INFORMATION TO USERS

. This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and

dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI







Université d’Ottawa - University of Ottawa

FACULTE DES ETUDES SUPERIEURES FACULTY OF GRADUATE AND
ET POSTDOCTORALES POSTDOCTORAL STUDIES

LeBEL, Alain Claude

AUTEUR DE LA THESE - AUTHOR OF THESIS

M.Sc. (Mathematics)

GRADE - DEGREE

Department of Mathematics and Statistics
FACULTE, ECOLE, DEPARTEMENT - FACULTY, SCHOOL, DEPARTMENT

TITRE DE LA THESE - TITLE OF THE THESIS

Operators in the Cohomology of Nilpotent Lie Algebras

Barry J. Jessup

DIRECTEUR DE LA THESE - THESIS SUPERVISOR

EXAMINATEURS DE LA THESE - THESIS EXAMINERS

R.F. Blute

M. Moore

J.-M. De Koninck, Ph.D.

LE DOYEN DE LA FACULTE DES ETUDES SIGNATURE
SUPERIEURES ET POSTDOCTORALES

DEAN OF THE FACULTY OF GRADUATE
AND POSTDOCTORAL STUDIES







Hilkes.

OPERATORS IN THE COHOMOLOGY
OF NILPOTENT LIE ALGEBRAS

by
Alain Claude LeBel, B.Sc.

A M.Sc. Thesis submitted to the School of Graduate Studies and Research
in partial fulfilment of the requirements for the Master’s degree in Mathematics!

University of Ottawa
Ottawa, Ontario
Canada

August 2, 2001

+ The M.Sc. Program is a joint program with Carleton University, administered
by the Ottawa-Carleton Institute of Mathematics and Statistics.

©Alain C. LeBel, Ottawa, Canada, August 2, 2001

T Kol
SN aaLOIHEAVES.




UMI Number: EC45141

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

in the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized

copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform EC45141
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Mi 48106-1346




v e e o

ABSTRACT FOR “OPERATORS IN THE
COHOMOLOGY OF NILPOTENT LIE ALGEBRAS”

ALAIN LEBEL

Operators in the cohomology of Lie algebras are defined, and fundamental results
are proven. The central representation is shown to be useful, in particular cases, for
proving the Toral Rank Conjecture (TRC), which states the logarithm of the total
dimension of any nilpotent Lie algebra’s cohomology space is greater than or equal
to the dimension of the centre.

Central representation and secondary operators are used to find hypercube-like
structures in the cohomology of the free two-step nilpotent Lie algebras with two,
three and four generators. Also, a theorem about the new operators acting on the
cohomology of the Heisenberg Lie algebras, and how these operators interact with
Poincaré duality for this case, is proven.




INTRODUCTION

This paper is a M.Sc. thesis, submitted to the School of Graduate Studies and
Research to fulfil the final requirements for the Master’s degree in Mathematics at
the University of Ottawa. The thesis deals with the cohomology of Lie algebras,
with particular emphasis on nilpotent Lie algebras. The purpose of the research
was to answer some questions regarding certain operators in cohomology. These
operators were invented by Barry Jessup and Grant Cairns with the Toral Rank
Conjecture in mind. The Toral Rank Conjecture (or TRC, for short), claims that
the total dimension of the cohomology of a differentiable manifold M is greater than

or equal to 272" (M) where rank(M) is the dimension of the largest torus acting
freely on M.

The breakdown of the thesis is as follows.

Chapter I: Cohomology of Lie algebras.

The necessary background for the main results of the thesis, the first section
explains how to compute the cohomology of any Lie algebra. Some examples are
shown in section 2, for clarity. In section 3, some classical theorems regarding the
cohomology of manifolds are given in order to demonstrate the veracity of the TRC
for certain kinds of manifolds. Section 4 focuses on nilpotent Lie algebras, giving
known results about their cohomology spaces and motivating the study of a version
of the TRC for this vast, unclassified family of Lie algebras.

Chapter II: Operators in the cohomology of Lie algebras.

Here, the central representation is defined, motivated by a link with the TRC.

However, as seen in early examples, more operators are needed. Examples of “higher
operators”, and how they help form hypercubes, are given at the end of section 1
to motivate the more general hypercubes (section 2), higher operators with one
parameter (section 3) and secondary operators with two parameters (section 4).

Chapter III: Higher operators in the cohomology of the Heisenberg Lie
algebras.

The purpose of this chapter is to prove the following:

Theorem: Let m be a positive integer. The higher operators op,, are such that
0Pk | gmrsi(n,y 2 4 (0m) — H™ ¥ (b,,)

are isomorphisms, and are zero everywhere else they are defined.
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Furthermore, suppose o, 3 € H*(h,,) are homogeneous Poincaré duals, meaning
a A B is non-trivial in H*™+1(b,,), with |8] < |a|. Then op,(c) and op; (B) are
also Poincaré duals for some integer k such that 0 < k < m.

The statement of the theorem relies heavily on the definitions and results of
chapters I and II. Its proof relies on the Hodge star map and the Laplace-Beltrami
operator (explained in section 2), a version of Hodge star on cohomology (in section
3) and the Lefschetz decomposition theorem (section 4). In section 5, these ideas

are combined with Santharoubane’s theorem on the cohomology of the Heisenberg
Lie algebras to prove the above theorem.

Chapter IV: Free two-step nilpotent Lie algebras.

The first three sections explain the results from Stefan Sigg’s Ph.D. thesis, re-
garding the cohomology of free two-step nilpotent Lie algebras. In section 1, the
central idea from Sigg’s paper is explained. We then explain why we are allowed to
use his results from homology for our purposes in cohomology. Section 2 is a review
of the representation theory needed to prove Sigg’s results, and section 3 gives the
results.

Section 4 uses Sigg’s theorems to investigate higher operators in the cohomology
of the free two-steps. Bigradation is used to help prove three theorems about sec-
ondary operators that hold for all free two-steps, and some structures that resemble
the hypercubes from Chapter II are shown.

Chapter V: Open problems.

This chapter is a brief summary of the unanswered questions the interested reader
may wish to investigate. These open problems include observations about higher
operators in general and specific questions that stem from Chapter IV.

I owe the proof of Theorem 1.12 and most of the proofs of Chapter II to Barry
Jessup. Moreover, Dr. Jessup was the first to notice (through his Mathematica ®
program) different 3—cubes (including the “cheater” ones) in the cohomology of the
free two-step nilpotent Lie algebra on three generators.

Section 5 from Chapter III and section 4 from Chapter IV are my own. In
particular for Chapter III, I proved the main theorem that is mentioned above
(Theorem III.1) and I showed Santharoubane’s theorem quickly follows from the
Lefschetz decomposition theorem. For Chapter IV, the three theorems that follow
from the use of bigradation (called Theorem IV.A, Theorem IV.B and Theorem
IV.C) are my own, as is the “6-cube-like structure” in the cohomology of the free
two-step on four generators.

I thank all those people who, directly or indirectly, helped me during my re-
search for (and writing of) this thesis. In particular, thanks to Grant Cairns for his
guidance and friendship. Indeed, the generosity of the entire staff at the LaTrobe
University School of Mathematics will not be forgotten. Thanks to Monica Nevins,

—
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whose fortunate timing allowed me to follow her excellent course on representation
theory in the autumn of 2000; even after the course was finished, her enthusiastic
teaching was invaluable in the research related to Chapter IV. Thanks, also, to
Lisa Langsetmo, for inviting me to speak about the Jessup cohomology operators
at Johns Hopkins University.

Specials thanks go to my thesis supervisor, Dr. Barry Jessup, for his generosity,
wisdom, encouragement and good humour. Without his advice on such diverse top-
ics as research methods and writing style, this paper could not have been completed
within the desired amount of time.

Finally, I dedicate this thesis to my father and mother, Reginald and Alice LeBel,

for whom I feel deep gratitude. None of my work would be possible without their
love and support.

Alain Claude LeBel, B.Sc.
August 2, 2001




CHAPTER I: COHOMOLOGY OF LIE ALGEBRAS

All vector spaces in this chapter are assumed to be finite dimensional over a field

F of characteristic zero unless stated otherwise. If V is a vector space, V* denotes
its dual space.

§1 BAsIC DEFINITIONS AND FUNDAMENTAL RESULTS

1.1 Lie algebras. A Lie algebra L is a vector space equipped with a bilinear
operator [, ]: L x L — L called the bracket, which is antisymmetric, i.e.

[x,y] = —[y,:r],

and satisfies the Jacobi identity

[z, [y, 2]] + [, [z, y]] + [y, [z,7])] = 0,

for all z,y,z in L. '

If L is a Lie algebra, let C°(L) = L and inductively define C*(L) = [L,C*~*(L)).
Then, L is said to be nilpotent if there exists k in N such that Cck(L) = {0}.
Similarly, let Co(L) = L and inductively define C;(L) = [Ci—1(L), Ci-1(L)]. One
says that L is solvable if Cx(L) = {0} for some k. A semisimple Lie algebra is
any Lie algebra with no non-trivial solvable ideals. We say that two elements of L
commute if their bracket is zero and the centre of L is the subspace of all elements
that commute with everything in L. The centre is an ideal and is denoted Z(L).

A Lie algebra is reductive if it is the direct sum of its centre and a semisimple
subalgebra.

1.2 Exterior algebras. The proofs of results in this subsection can be found in
[Gre]. All of the definitions and results are also summarised (without proofs) in the
preliminary chapter of [GHV3].

If V is a vector space, let AV denote its exterior algebra, which may be taken
to be the tensor algebra over V, quotiented by the two-sided ideal generated by
{z@z |z eV} Itis a graded-commutative, associative algebra with identity
and the product of two elements a and § is usually denoted by o A 8. Graded-
commutativity means that

anfB= (1P A,
4

B N === e e e
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where || is the degree of o and || is the degree of 3. Where the context is clear, we

:shall also denote the product as a3 or a- 5. Any basis of V is a system of generators.

Indeed, if {e1,... ,en} is such a basis, then {e,, A---Aey, |1 <1y < - <y <n}
is a basis for A*V, the subspace of all elements of degree k. Consequently, A*¥V is
of dimension (Z) when 0 < k < n and is of dimension 0, otherwise. Hence,

n
AV = P Aakv
k=0
and dim AV = 2". An element « in AV is said to be homogeneous if o € A*V for
some k and wesay the degree of « is |a| = k. While the above description assumes
the generating set consists of elements of degree 1, one can also define exterior
algebras over generating sets of elements of odd degree.

Note that AV has the following universal property: if ¢ : V. xV — W is an
antisymmetric, bilinear map into a vector space W, then there exists a unique
linear map ¢ : A2V — W such that ¢(z,y) = Pz A y) for all z,y in V [Gre,
§5.2-5.3]). Also note that A’V =V and A°V =F.

We remark that AP(V*) is canonically isomorphic to (APV)* via the action de-
fined by

(FiN-- /\f; y LN /\:L'P) = det((f;,xj»’

where each f; € V* and each z; € V. Note that (a,b) = ab for all a,b € A°V =TF.
If we define (AP(V*),A9V) = {0} when p # g, this makes AV* = (AV)* and we'll
use this isomorphism to identify the two algebras. Elements in A¥V* are often
called k—forms on V.

Definition 1. A derivation of degree k is a linear map 6 : AV — AV such that
§(A*V) C A*™**V and such that the graded Leibniz rule is satisfied:

§(a Ab) = (6a) A b+ (—1)*1ela A (6b),
for all b and homogeneous a in AV . Derivations on AV* are similarly deﬁned.

Because of the Leibniz rule, derivations on AV are uniquely determined by their
action on V [Gre, §5.11). Moreover, given a linear map f : V — A**!V, one can,

using the Leibniz formula, define a unique derivation é of degree k on AV such that
Slv = f.

Definition 2. For anyz € V, let iy : AV* — AV™* be the derivation of degree —1
defined by iz(y*) = (y*,z) for ally~ € V".

One can show that i; is the dual map of left-multiplication by = on AV [Gre,
§5.13-5.14]). Similarly, for any y* € AV*. one can define the derivation i,- on AV.
As a final remark, recall that

AUS V)= AU AV




6 ' ALAIN C. LEBEL

when U and V are vector spaces [Gre, §5.15].

1.3 Lie algebra cohomology. Since the bracket [,] : L x L — L is bilinear
and antisymmetric, one can define a unique linear map 8 : A2L — A'L satisfying
8(x Ny) = [z,y]. Consider its dual map d: A'L* — A2L*, the map that satisfies

(dZ*!*T A y) = <Z*’ [:r,y])

for all z, y in L and for all 2* in L*. As mentioned after Definition 1, d can be
extended to a derivation of degree 1 on all of AL*. Now define d; = d|piy- and
note that dy = 0. Obviously, when A*L* or A**1L* is trivial, then d; is also trivial.
Thus, d; = 0 when ¢ < 0 or when g > dim L.

Proposition 3. d?> =0
Proof. First note that d? is a derivation of degree 2 on AV:

d*(a A B) =d(da A B+ (-1)*la A dp)
= d2anf+(-1)%FdandB+(-1)%dandB+ (1) and?B = d*anB+and?B.
Thus, d? = 0 is equivalent to d; o d; = 0 which, as will be shown, is equivalent to

the Jacobi identity for Lie algebras.
Define ¥ : A3SL — A%L by

U(zyz) := d(zy)z + 0(2x)y + O(y=2)z,

for any z,y, z in L. The Jacobi identity is equivalent to o ¥ = 0, so if one can show
that ds is the dual of ¥, then the result will follow. If a,b € L* and if z,y,z € L,
then

(T*(ab), zyz) = (ab, 8(zy)z + 0(2z)y + O(yz)z).

But,
(ab, a(my)z) —(ab, 20(zy))
—(iz(ab), 0(zy))
—{a, 2)(b, 0(zy)) + (b, z)(a, (zy))
—(a, z){d1b, zy) + (b, z){d1a, zY)
Thus,
(1) (T*(ab), zyz) = — {(a, 2){d1b, zy) + (b, 2)(d1a, zY)

)
— {a,y){d1b, zz) + (b,y){d1a, 2x)
~ {a,z)(d1b,y2) + (b z)(d1a, y=).
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On the other hand,

((d1a)b, zyz) = (dya,i(zyz)) = (b,z){d1a,yz) — (b,y){d1a,z2) + (b, 2){d1a, zY),

SO

(d2(ab), zyz) = ((d1a)b — a(d1b), zyz)
= (d1a, is(zyz)) — (d1b, ia(zy2))
= (b, £)(d1a,yz) — (b,y)(d1a, z2) + (b, 2){d1a, TY)
— {a,z){(d1b, yz) + {(a,y)(d1b,z2) — (a, z){d1b, Ty)

Comparison of (1) with this last equation gives ¥* = dj, hence the desired re-
sult. [J

Definition 4. The derivation d, defined above, is called the differential on AL*.

(AL*,d) is called the Koszul complex of L and is a graded-commutative differential
algebra.

In the usual language of algebraic topology, one defines the space of cocycles
to be Z*(L) = kerd (not to be confused with the centre of L) and the space of
coboundaries to be B*(L) = im d. By Proposition 3, all coboundaries are also
cocycles. We may now give the following definition:

Definition 5. The cohomology space of a Lie algebra L (with trivial coefficients)
is defined by

H*(L) = Z*(L)/B*(L).

Since d is (homogeneous) of degree 1. these spaces are graded. We can de-
fine ZP(L) = kerd,, the space of p-cocycles, and BP(L) = im d,_1, the space of .
p—coboundaries. Define the pt® cohomology space of L to be the quotient space
HP(L) = ZP(L)/BP(L). Note that Z*(L) = €, Z2*(L), B*(L) = @, B(L) and
H*(L) = @, H*(L). Because of the graded Leibniz rule, B*(L) is an ideal in the
subalgebra Z*(L), so H*(L) inherits a product from AL*, making (H*(L),A) a
graded-commutative, associative algebra called the cohomology algebra. If a is a
cocycle, we denote its cohomology class, a + B*(L), simply by [a].

The i*" Betti number of L, b;(L), is the dimension of the it" cohomology space
of L. When there is no ambiguity, we write the i*" Betti number simply as b;.

§2 EXAMPLES OF LIE ALGEBRA COHOMOLOGY

2.1 The abelian Lie algebras. Let L = F™ be an abelian Lie algebra, where
all brackets are defined to be zero. The differential d is therefore also trivial, so
Z*(L) = AL* and B*(L) = {0}. Hence, H*(L) = AL".
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2.2 A nilpotent example. Let h; denote the first Heisenberg Lie algebra. This
-is the first in a class of Lie algebras which will be discussed more thoroughly in
the third chapter; for now, it suffices to say that b; has a basis {z,y, z} such that
[z,y] = 2 and z spans the centre.

Consider the dual basis {z*,y*,2*} of h]. One can see that dz* = z* A y* since
[z,9] = 2, and dz* = 0 = dy*. By the graded Leibniz rule, we have d(z* A 2*) =
0 = d(y* A z*). That d(z* Ay*) = d®z* = 0 follows from Proposition 3, and that
d(A°h}) = {0} and d(A3h}) = {0} follows from the general remark that do = 0 and
dq = 0 when ¢ > 3 = dim b;. Therefore, one can describe H *(h1) as follows:

H°(h) =F;
H'(h1) = span{[z"], [y"]};
H?(h1) = span {[z" A 2"], [y" A 2]}
=span{z* Az*,y* Az*,z* Ay*}/span{z* Ay };
H3(H,) = span{[z* Ay* A z*]}.

2.3 A solvable example. Let L = span {z,y | [z,y] = z}. Then, di(z*) = z* Ay~
and d; (y*) = 0, so H*(L) is just the exterior algebra with a single generator: [y*].
2.4 A semisimple example. Consider L = sl,C with its usual basis {z, h,y}
such that [z,y] = h, [h,z] = 2z and [h,y] = —2y. With the dual basis {z*,h*,y"}
of L*, one finds dh* = z* A y*, dz* = 2h* Az* and dy* = —2h* Ay*. Hence, d; is
an isomorphism, so Z(L) = {0} and B2(L) = A®>L*. Therefore, H*(L) is

HO(L) =C;
HY(L) = {0};
H*(L) = {0};

H3(L) = span{[z* AR* Ay*]}.

Thus, H*(sl;C) is actually an exterior algebra over a single generator of degree 3,
namely [z* A h* Ay*].

§3 GENERAL RESULTS ABOUT LIE ALGEBRA COHOMOLOGY

If G is a compact connected Lie group, then its de Rham cohomology can be
computed directly from the cohomology of the corresponding Lie algebra, since the
two are isomorphic [GHV2, Chapter 1V, §4]. Moreover, Hopf and Samelson showed
that the de Rham cohomology of a compact connected Lie group is a Hopf algebra
[Hop, Sam].
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Definition 6. A graded connected Hopf algebra is a pair (A, A) where A is a graded,
connected algebra (“graded, connected” meaning A = A® @ A, where A = &2, A

and A’ =TF) and A : A — A® A is a homomorphism of algebras satisfying (for all
x€A)

Alz)=z®1+1Qz+A(z), Ax)cA®A
such that A is co-associative, so

A —— A®A

Al lA@idA

AR A 2480, 49 AR A
commutes, and has a co-unit €, so

A —2 ., A0A4A

Al lid,\ ®c

AQA 844, 4

commutes and (idg ®e) o A =idg = (e ®ida) 0 A.
An element z € A is primitive if A(z) = 0. The set of primitives of A, denoted

P4, form a vector subspace of A.

Theorem 7 (Hopf’s Theorem). Any ﬁnite dimensional graded, commutative
Hopf algebra A over a field of characteristic O is an exterior algebra generated by

the subspace of primitives, i.e. A = APj, where P4 has a basis consisting of
homogeneous elements of odd degree.

Coming back to our Lie group G, the multiplication
u:GxG— G

induces a map
w H*(G) — H*(G x G).

That G is connected implies H*(G) is a graded, connected algebra. That G is
compact means the Kiinneth isomorphism holds [GHV2, §0.14]:

k: H*(G)® H(G) = H*(G x G).
This allows one to define
A=xr"tou*: H(G) — H*(G)® H*(G),
which gives H*(G) a Hopf algebra structure. We therefore have:
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Theorem 8 (Hopf-Samelson Theorem). Let G be a compact connected Lie
group. Then

H*(G) = APy-(c)-
Furthermore,
‘ d1m PH'(G) = dim T,

where T is the mazimal torus in G.

For a historical look at how the Hopf-Samelson Theorem came about and for an
overview of how the original proofs were done, see [Die, Chapter VI, §2]. A proof
of Hopf’s Theorem can be found in [GHV2, Chapter IV, §4, Theorem IV} or [MM].
The fact that dim Py-(gy = dim T can be found in [FTT, Chapter 1, §4] .

Theorem 8 implies that if L is a Lie algebra corresponding to a compact connected
Lie group, then H*(L) is an exterior algebra generated by primitives of odd degree.
This can be generalised to hold for all reductive Lie algebras, as proven in [GHVS3,
Chapter V, §5.18 (theorem IIT) and §10.23}:

Theorem 9. Let L be a reductive Lie algebra. Then
H*(L) = APy- (1.
Furthermore, dim Py- (1) equals the dimension of the Cartan subalgebra of L, hence
dim Py.(ry > dim Z(L).

The toral rank, rank(M), of a smooth manifold M is the dimension of the largest
torus which acts freely on M. For any compact connected Lie group G, Theorem 8
implies

dim H*(G) = 2ren*(C),

If H is a closed subspace of G, then G/H is a smooth manifold called a Izomogeneous
space and, in fact,

as shown in [FTT].

The Toral Rank Conjecture (TRC), first posed by Halperin [Hall, Hal2] in 1968,
states that

(TRC) © dim H*(M) > 2renk(M),
Apart from the evidence already supplied by compact connected Lie groups and

by homogeneous spaces. the TRC is known to be true for Kahler manifolds and for
all manifolds of dimension at most 6 [Hil].

N T T T Y TR LT Y ST R RTN Y
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§4 THE COHOMOLOGY OF NILPOTENT LIE ALGEBRAS

We now discuss a version of the TRC for nilpotent Lie algebras. We start with
some well-known facts about this family of Lie algebras.

Theorem 10. Nilpotent Lie algebras enjoy Poincaré duality: b; = b,—; when 0 <
i < n, where n is the dimension of the Lie algebra. In particular, by = b = 1.

This was first proven by Jean-Louis Koszul, a student of Elie Cartan. In his
Ph.D. thesis [Kos], Koszul wrote a complete overview of Lie algebra homology and
cohomology, continuing the work of Chevalley and Eilenberg [CE]. Some theorems
of Hopf and Samelson regarding homogeneous spaces are also proven, in this paper,
using only the tools of linear algebra. According to Koszul, all previous proofs of
the results had been difficult topological proofs [Kos, introduction].

Definition 11. A Poincaré duality algebra is a finite dimensional positively graded
associative algebra A = @5_o AP such that

(i) dim A™ =1 and

(ii) For some basis vector e* € (A™)*, the bilinear functions

(,):AP x A"P —F

given by

{a,b) = (e*,ab), a€ AP, be A™P
are nondegenerate. .
Note that A satisfies dim AP = dim A"~ P forp=0,... ,n.

A proof that the cohomology algebras of nilpotent Lie algebras are, in fact,
Poincaré duality algebras (hence enjoy Poincaré duality) will be given in the third
chapter, using the Hodge * map and the Laplace-Beltrami operator A. Another
proof of the Poincaré duality of H*(L), when L is a nilpotent Lie algebra, may be
found in [GHV3, Chapter V, §2].

The structure of the cohomology of nilpotent Lie algebras is not as well classified
as it is for reductive Lie algebras. However:

Theorem 12. When L is nilpotent, b;(L) > 2 when 0 <1 < dim L.

This was first proven by Dixmier [Dix]. For the sake of completeness, we include
the following short proof.

Proof. Given a nilpotent Lie algebra L, choose an ideal K of codimension 1, so that
in L*, K+ = {z € L* | (x,k) = 0, Vk € K} = span{u”}, where u* is the dual of
some u € L. Because K is an ideal, du* = 0. Choose a complement X C L* so that
span{u*} & X = L*. Then, X+ = span{u} is a one-dimensional complement for K
in L.
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The Koszul complex of L may then be written as (Au* ® AX,d). Moreover, if
‘a € AX, we may write

do = da + u*6(a),
where do, and 6(a) both belong to AX. In fact, defining the projection map
p: AU @ AX — AX

by p(u*a) = 0 and p(a) = a, we explicitly have d = pod and 6 = iy, o d.
A short computation then shows that

d is erlvatlon of AX of degree 1,

d? =

0(z) = (adu) (z) for all z € X, where (ad v)w = [v, w] for any v,w € L.
6 extends (ad u) as a derivation of AX of degree 0, and

df + 6d = 0.

(1)
(2)
(3)
(4)
()

Thus, (AX,d) is the Koszul complex of K and (5) implies that §: AX — AX

induces a derivation of degree zero 6*: H*(AX) — H*(AX). Because L is nilpotent

as a Lie algebra, so is 8 and hence so too is 6*.

Now consider the following short exact sequence of differential complexes:

0 — (AX,d) & (A ®AX d) L (AX,d) — 0,
where p(f8) = v*B and q(a +u*B) = « for a,8 € AX.

The long exact sequence in cohomology induced by this is of the form
— HYAX,d) 2 BHFY(AX,d) 2
H*¥(Aw* @ AX,d) L HF(AX,d) 2 H*(AX,d) —

where the connecting homomorphism 0 satisfies 9(a) = 8*(a).
In particular, we have the short exact sequence

0 — H*1(AX, d)/(lm "Y1 21, HE(Au* @ AX, d) Lo (ker §°)F — 0,
with (im 6*)F~! = im 6* N H*"1(AX,d) and (ker §*)* = ker 6* N H*(AX, d), so that

H*(Au* @ AX,d) = H*"Y(AX,d)/(im 67)*"! @ (ker8*)*
> (ker 6*)*~1 & (ker 6*)*
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However, 6*|yiax) is a nilpotent linear map, so for 1 < j < n, we have
(ker 8*)7 # 0. Hence, if 1 < k < n,

dim H*(L) = dim(ker 6*)*~! + dim(ker §*)* > 2.
O
Some upper bounds are also known:

Theorem 13. If L is a non-abelian nilpotent Lie algebra of dimension n > 3, then

fori=1,... ,n-1,
dim Hi(L) < (”) - (7’2).
7 1—1

The proof is omitted here but can be found in [CJ1]. The bound is actually equality
whenever L = §; @ F*~3.

The Toral Rank Conjecture (TRC) for nilpotent Lie algebras. If L is a
nilpotent Lie algebra, then

(nil-TRC) dim H* (L) > 2dim 2(L),

The connection between both versions of the TRC is as follows. If NV is a nilpotent
Lie group and D a discrete subgroup with N/D compact, then N/D is called a
nilmanifold and its toral rank is known to be the dimension of the centre of the
(nilpotent) Lie algebra L of N (see [CJ1]). Moreover, it is classical that H*(N/D) =
H*(L) [Nom]. One may thus state the TRC for nilmanifolds in terms of nilpotent
Lie algebras, as above.

A more general version of the Lie algebra TRC (stated as above, but not requiring
L to be nilpotent) holds whenever L is reductive (by Theorem 9). However, for
nilpotent Lie algebras, the conjecture is still open. Henceforth, only the TRC for
nilpotent Lie algebras will be considered.

In [CJ1], the TRC has been shown to be true for any nilpotent Lie algebra L
satisfying at least one of the following three conditions:

(a) dim Z(L) < 5,

(b) dimL/Z(L) £ 7,

(c) dim L < 14.

Define an n—step nilpotent Lie algebra to be any Lie algebra L such that C™*(L) =
{0}. When L is 1-step, or abelian, Example 2.1 tells us dim H*(L) = 24mZ(L),
Hence, the TRC is satisfied for all 1-step nilpotent Lie algebras.

Theorem 14. The TRC holds for all 2-step nilpotent Lie algebras, i.e. for all Lie
algebras L such that C%(L) = [L,[L, L]} = {0}.

This was first proven in [DS]; a simpler proof from [CJ1} will complete this
chapter.
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A bigraded differential space (V,d) is a bigraded vector space V' = &, VP whose
differential is homogeneous of bidegree (1,-1), ie. d : VP — V;pfll. For any
bigraded space V = &,,,V? with dim VP < oo for all p,q, the Poincaré series of V

s Uv(t,s)=2_,, (dim VP) tPs? and the Poincaré-Koszul series Uy of V' is

Uv(t) :=Uy(t,—t) = > e (V)T

r2>0

where ¢ (V) =3_,,,_.(~1)?dim V?. Thus,

er (V) = e (H*(V)),

since each subspace @p+¢=-V] is invariant under d. This is a well-known result.
The proof is given here, for completeness.

Lemma 15. If (W,6) is a finite dimensional graded differential space with W =
®g—oWq and 6 : Wy — W,_1, then

n

Z(—l)q dim W, = i(—l)" dim HI(W).

=0 qg=0

Proof. Letting 6, = é|w,, each W, can be decomposed as W, = A, & keré, =
Aq ® Bq @im 6441, where keré; = By @ im 6441. Note that 6|4, is injective, so
dim A, = dim(im §,). Also note that dim H9(W) = dim By = b, is the ¢*» Betti
number. Thus, one can inductively show that

> (1)7dim W, = dim Ag + » _(—1)%g + dim(im 1)
q=0 q=0

for 0 < m < n. Noting that dimA4y = 0 and dim(im 6,4+1) = 0 proves the
lemma. 0O

If X = X? is a bigraded space of dimension 1, the exterior algebra A X =F® X
is bigraded by putting the field in bidegree (0,0) and X in bidegree (p,q). Then
Uax (t) = 1+ (=1)9tP+9.

A straightforward computation using the standard bigradation of the tensor prod-
uct of two bigraded spaces, namely

Vewl= H (Virew),
(m-ﬂ)(-*-(p)z-qg)
=(p.q

v e e
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shows that Uygw(t,s) = Uv(t,s) - Uw(t,s). In particular, Uvgw(t) = Uy(t) -
Uw ().

For example, consider (V,d) = (AX,d), where X = . X; with each X; a bi-
graded vector space homogeneous of bidegree (p;, ¢;) and d is a derivation of bidegree
(1,—1). Then V is a bigraded differential space, and the above remarks establish

Un-(vy(t) = H (1 + (_1)qitm+qi)dimxi.

1

In particular, the Koszul complex of a homogeneous graded Lie algebra L, (i.e.
L = ®;soL; with [L;,L;] C L;y;) is a bigraded differential space (AX,d) where
X = @;X; and X; = (L;+1)* is homogeneous of bidegree (1,%). Thus,

Up-y(t) = H (1~ (—t)i)dim =,

1

For a polynomial h(t) = 3 _a,t", the length of h is ||h|| = 3, |a,|. Hence, if V
is a bigraded differential space with dim V? < oo, then dim H(V) > ||Uv (#)||, and
therefore:

Proposition 16. [CJ1, Proposition 3] If L = ®;>0L; is a finite dimensional ho-
mogeneous graded Lie algebra, then

dim H* (L) > ” H(l _ ti)dim L-;”

Theorem 14 follows from the above remarks and Proposition 16 as follows:

Proof of Theorem 14. If L is a 2-step nilpotent Lie algebra, then there exists a
grading L = Ly @ Ly such that L; = L/Z(L) and Ly = Z(L). Letting m = dim L
and z = dim Z(L), we have Ug-(1y(t) = (1 +t)™(1 — t?)*. Multiplying both sides
by (1 — t)™, we find that (1 — t)™Ug-()(t) = (1 — t?)™*=. Upon noting that
(1 = #¥)7|| = 27, for any 4,j € N, and that [|h - k|| < ||h]| - |k]| for any polynomials
h, k € F[t], we obtain dim H*(L) > 2° = 24imZ(L) O




CHAPTER II: OPERATORS IN THE
COHOMOLOGY OF LIE ALGEBRAS

The purpose of this chapter is to define collections of operators on cohomology
that depend on elements in the centre Z(L) of a Lie algebra L. It is hoped that
these operators will lead to a proof of the nil-TRC (recall the Toral Rank Conjecture
for nilpotent Lie algebras from Chapter I).

All vector spaces in this chapter are finite dimensional over a field F of char-
acteristic zero. For any vector space X, denote the set of endomorphisms on X

by End(X). Note that End(X) is an associative algebra, where multiplication is
composition of functions.

§1 CENTRAL REPRESENTATIONS

Recall that when V is a vector space with dual space V*, there exists a linear
map V — End (AV™) that sends each z in V to i,, a derivation of degree —1 on

AV™ defined by i.(v*) = (v*,z) for all v* in V*. In fact, this map can be extended
to a linear map '

i: AV — End (AV™)

T1 AN AT p——)iz 0"'0’1:;5
1 Y4 P 1

by recalling that i, is the dual of left-multiplication by z [Gre, §5.13]. Since zy +

yz = 0 for all z and y in V, then i;i, = —iy%,;, which shows i : AV — End (AV*)
is a homomorphism of associative algebras.

Definition 1.
(i) A representation of an associative algebra A is a pair (p, W), where W is a
vector space and p : A — End(W) is a homomorphism of associative algebras.
A representation is faithful if p is injective. A subrepresentation U of W is a
subspace of W that is invariant under p(A).
(ii) Call the pair (i, AV*) the standard representation of AV.

Example 1. Supposing V has basis {ej,... ,en}, and its dual space V* has dual
basis {e},... e}, then the standard representation, that is to say the action of AV
on AV* via the map i, can be drawn as follows, for n = 1,2 and 3:

' 16
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€ eje;
1.61 l —ic/ 7-:,
b
1 el es
’l.c1 ico
1
and
eteze;
leg | . le)
—ie,

1

We now consider any Lie algebra L and i|z(z) : Z(L) — End (AL).

Proposition 2. If d is the differential (Definition I.4), then di, +i.d = 0 if and
only if z € Z(L).

Proof. One can verify that i,d + di, is a derivation on AL* for any z in L, so
it suffices to verify the proposition on L*. Since di,(L*) = {0}, for all z in L,
we only need to check that i,da* = 0 for all a* € L* iff z € Z(L). In fact,
(i.da*,z) = (da*,z A z) = (a*,[z,z]) is zero for all a* in L™ iff [z,z] = O for all
zeL,ie zisin Z(L). O

Hence, whenever ¢ € AZ(L), i (anti-)commutes with the differential. It there-
fore sends cocycles to cocycles and coboundaries to coboundaries, so

it BH*(L) — H"(L)
[o} — [i¢(e)]

is well-defined.
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Definition 3. For a Lie algebra L, define the central representation to be the
- representation (i*, H*(L)) of AZ(L), where Z(L) is the centre of L, where

i*: AZ(L) — End (H*(L))
(— iz,
and where i : H*(L) — H*(L) sends each [a] to [i¢(a)].
We now consider some examples of central representations, with diagrams similar

to those of the standard representation:

Example 2. Consider the abelian Lie algebra, with basis {z,y}, all brackets trivial
and dual basis {z*,y*}. We draw the picture of the central representation on

H*(C?) as follows:
/ \
\ /

Note that this representation is naturally isomorphic to the standard representa-
tion of AZ(C2). In general, (i*, H*(C")), the central representation corresponding
to the n dimensional abelian Lie algebra, is isomorphic to the standard representa-
tion (i, AZ(C™)*) of AZ(C™) (see Example 1.2.1).

The reader is reminded to be careful not to confuse Z(L)*, the dual space of the
centre of L, with Z*(L), the subspace of cocycles in AL*.

Example 3. The first Heisenberg Lie algebra, ; = span{z,y.z | [z,y] = 2} has a
one-dimensional centre spanned by z. Let {z*,y*, 2"} be the dual basis of h; and
H*(h,) = span{l,z*,y*,z*z"*,y*z*,z*y*2*} (as seen in Example 1.2.2).

[:E*y*z*]

[z* 2] [y 2]

[1]




n
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Note the two isomorphic copies of Az = Aspan{z} in the forms of z* ® Az and

- y* ® Az, two distinct indecomposable Az-representations isomorphic to Az*, in the
picture of H*(h,).

Example 4. Consider L = h; x F = span{z,y,2,w | [z,y] = 2} with dual basis
{z*,y* 2", w*}. It has a two dimensional centre: Z(L) = span{z,w}. Without

showing the computations, here is a picture of the cohomology with central repre-
sentation:

[m*y*z*w*]
i)
[x*z*w*] [m*y*z*] [y*z*w*]

[ ],4 \[ | [ e \[ ]
S e T
\[ *1/ ] \[ *1/

z w Yy

i;i
(1]

Note the two copies of AZ(L)* in the picture. For instance, the map ¢ : AZ(L)* —
H*(L) defined by ¢(a) = [z* A @] is injective, hence AZ(L)* is isomorphic to
¢(AZ(L)") c H*(L). '

The central representation is faithful, by definition, if i* is injective. In fact, as
shown in the following lemma from [CJ2], the faithfulness of the central represen-
tation for a Lie algebra L implies the existence of a subrepresentation isomorphic
to the standard representation of AZ(L).

Define an orientation class for Z(L) to be a non-zero element tz € A4 Z(1) Z(L).

Lemma 4. Let L be a Lie algebra with centre Z(L). The central representation
(i*, H*(L)) is faithful if and only if there exists o € H*(L) such that i*(tz)a # 0
for any orientation class tz. Moreover, if the central representation is faithful, then
L satisfies the nil-TRC.

Proof. The “only if” part of the first statement is clear, so suppose there is such
an a and choose an orientation class tz. By the Poincaré duality of AZ(L), for any
0 # B € AZ(L) there exists § € AZ(L) with 8-6 = tz, so that 0 # i*(tz)a =
i*(B)i*(8)c. In particular, i*(8) # 0, so * is injective.

By the first part, choose @ € H*(L), an orientation class tz for Z(L) with
i*(tz) # 0 and consider the linear map e, : AZ(L) — H*(L) defined by evaluation
of i*(f) on a:

eq : Br— " (B)a.
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Exactly as above, the Poincaré duality of AZ(L) shows that e, is injective. Indeed,
this shows that i* (AZ)« is an indecomposable AZ-subrepresentation of H*(L)
which is isomorphic to AZ(L)*, establishing the result. O

The faithfulness of the central representation is equivalent to the presence of
at least one subrepresentation isomorphic to the standard representation of the
(exterior algebra over the) centre, by Lemma 4. Thus the previous three examples
have faithful representations. However, not all Lie algebras induce a faithful central
representation on their cohomology space:

Example 5. Consider the free 3—step nilpotent Lie algebra on 2 generators. Free
2-step nilpotent Lie algebras are explained in Chapter IV; the free 3-step is a
slight generalisation. It is actually isomorphic to F(h;) = span{z,y, 2, u,v}, the 2—-
dimensional “central extension” of §; with products [z,y] = z, [z,2] = vand [y, 2] =
v. The centre of F(h;) is generated by u and v, and the central representation
structure of H* (F (b)) is depicted in the diagram below:

*, kK kK

[z*y* z*u*v*|

* * 0% *

y*zrurvr]

[ZE*Z*’U,* 20| = * . *]

—[y* U ]

[ *

T A e A

[1]

If there was an isomorphic copy of the standard representation, then we would see
diamond patterns in the diagram, as in Examples 2 and 4. We resolve this by

defining two new operators on the top class t = z"y*z*u"v"*.
Define

vl

op {u, u} [t] := [tud ™ iu(t)] .
With iy, (t) = —z*y*z*v* = d(—y*u*v*), one finds op {u,u} [t] = y*v*. Also, define
op {u, v} [t] := [(ivd ™ iu + iud™1iy) t] .
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With i,d~Yiy(t) = ip(—y*u*v*) = —y*u* and i,d7Yiy(t) = i d Hz*y*2"u*) =
iy(z*u*v*) = —z*v*, we have op {u, v} [tf] = —[z*v* + y*u*]. Note that

iy op {u,v} [t] = [y*] = —i} op {u, u} [t],

which “mimics” the identity i} ¢ = —i2:%. In fact,
[x*y*Z*u*v*]
—op{u,v} op{u,u}

Y N
[y*u* + .’E*’U*

] [y*v*]
\[1/
y

is a subspace of H* (¥(h1)) isomorphic to AZ (F(h;)) as vector spaces.

Our goal is to define operators like these ones, defined on certain subspaces
of the cohomology of any Lie algebra L with a non-trivial centre. For now, the
interest in them is that they seem to “repair” the non-faithfulness of the central
representations, as in this last example. In other owrds, when an n—dimensional
centre’s representation does not provide enough edges to form an n—cube, these new
operators seem to add more edges to complete the picture.

§2 HYPERCUBES AND FAITHFUL REPRESENTATIONS

Define a hypercube in n dimensions, or an n—cube, to be a connected graph with
2™ vertices, where each vertex adjoins exactly n edges. For our purposes, we will
always consider directed graphs, and we divide n—cubes into n+ 1 levels (numbered
0,...,n). Level 0 will have one vertex with n edges directed outwards from it. For
i=1,...,n—1,level 7 will have (7) vertices in it, with each vertex having i edges
directed to it from level i — 1, and n — ¢ edges directed from it to level ¢ + 1. Level
n will have a single vertex in it, with n edges directed to it from the n vertices in
level n — 1. ‘

If C denotes an n—cube, let vertices(C) denote the set of vertices in C and let
edges(C) denote the set of edges in C.

Such hypercubes can be found in graded algebras, where “levels” refer to distinct
degrees, “vertices” refer to linearly independent vectors and “directed edges” refer
to occurrences of maps connecting two vertices. This is formalised as follows:
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Definition 5. Let A = @;A' be a Z-graded vector space. Let C denote an n-

‘cube, divided into levels as described above, with the vertices partitioned into subsets

Co, ... ,Cr of vertices(C), with C; containing the vertices from level i of C.
Define a graded representation of C to be a pair of maps f and g with

) i g | some operators
vertices(C) — A and edges(C) = { defined on subspaces of A} C End(A4)

such that for some integers po > -+ > pn, f(C;) C A* and g maps a directed edge
Jrom vertex vy to vertez vs to an operator connecting f(v;) to f(v2), i.e. if e is an

edge such that v1 - vy is a subgraph of C, then g(e) (f(v1)) = f(v2).
Say a graded representation of C' in A is a faithful representation of C (or A
contains a faithful copy of C) if f is injective.

If f and g define a faithful representation of an n—cube in A, then we have (for
some integers pg > -+ > pp):

(0) There exists a vector £ # 0 in A*° and there exists n maps of degree g — 1
that map z to n linearly independent non-trivial vectors in A,

Forj=1,--- ,n-1:
(7) In A, the (’;) linearly non-trivial vectors mapped to from A*i-! are each
mapped to a subset of ( i+1) linearly independent non-trivial vectors in A#s+1.

(n) In A#~, there exists a non-trivial vector mapped to from n linearly independent
vectors in A#n-1.

We note that g is not necessarily injective. For example,

* _ %
€1€9

Yo
U3 Vg (f.9) el e
v (P . e,

where the object on the left is a 2-cube and the object on the right is the diagram of
the standard representation of a 2-dimensional centre Z (as in Examples 1 and 2). It
is clearly a faithful representation of the 2-cube: f maps the vertices {vo,v1, v2,v3}
to the basis {eje3, e, e}, 1} of AZ*. However, g is not injective. In fact, g maps the
edges {wls w2, w3, 'lU4} to spa‘n{iel ’ iez }

In analogy with the central representation, where the dimension of the span of
the image of g is n, we want our maps g to be as “uninjective” as possible. We
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want to keep the number of different operators small (and the basis of im (g) even
smaller, when considering the range of g as a vector space), since there is nothing
particularly useful about defining a special map for each of the n2"~! edges in an
n—cube.

When there is a faithful representation of an n-cube in A, say A contains an
n—cube or there is a hypercube of dimension n in A. Note that, when this happens,
dim A > 2™,

For a Lie algebra L with a centre of dimension n, showing H*(L) contains an
n—cube implies the TRC for the Lie algebra. The most natural way to do this is by
showing the central representation is faithful. However, while L = F (h1) clearly
satisfies the TRC (29imZ(L) = 4 and dim H*(L) = 12), the central representation
is not faithful. To find a 2-cube in its central representation’s diagram, we had to
find more edges by defining more maps Z(L) — End(H*(L)), where L is F (b;).
We generalise these operators in the following two sections.

§3 HIGHER OPERATORS WITH ONE PARAMETER

Recall the operator op {u,u} defined on the top class of H* (F (h;)) in Example
5 (section 1). The purpose of this section is to generalise this operator to the
cohomology of an arbitrary Lie algebra with a non-trivial centre. Throughout this
section, let L be a Lie algebra such that Z(L) # {0}, let L* be its dual and let
z be a non-trivial element of Z(L). The following definitions and lemmas assume
z is fixed throughout the entire section. We want to define maps from subspaces

of H*(L) to quotient spaces of H*(L). For this, we’ll need a few definitions and
lemmas.

Definition 6. Define subspaces W;(L) C AL* as follows: Let W_;(L) = {0} and
let Wo(L) = Z*(L) = kerd. Inductively define

Wi(L) :=d™ 1, (W;_1(L)) = (d7 . ) Wo(L).

When there is no ambiguity, one simply writes W, for W;(L). Let W” = W;NAPL*.

For emphasis on which element of Z(L) is bemg used, W;(L) is often written as
W;(L; z).

Lemma 7. Each Wj is a subspace of AL*, W; C Wiy and i, (W;) C Wy for all
7320 -

Proof. The pre-image of a subspace by a linear map is always a subspace. The fact
that each W; is a subspace is therefore trivial.

It is clearly true that zzW(, C Wy, since i - sends cocycles to cocycles. If a € Wj,
then di;a = —i,da = —i2a’ = 0 for some o' € W;_,. Thus, i,(W;) C Z*(L) = W,.
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To show W; C Wj, 1, we proceed by induction, the case ; = 0 being obvious.
Assume W;_; C W;. If v € Wj, then there exists v/ € W,_; such that i,9' = d.
Since v € W;_1 C W}, it follows that v € Wis1. Thus, W; € W4, O

Definition 8. Define the subspace K;(L) of H*(L) to be

K,;(L) = { [o] € H*(L) | 3(ao, 01, .. ,a541) € AL* x --- x AL* such that

ag € [a] and i,ar = dog,1 for k=0,... ,j}.

Once again, when there is no ambiguity, write K; for K;(L). Let K? = K;NHP(L).
By convention, say K_1(L) = H*(L). For emphasis on the element of Z(L) being
considered, K;(L) is often written as K;(L; z).

Remark 9. If (ao,... ,@;4+1) is any (j + 2)-tuple which shows [o] is in K, then
each ax € Wj. The proof of this proceeds inductively, where ag € [o] implies
ap € Z*(L) = Wy and, if ax—1 € Wi_; and dogx = i,0_1, then ap € W), =
d_liZ(Wk_l).

Definition 10. For j > 0, define the one-parameter higher operators
op; : K?_, — HP=2-}() / [z (W;’:fj>] ,
as follows: if @] € K;-’_l and (o, ... ,a;) is a representing (j + 1)-tuple, then

op;la] = [i.a;] + [z’z (Wf_‘fjﬂ .

The operator opy is called primary. The operator op, is called a one-parameter

secondary operator (or just a secondary operator) and is often written as op{z, z}
(for reasons that will become clear in the next section). The operator op, 1S some-

times called a tertiary operator. For emphasis on the element of Z(L) being used,
op; may be written as op;{z}.

Now we prove that the one-parameter higher operators are well-defined.
First note that, by the conventions W_; = {0} and K_, = H*(L),
‘opg =4, : H?(L) — HP"(L),

which is already well-defined.
Suppose [a] € K;-’ and (o, ..., 41) is a representing (5 + 2)-tuple. By Remark
9, each ax € Wy, so by Lemma 7 each i, € Z*(L). Thus, [i,ax] € HP~2F-1(L).

i e s SRR
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Now suppose (a, . .. , ;) and (g, .. . , ) are two (j+1)-tuples showing [ap] =
‘[ap] € Kj_1. Then, ag — ag = dB, for some 8 € AL*, and i,(ax — o) = d(ags+1 —
op,q) for k=0,...,7— 1. Hence d(a; — &}) = 1,dB8 = —di, so

Q) —a'l + 1,0 € Wp.

Thus, d(ae — o)) = i.(y — o)) = i,(a1 — &} +1.5) € i, Wo, so (g — o) € W,
showing that i,(az — ab) € i, W;.

Continue inductively: supposing i,(ay — a},) € i, Wi_1,
d(aks1 — Qpyy) = iz (ok — o) € i.(Wi1)
implies a1 — o ; € Wi which implies ¢, (ak4+1 — aj.1) € iz(Wi). Then, we have

[iza5] — [i-0}] € [i:W;-1], so op,([a]) is well-defined.
Remark 11. We record a fact that will be used in the next section:

op; : H?(L) Nkeropy, — HP™3(L) /i;HP23(L),

since Ko = { [a] € H*(L) | i,a = df for some B € AL* } = ker op,.

Lemma 12. For j >0, K4, C K;. Furthermore, K; = ker op; .

Proof. That K;;, C K follows from the fact that if (ao,... ,@j+2) shows [a] €
Kj.1, then (ap,...,a;j41) certainly shows [a] € K.

For the second part, if [a] € K; C K;_; and (ao,.

.. ,Qj+1) is a representing
(j + 2)-tuple, then

op;la) = [iza;] + [1:Wj—1] = [daj] + [i-W;—1] = [1:W;1] = 0.

Thus, [o] € kerop;, and so K; C ker op;.

Conversely, suppose [a] € K;_1, with representing (j + 1)-tuple (cp,... ,a;),
is such that [o] € kerop;, so i,a; = dvy + i,w;_; for some v € AL* and some
wj—1 € Wj_1. Set o}, = and o} = o; — wj—1. Then

da} = daj ot dwj_l = 'izaj_1 - ’izwj..z

for some w;_o € Wj_s. Set o _; = a;_1 — wj-2.

Continue by induction, arriving at o = a3 — wp for some wy € Wy = Z*(L), so
that dof = doy — dwy =-doy = i,00. Let aj = ap. Then (ag,... ,a;-H) exhibits
[@] as a member of K. Thus, kerop; C K; and hence K; = kerop;. O

Example 6. The top class of H*(h;) is [z*y*2*] (see Example 3). Since

Opo[m*y*z*] — i;[x*y*z*] — [x*y*] — [dz*]
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is trivial, we can define op; = op {2, z} on it. By definition, op,[z*y*2*] = [i,2"] =
(1]. Since i} H(h1) is trivial in H%(h;), op, is actually a well-defined map from
H?3(h;) to H°(h1). Hence, we can now draw the following complete diagram:

[z*y* 2]
[z*2*] [v~z"]
_opo=-—i;l op, l,‘i;=—°P0
[z*] [y*]

1]
Similarly, we can consider the second Heisenberg Lie algebra,

b2 = {xl,mg,yl,yg,z | [zl,yll = [3727112] = z} ,

which has the following partial diagram for H*(f,), with higher operators included:

[ziyiesys2"]
LT I [2103yi2"

* * * -Opl * * * ’ opl * * *
[z]z32"] ; [z1y327] [z3y12"]
lOPo JVOPO lOPo

* * 20p * * * *
[271332] ? [z13] [z397]

3] 23]
Q4
[1]

There exist many examples of non-trivial one-parameter higher operators on the
cohomology spaces of an infinite family of Lie algebras called the Heisenberg Lie
algebras. These are described in Chapter III, where some facts about the operators’
interactions with Poincaré duality (for those cases) are also proven.

We end this section with a lemma from [CJ2] that holds for all nilpotent Lie
algebras, which demonstrates a kind of duality for these higher operators.
A Lie algebra L is called unimodular if z € L implies that the trace of ad z is zero

(where adz : L — L sends each y to [z,y]). Note that all nilpotent Lie algebras are
unimodular.
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Definition 13. We say that a pair (a,b) € H*(L) x H*(L) are Poincaré duals if
a-b is of degree T and is non-trivial in HT (L), where T = dim L.

Suppose L is unimodular with a non-trivial centre. Fix a non-zero z € Z(L) and
choose w € L* with (w,z) = 1. If we denote (z)* by U, there is a decomposition
AL* = AU ® Aw with dw € AU.

Suppose 0 # [dw]¥ € H*(L/(z)) but that [dw]**! = 0 there, so that for some
p € A**+1U o := w(dw)* + p is a cocycle but not a coboundary in H*(L). For
example, if z € Z(L) N [L, L], we know that k > 1. We assume this henceforth.

Lemma 14. Ift is the top class of H*(L),
(i) op;o =0 forj=0,...,k—1, and op,, 0 = 1, where o is defined above.
(i) op;t=0 forj=0,....k—1,
(iti) for some cocycle (B representing op,t , we have [G] - [c] = ¢, and
(iv) B is not a representing cocycle for any op;, 1 < j < k-1, so that op, t = [[B]] # 0.

Proof. The proof of Statement (i) is straightforward. Let ¢y denote the top class
in AU. Since 0 # [dw]* € H*(AU), by the Poincaré duality of H*(AU), there is a
cocycle 8 € AU with (dw)*3 = ty. Then, w(dw)*8 = t, so that i,t = (dw)*B =
d(w(dw)*~1b). In this way, one shows that (i) holds.

To see (4i%), note that in the definition of op,,, ; t, we may take 3 as a representing
cocycle (before considering ambiguities). Since w(dw)*8 =t and uB € A™U = 0,
we have [8] - [w(dw*) + ] = t, and so in particular, [8] # 0.

Suppose 3 were a representing cocycle for some higher operation op;, j > 1.
Then, there would be a (j + 1)-tuple (8. 081,...,8;) € AL™ x --- x AL* such that

0=dbo

i-80 = dBh

i.061 = dB2

i:8j-1 = df;
i:ﬁj = 5

Hence, 8; = wpf +¢ and f; = wdB;41 +¢; forsome e,e; € AU, andi=0,...,7 -1
Thus, dgB; = (dw)dﬁiﬂ + de;.
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Then,

0 =dfy = dw.dB, + deg
- = (dw)(dwdB; + deq) + deo
= (dw)%dB; + d(e1dw + &o)
= (dw)*(dwdpBs + de3) + d(e1dw + €¢)

= (dw)3dBs + d(s;_;(dw)2 + e;dw + ao)

= (dw)?dB; + d(Ej_l(dw)j_l + -+ eg(dw)? + e1dw + Eo)
= (dw) (dwp + de) + d(sj_l(dw)j_l F oot ea(dw)? + erdw + 50)

= (dw)*18 + d(s(dw)j Fejo1(dw) ™l 4+ ea(dw)? + erdw + eo)

This shows that [(dw)’*'8] = 0 in H*(AU), but the proof of (ii) shows that
[(dw)'*B] # 0 in H*(AU) for i = 1,...,k.) yielding j > k. O

The lemma can be summarised with this diagram of dual operations, where
dotted lines denote Poincaré duality:

opy.

opi -

The pairs ([o], [8]) and (¢, 1) are Poincaré duals.

Example 7. Recall Example 5, with H*(F(h;1)). Now we can add all 1-parameter
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secondary operators to its diagram:

[m y*z* U,*U*]
op{v, v} ."'-.,'_op{u.u}
Z*’U,*'U*] g Z*'U/*'U*]

* o * T = \ * *, %
T * kot zZv
| o —[y )

[z"u”] [z7v* + y 7] [y v*]

op{u,u}.""-.,' ._.-“.op{v,v}
~ =

[1]

Note that we still don’t have any complete 2-cubes using only our l-parameter
secondary operators. The purpose of the next section is to define a different kind
of secondary operator, called 2-parameter secondary operators, which resemble the
op {u, v} operator that was defined on the top class in Example 5.

84 SECONDARY OPERATORS WITH TWO PARAMETERS

Recall the operator op {u, v} defined on the top class of H* (¥ (1)) in Example 5
(section 1). The purpose of this section is to generalise this secondary operator with
two parameters on the cohomology of an arbitrary Lie algebra with a non-trivial
centre. Let L be a Lie algebra with a non-trivial centre, let L* be its dual space
and let u and v be two non-trivial elements in Z(L).

Definition 15. Define the subspace Ko(L;u,v) of H*(L) to be
Ko(L:u,v) {[a] € H*(L) | 3(ao, 1, ) € AL* x AL* x AL* such that
ap € [@], d(a1) = iy and d(a)) = iyao }

As usual, KF(L;u,v) denotes Ko(L;u,v) N HP(L).

Notice that if [o] € HP(L), then ag is in ZP(L) = Wo(L;u) = Wo(L;v), o is in
Wi(L;u) and o is in W1(L;v).

e Rt b e
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Lemma 16. For all u,v € Z(L), Ko(L;u,v) = Ko(L;u) N Ko(L; v).

Proof. If (cw, 01, 04), with 4, (cg) = da; and iy (o) = dary, shows [a] € Ko(L;u,v),
then (ao,a;) shows [a] € Ko(L;u) and (ap,a}) shows [o] € Ko(L;v). Thus,
Ko(L;u,v) C Ko(L;u) N Ko(L;v).

Conversely, suppose [a] € Ko(L;u) N Ko(L;v). By Definition 8, there exists
(a0, 1) in AL* x AL* such that i,00 = da; with ag € o], and there exists (Bo, B1)
in AL* x AL* such that i,8; = dB: with By € [a]. Thus, [¢] = [ao] = [Bo] and
Bo = ap + d for some ¥ € AL*. We can therefore write df; = i,80 = iv(0 + dv),
which implies d(81 — v) = iyapo. Letting o) = B — v, we have (o, 1, ¢;) shows
(] € Ko(L;u,v). Hence, Ko(L;u,v) = Ko(L;u) N Ko(L;v). O
Definition 17. Define the 2-parameter secondary operators, with parameters u,v €
Z(L), to be the maps

op {u,v} : KB(L;u,v) — HP(L) [[iuWo(L) + i, Wo(L)]
defined as follows: if (o] € K§(L;u,v), then for some ag € [o]
(i) there exists a; € WP~2(L;u) such that doq = iya0.

(ii) there ezists o, € WP™2(L;v) such that do} = iyao.
Let

op {u,v} [a] = % liy01 + 5w0}] + [aWo(L) + s Wo(L)]

There are some things to prove for this definition to make sense.

First, if [a] is as above (with ag, oy and o also as above), then we must show
that i,a; + i,0] is a cocycle. Indeed,

d (iyay + iucty) = diyoy + diyo = —iyday — tuda)
= —iylyQg — lylyQp = —(iviu + ’I:u'l:-u)ao =0
SINCE Tyly + Tyty = 0.
Second, suppose (8o, 81, 8;) is another triple showing [a] € Ko(L; u,v), i.e., Bo €
(@], iuBo = dfB1 and 4,8y = dB;. We want to show that

[ival + iua'l] - [ivﬂl + Luﬂi] S [iuVVQ(L) + ’LUW()(L)] .

Say ap — fBo = de, since [a] = [ao] = [Bo]. We find d(a;y — B1) = tu(co — Bo) =
inde = d(—iye). So oy — B1 +iue € Z*(L) = Wo(L). Likewise, oy — B+ ive €
Z*(L) = Wo(L). Thus,

(ivoy + iua}) = (i1 +1uB)
= iy(a1 —*B1) + iu(a] — B1)
= iy(a1 — B + 1uE) — bviu€ + iu(a] — By + 1wE) — tuive
= iy(0n — By + iu€) + fu(a) — By +hve) — (lutu +luly)e
€Wo(L) €Wo(L) =0
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Therefore, op {u,v} is well-defined.

The 2-parameter secondary operators are often simply called secondary opera-
tors. Note that no assumptions are made about the linear independence of v and

v. In fact, if v = v, then op {u,v} = op {u,u}, the secondary operator with single
parameter u defined in section 3.

Example 7 (cont.). In Example 5, with the cohomology of L = F (b;), we
defined op {u,v} [t} = [ind ™ Yiy(t) + i,d~1iy(t)]. This is, up to scalar multiple, our
2-parameter secondary operator from Definition 16:

op{u,v} o] = %[iud—liv(a) + ipd Yiy(Q)] + i H' (L) + it HI*-2(L)

for all @ € Z*(L). Actually, if [o] € H®(L), then 4, Z3(L) C B*(L), i,Z*(L) C
B?(L) and H®(L) = ker i}, = ker ;. Hence, '

op {u,v} : H* (F (1)) — H*(F (h1))

is a well-defined map. Likewise, i, Z*(L) = i,Z'(L) = {0} and H3(L) = keri} =
ker iy, so

op {u,v} : H*(F (1)) — H°(F (h1))

is also well-defined. Hence, we get the following complete diagram for H* (F (h1)):

[x*y*z*u*v*
OP{U,U} Op{’u,u}
ok, K, K —-2op{u,v} * ok, k%
[:r FARTAR)] ] : [.U zZuv ]
-1 :’/ X
[z*2*u”] ly2"v"]
- ' “ —2op{u,v}
[z*u*) [z*v* + y*u*) ly*v*]
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We now recall the subrepresentation of the 2—-cube in H* (F (h:1)), as shown in
‘Example 5 but with scalars adjusted for the new definition of op {u,v}:

[m*y* Z*’U,*’U*]

—2op{u,v} Op{u'u}

v RN
[y*u* + IE*'U*

) [
\[1/
)

There are now four 2—cubes in the diagram of H* (F (h;)). The following 2-cube is
“Poincaré dual” to the one above, in the sense that multiplication of vertices from
the cube above by vertices from the cube below is nondegenerate.

y*v*]

[z*z*u*v*]
- i
[x*z*'u*] =
* % *
[z*2"u ] e eru]
op{u,u} —2op{u,v}
a Y

[

In Chapter IV, many more examples of secondary operators (with one and two
parameters) will be given.

Attempts were made at generalising tertiary operators. However, no satisfying
definitions of 2—-parameter or 3-parameter tertiary operators have yet been found.
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CHAPTER III: HIGHER OPERATORS IN THE COHOMOLOGY
OF THE HEISENBERG LIE ALGEBRAS

All vector spaces in this chapter are assumed to be finite dimensional over a field
F of characteristic zero, unless stated otherwise.

§1 INTRODUCTION

If m is a positive integer, the Heisenberg Lie algebra b, is
bm = span {z,Z1,¥1,--- +Tm,Ym | [Zj,y;] =2z for j =1,... ,m}.

It is clear that dimb,, = 2m + 1 and b,, has a centre of dimension 1, spanned
by z. In Chapter I (subsection 2.2), the cohomology of the first Heisenberg Lie
algebra, bh;, was explicitly computed. In Chapter II (Example 6), the operators
op, = op,{z} were computed for the first two Heisenberg Lie algebras, b1 and bs.

It is the purpose of this chapter to prove the following theorem about the coho-
mology of the Heisenberg Lie algebras:

Theorem 1. Let m be a positive integer.
(i) The higher operators opy, are such that

OPk |Hm+k+1(h,,) ¢ H™ 5 (h) — H™ 5 (bm)

are isomorphisms, and are zero everywhere else they are defined.
(ii) Furthermore, suppose o, 3 € H*(hm) are homogeneous Poincaré duals (as defined

in Chapter II) with |8| < |a|. Then op,(c) and opj *(B) are also Poincaré duals
for some k € {0,1,...,m}.

To prove this theorem, we will need the Laplace-Beltrami operator and the Hodge
* map on AL*, together with a fundamental theorem about them; these definitions
and results are given in section 2. In section 3, we will define a variation of Hodge
x on cohomology and hence prove Poincaré duality for the nilpotent Lie algebras
(Theorem 1.10). In section 4, some useful theorems of Hodge and Lefschetz are
stated, the proofs being taken from [Wel]. Finally, in section 5, the main results
of Santharoubane’s paper on the cohomology of the Heisenberg Lie algebras and
Theorem 1 are shown to follow from the main result of Lefschetz. We also give a
descriptive spanning set for a subspace of Aby, which is canonically isomorphic to
the cohomology.

' 33
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§2 THE LAPLACE-BELTRAMI OPERATOR

Let L be a Lie algebra of dimension n, with ordered basis {e1,... ,en}. Let L*
be the dual space with dual ordered basis {e],... ,e};} such that (e}, ex) = ;.
Define the Hodge * map on AL* (with respect to this ordered basis) by

x: ALY — A" L

€5(1) " " Eo(s) T SYN(O) - €x(j41) T Eoln)s

where ¢ is a permutation on {1,...,n} such that ¢(1) < 0(2) < --- < o(j), and
uniquely extending the map to all of AL* by linearity.

Note that if 7 is also such a permutation, then sign{c)-€;; 1) €5(n) = sign(T)-
e;( j+1) " e;(n) (by the properties of multiplication in exterior algebras), so Hodge
* is a well-defined map.

Define the projection map II; : AL* — AIL* and let w = Zj(—l)j(”‘j)l'lj. One
can check that *x = w. Moreover, when n is even, thenw = j(——l)j II; and when
n is odd, then w = idpr-.

As in [ACK] and [Wel], one can define an inner product on A7L* by

(o, B); = *(a - %(B)), for all @, B € ATL*.

This induces a non-degenerate inner product {, ). on all of AL* by defining (¢, 0)«
to be (o, B)r when |a| = |8| = k, and (o, B) := 0 when a and 8 are homogeneous

but |a| # |6].

We remark that this last definition can also be made by choosing an orientation
class A of AL and defining the inner product by (@, )x = ir{a - (x8)). This way,
(o, B)» is automatically zero whenever o and 8 are homogeneous with |a| # |B|.
Also, the two inner products (old and new) are the same up to a non-zero scalar
multiple. If one chooses A = e ---e}, the two definitions are equal: (o, f8)x =
(a, @), for all @ and B in AL™.

For any Lie algebra, the adjoint map ad : L — End(L) is defined by ad(z)y =
[z,y]. Let v € L* be such that (y,z) = Tr (ad(z)) for all z € L.

Define D(a) = do — ya. Note that dy = 0, so D* = 0. While D is not a
derivation, one has

(1) D(af) = (Da)B + (=1)!%la(df) = (da)B + (-1)'*a(DB).

If o € A"~'L*, then da = v - o and so D(A™"'L*) = {0}. |
Finally, define the linear map 8: A7L — AJ~'L by 8 = (-1)"U+D+1 % D .
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Definition 2. The Laplace-Beltrami operator is the map A = d0 + 9d.
For ease of notation, let Aj := Alpip-.

While Beltrami was the first to generalise Laplacians to Riemannian manifolds,
Hodge was the first to generalise Beltrami’'s Laplacian to all j—forms, for 0 < j <
n. Hence, the operator A is often called the Hodge Laplacian [Die, §2.VIL.1D].
However, as in [ACK], A will be referred to as the Laplace-Beltrami operator to
avoid the redundancy of two maps being called “Hodge maps”.

The following results will be useful throughout this paper. Their proofs are from
[ACK].

Lemma 3. [ACK, Lemma 2.2]
(a) The map O is the adjoint of d, that is to say (da, B). = (&, OB)«;

(b) the Laplace-Beltrami operator A is self-adjoint, that is to say (Aa, B)« = (@, AB)x;

(c) ker A = kerd Nkero.

Proof. (a) Let j € {0,...,n} and let o € AJL*, B € A*'L*. We are required
to show that *(da - x8) = x(a - *08) or, equivalently, (da) - *8 = o - *08. Since
a-*xf € A" 1L*, we have D(a - *8) = 0 and so,

a-*x0f=a- *(_1)n(j+2)+1 xDxf(= (_1)n(j+2)+1+j(n—j)a -D*p
= —(—=1Ya- D% =da-xB, by equation (1).
(b) By part (a), .
(Aa, B), = (dBa, B)« + (8da, B). = (O, 86). + (da, df)«
= (o, d8B)« + (e, 8dB)« = (o, AB).

(c) That kerdNker & C ker A is clear. Conversely, if o € ker A, then by part (a),

0 = (Aq,a), = (d0a + dda, o), = (0o, Ba), + (da, dor),

which implies 8a = 0 and da = 0, as required. 0
Theorem 4 (The Hodge decomposition theorem for Lie algebras).
[ACK, Theorem 2.3]

(a) AL* =im A @ ker A;

(b)) AL* =im d ®im 0 S ker A;

(c) kerd =im d @ ker A.
Proof. '

(a) First, we claim that im A NkerA = {0}. To show this, suppose that 8 €
im A Nker A. Then 8 = Aa for some a and 0 = AS = A%a. Hence, by Lemma,
3(b),

0= (A%, ), = (Ag, Aa)..
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So 8 = Aa = 0. Thus, im A NkerA = {0} and so AL* = im A @ ker A for
dimension reasons.

(b) Note that im A C im d + im 8, by the definition of A. So, by (a), it suffices to
establish the following 3 conditions: (i) im dNim & = {0}, (ii) im dNker A = {0}
and (iii) im & Nker A = {0}.

(i) Suppose that @ = df and o = 9 for some 8 and ~. Then, by Lemma 3(a),
(@, a) = (dB,87). = (d?B,7)+ = 0. Hence o = 0 as required.
(ii) Suppose that a = df for some (8 and that Ao = 0. Then by Lemma 3(c),

0o = 0. So 0 = (e, B). = (8dB, B), = (dB,dB),, which gives d3 = 0. Hence a =0
as required.

(iii) Suppose that o = 8 for some § and that Aa = 0. Then by Lemma 3(c),

da =0. So 0 = (da, ). = (d0B, B)+ = (88, 8B) ., which gives 58 = 0. Hence a =0
as required.

(c) By part (b), since im d@ker A C ker d, it suffices to show that kerdNim 8 = {0}.
Suppose that o € kerd and that o = 98 for some 8 € AL*. Then

0= <daaﬁ>* = (a’ 6B)* = (aﬁv 6,8>*
Hence o« = 08 = 0, as required. 0O

Remark 5. In the language of cohomology, Theorem 4(c) can be reworded as
Z*(L) = B*¥(L) ® ker Ag, fork=0,...,n.
Hence, ker Ay, is canonically isomorphic to H*(L) for all Lie algebras L.

§3 HODGE * ON COHOMOLOGY

The purpose of this section is to define a Hodge « map on the cohomology of

unimodular Lie algebras. First, we remark that on cocycles, A = d3. We start with
a couple of lemmas.

Lemma 6 (The Coboundary Lemma). The mapping
A'B‘(L) . B*(L) g B*(L)

is an isomorphism. In fact, if 0 < k < n, then D= restricted to the k-coboundaries
is an isomorphism from B*(L) to B"~*+1(L).

Furthermore, B*(L) is the perpendicular complement of ker A in Z*(L), with
respect to the inner product (, ).

Proof. By Theorem 4{c), B*(L) Nker A = {0}, hence A restricted to the cobound-
aries is injective. Since im (dd) C im d = B*(L), then A(B*(L)) € B*(L). That
A : B*(L) — B*(L) is an isomorphism now follows by a dimension argument.
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We show the existence of a left-inverse of D« restricted to coboundaries as fol-
lows, using the shorthand +|gk(zy = *. Since dfy = (—1)"*+D+1d« Dy is an

isomorphism on the boundaries, d x D+, has a well-defined inverse; call this inverse
p. It follows that

(‘POd*n—k+1 ) oD-kk = o (d*D*k) = idBk(L) .

Hence,
Dxy : B¥(L) — B *+1(L)

has a left inverse, so is injective and dim B¥(L) < dim B"~*+1(L). Likewise,
Dsn_ge1 : B"*+1(L) — B¥(L) is injective, so dim B*(L) > dim B*~*+1(L).
Thus, dim B*¥(L) = dim B*~**!(L) and D%y is an isomorphism.

To prove the last part, suppose a € ker A and 8§ € B*(L). Then, 8 = Af’ for
some B’ € B*(L) (by the first part of the lemma). Since A is self-adjoint,

(B,a), = (AB, ). = (B, Aa), = (,0), = 0.
0

Consider the unimodular Lie algebras, that is to say those Lie algebras such that
the trace of the adjoint map is always zero, so v = 0. All nilpotent Lie algebras are

unimodular, so for the purposes of this thesis (which deals mainly with nilpotent
Lie algebras), 8 = (—1)™k+1)+1 4 dx on AFL*.

Lemma 7. For all unimodular Lie algebras L,
kerA={a€ Z*(L) |*a€ Z*(L)} =Z"(L)N*xZ*(L).

Therefore, *|ker a : ker A — ker A is an isomorphism.

Proof. Suppose a € ker A;. By Lemma 3(b), ker A; = kerd;Nkerd; C Z7(L). This
implies 0 = §;a = (—1)"U+D+! x d(xa). Since * is an isomorphism, d(xa) = 0 and

xa € kerd,—; = Z" (). Conversely, if & € Z7(L) is such that xa € Z"77(L),
then

Aa = dd(a) = (1)« (d(xa)) = (-1)"0+D*+1g 4« (0) =0.

That * is an automorphism of ker A folluws from its injectivity and a dimension
argument.
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Definition 8.
(i) For any Lie algebra L, let

m:Z"(L)=B*(L) ®ker A — ker A

be the projection map onto ker A.
(ii) Now define % : H*(L) — H*(L) by *[a] = [*r(a)].

To see that * is well-defined, it suffices to notice that 7, hence xm, sends cobound-
aries to 0 and that »m sends cocycles to cocycles, by Lemma 7.

Theorem 9. For all unimodular Lie algebras L, * is an isomorphism with the
property
iy = (=170 - id gy,
where n = dim L.
Proof. We note that im (xm) C ker A, by Lemma 7. It follows that mw(xm) = *m,
hence
x[a) = [x1 x ()] = [x* ()] = [wr(a)].

That [o] = [r(e)] follows from Theorem 4(c), which tells us any cocycle a can
be uniquely written as 8 + 7(a), for some 8 € B*(L), so a — 7(a) € B*(L). O

We end this section by proving Theorem 1.10 from Chapter I. Recall that for
a Lie algebra L, b; = dim H7(L) is the j*® Betti number. Since all nilpotent Lie

algebras are unimodular, we restate the theorem in more generality, as a corollary
to Theorem 9:

Theorem 10. Unimodular Lie algebras enjoy Poincaré duality: b; = b,_; when,

0 < j < n, where n is the dimension of the Lie algebra. In particular, bg = b, = 1.

Proof. The first part follows from the isomorphism * : H3(L) — H™ I(L) given
in Theorem 9. It has already been shown (in Chapter I) that by = 1 for all Lie
algebras, so the second part follows from the first. U

In particular, if L is unimodular, then H*(L) is a Poincaré duality algebra.
Recall:

Definition I.11. A Poincaré duality algebra is a finite dimensional positively
graded associative algebra A = @5 _,AP such that

(i) dim A™ =1 and

(ii) For some basis vector e* € (A™)*, the bilinear functions

(,):APx A"P —TF
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given by
(a,b) = (e*,ab), a€ AP, be AP

are non-degenerate.

That multiplication H7(L) x H"~J(L) — H™(L) is non-degenerate follows from
that fact that [a] = [ra] € HI(L) implies *[a] = [xma] € H™ I(L), and [a] -
¥l = [ra - xma] € H™(L) is non-zero since 0 # (ra, ma), = *(ma - *mc) implies
0# mo-xma € Z™(L) = A™L* = H™(L), hence [ra - xma] is non-trivial in H™(L).

§4 THE LEFSCHETZ RESULT

In this section, we concentrate on b, the m** Heisenberg Lie algebra, with basis
{z,21,91,... ,Zm,Ym} such that [z;,y;] =z for j=1,... ,m.

Suppose that {z*,z3,y%,... ,Z5,ys} is the ordered dual basis. Say * is the
Hodge star map on Abj, with respect to this ordered basis.

Let U be the subspace of Ahj, with ordered basis {z],yi,... ,Z5, ¥}, so that

dU = {0}. Say * is the Hodge star map on AU with respect to this ordered basis.
Thus, Ah}, = AU @ 2*AU and, if a € AU, then

xa = (—1)1*z"x(a).

Let Q = dz* =}, z}y;. Hence,

O™ =Q-- Q=m!(2jyiz5y5 - Thum)-

m times

The purpose of this section is to understand how multiplication by €2 acts on AU.

The main results of this section are taken from [Wel]. We will be working in
vector spaces over the field F(z) the field extension of F by 7, where 7 is such that
i2 = —1. Define, U, := U ®F F(3). :

If the field F already contains an element ¢ that squares to —1 (for example,
F = C), then F = F(i) and U, = U. Otherwise, U, is like the complexification of U.
The results we require, once they’ve been proven over F(i), can then be generalised
to hold for AU defined over F. In [Wel], it is assumed that the field F is R, hence
C = F(i). However, the proofs only require a field of characteristic 0.

Consider E''? and E%!, the vector subspaces of U, with dimension m and respec-
tive bases {21,... ,2m} and {Z1,... , Zm}, where each z; = z}+1iy] and z; = z}—1y;.
One can show that U, = E1.0 @ EOL,

The decomposition U, = E*® & E®! gives a bigradation AU, = &, ,FP*9, where
EP9 = APEY0 @ AYE%!. Each EP? has a basis

{zm---zﬂpé,,l---zyq|1_<_u1<---<,u,q§m,1Su1<---<1/q§m}.
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Define II, 4 to be the projection map AU, — EP9 and let C = ZM P9I, 4.
Note that {z3,y},-.. . Zh, Y} is another basis for U.. We can therefore extend

the definition of x on AU to AU, by defining x(ia) := ix(a) for all o € AU. Thus,

* becomes an F(i)-linear Hodge star map on AU, (if it wasn’t already) defined

with respect to the basis {z3,%},... %5, Y5}, and not with respect to the basis
{zla 21?' <+ 3 2%m, zm}
If we consider »_; z;Z;, we notice

m z. m
— * * — ._.
Q = E :E]y] = > E ZJZ]‘
i=1 i=1

Recall the natural projection map, II; : AU, — AJU, with w = 35,(—1)*™*II; =
Zj(—l)jﬂj, an automorphism on AU, such that w? = 1. Define ¥ : AU, — AU, by
¥(a) = Q- a and the adjoint map I' := ¥* (adjoint with respect to the Hermitian

inner product (,).). One can show that I' = wxW¥x, given s = w and (as it is
straightforward to show) *w = wx.

It is necessary, for what follows, to introduce some multi-indexing notation. If

p={um,. ..k} €{1,... ,m},

then it will be understood that the p;’s are in increasing order and zj,,y;, and z,
will denote the products

*

* *
Tpy Ty Yo Yo and 2y, -+ 2y,

respectively. Let |u| = k denote the length of p and let p/ = {1,...,m} — p (set
difference).

We let
wy = [[ 2% = (=2)" [ ] =595
jep Jjen
and note that the ordering of the factors in this last product is irrelevant.
Any element of AU, can be uniquely written in the form

E cu,u,'r . szuw'r,

BT

where ¢, ,,» € F(7) and the sum is over all mutually disjoint multi-indices u, v and
r. This is because {z1,... ,2m,21,..- s 2m} is a basis for Ue, so {2,2, | p and v
multi-indices } is a basis for AU.. If 7 = pNv, then z,2, = (£)2p—rZy—rw,. Hence
an alternative basis for AU, is { z,Z,w, | 4, and T are pairwise disjoint }.
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Lemma 12. [Wel, Lemma V.1.2] Suppose p, v and T are mutually disjoint multi- :

indices. Then

*(zu A Z,w,) = v (a,b,¢) 2u2, A Wuupur)

for a non-vanishing constant v (a,b,c) € F(i), with a = |u|, b = |v| and ¢ = |7|.
Moreover,

v(a,b, ¢) = i®~(=1) ("2 )+e(—g5yp-m
where p = a + b+ 2c is the total degree of z,z,w,.
Proof. The proof can be found in [Wel]. O

For any two endomorphisms f and g, their commutator fg— gf is denoted [f, g].

Proposition 13. [Wel, Proposition V.1.1] Let , x, w, C, ¥ and I" be as above. 1
Then,
('L) Knp,q = Hm—q,m—pl",{

(ii) [¥,w]=[w]=[¥,C]=[lC]=0; j
(iii) [T, U] = 337 (m — j)IL;.

Proof. Part (i) follows from Lemma 12.

Part (ii) follows from that fact that ¥ and I' are homogeneous F(i)-operators. j
Observe that

Ul 3 i - _ i
(zuZywr) = 3 E 2% | 2uZ,wr = Ezuz,, E Wrugsy |
i=1

JE(puruT)

On the other hand, we can show, using Lemma 12 and tedious, straightforward
computations, that

- 2
T(zuzw,) = 72l wa_{j}
JET

Using these formulas and assuming z,z,w, has total degree p, one can show
(T¥ — IT) z,Z,w, = (M — P)2uZ, Wy,

and part (iii) of the Proposition follows. [ i
Definition 14. Say v € APU, is a primitive p-vector if ['v = 0; i.e. if ¥xv = 0.
For k € Z, let k* = max{k,0}.
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Theorem 15. [Wel, Theorem V.1.4 and Corollary V.1.5}
(i) If v is a primitive p-vector, then ¥y = 0 when ¢ > (m —p+1)*. Furthermore,

if0< s<r, then I, ¥"|v = 0y s, U™~ 5v for some integer ar s p. In particular,
™, ¥"v = ¢, pv, where

crp =ri(m =p=r + (m—p—r +2)---(m—p) = ZE LD

whenr > 1, and cgp = 0.
(ii) There are no non-trivial primitive vectors of degree p > m.

Proof. Again, the proof is in [Wel]. O
Theorem 16. [Wel, Theorem V.1.6]
Let v be a primitive p~vector and assume 0 < r < m — p. Then

*UTy = n(p,r,m)¥™ P Cu,

where n(p,r,m) is a non-vanishing constant depending only on p, r and n, and
*UTy =0, if r > m — p. Moreover,

Tl

= (=1)PP+1)/2____ "
n(p,r,m) = (1) E—

Proof. In [Wel]. O

Theorem 17 (Lefschetz’s primitive decomposition theorem).
[Wel, Theorem V.1.8] Let v € APU.. Then one can uniquely write v in the form

(2) v= Z U v,,

r2(p—m)+
where for each v > (p — m)*, v, is a primitive (p — 2r)-vector. Moreover, each v,
can be expressed in the form v, =3 apr s VI v, where aprs € Q = F.

A partial proof can be found in [Wel]. However, the general case for existence is
left as an exercise. We therefore include the following completed proof.

Proof. For the uniqueness of representation (2), it suffices to show that if, for any
n such that L’;—" >0,

wo + ¥lwy + - + ¥w, =0,
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where the w, are primitive (p—2r)—forms, then each w, = 0. We can assume p < m.
By applying I'*, we obtain

(3) IMwo + Pn‘I’Iw1 4+ 4+ T 0w, =0.

Since w; is primitive, we can use Theorem 15 to obtain I'"¥"w, = Cr,p—2+Wr Where
Cr,p—2r 1S a non-zero constant equal to [I'", ¥7] acting on a primitive (p — 2r)-vector
(see Theorem 15). We can rewrite (3) as

IMwgy + Fn—l(F\I’wl) 4+ 2 (FZ‘Pzwz) + ... 4" (\ann)
- ino + Cl,p_grn_lwl 4+ 4 Cn,p-2nWn = 0.

Since the w, are assumed to be primitive, all terms vanish, and we are left with
Cnp—2nWn = 0, and hence w, = 0. Similarly, one can show each w,-x = 0 by
induction on k.

For the proof of existence, write c, as shorthand for ¢, ,_o,. Let p € {0,... ,2m}

and let n = |£]. Suppose v € APU.. Starting with v, and working down to vy,
inductively define, forr =1,... ,n,

n
v =TT | v — _>__ Uy,

j=r+1

and vo = v — 3%, Wu;. With v of the desired form,

v=uvp+ Vv + V2pp + - + Ty,

it suffices to show that each v, is primitive and of the form 3 _ap ¥,
That v, = c;T™v is primitive is straightforward: it is of degree p — 2n =

p— 2L§J =0 or 1, and T' is homogeneous of degree —2. Also, v, is trivially of the
correct form.

One can show that each v, is primitive, for r = 1,...,n, by assuming v+ is
primitive and applying I to v,:

n
Tv. =c ! [Ty -7 E Uiy,
Jj=r+1

n
— Cr_l —-Fr+1‘I/T+1’U7-+1 +Fr+1 v — E ‘I/J’Uj = 0.

~

=Cr41VUr41

j=r+2

~ )
~

=Cr41VUr4
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That each v, is of the desired form can be shown by assuming that for each j > r+1,
v; is primitive and of the desired form, and I'"¥Jv; = [["W]v; = av; for some
integer a, by Theorem 15(i).

That vg is primitive and of the desired form must be shown separately, but only
because cg = 0. The proof is similar to the cases c¢;,... ,cp—;. O

Corollary 18. [Wel, Corollary V.1.9] Suppose that v € APUL,.

(i) If ¥*y = 0, then the vectors v, appearing in the primitive decomposition of v
from Theorem 17 vanish if r > (p—m +k)*; i.e.,

(p—m+k)* -1

v= Z U y,.

r=(p—m)+
(ii) If p < m and Y™ Py =0, then v = 0. In other words,
U™=P ; APU, —s A2™PY,
1S an isomorphism.

Proof. By Theorem 17,

By Theorem 16, since v, is primitive, ¥9v,. =0if ¢ > (m — (p — 2r) + 1)*, which
implies that ¥™+5y, = 0 if r < (p — m + k). So we have

0= Z Tr+Ty,..

r2(p+k-m)+

The total degree of each term in this expression is 2k + p, and thus we have a
primitive decomposition of the (p + 2k)-vector 0 given by

0= Z ‘Ilqvq—k’

q2(p+2k—-m)*

from which it follows from the uniqueness of such a decomposition that each vq_x =
0,q > (p+2k—m)*. In other words, v. =0, 7 > (p+ k —m)™*, as desired for part
(i).

The injectivity of ¥™~P in part (ii) is a special case of part (i): letting each
k =m —p= —(p—m), it follows that v = Z;O UTv, is trivial. The isomorphism
follows from a dimension argument. [
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Corollary 19. [Wel, Corollary V.1.10]

Let v be in APU,.. Then v is primitive if and only if the following two conditions
hold:

(i) p < m and
(i) ¥™P+ly =0,

Proof. This follows from the primitive decomposition of Corollary 18(a). If v is
primitive, then v = vy, and p must be less than or equal to m, and by Theorem
15(i), ¥™~P+ly = 0. Conversely, supposing (i) and (ii) are satisfied, there is only
one term in the primitive decomposition given by Corollary 18(a), i.e.

(p—n+n—-p+1)* -1 0
v= E Uy, = E Uy, = vp.
r=(p—n)* =0

Hence, v = vy is primitive. [J

The results of the last two corollaries still hold if we restrict ourselves to the
underlying F-algebra AU in AU,. If F contains no i such that i = —1, then
AU, = AU & iAU and it is straightforward to verify that ¥ = ¥; @ ¥, where
U3 : AU — AU sends o to Q- a and where ¥, : AU — AU sends e to i(Q2- ), for
all a € AU. We can therefore drop assumptions about the field F and summarise
the important results from Corollaries 18(b) and 19 as follows:

Theorem 20 (The Lefschetz theorem). Let F be any field of characteristic zero.
Let U be the vector space over the field F with ordered basis {z3,y31,..- ,Zi, Y }-
Let U : AU — AU denote multiplication by Zj z;y; and let x denote the Hodge
star map on AU defined with respect to the ordered basis. Then
(i) the map
\I’k . Am—lcU - Am+kU
18 an isomorphism for k =0,... ,m;
(ii) as subspaces of A™FU,
ker UF+1 = ker (Ux)
fork=0,...,m;
(11i) U : APU — APT2U is onto when p > m and is injective when p < m.

Proof. The first two statements are, respectively, Corollary 18(b) and Corollary 19.
The third statement follows from (i). O

We end this section by giving an explicit structure of the subspace kerI' of
primitive vectors. This is not a result from [Wel|, but it is included for the sake of
completeness. First we note that I is not a derivation. If it was, then 0 = I'(w?) =

(Tw) w + w (T'w) = 2w, hence w = 0, for all w € A'U,. However, I does act like a
derivation in the following sense:
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Lemma 21. Suppose o and 7 are multi-indices such that cNT =0, & € span{w, |
1< 7} and B € span{w, | u C o}. Then

(4) I'(aB) = Ta) B+ a(I'B).

In other words, if o and 8 don’t have common indices, then T acts like a derivation
on their product.

Proof. By the bilinearity of both sides of equation (4), it suffices to check on basis
vectors. Suppose a = w, and 8 = w, where pNv = §. Then

2 2 2
I'(apf) = = Z W(po)—j = 7 Zw(u—{j})w ty Zwﬂu(”“{j})
jEMUY j€n Jev

= (Twy) wy, + wy, Tw,) = (Ta) B+ a (TH)
O

Theorem 22. The following is a spanning set for all primitive vectors in APU ,
when p < m: all 2,2, Hflzl(wja — wg, ) such that [pUv U {j1,k1,... 5, ki}| = p,
pNv =20, |pUv| =p—2l, and where the pair j, < k, precedes j, < ky in the list
{71, k1o g ki) iff Ja < jb. When p > m, the only primitive in APU is 0.

Proof. That there are no primitives in APU when p > m is Corollary 19, so suppose

p < m. That the elements of the above form are primitive follows from Lemma 21
and the fact that the indices are all disjoint:

{
. ( T ws. - wm)
a=1

l
= 2 3 Dwg, —we,) (w5, = we) - (wj, = wi,) -+ (w5, —wi))

a=1

where '(w;, —wg,) =2 -2 =0.

The proof of the other inclusion proceeds by induction on m, where the case
m = 1 is straightforward. Let U, = span{z},yi,... .2} _1,¥5_1} and suppose the
theorem holds on AU,,. If o € APU, then a = aw,, + b + NIy, + Y2Yr, for some
a € AP"2Up,, b € APU,, and 71,72 € A?~U,,. Thus Ta = ['(a)wm + a + ['(b) +
I'(m)zy, +T(v2)y;,. If, furthermore, a is primitive, then I'(a) = 0, a = —I'(b) and
[(71) =T(v2) = 0. Hence, a = b—T(b)wm + 7125, + Y2y, Where v125, + v2u%, is of

the desired form, by induction hypothesis. Therefore, it suffices to show b—I'(b)wy,
is of the desired form.
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By the induction hypothesis,
(5) L(0) =) Cuwiak - 2wy, —wi,) -+ (w5, — wy,)
the sum over all disjoint multi-indices x, v and j Uk in {1,... ,m — 1}, where
JUk ={j1,k1,... ,Ji,ki} are as in the statement of the theorem, and where Cpov,jik

are scalars. Note that, for degree reasons, |u|+ |v|+2l < p—2, hence |u|+|v|+2l <
m—1. Thus, pUvUFUEK # {1,... ,m — 1}, and therefore, for each summand in
equation (5), one can choose an index b, ;x such that buvik @ uUvUjUk. Let

b, = Z Cﬂ’uajak ' Z/-‘zu(wjl - wkl) e (le - wkl)wbp.u,j.k'
It is straightforward to check, using Lemma 21, that ['(b) = I'(¢’). Hence, b = b/ +«,
where « € kerI' N AUp,, hence is also of the desired form. Therefore,
b~T(d)wm = -T)wm +b' +&

== Z Cuw,jk - zuzv(wﬁ = Wk, )" (wjl - wkl)wm+
Z Cuw,jk - Zlizl/(wjx - wk1) T (wjz - wkl)wbp.u,j,k + K

= Z c[.l.,l/,j,k ) z/-"'zu(wjl - wkl ) e (le - wkl)(wbp,u,j,k - wm) + K.

§5 PROOF OF THEOREM 1 AND SANTHAROUBANE’S THEOREM

First, we prove the following theorem from {San] on the structure of the cohomol-

ogy of the Heisenberg Lie algebras. We start by recalling that A, = AU @ 2*AU
and, if o € AU, then *a = (—1)!2*x(a), hence

d*a = (-1)*uxa.
Theorem 23 (Santharoubane’s Theorem). Let m € N. Then
(i) the map ¥ : AF-2U — Bk(h,,) is an isomorphism for k = 0,.
BP(b,) = APU when p > m;
(ii) Z*(hm) = AFU fork=0,... ,m;
(iii) the first m Betti numbers of b, are by = 1, by = 2m and, for j = 2,... ,m,
bj = (2_;71) - (12:1’12)
Proof. Any a € Ab}, can be uniquely written as o = o' + 2*a” for some o and
o’ in AU. With do/ = 0 and d(z*a”) = ¥(a”), we find ¥ : AU — B*(h,) is
an onto map and AU C Z*(L). Theorem 20(iii) therefore implies part (i). To see
part (ii), note that for any 3 € A*U with0 < k < m —1, 2*8 is not a cocycle:
d(z*B) = ¥(B) # 0, by Theorem 20(iii). Finally, part (iii) follows from (i) and (ii),

since by = dim H*(b,,) = dim Z*(b,,,) — dim B*(h,,) = dim AFU — dim A¥=2U for
k=0,...,m. O

..,m, and

Note that the remaining Betti numbers of b, can be deduced by Poincaré duality.

- m--—uﬂhr—'”._
—
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Lemma 24. Fork=0,... ,m, ker A = A™*U N ker T*+1,

Proof. If @ € A™~%U Nker U*+1, then by Theorem 20(ii), o € ker(¥x). However,
with d* @ = (—1)™ % ¥x0, we have

Aok = dOpy_o = (—1)EmHDm=k+t D415, 4, 4 = d» Uxa = 0.

Thus, A™~%U Nker ¥*+! C ker A, .

Conversely, if a € ker A, ¢, then o € A™~*U, by Theorem 23(ii). Furthermore,
*xa € Z™Hk+1(p ), by Lemma 7, hence 0 = d* a = (—=1)™~k¥xa. Therefore, by
Theorem 20(ii), o € ker ¥F+1, O

To prove Theorem 1, the reader is reminded of the definitions of op, {z}, Wf (L; x)
and K Jk (L; z), for an arbitrary Lie algebra L with = € Z(L), as defined in Chapter

II. Below, we assume that op;, is defined on H*(h,,) with respect to the z in the
basis of §,,.

Lemma 25. When0<j <k <m, ij‘k = 2™ *(b,,). Moreover, iz(WJT"_k) =

{0}.

Proof. The second statement follows immediately from the first, since when m—k <
m, we then have Z™~*(h,,) = A™~*U, by Theorem 23(ii). Since each W; € Wjia,
we have

Z™ k) =Wk Wk C .o c Wk,

so it suffices to show that W,;”_k C Z™ *(h,). By definition, o) € W,;”"k iff there
exits a (k + 1)-tuple

(Co,...,a) € WHE x Wm+k=2 5 .. % wprk

such that i,a; = dojyq for j =0,... ,k—1. Note that dag = 0. Since da = dz*-i,a,
we have W!(iox) = 4,ax_; for | = 0,... .k and Uk (iar) = dag = 0. However,

Tk Am—k o A™HE] §s injective, so i,04 = 0 and, consequently, ax € A™~ kU =
Zm™*(hm). O

Recall the projection map 7 : Z*(hn,) — ker A from Definition 8. Say m; :=

| z1(h.,)- Note that [a] = [r(c)] whenever a € Z*(b,,), and ker m; = Bi(h,,,). Also,
by Lemma 24, '
\I/k+17rm—k(a) =0

for any o € Z™*(h,,), for k =0,... ,m. Therefore, z* Ukm k() is a cocycle and
we may define:
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Definition 26. For k > 0, let
Ok - H™ " (hm) — H™ 1 (hyn)
[a] — [2*TFn(a)].
One last result before proving the main theorem:

Lemma 27. Suppose 0 < k < m. Then, when restricted to H™*(h,,), we find
*0rx® = () (—1)™ *id gm-np,.) -

Proof. Suppose [a] € H™ *(h,,). Then |a] = [v] for a unique primitive v € A™—*U
(in fact, by Lemma 24, v = 7(v) = m(a)). Thus, ¥®i(a) = [+z*Tkv] = [xTFv)].
From Theorem 16, xUky = (—1)(m—k)(m=k+1)/2p10%, Hence,

*®x®[a] = (K!)? [CPr(a)] .

If we can show the following two results, the lemma will follow:
(i) Ifki ¢ F, we can write AU, = AU & iAU. Then if a is in A*U, Ca is also in
A*U.
(ii) Also, C?|pry = (—1)Fidpry.
These results both hold when &k = 0 (clearly) and when k = 1: any o € AU can
be written as a linear combination of z*’s and y;’s. But z} = 5’%21 and y; =
and one can show that Cz; = —y} and Cy; = zj.

Suppose both results hold on A¥~1U. By linearity, we caﬁ subdivide into the
following three subcases.

z;—Z;
2i

Case 1: With k even, a = aw,, where a = (—2i)~!"l = (=2)(-%), Then Ca =

a-Cw, = ail""I"lw, = aw, = a. Thus, (i) holds and, with k even, part (ii)
trivially holds.

Case 2: o = z;z,Y,, where j € p and j € v and where Ty, € AF-1U.
Case 3: a = y;z,y,, where j & p and j ¢ v and where z,y, € A*~1U. -

For these last two cases, the proofs that (i) and (ii) hold follow from the following
fact: if o = 2,2, € AF~1U, is such that j € y and j & v, then C(zja') = —y;Ca’
and C(y;a') = z;Cc’. Indeed,

. 1 N - 1 _ 1 ..
C(zia’) = EC ((zj + 2)zu2,) = §C (zjz,2,) + §C (Zjz,20)
1
_;_ (il#l_’-l_lulzjz;;?u + il#l-l”l*lzjzﬂzu) = 5(i,zj — izj)C (ZMEV) = —y;C’a'
and, likewise, C(yja') = z;C(a’). So (i) holds for Cases 2 and 3 by induction
hypothesis. Furthermore, C?(zja’) = —z;C?%(c/), so (ii) holds for Case 2 (and
similarly for Case 3) by induction hypothesis. O

We restate a stronger version of Theorem 1 as follows:

..

e e E—— T SR RS S kb Ak ¥ I T R
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Theorem 1. Let m be a positive integer and suppose k € {0,... ,m }
(i) The higher operators op, on H*(h,,) are such that

10) 97 IH"""""'l(bm) . Hm+k+1(bm) b Hm_k(bm)

is a well-defined isomorphism, and is zero everywhere else it is defined. Moreover,
its tnverse is

Oy : H™ 5 (hm) — H™H41(p,,,).

(i) If [a] € H™F+1(h,,) and [8] € H™ *(hm) are Poincaré duals, i.e. o] - (8] =t

Jor some non-trivial top class t € H*™*1(h,,), then opila] and ®¢[4] are also
Poincaré duals. Indeed,

(opkla]) - (Bk(B]) = (-1)™ % . ¢.

Moreover, on A™~*U,
(=1)™ k(&2 op, * = %y

Proof. Lemma 25 establishes i,(W;*7**1) = {0}, so opy, : KHF+1 — Hm—k(p ).
Suppose ¢ € Z™ *(b,,,). Then, if Bp =z"-QFP.x(c) for p=10,1,... ,k, we
have [By] = ®k[c| and, with a short computation, (S, ... ,Sk) shows that Dr(c] €
K74k+1. Moreover, 4,8; = =(c), so that opy 0@k = idgm-k(y, ). This, together
with Poincaré duality, proves that K***! = Hm+k+1(p 3 and op, and &y are
isomorphisms which are inverse to each other.
Now we want to show that

op; : Ki_y — HI %71 (hn) /[i Wi
is the zero map when j % m + [ + 1.

First note that, by definition, we always have op;(K zj—l) - izW,j ~!. We now
consider the three possible cases:

Case 1: j < m+ 1+ 1. Then j — 2l < m — [, so suppose j — 2l = m — k for some
k > . Hence, iz(WlJ_m) =i, (W™"*) = {0}, by Lemma 25, and so op; = 0.
Case 2: j > m+2+2. Thenj—2l—-12>m+1,so i, (Wi 2) C A-2-1p =

B7~%-1(h,,), by Theorem 23(i), and so op; is trivial (in the sense that it maps to
the boundaries). :

Case 3 m+1+2<j5< m+21+1.‘Here,j—2l—1 < m, so by the fact that
OPm41+2(—; 18 an isomorphism onto Hi-2-1(p ),

Hj—zt_l(bm) =1im 0pm+1+21_3 g [izW[j__lzl] g Hj_zz_l(bm)a

_—
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which shows that [z'zW,j__lzl = H7-2-1(p,,), establishing that op, is trivial (in the
sense that it maps to its ambiguity).
This establishes the first part of the theorem.

Let [a] and [B] be as in the statement of the theorem. From part (i), we can
find o’ € Z™~*(h,,) such that [z~ (dz*)ka’) = [a]. Also, z(dz)*n(8) € Zmtk+1(p ).

Note that op,fa] = (] and @[] = [2*(dz*)*7(8)]. Hence, since multiplication is
well-defined on cohomology,

t=la)-[8] = [z"(dz*)ka' . W(,H)] = (=1)mk [a' . z*(dz*)kﬂ(ﬂ)] .

Hence, (~1)™k.¢t = (opk[al]) - (D&[B]) .
Finally, by Lemma 27,

*pxp = (k1) (-1)™ Fidpgm-ry, ) -
Applying op,, to the left of both sides of this equation, part (i) implies
(k1)?(=1)™ % op;, = %@;5®; op, = %Py

Finally, since * = w = idy-(y,,), we have (k!)2(—1)™*%op, % = *®;. 0O

e R
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CHAPTER IV: FREE TWO-STEP NILPOTENT LIE ALGEBRAS

Though the TRC is known to be true for two-step nilpotent Lie algebras (Theo-
rem 1.14), many proofs exist. The subject of this chapter is an approach that might
lead to an alternate proof that the TRC holds for the free two-step nilpotent Lie
algebras, and consequently for all two-step nilpotent Lie algebras. It is hoped that
the new method, if successful, may lead to similar results for more general nilpotent
Lie algebras by giving insight into the structure of their cohomology.

This chapter closely follows Stefan Sigg’s Laplacian and Homology of Free Two-
Step Nilpotent Lie algebras [Sig]. This chapter describes Sigg’s paper (with the
relevant representation theory included) and explains how we can use his theorems
for our purposes, even though Sigg’s paper deals with homology on the exterior
algebra, while we are interested in the cohomology on the dual of the exterior
algebra. One bulky proof from [Sig], that of Theorem 16, is omitted, but the proof
relies strictly on Casimir operators and two formulas from homology that turn out
to be the same for cohomology. All of section 4, namely the use of bigradation and
Sigg’s decomposition to find hypercubes in cohomology, is original work.

Throughout this chapter, our field F will be C, the field of the complex numbers.

§1 GL, ACTIONS ON THE FREE TWO-STEPS

Let f,. denote the free Lie algebra of rank r > 2 over the complex numbers and
define the free two-step nilpotent Lie algebra of rank r to be

m, = fT/Cz(f«r) = fr/[f'ra [fr’fr]]'

We let {e;,...,er} be a basis for the generating set and denote its span by E,.
Let {fij = [e:,e5] | 1 < i < j < r} be a basis for F, := [m,,m,;] = Z(m,). Hence,
m, = E. ®F,, Am; = AE ® AF} and

m, = span {{e:}]_; U{fi; hr<icj<r|lei e5] = fij }-

We also have the usual ‘dual basis {e}}]_; for E} and {f};}1<i<j<- for F}. Note

that dE* = {0}, and d: F* 5, A%E? is an isomorphism sending each ;; to e; Aej.

We define an action of GL, := GL(r, C), the general linear group of all invertible
T X T matrices, on E; as follows. Using the isomorphism E} = ®]_,Ce; = C", define
GL- to act on E; as the standard representation. Note that this is not the usual

52
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adjoint representation on the dual space. This induces an action on F* = A2E? as
follows: if A € GL,, then

A fy=A-dYene))i=d! ((Ae’{) A (Ae’}))-

In turn, this induces a natural action on all of Am (as described by Proposition 5,
below). Note that the action of GL, commutes with the differential.

Homology and Sigg’s results.
Instead of defining the action of GL, on E, Sigg defines it (more naturally) to
be the standard representation on E,. The theorems from §3, below, were there-

fore originally intended for the homology on Am,. Their proofs use the boundary
operator 0 : AL — AL given by

(1) Op(z1 A+ A zp) =Z(—1)i+j+l[$i1xj]/\$1 AooByeeFyoe Ay
i<j

with 8, = 0 when p < 1. That & pOp+1 = O follows from the Jacobi identity (a
classical result [Kos]). The pth homology space is defined to be

Hp(L) = ker 8,/im 8py1.

Given any Lie algebra L with a positive Hermitian form (,) L, Sigg defines a
positive Hermitian form (, ) on AL, by setting (APL, A9L) = {0} when p # q and

(351/\"-/\33p,y1/\"'/\yp) =det(<$iayj)L)-‘

He then defines Jp to be the adjoint of 5,,+1 with respect to this inner product, and
proves:

Lemma 1. [Sig, Lemma 8]. Let {ei,...,e,} be an orthonormal basis of L with
lei.ej] =3 7 1cue;C forl<i< j<n. Then

(2) dp(z1 A+ -+ A p) Z( D)y () Ay A Fiee - Ay,
i=1

where dy (ex) = Picj e Aejk=1,...n).

In the proofs of his theorems Sigg uses results from representation theory, the
Laplacian operator defined by A, = d,—19, + 8,41d, and formulas (1) and (2). In
the two sections that follow, the only difference from Sigg's paper is that we use
the Laplacian A as defined in Chapter III. The following lemma tells us that our
Laplacian A has the same properties as Sigg's Laplacian A.
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Lemma 2. The differential d (from Definition 1.4) and its adjoint O (as defined in
chapter 3) satisfy similar equations on AL*:

) p
(3) dp(T] A+ Azp) = (=) dy(@]) Aai A---TF - A
i=1
and

(4)  Op(ziA---AZL) = Z(—l)””lag(m;' AT}) Az} /\...51?...;?.../\%,
i<j

where Oz(e; Nej) =Y i_, cfje; and 8; = 0 when i < 1.

Proof. That d, satisfies (3) is a direct consequence of the Leibniz rule. That an

adjoint of d,.; satisfies formula (4) is given by Lemma 1. By the uniqueness of
adjoint maps, 0, satisfies (4). O

Note that our action of GL, commutes with 8, hence with A. Therefore, in all
the proofs from [Sig] that follow (in the next sections), the only modifications made
from the original is that everything takes place in the dual space of Am, (with our
own Laplacian A which has the same desirable properties as A), with the action
on the basis of m; defined exactly as Sigg’s action on the basis of m, (i.e. we don’t
use the adjoint representation, as Sigg does for the cohomology in the last section
of his paper).

Henceforth, we will drop the stars (*) from the basis vectors of my, for ease of
notation.

§2 GENERAL REPRESENTATIONS OF GL,

In this section, we recall some general representation theory, as well as some

results about representations of GL,. As with Sigg’s paper, this section closely
follows [FuHa).

2.1 The switch from the Lie group to the Lie algebra.
Definition 3.

(a) Given a Lie group G,‘ a representation of the Lie group on a vector space V is a

homomorphism of Lie groups p: G — GL(V'), denoted (p,V).

(b) Given a Lie algebra g, a representation of the Lie algebra on a vector space V is

a homomorphism of Lie algebras pg — gl(V'), denoted (o, V).
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Theorem 4. Given a Lie group representation p : G — GL(V), where G is a
connected and simply connected Lie group, we can instead consider the derivative
representation Dp: g — gl(V') of the corresponding Lie algebra, with

d
Dp(A)= —| plezp(s4)), A€y,
s=0

where g is the Lie algebra of G, without any loss of information. That is, represen-

tations of a connected and simply connected Lie group are in one-to-one correspon-
dence with representations of its Lie algebra.

A proof can be found in [FuHa) or in [GHV2, Chapter I, §3].

In particular, a decomposition of a G-representation into irreducible subrepre-
sentations is also valid for the corresponding g-representation. As an example, the
following proposition shows how the usual group action on tensor products induces
Lie group and Lie algebra actions on the exterior algebra:

Proposition 5. Let p be a representation of a Lie group G on V.
(a) By setting

T-(vi A Aup) = p(z)vy Ap(z)vg A-- - A p(z)vp

forz € G and v; € V, we obtain a representation of G on the exterior algebra
AV.

(b) For the derivative representation, we get

, :
A-(vﬂ\---/\v,,):Z'ul/\---/\Dp(A)(vi)/\---/\vp,
i=1

with A€ gandv;, €V.

We will employ several tools from representation theory, such as the Casimir

operator and weight space decomposition, as will be seen throughout this chapter.

To better understand representations of GL.., it helps to understand the repre-
sentations of SL,.

2.2 Representations of SL,. This subsection summarises the needed results from
(FuHa, Chapters 14 and 15].

Let SL, := SL(r,C) denote the special linear group, the subgroup of GL, of
all matrices of determinant 1. Its Lie group representation can be identified with

the Lie algebra representation of sl := sl(r,C) (by Theorem 4), a semisimple Lie
algebra. ‘

As with all semisimple Lie algebras, sl can be decomposed as

sl,C=he (EBga>,

aed

R
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where h) denotes the Cartan subalgebra (a maximal abelian subalgebra of diagonal-

isable elements), the set of roots @ is a certain finite set of nonzero elements in b*,
and each root space,

8o = {z € sl | [H,z] = o(H)z, for all H € b},

is one-dimensional.

If V is any representation of sl,., then § acts semisimply on V, meaning V =
@xep-Va where each V) = {v € V | H-v = A(H)v,YH € h}. If Vy is non-trivial,

then it is called a weight space of si,, its vectors are weight vectors and A is called
a weight.

Remark 6. Note that if z € gq, then z: V) — Vi 4.

Remark 7. Given an irreducible representation V and a weight A of sl, on V., one
can completely determine the weight space decomposition of V by repeated applica-

tions of the action of the go’s on V) (since sl. - V) is a subrepresentation of V,
hence is all of V).

We note that

ai 0 0
0 Qs 0

h= : ar+---+a,=0
0 0 ar

a) 0 0
0 as 0

L‘i . . - . = a4,
o 0 ... ar

then
b* =span{Li,...,L;}/span{L; +--- + L,}.
Let E;; denote the 7 x r matrix with a 1 as the (4, ) entry and zeroes elsewhere.

One can show that ® = {L; — L; | i # j} is the complete set of roots, and that

each gr,—r, ;= span{E;;}. In an arbitrary representation V', each weight A can be
written as

A=MLi+ - 4+ ALr=M-A)Li++ (A1 = Ap) Loy

e TR 7 RS S T e RO
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Each A; — A must be an integer [FuHa, Chapter 15]. Thus, each weight sits on a
weight lattice

Aw =Z[L,,... ,L;)/{L1+---+ L} C b~

Remarks 6 and 7 tell us that any two weights in an irreducible representation will
differ by an integer linear combination of roots. Hence, for irreducible representa-
tions, weights are congruent modulo the root lattice, Agr C h*, generated by integer
linear combinations of the roots.

Supposing V to be irreducible and finite dimensional, there must be some \ such
that E;;(V)) = {0} whenever i < j. This happens when A = ALy +--- + AL, is
such that Ay > A2 > --- > A1 > A = 0 with >___, \; maximal. Call this A the
highest weight and call vectors in V) the highest weight vectors. By remark 7, V is
completely determined by repeated actions of Ej;, with ¢ < j, on V). In fact, the
highest weight vector is unique up to scalar multiple (i.e. Vy is one-dimensional when
A is a highest weight) [FuHa, Chapter 15]. We write V = V(\) = V(A1,..., Ar).
It is a classical result that all finite-dimensional irreducible representations of s{,.C
are in one-to-one correspondence with all V/(A1,...,A,) such that A\, = 0 [FuHa,
Proposition 15.15].

We will henceforth write V(A) = V(A1,...,A;), where i = max{j | \; # 0},
to avoid denoting an indefinite number of zeroes. Note that V(0) = C, the trivial
representation.

2.3 Representations of GL,. There is a precise relationship between represen-
tations of GL, and those of its subgroup SL,. In fact, if Dy denotes the one-
dimensional representation of GL,. given by the k! power of the determinant, then

Proposition 8. [FuHa, Proposition 15.47] Every irreducible complez representa-
tion of GL,C is isomorphic to

V()‘ly- . ’/\'r—lyf\r) = V(/\l —Aryeeey Apor — )‘7'70) ®D)‘1_,4

for some unique A = MLy + -+ A\ L, € Z[Lq,... , L] with Ay > X3 > -+ > A,

Note that it is not necessarily true that A, > 0. The action of the group GL, on
V(A1 ..., Ar-1,0) is exactly the same as the action of SL, on V() ... yAr—1,0)

when A; > 0. Each irreducible representation of GL, with A, > 0 can be represented
by a unique Young diagram.

2.4 Young diagrams and Frobenius notation. Let P, denote the set of all
partitions A = (A1,...,A;) such that A; > Ay > -+ > A, > 0. According to [Mac,
8I.A.8], there exits a bijection

Pr ‘i) Mpol
A r— [V(A)],
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where MP®! is the set of equivalence classes of irreducible polynomial representations
of GL, (meaning the matrix entries of the corresponding representation maps are
given by polynomials in the entries of the matrices of GL..), with equivalence classes
determined by isomorphisms of representations.

We will use two additional notations to describe partitions. The first is the Young
diagram Y (\) of a partition A, which is the graphical arrangement of \; boxes in
the ith row. For example, the Young diagram of A = (5,3,3,1) is

1]

We identify a box in a Young diagram with the pair (7, j) that numbers the row i
and the column j of the box. For each box (4,7) in Y()\), we associate the hook
number h(i, 7), which is the number of boxes directly below or directly to the right,
including the box itself once. In Y (5, 3,3, 1), for example, we have h(1,2) = 6 and
h(2,3) = 2. The conjugate X' of a partition X is defined by A, = #{j | \; > i}, i.e
one gets the Young diagram of X’ by transposing that of .

The other notation that we will use in this chapter is due to Frobenius. Let d = d),
be the number of boxes on the diagonal of Y'()\). Set a; = A; —i and §; = A] — i for
t=1,...,d, i.e., a; equals the number of boxes in the ith row to the right of the
diagonal and B; equals the number of boxes in the ith column below the diagonal.
We have a; > - > ag > 0and 33 > -+~ > B4 > 0 and write A = (a | B) =
(a1y...,a4 | B1,...,B4). In our example, we have A\ = (5,3,3,1) = (4,1,0] 3,1,0)
and X = (4,3,3,1,1) = (3,1,0 | 4,1,0). The conjugate of (a | 8) is (8 | @) and
a partition A is called self-conjugate if A = X, i.e., Y()) is symmetric, or & =
in the Frobenius notation. Define the length of A to be I(A\) = max{i | A\; > 0}.
Finally, one calls |A\| = 3_7_, A\; the absolute value of \.! Henceforth, a weight
A=xMLi+ -+ AL, will be denoted as a partition A = (A1,...,A.) € Pr.

2.5 Casimir operator. Let {E;; | 1 < i,j < r} be the standard basis of gl and
let b: gl x gl, — C be the bilinear form defined by b(A, B) = Trace(AB). The form
b is nondegenerate and it is invariant in the sense that b([A, B],C) = b(A4, [B,C))
holds for all A, B and C € gl,.. The dual of each E;; with respect to b is E;; and for

each gl representation g : gl, — gl(V'), the Casimir operator €, € gl(V) is defined
to be

T

Co= Y olEij)o(Es).

4,j=1

tIn fact, what I call “absolute value”, Macdonald calls “weight”, as [Mac] is not really a book

on representation theory. I mention this only to ease the pain of anyone who actually takes the
trouble of looking at my references.

O
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It is a well-known fact that the Casimir operator commutes with the corresponding

‘representation and thus acts as multiplication by a scalar on irreducible represen-
tations (by Schur’s lemma) [FuHa, §C.2].

Proposition 9. [Sig, Proposition 2] Let (V,p) be a GL, representation, W C V
an irreducible subspace with highest weight A = ()\1,...,\.) € Py, and o = Dp be
the corresponding representation of gl.. Then €,|lw = c(\)idw, where

c(A) =D A2 =20\ + (r+ 1A

i=1

Proof. Let wy € W be a vector of highest weight, i.e. o(Ej;)wx = 0 for all i > j
and o(E;;)wy = \;wy for i =1,... ,r. Thus we have

Cowy = Z o(Eij)o(Eji)wx + (Z Af) wy
i=1

i

= ZQ([Eij,Eji])w)\ + (i )3) W)

1<j

= Z Q(E,;i - Ejj)w,\ + (Z )\3) wy

i<j i=1
=1 i=1 i=1

=3 (A2 =20 + (r + 1A wa

i=1

§3 DECOMPOSITION OF COHOMOLOGY

3.1 Sigg’s Theorem. We now return to the free two-step nilpotent Lie algebras
m,. of the first section. Recall that E = ®]_;Ce; = C" is treated as the standard
representation of GL., hence of gl,, and that the action of GL, on F} is induced
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by the isomorphism d : F* =» A2E*. Thus, if A € gl,, then

A-(ea; o form - fam) =

k
Zeal"' Aeo, - -€ay form - famt
i=1 ’

instead
of eq,

7

l
-1
Zeax eay  fanm El (Aeﬁj N ey; t+eg; /\Ae’Yj) - feime
j=1

instead of fg, +;

As mentioned, d commutes with the action of GL,. With E;;(e;) = 6;;, the weight

p = (p1,..., 1) of a typical basis vector eq, A+ A€oy A fayy A+ A fBomym Of
Ak+™m?* is given by

pi=F{ la; =i} + #{s | Bs =i} + #{t |7 =i} >0

for : = 1,...,r. Note that since Am; is clearly a polynomial representation, its

irreducible subrepresentations can (and will) be represented by Young diagrams.
Let us look at the cochain complex first and see what we can say about the

multiplicities my in the decomposition Am? = @xep, (m,\V()\)). First, AFE* =

A¥(CT) is irreducible and equivalent to V(1¥) = V(1,1,... ,1) [FuHa, Chapter 15].

e ——

k times

On the other hand, there is the following result.

Lemma 10. [Sig, Lemma 3] For 0 < m < (;) we let B,, denote the set of all

partitions p € P, with || = 2m whose Frobenius notation is (ay,...,aq | a1 +
1,...,a4+1). Then

A™F? = A™(A2E) & @uen,, V(0.

Proof. Sigg gives the following direct proof, but he does refer the reader to a certain
character identity found in [Mac, 1.5, Ex.10]. The proof is based on an induction
over m, the cases m = 0 and m = 1 being clear. We thus assume that the assertion
holds form — 1. If u = (a1,... ,aq |1 +1,... ,aq + 1) € B, then we set

wy = fiz2 A A frag42 A fas Ao A faapi3 A fag A
N fader NN fdagvd+r-

This is a highest weight for all x € B, and we denote the corresponding irreducible
subrepresentation in A™F* by GL, - w,. It follows that W = @,c5,,GL; - w,

e e ST P S ST ETERTE T e
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is a subrepresentation of A™F. In order to show equality we consider the map
“¢m  AMTLEY @ F — A™F? with ¢n(v® fij) = v A fij. Obviously, ¢, is a
surjective GL, morphism (meaning it commutes with the action of GL,). We are
done if we can show that the image of ¢,, lies in W. The induction hypothesis gives

ATy OpueB,,_, GL, - w,. Furthermore we define the map ~: B,, — B,_; by
setting

ﬁz(al)"' ,ad|a1+13‘°' aad+1)~
(al,...,ad_l|C¥1+1,...,C!d—1+1), ifad=0,
T (e, ... yad—1,ad—1 o1 +1,... ,a4-1 + 1, aq), if ag # 0.

and noting that |u| = 2d + 22;1:1 aq, but ] = |u] - 2.

Then ¢m(wz ® fa,a4+d+1) = w, and since ¢,y is invariant under the GL, action,
the proof is complete. O

The initial data that follows from Lemma 10 can be pictured as

IR

Fr=v(1,1)= H (r>2),
A2FF =V(2,1,1)2 B:’ (r>3),

1]
NF=V(E,1LL,)eV(22): § e @ (r > 4).

IR

The next step is the decomposition of the tensor products A*E} @ A™F*. This
is done in the following lemma, which is also known as Pieri’s formula.

Lemma 11. [Sig, Lemma 4] For yu € Pr and 0 < k < r, we let T,F denote the set
of all partitions A € P, whose Young diagram Y ()\) can be obtained by adding k
bozes to that of p but at most one bozx in each row. This may be written formally
as TF ={A € Pr ||\ =|ul+k0< X — s <1}. Then

V%) @ V(4) = @acrs V).

Proof. See [FuHa, Sect. A.1, Ex. A.32(v)] or [Mac 1.5.17]. O

Putting together the information of Lemmas 10 and 11, we obtain a pretty good

understanding of the GL, structure of the exterior algebra, which Sigg summarises
in the following:

[R—— |

< i e T S TV T

PRSI



62 ’ ALAIN C. LEBEL
Theorem 12. [Sig, Theorem 5] For 0 < p < ("}'), we set A, = {(k,m) € Z? |
0<k<r0<m<(}),k+m=p}. Then

r(r+1)/2

Amr = P b p p v,

=0  (k;m)E€A, HEBm AT

where the sets B,, and 'Z;k are defined in Lemmas 10 and 11, respectively. Note that
we can specify the decomposition of the p—forms as

Amr B Pp P v

(km)€EA, uEBm €T}k

Here the initial data for » > 4 is

[
35
|
b
HH

If one continues to produce the decomposition of the exterior powers in the above

manner, an interesting phenomenon appears:

Proposition 13. [Sig, Proposition 6] Let my be the multiplicity of V(1)) in the de-
composition of Amy. If A € P, is self-conjugate (i.e., A = X or Y(A) is symmetric),

then my = 1 and V()) appears in the decomposition of A E> @ AUMN=d)/2p*
AUX+d3) /2

Proof. According to Theorem 12, the multiplicity m) of a Young diagram Y (A)
equals the number of distinct ways of getting from Y'()\) to a Young diagram of a
partition of the form (ai,...,aq, |01 +1,...,04, +1)

by removing a certain number of boxes, but at most one in each row. If X is self-
conjugate, i.e. Y (X)) is symmetric, then there is exactly one such possibility: the
removal of one box in each of the first d) rows. Recall that d) denotes the number
of diagonal boxes of Y(A). In the notation of Theorem 12, we then have k =dy < r
and 2m = [A|—dy < (), ie. 0<p=k+m=(]A|+dx)/2< ("}) =dimm}. O
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Since the boundary map 0 and the differential d are homomorphisms of repre-
sentations (i.e. they commute with the action of GL,), we get the “D part” of
the following theorem, which we refer to as “Sigg’s theorem”, even though Sigg’s
version really deals with homology but this version deals with cohomology.

Theorem 14 (Sigg’s Theorem). [Sig, Theorem 7] Let S, denote the set of all self-
conjugate partitions A with || = 2p—dy and [(\) < r. Then the decomposition into

irreducibles of the p** cohomology space of the free two-step nilpotent Lie algebras
of rank v as a representation of GL, is given by

HP(m,) = P V()

AES,

The proof of this theorem will be in the next section. For now, a useful corollary
is mentioned, given the following dimension formula from [FuHa, §6.1]:

) rT—ti+4+7
dimV()) = —
W= 1 =5
1,5)EY (X)
where h(i, j) denotes the hook number of the box (4, 7) in the Young diagram Y ().

Corollary 15. [Sig, Corollary 14] The Bettz numbers of the free two-step nilpotent
Lie algebras of rank r are given by

bp(m,) = dim HP (m,) Z H _"’__‘_’ﬂ

AESp  (i,7)€Y(A) h(i. )
where Sy, is described in Theorem 14.

3.2 Proof of Sigg’s Theorem. As mentioned, d, 8 and A commute with the GL,
action. Also, from Theorem II1.4, kerd = im d @ ker A, so ker A, is canonically

isomorphic to H?(m,). Sigg shows that A acts by multiplication by a scalar on
irreducible subrepresentations.

Theorem 16. [Sig, Theorem 10] Let ¢ = Dp : gl, — gl(Am?) denote the Lie
algebra homomorphism of our GL, action. Set ® =Y _._, o(Ey) and consider the
Casimir operator with respect to g, i.e. € = lei,jsr o(Eij)o(Ej:). Then

A= %(7‘@ - ).

The proof can be found in [Sig).
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Theorem 17. [Sig, Theorem 11] Identify V(\) with an irreducible subrepresenta-
‘tion of Am? with highest weight A = (o, ... ,aq, | B1y--. ,B4,). Then

Alyy = Q(X) - idy (),

where
1 dx 1 da
QM) = 3 ;Q(ai | Bi) = B i=1(0£i +B;i + 1)(Bi — oy) € Z.

Proof. The operator © commutes with p and reduces to a multiplication with
|Al = 3°i_1 X on each irreducible component with highest weight . According
to Proposition 9, the eigenvalue c¢()) of the Casimir operator on V(}) is given by

c(A) =D A =200+ (r+ 1A,

i=1
Since A = $(rD — €) we arrive at the following formula for the Laplace eigenvalue:

(5) Q) = —% ; (A2 - 2i); + )).

i=1

In order to prove that the above expression for Q()) is correct, we proceed with an
induction on d = dy. Assume d =1, i.e., A = (a | B) with certain o, 8 € NU {0}.
Then A = (a+1,1,...,1) and I(\) = B+ 1. According to formula (5) we then get
Q(a | B) = 3(a+B+1)(B - a). Now we suppose that the theorem holds for d — 1.

If we define \ = (01,... ,a4-1PB1,-..,B4-1) it remains to be shown that
2Q(A) = 2Q(A) = (ca + Ba + 1)(Ba — 0a)-
It follows immediately l'from the definition of the Frobenius notation that

;= (Alw" aAd—lv)‘d_ad_l)
Ali-+-1 - 15"' 7/\d+ﬁd - 1a/\d+5d+13"' 7A1‘)a
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and with formula (5) we compute

—2Q(A) = = 2Q(A1,... , A1)
+()\d—ad—1)2—2d()\d—ad—1)+/\d—ad—1

- ZQ(’\d-i-l - 11 s a)‘d+ﬁd - 1) - 2Q(’\d+ﬂd+1’ v ’/\r)
=—2Q(A\) + (ag + 1)(2d + ag — 2)3)

d+B4 d+f84
+2 Z i—2 Z A
i=d+1 i=d+1
==2Q(A) — (@a + Dag + (d+ Bg)(d + Ba + 1)
d+B4
~dd+1)-2 > d
i=d+1

=—2Q(\) — a3 — ag + 8% + B4
=—2Q(\) + (ag + Ba + 1)(Ba — aq),

which completes the proof. O

Proof of Theorem 14. It follows from Sigg’s results on the decomposition of the
cochain complex into irreducibles (see Theorem 12) that each partition A\ with
Frobenius notation (a1,... ,aq | B1,-.. , Bs) that occurs with a positive multiplicity
satisfies the relationship a; < 3; for i = 1,... ,d. If we are given such a partition,
the formula for the Laplace eigenvalues in Theorem 17 says that Q(A) is zero if and
only if o; = B; for all i = 1,... ,d. This is exactly the definition for self-conjugate
partitions. According to Proposition 13, the multiplicity of a self-conjugate partition

is 1, and since the kernel of the Laplacian is a complete set of cohomology class
representatives (Remark IIL.5), the theorem is proved. O

Sigg ends his paper by remarking that in the case of free three-step nilpotent Lie
algebras, there is a partition that appears with multiplicity 2 in the second exterior
power, but only one copy survives in the homology. Hence, Sigg’s theorem does not
generalise to k-step nilpotent Lie algebras for k > 3.

3.3 Cohomology of the first three free two-steps.
Here is a breakdown of H*(my) in terms of Young diagrams.

H%my) = C, as usual;

H'(my) = V(1) = [0 , with a highest weight vector of e;:
H?(my) = V(2,1)= Bj , with a highest weight vector of e; f1»;
H3(my) = V(2,2)= EB , with a highest weight vector of eje; fi5.

[ ——— - ]
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Of course, H%(m,) = C, for all 7 € N.

In fact, H'(m,;)= 0O and H?*(m,)= B:' for all r such that » > 2. This is
because if A € P, is such that I(A\) = r, then each A; > 1. If, furthermore, )\ is
symmetric, then A; = r. Thus, |A| > 2r — 1, hence || + dy > 2r and therefore, if

V()) < HP(m,), then 2p = |A| + d) > 2r. by Sigg’s theorem, and p > r. We have
therefore proven the following:

Lemma 18. If A € P, is such that A € P,_1, then |\| > 2r — 1. Furthermore, if
V(A) — HP(m;), then p > I(A\) =r.

We now do a similar breakdown for H*(m3). Write “h.w.v.” as shorthand for

“highest weight vector”. That the given highest weight vectors are correct is easily
checked by counting the different indices.

H®(m3) = C;

H'(m3)= V(1) = 0O , withhwv. e
H*(mg) =V (2,1)= H |, with hw.v. e fiz;
H(ms)2V(2,2)0V(31,1)= HH o [ ol

with respective h.w.v.’s of ejes f12 and e; fi2 fi3;

Hi(ms) 2 V(3,2,1)= [ , with h.w.v. eresfiafia:

H®(m3) = V(3,3,2)= } , with how.v. ejes fi2 f13 fa3;

H8(m3) =V (3,3,3)= , with h.w.v. ejeze3fiafi3fas.

Finally, because we’ll need the results later, here is a breakdown for H*(my). Note
that highest weight vectors don’t change from H*(mj3) when [(\) < 4. Also note

O A WLV
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that H*(m3) and H%(m,) have the same Young diagrams when i = 0, 1,2 and 3.
Ho(m4) = C
H'(my)=V(1) = 0O , withhwv. e
H?(mg) = V(2 = B:] , with h.w.v. e; fio;
Hm)2V(2,2)0V3 L1 [ o 0O

with respective h.w.v.’s of eje3 f12 and e; f12 fis;

1]

Himg) 2V(3,2,1)@V(41,1,1)= T o

with respective h.w.v.’s of 61€2f12f13 and €1f12f13f14;

1 1]
M|

?

H%(mg) 2 V(3,3,2) @ V(4,2,1,1) = | o

b

with respective h.w.v.’s of ejes f12 f13f23 and ejes fiofi3f14:
[]
J

H%my) =V (3,3,3) & V(4,3,2,1)= &

]

with respective h.w.v.’s of 616283f12f13f23 and €1 62f12f13f14f23;

L1
H'(my) =2V (4,3,3,1)®V(4,4,2,2)= | @ O

i

3

with respective h.w.v.’s of ejeses f12 f13 f14 fo3

and ejes f12 f13f14 f23 f24;

]
H8(my) =V (4,4,3,2)= '

,» with h.w.v. ejeses fi2 13 f14 f23 foa.

H?(my) 2V (4,4,4,3) = , with h.w.v. erezes fi2f13f14 f23f24 f34-

Hlo(m-'l) = V(4’4’ 4, 4) =

, with h.w.v. ejeseseq fi2f13f14 f23 f24 f24.

§4 HIGHER OPERATORS ON H*(m,)

4.1 Searching for hypercubes. Recall the definitions of hypercubes and of the
central representation, as described in Chapter II. In short, if z = dim Z(m,) = ( ),
then we are looking for a z—cube divided into z + 1 levels as follows (with 0 < v, <
<<y <Lz+ 7’)
Level 0 of cube: There is a single vector in H*°(m, ), with 2 operators (all pri-
mary, all secondary or all higher, as defined in Chapter II) mapping it to z linearly

v s . 7T T TEEAE T
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independent vectors in H"!(m,.).

Level i of cube: There are () linearly independent vectors in H" (m,), each
mapped to by exactly i operators coming from level i — 1, and each mapping to i+ 1
linearly independent vectors in level 7 + 1.

Level z of cube: There is a single vector in H”:(m,.), mapped to by z operators
from the z linearly independent vectors in level z — 1.

4.2 Example: r = 2.

When r = 2, then z = 1 and we want two linearly independent vectors connected
by a primary or secondary operator. Since mj is isomorphic to h;, we have already
seen (in Chapter II and in Chapter III) that 1-cubes exist in H*(m;). In fact, pri-
mary operators form 1-cubes bridging H?(m) and H'(m;), and a single secondary

operator, op { f12, f12}, maps any top class to a “bottom class” (a non-trivial ele-
ment of the field H%(m,)).

[6162f12]

le1f12] | le2 f12]

—-i}ml op{/f12.f12} l—i;u
[61] [82]

4.3 Example: r = 3.’

When 7 = 3, then z = 3 and we want levels 0 and 3 of our 3—cube to each contain
one vertex, and levels 1 and 2 to each contain 3 vertices. Here are two examples
of desired 3—cubes. They are dual to each other, in the sense that multiplication
of the span of level 7 in the first diagram by the span of level 3 — i in the second

i L CEXIIIE T asn e s
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diagram is non-degenerate.

61€2f12f13f23]
: _2!13
lerea fi2 f13] [€;€2f12f23] lere2 f13 fa3)
i;12 —i;la _i;za h . i;ls
A..'.< .'....A
[erez f12] [e1e2 f13] [e1e2 f23]
\pﬁflz,%\{.) yhz{
12,J13
1]
[€1€2€3f;2f13f23]
—op fuﬁ 2o0p{fi2,f13}
/ —2op{f12,f23} \
esfiafiz3+ eafi2foz+ }
e
[es f1s 23] i [ 61f13f23] i [ e2f13fa3
~.tha .
. Yfo3
*f2s —i}12
eaf i
esfi2— esfia+
e e
le3 1] [es f2a] [ elf23:| ez f13

s

[e3]

The first cube really is an honest 3—-cube. However, the second one only satisfies
our requirements if we identify {esfi12 + e2f13] with [e3f12 — €1 f23], which we can
because —i}  sends both to [es]. This sort of “cheating” identification will be
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used to find what looks like a 6-cube in H*(my) (see subsection 4.7). In fact, while
searching for (;) —cubes in H*(m, ), when r > 4, some extra tools are needed. We are

now ready to use Sigg’s results to analyse the actions of the central representation
on the cohomology of m,..

4.4 Bigradation on Am;}.

If V = ®p,V} is a bigraded vector space, a subspace U of V is called a bigraded

subspace if U = @, ,U NVP. For example, the images and kernels of bihomogeneous
endomorphisms on V' are bigraded subspaces.

Define 5(:5’ = APTIE; @ A9F* C APm}, so Am* = @p,q)?},” is a bigraded space.
First note that the differential d is a homomorphism of bidegree (1,-1):

.Y T+l
d: X7 — X771,
Hence, kerd and im d are bigraded subspaces, and we can define a bigradation on
the cohomology:
Hp(m;) = X Nkerd / X7 nim d.
Letting T = ("}') = dimm} and z = dimZ(m,) = dimF* = (3), we have
*(XP) = X Z__qp, where * is the Hodge star map defined in chapter III. Thus, 8

is bihomogeneous of degree (—1,1), and A = dd + 8d is bihomogeneous of degree

(0,0). Therefore, ker A is also bigraded and the decomposition ker d = ker A ®im d
is one of bigraded subspaces, meaning

)?é’ﬂkerd= ()?gﬂkerA) &) ()?g’ﬁirn 6). '

Let XP = X P Nker A, and note that X ¢ is canonically isomorphic to HP(m,).

Lemma 19. Forpe {0,...,T} andq€ {0,... ,z}

*(HP(m,)) = HIZP(m,),
where * is given in Definition III.8.

Proof. Recall from Chapter III the projection map  : ker d =ker A®im d — ker A.
We have 7 : XPNkerd — X}]’ Nker A. Therefore, if a € XPNker Ay, then

*a] = [*m(a)] € [)?Z__qp N ker AT_,,] = [XZT:Q”] = HZT__qp(mr).
Since ** = (—1)P(T—P) idg-(m,) on H*(m,), by Theorem II1.9, and since

*: HZ__qp(mr) — HP(m,),

SIpI SIS S
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we have % : Hf(m;) — H ZT__qp(mr) is an isomorphism with inverse
—1\P(T-p);
(=DP P yr-p -
O

We note that X 5’ is invariant under the GL,. action, and so decomposes as a sum

for some subset P?:? of P,, where V(A) is an irreducible subspace of APm; with
highest weight A\. Namely, PP is the set of all A € P, such that |A\| = p + ¢ (since
|A| is precisely the number of indices in the highest weight vector) and such that
V(X)) € APm] is non-trivial.

As seen in subsection 3.2, ker A, = @xes,V()) is canonically isomorphic to
HP(m,), where S, is a subset of P, defined in Theorem 14 and where V(}) is an
irreducible subrepresentation of APm} with highest weight A. Since

Apm = @qXp @q @)\E‘pp q V()\)

we can decompose ker A, = @¢ Gyeprans, V(A). Furthermore, )?” NkerA, =
Drerrans,V ().

Note that i f; is of bidegree (~1,-1), hence all primary operators on H*(m,)
are also of bidegree (—1,—1). As an immediate consequence, we show that H*(m3)
contains no 3-cubes whose edges are all primary operators. We first translate our

decomposition of H*(m3) into the language of bigradation, where H 7 is shorthand
for HP(m,.):

Hb(m3) = =V (3,3,3);

H%(m3) = H: =V(3,3,2);

H%(mj) = H3 =V(3,2,1);

H3(m3) = H2 ®H: =V(3,1,1) & V(2,2);
H?*(mg) =H =V(2,1);

H'(m3) = =V(1);

H®(mg )= H8 = V(0).

Thus, each i} being of bidegree (—1,—1), the two longest unbroken chains of
primary operators are H — Hj — H3 and H} — H? — Hj. They are both of

B——
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“length” 3, but a 3-cube has 4 levels. Hence, there are no desired 3-cubes in H*(mg3)
with all edges primary operators.

4.5 Example: r = 4.
When r = 4, then z = 6 and we want the seven levels of our 6-cube to contain
1,6,15,20,15,6 and 1 vertices (i.e. linearly independent vectors), respectively. To

find these, we first translate into bigradations our decomposition of H*(m4) from
subsection 3.3, where H? is shorthand for H}(my):

H®%(my) = H® =V(4,4,4,4);
H®%(my) = HY =V(4,4,4,3);
H8(my) = HE =V(4,4,3,2);

H3(

H?(my) = H? =V(2,1);
H'(my) = Hp =V(1)
HO%my) = HY =V(0).

With the exception of p = 5, where H°(m4) = Hj = V/(3,3,2,0) & V(4,2,1,1),
each HY in this example corresponds to a single irreducible subrepresentation of
HP(my). We find the following three distinct unbroken chains of maximal length,
where right arrows are collections of possible primary operators:

H§ — Hg — Hj —Hj,
H! -H! — H} - H3 — H} and
Hi — H} — H} — Hj;.

With each of these three chains, the highest weight vector of the left-most irre-
ducible subrepresentation is mapped to the highest weight vector of the right-most
irreducible subrepresentation by a composition of primary operators:

—ifyuifasifys : e1€2€af12 13 14 23 f2a faa € HE — eresesfrafizfas € HS

i astiast fratfrs ¢ €162 12 f13 frafosfoe € HE — ereafin € B3
—if14ifistfs t €1f12f13f14 € H3 — €1 € Hy
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However, there are no six-cubes of the desired form in H*(my4) with all edges pri-
mary operators; there are not even enough levels! In other words, the central
representation i* : AZ(m4) — End (H*(my4)) (Definition I1.3) is not faithful.
Ignoring ambiguity for a moment, recall that op { fxi, fmn } @] = [if,d ™ Yif. (@)+
if,..d"Yis, (a@)]. We note that secondary operators are of bidegree (—3,—1). It can

now easily be checked that any non-trivial secondary operator, if it exists, would
have one the following four forms:

sec sec sec sec
HEO =5 HI H] =5 g HS =5 HS or HY =5 HY.

Thus, if there exists a hypercube in H*(my4) of the desired form, it would have one
of the following three forms, where short unlabelled right arrows represent collec-

tions of primary operators and long “sec” arrows represent collections of secondary
operators.

HI =5 g - HS — HY — Hy — HY =5 HY,
HY — H® — H] =5 HY - H3 — H? — Hj, or
HY — Hf — H] — HS =5 HS — H? — Hj.
For each H} implicated in a potential hypercube, either the p — ¢’s are all even or
they all odd This holds for 7 > 2, because primary operators send HY to H (
p—qissent to (p—1)—(¢g—1) = p— q) and secondary operators send HY to H _

(so p—qis sent to p—q— 2).

A Mathematica® program, written for the purposes of finding a 6-cube in
H*(my), found that there are no 6-cubes of the second or third form (i.e. the
vertex in level 0 is a single vector in H%(my)). There are not enough linearly in-
dependent vectors in Hj in the images of the secondary operators, and there are
not enough linearly independent vectors in H§ in the images of any three composed
primary operators. Twenty are needed in each, but:

Mathematica® Observations.
(a) There are, at most, only 14 linearly independent elements in H%(my) that are in
the image of some composition of three primary operators;

(b) there are only 15 non-trivial, linearly independent elements in H*(my) that are
in the image of some secondary operator.

Efforts were therefore concentrated on finding a 6—cube of the first form:
HYP =5 g - HS — HY — H} — H} =5 HJ.
We note two observations regarding secondary operators on H*(my), the first

about secondary operators from H%(m,) to H'(m4) and the second about sec-

ondary operators from H3(my) to H%(m4). Their generalisations for all 7 > 3 are
also given.
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First, i, (H'(m4)) = {0}, for all w € F}, so secondary operators defined from
H3(m4) to H%(my) (hence from H$ to HY), if they exist, have no ambiguity. This
does hold in general, given that H*(m,) = span {[e;]|¢=1,...,r}. What also
holds in general is:

Theorem A. For every non-trivial vector w € V(2,2) C H3(m,), there ezists a

secondary operator op { fxi, fmn} such that op {fii, fmn} (w) # 0. In fact, each of
these secondary operators sends some scalar multiple of some weight vector to 1.

Proof. Note that v = [ejes f12] is a highest weight vector of V(2,2).
For the first part, note that w € V(2,2) = GL, - v, so

= Hi,42
- [ Z Z a"/l,llz eVIeszﬂl,uz]y

p1<pe vi<vg

for some set {a‘,jl1 b2eCll1sn<wvpsr 1Sy <p < r}. This sum represent-
ing w will contain some a’” - exe1fmn such that 0 # a’,‘,;fn # —ay; (note that

exelfmn — emenfri = dfri f,,m is a coboundary, so if w is a linear combination of
these, it is trivial). Thus,

+a“

op { fets fmn} [w] = ————— # 0.

For the second part, we divide the proof into three subcases, with k # 1, m # n
and no assumptions are made about ordering. The first case is op { fit, frr}, which
sends E,%,l Eﬁz(v) = [dexe; fr] to 4. The second case is op { fkn, fmn} Where k,m and
n are distinct; it sends Ey 1 Em 1 E,Zl‘z(v) = [2 (ekenfmn + €menfkn)] to 2. Finally,
op { fxl, fmn}, where k,l,m and n are distinct, sends the following vector to 1:

Er1E1 2 Em 1 En2(v) = [exeifmn + €menfri + exenfrr + emeifin) .
[}

The second observation from H*(mg) is that, for any w;,ws € Fy, op {wi,we}
maps H%(my) into H{ (if we ignore the ambiguity for a moment). Furthermore,
for all w € Fy, %, : H®(m4) — HJ. Thus, the onto map

Duwywp ¢ He ® Hi/ [i5, H3(m4g) + ir, H®(mg)] — HI,

defined by Puw, w, (a + B+ i3, H3(my) + i3, H8(m4)]) = a, whenever a € H{ and
B € H], is well-defined. We can now define the operator

op {w1,wy} : H(myg) = H(my)

(ST



CHAPTER IV: FREE TWO-STEP NILPOTENT LIE ALGEBRAS 75

by op {w1, w2} := Puw;w, : OP {w1, w2}

With H! = V(4,4,2,2), this last result generalises as follows: Let V, denote
V(r,...,r,7 — 2,7 — 2), the unique irreducible subrepresentation of H*(m,) whose
Young diagram consists of an r X T square of boxes with the bottom right 2 x
2 square missing. By composing the secondary operators op {w;,ws} with maps
Dw, w, (defined as with H*(m4), but in more generality below), we obtain well-
defined maps op {wy,ws} : HT (m,) — HT~3(m,) for any w;,w, € F;. In fact, if
t denotes the top class e; - --er fiafiz -+ fr-1r € ATm,, we find

Theorem B. Every op {fii, fmn} [t] is non-trivial in V, C HT~3(m,), forr > 2.
Moreover, V;. = span {ob {fkti, fmn}[t]l1 <k <lI<rl<m<n<r}.

That V; is in HT~3(m,) is easily verified by Sigg’s theorem:

2(T—3)—d,\=2((r-;1> —3>—(r—2)=r2-4=|,\|,
when A= (r,... ,7, 7 —2,7r - 2).
N

r—2 times

The proof of Theorem B will require a few lemmas and a formal definition of op.
These are relegated to subsection 4.6. We end this subsection by observing that

secondary operators from H to H3 have no amblgmty, since H; = {0} in this case.
This does not hold in general, as

H5%(m,) = H(m,;)® Hy(m,) =V (5,1,1,1,1) ®V(4,2,1,1) ® V(3,3,2)

when r > 5. We prove this as follows.

The calculations for breaking down H*(ms) into irreducible subrepresentations
are not shown, but

H%ms) =V (5,1,1,1,1)®V(4,2,1,1) ® V(3,3,2).

It suffices to show that Hy = {0} when r > 2 and, when r > 6, no new partitions
X € P, with I()\) = r are such that V()\) — ker Ay & H®(m,).

That HS = {0} certainly holds when 7 < 4. Thus, if 7 > 5 and A € P, is such
that A ¢ Py, then Lemma 18 implies |A| > 9. Hence, if V(\) — H®(m,), then
V()\) — H_ where g > 4.

To show that, for r > 6, H°(m,) has no more irreducible subrepresentations than
H5(ms), note that if I(\) > 6, then |A] > 11 and V(X) < H_ implies ¢ > 6, so
V(\) — X5 ASEr ® AS~9Fr = {0}, since 5 — ¢ < 0.

This also proves that all primary operators on H§(m,) C H%(m,) are trivial, and
hence
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Theorem C. For all v > 4, all secondary operators are defined on HS(m,).

In other words, H§(m,) C K§(m,), where K¥ is from Definition II.8.
4.6 Proof of Theorem B.
Recall that T = (T+1) dim m, and that z =dim Z(m,) =T —r.

Lemma 20. The mapping d : X” — X”+1 is injective when p € {0} UN.
Proof.

d: XP — XPt1is injective iff
8: XP*l — XPisonto iff
d: XTP7! — X7 ?isonto iff
d: (AT-P72E?) ® F} — AT PE; isonto (which it clearly is).
a
Lemma 21. HT=3(m,) =V, ® HI*(m,).

Proof. Since XT .3 = A"tI"3E* ® A*~IF; is trivial when j > 3 or when j <0, we
have

ATmr=XT 2o X P o X[ e X
That 5('31_‘33 C BT—3(m,) follows from the observation that

el"'er'f12 'j"'fl"’fmn"'fr—l.r
= ((ﬂ:)61-~-e7---e§---er-f12---sz---fmn,---fr-l,r)-

Lemma, 20 implies XT-3n zT-3(m,) = {0}. Thus, HT3(m,) = ® HI-},
where HI 2 is the direct sum of all V/(A) with A € S, such that |/\| = ( -3)+
(z—-1) = (Hz'l) + () —4= r2 — 4. However, the only three partitions p € P-
satisfying || = r? — 3 have Young diagrams which are 7 X 7 grids of squares with
three squares missing from the bottom-right corner, as follows:

D m g
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. 'I

@ .
-

All partitions in P, satisfying |A| = 72 — 4 can be obtained by removing one box

from the bottom-right corner of any of the above Young diagrams. Thus, the only

symmetric partition such that |\ = r2 —=4is XA = (r,...,7,7 = 2,7 — 2), which

is obtained by removing the diagonal box from the third of the above diagrams.
Hence HI 2 =V,. O

and

We are now ready to define secondary operators on the top class. By subsection
3.3, H?(m,) = V(2,1) = H when r > 2. Hence,

HT2(m,) = *H*(m,) = *H? = HI

and X HT=2(m,) C HI=}. Thus, op {w1, w2} : HT(m,) — HT=} can be defined
w1thout ambiguity, for any wy,we € F:

Definition 22. Let op {w1, W2} = Puw,,w, - OP {w1, w2}, where the onto map
Pwywa ¢ (HT 13 @ H )/ [i:leT—z(mT‘) + i:quT_z(mT)] - H;F——ls

is given by Puw,aw, (@ + B+ [i5, HT~2(m,) + i3, HT"%(m,)]) = a, whenever a €
HT-? and B € HI}

Henceforth, let 6;; denote the position of f;; in the ordered list
{fiz: faz, .- s fro1r}
For example, 612 =1and O-—1r = z. Thus, f := fi2-  fr=1r = (—l)o‘i“fij .

f”, where f1J is shorthand for fiz«-- fi; - fr-1r. Therefore, t = (—1)%+7+1f;;.
€1 ep- f1J and one can show

(6) 65 {fklafmn}[t] =

[( 1)9m"+k+l+rekelfmn ( 1)9H+m+n+r§n-e\nfl:l],

o=

o~

where €;¢; is shorthand for ey ---&; -+ €& -er.

e rsmmms e RO
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Lemma 23. No op {fxi, fmn} [t] is a coboundary.

.Proof. By Lemma 20, d : )~(ZT‘4 — HT-3? is injective. Hence, all elements of

the form d(ey---€x---€ - -€mn--+€n---e-f), with £k < | < m < n, are linearly
independent, where f = fi2--- fr-1, and

{el...é;c...é\l...e/:n...é';...erfI1Sk<l<m<n$r}

is a basis for XT~4. Note that

d(e1 - Gp- 61 Em-tn-erf) = (_1)r-4[
(—1)k+l+0kl+1f§1?nfkl + (_1)m+n+0m,,+lac'afmn+
(-1)k+m+0kme7-c:szm + (_1)l+n+91n eTeTnfln‘*'
( 1)k+n+9kn+1elemfkn ( )t+m+0¢m+leke flm ]
Also, {d(e1- €k "€ €m-€n--ef)l<k<l<m<n<r}isabasis for

BT-3(m, )N HI 3.
We now show that, for fixed k,l, m and n,

55 {fits frn} [ = 5 [(—1) ™4 F o (- 1)kt o
is linearly independent from all coboundaries. Suppose

0=ua-0p {fr, frmn} [t] + Z Opzyzd (€1 € Earrby- 6y r-erf)

1Ifw<z<y<z<r

for some scalars @ and {Qygy: | 1 Sw <z <y <2z <7} We want to showa =0
and each ouyzy, = 0. For ease of notation, say auwzy: = Qs(w)o(z)o(y)e(z) for every
permutation ¢ on {w, z,y,2}. So we can say

0= ((_1)0k1+m+n+ra+ (_1)k+l+9k1+1aklmn) {ne\nfk\l'*‘

((_1)0mn+k+l+ra + (—1)m+n+9m"+laklmn) @fmn""

(—1)k+m+okmaklmn€/le\nfkm + (_1)l+n+elnaklmn@fln+

(_1)k+n+9kn+1aklmn676\mfkn + (—1)l+m+01m+1aklmn3/k—e\nflm
+ > Qupayz (—1)V Ot Twmvz g e £y

w<z,y<:
{w.z,y.2}#{k.l,mn}
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where Tyzy: =0if w <y<z<zory<w<z<uz, and Tyzy, = 1 otherwise.
Thus,

0= ((_1)9k1+m+n+ra+ (_1)k+l+0kz+1aklmn) eTne\'n..fk\l+
((_1)0mn+k+l+ra + (—1)m+n+9m"+1aklmn) e/k\elfmn"i'

y+z+60,.+T —
+ Z(_l)'} v ey awzyzewezfyz-

where the last summation is over all distinct {w,z,y,2} such that w < z, y < 2
and, if {w,z} = {k,!} (respectively, {m,n}), then {y,2} # {m,n} (respectively,
{k,1}).

The linear independence of the {a,e\x fuz lw<z,y< z} therefore implies each
Quzyz = 0 and a = (—1)k+rEm+ntlg, o hence a=0. O

Lemma 24. On Am}, is - Ex— Eg -0 = B4 (fmn) When k #1 and m # n.

Proof. It is a fundamental result that the commutator d;d; —dad; of two derivations
dy and d; is again a derivation. Hence, iy, - Exi — Exi - if,,, and g, (f,,,) are two
derivations of degree —1 and it suffices to show that they are equal on m;. In fact,
both are trivial on E} = span{e, | a = 1,...,r} and it suffices to check on F7.
Note that Ey; - iy, (Fr) = {0}, so it suffices to check that-if, . - Ek; = i, (fmn)
on F*. We divide the proof into three subcases: {k,l} = {m,n}, k & {m,n} and
k € {m,n} butl ¢ {m,n}.

Case 1: If {k,I} = {m,n}, then ig, (s, = is, = % = 0 and, since Ex(fab) #
Skl fp Ek[(fab) =0, for all f,p € F.

Case 2: If k ¢ {m,n} then ig, (5,..) = %0 = 0 and 5, - Exi(fap) = 0, since
Exi(fab) = frb, far or 0, when a < b.

Case 3: If k € {m,n} and | ¢ {m,n}, suppose without loss of generality that
k = m (the case k = n being analogous). Then ig,,(s,..) = i, 1t suffices to see,
fori1<a<b<r,

(0, ifl;éaorb;w
-1, ifa=mn;
i fn fak = Jif Il =b;

0, otherwise;

' 1,if b=m;
T Jif L=
\

0, otherwise;

tfrmm - Bkt (fab) = j b =1y, (fab)-

T PR TR AT axiae wi” A e b | T
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Lemma 25. Foralli# j, k#1 and m # n,

op { fil, fmn} - EijlH3(m,) = <0P {E;i(frt)s fmn} + op { fris Eji(fmn)})

H3(m,)

and

E;;-0p {fxt, frmn} |HT (m,) = (— op {Eji(fkt), fmn} — OD {fklani(fmn)})

HT(m,)
Proof. We start by proving the more general result on HP(m,),

(7) op {fkla fmn}’Eij_Eij‘OP {fkla fmn} =0p {Eji(fkl), fmn}+0p {fkla Eji(fmn)} 3

where we assume the ambiguity of every secondary operator on H?(m;) to be trivial,
so equation (7) is well-defined. This is certainly the case if p = 3, or if we restrict
ourselves to the top class (p = T) and replace our operators by the op {fki, fmn}’s
by applying py,,,f.. to both sides of equation (8), below:

Defining the quotient map q : ZP~3(m,) — ZP~3(m,)/BP~3(m,) = HP~*(m,),
we compute:

Bis - 0p {fitsfon} 0] = Big -0 (™ 4 + i1~ i) ()

s -1. - . —1. (0
=q (Bij - igd g, + Bij ifnnd g (5)

=q ( (~iEst) +ifuBig) 47 gt
(~Es ) + 1 Bi3) Y5 ) (3)
= g( = B, @ i mn + g0l Eigign,
- iEji(fmn)d-lifklifmnd—lEijifkl) (%)
= q( - 7:Eji(fkt)d_l'ifwm + iEji(fkl)d_lifmn + 7:szd—lifnm Eij
— 5 () Vs F B )
i i By ) (5)
SO

Eij : op{fkl’ fmn} [a] = (_ op {Eji(fkl)1 fmn} - Op{fkl, Eji(fmn)}:
(8) + 0p{fets frnm} - B3 ) led.

o o s

¢ i B SRSV
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The first part of the lemma now follows since E;;(C) = {0}. The second part
also follows since E;;[t] = {0} for any t € HT (m,). O

We are now ready to prove Theorem B.

Proof of Theorem B. Lemmas 21 and 23 imply the first part of the theorem (i.e.
that every op {fki, fmn} is non-trivial and in V7).

First we verify that er/_l\erjf_l\,r = ey -er_afi2- " fr—2r is a highest weight
vector of V;.. It suffices to check that E;; (er/_\lerjf_l\r) = 0 when 7 < j (which is
straightforward) and to count indices to verify

————
P ro& e fl<i<r—2,
Eii (er—lerfr—l,r) =

————
(r=2)-é_1efro1mifi=r—1lorr.

By equation (6), op {fr—1,r, fr—1,r} [t] = (—1)T‘ler/_1\erm, so it is a highest
weight vector of V,.. Representation theory tells us that repeated applications of Ej;,
with 4 < 7, to op {fr—1,r fr—1.r} [t] gives us a complete basis for V» C HT-3(m,).
Indeed, Lemma 25 tells us that repeated applications of Ej; to op {fr-1.r, fr—1r11t)
will give a basis consisting of linear combinations of op { fki, fmn} [t]'s. O

4.7 A 6-cube. No actual representations of 6-cubes have yet been found in
H*(m4). However, if certain identifications on H*(m4) are made, something that
looks like a representation of the 6-cube can be constructed. Henceforth, “primary
operators” will refer specifically to those primary operators of the form z"‘f‘j , unless
otherwise specified. We start with level 0 of our 6-cube being the top class, t =
e1e0e3€e4 f12.f13f14 f23 f24 34, and level 1 having the vertices

vig = 0p {fiz, fre} [t] = [63641?2] ,

v13 := —20p {fi2, f13} [t] = [8364171\3 + ezeq f12

)

)

]
)

L}

vig := 20p {f12, fia} [t] = [€3€4f/1\4 + ezez f12

)

Vo3 1= —20D {f12, fos} [t] = [€3€4f/\23 + ereqf12

——

Vag := 20D {fi2, foa} [t] = [€3€4f/2\4 - €1€3f12] and

vagq = —20p {f12, fas} [t] = [636’4]7:;4 - 8182]?1\2] :

So the first two levels of the 6-cube are as we want them to be. For level 2, we
expect to find 15 linearly independent vectors, each mapped from level 1 by two

O——— |
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primary operators (up to sign). However, what we find are

leseafiafoafaafaa) = if,,(v12) = i}, (v13),
lesea fis faafaa faa] = —i},, (vi2) = i}, (v1a),
lesea fizfrafaafaa) = i}, (v12) = i}, (v23),
lesea fra fra f2afaa) = —i},, (v12) = i}, (v24) and
leses fiafrafaafaa) = i}, (vi2) = i}, (va4),

which account for five vectors, and the following ten pairs of vectors, where each of
the twenty vectors only has one primary operator mapping to it from level 1:
—i%,, (v13) = [esea f12f23faa faa + €2e4 f13 f23 24 f34]
and — i}, (via) = [eseaf12f23f2afaa — e2e3 frafaafaa faal,
i%,5 (v13) = [eseaf12f14f24 f34 + €2e4 f13f14 f2a fad]
and — i}, (v23) = [eaeaf12f1a foaf3a — er€afrafosfoafaa),
—i},, (V13) = [eses fraf14f23 f3a + €24 f13 f1a f23 f4]
and — i}, (vas) = [eseaf12f14 23 34 + ere3 frafosfaa faa],
i%,, (v13) = [eseaf12f14f23 f24 + e2e4 f13f14f23f24]
and — i}, (vss) = [eseafi2f1af2af2a + e1e2frafos faafaal,
i%,, (v14) = [esea f12f13f24f34 + €2e3f13f14 f24 f34]
and i}, (ves) = [eseafr2f13f24f3a — ereafiafazf24 faa];
—i%,, (v14) = lesesf12f13f23 faa + e2e3 f13f1af23 fa4]
and i}, (v2a) = [esesfr2f13f23 fa4 + ereafiafasfaafaal,
i%,, (v1a) = [eseafr2f13f23 faa + €263 f13 f23f24 f34]
and i}, (vas) = [eseafr12f13f23f24 — €1€2f13 f23f24 fadl,
—i%,, (v23) = [eseaf1af13 f1afaa + e1€a f13 frafasfad]
and — i},, (vaa) = [esesfr2f1af14f34 + €1€3f13 f14 24 faa],
i}, (v23) = [esesfi2f13 frafoa + €164 f13f14f23 f24]
and — i}, (vs4) = [esea fr2f13f14f24 — ere2f13f1af2a faa),
i}, (v24) = [esea fraf13 frafos — eresf1a fraf23 fad]
and i}, (vss) = [eseaf12f13f14f23 + €12 f13f14 fas faal.

We define one of the vertices in level 2 to be the set which is the first pair:

esesfi2f2afaafaa :=

{ [esea fi2 f2a foa faa — €2€a f1afasfoa faal, [eseafr2 f1a f2a faa + e2ea frafrafoa faa] } -
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The set ezeq f12 f23 f24 f3s now has two primary operators mapping to it from level 1.
Likewise, we identify the other nine pairs in the list to obtain sets that are mapped

to from level 1 by two primary operators. Hence, level 2 of our hypercube consists
of the following vertices:

[esea fra fa3 faa f3a), [€3€4f13 23 faa faa), leseafiafiafaafa4], [€3€af13 14 f23 f24),
lesea fizfiaf23f24], €3€af12 f23 foafaa, €3ea fi1af14f2a f24, €3€sf12f14 f23 fa4,
eses f12f1a f23 foa, €3€afr2f13f24 f3a, esea fr2f13f23f34, €3€af12f13f23f24,

eses f12f13f14f34, ezeaf12f13f14f24, e3es f12 f13f14 f23,

where each ezeq f12 fo, 6, faap, fasps IS @ set containing two distinct elements of the
form

[esea f12fa1B; fazBa fasss + something |,
where the “somethings” may be read from the list of pairs.
We also note that 7} (vi2) = 0, and we obtain the following vectors which we
ignore since none are of the form [e3es f12 fo,8, faz B, fosps+ Something]:
i}, (v13) = [e2eq fra fa3 faafaa), =17, (v14) = [e2e3 f13 f23f24 fad],
i%,5 (V23) = [ereafrafraf2afaa], —1},, (v24) = [e1€3 f13 f14f23 f24]
and i}, (vsa) = [e1€2f13 1423 f24]-

The operator i%,, acting on ezeq f12f23f24f3a is well-defined, since it sends every

element in the set to [ezesf23f24f34]. Indeed, it is straightforward to check that
i},, is well-defined on any of the identified pairs of vectors in level 2 of the 6-

cube. However, if we apply —i%, to each element in egeqf12fo3f24 f34, We obtain
leseafr2faafaa + e2eaf13f24f24] and [eseq f12f24f34 — €2e3f14f2afa4). Thus, i}, is
not well-defined on this vertex unless there is a vertex set eseq f12f24f34 in level 3
which contains these two vectors. In fact, let level 3 of our 6-cube be
[esea faafaafaa), [eaeafrafoafaa), [eseafiafasfaa), [eseaf1af23 24]), [€3€4f13 24 34]s
leseq fi3 f23 f3a], [€3ea fiafazfoa), [e3eaf13fra faa)s [e3€af13f14 f24), [e3€4 f13f14 23]

e3eq f12f24 f34, €3ea f12f23f34, €3€af12 f23foa, ezeafr2f14f34, eaea f12 fr4faa,

ezesafi2f14 f23, €3eaf12f13F34, €3ea fr2f13f2a, €aeafr2f13f23, eaeq fr2f13 14,

where .
eseq fr2f24faa = { [e3ea fiafaafaa + e2ea f13faa faa) = ifpaifs(V13) = —if 05,5 (v13),
[e3ea f12f2afaa — €2€3frafoafaa] = ipptfis (V1a) = —if58 505 (v14),

[e3ea fi2faafaa + €164 fazfoafaa] = if 0515 (va3) = —if 500, (vzs)}-

SP—— |
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Likewise, each ezesfi12fa,p8, fasp, is defined to be a similar triple of vectors, with
three primary operators mapping to the set from three vertex sets in level 2. Primary
operators between our level 2 and our level 3 are well-defined:

i}ajﬂj : 33€4f12fa131 e fasﬁa — 6364f12fa1ﬁ1 e fajﬁj e faaﬁga

for j = 1,2,3. To demonstrate these last statements, it suffices to look at one of
the vertex sets and say that the proofs for the other vertex sets are similar.

While there are six primary operators going to ezeq fi2 fo4 fas from Hé(h,,,), there
are in fact only three edges going to it from the vertices of the form ezeq4 f12 f23 f24 f34,
eses fi2f14f24f34 and ezeq f12 f13f24 fa4.

Similarly, we define level 4 to be the following 15 vertices:

les€a f2a f3a), [€3€4f23f34], [€3€afo3faal, [e364f1af34], [€3€4 f14 F24),
leseafiaf23), leseafiafaa), [eseaf1afaa)s (€3eaf13 fas], [eseaf13fral,

eses f12f34, €3ea f12f24, e3eq f12 f23, eaeqa f12f14, €34 f12f14,

where the five vertex sets are

eses f12faa = {[eseaf12f3a + e2e4 f13faa], [e3esfr2faa — e2€3f14 faa],

[e3ea fraf3a — e1€afasfad), [e3€af12f34 + €163 f2a f34]},

eseafiafoa = {{eseafi2f2a + €2e4 f13f24], [€seaf12f24 — e2eafi4faa],

[esesfiz2f2a — e1€af23 foa), [eseafizfoa + €162 f24 f3a] },

eseaf12f23 = {[eseafi2foz + e2es f13f23], [e3eq f12fas — e2ea fiafas),

[e3ea fizfaz — e1e3faafod), [e3eafizfos + e1€2f23faa) },

eseafi2f1a = {[eseafi2f1a + e2e4 f13f14], [eaesa f12f14 + e1e4f14f23),

leseq fizfia — e1e3fiafoal, [eseafi2f1a + €162 f14 faa] },

eseafizf1a = {|eseafiaf13 + ezeafiafra], [esesfiz2f1a + ereq fiafaa),

leseafizfia — ereafiafoal, [eseafiafis + ereafiafaa]}.
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Again, we observe the well-definedness of primary operators from level 3 to level
4. One can verify that, for each vertex set, there are four primary operators going
from the vertex sets in level 3 to it.

One may also verify that, so far, each vector in our 6-cube, whether a vertex
itself or an element of a vertex set, is non-trivial. In fact, since the primary and

secondary operators are well-defined, it suffices to check this fact on the 30 vectors
that appear in level 4.

Now we consider level 5 in a similar fashion. First, of the six vertices we expect
to find, we have the following five linearly independent vectors:

leses fr3], [esesfia], [esesafas], [eseafaa], [e3zeqfaa).

Each of these is mapped to from level 4 by five primary operators in a well-defined
manner. For example,

leseq faa] = i} ,[eseqa fiafaa] = i} ,[eaea frafaa] = i}, [eses foz faa] = i},,[esea f2a fad]

and i} , (ezesfi12fa1) = {[esea fa4]} . Moreover, as we would expect, each of these is
mapped to level 6 by secondary operators. Namely, if we define the single vertex in
level 6 to be 1, then the above vertices are mapped to 1 by, respectively,

20p {fi3, fa¢}, 20D {f14,faa}, 20p{fos, faa}, 20p{foa,faa}. oD {faa, fas}.

As for the sixth vertex in level 5, define

eseafi2 = {leseafi2 — ere2fad], [eseafi2 + e1e3fadl,

[eseafiz — ereafas], [eseafiz + exesfial, [eseafiz — ezeafia)}

Four of the vectors in this set are linearly independent. However, ezes fio—e1€2 faq =
d(f12f34), so the first element in the list, [€3€4f12 — 6162f34], is trivial in H*(f]m)
Thus, the secondary operator 20p { f12, f34} sends four of the vectors in ezeq f12 to
1, but sends one vector to 0. The secondary operator is therefore not well-defined
on this vertex. Furthermore, if one wanted to create an equivalence relation based
on these ezeqfu,p, - fors. vertex sets, and hence find a hypercube in a quotient
space of H*(my), one would find the equivalence classes induced by eze4 f12 imply
one of the vertices in level 5 is trivial in the quotient space.

REG————— .

o e g A PR LRI, € TTRIKIAD AL £k L




CHAPTER V: OPEN PROBLEMS

In every example seen, if a and 3 are Poincaré duals in H*(L), where L is a
nilpotent Lie algebra, and there exist non-trivial elements op; o and op;1 0, then
these two elements are also Poincaré duals. The same holds for all examples of 2—
parameter secondary operators. Therefore, a problem to explore is that of proving
this property holds for all nilpotent Lie algebras, or of finding a counter-example.

Of course, the proof of the Toral Rank Conjecture is still open.

One might wish to find a general proof of the TRC on free two-step nilpotent
Lie algebras by using the results of Chapter IV. By looking at the free two-steps
on 5, 6 or 7 generators, one might see whether or not the “cheater” (;)—cube from
subsection 4.7 generalises in a satisfying manner. If not, one might consider other
subgraphs in the diagrams representing H*(m,), with “edges” being operators and
the number of “vertices” (i.e. linearly independent vectors) being greater than
or equal to 27, in general. It is the author’s opinion that the bigradation from
subsection 4.4 can be a powerful tool for this end, and it is with a touch of regret
that this project must be postponed indefinitely due to lack of time.
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