariant or time -varying
so that a proper mathematical model is constructed to describe
the system. Once the system is described by a proper mathema-
tical model in terms of differential equation or transfer function,
then the characteristic j:arameters are determined from the
experimental measurements of known quantities of the system

input and output.

2.2 Test signals

Usually if a proper test signal can be applied at the
input of the system, the solution of the identification problem
can be achieved more easily. Very often white noise is used as
a test signal [1-4]. Butin many high performance systems, g.,
adaptive control systems, the injection of any test signal is
intolerable or impossible and the identification should be done by

using only the normal operating signals.

A



2.3 Stored energy

In the identification of a system, the stored energy should
be considered. In the identification of moninert system usually a
long time is spent in making measurements, since the measurement
can be made only after the stored energy is dissipated. In an
adaptive control system the measurements should be carried out in
a short time interval compared with the drift time of the system
parameters. One cannot ignore the stored energy nor can he wait
until it has been dissipated. There are two approaches to eliminate
the stored energy effects: the first approach utilizes an identification
procedure which is completely insensitive to the presence of the
stored energy [2,5]. The second approach utilizes the measurement
of the process output to compute the stored energy component of the

output [5,6] .

3. Mathematical Models

There are several mathematical models which can be used
to describe a system. The proper choice of the mathematical model
depends on the nature of the system and the method of measurement

and analysis. Usually the following models are used:

1) Differential equation.

2) Transfer function.

3) Convolution integral.

4) Pulse transfer function,

5) State space equation.



3.1 Differential equation

The system input x(t) and output y(t) can be related by the

differential equation

n i m .
z 2, Py + Nly)= Z b, pr (1)
i=o j:o J

where

2, bj are system parameters to be determined.

N(y) is the nonlinear component of the system.

-4
P gt
For a linear system, N(y) =0, (1) roduces to
n . m .
b3 aip1y= z bjp’x (2)
i=o j=o

The differential equation model applies to linear and nonlinear

systems, time-varying and time-invariant systems.

3.2 Transfer function

A linear time-invariant system can be defined by the

transfer function

m
.z b.sj ’
Gls) = Y(s) . 41:9_11_ n2m (3)
X(s) T a, s
i=o '

where

Y(s) is the Laplace transform of the system output y(t).
X(s) is the Laplace transform of the system input x(t).

G(s) is the system transfer function.
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If the system input signal is sinusoidal, s = jw, and (3) becomes

Y(j '
Glio) = ,—;d—‘;’-; (4)

In the identification problem the parameters ai's and
bj's are to be determined in the frequency domain by measuring

the amplitude and phase responses as :. functionsof frequency w.

3.3 Convolution integral

A linear system is completely characterized by the
impulse response which relates the output and input by the convo-

lution integral
t t
y(t) =} g(t=7) x(7) dT =J o glT)x(t-T)dT

(time-invariant system) (5)

t
glt) = f glt, TIX(T)dT (time -varying system) (6)

where
x(t) and y(t) are the system input and the system output.

g(t) is the impulse response of the system.

In the identification problem both the input x(t) and the
output y(t) are known, and it is only the impulse response g(t)

that is to be determined.

3.4 Pulse transfer function

A sampled-data system or a discrete system can be

defined by the pulse transfer function (in z-transform)

= Z g(nT) z 0 (7)
n=o

Y(z
X(z)

—

Glz) =



where

T is the sampling period.

G(z) is the pulse transfer function of the system.

In the identification problem the coefficients of the pulse
transfer function are to be determined from the known quantities

Y(z) and X(z).

3.5 State-space equation

By proper choice of state vector, a linear system can be
defined by the state space equation |

= -j_\}_{. + P- u(t) (8)

| -

where
is the state vector,

is an n x n matrix whose elements are parameters to

1 1™

be determined.

is an n x 1 column matrix,

|o*

u(t) is the input signal.

The state space equation is in fact the same as the
differential equation rﬁodel, except that it represents the system
by a set of n simultaneous first-order differential equations
instead of the origional nth-order differential equations. This
model has the advantage of simplifying the mathematical analysis

of the system characteristics,
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CHAPTER 2.
Fundamental Principles of System Identification

In the system identification problem, three sets of quantities
are related by a proper mathematical equation with two sets of known
quantities, the input and the output, and only one set of unknown quantities,
the system function,is to be determined. Theoretically it is always
possible to solve for this set of unknown quantities, The basic prin-
ciples of most of the identification methods are correlation technique
and model -referenced method.

1. Correlation Technique [ 1-4, 7-11]

© A linear system is completely characterized by its impulse

response. The output and input are related by the convolution integral
®
i) = f gT)xlt-7) 47 (9
-0

It is well known from the input-output cross-correlation theorem that
the input-output cros ‘s-co‘rrela.tion of a linear system is the convolution

of the unit impulse response and the input auto-correlation [ /]

0= [ g T (10

where

¢ is the input-output cross-correlation function
X

T
o (T)=lim ';Fr f x(E)y(t +7) dt
Xy T>® -T

¢ (7)is the input auto-correlation function
XX

T
¢ xx('f) = lim -2%,- J x(t)x(t+T) dt
-T

T
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Comparison of (9) and (10) indicates that ¢xy('r) would
be the response of the system if the input were ¢xx('f) If..¢xx('r)
is an'impulse function, ¢xy(T) is equal to the impulse response of

the system, i.e.
bxy (1) = 2mKg(T)

when

¢xx('1’) = 2mK6(7) and @xk(w) = K = constant

where 6(7) is the unit impulse function.
B, (W) is the Power density Spectrum of BuxlT)
Asg is well known, the autocorrelation of white noise, a

random Gaussian noise with constant power density spectrum over

a wide band of frequency, is an impulse function. Consequently if
white noise is applied to the input of a system, the cross-correlation
function between the input and output is simply the system impulse
response g(T)att="T. So the value of g(t) can be obtained by
varying the length of delay T between the correlation functions.
These conoepts provide a convenient method for measuring the im-
pulse reéponse g(t)., -The block diagram and its mechanization for
determining the system impulse response by the cros s-correlation

technique are shown in Fig. 2 and Fig. 3 respectively.

If the white noise test signal must be mixed with the
normal operating input, the impulse response determined by the
crosscorrelation technique is independent of the normal operating
input r(t) provided that the white noise test signal n(t) and the
normal operating input r(t) are uncorrelated. A simple mechanication

is shown in Fig. 4.
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This method has the advantage that neither external distur-
bances nor noise generated within the system has any appreciable
effect on the results, because of the action of the ‘cross-correlator
in rejecting all signals not correlated with the white noise. More
generally if the system in operation has a stationary rando'm input,
not necessarily a white noise, the function we ‘seek, g(t), is under the
integral sign in (10). But in frequency domain, we have

_ LN |

Gljw) = (50

The quantities that we measure are the input-output cross-
correlation ¢xY (T) and the input autocorrelation ¢xx (T). These meas-
urements are made with the actual input and actual output when the
system is in normal operation. In such cases, the noise generated in
the system itself can be utilized to find out thei impulse response. Thus
it becomes possible to identify the system under the actual operating |
conditions without any test signals. So the method has the great ad-
vantage that it can measure the system characteristics without inter-
fering with the system's normal continuous operation. The main draw-
back of this method is to find out a S\J:itable low-cost multiplier with
averaging ability which wiil give faithful operation with small or large
inputs. To overcome this drawback a random generator using Ecceies-
Jordan circuit was proposed by Chatterzee and Bhattacharyya ( 4],

2. Model Referenced Techniques [2, 12-19]

In this method a model whose parameters can be adjusted
‘is used. The model and the system are subjected to the same input.

Their outputs are compared and the error is used to adjust the



-10 -

parameters in the model such that the error will be minimized

by,[:certain criterion and thus the model will approximate the
system as closely as possible. Then the parameters of the |
system can be determined from the parameters of the model.

This is called the model -referenced technique for identification.

The block diagram of this method is shown in Fig. 5.

2.1 Generalized Model and Generalized Error

A parameter -estimating scheme using a generalized
model and generalized error has been proposed by Eykhoff [12].
Asg shown in F1g 6, the generalized model for a linear system
ig formed by a set of linear operators (transfer functions)
hi’ hz .hm and fi, fpre f the potentiometers a, 8, L
and B B yeoa Bn and the adder, For nonlinear system the model

is constructed by nonlinear filters and delay operators [12].

The generalized error is

m n

€= a,u t+ Z B . v, (11
. 11 - ) J
i=o j=o

where u, and vj are the outputs of linear operators.

One of the potentiometers can be chosen arbitrarily as

reference. If o = -1, then (11) becomes
n

m

= -x+ + Z .V, 12

€ xt T qu + 2 B;VJ (12) ‘
i=1 j=o

The potent;ometers o, 's and B s are adjusted to minimize = @

error criterionwhich : is funct1ona1 of the generalized error

E = F(€) (13



- 11 -

If fi =0(j=1, 2, ... n)and B=-1 the generalized
model becomes an ordinary model (Fig. 7) and the generalized
error is simply the difference between the system output y and

the model output z, i.e.
€E=2z-Y (14)

The generalized error is linearly related to each of the unknown

coefficients:
Y S 1
i 3 ! i~ 3P,
o i 5 ) G j
This leads to the following two simple instrumentation
3E 3E
h for —= d 12].
schemes for v, an Baj [12]

(1). Using a physical model: A convergent adjustment

scheme is constructed by properly choosing a relation between
8E .1d a function of o, and between 3E  .1d a function of Bj'

3B
J

This is the model adjustment technique.
(2) Using an . explicit mathematical relation: By putting
E _ 3E
da, OB
i j

o, and B., as many as the number of parameters to be deter-
J

= 0, a setof simultaneous linear equations in

mined, are obtained. The solution of such a set of simultaneous
equations leads to the technique "using explicit mathematical

relations".

2.2 Error Criteria

In the model adjustment technique, usually an even function

of error is used as an error criterion, For examples
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t+T 5
E1 =( € dt (integral squared error)
t
t+T
E2 = I lEl dt (integral absolute error)
t
_ 2
E3 €
n i
L ae_-2
By =302 q “grl

etc. can be used. To minimize the error function the information
of partial derivatives of system variables with respect to the system

3E  3E 3€ 3¢
parameter to be adjusted, e.g. 34 > ; )
i aBj x, aBj

etc.

should be known. They are not measurable explicitly, but they can

be obtained by the following techniques:

1. Using parameter influence coefficients : The partial
derivatives of problem variables with respect to system parameters,
called parameter influence coefficients [20], can be obtained from
the solution of the sensitivity equations with respect to thé parame-

ters (see Appendix 1).

2. Using two models with different parameters: Two models
with parameters o and atAa respectively can be used to give approxi-
mation for the partial derivative. As shown in Fig. 8 the partial
derivative is approximated by the difference of the outputs z { and z,
of these models.

be | 6 36

Aa Da aa

3. Using one model with time-varying parameter : From the

equation
dE . 3E do | BE
dt da dt ot

it is noted that the information g% is available if the model parameter
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HT
E1 =( € dt (integral squared error)
t
t+T
E2 = I |€| dt (integral absolute error)
t
_ 2
E3 = €
n i
_ 4 d 2
By 7 2 [ifo 4 gl )

etc. can be used. To minimize the error function the information
of partial derivatives of system variables with respect to the system

3E  3E 3€ €
parameter to be adjusted, e.g. 347> ; )
i aBj aai aBJ.

etc.

should be known. They are not measurable explicitly, but they can

be obtained by the following techniques:

1. Using parameter influence coefficients : The partial
derivative s of problem variables with respect to system parameters,
called parameter influence coefficients [20] , can be obtained from
the solution of the sensitivity equations with respect to thé parame-

ters (see Appendix 1).

2. Using two models with different parameters: Two models
with parameters o and a+Aa respectively can be used to give approxi-
mation for the partial derivative. As shown in Fig. 8 the partial
derivative is approximated by the difference of the outputs z { and Zy
of these models.

br | Be | 3

Do An Ja

3. Using one model with time-varying parameter : From the

equation
dE_ 3E do , JE
dt 3a dt ot

it is noted that the information %ﬂ@ is available if the model parameter
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is disturbed according to a known time function and the resulting

- b dE . aE - .
disturbance Eﬁ_ls measured. St_- acts as a noise-like disturbance

in this problem (Fig. 9).

The partial derivatives thus obtained are used to minimize
the error in the error-parameter space, Commonly used surface
searching methods are:

i. Steepest descent,
2. Newton's method.
3. Southwell relaxation method,

Among them steepest descent method is the most popular one.

2,3 Classifiéation of Model-Referenced Technique

Based on the concepts of generalized model and generalized
error, the techniques of obtaining the partial derivatives and the main
components used in the rhodel, the model-referenced techniques can
be classified as follows [21]:

A, Uéing a physical model (model adjustment technique):

(a). Classification according to the techniques of obtaining

the partial derivatives:

1. Using parameter influence coefficients.
2. Using two models with different parameters.
3, Using one model with time -varying parameters.

(b).  Classification according to the main components used in

the model:

{. Using time delay elements.
. Using orthogonal filters.
Using differentiators, etc.

. Using time delay elements.
. Using orthogonal filters.

2
3
B. Using explicit mathematical relations:
1
2
3, Using differentiators, etc.

A
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CHAPTER 3.
Several Important Identification Schemes

Basically the identification schemes can be classified as
"model adjustment schemes" and "identification schemes using ex-

plicit mathematical relations". So far a great number of papers have

been pubhshed in the studies of system identification. We do not attempt

to include all exmtmg identification schemes in this thesis, so only a

few typical ones are described in some detail. Many other identification

schemes are briefly described, Most of the 11terature. however, will
be given as references.

{, Learning Model Approach [13, 14]

In this method a parameter tracking servo consisting of (1)
the physical process (2) the learning model (3) the adjusting mech-
anism is used to form a closed-loop self-adjusting system (Fig. 5).
The model and the process are subjected to the same input. Their
outputs are compared and the resultant error is fed to the adjusting
mechanism where some error cz_'iteria. are used to adjust the para-
meters of the learning mo&el. The mechanism will continuously track
the parameters of the physical process. The adjusting mechanism
operates on an approximation to the method of steepest descent. A

quadratic fun;:tion of error is used as the error criterion and the
parameter influence coefficient technique is used to give the partial
derivatives for the 'minimizatl'.ion of the error function.

2. Auxiliary Models Approach [15].

An approach among the methods of using two models with

different parameters is the method of auxiliary models [15].
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For a system with n parameters, an n-dimensional parameter
space defines a matrix of all possible combinations. By subdivi-
ding the parameter space and using the auxiliary models to scan
each subspace, all values of the parameters may be tested rapidly.
Logic operations select the proper model and initiate adjustments
of the system parameters. The block diagram of system identi-

fication and adaptation using auxiliary models is shown in Fig. 10.

.3 Orthogonal Filters Method [18].

A model consisting of a set of orthogonal transfer function
generators is used in this approach. The adjustable parameters
correspond >to the expansion coefficients of an orthogonal function
expansion. Then the parameters become independent of each
other and one adjustment for each parameter is sufficient in order
to minimize the mean squared error ; therefore the same number
of adjustments as the number of parameters are sufficient for the

determination of all parameters.

Considering a system with impulse response g(t) and a

A9

model with impulse response h(t) (Fig. 5), the mean squared error
is defined by

. T )
fe®® } = lim 1 [} £ (g(7)-hd} x(t-ndr 1%at (14)
T 2T T o

where x(t) is the input signal to the system and the model.

Or

® 2
B ju) - Hj 15
€(tf = %F f |Gljw) - Hijw) |~ &, (v) dw (15)

=00

where

G(jw) and H(jw) are the Fourier transforms of g(t) and hit).
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@xx(m) is the Fourier transform of the input autocorrelation function

T
o) = i 2 f_T xt) X(6+T)dt

The orthogonal transfer function of the model with adjustable

parameters is defined as
N
H(jw) = Z 2 K{jo) (16)
- =gt

When the error criterion is minimized, the following

condition must be satisfied

N ©
p> a, J_i Re { Ki(jw) Kj (jw) } Qxx (w) dw

i=1 ®
ga
= ). Re {G(jw) Kj(jw} Qxx(w) dw (17
(j=1, 2,...,N)
or.
1
a, = — (p.- Z ap.) (18)
J ij GJ i%j i*ij
where

P, =S Re [K.(ju) Kj(jw)] 8, () de

w
= Re [ Gljw) K.(jw) ] &__ () dw
S_m [ Gljw) U e,
Because of the orthogonality of (16), pij = 0 when i # j, so we have

p.G,'L. =r_m Re [ G(jw) Kj(jw)] Qxx(w) dw 19

by f : Re [K (jo) Kl ] §,lo) do
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It is noted that aj can be determined independently of the
other parameters to minimize the mean squared error. This is
the greatest advantage of using orthogonal transfer functions as
the model and Lagurre's functions, orthogonalized exponential
functions,‘ Legendre functions etc. can be used to give the

orthogonal transfer functions. [1, 18].

If we put z(t) as a linear combination of zi(t) i.e.

™M

z(t) = .

. a, zi(t) : (20)

—

where

zi(t) is the output of the element Ki( 8).
a,'s are constants.
1

When a.'s are adjusted to minimize the error criterion
i

— ¢ (T 2
e(t)? = lim E_T_ ( Cy(t) - =(t) ]~ dt (21)
To>w» -T .

we obtain the following condition

N 1 T 1 T
: — o {: = 1 - . t dt ZZ
:L‘ a, lim ST zi(t) z.l(t)dt lim ZTI y(t)zJ() (22)
i=1 T->e T Tew® -T

(=1, 2..., N)

where y(t) is the output of the transfer function to be measured.

Using correlation notations, (22) can be written a8

3,0,, (0= 8, =1,2....8 (23

ii i
So ai's are obtained from (24)

a, = ¢V_z;(_°)_ G=1,2..., N (24)
1

zizi(o)
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And the transfer function of the system is

N N g (o)
Gls) = = a K(s)= £ —LL— K (25)
i=t U1 i=1 ¢z.z,(o) '
11

The mechanization of solving (24) is shown in Fig. i1,

4, Plant Observer

Staffin [22] proposed a scheme called plant observer for
the identification of a linear system, Suppose the linear system is

described by the differential equation

n . m .
apylt) = T b P (26)
i=o j=o
where
-4
LT

2, bj are system parameters.

x(t), y(t) are the system input and output.

If the system input x(t) and output y(t) are sampled at
m++2 instants of time, a set of linear simultaneous equations
are obtained. Then the parameters ai's and bj's can be deter-

mined by solving these equations.

The mechanization of such a plant observer can be realized
by differentiators, simultaneous equation solver, potentiometers
and a positioning servomechanism. The differentiator can be
constructed from analog components, using either operational
amplifiers or delay line differentiators. A digital computer is
used for the simultaneous equation solver. The outputsof the
simultaneous equation solver are transformed into the potentiometer

settings by the positioning servomechanism. The mechanization of
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the plant observer is shown in Fig. 12.

5. Quasi-linearization Method

The coefficients of the differential equation describing
a linear or nonlinear system can be determined by a digital
computer based on the qua gi-linearization method (see Appendix 2)
proposed by Kumar and Sridhar (23] . This method has the ad-
vantage that no external inputs are required and only the normal
operating records are used. The identification procedure applies

to nonlinear as well as linear systems.

To illustrate the method a first-order nonlinear system
defined by (27) is considered.

;c = a.x:3 + bu(t) ) (27)

where x is the scalar state variable.
a , b are constants to be determined.

u is the system control variable (input).

By means of the quasi-linearization method, the (k+1)

st approximation can be obtained from the kth, i.e.

3 . 2 3
A = X 4+ -
'xk+1 akxk + bk u(t) + 3akxk (xk+1'_xk) (a\k+1 ak)xk
- 8
+ (bk+1 bk)u(t) (28)
{ - - 0
bkt
| P = O
The solution of (26) can be written as
Xpe41) k| Py
en| = raylfe] + P2 (29)
Pkl 3) |3,

/
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where & is the fundamental matrix of (28). Ki’ KZ’ K3 are

constants properly chosen to satisfy the boundary conditions

in (28) which can be obtained from the measurement of x(t) as

x(tl) = c1
x(tz)—= c2 (30)
x(t3) = Cy

The column vector [p g Py p3] is the particular solution of
(28).

It has been shown that the convergence of the solution
(29) is quadratic in nature. In practice, a large number of
observations and a least-squares fit have to be used in order to
determine the system parameters. If the order of the system
is unknown, first a certain order of mathematical model is used
as an initial guess. The quasi -linearization method will indicate
the inaccuracy and give the direction of adjustment until an ‘
accurate mathematical model is obtained to repre sent the

system.

6, Implicit Synthesis Method {17, 24-27]

The coefficients of an ordinary differential equation

describing a linear or nonlinear system can be directly determined

by Clymer's implicit synthesis method [17]. In this method the

parameters to be determined are generated as the outputsof the
high gain amplifjeys which amplify the difference between the
systém actual output and the computed output of the implicit
circuit, This method has the advantage of simplicity that it
eter,

requires only one multiplier channel per unknown param

and can be implemented on a smaller scale analog computer.

e e el
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The drawback of this method is the critical stability problem

[ UV TR ORGP OS L

resulting from the use of differentiators in the implicit circuits.

f7, Auxiliary Lag Networks Method

A technique using a series of auxiliary lag networks to
generate as many independent signals as the unknown coefficients
in the transfer function describing a system has been propo sed
by Puri and Waygant [28] for the identification of a linear

time-varying system.

Consider a linear time-varying system de scribed by the

transfer function

N
F(s) = K -é(% (31)
where m
m m-1 _ i
N(s) = b_s +b 5 + +bstl=1+Zbs
m'i i= 1
n n-1 _ n j
D(s) =as +a ,8 Funenn +ast+tl=1+Z ag
n n'i 1 j=1 J
N9 -
D(o)
n»m

(n+m+) unknowns, the gain constant K and the coefficients aj's, bi's,
completely characterize the system. They are assumed to be varying

slowly with time in an unknown manner.

The impulse response of the system £(t) is defined as

) = L7 R (32)

(nim+1) signals required for the identification of the ntm+1 unknowns

are generated by the equatibns:

e, = L f(t)g,(t)dt (33)

i=1, 2,-00’ n+m




-22 -

From Parseval's Theorem, it is' well known that

[ o

® 1
£(t)g.(t)dt = F(s) G, (-s)ds (34)
{O g 21TJ -ja) 1
1 (* 35
?2—”5‘-50;, F(-8)G,(s)ds (35)
or ©
/ f(t)g,(0dt = E;T F(s) G(-s).ds (36)
o Je :

-1 .

= o ). F( s)Gi(s)ds (37)

where in (36) and (37) the denominator of F(s)G(-8) is at least of
degree 2 higher than its numerator. The contour C enclosed

the entire left half plane.
The simplest series of G.l(s) are lag networks of the form

(i=1,2....n+m) -_ (38)

Fls) =

Then

%0
oA g Ml L g (121, 2,...00tm) (39)
i 2m)-j= D(s) -sty

Suppose n Z2m + 1, then from the residue theorem

e = K Ny (i=1, 2,....0tm) (40)

)
i D(q; )
The gain constant K. can be obtained by integrating the impulse
response e (Fig. 13).
KN( s) N(o) - K (41)

e, = lim [s 3o 17 K Doy
550

From (40) and (41), we have
M) - & Digy) = 0 (i1 2 .ot (42)
eo
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where
m m-1
Niog) = b o +b e~  F.... +ba, +1
n n-1
= +
Dia,) = 2 a, a 4%t tag +1
(42) can be put into the matrix form
AU = ¢ (43)
where
/ b ,
: | "1/ 1]
o
U= . e = e
= : e 2
bm /eo -1
4
(2 | (min)x1 em/e 1 | (min)xt
L e
( o 2 m ei, a,) (__e__i o )n 1
R REERE o, (- &, U e, 1
20 (e ) ()
@y Gt 2 e, 2 e’
A = '
: °m n
C 2 m €m g Jeeees (-— a_)
%n Ym ®m (-& ™ e, ™
e e
2 n , min min n
- — vest- a min)x
L%n’mq'm‘ln”'um( .. °m+n) { .. m+v)\/( )xbmin)

and a, should be so chosen that A is nonsingular.

From (43), we have

v Al e (44)
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The parameters U are determined from (44), which can
be ea s.ily. imﬁlemented ona :ﬁgital computer. In case aj 7bi are
slowly varying with time, then they can be assumed as constant
during the time signals e, are obtained. Thus by exciting the
system periodically with impulses, or white noise, a continuous

tracking of the parameters is performed.

This method has the advantage that the order or form of
the system need not be known. Its disadvantage is that a disturbance
te st signal of impulse or white noise has to be used in addition to

the normal opérating signal.

R, Regiression Analysis Method

1. yegression analysis isthat—given a set of random variables

called observables, and a set of constants called regressors associated
are given [t is resur ked '
with each ob_servableA, we—want Ato find a functional dependence of the
observables on the regressors. This method of analysis is widely
bivmetrics .

used in biomaeties and econometrics. It has been found to be very
useful in the system identification problem, especially when the
observables are corrupted by noise. In the system identification
problem we would identify the system by determining the functional
dependence of the output on the input. There are two problems
to be considered: (1) The functional form of the regression function
is known and the problem is to find reasonable estimates for the
unknown parameters to complete the specification of the function.
That is, knowing the system to be linear or nonlinear, or the order
of the system, we are to estimate its impulse response Or unknown

coefficients in the differential equation or transfer function to

complete the identification (2). The functional form is unknown and
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the problem is to find the best function for a reasonable répre senta-
tion of the regression function. There isno a priori knowledge of
the system properties available. Itis required to determine 2

system model which best fits the observed data.

It can be shown that the best possible repre gentation or fit
for the functional dependence in the mean square sense is the regression
function defined as the mean value of the observables for the associated

set of regressors [ 29] .

Linear unbiased estimate is used for the parameter estima-
tion in linear regression model. Among them the least square
estimate has the property that it is independent of the noise statistics
and the Markov estimate has the property that it has the minimum
covariance matrix. The maximum likelihood e stimate (the likelihood
function is defined as the logarithm of its probability density function)
is identical to the Markov estimate if the noise is normally distributed
(Gaussian distribution). It is also shown that [29] in the case of
uncorrelated identically distributed noise components (white noise)
Markov and least square estimates are identical, thatis, least

square estimates are optimum.

If the functional form of the regre ssion is unknown, then
we have to find a function which fits best in some sense for the set
of observables. The most commonly used method of approximating
unknown regression functions is the technique of orthogonal poly-

nomial fitting (29] .

'Thiis regression analysis method has the advantage that

no information about the statistics of the noise distribution is required.
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But it has computation difficulty of matrix inversion. Itis noted i
that, for the purpose of regression analysis, the system is ‘
characterized by a single unknown parameter vector in the given !
sampling interval. It does not apply to time -varying systems. |
For time-varying system identification, multiple regression

analysis has to be used [19]. ' %

9, Brief Description of Some Other Methods for
Parameter Estimations.

In addition to the methods described in some detail in
the previous sections, some other methods will be briefly des-

cribadin this section.

1) J.A. Aseltine et. al. [31]: The impulse response is

directly measured by using an impulse train as the input.

2) R.E. Kalman [9]: The pulse transfer function is

determined from solving a set of pseudo-correlation functions

by a digital computer.

3) L. BraunJr. [5): The impulse response is determined

by solving the convolution integral. The system input, output and
the impulse function are expanded in a MacLaurin series such that
the coefficients of the impulse function expansion are determined
from the corresponding coefficients in the input and output series

expansions.

4) J.H. Westcott [8]: The impulse response is deter -

S R B | P TS TR AT o R e

mined from the input autocorrelation function and the input-output :-

crosscorrelation function.
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5) M.J. Levin [32]: The parameters of the pulse transier
function are estimated by assuming additive Gaussian noise and

utilizing the maximum likelihood method of estimates.

6) Ellington and McCallion { 33]: The system charac-
teristics are determined from transient response by nonlinear curve

fitting techniques.

7) Corbin [34); Lendaris [35]; Zaborszky and Berger [36):
The parameter estimates are obtained by solving sets of simultaneous
linear equations in derivatives and integrals of the system input and
output.

8) Kaya and Yamamura (37); An analog computer is used
for obtaining the approximate transfer function of the first- or
second-order of a system continuously and automatically by solving
the simultaneous equations whose coefficients are the filtered outputs
of the system input and output.

9) K. Steighlitz [38]: The power spectrum identification
is made by assuming that the spectrum has no zeros and is based

on the theory of autoregressive schemes.

10) Hennig [39]: Crosscorrelation method is used to test

for the transfer function of a noisy nonlinear process.

11) Shinbrot [40]: The output of a nonlinear system is
characterized by a power series of its input and the coefficients of

various terms in the power series are determined.

12) Kohr [41]: An approximate nonlinear differential
equation is used as a model for the actual physical system and a
get of linear filters are used to generate the derivatives of the

output in the practical mechanization of the nonlinear system
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identification, The parameters in the system are determined by the
nulling procedure until 2 minimum-area closed curve is obtained for

the output-input plot.

13) R.E, Kalman [42]: The optimal filtering theory also
called the minimum variance technique, is used to identify the state
of a system from noise measurement, |

14) Ho and Whalen [43]: It has been shown that the necessary

and sufficient condition for a system to be identifiable is that the suc-
cessive state v.ectors span the n-dimensional state space. An recur=
sion scheme is given for the estimation of system parameters.

15) Pottle [44]: Kalman's estimator theory based on the -
conditional expectation‘is used for the identification of the system
state vector.

16) Coasert [45): The problem of estimating the plant state,

plant parameters and external disturbance is inve stigated through a
noise channel, |

17) - Miller and Roy [46]: The learning technique and pattern
recognition have been used for nonlinear process identification.

18) Cox [47]: Bellman's dynamic programming technique is .
used for the system states variables estimation.

19) Ho and Lee [;48]: Bayesian decision theory is used in a

t B
stochastic estimation and control.
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CHAPTER 4
System Identification by Means of Implicit Syhthe sis Method.

{. General Description:

The implicit synthesis technique was fir st propo sed by
Ciymer [17] in 1959 for the determination of the parameters
of a system, This method is based on the principle of the
steepest descent , which assures the fastest minimization of the
error in the error ‘-parameter space until the desired answer is
obtained. In Clyme;"s paper an example of determining a single
parameter in a fir gt-order linear system was given, Then in
1960, Grauppe. [24] extended Clymer's implicit synthesis method
and presented 2 computing circuit using an analog computer to
solve a system of coupled equations of several unknown functions.
The computing circuit is operated by using the least-squares
method, or the least-magnitude method, or the deteri;inant method
[247. All these methods are algo based on the steepest descent
principle. Thereafter in 1963, Madden [26] pre gented a modi-
fied least-magnitude method of steepest descent, which uses a
periodic reversal of sign of the parameter-determining loops,
coupled with independent step-wise adjustment of the computed
value of each systerﬁ parameter to improve the convergence.
Two parameters in 2 second-order over-damped system were
simultaneously determined by this method. An extehsion of this
method is the steepest descent at constant velocity 6], which

is less dependent on the switching-on time of the reverse-sign circuit.




-30-

2. . Implicit Synthesis Circuits for First-Order Systems

In the implicit synthesis method the parameter of a

system is determined by an implicit loop which performs auto-

matic minimization of the error function and generates the

desired value for the parameter by means of a high gain ampli-
fier. For simplicity we shall use a first-order system to
illustrate the fundamental theory and the circuits of this method.
There is no loss of generality because the same principle applies

to both linear and nonlinear high order systems.

A, First Circuit

Consider a first-order system described by the differential

equation

7+ Ny = ult | (45) 1,\

where

u(t) is the system input.

y(t) is the system output.

\ is the parameter to be determined.

The block diagram of the implicit synthesis circuit is
shown in Fig.l4, where u(t) is the known input function of time, y(t)
is the measurable output function of time, and )\c is the computed

answer of the parameter to be determined. If the computed parameter

)‘c were not very close to the actual value, then )\Cy would be wrong

and thus so would ;rc, which would increase the error € and hence

in turn would change )\c. The system then goes unstable. If the

algebraic signs of the circuits are properly designed, the error will

be min.imizedaccording to the steepest de scent principle and will be

driven by the implicit circuit to very nearly its correct value.
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The implicit synthesis circuit of Fig.l4 can be realized
by the analog computer components as shown in Fig.15. In this
circuit the parameter )‘c is directly obtained as the output of the
high gain amplifier. Thus all operations are performed inside
the implicit loop and the loop yields the answer directly. Instead
of getting k directly from the output of the high gain amplifier,
it can be obtamed by plotting Y against y, where M J is the
output of the electronic multiplier. From the slope of the straight
line connecting the starting point and the ending point, kc can be
determined. )‘c camot be directly determined from the slope of
the plot of \ Jve v during the operating interval unless kc
and y have nea.rly the same speed of transient response. Usually

more
the response of )\ is much faster and comphcated than that of .

B. Second Circuit

There is another way of designing the implicit synthesis
circuit. The block diagram is shown in Fig.l6. The realization
of Fig.16 by the analog computer components is shown in Fig.] 7.
In this circuit )\Cy is obtained directly as the output of the high
gain amplifier and )\C is then determined from the open-loop division

of xcy by v.

Since the output of the high gain amplifier can be any va-
riable provided that it can make the whole closed loop of the
implicit synthesis circuit gatisfy the system relations, there are
many ways of designing the implicit synthesis circuits. However,
the basic principle of the various circuits is the same, although

the transient responses will be different.
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3, Transient Analysié of Implicit Synthesis Circuits

The implicit synthesis circuit involve s the dynamic
variables vy, Y. and ?xc, which are changing with time before
coming to the steady state. So the circuit itself is a very compli-
cated dynamic system, and this is why it is very difficult to keep
it stable. The stability problem is in fact one of the pitfalls of
this method.

In order to have better insight of the dynamic property
of the implicit synthesis circuit, we shall study the transient

responses of both circuits.

3-1, First Circuit

‘From Fig.)4, we have the following equations

€=y - @6
A= GE @n
y, tAy = uld) (48)
y +hy=ult) 49)

where
is the actual response of the system.

is the computed response of the system at any instant.
c

-

is the error between y and V.

is #he gain iof .. the high gain amplifier.

€

G

N is the parameter to be determined.

)\c is the computed value of the parameter at any instant.

u(t)is the input time function.
Eliminating¢ between (46 and @), we have

1
y, = v * I », (50)

;
|
%
{
x
i
i
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Next eliminating Y. from @8) and (), we have

y+ e +ay = ) (50
Finally, we eliminate u(t) between @9) and (51), obtaining

- i

N Gy = Gy (62)

() is the equation describing the transient response of the parameter
N

C .
Solving (%) for 7\0 we have

- [foyisas  -JjGyts)as fastoar
A = Ae te f Gly(s)e ds (53)

0

where A is a constant depending on the initial value of xc.

From (53) we note that the transient response of )\c is very
complicated because y{t) is a changing variable in time. When vy
comes to a steady-state value, it becomes a constant. In this case

(53) reduces to

v = ae Gt 4 (54)

c

Since \ is zeroatt=0, A is determined to be -\.
c

Thus we have the following equation
SESYEE ¢ Orh (55)

From (55) it is obvious that )\c has‘ a damped-exponential
transient with a time constant equal to (Gy)-l. It is seen that the
time constant depends on the loop gain G and the system response Y.
The higher the gain G or/and the larger the response Y, the faster
the value xc comes to the correct answer. The response of )\C is
shown in Fig.18.

It is also noted that if y goes negative, )\C diverges and

the system becomes unstable. In order to maintain the system stable
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an absolute magnitude circuit (AMC) has to be inserted in the

)\c -line or the y-line to the multiplier [i]. We shall find out

later from the experiment work that if a special test signal,

such as a step function, is used so that y will never go negative,

" then the AMC can be omitted, The special choice of input or test
signal is particularly important in the nonlinearl system identification,
because the insertion of the AMC introduces a time lag which makes
the system more difficult to : : keep stable. This is particularly
critical when the loop gain G is high.

3-2. Second Circuit

From Fig.|6 and Fig.|?7, we have the following equations

y +ry = u(t) (56)
y +Gly_-y) = ult) (57)
Ny =Gly_-y) ‘ (59)
€=y, -y (59)

Differentiating (58), we have
Ay + Ay = Gy, (60
ch )\cy G(yC y) (60)
Eliminating u(t) from (56) and (57), we have
. I 6l
y, Gy, y) =y * Ny (61)
From (59), (60) and (6]), with simplification and rearrangement

we finally obtain

. v i
Nt G+ ly) N = GA (62)

(2) is the equation describing the transient response of the )\c-system.

Solving (62) we have )

. ¢ . |
fira? Mymyar (- [ 1o Uyeadar
i |

A = Be
c

£ (% Y(S)/ s
/OG)\e’(°[G+ n )]d’drr}(bs)

|
|
|
|
!
|
|
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where B is a constant depending on the initial value of \ .
-c
When y comes to the steady state, it becomes a constant, and

(63) reduces to

N, = Be O 4 (64)

Since )'c =0 att=0, B is détermined to be -\. After the
value of B is substituted into (64) we have

A =Mt - oGt (65)

(65) is the transient equation of )\c when y is a constant.
In (65) we observe that the time constant of the exponentially-

decaying response is G-i which is independent of vy.

4, A Brief Comparison of the Two Implicit Synthesis Circuits,

In the previous sections we have described and analyzed
two different forms of the implicit synthesis circuits for a first-
order system (Fig.I4 and Fig.|6). Basically there is not much
difference between these two circuits. From the previous analysis

we can make a brief comparison as follows.

1) In the first circuit xc is directly determined as the
output of the high gain amplifier. All operations are performed
inside the implicit loop and the loop yields the answer directly.
In the second circuit xcy is the output of the high gain amplifier
and )\C is obtained from the open-loop division of )\Cy by vy.
That is, the implicit loop is chiefly a differentiator and various

operations are then performed open-loop on the result.

2) Both circuits have damped-exponential transient
responses. But they have different forcing functions and time cons-
tants. In the first circuit the forcing function is Gyh and the time

constant is (Gy)-l, which is dependent on the value of y. In the
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second circuit the forcing function is Ghand the time constant

is (G+ i’/y)-i, which depends on the values of y and y Iy

is a constant the time constant of the first circuit is still (Gy)-1 )
but the time constant of the second circuit becomes G-1 which is

independent of y.

3) In order to prevent the time constant from being
negative or the system from going unstable, an absolute magni-
t1_1de circuit (AMC) should be inserted in the y-line or )‘c -line
of both circuits, But if a particular input or test signal u(t) is
used, the AMC can be omitted. In the second circuit y is a

divisor, and therefore cannot be zero at any time.

5. Identification of a First-Order Nonlinear System

As is obvious from the above explanation, the parameter
xc can be obtained directly from the output of the high gain ampli-
fier. If )\C is plotted against y and a horizontal line is obtained,
then )\c is a constant; otherwise xc is a function of y. Clymer [i7]
mentioned that the nonlinearity of )\C can be illustrated by
plotting )\c against y. But no method was proposed to determine
the parameters in the nonlinearity. In this report a general solu-
tion for the identification of a first-order nonlinear system whose

Gpproxinmred B A polynorsial )
nonlinearity can be represented @82 convergeni-pewer—series-of

the dependent variable is developed.

Consider a first-order nonlinear system defined by the
differential equation

: i 2 n = 66
y taytay too., tay u(t) (66)
or
vy + (a, tayt.... +a yn-i)y=u(t) (67)
y { AAREEREE R n
or

y + ay = ult) (e8)
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where

_ n-1
P'_a'1+a'zy+""+a'ny (69)

We note that (68) is just the same as @5) with \
substituted by p. So p. can be determined from the implicit syn-
thesis circuit of Fig.l4. If we use n different magnitudes of
input or test signals we can obtain n different values of b, and

n equations as follows

2 n-1
tay, +..... , =
2y Ay tagyy Fagyy by
2 n-1
+ tay. +..... , + .
a, azyz a3y2 + ta YZ Ky
(9)
+ ¥ ¥ ray ! =
By TRV TRy T » T T Hy
n .
=t _

or JZ‘.& aj A =y
wherei=1, 2, ..., n. The n parameters aj's can be
obtained by solving the set of n simultaneous equations (70).

(70) can be put in the matrix form as

Ya = p (1)
where Y is an n x n matrix

’1 2 n-1 )
Yo Yy vy
{ 2 n-1
Yo Yoo 2
{ 2 n-1
L Yoo Yo Yn )

where Prime  denotes tronspose of a mafyix,
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p isannx 1 column vector guch +hat

M=TRps By veee b ]
Then A can be determined as
-1
A=Y p (72)

(72) is the solution for the values of the parameters to be
determined. In order to illustrate this method, some examples

will be worked out (see Sec. 6-3).

Since for small y, functions such as siny, e’

, sinhy,
etc. can be expanded as a convergent power series in y, first-
order nonlinear systems containing such functions can also be
identified by this method.

Thus a general system
y + f(y) = ult) (713)

can be identified, provided that f(y) is representable by a
/)al/npmm/ Uf’_ ¥
r

6. Experiment Work

In our experiment Clymer's first circuit is adopted
because it yields the value of the parameter directly. Both the
system model which generates the input and output signals
required for the system identification and the implicit synthesis
circuit are implemented on an EAI TR-48 general-purpose
analog computer. Some work similar to Clymer's was repeated
to confirm the results and to make a full investigation of the
characteristics of such a circuit. An extension of this method

to the nonlinear systems has been done and the results are used

to illustrate the general method of identifying a fir st-order nonlinear.



G

system whose nonlinearity is representable as a convergent

power series in y.

6-1 Computer Set-up.

1) Linear system with single parameter: A first-order

linear system defined by
y +\y = u(t) (%)

is to be idertified. The'system model and the implicit synthesis

\
circuit simulated on the analog computer are shown in Fig.!9.

In Fig./9. the amplifier A08 and A09 are used for the
observation of the error variations. They can be omitted for
saving of the operational amplifiers. Then -y and y, can be

directly applied to the input of the high gain amplifier A21.

2) Nonlinear system with single parameter: A first-order

nonlinear system with single parameter, defined by

;r + azyz = u(t) (75)
is to be identified. The system model and the implicit synthesis
circuit simulated on the computer are shown in Fig20. The same

implicit synthesis circuit as for the linear system is used.

From Fig. 20 it is seen that the only difference is that
the system model used to generate the input and output signals

is changed.

3) Nonlinear system with two parameters: A first-order
nonlinear system with two parameters, defined by

ytay +ay = u (7%)

1
is to be identified, The system model used to generate the
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required input and output signals is shown in Fig.2]. The

same implicit circuit is used.

6-2 Curves and Data

1) For the system in (74), where a constant \ isto
be determined, the following data have been obtained for various

magnitudes of a step input and different values of loop gain G.

System : yty=u{t) ; »=1
Table 1
¥ Yc l )‘c %
a,'.i:)\c aZ*

u(t) \| 1000| 10 | 1000| 10 1000 |. 10
3 3 3| 3 |3.15/0.998]0.998( 1.010 | 0.001
5 5 5 | 5 |5.14|1.005]|1.005|0.988]0.003
8 8 g8 | 8 |8.14[1.002]1.002]1.015 |0.001
least squares estimate 1.001 | 1.001| 1. 004 0. 001

* ai, aZ are determined by the method of
Sec. 5.

From Table 1, we observe that )\c is independent of the loop

gain. The value of G affects on}y the transient response of

‘the implicit synthesis circuit and the steady-state error in v

The transient is a decaying exponential as is consistent with \
(55) derived in Sec. 3 . From Table 1 we also note that "

the higher the gain G, the smaller the error between y and v,
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We have found that if G>200 the steady-state error € = yc-jr is
practically zero. It means that )‘c will adjust itself to be equal to
A so that Y. is equal to y at all times. On the other hand if G

is kept constant and u(t) is varied we note that xc is also indepen-
dent of u(t) provided that u(t) is large enough to generate a system
output y, which is in the operating range of the computer compo-
nents. If u(t) is too small to actuate the variables in the normal
operating range of the components, certain error will be introduced
by noise. As to the transient speed we observe that the higher the
gain G or/and the largér the input u(t), the faster the response
(Fig.22and Fig. 33) will be,

Clymer [|17] suggested that an absolute magnitude circuit
should be inéerted in the y-line or the XC -line to the multiplier so
that a set of algebraic signs which keeps the system stable will be . -
maintained at all times. Since we use positive step functions as the
inputs, no change of sign in y will occur. Hence no need for such
a circuit in our experiment. If such an AMC is used, as shown in
Fig. 24, no effect will be produced on the values of )\c and Y,
which we have obtained. But in this case )\C is no longer obtained
directly from the output of the high gain amplifier (A21).

This is because imperfect diodes of the AMC introduce a voltage drop

which makes the value obtained from the output of the high gain

amplifier less than the actual value of the parameter to be determined.

(The vol'tage drop is found to be 0.40v in the EAI TR-48 analog
computer we used in our experiment). Since it is the value at the
output of the AMC (also the input to the multiplier) that in turn
determines the product ch, which automatically adjusts to give a
desired value of v, the value of )\c obtained from the output of AMC
is the same as that obtained directly from the high gain multiplier

when no AMC is used.

B
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When a sinusoidal input was used as the input signal we did
not get a stable system even if AMC was used. Both sint and sin10t
were tried, but no stable system was obtained. It is our conjecture
that if sinwt hasw 8o i:;ge.that the system response can follow the
high speed fesponse of the high gain amplifier, then a stable system
may be obtained, We have found that when we superimpose a step
function to the original sinusoidal signal (which makes it a biased
sinusoidal signal), a stable system has been obtained. Satisfactory

result for the value of the parameter to be determined in a system is

shown in Fig.25.

2) The first-order nonlinear system defined in (75) with a.2
as a constant parameter is identified by the implicit synthesis circuit

of Fig.20. The data obtained and the value of a, thus determined is

2
given in Table 2.

System : oyt Zyz = u(t) poR=2y o2, T 2
Gain G : 1000 and 100
Step input :  u(t)

Table 2

y 0 U N
G < - 2=y |2

u(t) 1000 | 100 [1000 [100 [1000 | 100
4 .41 | 1.46|1.41 [1.41 |2.78]2.m8] 1.99/0.16{1.85
8 2.03 | 2.08]2.03]/3.933.93]3.93 1.94[-0.21] 2.12
10 2.24 | 2.29| 2.24]| 2.24( 4.54| 4.54 2.04| - | -
least squares estimates 1.99] 0.02} 1.99

* a,,a, are determined by the method of Sec. 5.
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In Table 2 we observe that L is independent oi gain G, same
as in part 1 of this section. But N is found to be dependent on the
value of u(t), and p cannot be a constant as A in part {. Since the
dependent variable y is dependent on the value of the input u(t), we
know that W is a function of y and the system is nonlinear. The
parameters in the nonlinear term will be calculated in the next section
(6-3) using the general method of identifying a first-order nonlinear

system described in Sec. 5.

3) The system defined in (76) with a, and a_ as the constant

i 2
parameters to be determined is identified by the use of the implicit

synthesis circuit we used in part 1 and 2 of this section and the model
in Fig.2|. The data obtained and the values of a, and a, thus determined

1 2
are given in Table 3. The method of Sec. 5 is used for the calculation.

System : ;r+y+2y2 =uft) ; p*= 1+2y;a1=1;a2=2
Gain G : 1000
Step inputs : u(t)
Table 3
m-t * *
u(t) y V. Mo a1=1 a, = y 2, 2,
6 | 1.50 { 150 | 3.95 1 1.97 1.25 .80
8 | 1.82 | 1.82 | 4.52 1 1.94 1,12 1.89
10 | 2.03 | 2.03 4,95 1 1.95 " 0.95 2.05
least squares estimate | 1.95 1.1 1.91 | ‘

* a,, a,are calculated by the method of Sec. 5.
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6-3 Computation

In order to illustrate the method developed in Sec. 5, the data
obtained from the implicit synthesis circuits simulated on the computer
will be used for the computation for each of the three cases presented

in Sec, 6-2.

A«x‘“r‘-«wm«»‘~- T T

1) From Table 1 we take the following two sets of data for
this calculation :

System : §r=+y=u(t) i a, =1 ; a, =0

1 2

u(t) y b
5 5,000 1,005
8 ' 8. 000 1,002

The matrices A, Y and p are as follows

a { 5 1,005
, Y = y M _
a t 8 1,002

.2

>
1

From (T2) we have

N A 8 -5 1,005 ]
- a, 31 1 1,002 0.003] |0.001

i 3.03 1.01
-3- ]

a,=1.01 and a_ = 0.001 are very close to their actual values a1=1 and

1 2
a, = 0. The very small error caused by noise is negligible and the \
result is satisfactory within the experimental accuracy.

2) From Table 2 we take the following two sets of data in
our calculation :

System : v+ Zyz = u(t) ; a, = 0 ; 2,* 2

u(t) y Mo

4 1.41 2.78

10 2.24 4,54
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The matrices are formed as follows

a, 1 1.41 (2.78
A=, =1y 2.24 B 5 1454

2

From (72) we have
a 2.24 -1,41112.78 0 0
ao P oL %)=
- 3, 0.83 L -1 1 |[4.54 70.83]1.76 2.1

2, and a, are found to be accurately determined.

3) The detemination of a 1=1 and a2=2 can be calculated

from the data in Table 3 and (72) :

System: y ty+ Zyz =ult) 3 3T i 3, =2
u(t) y I,

8 1.82 4,52
10 2.03 4.95

Similar ta part 1 and part 2, we have

a, { 1.82 [4.52
é=(a};!= [1 2.03) F BT (495

2

2, 1 2.03 -1.82) [4.52 0.95
A= {aZ] 0,21 -1 i 4.95| | 2.05
= 2,05, are

The computed values of the parameters, 2, = 0.95 and 2,

close to their actual values.

From the above examples we conclude that the generalized
method of Sec. 5 can be used to identify any linear or nonlinear first-
order systems provided that the nonlinearity is representable as a

convergent power series in the dependent variable y.
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6-4 Comment.

In the linear system an AMC ensures the system stability
no matter what sign the dependent variable y nﬁay have and how
large the gain G may be. But stability problems of the nonlinear
systems are mor; gsevere. We have found that when an AMC is
used the system becomes unstable 1f the gain G is larger than 500.
This is due to the time lag introduced by the AMC. So the choice
of a particular input signal so that no AMC is needed is more
critical in nonlinear systems than in linear systems. Usually posi-

tive step functions can be used.

The output of the high gain amplifier in the implicit synthesis
circuit can be made to be any variable provided that the closed loop
relation satisfies the system equation. We have found that if the
output of the high gain amplifier is made to be 10\ instead of A _ the
accuracy of the parameters thus determined is improved, especially

when the parameters are small in value.

The parameters of a system can be determined by the method
of Sec. 5 from the data obtained by the implicit synthe'si_s ‘circuit.
These parameters can also be determined by the graphical method as
shown in Fig. 26 and Fig. 27. In Fig. 26 the parameter 4, is deter-
mined from the slope of the b, VS Y curve and in Fig. 27 parameters
2, and a, are determined from the slope and the intercept on the g'c-axis,
respectively. But the graphical method becomes difficult to apply when

the number of parameters is greater than two.

Since noise introduces error in the data obtained, better accu-
racy can be achieved if least squares method is used in the analysis

of the determined values.

N
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7. ldentification of High-Order' Systems by
the Implicit Synthesis Method.

Because of the pitfalls of the stability problems in the implicit™
synthesis circuit, so far no general method using implicit synthesis
circuits to determine parameters in a system of order higher than two
has been proposed. In Clymer's 7] paper only the method of determi-
ning a single parameter in first- and second-order systems have been
given, He suggested several possibilities of attacking the high-order
systems [I7], but no definite method was pre sented. Madden [26]
had used the least-magnitude method; which is an extension of implicit
synthesis, to identify a second-order system. Two parameters ina
second-order over-damped system were determined simultaneously,
with the unit step function as the input. A symmetrical multivibrator
was used to provide a periodic rever sal of the sign of the parameter-

determining loop to improve the convergence [2¢] .
A possibility of using the implicit synthesis circuits to identify

an n-th order system is suggested below.

Consider an n-th order system described by

4%, ., { d f S SR +.a.1-dd—}; + a°x=u(t) i)
a® P oat” |
By letting
& . - dxn_1
Xg=SX X T et » ¥p T T dt
we obtain n simultaneous equations
X1 T %
*2 7 %3
------- (78)
n-i— *n
:':n=-ax-a1xz- ..... a X + u(t)

o PN AR



If we use the state space notation and choose X, anﬁ nxi column

vector such +hat
= X X Jgea e
..)S [ 1’ ~2 ’ xn]

as the state vector, then (78) can be represented by the state space

equation

1%
n
>
1%
-+
o
£
<

(73)

where

b is an nx! column vector such that
=10, 0, ceevvy 1]

We observe that (79) is just similar to the typical first-order
differential equation, so the implicit synthesis circuit can similarly be
applied to (79). But here we have to determine n parameters by n
first-order implicit synthesis circuits. Since interactions exist among
those n equations, it is impossible to determine n parameters inde-
pendently. Now let us consider a special case of a system having a
stability matrix A whose n characteristic roots are all distinct and
real. In this case there always exists a nonsingular matrix T, such

that the matrix A can be diagonalized.

Let x=T z. From (79) we have

srta Tz 4T b u (80)

-

i
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Simce n characteristic roots of A are distinct, A can be diagonalized |
and the resulting diagonal matrix A\ is defined as
x= T AT (81)

then (80) can be reduced to

B=rzth o (82)
where
( 0 0)
>\1 DR
0 )‘2"""' 0 1 )
A= | f B =T0D
(0 0 ciene )
and A, Ao,evees )‘n are n distinct roots of A . Since (82) consists

1’ "2
of n simultaneous first-order differential equations which do not

have interactions on one another, each )‘c can be determined independently

from each equation, Here the signalsused for the identification are not

the original input b u(t) and x, but the transformed variables z §

(z = I-ig:_) and Ei u(t), Also the answers obtained are \ instead

RS

2

S

of the parameters A to be determined, but they are related by (81}, or

touie)

A = T\ T

Therefore transformation of variables should be made such that x will

be changed to z and \ changed back to A. We believe this can be

Y

implemented by a hybrid system of analog and digital computers. Owing

Lomplexit ) . o
to the increasedro%iieé‘:teéneﬁ of the circuit, it is expected that

the stability problem will be more severe, and the practicability of this

S5 }-{‘Q‘

method is difficult to predict. However, theoretically at least, this

seems to be a possible approach.
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The suggested schematic diagram is shown in Fig. 28. In
the diagram double -line arrows denote multivariable signal transmission.

T is an nxn matrix whose columns are the eigenvectors of the matrix A,

/
S A 1 )
)‘1 )‘2 ....... )‘n
2 .2
! = )\1 Xl ...... A
)\n-i \ n-1 ”“)‘n-l
\. 1 2 . . n /

-
T is the inverse of the matrix T.
. M is the multiplier with number 1, 2 denoting order of matrix
multiplication.

Example:
Consider a third-order system defined by

ult) ; ult) =k (constant)

2 +6% +1ix t+6x

6 are parameters to be determined.

where 3, = 6, a, = i1 and 2,

The system can be defined by the state space equation

x = Ax +b ult)

where
x1=x,xz=x x3= X
o 1 0 x1 0
A=1l0 0 }; =x = x, | i b= |0
i

W
kS
R
B
3
P
iy
5
i
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The system has three distinct roots -1, -2, and -3, which are the

roots of the characteristic equation

InN-Al=| N -1 O = (MH)(N2)(A3) = 0
0o N -
6 11 A6

So the transforming matrix T is

i 4 9
e s -1
and its inverse T is
-6 -5 -1
-1 . 1
I - - 2 6 8 2
-2 -3 -1

The state vector X is

, ) ] -3¢
Kjzet + kze - wee T ¥ k/6 )
_ ] ] -3t
X 2| wzet - ket t Klze
] ) 3t
| kf2e™t 4 2ke 2t ak/2 e ,

After the transformation the new variables 2 will be
k/2 (1-e™" )
z =| -k/2 (1-e-Zt)
k/6 (1-e'3t‘)
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s R A AT P T ISP

and now matrices \ and lai are .
4 0 0 i/2 B

_ t N

_R_ - 0 '2 0 ’ _b_ = '1 '

0 0 -3 1/2. %1
The new system after transformation is ;

2 = az + blult

or |
Btz = k/2 |
22 +2z2 = -k
Z, t3z, = k/2

Finally we get the new system which consists of three independent
first-order systems. The new parameters )»1 =-1, )\2 = ;2 and
)»3 = -3 can be determined independently by the implicit synthesis
circuits. The actual parameters 2, = 6, a, = i1 and a, = 6

will be obtained by transforming M back to }_\ as follows.

0 1 0
A=T0T ={0 0 |

f6 -11 -6 ‘

From the computed matrix A we obtain the parameters a0=6, a 1=11 and

az=6.
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Conclusion:

Intelligent system design and system optimization and
adaptation require the knowledge of the process dynamics. System
iidentiﬁcation provides the required information about the pfocess
dynamics. The fundamental approaches of the identification schemes
are correlation technique, model referenced method and regression
analysis method. Each approach has its own advantages and disad-
va.nta‘g‘ets. How to choose a proper mathematical model and which
approach should be used to identify the given system depend on the

" nature of the system and the aopriord:information about the system.

In the first three chapters the identification problem is
formulated. Some preliminary considerations and the mathematical
models of cha.racterizing a system are described. From the des- |
criptions in the previous chapters we know that all three fundamental
principles: correlation method, model referenced method and
regreésion analysis method are powerful and promising. In the
correlation method if:the:noisé exisiing in the system itself can be
utilized effectively to determine the impulse response, it will be a
very practical method.. In the model-referenced method, the
orthogonalized model seems to be the most promising one, because
this approach has the great advantage that each parameter can be
adjusted independ‘ently to minimize the error criterion, But how to
construct the orthogonalized model with the minimum number of
orthogonal filters is still a problem, The regression analysis
method has the advantage that no information about the noise statistics
is required. It is especially useful in the identification of the system
when the measured signals are corrupted by noise. But this method

a . . . acs .
requires the inversion of matrix, which causes a great difficulty in

e o R AT e T e X R R

i
}
!
i
1
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identification provides the required information about the pz;oce 58
dynamics. The fundamental approaches of the identification schemes
are correlation technique, model referenced method and regression
analysig method, Each approach has its own advantages and disad-
vantage's. How to choose a proper mathematical model and which

approach should be used to identify the given system depend on the

" nature of the system and the axpriord.information about the system.

In the first three chapters the identification problem is
formulated. Some prelirhinary considerations and the mathematical
models of characterizing a system are described. From the des-
criptions in the previous chapters we know that all three fundamental
principles: correlation method, model referenced method and
regression analysis method are powerful and promising. In the
correlation method if:the.noisé éxisting in the system itself can be
utilized effectively to determine the impulse response, it will be a
very practical method. In the model-referenced method, the
orthogonalized model seems to be the most promising one, because
this approach has the great advantage that each parameter can be
adjusted independently to minimize the error criterion, But how to
construct the orthogonalized model with the minimum number of
orthogonal filters is still a problem. The regression analysis
method has the advantage that no information about the noise statistics
is required. It is especially useful in the identification of the system
when the measured signals are corrupted by noise. But this method

a . ‘pps .
requires the inversion of matrix, which causes a great difficulty in
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identification provides the required information about the pfocess
dynamics. The fundamental approaches of the identification schemes
are correlation technique, model referenced method and regression
analysis method. Each approach has its own advantages and disad-
va.ntage.s. How to choose a proper mathematical model and which

approach should be used to identify the given system depend on the

' nature of the system and the aspriordiinformation about the system.

In the first three chapters the identification problem is
formulated. Some prelirhinary considerations and the mathematical
models of characterizing a system are described. From the des-
criptions in the previous chapters we know that all three fundamental
principles: correlation method, model referenced method and
regression analysis method are powerful and promising. In the
correlation method if:the noisé existing in the system itself can be
utilized effectively to determine the impulse response, it will be a
very practical method. In the model-referenced method, the
orthogonalized model seems to be the most promising one, because
this approach has the great advantage that each parameter can be
adjusted independently to minimize the error criterion, But how to
construct the orthogonalized model with the minimum number of
orthogonal filters is still a problem. The regression analysis
method has the advantage that no information about the noise statistics
is required, Itis especially useful in the identification of the system
when the measured signals are corrupted by noise. But this method

a . g .
requires the inver sion of/‘matrix, which causes a great difficulty in
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computation, It is also interesting to note that some new techniques,
such as pattern recognitioﬁ [46] , .dynamic programming [47],
decision theory [48] have been introduced into this problem.

In recent years the most significant advancement in the identi-
fication problem are the approaches based on Kalman's optimal
filtering theory (or the minimum variance technique). Its application
is not far behind the theory and:digital computer programs based on
this theory "ge being considere& as the basis for the implementation

of the on=—board computer to direct the Appolo vehicle to and

around the moon (49].

In this thesis special attention has been given to € system
identification by the implicit synthesis method. This method has the
great advantage of simplicity that it requires only one multiplier
channel per unknown parameter and can be programmed on the
smaller analog computer. In Chapter 4 a detailed investigation of '
the implicit synthesis circuit has been made. A general methc()j’czfe

identifying a first-order nonlinear system whose nonlinearity 8

aprYex imated W 4 /)o/}’/;omm/
e &8-a-

ies in the dependent variable
has been presented. Several examples are worked out to illustrate
the method. The values of parameters thus determined from the
data obtained on an EAI TR-48 analog computer and the presented
method are found to be satisfactorily accurate, A method of
identifying an nth-order linear system with simple and real charac-

teristic roots is also proposed. An example is given to illustrate

this method. The use of this method for the identification of more

general high-order systems may be possible if more advanced

techniques of hybrid computer systems and interactions among
multivariable system are better understood. Although the implicit

synthesis method has the pitfalls of critical stability and accuracy

problems, it is still very promising and practical because of its

simplicity.
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Appendix 1. Parameter Influence Coefficients.

Let the system be described by a set of differential

equations

dx,
1

_5;— = fi (xi, Xpreens X t; o, uz,..am) (A-1)

where 0.1, uz,. . a.m are system parameters. The

solution of (A-1) is expressed as

xio = xio (t; 0.1, 02, e ey O-m) (A-Z)
The partial derivatives of the problem variables with

o . io ..

respect to pertinent system parameters S;-— (i=t, 2,¢00, D}

]

j=1, 2, ... m) are cilled the parameter influence coefficients.

These parameter influence coefficients can be obtained, simul-

taneously with the solution of the original system differential

equations, by solving the auxiliary differential equations, known
as sensitivity equations, which are derived from the system

equations by a simple differentiation process.

Consider an nth-order system with m parameters 0.
G peeer @, 2B defined by (A-1). The sensitivity equation

OX,
—2  may be formulated
L

2’

with respect to o,k yielding u,, =




-56-

as follows |
3 ( axi . auik af afi afi A3
Ja ot ot axl lk X Zk ax nk §
k 2 n ';

All initial conditions are zero (i.e., uik(o) = o) provided

that none of the initial conditions of the original system are con- l,

sidered as parameters. This formulation applies to linear as well

e AT AR D TR T ST e T R mwman

as nonlinear systems.

Example:

A second-order system is defined by

dx n dx M = £(t) (A-4)
2 dt
dt
with initial conditions _x(o) = a, &_t_ (o) = b.

Differentiation of (A-4) with respect to A yields

3 2

§-1-2-+pa'§i—;€-+)\§l;—+x=0 (A-5)

ANt »

i

or 5 :

a—zl‘+uaa—‘;+)\u=-x (A-6)

ot
where u = 3 also ufo) = 0 dulo) = o, since x(0) and

a)" y ’ 3t

a-}-a{-(t-o—) do not depend on \ .

(A-6) is called the sensitivity equation of the system
with respect to the parameter A . Similarly, we can obtain the

sensitivity equation with respect to p as

v -
BEY at

2
3 BV 4 gy = - E (A-T)
at



e

where V= -:T’i- and V(o) =0 , %‘fm:

The computei' circuits which consist of a master system

and a slave system to yield x, u, v is shown in Fig. A-1.

Appendix 2. Method of Quasi-linearization.

Suppose a vector differential equation

flx,t) t,$tStp (A-8)

1%
"

be given with the initial conditions

|
celt),X(t)> = b j i=L 2 .enm (A-9) R

i
[}
tet €ty oo €Y €0 |

where ¢ and x aren vectors.

It is assumed that (A-8) and (A-9) have a unique solution

on(t . If x  be the initial guess to the solution of (A- -8) on

].
T
[t o b ], then the (k+1) st approximation can be obtained from

the kth via

i‘k+1 = f(:_:_k, ty+J f(:_c_k, t) (:_QK_H -')E.k) (A-10)

and Xy b satisfies (A-9), where J is the Jacobian matrix whose

ijth element, —a-’" , is the partial derivative of the ith component

k
of f with respect to the jth component of x.

The initial approximation vector x (t), whose components

may be constants or function of time, is used to calculate the first

approximation x 1(t) which is the solution of

x, =fx, ) +If(x, t)(x -x )

;f;_J_f(x_o. t) X, +f(x_°. t) - Jf(i_io,t)xb (A-11)

and satisfying (A-9).



Let & ) (t) be the fundamental solution matrix of
11 (0= 1 fx, 0 8,005 §,(0) = I = Kentity matrix (A-12)
and also p 1(t) be the particular solution vector of
T'Bi(t) = 3 £(x ,t) p,(t) +£x . 0-1 flx , 0K +p,(0) = 0 (A-13)
Then the general solution of (A-11) is

x,(0) = &, (B, T+ By (0 (A-14)

where k { is a constant vector properly chosen to satisfy the initial

condition

Celt) (& L)k tp ()2 =B

(i=12, ..., n (A-15)

All calculations can be easily carried out on the digital -

computer and the convergence of this scheme is quadratic in nature.
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