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I-ABSTRACT

A three-dimensicaal transient equation for the flow of
any time-independent incompressible fluid, Newtonian or none
Newtonian, through compreasible porous moadia hes been derived.
Equationns applicable to Ostwald-de Waele fluids, Bingham fluids,
and Newtonian fluids are deducod directly from the gensral transtent
oquation. It is shown that the one-dimensicasl filtration equktion

derived by Tiller (1) is only a specisl case of the general fiow problem,

An equation describing the flow of a sompressidble fhid
{ideal gas) through compresaidle porous media is also developed,
It reduces to the ordinary unstendy flow equation through inemprouibb
porous media when the porosity and gpecific cake resistance are
constant,

The usefulness of the integral method in arriving ata
reascnable salution to the one-dimsnsional constant pressure filtration
problem is tested utilising a linear prossure profile through the cake,
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I - INTRODUCTION

The flow of fluids through porous materisl {s & sudbject of
importance in many (ields of enginesring. Such diversified fislds
as s0il mechanics, ground water hydrology, petroleum engineering,
water purification, industrial filtration, ceramic engineering and
powder metallurgy all rely heavily upon it as fundamental to theiy

individual problems,

There sxiet several mechanisms of fluid flow through porous
materizle. The primary mechanism is, of courss, of a purely
Ymechanical' nature, namely, flow ss & result of an spplied force
{n the form of & pressure differeatial. Ovrdinarily, this is the flow
that is eancountsred in most situations concerning porous media,
However, {low may 2ls0 occur as & reault of applied electrical or

thormal gradients, or under a centrifugal field.

The mathomatical theory of naw through porous media is
generally formulated with Darcy's law being taken as the fundamental
law of flow. The law states that “"the volumaetric rate of flowof 8
homogensous fluld through a porous medium is proportional to the
driving force per unit volume which acta on the fluid and to the cross-

- sectional area norwal to the direction of flow and iaversely proportional

e BT TIROTENTSR
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to the viscosity of the fluid*, dMathematically, it in expresved as

.
Va - -f‘-l- (YP ¢ Tvh) ' (1)

whers the medium {2 sssumed to be isotrapic, that {s, baving the

same permaability to flow in el diractions. Despite its universsl

application, this law i» subject to several limitations:

8) The fluid is homogeaeous, or single phase fluid.

b) There is no interaction of the fiuid and the porous media.

€} The flow rates are kopt relatively emall, The regioa in which
Darcy's law is valid is called the “viscous” or "lamisar® range,
and that of high rotes when Darcy's law breaks down is known aa
"tarbulent*,

d) In the cass of gases, there are sometimes deviations from Darcy's
law at moderate and low flow rates which are believed due to slip
flow. This phenomenon is observed if the pore diameters, become

comparable with, or less than, the molecalar mean frae paths of

the flowing gas.

Darcy's law in itself is not sufficient to datermine the flow
pattora in & porous medium for & given set of boundary conditions as
it contains three unknowns ({I. P,7). Two further squations are

- thereiore required for the complete specification of the prodlem.

These are ths equation of state of the fluid and the equation of continuity.
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Alter & differential form of Darcy’s law has been derived
for incompreasidble porous media, attempts have bqon made to
goneralize this law {or flow of fluids through compressible porous
materials, A most importast application is in iiurauoa where the
caka s compressible. Tiller (1) has treated this aubject extensi~
vely, and has derived & one-dimensioxal filtration equation for a
Newtonisa fluid taking. inte account that the superiicial velocity
varies throughout the caka. To date, a gensral equation for flow
of fluids through porous media applicable to all fluids snd systems

of flow has not been presented.

Physical laws must be independent of any particular coor~
dinate systems used in describing them mathematically, U they are
to be valid. Koasicki (2) has proposed a general diecharge equation
which includes the {luid model propexties and parameters of the
flow geometry that can be applisd to any time-independent fluids

and Bay flow geometzry. This equation is expressed as

T
-]
2y ~b/s b
it JUNY R | %" domar 2
l"a 8 L +]
T
Y

" where 'ro is defined as
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It is the purpose of this work to derive a basic differential
aquation for flow of gensralized fluids through compresasible porous
madia based on this new discharge egquetion (Eq. 3). It will be
ashown that the squation derived ia this paper reduces to the one-

dimensional equation for Newtonisn flulds as given by Tiller,

In the lzter section of this work, the usafuluness of the integral
methed will be tested in solving the gne~-dimensional conetant pressure
filtration equation using a simple linesr pressure profile through the

coke,
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Il - LITERATURE SURVEY

A vast amount of literstare on the subject of {luid flow
through poreus materials bas been published in e_he journale,
Thare srs varisus books which also treat this subjoct exteasively.
Muaskat {3) trests the flow of homogensous Newtonian fluids with
principal eamphasiz on incompressible {luids and the solution of
Laplace's sguation, Carman (4) gives & thorough treatment on
the gas permondility and different types of flow of gases into or
throogh poraus media. Scheidegger (5) presoats a goueral literature
survey on this aubject designed as & referance for resenxch wozkers,
Colling (6) ovaphasizes the formulation of the problem which is

designed as an expository textbook for general use.

The theory of laminar flow of fluids through homogeénedus
porous media is based on 8 classical experiment originally periormed
by Darcy {7). Using the idea of hydraulic radius, Blake {8) derived
8 relationship anaslogous to Poiseuille's law for flow of fluids through
packed columsn. The permeability is given by

2

dm. EB

k(381 00 - 512 ' (4)

k =

where ka = 2, if the packed columan s regerded as a bundle of parallel

circular capillary tubes. However, in lamiaar flow the assumption of
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mean hydraulic radius {requontly gives too large a throughput for

a given presaure gradieat. One would expect that the permeability
should be semewhat smaller than given by Eq. vé. A second assump~
tion implicitly made {n the developmant is that the path of the fluid
going through the bed ia of length which ia equal to the length of the
packed colummn. Thie ummétion is n0t true since the liguid traverses
a very tortuous path., Experimental measurement indicates that k o

{s somewhers between 4 and 3. Using the valus k= 25/6, the perme-
ability in the well-known Blake-Koseny ¢quation becomes {9

2
d 3 .
m B (5)

150 1. g2

k=

Unaware of Blake's paper, XKozeny (18) also epplied the mean hydrmilic
radius principle and tortuosity factor to modify Hagen-Foissuille's |
equation which relates the permesbility to the porosity. Later, Carman
{11) modified the Kozeny theory by intreducing the concept of specific

surface into the permesability. Mathematically, the permaebility is

3
K s zE > (6)
5S° {1 - K)

This ejuaiion is consistent with Blake's equation (Eq. 5) where the
specific surface, 5, (the total particle surfacs/the volume of particles),

is related to mean particle diameter dm by
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s, = 6/4,, ' (6)

The famoun Keseny-Carman eguation which takes the form

v . e® ap

= (
x 5 S°3 1 {1 - )& 8x

) (7)

is derivaed for viscous flow ia granular beds by the assumption of
perfsctly random packing of discrete particles and through the use
ofa in«a hydranlic pore diameter, Recently, Kosicki amd Heu (12)
satended the Knzeny- Carman relationship to flows involving non-

Newtonian fluids descridbed by the Ostwald-de Waelo moadal,

Numerous aathors (1, 13, 14) bave applied the Koseny
equation to the filtratics problem. Ia the filtration of solids from
suspensions or in any process in which & lquid fiows through the
interatices of a s0lid bed, the direction of flow iz in the direction of
decressing pressure. The solids are supperted by & screen, cloth,
or other salicd bed known 2s the septum oy filter medium. In ordinary
filtration practice, the sclide clesest to the asptum are packed more
densoly than the rest of the cake. The mochanical compacting {0z
compression) pressure, P., varies thzoughout the bed. At any given
point in the bed, it is egual to the frictional pressure drop past the
particle at that point plus the cunuiative frictional preasure drop

resulting from all the particles behind it. Thus, the cempressive
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effect increases with the depth of the cake and reaches a maximam
at the septum surface. The porosity is & minimum at the point of
ceatect between the cake and the espbum and i§ maximum at the
surface where the liquid enters. Since the filtration resistance
depends upon the porosity, the resistancs steadily increases as

the liquid paeses through the cake if the solids are compressible,

In order to treat quaniitatively the filtration problem, it is necessary
to have the relationship between the rate of flow, pressurs on the

liquid, and the porosity in addition to the various parameters,

In the conventional analysis of constant pressure filtration
(14), three approximations are made which may be invalid under
certain circumastances. These are o) flitration resistance is
constant, b) the ratio of mass of wet to maes of dry cake is constant, |
and c) at say instant the rate of flow is constant throughout the cake.
The first two postulates are primarily ia error ia the initial pericd
of filtration, while the third assumption involving the constancy of

flow rate may be strikingly in error for thick slurries.

It was firat shown theoretically in 1953 by Tiller (15) that
filtrate volume versus time curves for constant pressure {{ltration were
not periect parabolas, and later, the same Q,uthoz (1) derived 2 new
paztial differential equation for flow through compressible media in

which the flow rate varies with the cake thicknese. For practicel
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considerations, variation in cake resistance and the ratio of the mass
of wet to mass of dry cake can be neglectad whan the filtzation iasts
foy more than & fow minutas. The equation developed by Tiller {or one-

dimensional constant pressure filtration is

2%p oP, 2 i 2P,
e bl A Ik O 5t
Y s
(8}
or, in terms of weight of caks, it is
2 2
o P oP pa P
8 ) 4 x d s
8 =g ) Ine_+ e I3 (1 @ B) e
c awxl < awx dP. x e dP. ot
(9

It will be shown in this work that the above aq@ntion is a spocial case
which can be deduced from the general equation derived hereinafter.
Recently (16), & new definition of filtration resistance was developed
in view of the new theory (1) of the variatica of flow with respact to

distance through & filter cake.

Shchelkachev (17) also proposed a theory describing the flow
through comprassible porous media based ocn the assumption that
a) both fluid and medium are elastic bodins following Hooke's law;
b) the permeability of the medium dogs not change during compression.

In contrast to the {avestigations of Tiller, the theory of Shchelkachev
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ie incomplete insemuch as no dependence of the permeability on the

prevailing fluid pressurs hao been assumod.,

The unsteady flow of compreasible liquids through incom-
pressible poroua madia has beon treated extonsively in 2 number of
textbooks {3, &}. Solutions of flow probloms for this system are
facilitated by sssuming a linear relation between the density and
presaure of the liquid. By contrast, the study of the unsteady flow
of gases has been less fruitful than the study of liquid aystems,
becauss of the neture of the density relationship which must be used
to express the thermodynamic properties of a gae. The primary
difficulty is that the basic differentisl equation which describes such
ges flow, is non linear, and it has not been possible as yet to express
an exact analytical solution to this equation for general boundary and
initial conditions. Numerous approximate methods such as the
aumerical method, linear approximation, clectrical analog sihmuon.
perturbation techniques, etc, have been tried to solve this non linear
problem (18, 19, 20, 21). However, to the author's knowledge, a
solution of the partial differential equation describing the flow of fluids
through compressible porous media, even for the simple one-dimensional
filtration problom relating to incompressible Newtonisn fluids, developed

by Tiller (Eqe. 8 and 9), has not been obtained. The usefulness of the

e bR P TR T
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integral method in arriving at a reasonable solution to the problem

was tested by utilizing a linear pressure profile through the cake,

The integral method was {irst introduced by Pohlh&us§n (22)
in order to solve non Linear boundary layer proklems in fluid mechanics.
A modern account of the von Karman~FPohlhauseas method may be feund
in Schlichting (23). Goodman (24) used this methaod to solve a variety
of heat transfer problems including the phase change problems that
involve moving boundaries., The method, however, is general and
equally appropriate for solving any problem governed by a diffusion«

type equation. As & matter of {act, work has been done a2leewhere

using this method to solve the unsteady flow of gases through incompres-

sible porous media. The sclutions thus obtained, although not exact,
are often sufficiently accurate for engineering purposes. 3Since
filtration i 8 moving boundary problem, it is believed that the integral
method may be applied egually well to this type of problem. It is also
possible in principle to extend this method to solve the flow of compres-

sible gases through compressible porous materials.

A review of the literaturs apgpearing in & multitude of journals

and books concerning the flow of fluids through porous media indicates

e et S TERTR
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that a general flow equation for generalined fluids, particularly,
noneNewtonian flaids, through compressibie porous matorial has
not yet been proposed. Hence, it is worthwhile and desirabie

that more elfort be exerted in this particular field of research.
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IV - DEVELOPMENT OF EQUATIONS

The flow of fluids through porsus medis in laminar (low
is governed by Darcy's law (Eq. 1). However, the applicability
of the original Darcy's equation is restricted to simple Newtonisn
flaids only. Ik is the object here to develop 2 genoral differential
aguation describing the {low of any time-independent fluid through

compressible porous materials,

Kosteki (2) has proposed & general diacharge equation for
any time-independent fluid and any flow geometry uader the assump-
tions that a) the system is isothermal, b) {luid is incompressidle
with constant fluld properties, and ¢) flow is steady, laminar amd

unidirectionsl, Mathematically, this equation is

T
@
& Ux 1 ‘_b_, b -1
? ]
"
T
Y
where T, = =, (-dP/dx)
T, x yield streea

a, b = functions of flow geomstry. only
£{T) = dU{ld‘j which is a function of the flaid model gbtained
from the shear stress and shear rate relationship;

T can be Tx- , for flow in pipe, 'rx y for slit flow, etc.
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Analogous to Darcy's law, it is postulated thet Eq. (2) can be ex-

tended to three-dimenstonal flow, Thus, Kq. {2) becomes

b 1 ITol b
TR+ 21 -
T8 |7, ™ HmeT(Ty uw
T
y

in the most general case, where ":"'° is defined aa
-t - 0
T° * fu (v {11)
.2
It should be noted here that Eg. (19) is in wcwr form, and 'Z‘ “a
i3 & vector quantity having a maguitude | T n | and in the direction
of preasure gradient, 1.e.,
-y e=el
For the case in which & fluid is flowing through & bed of
solids, the true velocity U ia the interstices of the solids is given

by the superficial velocity V divided by the perosity, or

T = -g- (13)

The hydraulic redius r,. is defined as

H

cross asction aveilable for ilow
o weited perimeter

void volumse
surisce of solids

E .
S° {1-E)
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.16 -
whers E/(} - E) represents the ratio of the void volume to the

volume of the solids, and the épecific eurface, so‘ is the surisce

ared of solids per unit volame of salids.

The substitution of Eqs. (13) and {14) into Egq, (10) gives
the superficial velocity of any time-indepoadent fluid flows through

& s0lid bed in terma of pressure gradient and porosity of the bed,

i.e. |
b T| »
Vs £ |t ] N '.r‘du't)a'r(‘f) (15)
Zas_(1-5 | e °
T
Y

Thae above equation {Eq. 13), together with the equation of
continuity, serves as the fandamental equation in the derivation of
the basic differential equation for flow of fluids through porous

mateorial,

(& Meodified Equation of Contisuity

The equation of centinuity is derived in usual fashion by
applying the law of conservation of material with no sources or
sinks, i.e.,

Inpat - Output » Accumulation . - {16)
For this particular case in which a fluid ie flowing in a porous

medium, the porozity should be taken into account.
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In an arbitrary surisce, there is enclosed a vohume of
fluld which has & specific weight sod moves with a superficial
velocity V. At any time, the material within the velume is

M = Eogdv

w

The time rate of change of this material is

O i 0
*'5-: = n Egogcdv
v
- Y --a-- (Ec)dv
v ot

~

The material leaving a surince s per unit time is

-1

Ms || oV.nds
Je

The application of divergance theorem shows that

&

v

The substitation of Eqs. (18 (19) and (20) into Eq. (16) yields

[V-(cri'n-g-‘- (EO')] dv = 0
v

{47

(18)

(19

(20}

{z1)

Since the volume element v is chosen arbitrarily, the integrand in

Eq. (1), assumed continuous, muat be identically zeve. Heace,

Ve {oV) x -2 (E0)

(z2)

Equation (22) ia the equation of contimuity for flow of fluids through -

porous medium. This squation reduces 10 the ordioayy equation

of continnity { E= 1,
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{IX) CGeneral Flow Equation for Incompressible #luid Flow Through

Compreasible Porous Media

For the gensral case in which aa incompressible fuid is
flowing through & campressible poerpus mediuwm, the specific weight,
T, o the fluid is constant. Thus, the equation of continuity (Egq. 22)

redaces to
)

&

|

V. Ve - (23)

[\
-

When Eq. (15) is subetituted inte Eq. (23), one obtains {see Appendix

B for the complete derivation),

a,(¥P'.vE) tA, (YP'LVELYUPY) 4 A, (vzp') = z;sﬁ%’%
{24)
where . 1"% . b |T°|
- e E -y "-‘-
Al a 5 & E 2-E a lvpl' giT)ar
© 2. b
(l-E)é - g T
4
E "l
t oo lvel T, (25)
2 2»% qa-y. ,T°,
Ay = - Qrust | B llop 2 giTiaT
(1#2’ &
T
_ y
E -3
M ) |ve] £T, ) ) (26)
b 2.1’. By (T,
: E a - .
Ay = 8 lops| gimdr @7
° LB
(R-E) =
T
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L3
gm =18 g | (28)

Equation (24) is the general transient flow equation for say time-
independent incompressible fluid fowing through & comprassible
porous modiom. Since thore is no specification of the coordinute
system used in the dexivation, and the vector operator v and

dyadic operaiorvv are invariant quantities, this flow equation is
therefors spplicable to aay ceordinats systemse (Table A-1 in
Appendix-A gives the summary of the differential operation invelving

the vV and Vv - operator in general curvilinear coordinates),

In most enginseriog applicatioas, ons directional flow
sifuation is uscally sacountered. Thus, it ie desirable te express

Eq. {24) in two commenly used one dimensional forms.

Case li-a. One-Dimensional Flow in x-Dirsction in (artesian

Coordinates
A CEL(2E) A, & z(__zazp, A -—uz-azp'-z 5 2K
i ox ox rd aa) ax)*33x ‘oat
{29)

The coedficients A0 A, and A, are defined the same way &s Eq. {(25)

to {27) exucept that the absolute value of the pressure gradient becomes

o Pt
o X

>




‘zo.

Case ll-b, Cme-Dimensional Flow in Radial Direction in Cylindrical

Coordinates
A 2B, 2E, . 22t 2l 12 e
1 ‘at”ax} ¢ ‘a:”a;i" "3 ¢ orx {r X
O R
z».sﬁ = {390)

In this case, the absolute value of the pressure gradient in the co-

_ oP!
za.nd A.a raduces to 5% °

(1Y) Application of the General Flow Equation to Specitic Fiuid
Models ‘

In this section, the general flow equation (Bq. 24) is applied

eificients A , A

to two useful non-Newtonian modela, namely, Qstwald-de Waale
model snd Bingham model, &nd to the simple Newtonitn fluid. The
sleacdy-state rhoclogical bebavior of most fluids in & simpls flow
geometry can be expressed by the generalized form (9):

au
x

T = o s (31)

wherae the apparent viscosity mily be expressed as a function of
either de/dy or Tyz‘ u V\' is indepondent of the rate of shear, the
bebavier is Newtonian, with T =1 (vlncoai‘ty). The Newtonian
fluids are conssquently repressated by

d U
T = = =

yx -3-; {32)
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In the region of shear in which Y dacresses with incressing
rate of shear {(~dU x/dy)a the behavior is tesmed as pseudoplastic.
This region can be well represented by the Ostwald-de Waele modal

or power law model:

au B-1 au_
y= dy dy (23)

A fluid which bas the property to remain rigid when the
shear stress is of amaller magnitude than the yield atress Ty but

flows somewbat like & Newtonian fluid whea the shear stress axceeds

Ty is deacribed reascnably accurately by the Bingham modal.
Mathematically, it is represented by

ay,
T * ~\3y £ 7y o rl> T, e
au_
el if I'I'yxl <7, {34b)

Case Hi-a, Goneral Flow Equation for Ostwald-de Waele Fluid

For this particular fluid model, £{T) {rom Eg. (33} is

1
HT) = ~U /dy = (%)E (35)

When Eg. (35) is substituted into Eq, (24), one gets

e
AIP(VP'.vE )+A2p(vP'.VP'.vvp*)+A3p (v P

2] :
= Kl Y (38)
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where
' 1
1 -n l+= 1
- E n (2~E+n
Alpu lVP' | z,._! {37)
(1~ E)
1-3n 1
1 - n EZ+ -
Ay = =5 |ve] = (38)
P n 1+d
(1-E) n
1~n
B E‘”%
A = v P l {39)
3r 1+
(i-E) n
and L 1 1+d
2(a+bn) KB s,
Kl = = (40)

Equation (36) is the goneral flow equation describing the {low of an
Ostwald-de Weele fluid through a comprassible porous medium, This
equation is also obtained by first evaluating the superficial velocity

for the Ostwald-de Waele fluid, that is, by substituting Eq. {35) into

Eq. {15), or
. b 3 ‘l‘ r}{n .1*%
n
Ve Bt sy e ey

and then combining this velocity with the equation of continuity (Eq. 23).

Case lI-b, General Flow Equation for Bingham Fluid

The function {(T) for the Bingham model is obtained from Egq.

{34a), i.s.

T-T
(T« ==L for |T|>T {42a)
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Thus, using this expression to evaluate the infegral in Eq. (24)
gives the general flow-equa_tion for a Bingham. plastic fluid through com-

pressible porous material. It is

_ : 2
! . - R
A (VP'.VE) + A, (VP! .9P! . YUP!) + A | v P')

= 2as8_ =% | - - (43)
where , ]
-Sob/a El-b/a(z_E__g) I | '2-1 ‘ |
A = = ‘ VP! h (T
b T (1-E)2'?/a | b (T ])
. 1 ‘ .
T oo heal IR N (44)
b/a | ‘ .
8 2-b/a '
_ _..b. % E r3-b/a
Ay = WD | T T [l 2™® n(T,)
2 .
-3 .
(1?}3) lvP'l f;(ITol) ' ' - (45)
sob/aL };32 -b/a I l-b/a-l
A, = =2 v P! h ([T [) (46)
3b Yl (l-E)l b/a ‘ ol |
and lla°L-+1 E—+ 1
T - T T '
_ l 0 y v b/a b/a
h(ITOI) - 1+b/a b/a (ITOI h Ty ) 47)
and lT l .
= =2 ¥

£ (ITy) T B ENCES
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Gase IlI-c. Cienersl Flow Equation for Newtonisn Fluids

Newtonian fluid is & special type of fluid that follows Newton's

law of viscosity., The function {(T) defined by Eq. (32) is

T
iI{T) = = (48)
Yl .
When Eq. {48) is substituted into Eq. (15), ope obtains the superiicial
valocity
L] 3
Ve E T (49)

2 r\s:' (a4 b) (1 - E)°

When Eq. (49) is combined with the equation of continuity (Eq. 23), it

yields
218t @rm1-5)°
z, 3-E . - o ’ 2E
VPt FOE [vP .vE] =3 g
{50)

Equation (50) is the equation deacribing the transient {low of aay in-
compreseidble Newtonian fluid through compressible porous medium.
It is interesting to note that this equation can also be obtained directly
{rom the eguation describing tha flow of pseudoplastic fluids{Eq. 36)
by setting n = 1 8ad K = Y\ . Therefore, this is compatible with the

theory describing the rheological behavior of the fluids,

One of the most important applications of flow of fluide through

porous media is in filtration. Tiller (1) has derived & one-dimensional
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partial differential equation {Eq. 8) describing the filtration of &
Newtonian slursry under the constant pressors process, It will be
shown here that his equation is only a spacial case which can be

reduced directly irom the gensral flow equation derived in this
pEper,

When the flow of a Newtonian fluid is in the x~direction only,

tae general flow equation for Newtonian fluids (Eq. 50') reduces to

e 2
azp, . 3-E (ap , ‘ab:.’ i zv\so (a+ b} (1~ E) ‘35)
a‘; E{l«~E) o x ox ES ot
(51)

In the conventional filtration aanlysis, a specific cake resistance is

aguslly defined as
23.% @eb) (1-8)
e = {52)
5 P,

I thie definition is used in Eq. (51), it simplifies to

3
" p 2P 0 °FE :
=5 - (e 0-8] =np, e 0-m0F) 669

Equation {53) is the general one-dimensional filtration equation for
MNewtonian fluide {n tearms 9f a potential functionP'. For the case of
constant pressure filtration and negligible gravitational force (i.e.,

P' = P),

P‘ = P + P‘ = coastant {54)




whence

dP = -dP' {535}

If the variable P' in Eq. (53) is replaced in terms of Pa by Eq. (55),

it becomes

3%p, 5P, | OF

PR I L Ry (e 0-m] wpp, e 0-232) 0
Tiller {15, 25, 26) has shown that for moderately compressible

materials, it is possible to represent both porosity £ and local specific

cake resistance - by power functions of compressive pressure.

For example:

a =a PY i P> P, (57a)
s =a=a pi“ if P <P, (57b)
E=5 P~ i P > P (s7¢)
EcE=E_ p;" i P P (57d)

whers ?i is a low pressure in the range of 0.) to 1.0 peia, and L
Ee' Y» N\ &re constants obtzined experimentally. With the above

relationships, Eq. (56) becomes

>%p >p ¢ P >P

D) dE 8
5.2 R &= [ tas, (-5 =-qp, o 1-BHEE) (5
x s ]
(58)
In Eq, (58), P' is the only dependent variable since tha other variables

are expresased in terms of the compressive pressure. In principle,

B o oora s o M
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thers oxists 2 solution to this differential equation expressing the
solid compressive pressurae, P‘. as a unigue function of position

in the cake and tima.

In filtration, it is sometimes convenient to express the ine
dependent variable in terms of the weight of dry solid in the cake,
Wx' rather than the distaace x. The weight of solid per square foct
in an olement of thickness dx is givea by

é Wx = {(density) (volume of solids/square joot cress-section)
= P, (1-E)ax . {59)

Thue, if the variable x in Eq. (58) is replaced by Wx using Eq. (59),

one obtains
azp OP 2 a oP
a [ d x 4 )
— o () Sl . 4 l—-—---—-ln(l-E)("-) (60)

IV) Geuneral Flow Equation for Compressible ¥luid (ideal Gas) Flow

Ihrough Compressible Forous mMedia

The discharge equation proposed by Xoxicki (Eq. 2) is not
directly applicable to gasen since it is derived under the assumption
of incompressible fluid. However, siace gasea behave as Newtonian

fluids, the flow equation can be derived directly using Darcy's law,
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Darcy's law states that

Vz--X (vF +ovn) ")

\

I the specilic welght is a function of the pressure oaly, or coastant,

use can be made of a potential fuaction § defined by the relationship

P
ar
d = b+ = (61)
PO

which allows writing Eq. (1) in the form

ve . %2095 | (62)

i\

If the pressure gradient is large compared to the term o v h such as

is often the case with gases, thea Eq. (1) or Eq. (62) is simply

S
V s VP {63)
j\

For the case of comproassible fluide, the modified equation of conti~

nuity is
. o
V.(TV)+-a--E(EO‘)=D (22}

When Eq, (63) ie agbstituted in Eq. (20), one gets

D W
v [-——-G-VE‘VP] ama;'t ‘o ;:: {64)

For this particular case, gases are assumed to behave ideslly under

& moderate pressure range, i.e.,
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T M (65)

Vigcosity ia taken as conetant under an isothermal system. This is
irue ouly for gases at low density in which viacosity has no depene

dence on pressure. Thus, Eq. (64) becomes

v c[Pk VP] a Y\V[P a:i+£: 3;:} {66)

As the flow through porous media can aleo be exprossed by the
Hozeny equation, a comparisen of the coefficients shows that the
permeoability k is related to the porosity and specific cake resistance
by

1
k= (57)
cx Pe {1~E)

When thie definition of permeability is used in Eq. (66), it ylelde

2.2 £ . OF IP
VP .UP V[lncx(l-f’.}]aZr‘lpicx(l-E)[P-é-;ﬂr E--a-;]
(68)

Equation (63) ie the basic differential equation for the flow of an ideal

ges through a porous medium. For one-dimensional axial flow, it

reduces to

2.2 &

2% op a[ ] [ 3E ap]
ER R U b R R DR R R R LS R

(69)
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and for radial flow, it becomes

1 [ o apzl opt 5 ‘ \
L o] -3 Zlne,a-0)c e, 000
2k . 9P
[+ 55 + =3%] i

In the caso of constant preasure (litration where the solid
campressive pressure is related to hydraulic pressure by Kq. {54),
and if porosity and specific cake resistance can be expressed as

functions of compressive pressure alone, then Eq. (68) becomes

2 1 d 2
v Pn. [P - P + ar lnax(l-E)] (VP‘) = -\‘19'6:(1'3)
& ] [ ]
oP
dE E ]
[dP 'P—p](at’ (73)
s a 8

Similarly, Eq. (69) simplifies to

%p ) ap, 2
52 LF.-F, T, la"x“"?}](an& = -np e, 1-E)
, %
[:f'P%p](a:’ (72)
B - )

It is interesting to note that ii the medium is incompronsible,
that is, both the porosity and specific cake resistance are constants,

the general flow equation (Eq. 48) reduces to
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v* et & «—-l-a'ﬁ %—r{- | (13)

which te the well-known uneteady (sothermsl flow eguation applicable
to an ideal gas in sa incomprassible porous mediun. ¥For one-

dimensiozal axial ilow, Eq. (69) simplifies to

0 P, En 2®

0% ¥ ax.’ kK ot (74)
and aimilarly, Eq., (70) reduces to

A 2

A W) 3gn °P (75)

k-
arz r or 3 ot

ior ene-dimensional radial flow,
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V_APPRONIMATE SOLUTION TGO ONE-DIMENSIONAL

COMSTANT PRESEURE FILTRATION PROBLEM

The aon-linear partial differential equations are frequently
solved by numerical methods. However; due to the ladorious
computation involved in the numerical technique, mathematicians
are apt to use other simpler approximations to solve nou-linear
problems, if possible. One of the most usefad ayproximsations is

the integral method, It has been shown by numerous suthors (22,

24) that this methad is appropriste ta sny diffusive-type problem,

Linesr or non-linsar. Hence, it iz possible that the tutegral method

could be employed to solve a moving boundary filtration problem.

A constant pressure {iltration process as shown in Fig. (1)
i8 considered hece. In the general case, the superficial velocity
variea throughout the cake thickness due to the compressibility of
the cake., The solid pressure is 2ero at the cake suriace, and

maximun at the supported medium.

The governing partial differentiai equation s

2 . 2
20, (ifi; - [tae a- -B)] -np, o (1-E) (S ”ap)
S o o x dP P ar,

(38) _

s AT T AU
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oz, in terms of the weight of solid, it is

bzp' 2P, z 4 pe, o : 2P,
= ) In g 4 «== corme In {1 - E)(-——-—-) (60}
waz awx dP‘ x ‘¢Pt dP‘

Tiller {26) has shown that the porosity E and local specific cake
resistance & can be approximately represented by power functions
of campressive pressare, vis,,
Y
a * ¢, P. {5Ta)
-\
E = E P {57c)
. I

The substitution of Eq. (57a) and {57c) in Egq. (60) gives

2 y=h=1l >P
s

i
0P o P pa E P
[ ] Y ] o O ]
= (=) ¢ ) { ) ) (76)
awx" Py oV, (14 g p, -Eop.”‘ ot

The integral method concept involves first assuming a profile. For
{nstance, in the present case, & presaure profile is assumed and sub-'
stit.ted in the original partial differentisl equation. The reasulting
differential equation is then integrated with respect to one of the inde-
pendent varisbles. Thus, the differential equation will, thereby, be
satisfied only on the average. The number of independeat variables in
the original equation is reduced by ome after the integration. In this
particular case, Eq. (76} is integrated with respect to weight of solid
wx which reduces the partial differential equation to ordinary differen-~

tial equation in terms of time variable, or
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Wl(t)
1-8.p " 3%p op ¢
(i e - 2 ) )ew
p YN oW s Wy x
[ x
e LA
4
= Kz-é-t- P.dwx ("
[+]
where
ey Ey 2
K .
2 " 12 (78)

For simplicity, solid compressive pressure is assumed to

be 8 linear function of the weight of culid deponited, i.e.,
P, = a +a W (79)

where the coefficients 3, and a, may depend on time t. In order to
evaluate these coefficients, the pressure profile must satisfy the

following boundary conditions:

B. C.glz:

P. (Wx = Wl {t)y t}) = 0 (80)

This condition states that the solid compreasive pressure at the

surface layor is zero, since the hydraulic pressure at this point {s

equal to the spplied pressure,

B, C. gnp

P' (Wx s 0, ¢ = Pa- Pl (81)

e RTINS SRR,
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where Pl is the pressure at the septum which {s related to the exit
velocity V «1 by

R
1 8, x1

(82j
It skould be noted here that B. C. (II) is not & known boundary condition.
in the general case, the exit filtrate velocity is relsted to the rate of
change in solid in the cake by
dq lem X d W:n: Wx dm
v = s t ) -
xi dt pX dt p dat

When the rate of change of the mass of wet to mass of dry salid be-

{83)

comes negligible, which ia true only aﬁeﬁ- a short filtration period
has elapsed, then the second term in the right-hand side of Eq, (83)
approaches sero, and the rate of filtration ie proportional to the rate _

of deposition of solid, or

1-mX dwx
Va * X &R (84)
B. C. {11} is conveniently represented by
P(W =08 s tl(‘lxl) (85)

When these two boundary conditions {(Eqe. 80 and 85) are used in

Eq. (79), the pressure profile is found to be -

w
x
P' = fl (Vxl’ [ 1 -W ] (3§)
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The integrals in Eq, (77) are now evaluated using the
assumed preazsure profile (Eq, 86), I simplifies to an ovdinary

differvential equation, or

£, (V. .} &
& =i 2 4
w, % @ [fx Vo) wx] (87)
where
B (5 (v )27 fg v MY R
£V ) a'’} xl) . 1 xl (88)
FRAM L 1~y Aey+l

Equation (87) is the diiferential equation describing the rate of growth
of aalid in the filtration operation. ‘This equation can not be integrated
anslytically since fl (vxl) from B. <. (u)li.a itself & function of rate of
growth of solid, The non-linearity in the equation makes the solution

extremely difficult. Howsver, two simple cases will be treated here:

Case 1: Filtrate and time relationship is parabolic,

The experiment often ahows that after a short period of filtration,
the lines of the reciprocal of the rate of change of filtrate volume vs,

the filtraze volyzae are virtually straight which may be represented by
dt/dq = (Z/al)‘q+ b, (89)
Q¥ upon integration

z <]
5,t = q +slblq {90}

PRI T 0ok oon s oM
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Zquation {(70) is the well-known parabolic equstion for const.nt

pressure filtration. In termas of the supscficial velocity, it is

1
. 2 4t "z
Vo ® cg/de = (bl + ‘1, {31)

With Eq. (%1}, B. C. I (Eq. 81) can now be approximately zepre-

gented by

1

n R )
, SR - < YPA J  1 .
PAW_=0,t) s F_ i (o] + '1) = g, (t) {92)

Whea Kgs. (83) and (Y2) are substituted In Egq. (79), the pressure

profile becomes

wx
k‘ﬁ = gl(t) 1 e ] {73}
H

Using this new pressare profile, Eq. {(77) is iategrated into

B8 S, g
W, 4 5 [s,0w] (74

where
o~y 2‘ -
| LG L |
gz(t)a Y l-y - }\-Y+ 1 (95)

The integration of Eq. (94) with respect to time and making use of

the initial condition {l.e., W, = 0 when t = 0) yields
t “ 1

Z
g, (t) g,{8) &t] (96)

1

)3 4
W. =
Log [ %2
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Equation {98) is the aolt.ztian to this problem when the filtrate
and time relationship is represented approximately by the usual
parabolic function. This solution can be used as a trisl function
which mey lead to a more rigovaus solution to the problem by
substituting the solution iato K. C.(ll) and obtaining &n explicit
bousdary condition at Wx = 0, Thon, the differential equation is
resolved to obtain a new relationship between the salid deposited

and time.

case 2: Hiedium Resistance is Negligible

In the case of negligible medium resistance, the solution
is greatly simplified since B. C. (ll) becornes coustant which isg
6qual to the applisd pressure 1—“&. With this new bouadary coudition,
the pressure profile (Eq. 7J) now takes the form
wx
F_=F, (1-':;,-;') {97)
The partial diffarential equation (Eg. 77} is then integrated into

® KPP 4w
2 - 2 a 1 {98)

where

E P )3
K, = w[ 2.2 s :, (99}

—— ,1 P G
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Finally, the integration of Eq. (98) using the initial condition when
t = 0, Wl = Q gives
1
[ 4 K'z ] A
W, = | mee—— (100)
1 K, P .
In the filtration problem, it is usuaily desired to expresa
the solution in terms of filtrate volume rather then waight of solid.

Thus, substituting Eq. (79) into Eq. (84) gives

bem X K'z %
val'( px )‘K.E’t) (101)

< a

or, in terms of filtrate volume, it is

1
I-m X Kt 2
¥ = 2 A=o) ‘Kapa ) (102)

Equation (102) resembles the well-known parabolic function describing

the filtrate volume and time relation.
Exsmple:

Talc is to be filtered at 2 constant pressure of 15 Ib, force/syq.

in. under the follewing conditions:

g = 0,001 Ib, mass/(ft. ) (sec.)
p = 62.4 Ib, mass/cu. ft.
P, = 167.0 1b. mass/cu. ft.

X = 0.20, mass fraction solids in slurry

i
AT R TR IO
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« = 1.85 (10"} ft. /b, mass (sumerical integration)
E = 0.900, extrapolation from 1.1 I, /#q. in.

= 0.826 (numerical integration)

m = 2,75

m = 4,36

i
Neglect medium resistance and calculate the time necessary to

produce a cake 2 in. in thickness.

Solution:

The problem will be solved by two methode: namely,

conventionsl method and integral method,

A. Conventional Method® - Velocity is assumed to be constant

throughout the cake which is equal to the exit velocity Vxl.

The mass of dry solids per square foot for a 2 in. cake is
givea by

W = Py Q- EJ L= 4841, mass/eq. ft. (E-1)
and the filtrate volume becomes

q = 12BE w2 0171 cu, ft/0q. 1. (E-2)

R SR

% This solution is reproduced from Tiller (1) for the purpose of

comparison. Readers are referred to the original paper (reference 1)

for the details of the solution.

Sk Pack




Calculating the conventional time one gets

2
ppXe g - -
t = zgcpau. T 1,100 sec, {E-3)

B, !ntglul Method

From the foregoing section, the time and weight of solid

relationship is given by

K. P

2 8 rd

teiw, ¥ (54
where
pe E A 4
c o
2 {144) 'c Py
Eop‘z-y P‘)\'-y-l- 2

(E-6)

K'Z’:Y_ 1=y YT
The experimental coastants for Talc C are taken from the data given

by Tiller (26) which are:

Eo = 0,86 A = 0,054
b = 6.26 a = 0.07%
4 = 3.11 y = 0,506

j = 39.6 (0%

and 4, is computed from
-{b+ d)

« =8 g = 0.738 x 101}
° " p, o

bR R




Using this data,

0.001 (0.738 x 10" ) (0. 86) (0. 054)

-42-

K, = 32,17 (167.0) (144) = 4.4
1,494 1,548
0.86 (15) (15)
K!, = 0.506 [ 0. 494 - 0. 5es J = -10.85

® 4 (=10, 85)

4.4 (15)

‘4.&4)1 % «35.,6 sec,
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V1 - DISCUSSION OF RESULTS

The general discharge equaticn for any flow geometry
(Eq. 2) has been proposed under the assumptions that the system
ts isothermal, the fluid {s incompressible with constant flow
characteristice, and the flow ia steady, laminar and unidirectional.
It has been shown elsewhere (28) that the proposed equation agrees
reasonably well with the existing data for flow in parallel plates,
pipes, annuli, and rectangular channels. I is postulated in this
work that the sguation is equally approp;inte for flow through packed
beds or porous media, In fact, Hsu (27) has obtained recently some

experimental data to support this postalation.

Heuristically, Eq. (2) is exterded to the three-dimensional
case ag shown in Eq. (10). It should be noted that "'fo is by definition
a vector quantity in the direction of pressure gradient as defined by
Eq. (11), which must not be confused with shear stress where the

latter is & teasor.

In the case of flow of fluids through porous medium, the
superficial velocity in the solid bed is represented by Eq. (13)
using the concepts of porosity and hydtwlic. radius. Equation (22)
is the modified equation of continuity for now of fluids through

porous medium. It can be seen that when E = 1, the equation
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reduces to the ordinary equation of continuity where the medium has
no wolid particle; on the othear hand, when E = 0, it means that there
is no free space available to flow, and the medium is entirely aclid.
The substitution of the superficial velocity into the equation of conti-
auity gives the general differeatial eguation for flow of any time-

independent fluid through compressible porous media (Eq. 24),

The general {low equation is derived without the specification
of any coordinate system. Furthermors, the vector differential
operator V and dyadic differential operator VV are {nvariant quantities.
Thus, the equation darived is applicable to any curvilinear orthogonal

coerdinkte system.

The Jstwald-de Waele model and Bingham model are two
useful non-Neowtonian fluid models., The squations describing the
flow of theae two fluid models (Eqe. 36 and 43 respectively) are reduced
directly by introducing the corresponding shear rate relationship, {({T),
into the general transient flow equation, It is expectad that these
equasions can alsc be obtained by combining the respective discharge

eguation for each fluid with the aquation of contlauity,

Asn important application of {low of fluids through porous media
is in filtration. Tiller has derived s partial differential equation
(Eq. 8) describing & coustant pressure filtration process by considering

the variation of fluid velocity throughout the cake. The squation is
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based upon the assumption that the specific cake resistance L

and porosity E are functions of compressive pressure 1-"'l alone,
which is equivalent to assuming that equilibrium porositiea are
reached instantaneously with changes in pressure. However,

the porosity changes do not occur instantaneocusly in an actual case,
hence, Eq. (8) can be viewed cnly as an approximation in the search
for the best differential equation describing the flow through com-~

pressible porous media.

When the concepts of permeability, porosity and apecific
cake resistance are introduced to the general flow equation, it is
shown that the one-dimensional flow equation for incompressible

Newtonian {luids simplifies to the equation developed by Tiller,

Equation (68) is the goneral transient flow equation for
compressible gases through compressible porous media. If both
porosity and spscific cake resistance are constant, then the equation
reduces to the ordinary unsteady flow squation for gases through
incompressible porous media. Rigorcusly, the assumption of
constant gas parmeability {(or cake resistance) is invalid even in
an incompresgsible porous medium, since in' au actual case, gas does
not stick to the walls of the pores as required by Darcy's law and a

phenomenon termed “slip" occurs. The slipping of the fluid doﬁg_
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the pore walls gives rise to an apparent dependence of permeability

on pressure which is commonly known as Klinkenberg effect (6).

The ganeral flow equation is a three-dimensional sscond
order non-linear partial differential sgquation. Integration of this
sguation is extremely difficult if not impossible. In order to make
use of the equation, it is advisable to carefully examine the physical
conditions and to make use of all the known facts to simplify the
aquation as much as possible before sttempting the solution. It has
been poiated out before that the one~dimensional constant pressure
filtration is just a simplified case of the general flow problem.
However, even this simple case does not have an sxact analytical
solution. The integral method was used here to arrive 2t an approxi-

mate solution to the moving boundary problem,

Clearly, the solution obtained by the application of a linear
pressure profile in the integral mathed is inadmissible, 7The use
of a two-coefficient linear profile permitted only iwo boundary

coanditions (t.e., Eqa. (80) and (81) ) to be imposed. There iz a

third boundary q:tmzltticaxzz:= associated with the movement of the houndary,

which must alaoc be satisfied, Thus, the solution obtained with the

linear profile ts under-constrained,

The third boundary condition states that the weight of ¢olid de-

posited by the slurry on the surface of the cake per unit time io equal

* see Appendix-C for the third boundary condition




to the rate of increase of the weight of filter cake, This is a
necessary condition and relates the growth of the cake thickness

to the solid concentration in the slurry,

As astaged, a unique solution to the problem must satisfy
three boundary conditions. Furthermore, the linear profile
assurned does not contribute to the sscornd derivative term which
appears in the original partial differential equation. Hence, a three-
coeificient profile must also be assumed to retain the second deriva~
tive in the differential equation. It is difficult to establish a general
criterion regarding the admissibility of the approximate solution, wut
judging from the success encountered in the application of the integr;l
method to diffusive-type nonlinear problems, it is believed that a
second order pressure profile should lead to a better result. Unfortu-

nately, a quadratic proiile does not lead to a simple analytical solation.

Additional factors which should be taken into consideration in
the evaluation of the final results are the limitations of the porosity
and specific cake resistance functions. Obviously, the assumed
functions {i.e., Equs. (57a) and (57c) } are not applicable at the surface
of the cake, since at the surface the solid ﬁcuure is zero, which
implies & zero cake resistance and an infinite porosity. Hence, other
functions for the porosity and specific cake resistance must be used

in the region of the surface layer., Lisagreement may also be attributed




- 48

to the discrepancies beiween the values of the experimental constants

used in the example which were presented by Tiller (26).

The integral method ie generally accepted {24) as a useful
approximate method of solving nonlinear partial differeantial equations.
However, an approximation may contain some irrevocable errors in
the final numerical result, Thus, the guestion arises as to how to
eliminate, or st least reduce, such errors and thereby improve the
accuracy. Many improvements have been suggested in the literature (24).
Some of the proposed improvements involve: a) using a higher order
polynominal or other profile such as the logarithmic or trigonometric
function; in this case, there is no a priori guarantee of an improve-
ment; b) resort to the method of weighted residuals; and c¢) the
method of Yang {29) - an iterative procedure utilizing the first approxi-
mation to achisve an improved profile. The details of these techniques
are rathsr involved and beyoad the scope of the present investigation,

A detailed account is given by Goodman (24).
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Vil - SUMMARY AND CONCLUSION

In the first part of this work, the general transient equations
describing the flow of fluids through compressible porocs media
are developed. Table | gives a summary of the aquations derived
im this paper, 7These include equations for flow of Ostwald-de Waele
fluide, Bingham fluids, compressible and incompressible Newtonian
fluide through camprenssible porous media, Table 2 shows the con-
stant pressure flitration equations for Nngoaun fluids, It is eeen
that Tiller's one-dimensional filtration equation is just a simple
case which can be reduced directly from the general three-dimensionsl

equation derived here.

The foregoing derivations have been made without the speci-
fication of coordinate system using the vector and tensor notation.
Heouce, the squations obtained are applicadle to any orthogenal curvi-
linear coordinate system. The details of vector and tensor manipu~

latioms for different coordinate systems are tabulated ia Appendix-A,

The second part is devoted 30 the solution of a one-dimensional
constant pressure filtration problem utilizsiag the well-known intagral
method. In the most general case, the boundary condition at the
supported medium or asptam is &n implicis function of the rate o! ,

change of solid cake thickness which makes the solution to the problem
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extremely difficult, Nevertheless, explicit solutions are obtained
for the cases: a) assuming time and filtrate volume are related
parabolically, and b) resistance at the supported medium is negli-

gible.

In sammary, it appears that a two-coeificient linsar pressure
profile cannot be used to obtain a solution by the {ntegral method,
The solution thus obtained is under-constrained as a result of the
fact that one boundary condition (associated with the movement of
the cake suriace) cannot be imposed on the solution. This condition
relates the grawth of cake thickness to the solid concentration of
the aslurry. Hence, & pressure profile, with three or more coefficients,
that satisfies all three boundary conditions must be used. Itis
difficult to give a general criterion regarding the admisasibility of
the results yielded by this approximate method. However, judging
from the success of the applications of the integral method to diffusive-
type nounlinear problems, it is believed that a second or higher order
profile should yield a reasonabdle solution. Unfortunately, a quadratic

profile does not lead to a simple analytical solution.
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TABLE 1

SUMMARY OF THE EQUATIONS FOR FLOW OF

FLUIDS THROUGH COMPRESSIBLE POROUS MEDLA

I. Incompressible Fluids
1) Generalised Fluids

a) Thres-Dimeasional Flow

A, (9P'.VE)+ A, (IP' TP TV P';gaa(v"'pn) - 2as, _%Et
(14)
. ,
ere . . ‘T l
b/a g!-e (2-E-b/a) -z -} ¢
i Z-b/a lve| g{T) aT
(1-E)
T
Y
E "1
+ = [vp'| T ) (1B)
(1-E)
IT, |
2-h/a
b b/a E ’ -3-b/a
A z-(lyr=)8 [ - | v B ] g{T)aT
2 a’'"o “‘.E)l d/a
T
Y
o I -3 .
+ -5 v Pt f(ITol) 1o
2-b/ / ITOI
b/,{ p2-b/a -b/a-1
Ay= 8 lv P T)dT '
3 (I-E)l'b’/‘ g{n (1)
T

y
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Table 1 - Continued
and
g(m = ™%y (1£)
To = r (vP?) (1F)

b} One-Dimensionsl Flow tn Cartesian Coordinate

2 2 é
P! o E o p! Py -1 O Fp
A, [tm: (wax)]"AZ [( 2 3)]+A3[ Js

o x ox 0 xz
K
zaso <t {1G)
where |vFP'| in the coefficients Al' Az and Aa ia
o P!
Vel . ST

c) Omne-Dimensional Radial Flow in Cylindrical Coordinate

e 2
OP!' K ap' ¢ Tp ) 2Pt
w (B, G "a,R’J“‘s[FS‘;“'S?’]‘

o or or
. 2> '
ZaSQ 33 {18)

whore |[YP'| in the cocﬂicionn Al‘ A‘2 and As is

Z) Ostwsld-de Waele Fluids (Pseudoplastic Fluida)

2 2E
AIP(VP .VE)+A2P(VP VF .VVP')+A39 (VP)= Kl

o

{1y
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Table | ~ Continued
whare 1
1-a |EMRE-E+ &)
[}
Alpul‘nb |™= T (L3
a-p*s
1-3n a+-:;
A, . A8 |gpr) ® =2 0
p B 14+
(1-5) n
l-n 2+ 1
n E a
As =|VEP!| (L)
P l.!..!‘-
{1-E) n
and 1,1
2 @+bn) K5 8 R
Ky = n (1M

3) Bingham Plastic Fluide

Alb (VP',.VE) + AZb (VP! . VP IVP Y + ASb (VZP*') = ZCBO --a-;
(1
where
b/a b
8 1-b/a -2.1
A, e —2 [E R-E-b/8) |gp. @ hT )+ —=
ib V‘\ “”E)Z-b/a. o (l-E)Z
4T | -T
va|| ...9....7\....1. (19)
b S b/a p2-b/a l-a -b/a
A, 8 af{l4=)— P (T D+
2b a r\ (1-2‘.)1 b/a o
£ -3 T |- T -
(1-E) va'] 1 (1F)

v
2}
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Table 1 - continued

sob/‘ pé-b/a -b/a-1
—— .
ASb' ) (1-E)1'b/a |vet| h(ITol) (1Q)
and
. ITOlb/u-l ) Tyb/‘+ 1 . a 'I:y - lb/a . b/a) .
1T 10 = 1 + b/a ) o v
4) Newtonian Fluids
a) Three-Dimensional Flow
Fi 2
2n(a+b)S (1 -E)

2 3.-E , natrnhls, SE
VP [vPr.vE] = 3 = 18
b) One-Dimensional Flow in Cartesian Coordinate
azpt 2 P! ) [ln 1-E |- E 9K 1 :
axz"ax’ QX e 1- )] 'Y\Ps“x(- ) 3% 17

¢) One-Dimensional Radial Flow in Cylindrical Coordinate

17 2 >p! opr, 2 °E
oz o] -5 53l 0-8] mnp e a-m53

(1u)
where the specific cake resistance is defined as
2(a+b) Sa2 {1 - E)

a 3
3
Ep‘

(1v)




Table | » continued

I, Compresaible Fluide (Ideal Gas)

a) Three-Dimensional ¥'low

2.2 2 [ IE , .2
Pl evp v lna (1 -B)] = 2qp, s (1-B) [P S5 K

k|

]

(1w)

[\
-

b) One-Dimensional Flow ln Cartesian Coordinkte

2.2 2
axl - aa)ax[lnﬁxu-E)] =2V\Paax(l«-£) PW*F"—?

(1X)

¢) JIne-Dimensional Fadial Flow in Cylindzical Coordinate

LR

3 épz sz ? )
(35 30| - Flme,u-9]- 200,000

#3

2]

[\
”

+ E-?-%] (1Y)

{
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TABLEZ

EQUATIONS FOR CONSTANT PRESSURE FILTRATION

2F NEWTONIAN FLUIDS

I. Incompressidle Fluids

a) Thres«Dimensionsl Flow

o p
é 1 2 & oy o 4B [
v P.‘ax(x-z) F,) P, “x“"“"“"l"a“au"")dp‘ 53!

(24)

b) One-Dimensional Flow

2
s -(ap‘) Ins_(1-Ek-p_s_(l-E) (ifi; (28}
5 o2 2 x' d&p, x Pe *x ® ot

II, Compressible Fluids {Ideal Gas)

a} Three-Dimensional Flow

2 1 4 2
VP, - g tae e, (L-E) (vP))
@ 8 &
2P
JdE K % ~
i °YlF, dxﬂ - E}) dpa -Pa - ps { 3 t’ (2 C)
b) Ome~Limensional §low
azpa X ap, *
S 2 P_-P_ 'ap laa, -E) (=)
x a & s
o¥
ak E 8
= -ylps e {l ~ L) aF, - P‘ - P' { 3 t) (2D)
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VIl - APPENDIX

APPENDIX-A

TABLE A-)
SUMMARY QF DIFFERENTIAL OPERATIONS INVOLVING THE

- AND VY- OPERATOR IN GENERAL CURVILINEAR
COORDINATES
s 9 &, 2 e an
g ‘S'l' a:xp + ;‘__z_ 50, | hs 30, (Al-1}
1 1 2 oYz s 9Y; '

o
h ) 3T (Asahl hz)]

[a (A b by + 5= 2 (A b

- i
v.
i FT A Uy
(A1-2)
hyg Ry,  By2
T xR w ot ° 2 2 (A1-3)
B B,B, 50, 50, 50, ‘
L N T e
oy = [ 2 (“zhs 2, ? (hshl o
Ehn, |30, B 90 30, b, 30,
2 bbh, Y
+ ( ) (Al-4)
50, | By 3y,
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Table A« « continued

vvq:-'."'!l 28y 88 5 ol [ 3 3¢
hlz aulz Bk, oU; 00, = BBy 00, Uy

&0 P P e P P 8.8, 2
, 232 P . 3% b 230 ¥

BUl hShl 903 BUz h’ U
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TABLE A-2

UNIT VECTORS AND 5CALE FACTORS OF VARIOUS

COORDINATE SYSTEMS

1.

2.

3.

Cartesian Coordinates {x, y, a):

%L, =), 8=k

hlahamhsul

Cylindricsl Coordinates (r, 9, &)

X ®» rco8d, y = rsnd, 35
e, = -9-3: » cos @1 + sindj

6, = 8. = -sin@i +coaj

o

sy %8, ° Kk

ahrs i, n ahgn , hsshaal

H 2

Spherical Coordinates (v, 9, §):

x = reinQcos P, y= reinOsind, 2 = rcosd

e, =8 & sinBcosFdi+ein0singj+conlk

[ cos dcos Pl +cosboinfdj-sindk

g = g4 s-ginfi+cond
b,

A‘

h, =

i 3

= 1, hznheaz',h =h§=rsin9

(A2-1)

(A2-2)

(A2~3)

(AZ-8)

(A2-5)

{(A2-6)

i
SvpeTR St |




Table A-Z « continued

]

LS o dovpo

4. COther Orthogonal Coordinate Systems:

a} Ellipvoidal Coordinates (A, u, v):

xz YB ’2
+ + = ]
efon bPan et
2 F 2
x ¥ z’ Fg— s |
& ~u b =g < =-p
rd 2 2
X * X 4 3 w ]l
2 2
8 ~v b ~v £ =v

h.os 1/2 [ {p=2) tv-r)
4 J@?-xy @2 ony (2 on)

hoa 172 / z""";““’ >
* B =p) (b -y (¢ -p)

/ (A v} (p-v)
Y it
@ ~v)p +v){c -v)

2 2
A<c < b<a2

cz< p<Bz< a

cz< 'bz< v<a

b) Oblate Spheroidal Coordinate (5, 1, #)

xn;colh'gcauvlcoly where %5 2 0

y = & cosh cos n sin 4

5 = unnhiotnrl

T

- v

z =1

0 g<am

(11
(1128
w4

{a2-7}

{A2-8)

(A2-3)

(A2-10)
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Table A«2 ~ continued

h,; » hy\ o ajsinhzg +¢inzrl

hﬁ = & cuh§ cesv\

(A2-11)

{A2-12)

[, lﬁ*‘”"’i“f"f:‘f;;gml
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TABLE A-3

DIFFERENTIAL OFERATIONS INVOLVING THE Ve ANDVY -

OP ERATOR IN THE GENERAL EQUATIONS FOR FLOW o

FLUIDS THROUGH COMPRESSIBLE FPOROUS MEDIA

1. Cartesian Coordinates (x, Yo %2

bP‘ 2 & OPt OE,
VP"VE:(bx,(Bx by)‘ay)+‘b')‘az' (A3-—l)
4
D%pe 3 > P o 2
VYR o= U4 > & 433 >y ¥ =35
) D > p _ ézp: ) o 2pt
vy et byz*&“a“;“s: (A3-2)
3  opt O o Zzpl
PRSI SRt Stk > 2
spt > o
VP OvE s P <L (vry 4 7 35 O +3E = oe
(A3-3)
2
_ 2Pt dp1 3%pr  2pr Y dpe dpr 2 SP
VPLVPIIYP! = 5= (5= >, 2 2y 2y 2x e 3 o)

‘Bpl 2Pt 2 2Bt dpi }29' bpl e o p
Sy TR RSy P35y S z SE o8 Sy

Tp Pt D 2p! é‘pn > Sp! X Szpl
}a‘?r;xéx L dy oy Y 2z 932

{(A3-4)
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Table A-3 - continued
pd i 2
2 ] o *¢
va?' = P! + Pt N o (A3-5)

> x° 2 yz 2 o*

vPr s | (=B 4 (2EL L
o x >v 2B

(A3-§)

2. Cylindrical Coordinates (r, 9, s5):

P EE) iy

apt.  2E
..v ! w— w———
ve E=d 4 ' cX M X

r ot

i1 ,2p¢ Gl
) ¢ :3("5-5)(*-—3

2 L)
O"pt  —yeg 3 2p!
P! = .9.3...‘?.,, arz + z 2% 28 vr-gt or 28

2 ? )
VP! IV P! 2 = e (VP 4 = mi-(vP')*-;;:—}—; (P
4

2pr @1 2%p

( apt 2 op
2r "or ara

29 286 2=z

VP! 9Pt IVP! a "'la'

r
opt O o 1 op¢ 2pY 2 Sp!
rZ 28 '2r 2r 240

1 ap
+ ,.2 =% {A3~10)

BZPG 2ptrt I opy P 2Pt 3 P!
z* >e’'" 3% 3
>% o8 2= 22 2 a2r 3
2%
28 o1 = 3"2 )

P

4 L 2B
5

z e




Table A-3 - continued

2 ¥
2 P > P 1 °2%pt  2%p
v Pl'e ST S + z S 2.+ S 2 {(A3-11)
) 2
1
2 & i) e
2P0 1 >pr PP
v P] *[(‘5'.; iz =) t 57 ] (A3-12)
3. Spherical Coordinates (r, 0, P):
Pt YE ] QP' oK 1 2P 2E
VP!'.VE=s (==){ )+ ( M )+ (¢ }
e o T T e S e 2 Ry s8'VSg
| {A3-13)
& e e . e
2°pt  Spog 2 JP! —p~4 3 P!
VVE! = 8.8 > 2V T 57 590 T reime sr OB

32 50 >

.‘.93, > opt 9_939 szg .!g.c.g > opt (A3-14)
rz }02 y 8ind #

Sﬂgr 2 dpe .‘j’.’.g s Dpt 25%
+ +
rain® 2§ O>r :a“w >B 9 rzlinzﬁ 2”2

pr oo praEl 2 (gpny L 2B vp
P!V Rl ge s (VP =3 57 5 (TR
T r sia @
ot 2 . 3-15
-ﬂ -g'? {(ve") (A3-15)
F ~
. B! ,op 2TP! 1 9P > P 1
VE'.WEP' VY P selST T2t "Z Sesosst 2. 2
T r sin O
-
2pr 2 Spt 1 2P Pt 2 opt 1 o2 2%
SP3BT 2o ST TINe T TI e S 2 (A3-16)
r r 8
1 dpr ¥ I 1 Dt Pt 2 3P

+ : )+ (==
2 2. >gop o9 2 ein? o z? *r ok 28
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Table A3 ~ continued
. 1 op i. ép:+ 1 Sp 521_“
¥ 3 g P
R IT ¢ ain%a YY) zﬁz
2 d 2 Opt >
VOP!s - el U ap)*r L G(ainO-—-—-—-P.)
¥ r sin @ 2 8
. 1 élpt
A3e
r oein @ > gt (43-17)

S

' BP! Z 1 bp, 2 é Z
v |=[(--;) + {3 ) b (o o (A3-18)

r sia @ ai’

Vector and dyadic operations of the ellipsoidal and oblate spheroidal
coordinates are not included here because of the complexity involved.
However, these operations can be obtained from general eguation given

by Table A-1 dirsctly,
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TABLE A-4

THE EQUATION OF CONTINUITY IN VARIOUS COORDINATE

SYSTEMS FOR FLOW OF FLUIDS THROUGH

COMPRESSISLE POROUS MEDIA

1. General oordinates:

V. {(CEU) = -—;; (Ec) {Ad-1)
or  9.(TV) = -—=(ET) | (Ad-2)

a) Cartesian Coordinates (x, y, 8):

o P P b
3 (Ba) + <= (c'EUa) + 3—; (TE Uy’ + -3-‘-(012 U‘) 2 Q (A4-3)

b) Cylindrical Coordinates {r, 9, =)

S (E L 2 wegu )+ L = (o8 S (cE 0 (Ad-4
at(ﬂ*r ar‘“" Ur’+r 3'3( Ua“‘az“" Us}. (Ad-4)

¢c) Spherical Coordinates (r, 9, #):

ot (L OF r rsind 29 8
: : | 4=5
ATy Y § (crEU’) = 0 {Ad-5)
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APPENDIX B

DERIVATION OF THE GENERAL TRANSIENT EQUATION

FOR FLOW OF INCOMPRESSIBLE FLUIDS

THROUGH POROUS MEDIA

The general discharge equation is

o/ae1 Iz,

X - Aw

- H . /a1 -

Ue gz |1 T (ADAT(T)  (8-1)
T
Y

The hydraulic radias is defined an

E
r

and the superficial velocity im the porcus medium is
V= Ey§ (B-3)

When Eqs. (B~2) and (B-3) are substituted into Egq. (B~1), it yields

T,
. 2 -b/a -1} ° ‘
- E b/a«l -
v 75075 [T, T U T(T) (B-4)
T
t

The eguation of centinuity for flow of incompressible (luide

through porous media is

V.V = ~3-§; {B<5)

3 e {B-2)
H 50(! - E)
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When Eq. (B-4) i» introduced into Eq. (B-5), it becomes

X
2 “b/a-l -
v . { E |7, %81 et (T,)
2as_(1-E}
T
Y

The oporation of the left-havd side of Eq, {B-6) is as follows:

-b/a-1 l'r“l 7 .
V| Tas, n =5 Tl BT (T = 33
T /
b 4 "
k ’b/"l rrﬁ‘ o - ITOI
(1-E) g(Td Y (V. TOH- T, g(Tn)aT
'1'y J -ry
g2 -b/a-x — g2 /a-1 1%
v{ {1-E) } MECRRT | Ty v g(TIeTB-7) -
T
b 4
where
g(T) = Tb/‘d by {B-8)

The task remdined is to evaluate. Eq., {(B-7) term by term. Firat,

the divergence of “i:o is

- E
AV To' e Sou*El (-vBY)

B 2 1
“sacEm UV RV snoEe (VR0 08 (8-

Then, the svaluation of

Ez “b/a -1 ]

-8 lTal

U |
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-b/a-1 " 2 [z b/a-1
‘w7 YlEe)t Ees TR aes "vp'q
[ “b/a 1 2
E 2E-E
Jotee ™ [22:2)-
5 -5 ] €52
~b/a~2 -1
2
b g* |El.vP E|-vpil .

| «vp
+ 5 (- B vE

r 1 -b/‘ {E.b/‘ 11 -E‘b/&LLE
a -E)l ~b/a J

bta l_vp,rb/aoz[ E

l1-b/a i+b/a
- (e ] (-9P" . («v9P)
s Q- E)-b7a -]
(8-10)
The gradient of the iategral is
IT,| It
v g(T)aT = vgl{T)eT + g{lTol)vlTol-g('ry)va
T T
y 4 {B-11)

Since g {T) is not a function of position, and Ty is conatant, the fivat

and third termsin the vight-band side of Eg. (B-ll) are egqual to zero,

thua
T,
v| stTIdT e I(TO)VE:HPE':E" | -vp
T
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-3

El-vpl —
=g (]Tol) 3 ‘:7_ ) (=VPY . («vYPY) ¢ l-vps |
° 8, (1-E)

VE] {B-12)

The eubstitution of Eqs. (B-9), (B-10), and (B-12) into Eq. (B-7)

gives
b/a -} IT°I
2asv. V= (L%ﬁf.'.., gl-b/a
TY

— LR — K
[so (i-E) {-Vv P + Fi (-vPY). (VE)]-I' m {-vP}Y

s, (1-E)
T “b/a-1
o 1 _ -b
g(nar ['..Y%.'.L] oo (!;E.b/a)] vE
T o L pemyl-v/a
’ kN
E l+b/a  -b/a-3
+ rtev—————— -Vpl . -2- .
s (I-E) ( ) 8(TNAT (-2 - 1) 5 |-
T
g 4
gl-b/a 3

%7 | (-vPY. (e E . _E
JI-E)"“‘] Pe (TEY 4 s 0-m VP T

~ "b/l-l -1

M EI- P )

S “'E)} 8 “To“ ,;-‘-S_'(%f% (-VE9 . (-vvp-)+——-—.._..l vp!l vE

- ° o . 2
Soﬂ-E)

b/a -b/a-1 1 - T |

s («-VPY), (VE) so I-VP’I E b/a o (T

T

y
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-7l -
- - izl
-b/a
b/ “b/a-1l E (1 - E-b/a)
+ 5 |mwpt| " g(TdT
o u_mr.-b/a
T
y
-l
. E I-vp}:l “'To“}
{1~ E)
& (=VPY) . (+TPY) . (~9YPY) (-P'-l) s b/a I-vpvl‘b/“'3 E?v-b/n.
* ‘ Y o u_E)l-b/a
T_|
" E® -3 f
g{T)d4T + m l-o Pt T f (ITGI)] !
T
Yy
sy [V
-b/a
3 b/a -b/a-1 E
+{(-vP") |8 - P!| 3(1}&11
[ o | (1-g) TR/ )
TY (B-13)

¥inally, introducing Eq. (B-13) into Eq. (B-3), one gets the
geaeral three-dimensional transient equation for {low of incompres-

sible fluids through comprassible porous media, or

2 2E
A [vpr.vE] + A[vPt.v P! 9y P+ AS[V p]s 2a8 ==
(8-14) |
where
b/a -b/a -1 £V mou/a) ol
A, =I5 |evE| 1572 g(marT ;
(1-E) ' |
T
4
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-Td =
B -1 '
+ [-w®| " £ (T |):l (B-15)
“.E)z 0
2onye [
~b/a
a+b b/a, __, -b/a-3 E
Azs[ (=15, |-vp?| (I-E)i'b/’ g({1)aT
TY
+ .._g;.f—- l—vpl -3 T (B-186)
2ov) IT, | |
b/s “b/a-1 ge-v/3 i
A_=|8§ |=<® g('x‘)d'x‘] {(B-17) ;
3 [o (l_mx-b/g
T
¥

The equationsfor flow of Ostwald-de Waele fluid, Bingbam
fluid, snd Newtoaian fluid are reduced directly from the gexeral
transiont equation (Eq. B-14) by substituting theilr respective functione

of £{T) in the coefficients Al' Az and AS‘
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Appendix-

Supplement to Integral Method

The Third Boundary Condition:

The condition states that the solid deposited on the surface of

the cake per unit time {s equsal to the rate of increase in the weight
of the filter cake. It follows, thereiore, that

aw

ke 1-‘::::}1 Vi MWW, (c-1)
where

in s  velocity of the liquid at the surface

X a  {raction of solid in the slurry

m, =  ratio of mass of wet to dry solid at the surface layer

p =  density of the liquid

From the Kozeny equation, the ligquid velocity is related to the pressure

gradient by
dPa
8. Tw % %R V:u at Wa‘. = Wl {C-2)
x
Substitution of Eq. (C-Z) into (C-1) gives
8, dPs } - znix dwl ,
e na¥W_ " T X ar MW= W, (C-3)

Equation (C~3) is the third boundary condition which relates the rate
of growth of cake to the pressure gradient and solid concentration in

the slurry. It is obvious that the profile will involve the term ¢W l/ de
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which when substituted in the integral equation yields a second order
differential equation in terms of W‘l {t), and there is only one initial

condition (i.e., W, = 0 att= Q). To circumvent this difficulty, the

1

condition

P' (Wxn Wl’ t) = O
is differentiated with respect to time which gives

2 P’ aw P P’

1
SW, &t T =0 (C-4)

Then, substitation of 'c)P./a t from the original differential equation
gives a condition in terms of preassure derivative with respect to

weight of solid only. This is

L >p, ¢ L-em x[ 2% apuz g
-‘;: ——-dps In(l-E) (-———awx) s - o% - 3 -(awx) apsh}ax
b 4
st W_= W (C-5)

Equation (C-5) is the tLird boundary condition which must be satisfied
by the assumed presaure profile. Hence, a second or higher order

profile with three or more coefficients must be assumed.
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NOMENCLATURE

arbitrary vector

functions of flow geometry defined in Eq. {2)
intercept defined in Eq. (89)

mean particle diamater, ft,

porosity, dimensionless

conversion {actor, 32,17 lhm-it/lh‘-socz
elevation, It

scalar factors in coordinate ?yatcm
pormeability, sq. ft,

Koreay constant defined in Eq, (4)

fluid consistency index, lbf-aecn/sq. ft,

ratio of the mass of wet to dry solid, dimensionless

value of m in {nfinitesimal surface layer of cake, dimensionless

material in an arbitrary volume element, Ib £
molecular weight

flow bebavior index, dimensionless

outwart unit normal

hydraulic pressure, lbr/ sq. ft.

hydraulic pressure at the septum, lb/ sq. ft.
applied pressure, lb/sq. ft.

salid compressive pressure, lbf/sq. £t.
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(F + oh), lbf/aq. ft.

filtrate volume, cu. ft./sq. ft.
gas constant

hydraulic radius, ft.
resistance of the septum, 1/1t.
arbitrary surface, sq. ft.
slope defined in Kq, (8?))

specific surface of solid, or surface area per unit
valume of solid, sq. ft. /cu, ft.

time, sec.
temperaturs

shear streas which can be 'I'" for pipe flow, or T
for slit flow

yield stress, lbf/oq. ft.

shear stress acts on a plane perpendicular to y-axis
aad in the x-direction, lbf/ 8q. ft.

true velocity of the fluid, with subscript, scalar
component, {t/sec

coordinate axes, i= 1, 2, 3
arbitrary volume slement, cu. ft.

vector volumetric rate of flow per unit area or superficial
velocity, with subscript, scalar component, ft./sec.

exit velacity in the filter cake x~direction, ft. /sec,
total mass of dry solid per unit area, lbm/sq. &,

mass of dry solid per unit area at distance x from the
supported medium, 1b m/ 8q. ft.
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W,

X

£(T)

g({7)

mags of dry solid measured to the surface of the cake,
I /sq. ft, '

m
{raction solids ia slurry, dimensionless

dUi/dx 7 function of fluid model obtained from sheas
8tress and shear rate relationship, 1/sec.
Th/a-l

£(T) defined in Eq. (28)
experimental constants defined in Eq. (87)
specific cake resistance, ft, /me
density of liguid, lbm/cu. fe,

true density of solid, lhm/ cu, ft,
viscosity, lbm/ sec-it,

viscosity, lb‘-uc. /8q. ft,

apparent viscosity, b ~sec./sq. ft.
specific weight, lbf/ cu, ft.

potextial function defined in Eq. (61), ft,
scalar function

vector operator del

divergence of a vector

curl ef a vector

lapiacian operator

dyadic operator

magnitude of the vector VF ' and ?o respectively
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