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Abstract

We study diffusion-reaction-advection models describing population dynamics of aquatic
organisms subject to a constant drift, with reflecting upstream and outflow down-
stream boundary conditions. We consider three different models: single logistically
growing species, two and three competing species.

In the case of a single population, we determine conditions for existence, unique-
ness and stability of non-trivial steady-state solutions. We analyze the dependence
of such solutions on advection speed, growth rate and length of the habitat. Such

)

analysis offers a possible explanation of the “drift paradox” in our context. We also
introduce a spatially implicit ODE (nonspatial approximation) model which captures
the essential behavior of the original PDE model.

In the case of two competing species, we use a diffusion-advection version of the
Lotka-Volterra competition model. Combining numerical and analytical techniques,
in both the spatial and nonspatial approximation settings, we describe the effect of
advection on competitive outcomes.

Finally, in the case of three species, we use the nonspatial approximation ap-

proach to analyze and classify the possible scenarios as we change the flow speed in

the habitat.
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Chapter 1

Introduction

1.1 Biological motivation

Mathematical biology studies biological processes using techniques of applied mathe-
matics. A model in mathematical biology is described by a system of equations (for
example, Ordinary Differential Equations or Partial Differential Equations). Solving
such a system (analytically or numerically) allows one to predict the behavior of the
model over time, or to make inferences about biological processes.

In this work, we study several models of population dynamics in ecosystems
that are characterized by unidirectional flow such as streams, rivers or canals. Such
ecosystems are especially vulnerable to changes in the flow speed, which may cause
an ecological imbalance, eventually breaking food chains in the entire ecosystem.
For example, human activities and erosion may change the channel geometry and
increase or decrease the flow speed. Examples of such changes include efforts to
contain floodwaters!, building of dams, diverting water for agricultural use etc. The
main motivation for my work is to understand the possible population dynamics

consequences of changes in flow speed in such habitats.

Isee http://www.waterencyclopedia.com/Re-St /Stream-Channel-Development.html
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We focus on three ecological settings: single species, two and three competitors.
Our goal, in the case of a single species, is to give a mathematical explanation of the
mechanisms behind the “drift paradox” [34], [50] (persistence of populations in advec-
tive habitats), in a specific reaction-diffusion-advection model. Our model involves
the logistic growth term, which describes a more realistic situation than the linear
growth term case considered in [47]. The non-linear approach is especially important
in describing the long-term dynamics of river populations. In the case of two and
three species, we are mainly interested in the effect of advection on the competitive
outcome. We achieve our goals by analyzing systems of reaction-diffusion equations
originating in the Lotka-Volterra competition model.

Since we are dealing with an aquatic habitat with biased water movement, we
assume that in all three models there is a “source” such as a waterfall or a dam,
which serves as a “reflecting” upstream boundary. We also assume the existence
of a downstream boundary characterized by the absence of change of population
density (e.g. river flows into a freshwater lake). The populations are assumed to grow
logistically (in the absence of competitors). In competition models, growth rates of
different competitors are different as well (otherwise, the affect of advection will not
be seen). In addition to unidirectional advective movement, the organisms also diffuse
within the habitat. In the case of competition, we assume that the species have equal
diffusivity and they are subject to the same “effective advection” (average advection
speed affecting the organism over its lifespan, e.g. zero advection while in refugia or

on benthos, and full advection when in the drift).

1.2 Population growth models

We begin by reviewing some basic population growth models, which view the popu-
lation as a quantity depending on time, without taking into consideration its spatial

distribution. The simplest models deal with a single species, whose growth dynam-
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ics are determined by the current size of the population. These models include the
exponential growth model (suitable for bacteria populations in ideal conditions) and
logistic model (which takes into account the carrying capacity). Next we consider the
Lotka-Volterra model describing the competition of two species, and its generalization

to the case of three species.

1.2.1 Exponential growth

Let us represent the number of individuals in the population at time ¢ by y(¢). Con-
sider the following simplest model where the rate of change of y is proportional to
the current value of y. Namely

dy

ay _ 121
=Y (1.2.1)

where r is the net per capita growth rate, the difference between the birth and the
death rate. It corresponds to the growth rate in the absence of any limiting factors.
If, in addition to (1.2.1), we have an initial condition y(0) = o, then model (1.2.1)
possesses the solution y(t) = ype'.

In many cases, this model gives a reasonable and accurate solution for limited
periods of time. If » > 0, zero is an unstable equilibrium and the population exhibits
unbounded growth. If » < 0, the equilibrium state is asymptotically stable and small

perturbations lead back to it. Namely, the population goes extinct.

1.2.2 Logistic model

Due to a variety of reasons (e.g.limited food supplies or space), an increase in the
population may be accompanied by a decrease in birth rate, or increase in death
rate, or both. Therefore, the exponential model above is unrealistic for large times.

Instead, we consider a model that has a non-constant intrinsic growth rate, depending
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on population size. That is, we replace the constant r with a function h(y):

% = h(y)y,
where h(y) is the per capita growth rate. Assume that h(y) satisfies the following:
h(y) ~ r > 0, when y is small and hA'(y) < 0 when y is sufficiently large.

For example, h(y) = r — ay satisfies these properties and allows us to handle

limited growth of the population in the most natural way. Therefore, the logistic

growth model is presented by the following equation:

% — (r —ay)y. (1.2.2)

This equation was first studied by Pierre F. Verhulst in 1838 (see [25]). It can be

rewritten in an equivalent form

% =(r—ay)y=ry <1 — gy> =Ty (1 - %) ; (1.2.3)

where -~ = K is called the environmental carrying capacity. Here % >0for0<y<

K, and % < 0 for y > K. Equation (1.2.3) has the explicit solution

B Kyoert
- K +yo(et 1)

y(t)

For a solution to be biologically relevant (non-negative), we must have yo > 0. If
Yo > 0, then lim; o y(t) = K, i.e. K is the limiting value of y (it is the size at which
the population birth rate is equal to its death rate).

We can gain insight into the qualitative behavior of our model without using
the explicit solution, by studying steady states and their stability via linearization.
Equation (1.2.3) has two equilibria y; = 0 and y; = K which correspond to zero
growth rates of the population.

dy

Near yf, 57 ~ ry. Near y;, we introduce a new variable x = y — K, which gives us



1. Introduction 5

the difference between the population density and carrying capacity.

In terms of the new variable, equation (1.2.3) can be rewritten as

dz ra?
= —rx — —.

dt K
If y is close to K, x is close to zero and the linearization gives us

dx
— = —rx.
dt
For r > 0, the equilibrium yj = 0 is unstable and y; is asymptotically stable. There-
fore, for a positive intrinsic growth rate, solutions to (1.2.3) are combinations of

exponential growth close to zero and exponential decay close to the carrying capac-

ity.

1.2.3 Lotka-Volterra model: two competitors

We will now look at the classical competition model due to Lotka [28] and Volterra
[49]. In this subsection, we follow [25]. Let us consider two species with population
sizes Y7 and Y, that compete with each other over some resource or space in the
environment. In the absence of its competitor, each population grows logistically.
We assume that each species has its own intrinsic growth rate and its own carrying
capacity.

As a result of competitive interaction, we expect a decrease in the per capita
growth rates for the two species. We introduce the competition coefficients aq, and
a1 that describe the influence of the first population on the second one and vice versa.
Under these assumptions, the Lotka-Volterra competition model takes the following

form:

day; _ 7“1}/1(1 _ Y1+021Y2)7

4 K (1.2.4)
D = rpYy(1 — gl
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We rescale the system by setting T = %, Y1 = yi Ky, Yo = g Ko, as = a,

= = T2
Oélg—b,S—Tl.

The original system becomes

% =y1(1 —y1 — aya) :yl_y%_ayly% (12.5)
B2 — syp(1— yo — byr) = syo — Y3 — sbyiyp.

There are four steady states that correspond to (1.2.5). Namely, they are (0,0), (1,0),

(0,1) and the coexistence state

() = a—1 b—1
y17y2 - ab_l’ab—l .

The last equilibrium has biological meaning only if a,b > 1 or 0 < a,b < 1. Note

that orbits of biologically relevant solutions must be contained in R?. Let us study

the linearization of system (1.2.5) that is given by the Jacobian matrix J:

d [ wn (70 1 -2y — ays —ay, Y1
E = J =

Y2 Y2 —bsys 5(1 — 2yp — by1) Y2

At the zero state, we have

1 0
J(0,0) = :
0 s
and det J(0,0) = s > 0. Since the trace of J(0,0) is positive, the steady state (0,0)
is always an unstable node.

Next, at (1,0) we see

—1 —a

0 s(1—0)

J(1,0) =

and det J(1,0) = s(b—1) > 0 iff b > 1. Also, when b > 1 the trace of J(1,0) is
negative. Therefore, the steady state (1,0) is a stable node for b > 1, and a saddle



1. Introduction 7

point for b < 1.
Now,
J(0,1) =
—bs —s
Similarly, the steady state (0, 1) is a stable node if @ > 1 and a saddle point if a < 1.
Finally,
J(y1,y3) = R ,
—sbyy  —sy;
det J(y7,v3) = syjys(1 — ab). Consequently, the coexistence steady state is unstable
(saddle point) if ab > 1 and stable if ab < 1. As it is seen, the competitive outcome
depends entirely on the values of the competition coefficients. Let us treat all four
cases separately.
Case 1, (competitive exclusion by the second competitor, b > 1 and a < 1)
The equilibrium (1,0) is stable, (0,1) is unstable and the coexistence equilibrium is

not biologically meaningful. The first species has a significant effect on the second,

while Species 2 has only a minor effect on its competitor. Thus, y; excludes ys.

Case 2, (competitive exclusion by the first competitor, a > 1 and b < 1)
The competitive outcome is reversed. The second species approaches its carrying

capacity (1 in non-dimensional case) and its competitor goes extinct.

Case 3, (coexistence, a,b < 1)

Both species have relatively small effects on each other. Both single species steady
states are unstable saddle points. On the other hand, the coexistence state becomes
a stable node. When the interspecific coefficients are small then coexistence for two

species is possible.

Case 4, (founder control, a,b > 1)
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Figure 1.1: Phase plane portrait for the founder control outcome.

Using the above argument, we conclude that both single species steady states are

stable and the coexistence equilibrium is positive, but unstable. System (1.2.5) has

y1 =0,y = l_ayl as yi-nullclines, and y5 = 0, yo = 1 — by, as yo-nullclines. Below the

line given by the equation y, = UL g1 increases, and above this line y; decreases.

Also, vy, increases below y3 = 1 — by; and decreases above it. The situation is summa-
rized in Figure 1.1. In this case, the interspecific effects are quite large. As a result,
we observe exclusion of one or the other species. Depending on initial conditions,
either the first or the second competitor will be the winner. This situation is called
founder control.

Using the Bendixson-Dulac negative criterion, we show that there are no solutions
with limit cycles.
Theorem (Bendixson-Dulac Criterion) (in [25], page 125)

Let B be a smooth function on a simply connected domain D C R? and let
{ &= F(e.y) 5= Gy

be a differentiable dynamical system on D. If the divergence

0(BF)  0(BG)

V- (BF,BG) = =5~ 5
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does not change sign in D, and is not identically zero, then the system cannot have

a periodic orbit in D.

Note: There is no algorithm to find such a function B. In the case of the Lotka-

1

Volterra competition model, the following function can be used: B(yi,y2) = .

Thus,
OBy)  9(Byx) _ 8 (1 — Y - ay2> + 9 (5(1 — Y2 — by1)> __1_ 35y
oy Yo oy Y2 ys U1 Y2 U

The divergence does not change sign in the first quadrant. Therefore, there are no

closed orbits within this area.

1.2.4 Lotka-Volterra model: three competitors

We consider the dynamics of three competing species, with population sizes repre-

sented by v (), y2(t) and y3(t). The equations of the Lotka-Volterra model read:

dy,
_t =l (7“1 — a11Y1 — a12Y2 — a13y3),
Y
—; = yz(?“z — a21Y1 — A22Y2 — Cl233/3), (1-2-6)
4
E = y3(7“3 — G31Y1 — A32Y2 — a33y3),

where r; > 0 are the respective intrinsic growth rates, and a;; > 0 are the inter- and in-

traspecific coefficients. Orbits of biologically meaningful solutions must be contained

in R3. Note that the system has at least four fixed points: one unpopulated fixed

point (0,0,0) and three single-species fixed points F} = (;—111,0,0), F, = (0, o ),
— T3

F;=1(0,0, asg).

We will need the following definitions given in [19].

Definition 1.2.1 The solutions of (1.2.6) are called uniformly bounded if there exists
D > 0 such that for any solution y(t) = (y1(t), y2(t),ys(t)) of (1.2.6) with y;(0) > 0
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for all i < 3, we have:

limsupy;(t) < D.

t—o0

Definition 1.2.2 Matriz A = (a;;) is called a B-matriz if for any ¥ € R3, the

solutions of (1.2.6) are uniformly bounded.

By Theorem 15.2.4 of [19], uniform boundedness is equivalent (in our notation)
to the property that for all § € R3 such that § > 0 and 7 # 0, there exists ¢ < 3 such
that y; > 0 and (Ay); > 0. This is obviously true if all a;; are positive, as we assume.

Thus, in our case, solutions are always uniformly bounded.

Definition 1.2.3 System (1.2.6) is called persistent if for any solution y(t) of (1.2.6)
such that y;(0) > 0 for all i < 3, we have:
limsup y;(t) > 0.
t—o00
Equivalently, for any solution with non-zero initial populations, none of the popula-
tions approaches zero as t — 00.
The persistence condition defined above still allows populations to become arbi-

trarily small periodically. The next definition excludes this behavior.

Definition 1.2.4 System (1.2.6) is called permanent if its solutions are uniformly
bounded and there exists 0 > 0, such that for any solution §(t) of (1.2.6) with y;(0) > 0
for all 1 < 3, we have:

lim inf y;(t) > 6.

t—o0
The above definition means that for any solution with non-zero initial popula-
tions, each population will eventually stay above § (and § does not depend on the
particular solution). Thus, permanence is stronger than persistence.
In the analysis of the behavior of the three species system (1.2.6), we will need to
refer to its two-species subsystems. If the third species is missing, the corresponding

two-species subsystem
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dy:
— = 3/1(7“1 —anyr — CL12?/2),

g}; (1.2.7)
E = y2(7“2 — G21Y1 — a22y2)

has four possible equilibria: the unpopulated state (0,0), the two monocultural (ex-
clusion) states (;%,0) and (0, ;2), and the coexistence state given by A~1r, where
A = (ay;) and 7 = (r1,72)7. The unpopulated state (0,0) is always unstable. De-
pending on the value of the parameters, there are four (biologically relevant) possible

outcomes (compare with the previous subsection) :

stable coexistence, if r; > @22 and ry > “2

tive exclusi ies. if 71 ) .
competitive exclusion by first species, if r; > 22 and 1o < 2

ai212 and 7»2 > ‘1217‘1;
a9 all

competitive exclusion by second species, if | <

founder control, if r; < £2™2 and ry < 22101,
? a2 ail

Note that, just as in the case of (1.2.6), solutions of (1.2.7) are uniformly bounded.
We say that system (1.2.6) admits a heteroclinic cycle if each of its two-species
subsystems has a competitive exclusion outcome, and there is a cyclic arrangement
of winners and losers, i.e. in the absence of species i, species i — 1 will outcompete
species ¢ — 2 (indices are counted modulo 3). Thus, there are orbits in the three
coordinate planes in y;y2ys-space, with the ¢th orbit having a-limit F; and w-limit

F,+1 (indices modulo 3). In terms of the coefficients of system (1.2.6) this means

T1 a1z a1 (] Q23 22 3 a3; ass
— < : — < ; — <

R

) b ) ) .
) Q22 Q21 rs a3z 32 (& a11 Qi3

The following criteria of persistence and permanence are proved in [19].

Theorem 1.2.5 (in [19], page 206)
System (1.2.6) is persistent (and uniformly bounded) iff
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1. it has an interior fixed point y*;
2. det(A) > 0;
3. none of the two-species subsystems of (1.2.6) has the founder control outcome.

Remark 1.2.6 Note that the system

dyy

= y1(7’1 —anyr — a12y2)7

Cgfz (1.2.8)
E = y2(7“2 — 021Y1 — a22yz)

is in the founder control situation exactly when

a1 (& 12
< _

a21 () 22

.. . . . ajp a2
This inequality implies ajjass — ajsas; < 0. Thus, if det > 0, then

a1 Q22
founder control is not possible, no matter what the growth rates are.

Theorem 1.2.7 (in [19], page 207) System (1.2.6) is permanent iff it satisfies con-
ditions (1-3) above; in addition, in the case when it admits a heteroclinic cycle, the

coefficients must satisfy

a3171 1272 2373 a2171 a32T2 1373
( -1 -1 1)< (11— 1-— 1-— ,
1173 2271 3372 a1172 A2273 3371

or, equivalently,

((1317’1 - a117‘3) (a127“2 - &227’1) (Cl237‘3 - a337“2) <

(@1172 - a217"1) (a227’3 - (1327°2) (G337“1 - a137’3) .

If system is permanent, any solution will either approach the interior fixed point

(in case it is stable), or a limit cycle (in case the interior fixed point is unstable).
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1.3 Individual movement models

Almost all living organisms move in space. Thus, we introduce the space variable,
x, in order to derive a model for the dynamics of the spatial distribution of the
population. In addition to the usual growth dynamics of a population, we consider
diffusive (random) movement of individuals, and a possible advective motion (such as
the drift motion in a stream). We describe two ways of deriving the diffusion-reaction
or diffusion-reaction-advection equation: via a stochastic process approach (random
walk), and via a conservation law. We also discuss possible boundary conditions for
such an equation, including Dirichlet (hostile) and Danckwerts’ (outflow). Our main

reference is [26].

1.3.1 Random walk

This approach originates from stochastic processes and ignores birth and death dy-
namics. We think about the location of an individual as a random variable, and
associate with it a probability density function (PDF). This function changes with
time as the individual performs random movements. We deduce the equation for the
PDF known as the Fokker-Planck equation.

Let us consider the probability density function for the location of an individual,
who takes steps from z to the right, to the left or stays at the same place with
probabilities R(z), L(z), N(z) respectively. The length of the step (§) and the time
between steps (7) are fixed. Then the probability density satisfies the following master

equation
u(t+71,2) = R(x — 0)u(t,x — ) + L(x + d)u(t,z + 0) + N(z)u(t, z). (1.3.1)

We are interested in a continuous time, continuous space process, i.e. in the limit
as 7,0 — 0. One of the ways for calculating the probability density function u(t, x)

is showing that it satisfies the Fokker-Planck equation, which can be deduced from
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(1.3.1). Tt turns out that, in the case of the simple movement model, the solution of
the Fokker-Planck equation can be easily found.

We expand the right and the left sides of (1.3.1) using Taylor series expansion,
assuming

R+ L=u(x), L-—R=/3x), (1.3.2)

where the function p is called the motility and the function [ is called bias (see [1]).
Thus,

72 0%u
(t,x) + W)

u(t,z) + th (t,x) + h.o.t. = N(z)u(t, x)

+(R( )—6%( )+%%($)+h.o.t ( (t, x)—&%( )+%%(t,$)+h-0-t->

oL 62 02 L du 6% 0%u
+( (x )+6%( x)+ — 5 9% 2(t x)+hot) ( (t, :c)+5a—(t a:)+5@+hot)

where h.o.t. stands for higher order terms in the Taylor expansion. Using (1.3.2) and
taking the limit as 7,0 — 0, in such a way that % — D, the above equation can be

reduced to the Fokker-Planck equation

ur = D(pu) e — (Ou),. (1.3.3)

Particularly, taking R = 0.5 + 70 and L = 0.5 — ~¢ yields an advection-diffusion
equation

U + VUy = Dy, (1.3.4)

where é—‘f — v, as 6,7 — 0. For v = 0, (1.3.3) can be simplified to a diffusion

equation

Uy = Dy, (1.3.5)

where % — D, as 6,7 — 0. The fundamental solution of (1.3.5) is the solution of the
Fokker-Planck equation for an individual which starts moving at x = 0, ¢t = 0. This
fundamental solution is in fact the solution of the initial value problem u(z,0) = dy(z)

(where 4y is the d-distribution). It is given by the Gaussian distribution
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For the diffusion equation with a general initial condition u(z,0) = f(z), the solution

has the following form (see [8]):

u(t,x) = (f * G- 1))(x) = / " )Gl — g, t)dy = mlm / " f)e B ay.

In case of the advection-diffusion equation (1.3.4), we use the change of variables
U(t,z) = u(t,z + vt).

Then we have

Ut = U + VUy, Uz = Uy, Uzm = Ugy,
and (1.3.4) reduces to (1.3.5). Therefore the fundamental solution to (1.3.4) (or the
solution of the Fokker-Planck equation with advection v) has the following form:

1 et (1.3.6)
(& 4Dt | ..
\Am Dt

Note that equation (1.3.3) only takes into account the diffusive and advective

u(t,z) =

movement of the organisms. To make our model biologically interesting, we add
growth of individuals in the form of the reaction term. For example, in the case of

logistic growth, we get the following reaction-diffusion-advection equation:

Uy = Dgy — VUy + 17U (1 — %) ) (1.3.7)

1.3.2 Fickian flux

This approach originates from mathematical physics. We use a conservation law to
obtain the model equation. The flux of individuals (J(t, z)) corresponds to drift and
random movement (we will drop the vector notation in the 1-dimensional case and
just write J(t,x)).

Let us consider the total number of individuals in the interval (z,x + Ax) at

time t. Consider the rate of change of the number of individuals in the given interval,

which is



1. Introduction 16

D (u(t,x)Az) = growth in (z,x + Az)+ rate of entry at z — rate of departure at
T+ Az,
or

ou

EACL’ = f(t,z,u)Ax+ J(t,x) — J(t,x + Ax),

where f(t,x,u) is the function describing the growth rate of the population per unit
length. Note that the rate of entry may be negative if more individuals leave through
the left endpoint of (x,x + Ax) than enter. Similarly, the rate of departure through
x + Ax may also be negative. Dividing by Az we get

ou J(t,x+ Azx) — J(t,x)

E:f@axvu)_ Ar

Taking the limit as Ax approaches zero gives the conservation law in one dimension

ou o0J
f(t,l‘,U) - %

i
The equation above can be generalized to higher spatial dimensions. Let u(t, )
be the density of individuals, x € R and 2 C R"™ be the domain with smooth
boundary I'. If the individuals move inside the given domain and do not cross its
boundary, then their total amount does not change.
The size of the population in € changes if we have growth of the population
and/or a non-zero flux J of individuals through the boundary. The population flux

—

J(t,x) € R™is a vector that points in the direction of the movement of the individuals

and whose norm |J(t, z)| is proportional to the amount of the particles that move in

that direction per time unit:

d

pr Qu(t,a:)da::—/Fj(t,x)dg—i-/gf(t,x,u)dx, (1.3.8)

where dS is the vector element of the boundary I'. When the angle between the
normal vector to the boundary and J is obtuse - and thus the scalar product of the

flux J and dS is negative - then the change of the density u(t¢,x) is positive, and
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thus individuals move into the domain 2. When the angle is acute, individuals move
out of the domain (), since the scalar product of J and dS is positive. Using the
divergence theorem, we get

J(t,2)dS = [ divJ(t,z)da. (1.3.9)
o=

Q

Putting (1.3.8) and (1.3.9) together gives us
/[ut(t,x) + divJ(t,z) — f(t,z,u)]dz = 0. (1.3.10)
Q

Since equation (1.3.10) holds for every domain €2, it follows that

-

w +divJ(t,z) — f = 0. (1.3.11)

Next, we use Fick’s law to express the flux in terms of the population density.
According to the law, the flux is proportional to the negative gradient of the density
of the individuals, i.e.

J = —DVu. (1.3.12)

We can interpret this as follows. The gradient of the density points in the direction
that turns out to be the “most populated” place in the neighborhood. Therefore the
individuals spread out (we observe the population flux) from that location.

If we only have transportation of individuals with advection ¢ then the flux is
given by

-

J = vu. (1.3.13)

If we combine (1.3.12) and (1.3.13), then we get:

au

5 + div(—=DVu) + div(tu) — f =0,

or

u + V(vu) = DAu+ f. (1.3.14)

The equation above is a reaction-diffusion-advection equation. If f = 0 and v = 0,

we simply obtain the diffusion equation.
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To summarize, we have used two different approaches in deriving our model.
One approach used stochastic arguments based on the Brownian motion model for
the probability density function. Another approach was based on a conservation
law: we used the notion of flux and the divergence theorem to obtain the reaction-
diffusion equation. The master equation for the probability density function lead to

Fokker-Planck equation, which reduced to the same reaction-diffusion equation.

Boundary conditions

Ideally, we want any reaction-diffusion-advection problem to be well-posed, i.e.

(a) a solution should exist,

(b) the solution should be unique,

(¢) the solution should be stable (should depend continuously on initial and boundary

data).

Prescribing the following conditions (see [25]) will lead to well-posed problems for

the 1-dimensional diffusion and diffusion-advection equations (1.3.4) or (1.3.5)

(1) Cauchy Problem (Initial Value Problem): w(0,z) = ug(x), * € R, i.e. we only

need an initial population density; some additional boundedness conditions at infin-

ity may also be imposed;

(2) Initial Boundary Value Problem: unlike the previous case, the spatial domain

is now bounded. We specify an initial condition only on a patch (an interval in the
1-dimensional case): u(0,z) = wug(z),z € [0,L]. We then specify the behavior of
individuals on the boundary. The typical boundary conditions that can be prescribed

for the diffusion equation are as follows.
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Dirichlet conditions are given by:

ult, 0) = by (t),
ul(t, L) = by(t).

If by = by = 0, then the individuals who reach the left border (z = 0) and the right
border (x = L) never come back (the area outside the patch [0, L] is uninhabitable).

These boundary conditions are often called hostile;

Neumann conditions (or flux conditions in case of (1.3.5)) are given by:

ug(t,0) = ba(t),

ug(t, L) = by(t).

Earlier we noticed that the flux was proportional to the negative gradient of density
(1.3.12). In particular, if b = by = 0, we have no flux of individuals through the
boundaries: either individuals move only inside their bounded habitat or they can
cross the boundaries and come back. However, in the latter case, fluxes into domain
and out of domain cancel each other. These are also called reflecting boundary con-

ditions (for non-advective environment);

Robin conditions are given by:

—Du,(t,0) + au(t,0) = aby(t),

—Duy(t, L) — au(t, L) = —aby(t).

The flux at the boundary is proportional to the difference between the density at
the boundary and a fixed function. For example, in the presence of advection (of
the given velocity v), the no-flux (outflow) condition for (1.3.4) at 0 would take form

Du,(t,0) — vu(t,0) = 0 (this condition is also known as Danckwerts’ condition, see
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Chapter 2).

Periodic conditions are given by:
u(t,0) = u(t, L),

U (t,0) = ug(t, L).

These conditions are adequate for models describing populations in periodically vary-

ing habitats.

1.4 Mathematical concepts and tools

In this section, we review several diffusion and reaction-diffusion linear and non-
linear models to study the question of persistence on bounded domains with certain
boundary conditions. Since a population can persist if it grows at low density, we use
the linearization of the nonlinear model at the zero steady state to study persistence.
We analyze the associated eigenvalue problem to derive the persistence condition
that also depends on boundary conditions. The persistence condition gives rise to
one of the fundamental notions of spatial ecology: the critical domain size L., i.e.
the minimal size of habitat which ensures survival of the population. On the other
hand, a population always survives in diffusion or reaction-diffusion models with no-
flux boundary conditions, regardless of the habitat length. We finish section 1.4 with
a review of another important concept of spatial ecology: population spread. We
study population spread in the form of a travelling wave solution, which moves as a
fixed profile with constant speed. In the case of logistic growth, the travelling wave
connects the two steady state solutions (the zero state and the carrying capacity

state). We derive the minimal travelling wave speed cyi,. In the case of logistic
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growth, we deduce that the precise value of ¢y is 2¢/Dr, where D is the diffusion
coefficient and r is the intrinsic growth rate.

Note that existence and uniqueness of solutions for the type of problems con-
sidered in this thesis is well established (see [33], [46]) and will not be our main

focus.

1.4.1 Critical domain size: eigenvalue problems on bounded

domains

Let us consider the diffusion equation with initial condition (we will refer to it as
Model 1) on a bounded domain (we follow [25]).
n=Dgh  Osesl (1.4.1)
y(0,2) = yo(x).

This model may describe behavior of a population that inhabits a one-dimensional
domain of the fixed length L. The individuals simply spread (diffuse) inside the habi-
tat, but do not grow. In addition to (1.4.1), we have homogeneous Dirichlet boundary
conditions: y(t,0) = y(t,L) =0 for all £ > 0.

Thus, we assume that the region outside the domain is hostile: as soon as indi-
viduals reach the borders, they are lost from the domain. Intuitively, it is clear that,
in the long term, all individuals will reach the boundary and the whole population
will go extinct.

In order to solve the problem mathematically, we will use the method of separa-
tion of variables. We convert the PDE into an ODE by representing the solution as

a product of spatial and temporal terms

y(x,t) = S(x)T(t). (1.4.2)
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Substituting (1.4.2) back into (1.4.1) gives us

dT d*S
d_tS = DT@’
or
1 dT 1 d?S
Lab  Ldts 1.4,
DT dt S dx? (1.4.3)

Since the right hand side of (1.4.3) depends only on x and the left hand side only on
t, both sides are equal to some constant value —A. Now we are able to solve the two

equations separately:

dT
— = =-ADT 1.4.4
dt ? ( )
d*S
— FAS(2) =0. (1.4.5)

If A < 0, then S(z) = ae¥=>* 4 be~V=>*. We also have S(0) = S(L) = 0. The only
solution that satisfies the above boundary problem is the trivial one. The same is

true if A = 0. Therefore A > 0, and a potential solution takes the form
y(z,t) = e P! (asin vV Az 4 beos VAx). (1.4.6)

It is easy to show that (1.4.6) will satisfy both boundary conditions if b = 0 and
asin VAL = 0. Since we are seeking a nontrivial solution, we require a # 0 and

sin VAL = 0, or \, = (’%’)2, k € Z. Thus, we have solutions of the form

T™TY\2 k
(e, ) = e PUEtgin (?) . (1.4.7)

The linear combination of solutions (1.4.7) gives us the general solution

> )2 k
y(x,t) = Zake_D(kf) "sin (%) . (1.4.8)

k=1

In order to find the coefficients ay, we use the initial condition. Namely,

y(,0) = yo(x) = i axsin (%) |
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i.e. our initial function is written as a Fourier sine series. Using orthogonality of the

basis of the sine functions above, we get the coefficient ay:

2 [F . [ kmx
ap = Z/o yo(x) sin <T) dx.

Note that lim; .., y(x,t) = 0, which confirms our hypothesis regarding extinction of
the population.
Note that if we change the boundary condition in the above model to no-flux

boundary conditions, namely

Y (0,t) =y (L,t) =0,

then there will be a spatially constant steady state solution, and the population will
persist on any domain.
Now consider a slightly different model: we let our population grow exponentially

(call this Model 2).

a—?zry—l—D%, 0<z<L,
0,t) =0,
(0.7) (1.4.9)
y(L,t) =0,
y(O,ZE) = yo(az)

\

The transformation w(zx,t) = e "y(x,t), gives us Model 1 (w; = Dw,,), for which

we already know the solution:

Thus,
= x k
y(x,t) = E ake<T_D(kT)2)tsin (%) : (1.4.10)

Let A\, = r — D(28)%, k € Z. The eigenvalues A, form an infinite decreasing

sequence: Ay > Ay > ... The population will grow if A\, > 0 for some k. Therefore,
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if we let the dominant eigenvalue A; be greater than zero, then the population will

. 2
survive. Thus, \{ =r — [2—75 > (0 or

D
L>m/==1L. (1.4.11)
T

ensures that the population will not go extinct. We call L. the critical domain size.
If the population inhabits a smaller patch, it will collapse, otherwise it will grow.

Note that if we again change the boundary condition in the above model to
no-flux conditions, then the population will persist and grow unboundedly on any
domain.

Let us consider the model, in which the population grows logistically (Model 3):

(

%:D@—l—ry(l—l), 0<z<L

Ox2 K
0,t) =0
<M’) (1.4.12)
y(L,t) =0

\ y(x,0) = yo(x).

System (1.4.12) has two steady states (in time) y; = 0 and yo = K. The second

equilibrium does not satisfy the boundary conditions. The linearization around the

first steady state gives us Model 2 with the critical domain size L. = W\/é .
Suppose the critical domain size is exceeded and the population grows. How far

will it grow? After we rescale the density u(z,t) = @, (1.4.12) takes the form

i

@zru(l—u)—kD%, 0<z<L

ot
%%Zi% (1.4.13)

u(z,0) = up(x).

\

The equilibria can be found from

ru(l —u) + Du"” = 0, (1.4.14)
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u(0) =u(L) = 0. (1.4.15)

We use phase-plane methods and a first integral (or invariant of motion) to find
a solution (or to analyze this equation). The trivial solution satisfies both (1.4.14)
and the homogeneous boundary condition (1.4.15). We seek a positive solution of

(1.4.14) that satisfies (1.4.15). Multiplying equation (1.4.14) by «’ and integrating

Du/? 1 1
;L +r <§U2 — gu?’) =C.

Setting v’ = v, we rewrite the above equation as

with respect to x gives

+ SF(u) =C. (1.4.16)

where F'(u) = “72 — %

The level curves of (1.4.16) satisfy (1.4.14). We want to find non-trivial orbits

that also satisfy the boundary conditions (1.4.15). Assume that such a solution exists.

Rewriting (1.4.16) gives us

50+ SF) = TF(s),
where £ is the maximum value of u (when v = 2 = 0). Due to symmetry, the
maximum is attained at x = % Therefore
e [ BFEG - F@), 0<e<t,
dx —¢%MWQ—FW» Leg<lL.

Integrating over the first half of the orbit we get

@/W:/dzg

and

(1.4.17)

b= \/@/ \ﬁm‘?u— Flu)
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Note that integration over the second half of the orbit gives us the same result as
(1.4.17).

After substituting z = %, we have

_ @ ! pdz
\/>/ NGrEGRE) S

The following is observed in [25] regarding formula (1.4.18):

e [ is an increasing function of p, 0 < p < 1.
e [ is concave up for 0 < pu < 1.

e limL(pu) =o00as u— 1.

lim L(p) = L. = 7'('\/; as ft — 0. Indeed,

) 2D (! pdz
L., = limy/—
b0V o \(F(p) — Fpz)

= lim4/— )
B0y T 0\/lu2(1 )(1+Z+3,u(1—|—z—|—z))

L. = / =2 —arcsmz =T
A v b=y 7

Thus, we have found a unique steady state solution for equation (1.4.13) with

homogeneous Dirichlet boundary conditions, where the domain size exceeds the crit-
ical domain size. The obtained solution coincides with the zero solution when the
domain is smaller than the critical one.
For L < L., the trivial solution of (1.4.13) is stable, since we have shown that
the trivial solution of the linearization of (1.4.13) (Model 2) is stable for L < L...
Note that with no-flux boundary conditions, (1.4.13) has a constant steady state
solution given by the carrying capacity, and thus the population will persist regardless

of the domain size.
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Our next goal is to analyze stability of the nontrivial solution u(x) for the PDE
(1.4.13). Let u(t,x) = u(x) + ¢(t, x), where |¢(t, x)| << 1. Consider the linearization
of (1.4.13) about u(x):

0 Pu(z)  *¢(t,x)
) + 6(0.0)] = (o) + olt, )1 = u(o) — ot + D (T 4 ZEET),
99 _ 2 0, nOCulz)  0°(t )
E@’t) =r [u(x) — (u(x))” —2u(x)p(t, ) + o(t,x) — (P(t, x)) }+D 92 +D 02
=r(1—2u(z))o(t,z) + %;,x)
Thus, we have the linearization as:
o == 2ule)o+ 55, (1.4.19)

o(t,0) = ¢(t, L) = 0.
We use the separation of variables technique again (¢(t, z) = S(x)T'(t)) to obtain

the temporal equation

drT
— = —-\DT
dt ’
and the spatial equation
d*S r
£ T2 ) - 1.4.2
ot (A 50 - 2u@)) s =0, (1.4.20)
with boundary conditions
S(0) = S(L) =0. (1.4.21)

The steady state u(x) is unknown; nevertheless, we are able to determine its
stability applying by Sturm-Liouville theory [25], since (1.4.20) and the boundary
conditions (1.4.21) form a regular Sturm-Liouville problem. Therefore, the spectrum
of equations (1.4.20) and (1.4.21) consists of an infinite ordered sequence of eigenvalues
A1 < A2 < ... Moreover, the eigenfunction S;(z) corresponding to A; does not change

sign on (0, L). Let us rewrite equation (1.4.20) for A = Ay and S(z) = Si(x):
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d2Sl
dx?
Next, we multiply the above equation by u(z) and integrate by parts between 0 and

L:

</\1 n D(l — ou(x ))) Si=0 (1.4.22)

dQSl r
—u(x) + u(a) </\1 +5(1- 2u(x))> Si =0,
d51 L 48, du ry [* Y B

We take equation (1.4.14), multiply it by S;(z) and integrate it by parts between 0
and L:

%uSl(l —u)+u"S; =0,

. L . L L

—/ uSidr — —/ u? S dx + uS | —/ uSjdr = 0. (1.4.24)
D Jg D J, 0

Taking the difference between (1.4.23) and (1.4.24) and applying the boundary
conditions (1.4.15) and (1.4.21), we obtain:

B %fOL u?(x) S (z)dx
Y u()Si)

Since u(x) is positive away from the boundary and S; does not change sign on
the interval (0, L), it follows that \; is positive.

Therefore, the dominant term of ¢(¢, ) is of the form S(z)e P! and u(z,t) =
u(z) + ¢(x,t) — u(x) as t — oo. We have shown that the nontrivial steady state is

stable for the domains larger then the critical size domain.

1.4.2 Variational formula for the principal eigenvalue

In many cases, we need to study models with coefficients varying in space. It is usually

quite a formidable task to compute eigenvalues and eigenfunctions for such problems
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analytically. Nevertheless, we can use variational techniques that allow us to estimate
eigenvalues and obtain enough information to investigate stability of the solutions.
We are mainly concerned with principal eigenvalues and their eigenfunctions, so we
focus on those.

In [10], Cantrell and Cosner consider the eigenvalue problem

~d(z +m(x)Y =01 in
V() 7 0+ ml)) = o .
d(x)% + p(z) =0, on 0N
associated with the following model on the bounded domain 2 C R"™ with smooth

boundary:

w = -dx)vu+m(z)u in Q x (0,00)

(1.4.26)
d(z)2% + p(z)u =0, on 90 x (0,00),

where 77 denotes the outward pointing unit normal to Of).

The authors provide the following variational formula for the principal eigenvalue
o* of (1.4.25), assuming that d(z) is smooth on Q and d(x) > dy for some dy > 0,
m(z) € L>(R), and p(x) € L>(0N2):

o = mecx {= [a@ivopics [mowora- [ seweras).

pew2(Q), [, ($(x))2de=1
(1.4.27)

We give a derivation of this formula in the following, slightly less general case, studied
in [46]. We will consider the following operator and boundary conditions, which will
appear in the next chapters when we reduce a reaction-advection-diffusion model to a
reaction-diffusion model by eliminating the advection term. Here, ¢ is the advection

speed, d is the diffusivity coefficient, and a(x) is assumed to be a continuous function
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on [0, L]. Namely, let
LU) =dUy,, + a(x)U

on W ([0, L]), subject to boundary conditions

Define a functional @ : W5 ([0, L]) — R by

| (022 + ata)iit = (@0 + @(1))

/0 ’ P2da

Q(p) =

(1.4.28)

and the bilinear form

Po0) = [ (=oua + ala)on)ds = Lio0)u(0) = oDy, (1429)

Let
A= sup Qo). (1.4.30)

¢€W; ([0,L])

Note that A; is a finite number since

f ngdx fo K¢?dx B
s ¢2dx T Ferde

Q(¢) <

where K = max,c, ] |a(x)|.

Note that Q(u¢) = Q(¢) for any nonzero p € R and ¢ € W3 ([0, L]), so we may
assume that ||¢[|., = 1.

The following was shown in [46] for ¢; € W3 ([0, L]), such that ||¢1]|z, = 1 and
A1 = Q(¢q) (i.e. ¢y is the maximizer).

Proposition 1.4.1 The mazimizer ¢1 satisfies Lo1 = A1 and boundary conditions

D14(0) = 5561(0).
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q
L)=——o¢1(L).
b1,(L) = —Lon(D)
Proof: Let ¢ € W}([0,L]) be an arbitrary function. For any ¢ € R we have

Q(¢1 + cp) < \1. Now,

Q<¢1+C¢):F(¢2+C¢7¢l+c¢) _

/ (61 + co)?dx

0

F(¢17 ¢1) + 2CF(¢17 ¢> + CQF(¢7 ¢)
L
| o+ eopas
0

L L
/0 $2d2Q(6n) + 26F (61, 0) + Q) / du

L
/ (% + 2chp1p + 2¢?)da
0

L
)\1 + 20F(¢1, ¢) + CQQ(¢) / ¢2dl’
0

L L L
/ Pidz + 2c / ¢rodr + ¢ / P*dx
0 0 0

L
)\1 —+ 20F<¢1, Qb) -+ CQQ(¢) / ¢2d1’ S
0

L L
A <1+20/ ¢1¢dx+02/ ¢2dx) =
0 0

L L
A+ 2>\10/ b1 pdr + )\102/ P?d,
0 0

( (¢1.9) / Prpda + )/ ¢>2da:) <0.
Here c is arbitrary. Taking ¢ > 0, we get

F(én, 6) / i <~ / .

Let ¢ — 0. Then

IN

)\17

and thus,

or

L
F(én,6) — A /0 b1 < 0.
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For ¢ < 0, we get

L
d —— - A 2dx.
F(61,9) / oo > ~5(Q() ~ N [ s
Let ¢ — 0. Then F(¢1,¢) — )\1/ p1pdx > 0.
Thus, ’
L
F = d
(¢17¢) 1/0 gbld) X,
or
/L(—¢ ¢z + a(z)d1¢)dr — T (0)9(0) — —¢ / P1odz.
; 12Px 1 54! 1 1

Integration by parts gives

L L
- /0 brobudz = —b1,0|E+ /0 6610 = — 01, (L)O(L) +61,0( / B(L(b)—a(z)br)de

Thus, we get

[ 0060 = Auoniae = o0) [ on(0) + 61,0)] +000) [n) - 61.00)]

Since ¢ is an arbitrary function in W3 ([0, L]), we claim that

L(pr) = Mon,
61,(0) = 5 0n(0),
b1o(L) = —g5hi(D).

First, consider a sequence ¢,, € W ([0, L]) such that ¢, — 0 uniformly on [0, L],
#(0) =1 and ¢, (L) = 0. Then

2q—d¢1(> ¢1,.(0 /¢n (1) — M¢1)dxr — 0,
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and thus,
614(0) = 5561(0).

Similarly, by choosing ¢,(0) = 0 and ¢, (L) = 1, we get

O1a(L) = =5 n(L).
Now, we have .
/ P(L(P1) — Mi1)dx = 0,
0

for any ¢ € W3 ([0, L]). It follows that L£(¢1) = A\1¢;. Therefore, \; is an eigenvalue

of £ subject to the boundary conditions

0:(0) = 55000)

We now show that \; is the maximal such eigenvalue, i.e. for any A € R such

that there exists a non-zero ¢, € W3 ([0, L]) with

L(dr) = Adn,
0x.(0) = 556(0),
OnlL) = —5oa(L),

we have A < \;.

We may assume that [|¢,| = 1. Recall that

A= sup  Q(9).

oW, ([0,L])

It suffices to show that Q(¢y) = A (then A = Q(¢x) < Ap).
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Now,
|| 0+ a@)ontiin = (@300 + (ex( D))
I 2da

= — [ onondet [ atwidids = L0 + (40P

Qo) =

Integrating by parts,
L
/ PrzPrzdr =
0

L
L
OrPazlo /O%%mdﬂ?
L
¢mh%—/’mwwn—a@wnm _
’ L
raslE — /O or(\dr — a(z)dr)da =

L L
¢z\¢>\x‘oL—/0 >\(¢,\)2da:—|—/0 a(x)(px)?dx

and plugging it in the above expression, gives us

—oonlf + [ e = [ @i+ [ awieiie - Lei0) + 30 -
03(0)62,(0) = 6(L)br, (L) = 52(63(0))” = 55 (A (L)) + A =
D3(0)[03,(0) = 5562(0)] = (L) [0, (L) + 5oor (D] + 4 = A

as needed.

Thus, we have proved the following.

Proposition 1.4.2 (compare [46]) Let A1 be the principal eigenvalue of the operator
LU)=Ug +a(z)U
on W}([0, L)), with boundary conditions

U.0) = SLU0),
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U,(L) = —=U(L).
Then

| (@) + al0)?)ds — (@) + (60
Al = sup 0

L
oW ([0.L]) / Sz
0

= su L— 2 1 a(x)¢?)de — L 2 ).
_ b < [ 2+ ataetyis - (o) + (o(2) >)

6eWH(0.L]), [ ¢2de=1 2d

1.4.3 Spreading speeds, travelling wave speed

In this subsection, we review some notions and facts related to the spread of popu-
lation in reaction-diffusion models, in particular the notion of travelling wave speed.
We follow [25], see also [36] and [37].

The reaction-diffusion model for growth and spread in one spatial dimension has
the following form: ,

% _ D% + f(y), (14.32)

where f(y) = ry(1 — %) is a typical growth function.

We rescale the population density by the carrying capacity, time and space by

characteristic time and length:

oy Oydt O(uK)dt ou ou
ot Ot dt ot dt or "ot

Oy _Oyds _O(uK) [r _ . [rou
or Oidx 0% D D o1’
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2 2
Py O (e [rou) _ prdu
or? Oz D 0% D 92

Therefore our new equation is

ou 0%u uk
KT’EZKT@‘FTUK(:[—?),
or
ou  0%*u
T (1 — ).
5 o Tul—w

For notational simplicity, we now drop the tildes on ¢ and x and obtain

ou  O0%*u

This equation can describe the spread of a population with logistic growth and
Fickian diffusion. Model (1.4.34) was introduced by Fisher in 1937, who used it to
describe the spread of advantageous gene into a new environment [15].

We consider solutions of (1.4.34) in the form of travelling waves. These solutions
are characterized by fixed profile and constant speed c. The travelling wave solution
connects the zero steady state u = 0 and the carrying capacity steady state u = 1.
Note that the travelling wave can move to the left or to the right. In view of later ap-
plications in advective environments, we call these waves upstream and downstream,
respectively. Thus, the downstream (right moving) travelling wave ansatz with the

boundary conditions is given by

u(t, z) = ¢(x — ct), (1.4.35)

p(—00) =1, P(+00) =0, c¢>0. (1.4.36)
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The parameter c is called the wave speed, z = x — ct is the wave variable, and the
function ¢(z) is called the profile.
Substituting (1.4.35) in (1.4.34) gives

—c/ = ¢" + o(1 — ). (1.4.37)

We rewrite the second order differential equation (1.4.37) as a system of first order
differential equations

¢ =1,

V= —cp — o(1 = 9),
and use phase-plane methods to analyze this equation. The system above has two

steady states: P; = (¢1,%1) = (0,0) and P = (¢9,19) = (1,0). The travelling wave

(1.4.38)

profile that we are looking for is a heteroclinic connection between these steady states.

Linearization at these states gives

¢’ 0 1 ¢ J ¢
v ~1+20 — ) \ v v )
0 1
J(0,0) = . At P, we get det J(0,0) =1, trJ(0,0) = —c. We have
-1 —c

—c+ V2 —4 N = € 2 —4
—_— s M=
2 2

A=
If ¢ > 0 then P; is a stable equilibrium. For ¢ > 2, P; is a stable node, and for
0 < c <2, P is a stable spiral.

0 1
J(1,0) = , det J(1,0) = —1, trJ(1,0) = —c.
1 —c

Therefore P; is an unstable steady state (saddle point), since

—c+ V2 +4 —c— V44
f>0, )\sz<0

)\1 -
Since the function ¢ is the profile of the population density, the case 0 < ¢ < 2 (when
u becomes negative) is biologically irrelevant. We conclude that the necessary con-

dition for existence of travelling waves is the existence of a heteroclinic connection,
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which is possible if ¢ > 2. Furthermore, the above condition gives us a notion of a

minimum wave speed for travelling waves. In terms of nondimensional model (1.4.34),

Cmin = 2, and for original model (1.4.32), ¢yin = 2V Dr-.

Note: the left moving wave solution has the form u(t,z) = ¢(z + ct). For upstream
waves we want ¢(—oo) = 0 and ¢(+o00) = 1. In the case of upstream spreading,
equation (1.4.34) takes form c¢’ = ¢” +¢(1 —¢). It has two equilibria points: P;(0,0)
and P»(1,0). The point P; is an unstable node if ¢ > 2 and an unstable spiral if
0 < ¢ < 2. Like in the previous case (downstream waves), the second steady state is
a saddle point. In order for the upstream travelling wave solution to exist, we need to
have the heteroclinic connection between the unstable node P; and the saddle point
P, (thus we again require ¢ > 2).

Going back to the downstream travelling wave solution, let us find a sufficient
condition for the existence of a heteroclinic orbit. When does the orbit starting at P,
come to P;?

We create a triangular “trapping region” with three sides I, IT and III (from [26]):

Lo=1,19 <0

0<op<1,¢=0;

[:0< ¢ <1, ¥ = —aop.

v I
Py | | | 2 9

On side I: ¢/ = < 0 and ¢’ = —cp > 0, and vector field (1.4.38) points into the
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region. On side II: ¢/ = ¢ = 0 and thus ¢ is constant, while ¢/ = —¢(1 — ¢) < 0,
0 < ¢ <1 and % is decreasing. For the hypotenuse III, consider the dot product of

the normal vector to the hypotenuse and the vector field:
(@, 1)-(¢',¥") = (o, 1)- (), —cp—=d(1-9)) = ap—cp—¢(1-¢) = a(—ag)—c(—ap)—¢(1—-¢)

= —a’¢+cap— ¢+ ¢ = —¢(a’ — ca+ (1 —¢)).

We want to choose « such that the angle between the inward normal («, 1) and the
vector field (¢', 1) is acute (therefore the vector field gets inside the trapping region
by crossing the hypotenuse). Thus, we need the dot product of these two vectors to

be positive, or a? —ca+ 1 — ¢ < 0. Since

o —cat+l—p<a’—ca+l

for 0 < ¢ < 1, we want to find a positive a such that o — ca + 1 < 0. The equation
a? — ca + 1 = 0 has two positive real roots if ¢ > 2:

cE Ve -4

Q12 =
’ 2

(C’VQCL‘*, 0“202’4), then the expression a? —ca +1 is

If we choose a from the interval
negative, which is exactly what we want. Hence for all ¢ > 2, we can choose « such
that the trapping region exists. Therefore for all ¢ > 2 there is a travelling wave.
Thus, the unstable manifold that is leaving P, cannot cross any of the sides of
the triangle. There are no more equilibrium points in the interior of the “trapping
region” either. The only way that the orbit will not end at P; is when there exists a
closed orbit inside the region. In order to prove that there are no such orbits, we use
the Bendixson’s negative criterion again, this time with B = 1.
In our case, %W) + %(—cw —¢(1—¢)) = —c # 0. Therefore, the unstable manifold

will come to P;. Consequently, we have shown that ¢ > 2 is the necessary and

sufficient condition for the Fisher equation to have a travelling wave solution.
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1.5 Literature review for systems with advection

In this section, we review several reaction-diffusion models describing dynamics of
a population in an advective environment. We begin with the Speirs-Gurney model
[47] for a single species, that generalizes the classical Fisher’s equation. Then we
describe a two-compartment model [38]. In both models, there is an appropriate
notion of critical domain size, which increases with advection. Then we review the
model in [20], which describes a slightly different biological situation involving the
vertical movements of plankton, where the role of advection is played by the downward
motion due to gravity (sinking). We finish the chapter with an overview of results in

[30], where the authors describe how advection affects the competition of two species.

1.5.1 Single species models

A wide variety of organisms inhabit streams, rivers and other environments where
they are continually subjected to downstream drift. The first problem in this context
is to find the conditions under which survival of the population is possible, even
though the individuals drift downstream (“drift paradox”, see [34], [35]). This has
been discussed by several authors recently (see [29], [38]). We review their approaches
here. More generally, the question is how unidirectional movement affects population
persistence in a bounded patch. The drift phenomenon is not limited to streams and
rivers; it has been observed and studied in the context of ocean currents [16], sinking

phytoplankton [20], and the ecological impact of moving temperature isoclines [40].

Speirs and Gurney’s model

The model proposed by Speirs and Gurney [47] is described by the reaction-diffusion-

advection equation:
on on 0*n
e D-——

o (1.5.1)
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where n(x,t) is the population density, and p(n) is the per capita growth rate of the
population in the absence of dispersal. The second term on the right in (1.5.1) is
responsible for the movement of the individuals caused by the drift. The last term
represents diffusive movement of the individuals (due to self propelling and/or water
turbulence).

In addition to the equation, the authors consider the following boundary condi-

tions:

un(t,0) — D (g—Z) ‘x:O =0 (v>0), (1.5.2)
n(t,L) =0, (1.5.3)

It is assumed that individuals from the interior of the domain (in our case, it is a part
of a stream or a river), who reach the upstream border are being reflected from it. At
the same time, no individuals enter at the top of the stream. At the right border of
the habitat (xr = L), the organisms leave their domain and never come back, which

leads to (1.5.3), the hostile boundary condition.

Proposition 1.5.1 (In [47]) Let p(n) = be constant. Then we have:
(a) In the absence of advection and diffusion (ideal situation), the solution of (1.5.1)
has the form

n(t,z) = e"n(0, x),

where 1 is per capita growth rate and n(0,x) is the initial spatial distribution.
(b) In the presence of water movement and random movements of individuals, the

general solution of (1.5.1) with the boundary conditions (1.5.2) and (1.5.3) is given

by
n(t,z) = Z et (Aet™ cos Oz + Bpe® sin 0,x), (1.5.4)
k=1
where
VAD(r — Ap,) — v? v
(gk = f = 5

2D ’ 2D
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and A\ are the eigenvalues of the operator Dgi—’; — v% +rf, with boundary conditions

df B
'Uf(()) — D (@) =0 — 0,

f(L) =0.

Matching the right-hand boundary conditions gives us —g—z = tan 0, L. To match
the left-hand boundary condition we require %’; = %. Thus, the solution that
matches both boundary conditions requires

2D0
tan Oy L = ——= (1.5.5)
v

Remark: We have 0 < 0; < 6, < ... and r > A\ > Ay > ... The solution of (1.5.5)
was obtained numerically in [47].

We nondimensionalize by setting

D
Li= /=,
T

vg = 2V Dr,

/\k (% 2

g, =/1-2— (=) .
)
vdﬁg

L
—) = — : 1.5.6
i) = (15.6)

The authors calculate the critical domain size L., i.e. the value of L such that in any

Then (1.5.5) becomes

tan(

domain of smaller size persistence of the population is impossible. This means that

L. corresponds to A\; = 0. Letting A\; = 0 gives 0] = ,/1 — v Substituting it into
d

v

L. v —v? v3
I, (7? — arctan " o (1.5.7)

In [47], it was found numerically that if the advection velocity is low and the

(1.5.6) gives us

habitat is large enough, the long-term growth rate A; approaches the per capita
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(ideal) growth rate r. Increasing advection velocity leads to a decrease in A\;. Once
the advection velocity exceeds the critical value v., A; becomes negative and we
observe a washout of the population. The value of v, approaches vy (from below)
as L increases. It is possible to think of v, as the critical advection for an infinite

domain size. In fact, vy is the Fisher speed in the absence of drift.

Huisman’s plankton model

In the paper [20], Huisman et al. study the problem of sinking phytoplankton. The
phenomenon is directly related to the “drift paradox”. However, instead of the typical
horizontal habitat, the domain lies in the vertical direction. This change takes place
since the phytoplankton is mostly moving vertically between the surface and the
bottom of the lake i.e. individuals do not get pushed out of the domain by directed
movement, but they get pushed towards a region where the growth rate is negative.
Diffusion allows individuals to move against the direction of gravity. Hence, the
similar balance is observed between directed and undirected motions as in the previous
subsection. The bottom and the top of the lake are reflecting boundaries.

Huisman et al. consider the following model, describing the above situation:

ou ou 0%u
oDy — oL pl e
ot g(H)u U@z + 022’

where u(z,t) is the density of the phytoplankton at depth z and time ¢, g(I) is the
intrinsic growth rate as a function of local light intensity I, and v is the sinking speed.
The growth rate is defined by g(I) = p(I) — [, where p(I) is the birth rate such that
p(0) = 0 and [ is the loss rate. The authors assume that p(I) has the form

pmax[
I) =

where pnax is the maximal rate, and H is the half-saturation constant. In particular,

the growth rate is not constant. Note that since light is absorbed by the plankton (as
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well as other substances), its intensity also depends on the density of the plankton in

the water column above the given depth. Specifically, the authors assumed
I(Z’ t) = Iinei fUZ ku(o’J)dU*Kz’

where k and K are certain constants.

In addition, zero-flux boundary conditions are imposed at both boundaries:

vu(t, z) — D%(t, 2) =0

at z =0 and z = L (maximum depth). This is intuitively understandable, since den-
sity of the organisms is higher than water density, so without any diffusive movements
the organisms sink down to the lake floor. As a result, the population goes extinct
because there is not enough light for the population to grow. On the other hand, if
the diffusivity is very high, the phytoplankton could end up in the deep water again.
Therefore, in order to survive, organisms have to perform some medium-diffusive
movements, so they could stay in well-lit area of the habitat and still not reach the
lake floor.

The authors study the problem numerically, and find two steady states (one of which
is trivial). They notice dependence of the profile of the nontrivial steady state on
the diffusivity. Namely, as diffusivity decreases, the profile changes from uniform to
the one with high density in the surface layers and low density at the bottom layers.
Interestingly, if D decreases even more (beyond the certain threshold value D),
then the population starts sinking to the bottom, where it eventually vanishes. Using
the light intensity notion, the authors gave the formulae for the critical depth (be-
yond it the loss rate exceeds the birth rate). They analyze the threshold values of the
diffusion: Dy, and Dp.c. The authors show numerically that in the relatively deep
waters, if the diffusivity stays between those two values, then the population exhibits
“bloom development” toward the positive steady state.

Recently, Kolokolnikov et al. [24] have studied the same model, and found an an-

alytical proof of existence of nonconstant steady states for any depth (generalizing
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results in [44] where the authors assume an infinite depth). Kolokolnikov et al. have

also established local stability of such solutions, and analyzed their spatial profiles.

Single species: two compartment model

Many organisms have two different stages in their life cycle: mobile (when the or-
ganisms move through their habitat) and stationary. In rivers, many benthic inverte-
brates, i.e. invertebrates living at the lowest level of a body of the water, fall in this
category. Typically, reproduction occurs during the stationary stage. To distinguish
between the two stages, the population is split into two compartments, according
to the individual’s life stage. This approach originates in [27] where the authors
extended the previously studied Fisher’s model [15]. The authors calculated the trav-
elling wave speed in this context. The same model has also been studied in [17]. It
was generalized to the advective case in [38]. The whole population is divided into
two compartments: benthic and drift. The individuals from the first group live and
reproduce on the benthos. The second group is composed of the organisms who enter

and move with the drift. These assumptions lead to the following model:

8nd and aQnd
o T T gy T e
(1.5.8)
8nb
at = p(nb)nb — Uy + ong,

where ny, is the population density on the benthos, n, is the population density in the
drift, p(np) is the per capita rate of increase of the benthic population (it is assumed
that the maximum per capita growth rate is at low densities, p is the per capita
rate at which individuals in the benthos enter the drift, o is the per capita rate at

which the organisms return to the benthos. The meanings of D and v stay unchanged.

Critical domain size. The first goal in [38] was to study persistence criteria for a
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population described by (1.5.8). In addition to the equations, there are the following

boundary conditions

vng(t,0) (and) = 0,

nd<t7

b« H
I
(@)

The ordinary differential equation for the stationary population does not require
any boundary conditions.

It was assumed that the maximum per capita growth rate is at low densities.
If population is able to grow at small densities then persistence of the organisms is
guaranteed. Therefore, we linearize system (1.5.8) around the zero steady state and
seek conditions under which the population will not go extinct.

We nondimensionalize model (1.5.8) by defining the new variables

S x v
=rt, i=—, 0=—, T=——, 0= :
S r \/E VDr
Dropping the tildes for notational simplicity, we get
8nd 8nd i 82nd
—— =puny —ong — v—+ —-
a@t pite T 0x T 9x? (1.5.9)
Ny

— = (1 — p)ny + ong.
ral G DL d
It is reasonable to consider two cases.
If 4 < 1, then the benthic population grows at least exponentially and persistence
of the whole population is guaranteed (irrespective of the size of the domain and the

advection velocity). Namely,

0
% = (1= )y + ong > (1 — p)ny, (1.5.10)

If 4+ > 1, then persistence is possible, provided that some conditions are satisfied.

Let us look at them more closely.
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Theorem 1.5.2 (In [38]) The general solution of system (1.5.9) has the following

form:
t
ny(t,z) = e " Din,(0,2) + Je(“l)t/ e Vng(r, z)dr, (1.5.11)
0
nd(t’ "]j) = Z;L.O:I [clmlne(mln_(u_l))t —+ C2m2ne(m2n_(ﬂ_1))t]
(1.5.12)
x[e (a; COS(—W@ + as Sin(—Wx))],

where a1, ay are constants,

—~

—(a+An)++/ (a+An)2+4pc
e =1 = %ﬂ ’ (1.5.13)
_ —(at+An) =4/ (a+An) 2 H4po e

Moy = m2<)\n) = )

—~) N

N}

a=o0—p+1and N\, are solutions A\, (v, L) of

4N\ — 2 4N\ — 2
VAA TR Ly —”AQIUL) =0, (1.5.14)
v

an(

with A\ < Ay < ...

Without loss of generality, we may assume that initially there are no individuals
in the stationary pool, i.e. ny(0,z) = 0. Formula (1.5.11) can be obtained by ap-
plying the variation of constant technique to the second equation of system (1.5.9).
Substituting (1.5.11) into the first equation of (1.5.9) gives us an equation that can
be solved by separation of variables method. Then we have (1.5.12).

As we see from (1.5.12), ng — 0 as t — oo if
T TRV R )

or my, — (u— 1) and my,, — (u — 1) are negative. Since my,, > ma,, it suffices that

—(a+M(v,L)*+ v/a—+ M(v,L)? + duc B
2

my — (p—1) = (p—1)<0. (1.5.15)

Consequently, the whole population goes extinct. Therefore, for persistence we
require (1.5.15) to be positive. After some algebra, we get the necessary condition for

a population to survive:
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Corollary 1.5.3 If the population persists, then

g

A < . 1.5.16
- ( )
Note that my, is a decreasing function of \,,, i.e. my; > mqs > ..., and A is the
smallest real eigenvalue that satisfies
VAN — v? VAN — 0?2
——i—£—+mm(——J—JLL)—0. (1.5.17)
v 2
Using (1.5.16) and (1.5.17), we find the critical domain size:
2 1 4
L= —8— (7r — arctan (— 7 _ v2)> . (1.5.18)
Ao g2 vV opu—1

-1

Consequently, in the case when the leaving rate of the benthic population into
drift is higher than the local growth rate (i.e. p > 1), we can still observe persistence.
In order for the population not to die out, we need (1.5.16) to be satisfied, or the
domain of the habitat to be large enough with respect to the advection speed. For
any domain of size L. < L., the population will be extinct. Critical domain size L.

increases with increasing advection velocity and goes to infinity when v approaches

v}:Q,/Mil. (1.5.19)

Corollary 1.5.4 If u — 1, then v} goes to infinity, and the persistence condition is

the threshold value

automatically satisfied (species will never go extinct).

Propagation speed. For Fisher’s equation without advection (see equation
(1.4.34) Section 3.3.3) the population spreads in the form of travelling waves with
minimum speed ¢* = 2v/Dr (¢ = 2 in nondimensional case). If we take advection
into consideration, then we have to distinguish between upstream and downstream
propagation. Obviously, with increasing advection v, the downstream propagation

speed for the Fisher equation increases and the upstream propagation speed decreases.
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In the paper [38], the authors determine the up- and downstream propagation speed
for the system (1.5.9) by using analytical and numerical methods.

In the case pu < 1, as was shown before, the population persists and spreads in
both directions. It spreads faster downstream and it moves slower upstream.

When the intrinsic growth rate is less than the rate at which individuals get into
the drift (u > 1), and if advection is large enough, the population will be washed
out. To determine the propagation speeds in both directions, we consider the system
(1.5.9) with the logistic growth:

0 0 0
%:unb—and—vﬂ+D fld
I

ot

Ox Ox?’ (1.5.20)
= np(l —ny) — pny, + ong.
There are two spatially homogeneous steady state solutions to the system (1.5.20):

(np,na) = (0,0) and (n;,n)) = (1, %). We assume that there is a travelling wave con-
necting the nonzero and zero steady states.

We transform (1.5.20) into a system in travelling wave coordinates:

(np, ng)(x,t) = (Ny, Ng)(x — ct) :

N} =M,
M'"= —puNy+ oNg — (c —v)M, (1.5.21)
Np = T - L - e

The boundary conditions for downstream propagating waves are:
Ny(—00) =1, Na(—o0) = £, M(~00) =0,
o

Ny(o0) =0, Nyg(co) =0, M(oo) =0.

The boundary conditions for upstream propagating waves are
Ny(—00) =0, Nyg(—00) =0, M(—o0) =0,

Ny(00) = 1, Ny(o0) = g M(o0) = 0.
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Note that if ¢ > 0, the population moves with the flow in the same direction; otherwise
the population is spreading upstream.

The linearization of (1.5.21) around the two equilibria gives us two characteristic
polynomials Py(\) and P;(A). If at least one of the roots of the first polynomial is
negative, then the zero steady state has at least a one-dimensional stable manifold.
Similarly, if the second polynomial has at least one positive root we have at least
a one-dimensional unstable manifold around the nontrivial equilibrium (1, %). By
using numerical and analytical computations, Pachepsky et al. [38] show that if both
assumptions above are satisfied, then the heteroclinic orbit connecting the steady
states above exists. Using methods similar to those of Lewis and Schmitz [27], the
authors numerically calculated the minimal wave speed for the given parameters v,
1 and o.

Moreover, in case when p < 1, the upstream propagation speed of the population
as a function of the advection velocity v never becomes negative. Consequently, the
population will always spread upstream. On the other hand, when p > 1, at the
critical value v} = 2 ﬁ, the upstream propagation speed becomes negative, which
means a washout. In the paper [38], the authors conclude that if the rate of transfer
into the drift does not exceed the intrinsic growth rate, the population will spread
up- and downstream.

To summarize, in the presence of advection, persistence is very much dependent
on the ability to propagate upstream, since without it, in the long term, the population

will not stay in its original domain.

1.5.2 Competing species in advective environment.

In [30], Lutscher et al. investigate numerically how two competitors can coexist in
homogeneous and heterogeneous environments with unidirectional flow.

The authors study the following model of two competing species:
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d 92 d
% =D amu; - Ul% +ui(Ry(z) — Anyug — Ayug),

d 92 d
% =D, a;;? - 'U?% + up(Ra(x) — Arpur — Agous),

(1.5.22)

where R;(z) and Ry(x) are growth rates for the first and second species, respectively,
A;; are inter- and intraspecific competition coefficients (note: carrying capacities are
given by K; = %), and D;, v; are diffusion coefficients and advective velocities for
the two species. Let x = 0 be the top of the river where individuals neither leave nor

enter (zero flux). Unlike the previously studied hostile conditions at @ = L, we have

Danckwerts’ downstream boundary conditions. Namely, %Zi =0, x=1L,71=1,2,
i.e. the left boundary (downstream) is located farther away and does not have much
influence on individuals inside the domain.

The reaction dynamics of (1.5.22) (i.e. D; = v; = 0) are Lotka-Volterra dynamics,
and we know that there are four cases possible; see Subsection 1.2.3. One asks the
question whether space, and, in particular, advection can change the result. When
v; = 0, we have no-flux boundary conditions, and the system has the same long-
term behavior as the nonspatial system. Let us fix parameters so that Species 1 is
competitively superior, but Species 2 has the higher growth rate at low density, and

study whether advection can change this outcome.

To keep the number of parameters to a minimum, the authors assume that

Ry _

R, P~ 1, Asp<Ay, Aup<Ayp, Di=Dy=D, v=uv;=vo.

Based on biological observation of downstream increasing nutrients, let Ry, Ro

be linear nondecreasing functions.

Two competitors in a homogeneous advective environment

The homogeneous spatial model is characterized by constant growth rate. The result

of competition in (1.5.22) strongly depends on the advection speed:
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(a) The flow speed is low. In this case, Species 1 out-competes Species 2 and will
move all the way to the upstream boundary.

(b) The flow speed is intermediate. In this case coexistence is possible. It occurs
in a boundary layer close to the upstream boundary. In particular, the intermediate
advection speed causes a decline in the density of the first species. Therefore, at a
low density of Species 1, Species 2 starts growing and occupies the territory close to
the upstream boundary (to the left of Species 1). The coexistence region near the
boundary becomes larger with the increase of v.

(c) Case of relatively high advection. When v is less than the critical advection
for Species 1 and Species 2 is not present, Species 1 is able to persist in the domain.
However, due to the competition, Species 2 occupies the habitat and the existence of
Species 1 is not necessarily given. Additional increase in the advection (v is less than
the critical advection for Species 2 only), leads to persistence of Species 2 alone. Under
such condition, the existence of Species 1 in the domain is absolutely impossible.
When v is very high, neither one of the species persists.

Figure 1.2 shows how in the case of low and high flow speeds both species prop-

agate upstream.

Two competitors in the heterogeneous habitat

We observe various forms of heterogeneity in rivers, typically downstream gradients.
For example, temperature and nutrient load increase with increasing distance from
the source. In [30] Lutscher et al. consider a model for such a resource gradient.

The model equation for a single species is given by

ou 9%u ou
5 = Dw —vg + u(R(z) — Au),

where A is a positive constant.
Assume that the habitat exceeds the critical domain size. Since the nutrient

concentration increases downstream, it makes sense to assume that so does the growth
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Figure 1.2: Spatial profiles of two competing species for low (solid) and high
(dashed) values of advection. Species 1 (u;) dominates most of the habitat,
while Species 2 (ug) emerges in the upstream region, “pushing” Species 1
downstream for higher values of advection.

rate. Numerical simulations show that there exists a unique point z* in the domain
such that an upstream spreading wave comes to a complete stop at this point, i.e.
v = A/W(x*) . Such z* is called the invasion limit point. The authors compute it
explicitly using the model parameters.

The behavior of single species population with non-constant growth rate can be
summarized as follows:

(1) The species occupies the downstream end with density near carrying capacity,
and with almost zero density at the top of the stream.

(2) Species spreads in a form of upstream waves that stall at the invasion limit
point.

In the case of heterogeneous environment, the growth rates of both populations

change monotonically in space. In the absence of its competitor, each species has its

own invasion limit 2} and x3, where v = \/DR;(z}) = /DRy (x}).

Observation 1: We have 3 < 27, because of the assumption of the higher growth

rate of Species 2. In addition to the notion of the invasion limit considered above,
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the authors introduced the second one, which is obtained by fixing the density of

the competitor at its single-species carrying capacity. As a result, a reduced growth

rate R; — Aij%, 1,7 = 1,2 is used in place of the original growth rate. The second
J

invasion limit is given by z7* such that

v="2 \/D (Rl-(x;‘*) - Aij%)‘ (1.5.23)

JJ
Clearly, in the absence of the competitor (Aij% = 0), expression (1.5.23) is reduced
27

to v =2y/DR;(z}).

Observation 2: Due to the additional decrease in the growth rate, x; < x}*. First,

Species 2 propagates as a fast travelling wave and stops at the invasion limit x3.
Downstream, Species 1 outcompetes Species 2 and moves upstream. As a result of
the interaction between two species, the first species stops at the “modified” invasion
limit z7* and occupies the downstream part of the habitat.

In conclusion, it is necessary to mention that there are some distinguishing fea-
tures of the two environments. In the homogeneous case, one can observe the appear-
ance of the boundary layer (coexistence region near the boundary), which increases
and decreases with the advection speed. When v is small, Species 1 outcompetes
Species 2, and vice versa when v is large. Practical implications of this observation
are that changes in the flow speed of rivers due to human activity (building dams,
canals, etc) affect the balance between various aquatic organisms.

The second case (heterogeneous environment) corresponds to a more realistic
situation. Usually the amount of nutrients in rivers and other habitats increases
downstream. As a result, the growth rate of aquatic populations increases downstream
as well. The weaker competitor (with higher growth rate) establishes upstream and
propagates downstream with the flow. In the long term, depending on v, it has the
ability to occupy the whole region. Therefore, despite the fact that the other species

is a better competitor, it is being pushed away by the weaker one. Note that there
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is a coexistence zone in the heterogeneous environment as well. But this zone occurs
near the reduced invasion limit of the first species, rather than close to the upstream

boundary like in the homogeneous case.

1.5.3 Two competitors in a moving habitat

The model and the results from the previous subsection are closely related to the
following model describing the ecological phenomenon caused by the global warming,
which at first does not seem to have much in common with the advective environ-
ments.

One of the possible consequences of global warming is the shift of the habitat
boundaries for certain species. In [40], Potapov and Lewis study the effect of moving
range boundaries on the population dynamics of two competing species.

In the following model, u; (¢, z) and uy(t, x) and x(f) < z2(t) are densities of two
competing species and the moving habitat boundaries, respectively. For simplicity,

it is assumed that the length of the moving domain is fixed (z5(t) — z1(t) = L) and

dxq (t) _dxo (t)
dt —  dt

the velocity = c is constant. The model describes the dispersal, growth
and competition inside the moving habitat, while, outside the habitat, the species are

assumed to die without competing or reproducing;:

ou 0%u
8_751 =D 8x21 + (r1 — anuy — aq2u2)uy, (1.5.24)
ou 0%u
(9_152 =D 8x22 + (12 — auy — aaus)uy, (1.5.25)

8u1 82161

E — Dl ax2 — K/lu17 (1526)
2

Ous Oz _ i, (1.5.27)
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for = ¢ [i1(t), 22(8)].
By introducing a change of variables x — = — ct, one can reduce the situation to

a fixed domain with advection (¢ being the advection speed), which has the following

nondimensionalized form (D = g—f, r=2):
ou,  0%*u ou
8t1 — 891:21 +c 8:1:'1 + (1 — uy — agaug)uy, (1.5.28)
0 0? 0
U2 =D e +c o + (T — Uy — Oéglul)UQ, (1529)

ot ox? ox
for 0 < x < L, and
8u1 02u1 8U1

at — ax? —|—Cax _K}1U1, (1530)

) o2 )
% D 8;22 n c£ — Kotig, (1.5.31)

for x < 0 or x > L, with the continuity condition for u; and u;,. The authors also

assume Ky = K.

In the absence of competitor, the situation is analogous to the Speirs-Gurney
model, and thus, each species has its critical advection speed: ¢] = 2, ¢ = 2v/Dr .
When the speed |c| exceeds ¢}, the ith species cannot survive.

For a steady state solution (% = 0) the authors make an exponential ansatz
u;(z) ~ e*® outside of the domain [0, L], which allows them to reduce the stationary

problem to the interval [0, L] with Robin’s boundary conditions:

5?2 9
a;; i 0—07;1 P (1 - —apu)u =0, 0<z<lL, (1.5.32)
0? 0
D 8;22 + C% + (?” — Uy — a21u1)u2 =0 O<z< L, (1533)
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Ou; .

éi—wmza =0, i=12, (1.5.34)
Ou;

é%—@mz& z=0, i=12, (1.5.35)

where &k > 0, k; < 0 are the roots of the characteristic equations for the exponential
ansatz in the cases © < 0, x > L respectively. The solution of (1.5.32-1.5.35) is also
a stationary solution of the following boundary value problem:

81&1 82114 aul

5 = gz teg, tlmwm —anw)u, 0<wz<L, (1.5.36)

ou 9*u ou
8t2 =D 8x22 +c 8; + (r—ug —agug)ug, 0<zxz <L, (1.5.37)
ou;
Y gty =0, x=0, i=12, 1.5.38
a 1
xT
Ou; .
;L—@mza r=0, i=12, (1.5.39)
X

Although (1.5.28-1.5.31) and (1.5.36-1.5.39) have different nonstationary solu-
tions, it turns out that the stationary solutions of (1.5.28-1.5.31) and (1.5.36-1.5.39)
are either both stable or both unstable, provided x or ¢ are nonzero. The system
(1.5.36-1.5.39) has been used by the authors to perform numerical analysis of the
stationary solutions and invasibility of the original model.

The authors find that habitat motion slows down the growth, leads to the increase
of the critical domain size for each species, facilitates coexistence, and may reverse
the invasion: the weaker competitor may become more successful. This is similar to
the findings in the previous section, where the outcome of the competition was being

affected by the advection speed.
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The reaction-advection-diffusion models described above did not consider ex-
plicitely the dynamics of the nutrient. However, in some ecological settings, it makes
sense to make density of the nutrient a part of the model. In a series of papers [3],
[4], [5], Ballyk et al. study a model of the so called “flow reactor”, where one or
several microbial species grow and compete for an explicit nutrient in the domain of
fixed length L. Inside the tubular reactor, liquid medium moves at constant velocity.
The nutrient enters the flow at a constant concentration, and the unused portion of
the nutrient exits at the outflow (as do the organisms). Unlike the chemostat, in
this model, the medium inside the reactor is not well-mixed and the authors take
into consideration the spatial component. The authors use a system of reaction-
advection-diffusion equations to describe dynamics of a nutrient and a single species,
or two competing species and a nutrient. In the case of a single species, the authors
find an eigenvalue condition equivalent to the instability of the “washout state”, and
establish the existence of a non-trivial steady state solution in this case. They also
use numerics investigate its stability. In the case of competing species, they found
that the outcome of the competition strongly depends on the motility (diffusivity) of
the two species. We will not go into more details, since throughout this thesis we will

not consider an explicit nutrient.

1.6 Outline of the thesis

We will now give a brief outline of the next three chapters. The chapters can be
read independently. In Chapter 2, we study a reaction-diffusion-advection model for
a single logistically growing species in advective environment. In this context, we give
a possible explanation of the drift paradox. Namely, we show that there is a nontrivial
stable steady state for the model, and the population approaches this steady state
in the long term. In addition, we perform qualitative analysis of the steady state. A

steady state of our PDE model can be viewed as a solution of a second order ordinary
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differential equation (or a system of two first order ODE). We use this ODE approach
based on phase-plane analysis.

In Chapter 3, we study the spatial Lotka-Volterra competition model in an ad-
vective environment. We use linearization at single-species steady states to analyze
mutual invasion conditions. Here, we use variational formulas for principal eigenval-
ues, “nonspatial approximation” technique (reducing to the nonspatial Lotka-Volterra
model, with an extra “death term”, as introduced in the end of Chapter 2), and per-
form numerical simulations to obtain various bifurcation diagrams.

In Chapter 4, we study a spatial Lotka-Volterra competition model for three
species in an advective environment. We use nonspatial approximation (introduced
in Chapter 2 and used in Chapter 3) to analyze the behavior of our model as we
change advection. We analyze the effect of advection on persistence and permanence,
focusing on two special cases, and using techniques from linear algebra. We compare

numerical simulations of the spatial model with our results.



Chapter 2

Single species

2.1 Introduction

Streams, rivers and coastlines with longshore currents are aquatic ecosystems char-
acterized by unidirectional water movement. As a result, many organisms that in-
habit these systems are carried downstream by the bias in movement. Examples
include plankton, algae, stream insects, or larvae of benthic organisms such as sea
urchins. Despite this bias, populations resist washout and manage to persist over
many generations in such advective environments. This biological phenomenon has
been recognized and studied for more than half of a century, and is known as the
“drift paradox” (see [34, 35]). The most commonly cited resolution for the paradox
is that many stream insects have winged adult stages, during which individuals can
travel upstream [50].

A different mechanism for persistence that does not require a winged adult stage
was given by Speirs and Gurney [47]. Using a linear model, these authors showed that
a sufficient amount of (unbiased) random movement can balance the biased movement
and lead to population persistence. A similar (nonlinear) model with biased and

unbiased movement arises in models for microbes in the gut [4] and in the study

60
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of phytoplankton blooms [20, 44]. Gravity causes phytoplankton to sink (biased)
whereas diffusion in the water column gives rise to unbiased movement. Huisman et
al. obtained a variety of numerical results for such a model [20], several analytical
results were recently given for a similar model by Kolokolnikov et al. [24]. The model
by Speirs and Gurney was recently extended to study more realistic situations by
including a benthic compartment [32, 38], spatial heterogeneity [29] or a competing
species [30].

Most of the results pertaining to streams and rivers cited above are based either
on linear analysis [38, 47] or on numerical simulation [30]. The topic of this chapter
is to analytically study the underlying nonlinear equation, its non-trivial steady state
and its dependence on parameters. More specifically, we study the (non-dimensional)

reaction-advection-diffusion equation

ou  0%*u ou
n :@—q%—l—u(l—u), (2.1.1)

where u(t, z) is the population density at location x at time ¢, and ¢ is the advection
speed. We consider this equation together with reflecting boundary conditions up-

stream, i.e., % = qu at x = 0, and “outflow” boundary conditions downstream, i.e.

% = 0. A derivation of these boundary conditions from random walks together with
a biological interpretation was given in [29)].
Equation (2.1.1) is a generalization of the well-known and well-studied Fisher
equation
ou  O*u

that describes unbiased random movement [15]. One typically considers this equation
on a bounded domain [0, L] with “hostile” boundary conditions u = 0 at = 0 and
x = L. The steady-state solutions of (2.1.2) satisfy a two-dimensional system of
ODEs that happens to be Hamiltonian (see e.g. [25]). Using the explicitly available

Hamiltonian function, one can show under what conditions non-trivial steady states
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exist, give explicit formulas for the domain length L and establish the bifurcation
structure [25]; see Subsection 1.4.1 in the Introduction.

Unfortunately, the system with advection (2.1.1) is not Hamiltonian, and none
of the analysis mentioned above carries over to the general case. The goal of this
chapter is to establish existence, uniqueness, stability and qualitative dependence on
parameters of the non-trivial steady state of (2.1.1), using phase-plane methods for
the steady-state equations. Some of this analysis is similar in spirit to the recent
work by Kolokolnikov et al. [24], who studied a similar equation, but with zero-flux
second boundary condition and a different nonlinear reaction term.

This chapter is organized as follows. In Section 2.2, we briefly discuss the linear
model and deduce the formula for the “critical domain size” L¢ (the minimal length
of the interval for which the trivial steady state is unstable) in our context, i.e. with
boundary conditions different from the ones used by Speirs and Gurney [47]. In Sec-
tion 2.3, we introduce the nonlinear model and make some preliminary observations
regarding existence and non-existence of steady-state solutions. In Section 2.4, we an-
alyze the behavior of the domain size L = L, or L = L” as a function of downstream
density p = u(L) or upstream density v = u(0), respectively. We show that L (L,)
is a strictly increasing function of v (of p). Furthermore, L, approaches the critical
domain size L¢ from the linear model as © — 0 and goes to infinity as p approaches
the carrying capacity (scaled to one). In Section 2.5, we show existence and unique-
ness of a nontrivial steady-state solution for L > L€ for the case of finite and infinite
(L = 0o0) domains. We also show that the positive steady state solution is stable in
case of finite domains. The remaining sections are devoted to the qualitative behav-
ior of the positive steady state solution. In Sections 2.6 and 2.7, we show that the
density at the steady-state decreases pointwise for increasing advection ¢ for infinite
and finite domains, respectively. For finite domains, we also show that the density at
the steady state increases pointwise if we increase the growth rate. In Section 2.8, we

investigate the conditions under which the steady-state profile has an inflection point
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and derive an approximate expression for the distance of the inflection point to the
upstream boundary. In Section 2.9, we summarize our results, give their biological
interpretation and present some reallife examples.

The last two sections are somewhat independent of the rest of the chapter. Sec-
tion 2.9 deals with a minor generalization of the two-compartment model studied in
[38]. Section 2.10 introduces a “nonspatial” approximation of the reaction-diffusion-
advection operator, which will be used in Chapters 3 and 4.

One final comment is on order before we embark on the analysis. The challenge
that we set ourselves here was to remain within the theory of ODEs and phase-plane
analysis and see how many of the results for the Hamiltonian system (¢ = 0) can still
be obtained without the Hamiltonian structure available. However, for some of the

results presented in Sections 2.5 and 2.7, we provide alternative proofs obtained by

PDE methods.

2.2 The model and its linearization

Let u(t,x) be the population density at a distance z from the upstream boundary
at time t. We consider the single population model in an advective environment,

described by the reaction-diffusion-advection equation

=D — Q-+ +71u

@ 0%u ou <
ot 0x2 oz

1 %) . (2.2.1)

The first term on the right in (2.2.1) corresponds to diffusive movement of indi-
viduals (due to self-propelling and/or water turbulence) with diffusion coefficient D.
The second term represents movement of the organisms that is caused by drift (@ is
the effective speed of the current). The third term reflects the assumption that the
population grows logistically, with intrinsic growth rate r and environmental carrying
capacity K. We assume that all parameters are positive. We consider some biological

examples in Chapter 5 of the thesis.



2. Single species 64

In addition, we consider so-called “Danckwerts’ boundary conditions” [4]

0

Qul(t,0) — DE2(¢,0) = 0,

P Oz (2.2.2)

Tt L) =0

ox "’ '
These boundary conditions are well-established in the context of so-called Plug Flow
Tubular Reactors; see p. 569 in [2] and models for nutrient transport in the gut [4].
They have also been derived from an individual random walk in [29].

The reflecting upstream boundary condition tells us that individuals cannot cross

the upstream boundary (x = 0) and move beyond the top of the stream. The down-
stream condition indicates that net outflux from the domain is due to advection only

and not to diffusion. This can be seen in a variety of ways. For example, if one

considers the flux J of individuals, as a combination of advective and diffusive fluxes,

0
J = Jdiff + Jadv = _D_u + QU,
Ox

then this flux reduces to the advective flux at the boundary. The random-walk in-
terpretation in [29] gives the same. Alternatively, if one considers the movement
equation only - i.e., (2.2.1) with 7 = 0 - and integrates over the domain, then one

obtains
L

i ), u(t, z)dr = —Qu(L).

Hence, the change is due to individuals leaving the domain by advection. Biologically,
this situation may most closely describe a river flowing into non-advective freshwater
habitat, such as a lake. The flow takes individuals into the lake, but since conditions
in the lake are not hostile, individuals can also diffuse back and forth so that the net
diffusive flux is zero.

Speirs and Gurney [47] studied the reaction-diffusion-advection equation with a
linear growth term:

ou 0%u ou

E:D@_Qa_x—i_Tu
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Instead of the “outflow” boundary condition g—;‘(t,L) = 0, the authors considered
“hostile” downstream boundary condition wu(t, L) = 0, i.e. organisms are being re-
moved from the system as soon as they reach the left border of domain, see Section
1.5. The following is analogous to Proposition 1.5.1 in Section 1.5, Chapter 1.

In our case, we get the Speirs-Gurney equation (with outflow downstream bound-

ary condition) if we linearize (2.2.1) at zero:

du d%u du
o = Doz — Qg +ru,
ou
Qu(t,0) = D5-(t,0) =0, (2.2.3)
ou
—(t,L) = 0.
o, 1)
Proposition 2.2.1 The general solution of (2.2.3) is given by

Q 4D(r—\,)—Q? Q. . 4D(r—\,)—Q?
u(t,r) = >0 et (Akesz cos %x + Bre2p” sin %x :

where . are eigenvalues of the operator

9% f

dx?

of

D et
ox

Q- +rf

with boundary conditions

Qf(0)—Df'(0)=0,  f(L)=0.

Proof: Standard separation of variables technique. |

Classical Sturm-Liouville theory states that the eigenvalues )\ above form an
infinite decreasing sequence A\; > Ay > ... [7]. If Az are all negative, then the
population goes extinct in the long term. On the other hand, if for some k£ we have
Ar > 0, the population exhibits unbounded growth. Setting \; = 0 and applying

boundary conditions to the general solution of (2.2.3) gives us the critical domain
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size L°:
( arctan(QiﬂTD}QP)
P2 0<Q<V2rD,
L4(Q) = (2.2.4)
m+4arctan ( in_QQQ)
\ 92TD7Q , V2rD < @Q <2vrD,
where

,_ i@

2D
Note that for @ = v2rD, both formulas give us L°(v/2rD) = Z and thus L°¢

20

depends continuously on Q).

Remark 2.2.2 When advection reaches its critical value Q. = 2v/Dr, the critical
domain size becomes infinite and the entire population is washed downstream, i.e.
persistence is not possible. For ) < Q). and L < L¢, the population goes extinct as
well. For Q < Q. and L > L¢ the population in the linearized model experiences

unlimited growth.

2.3 The nonlinear system, steady state solutions,
and connection with the Fisher equation

We now consider the nonlinear model. We will make our first observations regarding
the existence and nonexistence of a nontrivial steady state solution as we vary the
advection speed. We start by nondimensionalizing (2.2.1) and (2.2.2). We rescale the
population density by the carrying capacity, time and space by characteristic time

and length:
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We omit the tildes for convenience, so that (2.2.1, 2.2.2) become

ou __ 9%u ou
o = o — g Tu(l—u),

(2.3.1)

qu(t, 0) . BuéfE,O) _ 0’ Bug‘;L) —0.

We investigate the properties of non-zero steady state solutions of (2.3.1); i.e.

solutions that do not depend on time. Such a steady state solution satisfies
" —qu +u(l—u)=0 (2.3.2)

with boundary conditions
u =qu, =0,

u=0, x=L.

(2.3.3)

Equation (2.3.2) is equivalent to the following system of two differential equa-

tions:

u =,

(2.3.4)
v =qu—u(l —u),
with boundary conditions
v=gqu, =070,

v=0, x=0L.

(2.3.5)

Hence, we are looking for orbits of (2.3.4) connecting the straight lines v = qu and
v = 0. Let us refer to such solutions as “connecting orbits”.
Next, we use the classical result of Fisher [15] and point out the similarity of

equation (2.3.1) with the Fisher equation written in travelling wave coordinates.

Remark 2.3.1 (a) For Fisher’s equation (2.1.2) on the real line, there exists a special
solution in form of a monotone, positive travelling wave u(t,z) = ¢(z + ct) (moving
from the right to the left) iff ¢ > 2 (¢ > 2v/Dr in the dimensional case) [15, 25]; see
Subsection 1.4.3 in the Introduction. In travelling wave coordinates, Fisher’s equation

takes the form

cdf =¢" + (1 - 9) (2.3.6)
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with boundary conditions ¢(0c0) = 1 and ¢(—oc0) = 0. More specifically, a travelling
wave solution of Fisher’s equation corresponds to a (unique) heteroclinic connection,
located in the first quadrant of the uv-plane and connecting two fixed points: (0, 0)
and (1,0) of (2.3.4) obtained from (2.3.2). Since equation (2.3.2) is the same as (2.3.6),
with ¢ = ¢, we can use Fisher’s results in our setting. Note that one can consider a
solution of the form wu(t,z) = ¢(xr — ct) with the boundary conditions ¢(—o0) = 1
and ¢(oc0) = 0 (travelling wave moving from the left to the right). However the
corresponding heteroclinic orbit is located in the fourth quadrant, and this is not
applicable in our discussions.

(b) Note that if ¢ > 2 then the fixed point (0,0) of the system (2.3.4) is an
unstable node and we have “node-saddle” heteroclinic connection (travelling wave).
For ¢ < 2, point (0,0) is an unstable spiral and we observe “focus-saddle” hetero-
clinic connection from (0, 0) to (1,0), approaching the fixed point (1,0) from the first

quadrant. There is no nonnegative travelling wave in this case.

First we show that when the advection speed is greater than the threshold value
q¢* =2 (Q* = 2/ Dr in the dimensional case), then the population will not be able to

persist.

Lemma 2.3.2 There are no nontrivial solutions of (2.3.4, 2.3.5) for ¢ > q*.

Proof: By Remark 2.3.1(a), we have a heteroclinic connection
u=u(z),v=v (),

between the origin and the fixed point (1,0), located entirely in the first quadrant,
approaching (0,0) and (1,0) as © — —oo and  — o0, respectively.

Note that the slope of the vector field defined by (2.3.4) at any point in the
uv-plane is given by

v oqu—u(l—u u(l —u
u v v
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Thus, for any 0 < u < 1 and v > 0, the slope of any solution of (2.3.4) (including
the heteroclinic orbit) is less than q. Therefore, for u > 0, the line v = qu will always
stay above the curve u = u;(z), v = vy (z).

Suppose there exists a solution of (2.3.4) that starts at v = qu for x = 0 and
reaches v = 0 when x = L for some L > 0. In this case the solution (connecting
orbit) must intersect v = 0 when u € [0,1]. Indeed, if u > 1, then the slope of the
vector field on {v = 0} is positive, and we will not be able to reach v = 0. Thus,
since the connecting orbit reaches the segment [0, 1] of {v = 0}, it must intersect the
heteroclinic orbit or pass through the fixed point. Neither one can happen, because
two solution curves cannot intersect (by uniqueness), and the fixed point (1,0) cannot

be reached for a finite L. |

From here on, we assume that 0 < ¢ < ¢* = 2. We show that when advection is

less than critical, there are nontrivial steady states for some domain size L.

Lemma 2.3.3 For any 0 < q < ¢*, there exists L > 0 for which (2.5.4, 2.3.5) has a

nontrivial solution.

Proof:  The linearization of system (2.3.4) at (0,0) is given by

u =,

(2.3.7)
v = qu — u.

The Jacobian of this system has the two complex roots A\ o = qigﬂ. There-
fore, the origin of the linear system is an unstable focus. By Grobman-Hartman
Theorem (see [39]), the origin for the nonlinear system is an unstable focus as well.
Thus, there exist solutions for appropriately chosen L. Namely, in a small neighbor-
hood of the origin, the trajectories of system (2.3.4) spiral away from the origin and

cross both lines corresponding to the boundary conditions. Consequently, there exist
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solutions of the non-linear system (2.3.4) that start on the line {v = qu} and end on

the line {v = 0} (second boundary condition). i

2.4 More on the steady state: domain size as the
function of upstream/downstream density

In this section, we analyze the relationship between the domain size L and the up-
stream /downstream density in the case of a positive steady state of our model. Es-
sentially, we show that higher density corresponds to larger domains.

Let (uq(z),v1(z)) be a solution of

e (2.4.1)
v =qu—u(l —u),
satisfying (u;(—o00),v1(—00)) = (0,0) and (u;(c0),v1(c0)) = (1,0). Such a solution
exists (and its orbit is unique) by Remark 2.3.1(b). Since such a curve (the heteroclinic
connection) will necessarily intersect the line v = qu, we may assume that v,(0) =
qu1(0), and uq(z),vi(x) > 0 for x > 0 (i.e. the “last” intersection of heteroclinic
connection with {v = qu} happens when x = 0). Then such a solution is unique.
Let Umax = u1(0). For any 0 < v < Vpax let (u,(x),v,(x)) be the (unique)
solution of (2.4.1) satisfying (u,(0),v,(0)) = (v, qv) (see Figure 2.1 for illustration).
Considering the region bounded by the line v = qu, the positive u-axis, and the
heteroclinic connection, we see that the curve (u,(x),v,(z)) will eventually cross the
u-axis between © = 0 and v = 1. For any 0 < v < vpay, let LY > 0 be such that
v, (L") = 0. Let p, = u,(L”). Then 0 < p, < 1 (again, see Figure 2.1). Note that
(uy(x),v,(x)) is a continuous function of x and v (e.g. see [39], p.78), and hence

both L” (as the solution of v,(z) = 0) and pu, = u, (L") are continuous functions of

v € (0, Vmax)-
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v=qu

< L av.)
(uv(:x), v ()
0 Vi Hy o g !

Figure 2.1: Connecting orbit for a finite domain and heteroclinic orbit in the
uv-plane.

In this and later sections of the paper, some proofs are more conveniently for-
mulated using upstream density v whereas others become easier using downstream

density pu. The following Lemma connects the two parameters.

Lemma 2.4.1 The mapping v — p, is a continuous, strictly increasing function

from (0, Umax) onto (0,1). In particular, lim,_op, = 0 and lim, ., = 1.

Proof: Continuity is observed above, and the fact that p, is strictly increasing
with respect to v follows from the observation that solution curves of (2.4.1) do not
intersect. Note for any 0 < p < 1 there exists a solution curve of (2.4.1) passing
through (p,0). It will necessarily pass through a point (v, qv) for some 0 < v < Vyax.

Hence p = p,,, and the mapping v +— p, is onto. i

For 0 < p < 1let L, = L" where u = p,. So, L, is a continuous function of
p € (0,1). Now, we look at the behavior of L, as g — 0. Our goal is to prove that
lim, .o L, = L, where L is the critical domain size for the linear system, given by

(2.2.4).
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It is slightly more convenient to consider the change of variables x — —L + x;
i.e., we consider the boundary conditions v(0) = 0,v(—L,) = qu(—L,,). The solution

of the nonlinear system (2.3.4) is given by the variation of constants formula as

U(ZE) _ eAx H + /a: eA(a:fs) 0 dS, A= 0 1
0 0 u?(s) -1 ¢

We denote by [@,9]" the solution of the linearized system (2.3.7) with 4@ = 1,9 = 0.
Then 9(—L¢) = qi(—L). The solution with @ = p,d = 0 is given by pu[a, 0]7
If w(0) = p, then u(z) < p for all x < 0. Hence, we can bound the distance

between the solution of the nonlinear problem and the linear problem, starting at

/ A=) gl .
0

(i, 0) for z = —L,, from above by

u(@) — pi(z), v(@) — po ()" < p*

Therefore, there is a constant C' > 0, for which
|uo(—L,,) — qui(=L,)| < p*C.

Since the solution of the linear problem satisfies the condition 0(—L¢) = qu(—L¢), we

have proved the following theorem.

Theorem 2.4.2 L, — L° as up — 0 (equivalently, LV — L as v — 0).

Remark 2.4.3 Figure 2.2 shows the graph of L” vs. v for ¢ = 1, obtained numeri-
cally. Note that by (2.2.4) for ¢ = 1, L¢(1) = 3277% ~ 1.2, which agrees with the graph.
Note also that L” appears to increase with v, and goes to infinity as v approaches a

threshold value vy, =~ 0.212.

Next, we give an analytical proof that L” is an increasing function of v (as

suggested by the numerics), following the idea of the proof of Lemma 2.1 in [6].

Proposition 2.4.4 If vy < vy < Upay, then L < L2,
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0 0.05 0.1 0.15 02 0.25

Figure 2.2: The graph of domain size L = L” as a function of upstream
density v, for ¢ = 1 (obtained numerically).

Proof:  Let u(x) be the steady state solution of (2.1.1). Then
—(e7%uy), = —e P (—quy + Uge) = € Pu(l — u).
Thus, the following equalities take place:
(e TN = ey (1 — u )u?,
—(e™"u2) u"t = e Ty (1 — u)ut.

Taking the difference between the above expressions and then integrating it between

0 and any a € (0, min(L", L"?)] we obtain

(07

e 9" [u” (z)u"t (x) — ult (x)u"? (a:)} lo = / e Tut (x)u? (z)(u?(x) — u”*(x))dx.

T T
0

Using the boundary conditions at x = 0 we get

xT

e 1 2 (a)u (o) — ul (a)u? ()] = /Oa e~ Ty (z)u? (z) (u?(x) — u” (z))dz.
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Next, we want to show that for all z € [0, min(L"*, L*?)] we have v (x) < u*?(z).
Note that since ©"(0) = v; < v = u*?(0) this is true for z = 0.

Suppose the statement is not true, then there exists 0 < § < min(L**, L*?) such
that v (z) < u**(z) for z € [0, B), but v (5) = u*?(F). Then taking o = F in (2.4.2)
and using

u” (B) = u(B),

we get

E
e~ Pu () [ug? () — ui (B)] = /0 e~ (p)u” () (u () — u” (2))de. (24.3)

Note that the right hand side of (2.4.3) is positive, and therefore u%?(3) > u”' ().
On the other hand, for z(z) = u”2(x) — v (z) we have z(x) > 0 for x € [0,) and
z(B) = 0, which implies 2/(5) = u2?(8) — u* (5) < 0, a contradiction. Thus, we have
proved that for any x € [0, min(L"*, L*?)] v (z) < u**(x).

Now, suppose L < LY so min(L*, [**) = L** . Then taking (2.4.2) with

a = L and using the boundary condition u%?(L"*?) = 0, we get

e” 1 [—ul (L2)u? (L)) = /0 e” M (x)u” (z)(u”(z) — u” (z))dz > 0.

In the above equality, the right hand side is positive since u”2(x) > u**(x) on [0, L"?],

while the left hand side is negative, a contradiction. Thus, L** < L*2.

Finally, we look at the behavior of L” as v — vy, Or, equivalently, the behavior
of L, as p — 1. In the following theorem, we confirm the numerical observations

made in Remark 2.4.3.

Theorem 2.4.5 L, — 00 as p — 1 (equivalently, L — 00 as V — Vmax).
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Proof: We use the standard result on continuous dependence on initial data to
prove this theorem, see e.g. Theorem 1, Section 2.3 in [39]. Pick any 0 < X < oo
and € > 0. Since (1,0) is a steady state, we can pick § > 0 small enough so that
the solution with initial data (p,0) and |4 — 1| < § remains within € of (1,0) up
to “time” X. Hence, as u — 1, it will take the solution arbitrarily long to leave an

e-neighborhood of (1,0). In particular, L, — oo. i

2.5 Existence, uniqueness and stability of the steady
state

We use the results about L” to show existence and uniqueness of the solution of

(2.3.4)-(2.3.5) for any L > L°.

Theorem 2.5.1 For any L > L°¢ (2.3.4)-(2.3.5) has a unique positive solution.

Equivalently, for any L > L¢ (2.8.1) has a unique positive steady state.

Proof: We know that L (as a function of v) is continuous and increasing on
(0, Vmax)- It has finite limit L¢ at 0 and goes to infinity as v — .. Clearly, for
any L > L there is exactly one v € (0, ¥ax) such that L = L. By the definition
of L¥, this means that there exists (u(x),v(z)) satisfying (2.3.4)-(2.3.5), such that
(u(0),v(0)) = (v,qv). Since v # 0, this solution is positive. Moreover, such a solution

is unique (as a solution of an initial value problem). |
We now turn to the case of infinite domain.

Theorem 2.5.2 For any 0 < q < 2 there exists a unique solution (u(zx),v(zx)) of
(2.4.1) satisfying v(0) = qu(0) and v(co) = 0.
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Proof: Suppose 0 < ¢ < 2. We know that the solution (ui(z),vi(z)) of (2.4.1)
with u1(0) = Vpax satisfies lim, .o (u1(z),v1(x)) = (1,0). This implies existence of a
steady state solution. Uniqueness follows from the fact that there is a unique solu-
tion of (2.4.1) satisfying (u(0),v(0)) = (Vmax, (Vmax), and if the solution does not pass
through this point, it either reaches u-axis in finite “time” L, or does not approach

to it at all. |

Our next goal is to prove stability of the positive steady state solution of (2.3.1)
(when it exists). We linearize around the steady state, and make the ansatz u(t,x) =
u(x) + ¢(x)e M. Substituting into (2.3.1) and keeping the leading order terms, gives

the following eigenvalue problem:

—Ag(z) = ¢" () — q¢' () + ¢(2)(1 — 2u(w)),
¢'(0) = q¢(0), (2.5.1)
¢'(L) = 0.

qz

To eliminate the advection term, we consider ¢ (z) = e~ 2 ¢(z). Then (2.5.1)

becomes
)+ (1= ~200) 000 =0

¥'(0) — 34(0) =0, (2.5.2)

V(L) + (L) = 0.
This problem has the same eigenvalues as (2.5.1). They form an increasing
sequence A1 < Ay < ... [7]. To prove stability, we need to show A\; > 0. Suppose ¢ (z)
is the eigenfunction corresponding to the dominant eigenvalue \;. From classical

Sturm-Liouville theory it follows that v, (x) is of one sign in [0, L], so we may assume

that 1 (z) > 0 for any = € (0, L).
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Let w(z) = e~ Z u(z). Substituting into (2.3.2) we get
w'() + (1= Fhw(z) — ed* (w(x))* =0,
w'(0) — 2w(0) = 0, (2.5.3)
w'(L) + dw(L) = 0.

Multiplying the equations in (2.5.3) by ¢4 (z), and in (2.5.2) by w(z), integrating

between 0 and L, and taking the difference of the two expressions, we get

/1/) dx—/OL "z )by (z dx+>\1/ by (z)w(z)do—

—2 /0 w(x)r (x)w(z)dz + /0 3% (w(x)) 2y (z)dx = 0.

Note that 5 ;
/0 W@ — [ @’ (@) =

(vt~ [ i) - (w@w@l - [ e

2oL = 201 (0)w(0) - (~Fw(Lpir (L) - Sw(0)i1(0)) = 0.

2
Also note that e2”(w(x))? = u(z)w(z). Thus we have

a [ @i [ @ =o

Ji ul@)w <>wl<x>daz
fO ¢1 )dl’

or

1:

):

With this result on eigenvalues, we are ready to prove stability of the steady

state in case of a finite domain.

Theorem 2.5.3 The positive steady state solution uw = u*(z) of (2.3.1) with0 < L <

0o 18 stable.
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Proof:  The preceding calculation about eigenvalues shows that all solutions of the
linearized problem decay exponentially, i.e. the linearized system is stable. We show
that this implies that the steady state for the nonlinear system is stable as well. We
use the Lumer-Philips theorem (Theorem 11.22 in [41]) to demonstrate that the linear
differential operator in (2.3.1) generates a contraction semigroup. Theorem 11.22 in
[46] together with compactness of the second-order differential operator imply that
u*(zx) is stable.

Consider the operator A = §?/0x* + q0/dz, defined on the space
D = {U € H*(0, L)|U,(0) — qU(0) = 0, U,(L) = 0} c L£L*(0, L). (2.5.4)

Considering the inner product on this space, we calculate

L L
/ UU,,.dx — q/ UU,dx
0 0

L
= UUx|§—/ dex—g(UQ)a;dx
0

L
/ UAUdzx
0

— _/L Uzdx — g(UQ(L) + U?(0)) < 0.

Since the operator is compact, it has point spectrum, and it is easy to see that all
eigenvalues are negative for ¢ > 0. Hence, the operator A — &1 is invertible for all

positive &. Therefore, A generates a contraction semigroup. i

2.6 Dependence of the steady state on advection
speed for infinite domains

In this section, we investigate how changes in advection affect the steady state profile

in the case of an infinite domain.
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Consider the diffusion-advection-reaction equation with logistic growth term, re-

flecting boundary condition upstream and “outflow” condition at oc.

ou __ d%u ou
o = o — gy Tu(l—u),

(2.6.1)

qu(t,0) — 240 — ¢ Jim, . 2450 — g,

We are interested in the steady state solution, so we set u; = 0 and u = u(x).
Thus, we consider the equation u” — qu’ + u(1 — u) = 0, or, written as a first order

system:

u =,

(2.6.2)

v =qu—u(l —u).
The above system has two fixed points: (0,0) and (1,0). It is known (see Remark
2.3.1b) that, for ¢ < ¢*(= 2) the origin is an unstable spiral and (1,0) is a saddle
point. The heteroclinic orbit that connects these two fixed points also intersects the

line corresponding to the boundary condition v = qu in the first quadrant of uv-space.

More specifically, there exists an orbit (u,,v,) such that
vq(0) = qug(0) (2.6.3)

and

lim (ug(x), vy(z)) = (1,0). (2.6.4)

We have changed notations to stress the fact that we study the dependence of
steady states on advection speeds, assuming that p = 1. Thus, we are interested in
the behavior of (uy(z), v,(x)) with respect to the advection speed ¢g. We may view this
orbit as the graph of v = v,(u) (since v/(z) = v(x) > 0 in the first quadrant). Note
that the curve v = v,(u) is the stable manifold of the fixed point (1,0). Therefore, at
this point, the curve is tangent to an eigenvector of the Jacobian of (2.6.2) at (1,0)

corresponding to the negative eigenvalue. Thus, we can find the slope of v = v,(u) at
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u = 1 by analyzing that Jacobian. Namely, we have

0 1
J(u,v) =
—14+2u ¢
and
1
J(1,0) =
L q

The eigenvalues of J(1,0) are

e
AR

5 <0 and

V& +4
)\Zz—qu 2qu > 0.

An eigenvector corresponding to A, is given by 7; = (1, X" VQQH). Thus, the slope of

v = v,(u) at (1,0) is m(q) = TYE

2

In the following, let 2 > ¢; > ¢o.

Lemma 2.6.1 m(q) > m(q2).
q

Proof:  Note that m/(q) = (1 - \/ﬁ) > (. Therefore, m(q) is an increasing

function of ¢ and m(q1) > m(qa).

Lemma 2.6.2 There exists 0 < u* < 1 such that vy, (u) < vg,(u) for all u € (u*,1).
Proof:
Let w(u) = vy (u) — vy, (u). The statement now follows from w(1) = 0 and

w/(1) = v}, (1) — vip(1) = m(ar) — m(g) > 0.

Lemma 2.6.3 vy, (u) < vg,(u) for all max(ug, (0),u4,(0)) <u <1 (common domain

of vy (u) and vy, ().
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Proof: = We know that vy, (u) < vg,(u) for all u* < u < 1. If this is not true for all
max(ug, (0), ug, (0)) < u <1,

there exists 0 < @ < 1 such that v, (@) = v, (2) = v. Then

(qu)u(ﬂ) - u]i%l+ u—u N ullgj"r U—1u
: Vg (U) — Vg (ﬂ) o _
Jim = = (v, )u(@). (2.6.5)
On the other hand,
ull —u u(l —u
(Vo )u(®) = g2 — ( p ) <q — ( ) _ (Vg )u(), (2.6.6)
a contradiction. [ |

Lemma 2.6.4 u, (0) < u,(0).

Proof: Note that the slope of the line v = ¢uu is ¢a. The slope of the solution

v = vy, (u) is less than ¢o:

dv u(l —u)

=@ < (2

du v
Therefore vy, (u) < gu for any u € [max(u,, (0),ug(0)),1). Thus, by Lemma 2.6.3,
we have

Vg, (u) < qu(u) < Qu < qiu, (267)

80 Vg, (1) < qru for all u € [max(ug, (0),u4,(0)),1). Thus, since vy, (ug, (0)) = qi1ug, (0),
we conclude that ug, (0) < max(ug, (0),ug,(0)) = u4,(0). i

We are now ready to prove the main result of this section: the steady-state

density decreases pointwise with increasing advection.
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Theorem 2.6.5 u,, (v) < ug,(z) for any x > 0.

Proof: By the above lemma, this statement is true for x = 0. If this is not true
for some = > 0, then there exists £ > 0 such that u,, (Z) = ug(Z). We may assume
that z is the smallest such. Let @ = u,(Z) = ug, (). First, note that by Lemma

2.6.3,
(g, )2(T) = Vg, (ug, (T)) = vg, (W) < Vg, (W) = Vg, (g, (T)) = (g, )(T). (2.6.8)
On the other hand, by the choice of z, for any 0 < z < T we have u,, () < ug,(z), so
Ugy (T) = Ugy (T) = Uy (T) — U < Ugy () — U = Uy, (T) — Uy, (T). (2.6.9)

Since z — z < 0, we get

g, () — ug, (Z) S Y () — g, (57) (2.6.10)

r—T r— T

Taking a limit as x — z~, we get

(tg,)2(Z) = (ug,)2(T). (2.6.11)

This is a contradiction. |

2.7 Dependence of the steady state on advection
speed for finite domains

Now we consider the case of a domain of finite length and investigate the dependence
of the steady state solution of (2.3.1) on the advection speed. The situation here
is somewhat more complicated than in the previous section for an infinite domain,

where the “endpoint” (u(co) = 1) was the same for all possible solutions.
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Setting u; = 0, we get the first order system:

4

(2.7.1)

v(0) = qu(0),
| v(L) =0.

We want to show that given 0 < ¢o < ¢1 < ¢* = 2, a population inside a habitat
of length L with advection speed ¢; will have lower density than a population in the
same habitat with advection speed ¢, at any point of the domain [0, L].

Our goal is to prove the following.

Theorem 2.7.1 If0 < q2 < 1 < 2, ug (x) and ug,(x) are the steady state solutions

of (2.3.1) with ¢ = ¢1 and q = qo respectively, then
Ug, (T) < ug,(x), x€][0,L]. (2.7.2)

Note that in the first quadrant (u,v > 0) any trajectory of system (2.7.1) can be

viewed as a graph of a function v = v(u) (since v’ = v # 0). Moreover, such curves

d 1—
are solution curves of the ODE d_v =q— u
U v

. In particular, no two such curves
intersect.
First, we notice the effect of increasing the advection on the phase portrait of
dv u(l —u)

the ODE — =q¢— —=.
du v

Lemma 2.7.2 Given q1 > ¢, at any point (u*,v*) (in the first quadrant), the slope

d (1 —wu*
of the direction field of d—v\u:u =q1 — w1 —u is greater than that of the equation
u
dv u (1 —u*)
d_|u:u* =@
u v

Proof: Follows easily from the assumption q; > ¢s. i
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Figure 2.3: Intersection of orbits corresponding to different advection speeds.

Lemma 2.7.3 Suppose q1 > q2. Let v = 0y, (u) and v = 04, (u) be the solutions of

dv u(l —u)

—=q - — 2.7.3

du Uil y ( )
and

dv u(l—u)

W g B TW 2.7.4

du v (274)

respectively, both passing through a point (u*, v*) with u*,v* > 0. Then vy, (u) < Ug,(u)
foru < u* and vy, (u) < vy, (u) for u* <u (on the common domain of v, and v,,, see
Figure 2.3).

Proof: Let w(u) = 74 (u) — U4y (u). Thus, w(u*) = v, (u*) — Uy, (u*) = 0 and

duw dv,, dv,,

d xy <) J—
e um = 2 (O () = B (@) = e = S8

w = q1 — @2 > 0. This means
that w(u) has at most one zero and we have w(u) < 0 for v < v* and w(u) > 0 for

u > u*, as needed. |

Let (ug, (2),vq (x)) be a solution of (2.7.1) with ¢ = ¢;. Let v = v, (u) be the

d 1—
corresponding solution of d_v =q— u, defined on the interval (ug, (0), ug, (L)).
u v
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Figure 2.4: For given downstream density b, orbit corresponding to the higher
advection (solid curve), lies below the orbit corresponding to the lower ad-
vection (dashed curve).

Let (@(z),0(x)) be the solution of (2.6.2) with ¢ = o passing through the point
(ug, (L),0) such that 0(0) = ¢20(0), and let v = v(u) be the equation of this curve as

d 1—
a solution of d—z =q — u, defined on the interval (u(0), u, (L)) = (a,b).

Lemma 2.7.4 For any u € (a,b), 0(u) > 04 (u).

u(l —u)
v
passing through the point (p,0,,(¢)). By Lemma 2.7.3, with (u*,v*) = (p, 74, (1)),

d
Proof:  Take any u € (a,b). Let v = v#(u) be the solution of d_v =g —
u

(1) < Vg, (u) for any u € (u, ¢), where ¢ < b is the point where the curve v = v#(u)
crosses the u-axis (see Figure 2.4). Since v = 9(u) and v = v#(u) cannot intersect,

we have v(p) > 0" (p) = g, (1), as needed. i

Let L' > 0 be such that v(L’) = 0. Let us prove that, in order to reach a certain
downstream density (in our case, b), a population that is subject to a higher advection

needs a larger habitat.

Lemma 2.7.5 L > L',
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Proof:

i
For any 0 < p < 1, let L, > 0 be such that, for the solution of
( u =,
V= gpv —ull — ), (2.7.5)

v(0) = qou(0),
v(L,) =0,

\

we have w(L,) = p. In other words, L, is the size of the habitat corresponding to
the downstream density i in the case of the smaller advection gs.

As proved earlier, L, — oo as u — 1, and, as we know, L, is increasing with
respect to p. Thus, if (ug, (), vy, (x)) is the solution of (2.6.2) with advection ¢ = ¢o,
then L > L' implies ug, (L) > a(L') = u,, (L).

We are now ready to prove our theorem.

Proof of Theorem 2.7.1:
Proof: =~ We consider two cases.
Case 1: ug (L) < ug,(0) (the ranges of u,, and u,, do not overlap).

In this case, for any x € [0, L], we have
Ug, (2) < g (L) < ug(0) < ugy (),

as needed.
Case 2: ug, (L) > ug,(0) (there is an overlap, see Figure 2.5).

Note first that, since ug, (L) > @(L'), the curve v = 9y, (u) is located above the
curve v = ¥(u) on the common domain [ug,(0), u, (L)]. Thus, by Lemma 2.7.4, for
any u € [ug,(0), ug, (L)],

Ugy (1) < Vgy (u1).
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V=gq:u
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0 ug(0) ug,(0) ug(L) ugAL)
Figure 2.5: The case of overlapping domains.
Note that v, (ug,(0)) = ¢2(ug, (0)) and
dvg, Ugy (0) (1 — g, (0))
u—u = (9 — - < o, 2.7.6
du 0 BT ) (270

and therefore, since v = 0, (u) is concave down, we have v, (u) < gu for u > w4, (0).
Now, for u € [ug,(0),ug, (L)], we have vy, (u) < 04 (u) < gou < qru.
So, Uy, (u) < qru for all u € [ug,(0),u,, (L)].
Since 7y, (g, (0)) = qrug, (0), we conclude that ug, (0) € [ug, (0),uq, (L)], ie. u,(0) <
Ug, (0).

We want to show that for any = € [0, L] ug, (x) < ug,(x). Suppose this is not the
case, and consider the smallest Z > 0 such that ug, (Z) = u,(Z). Let 0 = u, (7)) =
Ug, (Z). Note that @ € [ug,(0), ug, (L)].

Now, we have

|r:g‘: = @th (uth (J_j)) = Q_th (l_l,) < 17‘12 (I_L) = TJ‘D (U,D (j)) - ds:f

(2.7.7)

|m:f‘
On the other hand, by the choice of z, for any 0 < = < Z, we have ug, (z) < u,, (), so

(2.7.8)

UQ1(x) — Ugy (j) = Uq (l’) —u< ulh(‘r) —u= uth(l‘) - ul&(j)'
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Since x — < 0, we get

Ug, (SC) — Ugy (Q_Z) > Ug, (l‘) — ELQ? (j) (279)

Taking the limit as * — 7, we get

v > — 2|z, 2.7.10
s 2 22| (27.10)

a contradiction.

Note that, in this chapter, we have been consistently using ODE methods (ex-
cept for the stability result) to analyze the steady states of our partial differential
equation. However, some of our proofs can be shortened by using some powerful
PDE techniques. For example, an alternative and short way to prove Theorem 2.7.1
without involving the phase-plane analysis is presented below.

Consider the steady state u(t, x) = ug, () of the single-species model (2.7.1). We

know that u, > 0, and we assume ¢ < ¢;. We get
0= Uz — Gz + (T — W)U = Upy — Uy + (1 — G2)Us + (1 — w)u (2.7.11)
The term (q; — go)u, is positive; hence

0
Uge — Qe + (r—uw)u < 0= au (2.7.12)

Thus, the steady state of the equation with ¢ is a supersolution for the equation with
q1 > q2-
Therefore, by Theorem 3 [12], we conclude that wu,, (z) is bounded above by

ug, (7). In particular, the steady state is a pointwise decreasing function of advection
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speed.

In a similar way, we can deal with differences in growth rates. Suppose r; > 5. Then
Ugz — QUz + (T — W)U = Ugy — qug +u[(ry — u) + 19 — 11 = u(ry —ry) < 0. (2.7.13)

Hence, the steady state with r; is a supersolution for the equation with ro < rq, and
therefore the steady state of the equation with 75 is bounded above by the steady
state with r1. In other words, the steady state is pointwise increasing in 7.

Thus, we have the following.

Theorem 2.7.6 If0 <ry <71 <2, u, () and u.,(x) are the steady state solutions

of (2.3.1) with r = r1 and r = ry respectively, then

Up, () > upy(x), x €[0,L]. (2.7.14)

2.8 Qualitative aspects of the steady state solution

Although we do not have an explicit formula for the positive steady state solution
u = u(z) of (2.3.1), we know (e.g. from the phase plane analysis) that u(x) is an
increasing function on [0, L], and for z close to L, it is concave down (since u/(L) = 0).
A natural question is whether u(x) is concave down throughout the habitat [0, L], or
whether u(z) has an inflection point z* € [0, L].

We start by analyzing the cases of low, intermediate and high advection.

Lemma 2.8.1 The solution u = u(z) of (2.3.2, 2.3.3) has an inflection point if and
only if u(0) > 1 — ¢%.

Proof:  Let (u(z),v(x)) = (u(x),u'(z)). Then u(x) has an inflection point if and
only if its orbit in the uv-plane intersects the v-nullcline v = %u(l —u), which happens

exactly when the point (u(0),v(0)) = (u(0), qu(0)) lies above the v-nullcline. This is
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Vv

v-nullcline
v=qu
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Figure 2.6: No inflection points for ¢ < \/Li

equivalent to

qu(0) > §u<o><1 — u(0)),

or

U(O) >1- q27

as needed. |

Proposition 2.8.2 (i) For g > 1, every solution of (2.3.2)-(2.3.3) has an inflection
point.

(ii) For q < %, no solution of (2.3.2)-(2.5.3) has an inflection point (see Figure 2.6).

Proof: (i) Follows by Lemma 2.8.1 and the fact that «(0) > 0 (upstream density
is positive).

(ii) If u(z) has an inflection point, by Lemma 2.8.1, we have u(0) > 1—¢? > 3. But if
an orbit of (2.3.4) starts at a point located above the v-nullcline and to the right from
u = %, from phase plane analysis we can conclude that it will never cross the u-axis,

hence will not satisfy the second boundary condition. Thus, u(x) has no inflection
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Vv v=qu
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b 1-q° Vax 1 Tu

Figure 2.7: The case of intermediate advection (\/i5 <g<1).

point. |

Remark 2.8.3 If % < q <1, then

o if V. < 1 — @2, then no solution has an inflection point;

o if Upax > 1 — ¢°, then, by Lemma 2.8.1, solutions with 1 — ¢*> < u(0) < Vyae
have inflection points, and solutions with u(0) < 1 — ¢* do not have inflection
points; in other words, inflection points only occur for large domains; see Figure

2.7.

In the case when upstream density is low, we can use linearization around the
zero steady state to obtain the distance from the upstream boundary to the inflection
point (length of boundary layer). Note that the solution of the linear system will only
have an inflection point if ¢ > 1 (otherwise the v-nullcline v = %u will be above the

first boundary condition v = qu). The system linearized at the origin takes the form

(2.8.1)
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The general solution of the above system is given by:
w(z) = e (o cos Oz + Bsin Oz),

where

Using the first equation of the linearized system, we obtain

2
gz

v(z) =u'(r) = ae? (q cos fz + (Z_H — 9) sin «993) :

Differentiating the above expression gives

" aq g ¢ . ax ) q>
u (l‘):762 qcosfx + Z—Q sinfz |+aez | —gfsin bz + Z+¢9 O coslz | .
(2.8.2)

If u(x) has an inflection point at x = x*, then v”(z*) = 0. Setting the right-hand side

of (2.8.2) equal to zero, we find the expression for x*:

3

2
34”2
%arctan( 4 43) 1< g <3,
2

o " (2.8.3)
% (7r+arctan(3;9 q3)> V3<g<2.

2 86

As we can see from Figure 2.8, for small upstream densities, formula (2.8.3) gives
a good approximation of the inflection point of the solution in nonlinear case (found

numerically, by following the orbit in the u-v-plane).
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Figure 2.8: Distance from upstream boundary to the inflection point vs.
advection as given by numerical simulation (thick) and analytically (2.8.3)
(thin), for upstream density u(0) = 0.001.

2.9 A more general mobile-stationary model

We consider the following generalization of the two-compartment model (1.5.8), in

which the population grows in the stationary and the mobile stage:

on 0*n on
atd =D 8x2d —v Gazd + f(na)na — ong + pne, (2.9.1)
on
8_tb = g(np)ny + ong — pny (2.9.2)
with boundary conditions
DM =0 =0, ny—0, z—L. (2.9.3)
ox

Linearizing (2.9.1, 2.9.2) at the steady state (0,0) we get

8nd . 82nd 8nd
5 D 52 s + f(0)ng — ong + pne, (2.9.4)
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0
% = g(0)ny + ong — pny,. (2.9.5)

T

Let r4 = f(0) and r4 = g(0). Rescale by setting t = 7t, ji = Lo=Cand 2= J

S|

Dropping the tildes, we get the non-dimensionalized system

8nd . aQTld 8nd
5%~ oz Von + (r —o)ng — ong + pny (2.9.6)

% = (1— p)ny + ong. (2.9.7)
Here, r = ;—Z The coefficient —G = r—o represents the net growth in drift population,
and can be negative, positive or zero. Note that the difference from (1.5.9) is that in
(2.9.6) the coeflicient of n, is not equal to the coeflicient of ng in (2.9.7). As before,
analyzing the second equation, we see that when p < 1 the persistence is guaranteed.

As in the Introduction, we get the following.

Theorem 2.9.1 The general solution of the system (2.9.1)-(2.9.2) has the following

form:

t
ny(t,z) = e~ W Diny(0,2) + ae(“l)t/ ey (1, z)dr, (2.9.8)
0

nd(t, J}) = Zfil[clmlne(mln_(ﬂ—l))t + 62m2n€(m2n—(,u—1))t]

(2.9.9)
x[e2 (ay cos(—“"’\;_“zx) + as sin(—“"’\g_”zx))],
where a1, ay are constants, and
min = ml()\n) = ot 2(a+)\n)2+4u07 2.9.10
—(a+ n)—+/ (a+Xn)2+4puc ( e )

Moy = m2<)\n) )

[\
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a=0—pu+1=0—r—pu+1 and N\, are the series of solutions \,(v, L) with
A1 < Ao < ... which satisfy the following equation (obtained by applying the boundary
conditions):

£/ _ 12 £/ 12
VAT on (#L) = 0. (2.9.11)

v
Note that in Theorem 1.5.2 we had a = ¢ — p + 1. In the case when pu >
1, following the same technique as in Subsection 1.5.1 , we obtain the persistence
condition
M <7+ ﬁ,

and the critical domain size is

L= \/4(T+;) — (W—arctan (%\/4 <r+ ui 1) —v2>) .

The critical domain size L} goes to infinity when the advection speed approaches its

critical value v} =2, /r + ﬁ Interestingly, we found that v} > v, = 2 ﬁ, where

v, 18 the critical advection speed in the case when growth only occurs on the benthos.
Thus, the growth in the mobile compartment makes it easier for the population to

persist.

2.10 Nonspatial approximation

Our goal in this section is to analyze the behavior of the diffusion-reaction-advection

equation

ou 0%u ou

o= = — 2.10.1
ot daxQ Yoz ulr—w) (210.1)
with boundary conditions
ou(0,t) u B
d e qu(0,1), %(L, t)=0. (2.10.2)
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by reducing it to a nonspatial “approximation” of the form ‘3—7: = Au+u(1l—u), where
A < 0 captures, in some sense, the effect of population loss at the boundary. At
this point, the “approximation” is heuristic rather than rigorous. We provide some
plausibility arguments and numerical simulations for the approximation. We use this
approach in subsequent chapters and show by examples that it is quite valuable.
Note that the change in population density is due to movement and population
growth (reaction). The flux through the boundary is a combination of fluxes due to
random movement (equal to —DZ%, by Fick’s Law) and due to advection (equal to
qu). To account for population loss through the boundary, we replace the diffusion-
advection operator with a term Aju, where \; is the leading eigenvalue of the linear

equation for movement only:

ou 0%u ou

— =d=— —q— 2.10.
ot a2 1o (2.10.3)
with the boundary conditions
ou
d—(0,t) = qu(0,t
~2(0,1) = qul0,),
Ju
—(L,t) =0.
83:( ? )
The corresponding eigenvalue problem
du” — qu' = du
du/(0) = qu(0) (2.10.4)

u'(L) = 0.
has a non-trivial solution only if ¢*> + 4\d < 0. In this case, the general solution of

the above equation (for a fixed \) has the form

gz V/ —q* —4Xd VvV —q¢* —4Xd
u(z) = e2d A cos (q—m> + Bsin (q—x> .

2d 2d
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Thus, a nontrivial solution that matches both boundary conditions requires

V—q¢% —4Xd V—¢% —4XMd
q\/ —q* — 4Xd cos (q—L) +(q*+2\d) sin (q—L> =0. (2.10.5)

2d 2d

The roots of this equation form a decreasing sequence of eigenvalues \; > Ay > ...

where \; —Z—Z. The general solution of the “movement-only” boundary value

problem (2.10.3) is then given as an infinite sum

= e V= — 4Ad g V- —4\d
u(t,z) = Z Mt | Aped cos <#x> + Bye2d sin <#m>]
k=1

2d 2d

= My (z) + ey (z) + ...

Starting with any initial distribution, the population will be transported along the
drift and leave through the downstream boundary, and its density will approach the

zero steady state. The total population at time ¢ is given by
L
U(t) = / u(t, z)de = MU, + Uy + ..,
0
where the terms Uy, = fOL ug(x)dx are constant. Now, we have
U'(t) = \MeMtUp 4 MUy + ... < \U(t)

(with equality taking place when Uy(z) = 0 for £ > 2). Thus, |\;| is the smallest
possible rate of decay that a solution of (2.10.3) can have. In order to represent
this removal of population from the domain due to diffusion and advection, we will
introduce an additional “death term”, A\ju, to the nonspatial logistic growth equation
u = u(r —u).

Now we take a closer look at the behavior of \; as a function of advection, q.
To eliminate the advection term in (2.10.3), as before, we use the following transfor-
mation: n(x,t) = u(z,t)e 2 (see Subsection 1.4.1). Then the advection-diffusion-

reaction equation on u(t, z) takes the form
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on _ n ¢

— =d— - = 2.10.6
ot~ “022  4d" (2.10.6)
and boundary conditions are transformed into
In _dp =0, x=0
w2 (2.10.7)
on 4 ip=0, z=1L.
The eigenvalues of (2.10.4) are precisely the eigenvalues of
dn” —qn’ = An
dn'(0) = 4n(0) (2.10.8)

By Proposition 1.4.2, the principal eigenvalue is given by:

2

A1<q,d>—q——min{ | oy g<w<o>>2+§<w<m>2}}. (2.10.9)

4d  vev

It follows, that for fixed diffusion d, Ay = Ai(q,d) is a decreasing function of
advection. This is illustrated by numerics (see Figure 2.9).
To justify the use of the term Aju in our model, we first consider the reaction-diffusion-

advection equation with the linear growth:

ou 0*u  Ou
— =d=— —q— 2.10.10
ot 022~ Tox T, ( )
with boundary conditions d% = qu(0,t), 3“(L,t) = 0. Persistence of a species with
dynamics described by the above model is determined as follows: the infinitesimal
amount of population will grow when A\ = r + A\; > 0, and will decay when \ =
r 4+ A1 < 0 (here, \; is the leading eigenvalue of (2.10.3)). The same is true for the

solutions of the nonspatial model given by % = (A1 + r)u. Thus, in the linear case,

the nonspatial approximation gives an accurate prediction of persistence conditions.



2. Single species 99

0z _ ..................... |
oY) EECE— ............................................ ..................... J
iy ............................................ R T PR 4

08k TN . T 4

D _ .............................................. ..................... _

14 | i |
0

Figure 2.9: Principal eigenvalue as a function of advection, with d = 1.

In the case of the reaction-diffusion-advection model with logistically growing

population described by

ou 0*u ou
e :d@ —q%—i—u(r—u), (2.10.11)

persistence is equivalent to growth at low density, i.e. the question reduces to growth

in the linear model (2.10.10). Persistence is again equivalent to r > —\; and decay

happens when r < —\;. The same is true for the nonlinear equation

ou

T Au A+ u(r —u). (2.10.12)

Indeed, (2.10.12) can be written as 2% = u((r + A;) — u), and the stability analysis
shows that the zero equilibrium state of the above equation is stable for r+XA; < 0 and
unstable for r+\; > 0. Thus, the dynamics of a single species boundary value problem
is fairly well captured by the nonspatial equation (2.10.12). We will use this approach

in our study of competition of two and three species in advective environment.
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Figure 2.10: The solid curve represents the positive equilibrium of (2.10.12)
u* =14 Ai(q,1); the dashed curve gives the average population density of
the positive steady state of (2.10.11).

Further justification of validity of the nonspatial approximation for the diffusion-
advection model with non-linear term is given in Figure 2.10. We compare the aver-
age value of the steady state solution of the spatial model (2.10.11) (subject to our
boundary conditions) with the positive equilibrium of the corresponding nonspatial

approximation (2.10.12), for different values of ¢ and domain size L = 10.



Chapter 3

Two species

3.1 Introduction

The population dynamics of two competing species can be described by the classical

Lotka-Volterra system in non-dimensional form:

dd%:ul(l—lu—alw)a (3.1.1)

% = UQ(TQ — U9 — ﬁul)

where uq, us are the sizes or densities of two competing populations, r; = 1 and
ro > 0 are the corresponding intrinsic growth rates, and «, 8 > 0 are the interspecific
competition coefficients. In Chapter 1, we gave a detailed description of possible
competition outcomes in such a Lotka-Volterra model.

Figure 3.1 illustrates the dependence of the competition outcome on the choice
of parameters, in the af-plane, for ro = 1.15.

Here, we consider a spatial version of the Lotka-Volterra competition model,
first introduced in [30] to describe population dynamics in advective environments,
such as streams, rivers, and other aquatic habitats with unidirectional flow. The new
equations are obtained by introducing diffusion and advection terms in the classical

Lotka-Volterra model. Let u;(¢,z) and us(t, ) be population densities of the two

101
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Figure 3.1: Four outcomes shown in the a-@-plane, for ro = 1.15.

species, at time ¢ and point € [0, L]. The habitat is represented by the interval
[0, L], with « = 0 corresponding to the upstream boundary. We assume that the two

species are subject to the same effective advection speed ¢ [30]. The equations are:

Our __ ui  Ouy _ _

ot dl Oz? q oz + ul(l uy OéUQ), (3 1 2)
d 92 9 o
G2 = do5? — qF2 + ua(ry — Buy — uy),

where d; are the diffusion coefficients for the two species. These equations are non-
dimensionalized with respect to time and density, but do still carry the dimensions
of space.
We use the same boundary conditions as in the case of a single species:
di%;i =qu;, v=0,1=1,2

ou; __ _
%—0, xz = L.

(3.1.3)

Note that when ¢ = 0, we have no-flux boundary conditions in (3.1.2)-(3.1.3), and
the model has spatially constant steady states corresponding to the four outcomes
of Lotka-Volterra competition. The goal of this chapter is to develop a theoretical
framework for understanding how change in advection speed influences the outcome

of competition in the spatial Lotka-Volterra model with advection.
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As shown by numerical simulations in [30], the result of competition in (3.1.2)-
(3.1.3) strongly depends on the advection speed. As an example, we fix parameters
so that Species 1 is competitively superior, but Species 2 has the higher growth rate
at low density, i.e. 0 < ary <1< % and r, > 1. Recall from Chapter 2 that, for any
choice of the domain size L, there is a critical value of advection ¢.(L) such that, for
q > q.(L), persistence is not possible. For L — oo, q.(L) approaches q. = 2v/d;r;. As
observed in [30], Species 1 still outcompetes Species 2 in the case of low advection,
the two species coexist (with Species 2 occupying the upstream boundary region)
under intermediate advection, and Species 2 outcompetes Species 1 for higher values
of advection. More details on these observations are given in Chapter 1.

In our analysis, we use a combination of analytical (linearization, variational
principles) and numerical techniques. In Section 3.2, we analyze the mutual inva-
sion conditions by linearizing the model (3.1.2)-(3.1.3) at equilibria (u(x),0) and
(0,u9(x)). Each of the equilibria is invadable by a competitor if it is unstable; i.e.
if the principal eigenvalue of the corresponding eigenvalue problem for the invading
species is positive.

Since the coefficients of the eigenvalue problems vary in space, obtaining an
explicit formula for the principal eigenvalue is impossible. However, we use the vari-
ational formula (1.4.31) to analyze the properties of principal eigenvalues and to
examine dependence of the eigenvalues and the invasion conditions on the biological
parameters di, ds, o, (3, 9 and q.

In Section 3.3, we assume that both species have the same motility (d; = dy). We
reduce (3.1.2) to a nonspatial “approximation” introduced in Chapter 2, by replacing
the diffusion-advection operator with its principal eigenvalue (A;). The goal of Sec-
tion 3.4 is to present the results of our numerical simulations, which complement and
illustrate the analytical results obtained in previous sections. We build bifurcation
diagrams for invasion in the J-ro-plane (invasion by Species 2) and a-rg-plane (inva-

sion by Species 1) as well as in the g-ro-plane (for both species). In the a-ro- and
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(-ro-diagrams, we compare the “true” bifurcation diagrams (obtained numerically)

with the ones obtained in Section 3.3 and find the latter give a good approximation.

3.2 Mutual invasibility of single species equilibria

We begin the mutual invasion analysis of our model by linearizing system (3.1.2) at
the single species steady states (u1(x),0) and (0, uy(z)). In either case, the resulting
linear equations decouple. We are interested in the possibility of invasion by one of

the two species when it is rare, provided that the other species is at its steady state.

3.2.1 Linearization at single species equilibria

We start by setting

ur(z,t) = u(x) + wy(x,t
{(20) = (o) + i, o
ug(x,t) = wy(x,t),
where wy(z,t) and wy(x,t) are small perturbations from the single species steady

state (41,0). Substituting (3.2.1) into (3.1.2) and omitting higher order terms, we

obtain
8w1 8211)1 awl N ~
el d; 2 T on + wi(1 = 204 (2)) — ady(x)ws, (3.2.2)
and
8w2 82’(1)2 8w2

E = d2g 2 - (]% + "LUQ(’I"Q - ﬁu1($)), (323)

with the same boundary conditions
ow; __ - _
5 = qw; (i=12), =0

wi—0 (i=1,2), z=L.

(3.2.4)
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Note that equation (3.2.3) decouples from (3.2.2). Since we are mainly concerned
with determining conditions under which the second species grows when it is rare, we
omit the linearization of the first equation about (u(x),0). As before, see Subsection
1.4.1 and Section 2.10. To eliminate the advection term in (3.2.3), we use the following

transformation: nq(z,t) = wg(a:,t)e_%. We obtain

8722 o 82712 q2
W = dg 81}2 ( 6’2]4( ) 4d2 Na, (325)

with boundary conditions

ono _ _

2 _ I_p 0, =0

;x 2dp 2 (3.2.6)
8I2 + 2d2 07 €r = L.

The second species will invade the first species’ steady state exactly when the
zero steady state of (3.2.5)-(3.2.6) is unstable; i.e. when the principal eigenvalue of
the corresponding eigenvalue problem is positive.

Similarly, if we linearize (3.1.2) at the steady state (0, uz(x)) and follow the same

steps as above, we obtain

o Pn A ¢’
= =d; &L' (1 — atip(x) — 4_611) ny, (3.2.7)

with boundary conditions

I 4 =0, x=0

r 2 (3.2.8)
%7;1 + 5 n1 =0, x=1L.
Thus, the first species will invade the second species’ steady state exactly when
the zero steady state of problem (3.2.7)-(3.2.8) is unstable; i.e. when the principal
eigenvalue of the corresponding eigenvalue problem is positive.

Due to the presence of a spatially varying coefficient in the growth/reaction

term in the above formulas, there is no explicit expression for the principal eigen-
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value. However, a significant amount of information about its behavior with respect

to parameters can be deduced from variational formulae, as presented in (1.4.31).

3.2.2 Invasion of the first species’ steady state by the second
species

We start by investigating the behavior of the principal eigenvalue of (3.2.5)-(3.2.6),
corresponding to the case when the second species is at low density and trying to

invade the single species steady state of the first species. By (1.4.31), we get

i =ma{ = [Ctwordas s [ (s - ) e

- woyr+ ww) | (32)

where W = { € W3 ([0, I ¢]l> = 1}, [l = [5 (¢ (x))?dz.

Taking into consideration that fo Y(x))%dr = 1, we can separate the constants
from the above expression, and rewrite it as 03 = ry — % —T(8,q), where

I'(3,q) Zmin{/oL Ao (2))?da + | - ((0))* +i(¢(L))2} +6/0Lﬂ1($)¢2d1’}'

Ppevw 2d2

Note that I'(3, ¢) > 0 for any § > 0. Next, we will analyze the dependence of '

on parameters.

Proposition 3.2.1 T'(53,q) is an increasing function of 5 (and therefore o3 is a de-

creasing function of (3).

Proof: Suppose B < 5. Fix 0 < ¢ < 2, and let 1) € ¥ be such that
m@w:m%whbbw>ww4MW@V+ﬁw<]+@gm Jurds
= Jy do( () + | (0(0))? + 2MML]+@LM $(2))da
> Jy o (@) + |55 (BO) + 55 (BL)2] + By fy () ($(x))*da
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> mingew { fi da(e(2))da + | 35 (0(0)* + 55 (0(L))2] + 81 Ji i () V()P |
=TI'(B1,9).
Here we used the fact that 41(x) > 0 on [0, L], ||¢]|2 = 1, and therefore

/ () (2P

is positive. |

Proposition 3.2.2 (a) I'(0,q) < b’ (p) ['(B3,0)=p

L2

Proof:  (a) First note that for any choice of 1,

/ d2<w'<x>>2dx+{2%<w<o>>2+2%2<w@>>2 >0,

We can choose 9 to be ¢(x) = \/%sin (Z2), then [|¢][ = 1,4(0) = ¢(L) = 0, and

d27T2

/OLdg(w'(x))de— o

It follows that

r0.0 =mip{ [ o+ [ Loy + Lwwy] b < 2

Pev

(b) First note that, for ¢ = 0, u;(z) = 1. Thus, we have

I'(8,0) = min {/OL do (¢ (2))*da + ﬁ} > 0.

vev
Taking ¢ = \/LZ we have
L
|t a)an+ 5=
0

Therefore, I'(3,0) = [.
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The trivial steady state of the second species is stable if the dominant eigenvalue
o5 is negative, and otherwise the steady state is unstable. Thus, the invasion condition
takes the form

2

q
ro > 4d2 +F(67Q)

For 3 = 0, the second species is independent of the first. Hence, the invasion condition
ro > % + I'(0, q) is precisely the single species persistence condition. For L — oo,
by Proposition 3.2.2(a), the invasion condition becomes o > % which is equivalent
to ¢ < q., where g, = 2+/dars is the critical advection in the single species case. Note
that, since there is no influence from the first competitor, the second equation in
(3.1.2) decouples from the first one.

In the case of zero advection g = 0, by Proposition 3.2.2(b), the invasion condition
takes the form o > (3, which is exactly the nonspatial invasion condition for the second
species.

The stability boundary can be found by setting o5 = 0, or

2
ro = 128, q) = % +T(5,q). (3.2.10)

By Propositions 3.2.1 and 3.2.2, this curve is a graph of an increasing function
in the first quadrant of the 3-ry-plane, with the ro-intercept approaching % for large
L, see Figure 3.2. The invasion region of the 3-ro-plane is located above the stability
boundary.

We will now use the invasion conditions to describe (qualitatively) possible tran-
sitions between the competition outcomes due to advection. First we show that,
for ¢ > 0, the second species invasion boundary (in the (-ro-plane) lies below the

nonspatial invasion boundary r, = 3 for large enough (.
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ot

o
Il
™

B =n(549)

Figure 3.2: Four regions describing the effect of advection ¢ on invasion by
second species:

Region 1: no invasion for ¢ = 0 — no invasion for ¢ > 0;

Region 2: invasion for ¢ = 0 — no invasion for ¢ > 0;

Region 3: invasion for ¢ = 0 — invasion for ¢ > 0;

Region 4: no invasion for ¢ = 0 — invasion for ¢ > 0.

In the nonspatial model, Species 2 can invade for parameters above the line
ro = (3. In the spatial model, invasion is possible for parameter combinations
above the curve ro = 15(53, q).
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Proposition 3.2.3 Let ¢ > 0. Then ro(3,q) < 3 for

‘1_ + 9
4d; T 4oL
> P R—
/6 1 B fL i )
L
Proof: First note that
2 2
q q
2 47 4
TQ(ﬁa Q) 4d2 + (ﬁ Q) 4d2

+glei£{/0Ld2(w( ))2dz + [2d2(¢<0))2+2d2 ]m/ i ( dx}.

Taking ¢(z) = % and using that fo Gy (x)dz < L for ¢ > 0, we get

for

Note that for 3 close to 0 (and ¢ > 0), the invasion boundary lies above o = f.
Thus, the spatial and nonspatial boundaries intersect.

As shown in Figure 3.2, the #-ro-plane is divided into four regions, characterized
by the the effect the advection has on the invasion by the second species.

For example, if we take parameters from Region 4, then the second competitor,
which could not grow at low density in the nonspatial case, is able to invade the first

one in the case of advection q.
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Remark 3.2.4 When g > 0, the eigenvalue o; also depends on the values of the
diffusion coefficients d; and ds (the implicit dependence on d; is due to the term ;).

Note that I'((, ¢) increases as a function of dy. As dy — 0, I'(8, ¢) is bounded, while

2 . «
—572 — —oo, and thus o3 < 0. Hence, the second competitor cannot invade. For

large ds, the situation is not as clear, but taking ¢ (z) = % as above, and using

ﬁl(x)§1,Weget0§2r2—%—d&—ﬁ. Thus if dy — oo and L — oo, then ro > 3

is sufficient for invasion by the second species (Region 2 in Figure 3.2 disappears).

Now we prove that, if d; = ds, the spatial and nonspatial invasion boundaries
intersect at the point (3,72) = (1, 1), and our numerical simulations suggest that this

is the only intersection point.
Proposition 3.2.5 If dy = dy = d, then r5(1,q) =1 for all ¢ > 0; i.e. the invasion
boundary passes through (3,1m2) = (1,1).

Proof: The eigenvalue problem associated with equation (3.2.3) and boundary

conditions (3.2.4) with § = 1 has the following form

ow = dw" — qu' + w(ry — 1(x)), (3.2.11)

dw'(0) = qw(0), w'(L)=0. (3.2.12)
Let w(x) = ty(x). Then we have
dlAL/I/ — qﬂ'l + 7:1,1(7"2 — 7:1,1) = dﬂ,{ — qﬂll + ﬂl(l — lAl,l) + (7"2 — 1)@1 = (7"2 — 1)@1

Thus, w(z) = u1(x) is an eigenfunction corresponding to o5 = ro — 1. Since
the positive eigenfunction always corresponds to the principal eigenvalue [10], and
G (z) > 0, we conclude that o5 = o — 1 is the principal eigenvalue. Therefore, the
invasion condition for the second species, o5 > 0, takes the form ro > 1. This means

that ro(1,q) = 1, i.e. the point (8,72) = (1,1) lies on the invasion boundary. i
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3.2.3 Invasion of the second species steady state by the first
species

We will now look at the behavior of the principal eigenvalue o} that corresponds to
the case when the first species is at low density and tries to invade the single species
steady state of the second species.

As before, we can write

2

oi=1— 4q—d1 — Ala,r2,9), (3.2.13)

where

Marrsd) =mig{ [ a0 @de+ [ o)+ )] +a [ e

Unlike the previous case, there is an implicit dependence on ry, due to us(x) being a
solution of

u" — qu' + rou(l —u) = 0.
Note that A(a,r3,¢q) > 0 for any a > 0.

Proposition 3.2.6 A(a,r,q) is increasing with respect to a and ra, and therefore

o7 s decreasing with respect to o and ra.

Proof: The proof of increase with respect to « is the same as in Proposition
3.2.1. The proof for ry follows the same argument and uses monotonicity of the single

species steady state with respect to its growth rate r (see Chapter 2, Theorem 2.7.6). 11

Proposition 3.2.7 (a) A(0,73,q9) = Aa,0,q) < d1L§2. (b) Ala,73,0) = ars.

Proof:  (a) Note first that if one of a or ry is zero, the term « fOL o () (Y(x))?*dx

in the definition of A vanishes. Then one follows the proof in Proposition 3.2.2.
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(b) Note that when ¢ = 0, we have 4y = 7. Thus, taking ¢ = %, we obtain

Afet 12,0) = mingey { [} (0 (2)*de + s | = ary '

The invasion condition for the first species therefore takes form

q2
A <1l———.
(Oé,TQ,Q) 4d1

If a = 0, there is no influence from the second competitor. If r, = 0, the second
competitor is absent. In either case, the equation for the first species decouples from
the equation for the second species, and the invasion condition coincides with the
persistence condition for a single species. Note also that in both cases, as L — oo,
by Proposition 3.2.7(a), the invasion condition becomes % < 1, which is equivalent
to ¢ < q. in the single species case with r = 1.

In a non-advective environment (¢ = 0), by Proposition 3.2.7(b), the invasion
condition takes the form ary < 1, which coincides with the nonspatial invasion con-

dition for the first species.

Remark 3.2.8 The function A(a,79,q) increases with respect to both « and 7.
Therefore, the invasion region in the a-ro-plane is bounded by the a- and ry-axes and

the level curve A(a,rg,q) =1 — % (stability boundary).

We also obtain the following lower bound for o} (a, 9, q).

Proposition 3.2.9 o} (a,re,q) > 1 — L — -4 — ar,.

Proof: Recall that

stasrsa) =mip{ [ @)t + (GO + ) +

Ypew
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=1 ir,
L] i, 0.9)

Figure 3.3: In the nonspatial model, the first species can invade for param-
eters below the curve ary = 1. In the spatial model, a sufficient C(gndition
for invasion by the first species is given by the curve ary = 1 — £- — -1

(invasion is guaranteed if the point (a, r9) is below the curve). If parameters
are chosen below the horizontal line ry = % + I'(0, q), the second species
cannot persist even without competition.

Taking ¢ (x) = % and noticing that fOL U (z)dx < roL, we get

L
Ala,rg,q) < S a/ U (x)dx < i + aro,
0

4L L L
and hence o} (a,r2,q) > 1 — % — o5 —an.
Thus,
2
4q q
<1-L 1
e id, 4L

is a sufficient (but not necessary) condition for invasion by the first species. In the case

when ¢ = 0, the above expression reads as ars < 1 which corresponds to condition

for invasion by the first competitor in the nonspatial case.

Note also that, for ro < % +T1°(0, q), the second species is absent, and therefore

the first species persists, regardless of the value of a (for advection less than critical
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for domain size L). Thus, the actual first species invasion boundary A(a,rg,q) =

1- % lies above both the horizontal line ry = % + I'(0,q) and the curve ary =
1 - % — 74 (see Figure 3.3). The existence of an intersection point between the

“true” spatial and the nonspatial invasion boundaries is confirmed numerically in
Section 4, and thus, also gives rise to four regions, as in the case of invasion by the
second species. When the two species have equal diffusivities, we conjecture that the
invasion boundary passes through the point (1, 1), similarly to the case of invasion by
Species 2 (confirmed numerically in Section 4). Note however, that the same proof

does not work here.

Remark 3.2.10 Similarly to o3, the value of o} also depends on the values of d;
and dy for ¢ > 0. Note that A(q,rq,q) increases as a function of dy. As d; — 0,
A(a, 19, q) is bounded, while —% — —o0, and thus of < 0, and the first competitor
cannot invade. Also, by Proposition 3.2.9, if d; — oo and L — o0, the condition

ary < 1 becomes sufficient for invasion by the first species.

3.2.4 Summary of analytic results on mutual invasibility

When considering the §-ro-bifurcation diagram, we see that, for ¢ > 0, the invasion
boundary ry = % + T'(5,q) is the graph of an increasing function with a positive
ro-intercept (which rises with increase in advection). The curve stays below oy = 3
for large enough . If two species have equal diffusivities (d; = dy), then the graph
always passes through (1,1). These observations provide an analytical explanation of
the numerical simulations made in [30], where Species 2 was able to coexist with, or
even outcompete Species 1 for large enough advection.
Species 1 invades the single species equilibrium of Species 2 if and only if A(a, 79, q) <

1-— %, where A(q,rs,q) is a non-negative function that increases with respect to
both « and 7y (with A(a,r2,0) = ary). We have also observed the a-ro-invasion

boundary A(a, 7, q) is bounded from below by the horizontal line ro = % +1°(0, q)



3. Two species 116

i q

and curve ary = 1 — T 4L

3.3 A nonspatial approximation of the spatial model

In this section, we assume that the species have equal diffusivities d; = dy = d. Our
goal is to analyze the behavior of the spatial competition model (3.1.2) by reducing it
to a nonspatial “approximation”, as described in Chapter 2. We will therefore analyze
the behavior of the nonspatial competition model by replacing the diffusion-advection

term with A\ju in both equations:

% = Mu + ui (1 —up — aus) (3.3.1)

% = )\1U2 + UQ(TQ — Uy — BU1>

The effect of adding the terms with A\; (which is non-positive) is the reduction

of single species carrying capacities by —\;:

zd?: i ur(1+ Ay — ug — aus) (332)
TE = ug(ry + A — ug — Buy).

Note that, in our previous analysis, to obtain the mutual invasion conditions, we
substituted the steady-state solution of one species into the equation for its competi-
tor. Here, we substitute the modified (shifted by A;) carrying capacity of a single
species instead of its steady state. System (3.3.2) is, of course, just a Lotka-Volterra
system with slightly renewed parameters. Hence, the results presented in the Intro-
duction apply and give the following.

The first species can invade the equilibrium (0,75 + A1) if and only if 14+ A\; >
a(ry + A1) or g < % — A
The second species can invade the equilibrium (1 + Ay, 0) if and only if 75 + Ay >
B(1+4+ Ap) orrg > (14 Ap)B — Ay
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Note that the first invasion boundary in (a-ro-space) is a hyperbola with asymp-
totes ro = —A; and a = 0, and the second (in (-ro-space) is a straight line with
ro-intercept —A; and slope 1+ A;. Since \; is decreasing as we increase ¢, we observe
that the horizontal asymptote of the first boundary is rising, while the slope of the
second one is decreasing and its 75 intercept increases. Note also that both boundaries
always pass through point (1, 1).

Using general Lotka-Volterra theory, we conclude that if
1. 14+ A1 > a(re + A1) and 79 + Ay < B(1 4+ Aq) then the first competitor wins;
2. 1+ X\ < a(rg+ A1) and 9+ Ay > (1 + Ap) then the second competitor wins;

3. 1+ X > a(ry+ A1) and 79 + A\; > B(1 + Aq) then there is the coexistence

between two species;

4. 1+ M < a(ry+ M) and 70 + A; < B(1 4 Ay) then there is a founder control
situation. Figures 3.4 and 3.5 show the effect of advection, as we increase ¢ from 0

to 1.5 (or decrease A; from 0 to —0.625).

3.4 Bifurcation analysis of invasibility

In this section we build bifurcation diagrams for our model (3.1.2) in the [-ro-,
a-r9-, and g-ro-planes. We use both, spatial and nonspatial, approaches. We assume
dy = dy =1 and L = 10. In the spatial approach, for a fixed choice of parameters,
we determine invasibility of a single species steady state by its competitor. First, we
find the numerical approximation of the steady-state solution (using an implicit finite
difference scheme). Then we iterate the linearization of diffusion-reaction-advection

operator at the steady state, to determine the sign of its principal eigenvalue. Once
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Figure 3.4: The plot shows the invasion boundary for the first species, for
A1 = 0, corresponding to ¢ = 0 (solid), and for \; = —0.625, corresponding
to ¢ = 1.5 (dashed), obtained using nonspatial approximation.

the invasibility outcome is determined, we move on to the next choice of parameters,
in such a way that we follow the invasion boundary on the corresponding parameter

plane (e.g. gra-plane, 8-ro-plane etc).

3.4.1 Bifurcation in the (-r;-plane

First, we obtain bifurcation diagrams for invasion by the second species in the 3-rs-
plane. The invasion condition is given by ry > r3(3,q) (as defined in Section 3.2,
equation (3.2.10)).

In each diagram, we fix ¢ > 0 and show three curves: the nonspatial invasion
boundary r = 3 (for ¢ = 0) (thin solid line); the spatial boundary obtained numer-
ically 7y = 79(f3,q) (dashed line); and the approximation of the invasion boundary
given by ro = (1 + Ai(gq,1))3 — Ay (thick line, obtained in Section 3.3).

Note that all three curves pass through the point (1,1) of the [-ro-plane. The last
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Figure 3.5: The plot shows the invasion boundary for the second species, for
A1 = 0, corresponding to ¢ = 0 (solid), and for \; = —0.625, corresponding
to ¢ = 1.5 (dashed), obtained using nonspatial approximation.

observation is justified by Proposition 3.2.5.

As it is seen in Figure 3.6, both ry = (3, ¢) and its approximation ry = (1 +
A(q,1))B — A are increasing functions of § (which agrees with Proposition 3.2.1).
Moreover, there is always an intersection between the spatial and nonspatial (ry =
() invasion boundaries. This gives rise to four regions mentioned in the previous
section (see Proposition 3.2.3). If there is no influence from the first species (5 = 0),
then the ro-intercept is given by 7o = —A;1(g, 1) and it increases with advection. In
addition, we observe that, if flow becomes faster, then the slope of the approximation
re = (1 4+ Ai(q,1))8 — A1 decreases, and the curve itself flattens. Note that the
same behavior is true for the persistence boundaries obtained by numerics and our
predictions obtained from the variational formula.

The diagrams support the numerical results obtained in [30]. For example, if

we use the invasion boundaries obtained numerically (dashed curves), then we can
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Figure 3.6: Bifurcation in the [-ro-plane, ¢ = 1.2 (left panel) and ¢ = 1.8
(right panel). Thin solid lines are given by [ = ry, corresponding to the non-
advective case. Dashed curves are the invasion boundaries in the advective
case, obtained numerically. Thick solid lines are given by the nonspatial
approximation.

observe the following. In case of intermediate flow ¢ = 1.2 and high interspecific
coefficient § = 1.8, the second species needs a growth rate higher than approximately
1.3 in order to persist. On the other hand, for high advection ¢ = 1.8 and the same
interspecific coefficient § = 1.8 the second competitor survives even if its growth rate

is 1.1. See Figure 3.6.

3.4.2 Bifurcation in the a-r;-plane

Next, we obtain bifurcation diagrams in the a-ry-plane showing the conditions for
invasion by the first species. As noted above, in the case of zero advection, the invasion
condition is given by ary < 1. In Figure 3.7, we show the corresponding nonspatial
stability boundary ars = 1, the stability boundary given by A(«,r,q) = % -1
(dashed curve, obtained numerically), and its approximation ry = %(q’l) — (g, 1)
(thick curve), for ¢ = 0.9 and ¢ = 1.8. We notice that, as we increase ¢, the invasion
curve keeps the same shape. However, its upper part (for ro > 1) gets more narrow,

which means that the first species becomes less competitive. This observation agrees
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with [30]. The lower part of the invasion region (for ro < 1) expands (i.e. its boundary
rises). This can be explained by extinction of the second species due to advection
higher than critical for given growth rate ro. Namely, when ro < —\;(g, 1), the second
species is absent, and thus the area under the line 7y = —\;(q, 1) is always included in
the invasion region. Moreover ry = —\;(q, 1) appears to be the horizontal asymptote
of the spatial invasion boundary A(a, 9, q) = % —1. Asnoted in the previous section,
all this is true for our approximation r, = %(q’l) — (g, 1).

We can also observe that the spatial and nonspatial boundaries intersect at (1, 1),

so the curves divide the first quadrant into four regions.
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Figure 3.7: Bifurcation in the a-ry-plane, ¢ = 0.9 (left panel), ¢ = 1.8 (right
panel). Thin solid curves are given by ary = 1, corresponding to the non-
advective case. Dashed curves are the invasion boundaries in the advective
case, obtained numerically. Thick curves are given by the nonspatial approx-
imation.

3.4.3 Bifurcation in the ¢-ro-plane: invasion by second species

Since the persistence condition for the second competitor is ro+A;(¢) > 0, the invasion
region is bounded from below by the curve 7y = —\1(q) (see Figure 3.8). This curve

approaches the parabola ry = % as L — oo. The invasion region lies above the
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curves corresponding to different values of 3. These curves are obtained numerically,
by analyzing the eigenvalue problem associated with the linearization of our model
at the non-trivial equilibrium of the first species. At § = 0, we are dealing with
a single species situation, and thus the invasion boundary coincides with the curve
reo = —A1(q). As we increase 3 (i.e. the first species becomes stronger), the invasion
boundary is raised and the invasion region shrinks. For each curve, the ro-intercept is
given by (0, 3); indeed, when ¢ = 0, we have the nonspatial case, where the invasion

condition is ro > 3.

Figure 3.8: The plot shows invasion boundaries for the second species, for
L =10,d, =dy =1, § =0,0.3,0.7,1,1.3,1.9 (thin curves, obtained nu-
merically). The ro-intercepts of these curves are given by (0, 3). The second
species invades for the parameters chosen above the corresponding boundary.
The dotted curve is the persistence boundary for the second species with no
competitor, given by ro = —A;(q), corresponding to the case when 5 = 0.

3.4.4 Bifurcation in the ¢-ro-plane: invasion by first species

Figure 3.9 gives the invasion boundaries for the first competitor for different values of
a. The invasion region lies below the curve. Since the value of the critical velocity for

the first species is ¢* ~ 1.9 as above (corresponding to L = 10), the invasion region
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is bounded from the right by the line ¢ = ¢*. When ¢ = 0 the invasion condition is
roar < 1, and thus the ro-intercept of the boundary is given by (0, é) As we increase

a, the invasion boundary is lowered, and thus the invasion region shrinks.

4+ =02

Figure 3.9: The plot shows invasion boundaries for the first species, for L =
10, dy =dy =1, a =0.2,0.6,1, 3. Invasion by the first species occurs below
the corresponding boundary. The dotted curve is the persistence boundary
for the second species with no competitor, given by ro = —A;(q).

3.4.5 Bifurcation in the g-ro-plane via nonspatial approxima-
tion

An alternative way to obtain the bifurcation diagram and analyze the dependence of
competition on parameters ¢ and 75 is to use the invasion conditions formulated in
terms of the nonspatial approximation used in Section 3.3.

Recall that the invasion conditions formulated in terms of ro and A; are given
by:

ro > (1+X)B— A = =\ (6 —1)+ 3 for invasion of the first species equilibrium

by the second species;

1+
«

ro <

— A ==-N(1- i) + é for invasion of the equilibrium of the second
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species by the first species.
Recall also that A; is a decreasing function of ¢, where A\1(0) = 0, A\;(¢*) = —1,
and 0 < ¢* < 2 is the critical advection corresponding to L = 10, d =1 and r = 1.
The bifurcation diagram in the (—\;)-ro-plane is presented in Figure 3.10. Note

that all the invasion boundaries are straight lines.

14F -
-~ -
\‘\\ -
12 g, A
L g
I e
-
-
06} _p
-
-
04t "
15
e first only
02+ P
-
-
0 I . . . . )
0] 02 04 06 08 1 12 14

,11

Figure 3.10: The dashed line corresponds to the invasion boundary for the
second competitor. The solid line represents the invasion boundary for the
first species. To the right of the vertical line the first competitor is absent,
since the persistence condition is violated in this whole region. The dashed-
dotted line stands for the persistence boundary for the second species in the
absence of the first one. Here a = 0.5, 6 =1.6, L =10, d; = dy = 1.

Now, we obtain a bifurcation diagram in the g¢-ro-plane (see Figure 3.11) by
applying the change of variables A\; = \;(¢) to the diagram in (—\;)-ro-plane. We
observe that the line ro = —\; becomes a curve ro = —\;(¢q), which is close to the
parabola ry = %, and the line —\; = 1 becomes ¢ = ¢* ~ 1.9. In addition, the other
two lines (corresponding to the invasion conditions) transform into decreasing non-
intersecting curves, both of which pass through (¢*,1). The same can be observed

from our numerical plots (see also Figures 3.8, 3.9).
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Figure 3.11: The bottom curve is 75 = —\1(q), the persistence boundary for
the second species. The vertical line corresponds to ¢ = ¢*, the persistence
boundary for the first species. The dashed and dashed-dotted curves are the
invasion boundaries for the second and first species, respectively, obtained
from nonspatial approximation. The two solid curves next to them are the
corresponding invasion boundaries obtained numerically using linearizations
at steady states. Here « = 0.5,  =1.6, L =10, d; = dy = 1.

3.4.6 Effects of increasing advection: two cases

Putting together our observations and using the nonspatial approximation approach,

we describe two possible cases. As was shown above, the invasion boundaries of two

competitors intersect only at one point (¢*, 1) in g-ro-plane. We assume that ro > 1

(otherwise the first species always dominates).

Case 1. If 8 < é (see Figure 3.12), then there is a coexistence region between

the two curves. The possible scenarios as we increase advection are:

e For ry < 3, we have exclusion by first species, followed by coexistence, followed

by exclusion by second species.

e For < ry < é, we have coexistence, followed by exclusion by second species.

e For ry > é, we have exclusion by second species.
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second wins

second only

= &>

coexistence

washout of both species

first
1 wins

washout of both species

first only

Figure 3.12: Bifurcation diagram in the ¢-ro-plane, coexistence case.

Case 2. If é < [ (see Figure 3.13), then there exists a founder control region

between the two curves. The possible scenarios as we increase advection are:

e For ry < é, we have exclusion by first species, followed by founder control,

followed by exclusion by second species.

e For é < ry < (3, we have founder control, followed by exclusion by second

species.
e For ry > (3, we have exclusion by second species.

In both cases, because of monotonicity of the invasion boundaries in the qro-

plane, the only transitions possible due to increase in advection are
e first wins — coexistence
e coexistence — second wins
e first wins — founder control

e founder control — second wins
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founder control

el=

washout of both species

first
1 wins

washout of both species

first only

Figure 3.13: Bifurcation diagram in the ¢-r5 plane, founder control case.

3.4.7 Steady states vs. advection in nonspatial model.

In the following series of diagrams, we use yet another way to show the effect of
advection on the competition outcome in the context of the nonspatial approximation,
outlined in Figures 3.12 and 3.13.

In all the diagrams, the solid and the dashed curves show the values of the
populations of first and second species, respectively, when they reach an equilibrium,
for a given value of q. Namely, for each value of ¢ we compute \;(¢), and using
the four inequalities at the end of Section 3.3, we determine the competitive outcome
(competitive exclusion by first or second species, coexistence, or founder control). We
indicate the equilibrium values for both species:

1. Competitive exclusion by first species: uf =1+ A\1(q), us =0

2. Competitive exclusion by second species: uf = 0, uy = r9 + A1(q)).

3. Coexistence:

ulb = (14 X)) — O‘ﬁ(l—/\;)ﬁ—_oi(m—&-)q)

ut = B+A1)—(r2+M1)
2 af—1 :

4. Founder control: we indicate both uj = 1+ A\(q) and uy = ro + Ai(q), as

well as highlight the zero value, to emphasize the fact that the outcome is either
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(14 Ai(g),0) or (0,72 + A1(q)), depending on the initial conditions.

In Figure 3.14, we fix interspecific coefficients as o = 0.6, = 1.9, and use
ro = 0.7,1.4,1.8,2.1, observing four different scenarios, as predicted by Figure 3.13:
with possible transitions from domination by the first species to founder control, or
from founder control to domination by the second species.

In Figure 3.15, we fix interspecific coefficients as o = 0.5, = 1.4, and use
ro = 0.7,1.1,1.5,2.2. Again, we observe four scenarios, as predicted by Figure 3.12.
The possible transitions are from domination by the first species to coexistence, and

from coexistence to domination by the second species.

2
#
7

o
=

steady states u;, U-
o
=

steady states u,. U,

steady states Uy, U,
°
&

steady states Uy, U

Figure 3.14: Solid curve represents the first species, dashed curve represents
the second species. In all four cases, o = 0.6, § = 1.9. Upper left panel: com-
petitive exclusion by the first species, ro = 0.7. Upper right panel: competi-
tive exclusion by the first species, followed by founder control (¢ &~ 1.2—1.4),
followed by competitive exclusion by the second species, 9 = 1.4. Lower left
panel: Founder control (¢ ~ 0 — 0.5), followed by competitive exclusion by
the second species, ro = 1.8. Lower right panel: competitive exclusion by the
second species, 7y = 2.1.
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o
o

steady states u-1,1,
o
o

steady states u,. U,

0 05 1 15 2 0 05 1 15 2

ot
4

steady states u,, U

steadytates,;, U,
%

0 05 1 15 2 i 05 1 15 2

Figure 3.15: Solid curve represents the first species, dashed curve represents
the second species. In all four cases, a« = 0.5, 3 = 1.4. Upper left panel:
competitive exclusion by the first species, ro = 0.7. Upper right panel: com-
petitive exclusion by the first species, followed by coexistence (¢ ~ 1.35—1.7),
followed by competitive exclusion by the second species, 79 = 1.1. Lower left
panel: coexistence (¢ =~ 0 — 1.35), followed by competitive exclusion by the
second species, ro = 1.5. Lower right panel: competitive exclusion by the
second species, 1o = 2.2.

3.4.8 Bifurcation in the a-(-plane: an example

Note that when ¢ and r, are fixed, the invasion conditions for both species are deter-
mined by the values of interspecific coefficients: « for invasion by the first species, and
[ for invasion by the second species. In Figure 3.16, we show the effect of increasing
advection from ¢ = 0 to ¢ = 1.5 on the competition outcome in the a-(3-plane, using
the nonspatial approximation. In this case, when we change ¢q to 1.5, the new critical
values of a and 3 are a = 0.7 and 3 = 1.4 and the regions shift as well. Namely, the
“Ist wins” region shrinks, the “2nd wins” region expands, while the other two change

in shape. We can clearly see possible transitions, e.g. from coexistence to domination
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Figure 3.16: Invasion boundaries in the a-g-plane for ¢ = 0 (thinner lines)

© | founder control:

and ¢ = 1.5 (thicker lines).

of the second species, from domination of the first species to founder control, etc.



Chapter 4

Three species

4.1 Introduction

In this chapter, we study the dynamics of three competing species in an advective
environment. This addition of a third competitor is not just a slight extension of
the situation in Chapter 3, but rather a fundamental change. The brief review of
the behavior of the nonspatial three-species competition model in Chapter 1 already
demonstrated how much richer the dynamics of three compared to two species are.
In spatial models of three competing species, even more patterns can be observed; for
example diffusion-driven instabilities [23]. The mathematical reason for this increase
in complexity is that a 3-species competition model is not monotone, whereas a two-
species model is. See [45] for more details on monotone systems. There are a few
articles on spatial models for three competing species (e.g. [11], [9], [12]) concerned
with the non-advective case (reaction-diffusion only) in a finite habitat with the hostile
boundary conditions.

When analyzing the behavior of a three species model, it is natural to start by
looking at its two-species submodels. In Chapter 3, we have established that under

the assumption of competitive exclusion, the increase in advection speed may affect

131
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the competition outcome: if the competitively weaker species has higher growth rate,
it will be a winner under sufficiently high advection. To make our three species setting
compatible with that of Chapter 3, we choose the population dynamics parameters
so that in the absence of diffusion and advection, each of the three two-species sub-
models are in the competitive exclusion situation, i.e. no two-species subsystem has
a coexistence state or a founder control (in the absence of diffusion and advection)
Depending on the outcome of competition in two-species submodels in the absence of
advection, there are two cases to investigate: cyclic and non-cyclic. In the non-cyclic
case, there is an “absolute loser”, i.e. the species who loses the two-species competi-
tion with each of the other two species. In the non-cyclic setting, we assume that the
weaker competitor always has the higher growth rate, as was the case in Chapter 3
and [30] (otherwise, advection will not change the outcome). In the cyclic setting, the
species are arranged in the “rock-paper-scissors” manner, i.e. Species 2 beats Species
1, Species 3 beats Species 2, Species 1 beats Species 3, or in the opposite direction.
Two cyclic cases (I and II) differ according to arrangement of growth rates among
three competitors. Due to the large number of parameters, we simplify our model
even further. Namely, in both cyclic and non-cyclic cases we assume that the compe-
tition matrices have specific forms, thus reducing the parameters to the growth rates
r1,72, 73 and interspecific coefficients o and (3. While increasing advection eventually
leads to changes of outcome in two-species subsystems, the key issue is the effect of
advection on the existence and stability of an interior fixed point. We describe and

classify several possible scenarios as we increase advection.

4.2 Spatial case

We now formulate the spatial version of system (1.2.6) in an advective environment.

The system takes the form
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dui __ ,10%u Ou
G =d%s — q5r +ur(r — anun — apug — ayzus),

at

d & el

G2 =dGF — @52 + ug(ry — aguy — Ggus — ag3us), (4.2.1)
Ou, 9%u ou,

Gi = d%5s — qF2 +us(rs — az1uy — azuy — assus),

where u;(t, x) is the density of the i-th species at time ¢ and at point x of the finite
domain [0, L], d is the diffusivity coefficient and ¢ is the advection speed (assumed
to be the same for all three species). In addition to the above equations, we consider

the same boundary conditions as in the previous chapters, i.e.

d24 = qu;, =0, i=1,2,3 (42.)
Gu =0, x=1L,i=123.

To analyze the behavior of our model, we use the approach from Chapter 3,

where we replaced the diffusion-advection term in the two-species analogue of (4.2.1)

by Au, where A is the leading eigenvalue of the diffusion-advection operator subject

to our boundary conditions (it was denoted by A; in Chapter 2 and Chapter 3). This

“nonspatial approximation” reduces our spatial model to a nonspatial system

( du
d_tl = A\u; + uy (7’1 T a13u3)7
du

g d_tQ = My + ug(ry — ag1u; — gty — agss), (4.2.3)
du

It was observed in Chapters 2 and 3 that such an approximation gave an accurate
enough prediction of the behavior of the corresponding single and two species spatial
models.

As we have seen before, A\ = A(d, ¢) is a non-positive, decreasing function of ¢
for fixed d, and A(d,0) = 0. Thus, we are interested in the behavior of (4.2.3) as we

decrease A starting at A = 0.
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It was shown numerically in [30] and partially confirmed analytically in Chapter
3 that an increase in advection may change the competitive outcome in a two-species
Lotka-Volterra spatial model. Namely, the weaker competitor (in the case of low
advection) wins in the case of faster flow, provided it has a higher intrinsic growth
rate.

Since the behavior of the three-species model is partially determined by the dy-
namics of its two-species subsystems, we will use the results from Chapter 3 in our
setting. We assume that in each of the two species subsystems, one species com-
petitively excludes the other. This restriction leaves only two possible arrangements
between three competitors (up to permutation): 2 beats 1, 3 beats 2, 1 beats 3

(cyclic), or 1 beats 2, 2 beats 3, 1 beats 3 (non-cyclic).

4.3 Cyclic case

In the cyclic case, system (4.2.3) admits a heteroclinic cycle when A = 0; i.e. in the
absence of one competitor, the model has a competitive exclusion outcome, and the
“winners” and “losers” are arranged in a cyclic “rock-paper-scissors” [19] manner,
as described above. We assume that the growth rates are arranged as follows: r; >
ro > rz3 > 0, and the two species subsystems satisfy one of the two orderings: 2
outcompetes 1, 3 outcompetes 2, 1 outcompetes 3 (case I) or the reverse arrangement,
i.e. 1 outcompetes 2, 2 outcompetes 3, 3 outcompetes 1 (case II). By symmetry of
the outcomes, this assumption does not limit generality, except for the case of equal
growth rates (we exclude the case when r; = r;, since in that case advection does not
change the competitive outcome for the two species).

In order to further simplify our model, we assume that the competition matrix
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in (1.2.6) has the form

r roa rf

A= o re T2 |

rsa r3f3 T3
where 0 < f < 1 < a (case I) or 0 < a < 1 < @ (case II), and af < 1. The
first condition (in both cases) ensures the “rock-paper-scissors” arrangement, and
the second assumption excludes the possibility of founder control in any of the two-
species subsystems by Remark 1.2.6, no matter what the growth rates are. In the
case 1y = ry = r3 = 1, this model is known as May-Leonard model (see [10]).

System (4.2.3) can be rewritten as

(d [ A 1
%27’1”1 <1+—)—U1—auQ—ﬁu3 ,

(&
du [ A ]
d_t2 = TolUs _<1 + r—2> — Puy — uy — OKU?,_ ) (4.3.1)

d [ A 1
%:7”3’&3 <1+—)—au1—ﬁu2—u3 .

Our first goal is to investigate persistence of system (4.3.1) as we vary A < 0.

\

Thus, we need to check the three conditions in Theorem 1.2.5. We start with the

following observation.

Lemma 4.3.1 (a) o> —af+3F —a—-03+1>0
1 a f
(b) det 6 1 « > 0.

a [ 1
Proof:  (a) Wehave o’ —af+ 3> —a—-f+1=23(a— )+ i(a+3—-2)*>0.
(b) The determinant is given by

A+ 3 —-30f+1 =
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(a+B)°—3a*3—-3a3* —3aB+1 =
(a+ B2 +1-3aB(a+B8+1) =
(a+8+1)(0*+2a8+F —a—F+1)-3afla+B+1) =

(a+B8+1)(a*—aB+ B —a—B+1).

The statement now follows from av+ 5+ 1 > 0 and (a).

In a series of lemmas, we determine conditions for which model (4.3.1) has an interior

fixed point, i.e. a fixed point with all coordinates positive.

Lemma 4.3.2 (a) For A\ = 0, system (4.3.1) admits a unique interior fized point

1
ud, uy, ul) = (v,7v,7), where y = ———.
(uf, up, uz) = (7,7, 7) Y l+a+tg

(b) For A <0, system (4.3.1) admits a unique fized point (u},us,uy) =
(V2 (5 S e ) g (S S ol o+ (524 B 20,

T3 1

where
1 a
A=det| 8 1 « =a+ 5 —3a0+1.
a (1
Proof:  (a) Clearly, (u?,u3,u3) is an interior fixed point. Uniqueness follows from

Lemma 4.3.1(b).
(b) This can be easily shown by Cramer’s rule, using the fact that

P+ =3af+1=(a+B+D)(a*—aB+F —a—3+1).

Proposition 4.3.3 System (4.3.1) is persistent iff all three of the following inequal-
ities hold:
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1 — 2 _ 2 _
)\( af Poa o ﬁ)+a2—aﬁ+62—a—ﬁ+1>0’ (4.3.2)
T T2 T3

)\(1_@6+52_a+a2_ﬁ)+a2—aﬁ+ﬂ2—@—ﬁ+1>o7 (4.3.3)

T2 r3 T

A(l_o‘5+ﬁ2_a+a2_ﬁ>+a2_aﬁ+62—a—6+1>0- (4:34)
T3 A1 )

Proof:  Lemma 4.3.1 implies that the second condition in Theorem 1.2.5 is satisfied
for any A\. As we noted above, the condition a8 < 1 excludes the founder control
outcome in any of the three two-species subsystems, as long as A > —r3 (see Remark
1.2.6), hence the third condition in Theorem 1.2.5 is true as well. Thus, the only
condition we have to check is that the fixed point is indeed in R3. The rest follows

by Lemma 4.3.2(b).

Note that if system (4.3.1) is persistent, then it has an interior fixed point

(uf, uy,u3), with v} > 0 for i = 1,2,3. Thus, by definition of the interior fixed

7

point, we have

1 a p u} 1+ %
g1 « wy | =\ 1+ % : (4.3.5)
A A

Since all components of the matrix are positive, the right-hand side above has
positive components as well. Thus, in order for system to be persistent, the value of
A has to be greater than —r3.

By Lemma 4.3.1(a), if A = 0 then inequalities (4.3.2), (4.3.3), (4.3.4) hold, and

we have an interior fixed point. In addition, each of the inequalities is linear with
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respect to A. Therefore, there exists a persistence boundary A\, < 0 such that at least
one of the inequalities becomes an equality when A = A., but all three inequalities
hold (and the system is persistent) for A € (A, 0].

Note that A\, > —r3. Clearly, if A\, < —r3 then the third component of the right-
hand side of (4.3.5) is non-positive. Therefore, at least one of the coordinates of the
fixed point must be negative (since all three cannot be equal to zero, otherwise the
right-hand side of (4.3.5) becomes zero which cannot happen). Thus, at least one
of the inequalities (4.3.2), (4.3.3), (4.3.4) is reversed when A = \.. However, this
contradicts the definition of A\.. Therefore, A\. € (—r3,0).

Now, we will find explicit formulas for A\, in the two cases.

Case I.
Here, we assume 0 < # < 1 < a. We start by proving the following technical

lemmas.

Lemma 4.3.4 Assume that 0 < S <1< a, af <1 andry > ry >1r3 > 0. Then the

following inequalities hold

(o) 1—aﬁ+62—a+a2—ﬁ<a2—aﬁ+ﬁ2—a—ﬁ+1;

T2 27“3 27“1 ) 7;3
(b)lrgaﬁ+ﬁrlo‘+ar25>a O‘ﬁJrﬁTl azfFl
Proof: The result follows from a« > 1 > 8 > 0 and r; > ro > r3, and Lemma
4.3.1(a). i

Lemma 4.3.5 Inequality (4.3.3) holds for A\ = ., i.e.

Ac(l_aﬁ+62_o‘+a2_ﬁ)+a2—aﬁ+62—a—5+1>0-

T rs r1

Proof:  Since —r3 < A\. < 0, by Lemma 4.3.4(a) and Lemma 4.3.1(a) we get

1_ 2 2
)\C( aﬁ+6 242 6)+a2—aﬁ+ﬁ2—a—ﬁ+1>
T2 3 T1
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o —af+F—a—-pF+1

Ae +a?—af+3—-a—-F+1>
T3
2 2
- —a—f+1
- O‘ﬁ+ﬁr =B Fl g P —a—fr1=0.
3

Proposition 4.3.6 The critical value of \ in Case I is given by

@ —af+F—-—a—-F+1
1—af 32—« a?—3 1—ap 32—« a?—p"°
maX{ r1 + T2 + rg 7 T3 + T1 + T2 }

Ae = —

Proof: By definition of \., one of the inequalities (4.3.2), (4.3.3) and (4.3.4) must

turn into an equality. Lemma 4.3.5 excludes the second one. Thus, we have either

A (L P ) g e pa 1=

1 T2 T3
or
1— 2 2 _
)\C( a6+6 242 ﬂ)+a2—aﬁ+ﬁ2—a—ﬁ+1:0.
T3 1 T2
Thus, either
a?—af+3F—-—a—-pB+1
/\C - Ac’l - 1—af 32—« a2—p
=
1 o r3
or
)\C:)\c72:_a2—aﬁ+62—a—ﬁ+1'

1—af + 82—« + a?-p3

T3 T1 T2
By Lemma 4.3.1(a), the numerator in both fractions is positive. By Lemma 4.3.5(b),
the denominator of the second fraction is positive as well. Thus Ao < 0. If \,; <0
as well, then A, is the larger of the two. Otherwise A\, = A. 2. Thus we get the required

formula, and A, is well defined and is negative for any choice of @« > 1 > > 0 and

ry>1re >13 > 0. i

Case II.
Next we obtain critical threshold value of A for the second arrangement in the

Cyclic case.
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Lemma 4.3.7 Assume that 0 < a <1<, af <1 andry > ry >r3 > 0. Then the

following inequalities hold
1—aﬁ+ﬂ2—0z o —f

(a) + > 0;
" 22 2! 1 2 2
1— _ _ _ _ _
pyloed Foa o'-8 1-af Foa a’-5
T1 2T2 27”3 ) T2 2T3 27”1
1— _ _ _ _ _
(c) OéﬂJrﬁ @, ﬁ< OéﬂJrﬁ @, 3
] T T2 ) T3 T1
Proof:  (a) It follows from the assumptions that
1—a6+ﬁ2—a+a2—ﬁ> 1—aﬁ+ﬁ2—a+a2—6:a2—a6+ﬁ2—a—ﬁ~l—1
T2 T3 1 1 (it A1 T
(b) The inequality holds term-by-term.
(c) Taking the difference, we get
1—aﬁ+ﬁ2—a+a2—ﬁ_1—aﬁ_52—0z_a2—[3
) T3 (A T3 1 )
_a2—ﬁ—52+a+1—aﬂ—a2+ﬁ+ﬁ2—a—1+aﬁ
B T1 ) U]
_le=Pflat+b+l) (A-o)la+f+1) (B-1la+B+])
T1 T2 T3
_la=Be+p+)+1-a)at+f+D)+(B-D+s+1) _,
™ o
as needed.
|

Lemma 4.3.7 implies that, in Case II, inequality (4.3.3) is always the first to fail when

we decrease A < 0. Thus, we get

Proposition 4.3.8 The critical value of X for persistence in Case II is given by

a?—af+ B —a—-pF+1
B 1—af B2—a a?—f3 ’
T2 + T3 +

T1

Ae =

> 0.
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We now turn our attention to the question of permanence. By Theorem 1.2.7,
with our assumptions, system (4.3.1) with A = 0 is permanent iff it is persistent and

satisfies
(Oé - 1)3 < (1 - ﬁ)37
or, equivalently,

a+ 3 <2.

Note that if the system is permanent, then either the interior fixed point is stable, or
it is unstable and there exists a stable interior limit cycle. We investigate the stability
of the interior fixed point when A = 0 and when A approaches A. (i.e. the interior
fixed point approaches the boundary).

First, we show that if A = 0 and the permanence condition o+ 3 < 2 is satisfied,
then the interior fixed point is stable (so there is no stable limit cycle). Namely, we

prove the following.

Proposition 4.3.9 Suppose ri,ry,r3 >0, a, 8 > 0 and a+ 3 < 2. Then the interior

fiwed point (v,7,7) (where v = ya5) of

%

dt

=riuy (1 —uy — aug — Pus),
= rous (1 — fuy — ug — aug), (4.3.6)

= rsug (1 — auy — Pus — us) .

18 stable.
Proof: The Jacobian at the fixed point is given by

—r —rna —rf
1

m —roff  —ry  —Toq

JT1T27“3 -

—rsa —r3 —r3
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In the case 1y = ro = r3 = r > 0, the eigenvalues of J have negative real parts.

Namely, J,,.. has eigenvalue iy = —r (with eigenvector (1,1,1)) and trace tr(J) =

—1+£Z+ﬂ. Let po, p3 be the other two eigenvalues. Thus, _1+£Z+6 = p1 + p2 + puz =
—r + o + p3, and therefore ps + pg = _1+:Z+[3 top o= rlathod) o 0, by assumption

1+a+3
a+ B < 2. Hence, s + g < 0. On the other hand, pyuopus = det J.., < 0.

Since py < 0, this implies that puous > 0. Together with ps + pug < 0, this implies
that Re(us), Re(us) < 0. Thus, all the eigenvalues have negative real parts, which,
Grobman-Hartman Theorem (see, for example, [39]), implies asymptotic stability of
(7,7,7) in the case 11 = ry =rg =17 > 0.

Now, suppose for some 7y, r9, r3 > 0 the fixed point is unstable. Then at least one
of the eigenvalues of J has positive real part. Note that eigenvalues of J;,,,, depend
continuously on its entries (and therefore on ry,75,73), and there is a continuous
path from (r,r,7r) to (r1,7e,7r3) in the first octant. Travelling along this path from
(ryr,7) to (ry,re,r3), we take the first point (rf,r3,75) at which the real part of at
least one eigenvalue becomes zero (such a point exists by continuity). This means
that either we have three real eigenvalues (with at least one eigenvalue which is
zero) or a negative real eigenvalue and two purely imaginary eigenvalues. Since,
det(Jpspsrr) = rirsrydet(Jinn) # 0, only the second possibility remains: p; < 0,
Lo = bi, and p3 = —bi.

The characteristic polynomial of J,n;r;,ﬂg is given by

*

* *
ri ria rip

p(p) = det(,u] — Jr{r%‘ré‘) = det ,u] + r%‘ﬁ 7‘; T;a

l+a+p
raoe T30 T4

= (p— ) (W +0) = p° — papi® 4+ 02 — .

Expanding the determinant and equating all the coefficients, we get:

1

:—T*+T*+T*,
1+(]1+ﬁ(1 2 3)

—H1
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1

P
(14+a+ 5)?

(I —af)(riry +rirs +r3r3),
1
B
MY = 0xa+p)p
Thus, we have
(ry + 7y +135)(riry +riry +r3r}) _ 1+ a3+ 3 —3a3
ririrs 1—af '

rirsrs(1+ B+ 53— 3af3).

Note that
(ry 4+ ry +r5)(rirs + rirs +riry)

TiTar3

T* T'* T* 1,_* 7"* 7"*
=3+—=+2++S24 243>

2 1 3 1 3 T3
sincex+%22foranyx>0.

Then
3 3 _
1+a’°+ 0 3046>97
1—ap -

and since aff < 1, we get
1+a®+ 3 —3a8>9—9a0,

or

o + 3 + 603 > 8.

But since oo + 8 < 2, we have:
P+ 34603 = (a+8) (o —af+ %) +603 < 2(a* —af+3*)+6a83 = 2(a+5)? < 8,

a contradiction.

Next, we show that when A approaches A, the interior fixed point is stable as
well (regardless of whether o+ < 2 is true or not). We make an additional “generic”
assumption: when the interior fixed point reaches the boundary of R%, only one of its

coordinates becomes zero. The case when the assumption fails is biologically unlikely.
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Proposition 4.3.10 Suppose 71,712,735 > 0, o, 3 > 0. Let (uy,us,u3) be the interior
fized point of (4.8.1) where A\ < 0. Assume that (u}°,us°,u3°) has only one zero
component. Then the interior fived point (uy,us,uy) of (4.3.1) is stable for \ €
(Aes Ae +€) for some € > 0.

Proof:  Let A\. < A < 0. The Jacobian of (4.3.1) at the fixed point (uf,u3,u3) is

given by

—ru) —riouy  —riful
J = —rofuy  —Touy  —Toouul
—rzauy  —r3Buy  —r3ul

Note that by Lemma 4.3.1,
1 a

det(J*) = —mrorsutuyuydet | 81 o | <O.

a [ 1

Therefore, the determinant of the Jacobian at the interior fixed point is always nega-
tive. As we decrease A, the interior fixed point approaches one of the u,;u;-planes; i.e.

one of its coordinates u} approaches zero. We may assume that u3 approaches 0 as A

approaches ). and therefore (u,u},u3) approaches (u}<,u5°,0). By our assumption,

u}e and uy° are positive. Thus,

—rq u?c —r aui\c —7"161@c
A
J¥ = | —rofuy  —rouys  —rocuye
0 0 0

At A = )\, the two species subsystem of (4.3.1) consisting of Species 1 and

2 has a stable coexistence outcome (u}°,u5°), since the founder control outcome is

not possible for A > A., by the assumption af < 1 and Remark 1.2.6 (see also the
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bifurcation diagram in Figure 3.10). The Jacobian is given by

- ui‘c —T aui‘c
A
—rofuy®  —Tous”

This Jacobian has two negative real eigenvalues p, po (from the general Lotka-
Volterra theory). The eigenvalues of J*< are given by gy, pp and s = 0.

Since the eigenvalues of J* depend continuously on ), for A close enough to A,
J* has two eigenvalues with negative real parts, and one other real eigenvalue. On
the other hand, we know that for A > \., det(J*) < 0. Since the determinant of a
matrix is equal to the product of its eigenvalues, it follows that the third eigenvalue

is negative. Thus, for A close enough to A., the interior fixed point of (4.3.1) is stable.
|

In summary, we have the following possible scenarios as we decrease A from 0 to A.:

1. if a + [ < 2, the system starts and ends with a stable interior fixed point.
Numerical simulations (see Section 4.5) suggest that it remains stable for inter-

mediate values of \);

2. if a + B > 2, the system starts with a stable heteroclinic cycle (and unstable
interior fixed point), and ends with a stable interior fixed point; numerical
simulations show that the transition occurs via a stable interior limit cycle
(namely, the heteroclinic cycle loses its stability before the interior fixed point

becomes stable).

4.4 Non-cyclic case

In the non-cyclic case, when A = 0, system (4.3.1) does not admit a heteroclinic cycle.
Without loss of generality, we arrange the competitors in the following manner: 1

outcompetes 2, 2 outcompetes 3, 1 outcompetes 3. We also arrange the growth
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rates as follows: 0 < r; < r9 < r3. This makes our model a natural generalization
of the two-species competition model from Chapter 3: in each of the two-species
subsystems, the stronger competitor has a lower growth rate. Note also that Species
3 is the absolute “loser”, but has the highest growth rate among the three, while
Species 1 outcompetes each of the other two, but has the lowest growth rate.
In order to simplify our model, we assume that the competition matrix in (1.2.6)

has form

r B rmp

A=1 rma ro mp |,

rso T3 T3
where 0 < f < 1 < o and a8 < 1. The first condition ensures the given arrangement,
and the second assumption excludes the possibility of founder control in any of the
two-species subsystems by Remark 1.2.6, no matter what the growth rates are.

Now, system (4.3.1) can be rewritten as

Lemma 4.4.1 Assume 0 < <1< a and o < 1. Then

1L g p
det alﬁ:

a o 1

Proof:

afla+B-3)+1=a?8+af*—-3aB+1>0.

(d [ A |
ﬂz?“ﬂh (1+—>—u1—ﬁu2—ﬁu3
dt L 1 ]
du [ A |
d_t2 = TaU>o -(1 + T_2> — Uy — Uy — 6U3- (441)
dU3 [ A 1
d—:T3U3 1+ — — QU1 — Uy — U3
( dt L T3 i

It suffices to prove that Sa? + (32 —338)a+1>0forall 0 < 3 < 1. It is

enough to show that the discriminant D = (3? — 33)% — 43 = 1 — 633 + 93% — 403
is negative for all 0 < 8 < 1. Equivalently, f(8) = 5% — 63* + 96 — 4 < 0 for all
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0 < B < 1. Note that f(1) = f'(1) =0, f'(8) =3(6—1)(5—3) and f"(1) < 0. Hence

B =11is a local maximum, and f(3) < 0 for all 5 < 1, as needed.

Next, we investigate the question of existence of an interior fixed point for (4.4.1).

The following is an easy application of Cramer’s rule.

Lemma 4.4.2 System (4.4.1) has a unique fized point (u},us, u3), where

I s

Uy
1 2 rs

)+(ﬁ—1)2,

1@:A(Mﬂ—n+1—aﬂ+ﬁw—n

1 2 rs

)+ (a1 -1

ugz)\(a(a—l)+a(ﬁ—1)+1—aﬁ)+(a_1)2'
1 T2 T3

Note that u = (o — 1)(8 — 1) < 0, and thus for A\ = 0 (non-advective case),
there is no interior fixed point; i.e. the system is non-persistent (no coexistence). In
fact, it has a stable exclusion state (1,0,0).

As we decrease A < 0 (increase advection), system (4.4.1) may admit an interior
fixed point and thus become persistent (or even permanent), under certain conditions

outlined in the following proposition.

Proposition 4.4.3 System (4.4.1) is persistent iff all three of the following inequal-
ities hold:

A(l—a6+ﬁm—1y+Mﬁ—w

(&1 T2 3

) +(B—1)* >0, (4.4.2)

A(Mﬁ—w+1—a6+ﬂm—n

T T2 3

) +(@-1)(B-1) >0, (4.4.3)
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A (a(aﬁ_ 1) + &(ﬂr; 1) + 1 _7”3aﬁ) + (a - 1)2 > 0. (4‘4'4)

Proof: The proof is analogous to the proof of Proposition 4.3.3.

In the following lemma, we show that the coefficient of A in inequality (4.4.3)
is always negative; therefore, although the inequality fails for A = 0, it will hold for
sufficiently negative X\. We also show that the coefficient of A in inequality (4.4.2) is
always positive; therefore, for sufficiently negative A, this inequality will be violated.
Note that we cannot obtain a similar result regarding inequality (4.4.4), since the

sign of the corresponding coefficient of A depends on the choice of parameters.

Lemma 4.4.4 The inequalities
a(f=1) | 1-aB | pla=1)

(a) — st <0
1-af | Bla=l) | B(B-1)

(b)) 5= +=—+5=>0

hold for any o >1> >0 and 0 <1y <ry <rs.

Proof: (a)
a(f-1)  1-af fla=1)
1 ) T3
af=1)  1-af Bla-1) _(1-a)1-5) _
™ ™ ™ B ™ .
(b)
L—af  fla=1) BB-1
A ) T3
L—af  fla-1) B6-1) _(B-1"_,

rs rs rs rs
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Let
(a—1)(1-0)
A1) | 1;;16 + 5(7;1)

T1

Asy = (4.4.5)

Then, by Lemma 4.4.4(a), Aso < 0. Note that (4.4.3) holds exactly when A < A,.

Lemma 4.4.5 Let a > 1> (>0, 0 <1y <ry <rs. Then inequalities (4.4.2) and
(4.4.4) are satisfied for A = Ag,.

Proof:  Substituting A = A, into (4.4.2), we get
a=0=0) (1=ef, flo=) =)

a(B-1) 1-af | Bla=1)
- + - + - 1 T2 3

>+(5—1)2>0.

Since the denominator is negative and 3 < 1, this is equivalent to

(a_1)<1—aﬁ+ﬁ(a—1)+5(6—1)> < (5-1) (a(5—1)+1—a6+6(a—1))7

(A1 T2 rs r T rs

or

(a — 1)(rors — afrars + afrirs — Brirs + B2rirs — Brirs) <
(B8 = 1)(afrors — argrg + 1115 — afrirs + afrirg — frira).
Simplifying, we get

Tgrg(—a2ﬁ —af? +3af — 1)+ Tlrg(a26 +af? — 3a8 + 1) — rraa3? < 0,

or

r3(ry — o) (aB(a+ B —3) + 1) — rirsaf® < 0.

This inequality holds since r; < ry and, by Lemma 4.4.1, af(a+ 3 —3)+1 > 0.
Similarly, plugging A = Ay, into (4.4.3) and simplifying, we get

(1-— ﬁ)(a2fr2r3 — arery + afiriry — aryrs + riry — afriry) >

(v — 1)(afrars — arers + 1113 — afrirs + afrire — Brir),
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or
(B +a?B—3aB+1+a)rirs + (—af* —a?B+3aB — 1 — B)riry > 0.
This can be rewritten as
ri(rs —ro)(af(a+ B —3) + 1)+ ri(rsa —ry8) > 0,

which holds by Lemma 4.4.1 and the assumptions r, < r3 and a > f3. |

Let

(B-1) (a—1)
As1 = max | — ,— . (4.4.6)
< af | fa-D) | BE-D)’ " ale=l | a(-1) | 1-ad

T1 1 3

By Lemma 4.4.4(b), A is well-defined and As; < 0. Note that one of the inequalities
(4.4.2) and (4.4.4) fails exactly when A\ < Ag;. Also, by Lemma 4.4.5, A\s; < Ago. Note
that \g; > —ry, since for A < —ry the first species will not persist.

Summarizing our results we have the following.

Proposition 4.4.6 System (4.4.1) is persistent exactly when Ag; < A < Ago.

Next, we investigate under which conditions system (4.4.1) admits a heteroclinic

cycle. Recall that a < % In the following lemma, we establish conditions under

which a two species subsystem has three different outcomes.

Lemma 4.4.7 Let 1 < i < j < 3 and A\ € (—r1,0]. Then, in the two species

subsystem consisting of © and j, we have
1+2

(a) i outcompetes j iff 1+; < a,

(b) i coexists with j iff a <

142

(c) j outcompetes i iff Hg
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Proof: Follows from Lotka-Volterra theory.

Note that for A € (—ry,0) the following inequalities hold:

1+2 142 1+2
: e .
1+27 1+2 142

Proposition 4.4.8 Let A € (—r1,0). Then a heteroclinic cycle occurs iff the follow-

ing inequalities take place
1+2 142

, <a
1+271+2
and
1+2 1
o>
1+2°p
Proof: Follows from Lemma 4.4.7.
|
Observe that all these fractions
1+2 1+2 . 1+2
, and ——2
1+27 142 1+ 2
T2 T1 T1
increase as we decrease A. Thus, we have a “race” between the three quantities above
4+ 1+
as we decrease \. A heteroclinic cycle happens when 1+Ti3 exceeds %, while 1+743’
2 : E *
= still have not reached av. Setting
1
14+ 2 +2
o % = « and 3 =

we can find the “critical values” of A. Taking the larger of the two, we denote

Md:mm(”“m_l)””m_lv. (4.4.7)

re —ars T — Qry
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Setting
I+ 1
1+2
we find
rirs(1 = B)
Moy = 302 7 4.4.8
hez pry —rs ( )

Note that A > —r; is the necessary and sufficient condition for all three species to
persist in the absence of their competitors. The next lemma shows that it is satisfied

for Apeo.

Lemma 4.4.9 A\, > —11.

Proof:  Suppose Ao < —ry. Then r3(1 — 3) > —fry; +r3 or f(ry —r3) > 0. The

latter contradicts the assumption r; < r3.

To determine the condition for the existence of a heteroclinic cycle, using Propo-

sition 4.4.8, we substitute the expression for Aj., into

1+2 142

T2

1+271+2
T2 T1

< a.

After performing some algebraic simplifications, we obtain the equivalent conditions

Bri(ry —rs) + r3(ry — )
57“2(7’1 —7‘3)

<a, (4.4.9)

7”2(7“1—7"3)
Bri(re —r3) + r3(ri —72)

< a. (4.4.10)

Note that these two inequalities are equivalent to Ape; < Apes.

Now, we prove that the left-hand sides of the two inequalities (4.4.9), (4.4.10)

1

are greater than 1 but less than 3
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Lemma 4.4.10

- - 1
1<57“1(7"2 r3) + r3(r 7”2)<_

57”2(7"1—7’3) ﬁ’
7“2(7“1—7’3) l
b= Bri(re —r3) +13(r1 —12) = I

Proof: First, note that, for any A < 0,

1+2 1+ 2
7'37 T2 1
1+2°1+2

Bri(ra—r3)+r3(ri—ra)
b Bra(ri—r3) <

In particular, this holds for A = A\j.,. Next, we want to show tha
%, or Ory(re —rs) > ri(re — r3) which is equivalent to 5 < 1.
ro(ri—rs)
Bri(ra—r3)+rs(ri—re

For the second inequality, let © = 7 Then, by the first inequality,

1
1< — < p,

Bx

orl<zx< %, as needed.

Thus, a heteroclinic cycle exists (i.e. it is admissible) if we choose parameter «
between 1 and %

In the case when a heteroclinic cycle is admissible we can also determine its
attractiveness (same as non-permanence of the system) by using Theorem 1.2.7. The

condition for attractiveness of the heteroclinic cycle takes the form

(ars(r1 + X)) = ri(rs + X)) (Bri(ra + A) — ro(r1 + X)) (Bra(rs + A) —r3(ra + A)) >

(ri(re + X) — arg(r1 + X)) (ro(rs + N) — ars(ra + X)) (r3(r1 + A) — Bri(rs + N)).
(4.4.11)

Summarizing our results, we obtain the following proposition.
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Proposition 4.4.11 Given 0 <ry <ry <r3, 0 < 3 <1< a, such that af < 1, then
system (4.4.1) is persistent exactly when Ag; < X\ < Aso. In addition, if inequalities
(4.4.9) and (4.4.10) hold, then

(@) As1 < Anet < Anez < Aoz

(b) system (4.4.1) admits a heteroclinic cycle for Apey < A < Apea

(c) if (4.4.11) holds, then the heteroclinic cycle is attractive.

persistence

h.c.
O\ s
b, Oh, gy Dy 9

51

Figure 4.1: Persistence interval and interval with admissible heteroclinic cy-
cle, from Proposition 4.4.11.

Figure 4.1 illustrates the above proposition. Thus, depending on the choice of
parameters, we may have a subinterval of (As.1, Anea) Where any solution will approach
a stable heteroclinic cycle. If the inequality above fails for A € (Apeq, Anes), then the
heteroclinic cycle is unstable and therefore the system is permanent (i.e. we have

stable coexistence of all three species).

4.5 Numerical Results

In this section, we classify the possible effects of advection on the competition of three

species in our settings. We consider both cases, cyclic and non-cyclic.

4.5.1 Cyclic case

We use the following spatial model:
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ou; __ 10%u ou

Gt =d%5s — ¢35 +riu(l —u — auy — Bug),

ouy _ 107 p)

52 = d5 — q52 + roup(l — Buy — uy — aus), (4.5.1)
) 92 )

G =d%55 — q52 + rauz(l — auy — Bug — ug),

and its nonspatial approximation (4.3.1). An increase of advection in (4.5.1) is equiv-
alent to a decrease of A < 0 in (4.3.1). Our numerous simulations show that changes
in the behavior of these two models are qualitatively identical. Thus, we will mostly
concentrate on description of results for the nonspatial models. However, when it is
appropriate, we add comments and plots illustrating simulations for the corresponding
spatial models.

To illustrate the different cases, we will use triangular diagrams representing
relations between three competitors. Arrows on the sides correspond to the outcomes
of the two-species subsystems (so an arrow from 1 to 2 means that the second species
outcompetes the first in the absence of the third species). Two arrows meeting on
an edge represent coexistence outcome in the corresponding two-species subsystem.
A square indicates the stable equilibrium of the full model. Its location indicates
whether it is an interior coexistence point (meaning permanence), coexistence of
two species only, or an exclusion state (in the last two cases, the system loses its
persistence). Note that the two species subsystems are guaranteed to exclude the
founder control outcome for any A > A.; see Remark 1.2.6 (see also the bifurcation

diagram in Figure 3.10). As before, we have r, > ry > r3 and aff < 1.

4.5.2 Cyclic Case I

Here we choose parameters so that Species 2 beats Species 1, Species 3 beats Species
2, and Species 1 beats Species 3. Thus, a > 1> 3 > 0.

Cyclic Permanent Case I. The nonspatial system (4.3.1) is permanent iff o+

B < 2. We start with A = 0 (zero advection in the corresponding spatial model).
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As shown in the leftmost diagram in Figures 4.2, 4.5 species are arranged in a cyclic

1 1 ); by Proposition 4.3.9,

manner. There is an interior fixed point (a+;3+1, oTATT et

it is stable. Thus, we start with all three species coexisting in a stable equilibrium.
As we decrease A < 0 (equivalently, increase advection), this coexistence lasts until

one of the inequalities (4.3.2) or (4.3.4) is violated.

FANRVANRVAN

Figure 4.2: Effect of advection on competition in the Cyclic Permanent Case

I (a).

’
B e —

“—[3rdspecies |
|1 st species
0 i . . \ . . .

1} 0.1 02 03 04 085 06 07 08 09 1
X

Figure 4.3: Steady state of the spatial model (4.5.1) for « = 1.5, = 0.4,r; =
18,7 =1.3,r3 =1,d =1, L = 10 and advection ¢ = 1.3, Cyclic Permanent
case 1. All three species are present throughout the habitat.

Cyclic Permanent Case I (a): If inequality (4.3.4) becomes violated first (mean-

ing A\. = A\z), then Species 3 is first to disappear. For example, this is the case for r; =
1.8, =13,r3=1,a =15, =0.4: A\ = max(A., \ez) = max(—0.8738, —0.8437) =
—0.8437. The effect of further decrease of A (increase of advection) is summarized in

Figure 4.2. Once Species 3 disappears, we are left with the two-species competition,
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studied in [30] and Chapter 3. Namely, we have a competitively superior Species 2,
with lower growth rate. As we increase advection even further, Species 1 gradually
replaces Species 2, as predicted in [30] and Chapter 3.

The spatial model goes through the same stages as we increase the advection.
The coexistence of three species (see Figure 4.3) is replaced by coexistence of the first
and second species (see Figure 4.4), with the first species winning under sufficiently
high advection. A more detailed description of the spatial patterns at steady state is

given in Subsection 4.5.5.

Remark 4.5.1 Performing spatial model simulations with increasing values of ad-
vection speed ¢ (with a patch of size L = 10), we notice that the third species
disappears when ¢ reaches the value of ~ 1.53. The principal eigenvalue correspond-
ing to ¢ = 1.53 is A\; &~ —0.6482 (see Section 2.10), which is greater than the value
of A\ = —0.8437 (which corresponds to the disappearance of the third species in the

nonspatial approximation).

08

wer T

o4t r:
02t '/J/——x-

L L L L L L L L L
0 0.1 o2 03 04 05 0B OF 08 089 1
X

0

Figure 4.4: The third species has disappeared first in the Cyclic Permanent
Casel (a) (q=16,r1 =181 =13, r3=1, a=15 5=04).

Cyclic Permanent Case I (b): If inequality (4.3.2) is violated first (meaning

Ae = A1), then Species 1 is first to disappear. This happens, for example, for r; =
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1.6,7o=13,r3 =1,a =15, =0.4,: A\ = max(A., A\e2) = max(—0.8511,—0.9233) =
—0.8511. Figure 4.5 summarizes the effect of decreasing A (increase of advection):
coexistence of Species 2 and 3 is replaced by domination of Species 2, then coexistence

of Species 1 and 2, with an eventual domination by Species 1.

Remark 4.5.2 As in case (a), increasing ¢ in the spatial model, we notice that the
first species almost disappears (as noted above) when ¢ reaches the value of ~ 1.62.
The principal eigenvalue corresponding to ¢ = 1.62 is A\ =~ —0.7287, which is again
greater than the value of A\, = —0.8511 (which corresponds to the disappearance of the
first species in the nonspatial approximation). We observe that in this particular case
the nonspatial approximation fails: Species 1 is not completely gone for intermediate
values of advection, but is clearly dominated by Species 2 and 3, as seen in Figure

4.6. This demonstrates the limitations of the nonspatial approach.

2 2 2 2 2
1&3 1ﬁ3 1/A<\3 1/<\\3 1/\3

Figure 4.5: Effect of advection on competition in the Cyclic Permanent case
I (b).

Note that in both cases (a) and (b), the dot representing the fixed point moves
counterclockwise around the triangle. We also observe that if the subsystem involving
Species 1 and 2 is the first subsystem to reach the coexistence stage, then we are in
case (a). This may happen, for example, when the values r and r3 are closer to

each other than r; and ry. In this case, the effect of advection on the competition of
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Figure 4.6: The first species is almost gone for the spatial model in the Cyclic
Permanent Case I (b).

Species 2 and 3 is not as strong (their competition outcome is mainly determined by
interspecific coefficients), while advection forces Species 1 and 2 to coexist.

Non-permanent Cyclic Case I:

The nonspatial system (4.3.1) is non-permanent with A = 0 iff « 4+ > 2. An example
of this situation is given by the following choice of parameters: r; = 1.6, ro = 1.3,
r3=1,a=16,3=05L=10,d=1. For —0.66 < A < 0 the solution approaches
a heteroclinic cycle (by Theorem 16.1.1 of [19], this solution is an attractor): one
competitor almost reaches its carrying capacity while the other two remain at almost
zero density, then the next competitor takes the place of the first one, and the process
repeats. Here, the single species states lasting longer and getting closer to the fixed
points (1,0,0), (0,1,0) and (0,0,1). For —0.68 < A < —0.66, we observe a limit cycle
behavior: all three species oscillate above the zero density. Our numerous simulations
suggest that these oscillations last indefinitely, without approaching any steady state.
It corresponds to the case when the system becomes permanent (the heteroclinic
cycle loses its stability), but the interior fixed point has not yet become stable. As we

decrease \ even further, the oscillations eventually stabilize at a coexistence steady
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state. When A is increased even further, the behavior of the model follows one of the
two permanent cases described above ((a) and (b)). Figure 4.7 illustrates the first
three stages: species 1, 2 and 3 alternating in a heteroclinic cycle followed by limit
cycle followed by coexistence of 1, 2 and 3.

Similar changes in behavior of the spatial system are observed when we increase
advection. Namely, for low advection, we are in a heteroclinic cycle setting: e.g.
for ¢ = 0.8, we observe an oscillatory behavior for all three species, with alternating
dominations by each of the species. Over time, the single species stages become longer,
as can be seen in Figures 4.8 and 4.9. The figures show the spatial distribution of
the first species at different times, for ¢ = 0.8. Similar pictures describe dynamics of
the other two competitors. For ¢ = 0.87, the solution approaches a limit cycle, see

Figures 4.10, 4.11.

Figure 4.7: Effect of advection on competition in the Non-permanent Cyclic
case [.

4.5.3 Cyclic Case II

Here, we choose parameters so that Species 1 beats Species 2, Species 2 beats Species
3, Species 3 beats Species 1. Thus, > 1> «a > 0.

Cyclic Permanent Case II.

As before, we begin with A = 0 (zero advection in corresponding spatial model).

L L), By Proposition 4.3.9, it is

There is an interior fixed point (OH—;?-O—l’ STATD ataTl
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Figure 4.8: The 3D plot shows the spatial profile of the first competitor for
times from ¢ = 0 to t = 340, with the time and space steps equal to 0.1.
Here, ¢ = 08, 1, =16, =13, r3 =1, a = 1.6, = 0.5, L = 10 and
d = 1. Notice the increase in the width of the peaks and the distance between
the peaks. This happens because the solution approaches the single-species
steady states and the time it spends at each monocultural state approaches
infinity.

stable. Thus, we start with all three species coexisting in a stable equilibrium. As we
decrease A < 0 (equivalently, increase advection), coexistence lasts until inequality
(4.3.3) is violated and we get coexistence between Species 1 and Species 3. Note that
outcomes in the two-species subsystems “one-two” and “two-three” stay the same.
Further decrease of advection leads to competitive exclusion by the first species (see
Figure 4.12). For instance, if r; = 1.6,75 = 1.3,r3 = 1, and o = 04, § = 1.5,
then for A = —0.68 the second species disappears, and coexistence between 1 and 3
can be clearly seen. As we increase advection, the spatial model for Cyclic case II
goes through the same stages as the nonspatial model. In Figure 4.14, we observe
coexistence of the three competitors with the second species being pushed downstream
by the other two competitors.

Non-permanent Cyclic Case II:

We observe the same stages as in Non-permanent Cyclic Case I. Namely, as we increase
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Figure 4.9: The same plot as in the previous figure, viewed from above (time
vs. space). The dark stripes represent zero density, white stripes correspond
to positive density. Again, notice the increase in the width of both stages as
time increases.

advection, the heteroclinic cycle is followed by the limit cycle, and the process ends
at the stable, interior point. After that, we follow Permanent Cyclic Case II steps; see
Figures 4.13, 4.12. We relate Figures 4.8, 4.9 and 4.10, 4.11 to the Non-permanent
Cyclic Case II as well, since the dynamics of each of the three competitors in this
case are identical to the dynamics of all species in the Non-permanent Cyclic Case I:
(a heteroclinic cycle followed by limit cycle followed by a stable coexistence of 1, 2

and 3) for both spatial and nonspatial case.

Remark 4.5.3 Performing spatial model simulations with increasing values of ad-
vection speed ¢ (with a patch of size L = 10), we notice that the second species is
gone when ¢ reaches the value of ~ 1.38. The principal eigenvalue corresponding to
g =138 is A} & —0.5366 (see Section 2.10, Section 4.3), which is greater than the
value of A, = —0.69 (which corresponds to the disappearance of the second species in

the nonspatial approximation).
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Figure 4.10: The 3D plot shows the spatial profile of the first competitor for
times from ¢ = 0 to ¢t = 340, with the time and space steps equal to 0.1. Here,
q=087,r1=16,71=13,r3=1, a=16, =05, L =10 and d = 1.
Notice that the width of the peaks and the distance between the peaks stays
approximately the same, since we are in a limit cycle situation.

4.5.4 Non-cyclic Case

In the non-cyclic case, for A = 0, the system is non-persistent, with a stable single
species steady state (i.e. the only species present is Species 1, with the lowest growth
rate). As we decrease A\ (increase advection), the system becomes persistent (for
As1 < A < Ag2), then loses persistence and finishes with the domination of the species
with the highest growth rate (Species 3). Depending on the existence and stability
of a heteroclinic cycle within the “persistence interval”, there are three possible cases
outlined below. In all three cases, numerical simulations show that with our choice of
parameters, as we increase advection, the spatial model goes through the same stages

as the nonspatial approximation does when we decrease .

Non-cyclic Case (a): no heteroclinic cycle.

In this case, throughout the persistence interval (As;, As2) the three species coexist in
stable equilibrium (fixed point). For example, let r; = 1,79 = 1.2,73 = 1.5, a = 1.2,

3 = 0.5. Then, using formulas (4.4.6, 4.4.5, 4.4.7, 4.4.8), we find A\pe; = —0.5455,
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Figure 4.11: The same plot as in the previous figure, viewed from above (time
vs. space). The dark stripes represent zero density, white stripes correspond
to positive density. Again, notice that the width of the stages stays the same.

Figure 4.12: The second species has disappeared first in the Permanent Cyclic
Case II.

Ao = —0.75, A\g; = —0.7895, \;o = —0.5. Note that A,.; > Apeo means that the
heteroclinic cycle is never admissible; i.e. the arrangement of winners and losers
in two-species subsystems is non-cyclic for any A\ < 0. The system is permanent
throughout the persistence interval —0.7895 < A < —0.5. As we decrease A from 0 to
—1.1, we observe the following transitions (see Figure 4.15):

First wins, followed by coexistence of 1 and 3, followed by coexistence of 1,2,
and 3 (for —0.7895 < A < —0.5), followed by coexistence of 2 and 3 followed by third
wins.

Notice that in the middle triangle (corresponding to A = —0.7) we have a stable
interior fixed point for the three species model, as well as stable coexistence states

for each of the three two-species subsystems. Of course, the two-species coexistence
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Figure 4.13: Effect of advection on competition in the Non-permanent Cyclic
Case II.

states are unstable from the point of view of the full three-species model. With a
different choice of parameters, we may see a slightly different picture. Namely, we
may have only one or two of the two-species subsystems in the coexistence state, but

we are only interested in the behavior of the full system.

Remark 4.5.4 Note that, in the nonspatial approximation, we have persistence for
—0.7895 < A < —0.5. In the spatial model (L = 10), persistence takes place
for 1.09 < ¢ < 1.55. This corresponds to principal eigenvalues \; in the interval
(—0.6639, —0.3515). Comparing with the “nonspatial” persistence interval above, we

can observe that both endpoints are shifted to the right in the spatial case.

Non-cyclic Case (b): unstable heteroclinic cycle.

In this case, inside the persistence interval there is an interval for which the two-
species subsystems are arranged in a cyclic manner; however, the heteroclinic cycle
is never an attractor. Let r; = 1,1 = 1.4,r3 = 2.2, a = 1.7, f§ = 0.5. Then by
formulas (4.4.6), (4.4.5), (4.4.7), (4.4.8), we have Ay, = —0.7101, A\pep = —0.6471,
As1 = —0.7526, A\yo = —0.5996. Note that, since A\p.q < Apeo, the heteroclinic cycle
exists for A\pe; < A < Apep. However, for any such A, inequality (4.4.11) fails, and thus

the heteroclinic cycle never becomes stable.
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Figure 4.14: Steady state of the spatial model (4.5.1) for a = 0.4,8 =
1.5,71 = 1.6,7 = 1.3,7r3 = 1,d = 1, L = 10 and advection ¢ = 1.3, Cyclic
Permanent Case II. All three species are present throughout the habitat.

2 2 2 2 i 9
3 1 3 1 e 3 1 - 3 1 3

Figure 4.15: Effect of advection on competition in the Non-cyclic case (a).

As we decrease A\, we observe the following (see Figure 4.16):

first wins followed by coexistence of 1 and 3 followed by coexistence of 1,2 and
3 with no heteroclinic cycle followed by stable coexistence of 1,2 and 3, with two-
species subsystems forming a heteroclinic cycle followed by coexistence of 1,2 and 3
with no heteroclinic cycle — coexistence of 1 and 2 followed by second wins followed
by coexistence of 2 and 3 followed by third wins.
With a different choice of parameters, the system may skip the stages shown in brack-
ets, so we can have two possible scenarios, as in cyclic cases (a) and (b), depending
on which coordinate of the interior fixed point becomes zero first. However, the end

result is always the same: Species 3 (with the highest growth rate) is the winner.
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Figure 4.16: Effect of advection on competition in the Non-cyclic Case (b).
Stages in brackets may or may not occur for different choices of parameters.

We can compare the results regarding the behavior of the nonspatial model with
simulations of the spatial model. Namely, we can find the persistence interval in

terms of advection q.

Remark 4.5.5 In the nonspatial model, we have persistence for —0.7529 < \ <
—0.5996. In the spatial model, persistence takes place for 1.22 < ¢ < 1.53. This
corresponds to principal eigenvalues A; in the interval (—0.6482, —0.4295). We again

observe that the “spatial” persistence interval is shifted to the right.

Non-cyclic Case (c): stable heteroclinic cycle.

In this case (which is not easy to capture, but it is nevertheless quite interesting),
within the persistence interval, there is an interval where the system has a cyclic
arrangement of two-species subsystems, and inside that interval there is a subinter-
val for which the heteroclinic cycle is actually stable. This means that for certain
intermediate values of A (intermediate advection), the system switches from a stable
coexistence equilibrium to stable heteroclinic cycle, and then back to stable coexis-

tence.
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Let i = 1,79 = 1.5,r3 = 2.7, a = 2, = 0.49. Then \,.; = —0.75, A\peo =
—0.6231, A\g; = —0.7533, A\so = —0.618. Note that, since Ap.; < Apes, the heteroclinic
cycle exists for Ape; < A < Apea. Moreover, for —0.76 < A < —0.63, inequality (4.4.11)
holds, and thus the heteroclinic cycle is stable.

As we decrease A\, we observe the following:

first wins followed by coexistence of 1 and 3 followed by coexistence of 1,2 and
3 with no heteroclinic cycle followed by coexistence of 1,2 and 3 with two-species
subsystems forming a heteroclinic cycle followed by Species 1,2 and 3 alternating in
a heteroclinic cycle — coexistence of 1,2 and 3 with two-species subsystems forming
a heteroclinic cycle followed by coexistence of 1,2 and 3 with no heteroclinic cycle
— coexistence of 1 and 2 followed by second wins followed by coexistence of 2 and 3
followed by third wins.

Figure 4.17 gives a summary of these transitions. As in case (b), the system may
skip the bracketed stages for different parameter values. This is the second time when
the nonspatial approximation does not completely agree with the spatial simulations.

Namely, we were not able to obtain the stable heteroclinic cycle for the spatial model.
2 2 2 2 2 2
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Figure 4.17: Effect of advection on competition in the Non-cyclic Case (c).

Remark 4.5.6 Note that, in the nonspatial approximation, we have persistence for
—0.7533 < A < —0.618. In the spatial model (L = 10), persistence takes place

for 1.25 < ¢ < 1.51. This corresponds to principal eigenvalues A; in the interval
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(—0.6327, —0.4486). Comparing with the “nonspatial” persistence interval above, we
can observe that both endpoints are shifted to the right in the spatial case.

Based on the observations in Remarks 4.5.1, 4.5.2, 4.5.4, 4.5.5 and 4.5.6, we make
the following conjecture.

Conjecture: Let (A1, \y2) be the persistence interval for the nonspatial approx-
imation model (in cyclic or non-cyclic case). Let (g1, g2) be the interval of the values of
advection for which the corresponding spatial system (for a fixed L) is persistent. Let
A1(q1) and Ai(go) be the principal eigenvalues corresponding to ¢; and g respectively.

Then )\1 ((h) 2 )\pl and )\2((]2) 2 )\pg.

4.5.5 Spatial distribution of species at the coexistence states

To get an insight into the actual spatial distribution of three competing species in
a stable coexistence equilibrium, we perform numerical simulations for a reasonably
long domain L = 100 and d = 1.

Cyeclic Case 1. In all three cyclic cases (permanent (a), (b) and non-permanent),
we observe that when the system is at such a steady state (i.e. for relatively small
advection in cases (a), (b), and for intermediate advection in the non-permanent case),
there is a common pattern of alternating patches where one of the three species
seems to dominate. The pattern starts in the upstream region, where it is most
distinguished. In all the cases, the leftmost part of the upstream region is dominated
by Species 2, followed by Species 3, and then Species 1. Then the pattern repeats as we
move downstream, but with decreasing amplitude, almost disappearing downstream.
The number of alternations seem to increase with advection (see Figures 4.18, 4.19).

From the biological viewpoint, these observations mean that the species with
the intermediate growth rate and intermediate “strength” occupies the top of the
stream, followed by the species with the lowest growth rate, and then the species

with the highest growth rate, and then the alternating pattern continues as we move
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Figure 4.18: Spatial profile of coexistence state for Cyclic Permanent case
I(a),g=1,m=18r,=13,r3=1,a=15 =04

downstream, with each the “domination intervals” of approximately equal length.
Domination becomes less dramatic and almost disappears as we move downstream.
Thus, the competition is most prominent upstream, and is almost invisible down-
stream. We also find it intriguing that the species with intermediate growth rate has
the advantage in the upstream region.

Cyclic Case II. As in Cyclic Case I, we observe that all three species are
distributed throughout the habitat in a similar manner. Namely, as before, we see
alternating patches, starting at the upstream border. However, in this case, we see
the first competitor, followed by the third and the second one located at the end of
each patch.

Non-cyclic case. In any of the the non-cyclic cases, the stable coexistence state
is characterized by the presence of all three species in the upstream region, with the
rest of the habitat occupied by Species 1 only (with the lowest growth rate). Several

examples are given in Figures 4.20, 4.21, 4.22 and 4.23. There is no alternation
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Figure 4.19: Spatial profile of coexistence state for Cyclic Permanent case
I(a),g=14,m =18 r=13,r3=1,a=153=04

pattern as in the cyclic case. In fact, the situation is quite similar to the two species
case: the species with the lower growth rate occupies the downstream part of the
habitat, leaving the upstream region to its competitor(s).

It is also worth noting that we do not have any chaotic behavior of solutions in

our settings, see also [48].
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Figure 4.20: Spatial profile of coexistence state for Non-cyclic Case (a), for
q=12,r1=1,r,=12,r3=15 a=12and g =0.5.

12} -
ol A
0Bl .
u
06| 1
041 -
n2fif b b /p 1
: s

1] 01 o2z 03 04 05 06 07 08 08 1

Figure 4.21: Spatial profile of coexistence state for Non-cyclic Case (a), for
gq=14,r1=1,r,=12,r3=15 a=12and g =0.5.
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Figure 4.22: Spatial profile of coexistence state for Non-cyclic Case (b), for
g=14,r1=1,ry,=14,r3=22 a=1.7and g =0.5.
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Figure 4.23: Spatial profile of coexistence state for Non-cyclic Case (c), for
q=14,r1=1,ry=15r3 =27 a=2.0and g = 0.49.



Chapter 5

Conclusions and Biological

implications

We will now summarize our work on the dynamics of single species and competi-
tion of two or three species in an advective environment, emphasizing the biological
implications. We also outline possible topics for future research coming out of this
thesis.

In Chapter 2, we considered a reaction-advection-diffusion equation with logistic
growth term on a bounded domain with Danckwerts’ boundary conditions. We proved
the existence, uniqueness and stability of a positive steady state for domain lengths
above a critical threshold. Below this threshold, the zero steady state is stable. In
particular, a transcritical bifurcation occurs at this threshold. The positive steady
state solution is an increasing function of the spatial variable. For large enough
advection, the solution has an inflection point; we gave an approximate formula for
the distance of this inflection point from the upstream boundary. We also showed
that the solution is a decreasing function of advection speed. From a mathematical
point of view, the analysis of the single species equation is now relatively complete.

These results complement and contrast the results on reaction-diffusion equations

174
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without advection, but with hostile boundary conditions; see for example [25]. Those
models also exhibit a transcritical bifurcation at the critical domain size. Loss of
individuals in that case is entirely due to diffusion, while in our case, it is purely due
to advection. Also, the positive steady state in those models has no inflection point.

While this work focuses on mathematical analysis, our model is inspired by the
biological question of population dynamics in advective environments, such as streams
and rivers. Speirs and Gurney [47] first applied a linear analogue of our model (albeit
with slightly different boundary conditions) to study the persistence conditions of
plankton and insects in small streams in Southeast England. They demonstrated
that, under certain conditions, diffusive movement of individuals can counterbalance
the loss of individuals through directed movement with the water and thereby lead
to population persistence.

For example, their model explains the absence of plankton organisms in Broad-
stone Stream (Southeast England), which is relatively short and shallow with sig-
nificant advection. The authors argue that, due to its shallowness and the nature
of plankton, the organisms would have to be present throughout the water column,
and would be subjected to average advection, which exceeds the critical value for any
realistic growth rate and diffusivity of plankton. On the other hand, stoneflies are
actually found in the creek. Their nymphs are primarily benthic organisms, and enter
the stream for only 0.01% of time. Therefore, they experience an effective advection
speed that is reduced by a factor of 10%; well below the critical advection value for
this species. Thus, even though the timescale of the growth dynamics is typically
much slower than that of the advective movement, the latter is significantly smaller
for predominantly benthic species and is actually comparable with the former.

Stoneflies have winged adult stages that can easily move upstream for egg-
deposition. It is unclear whether this movement can be accurately captured by the
diffusion operator. Potentially more realistic could be a discrete-time model with a

dispersal kernel as in [31]. The reaction-advection-diffusion approach does, however,
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seem appropriate for many benthic species that never emerge from the water, such as,
Dreissena polymorpha (zebra mussels), meroplanktonic copepod (Caullana canaden-
sis), and mysid shrimp (Neomysis integer), where a similar reduction of the actual
advection speed occurs. Benthic algae can be considered within this framework as
well. Some “best guesses” for parameter values were given in [30]

Our model makes some testable hypotheses. Is it true that the abundance of
these organisms increases downstream from an insurmountable barrier? And does
the location of the inflection point (2.8.3) predict the spatial scale over which the
influence of this upstream barrier is present?

The reduction of population density at the upstream end can also be a mechanism
for coexistence of two competing species that would not coexist in the absence of
advection. A special case of this mechanism has been demonstrated numerically
in [30]. The study of species interaction in habitats with a unidirectional flow is
a new and interesting area. In Chapter 3, we studied Lotka-Volterra competition
of two species in an advective environment, combining mutual invasibility analysis
via variational formulas with numerics and a nonspatial approximation. We assume
that both species have the same motility, and reduce the system to a spatially implicit
model. We built various bifurcation diagrams for mutual invasion using both numerics
and the nonspatial approximation, and used them to classify the possible scenarios
as advection increases. In particular, we have established that if, in the absence
of advection, Species 1 outcompetes the faster growing Species 2, the increase in
advection will eventually reverse the outcome, with the system either going through
coexistence of the two species or through the founder control situation.

In Chapter 4, we extended the model to the case of three competitors, and used
nonspatial approximation to describe the effect of advection on the competition out-
come. In the case of three competitors, we concentrated on two special cases (cyclic
and non-cyclic arrangement), and classified the possible scenarios as we increase ad-

vection. Change in advection can cause transition between various stable steady
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states: single species domination, coexistence of two species, coexistence of three
species, heteroclinic cycle (alternating dominations by each of the three species), and
a limit cycle.

In both two and three species cases, the nonspatial approximation allows one
to estimate the critical values of advection corresponding to various bifurcations.
Numerical simulations have also shed some light on the spatial arrangements in the
case of coexistence, in terms of which species occupies the upstream or downstream
region. In the three species case, for certain values of advection, species can coexist in
the form of alternating patches dominated by a single species, a phenomenon which
would be interesting to observe in nature.

We can make a general observation that high advection makes the growth rate
the most important factor in competition, whereas in the case of low advection,
competition outcome is decided mostly by the species interaction. For example, in
cyclic case I of three-species competition, advection does not change the outcome
in the two species subsystem 1-3, since Species 1 has the higher growth rate and is
stronger than Species 3 (in terms of interspecific coefficients). However, the outcomes
in the subsystems 1-2 and 2-3 are both changed by advection. When advection is high
enough, only Species 1 remains, as the species with the highest growth rate among
the three.

The main practical conclusion that can be derived from our study of competition
in an advective environment is that human activity that affects the flow speed (build-
ing dams, diverting water for agricultural use) can change the ecological balance by
giving some species a competitive advantage over others.

The techniques used to study the nonspatial approximation of two- and three-
species Lotka-Volterra models with advection can be potentially applied to describe
various nonspatial competition models with an additional linear “death term” Au;,
where the coefficient A < 0 is the same for all the species. An example of such a

setting would be competition of two or three similar species subject to “uniform”
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harvesting.

Our analysis of two- and three-species competition in an advective environment
is not as complete as in the single species case, but it opens up a variety of interesting
topics. A natural question coming out of our work on competition of two species
in an advective environment is the role of diffusivity. What if the two species have
different diffusivity (motility)? Will a more motile species have an advantage? This
type of question is closely related to the study of evolution of dispersal [14]. One
repeatedly occurring result in reaction-diffusion models for evolution of dispersal is
that slower dispersal is advantageous [18]. In our models with advection, it is clear
that a certain amount of dispersal is necessary for a population to persist (e.g. see
Remark 2.2.2). Hence, we expect that slower dispersal is not always advantageous.
The tools and techniques developed in Chapter 3 can be applied in future work to
tackle the question of optimal dispersal in advective environments.

On the other hand, there are some challenging questions arising from the spatial
PDE models describing Lotka-Volterra competition in advective environment. One
of them is to analyze the dependence of the principal eigenvalues in the mutual inva-
sion conditions (for the two-species model) on advection. So far, this dependence has
been described using numerics and nonspatial approximation. Another question is to
obtain sufficient and/or necessary conditions for persistence and permanence of the
three-species model. This question has been already studied in [10] and [11] in the
non-advective spatial case with hostile boundary conditions, using the average Lya-
punov function technique. It remains to see whether this technique can be extended
to the reaction-diffusion-advection case here.

Another possible direction in which we could extend our work on single species
and competition is to incorporate heterogeneity of the habitat in our models. Two
types of heterogeneity seem particularly appropriate for river ecosystems. Strong
spatial heterogeneity on small spatial scales in the form of alternating patches of dif-

ferent habitat quality could represent a pool-riffle structure in a river. Corresponding
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non-advective models were first studied by Shigesada et al. (see [21], [22], [43]) and
in rivers by Lutscher et al. [29]. Spatial heterogeneity can create niches for various
species and thereby greatly facilitate coexistence of competitors; see [13], [42]. Rivers
also exhibit more gradual heterogeneity on large spatial scales. For example, water
temperature and nutrient load typically increase downstream. This scenario has so

far only been explored numerically and is a wide open field for future studies.
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