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Abstract

In this thesis, we present the Weil representation over loop symplectic groups. Then
we study the question of whether or not the Schrodinger representation and the Weil
representation are continuous. Finally, we define a cocycle of SLo(R((t))), adapt

Kubota’s theorem to this case and verify that this cocycle splits over SLy(R[[t]]).
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Chapter 1
Introduction

In 1959, Segal[I0] defined and proved the existence of a certain projective rep-
resentation of infinite-dimensional symplectic groups. Inspired by Shale’s[12] study
of this representation, Weil [14] introduces a generalization of this representation to
symplectic groups over an arbitrary local field. For this reason, this distinguished
representation of the symplectic group, or rather of the metaplectic group is called
the Segal-Shale-Weil representation, or simply the Weil representation. The Weil
representation plays an important role in the theory of theta correspondence, which
establishes a bijection of isomorphism classes of irreducible admissible representations
between dual pairs. The details of this correspondence can be found in many places,
for example in [7].

The usual starting point is to consider two different representations U and U* of
the Heisenberg group H = V & V* @ F on L*(V) where V is a finite-dimensional
vector space over I, a local field of characteristic not 2, and s is a symplectic matrix.
Then by the Stone-Von Neumann theorem, these two representations will turn out to
be unitarily equivalent [9 Section 3.2]. In other words, there exists a unique (up to

scalar) unitary operator & such that
¢\U¢e =U”.

Furthermore, by the uniqueness up to scalar of this intertwining operator, &, is in
fact a projective representation of the symplectic group over the space of Schwartz

functions. An explicit formula for & can be found in [9, Lemma 3.2 (3)].
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In 2008, Zhu [16] wrote that the same construction can be done over loop sym-
plectic groups, namely by replacing the field F with a field of Laurent series with
coefficients in F. However, instead of using the Stone-von Neumann theorem, one
carries over the explicit formula for the Weil representation to a specific subgroup
and checks that the expected properties are indeed satisfied[I6, Proposition 2.8].

In a different, but related topic, Kubota [13] describes a cocycle of SLy(F), for F
again a local field, which depends on so-called Hilbert symbols. He also shows that
the cocycle induces a non-trivial central extension.

The main contribution of this thesis are three-fold. Firstly, we rewrite Section 2
of [16] in detail in Chapter 3, and by doing so we fill some loose ends in the paper.
Secondly, we give in Chapter 4 explicit, elementary proofs of the continuity of some of
the representations defined in Chapter 3, including the Weil representation for loop
symplectic groups. Finally, we define a cocycle for SLy(F((¢))) similar to Kubota’s
cocycle and prove that it splits over SLy(F][[t]]). The remainder of this introduction
serves to give an outline of each of the sections.

In Section 2.1, we define what a local field is without delving into the theory. We
also describe the field F((t)) as a topological field in Proposition 2.1.5, or in other
words that the operations of addition, multiplication and inversion are continuous.
Furthermore, we give an explicit basis for this topology.

In Section we define and discuss some properties of the Schwartz space S(V').
We do so first over a finite dimensional vector space for both cases where F is an
archimedean local field or non archimedean. For an infinite dimensional space, we
will define a Schwartz function to be a function whose restriction to every finite
dimensional space is also Schwartz. If F = R, then by inducing a topology on the
Schwartz space with the use of seminorms, it will turn out that S(V') inherits the
Fréchet space structure of the finite case.

In Section [2.3] we introduce the study of central extensions through the use of
cocycles, and in fact prove that there is a bijection between isomorphism classes of
central extensions and equivalence classes of cocycles in Proposition [2.3.10]

These preliminary sections allow us to define the Weil representation over loop
symplectic groups in Chapter 3, Proposition [3.2.5. We will first consider a symplectic

form (.,.) on an infinite dimensional vector space X = V @& V*, where V* is the vector
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space dual of V| and its isometry group Sp(X). However, Sp(X) will be too large
to allow a definition of the Weil representation, hence we will concern ourselves with
a subgroup Sp(X, V*), which is the biggest subgroup over which the formula for the
Weil representation can be carried over. The good thing is that Sps,(F((¢))) will be a
subgroup of Sp(X,V*) (Lemma for a suitable choice of V', and this is a group
which is well-known and understood, hence it is always possible to restrict the Weil
representation to it.

The Stone von-Neumann theorem in the finite dimensional case gives a certain
relationship between two representations of the Heisenberg group and the Weil rep-
resentation. We should expect the same relationship to appear in the infinite dimen-
sional case, and in fact, we will give a direct proof of this statement in Proposition
0. 2.0l

To prove that our Weil representation is indeed a projective representation, we
will have to reduce to the standard Weil representation. The trick will be to write
every element of Sp(X,V*) as a product ¢ = pg’ where p and ¢’ respectively lie
in two subgroups P and Spg,(X) which are much more manageable. Indeed, the
Weil representation for P will have a very simple formula where no integration is
happening, and the one for Spg,(X) will turn out to be very similar to the standard
Weil representation, which we already know to be a projective representation. Finally
we will end the chapter with a short study of V' = (¢!R[t71])?". We will prove that
its vector space dual can be thought of as R[[t]]*" in Lemma and this will
induce a symplectic form on R(())*".

In Chapter 4, we will study whether or not the Heisenberg group representation
and the Weil representation are continuous in the case = R. In fact, we will start
with an explicit proof in the finite dimensional case for the Heisenberg group, which
will turn out to be much more technical than one would initially expect. The main
strategy will be to consider the action of three subgroups of the Heisenberg group
and how they interact with each other. The proofs for the infinite dimensional case
V = t7'R[t!] will be in appearance easier, because the topologies involved are much
easier to work with than the Euclidean topology. Thus, we will not need any technical

lemmas and we will directly proceed to the proofs in Proposition and Theorem
424
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In Chapter 5, we define a cocycle very similar to Kubota’s cocycle, but for
SLy(R((t))). Then we carry over Kubota’s results[6] to SLy(R((¢))) in Chapter 5
in full detail. The definition of the cocycle is very difficult to work with, and a proof
by brute force would involve over a hundred cases. Finally, we also prove that the
cocycle splits over the subgroup SLo(R[[t]]) in Theorem with a case by case

argument.



Chapter 2

Preliminaries

2.1 Local fields

Suppose F is a field. We say that F is a local field if (F,+) is a locally compact
topological group with a non-discrete topology. Denote by F((¢)) the vector space of
all Laurent series over ¢, i.e. F((t)) = F[[t]] ®@ ¢ 'F[t~']. Then F((t)) with the obvious
operations of addition and multiplication, is a field [1, p. 238, Exercise 4].

The following theorem is a combination of Theorem 5 and Theorem 8 in [13].

Theorem 2.1.1. Suppose I is a local field. Then F is either R, C, a finite extension
of Qp, or F((t)) where F is a finite field.

We will refer to R and C as archimedean, and to the finite extensions of @, or
F((t)) for F a finite field as non-archimedean. We will often be interested in F((¢))
where T is a local field. Suppose x = > a;t'. Then we set v(x) = min{i : a; # 0}

i=—n

for x # 0, and v(0) = 4+00. Let

Up={x € F((t)) : v(z) > n}.

We equip F((¢)) with the topology generated by all sets of the form = + U, where
x € F((t)). Remark that if m > n, then U,, C U,. Furthermore, U, + U,, C U,,. The

following proposition will be very useful :

Proposition 2.1.2. The collection of open sets of the form x + U, is a basis for the
topology on F((t)).
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Proof. Suppose U is an open set. Then it can be written as an arbitrary union of finite
intersections of sets of the form z+U,,. We need to show that for all y € U, there exist
a set of the form 1/ + U,, containing y and contained in U. Without loss of generality,
we can assume U = (x1+U,,)N...N(x,,+U,,, ) is a non-empty intersection of elements
of the form = + U,. Let N = max{n;,...,n,} and y € U. We claim that y + Uy is
contained in z; 4+ U, for all 7. Indeed, we know that x; —y € U,,. If y+vn € y+ Un,
then z;— (y+ovn) € Uy, —Un C U,,. Therefore, y+vny = x;— (x;— (y+vn)) € ;4 U,,,
hence y + Ux C x; + U, for all i and then y + Uy C U. O

The main application of this proposition is the following :

Lemma 2.1.3. Suppose U C F((t)) is open and x € U. Then there exists m € Z
such that x + U,, C U.

Proof. Choose m and 2’ € F((¢)) such that x € 2’ +U,, CU. Then z — 2’ € U,,. But
thenz +U,, =2 +U,, CU. O
Remark 2.1.4. Often, we will choose m to be greater than or equal to some other

arbitrary number. This is not a problem because m > n implies that U,, C U,.

Proposition 2.1.5. The operations of addition, multiplication and inversion of F((t))

are continuous.

Proof. Let us write z = > a;t' and y = > b;t" for M, N > 0 such that a_; # 0,

i>—M i>—N

A i+N ‘

b_n # 0. Then we have z+y = > (a;+b)t' and zy = > > agbi gt
i>—max{M,N} i>—(M+N) k=—M

We see from these formulas that v(z +y) > min{v(z),v(y)} and v(zy) = v(z) + v(y)
for z and y # 0.

Now suppose U C F((¢)) is open and (z,y) is in the pre-image of U under the
map (z,y) — = +y. Then there exists m € Z such that z + y + U,, C U. But now,
(x +Upn) X (y+ Up,) is an open set of F((¢)) x F((¢)) containing (x,y). Furthermore,
if v/ € x4+ U, and ¢y € y + U,,, we have ' +v' € x + y + U,,. We conclude that
(x 4+ Up) X (y + Uy,) is contained in the pre-image of U and therefore the pre-image
of U is open.

If U CF((t)) is open and (z, y) is in the pre-image of U under the map (z,y) — zv,
then once again there exists m > 0 such that zy + U,, C U. Let

R = max{m — v(z),m — v(y), m}.
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Clearly, (x + Ug) x (y + Ug) is an open set of F((¢)) containing (z,y). But now, if
2’ € x+ Ug and ¢ € y + Ug, we have

fL‘/y,€$y+$UR+yUR+URUR§$9+Um+Um+U2m§$?J‘|‘Um

We conclude that (z+Ug) X (y+Ug) is contained in the pre-image of U and therefore
the pre-image of U is open.

Finally, suppose U C F((¢)) and that z # 0 is in the pre-image of U under the
map z +— z~'. Because 0 = v(zz™!) = v(z) + v(z™!), we know that v(z™') = M.
Write 27! = 3~ ¢;t. Then

i>M

i—M
A Z Z akci_kti =1.

i>0 k=—M

Therefore, we obtain that ¢y, = a:}w and then recursively that

i—M
Civnr = —a )y aCi—k-
k=—M+1
In particular, ¢;4p depends on a; for —M < k < —M + 4. Now, choose m > 1
such that 27! + U,, C U. Then ¢; for M < i < m is determined uniquely by a_yy, ...
a_prym—1- We claim that 24+U_pr40, C (2714 U,,) L. Indeed, if y € 24+U_jr4m, then
y~! (which exists because a_j; # 0 and m > 1, hence y # 0) will share the same first
m coefficients with 27!, because they are uniquely determined by a_,....a—pr4m—1,
which are the same for x and y. Therefore, y=! € 27! + U,, C U, and thus the

pre-image of U is open. ]

2.2 The Schwartz space

Suppose F is a non-archimedean local field. If V' is a finite-dimensional vector space
over I, we say that a complex valued function f is a Schwartz function if f is locally
constant with compact support. If V' is not finite-dimensional, we say that f is
a Schwartz function if its restriction to every finite-dimensional subspace of V' is
Schwartz. We will denote the space of Schwartz functions by S(V'). For the rest of
this section, we deal with F = R. The main reference for the theory of Schwartz

functions in the finite dimensional space is [5].
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Remark 2.2.1. For F = C, we simply think of a vector space over F as a vector
space over R with twice the dimension and the Schwartz space is then defined in the

same way as in the real case.

Suppose V= R" f e C®°(V) and let a = (g, ..., ) and B = (5, ...0,) € N™.
Write
Pas(f) = sup |20 f(z)],

zeV

where & = (21, ..., 2), % = 2325220, % = 9*...0P". Then let
S(V)={feC®V) :pas(f) < oo for all multi-indices «, 5}.

Lemma 2.2.2. Suppose f € S(V'). Then for all multi-indices o = (ay, ..., ) and
B = (b1, ...0n), we have

Proof. This is an easy exercise. O
Proposition 2.2.3. Each p, g is a semi-norm on S(V).

Proof. This proof is an easy exercise. n

Consider the sets Uy g = {f € S(V) : pas(f) < €}. We equip S(V') with the
topology generated by the collection of all sets of the form f + U, g..

Definition 2.2.4. Suppose X is a Hausdorff topological vector space. Then we say
that X is a Fréchet space if

1. Its topology is induced by a countable family of seminorms ||.||, in the following
way : we say that U C X is open if and only if for all v € U, there exists finitely

many seminorms ||.[[, ..., [|.|[, and e > 0 such that

n

(HweX:|w=ul, <e CU

i=1

2. Tt is complete with respect to the seminorms, i.e., every sequence which is

Cauchy with respect to every seminorm |||/, has a limit in X.
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Proposition 2.2.5. S(V') with the topology defined above, is a Fréchet space.
Proof. This is Proposition 8.2 in [5]. O

Next, suppose V' is an arbitrary real vector space. Then we define S(V') to be
the space of all functions f : V' — C such that for any finite-dimensional subspace
W C V', we have that f|y € S(W).

We will be particularly interested in the case where V = (¢t 'R[¢t7!])*". We can

write an element v of V' as ,
v = Zt‘lpi(t_l)ei
i=1

for polynomials p; € R[t], and the e;’s is the standard basis of V as a ¢~ 'R[t~!]-module.

Next, suppose m - N Then let a = (ai’j)1§i§m71§j§2n ELIld 5 = (/Bi,j)lgigm,lngQn and
Vin =span{tJe; : 1 < j <m,1<i<2n}

If f e S(V), we know that f|y,, is a Schwartz function in the ordinary sense. Hence,

we can define the maps

0,0 Qm,2n
:U070 . .$m72n

Pa,gm(f) = sup
IEEVm

850,0 8Bm,2n ( )
ang)do axﬁm,zn

m,2n

forx = > xmt-_i € V.

J
i<m,j<2n

Proposition 2.2.6. Fach pygm s a seminorm.
Proof. Follows immediately from Proposition [2.2.3] O

Remark 2.2.7. Suppose we equip S(V') with a topology in the same way that we
did in the finite-dimensional case with the seminorms p, s, but U, g, is replaced by

Ua.gm,e. Namely,
Ua,ﬁ,m,e = {f € S<V) :pa,ﬁ,m(f) < 6}

Then it turns out that the two topologies are equivalent.
We also obtain

Proposition 2.2.8. The space S(V') with the topology induced by the seminorms

Pa,g,m 15 a Fréchet space.
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Proof. Suppose fi, fo € S(V) and that f; # fo. Then there exists v € V' such that
fi(v) # fa(v). In particular, v is contained in V;, for some m. Write ¢ = f1(v) — fa(v).
Then the open sets Up g m,c/2 + f1 and Up g m.c/2 + fo are disjoint open sets separating
fi1 from fy. We conclude that S(V') is Hausdorff.

Now suppose f,, is a sequence of functions in S(V') which is Cauchy with respect
to every seminorm p, g.,. Suppose v € V. Then v € V,,, for some m. In particular,
fulv,, is a Cauchy sequence with respect to pg o, and therefore f,(v) is also a Cauchy
sequence, and has a point-wise limit. We let f(v) be the point-wise limit of f,(v).
Now suppose W C V is finite-dimensional. Then f,|y are Schwartz in the ordinary
sense, because W C V,,» for some m’. We see that f,|y forms a Cauchy sequence
of Schwartz functions on W and thus by Proposition [2.2.5 converges to a Schwartz
function g on W. However, it is not hard to see that g agrees with f|y,. Therefore,

f is a Schwartz function. m

Notation 2.2.9. We will sometimes replace pos(f) or papsm(f) by the notation

[ flla.g o7 1 fllapgm- Furthermore, we will also sometime replace poo(f) by | fl -

2.3 Central extensions of groups

In Chapter 5, we will be interested in studying central extensions of loop symplectic

groups. We recall some of the standard facts about central extensions in this section.

Definition 2.3.1. Let K, G, H be groups. An extension is a short exact sequence

1 H—vG- oK 1.

The extension is said to be central if i(H) is contained in the center of G.

By an isomorphism of extensions (or of central extensions), we mean a commuta-
tive diagram

l—=H—>G—toK——1 (1)

where ¢ is an isomorphism between G and G’ and each row is an extension (or a

central extension).
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Example 2.3.2. Suppose G = K x H. Define i : H — G by i'(h) = (1,h) and
i G = K by j'(k,h) = k. Then,

-/

1 H- -G+ K 1 (2)

1S an exrtension. ]f@Y = K x H and H 1is abelian, then 15 a central extension.

Proposition 2.3.3. Suppose

1 H—-G1sK—=1 (3)

1s an extension. Then the following conditions are equivalent :

1. There exists a group homomorphism q : K — G such that jq = 1.

2. s 1somorphic to where G = K x H for some semidirect product.

Proof. Suppose that there exist a group homomorphism ¢ : K — G such that jq =
1x. Note that the image of H in G is normal, because i(H) = ker j. Define a map
a: K — Aut(H) by a(k)h =i~ (q(k)i(h)q(k™1)). For each k, a(k) is a well-defined
group homomorphism because i(H) is normal, and is clearly injective and surjective,
hence an automorphism. Consider the subgroups ¢(K) C G and i(H) C G. Suppose
x € q(K)Ni(H). Then x € ker j by exactness, hence j(z) = 1. But then = = ¢(y)
for some y € K, hence j(z) = jq(y) = y = 1. Therefore, z = ¢(1) = 1. We conclude
that q(K) Ni(H) = 1.

Now suppose = € G. Then gj(z~ 1)z € ker j. Therefore, qj(z~!)z = i(h) for some
h € H. But now, x = ¢qj(z)i(h) € q¢(K)i(H). Therefore, G = q(K)i(H). We conclude
from [1l p. 180, Theorem 12] that G = ¢(K) x i(H) = K x H with the isomorphism
¢ : q(k)i(h) — (k,h), and it is easy to check from the definition of ¢ that Diagram
(1)) commutes.

Next suppose G = K x H as in Example Then in K x H, we have i'(H) =
{1} x H and j'(k,h) = j(k,1). Define ¢ : K — K x H by ¢'(k) = (k,1). Clearly
j'd = 1k and ¢ is a group homomorphism. But then, by the commutativity of
the diagram it is easy to check that ¢ := ¢ o ¢/ is a group homomorphism K — G
satisfying jq = 1. ]

In the previous proof, the assumption that H is contained in the center of G was

not needed. For central extensions, we obtain the following :



CHAPTER 2. PRELIMINARIES 12

Corollary 2.3.4. Suppose that

l—H— Gl K —>1 (4)
15 a central extension. Then the following conditions are equivalent :
1. There exists a group homomorphism q : K — G such that jq = 1.
2. s 1somorphic to where G = K x H.

Proof. Suppose that there exists a group homomorphism ¢ : K — G such that
jq = 1g. Then by Proposition [2.3.3] is isomorphic to ([2). Therefore, there exists
¢ : K — Aut(H) a homomorphism such that G = K x4 H with operation

(K1, hy)(ko, ho) = (kika, hagr, (ha))

However,

(1,h) = (k, 1)(1, h) (k™ 1) = (k, ¢ (h)) (k™" 1) = (L, du(h) (1)) = (1, x(h))

and therefore ¢ (h) = h for all k and the semidirect product is in fact a direct product.
The converse follows immediately from the previous proposition because a direct

product is also a semidirect product. O]

A central extension satisfying the conditions of the previous corollary is called
split. Our next objective is to establish a bijection between isomorphism classes of

central extensions and equivalence classes of maps which we call cocycle.

Definition 2.3.5. Suppose H and K are groups where H is abelian. Then a map
a: K x K — H is called a (two)-cocycle if

1. a(k,1)=a(l,k)=1forall k € K
2. O[(]flkg, ]f3)0£(k’1, k’g) = Oé(k’l, k’gk’g)a(kg, k?g) for all k’l, ]CQ, kg e K

Proposition 2.3.6. Suppose H, K and « are as in definition [2.5.5. Then the set
G = K x H with operation

(k‘h hl)(k27h2) = (kﬂ{/‘z,o&(k‘l, k2)h1h2)
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15 a group. Furthermore, we obtain a central extension

l—H—>G—LsK—1
with i(h) = (1,h) and j(k,h) = k.
Proof. First, note that
alkk ™ B)alk, k™) = alk, k7 k)a(k™ k).
Hence,
alk, k™Y = a(k™1 k).

Second, we verify the axioms of a group.

L. (L, 1) (k,h) = (k,a(1,k)h) = (k, h) = (k,a(k,1)h) = (k,h)(1,1)

2. For all ki, ko, k3 € K and hy, hy, hy € H,

(K1, ha) (K2, ho))(ks, hs) = (kika, a(kn, ka2)hiho)(ks, by
= (kikoks, a(kiks, k3)a(ky, ko
= (k1koks, a(ky, koks)a(ka, k3
= (k1, h1)(koks, a(ke, k3)hohs
= (

ki, ha)((kg, ha)(ks3, hi3))

3. (k,h) (k7Y alk, k=) Rt = (kk7Y a(k, k™ Ya(k, k)" thh™1) = (1,1). Fur-
thermore, we have (71, a(k, k=) 'h~t) = (k71 a(k~, k)"*h~1). Therefore,

& alk, ) (B = (La(k™" k)a( k)" h1h) = (1,1)

We conclude that G is a group. It is easy to see that ¢ is an injective group homo-
morphism. Similarly, it is easy to see that j is a surjective group homomorphism.
Furthermore, (k,h) € kerj if and only if £ = 1 and it is clear that (1,h) € Imi.
Finally, for all h,h' € H and k € K,

(1, 1) (k, h) = (k, a(L, K)W'h) = (k, W'R) = (k, a(k, D)hi') = (k,h)(1, ).

Therefore, i(H) C Z(G) and the extension is a central extension. This completes the

proof. O]
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Definition 2.3.7. Suppose K, H are as above. Then a (two)-coboundary « is a map

a: K x K — H satisfying

for some map s: K — H.
Remark 2.3.8. It is a simple exercise to see that every coboundary is a cocycle.
The next two results allow us to classify all central extensions in terms of cocycles.

Lemma 2.3.9. For two cocycles o and (3, define
a ~ B if and only if oS~ is a coboundary.

Then ~ 1is an equivalence relation.

1

Proof. 1. Clearly, aa™' =1, and 1 is obtained from s(z) = 1.

2. Suppose @ ~ (. Then af~(z,y) = s(zy)s(x) 's(y)~'. Therefore, by tak-
ing the inverse, we have Sa~'(z,y) = (s(zy)) 's(x)s(y). Defining s(z) =
(s(x))~!, we obtain that 8 ~ a.

3. Suppose @ ~ B and 3 ~ v. Then a8~ (z,y) = s(zy)s(z)'s(y)~! and By~ (z,y) =
r(zy)r(z)~'r(y)~!. But then,

oy (z,y) = s(ay)r(zy)s(z)'r(z) " s(y) " ry)
= sr(ay)(sr)~H(z)(s7) " (y)-
[l

The following justifies why we study central extensions using cocycles and cobound-

aries.

Proposition 2.3.10. The association of a central extension to a cocycle defined in
Proposition|2.3.0 is a bijection between isomorphism classes of central extensions and

equivalence classes of cocycles.
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Proof. Firstly, suppose that

1 H—vG- oK 1

is a central extension. We prove that it is obtained from a cocycle.
The map j is surjective, hence using the axiom of choice we can choose a set-

theoretic map s : K — G such that js = 1x. Setting

L1 fe=1
1 )_{ s(x) ifax#1

we can assume that s(1) = 1. We claim that G = i(H)s(K). Indeed, suppose g € G.
Then j(gs(j(9)™")) = j(9)7(g)~" = 1, hence gs(j(g)~') € kerj = Imi. Therefore,
gs(j(g)~1) =i(h) for some h. Then g = i(h)s(j(g)), as claimed.

Now, consider the product s(k1)s(k2). Applying j, we obtain kike. However, we
also obtain kiky by applying j to s(kiks). Therefore,

s(k1)s(ko)s(kiks) ™! € ker j = Imi.

We denote by ¢, &, elements of H such that i(c, 1,) = s(k1)s(k2)s(kiks)~" and define
a(ky, ka) = cpy py- 1t is easy to see that a(1,k) = a(k,1) = s(1) = 1. Suppose that
k1, ko, k3 € K. Then we have

§(Chy ks Chirkasks) = 1(Chy o )1 (Chyka )
= i(Chy ka) 5 (kik2) s (Ks)s (R koks) ™!
(s(K1)s(k2))s(ks)s(kikaks) ™
s(k1)(s(kz)s(ks))s(kikaks) ™
§(k1)i(Chy ks )8 (Kaks)s(kikoks) !

=1

Ch, ka) (Ck17k2k‘3>

(
i<ck2,ksck17k2k‘3)

or equivalently from the fact that ¢ is injective,
akika, ks)a(ky, kz) = alky, kaks)a(ks, ks)

which is exactly the second cocycle condition.
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Now consider G = K x H with operation given by the cocycle o as in Proposition
2.3.60 Then we claim that the map ¢ : G — G, (k,h) — i(h)s(k) is a group isomor-
phism. Indeed, (1,1) goes to 1. Furthermore ¢ is surjective because G = s(K)i(H),

as proven earlier. ¢ is also a group homomorphism. Indeed,

¢((7€1, h1)<k27 hz)) = ¢<l€1/€2, Ck1k2h1h2) = i(Ckl,k2h1h2)S(k1k’2)
= i(h)i(ha)s(k1)s(ke) = @k, h1)d(ka, ho).

The map ¢ is injective because if ¢p(k, h) = i(h)s(k) = 1, we have jo(k,h) =k =1
and then ¢(1,h) = i(h) = 1 implies that h = 1 by the injectivity of i. We conclude
that G = G and it is not difficult to check directly that ¢ is in fact an isomorphism
of central extensions. Indeed, denoting the maps in Proposition by i’ and j’, we

have
¢i'(h) = ¢(1,h) = ilp(h)
and

Jo(k, h) = j(i(h)s(k)) = j(s(k)) = k = 1xj'(k, h).

Secondly, suppose we have two isomorphic central extensions GG, G’. Then we can
assume that G = K x H with product given by some cocycle a and G' = K x H
with product given by some cocycle 8 as in Proposition [2.3.6, We wish to show that
these cocycles differ by a coboundary. First, note that from the commutativity of the
diagram,

§'o(k,1) = 1xj(k, 1) = k.

Therefore, ¢(k,1) = (k, ¢'(k)) for some map ¢' : K — H. Furthermore, again by the

commutativity of the diagram,
¢(1,h) = ¢(i(h)) = i'1u(h) = (1, h).
Therefore, ¢(1,h) = (1,h) and then
¢(k,h) = ¢(k, 1)o(1, h) = (k, ¢ (k) (L, h) = (k, ¢/ (k)h).
However,

¢((k17 hl)(k27 h2)) = ¢(klk2a a(kla kZ)hth) = (k1k27 ¢/<klk2)a(kl7 k?)hth)
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and

¢(kr1, hi)d(ko, ho) = (K1, @' (k1) ha)(ka, @' (k2)ha) = (kike, ¢/ (k1)@ (ko) B(k1, k2)hihs).

Equating the two equations we obtain

a(ky, ko) Bk, ka) ™" = ¢/ (k1)@ (k)@ (kaka) ™"

and therefore 37! is a coboundary.

Finally, we must show that two equivalent cocycles induce an isomorphism be-
tween their central extensions. Suppose «, 3 are cocycles such that a8~ (ki, ky) =
s (kik)s(ky1)s(kq) for some s : K — H. Let G; = K x H with the group structure
induced by a(ky, k2) and Gy = K x H with the group structure induced by f(k1, k2).
Then it is easy to check that

¢k, h) = (k,s(k)h)
is an isomorphism of central extensions. O

Corollary 2.3.11. Suppose « is a coboundary. Then the central extension defined by
Proposition 1s split. Conversely, suppose that a central extension is split. Then

it is isomorphic to a central extension obtained from a coboundary.

Proof. 1If « is a coboundary, then it is equivalent to the trivial cocycle B(z,y) = 1.
Therefore, by Proposition , G is isomorphic (as central extension) to a direct
product, hence is split.

The converse follows immediately from Corollary O



Chapter 3
The Weil Representation

For this chapter, we let [F be a local field of odd or zero characteristic, and ¢ : F — C*
be a non-trivial continuous additive character of F. By an additive character , we
mean a group homomorphism (F, +) — C*. The main reference for this chapter will
be [16], from which we rewrite many of the proofs in full detail.

F is a local field, hence a locally compact group under addition, so there exists a

Haar measure on F [3, Theorem 2.10].

3.1 The symplectic group

Let V be a vector space over F (possibly infinite dimensional) and V* its algebraic
dual. We denote (v*,v) = (v,v*) = v*(v), for v € V and v* € V*. This pairing defines
a symmetric, non-degenerate bilinear form. Furthermore, the space X =V @& V* also
has the following bilinear form : (vy + v}, v9 + v3) = (v1,v5) — (vg,v5). It is easy to
see that this form is antisymmetric and non-degenerate.

We denote by Sp(X) the isometry group of X with respect to the form (.,.) and
by Spon(F) the classical symplectic group over F, i.e., the set of 2n X 2n matrices A

0 I,

—I,
then we have Sp(X) = Spo,(F) where n = dim V.

We will denote the action of an element of Sp(X') on X on the right. If g € Sp(X),
v € V and v* € V* we have (v + v*)g = vg + v*g = va + v8 + v*y + v*), where

satisfying ATQA = Q where ) = . If V happens to be finite-dimensional,

18
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va € V,up € V¥ v*y € V,v*d € V*. Then we can think of g as a 2 x 2 matrix :

o B
v 0
where o : V -V, 8:V >V ~:V* =5V §:V* — V* and the action of g on

v+ v* € X can be seen as right multiplication of this matrix on the vector
=l

] as above. Then a* : V* — V* is a linear

«

~
map such that (v, v3) = (vy,via*) for all vy € V, vy € V*, p*: V — V* is a linear

Definition 3.1.1. Suppose g = [

map such that (v18,vy) = (v, v96*) for all v; € V, v9 € V., v* : V* — V is a linear
map such that (vivy,v3) = (v}, v3~*) for all v € V* vi € V* and 6* : V — V is
a linear map such that (vid,ve) = (v}, v20*) for all vf € V* vy € V. It also follows
directly from the definition that the same properties apply to the form (., .).

The above definition is valid because of Lemma 3.1.2]

Lemma 3.1.2. o*, 8%, ~*, 0% exist and are unique.

Proof. We start with uniqueness. Suppose (.,.) : A x B — F is a non-degenerate
form and ¢ : A — B. Suppose there exists ¢1, ¢o such that (¢(a),b) = (a, p1(b)) =
(a, p2(b)). Then

0 = (¢(a),b) — (¢(a),b)
= (a,¢1(b)) = (a, P2(b))
= (a, 91(b) — ¢2(b)).
By non-degeneracy, we must have ¢;(b) = ¢2(b) for all b € B. Uniqueness of o*, 5*, v

*

and 0* are then special cases.

The existence of a* and §* follows from the existence of the transpose, and, in the
case of 5%, the natural inclusion of V inside V**. By definition of Sp(X), we know
that for all v, v, € V

0 = (v1,v2) = (v19, v29) = (Viv + V13, vacx + V2 5)
= (013, v2a) + (V10,12 8) = —(v18, v1200) + (v1v, V2 3)
= —(v18a*,v9) + (v1af*,v2) = (v1(—pa” + af™), v9).
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By non-degeneracy of (.,.), we obtain

We also have

(v,v) = (v,v*) = (vg,v"g) = (va+ VB, vy +v*) = —(vB,v*y) + (va, v*))
= (v, =v"y5") + (v,v"0a") = (v, (V") (da™ —vB7)).
Therefore, we obtain
da —yf* = 1y (6)

Where 1y« is the identity on V*. In particular, this means that we have,

a Bl [-s] [o
v ool | __1V*

L [o/ g1
g - / |
7o

Now write

Then we also have, by replacing the role of g with g~*

Cl// ﬁ/ _5/* B O
,.)// 5 ' 1y- ’

Multiplying this last equation by g on the left yields
_/6/* _ /B
% o

Then § = o/* and we conclude that 6* = /. This shows that 0* exists. Now note

that for all v}, v; € V*,

0= (v7,v3) = (v1g,v39) = (V17 + 016, V37 + v30)
- —(’UI(S, U)2k’7) + (UI’% U;CS)
= —(v1,v376") + (vi70", v3).

Therefore v0* is self-adjoint. Also, we know that v8* = da* — 1+ from Eq. @, and
we can check that (75*)* = ad* — 1y. Indeed,
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(v*yB*,v) = (v (0 — 1y),v) = (v*éa*,v) — (v*,v) = (v70,va) — (v*,v)
= (v*,vad*) — (v*,v) = (v, v(ad” — 1y))

as desired.

For each v* € V*, note that by matrix multiplication of g=! with g, we have
v* (' + 0'0) = v*. Now, define v*y* = v*(+'(v8*)*) + v*(8'v0*). This is obviously

linear in V* and by combining the last few facts, we obtain
w*% U*’}/ﬂ + U*(SI(S)

(w*y, v") = (
= (W% v™y) + (w*yd", v )
= (
= (

w* vy (v6)*) + (w*, v’ y0%)
w*, o (Y (vB7)" + §'767)).
Therefore, v* exists, which completes the proof. We also obtain the equation
V6" = 07" (7)
because v6* is self-adjoint. m

Lemma 3.1.3. The following relations hold :

af* = fa”,y0* =6y, 0a" — B = 1y«

Proof. These relations are Eq. , @ and @ in Lemma m O]

g - * *
_/Y o

Proof. We multiply the two matrices together

gyt = a Bl |00 =p|  |ad" =By —afT+pa”| |1y 0
v ol =y af vO* — 0y =B+ dat 0 1y|

where ad* — fv* = 1y from taking the transpose on each side of da* — v3* = 17.

Corollary 3.1.4.

Therefore, g~! is a right inverse for g. However, Sp(X) is a group, hence a right

inverse is also a left inverse, which completes the proof. O
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Proposition 3.1.5. H = X x F with operations

(1, k1) (o, ko) = (21 + 22, %(ml, To) + k1 + ko)
and identity (0,0) is a group.
Remark 3.1.6. The group H is known as Heisenberg group.

Proof. Associativity can be verified by a direct computation. Furthermore, suppose
(z1,k1) € H. Then, we have (0,0)(z1, k1) = (0 + 21, 3(0,21) + 0+ ki) = (21, k) and
similarly, (x1,k1)(0,0) = (z1, k1). We also have (xy, k1) (—x1, —k1) = (0, (z1, —21)) =
(0,0) where the last equality follows from antisymmetry of (.,.) and the fact that
charF # 2. O

We obtain an action of Sp(X) on H by (z,k) - g = (zg,k). Indeed, suppose
g1, 92 € Sp(X). Then

(5U> /f) : (9192) = (1759192, k’) = (3392, k) ‘g2 = (357/4) “ g1 92
as desired.

Proposition 3.1.7. Any element (v+v*, k) of H can be written uniquely as a product
(0,&)(v,0)(v*,0) where k' = —3(v,v*) + k. The group H acts on S(V), where S(V')
was defined in Section [2.9 for an arbitrary local field, by

Lo (k- f)(x) = (k) f(x)
2. (v () = flz +v)
3. (v f)(x) = ¥((z,v")) f(z)

Proof. First, we prove that every element of H can be written as a product of elements

of V, V* and F in a unique way. Indeed, suppose (v 4+ v*, k) € H. Then note that
1 % * 1 * * *
(07 _§<U7U > + k’)(U,O)(U 70) = (U7 _§<U7U > + k)<v 70) = (U +v ak)
Now, suppose we can write (v+v*, k) as a product of (v/,0), (v"*,0) and (0, k£’). Then

(0,K)(v',0)(v™*,0) = (v, k') (v*,0) = (v + v, %(v’,z/*) + k).
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Therefore, v/ = v, v* =v* and k' = k — %(v,v*>.

Define the map p : H — End(S(V)) by p(v+v*,k)f =k"- (v- (v*- f)). It can be
seen that p(h) is a composition of three linear maps each preserving S(V'). The only
non-obvious part is to prove that v* - f € S(V). If F is non-archimedean, then the
restriction of v* - f to any finite-dimensional space still has compact support and is a
product of locally constant functions. If F = R or C however, it can be proven by a
direction computation. Hence, p(h) is a linear map preserving S(V'). We still need to
show that p is a group homomorphism, but this can be done directly by computing
the actions of elements (vq 4+ v§, k1), (v2 +v3, k2) € H on an arbitrary function f and
then compare it to the action of their product

1
—<U1 + UT,UQ + U;>k1 + k?g)

(U1+U2+UT+U;,2

on f again. In both cases, one will obtain as final result

1 1
D({a, v+ 03) + o, 05) + 5 01,07) + 5 (0, 08) oy ) f @+ 01+ ),

hence p is a group homomorphism. O

3.2 The Weil representation

First, suppose V is of finite dimension. We quickly summarize some facts about the
classical Weil representation. The main reference for these facts is [9]. We start with

the following theorem by Stone-von Neumann, a proof of which can be found in [4].

Theorem 3.2.1. Suppose ¢ : F — C* is a non-trivial continuous additive character.

Then there exists a unique irreducible representation py of H on which (0,k) € H
acts by Y (k).

Fix g € Sp(X). Denote by U(h) the map f — h- f. Then H can also act on
feS(V)by U)(f) = (h-g)-f. An application of the Stone-von Neumann theorem
yields a unitary operator T} such that

T,'UT,=U

In particular, the map g — T, is a projective representation of Sp(X) on S(V). In
[9, Lemma 3.2 (3)], we obtain the following formula for T}, :
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(T,1)(z) = / Syl + ) flza + 2*7)d(F)

Vg

where f € S(V), z* + kery = z* € V,, = V/ kery and

Sy(x + ") = Y(z(za, 28) + %(:C**y,x*é) + (z*y, x5)).

N[ —

If V is of infinite dimension, then there unfortunately is no Stone-von Neumann
theorem. However, we can try simply adapting the formula to Sp(X). However,
this turns out to be impossible, hence we shall restrict ourselves to defining our Weil

representation over a subgroup of Sp(X).
Let Sp(X, V*) be the subset of Sp(X) containing the elements g = [a ?] satis-
Y

fying dim Im v < co. We will see that Sp(X, V*) is indeed a subgroup of Sp(X), but

we first prove a technical lemma.
Lemma 3.2.2. Suppose v:V* =V and n =dimIm~ < co. Then dimIm~* < oco.

Proof. Suppose by contradiction that dim Im~* > dim Im~. Then let wy, ..., w, 1 be
linearly independent elements of Imv* and let v7, ..., v} | be elements of V* such that
viy* = w;. Extend the w;’s to a basis {w;}icr of V' and choose ff,..., fr, fr. | to be
elements of V* such that (f,w;) = 6; ;. This can be done by simply defining f;* to

be 1 on w; and 0 on w; for j # 7, and then extending f; by linearity. Now, suppose
ary(f7) + .. + an1y(fri1) = 0. Then

0= (arfiy+ -+ a1 frp17,0)) = (afi + -+ anfrig, 0777)
=(afy + -+ anfri,w) = a.

Therefore, the f/v’s form a linearly independent set, a contradiction. We conclude

that dim Im~* < dimIm vy < oo. O
Proposition 3.2.3. Sp(X,V*) is a subgroup of Sp(X).

Proof. 1t is clear that the identity is in Sp(X,V*) as v = 0. We need to show that

Sp(X,V*) is closed under multiplication and inversion. Write g, = [al ?1] and
710
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go = [a2 ?2] € Sp(X,V*). Then we have the product
Y2 2

araz + Br1ye oafa + B2
g192 =
Yo + 0172 71 B2 + 6102

But now,
dim Im(y a9 + 6172) < dimIm(y102) + dim Im(d192) < dim Im~; + dim Im 7, < 0o

as desired.

p

5* _ *
5| Then ¢g~! = [ p

But now, by Lemma [3.2.2) we know that dimIm —~v* < oo and therefore g=' €

Sp(X,V*). Therefore Sp(X, V*) is indeed a subgroup of Sp(X). O

w

For inversion, write g = 1.4

] by Corollary

Lemma 3.2.4. Suppose g =

?] € Sp(X) and zi, 25 € V*. If x5y = x4y, then
(217, 210) = (237, 230).
Proof. Suppose iy = z57y. Then using Lemma we obtain
(17, 210) = (237, 276) = (23, 21677) = (a3, 2170")
= (23, 3370%) = (25, 2307") = (237, 239)
m

The following family of operators, parametrized by g € Sp(X, V*), will yield the

Weil representation upon restriction to a suitable subgroup.

Proposition 3.2.5. Suppose g = [a ?] € Sp(X,V*). Fix a Haar measure for
Y

Im~. Then define
T = | Syfo+a)flaat e d)
Vg
where f € S(V) and V, = Im~ and
Syl + %) = (i (wo, 7B) + 3z, 2°8) + (a5, 7))
Then h- (Tyf) =T4((h-g)- f) for all f € S(V) and h € H, where h - g is the action

of Sp(X) defined after Remark|3.1.4
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Remark :  We can choose a Haar measure on Im~y because dimImy < oco. Fur-
thermore, by Lemma [3.2.4] S,(z + z*) is a function of x and x*y only, and therefore

the integration makes sense. We also have

(T, ()] < / f(za + 2*7)| d(z*) < oo

because ((za,0) - f)ly, € S(Vy). We will prove in Theorem [3.2.1§ that T, f € S(V),
but for now we will be content with the fact that T,f is a well-defined function.
Furthermore, note that we have replaced V/ker~ from the finite-dimensional case by

Im v, but the two are isomorphic from the first isomorphism theorem.

Proof. To check that h - (T, f) = T,((h-g)- f), it is enough to verify equality in the
three cases where h = (0,k) for k € F, h = (v,0) for v € V and h = (v*,0) for
v* € V*. This follows from the fact that (hy - g)(hg-g) = (h1hg) - g for all hy, he € H.

Indeed, assuming the statement holds in these three cases, we have

(0,k) - ((v",0) - ((v,0) - T5.f)) = (0, k) - (0%, 0) - (T(((v,0) - 9) - £)))
= (0,k) - To(((v",0) - g) - ((v,0) - 9)) - [))
= (0,k) - T5(((v", 0)(v,0) - 9) - f)
= T,(((0,k) - ) - ((v",0)(v,0) - g) - f))
= Ty (((0, k) (v", 0)(v,0) - 9) - f)

The case h = (0, k) is easy to check. Suppose that h = (v,0) for v € V. Then

h- (Tyf)(x) = (Tyf)(z +v)

; Sg(x +v+2") f((z +v)a+ z™y)d(x™y).

However, we also have
Ty(((v,0) - 9) - )(x) = Ty((var + 03, 0) - f)(x)
/ Sy(z+ ") (va+vB - f)za + x*y)d(x™y)

&

/w T+ T ’y—i—;va vB))Sy(x + ") f((z + v)a + z*y)d(x™y)

&
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where the last line follows from (va+v83,0) = (0, —3 (ver, vB)) (v, 0)(v3,0). However,

V(e + g0)a+ a7, 08))8,(e + 2

= §({(e+ go)a+ 0B (o, 26) + 5278 + (2, B))

= 0({(+ 5000, 08

= Sy(z+v+27)Y(

+ %<m7 zB) + %W% 2'0) + (2™, (x +v)B))
((za, vf) — (v, 29)))

= Sy + v+ &) (5 ({2, vB) + (2B, va)))
= Sy(a + v+ 2 W (5 ((za + 2B, 08) + (za + 25, va)))

= Sg(z + v+ 2°)(5 ((wa + 26, va + vf)))

N RN RN =N =N =~

= 5y(r + v+ 7Y ((r0,00))) = Syl + v+ 2V, 0) = Syl + v+ a”).

We conclude that h - (T, f)(x) = T,((h - g) - f)(z). Next, suppose h = (v*,0) for
v* € V*. Then

b (T,0)(@) = Ve, o) (T, @)

and h- g = (v*y +v*8,0) = (0, =3 (v*y,v*8)) (v*y, 0)(v*6, 0), hence
7,((",0)g - )(a)
-/ Sy 200,00 f)ao+a )

= [ Sy +a)ollwa 1 ,070) + 50700 fwa+ oy +v)dla)
VQ

The Haar measure is translation invariant, hence we can replace x* by z* — v* to

obtain

T((0"0)-9) o) = [ Syfo+a” = vyillaa+ 'y = 070 B) o +a)dla)
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However,

1
Sy(x + 2" — v )Y((za + 2™y — 51}*7, v*0))

1 1 1
= ¥(5{za, 2f) + 5 {a™y — vy, 270 — v°0) + {27y — vy, 2B) + (za + 27y — SvT, 070
1

= Syl 2"~ (077, 2°8) — £ a7, v'6) — (v",2B) + (o ', 0°5))
= 5,(z + )G+ 2, 0%y + v B (5 (", %0} + (25, 0*))

= Sy(x + ") ((xa + 2B, vy + v*é))w(%(@*v + 27, v79) + (x¥y + 270, v")))

= Sy(z + ") ((za + 2, 0"y + v*5>)¢(%(<x*7 + 2%, v*y + v*0)))

= Sy( + a")l(ra+ 2B,0"y + a5 (a0, 7))

= Sy(z + ") ((za + 2,0y + v*0)) = Sy(z + ™) ((z,v))
which proves that (v*,0)-(T,f)(z) = T,(((v*,0)-g)- f)(z) and completes the proof. [

Our goal for the next few pages is to show that 7}, is in fact a projective repre-
sentation of Sp(X, V*) on S(V'). We will need many lemmas before we can get there.
The general strategy is to reduce to the Weil representation in the finite-dimensional

case, which is known to be a projective representation [9, Theorem 4.1 (5)].

Lemma 3.2.6. Forv=ux+2" € X, define Q(v) = Q(z + 2*) = @D((m;*)) Then we

have

Sylx + %) = Q((z + 2")g)Q(z + ),
and

Sgrgo (T +27) = Sg, (x4 27) 5, ((z + 27) 1)

)
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Proof. We prove the result with a direct computation.

(xa+ o™y, 2 + x*5>> y (_(:c_x>)

cxm+wﬂm@m+xﬂ1:¢(

2 2

(za+a*y,zB +2%6) (zg,2"g)
=¥ 2 T2

(xra+ x*y,zf + %)  (va+ zf, 2%y + x*0)
=¥ ( 2 N 2 )
B (xa+a*y,zf +2*0)  (za,z*0)  (xf,x*y)
=¥ ( 2 22 )
B T Iy
= Sy(z+ ")

For the second claim, we have

Sgrg(x +27) = Q((x + 2)9192)Q(x + 2*) ™"
= Q(((z + 2")91)92)Q((z + 2)g1) ' Q((z + 2")g1)Q(z + ™)~
= Sg, ((x +27)g1) Sy, (v + 27) = Sy, (x + ) S, ((x + 27) g1).

This completes the proof. n
Set P = {g € Sp(X) : v=0}.

Proposition 3.2.7. P is a subgroup of Sp(X, V™).

Proof. 1t is clear that P is a non-empty subset of Sp(X, V*). We must show that it is

ar B ay B
and py =
0 51 0 52

closed under multiplication and inversion. Suppose p; =

are in P. Then we have

ajoy o fy + Bido
0 0109

p1p2 = [

which is clearly in P. Next, write p = “ ?] . From Corollary |3.1.4], we have

0

e —5*] |
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Since v = 0, we see that v* = 0, hence

which is clearly in P. O
B
)

€ P. Then o and § are invertible.
5* _6*
1
p g

[0
0 1y

Then o* is a right inverse of §. By computing p~!p, we can easily find that o* is also

Lemma 3.2.8. Suppose p = [3

Proof. Write

Then
-1 _ ad* _Oéﬁ* + 503*
bp 0 da*

a left inverse of . Therefore, § is invertible. Similarly, « is the inverse of §*. n
Lemma 3.2.9. Suppose

%) 52
0 09

g= [Oél 61] € Sp(X,V*) and p= [ cp

§a! 0

Then with notation as in Proposition

1. Vy = Vpg. Furthermore, if we choose the same Haar measure in V, and V,, and

the counting measure for V,, = {0}, then T,T, = T,,.

2. Vyoy =V, Furthermore, the Haar measures can be chosen so that TyT, = Ty,.
Proof. First, note that
az 3
pg = =
Y3 03

By Lemma [3.2.8, we know that V*d, = V* | hence V*§y1 = V*y;. Therefore,

Vy = Vpg. Now, we have
(1,1 f) (@) = Sp(x)(Ty f)(was)
= / Sp(2)Sy(xag + %) f(zagay + 2™y )d(x™71).
Vg

agay + Poyr o + Baby
dom 0201
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Because the Haar measure is translation invariant, we can replace z* by z* + x5,

to obtain
(T,Tyf)(x) = / Sp()Sy(way + 2P + 27) f(ragan + 2™y + xfoy1)d(x" ). (8)
v,

By Lemma |3.2.6] and Lemma |3.2.8| we have

Spal +2°05") = 5, ((x + 205 )y + °65")

= S,(zag + 2By + 2*)S,(x + 2*0, )
= 5y(xan + afs + 2 Yo(5 (w 2) + 3 (00" 2*) + (02", 5)
(

= Sy(zag + Py + %) Sy(z) = Sp(2)Sy(xas + 2P + 7).

Furthermore, 3 = dy7y; implies that +; = &, *y3. Then equation [8 becomes
(1T, f)(x) = / Spg(w +270;") f(wa + 2705 1y3)d (205 y3)
Vpg

which is exactly (T}, f)(x) with integration variable z*d, ' instead of z*.

The second statement is verified very similarly. However, we would like to make it
clear how we choose the Haar measures. If vy, ..., v, is a basis for V,, then vy, ..., v,00
is also a basis for V oy because oy is invertible. Then if we take the product measure
dvy...dv,, we obtain a Haar measure for V. But then, d(viaz)...d(v,0z) is also a Haar

measure for V. O
The following is an immediate corollary to Lemma [3.2.9] :

Corollary 3.2.10. Suppose g and p are given as in the previous lemma. Then we

have for any choice of Haar measures
1. T, Ty ~ T,
2. T,T, ~ T,
where a ~ b means that a = cb for some c € F.

Now, suppose g € Sp(X). We let X9 = {v € X : vg = v}. It is clear that X9 is a
subspace of X. Then let Spg,(X) = {g € Sp(X) : X9 has finite co-dimension in X }.



CHAPTER 3. THE WEIL REPRESENTATION 32

Lemma 3.2.11. Suppose g € Sp(X) and that U C X is a subspace of X of dimension
greater than or equal to k such that for allv € U \ {0}, vg # v. Then, X9 has co-

dimension in X greater than or equal to k.

Proof. We wish to show that dim X/X9 > k. Let vy, ..., v be a linearly independent
subset of U. Suppose that

ay(vy + X9) + ag(ve + X9) + ... + ap(vp + X9) = 0.

Then a1v; + asvs + ... + apvr € X9, hence a1v; + asvy + ... + apvy = 0. Therefore,
a; = ay = ... = ax = 0 by linear independence and vy + XY, ..., v + X9 are linearly

independent. O
Lemma 3.2.12. Sps,(X) is a subgroup of Sp(X, V™).

Proof. First, we must prove Spg,(X) is a subset of Sp(X, V*). Suppose g € Spgn(X)

oy

We need to show that dimIm~y < oco. Suppose by contradiction that dim Im~ = oo.

and as usual write

Then we can choose infinitely many linearly independent elements f;, f5,... of V*
such that f7~ are linearly independent. In particular, U = span{f;, f5,...} satisfies
the property that if v € U \ {0}, then vg # v, hence X9 has infinite co-dimension in
X.

Next, we wish to prove that Spg,(X,V*) is a subgroup by the subgroup test.
Suppose g1, ga € Span(X). Now, it is clear that X9 N X9 C X992 Then

codim(X992) < codim(X9 N X%) < codim(X) 4 codim(X9) < co.

Therefore, X992 has finite co-dimension as well. Now, suppose g € Spg,(X). We
claim that X9 = X9 '. Indeed, if vg = v, then v = vg~! by applying ¢g~! on each
side. But then X9 C X9 ' and the other inclusion follows by substituting g by ¢
into X9 C X9 O

The following lemma is a standard exercise in linear algebra and will be useful in

the next two lemmas.
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Lemma 3.2.13. Suppose {f1, ..., fn} are linearly independent elements of V*. Then
there exists xq,...,x, € V such that (fi,x;) = ;.

Proof. This can be found in [2, p. 53, Exercise 9]. The proof is also available at the
end of the book. m

For an arbitrary subspace U of V*, define Ut = {v € V : (v,U) = 0. Similarly,
for a subspace U of V, define U+ = {v € V* : (v,U) = 0}.

Definition 3.2.14. We say that a subspace W of X is isotropic if v € W implies
that (v, W) = 0. We say that it is a Lagrangian subspace if the converse holds as

well.

Denote by Gr(X, V*) the set of all Lagrangian subspaces W of X such that WNV*

has finite co-dimension in both W and V*.
Lemma 3.2.15. Suppose g € Sp(X,V*). Then V*g € Gr(X,V*).

Proof. 1t is clear that V*g is isotropic. To see why it is Lagrangian, suppose v € X
such that (v, V*g) = 0. Then (vg~!, V*) = 0 implies that vg~' € V* or equivalently
that v € V*g. It remains to prove that V*g N V* has finite co-dimension in both
V* and V*g. It is enough to prove that [V*g NV*: V*g] < oo because [V*gNV*:
V¥ = [V*NV*g~t: V*¢g!]. Suppose that z = v + v* = yg € V*g. Choose elements
fi, .y [ such that ffv,..., fy is a basis for Im~. Then, v = (a1 ff + ... + anf})y
for some ay,...,a,. In particular, (y — a1 ff — ... — a,f})g € V* N V*g. Therefore,
V*NV*g+span{fig,.., fig} = V*g, hence [V*NV*g: V*g] < 0. O]

Lemma 3.2.16. Suppose g € Sp(X,V*). Then g = pg’, forp € P and ¢’ € Spgn(X).

Proof. We will first prove that for each W € Gr(X,V*), there exists ¢ € Span(X)
such that W = V*¢'. Write my : X — V, 1y« : X — V* as the canonical projection
operators with respect to the direct sum decomposition X = V & V* and suppose
W e Gr(X,V*).

Step 1 : We claim that there exists a subspace K C X such that W =WnNV*® K
and
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To prove this, first choose finite-dimensional subspaces of L C W and J C V* such
that W =WnNV*®Land V=W NV*® J. Denote by myay« : VF — W NV* the

canonical projection with respect to the decomposition V* =W NV* & J. Now, set
K = {l — ﬂ—WﬂV*ﬂ-V*(Z) . l - L}

We claim that K satisfies the required properties. First, suppose v € W N V* and
v € K. Then v = l—mwny+my«(l) for some [. But then, v € WNV* hence v = my+«(v)

and v = Ty Ay« (v) and therefore
v = Twavmy (V) = Twavmv« (1) — Tway=my= (1) = 0.
Now, suppose v € W. Thenv=w+1, we WNV* € L. But then, we also have
v=(w+ mwaymv=(l)) + ([ — Twav=m=(l)) e WNV* + K.

Therefore, W =W NV* & K. It remains to verify Eq.@. To do this, suppose that
v e (my=K)Nn (W nNnV*). Then v = my«(l — mwny+my=(l)) for some [. But then,

v e W NV* hence myny+v = v. Therefore, we have
V= Twnv=* (U) = MTWwnv*Ty* (l) — WWﬁV*ﬂ-V*(l) = 0,

as desired.

Step 2 : We wish to show that (W N V*)+ = m,(W). Firstly, suppose v € my (W).
Then v = my(u) for some u € W. Write u = v + v/, where v € Vo' € V*. Now

suppose that w € W N V*. Then because W is Lagrangian, we must have that
(w,u) = 0. Therefore,

0= (w,u) = (w,v+v") = (w,v)

hence v = my(u) € (W NV*)*L

Secondly, suppose that v € (W NV*)L. Choose a basis ky, ..., ks of K (recall that
K has finite dimension). For each i, write k; = v; + v}, for v; € Vv € V*. Now,
choose wy, ...,w: € V* such that (w},v;) = d;; as in the proof of Lemma We
claim that v + i(v?,v}w;‘ is in W. Indeed, if w € W N V*, we have

i=1

v—i—Zv v)w;,w) =0
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because v € (W NV*)+ and wi € V*. If w € K, write w = > ajk;. Then
j=1

(D o Y agki) = (v, Y agks) = (Y aghky, Y (vF,v)wy)
i=1 j=1 j=1 j=1 i=1

= (v, a05) = (Y agu;, Y (0F, v)w})
j=1 j=1 1

1=

S

_ Zaj(v;f, v) = > (0], v)(w], ajv5)

ij=1
S S
= Zaj(v;,v) - Zaj(v;,v) = 0.
7j=1 7j=1

Therefore, (v + > (v, v)wf,w) = 0 for all w € W, hence, v + > (v, v)w; € W
(because W is Lagrangian) and consequently v = my (v + > (v, v)w}) € my (W), as

claimed.

Step 3 : We extend 7y«(K) to a finite-dimensional subspace M of V* so that
V*=WnNV*® M. We can do this because W N V* has finite co-dimension in V*
and because of Eq. (9). We claim that V = (W N V*)* @ M*.

Firstly, suppose that v € (WNV*)2NM=*. Then (v,u) = 0 for allu € WNV*+ M.
But then, (u,v) = 0 for all u € V*, hence v = 0.

Secondly, we show that V = (W NV*)Lt 4+ M+. We do so by dimension counting.
Supppose M = span{v}, ..., v;}. Consider the map ¢ : V — F* defined by

¢(v) = (01 (V) -, v (V).

The kernel of this map is precisely M+ by definition. Furthermore, ¢ is surjective
because of Lemma Therefore, dim V/M+ = k = dim M and we conclude that
M+ has co-dimension k. We wish to show that dim(W N V*)+ = k. The dimension
of (W NV*)L is at most k because otherwise the sum (W NV*)+ N M+ # {0}. Now,
suppose dim(W N V*)L < k and let vy, ...,v, be a basis for (W N V*)t. Consider
the map, ¢ : V* — F*  defined by ¥(f) = (f(v1), ..., f(vs)). 9 is surjective because
v, ..., Us are linearly independent. Furthermore, it is easy to see that W NV* C ker 1.

We claim that we actually have equality.
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Suppose h € kerg. Then (h,v) = 0 for all v € (W NV*)L = 7, (W) by Step
2. Now suppose v € W. Then write v = u + u*, u € my(W),u* € wy«(W). Then
(h,v 4+ v*) = (h,v) = 0 by assumption. Therefore, h € W because W is Lagrangian,
and then h € W N V*, as desired. Therefore, kervp = W N V* and this shows that
s =dimV*/ker¢ = dim V*/(W NV*) =k, hence k = s.

Combining the two steps, we conclude that V = (W NV*)+ ¢ M+

Step 4 : In the last three steps, we proved that
X=WnV*e Mo (Maenr, (W)

We claim that there exists ¢ € Spgn(X) such that W = V*¢'.

It is easy to see that M @y (W) is a finite dimensional symplectic space with the
restriction of the bilinear form (., .). (The restriction is clearly antisymmetric and non-
degeneracy follows from knowing that M+ Ny (W) = {0} and W NV* N M = {0}).
In particular, both M and m, (W) are isotropic subspaces of dimension k, hence are
Lagrangian subspaces of M @& 7y (W). Also, K C M @& 7y (W) because my«(K) C M,
and 7y (K) = my(W). Since K C W, we have that K is isotropic. In fact, we claim
that K is Lagrangian in M @ my (W).

Indeed, suppose that a € M + 7y (W) such that (a, K) = 0. Since both M C V*
and W N V* we see that (M, W NV*) = 0. Furthermore,

(my (W), WAV =(WAVHEWnNV* =0
Then we have
(a, K+ W NV ={a, WNV*) € (M +7my(W),WNV* =0

and then (a,W) = 0. Therefore, a € W because W is Lagrangian. Then write
a=u+vwhereu e WNV*andv € K. Thenu=a—v €W and a € M @ my, (W)
by assumption. But we know that W N (M & my(W)) = {0}, hence u = 0 and
a =v € K. Therefore, K is a Lagrangian subspace.

Now, from the theory of finite dimensional symplectic spaces [0, Lemma 2.1],
there exists ¢” € Sp(M + myW) such that M¢” = K. Extend ¢” to a map ¢’ on X
linearly such that it restricts to the identity on WNV*@® M=, It is easy to check that
g € Sp(X). In particular, ¢’ € Span(X). Then we have V*¢’ = W and the action of
Span(X) on Gr(X,V*) is transitive.
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Step 5 : We complete the proof of the the lemma. Suppose g € Sp(X,V*). Then
V*g=V*(y+6) € Gr(X,V*) by Lemma [3.2.15]

Now, by step 4, there exists ¢’ € Span(X) such that V*g = V*¢' by transitivity.
Therefore, V*gg'~* = V* or equivalently g¢'~' € P. We conclude that g = pg’ for
some p € P, ¢’ € Spaa(X). This completes the proof of this lemma. ]

The next lemma is the last one we will need before we can prove the main result

of this chapter.

Lemma 3.2.17. If g1, g2 are in Span(X), then there exists Vi, Vy such that V. =
Vie Vi, V= Vo Vi, Vit @ Vit s fived pointwise by g1, g2 and Vi & Vy is finite-
dimensional and gy, go invariant.

Furthermore, iof J C V is an arbitrary finite-dimensional subspace, then we can
choose Vi and V4 so that J C V.

a a
Proof. Write g; = [ 1A and g = 2 ﬁ2]. Similarly to Proposition |3.2.12] it

T 0 Y2 02
can be proven that rk(ﬁl)u rk(ﬁQ)u rk<a1 _]V)7 rk(QQ_IV)’ rk(71)7 I‘k(’}/g), rk 51 _IV*)a

rk(dg — Iy+) are all finite. We claim that we can choose M, N C V such that V =
M @& N,

M :=Tm(a; — Iy) + Im(ay — Iy) + Im(y) + Im(y,) € M,

and
My = Tm(By) + Im(Bs) + Im(8, — Iy+) + Im(8, — Iy-) € N

In fact, we prove the following more general statement : we can choose M, N such
that V = M @ N and for any finite-dimensional subspaces M; C V and My C V*,
we have that M; C M and M, C N* .

Choose a basis {wy,...,w:} for My. For n = 0, there is nothing to show (one
simply takes A = M;). Choose a complementary subspace N for M;. If My C N+,
there is nothing to show, hence assume this is not the case. From Lemma[3.2.13|there
exists linearly independent vectors vy, ...,v, € V such that (w},v;) = ¢, ;. Suppose

that {n;}.cs is a basis for N. Then for each i € I, let

n

n, =mn; — Z(w;,ni>vj

J=1
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and set M' = C; @ Fu; & ... ® Fu,, as well as N’ = span{b.};c;. M’ is clearly still
finite-dimensional, M; C M’, and we still have M’ + N’ = V. Furthermore, we now
have w; € N'* by construction. To obtain a direct sum M’ @ N’, it is enough to
extend a basis of the intersection of M’ N N’ to a basis of M’, and then remove the
elements from the intersection of M’N N’. What we have left is a basis for a subspace
N" which still satisfies My € N+ (because N” C N’ implies that N't C N"4), but
also satisfies M' & N”" = V.

Now, one can write g; in the following way

A 0 C 0

A 1y O 0
T = N

B 0 D 0

B/ 0 D/ 1MJ-

where A: M —- N, AA: N - M,C:M — N+, C":N = N+ B: Nt — M,
B : Nt — M,D: Nt — N*and D': M+ — N*. We obtain zeroes in the other
entries because M and N+ contain the images of the maps 31,71, oy — Iy and §; — Iy~

If v € X, then v = vy + vy + v} + v} for vy € M, vy € N,v} € M+ v € N+ and
Vg1 = (v v U v’{] T.

Clearly, A, B,C, D are maps between finite dimensional spaces, hence their trans-
poses exist and are unique. In fact, the transpose of all the other maps also exist :
for example, D" = (6* — D*)7ry : M — N. Indeed, if v € M+ and w € M, we have

(vD',w) = (v(D'+D)—vD,w) = (vd—vD,w) = (v,w(6*—D*)) = (v, w(d*—D*)my).

Therefore, D™ exist. A similar argument holds for all the other transposes.
Now, we can also write g; ' using Corollary and uniqueness of the transpose

to obtain
D* D/* _ Cf* _ O/*

0 1y 0 0
_B* _-B/ﬂ< A* A/*
0 0 0 1,1
Taking the product g;'g; = I, we obtain A’ = 0, ¢’ = 0, B’ = 0, D' = 0.
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Therefore, g, is actually given by the matrix

A 0 C 0

0 1 0 0
T = N

B 0 D 0

O 0 ]_ML

and V; @ V5 is then gq-invariant. A similar proof holds for gs.

The second statement of the lemma follows, but with
M, :=Im(aq — Iy) + Im(ag — Iy) + Im(y) + Im(ye) + J C M
instead. [

Theorem 3.2.18. The map g — T, is a projective representation of Sp(X,V*) on
S(V).

Proof. First, we claim that T,f € S(V) for any g € Sp(X,V*) and f € S(V). By
Lemma [3.2.16, we have that g7 = p~t¢’~! for p € P and ¢’ € Spg.(X) and then
ar B

g = ¢'p. Therefore, by Corollary 3.2.10, T, f ~ T, T,f. Write ¢ = [ 5 and
71 01
p= az P . Then
0 &

(Tpf)(x) = Sp(x) f(raz) = 1/}(%(?6@275652))1‘"(%042) = ((252,0) - f)(zaz).

However, as is invertible and linear by Lemma [3.2.8 and (2/3,,0) - f € S(V), hence
T,f € S(V). Next, suppose W C V is finite-dimensional and h € S(V'). By Lemma
, choose V; and Vs such that V =V, @ ViH, V* = Vo @ ViE, Vit @ Vit is fixed
pointwise by ¢ and V; @ V5 is finite-dimensional, ¢-invariant and W C V; (take
g1 = ¢’ and g, to be the identity). Define ' = hl|y,. Clearly, b’ € S(V}) by definition.
Then (Tyh)|w = T,/ (W)|w where T" is the finite-dimensional Weil representation on
the finite dimensional symplectic space Vi @ V5. However, by [0, Lemma 3.2 (3)],
T, h' € S(V1), hence Tyhly € S(W). Therefore, Tyh € S(V). We conclude that
T,f € S(V).

Next, we claim that 7}, is a projective representation. Suppose g1, g2 € Sp(X, V*).
From Lemma [3.2.16] we have g| € Span(X) such that g; = pig| for some p; € P.
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From the same lemma, we have (g5)~! € Spa.(X) such that g;' = py'(g})~! for
some po € P. Equivalently, go = g4pe. Now, from Corollary , we have Ty, T,, ~
Ty, Ty Ty, 1), But now, from Lemma there exists Vi, V5 such that V = V; V5,
V* = VQEBVﬁ, Vﬁ@VQl is fixed pointwise by ¢g; and go and V; ® V5 is finite-dimensional
and g¢i,g- invariant.

Suppose that f € S(V). For each vy € Vit define f,, : Vi — C by f,,(vi) =
f(vr +v). It is not hard to see that f,, € S(V1). Then Ty f(vy + va) = T;i fon (V1)
where Tg’ / is the Weil representation on the finite dimensional symplectic space Vi@ V5.
Now, we know from the finite-dimensional case ([9], Theorem 4.1 (5)) that T,T, =
c(g, gé)T;’lgg for some number c. Therefore, for every f € S(V), v; € V; and vy € V5,

we have
Ty Ty f (1 +v2) =Ty Ty fu,(v1) = gy, 95) Ty g1 fon (1) = (g1, 92) Tyg g0 f (01 + v2).
In particular, Ty, Ty, ~ Ty . We conclude that

T, Tyy ~ T Ty Ty Ty ~ Ty Ty o Ty ~ T,

p1tgitgl p1tgigh P19795D2

=T,

gig2

where the last ~ follows from Corollary [3.2.10] applied twice. Therefore, g — T} is a

projective representation. ]

The group Sp(X, V*) is difficult to work with. In most cases, we prefer to restrict
to a specific subgroup. Consider V' = (¢ 'F[¢t])?", the direct sum of 2n copies of the
vector space of polynomials in ¢! with 0 constant term. For an element p(t) € R((t)),

denote by Res(p) the coefficient of t~!. Then we have the following :

Lemma 3.2.19. Suppose V = (t"'F[t71])*". Consider W = F[[t]]*", 2n copies of the
2n

vector space of formal power series. For v = t"'p;(t™})e; where p; are polynomials
i=1

2n
and also for w =" q;(t)e; where q; are formal power series, define a pairing
i=1
(v, ww = Z Res(pigi+n — Pitnds)
i=1

The pairing yields an isomorphism W = V*.
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Proof. Clearly, we have amap ¢ : W — V*, defined by (¢(w),v) = (w,v)w. Linearity

of ¢ is easy. We show that 1 is injective and surjective.
2n

Suppose ¥(w) = 0. Then (w,v) =0 for allv € V. Write w = > > a; ;#¢;. Then

i=135>0
0= (w,t_jei) = iai,j—l-

Since we can do this for all i € Z,j > 1, we obtain that w = 0.
Now suppose f € V*. Then set ajy,; = —(f,t777 ;) for i < n, bi_p,; =
2n

(f,t7 7 e) fori >n+1and w = >3 Y btle; + >, > a;;t'e;. It is enough to
' i=1520 i=n+1j20
check that (¢¥(w),t7e;) = (f,t77e;), because the set {t 7 'e;} ;¢ forms a basis

for V.

For ¢« < n, we have

(w(’w), tijilel') = Res(— Z ai+n’ktkt7‘j71> = —Qjtnj = (f, tijilefL').

k>0

For : > n + 1, we have

(W(w),t7e;) = RGS(Z bin it 7)) = by = (f,t77 )

k>0

as desired. We conclude that 1 is an isomorphism. O]

Now, recall that X = V @ V*, hence X = R((¢))*", a direct sum of 2n copies of
the field discussed in Section It will be useful to have an explicit formula for the
symplectic form on X. Recall that for a pairing (.,.) between a vector space V' and
its dual V*,

(v+v 5w+ w) = (v,w) — (v, w).

2n 2n

Corollary 3.2.20. Suppose v = > pi(t)e; and w = > q;(t)e; where p;,q; € R((t)).
i=1 i=1

Then .

(v, w) = Z Res(piitn — Pitndi)-

=1

Proof. Write p;(t) = a;(t) + b;i(t) and ¢;(t) = ¢;(t) + d;(t) where a;, ¢; € t 'R[¢t~!] and
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bi,d; € R[[t]]. Then

(Bense) (Sas)

7=1

<§ az i+n az+n z) <§ Cz i+n Cz+n 1)

= Z Res (aiditn — Qignd; — €ibivy + Cipnbi)
i=1

= Z Res (aiCitn + @idiyn — QinnCi — Qipndi — dibitn — Cibitn + dignbi + Ciinb;)
i=1

=) " Res (iitn — Gisni — Gibin + bigin)
i=1

= Z Res (piditn — Pitni) -

=1

Consider the R((t))-valued form on X
2n 2n n
<Zpi€i> Z Qj€j> = ZPz’CIi+n — Pi+ndi
i=1 j=1 R(t) =1

Then, it is clear by Corollary|3.2.20|that any isometry of (., .)r(()) is also an isometry of
(.,.), hence Spa,(R((t))) € Sp(X). However, we actually have the following stronger

statement :
Lemma 3.2.21. Sp,,(F((t))) is a subgroup of Sp(X, V™)

Proof. 1t is well-known that Spa, (F((t))) is a group. We wish to show that Sps, (F((t)))
is a subset of Sp(X, V*). Suppose that A € Sps,(F((¢))). Then we can write

2n  2n
A= Z Zpi,jei,j

i=1 j=1
where p; ; € F(()).
2n  2n
The product of A with a vector v* Z qrer in V*is > (D" pijq;)ei. However,
=1 j=1

v* is in V*, hence v(g;) > 0 for all j. Then v(pmq]) > v(pi ;). Let m = min{v(p;;)}.
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Therefore, we have v*A € (Ft™™ & ... @ Ft~! @ F[[t]])*" for any v* € V*. But this
means that

Imy C (Ft™™" @ ... @Ft 1)

hence dimIm~ < 2nm < oo, as desired. O

We can define the Weil representation on Spo,(F((t))) to be the restriction of
g — T, on Spa,(F((t))). By Theorem [3.2.18 we know that T}, is a projective repre-
sentation.

We will use the following fact about symplectic matrices, a proof of which can be

found in [I5, p .167] using a polynomial known as the Pfaffian.

Lemma 3.2.22. Suppose g € Spa,(F((t))). Then det(g) = 1.



Chapter 4
Continuity of the representations

In this chapter, we will establish some continuity results of the Heisenberg repre-
sentation and the projective representation defined in the previous chapter. We will
restrict ourselves to the case F = R. Let V' be an arbitrary real vector space. We start
by dealing with dim V' < oo and then we will switch to V' = ¢t 'R[t~!]. Henceforth,
1 18 a fixed continuous unitary character as in Chapter 3.

Forke Z(H)=R,veV,v" € V*and f € S(V), recall the H-action

Lo (k- f)(@) = b(k) f(z),
2. (v- @) = flz +v),
3. (v )(x) = v((z,v7) f ().
If h=(v+v* k)€ H, recall from Proposition that h can be written as
(0%~ 5 (0,0 (w, 0)(v",0)
in a unique way. Therefore, we can think of the action of an element of H as three

actions from three subgroups done in succession. This will be the key idea to prove

that the action of H on S(V') is continuous.

4.1 Finite dimensional case

Assume that dim V' < oo, so that V =2 R". We shall equip H =V & V* ® R with the
standard Euclidean topology and S(V') with the Fréchet topology on S(V') defined in

44
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Section We consider the [*° norm on H defined by

‘ (Z a;e; + Zbifi*7 k) H = max{a;, b, k: 1 <i<n}
i=1 i=1

for a basis ey, ...,e, of V| ff, ..., f¥ of V* and (0, 1) for Z(H).

Lemma 4.1.1. Suppose ||(vy + v}, k1) — (ve +v3, k2)|| < and A > 0 € R. Suppose
further that max{||(vy + v3, k1) , ||(ve + v3, ko)||} < A. Then we have ||v; — vq]| < 4,
[vi —v3]| <0 and } (k1 — l(“b”f)) — (k2 — 1<U2,11§> < 6(An+1).

Proof. Write v; = Za €iy U} Zb’ ¥, then we also have |a} —ab| < ¢, and
b} — by| < & and ]kl k2| < 0. The ﬁrst two claims follow. For the third claim,

n

(ks — ko) 5 D (b} — bhad)

i=1

= 5oi0n) = b2 = (o) =

§|k1—k2|+52|b§a§ bhab| < |k — kol + = Z\blal bial + blah — bab)|
=1
< |ky — ko| + 52 |bial — biah| + |blab — bhal
i=1
§|k1—k2|+§2|a§—aé|+|bil—b§’<6+An5:5(An+1).
=1

]

Lemma 4.1.2. Supposev € V, A >0 € R and consider the map ¢, : S(V) — S(V)
defined by ¢,(f)(x) = f(x + v). Then there exists a Fréchet open set U C S(V)
around the origin, such that, for all v with ||v|| < A and for alle >0, if f —g € U,

then pa,s(¢u(f) — du(g)) <€
Proof Fix a, f and suppose f,g € S(V). Then from Lemma the functions

5 6 5 Bn ) .
= ‘9 - and § ‘9 - are in S(V). Define an orderin

o/goz(:)o/l <ag, .., a, <ay,

of multi-indices. Write v = (vy, ..., v,). Then we have

al Q2 Qn __

Pt ey aim = (21 + v — v1) (X + vy — v2) (T + Uy — Uy

= Z Aw(.’ﬁl + U1>al1...($’n + ?)n>a;’

o' <a
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for some A, . This can be seen for example by replacing x; + v; by new variables y;,

expanding the terms, and the substituting the variables back. Note that ||v]| < A
implies that |Ay| < Al®l (where |a] = Y ;). Let M = |{o/: o/ < a}| (note that

=1

M < 00). Let B = Al®l. Finally, let N = BM and suppose that

x(fllxgé...xg/"(f— Q)HOO < £ (10)

Hf—g N

a’,0 ’

for all o < a. Then we obtain

Pas(6u(f) = 00(9)) = sup 51287, a3 (F (o +v) = §la +v)

zeV

= sup %Aa,@l +0) (T 4 v2) 0 (flz+v) — Gz +0))

< Z; |A| sup ‘(a:l +01)% (2 4 02) " (f(z 4 v) — Gz + v))\
_ Z Al sup20)%.. ()% (7() = 3(a)

<£|Aa/| ij ga;ﬁ <e

Thus, if U is chosen to be {z € V : py 3(x) < & : &/ < a}, then f and g satisfy
Eq. . This proves the lemma. [

The proof of the following lemma can be found in [3, p. 89]

Lemma 4.1.3. Let ¢ : R — C* be a continuous additive unitary character. Then

we have ¥ (k) = % for some a.

Lemma 4.1.4. Suppose k € R. Then the map ¢y : S(V) — S(V') defined by ¢p(f) =

W(k)f is an isometry for any norm p, s.
Proof. This is clear from the fact that v is a unitary character. O

Lemma 4.1.5. Suppose f € S(V). Then the map ¢y : R — S(V') defined by ¢s(k) =

(k) f is continuous with respect to all norms p, s, hence continuous.

Proof. Suppose k € R and fix p, 3. Then from Lemma [2.2.2] we have that g =

x?lxg‘?..x%"iiﬁll...aiﬂgnf € S(V). Let A > 0 such that ||g|| . < A. Then we have
1 n
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Pas((k)f = (k) f) = [[(¢(k) = (k)9
= [(k) = (K lgll <

eiak _iak!

e A.

k

owever, % is a periodic function of k wi eriod 2%, hence it i1s uniformly contin-
H , e dic funct f k with d 207;, h t { | t

uous. Therefore, we can choose 0 such that if |k — k| < §, then ‘emk — ek < T
which completes the proof. O]

Lemma 4.1.6. Suppose f € S(V). Then the map ¢y : V. — S(V) defined by

Yr()(z) = f(v+ x) is continuous with respect to all norms pa. g, hence continuous.

o f
01" D
S(V). Choose Ry such that if ||z|| > Ry, then |[z]"z5%...x0"g(z)|| < § and Ry > Ry
such that if ||z]| > Ry, then ||27'z5*...25"g(z)| < §.

Next, set A = R|2a‘ (where |a] = > ;). On the disk D = {z : ||z|]| < Ra}, g
is uniformly continuous (because D is compact), so we can choose ¢’ such that if
r,y € D and ||z —y|| <&, then |g(x) — g(y)| < §. Now, let 6 = min{d’, Ry — Ry}

Suppose v' € V such that [|[v —v'|| < §, and then |[(x +v) — (x +0')]] < 5. We

Proof. Suppose v € V and fix p, g. From Lemma|2.2.2) we have that g =

wish to compute |27 25%...20" (g(x + v) — g(x 4+ v'))|. There are three cases.

1. Case 1: If x +v, v+ 0" € D, we have

21 (gl + v) — gl + )] = g2 (g(a +v) — glo + 0]
< A% = e

2. Case 2: If, z + v, z + v ¢ D, we have

|zt as?. atrg(x +v) — aPad? . alhg(z 4+ 0| < AEL 4 ZEL = % <€

3. Case 3: If x+v € D but x+ v ¢ D (or vice-versa), we must have that
|l +v|| > Ry by the choice of 6. Therefore,

6_3€<
1= 1 €.

|z0tas?. xlrg(x 4+ v) — aPtas? . alrg(z 4+ 0| < % +

Note that ¢ does not depend on v, hence )¢ is in fact uniformly continuous. O
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Lemma 4.1.7. The map 1y : V* — S(V) defined by s (v*) = ¢((z,v*))f is contin-

uous with respect to all norms p, g, hence continuous.

Proof. The Fourier transform f — F(f) is a continuous map on S(V') ([5, p. 250]).

Furthermore, if v* = )" a;v], we can compute using Fubini’s theorem and the appro-

=1
priate normalization of Fourier tranform that

G1(0") = FHWo) = P, o) f) = P& ) = PED =3 ae).

i=1

Therefore, 7 is the composition of continuous maps F? o Yry (= aie;)), where
YF(p) is as in Lemma . Then w} is continuous. O

Proposition 4.1.8. Suppose f € S(V). Then the map ¢ : H — S(V') defined by
¢(h) = h - f is continuous.

Proof. Fix a norm p, g. Suppose h; € H. We will show that the map is continuous
around hy. Suppose hy € H also. Write hy = (v; + v}, k1) and hy = (ve + v3, ko).

Furthermore, write k] = ki — 1v}(v1) and kb = ks — v3(vs). First, we note that

[(Kjviv] - f — kyvavs - £l 4

= [[(kyvrvy - f = kyviop - f + Kyoiog - f — kyvauy - f 4 kguavy - f — kyvavs - £l 6
< [[(kouf - f — kyouvy - f)ll, s + [(Ryone] - f — kyoavt - )l g

+ || (kyvavy - f — Kyvavg - )l 5 -

We want to make each of these three terms less than §

1. For the first term, we know from Lemma that there exists 6; > 0 such

that if |k} — k3| < 01, then po g((K] - v1 - vf — ky - 01 - 07) < £

2. For the second term, by Lemma [£.1.4] pas(g — h) = pas(ky - g — Kk, - h). Fur-
thermore, from Lemma there exists do such that if ||v; — vo|| < Jo, then
Pap(vr - (v - f) — vy - (v - f)) < 5. The entire term will be less than § with
g=wvy-v]-fand h=wvy-v]- f.

3. For the last term, by Lemma Pap(g —h) = paps(kh-g—k,-h). But now,
from Lemmal4.1.2) we also have that whenever ||vg|| < A for some A, there exists
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a Fréchet open set U such that g’ — ' € U implies that p, g(ve-g' —va2-h') < 5.
Finally, from Lemma we have that there exists 3 s.t. if ||vf — 03| < 6,
then vf - f —vj - f € U. Now take g =wvy-vj - fand h=wvy-v5- f, ¢ =0v - f

and h' = v; - f and then [|(kyvov] - f — kyva03 - f)l|, 5 Will be less than £.

Fix the Fréchet open set U corresponding to A = 2 ||v4]|+1 as described by Lemma
. Choose B > ||hy||+ ||v1]| +1 and 6 = min{||vy || +1, #11,52,53}. For all vy such
that ||vy — ve|| < § < ||v1]| + 1, we then have [jva]] < 2||v1]| + 1 = A by the reverse
triangle inequality. Furthermore, with this choice of 0, ||ha|| < [Jv1]| + 1 < B. Then
by Lemma , |v1 — ve|| < 92, [|v] — || < 5 and |k} — K| < ﬁ(Bn +1) =0y,
which is enough for [[(kjvivy - f — kyvivf - )l 5, [(kgvivy - f — kyvevy - ), 5 and

[(kyvavy - f — kyvavs - f)|, 5 to all be less than g, completing the proof. O

4.2 Infinite-dimensional case

We now consider the case V = (t7'R[t7])?" so that V* = R[[t]]*", X = R((¢))*" and
H = X x R. Recall that by Proposition , a basis for the topology on R((t))
consists of the translations of the sets U, = {x € R((t)) : v(z) > n}, where v(x) is
the valuation map. The topology on H is then simply the product topology of 2n
copies of R((t)) with the Euclidean topology on R. For convenience, we will write the

2n components of X as R((¢;)) for 1 <i < 2n to differentiate them from each other.
Lemma 4.2.1. H is a topological group.

Proof. We first prove that the group multiplication is continuous. Suppose U C H
is open and (hy,hs) € H x H such that hihy € U. Write hy = (v; + v§, ky), hy =
(vo 4 v}, ko). Similarly, suppose b} = (w; + wi, k}) and b} = (wy + w}, kb)) are other
elements of H. We know that v; = > ai,jt’i and vy = > bmtj’i for

1<j<omiens 1<j<2n,ieN+
finitely many non-zero a; ; € R and b; ; € R. Because hihy € U, there exists M,e > 0
such that (hihe +{z € X 1 v(x;) > M :1<i<2n}) x (—€,¢) CU.
Now, let N = max({M} U {i:a;; # 0 or b; ; # 0 for some j}), N = N+ 1 and
U ={xe X :v(x;) >N for all 1 <7< 2n}. Suppose further that (vy +v}) — (w; +
wi) € U and (v + v3) — (wo +w3) € U'. Then wi = vj + uy where u; € U’ and

v = wa, hence (wy, w}) = (ve,v}). Similarly, (wy,w)) = (vy,v5). Then hihl — hihy
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is equal to
(<U27UI> + <U17U;> + <w27wi<> - <w17w§>))7

where W = wy + we + W + wj, 0 = vy —vy — v} —vj and k = —k; — ko + k] — K.

After some simplification, we obtain that
hllh/Q — hlhz = (U1 + Ua, —kl — kz + kll + k;)

for some wy satisfying wi = vj + ug and uy € U’. Next, write U/ = U’ x (-5, %) and

consider the set

This set contains (hy, hs), is open, and it follows from the above computation that
the group operation sends it into U, as desired. Therefore, the group operation is a
continuous map from H x H into H.

To show that the map h — h~! is continuous, suppose h; = (v; + v}, k) € H and

remember that from Proposition [3.1.5
(h)™" = (=v1 = v}, —h1)

Set U = Uy X ... x Uy, x V where Uy, ...,Usy,, V are open. In particular, it is easy

to prove that —Uy, ..., —Usy,, —V are all also open. But now, the inverse map sends
—U; x =Uy X ... = Uy, x =V into U (from the above formula). Therefore, it is
continuous. O

Proposition 4.2.2. Suppose f € S(V). Then the map ¢ : H — S(V) defined by
¢(h) = h - f is continuous.

Proof. As usual, it is enough to check continuity with respect to every seminorm. Fix

a seminorm p, g, and (vi+v7, k1) € H. Then v, = > amtj_i for finitely many
1<j<2n,ieN+
non-zero a; ; € R. Let N’ = max{i : a; ; # 0 for some j}. Then let N = max{m, N'}.

From Lemma applied to V' =V,,, there exists § such that if |k} — k)| < J, then
Dapm(ky - g— k- g) < e Write

U'={zxeX:v(x;)>Nforall 1 <i<2n}.
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Consider the open set
U= (U1+UT—|—U,) X (l{il —(5,k§1+5).

Now suppose that (vy + v3, ko) € U. We make two observations.

The first is that |k} — k5| < & : Recall that &k} = ki — 1(v1,v}), kb = ko — 3 (va, v3).
Note that if v + v € (vy + vi + U’), then vy + v3 = vy + v; + v' where v’ € U'.
However, from N > N’ we have that (v',v;) = 0, hence (ve,v}) = (vy,v]) and then
ki — kb, = ki1 — ko. Therefore, |k; — ko| < 0 implies that |k} — k%] < 6. From this
proof, we also see that v; = vs.

The second is that v} - f(z) = v; - f(z) for all x € V,,, : Note that by the choice
of N, we must have (x,U’) = 0 for all x € V,,,, hence (x,v}) = (x,v] + ') = (x,v]).
It then follows that v - f(z) = v; - f(x) for all z € V,,.

From these observations we obtain that

Pagm(Ky-v1- 07 - f — Ky vg -5 f) = pagm(ky - (vr-0] - f) = kg - (v2- 07 - f))
k

= Papm(ky - (vi-v] - f) = ky- (007 f)) <e.

Since this is true for any seminorm, we conclude that ¢ is continuous. O]

We now wish to show that the map g — T}, as defined in is continuous when
restricted to Spa, (R((t))) with respect to the product topology of 4n? copies of R((t)),
obtained from the subspace topology as a subset of My, 2,(R((¢))). However, for this

to make sense, first we should prove the following proposition.

Proposition 4.2.3. The group Spa,(R((t))), with the product topology of 4n* copies
of X, is a topological group.

Proof. Denote the standard basis for My, 2, by €;; for 1 <14,j < 2n. Let us look at

the formula for product of two matrices :

1<,5<2n 1<Ek,1<2n 1<4,l1<2n \1<k<2n

As usual, it is enough to check that the map is continuous in every component. How-

ever, the map sending two matrices (a;;) and (b;;) to >  a;xbk; is a composition
1<k<2n
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of projections, additions and multiplications, all of which are continuous. The result
is then continuous as well.

We now wish to prove that the inverse map g — ¢~! is also continuous. Because
det(g) = 1 by Lemma , we know that this map is simply g — C(g)T, where
C(g) is the cofactor matrix of g. However all the entries in the cofactor matrix of
g are polynomials in the entries of g, which can be thought of as compositions of
projections, additions and multiplications, all continuous maps.

This completes the proof. n

Theorem 4.2.4. Suppose that Haar measures have been fixed for every possible finite-
dimensional subspace of V and f € S(V'). Then the map ¢y : Span(R((t))) — S(V)
defined by ¢¢(g) = T,f is continuous.

Proof. For any seminorm p, g.,, and any element g € Spa,(R(())), our goal will
be to find an open set U C Spy,(R((t))) containing g such that for all ¢ € U,
Pagm(Ty(f) — Ty (f)) = 0 (which is clearly less than €). We will prove that on this
open set U, T, f(x) =T, f(x) for all z € V,,,.

Recall the definitions of T, and S, from Proposition :

(T,1)(x) = / Sy(z + %) f(zar + 2y)d(z*),

g

Syl + %) = (i (wo, 7B) + 3 a7, 2°8) + (a5, 7))

Step 1 : Suppose g € Spa,(R((t))) and V,. C V for some r. Write

_ |« B
g v s
as usual. Then we claim that there exists a neighbourhood W of g such that for all
a{/ /8/
g = [ / ,] ew
S}

we have v/ = v and o[y, = aly,.
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Proof of step 1 : We will first give a more explicit formula for @ and . Recall that
X =V @ V*=R((t))*. Denote by e;; the standard basis for My, 2,(R((t))), where
1 <i,5 < 2n. Furthemore, this time we will differentiate the variables ¢; by writing

them as te; to be compatible with matrix multiplication. Assume g = > a; e,
1<4,5<2n

a;; € R((¢)). Then a;; = Zbk " where 1 < 4,j < 2n, k € Z, bj; € R and with

the property that only ﬁmtely of the bi,j such that £ < —1 are non-zero. Assume

S aitt € R((t)). Now, we can compute by matrix multiplication :
lez

(Z altlem> g= Z Z bfn,ialtkﬂei

IEZ 1<i<2n k,I€Z

Therefore, we obtain

(Z altlem> o= Z Z azbfn,ithrl@iy

1<—1 1<i<2n k+l<—1
<=1

and

(Z at em> v = Z Z abl, .t e;.

>0 1<<2n k+I1<-1
>0

Note that in both cases the sum over k+1[ = p is a finite sum for each p < —1 because
only finitely many of the b such that £ < —1 are non-zero. From Lemma L we
have dim V}; < oo, hence V:q Q V,s for some r’. Then (V,+V,) C V for s = max{r, r'}.
Let U = {z € R((t)) : v(z) > s} and

W=(a11+U)x(a12+U) X ... X (agn2n + U).

Clearly, W is open. But then if ¢’ € V', we must have b;kj = bf’j for all k <s—1.
Now we can prove the claims of Step 1. We start with v/ = . When [ > 0,
(k+1) < —1 implies that k < —1 < s — 1. Then

(Z at em> v = Z Z a bf,mt’“rlei = Z Z albglfmtk+lei = (tlem>,y/

>0 1<i<2n k+l< 1 1<i<2n k+1<-1
> >0

as desired (it remains to expand ~ by linearity over all 2n basis elements e,,). This

proves that v = /.
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For the second claim, note that whenever [ > —s, we have that [ < —1 — k implies
that k£ < s, and then

( Z altlem>a: Z Z albf’mtk“ei: Z Z alb;lfmtkﬂei

—s<i<—1 1<i<2n —s<I<—1—k 1<i<2n —s<I<—1—k
1<—1 1<-1

= (tlem)’)/

as desired (once again expanding over all e,,). This proves the second claim because
Ve € Vi.

Step 2 : Suppose V., C V. Then there exists a neighbourhood U C W of g such
that Sy|z4v+ = Sylatv+ forall z € V, and ¢ € U.

Proof of step 2 : Fix V,. From the previous step, we have a neighbourhood W of
g such that for all ¢/ € W, o' = v and o/|y, = aly,.. Clearly, there exists s > 0 such

that {z,a(z) : 2 € V.} C V,. In a similar way to the last step, we can compute

(Z altlem> B = Z Z albﬁmtkﬂei

1<—1 1<i<2n k+1>0
1<-1

for [ < 0. For [ > 0, we have

<Z altlem) §= Z Z abl, e,

1>0 1<i<2n k+1>0
1>0

Once again, note that in both cases the sum > is a finite sum for each p > 0. Let
k+l=p

W'={x eR((t):v(z) >2s}and W = (@11 +W') X (a12+W') X ... X (agn 20+ W').

Ifg el=WwWn W, we must have b;’g = bﬁj for all £ < 2s — 1. Now, note that for

any [ > —s we have that (k+1) < s—1imply k < s—1—1 < 2s— 1. Therefore, if
y € Vi, we have
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(y, (Z altlem> B) = (y, Z Z abl, " e;) = (y, Z Z abl, 1" e;)

<-1 1<i<2n 0<(k+1) 1<i<2n 0<(k+1)<s—1
I<—1 1<-1
_ 1k k—i—l 'k k41
- <y7 E : E albm,it y’ E E bm,it ei>
1<i<2n 0< (k+1)<s—1 1<i<2n 0< (k+1)
1<-1 l< 1

= <y> <Z altl6m> ﬁ
I<-1

The second and fourth equality follows from (y,t**le;) = 0 for all k +1 > s, y € Vi.
Replacing y by za = za’ (because U C W) and extending by linearity to all basis
elements e,,, we obtain (za,z) = (za/,zf'). Similarly, replacing y by x*y = z*+/
(because v = v/) and extending by linearity again, we obtain (x*vy, z3) = (z*v, zf’).
The proof that (z*v,2*§) = (x*/,2*¢’) is almost exactly the same computation as
for 5 (the only difference being I > 0 instead of [ > —1), using y = z*y = z*4. By
adding those three terms (with a factor & in front of the first two), we see that with

2
the open set U chosen, Sy|,1v+ = Sy|orv+ forall z € V. and ¢’ € U.

Step 3 : We prove the statement of the proposition.

Let g € Spa2,(R((t)) and pup.m be a semi-norm and fix f € S(V). We want
to show that the map ¢g — T, f is continuous. From the previous two steps with
V, = V,,, there exists a neighbourhood U of g such that for all ¢ € U and x € V,,,
Sy lesve = Sglegve, v =7V, =Imy =Im~ =V, and a|y,, = d'|y,,. In particular,
for any function f € S(V), we have f(zxa + z*y) = f(zd/ + z*v') for all z € V,,.
Therefore, for this open set U, and for all z € V,,,,

TN = [ Syata)flaata il = [ Syt+a) o +ay)da)

= (Ty f)(@).

Therefore, po gm(Lyf — Ty f) =0 for all ¢ € U. In particular, g — T}, is continuous
with respect to the seminorm p, g,,. Since this is true for any seminorm p, g, we

conclude that the map g — T, f is continuous. O
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Remark 4.2.5. If the topology on S(V') was induced by a finite family of seminorms

Pa,g,m, our proof would show that ¢ is locally constant, which corresponds to the

idea of smooth representation in p-adic representation theory.



Chapter 5
A specific central extension

Let SLy(R((t))) be the group of 2 x 2 matrices with coefficients in R((¢)) of determi-

nant 1.

Lemma 5.0.1. Sps(R((2))) = SL2(R(()))

) a b
Proof. Write g = [ , v = (v1,v9) and w = (wy,wsy). Then
c
<U7 w>R((t)) = V1W2 — V2Wy
and
(vg, wGr(r)) = (V10 + vac,v1b + vad), (W1a + wac, w1b + Wad)) k()

= vywsy(ad — bc) — vowy (ad — be)

Therefore, (v, w)r(4) = (vg, wg)r(1) if and only if ad — bc = 1. O]

In fact, the proof of Lemma 5.0.1 holds for any ring with unit A, i.e., Spy(A) =
SLy(A). In this chapter, we will then denote Spo(R((t))) by SLy(R((t))) instead.

5.1 Kubota’s theorem

Define the tame symbol

t(t"oy,t"o9) = (—1)""c} /Y
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where o1, 09 € R[[t]]* and ¢4, ¢3 are the constant terms of o7, 05. Note that t(t"oq, t"09)
is never equal to 0. The following proposition gives the most important properties of

the tame symbol.
Proposition 5.1.1. Suppose a,b,by, by € R((t)) \ {0}. Then
(i) t(a,by)t(a,by) = t(a,bibs)
(i) t(by,a)t(by,a) = t(b1b, a)
(iii) t(a,—a) = 1
(iv) t(a,b) =1 if a,b € R][[t]]*.
(v) t(a,1—a)=1 fora#1
(vi) t(a,b)t(b,a) =1
(vii) t(a,b)t(—2,a+b) =1 for a # —b
(viti) t(1,a) = t(a,1) =1
Proof. Suppose o1, 09,03 are elements of R[[t]]* with constant terms ¢;, ¢, c3. For
property (i), we have
t(t" oy, o)t (t" o, tRo3) = (—1)™"c} /e (—1) ™} /it

(—1)m("+k)c?+k/(0203)m _ t(tmal, tn+k0203).

The proof of Property (ii) is similar. For (iii), we have

(01, —t70) = (—1)" e (=) = (~1)" = 1.
Property (iv) follows directly from the definition. Property (viii) follows from (i)
because
t(1,a) = t(1,a)t(1,a)

and then we obtain t(1,a) = 1 by cancellation. Property (v) depends on three cases.
If v(a) > 0, then the constant term of 1 — @ is 1, hence t(a,1 — a) = t(a,1) = 1
by property (viii). If v(a) = 0, then v(1 —a) = 0 and then t(a,1 — a) = 1 from
property (iv). Finally, if v(a) < 0, then t(a,1 — a) = t(a,—a) = 1. Property
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(vi) follows immediately from the definition. For property (vii), t(b, 1)t(b,a) = 1
by property (viii), hence t(b, 2) = t(a,b) from property (vi). But now, we obtain
t(—2, 1) =¢(b,1)t(—1,1) =¢(b, 1) = t(a,b) from property (iii). Then we have

a’a a’a ’a

b b b 1
t(a,b)t(——,a +b) = t(——, a+b)t(——, =) = t(—— —t(——,1+-)=1
@Bt La ) =t~ 22 2 Py Y
where the last equality follows from property (iv). O

We will frequently use these properties and will not always refer to them. Define

([a b]) {c cif ¢ #£0
X p—

c d d :ife=0
and for g1, g2 € SLy(R((t))),

(g1, g2) = t(x(g192)/%x(91), %x(9192) /x(g2)) (11)

b
For [a d] € SLy(R((t))), if ¢ = 0, then we must have d # 0 (because ad—bc = 1),
c

hence (g1, go) is well-defined and never vanishes.
We now wish to verify the cocycle conditions for a as defined in Definition [2.3.5]

The first cocycle condition is easy. Indeed,

a(g, e) = t(x(g91)/x(g1),x(g1)) = t(1,x(g1)) = 1

by Proposition M(viii), and a(e, g) = 1 similarly.
The challenge is to verify the second cocycle condition, which will be done in
Theorem [5.1.11] The main reference for this section is [6]. Since our definition of « is

in appearance different from [6], we should first verify that they are in fact the same.

Lemma 5.1.2.

M&gﬁzt@@nm@an(—gfgm@mﬂ (12)

Proof. Indeed, by applying Proposition [5.1.1] (i) and (ii) repeatedly to Eq.(L1]), we

obtain

al01.02) = ¢ (xlange) x(010)t (x(onge), 5 ) e (s oxtonan) ) o (s s )
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However, t(x(g192), X(9192)) = t(—1,%(g192))t(—x(9192), X(9192)) = t(—1,%(¢192))
by Proposition [5.1.1(ii) and Proposition [5.1.1(iii). Furthermore,
1

" (X(mgz% m) b (x(g192), x(92)) = 6(x(gng2), 1) = 1

by Proposition [5.1.1(i) and (viii), hence t (x(gm),@) = t(x(g192),x(g2))"" =

t(x(g2),x(g192)) by Proposition [5.1.1[(vi). Therefore, we obtain

1 1 1
al1.92) = 41 x(020)t(x02 x(0n9)t (o xanae) ¢ (L),
x(g1) x(g1) x(g2)
But now, by combining the first three terms in this last expression with property (ii)

and noting that

t(i %):t(xaql) . )_1=t<x<gl>,x<g2>>

x(g1)" x(g " x(g2)
from Proposition [5.1.1f1), (ii) and (viii), we obtain that Eq[l1]is equivalent to Eq[12]
0
For the rest of this section, write g; = [ZZ ZZ € SLy(R((1))).

Lemma 5.1.3. If g1,92 € SL(2,R((t))) such that ¢; # 0 but co = 0, then

a(g1, 92) = alge, g1) = t(x(g91), x(g2))-
If both ¢i and cy are zero, then
a(gr, g2) = t(x(g1),x(g2)) -
Proof. In the first case, we have

09 109 a1b2 + bldg
192 =
C1Q9 Clbg + dldg

and
asay + bocy  aghy + bad;

d201 dldg
But note that det(gy) = asdy = 1, hence ay = d;'. Then we obtain

9201 =

(13)
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and
x(g291) = dac1 = x(g1)%(g2). (14)
Therefore,
alon.) = tx(o) x(a) (-5 x(ora) )
-t o (30550
= x(an) x(o)t (-5 ) = bl x(a),
and

9192)/%(g2),%(g192) /%(g1))
91)/X(92)2»X(92))
91), x(92))6(—1/x(g2), x(g2))t(—1/x(g2), x(92))

91),%x(g2))-

/\/x\/-\/-\
/N /N /N /N

This proves the first claim. For the second claim, we have x(g192) = x(g1)x(g2)

because ¢; = ¢ = 0 and then

(g1, 92) = t(x(9192)/%(91),%(9192) /%(g2))
t(x(g2),x(g1))
t(x(g1),x(g2)) ™"

as claimed. O

c
neighbourhood U C R((t)) of 0 such that for ally € R((¢) \ {0} and

b
Lemma 5.1.4. Suppose g = [a d] € SL(2,R((t))) and ¢ # 0. Then there exists a

where p € U, we have
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In particular, we also have
t(y, x(hg)) = t(y,x(g)),

t(y, x(gh)) = t(y,x(g)).
Proof. Note that
a b

hg =
pa+c pb+d

and
a+bu b

c+du d
Let M = max{v(c) — v(a) + 1,v(c) — v(d) + 1} and

gh =

U=Uy={zeR((t) :v(x)> M}

which is clearly non-empty. Then v(ua) = v(u) + v(a) > v(c) by the choice of M.
Similarly, v(du) > v(c). Then v(ua + ¢) = v(c + dp) = v(c) and the constant terms
of pa+ ¢, c+dp and c are clearly all the same, hence we obtain the statement of the

lemma. O

b
Lemma 5.1.5. Suppose g = [a d] € SL(2,R((t))). Then there exists a neighbour-
c

hood U C R((t)) of 0 such that for all

where pn € U, we have
1 if ¢ # 0,
6(x(h), x(g)) if = 0.

Proof. If ¢ = 0, but u # 0 is arbitrary, we are done by Lemma [5.1.3] If both ¢ = 0
and p = 0, then again by Lemma [5.1.3]

a(h,g) = a(g, h) = {

alh, g) = t(x(h),x(9)) " = t(x(g), 1) = 1 = t(x(h),x(g)).

But we also have a(g, h) = t(x(g),x(h))~' = t(x(h),x(g)). This completes the case

where ¢ = 0 (any non-empty open set will do).
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Next we assume ¢ # 0. Choose U such that Lemma holds. We obtain

x(9) ) (_ % 7X<g))

) = ). x(0)e(~ 5,
The proof that a(g, h) = 1 is done similarly. O

x(hg)) = t(x(h),x(g)

~—

Lemma 5.1.6. Suppose g1,92 € SL(2,R((t))). Then there exists a neighbourhood
U CR((t)) of 0 such that for all

1 0
h=h(p) = [ ]
w1l
where pn € U, we have
a(h, gi)a(hg, g2) = a(h, g1g2)a(gi, g2), (15)
and
a(g1, g2)a(g192, h) = alg1, g2h)a(ga, h). (16)

Proof. First, note that Eq. is equivalent to
alh, gi)alhgr, g g2) = alh, g2)a(g, 97 ' g2). (17)
This can be seen by replacing g, with g; 'gs. Equivalently, we will prove
alhgr, g7 ga)a(gr, 97 ' g2) ™ = a(h, ga)a(h, g1) (18)

We expand the left hand side to obtain

O o)) x(or ' 00) e (i 92 xth) ) ¢ (L ) )
(19

First we suppose that ¢; # 0 and ¢ # 0. From Lemma [5.1.5 choose U so that
Lemma and Lemma hold for ¢; and go. Then Expression reduces to

tOx(an) (gt x(or ) e (X ) Yo () ()
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which simplifies to 1. However, we also have a(h,g2) = a(h,g;) = 1. This verifies

Eq. .

Secondly, suppose ¢; # 0 but ¢co = 0. Then we can choose U so that Lemma
holds for ¢; and Lemma holds for ¢; and go. Then a(h,g;) = 1 and
a(h, g2) = t(x(h),x(g2)). Using Eq. on x(hg,) and x(g; *g2), we can simplify

Expression to obtain
. (_ x(gi)  x(h) ) _
x(g1)%(g2) " x(g2)*

Furthermore, from the formula for the inverse of a 2 x 2 matrix, we know that x(g; ) =

—x(g1), so we can simplify even further to obtain

() = () (y ) = 03000

This verifies Eq. (I8). (Note that t(z,z?) = 1 for all « because, using Proposition
5.1.1] (i), t(z,2%) = t(z, —2)t(z, —x) = 1).

As third case, suppose ¢; = 0 but ¢; # 0. Then we can choose U such that
Lemmaholds for g, and Lemmaholds for gy and go. Then a(h, go) = 1 and
a(h,g1) = t(x(h),x(g1)). Furthermore, from Eq. and [14] we have that x(hg;) =

:((ghl)) and x(g; 'g2) = x(g; 1)x(g2). Then we can once again simplify Expression (19)
to obtain
x(h) —1 ) ( 1 1 ) ( x(g1) . )
o) ® X X X t{— X X , X
(X(gl) (g1 )x(g2) <) (91 )x(g2) () (x(g7)%(g2)), x(go)

t (—x(g1)x(g2) "' x(g") 7", x(92))

or equivalently, since in this case from the formula of the inverse of a 2 x 2 matrix we

1
x(g1)

(o) Gy 09) = (G )

Now, similarly as in the second case, we obtain

have x(g; ') =

»

t(x(h), x(g1)) "

which verifies Eq. (18)).
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In the fourth case, where ¢; = ¢o = 0, we apply Eq. and multiple times
on Expression to obtain

t (%,X(ﬁlm)) t (@;X(gllrh)) t (_;%)I)X(gllgz% ;(((;2))) t (X_(;;f];j)x(gz)) :

or equivalently

t (Lh)z,X(gflgzO t (—X(gl)X(gflgz) x(%) ) t (—XLgl))nc(gQ)> :

x(g1) x(h) " x(g2) (91 "9

In this case, one can compute from matrix multiplication that x(g; ' g2) = x(g2)x(g1) 7",

simplifying this expression to

(S xe) ¢ (50w ¢ (Fxy e2)

and the middle term equals 1, hence can be removed to yield

¢ ( x(h) x(gz)) ; (_x(gl)Z’X(QQ)) . ( X<h>2, x(g2)

x(91)?" x(g1) x(g2)

x(g1)? " x(g1)
_ X(Q2)2 x(g2) < x(g2)
= (o ) (- 505)
)

which verifies Eq. using Lemma on the right side.
Note that Eq. is equivalent to

a(gigz s g2)algr h) = algigy s gah) (g, h). (20)
This can be seen by replacing g; with g1g, *. Equivalently, we can prove
919y, 92h) o919y g2) ™" = gz, h) " algy, ) (21)

The computations are very similar to the ones for Eq. . One expands the
left side of this equation and then deals with four cases using Lemmas 5.1.4]
0. 1.0l ]
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Lemma 5.1.7. Let g1, 92,93 € SLa(R((t))) and

B(g1, g2, 93) = (g1, g2)(9192, g3) (g1, 92g3) (g, g3) ™"

Then there ezists a neighbourhood U C R((t)) of 0 such that for all

where p € U, we have

5(h91792793) = 5(91792,93}1) = 5(91,92,93)

Proof. Using Lemma [5.1.6] choose U; such that the following three equations hold

simultaneously.

a(hgr, g2) = a(h, g1) " a(h, g1g2)a(g1, g2),
a(hgig2, g3) = a(h, g192) (R, g19293) (9192, g3),
a(hgr, g293) " = a(h, g1)a(h, g19293) "' (g1, g2g3) "

Then we have

B(hgi,92,93) = Oé(hgb92)04(h91927gs)a(hglvgzgzs)*loé(gz,93)71

By replacing a(hgi, g2), a(hgigs, g3) and a(hgy, gogs)~ with the above three equations

and cancelling the terms, we obtain

(g1, g2)(g192, 93) (g1, 9293) " (g2, 93) ' = B(g1, g2, 93),

hence B(hgi, g2, g3) = B(g1, 92, 93)-
The claim that 8(g1, g2, 93h) = 5(91, 92, 93) is similar, but uses Eq. instead

and a different open set U,. Taking U = U; N U, as the open set for the statement of

the lemma, this completes the proof. O

Let

Clearly, N is a subgroup of SLy(R((%))).

The following lemma is only briefly explained in [6].
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b
Lemma 5.1.8. Suppose g = [a d] € SLy(R((t))). Then there exist v, w € N such
c

a 0 0 —c !
vguw = or Vg =
0 at ¢c 0

Proof. We deal with two cases.

that either

—a

1
1. Case 1 : Suppose ¢ # 0. Then let v = [0 i

0 b—
c d
1 —4d

Letting w = [ 1‘3], we obtain the second form after multiplication (note

0
that —c™! = b — 29),

C

. Now, the product vg is

2. Case 2 : Suppose ¢ = 0. Then d = a=! # 0. Therefore, we can choose w = I
b

1
and v = [0 1d] and we obtain the first form, as desired.

Notation 5.1.9. If A = (a;;)1<ij<m 1S @ matriz, denote m; ;(A) = a; ;.

b
Lemma 5.1.10. Suppose g = [a d] € SLy(R((t))) and m1(g) # 0. Then there
c

exist v,v" € N such that

0 b/ a// b//
— / J—
vg = g and gu' = 0

for some 'V, a" b, " € R((t)).
Proof. The proof is very similar to Lemma [5.1.8| and is an easy exercise. O]

We now prove the following theorem, which is the main goal of this section.

Theorem 5.1.11. ([6], Section 2) Let (3 be defined as in Lemma [5.1.7] Then we

have B(g1, 92, 93) = 1. In particular, o is a cocycle.
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Proof. Let U be as in Lemma [5.1.7] and write

10 110
h= W=
pol po1

for p, 1/ € U. Tt is easy to see that every non-empty open set of R((¢)) is infinite,

hence U also is. Consider the products

a b

and gih =
pay +c; pb+d

hg, =

a1+blu bl
01+Md1 dl ‘

We cannot have both a; = 0 and ¢; = 0 (otherwise g; would have determinant 0).
Therefore, if ¢; = 0, then 71 (hg1) = pay + ¢y = 0 implies that © = 0. If ¢; # 0, then
pnay + ¢ = 0 implies that pua; = —c; and then pu = —clal_l (note that in this case,
a; # 0 as well). In both cases, p is uniquely determined by a; and ¢;. Similarly, the
condition m1(g1h) = ¢1 + pd; = 0 also determines p uniquely. However, U is infinite
so for any finite collection k;’s and [;’s of elements of SLy(R((t))), we can choose
p € U such that my ;1 (hk;) # 0 and 7o (l;h) # 0.

Then choose 1 € U such that both mo1(hg:1) # 0 and m1(hgi192) # 0 hold.
Similarly, one can also choose p/ € U such that 7y ;(gsh’) # 0, m21(g2gsh") # 0 and
T,1(hg192g3h’) # 0. Now, note that from Lemma [5.1.7, we have

5(h91792;93h/) = 5(h91792,93) = 5(91,92,93)~

Therefore, we can assume that mo1(g1) # 0, m21(g3) # 0, m21(9192) # 0, m2.1(9293) # 0
and m21(g19293) # 0 by replacing g; with hg; and g5 with gsh'.

It is easy to see from a simple computation that for all v,w € N, x(vgw) = x(g).
Then we have that for any g,¢" € SL2(R((t))),

a(vg, g') = t(x(vg), x(¢g"))t(—x(vg)~'x(g"), x(vgg))
= t(x(g), x(¢9")t(—x(g9)"'x(¢"),x(g9)) (22)
=t(g,9")

and
a(g, g'v) = t(x(g),x(g'v))t(—x(g9) 'x(g'v),x(g4'v))

= t(x(g), x(¢9")t(—x(g9)"'x(g"),x(g99)) (23)
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and
a(gv, g') = t(x(gv), x(¢"))t(—x(gv)~'x(g"), x(gvg"))

t(x(g), x(vg"))t(—x(v) "' x(vg"), x(gvg")) (24)
= a(g,vq)
Then we obtain for all vy, vy, v3 € N, g1, 92,93 € SL2(R((¢))) that

B(v19102,v5 ' g2v3, V3 g3va)
= V1912, V3 ' gav3) (V1919203 V3 g3va)(V1G1V2, U ' gagava) T vy gavs, vy gavs) T
= a(g1v2,v5 ' g2)a(g192v3, V5 g3) (g1, vy 9293) ~ (gavs, vy ' gs)
= a(g1, 92)(919, 93)(91, 9293) " (g2, ga) ™!
B(g1, 92, 93)
Therefore, we can choose v, * and v3 such that v; *g,vs is in one of the two forms of
Lemma, . Then we also have 7y 1 (g1v2) # 0 and 791 (v5 ' g3) # 0, so we can choose
vy and vy4 so that v;g1v9 and vy 1gsv, are in the forms of Lemma . Therefore, it

is enough to verify the theorem in the following two cases :

1. 7T271(92) 7£ 0:

|0 —a™! |0 =bt e =t
g1 a d ) 92 b 0 ) gs . 0
We obtain from our assumptions that x(g;g2) = bd, x(g293) = be, and x(g19293) =

bde — ab~'c. Therefore, 3(g1, g2, g3) equals

a(g1, 92)(g192, 93)(g1, g293) " (g2, g3)
= t(a,b)t(—a"'b,bd)t(bd, c)t(—b"'d ¢, bde — ab~'c)

t(a,be) 't(—a tbe,bde — ab 'c)Mt(b,c) " tt(—b e, be) !
=t(a, e t(—a"'b,bd)t(—ab 'c(bde) ™, bde — ab~'c)t(d, c)t(—b te, be) !
a ' e)t(—a b, bd)t(d, c)t(—b e, be) Mt (—ab e, bde)
Yt(c,bd)t(d, c)t(—bc*, be)t(—ab ', €)

c,d)t(d, c)t(—bct, be)t(—b e, e)

= t(
=t(a ' e

(

( —bc ' b) = t(=b,b) =

o
= =
S~—
o+
—~ —~

as desired.
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2. 7T2’1(gg) = O :

B 0 —a ! B b=t 0 B
g1 = a d ) go = 0 bJ g3 =

In this case, x(g192) = ab™!, x(g293) = be, x(g19293) = ab~'e + bed. Then

B(g1, 92, 93) = (g1, g2)(9192, g3) (g1, 9293) " (g2, g3) "

From Lemma [5.1.3| on the first and last terms, we have

B(g1, 92, g3) = t(a,b)t(ab™ ', c)t(—a 'bec,ab e, ab e + bed)t(a, be) ™"
t(—a'be,ab e + bed) Mt (c, b) 7!

t(a, b)t(b, c)t(ab™ ', c)t(be, a)

t(a,b)t(a, c)t(be, a)

t(a,be)t(be,a) =1

which completes the proof of the theorem. n

5.2 Splitting of the cocycle over a subgroup

The goal of this section is to show that the cocycle a splits over SLy(R[[t]]). We do

a
so by proving that it is equal to a coboundary. For g = [
c

b
] , define
d

t(c,d) ifv(c) >0andc#0
s(g) =

1 if v(c) =0, +00

and
V(g1 92) = s(g1) "' s(g2) "' 5(9192)-
Clearly, (., .) is a coboundary. Write N’ = N N SLy(R[[t]]). It is easy to see that

N’ is a subgroup of SLy(R[[t]]).
Lemma 5.2.1. For all u,v,w € N’ and g1, gs € SL2(R[[t]]), we have

a(ugv, U_192w) = (91, 92),
and

Y(ugiv, v gaw) = v(g1, g2)-
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Proof. The first statement is proved more generally in Theorem [5.1.11} as a corollary
of Eq. , and . For the second statement, it is enough to prove that

s(gu) = s(ug) = s(g) for all u € N', g € SLy(R[[t]]). Write u = [1 x] and

0 1
a b Th
= ) en

g c d

a+xzc b+ xd
ug =
c

Clearly, s(ug) = s(g). If v(c) = 0, then we also have s(gu) = s(g) = 1. Therefore,
suppose v(c) > 0. Then ad — cd = 1 and v(ed) > 0 implies that v(ad) = 0, hence
v(d) = 0. But v(z) > 0, hence v(cz) > 0 and then v(cx +d) = 0. Then if ¢ = > a;t’,

i>0
d= > bit' and cx +d = > ¢;it', we have ag = 0 and by = ¢ # 0. Therefore,
i>0 i>0
s(gu) = tle,co +d) = (=1)°ag "V = 5 = t(c,d) = s(g),
as claimed. O

The following is a more specialized variation of Lemma [5.1.8 The main difference

is that we have more information on g.

b
Lemma 5.2.2. Suppose g = [a d] € SLy(R[[t]]). Then there exists w € N’ such
c

that )
(
a O
if d € R[[t]]*
c at
gw = -
a —ct
if ¢ € R][t]]*
L [¢c O
Similarly, there exists u € N’ such that
({a! o]
if d € R[[t]]*
c d
ug —= -
0 —c!
if ¢ € R[[t]]*
[ |c d
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Proof. Since ad — bc = 1, we must have either both a,d € R[[t]]* or b, ¢ € R[[t]]*. In

the first case, we have

and

and

]

Theorem 5.2.3. For all g1,92 € SLa(R[[t]]), a(g1,92) = ¥(g1,92). Consequently, «

18 a coboundary.

Remark 5.2.4. The proof is done with a case by case argument. The main reason
for this is that the definition of x depends on whether or not m1(¢g) = 0 or not,
and the definition for s(g) depends on whether or not v(c) = 0 or not. Because the
definition of o and ~ depend on ¢y, g» and their product g,gs, we get a surprisingly
large amount of cases on the values they can take. We will use Lemmas [5.2.1] and
to help reduce the number of cases.

Proof. Write

. ay bl . a2 b2 _
9= ) 92 = e do 9192 =

From Lemma[5.2.1] we can replace g; and g, by ug;v and v~!gow for u,v,w € N'.

a1ao + b102 albg + bldg
crag + dicy  c1by 4 didy .

We start with two main cases.
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Case 1 : Suppose ¢; # 0 and ¢y # 0. Then we deal with three more subcases

1. Suppose v(c1) = 0. Then by the proof of Lemma we can choose u,v € N’

0 —c!
. By Lemma [5.2.2}

(because here v(cy) = 0) such that ¢} = ugyv = [ 0
C1

there is w € N’ such that

—1 -1 -1

Assume the first case. Then v(az) = 0 and gjgy, = . Then

C1Q9 0
we must have x(¢]) = ¢, x(g5) = ¢ and x(g]g5) = c1as. Therefore,

alg), g5) = t(craz/c1, cras/co) = t(ag, cras/cs) = t(ag, c; ).

But also, s(g}) = 1, s(g}gy) = 1. If v(c;) > 0, then s(gy) = t(co,a5") =
t(ag, co) = t(ag, c; )7L If v(ez) = 0, then both t(az,c;') and s(gh) equal 1.
Therefore, a(g1, 95) = (91, 95)-

—c] ¢ 0
Now suppose the second case. Then v(cz) = 0 and ¢jgy = [ L - 1]
C10a9 —C1Cy

This yields three subcases :

(a) v(ay) = 0 : Clearly, we have s(g1) = s(g2) = s(g192) = 1 and we obtain

(g1, 95) = t(ag, —crascy ) = 1 because v(c;) = v(cz) = v(az) = 0.

(b) v(az) > In this case, we still have s(¢g;) = 0 and s(go) = 0, but
(

s(g192) = t(clag, —cyc, ). Furthermore,
a(g1, g2) = t(az, cras/ca) = t(as, —c1c; )t(az, —as) = s(g1g2)-

(¢) ap = 0 : Clearly we have s(g;) = s(g2) = s(g192) = 1 and we obtain
a(gy, g5) = t(—cy ', —cic;?) = 1 because v(cy) = v(cy) = 0.

In each of these subcases, we conclude that a(g, g5) = (g1, g5)
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O 1
2. v(ca) = 0 : In this case, choose v™!, w such that gh = v gow = [ 002 ]
Co
Then by Lemma [5.2.2] there exists u € N’ such that
/ 0 _Cfl / dfl 0
= ugv = or = UGoV =
91 g1 o d 91 92 6 dy
If v(cy) = 0, then we can use the first case, hence we are done by the previous
dit 0
result. Therefore, we can assume v(c;) > 0 and use g) = [ ! p ], hence
1 1
0 —(dicp)™?
v(dy) = 0 and gjgsh = (& 2} . Then x(g]) = c1, x(g5) = ¢ and
162 —C1Cy

x(gig) = dico. Therefore, a(g}, g5) = t(dicacy, di) = t(c;t, dy). Furthermore,
s(gh) = t(er,di) = t(ey ' di) ™, s(gy) = L and s(gig) = 1. Therefore, a(gigs) =
(91, 95)-

3. v(c1) > 0and v(cg) > 0. In this case, we must have v(d) = v(d’) = 0. Therefore,

we can choose by Lemma [5.2.2| u, w such that

' aq 0 , (05} 0
91 = ug = 1 and 92 = G2W = 1
a1Qa9 0

Then ¢, g5 =

. _, |- Clearly, we have v(a;) = v(az) = 0 and
cray +ay ey (aiaz)

s(gh) = t(a1, c1), s(gh) = t(ag, c2). We deal with two cases.

(a) crap+ajtcy =0: In this case, ¢ = —(ayasc1), x(g}) = 1, x(g) = ¢z, and
x(¢195) = (aras)~", hence
a(gy, g5) = t((araz) et (maz) ey ') = t(arazer, arazes)
= t(_CQ, &1@262) = t(—CQ, alag).
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But now, s(g;g5) = 1. Therefore,

S(gi)_l‘s(gé)_l - Claal)t(027a2)
_afla51027 a1>t(627 a/2)

(
(
(—aitay", a1)t(ca, ar)t(co, az)
(
(
(

(b) cras+a; ey # 0 : In this case, s(g,gh) = t(cias +aj ¢z, (a1az)™"). Indeed,
note that the equality holds in both cases where v(cias + a;'cy) = 0
(because v(ajaz) = 0) and v(cias + a;'cy) > 0. Furthermore, we have

x(g1g) = c1as + aj'c; and we can compute
Ls(gy) "'s(g195) = t(er, ar)t(ca, ag)t(crag + ay ey, (arag) ™)
= t(cy, a1)t(co, an)t(cras + aj ey, —(a1as) oy t(cran + aytes, —creyt)

)
)t(
= t(c1, a1)t(cy, ag)t(crag, coay )t(cras + aylcs, crey t(crag + aj ey, —1)
)t(
)

ay, a9)t(cy, co)t(cras + ayles, crcy t(cras + aj ey, crag 4+ ajter)

¢, ) (cras + al_ Co, cgl)t(cl_l, ciay + al_lcg)t(clag + al_ICQ, ciay + al_lcg)

1)
(
(
= t(c2, ag)t(ag, coa; t(cr, c2)t(crag + aj ey, crc; Dt (cras + aytes, crag + ajtcy)
t(
t(cy
(

t (01a2 +a; C2>/C1 7(010’2 +ay 02)/02 ) = O‘(Q/ugé)-

Case 2 : Eitherc; =0o0rc; =0:
1. Suppose ¢; = 0. Then v(d;) = 0.

(a) If co = 0, then by Lemma we have a(g1,92) = t(x(g2),x(g1)) =
t(de,dy). But we must have v(dy) = v(dy) = 0, hence we also have

t(ds,d1) = 1 by property (iv). Furthermore, s(g;) = s(g2) = s(g192) = 1.

(b) If ¢ # 0, then by Lemma we have a(g1,92) = t(x(g1),x(g2)) =
t(dy, c2). Now, if v(cy) = 0, t(dy, c2) is just 1 by property (iv), but we also
have s(g1) =1, s(g2) = 1 and s(g192) = 1.
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If v(ea) > 0, we have v(d;) = v(de) = 0. Furthermore, s(g1) = 1, s(g2) =
t(co,dy) and s(g192) = t(dyce, dids). Then

t(CQ, dg)_lt(dlcg, dldz)
t(dg, Cg)t(dl, d1>t(d1, d2)t<02, dl)t(627 dg)

(915 92)

t(dy, c2) = alg1, g2)-
as claimed.

2. Suppose ¢ = 0. Then v(ag) = v(ds) = 0. If ¢; = 0, then we have already dealt

with this case. Therefore, assume ¢; # 0. Then by Lemma [5.1.3]

(g1, g2) = t(x(g1), x(g2)) = t(c1, da).

If v(c1) = 0, then t(ci,ds) is 1 by Proposition [p.1.1fiv), but we also have
s(g1) = s(g2) = s(g192) = 1.
If v(ey) > 0, we have v(d;) = 0. Furthermore, s(g1) = t(ci,dy). Set u =

dy O
. Then
0 a9

1 dyb
Uge = 2len.
0 1

But then

aiay bid
s(g192) = s(glu_lugg) = s(glu_l) =3 ([ e 2]) = t(craz,dids).

C1Q9 dldg
Therefore,
(c1,dr) " t(cras, dids)

(dl, Cl)t(Cl, dl)t(Cl, dg)t(ag, dl)t(aq, dg)
(c1,d2) = (g1, 92),

Y(g1,92) =t
t

Il
o+

as desired. This completes every possible case.
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