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A queue with service rate varying with the i:{ueqe length id analysed.

®
- . . . .

t
‘

4

' i . . .
The variation contains ‘seme hysteresis: The service yate i

’

acceleratéd wheh, the queue reXchés a specified length and the’fast

\ L}

rate is mainr?ined untjl ‘the queug reaches? shorter specified length.

Explicit expressions-are derived to evaluate:
. **

- _the average waiting time, and average queue length

- the average length of the fast rate periods

-

7
- the average number of fast rate perigds.
- ! . - 4
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1. 'IHE.PRO_BLiEM S e ¢
1.1 Queueing systems are often 'controlled by reducing the servige t1n'1e n
'when the queue is too long. A common exam;ile would -be a cashier m a

. super-ma_rket. when the queue is long an addltlonal employee -is used to

- put the groceries in bags. @when the queue is shorter the a_dditionall L.
employee' can be gdven other duties, when the cashier is assisted her meﬁn »

service time per customer 1s reduced . .

v, The service time is a functlon of the queue length. ..However, to N

 avoid having to call the addltlona]: employee frequently he is asked' to stay
in until the;queue is somewhat shorter tthan when. he was first cadled.
We will call "v"' the length of the queue when the employee i8 called and” .
" ‘(u < v) the length.of the queue when he is re}eased. ad
The service time is a 'function of the-queue 1ength with "hysteresi's". -
Thl; phenomena is very cc;rrmon: *another example would be in telephony the .' ‘
operators who answer the call when one dials "0" have on their p051t10ns
| a lamp that- “comes on when the queue of waiting calls 1s long (v), then the
'operators hurry up.  The lamp comes off ‘when thé queue 1is shorter (u), ".
- In general, when it is Lmde51rab1e to change the service r3te too
frecluently, hysteresis is often used. In thigereport . the frequency of change

‘of service rate, the duratlon of the accelerated service rate and the mean waltmg “

time of a request "are evaluated.



) * \ - . - . -o h ) ) v
. . ‘I - - )
1.2 Surprlsmgly, it does not ‘seem that tﬁls type of, queue has ’, T

r

. -

. been amalysed in the literature: . .

R.W. Conway and W.L. Maxwell have cons1dered the case where the | To-

> . .
service rate u is a function of the queue length k followmg a law of ﬂre — )

form u(k) = k. ug (£dr aIiY c), - In .[t] they have analysed the sirgie

t

(WM/1 and M/W/m) | o A

. C.M.: Harris has studied in [3] the case where the ‘service rate 15

server ;ase and then they generalized to the case of many servers [2]. .

deflned by, a stochastie/ process :mdexed by the queue length (M/G/1).
In [4] P, J Courtor s,and . J. Georges have generallzed the work of

<

N : -W. Conway and W.L. .Maxwell to,the case where the service rate is not .

‘ . .
exponential (M/G/1) and both the_arri\_ra], and the service ratesc\é_ry with . ‘

the queue length - , -
*

s 1' 3 The method ve have used to solve th1s problem is rather stralghtforward .

‘The- only originality is in the defmltion of f dmens;r.onal states one

-

dimension defines the queue length and the other the serncq time. . This -
makes it possible to applylcla$§ical queueing theory tecbniques.. l’le are ". -
also probosmg an original and very s,'mlple' way to /];}.late the mean time -
during which the _service t1me is contlnuously shorter. This sethod can '
be applied to the class1cal problem of mean busy perlod. The method used °
in Section 4 to ca.lculate the roots of Stwo non linear egquations- with two‘\ '
unlcnowns is 1nterest1ng, it is a generallzatmn of the "secant"" method - .
It is surprlsmgly stable and can be extended to more than two dimensions |
in a very simple manner. . ) ‘- .

The notation we have used is adopted from Kleinrock [5].

\m .

N - ' . o Page 2 =~
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2. ., THE MODEL | .
C, - . . / ..
2.1 °  General L : IR
‘ ) s . * o ’ .

- Consider a queueing system with "m" servers; Poisson arrivals and .

exponential service times (WMWm). " The mean arrival rate is ‘A requests per
second . The mean service rate is a fiunctjon of the number of requests in the "

system with ‘some hystere515° As,h)‘ﬂias the’ nunber of requests in the system

as not yet rea ¢ mean T server is, T
h t yet reached ™" the service rate pe "y per second.

- L.

Once the mumber of Tequests reaches g the mean service rate ﬂer server becomes

"8u" and remains at,this new value until the number of requests drop to a lower

. -

o < . . .
value "u'. At "u" the mean service rate per server becomes "' again. When

g the number of requests reaches "v" again @e mean service raté becomes "B,

hd _/\

'I“he égrlatmn of the mean service rate per server is descnbed in F:,gure 1

*

note that mgu < V. . ) N
. L . . .

. an . . . ,/'l 1 . - N -
No. of _ Lo T ot _ '
requests 01" . ...mml . . u . . .. v . ...

! .. ) ) -‘. ’ - j ..‘ 'l
. marl. .. ’ : . - u . » Bu - l‘.‘ "
. service %ate. " - -Bw
per server - - : . . AT N Bu i
' . Y r - ’ :
R . s N !
[ . ' L Y
) - - -
. ' . /‘. + d
N ) .
: . A FﬁJRE 1. ’
o MEANSERVICERATEPERSERER z A 4
. \./' ' .
* ’ N o '
u‘! ‘.c . ‘ . .' .‘
. . Page 3
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2.2 ' Definition of States ) ff’f. ’ / ' |

Tq analyse thié system, it is necessary to define its states. A statq”
is characteri::é by the mumber of requests in the system,"kd and by tﬁe appro-
priate mean service rate """ or "gu",(k,0) will chaéacterise the siates with . ]
méﬁﬁgservice rate ''u"; (k,1) will-characterise the states with mean service rate .

"Bu'". Only the following states are possible:
- {

»
(k,0) for 0 gk < v -1 4
{k,l) for kzu-1
- > »
This is illustratéd in Figure 2. . o «
. \ : T -
- "Number of - T
requests "k"| 0 .. M ... U u+l ... v-1 v o
states l(o,rn S @m0 (0 1,0 ... (1,0 |
. . : (u+l,1) (v-1,1) (v,1) ....
FIGURE 2
DEFINTION OF STATES
Let P(k,0) be the probability of being in state (k,0) .
then P(k,0) = 0 for k< 0 - |
v or k> v &\1 L .
. P(k,1) = 0 forksu ‘ . -
2.3 State Equations t

To calculate the values of P(k,0) and Pfk,l) we will establish some

. }elationships between therl. If we consider all the possible states:

v-1 - ‘ . '
r Pk,0)+ I Pk,) = 1 (2.1)
k=0 - k=u+l ) )

-

- ‘ ) o ' Page 4 ~
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e _ : Lo .
Figure 3 indicates the probabilities of moving from one state to 'mut}{er

-‘Q '. - - - I3 - . “ - -
(Transition probabilities). Since the arrivals follow a Pmssch'rocess with

mean drrival rate A" the proba¥ility of a new ‘arrival in dt is Adt’

L ' )

. Similarily the'probabilit_y of a terminat:lon of service. isvpdt {or Budt)

'mulfiplied by the numb I-'Q@"fécwests béing served:

e ) .
~ (number of servers)r. In Figure 3 the "dt" are not ipcluded for clarity.
X ) » "N A A . . .

‘ oy — D TN T . ~
@,0.. (m0) . (u-1,0) (u,0) (ufl1,0) . (v-l,O‘ A

— s | S )

h S Wit .
i _n?p omp me o me mey H\'u/ ) :
- +1,1) .. ,I_/iv,l)

) : . Y W 1-..__-“ :
J . . . Y omBu HBuU mau mBu .

‘ - jJ FIGURE 3
N . /

Transition probabilities

[ .-; Y .. . J l. j

This number is always sm

1Qen the system is in equilibrium the probability\of entering a state

should be“equat-to the probability of leaving it.
e . &
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.2.3.1 Consider the stites (k-2,0) , (40 and (k,0)

fpr]ésm:_

¢ (—3 I o . :
0,0} ... (k-2,0) (k-1,0) (k,0 eews (m,0)
e ) - w2 )

- wT B
. ‘. 'l .-. . ‘
—~ ) . o “

A P(k-2,0) + ku P(k,0) = A P(k-1,0) *+ (k-1) u P(k-1,0)

ftering (k-1,0)
» i/ - :

let o = A/mis

Fl

leaving (k-1,0)

k P(k,0) = (pm + k-1) P(k-1,0) - em P(k-2,0) fork sm [(2.2)
P \ ' . . |
2.3 Consider these Istates for m+ 1 sk su

.
1,00 ... (k2,0 (L0 (00 ... (u,0)
. . mu mu .

A P(k-2,0) + mu P(k,0) = A P(k-1,0) + mu P(k-1,0)

€

P(k,0) = (p+1) P(k-1,00) -pP(k-2,0) m+1lskzcu (2.3

“2.3'3  Consider now all the states surrounding (ﬁ;ﬂj in Figure 3

' B A

/'_ﬂ /—\
(U'l,ﬂ) : (U,O) ‘ (U. * 130) *
"-—__/

-~
my \\\\\ my . .
mBp (U. + 191) ‘ ‘ ’ ‘&
A P(u,’O)j + my P(u,U)'/_g

P{u+1,0) + B P(u+i,1) = (p+1jP(u,0). - pP(u-i,O) ‘ (2.4)

u-

A P(u-1,0) + muP(u+1,0) + meu P(u+l,l)

4

/

. | A
. R Page 6\
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Z.3.4 &ms&es (k-2,0), (k-1,0) and (k,0) for u+2 s k g v-1,

the derivation is identical to 2.3.2 hente

_ | -

P(k,0) = (p+1) P(k-1,0) - pp(k-z,o%b , (2.5)
‘ - . \_
2.3.5 Consider the states surrounding (v-1,0)
- ‘ '
DY . .
Lt (v-2,0) cv-l,m\ , . e
: Y \ ‘ \ ‘ AW
. W ,
(v,1) :
- =
AP(v-2,0) = AP(v-1,0) +gm P(v-1,0)" e . \
r’ .
P(v-1,0) = o P(v-2,0) (2.6)

1+p

2.3.6 Congider\;h&gtafes surrounding (u+l,1)"

(u30) . . .
. A
X LN ——
wl, ) (w2,1) ¢ |
e - .
mBu ' \

meuP(us2,1) = A P(u+l,ly + mBuP(u+l,1)

. P(u+2,) = (% +1) P(u#l,l) ) (2.7}
4 - ‘
2.3.7 Consider the states (k-2,1) ,‘_(k-l,l) and (k,l) , ' »
for w3 s ksv, ‘
_ A A
~ (k-2,1) (X-1,1) (k,1)

" "

N\

, ‘ -, Page 7
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2.3.8

2.3.9

2.3.10

-

N\

AP(k-2,1) + men P(k,1) = AP(k-1,1) + mPuP(k-1,1)

Pk,1) = (%.+ 1} P(k-1,1) - .g_ P(k-2,1)
. B

Consider the states surrounding (v,1)

(V'l :0) )
/J\ \ A

—_—h
(v-1,1) (v,1) (v+1,1)
‘-—._.—-—/‘——_._—’
~mBu amBy

AP(v-1,0) + AP(v-1,1} + mBpP(v+1,1) =

‘—-]
AP(v,1) +_ mBuP(v,1)

P(v+1]1) = (.g-\m P(v,1) - o [P(v-1,0) + P(v-1,1)]
' B

—
And finally consider the states

(k-2,1), (k-1,1) and (k,1) for k » v+2

the relationship is identical to 2.3.7

"P(k,1) = (%.+1) P(k-1,1) - p P(k-2,1)
# B

In summary the state equations are:

v-1 w

I Pk0) + = P(k,1) =1
k=0 k=u+l

k P(k,00 =(pm + k - 1) P(k-1,0) - pm P(k-2,0)

P(k,0) = (p+1) P(k-1,0) - p P(k-2,0)

P(u+1,0) + gP(u+1,1) = (p+1)P(u,0) - pP(u-};O)

P(k,0) = (pif;f;kk-l,O) - p P(k-2,0)

(2.8)

(2:9)

(2.10)

(2.1)

Osksm (2.2)
m;lsksu (2.3)

. (2.4)
u+2sksv-1 (2.5)

Page 8
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P(v-1,0} =(p (p*l)) - P(v-2,0) : < | (2.6)
P(u+2,1) =((p/8) + 1) P(u+1 1) : (2.7) :
/P,y = ((o/8) + 1) P(k-1 1) - (o/8)P(k:2,1)  urBskev (2.8)
P(v+1,1) = ((p/s)+1)P(v t) - (p/8) [P(v-1 1)+P(v-i 0)] (2.9) -
P(k,1) = ((p/8)+1) P(k-1,1) - (o/8) P(k-2,1) kzv+2 (2.10)




Fl . g-' : [} . .
”~ :' ‘ .--«/ ! .
. Te . .
3, THE SOLUTION. E
3.1 - Solution of the state equatioﬁsf . ' _:; L
b ' K S RUEERTY
U51ng (2.2) and (2.3) we will calculate all the P(k 0) for ks u_asaf.:"3 N

IR

a functlon of ES0,0). Know1ng P(u 0) and soiv1ng (2 S).we get P(k,0) for N
u+2sksv-1in function of PQ0,0) and of P{u + 1, 6). Applylng the .‘i
equ#tion (2.6) we get P(u + 1, b) as a fhhctionwof P(0,0) and (2.4)‘gives '
P(u + 1,1) as a function of P(0,0). (2.7),(2.8), (2.9) and (2.10) give.

P(k,1) for k > u + 2 as a function of P(0,0). At thns point, all ‘the probabilltles

. e

-

Page 10
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3.1.1 Equation (2.2) gives. ' | | -
k P(k,0) = (om + k-1) B(k-1,0) -4 P(x-2,0) 0 <k em
P(k,0) = 0 for k < 0
Therefore:

P(1,0) = pm P(0,0) . -
2 P(2,0), =(em + 1) P(1,0) - om P(0,0)
= ((em'+ 1) pm'-.om).P(O,'O)

‘= (em)2 P0,0) J '

o« -
P(2,0) = (pm2 P(0,Q). /! .

(em?  P(0,0)
q!

Let us'assume tﬁét P(q,0)

r

JY for q= k-1 and g = k-2 o .

(k-1 (k-2)1

© fhen k PEk,0) [(pmk-l) e L om (omk 2 } P(0;0) -

en* + D Em* ! - ket P,
(k-1) ! |

P(k,0)

-

!pm%k P(0,0)

f'.Thérefore if P(q,0) = !pm!q 'P(le) is true for q = k-1 and q = k-2 _
. s K . ql . .

5

N 4

it is also fruéffor q = k. Since it is true for q = 0 and q.= 1 it is true

7

for q = 3 and q:¥;4‘etc... up to q = m. E .

Page 1N
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*

Therefore P(k,?)' = -ipm??( P(U.,U) ' ‘ . 0gksm (3.1}

3.1.2 Let us solve equation (2.3} -
* P(,0] = (p+l) P(k-1,0) - p P(k-2,0)

em™!  pco,0)
m-1)!"°

and P(m,0) = (em)™ P(0,0)
m!

mtl skzu

From (3.1) we know that P(m-1,0)

Applying (2.3) P(m+1,0) - [(p+1) gpr?g’“ - p (mn)m'1 ] P(0,0)
ml -

m-1l)-

= ™ W+ em" - (em™ P(o,0)
m! o :
oy 1
' oM m  P(0,0) -’
m‘ .
Similarly (2.4) P(m+2,0) [(dwl)p“"'l m - o (em)™ ] 1)(6,0)
‘ ‘ _ m! oomb o
- pm+2 o+ pm+1' o - pm+1 o P(0,0)
m!

o ML g
. = P(0,0
P =r (’)‘

Let us assume that P(q,f]) = p4 gm_ P(0,0)
_ _ m!

forq = k-1 and q = k-2 then applying (2.3)

< ) Page 12



P(k,0}

i
—
~
hel
+
—
—
hel
o
=
= 55
I
g -
-
4
(g% ]
3
EE
—
B
[ )
=
L

u
o
=
=]
+
hw]
3
=
)
L)
=]
-
=
S
¥

n
L=/
E1E
E
)
L)
o
o
et

If P(q,0) = o2 ET P(0,0) 1is true for q = k-I“%nd q = k-2 it is also
true for q = k and since it is true for q = m+*N\and q = m+2 it is true for

all q satisfying m+l <q su.
k

Therefore P(k,0) =p° m" P(0,0) amlgksu  (3.2)
ml .
3.1.3 Let us skip (2.4) and try to solve (2.5) ' ‘
P(k,o) = (D+1) - P(k-l,oy - P P(k'zgo) '_ U""ZSRSV-]_ ‘

We can get P(u,0) from (3.2) butwe do not have P(u+1,0). We will calculate

these P(k,0) as functions of P(u+l,0) and P(0,0):

P(u+2,0)

1

(p+1) P(u+1,0) - o P(u,0)

P(u+3,0)

n

(p+1) P(u*2,0) - p P(u+l,0)

(p+1) (p+1) P(u+1,0) - (p+1) o P(u,0) - o P(u+l,0)
(p2 + p + 1) P(u+l,0) -(p2+p) P(u,0)"

A pattern seems to emerge, let us try

P(a,0) = (UL + o4 E 4 a1y P(u1,0) - (0% eV 40)P(u,0)

4

Page 13
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From Appgndix 1 the geomettical sums can be calculated:
P(q,0) = L1-o%" P00 - p_- %" P,0)

¢ l-p l-p

[N

Let us assume that it is true for q = k-1 and q = k-2

P(k,0) = (p*+1) P(k-1,0) - p P(k-z,b)

F3

- _1__[(0 f1) (1-052Y pur1,0) - (+1) (oK1 P(1,0)
1-p . - -
e o (KA PQu10) + 0 (om0 ETY P (u,o)]
. | .
.1 [(1-pk'“) P(ut1;0) - (p-p5"%) P(u,O)]
1-p '
PE,0) = 1-65%  Pw1,0) - 'p-pk'“ P(u,0) ; .
1-p 1-p ' -~ -
,

And since the relationship was true for q = u + 2 and u +3, it is true for

all qinu+ 2 £q sv-1

P(k,00 =1-05% P(ul,0) _ p-oY  P(u,0) . ut2eksv-l
-p ‘ 1-p - '

From 2.12 P(u,0) 1/;;_-;h p(0,0)

. m!l
»
Therefore
_ k-u ) u+l k . 1 .

P(k,0) = 1l-p P(u+l,0) p -p m P(0,0) u+2 sksv-1 (3.3)

1-p 1-p ml
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! : SR .
3.1.4 Relationship (2.6) was P(v-1,0) = p  P(v-2,0)

1+p .
L]

.
Y

Since we can calculate P(v-1,0) and P(v-2,0) from (3.3), (2.6) will

give a relationship between P{u+l,0) and P(0,Q): . !

P(v-1,0) = 1-0"%1 P10, o%1- V1 " p(o,0)
, T = :

3|

-

D pv-2,00 = 1-pVW% peue1,0) oW - Vo2 P(0,0)

- I-p w1 p

3)=

o P(v-2,00 _ po" %1 Py p%2 - oV a™ p(o,0)
1+p - -p -p m,

aNl applying (2;'6') ‘ ' . ; ‘

/

_ o N \ _
1-o" pw1,0) o™ d” p0,0) _ pnp" U PCur1,0) % Y M p(0,03
BRI e e T ml

1+0) -0V U= (o-p" WYy pur1,0) = [(140) (oW V- (W E0V Y | AR PO,0)  ce
L3 U ' . ] ﬁ—!— .
. \ : . , | .
CPw1,00 = ¥ -V " P(0,0) | / (3.4)
T-evu ol 8 :

3.1.5 Now we can go back to (2.4} '
P(u+l,0) + @ P(u+l,1) = (p+l) P(u,0) - pP(u-1,0)

From (3.2) P(u,0) = % m" P(0,0)

m
T
)
CP(u-1,0) = %L ™ P(0,0)
S ) ml
i e
I -
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1 = v m |
From (3.4) P(u+1,0) = %4 -7p mt P00
SCIRGCUIS wy g (LN ,

_ Therefore BP(u+l,1) [(p+1)p131 - pxpu-l- pU+1-pv=] m" P{0,0)"
.t- . . - .
WLVl v W o, B) o
m .

1 VU

u+2cksv-1 , /\

- ’ ﬂ'—-":,",.”—" ..‘
From (3.4) P(u+l,0) = pU+1- N g o P(0,0) .
: v-u m! .
1-0p
! y)
pk,0) =[ 10"V oIV WL kT pe g 2
1-p 1-pV"U TIp 4w

- . ) )
. - pu+1 B pk+1 L+ pk+v u_Lpu+1_£v+1_pk+pk+v u)ﬂr: P(0,0)
(1-p) (@-0") "o
= X MLV - VM " P(0,0)
1-0) A" m

oX (1-p) - oV (1-p) g’ﬁ P(0,0)
(1-p) (1-o" % m |
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*

. - - ) . @
m™ P(0,0) - | ur2¢kev-1(3.6) "

. s

One can note\at (3.4) s a sF‘et:ig:tl case dt(3.6. So that (3.6) is valid

‘ for u + 1 <¥ sv-1 #
.7 : atlon (2.7) gives P(u+ 1)

) lfcu+ 1) = (6/8) 1)<Pc:gl.1) -~ \ A~

. Applying(3.5)» P(w2,1) =L +(/8)) o' (1) " P (0,0); S
. e, ' 8(1-p" YHm! "
N v | 7

By multiplying mmleratof and denominator by 1 - (p/8) .% e

Pw) = 1o oY  (1-G/®)2). 1" P0,0) & (3.7)

B-p 1_ﬂ\l-u 5;\
3.1.8 And now we solve}z.s) - . .
P(k,1) = (1 + (p/B)) P(k;l.i) - (o/8) P(k-2,1) ' u+3sksv ‘

+

P(u+3,1)

(1+(D/B))/lq+2,1) - (o/8) P(u+l,1)
\ .
¢

o ] m" P(0,0)

(v Lo (o 0-Ghd /o) Le ol
. B-p X 1_pv-u _ - Bq- oV U m!
= (1-p)p" [(l+(p/B)) 1-(p/8J2 - (D/B)ﬂ] mx P(0,0) . °
1-pV U . B-p ‘ ml
’ - ; . "

(1-0)0" [1 v(o/8) - (/82 - (o/8)° - (of8) + (p/e)z] " p(0,0)

1oV B-p , - )
( S N ’

L o § Page 17
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. . . v
. . - .
’ s ™ - .
.
-~ . T L
. ~

= (-0)o" 1- (p/8)%, m" P(0)
1-pV YU B-p ml

=1p __p¥  (1- (/)% m" P(0,0)
B-p  q.,v-u ml

From-P(u+2,1) and P(u+3,1) a pattern seems to emerge, let us try:

P(q,1) =19 _op" (1 - (/)" ) o™ P(0,0)
. B- —

¢ 1_pV'u m!

Aséume it is true for k-1, k-2 and calculate it for k:
‘,

—P(k,1) = (1+(o/8)) P(k-1,1) - (o/8) P(k-2,2)

-

=10 0" [(1 +(0/8)) (1- (o/8) 1 Uy- (o/B) (1 - cp/e)k‘z'“)] o™ P(0,0)

B B mr
g-p l-pv u !
. 'Y ‘

J 1-p __ pY¥ [1 ~ (p/a)k'“] m'  P(0,0) -
_r .

I

m:

\

Since it is also true for k then it is true for all q such that u + 3 <q<v.
And noticing that P(u+2,1) and P(u+l,1) satisfy the same relationship we conclude
that: . ' '

PG,1). = 1o o (- (/8% e P(0,0) i+lgks v %(3.3) .

B-p 1 v-u h m!

-p
3.1.9 Now we can,solve (2.9)

R, = (1+(o/8)) P(v,1) - (o/8) [P(v-1,1) + P(v-1,0)]
7

from (3.6) P(v-1,0) = o' *-o¥ ™ P(0,0)
' 1-pV"U m?
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- from (3.8) P(v-1,1) = l-p _ oY (-8 H " Po,0) )
‘ : B-p 1 VU : m! :
) . . 1 \
and ‘P(v,1} = 1-p ' Ql - /BN " P(0,0)
B-p 7 _,V-u _ -oml '
POl 1) = _1 [(1+(p/s)) (1-p) o' A-G/8)" ™) -
i . l_pv-u . B-p
" (p/8) (;_p oV (1-(e/8) Ly 4 gVl p")] n" P(0,0) |
B-p " m!
= - _1-p [cl A (0/8)) oY (- (/8" ™) - (0/8) (p¥-0" (o/8) VTU" +pV'1(e-p))]
(1-p" ") (8-p)
o® P(0,0)
m! ;

g ]
; i3 N H
= (0" F+(Nm{wm““@mﬂmﬂmwmﬂwmwﬂhwmﬂﬂpmm

(1--""% (8-0) "

3|

- () o [(p/s) i (p/s)v'“*lJ ™ p(0,0)
C (10" (8-p)

pOvil,1) = Lo o ((p/e) : cp/s)v*l'f)jﬂﬁ P(0,0)
B-p l_pv'ru m!
= l-p 1.’(0/6)‘!-11‘ pV b mm- P(0,0) - (3_9)
Bp 1.,VU B ml 00 :
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s.i.lo Finally we can solve 2.10

- ‘
P(k,1) = (1+p/B)P(k-1,1) -{@P(k-2,1) k » v +2
P(v+2,1) = (1+p/8)P(v+1,1) -(9/B)P (v,1).
K- .
Applying (3.8) and (3.9)
. ’ ' v-u g
P(v+2,1) = 1-p 1-(p/B). oV [(1+ o/8) p/B-(ﬁ/Bﬂ m"
B-p _v-u . . ml
%
»yé} /: -
= 1o 1- /8 TG/ W po,0)
Beeq . vy - . m?
A pattern can be tried: |
P,1) = 1o LGB vegyav m peg o
B Ty v o
= 1p 1- /Y e/t mt P0,0)
B-p 1.pV7U m
Assume it

Since the
Therefore

P(k,1)

]

is true for q = k-1 and q(ﬁ(-z, calculate q =k applying (2.1b)

-p 1 vu
15 1- /)" /)X M P(0,0)
B-p VU mr
Pl |
y

kzv+2

=10 1- (e/®"" g [(1 0/8)0 /B - (o/8) (p/g)k’z] ot P(0,0)
B-p : : ' m!

relationship was trué for q = v+1' and v+2 it is true for all q

=1 1- /e 8 gF W P00
B-p 1 - oV ml

N

kav+z (3.10) /
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Note that P(v+1l,1) and\P(v,l) satisﬁ this relationship, v

3.1.11 A;ll' the probabilities have been calculated as functions of P(0,0)

Let G = gﬁ P(0,0). Let us Zg;réup the propabilities for clarity:
* m!

Oskem-l PG00 = (em)* m (3.1)°

E. M .
m

msksu ‘P(k,0) = oG - (3.2)

- utlekev-l.  P(k,0) = pk-pv G (3.6)
1-pV"U ' .

utlgksv-1" P(k,1) = 1-p o' 1- (/8)" " G (3.8)
‘ B-p 1 v-u )
-p . I.
vek el = 1o 8 1- (/e /e)* G (3.10)
B-p 1 - pv-u v )
N
.Note:G will be given in (3.19)
.3.1.12 Now we can apply (2.1) .
v-1 . =
r Pk,00) + £ Pk, =1,
k=0 k=u+l
m-1 ' ©om-l ( k ‘
r Pk,0) = Gm! I pm) } .
o ’ ;ﬁi . § _ o (3.11)
u u
£ Pk,0) =G = nk = G- U
k=m k=m 1-op o (3.12)

“ ' ) Page 21.



v-1 v-1 X .
I P(k,0) G [% I p) - (v-u-l)pv1
k=u+1 ' :

= G [PU+1 - pY - (v-u-1) pv}
1-p" Y 1-p
= G. pU+1 - (v-u);;v + (v-u-l)pV+1

(1-0) (10"

v-1 . .
5 P(k,1) =G(1-p)e (v-u-l) _ (o/8) - (p/8) V7V
k=u+1- (B-P)(l-pv-u) 1 - o/8B
= G(l-p)eY [(v-u-1) - €W (p/8) + (p/8) ™Y (3.14)
(8-p) (1 - 0¥ (1-0/8) ‘

@ - - SNy
F Pk,1) =’ G-p)(i-(e/8)V "

) /z// v :
- - B p/B note that p/8 <1
kev ema-"S L St

) 6

A L= 6(l-p)eV (- (e/8) VY L (3.15) K

(8-0) (1-p" %) (1-p/8)

Page 22



Combining (3.14) and (3.15)

£ P(k,1)
k=u+l

6 (1-p)p"
(8-0) (1-0" (1-(p/8))

[(v-u] (1-p/B)

ry

It

G(1-p) (v-u) 0"

(3.16)
> (B-D)(l-ov-u) '

Note that this is the prdbability'of being in any state with a service rate

"gu "™ We will reuse this fact later.
Combining (3.12) and (3.13)
~v-1 g

1 P,0) =G (@ + oD # %™ - (vou) vV 4, (v-u-1)pVH
k:m (l-p) (1_pV'U), : . -

-G o™ ‘+ (v-u) pr}'_ (v-U) pv]
1o @0 T10"Y

N i (v-u) o ‘ _ ' (3.17)
=G E?_' ' v-u - '
-p 1-p , : : :
And combining (3.16) and (3.17)
v-1 Lo

£ Pk,0) +&E P(k,1) =
k=m k=u*l

- G[-P-T !;4. (v-w) oY (1-p- (B-DJ)J
-0 (8-0) -0VY :

<



= G _gf
1-p

And applying (2.1)

(8-0) (1-p" ™

(8-1) (v-u)p"]

. (B-D(v-weY

(8-0) (1-07"%

(3.18)

(3.19)_

The.equations of section 3.1.11 and (3.19) give all the pr@bability of states

!

Since G = m P(0,0)
ml

1

m'l k

p - ) m
P(0,0) 1/[mg?m1)_p I m’

3.2 Some interesting prdbabilities:

(8-1) (v-u)o"
(B-p)(1-p°

(3.20)

In section 3.1 the probabilifies of being in the various states have

been cafculated.
LS

interesting.
v-1 m N
3.2.1 B = I Pk, + £ Pk,
=m - ksurl

Appl?ghg (3.18) and (3.19)
(D (v-u)e”

p
B - o ()(p V0
: m

P xml
l-p M k0 L1<‘!'—.

(8-1) {v-u)p 1)(V U)p
(8- D)(IQE

—

(3.21)

Some combinations of these pfobabilities are particula;iy

Page 24



It is interesting to note that when g=1 (No variation of service

rlaltle)
B.= 1
peoml E em¥ C
+(1-p)m! L m ‘ . | -
(om)™ k=0 DE! ‘ : i K

" which is the classical form for the Erlang delay formula.

»

3.2.2 Probability that the system is using the service rate Bu: B,

o

) = & Pk,1) = (1-p)(v-u)p’
%8 k=u+l (1) Vuv-u (3.16)
. (B-p) (l-p ) e‘ !
Applying (3.19) '

(1-p) (v-u)p”

A .. \
B, = __ (o)’ ) : | (3.22) ‘
| pm : m_!m-l ‘

BTy em® - (8-1) (v-u)e”
o wk=0 KT GRIG_vw .

_If we consider a time interval T, during a fraction of time BB x T the service

5 .
rate is Bu. Therefore the number of requests served with a service rate gu
_ during T is: mB Y X Bé xT (3.23)
3.2.3 Frequency of change of service fatg: FC .
L The system-is ready for a change of service ratel when it is in the
’ state((v-l,O) .
_ vl v '
P(v-1,0) = p P G (3.6)

l-lpv'u . \

.

Let us consider a time interval T; the system is ready for a change during
. . t
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P(v-1,0) x T. Since the rate of arrival is A, the number of chédnges of

service rate during P(v-1,0) x T is:

. - vl _ v ‘ '
FexT.= o "P  GgxaxT , o (3.24)
v-u
1-p
-

3.3 Mean control period and mean busy period:
.3.3.1. The meari control period is the mean period during which the system
is uéing continuously a service rate Bp = tB' This mean period is the ratio
of the total time spent with the service rate gu over the number of times —

the service rate 8p was started. Applying the results of [7.18]\and {3.%.’

(1-p)(v-wp’ .

+ tB = fB-o\fl-nv-u) ' . - 8
GVt - oV
(1"

tB _ (v-u)p ' ’
A(8-p) ‘ (3.25) g

LR

3.3.2 The mean busy period:

i .
The classical mean busy period is the mean period during which the

servers were continuously all busy, o | -~
!'/l -

¢ :

N, The total of the busy periods during a time T is given by

N | ‘ Page 26,



BxT =[ﬂ - g-1 V"upv GxT
1p - - :
P (B-p) (1-pV™™

> < - v . -
f v . .

T the total periods during which the system is ready to start a bu_s"

is given by: o /

Pm-1,0) x T = (em™' m  x_G xT
m1)! " A
~ ” L4
- pm-l G T

The number of arrivals during these periods is:

pm-lexTxA

<

Therefore the mean busy period ié given by:

-

tm = BxT = 1 &n_] _ !B'l!!V"u)Ev | . (3 26)

T o, - W™ |10 (8-p) (1-p" 9 . .
Again we notice that when g=1

L
tm = p
- A(1l-p)
which is the class{?:al mean busy'period. .
) \
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3.4 Mean queue length
' e

The service rate Has -been changed in order to decrease the queue

Zength. To quantify this effect let us calculate the mean queue length:

V'l -] ' A
q = © °(k-m) P(k,0) + I (k-m) P(k,1)

k= k=u+1
_ l v-1 - —w | '
q = © kPKkO0 + £ XkP(k,1) -mB g (3.’7)
' k=m k=u+l

' u
3.4.1 Letus calculate first k; =_. I kP(k,0)

k=m
u X -
From (3.2) k3 =G ¢ kop and applying A.3
s k=m .
ky = G [mpm - (m-l)pm+l - (u.+1)pU+1 + upU+2]
(1-p)2
v-1 vl X v _
3.4.2 ko = k=b1 kP(k,0) = G I k p--p ' - (3.6)
‘ k=u+l 1-oV"Y
“p
' v-1 K
kg = -G’ . ((v-ul) | G I ke
1-pV Y 2 1-pV U k=u+l
ky = -G(vu)(v-u-1)p¥ '—’,\T) -
2(1-p" 1)
v-S [(u+IJOU+1 - ™2 vV 4 (V'1)°v+1]
(A" )(A-0)? '
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v-1 v-1 ‘
3.3 k3 = I KP(k1) = (1-p)p'G o (kk (/)% Y
‘ k=.U+1 \ (B‘D) (l—pv-u) k=u+l
- | v ' v-u .oVl k

ks = G(l-p)(v+u) (v-u-1)PY _ G(1-p)p £k (p/8)
2(8-p) (10" ™Y (B-p) (1-p" Y™V kutl ’

ks = G(I) (v+u) (v-u-1)p"

2(8-p) (10" %)
6(1-p)p" Y (1) (o/8) ¥ L-u(o/8) H2-vio/8)Y +| -

. _ VU U 2
(8B-p) (1 &\\ )8 “(1- p/B)° | (v-1) (o/8) V*1 N

3.4.4 k= £ KP(k,1) = (1-p)8V(1-(o/8)V"Y)G Tk (o/8)K
v | (B-0) (1-0¥™%. v

_ _ _ v-u, Vv +
ky = ?gl siil 58£§11 ;i)Z [v (0/8)Y - (v-1) (po/8)Y 1]
3-p) (1-p P

[

_ ) ' v-u o v-u, | +
?éfpgiiﬁpv-u)s'ﬁ(ij)p/B]2 [V /83" - (V'l)‘(p/ﬁ)v 1]

3.4.5 Letus combine ks + ky -

ky + Ky =_G(1-p)

(8-0) (1-p¥ )8 7U(1-p/8)2 v(e/8)'8" ™ - (v-1) (o/8)" "IV
~p P -p -

rd

1) (o/8) VY + u(p/e) AV

+ G(1-p) (vu) (v-u-1)p"
2(8-0) (10" )
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. "y © vl v+l p\?+2-
ks +ky =_G(1-0) ["" (0D T )T v U T

(8-0) (1-0" "% (1% p/g)2

+  (v+u) (v-u-1)pY :l
] .

ky + ky = G(1-0 )p" vB2 - tv+u)8p + yp? + rru)(v-u-1)
(8-or(1-p""" (8-0)2 | 2
= G(l-p)pv\\ VB-up + Lv+u) (v-u-1)
(8-) (l-pv_u\\ B-p 2 ‘
3.4.6 Combining k.l + k,
- l*\\
e
ky + ko < G [mpm - {m-l)pw ]_ Gp ¥ (v+u) (v-u-1)
) 210"
+ G [(-(uﬂ)p““l ™%y (1-p¥7Y)
(107" (1-6)2 :
e - W Y +(‘v-1)pv+1]
. .
= _G [mpm - (m-l)pWI]- Go’ (v+u) (v-u-1)
(1-p)2 2(1-0" %
' - /
:
+ G [+ (114'1):>V+1 - upv+2 - vp¥ + (v-l)pV+1:|

(1-0" ™ (1-0)2 -

= G [mp“‘-'(rh—npm*l]'- Go ¥ (v+u) (v-u-1)
(1-0)2 YY)
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/ f - spz - (uw? - (ﬁu)p + V)
(1-p" ) (1-0)2

3.4.6 - And finally
kitkotkgtky, = _Go" (m -. (m-1)p)
-p
+ V(v (v-u-1) 1 .
2(1-p""" 8-

+_GP (L-e) (vB-u0) cup-vacl-p)]‘ -,
(DY (8-p)2 (1-p)2
Let ks bt last term: | \ ) '
ks =8’ (1-p)2 (v8 - w) + (8-p)° (up-v)
v-u ol
1-p {8-p)2 (1-p)
= ad [(1-20+QZJ}LB-U;:) + (B2-28p+p?) (Up-V)]
eV (8-0)% (1-9)
- '\) -
= GoV - F [vﬁ .-2vep+vﬂpz-up+2u;>2-u;:§
(1-p" M (B-p)2(1-0)

4u820-2u802+up3-v62+2v8p-vp2]

GoV [VB (1-8)-u{1-2)p +2u(l-B)p2 -v(l—B)pz]
(20" (8-p)2(1-p)

=~ GV (1-8) (vB-u(1+8)P + (2u-v)p2)
(1-0" %) (8-p)2(1-p)
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_And "going back to ky+kp+kgtk, =
G, (< (n-1)0)
. TI-p

- GPY(8-1) [(f+u)(v-u—1) . ve :u(1+8)p+'(2u-v)p2] .
(1-p" X8-p) z ' (B-p)(1-p)

-~

3

If the last sqdare parenthesis is kg:

-4

2(8-0) (1-9) ke = (v+u) (v-u-1) (8-5) (1-p)

' + 2 vB - 2u(l+p)p + (4u-2v)p2

= (v2u?)(B-0) (1-6) - (v-u) (B-(B+1)p +p2)
+ 2v -2u(i+8)p + (4u-2v)p?
= (vz-uz)(pr)(l-p) + vB-uB+v(B+1)p-u(B+1)p +(3u-3v)p2

= (V_?‘-uz) (B-p) (1-p)} + (v-u) (B+(B+1)p-3p2)

5

= (vZ-u?) (B-p) (1-p) + (v-u) [FB+pj(1*p) - 402]

IS

And finally: ki+kotkstk, =

6 -y ) | _6(e-1)_(v-udo” rwwﬁmxbm |
(1-0)2 " 2(1-p" ") (8-0)2(1-p) + (B+p) (1+p) -4p2 |’

»

Qéi;ﬁaff“\- : Page 32



&

3.4.7 . And’ now using (3.27)

q = Go"(m - mp_-p) _ mB
(1-p)2

/,/’“\\ _ 6(-1) (v-wp” [}v+u)(e-p3(1—o)+(s+5)(1+p)'- 4p2}
. 2(8-0)2(1-p) (10" ) = |

However g =|p " (8-1) (V“U)pv: G ‘ (3.21)
1-p  (B-p) (-0 ™

q _ pM(mzmptp)  mp™ - ‘ : -
G (1-9)2" 1-p ( , ‘
- D weY [ (6-0)(1-p) + (840) (14p)-dp? _ ﬁ] T
(8-0) (1-p"") 2(8-0) (1-p) |
Cg - L G e v, () Am) - 67, (3.28)
‘ (1-p) (B-p)(1-p" ) 2(B-p) (1-0)

G is given in (3.19)
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3.5 " Mean Waiting Time '
. : _
And now we can apply Little's formula {6]: The mean waiting
Ctine W o= g | |
A
Therefore: .
‘ A
w= G { pm+l C - (v-weY [wvtu (8+p) (1+p) - 4p2 all T G629
i T - ‘ .
a2 @ea-e"™ | 2 2(8-) (1-p) |

’

Furthermore, if we consider the average delay of the requests that encounter

some delay:

fnd B o=lgm el vewe” g | - |
ST -

(8-1) (v-u)p"

.let R =
(8-p)(1-p" "%
then . pm+1 _ .
" &y - R (_v+_u RCHICERI : N
. Wae L o ° 2 2(8-0) (T-p) - B
: o — (3.30)
1 "R -

- ' ) ’ ’
And for 8 = L,R =0 and Wy = _p  again this is the classical valpe..
. A(1-p) 4

' . - _ Page 34



4. THE APPLICATION o - T ]
4.1 ~Ina partiéular éﬁplication, it will be neceésar& to determine at
_whiczfguéue lengths the control.(sﬁorter sé¥Vi;e time) should be put on and
turnéd off. | | :
rn\ﬁ? It will be interesting to evaluate the effect of fhis control, on the
capacity of the system. It will be desirable to make sure that the control is
not activated when the traffic is low and is in full use when ueiﬂfrafficlis
higﬁ. ' o
To verify all this properties a generpl program has been developed.
It is then applied to many'situations. The operators of a telephone serviﬁf, the
cashiers of a super market, the tellers of a bank and the data link of a packet
transﬁjssibn system. | .

' 4.2 Output: Before aescribing the program it might be advantageous to have

a look at the output (Fig. 4).

HT . is the service time ¢ o ‘
BETAG is the given value of B (reduction of service time)
FIG - is the desired time between activation of the co§%rol (Inverse of

: r

the Frequency (Fc)

TBETAG - is the desired duration of the control (tB).

{
_WBG . is the desired mean waiting time (w)
M is the number of servers (m) i ~
OF is the queue length at which the controlis turned off‘ ‘ s
ON .is the hjueue length at which the cofitrol is put on
AN . is the traffig capacity (number of réguests served during a service

time HT) to meet the mean wditing time G). It will represent

the normal load. , . .
DN is the improvement in normal traffic capacity due‘ﬁ the control

(expressed in percent).

.1
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AV is the traffic.capacity to achieve a mé;n waiting time (5 * WBG).

It will represent the overload capacity. T .

v is the percent improvement in overléad capacity due to the control.
BBETN . is the probability that thq system is using the control at any given

timg during normal load (Bg)'

BBETV‘T same as BBEIN put for overload.

TﬁETN is the mean'duration of the contrgl (tB) for normal load.

TBETV same as TBET but for overload . |

FCIV the time between activation of thg controls for normal 1

KLGT  is an indicatorhof the numb®r of iterations required/to\calculate

the line. The units and teris digit is the number of iferations

on a single function. The hundreds is the number of iterationé on

a double function.” 4?

'Now let us consider some numbers. Figure 4 analyses the case of a ‘
bank. We can consider the case of a single queue .and the customers go to thé
first free teller. (When there is one queue per teller, and the cﬁétomers move
to an idle teller even if they were queheing’for a different tellér, the situation
is essentially the same. The order of service will be different but this Qill
not affect the average waiting time.)

Let us assume that the average service time is 2 minuées-(HT), the -
tellers are asked not to check whether the saving books are up to date when the
control is 6n, and éhis reduces their service time by 20% (BETAG = 1/6); The
desired mean waiting time is 2 minutes for normal load. And during this normal

load the tellers should not be asked to hurry up more than once during 2 hours

(FCIG) and the control period should last about 10 minutes (TBETAG).

S~
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For 7 tellers the control should-be'put’on‘when theré are about 21
r"q

‘customers waltlng and it should be turned off when there are only 12. The .
normal capac1ty (mean wa1t1ng tlme 2 mlnutes) will be 6, 6 customers during 2
mlnutes. This is 5% more than if there wereno control. The overload capacity
is 8.1 cuStomers dpring ?.minutes (mean waiting time 10 minutes) and this is
‘19% more than if there was no control . "In normal load the control is applied
during 8 3% of the tlme and in overload it is appl1ed 81.3% of the time. It will
ﬁﬁ?St 9.9 minutes in normal load and 65.5 minutes 1n‘fberload. In overload the
control will be applied évery 80.6 minutes. }(It took 36 single iterations and
7 double iterations to calculate this line.)
On this example it is interesting to note that it is often pos;ible to
obtain a supgtantial increase in capacity without applying the control all the
time. One would expecf that since the acceleration of service rate is 20% (BETAG-1)
the maximum capacity increase will be in the order of 20%. In'the case of 7 tellers
a 19% increase can be achieved even though the control is applied only 81% of the o
time, | ‘ . '
f% is also useful to note thét when the load is normal the control is
introduced seldomly (oncg every 2 houfs) and lasts only 10 minutes. EE an overload
however it will be introduced every 80 minutes and last 65 minutes so that at ail
times a frequent chanée of pfoceﬁurés is avoided to prevent irritating the tellers.
This is the_whole idéa behind the hysteresis. -
Figure 5 applies this technique to alsuper market, where the service
time is 5 or 10 minutes and can be accelerated by 60% when anether employee put
the groceries in bags. |
Figure 6 describes the case of telephone operétors with holding times
varying between 30 and 60 seconds.
Figure 7 applies to a date link transmitting packets with mean duration

varying between 10 and 20 ms.
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4.3 The program: Now let us consider the program used to produce'these <\
tables. s

Figure 8: Program TDCT: It is the control program. After reading
the inpuf data and setting up the output headings it will calculate the‘normal.
load without cuntrol ANNC. This is done by calling first DEFPAR to defiue the
parameters and then INVER. It is an inversion routine that calculates. the
traffic capacity for a given mean waiting time. h

The normal load with controls depends on the length.pf the queue at
which the controls are introduced. An 1terat10n w111 be done to calculate simul-
taneously AN, V and D. INVERD is called, it will be described later.

Once V and D are determined, the overluad traffics are_evaluéted.
(AVNC and AV). . S

Figure 9. 'INVER and INVERD . = <

. "INVER is én inversion foutine that applies tulmonotonic‘functibns

3
For a function C(A). 1t calculates A for a glven c. The secant method 1s used. but

L]

€ form A-XC

* the straight 11ne is replaced by a curve f1t of

.cmu “'AZ) -0 and czcm A2); -0
1ng.C1(A1“

s

INVERD is a double’ 1nver51on 1t wml‘ B

Flrst jt will call INVER to get Al(AZTWby‘inve AE) =0 and then by substi-

tutlon it derlves C2(A1(A2),A2) that, 1§g,t: whlch 15 1nversed Using exactly

the same logi¢ as INVER. This principle can’b

F%ﬁwegﬂ: THE

This subroutine calculates th¢ functions derived in section 3., 1t also

_ extended to many dimensions.

ensures the proper linkiné with INVER to calculate anyipurameter 4,V or Q),to
satisfy any criteria (BBETA, FCI, TBETA or WB). ' -.
| Figure 11: TDCC _

ThlS ‘program allows a more dlrect call te TDCS to calculate any of the

parameters W1thout producing the table of Figure 4,
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5. . THE CONCLUSION | S

A program is available to evaluate the effect of a control with t;
 hysteresis. It has been applied to a varietyJ?? cases to illustrate its generality.
'Whénever there is some penalty in applying too often a contrél, it is
useful to be able to choose the qﬁeue lengths at which the control will be pdt on
and turned off, so that it is automatically not implemented during normal load but
it is in‘full use during ovérload. It is also importanf‘to limit the frequency of
introduction of the control to avoid irritating.an operaﬁpf.
When the control is costly or represents a degradation of service (BETAG-1) ’
it isiinteresfing to note that improvement of overload capaciéy {DV) is larger

than the relative degradation/ of service (BBETV x (BETAG-1}).
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APPENDIX 1, USEFUL RELATIONSHIPS

The following relations are often used in the text:

j i

- Lk o= 1 (§+i) (j-i*l) (A.1)
k=i 2 ) . / -
S s n S .
- I a = a-a - (A.2)
k=1 1 :
g K
J .k , . .
- L ka': This sum is not classical, let us calculate it:
k=i
X
; , \
I ka¥ = ad [ % ka1l aa
k=i da | k=i .
a
] -
=ad b kak 1 da
da k=i .
a
J . .
=ad b ak = a d al- aJ+1
, da =i da T-a
./L
= a . i-1 . j i i+l
— |(1-a)(ia™ = - (j+1)a’) + (a"-a' )
. (l_a)z .
= a [ial'l - (-1t - (jrnal + jaJ+1]
(1-a)2 |
. [iai R T PRI ¢ FOL PEAR PR AC ] /(1-a)2  (A.3)
- (1 + x)A i = ;‘ (1) x 71 ) (A.4)
’ ~ k .
k=o0
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- Definitions:

)D ,

pP(k,0) =

P(k,0)

P(k,0) = .

P(k,1)

P(k,1) = N

|

%
Blocking:

Use of Bu:
Rate, of change:
Control period:

fBusy period:

APPENDIX 2)\SUMVARY OF RESULTS

R = (8-1)(v-u)o"
(8-p) (1-p¥ %)

¢l= ", m (om)*
l_p mm E.I
(em) m G
E.I m
-m
e
pk-pv G <
1-pV Y
-0 1 oM™ ¢
(8-p) 1077V
(1-0)8" 1'(D/B)v-u (o/ k
v-u p/8)
(8-p) 1-p
B =[o" -
(1—-5 R)G
B, = lp RG
B1
Fc - pv-l_pv G
] - pv-u
t = (v-u)p
8 A(B-0) .
t = 1 " )
m —1 (& -R
A" (l-o

B>p

mgksu

u+l<ksv-1

u+lgksv-1

vzk

(3.1)

(3.2)

(3.6)

(3.8)

(3.10)

(3.21)

(3.22)

(3.24)

(3.25)

(3.26)
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Queue length:

Delay of

delayed calls: ﬁd

NOTATION:

Y vu . (Bp)(1+p) - dp2 ' AN
@\ R GGt L)) o )

%

\ 4

y : (3;30)'

Number of servers

o . .
Service rate with control/normal service rate
arrival rate.

normal service rate {/
_/-\

:

Queue length at which the control is turned off

v & -

A/ (um) _
Queue length at which the control is put on
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HT

FWNe I

o~

1

or

10
17
21

25
30
34

.38

21
- 26

7
BETAG = 1.20
ON AN DH

14

[ B T ]

31
37
42
47

dOUTE WO
0D =l = =d - ) ) D

TRNNNE wwE,

BETAG = 1.20

OX - AR DN

«7 10

_J
-

L 3

OO~V FWN
M
&N Om Th £ b

rCI1G

DY

17
19
18
19

19
19
20
19

PCIG

= 120.

 BBETI

T 0.041

0.047
0.036
0.038

0.039
0.039
0.039
0.0480

BEBETH

0.068
0.074
0.076
0.078

0.080
0.080
0.083
0.082

BBETV

0.520
0.701
0.746
0.799

0.849

0.E65
0.883
0.885

120.

BBETV

0.486
0.£46
0.698
0.734

0.763
0.785
0.813
0.830

FIGURE[4: APPLICATION TG A BANK

4.1

TBETH

5.0
5.7

TBETAG

"~ TBETN

— .

[—JV-JT-NV.} 1. RV-RF- N -]
) a0 a0
-0 oWm ENON

TBRTAG{= - 5..

J
BETV

17.1"
29.2

25.2.

30.6 -

39.8
43.1
48.8
48.8

= 10..

TBETV

25.0
36.5
42.7
48.1

53.6
58.2
65.5
71.8

B s ad d aied eV

WBG = 2.0,§
FCIV ~KLGT.
32.9 \ 540
81.7

33.8 8uay |
38.3 - B43
46.5 846
49.8 849
55.3 B46
55.2 738
WBG = 2.0
PCIV KLGT
51.5 951
56.5 938
61.1 943
65.5 941
T4.2 37
80.6 736
86.4 736
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WO EW N~
oo & _Nt-co'

1]
3

=
(=)
e |

W ~Jonun 8 WN -
P ol O (=N ~N Q=]

——

ETAG = 1.20 ‘BCIG = 120, TBETAG = 15.  -WBG = 2.0

-

AN. DR AV DV BBETR PBETV TBETN TBETV PCIV KLGT
. L2 -

3 0.7 19 1.0 21 0.118 0.8596 184.2 50.6 102.0 2560

S 1.4 11 2.1 21 0.122 0.644 14.2 52.1 80.8 . 428

7 2.4 9 3.3 20 .0.128 0.685 15.0 58.9 85.9 T34

_9 .4 9 4.5 19 0.12% 0.712 15,1 68.5 90.6° 7136

11 4.4 7 5.7 19 0.110 0.728 _ 13.7 61.3 ga.2 738

13 5.4 7 6.8 19 0.11? 0.750 13.6 67.4 89.9 837

15 6.5 7 8.0 19 0.120 0.769 18.0 73.3 95.3 836

16 7.5 1 3.2 19 0.128 0.7S4 14.3 81.3 102.4 1038

_". . ‘“ .

BETAG = 1.20 PCIG =  120. TBETAG = 20. WBG = 2.0

o} ] AN DN AV DV BBETN BBETV TBETN TBRTV FCIV KLGT

2 0.6 20 1.0 22 0.106 0.419 12.4 33.9  81.0 532
4 1.3 12 2.0 21 0.112 0.592 ~ 13.2 4.2 4.6 429 -
5 2.3 1% 3.2 21 0.135 0.676. 16.1 54.1 80.0 326 .
7 3.3 10 4.4 20 0.148 0.701 18.6 ~ 71.0 101.3 325 ﬁ
. ) i
8 8.3 10 5.6 20 0.166 0.735 20.1 78.6 106.9 327 .
10 5.3 9 6.8 20 0.168 0.741 19.5 84.5 1184.0301542 B
11 6.4 9 8.0 20 0.166 0.770 19.9 94.1 '122.3 735 -
13 T.4 9 9.2 ZQ 0.170 0.773 20.3 ~98.0 126.9 531 .

. Nt .
4.2
4 .
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mqu & wyp o =
. Il

m
L]

-~ W FW N~

i

Y BETAG = 1.10 FCIG = 120. TBBTIG-= Se "WBG = 2.0 .

QF ON. AR DN AV DV BBETN BBEIV' IBETN TBERTV PFCIV KLGY

6. 8 0.8 3 1.0 9 0.053 -0.580 - 6.4 " 27.4 #7.3 2461
11 14 1.7 2 2.1 9 0.048 0.602 5.6 24.7 41.0 433 -
18 21 2.7 2 . 3.2 9 0.040 0.€35 - . 4.7 22.0 34.6 430
22 26 3.7 2. 4.3 9 0.046 0.700 5.5 29.0 1.5 430
29 33 4.7 2 5.4 9  0.080 0.726 4.8 27.1  37.3  B4Y
32 37 5.7 2 6.4 9 0.046 0.760 S.4 32.9 43.4 533
39 44 6.7 1 7.5 10 0.040 0.777 4.9 "31.1 40.0 841
g1 47 7.7 2 8.6 10 0.087 _0.794 5.4 ° 35.6 44,9 631

2 BETAG = 1. 10 :CIG*= 120. . TBETAG F‘ 10. WBG = 2.0
OF ON AN DN AY DV BBETN BBETV TBETN TBETV FCIV KLGT

2 ) 0.7 ¢ 1.0 10 0.084 0.440 9.6 27.5 62:“ 536

3 7 1.5 & 2.0 10 0.092 0.6€5 11.0 51.0 76.7 2352

g8 13 3.4 3. h.2 9 0.090 0.642 10.5 48,2 68.9 428 f

. * i
10 15 4.4 3 5.3 10 0.079 0.687 9.3 By.8 65.2 634
16 23 7.5 3 8.6 9 0.088 0.738 10.4

56.3. 76.2 638

4.3
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1]
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e~
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3 BETAG = 1.1%55 ~ ECIG = 120. . TBETAG = 15. WBG = 2.0y,

&

QF ON AN DN AV DV - BBETH BBETV  TBETN " TBETV _PCIV KLGT.
¢ 2 0.610 0.9 11 0.117 0.460 14.1  32.9 - 71.6 431,
0 4 1.3 6 1.9-10 -0.128 0.632 15.4 45.1 71.4 325,
1 6. 2.3 5 3.0 10 0.129 0.719 15.0 68.5 95.3 2655,
2 8 3.3k 5 4.0 8 0.136 0.666, 16.3 61.4 92.3 322
4 10 4.3 4 5.2 10 0.122 0.670 14.7 59.2° 88.3 632,
6 12 5.3 &4 6.3 10 0.117 0.679 13.6 57.6 84.7 733,
g 16 7.3 _u 8.5 10 0.116 0.705 13.8 63.9 90.7 530,
4 BETAG = 1,10 PCIG = 120. TBETAG = 20. WBG = 2.0

OF ON A¥ DN AV DV BBETHN BBETV  TBETN ITBETV PCIV KLGT
0 0.6 10 0.9 11 0.10¢ 0.351 12.2 36.0 92.0 428
0 1.2 7 1.9 11 0.115 0.592 14.3 36.0 60.8 324
0 2.2 6 2.9 10 0.144 0.619 17.6 56.3 90.9 323

3.2 6 4.0 10 0.167 0.665 20.1 66.0 99.2 325 |
0 4.2 6 5.0 .8 0.187 0.695  22.1 74.9 107.8 322
2 5.1 5 6.2 10 0.161 0.678 19.2 . 72.3 106.6 531
Bl 6.1 5 7.3 10 d.148 0.670 18.0 69.8 104.0 63)
3 11- 7.2 5 8.4

10 0.171 0.716 19.7 80.9 113.1 730

4.4
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10

oF
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ON

12

15
17
20
23

ON .

aOmwN’

10
12

A EW o

N O =)
[ ]

-t

BETAG = 1.60 2

Av

P
oo NOOE T

FCIG

Dy

64
63
€2

62

61
61
61
61

PCIG

DV

67
66
€3
63

62

62
62
61

BBETH

0.207
0.195
0.213

0.229

0.237
0.243
0.247
0. 250

" BBETH .

0.164
0.171
0.191
0.208

0.231

0.231
0.237

0.234
>

o

120.

BBETY

0.672
0.846
0.887

0.907

0.927
0.538
0.946
0.981

120.

BBETV

0.517
0.750
0.799
0.840

0.863
0.884

- 0.899

0.906

TBETAG

TBETN

23.8
26.1

26.8

28.3
28.2
29.3
29. 4

TBETAG

TBETN

20.4
20.3
23.9
25.1

26.9
28.0
28.2
29.3

30.

TBETY

88.3

138.2
201.9

254.3

327.3
368.2
427.%
474,.3

60.

TBETV

72.2
75.9
117.5
138.7

179.8
201.9
223.7
255.6

L

-

WBG = 5.0
FCIV KLGT
131.4 746
163.5 539
227.7 S3s
280.3 531
353.2 429
392.5 429
452.2 428
499.0 428
WBG = 5.0
PCIV KLGT
139.7 536
101.2 433
147.0 433
165.1 435°
208.2 834
228.3 636
248,.8301646
282.0 a3y

;
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30

BETAG = 1.10 FCIG =j 3600. TBRTAG =

_lﬂ DN AY DY BBETN BBETYV TBETN
~

* 0.5 & 1.1 8 0.010 0.121 5.7
1.9 2 2.9 7 0.014 0.16€3 48.9
3.5 2 4.9 6 0.076 0.7181 56.9
5.2 2 6.9 6 0.018, 0.224 62.7
7.0 1 8.9 6 0.017 0.211 60.0
- 8.8 1 11.0 6 0.018 @.237 61.4
10.6 1 13.0 6 0.017 02224 63.0
13.6 1 14.8 3 0.017 0.151 59-6
15.5 1 16.9 3 0.018 0.1767 63.0
17.4 1 18&8 3 -0.097 0.1%t2 9.3

19.4 1 2059 -3 0.018 0.165 62.5 .
21.3 1 22.9 3 0.017 0.151 59.4
23.3 1 24.9 -3 0.018 0%161 62.4
25.3 1 26.9 3 0.017 0.163 59.6
27.2 0 28.9 3 0.017 0.167 56.6
29.3 1 30.8 2 0.0r6 0.133 60.9
33.2 1 34.9 -2. 0.C 132 61.2
37.2 1 38.9 2 0.0 0.129 61.6
41,1 1 43.0 2 0.017 0.136 61.9
45.1 1 47.0 2 0.017 0.132 62.3
49.1 1 5t.1 2 0.017 0.138 '62.7
52.8 0 55.5° 3 0.016 0.186 58.1
56.8 0 59.5 3 0.016 0.181 58.6
60.7 0 63.3 2 0.016 0.166 59.1

"\

o \ .

{
FIGURE 6; APPLICATION TO TELEPHONE OPERATORS
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BETAG = 1.10  FCIG = 3600.  TBETAG = 120.  WBG = Z%0

AN DN AV pv BBETN BBETV TBETK TBETV FCIV KLGT
. . “‘\ - ) »
0.4 7 0.8 9 0.010 0.085 35.0 8#3.5 511.3 316
‘1.6 3 2.5 7 ‘0.014  0:130 50.4 63.9 891.6 316
3.1 3 .4 7 0.07¢40. 154 59.4 81.2 526.8: 317
4.7 2 6.3 6 0.019" 0.139 65.9 118.3 851.2 318
6.4 2 8.2 6 0.020 0.152 71.8 129.5 849.5 319
8.1 2 10.3 6 0.021 0.189 ,76.0 122.3 648.0 319
9.9 2 12.3 6 0.022 0.196 79.5 138.0 682.9 320
13.3 2  14.4 3 0.033 0.183 120.9 171.3 938.4 , 320
15.3 2 16.4 3  0.034 0.188 125.5 178.2 949.5 319 ;.
17.2 2 18.5 3  0.035 0.211 129.5 -169.§ - 802.7 48420
19.1 1  20.4 3 0.032 0.201 118.2 159.4 791.0 628 '
21.1 2 22.4 3 0.036 0.204 128.6 166.3 815.3 522 -
23.0 1 24.4 3 0.033 0.195 18.5 157.6 807.5 625
25.0 1 26.4 3 0.033 0.197 124.1 168.1 832.7 623 '
26.9. 1 28.4 3 0.033 0.213 118.9 158.2 741.1 628 LL
26.9 1 30.4 3 0.032. 0.206 114.2 151.0 780.5 624
32.8 1 34.5 3 0.032 0.221 115.2 152.5 691.3 623
36.8 1 38.5 3 0.033 0.211 116.3 152.3 T721.3 725
48.7 1 686.6 3 0.0633 0.233 118.3 . 158.5 661.8 726
486.6 1 50.6 2 0.033 0.222 119.2 158.0 694.0 828, .}
52.6 ‘1 58.6 2 0.03% 0.230 120.7 155.1 673.1 828 ;.
56.6/%1 58.7 2 0.03% 0.238 120.9 156.1 656.1 625 I
6045 1 €2.7 2 0.032 0.237 . 115.8 148.7 628.8 727 ‘¢
i ' . '
) 6.3
Ay
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BT = 45 " BETAG = 1.10 PCIG = 7200, TBETAG = 90. WBG = 2.0
M OF ON AN DK AV DV Bnncg' BBETV  TBETN TBETV FCIV KLGT
2 0. 2 0.4 4 0.9 7 0.006 0.069 45.5 69.7 1009.0 316
4 0 =& 1.7 2 2.7 5 0.009 0.0%6 62.0 103.0 10%=3 316
6 0 5 3.2 2 4.6 6 0.010 0.13% 71.7 110.5 . 822.1 317
8 0o 7 4.9 1 6.5 5 - 0.011 0.135 78.6 136.5 1014.5 317

10 0 8 6.6 .1 8.5 S5 0.012 0.156 83.9 143.4 917.7 317

12 0 9 8.3 1 10.5 5 0.013 0.173 87.9 150.84 866.8 317

14 0 1" 0.1 1 12.5 5 €.013 0.167 92.3 170.% 1017.8 317

16 6 14 13.3 1 14.5 2 0.012 0.102 84.0 115.5 1127.6 525

18 6, 15 15.3.1 16.5 2 0.013 0.112 89.5 121.9 1085.3 319

20 7 17 17.2 1 18.4 2 0.013 0.1C5 94.0 126.5 1199.8 319

22 8 18 19.1 1 20.4 2 0.013 0.1C7 89.1 119.8 1113.6 319

24 8 19 21.1 1 22.4 2 0.013 0.1%4 93.4 124.8 1093.5 319

26 10 1 23.0 1 24.4 2 0.013 0.702 89.1 117.6 1152.9 318

+28 10 22 25.0 1 26.4 2 0.013 0.108 93.2 122.7 1139.7 - 318 .

30 13 25 27.1 1 28.3 2 0.012 o0.(¢8g7 90.9 115.5 1322.2 216

32 11 24 28.9 1 30.4 2 0.013 0.113 93.3 121.9 1083.5 318

36 13 26 32.8 0 .34.4 2 0.012 0.111 85.7 112.4% 1008.3 423

40 1 28 36.7 O 38.4 2 0.012 0.114 866.4 112.6  986.9 423

44 15 "30- 40.6 0 iz.4 2 0.012 0.117 87.1 113.1 966.2 424

48 16 32 44.6 0 46.4 2z 0.01z 0.118 87.8 113.3 957.2 B24

) - , ¢

52 17 34 . &8.5 O 50.5 2 0.012 0.119 88.4 113.6 952.6 424 5

56 .18 236 €2.5 0 S4.5 2 0.012 0.120 89.1 113.8 951. 14 424 ;

60 28 43  56.7 1 58.2 1 0.013 0.C€1 . 91.9 110.0 1363.0 217 :

68 26 46 60.7 1 €2.2. 1 0.013 0.077 92.5 109.8 1438.0 217 :

.\
6.5
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'BETAG = 1.10 FCIG = 7200. TBETAG = 120. WBG = 2.0
ON AN DN AV DV BBETN BBRETV  TBETE TBETV PCIV KLGT
1 0.4 5 0.8 9 0.006 0©.085 86.1 43.5 511-3 317
3 1.6 2 2.5 6 0,009 0.092 63.9 9.1 1023.8 316
4 3.1 2 4.3 6 0.011 0.120 4.2 106.3 884.9 317
6 4.7 2 6.2 5 0.012 0.112 81.4 139.5 1239.9 318
7 6.3 1 8.2 5 0.013 0.128 86.9, 148.5 1163.2 318
8 B.1 1 10.1 5 0.013 0.139 91.4 157.3 1128.5 318
9 9.8 1 12.1 5 0.013 0.150 96.7 166.7 1109.9 320
1 13.2 1 14.4 3 0.017 0.1z8 123.3 '166.7 1308.9 626
12 5.1 1 16.3 3 0.016 0.126 116.0 155.6 1233.7 524
14 17.1 1 18.3 2 0.017 0.113 122.3 161.2 14822.2 319
15 19.0 1 20.3 2 0.016 0.112 115.8 152.0 1356.4 528
16 21.0 1 22.2 2 0.017 0.117 121.9 158.9 1358.4 319
17  22.9 1 24.2 2 0.016 0.115 116.1 150.9 1312.5 S24
18 4.9 1 26.2 2z 0.017 0.119 121.8 157.3 1324.0 318 .
19 26.8 1 28.2 2 0.016 0.116 116.6 150.2 1290.8 523
20 28.8 1 30.2 2 0.017 0.119 122.1 156.71 1307.9 318
22 32.7 1 36.2 2 0.017 0.119 122.5 155.3 1303.4 317
24 36.7 1 38.2 2 0.017 0.118 123.0 154.6 1307.2 318,
25 40.6 1 §2.2 2 0,017 0.128 123.6 15%5.1 1208.2 318
27 44.6 1 46.2 2 0.018 0.126 128.1 158.6 1227.5 321
. . I-!
29 48.5 1 50.2 2 0.018 0.125 : 128.7 154.4 1239.0 32]
30 52.5 1 54.2 2 0.018 0.132 125.3 155.0 1170.7 321 |
32 56.5 1 58.2 2 0.018 '0.129 125.8 154.6 1197.2 321
33 60.4 1 €2.3.2 0.017 0.132 119.8 147.5 1120.9 52
1.
6.6
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BETAG = 1.20

AN DN

0.8 0
1.7- 0

BETAG = 1.20

di§ AN DN

0.7 0
1.6 0

BETAG = 1.20
AN DH

0.9 0
1.9 0

BETAG = 1.20

AN DN

" 8.9 0
1.8 0

vy

FCIG =600000. TBETAG = 300. WBG = 30.0
-

AV DV BBETN BBETY TBETR TBETV PCIV KLGT
1.0 4 0.000 0.088 287.0 508.1 5738.3 636
2.1 7 0.000 0.220 299.6 611.Q  2778.8 325

PCIG =600000. TBETAG.= 600. WBG = 30.0

pv 1k ) BBB;& BBETY TBETR - TBETY P;IV KLGT

1.0 8 0.001 0.165 622.4 13484.1 8163.2 325

2.1 12 0.001 0.3€6 611.8 1731.7 4736.3 325
g.

FCIG =600000. TBETAG =1000. WBG =100.0

AV DV BBETR BBERTYV TBETN TBETYV FCIV KLGT
1.1 9 0.002 0.354 1020.5 2155.7 /6089.7 432
2.3 17  0.002 0.7€6 999.5 5732.6( 7290.5 439

»
FCIG =600000. TBETAG =2000. WBG =100.0

AV DV BBETN BBEXYV TBETHN TBETYVY FCIV KILGT
11713 0.003 0.475 2023.8 6024.7 12688.3 325
2.3 18 329

FIGURE 7: APPLICATION TO A DATA LINK

0.003 0.775 2000.912439.7 16055.6
: ¢
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ILE:

FIGURE 8: PROGRAM TDCT

)

BELL-NOETHERN RESEARCH TIME= 11:48:21 DATE:

TDCT PORTRAN A 08/22/15
COMMON /BINV/AIRV,CINV,NTEST TDCO00 10
COMMCN /BINVZ2/AIWVZ2,CINV2,NTEST? TDC00020
COMMON /EPAR/AH,AL,AP,CH,CL,CM,Y,KLN,KI,KLT . TDCO0030
COMMON /EPARz/AzH,azL,AzP czH,ch:sen Yz,KLzu KL2,KL2T - TDCO00OUO
CCMMON /BTDC/ A, M, HT,BETA,V,D,MAXD,RBETA,FCI,TBETA,WE,INVA,INVC TDCO0O050
CCMMCN /BTDC2/ INVA2,INVC2 TDCO0060
INTEGER HTL,HTH,HTE, NHT,OF,CN,DN,DV TDCO0070

c R ‘ TDCO00B0

EXTEENAL TDCS,TDCS1,TDCSz TDC00090

c : - ' . TDC00100

c . TDC00110

5" WRITE (6,20) TDCO0120

20 FORMAT (/' TYPE ML, uu ME,HTL, HTH HTE,BETAG,FCIG,RTEG,WBG, NTEST, TDC00130

1,"KLM?) TDCO0 140

READ (7, %) ML, HH MEG ,HTL,HTH,HTE,BETAG,FCIG,RTBG,WBG,NIEST,KLN TDHC00]150

1F ({ML.EQ. O)STOP TDCO0160

IF (KLM.EC.0)GO TO 5 TDCOC 170

AP=.01 TDC00180

A2E=AP TDC00 190

NTEST2=NTEST Vel TDC00200

KL2¥=KLM L TDC00210

PCIH=] .05*FCIG TDC00220
FCIL=.95*PCIG TDCO0230 .

WBL=.99*WBG TDCO0 240

WBGV=5.%WRG TDC00250

WBLV=.99*WEBGYV TDC0O0 260

C , TDC00270

DO 1000 NHT=HTL,HTH,HTE TDbC00280

ME=MEG . ' < .~ TDC002%0

HT=NHT ' ' 5 PDC00300

TBETAG=RTBG*HT ' ' TDC00310

TBETAE=1.05*TBETAG TDC00320

LINE=0Q - TDC00330

WEITE (S, 30)NHT BETAG,FCIG, TBETAG WEBG » TDCOO 340

3“*?GEHAT('1HI =',I3, SX,'BETAG = ,FS 2,5X,vFCIG =*,F7.0,5% TDC00 350

1,"TBETAG =',P5.0,5%X,'WBG =',F5.1///' 4% OF ON AN DR AV'TDCOD360

2,- DV EBETN BBETV  TBETN TBETV FCIV EKLGT'/) TDC00370

M=ML : \ TDC00380

GO TO 101 TDC00390

C ' TDCOQ4Q0

c - , TDCOO4 10

100 M=M+ME TDCOO420

IF (M.EQ.32) ME=2#%ME TDCO004 30

IF (H.GT.MH)GO TO 1000 - ] TDCO0440

101 KLGT=0 . . TDCO04S50

YA=1./H8 \ DCOOU60

AHG=.99%M TDCO0470

AHBE=AHG*BETAG TDCOO480

ALG=. 1*N TDCO0490

c TB€00500

C GET NOFMAL LOAD TDCO0510

' CALL DEFEAR(1, u,.9*u,AHG,ALG 'WBG,WBL,1E70, In 1.,1.,442.,1.) 00520
KLT=0 ( ”’/,¥3500530
CALL INVER(TDCS) TDCOOS40
IF (NTEST.GE.1) WRITE(6,102) BBETA,PCI,TEETA,WH TDCO0S550 .
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FTLE: TDCT PORTRAN A  BELL-NOBRTHERN RESEARCH TIME= ]1:48:2] DATE: 08/22/75

, 102 FORMAT(4E13.4) : ) ' : TDCO0560

KLGT=KLGT+KL - . . THC00570
ANNC=AINV . - TDC00580

o - ' TDC00590
BETA=BETAG _ : TDCO0600
RC=ANNC/M TDC00610
ANDA=AKNNC/HT : TDC00620
D=TBETAG*ANDA#* (BET A= 8C) /BC ‘ 2 TDC00630
D=INT(D+.5) TDCOO64U0

V=M+D TDCO0650

CAIL TDCS TDCO0660

IF (NTEST.GE. 1) ¥RITE (6, 102)BBBTA FCI, TBETA WB , TDCO00670

C TDCO068B0
C IF(PCI.GT.FCIG) TBETAG WILL NOT BE S!TISEIID SET MAXD=1 4 TDCO0690
c TDCS WILL USE D=V=-H, TDC00700
IF (FCI.GT.FCIG) MAXD=1 TDCO0710

c ' TDCDY0720
C START ITERATION FOR.AN,V AND D TDC00730
c . . . ' TDCO0740
V1=V . . TDC00750

D1=D . TDC00760
AN=ANNC R TDC00770

110. CALL DEFPAR(2,2,V1,100.*M,¥4+%. ,FCIH,FCIL, 1370,.15 AN,BETAG,V1,D1) TDCO0780
CALL DPAB2(1,4,AN, AHE,ALG WBG,WBL,1E70, !A)‘ ‘_,pc90790

KLT=0 . . : TDCO0800
KL21=0 ‘ : TDC00810

CALL INVEPD(TDCSL TDCS?2) - TDCO0820 *
AN=ATINV2 : L N TDC00830

V=INT (V+.5) ‘ , TDC00840

D=INT (D+.5) : TDC00850
KLGT=KLGT+KLT+]100*KL2T TDC00860

C TDC00870
140 IP (TBETA.LE.TBETAH)GO TO 150 TDC00880
MAXD=0 . * TDC00890
EC=AN/HM . TDC00900

- ANLCA=AN/HT : C TDC0QI10

D3= TBETAG*ANDAt(EBTA-RC)/EC . TDC00920
D3=INT (D3+.5) - ~ TDC00930

IF (D.EQ.D3)GO TO 150 TDCO0940

D1=D3 : . TDCO0950
V1=M+D1 _ TDC00960

IP (KL2T.LT.2*KLM)GO TO 110 ’ TDC00970

c ‘ E ) TDCO0980
150 BBETN=BBETA TDC00990
TBETN=TBETA ) TDC01000
DN=INT (100, * (AN=ANNC) /ARNC+, 5) o TDC01010

c } i TPC01020
C GET OVERLOAD ’ . TDC01030
CALL DEPPAR(1,4,ANNC,AHG,.9*ANNC,WBGYV,HBLYV,1E70, YA,AN,1.,V D) TDCO1040

KLT=0 TbHCc01050

CALL INVEE (TDCS) TDCO1060

IP (NTEST.GE.1) WRITE(6,102) BBETA,FCI,TBETA, WB TDC01070
KLGT=KLGT+KL TDCO01080
AVNC=AINY . : TDC01030

c . | TDCO01100
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AN

FIiLE: TDCT PORTRAN A  BELL=NOBTHERN stﬁnacn TIMB= 11:48:21 Daké?
B AH=AHB Y
BETA=BETAG .
KLT=0

a0

CALL INVER (TDCS)
IF (NTEST.GE.1) WRITE (6, 102)BBETA,PCI TBETA,WB '
KLGT=KLGT+KL . ?
AV=AINV
BBETV=BBRTA
TBETV=TBETA
FCIV=FCI
V=INT (100.*(AV=AVNC) /AVNC+.5)

ON=V=M
GP=08=D
.WRITE (8, 200)H, OP ON,AN DH,AV DV,EBETN,EBETV,TBETN,TBETV
{,PCIV,KLGT
WRITE (6, 200) 8,0F ,ON, AN, DK, AV, DV, EBETN, EEETV +TBETN , TBETY
1,PCIV,KLGT
Eaﬁ\zgpnnr(ra,zs 18,2 (PT.1,13) 1%, 2F7.3,1X,2F7.1, 8. 1,16)
ITNE=LINE+1 ;
1F (LINE. EQ. u*(Lxuz/u))HRITE(e,zlo)
210 POEMAT (1X)
GO TO 100
1000 CONTINUE
GO0 TO 5
END

SUBROUTINE DEFPAR(NP1,NPZ, E3,P4,E5, P5 E7,P8,E9, P10,P11,P12,P13)
COMMON /BIKV/AINV,CINV,NTEST
COMMON /BP!B/RH,DI,BP,CH cL, CH Y,KLM,KI,EKLT
COMMON /BTDC/ A,NM, HT,BETA,V, D Hlln BBEEA ,FC,TBETA,WB,INVA, INyC
INVA=NP1
INVC=NP2
AINV=P3 - .
AH=PYU ’ ¢
AL=P5 . E
CH=P6
CL=P7 \
CH=P8 | .
¥=P9 . X
A=E10 SN g
BETA=P11
¥=P12.
D=P13
TF (NTEST.GE. 1) WRITE (6, 10) NP 1,NE2,P3,PU,P50R6P7, E8, P9, P10,P11,P12
1,P13 A
10 PORMAT (/2I3,3E12.4/6X,3E12.4/F8.4 Fld?ﬁ%ggﬁz,zra.l)//—lzrx
RETUBN ' : \
END

SUBROUTINE DPaAR2 (NP1,NE2,E3,P4,PS5,E6,E7,B8,F9)
COMMON /BINV2/AINV2,CINVZ,NTEST2

08/22/75

TDCO1110
TDCO01120
TDC01130
TDCO1140
TDCO01150
TDCO1160
TDC01170
TDCO1180
TDC01190
TDC01200
TDC01210
TDCO1220
TDC0}1230
TDC01240
TDCO}1 250
TDC01260
TDC01270
TDCO1280
TDC(1290

TDCO]1300"

TDCO01310
TDCO01320

. TDC01330

THCO1340
TDCO]1350

TDC01360

TDC01370
TpCO1380
TDC01390
TDCO1400
TDCO1410
TDCO1420
TDCO1430
TDCO1540
TPCO1L450
TDCO1460
TDCO1470
TDCO1480

- TDCO1490

TDC01500

- TDCO1510

TDCO01520
TDCO1530

TDCO1540"

TDCO 1550

TDCO}1560 |
TDCO1570 "

TDCO1580
TDCO1590
TDCO1600
TDC01610
TDCO1620
TDC01630
TDCO1640

TDCO1680
-~
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ILE:

10

——

TDCT . FORTRAN A  BELL-NOBTHERN RESEARGH TIME= 11:48:21 DATE:

COMMON /BPAR2/A2E,A2L,A2P,C2H,C2L,C2M,Y2,KL28,KL2,KL2T :
CaMMON /BTDC/ A,M,HT,BETA,V,D,MAXD,BBETA,PC, TBETA,WB,INVA, IRVC
COMMON /ETDC2/ IRVA2,INVC2 ,
INVA2=NP1 - ‘ oo
INVC2=NP2 - YA
AINV2=P3 | ¥
A2B=P4 . » ' ’ .
A2L=E5 o < 3

C2H=F6 ,

C21L=87 - , . .

C28=F8 - S .

12=P9 '

- IP (NTEST2.GE. 1) WRITE (6, 10) NP1,NP2,P3,P4,P5,P6,P7,E8,E9,A BEIR,V D

FORMAT (/2I3,3E12.4/6X,3B12.4/F8. 4, F10.4, E6. z,zre.l)
BETUEN ,
END. - | \

08/22/75

TDCO1660
TDCO1670

TDCO01680
TDC01690
TDCO1700 -
TDCO01710

TDCO1720
TDCO01730
TDCO1740
TDCO01750
TDCO1760
TDCO1770
TDCO178¢0

- EDCO1790

TDC01800
TDCO01810

‘. i

" Amwews
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PILE: INVER . FOBTRAN A BELL-NQETHERN HéSEABCE TIME= 11:48:21 DATE:

SUBROUTINE INVER(SN)
COMMON /BINV/A,C,NTEST
. COMMON /BPAB/AH,AL,AP,CH,CL,CM,Y KLM,KL,KLT

THIS §UBBOUTINE CALCULATES THE INVERSE OF A MONOTONIC CONTINUOUS
PUNCTICN C(A) WEBERE C IS DEFINED BY SN (EXTEENAL IN CALLING PROGEAMN)

C CAN CHANGE SIGN IN THE ITEBATION, EUT NOT A.
IF REQUIRED A SHIPFT OP A SHOULD BE DCNE EXTEENALLY.

AH,AL BOUNDS ON ALLOWABLE A
AP RFE!TIVE EREQR ON A

CH,CL BOUNDS ON DESIRED C
CM MAX OF C - EBROR KL=1000+KL

Y INITIAL POWER OF CURVE PIT A=X*C#**Y

KL NUMBEE OF, LOOES

KLM MAX OF KL ~ ERROE KL=2000+KL

KLT SOM OF ALL KL

NTEST IF.GE 1 WRITE OW 6 PROGRESS OF ITERATION

IF CONSECUTIVE C'S ARE EQUAL - ERROR KL=30C0+KL
IP.A,AH,AL PEODUCE C=0 - EEROE KL=U4000+KL

NP IN CUTPUT SHOWS THE PATH FOLLOWED BY THE ITERATION

=1 A2 AND A USED FOR NEXT ITERATICN .
=2 Al AND A USED FOF NEXT ITERATICN ‘
=3 A AND OLD ¥ USED FOE NEXT ITERATION

CD IN OUTPUT Is THE SHIFT CN C (INTEENAL ONLY)

oMo nNoOoOonONaOoaoaoonoaoaonaoocaaaon

IF (AH.LT.1E~20) AH=1E20
IP (ABS(Y).LT.1E=20)¥=.1
. IF (CM.LT.1E=-20)CHM=]1E20
CG= (CH+CL) /2 '

INEAD=1
NP=0
CD=0..
c
C GET PIBST POINT
10 CALL SH . ,
IF (C*CG.LE.O. )cn-z.*c A
IF (ABS (C#CG) . LE. 1E=20) CD=CG - . >
KL=1
IF (NTEST.GE. 1) WRITB (6,15) |
15 PORMAT(' KL Y NP A',11X,'C?,11%,°CD?)

) IF (NTEST.GE.1) WRITE(6,25)KL,Y,NP,A,C,CD
25 FOBMAT (I3,P7.3,13,3E12.4)
IF (C.LE.CH.AND.C. ¢E.CL) GO TO zooc
IF (KL.GE.KLM) GO TO 1200

FIGURE 9: SUBROUTINE INVER AND INVERD

08/22/75

INVOQO10
INVQ0020
INVO0030
INVO0O040
INV00050
INV00Q60
INV00070
INY00080
INVOQ090
INV0O0100
INVO0110
INV00i20
INV00130
INVOO 140
INVO0150
INVQ0160
INV00170
INVOQ180
INV00190
INVQ0200
INV00210
INV00220
INV00230
INVOO240
INV00250
INVO0260
INVOO270
INVO00280
INV00290
INV00300
INV00310
INv00320
INV00330
JINVGO340

- INVQ0350

INV00360
INV00370
INV00380
INV00390
INVOO4OO
INVOO430
INY00420
INVOO0L430
INVOO4u0
INVOOUSO
INVO0u60
INVOO470

-INV00480

INVOOUu90
INV0O0500
INV00510
INVY00520
INV00530
INVOO0540
INVQO0550

>




OO0

eNeNe e NN

- -

FILE: INVER - FOETRAN A BELL-NOHTHERN RESEARCH TIME= }1]1:48:2)] DATE:

CHECKX EAD INPGT o
IP (ABS (A) » GT. 1E=70. AND. ABS {C) - GT. 1B=70)G0 TO 90 N
GO TO-(30,40,1400) ,INBAD
30 A=AH
INBAD=2
GO TO 10
50 A=AL
~ INBAD=3
GO TO 10 -

90 A1=0.
€1=0%
Wp=3

————

START OF ITERATION

CALCULATE REW 2 AND C
160 A2=A
Ca=cC
130 IP (ABS(Y).GT.10.)¥=SIGN(10.,Y)
IF (ABS(Y).LT.1B~6) Y=SIGHN (1E~6,Y)
A=A2% ((CG+CD) / (C24CD) ) **Y
IF (A.GT.AH) A=AH ‘
IF (A.LT.AL) A=AL
1F (ABS (A~A2).GT.1E=20) GO TO 120
IF {(ABS (A=AH) .GT.]1E=20) GO0 TO 1300
GO TO 2000
120 CALL SN
IP {( (C+CD)* (CG+CD) .LE.O. )cn—-z.*c
IF (ABS ((C+CD) *(CG+CD)) .LE. 1E-20) CD==CG
KL=KL+1 '
IP (NTEST.GE.1) WRITE(6,25)KL,¥Y,NP,A,C,CD
IP{C.GT.CM)GO TO 1100

’
~

COMPARE WITH BCUNDS
IP(C.LE.CH.AND.C.GE.CL) GO TO 2000
IF ((C=C2)* (A=1A2))160,1300,150

INCREASING PUNCTION

159 IF{(C.LT.CL.AND.A.GE. 'AH) GO TO 2000

1P (C.GT.CH.AND.X.LE.AL) GO. TO 2000
GO TO 200

DECREASING FUNCTION : : _ : !
160 IF (C.LT.CL.AND.A.LE.AL)GO TO 2000 ‘

1P (C.GT.CH.AND.A.GE.AH) GO TO 2000 :
200 IP (KL.GE.KL¥)GO TO 1200 Y
THE POLLOWING SECHION IS THE MAIN CONTROL CF THE ITERATION.
IT IS IMPORTANT TO SELECT A1 CAREFULLY. A FREPERENCE IS GIVEN TO .
THE CLD A2 OR Al IN AN ATTEMET TO SBRROUND CG.
HOWEVER IF C,C2 OR C1 ARE FAR PROM CB\THEY WILL BE IGNOBED.

IP C IS HORSE THAR CZ.EXCHINGE A, A2 (BLD Y
IF(ABS(CG-C).LT.ABS(CG’CZ)) 0 70 250
Al=A
Ci=C ., ' ..

08/22/75

INVO0560
INV00570
INV00580
INV00590
INVO0600
INV00610
INV00620
INV00630
INVOO64 0
INV00650
INV00660
INVOO670 |
INV0O0680
INV00690
INVOO0700
INV00710
INV00720
INV00730
INVOOT740
INV00750
INVOO0760.
INV00770
INV00780
INVO0T790
INVO0B800
INV00810
INV00820

INV00830

INVOOBLO
INVO00850
INVO0860
INVDOS870
INV00880
INV00890
INV00900
INVOU910
INV00920
INV00930

. INV00940

INV00950
INVDO960 -
INV00970
INV00980
INV00990
INV01000
INVO 1010
INV01020
INV01030
INVO104Q.
INV01050
INV01060
INV01070
INV01080
INV01090
INVO1100
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TFILE: IKVER FCRTHAN A BELL~NORTHERN RESEARCH TIME= 11:48:21 DATE:

Cc
C

N <

- ]

- ¥= ALOG (AZ/AU /ALQCG ((C2+CD) /7 (CHCD) )
GO TO 110

250 IF((CG—C)*(CG-CZ).LE 0.)60 20 300
1F { (CG=C) * (CG~-C]1) .LE. o )GO TO 400

¢,C1,C2 SAME SIDE OF CG -
IF(ABS(A-Az).;B AP*. S*A) o To 2000 °
© GO TO 500

C,C2 EITHER SIDE oF cG_
300 IF (ABS (A=A2) .LE.AP%A) GO 70 2000
GO TO 500 :

C,C1 EITHER SILE OF CG ' -
400 IF (ABS (A=A}1) ~LE.AP*A)GO TO 2000
" IP (ABS(A1%C1)..GTI.1E=20)GO TO 600 -

IF (A.GT.AL.AND.A.LT.AH)} GO TO 500

DROP A1,A2 KEEE A AND OLD ¥
450 RP=3 :
GO TO 100

DROEF A1 CONSIDERE A,A2
500 IF (ABS(CG=C).LE..2%AE
AL=A2
c1=C2
NP=} = |
g0 TO 700 5

CONSIDERE A,A1
600 IF (ABS(CG-C2) .LEn. 2taa5(cc-c1))so
NP=2 :

700 Y=ALOG(A/51)/310G((C+CD[/(C1+CD))
GO TO 100

END OF ITERATION
1100 KL=1000+KL »
GO TO 2000
1200 KL=2000+KL
: GO TO 2000
1300 KL=3000+KL
30 TO 2000
1400 KL=KL+4000
2000 KLT=KLT+KL
RETUEN

_END
N a

08/22/75

INVO1110
INV01120 °
INV01130
INVOT1140
INVO1150
INVO01160
INV01170
INV01180

. INVO1190.

INVO1200
INVO0}1210

-~ INVO1220.

INVO1230
INVO12u40
INV01250
INV01260
INV01270

"INV01280

INV0]1290

- INV01300

INVO01310
INV01320
INV0O1330
INV01340
INVD1350
INVO1360
INV01370
INV0]1380
INV01390
INVOI1400
INVOL14]0
INVO1420
INVO1430
INVO1440
INVO1450
INVO1460
INVO1470
INVO1480
INVYO1490
INVO1500
INV01510
INV01520
INV01530
IRVO1540
INV0O1550
INV01560
*INV01570
IEV01580
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FILE: -INVERD FORTRAR A BEIL-HOBTHBRH;&%EEAECH TIME= 11:48:22 DATE:

aaq

SUERQUTINE INVERD(SN1,5N2)
COMMON /BINVZ2/A,C,NTEST
COMMON /BEAR2/AH,AL,AP,CH,CL,CM,Y,KLE, KL ,KLT

THIS SUBEOUTINE CALCULATES THE INVERSE OF TWC MOROTONIC CONTINUOUS
PUNCTICNS C]l (Al1,A2) WHERE C1 IS DEFINED BY SN1 (EXTERNAL) AND
C2{(A1,A2) WHERE C2 IS DEFINED EY SN2 (EXTERNAL).

METHOD: INVER IS CALLED TO INVERSE Cl AND CBTAIN Al(A2)
THEN C2( A1(A2),A2) IS INVERSED AS A SINGLE FUNCTION
- QP A SINGLE VARIMABLE C2E(A2).
¥1 (Y IN BPAR). IS THE CURVE FIT FOR C1(A1,CONSTANTE)
Y2 (Y IN BPAE2) IS THE CUEVE PIT FOR C2E(A2)

THE LOGIC IN INVERD IS IDENTICAL TO INVER EXCEPT FOR
THE CALL TO INVER TO GET Al(A2).

C CAN CHANGE SIGN IN TBE ITEBATION, BUT NOT A.
IP REQUIBED A SHIFT OF A SHOULD BE DCNE EXTEENALLY.

AH,AL BOUNDS ON ALLOWAELE A -
AP RELATIVE ERECE CN A

CH,CL BOUNDS ON DESIRED C
CM MAY OF C = EEROR KL=1CO00+KL

Y INITIAL POWERE OF CURVE FIT A=X¥C¥**}

KL NUMEER OF LQOOFS

KLM MAX OF KL = ERROR. KL=2000+KL

KLT SUM OF ALL KL

NTEST IF GE 1 WRITE ON 6 PROGRESS OF ITERATION

1F ‘CONSECUTIVE C'S ARE EQUAL - EEROB KL=3000+KL
IF A,AH,AL PRODUCE C=0 - EEROR KL=08000+KIL

NP IN QUTPUT SHOWS THE. PATH FOLLOWED EY THE ITERATION
=1 A2 AND A USED FOF NEXT ITERATION
=2 Al AND A USED FOE NEXT ITERATICN
=3 A AND OLD Y USED FQE NEXT ITERATION

CD IN CUTPUT IS THE SHIFT ON C (INTEFNAL CKLY)

IF (AH.LT.1E=20) AH=1E20
IP (ABS(Y).LT.1E=20)¥Y=.1
IF (C8.LT.1E-20) CH=1E20
CG= (CH+CL) /2.

INEBAD=1

NP=0

CD=0.

GET FIKFST POINT

08/22/15 §

INV00010
INV00020
INV00030
INVO0O04O0
INV00050
INVQ0060
INVOO070
INV00080
INVQ0090
INV00100
INV00110
INV00120-
IRV00130
INVO0140
INVOO0]150
INV00160
INVO0170
INVO0)180
INY00190
INV0O0200
IXV00210
INVO0220
INVO0230
INVOO240
INVO0250
INV00260
INV00270 i
INVY00280

INV00290 .
INV00300

INV00310
INVO0320
INVO0330

INVOO340

INV00350
INV00360
INVO0370
INV00380
INV00390
INVOO4Q0
INV00410
INV(0420
INVOO430
INV0OO440
IRV00450
INVOOUu60 .
INvOoO0470
INVOOUB80
IKV0O0490
INVO0S500
INV0O0510
INV00520
INV00530
INVOO540
INVO0550
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C

PILE:

10

15

25

INVERD FORTRAN A

-

CALL INVEE (SN1)

CALL SN2 AR

TP (C*CG.LE.0.) CD==2.%C
IF (ABS (C*CG) . LE. 1E=20) CD=CG

KL=1

IP (NTEST.GE.1) WRITE(6,15)

FORMAT (/* ITER 2. KL Y HE A?
IF (NTEST.GE.1) WRITE(6,25) KL, ¥, NP, A,C,CD
FOBNMAT (/" - ITER 2.

IF (C.LE.CH,.AND.C.GE.CL) GO TO 200Q
1P (KL. GEQKLH)GO TO 1200

c CHECK EAD INPUT '
IF (ABS(A).GT. 1E=70.AND.ABS (C) .GT. 1B—70)G0 TO 90

c

c

C

30

40

90

100

110

120

GO TO {(30,40,1400),INBAD
A=AH

INBAD=2

G0 TO 10

A=AL

INEAD=3

GO TO 10

A1=0.
c1=0.
NP=3

C START OF ITERATIOR

A2=A

c2=C .

1P (ABS (Y) .GT.10.) ¥=SIGN (10.,Y)

IP {(ABS (¥) .1LT.1E~6) Y=SIGN (1E=6,Y) -
A=A2% ( (CG+CD) / (C2+CD)) **Y

IF (A.GT.AH) A=AH -
IF (A.LT.AL) A=AL :
1P (ABS (A-A2) .GT. 1E=20) GO TO 120

IF (ABS (A~AH) .GT. 1E=20) GO TO 1300

GO TO 2000

CALL INVER (SN1)

CALL ‘SN2

1P ( (C+CD) # (CG+CD) . LE.0.) CD==2.%C .
IP (ABS ((C+CD) * (CG+CD)) .LE. 1E=20) CD=-CG
KL=KL+1

IF (NTEST.GE.]1) WRITE (6,25) KL,Y,NP,A,C,CD
IF (C.GT.CH)GO T0 1100

C COMPARE WITH BCUNDS

IF (C.LE.CH.AND.C.GE.CL) GO TO 2000
IP ((C-C2)* (A=A2))160,1300,130

C INCREASING FUNCIION
150 IF (C.LT.CL.AND.A.GE.AH)GC TIC 2000

IP(C.GT.CH.AND.A.LE.AL)GO TO 2000
GO TO 200

C DECREASING FUNCTION

,11X,'C',11X,'CD")

*t,13,F7.3,13,3E12.4/)

oS

BELL-NOBTHERN EESEARCH TIME= 11:48:22 DATE:
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08/22/75

INV00560
INVO0S570
INV00580

"INV00590

INV00600
INV00610
INV00620
INV00630
INV00640
INV00650
INV00660

INVOO670

INVO0680

"INV00690

INVO0T700
INVOO0710
INV00720
INVO0730
INVOOT740

. INVO0750

INV00760

“TNV00770

INV00780
INVO00790
INVO0OBOO
INV00810
INV00820

.INV00830

INVO0S840
INV00850
INV00860
INV00870
INVO0880
INVQ0890
INY00900
INV00910
INVO00920
INV00930
INVOOSUO
INVO00950
INVO09690

- INV00970

INV00980
INV00990"
INV01000
INVO01010
INVO1020

"INV01030

IRV01040
INV(]1050
INVO1060
INVO1070
INV01080 -
IRV01090
INV01100




FILE: INVERD

FCRTRAN A

160 IF(C.LT.CL.A¥D.A.LE.AL)GC TO 2000

BELL-NOETHERN RESEARCH TIHE=

11:48:22 DATE:

08/22/75 |
| 1

IEVO1110
IF(C.GT.CH.AND.A.GE.AH)GC TC 2000 - INV01120
200 IF(KL.GE.KLM)GO TO 1200 INVO1130
€ : INVO11860
C THE POLLOWING SECTION IS THE MAIN CCNTROL OF THE ITERATION. INVO1150
¢ IT IS IMBORTANT TO SELECT.A]l CABEFULLY. A PREPERENCE IS GIVEN TO INV01160
C THE CLD A2 OF A1 IN AN ATTEMET TO SURROUND CG. INV01170
C HOWEVER IF C,C2 OB C1 ABE FAR PFCM CG THEY WILL BE IGNORED. INV01180
c = INV0]1190
C IF C IS WORSE 'THAN C2 EXCHANGE A,A2 (BAD Y) INV01200
_ IF (ABS{(CG~C) . LT.ABS(CG=C2)} G0 TO 250 INV01210
" Al1=RA . INV01220
" c1=C INV01230
Y-ALOG(AZ/AL)/ALOG((Cz+CD)/(C1+CD)) INVOL240
. GO TO 110 INV01250
c INVO0]1260
250 IF ({CG=C)* (CG=C2).LE.0.)GO TO 300 INV01270
1P ((CG~C)* (CG=C}1) .LE.0.) GO TO 400 INV01280
C . INV0]1290
c ¢,C1,C2 SAME SIDE OF CG INV01300
TP (ABS (A=A2) .LE.AP*,5%1) GO TO 2000 INVO1310
GO TO 500 . INVO1320
o INV01330
c c,C2 EITHEF SIDE OF CG INVO1340
300 IP (ABS5(A=1A2). LE.AP*A)GO T0 2000 INV01350
G0 TO 500 . INV01360
C - _ INV01370 Y
C C,C1 BITHER SIDE OF CG INV01380 :
uoo IF (ABS (A=A1) . LE. AP#*1) GO TO 2000 - INV0]1390 .
) IF (ABS (A1%C1) ,GT.1E=20)GC T0 600 INVO1400
IF (A.GT.AL. AND.A.LT AH) GC TO 500 INVO1410
o INVO1420
C DROP A1,A2 KEEE A AND OLD Y INVO1430
450 NP=3 INVO1440
GO TO 100 INVO1450
C ’ INVO1460
C DROP A1 CONSIDERE A, A2 . INVOLP470
500 1F (ABS (CG=C). LE..Z*AES(CG-Cz))GO T0 100 INVO1480
Al=A2 IRV01490
ci=C2 INVO1500
NP=1 : - INV01510
GO TO 700 : INV01520
C INV01530
C CONSIDERE A,A1 INVO1540
600 IP(ABS(CG—CZ) LE..Z*ABS(CG-C1))GO T0 500 INV01550
NP=2 INV01560
C . IKV01570
,700 - Y=ALOG (A7A1) /ALOG( (C+CD) /(C1+CD)) -INV01580
GO TC 100 INV0]1590
c . INV01600
C END OF ITERATICN INV01610
1100 KL=1000+KL INV01620
GO TO 2000 INV(01630
1200 KL=2000+KL INVO1640
GO TO 2000 IRVY01650
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FILE:

1500

1400
2000

KL=3000+KL
GO TO 2000
KL=KL+4000
KLT=KLT+KL
REIUEN

ENLC

-

-

.

<

INVERD FGBTRAN A BELL~NORTHERN RESEARCH TIMEs 11:48:22 DATE: 08/22/75

INV0]1660

IKV01670
INV01680
INV01690
INV01700
INV0}1710
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FILE: TDCS PORTRAN A BELL-NCBTHERN RESEARCH TIME= 11:48:22 DATE: 08/22/75

SUBROUTINE TDCS TDCO0010
COMMON /BINV/AINV,CINV,NTEST ) . TDC00020
COMMCN /BINV2/AINV2,CINV2,NTEST2 : TDCO0030
COMMON /RPAR/AH,AL,AF,CH,CL,CH,Y,KLM,KL,KLT . TDCOOOUQ
COMMCN /BEAB2/A2H,A2L,A2P,C2H,C21,C2M,¥2,KL2H,KL2T . TDC00050
COMMON /BTDC/A,N,HT,BETA,V,D,MAXD,BBETA,PCI,TBETA,WB,INVA, INVC TDCO0060
COMMON /BTDC2/INVA2,INVC2 TDCO0070
DIMENSION AAR(2),CRR({2) , , - TDC00080
c ‘ _ - TDC00090
c - TDC00100
NEN=1 : : TDC00110
INVAE=INVA TDC00 120
INVCE=INVC TDC00130
GO TO 10 * * : TDCO0 140
o TDCOO0 150
C ENTBY 1 POR DOUELE INVEESIGN : TDC00 160
ENTRY TDCS1 _ .. TDCO00170
NEN=1 TDC00180
INVAE=INVA . . TDC00190
INVCE=INVC ) : . TDC00200
c - : . TDC00210
.C UPDATE ON NEW VALUES CHANGED IN INVEED TDC00220
IF (INVAZ.EC.1) A=AINV2 TDC00230
IF (INVA2.EC.2) V=AINV2 : : TDCOO 2040
IF (INVAZ.EC.3) D=AINV2 - TDC00250
GO TC 10 ~ TDCO00260
C ' . TDC00270 °
C ENTRY 2 FOR DOUBLE INVERSION : TDCO00280
ENTRY TDCS2 . A ‘ TDC00290 :
NEN=2 . . TDC00300 .
INVAE=INVA2 - . . TDCO0310 -
INVCE=INVE? TDC00320
c ’ . . TDC00330
C SET VARIABLES FOE INVER ' TDCO0340
C : ‘ _ - TDCO0350
10 AAE(1)=AINV ' TDC00360
AAR(2) =AINV?2 L TDCO0370
IF (INVAE.EC. 1) A=AAB (NEN) — Ry TDCO0380
IP (INVAE.EC.2) V=AAB (NEN) : TDCO0390
IF (INVAE.EC.3) D=AAG (REN) TDCO00400
c ‘ TDCO0410
C PASSING MAXD=1 TO THIS SUBRQUTINE IS A CODE REQUESTING THAT . TDCOO0Y4 20
C D BE MAXIMUM, D=V=M ,0% V=M+4D. TDCOO430
IF (MAXD.NE.1) GO TQ 20 e TDCOOU440
IP (INVAE.EC.2)D=V-HN . TDCO0450
~ IP (INVAE.E(C.3) V=M+D ' TDCOOUEQ
20 IF(D.LT.1.)D=1. TDCO0470
" C TDCO0480
EC=A/M : TDCOOUS0
ANCA=A/HT TDC00500
ALFC=ALOG (EC) TDCO0510
1P {(RC.LE.0.991)G0 TO 30 B 3 TDC00520
IF (RC.GT.1.009)GO TO 40 TDCO0530
A=A*1,02 _ . ’ TDCDOSHOﬂ
RC=A/M ) .g, TDC00550

FIGURE 10: SUBROUTINE TDCS
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Fzrf?l?ncs FORTRAN A

30

4o

42

45

50

100

200

C

T

1

ANDA=A/HT
ALBC=ALOG (EC)
GC TO 42
RCN=0.
RCV=0.

RCD=0..

/ B

BELL=-NCETHERN RESEARCH TIME= 11:48:22 DATE: 08/22/75

1P (M*ALRC.GT.=-165.) BCH=EXE (B*ALEC)
IP (V#ALRC.GT.~165.) RCV=EXF (V*ALRC)
IF (D*ALRC.GT.=165.) RCD=EXP (D*ALRC)

GO TO 45
FC¥=1E10
ACVv=1E10
RCD=1E10

IP (M#ALRC.LT.165) HCM=EXE (M*ALEC) ‘ N
1P (V*ALRC.LT. 1€5) RCV=EXP (V¥ALRC)

1F (D*ALRC.LT. 165) RCD=EXF (D*ALRC)

1F (M.GT.15)60 TO 100

X1= H"
BOIS=X2

Hg==1

DO 50 K=1,¥1
X1=X 1% (K+1) /¥
X2=X2#RC*H /K
ECIS=POIS+X2
CONTINUE

GO0 TO 200

X1=EXP ((A+ALGANA (N+1.))/(M*ALOG (4*1.)}))

X3=1./(9.%¥)

FOIS=. 5%EREC ( (RC** (1./3+)= (1.~X3)) /SQRT (2.*X3))

GZ=RCHM/{1.=~BC} +X1#POIS

R= (BETA=1.) *D*RCV/ ( (BETA=RC) * (1.=RCD))

6=1. /(GZ~K)

HB=(G/ANDA)*(Rctncu/{1.-Bc1*tz-at(v-n/z.+((BETA+BC)*(1.+RC)
-1 #RC**2) /(2. % (BETA=RC) * (1.-EC))=M))

BBETA=0.

-

IF { (BETA=1.).GT.1E=10) BBETA= (1.~EC)/ (BETA=1.) *R*G
FCI=1./ (ANDA%G#* (FCY/BC=RCV)/ (1.=ECD))
TBETA=D*RC/ (ANDA* (BETA~RC))

IF(NTEST.GE.Z)HBITE(G,ZIO)l)H,HT,BETA,EC,ANDA,BCV,BCD,BCH,XL,KZ

,POIS,GZ,RyG,EBETA,FCI, TRETA,WE

210 FORHAT(P10.2.IS,2FE.1/5F10.5/6F12.5/ur10.5)
IF (INVCE.EC.1) CAE (NEN) =BBETA

IF (IBVCE.EQ.2) CAB (NEN) =FCI

1F (INVCE.EC.3) CAR (NEN) =TBETA

IF (INVCE.EQ.4) CAB (NEN) =WB .

CIRV=CAR (1
CINV2=CAR (2)
BETUBN

END
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TDCO0S560
TDC00570

. TbC00580

TDCOO0590
TDCO0600
TDCO0610
TDC00620
TDCO0630
TDCOOG6L O
TDCO0650
TDC00660
TDC00670
TDC00680
TDCO0690
TDCOO700
TDC0O0710
TDC00720
TDCO0730
TDCOOT40
TpC00750
TDC00760
TDCO0770
TDCOO0780
TDC00790
TbCc00800
TDhC00810
TDC00820
TDC00830
TDCOO8L0
TDCOO850
TDCO0B860Q
TDC00870
TDC0OBBD
TDC00890
TDCO00900
TDC00%10
TDC00920
TpC00930
TDCO0940
TDCO0950

" TDCG0960

TDCO0970
TDC00980
TDCQ0990
TDpC01000
TDCO1010
TDEO1020
TDC031030
TDCO01040

- TDCO1050

TDCO1060
TDC01070
TDC01080




FILE: TDCC FORTRAN A BELL-NORTHERN RESEARCH TIME= 11:48:23 DATE: 08/22/75

COMMON /BINV/AINV,CINV,NTEST N TDC00010

COMMON /BEAR/AH,AL,AR,CH,CL,CHM,Y, KLH KL,KLT TDCO0020
COMNMCR /BTEC/ X,%5,HT,BETA,V,D, HAXD BBETA PCI,TBETA,WB,INVA,INVC ThC000Q30
C _ TDCO0040
EXTEBNAL TDCSD TDCO0050
C . TDC0Q060
C TDC0Q070
5 WRITE (6,20) TDbC00080
20 PORMAT(* .TYPE M HT A BETA Vv D MAXD- IHVA INVC CH Y NTEST KLH') TDCQO090
READ (5,*)M,HT,A,BETA,V, B,MAXD,INVA,IKVC,CH,Y,NTEST,KLH TDCO0 100
IF (M.EQ.0) STOP TDC00110
IF (KLM.EC.0)GO TO 5 TDCO00120
C TDC00130
AP=.01 TDCO0140
CL=.95%*CH TDCO0 150
CM=1000.*CH TDCO00160
c TDCO0170
GO TO (110,120,130) ,INVA ° TDC00180
110 AINV=A TDC00190
H=.99%M*BETA TDC00200 -
AL=. 1*H ) TDC00210
GO TC 200 ™~ TDC00220
120 ATIRV=V TDC00230
- AH=10%M TDCO0 240
AL=M+D TDCO0250
GC TO 200 TDCOO260
130 AINV=D TDC00270
AH=V=-HN TDCCO280
AL=1. TDC00290
200 CALL INVER] (TDCSD) TDCO0300
WRITE (6,1000) 4,HT,A,BETA, v,D,INVA,INVC, CH Y, KL,BBETA PCI TBETA,HB TDCO0310
1000 FOEBMAT(IS,F4.0,FE. 2,?6 2,2?9 ZaZIQ El2. 3,F7 3,I5/4E12.3/) TDC00320
GO TC 5 TpC00330
END TDCOO 340

.k
— | ]

FIGURE 11:

PROGRAM TDCC
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