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Abstract

Abstract

This thesis presents single-compartment and multi-compartmental neuron models.
We simulated injury-induced pathological spiking patterns, as well as heterogeneous
ion channel distributions in the axon initial segment (AIS) and their impact on back-
propagation. In neurons, voltage-gated sodium and potassium ion channels (NaVs
and KVs, respectively) regulate ionic currents across the cell membrane in the produc-
tion of action potentials (APs). As such, channel dynamics feature throughout this
thesis. The starting point was the Coupled left-shift (𝐶𝐿𝑆) model of cellular damage,
wherein the gating properties of NaVs are thrown “out of tune” by injury (left-shift,
𝐿𝑆), such that the subpopulation of affected channels (𝐴𝐶) no longer responds cor-
rectly to homeostatic membrane potentials. We simulated a single-compartment neu-
ron with 𝐶𝐿𝑆-type damage and systematically mapped out its excitability regimes in
the 𝐿𝑆–𝐴𝐶 plane. Next, we added temperature sensitivity to the NaV and KV gating
kinetics and maximal conductances, the Nernst potentials, and the Na+/K+ pump.
We compared the neuron’s ability to cope with 𝐶𝐿𝑆 damage when temperature ef-
fects were added one by one, to the case where all effects act together as they would
in nature. The former “knock-in/knock-out” simulations revealed the importance of
(i.e. model sensitivity to) each temperature-driven change in the ionic currents that
govern excitability. Our multicompartmental pyramidal cell models indicate that
the pattern of ion channels in the AIS affects feedback sent to synapses in the soma
and dendrites. Inserting a set of hypothetical NaV distributions into the AIS, we
found that the impact of NaV subtypes on the neuron’s backpropagation threshold
depends on the mode of stimulation (orthodromic or antidromic). Both modes are
used by experimentalists, and our results should inform comparative studies as well
as the design of neural prosthetics, as the AIS is a logical target for multielectrode
arrays used in brain-computer interfaces. Coupled left-shift in the AIS produced ax-
onal hypersensitivity, decoupled the somatic backpropagation threshold from the AP
threshold, and modified backpropagation in a manner resembling polarity reversal
of the AIS sodium channel pattern. Below the ectopic threshold, 𝐶𝐿𝑆 may inter-
fere with homeostatic intracellular signalling and learning via the putative role of
spike-timing-dependent plasticity in the dendrites.
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1 Introduction

Chapter 1

Introduction

1.1 The reader as a galaxy of neurons

Reading begins with
photoreceptor
neurons excited by
photons from the
page.

This thesis, in a sense, is about the reader: The contents of these pages will be

received by photoreceptor cells at the retina, and make their journey along the optic

nerve towards the visual cortex. On the way, signals leading from the left side of

each retina will be diverted to the left side of the brain, which perceives the right

visual field1, and vice-versa—see Figure 1.1.

Back of the brain
regenerates patterns
in the visual field. A
vivid analogy to
octopus skin
imitating the
animal’s
surroundings.

In the cortex, the letters and images on the page will be represented via spiking

electrical signals in specialized brain cells. Photons absorbed by the retina trigger

action potentials in the surface layers of the brain in what is called a retinotopic

map. Initially, the brain activity maps the visual field in space—albeit flipped and

spatially distorted (Figure 1.1) owing to the concentration of photoreceptors at the

fovea (and other features beyond the present discussion). If, by analogy, we replaced

those brain cells with chromatophores (found in the skin of octopuses, cuttlefish and

squid2), we could imagine the primary visual cortex ‘camouflaging’ itself to resemble

what each eye sees, as if a patch of octopus skin were hidden at the back of the head.

1Recall that the lens of the eye focuses the right visual field onto the left retina (see Figure 1.1).
2Squid will return—see Loligo in the lab, page#76.
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1 Introduction 1.1 The reader as a galaxy of neurons

Beyond perception, the interpretation and understanding of these pages will take

place in other parts of the reader’s cortex, hippocampus, and other brain regions,

recruiting ever more pyramidal cells. All of the cells mentioned in the journey above

are neurons, which are the focus of this thesis and constitute the present audience.

At nearly one hundred billion neurons per human brain, they compare in number to

the stars in our galaxy.

The adult brain
appears to be
modular in its design,
perhaps due to the
limited number of
synaptic connections
that a cortical
neuron—such as a
pyramidal cell—can
maintain with
neighbouring cells
[5].

Figure 1.1: Diagram of the connections of the retina to the visual cortex,
and corresponding simplified retinotopic map. It is interesting that the left
side of the retina connects to the left hemisphere of the brain (in both eyes), and
the right sides connect to the right hemisphere, given that our bodies tend to be
wired to the brain on opposite sides: The left(right) hemisphere controls and senses
the right(left) arm, and so on. However, in the brain’s connection to the eyes, somehow
evolution has made an exception to said contralateral organization of the human nervous
system to ensure a contralateral relationship between the brain’s visual cortex and
the external world (matching, e.g., the sense of touch), counteracting the left-right
flip that occurs when focusing light through a lens. (If the eye had two lenses instead
of one, would the left side of each retina map to the right visual cortex, and vice-versa?)
[Diagram from The Feynman Lectures on Physics, Vol. I: The New Millennium
Edition: Mainly Mechanics, Radiation, and Heat. by Richard P. Feynman, Robert
B. Leighton, Matthew Sands, copyright ©2011. Reprinted by permission of Basic
Books, an imprint of Hachette Book Group, Inc.]
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1 Introduction 1.2 Biophysical neuron models

This thesis studies individual neurons, e.g., the cells that form computational networks

in brain tissue like the visual cortex mentioned above. We will return to the anatomy

and biophysics of neurons in Chapters 2 and 3, respectively titled Background I:

Neurons and aqueous ions (page#11) and Background II: Action potentials and ion

channels (page#48).

1.2 Biophysical neuron models

Biophysical neuron
models are essential
tools for
understanding the
cellular mechanisms,
symptoms, and
potential cures of
neurological diseases.

Biophysical neuron models attempt to accurately simulate processes that occur in liv-

ing cells. They serve as tools to test existing theories and experimental assumptions

as the open-ended project of understanding the brain and the cells that compose it

continues. Applications include replicating, predicting, and explaining the results

of electrophysiological experiments, elucidating the mechanisms and (often hidden)

symptoms of neurological diseases, and assisting the search for effective treatments

thereof. They tend to be designed with a specific biological phenomenon in mind—

e.g. excitotoxic spiking patterns3 in injured neurons—and computational efficiency

is a constraint rather than an objective of such models.

Simulations that combine biophysics with three-dimensional morphological recon-

structions of real cells—to remove assumptions about their structure at the cost of

additional parameters—are often called realistic neuron models4. By some notions,

an ideal realistic model would emulate the full computational function and connec-

tivity of biological neurons of a given type; so that a simulated brain composed of

various realistic model neurons would reincarnate, in software, the personality of an

animal whose last act was to have their entire brain (successfully) captured by an

electron microscope Bostrom 2017 [7].

Whether such a project is destined to remain science fiction is left up to the reader5,

but consider the developments in brain tissue digitization and emulation reported
3e.g., Chapters 4 and 5
4e.g., Chapters 6 and 7 4
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just this year: Recently, a fruit fly connectome (Drosophila melanogaster, Figure 1.2)

was successfully digitized at ∼ nm resolution, with every neuron and synapse sorted

and labelled (Dorkenwald et al. 2024 [12]). Reportedly, simulations populating this

connectome with highly simplified neurons are already reproducing some known func-

tions of the fly brain (Shiu et al. 2024 [50]). A 1mm3 sample of human cortex has also

recently been scanned with similar fidelity (Shapson-Coe et al. 2024 [49]), though

much larger tissue volumes will need to be mapped—presently the mouse brain is

an ambitious goal. (At one cubic millimetre, most of the neurites pass through

the human sample, their origin and destination being well outside the scanned vol-

ume.)

Nature | Vol 634 | 3 October 2024 | 125

Until now, the closest antecedent to a wiring diagram of the whole 
brain has been the reconstruction of a fly ‘hemibrain’1, a pioneer-
ing resource that has already become indispensable to Drosophila 
researchers. It is estimated to contain around 20,000 neurons that are 
‘uncropped’—that is, minimally truncated by the borders of the imaged 
volume, and 14 million synapses between them. Our reconstruction 
of an entire adult brain contains 139,255 neurons (Fig. 1a and Supple-
mentary Video 1) and 54.5 million synapses between these neurons. To 
aid exploration and analysis, this connectome has been densely anno-
tated by the FlyWire Consortium. In our companion paper, Schlegel 
et al.12 provide a curated brain-wide hierarchy of annotations includ-
ing more than 8,400 distinct cell types, completing the description 
of this resource (and should therefore preferably be cited alongside 
this paper; https://codex.flywire.ai/about_flywire). These and many 
other data products (Fig. 1b and Supplementary Fig. 1) are available 
for download, programmatic access and interactive browsing and 
have been made interoperable with other fly data resources through a 
growing ecosystem of software tools (Fig. 1c). The primary portal to the 
data is the FlyWire Connectome Data Explorer (Codex; https://codex.
flywire.ai/), which makes the information visualizable and queryable.

The wiring diagram from our whole-brain reconstruction is suffi-
ciently complete to be designated a ‘connectome’ (defined in Discus-
sion). It represents substantial progress over neuronal reconstructions 
of Caenorhabditis elegans31,32 (300 neurons, 104 synapses) and the 1st 
instar larva of Drosophila33 (3,000 neurons, 5 × 105 synapses). Our 
connectome advances beyond the hemibrain in several ways. For 
example, it includes the suboesophageal zone (SEZ) of the central 
brain, which is important for diverse functions such as gustation and 
mechanosensation34,35, and contains many of the processes of neurons 
that descend from the brain to the ventral nerve cord to drive motor 

behaviours. Additionally, it includes annotations for descending and 
ascending neurons36 for many sexually dimorphic neurons (analysed by 
Deutsch et al. (manuscript in preparation); available at https://codex.
flywire.ai) and an entire optic lobe11. Our reconstruction of both optic 
lobes goes far beyond existing maps of columnar visual circuitry. Con-
nections between the optic lobes and central brain are included, as 
explored by refs. 37,38. Also included are neurons that extend into the 
brain through the nerves and neck connective, which are essential for 
tracing sensorimotor pathways, as illustrated here and in the accom-
panying studies11,12,34,36–45.

Our reconstruction utilized image acquisition and analysis tech-
niques that are distinct from those used for the hemibrain (Methods 
and Discussion). However, we have built directly on the hemibrain in 
an important way. Schlegel et al.12 used the cell types proposed for the 
hemibrain as a starting point for cell typing neurons in the central brain 
in FlyWire. This approach was enabled by a growing ecosystem of soft-
ware tools serving interoperability between different fly data sources 
(Fig. 1c). Additional annotations in the SEZ and optic lobes, which are 
largely absent from the hemibrain, were contributed by Drosophila 
research groups in the FlyWire Consortium as well as citizen scientists, 
and are described in more detail here and in the accompanying papers. 
Synapse predictions7 and estimates of neurotransmitter identities10 
were also contributed by the community.

After matching, Schlegel et al.12 also compared our wiring diagram 
with the hemibrain where they overlap and showed that cell-type counts 
and strong connections were largely in agreement. This means that the 
combined effects of natural variability across individuals and ‘noise’ 
due to imperfect reconstruction tend to be modest, so our wiring dia-
gram of a single brain should be useful for studying any wild-type Dros-
ophila melanogaster individual. However, there are known differences 
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Fig. 1 | A connectomic reconstruction of a whole fly brain. a, All neuron 
morphologies reconstructed with FlyWire. All neurons in the central brain and 
both optic lobes were segmented and proofread. Note that image and dataset 
are mirror inverted relative to the native fly brain. b, An overview of many of the 
FlyWire resources that are being made available. FlyWire leverages existing 
resources for electron microscopy imagery by Zheng et al.9, synapse predictions 
by Buhmann et al.7 and Heinrich et al.118, and neurotransmitter predictions by 
Eckstein et al.10. Annotations of the FlyWire brain dataset such as hemilineages, 
nerves and hierarchical classes are established in the accompanying paper12.  
c, FlyWire uses CAVE50 for proofreading, data management and analysis back 

end. The data can be accessed programmatically through CAVEclient, navis, 
fafbseg and natverse119, and through the browser in Codex, Catmaid Spaces and 
braincircuits.io. Static exports of the data are also available. d, The Drosophila 
brain can be divided into spatially defined regions based on neuropils80 
(Extended Data Fig. 1). Neuropils for the lamina are not shown. D, dorsal;  
L, lateral; P, posterior. e, Synaptic boutons in the fly brain are often polyadic 
such that there are multiple postsynaptic partners per presynaptic bouton. 
Each link between a pre- and a postsynaptic location is a synapse. f, Neuron 
tracts, trachea, neuropil and cell bodies can be readily identified from the 
electron microscopy data acquired by Zheng et al.9. Scale bar, 10 µm.

Figure 1.2: The neurons in the brain of a fruit fly, digitally reconstructed
from electron microscopic images. Adapted from Fig.1a of ‘Neuronal wiring
diagram of an adult brain’, Dorkenwald et al. 2024 [12], licensed under [CC BY 4.0]
(https://creativecommons.org/licenses/by/4.0/)

5Due to the potential complexity of dendritic morphological and synaptic plasticity, simulating
short-term brain dynamics on the order of seconds seems more plausible than any attempt to
emulate a living mammalian brain on longer timescales from its connectome scanned at one point in
time. Nonetheless, brains can do interesting things in well under a second.

5

https://creativecommons.org/licenses/by/4.0/


1 Introduction 1.2 Biophysical neuron models

1.2.1 An aside: Artificial neural networks vs. biophysical simulations

The past decade has seen compelling progress in the application of neural networks,

enabling computers to program themselves to learn new skills. Neural nets are not

new, but in the mid-2010s they started working well enough to be useful on a vari-

ety of recognition and control tasks that seemed impossibly difficult for humans to

program directly.

The neurons we
simulate below are
not the kind in
neural-net software.
(See Table 1 on
page#281.)

The architecture of neural nets is based loosely on the biological system whose

unique—at that time—property, intelligence, its inventors hoped to recreate: animal

brain tissue. Due to the intense interest in artificial neural networks and artificial

intelligence (AI) at the time of writing—the 2024 Nobel Prizes in Physics and Chem-

istry6 both went to AI researchers—I wish to distinguish the mathematical objects

called neurons in those models from biophysical simulations of living neurons, as the

latter is the focus of this thesis. There is substantial overlap in these related fields’

terminology, and Table 1 is included as an appendix7 on page#281 to highlight some

similarities and differences between them.

AI and biophysical neuron modelling continue to evolve in concert, as they have done

practically since their inception. For example, to reconstruct the neural circuitry in

the digitized brain volumes mentioned above (Section 1.2), the morphology of each

neuron must be traced through stacks of nanometres-thin tissue slices. Without AI,

tracing the axons, dendrites, cell bodies, capillaries (or trachea in the fly’s case), glial

cells and so on through such massive datasets would be impossibly tedious. (See,

e.g., Figure 2.12 in Background I: Neurons and aqueous ions.)
6www.nobelprize.org/all-nobel-prizes-2024/
7Appendix A | Table 1: Biophysical neuron models versus nodes in neural nets

6

https://www.nobelprize.org/all-nobel-prizes-2024/
https://www.nobelprize.org/all-nobel-prizes-2024/
https://www.nobelprize.org/all-nobel-prizes-2024/
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1.3 Thesis overview

The papers in this thesis are biophysical neuron models. They were created to study

the role of certain membrane proteins—called voltage-gated sodium channels—in ex-

citotoxic disease processes, action potential initiation, and intracellular signalling via

the backpropagation8 of action potentials into the dendritic tree. We used single-

compartment and multi-compartmental cell geometries to simulate injury-induced

pathological spiking patterns, and the effects of heterogeneous ion channel distri-

butions in the axon initial segment (AIS) on backpropagation in healthy and 𝐶𝐿𝑆-

damaged neurons.

Ahead of the research articles are several sections introducing the relevant concepts,

equations, and biophysics—context which is by convention omitted from technical

papers—so that this thesis will hopefully be self-contained.

Background
Chapters 2 and 3 cover background material that is a shared foundation for all of

the modelling studies included in the thesis. Chapter 2 (page#11) emphasizes the

anatomy of neurons and the physics governing the collective motion of ions in water

(electrodiffusion), giving rise to biological electric currents and the membrane po-

tential (steady state and equilibrium). Chapter 3 (page#48) builds on the previous

sections to introduce axial current in multi-compartmental models, the cable equa-

tion, voltage-gated ion channels, and the Hodgkin-Huxley model of space-clamped

and propagating action potentials. The biophysics of transmembrane ion currents is

further developed in terms of effective permeability and the GHK model (Goldman-

Hodgkin-Katz equations), along with electrogenic ion pumps, gating charges in active

channels, and other useful material.
8In neuroscience, backpropagation refers to a phenomenon observed in real neurons, not to be

confused with The Backpropagation Algorithm famously used in artificial neural networks.

7



1 Introduction 1.3 Thesis overview

Chapters 4, 5 and 6 present the modelling studies listed under Publications in the

main text on page#vii (see List of contributions above). Each of those chapters

contains additional introductory material and a Statement of Originality.

Single-compartment
simulations

In Chapter 4 (page#98) we use the Coupled left-shift model to simulate ectopic action

potentials, where neurons may fire pathologically for long periods of time after in-

juries to the nervous system. I mapped out spontaneous spiking patterns exhibited

by the 𝐶𝐿𝑆 model under a range of damage conditions (Joós, Barlow, and Morris

[28]). An introduction to that project begins on page#99, and later sections in Chap-

ter 4 provide supplementary information and analysis of ectopic spiking dynamics

with leaky sodium channels, including a primer on dynamical systems theory.

Chapter 5 (page#130) extends the 𝐶𝐿𝑆 model to simulate bifurcations to ectopic

spiking caused by interacting effects of left-shift and temperature in damaged neurons

(Barlow, Joós, Trinh, and Longtin [2]).

Multicompartmental
simulations

Chapter 6 (page#149) invokes multicompartmental pyramidal neuron models to

study the regulation of backpropagation by sodium channels in the axon initial seg-

ment (Barlow, Longtin, and Joós [4]). Section 6.4 (page#180) includes over thirty

pages of supporting information on pyramidal cell simulations and other model de-

tails. Section 6.5 (page#219) also discusses hidden problems in published model

codes, and how to fix them.

Then, Chapter 7 (page#234) expands on the published work from Chapters 4, 5 and 6

by simulating 𝐶𝐿𝑆 in the axon initial segment of a multi-compartmental pyramidal

neuron model with GHK currents. The conversion from ohmic Hodgkin-Huxley style

currents to GHK equations is detailed in the introduction to Chapter 7.

8
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The key findings of the thesis are brought together in Chapter 8 (page#254), where

they are summarized and interpreted. From this outlook, Chapter 9 (page#263)

describes opportunities for future research built on the tools developed thus far.

9
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Roadmap
Much of the
background (such as
the introduction to
random walks) was
intended to build up
the concepts and
assumptions
underlying
biophysical neuron
models from basic
physics.

• In Chapter 2 ‘Background I: Neurons and aqueous ions’ and Chapter 3 ‘Back-

ground II: Action potentials and ion channels’, I attempt to provide a lively

and self-contained introduction to the physics and biology underlying neuron

simulations. Readers should not feel obligated to cover the entire background

(pages 11–98) ahead of the main results in Chapters 4 to 7 (collectively named

Part III ‘Published Research and Additional Results’).

• Chapters 4, 5 and 6 each conclude with a Chapter Synthesis that highlights

key findings and concepts from the respective paper.

• Readers who are eager to reach Part III can skip most of Chapter 2, which

focuses on fundamental concepts (e.g. Ohm’s law in saline).

In one sense the
material in the
introduction is all
essential, but that
does not mean it is
essential that you
read it.

For example,

Electrodiffusion (2.3) covers a range of—in my opinion—interesting derivations,

but it is not essential to read that material ahead of time. An exception is

Morphology of neurons (2.2) with its annotated high-resolution images of

human cortical neurons. Without that material, later references to neuronal

morphology—especially in Chapters 6 and 7, where every simulation has the

morphology of a real pyramidal neuron—will be ambiguous at best.

• The topics covered in ‘Background II: Action potentials and ion channels’ (Chap-

ter 3)—including The cable equation (3.1), Voltage-gated ion channels (3.2),

The Hodgkin-Huxley equations (3.3), Pumps (3.4), and Goldman-Hodgkin-

Katz (GHK) (3.5)—form a crucial foundation for the later chapters.

10
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Chapter 2

Background I: Neurons and aqueous ions

2.1 What is a neuron?

Neurons are
eukaryotic cells that
evolved to send
signals rapidly across
animals’ bodies in
the form of electrical
impulses. They are
nature’s solution to
the sluggishness and
inefficiency of
diffusion as a means
of intercellular
communication over
long anatomical
distances.

Neurons are eukaryotic cells—as are the cells composing the bodies of all plants and

animals. Any eukaryote destined to become an animalmuch larger than a paramecium

or an amoeba must divide and become multicellular. As its cells divide, they also

differentiate to serve different functions. One way to define neuron, in contrast with

other eukaryotic cells, is by understanding the problem neurons solve...

An essential function for any animal is the ability to sense its surroundings and to

locomote.1 This requires rapid communication between cells at opposite ends of

the body, to coordinate muscle movement for example. Diffusion2, the means by

which chemical signals propagate passively in living things, is much too slow for this

purpose—as we will now see.
1Unlike plants, animals cannot synthesize their food and must instead find it. Animals are said

to be heterotrophic, and plants are autotrophic.
2i.e. the tendency of molecules’ root-mean-squared displacements, relative to an initial position,

to increase with time due to Brownian motion.

11
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Imagine a potassium ion in water being kicked around in a random walk due to

Brownian motion (Figure 2.1). Bacteria and unicellular eukaryotes like amoebae or

paramecia can send chemical signals across their bodies by releasing a number of

molecules at one location and waiting for them to diffuse to their destination.

Figure 2.1 visualizes
a random walk in
three dimensions by
adding together
randomly oriented
vectors tip-to-tail.
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Figure 2.1: Modelling molecular diffusion: A random walk in three di-
mensions. Chemical signals diffuse quickly across unicellular eukaryotes, but mul-
ticellular animals need neurons to coordinate their movement. Here, we plot a single
particle’s trajectory during a 100-step random walk. Each coloured arrow represents
a single step, and in this model, they all have the same length, 𝜆 = 1. (Any appar-
ent length-variability in these arrows results from projecting the 3D path onto two
dimensions.)

Note the
mathematical fonts
in Figure 2.1:
𝑥 ≠ 𝘹.

The black arrow—Δ𝑥⃗ ≝ (Δ𝘹, Δ𝘺, Δ𝘻)—connecting the start and end points in Fig-

ure 2.1 is the net displacement of the particle over the duration of the walk.3 To
3There is nothing mysterious about diffusion that cannot be understood in terms of the random

walk of a single particle. The time evolution of concentration gradients that is described by the
diffusion equation (see Equation (2.33) in due time) is merely the superposition of many random
walks.
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2 Background I: Neurons and aqueous ions 2.1 What is a neuron?

see why diffusion becomes prohibitively slow over longer distances, note that the time

taken (Δ𝑡) to traverse the black arrow is proportional to the length of the random walk

(total number of coloured arrows).

The distance travelled by a chemical signal via diffusion is measured as the root-

mean-squared displacement Δ𝑥 of a collection of particles relative to the position

they began at (Equation (2.1)).

Neurons are
necessary because
diffusion is slow and
inefficient

That distance grows as the square root of the

elapsed time Δ𝑡 [43],

Δ𝑥 ≝ ට⟨Δ𝑥⃗2⟩ = √6𝐷Δ𝑡 . (2.1)

In a random walk, the diffusion coefficient, 𝐷, is given by the step size 𝜆 and the

time interval between steps 𝜏:

𝐷 =
𝜆2

2𝜏
. (2.2)

The following three plots are intended to illustrate Equation (2.1), and visualize how

diffusion results from the individual random walks of particles in a fluid. Figure 2.1

had 100 steps. Below, we introduce a modest ensemble of five particles and trace their

trajectories as they diffuse for 1, 000 steps (Figure 2.2), 10, 000 steps (Figure 2.3),

and 1, 000, 000 steps (Figure 2.4).4

4In nature, the step size is variable, but a fixed step size model is sufficient for our purposes [43].
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2 Background I: Neurons and aqueous ions 2.1 What is a neuron?

Figure 2.2: Five random walks, one thousand steps each. All walks begin
at the origin, with an arrow pointing to the final step in the trajectory. Colour
is now used to distinguish the walks, whereas previously (Figure 2.1), it indicated
the number of steps. Axis limits are scaled to the maximal displacement in each
direction. (Dimensionless step length 𝜆 = 1. Arbitrary time step 𝜏.)

14
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Figure 2.3: Ten thousand steps in each random walk. (Dimensionless step
length 𝜆 = 1. Arbitrary time step 𝜏.)

15



2 Background I: Neurons and aqueous ions 2.1 What is a neuron?

Figure 2.4: One million steps in each random walk. At this scale, the trajecto-
ries begin to resemble multicoloured translucent smoke. (Dimensionless step length
𝜆 = 1. Arbitrary time step 𝜏.)

16



2 Background I: Neurons and aqueous ions 2.1 What is a neuron?

Note that in Figures 2.2, 2.3 and 2.4, the axes have been scaled to enclose all five

trajectories in each plot. Although the relation between the number of steps and

the mean-squared displacement must be noisy in such a small ensemble of paths,

the axes expand (roughly) as the root of the number of steps—as expected from

Equation (2.1).

In Figure 2.5, we plot √Δ𝑡 as a function of time, which is the R.M.S.5 displacement in

the limit of an infinitely large ensemble of trajectories. The slope (speed) is initially

quite steep. However, the curve quickly bends toward the horizontal, and diffusion

becomes slow over longer distances (many mean-free-path lengths).
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Figure 2.5: The net displacement (root-mean-square) of a particle or
molecule, via diffusion, grows as √time: Quick over short distances and pro-
hibitively slow over longer distances. See axis limits in Figures 2.1 to 2.4. (In
the units of this plot, the diffusion coefficient has been set to 𝐷 = 1/6, so that
ඥ⟨Δ𝑥⃗2⟩ = √Δ𝑡.)

At longer times, the more one waits, the less additional distance (Δ𝑥(𝑡)) per unit

of time one gets from diffusion alone (Figure 2.6). Even in tiny animals, diffusion

places a severe constraint on the speed and efficiency of intercellular communication.

For example, the brain of a fruit fly (Drosophila melanogaster, Figure 1.2 on page#5)

has over 100,000 neurons [36]. The distances add up quickly in the network.

5“root-mean-squared”
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Figure 2.6: How well diffusion works for sending signals as a function of
the size of your body: distance achieved per unit time. In the units of
this plot, the diffusion coefficient has been set to 𝐷 = 1/6, so that ඥ⟨Δ𝑥⃗2⟩ = √Δ𝑡.
Data is cut off due to the singularity at Δ𝑡 = 0. (As usual, the singularity is a
falsehood. A more detailed model would converge to a finite molecular velocity from
Maxwell-Boltzmann statistics when Δ𝑡 ≲ 𝜏.)

However, eukaryotes did become the larger multicellular animals—including fruit flies

and orcas—that we see (and are) today. To sense and navigate their environment,

animals needed a mechanism to bypass the limits of diffusion, allowing them to send

signals across their bodies rapidly and efficiently.

Neurons are the highest-speed solution (exceeding 100m
s ) that animals evolved for

this purpose. They interleave short-range intercellular diffusion (neurotransmitter re-

lease at synapses) with long-range intracellular electromechanical waves called action

potentials (APs) that sustain their speed over distances ranging from micrometres

to metres. Neurons’ branched morphology allows them to form complex networks,

giving rise to neural computation.

That answers what a neuron is, in the sense of function, at a high level. In Back-

ground II: Action potentials and ion channels, we complete this story by explaining

how neurons generate action potentials and introduce the Hodgkin-Huxley model of

18



2 Background I: Neurons and aqueous ions 2.2 Morphology of neurons

APs.6 In the meantime, there is also the question of structure: How can one tell

that a cell is a neuron?

2.2 Structure: faithful images of neurons in brain tissue

What comes to mind when you think of a neuron? Non-biologists like myself might

conjure cartoon images resembling Figure 2.7.

What comes to mind
when you think of a
neuron?

Figure 2.7: A familiar depiction of a neuron. Credit: Wikipedia7

The image below is a closer approximation to the genuine article: a digitized pyra-

midal neuron from cerebral cortex (Figure 2.8).

6The work of Hodgkin and Huxley may well be the greatest achievement in all of biophysics.
7https://commons.wikimedia.org/wiki/File:Blausen_0657_MultipolarNeuron.png#

filelinks
8https://www.blender.org
9https://docs.blenderneuron.org/index.html

10https://www.python.org

19

https://commons.wikimedia.org/wiki/File:Blausen_0657_MultipolarNeuron.png#filelinks
https://commons.wikimedia.org/wiki/File:Blausen_0657_MultipolarNeuron.png#filelinks
https://commons.wikimedia.org/wiki/File:Blausen_0657_MultipolarNeuron.png#filelinks
https://www.blender.org
https://docs.blenderneuron.org/index.html
https://www.python.org


2 Background I: Neurons and aqueous ions 2.2 Morphology of neurons

A real neuron,
digitized in three
dimensions, and
lacking finer details
such as spines.

Figure 2.8: Morphology of a rat layer-5b neocortical pyramidal neuron,
from Hay et al. [19]. Somatodendritic morphology is digitally reconstructed from
a real cell. Image created using blender8 and the blenderNEURON9 package in
Python10.

When I thought of neurons, I would naturally imagine a branched structure floating

in space, like a fluorescently stained cell in an optical microscope image, or the

rendering shown above in Figure 2.8. However, in reality, things are much messier.

For one thing, that image omits spines. Figure 2.9 includes spines, which is why the

dendrites appear fuzzy compared to Figure 2.8. This figure (below) was captured

from a high-resolution 3D rendering of a human L4 pyramidal neuron, compiled from

stacks of 30nm thick slices of cortex imaged with an electron microscope (Shapson-

Coe et al. [48, 49]).
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2 Background I: Neurons and aqueous ions 2.2 Morphology of neurons

What neurons
actually look like.
The axon is not so
easy to spot. (Hint:
It isn’t the long,
spiny one on the
left...)

Figure 2.9: A Layer-4 pyramidal neuron from human cerebral cortex. Can
you spot the axon?... (Worry not: The axon and other important neuronal pro-
cesses are annotated below in Figure 2.10.) Render modified from the H01 release
via Neuroglancer, Maitin-Shepard et al. [40].
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Figure 2.10: Anatomy of a neuron. L3 pyramidal cell from human temporal
cortex, with Axon visible. Render modified from the H01 release via Neuroglancer,
Maitin-Shepard et al. [40].

11not shown
12https://h01-release.storage.googleapis.com/landing.html
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2 Background I: Neurons and aqueous ions 2.2 Morphology of neurons

3D-rendered electron
microscopy provides
connectomic-level
detail. That is, down
to the synaptic
vesicles contained
within presynaptic
terminals11 at the
spines.
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Figure 2.11: Same neuron as in Figure 2.9, zooming in to show dendritic
spines (excitatory synaptic input). Soma is visible in the bottom right corner.
Render modified from the H01 release12 via Neuroglancer.

Figures 2.9 to 2.11 provide the genuine 3D shape: the membrane of a pyramidal

cell imaged at nanometre resolution. But we are still omitting something crucial.

The space surrounding the neuron is crammed with the axons and dendrites of other

cortical neurons, as well as glial cells, capillaries, etc. This so-called extracellular

space (ECS) is hardly spacious, with the gaps between most cells being on the order

of 40nm [44]. Although brain tissue is approximately 20% ECS by volume, electron

microscopy sample preparation techniques can shrink the ECS volume down to 5%,

with current methods performing much better [25, 55].

Brain tissue is so densely packed that nearly every square micron of the cell’s surface

is adjacent to some other cell. Figure 2.12 is an electron microscope image of a

cross-section of human association cerebral cortex, alongside the 3D render of a

single neuron’s soma and dendrites, allowing us to see the myriad cellular processes

surrounding and enveloping the neuron.
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2 Background I: Neurons and aqueous ions 2.2 Morphology of neurons

Neurons are utterly
surrounded and
enveloped by myriad
cellular processes,
including the axons
and dendrites of
other neurons.

soma soma

Figure 2.12: Left: electron microscopy 𝑥𝑦-section from the H01 release.
Right: same cross section with three-dimensional morphology of the neu-
ron whose soma is labelled in the plane. (Modified from Neuroglancer [40]).

a poetic remark
By their appearance, one would almost think that neurons, tired of waiting for ran-

dom walk after random walk to complete, chose to become the walks by instantiating

them in their morphology, and thereby expedited the trajectories via electrical signals

instead of tedious uncorrelated sequential steps.

Biologists have a variety of tools for staining and tagging cells to identify neu-

rons. In addition to their shape, neurons can be identified via electrophysiological

measurements—i.e. by listening for action potentials (see Chapter 3).
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

2.3 Electrodiffusion

The world is made of
atoms.

“If, in some cataclysm, all of scientific knowledge were to be destroyed,

and only one sentence passed on to the next generations of creatures,

what statement would contain the most information in the fewest words?

I believe it is the atomic hypothesis (or the atomic fact, or whatever

you wish to call it) that all things are made of atoms—little particles

that move around in perpetual motion, attracting each other when they

are a little distance apart, but repelling upon being squeezed into one

another. In that one sentence, you will see, there is an enormous amount

of information about the world, if just a little imagination and thinking

are applied.”—Atoms in Motion, from Feynman, Leighton, and Sands

[17]

The world is made of atoms [17].

Electrical currents in
neurons are due to
the motion of ions
(atoms with a net
charge) in water.

Although neurons are measured in microns

(1μm = 10−6m) and can be as long as the animal they inhabit,—whereas atoms

are measured in ångströms (Å ≝ 10−10m)—to understand the currents that govern

action potentials we must start at the level of atoms.

Ionic currents are driven by two effects: the drift velocity of ions in saline due to

an electrostatic body force, and their diffusion which is driven by concentration

gradients and temperature.

First: GHK, then
ohmic approximation,
Hodgkin-Huxley.

Here, we will quantify both of these effects to explain

the emergent transmembrane voltage of neurons and the currents that flow across

the cell membrane. From there, we can introduce the GHK equation for the resting

potential in the presence of multiple ion species and move on to the equivalent-circuit

model of a neuron, which is an ohmic approximation of the permeability description

used in GHK. These derivations follow [53, 43, 17], and [15].
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

2.3.1 The electric currents in our cells

Electricity flows in
neurons in the form
of ionic currents.

You may recall that electricity flows in metallic conductors due to the “sea” of delo-

calized electrons, which are free to move all over metals. Well, seawater—where our

vertebrate ancestors evolved—and the saline fluids filling and surrounding our cells

conduct electricity via the “sea” of ions bobbing around in them.

Solvated ions
crystallize into salt as
seawater evaporates.

If you place a large pot of (clean) seawater on a stove and attempt to boil it all

away, a whitish paste will accumulate in the bottom of the pot which, if allowed to

dry, will weigh roughly 35g-per-L of seawater. What remains is sea salt—i.e. sodium

chloride plus salts of magnesium and calcium, and potassium chloride as well as other

hitherto dissolved solids.

The ions that make up the salt crystals were dissociated from one another in the

seawater. In air, the Brownian kicks of surrounding gas molecules aren’t energetic

enough to liberate ions from salt crystals at an appreciable rate, but the situation is

different in water. The polar character of H2O molecules reduces the energy needed

to escape the lattice to something easily attainable by the Boltzmann distribution

at temperatures much lower than body temperature (𝑇 ≈ 310K).

Water molecules
screen the electric
field of ions in
solution.

Before the seawater evaporated, the Na+, K+, Cl-, and other ions were diffusing

around freely. Aqueous ions are shielded from the electrostatic pull of their oppositely

charged counterions by neighbouring water molecules, which orient themselves into

hydration shells that “screen” charged particles. Although the ions are shielded from

each other’s electric fields, they still feel the force of externally applied fields.

Water+dissolved ions
= conductor.

Pure

water is an insulator, but even low concentrations of solvated ions allow water to

conduct electricity.
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

2.3.2 Drift current

In the absence of a body force, the average displacement and velocity of a particle

undergoing Brownian motion is zero: ⟨𝑥⟩ = ⟨𝑥̇⟩ = 0.

Electric field induces
drift velocity of
aqueous ions: an
electric current.

When an external electric field

𝔼⃗ is applied across a saline solution, the ions therein experience a body force,

𝐹⃗ = 𝑞𝔼⃗ = 𝑧e𝔼⃗, (2.3)

where 𝑧 is the ion’s valence and e is the elementary charge. 𝐹⃗ will, on average, drive

the ions to follow electric field lines according to their valence (see Figure 2.13).

The instantaneous velocity of an aqueous ion is relentlessly randomized by collisions

with water molecules; however, due to the electric field, a collective drift velocity of

such ions will emerge, and since ions are charge carriers, the drift velocity produces

a net flow of charge—a drift-electric current.

Because the drift velocity creates an electric current, the velocity 𝑣⃗drift can be inferred

by measuring the current between two submerged electrodes if the ion concentration

is known (Equation (2.13)).
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*>�Sh1_ yX �""_1oA�hAPLa

Ç ி௉ܫ Ĝ 7Q`r�`/T`QT�;�iBQM U�SV i?`2b?QH/,keR

Ç >>@KQ/2H ě >Q/;FBM@>mtH2v KQ/2HXkek

Ç ´M;bi`ƺK, Հ ൌ ͳͲିଵ଴Kkej

Ç AQMB+ `�/Bmb Q7 L�Y, ͳǤͲʹՀke9

Ç AQMB+ `�/Bmb Q7 EY, ͳǤ͵ͺՀke8

Ç AQMB+ `�/Bmb Q7 *H@, ͳǤͺͶՀkee

L�Y

EY

*H@

ሺ൅ሻ

ሺെሻ

ttBB

*>�Sh1_ kX "�*E:_PlL. kXjX h>1 1G1*h_A* *l__1Lha AL Pl_ *1GGa

6B;m`2 kXd, 1H2+i`B+�H +m``2Mi BM b�HBM2 UQ` +viQbQHV `2bmHiBM; 7`QK i?2 #mHF KQiBQM
Q7 BQMb U/`B7i p2HQ+BivV BM �M 2ti2`M�H }2H/X lM/2` � +QMbi�Mi 2H2+i`B+ }2H/- rBi?
bT�iB�HHv mMB7Q`K +QM+2Mi`�iBQMb Q7 2�+? BQM bT2+B2b- 2�+? BQM rBHH i`�p2H i?`Qm;?
i?2 r�i2` rBi? � +QMbi�Mi /`B7i p2HQ+Biv- �i r?B+? i?2 7Q`+2 Q7 pBb+Qmb /`�; QM i?2
BQM Bb 2[m�H �M/ QTTQbBi2 iQ i?2 #Q/v 7Q`+2 7`QK i?2 2ti2`M�H 2H2+i`B+ }2H/X h?2
K�;MBim/2 �M/ /B`2+iBQM Q7 �M BQMǶb /`B7i p2HQ+Biv /2T2M/ QM Bib T`QT2`iB2b U2z2+iBp2
`�/Bmb �M/ p�H2M+2VX h?2 +m``2Mi /2MbBiv Ԧܬ Bb ;Bp2M #v i?2 �p2`�;2 MmK#2` Q7 BQMb
Q7 2�+? bT2+B2b i?�i T�bb i?`Qm;? � +`Qbb b2+iBQM Q7 i?2 +vHBM/2` Ub?�/2/ `2;BQM BM
+2Mi`2V T2` mMBi iBK2 ě2�+? BQM #2BM; KmHiBTHB2/ #v Bib +?�`;2 Up�H2M+2Vě /BpB/2/
#v i?2 +`Qbb@b2+iBQM�H �`2�X

1H2+i`B+Biv ~Qrb BM
M2m`QMb BM i?2 7Q`K
Q7 BQMB+ +m``2MibX

uQm K�v `2+�HH i?�i 2H2+i`B+Biv ~Qrb BM K2i�HHB+ +QM/m+iQ`b /m2 iQ i?2 ǳb2�Ǵ Q79N9

+QM/m+iBQM@#�M/ 2H2+i`QMb r?B+? �`2 7`22 iQ KQp2 �HH Qp2` K2i�HbX q2HH- b2�r�i2`9N8

Ĝr?2`2 Qm` p2`i2#`�i2 �M+2biQ`b 2pQHp2/Ĝ �M/ i?2 b�HBM2 ~mB/b }HHBM; �M/ bm``QmM/@9Ne

BM; Qm` +2HHb +�M +QM/m+i 2H2+i`B+Biv #2+�mb2 Q7 i?2 ǳb2�Ǵ Q7 BQMb #Q##BM; �`QmM/ BM9Nd

i?2KX9N3

�tB�H +m``2Mib `272` iQ i?2 bBim�iBQM r?2`2 i?2`2 Bb � M2i ~Qr Q7 +?�`;2 `mMMBM; �HQM;9NN

i?2 K2K#`�M2- 2Bi?2` BMbB/2 Q` QmibB/2 Q7 i?2 +2HH- �M/ i`�MbK2K#`�M2 +m``2Mib8yy

Re
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߬

߬

߬

ߣ

ߣ

ߣ
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*>�Sh1_ RX "�*E:_PlL. RXjX h>1 1G1*h_A* *l__1Lha AL Pl_ *1GGa

�MQi?2` r�i2` KQH2+mH2- i?2MRey

𝑣⃗drift =

𝑎⃗Δ𝑡
ᇩᇭᇪᇭᇫ
൭
𝐹⃗𝔼⃗
𝑚
൱ 𝜏 =

𝜏
𝑚
𝑞𝔼⃗ = 𝜇𝐹⃗X URX8V

"v bvKK2i`v- 𝜏 Bb �HbQ i?2 �p2`�;2 iBK2 bBM+2 � `�M/QKHv b2H2+i2/ BQMǶb T`2pBQmbReR

+QHHBbBQMX h?2 KQ#BHBiv 𝜇 Bb /2}M2/ �bRek

𝜇 =
𝜏
𝑚

- URXeV

rBi? 𝑚 #2BM; i?2 T�`iB+H2 K�bbXRej

h?2 /`B7i +m``2Mi /2MbBiv 𝕁 Bb ;Bp2M #v i?2 �p2`�;2 MmK#2` Q7 BQMb Q7 2�+? bT2+B2b i?�iRe9
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Figure 2.13: Electrical current in saline (or cytosol) resulting from the bulk
motion of ions (drift velocity) in an external electric field 𝔼⃗. Arrows at-
tached to ions represent their drift velocities, 𝑣⃗ion, not their stochastic instantaneous
velocities. Water molecules are not drawn, and are instead represented by the shaded
blue cylinder. Although additional ions may be present in real neurons (e.g. Ca2+,
Mg2+), this cartoon could depict the current flowing through a glass pipette elec-
trode, or the axial current along a dendrite or axon, or the current through a pore
in the cell membrane, or a gap junction, etc.
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

Saline, cytosol, and cerebrospinal fluid share a property called bulk electroneutrality

with other familiar substances. Positive and negative charges balance one another,

and hence, these materials do not spontaneously explode. In the presence of an

electric field 𝔼, H2O molecules will feel a restoring torque that directs their intrinsic

dipole moment into alignment with the field lines. Having zero net charge, the water

molecules will not experience a net force—aside from the torque—and therefore do

not flow in response to 𝔼.

However, aqueous ions in the aforementioned fluids will be propelled at a constant

average velocity 𝑣⃗drift that produces a viscous drag force equal and opposite to the

body force from the 𝔼⃗-field.

𝐹⃗viscous⋅drag = ⧿𝑣⃗drift𝜁 = ⧿𝑧e𝔼⃗. (2.4)

In Figure 2.13, the drift velocity of each ion species is denoted 𝑣⃗ion, where “ion” ∈

{Na+,K+,Cl-}. 𝑣⃗drift is averaged over many ions and is observed on a timescale much

longer than the mean-free time between collisions. The viscous force on the ion results

from its interactions with water molecules—vastly outnumbering the aqueous ions—

during the stochastic collisions it experiences along its path (see Figure 2.1). The

viscous drag coefficient 𝜁 has dimensions13

⟦𝜁⟧ = mass
time , (2.5)

and is related to the viscosity 𝜂 and the ionic radius 𝑅 via Stokes’ law

𝜁(𝑇) = 6𝜋𝑅𝜂(𝑇) ቤ Stokes’ drag formula. (2.6)

13The special square brackets denote: ⟦physical quantity⟧ ≝ dimensions of physical quantity.
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

In the time between collisions, the ions accelerate freely in the electric field. Added

to their randomly oriented thermal velocities is a component parallel to 𝔼⃗. If 𝜏 is

the average time that an ion, selected at random, will continue along its trajectory

before hitting another water molecule, then

𝑣⃗drift =

𝑎⃗Δ𝑡
ᇩᇭᇪᇭᇫ
൭
𝐹⃗𝔼⃗
𝑚
൱ 𝜏 =

𝜏
𝑚
𝑞𝔼⃗ = 𝜇̃𝐹⃗. (2.7)

By symmetry, 𝜏 is also the average time since a randomly selected ion’s previous

collision. The mobility 𝜇̃ is defined as

𝜇̃ =
𝜏
𝑚
, (2.8)

with 𝑚 being the particle mass. (The tilde “∼” over the mobility 𝜇̃ indicates that

we are using Feynman’s definition of mobility [17, Volume I, Chapter 43], which is

the reciprocal of 𝜁. The more commonly used electrophoretic mobility 𝜇 is defined below

in Equation (2.47), they are related via 𝑞𝜇̃ = 𝜇.)

The drift current density 𝕁 is given by the average number of ions of each species

that pass through a cross section of the cylinder (shaded region in the centre of

Figure 2.13) per unit time—each ion being multiplied by its charge (e × valence)—

divided by the cross-sectional area 𝐴.

The charge that flows through a cross section (area 𝐴, see Figure 2.13) during the

time interval Δ𝑡 due to the drift velocity of a given ion species is

𝑄(Δ𝑡) = 𝑞𝑛𝐴𝑣driftΔ𝑡 = 𝜇̃𝑞2𝑛𝐴𝔼Δ𝑡. (2.9)
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

Dividing through by 𝐴Δ𝑡 gives the current density due to the drift velocity,

𝕁ion =
𝑄
𝐴Δ𝑡

= 𝑞𝑛𝑣drift = 𝜇̃𝑞2𝑛𝔼 = 𝜇̃𝑞2𝑛
Δ𝑉
Δ𝑥

, (2.10)

where Δ𝑥 is the spacing between submerged electrodes in Figure 2.13 and Δ𝑉 is the

applied voltage.

Since 𝑧Na+ = 𝑧K+ = 1, and 𝑧Cl- = ⧿1, we can rewrite the total drift current as

𝕁⃗drift =෍
ions

𝕁⃗ion =෍
ions

(𝑧ioneถ
𝑞ion

)𝑛ion𝑣⃗ion = e ൫𝑛Na+ 𝑣⃗Na+ + 𝑛K+ 𝑣⃗K+ ⧿ 𝑛Cl- 𝑣⃗Cl-൯ . (2.11)

Writing the drift velocities’ magnitudes as 𝑣ion ≝ |𝑣⃗ion|, and the unit vector in the

direction of the electric field as 𝗲𝔼 ≝
𝔼⃗
|𝔼⃗|

, note that

ቊ𝑣⃗Na+ , 𝑣⃗K+ , 𝑣⃗Cl-ቋ = ቊ𝑣Na+𝗲𝔼, 𝑣K+𝗲𝔼, 𝑣Cl-(⧿𝗲𝔼)ቋ. (2.12)

Because Cl- is an anion and the other particles are cations, the “⧿” sign in the

chloride term on the right of Equation (2.11) is cancelled by its drift velocity being

in the opposite direction to that of Na+ and K+, thus

𝕁drift = e ൫𝑛Na+𝑣Na+ + 𝑛K+𝑣K+ + 𝑛Cl-𝑣Cl-൯ . (2.13)

2.3.3 Ohm’s law from 𝕁drift

The drift velocity discussed above gives rise to a version of Ohm’s law in cytosol and

saline solutions in general.

Benjamin Franklin’s
current convention is
true for cations
flowing in the
cytosol.

Note that both anions and cations serve as charge carriers in

neurons. Benjamin Franklin’s current convention is well suited to neuroscience, where

electric currents are ions moving through water (rather than electrons through a
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

crystal14) and three out of the four key currents’ charge carriers ൛Na+,K+,Ca2+,Cl-ൟ

are positive ions.

Units of electrical
conductance:
S ≝ 1

Ω
= ℧.

In metallic conductors like copper—or silver, which is roughly 10% better—we are

familiar with Ohm’s law,

𝐼 = 𝐺𝑉, (2.14)

where 𝐼 is the current through a piece of the conducting material, 𝐺 is its conductance,

and 𝑉 is the voltage drop from one end of the conductor to the other. 𝐼 has units of

amperes (A)—or Coulombs of charge flowing per second—and 𝐺, which is the inverse

of the resistance 𝑅, has units of Siemens which are reciprocal Ohms (S = Ω−1), or

“Mho”s (℧) if you prefer.15

Conductivity of
seawater derived
from the ionic
current between two
submerged, charged
plates.

The conductance is an extrinsic property which measures how easily electric current

flows through a particular object, so it varies with the size and shape of the object. In an

electronic circuit, the object might be a cylindrical piece of metal wire. In a neuron,

it could be a cylindrical volume of cytosol, as in Figure 2.13.

To formulate the aqueous Ohm’s law, we will make use of intrinsic properties instead,

namely the conductivity 𝑔, which is a property of the material and allows us to

calculate the conductance of any object given its dimensions:

𝐺 = 𝑔 ቆ
𝐴
𝐿
ቇ . (2.15)

If 𝐴 is the cross section in Figure 2.13, take a cylindrical volume of cytosol with

length 𝐿 and base 𝐴 as our conductor. The current density in the conductor is

𝕁ion =
𝐼ion
𝐴

. (2.16)

14Metals are composed of microscopic crystalline domains called grains.
15The Mho lives on.
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

From Equation (2.10), the current is then

𝐼ion = 𝐴 ⋅ 𝑞𝑛𝑣drift = 𝐴 ⋅ 𝜇̃𝑞2𝑛𝔼 = 𝜇̃𝑞2𝑛 ቆ
𝐴
𝐿
ቇ

ᇣᇧᇧᇤᇧᇧᇥ
𝐺

𝑉𝐿, (2.17)

where 𝑉𝐿 is the voltage drop across the conductor (i.e. ቀ𝑉𝐿
𝐿
ቁ = 𝔼).

One can see that Equation (2.17) is an Ohm’s law for saline by comparing it to

Equation (2.14). Each ion species contributes 𝑔ion, given by

𝑔ion = 𝜇̃ion𝑞2ion𝑛ion, (2.18)

to the total conductivity 𝑔. We will make use of this version of Ohm’s law in the

equivalent circuit model of the axonal membrane (Hodgkin-Huxley style kinetics, see

Background II: Action potentials and ion channels).

The fluid filling and surrounding neurons is about ten million times less conductive

than silver. This has consequences for signal transmission: the high resistivity of

cytosol makes it difficult to send DC electrical signals16 along the lengths of neurons.

Instead, they use a form of AC signal called an action potential, which we will see

later on in Chapter 3.

16A common remark in neuroscience is that “neurons are terrible wires”. Yes, but they are not mere
wires. Would we prefer that our axons were made of metal? Have you ever cut an electrical wire
only to watch it grow back and find its old connection?
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

2.3.4 Diffusive current - Fick’s laws

Here I will introduce the diffusive current following [43, 17].

Concentration
gradients drive the
diffusive flow of
aqueous ions:
another electric
current

In 1855, Adolph Fick em-

pirically demonstrated that salt ions in water diffuse according to the same equation

that describes the diffusion of heat and electricity in conducting materials [18].

Let 𝑛(𝑥, 𝑦, 𝑧) denote the concentration—e.g. number of Na+ ions per unit volume—

as a function of position. Fick’s first law states that the diffusive flux 𝕁—the net

number of ions per unit area that traverse a cross section of fluid per unit time—is

proportional to the gradient of the concentration:

As defined here, 𝕁 is
also known as a
number flux.𝕁⃗ = −𝐷∇⃗𝑛 . (2.19)

𝐷 is the diffusion coefficient, which we will ignore for the moment.

Although Fick’s first law is empirical, the following derivation may provide some

intuition to accompany it. In the case of longitudinal diffusion along the 𝑥–axis,

Equation (2.19) can be simplified to

𝕁 ∝ −
𝜕𝑛
𝜕𝑥

. (2.20)

The aim here is to show that the number flux (or diffusive current density) due to

the thermal motion of particles suspended in a fluid should be proportional to the

concentration gradient. The particles could be salt ions in water, or hydrocarbon

molecules diffusing in air, et cetera.

In Figure 2.14, we sketch an idealized version of the random motion of Na+ ions

diffusing in water in one dimension. It is assumed that the density of ions, 𝑛(𝑥), is

small compared to the number density of the fluid, and there is no net body force
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acting on the particles to bias their macroscopic motion. We want to know the

number of particles that cross the surface (area “𝐴”) per unit time.
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Figure 2.14: Conceptual sketch of Fick’s first law in one dimension (See
[43, 17]). Arrows point toward ions’ positions at time 𝑡 = (𝑡0 + Δ𝑡). The faded
images of ions at arrows’ tails indicate their previous position, i.e. at time 𝑡 = 𝑡0.
The root-mean-square velocity of the ions due to their thermal motion is denoted 𝑣̄𝑥,
not to be confused with their average velocity, which is zero, nor the much slower drift
velocity. Note that in this figure, the distance the ions travel (length of the arrows)
represents a kind of ensemble average, since statistical mechanics tells us that at any
instant the ions’ velocities will be randomly distributed around 𝑣̄𝑥. (Counterions are
omitted to reduce visual clutter.)

Let 𝑁+ denote the number of particles that were initially in the box to the left of 𝐴

at time 𝑡 = 0 that subsequently crossed 𝐴 (moving left to right) by the time 𝑡 = Δ𝑡.

Likewise, 𝑁− denotes the number of particles that crossed 𝐴 from the right during the

same period. Using this sign convention, the net number of particles that diffused

across the surface 𝐴 during Δ𝑡 is

𝑁 = (𝑁+ − 𝑁−), (2.21)
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

where positive 𝑁 corresponds to a current (or number flux) in the positive 𝑥–

direction.

If we choose Δ𝑥 on the order of the mean free path, 𝜆, of the diffusing particles, we

can approximate the number density as being uniform in the boxes to the left and

right of 𝐴 in Figure 2.14. Let 𝑛(𝑥) denote the number density in the left box, and

𝑛(𝑥 + Δ𝑥) in the box on the right.

Since the average velocity ⟨𝑣𝑥⟩ due to Brownian motion (a random walk) is zero,

half the particles in either box will be travelling toward 𝐴. The other half will be

travelling away from
𝐴

ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫthat cross section, so we include a factor of 1
2
in the expressions

below:
⎧
⎪

⎨
⎪
⎩

𝑁+ ∝
𝑛(𝑥)
2
𝐴𝑣Δ𝑡, and

𝑁− ∝
𝑛(𝑥+Δ𝑥)

2
𝐴𝑣Δ𝑡,

(2.22)

where 𝑣 is the thermal speed of the particles—i.e. the effective speed at which they

travel between collisions—since in Figure 2.14 we are keeping Δ𝑡 ≲ 𝜏:

𝑣̄𝑥 = ට⟨𝑣2𝑥⟩ = ඨ𝓀Β𝑇
𝑚

. (2.23)

Combining Equation (2.21) and Equation (2.22), the diffusive current density 𝕁𝑥

is

𝕁𝑥 =
𝑁
𝐴Δ𝑡

∝ ቆ𝑛(𝑥) − 𝑛(𝑥 + Δ𝑥)ቇ𝑣̄𝑥 =
−1
2
𝑣̄𝑥
𝒹𝑛
𝒹𝑥
Δ𝑥. (2.24)

If we treat diffusion as a random walk where all memory of a particle’s past tra-

jectory is erased with each collision, the appropriate value for Δ𝑥 is the step size

of the random walk, i.e. the mean free path 𝜆. Writing 𝑣̄ = 𝜆
𝜏
, Equation (2.24)

becomes

𝕁𝑥 ∝ −
𝜆2

2𝜏
𝒹𝑛
𝒹𝑥

, (2.25)
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2 Background I: Neurons and aqueous ions 2.3 Electrodiffusion

which is convenient since (1) it recovers Equation (2.19) and (2) the diffusion coeffi-

cient for a random walk is defined as

𝐷 =
𝜆2

2𝜏
, (2.26)

see [43].

But why did we
resort to hiding Δ𝑥
and Δ𝑡 inside a
constant?

This is not entirely satisfying since we have not explained why Δ𝑥 and Δ𝑡 cannot be

made much smaller than 𝜆 and 𝜏. Scaling Δ𝑥 and Δ𝑡 by some positive number 𝜀 << 1

should be permissible in the above derivation, but it would change the value of 𝕁𝑥 in

Equation (2.24).

Explanation: The
limitations of the
above derivation.

The above derivation began with Figure 2.14, which is missing something crucial:

There is nothing in that figure that captures the irreversibility of the diffusion process

[see 45, Section 15.3]. That is why we invoked Equation (2.26) to impose the correct

choice of Δ𝑥 and Δ𝑡 by tucking them neatly inside the mathematical definition of

𝐷. However, choosing Δ𝑥 as the mean free path does make physical sense: On the

right-hand side of Equation (2.24), we see that a particle with a longer mean free

path will diffuse more rapidly.

Diffusion is a directly
measured and
perpetually observed
experimental fact,
and Fick’s law
describes it
accurately. The
semi-derivation above
connects Fick’s
law—which is really a
mathematically
expressed
observation—to our
intuitions about
atoms in thermal
motion.

In reality, 𝐷 is a coefficient that is determined experimentally via measurements

of 𝕁𝑥 and 𝒹𝑛
𝒹𝑥
, or other direct observations. The above derivation does, however,

satisfy the goal stated at the outset: we have shown that 𝕁𝑥 ∝ −𝜕𝑛𝜕𝑥 (i.e. the

diffusive flux is proportional to the gradient of 𝑛(𝑥), Equation (2.20)), which becomes

Equation (2.19) in three dimensions.

In Figure 2.15, we obtain the time-derivative of the concentration from Fick’s first

law (Equation (2.19)).
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Figure 2.15: Conceptual Sketch for Fick’s second law, also known as the
diffusion equation. In this figure and the equations below, 𝑛(𝑡) is the number
density of some ion species in the box bounded by the cross sections at 𝑥1 and
𝑥2. Horizontal arrows piercing the cross sections indicate the direction of positive
diffusive flux; however, 𝕁(𝑥1) and 𝕁(𝑥2) can be positive or negative.

Again restricting ourselves to one spatial dimension, let 𝑛 denote the number density

of an ion species at the box in the middle of Figure 2.15. The change in 𝑛 per unit

time is given by the diffusive flux across the two cross sections on either side of the

middle box:
𝜕𝑛
𝜕𝑡

=
1

Vol ቆ𝕁𝑥(𝑥1)𝐴1 − 𝕁𝑥(𝑥2)𝐴2ቇ. (2.27)

Letting each cross section have the same area (𝐴1 = 𝐴2 = 𝐴), we have

⟶
𝜕𝑛
𝜕𝑡

=
1

𝐴Δ𝑥ถ
Vol

ቆ𝕁𝑥(𝑥1)𝐴 − 𝕁𝑥(𝑥2)𝐴ቇ, (2.28)

=
1
Δ𝑥

ቆ𝕁𝑥(𝑥1) − 𝕁𝑥(𝑥1 + Δ𝑥ᇣᇧᇤᇧᇥ
(𝑥2)

)ቇ. (2.29)
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For small Δ𝑥 we can use the derivative of 𝑛(𝑥), as before,

⟶
𝜕𝑛
𝜕𝑡

≅
1
Δ𝑥

ቆ𝕁𝑥(𝑥1) − ቈ𝕁𝑥(𝑥1) +
𝜕𝕁𝑥
𝜕𝑥

Δ𝑥቉ቇ . (2.30)

Finally, we invoke Equation (2.19) to write the flux in terms of the gradient,

Equation (2.30) ⟹
𝜕𝑛
𝜕𝑡

= −
𝜕𝕁𝑥
𝜕𝑥

= −
𝜕
𝜕𝑥

ቆ−𝐷
𝜕𝑛
𝜕𝑥

ቇ , (2.31)

∴
𝜕𝑛
𝜕𝑡

= 𝐷
𝜕2𝑛
𝜕𝑥2

. (2.32)

In three dimensions, Equation (2.32) becomes17

𝜕𝑛
𝜕𝑡

= 𝐷∇2𝑛 , (2.33)

which is known as Fick’s second law, or the diffusion equation.

The Laplacian of a function 𝜑(𝑥, 𝑦, 𝑧) in Cartesian coordinates is written

∇2𝜑 ≝ ∇⃗ ⋅ ∇⃗𝜑 = ቆ
𝜕
𝜕𝑥

,
𝜕
𝜕𝑦

,
𝜕
𝜕𝑧
ቇ ⋅ ቆ

𝜕𝜑
𝜕𝑥

,
𝜕𝜑
𝜕𝑦

,
𝜕𝜑
𝜕𝑧

ቇ =
𝜕2𝜑
𝜕𝑥2

+
𝜕2𝜑
𝜕𝑦2

+
𝜕2𝜑
𝜕𝑧2

. (2.34)

Since ∇2 measures the local curvature of 𝑛(𝑥, 𝑦, 𝑧), Equation (2.33) tells us that

diffusion flattens out variations in the local ion concentrations, and drives the system

toward a state where all diffusing particles are homogeneously distributed in the

solvent.

17Assuming 𝐷 is isotropic.
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2.3.5 Einstein’s relation

Returning to Equation (2.7), we now write the number flux of some ion 𝑆 with number

density [𝑆](𝑥) and valence 𝑧𝑆 in terms of the drift velocity in aqueous solution under

an external electric field 𝔼⃗.

Starting with the drift velocity,

ห𝑣⃗driftห = ห𝜇̃𝐹⃗ห = ห𝜇̃𝑧𝑆e𝔼⃗ห, (2.35)

the flux due to drift can be written as

ห𝐽driftห = [𝑆]ห𝑣⃗driftห ⟹ 𝐽drift = [𝑆]𝜇̃𝑧𝑆e𝔼, (2.36)

with 𝔼 = −𝒹𝑉
𝒹𝑥
.

For a system in thermodynamic equilibrium, the drift flux cancels the diffusive

flux

𝐽drift = −𝕁𝑥 ⟹ [𝑆]𝜇̃𝑧𝑆e𝔼 = 𝐷
𝒹[𝑆]
𝒹𝑥

, (2.37)

and the Boltzmann distribution also applies

[𝑆](𝑥) = const ⋅

𝓮−𝑈(𝑥)∕𝓀Β𝑇
ᇩᇭᇭᇪᇭᇭᇫ
𝓮−൬

𝑧𝑆e𝑉(𝑥)
𝓀Β𝑇

൰ ⟹ 𝐷
𝒹[𝑆]
𝒹𝑥

= −𝐷 ⋅ [𝑆]
𝑧𝑆e
𝓀Β𝑇

−𝔼
ᇩᇭᇪᇭᇫ
ቆ
𝒹𝑉
𝒹𝑥
ቇ , (2.38)

where 𝑈(𝑥) = −𝑧𝑆e𝑉(𝑥) is the potential energy of the ion.

By combining Equations (2.37) and (2.38), we can eliminate the force and concen-

tration from both sides

[𝑆] 𝜇̃𝑧𝑆e𝔼 =[𝑆] 𝐷
𝑧𝑆e
𝓀Β𝑇

𝔼 , (2.39)
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which gives Einstein’s relation

∴ 𝐷 = 𝜇̃𝓀Β𝑇 . (2.40)

The above derivation is based on Feynman et al. [17, Volume I, Chapter 43].

If we prefer to use the electrophoretic mobility 𝜇, then Equation (2.35) is writ-

ten

𝑣drift = 𝜇𝔼, (2.41)

and Einstein’s relation (2.40) becomes

𝑧𝑆e𝐷 = 𝜇𝓀Β𝑇 . (2.42)

Stokes-Einstein

Stokes’ viscous drag formula (Equation (2.6)) lets us connect the drift velocity to

the electric field strength—without invoking the mobility—via the effective radius of

the hydrated ion 𝑅𝑆 and the viscosity 𝜂:

ቚ𝑧𝑆e𝔼⃗ቚ = ቚ𝐹⃗viscous⋅dragቚ = 𝑣drift𝜁 ⟹ 𝔼 =
𝑣drift ⋅ 6𝜋𝜂𝑅𝑆

𝑧𝑆e
. (2.43)

Plugging Equation (2.41) into (2.43) gives a new expression for the mobility

𝔼 = 𝜇
𝔼 ⋅ 6𝜋𝜂𝑅𝑆

𝑧𝑆e
⟹ 𝜇 =

𝑧𝑆e
6𝜋𝜂𝑅𝑆

, (2.44)

which, when combined with Equation (2.42), gives the Stokes-Einstein relation

𝐷 =
𝓀Β𝑇

6𝜋𝑅𝑆𝜂
⟺ 𝐷𝜁 = 𝓀Β𝑇 . (2.45)
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From the boxed expressions above (2.45), we can see the interconnected temperature-

dependence of the viscous-drag coefficient 𝜁 = 𝜁(𝑇) (reciprocal mobility), the diffu-

sion coefficient 𝐷 = 𝐷(𝑇), and the viscosity 𝜂 = 𝜂(𝑇).

2.3.6 The Nernst-Planck equation

The Nernst-Planck equation combines the effects of diffusion (Equation (2.19)) and

drift (Equation (2.10)) to obtain the total flux of ions, hence the term electrodiffu-

sion:

𝕁𝑥 =

diffusion
ᇩᇭᇭᇪᇭᇭᇫ
− 𝐷𝑥

𝜕[𝐶]
𝜕𝑥

−

drift
ᇩᇭᇭᇪᇭᇭᇫ
𝜇[𝐶] ቆ

𝜕𝑉
𝜕𝑥

ቇ
ᇣᇧᇤᇧᇥ

𝔼

. (2.46)

(Ion concentrations are often denoted with square brackets, e.g. [K+]in is the intra-

cellular concentration of potassium ions. We have switched to this notation, writing

[𝐶] = [𝐶](𝑥) instead of using 𝑛(𝑥) for the number density.)

As mentioned above (see Equation (2.42)), the electrophoretic mobility 𝜇 is defined

in terms of the diffusion coefficient using Einstein’s relation [15]

𝜇 =
𝑞𝐷
𝓀Β𝑇

=
𝑧ione𝐷
𝓀Β𝑇

, (2.47)

and one can rewrite the Nernst-Planck equation (2.46) as

𝕁𝑥 = −𝜇 ቆ
𝓀Β𝑇
𝑞

𝜕[𝐶]
𝜕𝑥

+ 𝑧ion[𝐶]
𝜕𝑉
𝜕𝑥

ቇ = −𝐷 ቆ
𝜕[𝐶]
𝜕𝑥

+
𝑧ione
𝓀Β𝑇

[𝐶](𝑥)
𝜕𝑉
𝜕𝑥

ቇ . (2.48)

This equation describes the bulkmotion of charged molecules or ions in solution under

an electric field, and it is the physical basis for much that follows. In Section 2.4.1

we use it to derive the reversal potential, and in Section 3.5.3 it gives rise to the

Goldman-Hodgkin-Katz equations.
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2.4 The Nernst potential

Here I will follow the approach in [43, 15, 53] to introduce the Nernst potential.

Associated with each permeant ion species (e.g. Na+, K+, Cl-, Ca2+...) is a value of

the transmembrane voltage 𝑉m called the Nernst potential and denoted 𝐸ion. It is also

called the reversal potential because as 𝑉m crosses 𝐸ion, the flow of ions of that particular

species—through channels in the membrane that are permeable to it—will reverse,

i.e. the transmembrane current of an ion flips sign at 𝐸ion (see Figure 3.15).

The current is driven by diffusion (temperature), which pushes the system toward

greater entropy by reducing the concentration gradient across the pore. 𝐸ion is the

voltage that produces an electric field in the pore sufficient to counteract the diffusive

current of that ion species when inner and outer concentrations are unequal.
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2.4.1 Deriving 𝐸Nernst from the Nernst-Planck equation

The transmembrane voltage at which the diffusive current of a given ion species is

cancelled by its electrical drift current—resulting in an equilibrium with zero net

flux of said ions across the membrane—is called the Nernst potential. If multiple ion

species are present, each will have its own Nernst potential.

Below, [𝐶] denotes the concentration (or number density) of a given ion having

valence 𝑧, flowing through a pore in the cell membrane. The concentration as a

function of position along the pore’s axis is denoted by [𝐶](𝑥). Following [15], we

derive the Nernst potential by setting 𝕁𝑥 = 0 in Equation (2.48):

0 = −𝜇 ቆ
𝓀Β𝑇
𝑞

𝜕[𝐶]
𝜕𝑥

+ 𝑧[𝐶](𝑥)
𝜕𝑉
𝜕𝑥

ቇ ቤ
𝑉m=𝐸Nernst

, (2.49)

⟹
−𝓀Β𝑇
𝑞𝑧

1
[𝐶](𝑥)

𝜕[𝐶]
𝜕𝑥

=
𝜕𝑉
𝜕𝑥

. (2.50)

Next, we integrate Equation (2.50) along the length of the pore to get the trans-

membrane voltage at which this equilibrium condition is achieved:

𝑥in

න
𝑥out

𝒹𝑥
𝜕𝑉
𝜕𝑥

=
𝑥in

න
𝑥out

𝒹𝑥
−𝓀Β𝑇
𝑞𝑧

1
[𝐶](𝑥)

𝜕[𝐶]
𝜕𝑥

, (2.51)

⟹ (𝑉in − 𝑉out)ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
𝐸Nernst

=
−𝓀Β𝑇
𝑞𝑧

ln൫[𝐶](𝑥)൯ቤ
𝑥in

𝑥out

, (2.52)

∴ 𝐸Nernst =
−𝓀Β𝑇
𝑞ion

lnቆ [𝐶]in
[𝐶]out

ቇ . (2.53)

43



2 Background I: Neurons and aqueous ions 2.4 The Nernst potential

If the inner and outer concentrations of an ion are known, then 𝐸Nernst is the value

of the membrane potential at which that ion will have zero transmembrane cur-

rent.

2.4.2 Nernst potential from Boltzmann

We can use the Boltzmann distribution to obtain the Nernst potential in surprisingly

few steps. This is done by treating the concentration as a probability and starting

from the experimental fact that cells have a nonzero transmembrane voltage,

Δ𝑉 ≠ 0. (2.54)

For the moment, we will not associate Δ𝑉 with 𝑉rest; it is just the voltage across

some membrane.

Consider a single ion in a volume of fluid that encloses a patch of cell membrane

(Figure 2.16). Since the Nernst potential (Equation (2.53)) is calculated from the

ratio of inner and outer concentrations, it is not necessary to specify [Z]in and [Z]out.

Instead, to compute 𝐸Z, it is sufficient to know the relative probability of the ion

being inside versus outside the cell as a function of Δ𝑉.

The Boltzmann distribution gives the likelihood of a particle being in a state 𝑖, having

energy 𝑈𝑖, as

𝑝(𝑈𝑖) ∝ 𝓮−𝛽𝑈𝑖 ; 𝛽 ≝
1
𝓀Β𝑇

, (2.55)

with all states having the same constant of proportionality18. This probability

𝑝(𝑈𝑖)—also denoted 𝑝𝑖—is also called the Boltzmann factor of the state 𝑖.

18The constant of proportionality normalizes the sum of the probabilities to unity.
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Inner and outer ion
concentrations map
to probabilities in a
two-state system.
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#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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ZKHUH��섐��DQG��섑��DQG

ZKHUH 섐섑섒섓섔섕섖섗섘섙섚섛 DQG
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Ծ 𝐼𝐹𝑃 ՝ ŌƍƵǫĂƵĨƱƵƍƱĂŎĂǉśƍƃ Տ�²Ր ǉŖƵıƽŖƍŶĨԶ΅Ή΃

Ծ XX՛ſƍĨıŶ՞XƍĨŎŲśƃ՛XǒǰŶıǱ ſƍĨıŶԴ΅Ή΄

Ծ ęƃŎƽǉƵƘſԶ Å = 10−10Ď΅Ή΅

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ �ĂֿԶ 1.02Å΅ΉΆ

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ rֿԶ 1.38Å΅Ή·

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ !Ŷ՛Զ 1.84Å΅ΉΈ
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6B;m`2RXj,a2H7@�bb2K#HvQ7�KT?BT?BH2bBMiQ+HQb2/[m�bB@bT?2`B+�Hp2bB+H2bXAMM�im2̀-i?2+HQb2/
+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
bm`2Q7i?2i�BHb2M2;̀2iB+�HHv+QbiHvXh?mbBM+QMi�̀biiQ`2�Hp2bB+H2b-i?2bBKmH�i2/+HQb2/p2bB+H2
+QM};m�̀iBQMBbbi�#H2#2+�mb2BiBb2M2;̀2iB+�HHv7�pQm�̀#H2X�K�DQ`#2M2}iQ7i?2KQH2+mH�`/v@
M�KB+b�TTQ̀�+?iQbBKmH�iBM;#BH�v2`bUbm+?�bi?Qb2b?QrM?2`2VBbi?�ii?BbK2i?Q/`2TQ̀/m+2b
F2vTQ̀T2`iB2bQ7`2�H#BH�v2`bě2X;XBM@TH�M2~mB/Biv-�#BHBiviQQT2M�M/+HQb2TQ`2b-2i+X

h?2+2HHK2K#�̀M2Bb�iBib7QmM/�iBQM�HBTB/#BH�v2`p2`bB+H2ěr?B+?K�F2bi?27�+ii?�i
p2bB+H2bb2H7@�bb2K#H2rBi?Qmi�Mv?2HT7̀QKHBpBM;Q;̀�MBbKbp2v̀BMi2`2biBM;5jUq?BH2i?2
T?2MQK2MQMQ7b2H7@�bb2K#HvBbm#B[mBiQmbBM+2HHb-r?�iK�F2bi?2b2H7@�bb2K#HvQ7i?2HBTB/
#BH�v2`T�`iB+mH�`HvbB;MB}+�MiiQi?2Q`B;BMQ7HB72-Bbi?�i�KT?BT?BHB+KQH2+mH2bi?�i7QK̀bm+?
#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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6B;m`2RXj,a2H7@�bb2K#HvQ7�KT?BT?BH2bBMiQ+HQb2/[m�bB@bT?2`B+�Hp2bB+H2bXAMM�im2̀-i?2+HQb2/
+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
bm`2Q7i?2i�BHb2M2;̀2iB+�HHv+QbiHvXh?mbBM+QMi�̀biiQ`2�Hp2bB+H2b-i?2bBKmH�i2/+HQb2/p2bB+H2
+QM};m�̀iBQMBbbi�#H2#2+�mb2BiBb2M2;̀2iB+�HHv7�pQm�̀#H2X�K�DQ`#2M2}iQ7i?2KQH2+mH�`/v@
M�KB+b�TTQ̀�+?iQbBKmH�iBM;#BH�v2`bUbm+?�bi?Qb2b?QrM?2`2VBbi?�ii?BbK2i?Q/`2TQ̀/m+2b
F2vTQ̀T2`iB2bQ7`2�H#BH�v2`bě2X;XBM@TH�M2~mB/Biv-�#BHBiviQQT2M�M/+HQb2TQ`2b-2i+X

h?2+2HHK2K#�̀M2Bb�iBib7QmM/�iBQM�HBTB/#BH�v2`p2`bB+H2ěr?B+?K�F2bi?27�+ii?�i
p2bB+H2bb2H7@�bb2K#H2rBi?Qmi�Mv?2HT7̀QKHBpBM;Q;̀�MBbKbp2v̀BMi2`2biBM;5jUq?BH2i?2
T?2MQK2MQMQ7b2H7@�bb2K#HvBbm#B[mBiQmbBM+2HHb-r?�iK�F2bi?2b2H7@�bb2K#HvQ7i?2HBTB/
#BH�v2`T�`iB+mH�`HvbB;MB}+�MiiQi?2Q`B;BMQ7HB72-Bbi?�i�KT?BT?BHB+KQH2+mH2bi?�i7QK̀bm+?
#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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ZKHUH��섐��DQG��섑��DQG

ZKHUH섐섑섒섓섔섕섖섗섘섙섚섛DQG

ZKHUH샊샋샌샍샎샏샐샑샒샓��DQG ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ

ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODKͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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ZKHUH��섐��DQG��섑��DQG

ZKHUH 섐섑섒섓섔섕섖섗섘섙섚섛 DQG

ZKHUH 샊샋샌샍샎샏샐샑샒샓�� DQGͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ

ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK ³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²
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Ծ 𝐼𝐹𝑃 ՝ ŌƍƵǫĂƵĨƱƵƍƱĂŎĂǉśƍƃ Տ�²Ր ǉŖƵıƽŖƍŶĨԶ΅Ή΃

Ծ XX՛ſƍĨıŶ՞XƍĨŎŲśƃ՛XǒǰŶıǱ ſƍĨıŶԴ΅Ή΄

Ծ ęƃŎƽǉƵƘſԶ Å = 10−10Ď΅Ή΅

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ �ĂֿԶ 1.02Å΅ΉΆ

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ rֿԶ 1.38Å΅Ή·

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ !Ŷ՛Զ 1.84Å΅ΉΈ

�Ăֿ

rֿ

!Ŷ՛

ǰǰśś

6B;m`2 kXR3, h?2 T`Q#�#BHBiv Q7 �M BQM UBM i?Bb +�b2- bQ/BmKV #2BM; QM
2Bi?2` bB/2 Q7 i?2 K2K#`�M2 Bb BM/B+�i2/ #v Bib QT�+BivX

*?�`;2 b+`22MBM;
K�F2b 𝑉(𝑟) ~�i
QmibB/2 i?2 /2TH2iBQM
H�v2`bX h?2`2 Bb �
bFBM Q7 +?�`;2 �i i?2
bm`7�+2b Q7 i?2
K2K#`�M2X L2HbQM
b?Qrb +QM+2Mi`�iBQM
/Bz2`2M+2b +�mb2 Δ𝑉X

q2 +�M i`2�i i?2 BQM Ub�v L�YV- r?B+? K�v #2 BMbB/2 Q` QmibB/2 i?2 +2HH- �b � irQ@bi�i2jk8

bvbi2KX h?Bb Bb #2+�mb2 #mHF 2H2+i`QM2mi`�HBiv /B+i�i2b i?�i- #2vQM/ � i?BM /2TH2iBQMjke

`2;BQM QM 2Bi?2` bB/2 Q7 i?2 +2HH K2K#`�M2 rBi? i?B+FM2bb QM i?2 Q`/2` Q7 i?2 .2#v2jkd

b+`22MBM; H2M;i? U∼ MK 7Q` M2m`QMbV- i?2 2H2+i`B+ TQi2MiB�H BMbB/2 �M/ QmibB/2 i?2 +2HHjk3

/Q2b MQi +?�M;2 �b � 7mM+iBQM Q7 /Bbi�M+2XR9 (AM+Hm/2 i?2 /2`Bp�iBQM bQK2r?2`2 Q7jkN

i?2 /2TH2iBQM `2;BQMX Ai Bb � 7�Mi�biB+ TQBMiX a22 L2HbQM 2i �HX (d)X)jjy

>2M+2- i?2 irQ bi�i2b �`2 ǳBMbB/2Ǵ Q` ǳQmibB/2Ǵ- rBi? 2M2`;B2b 𝑈BM = 𝑞L�Y𝑉BM �M/jjR

𝑈Qmi = 𝑞L�Y𝑉Qmi- `2bT2+iBp2Hv- �M/ 𝑞L�Y = 2X h?2 T`Q#�#BHBiv Q7 i?2 L�Y BQM #2BM;jjk

QM i?2 BMi`�+2HHmH�` bB/2 Q7 i?2 K2K#`�M2 +�M #2 +QMp2`i2/ iQ � +QM+2Mi`�iBQM,jjj

[L�Y]BM ∝
𝑝BM

oQHQmi

𝑝BM
oQHBM

X UkX98V

R9h?Bb Bb /m2 iQ +?�`;2 b+`22MBM;- � +`m+B�H T?2MQK2MQM ;Qp2`MBM; 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM
�[m2Qmb K2/B� (d)X

jk
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6B;m`2RXj,a2H7@�bb2K#HvQ7�KT?BT?BH2bBMiQ+HQb2/[m�bB@bT?2`B+�Hp2bB+H2bXAMM�im2̀-i?2+HQb2/
+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
bm`2Q7i?2i�BHb2M2;̀2iB+�HHv+QbiHvXh?mbBM+QMi�̀biiQ`2�Hp2bB+H2b-i?2bBKmH�i2/+HQb2/p2bB+H2
+QM};m�̀iBQMBbbi�#H2#2+�mb2BiBb2M2;̀2iB+�HHv7�pQm�̀#H2X�K�DQ`#2M2}iQ7i?2KQH2+mH�`/v@
M�KB+b�TTQ̀�+?iQbBKmH�iBM;#BH�v2`bUbm+?�bi?Qb2b?QrM?2`2VBbi?�ii?BbK2i?Q/`2TQ̀/m+2b
F2vTQ̀T2`iB2bQ7`2�H#BH�v2`bě2X;XBM@TH�M2~mB/Biv-�#BHBiviQQT2M�M/+HQb2TQ`2b-2i+X

h?2+2HHK2K#�̀M2Bb�iBib7QmM/�iBQM�HBTB/#BH�v2`p2`bB+H2ěr?B+?K�F2bi?27�+ii?�i
p2bB+H2bb2H7@�bb2K#H2rBi?Qmi�Mv?2HT7̀QKHBpBM;Q;̀�MBbKbp2v̀BMi2`2biBM;5jUq?BH2i?2
T?2MQK2MQMQ7b2H7@�bb2K#HvBbm#B[mBiQmbBM+2HHb-r?�iK�F2bi?2b2H7@�bb2K#HvQ7i?2HBTB/
#BH�v2`T�`iB+mH�`HvbB;MB}+�MiiQi?2Q`B;BMQ7HB72-Bbi?�i�KT?BT?BHB+KQH2+mH2bi?�i7QK̀bm+?
#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
bm`2Q7i?2i�BHb2M2;̀2iB+�HHv+QbiHvXh?mbBM+QMi�̀biiQ`2�Hp2bB+H2b-i?2bBKmH�i2/+HQb2/p2bB+H2
+QM};m�̀iBQMBbbi�#H2#2+�mb2BiBb2M2;̀2iB+�HHv7�pQm�̀#H2X�K�DQ`#2M2}iQ7i?2KQH2+mH�`/v@
M�KB+b�TTQ̀�+?iQbBKmH�iBM;#BH�v2`bUbm+?�bi?Qb2b?QrM?2`2VBbi?�ii?BbK2i?Q/`2TQ̀/m+2b
F2vTQ̀T2`iB2bQ7`2�H#BH�v2`bě2X;XBM@TH�M2~mB/Biv-�#BHBiviQQT2M�M/+HQb2TQ`2b-2i+X

h?2+2HHK2K#�̀M2Bb�iBib7QmM/�iBQM�HBTB/#BH�v2`p2`bB+H2ěr?B+?K�F2bi?27�+ii?�i
p2bB+H2bb2H7@�bb2K#H2rBi?Qmi�Mv?2HT7̀QKHBpBM;Q;̀�MBbKbp2v̀BMi2`2biBM;5jUq?BH2i?2
T?2MQK2MQMQ7b2H7@�bb2K#HvBbm#B[mBiQmbBM+2HHb-r?�iK�F2bi?2b2H7@�bb2K#HvQ7i?2HBTB/
#BH�v2`T�`iB+mH�`HvbB;MB}+�MiiQi?2Q`B;BMQ7HB72-Bbi?�i�KT?BT?BHB+KQH2+mH2bi?�i7QK̀bm+?
#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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ZKHUH��섐��DQG��섑��DQG

ZKHUH섐섑섒섓섔섕섖섗섘섙섚섛DQG
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
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`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
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Ծ 𝐼𝐹𝑃 ՝ ŌƍƵǫĂƵĨƱƵƍƱĂŎĂǉśƍƃ Տ�²Ր ǉŖƵıƽŖƍŶĨԶ΅Ή΃

Ծ XX՛ſƍĨıŶ՞XƍĨŎŲśƃ՛XǒǰŶıǱ ſƍĨıŶԴ΅Ή΄

Ծ ęƃŎƽǉƵƘſԶ Å = 10−10Ď΅Ή΅

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ �ĂֿԶ 1.02Å΅ΉΆ

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ rֿԶ 1.38Å΅Ή·

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ !Ŷ՛Զ 1.84Å΅ΉΈ
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6B;m`2 kXR3, h?2 T`Q#�#BHBiv Q7 �M BQM UBM i?Bb +�b2- bQ/BmKV #2BM; QM
2Bi?2` bB/2 Q7 i?2 K2K#`�M2 Bb BM/B+�i2/ #v Bib QT�+BivX

*?�`;2 b+`22MBM;
K�F2b 𝑉(𝑟) ~�i
QmibB/2 i?2 /2TH2iBQM
H�v2`bX h?2`2 Bb �
bFBM Q7 +?�`;2 �i i?2
bm`7�+2b Q7 i?2
K2K#`�M2X L2HbQM
b?Qrb +QM+2Mi`�iBQM
/Bz2`2M+2b +�mb2 Δ𝑉X

q2 +�M i`2�i i?2 BQM Ub�v L�YV- r?B+? K�v #2 BMbB/2 Q` QmibB/2 i?2 +2HH- �b � irQ@bi�i2jk8

bvbi2KX h?Bb Bb #2+�mb2 #mHF 2H2+i`QM2mi`�HBiv /B+i�i2b i?�i- #2vQM/ � i?BM /2TH2iBQMjke

`2;BQM QM 2Bi?2` bB/2 Q7 i?2 +2HH K2K#`�M2 rBi? i?B+FM2bb QM i?2 Q`/2` Q7 i?2 .2#v2jkd

b+`22MBM; H2M;i? U∼ MK 7Q` M2m`QMbV- i?2 2H2+i`B+ TQi2MiB�H BMbB/2 �M/ QmibB/2 i?2 +2HHjk3

/Q2b MQi +?�M;2 �b � 7mM+iBQM Q7 /Bbi�M+2XR9 (AM+Hm/2 i?2 /2`Bp�iBQM bQK2r?2`2 Q7jkN

i?2 /2TH2iBQM `2;BQMX Ai Bb � 7�Mi�biB+ TQBMiX a22 L2HbQM 2i �HX (d)X)jjy

>2M+2- i?2 irQ bi�i2b �`2 ǳBMbB/2Ǵ Q` ǳQmibB/2Ǵ- rBi? 2M2`;B2b 𝑈BM = 𝑞L�Y𝑉BM �M/jjR

𝑈Qmi = 𝑞L�Y𝑉Qmi- `2bT2+iBp2Hv- �M/ 𝑞L�Y = 2X h?2 T`Q#�#BHBiv Q7 i?2 L�Y BQM #2BM;jjk

QM i?2 BMi`�+2HHmH�` bB/2 Q7 i?2 K2K#`�M2 +�M #2 +QMp2`i2/ iQ � +QM+2Mi`�iBQM,jjj

[L�Y]BM ∝
𝑝BM

oQHQmi

𝑝BM
oQHBM

X UkX98V

R9h?Bb Bb /m2 iQ +?�`;2 b+`22MBM;- � +`m+B�H T?2MQK2MQM ;Qp2`MBM; 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM
�[m2Qmb K2/B� (d)X
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GBF2rBb2- i?2 `�iBQ Q7 i?2 +QM+2Mi`�iBQMb Bb i?2 `�iBQ Q7 i?2 "QHixK�MM 7�+iQ`b,jj9

[L�Y]Qmi
[L�Y]BM

=
𝑝Qmi
𝑝BM

=
𝓮−𝛽𝑞L�Y𝑉Qmi

𝓮−𝛽𝑞L�Y𝑉BM
= 𝓮𝛽𝑞L�Y (𝑉BM−𝑉Qmi) = 𝓮𝛽𝑞L�YΔ𝑉X UkX9eV

LQr- rBi? � 72r KQ`2 bi2TbXXXjj8

lnቆ[L�Y]Qmi
[L�Y]BM

ቇ = 𝛽𝑞L�YΔ𝑉 =
𝑞L�Y

𝓀Β𝑇
Δ𝑉- UkX9dV

r2 Q#i�BM i?2 K2K#`�M2 TQi2MiB�H BM i2`Kb Q7 i?2 BMM2` �M/ Qmi2` +QM+2Mi`�iBQMb,jje

Δ𝑉 = −
𝓀Β𝑇
𝑞L�Y

lnቆ [L�Y]BM
[L�Y]Qmi

ቇX UkX93V
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h?2 L2`Mbi TQi2MiB�H
Bb i?2 pQHi�;2 M22/2/
iQ +QmMi2`�+i
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T`2b2M+2 Q7 �
i`�MbK2K#`�M2 BQMB+
+QM+2Mi`�iBQM
;`�/B2MiX

jj3

𝐸w = −
𝓀Β𝑇
𝑞w

lnቆ [w]BM
[w]Qmi

ቇ X UkX9NV
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ቇX UkX93V
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+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
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#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
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#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X

��
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ZKHUH��섐��DQG��섑��DQG

ZKHUH섐섑섒섓섔섕섖섗섘섙섚섛DQG

ZKHUH샊샋샌샍샎샏샐샑샒샓��DQG ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ

ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODKͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X

��
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ZKHUH��섐��DQG��섑��DQG

ZKHUH 섐섑섒섓섔섕섖섗섘섙섚섛 DQG

ZKHUH 샊샋샌샍샎샏샐샑샒샓�� DQGͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ

ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK�%ODK ³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²

!X�²Ë3¶ ӍԳ ���¶3ë]�Ë]��¾

Ծ 𝐼𝐹𝑃 ՝ ŌƍƵǫĂƵĨƱƵƍƱĂŎĂǉśƍƃ Տ�²Ր ǉŖƵıƽŖƍŶĨԶ΅Ή΃

Ծ XX՛ſƍĨıŶ՞XƍĨŎŲśƃ՛XǒǰŶıǱ ſƍĨıŶԴ΅Ή΄

Ծ ęƃŎƽǉƵƘſԶ Å = 10−10Ď΅Ή΅

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ �ĂֿԶ 1.02Å΅ΉΆ

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ rֿԶ 1.38Å΅Ή·

Ծ ]ƍƃśġ ƵĂĨśǒƽ ƍŌ !Ŷ՛Զ 1.84Å΅ΉΈ

�Ăֿ

rֿ

!Ŷ՛

ǰǰśś

6B;m`2 kXR3, h?2 T`Q#�#BHBiv Q7 �M BQM UBM i?Bb +�b2- bQ/BmKV #2BM; QM
2Bi?2` bB/2 Q7 i?2 K2K#`�M2 Bb BM/B+�i2/ #v Bib QT�+BivX

*?�`;2 b+`22MBM;
K�F2b 𝑉(𝑟) ~�i
QmibB/2 i?2 /2TH2iBQM
H�v2`bX h?2`2 Bb �
bFBM Q7 +?�`;2 �i i?2
bm`7�+2b Q7 i?2
K2K#`�M2X L2HbQM
b?Qrb +QM+2Mi`�iBQM
/Bz2`2M+2b +�mb2 Δ𝑉X

q2 +�M i`2�i i?2 BQM Ub�v L�YV- r?B+? K�v #2 BMbB/2 Q` QmibB/2 i?2 +2HH- �b � irQ@bi�i2jk8

bvbi2KX h?Bb Bb #2+�mb2 #mHF 2H2+i`QM2mi`�HBiv /B+i�i2b i?�i- #2vQM/ � i?BM /2TH2iBQMjke

`2;BQM QM 2Bi?2` bB/2 Q7 i?2 +2HH K2K#`�M2 rBi? i?B+FM2bb QM i?2 Q`/2` Q7 i?2 .2#v2jkd

b+`22MBM; H2M;i? U∼ MK 7Q` M2m`QMbV- i?2 2H2+i`B+ TQi2MiB�H BMbB/2 �M/ QmibB/2 i?2 +2HHjk3

/Q2b MQi +?�M;2 �b � 7mM+iBQM Q7 /Bbi�M+2XR9 (AM+Hm/2 i?2 /2`Bp�iBQM bQK2r?2`2 Q7jkN

i?2 /2TH2iBQM `2;BQMX Ai Bb � 7�Mi�biB+ TQBMiX a22 L2HbQM 2i �HX (d)X)jjy

>2M+2- i?2 irQ bi�i2b �`2 ǳBMbB/2Ǵ Q` ǳQmibB/2Ǵ- rBi? 2M2`;B2b 𝑈BM = 𝑞L�Y𝑉BM �M/jjR

𝑈Qmi = 𝑞L�Y𝑉Qmi- `2bT2+iBp2Hv- �M/ 𝑞L�Y = 2X h?2 T`Q#�#BHBiv Q7 i?2 L�Y BQM #2BM;jjk

QM i?2 BMi`�+2HHmH�` bB/2 Q7 i?2 K2K#`�M2 +�M #2 +QMp2`i2/ iQ � +QM+2Mi`�iBQM,jjj

[L�Y]BM ∝
𝑝BM

oQHQmi

𝑝BM
oQHBM

X UkX98V

R9h?Bb Bb /m2 iQ +?�`;2 b+`22MBM;- � +`m+B�H T?2MQK2MQM ;Qp2`MBM; 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM
�[m2Qmb K2/B� (d)X

jk
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6B;m`2RXj,a2H7@�bb2K#HvQ7�KT?BT?BH2bBMiQ+HQb2/[m�bB@bT?2`B+�Hp2bB+H2bXAMM�im2̀-i?2+HQb2/
+QM};m�̀iBQMBb2MiQ̀TB+�HHv7�pQm�̀#H2#2+�mb2BiKBMBKBx2bi?2?v/Q̀T?Q#B+i�BHbǶ2tTQbm`2iQi?2
bm`Q̀mM/BM;~mB/XAMQm`bBKmH�iBQMb-i?2?v/Q̀T?Q#B+BMi2�̀+iBQMBbKQ/2HH2/#vK�FBM;2tTQ@
bm`2Q7i?2i�BHb2M2;̀2iB+�HHv+QbiHvXh?mbBM+QMi�̀biiQ`2�Hp2bB+H2b-i?2bBKmH�i2/+HQb2/p2bB+H2
+QM};m�̀iBQMBbbi�#H2#2+�mb2BiBb2M2;̀2iB+�HHv7�pQm�̀#H2X�K�DQ`#2M2}iQ7i?2KQH2+mH�`/v@
M�KB+b�TTQ̀�+?iQbBKmH�iBM;#BH�v2`bUbm+?�bi?Qb2b?QrM?2`2VBbi?�ii?BbK2i?Q/`2TQ̀/m+2b
F2vTQ̀T2`iB2bQ7`2�H#BH�v2`bě2X;XBM@TH�M2~mB/Biv-�#BHBiviQQT2M�M/+HQb2TQ`2b-2i+X

h?2+2HHK2K#�̀M2Bb�iBib7QmM/�iBQM�HBTB/#BH�v2`p2`bB+H2ěr?B+?K�F2bi?27�+ii?�i
p2bB+H2bb2H7@�bb2K#H2rBi?Qmi�Mv?2HT7̀QKHBpBM;Q;̀�MBbKbp2v̀BMi2`2biBM;5jUq?BH2i?2
T?2MQK2MQMQ7b2H7@�bb2K#HvBbm#B[mBiQmbBM+2HHb-r?�iK�F2bi?2b2H7@�bb2K#HvQ7i?2HBTB/
#BH�v2`T�`iB+mH�`HvbB;MB}+�MiiQi?2Q`B;BMQ7HB72-Bbi?�i�KT?BT?BHB+KQH2+mH2bi?�i7QK̀bm+?
#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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#BH�v2`bM�im�̀HHvQ++m`BM�#b2M+2Q7HBpBM;Q;̀�MBbKbX1pQHmiBQM#vM�im�̀Hb2H2+iBQM2tTH�BMb
i?2bi2T@#v@bi2T/2p2HQTK2Mi�M/?QMBM;Q7#BQHQ;B+�HK�+?BM2br?B+?-B7i?2vBMbi2�/?�/iQ
ǵ�TT2�`�HH�iQM+2Ƕ-rQmH/#2TQ̀?B#BiBp2HvBKTQ̀#�#H2X"mi#27Q`22pQHmiBQM+�MQT2�̀i2-Bi
`2[mB̀2b�TQTmH�iBQMQ7Q;̀�MBbKb(rBi?i�H2Mibp�v̀BM;�KQM;BM/BpB/m�Hb)QMr?B+?iQ�+iX
aQi?2[m2biBQMBbǳ>Qr/B/HB72�TT2�\̀ǴXhQ?�p2HB72(�bBi�TT2�`bQM2�`i?)-vQmM22/+2HHbX
*2HHb`2[mB̀2+HQb2/K2K#�̀M2bXaBM+2�KT?BT?BHB+KQH2+mH2běQ++m``BM;BM�#b2M+2Q7HB72ě
b2H7@�bb2K#H2BMiQbm+?K2K#�̀M2b-i?2vb22KiQ�Mbr2`T�`iQ7i?2[m2biBQMXV

6Q̀K�#BQT?vbB+�HT2`bT2+iBp2i?2KQbi#�bB+TQ̀iQivT2Q7�HBpBM;+2HHBbi?2HBTB/#BH�v2`
p2bB+H2ěi?2bT?2`B+�H+QrQ7+2HHK2+?�MB+bXh?BbK�F2bp2bB+H2b�;QQ/TH�+2iQ#2;BM/QrM
i?2Q̀�/iQr�/̀bBKmH�iBM;KQ`2+QKTHB+�i2/bvbi2KbXPM+2�Mǵ2KTivǶp2bB+H2U+QMi�BMBM;

jA7vQmr�Mi2/iQK�F2�+2HH7̀QKb+�̀i+?-vQmrQmH/bi�`irBi?�+HQb2/K2K#�̀M2-�M/i?2M�//
+QKTQM2MibiQi?2BMi2`BQ`�M/K2K#�̀M2XPi?2r̀Bb2vQmrQmH/?�p2iQ/2�HrBi?i?2TQ̀#H2KQ7+2HH
+QKTQM2Mib/BzmbBM;�r�v-BM�#b2M+2Q7�K2K#�̀M2iQ+QM}M2i?2KXGBTB/#BH�v2`p2bB+H2b�`2Dmbibm+?
K2K#�̀M2bě#27Q`2vQm?�p2HB72-i?27QmM/�iBQMQ7i?2+2HHBbTQ̀pB/2/7Q`7̀22X
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ZKHUH��섐��DQG��섑��DQG

ZKHUH섐섑섒섓섔섕섖섗섘섙섚섛DQG

ZKHUH샊샋샌샍샎샏샐샑샒샓��DQG ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ

ͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰͰ
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³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³³²
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
bm``QmM/BM; ~mB/X AM Qm` bBKmH�iBQMb- i?2 ?v/`QT?Q#B+ BMi2`�+iBQM Bb KQ/2HH2/ #v K�FBM; 2tTQ@
bm`2 Q7 i?2 i�BHb 2M2`;2iB+�HHv +QbiHvX h?mb BM +QMi`�bi iQ `2�H p2bB+H2b- i?2 bBKmH�i2/ +HQb2/ p2bB+H2
+QM};m`�iBQM Bb bi�#H2 #2+�mb2 Bi Bb 2M2`;2iB+�HHv 7�pQm`�#H2X � K�DQ` #2M2}i Q7 i?2 KQH2+mH�` /v@
M�KB+b �TT`Q�+? iQ bBKmH�iBM; #BH�v2`b Ubm+? �b i?Qb2 b?QrM ?2`2V Bb i?�i i?Bb K2i?Q/ `2T`Q/m+2b
F2v T`QT2`iB2b Q7 `2�H #BH�v2`b ě2X;X BM@TH�M2 ~mB/Biv- �#BHBiv iQ QT2M �M/ +HQb2 TQ`2b- 2i+X

h?2 +2HH K2K#`�M2 Bb �i Bib 7QmM/�iBQM � HBTB/ #BH�v2` p2`bB+H2 ěr?B+? K�F2b i?2 7�+i i?�i
p2bB+H2b b2H7@�bb2K#H2 rBi?Qmi �Mv ?2HT 7`QK HBpBM; Q`;�MBbKb p2`v BMi2`2biBM;5jUq?BH2 i?2
T?2MQK2MQM Q7 b2H7@�bb2K#Hv Bb m#B[mBiQmb BM +2HHb- r?�i K�F2b i?2 b2H7@�bb2K#Hv Q7 i?2 HBTB/
#BH�v2` T�`iB+mH�`Hv bB;MB}+�Mi iQ i?2 Q`B;BM Q7 HB72- Bb i?�i �KT?BT?BHB+ KQH2+mH2b i?�i 7Q`K bm+?
#BH�v2`b M�im`�HHv Q++m` BM �#b2M+2 Q7 HBpBM; Q`;�MBbKbX 1pQHmiBQM #v M�im`�H b2H2+iBQM 2tTH�BMb
i?2 bi2T@#v@bi2T /2p2HQTK2Mi �M/ ?QMBM; Q7 #BQHQ;B+�H K�+?BM2b r?B+?- B7 i?2v BMbi2�/ ?�/ iQ
ǵ�TT2�` �HH �i QM+2Ƕ- rQmH/ #2 T`Q?B#BiBp2Hv BKT`Q#�#H2X "mi #27Q`2 2pQHmiBQM +�M QT2`�i2- Bi
`2[mB`2b � TQTmH�iBQM Q7 Q`;�MBbKb (rBi? i�H2Mib p�`vBM; �KQM; BM/BpB/m�Hb) QM r?B+? iQ �+iX
aQ i?2 [m2biBQM Bb ǳ>Qr /B/ HB72 �TT2�`\ǴX hQ ?�p2 HB72 (�b Bi �TT2�`b QM 2�`i?)- vQm M22/ +2HHbX
*2HHb `2[mB`2 +HQb2/ K2K#`�M2bX aBM+2 �KT?BT?BHB+ KQH2+mH2b ěQ++m``BM; BM �#b2M+2 Q7 HB72ě
b2H7@�bb2K#H2 BMiQ bm+? K2K#`�M2b- i?2v b22K iQ �Mbr2` T�`i Q7 i?2 [m2biBQMXV

6`QK � #BQT?vbB+�H T2`bT2+iBp2 i?2 KQbi #�bB+ T`QiQivT2 Q7 � HBpBM; +2HH Bb i?2 HBTB/ #BH�v2`
p2bB+H2 ěi?2 bT?2`B+�H +Qr Q7 +2HH K2+?�MB+bX h?Bb K�F2b p2bB+H2b � ;QQ/ TH�+2 iQ #2;BM /QrM
i?2 `Q�/ iQr�`/ bBKmH�iBM; KQ`2 +QKTHB+�i2/ bvbi2KbX PM+2 �M ǵ2KTivǶ p2bB+H2 U+QMi�BMBM;

jA7 vQm r�Mi2/ iQ K�F2 � +2HH 7`QK b+`�i+?- vQm rQmH/ bi�`i rBi? � +HQb2/ K2K#`�M2- �M/ i?2M �//
+QKTQM2Mib iQ i?2 BMi2`BQ` �M/ K2K#`�M2X Pi?2`rBb2 vQm rQmH/ ?�p2 iQ /2�H rBi? i?2 T`Q#H2K Q7 +2HH
+QKTQM2Mib /BzmbBM; �r�v- BM �#b2M+2 Q7 � K2K#`�M2 iQ +QM}M2 i?2KX GBTB/ #BH�v2` p2bB+H2b �`2 Dmbi bm+?
K2K#`�M2b ě#27Q`2 vQm ?�p2 HB72- i?2 7QmM/�iBQM Q7 i?2 +2HH Bb T`QpB/2/ 7Q` 7`22X
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6B;m`2 RXj, a2H7@�bb2K#Hv Q7 �KT?BT?BH2b BMiQ +HQb2/ [m�bB@bT?2`B+�H p2bB+H2bX AM M�im`2- i?2 +HQb2/
+QM};m`�iBQM Bb 2Mi`QTB+�HHv 7�pQm`�#H2 #2+�mb2 Bi KBMBKBx2b i?2 ?v/`QT?Q#B+ i�BHbǶ 2tTQbm`2 iQ i?2
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Figure 2.16: The probability of an ion (in this case, sodium) being on
either side of the membrane is indicated by its opacity. The inner and outer
volumes enclosed in this figure are equal, i.e. Volout = Volin. (Note: This figure is
for conceptual purposes; it is not to scale. The ion concentrations—or probability
of finding an ion within a given volume—are not uniform when this close to the
membrane.)
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2 Background I: Neurons and aqueous ions 2.4 The Nernst potential

Charge screening
makes 𝑉(𝑟) flat
outside the depletion
layers. There is a
skin of charge at the
surfaces of the
membrane. Nelson
et al. [43] shows
concentration
differences cause Δ𝑉.

We can treat the ion (say Na+), which may be inside or outside the cell, as a two-

state system. This is because bulk electroneutrality dictates that, beyond a thin

depletion region on either side of the cell membrane with a thickness on the order of

the Debye screening length19

𝜆𝐷 = ඨ
𝜀𝑟𝜀0𝓀Β𝑇

2e2NA[𝐶](∞)
, (2.56)

the electric potential inside and outside the cell does not change as a function of

distance to the membrane. The screening length is 𝜆𝐷 ∼ nm for neurons.20 Notation:

[𝐶]∞ is the concentration of ions at an infinite distance from the membrane (charged

surface).

Hence, the two states are “inside” or “outside”, with energies 𝑈in = 𝑞Na+𝑉in and

𝑈out = 𝑞Na+𝑉out, respectively, and 𝑞Na+ = e. The probability of the Na+ ion being

on the intracellular side of the membrane can be converted to a concentration:

[Na+]in ∝
𝑝in
Volin

. (2.57)

Likewise, the ratio of the concentrations is the ratio of the Boltzmann factors:

[Na+]out
[Na+]in

=
𝑝out
𝑝in

=
𝓮−𝛽𝑞Na+𝑉out

𝓮−𝛽𝑞Na+𝑉in
= 𝓮𝛽𝑞Na+ (𝑉in−𝑉out) = 𝓮𝛽𝑞Na+Δ𝑉. (2.58)

Now, with a few more steps...

lnቆ[Na
+]out

[Na+]in
ቇ = 𝛽𝑞Na+Δ𝑉 =

𝑞Na+

𝓀Β𝑇
Δ𝑉, (2.59)

19This formula assumes monovalent ions. A more reliable formula replaces [𝐶](∞) with the ionic
strength, defined as 𝐼 = ∑

ions
𝑧2ion[ion](∞).

20This is due to charge screening, a crucial phenomenon governing electrostatic interactions in
aqueous media [43].
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2 Background I: Neurons and aqueous ions 2.4 The Nernst potential

...we obtain the membrane potential in terms of the inner and outer concentra-

tions:

Δ𝑉 = −
𝓀Β𝑇
𝑞Na+

lnቆ [Na
+]in

[Na+]out
ቇ. (2.60)

Writing “𝐸Z” instead of Δ𝑉 in Equation (2.60) (and 𝑞Z instead of 𝑞Na+ ), we have

again the Nernst potential, derived directly from Boltzmann:

The Nernst potential
is the voltage needed
to counteract
diffusion in the
presence of a
transmembrane ionic
concentration
gradient.

𝐸Z = −
𝓀Β𝑇
𝑞Z

lnቆ [Z]in
[Z]out

ቇ .21 (2.61)

21This equation is equivalent to Equation (2.53).
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3 Background II: Action potentials and ion channels

Chapter 3

Background II: Action potentials
and ion channels

We mentioned in What is a neuron? that neurons evolved to overcome the limits of

diffusion so that animals can send signals rapidly over long anatomical distances in

the form of electrical impulses called action potentials (APs). The discussion paused

on page#18, and it resumes here.

Neurons create a
fast-moving
longitudinal electrical
wave via a series of
short-range
transmembrane
electrodiffusion
events.
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Figure 3.1: Sketch of a Hodgkin-Huxley action potential1 travelling from
left to right, superimposed on a cylindrical unmyelinated axon. The axis of
the cylinder intersects 𝑉m = 0mV on the voltage (vertical) axis. •In this graphic, the
peak of the AP pierces the cartoon membrane in the (approximate) regime where
𝑉m becomes positive. The significance of this overshoot is to the discovery by Hodgkin
and Huxley that, beyond net permeability changes that happen during the AP, the
ions to which the membrane is permeable must be changing as well [21].

1The action potential was simulated in Python using NEURON, with standard Hodgkin-Huxley
parameters.
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3 Background II: Action potentials and ion channels 3.1 The cable equation

It is not entirely accurate to say that neurons overcome the limits of diffusion. They

make use of the speed of diffusion over short distances—via transmembrane ion

currents—to create a longitudinal wave of depolarization that travels without atten-

uation. The structure of the axon converts the short-range motion of ions into a

crisp, rapidly moving long-range electrical signal (Figure 3.3).

Below the action potential threshold, the response of the neuron’s membrane poten-

tial to stimulation is linear. The amplitude of the depolarization decays rapidly with

distance, and is proportional to the strength of the stimulus even at locations on the

axon that are distant from the stimulation site. With suprathreshold stimulation,

the shape of the response (an AP) is independent of the stimulus strength, except

nearby the stimulating electrode.

3.1 The cable equation

An action potential is a highly dissipative chain reaction [43]. The chain reaction

is generated via voltage-gated ion channels in the membrane, which were added to

the cable equation by Hodgkin and Huxley [21], as discussed in Section 3.3. The

dissipative aspect of signal conduction along the axon is captured by the passive cable

equation, derived here. Passive properties of the axon are those parameters which

do not change with the membrane potential.

This section is based on Nelson et al. [43] and Sterratt [53]. To derive the cable

equation, we take the axon in Figure 3.11 and slice it into a stack of cylindrical discs,

like a roll of coins, as depicted in Figure 3.2.
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3 Background II: Action potentials and ion channels 3.1 The cable equation

“Cylinder”, “slice”,
and “segment” are
used interchangeably
to describe a
compartment
belonging to the
axon.

⋯⋯
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CHAPTER 3. BACKGROUND II: ACTION POTENTIALS AND ION CHANNELS3.1. THE CABLE EQUATION

3.1 The cable equation418

An action potential is a highly dissipative chain reaction [21]. The dissipative aspect419

of signal conduction along the axon is captured by the passive cable equation420

(𝑗 + 2) 𝑉𝑗+2

(𝑗 + 1) 𝑉𝑗+1

(𝑗) 𝑉𝑗

(𝑗 − 1) 𝑉𝑗−1

(𝑗 − 2) 𝑉𝑗−2

𝜕𝑉2

𝜕𝑥2
•complete this. (3.1)

Passive properties of the axon are those parameters which do not change with the421

membrane potential. The analytical solutions to Equation 3.1 for the passive cable’s422

response to a step current are exponential saturation/relaxation curves [7].423

𝑉𝑚(𝑥) is the
membrane potential
at 𝑥

In an action potential, a focal suprathreshold depolarization of 𝑉𝑚(𝑥) is amplified424

by active currents—flowing through local NaV channels that opened in response to425

the perturbation—and then propagates passively to neighbouring as-yet unexcited426

membrane via the longitudinal (axial) conductivity of the axoplasm. Via the latter427
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CHAPTER 3. BACKGROUND II: ACTION POTENTIALS AND ION CHANNELS3.1. THE CABLE EQUATION

3.1 The cable equation418

An action potential is a highly dissipative chain reaction [21]. The dissipative aspect419

of signal conduction along the axon is captured by the passive cable equation.420

(𝑗 + 2) 𝑉𝑗+2

(𝑗 + 1) 𝑉𝑗+1 𝐼axial
𝑗+1

𝑗 𝑉𝑗 𝐼axial
𝑗

(𝑗 − 1) 𝑉𝑗−1 𝐼axial
𝑗−1

(𝑗 − 2) 𝑉𝑗−2

𝑉(𝑥, 𝑡) − 𝑉(𝑥 + Δ𝑥, 𝑡) = 𝑟𝐼(𝑥, 𝑡) (3.1)

𝑉(𝑥, 𝑡) − 𝑉(𝑥 + Δ𝑥, 𝑡)
Δ𝑥

= ൬
𝑟
Δ𝑥

൰
ᇣᇧᇤᇧᇥ

𝑅𝑎

𝐼(𝑥, 𝑡), (3.2)

where 𝑅𝑎 is the axial resistance (per-unit-length). As Δ𝑥 ⟶ 𝒹𝑥, i.e. infinitesimal421

increments, we have422

𝑅𝑎 ⋅ 𝐼(𝑥, 𝑡) = ⧿
𝜕𝑉
𝜕𝑥

, (3.3)
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CHAPTER 3. BACKGROUND II: ACTION POTENTIALS AND ION CHANNELS3.1. THE CABLE EQUATION

3.1 The cable equation418

An action potential is a highly dissipative chain reaction [21]. The chain reaction419

is generated via voltage-gated ion channels in the membrane, which were added to420

the cable equation by Hodgkin and Huxley [12], as discussed in the next section421

(Section 3.3). The dissipative aspect of signal conduction along the axon is captured422

by the passive cable equation, derived here.423

(𝑗 + 2) 𝑉𝑗+2

(𝑗 + 1) 𝑉𝑗+1 𝐼axial
𝑗,𝑗+1

𝑗 𝑉𝑗 𝐼axial
𝑗

(𝑗 − 1) 𝑉𝑗−1 𝐼axial
𝑗−1,𝑗

(𝑗 − 2) 𝑉𝑗−2

This section borrows from Nelson et al. [21] and Sterratt [25]. To derive the cable424

equation, we take the axon in Figure 3.11 and slice it into a stack of cylindrical discs,425

like a roll of coins, as depicted in Figure 3.2.426
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Figure 3.2: Spatial discretization of the cable equation for multicompart-
mental models. The long continuous cylindrical unmyelinated axon in Figures 3.1,
3.3, 3.7 and 3.11 is diced into short isopotential segments of length Δ𝑥 and radius
𝑎. Each segment has its own set of currents (ionic and capacitive) so that the axon
is a series of coupled copies of the equivalent circuit detailed in Figure 3.6. There
is an extracellular axial resistance that accompanies the intracellular resistance 𝑅a,
but the former is negligible relative to 𝑅a and is usually ignored. It is somewhat
misleading to place the resistors between the cylinders in this figure since, in reality,
the axial resistance is a property of the cylindrical slices.
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3 Background II: Action potentials and ion channels 3.1 The cable equation

We analyze the total current at the 𝑗th segment in terms of the current flowing to

and from its neighbouring segments—to which it is resistively coupled via Ohm’s

law—and its own transmembrane current. The current from neighbouring segments

is longitudinal, called the axial current.

If Δ𝑥 is allowed to be arbitrarily small, the position of segment 𝑗 in Figure 3.2 is

𝑥 = 𝑥𝑗 = 𝑗Δ𝑥. We can write the axial current 𝐼axial(𝑥, 𝑡) at compartment 𝑗 as

𝐼axial(𝑥, 𝑡) = 𝐼net⋅axial
𝑗 = 𝐼axial

𝑗−1,𝑗 − 𝐼axial
𝑗,𝑗+1ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

net axial current
into 𝑗th slice

, (3.1)

where the subscript notation on 𝐼axial is: 𝐼(from here), (to there).

The net radial outward current through the membrane of the 𝑗th slice (segment),

including capacitive current2, is

𝐼radial
𝑗 = 2𝜋𝑎Δ𝑥 ൫𝑖m,𝑗 − 𝑖inj,𝑗൯ , (3.2)

where 𝑖𝑚 denotes membrane current density (i.e. current per unit membrane area).

The two currents must balance at every compartment to ensure that no charge builds

up in any of the cylinders (slices), thus

𝐼axial
𝑗−1,𝑗 − 𝐼axial

𝑗,𝑗+1 = 𝐼radial
𝑗 . (3.3)

That is, charge conservation requires that the axial current entering any segment

matches the membrane current leaving it (and vice-versa), i.e.
2Although charge does not cross the capacitor, the current into and out of the capacitor flows

as if it were an outward current through the membrane.
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3 Background II: Action potentials and ion channels 3.1 The cable equation

𝐼axial
𝑗−1,𝑗 − 𝐼axial

𝑗,𝑗+1 = 2𝜋𝑎Δ𝑥 ൫𝑖m,𝑗 − 𝑖inj,𝑗൯ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
𝐼radial
𝑗

. (3.4)

Dividing by 2𝜋𝑎Δ𝑥 yields

1
2𝜋𝑎Δ𝑥

ቀ𝐼axial
𝑗−1,𝑗 − 𝐼axial

𝑗,𝑗+1ቁ = 𝑖m,𝑗 − 𝑖inj,𝑗 . (3.5)

Since the axial current is ohmic, we can write the left-hand side of Equation (3.5) in

terms of the voltage as

1
2𝜋𝑎Δ𝑥

ቆ
𝑉𝑗−1 − 𝑉𝑗

𝑟
−
𝑉𝑗 − 𝑉𝑗+1

𝑟
ቇ . (3.6)

The total axial resistance of each compartment is

𝑟 =
𝑅aΔ𝑥
𝜋𝑎2

, (3.7)

which allows us to write the axial current term of Equation (3.5) as the discretized

second spatial derivative of 𝑉:

𝑎
2𝑅a

ቆቆ
𝑉𝑗+1 − 𝑉𝑗
Δ𝑥2

ቇ − ቆ
𝑉𝑗 − 𝑉𝑗−1
Δ𝑥2

ቇቇ . (3.8)

That is, as Δ𝑥 vanishes Equation (3.8) becomes the axial current in the continuous

cable equation

𝑎
2𝑅a

ቌ
ቀ𝑉𝑗+1−𝑉𝑗

Δ𝑥
ቁ − ቀ𝑉𝑗−𝑉𝑗−1

Δ𝑥
ቁ

Δ𝑥
ቍ

Δ𝑥⟶𝒹𝑥
−−−−−→

𝑎
2𝑅a

𝜕2𝑉
𝜕𝑥2

. (3.9)
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3 Background II: Action potentials and ion channels 3.1 The cable equation

Writing the capacitive and ion current terms explicitly, the membrane current in

Equation (3.5) is

𝑖m(𝑥, 𝑡) = 𝐶m
𝒹𝑉𝑗
𝒹𝑡

+෍
ion

𝑔ion(𝑉 − 𝐸ion). (3.10)

Therefore, with ohmic ion currents, the cable equation in its discretized and contin-

uous forms are (respectively)

𝐶m
𝒹𝑉𝑗
𝒹𝑡

=
𝑎
2𝑅a

ቆቆ
𝑉𝑗+1 − 𝑉𝑗
Δ𝑥2

ቇ − ቆ
𝑉𝑗 − 𝑉𝑗−1
Δ𝑥2

ቇቇ −෍
ion

𝑔ion, 𝑗(𝑉𝑗 − 𝐸ion) + 𝑖inj, 𝑗, (3.11)

and

𝐶m
𝜕𝑉
𝜕𝑡

=
𝑎
2𝑅a

𝜕2𝑉
𝜕𝑥2

−෍
ion

𝑔ion(𝑉 − 𝐸ion) + 𝑖inj(𝑥, 𝑡). (3.12)

Equation (3.11) is the fundamental equation of multicompartmental models [53].

The analytical solutions to Equation (3.12) for the passive cable’s response to a step

current are exponential saturation/relaxation curves [15].

𝑉(𝑥) is the
membrane potential
at 𝑥; and 𝑉𝑗 is the
potential at
𝑥𝑗 = 𝑗Δ𝑥.

In an action potential, a focal suprathreshold depolarization of 𝑉(𝑥) is amplified

by active currents—flowing through local NaV channels that opened in response

to the perturbation—and then propagates passively to neighbouring as-yet unexcited

membrane via the longitudinal (axial) conductivity of the axoplasm. Via the latter

passive propagation of axial current, the neighbouring membrane then depolarizes beyond

its threshold, and its voltage 𝑉m(𝑥+𝒹𝑥) is in turn amplified by its own local set of NaV

channels.

The local inactivation of NaV channels that immediately follows their initial amplifying contri-

bution to the AP keeps the spike travelling forward—rather than two APs travelling

in opposite directions—by temporarily preventing membrane that has recently spiked

from being re-excited by the passive longitudinal current in the same manner as is de-

scribed above. This is true at locations distant from the axon initial segment (AIS),
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3 Background II: Action potentials and ion channels 3.1 The cable equation

which is where APs are initiated in vertebrate neurons. When the AIS initiates an

action potential, the wave can travel in both directions, and the depolarization leaving

the AIS toward the soma and dendrites is called a backpropagating AP (BAP).

Backpropagation is a form of intracellular signalling, putatively involved in synaptic

plasticity and learning, that we modelled in [4]. (Also, if an axon is stimulated

at some point between its AIS and its terminals—as can be done artificially with a

microelectrode—one can indeed initiate two APs at a single location, with one AP

travelling away from the electrode antidromically toward the soma, and the other

AP propagating orthodromically.)

3.1.1 Conduction velocity 𝜗

We can estimate the conduction velocity 𝜗 via dimensional analysis using the mem-

brane’s time and length constants (𝜏𝑚 and 𝜆𝑚 respectively). Because the action

potential’s shape and amplitude are conserved as it travels along the axon, the time (𝜏𝑚)

taken for the amplitude to decay by 1
𝓮 as recorded at a given fixed position, and

conversely, the distance (𝜆𝑚) over which the amplitude decays by 1
𝓮 along a space

plot of the membrane potential at a given fixed time, are directly connected via the

propagation speed (conduction velocity) 𝜗 [43, 15]:

𝜗 ∼
𝜆𝑚
𝜏𝑚

= ඨ
𝑎

2𝑟𝑚𝑟𝐿𝐶2𝑚
= ඨ

𝑎𝜅𝑔total
2𝐶2𝑚

⟵
⎧

⎨
⎩

𝜆𝑚 = ට
𝑎𝑟𝑚
2𝑟𝐿

= ට
𝑎𝜅

2𝑔total
,

𝜏𝑚 = 𝑟𝑚𝐶𝑚 = 𝐶𝑚
𝑔total

.
(3.13)

Dayan and Abbott [11, pp. 210-211] provide a more accurate estimate of the ve-

locity from the passive spread of depolarization following a current pulse: 𝜗 ∼ 2𝜆𝑚
𝜏𝑚

.

Plugging in the parameters for the squid giant axon (Section 3.3.8) gives:

2𝜆𝑚
𝜏𝑚

≈ 12
m
s , (3.14)
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3 Background II: Action potentials and ion channels 3.1 The cable equation

whereas the measured speed is closer to 20m
s [43].

The velocity is, of course, affected by active membrane properties. More accurate

estimates of the conduction velocity can be obtained via numerical methods (e.g.

simulating the Hodgkin-Huxley model) and ideally via electrophysiological record-

ings.

3.1.2 Point-cell models (point neurons)

If we are not interested in modelling the propagation of signals within the neuron,

we can instead treat the entire cell as a single compartment. This is also appropriate

under whole-cell clamp conditions, where the membrane potential is controlled by

aspirating a patch of the membrane into a glass-pipette electrode and then applying

sufficient suction to open the membrane, thereby removing the barrier between the

saline solution in the electrode and the cytosol. The membrane can also be punctured

by a sharp electrode.

Point cells—or single-compartment simulations—are efficient for modelling temporal

patterns of spiking activity in neurons, such as bursting or tonic ectopic action po-

tentials, if the spatiotemporal details of initiation and spread of each spike within

the cell are not required.
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3.2 Voltage-gated ion channels

Ion channels generate the active currents, first described by Hodgkin and Huxley

[21], that give rise to action potentials (Section 3.3). Conceptually, we can think of a

voltage-gated ion channel as a valve with filters at each end, inserted perpendicular

to the cell membrane. A valve—rather than an open pipe—because the channel

actively opens and closes to start and stop the flow of current depending on the

membrane potential, and filters because ion channels are selective as to which ion

species can pass through them. Filters at each end, because the channel (e.g. KV)

may not have the same affinity for its namesake ions on its intracellular side as on

its extracellular end.
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Figure 3.3: Sketch: Neurons convert short-range transmembrane electrod-
iffusion into long-range intracellular electrical signals (APs). A sequence
of fast, short-range diffusion events creates the long-range electrical signal called an
action potential. The opening and closing of NaV channels is depicted in Figure 3.11.
Neurons don’t overcome diffusion; they use it at every step. Centre of figure: The
action potentials are interspliced with intercellular diffusion of neurotransmitters
across ∼ 10nm synapses (intercellular signalling).
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3 Background II: Action potentials and ion channels 3.2 Voltage-gated ion channels

A single voltage-gated sodium channel has a conductance of roughly 25pS [43] which

gives a current of ∼ 3pA per open NaV channel at 𝑉 = 𝑉rest, assuming 𝐸Na+ ≈ 50mV

and 𝑉rest ≈ −70mV.

Voltage-gated ion
channels were
unknown at the time
that HH discovered
the sodium and
potassium
permeability changes
that produce action
potentials.

When Hodgkin and Huxley (HH) constructed their equivalent circuit model of the

axon ([21], Figure 3.6, Equation (3.31)), voltage-gated ion channels had not yet been

discovered. It was clear that the axon was able to control its permeability to different

ion species in response to changes in the membrane potential. HH also inferred

that the mechanism responsible for these permeability changes—and therefore the

excitability of the axon—was contained in the cell membrane (Figure 3.11 ).

A voltage-clamp is a
device that allows
experimenters to
control the
membrane potential.
Space-clamping is
the condition where
𝑉m is constant over a
given length of the
axon. Hodgkin and
Huxley’s voltage
clamp maintained
both of these
conditions via long
electrodes inserted
lengthwise inside the
axon.

Because the voltage-gated sodium current of the squid axon generated positive feed-

back when the membrane was depolarized by more than ≈ 15mV above 𝑉rest, HH

knew they could not determine the kinetics of the ion currents that give rise to ac-

tion potentials by adjusting the amplitude of current pulses injected by a standard

electrode (see Figures 3.12 and 3.13). Instead, their voltage-clamp apparatus sup-

plied negative feedback via analog electrical circuits to counteract the physiological

transmembrane currents and thereby hold 𝑉m fixed at a preset voltage.

They inserted a long electrode, with two helically wound wires, inside their giant axon

specimens. One wire served to inject current, and the other measured the membrane

potential. The injected current and membrane potential were both recorded for later

analysis, and were also used for live feedback to control 𝑉m during the voltage-clamp

experiments. Their electrode also flattened the membrane potential along the axon

by shorting the intracellular resistance of the cytosol, which is orders of magnitude

less conductive than metallic conductors. That way, axial current was eliminated

in the portion of axon under study, and its membrane current was identical to the

electrode current [53].
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By stepping the membrane potential, they could measure the membrane current 𝐼m as

a function of 𝑉m across the full range of voltages traversed during action potentials

(and beyond) since that current is matched by (cancelled out) the known current

supplied by the voltage-clamp electrode which was placed inside the axon. Under

voltage-clamp conditions, the capacitive current—which varies as 𝜕𝑉
𝜕𝑡 (Equations

3.12, 3.28)—disappears, leaving only the ionic currents to be cancelled by the feed-

back current at steady state. By voltage-clamping the squid giant axon, HH were

able to directly measure the ionic currents for the first time [20].

The “action”
happens in the
membrane. The
lumen maintains
homeostasis over
longer time scales.

Using a tool that resembled a miniature rolling pin, which they rolled along open

sections of axons that they had removed from squid, HH extruded the contents of the

axon, creating a hollow tubular membrane. Maintaining the proper inner and outer

ion concentrations in solution, HH confirmed experimentally that the bedraggled,

hollowed-out axons generated action potentials all the same. From that observation,

they concluded that action potentials must be generated by some mechanism in the

membrane, which we now know to be the families of voltage-gated sodium and potas-

sium channels denoted NaV and KV.

3https://en.wikipedia.org/wiki/Voltage-gated_sodium_channel
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Figure 3.4: Exploded-view: 𝛼-subunit of a voltage-gated sodium ion chan-
nel. This protein is knitted into the membrane and forms the pore of the NaV
channel. Charged regions (indicated with green “+” signs) are pushed and pulled
by the local electric field, driving conformational changes that open and close the
channel. (Source: Wikipedia3)

3.2.1 Gating charges and their Boltzmann statistics

Voltage-gated ion channels contain positive charges (gating charges) in the regions of

the protein called the “voltage-sensor” [20] (see Figure 3.4). Depolarization—positive

deviations of the membrane potential above 𝑉rest—forces the gating charges outward,

which induces conformational changes in the channel protein that open it.

The gating particles also obey the Boltzmann equation, and so our friend “𝓮⧿(potential energy)∕𝓀Β𝑇”

returns yet again, to give the ratio of the open and closed states’ probabilities at equi-

librium
𝑃(open)
𝑃(closed) = 𝓮

⧿൬
𝑤⧿𝑧𝑔e𝑉m

𝓀Β𝑇
൰ , (3.15)

wherein each ion channel is being treated as a two-state system. (The effective valence

of the ion channel due to its gating charge is denoted by 𝑧𝑔, e is the fundamental
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electric charge, as always, and 𝔼 = −𝑉m ∕ 𝑙 is the electric field strength with 𝑙 being

the effective thickness of the plasma membrane.)

The electric field in the membrane is quite strong since the bilayer is so thin:

milliVolts
nanometres = MegaVolts-per-metre. (3.16)

As explained in [20, Chapter 2], there are two terms in the channel protein’s energy

change Δ𝑈 that are associated with moving the protein’s voltage sensor from its

“closed” position—on the inner leaflet of the membrane—to its “open” position on

the outer leaflet:

1. When the gating charges—that form the voltage sensor—move, they necessar-

ily distort the (membrane-bound) channel protein to which they belong. As

the channel opens, there is an energy cost, denoted 𝑤, associated with said

conformational change, which is independent of the membrane potential:

𝑤 =
⎛
⎜

⎝

Required energy to change the
conformation of the channel pro-
tein, from its closed to open state
when 𝑉m = 0 (i.e. no 𝔼-field).

⎞
⎟

⎠ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
“𝑤arping energy”

(3.17)

As a mnemonic, one might call 𝑤 the channel protein’s “warping energy”.

2. The second term is the change to the gating charges’ electrical potential energy

when they traverse the electric field in the membrane during the channel’s

transition from “closed” to “open”:

−𝑧𝑔e𝑉. (3.18)
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Since probabilities sum to unity, we write

𝑃(closed)
𝑃(open) + 1 =

𝑃(closed) + 𝑃(open)
𝑃(open) =

1
𝑃(open) , (3.19)

and from Equation (3.15), the ratio of open channels as a portion of all channels in

the membrane is

𝑃(open) = ቆ1 +
𝑃(closed)
𝑃(open) ቇ

−1

⟹ 𝑃(open) =
1

1 + 𝓮൬
𝑤−𝑧𝑔e𝑉
𝓀Β𝑇

൰
, (3.20)

also known as the open probability or steady-state activation for that channel type at

𝑉(𝑥, 𝑡) = 𝑉m.
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Figure 3.5: Conceptual sketch of an open ion channel with a single inactiva-
tion gate, akin to the NaV channels from the Hodgkin-Huxley model [21].
(The bilayer on either side is a snapshot from coarse-grained molecular dynamics
simulations of a liposome[3].)
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3.3 The Hodgkin-Huxley equations

Neurons (and all eukaryotic cells) have a resting potential, a target transmembrane

voltage that they will naturally relax toward in the exponential saturation that is

modelled by 𝑅𝐶 circuits. The resting potential results from the separation of charges

at the inner and outer membrane surfaces (the membrane acts as a capacitor).

The thin inner and outer sheets of charge separated across the membrane (capac-

itor) are themselves a result of the selective permeability of the cell membrane

combined with transmembrane concentration gradients of various permeant ions

(intracellular concentration ≠ extracellular concentration) interacting with large,

negatively charged macromolecules (impermeant anions) trapped inside the cell.

Various ion currents—involving the movement of permeant ions through openings

in the cell membrane—determine the resting potential. These currents, which are

perpetually leaking in the direction that reduces their Nernst potentials (Equa-

tion (2.61)), like a battery passively draining its charge, are balanced by active trans-

port via ion pumps that maintain the concentrations gradients4 (see Section 3.4).

Neurons exhibit passive and active responses to perturbations away from the rest-

ing potential. In the former, when stimulation is below a certain threshold, the

cell will relax back to the resting potential as mentioned above (see Figure 3.12).

In the latter case, when stimulation is sufficiently strong, positive feedback ensues

(Figure 3.13).

If we ignore ion pumping for the moment, the resting potential can be calculated from

permeant ions’ Nernst potentials and their conductances, akin to a centre-of-mass

equation:

𝑉rest ≅
∑𝑔ion𝐸ion
∑𝑔ion

. (3.21)

4Na+/K+ pumps “trickle charge” the neuron[43].
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Sodium channels trigger APs, but there is more to the story. The sequence of

events that produces action potentials was discovered and described by Hodgkin

and Huxley[21] in a series of experiments, biophysical modelling, and hand-cranked

differential equation solving that earned them the Nobel Prize.

3.3.1 Brief outline

The HH model began from the theoretical assumption (paraphrasing [21]) that:

(membrane current) = (capacity current)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

𝐶m
𝜕𝑉
𝜕𝑡

+(ionic current) (3.22)

• Capacity current involves a change in the density of ions at the inner and outer

surfaces of the cell membrane (Debye length: 𝜆𝐷 ∼ nm, see Equation (2.56)).

• Ionic current 𝐼ion involves the movement of charged particles through the mem-

brane.

The HH sign convention for the membrane current 𝐼m is:

𝐼m = 𝐶m
𝜕𝑉
𝜕𝑡

+ 𝐼ion. (3.23)

Hodgkin and Huxley used voltage-clamp experiments to measure the transmembrane

ionic current. In their setup, 𝑉m was held constant by a feedback circuit that contin-

uously monitored the membrane potential and injected a current 𝐼inj into the axon

via an intracellular electrode. 𝐼inj was automatically adjusted to keep 𝑉m at the

preset value, and since
𝜕𝑉
𝜕𝑡

= 0, (3.24)
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it follows from Equation (3.23) that 𝐼inj = 𝐼m = 𝐼ion. That is, by clamping the

membrane potential at a fixed voltage along the length of a section of axon (space

clamp), the ionic current can be measured directly.

3.3.2 Prelude: gating variables

The Hodgkin-Huxley model is defined, fundamentally, by gating variables which

we can denote

𝑢(𝑉, 𝑡). (3.25)

A gating variable 𝑢 is a probability that evolves with time in response to the

conditions of the membrane (e.g. 𝑉 = 𝑉m). It represents a component, or a step, in

the opening or closing of an ion channel.

Let 𝑢𝑗 = 𝑢𝑗(𝑉, 𝑡) be
our shorthand way
of referring to a
member of the set of
gating variables
featured in the HH
model:
𝑢𝑗 ∈ ቊ𝑚, ℎ, 𝑛ቋ or,
for that matter,
ቊgating variablesቋ
belonging to any
other
Hodgkin-Huxley-style
model.

Through their experiments on squid axons, Hodgkin and Huxley found that in order

to fit their data, the elements embedded in the cell membrane that were responsible

for ion-selective permeability changes (known today as voltage-gated channels) had

to be modelled as exponential saturations raised to the power of the number of

“gates” involved. Hence, each channel is modelled as the combined state of independent gates, all

of which need to be in their own “open” state for the ion channel to be open.

The probability of a channel—chosen at random from a thermodynamic ensemble of

many channels like it—to be in its open state is, therefore, the compound probability

of all the independent gates belonging to said channel being in their open states

simultaneously. If a potassium channel has four activation gates, its open probability

is 𝑢4(𝑉, 𝑡), with 𝑢 ∈ [0, 1]. (The variable name “𝑛” is used for potassium channels’

gates.)

The equations
describing the
membrane current
depend on the
experimental setup.
Voltage-and-Space-
Clamp produces a
counterintuitive
expression.

64



3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

The HH model is a nonlinear system, and its gating variables evolve according

to their steady-states and “time constants”—denoted (gating variable)∞(𝑉) and

𝜏gating variable(𝑉) respectively—that are functions of the membrane potential.5

In their notation, the voltage-gated-conductance density 𝑔(𝑉, 𝑡) in the membrane

to ion 𝑆, due to channels having 𝑘-activation gates 𝑢(𝑉, 𝑡) and 𝓁-inactivation gates

ℎ(𝑉, 𝑡) is

𝑔(𝑉, 𝑡) = 𝑔̄𝑢𝑘ℎ𝓁, (3.26)

where 𝑔̄ is the maximal conductance density, which corresponds to the area-density of

channels embedded in the membrane. It is assumed that the voltage-gated channels

are only permeable to one type of ion, denoted “𝑆”. The current-per-unit-membrane-

area due to said channels is

𝐼𝑆(𝑉, 𝑡) = 𝑔𝑆(𝑉, 𝑡)ቆ𝑉 − 𝐸𝑆ቇ. (3.27)

The details of voltage-gated channels in the HHmodel are discussed in Section 3.3.5.

3.3.3 HH model for propagating action potentials

Hodgkin and Huxley [21] provided a cable equation with active currents describing

the electrical excitability of the axon (Equation (3.28)) including propagating action

potentials. In absence of an externally applied (injected) electrode current, there are
5Your potential objection to the notion of a variable “time constant” is noted. We could

strain the language further by distinguishing a so-called “constant time constant” from a time
constant that is a function, but we will not. Instead, for expediency, we agree to call 𝜏𝑢(𝑉) the
voltage-sensitive time constant of the gating variable 𝑢(𝑉, 𝑡).
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four terms, two active and two passive:

axial current
ᇩᇭᇪᇭᇫ𝑎
2𝑅i

𝜕2𝑉
𝜕𝑥2

= 𝐶m
𝜕𝑉
𝜕𝑡

+ 𝑔leakቀ𝑉 − 𝐸leakቁ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

passive

+

negative feedback
ᇩᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇫ𝑔KV

(𝑉, 𝑡)ቀ𝑉 − 𝐸Na+ቁ+

positive feedback
ᇩᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇫ𝑔NaV(𝑉, 𝑡)ቀ𝑉 − 𝐸K+ቁᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

active (voltage-gated)

. (3.28)

The passive currents in Equation (3.28) are due to the intrinsic capacitance 𝐶m

of the phospholipid bilayer, the axon’s intracellular conductivity 𝜅i =
1
𝑅i
, and the

component of the membrane conductance—or permeability to ions—that is independent

of the membrane potential (𝑔leak).

The active currents—the last two terms on the right in Equation (3.28)—are where

the gating variables reside. They model the variable conductance of the membrane to

potassium and sodium ions (𝑔KV
(𝑉, 𝑡), 𝑔NaV(𝑉, 𝑡)) due to voltage-gated ion channels

embedded in the bilayer that are responsible for the positive and negative feedback

cycle that produces action potentials.

The voltage-gated channels (denoted KV and NaV, respectively) combined with the

free energy stored in the imbalance of inner and outer concentrations of Na+ and K+

ions render the axon an excitable medium: The membrane will amplify perturbations

of its voltage above a certain threshold6 (see Figures 3.12 and 3.13).

Noting that—when recording a propagating action potential—the time-series of 𝑉(𝑡)

at some fixed position 𝑥 resembles the space-plot of 𝑉(𝑥) in a snapshot at time 𝑡,

Hodgkin and Huxley introduced a wave equation [21] to define a conduction velocity

𝜗 (or speed of action potential propagation):

𝜕2𝑉
𝜕𝑥2

=
1
𝜗2

𝜕2𝑉
𝜕𝑡2

. (3.29)

6The threshold may vary with experimental conditions, and a variety of other factors including
the recent history of the membrane potential (refractory period) can also affect the threshold [43].
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There is some handwaving to ignore here, because space plots are notoriously chal-

lenging to observe—every point on the curve at a given time must be simultaneously

recorded by a dedicated electrode. HH may have relied on their physical intuition for

this observation. The conduction velocity (Equation (3.29)) allowed them to rewrite

Equation (3.28) as

1
𝜗2

ቆ
𝑎
2𝑅i

ቇ
𝒹2𝑉
𝒹𝑡2

= 𝐶m
𝒹𝑉
𝒹𝑡

+ 𝑔leakቀ𝑉 − 𝐸leakቁ + 𝑔KV
(𝑉, 𝑡)ቀ𝑉 − 𝐸Na+ቁ + 𝑔NaV(𝑉, 𝑡)ቀ𝑉 − 𝐸K+ቁ, (3.30)

which they were able to integrate numerically, searching for stable solutions in order

to simulate action potentials, in a procedure that resembles a bracketing method to

find the conduction velocity.

3.3.4 HH model for an isopotential section of membrane

It is essential to distinguish the cable equation (Equation (3.28)), that approximates

the intrinsic biophysics of the axonal membrane, from Equation (3.31). The latter

expression is the HH equivalent circuit model (Figure 3.6), which arises from unphys-

iological (space-clamp) conditions imposed by the voltage-clamp apparatus.

Following a brief supra-threshold current pulse, the space-clamped axon spiked simul-

taneously at every point along its length—rather than in a travelling wave as is seen

during a natural action potential. Hodgkin and Huxley called these space-clamped

spikes “membrane action potentials” [21] to distinguish them from physiological APs.

In that case there is no axial current, as there is no longitudinal variability in the membrane

potential that could drive axial currents along the clamped segment of axon (the term

on the left-hand-side of Equation (3.28) vanishes).
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In the equivalent circuit, the total measured membrane current 𝐼m crossing a section

of axon that is space-clamped—so that its membrane potential 𝑉 can be approxi-

mated as longitudinally uniform at all times—consists of passive and active compo-

nents as before:

𝐼mด
electrode

= 𝐶m
𝑑𝑉
𝑑𝑡

+

𝐼ion
ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇫ
𝑔leakቀ𝑉 − 𝐸leakቁ + 𝑔KV

(𝑉, 𝑡)ቀ𝑉 − 𝐸Na+ቁ
I

+ 𝑔NaV(𝑉, 𝑡)ቀ𝑉 − 𝐸K+ቁ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

space-clamped squid axon

. (3.31)

Under the HH voltage-clamp conditions, the ionic current 𝐼ion is measured directly

because the capacitive term vanishes with 𝜕𝑉
𝜕𝑡 = 0. With no axial current, the local

circuit current can only be what is provided by the command electrode, 𝐼m = 𝐼inj,

and conservation of charge (current in = current out) requires that 𝐼ion must be equal

to 𝐼inj—the latter of which is known since the voltage-clamp device records it.
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CHAPTER 2. BACKGROUND 2.1. WHAT IS A NEURON?
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Figure 2.6: How well diffusion works for sending signals as a function of
the size of your body: distance achieved per unit time. In the units of
this plot, the diffusion coefficient has been set to 𝐷 = 1/6, so that ඥ⟨Δ𝑥⃗2⟩ = √Δ𝑡.
Data is cut off due to the singularity at Δ𝑡 = 0. (As usual, the singularity is a
falsehood. A more detailed model would converge to a finite molecular velocity from
Maxwell-Boltzmann statistics when Δ𝑡 ≲ 𝜏.)

However, eukaryotes did become the larger multicellular animals—including fruit flies48

and orcas—that we see (and are) today. To sense and navigate their environment,49

animals needed a mechanism to bypass the limits of diffusion, allowing them to send50

signals across their bodies rapidly and efficiently.51

Neurons are the highest-speed solution (exceeding 100K
b ) that animals evolved for52

this purpose. They interleave short-range intercellular diffusion (neurotransmitter re-53

lease at synapses) with long-range intracellular electromechanical waves called action54

potentials (APs) that sustain their speed over distances ranging from micrometres55

to metres. Neurons’ branched morphology allows them to form complex networks,56

giving rise to neural computation.57

That answers what a neuron is, in the sense of 7mM+iBQM, at a high level. In Action58

potentials and ion channels, we complete this story by explaining how neurons gen-59

erate action potentials at the biophysical level of analysis. There is also the question60

of bi`m+im`2: How can one tell that a cell is a neuron?61
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imaged at nanometre resolution. But we are still omitting something crucial. The76

space surrounding the neuron is crammed with the axons and dendrites of other77

cortical neurons, as well as glial cells, capillaries, etc. The so-called extracellular78

space (ECS) is hardly spacious, although the electron microscopy sample preparation79

techniques can shrink the ECS volume by up to 30% •[CITE].80

Brain tissue is so densely packed that nearly every square micron of the cell’s surface81

is adjacent to some other cell. Here is an electron microscope image of a cross-section82

of human association cerebral cortex, alongside the 3D render. Figure 2.12 allows us83

to see the myriad cellular processes that surround and envelope the neuron.84

Neurons are utterly
surrounded and
enveloped by myriad
cellular processes,
including the axons
and dendrites of
other neurons.soma soma

Figure 2.12: EM 𝑥𝑦-section from the H01 release, modified from Neuroglancer [9].

poetic remark
By their appearance, one would almost think that neurons, tired of waiting for ran-85

dom walk after random walk to complete, chose to become the walks by instantiating86

them in their morphology, and thereby expedite the trajectories via electrical signals87

instead of tedious uncorrelated sequential steps.88

Biologists have a variety of tools for staining and tagging cells to identify neu-89

rons. In addition to their shape, neurons can be identified via electrophysiological90

measurements—i.e. by listening for action potentials (see Section 2.5).91
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Figure 3.6: Adaptation of the Hodgkin-Huxley equivalent-circuit model
describing the membrane currents in a space-clamped segment of Loligo
giant axon. Currents in this diagram correspond to Equation (3.31). The bat-
teries have been drawn explicitly here to highlight a possible sticking point in the
mental map from equivalent circuit to anatomy: In a neuron, the electrolytes are
on either side of the membrane, which would make for awkward battery casings in
this graphic. With the capacitive current, the metamorphosis between equivalent
circuit and biological is straightforward: The bilayer is an atoms-thin insulator and,
therefore, a self-assembled capacitor (condenser).
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

The visual analogy in Figure 3.6 between the capacitor symbol and the cell membrane

works fairly well; however, where is the battery, relative to the membrane? In the

latter case, the is inside out, and drawing a battery in the membrane atop a channel

does not work even conceptually. For example, where are the positive and negative

terminals of the battery? In fact, the positive and negative terminals would be

staring at one another from opposite sides of the membrane, and opening an ion

channel connects the terminals of the battery representing that specific channel’s

𝐸Nernst. Where in this picture shall we put the battery casing that contains the

electrolyte, which extends to the horizon moving left or right along the axon in this

model?

3.3.5 Back to gating

The gating variables 𝑛(𝑉, 𝑡),ᇣᇧᇤᇧᇥ
potassium

sodium
ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫℎ(𝑉, 𝑡), 𝑚(𝑉, 𝑡) are what make the active conductances

in Equations 3.31–3.28 active. They model conformational changes in the voltage-

sensing ion channel proteins that correspond to the open and closed states of the

channels (see Figure 3.4). The active potassium and sodium conductances are then

defined in terms of their channels’ gating variables:

𝑔KV
(𝑉, 𝑡) = 𝑔̄KV

𝑛4(𝑉, 𝑡), (3.32)

𝑔NaV(𝑉, 𝑡) = 𝑔̄NaV
𝑚3(𝑉, 𝑡)ℎ(𝑉, 𝑡), (3.33)

see Figure 3.7. The maximal conductances are constants denoted 𝑔̄KV
and 𝑔̄NaV

.

To keep our dimensions straight, we remark that although 𝑔̄KV
and 𝑔̄NaV

are

typically referred to as conductances, they are defined as conductance

densities—the conductance per unit of membrane area when all ion channels of the
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

respective type are open and available. In conductance-based models, 𝑔̄KV
and 𝑔̄NaV

are interpreted as the area densities of NaV and KV channels in the membrane.7 With

a single-NaV conductance of ≈ 25pS [53], the Hodgkin-Huxley model’s voltage-gated

sodium conductance density 𝑔̄NaV
= 120 mS

cm2 corresponds to roughly 48 NaV channels

per square micrometer.
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Figure 3.7: Action potential with accompanying conductance waves. The
membrane potential (solid blue line), sodium conductance (dash-dotted orange line),
and potassium conductance (dotted green line) are normalized by their respective
peak amplitudes for visual clarity. •At the leading edge of the AP, note that the
increase in 𝑉m precedes the sharp increase in sodium conductance: The action potential
propagates via electrical self-stimulation, as the depolarization of the preceding patch of
membrane stimulates the opening of NaV channels ahead of it [20]. See Figure 3.11.

The time-evolution of 𝑛(𝑉, 𝑡), 𝑚(𝑉, 𝑡), and ℎ(𝑉, 𝑡) is given by the linear differential

equations below:

𝑑𝑛
𝑑𝑡

= 𝛼𝑛(𝑉) ⋅ ቀ1 − 𝑛ቁ − 𝛽𝑛(𝑉) ⋅ 𝑛 =
𝑛∞(𝑉) − 𝑛
𝜏𝑛(𝑉)

, (3.34)

𝑑𝑚
𝑑𝑡

= 𝛼𝑚(𝑉) ⋅ ቀ1 − 𝑚ቁ − 𝛽𝑚(𝑉) ⋅ 𝑚 =
𝑚∞(𝑉) − 𝑚
𝜏𝑚(𝑉)

, (3.35)

7In multicompartmental models, which will be introduced later, these parameters are a function
of position—e.g. 𝑔̄NaV

= 𝑔̄NaV
(𝑠), with 𝑠 denoting the position in the model neuron.
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

𝑑ℎ
𝑑𝑡

= 𝛼ℎ(𝑉) ⋅ ቀ1 − ℎቁ − 𝛽ℎ(𝑉) ⋅ ℎ =
ℎ∞(𝑉) − ℎ
𝜏ℎ(𝑉)

, (3.36)

where 𝛼(gating variable)(𝑉) and 𝛽(gating variable)(𝑉) are (respectively) the forward and

backward rate constants. The voltage-dependent rate constants are instantaneous

functions of the membrane potential and have units of probability per unit time

ቀ1 − 𝑢ቁ 𝑢.
𝛼𝑢(𝑉)

𝛽𝑢(𝑉)

𝑃(closed)
ᇩᇭᇪᇭᇫ

𝑃(open)
ฐ

(3.37)

Equation (3.37) applies readily to the potassium and sodium activation variables (𝑢 =

𝑛 and 𝑚, respectively). The sodium availability gating variable (𝑢 = ℎ), which models

inactivation, is more subtle and is discussed further in Section 3.3.6. Hodgkin and

Huxley fitted the rate constants for each gating variable to action potentials of the

squid giant axon (Equations 3.40–3.42 below).

In the rightmost term of Equations 3.34–3.36 (above), the steady state 𝑢∞(𝑉) and

time constant 𝜏𝑢(𝑉) of a gating variable 𝑢(𝑉, 𝑡) are defined as

𝑢∞(𝑉) =
𝛼𝑢(𝑉)

𝛼𝑢(𝑉) + 𝛽𝑢(𝑉)
ቤ 𝜏𝑢(𝑉) =

1
𝛼𝑢(𝑉) + 𝛽𝑢(𝑉)

. (3.38)

Under a voltage-step from the initial value 𝑉m(𝑡0) = 𝑉0 to the new value 𝑉m(𝑡1) = 𝑉,

Equations 3.34–3.36 have solutions of the form

𝑢(𝑉, 𝑡) = 𝑢∞(𝑉) − ൣ𝑢∞(𝑉) − 𝑢0൧𝓮−𝑡∕𝜏𝑢(𝑉) , (3.39)

with 𝑢0 = 𝑢(𝑡 = 0) being the value of the gating variable just before the voltage

step. Hodgkin and Huxley inferred the number of gates involved in the opening and

closing of a given channel type from the fitting procedure. For example, when fitting
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

the potassium current activation, they found it was necessary to use ൫𝑛(𝑉, 𝑡)൯4 as

their fitting function—with 𝑛(𝑉, 𝑡) as given in Equation (3.39)—implying four gates

without ever directly observing channels in the membrane.

Hodgkin and Huxley [21] shifted their equations such that 𝑉rest = 0mV whereas the

HH model in common usage is setup with 𝑉rest = −65mV, approximately the 𝑉rest one

measures in a squid axon. A disadvantage of notation that sets 𝑉rest to 0mV is that

it distorts the true value of the Nernst potentials, which are real transmembrane

voltages physically determined by the inner and outer ion concentrations and the

temperature (Section 2.4.1). The original parameters are seldom used today—it is

often preferable that simulators should output realistic voltages—and the following

updated rates are much more common (see [14]):

Hodgkin and Huxley
[21] shifted their
parameters to give an
unphysical resting
potential of 0mV.
Now the convention
is to model the
unshifted
measurements. For
the squid axon, 𝑉rest
was roughly −65mV
in the HH
experiments.

𝛼𝑛(𝑉) =
1
100

𝑉 + 55mV
1 − 𝓮−(𝑉+55mV)∕10mV ቤ 𝛽𝑛(𝑉) =

1
8
𝓮−(𝑉+65mV)∕80mV, (3.40)

𝛼𝑚(𝑉) =
1
10

𝑉 + 40mV
1 − 𝓮−(𝑉+40mV)∕10mV ቤ 𝛽𝑚(𝑉) = 4𝓮−(𝑉+65mV)∕18mV, (3.41)

𝛼ℎ(𝑉) =
7
100

𝓮−(𝑉+65mV)∕20mV ቤ 𝛽ℎ(𝑉) =
1

1 + 𝓮−(𝑉+35mV)∕10mV . (3.42)

These parameter values give the kinetic curves in Figure 3.8.

73



3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

3.3.6 NaV inactivation ℎ, a.k.a. availability

In the literature, the gating variable ℎ is frequently called the inactivation. For

conceptual clarity, we instead refer to ℎ(𝑉, 𝑡), which models the sodium channel

inactivation process in HH-style kinetics, as the “availability”: ℎ actually measures

the probability that a channel is not inactivated.

That is, ℎ is the conditional probability that a given channel in the ensemble will

conduct current, provided its activation gates are all in the open state. The probability

that the channel is inactivated is (1 − ℎ), which does not appear in the Hodgkin-

Huxley voltage-gated ion currents—see Equations (3.31) and (3.33). We speak of

availability because that is how the inactivation process shows up in the HH model,

e.g. for NaV1.2 channels the time and voltage-dependent sodium conductance is

[4]

𝑔NaV1.2(𝑉, 𝑡) = 𝑔̄NaV1.2 ∗ (𝑚
NaV1.2)3ℎNaV1.2 , (3.43)

where 𝑔̄NaV1.2 is the maximal conductance, 𝑚NaV1.2 is the activation, and ℎNaV1.2 is the

availability of the NaV1.2 channels.

Calling ℎ the inactivation could easily give the false impression that Na+ conductance

increases with inactivation, because the conductance does increase with ℎ. That is, none

of the NaV channels in the HH model are inactivated at the maximal value of ℎ = 1.

(See Equation (3.43) directly above.) The availability nomenclature is designed to

make the equations as readily understandable as possible: All NaV channels are

available at ℎ = 1 (i.e. availability = 1), and none are available at ℎ = 0 (availability =

0), regardless of the state of their activation gates.

3.3.7 Plotting the HH gating variables

The Hodgkin-Huxley gating variables are plotted in Figure 3.8. The parameters used

to generate the curves are those in Equations 3.40, 3.41, and 3.42. Note that sodium
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

channel activation 𝑚(𝑉, 𝑡) responds much more quickly to changes in the membrane

potential than the decrease in sodium channel availability ℎ(𝑉, 𝑡) or potassium activation

𝑛(𝑉, 𝑡); as reflected in the sodium activation time constant—𝜏𝑚(𝑉) in the lower plot—

which is much smaller than the other two 𝜏’s at all voltages.

Figure 3.8: Steady-states and voltage-sensitive time constants of all gating
variables in the Hodgkin-Huxley model. The correspondence between gating
variables and ion currents is as follows: 𝑚 and ℎ describe the activation and availability8
gating particles of sodium channels, and 𝑛 describes the potassium channels’ activation
gating particles.

The fitting of the 𝛼(𝑉)’s and 𝛽(𝑉)’s depends on the system under consideration

(e.g. primate, rodent, or squid axon), the experimental conditions, and the notation

used—hence the term Hodgkin-Huxley-style kinetics. Their gating variable approach

has been adapted to model a large and ever-growing number and variety of neurons

in various species [41].

8(which models the inactivation—or self-blocking—of sodium channels)
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

3.3.8 Loligo in the lab

With the HH model now written out (above), we ought to visit the physical world.

Here, we will put those equations into context by describing their origin in the squid

called Loligo.

A moment is
well-spent to reunite
the equations of the
Hodgkin-Huxley
model with the
interesting creature
whose axons they
describe.

Figure 3.9: Loligo have giant axons (Figure 3.10) that enable rapid uniform
contraction of the muscles of the mantle which forces a propulsive jet of
water through the syphon. Because cephalopods lack myelin, increasing the axon
diameter is their evolved way of sending action potentials at higher velocities. When
startled, the squid rockets away and ejects ink. In the next figure is the axon of a
squid that did not escape... Credit: Wikipedia, © Hans Hillewaert / CC BY-SA 4.0.

The squid giant axon from Loligo—not to be confused with axons of the giant squid9

which likely are huge as well albeit impractical to the electrophysiologist tasked with

obtaining and dissecting the live creatures—is one of the largest single-cell structures

observed in any animal (Figure 3.10). Here, “largest” refers to the ratio of the
9(Architeuthis dux)
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

giant axon’s volume to the surface area of its plasma membrane—its length is

unremarkable compared to other peripheral axons.

Figure 3.10: A squid giant axon, isolated in the lab. Its large diameter ∼ 1.0mm
makes this axon visible to the unaided human eye. [Public domain image from the
N.I.H. History office on Wikipedia10.]

With a diameter ∼ 1mm, the width of this axon is comparable to the height of the

entire dendritic tree of a mammalian cortical neuron. (For comparison, the axon of

a pyramidal neuron is ∼ 1μm in diameter—one-thousandth that size.)
10https://commons.wikimedia.org/wiki/File:Giant_Axon_of_Squid_(14356033761).jpg
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The squid’s giant axons allow it to rapidly contract all of the muscles in its mantle

Figure 3.9. The contraction forces a jet of water aft, propelling Loligo to safety when

threatened.11 This jet propulsion works similarly to a submerged water balloon:

Tension in the rubber skin increases the internal pressure, forcing the water out of

the balloon, whereas the muscles in the mantle squeeze water out of the squid.

To do this, the mantle needs to contract its muscles in unison, which requires ac-

tion potentials to arrive synchronously at varying distances from the squid’s central

nervous system—where the decision to flee presumably originates. The speed of the

squid’s reaction is, therefore, limited by the slowest parts of the mantle, i.e. where

signals must travel the farthest, and the giant axon is an anatomical bottleneck that

limits the swiftness of the escape response.

Action potentials travel faster down wider axons—conduction velocity increases as

the root of the diameter (Equation (3.13))—and the extraordinary dimensions of the

squid giant axon evolved to open that bottleneck.

11It is said that the jet is useful for hunting as well. For leisurely swimming, the squid propels
itself with its rhomboidal fins, also called “wings”.
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Figure 3.11: Depiction of NaV channel states propagating the action poten-
tial along an unmyelinated axon (KV channels not shown). Action potentials
are the amplification and regenerative propagation of a focal depolarization via the
tipping of voltage-sensing ion channels in neighbouring patches of membrane into
their open state. As one Na+ channel opens, the resulting transmembrane current
depolarizes the membrane neighbouring it, causing the channels therein to open, and
therefore let in their own current, continuing the release of free energy—stored in
the transmembrane ion concentration gradients—that sustains the travelling wave
of depolarization along the axon (see Figures 3.7 and 3.11). This phenomenon is
modelled by the cable equation (Equation (3.28)).
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

Ignoring ion pumping, the resting potential is approximated by the chord equa-

tion:

𝑉rest ≈
𝑔Na+𝐸Na+ + 𝑔K+𝐸K+ + 𝑔leak𝐸leak

𝑔Na+ + 𝑔K+ + 𝑔leak
. (3.44)

The meaning of the above equation is that the conductance of each ion pulls the

membrane potential towards its reversal potential 𝐸Nernst. For example, if the sodium

conductivity suddenly increased, what would happen to 𝑉rest?

The Equation (3.44) holds in the ohmic approximation that is assumed in Hodgkin-

Huxley style conductance-based models. In permeability-based models, the resting

potential takes a different form (see Equation (3.68)).
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3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

Figure 3.12: Subthreshold behaviour of the Hodgkin-Huxley model. Passive
response to 1ms pulse. Note that, below the AP threshold, the sodium conductance is
always less than the potassium conductance. Compare with Figure 3.13, wherein the
sodium conductance significantly exceeds the potassium conductance at the onset of
the action potential.

81



3 Background II: Action potentials and ion channels 3.3 The Hodgkin-Huxley equations

Figure 3.13: Suprathreshold behaviour of the HH model: Action Potential.
AP elicited by 1ms pulse. When the threshold is exceeded, voltage-gated sodium
channels make themselves known: Suddenly, the sodium conductance reveals itself
to be a function of the membrane potential12. The effect of 𝑔Na+ suddenly increasing
is to move the “resting potential”13 upward by shifting the balance of conductances in
Equation (3.21) toward 𝐸Na+ . Effectively, the neuron has a new (temporary) target
potential, toward which it will passively relax. As 𝑉m relaxes toward the new target,
the target voltage continues to accelerate upward. The active sodium conductance
from NaV channels in the membrane provides positive feedback, triggering a wave of
depolarization called an action potential (AP). In the middle plot, notice the notch
in the NaV current as the Na+ driving force hits a minimum when the membrane
potential peaks near 𝐸Na+ .

12voltage-gated conductances also depend on the recent history of the membrane potential, but
that will be discussed later.

13The quotation marks are meant to indicate that this is not the true resting potential but a
transient change.

82



3 Background II: Action potentials and ion channels 3.4 Pumps

3.4 Pumps – Na+/K+ adenosine triphosphatase

Ion pumps charge the neuron's batteries, and ion channels drain them.14

Ion channel proteins in the cell membrane have regions with high affinity for, e.g.

sodium over potassium, in the portion of the protein called the selectivity filter [20].

The electrogenic Na+/K+ pump protein, too, has regions of high affinity, called

binding sites, some of which select for sodium ions and others that bind potassium

ions. There are three Na+ binding sites and two K+ binding sites in each pump

macromolecule.15

Unlike voltage-gated ion channels—which actively modify their permeability in re-

sponse to changes in the membrane potential, thereby controlling the rate at which

permeant ions flow down their concentration gradients—the Na+/K+ pump burns

fuel (adenosine triphosphate, ATP) to ship the Na+ and K+ ions back across the

membrane against their Nernst potentials.

In that sense, the Na+/K+ pumps are the counterpart to the voltage-gated NaV

and KV channels: The latter consume energy stored in the non-equilibrium inner and

outer ion concentrations via their excitable conductances, and the former maintain the

concentration gradients, and in-so-doing perpetually charge the neuron’s batteries

[43].

Na+/K+ pumps are present in virtually all animal cells. Ion pumping is energeti-

cally costly, which is why brumating turtles (see Figure 3.14) reduce Na+/K+ pump

activity during their long breathless winter trapped beneath the ice [27].

14Paraphrasing [43].
15There are multiple Na+/K+ pump isoforms.
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3 Background II: Action potentials and ion channels 3.4 Pumps

(Note: This turtle
was promptly and
gently returned to
the location and
direction it was
originally heading
when it approached
the photographer. It
may have been on
the move due to
nearby tree removal
by Hydro One, who
were restoring power
following a recent
microburst.)

Figure 3.14: A Blanding’s turtle (Emydoidea blandingii) – another ec-
tothermic brumator. Like the painted turtle, Blanding’s turtles hibernate—
technically, brumate—underwater without breathing air for months at a time during the
harsh winter [27]. While holding their breath under the ice, they dramatically re-
duce Na+/K+ pump current to conserve fuel (ATP) and to limit the accumulation of
toxic metabolites. (Aside: Blanding’s turtles live at least as long as humans do and
can reproduce throughout their entire lives, including the females—which has attracted attention
from researchers in the field of human aging, longevity, and robust rejuvenation [10].)
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3 Background II: Action potentials and ion channels 3.4 Pumps

The Na+/K+ pump can be thought of as a hybrid of a molecular motor and a set of

selectivity filters like those seen in ion channels. Its ion-shuttling motion can be de-

scribed as an enzymatic reaction with Michaelis-Menten kinetics, in which the inner

and outer concentrations of a given ion speciesᇣᇧᇧᇤᇧᇧᇥ
𝑆

—[𝑆]in and [𝑆]out—are treated as if

they were distinct reactants and products in a chemical reaction (Equation (3.45)).

A chemical reaction does still occur, as the pumps catalyze the hydrolysis of ATP,

which makes sodium–potassium adenosine triphosphatase (the pump) a genuine en-

zyme.

Although in such processes there is always some variability, a typical pump cycle

consists of shuttling three Na+ ions out of the cell and two K+ ions inside. The

net current emitted by the pump protein is, therefore, outward—the ejection of one

elementary charge (e) out of the neuron per revolution. Its energy efficiency, when

comparing the free energy imparted to the neuron by moving the ions against their

potentials versus the chemical energy of the ATP molecule consumed in each cycle,

is roughly 75% [43].

Being a major source of energy consumption for the cell, the pump rate is limited by

the intracellular sodium and extracellular potassium concentrations. In other words,

the pumps are stimulated to run by [Na+]in and [K+]out, and will slow down as the

neuron approaches its homeostatic transmembrane concentrations of said ions. To

model the hyperpolarizing action of Na+/K+ ATPase, we implemented the pump

current following Kager et al. [30]

𝐼pump = 𝐼Maxቆ1 +
𝐾𝑀Na+

[Na+]in
ቇ
−3

ቆ1 +
𝐾𝑀K+

[K+]out
ቇ
−2

, (3.45)

The exponent “−3” on the sodium term, and −2 on the potassium term, are for the

3 Na+ ions shuttled out and the 2 K+ ions shuttled into the cell, respectively. The

coefficients 𝐾𝑀Na+ = 10mM and 𝐾𝑀K+ = 3.5mM are the Michaelis-Menten constants
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3 Background II: Action potentials and ion channels 3.4 Pumps

for aqueous sodium and potassium ions’ interaction with the Na+/K+ ATPase ([8],

[35]). They are defined via the Michaelis-Menten rule for the velocity of enzymatic

reactions

𝑣([𝑆]) = 𝑣max

𝑃𝐸𝑆
ᇩᇭᇭᇭᇪᇭᇭᇭᇫ
ቆ

[𝑆]
𝐾𝑀𝑆 + [𝑆]

ቇ = 𝑣max

𝑃𝐸𝑆
ᇩᇭᇭᇭᇪᇭᇭᇭᇫ
ቆ1 +

𝐾𝑀𝑆

[𝑆]
ቇ
−1

, (3.46)

in which 𝐾𝑀𝑆 is the substrate concentration ([𝑆]) at which the reaction rate 𝑣([𝑆]) is

half of its maximum 𝑣max (see Nelson et al. [43, Section 10.4.1]). The dimensionless

term in round brackets denoted 𝑃𝐸𝑆 in Equation (3.46) is the steady-state probability

of a single enzyme, chosen at random from a thermodynamic ensemble, of being in

its bound state with a single substrate molecule 𝑆.

In the context of the Na+/K+ pump current’s kinetics, there are two substrates:

[Na+]in and [K+]out. Further, the pump requires that three Na+ ions and two K+

ions bind to it. Equation (3.45) treats the probability of each of these five required

ions binding to the pump as independent. Hence, the pump current is governed by

their concentration-dependent compound “𝑃𝐸𝑆”-type probabilities.

For our purposes, the most readily useful fact about Na+/K+-ATPase is the 3 ∶ 2

ratio of its sodium and potassium currents (respectively):

𝐼pump = ൫𝐼pump
Na+ + 𝐼pump

K+ ൯ ⟵
⎧

⎨
⎩

𝐼pump
Na+ = 3𝐼pump

𝐼pump
K+ = −2𝐼pump .

(3.47)

Using this ratio, Nelson et al. [43] demonstrates a simple method of estimating 𝑉rest of

real neurons through a model with passive chloride leak current and the resting ohmic

Na+ and K+ currents constrained to match their respective pump currents.

Because of the 3 ∶ 2 ratio, when adding Na+/K+ pumps to the standard HH model—

as is done in the 𝐶𝐿𝑆 [28] and 𝑇‐𝐶𝐿𝑆 [2] models (Sections 4 and 5, respectively)—one

must also include passive Na+ and K+ conductances ensuring the leak currents at
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3 Background II: Action potentials and ion channels 3.4 Pumps

𝑉rest are in approximately the same ratio. The pumps are always running (Equa-

tion (3.46)), even at 𝑉rest, and without specific ion leaks to cancel the pump currents,

the model does not achieve homeostasis.
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3 Background II: Action potentials and ion channels 3.5 Goldman-Hodgkin-Katz (GHK)

3.5 Goldman-Hodgkin-Katz (GHK)

The maximal conductance densities in the HH model (see Section 3.3.5) approximate

the phenomenon of ions permeating the membrane through open channels as if the

current depended linearly on the voltage at steady state—it does not. That assumption

is acknowledged as the ohmic approximation, which arose from empirical measurements

of the voltage-dependence of the Na+ and K+ currents [21].

Let the subscript “𝑆”
be a placeholder for
the specific ion
species, so that we
can efficiently write
equations that apply
to all relevant ions.

Isolating the electrical currents due to the flow of sodium and potassium ions, a positive

(outflowing) current was measured when 𝑉 >
𝐸Nernst
ฏ𝐸S, and the current was negative (inflowing)

when 𝑉 < 𝐸S—with zero current at the ion’s respective Nernst potential 𝐸𝑆. These

observations led to an ሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬሬ⃗ohmic driving force ∝ ൫𝑉 − 𝐸𝑆൯—see page 66. Noting that,

although the driving forces of the ionic currents in the HH-model are linear with

respect to 𝑉, the conductances multiplying them are nonlinear thanks to the gating

variables. In this way, gating variables in the HH model can compensate for the

ohmic approximation so long as the concentration gradients remain fixed.

The ohmic
approximation is
phenomenological,
whereas GHK derives
from the microscopic
physics governing
membrane currents.
Although the latter
contains some false
assumptions, it is a
robust physical
model [20].

The transmembrane ionic currents are more accurately described by the GHK cur-

rent equation (3.58), which is a permeability-based description derived from first-

principles. Permeability is a property of the membrane: Whereas the measured max-

imal conductance per unit membrane area depends strongly on inner and outer ion

concentrations—which can change significantly when multiple action potentials pen-

etrate smaller (∼ 0.1μm) neurites16 such as thin axons and dendrites—permeability

remains consistent when gating is taken into account.

The GHK equations are introduced here following Hille [20]. Pores are not mentioned

in the model: it treats the membrane as a uniform, hydrophobic layer (thickness 𝑙),
16“A neurite or neuronal process refers to any projection from the cell body of a neuron.”—

https://en.wikipedia.org/wiki/Neurite
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3 Background II: Action potentials and ion channels 3.5 Goldman-Hodgkin-Katz (GHK)

with aqueous solutions of ions on either side. Ions are assumed not to interact with

one another as they traverse the membrane.

3.5.1 Permeability without electrodiffusion - define 𝑃𝑆

Before considering electrical effects, we can define the permeability coefficient via

solubility-diffusion theory by considering a non-electrolyte molecule 𝑆.

The molar flux 𝑀𝑆

has units mol
cm2⋅s . It is

simply a rescaled
number flux
𝑀𝑆 = 𝐽𝑆 ∕ NA,
where NA = 6.0221×
1023molecules-per-mole
is Avogadro’s
number.

Permeabil-

ity of the membrane to a molecule 𝑆 is defined by the measured relation between

the molar flux 𝑀𝑠 across the membrane and difference of the concentrations Δ𝑐𝑆 ≝

[𝑆]out − [𝑆]in on each side of it:

𝑀𝑠 = −𝑃𝑆Δ𝑐𝑆 . (3.48)

The role of 𝑃𝑆 in Equation (3.48) is reminiscent of the diffusion coefficient seen

in Equation (2.19): Both coefficients yield a flux of molecules in response to a non-

uniformity of the concentration. We can relate permeability to diffusion by introduc-

ing an ෧effective concentration gradient inside the idealized homogenous membrane

[20, page 444]:
෦∇𝑐𝑆 ≝ Δ𝑐𝑆𝛽⋆𝑆 . (3.49)

Plugging the above expression into Fick’s first law (page 33) gives the molar flux

as

𝑀𝑆 = −
Δ𝑐𝑆𝐷⋆𝑆𝛽⋆𝑆

𝑙
, (3.50)

and hence the permeability as

𝑃𝑆 =
𝐷⋆𝑆𝛽⋆𝑆
𝑙

. (3.51)

The superscript “⋆” indicates that the diffusion coefficient 𝐷⋆𝑆 and the water-membrane

partition coefficient 𝛽⋆𝑆 in the preceding equations are material properties within the
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3 Background II: Action potentials and ion channels 3.5 Goldman-Hodgkin-Katz (GHK)

membrane. The partition coefficient is defined as the ratio of concentrations of 𝑆 in

the membrane versus the interfacing aqueous solution at equilibrium,

𝛽⋆𝑆 =
[𝑆]membrane
[𝑆]water

. (3.52)

Diffusion is introduced in Section 2.3.4.

3.5.2 GHK - permeability of the membrane to electrolytes

The apparent permeability of the membrane to ions comes from ion channels—the

phospholipid bilayer is effectively impermeable to ions—but the presence of these

channels and their gating properties are ignored for the moment. (When in doubt,

assume the channels are open.)

The Goldman-Hodgkin-Katz equations [22] include electrodiffusion effects to allow

them to model transmembrane ion currents in terms of permeability. The explicit

solution for the current is obtained by integrating the Nernst-Planck equation

As before, 𝐷⋆
𝑆 is the

diffusion coefficient
within the
membrane. The
molar gas constant is
𝑅 ≝ NA𝓀Β, and the
Faraday constant is
𝐹 ≝ eNA. The
valence of the ion,
denoted 𝑧𝑆, is an
integer, and 𝑇 is the
absolute
temperature.

𝐼𝑆 = −𝑧𝑆𝐹𝐷⋆𝑆 ⎛

⎝

𝒹[𝑆]
𝒹𝑥

+
𝑧𝑆𝐹
𝑅𝑇

[𝑆](𝑥)

𝔼
ฏ𝒹𝑉
𝒹𝑥
⎞

⎠

, (3.53)

across the membrane, assuming constant 𝐷⋆𝑆 and that 𝑉(𝑥) decreases linearly (i.e.

𝑉(𝑥) = 𝑥𝔼) inside the membrane. Equation (3.53) is written as an electric current

density due to the flux of ions rather than a generic number flux of molecules 𝕁

(cf. Equation (2.46)). As before, the current results from a diffusion term driven

by an imbalance in the intracellular and extracellular concentrations of a permeant

ion species 𝑆, and a drift term driven by the membrane potential acting on said

ions.
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Noting that

൤𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉൨ ቆ

𝒹[𝑆]
𝒹𝑥

+
𝑧𝑆𝐹
𝑅𝑇

[𝑆](𝑥)
𝒹𝑉
𝒹𝑥
ቇ =

𝒹
𝒹𝑥

൤[𝑆](𝑥)𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉൨ , (3.54)

we can solve the differential equation 3.53 using the integrating factor 𝜉 = 𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉.

With 𝐼𝑆 being constant at every point as we cross the membrane, the integral of

Equation (3.53) becomes

𝑙

න
0

𝒹𝑥 𝐼𝑆𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉(𝑥) = 𝐼𝑆

𝑙

න
0

𝒹𝑥 𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉(𝑥) = −𝑧𝑆𝐹𝐷⋆𝑆

𝑙

න
0

𝒹𝑥 ቆ
𝒹
𝒹𝑥

൤[𝑆](𝑥)𝓮
𝑧𝑆𝐹
𝑅𝑇 𝑉(𝑥)൨ቇ . (3.55)

The resulting closed-form solution for 𝐼𝑆(𝑉) is provided in Equation (3.58) below.

(Though I do not repeat the steps here, the reader may wish to consult e.g. Hille [20,

Chapter 14] or Ermentrout and Terman [15, Chapter 1] for the full derivations.)

While ion channels were unknown at the time the GHK model was derived, we

speak of NaV and KV channels as displaying a property called ion selectivity since

sodium channels are much more permeable to Na+ ions than K+ ions (and all other

ion species) and vice-versa. Said channels are named to reflect their selectivity—the

property that allows them to generate action potentials.

3.5.3 GHK current equation

The GHK equation for the current 𝐼𝑆 of ion species 𝑆 (Equation (3.58)) has two

components: one for ions exiting the cell (𝐼𝑆, efflux), and another for ions entering the

cell (𝐼𝑆, influx).

As with the HH
model, one must
intercept
zero-division errors
when programming a
GHK-based
simulation, due to
the ൫1 − 𝓮±𝑉൯-style
term in the
denominator.

𝐼𝑆, efflux = 𝑉m𝑃𝑆 ቆ
𝑧2𝑆𝐹2

𝑅𝑇
ቇቆ

[𝑆]in
1 − 𝓮−𝑧𝑆𝐹𝑉m∕𝑅𝑇

ቇ , (3.56)
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𝐼𝑆, influx = −𝑉m𝑃𝑆 ቆ
𝑧2𝑆𝐹2

𝑅𝑇
ቇቆ

[𝑆]out𝓮−𝑧𝑆𝐹𝑉m∕𝑅𝑇

1 − 𝓮−𝑧𝑆𝐹𝑉m∕𝑅𝑇
ቇ . (3.57)

When the influx and efflux components are combined, we obtain the net current in

the form of the complete GHK current equation [20]

𝐼𝑆 = 𝑉m𝑃𝑆 ቆ
𝑧2𝑆𝐹2

𝑅𝑇
ቇቆ

[𝑆]in − [𝑆]out𝓮−𝑧𝑆𝐹𝑉m∕𝑅𝑇

1 − 𝓮−𝑧𝑆𝐹𝑉m∕𝑅𝑇
ቇ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
𝐼𝑆, efflux + 𝐼𝑆, influx

. (3.58)

The GHK current equation (above) gives nonlinear current-voltage curves when

transmembrane concentration gradients are present, with the curvature disappearing—

i.e. truly ohmic currents—only when the inner and outer ion concentrations are equal

[15]. The latter statement can be easily checked by setting [𝑆]in = [𝑆]out in Equa-

tion (3.58).

Hodgkin-Huxley-style NaV and KV channel gating dynamics can be included in the

GHK model by replacing the permeability coefficient 𝑃𝑆 in Equation (3.58) with the

product of a maximal permeability 𝑃̄𝑆 and appropriate gating variables:

ቊ𝑃Na+ , 𝑃K+ቋ ⟶ ቊ𝑚3(𝑉, 𝑡)ℎ(𝑉, 𝑡)𝑃̄Na+ , 𝑛4(𝑉, 𝑡)𝑃̄K+ቋ. (3.59)

Some properties of GHK currents

A few noteworthy observations regarding 𝐼𝑆(𝑉) (Equation (3.58)) are:

1. At zero membrane potential, the GHK current equation (3.58) reduces to

solubility-diffusion theory (Section 3.5.1 above): If we rewrite Equation (3.58)
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using the following shorthand

𝐼𝑆 = ෦𝑃𝑆 ෥𝑉𝑆
[𝑆]in − [𝑆]out𝓮−෦𝑉𝑆

1 − 𝓮−෦𝑉𝑆
⟵

⎧

⎨
⎩

෦𝑃𝑆 = 𝑧𝑆𝐹𝑃𝑆

෥𝑉𝑆 =
𝑧𝑆𝐹
𝑅𝑇
𝑉

, (3.60)

and take the limit as
𝑉⟶0

ᇩᇭᇪᇭᇫ෥𝑉𝑆 ⟶ 0 using l’Hôpital’s rule, we recover the electric-

current equivalent of Equation (3.48):

𝐼𝑆(𝑉 = 0) = lim
𝑉⟶0

𝐼𝑆 = lim
෦𝑉𝑆⟶0

𝐼𝑆 =

∝−𝑃𝑆Δ𝑐𝑆
ᇩᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇫ
𝑧𝑆𝐹𝑃𝑆ᇣᇧᇤᇧᇥ
෦𝑃𝑆

ቆ[𝑆]in − [𝑆]outቇ . (3.61)

In other words, when 𝑉 = 0 the current is purely diffusion-driven.

2. Setting 𝐼𝑆 = 0 gives the Nernst potential (see Equation (2.53) or Equation (2.61)):

Starting with Equation (3.60), we write down the condition of zero current at

𝑉 = 𝐸𝑆,

෦𝑃𝑆 ෥𝑉𝑆 ൭
[𝑆]in − [𝑆]out𝓮−෦𝑉𝑆

1 − 𝓮−෦𝑉𝑆
൱ = 0 ⟹ [𝑆]in − [𝑆]out𝓮−෦𝑉𝑆 = 0. (3.62)

With a bit of rearrangement and expanding ෥𝑉𝑆 in terms of 𝑉 = 𝐸𝑆, we get

[𝑆]in = [𝑆]out𝓮−෦𝑉𝑆 ⟹ lnቆ [𝑆]in
[𝑆]out

ቇ = ln൬𝓮−
𝑧𝑆𝐹
𝑅𝑇 𝐸𝑆൰, (3.63)

which trivially reduces to Equation (2.61) (the Nernst potential), rewritten

here for convenience in terms of the molar gas constant 𝑅 and the Faraday

constant 𝐹:

𝐸𝑆 = −
𝑅𝑇
𝑧𝑆𝐹

lnቆ [𝑆]in
[𝑆]out

ቇ. (3.64)
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3. To make the GHK current equation more intuitive, we can introduce the sim-

plified expression Φ𝑆, defined here by

𝐼𝑆(𝑉) = 𝑃𝑆 ቆ
𝑧2𝑆𝐹2

𝑅𝑇
ቇΦ𝑆(𝑉). (3.65)

Then, Equation (3.58) gives the simplified “current” Φ𝑆 as

Φ𝑆(𝑉) = [𝑆]in𝑉൮
1 − [𝑆]out

[𝑆]in
𝓮−ቀ

𝑧𝑆𝐹
𝑅𝑇 𝑉ቁ

1 − 𝓮−ቀ
𝑧𝑆𝐹
𝑅𝑇 𝑉ቁ

൲ . (3.66)

Next, using Equation (3.64), we rewrite Φ𝑆 in terms of the reversal potential

𝐸𝑆:

Equation (3.66)⟹ Φ𝑆 = [𝑆]in𝑉 ቌ
1 − 𝓮−ቀ

𝑧𝑆𝐹
𝑅𝑇 ቁ(𝑉 − 𝐸𝑆)

1 − 𝓮−ቀ
𝑧𝑆𝐹
𝑅𝑇 ቁ𝑉

ቍ . (3.67)

4. In Figure 3.15 we plot Φ𝑆(𝑉)—which has the same shape as 𝐼𝑆(𝑉)—for a pos-

itively charged ion 𝑆 with valence 𝑧𝑆 = 1. Some visible features of the GHK

current density are:

• The cation current due to ion species 𝑆 is positive (outward flowing)

when 𝑉 > 𝐸𝑆, and negative (inward flowing) when 𝑉 < 𝐸𝑆, hence the

synonym “reversal potential” for the Nernst potential 𝐸𝑆. (This prop-

erty is shared with the ohmic approximation used in the original

Hodgkin-Huxley model.) With anions the direction of ion flow is op-

posite, but the direction of the electrical current flow remains the same.

• The current is concave-up when [𝑆]in > [𝑆]out and concave-down when

[𝑆]in < [𝑆]out—the opposite is true for anions (i.e. 𝑧𝑆 = −1,−2, ...).
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• The current becomes asymptotically linear in 𝑉 when |𝑉| ≫ 0.

Figure 3.15: Shape of the GHK current as a function of membrane poten-
tial, via the simplified expression Φ𝑆(𝑉)—see Equation (3.67). Here we plot the
voltage-dependence of the flux of an ion 𝑆 with valence 𝑧𝑆 = 1. In the upper curve
[𝑆]in > [𝑆]out, and in the lower curve [𝑆]in < [𝑆]out. Note: units on the ordinate are
somewhat arbitrary since the prefactor 𝑃𝑆 ൬

𝑧2𝑆𝐹
2

𝑅𝑇
൰ is omitted.
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Resting potential in the GHK model

The GHK voltage equation gives the resting potential at which the sum of GHK

currents for each ion species cancel, resulting in zero net current. In a system wherein

only Na+, K+ and Cl- currents are modelled—without Na+-K+ pumps—it is

𝑉rest =
𝑅𝑇
𝐹

lnቆ𝑃K+[K+]out + 𝑃Na+[Na+]out + 𝑃Cl-[Cl-]in
𝑃K+[K+]in + 𝑃Na+[Na+]in + 𝑃Cl-[Cl-]out

ቇ. (3.68)

Note that in the above condition, the membrane, cytosol, and extracellular solution

are not at equilibrium, and the ions’ concentration gradients will steadily diminish

without active pumping to counteract the steady currents at 𝑉rest.

For a single ion species, Equation (3.68) reduces to the Nernst equation (reversal po-

tential) for that ion [53]. The GHK model will be revisited in Chapter7 - Conversion

of ohmic pyramidal cell model to GHK current.
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4 Left-shifted NaV Channel Activity in Sick Excitable Cells

Chapter 4

Calculating the Consequences of
Left-Shifted NaV Channel Activity
in Sick Excitable Cells

4.1 Statement of originality and contributions

My contribution to this paper, which covers various aspects of coupled left-shift (𝐶𝐿𝑆)

damage, is Section 10 of Joós, Barlow, and Morris [28], including the regime diagram

in Fig. 8 (page#301). In that figure, I analyzed the output of the single-compartment

𝐶𝐿𝑆 model (with Na+/K+-pumps) across a broad range of damage conditions and

mapped the excitability and spiking patterns exhibited by the model. Here we pro-

vide examples of those firing patterns from simulations run solely for this chapter,

which are not in [28], in Figures 4.2, 4.3, 4.8, 4.9, 4.10 and 4.11.

I wrote the simulation code that generated the regime diagram (Figure 4.4), analyzed

the scores of simulations needed to create it, and programmed the 𝐶𝐿𝑆 model as a

density mechanism (CLS.mod) in NEURON1 (see ModelDB entries – Section 0.3).

The full paper is included as (Appendix B | Joós, Barlow, and Morris (2017) on
1https://www.neuron.yale.edu/neuron/
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page#282. Before my contributions, 𝐶𝐿𝑆 simulations were run using FORTRAN

code authored by Pierre-Alexandre Boucher [8].

Some preliminary work on identifying 𝐶𝐿𝑆 regimes was done in [8]—see Fig. 5(B),

‘Regimes’—but the data was sparse, especially when Na+/K+-pumps were included.

I mapped the boundaries separating quiescent and spontaneously firing excitotoxic

regimes (and the boundaries between various pathological cell states), which is neces-

sary to explore mechanisms for staying on the healthy side of those lines—information

that may eventually contribute to improved recovery from stroke, head trauma, treat-

ment of neuropathic pain, and other forms of pathological ectopic signalling [2].

I have relied on Boucher, Joós, and Morris [8] and Yu, Morris, Joós, and Longtin

[58], as well as the co-authored paper Joós, Barlow, and Morris [28] as guides while

writing the sections introducing the 𝐶𝐿𝑆 model below. As usual, I created all of the

plots with my own simulations and model code.

4.2 Introduction: 𝐶𝐿𝑆 model

The coupled left-shift (𝐶𝐿𝑆) model introduces two cellular-damage parameters (de-

noted 𝐿𝑆 and 𝐴𝐶) to capture changes in the sodium channel gating properties of

injured neurons [8]. 𝐿𝑆 models the hyperpolarizing shift in a damaged sodium chan-

nel’s steady-state activation and availability—denoted 𝑚∞(𝑉) and ℎ∞(𝑉)—in Hodgkin-

Huxley-style NaV kinetics, see Figure 4.1. 𝐴𝐶 stands for “𝐴ffected 𝐶hannels”, which

is a parameter ranging from 0 to 1 that sets the density of damaged NaV channels as

a fraction of the total density of NaVs in the membrane. It is a single-compartment

neuron model: At each moment in time, it computes a single value for the mem-

brane potential, ion concentrations, transmembrane currents, and other variables

describing its Hodgkin-Huxley style kinetics. In this study, the neuron’s surface
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area, internal and external volumes, NaV and KV channel densities, etc., were ad-

justed to simulate a node of Ranvier. We can treat the node as a single compartment

since, being ≈ 1–2μm in length, its membrane potential 𝑉m(𝑡) is approximately uni-

form.

The 𝐶𝐿𝑆model resembles Hodgkin and Huxley’s space-clamped squid axon—Equation (3.31)

in Section 3.3.4: HH model for an isopotential section of membrane (page#68)—

with Michaelis-Menten style Na+/K+-pumps (Equation (3.45)) replacing the elec-

trode:

𝐶m
𝒹𝑉
𝒹𝑡

= −൫𝐼NaV + 𝐼Naleak൯ − ൫𝐼KV + 𝐼Kleak൯ − 𝐼leak − 𝐼pump . (4.1)

The pumps continue to run as long as there is ATP to burn and ions to bind,

so 𝐼Naleak and 𝐼Kleak are added to saturate the pumps at homeostatic [Na+]in and

[K+]out concentrations. Parameters for the voltage-gated channels are as given in

Equations (3.40), (3.41) and (3.42). For the full set of equations, see Section 5 of

Joós, Barlow, and Morris [28] on page#294 and Pumps in Background II: Action

potentials and ion channels (page#83).

Single-compartment models are sometimes called point neurons because their ideal-

ized cylindrical or spherical shape and uniform properties make them mathematically

equivalent to a point in space with a membrane potential 𝑉m(𝑡), currents, and other

parameters associated with it. For example, the differential equations that describe

a cylindrical compartment with membrane area 𝐴, through which a uniform sodium

current density 𝐽(𝑡) = 𝐼(𝑡)
𝐴

flows, also describe the point-current 𝐼(𝑡) = 𝐽(𝑡)𝐴. In

single-compartment models, the membrane is just a parameter.

(This is not to say that point-neuron models are simple. They are capable of repro-

ducing complex firing patterns, including bifurcations to bursting and chaotic spik-

ing, and can describe the time evolution of various ion currents and concentrations,

calcium buffering, temperature effects, and other interesting phenomena.)
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A long section of axon that is space-clamped can also be modelled as a single com-

partment. Hodgkin and Huxley [21] refer to “membrane action potentials” in their

space-clamped squid axon experiments, wherein the entire membrane would spike

as one. At that time, nonlinear differential equations were solved by mechanical

computers, and they gained precious speed integrating the non-propagating (space-

clamped) APs by hand.

4.2.1 𝐶𝐿𝑆: Malfunctioning ion channels in a damaged membrane

𝐴𝐶 ≝ Affected
Channels ,

i.e., the fraction of
left-shifted NaV
channels relative to
all NaV channels in
the neuronal
membrane.

Coupled Left-shift (𝐶𝐿𝑆, see Figure 4.1) refers to an experimentally observed phe-

nomenon wherein chemical or mechanical injury to a neuron alters the kinetics of

some fraction (𝐴𝐶) of its voltage-gated sodium channels (Wang et al. [56], Boucher

et al. [8], Joós et al. [28]). Both the destructive effects of calpain on the cytoskele-

ton following ischemia (e.g., stroke) and direct mechanical injury to axons following

blunt-force trauma cause blebbing of the cell membrane. The bilayer detaches from

the cytoskeleton and bulges outward under osmotic pressure.

The blebbed, fluidized membrane alters the function of ion channels within it since

the channels’ kinetics are influenced by interactions with cytoskeletal proteins as well

as by the surface tension and deformation imparted to them by the stretched bilayer.

For example, sodium channels such as NaV1.6 are integral membrane proteins; they

are embedded in the bilayer, passing through it several times along their length as if

threaded by a needle (Figure 3.4).

This structural damage shifts the “𝑤” term in Equation (3.20) such that more chan-

nels are in the open state at the neuron’s homeostatic resting potential, leading to

an increased “window conductance” to sodium ions at 𝑉rest [8]. Consequently, a

persistent depolarizing “window current” enters the cell through its left-shifted NaV

channels—see caption of Figure 4.1, below.
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Figure 2.8: Structure of voltage-gated ion channels. Voltage sensors open activation
gate and allow selective ions to flow through the channel according to their electro-
chemical gradients. The inactivation gate blocks the channel (modified from Armstrong
and Hille 1998).
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Figure 2.9: The activation function m1(V ) and the time constant ø(V ) of the fast
transient K+ current in the layer 5 neocortical pyramidal neurons (modified from Ko-
rngreen and Sakmann 2000).
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Figure 4.1: Coupled Left-Shift (𝐶𝐿𝑆) model of neuronal injury. The dashed
vertical line indicates the neuron’s resting potential (𝑉rest). The activation 𝑚 and
inactivation (or, availability) ℎ of voltage-gated sodium channels are functions of the
membrane voltage 𝑉, but when damaged they do not see the true 𝑉. Healthy (or, intact)
channel kinetics are plotted in green. Damaged channels (plotted in red) react to
𝑉 as healthy channels would to ෥𝑉 = 𝑉 + 𝐿𝑆. In other words, the gating properties
of the channels affected by 𝐶𝐿𝑆 are left-shifted by 𝐿𝑆 millivolts: 𝑚 = 𝑚(𝑉 + 𝐿𝑆, 𝑡),
ℎ = ℎ(𝑉 + 𝐿𝑆, 𝑡). Note: The markedly increased NaV conductance at 𝑉rest in the
lower plot—due to left-shift—creates a self-generated depolarizing window current in
the neuron.

The 𝐶𝐿𝑆 model gets its name from the fact that,

𝑚 and ℎ move to
the left together
along the voltage
axis; hence the term
Coupled Left-Shift
(𝐶𝐿𝑆). See
Figure 4.1.

in the scenario described above, ex-

periments [56] show that the activation and availability of the injured sodium channels—

denoted 𝑚(𝑉, 𝑡) and ℎ(𝑉, 𝑡), respectively—are “coupled” in their response to cellular

damage. They exhibit roughly the same hyperpolarizing shift (left-shift, denoted ‘𝐿𝑆’)

in their voltage-dependent kinetics (illustrated in Figure 4.1).
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4.2.2 𝐶𝐿𝑆 renders neurons hypersensitive and hyperexcitable

In neuroscience,
Hypersensitivity
and
hyperexcitability are
not entirely distinct
concepts. There is
significant overlap in
their usage, and the
definitions provided
in the paragraph to
the left are not
universal.

𝐶𝐿𝑆-induced window current (introduced above) can render the neuron hypersen-

sitive (i.e. decreased threshold or exaggerated response to ordinary stimuli) and

hyperexcitable (i.e. spontaneous, unstimulated action potentials and ectopic dis-

charge). Both phenomena can include excitotoxic high-frequency spiking, which is

potentially lethal to the cell.

Under mild 𝐶𝐿𝑆 damage, the model node of Ranvier can remain quiescent and si-

multaneously become hypersensitive to external stimuli. In that regime, where 𝐴𝐶

multiplies 𝐿𝑆 to produce only a subthreshold window current, no appreciable change

occurs in the membrane potential (aside from transient spiking if 𝐿𝑆 and 𝐴𝐶 are

increased abruptly).

The neuron thus appears unaffected by the left-shifted NaV channels in its membrane

—until it is stimulated (see Figure 4.2). Then we observe that much less injected

current is needed to initiate firing, and the neuron—though it was quiescent—exhibits

a hypersensitive response (a burst of high-frequency action potentials).

The damage to individual channels need not be mild for the (𝐴𝐶, 𝐿𝑆) combination to

constitute mild 𝐶𝐿𝑆: Even if the affected channels themselves are severely left-shifted

(e.g. 𝐿𝑆 ≳ 15mV) and produce significant per-channel window currents, there may

still be too few of them (𝐴𝐶 ≪ 1) to allow for spontaneous action potentials (see

Figure 4.4).

To summarize the preceding description of hypersensitivity, compare:

(I) Figure 4.3, which shows the subthreshold response of a healthy cell (𝐴𝐶 = 0) to

a 1.0μA/cm2 current pulse (no action potentials), and
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(II) Figure 4.2, which shows the hypersensitive response—tonic firing—of the same

cell to a twenty-times weaker pulse (𝐼stim = 0.05μA ∕ cm2) when all its NaV

channels are affected by relatively mild left-shift: (𝐴𝐶 = 1, 𝐿𝑆 = 1.75mV).

Hyperexcitability in the 𝐶𝐿𝑆 model—e.g. the ectopic regimes with spontaneous (un-

stimulated) action potentials in Figure 4.4—is demonstrated in Figure 4.8 (bursting,

page#117) and Figure 4.9 (tonic firing, page#118).

Figure 4.2: Quiescent, injured neuron: (𝐴𝐶 = 1, 𝐿𝑆 = 1.75mV). Hypersen-
sitive response to stimulation when the neuron’s voltage-gated sodium
channels have sustained relatively mild 𝐶𝐿𝑆 damage. The stimulating cur-
rent density (lower plot) is 𝐼stim = 0.05μA ∕ cm2, one-twentieth the amplitude of the sub-
threshold pulse in Figure 4.2. This configuration of the model maps to the purple
region—labelled “Quiescent (Hypersensitive)” on the right-hand side of Figure 4.4—
just below the blue (spontaneous periodic bursting) regime. Note: The initial burst
at 𝑡 = 0 is a transient response to the suddenly applied left-shift (𝐿𝑆), after which the
neuron was able to restore equilibrium. The second burst was caused by the square
current pulse shown in the lower plot.
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Miniature copy of
Figure 4.2:

Full-size figure on
page#104.

Figure 4.3: Quiescent, healthy neuron (𝐴𝐶 = 0): The model system’s re-
sponse to subthreshold stimulus in the absence of any 𝐶𝐿𝑆 damage. Since
the fraction of 𝐴ffected 𝐶hannels (𝐴𝐶) is zero, 𝐿𝑆 has no effect. In the regime dia-
gram of the 𝐶𝐿𝑆 model (Figure 4.4), this damage-free condition maps to the origin.
The stimulating current density (amplitude of the square pulse in the lower plot) is
𝐼stim = 1.0μA ∕ cm2. Compare with Figure 4.2—in which the injected current
pulse is twenty times weaker than it is here—where due to 𝐶𝐿𝑆 damage, a hyper-
sensitive response (tonic spiking) is observed.
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4.3 Ectopic regimes – Section 10: Joós, Barlow, and Morris
(2017)

Depending on the severity of 𝐶𝐿𝑆, neurons may become hypersensitive (Figure 4.2) or

hyperexcitable—emitting spontaneous bursts (Figure 4.8, Figure 4.11) or firing toni-

cally (Figure 4.9, Figure 4.14) without any external stimulation. The severity and

character of the ectopic spiking patterns resulting from 𝐶𝐿𝑆 depend on the degree of

left-shift (𝐿𝑆, more millivolts being worse) and the fraction of NaV channels that are

affected (Affected Channels, 𝐴𝐶). The variables 𝐿𝑆 and 𝐴𝐶 produce a regime diagram

(Figure 4.4) of altered neuronal activity, excitability, and shifted steady-states [8],

which we have mapped out in detail [28].

Figure 4.4 delineates the boundaries between quiescent and spontaneously spiking

regimes in the 𝐶𝐿𝑆 model. The key boundaries for this thesis are those marking the

transitions from the regime labelled ‘Quiescent (Hypersensitive)’ to the ‘Spontaneous

Periodic Bursting’ regime, and then from the latter regime into ‘Spontaneous Tonic

Firing’.

Ectopic spiking may persist even after injured neurons have had time to repair their

blebbed membranes, since experiments show that 𝐶𝐿𝑆 does not reverse after transient

membrane stretching [56]. The resulting pathological depolarizing inward sodium

current continually stresses the neuron’s ability to maintain healthy ion concentra-

tions via its Na+/K+ pumps. This 𝐶𝐿𝑆-induced window current is also metabolically

stressful to the damaged neuron since ion pumping is a major source of its adeno-

sine triphosphate (ATP) consumption. A factor which may mitigate cell loss from

excitotoxic firing (modelled by 𝐶𝐿𝑆) is the turnover of sodium channels: Membrane

proteins tend to turn over on a timescale of days [13], however, ectopically spiking

neurons may perish in the hours following a stroke.
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Figure 4.4: Regime diagram of the 𝐶𝐿𝑆 model of neuronal damage—a single-
compartment model exhibiting multiple excitotoxic spiking behaviours.
This diagram is published as Fig. 8 in Joós, Barlow, and Morris [28], which is included
as an appendix (page#282). 𝐴𝐶 denotes the fraction of the total number of NaV
channels in the membrane that are left-shifted (𝐴ffected 𝐶hannels, 𝐴𝐶 ∈ [0, 1]), and
𝐿𝑆 is the per-channel severity of the left-shift (see Figure 4.1). Illustrative voltage
traces of ectopic bursting, tonic firing, and mini-bursts are provided in Figures 4.8,
4.9 and 4.11.
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The regime diagram of 𝐶𝐿𝑆 (Figure 4.4, above) is altered significantly by temperature

effects, and our modelling has shown that modest cooling may be neuroprotective

since a few ℃ may suppress pathological spiking long enough to allow the cells to

heal. Temperature effects are modelled in Barlow, Joós, Trinh, and Longtin

(2018) [2] (see Section 5.3).

Dynamical analysis performed by Yu, Morris, Joós, and Longtin [58] revealed that

these transitions are instances of subcritical and supercritical Hopf bifurcations (see

Fig. 7 of Joós, Barlow, and Morris [28] on page #298).

4.3.1 Dynamical systems theory

(A note to readers wishing to skip this mini-introduction to dynami-

cal systems theory: The discussion of ectopic regimes resumes in Sec-

tion 4.3.7: Bifurcations observed in the 𝐶𝐿𝑆 model on page#116.)

To understand the spontaneous ectopic firing patterns in the 𝐶𝐿𝑆 model, which

are mapped in Figure 4.4, we must think in terms of bifurcation diagrams. Yu,

Morris, Joós, and Longtin [58] performed a dynamical analysis of the standard node

of Ranvier 𝐶𝐿𝑆 model from [8], including the effects of malfunctioning electrogenic

pumps. Before discussing the results of that analysis we will introduce the necessary

elements of dynamical systems theory (DST).

4.3.2 Attractors, repellers, fixed points, and limit cycles

The following section is based on Izhikevich [26], Ermentrout and Terman [15] and

Strogatz [54].

The full repertoire of electrical activity that, e.g., a pyramidal neuron is capable of,

with its active dendrites, adaptive morphology, and tens of thousands of synapses,

is simply unknown. Complicated as pyramidal neurons (and other neurons) may
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be, their axons are comparatively simple. Ultimately, the orchestra of somatoden-

dritic currents produces one-dimensional output—in the form of action potentials

(spikes)—which the axon conveys to other neurons.

Axonal spiking patterns are much easier to understand since, unlike the activity in

the dendrites, APs can be observed at a single point, distal to the soma.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
For example, grey
matter in the cerebral
cortex includes
dendro-dendritic
synapses, which may
allow an entirely
separate level of
computation that is
independent of the
axon.

Patterns of

action potentials can be classified without understanding the biological events that

give rise to them [26].

The spiking patterns that we will seek to describe in this section correspond to

action potentials rather than the spatiotemporal patterns of dendritic computation.

In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and spontaneous

tonic spiking. Dynamical systems theory can describe these patterns and classify the

transitions (bifurcations) that occur as the model switches from one spiking pattern

to another.

It is necessary to introduce some notation—in particular, the meaning of filled (•)

and open (○) circles, which indicate stable and unstable equilibria (respectively) in

phase space. Consider a one-dimensional dynamical system:

A fixed point in a
one-dimensional
system is any point
where 𝐹(𝑉) = 0.

𝑉̇ = 𝐹(𝑉), (4.2)

where 𝑉̇ denotes the derivative of 𝑉 with respect to time, and 𝐹(𝑉) is sketched in

Figure 4.5. At both fixed points (equilibria) in that figure 𝐹(𝑉) = 0, by defini-

tion.
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521

12 Introduction
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node saddle saddle-node
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saddle-node bifurcation

subcritical Andronov-Hopf bifurcation

supercritical Andronov-Hopf bifurcation
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521

12 Introduction
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saddle-node bifurcation
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supercritical Andronov-Hopf bifurcation
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)

96

Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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Figure 5.5: Phase portrait of a one-dimensional dynamical system with
stable (•) and unstable (○) fixed points.

The fixed point (•) on the left in Figure 5.5 is a stable equilibrium since, nearby1779

that point, when 𝑉 < 𝑉̃•, 𝑉̇ is positive (𝑉 is increasing toward the fixed point), and1780

likewise, when 𝑉 > 𝑉̃•, 𝑉̇ is negative (𝑉 is decreasing and moves toward the fixed1781

point).1782

Conversely, the only way for the system to stay at the fixed point (○) on the right1783

is to begin exactly at 𝑉 = 𝑉̃○. This fixed point is an unstable equilibrium since, in1784

the vicinity of the point, 𝑉̇ is negative when 𝑉 < 𝑉̃○ and positive when 𝑉 > 𝑉̃○ (𝑉 is1785

moving away from ○ whenever 𝑉 ≠ 𝑉○).1786

The above can be summarized as follows: In a one-dimensional dynamical system, a1787

fixed point 𝑉̃ is stable if 𝒹
𝒹𝑉
𝐹(𝑉)ቤ

𝑉=𝑉̃

< 0. At this point, Izhikevich [23] introduces1788

eigenvalues, not because it is necessary for the one-dimensional case, but because1789

eigenvalues will be used to evaluate the stability of equilibria in two-dimensional (and1790

higher) dynamical systems. In one-dimensional systems, we can write the eigenvalue1791

𝜆 at a fixed point as the slope1792

𝜆 =
𝒹
𝒹𝑉

𝐹(𝑉)ቤ
𝑉=𝑉̃

. (5.2)
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𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521

12 Introduction
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED L�o CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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𝑉1514

In dynamical systems theory, a bifurcation occurs when the variation of some param-1515

eter produces a qualitative change in the behaviour of the system. The parameter1516

being varied is called a #B7m`+�iBQM T�`�K2i2` if it can be used to effect such a change.1517

In the 𝐶𝐿𝑆 model, the H27i@b?B7i (𝐿𝑆) of the voltage-gated sodium channel (Nao) ac-1518

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1519

value of 𝐴𝐶 (the proportion of affected channels).1520

4.3.4 Subcritical Hopf bifurcation1521

12 Introduction
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saddle-node bifurcation
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supercritical Andronov-Hopf bifurcation

(a)

(b)

(c)

(d)

sp
ik

in
g

lim

it
cy

cle

spiking limit cycle attra
cto

r

un

sta
ble

re
co

ve
ry

potential

Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.5: Phase portrait of a subcritical Andronov-Hopf bifuraction. This is the bifurcation
that occures at the points marked “HB” in Fig. 7 of [22] (see page O250). In the upper-left, the system
is bistable, having a stable fixed point and a stable limit cycle. On the other side of the bifurcation
(upper right), the system has left the bistability regime, and now has only a stable (spiking) limit
cycle. Below the overbrace, the shrinking amplitude of the inner unstable limit cycle is depicted as
it collapses onto the stable fixed point during the bifurcation, leaving behind an unstable fixed point.
(Graphic inspired by Figure 1.12 of Izhikevich [20].)
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is simply unknown. Complicated as pyramidal neurons (and other neurons) may be,1495

they still have axons.

Although neurons
send action
potentials down their
axons, there is no
claim here that
axonal action
potentials are the
sole form of output
neurons generate.
e.g.: grey matter in
the cerebral cortex
inludes
dendro-dendritic
synapses, and these
may allow an entirely
separate level of
computation that is
independent of the
axon.

Ultimately, the orchestra of somatodendritic currents produces1496

one-dimensional output—in the form of action potentials (spikes)—and that output1497

is conveyed to other neurons by the axon.1498

Axonal spiking patterns are much easier to understand since, unlike the activity1499

in the dendrites, APs can be observed at a single point, distal to the soma. The1500

patterns of action potentials can be classified without understanding the biological1501

events that give rise to them.1502

The spiking patterns that we will seek to describe in this section correspond to action1503

potentials. In the 𝐶𝐿𝑆 model, we observe quiescence, spontaneous bursting, and1504

spontaneous tonic spiking. Dynamical systems theory can describe these patterns1505

and the transitions (bifurcations) that give rise to them.1506

The following section is based on Izhikevich [20] and Ermentrout and Terman [11].1507

A two-dimensional dynamical system can be written as1508

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.1)

where 𝑥̇ is the time-derivative of 𝑥. For1509

4.3.3 Define bifurcation1510

•To do: Define “bifurcation”1511

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1512

low).1513

(̇𝑉) = 𝐹(𝑉) (4.2)
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Figure 4.5: Stable (•) and unstable (○) fixed points.

stable unstable1513

4.3.3 Define bifurcation1514

•To do: Define “bifurcation”1515

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1516

low).1517

𝑉̇ = 𝐹(𝑉) (4.3)

In dynamical systems theory, a bifurcation occurs when the variation of some param-1518

eter produces a qualitative change in the phase portrait of the system. The parameter1519

being varied is called a bifurcation parameter if it can be used to effect such a change.1520

In the 𝐶𝐿𝑆 model, the left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) ac-1521

tivation and availability kinetics can serve as a bifurcation parameter, at some fixed1522

value of 𝐴𝐶 (the proportion of affected channels).1523

4.3.4 Subcritical Hopf bifurcation1524
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Figure 5.5: Phase portrait of a one-dimensional dynamical system with
stable (•) and unstable (○) fixed points.

The fixed point (•) on the left in Figure 5.5 is a stable equilibrium since, nearby1779

that point, when 𝑉 < 𝑉̃•, 𝑉̇ is positive (𝑉 is increasing toward the fixed point), and1780

likewise, when 𝑉 > 𝑉̃•, 𝑉̇ is negative (𝑉 is decreasing and moves toward the fixed1781

point).1782

Conversely, the only way for the system to stay at the fixed point (○) on the right1783

is to begin exactly at 𝑉 = 𝑉̃○. This fixed point is an unstable equilibrium since, in1784

the vicinity of the point, 𝑉̇ is negative when 𝑉 < 𝑉̃○ and positive when 𝑉 > 𝑉̃○ (𝑉 is1785

moving away from ○ whenever 𝑉 ≠ 𝑉○).1786

The above can be summarized as follows: In a one-dimensional dynamical system, a1787

fixed point 𝑉̃ is stable if 𝒹
𝒹𝑉
𝐹(𝑉)ቤ

𝑉=𝑉̃

< 0. At this point, Izhikevich [23] introduces1788

eigenvalues, not because it is necessary for the one-dimensional case, but because1789

eigenvalues will be used to evaluate the stability of equilibria in two-dimensional (and1790

higher) dynamical systems. In one-dimensional systems, we can write the eigenvalue1791

𝜆 at a fixed point as the slope1792

𝜆 =
𝒹
𝒹𝑉

𝐹(𝑉)ቤ
𝑉=𝑉̃

. (5.2)
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Figure 4.5: Phase portrait of a one-dimensional dynamical system with one
stable (•) and one unstable (○) fixed point.

The fixed point (•) on the left in Figure 4.5 is a stable equilibrium since, nearby that

point, when 𝑉 < 𝑉̃•,
𝑉̇

ᇩᇪᇫ𝐹(𝑉) is positive (𝑉 is increasing toward the fixed point), and

likewise, when 𝑉 > 𝑉̃•, 𝐹(𝑉) is negative (𝑉 is decreasing and moves toward the fixed

point).

Conversely, the only way for the system to stay at the fixed point (○) on the right

is to begin exactly at 𝑉 = 𝑉̃○. This fixed point is an unstable equilibrium since, in the

vicinity of the point, 𝐹(𝑉) is negative when 𝑉 < 𝑉̃○ and positive when 𝑉 > 𝑉̃○ (𝑉 is

moving away from ○ whenever 𝑉 ≠ 𝑉̃○).

The above can be summarized as follows: In a one-dimensional dynamical system, a

fixed point 𝑉̃ is stable if 𝒹
𝒹𝑉
𝐹(𝑉)ቤ

𝑉=𝑉̃

< 0. At this point, Izhikevich [26] introduces

eigenvalues, not because it is necessary for the one-dimensional case, but because

eigenvalues will be used to evaluate the stability of equilibria in two-dimensional (and

higher) dynamical systems. In one-dimensional systems, we can write the eigenvalue

𝜆 at a fixed point as the slope

𝜆 =
𝒹
𝒹𝑉

𝐹(𝑉)ቤ
𝑉=𝑉̃

. (4.3)
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If 𝜆 is negative, the fixed point is stable (see Figure 4.5).

A limit cycle is an
isolated closed
periodic orbit in
the phase plane.

Ectopic spiking such as tonic firing manifests in the phase plane as a limit cycle. One-

dimensional systems on the real axis (𝑉 ∈ ℝ) cannot produce limit cycles (spiking), so

we will need to look at two-dimensional dynamical systems and their equilibria.

A two-dimensional dynamical system can be written as

For example, in the
Morris-Lecar model,
the phase plane
(phase space) is the
(𝑉, 𝑛)–plane, and we
would write:
൝
𝑉̇ = 𝑓(𝑉, 𝑛)
𝑛̇ = 𝑔(𝑉, 𝑛).

⎧

⎨
⎩

𝑥̇ = 𝑓(𝑥, 𝑦)

𝑦̇ = 𝑔(𝑥, 𝑦),
(4.4)

where 𝑥̇ is the time-derivative of 𝑥. The phase space is the 𝑥𝑦–plane, trajectories are

solutions ൫𝑥(𝑡), 𝑦(𝑡)൯ and the velocity vector at a given point (𝑥1, 𝑦1) = ൫𝑥(𝑡1), 𝑦(𝑡1)൯

along a trajectory is ൫𝑓(𝑥1, 𝑦1), 𝑔(𝑥1, 𝑦1)൯.

That last point deserves some emphasis: at every point in the phase plane, the

velocity (and therefore the direction) of the time-evolution of the model is uniquely

determined by the coordinates (𝑥, 𝑦) via the functions 𝑓(𝑥, 𝑦) and 𝑔(𝑥, 𝑦). The

functions 𝑓 and 𝑔 describe a vector field 𝐹⃗(𝑥, 𝑦) = 𝑓(𝑥, 𝑦)𝑥̂ + 𝑔(𝑥, 𝑦)𝑦̂ in the phase

plane, and trajectories that are solutions of the system (Equation (4.4)) are tangent

to 𝐹⃗.

Equilibria (fixed points) are found by computing the nullclines of the system—i.e.

the two curves defined by 𝑥̇ = 0ᇣᇧᇤᇧᇥ
𝑓=0

and 𝑦̇ = 0ᇣᇧᇤᇧᇥ
𝑔=0

—and finding points where they intersect

(𝑥̇ = 𝑦̇ = 0). The equilibria can be classified, and their stability determined, via the

eigenvalues (𝜆1, 𝜆2) of the Jacobian matrix 𝑀, which must be computed at each fixed

point (𝑥̃, 𝑦̃):
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𝑀(𝑥̃, 𝑦̃) = ൮
𝜕𝑓
𝜕𝑥

𝜕𝑓
𝜕𝑦

𝜕𝑔
𝜕𝑥

𝜕𝑔
𝜕𝑦

൲ተ
𝑥=𝑥̃
𝑦=𝑦̃

⎧
⎪

⎨
⎪
⎩

𝜆1,2 =
1
2
ቀ𝜏 ± √𝜏2 − 4Δቁ

𝜏 = (𝜆1 + 𝜆2)ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
trace of 𝑀

, Δ = 𝜆1𝜆2ᇣᇧᇧᇤᇧᇧᇥ
determinant of 𝑀

.
(4.5)

⎧
⎪

⎨
⎪
⎩

𝜆1, 𝜆2 ∈ ℝ and 𝜆1 × 𝜆2 < 0 ⟵ saddle

𝜆1, 𝜆2 ∈ ℝ and 𝜆1 × 𝜆2 > 0 ⟵ node

𝜆2 = 𝜆∗1 ⟵ focus (spiral).

(4.6)

In 2-D systems, equilibria can exhibit a rotational component, which occurs when the

eigenvalues of the Jacobian have a nonzero imaginary part: ℑ(𝜆) ≠ 0. The equilibria

listed in Equation (4.6) are stable if ℜ(𝜆1), ℜ(𝜆2) < 0. A detailed introduction to

dynamical systems theory can be found in Izhikevich [26, Chapters 3 and 4] and

Strogatz [54].

4.3.3 Bifurcations of nodes and limit cycles

In dynamical systems theory, a bifurcation occurs when the variation of some pa-

rameter produces a qualitative change in the system’s phase portrait. A parameter

that can effect such a change is called a bifurcation parameter. In the 𝐶𝐿𝑆 model, the

left-shift (𝐿𝑆) of the voltage-gated sodium channel (NaV) activation and availability

kinetics can serve as a bifurcation parameter with 𝐴𝐶—the proportion of affected

channels—held constant (see Fig. 2(J-K-L) in [58]).

Limit cycles are (isolated) periodic solutions to Equation (4.4), such that ൫𝑥(𝑡 +

𝑇lc), 𝑦(𝑡+𝑇lc)൯ = ൫𝑥(𝑡), 𝑦(𝑡)൯, where 𝑇lc is the period of the oscillation. They appear

as a result of bifurcations wherein a stable equilibrium point becomes unstable in

response to the variation of one or more parameters in the dynamical system. The
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tonic spiking exhibited by the 𝐶𝐿𝑆 model above a certain value of 𝐼MaxPump is an

example of a limit cycle (see Fig. 3(D) [58]).

4.3.4 Hopf bifurcation

Hopf bifurcations—which describe the onset of tonic firing and bursts in the 𝐶𝐿𝑆

model—are characterized by the emergence or vanishing of a limit cycle. In a Hopf

bifurcation, the system begins with a pair of complex-conjugate eigenvalues,

𝜆2 = 𝜆∗1, (4.7)

that is,
⎧

⎨
⎩

ℜ(𝜆1) = ℜ(𝜆2) = 𝜇,

ℑ(𝜆2) = −ℑ(𝜆1) = ±𝓲𝜔. (4.8)

The 𝜆’s are computed from the local Jacobian (Equation (4.5)) near the bifurca-

tion, which occurs at 𝜇 = 0. When crossing this bifurcation, the real parts of the

Jacobian’s complex-conjugate eigenvalues vanish—that is, the eigenvalues become

purely imaginary (𝜆1, 𝜆2) ⟶ ൫ℑ(𝜆1), ℑ(𝜆2)൯—and then the real parts change sign

(see Equation (4.6)).

Having introduced stable and unstable fixed points in one-dimensional systems (see

Figure 4.5), the same notation is extended below in Figure 4.6 and Figure 4.7 to de-

pict (respectively) a supercritical and a subcritical Hopf bifurcation in a two-dimensional

dynamical system: Filled circles (•) and open circles (○) indicate (respectively) sta-

ble and unstable equilibria. The closed-loop trajectories drawn with a solid line are

stable limit cycles (attractors), and the loops drawn with a dashed line are unstable

limit cycles (repellers).
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4.3.5 Supercritical Hopf bifurcation

A supercritical Hopf bifurcation is a soft transition where the amplitude of the new

limit cycle can be arbitrarily small, growing (when near the bifurcation) as the square

root of the system’s distance from the bifurcation point (HB) when the bifurcation

parameter is just above HB.
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.
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Figure 4.6: Phase portrait of a supercritical Andronov-Hopf bifurcation. This is the bifurcation
that occurs at the point marked “HB” on the right in Fig. 2(L) of Yu, Morris, Joós, and Longtin [58],
wherein 𝐿𝑆 is the bifurcation parameter, and in Fig. 3(D) of the same paper, which uses 𝐼MaxPump as
a bifurcation parameter. (Graphic inspired by Figure 1.12 of Izhikevich [26].)

4.3.6 Subcritical Hopf bifurcation

The subcritical Hopf bifurcation is an abrupt transition, where a finite-amplitude

limit cycle appears suddenly rather than the amplitude increasing smoothly from

zero, as in the supercritical case.
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Figure 1.12: Four generic (codimension-1) bifurcations of an equilibrium state leading
to the transition from resting to periodic spiking behavior in neurons.

CHAPTER 4. CALCULATING THE CONSEQUENCES OF LEFT-SHIFTED NaV CHANNEL ACTIVITY
IN SICK EXCITABLE CELLS 4.3. REGIME DIAGRAM – JOÓS, BARLOW, AND MORRIS (2017)

4.3.1 𝐶𝐿𝑆–induced bifurcations and dynamical systems theory1469

To understand the spontaneous ectopic firing patterns in the 𝐶𝐿𝑆 model we must1470

think in terms of bifurcation diagrams. Yu, Morris, Joós, and Longtin [45] performed1471

a dynamical analysis of the standard node of Ranvier 𝐶𝐿𝑆 model from [6], including1472

the effects of malfunctioning electrogenic pumps.1473

They provide bifurcation diagrams at three different levels of analysis. At the first1474

level, 𝐿𝑆 is the bifurcation parameter and we observe its effects manifested as firing1475

patterns via 𝑉(𝑡). At the second level, is the bifurcation parameter, and the ampli-1476

tude and firing frequency are plotted as the maximal pump current is increased. At1477

the third level, there are two bifuraciton patterns 𝐸Na+ and 𝐸K+ , they are plotted in1478

a three dimensional phase space along with 𝑉.1479

• At the onset of bursting, is easily indentified as a subcritical Hopf/fold bifur-1480

cation where and as bifurcation parameters. See1481

Figure 4.4 delineates the boundaries between quiescent and spontaneously spiking1482

regimes in the 𝐶𝐿𝑆 model. The key boundaries for the purpose of this thesis are1483

those marking the transitions from the regime labelled ‘Quiescent (Hypersensitive)’1484

to the ‘Spontaneous Periodic Bursting’ regime, and then from the latter regime into1485

‘Spontaneous Tonic Firing’.1486

Dynamical analysis performed by Yu, Morris, Joós, and Longtin [45] revealed that1487

these transitions are instances of subcritical and supercritical Hopf bifurcations (see1488

Fig. 7 of Joós, Barlow, and Morris [21] on page #249).1489

4.3.2 Define bifurcation1490

•To do: Define “bifurcation”1491

•To do: define key bifurcations observed in 𝐶𝐿𝑆 model (be-1492
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Figure 4.7: Phase portrait of a subcritical Andronov-Hopf bifurcation. This is the bifurcation
that occurs at the points marked “HB” in the 𝐶𝐿𝑆 model with Na+/K+–pumps, shown in Fig. 7 of
[28] (included on page #298). This phase portrait sketch would be perpendicular to the screen in those
bifurcation diagrams. Moving left to right in the sketch above, one can see why a subcritical Hopf
bifurcation is abrupt: Once the formerly stable node becomes a repeller due to the unstable limit cycle
collapsing onto it, the system must “’jump” to the stable limit cycle.

In the upper-left of Figure 4.7, the system is bistable, having a stable fixed point

(•) encircled by a stable limit cycle (attractor) at the outside with an unstable limit

cycle (repeller) sandwiched between the two. On the other side of the bifurcation

(upper-right), the system has left the bistability regime and now has only a stable

(spiking) limit cycle. Below the overbrace, the shrinking amplitude of the inner

unstable limit cycle is depicted as it collapses onto the stable fixed point during the

bifurcation, leaving behind an unstable fixed point. (Graphic inspired by Figure 1.12

of Izhikevich [26].)
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4.3.7 Bifurcations observed in the 𝐶𝐿𝑆 model

In the bifurcation diagrams of the 𝐶𝐿𝑆 (Coupled Left-Shift) model with pumps—

Fig. 7 of Joós, Barlow, and Morris [28] on page #298 in Appendices, originally

Fig. 5 of Yu, Morris, Joós, and Longtin [58]—the three-dimensional burst trajectory

(Fig. 7A) is mapped onto a two-dimensional cross-section with 𝐸Na+ as the control

parameter. Filled circles indicate where the stable limit cycle pierces the cross section

(Figs. 7B and 7C) and open circles correspond to unstable limit cycles in the same

manner.

At the onset of bursting, the bifurcation diagram includes a textbook example of a

subcritical Hopf bifurcation and fold of limit cycles2 (Fig. 7B). By the end of the

burst (“bursting offset”, Fig. 7C), the Nernst potentials (𝐸Na+ , 𝐸K+) have diminished,

and the phase portrait has changed considerably.

Through their bifurcation analysis, Yu et al. [58] demonstrated that the maximal

pump current induces a supercritical Hopf bifurcation in the 𝐶𝐿𝑆 model. If con-

centrations, and therefore Nernst potentials, are held fixed—meaning no slowly os-

cillating state due to the homeostatic electrogenic pump current interacting with

the membrane current—tonic spiking also results from a subcritical Hopf bifurcation

when 𝐿𝑆 is the control parameter.

They found that bursting (Figure 4.8, below) results from slow oscillations in the

sodium and potassium Nernst potentials—limited by the intracellular sodium and

extracellular potassium concentrations’ response to the pump and voltage-gated ion

currents—which create a dynamic threshold, driving the model back and forth across

a subcritical Hopf bifurcation. The bursting begins with a Hopf bifurcation into tonic

spiking, and the homeostatic response drives the system back down into a resting

state.

2also called a saddle-node of limit cycles

116



4 Left-shifted NaV Channel Activity in Sick Excitable Cells 4.3 Joós, Barlow, and Morris (2017)

Figure 4.8: — Hyperexcitable: 𝐿𝑆 = 3.0mV, 𝐴𝐶 = 1 – spontaneous bursting in
the 𝐶𝐿𝑆 model. The damage parameters—or 𝐶𝐿𝑆 coordinates in Figure 4.4—are
(𝐴𝐶, 𝐿𝑆) = (1, 3.0mV). The burst cycle is robust to perturbations by injected current,
resuming shortly after the end of the pulse. (See the blue regime in Figure 4.4
legended “Spontaneous Periodic Bursting”.)
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While the onset of bursting was characterized as a subcritical Hopf bifurcation, by

the time of burst offset, the depletion of 𝐸Na+ and 𝐸K+ , along with concomitant

changes to [Na+]in and [K+]out, which govern 𝐼pump , cause the burst-offset bifurcation

to be much more complex. The precise dynamics of burst termination were not

fully characterized, though there was evidence of period-doubling cascades leading

to chaos.

Figure 4.9: Hyperexcitable: Spontaneous tonic firing in the 𝐶𝐿𝑆 model
at 𝐿𝑆 = 10.0mV, 𝐴𝐶 = 1 (see the orange regime in Figure 4.4 legended
“Spontaneous Tonic Firing”). The constant ectopic spiking is interrupted by
the square pulse of electrode current at 𝑡 = 200ms (lower plot).

During tonic firing (Figure 4.9) and in quiescent states, a balance is achieved between

the electrodiffusion-driven transmembrane currents—Na+ and K+ ions traversing the

membrane through open voltage-gated channels and leaks—and the Na+/K+ pump
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current (active transport). During bursting, no such cycle-to-cycle balance between

the two ion flows occurs. Instead, the system oscillates back and forth across a

subcritical Hopf bifurcation (defined in Section 4.3.6). With bursting, balance is

achieved on the timescale of the burst frequency, which is much slower than the

spiking frequency in tonic firing or inside a burst.

As demonstrated below in Figure 4.12 (Section 4.3.8), the oscillation of the sodium

concentrations (and therefore 𝐸Na+) is sufficient to achieve bursting. The dynamics

in that figure are similar to the bifurcation diagram with fixed 𝐸K+ in Fig. 7B of

Joós et al. [28] (originally in [58]), which closely resembles a “sub-Hopf/fold cycle”

bifurcation (see [26]). The fold bifurcation is also known as a saddle-node of limit

cycles [54].

Figure 4.12 is unphysical because the sodium and potassium ions share the same

intracellular and extracellular space, and their concentrations are similarly sensitive

to their respective transmembrane currents. Fig. 7C [28] on page#298 (originally

Fig. 5C in [58]) demonstrates that, as all inner and outer concentrations oscillate

during the burst, the variation in 𝐸K+ (simultaneous with 𝐸Na+) significantly com-

plicates the phase diagram at the offset of bursting.

119



4 Left-shifted NaV Channel Activity in Sick Excitable Cells 4.3 Joós, Barlow, and Morris (2017)

Figure 4.10: Inexcitable: Response to intense stimulation when the neuron
has been rendered inexcitable by severe 𝐶𝐿𝑆 damage (𝐿𝑆 = 26mV, 𝐴𝐶 = 1).
The stimulating current density (lower plot) is 𝐼stim = 12.0μA ∕ cm2. Compare
with Figure 4.2, in which a much weaker current pulse (1.0μA∕cm2) was injected,
and the 𝐶𝐿𝑆 damage was comparatively mild. This configuration of the model maps
to the purple region just above the yellow (spontaneous mini-bursts) regime on the
right-hand side of Figure 4.4.
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Figure 4.11: Hyperexcitable: Spontaneous mini-bursts in the 𝐶𝐿𝑆 model.
The damage parameters—or (𝐴𝐶, 𝐿𝑆) coordinates in Figure 4.4—are (𝐴𝐶 = 1, 𝐿𝑆 =
25.0mV). Mini-bursts are robust to perturbations, as demonstrated by the resump-
tion of the pattern following a current pulse at 600s.

4.3.8 Bursting with fixed 𝐸K+

Interestingly, the 𝐶𝐿𝑆 model is able to burst when the potassium concentrations and

𝐸K+ are held fixed, with sodium allowed to fluctuate as before (Figure 4.12). The

bifurcation diagram in Fig. 7B of Joós et al. [28] (originally [58]) corresponds to this

form of bursting.
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Figure 4.12: Hyperexcitable: Bursting persists when the potassium con-
centrations (and therefore 𝐸K+) are held fixed.
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Conversely, when sodium concentrations and 𝐸Na+ are held fixed with potassium

dynamics unaltered, bursting (and spiking) cease, and 𝐿𝑆 damage merely depletes

the potassium concentration gradient and 𝐸K+ .

4.3.9 Bursting with simplified pump dynamics

The specific Michaelis-Menten style pump current in the 𝐶𝐿𝑆 model (expressed in

Equations 3.45 and 3.46) is not required to generate the ectopic bursting and tonic

spiking patterns. It captures the rate-limited enzymatic nature of the Na+/K+ pump

current and its saturation at high ion concentrations, but even with simplified pumps

which fail to saturate, e.g.

The subscript “MM”
is added to 𝐼pump

MM in
Equations 4.9 and
4.10 to denote the
Michaelis-Menten
pump current
(Equation (3.45)) at
resting ion
concentrations with
𝐿𝑆 = 0mV.

𝐼pump
crude = 𝐼pump

MM ቤ
𝑉rest

× ቆ
[Na+]in
[Na+]rest

in
ቇቆ

[K+]out
[K+]rest

out
ቇ , (4.9)

or

𝐼pump
linear = 𝐼pump

MM ቤ
𝑉rest

×
1
2
ቆ
[Na+]in
[Na+]rest

in
+
[K+]out
[K+]rest

out
ቇ , (4.10)

the 𝐶𝐿𝑆 model [28] exhibits the bifurcations from quiescent (hypersensitive) to spon-

taneous periodic bursting (Figure 4.13), and from bursting to spontaneous tonic

spiking (Figure 4.14).
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Miniature copy of
Figure 4.8:

Full-size figure on
page#117.

Figure 4.13: Spontaneous periodic bursting in the 𝐶𝐿𝑆 model with simplified
Na+/K+ pump from Equation (4.9). Compare with Figure 4.8, which uses
Michaelis-Menten pump kinetics. The damage parameters—or 𝐶𝐿𝑆 coordinates in
Figure 4.4—are 𝐿𝑆 = 3.0mV, 𝐴𝐶 = 1. Note that the modified pump will likely distort
the boundaries in the regime diagram, however we do not have such a map for this
system.

124



4 Left-shifted NaV Channel Activity in Sick Excitable Cells 4.3 Joós, Barlow, and Morris (2017)

Miniature copy of
Figure 4.9:

Full-size figure on
page#118.

Figure 4.14: Spontaneous tonic firing in the 𝐶𝐿𝑆 model with simplified
Na+/K+ pump from Equation (4.9). The 𝐶𝐿𝑆-damage parameters are 𝐿𝑆 =
10.0mV and 𝐴𝐶 = 1. Compare with Figure 4.9, which uses Michaelis-Menten pump
kinetics.
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The Coupled Left-shift (𝐶𝐿𝑆) model captures injury-induced hypersensitivity and hy-

perexcitability via experimentally observed changes in the gating properties of NaV

channels in damaged cell membranes Wang et al. [56], Boucher et al. [8] (see Fig-

ure 4.1 and Section 4.2). The parameter 𝐿𝑆 (“left-shift” in mV) is the hyperpolarizing

shift of injured NaVs’ activation and availability, and 𝐴𝐶 corresponds to the fraction of

sodium channels that are damaged.

𝐶𝐿𝑆 induces high-frequency ectopic discharge, initially manifesting as periodic bursts

of action potentials, followed by tonic firing. In all the 𝐿𝑆-versus-𝐴𝐶 plots, the lower

ectopic boundary is where a previously quiescent, hypersensitive node abruptly be-

gins emitting repeated trains of self-triggered action potentials, forming characteristic

bursting patterns (Figure 4.15).
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Intracellular and
extracellular Na+ and
K+ concentrations
fluctuate in response
to the ectopic burst
currents, showing the
load on the Na+/K+

pumps.

Figure 4.15: Onset of bursting in the 𝐶𝐿𝑆 model with ramped left-shift. In
this simulation, all NaV channels in the node were left-shifted (𝐴𝐶 =1.0).

As the system travels upward through the bursting regime in the (𝐿𝑆, 𝐴𝐶)–plane,

burst duration increases while the inter-burst intervals (IBIs) shorten. Consequently,

the neuron spends ever less time in a quiescent or subthreshold oscillatory state between

high-frequency bursts, culminating in a transition to sustained tonic firing.

As 𝐿𝑆 increases toward the bursting-to-tonic firing boundary, the bursts continue to

lengthen and the IBIs eventually vanish, leaving an unbroken stream of action po-

tentials. The firing frequency during tonic firing at maximum left-shift [56] is approx-

imately double the natural frequency of the intact node (∼ 70Hz) near its threshold

for bursting Boucher, Joós, and Morris 2012 [8].
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Figure 4.16: The transition to tonic firing with a slowly ramped left-shift
𝐿𝑆 = 3.0mV. In this simulation, all NaV channels in the node were left-shifted (𝐴𝐶
=1.0).

Through large batches of simulations like those in Figures 4.15 and 4.16, we traced

the 𝐿𝑆-voltage threshold of spontaneous pathological bursting and tonic firing as

a function of the relative density of damaged channels (𝐴𝐶). The quiescent-to-

bursting and bursting-to-tonic thresholds (or, ‘ectopic boundaries’) are shown below

in Figure 4.17.
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Varying the damage intensity (LS) and fraction of Affected Channels (AC)
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Figure 4.17: Ectopic boundaries in the regime diagram of the 𝐶𝐿𝑆 model with
active transport (i.e. Na+/K pumping and explicit intra- and extracellular ion
concentrations[28]). Note the shorter timescale on the abscissa) top-left plot.
Full diagram in Figure 4.4.

The full regime diagram of the 𝐶𝐿𝑆 model is given in Figure 4.4 (page#107), however,

in Figure 4.17 (above) we focus on the bursting and tonic thresholds since they take

center stage in Chapter 5. As the reader may have noticed, the simulations in

Figures 4.15 and 4.16 had identical 𝐿𝑆 and 𝐴𝐶 yet in the former we see periodic

spontaneous bursting, and in the latter, spontaneous tonic firing. The difference

between these simulation runs is temperature, which is the topic of the next paper

Chapter 5.
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Chapter 5

Cooling reverses pathological
bifurcations to spontaneous firing
caused by mild traumatic injury

This paper was featured as an Editor’s Pick in ‘Chaos: An Interdisciplinary
Journal of Nonlinear Science’ (Barlow, Joós, Trinh, and Longtin [2]).

5.1 Statement of originality and contributions

I co-wrote the text of this paper with my supervisors, Professors Joós and Longtin.

Prof. Longtin drafted the Introduction, and the three of us spent many hours com-

pleting the manuscript in Prof. Joós’ office, sometimes running simulations on de-

mand when we hit a snag in our interpretation of the results.

I designed and wrote the model code, performed the simulations, analyzed the data,

and created all figures. This project gained inertia when I realized that we could

use the 𝐶𝐿𝑆 model to search for temperature-induced changes in the regime diagram

(Figure 4.4). The first question became: Would the lower boundary in Figure 4.4—

which separates the quiescent/hypersensitive regime from the spontaneous bursting

regime in the (𝐴𝐶, 𝐿𝑆) plane—move when the neuron was cooled or heated within

physiological limits?

The 𝐶𝐿𝑆 and 𝑇emperature model (“𝑇‐𝐶𝐿𝑆” model) is discussed below in the paper

(Barlow, Joós, Trinh, and Longtin [2]).
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5.2 Introduction: 𝐶𝐿𝑆 and 𝑇emperature (𝑇‐𝐶𝐿𝑆)

Whereas the 𝐶𝐿𝑆 model was used to investigate pathological firing patterns (ectopic

action potentials) in damaged neurons, in this paper, we approached the matter from

a therapeutic perspective: If damage has occurred, what might be the beneficial (or

detrimental) effects of temperature changes?

Inflammation often accompanies neurological injury, and with it, temperature tends

to increase in the damaged tissue. It is also possible to lower the body temperature

of a patient who has suffered a stroke or other CNS trauma. The 𝐶𝐿𝑆 model, being a

lucid and empirically justified model of injury, may provide some insight into whether

and how cooling can protect neurons from succumbing to excitotoxic processes that

exacerbate the initial mechanical trauma and ischemia. Perhaps cooling could give

the injured cells time to replace their damaged NaV channels by temporarily raising

their ectopic spiking threshold.

In the 𝑇‐𝐶𝐿𝑆 model, temperature sensitivity is added to the 𝐶𝐿𝑆 model via four

“𝑄10” factors ( 𝑄gate, 𝑄Na+ , 𝑄K+ , 𝑄pump ), see Table 5.1. The subscript “10” refers

to a 10℃ temperature change. For example, 𝑄Na+ multiplies the maximal sodium

conductance density (𝑔̄NaV
) as follows:

𝑔̄NaV
⟶ 𝑔̄NaV

× 𝑄(𝑇−𝑇ref)∕10℃
Na+ . (5.1)

That is, the sodium conductance increases by the factor 𝑄Na+ when the temperature

is increased to 10℃ above the ‘reference temperature’ 𝑇ref, and decreases by a factor

of ൬ 1
𝑄Na+

൰ when the temperature is decreased to 10℃ below 𝑇ref. The 𝑄10’s have no

effect when 𝑇 = 𝑇ref.
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Parameter Name Multiplies

𝑄10 for the kinetic constants 𝑄gate = 3.0 ቀ𝒹𝑚
𝒹𝑡
ቁ , ቀ𝒹ℎ

𝒹𝑡
ቁ , ቀ𝒹𝑛

𝒹𝑡
ቁ

𝑄10 for the NaV conductance 𝑄Na+ = 1.4 𝑔̄NaV

𝑄10 for the KV conductance 𝑄K+ = 1.1 𝑔̄KV

𝑄10 for the Na+/K+-pump 𝑄pump = 1.9 𝐼maxpump

Table 5.1: 𝑄10 parameters add temperature sensitivity to the 𝐶𝐿𝑆 model,
and the letter “𝑇” for temperature in “𝑇‐𝐶𝐿𝑆”. See TABLE 1 below in Barlow,
Joós, Trinh, and Longtin [2].

After including temperature sensitivity in the 𝐶𝐿𝑆 model code, I ran the necessary

batches of simulations and retraced the quiescent-to-bursting curve in (𝐴𝐶, 𝐿𝑆) co-

ordinates at two new temperatures. Indeed, the curve moved: When I increased the

temperature, spontaneous bursting began at a lower damage threshold, compared

to the 𝐶𝐿𝑆 model without temperature effects. Likewise, the cell was more resilient

to damage when cooled (the curve moved upward). Given these results, we went

ahead with a systematic study of the quiescent-to-bursting and bursting-to-tonic

thresholds’ movement with heating and cooling.

I isolated the temperature-driven effects by modifying the 𝐶𝐿𝑆 model to incorporate

them into the channel and pump kinetics one by one—described in FIG. 4. (a) of

Barlow, Joós, Trinh, and Longtin [2] below—which can only be done in a simulator.

This sensitivity analysis made it possible to understand the biophysical basis for the

movement of the ectopic boundaries. Although the temperature is uniform on the

scale of a node of Ranvier in situ, the beneficial effects of cooling following injury

might be reproduced using drugs or other treatments. We sought to determine

which mechanisms, biophysically, caused cooling to raise the 𝐶𝐿𝑆-damage threshold for

ectopic bursting (for example).

In 2019, I presented our results at the APS March Meeting (Section 0.5). In addition

to the published manuscript, I added simulation code to ModelDB1, allowing others
1https://modeldb.science
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to instantiate the effects of 𝐶𝐿𝑆 damage with temperature changes in their own

models (listed in Section 0.3).

5.3 Barlow, Joós, Trinh, and Longtin (2018)

In light of recent feedback, the tick labels have been highlighted in two of the plots

in Barlow et al. 2018 [2], as included in the main text below. (Note: The original

as-published figures are included in Appendix D | Unedited pages #3 & #5 from

Barlow, Joós, Trinh, and Longtin (2018) on page#306.)

• The highlights occur in FIG. 1.(a) on page#136 and FIG. 2.(a) on page#140—

i.e. the third and seventh pages of Barlow et al. 2018, respectively.

• Both figures plot time series of the membrane potential (𝑉m) in three panels,

however, the timescale on the abscissa varies among the panels. Specif-

ically, ∼ 200ms of tonic firing is shown in the top panel of FIG. 1.(a) and the

bottom panel of FIG. 2.(a), whereas the other two panels in each figure span

∼ 120s.

• To help readers notice the shorter duration plotted with tonic firing,

the ms–timescale tick marks have their labels highlighted in colour

and use a larger font.
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Mild traumatic injury can modify the key sodium (Na+) current underlying the excitability of neu-
rons. It causes the activation and inactivation properties of this current to become shifted to more
negative trans-membrane voltages. This so-called coupled left shift (CLS) leads to a chronic influx
of Na+ into the cell that eventually causes spontaneous or “ectopic” firing along the axon, even in
the absence of stimuli. The bifurcations underlying this enhanced excitability have been worked out
in full ionic models of this effect. Here, we present computational evidence that increased temper-
ature T can exacerbate this pathological state. Conversely, and perhaps of clinical relevance, mild
cooling is shown to move the naturally quiescent cell further away from the threshold of ectopic
behavior. The origin of this stabilization-by-cooling effect is analyzed by knocking in and knocking
out, one at a time, various processes thought to be T-dependent. The T-dependence of the Na+ cur-
rent, quantified by its Q10-Na factor, has the biggest impact on the threshold, followed by Q10-pump of
the sodium-potassium exchanger. Below the ectopic boundary, the steady state for the gating vari-
ables and the resting potential are not modified by temperature, since our model separately tallies
the Na+ and K+ ions including their separate leaks through the pump. When only the gating kinetics
are considered, cooling is detrimental, but in the full T-dependent model, it is beneficial because the
other processes dominate. Cooling decreases the pump’s activity, and since the pump hyperpolarizes,
less hyperpolarization should lead to more excitability and ectopic behavior. But actually the oppo-
site happens in the full model because decreased pump activity leads to smaller gradients of Na+

and K+, which in turn decreases the driving force of the Na+ current. Published by AIP Publishing.
https://doi.org/10.1063/1.5040288

Experimental studies have revealed that mild trauma in
the form of, e.g., physical pressure or chemical stimuli
can alter the properties of the main current (sodium)
responsible for the voltage swings or “firings” of neu-
rons. This leads to ongoing firings even when the cell
should be quiescent. Such pathological firing interferes
with the usual input integration properties of the cell,
and in particular has been implicated in the genesis of
pathological pain, which persists even after the injury-
producing stimulus is removed. From a dynamical point
of view, this mild trauma lowers the threshold for firing.
This paper explores the possibility of using temperature
to offset this effect by raising the firing threshold back
up. Our modeling study predicts that cooling the neuron
by just a few degrees—as is possible, e.g., for peripheral
nerve cells—can counteract the pathological state. The
sensitivity of the sodium current to temperature is the key
determinant of this effect.

I. INTRODUCTION

Temperature is an important determinant of excitable
behavior since it has a direct effect on the kinetics of
every chemical reaction. This includes the rates of transitions
between open and closed states of ionic channel proteins,
as well as ionic exchangers and channel conductances. In
the central nervous system (CNS), the temperature is tightly

controlled to enable normal cellular function. In the peripheral
nervous system, and especially in nerves near the skin surface,
the temperature can vary over a greater range, according to the
external temperature, and the excitability is adapted to accom-
modate a range of functions. In fact, specialized neurons
known as thermoreceptors in the skin and elsewhere contin-
ually report a wide range of local temperatures to the CNS.

Injury in the form of a mild stretching of nerve mem-
brane has been shown to cause a concomitant shift in the
voltage-dependence of the activation and inactivation gating
characteristics of sodium channels.1 This so-called “coupled
left shift” or CLS causes the cell to become more “leaky,”
which means that the small Na current around the resting
potential of the cell is now stronger.2 When the left shift is
sufficiently strong, it can lead to repetitive firing of action
potentials (APs or “spikes” or “firings”) originating in the
damaged section of the axon. This section then produces APs
when it normally should not, i.e., it exhibits “ectopic” fir-
ing. The job of the axon is to propagate action potentials that
arose at the axon initial segment just outside the soma down
to target neurons, not to produce its own APs. Target cells
are then continually receiving currents at their synapses from
such pathologically firing cells. CLS can also affect the soma
directly and interfere with its integration properties.

CLS has been modeled mathematically by a simple addi-
tion of a left shift (LS) to the voltage of the activation
(m) and inactivation (h) gates for the sodium current in the
standard Hodgkin-Huxley (HH) formalism.2,3 Under fairly

1054-1500/2018/28(10)/106328/11/$30.00 28, 106328-1 Published by AIP Publishing.
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generic conditions, as LS increases, a bifurcation first occurs
from quiescence to a bursting firing pattern in which APs are
arranged in clusters separated by quiescent phases. The burst-
ing involves a rapidly firing phase, followed by a quiescent
phase, and the whole pattern repeats. As LS increases even
more, another bifurcation occurs, this time from bursting to
tonic firing. At this transition, the quiescent interval between
the clusters of spikes has shrunk such that only the rapidly
firing “tonic” phase remains. These bifurcations are summa-
rized in Fig. 1 for the more detailed HH model we present
below. It is in fact a phase diagram illustrating the position of
the tonic and bursting solutions in the two-dimensional sub-
space spanned by the LS parameter and the AC parameter that
quantifies the fraction of channels affected by CLS.

A dynamical analysis of these solutions and their bifurca-
tions at a single node of Ranvier was reported in Ref. 4. There,
a numerical bifurcation tool was used as well as a slow-fast
analysis: the fast sub-system generates the rapid limit cycle
associated with the spikes during the active phase of the burst,
while the dynamics of the Nernst potentials form the slow one
(see Sec. II). In the context of transmission down an axon,
CLS has negative consequences on information transmission,
especially at low frequencies.5 Bursting is also associated
with the presence of subthreshold oscillations, which have
been implicated in neuropathic pain, i.e., pain signals that out-
last the injury.6–8 In fact, it appears that the joint effect of such
oscillations and noise, associated with channel conductance
fluctuations and other sources of cellular stochasticity, pro-
duces firing patterns that highly resemble those seen in the
context of neuropathic pain.

These “injured” ectopic dynamics set the stage for
investigating the role played by temperature in injured cells.

Temperature (T) is part of the original HH formalism,3 which
includes a temperature factor in the equations for the three
gating variables: m and h for the voltage-gated Na+ channel
(or Nav), and n for the voltage-gated K+ channel (or Kv) (see
below). But the effect of temperature extends beyond simply
speeding up kinetics. It is generally assumed that increases in
temperature also lead to higher conductances and to stronger
ionic pump activity.9

If T is too high, the standard HH axon loses its abil-
ity to generate APs altogether, i.e., it undergoes conduction
block (see Ref. 10 for a more recent survey). In therapeutic
applications, it is also known that the ability of a neuron to
respond to high frequency biphasic stimulation is temperature
dependent.11 Beyond a certain threshold frequency, the nerve
conduction is blocked, but this threshold increases with tem-
perature. At some point, the smaller refractory period at higher
T loses to inactivation and repolarizing forces. But before this
point is reached, T changes can significantly alter firing pat-
terns. In the majority of cells in the CNS, this is bad news,
but for non-noxious thermoreceptors in the periphery as well
as in specialized areas of the CNS (hypothalamus), the varia-
tion in firing pattern encodes the information about T changes,
and the body can adapt by, e.g., sweating to remove heat or
shivering to generate heat.

It has been shown that, upon cooling a nerve, its axons
conduct more slowly. Given that there is already a distribu-
tion of propagation velocities due to heterogeneity in axon
diameters, the cooling will cause a bigger “dispersion” in time
delays of propagation down the nerve, as predicted in model
studies.12 One consequence of this enhanced temporal disper-
sion is thought to be the loss of synchrony of activation of
postsynaptic targets, with possible clinical manifestations.

FIG. 1. As the left-shift (LS) voltage increases, the system becomes ectopic. In (a), time series of the membrane potential are shown with all channels left-shifted
by the amount indicated; in other words, the fraction of affected channels (AC) equals 1. Damage increases from the bottom plot upward. The regime diagram
(b) features two boundaries. The lower boundary (dashed black line) is the bursting threshold. Below it, the node remains stable (quiescent regime). Above this
threshold, the node becomes ectopic: at first bursting spontaneously and then firing tonically above the upper boundary.
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FIG. 2. T-CLS: (a) As temperature is varied, the system moves from quiescent, to bursting, to tonic firing; at fixed left-shift (here LS = 3.0 mV, AC = 1). This
effect can be understood in terms of the regime diagram: Temperature moves the ectopic boundary. (b) The dashed and solid lines have the same meaning as in
Fig. 1(b). Temperature increases from the top downward.

have been chosen. For example, we could have decided to
calibrate our model at 37 °C. Given the dependence of the
Nernst potentials on absolute temperature, this simply implies
that we would have been working with slightly different ratios
of internal to external concentrations. We would expect qual-
itatively similar results to Fig. 2(b) by increasing/decreasing
the temperature by 5 °C.

The Nernst potentials are directly proportional to T as
we can see in their definitions above. Their increase with T
expresses the fact that the strength of the diffusion of the ions
to dissipate their gradients also increases with T. However, for
simplicity, the Nernst potential for the weaker leak current,
made up mostly of chloride, is given a T-independent value.
The same goes for the (weak) maximal leak conductance
gleak . The consequences of these choices are highlighted in
the Discussion section. Note that the magnitude of the Nernst
potentials is directly proportional to temperature, although
with temperature being in Kelvins, this is a limited effect for
5°-10° changes. However, their dependence on the effect of
T on ionic concentration ratios, due to the pump, is more
significant as we will see below.

As mentioned above, there is a more intimate link
between our CLS model and cold receptor models on which
our temperature analysis is built: both involve bursting oscil-
lations, and their associated subthreshold oscillations (see,
e.g., Refs. 20, 21, 26, and 29). However, there are some
important dynamical differences. Models of cold receptors
burst for a different reason than the CLS model above. They
typically possess an endogenous slow-wave oscillation that
causes parabolic bursting. The slow wave goes on even if
spikes are not present, a clear slow-fast decomposition of the
full dynamics. The cold receptor models burst due to a slow
subsystem that involves an inward current (such as persistent

Na+) and a slow subthreshold outward current. The latter,
although generally thought to involve K+, has been assigned
a more generic mechanism for its activation (see Ref. 26 and
references therein), or been given a specific calcium depen-
dence and accompanying calcium buffering dynamics.20,32 In
contrast, leaking Nav channels initiate ectopic firing in the
CLS model. This can lead to bursts because the slow dynamics
of the Na+/K+ pump struggle to restore ion gradients during
the active firing phase of ectopic firing. Thus, during the active
phase, the Nernst potentials become depleted, and firing stops
at some point; the gradients are restored by the pump dur-
ing this quiescent phase. This CLS burst oscillation does not
persist in the absence of firing.

All numerical integrations were carried out using the
NEURON simulation environment (www.neuron.yale.edu)
running on an Apple laptop computer. The code is based on
a Python script stored on ModelDB (http://modeldb.yale.edu/
234111).24 This code allows users to explore the phase dia-
gram in Fig. 1(b) by selecting (AC, LS) coordinates and
running simulations. NEURON’s built in adaptive time step
method (CVode) was used.

III. RESULTS

We will discuss the effect of temperature in terms of the
phase diagram of the original coupled left shift (CLS) model.
Figure 1(a) shows the behavior observed as the damage is
increased at a node with all Nav’s left-shifted. The node stays
quiescent for small damage up to a critical value, then as LS is
increased further the Na+ current flowing in triggers a burst of
APs which lasts for a finite time. In that phase, APs are pro-
duced spontaneously until the ion gradients are too depleted
to maintain firing with the stimulating INa current. As LS is
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Increased T is known to favor conduction block in cen-
tral demyelinated axons,13 which is one of the explanations
for the worsening of symptoms of multiple sclerosis upon
warming (and improvement upon cooling—see Ref. 14 for
a review of the early literature on this topic). Actually, nerve
conduction studies use temperature as a parameter to help dis-
ambiguate problems relating to conduction block from those
related to changes in dispersion.10 Mild cooling of the brain,
e.g., by 3° to 4°, is also used as a neuroprotective measure
following, e.g., stroke and traumatic brain injury as it reduces
metabolism, fever, excitotoxicity (overactivation of gluta-
mate receptors), and intracranial pressure.15 Another recent
study16 of the effect of temperature on excitability parame-
ters in human motor axons reveals predictable effects such as
increased refractory period upon cooling. But other effects,
especially on sensory axons, were more ambiguous, and com-
plicated by the transient nature of certain currents such as
the transient hyperpolarization induced by warming; the lat-
ter increases the activity of the Na+/K+ electrogenic pump,
the net effect of which is one positive charge pushed out of
the cell on each cycle (included in our model below).

In this paper, we address the following question: given
that mild injury can cause a transition from quiescence to
pathological firing and that temperature modulates excitabil-
ity, is there a way for changes in temperature to reverse the
negative effects of CLS, at least in a qualitative sense? Our
model below lays the groundwork to formulate this question
biophysically, computationally, and from a nonlinear dynam-
ics perspective and provides some answers. Our model of
T- and CLS-dependent ectopy, or T-CLS for short, is inspired
by cold receptor models. Such neurons are tasked with report-
ing the static and time-dependent changes in ambient tem-
perature at various places on the body, mainly on the skin
including the eyes and tongue. They are free nerve endings
that branch out from a myelinated axon whose soma lies in
the dorsal root ganglion in the spinal cord. Cold receptors
increase their firing rate upon cooling; warm receptors do
the opposite, and although they are well-documented, their
dynamics have not yet been modeled. Cold thermorecep-
tors actually work using a noisy subthreshold oscillation, the
amplitude and frequency of which are T-dependent. This has
been described experimentally17–19 as well as in computa-
tional models.20,21 The patterns of activity of cold receptors
range from bursting to tonic (i.e., periodic without spike clus-
tering), and then to a form of tonic firing where spikes appear
randomly deleted from a periodic sequence. These were doc-
umented early on by Braun, Hensel, and Schäfer and their
colleagues in Marburg.18,19

Our model formulation thus takes advantage of the
knowledge gained from decades of study of temperature-
induced firing pattern changes in thermoreceptors. The paper
is organized as follows. In Sec. II, we recall the CLS
model and discuss how to implement temperature-sensitivity.
Results that address the question raised above are then pre-
sented, first on CLS and then on T-CLS, culminating in a
phase diagram that involves only T and LS. We go on to dis-
sect the various components of this temperature correction to
the CLS effects. The paper ends with a Discussion and outlook
onto future questions.

II. MODEL

A. The Coupled Left Shift (CLS) model of nodal
damage

The model presented here has been used previously to
describe the dynamics of the trans-membrane voltage at a
single node of Ranvier in a myelinated axon.2,4 Such nodes,
about a micron in length, are about a millimeter apart along
the length of the axon. We focus strictly on the behavior
of one node; CLS-induced disruptions to propagating action
potentials and information processing have been recently
discussed,5 and the T-dependent properties of these effects
are beyond the scope of our study. Axonal voltage excur-
sions were modeled at an individual node of Ranvier with
the Hodgkin-Huxley (HH) model using the values in Ref. 2
(and similar to those in Refs. 4, 5, and 22). The parameter
values and meaning are listed in Table I. We start with the
basic equation for the membrane potential (Vm written as V
for simplicity),

C
dV
dt

= −INa − IK − Ipump − INaleak − IKleak − Ileak , (1)

where C is the specific nodal membrane capacitance. The
total current density INa through the Nav channels is
INa = gNa(V − ENa), where gNa = ḡNam3h (m and h are gat-
ing variables, the former measuring the activation and the
latter the inactivation, but is also known as the availability).
Likewise, the total current density IK through Kv channels is
IK = gK(V − EK), with gK = ḡKn4. Here, ḡNa and ḡK are the
maximal conductances of the Nav and Kv channels, respec-
tively; ENa and EK are the sodium and potassium Nernst

TABLE I. Parameters for the node of Ranvier model with temperature
dependence

Membrane capacitance C = 1 µF/cm2

Maximal Nav conductance ḡNa = 120 mS/cm2

Maximal Kv conductance ḡK = 36 mS/cm2

Faraday constant F = 96 485.3399 C/mol
Constant R = 8.314 459 8 CV/(mol K)
Temperature T0 = 293.15 K
Volume of inside compartment Voli = 3 µm3

Volume of outside compartment Volo = 3 µm3

Surface area of node A = 6 × 10−8cm2

Initial inside Na+ concentration [Na+]i = 20 mM
Initial outside Na+ concentration [Na+]o = 154 mM
Initial inside K+ concentration [K+]i = 150 mM
Initial outside K+ concentration [K+]o = 6 mM
Initial Na+ Nernst potential ENa = 51.5 mV
Initial K+ Nernst potential EK = −81.3 mV
Pump K+ leak conductance gKleak = 0.1 mS/cm2

Pump Na+ leak conductance gNaleak = 0.25 mS/cm2

Leak conductance gleak = 0.5 mS/cm2

Leak reversal potential Eleak =−59.9 mV
Maximum pump current Imaxpump = 90.9 µA/cm2

Pump K+-dissociation constant KMK = 3.5 mM
Pump Na+-dissociation constant KMNa = 10 mM
Q10 for the kinetic constants Qgate = 3.0
Q10 for the Nav conductance QNa = 1.4
Q10 for the Kv conductance QK = 1.1
Q10 for the Na+/K+ pump Qpump = 1.9
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reversal potentials, respectively; and n4 gives the open prob-
ability of potassium channels. In the HH formulation, gating
variables m, h, and n evolve according to

dm
dt

= αm(1 − m) − βmm, (2)

dh
dt

= αh(1 − h) − βhh, (3)

dn
dt

= αn(1 − n) − βnn. (4)

The forward (αm and αh) and backward rate functions (βm

and βh) describe the first-order transitions between activation
(m) and inactivation (h) processes in Eqs. (4) and (5), and are
functions of the membrane voltage V :

αm = 0.1
(V + 40)

1 − exp[−(V + 40)/10]
, (5)

βm = 4 exp[−(V + 65)/18], (6)

αh = 0.07 exp[−(V + 65)/20], (7)

βh = 1
1 + exp[−(V + 35)/10]

. (8)

The rate functions αn and βn for the potassium gating variable
n in Eq. (4) also depend on V as

αn = 0.01
(V + 55)

1 − exp
(
−V + 55

10

) , (9)

βn = 0.125 exp
(
−V + 65

80

)
. (10)

Experimental findings for recombinant INa from nodal type
Nav1.6 channels1 show that mechanical injury causes an
irreversible hyperpolarizing (“left”)-shift to the sodium acti-
vation and inactivation variables. The steady-state product
of activation and inactivation, m3h(V )t→∞, i.e., the window
conductance, also left-shifts. This CLS can be modeled2,4 by
replacing in the dynamics of m and h the membrane voltage V
by (V + LS).

However, axon injury is spatially non-homogeneous23

and is therefore likely to result in spatially inhomogeneous
CLS. We do not consider this situation here: when an LS is
applied, it is done so to all Nav channels homogeneously.

To discuss issues related to ectopic firing, we have to keep
track of the movements of the two ions involved in excitabil-
ity and introduce Na+/K+ ATPase pumps. It is a reasonable
assumption that the net flows of Na+ and K+ are zero when
averaged over time and the cell is in its “healthy” excitable
state. There are many cellular components that take part in
maintaining homeostasis, and the precise way in which all
these components interact is complex and not fully under-
stood. Our model cannot take into account all these factors.
Thus, we only add the Na+/K+ pump and the Na+ and
K+-specific leak currents. Note that the resulting formal-
ism goes beyond the standard Goldman-Hodgkin-Katz (GHK)
equations by explicitly including the main putative processes
that sustain the ionic gradients.

Our strategy has been to set up the system in a
homeostatic state for the healthy node to better address the
consequences of the additional demand on the availability of
ionic resources, especially with respect to the maintenance
of the gradients, which determine the Nernst potentials. This
required keeping track of the movement of the Na+ and K+

ions. This setup was used in our previous work2,4,5 on which
this current study is based. CLS is such an increased demand.
When the CLS is small, the system equilibrates to a new
quiescent state with reduced gradients, reflected in a shift in
the Nernst potentials. As you increase CLS beyond a certain
point, there is a transition in which the steady-state Na+ cur-
rent, known as “window current,” is sufficient to trigger action
potentials. In this case, there is a new steady state in which the
Nernst potentials are time-varying.

The sodium-potassium exchanger or Na+/K+ pump pro-
duces a current

Ipump = Imaxpump

(
1 + KMK

[K+]o

)−2

×
(

1 + KMNa

[Na+]i

)−3

, (11)

where Imaxpump is the maximal current generated by the pump,
KMK and KMNaare Michaelis-Menten kinetic constants, and
the Na+ and K+ currents flowing through the pump are
INapump = 3Ipump and IKpump =−2Ipump since the pump moves
out 3 Na+ ions while bringing in 2 K+ ions every cycle (its
net effect is thus to hyperpolarize the inside of the cell).

The pump continually works. Its rate is determined by the
inner and outer ion concentrations [Na+]i and [K+]o, and the
Michaelis-Menten constants which give the values of those
concentrations at which the capture rate of the pump for a
given ion is at half maximum. However, these constants do not
determine the equilibrium concentrations of the Na+ and K+

ions, rather these are determined by balancing the total charge
[Eq. (1)] and the currents associated with the ionic species
Na+ and K+.

Finally the model includes the following leak currents
which are as usual given by

INaleak = gNaleak(V − ENa); IKleak = gKleak(V − EK);

Ileak = gleak(V − Eleak). (12)

The concentrations of Na+ and K+ inside and outside the cell
are then governed by

d[Na+]i

dt
= −

(INa + INapump + INaleak)A
FVoli

, (13)

d[Na+]o

dt
=

(INa + INapump + INaleak)A
FVolo

, (14)

d[K+]i

dt
= −

(IK + IKpump + IKleak)A
FVoli

, (15)

d[K+]o

dt
=

(IK + IKpump + IKleak)A
FVolo

, (16)

where F is the Faraday constant, A is the area of the node,
and Voli and Volo the inner and outer volumes of the node. We
made the extracellular volume equal to the intracellular vol-
ume for simplicity. There is no qualitative change in behavior
when the exterior volume is varied relative to the interior vol-
ume (see Fig. 11 in Ref. 2). Just as a note, the intracellular
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volume was chosen as fairly small to observe phenomena over
relatively short time scales.

Finally, the Nernst potentials for the Nav and Kv currents
are given by

ENa = −RT
F

ln
[Na+]i

[Na+]o
, (17)

EK = −RT
F

ln
[K+]i

[K+]o
, (18)

and they will vary if T changes, or following anything that
changes the concentration ratios of each ion type. We recall
that neuron excitability is based on low [Na+]i and high
[Na+]o (or positive ENa) working together with a high [K+]i

and low [K+]o (or negative EK).
A phase diagram for this model is shown in Fig. 1, along

with examples of quiescent, bursting, and tonic firing patterns.
Bursting does not occur in the standard four-dimensional HH
system. Rather, an additional slow subsystem is required,
which increases the dimensionality of the system. In our
system, bursting arises due to the slow changes in ionic con-
centrations in Na+ and K+ ions, which in turn affect the
Nernst potentials; these provide the battery power to gener-
ate action potentials in the first place.2,4 Bursting is then a
consequence of the fact that, during the active firing phase
of the burst, the ionic gradients become depleted, and the
Nernst potentials move toward zero (from above in the case
of ENa and from below in the case of EK). Once they are
too depleted, firing ceases, and homeostatic forces, namely
the Na+/K+ pump, recharge the batteries until firing starts up
again. In the healthy case, this depletion is kept in check by
the pump; however, the increased leakiness caused by CLS is
an extra load on the pump, and eventually it cannot keep up,
and ectopic bursting ensues. At high LS values, a bifurcation
from quiescence directly to tonic firing can occur.24

The bursting is organized around a subcritical Hopf bifur-
cation in the quiescent state. The slow dynamics move the
state point past this bifurcation, and the solution is drawn to a
stable fast spiking limit cycle. The Nernst potentials begin to
deplete, and at some point, the solution falls off the fast limit
cycle onto the lower fixed point branch of the subcritical Hopf
point. The precise mechanism by which this drop to the quies-
cent phase occurs has not been worked out in full detail due to
its complexity, as it occurs in the vicinity of a period-doubling
cascade. In some cases, the last spikes in the burst reflect the
presence of that cascade, and the bursting solutions appear to
be chaotic rather than strictly periodic.4 In any case, the pres-
ence of the Hopf produces decaying oscillations in voltage at
the end of the burst phase, as well as at the end of the quies-
cent phase. This explains the relevance of this form of bursting
with subthreshold oscillations to observations in the context
of neuropathic pain.2,4,6–8 Temperature effects reported below
preserve these subthreshold oscillations, although a thorough
bifurcation analysis is beyond the scope of our paper.

B. Incorporating temperature dependence

We wish to study the effect of temperature on the patho-
logical behavior of the CLS model. Ideally, we would like to
see how temperature plays off against, or along with, the LS

factor. A lot of our knowledge about the effect of tempera-
ture on neurons comes from studies of cellular pacemakers.
Willis et al.25 as well as Wiederhold and Carpenter26 have in
fact advocated using pacemakers as model systems for ther-
moreceptors. Until recently, thermoreceptors were thought to
do their work by virtue of the temperature-dependence of the
basic processes underlying their excitability. In other words,
there did not seem to be any “specialized” temperature recep-
tor. The situation has changed for more than a decade now
since TRP receptors were discovered. They are thought to
underlie part of the cold and warm sensitivity, and especially
the extreme warm sensitivities seen, e.g., in snakes and vam-
pire bats. The TRP channel variety present in many cold
receptors, TRPM8, has in fact been incorporated in a recent
model for cold thermoreception.27 This is a fascinating and
rapidly moving field, which we will stay away from because
we are considering the effect of temperature on generic nerve
cells, not thermoreceptors with their specific complement of
TRP channels.

Temperature is known to affect the ratio of the maxi-
mal sodium to potassium conductance, with the numerator
increasing faster than the denominator.9,28,29 As mentioned
above, T increases the kinetics of the activation and inactiva-
tion gates by a substantial factor. The standard way to quantify
temperature dependence is through a Q10 factor which quan-
tifies how much a kinetic rate changes upon a 10 °C increase
in temperature. For example, the gating kinetics in HH speed
up by a factor # = 3.0(T−T0)/10, where T0 is the reference
temperature where the factors are measured. This factor #

multiples the right hand side of all the gating variable deriva-
tives, thereby increasing their rate of change upon warming, in
the same way other chemical reactions are sped up by warm-
ing. The Q10 factor for the kinetic constants is 3.0 in this
example, and in our paper as well. The Q10 for the maximal
Nav conductance is 1.4,28,29 while that for Kv is 1.128 (see
also Table I). These Q10’s are within the physiological range
for these respective processes.20,28–31

Note that, with respect to the Q10 for the pump, we
are using the generally accepted model that the rate of an
enzymatic reaction varies exponentially with small changes
in temperature. In practice, we chose a value of 1.9 for the
Q10 of the pump that lies between the Q10 values for the
conductances and the gate kinetics—although we will inves-
tigate the effect of this latter value. Our goal was to obtain a
generic picture for the effect of T variations on the basic bifur-
cation diagram of the CLS model. Furthermore, as we will
show below, upon sweeping the Qpump at fixed T, there are no
surprises: there is a transition from quiescent to bursting. Dif-
ferent values for Qpump will simply shift the bifurcation picture
quantitatively.

Note that the precise values for these Q10’s is not so
important as dissecting out their individual effects, and more
generally, as offering a framework in which to understand the
dynamical interactions of T and other parameters. In fact, the
results reported below for each T-dependent process can sim-
ply be graded along with the magnitude of their associated
Q10. We chose 20 °C as the reference temperature to be consis-
tent with previous simulations in Refs. 2, 4, 5, and 24. There is
nothing special about this reference temperature. Others could
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generic conditions, as LS increases, a bifurcation first occurs
from quiescence to a bursting firing pattern in which APs are
arranged in clusters separated by quiescent phases. The burst-
ing involves a rapidly firing phase, followed by a quiescent
phase, and the whole pattern repeats. As LS increases even
more, another bifurcation occurs, this time from bursting to
tonic firing. At this transition, the quiescent interval between
the clusters of spikes has shrunk such that only the rapidly
firing “tonic” phase remains. These bifurcations are summa-
rized in Fig. 1 for the more detailed HH model we present
below. It is in fact a phase diagram illustrating the position of
the tonic and bursting solutions in the two-dimensional sub-
space spanned by the LS parameter and the AC parameter that
quantifies the fraction of channels affected by CLS.

A dynamical analysis of these solutions and their bifurca-
tions at a single node of Ranvier was reported in Ref. 4. There,
a numerical bifurcation tool was used as well as a slow-fast
analysis: the fast sub-system generates the rapid limit cycle
associated with the spikes during the active phase of the burst,
while the dynamics of the Nernst potentials form the slow one
(see Sec. II). In the context of transmission down an axon,
CLS has negative consequences on information transmission,
especially at low frequencies.5 Bursting is also associated
with the presence of subthreshold oscillations, which have
been implicated in neuropathic pain, i.e., pain signals that out-
last the injury.6–8 In fact, it appears that the joint effect of such
oscillations and noise, associated with channel conductance
fluctuations and other sources of cellular stochasticity, pro-
duces firing patterns that highly resemble those seen in the
context of neuropathic pain.

These “injured” ectopic dynamics set the stage for
investigating the role played by temperature in injured cells.

Temperature (T) is part of the original HH formalism,3 which
includes a temperature factor in the equations for the three
gating variables: m and h for the voltage-gated Na+ channel
(or Nav), and n for the voltage-gated K+ channel (or Kv) (see
below). But the effect of temperature extends beyond simply
speeding up kinetics. It is generally assumed that increases in
temperature also lead to higher conductances and to stronger
ionic pump activity.9

If T is too high, the standard HH axon loses its abil-
ity to generate APs altogether, i.e., it undergoes conduction
block (see Ref. 10 for a more recent survey). In therapeutic
applications, it is also known that the ability of a neuron to
respond to high frequency biphasic stimulation is temperature
dependent.11 Beyond a certain threshold frequency, the nerve
conduction is blocked, but this threshold increases with tem-
perature. At some point, the smaller refractory period at higher
T loses to inactivation and repolarizing forces. But before this
point is reached, T changes can significantly alter firing pat-
terns. In the majority of cells in the CNS, this is bad news,
but for non-noxious thermoreceptors in the periphery as well
as in specialized areas of the CNS (hypothalamus), the varia-
tion in firing pattern encodes the information about T changes,
and the body can adapt by, e.g., sweating to remove heat or
shivering to generate heat.

It has been shown that, upon cooling a nerve, its axons
conduct more slowly. Given that there is already a distribu-
tion of propagation velocities due to heterogeneity in axon
diameters, the cooling will cause a bigger “dispersion” in time
delays of propagation down the nerve, as predicted in model
studies.12 One consequence of this enhanced temporal disper-
sion is thought to be the loss of synchrony of activation of
postsynaptic targets, with possible clinical manifestations.

FIG. 1. As the left-shift (LS) voltage increases, the system becomes ectopic. In (a), time series of the membrane potential are shown with all channels left-shifted
by the amount indicated; in other words, the fraction of affected channels (AC) equals 1. Damage increases from the bottom plot upward. The regime diagram
(b) features two boundaries. The lower boundary (dashed black line) is the bursting threshold. Below it, the node remains stable (quiescent regime). Above this
threshold, the node becomes ectopic: at first bursting spontaneously and then firing tonically above the upper boundary.
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FIG. 2. T-CLS: (a) As temperature is varied, the system moves from quiescent, to bursting, to tonic firing; at fixed left-shift (here LS = 3.0 mV, AC = 1). This
effect can be understood in terms of the regime diagram: Temperature moves the ectopic boundary. (b) The dashed and solid lines have the same meaning as in
Fig. 1(b). Temperature increases from the top downward.

have been chosen. For example, we could have decided to
calibrate our model at 37 °C. Given the dependence of the
Nernst potentials on absolute temperature, this simply implies
that we would have been working with slightly different ratios
of internal to external concentrations. We would expect qual-
itatively similar results to Fig. 2(b) by increasing/decreasing
the temperature by 5 °C.

The Nernst potentials are directly proportional to T as
we can see in their definitions above. Their increase with T
expresses the fact that the strength of the diffusion of the ions
to dissipate their gradients also increases with T. However, for
simplicity, the Nernst potential for the weaker leak current,
made up mostly of chloride, is given a T-independent value.
The same goes for the (weak) maximal leak conductance
gleak . The consequences of these choices are highlighted in
the Discussion section. Note that the magnitude of the Nernst
potentials is directly proportional to temperature, although
with temperature being in Kelvins, this is a limited effect for
5°-10° changes. However, their dependence on the effect of
T on ionic concentration ratios, due to the pump, is more
significant as we will see below.

As mentioned above, there is a more intimate link
between our CLS model and cold receptor models on which
our temperature analysis is built: both involve bursting oscil-
lations, and their associated subthreshold oscillations (see,
e.g., Refs. 20, 21, 26, and 29). However, there are some
important dynamical differences. Models of cold receptors
burst for a different reason than the CLS model above. They
typically possess an endogenous slow-wave oscillation that
causes parabolic bursting. The slow wave goes on even if
spikes are not present, a clear slow-fast decomposition of the
full dynamics. The cold receptor models burst due to a slow
subsystem that involves an inward current (such as persistent

Na+) and a slow subthreshold outward current. The latter,
although generally thought to involve K+, has been assigned
a more generic mechanism for its activation (see Ref. 26 and
references therein), or been given a specific calcium depen-
dence and accompanying calcium buffering dynamics.20,32 In
contrast, leaking Nav channels initiate ectopic firing in the
CLS model. This can lead to bursts because the slow dynamics
of the Na+/K+ pump struggle to restore ion gradients during
the active firing phase of ectopic firing. Thus, during the active
phase, the Nernst potentials become depleted, and firing stops
at some point; the gradients are restored by the pump dur-
ing this quiescent phase. This CLS burst oscillation does not
persist in the absence of firing.

All numerical integrations were carried out using the
NEURON simulation environment (www.neuron.yale.edu)
running on an Apple laptop computer. The code is based on
a Python script stored on ModelDB (http://modeldb.yale.edu/
234111).24 This code allows users to explore the phase dia-
gram in Fig. 1(b) by selecting (AC, LS) coordinates and
running simulations. NEURON’s built in adaptive time step
method (CVode) was used.

III. RESULTS

We will discuss the effect of temperature in terms of the
phase diagram of the original coupled left shift (CLS) model.
Figure 1(a) shows the behavior observed as the damage is
increased at a node with all Nav’s left-shifted. The node stays
quiescent for small damage up to a critical value, then as LS is
increased further the Na+ current flowing in triggers a burst of
APs which lasts for a finite time. In that phase, APs are pro-
duced spontaneously until the ion gradients are too depleted
to maintain firing with the stimulating INa current. As LS is
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increased further, the interburst time diminishes until com-
parable to the period of the bursting APs. The system then
fires continuously or tonically. The boundaries of the different
regions are given in Fig. 1(b). This variant of the Hodgkin-
Huxley model (HH) is insensitive to temperature except for
small changes to excitability due to the absolute temperature
prefactor in the Nernst potentials EK and ENa.

To study the effect of temperature on CLS-induced spon-
taneous firing, a set of temperature factors Q10’s are added
to the model: Qpump, QNa, QK , and Qgate (values listed in
Table I). Figure 2 summarizes the changes to the system’s
behavior with temperature when these Q10’s are included.
In Fig. 2(a), we fix LS = 3.0 mV and use temperature to
move the system from quiescent, to bursting, to tonic fir-
ing. Temperature pushes the system in and out of ectopicity.
In Fig. 2(b), we reproduce the ectopic boundaries shown in
Fig. 1(b) at three temperatures. At the reference temperature
(T = T0 = 20.0 °C), the boundaries are unchanged—this is
equivalent to the original CLS model. Heating to T = 25.0 °C
lowers the ectopic boundaries (i.e., spontaneous firing begins
with less damage than at the reference temperature). Cooling
to T = 15.0 °C raises the boundaries—points near the bound-
ary which were ectopic at the reference temperature can be
rendered quiescent with moderate cooling. Temperature thus
alters the phase diagram by shifting the ectopic boundaries,
but qualitatively the story is unchanged.

Heating reinforces left shift, cooling counteracts it. An
injured neuron is more sensitive to temperature, and a chilled
neuron can remain quiescent at greater left shift. Figure 3 sum-
marizes the combined effect of left-shift and temperature in
the form of a new phase diagram, analogous to Fig. 1(b) but
in the T-LS space. We focused on the first transition (quies-
cence to bursting) because our objective is to discuss remedial
strategies to return an ectopically firing node to quiescence.

Our extended HH model has plenty of moving parts
before temperature sensitivity is introduced. To understand
the effect of the various Q10’s, we run “knock-in” simula-
tions, wherein a single Q10 (e.g., QNa) is active and the rest
are set to unity. These simulations are plotted together in

FIG. 3. Another regime diagram: Temperature versus left-shift at AC = 1.
Temperature and CLS work together—decreasing one allows for an increase
in the other. An injured neuron is more sensitive to temperature, and a chilled
neuron is more robust to CLS injury [cf. Figs. 1(b) and 2(b)].

Fig. 4, in which we see that QNa moves the ectopic boundary
significantly more than any of the others. The dominance of
QNa is not surprising: sodium currents determine excitabil-
ity, and hence ectopicity. Temperature affects every cellular
mechanism but its effect on voltage-gated sodium channels
dominates here, followed by electrogenic pumps (via QNa and
Qpump, respectively). In Fig. 4(b), we sum the four knock-in
simulations’ deviations from the reference curve and observe
that the result (roughly) reproduces the complete temperature
sensitive model.

To explain the effects of temperature and left shift, we
inspect the absolute value of the voltage gated sodium cur-
rent INa at Vrest. (Taking the absolute value simplifies the
discussion. For example, since Vrest is negative and ENa is
positive, the driving force (Vrest − ENa) is larger when ENa

is strengthened). Writing $T = T − T0, the magnitude of the
Nav current is

|INa(Vrest)| = gNam3
∞h∞Q$T/10

Na (|Vrest| + ENa). (19)

Unpacking Eq. (19), from left to right: The activation m
and inactivation (availability) h variables are functions of
the membrane voltage, but when damaged they respond to
V as a healthy one does at Ṽ = V + LS. In other words,
m = m(V + LS) and h = h(V + LS). This means that LS leads
to a larger steady state Nav current. The temperature parame-
ter QNa serves to multiply the entire voltage gated sodium con-
ductance by a factor Q$T/10

Na , producing a larger current at any
given V. T shows up twice in the driving force |(V − ENa)|.
First, the absolute temperature multiplies the Nernst potential
ENa [see Eq. (17)]. Second, Qpump drives the concentrations
[Na+]i and [Na+]o whose ratio forms the argument of the
logarithm in ENa.

The resting potential is not affected by left shift or tem-
perature: Where quiescent solutions exist, the conservation of
Na+ and K+ ions in our model causes Vrest = Eleak . That is, the
resting potential is determined by Eleak and therefore is inde-
pendent of LS and T, as we now show. At V = Vrest, the current
balance equation becomes

0 = C
dV
dt

= −
∑

I = −{INa,total + IK,total + Ileak}, (20)

where each total current includes voltage gated channels,
pumps, and leak. The model’s explicit ion conservation (via
the electrogenic Na+/K+ pump) is a helpful constraint. Since
at equilibrium each ion’s total current is individually zero,
Eq. (20) becomes three separate equations:

⎧
⎪⎨

⎪⎩

0 = INa,total = [gNa + gNa,leak](V − ENa) + 3Ipump,
0 = IK,total = [gK + gK,leak](V − EK) − 2Ipump,
0 = Ileak = gleak(V − Eleak).

(21)
Equation (21) says that to reach equilibrium, the model must
tune the sodium and potassium concentrations—using the
pump and voltage gated channels—such that V = Eleak .

The main role of Ipump is to restore the Na+ and K+ ion
gradients. As seen in Eq. (21), equilibrium occurs when the
outward (Na+) and inward (K+) pump currents are respec-
tively balanced by the conductance and leak currents associ-
ated with these ions. The role of the pumps is to maintain ion
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FIG. 4. (a) To isolate the effects of the four Q10’s, Qpump, QNa, QK , and Qgate (listed in Table I), we plot the altered ectopic boundary “one Q10 at a time,” along
with the full knock-out and the reference case of full knock-in. That is, a single Q10 is switched on while the rest are set to unity. From this plot, it is clear that
QNa and Qpump dominate temperature’s mediation of ectopicity. In (b), the combined effect of the Q10’s is roughly recovered by summing the effect of each Q10

on its own.

gradients or restore them when depleted by firing. Increased
pump currents—following, e.g., an increased Qpump (see Fig. 5
below)—have to be balanced by increased steady-state Na+

and K+ currents. Since in our model Vrest is set by Eleak ,
which therefore can only change if Eleak changes (it is fixed
throughout this study), such increased currents can only be
achieved with a larger driving force (V-EX ) (where X is either
Na+ or K+), i.e., an upper shift in the positive ENa and a
lowering of the negative EK . And this is in fact what the
pumps accomplish. By pumping out Na+ and pumping in
K+, the pumps increase the Na+ and K+ gradients, leading
to larger positive values of ENa and more negative values of
EK . The increase in ENa, notably, increases INa through the
driving force |(V − ENa)| [see Eq. (21)]. This has the conse-
quence of lowering the ectopic threshold as T increases even
if Ipump was the only T-dependent process. In the model with
full T-dependence, the increase in the gNa conductance further
lowers the ectopic threshold.

The purpose of Fig. 5 is precisely to show this surpris-
ing effect of the pumps. In that figure, we show how the
different currents behave as the size of the pump current is
slowly increased while keeping the operating temperature at
T = 25 °C and all other Q10’s equal to one for a slightly dam-
aged node (LS = 1.5 mV; AC = 1.0); this can be interpreted as
a ramp in the Qpump value. One sees that the Nernst potentials
become bigger in absolute value. Furthermore, at some point,
the subthreshold oscillations appear, and eventually a bursting
solution occurs, with a very long time interval between active

phases, since we are near the bursting/tonic boundary. The
presence of the subthreshold oscillations is a consequence that
the ramp keeps the transient response alive. In fact, since the
linearization of the dynamics around the equilibrium has com-
plex eigenvalues with negative real part prior to burst onset,
the ramp expresses the oscillation at a frequency equal to the
imaginary component of the eigenvalue. As a whole, the para-
dox of how a pump that produces a net outflux of positive
charge can make the system more excitable is resolved by not-
ing that the concentration ratio [Na+]i/[Na+]o determines the
driving force for the sodium current.

We chose a ramp of Qpump that drives the system across a
bifurcation from quiescence to bursting, because the effect of
increasing Qpump may be counterintuitive. A hyperbolic tan-
gent ramp was imposed whose asymptotic value is just above
the onset of bursting. The bifurcation will occur at differ-
ent values of Qpump depending on the chosen temperature. In
Fig. 5, the temperature is 25 °C.

An analytical demonstration of how cooling moves the
quiescent-to-bursting bifurcation boundary to higher values
of LS is beyond the scope of our work, but we make a few
comments in this direction. Our eight-dimensional dynami-
cal model has a fixed point when the system is quiescent.
Effectively, it is only six-dimensional since the total number
of Na+ and K+ ions is conserved. The voltage component
of this fixed point corresponds to the resting potential. Pre-
vious bifurcation analyses (see Fig. 2 in Ref. 4) reveal that the
fixed point progressively loses stability as LS increases and
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FIG. 5. Response of the system to ramped Qpump, at fixed temperature, and
on two time scales. (a) Here Qpump alone is activated (knock in). The initial
state is LS = 1.5 mV, AC = 1.0, and T = 25C. Qpump is slowly ramped from a
value of 1.0 following a shifted tanh whose t → +∞ asymptote is slightly
above 1.5. (b) Response of ENa during the ramp. The bifurcation to bursting
is crossed around 10 000 s when Qpump is about 1.5 [see (a)]. Due to the long
timescale, a single spike in ENa here corresponds to an entire burst that lasts
about 6 s, and the time duration between bursts is 140 s. The rate during burst-
ing is about 54 Hz. Short timescale: (c) Membrane voltage near the onset of
bursting; (d) Total sodium and potassium currents near the onset of bursting.

becomes unstable beyond the quiescent-to-bursting threshold.
This results from the increase in the sodium window current
at rest. The approach of a bifurcation to sustained firing is
a general consequence of increasing the net inward current
to an excitable system. Warming also increases the sodium
window current through its increase of the pump activity and
the conductances, as well as of the Nernst potentials, both
directly and via the higher concentration gradients caused by
a stronger pump [see Fig. 5(b)]. This increased sodium ion
current overrides the opposing effect of the increased kinetic
rates [Fig. 4(a)], and further destabilizes the fixed point for a
given LS; cooling stabilizes this point and can thus undo some
of the effect of LS.

Finally to test the robustness of the effects of cooling,
additive (current) noise on the current balance equation was
included and integrated using the Euler-Maruyama algorithm
(not shown). The cooled node which was shown in Fig. 2(a)
remains quiescent with subthreshold oscillations driven by
the noise, and very rare spiking. When the system is brought
closer to threshold, the noise induces bursts of varying dura-
tion, as in Yu et al.4 Thus, a preliminary analysis of the
effect of current noise on T-CLS suggests that it modifies the
dynamics as in the CLS case.

IV. DISCUSSION

We have considered the dynamics of the standard HH
equations with two concomitant parameter changes: (1) the
midpoint voltage for Nav activation and inactivation, duly
shifted to a lower (more negative) value due to a CLS phe-
nomenon; and (2) temperature changes. Of the two, the former
is clearly the more delicate one from a dynamical point of
view, as it enables the cell to start firing in the absence of any
input. Specifically, the pumps cannot keep up their ionic bal-
ancing act in the presence of enhanced Na+ leakiness, and
the Nernst potentials start to collapse during sustained fir-
ing, such that the behavior that appears after quiescence in
a mildly injured cell is bursting. The bifurcations underlying
the successive transition between quiescence, bursting, and
tonic as the left shift increases have been worked out in much
detail.4

Interestingly, temperature does not change this state of
affairs qualitatively, but rather only quantitatively for the
range of parameters we have explored. In other words, chang-
ing the maximal conductances and the kinetic rates for the
gates and the pumps still leads to a picture where quiescence
goes to bursting and then tonic, albeit at higher LS values
when T is lowered. In some as of yet unexplored part of
parameter space, temperature changes may have a more dras-
tic effect on the bifurcations leading to bursting and tonic
limit cycle solutions. Regardless, the fact that the thresh-
olds are simply moved around by temperature is potentially
attractive from an intervention point of view: one can expect
a fairly straightforward effect of cooling on a traumatized
nerve.

In the absence of any Q10’s, the sole temperature depen-
dence of our model stems from the direct proportionality of
the Nernst potentials to absolute temperature. As we saw in
Fig. 4, this modifies the boundary for ectopic behavior only
very slightly, but in the same direction: cooling raises the
threshold, while warming lowers it. By allowing only one
temperature dependency to take effect at once, we found
[Fig. 4(a)] that the sodium current INa is the main player in
moving the boundary; the Na+/K+ pump comes in second,
contributing a threshold shift of about a third of that of QNa.
In contrast, the effect of K+ is rather minimal, although in
the opposite direction; this is not surprising since it has the
smallest Q10. Interestingly, only the gating kinetics have a sig-
nificant effect that is opposite to that of all the other factors
considered here [Fig. 4(a)].

Our knock-in simulations also reveal that, to a good
approximation, the total effect of temperature on the
quiescent-bursting boundary is given by the algebraic sum of
these effects [Fig. 4(b)]. We have also done single knock-out
simulations, where only one Q10 at a time (for the pump, Nav,
Kv, or the gates) is set equal to 1. Those results support the
conclusions from the knock-in and summing simulations, and
for that reason are not shown.

The effect of T lies in the fact that the total Nav current
is made up of an LS-dependent but T-independent gating fac-
tor (m3h), multiplied by a LS-independent but T-dependent
battery term. It is also interesting that the resting potential is
insensitive to the value of LS or of T. In fact, by construction,
Vrest is always equal to Eleak in our model. Here is the result
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of our more detailed formulation of HH dynamics that tal-
lies every Na+ or K+ ion going across the membrane and that
includes the Na+/K+ exchanger by necessity. In fact, the ionic
species’ currents are individually balanced and sum to zero
in the resting state, i.e., the quiescent state where no firings
occur. This is necessary to avoid continual accumulation of an
ionic species on one side of the membrane or the other. Hence
in the resting state, the total Na+ and K+ currents are individ-
ually zero; from the current balance equation, this implies that
Vrest = Eleak .

This value contrasts with the well-known standard HH
system, which has four state variables (voltage, Nav activation
and inactivation gates, and Kv activation date). In that system,
Vrest is not necessarily Eleak , but rather the root of a more com-
plex set of nonlinear equations involving all the conductances
and the Nernst potentials. In the standard HH, Vrest depends
on T and LS, even though experimentally the resting potential
in squid axon does not depend significantly on T.

Relatedly, we have assumed that the mechanisms meant
to keep the chloride gradient across the membrane constant
are affected minimally by the mild injury. This means that the
Nernst potential for chloride is unaffected by the mild injury.
However, like all Nernst potentials, the magnitude of Eleak will
be proportional to absolute T. Furthermore, it is reasonable to
assume that the maximal leak conductance gleak , as well as the
smaller Na+ and K+ leakages through the pump, will have a
Q10. For the pump leakage, this effect is likely quite small. As
for gleak , it may have a Q10 on the order of the ones given the
Na+ and K+ conductances. But the leak conductance is often
an order of magnitude less than those of the fast spiking Nav
and Kv conductances, and the battery term is small near rest-
ing potential. Incorporating these extra T-dependencies may
amount to an increased stabilization of the quiescent state as
T increases, since Vrest should decrease slightly following the
increase with T due to both factors entering Ileak (i.e., the con-
ductance and the battery term). It is to be seen how this plays
out in a given experimental system, with its own complement
of ions making up the leakage currents and their associated
temperature dependencies. But at the very least, it would seem
that making the leak terms thermosensitive could “offset the
offset” a bit, i.e., offset the potential benefit of cooling for
reversing mild traumatic injury.

Our work has focused on a single node of Ranvier and
found that the ectopy brought upon by CLS can be coun-
teracted by cooling. While the results were obtained in the
specific context of a node, the fact that the model revolves
around an expanded HH system with plausible Q10 values
suggests that it is generically applicable to any system where
this model provides a good description of the un-traumatized
dynamics at ordinary temperatures.

While our study suggests that cooling can alleviate the
symptoms of CLS and its associated neuropathic pain, it also
predicts that warming will exacerbate the injury by lowering
the threshold for ectopic activity. In the pain literature, allody-
nia describes the situation where a normally non-painful mild
stimulus (mechanical, temperature, etc.) becomes painful.
In this sense, the heightened ectopic activity in our model
brought on by warming could partly underlie “hot allodynia”
seen clinically. It is not clear how large temperature changes

can be in the context of our CLS model, the experimental
basis for which was determined at a fixed reference temper-
ature. This argues for a better calibration of the temperature
between model and CLS experiments to begin making quan-
titative predictions, and also for doing CLS experiments at
different temperatures to see if the coupled-left shift is always
the right picture, at least for sodium.

One has to recognize that this is a simplified yet nec-
essary preliminary step toward understanding the effects of
temperature on normal and injured or diseased states. There
are many factors at play, and our model captures a small
number of them. For example, a recent study33 reported that
cooling induced undesirable changes in motor axons that
were consistent with depolarization; yet, the effect on sensory
axons was comparatively deemed “more complicated” as it
may involve different expression levels of hyperpolarization-
activated channels. And, there are many different parameter
changes that can be investigated in detailed model systems
such as Aplysia, beyond the simple generic ones consid-
ered here.34 A further consideration is the modeling of the
electrogenic pump. Classic work has shown that the mem-
brane potential in squid axon is T-independent; our model
reproduces that finding. However, this property varies across
neurons; for example, membrane potential increases with
warming in mammalian optic nerve,35 a property ascribed
to a combination of the electrogenic pump modeled here as
well as other electrically neutral mechanisms of sodium entry.
Clearly, a specific model system in which many effects can be
studied is a valuable tool, and generalizations must be done
with caution.

We note that current state-of-the-art models of ther-
moreception actually avoid the question of the Q10 for the
pump by omitting the pump altogether.27,31 Willis et al.25

and Wiederhold and Carpenter26 have paid special attention
to the Na+/K+ electrogenic pump, stating that its activity
increases with temperature, and since its net effect is hyper-
polarizing, temperature increases should hyperpolarize the
membrane potential. This effect is incorporated in our model,
given that every cycle of the pump produces a net outflux
of positive charge. Curiously, increasing temperature when
only the Na+/K+ pump is assumed to be T-dependent [i.e.,
knocked-in: see Fig. 4(a)] leads to a lowering of the thresh-
old, meaning that effectively the system is depolarized. The
reason why this occurs is due to an indirect effect on the
Nernst potential for Na+: increased pump activity makes ENa

more positive, due to the increased disparity between inner
and outer Na+ concentrations. Given that the battery term
(V-ENa) is a main component of INa, the net effect of increased
pump activity is a depolarization. The magnitude of this effect
will of course depend on the precise value of Qpump, which
in our study was intermediate between that of the maximal
conductances (1.1 and 1.4) and of the gate kinetics (3).

Future work will consider the propagation aspects of the
proposal put forth here, as was done for the CLS effect.5

In particular, while CLS may be confined to a certain area
of the nerve, it may be challenging to alter the tempera-
ture only at these areas. One may then contend with the
desired effect in the traumatized area, along with potentially
undesirable effects nearby where a healthy nerve is cooled,

Chapter 5 5.3 Barlow, Joós, Trinh, and Longtin (2018)

(144)



106328-11 Barlow et al. Chaos 28, 106328 (2018)

which would impede its normal excitability. Ultimately, the
precise beneficial effects of temperature, if any, will depend
on how well the CLS model captures the mild traumatic
injury in the first place, and whether the injury is indeed
mild or not. Other temperature-dependent processes may also
be at play. And there are specific forms of neuropathic pain
that involve temperature sensation, such as cold allodynia. It
remains to be seen whether the model described here is rele-
vant to that specific condition. Another factor is that transients
may play a role, since it is known that the effect of CLS
can become “expressed” only once a neuron tries to propa-
gate action potentials.5 Thus, there may be interesting neural
use-dependent effects that one could try to mitigate with
temperature. The results presented here suggest that cooling
should also mitigate this kind of stimulus-induced ectopicity.
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Δ𝑇 = 0: Miniature
version of the single
temperature 𝐶𝐿𝑆
regime diagram from
Figure 4.4 on
page#107.

Previously, in Chapter 4, we mapped the left-shift voltage thresholds of pathologi-

cal spontaneous firing patterns in the 𝐶𝐿𝑆 model of a node of Ranvier with active

Na+/K+ pumps (Figure 4.4). Given that excitotoxic spiking can be fatal to dam-

aged neurons in the hours and days following injury, we adapted the 𝐶𝐿𝑆 model to

investigate whether physiological temperature perturbations could prevent cell loss by

stabilizing hyperexcitable 𝐶𝐿𝑆-regimes.

With temperature modulation, the two-dimensional regime diagram from Chapter 4

becomes a three-dimensional ‘𝑇‐𝐶𝐿𝑆 regime cube’ in (𝐴𝐶, 𝐿𝑆, 𝑇) coordinates.
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FIG. 3. Another regime diagram: Temperature versus left-shift at AC = 1.
Temperature and CLS work together—decreasing one allows for an increase

17

FIG. 2(b) on
page#140
superimposes regime
diagrams at three
temperatures
(Δ𝑇 = −5℃ , 0.0℃ ,
and +5℃) to show
the effect of
temperature on
hyperexcitability .
Compare with
Figure 4.4.

In FIG. 2(b)

of [2] (Section 5.3) we slice that cube perpendicular to its 𝑇emperature axis (pointing

out of the page) at Δ𝑇 = −5℃ , 0.0℃ , and +5℃. Each slice reveals a cross-section of

the parameter space with two ectopic boundaries—one separating the quiescent and

bursting regimes, the other marking the transition from bursting to tonic firing—at

a specific Δ𝑇. Superimposing these Δ𝑇-slices in FIG. 2(b) shows that the thresholds

for bursting and tonic firing both decrease with heating (Δ𝑇 > 0) and increase with

cooling (Δ𝑇 < 0).

As described in Table 5.1 and Section 5.2, the 𝑇‐𝐶𝐿𝑆 model adds temperature sensi-

tivity to the simulated NaV and KV channels’ gating variables and maximal conduc-

tances, and to the electrogenic Na+/K+ pumps’ maximum velocity, through a set of

scaling parameters called “Q-tens” (denoted 𝑄10, see Equation (5.1)).
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In prior 𝐶𝐿𝑆 simulations, varying 𝐴𝐶 and 𝐿𝑆 moved the system through different

regimes in a static excitability map (regime diagram). With the 𝑇‐𝐶𝐿𝑆model, however,

temperature moves the boundaries between regimes in the (𝐴𝐶, 𝐿𝑆) plane. To the

neuron, the regime diagram is a function of Δ𝑇 (see FIG. 2(b) above and Appendix

C | 𝑇‐𝐶𝐿𝑆 model: Graphical summary of Chapter 5 on page#305).

Our 𝑇‐𝐶𝐿𝑆 simulations predict that mild cooling can reduce the pathological hyper-

excitability observed in neurons following ischemia (stroke), head trauma, and acute

inflammation. Likewise, the model predicts that febrile temperatures are especially

hazardous to injured neurons, as a few degrees of warming can make a previously

quiescent cell with mild 𝐶𝐿𝑆 hyperexcitable.

Therapeutic hypothermia is commonly used to improve neurological outcomes in pa-

tients who remain comatose following cardiac arrest, yet similar temperature man-

agement protocols are still experimental in stroke and other brain injuries. The

𝑇‐𝐶𝐿𝑆 simulations may prove useful in the design of future studies, as the neurolog-

ical effects of therapeutic hypothermia continue to be investigated.

5.3.1 Varying the sodium channel density

With a bit of interpretation, the 𝑇‐𝐶𝐿𝑆 simulations can also reveal the effects of

altering the sodium channel density2 combined with 𝐶𝐿𝑆 damage: In FIG. 4(a) of

Barlow et al. [2] (page#142), the curves legended 𝑄Na+ are ‘single knock-in simu-

lations’ that isolate thermal modulation of 𝑔̄NaV
by setting the other 𝑄10’s to unity

(i.e. 𝑄K+ = 𝑄gate = 𝑄pump = 1).

In those (𝑄Na+) curves, raising or lowering the temperature corresponds (respec-

tively) to increasing or decreasing the effective NaV channel density—since 𝑄Δ𝑇∕10℃Na+

multiplies 𝑔̄NaV
—albeit with a small offset due to the temperature term in the Nernst

2The maximal NaV conductance density (𝑔̄NaV
) can be interpreted as a measure of the density

of voltage-gated sodium channels in the membrane.
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potential (see the full knock-out curves in the same figure). Using this special case

to approximate the effects of NaV density modulation, we see that reducing the NaV

density has a protective effect that is similar to cooling the neuron.

The analysis above reinterprets temperature effects in the 𝑄Na+ single knock-in sim-

ulations as modulations of NaV channel density at a fixed temperature, accompanied

by left-shift as seen in Chapter 4. These existing simulations do not simultaneously

capture 𝐶𝐿𝑆 with temperature modulation and variable NaV density. Future studies

could generate 𝑇‐𝐶𝐿𝑆 regime diagrams at various temperatures, as we have done in

FIG. 2.(b) of Barlow et al. [2] (page#140), but with multiple fixed 𝑔̄NaV
(NaV density)

values.

In such cases, reducing NaV density (which raises thresholds, similar to cooling)

could interact with the heating effects from the full set of 𝑄10 factors, i.e.

𝑄Na+ , 𝑄K+ , 𝑄gate, 𝑄pump ≠ 1.

Modulating NaV density and temperature could be especially relevant to medical

interventions such as the administration of NaV channel blockers in hypothermic or

febrile neurons following trauma.
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Chapter 6

The pattern of ion channels in the
axon initial segment affects
feedback sent to dendrites

The title above is accurate, but the official title of the paper that this section is

about—Barlow, Longtin, and Joós [4]—is ‘Impact on backpropagation of the spatial

heterogeneity of sodium channel kinetics in the axon initial segment’. It was the best

title we could think of, prior to finalizing the publication.

The simulations in this chapter analyze the effects of different spatial distributions of

voltage-gated ion channels1 in the proximal axon of pyramidal neurons on excitabil-

ity, and the impact on electrical feedback—called backpropagation—that is sent to

dendrites2 when the pattern of those ion channels is modified (see Fig.1 of Barlow,

Longtin, and Joós [4], on page#158). The models in previous chapters have featured

a single NaV channel protein—albeit with 𝐶𝐿𝑆 damage creating a subpopulation of

left-shifted channels—but NaVs come in several varieties. As described below and in

the paper (Section 6.3), this study includes two NaV subtypes: NaV1.6, which is

found in axons, and NaV1.2, which is found in the soma and dendrites and the prox-

imal axon at certain developmental stages. We began by building upon the model
1introduced in Section 3.2.
2see Figure 2.8 for dendritic morphology.
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of Hu et al. [23], focusing on the cell morphology and channel kinetics which they

fitted to their electrophysiological measurements.

6.1 Statement of originality and contributions

I designed, programmed, and conducted the simulations, performed all data analysis

and visualization, and wrote the original draft of this paper. The full list of con-

tributions is itemized below and in the paper (Section 6.3 | Barlow, Longtin, and

Joós [4], on page#153):

• Conceptualization: Benjamin S. M. Barlow, André Longtin, Béla Joós.

• Formal analysis: Benjamin S. M. Barlow, André Longtin, Béla Joós.

• Funding acquisition: André Longtin, Béla Joós.

• Investigation: Benjamin S. M. Barlow, André Longtin, Béla Joós.

• Methodology: Benjamin S. M. Barlow, André Longtin, Béla Joós.

• Project administration: André Longtin, Béla Joós.

• Resources: André Longtin, Béla Joós.

• Software: Benjamin S. M. Barlow.

• Supervision: André Longtin, Béla Joós.

• Validation: Benjamin S. M. Barlow, André Longtin, Béla Joós.

• Visualization: Benjamin S. M. Barlow.

• Writing – original draft: Benjamin S. M. Barlow.

• Writing – review & editing: Benjamin S. M. Barlow, André Longtin, Béla

Joós.
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6.2 Introduction

The Axon Initial Segment (AIS)—often called the trigger zone—is the part of the

axon where action potentials initiate. It is located near where the axon necks off from

the soma (the axon hillock), hence “initial” segment (see Figure 2.10 in Section 2.2,

page#21).

In the developing nervous system, pyramidal neurons—the majority of neurons in

the cortex—express two different varieties of voltage-gated sodium channels, called

NaV1.2 and NaV1.6 [37, 23]. Multiple experimental studies in different neuron types

have found that NaV1.2 is right-shifted relative to NaV1.6 [47, 23, 32, 56, 57].3

Hu et al. [23] were the first to simulate the effects of separated NaV1.2 and NaV1.6

density profiles, which they treated as static. Their models were based on the recon-

structed pyramidal cell modelled by Mainen and Sejnowski [38].

The simulations from [38] showed that changing the shape of a simulated neuron

(morphology), when combined with nonlinear HH-style currents, can produce a vari-

ety of observed spiking patterns. This is relevant to neuroscience because real neurons

exhibit a seemingly endless variety of morphologies, and morphology is plastic at the

level of single cells.

When I began this project, the intention was to study the function served by the

NaV channels’ interesting pattern of expression (reported in Hu et al. [23] and more

recently in Liu et al. [37], among others). I designed simulations that created hy-

pothetical sodium channel density profiles in the AIS—inspired loosely by variational

calculus—and systematically wiggled them to see whether the neuron’s response to
3Katz et al. [31] challenged this widely accepted view, but they too found that wild-type neurons

expressing NaV1.6 had a lower AP threshold than neurons which were engineered to lack NaV1.6
in the AIS. These latter neurons compensated for the missing NaV1.6 channels by expressing extra
NaV1.2 in their place, and the change in threshold was not attributed to a decrease in total NaV
density.
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injected current was affected by the new NaV pattern (see Fig.1 in Barlow, Longtin,

and Joós [4], on page#158).

It turned out that neurons actually do wiggle their NaV expression in the AIS, in a

way that is remarkably similar to the “hypothetical” set of density profiles I had been

simulating [37]. I modelled backpropagation in the pyramidal neuron morphology

from Hu et al. [23] (i.e. from Mainen and Sejnowski [38]). The conclusion from [23],

that concentrating NaV1.2 in the proximal AIS—via the separated NaV distribution

that is observed in early development—promotes backpropagation, was derived from

modelling results with axonal current injection.

We found that proximal accumulation of NaV1.2 actually increases 𝐼𝐵𝑃 with ortho-

dromic stimulation, a result that persisted under changes to the somatodendritic

excitability balance. Later, I created an independent model from the morphology

and biophysics of Hay et al. [19] (Figure 2.8 on page#20), reinforcing the results from

my Hu-based simulations.

With somatic current injection, our Hu-based and Hay-based models showed strong

qualitative and quantitative agreement: their backpropagation thresholds responded

nearly identically to modifications in NaV1.2 and NaV1.6 density profiles (compare

Fig. 2 and Fig. 7(A)). Notably, both models agreed in their departure, under somatic

stimulation, from the earlier finding in [23] that NaV1.2 promotes backpropaga-

tion.

With axonal stimulation, we observed a loss of backpropagation in the Hay-based

model as NaV1.2 was removed from the proximal AIS (Barlow et al. [4]), consistent

with Hu et al. [23]. However, some quantitative differences emerged between the

Hu-based and Hay-based models under antidromic stimulation. Initially, with the

separated NaV distribution (𝑥 = 1), both models exhibited similar physiological

backpropagation thresholds. While the Hay-based model maintained physiological
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thresholds across both flat and separated NaV distributions, 𝐼𝐵𝑃 increased rapidly

in the Hu-based model as the NaV distribution became more homogeneous (𝑥 → 0).

Nonetheless, both models displayed the same qualitative trend: axonal 𝐼𝐵𝑃 decreased

as NaV distributions became more separated (cf. Fig. 4, Fig. 7(B)).

Despite their numerous significant inherited differences [4], our Hu-based and Hay-

based models exhibit qualitative agreement regarding the relationship between AIS

sodium channel expression and the backpropagation threshold in both orthodromic

and antidromic stimulation (Fig. 2, Fig. 7(A) and Fig. 4, Fig. 7(B), respectively).

Axonal stimulation itself is unphysiological and was modelled only for comparison

with the methodology of [23], whereas the models showed strong agreement under

physiological somatic current injection.

Modelling choices and many other details are properly discussed in the paper (Sec-

tion 6.3) and in the Supporting information (Section 6.4).

6.3 Barlow, Longtin, and Joós (2024)
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Abstract

In a variety of neurons, action potentials (APs) initiate at the proximal axon, within a region

called the axon initial segment (AIS), which has a high density of voltage-gated sodium

channels (NaVs) on its membrane. In pyramidal neurons, the proximal AIS has been

reported to exhibit a higher proportion of NaVs with gating properties that are “right-shifted”

to more depolarized voltages, compared to the distal AIS. Further, recent experiments have

revealed that as neurons develop, the spatial distribution of NaV subtypes along the AIS can

change substantially, suggesting that neurons tune their excitability by modifying said distri-

bution. When neurons are stimulated axonally, computational modelling has shown that this

spatial separation of gating properties in the AIS enhances the backpropagation of APs into

the dendrites. In contrast, in the more natural scenario of somatic stimulation, our simula-

tions show that the same distribution can impede backpropagation, suggesting that the

choice of orthodromic versus antidromic stimulation can bias or even invert experimental

findings regarding the role of NaV subtypes in the AIS. We implemented a range of hypothet-

ical NaV distributions in the AIS of three multicompartmental pyramidal cell models and

investigated the precise kinetic mechanisms underlying such effects, as the spatial distribu-

tion of NaV subtypes is varied. With axonal stimulation, proximal NaV availability dominates,

such that concentrating right-shifted NaVs in the proximal AIS promotes backpropagation.

However, with somatic stimulation, the models are insensitive to availability kinetics.

Instead, the higher activation threshold of right-shifted NaVs in the AIS impedes backpropa-

gation. Therefore, recently observed developmental changes to the spatial separation and

relative proportions of NaV1.2 and NaV1.6 in the AIS differentially impact activation and

availability. The observed effects on backpropagation, and potentially learning via its puta-

tive role in synaptic plasticity (e.g. through spike-timing-dependent plasticity), are opposite

for orthodromic versus antidromic stimulation, which should inform hypotheses about the

impact of the developmentally regulated subcellular localization of these NaV subtypes.
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Author summary

Neurons use sodium ion currents, controlled by a neuron’s voltage, to trigger signals
called action potentials (APs). These APs typically result from synaptic input from other
neurons onto the dendrites and soma. An AP is generated at the axon initial segment
(AIS) just beyond the soma. From there, it travels down the axon to other cells, but can
also propagate “backwards” into the soma and dendrites. This “backpropagation” allows
the neuron to compare the timing of outgoing and incoming signals at synapses where
input was received, a feedback process that modifies its connections to other neurons
(spike-timing-dependent synaptic plasticity) which is a mechanism for learning. It is puz-
zling that in many neurons, sodium ion channels come in two types: high-voltage thresh-
old channels clustered near the soma where the AIS begins, and low-voltage ones further
away towards the axon. This separation changes in the early development of the animal,
which raises the question of its role in backpropagation. We constructed detailed mathe-
matical models to explore how separation affects backpropagation. Separation either
impedes or enhances backpropagation, depending on whether the AP results from input
to the soma or dendrites or, less typically, input received in the axon. This is explained by
the different effects the separation has on two key kinetic processes that govern sodium
currents.

Introduction

In fluorescence microscopy images of neurons, the axon initial segment (AIS) is visible as a
patch of axonal membrane near the soma with a high density of voltage-gated ion channels.
These channels enable the AIS to initiate and shape action potentials (spikes) and regulate neu-
ronal excitability [1]. The AIS can be thought of as an organelle that lives within the first⇡
100mm of axonal membrane and whose function it is to supply the current needed to initiate
spikes when the neuron is poised to fire—usually in response to synaptic input. The AIS can
move up and down the axon and also change its length on a timescale of hours to days. This
phenomenon, called structural AIS plasticity, enables neurons to optimize their sensitivity to
specific input frequencies during development and to homeostatically adjust their intrinsic
excitability [2–4]. GABAergic input can also impinge on the AIS from axo-axonic synapses,
such that the AIS can be modulated directly by interneurons. Synaptic input at the AIS can
rapidly and precisely control the excitability of individual neurons for sound localization [5].
Fast AIS plasticity, including receptor-mediated changes to local ion channel properties and
endocytosis of voltage-gated channels, occurs on timescales of seconds to minutes [6]. (This is
distinct from pathological remodelling induced by ischemia, although in [7], it was recently
demonstrated that cortical neurons are more robust to interruptions in blood flow than previ-
ously thought.) The outsized electrophysiological influence of the AIS demands robust charac-
terization of this short piece of axon as it interacts with its environment.

Over three-quarters of all neurons in the mammalian cortex are pyramidal cells (see Fig A
in S1 Text), which have dendrites spanning the thickness of the cortex (several mm) and AIS
lengths on the order of tens of mm [8–11]. The AIS requires a high density of voltage-gated
sodium channels (NaVs) to prime and initiate action potentials (APs) [12–14]. In pyramidal
cells, the AIS features two NaV subtypes, with an interesting spatial distribution: NaV1.2 chan-
nels cluster near the soma (i.e. at the proximal AIS) while NaV1.6 cluster toward the distal AIS
[15–17]. However, the purpose of this separated distribution of NaV subtypes remains unclear
[18, 19]. Further, recent experiments have revealed that as neurons develop, the spatial
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distribution of NaVs in the AIS can change substantially, suggesting that neurons tune their
excitability by modifying said distribution [20].

Our modelling study is motivated by the following question: What effect does the separated
spatial distribution of NaV1.2 and NaV1.6 in the AIS have on excitability and backpropagation?
And does the answer depend on whether stimulation is orthodromic or antidromic? In partic-
ular, how does the finding in [15], that the separated distribution of NaV subtypes favours
backpropagation—simulated with axonal (antidromic) current injection—generalize to the
more common situation of somatic (orthodromic) stimulation?

It is a prevalent view that the Hodgkin-Huxley style kinetics of NaV1.2 are right-shifted rela-
tive to those of NaV1.6 by an amount VRS ⇠ 10� 15mV [13–15, 17, 21, 22]. Due to their right-
shifted gating properties (see Fig P in S1 Text), NaV1.2 channels are often described as “high-
threshold” channels, since the right-shift increases their half-activation voltage, relative to
NaV1.6. Because the same right-shift also increases NaV1.2 availability—i.e. it reduces the pro-
portion of inactivated NaV1.2 channels at a given voltage, compared to NaV1.6—it is an over-
simplification for the purposes of this study to call them high- and low-threshold channels,
respectively. For this reason we instead say that NaV1.2 channels are right-shifted.

Interestingly, NaV1.6 invades the proximal AIS as pyramidal neurons mature [20]. To be
meaningful, the statement of Hu et al. that concentrating NaV1.2 in the proximal AIS promotes
backpropagation [15], requires that the right-shifted gating properties of NaV1.2 do the promot-
ing: Suppose a given stimulus is just barely sufficient to evoke a backpropagating AP (BAP) in
the neuron with NaV1.2 concentrated in the proximal AIS and NaV1.6 in the distal AIS. If the
function of said channel distribution is to ensure backpropagation of the AP to the soma and
dendrites (as stated in [15]), then backpropagation should fail with the same stimulus if the
proximal AIS were instead populated with NaV1.6.

In [15], the rôle of NaV1.2 in promoting backpropagation is contingent upon simulations
wherein the density of NaV1.2 was incrementally lowered in the AIS. However, at the proximal
AIS, the active Na+ conductance was almost entirely composed of NaV1.2 channels. It does not
follow then, that concentrating NaV1.2 in the proximal AIS promotes backpropagation, from
the fact that removing the only NaV channels in that area (which happen to be NaV1.2 at that
developmental stage [20]) stopped backpropagation.

A more recent experimental paper which is the most directly relevant to [15] is Katz et al.
(2018) [18], which compared AP thresholds in engineered mouse pyramidal neurons lacking
NaV1.6 to wild-type neurons with NaV1.2 and NaV1.6 in the AIS. In [18], they downplay the
importance of NaV subtypes in determining the excitability differences seen in the proximal
versus distal AIS. Whereas antidromic stimulation was used in [15], orthodromic stimulation
(somatic current injection) was used in [18]. There were no data available that isolated the
effect of orthodromic versus antidromic stimulation w.r.t. the role of NaV subtypes in the AIS
in setting the backpropagation threshold. Here our modelling shows that the stimulation site
matters, and can invert the experimental conclusions, which should motivate a comparative
experimental study.

The separated NaV distribution is reported to promote backpropagation—which is impor-
tant for learning—following axonal stimulation [15]. There is also evidence that mutations
which alter the gating properties of NaV1.2 are involved in epilepsy and autism [23]. Backpropa-
gated spikes drive learning by depolarizing the postsynaptic membrane, which triggers meta-
bolic events that give rise to synaptic plasticity, including spike-timing-dependent plasticity
[24]. There is experimental evidence that postsynaptic backpropagation can release retrograde
messengers into the synapse, and influence the future release of neurotransmitters from the pre-
synaptic neuron [25]. A backpropagating action potential can also underlie bursting in cortical
neurons as it can return to the cell body from the dendrites as a depolarizing after-potential,
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which in turn can initiate another somatic AP [26, 27]. Bursting can also occur in layer 5 pyra-
midal cells following the generation of a dendritic BAP-activated Ca2+ spike (BAC spike), e.g. in
the presence of synaptic input. The associated BAPs can further influence the dendritic dynam-
ics [28–31].

Not all layer 5 pyramidal cells can generate dendritic spikes as the size of the apical den-
dritic tree varies [32]. Dendritic spikes have also been reported to vary across species, and are
not common in human layer 5 pyramidal cells [33], owing partly to their enhanced dendritic
compartmentalization [34]. Thus, to further understand the original reports that NaV segrega-
tion promotes BAPs, we investigate how NaV segregation in the AIS can decrease the BAP
threshold (described below) using the model of [15] (itself based on [26]). This provides the
backbone to study the basic effects on BAPs of the AIS excitability profile, under both somatic
and axonal stimulation. For the sake of generality, we complement these results by considering
a state-of-the-art model of layer 5 pyramidal cells with perisomatic BAPs and dendritic BAC
firing [29], adapted to include a more realistic AIS and axon.

Other computational powers are attributed to the AIS. Moving the initiation site away from
the soma (i.e. toward the distal AIS) beyond a critical distance enables high-frequency spiking
in cortical neurons, increasing the maximum spike frequency by an order of magnitude [14].
Separating NaV1.6 into the distal AIS is said to push the initiation site toward that location,
owing to those channels’ lower voltage threshold [15, 21]. However, in [35], simulations hav-
ing only one NaV type demonstrated that passive cable properties are sufficient to locate AP
initiation at the distal AIS.

In our simulations, we alter the composition of the AIS and look for changes in the back-
propagation threshold. We distribute right-shifted NaV gating properties along the AIS by dif-
ferentially distributing two functionally distinct classes of sodium channels, referred to here as
NaV1.2 and NaV1.6 following [15, 21] and [20]. We systematically alter the NaV distribution,
by varying the extent to which NaV subtypes are spatially segregated in the AIS without affect-
ing the total NaV density.

We compute the threshold for backpropagation as the amplitude of a brief current pulse
that causes an AP to propagate back into the dendrites and cause a sufficient depolarization
(Sections B and C in S1 Text). This is done in three biophysically detailed and independently
tuned multicompartmental pyramidal cell models ([15, 29]), two of which are based on the Hu
et al. (2009) model and involve the same morphology but with differing soma-dendrite excit-
ability balance (cell geometries are provided in Figs A and B in S1 Text). This threshold is com-
puted as a function of the spatial segregation of the NaV subtypes in the AIS by continuously
varying their density profiles from fully overlapping to strongly separated (Fig 1).

We show that NaV separation reduces the backpropagation threshold with axonal stimula-
tion but can impede backpropagation with somatic stimulation. This asymmetrical result was
not expected. To explain our results, we independently modify the right-shift (VRS) of selected
NaV1.2 gating variables and their respective time constants by an amount ΔVRS (i.e. VRS!
VRS + ΔVRS). These modifications to NaV1.2 gating are applied only in the AIS.

Sweeping ΔVRS (while clamping other gating variables to nominal VRS values) reveals that
(I) NaV1.2 availability and its time constant explain how proximal NaV1.2 promotes back-
propagation with axonal stimulation, and (II) the threshold of steady-state activation
explains how NaV1.2 suppresses backpropagation and reduces excitability with somatic
stimulation.

Being a feature of pyramidal cells, the plastic distribution of AIS NaV subtypes that we
model applies to something like eight out of ten cortical neurons [8]. Various experimental
and computational techniques used to study the biophysical determinants of AIS excitability
across the lifespan have involved different stimulation sites [36, 37]. Here we demonstrate
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opposing effects on backpropagation with orthodromic versus antidromic stimulation by
altering the separated NaV distribution. Both stimulation modes are used by experimentalists
[11, 15, 18, 38], and certain pyramidal neurons are also known to receive axo-axonic input at
the AIS as well as somatodendritic input [6]. It is thus important to know whether and how
the spatial profile of NaV channel subtypes really enhances backpropagation in vivo, and
whether moving the stimulating electrode can bias or even invert experimental findings, as
our work demonstrates. Apart from explaining the dynamical mechanism behind the depen-
dence of AP generation on AIS NaV distribution, we clearly show that the site of stimulation
matters, a finding that is present robustly in different models and which merits experimental

Fig 1. Modifying the spatial distribution of NaV subtypes in the AIS while keeping the total conductance constant.
(A) The spatial separation of NaV subtypes in the AIS is varied using the parameter “x” with κ = 0.5. The top plot is a
model setup with a separated distribution [15, 20] of NaVs in the AIS. The high threshold NaV1.2 (indicated in blue)
are concentrated close to the soma, and the low threshold NaV1.6 (indicated in orange) are kept distal to the soma.
Moving from top to bottom, both NaV subtypes are distributed ever more evenly along the AIS. We chose the
parameter name “x” to vary the spatial separation of the AIS NaV distributions, because the separated distribution is x-
shaped. Setting x = 1 in our simulations gives the separated distribution, and x = 0 gives the “flat” distribution wherein
both NaV subtypes are uniformly mixed. (B) Variation of the crossover location (κ) of NaVs in the AIS with x = 0.5. We
have lengthened the AIS to 50mm in this graphic for visual clarity.

https://doi.org/10.1371/journal.pcbi.1011846.g001
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confirmation. Changes to AIS properties and the follow-on effects on backpropagation must
affect the entire cortex.

Results

Hypothetical NaV distributions in the AIS

We begin with our implementation of the model from Hu et al. (2009) [15] (Hu-based model),
using their morphology, KV and NaV kinetics (for details, see Materials and methods). The
standard AIS length in our model is 25 mm, based on measurements from [10]. A key feature
of the NaV distribution that changes during development, is the extent to which the voltage-
gated sodium channel subtypes NaV1.2 and NaV1.6 are localized in the proximal and distal
AIS, respectively [20]. In our simulations, the relative proportion of NaV1.2 versus NaV1.6 at a
given position along the AIS can be changed without affecting the total NaV density at any
point (Eq 6).

Fig 1 shows how the parameters x and κ control the way NaV subtypes are spread out along
the AIS. When x is at its highest value of 1, the subtypes NaV1.2 and NaV1.6 are spaced apart
from each other, with NaV1.2 concentrated in the proximal AIS and NaV1.6 in the distal AIS,
approximating the distribution observed in developing pyramidal neurons (see [20]). Decreas-
ing x transforms this separated distribution into a uniform mix (x! 0) where NaV1.2 and
NaV1.6 are distributed homogeneously. This can be seen in Fig 1A.

Every distribution except the uniform NaV mix has a location along the AIS at which the
density of NaV1.6 overtakes the NaV1.2 density. That location, which we call the NaV crossover
and denote κ, is also varied in our simulations (see Fig 1A; κ is a dimensionless length normal-
ized by the AIS length).

To cement our results, we will further apply identical transformations to the NaV distribu-
tion in a cell having a ‘backward’ AIS, that is, with distal NaV1.2 and proximal NaV1.6. The
results from the backward AIS model are nearly a mirror image of our findings.

For each hypothetical NaV distribution, a short current pulse (1ms) is injected at a specific
site, and the minimum (i.e. threshold) pulse amplitude I (in nA) required to elicit a spike is
determined. Brief pulse durations separate the stimulation waveform from the intrinsic
response of the cell. We define excitability in terms of two thresholds: backpropagation thresh-
old IBP (AP leading to a spike in the distal dendrites) and forward-propagation threshold IFP
(axonal AP threshold, recorded without regard to the amplitude of the somatodendritic
depolarization).

Current is injected either in the middle of the soma (somatic stimulation) or the axon just
distal to the AIS (axonal stimulation). In both cases, forward propagation refers to an AP trav-
elling down the axon, and backpropagation always refers to an AP visible as a spike in the den-
drites. Backpropagation was deemed to have occurred if all apical dendritic tips exceeded
�63:0mV (i.e. a depolarization of 7:0mV above Vrest) following stimulation (see Fig C in S1
Text).

In the following sections, we implement the above NaV distributions in the Hu-based
model [15] (Fig A in S1 Text), which we chose as a starting point because of its seminal role in
the study of how NaV subtypes in the AIS affect backpropagation. At Vrest, the activation of
NaV1.2 and NaV1.6 is negligible, so the total conductance at rest is not affected by x or κ (see
Fig Pi in S1 Text).

Due to the “curse of dimensionality” and limitations in the spatial resolution of experimen-
tal measurements, many parameters in multicompartmental models—such as the density of
ion channels at every point on the cell membrane—must be estimated and require tuning,
introducing subjective judgement on the part of the modeller (reviewed in [39]). Hu et al. [15]
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based their simulations on a hand-tuned model from [26]. The adjustment and re-adjustment
of hand-tuned models is a potentially endless cycle [39]. It is desirable to have a model which
is tuned automatically via an objective procedure, to break the loop of hand-tuning. To this
end, in Generalization to Hay-based model and modified Hu-based model, we repeat the pro-
cedure described above—i.e. varying the NaV distributions in the AIS as in Fig 1—in the
model of Hay et al. (2011) [29] (Fig B in S1 Text). Hay et al. used an evolutionary algorithm to
optimize the densities of nine simulated ion channels in each compartment of reconstructed
layer-5b pyramidal neurons. The ground truth in that fitting consisted of somatodendritic
spiking patterns recorded in a variety of such neurons from adult rats.

The third model, a modification of our Hu-based model with significant qualitative differ-
ences in its backpropagating action potential, is included in Section D in S1 Text. In the latter
model, the dendritic excitability is much higher, with negligible attenuation of the backpropa-
gating action potential. The dendritic NaV density is increased 10-fold relative to the Hu-based
model in the main text, and the somatic NaV density is decreased 3-fold. Multiple models with
differing conductances, biophysics, and morphology demonstrate the robustness of our
results, as we can modify the density profiles of NaV1.2 and NaV1.6 in the AIS without affect-
ing any other compartments. For further details, see Materials and methods and S1 Text.

Somatic stimulation

In Fig 2, both negatively and positively sloped backpropagation threshold curves with respect
to x are present, indicating that NaV separation can promote or impede backpropagation
(respectively). Changes in threshold can be as large as 30%. Moving the NaV crossover (κ)
toward the distal AIS shifts the backpropagation threshold curves upward. A qualitative
change, namely the sign of the slope, occurs around κ = 0.4.

An intuitive explanation for this latter effect is that moving the crossover location away
from the soma causes the AIS to be dominated by NaV1.2 channels (see Fig 1B, κ = 0.8), which
have a higher activation voltage threshold than NaV1.6. APs still initiate in the distal AIS, but
the dominant NaV1.2 renders the cell less excitable. Further, for κ ≳ 0.4, the backpropagation
threshold increases as we tend toward the separated, x-shaped distribution of NaVs. This
behaviour is the opposite of what is observed for axonal stimulation below and in [15]. We
repeated these simulations with AIS length up to 100mm (Fig L in S1 Text) and also with stim-
ulation at the main apical dendrite (Fig N in S1 Text) instead of the soma, and obtained the
same qualitative results as Fig 2 (see Section D.1 in S1 Text).

The negatively sloped curves do not necessarily imply that proximal NaV1.2 promotes back-
propagation in the case of somatic stimulation. In those curves (κ≲ 0.4), the AIS is mainly
populated with NaV1.6 when x> 0. Also note that decreasing κ places more NaV1.6 channels
nearer to the soma (see Fig 1B, κ = 0.2). In that case, the threshold-lowering effect of NaV sepa-
ration could come from the increased total NaV1.6 density that results from increasing x when
κ is relatively small, rather than from the proximal accumulation of NaV1.2 with increasing x.
Further, increasing κ (which increases the ratio of NaV1.2 to NaV1.6 in the AIS) raises the
threshold for all curves in Fig 2 (see also Fig M in S1 Text). It is then consistent to postulate
that for somatic stimulation, the backpropagation threshold is increased by AIS NaV1.2 at all
values of x and κ, and Fig 2 is consistent with AIS NaV1.6 enhancing excitability and backpro-
pagation. In other words, for somatic stimulation:

• when κ< 0.5 and x> 0, the AIS is dominated by NaV1.6: increasing x decreases the propor-
tion of total AIS NaV conductance due to NaV1.2 (negative slope: separated distribution
yields the lowest backpropagation threshold).
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• when κ> 0.5 and x> 0, the AIS is dominated by NaV1.2: increasing x increases the propor-
tion of total AIS NaV conductance due to NaV1.2 (positive slope: separated distribution
yields the highest backpropagation threshold).

This effect is shown in Fig R in S1 Text. Although the above description is an appealing sim-
plification, the impact of the spatial separation of NaV subtypes (x) remains important, even
when the AIS has equal amounts of NaV1.2 and NaV1.6. In other words, the combined effect of
x and κ cannot be reduced to the resulting ratio of total NaV1.2 versus NaV1.6.

Lengthening the hillock with κ fixed also moves the crossover away from the soma. Curves
with negative slope in Fig 2 became positively sloped when the hillock was lengthened from
10mm to 30mm (Fig O in S1 Text). The forward propagation threshold for somatic stimulation
with a single 1ms current pulse is not included in a separate figure since it is identical to the
backpropagation threshold in this model. This does not depend on the somatic injection site.
The effect of NaV gating properties in the AIS on backpropagation threshold is examined sys-
tematically in Modifying the right-shift of NaV1.2 gating properties in the AIS.

An informative variation on Fig 2 is shown in Fig 3C in which the AIS is “put on back-
ward”, such that NaV1.2 is concentrated in the distal AIS and NaV1.6 is proximal to the soma.
As one might expect, the effect of varying x and κ in Fig 3 is opposite to what is seen in Fig 2,
albeit with some new curvature at low κ. This reinforces the observation that proximal NaV1.6
facilitates backpropagation with somatic stimulation.

Fig 2. Somatic stimulation: Combined effect of varying crossover location (κ) and NaV separation (x) in the axon initial segment.
The threshold for forward AP propagation is the same as for backpropagation. Varying the separation parameter “x” from x = 0 to
x = 1, the distribution of NaV channels goes from flat (homogeneous) to separated, the latter approximating the distribution observed
in developing pyramidal neurons (see Fig 1A). Note that curves for all values of κ converge to a single point at x = 0, since κ can have
no effect when the two NaV subtypes are uniformly distributed along the AIS. The lines have been drawn to guide the eye.

https://doi.org/10.1371/journal.pcbi.1011846.g002
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Axonal stimulation

With axonal stimulation (current injection just distal to the AIS), NaV separation consistently
lowers the backpropagation threshold (Fig 4). Contrary to somatic stimulation (Fig 2), moving
the NaV crossover (κ) toward the distal AIS shifts the backpropagation threshold curves
downward.

The decreasing threshold with respect to x in Fig 4 is consistent with the conclusion from
[15], which used axonal stimulation, that proximal NaV1.2 in the AIS promotes backpropaga-
tion. Our results for κ, with axonal stimulation, provide new support for their findings.

This agreement is interesting because our method of modifying the AIS NaV distribution
(described above in Fig 1) is quite different from their simulations. Our transformations delib-
erately preserve the total NaV density at every AIS segment—if NaV1.2 is removed, NaV1.6
must take its place. Conversely, in [15], the density profile of NaV1.2 is scaled by a constant fac-
tor everywhere in the AIS, leaving the NaV1.6 profile intact. We denote the scaling factor

aNaV1:2 ⩾ 0: Ö1Ü

Fig 3. Somatic stimulation with a flipped NaV distribution: Backward AIS. When the AIS NaV distribution is
flipped proximal-to-distal, setting x = 1 concentrates NaV1.6 at the proximal AIS and NaV1.2 at the distal AIS—the
opposite of what is observed in many pyramidal cells [15–17]. (A) AIS with proper longitudinal placement of NaVs.
(B) AIS with a longitudinally flipped NaV distribution. In both plots, x = 0.5 and κ = 0.5. (C) Somatic stimulation with
AIS NaVs flipped as in (B): This result is close to a mirror image of Fig 2. The lines have been drawn to guide the eye.

https://doi.org/10.1371/journal.pcbi.1011846.g003
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That is, if the NaV1.2 density profile is scaled down in [15], nothing is added to compensate for
the missing channels. Under the latter transformation, we expect that aNaV1:2 > 1 would lower

IBP and aNaV1:2 < 1 would raise IBP in our models as well, since scaling the density profile of

NaV1.2 in a separated distribution with a specified κ and x> 0 would scale the total AIS NaV

conductance, especially at the proximal AIS. We have reproduced this procedure in the Hay
model, see Rescaling the NaV1.2 density profile by a uniform factor in the AIS.

It is one thing to say that reducing (increasing) the total density of voltage-gated sodium
channels in the proximal AIS, which happen to be NaV1.2 channels, will raise (lower) the back-
propagation threshold (respectively). But since we preserved the local NaV density in our
results (above), the changes to IBP can only be a manifestation of the spatial heterogeneity of
sodium channel gating properties. Since right-shift is the most important feature distinguishing
NaV1.2 from NaV1.6 in this model, we included a sensitivity analysis, see Modifying the right-
shift of NaV1.2 gating properties in the AIS. The analysis in that section explains how the prox-
imal accumulation of NaV1.2 is able to simultaneously lower IBP with axonal stimulation (Fig
4) and raise IBP with somatic stimulation (Fig 2).

Fig 4. Axonal stimulation: Effect of varying crossover location (κ) and NaV separation (x) in the AIS on the backpropagation
threshold (see Fig 1). When computing the threshold, the stimulating current was limited to a maximum of 10nA, to prevent
unphysiological local depolarization at the stimulation site. Due to the smaller diameter of the axon (relative to the soma), 10nA is
sufficient to depolarize the membrane potential to⇡ á80mV at the stimulation site, whereas the resting potential is Vrest à �70mV.
To achieve backpropagation within that constraint (following axonal stimulation), our model required some amount of proximal
NaV1.2, delivered through the combined effects of NaV separation (x≳ 0.5) and a sufficiently distal crossover position κ ≳ 0.4.
Separating the two NaV subtypes (x! 1) lowers the threshold, in agreement with the finding in [15] that proximal accumulation of
NaV1.2 promotes backpropagation, albeit due to different gating properties (Fig 6B). Increasing κ raises the proportion of NaV1.2
(relative to NaV1.6) in the AIS and lowers the backpropagation threshold as well. Threshold changes here are larger than for somatic
stimulation (Fig 2). The lines have been drawn to guide the eye.

https://doi.org/10.1371/journal.pcbi.1011846.g004
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Forward propagation threshold

The forward-propagation threshold IFP, also referred to as the AP threshold, is shown in Fig 5
for the Hu-based model. With axonal stimulation only, it is possible to elicit an action potential
without creating sufficient depolarization in the apical dendrites to meet our strict criterion
for backpropagation (see Figs D and C in S1 Text). Note, however, that the most distal den-
drites depolarize to severalmV above their local resting potential (see Fig Dii in S1 Text). Stim-
ulation amplitude is an order of magnitude lower than in the case of IBP. This is expected with
axonal stimulation due to the high NaV density of the distal AIS, its electrical isolation from
the soma, its proximity to the stimulus, and our stringent definition of IBP (Section B in S1
Text). (Antidromically stimulated axonal APs that do not trigger a somatodendritic BAP have
been observed in several neuron types [36, 37].) Further, as discussed in [39], Hu et al. [15]
built their model on [26], in which somatic invasion of the axonal action potential is reduced.

As with IBP, increasing x lowers IFP. NaV separation concentrates NaV1.6 in the distal AIS,
making it more excitable in the portion nearer to the stimulation site. This finding is consistent
with [15], who found that distal NaV1.6 density places the lowest initiation threshold (and
therefore the AP trigger zone) at the distal AIS. However, [35] has shown that cable properties
are sufficient to explain why the trigger zone is located at the distal AIS (see Discussion). Mov-
ing the crossover distally (κ! 1) increases the total proportion of NaV1.2 in the AIS and
thereby raises the IFP threshold due to activation right-shift.

Fig 5. Axonal stimulation: Effect of x and κ on forward propagation threshold. The trend for all constant κ curves is that raising the
proportion of total AIS NaV1.6 (by reducing κ) or concentrating NaV1.6 in the distal AIS (by increasing x) lowers the threshold to
initiate forward propagating action potentials (see Fig 1). Note that although this threshold current pulse is not sufficient to satisfy our
strict backpropagation criterion (see Section B in S1 Text), the most distal apical dendrites will be depolarized by severalmV relative to
their local resting potential (see Fig Dii in S1 Text). The lines have been drawn to guide the eye.

https://doi.org/10.1371/journal.pcbi.1011846.g005
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Modifying the right-shift of NaV1.2 gating properties in the AIS

Our results from varying the NaV distribution may be counterintuitive. With axonal stimula-
tion, concentrating low-threshold (i.e. left-shifted) NaV1.6 channels at the distal AIS ought to
promote forward propagation (and it does, see Fig 5), but why would concentrating the high-
threshold (i.e. right-shifted) NaV1.2 channels at the proximal AIS promote [15] backpropaga-
tion (see Fig 4)? And how does the asymmetry come about, such that separating NaV subtypes
can raise the backpropagation threshold with somatic stimulation, but always lowers it with
axonal stimulation?

In this section, we perform a type of sensitivity analysis with respect to the effects of the
right-shifted NaV1.2 subtype. Fig 6 allows us to isolate the effects of activation right-shift versus
availability right-shift on the backpropagation threshold.

NaV subtypes are defined by their gating properties. Each NaV distribution (Fig 1) produces
a corresponding spatial profile of gating properties, including a profile of right-shift. (Gating
properties are detailed in Section F in S1 Text, see Fig P in S1 Text.) In Fig 6, the AIS NaVs’ sep-
aration is fixed at x = 1. This spatial separation of NaVs concentrates right-shift in the proximal
AIS, by concentrating NaV1.2 in that region (see Fig 1).

Fig 6. Sensitivity analysis of the backpropagation threshold to the right-shift of NaV1.2 gating properties. Along each curve, the gating properties
named in the legend have their right-shift changed from VRS to (VRS + ΔVRS), and all the others are left unchanged (full definition and notation in
Section F.2 in S1 Text). When ΔVRS = 0, the right-shift is the reference value (or ‘nominal value’) of 13:0mV used for NaV1.2 in our simulations—see
Section F.2 in S1 Text, VRS indicated by small “!” in Fig P in S1 Text—around which we are performing this sensitivity analysis. The reference curve
(legended●) shows the net effect of right-shifting all NaV1.2 properties on IBP, via its slope. (It may be useful to imagine points on the reference curve as
being pulled toward all the other curves that only change one property. The reference curve would then be the result of the combined pulls of those
curves.) For each mode of stimulation, we identify the key gating properties through which right-shift controls backpropagation, by comparing the
single property curves (▲mNaV1:2

1 ,✖tNaV1:2
m , etc.) to the reference curve (●). (A) Somatic stimulation: The reference curve has a positive slope (right-

shift raises IBP), and it follows curves legended with mNaV1:2
1 near the nominal point (i.e. near ΔVRS = 0). Hence, IBP is governed by NaV steady-state

activation and is insensitive to the right-shift of all NaV time constants. (B) Axonal stimulation: The reference curve has a negative slope (right-shift
lowers IBP, i.e. promotes backpropagation), and it follows curves legended with hNaV1:2

1 or tNaV1:2
h . IBP is then governed by proximal NaV availability,

owing to the right-shift of NaV1.2. Notably, with axonal stimulation, IBP is also sensitive to the right-shift of tNaV1:2
h ÖVÜ, the—voltage-sensitive—

availability time constant. Results are summarized in Table 1. The lines have been drawn to guide the eye. In both plots, x = 1.0. On the left κ = 0.7(to
increase the slope, see Fig 2), and on the right, κ = 0.5.

https://doi.org/10.1371/journal.pcbi.1011846.g006
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Modifying the right-shift of all gating properties of NaV1.2 in the AIS. Our model sets
the nominal right-shift of NaV1.2 at VRS à 13:0mV for compatibility with [15]. We use the
parameter ΔVRS to alter, in the AIS only, the right-shift of specific NaV1.2 gating properties.
(For additional details, see Sections F.2 and F.3 in S1 Text.)

When a gating property (e.g. mNaV1:2
1 ) appears next to a curve in the legend of Fig 6, the volt-

age-dependence of said property is displaced by ΔVRS (see, e.g., Eq 3). Likewise, if a gating
property is not displayed in the legend, its voltage-dependence isn’t affected by ΔVRS.

For conceptual clarity, we call the variable h—which models the process by which NaV chan-
nels are inactivated (or blocked) in Hodgkin-Huxley style kinetics [40]—the availability. For

example, since the NaV1.2 conductance is given by gNaV1:2 V; tÖ Ü à �gNaV1:2∗ mNaV1:2Ö Ü3hNaV1:2—

where �gNaV1:2 is the maximal conductance and mNaV1:2 is the activation—hNaV1:2 is the proportion

of those channels which are not inactivated. That is, hNaV1:2ÖV; tÜ is the probability that a
NaV1.2 channel selected at random is available to conduct sodium current. The inactivation is
actually given by (1 − h) since, in such models, all channels are inactivated when h = 0 and all
are available when h = 1.

Note that the activation mNaV1:2ÖV; tÜ and availability hNaV1:2ÖV; tÜ of real NaV1.2 channels
are right-shifted by similar amounts when compared to the corresponding gating properties of
NaV1.6 [13, 15, 17, 21, 22]. (Although certain receptors can temporarily right-shift activation
without shifting steady-state availability [41].) In our simulations, we can simultaneously
decrease (or increase) the right-shift of mNaV1:2 and hNaV1:2 together, making the NaV1.2 chan-
nels more (or less) similar to the NaV1.6 channels in the AIS (respectively). This produces the
‘reference curves’ legended ‘●’ in Fig 6A and 6B. In those curves, ΔVRS shifts the voltage-
dependence of every NaV1.2 gating property.

That is, as functions of membrane potential, the steady states and time constants in the
curves marked ‘●’ are defined

● 

mNaV1:2
1 à mNaV1:2

1 V � DVRSÖ Ü;
tNaV1:2
m à tNaV1:2

m V � DVRSÖ Ü;
hNaV1:2
1 à hNaV1:2

1 V � DVRSÖ Ü;
tNaV1:2
h à tNaV1:2

h V � DVRSÖ Ü;

8
>>>><

>>>>:

Ö2Ü

in the AIS.
Fig 6 connects local gating properties in the AIS, and their influence on the backpropaga-

tion threshold under somatic and axonal stimulation, to the effects of altering the NaV distri-
bution (seen above in Figs 2 and 4, respectively). For example, making ΔVRS negative will left-
shift the voltage-gated sodium current in the proximal AIS, which is analogous to adding more
proximal NaV1.6. However, this is merely an analogy: With x = 1 and κ ≳ 0.8, the proximal
AIS has only NaV1.2 channels, and positive values of ΔVRS will right-shift the sodium current
in that area beyond what is attainable by changing the local mix of NaV subtypes.

The reference curve (●) in Fig 6A shows that right-shifting NaVs in the AIS increases IBP for
somatic stimulation. And the reference curve in Fig 6B confirms that proximal right-shift from
NaV1.2 lowers IBP for axonal stimulation.

Modifying the right-shift of selected gating properties of NaV1.2 in the AIS. Since ΔVRS

only affects NaV1.2 channels within the AIS (example provided in Fig Qii in S1 Text), we can
determine which right-shifted gating properties drive the changes to IBP that occur when the
NaV distribution is altered. To make said observation, in Fig 6 we also “shift-clamp” selected
gating properties: We ignore the experimental fact that NaV activation and availability tend to
right-shift in unison [17, 21, 22, 42, 43], and that the steady-state of a gating variable and its
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voltage-sensitive time constant right-shift together as well [40]. Rather, we isolate the effects of
individual NaV1.2 gating properties in our simulations by shifting some of them while leaving
others alone.

We can apply ΔVRS to NaV1.2 availability hNaV1:2ÖV; tÜ without affecting the voltage depen-
dence of the same channels’ activation mNaV1:2ÖV; tÜ in our model. This is done via the steady-
state availability hNaV1:2

1 ÖV � DVRSÜ and its voltage-dependent time constant

tNaV1:2
h ÖV � DVRSÜ, while leaving the corresponding activation variables—mNaV1:2

1 ÖVÜ and

tNaV1:2
m ÖVÜ—unchanged. The curve legended “✚hNaV1:2

1 ; tNaV1:2
h ” does just that, and likewise, in

the “▼mNaV1:2
1 ; tNaV1:2

m ” curve, the NaV1.2 activation is shifted by ΔVRS without affecting

availability.

Further, we apply ΔVRS to tNaV1:2
h ÖVÜ without modifying any other gating properties—

including hNaV1:2
1 ÖVÜ—in the curve legended “■tNaV1:2

h ”. We do the same for hNaV1:2
1 ÖVÜ,

tNaV1:2
m ÖVÜ and mNaV1:2

1 ÖVÜ, in the curves legended “◆hNaV1:2
1 ”, “✖tNaV1:2

m ”, and “▲mNaV1:2
1 ” respec-

tively. Fig 6 computes the new backpropagation threshold IBP(ΔVRS) under the aforemen-
tioned transformations. (For mathematical details, see Shift-Clamping and the Hodgkin-
Huxley model in Materials and methods, and Section F.2 in S1 Text.)

An example transformation is given below by Eq 3, in which only tNaV1:2
h ÖVÜ has its right-

shift modified by ΔVRS (see Fig Qii in S1 Text). The other three NaV1.2 variables have the nom-
inal right-shift of 13mV. The IBP(ΔVRS) curves in Fig 6 that correspond to Eq 3 are legended

■tNaV1:2
h :

■tNaV1:2
h  

tNaV1:2
h à tNaV1:2

h V � DVRSÖ Ü
hNaV1:2
1 à hNaV1:2

1 VÖ Ü
tNaV1:2
m à tNaV1:2

m VÖ Ü
mNaV1:2
1 à mNaV1:2

1 VÖ Ü:

8
>>>><

>>>>:

Ö3Ü

(Fig Q in S1 Text visualizes the impact of Eq 3 on gating properties as a function of position at
Vrest.)

To unpack these additional curves, we begin at the coordinate we will call ‘the nominal
point’ in each plot of Fig 6, which is the backpropagation threshold at ΔVRS = 0, where all
curves must intersect by definition. Starting at the nominal point, as one moves leftward along
a given curve (ΔVRS < 0), the gating properties indicated in the legend are left-shifted (e.g. Eq
3), and the other gating properties are left alone. Likewise, travelling away from the nominal
point to the right (ΔVRS > 0) will right-shift the indicated properties, relative to their nominal
kinetics (Fig P in S1 Text).

Fig 6B reveals that, with axonal stimulation, the right-shifted availability (hNaV1:2) drives IBP.

Specifically, the curves legended ◆hNaV1:2
1 , ■tNaV1:2

h , and✚hNaV1:2
1 ; tNaV1:2

h show how hNaV1:2
1 (the

availability at steady-state, as a function of membrane potential) and tNaV1:2
h (the voltage-

dependent time constant of availability) work together to promote backpropagation: They
drive the reference curve (●) downward as ΔVRS increases, in spite of the higher activation
threshold. In other words: The threshold-lowering effects that result from right-shifting the
availability overpower the opposing influence of right-shifted activation—on its own the latter
would raise the threshold (see the curves: ▲mNaV1:2

1 and▼mNaV1:2
1 ; tNaV1:2

m in Fig 6B).

Further, removing the right-shift from tNaV1:2
h stops backpropagation: In the■tNaV1:2

h curve

of Fig 6B, all gating properties other than tNaV1:2
h , including hNaV1:2

1 , retain their nominal right-
shift, yet backpropagation ceases (according to our strict BAP criterion, see Section B in S1
Text) for axonal stimulation when DVRS≲ � 2mV.
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For somatic stimulation, the right-shifted activation (mNaV1:2) drives IBP. Travelling from
right to left in Fig 6A, the most significant decrease in threshold occurs in the curves legended
▲mNaV1:2

1 and▼mNaV1:2
1 ; tNaV1:2

m as the nominal right-shift is removed

(DVRS ! �13:0mV) VRS á DVRS ! 0, see Fig P in S1 Text). The▼mNaV1:2
1 ; tNaV1:2

m curve dif-

fers negligibly from the ▲mNaV1:2
1 curve, showing that mNaV1:2

1 right-shift dominates in raising

the threshold near the nominal point, and the right-shift of tNaV1:2
m matters little.

Our ΔVRS results from Fig 6 are summarized in Table 1.

Generalization to Hay-based model and modified Hu-based model

To demonstrate that our primary result—the separation of NaV1.2 and NaV1.6 into the proxi-
mal and distal AIS, respectively, promotes backpropagation with axonal stimulation but can
increase or decrease IBP with somatic stimulation—is not an artifact of our implementation of
the model from Hu et al. (2009) [15] used thus far, we have inserted NaV distributions analo-
gous to Fig 1 into the model of Hay et al. (2011) [29] below. (Cell morphology in Fig B in S1
Text.)

(Also, in Section D in S1 Text, we include a modified version of the Hu-based model, with
increased dendritic excitability and a less excitable soma. It has robust backpropagation in the
entire dendritic tree without attenuation. Despite its 10× higher dendritic excitability, 3×
lower somatic excitability, and qualitatively different backpropagation pattern, the results
reported above are reproduced there as well.)

We replaced the single population of NaVs in the Hay model’s 60mm AIS with two NaV sub-
types, based on their original NaV kinetics: One population left-shifted by 6mV and the other
right-shifted by 6mV, relative to the original V1/2, to represent NaV1.6 and NaV1.2 respectively.
Our manipulations of the NaV channels’ distribution (varying κ and x) did not change the
total NaV density in the AIS, which was kept identical to their model (https://modeldb.science/
139653). Further, we attached an additional 400mm-long section of passive cable to the end of
the AIS, where their axon originally stopped, to allow the AP to exit the AIS orthodromically
as well as antidromically, as is the case in real neurons, in order to make AP generation in the
Hay model more realistic. This was necessary to recover our qualitative results.

Our intention was to modify the Hay model as little as was necessary, since its parameters
are tailored to a specific neuron and morphology—they will not necessarily transfer well even
between specimens of the same cell type (see Hay et al. (2011) [29]). Presumably, the tuning
may also be sensitive to the excitability of newly attached compartments.

We note that Hay et al. optimized their models to fit experimentally observed somatic and
dendritic spiking patterns, including BAC firing, but their focus was not on action potential
initiation. The models that best fit their data had AP initiation in the soma rather than the AIS,
but they provide an additional model where APs were constrained to initiate in a 60mm section

Table 1. Summary of sensitivity analysis: Impact of right-shifted NaV1.2 gating properties in the AIS on backpropagation threshold (see Fig 6).

Type of Stimulation ● reference curve Increasing ΔVRS of availability Increasing ΔVRS of activation

■tNaV1:2h ◆hNaV1:2
1 ✚hNaV1:2

1 ; tNaV1:2h ✖tNaV1:2m ▲mNaV1:2
1 ▼mNaV1:2

1 ; tNaV1:2m

Axonal # # # # "(slight) " "
Somatic " × #(slight) #(slight) × " "

Arrows (#,") indicate the sign of the slopes of backpropagation threshold curves in Fig 6A (somatic stimulation) and Fig 6B (axonal stimulation). A downward arrow

(#) indicates that the backpropagation threshold IBP decreases with increasing right-shift, applied to the gating properties specified above it. Likewise, an upward arrow

(") indicates that the threshold increases when the specified combination of NaV1.2 variables is right-shifted. In cells marked “×” the effect of right-shift was negligible.

https://doi.org/10.1371/journal.pcbi.1011846.t001
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named “axon”, which had been set aside due to excessive BAP attenuation (see [29]). Since we
required a parameter tuning with AP initiation in the AIS, the latter model was the necessary
choice, despite its unrealistically strong attenuation of the backpropagated AP.

In Fig 7 we register backpropagation in the Hay model [29] as a depolarization of several
mV in the apical dendrites, following current injection. Identical results using a somatic back-
propagation measurement criterion are included as Fig F in S1 Text. The threshold was set at
�70mV when measuring the depolarization near the bifurcation of the main apical dendrite,
where Vrest Å �74:1mV. See Fig E in S1 Text.

Note the qualitative agreement between the Hay-based model implemented and the Hu-
based model above (and the modified Hu-based model in the Supporting Information (Section
D in S1 Text)). In Fig 7A, we simulate backpropagation following somatic stimulation. As
above in Fig 2 (and Fig H in S1 Text), concentrating NaV1.2 in the proximal AIS tends to raise
the backpropagation threshold, and increasing the proportion of total sodium conductance in
the AIS allocated to NaV1.6 lowers IBP.

In Fig 7B, we simulate backpropagation following axonal stimulation. As above in Figs 4
and 5 (and Fig J in S1 Text), the separated NaV distribution (x! 1) lowers the threshold in the
Hay model. Quantitatively, Fig 7B is closer to Fig 5, suggesting that the concentration of low-
threshold NaV1.6 at the distal AIS, rather than the concentration of NaV1.2 at the proximal
AIS, promotes backpropagation. What is important to keep in mind is that, in both models,
concentrating NaV1.2 in the proximal AIS only lowered IBP in the case of depolarizing axonal
current injection.

Rescaling the NaV1.2 density profile by a uniform factor in the AIS

In this section, we rescale the NaV1.2 density profile in the Hay-based model via the maximal
conductance �gNaV1:2. At each segment of the AIS, �gNaV1:2 is multiplied by a positive number

Fig 7. Backpropagation threshold in the Hay model: Combined effect on the backpropagation threshold (IBP, defined below) of varying crossover
location (κ) and NaV separation (x) in the axon initial segment. Varying the separation parameter “x” from x = 0 to x = 1, the distribution of NaV

channels goes from flat (homogeneous) to separated, the latter approximating the distribution observed in developing pyramidal neurons (see Fig 1A,
[20]). Note that curves for all values of κ converge to a single point at x = 0, since κ can have no effect when the two NaV subtypes are uniformly
distributed along the AIS. Apical dendrite backpropagation criterionà �70:0mV—see caption of Fig E in S1 Text. In the Hay model, the forward
propagation threshold IFP is not defined: There is no nowhere for saltatory conduction to occur, as there is no excitable axon beyond the AIS [29].

https://doi.org/10.1371/journal.pcbi.1011846.g007
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which we call the NaV1.2 scaling factor, denoted aNaV1:2. That is, at each point s in the AIS,

�gNaV1:2 sÖ Ü! aNaV1:2�gNaV1:2 sÖ Ü; Ö4Ü

with aNaV1:2 ⩾ 0. In Fig 8A the backpropagation threshold is computed with somatic current

injection (see Fig E in S1 Text). We observe that reducing the density of NaV1.2, without add-
ing any compensatory NaV1.6 density, increases the threshold as expected—the slope is most
visible on the κ = 0.8 line of Fig 8A, wherein the majority of the AIS (except the most distal
region, see Fig 1B) contains NaV1.2 and is therefore affected by aNaV1:2. Even when NaV1.2 is

completely removed from the AIS, and consequently the proximal AIS contains no NaV chan-
nels, backpropagation is possible with somatic stimulation.

In Fig 8B it is interesting to see, yet again, the sharp qualitative difference in the role of the
NaV1.2 subtype with axonal versus somatic stimulation. As noted above, backpropagation is
present in Fig 8A when the AIS NaV1.2 channels are disabled entirely (aNaV1:2 à 0). With axo-

nal stimulation however (Fig 8B), the effect of aNaV1:2 was abrupt and binary, akin to a Heavi-

side function. IBP was nearly flat, except the Hay neuron did not produce a BAP when
aNaV1:2 ≲ 0:32—some nonzero NaV density was required in the proximal AIS for

backpropagation.
With somatic stimulation, the neuron is primed for backpropagation by the electrode cur-

rent, which depolarizes the soma before the AP arrives from the AIS. As aNaV1:2 ! 0, increased

somatic stimulation can compensate for the resulting loss of depolarizing NaV current from
the proximal AIS.

With axonal stimulation, there is no direct pre-charging of the soma by the injected current
pulse. When aNaV1:2 decreases the density of channels at the proximal AIS, the electrode cannot

compensate for the lost NaV1.2 current, due to its electrical isolation from the soma. The
abrupt BAP cutoff reflects the all-or-none nature of action potentials. The lack of slope in IBP

Fig 8. Scaling the NaV1.2 density profile in the AIS of the Hay-based model [29], with somatic vs. axonal stimulation. The backpropagation
threshold is computed while the local NaV1.2 density is rescaled by aNaV1:2 at every AIS segment. Here we have set x = 1 so that the NaV1.2 and NaV1.6

density profiles are separated, guaranteeing that the proximal AIS is exclusively populated with NaV1.2—see Fig 1. With somatic stimulation (A),
backpropagation persists even when NaV1.2 is completely removed from the AIS (aNaV1:2 à 0). However, with axonal stimulation (B), backpropagation

ends abruptly near aNaV1:2 ≲ 0:32. Yet again, the importance of the proximal NaV1.2 subtype and its qualitative effects on excitability depend heavily

on the mode of stimulation. Density of data points is increased near the vertical dashed line to detect backpropagation cutoff.

https://doi.org/10.1371/journal.pcbi.1011846.g008
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owes to the fact that the axonal current pulse depolarizes the most distal end of the AIS, which
sets the threshold in this case [15] (provided the proximal NaV density is sufficient, see above).
The distal AIS is populated exclusively by NaV1.6 channels, and hence it is unaffected by
aNaV1:2.

Discussion

In early development, pyramidal neurons concentrate NaV1.2 in the proximal AIS, and
NaV1.6 in the distal AIS. As these cells mature, NaV1.6 invades the proximal AIS, and the two
NaV subtypes lose their separated distribution [20]. We have investigated the effects of NaV

separation in the axon initial segment on the initiation and backpropagation of action poten-
tials in three different pyramidal neuron models. In spite of their different parameters, axonal
and dendritic morphology, and biophysics, all three models (see: Somatic stimulation, Axonal
stimulation, Modifying the right-shift of NaV1.2 gating properties in the AIS, Generalization to
Hay-based model and modified Hu-based model, and Section D in S1 Text) indicated that the
effects of the separated NaV distribution depend on whether stimulation is orthodromic (e.g.
somatodendritic input) or antidromic (e.g. axonal stimulation).

With somatic stimulation, the greater the proportion of NaV1.2 in the AIS, relative to
NaV1.6, the less excitable the cell becomes (increased IBP). Our somatic current injection
results are contrary to past modelling which used axonal stimulation [15], although they are
consistent with more recent experimental results that used somatic stimulation [18]. The
threshold-raising effect of proximal NaV1.2 is confirmed by repeating the simulations with a
model cell in which the AIS has been flipped longitudinally (Fig 3), placing NaV1.6 proximally
and NaV1.2 distally in the AIS.

Our results using axonal stimulation agree qualitatively with and expand upon past model-
ling efforts [15]: In all three models, with axonal current injection, excitability is greatest (low-
est IBP) when NaV subtypes are separated in the AIS (‘x-shaped distribution’). Further, in the
Hu-based models (Fig 4, Fig J in S1 Text), increasing the total proportion of NaV1.2 in the AIS
—by moving the NaV crossover κ distally—promotes backpropagation as well. In the Hay-
based model, removing NaVs from the proximal AIS halted backpropagation. We also find
that increased distal NaV1.6 concentration (which results from the separated distribution) low-
ers the AP threshold (Fig 5).

Testing both modes of stimulation can contribute to resolving inconsistencies between
experiments such as [18] and [15], where stimulation was orthodromic in the former and anti-
dromic in the latter. In [18], AP initiation was observed in pyramidal neurons which were
engineered to be NaV1.6-deficient. In those neurons, the AIS was populated entirely with
NaV1.2, however they still found that the AIS NaV current was left-shifted relative to the
somatic current. From this and other observations, the authors in [18] suggest that the distri-
bution of NaV subtypes is not so important in shifting the local voltage-gated Na+ current.

We note that, compared to control neurons, the NaV1.6-deficient neurons’ AIS NaV current
was right-shifted, and the orthodromic AP threshold (amplitude of a 2ms current pulse [18])
was nearly doubled. This is consistent with our results and the modelling assumption that
right-shift is associated with NaV1.2 in the AIS—the model is agnostic about the molecular
details. The decrease in excitability reported in [18] may have been even larger had they used
more mature neurons. Their neurons were obtained from 4–5 week old mice, at which point
the AIS will still be largely populated with NaV1.2, whereas in wild type mice NaV1.6 replaces
much of the NaV1.2 by 90 days [20, 30]. Our results indicate that with axonal stimulation,
NaV1.6-deficient cells may have a lower backpropagation threshold than the wild type.

PLOS COMPUTATIONAL BIOLOGY Impact on backpropagation of the spatial heterogeneity of sodium channel kinetics

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011846 March 15, 2024 18 / 26

Chapter 6 6.3 Barlow, Longtin, and Joós (2024)

(171)



The loss of the separated NaV distribution in the AIS at later developmental stages, accom-
panied by the proximal localization of NaV1.6, may enhance excitability to healthy orthodro-
mic stimulation while protecting against the backpropagation of ectopic activity from
damaged axons into the soma and dendrites. Further, research into the genetic causes of
autism spectrum disorder has revealed that NaV1.2 knockout can enhance pyramidal cells’ ten-
dency to send action potentials and simultaneously reduce backpropagation (somatodendritic
hypoexcitability) [19]. Whereas [19] reported an interplay between NaV1.2 and KV, in contrast,
our results are explained by the spatial distribution of NaV right-shift within the AIS (Table 1,
Fig 6A). Indeed, the reduced excitability resulting from AIS NaV1.2 owes to the asymmetric
impact of availability on backpropagation in axonal versus somatic stimulation (Fig 6).

Although right-shifting NaV1.2 steady-state availability, hNaV1:2
1 ÖVÜ, in the AIS is necessary

to promote backpropagation (i.e. decrease IBP) when stimulation is axonal, it is not sufficient
on its own. Our modelling shows that the voltage-sensitive time constant of availability,

tNaV1:2
h ÖVÜ, must be right-shifted as well (Fig 6B, ■tNaV1:2

h curve).
It is straightforward to explain why increasing ΔVRS lowers IBP in the◆hNaV1:2

1 curves of Fig

6A and 6B: Right-shifting steady-state NaV1.2 availability increases Na+ conductance at all volt-
ages because hNaV1:2

1 ÖVÜ is monotonically decreasing (Fig Pi in S1 Text). However, without sen-

sitivity analysis, it was not obvious that removing the nominal right-shift from the voltage-

sensitive time constant tNaV1:2
h —without modifying steady-state activation (mNaV1:2

1 ) or avail-
ability (hNaV1:2

1 )—would on its own be sufficient to eliminate the IBP-lowering effects of NaV1.2

for axonal stimulation. This effect is demonstrated in the curve legended ■tNaV1:2
h of Fig 6B. It

follows that the x-distribution’s tendency to promote backpropagation is not merely a result of
increased steady-state availability of proximal AIS NaVs, but is a dynamic effect—dependent

on the right-shift of tNaV1:2
h ÖVÜ as well.

From Fig Pii in S1 Text, we can see that right-shifting NaV1.2 slows down the inactivation
process via its time constant—which is the voltage-sensitive time constant of availability. The

membrane potential traverses the tNaV1:2
h ÖVÜ curve during an AP. Right-shifting tNaV1:2

h ÖVÜ
moves the maximum value of the time constant to depolarized voltages, and slows down inac-
tivation so that more channels are available to assist with backpropagation.

There is an interplay between cable properties and the distribution of NaVs in determining
the site of AP initiation [44]. Electrical isolation of the initiation site may amplify the effect of
concentrating NaV1.6 in the distal AIS. Via fluorescence imaging of intracellular Na+ concen-
tration following single action potentials, [35] located the greatest Na+ influx at the middle of
the AIS, whereas the distal AIS (initiation site) had only 1/4 of this maximum. They inferred
that the density of NaV channels decreases toward the initiation site, and thus NaV density
does not determine the precise location where APs begin.

Although [35] did not require NaV1.6 accumulation at the distal AIS to explain the distal
location of the initiation site, the authors suggest that local NaV density can have a large effect
on neuronal excitability. Temperature may also play a role in local AIS Na+ influx measure-
ments due to the spatial separation of NaV subtypes. The pyramidal neurons in [35] and [18]
were cooled toÅ 21˚, and NaV1.2 and NaV1.6 differ in their responses to temperature changes
[17]. Thus, a deeper exploration of the effects of temperature on AP initiation is warranted.

The temporal resolution of Na+ influx measurements continues to improve: [45] achieved a
resolution of 0:1ms imaging pyramidal cells in mouse brain slices. Another order of magni-
tude improvement may be sufficient to discern the local contributions of NaV subtypes to AP
initiation. The qualitative dependence of the backpropagation threshold on the somatic-ver-
sus-axonal mode of stimulation is compatible with distal AP generation as found in [15, 35]
and in our work, but does not seem to rely crucially on the precise determinants of AP onset
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position; it relies rather on the activation and availability properties, and the kinetics of the
latter.

The effect of realistic synaptic input is a broad interesting question that is beyond the scope
of this study. Furthermore, including it at this point would defeat the purpose of comparing
axonal versus somatic stimulation, since antidromic axonal input will be in the form of a brief
pulse (no excitatory synaptic input typically occurs onto axons of pyramidal neurons, and
when it does it generates an AP). Because our simulations compare orthodromic stimulation
to antidromic stimulation, the shape of the injected current must be kept identical in each
mode to isolate the effect of the NaV density profiles on IBP.

We would expect that fast glutamatergic input near the soma, or propagating to the soma
from sufficiently synchronized dendritic synaptic inputs, would yield qualitatively similar
results as reported here. There may be qualitative changes if the synaptic input has a slower
rise time, e.g. for synapses with a large NMDA component.

Since the NaV distribution changes throughout development, a further investigation—
beyond the scope of this paper, as we will explain—would be to understand how accompa-
nying developmental changes in morphological complexity and voltage-gated channel density
elsewhere in the neuron [46] interact with developmental plasticity in the AIS. This would
require new parameter sets at each iteration of the morphological complexity. Since Hay et al.
[29] had to fit each morphology’s parameter set to match firing patterns observed in real neu-
rons, that procedure would need to be repeated. If sufficient experimental data are not avail-
able to perform the fitting at each iteration, new electrophysiological experiments would be
necessary at the corresponding developmental stages. That endeavour is beyond the scope of
the present study. Also, there is experimental evidence that AIS plasticity is not limited to
development [6]. Our strategy was to restrict our investigation to the effects of varying the het-
erogeneous distribution of NaV subtypes in the AIS on backpropagation threshold, with differ-
ent modes of stimulation. Note, that the changing NaV distributions we simulate are not
strictly intended to replicate observed plasticity. Even if the NaV distribution in the AIS of real
neurons were static, modelling the hypothetical distributions would nonetheless assist in
understanding its function via the resulting changes to cellular excitability.

Our model neurons were kept identical in all results presented above; only the AIS was
altered. Our results therefore can only be explained by the distribution of NaV subtypes (or,
the distribution of right-shifted NaV gating properties) within the AIS. Given the τh-depen-
dence of the antidromic backpropagation threshold in Modifying the right-shift of NaV1.2 gat-
ing properties in the AIS, and the differential temperature sensitivity of NaV1.2 versus NaV1.6
[17], there is good reason to expect that the effects of NaV separation predicted here will be
temperature-dependent.

In summary, we have simulated a range of hypothetical NaV distributions in the axon initial
segment of three 3D-reconstructed biophysical pyramidal cell models, including two distinct
morphologies and three different parameter tunings. Our modelling shows that the spatial
profile of NaV1.2 and NaV1.6 in the AIS and the kinetics of their availability and activation are
important determinants of excitability and the backpropagation threshold. We predict that the
separation of NaV subtypes observed in early development has an asymmetrical effect on excit-
ability which depends on whether the neuron is stimulated orthodromically or antidromically.
With orthodromic stimulation, NaV separation impedes backpropagation and reduces excit-
ability unless the crossover is brought close to the soma. Backpropagation and excitability are
both enhanced by NaV separation when stimulation is antidromic. Maintaining a static NaV

distribution, we altered the right-shift of selected NaV1.2 gating properties. This revealed that
steady-state activation right-shift controls the orthodromic backpropagation threshold, and
dynamic availability right-shift is necessary to explain the antidromic threshold. Furthermore,
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given that learning is linked to backpropagation, the evolving separation of the NaV subtypes
may impact synaptic weight modification across developmental stages.

Materials and methods

The pyramidal cell models (Figs A and B in S1 Text) were implemented in NEURON 8.0 [47]
via Python. For cell geometry, local membrane properties, additional simulations, and a variety
of calculations, clarifications, and definitions, see S1 Text, which has its own table of contents.

Our Hay-based model is biophysically and morphologically identical to the original [29],
aside from the modified right-shift in axonal NaV channels that we introduced to create
NaV1.2 and NaV1.6 variants in the AIS, and an additional passive section attached to the end
of the axon. Our implementation of the Hay model (https://modeldb.science/139653) is
detailed in Generalization to Hay-based model and modified Hu-based model.

Our Hu-based model [15] uses the same reconstructed morphology as the original model
(https://modeldb.science/123897), which is a Layer 5 pyramidal neuron from cat visual cortex,
modified from [26] (see SI, Section A in S1 Text). We added explicit intracellular and extracel-
lular concentrations of sodium, potassium, and chloride ions. Because of this change, the
Nernst potentials ENaá , EKá , ECl� are calculated locally from each compartment’s specific ionic
concentrations, which respond to transmembrane currents. The NaV1.2, NaV1.6, and KV

kinetics from [15] are included as well.
We also included active transport via a Na+/K+-pump current, to maintain the transmem-

brane concentration gradients of Na+ and K+. In our Hu-based model, all ions are subject to
longitudinal diffusion, both intra- and extracellular, implemented using NEURON’s RxD facil-
ity [48, 49]. The cell maintains a resting potential Vrest Å �70mV at steady-state, and restores
this state following stimulation. The biophysics that governs local ion concentrations (and
Nernst potentials) in the Hu-based model is summarized in Biophysics, Hu-based model.

AIS—NaV density profiles

In all of the models presented in this study, the density profiles of NaV1.2 and NaV1.6 are left-
and right-handed sigmoidal functions (respectively) of normalized length s along the AIS. The
proximal end of the AIS is located at s = 0, and the distal end is located at s = 1. The channel
densities are expressed as maximal conductances �gNaV1:6 (s) and �gNaV1:2 (s), where the total max-

imal NaV conductance �gNaV
is constant along the AIS:

�gNaV
à �gNaV1:2ÖsÜ á �gNaV1:6 sÖ Ü à const: Ö5Ü

The density profiles are given by

�gNaV1:2ÖsÜ à
�gNaV

2
1� x � tanhÖsÖs� kÜÜ
✓ ◆

;

�gNaV1:6 sÖ Ü à �gNaV � �gNaV1:2ÖsÜ

à
�gNaV

2

✓
1á x � tanhÖsÖs� kÜÜ

◆
:

8
>>>>>><

>>>>>>:

Ö6Ü

We chose the hyperbolic tangent function tanh(s), but other sigmoidal functions would do just
as well. The parameter x controls the separation of the NaV distribution, that is, how separated
the two NaV subtypes are. When x = 0, the distribution becomes flat—NaV1.2 and NaV1.6 are
mixed uniformly along the AIS. When x = 1, the proximal end of the AIS contains only
NaV1.2, and the distal end of the AIS contains only NaV1.6. The parameter σ is the reciprocal
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of the ‘transition width’ of the AIS NaV distributions normalized by the AIS length. In all simu-
lations shown here, σ = 10.0. Additional details are provided in Section E in S1 Text.

Shift-Clamping and the Hodgkin-Huxley model

Here we provide additional details of the sensitivity analysis performed in Fig 6. In the Hodg-
kin-Huxley model [40] a gating variable u evolves according to its voltage-dependent forward
and backward transition rates αu(V) and βu(V) as

du
dt
à auÖVÜ 1� uâ ä � buÖVÜu; Ö7Ü

where u could be NaV activation m or availability h, or KV activation n, etc. This can be rewrit-
ten using the steady-state u1(V) and voltage-dependent time constant τu(V) of the gating vari-
able

du
dt
à u1ÖVÜ � u

tuÖVÜ
; Ö8Ü

where u1 and τu are computed from αu and βu via

u1ÖVÜ à
auÖVÜ

auÖVÜ á buÖVÜ
and tuÖVÜ à

1

auÖVÜ á buÖVÜ
: Ö9Ü

When shifting the voltage-dependence of u1 by ΔVRS (see Modifying the right-shift of
NaV1.2 gating properties in the AIS), it is natural to assume that one should apply the same
shift to τu given Eq 9, since u1 and τu are both functions of αu(V) and βu(V) in such models.
However, our simulations can shift u1(V) or τu(V) independently of one another: e.g.
t0uÖVÜ à tuÖV � DVRSÜ, u01ÖVÜ à u1ÖVÜ. The forward and backward rates become

a0u à
u01ÖVÜ
t0uÖVÜ

and b0u à
1� u01ÖVÜ

t0uÖVÜ
: Ö10Ü

Putting this to use, one can modify the right-shift of combinations of
n
tNaV1:2
h ÖVÜ; hNaV1:2

1 ÖVÜ; tNaV1:2
m ÖVÜ; mNaV1:2

1 ÖVÜ
o
; Ö11Ü

by adding “−ΔVRS” to the argument of the selected variables’ u1(V)s or τu(V)s.

Biophysics, Hu-based model

Action potentials propagate via the cable equation

C
@V
@t
à d

4Ra

@2V
@s2
� Imembrane; Ö12Ü

where V is the membrane potential, C is the specific membrane capacitance, d is the neurite
diameter, Ra is the axial resistance, s is the position along the axis of the cable, and Imembrane is
the total transmembrane current density of all ion species in the model.

Here we describe the currents in our Hu-based model. (The changes we made to the Hay
model are described in Generalization to Hay-based model and modified Hu-based model.) In
the Hu-based model, we added explicit intracellular and extracellular concentrations of
sodium, potassium, and chloride ions at each compartment. We denote the intracellular/extra-
cellular concentration of a given ionic species “Z” as [Z]in, [Z]out respectively. These
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concentrations depend on the spatial coordinate—i.e. [Z]in = [Z]in(s)—but that is not written
explicitly, to simplify the notation. The Nernst potentials (reversal potentials) ENaá , EKá , ECl� of
Na+, K+, and Cl- are not fixed parameters but are instead determined by the intracellular and
extracellular concentrations of those ions:

EZ sÖ Ü à � kT
qz

ln
Zâ äin
Zâ äout

✓ ◆
: Ö13Ü

Transmembrane concentration gradients of Na+ and K+ are governed by active transport
(Na+/K+-pump) and longitudinal diffusion. At each time step, ionic concentrations all over
the cell are updated using transmembrane currents (Eq 16) and Fick’s law. At the jth compart-
ment this gives:

@

@t
âZäjin à �

Aj

FVol jin

✓ ◆
IjZ á DZr2âZäjin

@

@t
âZäjout à

Aj

FVol jout

✓ ◆
IjZ á DZr2âZäjout;

8
>>>>>><

>>>>>>:

Ö14Ü

where IjZ is the transmembrane current density of ion species Z at compartment j, with Z = Cl-,

K+, Na+. DZ denotes the diffusion coefficient of ion Z. Aj and Vol jinÖoutÜ are (respectively) the

membrane area and intracellular/extracellular volume at the jth compartment. F is the Faraday
constant. The total transmembrane current density at the jth compartment is

Ijmembrane à IjCl� á IjKá á IjNaá : Ö15Ü

Omitting the compartment index j, the specific transmembrane currents are

Imembrane  

ICl� à gCl�ÖV � ECl�Ü
IKá à ÖgKV

á gK;leakÜÖV � EKáÜ � 2Ipump

INaá à ÖgNaV á gNa;leakÜÖV � ENaáÜ á 3Ipump:

8
><

>:
Ö16Ü

gCl� ; gK;leak, and gNa;leak are passive leak conductances whereas gKV
and gNaV have voltage-gated

Hodgkin-Huxley (HH)-style kinetics (Eq S6 in S1 Text). Since channels are nonuniformly dis-
tributed along the cell membrane, conductances vary with location. Ipump is the net current
produced by the Na+/K+-pump as a function of [K+]out and [Na+]in,

Ipump à Imaxpump 1á
KMKá

âKáäout

✓ ◆�2

1á
KMNaá

âNaáäin

✓ ◆�3

; Ö17Ü

where Imaxpump controls the maximal pump current, KMKá
and KMNaá

are Michaelis-Menten

kinetic constants, and the Na+ and K+ currents flowing through the pump are INaá ;pump à
3Ipump and IKá ;pump à �2Ipump. (Calcium dynamics are omitted in this section since Hu et al.

[15] did not include the dendritic calcium spike initiation zone—see [39]. In Generalization to
Hay-based model and modified Hu-based model, we include the Hay model, which features
state-of-the-art calcium dynamics.).
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Supporting information

S1 Text. For cell geometry, local membrane properties, additional simulations, and a vari-
ety of calculations, clarifications, and definitions, see this file.
(PDF)
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aR h2ti, amTTQ`iBM; AM7Q`K�iBQM

*QMi2Mib

� JQ/2H, Tv`�KB/�H +2HH ;2QK2i`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k

" aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >m@#�b2/ KQ/2H X X X X X X X X X X X X X X X X X X X X X X 9

* aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >�v@#�b2/ KQ/2H X X X X X X X X X X X X X X X X X X X X X e

*XR A/2MiB+�H `2bmHib rBi? bQK�iB+ +`Bi2`BQM X X X X X X X X X X X X X X X X X X X X X X X X X d

. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3

.XR �//BiBQM�H bBKmH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

1 �Aa @ i2+?MB+�H /2i�BHb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R3

6 oQHi�;2@;�i2/ +?�MM2Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN

6XR .2}MBM; 𝑉_a, i?2 `B;?i@b?B7i Q7 L�oRXk X X X X X X X X X X X X X X X X X X X X X X X X X kR

6Xk LQi�iBQM, 𝑉_a- Δ𝑉_a X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk

6Xj aT�+2 THQib Q7 L�o FBM2iB+b �HQM; i?2 �Aa ě bi2�/v@bi�i2 X X X X X X X X X X X X X X kj

: h`�Mb7Q`K2/ #�+FT`QT�;�iBQM i?`2b?QH/ /�i� X X X X X X X X X X X X X X X X X X X X X X X X X X k8

> .BzmbBQM +Q2{+B2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ke

A h�#H2b Q7 T�`�K2i2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
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� JQ/2H, Tv`�KB/�H +2HH ;2QK2i`v y alSSP_hAL: AL6P_J�hAPL

� JQ/2H, Tv`�KB/�H +2HH ;2QK2i`v

6B; � /BbTH�vb i?2 }`bi Q7 i?2 irQ M2m`QMb mb2/ BM i?Bb T�T2`X h?2 /2M/`BiB+ KQ`T?QHQ;v Bb � /B;Bi�H

`2+QMbi`m+iBQM Q7 � G�v2` 8 Tv`�KB/�H M2m`QM 7`QK +�i pBbm�H +Q`i2t- KQ/B}2/ 7`QK (ke)X h?2b2 M2m`QMb

?�p2 /2M/`Bi2b `Qm;?Hv �b i�HH �b i?2 i?B+FM2bb Q7 i?2 +Q`i2t Ub2p2`�H KKV �M/ �tQM BMBiB�H b2;K2Mi H2M;i?

bBKBH�` iQ i?2 rB/i? Q7 � ?mK�M ?�B` Ui2Mb Q7 μK (N)VX

6B; �, :2QK2i`v 7`QK i?2 >m KQ/2H (R8) U?iiTb,ffKQ/2H/#Xb+B2M+2fRkj3NdV, G�v2` 8 Tv`�@
KB/�H M2m`QM 7`QK +�i pBbm�H +Q`i2tX aQK�iQ/2M/`BiB+ KQ`T?QHQ;v Bb /B;Bi�HHv `2+QMbi`m+i2/ 7`QK �
`2�H +2HHc ?BHHQ+F- �Aa- �M/ �tQM �`2 �//2/X AK�;2 +`2�i2/ mbBM; #H2M/2`L1l_PL, #H2M/2`L1l_PLXQ`;-
#H2M/2`XQ`;X

h?2 b�K2 `2+QMbi`m+i2/ +2HH ;2QK2i`v r�b mb2/ BM (R8)X � +vHBM/`B+�H �tQM bBKBH�` iQ i?�i mb2/ BM (R8)

r�b �ii�+?2/ iQ i?2 `2+QMbi`m+i2/ bQK� #v � 10μK HQM; i�T2`2/ ?BHHQ+FX h?2 �tQM T`QT2` BM+Hm/2b }7i22M

MQ/2b Q7 _�MpB2` U;`�v /Qib QM i?2 �tQM BM 6B; *V b2T�`�i2/ #v Kv2HBM�i2/ 100μK BMi2`MQ/2bX h?2 �tQM

BMBiB�H b2;K2Mi H2M;i? r�b b2i iQ 𝓁 = 25.0μK- +QMbBbi2Mi rBi? (Ry)X oQHi�;2@;�i2/ +?�MM2Hb �`2 T`2b2Mi �HH

Qp2` i?2 +2HHX *?�MM2H /2MbBiB2b �M/ T�bbBp2 H2�Fb �`2 ;Bp2M �b +QM/m+i�M+2bX h?2 HQ+�H +QM/m+i�M+2b p�`v

rBi? TQbBiBQM ě`2T`2b2Mi�iBp2 p�Hm2b ?�p2 #22M i�#mH�i2/ BM a2+iBQM AX

AM T�bi KQ/2HHBM;- i?2`2 Bb bQK2iBK2b � HQM; b2+iBQM Q7 #�`2 �tQM 7QHHQrBM; i?2 �Aa- Q` Kv2HBM�iBQM

K�v #2;BM BKK2/B�i2Hv �i i?2 2M/ Q7 i?2 �AaX hQ 2Mbm`2 Qm` `2bmHib /B/ MQi /2T2M/ QM i?Bb KQ`T?QHQ;B+�H

72�im`2- r2 `�M bBKmH�iBQMb U�tQM�H �M/ bQK�iB+ biBKmH�iBQMV rBi? �M/ rBi?Qmi � 400μK b2+iBQM Q7 #�`2

�tQM b2T�`�iBM; i?2 �Aa 7`QK i?2 }`bi BMi2`MQ/2X h?2 2z2+ib Q7 L�o /Bbi`B#miBQM- bmKK�`Bx2/ BM 6B;m`2b

6B; > �M/ 6B; C- r2`2 [m�HBi�iBp2Hv bBKBH�` �M/ bBKBH�` BM K�;MBim/2 rBi? �M/ rBi?Qmi i?2 #�`2 �tQMX
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6B; ", JQ`T?QHQ;v Q7 i?2 `�i H�v2`@8# M2Q+Q`iB+�H Tv`�KB/�H M2m`QM BM >�v 2i �HX (kN)X AM i?2
>�v KQ/2H U?iiTb,ffKQ/2H/#Xb+B2M+2fRjNe8jV- i?2 �Aa +QMbBbib Q7 irQ bi`�B;?i L1l_PL a2+iBQMb +�HH2/
ǳ�tQM(y)Ǵ �M/ ǳ�tQM(R)Ǵ- 2�+? 30μK BM H2M;i?- K�FBM; i?2 �Aa 60μK HQM;X h?2 /B�;QM�H b2;K2Mi H2�/BM;
/B`2+iHv iQ i?2 bQK� QM i?2 `B;?i Bb � 400μK HQM; T�bbBp2 +�#H2 �ii�+?2/ iQ i?2 2M/ Q7 i?2 �AaX
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" aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >m@#�b2/ KQ/2H

q?2M Tv`�KB/�H +2HHb bTBF2- i?2 �+iBQM TQi2MiB�H +�M i`�p2H #�+Fr�`/ BMiQ i?2 /2M/`Bi2bX h?Bb T?2MQK2MQM

Bb +�HH2/ #�+FT`QT�;�iBQMX 6Q` 2t�KTH2- 6B; * b?Qrb i?2 `2bTQMb2 Q7 i?2 M2m`QM 7QHHQrBM; � bQK�iB+ +m``2Mi

TmHb2 Dmbi �#Qp2 UH27iV �M/ Dmbi #2HQr U`B;?iV i?2 #�+FT`QT�;�iBQM i?`2b?QH/ 𝐼𝐵𝑃X S2�F pQHi�;2 Bb `2+Q`/2/

�+`Qbb i?2 2MiB`2 +2HH KQ/2HX h?2 T2�F pQHi�;2 �i i?2 iBTb Q7 i?2 /2M/`Bi2b Bb BM/B+�i2/ BM Q`�M;2 bi�`b

★ �M/ ?�b � ?B;?2` �KTHBim/2- +QMbBbi2Mi rBi? i?2 b2�H2/@2M/ 2z2+iX "�+FT`QT�;�iBQM r�b /22K2/ iQ

?�p2 Q++m``2/ B7 �HH �TB+�H /2M/`BiB+ iBTb 2t+22/2/ −63.0Ko UBX2X � /2TQH�`Bx�iBQM Q7 7.0Ko �#Qp2 𝑉`2biV

7QHHQrBM; biBKmH�iBQMX

UBV aQK�iB+ biBKmH�iBQM- 𝐼 ≳ 𝐼𝐵𝑃 = 𝐼𝐹𝑃 UBBV aQK�iB+ biBKmH�iBQM- 𝐼 < 𝐼𝐵𝑃 = 𝐼𝐹𝑃

6B; *, "�+FT`QT�;�iBQM rBi? bQK�iB+ biBKmH�iBQMX 1�+? /�i� TQBMi K�Tb iQ � HQ+�iBQM BM i?2
`2+QMbi`m+i2/ Tv`�KB/�H M2m`QMX PM i?2 �#b+Bbb�- M2;�iBp2 p�Hm2b BM/B+�i2 i?�i � /�i�TQBMi Bb HQ+�i2/ BM
i?2 bQK� Q` /2M/`Bi2b- �M/ TQbBiBp2 p�Hm2b +Q``2bTQM/ iQ i?2 ?BHHQ+F- �Aa- �M/ �tQMX Uh?2 +Q``2bTQM/2M+2
#2ir22M i?2 �#b+Bbb� �M/ +2HH KQ`T?QHQ;v Bb BHHmbi`�i2/ BM 6B; :XV U𝑥 = 1, 𝜅 = 0.7V h?Bb �M/ bBKBH�` };m`2b
�`2 BMbTB`2/ #v ǳ6B;m`2 9Ǵ Q7 (Rk)X

LQi2 i?2 [m�HBi�iBp2 +?�M;2 i?�i Q++m`b BM i?2 T2�F /2M/`BiB+ pQHi�;2b Q7 6B; *B �M/ 6B; .B- r?2M i?2

+2HH Bb �#Qp2 i?`2b?QH/X � KBMmb+mH2 BM+`2�b2 BM i?2 BMD2+i2/ +m``2Mi �KTHBim/2 ?�b +�mb2/ i?2 2MiB`2 K�BM

�TB+�H /2M/`Bi2 iQ /2TQH�`Bx2 r2HH �#Qp2 −40Ko- /2bTBi2 #2BM; KQbiHv #2HQr −60Ko r?2M i?2 +m``2Mi

r�b bHB;?iHv #2HQr i?Bb i?`2b?QH/X LQi2 i?2 �ii2Mm�iBQM BM i?2 T2�F pQHi�;2 r?2M +QKT�`BM; i?2 #�b�H

/2M/`Bi2b iQ i?2 �TB+�H iBTbX �HbQ MQi2 i?2 p�`B2iv Q7 /Bz2`2Mi T2�F pQHi�;2b BM i?2 /2M/`Bi2b- +QKT�`2/ iQ

i?2 bm#i?`2b?QH/ +QM/BiBQMX Pm` #�+FT`QT�;�iBQM +`Bi2`B� 7Q` i?2 >m@#�b2/ KQ/2H `2[mB`2/ i?Bb [m�HBi�iBp2

+?�M;2 bBM+2 Bi r�b � `Q#mbi 72�im`2 Q7 i?Qb2 bBKmH�iBQMbX _2+�HH �HbQ i?�i i?2 Tm`TQb2 Q7 i?2 /2M/`Bi2b BM

9
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Qm` KQ/2HHBM; Bb iQ /2}M2 � #�+FT`QT�;�iBQM i?`2b?QH/- MQi M2+2bb�`BHv iQ KBKB+ i?2 /2i�BH2/ 72�im`2b Q7

#�+FT`QT�;�iBQMX 6Q` Qm` Tm`TQb2b- Bi Bb 2MQm;? i?�i i?2 /2M/`Bi2b 2t?B#Bi � i?`2b?QH/- �M/ i?�i i?`2b?QH/

+?�M;2b �b � `2bmHi Q7 �Hi2`BM; i?2 /Bbi`B#miBQMb Q7 L�ob BM i?2 �AaX

UBV �tQM�H biBKmH�iBQM- 𝐼 ≳ 𝐼𝐵𝑃 > 𝐼𝐹𝑃 UBBV �tQM�H biBKmH�iBQM- 𝐼𝐵𝑃 > 𝐼 > 𝐼𝐹𝑃

6B; ., �tQM�H biBKmH�iBQM BM i?2 >m@#�b2/ KQ/2H, bTBF2b rBi? �M/ rBi?Qmi #�+FT`QT�;�iBQM
ě#v Qm` bi`BM;2Mi +`Bi2`BQMX *m``2Mi Bb BMD2+i2/ Dmbi /Bbi�H iQ i?2 �AaX 1�+? /�i� TQBMi K�Tb iQ �
HQ+�iBQM BM i?2 `2+QMbi`m+i2/ Tv`�KB/�H M2m`QMX Uh?2 +Q``2bTQM/2M+2 #2ir22M i?2 �#b+Bbb� �M/ +2HH KQ`@
T?QHQ;v Bb BHHmbi`�i2/ BM 6B; :XV AM UBV- �M �+iBQM TQi2MiB�H U�SV ?�b #�+FT`QT�;�i2/X LQi2 i?2 p�`B�#BHBiv
Q7 𝑉T2�F BM i?2 bQK�iQ/2M/`BiB+ `2;BQM Q7 i?2 M2m`QM- �M/ i?2 bB;MB}+�Mi �ii2Mm�iBQM �b i?2 r�p2 i`�p2Hb
BMiQ i?2 /Bbi�H /2M/`Bi2bX AM UBBV- �M �S ?�b Q++m``2/ #mi i?2 T�ii2`M Q7 /2TQH�`Bx�iBQM BM i?2 /2M/`Bi2b
/Q2b MQi b�iBb7v i?2 #�+FT`QT�;�iBQM +`Bi2`BQM r2 ?�p2 mb2/ 7Q` i?Bb KQ/2HX LQi2 i?�i i?2 T2�F pQHi�;2 BM
i?2 bQK� �M/ /2M/`Bi2b `2K�BMb M2�`2` iQ i?2 `2biBM; TQi2MiB�H ≈ −70Ko- M2p2` 2t+22/BM; −40KoX �HbQ
MQi2 i?2 H�+F Q7 p�`B�#BHBiv BM i?2 bQK�iQ/2M/`BiB+ 𝑉T2�FX h?2 [m�HBi�iBp2 +?�M;2 BM i?2b2 irQ THQib Q++m`b
b?�`THv- Dmbi �#Qp2 𝐼𝐵𝑃 ≈ 2.7M� U𝑥 = 1, 𝜅 = 0.4VX "v bQK2 /2}MBiBQMb- #Qi? Q7 i?2b2 b+2M�`BQb rQmH/ #2
+QMbB/2`2/ #�+FT`QT�;�iBQM- bBM+2 i?2`2 Bb �Hr�vb � 72r Ko Q7 /2TQH�`Bx�iBQM BM i?2 KQbi /Bbi�H /2M/`Bi2bX
�b i?Bb [m�HBi�iBp2 +?�M;2 Bb � `Q#mbi 72�im`2 Q7 i?2 >m@#�b2/ KQ/2H- r2 ?�p2 /2}M2/ #�+FT`QT�;�iBQM BM
i?Qb2 bBKmH�iBQMb iQ `2[mB`2 BiX AM /2}MBM; � 7Q`r�`/ T`QT�;�iBQM i?`2b?QH/ U𝐼𝐹𝑃V- r2 +�HH i?2 b+2M�`BQ QM
i?2 `B;?i- r?2`2 �M �S ?�b #22M b2Mi /QrM i?2 �tQM Q`i?Q/`QKB+�HHv 7`QK i?2 biBKmH�iBQM bBi2 UBX2X iQ
i?2 `B;?i BM i?Bb T�M2HV ǳ7Q`r�`/ T`QT�;�iBQMǴ Q` ǳ7Q`r�`/T`QTǴ `2;�`/H2bb Q7 i?2 �KTHBim/2 Q7 i?2 bQK�@
iQ/2M/`BiB+ /2TQH�`Bx�iBQMX �MiB/`QKB+�HHv biBKmH�i2/ �Sb i?�i /Q MQi #�+FT`QT�;�i2 ?�p2 #22M Q#b2`p2/
BM b2p2`�H M2m`QM ivT2b (je- jd)X h?Bb �M/ bBKBH�` };m`2b �`2 BMbTB`2/ #v ǳ6B;m`2 9Ǵ Q7 (Rk)X

8
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* aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >�v@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

* aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >�v@#�b2/ KQ/2H

h?2 #�+FT`QT�;�iBQM +`Bi2`B� r2 mb2/ rBi? i?2 >�v KQ/2H(kN) �`2 ;Bp2M BM i?2 +�TiBQM Q7 6B; 1X

UBV aQK�iB+ biBKmH�iBQM- 𝐼 ≳ 𝐼𝐵𝑃 UBBV aQK�iB+ biBKmH�iBQM- 𝐼 ≲ 𝐼𝐵𝑃

UBBBV �tQM�H biBKmH�iBQM- 𝐼 ≳ 𝐼𝐵𝑃 UBpV �tQM�H biBKmH�iBQM- 𝐼 ≲ 𝐼𝐵𝑃

6B; 1, "�+FT`QT�;�iBQM +`Bi2`B� BM i?2 >�v@#�b2/ KQ/2HX 1�+? /�i� TQBMi K�Tb iQ � HQ+�iBQM BM i?2
`2+QMbi`m+i2/ Tv`�KB/�H M2m`QMX PM i?2 �#b+Bbb�- M2;�iBp2 p�Hm2b BM/B+�i2 i?�i � /�i� TQBMi Bb HQ+�i2/ BM
i?2 bQK� Q` /2M/`Bi2b- �M/ TQbBiBp2 p�Hm2b +Q``2bTQM/ iQ i?2 �Aa �M/ T�bbBp2 +�#H2X Uh?2 +Q``2bTQM/2M+2
#2ir22M i?2 �#b+Bbb� �M/ +2HH KQ`T?QHQ;v Bb BHHmbi`�i2/ BM 6B; :XV AM UBV �M/ UBBBV #�+FT`QT�;�iBQM
?�b Q++m``2/- r?2`2�b BM UBBV �M/ UBpV- i?2 biBKmH�iBQM Bb UDmbiV #2HQr i?2 "�S i?`2b?QH/X AM i?2 KQ/2H-
#�+FT`QT�;�iBQM r�b `2+Q`/2/ 2Bi?2` �i i?2 bQK� UM2B;?#Qm`BM; i?2 H27i 2M/ Q7 i?2 b2+iBQM H�#2HH2/ ǳ�AanyǴ-
K2K#`�M2 TQi2MiB�H 2t+22/BM; 10KoV- Q` BM i?2 �TB+�H /2M/`Bi2b UDmbi /Bbi�H iQ i?2 K�BM #B7m`+�iBQM Q7 i?2
K�BM �TB+�H /2M/`Bi2- K2K#`�M2 TQi2MiB�H 2t+22/BM; −70KoVX h?2 `2biBM; TQi2MiB�H r�b ≅ −80.5Ko �i
i?2 bQK�- �M/ ≅ −74.1Ko �i i?2 �TB+�H `2+Q`/BM; bBi2 Ub22 H2;2M/VX

AM 6B; 1- +QKT�`2 i?2 /2TQH�`Bx�iBQM Q7 i?2 /Bbi�H �Aa Uǵ�AanRǶ BM i?2 H2;2M/V BM i?2 >�v KQ/2H (kN)

r?2M +m``2Mi Bb BMD2+i2/ bQK�iB+�HHv p2`bmb �tQM�HHv- rBi? i?2 M2m`QM Dmbi #2HQr 𝐼𝐵𝑃, AM i?2 bQK�iB+ +�b2

U6B; 1BBV i?2 /Bbi�H �Aa M2p2` `2�+?2b −60Ko- r?BH2 BM i?2 �tQM�H +�b2 U6B; 1BpV Bi 2t+22/b −50KoX >�v
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* aTBF2b �M/ #�+FT`QT�;�iBQM BM i?2 >�v@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

2i �HX /B/ MQi BM+Hm/2 �M �tQM(kN)- �M/ ?2`2 i?2 �Aa Bb 7QHHQr2/ #v � T�bbBp2 +�#H2- `�i?2` i?�M �M 2t+Bi�#H2

�tQM +QKTQb2/ Q7 Kv2HBM�i2/ BMi2`MQ/2b b2;K2Mi2/ #v MQ/2b Q7 _�MpB2`X >2M+2 � 7Q`r�`/@T`QT�;�iBQM

i?`2b?QH/ 𝐼𝐹𝑃 Bb BHH@/2}M2/ BM i?Bb KQ/2HX q2`2 i?2 >�v KQ/2H iQ BM+Hm/2 bm+? �M �tQM- i?2 BM+`2�b2/

/2TQH�`Bx�iBQM Q7 i?2 /Bbi�H �Aa BM U6B; 1BpV +QKT�`2/ iQ U6B; 1BBV rQmH/ #2 bm{+B2Mi iQ +�mb2 �M �tQM�H

�S BM i?2 7Q`K2` rBi?Qmi /QBM; bQ BM i?2 H�ii2`X h?mb r2 �`;m2- i?�i i?2 �#BHBiv Q7 i?2 >m@#�b2/ KQ/2H

ěrBi? Bib 2t+Bi�#H2 �tQMě iQ ;2M2`�i2 �Sb rBi?Qmi K22iBM; Qm` +`Bi2`BQM 7Q` #�+FT`QT�;�iBQM U6B; .BBV-

Bb �M �`iB7�+i Q7 �tQM�H biBKmH�iBQM mM/2` i?2 +QM/BiBQMb bBKmH�i2/ ?2`2X �MiB/`QKB+�HHv biBKmH�i2/ �Sb

i?�i /Q MQi #�+FT`QT�;�i2 ?�p2 #22M Q#b2`p2/ BM b2p2`�H M2m`QM ivT2b (je- jd)X

*XR A/2MiB+�H `2bmHib rBi? bQK�iB+ +`Bi2`BQM

AM i?2 K�BM i2ti U6B; dV i?2 /2M/`BiB+ #�+FT`QT�;�iBQM +`Bi2`BQM r�b mb2/- ?Qr2p2`- i?2 bQK�iB+ +`Bi2`BQM

T`Q/m+2b i?2 b�K2 `2bmHi- �b b?QrM #2HQrX AM 6B; 6B �M/ 6B; 6BB- #�+FT`QT�;�iBQM Bb `2;Bbi2`2/ B7 i?2

bQK�iB+ K2K#`�M2 TQi2MiB�H 2t+22/b 10.0KoX h?2 i?`2b?QH/ M22/ MQi #2 i?Bb ?B;?- #mi Bi /Q2b MQi �z2+i

i?2 `2bmHib bBM+2 i?2 bQK�iB+ /2TQH�`Bx�iBQM Bb H�`;2X
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UBBV �tQM�H biBKmH�iBQM

6B; 6, "�+FT`QT�;�iBQM BM i?2 >�v KQ/2H, aQK�iB+ #�+FT`QT�;�iBQM +`Bi2`BQMX hQ b22 i?2
2[mBp�H2M+v Q7 i?2 bQK�iB+ +`Bi2`BQM mb2/ ?2`2- rBi? i?2 �TB+�H /2M/`BiB+ #�+FT`QT�;�iBQM +`Bi2`BQM mb2/ BM
i?2 K�BM i2ti- +QKT�`2 rBi? 6B; dX >2`2 r2 THQi i?2 +QK#BM2/ 2z2+i QM i?2 #�+FT`QT�;�iBQM i?`2b?QH/
U𝐼𝐵𝑃- /2}M2/ #2HQrV Q7 p�`vBM; +`QbbQp2` HQ+�iBQM U𝜅V �M/ L�o b2T�`�iBQM U𝑥V BM i?2 �tQM BMBiB�H b2;K2MiX
o�`vBM; i?2 b2T�`�iBQM T�`�K2i2` ǳ𝑥Ǵ 7`QK 𝑥 = 0 iQ 𝑥 = 1- i?2 /Bbi`B#miBQM Q7 L�o +?�MM2Hb ;Q2b
7`QK ~�i U?QKQ;2M2QmbV iQ b2T�`�i2/- i?2 H�ii2` �TT`QtBK�iBM; i?2 /Bbi`B#miBQM Q#b2`p2/ BM /2p2HQTBM;
Tv`�KB/�H M2m`QMb Ub22 6B; R�VX LQi2 i?�i +m`p2b 7Q` �HH p�Hm2b Q7 𝜅 +QMp2`;2 iQ � bBM;H2 TQBMi �i 𝑥 = 0-
bBM+2 𝜅 +�M ?�p2 MQ 2z2+i r?2M i?2 irQ L�o bm#ivT2b �`2 mMB7Q`KHv /Bbi`B#mi2/ �HQM; i?2 �AaX aQK�iB+
#�+FT`QT�;�iBQM +`Bi2`BQM = 10.0Ko ěb22 +�TiBQM Q7 6B; 1X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H

AM i?2 p2`bBQM Q7 Qm` >m@#�b2/ KQ/2H 7`QK i?2 K�BM i2ti- i?2 L�o /2MbBiv BM i?2 /2M/`Bi2b r�b /2+`2�b2/ #v

� 7�+iQ` Q7 10 7`QK i?2 Q`B;BM�H >m KQ/2H- iQ T`Q/m+2 �ii2Mm�iBQM BM i?2 #�+FT`QT�;�i2/ �+iBQM TQi2MiB�HX

GBF2rBb2- i?2 bQK�iB+ L�o /2MbBiv r�b BM+`2�b2/ #v � 7�+iQ` Q7 3X AM i?2 imMBM; T`2b2Mi2/ ?2`2- i?2 Q`B;BM�H

bQK�iB+ �M/ /2M/`BiB+ L�o /2MbBiB2b Q7 >m 2i �HX (R8) �`2 F2Ti- �M/ #�+FT`QT�;�iBQM Bb `Q#mbi- rBi?Qmi

�ii2Mm�iBQMX � ?B;? �KTHBim/2- `2;2M2`�iBp2 "�S BM}Hi`�i2b i?2 2MiB`2 /2M/`BiB+ i`22X

q2 `2/2}M2/ i?2 i?`2b?QH/ +`Bi2`BQM- bm+? i?�i #�+FT`QT�;�iBQM r�b /22K2/ iQ ?�p2 Q++m``2/ B7 �HH

�TB+�H /2M/`BiB+ iBTb 2t+22/2/ −10.0Ko 7QHHQrBM; biBKmH�iBQMX h?2 ?B;?2` i?`2b?QH/ p�Hm2 r�b �TT`QT`B�i2

iQ `2+Q`/ #�+FT`QT�;�iBQM /m2 iQ i?2 `Q#mbi "�S- r?B+? /B/ MQi b?Qr �ii2Mm�iBQM Ub22 6B; :VX �Hi?Qm;?

i?Bb imMBM; /Bp2`;2b 7`QK i?2 [m�HBi�iBp2 72�im`2b Q7 "�Sb BM `2�H Tv`�KB/�H +2HHb- �i H2�bi 7Q` bBM;H2

�+iBQM TQi2MiB�Hb (k3- kN)- i?2 `2H�iBQMb?BT #2ir22M i?2 #�+FT`QT�;�iBQM i?`2b?QH/ �M/ i?2 L�o /Bbi`B#miBQM

T`2b2Mi2/ BM _2bmHib r�b T`2b2`p2/ �;�BM Ub22 i?2 };m`2b #2HQrVX

h?�i Bb- /2bTBi2 i?2 bB;MB}+�Mi [m�HBi�iBp2 /Bz2`2M+2b #2ir22M i?2 imMBM; Q7 i?2 >m 2i �HX (R8) #�b2/

KQ/2H #2HQr U6B; :V r?B+? H�+Fb "�S �ii2Mm�iBQM- i?2 Qi?2` >m 2i �HX #�b2/ KQ/2H �#Qp2 BM i?2 K�BM

i2ti UaQK�iB+ biBKmH�iBQM- �tQM�H biBKmH�iBQMV r?B+? r2 KQ/B}2/ 7Q` "�S �ii2Mm�iBQM- �M/ i?2 >�v 2i �HX

(kN) #�b2/ KQ/2H �#Qp2 BM :2M2`�HBx�iBQM iQ >�v@#�b2/ KQ/2H �M/ KQ/B}2/ >m@#�b2/ KQ/2H- [m�HBi�iBp2

2z2+ib Q7 KQ/B7vBM; i?2 L�o /Bbi`B#miBQM BM i?2 �Aa �`2 B/2MiB+�H- �M/ 7Q` bQK�iB+ biBKmH�iBQM i?2v �`2

[m�MiBi�iBp2Hv bBKBH�` �b r2HHX h?Bb +�M #2 +H2�`Hv +QM+Hm/2/ #v +QKT�`BM; 6B; >- 6B; k- �M/ 6B; 6X

3
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

Figure 1: ԋpeak The jump in peak voltage near the end of the bare axon is due to the sudden decrease in capacitance 	Ӹֈ
 as the action potential encounters the first internode (i.e. myelin).

time � ������mೞ
stimLoc � ԢԞԜԐ	����
ᅭ � ����ᅭAIS � ����ԧ � ���
CrossOverPosition � ���
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 as the action potential encounters the first internode (i.e. myelin).
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6B; :, aTBF2b rBi? �M/ rBi?Qmi #�+FT`QT�;�iBQM, 1�+? /�i� TQBMi K�Tb iQ � HQ+�iBQM BM i?2 `2+QMbi`m+i2/
Tv`�KB/�H M2m`QM U+QKT�`2 rBi? i?2 +2HH KQ`T?QHQ;v �#Qp2 i?2 THQiVX PM i?2 �#b+Bbb�- M2;�iBp2 p�Hm2b
BM/B+�i2 i?�i � /�i�TQBMi Bb HQ+�i2/ BM i?2 bQK� Q` /2M/`Bi2b- �M/ TQbBiBp2 p�Hm2b +Q``2bTQM/ iQ i?2 ?BHHQ+F-
�Aa- �M/ �tQMX "2;BMMBM; QM i?2 `B;?i@?�M/ bB/2, �M �+iBQM TQi2MiB�H U�SV ?�b Q++m``2/ 7QHHQrBM; �tQM�H
biBKmH�iBQM U+m``2Mi BMD2+i2/ Dmbi /Bbi�H iQ i?2 �AaVX LQi2 i?�i i?2 T2�F pQHi�;2 BM i?2 bQK� �M/ /2M/`Bi2b
`2K�BMb M2�` i?2 `2biBM; TQi2MiB�H ≈ −70Ko- BM/B+�iBM; i?�i #�+FT`QT�;�iBQM /B/ MQi Q++m`X q2 +�HH
i?Bb b+2M�`BQ r?2`2 �M �S ?�b #22M b2Mi /QrM i?2 �tQM Q`i?Q/`QKB+�HHv 7`QK i?2 biBKmH�iBQM bBi2 UBX2X
iQ i?2 `B;?i BM i?Bb T�M2HV ǳ7Q`r�`/ T`QT�;�iBQMǴ Q` ǳ7Q`r�`/T`QTǴ `2;�`/H2bb Q7 i?2 �KTHBim/2 Q7 i?2
bQK�iQ/2M/`BiB+ /2TQH�`Bx�iBQMX hQ i?2 H27i Bb �M �S i?�i #�+FT`QT�;�i2/, i?2 2MiB`2 +2HH bTBF2/- BM i?Bb
+�b2 7QHHQrBM; bQK�iB+ biBKmH�iBQMc #�+FT`QT�;�iBQM +�M �HbQ Q++m` 7QHHQrBM; �tQM�H biBKmH�iBQMX h?2
bQK�iQ/2M/`BiB+ T2�F pQHi�;2b �`2 BM/B+�i2/ #v � #Hm2 #Qt BM 2�+? +�b2X h?Bb �M/ bBKBH�` };m`2b �`2
BMbTB`2/ #v ǳ6B;m`2 9Ǵ Q7 (Rk)X

N

Chapter 6 6.4 Supporting information

(188)



. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

6B; >, aQK�iB+ aiBKmH�iBQM, *QK#BM2/ 2z2+i Q7 p�`vBM; +`QbbQp2` HQ+�iBQM U𝜅V �M/ L�o b2T�`�iBQM U𝑥V BM
i?2 �tQM BMBiB�H b2;K2MiX h?2 i?`2b?QH/ 7Q` 7Q`r�`/ �S T`QT�;�iBQM Bb i?2 b�K2 �b 7Q` #�+FT`QT�;�iBQMX
o�`vBM; i?2 b2T�`�iBQM T�`�K2i2` ǳ𝑥Ǵ 7`QK 𝑥 = 0 iQ 𝑥 = 1- i?2 /Bbi`B#miBQM Q7 L�o +?�MM2Hb ;Q2b 7`QK ~�i
U?QKQ;2M2QmbV iQ b2T�`�i2/- i?2 H�ii2` �TT`QtBK�iBM; i?2 /Bbi`B#miBQM Q#b2`p2/ BM /2p2HQTBM; Tv`�KB/�H
M2m`QMb Ub22 6B; R�VX LQi2 i?�i +m`p2b 7Q` �HH p�Hm2b Q7 𝜅 +QMp2`;2 iQ � bBM;H2 TQBMi �i 𝑥 = 0- bBM+2 𝜅 +�M
?�p2 MQ 2z2+i r?2M i?2 irQ L�o bm#ivT2b �`2 mMB7Q`KHv /Bbi`B#mi2/ �HQM; i?2 �AaX h?2 HBM2b ?�p2 #22M
/`�rM iQ ;mB/2 i?2 2v2X

Ry
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

Figure 10: Caption
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UBBV

UBBBV

6B; A, q?2M i?2 �Aa L�o /Bbi`B#miBQM Bb ~BTT2/- b2iiBM; 𝑥 = 1 +QM+2Mi`�i2b L�oRXe �i i?2 T`QtBK�H �Aa
�M/ L�oRXk �i i?2 /Bbi�H �Aa ěi?2 QTTQbBi2 Q7 r?�i Bb Q#b2`p2/ BM K�Mv Tv`�KB/�H +2HHb (R8- Re- Rd)X UBV
�Aa rBi? T`QT2` HQM;Bim/BM�H TH�+2K2Mi Q7 L�obX UBBV �Aa rBi? � HQM;Bim/BM�HHv ~BTT2/ L�o /Bbi`B#miBQMX
AM #Qi? THQib- 𝑥 = 0.5 �M/ 𝜅 = 0.5X UBBBV aQK�iB+ biBKmH�iBQM rBi? �Aa L�ob ~BTT2/ �b BM UBBV, h?Bb `2bmHi
Bb +HQb2 iQ � KB``Q` BK�;2 Q7 6B; >X h?2 HBM2b ?�p2 #22M /`�rM iQ ;mB/2 i?2 2v2X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

6B; C, �tQM�H aiBKmH�iBQM, 1z2+i Q7 p�`vBM; +`QbbQp2` HQ+�iBQM U𝜅V �M/ L�o b2T�`�iBQM U𝑥V BM i?2 �Aa QM
i?2 #�+FT`QT�;�iBQM i?`2b?QH/ Ub22 6B; RVX q?2M +QKTmiBM; i?2 i?`2b?QH/- i?2 biBKmH�iBM; +m``2Mi r�b
HBKBi2/ iQ � K�tBKmK Q7 10M�- iQ T`2p2Mi mMT?vbBQHQ;B+�H HQ+�H /2TQH�`Bx�iBQM �i i?2 biBKmH�iBQM bBi2X .m2
iQ i?2 bK�HH2` /B�K2i2` Q7 i?2 �tQM U`2H�iBp2 iQ i?2 bQK�V- 10M� Bb bm{+B2Mi iQ /2TQH�`Bx2 i?2 K2K#`�M2
TQi2MiB�H iQ ≈ +80Ko �i i?2 biBKmH�iBQM bBi2- r?2`2�b i?2 `2biBM; TQi2MiB�H Bb 𝑉`2bi = −70KoX hQ �+?B2p2
#�+FT`QT�;�iBQM rBi?BM i?�i +QMbi`�BMi U7QHHQrBM; �tQM�H biBKmH�iBQMV- Qm` KQ/2H `2[mB`2/ bQK2 �KQmMi
Q7 T`QtBK�H L�oRXk- /2HBp2`2/ i?`Qm;? i?2 +QK#BM2/ 2z2+ib Q7 L�o b2T�`�iBQM U𝑥 ≳ 0.5V �M/ � bm{+B2MiHv
/Bbi�H +`QbbQp2` TQbBiBQM 𝜅 ≳ 0.4X a2T�`�iBM; i?2 irQ L�o bm#ivT2b U𝑥 ⟶ 1V HQr2`b i?2 i?`2b?QH/-
BM �;`22K2Mi rBi? i?2 }M/BM; BM (R8) i?�i T`QtBK�H �++mKmH�iBQM Q7 L�oRXk T`QKQi2b #�+FT`QT�;�iBQM-
�H#2Bi /m2 iQ /Bz2`2Mi ;�iBM; T`QT2`iB2b U6B; e"VX AM+`2�bBM; 𝜅 `�Bb2b i?2 T`QTQ`iBQM Q7 L�oRXk U`2H�iBp2 iQ
L�oRXeV BM i?2 �Aa �M/ HQr2`b i?2 #�+FT`QT�;�iBQM i?`2b?QH/ �b r2HHX h?`2b?QH/ +?�M;2b ?2`2 �`2 H�`;2`
i?�M 7Q` bQK�iB+ biBKmH�iBQM U6B; >VX h?2 HBM2b ?�p2 #22M /`�rM iQ ;mB/2 i?2 2v2X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

6B; E, �tQM�H aiBKmH�iBQM, 1z2+i Q7 𝑥 �M/ 𝜅 QM 7Q`r�`/ T`QT�;�iBQM i?`2b?QH/X h?2 i`2M/ 7Q` �HH +QMbi�Mi
𝜅 +m`p2b Bb i?�i `�BbBM; i?2 T`QTQ`iBQM Q7 iQi�H �Aa L�oRXe U#v `2/m+BM; 𝜅V Q` +QM+2Mi`�iBM; L�oRXe BM
i?2 /Bbi�H �Aa U#v BM+`2�bBM; 𝑥V HQr2`b i?2 i?`2b?QH/ iQ BMBiB�i2 7Q`r�`/ T`QT�;�iBM; �+iBQM TQi2MiB�Hb Ub22
6B; RVX LQi2 i?�i i?Bb i?`2b?QH/ +m``2Mi TmHb2 Bb MQi bm{+B2Mi iQ �+?B2p2 #�+FT`QT�;�iBQMX h?2 2z2+i Q7
L�o b2T�`�iBQM Bb Km+? bK�HH2` ?2`2 i?�M 7Q` i?2 #�+FT`QT�;�iBQM i?`2b?QH/X h?2 HBM2b ?�p2 #22M /`�rM
iQ ;mB/2 i?2 2v2X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

.XR �//BiBQM�H bBKmH�iBQMb

AM i?2 K�BM i2ti- r2 7QmM/ i?�i rBi? � 25μK �Aa- i?2 bHQT2 Q7 𝐼𝐵𝑃 p2`bmb 𝑥 7Q` bQK�iB+ biBKmH�iBQM #2+�K2

~�i �`QmM/ 𝜅 ≈ 0.4- r?B+? Bb 20μK �r�v 7`QK i?2 bQK� bBM+2 𝐿?BHHQ+F = 10μK U6B; kVX AM 6B; G- rBi?

� 100μK �Aa- i?2 𝐼𝐵𝑃 bHQT2 ~�ii2Mb �`QmM/ 𝜅 ≈ 0.1- r?B+? �;�BM +Q``2bTQM/b iQ � /Bbi�M+2 Q7 `Qm;?Hv

20μK 7`QK i?2 bQK� bBM+2 i?2 /Bbi�M+2 BM μK iQ i?2 +`QbbQp2` TQbBiBQM Bb 𝜅 × 𝓁�AaX h?Bb bm;;2bib i?�i i?2

i?`2b?QH/@HQr2`BM; 2z2+i Q7 L�o b2T�`�iBQM 7Q` bK�HH 𝜅 U6B; kV `2bmHib 7`QK i?2 BM+`2�b2/ T`QtBK�H /2MbBiv

Q7 L�oRXe r?2M i?2 +`QbbQp2` Bb #`Qm;?i M2�` iQ i?2 bQK� ě�M/ Bb MQi /m2 iQ i?2 T`QtBK�H /2MbBiv Q7

L�oRXk- +QMbBbi2Mi rBi? 6B; JX

6B; G, aQK�iB+ aiBKmH�iBQM rBi? �Aa H2M;i?2M2/ iQ 100μK U+QKT�`2 rBi? 6B; k BM i?2 K�BM i2ti r?2`2
i?2 �Aa H2M;i? r�b 25μKV, *QK#BM2/ 2z2+i Q7 p�`vBM; +`QbbQp2` HQ+�iBQM U𝜅V �M/ L�o b2T�`�iBQM U𝑥V BM
i?2 �tQM BMBiB�H b2;K2MiX h?2 /Bbi�M+2 BM μK iQ i?2 +`QbbQp2` TQbBiBQM Bb 𝜅 × 𝓁�AaX h?2 HBM2b ?�p2 #22M
/`�rM iQ ;mB/2 i?2 2v2X

6B; J /2KQMbi`�i2b i?�i BM+`2�bBM; 𝜅 `�Bb2b i?2 #�+FT`QT�;�iBQM i?`2b?QH/ r?2M +m``2Mi Bb BMD2+i2/

bQK�iQ/2M/`BiB+�HHv UQ`i?Q/`QKB+ biBKmH�iBQMV- 2p2M r?2M i?2 bHQT2b BM 6B; k �`2 M2;�iBp2X AM+`2�bBM; 𝜅
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

K2�Mb KQpBM; i?2 L�o +`QbbQp2` HQ+�iBQM �r�v 7`QK i?2 bQK�- r?B+? BM+`2�b2b i?2 T`QTQ`iBQM Q7 L�oRXk

Up2`bmb L�oRXeV BM i?2 �Aac b22 6B; R"X

6B; J, aQK�iB+ aiBKmH�iBQM rBi? MQKBM�H �Aa H2M;i? U𝓁�Aa = 25.0μKVX h?2 +QK#BM2/ 2z2+i Q7 p�`vBM;
+`QbbQp2` HQ+�iBQM U𝜅V �M/ L�o b2T�`�iBQM U𝑥V BM i?2 �tQM BMBiB�H b2;K2MiX AM+`2�bBM; 𝜅 `�Bb2b i?2 #�+F@
T`QT�;�iBQM i?`2b?QH/X >2`2 i?2 �#b+Bbb� Bb i?2 MQ`K�HBx2/ +`QbbQp2` TQbBiBQM 𝜅- BMbi2�/ Q7 L�o b2T�`�iBQM
U+QKT�`2 rBi? 6B; kVX AM 6B; k- �HH +m`p2b +QMp2`;2 �i 𝑥 = 0X >2`2- i?�i BMi2`b2+iBQM TQBMi Bb `2TH�+2/
#v i?2 𝑥 = 0 HBM2X LQiB+2 i?�i 2p2`v 𝑥 > 0 +m`p2 ?�b � TQbBiBp2 bHQT2, i?2 #�+FT`QT�;�iBQM i?`2b?QH/
𝐼𝐵𝑃 BM+`2�b2b rBi? 𝜅X AM+`2�bBM; 𝜅 r?2M 𝑥 > 0 M2+2bb�`BHv BM+`2�b2b i?2 `�iBQ Q7 L�oRXk +QM/m+i�M+2 iQ
L�oRXe +QM/m+i�M+2 BM i?2 �Aa Ub22 1[m�iBQM akVX Ai 7QHHQrb i?�i +QM+2Mi`�iBM; L�oRXk BM i?2 T`QtBK�H
�Aa `�Bb2b i?2 #�+FT`QT�;�iBQM i?`2b?QH/- 7Q` bQK�iB+ biBKmH�iBQMX h?2 HBM2b ?�p2 #22M /`�rM iQ ;mB/2
i?2 2v2X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

6B; L, .2M/`BiB+ aiBKmH�iBQM rBi? MQKBM�H �Aa H2M;i? U𝓁�Aa = 25.0μKVX *m``2Mi BMD2+iBQM �i i?2 K�BM
�TB+�H /2M/`Bi2 vB2H/b i?2 b�K2 [m�HBi�iBp2 #2?�pBQm` �b 7Q` bQK�iB+ biBKmH�iBQMX *QKT�`2 rBi? U6B; kVX
o�`vBM; i?2 b2T�`�iBQM T�`�K2i2` ǳ𝑥Ǵ 7`QK 𝑥 = 0 iQ 𝑥 = 1- i?2 /Bbi`B#miBQM Q7 L�o +?�MM2Hb ;Q2b 7`QK ~�i
U?QKQ;2M2QmbV iQ b2T�`�i2/- i?2 H�ii2` �TT`QtBK�iBM; i?2 /Bbi`B#miBQM Q#b2`p2/ BM /2p2HQTBM; Tv`�KB/�H
M2m`QMb Ub22 6B; R�VX LQi2 i?�i +m`p2b 7Q` �HH p�Hm2b Q7 𝜅 +QMp2`;2 iQ � bBM;H2 TQBMi �i 𝑥 = 0- bBM+2 𝜅 +�M
?�p2 MQ 2z2+i r?2M i?2 irQ L�o bm#ivT2b �`2 mMB7Q`KHv /Bbi`B#mi2/ �HQM; i?2 �AaX h?2 HBM2b ?�p2 #22M
/`�rM iQ ;mB/2 i?2 2v2X
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. JQ/B}2/ p2`bBQM Q7 >m@#�b2/ KQ/2H y alSSP_hAL: AL6P_J�hAPL

6B; P, aQK�iB+ aiBKmH�iBQM, H2M;i?2MBM; i?2 ?BHHQ+F iQ 30μK `2KQp2b i?2 M2;�iBp2 bHQT2b Q#b2`p2/ BM 6B;
k �M/ 6B; GX AM �HH Qi?2` THQib- r2 ?�p2 mb2/ 𝐿?BHHQ+F = 10μKX �Aa H2M;i? Bb 𝓁�Aa = 25.0μK �b BM �HH Qi?2`
THQib mMH2bb BM/B+�i2/ Qi?2`rBb2X h?2 HBM2b ?�p2 #22M /`�rM iQ ;mB/2 i?2 2v2X
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1 �Aa @ i2+?MB+�H /2i�BHb y alSSP_hAL: AL6P_J�hAPL

1 �Aa @ i2+?MB+�H /2i�BHb

AM �HH KQ/2Hb i?�i r2`2 mb2/ BM i?Bb bim/v- i?2 iQi�H L�o +QM/m+i�M+2 Q7 i?2 �Aa Bb T`QTQ`iBQM�H iQ i?2

�Aa H2M;i? 𝓁 bBM+2 Bib /B�K2i2` Bb +QMbi�Mi,

𝐺̄L�o
= 𝑔̄L�o

⋅ (�`2� Q7 �Aa) ∝ 𝑔̄L�o
𝓁�AaX UaRV

�b bi�i2/ BM i?2 K�BM i2ti- i?2 /2MbBiv T`Q}H2b Q7 L�oRXk �M/ L�oRXe �`2 H27i@ �M/ `B;?i@?�M/2/

bB;KQB/�H 7mM+iBQMb U`2bT2+iBp2HvV Q7 MQ`K�HBx2/ H2M;i? 𝑠 �HQM; i?2 �AaX h?2 T`QtBK�H 2M/ Q7 i?2 �Aa Bb

HQ+�i2/ �i 𝑠 = 0- �M/ i?2 /Bbi�H 2M/ Bb HQ+�i2/ �i 𝑠 = 1X h?2 +?�MM2H /2MbBiB2b �`2 2tT`2bb2/ �b K�tBK�H

+QM/m+i�M+2b 𝑔̄L�oRXk UbV �M/ 𝑔̄L�oRXe UbV- r?2`2 i?2 iQi�H K�tBK�H L�o +QM/m+i�M+2 𝑔̄L�o
Bb +QMbi�Mi �HQM;

i?2 �Aa,

𝑔̄L�o
= 𝑔̄L�oRXk(𝑠) + 𝑔̄L�oRXe(𝑠) = const. UakV

h?2 /2MbBiv T`Q}H2b �`2 ;Bp2M #v

⎧
⎪⎪

⎨
⎪⎪
⎩

𝑔̄L�oRXk(𝑠) =
𝑔̄L�o

2
ቆ1 − 𝑥 ⋅ i�M? ൫𝜎(𝑠 − 𝜅)൯ቇ-

𝑔̄L�oRXe(𝑠) = 𝑔̄L�o
− 𝑔̄L�oRXk(𝑠)

=
𝑔̄L�o

2
ቆ1 + 𝑥 ⋅ i�M? ൫𝜎(𝑠 − 𝜅)൯ቇX

UajV

q2 +?Qb2 i?2 ?vT2`#QHB+ i�M;2Mi 7mM+iBQM i�M?(𝑠)- #mi Qi?2` bB;KQB/�H 7mM+iBQMb rQmH/ /Q Dmbi �b

r2HHX h?2 T�`�K2i2` 𝑥 +QMi`QHb i?2 b2T�`�iBQM Q7 i?2 L�o /Bbi`B#miBQM- i?�i Bb- ?Qr b2T�`�i2/ i?2 irQ

L�o bm#ivT2b �`2X q?2M 𝑥 = 0- i?2 /Bbi`B#miBQM #2+QK2b ~�i ěL�oRXk �M/ L�oRXe �`2 KBt2/ mMB7Q`KHv

�HQM; i?2 �AaX q?2M 𝑥 = 1- i?2 T`QtBK�H 2M/ Q7 i?2 �Aa +QMi�BMb QMHv L�oRXk- �M/ i?2 /Bbi�H 2M/ Q7 i?2

�Aa +QMi�BMb QMHv L�oRXeX h?2 T�`�K2i2` 𝜎 Bb i?2 `2+BT`Q+�H Q7 i?2 ǵi`�MbBiBQM rB/i?Ƕ Q7 i?2 �Aa L�o

/Bbi`B#miBQMb MQ`K�HBx2/ #v i?2 �Aa H2M;i?X AM �HH bBKmH�iBQMb b?QrM ?2`2- 𝜎 = 10.0X

h?2 +QMi`B#miBQM Q7 L�oRXk iQ i?2 iQi�H pQHi�;2@;�i2/ bQ/BmK +QM/m+i�M+2 Q7 i?2 �Aa U1[m�iBQM aRV Bb

𝐺̄L�oRXk ∝
𝓁�Aa

න
0

𝒹𝓁′ 𝑔̄L�oRXk(𝓁
′) = 𝓁�Aa

1

න
0

𝒹𝑠
𝑔̄L�o

2
ቆ1 − 𝑥 ⋅ i�M? ൫𝜎(𝑠 − 𝜅)൯ቇ- Ua9V

R3

Chapter 6 6.4 Supporting information

(197)



6 oQHi�;2@;�i2/ +?�MM2Hb y alSSP_hAL: AL6P_J�hAPL

⟹ 𝐺̄L�oRXk ∝ 1 − 𝑥 ⋅ ቆ
HM ൫ +Qb?(𝜎) − bBM?(𝜎) i�M?(𝜎𝜅)൯

𝜎
ቇ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ǳ𝑀Ǵ

X Ua8V

h?2 `QQi Q7 i?2 i2`K H�#2H2/ ǳ𝑀Ǵ BM 1[m�iBQM a8 Bb 𝜅 =
1
2

- �M/ i?2 bHQT2 Q7 𝑀 Bb M2;�iBp2, 𝑀(𝜅 < 0.5) > 0-

𝑀(𝜅 > 0.5) < 0X aBM+2 𝑀(𝜅 = 0.5) = 0- i?2 /2`Bp�iBp2 Q7 𝐺̄L�oRXk U�M/ 𝐺̄L�oRXeV rBi? `2bT2+i iQ 𝑥 Bb x2`Q

r?2M i?2 +`QbbQp2` Bb HQ+�i2/ BM i?2 KB//H2 Q7 i?2 �Aa- r?B+? Bb i?2 bi�M/�`/ +QM};m`�iBQM 7Q` p�`vBM;

L�o b2T�`�iBQMX

q2 +�HH 𝜅 = 0.5 bi�M/�`/ #2+�mb2- BM i?Bb +QM};m`�iBQM- i?2 2z2+ib QM i?2 #�+FT`QT�;�iBQM i?`2b?QH/

/m2 iQ p�`vBM; 𝑥 +�M MQi #2 /m2 iQ +?�M;2b BM i?2 iQi�H +QM/m+i�M+2 Q7 L�oRXe Q` L�oRXk BM i?2 �AaX AM

Qi?2` rQ`/b- i?2 `2bmHib Q7 br22TBM; 𝑥 7`QK 0 iQ 1 rBi? 𝜅 }t2/ �i 0.5 BM 6B; 9- 6B; 8- 6B; j- 6B; d- �M/

6B; k �`2 Tm`2Hv /m2 iQ KBtBM; �M/ b2T�`�iBM; L�oRXe 7`QK L�oRXk BM i?2 �AaX

aBM+2 #v /2}MBiBQM 0 ⩽ 𝜅 ⩽ 1 �M/ 𝜎 > 0- i?2 T�`iB�H /2`Bp�iBp2 Q7 𝑀 rBi? `2bT2+i iQ 𝜅 Bb M2;�iBp2X Ai

7QHHQrb 7`QK 1[m�iBQM a8 i?�i 𝐺̄L�oRXk BM+`2�b2b �b i?2 +`QbbQp2` TQbBiBQM Bb KQp2/ /Bbi�HHvX GBF2rBb2 𝐺̄L�oRXe

/2+`2�b2b rBi? BM+`2�bBM; 𝜅X

6 oQHi�;2@;�i2/ +?�MM2Hb

h?2 pQHi�;2@;�i2/ bQ/BmK �M/ TQi�bbBmK +QM/m+i�M+2b 𝑔L�o(𝑉, 𝑡) �M/ 𝑔Eo
(𝑉, 𝑡) BM 1[m�iBQM Re �`2 KQ/@

2H2/ mbBM; >>@bivH2 FBM2iB+b (9y) }ii2/ iQ K�KK�HB�M Tv`�KB/�H +2HH /�i� #v (Rk)- �M/ i?2M 7m`i?2` �/�Ti2/
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൫𝑉L�oRXe
1/2 + 𝑉_a൯ = 𝑉L�oRXk

1/2 - UaNV

r?B+? Bb /2TQH�`Bx2/ Q` ǳ`B;?i@b?B7i2/Ǵ #v �M �KQmMi 𝑉_a `2H�iBp2 iQ L�oRXe Ub22 6B;m`2 aR8VXddN

hQ bBKmH�i2 �Hi2`�iBQMb iQ L�oRXk `B;?i@b?B7i BM Qm` b?B7i@+H�KTBM; K2i?Q/- r2 mb2 �MQi?2` T�`�K2i2`d3y

+�HH2/ Δ𝑉_a- r?B+? Bb MQi #�b2/ QM 2tT2`BK2MiX �Hi?Qm;? i?2 L�oRXk `B;?i@b?B7i Bb MQi � ?B;? T`2+BbBQMd3R

K2�bm`2K2Mi U𝑉_a ∼ 10−15𝑚𝑉V- i?2 T�`�K2i2` 𝑉_a Bb F2Ti }t2/ BM Qm` KQ/2H 7Q` +QM+2Tim�H Tm`TQb2b, r2d3k

}M/ Bi ?2HT7mH iQ /BbiBM;mBb? 2KTB`B+�H T�`�K2i2`b UHBF2 𝑉_aV 7`QK 2tTHQ`�iQ`v T�`�K2i2`b i?�i BMi2MiBQM�HHvd3j

8e

UBBV �M/ i?2B` pQHi�;2@b2MbBiBp2 iBK2 +QMbi�Mib

6B; S, :�iBM; T`QT2`iB2b Q7 i?2 pQHi�;2@;�i2/ bQ/BmK �M/ TQi�bbBmK +?�MM2Hb i?�i �`2 BKTH2K2Mi2/ BM
>m@#�b2/ KQ/2HX .Qii2/ p2`iB+�H HBM2b BM/B+�i2 i?2 `2biBM; TQi2MiB�H 𝑉`2biX UBV ai2�/v@bi�i2 �+iBp�iBQM
�M/ �p�BH�#BHBiv +m`p2b 7Q` L�oRXk �M/ L�oRXe- �M/ bi2�/v@bi�i2 Eo �+iBp�iBQMX UBBV oQHi�;2@b2MbBiBp2
iBK2 +QMbi�Mib Q7 L�oRXk- L�oRXe- �M/ EoX L�oRXk Bb `B;?i@b?B7i2/ #v �M �KQmMi 𝑉_a `2H�iBp2 iQ L�oRXe
U/2}M2/ BM a2+iBQM 6XRVX AM i?Bb KQ/2H- 𝑉_a = 13.0Koc �HbQ +�HH2/ i?2 ǵMQKBM�H `B;?i@b?B7iǶ Q7 L�oRXkX 𝑉_a
Bb BM/B+�i2/ #v �``Qrb UbK�HH •⟶V BM i?2 THQib Q7 L�o bi2�/v@bi�i2b UBV �M/ iBK2 +QMbi�Mib UBBV �#Qp2X

𝑉_a Bb BM/B+�i2/ #v �``Qrb UbK�HH •⟶V BM i?2 THQib Q7 L�o bi2�/v@bi�i2b U6B; SBV �M/ iBK2 +QMbi�Mib

ky
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6 oQHi�;2@;�i2/ +?�MM2Hb y alSSP_hAL: AL6P_J�hAPL

U6B; SBBVX

h?2 `B;?i@b?B7i Q7 L�oRXk U/2}M2/ K�i?2K�iB+�HHv BM a2+iBQM 6XRV Bb 2�bB2bi iQ Q#b2`p2 BM i?2 iQT

irQ THQib Q7 6B; SBX 𝑉_a Bb BM/B+�i2/ #v �``Qrb UbK�HH •⟶VX ai2�/v@bi�i2 �+iBp�iBQM ቀ𝑚L�oRXk
∞ (𝑉)ቁ

3
�M/

�p�BH�#BHBiv ℎL�oRXk
∞ (𝑉) +m`p2b Q7 L�oRXk �`2 THQii2/ �b bQHB/ ;`22M HBM2b- �M/ /�b?2/ #Hm2 HBM2b �`2 i?2

+Q``2bTQM/BM; +m`p2b 7Q` L�oRXeX h?2 pQHi�;2 b2T�`�iBM; i?2 irQ L�o bm#ivT2bǶ �+iBp�iBQM +m`p2b Bb

�TT`QtBK�i2Hv i?2 MQKBM�H `B;?i@b?B7i- 𝑉_ac ?Qr2p2`- Bi p�`B2b rBi? TQbBiBQM- bBM+2 i?2 ;�iBM; p�`B�#H2b Q7

L�o �+iBp�iBQM U𝑚L�oRXk - 𝑚L�oRXeV ?�p2 /Bz2`2Mi bHQT2b (R8)X >Qr2p2`- i?2 �p�BH�#BHBiv +m`p2b �`2 2�bB2`

iQ +QKT�`2, BM i?Bb KQ/2H- ℎL�oRXk
∞ (𝑉) Bb b?B7i2/ 2t�+iHv 𝑉_a = 13.0Ko iQ i?2 `B;?i Q7 ℎL�oRXe

∞ (𝑉)X h?2

`B;?i@b?B7i Q7 L�oRXk Bb �HbQ pBbB#H2 BM i?2 pQHi�;2@b2MbBiBp2 iBK2 +QMbi�Mib U6B; SBBVX

6XR .2}MBM; 𝑉_a, i?2 `B;?i@b?B7i Q7 L�oRXk

𝑉_a Bb � T�`�K2i2` BM i?Bb KQ/2H `2T`2b2MiBM; i?2 2tT2`BK2Mi�HHv K2�bm`2/ /2TQH�`BxBM; b?B7i BM i?2 pQHi�;2

/2T2M/2M+2 Q7 L�oRXk �+iBp�iBQM �M/ BM�+iBp�iBQM FBM2iB+b- `2H�iBp2 iQ L�oRXe FBM2iB+bX "2+�mb2 𝑉_a Bb

2KTB`B+�H- Bi Bb }t2/ BM i?Bb T�T2`X

q2 /2}M2 i?2 L�oRXe ?�H7@�+iBp�iBQM pQHi�;2 𝑉L�oRXe
1/2 �b i?2 pQHi�;2 �i r?B+? � bBM;H2 L�oRXe �+iBp�iBQM

;�i2 U`�M/QKHv b2H2+i2/ 7`QK �M 2Mb2K#H2 Q7 ;�i2b ?2H/ �i 𝑉 = 𝑉L�oRXe
1/2 V ?�b � 50% +?�M+2 Q7 #2BM; BM i?2

QT2M bi�i2,

𝑚L�oRXe
∞ (𝑉L�oRXe

1/2 ) ≝
1
2

X

�Hi?Qm;? i?2 FBM2iB+b Q7 L�oRXk /Bz2` 7`QK L�oRXe FBM2iB+b BM r�vb Qi?2` i?�M `B;?i@b?B7i- r2 +�M MQr mb2

𝑉L�oRXe
1/2 iQ /2}M2 𝑉_a �b i?2 pQHi�;2 i?�i b�iBb}2b

𝑚L�oRXk
∞ (𝑉L�oRXe

1/2 + 𝑉_a) = 𝑚L�oRXe
∞ (𝑉L�oRXe

1/2 ) =
1
2

X Ua3V

LQi2 i?�i 𝑉L�oRXe
1/2 �M/ 𝑉_a �`2 mMB[m2 bBM+2 𝑚∞ Bb KQMQiQMB+�HHv BM+`2�bBM;X 1[m�iBQM a3 �HbQ +QMi�BMb i?2

?�H7@�+iBp�iBQM pQHi�;2 7Q` L�oRXk-

൫𝑉L�oRXe
1/2 + 𝑉_a൯ = 𝑉L�oRXk

1/2 - UaNV

r?B+? Bb /2TQH�`Bx2/ Q` ǳ`B;?i@b?B7i2/Ǵ #v �M �KQmMi 𝑉_a `2H�iBp2 iQ L�oRXe Ub22 6B; SVX

hQ bBKmH�i2 �Hi2`�iBQMb iQ L�oRXk `B;?i@b?B7i BM Qm` b?B7i@+H�KTBM; K2i?Q/- r2 mb2 �MQi?2` T�`�K2i2`

kR
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6 oQHi�;2@;�i2/ +?�MM2Hb y alSSP_hAL: AL6P_J�hAPL

+�HH2/ Δ𝑉_a- r?B+? Bb MQi #�b2/ QM 2tT2`BK2MiX �Hi?Qm;? i?2 L�oRXk `B;?i@b?B7i Bb MQi � ?B;? T`2+BbBQM

K2�bm`2K2Mi U𝑉_a ∼ 10−15KoV- i?2 T�`�K2i2` 𝑉_a Bb F2Ti }t2/ BM Qm` KQ/2H 7Q` +QM+2Tim�H Tm`TQb2b, r2

}M/ Bi ?2HT7mH iQ /BbiBM;mBb? 2KTB`B+�H T�`�K2i2`b UHBF2 𝑉_aV 7`QK 2tTHQ`�iQ`v T�`�K2i2`b i?�i BMi2MiBQM�HHv

/2pB�i2 7`QK 2tT2`BK2Mi UHBF2 Δ𝑉_aVX AM 7�+i- r2 mb2 Δ𝑉_a iQ b2H2+iBp2Hv +?�M;2 i?2 KQ/2HǶb L�o FBM2iB+b

iQ 2tTH�BM i?2 2z2+ib Q7 L�o /Bbi`B#miBQM QM 2t+Bi�#BHBiv BM i2`Kb Q7 i?2 H2M;i?rBb2 /Bbi`B#miBQM Q7 ;�iBM;

T`QT2`iB2b Ub22 JQ/B7vBM; i?2 `B;?i@b?B7i Q7 L�oRXk ;�iBM; T`QT2`iB2b BM i?2 �Aa �M/ a?B7i@*H�KTBM; �M/

i?2 >Q/;FBM@>mtH2v KQ/2HVX

6Xk LQi�iBQM, 𝑉_a- Δ𝑉_a

AM Qm` MQi�iBQM- 𝑉_a Bb MQi r`Bii2M 2tTHB+BiHv BM i?2 �`;mK2Mi Q7 L�oRXk ;�iBM; p�`B�#H2b Q` i?2B` iBK2

+QMbi�MibX AMbi2�/- r2 r`Bi2

𝜏L�oRXe
ℎ (𝑉)- 𝜏L�oRXk

ℎ (𝑉)- 𝑚L�oRXe
∞ (𝑉)- 𝑚L�oRXk

∞ (𝑉)- 2i +2i2`�-

�M/ H2i i?2 bmT2`b+`BTi ǳL�oRXkǴ BM/B+�i2 i?�i 𝜏L�oRXk
ℎ Bb `B;?i@b?B7i2/ `2H�iBp2 iQ 𝜏L�oRXe

ℎ - 7`QK i?2 7�+i i?�i

L�oRXk +?�MM2Hb �`2 `B;?i@b?B7i2/ BM i?Bb KQ/2HX

>Qr2p2`- i?2 T�`�K2i2` Δ𝑉_a Bb r`Bii2M 2tTHB+BiHv BM i?2 �`;mK2Mi r?2M r2 KQ/2H i?2 2z2+ib Q7

KQ/B7vBM; i?2 `B;?i@b?B7i U6B; e, b?B7i@+H�KTBM;VX 6Q` 2t�KTH2- r?2M �TTHvBM; Δ𝑉_a ≠ 0 iQ i?2 b2H2+i2/

;�iBM; T`QT2`iB2b 𝜏L�oRXk
ℎ �M/ 𝑚L�oRXk

∞ - r2 rQmH/ r`Bi2

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝜏L�oRXk
ℎ = 𝜏L�oRXk

ℎ (𝑉 − Δ𝑉_a)

ℎL�oRXk
∞ = ℎL�oRXk

∞ (𝑉)

𝜏L�oRXk
𝑚 = 𝜏L�oRXk

𝑚 (𝑉)

𝑚L�oRXk
∞ = 𝑚L�oRXk

∞ (𝑉 − Δ𝑉_a)X

UaRyV

lbBM; i?Bb MQi�iBQM- TQbBiBp2 p�Hm2b Q7 Δ𝑉_a rBHH b?B7i FBM2iB+ +m`p2b U;�iBM; T`QT2`iB2bV iQ i?2 `B;?i BM 6B;

S U/2TQH�`BxBM; b?B7iV- �M/ M2;�iBp2 Δ𝑉_a T`Q/m+2b � ?vT2`TQH�`BxBM; b?B7iX

kk
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6 oQHi�;2@;�i2/ +?�MM2Hb y alSSP_hAL: AL6P_J�hAPL

6Xj aT�+2 THQib Q7 L�o FBM2iB+b �HQM; i?2 �Aa ě bi2�/v@bi�i2

h?2 /Bbi`B#miBQM Q7 L�oRXk �M/ L�oRXe BM i?2 �Aa +`2�i2b � H2M;i?rBb2 /Bbi`B#miBQM Q7 ;�iBM; T`QT2`iB2bX

S`QtBK�H L�oRXk BM+`2�b2b HQ+�H bi2�/v@bi�i2 �p�BH�#BHBiv- QrBM; iQ i?2b2 +?�MM2HbǶ `B;?i@b?B7i U𝑉_aVX AM

6B; ZB r2 pBbm�HBx2 i?Bb 2z2+i mbBM; ℋ(𝑠), i?2 M2i �p�BH�#BHBiv Q7 L�ob UℋV �b � 7mM+iBQM Q7 TQbBiBQM U𝑠V-

+QKTmi2/ #v r2B;?iBM; ℎL�oRXk �M/ ℎL�oRXe �++Q`/BM; iQ i?2B` `2bT2+iBp2 HQ+�H L�o +?�MM2H /2MbBiB2b,

ℋ(𝑠, 𝑡) =
𝑔̄L�oRXk(𝑠)ℎ

L�oRXk(𝑠, 𝑡) + 𝑔̄L�oRXe(𝑠)ℎ
L�oRXe(𝑠, 𝑡)

𝑔̄L�oRXk(𝑠) + 𝑔̄L�oRXe(𝑠)
X UaRRV

�M 2z2+iBp2 HQ+�H L�o iBK2 +QMbi�Mi Q7 �p�BH�#BHBiv U𝓣V +�M #2 +QKTmi2/ 7`QK 𝜏L�oRXk
ℎ �M/ 𝜏L�oRXe

ℎ �b

𝓣(𝑠, 𝑡) =
𝑔̄L�oRXk(𝑠)𝜏

L�oRXk
ℎ (𝑠, 𝑡) + 𝑔̄L�oRXe(𝑠)𝜏

L�oRXe
ℎ (𝑠, 𝑡)

𝑔̄L�oRXk(𝑠) + 𝑔̄L�oRXe(𝑠)
X UaRkV

�#Qp2- r2 ?�p2 �##`2pB�i2/

𝑓(𝑉(𝑠, 𝑡), 𝑡) = 𝑓(𝑠, 𝑡) 7Q` 𝑓 = ℎL�oRXk , ℎL�oRXe , 𝜏L�oRXk
ℎ , 𝜏L�oRXe

ℎ X UaRjV

AM 6B; ZBB r2 ?�p2 b2H2+iBp2Hv /Bb�#H2/ i?2 `B;?i@b?B7i Q7 𝜏L�oRXk
ℎ #v b2iiBM; Δ𝑉_a = −𝑉_a = −13.0Ko BM

1[m�iBQM j- r?B+? H2�p2b i?2 `B;?i@b?B7i Q7 bi2�/v@bi�i2 �p�BH�#BHBiv mM+?�M;2/X

kj
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6 oQHi�;2@;�i2/ +?�MM2Hb y alSSP_hAL: AL6P_J�hAPL

UBV aQHB/ ;`22M +m`p2, MQKBM�H L�oRXk `B;?i@b?B7iX
h`�p2HHBM; 7`QK H27i iQ `B;?i �+`Qbb i?2 �Aa- L�oRXe
Qp2`i�F2b L�oRXk �b � b?�`2 Q7 i?2 iQi�H HQ+�H L�o
/2MbBivX h?2 �++QKT�MvBM; +?�M;2 BM L�o `B;?i@b?B7i
+�mb2b ℋ(𝑠) iQ /`QT 7`QK ≈ 0.6 �i i?2 bQK� �M/
T`QtBK�H �Aa- /QrM iQ ≈ 0.2 �i i?2 /Bbi�H �Aa �M/
�tQMX .�b?2/ #H�+F +m`p2, i?2 `B;?i@b?B7i Q7 𝜏L�oRXk

ℎ
?�b #22M b2H2+iBp2Hv /Bb�#H2/ rBi?Qmi �Hi2`BM; ℎL�oRXk

∞ -
�M/ i?2`2#v ℋ Bb �HbQ mM�z2+i2/X a22 UBBV iQ i?2 `B;?i
�b r2HH �b 1[m�iBQM jX

UBBV aQHB/ ;`22M +m`p2, MQKBM�H L�oRXk `B;?i@b?B7iX
q?2`2 L�oRXe Qp2`i�F2b L�oRXk �b � b?�`2 Q7 i?2 iQ@
i�H HQ+�H L�o /2MbBiv- 𝓣(𝑠) BM+`2�b2b 7`QK ≈ 6Kb iQ
≈ 8Kb �i 𝑉`2biX .�b?2/ #H�+F +m`p2, `B;?i@b?B7i Q7
𝜏L�oRXk
ℎ b2H2+iBp2Hv /Bb�#H2/ #v b2iiBM; Δ𝑉_a = −𝑉_a BM
1[m�iBQM jX h?2 2z2+iBp2 iBK2 +QMbi�Mi Q7 L�o �p�BH@
�#BHBiv 𝓣(𝑠) Bb MQr mMB7Q`K �HQM; i?2 �AaX h?2 �#`mTi
i`�MbBiBQM BM 𝓣 �i i?2 �Aa@?BHHQ+F BMi2`7�+2 ěBMbi2�/
Q7 i?2 bKQQi? i`�MbBiBQM �HQM; i?2 �Aa BM i?2 ;`22M
+m`p2ě Bb /m2 iQ i?2 `B;?i@b?B7i Q7 𝜏L�oRXk

ℎ (𝑉) #2BM; b2@
H2+iBp2Hv /Bb�#H2/ ěb22 1[m�iBQM aRkX h?2 `B;?i@b?B7i
Q7 ℎL�oRXk

∞ (𝑉) ?�b MQi #22M �Hi2`2/ Ub22 1[m�iBQM aRRV-
�M/ i?2 +Q``2bTQM/BM; ℋ U/�b?2/ #H�+FV +m`p2 BM UBV
Bb mM+?�M;2/ ě?2M+2 i?2 i2`K ǳb2H2+iBp2ǴX

6B; Z, h?2 2z2+i Q7 L�oRXk `B;?i@b?B7i QM HQ+�H L�o �p�BH�#BHBiv �HQM; i?2 +2HH Bb pBbB#H2 BM bT�+2 THQib Q7
bi2�/v@bi�i2 iQi�H �p�BH�#BHBiv ℋ(𝑠) UBV �M/ iQi�H iBK2 +QMbi�Mi 𝓣(𝑠) UBBV �i 𝑉 = 𝑉`2biX a22 1[m�iBQM aRR
�M/ 1[m�iBQM aRk- `2bT2+iBp2HvX

k9
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: h`�Mb7Q`K2/ #�+FT`QT�;�iBQM i?`2b?QH/ /�i� y alSSP_hAL: AL6P_J�hAPL

: h`�Mb7Q`K2/ #�+FT`QT�;�iBQM i?`2b?QH/ /�i�
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_2THv 6B;m`2, "�+FT`QT�;�iBQM i?`2b?QH/ THQii2/ �;�BMbi i?2 T`QTQ`iBQM Q7 iQi�H �Aa L�o
+QM/m+i�M+2 �HHQ+�i2/ iQ L�oRXkX UaQK�iB+ aiBKmH�iBQMXV h?2 /�i� T`2b2Mi2/ ?2`2 Bb i?2 𝐼𝐵𝑃
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> .BzmbBQM +Q2{+B2Mib y alSSP_hAL: AL6P_J�hAPL
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A h�#H2b Q7 T�`�K2i2`b y alSSP_hAL: AL6P_J�hAPL
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KQ/2HHBM;- QM r?B+? i?Bb T�T2` Bb #�b2/- mb2/ i2KT2`�im`2 7�+iQ`b U/2b+`B#2/ #2HQrV iQ �/Dmbi +?�MM2H

/2MbBiB2b �M/ bT22/ mT +?�MM2H FBM2iB+b iQ r�`K2` i2KT2`�im`2bX

𝑇 aBKmH�iBQM i2KT2`�im`2X

𝑄J�BM2M
𝑔̄o = 𝑄(𝑇−𝑇`27)/10℃

10,𝑔̄o hQ �/Dmbi 7Q` � r�`K2` bBKmH�iBQM i2KT2`�im`2 Q7 𝑇 = 37℃ (ke) b+�H2b mT i?2

K�tBK�H pQHi�;2@;�i2/ +QM/m+i�M+2b- r?B+? r2`2 Q`B;BM�HHv /2p2HQT2/ �i 𝑇 = 23℃ U(Rk)V- #v � 7�+iQ`

r?B+? r2 /2MQi2 𝑄𝑔̄o
J�BM2MX h?2 �mi?Q`b r�`M BM i?2B` KQ/2H +Q/2 i?�i i?Bb b+�HBM; Bb p�HB/ QMHv �i 37℃

�M/ bi�i2 i?�i i?2B` T`Q;`�K Bb MQi /2bB;M2/ iQ KQ/2H Qi?2` i2KT2`�im`2bX h?Bb BMi2`M�H i2KT2`�im`2

b+�HBM; +�M �++B/2Mi�HHv Q#b+m`2 T�`�K2i2` b2iiBM;b r?2M QM2 �ii2KTib iQ #Q``Qr T�`�K2i2`b b2T�@

`�i2Hv 7`QK i?2 T�bi +Q/2 Q` 7`QK H�i2` T�T2`b i?�i `2mb2 i?2b2 +?�MM2H KQ/2HbX 6Q` i?Bb `2�bQM- r2

kd
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?�p2 `2KQp2/ i?2 i2KT2`�im`2 b+�HBM; 7`QK Qm` QrM KQ/2H +Q/2 #v b2iiBM; Qm` `272`2M+2 i2KT2`�im`2

2[m�H iQ i?2 bBKmH�iBQM i2KT2`�im`2- r?B+? b2ib 𝑄𝑔̄o
J�BM2M = 1X

𝑔̄HQ+�iBQM
L�o⋅hQi�H hQi�H +QK#BM2/ K�tBK�H pQHi�;2@;�i2/ +QM/m+i�M+2 /2MbBiv Q7 L�oRXk �M/ L�oRXe �i i?2

bT2+B}2/ ǵHQ+�iBQMǶ BM i?2 +2HH Ub22 1[m�iBQM akVX h?2 HQ+�iBQM +�M #2 �M 2MiB`2 a2+iBQM B7 i?2

K2K#`�M2 T`QT2`iB2b �`2 mMB7Q`K UBM L1l_PL- a2+iBQMb +QMbBbi Q7 KmHiBTH2 +QKT�`iK2MibVX 6Q`

2t�KTH2- i?Bb KQ/2H ?�b mMB7Q`K bQK�iQ/2M/`BiB+ +?�MM2H /2MbBiB2b- bQ ǵbQK�Ƕ Bb bm{+B2Mi iQ bT2+B7v

i?Qb2 T�`�K2i2`bX

𝑔̄HQ+�iBQM
Eo⋅hQi�H J�tBK�H pQHi�;2@;�i2/ EY +QM/m+i�M+2 /2MbBiv �i i?2 bT2+B}2/ ǵHQ+�iBQMǶX

𝐶K J2K#`�M2 +�T�+Bi�M+2 T2` mMBi �`2�X �TTHB2b 2p2`vr?2`2 2t+2Ti �i BMi2`MQ/2bX

𝐶Kv2HBM
K J2K#`�M2 +�T�+Bi�M+2 Q7 Kv2HBM�i2/ BMi2`MQ/2bX

𝐿a2+iBQM G2M;i? Q7 i?2 bT2+B}2/ ǵa2+iBQMǶ UbQK�- ?BHHQ+F- �Aa- 2i+XV

𝑑TQbBiBQM rBi?BM a2+iBQM
a2+iBQM .B�K2i2` �i � ;Bp2M MQ`K�HBx2/ TQbBiBQM (0 ⩽ 𝑠 ⩽ 1) rBi?BM i?2 bT2+B}2/ a2+iBQM

UbQK�- ?BHHQ+F- �Aa- 2i+XVX h?2 TQbBiBQM Bb MQi bT2+B}2/ r?2M i?2 /B�K2i2` Bb mMB7Q`KX

𝑅a2+iBQM
S�bbBp2 J2K#`�M2 `2bBbiBpBiv BM ǵa2+iBQMǶX

𝑔a2+iBQM
S�bbBp2 S�bbBp2 ;2M2`B+ i`�MbK2K#`�M2 H2�F +QM/m+i�M+2 /2MbBiv BM ǵa2+iBQMǶX

𝑔a2+iBQM
AQM- H2�F aT2+B}+ H2�F +QM/m+i�M+2 /2MbBiv Q7 ǵAQMǶ BM ǵa2+iBQMǶX

𝐼a2+iBQM
J�tSmKT J�tBKmK L�YfEY@TmKT +m``2Mi /2MbBiv BM ǵa2+iBQMǶX

𝐸a2+iBQM
+m``2Mi ivT2 L2`Mbi SQi2MiB�H U`2p2`b�H TQi2MiB�HV Q7 i`�MbK2K#`�M2 +m``2Mi ǵ+m``2Mi ivT2Ƕ U2X;X ǵH2�FǶV BM

ǵa2+iBQMǶ U2X;X ǵbQK�ǶVX

[AQM]a2+iBQM
BMfQmi AMi`�+2HHmH�` UǵBMǶV Q` 1ti`�+2HHmH�` UǵQmiǶV +QM+2Mi`�iBQM Q7 ǵAQMǶ �i ǵa2+iBQMǶ- rBi? i?2 M2m`QM

�i bi2�/v@bi�i2X "2+�mb2 i?2b2 +QM+2Mi`�iBQMb �`2 K�BMi�BM2/ #v L�YfEY@TmKTb �M/ HQM;Bim/B@

M�H /BzmbBQM BM Qm` KQ/2H- i?2 +QM+2Mi`�iBQMb i�#mH�i2/ ?2`2 �`2 K2�bm`2K2Mib `2+Q`/2/ 7`QK i?2

bBKmH�iBQM �i bi2�/v@bi�i2- `�i?2` i?�M #2BM; }t2/ T�`�K2i2`bX

k3
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`�MpB2`y- Kv2HBMy, AM Qm` KQ/2H- i?2`2 �`2 R8 MQ/2b Q7 _�MpB2` �M/ Re Kv2HBM�i2/ BMi2`MQ/2bX h?2

a2+iBQM M�K2/ ǵ`�MpB2`yǶ Bb i?2 }`bi MQ/2 Q7 _�MpB2`X �M/ ǵKv2HBMyǶ Bb i?2 }`bi Kv2HBM�i2/ BMi2`MQ/2

Q7 i?2 �tQM- HQ+�i2/ #2ir22M i?2 /Bbi�H 2M/ Q7 i?2 �Aa UQ` i?2 /Bbi�H 2M/ Q7 i?2 #�`2 �tQM r?2M i?�i

Bb BM+Hm/2/V �M/ i?2 T`QtBK�H 2M/ Q7 `�MpB2`yX

/2M/RR(kk) J�BM �TB+�H /2M/`Bi2X

kN
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h�#H2 �, S�`�K2i2`b Q7 i?2 >m@"�b2/ KQ/2H 7`QK i?2 K�BM i2ti- +QKT�`2/ �+`Qbb i?2 >m KQ/2H (R8)
�M/ i?2 Q`B;BM�H J�BM2M KQ/2Hb (Rk- ke) mTQM r?B+? i?2 >m KQ/2H r�b #mBHiX AM i?2 bQK� �M/ /2M/`Bi2b
Q7 i?2 >m@#�b2/ KQ/2H- +?�MM2H /2MbBiB2b /Bz2` bB;MB}+�MiHv 7`QK >m 2i �HX UkyyNV (R8) iQ �ii2Mm�i2
i?2 #�+FT`QT�;�i2/ �+iBQM TQi2MiB�HX AM i?2 amTTQ`iBM; ǳKQ/B}2/ >m@#�b2/ KQ/2HǴ Ua2+iBQM .V- i?Qb2
+QM/m+i�M+2b K�i+? (R8) +HQb2HvX Uq2 ?�p2 QTi2/ iQ +�HH i?2 p2`bBQM BM i?2 K�BM i2ti i?2 ǳ>m@#�b2/ KQ/2HǴ
UBX2X rBi? �ii2Mm�iBM; "�SV- �M/ i?2 p2`bBQM BM i?2 amTTQ`iBM; AM7Q`K�iBQM i?2 ǳKQ/B}2/ >m@#�b2/ KQ/2HǴ
2p2M i?Qm;? i?2 T�`�K2i2`b Q7 i?2 H�ii2` KQ`2 +HQb2Hv K�i+? i?Qb2 Q7 (R8)XV AM i?2 H�ii2`- "�S �ii2Mm�iBQM
Bb M2;HB;B#H2- ?Qr2p2`- i?2 BKT�+ib QM 𝐼𝐵𝑃 Q7 p�`vBM; i?2 �Aa L�o /Bbi`B#miBQM �`2 [m�HBi�iBp2Hv mM+?�M;2/
7`QK i?2 K�BM i2tiX

hvT2 S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

:HQ#�H

𝑉`2bi −70.0 −70.0 −70.0 −70.0 Ko

𝑅�tB�H 150 200 150 150 Ω ⋅ +K

𝐷*H− 2.72 × × × 10−9
K2

b

𝐷L�+ 1.79 × × × 10−9
K2

b

𝐷E+ 2.62 × × × 10−9
K2

b

𝑇`27 37.0 23.0 23.0 23.0 ℃

𝑇 37.0 23.0 37.0 37.0 ℃

𝑄J�BM2M
𝑔̄o = 𝑄(𝑇−𝑇`27)/10℃

10,𝑔̄o 1.0 1.0 3.21 3.21 /BK2MbBQMH2bb

𝐶K 0.75 0.75 0.75 1.0
μ𝐹
+K2
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𝐶Kv2HBM
K 0.02 0.04 0.02 0.02

μ𝐹
+K2

:2QK2i`v

𝐿bQK� 30.0 25.8 30.0 30.0 μK

𝐿?BHHQ+F 10.0 10.0 10.0 10.0 μK

𝐿�Aa 25.0 15.0 15.0 50.0 μK

𝐿#�`2⋅�tQM 400 × × 400 μK

𝑑yX8
bQK� 19.38 15.2 19.0 19.0 μK

𝑑RXy
bQK� 8.62 15.2 8.6 8.6 μK

𝑑yXy
?BHHQ+F 8.62 4.0 4.0 3.8 μK

𝑑RXy
?BHHQ+F 1.22 1.0 1.0 2.4 μK

𝑑�Aa 1.22 1.0 1.0 1.22 μK

𝑑#�`2⋅�tQM 1.22 × × 1.02 μK

b2+iBQM S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

bQK�

𝑔̄bQK�
L�o⋅hQi�H 7.53 × 10−2 0.003 0.002 0.008

℧
+K2

jR

Chapter 6 6.4 Supporting information

(210)



A h�#H2b Q7 T�`�K2i2`b y alSSP_hAL: AL6P_J�hAPL

𝑔̄bQK�
L�o⋅hQi�H × 𝑄J�BM2M

𝑔̄o 7.53 × 10−2 3.00 × 10−3 6.42 × 10−3 2.57 × 10−2
℧

+K2

𝑔̄bQK�
Eo

2.26 × 10−2 0.01 0.02 0.002
℧

+K2

𝑔̄bQK�
Eo

× 𝑄J�BM2M
𝑔̄o 2.26 × 10−2 1.00 × 10−2 6.42 × 10−2 6.42 × 10−3

℧
+K2

𝑅bQK�
S�bbBp2 2.39 × 103 4.00 × 104 3.00 × 104 3.00 × 104 Ω ⋅ +K2

𝑔bQK�
S�bbBp2 4.19 × 10−4 2.50 × 10−5 3.33 × 10−5 3.33 × 10−5

℧
+K2

𝑔bQK�
*H−- H2�F 6.27 × 10−5 × × ×

℧
+K2

𝑔bQK�
L�+- H2�F 6.68 × 10−5 × × ×

℧
+K2

𝑔bQK�
E+- H2�F 2.90 × 10−4 × × ×

℧
+K2

𝐼bQK�
J�tSmKT 3.99 × 10−2 × × ×

K�
+K2

𝑉bQK�
K −70.0 −70.0 −70.0 −70.0 Ko

𝐸bQK�
H2�F × −70.0 −70.0 −70.0 Ko

𝐸bQK�
*H −70.0 × × × Ko

𝐸bQK�
L� 60.0 60.0 50.0 60.0 Ko

𝐸bQK�
E −90.0 −90.0 −90.0 −90.0 Ko

jk
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[*H−]bQK�
BM 11.0 × × × KJ

[*H−]bQK�
Qmi 151.0 × × × KJ

ൣL�+൧
bQK�
BM 15.0 × × × KJ

ൣL�+൧
bQK�
Qmi 141.6 × × × KJ

ൣE+൧
bQK�
BM 140.0 × × × KJ

ൣE+൧
bQK�
Qmi 4.8 × × × KJ

b2+iBQM S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

�Aa

𝑔̄�Aa
L�o⋅hQi�H 1.505 3.0 3.0 0.32

℧
+K2

𝑔̄�Aa
L�o⋅hQi�H × 𝑄J�BM2M

𝑔̄o 1.505 3.0 9.628 1.027
℧

+K2

𝑔̄�Aa
Eo

4.52 × 10−1 × 0.2 0.1
℧

+K2

𝑔̄�Aa
Eo

× 𝑄J�BM2M
𝑔̄o 4.52 × 10−1 × 6.42 × 10−1 3.21 × 10−1

℧
+K2

𝑅�Aa
S�bbBp2 4.77 × 101 5.00 × 101 5.00 × 101 5.00 × 101 Ω ⋅ +K2

𝑔�Aa
S�bbBp2 2.10 × 10−2 2.00 × 10−2 2.00 × 10−2 2.00 × 10−2

℧
+K2

𝑔�Aa
*H−- H2�F 3.14 × 10−3 × × ×

℧
+K2

jj
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𝑔�Aa
L�+- H2�F 3.34 × 10−3 × × ×

℧
+K2

𝑔�Aa
E+- H2�F 1.45 × 10−2 × × ×

℧
+K2

𝐼�Aa
J�tSmKT 1.995 × × ×

K�
+K2

𝑉�Aa
K −69.9 −70.0 −70.0 −70.0 Ko

𝐸�Aa
H2�F × −70.0 −70.0 −70.0 Ko

𝐸�Aa
*H −70.0 × × × Ko

𝐸�Aa
L� 59.9 60.0 50.0 60.0 Ko

𝐸�Aa
E −90.0 −90.0 −90.0 −90.0 Ko

[*H−]�Aa
BM 11.0 × × × KJ

[*H−]�Aa
Qmi 151.0 × × × KJ

ൣL�+൧
�Aa
BM 15.1 × × × KJ

ൣL�+൧
�Aa
Qmi 141.6 × × × KJ

ൣE+൧
�Aa
BM 139.9 × × × KJ

ൣE+൧
�Aa
Qmi 4.8 × × × KJ

j9
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b2+iBQM S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

Kv2HBMy

𝑔̄Kv2HBMy
L�o⋅hQi�H 1.61 × 10−2 0.003 × 0.002

℧
+K2

𝑔̄Kv2HBMy
L�o⋅hQi�H × 𝑄J�BM2M

𝑔̄o 1.61 × 10−2 3.00 × 10−3 × 6.42 × 10−3
℧

+K2

𝑔̄Kv2HBMy
Eo

4.82 × 10−3 × × ×
℧

+K2

𝑔̄Kv2HBMy
Eo

× 𝑄J�BM2M
𝑔̄o 4.82 × 10−3 × × ×

℧
+K2

𝑅Kv2HBMy
S�bbBp2 1.12 × 104 4.00 × 104 3.00 × 104 3.00 × 104 Ω ⋅ +K2

𝑔Kv2HBMy
S�bbBp2 8.94 × 10−5 2.50 × 10−5 3.33 × 10−5 3.33 × 10−5

℧
+K2

𝑔Kv2HBMy
*H−- H2�F 1.34 × 10−5 × × ×

℧
+K2

𝑔Kv2HBMy
L�+- H2�F 1.43 × 10−5 × × ×

℧
+K2

𝑔Kv2HBMy
E+- H2�F 6.18 × 10−5 × × ×

℧
+K2

𝐼Kv2HBMy
J�tSmKT 8.51 × 10−3 × × ×

K�
+K2

𝑉Kv2HBMy
K −69.5 −70.0 −70.0 −70.0 Ko

𝐸Kv2HBMy
H2�F × −70.0 −70.0 −70.0 Ko

𝐸Kv2HBMy
*H −70.0 × × × Ko

j8
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𝐸Kv2HBMy
L� 60.0 60.0 50.0 60.0 Ko

𝐸Kv2HBMy
E −90.0 −90.0 −90.0 −90.0 Ko

[*H−]Kv2HBMy
BM 11.0 × × × KJ

[*H−]Kv2HBMy
Qmi 151.0 × × × KJ

ൣL�+൧
Kv2HBMy
BM 15.0 × × × KJ

ൣL�+൧
Kv2HBMy
Qmi 141.6 × × × KJ

ൣE+൧
Kv2HBMy
BM 140.0 × × × KJ

ൣE+൧
Kv2HBMy
Qmi 4.8 × × × KJ

b2+iBQM S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

`�MpB2`y

𝑔̄`�MpB2`y
L�o⋅hQi�H 8.03 × 10−1 3.0 3.0 0.16

℧
+K2

𝑔̄`�MpB2`y
L�o⋅hQi�H × 𝑄J�BM2M

𝑔̄o 8.03 × 10−1 3.0 9.628 5.13 × 10−1
℧

+K2

𝑔̄`�MpB2`y
Eo

2.41 × 10−1 × × ×
℧

+K2

𝑔̄`�MpB2`y
Eo

× 𝑄J�BM2M
𝑔̄o 2.41 × 10−1 × × ×

℧
+K2

𝑅`�MpB2`y
S�bbBp2 2.24 × 102 5.00 × 101 5.00 × 101 5.00 × 101 Ω ⋅ +K2

je
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𝑔`�MpB2`y
S�bbBp2 4.47 × 10−3 2.00 × 10−2 2.00 × 10−2 2.00 × 10−2

℧
+K2

𝑔`�MpB2`y
*H−- H2�F 6.69 × 10−4 × × ×

℧
+K2

𝑔`�MpB2`y
L�+- H2�F 7.13 × 10−4 × × ×

℧
+K2

𝑔`�MpB2`y
E+- H2�F 3.09 × 10−3 × × ×

℧
+K2

𝐼`�MpB2`y
J�tSmKT 4.26 × 10−1 × × ×

K�
+K2

𝑉`�MpB2`y
K −69.4 −70.0 −70.0 −70.0 Ko

𝐸`�MpB2`y
H2�F × −70.0 −70.0 −70.0 Ko

𝐸`�MpB2`y
*H −70.0 × × × Ko

𝐸`�MpB2`y
L� 60.0 60.0 50.0 60.0 Ko

𝐸`�MpB2`y
E −90.0 −90.0 −90.0 −90.0 Ko

[*H−]`�MpB2`y
BM 11.0 × × × KJ

[*H−]`�MpB2`y
Qmi 151.0 × × × KJ

ൣL�+൧
`�MpB2`y
BM 15.0 × × × KJ

ൣL�+൧
`�MpB2`y
Qmi 141.6 × × × KJ

jd
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ൣE+൧
`�MpB2`y
BM 140.0 × × × KJ

ൣE+൧
`�MpB2`y
Qmi 4.8 × × × KJ

b2+iBQM S�`�K2i2` L�K2 >m@"�b2/ J�BM2MN8 J�BM2MNe >mkyyN mMBib

/2M/RR(kk)

𝑔̄/2M/RR(kk)
L�o⋅hQi�H 2.51 × 10−3 0.003 0.00015 8.0 × 10−3

℧
+K2

𝑔̄/2M/RR(kk)
L�o⋅hQi�H × 𝑄J�BM2M

𝑔̄o 2.51 × 10−3 3.00 × 10−3 4.82 × 10−3 2.57 × 10−2
℧

+K2

𝑔̄/2M/RR(kk)
Eo

7.53 × 10−4 0.01 × 1.0 × 10−3
℧

+K2

𝑔̄/2M/RR(kk)
Eo

× 𝑄J�BM2M
𝑔̄o 7.53 × 10−4 1.00 × 10−2 × 3.21 × 10−3

℧
+K2

𝑅/2M/RR(kk)
S�bbBp2 7.16 × 104 4.00 × 104 3.00 × 104 3.00 × 104 Ω ⋅ +K2

𝑔/2M/RR(kk)
S�bbBp2 1.40 × 10−5 2.50 × 10−5 3.33 × 10−5 3.33 × 10−5

℧
+K2

𝑔/2M/RR(kk)
*H−- H2�F 2.09 × 10−6 × × ×

℧
+K2

𝑔/2M/RR(kk)
L�+- H2�F 2.23 × 10−6 × × ×

℧
+K2

𝑔/2M/RR(kk)
E+- H2�F 9.66 × 10−6 × × ×

℧
+K2

𝐼/2M/RR(kk)
J�tSmKT 1.33 × 10−3 × × ×

K�
+K2

𝑉/2M/RR(kk)
K −70.0 −70.0 −70.0 −70.0 Ko

j3
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𝐸/2M/RR(kk)
H2�F × −70.0 −70.0 −70.0 Ko

𝐸/2M/RR(kk)
*H −70.0 × × × Ko

𝐸/2M/RR(kk)
L� 60.0 60.0 50.0 60.0 Ko

𝐸/2M/RR(kk)
E −90.0 −90.0 −90.0 −90.0 Ko

[*H−]/2M/RR(kk)
BM 11.0 × × × KJ

[*H−]/2M/RR(kk)
Qmi 151.0 × × × KJ

ൣL�+൧
/2M/RR(kk)
BM 15.0 × × × KJ

ൣL�+൧
/2M/RR(kk)
Qmi 141.6 × × × KJ

ൣE+൧
/2M/RR(kk)
BM 140.0 × × × KJ

ൣE+൧
/2M/RR(kk)
Qmi 4.8 × × × KJ

jN
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6.5 Tripwires: An adventure in model reproducibil-
ity

This section—roughly ten pages in length—discusses some practical as-

pects of multicompartmental modelling and specific issues I encountered

while working with published code. Readers who are not working on their

own modelling projects should feel free to skip ahead to Chapter 6 Syn-

thesis on page#230.

Model code is shared
to allow researchers
to investigate new
questions.

Due to the complexity of modelling conductance-based three-dimensional pyramidal

neurons, I began with code and data from published studies, which constituted the

ground truth of a cell’s shape and the mechanisms of its excitability.

The construction of
realistic neuron
models is a
multidisciplinary
effort. Creating and
maintaining reliable
computational
infrastructure (cell
morphologies,
adaptable biophysics,
model curation) is a
field in itself.

It is not

practical to single-handedly create a realistic multicompartmental neuron simulation

from scratch—in the literal sense. Without going entirely down this rabbit hole, note

that the computer language in which simulations are programmed (e.g. Python4)

is itself a piece of software. Researchers in the wet lab are needed to record cell

morphologies and to measure channel kinetics. Computer scientists are needed to

design reliable local-variable-time-step methods to integrate nonlinear differential

equations across thousands of coupled compartments.

I employed published
cell morphologies,
loaded via NEURON.

The software that allowed me to load the recorded morphology of pyramidal neurons

and insert our biophysical transmembrane currents into them is called NEURON5

(see Carnevale and Hines [9]). Beyond that infrastructure, we relied on experimental

measurements of the properties of different ion channels in the AIS and a plethora of

parameter values describing how the density of ion channels and membrane properties

varies with position in the model—some of which were hand-tuned in prior studies

and re-tuned for this project.
4www.python.org
5https://www.neuron.yale.edu/neuron/
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Chapter 6 6.5 Tripwires: An adventure in model reproducibility

I began my pyramidal cell simulations by inserting the 𝐶𝐿𝑆 point cell model (Joós

et al. [28], Boucher et al. [8]) into every compartment of the somatodendritic mor-

phology from Hu et al. [23]. Later, I included the NaV1.2, NaV1.6, and KV channel

kinetics from [23] in a new version of 𝑇‐𝐶𝐿𝑆 (Barlow et al. [2]) that featured a pas-

sive Cl- leak current rather than the generic leak current from the original 𝑇‐𝐶𝐿𝑆

model.

The adventure that I detail here arose from hidden problems in the original model code

of Hu et al. [23], that made what ought to have been a straightforward programming

task—adding the voltage-gated kinetics from [23] to the 𝑇‐𝐶𝐿𝑆 simulator—into a

baffling ordeal. In this thesis, the term “Hu-based model” refers to simulations that

were created by adding a chloride leak current and the cell morphology and voltage-

gated NaV and KV kinetics from [23] to the 𝑇‐𝐶𝐿𝑆 model (Barlow et al. [4]).

Unexpected bugs in
published model code
caused problems, but
it was important to
resurrect the
empirical NaV
channel kinetics from
Hu et al. [23].

In their 2009 study, Hu et al. [23] used code from a 1995 paper by Mainen et al. [39]

which contained bugs.6 In one case, I found that no matter what I tried, I could

not generate a plot of the NaV channels’ voltage-sensitive time constants. Without

those curves, there was no way to be certain that my model would be faithful to

the kinetics of the original Hu model [23]. I was also having difficulty convincing

action potentials to backpropagate into the dendrites of a model that ran the channel

kinetics of the 𝑇‐𝐶𝐿𝑆 model [2], with the density of channels set to the parameters of

[23]. It was desirable to match the NaV1.2 and NaV1.6 kinetic curves in my Hu-based

model to [23] since the latter were fitted to electrophysiological recordings of sodium

currents in the proximal and distal AIS. This led to several delays as I tried to figure

out where I had made a mistake.

Out of habit, I
assumed that I had
made a mistake.
This delayed finding
the errors in multiple
subprograms of the
Hu et al. [23] model
code.

6These issues are corrected in the ModelDB entry for Mainen and Sejnowski (1996) ([38], https:
//modeldb.science/2488), which was partly built on the code of Mainen et al. [39]. Despite these
corrections, the code of the Hu et al. [23] model, and other papers (e.g. Kole et al. [32], Shu et al.
[51] and more), had not been corrected at the time of writing this thesis.
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Sifting through my simulation code, painstakingly searching for errors that would

explain the problems I was having, and finding none, I tried rewriting my programs

from scratch. When that did not work, I tried simulating the kinetics from Kole

et al. [32] with code from their ModelDB entry7, but alas, I could not plot gating

properties in the Kole et al. model either.

With the same issues repeating in my implementation of two models, it seemed logical

to assume that the problem was due to an error on my part. Another (questionable)

reason for me to assume I was in error is that the simulations did run. That is, I could

generate action potentials using code from [23], despite the difficulties in achieving

backpropagation and plotting channel kinetics, etc.

Hu et al. [23]’s
channel models were
from Mainen et al.
[39], but cell
morphology was from
Mainen and
Sejnowski [38]. Only
the latter was
corrected. Careful
comparison across
multiple published
models revealed that
Hu et al. [23]’s code
was missing
corrections present in
other models.

Although Hu et al. [23] specify that their channel models were from Mainen et al.

[39], they also explain that their pyramidal neuron morphology was taken from a

different paper, Mainen and Sejnowski [38]. I recognized the similarity between the

corrected NaV channel code in [38] and other uncorrected models, including [23], and

decided to copy the parameters from the flawed code of [23] into the corrected code

of [38]. That provided a basis for comparison between the voltage-gated channel

kinetics as I had implemented them in the 𝑇‐𝐶𝐿𝑆 model with what Hu et al. [23] had

done in their simulations. See Figure 6.1 below.

7https://modeldb.science/114394
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Chapter 6 6.5 Tripwires: An adventure in model reproducibility

Figure 6.1: Resurrecting the voltage-gated channel kinetics of Hu et al. [23].
Solid curves are the modelled channel kinetics of NaV1.2, NaV1.6, and KV generated
from the parameters of Hu et al. [23] (https://modeldb.science/123897) and a
corrected version of their code, which I implemented using the updated ModelDB
entry for Mainen and Sejnowski [38]. Dashed lines overlaying the solid curves are the
corresponding channel kinetics from my Hu-based model (Barlow et al. [4], https:
//modeldb.science/267088).

222

https://modeldb.science/123897
https://modeldb.science/2488
https://modeldb.science/2488
https://modeldb.science/267088
https://modeldb.science/267088


Chapter 6 6.5 Tripwires: An adventure in model reproducibility

Tripwires are
expected when
reanimating old
model code. I will
only discuss the worst
ones I encountered in
this project.

Reinstantiating and building upon published computer models frequently involves

a lot of front-loaded work, and problems are to be expected. I will not attempt to

describe all of the problems that needed to be solved on the way to creating a detailed

Hu-based model [4] out of the 𝑇‐𝐶𝐿𝑆 point-cell model [2]. Instead, I will limit the

discussion to the major tripwires in the original Hu model code8 that I encountered

when implementing the Hu-based model.
Merriam-Webster provides the following definition:

tripwire ห a low-placed concealed wire used especially in warfare to trip

an enemy or trespasser and usually to trigger an alarm or

explosive device when moved

Def n: tripwire ห A
piece of old code
that runs unnoticed
but tortures the new
implementer with
elusive malfunctions.

The term is appropriate here because the code from [23] would run despite these pre-

existing issues (described below), which is arguably the worst kind of problem to have

as a programmer. When running simulation code from another published model, one

would rather be faced with errors that crash the program since they make themselves

known and can be quickly traced back to a line in the source code. The problems

detailed here are tripwires because they were difficult to detect, and they halted

progress through flabbergasting simulation results rather than error messages.

(Note: I must stress that I am in no way accusing Hu et al., nor anyone else, of malice

or intentional omissions, as it became clear that bugs in their model originated in

code they too had reused. One should assume that researchers do their utmost

to avoid errors in their models. Authors should be thanked for making their code

available, not condemned for unintended bugs. Further, I am not claiming that said

bugs invalidate their research.)
8https://modeldb.science/123897
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6.5.1 Two notable tripwires

With all of that said, the code of Hu et al. [23] contains two major tripwires:

Disclaimer: The
issues outlined herein
are not intended to
disparage previous
works, but rather to
caution future
students and
researchers and
hopefully save them
some time and effort.

1. A silent rescaling of the maximal conductance of voltage-gated channels (e.g.

NaV channel density) to a value that is different from what is input by the

user, meaning that those parameters will not transfer to other neuron models,

and

2. the mishandling of singularities that appear in the calculation of the forward

and backward rate coefficients of Hodgkin-Huxley style voltage-gated channels

at certain values of the membrane potential.

In NEURON, it is common to include a description of a channel model at the top of its

program. This is where one places helpful guidelines for future researchers who may

reuse the code. It is an especially good place to warn against issues that may arise

when repurposing the code. In Figure 6.2, I have included the opening comments

from the NaV1.6 channel model of [23].

Hu et al. [23] make
no mention of the
temperature scaling,
even if one checks
the NaV channel
code.

The Hu model has a variable called tadj = q10^((celsius - temp)/10). The pa-

rameter temp is the reference temperature for the channel model, celsius is the

simulation temperature, and q10 = 2.3 is the dimensionless temperature sensitivity.

One of the effects of tadj in this model is to rescale the maximal conductance via

gnabar ⟶ tadj*gbar.

Note, however, that there are no comments regarding the temperature in Figure 6.2.

That is because the code they reused came from Mainen et al. [39], which was run at

celsius = 23℃ (= temp), and therefore the temperature adjustment to the maximal

conductance parameter gbar had no effect (i.e. tadj = 1). However, Hu et al. ran

their simulations at 37℃, where tadj does have an effect (i.e. tadj ≈ 3.21).
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1

2 na16.mod
3

4 Sodium channel, Hodgkin-Huxley style kinetics.
5

6 Kinetics were fit to data from Huguenard et al. (1988) and Hamill et
7 al. (1991)
8

9 qi is not well constrained by the data, since there are no points
10 between -80 and -55. So this was fixed at 5 while the thi1,thi2,Rg,Rd
11 were optimized using a simplex least square proc
12

13 voltage dependencies are shifted approximately from the best
14 fit to give higher threshold
15

16 Author: Zach Mainen, Salk Institute , 1994
17

18 ENDCOMMENT

Figure 6.2: Introductory comments at top of the NaV model code from Hu
et al. [23]. There are three NaV channel models in the ModelDB entry for this
paper with the same opening comments. The channel models also contain the same
silent temperature-rescaling of ion channel densities (discussed below) and the same
error in handling singularities (see Figure 6.3). The code and comments are from
the original model of Mainen et al. [39], which Hu et al. [23] later fitted to their
experimentally measured NaV currents in the AIS.

The trouble this causes is that if another researcher wishes to test the maximal

conductance parameters from [23] in their own simulator, they will not be aware

that the listed gbar values are multiplied by the factor tadj ≈ 3.21, because there is

no parameter that stores tadj*gbar, which is the value that is actually used. (This

problem is not unique to [23].)

Silently rescaling the
maximal
conductances
conceals the true
parameter values and
impedes
reproducibility.

In summary, the silent temperature adjustment that I have just described interferes

with model reproducibility in two ways. First, if a researcher reuses the code, he

or she may be unaware of the true values of the conductance parameters—since

they are scaled within the channel model—and then publish the unscaled values.

Second, if one instead opts to write their own code (as I did) and attempt to copy
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parameter values from papers that used code with this hidden rescaling, they will

need to multiply the parameters by the appropriate tadj, and there is no reason for

them to know that.

When modellers
modify parameters,
they usually list the
true values alongside
the equations that
contain them.

Papers that simulate the effects of temperature on transmembrane conductances

(e.g. [57, 2]) typically say so explicitly, but the peculiarity of the code from Hu et al.

[23]—and others reusing the code from Mainen et al. [39] and Mainen and Sejnowski

[38], e.g. Kole et al. [32], Shu et al. [51]—is that while only one temperature is used,

the channel density is rescaled! I removed that rescaling from my Hu-based model

and made the true values explicit when tabulating parameters from previous models

in the Supporting information (Section 6.4).

The mishandling of
singularities breaks
data recording within
the model.

The matter of the mishandling of singularities in voltage-gated channel code in [23]

is illustrated below in Figure 6.3 with orange boxes and arrows.
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Figure 6.3: Error in the NaV1.6 model code of Hu et al. [23]. The orange
box surrounding the condition of the if()\{\} statement indicates the problem: The
function trap0() fails to “trap” values of the membrane potential v that cause the
expression inside the if statement to explode. At the time of writing this thesis, the
bug shown above was present in both the NaV1.2 and NaV1.6 channel models
in Hu et al. [23] (file names “na12.mod” and “na16.mod” respectively, at ModelDB
accession number 123897). The corrected code is shown below in Figure 6.4, also
with an orange box.
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Instead of (v/th), the condition of the if statement in Figure 6.3 should contain

(v-th)/q, i.e., the argument of the exponential indicated by an orange arrow. As

a result, the model will evaluate an expression wherein the denominator can be

arbitrarily small—a classic source of large numerical errors in computer programs.

The correct code to handle this singularity is highlighted in green below in Figure 6.4,

wherein the argument of the if statement contained in the FUNCTION that is named

trap0() properly applies l’Hôpital’s rule in the vicinity of the singularity.

trap0() was
corrected and then
replaced with
efun(), but not in
Hu et al. [23], Kole
et al. [32], Shu et al.
[51] etc.

The reader will notice that trap0() is commented out in the code from Mainen and

Sejnowski [38] (Figure 6.4). That is because trap0() was eventually replaced with

efun(z), along with other updates to the code. These changes are explained in the

comments of the NaV channel model code “na.mod” from Mainen and Sejnowski

[38], but the code of Hu et al. [23], among others, has yet to be fixed.

Figure 6.4: Repaired NaV channel model code in the file “na.mod” from the
updated ModelDB entry for Mainen and Sejnowski [38] (ModelDB accession
number 2488). The repaired FUNCTION trap0() is commented out in this file, as it
was later replaced with efun().
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In Figure 6.4, we see that as the membrane potential approaches “th” (a threshold

voltage that is provided to trap0() when calculating the gating variables), l’Hôpital’s

rule is applied correctly:

lim
𝑉⟶th trap0 = lim

𝑉⟶thቆ
𝑎(𝑉 − th)

1 − 𝓮−(𝑉−th)∕𝑞
ቇ ⟶ ቆ

0
0
ቇ , (6.1)

⟹ lim
𝑉⟶th trap0 = lim

𝑉⟶thቌ
𝑎

1
𝑞
𝓮−(𝑉−th)∕𝑞

ቍ = 𝑎𝑞. (6.2)

In light of the problems I encountered in the Hu et al. [23] model code—some of which

are described above—I opted to use our existing 𝑇‐𝐶𝐿𝑆 simulations to build a new

Hu-based model. There are many other channel models and programs in [23]. Rather

than attempt to eliminate possible errors in the rest of that code, it seemed reasonable

to incorporate the repaired NaV and KV kinetics into our existing biophysical model.

I rewrote those channels’ kinetics based on the equations in Mainen et al. [39] and

validated our implementation via the comparison in Figure 6.1. Parameters in our

Hu-based model are compared across its ancestor models in Section 6.4.
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Chapter 6 Synthesis

In this chapter, the single-compartment models of Chapters 4 and 5 are succeeded

by spatially-extended pyramidal neuron models having thousands of compartments.

We built upon the 𝐶𝐿𝑆 model and two published pyramidal cell morphologies—a cat

neuron from Hu et al. 2009 [23] and a rat neuron from Hay et al. 2011 [19]—with

Hodgkin-Huxley style currents to simulate action potential initiation and backprop-

agation.

While multicompartmental models can hardly be described as parsimonious or com-

putationally efficient, realistic dendritic morphology provides a rich environment for

simulating backpropagation: The geometry of the dendritic tree shapes neuronal

firing patterns through its interaction with nonlinear feedback from voltage-gated

channels dynamics [38].

In pyramidal neurons—the majority of neurons in the cortex—the axon initial seg-

ment (AIS) contains two subtypes of voltage-gated sodium channels: NaV1.2 and

NaV1.6, which are reported to differ in their voltage-sensitive gating properties.

Past modelling studies suggested the heterogeneous pattern of NaV1.2 and NaV1.6

expression that is observed in early development—with NaV1.2 concentrated at the

proximal AIS, and NaV1.6 concentrated at its distal end—evolved to “promote” or

enhance backpropagation [23].

That explanation was (arguably) counterintuitive for the following reason: Elec-

trophysiological measurements showed that NaV1.2 gating kinetics are right-shifted
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(i.e., higher activation threshold) relative to NaV1.6, so one might have expected that

concentrating high-threshold channels proximal to the soma would inhibit backprop-

agation. However, the distribution of these NaV subtypes in the AIS ought to influ-

ence backpropagation and excitability, given their shifted gating properties and the

pivotal role of the AIS in triggering action potentials.

We simulated a variety of NaV1.2 and NaV1.6 density profiles in our pyramidal

neuron models, which were based on the independent parameters, biophysics, chan-

nel distributions, and morphologies of [23, 19] (mentioned above). The published

simulations—which suggested the separated NaV distribution ‘promotes’ backpropagation—

relied on antidromic stimulation (axonal current injection [23]). Critically, our simula-

tions measured the threshold current-pulse amplitude (𝐼𝐵𝑃) required to elicit back-

propagating action potentials with orthodromic and antidromic stimulation (somatic

and axonal current injection, respectively).

Our models showed qualitative agreement with Hu et al. [23] when we emulated

their axonal stimulation procedure (Fig. 7(B), Fig. 4). However, somatic current

injection showed that proximal NaV1.2 actually inhibits backpropagation with phys-

iological, somatic stimulation (Fig. 7(A), Fig. 2). Part of the significance of this

finding is that depolarizing antidromic stimulation (such as axonal current injection)

is considered unphysiological. In vivo, pyramidal neurons receive inhibitory input at

the AIS, but there is little biological evidence for excitatory input to the proximal

axon. Pyramidal neurons do, however, have tens of thousands of excitatory (and

inhibitory) synapses in their somatodendritic regions.[49]

In the latter case (orthodromic stimulation), we found that the separated NaV

distribution raised the backpropagation threshold, suggesting that the early (sepa-

rated) NaV1.2 and NaV1.6 density profiles may actually serve to attenuate dendritic

backpropagation and reduce neuronal excitability in the developing central nervous
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system. Sensitivity analysis showed that the increased somatic–𝐼𝐵𝑃 threshold with

proximally-concentrated NaV1.2 channels owes to their right-shifted activation kinetics,

whereas the reduced backpropagation threshold with axonal stimulation results from

higher steady-state activation and a slower time-constant of availability—denoted ℎ∞

and 𝜏ℎ, respectively—that follow from the right-shift of NaV1.2.

The true role of the plastic distribution of these two NaV subtypes must be significant,

as any effect it has on backpropagation and action potential thresholds necessarily

impacts the vast majority of excitatory neurons in the mammalian cortex.

6.5.2 Comparison to experimental data

At the time of writing, experimental evidence supports our Hu-based and Hay-based

pyramidal neuron simulations with somatic stimulation, showing that the backprop-

agation threshold increased as the proportion of NaV1.2 channels in the AIS rose.

(See the 𝜅 = 0.8 curves in Fig. 2 from Barlow et al. 2024 [4] (Section 6.3) and

Fig. 7(A) from Barlow et al. 2024 [4] (Section 6.3).) In [4], we compared these

results to Katz et al. [31], who observed higher spike thresholds in neurons from

NaV1.6-knockout mice compared to wild-type, using brief current pulses similar in

amplitude and duration to those in our simulations. Since [31] exclusively stimulated

their neurons at the soma—i.e., no threshold measurements were made using axonal

current injection—further comparison with our axonal stimulation results was not

possible. We discuss the comparison to Katz et al. [31] in Barlow et al. 2024 [4],

which corresponds to Section 6.3 of this thesis.

The distributions of NaV1.2 and NaV1.6 are separated in the AIS early in devel-

opment, but this segregation fades as pyramidal neurons mature [37]. In future

experiments with improved NaV imaging techniques, it may be possible to test more
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detailed modelling predictions in Chapter 6 by performing electrophysiological mea-

surements of the spike threshold—similar to Katz et al. [31]—in mouse neurons at

P15 and P90, and record the NaV distributions (perhaps after measuring the thresh-

old).

233



7 Additional results

Chapter 7

Additional results

7.1 Conversion of ohmic pyramidal cell model to
GHK current

Our pyramidal cell simulations were originally designed with ohmic driving forces

for the transmembrane ionic currents. This was done for compatibility with past

models, including Mainen et al. [39], which was the basis for the model of Hu et al.

[23], upon which our Hu-based model was built [4] (Section 6.3).

However, the GHK current equation (see Equation (3.58) on page #92 or Equa-

tion (7.1b) below) is more accurate across a wider range of 𝑉m, and when the con-

centration gradient of a given voltage-gated ion ‘X’ depletes as a result of, e.g.,

sustained spiking or leaky damaged ion channels [8]. (Large changes in the intra-

cellular or extracellular concentration of a given ion species will alter the measured

conductance density of the membrane to said ions—see Section 3.5 in Background II:

Action potentials and ion channels.)
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Equation (7.1a) lists the familiar ohmic approximation from the equivalent circuit

model of Hodgkin and Huxley [21] (see Figure 3.6). The corresponding GHK de-

scription of voltage-gated currents with Hodgkin-Huxley style gating properties is

given by Equation (7.1b) (Kotler et al. [33]):

𝐼voltage⋅gated =

⎧
⎪

⎨
⎪
⎩

𝐼ohmic = 𝑔̄𝑋𝑚𝑖ℎ𝑗 (𝑉 − 𝐸𝑋)

𝐼GHK = 𝑃̄𝑋𝑚𝑖ℎ𝑗𝑧𝐹
𝑧𝐹
𝑅𝑇

𝑉 ቌ
[𝑋]in − [𝑋]out𝓮−

𝑧𝐹
𝑅𝑇𝑉

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉

ቍ .

(7.1a)

(7.1b)

To switch the simulations over to GHK currents, the steady-state preparation of the

model was calibrated to 𝑉rest = −70mV using the ohmic approximation. A barrier

to converting the model to GHK was that, at multiple locations along the mem-

brane, we used a variety of procedures programmed into our simulator to set and

reset the densities of ion channels. Those procedures all use the Hodgkin-Huxley

style 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒 parameters (𝑔̄NaV
, 𝑔̄KV

, 𝑔̄Cl-) to control the channel

density in each compartment (i.e. segment, see Figure 3.2). This is not easy to re-

place because the variables 𝑥 and 𝜅 are varied during simulation runs, which was

implemented by scaling the 𝑔̄𝑋’s at various points in the thousands of lines of sim-

ulation control code. In other words, the model is controlled by 𝑔̄𝑋’s, whereas the

GHK current equation has a different functional form, and currents are scaled by

permeabilities (𝑃̄𝑋’s).

To calibrate the model to accept GHK current in place of the HH-style ohmic ap-

proximation without upsetting the steady state of the cell in the presence of the

existing pump and leak currents, we apply the conditions:

𝐼GHK
X ቚ

𝑉=𝑉rest
= 𝐼ohmic

X ቚ
𝑉=𝑉rest

, (7.2)
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and

𝐼GHK
X ቚ

𝑉=𝐸X
= 𝐼ohmic

X ቚ
𝑉=𝐸X

≝ 0. (7.3)

Equation (7.3) & Equation (7.1) give the Nernst potentials 𝐸X,

𝑃̄𝑋𝑧𝐹
𝑧𝐹
𝑅𝑇

𝐸X ቌ
[𝑋]rest

in − [𝑋]rest
out𝓮−

𝑧𝐹
𝑅𝑇𝐸X

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝐸X

ቍ = 0 ⟹ 𝓮−
𝑧𝐹
𝑅𝑇𝐸X =

[X]rest
in

[X]rest
out

, (7.4)

but Equation (7.4) does not solve for the permeabilities.

Similar to [46], the permeabilities were calibrated by ensuring that the Na+, K+, and

Cl- channel currents at 𝑉rest were equal to those of our ohmic Hodgkin-Huxley style

model. Plugging Equation (7.1) into Equation (7.2), we have

𝑃̄𝑋𝑧𝐹
𝑧𝐹
𝑅𝑇

𝑉rest ቌ
[𝑋]rest

in − [𝑋]rest
out𝓮−

𝑧𝐹
𝑅𝑇𝑉rest

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉rest

ቍ = 𝑔̄𝑋 (𝑉rest − 𝐸𝑋) . (7.5)

Dividing by 𝑉rest and rearranging the above expression, we find

Equation (7.5) ⟹ 𝑃̄𝑋 = 𝑔̄𝑋
1

𝑧𝐹 𝑧𝐹
𝑅𝑇
[𝑋]rest

in
൮

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉rest

1 − [𝑋]rest
out

[𝑋]rest
in
𝓮−

𝑧𝐹
𝑅𝑇𝑉rest

൲

ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
dimensionless

ቆ1 −
𝐸𝑋
𝑉rest

ቇ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
dimensionless

.

(7.6)

That is, the expression for 𝑃̄𝑋 in Equation (7.6) is substituted into 𝐼GHK(𝑉) in Equa-

tion (7.1). The permeabilities 𝑃̄𝑋 needed for the conversion to GHK currents are

thus obtained in terms of the 𝑔̄𝑋’s and the Nernst potentials since they determine

𝑉rest.

Equation (7.6) works for 𝑋 = Na+ and K+, but because in our model 𝐸Cl- = 𝑉rest,

it does not work for 𝑋 = Cl-. To get 𝑃̄Cl- , one needs to take the limit as 𝑉 ⟶ 𝑉rest and

then use l’Hôpital’s rule. Here I will work out a solution to 𝑃̄Cl-(𝑔̄Cl- , 𝑉rest): From
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Equation (7.5) we have

𝑃̄Cl-𝑧𝐹
𝑧𝐹
𝑅𝑇

𝑉rest ቌ
[Cl-]rest

in − [Cl-]rest
out𝓮−

𝑧𝐹
𝑅𝑇𝑉rest

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉rest

ቍ = 𝑔̄Cl- (𝑉rest − {𝐸Cl- = 𝑉rest})ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
=0

, (7.7)

⟹ቌ
[Cl-]rest

in − [Cl-]rest
out𝓮−

𝑧𝐹
𝑅𝑇𝑉rest

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉rest

ቍ = 0. (7.8)

This provides us with two equations:

⎧
⎪

⎨
⎪
⎩

𝑃̄Cl- = lim
𝑉⟶𝑉restᇣᇤᇥ

=𝐸Cl-

𝑔̄Cl-
1

𝑧𝐹 𝑧𝐹
𝑅𝑇
[Cl-]rest

in
൮

1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉

1 − [Cl-]rest
out

[Cl-]rest
in
𝓮−

𝑧𝐹
𝑅𝑇𝑉

൲ቆ1 −
𝐸Cl-

𝑉
ቇ , and

𝓮−
𝑧𝐹
𝑅𝑇𝑉rest = [Cl-]rest

in
[Cl-]rest

out
⟵Nernst equation for Cl-, in disguise.

(7.9)

Now I will use l’Hôpital’s rule in Equation (7.10) (below). From Equation (7.9), we

have:

𝑃̄Cl- = 𝑔̄Cl-
1

𝑧𝐹 𝑧𝐹
𝑅𝑇
[Cl-]rest

in
൬1 − 𝓮−

𝑧𝐹
𝑅𝑇𝑉rest൰

⎧
⎪⎪

⎨
⎪⎪
⎩

lim
𝑉⟶𝑉restᇣᇤᇥ

=𝐸Cl-

ቆ1 −
𝐸Cl-

𝑉
ቇ = 0

lim
𝑉⟶𝑉restᇣᇤᇥ

=𝐸Cl-

ቆ1 −
[Cl-]rest

out
[Cl-]rest

in
𝓮−

𝑧𝐹
𝑅𝑇𝑉ቇ = 0

⎫
⎪⎪

⎬
⎪⎪
⎭ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ቄ ቅ =
⎧

⎨
⎩

lim
𝑉⟶𝑉restᇣᇤᇥ

=𝐸Cl-

൮
𝒹
𝒹𝑉
ቀ1 − 𝐸Cl-

𝑉
ቁ

𝒹
𝒹𝑉
൬1 − [Cl-]rest

out
[Cl-]rest

in
𝓮−

𝑧𝐹
𝑅𝑇𝑉൰

൲
⎫

⎬
⎭

.

(7.10)
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Evaluating the derivatives in the numerator and denominator of the expression in

ቊcurly bracesቋ above, we take the new limit

𝑃̄Cl- = 𝑔̄Cl-
1

𝑧𝐹 𝑧𝐹
𝑅𝑇
[Cl-]rest

in
൬1 − 𝓮−

𝑧𝐹
𝑅𝑇𝑉rest൰

⎧
⎪

⎨
⎪
⎩

lim
𝑉⟶𝑉restᇣᇤᇥ

=𝐸Cl-

⎛
⎜
⎜

⎝

𝐸Cl-

𝑉2
𝑧𝐹
𝑅𝑇

[Cl-]rest
out

[Cl-]rest
in
𝓮−

𝑧𝐹
𝑅𝑇𝑉

ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
⟶1

⎞
⎟
⎟

⎠

⎫
⎪

⎬
⎪
⎭

, (7.11)

Which gives the “maximal permeability” in the GHK model that satisfies the steady

state in the ohmic Hu-based model:

𝑃̄Cl- = 𝑔̄Cl-
1

𝑧𝐹 ቀ 𝑧𝐹
𝑅𝑇
ቁ
2
[Cl-]rest

in 𝑉rest

൬1 − 𝓮−
𝑧𝐹
𝑅𝑇𝑉rest൰ . (7.12)

When the maximal conductances (𝑔̄𝑋’s) are given in units of mS ∕ cm2 and the ion

concentrations are given in mol ∕ L, Equations (7.6) and (7.12) yield permeabilities

with units of velocity (distance per unit time), as expected. To convert the full

pyramidal cell model to GHK, all ionic currents from the original Hu-based model—

Equations (15) and (16) in Barlow, Longtin, and Joós [4] (Section 6.3)—have their

Omhic terms (Equation (7.1a)) replaced with a maximal permeability and a GHK

driving force (Equation (7.1b)).
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7.1.1 Handling singularities in GHK

1

2 FUNCTION GHK_Fdriving(a, cin, cout, voltage){
3 if (fabs(a*voltage) < 1e-6) {
4 GHK_Fdriving = (cin - cout*exp(-1.0*a*voltage))*(1.0/a + voltage/2.0 +

a*voltage*voltage/12.0 - a*a*a*voltage*voltage*voltage*voltage/720.0)
5 }
6 else{
7 GHK_Fdriving = (cin - cout*exp(-1.0*a*voltage))*voltage/(1.0 -

exp(-1.0*a*voltage))
8 }
9 }

Figure 7.1: Singularities are avoided by switching to the power series for
the denominator of Equation (7.1b) at small voltages.

The above method of converting our original detailed pyramidal neuron model—

which had used ohmic Hodgkin-Huxley style currents with the local channel densities

being specified by maximal conductances—into a GHK-current model with channel

densities set by effective permeabilities yields the currents shown in Figure 7.2.
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Figure 7.2: Comparison of the GHK currents to the ohmic approximation.
The currents are plotted with arbitrary units, but with identical channel densities in
both the GHK and ohmic forms. (See Figure 3.15 in Section 3.5.3.)
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In Figure 7.3 we perform the same simulation procedure as in Barlow, Longtin, and

Joós [4] (Section 6.3, Fig. 2), this time with GHK currents implemented for all ionic

currents in the full pyramidal cell model. The qualitative effects of the AIS NaV

distribution seen in [4] are preserved under this change, which demonstrates that

these results cannot be an artifact of the ohmic approximation. The conversion to

GHK also increases 𝑄𝐵𝑃 by ≈ 1pC, likely due to the increased magnitude of the

hyperpolarizing potassium and chloride currents at depolarized voltages.

Figure 7.3: Somatic stimulation – GHK currents. When the GHK current
equation is implemented (in place of the original Hodgkin-Huxley ohmic approxi-
mation), the effects of varying the AIS NaV distribution on the backpropagation
threshold persist. (Qualitative effects match Fig. 2 of Section 6.3, [4].) The lines
have been drawn to guide the eye.
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7.2 Coupled left-shift in the axon initial segment

Ischemic injury or mechanical damage to neurons can cause NaV channels to become

“leaky”. At a given 𝑉m, the damaged channels’ activation and availability kinetics behave

as though the cell were more depolarized than it actually is. That is, 𝑚 and ℎ are

left-shifted on the voltage axis by 𝐿𝑆 millivolts (Figure 4.1): When the membrane

potential is 𝑉m the channel behaves as though it were 𝑉m + 𝐿𝑆. For background

on the 𝐶𝐿𝑆 model, see 𝐶𝐿𝑆: Malfunctioning ion channels in a damaged membrane

(Section 4.2.1) and Appendix B | Joós, Barlow, and Morris (2017) [28].

Given its proximity to the soma, the AIS may be especially vulnerable to mechanical

injury when the axon is stretched, which could concentrate 𝐶𝐿𝑆 in this region. And

given the high density of NaVs on its membrane, any ischemia-induced 𝐶𝐿𝑆 may have

pronounced effects in the AIS. Here we use our detailed pyramidal neuron model to

investigate the consequences of 𝐶𝐿𝑆 damage to NaV1.2 and NaV1.6 channels in the

AIS.

In this section, GHK currents replace the ohmic currents of the Hodgkin-Huxley

model, as the former has advantages under the conditions imposed by 𝐶𝐿𝑆. The

axons and dendrites of pyramidal neurons can be narrow, with diameters ≲ μm, and

their internal ion concentrations may be altered significantly by the sustained inward

sodium currents that accompany 𝐶𝐿𝑆 damage. Effective conductance densities in the

ohmic approximation may thus become inaccurate, as they do not hold across large

changes in ion concentration gradients [33]. As mentioned in the Background, the

GHK current model is robust under changes to the concentration gradients and

remains accurate over larger excursions of the membrane potential than the ohmic

approximation—see Section 3.5.

Under axonal stimulation, even mild 𝐶𝐿𝑆 (≳ 1mV) prevented backpropagation from

occurring. This is consistent with our prior simulations of axonal stimulation in
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Section 6.3 (Barlow, Longtin, and Joós [4], Fig. 4) as we now argue. In our sensitivity

analysis of the Hu-based model (Barlow, Longtin, and Joós [4], Fig. 6), we showed

that proximal NaV availability right-shift is crucial for backpropagation to occur when

the current is injected at the axon. Left-shifting the AIS NaVs reduces proximal NaV

availability, which we showed to be the main determinant of the backpropagation

threshold with axonal stimulation, and thereby stops backpropagation.

Under somatic stimulation, 𝐶𝐿𝑆 modifies the relationship between the NaV distribu-

tion and the backpropagation and forward propagation thresholds. Figure 7.4 shows

in detail how 𝐶𝐿𝑆 affects the backpropagation threshold. Top row: for smaller values

of 𝐿𝑆 (≲ 5mV), the 𝑄𝐵𝑃 is uniformly lowered by 𝐶𝐿𝑆 damage. This is consistent with

our finding in Fig. 6 of [4] (Section 6.3) that, under somatic stimulation, steady-state

activation controls the backpropagation threshold.

As 𝐿𝑆 increases beyond 5mV, something interesting happens: The relationship be-

tween 𝜅 and 𝑄𝐵𝑃 inverts. As the backpropagation threshold keeps falling, the

constant-𝜅-curves having the lowest threshold appear to “reflect” off of some mini-

mum 𝑄𝐵𝑃 barrier. At 𝐿𝑆 ∼ 15mV, the 𝐶𝐿𝑆 damage has inverted the electrophysio-

logical effect of 𝑥 and 𝜅. The vertical ordering of the constant-𝜅 curves is the same

as what was seen in Fig. 3 of Barlow, Longtin, and Joós [4]. That is, when we model

the hypothetical NaV distributions, 𝐶𝐿𝑆 damage in the AIS causes 𝑄𝐵𝑃 to behave as

though the AIS were put on backward. Since the right-shift of NaV1.2 is roughly 13mV

[23], this value of 𝐿𝑆 essentially converts the proximal NaV1.2 into healthy NaV1.6

channels, which explains why, in terms of the backpropagation threshold, the neuron

behaves as if the AIS is backward.

A loss of neuronal polarity (including spines appearing in the axon and loss of NaV

clustering in the AIS (Huang and Rasband [24]) has been observed in injured neurons.

With 𝐶𝐿𝑆, our model exhibits what might be called a loss of electrophysiological polarity
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of the AIS, even though the distribution of NaVs retains its polarity (a nominal NaV

distribution with NaV1.2 clustered in the proximal AIS and NaV1.6 in the distal

AIS).

Increasing 𝐿𝑆 still higher (≳ 11mV), the threshold begins to rise for all constant-𝜅

curves (𝑄𝐵𝑃 curves). See Figure 7.7. This may be explained by the loss of availability

overwhelming the added activation of AIS NaVs. Additionally, the 𝑄𝐵𝑃 curves become

more tightly grouped (see the bottom right plot of Figure 7.4). That is, the spread

of the 𝜅 = 0.2 and 𝜅 = 0.8 curves at 𝑥 = 1, which we denote Δ𝑄, shrinks as 𝐿𝑆

grows, see Figure 7.9. This may be explained by the fact that as 𝐿𝑆 becomes large,

the difference between the voltage-dependent kinetics of NaV1.2 and NaV1.6 over the

operating voltage range of the cell becomes ever smaller.

244



7 Additional results 7.2 CLS in the AIS

Figure 7.4: Somatic Stimulation: Backpropagation threshold with coupled
left-shift of NaV1.2 and NaV1.6 channels in the AIS. The 𝐶𝐿𝑆 damage inverts
the relationship between the NaV distribution and 𝑄𝐵𝑃 as a function of 𝑥 and 𝜅.
Here we show a series of plots analogous to Fig. 2 of [4] (Section 6.3), but with 𝐶𝐿𝑆
affecting all NaV channels in the AIS (𝐴𝐶 =1). 𝐿𝑆 ranges from 1mV to 35mV as in
Boucher et al. [8]. At first, 𝐿𝑆 lowers 𝑄𝐵𝑃. When 𝐿𝑆 exceeds 5mV, the constant-𝜅
curves traverse the 𝑥 = 0.5 line. The 𝜅 = 0.8 curve, which has the highest 𝑄𝐵𝑃
when 𝐿𝑆 = 0mV, has the lowest threshold of all of the curves when 𝐿𝑆 ≳ 15mV.
Likewise, the 𝜅 = 0.2 curve, which had the lowest threshold without 𝐶𝐿𝑆, has the
highest threshold of all the constant-𝜅 curves when 𝐿𝑆 ≳ 15mV, i.e. when the 𝐶𝐿𝑆
exceeds the intrinsic right-shift of the proximal NaV1.2 channels in the Hu-based model
(𝑉RS = 13.0mV), rendering their kinetics comparable to undamaged NaV1.6 channels.
This reversal of the 𝑄𝐵𝑃 versus 𝜅 relationship is what is meant when we say that
𝐶𝐿𝑆 damage inverts the electrophysiological polarity of the AIS, akin to Section 6.3,
Fig. 3. The lines have been drawn to guide the eye.
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Figure 7.5: Somatic Stimulation, Backward AIS: Backpropagation thresh-
old with coupled left-shift of NaV1.2 and NaV1.6 channels in the AIS. In
this plot, we run the same simulations as in Figure 7.4, except with the NaV distribu-
tion flipped longitudinally (see Section 6.3, Fig. 3). Again, as in Figure 7.4, 𝐶𝐿𝑆 flips
the vertical ordering of the constant-𝜅 curves. This time, with regard to the effect of
𝜅 on 𝑄𝐵𝑃, 𝐶𝐿𝑆 makes a backward AIS behave as though it were put on properly, at
least with respect to the ordering of the constant 𝜅-curves. In other words, the or-
dering is reminiscent of that with NaV1.2 clustered proximally and NaV1.6 clustered
distally and without 𝐶𝐿𝑆 damage. The lines have been drawn to guide the eye.
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Figure 7.6: Somatic Stimulation: Forwardpropagation threshold with cou-
pled left-shift of NaV1.2 and NaV1.6 channels in the AIS. The lines have
been drawn to guide the eye.

The results of Figure 7.4 and Figure 7.6 are summarized in Figure 7.7. In the latter

figure, we begin by discussing the 𝑥 = 0 curves, which are marked by pink hexagons.

Those curves show the effect of 𝐶𝐿𝑆 when NaV1.2 and NaV1.6 are homogeneously

distributed along the AIS, and hence, 𝜅 can have no effect in this case. We see that

around 𝐿𝑆 = 5mV, 𝑄𝐹𝑃 decouples from 𝑄𝐵𝑃. In contrast, without 𝐶𝐿𝑆 damage, the

two thresholds were identical—as in all of the multicompartmental models presented

in this thesis thus far when they are stimulated somatically.

Initially 𝐶𝐿𝑆 was decreasing both thresholds, but now, as the severity of the damage

increases (higher 𝐿𝑆), 𝑄𝐹𝑃 continues to drop while 𝑄𝐵𝑃 begins to rise. Eventually,

𝑄𝐹𝑃 also reaches an inflection point where it begins to grow with increasing 𝐿𝑆, until

the 𝑄𝐵𝑃 and 𝑄𝐹𝑃 curves merge once again. This same pattern is observed in the

other curves, in which 𝑥 = 1, at all 𝜅-values, though the inflection of the 𝑄𝐵𝑃 and

𝑄𝐹𝑃 thresholds occur at different 𝐿𝑆 values for those NaV distributions.
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Also notice that, among the 𝑥 = 1 curves in Figure 7.7, there is an inversion of the

ordering of the 𝜅-values, with respect to both 𝑄𝐵𝑃 and 𝑄𝐹𝑃: Without 𝐶𝐿𝑆 damage

(𝐿𝑆 = 0), the highest value of 𝜅 gives the highest 𝑄𝐵𝑃 and 𝑄𝐹𝑃. But once 𝐿𝑆

surpasses ≈ 13mV (i.e. 𝐿𝑆 exceeds the 𝑉RS of NaV1.2 relative to NaV1.6), this

ordering is inverted, i.e. with the highest value of 𝜅 giving the lowest 𝑄𝐵𝑃 and 𝑄𝐹𝑃 for

all 𝑥 = 1 curves. This inversion coincides with the point at which the 𝐶𝐿𝑆-damaged

NaV1.2 have kinetic curves approximating healthy NaV1.6, and the NaV1.6 curves

are thoroughly left-shifted, to the point that they are mostly inactivated at 𝑉rest—see

Fig. P in the Supporting information of Barlow, Longtin, and Joós [4] (Section 6.4),

and Figure 4.1.
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Figure 7.7: Somatic Stimulation: 𝐶𝐿𝑆 damage causes 𝑄𝐹𝑃 to bifurcate away
from 𝑄𝐵𝑃. The crossover, 𝜅, is undefined when 𝑥 = 0 (the two magenta curves
with hexagonal markers). In all other curves, 𝑥 = 1. Without 𝐶𝐿𝑆 damage, an
action potential is always accompanied by backpropagation—at 𝐿𝑆 = 0, 𝑄𝐵𝑃 = 𝑄𝐹𝑃.
This matches our observations in the Hu-based model and the Hay-based model
in Chapter 6. However, with 𝐶𝐿𝑆, action potentials become decoupled from back-
propagation. 𝐶𝐿𝑆 lowers the AP threshold (𝑄𝐹𝑃) well below 𝑄𝐵𝑃, and in the region
bounded by the 𝑄𝐵𝑃 and 𝑄𝐹𝑃 curves, the neuron loses the feedback (backpropagation)
that it would normally receive following an AP. We expect this to have consequences
for synaptic plasticity, which putatively relies on the information provided by the
backpropagation that is normally coupled to AP generation. If the healthy neuron
uses backpropagation to control excitability, for example, via STDP, then 𝐶𝐿𝑆 could
impair the neuron’s ability to control ectopic spiking following trauma. The lines
have been drawn to guide the eye.
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Backprop versus Fowardprop with CLS in the AIS

Figure 7.8: Somatic Stimulation: Comparison of changes to the back-
propagation threshold and forwardpropagation threshold due to coupled
left-shift of NaV1.2 and NaV1.6 channels in the AIS. With both 𝑄𝐵𝑃 and 𝑄𝐹𝑃,
𝐶𝐿𝑆 causes an inversion of the constant-𝜅 curves, although the inversion occurs at a
higher 𝐿𝑆 voltage for 𝑄𝐹𝑃 than for 𝑄𝐵𝑃. The lines have been drawn to guide the eye.

We can track the inversion of the 𝜅-ordering of 𝑄𝐵𝑃 and 𝑄𝐹𝑃 using the “spread” of

the constant-𝜅 threshold curves at 𝑥 = 1. We calculate the spread as

Δ𝑄(𝐿𝑆) = 𝑄𝜅=0.8thresh(𝐿𝑆) − 𝑄𝜅=0.2thresh(𝐿𝑆), (7.13)

where 𝑄thresh is either 𝑄𝐵𝑃 or 𝑄𝐹𝑃. Δ𝑄 is defined so that it can take on negative

values when the vertical ordering of the constant-𝜅 curves is opposite to that seen

with somatic stimulation and no 𝐶𝐿𝑆 damage.
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Figure 7.9: Somatic Stimulation: Plotting the spread Δ𝑄 of the constant-𝜅
curves at 𝑥 = 1.0 as a function of 𝐿𝑆, for both 𝑄𝐵𝑃 and 𝑄𝐹𝑃. The inversion
of the threshold-versus-𝜅 relationship is visible on this plot as the point where each
curve crosses the Δ𝑄 = 0 line. This occurs for the 𝑄𝐵𝑃 and 𝑄𝐹𝑃 curves, which remain
inverted as 𝐶𝐿𝑆 continues to rise beyond the inversion point. The lines have been
drawn to guide the eye.
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Chapter 7 Synthesis

We have implemented 𝐶𝐿𝑆 in pyramidal neuron simulations using the morphology

and empirical NaV1.2 and NaV1.6 channel models from Hu et al. [23], to which we

added GHK current dynamics. It would be interesting to incorporate 𝐶𝐿𝑆 damage

into the dendritic morphology of detailed models with automatically tuned channel

densities, such as that of [19] and its successors. Numerous compelling questions

remain to be explored in future modelling studies applying coupled left-shift damage

(𝐶𝐿𝑆) to detailed pyramidal neuron models.

Thus far, we observe the 𝑥-versus-𝜅 curves reversing their slopes with increasing

left-shift (𝐿𝑆). This inversion occurs at values of left-shift that approximately cancel

the 13mV intrinsic right-shift of the modelled NaV1.2 channels (see Section 7.2 – CLS

in the AIS).

Another persistent effect of 𝐶𝐿𝑆 in the axon initial segment was the tendency of the

damaged neuron to exhibit independent forward propagation and backpropagation

thresholds with orthodromic stimulation. That is a new phenomenon, as previously, we

had only observed separate thresholds with axonal (i.e. antidromic) stimulation. As

the latter consequence of 𝐶𝐿𝑆 damage occurs in the pyramidal neuron’s quiescent-

hypersensitive regime, it may interfere with spike-timing-dependent plasticity [16]

and thereby impair homeostasis and learning.
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Chapter 8

Conclusion

8.1 Coupled left-shift in point neurons

Miniature copy of
Figure 4.4:

Full-size figure on
page#107.

This thesis began with a detailed mapping of the regime diagram (Figure 4.4) in

the single-compartment 𝐶𝐿𝑆-damage model (Chapter 4) at fixed temperature. To

account for temperature changes and their effects on spontaneous, ectopic activity,

we added four 𝑄10 parameters (𝑄gate, 𝑄Na+ , 𝑄K+ , 𝑄pump) to the 𝐶𝐿𝑆 model code—

making it a “𝑇‐𝐶𝐿𝑆” simulator with 𝑇 denoting temperature. Temperature behaved

like a bifurcation parameter, similar to 𝐿𝑆.

Since I was able to generate maps of the ectopic boundaries of the 𝐶𝐿𝑆 model, I

used the simulation tools that I had built to create a series of regime diagrams at

different temperatures and observe the movement of the quiescent-to-bursting and

bursting-to-tonic firing boundaries in the 𝐿𝑆–𝐴𝐶 plane (Chapter 5). We found that

the thresholds for ectopic bursting and spontaneous tonic firing were lowered by

increased body temperature and raised by medically attainable cooling.

Raising the
𝐶𝐿𝑆-threshold
protects injured
neurons from
excitotoxic spiking.

The predicted threshold-raising effect of cooling should protect neurons following

𝐶𝐿𝑆-type damage, which is caused by ischemia and other forms of trauma. I isolated
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8 Conclusion 8.2 Backpropagation and the pattern of sodium channels in the AIS

and compared several contributions of temperature to excitability through its effect

on the electrogenic pump current and on HH-style ion currents via the transition

rates of voltage-gated ion channels and their maximal conductances. These effects

were primarily driven by 𝑄Na+ , with 𝑄pump having significant effects on excitability as

well—see FIG. 4(a) and FIG. 5 in Barlow, Joós, Trinh, and Longtin [2] (Chapter 5).

Although the electrogenic pump produces a hyperpolarizing current, its tendency to

induce a supercritical Hopf bifurcation was analyzed in detail by Yu, Morris, Joós,

and Longtin [58].

8.2 Backpropagation and the pattern of sodium
channels in the AIS

Following the two successful point-cell (single-compartment) studies described above,

I ventured into the perilous domain of multicompartmental neuron modelling (Chap-

ters 6 and 7). The allure of simulating spatially extended, morphologically realistic

neurons was irresistible.

The number of
compartments
determines the
spatial resolution of
the neuron, and I
needed more than
one point in space to
capture the pattern
of sodium channels in
the AIS.

The scientific motivation for this pivot was clear: The pattern of sodium channels in

the axon initial segment (where action potentials begin) affects feedback sent to den-

drites (called backpropagation). However the connection between backpropagation,

the gating properties of the different sodium channels, and their pattern of expres-

sion in the AIS was not understood (and continues to be studied). To simulate said

pattern I needed a model with many compartments, since by definition a parameter

(e.g. the density of NaV1.2 channels) has a single value at each compartment.

Backpropagation
occurs in dendrites,
so I attached the AIS
to digitally
reconstructed
dendrites from
pyramidal neurons.

Further, backpropagation happens in dendrites. Rather than introduce “simplifying”

assumptions about dendritic structure—cell morphology is known to affect spiking

patterns [38]—digitally reconstructed somatodendritic morphology, connected to the
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model AIS, provided a place to simulate backpropagation and define measurement

criteria for it.

At this point it is appropriate to quote Almog and Korngreen [1], who provide a

taste of what awaits those who leap into this field:

“Today, most compartmental models are constructed for complex cellular

morphologies. They contain large numbers of voltage-gated channels,

and their ion channels are not distributed along the neuronal membrane

homogeneously. As a result, they contain many parameters of unknown

value. And due to the limitations of modern recording techniques, we do

not have experimental access to thin dendritic and axonal branches, so we

are ignorant of the properties and distributions of many ion channels in

the systems we are modelling. Therefore, much of the time spent making

a compartmental model is dedicated to guessing parameter values, testing

the model, guessing again, testing again, a cycle of hand-tuning that

can loop for a depressingly long time. It should be emphasized that

most of the reductions and assumptions that are commonly being made

in constructing a compartmental model are due to a lack of available

experimental measurements of specific parameters, rather than ignorance

of such data on the modellers’ part.”

“Anyone who has hand-tuned a compartmental model knows that after

many tuning cycles one loses the mental capacity to improve the model:

every change made, it comes to seem, is bad. This outcome, almost in-

evitable, is a direct consequence of the rapid parameter inflation. Malaise

accompanies many scientific and engineering problems whose character

is defined by their large numbers of parameters. It is a malaise which

emerges from an evil curse, the curse of dimensionality.”—[1]
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Despite an array of setbacks—well beyond the curse described above—some of which

are detailed in Tripwires: An adventure inmodel reproducibility (Section 6.5), I was

able to both recover and then challenge the conclusions of Hu et al. [23], using their

code as a framework to build a detailed pyramidal neuron model starting from my

point-cell simulations. The Hu-based model began as an expansion of the (single-

compartment) 𝑇‐𝐶𝐿𝑆 model code into multiple coupled compartments in a tapered

linear, representing a soma and axon, and evolved into a pyramidal neuron morphol-

ogy with thousands of compartments.

I replaced the NaV and KV kinetics embedded in the now multicompartmental

𝑇‐𝐶𝐿𝑆 model—which originated from electrophysiological recordings of squid axons

in Hodgkin and Huxley [21]—with the mammalian NaV1.2, NaV1.6, and KV channel

kinetics detailed in Hu et al. [23]1. Having shifted to mammalian cell morphology,

it was only logical to adopt mammalian ion channel kinetics. Otherwise, our model

would have been an incongruous hybrid: a mammalian cell structure equipped with

cephalopod channels. Recovering the channel kinetics of [23] became an adventure in

itself, revealing persistent bugs in related model codes, see Tripwires: An adventure

inmodel reproducibility (Section 6.5).

As stated in the text quoted above from Almog and Korngreen [1], the path from a

point-cell simulator to a detailed pyramidal neuron model is not a matter of copying

and connecting point cells. I rebuilt the Hu-based model multiple times with vari-

ous parameter settings and backpropagation criteria to show that my findings held.

During that time, most of the world was in lockdown due to a certain airborne virus.

I thought I should keep pushing through. All the while, my simulations persistently

showed that the distribution of sodium channels had more complicated effects on
1Hu et al. [23] tuned the kinetics from model code in Mainen and Sejnowski [38] to fit their

recordings of Na+ currents in the AIS.
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backpropagation than previously described (and widely cited), and the Hu-based

model was my only means of demonstrating that until...

With the aim of escaping the curse of dimensionality ([1]), or at least reducing its

burden, I reinforced my findings (summarized below) from the Hu-based models with

additional simulations built on the automatically tuned model of Hay et al. [19]. The

latter simulations strengthened my findings considerably since the parameter tuning

in Hay et al. [19] was achieved through an automated fitting to experimental spiking

patterns, and its morphology and biophysics are independent of Hu et al. [23].

Multicompartmental models do not tend to agree with one another, or rather, mi-

nor changes can easily cause them to disagree [1]. It was compelling to see the

central result (the separated NaV distribution lowers the backpropagation thresh-

old with axonal stimulation, but raises it with somatic stimulation [4]) confirmed in

the Hay-based model, given its independent parameters, morphology, and biophysics

[19].

Through the Hu-based and Hay-based models, we explained two phenomena in bio-

physical and dynamical detail:

1. the modulation of backpropagation by the heterogeneous spatial distribution

of NaV subtypes in the AIS, and

2. the coupling of these observations to the mode of stimulation (axonal vs somatic

current injection).

The key models and experiments upon which I built my simulations defined back-

propagation in terms of electrical signals in the soma (although Hay et al. [19] simu-

lated calcium spikes in the distal dendrites). However, multicompartmental models

provide omniscient access to the membrane potential at every point in the simu-

lated neuron (one of their main advantages), and most of the interesting activity
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relevant to synaptic plasticity happens in the dendrites. It seemed unreasonable to

ignore the dendrites by restricting the definition of backpropagation to the voltage

recorded at the soma, and I used dendritic backpropagation criteria in the Hu-based

and Hay-based models.

8.3 Revealing the role of NaV density profiles via
gating-property sensitivity analysis

I also performed a sensitivity analysis by changing the right-shift of NaV1.2 in the

AIS to isolate the effects of right-shifted sodium channel gating kinetics on the back-

propagation threshold.

Sensitivity analysis
was performed by
modulating the
right-shift of NaV1.2
channels in the AIS.

In that analysis, when the right-shift of NaV1.2 is altered, the

nonlinear sodium currents are affected inhomogeneously at every point along the AIS. That

is, right-shift is heterogeneously distributed in space as it interacts with the action po-

tential initiation and backpropagation phenomena arising in the model neuron. In

compartments lying outside the AIS, the right-shift was not modified.

The right-shift of NaV1.2 manifested through the voltage-dependence of those chan-

nels’ activation and availability steady-states, and through their voltage-dependent time

constants.

Right-shift sensitivity
analysis via selected
NaV1.2 gating
properties.

By modifying the right-shift of one steady-state, or one time constant, in

isolation, my simulations revealed that the coupling of the NaV distributions’ effects

(on backpropagation) to the mode of stimulation resulted from the dominance of dif-

ferent NaV gating properties when stimulation was axonal versus somatic. Availability

properties dominated in the former, and activation in the latter.

8.4 Backpropagation and 𝐶𝐿𝑆 damage in the AIS
of a pyramidal neuron

I also modelled 𝐶𝐿𝑆 damage in the AIS of the multicompartmental Hu-based model,

whereas our previous studies of excitotoxic firing patterns were single-compartment
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models. Since 𝐶𝐿𝑆 damage can produce lasting inward Na+ currents, these simula-

tions used GHK-style currents. Pyramidal neurons have axonal, AIS, and dendritic

processes with diameters ≲ μm, and the persistent 𝐶𝐿𝑆 currents can change the

local ion concentrations such that the apparent conductance densities assumed in

the ohmic approximation may break down [33]. The GHK current model is robust

under concentration changes and is therefore better suited to the study of 𝐶𝐿𝑆 in

the AIS.

The effects of 𝐶𝐿𝑆 damage in the pyramidal neuron model’s AIS suggest that the

left-shifted NaV1.2 channels assume the role of healthy NaV1.6 channels at values of 𝐿𝑆

sufficient to erase the intrinsic right-shift of NaV1.2.

𝐶𝐿𝑆 in the AIS leads
to independent
backpropagation and
forward propagation
thresholds, which are
normally identical
under somatic
current injection in
the absence of 𝐶𝐿𝑆
damage.

I also observed an interesting de-

coupling of the backpropagation threshold from AP initiation (forward propagation

threshold) with somatic stimulation as a result of 𝐶𝐿𝑆 in the AIS. Separate thresh-

olds for generating a strictly forward-propagating AP versus an AP accompanied by

backpropagation are a feature of axonal stimulation, but with somatic stimulation,

the two thresholds are identical under physiological (i.e. healthy) conditions.

This tendency of 𝐶𝐿𝑆 damage to allow somatically stimulated APs to occur at cur-

rents well below the backpropagation threshold constitutes a form of hypersensitivity:

The neuron is sending signals downstream without the normal regulatory feedback

which backpropagation provides. Under normal conditions, that feedback helps the

cell decide whether it is firing excessively or inappropriately in response to the so-

matodendritic input it receives.

These comments assume the putative role of backpropagation in modulating ex-

citability via spike-timing-dependent plasticity or other forms of Hebbian learning.

A related example of hypersensitivity in the form of excessive APs combined with

somatodendritic hypoexcitability has been reported by Spratt et al. [52].

260



8 Conclusion 8.5 In defense of computer models

8.5 In defense of computer models2

When encountering skepticism about the utility of detailed biophysical models, as

modellers are prone to do now and then, the following question must be asked:

Utility compared to what? Without computational modelling, we are restricted to

experimental measurements, theoretical mental models, and what can be calculated

with a pencil and paper. If the physical (or biophysical) system being studied, the

available experimental data about it, and the theoretical framework describing it are

sufficiently complex that the behaviour of the system cannot be reliably deduced

through imagination, intuition, or dead reckoning, then what better alternative is

there than creating a computer model?

Computer models
test our theoretical
understanding of
natural phenomena
by converting our
conceptual models
into explicit
predictions [9].

Computers can only execute the code we write, and it therefore is not possible to

program a simulation without expressing its underlying assumptions in some explicit

form. It is, however, possible to conduct an experiment without stating assumptions.

Experiments—or the
conclusions we draw
from them—often
contain more
assumptions than
simulations.
Computers crash
when we miss crucial
details; nature does
not.

It is a challenge, requiring imagination on the part of the experimenter, to attempt

to bring into awareness all of the latent assumptions (e.g. when performing in vitro

or in vivo electrophysiological recordings) about how the experimental conditions,

including the measurement equipment, might affect their observations. One can

argue that experiments contain more assumptions than models. Physical reality

cannot fill in any omissions on the modeller’s behalf.3

2In 2024 it feels like an odd time to be defensive on this topic, but I drafted this section before
it was announced that the Nobel Prizes in Physics and Chemistry both went to modellers this year.
(www.nobelprize.org/all-nobel-prizes-2024/)

3This is not meant to disparage experimental work. Science can exist without computer models,
but there can be no science without experiments. Experimentalists diligently state their assump-
tions and describe their methods as clearly and comprehensively as possible. And, clearly, computer
models would be powerless without experimental data to test them.
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8 Conclusion 8.5 In defense of computer models

Computer simulations are powerful tools for converting our present knowledge, or

conceptual models, into hypothetical data that can be objectively compared to na-

ture. They have their limitations, but we can take heart in remembering how limited

we would be without them.
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Chapter 9

Future research

If the apparent tendency—reported by Hu et al. [23]—of the separated NaV distribu-

tion to “promote” backpropagation was an artifact of antidromic stimulation1, then

we need a new hypothesis: Why might neurons express the separated NaV pattern

early in development, only to replace the proximal NaV1.2 channels with NaV1.6

later on?

Perhaps the
developmental
remodelling of the
AIS sodium channel
distribution coincides
with other
developmental
phenomena that
explain its true
function.

Specifically, how might the NaV distribution interact with synaptic prun-

ing and myelination in the developing central nervous system?

My multicompartmental simulations predict that the NaV distribution observed

in early development—with NaV1.2 concentrated in the proximal AIS and NaV1.6

pushed into the distal AIS[37]—actually raises the backpropagation threshold with

orthodromic stimulation. Further, antidromic synapses observed at the AIS of pyra-

midal neurons tend to be inhibitory [49]. Lacking excitatory input to the AIS, the

separated NaV distribution would render young pyramidal neurons less excitable in

general, all else being equal.2

2That is, prior to the invasion of the proximal AIS by NaV1.6.
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But all else is not equal. A characteristic of the young mammalian brain is the

excessive connectivity of the cortex due to an abundance of (so-called) exuberant

synapses. Peak synaptic density is reported to occur around postnatal day 30 (𝑃30)

in rat prefrontal cortex, after which the density decreases until ≈ 𝑃90 [29]. The

developmental plasticity of the AIS NaV distribution reported by Liu et al. [37],

ranging from 𝑃15 to 𝑃90, shows significant overlap with synaptic pruning, and

myelination occurs during this period as well—see Fig. 6A of Liu et al. [37].

The mammalian
neuron data cited in
this thesis came from
rats, mice, cats, and
human patients who
chose to donate
cortical tissue that
needed to be
removed during brain
surgery.

The NaV distributions and other properties of the AIS are also known to change in

response to modified presynaptic activity [34]. Hence we may hypothesize that the

initially separated NaV distribution flattens out in concert with synaptic pruning to

lower the backpropagation threshold. That is, since ∼ 70% of the synaptic input to

pyramidal neurons is excitatory (Shapson-Coe et al. [49, table S7]) and our modelling

predicts that concentrating NaV1.2 at the proximal AIS raises the backpropagation

threshold with orthodromic stimulation, we ask whether the separated NaV distri-

bution exists to compensate for exuberant synapses in the young brain by inhibiting

backpropagation.

The above hypothesis, which rests on modelling with orthodromic stimulation—i.e.

somatic or dendritic current injection—may have previously been obscured by the

assertion from Hu et al. [23] that concentrating NaV1.2 in the proximal AIS promotes

backpropagation (which continues to be cited, e.g. [31, 52, 37]).
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9.1 Future modelling studies

Many interesting possibilities for single-cell modelling studies arise by combining real-

istic synaptic input with plasticity in the AIS sodium channel distribution. The Hay-

based model in Chapter 6 could be used to explore the regulation of high-amplitude

backpropagation-activated calcium spikes in the distal dendrites of pyramidal neu-

rons by the axon initial segment. Complex physiological stimulation—with many

synapses spread out across the dendrites, or combined dendritic and somatic current

injection—could be modelled as it interacts with the pattern of sodium channels in

the AIS.

Freely available connectomic data, such as the whole fruit fly brain connectome re-

cently completed by FlyWire3 (Dorkenwald et al. [12]) and the reconstructed cubic

millimetre of human cortex available through the H01 Release4 (Shapson-Coe et al.

[48]), could provide valuable constraints and guide the development of physiologi-

cally relevant stimulation protocols. The human connectomic data mentioned above

has also revealed powerful outlier connections, where a single axon forms up to 50

synapses with one neuron.

One could similarly add inhibitory inputs at the AIS. In cortical neurons, the AIS

is often densely innervated by inhibitory interneurons [48]. Concentrating inhibitory

input at the trigger zone is an efficient way to stop the neuron from firing an action

potential, and cortical interneurons can modulate pyramidal neurons’ excitability by

“vetoing” action potentials.

There is also the field of neuronal networks, which is likely to change dramatically

with the growing availability of detailed connectomic data. Thus far, modellers

have used the reconstructed fruit fly brain as a template for leaky integrate-and-fire
3https://flywire.ai
4https://h01-release.storage.googleapis.com/landing.html
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9 Future research 9.1 Future modelling studies

networks [50]. It may be possible to simulate these networks with more realistic

neurons, ideally preserving cell morphologies contained in the dataset, which could

resurrect subtleties in each neuron’s firing patterns.
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Biophysical neuron models and neural net
nodes

ᇩᇭᇪᇭᇫneurons: different properties, different purposes.

Biophysical Neuron Models Neurons (nodes) as defined in
Artificial Neural Networks

Dynamics Detailed empirical ion channel
dynamics

Simplified abstraction

Time Continuous* physical quantity
in differential equations

iteration step

Output Membrane potential, gating
variables, ion concentrations:
continuous, analog*

Activation: scalar function of
summed weighted inputs

Meaning Physical state of neuron and its
surroundings

Output signal intensity

Range Constrained and dimensional,
e.g. transmembrane voltage
from −80 to +40 mV

Arbitrary, dimensionless

(per “neuron”)
ᇩᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇫComputational overhead Demanding Efficient, but many nodes are

required to emulate a single
biophysical neuron simulation
[6]

Parameterization Many, often unknown parame-
ters per neuron, “the curse of
dimensionality” [1]

Fewer parameters per neuron

Spatial Structure Can be spatially extended,
with detailed morphology.
Morphology affects firing
patterns [38]

Point-like

Internal state Complex spatiotemporal pat-
terns

Weighted sum of local inputs

Plasticity Local synaptic, axonal, and
morphological cellular plastic-
ity.

Connection weights are ad-
justed through algorithms
reaching across the entire
network. Many nodes.

Machine learning? not yet, progressing rapidly YES!

Table 1: Biophysical neuron models vs. nodes (a.k.a. neurons) in artificial neural
networks: A by-no-means-definitive comparison of single-cell biophysical neuron models to the
nodes—called neurons as well—in artificial neural networks. By necessity, this table paints with a
broad brush. (*The analog models are usually simulated on digital computers.)
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Abstract

Two features common to diverse sick excitable cells are “leaky” Nav channels
and bleb damage-damaged membranes. The bleb damage, we have argued,
causes a channel kinetics based “leakiness.” Recombinant (node of Ranvier
type) Nav1.6 channels voltage-clamped in mechanically-blebbed cell-attached
patches undergo a damage intensity dependent kinetic change. Specifically, they
experience a coupled hyperpolarizing (left) shift of the activation and inactiva-
tion processes. The biophysical observations on Nav1.6 currents formed the
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basis of Nav-Coupled Left Shift (Nav-CLS) theory. Node of Ranvier excitability
can be modeled with Nav-CLS imposed at varying LS intensities and with
varying fractions of total nodal membrane affected. Mild damage from which
sick excitable cells might recover is of most interest pathologically. Accord-
ingly, Na+/K+ ATPase (pump) activity was included in the modeling. As we
described more fully in our other recent reviews, Nav-CLS in nodes with pumps
proves sufficient to predict many of the pathological excitability phenomena
reported for sick excitable cells. This review explains how the model came about
and outlines how we have used it. Briefly, we direct the reader to studies in
which Nav-CLS is being implemented in larger scale models of damaged
excitable tissue. For those who might find it useful for teaching or research
purposes, we coded the Nav-CLS/node of Ranvier model (with pumps) in
NEURON. We include, here, the resulting “Regimes” plot of classes of
excitability dysfunction.

Keywords

Bleb ! Ectopic ! Excitability ! Hyperpolarizing shift ! Leaky sodium channels !
Left shift ! Membrane damage ! Mild injury ! Modeling

1 Introduction

Excitable cells express voltage-gated sodium channels (Nav) or in some cases
voltage-gated calcium channels that enable them to create and propagate the
voltage spikes known as action potentials (APs). For reasons that long seemed
obscure, many pathological conditions that involve excitable cells included, in the
list of malfunctioning parts, “leaky sodium channels.” In recent reviews we have
labeled such cells “sick excitable cells” and have argued that the acquired sodium
channelopathies noted under these conditions almost certainly arise from the widely
reported but otherwise rather overlooked bleb damage inherent to the various
disease states. Specifically, it would be bleb damage to the Nav-bearing membranes
that is critical for sick excitable cells (Morris et al. 2012a, b; Morris and Joós 2016).
The damage can result from mechanical trauma (and the attendant intra-tissue shear
stresses), ischemia, inflammation, excitotoxicity, or other conditions. Blebbing of
the Nav-bearing membrane would occur progressively as, progressively, the fila-
mentous web of actin-spectrin cytoskeleton became detached from the inner bilayer
leaflet.

In ways that are only partially understood, the adherent cortical cytoskeleton
contributes both to trans-leaflet asymmetry of healthy membranes and to their
dynamic lateral non-random heterogeneous organization (Sheetz et al. 2006).
Ischemia and inflammation lead to excessive cytoplasmic calcium, thereby
hyperactivating enzymes that hydrolyze the cytoskeleton. Shear forces, by contrast,
would act directly to produce detachments. The living healthy plasma membrane
features not self-organized bilayer, but rather, a bilayer whose molecular structure
is cell-mediated. Presumably there is a continuum between the high-entropy “self-
organized” state of the outright membrane blebs observed sloughing off sick
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excitable cells, and the light-microscopically invisible incipient state of blebbing.
As depicted in Figure 1, atomic force microscopy probing cortical neurons
subjected to excitotoxic stimuli (Zou et al. 2013) suggests that during the course
of blebbing, where conditions cause osmotic swelling, elevated far-field tension
could be expected in the blebbed Nav-bearing membrane.

Experiments on recombinant Nav channels heterologously expressed in Xenopus
oocytes established connection between mechanically imposed membrane damage
and changes in the kinetics of the Nav channels. Channel activity was monitored as
macroscopic current in cell-attached patches. The effect of membrane damage first
became evident for Nav1.4 channels (Tabarean et al. 1999; Shcherbatko et al.
1999), but the irreversibly changed Nav channel kinetics observed in those
experiments were not, at the time, attributed to the bleb damage per se. Subsequently,

Fig. 1 Cartoon depictions of bleb damage developing in Nav-bearing plasma membranes.
(A) Depiction of an atomic force microscopy experiment that tests the mechanical state of an
excitable cell’s surface/subsurface region before and after a bleb-inducing insult (Zou et al. 2013)
(ii). A neuron cultured on astrocytes is depicted with a ~20 μm sphere whose maximum displace-
ment is outlined. Excitotoxicity was mimicked with glutamate and Nav channel agonists that
dissipate [Ca2+] and [Na+] gradients. Neurons inflate on exposure to hypotonic medium and to
excitotoxic agonists. (ii) Early and late expected states of an enlarged neuron exposed
to excitotoxic agonists is depicted: at left, once the initial channel-mediated Na+ influx
and osmotically-obligated H2O has hydrostatically inflated the neuron (countered to some extent
by Ca2+-mediated actomyosin contractility), and at right, after Ca2+-toxicity has damaged the
previously adherent (and contractile) neuronal membrane skeleton, allowing the plasma mem-
brane to bleb pathologically. The bilayer in (A) is depicted by a simple line but the adjacent
cartoon, (B), highlights some key changes that would be occurring in Nav channel bearing
membranes as it went from healthy to blebbed (from Morris and Joós 2016). (C) depicts a cell-
attached patch (blue (gray in print versions) is pipette walls) with extracellular, cytoplasmic, and
membrane disruptions expected after a gigaohm-seal is gently formed (top) then after milder
(middle) and more severe (bottom) bleb damage has occurred due to pipette aspiration. Bilayer
structure denatures relative to its intact plasma membrane state, but membrane proteins (green
arrow-tipped lines (light gray in print versions)) do not denature. In the case of Nav channels, a
fully functional, inherently mechanosensitive voltage-gated channel finds itself in a bilayer whose
mechanical state (see discussions of a bilayer’s lateral pressure profile in Finol-Urdaneta et al.
2010) undergoes a major change between the healthy and fully blebbed state.
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Wang et al. (2009), doing similar experiments with Nav1.6, made the connection.
They also distinguished between the large irreversible changes in Nav kinetics that
were attributed to irreversible changes in membrane structure and the small (but
qualitatively similar) reversible kinetic changes that arise from reversibly increased
far-field membrane tension (far-field tension is used here to make it clear that we refer
to a Hookean-like bilayer tension and not an interfacial surface membrane tension).
Wang et al. (2009) also performed whole cell trauma experiments; Nav1.6-expressing
mammalian cells subjected to traumatic-type stretch were found to exhibit a
TTX-sensitive Na+-leak. Here, our intent is to review the irreversible Nav channel
kinetic changes associated mechanically induced bleb-damage, and to review our
modeling of those changes in cellular contexts.

The Wang et al. (2009) patch clamp experiments form the basis of the model
discussed in this review, i.e., coupled left shift (or CLS), whose properties and
predictions were first presented in Boucher et al. (2012) then further explored in
Yu et al. (2012) and by Lachance et al. (2014). As Morris and Joós (2016) have
repeatedly emphasized, the biophysical link between blebbing and Nav
channelopathy revealed by the work of Wang et al. (2009) would benefit from
further experimental lines of inquiry. The issue that specifically needs to be
addressed is whether it is indeed blebbed Nav-bearing membrane that should be
the therapeutic target for addressing pathologies arising from abnormal Nav kinet-
ics in sick excitable cells.

2 Experimental Basis of the Nav-CLS Model

The predominant Nav channels at nodes of Ranvier and in the distal regions of axon
initial segments are Nav1.6 channels. Because Nav channel blockers are protective
in cell and tissue models of mechanical, ischemic, inflammatory and other injuries,
it is understood that these white matter Nav channels become lethally leaky under
pathological conditions. Fast-mode gating dominates in Nav1.6 and their response
to progressive bleb damage turns out to be straightforward. Reversibly applied
pipette suction (“aspiration”) yields irreversible and approximately equal hyper-
polarizing shifts of the equilibrium conductance g(V ) and availability (V) as a
function of the membrane voltage V. In Wang et al. (2009) (Fig. 2; Fig. 2B in Wang
et al.), those quantities are shown for “pre-stretch” membrane patches and the
“post-stretch” membranes. On average the cumulative applied suction produced
~20 mV of hyperpolarizing (or “left”) shift. The rising curves were obtained by
stepping from Vhold ¼ #110 mV to the test potential. The g(V ) curve is obtained
from the normalized peak current observed at the potentials along the X-axis. At
left are Nav availability curves. From Vhold the voltage was stepped for 210 ms to
the voltages on the X-axis (210 ms is more than sufficient for fast inactivation to
equilibrate) and then for 10 ms to the test voltage (0 mV) to assess availability based
on peak current.

Direct evidence that both activation and fast inactivation kinetics simply “left-
shift” due to membrane damage is shown in Fig. 3 (see legend) with the most
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straightforward observations presented in the bottom section (v). Here, INa(t) time
courses before and after stretch at several voltages are shown for one particular cell-
attached oocyte patch. Fortuitously, for this patch stretch damage produced a left-
shift of exactly 20 mV. Since Nav currents were assessed at 5 mV intervals, this
meant that the 20 mV left shift corresponded precisely to a membrane potential
tested before and after application of membrane-traumatizing suction (stretch).
Note how currents post-stretch overlap completely (over the whole activation and
inactivation time course) with amplitude-normalized pre-stretch currents obtained
at voltages 20 mV more hyperpolarized. This shows that after irreversible damage,
both activation and inactivation are irreversibly accelerated to the same extent. Part
A (i, ii) of Fig. 3 (a different patch) illustrates pre- and post-stretch currents at 0 mV
in a patch whose inactivation time constant (fits not shown) shifted leftward by
16 mV. Parts iii and iv show traces for a given patch that is stepped to#15 mV pre-
and post-stretch; when the currents are amplitude normalized, the slower
(pre-stretch) current can then be rescaled in the time domain till it completely
overlaps. This double-rescaling is another direct way in which coupled-left shift
manifests itself. Figure 3B i, ii shows data from two other patches in which the
observed irreversible left-shift was, fortuitously, an almost exact multiple of 5 mV
(i.e., 10 and 35 mV). In the Hodgkin-Huxley formulation, fast inactivation is
explicitly described as an independently voltage dependent process (i.e., it is not
kinetically coupled to activation, unlike in real Nav channels; see Banderali et al.
2010 and see discussions in Morris and Joós 2016) and so the “double-rescaling”
procedure does not work. However, for our modeling purposes, the consequences of
this Hodgkin-Huxley departure from reality are trivial.

In some experiments irreversible stretch induced damage was taken to a point at
which no further irreversible left shift occurred (this was closer to 30 mV than the
~20 of Fig. 2; approaching the “saturation” point makes membrane rupture very
likely, so this was avoided usually; the ~20 mV average coupled left shift of Fig. 2
therefore underestimates left shift for these channels in fully blebbed membrane).

1.0

0.8

0.6

0.4

0.2

0.0

−120 −100

post-
stretch

pre-
stretch

post-
stretch pre-

stretch

−80 −60

Conditioning or test potential (mV)

N
or

m
al

iz
ed

 p
ea

k 
cu

rr
en

t
−40 −20 0

Fig. 2 Coupled-left shift
(Nav-CLS). After traumatic
membrane stretch, the
kinetics of recombinant
Nav1.6 channels expressed in
oocytes are irreversibly
changed. They undergo
irreversible hyperpolarizing
shifts of activation and
steady-state fast inactivation
(availability) as explained in
the text. From Wang et al.
(2009) where experimental
details can be found
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Once “saturation” was achieved in these few experiments, it was possible to test
effects of reversibly increased membrane tension. In other words, mechanosensitive
(MS) gating changes could be tested. They amounted to at most a few mV of

Fig. 3 Cell-attached patch clamp currents from Nav1.6 channels before and after traumatic (bleb-
inducing) membrane stretch. The Nav CLS theory is based on data such as that in (A) i-v and in
(B) i,ii, as explained in the text. From Wang et al. (2009) where experimental details can be found
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reversible coupled left shift (this has been explored more fully in Nav1.5 channels;
see Morris and Juranka 2007; Banderali et al. 2010 and the references therein). The
fact that these reversible MS changes are qualitatively identical to the larger
irreversible changes associated with blebbing suggests the following: from the
point of view of the Nav channel’s kinetic behavior, a bleb damaged membrane
“looks and feels” like a bilayer that has been made to thin due to imposed stretch
(for more detail and discussion see Morris and Joós 2016; Morris et al. 2012a, b).
We have no information on whether blebbing Nav-bearing membrane in sick
excitable cells is ever at a sufficiently elevated membrane tension to produce
appreciable MS kinetic changes. We suggest, however, that even if some blebs
are at elevated tension (as was suggested for the earliest stages of excitotoxicity
(Fig. 1A ii)), this would be almost certainly be irrelevant since bleb damage itself
impacts Nav channel gating more strongly in a kinetically identical manner.

3 The Coupled Left-Shift Model (CLS)

The experiments of Wang et al. (2009) justify a mathematically simple model of
damage to nodal Nav channel function in which the kinetics are simply left-shifted
by a constant voltage which we call LS and that will become a measure of the
damage (Boucher et al. 2012; Morris et al. 2012a, b). As both activation and
inactivation shift by the same amount, the model was called the coupled left-shift
(CLS) model. (For discussions of the likely molecular basis of this coupling, see
Banderali et al. 2010 and Morris and Joós 2016.) The voltage Vm in all expressions
of the kinetics of the intact Navs is simply replaced by (Vm + LS) for the Navs in the
damaged regions of the membrane.

An action potential (AP) represents a spike in the plasma membrane potential.
The plasma membrane’s lipid bilayer is assigned a capacitance per unit area of
1 μF/cm2. The healthy node of Ranvier is, most of the time, in a quiescent state of
readiness for firing (at its resting potential, Vrest) with the membrane conductance
dominated by non-specific leak conductance (gL). For computational purpose the
reversal potential of gL is set at a potential somewhat more depolarized than EK.
There is a low internal (axoplasmic) [Na+] and a high external [Na+], and vice versa
for [K+]. Depolarization of the membrane potential Vm ¼ Vin # Vout occurs when,
for example a brief stimulus such as an injected current triggers Nav channels to
open and support a Na+ influx. With a brief delay, this depolarization next triggers
the opening of voltage-gated K+ channels (Kvs). The resulting outflow of K+ drives
Vm back in the hyperpolarizing direction and eventually Vm returns to Vrest. Homeo-
stasis is either assumed in the CLS models that will be discussed (fixed values
for the Na+ and K+ reversal potentials) or is explicitly included as a process by
mathematically depicting the Na+/K+ ATPase (pumps) that continuously remove
3 Na+ from the cell and bring in 2 K+ per ATP consumed.

To explore qualitatively how LS might affect the excitability of nodes of
Ranvier, we use the Hodgkin-Huxley (HH) model (Hodgkin and Huxley 1952) to
model the Navs, Kvs and leaks, but similar calculations could be carried out using
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other kinetic models. Pumps are included in much of our modeling, and for this
Michaelis-Menten kinetics are used in the manner outlined by Läuger (1991).
Adding the pumps acknowledges the impact of extended AP firing on excitable
systems as they contend with ion homeostasis of their finite internal and external
volumes.

Using the convention that ion current is positive when cations are outflowing, the
differential equation governing the rate of change of Vm (written for simplicity V ) is
given by:

C
dV

dt
¼ #INa # IK # IL þ Istim, ð1Þ

Note that positive ion current hyperpolarizes Vm whereas negative ion current
(e.g., an inflow of Na+ ions) depolarizes Vm. In Eq. (1) INa flows through Navs and
IK through Kvs. IL is the leak current and Istim the injected external stimulus that,
typically, is used to depolarize the membrane enough to elicit an AP.

Dividing both sides of Eq. (1) gives dV/dt¼ the sum of the 4 currents divided by
C; solving this differential equation yields V(t), which, when all is well, takes the
form of an AP. Since there is no analytical solution for dV/dt, numerical methods
are used.

Expressions for each ion current and their kinetics are:

INa ¼ gNa V # ENað Þ, where gNa ¼ !gNam
3h ð2Þ

IK ¼ gK V # EKð Þ, where gK ¼ !gKn
4: ð3Þ

!gNa and !gK are the maximal conductances of the Nav and Kv channels, respectively;
ENa and EK are the Na+ and K+ reversal potentials, respectively. The non-
dimensional gating variables j ¼ m, h and n evolve with time according to:

dj

dt
¼ αj 1# jð Þ # βjj ð4Þ

Each gating variable j has voltage dependent forward (αj) and backward (βj)
rates. The variable m monitors the activation of the Nav channel whereas
h describes the availability of the channel such that m3h is the fraction of the full
conductance or the open probability for the channel population. Nav channels
inactivate quickly (~1 ms).

αm ¼ 0:1
V þ 40ð Þ

1# exp # V þ 40ð Þ=10½ ( , ð5Þ

βm ¼ 4exp # V þ 65ð Þ=18½ (, ð6Þ
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αh ¼ 0:07exp # V þ 65ð Þ=20½ (, ð7Þ

βh ¼
1

1þ exp # V þ 35ð Þ=10½ ( : ð8Þ

The Kvs, which exhibit no inactivation (at least, not on the time scale of APs)
have a steady-state open probability given by n4. The forward and backward rates of
change for this variable are given by

αn ¼ 0:01
V þ 55ð Þ

1# exp # Vþ55
10

! " and βn ¼ 0:125exp #V þ 65

80

# $
ð9Þ

Details of the kinetics can be seen in Sterratt et al. (2011).
A damaged node may have a population of Navs with a distribution of LS values.

The kinetics of a Nav with a left shift of LS is modeled simply by replacing in
Eqs. (5)–(9) V by V + LS. If we suppose that the node is comprised of N fractions fi
of Navs with left-shifts LSi then with activation variables mi (i ¼ 1, 2,. . .N ) and
inactivation variables hi (i ¼ 1, 2,. . .N ), the total Nav current will be given by Yu
et al. (2012):

Fig. 4 Coupled left-shift (CLS) with LS ¼ 20 mV in the Hodgkin-Huxley formulation. (A)
Equilibrium values of activation (m3 (V )) and inactivation (h(V )) variables for intact membrane
(black) and after a 20 mV left-shift (gray). (B) The steady-state open probability, m3h, of the intact
and 20 mV left-shifted condition. Current flowing through the displaced window conductance
would constitute a “Nav-leak.” Note that the “window conductance” magnitude is greater at
voltages nearer to normal Vrest and less at 0 mV (vertical line and circles). For further explanation,
see Boucher et al. (2012)
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INa ¼ gNa Vm # ENað Þ, where gNa ¼ !gNa
XN

i¼1
f imi

3hi and
XN

i¼1
f i ¼ 1 ð10Þ

Figure 4 shows the impact of LS on the kinetics of a channel. The equilibrium
(t!1) values of the kinetic variables m and h shift by LS (Fig. 4A), leading to a
shift in the equilibrium open probability of the channel (Fig. 4B). Consequently, the
so-called window conductance operates at voltages too near the normal Vrest

(#65.5 mV in Boucher et al. 2012). This constitutes “leaky Nav channels.” A
further outcome is a reduced steady-state INa at depolarized voltages (e.g., at 0 mV,
as highlighted in the figure). We stress this point: when fast-mode Nav channel
activity is responsible for “Nav leak,” a decrease in steady-state INa near 0 mV is
expected, not an increase.

The consequences of such shifts are examined next. The increased leakage near
Vrest will tax the node requiring increased energy input to maintain the node in a
resting homeostatic state. We will examine these effects when we introduce pumps.

4 CLS in a Node with Two Nav Populations (Intact
and Damaged) and No Pumps

To gain insight into the effect of LS on nodal excitability we consider the simple
case of two sub-populations of Nav channels, a left-shifted one with f1¼ AC and an
intact one with f2 ¼ 1#AC (AC stands for “affected channels”). For parameters
given in Boucher et al. (2012) Fig. 5A shows the impact of LS with perfect
homeostasis assumed (i.e., Nernst potentials kept constant). Mild damage renders
the node more excitable (“hypersensitive,” regime a), lowers the threshold for
initiating APs, and increases the frequency of firing. As LS increases, the node
will begin to fire ectopically (i.e., without stimulus). In this idealized (perfect homeo-
stasis) situation, the regime plot shows a large “zone” of tonic firing (regime b) and
clearly, when a node is firing tonically, this is definitely not mild injury. Inspection of
the regime plot shows that the mild damage regime (hypersensitive but not ectopically
firing, regime a) corresponds either to any sufficiently small LS (zone along the
X-axis) or to large LS/small AC (zone along the Y-axis) (see Fig. 5A). As LS and
AC values push the system into the tonic firing regimes (b and c), the node also
experiences increasingly greater difficulty responding to an imposed stimulus (see
traces for b and c): from the V(t) traces, zone b fires tonically but zone c exhibits
depolarizing block. Regime d no longer shows tonic firing and is inexcitable. Note that
the set of V(t) traces illustrated are all for AC ¼ 1 (all channels affected). AC ¼ 1
would presumably correspond to the patch clamp experiments of Fig. 3. To provide
some perspective, recall that there we saw Nav1.6 channels in damaged membranes
exhibiting shifts of 16 and 20 mV. In the CLS model (for AC¼ 1), depolarizing block
occurs around LS¼ 17mV and total inexcitability near 19 mV. Experimentalists need
to bear in mind the following: mild damage, though pathologically critical, would
likely be extraordinarily difficult to measure biophysically. However, if CLS underlies
pathological Nav leaks, mild and severe damage represent quantitatively but not
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Fig. 5 Nav-CLS excitability regimes without and with pumps. (A) (without pumps) Computed
excitability with Nav-CLS injury, as labeled. Regime plots are alluded to in the text. In voltage
plots, dashed lines indicate 0 mV. (B) (with pumps) Na/K pumps are included with a surface s to
inner volume voli ratio, 20 cm

2/μL, small enough to observe neuropathic behaviors over conveniently
short simulation times. This ratio was used in Boucher et al. (2012), Yu et al. (2012), and Lachance
et al. (2014). (Parameter Tables in Boucher et al. 2012 and Yu et al. 2012 have a typo: “m3” instead of
liters, L, for volumes. For all simulations here, voli ¼ volo ¼ 3 ) 10#15 L ¼ 3 ) 10#9 μL).
Figure modified from Boucher et al. (2012), as published in Morris and Joós (2016)
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qualitatively different states. For channel neuropharmacology, it would be valid to
study channels in severely damaged membrane even when the aim was eventually to
target channels in mildly damaged cells.

5 Excitability and CLS Damage in a Node with Pumps

When ion fluxes are described for finite volumes of nodal axoplasm and the external
volume, then whether a node is firing or quiescent, the ion gradients dissipate.
When they have fuel, Na+/K+ ATPase pumps continuously remove 3 Na+ from the
cell and bring in 2 K+ per ATP consumed to restore those gradients. In the
Michaelis-Menten model of pump action one ATP must be hydrolyzed for each
cycle of the pump. Three Na+ ions bind the pump protein from inside and move to
the external side and two K+ ions bind from the external side and move to the inner
side. Accordingly, Ipump depends on both [Na+]i and [K+]o. This is the basis of the
pump formulation given by Läuger (1991) and also used by Käger et al. (2000):

Ipump ¼ Imax pump 1þ KMK

Kþ½ (o

% &#2

) 1þ KMNa

Naþ½ (i

% &#3

ð11Þ

The Michaelis-Menten coefficients KMNa
and KMK

measure the efficiency of the
process on the two sides of the pumps. Imax pump is the maximal current generated
by the pump (to a first approximation it would correspond to the pump density), and
the Na+ and K+ currents flowing through the pump are INapump ¼ 3Ipump and
IKpump ¼ #2Ipump. To model the time evolution, these currents will have to be
added to Eq. (1) INapump + IKpump ¼ Ipump. To maintain homeostasis these will not
suffice because to ensure V ¼ const under rest (i.e., no stimulation) conditions,
pump leak currents associated with the two ions have to be included INaleak and
IKleak leading to a modified Eq. (1) governing the time evolution of the voltage:

C
dVm

dt
¼ #INa # IK # INaleak # IKleak # Ileak # Ipump, ð12Þ

where INaleak¼ gNaleak(V#ENa) and IKleak¼ gKleak(V#EK) (gNaleak and gKleak are
constants).

The ion fluxes across the membrane of the node of Ranvier lead to concentration
changes:

d Naþ½ (i
dt

¼ #
INa þ INapump þ INaleak
' (

A

FVoli
ð13Þ

d Naþ½ (o
dt

¼
INa þ INapump þ INaleak
' (

A

FVolo
ð14Þ
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d Kþ½ (i
dt

¼ #
IK þ IKpump þ IKleak
' (

A

FVoli
ð15Þ

d Kþ½ (o
dt

¼
IK þ IKpump þ IKleak
' (

A

FVolo
ð16Þ

where F is the Faraday constant, A is the surface area of the nodal membrane, and
Voli (or Volo) is the intracellular (or extracellular) volume of the node of Ranvier
under study (we take Voli¼Volo for simplicity). Ion concentration dynamics alter
the reversal potentials ENa and EK appearing in Eqs. (2) and (3). They obey the
Nernst equations:

ENa ¼ #RT

F
ln

Naþ½ (i
Naþ½ (o

and EK ¼ #RT

F
ln

Kþ½ (i
Kþ½ (o

ð17Þ

The key parameter determining the time evolution of the firing node is the
surface area (SA) to intracellular volume (voli) ratio r ¼ SA/voli. For a node of
Ranvier of length 1 μm and radius 1 μm this would give r ¼ 0.5 ) 106 m#1, but, in
reality the relevant intracellular volume includes not just the slice under the nodal
membrane but the full internodal volume, which for an internode, say, 1 mm, would
yield r ¼ 0.5 ) 103 m#1, i.e. a three orders of magnitude smaller. In Boucher et al.
(2012) and subsequent papers (Yu et al. 2012; Lachance et al. 2014) r was set at
2 ) 106 m#1 to allow the different regimes of excitability to be investigated with
reasonable computational resources. (As an aside, Boucher et al. (2012) errone-
ously gave the intracellular volume as 2 ) 10#15 m3 instead of 2 ) 10#15 L.)
Consequently, the pathological changes noted in Boucher et al. (2012), Yu et al.
(2012), and Lachance et al. (2014) reveal themselves more quickly than would be
expected in reality. Importantly, however, the choice of volumes affects only the
time scales of these slow changes and not the behaviors per se. For the resulting
computations, Fig. 5B shows different patho-excitability regimes for an excitable
system that pumps ions in and out of finite volumes at it attempts to maintain ion
homeostasis (Boucher et al. 2012). The difficulty of maintaining ion homeostasis
increases as values of LS and AC increase. With ENa and EK free to vary, the
excitability regimes are different as seen by comparing Fig. 5A, B. In Fig. 5B, with
AC ¼ 1, increasing LS yields a range of behaviors. Mild injury elicits transient
firing (just after the injury is imposed) but the mildly injured system then relaxes
into a new quiescent (albeit hyperexcitable) state as homeostatic pumping catches
up. With deeper injury there is ectopic firing, first in the form of periodic bursts then
tonic firing, then mini-bursts or subthreshold bursts, and finally a quiescent state
that is unexcitable.
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6 CLS-Induced Pathological Activity for Realistically
Complex Membrane Damage

The previous sections showed different regimes of excitability for nodes with a
fraction of the Nav population suffering an LS. Even though a rich range of
behavior was observed for mildly damaged nodes, real nodes would probably
experience more complex damage patterns. In general, the regimes described
above should still be relevant, but important pathological nuances could be
overlooked. As an example of somewhat more realistic complexity, consider
distributions of Nav population that combine both mild damage (LS ¼ 2 mV) and
heavy damage (LS> 20 mV). One such situation was examined in Yu et al. (2012).
Nodes were given three Nav populations (LSi ¼ [26.5, 2.0, 0] mV and fi ¼ [0.2,
0.08, 0.72]) where fI with i ¼ 1, 2, or 3 is the fraction of the node with left shift LSi
(the Hodgkin-Huxley curves are given in Fig. 6B) and the resulting “window

Fig. 6 Transitions between STO and burst behaviors. (A). Upper: V (black solid line) at an injured
node and the varying EIon (ENa and EK; blue dotted lines). Three gNa populations were used:
LSi ¼ [0, 2, 26.5] mV and fi ¼ [0.72, 0.08, 0.2] with Voli ¼ Volo ¼ 10#15 m3. Initiation and
termination times of a burst of spikes (pink star, green dot, respectively) are used in Fig. 7. Lower:
corresponding Na+ currents, as labeled. (B). Equilibrium values of the Nav kinetic constants for
the three LS values in (A). (C) Window current for node producing bursts in (A) compared with
intact node (from Yu et al. 2012)
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conductance” is shown in Fig. 6C. We will discuss this case in some detail as it
produces a pattern of behavior (i.e., Vm(t)) as per Fig. 6A i that is prevalent in
neuropathic firing, i.e., irregularly spaced bursts of APs followed and preceded by
subthreshold oscillations (STOs). Also shown is the changing Nav channel INa and
a small pump INa in Fig. 6A ii. This simulation starts with the Na+ and K+ gradients
at their maximum values (mimicking the time point immediately after an injury).
Because of the damage, the node fires spontaneously, and as seen, the gradients start
to deplete at a steeper pace. When depletion exceeds a certain point, the ectopic APs
cease but, stimulated by the left-shifted window current (see Fig. 6B; the leftmost
“shoulder” is critical here), the node produces subthreshold oscillations (STOs).
Nav channel kinetics are responsible for STO frequency, but since they are
associated with a reduced INa compared to actual APs, pumps are slowly able to
restore the ion gradients. As this occurs, STOs decrease in amplitude. However, the
interplay of Nav leak and pump current is such that the “leaky” window current
eventually causes STOs to grow again and then a new ectopic AP burst occurs.

7 Dynamical Analysis of Ectopic Bursting

Performing a dynamical analysis of a Nav-CLS damaged node with mild damage
and well-functioning pumps allows one to examine how the slow relentless activity
of the pump interacts with the high speed non-linear kinetic properties of the AP
producing channels.

Given the set of variables used for the injured system, a particular state of
excitability is associated with each pair of ENa, EK values (see Fig. 5D in Yu
et al. 2012). A bifurcation analysis (Fig. 7) shows how, during one ectopic burst
cycle, the node goes into a spontaneous firing state, then becomes bistable, a state
from which the node will switch (via a Hopf bifurcation) to a lower amplitude
oscillation, then finally enter a quiescent state. It will then return via a similar
pathway to the spontaneous firing state.

8 Saltatory Propagation in Axons with Mildly Damaged
Nodes

The discussion thus far has concerned a single node’s excitability, but damaged
nodes also affect saltatory propagation of APs as shown by Boucher et al. (2012).
With an emphasis largely on mild damage, Lachance et al. (2014) delved further
into how CLS affects propagation, this time including the pump. For saltatory
propagation each internode is represented as a single ohmic conductance κ linking
two consecutive nodes of Ranvier (Ochab-Marcinek et al. 2009), on the assumption
that myelinated internodes have negligible capacitance. The value of κ is chosen to
ensure one-to-one propagation across the internode. Using a 10-node myelinated
axon model, Lachance et al. (2014) found that quiescent, fully restabilized nodes
with mild CLS damage eventually start firing ectopically if repeatedly stimulated
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Fig. 7 Burst dynamics explained with three-dimensional Vm trajectories and bifurcation diagrams
(for bursts in Fig. 6). Note: X-axis scales are different in each plot. (A) The first burst of APs,
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by incoming APs (see Fig. 1 in Lachance et al. 2014). This outcome suggests a
straightforward explanation for the well-known need to provide a relatively long
low-input recovery time (i.e., stimulation of damaged tissue kept to a minimum) for
those who have suffered mild traumatic brain injury.

Saltatory propagation simulations revealed another interesting phenomenon.
APs can propagate with good fidelity through ectopically firing nodes, provided
the frequency of the incoming APs exceeds the intrinsic frequency of the damaged
node (i.e., the ectopic firing frequency of the damaged node in the absence of a
stimulus). Under these conditions, the ectopic node locks its output to the frequency
of the incoming stream of APs. The window of reliable propagation is robust in that
it functions even when there are several consecutive ectopic nodes and even with a
high level of temporal jitter in the incoming train of APs.

9 Sick Excitable Cells and Nav-CLS in Other Modeling
Contexts

Various aspects of neuropathological excitability linked to neuropathic pain, epi-
lepsy, and so on have been addressed computationally (e.g., Rotstein et al. 2006;
Cressman et al. 2009; Barreto and Cressman 2011; Prescott et al. 2006; Coggan
et al. 2010, 2011; Käger et al. 2000; Kovalsky et al. 2009 for dorsal root ganglion
neuronal dysfunction; Choi and Waxman 2011) and discussed previously (Boucher
et al. 2012; Yu et al. 2012). These works focus on simulating particular

!

Fig. 7 (continued) plotted in Fig. 6A as a function of time is plotted here in 3-D as a function of
ENa and EK (blue arrow: direction of Vm trajectory). (B) The dynamical analysis of the system’s
transition (a bifurcation) from bursting to STOs is visualized as a diagram of the membrane
potential excursions as a function of ENa with fixed EK and Ipump values measured at the pink star in
Fig. 6A (the beginning of bursting). Such a diagram is known as a bifurcation diagram. At the pink
star value the only stable solution is a periodic orbit. The pink oval loop corresponds to one cycle
or one AP. Although in reality EK also depolarizes, the graph shows how during a burst the ENa

decline shifts orbits leftward into the bistability regime (pink area) where two stable solutions
exist. The point where a periodic orbit appears or disappears through a local change in the stability
properties of a steady point is known as a Hopf bifurcation (HB). To get a more accurate
representation of what happens at the transition, the analysis is repeated in (C) with the EK at
the green dot. (C) Bifurcation diagram for the fixed EK and Ipump values at the green dot in (A). For
ENa at the green dot value (37.27 mV), the system (large green dot) is within the bistability regime
(green area). Vm, attracted by this fixed point, has STOs until ENa through the action of the pumps
increases beyond the HB point and superthreshold-oscillations (APs) return. The PD region
corresponds to period-doubling bifurcation (not attained during the bursting cycle). (D)
Two-parameter bifurcation diagram for EK and ENa. Pink solid and dashed curves represent LP
(saddle-node bifurcation) and HB, respectively, when Ipump is fixed as in (B). The green solid,
dashed, and dash-dotted curves represent LP, HB, and PD, respectively, when Ipump is fixed as in
C. With varying Ipump the bistability regime shifts from the pink to the green area (the zone with
both colors is the overlap of these two areas). The gray area between two green dash-dotted curves
is a zone with PD bifurcations. The black loop shows EK and ENa orbits during a burst (from Yu
et al. 2012).
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dysfunctions. As such they would not necessarily provide a more general nor cell
biophysically grounded theory for dysfunctional excitability in sick excitable cells.
Nav-CLS makes this connection by virtue of the commonality of bleb damage.

Jérusalem et al. (2013) incorporated Nav-CLS plus left shift of Kv activation
into a multiscale model of injury to myelinated axons. Pumps were not included but
in recognition of impaired ion homeostasis, EK and ENa values are moved toward
0 mV.

The Nav-CLS model has been applied in several contexts related to traumatic
brain injury by Volman and Ng (2013, 2014, 2016). Most recently, with Ng et al.
(2017) they have embedded CLS in the “mechanistic end-to-end concussion model
that translates head kinematics to neurologic injury.”

The involvement of neural, glial, and extracellular volume changes in dysfunc-
tional excitability as it relates to spreading depression has been addressed compu-
tationally (Hübel and Dahlem 2014; Hübel and Ullah 2016). For cells like glia with
a substantial anion conductance, including anion fluxes is mandatory. CLS, having
been designed around neurons whose resting conductances are not anion based,
lacks this feature, but some excitable cells have a resting anion conductances that
would certainly need to be taken into account. Skeletal muscle cells and the
electrocytes of various electric fish are cases in point. Ma et al. (2017) recently
elaborated on dynamical issues emerging from Nav-CLS injury in excitable cells.
Since their dominant interest is skeletal muscle malfunctions such as myotonia,
their system could be a good platform for linking Nav-CLS to the volume regu-
latory and electrophysiological consequences that arise when anion fluxes are
critical to the homeostatic processes.

10 The CLS Model Within NEURON, the Simulation
Environment

As a simple tractable model of node damage, the CLSmodel is suitable for studying
the impact of bleb damage beyond a node or series of nodes. A widely used
computer environment to study neurons and networks of neurons is NEURON
(www.neuron.yale.edu). NEURON was used to produce Fig. 8 which completes
the regime diagram of Fig. 5B. Unlike for 5B, the responses to stimulation were
tested for the part of the system corresponding to a quiescent membrane. The blue,
orange, and yellow regimes represent ectopic spontaneous activity.

Nav CLS could also be adapted in the NEURON environment for regions of
excitable membrane that express multiple kinetic types of Nav channels. Examples
would include axon initial segments (Duménieu et al. 2017) and nociceptive nerve
endings (Choi and Waxman 2011).
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11 Conclusion

Inappropriately active or “leaky” Nav channels are treacherous. For clinical use,
Nav channel antagonists are typically designed to target channels over-active in
their slow gating mode, but the clinical efficacy of such drugs for ameliorating sick
excitable cell dysfunction has been disappointing (Morris et al. 2012a, b; Morris
and Joós 2016). It is well known that when a slow mode Nav leak (often referred to
as excess “persistent current”) develops, INa near 0 mV increases. In sick excitable
cells however, we suspect that CLS underlies “leaky Nav channels” and if so, then
the leaky channels are gating in fast, not slow mode. As Fig. 4 shows, where CLS-
based “Nav leak” develops, a decrease (NOT an increase) in steady-state INa near

Fig. 8 Regimes of CLS obtained using NEURON Regimes of CLS induced activity for a system
in which the pump remains active (damage notwithstanding) calculated for the same parameters as
in Fig. 5B but using the NEURON computing environment (ModelDB). For the Quiescent
regimes, excitability was tested (not shown) using a constant depolarizing Istim in the same manner
as in Fig. 5A (the no-pump situation). Responses to an Istim were not checked for the Spontaneous
regimes. In the Quiescent regimes linking the Hypersensitive and Inexcitable zones transitions I
and II does not yield normal trains of APs in response to Istim (the former yields complex patterns
of damped voltage oscillations and quiescence and the latter exhibits highly damped small
oscillations before returning to quiescence).
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0 mV is predicted. For neuropharmacologists, this electrophysiological feature is an
extremely important and straightforward practical tool arising from the CLSmodel.

More globally, several characteristics stand out with the CLS model. First is its
foundation upon biophysical experiments on Nav channels (Wang et al. 2009).
Second, a single parameter, the coupled left shift of the activation and inactivation
voltages of the Nav channels, characterizes the degree of injury to the affected
Nav-bearing membrane.

For those wishing to use the Yale University mathematical tool, NEURON for
computational modeling of sick excitable cells, we have now made Nav-CLS
available in ModelDB as described above.

The Nav-CLS model can be modified to achieve more realistic depictions in
various ways. For instance, damage intensity can be made to differ in different parts
of the excitable membrane using the fraction variable f. Complex damage situations
can then be generated by defining a set f i;LSif gN

i¼1. The underlying conductances
could be augmented by including a slow mode Nav with the ability to left shift with
damage and by also allowing the gK(V ) to left shift with damage.

A striking general outcome from our modeling to date is that mild CLS damage
has multi-faceted pathophysiologically realistic effects on excitability. CLS
(a rigorously observed phenomenon at the channel biophysics level (Wang et al.
2009)), has been deployed in systems that incorporate pumps, that exhibit current
noise, and that take into account the abnormal intracellular and extracellular
volumes that frequently accompany sick excitable cell conditions. With these
characteristics included, CLS is sufficient to robustly explain a plethora of known
but previously baffling sick excitable cell pathologies. CLS predicts hypersensitiv-
ity, ectopic tonic and burst firing, depolarizing block, complex subthreshold
oscillations, paroxysmal bursts of activity. There is no need to invoke the expres-
sion of new channels or to suggest that cell-mediated kinetic modulation of
channels must be occurring. CLS provides the only general theory we are aware
of to explain dysfunctional excitability in diverse sick excitable cells. Its power, we
suspect depends on the fact that CLS is not simply a kinetic theory, but one based on
observations about the physics of bleb damage.

In summary, bleb damage to Nav-bearing membranes is a widely recognized but
insufficiently studied feature of sick excitable cells that, in conjunction with
Nav-CLS theory, can explain much of the pathological excitability observed in
these cells.
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Figure 1: Graphical summary of Chapter 5 results. Here we connect the key
plots from Chapter 5 together in one figure. Starting from the upper left: FIG. 2(b),
FIG. 3, FIG. 1(a), FIG. 1(b), and FIG. 2(a) of Barlow et al. 2018 [2] (Section 5.3).
The phenomenological formula—Damage ∝ (𝐴𝐶 ⋅ 𝐿𝑆 + 𝛾Δ𝑇)—breaks down for 𝐴𝐶 ≲
0.2, or where the ectopic 𝐿𝑆-thresholds grow asymptotically.
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Unedited pages #3 & #5 from Barlow,
Joós, Trinh, and Longtin (2018)

For clarity, I made a cosmetic edit to the PDF copy of Barlow et al. 2018 [2] included
in Section 5.3 of the main text. The edit occurred in FIG. 1.(a) on page#136 and
FIG. 2.(a) on page#140—i.e. the third and seventh pages of Barlow et al. 2018,
respectively.
Both figures plot time series of the membrane potential (𝑉m) in three panels, however,
the timescale on the abscissa varies among the panels. Specifically, ∼ 200ms
of tonic firing is shown in the top panel of FIG. 1.(a) and the bottom panel of
FIG. 2.(a), whereas the other two panels in each figure span ∼ 120s.

• To help readers notice the shorter duration plotted with tonic firing, the ms–
timescale tick marks have their labels highlighted in colour on page#136 and
page#140.

• The original as-published figures are included in this Appendix, below.
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generic conditions, as LS increases, a bifurcation first occurs
from quiescence to a bursting firing pattern in which APs are
arranged in clusters separated by quiescent phases. The burst-
ing involves a rapidly firing phase, followed by a quiescent
phase, and the whole pattern repeats. As LS increases even
more, another bifurcation occurs, this time from bursting to
tonic firing. At this transition, the quiescent interval between
the clusters of spikes has shrunk such that only the rapidly
firing “tonic” phase remains. These bifurcations are summa-
rized in Fig. 1 for the more detailed HH model we present
below. It is in fact a phase diagram illustrating the position of
the tonic and bursting solutions in the two-dimensional sub-
space spanned by the LS parameter and the AC parameter that
quantifies the fraction of channels affected by CLS.

A dynamical analysis of these solutions and their bifurca-
tions at a single node of Ranvier was reported in Ref. 4. There,
a numerical bifurcation tool was used as well as a slow-fast
analysis: the fast sub-system generates the rapid limit cycle
associated with the spikes during the active phase of the burst,
while the dynamics of the Nernst potentials form the slow one
(see Sec. II). In the context of transmission down an axon,
CLS has negative consequences on information transmission,
especially at low frequencies.5 Bursting is also associated
with the presence of subthreshold oscillations, which have
been implicated in neuropathic pain, i.e., pain signals that out-
last the injury.6–8 In fact, it appears that the joint effect of such
oscillations and noise, associated with channel conductance
fluctuations and other sources of cellular stochasticity, pro-
duces firing patterns that highly resemble those seen in the
context of neuropathic pain.

These “injured” ectopic dynamics set the stage for
investigating the role played by temperature in injured cells.

Temperature (T) is part of the original HH formalism,3 which
includes a temperature factor in the equations for the three
gating variables: m and h for the voltage-gated Na+ channel
(or Nav), and n for the voltage-gated K+ channel (or Kv) (see
below). But the effect of temperature extends beyond simply
speeding up kinetics. It is generally assumed that increases in
temperature also lead to higher conductances and to stronger
ionic pump activity.9

If T is too high, the standard HH axon loses its abil-
ity to generate APs altogether, i.e., it undergoes conduction
block (see Ref. 10 for a more recent survey). In therapeutic
applications, it is also known that the ability of a neuron to
respond to high frequency biphasic stimulation is temperature
dependent.11 Beyond a certain threshold frequency, the nerve
conduction is blocked, but this threshold increases with tem-
perature. At some point, the smaller refractory period at higher
T loses to inactivation and repolarizing forces. But before this
point is reached, T changes can significantly alter firing pat-
terns. In the majority of cells in the CNS, this is bad news,
but for non-noxious thermoreceptors in the periphery as well
as in specialized areas of the CNS (hypothalamus), the varia-
tion in firing pattern encodes the information about T changes,
and the body can adapt by, e.g., sweating to remove heat or
shivering to generate heat.

It has been shown that, upon cooling a nerve, its axons
conduct more slowly. Given that there is already a distribu-
tion of propagation velocities due to heterogeneity in axon
diameters, the cooling will cause a bigger “dispersion” in time
delays of propagation down the nerve, as predicted in model
studies.12 One consequence of this enhanced temporal disper-
sion is thought to be the loss of synchrony of activation of
postsynaptic targets, with possible clinical manifestations.

FIG. 1. As the left-shift (LS) voltage increases, the system becomes ectopic. In (a), time series of the membrane potential are shown with all channels left-shifted
by the amount indicated; in other words, the fraction of affected channels (AC) equals 1. Damage increases from the bottom plot upward. The regime diagram
(b) features two boundaries. The lower boundary (dashed black line) is the bursting threshold. Below it, the node remains stable (quiescent regime). Above this
threshold, the node becomes ectopic: at first bursting spontaneously and then firing tonically above the upper boundary.
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FIG. 2. T-CLS: (a) As temperature is varied, the system moves from quiescent, to bursting, to tonic firing; at fixed left-shift (here LS = 3.0 mV, AC = 1). This
effect can be understood in terms of the regime diagram: Temperature moves the ectopic boundary. (b) The dashed and solid lines have the same meaning as in
Fig. 1(b). Temperature increases from the top downward.

have been chosen. For example, we could have decided to
calibrate our model at 37 °C. Given the dependence of the
Nernst potentials on absolute temperature, this simply implies
that we would have been working with slightly different ratios
of internal to external concentrations. We would expect qual-
itatively similar results to Fig. 2(b) by increasing/decreasing
the temperature by 5 °C.

The Nernst potentials are directly proportional to T as
we can see in their definitions above. Their increase with T
expresses the fact that the strength of the diffusion of the ions
to dissipate their gradients also increases with T. However, for
simplicity, the Nernst potential for the weaker leak current,
made up mostly of chloride, is given a T-independent value.
The same goes for the (weak) maximal leak conductance
gleak . The consequences of these choices are highlighted in
the Discussion section. Note that the magnitude of the Nernst
potentials is directly proportional to temperature, although
with temperature being in Kelvins, this is a limited effect for
5°-10° changes. However, their dependence on the effect of
T on ionic concentration ratios, due to the pump, is more
significant as we will see below.

As mentioned above, there is a more intimate link
between our CLS model and cold receptor models on which
our temperature analysis is built: both involve bursting oscil-
lations, and their associated subthreshold oscillations (see,
e.g., Refs. 20, 21, 26, and 29). However, there are some
important dynamical differences. Models of cold receptors
burst for a different reason than the CLS model above. They
typically possess an endogenous slow-wave oscillation that
causes parabolic bursting. The slow wave goes on even if
spikes are not present, a clear slow-fast decomposition of the
full dynamics. The cold receptor models burst due to a slow
subsystem that involves an inward current (such as persistent

Na+) and a slow subthreshold outward current. The latter,
although generally thought to involve K+, has been assigned
a more generic mechanism for its activation (see Ref. 26 and
references therein), or been given a specific calcium depen-
dence and accompanying calcium buffering dynamics.20,32 In
contrast, leaking Nav channels initiate ectopic firing in the
CLS model. This can lead to bursts because the slow dynamics
of the Na+/K+ pump struggle to restore ion gradients during
the active firing phase of ectopic firing. Thus, during the active
phase, the Nernst potentials become depleted, and firing stops
at some point; the gradients are restored by the pump dur-
ing this quiescent phase. This CLS burst oscillation does not
persist in the absence of firing.

All numerical integrations were carried out using the
NEURON simulation environment (www.neuron.yale.edu)
running on an Apple laptop computer. The code is based on
a Python script stored on ModelDB (http://modeldb.yale.edu/
234111).24 This code allows users to explore the phase dia-
gram in Fig. 1(b) by selecting (AC, LS) coordinates and
running simulations. NEURON’s built in adaptive time step
method (CVode) was used.

III. RESULTS

We will discuss the effect of temperature in terms of the
phase diagram of the original coupled left shift (CLS) model.
Figure 1(a) shows the behavior observed as the damage is
increased at a node with all Nav’s left-shifted. The node stays
quiescent for small damage up to a critical value, then as LS is
increased further the Na+ current flowing in triggers a burst of
APs which lasts for a finite time. In that phase, APs are pro-
duced spontaneously until the ion gradients are too depleted
to maintain firing with the stimulating INa current. As LS is
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