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Abstract

A novel approach to modelling highly compressible and reactive flows is formulated

to provide high resolution closure of turbulent-scale reaction rates in the presence of

very rapid transients in pressure and energy. For such flows, treatment of turbulent-

micro scales are generally unattainable through traditional modelling techniques. To

address this, the modelling strategy developed here is based on the Linear Eddy

Model for Large Eddy Simulation (LEM-LES); a technique which has only pre-

viously been applied to weakly compressible flows. In the current formulation of the

Compressible LEM-LES (CLEM-LES), special treatment of the energy balance on

the model subgrid is accounted for in order for the model reaction rates to respond

accordingly to strong shocks and rapid expansions, both of which may be present in

reactive and supersonic flow fields.

In the current study, the model implemented is verified and validated for various

1D and 2D flow configurations in a compressible Adaptive Mesh Refinement (AMR)

framework. In 1D test cases, laminar and turbulent flame speeds and structure have

been reproduced. Also, detonation speeds and initiation events are also captured with

the model. For 2D model validation, unsteady and turbulent detonation propagation

and initiation events, in a narrow channel, are simulated. Both test cases involve pre-

mixed methane-oxygen mixture at low pressures. The model is found to capture well

the two-dimensional detonation cellular structure, behaviour, and initiation events

that are observed in corresponding shock tube experiments. Furthermore, the effect

of turbulent mixing rates is investigated though a single tuning constant. It was found

that by increasing the intensity of turbulent fluctuations present, detonations exhibit

larger and more irregular cell structures. Furthermore, the intensity of turbulent

fluctuations is found to also have an effect on initiation events.
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Ḟ Turbulent stirring source term

f External force per unit mass

H Computational domain height

h Specific enthalpy

I Identity matrix

k Heat conductivity

Ka Karlovitz number

xvii



ksgs Subgrid kinetic energy

L Reference length scale

l Eddy size

Le Lewis number

m Mass or mass coordinate

M Mach number

N Number of subgrid elements

Nη Model constant
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Chapter 1

Introduction

1.1 Motivation

Supersonic combustion research is a fast growing field in engineering as there exists

a wide range of practical problems of engineering interest to study, from explosion

safety assessment to the development of propulsion technology. In this thesis, the role

of turbulent mixing, and the application of a novel modelling technique (Compress-

ible LEM-LES), is under investigation for several compressible turbulent combustion

problems that relate to gaseous explosion safety. The present work focuses primarily

on the rapid ignition of natural gas mixtures in the presence of strong pressure waves,

but is also motivated by rapid ignition of mixtures involving pure-hydrogen and air.

Of particular interest are the roles that turbulent mixing of burned and unburned

fuel has on the enhancement of combustion rates of compressed gas for potentially

dangerous scenarios, such as high speed deflagration propagation or detonation initi-

ation.

Focus in this particular area of research has become of vital importance in the wake

of a number of recent accidents involving compressed gases. Two well publicized in-

cidents, the Fukushima Daiichi nuclear disaster [1] and the Buncefield explosion [2],

highlight a major physical fundamental problem, which is not clearly understood; the

1
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Deflagration to Detonation Transition (DDT) phenomenon. For example, the explo-

sion in reactor unit 3 at the Fukushima nuclear power plant, in 2011, was believed

to be a detonation involving hydrogen [1], yet it is unclear what specific mechanisms

triggered the powerful blast. Also, in 2005, release of hydrocarbon vapours at the

Buncefield oil storage depot, England, triggered an explosion much more powerful

than anyone had anticipated probable. It has been speculated that detonation oc-

curred as the ensuing reactive wave propagated along a row of trees [3]. It is believed

that the presence of obstacles allowed for increased turbulent mixing in the reaction

zone and thus gave rise to enhanced combustion rates. To highlight the importance of

understanding of turbulent deflagrations and how they may transition to detonation,

for the purpose of mitigating further serious accidents, a partial time line of recent

explosions involving compressible gases is presented here:

• 13 May 2014: Soma mine disaster involving a buildup of methane (Turkey) [4].

• 31 July 2014: Kaohsiung natural gas explosions below city streets (Taiwan) [5].

• 6 August 2013: Rosario natural gas explosion (Argentina) [6].

• 11 March 2011: Fukushima Daiichi nuclear disaster involving hydrogen

(Japan) [1].

• 29 October 2009: Jaipur oil depot fire involving petrol vapour (India) [7].

• 10 August 2008: Sunrise Propane incident (Toronto, Canada) [8].

• 18 November 2007: Zasyadko mine disaster involving methane (Ukraine) [9].

• 11 December 2005: The Buncefield fire involving hydrocarbon vapour

(England) [2].

• 25 September 1998: Esso Longford natural gas explosion (Australia) [10].

In order to understand how detonations, or powerful explosions occur on the in-

dustrial scale, it is necessary to understand the underlying physics of how flames
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accelerate in compressed fluids, how such flames transition to detonation, and the

mechanisms by which detonations can sustain propagation. Furthermore, due to the

dangerous nature and expense of performing large-scale experiments, efficient numer-

ical strategies must be developed. This is to increase confidence of industrial-scale

designs and to ensure public safety. Unfortunately, many flows of practical interest,

that are highly turbulent, remain difficult to simulate and resolve, due to the wide

range of scales present; from the integral length scales of the problem to the turbulent

Kolmogorov and chemical scales [11, 12]. Furthermore, the difficulty of resolving the

full spectrum of length scales is compounded by the presence of large flow velocities

associated with high Mach numbers (Ma) and Reynolds numbers (Re). What sets

these types of problems apart from traditional low speed turbulent flows is that high

Ma flows are highly compressible and involve shock waves, very fast transients, and

very high shears for large Re. To address scale-limitations of the problems described

above, and to isolate the specific roles of the turbulent-scale physics, the focus of

this thesis is to examine the role of turbulent mixing, numerically, for experiments

which address detonation propagation dynamics and initiation events through wave

interactions with obstacles of irregular fuel-oxygen mixtures [13–15]. To resolve the

turbulent scales of the experiments, simulations are conducted using a state of the

art Large Eddy Simulation (LES) approach, as described below. First, a brief review

is given in the next section to provide background, and to justify the need to address

turbulent mixing in various supersonic combustion problems. Following this review,

the specific objectives and outline of this thesis are presented.

1.2 Turbulent Mixing in Supersonic Combustion

In this section, a review of several supersonic combustion experiments is presented in

order to provide the necessary background state-of-knowledge, identify the key physics

that are believed to influence supersonic combustion behaviour, and to expose dif-

ficulties modelling such phenomena. In each problem below, combustion occurs in

flow fields that are highly turbulent. Thus, burning rates cannot be described by
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laminar theory, unless Direct Numerical Simulation (DNS) is used. Furthermore, the

presence of rapid compressions (i.e., shock waves) and expansions further compli-

cate the understanding and predictability of such flows by further introducing and

enhancing turbulence through various flow instabilities; namely, but not limited to,

the Richtmyer-Meshkov (RM) and Kelvin-Helmholtz (KH) instabilities. Turbulent

flows, therefore, become highly unstable, which has implications on burning rates,

flow patterns, and ignition behaviour. In all cases presented below, the need to ad-

dress and understand the role of turbulent mixing in highly compressible and reactive

flow fields is highlighted. More specifically, turbulent mixing of unignited gas with

burned products, in each case, is believed to influence ignition events, flow patterns,

and rate at which burning occurs. Hence, each example below demonstrates a need

to model turbulent mixing, in a numerical framework, in order to gain further insight.

In addition to a review of physical experiments and their outcomes, a review of state-

of-the art modelling approaches, applied to each scenario, is presented. Furthermore,

difficulties associated with each modelling attempt are discussed in each subsection.

Following this review, a novel solution methodology which addresses current mod-

elling difficulties in supersonic combustion is recommended as a fundamental focus of

the thesis, see section 1.3.

1.2.1 Detonation cellular dynamics

To date, it is well known that multi-dimensional detonations exhibit a characteris-

tic cellular pattern on their fronts, as they propagate in a reactive medium. This

cell pattern is associated with wave interactions whose directions are predominantly

transverse to the direction of flow. At each transverse wave collision, whose natu-

ral spacing is on the order of 100 reaction-zone lengths [16], a new cell is formed as

triple points are reflected from each other. This process is illustrated in Figure 1.1.

The triple-point is a key feature of detonation waves. It is the location where three-

principle shock waves meet: the transverse wave, and also the Mach stem and incident

shocks. The two latter are both associated with the front of the wave as indicated in
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Figure 1.1: Sketch showing a triple point collision process. Various waves indicated
are the incident shocks (I), Mach shocks (M), and transverse shocks (T). The extent
of the turbulent reaction zones are also shown (R).

the sketch. Furthermore, these wave interactions, or cell patterns, are generally clas-

sified as either having a regular structure or an irregular structure. Figure 1.2 shows

soot foils obtained from two different experiments, one showing a regular structure

[17] and one irregular [18].

Regular detonation experiments [19–21] exhibit very structured-looking fish-scale pat-

terns with consistent, and repeating, cell sizes. In general, regular detonations are

associated with fuel mixtures having low-activation energies [20]. Typical examples

are H2 + O2 (pure hydrogen-oxygen), C2H2 + O2 (acetylene-oxygen), or fuel-oxygen

mixtures diluted with argon. Owing to the relatively low activation energies, reg-

ular mixtures typically have very little variation of ignition delays for the reactive

gas mixture which passes through the wave front structure. For this reason, it is

generally believed that the principle mechanism which drives the detonation is by

shock-compression alone [22]. This was shown to be the case for regular detonations

where the structure is well predicted by considering only the ignition delay history

of a shocked particle, where transport mechanisms have been neglected [23]. In fact,

for an ideal steady wave, the ignition history of a shocked particle would recover the
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Figure 1.2: Soot-foils showing a) a regular structure in 2H2 + O2 + 2Ar initially at
p̂o = 13kPa [17] and b) an irregular structure in C3H8 + 5O2, initially at p̂o = 5.6kPa
[18].

Zel’dovich - von Neumann - Doring (ZND) model solution [16]. The ZND model is

a useful tool which provides a theoretical laminar and steady-state one-dimensional

description of the detonation structure, for a given wave velocity, in terms of the

density, pressure, temperature, and reactant profiles behind the leading shock wave.

For irregular mixtures, many experiments [15, 19, 20, 22, 24, 25] have shown that

a very different cell pattern exists. Typically, irregular mixtures are composed of

any hydrocarbon fuel with oxygen or some oxidizer. These mixtures tend to exhibit

much more stochastic-looking cell structures, as can be seen in Figure 1.2b. The

cell sizes are much more variable, and sometimes contain what appears to be cells

within cells; a smaller cell structure within a much larger, and more prominent, cell

structure. Furthermore, a number of experiments have shown the wave front to be

highly turbulent, often giving rise to shocked unburned pockets of reactive fuel in

its wake [15, 19, 22, 24, 26]. Another example experiment [27] for an irregular det-

onation wave, involving methane-oxygen, is shown in Figure 1.3. In this figure, the

turbulent structure is illustrated via Schlieren photography [28]. In the same figure,

each notable feature is also illustrated and labelled in a supplemental sketch. These

features include the various shock wave dynamics, shear layers, and triple points. Of

particular interest are the presence of the unburned fuel pockets in the wake, also
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shown in the figure, and the fine scale corrugations on their edges due to turbulence.

Owing to higher activation energies, irregular mixtures exhibit a much larger vari-

ation of shock-induced ignition delays, for unburned fuel passing through the wave

structure, compared to regular detonations. Furthermore, experiments reveal that

the pockets of gas in the wake burn up relatively quickly, orders of magnitude faster

than expected from steady shock ignition times [22, 27]. As a result, the ZND model

does not predict well the structure behind the incident and Mach shocks [22]. This

suggests that any unburned pockets in the wake of irregular mixtures burn through

turbulent mixing with product gases, and not by shock-compression alone. Currently,

it is not yet understood how the burning rate of these pockets affects the cell pattern

observed on the wave front, and is a one of the topics investigated in this thesis.

One hypothesis proposes that as energy is released from the burning of unreacted

fuel mixture pockets, pressure pulses can reach and perturb the leading shock, thus

influencing the overall structure to generate new cells [26]. Furthermore, the triple-

point appears to play a major role affecting the dynamics of how these pockets burn

out. Not only is the triple-point a source of high temperature and pressure, owing to

shock-compression from multiple waves, but it is also a source of enhanced turbulent

mixing. The triple point has been shown to give rise to a shear layer in its wake that

is susceptible to the Kelvin-Helmholtz (KH) instability [29]. This shear layer thus

acts to enhance mixing between burned product gases with unburned pockets, and

therefore acts to increase reaction rates.

To date, numerical investigations have been able to show that, with sufficient resolu-

tion, mildly irregular regular detonation structures are recovered quite well by solving

Euler’s equations of fluid motion [30–32], which do not account for turbulent mixing or

molecular diffusion. More recent numerical investigations, however, have attempted

the same approach for modelling highly irregular mixtures, with much higher activa-

tion energies, but with limited success [27]. Although such attempts have provided

limited insight into the roles that shock compression or turbulent motions may have

on detonation propagation, the solutions obtained were subject to changes in resolu-
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High density unburned gases

Transverse shocks Triple point

Triple point

Mach shock

Mach shock

Incident shock

Path of triple points

forming the cell boundaries

Shear layer

Burned gases

Figure 1.3: Detonation structure for CH4 + 2O2, initially at p̂o = 3.4kPa. The top
portion shows a Schlieren photograph while the bottom portion includes a corre-
sponding explanatory sketch. [27]
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tion and did not converge to unique solutions [27]. Furthermore, such investigations

have confirmed that very long induction times exist, on the order of one hundred times

longer than observed experimentally, and that unburned pockets burn out much more

rapidly through numerical diffusion. Some recent modelling attempts through Direct

Numerical Simulation (DNS) of the Navier-Stokes (N-S) equations address this prob-

lem by attempting to resolve the full spectrum of scales present, including molecular

diffusion effects. Unfortunately, such investigations [25, 33] have revealed that practi-

cally attainable resolutions, in full-scale two-dimensional problems, are insufficient to

capture the correct reaction rates of unburned pockets. Thus, full-scale DNS is cur-

rently limited to providing insight only on single-isolated events, such as triple point

collisions [34]. Furthermore, turbulence inherently contains three-dimensional limi-

tations. It is well known that the dissipation of turbulent motions, the Kolmogorov

energy cascade, depends intimately on the ability of vortices to stretch in the third di-

mension. For this reason, two-dimensional flows tend to experience more backscatter,

and hence produce larger-scale fluid motions, compared to realistic three-dimensional

flows [35–37]. In order to address these fundamental shortcomings associated with

Euler simulations or DNS, a reasonable compromise between accuracy of solution and

resolvability is to employ Large Eddy Simulation (LES). For LES, the large scale fluid

motions, governed by the N-S equations, are solved directly using numerical methods.

The unresolved, micro-scale turbulence, is then modelled as a supplement to the large

scale numerical solutions. Recent studies have [33, 38] demonstrated that LES can be

used to provide insight on the sub-grid turbulent mixing effects that contribute to the

highly irregular detonation reaction rate. Full closure to the reaction rate, however,

remains difficult as it is typically obtained by assuming either instantaneous mixing

or reaction at the subgrid scale. Owing to the difficulties associated with each of

these strategies, adequate resolution of the reaction rate of fuel following the wake of

a detonation wave remains problematic. All of this previous work clearly highlights

the need to isolate and resolve turbulent mixing and combustion rates in mixtures

prone to irregular structures.
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Figure 1.4: Detonation quenching and re-initiation (sketch) (D=detonation wave,
S=shock wave, F=turbulent flame, - - - = path of triple point)

1.2.2 Deflagration to detonation transition (DDT) from a

porous medium

In a recent attempt to isolate the ignition mechanisms that drive detonation waves,

Radulescu and Maxwell [39] examined the re-ignition of fully quenched detonations

following the detonation interaction with a porous media, both experimentally and

numerically. This type of DDT has also been examined experimentally for detonation

interactions with perforated plates [40, 41], or a series of obstacles, or blockages

[42, 43]. The process of detonation quenching and re-initiation following its interaction

with a porous media is illustrated in Figure 1.4.

The quenching process is currently well understood. As a detonation wave diffracts

around an object, such as a sharp corner, or in this case a cylinder, the sudden change

in area causes the divergence, or volumetric expansion of the gases behind the lead-

ing shock wave. This causes cooling of the gas, which in turn causes a thickening

of the reaction zone owing to slower reaction rates. Eventually, the detonation can

become quenched when local cooling due to volumetric expansion behind the decay-

ing shock wave overcomes the local heating due to chemical reactions [44–46]. The
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result is a de-coupling between the leading shock wave and reaction zone, as observed

experimentally by Soloukhin [47], and also by Lundstrom and Oppenheim [48]. The

quenched detonation in Figure 1.4 is thus a shock wave followed by a turbulent de-

flagration. This type of reaction quenching has also been observed numerically for

rapidly expanding diffusion layers applied to jet ignition of hydrogen [49].

The mechanisms that drive the re-initiation process, however, remain unclear. To

date, it has been found that re-initiation of the detonation wave following its atten-

uation through a porous medium, occurs through amplification of the incident shock

strength resulting from shock reflections or triple point collisions [22, 39]. Further-

more, it has been found that in some cases, several shock reflections are required

to accelerate the leading shock wave sufficiently in order to re-initiate the detona-

tion [39]. At each shock reflection, or triple point collision, the incident shock is

accelerated due to increased reaction rates in the unburned gases behind the incident

shock. Furthermore, in some re-ignition cases, transverse detonations were observed

to travel in the shocked, yet unreacted gas, as was also observed in other detonation

experiments [25, 50]. The re-initiation flow field observed experimentally [39], shown

in Figure 1.5, is similar to that observed in detonation diffraction studies [51–54].

In similar experiments, which examined quasi-detonation propagation in porous me-

dia [55–58], it has been shown that a wave can be sustained below the steady

Chapman-Jouguet (CJ) velocity [16]. Due to the velocity deficit, it is believed that

adiabatic compression alone, due to the shock interactions, cannot provide the nec-

essary ignition to sustain a detonation wave. Thus, the recent investigation [39] and

experiments [40–43, 55–58] have all come to the same conclusion; that it is unclear

whether adiabatic shock compression or turbulent mixing is the dominating mecha-

nism that drives, or initiates, the detonation.

In order to investigate the role of shock interactions on detonation re-initiation of ir-

regular mixtures, following wave interaction with porous media, a numerical strategy

based on the Euler formulation has been adopted [39]. Unfortunately, the numerical

strategy, which did not address turbulent mixing, failed to capture exactly the correct
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Figure 1.5: Open shutter photograph showing DDT of C2H2 + O2 at p̂o = 5kPa,
following detonation interaction with a porous medium [39].

number of shock reflections for detonation re-initiation to occur. Furthermore, the

transverse detonations observed in the experiments have not been captured numeri-

cally. Thus, Euler simulations of the re-initiation process share the same pitfalls as

Euler simulations of irregular detonation propagation; discrepancies arise due to the

lack of resolution of the turbulent scales.

To address the turbulent scales, an LES investigation using a flamelet approach [59]

has been applied to model the initial states of flame acceleration due to flame in-

teraction with obstacles. Unfortunately, as will be demonstrated in Section 2.5.4,

flamelet approaches are not appropriate for capturing the correct reaction rate in the

later stages of flame acceleration, and DDT, as turbulent fluctuations are expected to

increase. To address this, Gaathaug et al. [60] have applied a hybrid LES strategy to

model DDT of hydrogen-air mixtures which treats combustion in both the extreme

limits of flamelet and perfectly mixed, well-stirred reactor, regimes. Unfortunately,

detonation initiation events were observed to occur much sooner in the simulations

compared to their experiments. This is likely due to the fact that the hybrid method
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does not treat combustion rates when turbulent mixing and chemical reaction rates

are comparable.

To further investigate the role of turbulent mixing in this below-CJ supersonic com-

bustion wave, or fast-flame phenomena, and its implication on DDT, experiments

are currently being carried out at the University of Ottawa [14, 61, 62]. Unlike the

previous experiments [39, 55–58], the experiment [14] uses only a cylinder to study

the quenching, fast-flame propagation, and detonation re-initiation. The strategy is

to scale up the porous medium problem, allowing for detailed diagnostics and higher

resolution Schlieren photography to be implemented. Thus, the small scale features of

the flow field are resolved experimentally, allowing for valuable comparison to validate

the numerical strategy adopted in this thesis. Results from the experiments [14, 61],

to date, are indicative of a common theme presented here: that turbulent mixing of

burned product gases with unreacted pockets of gas in the wake of the incident shock

gives rise to increased reaction rates, thus accelerating the flame. Furthermore, the

presence of transverse shock waves due to reflections generates turbulence and thus

further promotes increased reaction rates. The accelerating flame thus strengthens

the leading shock wave, which can initiate a detonation [63, 64]. This problem cor-

responds to the last phases of flame acceleration and transition to detonation, as

observed in several studies [40, 41, 65].

1.2.3 DDT from shock-flame interaction

In an alternate approach to address the stochastic nature of DDT associated with

flame acceleration of irregular mixtures, and to isolate the role of turbulent mix-

ing, Thomas et al.[66] proposed a controlled and reproducible experiment in which

a single, relatively laminar, flame bubble is shocked sufficiently to induce enhanced

combustion via Richtmyer-Meshkov (RM) and baroclinic instabilities. The methodol-

ogy was inspired by a previous experiment [67] in which DDT was observed following

the passage of a shock through a series of flame bubbles. The experiment [66] was

conducted in a shock-tube, where a high pressure driver gas (helium) was used to
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shock a low pressure ethylene-oxygen mixture diluted with nitrogen. Prior to experi-

ment, a spherical flame was ignited in the centre of the test chamber. Upon arrival of

the incident shock with the flame surface, the surface becomes compressed and dis-

torted. The shock then reflects from the end wall of the test chamber and interacts

with the flame a second time. Upon further shocking, instabilities rapidly appear on

the flame surface giving rise to increased combustion rates. A key finding from the

experiment [66] is that for a critical incident shock strength, the increased combus-

tion rates due to the reflected shock are sufficient to sustain a highly unsteady and

turbulent combustion wave that is able to drive the reflected shock speed to near-CJ

velocity. In [66], this particular wave has been coined the strange-wave. An example

of this closely coupled shock-turbulent flame complex, or strange wave, is shown in

Figure 1.6. Interestingly, this wave appears to share many similarities with the fast-

flame phenomena observed in the porous medium experiments [14, 39, 55–58, 61] and

is therefore treated with particular interest. Thomas et al. [66] had found that the

strange-wave was a regime in which energy release was dominated by turbulent mix-

ing, rather than compression ignition alone. Finally, the onset of detonation in the

shock-flame experiments is observed to occur at locations near the turbulent com-

bustion front for sufficiently high incident shock strengths, which further supports

that turbulent mixing plays an important role in DDT of high activation energy fuel

mixtures.

To provide further insight on the experiments [67, 68], attempts at DNS have been

conducted [69–71]. Although the simulations do not sufficiently resolve the finest

scales of turbulence, and hence specific detonation initiation timings, the overall be-

haviour of the shock-flame interaction is captured. Findings conclude that RM in-

stability through the shock-flame interaction is sufficient to trigger the strange-wave

phenomena, and eventual transition to detonation. Furthermore the numerical in-

vestigation stresses the importance of capturing multi-dimensional shock interactions

and turbulence [69]. Such shock interactions give rise to increased flame area owing

to the RM instability, and hence locally increased combustion rates. Furthermore,

shock bifurcations in the reflection process were found to give rise to shear layers [71],
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Figure 1.6: A Mach 1.7 shock emerging from a distorted flame in C2H4 + 3O2 + 4N2,
giving rise to a closely coupled shock-turbulent flame, or strange wave, travelling from
right to left [66].

akin to shear layers associated with triple points in detonations. It is along these

shear layers that the KH instability acts to further promote turbulent mixing. It is

through these mechanisms that the authors [69–71] believe detonation initiation is

possible.

In a recent attempt at LES [72], the effects of turbulent mixing are addressed by apply-

ing a flame-thickening approach. In this regard, the application of LES is promising

as the authors were able to produce grid-independent and converged results for DDT

timings and locations resulting from turbulent mixing. This approach, however, has

yet to be validated against experiment. Furthermore, as will be demonstrated in Sec-

tion 2.5.4, the flame-thickening approach relies on the compromise of the sensitivity

of the gas to shock-compression, and hence the reaction rate, in order to capture

the correct laminar flame speed. This may, therefore, be problematic in predicting

accurately the onset of DDT events, quantitatively, for a given fuel mixture.
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Figure 1.7: Successful ignition of pressurized H2 released into air through a pipe [83].
(po = 14, 5MPa, d = 5mm, l = 185mm)

1.2.4 Jet ignition of pressurized H2 releases

Another significant, and related, problem of interest to the author is the spontaneous

explosion phenomena and hazards associated with high pressure hydrogen leaks (i.e.,

from a high pressure storage facility). Although the subject matter does not pertain

to the study of detonations, initial motivation for this thesis was acquired through

the work presented here, funded by the NSERC H2Can Strategic Network.

In 2010, BC Transit launched the world’s largest fleet of hydrogen fuel cell powered

buses, consisting of 20 total, in Whistler, BC, Canada [73]. In order to power these

fuel cells, hydrogen gas must be stored at fuelling stations or on-board the vehicles at

very high pressures, ranging anywhere from 300 to 700 bars [74]. What is alarming

is that a number of experiments [75–82] have reproducibly demonstrated that when

pressurized hydrogen is suddenly released into air, spontaneous ignition of the release

is possible. An example of this type of jet ignition for a release event through a tube

[83] is shown in Figure 1.7. Furthermore, it has been suggested that detonation of

hydrogen could be possible should sufficient turbulent mixing occur in the presence

of reflected shock waves from confining geometry, or nearby obstacles [76]. Thus,

the problem bears similarity to the role of turbulent mixing in jet initiation of a

detonation when a jet of product gases flows into a premixed combustible mixture

[68].

It is currently understood that during a release of high pressure hydrogen into air,

local ignition “hot spots” form due to the shock induced diffusion-ignition mechanism.

This has been confirmed through many numerical investigations [49, 84–92]. In this
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Figure 1.8: Accidental release of H2 from a high pressure storage tank (sketch). The
thin diffusion layer is where H2 mixes with shocked air, ultimately leading to shock
induced diffusion-ignition [49].

mechanism, illustrated in Figure 1.8, the rapidly expanding hydrogen jet drives a

shock wave that heats the air. Since chemical reactions require both fuel and oxidizer

to be present simultaneously, localized ignition spots may occur within the diffusion

layer where both the cold fuel and the shock heated air co-exist. What remains

unclear, however, is how these hot spots interact with each other giving rise to a jet

fire, as observed in Figure 1.7, and what conditions must exist in order for a stabilized

flame to form at the outflow nozzle.

To date, the experiments [76–81, 93] have only been able to determine spontaneous

ignition limits, for hydrogen releases, providing the hydrogen jet is first released

through a partly confining tube. Furthermore, ignition of unconfined releases was

not observed when partly confined jets ignited under similar conditions (i.e., storage

pressure, release hole size). Finally, specific cases were identified where ignition hot

spots were blown away, or stabilized jet flames attached to the tube exit [78]. Since

these observations, the influence of the tube confinement has become a subject of
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active investigation [77–80, 89, 90, 93–95].

Since detailed diagnostics are not available experimentally, within the relatively nar-

row extension tubes used, most experiments cannot monitor the fast flow field devel-

opment within the extension tubes nor explain the promoting effect that a tube has

on ignition. Typical holes and extension tubes considered in these experiments are

on the order of the centimetre. Instead, most studies have used numerical simulation

to investigate the propensity for ignition in confined environments. Based on these

simulations, different mechanisms have been proposed to explain the role of confine-

ment on jet ignition. Maxwell and Radulescu [49] have previously suggested that

confinement of the releases prevents the jet from gas dynamic expansion. The cooling

due to volumetric expansion was shown to be the dominating mechanism preventing

ignition in many cases [46, 49]. Likewise, Bragin and Molkov [91] have proposed that

local heating in the boundary layers of the confining tube also promotes ignition. Fur-

thermore, shock reflections from the confinement walls, and further shock focusing at

the jet axis, were found to provide local temperature increases conducive to ignition.

In reality, it is likely that all of these mechanisms control the local temperature in the

mixing layer and its propensity for ignition. One fundamental aspect, however, that

has not been adequately addressed by previous studies is the influence of turbulent

mixing in the confined jets. Much like the fast-flame and detonation problems de-

scribed above, turbulent mixing is difficult to address due to the wide range of scales

that must be resolved, including molecular mixing and chemical reactions that occur

at the micro-scale.

To this effect, it is currently believed that ignition of the jet not only depends on

temperature in the diffusion layer alone, but also on the amount of turbulent mixing

between the fuel and the oxidizer. Dryer et al. [76] suggested that confined releases

may exhibit enhanced mixing through the RM instability that is promoted when

transverse shocks interact with the mixing layer. It is thus postulated that larger

volumes of premixed or reacted gases exiting the tube permits the establishment of a

self-sustained jet flame at the tube exit. Bragin and Molkov [91] further sustained this
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mechanism, which relies on the entrainment of burned gases into the re-circulating

vortices of jets. It is thus not unreasonable to expect that ignition of the jet is

controlled not only by the condition that local hot spots form inside the tube [49],

but also more importantly by how much gas has ignited inside the tube. Thus, the

amount of ignited gas depends intimately on turbulent mixing and local temperature

variations through shock reflections [80]. In this sense, a confining extension is likely

to provide both an increase in mixing rates and high temperatures to promote ignition.

To investigate the role of confining geometry and turbulent mixing on jet flame estab-

lishment, previous work has been conducted through experiments and Euler simula-

tions [96]. Results of the investigation have confirmed that the role of confinement in

hydrogen release experiments, as shown in Figure 1.9, was found to promote turbulent

mixing through shock reflections and flow instabilities. Turbulent mixing thus influ-

ences how the ignition spots interact to ignite the entire jet, as shown by Figures 1.9b

and c. Furthermore, inert Euler simulations of the release process have revealed that

Kelvin-Helmholtz and Richtmyer-Meshkov instabilities lead to increased turbulent

mixing rates and thus cause large amounts of oxygen to become entrained into the

jet. For this reason, should ignition occur, much more gas is ignited experimentally

than predicted by previous numerical investigations [87, 90]. This work [96], therefore,

further motivates the need to treat turbulent mixing in numerical strategies applied

to supersonic combustion.

1.2.5 Summary

In this section, four different types of supersonic combustion problems were presented

through example experiments. The examples considered in sections 1.2.1 to 1.2.4 were

detonation propagation, DDT from a porous medium, DDT from shock-flame inter-

action, and jet ignition of pressurized hydrogen jets, respectively. In all four types

of problems, turbulent mixing of burned and unburned gases appears to influence

the flow patterns and behaviour. For detonations and fast-flame acceleration leading

up to DDT, it has been observed that the rate at which pockets of unreacted gas
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Figure 1.9: Typical cases where full jet ignition is observed experimentally [96]. Frame
a) is a Schlieren image of a shock-accelerated H2 jet flowing into pure O2. Frames b)
and c) show the combustion process at successive stages into the release process.

burn up cannot be accounted by shock compression alone. Instead, it is believed that

such pockets burn at higher than expected rates owing to flow instabilities leading

to turbulence near the flame surfaces. These instabilities can manifest themselves

as Kelvin-Helmholtz instabilities associated with slip-lines in the flow, and are fur-

ther enhanced through Richtmyer-Meshkov instabilities when shocked by transverse

pressure waves. It is further believed that the burning rate of these pockets can

influence detonation structure, manifested through the cell-pattern behaviour, and

also DDT event timings and location. Furthermore, for supersonic jet ignition, such

turbulent instabilities are believed to influence the volume of gas which is ignited

during a release event, owing to increased mixing rates at the jet surface. In all cases,

there is clearly a need to address turbulent mixing as a mechanism giving rise to

enhanced burning through increased mixing rates. Despite recent advances in the

state of knowledge of how turbulence may contribute to enhanced burning rates in

supersonic combustion scenarios, numerical simulations are required to gain further

insight and to develop quantitatively accurate predictive capabilities. Clearly, there

exists a need to adequately model, and resolve the turbulent scales present.

To date, Euler simulations have been instrumental in providing insight on the role of

pressure and turbulent instability mechanisms, and how turbulent mixing may con-

tribute to flame acceleration and detonation initiation. However, in order to obtain
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converged solutions through numerical investigation, the governing equations must be

supplemented by molecular diffusion and viscosity; namely the Navier-Stokes equa-

tions. Unfortunately, DNS of the Navier-Stokes equations is not a currently feasible

option as the range of scales in a large-scale multi-dimensional problem cannot be

resolved adequately. While a physical problem may span several meters and seconds,

the underlying turbulent mixing and chemical reactions both occur are on the order

of the micrometre. LES, on the other hand, has proven to be useful at accounting for

small scale turbulent effects on combustion rates of compressed gases [33, 38, 59, 72].

Although such LES investigations are useful at providing adequate closure on subgrid

viscosity and mixing rates due to turbulence, closure of the reaction rate remains a

challenge in turbulent combustion strategies. Typically, the reaction rate is obtained

through LES by assuming the flow is either limited by chemical kinetics (i.e., the

well-stirred reactor regime) or local mixing rates (the flamelet regime) [12]. The pre-

vious LES attempts [33, 38] that have assumed the well-stirred reactor regime applies

have had difficulty resolving the correct reaction rates. In the flamelet approach [59],

early stages of flame acceleration can be successfully modelled. However, achieving

the correct reaction rate may prove difficult in the DDT limit. Unfortunately, these

reaction rate assumptions break down when the mixing rates are comparable to the

chemistry rates (i.e., distributed or thin reaction zones regime), which is believed to

be the case for the final critical stages of fast flame acceleration and DDT. Finally,

the flame-thickening model has been attempted [72], also with limited success. Un-

fortunately, the flame-thickening model is only able to produce the correct burning

velocity of a turbulent flame by altering its reaction rate to compensate for increased

diffusion rates. This fundamentally alters the ignition delay behaviour of the gas in

the presence of shock waves, which cannot be reliably applied to study DDT events.

Further details and review of supersonic combustion modelling approaches, including

discussion on the complications and pitfalls that arise, are given in Chapter 2.

An alternative LES methodology which shows great promise at capturing and resolv-

ing mixing rates in the types of problems presented above, is the Linear Eddy Model

for Large Eddy Simulation (LEM-LES) [97]. In the past, LEM-LES has been suc-
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cessfully applied to model weakly compressible turbulent premixed and non-premixed

flames [98, 99]. The method is therefore adaptable to a range of combustion regimes.

Furthermore, the method has also been successfully applied to model supersonic inert

mixing layers [100]. Although the method is attractive for the purpose of capturing

and resolving turbulent mixing rates, it has not yet been applied to model multi-

dimensional, turbulent, reactive, and highly compressible flows. It is thus a primary

goal of this thesis to adapt this methodology to highly compressible and reactive flows

and to verify/validate accordingly, see the next section.

1.3 CLEM-LES: A New Approach to Modelling

Supersonic Combustion

In order to address the reaction rate closure problem of supersonic combustion, the

primary focus of the thesis is the development, implementation, and validation of a

novel modelling strategy which is based on the Linear Eddy Model for Large Eddy

Simulation (LEM-LES) [97]. In the current implementation, the LEM-LES method

is adapted to treat, simultaneously, highly compressible and reactive flows that in-

volve very rapid transients in pressure and energy. It is therefore referred to as

Compressible LEM-LES (CLEM-LES) for the remainder of the thesis. Although a

comprehensive detailed explanation of the strategy is found in Chapter 3, the method

is summarized briefly here. In the CLEM-LES context, the subgrid is treated as a

one-dimensional sample of a diffusion-reaction system within each multi-dimensional

LES cell, as illustrated in Figure 1.10. This reduces the expense of solving a complete

multi-dimensional problem through DNS while preserving micro-scale hot spots and

their physical effects on ignition. Thus, the model provides high resolution closure

for the unresolved chemical reaction terms in the governing, LES-filtered, reactive

Navier-Stokes equations. Furthermore, the current approach features a Lagrangian

description of fluid particles on the sub-grid for increased accuracy. A principle ad-

vantage of this methodology is the ability to treat flows where chemical reactions
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Figure 1.10: A 3D illustration showing a the computational cells required for DNS
(left) compared to the number of cells required for the equivalent CLEM-LES (right).

and micro-scale mixing occur on the same scales, without the need to provide bold

assumptions on the reaction rate.

In order to verify and validate the model formulation, a number of 1D and 2D test

cases are considered. The primary focus is on methane-oxygen mixtures, although

other fuel mixtures are also considered. In 1D, the verification exercises include inert

mixing, constant volume ignition, shock tube problems, laminar flame and detonation

propagation. Also verified is a hypothetical 1-D piston-driven laminar shock-flame

interaction and its subsequent transition to detonation. For validation, 1D turbulent

flames are simulated for lean and stoichiometric methane-air mixtures and compared

to experiments [101] and also a previous LEM formulation [102]. In 2D, the structure

of irregular detonation wave propagation is validated against experiments that have

been conducted at the University of Ottawa [13], and also similar experiments of [15].

These validation experiments are the supersonic combustion problems described in

Sections 1.2.1 and 1.2.2. Finally, the model used to provide insight on the role of

turbulent mixing in fast flame propagation and detonation initiation events via deto-

nation interaction with porous medium experiments, also conducted at the University

of Ottawa [13, 14].
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1.4 Objective and Organization of Thesis

1.4.1 Thesis objectives

In light of the review provided in this chapter, the specific fundamental objectives of

this thesis are summarized as follows:

• To develop a solution framework (CLEM-LES) which can address the turbu-

lent scales of highly compressible reactive flows that involve rapid transients in

pressure and energy.

• To verify and validate the CLEM-LES strategy in 1D and 2D reactive flows.

• To provide recommendations on future model development.

• To identify the roles of turbulent mixing on combustion rates on detonation

propagation flow patterns (example 1.2.1) and DDT events in a porous medium

(example 1.2.2) through numerical modelling.

1.4.2 Organization

The organization of the thesis is as follows. First, Chapter 2 provides background

information on state-of-the-art approaches to modelling turbulent combustion, in-

cluding the relevant governing equations. Furthermore, this chapter details the ad-

vantages and disadvantages of various approaches that are currently used in practise.

Chapter 3 then derives and details the CLEM-LES solution framework adopted in

the remainder of the thesis. The CLEM subgrid formation is verified and validated

for various 1D flows in Chapter 4. Then, in Chapters 5 and 6, two-dimensional simu-

lations, using the CLEM-LES, are validated for the detonation propagation and DDT

from a porous medium experiments [13–15] (Sections 1.2.1 and 1.2.2), respectively.

Conclusions and recommendations are then provided in Chapter 7. Finally, several

appendices are included to supplement the work. Appendix A contains flow charts
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relevant to the CLEM-LES methodology. Appendix B is a summary of the procedure

used to determine various model constants used throughout the thesis. To compli-

ment this procedure, Appendix C describes a custom in-house computer program

developed by the author, uFlame, which is used to obtain flamespeeds of fuel-oxidizer

mixtures, using realistic chemistry.



Chapter 2

Governing Equations and

Modelling Strategies

2.1 Governing Equations for a Reactive Gas

2.1.1 Conservation of mass, momentum, and energy

In order to describe various modelling techniques for supersonic combustion problems,

and to derive the LES strategy adopted later in this thesis, it is first necessary to

become familiarized with the governing reactive Navier-Stokes (N-S) equations in

compressible form. The conservation of mass, momentum, and total energy, per unit

volume, are presented below in Eqs.(2.1) to (2.3), respectively, in dimensional vector

form. The equation set is also supplemented by N additional equations, given by

(2.4), each describing the evolution of the ith out of N chemical species. The formal

derivation of Eqs.(2.1) to (2.4) can be found in [103] and the meaning of each symbol

presented can be found in the Nomenclature of this thesis. Vectors and tensors are

26
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both distinguished in bold and tensors are further identified with an underline.

∂ρ̂

∂t̂︸︷︷︸
local rate of change

in density

+∇ · (ρ̂û)︸ ︷︷ ︸
mass flux

= 0 (2.1)

∂(ρ̂û)

∂t̂︸ ︷︷ ︸
local rate of change

in momentum

+∇ · (ρ̂û⊗ û)︸ ︷︷ ︸
momentum flux

+ ∇p̂︸︷︷︸
pressure gradient

− ∇ · τ̂︸ ︷︷ ︸
viscous stress

=
N∑
i=1

ρ̂Yif̂ i︸ ︷︷ ︸
external forces

(2.2)

∂(ρ̂êT )

∂t̂︸ ︷︷ ︸
local rate

of change in
total energy

+ ∇ ·
(

(ρ̂êT + p̂)û

)
︸ ︷︷ ︸

advection of sensible energy
and flow work

−∇ · (û · τ̂ )︸ ︷︷ ︸
viscous

dissipation

+∇ · q̂︸ ︷︷ ︸
heat
flux

=
N∑
i=1

(ρ̂ûd,iYi) · f̂ i︸ ︷︷ ︸
external work

(2.3)

∂(ρ̂Yi)

∂t̂︸ ︷︷ ︸
local rate of

change in density
of ith specie

+∇ · (ρ̂ûYi)︸ ︷︷ ︸
advective

flux

+∇ · (ρ̂ûd,iYi)︸ ︷︷ ︸
diffusive

flux

= ˙̂ωi︸︷︷︸
production

rate

(2.4)

Here, the specific total energy is comprised of the fluids specific internal energy and

its specific kinetic energy:

êT = êu︸︷︷︸
internal energy

+
1

2
û · û︸ ︷︷ ︸

kinetic energy

(2.5)

The specific internal energy is related to the specific enthalpy through the thermody-

namic identity

êu = ĥ− p̂

ρ̂
(2.6)

where êu =
N∑
i=1

êu,iYi and ĥ =
N∑
i=1

ĥiYi. Finally, the specific internal energy and specific

enthalpy, of each species, are determined through the caloric equations of state:

êu,i = êou,i +

T̂∫
T̂ o

ĉv,idT̂ (2.7)
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ĥi = ĥoi +

T̂∫
T̂ o

ĉp,idT̂ (2.8)

where êou,i and ĥoi are the internal energy and enthalpy of formation of species i

at some reference temperature, T̂ o. This set of Eqs., (2.1) to (2.4), is written in

conservation form, such that the rate of change of each conserved variable per unit

volume (ρ̂, ρ̂û, ρ̂êT , ρ̂Yi) is accounted for locally within sufficiently small discreet

finite-volumes, as illustrated previously in Figure 1.10. The rate of change of total

mass per unit volume, in Eq.(2.1), simply accounts for the flux of mass through the

volume faces. The rate of change of local momentum per unit volume, Eq.(2.2), not

only accounts for momentum fluxes through its volume faces (∇ · (ρ̂û ⊗ û)), but

also accounts for force imbalance due to pressure gradients (∇p̂), friction due to flow

shearing and bulk viscosity (∇ · τ̂ ), and also external body forces, fi, which act on

the fluid particles within the volume (i.e., gravity). The rate of change of total energy

per unit volume, Eq.(2.3), is governed by the advection of sensible energy and flow

work through its volume faces (∇ · (ρ̂ê+ p̂)û), viscous energy dissipation (∇ · (û · τ̂ )),

heat flux through the volume faces (∇ · q̂), and external work due to f i. The heat

flux vector, q̂, arises due to several influencing factors. In its full form, q̂ comprises

of primary and secondary diffusion effects, Dufour effects [103], and radiation:

q̂ = − k̂∇T̂︸ ︷︷ ︸
heat

conduction

+
N∑
i=1

ρ̂ûd,iYiĥi︸ ︷︷ ︸
secondary heat

diffusion

+RoT̂
N∑
i=1

N∑
j=1

(
XjD̂T,i

WiD̂i,j

)
(ûd,i − ûd,j)︸ ︷︷ ︸

Dufour effect

+ q̂rad︸︷︷︸
radiation

(2.9)

Finally, the rate of change of density of each ith reactive specie is governed by its

advective mass flux due to bulk fluid motion (∇ · (ρ̂ûYi)), its mass flux due to molec-

ular diffusion to neighbouring volumes (∇ · (ρ̂ûd,iYi)), and its net rate of production

due to chemical reaction ( ˙̂ωi).
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2.1.2 Assumptions and simplifications

In order to isolate the direct role that turbulent mixing has on the overall reaction

rate of the equations set, (2.1) to (2.4), while simplifying the governing physics, a

number of assumptions are made. The list of assumptions applied directly to the

governing equations are as follows:

• Calorically perfect gas with constant specific heats.

• Newtonian fluid.

• Fickian diffusion.

• Kinematic viscosity, heat conductivity, and mass diffusivity are constants.

• No radiation effects.

• No external body forces (i.e., gravity).

• Reactants form products according to a one-step global reaction mechanism.

• Negligible change in molecular weight as reactants form products.

• Reactants and products have equal specific heats.

First and foremost, a calorically perfect gas with constant specific heats is assumed.

Thus, pressure, density, and temperature are related through

p̂

ρ̂
= R̂T̂ (2.10)

where the specific gas constant

R̂ = Ro

N∑
i=1

(Yi/Wi). (2.11)

This assumption also simplifies the caloric equation for specific internal energy and

enthalpy. Thus, the specific internal energy component of Eq.(2.5) can be simplified

to

êu =
p̂/ρ̂

γ − 1︸ ︷︷ ︸
sensible energy

+
N∑
i=1

ĥoiYi︸ ︷︷ ︸
chemical energy

(2.12)
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where γ is the ratio of specific heats

γ = ĉp/ĉv. (2.13)

Next, the viscous stress is assumed to behave as a Newtonian fluid [104]. Thus, the

shear and normal stress is assumed to vary linearly with the fluid strain rate through

τ̂ = µ̂

(
∇û+ (∇û)T − 2

3
(∇ · û)I

)
(2.14)

where µ̂ is the dynamic viscosity of the fluid. To further simplify the governing

equations, Fickian diffusion according to the Hirschfelder and Curtiss approximation

[11, 105] has been assumed. Thus, upon further neglecting radiation, secondary

diffusion, and higher order diffusion, such as Dufour (and Soret) effects [103], the

heat flux and species diffusion terms become:

q̂ ≈ −k̂∇T̂ (2.15)

ρ̂ûd,iYi ≈ −ρ̂D̂i∇Yi. (2.16)

The equations are then further simplified by neglecting other body forces, such as

gravity. Thus, f̂ i = 0 for all i. Finally, the chemistry is simplified by assuming

that reactants form products according to a single-step global reaction with no in-

termediate reactions: Reactants → Products directly and irreversibly. In reality,

the reaction rate (ˆ̇ω) is governed by chemistry involving multiple species. This re-

quires significant computational overhead due to the requirement of accounting for

hundreds, or thousands, of equations and reactions in reactive flows. Instead, the one-

step global reaction mechanism [103] considers a single premixed reactant, with mass

fraction Y , that forms products according to the single step Arrhenius expression

[103]:

ˆ̇ω = −ρ̂ÂY e(−Êa/R̂T̂ ) (2.17)

where Êa is the activation energy of the reactant mixture.



Chapter 2. Governing Equations and Modelling Strategies 31

Thus, by applying the assumptions above, the system of governing Eqs.(2.1) to (2.4)

become:
∂ρ̂

∂t̂
+ ∇ · (ρ̂û) = 0 (2.18)

∂(ρ̂û)

∂t̂
+ ∇ · (ρ̂û⊗ û) +∇p̂−∇ · τ̂ = 0 (2.19)

∂(ρ̂ê)

∂t̂
+ ∇ ·

(
(ρ̂ê+ p̂)û− û · τ̂

)
−∇ · (k̂∇T̂ ) = −Q̂ ˙̂ω (2.20)

∂(ρ̂Y )

∂t̂
+ ∇ · (ρ̂ûY )−∇ · (ρ̂D̂∇Y ) = ˙̂ω (2.21)

where the conservation of total energy has been re-cast in terms of the total sensible

energy plus kinetic energy such that

ê =
p̂/ρ̂

γ − 1
+

1

2
û · û. (2.22)

Since the specific heats of both the reactants and the products have been assumed

equal and constant, this reformulation of the conservation of energy has been conve-

niently written in conservative form. Furthermore, this assumption does not introduce

any secondary diffusion terms. To balance the conservation of energy, Eq.2.20 now

introduces the rate of heat released during chemical reaction as a source term, (Q̂ ˆ̇ω).

Here, Q̂ is the total amount of heat released during a complete constant volume

reaction of the reactants.

Finally, changes in molecular weight are neglected, as reactants form products. Thus

the gas constant R̂ is treated as having a constant value through the reaction process.

The application of this assumption is particularly useful for further simplifying to the

final non-dimensional form of the equation of state (2.31), as will be presented in the

next section.

2.1.3 Non-dimensional form

To further generalize the set of equations, it is useful to normalize the flow properties

to some reference state, denoted below by the subscript ‘o’. Here, the various state
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variables are normalized such that

ρ =
ρ̂

ρ̂o
, u =

û

ĉo
, p =

p̂

ρ̂oĉo
2 =

p̂

γp̂o
, T =

T̂

γT̂o
, x =

x̂

L̂
, t =

t̂

L̂/ĉo
. (2.23)

Also, the activation energy (Ea), heat release (Q), and pre-exponential factor (A) are

normalized by

Ea =
Êa

ĉo
2 , Q =

Q̂

ĉo
2 , A =

Â

ĉo/L̂
. (2.24)

Furthermore, it is useful to define the following transport relationships in order to

relate viscosity to heat and mass diffusion in terms of Prandtl (Pr), Schmidt (Sc),

and Lewis numbers (Le):

µ = ρν =
1

Re

=
µ̂

ρ̂oĉoL̂
, α =

µ

Pr
=

k̂/ĉp

ρ̂oĉoL̂
, Le =

Sc
Pr

=
k̂/ĉp

ρ̂D̂
. (2.25)

The final form of the governing equations, (2.18) to (2.21) may now be expressed in

non-dimensional form:

∂ρ

∂t
+ ∇ · (ρu) = 0 (2.26)

∂(ρu)

∂t
+ ∇ · (ρu⊗ u) +∇p−∇ · τ = 0 (2.27)

∂(ρe)

∂t
+ ∇ ·

(
(ρe+ p)u− u · τ

)
−
(

γ

γ − 1

)
∇ ·

(
µ

Pr
∇T
)

= −Qω̇ (2.28)

∂(ρY )

∂t
+ ∇ · (ρuY )−∇ ·

(
µ

Sc
∇Y

)
= ω̇ (2.29)

where

e =
p/ρ

γ − 1
+

1

2
u · u (2.30)

T = p/ρ (2.31)

τ = µ

(
∇u+ (∇u)T − 2

3
(∇ · u)I

)
(2.32)

and

ω̇ = −ρAY e(−Ea/T ). (2.33)
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2.2 Reactive Euler Methods: Inviscid

Calculations

To date, the most common approach for modelling detonation waves has been to

neglect viscosity and diffusion, and thus solve Euler’s equations of motion [104]. This

approach assumes that in the high Re limit, advection dominates over diffusion. Thus,

the model is suitable for modelling flows where shock compression is the dominant

ignition mechanism governing the overall fluid flow evolution. In non-dimensional

form, the reactive and inviscid conservation of total mass, momentum, energy, and

chemical reactant mass for a calorically perfect gas become

∂ρ/∂t+ ∇ · (ρu) = 0 (2.34)

∂(ρu)/∂t+ ∇ · (ρu⊗ u) +∇p = 0 (2.35)

∂(ρe)/∂t+ ∇ · (u(ρe+ p)) = −Qω̇ (2.36)

∂(ρY )/∂t+ ∇ · (ρuY ) = ω̇. (2.37)

This Reactive-Euler approach, which neglects diffusion effects, is often justified by

the fact that the hydrodynamic scales of high Re flows (i.e., detonations) are much

larger than the micro-scales [27]. In fact, the reactive Euler method coupled with the

one-step ignition model has been adopted by many to study detonation behaviour and

structure [27, 29–32, 39, 106–108]. These types of simulations, however, only give a

picture of the larger gas dynamic process evolving in the problems when chemical

reactions are not limited by diffusive mixing. Furthermore, despite the fact that the

one-step chemistry model is computationally simple and maintains the physics of the

overall global chemistry, the reaction zone lengths cannot be independently controlled

compared to the induction zone lengths. It has been reported that the energy released

in the reaction zone of the model occurs over a much larger distance than in reality

[39]. To circumvent this problem, the Euler method has also been coupled with a
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two-step model [109–111] to study detonation behaviour. Despite these efforts, it has

recently become apparent that there is a need to resolve the turbulent mixing scales

for DDT and irregular detonation propagation [27, 39]. Thus, in order to address the

specific goals of the research outlined in Chapter 1, the full N-S equations must be

considered.

2.3 Direct Numerical Simulation (DNS)

In order to account for the turbulent scale effects that may contribute to the fast-

flame and detonation phenomenon, the governing equations must include molecular

mixing and friction effects. This is done by supplementing the Euler formulation with

viscosity and diffusion. Although the Euler equations describe the bulk gas-dynamic

fluid motion of a fluid, in reality the small scale diffusive effects give rise to large-

scale influence on the global fluid evolution through mixing layer growth influenced by

turbulent instabilities, namely the RM and KH instabilities. Thus, the compressible

N-S equations, (2.26) to (2.29) must be considered.

Despite the computational resources available, simulations of compressible combus-

tion problems, at present, are difficult to resolve through DNS of the N-S equations

due to the wide range of scales involved. To demonstrate this, consider a single en-

ergy carrying eddy, in the wake of a fast-flame or detonation, whose integral length

scale is anywhere from l̂t = 1 − 10cm and whose tangential velocity is on the order

of û′ = 500 − 1000m/s [62]. For a hydrocarbon fuel mixture whose temperature is

T̂ > 1000K, the kinematic viscosity is on the order of ν̂ ≈ 1 × 10−4m2/s, see Tables

5.1 and 6.1. The corresponding Reynolds number is:

Re,t =
l̂tû
′

ν̂
≈ 50, 000− 1, 000, 000. (2.38)

The Kolmogorov scale [112], or scale at which turbulent eddies are dissipated through

viscosity, is estimated to be η ≈ lt/Re,t
3/4 = 2− 5µm. Furthermore, it has previously

been demonstrated that mixing layers [49] and flame thicknesses [101] are on the order
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of 1 − 100µm. Since combustion occurs within these thin layers, where burned and

unburned gases mix, it is clear that a very high resolution is required. In fact, to model

and resolve the single eddy, above, would require trillions of nodes. This revealed

limitation explains why previous DNS attempts at modelling detonation propagation

[25, 33] have been unable to capture the correct burning rates of unburned pockets

in full-scale problems. This also explains why application of DNS is limited to single-

isolated events, i.e., triple point collisions [34]. Since the DNS technique is not yet

realizable for problems that contain length scales of practical interest, it is necessary

to model, rather than simulate, the micro-scale physics of the problems (i.e., through

RANS or LES).

2.4 Reynolds Averaged Navier-Stokes (RANS)

An alternative approach to DNS is to apply Reynolds Averaging to the Navier-Stokes

equations (RANS). In this approach, only the very large scale fluid motion is sim-

ulated, while the small scale fluctuations to the flow field are modelled [112]. This

approach, however, provides only mean values of the flow field properties (p, ρ, T , u)

which are averaged across rather large time steps. To date, the method has been ap-

plied to model relatively steady operation of Supersonic Combustion Ramjet engines

(SCRAMJETs) [113] and also fully developed supersonic jets and jet fires involving

hydrogen, beyond the start-up phase [85, 114]. Unfortunately, the detonation and

fast-flame problems under investigation in this study are highly transient in nature,

where large fluctuations in flow properties are expected in very short time scales

[39, 115]. For this reason RANS is not considered.
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2.5 Large Eddy Simulation (LES):

State of the Art

A compromise, and realizable alternative, to both DNS and RANS, is to model the

turbulent scales in a Large Eddy Simulation (LES) formulation. This approach is a

reasonable compromise between the computational efficiency of RANS and the so-

lution accuracy of DNS. In this approach, the exact N-S equations are solved down

to the inertial scales of the problem [112], such that the energy carrying eddies are

resolved. Models are then applied to describe only the small scale turbulent mix-

ing and combustion. These models apply Kolmogorov scaling laws to describe the

self-similar nature of the energy cascade associated with vortical motion in order to

account for the small scale fluctuations with higher accuracy than RANS. As a result,

LES is a favourable approach to solving the problems under investigation here, and is

currently regarded as the state-of-the-art approach to solving compressible turbulent

combustion problems. With LES, however, there are many fundamentally different

modelling approaches. The most appropriate modelling technique must be chosen

that captures the correct expected combustion regime with the appropriate flow as-

sumptions. A brief discussion regarding combustion regimes is given below followed

by discussion of the governing equations and applicable modelling techniques.

2.5.1 Premixed combustion regimes

Turbulent premixed combustion regimes have traditionally been categorized by char-

acteristic Damkholer and Karlovitz numbers [116, 117]. Although regimes have also

been categorized for non-premixed combustion [11], they are not discussed here since

only premixed combustion is considered in this thesis. The Damkholer number, given

by Eq.(2.39), relates the integral time scales of the problem to laminar flame chemical

time scales (i.e., the inverse of the rate at which burning occurs over the entire flame

structure). The Karlovitz number on the other hand, given by Eq.(2.40), relates the
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flame chemical time scales to the Kolmogorov scale, which is the dissipation time

scale of the smallest eddies.

Da =
tF
tc

=
lt/u

′

lF/SL
=

lt/u
′

ν/S2
L

(2.39)

Ka =
tc
tη

=
l2F
η2

(2.40)

Specifically, three major turbulent combustion regimes have been identified. As Da �

1, mixing times are much faster than burning rates, and hence the flow is treated as a

well-stirred reactor. Conversely, as Ka � 1, the turbulent scales are much larger than

the laminar flame structure. Thus, burning is almost instant compared to the mixing

time. In this flamelet regime, the flow is treated as a collection of infinitely thin

laminar flame sheets, where reactants are converted to products, instantaneously, as

they contact the flame surface. Of particular interest, however, is when Da > 1 and

Ka > 1. In this regime, traditionally called the distributed reaction zones regime, the

scales at which turbulent mixing occurs are comparable to the scales at which burning

occurs. Alternatively, the distinction between distributed reaction zone and well-

stirred reactor has also been categorized in terms of a Karlovitz number associated

with the inner-flame structure rather that a Damkholer number [118]. This inner-

flame Karlovitz number, Ka,δ, relates the chemical time scales associated with the

inner-flame structure to the dissipation time scales and is given by

Ka,δ =
tc,δ
tη

=
l2δ
η2

=
(δlF )2

η2
(2.41)

where lδ = δlF is the inner flame thickness and δ is a scaling constant on the order of

0.1 [118]. In this classification, a thin reaction zones regime is alternatively defined

when Ka > 1 and Ka,δ < 1, i.e. when turbulent motions begin to disrupt the inner

flame structure. These three major regimes, and their limits, are indicated in Figure

2.1, for premixed combustion, which is categorized in terms of Ka and Ka,δ. As will

now be demonstrated, the combustion regime of particular interest, for fast-flame

acceleration and DDT, is the thin reaction zones regime.
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Figure 2.1: Regime diagram for premixed turbulent combustion [118]. (u′/Sl) is the
ratio of turbulent velocity fluctuations relative to the laminar flame speed, and (lt/lF )
is the integral scale relative to the inner flame thickness. Ka and Ka,δ represent the
ratio of chemical to dissipation time scales associated with the outer and inner flame
structures, respectively.

Consider the l̂t = 1− 10cm integral scale eddy with velocity fluctuations on the order

û′ = 500−1000m/s, from Section 2.3. For a hydrocarbon fuel mixture at T̂ > 1000K,

in the wake of a strong shock wave, the laminar flame speed is SL ≈ 10 − 20m/s,

see Appendix C. Thus, the flame outer-length scales are on the order lF = ν/SL ≈

5−10µm. Therefore, (l̂t/l̂F ) ≈ 1000−20000 and (u′/SL) ≈ 25−100. For the Reynolds

numbers in Section 2.3, Ka ≈ 1−25 and Ka,δ ≈ 0.01−0.25. Also, Da ≈ 1−40. Thus,

the expected combustion regime is the thin reaction zones regime. Unfortunately, this

regime remains a very difficult challenge to model since the fluid motion time scales

are on the same order as the chemical time scales, hence the motivation for adopting

the CLEM-LES strategy in the next chapter. Current popular LES approaches for

turbulent combustion, and their pitfalls, are described below. First, however, it is

necessary to present the governing equations for LES in order to further elaborate

the closure problems of modern modelling approaches.
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2.5.2 Filtered LES equations

Starting with the full reactive N-S set of Eqs., (2.26)-(2.29), each term is filtered

uniformly (spatially averaged) at a desired length scale, ∆̄. In most cases, but not

necessarily, this length scale is equal to the finest grid spacing of the numerical scheme.

Formally, a resolved spatially filtered quantity, φ is defined as

φ =

∫ ∞
−∞

G(r)φ(x− r)dr (2.42)

where G(r) is the filter type. For uniform filtering, box filters are assumed for G(r)

[112]. Thus, φ is effectively treated as a spatially averaged mean value of φ. Fur-

thermore, density-weighted, or Favre-filtered quantities are introduced for variable

density flows [112] such that

φ̃ =
ρφ

ρ̄
. (2.43)

Therefore, upon spatially averaging each term in Eqs.(2.26)-(2.29), and then apply-

ing the Favre-averaging relations through Eq.(2.43), the filtered N-S equations that

govern the large scale fluid motion for reactive compressible flows (i.e., conservation

of mass, momentum, sensible and kinetic energy, and reactant mass) become:

∂ρ̄

∂t
+ ∇ · (ρ̄ũ) = 0 (2.44)

∂(ρ̄ũ)

∂t
+ ∇ · (ρ̄ũ⊗ ũ) +∇p̄−∇ · τ̄ = −∇ · τ sgs (2.45)

∂(ρ̄ẽ)

∂t
+∇·((ρ̄ẽ+p̄)ũ−ũ·τ̄ )−

(
γ

γ − 1

)
∇·
(
ρ̄ν

Pr
∇T̃
)

= −Qω̇−∇·(Hsgs+σsgs+qsgs)

(2.46)
(∂ρ̄Ỹ )

∂t
+ ∇ · (ρ̄ũỸ )−∇ ·

(
ρ̄ν

Sc
∇Ỹ

)
= ω̇ −∇ · (Y sgs + θsgs) (2.47)

where the equations of state become

ẽ =
p̄/ρ̄

γ − 1
+

1

2
(ũ · ũ) + ksgs (2.48)
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p̄ = ρ̄T̃ . (2.49)

Also, the source terms, on the right side of Eqs.(2.45)-(2.47), are comprised of left

over terms from the filtering process that require modelling:

τ sgs = ρ̄(ũu− ũũ) (2.50)

Hsgs = ρ̄(ẽu− ẽũ) + (pu− p̄ũ) (2.51)

σsgs = ũ · τ − ũ · τ̄ (2.52)

qsgs =

(
γ

γ − 1

)(
ρ̄ν

Pr
∇T̃ − ρν

Pr
∇T
)

(2.53)

Y sgs = ρ̄(ũY − ũỸ ) (2.54)

θsgs =
ρ̄ν

Sc
∇Ỹi −

ρν

Sc
∇Yi (2.55)

ksgs =
1

2
(ũ · u− ũ · ũ). (2.56)

2.5.3 LES closure challenges

Filtering the N-S equations introduces many unclosed quantities, most of which are

denoted with the superscript ‘sgs’. All of these terms, and also the filtered reaction

rate, ω̇, require modelling. The subgrid stress and kinetic energy terms, τ sgs and ksgs,

are relatively straightforward to close using a static Smagorinsky or dynamic Germano

type turbulence model suitable for high Re flows [112]. The subgrid enthalpy flux and

convective species flux terms, Hsgs and Y sgs, are often approximated using rather ad

hoc gradient assumptions [11, 12], which may be subject to error [11]. Furthermore,

the remaining subgrid terms, σsgs, qsgs, and θsgs, are often neglected altogether due

to lack of available models [11, 119]. Finally, filtering the reaction rate, ω̇, is where

the greatest difficulty of turbulent combustion modelling lies. Modelling this term

often requires very bold assumptions, such as perfect instantaneous mixing(Ka,δ �

1) or very fast chemistry (Ka � 1). For cases where Ka,δ < 1 and Ka > 1 (or
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Da → 1), both molecular mixing and chemical reaction become important to consider

on the micro-scales. Furthermore, the reaction rates are very sensitive to the local

temperature. When hot spots form on the micro-scales, the locally rapid increase in

temperature may influence the overall large scale combustion. Since most turbulent

combustion models only consider the average temperature over the entire LES cell

for the computation of the reaction rates, the micro-scale combustion is effectively

unaccounted for, or “washed out”. The next section is a brief review of turbulent

combustion models currently used to simulate supersonic combustion, which further

highlights many of the pitfalls and difficulties in capturing the correct reaction rate,

ω̇, effectively.

2.5.4 Turbulent combustion models for LES

of supersonic combustion problems

The following section gives a brief review of LES strategies that are typically applied

to simulate problems which are turbulent, reactive, and highly compressible, contain-

ing rapid transients in both pressure and energy. These examples include strategies

applied to the types of problems described in Chapter 1 (the detonation phenomena

and compressible jet ignition involving hydrogen), and also to Supersonic Combus-

tion Ramjet engine (SCRAMJET) operation. All of these problems involve both very

large Re and Ma. Details on the methods summarized here, as well as information

on other methods which may be available for turbulent combustion of both subsonic

and supersonic flow, can be found in the following references [11, 120–122].

Well-stirred reactor methods

Well-stirred reactor methods assume that combustion is entirely limited by the chem-

istry alone. That is, the turbulent mixing time scales are much quicker than the

chemical reaction time scales (Da � 1). This is the simplest assumption to imple-

ment numerically, as each computational cell can be assumed to be perfectly mixed at
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each time step. Thus, each computational cell is treated as a constant volume reactor

with a uniform reactant concentration and temperature at each time step. In this

approximation, ω̇ ≈ ω̇. Thus, Eq.(2.17) can be solved directly in each cell. This ap-

proach has been attempted [33, 38] to study irregular detonation propagation. Also,

both investigations were supplemented by models to describe the unclosed turbulent

mixing terms in Eqs.(2.50)-(2.56). Unfortunately, this approach has proven to be

unsuccessful in capturing converged reaction rates. [33] was only able to reproduce

the burning rate of unburned pockets for a methane-oxygen detonation at a very high

resolution (600 cells per half reaction length). Furthermore, convergence beyond this

resolution was not verified. At much lower resolutions (120 cells per half reaction

length), the presence of unburned pockets in ethylene-oxygen detonations was not

observed [38], suggesting a much faster than expected burning rate. Clearly, irregular

detonations cannot be treated as well-stirred reactors. Thus, results from [33, 38]

confirm the need to provide adequate closure to ω̇.

Wrinkled flame and flamelet methods

Flamelet methods are at the opposite end of the regime spectrum from the well-stirred

reactor regime. In the wrinkled flame or flamelet method, the chemical reaction

time scales are much quicker than the rate at which turbulent energy is dissipated

(Ka � 1). In this assumption, burning occurs instantly once the reactant is in

contact with the flame surface. Thus, reaction rates are controlled and limited by

the turbulent motions. The wrinkled flame can then be viewed as an ensemble of

very thin laminar flames, or flamelets within each LES cell [11, 12]. The wrinkling

of the flame causes increased reaction rates through increased surface area associated

with the convolution of the flame. The reaction rates can then be easily estimated

from the turbulence intensity of the flow. Unfortunately, this assumption does not

hold for the current problems under investigation, where distributed or thin reaction

zones are expected. Wrinkled flame techniques, however, are very popular and have

been applied to a variety of supersonic turbulent combustion problems. This method
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has been applied to model SCRAMJETs [123–125], large-scale hydrogen detonations

[126, 127], and the early stages of fast flame acceleration [128–130]. As fast-flames

accelerate toward DDT limits, however, they are expected to become more turbulent

with much greater velocity fluctuations. Should the flow reach the thin reaction zones

regime, when Ka > 1 and Ka,δ < 1, the inner flame structure becomes disrupted by

the turbulent motions present. Thus, the flamelet model is expected to longer remain

applicable at some point within this regime. However, it is noted that it remains

unclear to what extent into this regime, when Ka > 1, flame structures remain intact,

and to what extent the flamelet models remain applicable.

Hybrid methods: the Eddy Dissipation Concept (EDC)

The Eddy Dissipation Concept (EDC) is an another approach that combines well-

stirred reactor and flamelet methods in an attempt to model the full spectrum of

regimes possible. The approach has been successfully applied to model supersonic

jet ignition of pressurized hydrogen releases [91, 92]. It has also been used to model

SCRAMJETs [131]. The advantage of the model is that it can be applied to both

turbulent mixing controlled combustion regimes (Ka � 1), and also kinetically con-

trolled combustion regimes (Ka,δ � 1) [132]. For the mixing controlled regime, the

chemical reactions are limited by the turbulent eddy dissipation rates [12, 133]. For

the kinetically controlled regime, the fuel and oxidizer react as soon as they meet in a

perfectly well stirred reactor within each LES cell at each time step [12]. This hybrid

approach has also been applied to model DDT of hydrogen-air mixtures [60]. The

findings of [60], however, have revealed that simulated detonation initiation events

occurred much sooner compared to physical experiments. Although the model is com-

putationally efficient, it fails to describe, accurately, the small scale diffusive mixing

and combustion that occur as Da → 1. In fact, since reaction rates depend not only

on the availability of reactants, but also largely on temperature, the appearance of

hot spots which appear on the micro-scale are effectively washed out, as the temper-

ature within each LES cell is taken as the average. Thus, contributions due to the
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formation of micro-scale hot spots are not accounted for. For the problems described

in Chapter 1, diffusive mixing and micro-scale combustion must be accounted for.

Flame thickening model

An alternative approach to modelling the turbulent scales, in the LES context, is to

artificially thicken the flame structure such that it can be resolved at much lower

resolutions than required by DNS [134]. In this approach, thickening is achieved

by artificially increasing the diffusion coefficients by a factor F , which gives rise to

increased flame thickness that can be easily resolved by solving directly the DNS

Eqs.(2.26)-(2.29). This factor, F , must be chosen such that the desired turbulent

burning rates are obtained for the resolution chosen. This requires experimental

data, or resolved DNS data, for validation. Furthermore, a fundamental drawback

of this method is that in order to maintain the theoretical laminar flame speed, SL,

the reaction rate, ω̇ must also be decreased by a factor of 1/F [134]. This is done in

order to satisfy the requirement that laminar flame speed squared is proportional to

product of diffusivity and reaction rate. Thus, SL ∝
√

(FD)(ω̇/F ) [134]. Although

this approach has been attempted to model DDT via shock-flame interaction [72], its

application may be more appropriate for weakly compressible flows. Unfortunately,

for highly compressible flows, the scaling of ω̇ by 1/F severely modifies the ignition

delay and sensitivity of the reactant gas mixture to compression arising from shocks.

Furthermore, the interaction between turbulent mixing and the chemistry is altered

since the Damkholer number must also decrease by a factor of 1/F [134]. This leads

to an artificial decrease in wrinkling of the flame front, and hence the available surface

area of the flame. Thus, enhanced mixing arising from turbulent instabilities may be

filtered out. While this approach addresses the problem of resolving the turbulent

scales in DNS, it is not be suitable for modelling problems where capturing the correct

ignition delays and turbulent-flame interactions may both be important.
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Implicit LES (ILES)

ILES was previously applied to model jet ignition of pressurized hydrogen releases

[87] and also to model blast waves involving TNT explosions [135]. This approach,

however, assumes that discretization errors in the numerical scheme for solving the

N-S equations implicitly account for the contributions of the turbulent scales [136].

Thus, intimate knowledge of how numerical diffusion scales with resolution, and what

expected burning rates would be are both required in order to have confidence on

solution results. In this sense, the scheme is essentially unresolved DNS. For this

reason, ILES approaches are generally not adopted in reactive flows.

Statistical approach: Filtered Density Functions (FDF)

In this approach, which is analogous to Joint-Probability Density Function (PDF)

modelling in RANS, it is assumed that the combustion is inherently statistical in na-

ture. Here, rather than solve the traditional transport equations for mass, momentum,

energy, and reactive scalars in 3D space, a transport equation is instead solved which

describes the evolution of an LES-filtered joint PDF (the joint FDF) of all the reac-

tive scalars and the temperature (or enthalpy) [121]. Furthermore, this transported

joint FDF depends on not only space and time, but all independent scalars, and must

be integrated accordingly. For supersonic combustion, this approach has been ap-

plied almost exclusively to SCRAMJET simulations [137–141]. It is an appropriate

technique for treating the thin reaction zones regime which is highly stochastic in na-

ture [132]. Furthermore, the technique inherently provides closure to the momentum

equation and chemical reaction terms [132]. The main drawback is that due to the

large number of possible dimensions to handle, the model is not easily implemented

into standard flow solver frameworks. Furthermore, simulations can be computation-

ally demanding [132]. Although simplifications have been proposed to reduce the

computational overhead by the use of single-point statistics, doing so increases the

difficulty of modelling the turbulent mixing and reaction rates. Furthermore, this

simplification can lead to significant errors in the computations [119, 132].
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CLEM-LES Methodology

3.1 Large Eddy Simulation (LES) Closure

3.1.1 Overview

In this chapter, the details of the CLEM-LES methodology are presented. Specifically,

closure to the LES Eqs.(2.45)-(2.48) is obtained at two different scales; the supergrid

and the subgrid scales. As such, the content of this chapter is divided accordingly.

In this section, various closure models are applied directly to the large scales, on

what is referred to as the supergrid. These closure models predominantly account

for the contributions of unresolved velocity fluctuations to the large-scale momentum

and energy conservation equations. Then, in Section 3.2, the details of the CLEM

numerical subgrid model are presented. In the current formulation, the sole function

of the CLEM subgrid simulation is to provide closure to the reaction rate on the

supergrid, through ω̇ in Eqs.(2.46) and (2.47). In fact, it should be noted here that

Eq. (2.47) is simply not solved on the supergrid. Instead, all reactant evolution

information is handled, and stored, entirely on the subgrid, see Section 3.2. Section

3.3 then describes the numerical implementation and procedural algorithm of the

CLEM-LES formulation. Finally, known limitations of the CLEM-LES approach are

46
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presented in Section 3.4.

The LES formulation described in this chapter largely follows previous LEM-LES

implementations [97, 102, 119] with a few minor differences in formulation and imple-

mentation. The most significant and novel contribution presented here is the treat-

ment of pressure on the subgrid, and its influence on reaction rates, which allows for

adequate closure of the reaction rate in the presence of shocks and strong expansions

that evolve on the supergrid.

3.1.2 LES equations solved on the supergrid

In the formulation adopted here, several models are required for the closure of the

‘sgs’ terms and reaction rate, ω̇ , in Eqs.(2.45)-(2.48). First, the resolved filtered

viscous stress, τ̄ , is expressed in terms of the resolved filtered density, ρ̄, and the

Favre-averaged velocity, ũ, through

τ̄ = ρ̄ν

(
∇ũ+ (∇ũ)T − 2

3
(∇ · ũ)I

)
. (3.1)

The subgrid stress term, τ sgs, in the momentum Eq.(2.45), is then closed by applying

a linear-eddy-viscosity model [112]. This model is analogous to the Newtonian fluid

assumption, where the subgrid stress is assumed to vary linearly with the averaged

fluid strain rate, for a given fluid density, through a turbulent viscosity:

τ sgs ≈ ρ̄νt

(
∇ũ+ (∇ũ)T − 2

3
(∇ · ũ)I

)
. (3.2)

Next, the subgrid enthalpy flux term, Hsgs, is assumed to be gradient driven (on the

supergrid) by the turbulent viscosity through

Hsgs ≈ −
(

γ

γ − 1

)
∇ ·

(
ρ̄νt
Pr,t
∇T̃
)
. (3.3)

It should be noted that although this term does not contribute to the diffusive process

on the subgrid, it is formally retained on the supergrid to ensure full closure of Eq.
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(2.46). The sole purpose of the subgrid is to provide closure to ω̇. Then, upon

neglecting the remaining subgrid terms, σsgs and qsgs, due to lack of available models

[11], the filtered LES equations become:

∂ρ̄

∂t
+ ∇ · (ρ̄ũ) = 0 (3.4)

∂(ρ̄ũ)

∂t
+∇ · (ρ̄ũ⊗ ũ) +∇p̄−∇ · ρ̄(ν + νt)

(
∇ũ+ (∇ũ)T − 2

3
(∇ · ũ)I

)
= 0 (3.5)

∂(ρ̄ẽ)

∂t
+ ∇ ·

(
(ρ̄ẽ+ p̄)ũ− ũ · τ̄

)
−
(

γ

γ − 1

)
∇ ·

(
ρ̄(
ν

Pr
+

νt
Pr,t

)∇T̃
)

= −Qω̇ (3.6)

Next, the subgrid kinetic energy from Eq.(2.48), ksgs, is modelled using a one-equation

Localized subgrid Kinetic energy Model (LKM) approach [142, 143]. In this approach,

the system of equations, (3.4)-(3.6), are supplemented by a transport equation which

describes the diffusion, advection, production, and dissipation of the subgrid kinetic

energy associated with subgrid velocity fluctuations in the flow:

∂(ρ̄ksgs)

∂t︸ ︷︷ ︸
local rate of

change in subgrid
kinetic energy

+∇ · (ρ̄ũksgs)︸ ︷︷ ︸
advective

flux

−∇ ·
(
ρ̄νt
Pr,t
∇ksgs

)
︸ ︷︷ ︸

diffusive
flux

= Ṗ︸︷︷︸
production

rate

− ρ̄ε︸︷︷︸
dissipation

rate

(3.7)

Here, the subgrid kinetic energy is produced at the same rate from which it is dis-

sipated from the large scales through the turbulent viscosity. Hence, the rate of

production of subgrid kinetic energy is given by

Ṗ = ρ̄νt

(
∇ũ+ (∇ũ)T − 2

3
(∇ · ũ)I

)
· (∇ũ) (3.8)

and the dissipation rate is modelled as

ε = Cε(k
sgs)3/2/∆̄. (3.9)

Finally, a Smagorinsky-type model [112] is applied to link the turbulent viscosity to

the unresolved velocity fluctuations, and thus the subgrid kinetic energy, through

νt = Cν
√
ksgs∆̄. (3.10)
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Here, ∆̄ is the LES filter size. For simplicity, it is assumed that ∆̄ = b, where b is

the grid spacing. It is noted, however, that this assumption may introduce errors

at fine-coarse cell interfaces when coupled with Adaptive-Mesh-Refinement (AMR)

[144, 145]. Further discussion and justification for this choice is provided in Section

3.3. Also, it should be noted that Cν and Cε are model constants which require

calibration. It is possible to obtain Cν and Cε dynamically according to local flow

conditions [146, 147], however the dynamic procedure requires more computational

expense and has additional requirements to ensure numerical stability [146]. Also, the

presence of strong density gradients (i.e., shocks) may further introduce instability in

the dynamic method [143]. For these reasons the dynamic version is not considered

here, thus Cν and Cε must be prescribed. Finally, to close the system of Eqs.(3.5)-

(3.6), the chemical reaction term, ω̇, requires closure. This is done through the

application of the CLEM subgrid within each LES cell.

3.1.3 Determination of the supergrid model constants

Although the constants Cν and Cε require calibration, it is possible to obtain an

approximate estimate by applying Lilly’s method [148]. This method applies Kol-

mogorov’s hypothesis [149], which describes the kinetic energy and dissipation spectra

associated with isotropic incompressible turbulence. At sufficiently high Re, velocity

fluctuations at high wave numbers (small scales), in the inertial subrange, follow uni-

versal behaviour such that large scale turbulence transfers kinetic energy to smaller

scales through an energy cascade according to a well known -5/3 power law. A model

which describes this power law behaviour in the inertial subrange, and also includes

a description of the kinetic energy behaviour at the integral and dissipation scales, L

and η, is given by [112]:

E(κ) = Cκε
2/3κ−5/3fL(κL)fη(κη) (3.11)

where Cκ is the Kolmogorov constant. Typically, Cκ is estimated from experiments

to be ∼ 1.5, however published values range anywhere from 1.2 to 4 [150]. This
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expression for E(κ) describes the kinetic energy associated with velocity fluctuations

at specific wave numbers, or frequencies, κ. In addition to the Kolmogorov power-

law spectrum, Cκε
2/3κ−5/3, Eq.(3.11) also contains model behaviour for the energy-

containing range of scales (κ → π/L) and the dissipation scales (κ → π/η), given

by fL(κL) and fη(κη), respectively. For the lowest wave numbers (κ → π/L) in

the energy-containing range, fL(κL) can be modelled by von Karman’s spectrum

[112, 151]:

fL(κL) =

(
κL√

(κL)2 + cL

)11/3

(3.12)

where cL ≈ 6.78 for high Re [112]. At high wave numbers (κ→ π/η) in the dissipation

range, fη(κη) can be modelled using Pao’s spectrum [152]:

fL(κη) = exp

(
−3

2
Cκ(κη)4/3

)
. (3.13)

An example of an arbitrary function, E(κ), across the range of scales, κ = π/L to π/η,

is illustrated in Figure 3.1. A key feature of E(κ) is that for κ� π/L, fL(κL)→ 1,

and for κ � π/η, fη(κη) → 1. Thus, for high Re flows that contain wave numbers

spanning several orders of magnitude, a filter length scale, ∆̄, placed in the inertial

range would be expected to have a wave number such that π/L� π/∆̄� π/η. Thus,

the energy spectrum would be approximated by

E(κ) ≈ Cκε
2/3κ−5/3 (3.14)

throughout most relevant scales of interest. Following the approach adopted by [142,

143, 148, 153], the subgrid kinetic energy, ksgs, is simply the total kinetic energy from

κ = π/∆̄ to κ→∞, as indicated in Figure 3.1. Thus,

ksgs =

∫ ∞
π/∆̄

E(κ)dκ =
3Cκ

2

(
ε∆̄

π

)2/3

. (3.15)
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Figure 3.1: Energy spectrum for isotropic turbulence. E(κ) is the kinetic energy of
the turbulent motions that exist at various wave numbers, κ.

Isolating for the total dissipation rate, ε, and then equating (3.15) and (3.9) yields

an expression for Cε in terms of the Kolmogorov constant, Cκ:

Cε = π

(
2

3Cκ

)3/2

.

(3.16)

This expression was also obtained in [142, 148].

To determine Cν , one can consider the dissipative energy spectrum [112] given by

D(κ) = 2νκ2E(κ) (3.17)

where the total dissipation is

ε =

∫ ∞
0

D(κ)dκ. (3.18)

Following the approach by [142, 148, 154, 155], an eddy viscosity model can be in-

troduced where energy dissipation occurs on the resolved scales through a turbulent
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viscosity, νt, such that

εsgs =

∫ π/∆̄

0

2νtκ
2E(κ)dκ =

3

2
νtCκε

2/3

(
π

∆̄

)4/3

.

(3.19)

Then, by assuming that the subgrid energy dissipation rate, εsgs, is equivalent to the

total dissipation rate, εsgs ≈ ε [148, 154–156], and equating (3.19) with (3.15), one

can derive an expression for νt in terms of ksgs:

νt =
1

π

(
2

3Cκ

)3/2√
ksgs∆̄. (3.20)

This expression is equivalent to that obtained in [142, 156], and holds a very similar

form to that obtained from [148] applied to the Smagorinsky model [112, 155]. Finally,

equating with Eq.(3.10) yields an expression for Cν , also in terms of the Kolmogorov

constant, Cκ:

Cν =
1

π

(
2

3Cκ

)3/2

.

(3.21)

Thus, for Cκ ≈ 1.5, Cε = 0.93 and Cν = 0.094.

3.2 The CLEM Subgrid Model

3.2.1 Overview

In order to circumvent the problem of modelling the reaction rates as Da → 1,

a solution methodology based on the Linear Eddy Model [157–163] formulation as a

subgrid model for LES [97, 98, 119, 164–168] is applied. In this approach, the reaction-

diffusion process is simulated in a one-dimensional problem at the subgrid level within

each LES grid. Thus, information regarding local hot spots and contact surfaces on

the molecular level are accounted for and resolved. Furthermore, to simulate the effect

of turbulent mixing, the one-dimensional flow field is randomly “stirred” by linear

eddies according to a Probability Density Function (PDF) [162]. The effect of the

resulting compressive strain on the flow field due to the presence of the random subgrid
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eddies is to reproduce the turbulent diffusivity of the flow based on local properties of

the flow at the LES level. The advantage of the model is that closure is easily provided

for the species and energy equations at the LES level [119]. In addition, Lewis number

effects can be accounted for if desired. Furthermore, restrictive assumptions such

as infinitely fast mixing or chemical reactions, are not required. Finally, the LEM

model has proven to be effective for both non-premixed [98, 164, 169] and premixed

[99, 102, 165, 166, 168, 170–172] combustion applications. Although there have been

no known attempts to use this method to simulate combustion problems involving

large Ma, which are highly compressible, the model’s capability to capture high Re

inert mixing has been demonstrated in simulations of unreactive supersonic shear

layers [100].

3.2.2 Governing equations

For the CLEM subgrid modelling strategy, the large scale pressure evolution is solved

separately from the small scale mixing and reactions. This is achieved through ap-

propriate coupling of the pressure and energy fields. Thus, Eqs.(3.4) through (3.7),

henceforth referred to as the supergrid, are solved on the large scales without the chem-

ical reaction terms. The subgrid model is then applied to simulate the small scale

molecular mixing and chemical reactions, which thus provides ω̇ to the supergrid as

a source term. In this particular approach, the subgrid model is a one-dimensional

representation of the flow field within each supergrid cell whose orientation is as-

sumed to be aligned in the direction of local flow. Thus, each supergrid cell, which

requires closure, contains one subgrid domain. A good general summary of the model

formulation for weakly compressible flows (in the context of LEM-LES) is found in

[97] and a more comprehensive description of the model is found in [119].

In order to derive the subgrid model formulation, pressure gradients are locally ne-

glected within the small scales of each supergrid cell. Thus, it is assumed that pressure

waves travel much faster than the physical expansion or contraction of the local fluid

relative to its convective motion. The result is that low-Mach number approxima-
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tions [173] are applied to treat the small scales while the pressure on the large scales

is treated using piece-wise constant discretization of the flow field. Therefore, the

pressure field evolution is solved entirely on the supergrid. Also, the local temporal

pressure changes determined from the supergrid are prescribed to the subgrid, as

a source term, in order to account for energy changes due to rapid compression or

expansions. In this sense, pressure wave locations and strengths are captured only

on the supergrid. Furthermore, the subgrid energy levels within each supergrid cell

responds accordingly in spatially uniform, but temporally evolving, pressure systems.

This formulation was previously applied to determine ignition limits of idealized non-

turbulent and rapidly expanding hydrogen jets [49]. The previous model formulation,

however, contained only pressure and energy coupling in one-direction; from the large

scales to the small scales. Thus, the model could only be used to determine the onset of

ignition, and not the subsequent influence of ignition on the fluid evolution. Therefore,

this current model serves as an extension to the previous work [49] by providing two-

way coupling between the large scale pressure evolution and small scale mixing and

reactions.

The system of equations that is solved on the subgrid is formally obtained by neglect-

ing pressure gradients in the system of Eqs.(2.26) to (2.29) and expressing the energy

conservation equation, (2.28), in terms of enthalpy. Also, the subgrid equations are

expressed along fluid particle paths and thus make use of the material derivative,

where Dφ
Dt

= ∂φ
∂t

+ u∂φ
∂x

. Thus, for the subgrid system, the conservation of enthalpy

and reactant mass, along particle paths, are expressed in non-dimensional form as:

ρ
DT

Dt︸ ︷︷ ︸
rate of change

of enthalpy along
a particle path

−
(
γ − 1

γ

)
ṗ︸ ︷︷ ︸

rate of change of
energy due to local
pressure changes

− ρ ∂

∂m

(
ρα

∂T

∂m

)
︸ ︷︷ ︸

heat diffusion
to neighbouring
fluid elements

= −
(
γ − 1

γ

)
Qω̇︸ ︷︷ ︸

heat release

+ḞT (3.22)

ρ
DY

Dt︸ ︷︷ ︸
rate of change of

reactant density along
a particle path

− ρ ∂

∂m

(
ρ
α

Le

∂Y

∂m

)
︸ ︷︷ ︸

reactant diffusion
to neighbouring
fluid elements

= ω̇ + ḞY (3.23)
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Here, the source terms, ḞT and ḞY account for the effect of turbulence on the sub-

grid in the form of random “stirring” events [162] and m is a one-dimensional mass

weighted coordinate [49] whose transformation to Cartesian spatial coordinates is

given by

m(x, t) =

∫ x

xo

ρ(x, t)dx. (3.24)

By convention, since the subgrid nodes are assumed to be aligned in the same direction

as the mean flow velocity, this implies that the positive x direction on the subgrid

corresponds to the local positive ũ direction on the supergrid. Finally, the subgrid

model formulation in this study differs from previous LEM-LES implementations

[97, 102, 119] for two reasons. First, the pressure source term, ṗ, in Eq.(3.22) accounts

for the energy changes associated with rapid changes in pressure. Second, the 1-D

subgrid domains are formulated with Lagrangian mass-weighted coordinates, m, as

given by Eq.(3.24). This is done in order to account for not only the expansion

or contraction of the fluid along particle paths, but also changes in spatial distance

between computational nodes on the subgrid (dx).

3.2.3 Subgrid-supergrid coupling through source terms

The two-way coupling between the large scale hydrodynamics (the supergrid) and the

small scale mixing and reaction (the subgrid) is achieved through source terms in the

energy equations, (3.6) and (3.22). Specifically, this is done by maintaining consistent

pressure changes between the two energy fields. First, the large scale fluid flow, the

supergrid, provides the local pressure changes in each cell at each time step to the

subgrid model. For isentropic flow in the form of expansions and weak compressions,

the pressure term in Eq.(3.22) is solved exactly by considering its contribution to the

enthalpy change separately from the diffusion/reaction terms via operator splitting.

Thus the enthalpy change of each subgrid node due to isentropic pressure changes is

accounted for through

T2

T1

=

(
p2

p1

)(γ−1)/γ

.

(3.25)
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The diffusion terms of Eq.(3.22) are then solved separately at the updated, and spa-

tially uniform, pressure for the entire subgrid domain within a supergrid cell. To

treat irreversible shock-waves, however, the post-shock temperature of each subgrid

node is determined according to the Rankine-Hugoniot jump conditions through

T2 − T∗ =

(
γ − 1

2

)
(p2 + p∗)

(
1

ρ∗
− 1

ρ2

)
(3.26)

where the subscript * denotes a pre-compression reference state. In this approach,

if the local flow experiences more than 0.1% pressure increase, Eq.(3.26) is solved

in order to update the temperature and density of each subgrid node, according to

the pressure increase, such that the equation of state (2.31) is also satisfied. This

threshold is a very conservative estimate, since weak shocks can usually be treated as

isentropic. In fact, the entropy generated across weak shocks are through third order

effects as pressure and density increase [174]. Furthermore, the numerical shock

is captured on several supergrid points, each one having a relatively small jump

in pressure, even though the overall change may not be small. Thus, the value of

0.1%, presented here, was found through trial and error to work well for γ = 1.2 −

1.4. Then, if the local flow does not compress sufficiently, isentropy is assumed and

Eq.(3.25) is solved. Also, the reference state (denoted by *) is reset accordingly. In

order to implement this procedure, subgrid diffusion, chemical reactions, and stirring

events are frozen during the irreversible compression process since a pre-compression

reference state is needed.

At the end of the subgrid simulation, the model provides the energy contribution

due to chemical reactions to the supergrid. This is done by prescribing the reaction

rate exactly in Eq.(3.6) according to the precise amount of reactant mass consumed

during the subgrid simulation. Thus,

ω̇ =
∆(ρY )subgrid

∆tsupergrid

(3.27)
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where for each supergrid cell:

(ρY )subgrid =

∑N
i=1 miYi
Vcell

. (3.28)

A key feature of this two-way energy-coupling is that the pressures (and consequently,

the internal energies per unit cell volume) of both the subgrid and the corresponding

supergrid cell are always returned to the same value. This ensures that energy, along

with mass, is always conserved.

3.2.4 Turbulent stirring (LEM)

For the Linear Eddy Model (LEM), the turbulent “stirring” [162] on the subgrid is

represented by the source terms, ḞT and ḞY in Eqs.(3.22) and (3.23). The actual

“stirring” events, however, are implemented as a series of random instantaneous re-

mapping procedures. The remapping procedure is designed to simulate the effect that

a multi-dimensional eddy would have on a one-dimensional sample of the flow field.

In order to achieve this, a triplet map is implemented, as detailed by [162]. In this

procedure, fluid properties are re-mapped in such a way that mass is conserved. The

effect of this re-mapping procedure on a 1-D sample of a flow field is illustrated in

Figure 3.2.

In order to implement the mapping procedure, three random variables are needed;

the size of an eddy, its location, and the time of appearance. The location of each

eddy is simply chosen randomly inside each subgrid domain. However, its size, l, is

randomly determined according to a PDF which is derived from Kolmogorov scaling

laws associated with turbulence dissipation. For eddies ranging in size from the

integral scale of the LES filter width, ∆̄, to the Kolmogorov scale, η, the PDF of

eddy sizes is given by [162]:

f(l) =
(5/3)l−8/3

(η−5/3 − ∆̄−5/3)
. (3.29)

Finally, the frequency of eddy stirring events is determined by considering a turbulent
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Figure 3.2: Representation of LEM triplet map to model eddies on a 1D flow field.
In this example, the eddy size (l) is much bigger than the flame thickness (δ).

diffusivity resulting from a random walk of re-mapping events [162]. By considering

this diffusivity as an analogue to the diffusivity resulting from random collisions of

molecules in a gas [175, 176], a turbulent diffusivity of ”stirring” events can derived:

DT =
2

27
λ

∫ ∆̄

η

l3f(l)dl (3.30)

where the Kolmogorov scale is estimated from [177]

η =

(
ν3

ε

)1/4

.

(3.31)

Also, the turbulent diffusivity can be expressed in terms of the turbulent viscosity νt

[178], which is also readily available in LES:

DT =
νt
Sc,t

(3.32)

where Sc,t is a single constant whose value is typically assumed to be 1.0 [178].
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Eqs.(3.30) and (3.32) can then be equated in order to determine the frequency of

eddy stirring events per unit space, λ. The time between stirring events is then

simply

∆tstir = 1/(λ∆̄). (3.33)

Finally, it should be noted that one fundamental difference between the current im-

plementation and previous implementations [98, 99, 102, 119], is that the re-mapping

procedure [162] is applied to a subgrid domain consisting of discreet nodes, each

having their own mass-weighted coordinate location. Thus, the eddy size and loca-

tion, which is first determined in Cartesian coordinates, must be transformed to the

mass-weighted coordinate system through equation (3.24). It is possible that this

procedure may introduce some error compared to their Cartesian counterpart, due

to the discreet nature of the mapping procedure. The effect of this error, however,

is believed to be minimal and should converge to the same solution as its Cartesian

counterpart upon sufficient resolution of the subgrid. Furthermore, previous investi-

gation [162] suggests that the turbulent diffusivity DT has more dependence on the

occurrence of the stirring event itself, rather than the specific mapping procedure

applied. A comparison of the triplet mapping procedure for a hypothetical random

eddy, as applied to a linear profile in ρ, for both a Cartesian grid and an equivalent

mass-weighted grid is shown in Figure 3.3. Also shown, is the exact continuous map

[162] which has been applied to both coordinate systems. Formally, the exact triplet

map applied to a random eddy, which spans from x = x0 to x = x0 + l is expressed as

φ2(x) =



φ1(3x− 2x0) x0 ≤ x ≤ x0 + l/3,

φ1(−3x+ 4x0 + 2l) x0 + l/3 ≤ x ≤ x0 + 2l/3,

φ1(3x− 2x0 − 2l) x0 + 2l/3 ≤ x ≤ x0 + l,

φ1(x) otherwise.

(3.34)

where φ1 and φ2 represent the various properties (ρ, T , ρ∗, T∗, Y ) before and after

the stirring process, respectively. For the example in Figure 3.3, relatively good

agreement is observed between the Cartesian stirring and the mass-weighted stirring,
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Figure 3.3: Comparison of an exact triplet mapping procedure[162] applied to a
discreet Cartesian grid and a mass-weighted grid.

although some deviation does exist. It should be further noted, however, that a full

investigation of this mapping procedure on wide range of density profiles, and number

of subgrid nodes, has not been fully investigated.

3.2.5 Large scale advection (splicing)

Once the LEM domains evolve across each LES time step, the large scale advection

of LEM elements is handled by transferring elements to or from neighbouring cells

through a splicing procedure [119]. This is easily implemented and satisfies the basic

mass conservation requirement since the mass flux (ρ̄ũ) across each LES cell face

is known. Unfortunately, the method has been reported to add spurious diffusion

to flows which are predominantly oblique to the grid direction [119]. Recently, this

limitation has been addressed by considering a LEM domain for each Cartesian di-

rection within each supergrid cell (LEM3D) [178]. Since this approach doubles or

triples the computational expense of the simulation for 2D or 3D flows, LEM3D is

not considered here. Furthermore, the flows considered in the remainder of the the-

sis are predominantly aligned with the grid direction, which should retain spurious
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diffusion errors to a minimum. For the current implementation, following [119], the

order of which elements are transferred is done according to the magnitude of the

mass flux across each LES cell face. First, the LEM elements are transferred out of

each LES cell through each face from the largest mass flux out to the least. Since

the LEM domains are aligned with the local flow velocity, by convention, the LEM

elements are moved out from the right side of each LEM domain. If an element is to

be spliced, or divided into two new elements, such that the exact 1D-mass of elements

transferred is equal to (ρ̄ũ)∆t across a particular face, the new elements both take

on the same value of ρ, T , p, and Y as the original element. This is also true for

the pre-compression reference state variables ρ∗, T∗, and p∗. Next, the LEM elements

enter their destination cells through each LES cell face from the largest mass flux in

to the least. Finally, to ensure that each LES cell has the same number of LEM cells

of equally spaced mass coordinates, a re-gridding procedure is applied [119] prior

to advancing the LEM simulation over next LES time step. See Figure 3.4 for an

illustration of the splicing and re-gridding procedure.

3.2.6 Re-gridding in mass-coordinates

In order to solve the diffusive terms of Eqs.(3.22) and (3.23), in the current implemen-

tation, a uniform grid of equal mass-weighted coordinate spacing, ∆m, is required

for the LEM domains. Thus, prior to the diffusion/reaction (and stirring) process,

each LEM domain is re-gridded such that each LES cell contains an equal number of

LEM elements. Also, the procedure is only applied after the pressures of the LEM

elements are updated. This ensures a uniform pressure in the LEM domain. First,

suppose there are originally N subgrid elements in the cell. The grid spacing, ∆m,

is then computed from

∆m =
N∑
i=1

mi/N. (3.35)

The mass per unit area of each new LEM element, with index j, is simply mj = ∆m.

Then, for each new jth element, which comprises of M original or spliced elements,
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Figure 3.4: LEM splicing procedure.
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the updated properties can be calculated from

ρj = mj/Vj (3.36)

Tj =
pj
ρj

=
M∑
i=1

(miTi)

mj

(3.37)

Yj =
M∑
i=1

(miYi)

mj

(3.38)

where a 1-D volume of each subgrid element, useful for the computations, is given by

Vj =
M∑
i=1

(mi/ρi). (3.39)

Finally, the procedure is also used to re-grid the pre-compression state variables (ρj,∗

and Tj,∗) as well.

3.3 Numerical Implementation

3.3.1 The AMR-enabled LES supergrid

In order to solve the system of Eqs.(3.4) through (3.7), a numerical framework de-

veloped by Mantis Numerics Ltd. is employed. The compressible flow solver uses a

second order accurate exact Godunov solver [179, 180], which features a symmetric

monotonized central flux limiter [181], to treat the convection terms. The diffu-

sive terms are handled explicitly. Structured Cartesian grids are applied in order to

take advantage of Adaptive Mesh Refinement (AMR) [182] for increased efficiency.

It should be noted, however, that the application of LEM-LES may not necessarily

be limited to structured Cartesian grids [183]. In this work, AMR is implemented

only on the supergrid (Eqs. (3.4) - (3.7)). Specifically, the supergrid is refined, on

a per cell-basis, in regions where the density or reactant mass (ρ̄ or ρ̄Ỹ ) changes

by more than 0.1% locally between existing grid levels. Furthermore, when a cell is
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flagged as ‘bad’, or needing refinement, this badness is diffused by approximately 5-10

cells in each direction on the current grid level. For the purpose of refinement, the

Favre-averaged reactant mass, ρ̄Ỹ , is obtained from information stored entirely on

the subgrid. The supergrid is also refined in the presence of shocked and unburned

reactant (i.e., ρ̄Ỹ > 0 & ρ̄ > 1.1). Furthermore, the subgrid model is only active on

the finest cells of the supergrid system, and not the coarsest and intermediate grid

levels. AMR is not applied to the subgrid domains.

The reader is cautioned, however, that AMR-LES coupling remains challenging to

implement in many flow configurations. In the current formulation, the LES filter

width had been assumed to be equal to the grid size, ∆̄ = b, and is allowed to

change with the mesh spacing. In some cases, however, this assumption leads to

discontinuous errors in the kinetic energy field at fine-coarse cell interfaces [144, 145].

To circumvent this error, a value of ∆̄/b = 4 has been recommended [144]. This

action, however, tends to smooth the subgrid viscosity across several fine grid cells

and may affect the overall solution development. In the multi-dimensional scenarios

considered in Chapters 5 and 6, the bulk of the subgrid kinetic energy would be

generated from the strong shocks located near the front of the wave. Since the

unrefined quiescent fluid ahead of the shock is assumed perfectly motionless, coarse-

fine errors in subgrid kinetic energy are not expected to be problematic near the

leading shocks. Furthermore, once the reactant is shocked, the fluid remains refined

until all of the reactant is consumed. Thus, any effect that residual subgrid kinetic

energy in wake of the burned products would have on the overall flow development is

believed to be negligible. Thus, ∆̄ = b is assumed to be appropriate.

3.3.2 The CLEM subgrid implementation

Upon advancing the supergrid simulation for one time step at the finest grid level, ∆t,

the subgrid model, governed by the system of Eqs.(3.22) and (3.23), is then solved

separately for the duration of ∆t using operator splitting [184] to treat the various

terms. First, the pressures of each LEM element are updated to the new pressures
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computed on the supergrid. The temperature (and density) of each LEM element is

then updated through
DT

Dt
=

1

ρ

(
γ − 1

γ

)
ṗ. (3.40)

This is done by applying the procedure described in Section 3.2.3. It is noted that

p2 = p̄ for each LEM element, and p1 is the pressure of the element obtained at the

end of the previous pressure update, which may have occurred in a different LES

cell. The LEM elements thus carries pressure history information during the splicing

procedure, which includes the elements pre-compression reference state, p∗. Next, the

diffusion terms of Eqs.(3.22) and (3.23),

DT

Dt
=

∂

∂m

(
ρα

∂T

∂m

)
(3.41)

DY

Dt
=

∂

∂m

(
ρ
α

Le

∂Y

∂m

)
(3.42)

are solved explicitly in time using the Forward Euler method and spatially discretized

using central differences [185]. Thus, for each LEM element, with index i at the nth

time step:

T n+1
i = T ni +

∆tdiff

∆m

[
ρα|i+1/2 (T ni+1 − T ni )− ρα|i−1/2 (T ni − T ni−1)

]
(3.43)

Y n+1
i = Y n

i +
∆tdiff

∆m

[
ρ
α

Le

∣∣∣∣
i+1/2

(Y n
i+1 − Y n

i )− ρ
α

Le

∣∣∣∣
i−1/2

(Y n
i − Y n

i−1)

]
. (3.44)

This is done for successive and sufficiently small subgrid time-steps in order to satisfy

either the CFL stability criteria associated with the explicit diffusion operation, or

the time at which the next stirring event occurs, whichever is smallest. The reaction

terms,
DT

Dt
= −

(
γ − 1

γ

)
Qω̇

ρ
(3.45)

DY

Dt
=
ω̇

ρ
(3.46)
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are then solved, implicitly, for the same time step, ∆tdiff, using the Backward Euler

method [185]. Finally, stirring events occur as necessary. The CFL condition for the

subgrid diffusion operation, in mass-weighted coordinates, is

β
∆tdiff

∆m2 ≤
1

2
(3.47)

which must be satisfied at each subgrid node interface. β is the largest diffusion

coefficient associated with either Equation (3.41) or (3.42) (i.e., β = max[ρα, ρα/Le])

and is evaluated by taking the average value between two adjacent nodes.

Upon completion of the subgrid simulation for ∆t, the contribution of ω̇ is then

provided to the supergrid via Eq.(3.27). This will in turn affect the large scale fluid

flow evolution for the next supergrid time step, and thus the process is repeated.

3.3.3 The CLEM-LES algorithm

A summary of the CLEM-LES procedure for one global LES time step, ∆t, is given

below. Corresponding flow-charts of the procedure are also available in Appendix

A. For each cell on the supergrid, variables that require storage are the conserved

quantities (ρ̄, ρ̄ũ, ρ̄ẽ, and ρ̄ksgs), the primitives (ρ̄, ũ, p̄, T̃ , and ksgs), the local

pressure increase, ∆p̄, the LEM resolution (∆m), and the mass flux across each cell

face, (ṁ). For each LEM element on the subgrid, the primitives (ρ, p, T , Y ) and the

pre-compression state variables (ρ∗, p∗, T∗) require storage. It is also useful to store

the 1-D volumes (V ) for the stirring process, and also the location of the supergrid

cell where the elements exist prior to splicing. The formal algorithm is as follows:

1. Check grid refinement criteria on the supergrid and refine/de-refine as necessary.

Details are published elsewhere [182].

2. Obtain t and the time step, ∆t, for the finest grid level, b. Also store the

pressure in each supergrid cell, p̄1 = p̄.
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3. Check if LEM elements exist in each supergrid cell on the finest grid level. If

LEM elements do not exist in a supergrid cell, create them such that ρ = ρ∗ = ρ̄,

p = p∗ = p̄. Also, remove LEM elements from supergrid cells that are not refined

to the finest grid level.

4. On the supergrid, get the first order convective and viscous flux contributions

(including τ sgs and Hsgs terms) for Eqs.(3.4) through (3.7), for 1
2
∆t, using the

Godunov procedure described in [179] and explicit Forward Euler treatment of

the diffusion terms [185], respectively.

5. Account for the LKM source term contributions (Ṗ , ρ̄ε) in Eq.(3.7). These

source terms will also have a contribution to (ρ̄ẽ) due to the presence of ksgs in

the equation of state (2.48).

6. Add contributions from Steps 3 and 4 and thus update the supergrid solutions

for ρ̄, ρ̄ũ, ρ̄ẽ, and ρ̄ksgs.

7. Repeat Steps 4, 5, and 6, but for the second order operation across the full time

step, ∆t. Store the computed mass flux per unit area, ṁ = (ρ̄ũ ·n), across each

supergrid cell face. Also store the new pressure in each supergrid cell, p̄2 = p̄.

8. Begin the CLEM subgrid simulation in each supergrid cell. First check if ∆p̄ =

p̄2 − p̄1 > 0.1%. If satisfied, proceed to Step 9(a). If not, proceed to Step 9(b).

9. (a) Shock compression detected. Solve Eq.(3.26) for each LEM element by let-

ting p2 = p̄2. Once finished, apply the re-gridding procedure from Section

3.2.6 and let ω̇ = 0. Proceed directly to Step 23.

(b) Assume isentropic pressure change and solve Eq.(3.25) for each LEM ele-

ment by letting p2 = p̄2. (Note: p1 is not necessarily equal to p̄1).

10. Apply the re-gridding procedure from Section 3.2.6 and obtain ∆m.

11. Calculate the amount of reactant mass in each LEM domain with Eq.(3.28).

12. Obtain the stirring time step, ∆tstir, through Eq.(3.33).



Chapter 3. CLEM-LES Methodology 68

13. Let tstir = t+ ∆tstir and t∆ = t+ ∆t.

14. Obtain the subgrid diffusion time step, ∆tdiff, by satisfying the CFL condition

in Eq.(3.47).

15. If t+ ∆tdiff > t∆ then ∆tdiff = t∆ − t.

16. If t+ ∆tdiff > tstir then ∆tdiff = tstir − t.

17. Diffusion step. Solve Eqs.(3.43) and (3.44) for the time step ∆tdiff and resolution

∆m.

18. Reaction step. Solve Eqs.(3.45) and (3.46) for the time step ∆tdiff.

19. Let t = t + ∆tdiff. If t ≥ tstir apply the stirring procedure described in Section

3.2.4 and let tstir = t+ ∆tstir.

20. If t < t∆ then repeat Steps 14-19.

21. Update the pre-compression state variables. I.e. ρ∗ = ρ, p∗ = p2, T∗ = T .

22. Calculate the amount of reactant mass with Eq.(3.28), then calculate the reac-

tion rate ω̇ through Eq.(3.27).

23. Implement the splicing procedure described in Section 3.2.5. Ensure that ele-

ments move out of each supergrid cell across faces from largest mass flux out

to the least. Keep track of where the element came from.

24. Check for inflow boundary conditions (or fine-coarse interfaces) and create LEM

elements as necessary. Ensure that the order that elements enter each supergrid

cells is from largest mass flux in to the least.

25. Account for the reaction source term, ω̇, in Eq.(3.6). Thus update the solution

for ρ̄ẽ.

26. Repeat steps 1-25 as required for the duration of the simulation.
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3.4 Known Limitations

Finally, before proceeding to implement this CLEM-LES methodology, it is impor-

tant to note and summarize the various known limitations of the solution framework.

Many of these limitations, presented below, have been considered acceptable for mod-

elling the fast-flame and detonation propagation scenarios described in Chapter 1.

They are, however, presented here as a note of caution for extending the CLEM-LES

methodology beyond the scope of the work conducted here.

3.4.1 Algorithm limitations

Subgrid diffusion between neighbouring supergrid cells

First, the most significant limitation is the fact that diffusion between subgrid end-

nodes is currently neglected between subgrid domains on neighbouring supergrid cells.

At the time of writing, the implementation of diffusion in this respect remains a chal-

lenge to implement. In previous LEM-LES implementations, this limitation was also

reported [97, 119], yet its effects were not investigated. It is therefore a fundamental

requirement that simulations require sufficient flow velocity in order to ensure ade-

quate transfer of subgrid nodes to neighbouring cells, which in turn allow for subgrid

diffusion to occur. Thus, providing there is sufficient flow velocity, as would be the

case for detonation propagation, it is believed this diffusion limitation at subgrid

boundaries can be safely neglected [97, 119]. Furthermore, neglecting such diffusion

limitation effects has been justified in weakly-compressible LEM-LES implementa-

tions by the fact that chemical reaction locally increases pressure, which in turn

drives advective fluid motion to transfer subgrid nodes to neighbouring cells [119],

and hence allows diffusion. Unfortunately, treatment of flame propagation near walls

and alternate frames of reference may be influenced adversely by this limitation, and

such scenarios must therefore be carefully considered before attempting the solution

methodology presented above.
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Spurious diffusion from the splicing procedure

As mentioned in Section 3.2.5, a by-product of the splicing procedure is that sig-

nificant spurious diffusion occurs in flows which are not predominantly aligned in

the grid direction [119]. In the current implementation, adopted from [119], subgrid

CLEM elements can only be transferred through cell faces, to the neighbouring cells,

which are in orthogonal directions. Thus, for subgrid CLEM cells that are intended

to travel to supergrid cells which may not be adjacent to the current one, unwanted

mixing may occur. One possibility of eliminating or mitigating such diffusive er-

rors is to incorporate LEM3D-LES methodology [178], where each direction within

a supergrid cell has its own LEM domain. This eliminates the need for requiring

an ordering algorithm (in Section 3.2.5) to determine where the subgrid cells end up

during large-scale advection. Furthermore, the method allows for the change in direc-

tion of subgrid cells through the stirring mechanism. Unfortunately the LEM3D-LES

approach significantly increases the expense of the simulation since a subgrid domain

is required for each possible flow direction. Since the fast-flame and detonation sce-

narios considered in this thesis are predominantly aligned with the direction of the

grid, it is believed that spurious diffusion errors would be minimized. Therefore, in

the interest of computational efficiency, the LEM3D-LES formulation is not currently

considered.

AMR-LES: re-refinement limitations

Although coarse-fine interface errors, in terms of subgrid kinetic energy, can be mit-

igated by controlling LES filter width sizes ∆̄ relative to the finest grid size, b, as

discussed in Section 3.3.1, a major limitation that remains problematic is how to treat

high frequency turbulence signals upon refinement of regions which have previously

been refined and de-refined. Upon de-refinement, high frequency velocity fluctua-

tions are effectively filtered out. The problem is how to account for these fluctuations

upon further local successive refinement. One solution is to randomly allocate tur-

bulence, or to apply compression to the subgrid kinetic energy field upon refinement
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[186]. In the current implementation, however, the shocked reactant of the deto-

nations and fast-flames under investigation are always refined until fully consumed

through chemical reaction. Furthermore, the fast-flames and detonations considered

here propagate into quiescent and undisturbed locations which have not been previ-

ously refined. Thus, there is no need to address this re-refinement limitation in the

current implementation.

3.4.2 Physical limitations

One-step model chemistry

As mentioned previously in Section 2.1.2, although the one-step model is a computa-

tionally efficient method of accounting for the overall physical ignition behaviour of

a reactive mixture, its simplicity proves difficult at calibration in terms of matching

every possible aspect of combustion behaviour. For example, if one desires to tune

the model to give the correct theoretical detonation half-reaction length, the laminar

flame structure is scaled adversely at the expense of also capturing the correct laminar

flame speed [187]. Furthermore, in order to match both the laminar flame speed and

the detonation half reaction length, one must choose between scaling the diffusion

coefficients to match, or altering the sensitivity of the mixture to shock compression

by scaling the activation energy as was done in [187]. To further complicate matters,

the one-step model does not offer any ability to independently control induction and

reaction zone lengths [188]. The size of the induction zone length relative to the reac-

tion zone length is currently believed to be an important parameter which contributes

to the stability of detonation wave structure and is an active topic of investigation

[109–111, 188]. In order to independently control the induction and reaction zone

lengths, a two-step reaction model can be used instead [188]. Although the two-

step reaction model has been coupled with Euler models to investigate the stability

of detonation wave structure, it remains unclear how to apply and calibrate it to a

diffusion-controlled combustion regime and is therefore not considered in the scope of

this thesis. Since the primary focus of the thesis is to isolate the effect of turbulent
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mixing on combustion, it is desirable to first simplify the chemistry using the one-

step model and then extend the chemistry models in future investigation. Finally, it

should be noted that the one-step model does not allow for variable sensitivity of the

mixture to wide ranges of temperatures which may affect ignition delay times due

to chain-branching cross-over effects [188]. Fortunately, hydrocarbon fuels, such as

methane and ethane, have been shown to have monotonic behaviour with pressure

and temperature; ignition behaviour is not influenced by chain-branching cross-over

effects [189].

Eddy-viscosity and gradient-driven turbulent heat diffusion

In the current formulation, closure of the subgrid stress and the subgrid enthalpy flux,

τ sgs and Hsgs, are respectively provided through eddy-viscosity and gradient-driven

diffusion models, see Section 3.1.2. Although these models are relatively simple to

implement, and computationally efficient, they have been reported to produce sig-

nificant diffusive errors [11]. This due to the fact that both models fundamentally

assume isotropic turbulence. Furthermore, the gradient-driven turbulent heat diffu-

sion model assumes Pr,t is constant and applies globally to the entire flow field. Thus,

both models fail at mimicking the sensitivity of turbulent stress and heat diffusion

to cases where mean turbulent fluctuations do not align with mean flow gradients

[190, 191]. For this reason, near-wall treatments of turbulent flow remains problem-

atic. To address this limitation, higher-moment closure models may be applied to

provide higher solution accuracy. This is achieved by providing additional trans-

port equations to represent the unclosed Reynolds stresses and heat diffusion terms.

Examples are the second-moment closure model [190, 192] to close the momentum

equation, and the scalar-flux model [191] to close the energy (or passive scalar) trans-

port equation. Furthermore, higher-moment heat diffusion models allow for Pr,t to

vary spatially and temporally throughout the flow. Unfortunately these methods tend

to add significant computational overhead due to the inclusion of additional trans-

port equations and are therefore not implemented in the current LES formulation.
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Furthermore, the effect of complicated geometry on flow evolution is not under inves-

tigation here. Therefore, the eddy-viscosity and gradient-driven diffusion models are

considered acceptable for the multi-dimensional simulations conducted in Chapters 5

and 6. First, the next chapter formally verifies and validates the CLEM subgrid for

various one-dimensional test cases.



Chapter 4

Verification and Validation for

One-Dimensional Flows

4.1 Overview

In this chapter, the LES supergrid-subgrid methodology presented in Chapter 3 is ver-

ified and validated for various 1-D laminar and turbulent flow configurations. Thus,

Eqs.(3.4) to (3.6) are solved on a 1D supergrid with Eqs.(3.22) and (3.23) solved on

the subgrid. It should be noted that in the 1D configuration, the evolution of subgrid

kinetic energy (ρ̄ksgs), Eq.(3.7), is not included on the supergrid since its production

requires multi-dimensional shearing. Instead, the turbulent diffusivity on the subgrid,

DT , is determined according to a turbulent Reynolds number. Since νt is not readily

available, Eq.(3.32) can be replaced with [102, 162]:

DT ≈
νRe,∆̄

Cλ
(4.1)

where Cλ is a constant and

Re,∆̄ =
u′∆̄

ν
. (4.2)

74
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For the turbulent 1-D simulations carried out here, the mean turbulent velocity fluc-

tuation, u′, is also prescribed as a constant which determines Re,∆̄. This approach is

consistent with the validation experiments [101, 102]. Also, since the dissipation rate,

ε, is not readily available and noting that Eq.(3.30) requires the Kolmogorov scale,

η, in order to determine the stirring frequency, λ, the Kolmogorov scale is estimated

from [102]

η =
Nη∆̄

(Re,∆̄)3/4
(4.3)

where Nη is also a constant.

4.2 Model Parameters

For the verification and validation experiments below, the model parameters are cal-

ibrated predominantly for premixed fuel-lean methane-air combustion at T̂o = 328K

and p̂o = 1atm, with an equivalence ratio of φ = 0.717. For further validation of

turbulent flames, model parameters are also calibrated for stoichiometric methane

combustion. These are consistent with the experiments of [101] and numerical simu-

lations of [102]. The activation energy, heat release, and Lewis number are all taken

from the [101] experiments. The ratio of specific heats, sound speed, fluid viscosities,

and heat conductivity are computed for the unburned gas composition using Cantera

2.1 [193] and the GRI-3.0 mechanism [194]. The pre-exponential factor was chosen

such that the laminar flame speeds match the experiments of [101]. Finally, the length

scale L̂ was chosen to be the laminar flame thickness, δ̂, also given by [101]. Dimen-

sional quantities for the lean and stoichiometric methane-air mixture properties and

the corresponding non-dimensional model parameters are given in Tables 4.1 and 4.2,

respectively.

Thus, the only remaining parameters are the two empirical model constants, Cλ and

Nη, and also the local velocity fluctuation of the turbulent flow, u′. Nη is calibrated

to provide the Kolmogorov scale and typically has a value between 1.28 to 13 [102].

The constant Cλ is calibrated to experiments. Finally, the velocity fluctuation, u′,
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Table 4.1: Fluid properties and model parameters for lean methane combustion.

Dimensional properties

T̂o 328 K ρ̂o 1.038 kg/m3 ν̂ 1.88x10−5 m2/s Êa 5452.1 kJ/kg

P̂o 1 atm ĉo 368 m/s k̂/(ρ̂ĉp) 2.62x10−5 m2/s Q̂ 1671.8 kJ/K

ŜL 0.36 m/s δ̂ 5.21x10−5 m

Non-dimensional model parameters

α/ρ 0.00137 Pr 0.716 Ea 40.3 γ 1.39
Le 0.973 A 1.0x104 Q 12.4 SL 0.001
Cλ 1.0 Nη 10.76

Table 4.2: Fluid properties and model parameters for stoichiometric methane com-
bustion.

Dimensional properties

T̂o 328 K ρ̂o 1.026 kg/m3 ν̂ 1.88x10−5 m2/s Êa 6820.6 kJ/kg

P̂o 1 atm ĉo 370 m/s k̂/(ρ̂ĉp) 2.63x10−5 m2/s Q̂ 2054.5 kJ/K

ŜL 0.51 m/s δ̂ 3.68x10−5 m

Non-dimensional model parameters

α/ρ 0.00193 Pr 0.714 Ea 49.9 γ 1.38
Le 0.975 A 4.0x104 Q 15.0 SL 0.00138
Cλ 1.0 Nη 10.76

is normally obtained according to local flow conditions through closure of the mo-

mentum Eq.(3.5) with a turbulent viscosity model. However, for the one-dimensional

simulations conducted here, turbulent contributions to the conservation of momen-

tum, Eq.(3.5), are neglected. Thus, the velocity fluctuation, u′, is only considered

for turbulent stirring of Eqs.(3.22) and (3.23) and is provided as a constant. This is

consistent with one-dimensional LEM simulations of [102].

4.3 Freely Propagating Flames

The first series of experiments conducted was to verify the current CLEM subgrid

modelling strategy, described throughout Chapter 3. This was done for the lean

methane-air mixture, by comparing the laminar flame speed at different resolutions

with predictions of resolved 1D Navier-Stokes computations (1D-NS), which solves

only the exact N-S equations on the supergrid, (2.26) through (2.29). Also, for vali-

dation, the modelling strategy is compared against both the lean and stoichiometric
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turbulent methane-air flame speed experiments of [101]. The lean turbulent flame

simulation is also compared against a previously developed constant pressure LEM

strategy [102]. In order to initiate the laminar and turbulent experiments, the un-

burned and burned fluid properties are initiated in a domain with the flame located

at (x = 0), according to:

ρ(x, 0) =

 1 if x < 0

(1 + (γ − 1)Q)−1 otherwise

u(x, 0) =

 0.5 if x < 0

0.5 + (SL/ρ)(1− ρ) otherwise
(4.4)

p(x, 0) = 1/γ

Y (x, 0) =

 1 if x < 0

0 otherwise

In the following simulations, the boundaries of the domain are located sufficiently far

such that acoustic signals reflecting from the boundaries do not interfere with the

flame itself. Also, a uniform flow velocity, u = 0.5, is imposed in the flow field in

order to ensure that diffusion occurs between all subgrid nodes. This is necessary

since the subgrid diffusion of Eqs.(3.22) and (3.23) is neglected across the supergrid

cell faces [97, 119]. Therefore, in this configuration, the flame is propagating to the

left, but advected to the right.

4.3.1 The lean methane-air laminar flame

For the laminar case, the resolved flame speed of the CLEM subgrid strategy for

lean combustion was found to converge to the same value as that found through 1D-

NS, the direct computations of Eqs.(2.26) - (2.29) without the subgrid model. The

parameters used for the laminar simulations are listed in Table 4.1. For the CLEM

model, the number of subgrid nodes per supergrid cell was varied from N = 8 to

N = 32 and the recorded steady flame speeds are shown below in Figure 4.1. The
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recorded flame speeds are determined according to the instantaneous burning rate of

fuel, or the rate of reactant mass consumption at each time step. Two observations are

drawn from this: 1) increasing the number of subgrid nodes per cell allows for a more

coarse grid to be used on the supergrid in order to capture laminar flame speeds, and

2) providing there is fluid motion, neglecting subgrid diffusion between neighbouring

supergrid cells has a negligible effect on the laminar flame speed (for this situation).

Finally, the flame structures of the resolved 1D-NS and CLEM flames are presented

in Figure 4.2. The minimum resolution of the 1D-NS in this figure is b = δ/104 and

the minimum supergrid resolution for the CLEM is b = δ/13 with N = 16 subgrid

nodes per supergrid cell. The reader is also reminded that the filter size of all CLEM

simulations has been chosen such that ∆̄ = b. Observation of Figure 4.2 reveals that

the laminar flame structure is maintained by the CLEM subgrid strategy. Also, the

simulated flame widths, δsim, indicated by the arrows in the figure, is consistent with

[101], where δ = ν/SL = 1. In both simulations shown, the flame width is found to

be δsim ≈ 1.15. This was measured by the distance between spatial locations where

Y = 0.1 and Y = 0.9.

4.3.2 Turbulent flames

To validate the LEM portion of the CLEM subgrid formulation, numerical turbulent

flame experiments were conducted for both the lean and stoichiometric combustion

parameters given in Tables 4.1 and 4.2, respectively. The minimum size of each su-

pergrid cell was set to b = 740 for the lean combustion case, and b = 1040 for the

stoichiometric case. The Kolmogorov scale was set by letting Nη = 10.76, which is

consistent with the lean methane-air flame simulation “A1” in [102]. These choices

effectively set the range of eddy sizes from the order of ∼ 4δ to 740δ for lean com-

bustion, or from ∼ 4δ to 1040δ for stoichiometric combustion. This corresponds to

turbulent combustion in the flamelet regime. Also, this choice of b (and hence ∆̄)

is consistent with the upper range of eddy sizes reported the experiments [101]. For

both experiments, the turbulence intensity, (u′/SL), was varied from 1 to 30. All of
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Figure 4.1: Laminar flame speed (SL) vs. minimum supergrid resolution for 7%
CH4+Air. Note: SL is normalized by the sound speed ĉo.

the simulations were run up to t = 500, 000. This corresponds to eddy turn over

times, defined in Eq. (4.5), which range from 0.7 to 20, depending on u′.

tτ = ∆̄/u′ (4.5)

The results of the experiments are presented in Figures 4.3 and 4.4 for lean and

stoichiometric combustion, respectively.

For the lean methane-air flames, the resolution on the subgrid was varied from N =

370 toN = 2960 nodes per supergrid cell. For the low-resolution simulations, N = 370

and N = 740, the turbulent flame speeds are generally under-predicted compared to

the experiments [101] owing to insufficient resolution of the smallest eddy stirring

events. The two higher-resolution simulations, however, capture much better the

turbulent flame speeds when compared to experiments [101] and the stand alone LEM

simulations [102]. Furthermore, the trends obtained from the N = 1480 simulations

generally match those from the simulations where N = 2960. In these cases, there is
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sufficient resolution to capture the smallest eddy stirring events, which occur on the

order of ∼ 4δ. It should be noted, however, that there is a slight deviation of results

between the two resolutions when (u′/SL) ≥ 20. It is believed that this deviation

is due to the stochastic nature of the turbulent stirring mechanism. As (u′/SL) is

increased, the range of random eddy sizes also increases. This leads to increased

variation in turbulent diffusivities associated with each stirring event, thus causing

increased statistical deviation with an increase in u′. The statistical error estimation

for u′ vs. simulation run time is a topic currently under investigation, but preliminary

work showing the scatter for (u′/SL) ≥ 5, using the CLEM with N = 1480, is included

in Figure 4.3. A total of 10 simulations, each with a different random seeds, have

been conducted for each value of (u′/SL). The average values obtained are indicated

in the figure along with the total scatter, indicated by the error bars. In general, the

statistical variation of the simulations match well the experimental scatter of [101].

For the turbulent stoichiometric methane-air flames, a resolution of N = 2080 was

used on the subgrid. This resolution is equivalent to the lean combustion simulations

were N = 1480 subgrid nodes per supergrid cell. As observed in the lean case, the

trend for stoichiometric combustion, shown in Figure 4.4, also captures well the the

experiments of [101], thus further validating the CLEM formulation. The same value

for Cλ = 1.0 was used for both the lean and stoichiometric combustion simulations.

It should be noted that the choice of Cλ is quite different from the stand alone LEM

simulations of [102] where they had found that Cλ = 15.0 correlates well with the

experiments of [101]. It is believed that this difference can be attributed to several

factors. First, there are significant differences in the model parameters used. Q and

A, for example, are calibrated differently in [102]. Since Cλ is a model constant,

there may be dependence on the selection of other constants, Ea, Q, and A. Also,

[102] is formulated in a purely constant pressure system on a single grid. Due to the

nature of the subgrid-supergrid coupling in the current CLEM formulation, the eddy

stirring events in the current model do not extend beyond subgrid domain boundaries.

All subgrid stirring events are self-contained within each supergrid cell.
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The flame speeds given in Figures 4.3 and 4.4 for the CLEM are taken as the ensemble-

averaged speeds, determined from instantaneous burning rates at each time step,

recorded throughout the duration of each numerical experiment. A typical flame

speed history, including the cumulative and final mean velocities, is shown in Figure

4.5. Also, a typical turbulent flame structure is shown in Figure 4.6. Both figures

are shown for lean combustion when u′/SL = 30 and N = 1480. The action of the

eddy stirring events under high turbulence causes a one-dimensional “Flame brush”

to form. This leads to pockets of un-reacted gas to form behind the leading flame

front. This effectively increases the total surface area of the flame, which increases the

burning rate, or flame speed due to the large-scale turbulence. This was also observed

in [102]. Finally, it should be noted that although the flamelet regime was simulated

here, a recent study [195] has used a stand-alone LEM to investigate turbulent flames

with average eddy sizes are comparable to δ. In [195], LEM has been shown to

capture straining of the flame profiles that result from smaller scale turbulent-flame

interactions.
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4.4 Detonation Initiation via Shock-Flame

Interaction

In this numerical experiment, laminar detonation initiation through a shock-flame

interaction for lean combustion was modelled using the CLEM subgrid modelling

strategy and compared against 1D-NS computations at two different resolutions using

the model parameters given in Table 4.1. The LEM turbulence in 1-D was not

considered in this experiment. The simulation set-up, illustrated in Figure 4.7, was

conducted in the frame of reference of a piston, whose surface is initially located 4000

laminar flame thickness widths (4000δ) downstream from the flame in the burned

products (on the left of the domain). An inflow boundary of unburned gas is specified

1000δ upstream from the flame (on the right of the domain). The speed at which the

unburned gas flows into the domain is sufficient to drive a shock through the products

with a strength of Ms = 2.2 relative to the burned gas. In this context, the flame

propagates toward the right, however it is advected to the left (toward the piston).

Mathematically, the domain is initialized according to

ρ(x, 0) =

 (1 + (γ − 1)Q)−1 if x < 4000

1 otherwise

u(x, 0) =

 −up if x < 4000

(SL/ρ)(1− ρ)− up otherwise
(4.6)

p(x, 0) = 1/γ

Y (x, 0) =

 0 if x < 4000

1 otherwise

where the piston velocity in the absolute frame of reference is given by

up = 2

(
1 + (γ − 1)Q

)1/2
(Ms − 1/Ms)

(γ + 1)
. (4.7)
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Figure 4.7: Setup for the shock-flame interaction simulation.

The 1D-NS computations are conducted for minimum resolutions of b = δ/64 and

b = 10δ, which correspond to the high resolution and low resolution case, respectively.

The CLEM is simulated for a minimum supergrid resolution of b = 10δ containing

N = 640 subgrid nodes per supergrid cell, thus with diffusion and chemical reaction

resolved to the same scale as the high resolution 1D-NS case. The density and reac-

tant mass fraction evolution for all three cases is shown in Figure 4.8. For the high

resolution 1D-NS, a detonation wave was found to initiate ahead of the flame, in the

unreacted gas, at approximately (x, t) = (1000, 1500). Specifically, the location where

detonation initiation occurred was found to coincide with the shock-shock interaction

involving the initially transmitted shock into the unreacted gas, and a second trans-

mitted shock originating a shock reflection at the piston wall. In this case, detonation

initiation occurs due to sufficient shock-compression. In the low resolution 1D-NS,

however, a detonation wave was found to initiate almost immediately after the inci-

dent shock from the piston reached the flame, at approximately (x, t) = (1400, 900).

In this case, increased reaction rates owing to numerical diffusion (and a faster moving

flame) at the flame surface are sufficient to initiate the detonation wave prematurely.

For the CLEM, on the other hand, detonation initiation occurs at approximately the

same instant and position as the 1D-NS. Differences between the CLEM and high

resolution 1D-NS, however, are observed where subsonic burning of reactant gas oc-

curs in the near zero velocity region between the original flame and newly formed

detonation wave. This error in the CLEM prediction is due to insufficient diffusive

mixing across supergrid cell faces since the model relies on sufficient flow velocity

across the cell boundaries.
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4.5 Detonation Propagation and Structure

The final numerical test case conducted here assesses the performance of the model

in highly compressible and reactive flows. Specifically, a highly resolved detonation

was simulated for the lean combustion parameters given in Table 4.1. The resulting

structure and propagation characteristics were subsequently analyzed. In order to

initiate the detonation, the Zel’dovich - von Neumann - Doring (ZND) structure [16]

is imposed with the leading shock wave located at (x = 0), as illustrated in Figure

4.9. The length scale, L̂, is given in terms of the half-reaction length, (λ̂1/2) and is

obtained from explicit numerical integration of the steady ZND solution, given by

d(ρu)

dx
= 0 (4.8)

ρu
du

dx
+
dp

dx
= 0 (4.9)

ρu
d

dx

(
e+

p

ρ

)
= −Qω̇(x) (4.10)

ρu
dY

dx
= ω̇(x). (4.11)

The non-dimensional distance, time, and pre-exponential factor are scaled accord-

ingly. The left boundary, located at x = −90, is fixed at the Chapman-Jouguet

(CJ) conditions [16], while the right boundary, located at x = 1200, is an outflow

boundary with zero gradients. The initial quiescent fluid, located at x > 0, has the

properties ρ(x, 0) = 1, u(x, 0) = 0, p(x, 0) = 2, and Y (x, 0) = 1. The simulation is

run up to t = 180 for a minimum supergrid resolution of b = 1/128. The results are

compared against the theoretical ZND model and also 1D-NS with the same mini-

mum resolution. For the CLEM formulation, only a few subgrid nodes are included

(N = 4).

Figure 4.10 shows the velocity of the wave as a function of time for both the 1D-NS

computations and the CLEM formulation. For both simulations at sufficient res-

olution, the initial disturbance (numerical errors) at (x, t) = (0, 0) is sufficient to
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Figure 4.9: Initial conditions for the detonation propagation experiment.

induce the oscillatory unstable (pulsating) behaviour associated with high activation

numbers and low reaction orders [108, 196]. For the CLEM procedure, this oscilla-

tory behaviour is triggered faster than the 1D-NS. Despite this transient difference

at the simulation start up, the amplitude, period, and mode of velocity fluctuations

are the nearly same for both simulations despite being out of phase. Furthermore,

the detonation velocities recorded in both simulations was found to oscillate about

the Chapman-Jouguet (CJ) velocity of DCJ = 5.33. The steady-state amplitude and

period for the 1D-NS is found to be ∆D = 2.602 and ∆t = 0.572, respectively. For

the CLEM, the amplitude and period are ∆D = 2.617 and ∆t = 0.574, respectively.

Thus, the CLEM yields respective errors of 0.576% and 0.3% for the amplitude and

period. The difference in behaviour at start up is believed to be influenced by dif-

ferences in resolution of the diffusive scales between the two simulations, but is not

further investigated here. Finally, comparison of an instance where the unsteady det-

onation structure of the CLEM modelling strategy and the 1D-NS is shown in Figure

4.11. Excellent agreement is observed between CLEM and the 1D-NS computations

for the reactant and density profiles. Furthermore, the numerical simulation profiles

periodically match those of the steady ZND solution, also shown in Figure 4.11.
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Chapter 4. Verification and Validation for One-Dimensional Flows 92

 0

 1

 2

 3

 4

 5

 6

-15 -10 -5  0  5

ρ

x

Detonation - density profile

ZND Solution
1D-NS - (∆ = λ1/2/128)
CLEM - (∆ = λ1/2/128)

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-15 -10 -5  0  5

Y

x

Detonation - reactant profile

ZND Solution
1D-NS (∆ = λ1/2/128)
CLEM (∆ = λ1/2/128)

Figure 4.11: Detonation structure: density (top) and reactant (bottom) profiles.
Note: x and ρ are normalized by λ̂1/2 and ρ̂o, respectively.



Chapter 4. Verification and Validation for One-Dimensional Flows 93

4.6 Summary

In this chapter, the subgrid modelling strategy (CLEM), inspired by LEM-LES [97],

has been verified and validated for various one-dimensional laminar and turbulent

combustion scenarios, respectively. The model has been demonstrated to resolve and

capture laminar flame speeds and structure when compared against 1D-NS compu-

tations. Also, the simulations support the assumptions made by [97] regarding the

negligible effect that subgrid diffusion between neighbouring supergrid cells has on

the laminar flame speed, providing there is sufficient fluid motion. Furthermore, the

model is able to reproduce the turbulent flame speed trends observed experimentally

[101] and also numerically [102]. It is worthwhile to note that for the 1-D turbulent

flame calculations presented here, the turbulent production on the subgrid scale is

prescribed as a constant. In a multi-dimensional simulation, however, adequate clo-

sure to the momentum equation would be required. In this case, multi-dimensional

fluid motion would generate turbulence, which would then be reflected on the subgrid

through the stirring events. These stirring events would then influence the energy

and reactant evolution, through source terms, which would then further influence

fluid motion and turbulence. Furthermore, a multi-dimensional implementation of

the CLEM subgrid model would allow for large-scale curvature effects on flame prop-

agation and extinction to be taken into account. In the current 1-D formulation,

such effects are neglected and therefore extinction limits associated with much higher

levels of turbulence cannot be predicted, as is demonstrated in [102].

Piston-driven shock-flame interaction experiments showcase the ability of the model

to simulate detonation initiation resulting from complex gas-dynamics and rapid

chemical reactions in the presence of shock waves. The model has been found to

address difficulties with associated with unresolved (low resolution) computations of

the Navier-Stokes equations in terms of detonation initiation resulting from increased

reaction rates and faster flame speeds that are driven by numerical diffusion. It was

found that the CLEM modelling strategy captures correctly detonation initiation
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events when compared to high resolution 1D-NS. Furthermore, these events are cap-

tured with the CLEM formulation despite the fact that the shock wave propagation

is only simulated on the supergrid. Since the supergrid has a lower resolution, it is

likely that shock structure is smeared by numerical diffusion, but would still exhibit

the correct speed and strength. Thus, it has been demonstrated that the response

of the subgrid to the pressure changes on the supergrid is sufficient to provide the

correct high resolution burning rates leading up to detonation initiation. Despite this,

however, errors in the burning rates of reactant gas in near-zero velocity regions are

observed, which further confirms the model requirement of sufficient flow velocity to

ensure adequate diffusive mixing across cell boundaries. Finally, detonation struc-

ture and stability characteristics arising from perturbations in the flow field are also

captured by the CLEM formulation.

As a final note, it was found that computational expense of the subgrid model was

comparable to the direct computations of the Navier-Stokes equations for 1-D sim-

ulations. The model, however, has the potential to reduce computation expense

by a square-root or cubic-root factor in two and three-dimensional simulations when

compared to 2-D and 3-D DNS, respectively. This is attributed to the fact that multi-

dimensional problems would effectively be reduced to one-dimensional problems on

the finest scales. To conclude, the CLEM subgrid formulation has been demonstrated

to improve on previous LEM-LES formulations [97–99, 119] by simultaneously treat-

ing rapid pressure changes and chemical reactions in turbulent environments.

In the next two chapters, 5 and 6, the CLEM-LES extension to two-dimensional flows

is validated against the detonation propagation and DDT from a porous medium

experiments presented earlier in Sections 1.2.1 and 1.2.2, respectively.



Chapter 5

Validation for 2D Flows Part I:

Irregular Detonation Propagation

5.1 Overview

In this chapter, the CLEM-LES methodology was validated against experiments of

detonation propagation in an unobstructed channel, for premixed methane-oxygen at

low pressure, which have been conducted at the University of Ottawa [13] and also

elsewhere [15, 27] for the same conditions. As mentioned previously, in Section 1.2.1,

mixtures involving premixed methane-oxygen are characteristic of having an irregular

cell structure. In this sense, they tend to have a spectrum of cell sizes and patterns,

and occasionally contain smaller cell structures within larger, and more prominent,

cell structures. Furthermore, irregular detonation waves have been found, experimen-

tally, to be highly turbulent and quite often contain shocked un-burned pockets of

reactive fuel in their wake [15, 19, 22, 24, 26, 27]. To date, it is believed that such pock-

ets burn through enhanced mixing associated with hydrodynamic instabilities leading

to turbulence, and not through shock compression alone. Experiments have shown

that pockets of gas in the wake of irregular mixtures burn up orders of magnitude

faster than steady shock ignition times [22, 27]. Thus, in this chapter, it is of particu-

95
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Figure 5.1: Detonation structure for CH4 + 2O2, initially at p̂o = 3.5kPa, obtained
for two successive frames, 11μs apart [13]. Indicated in the figure are various features
of interest; the incident and Mach shocks, triple points, de-coupled reaction zone
(pocket of unreacted gas), and shear layers where KH instability is present.

lar interest to examine how turbulent mixing, driven through turbulent instabilities,

can impact the overall cell structure and propagation characteristics of a detonation

wave. An example of an irregular detonation wave, which exhibits the characteristic

cellular structure, is shown in Figure 5.1. In the figure, taken from Bhattacharjee [13],

the various features expected for a detonation wave, in a methane-oxygen mixture,

are shown. These include the incident and Mach shocks, triple points, and pockets

of unreacted gas (labelled as de-coupled reaction zone). Also shown in the figure are

shear layers that give rise to Kelvin-Helmholtz (KH) instability.

To validate the CLEM-LES with experiments [13, 15], results are first presented for

a single arbitrary Cκ value to gain insight on the performance of the strategy and the

expected flow patterns that emerge. Then, a resolution study is first performed in

order to determine the most appropriate resolution which resolves both the correct

reaction rate, and also the qualitative cellular patterns observed throughout the prop-

agation process. Next, numerical simulations are conducted to determine the role that
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turbulent fluctuations, or turbulent mixing rates, has on the reaction zone structure,

and how the hydrodynamic thickness (i.e., how the pockets burn out), and also the

cell size and regularity. This is achieved though varying the Cκ variable, whose value

is proportional the turbulent kinetic energy present, or mixing rates experienced, as

was explained previously in Section 3.1. Finally, comparison to experiment [13, 15] is

made in order to determine which Cκ value produces the correct expected qualitative

and quantitative features.

5.2 Numerical Domain and Model Parameters

A schematic showing the setup for the numerical experiment is shown in Figure 5.2.

In all experiments, the total domain length is 900λ̂1/2 long, which is sufficient to

allow adequate sampling and analysis of the detonation structure beyond the time

it takes for the CJ-speed to be recovered. A domain height of 20λ̂1/2 corresponds

to experiments of [13], while a height of 10λ̂1/2 corresponds to experiments of [15].

For the wall boundary, shown in Figure 5.2, u = v = ksgs = 0 and the normal

gradients of all remaining variables are zero. For the symmetry boundary condition,

only the normal velocity component is taken as zero. Thus v = 0, while the normal

gradients of all other variables are also zero. Finally, the zero gradient boundary

condition assumes that all normal gradients for all variables are zero. To initiate the

planar detonation wave, an initially over-driven ZND-profile is initialized in the first

20λ̂1/2 lengths of the computational domain. The initial ZND-profile corresponds

to an over-driven detonation by 10% or 20% in order to overcome start-up errors

associated with the initially sharp discontinuity at the shock. A section ahead of

the ZND-profile, 4λ̂1/2 long, contains random perturbations to the quiescent density

field. This allows for the two-dimensional cellular structure to develop further down

the channel. Formally, the initial conditions for ρ, u, p, and Y are given according
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ZND solution

for �, p, u, Y

(overdriven)

20✁

random pertubations to 

quiescent density ✂eld

quiescent and unburned gas

(�=1, p=1/✄, u=v=0, Y=1)

wall bc

(u=v=0)

zero 

gradient bc

880✁

4✁

symmetry bc

symmetry bc

H=10 or 20✁

1/2

1/2

1/2

1/2

Figure 5.2: Initial and boundary conditions for the 2D planar detonation propagation
experiment (Not to scale). Note: λ̂1/2 = 9.68mm.

to:

ρ(x, y, 0) =


ZND solution Eqs.(4.8)-(4.11) if x < 0

1.25− 0.5n if 0 ≤ x ≤ 4

1 otherwise

u(x, y, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

0 otherwise
(5.1)

v(x, y, 0) = 0

p(x, y, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

1/γ otherwise

Y (x, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

1 otherwise

where n is a random real number from 0 to 1. For the turbulent kinetic energy,

ksgs(x, y, 0) = 0 everywhere, and is therefore self-generating throughout the simula-

tion.

Then, in order to determine the required model parameters, for the one-step model

described in Section 2.1.2, that mimic the experimental premixed methane-oxygen

mixtures [13, 15], the various dimensional and non-dimensional properties are ob-

tained using the procedure detailed in Appendix B. To summarize the procedure, the

global activation energy, heat release, post-shock flame speed, and the ZND structure

[16] are first obtained using realistic chemistry using the Cantera libraries [193] and

the GRI-3.0 detailed kinetic mechanism [194]. The pre-exponential factor, A, and dif-
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Table 5.1: Dimensional and non-dimensional fluid properties and model parameters
for methane combustion at T̂o = 300K and p̂o = 3500Pa.

Dimensional properties

ρ̂o 0.04 kg/m3 ĉo 356.36 m/s Êa/R̂ 18357.4 K

D̂CJ 2243.31 m/s D̂70%CJ 1571.55 m/s ŜL,70%CJ 16.39 m/s

T̂CJ 3159.60 K p̂CJ 90.7 kPa ρ̂CJ 0.07 kg/m3

T̂70%CJ 1085.39 K p̂70%CJ 81.0 kPa ρ̂70%CJ 1.038 kg/m3

T̂V N 1726.74 K p̂V N 169.5 kPa ρ̂V N 0.24 kg/m3

ν̂ 1.9x10−4 m2/s k̂/(ρ̂ĉp) 4.8x10−4 m2/s D̂ 2.0x10−4 m2/s

Q̂ 6388.0 kJ/kg λ̂1/2 9.68 mm

Non-dimensional model parameters

ν 3.68x10−3 MCJ 6.30 M70%CJ 4.41
Le 1.32 Pr 0.709 Sc 0.933
Pr,t 1.0 Sc,t 1.0 γ 1.17
Ea 45.0 Q 50.3 A 8.96x103

fusion coefficients are then scaled such that the one-step model reproduces the correct

half reaction length, λ̂1/2, and also the post-shock flame speed for a shock travelling

at 70% the theoretical CJ speed [16] for the given quiescent mixture. This partic-

ular state of reference (70% CJ) has been chosen since experiments have reported

that wave velocity deficits of 20-30% exist during propagation [13, 27]. Furthermore,

pockets of unreacted gas, where significant burning occurs, are more likely to form

in regions where the shock strength is weaker. Such velocity deficits give rise to a

significant increase in ignition delay by several orders of magnitude [27], thus allowing

the pocket to decouple from the wave front. The various dimensional and correspond-

ing non-dimensional parameters relevant to one-step combustion model are given in

Table 5.1.

5.3 Results

5.3.1 Preliminary simulation results

Here, a CLEM-LES simulation was conducted for a typical Cκ value of 1.5. The

maximum resolution of the supergrid was set arbitrarily to b = 1/32 (32 cells per
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λ̂1/2), while the number of subgrid elements within each LES cell was set to N = 16.

For the AMR implementation, the base grid (G1) has a resolution of bG1 = 1 with

5 additional levels of refinement for a total of 6 grid levels on the supergrid. Also,

the domain height for this simulation was H = 20, consistent with the Bhattacharjee

experiment [13]. As mentioned in the previous section, the simulation was initiated on

the left of the domain with an overdriven ZND wave structure. Random disturbances

to the density field ahead of the wave were sufficient to allow the unstable cellular

structure to develop with time. In the simulation, the wave was allowed to travel

approximately ∼ 850λ̂1/2 downstream, which was more than sufficient to allow the

wave to reach a quasi-steady state, in terms of velocity and exhibited cell patterns. A

snapshot of the density and temperature fields of the wave, for a particular instance

in time near the end of the channel, are shown in Figure 5.3. This particular figure

shows that a very irregular pattern emerges on the front. Clearly, there is one large

cell that spans half of the domain height, and several much smaller cells above it.

Also shown in the figure, is the formation of a typical unburned pocket of reactive gas

that appears in the wake. Such pockets are much more cool and dense compared to

the surrounding burned products. Also, to compliment Figure 5.3, the corresponding

grid topology, which indicates the locations of each grid level (G) in a portion the

flow field, is shown in Figure 5.4 for the same instance in time. From this Figure, it

is demonstrated that the reaction zone is always refined to the finest level, G6 in this

case.

To gain insight on how the observed cells evolve as the wave propagates through the

channel, a numerical soot foil was obtained by integrating the local vorticity Ω(x, y)

throughout the duration of the simulation, locally at each spatial location. Thus

Ω(x, y) =

∫ t

t=0

(
∇× ū(x, y, t)

)
dt (5.2)

Figure 5.5 shows a portion of the numerical soot foil obtained for a later portion of

the channel, from 700 < x < 800. This particular portion is shown as it highlights

in detail the complex nature of the cellular pattern that emerges. In this figure, the
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Dense pocket of 

unreacted gas

Highly irregular 

cell pattern on 

detonation front

Triple point

Shocked, yet 

unreacted gas 

at much lower 

temperatures 

compared to 

products

Dense pocket of 

unreacted gas

Density field:

Temperature field:

Figure 5.3: Density (top) and temperature (bottom) fields for the CLEM-LES simu-
lation with Cκ = 1.5. This preliminary result shows the irregular cellular pattern that
emerges on the detonation front, and the occasional formation of unburned pockets
of reactive gas that appear in the wake. Note: density, temperature, and distances
are normalized by ρ̂o, γT̂o, and λ̂1/2, respectively.
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G2G3

G4

G4

G5

G5

G6

Figure 5.4: Grid topology (top) and corresponding density field (bottom) for a portion
of the CLEM-LES simulation shown in Figure 5.3. Also shown is the locations of the
various grid levels (G2-G6). Note: The base grid G1 is always refined to at least grid
level G2, everywhere.
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Figure 5.5: Portion of the numerical soot foil obtained for the CLEM-LES with
Cκ = 1.5. The streak marks in the figure show the paths of high vorticity associated
with triple point trajectories. Note: Distances are normalized by λ̂1/2.

streak marks follow paths of large vorticity associated with triple point trajectories.

Clearly, in the figure, there are several different cell sizes observed. These range as

large as the domain height, H, to cells as small as∼ H/4. Furthermore, there does not

appear to be any coherent pattern to the appearance of smaller cells in the presence

of larger, more prominent ones. Also, the triple point paths, given by the streaks on

the image, do not follow perfectly straight lines, or at consistent angles. Sometimes

these triple point paths curve more than others in a very irregular manner. Thus,

it is of particular interest to determine how turbulence intensity, a function of Cκ,

might affect the qualitative features discussed above. In particular, it is of interest to

determine how turbulence affects the overall flow field at the wave front, the formation

and burn out of the unreacted pockets of gas, and also the cell patterns that emerge.

Furthermore, the effect of Cκ on the distance it takes for pockets of unreacted gas to

burn up, i.e., the hydrodynamic thickness, is of particular interest. This will serve to

validate the strategy to experiments [13, 15] from a quantitative perspective.

Next, Figure 5.6 shows the x-velocity the detonation wave as a function of time,

measured along bottom wall at y = 0. Initially, the wave is clearly over-driven above

the theoretical CJ-value. However, after t > 40, sufficient time has passed to allow the

detonation wave to decelerate from the over-driven state and reach velocities closer to

the CJ-speed. In fact, beyond t > 40, the averaged speed of the wave was the CJ-value

of 6.3. Clearly, in Figure 5.6, the velocity peaks and valleys also appear very irregular

in nature, with no coherent pattern. These velocity measurements correspond to cells
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Figure 5.6: x-velocity of detonation for Cκ = 1.5 and b = 1/32 as a function of time,
measured along bottom wall at y = 0. Note: MD and t are normalized by D̂CJ and
(λ̂1/2/ĉo), respectively.

which form along the wall. In fact, the maximums correspond to the start of each

cell cycle observed along the bottom wall, where triple point collisions occur. The

minimums represent the end of the cell cycle where the velocity has decayed below

the CJ-value. Although the cell cycles appear random, much like the cells shown in

the numerical soot foil of Figure 5.5, it is of particular interest to determine how the

wave velocities are statistically distributed on the wave front, given the turbulence

intensity (Cκ). Furthermore, it is of prime importance to compare such a velocity

distribution with available experimental data [13, 15] for the purpose of CLEM-LES

validation.

Finally, Figure 5.7 shows both the total resolved and subgrid kinetic energy associated

with transverse turbulent motions, as a function of distance from the shock (x− xs)

and along a sample line located at y = 10, where xs is the shock location. The

information in this figure was compiled for this simulation when t = 127.5. This

time corresponds to an instance when the detonation approaches near the end of
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Figure 5.7: Total resolved and subgrid kinetic energy associated with transverse tur-
bulent motions as a function of distance from the shock, measured along y = 10 at
t = 127.5. Note: xs is the location of the shock.

the computational domain. Here, the total resolved kinetic energy associated with

turbulent motions is obtained by only considering the transverse velocity component,

v, and the subgrid kinetic energy, ksgs. This not only provides a good estimate for the

performance of the CLEM-LES when eddies are encountered down stream from the

shock wave, but is relatively easy information to extract since the mean traverse non-

turbulent velocity of the flow is always zero. Thus, in the figure, the total resolved

turbulent kinetic energy is estimated as KEt = ρ(v2 + ksgs). Clearly, as transverse

turbulent motions are encountered, the majority of the kinetic energy is resolved on

the supergrid. At peak values of v, the total turbulent kinetic energy is approximately

two orders of magnitude greater than the subgrid kinetic energy, except at the shock.

This indicates good performance of the LES, since only a small fraction of the kinetic

energy lies in the subgrid scale.
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5.3.2 Grid convergence study

Prior to investigating the effect of turbulent mixing rates on the detonation propa-

gation characteristics, it is important to first determine a sufficient resolution which

resolves both the reaction rate, and qualitative features of the cellular structure. For

this resolution study, Cκ = 1.5 is specified for the CLEM-LES simulations, and the

number of subgrid elements within each LES cell is held constant at N = 16. Also,

the domain height is kept constant at H = 20. Only the maximum super-grid reso-

lution, b, is varied. As before, the base grid (G1) has a resolution of bG1 = 1, while

additional levels of refinement are included to give the desired maximum value for b.

This is done according to b = 1/2(G−1) where G is the number of grid levels present.

First, to assess the qualitative behaviour of resolution on the inherent cellular insta-

bility of the wave front, open shutter photographs are obtained, numerically, for each

simulation and compared in Figure 5.8. Much like the numerical soot foils obtained

in the previous section, these open shutter images are obtained by integrating the

total reaction rate throughout the duration of the simulation, locally at each spatial

location. Thus, the total exothermicity, ξ(x, y), recorded for the open shutter image

is estimated from

ξ(x, y) =

∫ t

t=0

ω̇(x, y, t)dt (5.3)

For all resolutions, the simulations are run up to t = 127.5. As observed in Figure

5.8, the lowest resolution, b = 1/4, produces only large cells whose size appears to be

mode locked by the channel height. Furthermore, the cells at this resolution exhibit

a very regular self-repeating pattern. As the resolution is increased to b = 1/8, the

detonation wave continues to exhibit large cells on the order of the domain height.

However, the cells at this resolution appear to be slightly irregular in size and shape.

Also, the appearance of smaller cells within the larger cell structure are observed

starting around x ∼ 550. For b = 1/16, the cell sizes appear much smaller and even

more irregular. Also, there appears to be much more variation in cell sizes observed

throughout the channel. For example, at x ∼ 200 there are approximately 4 cells
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spanning the domain height. At x ∼ 400, the cells are intermittently much larger,

with about 1 cell spanning the domain height. At x ∼ 500 there are 2 cells across the

domain height. At x ∼ 700, the cell size increases to 1 cell across the domain height.

Then, at x ∼ 800 there are once again approximately 2 cells spanning the domain

height. For the higher resolutions, b = 1/32 and b = 1/64, the same stochastic cell

size behaviour is observed as the b = 1/8 case. For these two higher resolution cases,

however, the pattern appears even more irregular than the b = 1/8 case. In fact,

the b = 1/32 and b = 1/64 cases are qualitatively similar to each other in terms of

observed cell sizes, pattern behaviour, and irregularity.

To effectively quantify the average rate at which reactant was consumed behind the

leading shock wave, at any given instant in time, the average distance for the reactant

to be consumed behind the leading shock wave was measured. This was indicative of

the time it takes for the the reactant burn up behind the leading shock. To measure

this average hydrodynamic thickness, a Favre-averaging technique in spatial slices on

the super-grid, dx, was applied to give a mass weighted average reactant and density

profile along the channel length for any given time. This procedure is illustrated

in Figure 5.9. Also, this approach was previously applied in [27]. Formally, the

Favre-average reactant profile is given by the expression

Ỹ (x, t) =

∫ H
y=0

ρ̄(x, y, t)Ỹ (x, y, t)dy∫ H
y=0

ρ̄(x, y, t)dy
(5.4)

where the average density profile, in x, is found by

ρ̄(x, t) =

∫ H
y=0

ρ̄(x, y, t)dy

H
(5.5)

Finally, the Favre-averaged mass fractions are ensemble averaged for k = 50 random

instances in time. Thus,

Ỹ (x− xs) =

∑k
i=0 Ỹ (x− xs, ti)

k
(5.6)
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Figure 5.9: Example of how Favre-averaging is applied to an instance in time to
determine Ỹ (x, t) and ρ̄(x, t). This particular image shows the density field for the
CLEM-LES using Cκ = 1.5 and a resolution of b = 1/32 when t = 116.9 (3.175ms).

Here xs was the location of the shock wave determined by the location where the right-

most maximum gradients in the spatially averaged density occur. Also, the sample

slices for which averaging is done is taken as the minimum super-grid resolution size,

dx = b. Finally, it should be noted that this ensemble averaging only considers profiles

when t > 40. As previously shown in Figure 5.6, this was sufficient time to allow the

detonation wave to decelerate from the over-driven state and reach the CJ-speed.

In Figure 5.10a, the average profiles obtained for Ỹ (x − xs) are presented for the

CLEM-LES at various resolutions (b). For the CLEM-LES, it can clearly be seen

that the average rate of depletion of Ỹ (x− xs) behind the shock wave does not vary

significantly across the range of resolutions tested, with the exception of b = 1/4 whose

reactant depletion rate is slightly slower than all other cases. In fact, all of the higher

resolutions (b = 1/8 to b = 1/64) appear to consume 90% of the reactant within the

same average distance, ∼ 5λ̂1/2. Finally, only the highest resolutions, b = 1/32 and

b = 1/64, develop fluctuations in reactant mass fractions when Ỹ (x−xs) < 10%, and

thus has a slightly lengthened structure compared to lower resolution cases. These

fluctuations are indicative of pockets of unburned fuel that form in the wake of the

leading shock wave. Figure 5.11a shows an example of how such pockets of unreacted

fuel form at sufficiently high resolution (b = 1/32), while Figure 5.11b shows how

such pockets do not form at lower resolution (i.e., when b = 1/8). Even though the
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low resolution case captures the same hydrodynamic thickness, the high frequency

instabilities are effectively filtered out. This suggests that the reaction rate, in general,

is not so sensitive to resolution. However, the irregular propagation behaviour and

fine scale qualitative observations are sensitive to resolution. Furthermore, it is worth

noting that at b = 1/32 resolution with N = 16, the laminar flame speed is resolved in

1-D (see Figure B.3 in Appendix B). To compare the performance of the CLEM-LES

with the traditional use of Euler simulations, Figure 5.10b shows the average reactant

profiles for Ỹ (x − xs) using the Euler method (see Section 2.2) across the range of

resolutions from b = 1/4 to b = 1/128. Clearly, the Euler method does not provide

any convergence of solution with increased resolution. This can be observed by the

lengthening of the structure, or distance it takes for reactant to become consumed,

as the resolution increases. To quantify the hydrodynamic thickness of the structure

of each simulation, the thickness, ∆H , is arbitrarily taken as the distance from shock

location, at x = xs, to the position where Ỹ (x − xs) < 2%. Figure 5.12 shows that

across the range of resolutions, the average hydrodynamic thickness for the CLEM-

LES is not very sensitive to resolution, whereas the Euler method clearly shows an

increase in average thickness as resolution increases. Figure 5.12 also shows the range

of hydrodynamic thickness observed throughout the random sampling process. The

error bars thus serve as the variation in thickness for the 50 random samples used

in the ensemble averaging process of each simulation. Clearly, the Euler method

yields an increasing variation in thickness as the resolution is increased. Also at

high resolutions, b ≥ 1/64, the Euler method yields larger, and more stochastic,

range in thickness compared to the CLEM-LES. The CLEM-LES, on the other hand,

appears to converge to a statistically consistent range of thickness observed with each

random sample. This can be seen for b = 1/32 and b = 1/64 where the hydrodynamic

thickness is found to vary stochastically between ∆H = 3−16λ̂1/2 for both resolutions.

Furthermore, the average thickness for the CLEM-LES remains consistent around

∆H = 6− 9λ̂1/2 for all resolutions.

In terms of performance, Figure 5.13 shows the run times for the CLEM-LES and

Euler simulations, conducted in this section, at various supergrid resolutions. Also
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Figure 5.10: Effect of resolution on average reactant profiles for a) the CLEM-LES
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Figure 5.11: The left frame (a) reveals how pockets of unreacted gas form in the
wake of the detonation front at high resolution (b = 1/32), while (b) shows how such
pockets do not form at low resolution (b = 1/8). Both images show the density field
at a randomly chosen instance in time.
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indicated in the figure are the number of CPUs used to evolve each simulation. In

general, both the CLEM-LES and Euler simulations have run times which appear

to have a power-law dependence on the supergrid resolution chosen. Increasing the

resolution by an order of magnitude requires increased run times by approximately

two orders of magnitude. Furthermore, for each supergrid resolution, the CLEM-LES

requires a run time that is approximately one order of magnitude greater than the

corresponding Euler simulation. This is not surprising since each CLEM-LES has to

compute an additional N = 16 subgrid elements per supergrid cell, on the finest grid

level. To compliment this, Figure 5.14 shows the total number of supergrid cells and

subgrid elements, for the CLEM-LES and Euler simulations, at various maximum

subgrid resolutions. The information in this figure was compiled for each simulation

at an instance when t = 127.5. This time corresponds to an instance when the

detonation approaches near the end of the computational domain. In general, the

resources required also exhibit a power-law dependence on supergrid resolution. For

the CLEM-LES, the total number of supergrid cells, at each resolution, is comparable

to its Euler simulation counterpart. Each CLEM-LES computation, however, requires

a number of subgrid elements that approximately an order of magnitude greater

than the total number of supergrid cells. This reflects the requirement for a larger

simulation run time, also an order of magnitude greater than its Euler counterpart.

In all simulations, approximately 40% of the supergrid cells are at the finest grid level.

Finally, to summarize the findings in this section, a maximum supergrid resolution

of b = 1/32, with a further N = 16 subgrid elements, has been demonstrated to

sufficiently resolve and capture the structure size, high frequency instabilities exhib-

ited through cell patterns, and overall propagation behaviour. Thus, b = 1/32 is the

resolution used throughout the remainder of the thesis.

5.3.3 Effect of the Kolmogorov parameter (Ck)

In order investigate the role of turbulent mixing rates on the detonation front cellular

patterns, burning rates, and irregularity, the constant Cκ is varied. This is done using
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a maximum supergrid resolution of b = 1/32 with N = 16 subgrid elements within

each supergrid cell. As before, to achieve this resolution on the supergrid, the base

grid (G1) has a resolution of bG1 = 1 with 5 additional levels of refinement. It should

also be noted that a formal grid resolution study for each Cκ was not conducted here.

In the previous section, this particular resolution and AMR configuration was found

adequate to resolve the qualitative features associated with cell sizes and patterns,

and irregularity. Furthermore, this resolution was found to give converged burning

rates behind the shock, which was measured quantitatively by considering the size

of the observed hydrodynamic thickness (∆H). Also, the laminar flame speed (in

1D) is resolved at this resolution, as demonstrated in Appendix B. As discussed

previously, in Section 3.1, the turbulent viscosity and dissipation rates, νt and ε, are

both functions of Cκ, which are consequently functions of ksgs. Thus turbulent mixing

rates, and hence combustion rates, are expected to be influenced by changes in Cκ.

For the numerical experiment in this section, Cκ is varied from 1.2 to 10.0. As was

done in the previous section, the qualitative features are compared using numerically

obtained open shutter images. The domain height for all simulations in this section

is once again kept constant at H = 20. Also, the average hydrodynamic thickness

and the statistical distribution of sizes, obtained for 50 random samples in time, are

collected for each simulation.

First, open shutter images are shown in Figure 5.15 for the range of Cκ values (1.2-

10). Also, the CLEM-LES open shutter images are compared against the Euler

simulation, which also has b = 1/32 resolution. Clearly the Euler simulation exhibits

much smaller cells and a more regular looking pattern compared to all of the CLEM-

LES open shutter images. In fact, as previously observed in Figure 5.12, the Euler

method has a much smaller statistical range of hydrodynamic thickness compared to

the CLEM-LES. For the CLEM-LES at Cκ = 1.2, in Figure 5.15, the cells are still

fairly small compared to the channel height, however there is some irregularity to

the pattern observed. As Cκ is increased, the observed cell sizes also increase. For

Cκ = 3.0 − 4.0 it is observed that the range of cell sizes span from 3 cells to 1 cell

per channel height, intermittently, throughout the simulations. As Cκ is increased
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beyond 6.7, the cells become even larger, with an observed range of 2 cells to 1/2 cell

per channel height.

Next, in Figure 5.16, the average reactant profiles are compared for the range of Cκ

values using the procedure described in the previous section. Also, the simulations are

compared to an Euler simulation, which also has a resolution of b = 1/32. Clearly, as

Cκ increases, the average hydrodynamic thickness of the detonation wave increases.

This observation is made by considering the distance it takes for Ỹ (x − xs) → 0.

On the other hand, the Euler method at the same resolution, which is subject to a

large amount of numerical diffusion, burns fuel at a much quicker rate than all of the

CLEM-LES simulations.

Finally, in terms of model performance, each simulation conducted here required a

run time of approximately 100 hours. This run time and also the total number of

supergrid cells and subgrid elements was found to be independent of changes in Cκ.
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5.4 Discussion

5.4.1 Qualitative comparison of the flow evolution with

experiments

A visual comparison of a flow field, obtained through resolved LES and the corre-

sponding experiment [13], is shown in Figures 5.17 and 5.18 for an instance where

a triple-point collision occurs for a detonation whose cell size is comparable to the

channel height. For the LES, the density evolution is shown for various instances

of the collision process for Cκ = 6.7. This value of Cκ was found to produce cell

sizes and overall qualitative behaviour comparable to experimental observation. The

maximum resolution of the simulation is b = 1/32 on the supergrid, with a further

N = 16 subgrid nodes within each supergrid cell. The channel height is kept at

H = 20. For the experiment [13], Schlieren images of each corresponding instance are

obtained from high speed photography and are also shown in the figures. For com-

parison, many features are noted in the figures (Features 1-7). In Figure 5.17, the

first feature (1) is a Mach shock with a turbulent reaction zone that follows closely.

In both the simulation, and the experiment, the reaction zone is slightly decoupled

from the shock owing to local unsteadiness of the wave front. This can be seen by the

thickening of the shocked unburned gas region as time evolves. In the LES, however,

this wave appears to be more irregular, containing what appears to be a smaller and

less pronounced cell structure (cells within cells). It should be noted that experimen-

tal observations [13] report a very stochastic nature of the propagating wave. In this

sense, random bifurcations on wave fronts and changes in cell patterns are expected.

In some cases much smaller cells are observed experimentally and numerically for the

same quiescent conditions and numerical parameters, see Figure 5.19. Feature (2), in

Figure 5.17, is a completely decoupled incident shock-reaction zone, as can be seen

by the large region of dense unburned gas. As the two triple-points approach each

other, transverse shock waves compress this gas further. At the focal point of the
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collision, owing to the increased pressure and temperature, the unburned pocket (2)

ignites very rapidly. This “explosion”, noted by feature (3), drives transverse shock

waves and a strong Mach shock forward coupled with very rapid burning. Feature

(4) is a pocket of unburned gas which is not ignited by compression associated with

the original Mach shocks (1). Instead, these pockets mix and burn along turbu-

lent shear layers. Thus, Kelvin-Helmholtz instability gives rise to increased burning

rates through turbulent mixing of the burned and unburned gases. Furthermore,

Richtmyer-Meshkov instability further enhances combustion of feature (4) via shock

compression associated with the transverse shocks, labelled as feature (5) in Figure

5.18, which originate from feature (3). Feature (6), in Figure 5.18, is a new pocket of

unburned gas that forms along slip lines associated with the collision process. Finally,

feature (7), in Figure 5.18, is a bifurcation observed on the Mach shock of feature (3),

owing to the unstable nature of methane-air detonations. This bifurcation also occurs

in the experiment but is less pronounced. Although features (1-7) are captured by

the LES, a key difference is observed in the burning rate behind behind the Mach

shock originating from feature (5). In the simulation, the size of this region grows

much faster compared to experiment, likely attributed to higher burning rates. It

should be noted that the experiment [13] reports a velocity deficit up to ∼ 70% below

the CJ velocity owing to losses from the channel walls. Since external losses are not

accounted in the LES, and the CJ velocity is recovered, as seen previously in Figure

5.6 for Cκ = 1.5, more rapid burning would be expected.

To further compare the performance of the LES with available experimental data

[15], the simulation was repeated with a channel height of H = 10. Both the density

evolution from the numerical simulation, and the corresponding instances obtained

in the experiment [15] through Schlieren photography are shown in Figures 5.20 and

5.21. In this case, all model parameters, including Cκ, are consistent with the previous

experiment [13], except the reduced channel height permits only half a cell to form.

Thus the cell pattern is effectively influenced by the channel walls, or mode-locked

into a cell size which corresponds roughly to the channel height. In this case, only a

single transverse wave is observed. Again, for qualitative comparison, many features
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Figure 5.17: Numerical density evolution for the Kolmogorov parameter Cκ = 6.7
(left) and the corresponding experimental Schlieren photography [13] (right) of a
detonation triple point collision process. The time in between each image is ∆t =
0.425 (11.53μs). The remaining sequence of images are continued in Figure 5.18.
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Figure 5.18: Continuation of Figure 5.17. Numerical density evolution for Cκ = 6.7
(left) and the corresponding experimental Schlieren photography [13] (right) of a
detonation triple point collision process.
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Figure 5.19: Comparison of experiments [13] and the CLEM-LES with Cκ = 6.7,
both showing an instant where stochastic behaviour is observed such that a different
cell pattern is observed compared to Figure 5.17

are noted in the figures (Features 1-7). Feature (1), in Figure 5.20, is the incident

shock wave. Behind this shock is the de-coupled reaction zone, as observed by the

region of very dense, shocked, and unburned fuel following the shock. From the

top wall of the channel, Feature (2) is a Mach stem, which initially results from a

transverse wave collision with the wall. This Mach stem appears to travel faster

than the incident wave, owing to more intense combustion associated with the wave

collision process at the wall, akin to the triple point collision process observed in

Figure 5.17. Feature (3), in Figure 5.20, is a pocket of dense unburned fuel in the

wake of the wave, which burns turbulently through Richtmyer-Meshkov instability

associated with the transverse shock wave, Feature (4). In fact, this region burns

out only slightly faster than the observed experimental rate. In the experiment,

the pocket burns up completely within 7 frames (70μs), while the simulation burns

up completely within 5 frames (50μs). Feature (5), in Figure 5.20, is a hot spot

that forms behind a bifurcation of the Mach shock and is only clearly visible in the
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Figure 5.20: Numerical density evolution for the Kolmogorov parameter Cκ = 6.7
(left) and the corresponding experimental Schlieren photography [15] (right) of an
irregular detonation propagation in a channel. The time in between each image is
∆t = 0.37 (10.0μs). The remaining sequence of images are continued in Figure 5.21.
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Figure 5.21: Continuation of Figure 5.20. Numerical density evolution for Cκ = 6.7
(left) and the corresponding experimental Schlieren photography [15] (right) of an
irregular detonation propagation in a channel. The time in between each image is
∆t = 0.37 (10.0μs).
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numerical simulation. This bifurcation of the Mach stem near the triple point was

also observed in the previous comparison to experiment, Figure 5.17. As the Mach

stem, Feature (1) continues to evolve, the combustion zone becomes further decoupled

from the shock, as observed by an increased thickness of dense unburned fuel behind

the shock. Furthermore, as the Mach shock evolves, a new pocket of dense unburned

fuel forms in the wake of the triple point path, denoted by Feature (6) of Figure

5.21. This pocket is initially consumed from its edges via turbulent flame, augmented

locally by the intense shear through Kelvin-Helmholtz instability. The passage of the

reflected transverse shock wave, Feature (7), further contributes to turbulent mixing

through Richtmyer-Meshkov.

5.4.2 Qualitative comparison of cell patterns with

experiments

Finally, to further compare the the CLEM-LES with experiment, in terms of cell pat-

terns and irregularity, numerically obtained soot foils for both H = 10 and H = 20

at Cκ = 6.7 was compared to those obtained experimentally for CH4 + 2O2 at

p̂o = 3.5kPa (courtesy M. Radulescu), and CH4 + 2O2 + 0.2Air at p̂o = 11kPa [19].

For H = 20, the numerical soot foil, presented in Figure 5.22, corresponds exactly

to the open shutter image, of Figure 5.15, for Cκ = 6.7. Although the experimen-

tal soot foil, also shown in Figure 5.22, was obtained for a smaller channel height

(127mm) and also for a much higher pressure, the two are comparable in terms of

scaling through the half-reaction length. For the experiment [19], λ̂1/2 = 5.1mm. This

value was obtained in this study using the Cantera libraries [193] and the GRI-3.0

detailed kinetic mechanism [194], consistent with the procedure in Appendix B. Thus,

the experimental soot foil was estimated to be ∼ 25λ̂1/2 high. This is comparable

to the simulation, whose domain is 20λ̂1/2 in height. In the portion of the numerical

soot foil presented in the figure, the overall cell size and pattern matches well to the

experiment. In the experiment, however, a very distinct substructure was observed.

This was observed by the presence of much smaller cells within the larger and more
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Simulation:

Experiment:

Figure 5.22: Numerical soot foil obtained for the CLEM-LES with Cκ = 6.7 and
H = 20 (top) compared with an experimental soot foil for CH4 + 2O2 + 0.2Air at
p̂o = 11kPa [19] (bottom). Note: the channel height for the experiment is ∼ 25λ̂1/2.
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predominant cell structure. Although such a fine substructure is not so obvious in the

simulation, there are still some streaks on the numerical soot foil, which are indicative

of triple point paths associated with cell bifurcations. The lack of detailed substruc-

ture in the simulation could be an artifact of the supergrid resolution, differences in

mixture properties, or most likely associated with the limitation of the one-step model

in capturing the very short duration energy release of methane combustion and the

associated instabilities that exists on that finer small scale. Furthermore, it is likely

that at the resolution presented here, b = 1/32, has effectively filtered out the fine

details associated with the expected substructure. It is noted that higher resolution

simulations were not conducted for Cκ = 6.7. Despite this lack of fine-scale detail for

the substructure, the overall cell behaviour and irregularity is captured well by the

simulation.

For H = 10, numerical soot foils are obtained for two different portions of the numer-

ical domain and compared to experimental soot foils, provided by M. Radulescu, in

Figure 5.23. Here, the experimental soot foils were obtained using the same experi-

mental apparatus described in Kiyanda and Higgins [15]. For both experimental soot

foils, the numerical simulation captures well the cell size behaviour and irregularity.

In general the channel height allows only 1/2 cell to form. The cells, however, oc-

casionally bifurcate, giving rise to the formation of cells on the order of the channel

height. This behaviour can be observed in the bottom frames of Figure 5.23. Fi-

nally, it is noted that a prominent substructure was not observed experimentally or

numerically for H = 10, as was observed experimentally in Figure 5.22. This could

be attributed to differences in the mixture or conditions (i.e., the pressure) at which

tests were performed.

5.4.3 Quantitative analysis: the hydrodynamic thickness

In order to determine the effect that turbulent mixing intensity has on the hydrody-

namic thickness, the average thickness of the structure (∆H) has been measured for

various Cκ values for the domain height of H = 20. This was achieved by following
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Figure 5.24: Effect of turbulence intensity (through Cκ) on hydrodynamic thickness
(∆H) for the CLEM-LES (all with resolution b = 1/32 and N = 16 elements per LES
cell). Note: ∆H is normalized by λ̂1/2.

the procedure to obtain ∆H at various resolutions in Section 5.3.2. Figure 5.24 thus

shows the hydrodynamic thickness (∆H), measured by the distance from the shock

wave, x = xs, to where Ỹ (x) < 2%, as a function of Cκ. Clearly, there is an increas-

ing trend in thickness with Cκ. In fact, the thickness appears to increase linearly

with Cκ for the range of values simulated here. A line of best fit (obtained from

linear regression of each data point), ∆H = 1.19Cκ + 4.49, is also indicated in the

figure. Also shown in the figure are error bars indicating the variation of thickness

measured from each of the 50 samples for each value of Cκ. In general, the range

of expected thickness increases with Cκ, with the exception of Cκ = 6.7 having the

largest range. In Figures 5.25a and b, histograms showing the statistical distribution

of thicknesses observed both Cκ = 1.5 and Cκ = 6.7 are given, respectively. The

figures show, for each Cκ, the probability of obtaining a certain range of thickness

obtained from the 50 random samples in time. Clearly for each Cκ, there is a favoured

range of thickness near the average value obtained in Figure 5.24, with a probability
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of ∼ 50%. Also evident from Figures 5.25a and b, is the physical shift in distribution

as Cκ increases. These figures clearly show that the probability of having a larger

hydrodynamic thickness increases with Cκ.

The principal finding of the numerical experiment above highlights the sensitivity of

both the average hydrodynamic thickness and observed cell patterns to the constant

Cκ. Specifically, increasing Cκ was found to lengthen the averaged structure thick-

nesses and also produce larger, and more irregular, cell patterns. This was observed

previously in Figures 5.24 and 5.15, respectively.

Finally, to quantitatively compare the CLEM-LES to experimental observations in

terms of the hydrodynamic thickness, or distance it takes for the pockets of unburned

gas to burn, results from Section 5.3.3 are considered. In Figure 5.24, it was observed

that the average hydrodynamic thickness captured by all values of Cκ, for H = 20,

was in the range 5 < ∆H < 17. More specifically, for Cκ = 6.7 and Cκ = 10.0, the

average thickness was found to be ∆H = 13.0 and ∆H = 16.2, respectively. These

computed average thicknesses are much higher than previous experimental reports

of burn out distances between ∼ 4 − 6λ̂1/2 [27]. Upon close inspection, however, of

images published in Bhattacharjee [13], burn out distances can be estimated as high

as ∼ 9λ̂1/2, as can be seen in Figure 5.26. This can be attributed to experimental

losses, which are believed to give rise to a larger observed structure [27]. Thus,

compared to Bhattacharjee, Cκ = 6.7 yields an error of ∼ 44%, while Cκ = 10.0

yields an error of ∼ 80%. Despite these large errors, however, it should be noted

that the simulations for Cκ = 6.7 and Cκ = 10.0 have both exhibited a large range

of possible thickness anywhere from 3 < ∆H < 36. Furthermore, the experiments

[13, 27] are stochastic in nature and have not quantified the probability and variance

of hydrodynamic thickness possible during propagation.

5.4.4 Quantitative analysis: velocity of the wave

To gain insight on why increasing Cκ has the effect of generating larger hydrodynamic

structures, the subgrid kinetic energy associated with random velocity fluctuations



Chapter 5. Validation for 2D Flows Part I: Irregular Detonation Propagation 132

~9�

Figure 5.26: Schlieren photograph taken from Bhattacharjee [13], which shows that
pockets of unburned gas can take up to ∼ 9λ̂1/2 behind the leading shock to burn up.

(ksgs) is Favre-and ensemble averaged for each Cκ case using the same procedure

as was done for the reactant profiles, i.e., Eqs.(5.4)-(5.6). The averaged profiles

obtained for ksgs at various values of Cκ are thus shown in Figure 5.27. The principle

observation made here is that as Cκ is increased, more subgrid kinetic energy is

generated. This is not surprising since ksgs is a direct function of Cκ in Eq.(3.15). This

increase in ksgs with Cκ thus generates more random velocity fluctuations, represented

by stirring events on the CLEM subgrid. It is thus expected that as Cκ increases, the

variation of velocities expected on the wave front should also increase.

To quantify the statistical distribution of velocities experienced by the wave front,

and such a distribution was affected by Cκ, probability density functions (PDFs)

were constructed and shown in Figures 5.28 and 5.29 for H = 20 and H = 10,

respectively. These figures thus show the probability of the wave having a certain

velocity at any random time and location. In these figures, the wave speeds expected

on the front (D) are normalized by the averaged propagation speed (Davg). For the

CLEM-LES, conducted at various Cκ values, and also an Euler simulation at the
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Figure 5.27: Effect of Cκ on the averaged subgrid kinetic energy (ksgs) profile for the
CLEM-LES. Note: Distances x and xs are normalized by λ̂1/2.

same supergrid resolution (b = 1/32), this average propagation speed is always the

CJ-value, Davg = 6.3. Also shown in Figures 5.28 and 5.29, are the PDFs constructed

from available experimental data [13, 15], for H = 20 and H = 10, respectively. From

experimental data available, Davg = 5.19 [13] for H = 20, and Davg = 5.53 [15] for

H = 10. It should be noted that the average velocities obtained from experiments are

lower than CJ due to energy losses not accounted for in the simulations. To construct

the PDFs from the numerical simulations, velocity measurements were taken on the

top and bottom walls for a total of 500 data points in each simulation. The PDF

was then evaluated at D± ∼ 0.5 intervals and normalized by Davg accordingly. For

H = 20, the comparative experimental PDF, shown in Figure 5.28, was compiled from

a total of 6651 velocity measurements were collected from 4 different experiments at

the same conditions [13]. This PDF was evaluated at D± ∼ 0.2 intervals. For

H = 10 in Figure 5.29, 37 velocity data points are available experimentally [15] to

compile the PDF for one entire cell cycle. The PDF here was compiled at each

velocity measurement. Further details of how the PDFs were compiled can be found
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in Appendix D.

Clearly, from Figures 5.28 and 5.29, as Cκ increases, the likelihood, or probability, of

the detonation wave to travel at speeds below the average CJ value also increases.

This is especially true for Cκ ≥ 6.7. At these high values of Cκ, the detonation tends

to favour a greater chance of having wave speeds below the average propagation speed

value, i.e., when (D/Davg) < 1. Conversely, at lower values of Cκ, and the Euler sim-

ulation, velocities above the average propagation speed are favoured. This would lead

to much shorter ignition delays, thus explaining the relatively quick burning times

associated with the observed shortened hydrodynamic thickness, previously shown in

Figure 5.24. Thus, as Cκ increases, the detonation wave front spends more time at

below average speeds. To compensate for this, the range of attainable, yet infrequent,

wave speeds above the CJ-value must also increase. This leads to a larger variation of

ignition delays for the unreacted gas, which travels through the leading shock at any

given location, as expected for irregular detonations [27]. Furthermore, since the wave
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spends more time at below CJ-velocities, for higher Cκ values, most of the unburned

gas that is shocked by the wave front has a much longer ignition delay compared to

the ZND model. For this reason, unburned pockets of gas are able to form in the

wake, which eventually burn up through turbulent mixing. This favouring of veloc-

ities below the average propagation speed thus lengthens the overall hydrodynamic

structure of the wave. Consequently, the cells also increase in size and become more

irregular in appearance, as observed in the cell patterns of Figure 5.15. Since higher

Cκ values inherently generate more random fluctuations, the cell irregularity would

also be expected to increase. This is evident as the range of expected hydrodynamic

thicknesses also increases, as seen previously in Figure 5.25.

In general, the PDFs collected for Cκ ≥ 6.7 compared well to experiments. In fact,

simulations for Cκ ≥ 6.7 reproduce well the decaying behaviour of the wave velocity,

where the probability of the wave speed exhibits an power-law dependence on wave

speeds above the favoured value. For H = 20, the experimental data [13] was found

to be well predicted by PDF = 2.6(D/Davg)
−4.0, as shown in Figure 5.28. A similar
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power-law correlation was also observed by Radulescu et al. [27] from high resolution

Euler simulations, who found a -3 exponential dependence of the PDF on detonation

velocity. In this case, although the numerical simulations for Cκ ≥ 6.7 do not collapse

onto this correlation, the same decaying trend is observed. For H = 20, the most

probable wave speed favoured, experimentally [13], is (D/Davg) = 0.93± 0.04 with a

peak PDF value of 3.3. For the simulation at Cκ = 6.7, the most probable velocity

was (D/Davg) = 0.96 ± 0.04 with a peak PDF value of 1.74. This favoured velocity

value has 8.6% error compared to experiment. For Cκ = 10.0, the most probable

velocity was (D/Davg) = 0.85 ± 0.04 with a peak PDF value of 2.25. This agrees

well for the favoured velocity value, with only 3.2% error. Despite this, however,

the range of expected velocities on the wave front is much larger in the simulations

compared to experiment. These differences in peak PDF values and expected ranges

of velocities are believed to be influenced by several factors. First, the numerical

simulations do not account for energy losses which are present in the experiments.

These losses would include friction due to boundary layer effects, and heat conduction

through the shock tube walls. Therefore, the detonation, in the simulations, has

higher velocities. Furthermore, cell patterns for a channel height of H = 20 are very

stochastic and irregular. The experimental PDF in Figure 5.28 was compiled for only

4 different experiments. It is likely that much more experiments are required in order

to capture the events in the tails of the PDF, beyond the velocity limits currently

obtained. Finally, velocity measurements are captured experimentally every 11.53μs,

which may filter out any high speed and short-lived velocity fluctuations, which may

occur beyond the current PDF limits. It is likely that in reality, the experimental

PDF should have a larger range with a smaller peak PDF value.

For H = 10, the experimental data [15] was found to be well predicted by PDF =

1.9(D/Davg)
−4.7, as shown in Figure 5.29. Here, much better agreement to experiment

is observed when Cκ = 6.7. The most probable wave speed favoured, experimentally

[15], is (D/Davg) = 0.814 ± 0.005 with a peak PDF value of 6.15. In this case, the

simulation at Cκ = 6.7 has a favoured velocity of (D/Davg) = 0.84 ± 0.04 with a

peak PDF value of 2.55. This also agrees well for the favoured velocity value, with
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only 1.0% error. This better agreement is likely attributed to the fact that a domain

height of H = 10 effectively mode-locks the detonation in such a way that much less

variation in cell size was observed. This was seen in the soot foils presented in Figure

5.23. Clearly, the analysis conducted here supports the need to calibrate Cκ in order

to ensure the correct velocity probability trend, and qualitative features, are obtained

numerically.

5.4.5 Cκ as a tuning parameter

From the open-shutter images presented Figure 5.15 it is clear that the Cκ param-

eter requires tuning in order to match the desired cell size and behaviour observed

in experiments [13, 15]. From a quantitative perspective, Figures 5.28 and 5.29 have

shown that numerically obtained probability density functions of detonation velocity

distributions matched well the trends obtained through experiments [13, 15] when

Cκ ≥ 6.7. In general, higher values of Cκ allowed below average velocities to be

favoured along the wave front, as was the case experimentally. As a result, it is clear

that Cκ requires tuning in order to ensure the correct velocity distribution, and con-

sequently the correct expected hydrodynamic thickness. Furthermore, as observed

in Figures 5.17 to 5.23, a value of Cκ = 6.7 was found adequate to form qualita-

tive cells and burning patterns comparable to experiments. For smaller values of

Cκ, only much smaller cells appear. For larger values of Cκ, the cells increase in

size until they are mode locked by the channel height. It should be noted, how-

ever, that specific ‘matching’ of Cκ values can prove difficult due to the stochastic

nature of both the experiments and the numerical simulations. It should be further

noted that even though the value of Cκ = 6.7 was found to give good agreement

with experimental observation, Cκ = 1.4 − 2.0 is a more universally accepted value

[150, 177]. This difference may be due to several reasons. First of all, low values of

Cκ correspond to theory derived from and experiments calibrated to Kolmogorov’s

theory of the turbulence cascade in the incompressible limit [149]. The detonation

phenomena under investigation here, on the other hand, is highly compressible. It is
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possible that highly compressible regimes generate much more turbulent fluctuations

than incompressible theory predicts. This is especially true for Richtmyer-Meshkov

instability where turbulent motion is generated from shock waves interacting with

material interfaces. Furthermore, in the presence of burned and unburned fuel in-

terfaces, Kelvin-Helmholtz instabilities are enhanced due to shearing along slip-lines

behind triple-points. Second of all, the experimental flow fields [13, 15] are essentially

two-dimensional due to the very thin channel cross section widths. In fact, the aspect

ratios of the channel heights to widths (H/W ) in the experiments are ∼ 10 [13] and

∼ 4 [15]. In both cases, the channel widths are much smaller than the observed cell

sizes. Thus, straining and decay of turbulent motions along the cross sectional width

may not be as prominent as would be expected in a full scale three-dimensional ex-

periment. Furthermore, turbulence in two-dimensions has been shown, theoretically,

to exhibit back-scatter [35–37], and hence generate more turbulent motions. This has

also been assumed to be the case for atmospheric flows, which are also considered

essentially two-dimensional in nature [148]. In this sense, small scale turbulence is

able to feed into, and amplify, larger scale turbulent motions. Since the experiments

[13, 15] are quasi-two-dimensional, it is possible there are more turbulent motions

behind the detonation front than would be expected in a naturally occurring 3D

detonation wave propagation. In this sense, it is possible the corresponding 2D sim-

ulation would also require a higher Cκ value to artificially generate more turbulence.

Furthermore, Kraichnan [197] predicts a theoretical value of Cκ = 6.69 for 2D turbu-

lence, compared to 1.4 for 3D. Another review of two-dimensional turbulence [198]

indicates a Cκ value of 5.8 to 7 should be adopted due to the increased turbulence

associated with back-scatter. It should be noted, however, that in the current work

this agreement is simply treated as a coincidence and has not been investigated fur-

ther. Other sources of discrepancy may arise from errors associated with the splicing

procedure, described in Section 3.2.5, or perhaps discrepancies associated with exper-

imental losses. Finally, in terms of calibration, it should be noted that it is possible to

implement a dynamic procedure to obtain the Cκ value, i.e., the Localized Dynamic

Kinetic Energy Model (LDKM) method [97, 98, 142]. Although this is possible, vali-
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dation and verification would still be required. Furthermore, the method may be more

appropriate for three-dimensional simulations and would therefore increase computa-

tional expense significantly. Also, the dynamic procedure may not adequately account

for increased turbulent fluctuations due to compressibility effects. For now, the static

method of prescribing Cκ proves advantageous in two-dimensions for examining the

effect of turbulence intensity on detonation propagation patterns and behaviours.



Chapter 6

Validation for 2D Flows Part II:

Fast-Flames and DDT

6.1 Overview

In this chapter, the role of turbulent mixing on fast flame acceleration and transition

to detonation is examined for the detonation interaction with porous medium exper-

iments, which have previously been conducted at the University of Ottawa [13, 14].

The fundamental purpose of these experiments was to isolate the ignition mechanisms

that drive detonation waves. In these experiments, whose concept was introduced pre-

viously in Section 1.2.2, an obstruction is placed in the channel whose role is to quench

a detonation wave to allow its subsequent re-initiation to be studied, following the

various wave dynamics in the wake of interaction with the obstacle. To this effect,

the CLEM-LES methodology is validated accordingly.

To date, detonation re-initiation is believed to occur from amplification of the incident

shock strength resulting from shock reflections or triple point collisions [22, 39]. In

some cases, however, several shock reflections are required to accelerate the leading

shock wave sufficiently in order to re-initiate the detonation. At each shock reflection,

or triple point collision, the incident shock is accelerated due to increased reaction

140
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Figure 6.1: Sketch illustrating the expected flow field of a shock reflection process
in the wake of an obstacle. (D=detonation, I=incident shock, M=Mach shock,
S=Transverse shock, F=Turbulent deflagration)

rates in the unburned gases behind the incident shock. What remains unclear, is to

what degree adiabatic shock compression or turbulent mixing contribute to DDT in

this context.

For cases when DDT does not occur at a shock reflection, the presence of flow in-

stabilities, leading to turbulence, is believed to give rise to rapid burning behind the

newly formed Mach shock [13]. A sketch illustrating this particular process at the

first reflection following detonation interaction with an obstacle is shown in Figure

6.1. First, as the initial detonation (D) passes over an obstacle, it gains strength due

to the reduction in area. Upon its passage over the top of the obstacle, it begins to

lose strength and quickly quenches. This is observed by a de-coupling between the

incident shock wave (I) and the turbulent deflagration (F) that follows. When the

incident shocks reflects in the wake, a Mach shock (M) forms at the wave front. Also

present are newly formed transverse shock (S) and a slip-line that rolls up into a

central vortex. During the reflection process, combustion products become entrained

along the slip line, and into the central vortex. Rapid burning thus occurs in the
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central vortex due to rapid mixing of burned and unburned product gases.

A corresponding example sequence of Schlieren photographs [13], for this particular

scenario where DDT does not occur, is shown in Figure 6.2. In the experiment, con-

ducted for methane-oxygen, forward jetting and significant turbulent mixing, through

Kelvin-Helmholtz instability, give rise to very rapid burning of the shocked gas mix-

ture behind the newly formed Mach shock. This example case is of particular interest,

as it represents a critical regime where the onset of DDT is imminent. In fact, a re-

peated test at the same conditions has also been documented to show successful DDT

[13]. To address the lack of repeatability of the experiment shown in Figure 6.2, ex-

periments were also conducted using a roughness plate, as shown in Figure 6.3. In

this figure, the same rapid burning is observed behind the Mach shock, at lower pres-

sures. In fact, the purpose of the roughness plate, in this experiment, was to promote

the formation of hot spots and turbulent motions following shock wave interactions

with the plate. In this sense, a controlled turbulent environment was present exper-

imentally, ideal for examining how turbulence influences events leading up to DDT.

Therefore, in this chapter, this particular experiment (with the roughness plate) [13]

has been modelled, not only to further validate the CLEM-LES strategy, but also to

gain insight on the effect that turbulence intensity has on the resulting flow field.
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Figure 6.3: Schlieren images showing the result of a shock reflection process in the
wake of an obstacle when a roughness plate is present. Here DDT does not occur, but
rapid burning is observed behind the Mach shock, much like Figure 6.2. The initial
mixture is CH4 +O2 at p̂o = 7.0kPa [13].

6.2 Numerical Domain and Model Parameters

A schematic, showing the setup for the numerical simulations, is shown in Figure 6.4.

In all simulations, the domain height is 48λ̂1/2, while the length is varied between

400-600λ̂1/2. For the internal boundaries associated with the obstacle and roughness

plate, the wall type boundary condition is applied as described in Section 5.2. The

zero gradient and symmetric boundaries are also applied to the extremities of the

domain, as indicated in Figure 6.4. Here, a ZND wave profile was initiated on the

left of the obstacle, and advanced to the right in time. The fluid properties, obstacle

size, domain height, and roughness plate dimensions were matched to the experiment

[13]. Formally, the initial conditions of the numerical experiment are expressed by

ρ(x, y, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

1 otherwise
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Figure 6.4: Initial and boundary conditions for detonation interaction with porous
media and roughness plate (Not to scale). Note: λ̂1/2 = 4.23mm.

u(x, y, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

0 otherwise
(6.1)

v(x, y, 0) = 0

p(x, y, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

1/γ otherwise

Y (x, 0) =

 ZND solution Eqs.(4.8)-(4.11) if x < 0

1 otherwise

As before, the turbulent kinetic energy, ksgs(x, y, 0) = 0 everywhere initially. Further-

more, for computational savings, the simulation is advanced using the Euler scheme,

Eqs.(2.34)-(2.37), up to t = 16. This moment is just before the shock interacts with

the roughness plate. At this point the turbulence models are then activated and the

solution advances by solving the LES Eqs.(3.4) through (3.7). The subgrid kinetic

energy, ksgs is thus generated following the wave interaction with the roughness plate

in a controlled manner.

The model parameters, for the simulation, correspond to methane-oxygen (CH4 +

2O2) with an initial temperature and pressure of T̂o = 300K and p̂o = 7000Pa,

respectively. The various dimensional and non-dimensional model parameters applied

to this particular numerical experiment are found in Table 6.1.

Finally, the maximum resolution chosen for all simulations in this section is set to b =
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Table 6.1: Fluid properties and model parameters for methane combustion at
T̂o = 300K and p̂o = 7000Pa.

Dimensional properties

ρ̂o 0.07 kg/m3 ĉo 356.36 m/s Êa/R̂ 18685.8 K

D̂CJ 2272.97 m/s D̂70%CJ 1591.50 m/s ŜL,70%CJ 16.42 m/s

T̂CJ 3265.50 K p̂CJ 185.9 kPa ρ̂CJ 0.14 kg/m3

T̂70%CJ 1103.10 K p̂70%CJ 167.1 kPa ρ̂70%CJ 0.49 kg/m3

T̂V N 1758.10 K p̂V N 348.3 kPa ρ̂V N 0.64 kg/m3

ν̂ 9.5x10−5 m2/s k̂/(ρ̂ĉp) 2.4x10−4 m2/s D̂ 1.0x10−4 m2/s

Q̂ 6607.7 kJ/kg λ̂1/2 4.23 mm

Non-dimensional model parameters

ν 3.82x10−3 MCJ 6.38 M70%CJ 4.47
Le 1.32 Pr 0.709 Sc 0.933
Pr,t 1.0 Sc,t 1.0 γ 1.17
Ea 45.9 Q 52.0 A 8.30x103

1/32, with a further N = 16 subgrid elements per super-grid cell. Furthermore, for the

purpose of AMR implementation, the base grid (G1) has a resolution of bG1 = 1 with

5 additional levels of refinement on the supergrid. This was previously shown to be

sufficient to resolve the detonation cell structures, and overall qualitative behaviour,

as observed in Chapters 4 and 5. Finally, it should be noted that although a detailed

resolution study was not conducted in this Chapter, two necessary conditions which

further justify the choice of this particular resolution (b = 1/32) have been met. First,

sufficient resolution on the supergrid is chosen to allow coupling between the incident

shock wave and the reaction zone. This was previously demonstrated necessary in

Chapter 4 in order to recover the steady detonation structure in 1D. Also, the laminar

flame speed was resolved on the subgrid at the given resolution for the parameters

given in Table 6.1.
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6.3 Results

6.3.1 Preliminary simulation results

Here, a simulation was first conducted for Cκ = 6.7. The simulation was run suffi-

ciently long to determine if DDT occurs within the first few shock reflections with

the wall or roughness plate. Figure 6.5 shows the density evolution of the flow field

throughout the simulation. In the figure, snapshots of the density field at various

times are superimposed to show the sequence of events that follow the initial detona-

tion interaction with the obstacle. The principle observation made here is that the

detonation remains quenched following the initial shock interaction with the rough-

ness plate. In the subsequent frames following the initial shock-roughness plate inter-

action, there is a clear decay in shock-reaction zone coupling. This was observed by

the thickening of the distance between the two features. In this case, however, DDT

occurs following the reflected shock interaction with the top wall around x ∼ 200.

This is evident by the thin coupling of the shock-reaction zone that was observed in

subsequent frames. Also, the resulting wave front features the characteristic cellular

pattern, as observed in the detonation propagation simulations of Section 5.1.

To quantitatively confirm the existence of detonation following the shock reflection

with the top wall, Figure 6.6 shows the corresponding x-velocity histories of the

waves along both the top wall and the roughness plate (at y = 2.36). Initially, the x-

velocity of the wave along the roughness plate exceeds the CJ-value at the first shock

reflection with the roughness plate, around x ∼ 100. This wave speed, however,

clearly decays below the CJ-value for x > 140. The x-velocity of the wave along

the top wall remains below the CJ-value until a sudden acceleration to values above

CJ occur around x ∼ 200. This corresponds to where the shock reflection occurs on

the top wall. Also shown in Figure 6.6, for reference, are the velocities of the wave

along the top wall and roughness plate recorded from the corresponding experimental

investigation [13]. A formal comparison between the CLEM-LES and experiment

is made in Section 6.4. First, the next section examines the effect that Cκ has on
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Figure 6.5: Density evolution for Cκ = 6.7. In this case, DDT occurs at the first
shock interaction with the top wall. Note: dimensions are normalized by λ̂1/2.
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influencing the resulting flow field from simulation. To this effect, Cκ was varied to

examine effect of turbulence intensity on detonation initiation events, and to note how

many shock reflections, downstream from an obstacle, it takes to initiate detonation

under varying turbulence intensities.

Finally, the grid topology, which indicates the locations of each grid level (G), is

shown in Figure 6.7 for an instance in time just before the wave interacts with the

roughness plate, at t = 16.5. As was demonstrated previously, in Chapter 5, the

reaction zone is always refined to the finest level, G6. Also, the grids near the solid

internal boundaries, i.e. the cylinder and roughness plate, are also refined to the

finest grid level, always.

6.3.2 Effect of the reaction rate through the Kolmogorov

parameter (Cκ)

In this section, Cκ was varied from 3.0 to 10.0 in order to examine the effect that

turbulence intensity, and hence the reaction rate, has on influencing the flow field

evolution. Figure 6.8 shows the superimposed density fields for Cκ values of 3.0, 7.0,

and 10.0. These values thus represent the effect of low, medium, and high turbulence

intensities. Also shown in the figure is the density evolution obtained through an

Euler simulation at the same supergrid resolution of b = 1/32, for comparison.

For a relatively low turbulence intensity, when Cκ = 3.0, a relatively low amount of

subgrid kinetic energy is generated compared to higher Cκ values, as was observed

in Section 5.4 and Figure 5.27. Clearly, from Figure 6.8, the detonation is initially

quenched as it passes on the rear side of the obstacle, owing to volumetric expansion

of the wave [46]. However, following the initial shock wave interaction with the

roughness plate, the detonation wave is re-initiated. This was also the case for an

Euler simulation conducted at the same resolution. This onset of DDT is much

sooner compared to Cκ = 6.7, where DDT occurred at the shock reflection with the

top wall. One fundamental difference between the Euler simulation and the CLEM-

LES, when Cκ = 3, is the size of the cells observed after re-initiation of the detonation
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Figure 6.7: Grid topology (top) and corresponding density field (bottom) for an in-
stance of the CLEM-LES (Cκ = 6.7) just before the wave interacts with the roughness
plate (t = 16.5). Also shown is the locations of the various grid levels (G2-G6). Note:
The base grid G1 is always refined to at least grid level G2, everywhere. Also, grids
near the solid internal geometries are always refined to the finest level, G6.
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Figure 6.8: Density evolution for several values of Cκ and an Euler simulation at the
same resolution (b = 1/32). Here, increasing Cκ was found to delay the onset of DDT
to later shock reflections downstream. Note: dimensions are normalized by λ̂1/2.



Chapter 6. Validation for 2D Flows Part II: Fast-Flames and DDT 152

occurs. In the Euler simulation, it can be seen that the detonation wave front contains

many more triple points, and hence a smaller cell size, compared to the CLEM-LES

simulation. This was also a fundamental observation and comparison made in the

detonation propagation experiments, Chapter 5.

As Cκ was increased to an intermediate value, of 7.0, the onset of DDT occurs much

later, even compared to Cκ = 6.7. Figure 6.8 clearly shows a quenched detonation up

until the reflected shock wave interacts with the roughness plate a second time. Next,

as Cκ is increased to 10.0, DDT is not observed in the numerical simulation. In the

density evolution, presented in Figure 6.8, the reaction zone clearly remains decoupled

from the leading shock wave throughout the simulation. At the first shock reflection

with the roughness plate, there are some hot spots which become entrained into a

forward jet and burn turbulently behind the resulting Mach shock. This combustion,

however, is insufficient to re-establish detonation.

As was done for the Cκ = 6.7 case, x-velocity measurements were acquired for all Cκ

values along the top wall and roughness plate. These are shown in the top and bot-

tom frames of Figure 6.9, respectively. Also shown are the x-velocity measurements

collected from the Euler simulation, and also the experiment [13]. For Cκ = 3.0 and

the Euler simulation, the x-velocity of the wave along the roughness plate oscillates

about the CJ-velocity from the moment of initial shock collision with the plate in the

wake of the obstacle. This confirms the existence of detonation propagation along

the roughness plate. For Cκ = 7.0 the first interaction with the roughness plate

gives rise to x-velocity measurements near the CJ-value. However, the velocity of the

shock-reaction zone has a decaying trend beyond this initial reflection event, much

below the CJ-value. Upon the shock wave reflection with the top wall, the velocity

of the wave comes close to CJ, around x ∼ 200, but does not transition to detona-

tion. Subsequently, the x-velocity of the wave along the top wall decays below the

CJ value. The x-velocity of the wave finally exceeds the CJ value at the second wave

interaction with the roughness plate, around x ∼ 300, thus confirming DDT. Finally,

for Cκ = 10.0, the x-velocity of the wave, following the initial shock reflection at the
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Table 6.2: Run times and number of supergrid cells and subgrid elements required
for each DDT simulation.

Simulation Run time (hrs) Number of supergrid cells Number of subgrid elements

Cκ = 3.0 165.5 1,059,396 7,815,872
Cκ = 6.7 149.2 1,241,260 9,604,288
Cκ = 7.0 234.5 2,444,368 21,620,864
Cκ = 10.0 251.2 2,762,632 27,531,200
Euler 13.3 1,925,464

roughness plate, was close to the CJ-value. At later times, however, this wave, and

also the wave along the top wall, clearly have a decaying trend up to x ∼ 250, with

velocities well below the CJ-value. For x > 250, slight increases in velocity are ob-

served with each shock interaction with the roughness plate, followed by a period of

decay. In this particular case, however, DDT does not occur through the duration of

the simulation. In the next section, a formal comparison to experiment [13] is made

for the Cκ = 10.0 case, which displayed qualitative features of the flow evolution very

similar to that obtained experimentally.

Finally, in terms of performance, each CLEM-LES simulation had a run time of

approximately 150 to 250 hours, all using 24 CPUs, which largely depended on the

domain size and the duration of simulation required to observe DDT. This run time

was found to be an order of magnitude greater than the Euler simulation, which had a

run time of only 13 hours. This observation is consistent with the findings in Chapter

5. The run time for each simulation conducted in this chapter, and also the total

number of supergrid cells and subgrid elements is shown in Table 6.2.
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Figure 6.9: x-velocity of the leading shock for various Cκ values as a function of
distance from the initial wave position, measured along the top wall (at y = 48)
and also the roughness plate (at y = 2.36). These are shown in the top and bottom
frames, respectively. Also shown are velocity measurements from experiment [13].
Note, the velocity MD is normalized by the quiescent speed of sound (ĉo).
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6.4 Discussion

6.4.1 Comparison to experiment

From numerical simulation, a Cκ value of 10.0 was found to match well the ignition

behaviour of the shock reflection process, following the first interaction with the

roughness plate, as observed in experiment [13]. In the experiment, whose evolution

is shown in Figure 6.10, local ignition following the shock interaction at the roughness

plate was found to become entrained into a forward jet. This allows for a region of

burned gas to form behind the newly formed Mach shock, much like the evolution

previously shown numerically in Figure 6.8. In this particular experimental case,

DDT does not occur from the first shock reflection despite the near CJ-velocities

observed by the wave in Figure 6.9, and also the enhanced turbulent combustion

associated with the forward jetting behind the Mach shock. To qualitatively compare

the numerical simulation from Figure 6.8 with the experiment [13], Schlieren images

obtained experimentally are shown in Figure 6.10. The corresponding numerical

images showing snapshots of the density gradient field are shown in Figure 6.11.

Many features are noted throughout the evolution of the shock reflection process in

the figure. Feature (1) is the incident shock, whose trailing combustion zone is clearly

decoupled indicating a quenched detonation follows the interaction with the obstacle.

This is evident by the thick region of shocked, but unreacted gas in Feature (2).

Feature (3) is the reflected shock, which originates from the roughness plate. Feature

(4) is the triple-point where the incident, reflected, and Mach shocks intersect. The

Mach shock is denoted by Feature (5). Following the reflection process, hot spots

ignite a region behind the Mach shock. This region is indicated in Feature (6).

It should be noted that this particular feature is not observed in the experimental

images of Figure 6.10. Feature (7), however, is a layer of hot spots that form along

the roughness plate and is observed in both the numerical simulation and experiment.

This combustion layer becomes entrained into a central vortex, Feature (8), located

behind the Mach shock. This central vortex allows for efficient mixing of the hot
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Figure 6.10: Experimental Schlieren image evolution [13] for the shock wave reflection
process at the roughness plate shown numerically in Figure 6.11. The time in between
images presented above is ∆t̂ = 11.53μs.
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Figure 6.11: Numerical density gradient evolution for Cκ = 10.0 for the shock wave
reflection process at the roughness plate. The corresponding experimental images
are found in Figure 6.10. The time in between images presented above is ∆t = 1.0
(11.87μs). Dimensions are normalized by λ̂1/2.
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Figure 6.12: x-velocity of leading shock for Cκ = 10.0 as a function of distance from
the initial wave position, measured along top and bottom walls and compared to
Bhattacharjee [13].

spots, Features (6) and (7), with unburned gas behind the Mach shock. Feature (9) is

a transverse shock wave which likely originates from combustion that occurs behind

the Mach shock [13]. This transverse wave triggers Richtmyer-Meshkov and Kelvin-

Helmholtz instabilities along the slip-line, Feature (10), which also acts to entrain

combustion products into the central vortex behind the Mach shock. Finally, Feature

(11) is a large region of burned products behind the Mach shock, which is separated

from the bulk of the burned products in the wake of the wave by a large zone of

unburned gas, much like the unburned pockets observed during irregular detonation

propagation, previously indicated in Figures 5.17 and 5.20.

For quantitative comparison with the experiment [13], the x-velocities of the waves

along the top wall and roughness plate are presented again for Cκ = 10.0 in Fig-

ure 6.12. This figure, however, shows only a zoomed-in portion of the wave speed

obtained through the simulation to directly compare with wave speeds obtained ex-

perimentally. The full velocity history was presented previously in Figure 6.9. In



Chapter 6. Validation for 2D Flows Part II: Fast-Flames and DDT 159

Figure 6.12 it is clear that the velocities of the waves along the top wall and rough-

ness plate remain well below the CJ-value for both the simulation and experiment

through the first reflection process. Although the numerically obtained wave speeds

are slightly faster than the experimental wave speeds, they are still within experi-

mental error. Furthermore, it is noted that the simulations do not account for losses

to the walls, which may be present in the experiment.

6.4.2 Role of turbulence on mitigating DDT

In the current study, the turbulence intensity generated in the flow was varied through

altering the Cκ variable. It was found that higher levels of turbulence intensity, in the

form of subgrid kinetic energy (ksgs), had the effect of mitigating DDT events following

detonation interaction with a porous medium. As turbulent velocity fluctuations

increase, the onset of DDT occurs at later shock reflections. With sufficiently high

turbulence intensity, the fast-flame remains quenched throughout the duration of the

simulation conducted here. Interestingly, one might assume the opposite behaviour

since combustion rates are generally locally enhanced by turbulence, thus promoting

DDT [66]. However, the action of the turbulent viscosity, a function of ksgs, is to

smooth the flow field, possibly promoting the decoupling of the reaction zone from

the shock wave. It is possible that this behaviour may be an numerical artifact of

the eddy-viscosity model. Alternatively, this behaviour may be physically explained

by the fact that larger turbulent fluctuations lead to a larger variation of observed

wave speeds along the wave front. This is especially true for large values of Cκ

which favour detonation propagation wave speeds below CJ, as observed in Chapter

5. Thus, the unburned gas which enters the wave front may also have greater variation

in ignition delays, which thus promotes the formation of unburned pockets in the wave

of wave collisions. This particular behaviour of DDT mitigation is not observed when

numerical diffusion is present in Euler simulations [39, 109], where such diffusion is

found to promote DDT through increased mixing and combustion due to numerical

errors. One fundamental difference for the CLEM-LES methodology, in the current
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investigation, is that the reaction rate is resolved on the LEM scales. Thus, νt simply

acts to diffuse, or transport, only the velocity fluctuations throughout the wave.

Such an effect may thus contribute to favoured lower wave speeds on the front, while

combustion rates respond accordingly. It is therefore possible that the results obtained

here are physically sound. Furthermore, many investigations have demonstrated that

sufficient turbulence intensity can actually act to extinguish flame propagation [101].

In the current investigation, it is possible that increased turbulence leads to the

existence of a well-stirred reactor combustion regime, whereby turbulent motions act

to distribute any hot spots away from the high temperature, and high pressure region

behind the Mach shock and triple point, thus mitigating DDT. Furthermore, such

large turbulent motions would also act to entrain combustion products from the wake

into the central vortex, thus giving rise to the observed rapid burning behind the

Mach shock. This shift in combustion regimes has also been postulated to give rise

to the forward jetting of combustion products for this type of fast-flame acceleration

behind an obstacle, in the absence of a roughness plate [62]. In terms of confirming

the effect that turbulence has on mitigating DDT, controlled experiments would be

required to further validate the results obtained here.



Chapter 7

Conclusions and Recommendations

7.1 Summary

In this work, a turbulent modelling strategy has been formulated for closing reaction

rates on flows which are highly compressible, reactive, and contain rapid transients

in pressure and energy. The strategy itself serves as extended work to a previously

developed Linear Eddy Model formulation for Large Eddy Simulation [97–100] whose

capabilities were limited to modelling only weakly compressible flows in multiple

dimensions. In the current work presented here, a large focus has been to validate

and verify the model performance in fundamental 1D problems, as detailed in Chapter

4 (and recently published [199]). Furthermore, the Compressible LEM-LES (CLEM-

LES) strategy has been applied to model two-dimensional detonation propagation

and flame acceleration leading up to DDT events, as detailed in Chapters 5 and 6,

and validated accordingly.

To summarize, this novel modelling approach has been demonstrated to capture

laminar and turbulent flame speeds, and also detonation initiation events in one-

dimensional test cases. Furthermore, in the one-dimensional formulation described

in Chapter 4, the strategy was found to retain the detonation and flame structures

on the supergrid despite the low-Mach number assumption (see Section 3.2) applied

161
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to the subgrid. These 1D verification and validation tests were compared to direct

simulations of the 1D Navier-Stokes equations [199], previous standalone LEM compu-

tations [102], and also experimental observations of turbulent flame behaviour [101].

For two-dimensional flows, the CLEM-LES strategy was found to qualitatively and

quantitatively capture experimental observations [13, 15] in terms of detonation cell

structure and irregularity. Furthermore, experimental observations of fast-flame burn-

ing behaviour following detonation interaction with a porous medium (and roughness

plate) [13] are also recovered through numerical simulation. To this effect, the strat-

egy was also used to gain insight on how turbulent mixing rates influence the observed

detonation propagation flow patterns, and also DDT events in a porous medium.

7.2 Conclusions

Since DNS is currently not amenable for most problems of practical interest, the

CLEM-LES strategy was found to be an affordable alternative, with reasonable sim-

plifications, in order to gain physical insight on laboratory-scale problems. To this

effect, the strategy was found to address the turbulent scales of highly compress-

ible combustion problems, which would normally be unattainable through traditional

modelling techniques. Furthermore, its versatility allows the strategy to be applied

to a range of combustion regimes. Its application is not limited to the problems out-

lined in Chapter 1, but can be applied to model any number of supersonic problems,

where turbulent-scale mixing is important. Furthermore, CLEM-LES also proves ad-

vantageous over traditional Euler investigations. Euler methods have previously been

shown to exhibit differing behaviour depending on the resolution applied. That is,

Euler simulations can never be resolved to a grid independent solution, and often

rely on sufficient numerical diffusion to account for turbulent mixing of burned and

unburned fuel [27]. Instead, CLEM-LES has been demonstrated to produce grid-

independent and resolved solutions in terms of expected qualitative and quantitative

features.
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Given the success of CLEM-LES for capturing experimental observations of multi-

dimensional detonation propagation [13, 15] and fast-flame evolution problems [13],

the strategy is promising for gaining insight into the physical influence of turbulent

mixing rates on such problems. For planar detonation propagation in a thin channel,

Chapter 5, numerical simulations have shown that turbulent mixing rates significantly

influence the observed cell patterns and detonation structure. Furthermore, turbulent

mixing rates were found to influence the variation of velocities experienced by the wave

front. For increased levels of turbulence intensity, such turbulent wave fronts were

found to favour local velocities below the CJ-value. This led to a favouring of much

longer ignition delays, compared to ZND theory, for the unburned gas which passed

through the front. This, in turn, contributed to the formation of unburned pockets

in the wake, thus lengthening the overall hydrodynamic structure. Furthermore, the

presence of such unburned pockets was found to give rise to larger and more irregular

cell patterns. For the fast-flame simulations of Chapter 6, the obstacle and roughness

plate setup was designed to isolate the triple point collision process present during

turbulent detonation wave propagation. In this context, it was found that increased

turbulence intensity had the effect of mitigating DDT. In fact, increased turbulence

was found to prolong the number of shock reflections, downstream from the obstacle,

required for a detonation to successfully initiate. Furthermore, at sufficiently high

turbulence intensity, transition to detonation did not occur through the duration of

the simulation conducted. This influence of turbulence on DDT events is in contrast

to experimental observations of shock-flame interaction experiments where the pres-

ence of turbulence were found to promote DDT [66]. It is likely that in the porous

medium simulation conducted here, increased turbulence led to a well-stirred reactor

combustion regime, whereby turbulent motions act to distribute hot spots away from

the high pressure region behind the triple point. This was recently believed to be the

case for this type of fast-flame acceleration behind an obstacle in the absence of a

roughness plate [62].

While the CLEM-LES methodology provides square-root to cube-root savings in com-

putations compared to 2D or 3D DNS, it is still very expensive to implement on
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personal computers efficiently for the purpose of resolving both pressure effects and

diffusion/reaction that occurs on the subgrid. In Chapters 5 and 6, typical resolved

two-dimensional simulations were run on at least 20 to 30 CPUs, in parallel, for 2 to 3

weeks. Thus, a full three-dimensional investigation would require massive paralleliza-

tion, likely requiring several orders of magnitude more CPUs than the two-dimensional

simulations conducted here. Despite this drawback, the solution methodology is a re-

alizable alternative to DNS. If the solution framework is applied to the appropriate

laboratory-scale problem, it can give well resolved solutions within a reasonable time

frame. Finally, it should be noted that the CLEM-LES strategy is not limited to

examining solely the roles of turbulence on such problems investigated here. With

appropriate model calibration, any model parameter may be altered to gain physical

insight on their effect while accounting for, and resolving, the turbulent-scales of the

problem.

7.3 Contributions to Original Knowledge

The major contribution of the current work was to provide adequate closure of the

reaction rate term, ω̇, in Eq.(3.6) for modelling and understanding turbulent fast-

flame and detonation behaviour. This has been achieved through adaption of the

LEM-LES strategy to account for the effect of rapid pressure changes on the energy

field of the subgrid domains in each supergrid cell. This adaption allows for correct

ignition delays of hot spots, on the subgrid, to be accounted for in the presence of

shock waves and strong expansions, which occur on the supergrid. The CLEM-LES

strategy itself is to model the subgrid scales as one-dimensional samples of the local

flow field with appropriate subgrid-supergrid coupling between pressure and energy

evolution on both scales. Details of the CLEM-LES modelling approach have been

presented in Chapter 3. This work has allowed for highly compressible and reactive

problems to be solved via LES, without the need to assume a specific combustion

regime.
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In terms of contribution to original knowledge relating to irregular detonation prop-

agation theory, the current work has supported previous postulation that turbulence

gives rise to a large variation of shock-induced ignition delays, for unburned fuel

passing through the wave structure [27]. This variation of ignition delays, mani-

fested through a variation of local shock speeds, thus gives rise to the formation of

unburned pockets in the wake of the detonation. In the current work, however, the

role of turbulence intensity on the resulting cellular flow patterns, structure thick-

ness, and irregularity were clarified. All of these qualitative features were found to

be significantly altered by the degree of turbulence intensity present. For fast-flame

propagation, recent work [62] has suggested that turbulent mixing was responsible for

the rapid combustion observed behind a Mach shock which forms following a shock

reflection process behind an obstacle. The current work has extended this knowledge

by demonstrating conditions under which successful DDT occurs.

7.4 Recommendations

In light of the recent advancement of the LEM-LES strategy, its proven advantages,

and potential applications, there remains many improvements to be made and aspects

of the model performance to further investigate. The recommendations proposed here

are to further advance the application of the CLEM-LES modelling strategy and to

improve efficiency.

First, in terms of modelling performance, a major limitation of the CLEM-LES strat-

egy remains the difficulty associated with diffusion of subgrid elements on supergrid

boundaries to subgrid elements in neighbouring supergrid cells. Currently, diffusion

of subgrid elements across supergrid cells has not been implemented; attempts at

doing so have proven unsatisfactory. Thus the modelling strategy requires sufficient

fluid motion, and thus convection of subgrid elements to neighbouring supergrid cells,

in order to ensure flame propagation beyond a single supergrid cell. While this may

not be problematic for the scenarios presented in this work, it may be problematic
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for modelling flame propagation near walls. To date, this feature has not been imple-

mented in LEM-LES strategies [97–100] and thus remains an open problem for future

improvement.

Another fundamental improvement required for the strategy is to improve the ad-

vection procedure of subgrid elements to neighbouring supergrid cells. Currently the

procedure, outlined in Section 3.2.5, is reported to lead to artificial spurious diffu-

sion errors [119]. Another improvement to the LES strategy would be to implement

better filter size control, as various sources propose that discontinuous errors can

be reduced at fine-coarse grid interfaces in AMR-LES implementations. This would

be achieved by maintaining a filter size ∆̄ ≥ 4b [144]. The effect of maintaining a

larger filter size compared to the minimum supergrid size on observed detonation

and fast-flame behaviour has not yet been investigated in the LES strategy presented

here. Furthermore, dynamic procedures to obtain the tuning constant Cκ could be

explored as another improvement to the strategy, as is done in many other LES im-

plementations [146, 147]. However, the reader should be cautioned that it is unclear

if such dynamic approaches are appropriate for highly compressible flows. Finally,

the subgrid formulation itself could be further improved by implementing compress-

ibility to the subgrid itself. In this sense, a recent investigation has been exploring

the possibility of combining subgrid stirring with a fully compressible 1D domain, in

the context of One-Dimensional Turbulence (ODT) [200]. This particular application

has been suitable for simulating the turbulent shock-flame interaction problem solely

in a 1D configuration. To date this implementation has not yet been coupled with

LES applications.

Finally, in terms of investigation on the role of turbulent mixing itself on highly

compressible combustion, it remains an open question why the optimum Cκ value

to match experiments is higher than theory predicts. It is possible that the two-

dimensional nature of the simulations generates more back-scatter, resulting in less

subgrid kinetic energy generated. Furthermore, the compressible nature of the phe-

nomena investigated likely generates back-scatter through amplification of pressure
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waves that originate from turbulent fluctuations on the small scales, which thus feed

into larger low-frequency fluid motions [22]. As such, compressible problems may

inherently require a higher Cκ value. After all, theory and confirming experiments

[150] predict or find Cκ for flow regimes assumed in the incompressible and isotropic

limit according to Kolmogorov’s theory [149]. Furthermore, the current numerical

simulations could be extended to 3D in order to determine whether a lower Cκ value

matches the experiments, and to determine how much of an effect compressibility has

on Cκ.
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Appendix A

CLEM-LES Flowcharts

This appendix provides the flowcharts that correspond to the CLEM-LES procedure,

as detailed in Chapter 3. First, Appendix A.1 shows the flowchart for the overall

CLEM-LES procedure, across one global time step on the supergrid, as detailed

step-by-step in Section 3.3.3. Appendix A.2 contains the flowchart for the CLEM

simulation, a sub-step of the overall procedure shown in Appendix A.1. Appendix

A.3 shows the flowchart relevant to the re-gridding procedure described in Section

3.2.6, a sub-step of the CLEM simulation shown in Appendix A.2. Finally, Appendix

A.4 shows the splicing procedure described in Section 3.2.5, also a sub-step of the

overall CLEM-LES procedure shown in Appendix A.1.
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A.1 CLEM-LES Procedure
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Figure A.1: Flowchart showing the overall CLEM-LES procedure, across one global
time step on the supergrid, as detailed step-by-step in Section 3.3.3.
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A.2 CLEM Simulation
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Figure A.2: Flowchart for the CLEM simulation.
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A.3 Re-gridding Algorithm

Let N be number of LEM elements with index i before re-gridding
Let M be number of LEM elements with index j after re-gridding
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Figure A.3: Flowchart showing the re-gridding procedure described in Section 3.2.6.
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A.4 Splicing Procedure

Let N be number of LES cell faces with index i
Let M be number of LEM elements with index j
Let ∆mi represent the amount of 1D ‘mass’ moved from face i

start
splicing

(ρ̄ũ),
∆t

sort cell faces i, from
1 to N , by largest

mass flux out (ρ̄ũ) to
largest mass flux in

i = 1,
j = M

∆mi = 0 is (ρ̄ũ)i
out of cell?

splice element j:
mj+1 = |(ρ̄ũ)i∆t| −∆mi,

mj = mj − mj+1

∆mi +mj >
|(ρ̄ũ)i∆t|

ρi = ρi−1,
pi = pi−1,
Ti = Ti−1,
Yi = Yi−1,
ρi,∗ = ρi−1,∗,
pi,∗ = pi−1,∗,
Ti,∗ = Ti−1,∗

j = j + 1

∆mi = ∆mi +mj

move element j to
neighbouring LES
cell (or delete if
off finest grid)

j = j − 1

∆mi <
|(ρ̄ũ)i∆t|

i = i + 1i > N

Check for inflow boundary
conditions on all cell faces
(or fine-coarse interfaces)

and create elements
with mj=0 = |(ρ̄ũ)i∆t|

end
splicing

yes

no

yes

no

yes

noyes

no

Figure A.4: Flowchart for the splicing procedure described in Section 3.2.5.



Appendix B

Determination of Model

Parameters

B.1 Procedure

Below is a summary of the procedure used to determine the model constants listed in

Tables 5.1 and 6.1 for methane combustion. First, various software packages [193, 201,

202] and kinetic mechanisms [194] are used to determine dimensional properties of the

fuel-oxygen mixture, such as detonation velocity, half-reaction length, flame speed,

activation energy, global heat release, and transport properties. These properties are

then used to calibrate the non-dimensional one-step model, in Section 2.1.3, such that

the detonation speed, half-reaction length, and flamespeed are matched accordingly.

The formal procedure is as follows:

1. Use Cantera libraries [193] and the SD Toolbox [201] to get the CJ, 70% CJ, and

VN states given the unburned composition of the gas mixture, initial pressure

(p̂o), and initial temperature (T̂o). The CJ detonation velocity MCJ is also de-

termined using the SD Toolbox. For methane-combustion, the GRI-3.0 kinetic

mechanism is used [194].

174
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2. Obtain γ, transport properties, and total heat release (Q̂). For the ratio of

specific heats, γ is taken at the VN-state since the region of interest, where

combustion occurs, is behind the shock. The transport properties (ν̂, Le, Pr,

and Sc) are also obtained at the VN-state. Then, given the detonation velocity,

MCJ , and γ, the total heat release can be obtained through the perfect gas

expression, as derived in [16]:

Q̂ =
ĉ2
o

2(γ2 − 1)

(
MCJ −

1

MCJ

)
. (B.1)

3. Use the SD Toolbox ZND solver [202] to get the half reaction length, λ̂1/2.

Specifically, this distance is taken as the distance from the shock to where

the maximum temperature gradient occurs in the reaction zone. Example ZND

temperature, density, pressure, and velocity profiles for stoichiometric methane-

oxygen at T̂o = 300K and p̂o = 3500Pa using the GRI-3.0 mechanism [194] are

shown below in Figure B.1.

4. Do constant volume ignition calculations using Cantera [193] at T̂V N ± 5% to

determine the global activation energy, Êa, at the VN state. This is done by

matching numerically obtained ignition times at T̂V N ± 5% using the GRI-3.0

mechanism [194] with the analytical solution for ignition time associated with

the one-step model obtained through high activation energy asymptotics [203].

Starting with the simplified governing equations in dimensional form, the system

of Eqs.(2.18) to (2.21) for constant volume ignition can be reduced to to the

system of ODEs:

ρ̂ĉv
dT̂

dt̂
= −Q̂ ˙̂ω (B.2)

ρ̂
dY

dt̂
= ˙̂ω = −ρ̂ÂY e(−Êa/R̂T̂ ). (B.3)

Following the approach of [203], the ignition delay (t̂ig) for a fuel mixture with

initial temperature, T̂o, can be found to be

t̂ig ≈ CT̂ 2
o e

(Êa/R̂T̂o) (B.4)
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Figure B.1: ZND profiles computed for CH4 + 2O2 using the SD Toolbox ZND solver
[202] and the GRI-3.0 mechanism [194], and also the One-step model (Eqs.(4.8) to
(4.11)).

where C is a constant. Then, the activation energy, Êa, can be determined by

finding the ignition times at T̂V N±5% and making use of Eq.(B.4). Then, since

C is constant,

t̂ig,+

t̂ig,−
=
T̂ 2
o,+

T̂ 2
o,−

exp

(
Êa

R̂T̂o,+
− Êa

R̂T̂o,−

)
. (B.5)

Then, solving for the activation energy yields

Êa/R̂ =
ln (t̂ig,+/t̂ig,−)− ln (T̂ 2

o,+/T̂
2
o,−)

1/T̂o,+ − 1/T̂o,−
. (B.6)

Finally, for ln (t̂ig,+/t̂ig,−)� ln (T̂ 2
o,+/T̂

2
o,−):

Êa/R̂ ≈
ln (t̂ig,+)− ln (t̂ig,−)

1/T̂o,+ − 1/T̂o,−
. (B.7)
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In fact, Êa/R̂ is simply the slope of a line which relates ignition time and

temperature by taking the natural logarithm of Eq.(B.4). For example, this

trend is shown for methane combustion in Figure B.2 where the quantity t̂ig/T̂
2
o

is shown as a function of inverse temperature, 1/T̂o, where T̂o = T̂vn ± 5%.

10-12

10-11

10-10

5.5 5.8 6.1

t̂ ig
/T̂

o2  [s
/K

2 ]

10,000/T̂o [1/K]

Ea/R

Ignition delay

Figure B.2: Ignition delay times vs. inverse temperature for CH4 + 2O2 computed
using the GRI-3.0 mechanism [194].

5. Acquire the flame speed at the 70% CJ state using a 1-D unsteady Lagrangian

in-house code as described in Appendix C. The 70% CJ state is chosen since

mixtures at the VN-state tend to auto-ignite before a steady-state flamespeed

can be obtained. Also, the fast-flame in porous media and shock-flame inter-

action experiments often report wave speed deficits around 50 to 70% the CJ

speed [55–58, 66], and is therefore a more appropriate estimate.

6. Non-dimensionalize the various parameters according to Section 2.1.3 and pro-

vide an initial guess for the pre-exponential factor A.

7. Solve for the ZND profile using the one-step model. Hence numerically integrate

Eqs.(4.8) to (4.11).

8. Check if the half-reaction length (λ1/2) is within 1% of that obtained in Step 3.
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If not, provide a new guess for A and repeat step 7. The half-reaction length,

λ1/2, is determined from the shock location to where Y = 0.5. An example of

a final acceptable ZND profile for methane combustion is shown in Figure B.1

and compared to the ZND profile obtained from the GRI-mechanism [194].

9. Solve the Eqs.(2.26) to (2.29) in 1D for a freely propagating flame (1D-NS

simulation).

10. Check if the flamespeed SL is within 1% of that obtained from Step 5. If not,

scale the kinematic viscosity (ν) while holding Le, Pr, and Sc constant and

repeat step 9. An example of a final acceptable flamespeed for methane com-

bustion through 1D-NS is shown in Figure B.3 and is compared to that obtained

from the GRI-mechanism [194]. Also shown in the figure is the 1D-NS simu-

lation conducted at several resolutions. The figure indicates grid independent

results obtained at b = λ1/2/512.
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Figure B.3: Flame speeds computed for CH4 + 2O2 at the 70% CJ state using both
the GRI-3.0 mechanism [194] and the 1D-NS strategy, which uses the One-step model.
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B.2 Flow Chart

start

determine the
CJ, 70% CJ,

and VN states

get γ, Q̂, and the transport
properties at the VN state

calculate the ZND
profile and get λ̂1/2

get Êa from CV ignition calcu-
lations at pV N and TV N ± 5%

get flamespeed (ŜL)
at 70% CJ state

λ1/2 =
1± 1%?

calculate ZND
profile using the
one-step model,

Eqs.(4.8) - (4.11)

1D-NS
laminar flame

simulation

Non-dimensionalize
parameters,
Section 2.1.3

provide initial
guess for A

new guess
for A

SL =
(ŜL/ĉo)±1%?

new guess
for ν

end

T̂o, p̂o, Xcomp

Êa, Q̂,
λ̂1/2,

ŜL, ν̂

Ea, Q, ν
γ, Le,
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Sc,Ea,Q,A

MCJ

yes

no

yes
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Figure B.4: Flowchart for the splicing procedure to determine model parameters.



Appendix C

uFlame: 1D Unsteady Lagrangian

Flamespeed Simulator

C.1 Introduction

uFlame is a C++ program designed to simulate the unsteady evolution of a constant

pressure flame using the Cantera 2.1 [193] libraries to incorporate detailed chemical

kinetic mechanisms to compute realistic combustion rates and flame speeds across

a wide range of fuel-air concentrations. The software also incorporates the Sundials

[204] CVODE [205] libraries to compute large systems of stiff equations, necessary

for the formulation presented below. The software is command-line driven, and thus

scripted, through the UNIX shell interface. It is also parallelized using the OpenMP

libraries [206]. Specific implementation and performance details can be found in

[49]. This Appendix summarizes how the code is used to compute a stoichiometric

methane-oxygen flame using the GRI-3.0 mechanism [194] as an example.

180
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C.2 Governing Equations

The unsteady evolution of a flame is governed by the Navier-Stokes equations for a

chemically reactive fluid augmented by the evolution of each chemical reactive species.

In a fixed coordinate system, the conservation of total mass, mass of the ith species,

momentum, and sensible enthalpy, as derived by Williams[103] respectively become:

Dρ̂

Dt̂︸︷︷︸
∆ total mass

+ ρ̂∇ · û︸ ︷︷ ︸
divergence of mass

= 0 (C.1)

ρ̂
DYi

Dt̂︸ ︷︷ ︸
∆ mass of specie i

= ˙̂ωi︸︷︷︸
production rate

−∇ · ρ̂Yiûd,i︸ ︷︷ ︸
diffusion

(C.2)

ρ̂
Dû

Dt̂︸ ︷︷ ︸
∆ momentum

= −∇p̂︸ ︷︷ ︸
pressure gradients

− ∇ · τ̂︸ ︷︷ ︸
shear stress

+
N∑
i=1

ρ̂if̂ i︸ ︷︷ ︸
external forces

(C.3)

ρ̂ĉp
DT̂

Dt̂︸ ︷︷ ︸
∆ enthalpy

=
Dp̂

Dt̂︸︷︷︸
∆ pressure

+∇ · k̂∇T̂ −
N∑
i=1

ρ̂Yiĉp,iûd,i · ∇T̂︸ ︷︷ ︸
diffusion

−
N∑
i=1

ĥoi
˙̂ωi︸ ︷︷ ︸

heat release

−∇ · qrad︸ ︷︷ ︸
radiation

−∇ ·RoT̂
N∑
i=1

N∑
j=1

XjD̂T,i

˙̂ωiD̂i,j

(ûd,i − ûd,j)︸ ︷︷ ︸
Dufour effect

+ φ︸︷︷︸
dissipation

+
N∑
i=1

ûd,i · ρ̂if̂ i︸ ︷︷ ︸
external work

(C.4)

C.3 The Simplified 1-D Model

To simplify the equations for freely propagating flames, the low-Mach number ap-

proximation [173] can be applied. In this approximation, for flows whose velocities

are much slower than the speed of sound, pressure variations (gradients) are locally

neglected near the flame surface, ∇p ≈ 0. In addition, unsteady pressure changes

are also neglected. Thus, uFlame is designed to simulate constant pressure flame

evolution. Further neglecting body forces, viscous dissipation and radiation transfer,
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the resulting simplified system of equations to solve thus becomes:

ρ̂
DYi

Dt̂
= ˙̂ωi −

∂(ρ̂Yiûd,i)

∂x̂
(C.5)

ρ̂ĉp
DT̂

Dt̂
=

∂

∂x̂

(
k̂
∂T̂

∂x̂

)
−

N∑
i=1

ρ̂Yiĉp,iûd,i
∂T̂

∂x̂
−

N∑
i=1

ĥoi
˙̂ωi. (C.6)

In this form, the conservation evolution of each chemical specie and sensible en-

thalpy, along particle paths, has been decoupled from the conservation of momentum

equation. Finally, the analysis can be further simplified if one uses a mass-weighted

Lagrangian coordinate to follow the diffusion layer. This permits the elimination

of the requirement of solving the continuity equation and the velocity field, since

each mass element travels with its material velocity. The transformation follows the

same approach as Rogg and Wang[207] where the Eulerian spatial coordinates are

transformed into the mass-weighted Lagrangian coordinates, i.e.,

(x̂, t̂)→ (m̂, t̂). (C.7)

In the transformation approach, the spatial coordinate, x̂, is transformed into a mass-

based coordinate, m̂, by integrating the density from some reference coordinate, x̂o,

to x̂.

m̂(x̂, t̂) =

∫ x̂

x̂o

ρ̂(x̂, t̂)dx̂. (C.8)

Upon using this transformation and applying the assumptions described above, the

conservation of mass of the ith specie and the conservation of energy respectively

become:

ρ̂
∂Yi

∂t̂︸ ︷︷ ︸
∆ mass of specie i

= ˙̂ωi︸︷︷︸
production rate

− ρ̂∂(ρ̂Yiûd,i)

∂m̂︸ ︷︷ ︸
diffusion

ρ̂ĉp
∂T̂

∂t̂︸ ︷︷ ︸
∆ enthalpy

= ρ̂
∂

∂m̂

(
ρ̂k̂
∂T̂

∂m̂

)
−

N∑
i=1

ρ̂2Yiĉp,iûd,i
∂T̂

∂m̂︸ ︷︷ ︸
diffusion

−
N∑
i=1

ĥoi
˙̂ωi︸ ︷︷ ︸

heat release

(C.9)

(C.10)



Appendix C. uFlame: 1D Unsteady Lagrangian Flamespeed Simulator 183

Note that partial derivatives with respect to time denote Lagrangian derivatives,

i.e., keeping the mass coordinate constant. To solve the set of Eqs.(C.9)-(C.10) ,

an operator splitting technique [184] is applied, as detailed in Maxwell [49]. In this

sense, the unsteady solution is first obtained for the inert diffusion terms across one

time step. For this, the explicit Forward Euler method [185] is applied. Once the

solution is updated, the production and heat release terms are solved across the same

time step using the implicit Backward Euler method [185] which relies on Newton

iteration.

C.4 Initial and Boundary Conditions

To initiate a flame, a hot-spot is specified in a reactive gas mixture and allowed to

evolve temporally. The example reactive gas mixture is CH4 + 2O2 and is initialized

at this composition everywhere ahead of the hot-spot. Also, the temperature and

pressure are 1085.39K and 0.80atm in the unburned gas (i.e., the VN state). To

determine the temperature and composition of the hot-spot, Cantera [193] is used to

equilibrate the initial composition at constant enthalpy and pressure. The hot-spot

is initially placed in 5% of the computational nodes, located from the right boundary.

Thus the unsteady flame evolves from right to left. Also, to avoid computational

difficulties associated with sharp gradients at startup, a smoothing function [208]

is applied at the hot-spot surface, thus diffusing the temperature gradient across 6

computational cells. This initial profile is shown below in Figure C.1. Finally, the left

boundary is kept fixed at the initial value while the right boundary has zero-gradients

prescribed. Simulations are stopped before the flame reaches the left boundary.

C.5 Flame Evolution

To simulate the flame, 800 computational nodes are used, with a resolution of ∆m =

1.0×10−6kg/m2. At this resolution, the flame speed for this particular concentration
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Figure C.1: Flame temperature profile evolution for CH4+2O2. The flame propagates
to the left, while hot products expand to the right.

is converged, although different mixtures may require different resolutions. Also, the

number of computational nodes must be sufficient to allow a steady flame speed to be

developed. Figure C.1 shows the evolution of the flame temperature for 4 sequences

until a steady profile is reaches. Figure C.2 shows the flame speed measured as a

function of time for this mixture. The flame speed is measured directly by how much

physical distance the flame travels as a function of time. The location of the flame is

taken as the location where T̂ > (T̂V N + 100)K. The final steady state speed speed is

taken as the average value over the last recorded 20 data points.
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Method for Computing Probability

Density Functions

In order to evaluate the probability density functions presented in Section 5.4.4, the

following procedure is applied. The procedure described here differs from a standard

bin counting method, as velocity measurements may sometimes be collected experi-

mentally at unequal time intervals. In particular, this was the case in Kiyanda and

Higgins [15]. Thus, the procedure accounts for the amount of time a detonation wave

spends at each velocity measurement in order to determine how probable a particular

velocity is.

First consider a discreet set of velocities measurements:

{D1, D2, ..., Dk, Dk+1, ..., Dk+n, ..., DN}.

Here, we are interested in computing the PDF(D) for a range of measurements, from

Dk to Dk+n within the set. Suppose each measurement in the set has a corresponding

time at which it was recorded. This set is then

{t1, t2, ..., tk, tk+1, ..., tk+n, ..., tN}.

186
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The range of velocities to sample, for n + 1 measurements, in order to compute the

PDF is simply

∆D = Dk+n −Dk. (D.1)

Then, the time spend by the detonation wave at the sample velocities is

tkn =
k+n∑
i=k

ti. (D.2)

Next, the total time for all measurements is required. This is simply

tN =
N∑
i=1

ti. (D.3)

The PDF can readily be determined since (tkn/tN) represents the fraction of time the

wave spends in the interval ∆D. Thus

PDF(D̄) =
(tkn/tN)

∆D
(D.4)

where D̄ is the time-averaged velocity at which the PDF is evaluated for the interval:

D̄ =

∑k+n
i=k Di(ti+1 − ti)

tkn
. (D.5)
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