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Abstract

This thesis provides a fully-abstract (set theoretical) model for the finite m-calculus
with respect to late-bisimulation and late-equivalence relations. This is achieved by
amalgamating the works by M.P. Fiore, E. Moggi and D. Sangiorgi, and I. Stark. In
their respective works the authors construct categorical models, and define a meta-
language in which the finite 7-calculus can be interpreted. We discuss the general
properties a categorical model should satisfy to be considered an appropriate model
for the finite m-calculus. In particular, I show that the categorical model based on the
syntax provides a fully abstract model for the finite 7-calculus. Finally, I include all
the details of the model which were often omitted by the above authors. We extend
the discussion by examining alternative categorical constructs for the model of the
finite m-calculus, for example we use doubly closed categories which are a main focus
of Bunched Logic by P.W. O’Hearn and D.J. Pym.
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Chapter 1
Introduction

The 7-calculus was first introduced, by Milner, Parrow and Walker (18], as a for-
mal calculus for analyzing systems of concurrent agents or processes. Later, many
interesting variants were introduced creating a much wider scope of analysis, such
as the m-calculus [22], the fusion calculus [21], and many more. The main goal is
to describe the continually changing environment or configurations of systems of in-
teracting concurrent processes. In their most general form, the various systems of
the m-calculus present a systematic approach to understanding interaction between
agents based on message passing communication. From this viewpoint, the content
of the message is less important than the actual sending and receiving mechanism. It
is the latter which the mw-calculus is trying to model. The fundamental notion needed
to describe concurrent communication in the m-calculus is naming, i.e. labelling the
links (or channels) between agents by variables (or names). The variables denote
communication channels which together describe the interface of the process with
its environment. Thus, two processes can communicate only if they share a channel
labelled by the same variable. The continually changing dynamics results from the
possibility that a process may send the name of a channel to another process as a
message; thus it may create a link to the receiving process or destroy one of its own
links. The dynamics of a system expressed through the n-calculus language is given
by an operational semantics, i.e. the dynamic evolution of n-calculus expressions is

analyzed through a relation on processes, called the reaction relation. This relation
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describes a step-by-step evolution of the interactions a system of concurrent processes
may enable. The problem here is that the syntactic analysis in such an operational
semantics is very involved, described by many varying and complicated congruence
relations based on variants of bisimulation. This is the traditional approach of the
process algebra community (16, 18, 22, 21]

Recently, there has been a growing interest in finding a denotational approach to
studying the m-calculus. That is, we are looking for ordinary mathematical models
that describe the calculus. The main papers on the subject are (24, 9], both of
which find a domain-theoretic model of name-passing processes based on functor
category models. They have shown their models to be fully abstract; that is, the
ordinary equality of (the interpretation of) processes in the model corresponds to the
operational equivalence given by late-bisimulation or late-equivalence. The body of

their work includes solving a straightforward recursive (pre)domain equation:
Proc = P(N x (N = Proc)+ N x N x Proc+ N x (N —o Proc) + Proc) (1)

Here P is an appropriate powerdomain monad due to Abramsky (1, 10]. Also, the
object N, called the object of names, represents finite sets of free names. This equation
is far from arbitrarily chosen; it recursively defines Proc, called the object of processes.
This object represents the possible 7-calculus actions a process can do which are
represented in Equation 1 as the terms of the summation. These include input (of
type: N x (N = Proc)), output (of type N x N x Proc), bound output (of type
N x (N —o Proc)) and internal action (of type Proc).

We are interested in following the same approach seen in [24, 9], however we
shall consider a simpler functor category which models a restricted version of the
r-calculus. This simplification has been mentioned by many authors [24, 9, 11] as
a possible model for the finite 7-calculus, i.e. the restriction of the m-calculus to
processes without replication. We develop the details here for this simplified model
for the first time. Although the calculus loses some expressive power, this simplified
version is still expressive enough to describe many systems. Here, instead of working
with a functor category on domains, we shall be able to work with presheaf cate-
gories, i.e. functor categories defined on Set. Our model consists of the presheaf
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category Set™, where Inj is the category of finite sets and injections. In our open
interpretation, processes will be represented by natural transformations from a finite
product of the object of names to the object of processes. Moreover, we shall prove
a full-abstraction theorem which shall state that equality in the open interpretation
shall correspond to late-equivalence between the processes. On the other hand, in the
closed interpretation we will have processes be elements of the object of processes.
In this case, the full-abstraction theorem states that equality in the model will corre-
spond to late-bisimulation between the processes. In both interpretations Equation 1
is interpreted using simpler categorical constructions. The construct P is taken to be
the finite powerset monad and the object of names N is defined to be the embedding
of Inj to Set. Hence our model contains many well-known categorical notions which
are simpler to work with, making the restrictions on our n-calculus language under-
standable. Therefore, following the work done by both (24, 9], we can construct a
presheaf model for the finite 7-calculus.
Our work is separated in the following chapters:

Chapter 2: Relevant Category Theory
We discuss all the pertinent category theory for the development of our presheaf
model. The main categorical issues to understand are the presheaf categories
and their properties, the Day construction of a tensor product on presheaf
categories, the construction of the free-semilattice monad, and the computation
of least fixed points of functors.

Chapter 3: The Finite m-calculus
We introduce the finite 7-calculus as a model of concurrent computation, with
a recursive definition on its process constructors. Based mainly on (16, 17, 18],
we follow the classic definition of the 7-calculus and restrict it to the finite =-
calculus. The important notions are the definition of the reaction relation, its
relationship to labelled transition systems and the late-bisimulation and late-

equivalence relations on processes.

Chapter 4: Presheaf Models of the Finite n-calculus
In this chapter, we construct our model for the finite m-calculus using the
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presheaf category Set!™. where Inj is the category of finite sets and injec-
tions. We begin with a general discussion about the categorical properties our
presheaf model should satisfy in order to be a good model. We then show that
a concrete model can be constructed based on the syntax of the finite m-calculus
which satisfies the general properties. Furthermore, we prove a full-abstraction
theorem for two interpretations in our model. In particular, we prove how
late-equivalence between finite m-calculus processes correspond to equality in
the open interpretation. On the other hand, we prove how late-bisimularity
between finite w-calculus processes correspond to equality in the closed inter-

pretation.

What we have achieved in this thesis is to work out the details mentioned bjf
[24, 9], that a functor category based on Set could construct a sound model for the
finite m-calculus. By amalgamating much of the work from [24] and the work in [9],
we have come up with a categorical approach to describing the properties a presheaf
category must admit to be a valid model of the finite 7-calculus. We have worked
out many of the details missing in the referenced works, as well as connecting our
constructions to standard Set based categorical presheaf semantics. In particular, we
work out the details, mentioned in [24], of the use of the Day tensor construction in
presheaf categories, which induces the appropriate (right)adjoint function space used
in modelling the finite 7-calculus.

In addition, we have made a connection between the categorical models of
“Bunched Logic”, from [19], and the presheaf model of the finite m-calculus. One
very important similarity which we discuss here, is that the construction of both
models are determined by doubly closed categories. We shall see that doubly closed
categories contain many useful properties that both models exploit to their advantage.



Chapter 2
Relevant Category Theory

This chapter is concerned with some preliminary ideas for the construction of a
presheaf model in Chapter 4. The main topics shall encompass:

(i) Basic category theory. We review pertinent topics of category theory in order to
refresh the readers memory about certain properties which arise in important
types of categories, such as cartesian closed, symmetric monoidal closed and
doubly closed categories.

(ii) Presheaf categories. Our aim is to construct a presheaf model for the finite
n-calculus. We shall describe how to construct presheaf categories and demon-

strate some of their classical properties.

(iii) Monads and fized points in SetC. These categorical constructions are important

in the creation of our object of processes in our presheaf model.

We begin with a discussion of the relevant category theory, which will be necessary
to understand the more important categorical concepts in the following sections. We
base ourselves on the main references for this subject such as MacLane [14], Borceux
[5], Barr and Wells (3, 4], and Lambek and Scott [13].
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2.1 Cartesian Closed Categories

2.1.1 Limits and Colimits

In this section we shall study limits in categories. We outline special cases of limits
that are important, such as terminal objects, products, pullbacks and equalizers. We
begin by describing the general construction of an arbitrary limit, as described in (14].

Definition 2.1.1 An I-indezed diagram is a functor, F : I — C, where I is a small
category and C is a locally small category.

Definition 2.1.2 Let F : I — C be a diagram. A cone a from X € |C| to F (or
a cone for the I-indexed diagram F in C with vertex X) is a collection of arrows
(ar : X = F(I))1e in C such that for any arrow u : I — J in I the following
diagram commutes.

ay

Definition 2.1.3 Given a diagram F : I — C, a limit for F determines and is
determined by a cone k = (k; : L — F(I))y from some L € |C| to F' such that for
any other cone v = (v1 : X — F(I)) ¢y, there exists a unique arrow f : X — L such
that for every I € |I| the diagram

K
B/

F(I)

commutes. The cone « is called the limiting cone.
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Fact: Due to the universal mapping property, limits (and colimits), when they
exist, are unique up to isomorphism. This result is discussed in greater detail in [14].

Example 2.1.4 We give a few examples of limits as well as their interpretation in
the categories Set, the category of sets and functions, Posp, the category associ-
ated to the poset P (objects of Posp are the elements of P, and Hompos,(Z,y) =

{«} fz<y ,
0 - ), and Vec, the category of vector spaces and linear transforma-
e
tions.

Terminal Objects Let C be a category. A terminal object of C, if it exists, is an
object 1 € |C| with the universal property that for every D € |C|, there is a
unique arrow from D to 1.

e In Set: The terminal object is any singleton set {} € |Set|.

e In Posp: The terminal object is the maximum element of P, when there

is one.

e In Vec: The terminal object is the one-element vector space.

Finite Products Let C be a category, and A, B € |C|. A product of A and B, if it
exists, is defined by:
(i) an object A x B € |C|, and
(i) a pair of arrows 1 : Ax B — A,m:AxB—B
with the universal property that, for any object D € |C| and any arrows f :

D—»A,g:D—’BinC,thereisauniquemaph:D—»Astuchthat

m oh = f and T 0 h = g, i.e. the following diagram commutes:

b
/?h
;

AxB

[} o

A B

We denote k by (f,g) to emphasize the maps f and g which are paired.
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e In Set: The product A x B = {(a,b);a € A,b € B}, is the usual cartesian
product of sets together with the projections m; and m,. Here, for d € D,
h(d) = (f(d),g(d)) € A x B.

e In Posp: The product a x b = inf{a,b}, i.e. the infimum of a and b
(if it exists). The projection maps m and 7, exist since inf{a,b} < a
and inf{a,b} < b, the universal property says: if d < a,d < b then
d < inf{a,b}. We denote inf{a,b} =a Ab.

e In Vec: The product is the usual direct sum U xV = {(u,v);u € U,v € V}
with the operation (u,v) eyxyv (W',?') = (u ey v',v oy ¥'), and a(u,v) =
(au,av) for u,u’ € U,v,v' € V and a a scalar. The projections m; :

UxV — U and 7, : UxV — V are as usual and are linear transformations.

Products We may now generalize our definition of products to an arbitrary family
of objects. Let C be a category and I an indexing set. A product of the family
of objects {A;}ier, if it exists, is defined by:

(i) an object II;crA; € |C|, and
(ii) a family of arrows {m; : Ilie;Ai = Aj}ier

with the universal property that, for any object D € |C| and any family of
arrows {a; : D — A;}jer in C, there exists a unique map h : D — IlierA; such
that mjoh =q;, for all j € I.

e In Set: The product IlicrA; = {(a1, a2, ...); & € Ai,i € I}, is the cartesian
product of a family of sets, where 7; are the usual projections.

¢ In Posp: The product on an arbitrary subset S C P, is denoted by AS, is
the extension of its definition on a finite subset of objects, i.e. the infimum
on an infinite set of elements with 7; : S — a;, a; € S, given by the
corresponding inequality.

o In Vec: The product Y;e; Ui = {(u1,us,...);u; € Ui € I}, is the ex-
tension of the finite direct sum for the category and the projections are as
usual.
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Pullbacks Let C be a category and let f: A— C and g: B — C be two arrows in
C. A pullback of f and g, if it exists, is defined by:

(i) an object A x¢ B € |C|, and

(i) a pair of arrows 7 : AxcB — A, m : Axc B — B such that gomy, = fom

with the universal property that for any object D € |C| and any arrows
h:D— Aand ' : D — B with foh = goh’ in C, there is a unique arrow
k= (h,k): D — AxcBsuchthat mok=hand mok = K, i.e. the following
diagram commutes.

eInSet: Let f: A —» C and g : B — C be two set functions. Let
A x¢c B = {(a,b) € A x B; f(a) = g(b)} and let m;, 72 be the restriction
maps of the usual projections.

e In Posp: Let a < c and b < c be two arrows. Let a x.b=aAb, and let
the corresponding maps be the inequalities aAb< aand aAb<b.

e In Vec: Let A: U = V and g : U’ = V be two linear maps. Let
U xy U = {(u,v) € U xU';MNu) = p(u)}, again with m, 7 the appro-
priately restricted projections.

Equalizers Let C be a category and let f : A — B and g : A — B be two arrows in
C. An equalizer of f and g, if it exists, is defined by:

(i) an object C € |C|, and
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(ii) an arrow h: C — A, such that goh = foh

with the universal property that for any object D € |C| and any arrow
k:D — A with fok = gok, there is a unique arrow ! : D — C such that
hol =k, i.e. the following diagram commutes.

LI |
; g

B

H
.
.
l:
.
:
:
:

D
eInSet: Let f: A — Band g : A — B be two set functions. Let
C = {a € A; f(a) = g(a)} and h : C — A be the injection of this subset
into A.

o In Posp: Let a < b be an arrow in the category. Let ¢ = a, then we have

that ¢ < a and for any d < a we get d < c. Note: equalizers always exist
in this category.
e InVec: Let A\: U — V and p: U — V, be two linear functions. Then the

equalizer Z is the vectorial subspace Z = {u € U; A(u) = p(u)}, together
with the linear inclusion map h: Z — U.

Definition 2.1.5 A category C is (small)-complete if it has all (small) limits.

However, verifying that a category has all limits can be very difficult. The follow-
ing result, from [14] simplifies the work needed to check if a category is complete.

Theorem 2.1.6 A category C is complete if and only if it has all products (indezed
by any set) and equalizers of all pairs of arrows.

Example 2.1.7
(a) Set and Vec are complete. We have shown in Example 2.1.4 that each of these
categories have products and equalizers. Therefore by Theorem 2.1.6 they are

complete.
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(b) Posp, is complete if and only if all infima exist. As we have seen in Exam-
ple 2.1.4 equalizers in Posp always exist and products are infima. Therefore,
by Theorem 2.1.6, Posp is complete if and only if it has all products if and only
if it has all infima.

We may now dualize the concept of limits given in Definition 2.1.3, which are
called colimits. In this way we construct a second important categorical structure
from the first.

Example 2.1.8 We dualize the construction of terminal objects, products and equal-
izers given in Example 2.1.4 into their respective colimits. Moreover, we shall also
give a specific example of each in the categories Set, Posp, and Vec.

Initial Objects Let C be a category. An initial object of C, if it exists, is an object
0 € |C| with the universal property that for every D € |C|, there is a unique
arrow 0 — D.

e In Set: The initial object is the empty set.

e In Posp: The initial object is the minimal element of P, when there is
one.

e In Vec: The initial object is the trivial vector space, i.e. the vector space
with only one element.

Remark 2.1.9 Notice that in Vec, the initial object is equal to the terminal
object.

Coproducts Let C be a category, and {Ai}ics, be a family of objects in C A
coproduct of {A; }icr, if it exists, is defined by:

(1) an object YierAi € |C|, and
(i) a family of arrows {i; : A; = LiesAi}jer
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with the universal property that, for any object D € |C| and any family of
arrows {a; : Aj — D}jer in C, there is a unique map

= [@1,02,...] : TierAi = D such that hoi; = a;, i.e. the following diagram
commutes for the case of a finite family of two objects.

/\

A+ B

e In Set: The coproduct of A and B is the disjoint union A+ B =
(A x {1})U(B x {2}), with the inclusions 4; and i5. Let h: A+ B — D be
defined such that h(c,j) = i;(c) for j € {1,2}. To extend to the infinite
case, we proceed to take the infinite disjoint union.

e In Posp: The coproduct of a and b is the object a +b = sup{a,b} =a Vb,
i.e. the supremum of the set {a,b}. The maps i, and i, are represented by
the inequalities @ < a V b and b < a v b. We proceed to get the coproduct
on an arbitrary subset S C P, VS, by taking the supremum of S and its
related projections.

e In Vec: The coproduct of U and V is the direct sum of the vector spaces,
i.e. U x V under the operation (u,v) epxy (¥,v') = (v oy v, v ey V),
a(u,v) = (au,av), for u,u’ € U,v,v' € V and a a scalar. The inclusions
are defined as follows

ini: U —- UxV

u — (u,0y)
and similarly for in,. We define the unique map h such that h(u,v) =
f(u) @ g(v). We extend this construction for an arbitrary family of vector

spaces.

Remark 2.1.10 Notice that the product and the coproduct object for the cat-
egory of Vec coincide. Both are represented by the direct sum of vector spaces.
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Coequalizers Let C be a category and let f : A — B and g : A — B be two arrows
in C. A coequalizer of f and g, if it exists, is defined by:

(i) an object C € |C|, and
(ii) an arrow h: B — C, such that hog=ho f

with the universal property that for any object D € |C| and any arrow

k: B — D with ko f = ko g, there is a unique arrow | : C — D such that
loh =k, i.e. the following diagram commutes.

h f

C B
g

A

e In Set: Let f,g: A — B be arrows. The coequalizer of f and g is the set
B/ ~, where ~C B x B is the least equivalence relation which contains

all pairs (f(a),g(a)), for a € A. The arrow A is simply the quotient map.

e In Posp: Let a < b be an arrow of the category. The coequalizer is the
element c, where ¢ = b. Note: coequalizers always exist in Posp

e In Vec: Let A\, i : V — U be two linear maps. The coequalizer of A and u
is the quotient space U/Y such that Y = {A(v) — u(v);v € V'}. The linear
map h represents the quotient map between U and U/Y.

Definition 2.1.11 A category C is (small) cocomplete if it has all colimits.
We can also dualize Theorem 2.1.6 for cocomplete categories.

Theorem 2.1.12 A category is cocomplete if and only if it has all coproducts (indezed
by any set) and coequalizers of all pairs of arrows.
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Example 2.1.13

(a) Set and Vec are cocomplete by Theorem 2.1.12 with the coproducts and co-
equalizers in each category shown in Example 2.1.8.

(b) Posp, is cocomplete if and only if it has all suprema. As we have seen in Exam-
ple 2.1.8, coequalizers always exist and coproducts of elements are represented
by their suprema. Thus, by Theorem 2.1.12 we have that Posp is cocomplete
if and only if all coproducts exist if and only if all suprema exist.

Remark 2.1.14 Notice that Posp has all infima (i.e. is complete) if and only
if it has all suprema (i.e. it is cocomplete) if and only if it is a complete lattice.
Suppose that Posp has all infima. We shall show that Posp has all suprema.
Let S C P, we claim that VS = A{t € P;t > S}, where t > S signifies Vs € S
t>s.
We show that A{t € P;t > S} is an upper bound for S, i.e. A{t € P;t > S} >
S. Let s € S, we have that s <t,Vt€ {t€ P;t > S} =
s < A{t e P;t > S} = S < A{t € P;t > S}. Moreover, if d > S then by the
property of infima d > A{t € P;t > S} because d € {t € P;t > S}. Therefore,
we have

vS = A{t € P;t > S}

The converse is done similarly. Therefore, if Posp has all infima it also has all
suprema. Thus, it is a complete lattice.

2.1.2 Exponentials

In this section we describe categories in which there exists a right adjoint to the
product functor. These categories are fundamental to logic and theoretical computer
science, as seen in [23]. We begin by reviewing the definition stated in [13] for such

categories and follow with some examples.

Definition 2.1.15 A cartesian closed category (= ccc) is a category C with finite
products (hence having a terminal object) such that for every A € |C|, the functor
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— x A has a specified right adjoint, denoted A = — called the ezponential functor or
the function space.

Some properties of ccc’s are:
(i) If C is a ccc, since (A = —) is a right adjoint to (— x A) we have the following
isomorphism R
Homg(B x A,C) = Hom¢(B,A = C)

Therefore, for any map f : B x A — C, there exists a corresponding map
As: B — A= C. Wecall \; the currying map of f or the exponentiation of
the map f.

(ii) There exists two important maps, the unit 1 and the counit eval such that
nag:B— (A= (BxA)), evalap:(A=>B)xA—B.
corresponding to A(idgx4), and A~1(ida=g), resp.

Moreover, both the following composites are identities.

(A= evalpp)onNaasp = ida=s (2)

evaly pxa© (nap X A) = idpxa (3)

Finally, an easy theorem presented in [14], can be used to determine the existence
of an adjunction between two functors.

Theorem 2.1.16 Each adjunction is completely determined by the functors
F:C — D and G : D — C and natural transformations n : Ic — GF and
eval : FG = Ip such that both Equation 2 and Equation 3 are satisfied.

Example 2.1.17

(a) Set isaccc, with A = B = Homget(A, B). In this case, let evala 5(f,a) = f(a)
and 14,5(a)(b) = (a,b).
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(b) G-Set the category of G-sets, i.e. a group homomorphism h : G — Sym(X),
where Sym(X) is the group of bijections X — X, or equivalently, a set X
with a mapping - : G x X — X, defined by (g,z) — g - z, called the action,
satisfying g1 - (g2 - 7) = (g192) -z and e - = z. An arrow between G-sets,
¢:(X,-) = (Y, ), is a mapping ¢ : X — Y such that ¢(g -, =) = g2 ¢(z) for
algeGand r € X.

The product X x Y is given by the usual cartesian product. The action map
Gx(XxY)—> XxYisdefinedby g-(z,y) =(9-7,9-y).

The exponential X => Y is given by the set of all functions from X to Y. Then
the action map G x (X = Y) - X = Y isdefined by g- f : X = Y, where
(9-f)a)=g-(f(g~"-a)).
To check that G-Set is a ccc, we need to check that
evalyy: (X=2Y)xX — Y and nxy: Y — X=(Y xX)
(f z) —  f(z) y = (z~(y7)

are G-maps and the following equations hold for any objects X,Y € [Set|:

(X = evalxy) o nx x=y = idx=y, and evalxyxx o (Nxy x X) = idyxx

We begin by showing they are G-maps.

g-(evalxy(f.z)) = g-f(z)

9-f((g7'9) - z)

= (g-f)(g-7)

= evalxy((g-f).,g-7)
= evalxy(g9-(f, 1))

Similarly,
g-xy(y): X =Y x X,

satisfies

(g-mxy®)(@) = g-(xy@)Ng™"-z))
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= g-(yg'z)
= (9-9,7)
= (nxy(g-y))(z)

So evalxy and nxy are G-maps. To show we have that the equalities hold we

check that:

(X = evalxy) onx.x=-v)())(z) =

(evalxyxx o (nxy x X))(y,x) =

Hence G-Set is a ccc.

evalxy((nx,x=v(f))(z))
evalxy((f,z))

f(z)

(idx=y(f))(z).

evalxyx(nx,y(y), T)
(nx.y (¥))(z)

(3, 7)

idyxx (¥, T)-

(¢) Another example of a ccc, from [13], is the category of complete partial orders,

Cpo. An object C € |Cpol, is a poset in which every countable ascending

chain ag < a; < a; < ... of elements has a supremum. Morphisms in the

category Cpo are mappings which preserve suprema of countable ascending

chains, (such mappings will necessarily preserve order). The product structure
is inherited from Set and for A, B € |Cpo|, A = B is Homcpo(A, B) with
order and suprema being defined componentwise.

2.2 Monoidal Categories

Monoidal categories are categories equipped with an abstract tensor product. These

form an increasingly important class of categories with many applications in algebra,



CHAPTER 2. RELEVANT CATEGORY THEORY 18

logic and theoretical computer science, as seen in {23]. We study this structure, since
it will be important in our presheaf category models of the finite r-calculus.

2.2.1 Tensor

Definition 2.2.1 A category C is monoidal (or tensored) if it is equipped with a
b4 A
functor ® : C x C — C, an object I € |C| and isomorphisms A®Ig AZI®A

a

and A® (B®C) g (A ® B) ® C satisfying the MacLane equations.

Definition 2.2.2 The MacLane equations are: Let A,B,C,D € |C|.

1. The isomorphism a = as ¢ : A®(B®C) = (A® B)®C, satisfies the MacLane
Pentagon:

A®(B® (C® D)) 2ABCR (4@ B)® (C ® D) 222CL (4@ B)®C)® D
1®agc.o aapc®1

A® ((B®C)® D) d4.BeC.D (A® (B®C))®D

2. The isomorphisms Ac : @ C = C and ¢4 : AQ [ = A, satisfy:
A9 (I®C) 248 AN ecC
1® A¢ 04®1

A®C = A®C
Moreover \; =¢r: IQI=21.

Example 2.2.3
(a) Any finite product category, where the tensor is the product.

(b) Any finite coproduct category, where the tensor is the coproduct.



CHAPTER 2. RELEVANT CATEGORY THEORY 19

(c) Rely, the category of sets and relations. Here, composition is given by the
composition of relations, i.e. if R: A — Band S : B — C are relations,
then define their composition R; S = {(a,c); 3b € B aRb and bSc}. The tensor
product is given by ® = product of sets.

(d) Rel,, the category of sets and relations, with ® = + the coproduct.

(e) Any commutative monoid or commutative group, viewed as a category with one

object.

(f) Funct(C,C), the functor category whose objects are functors from C to C
and arrows are natural transformations between them, where composition of
functors defines the tensor product.

Remark 2.2.4 Unlike products and coproducts, notice how the monoidal structure
on a category is not unique. There may exist more than one tensor product which
satisfies the stated equations in a specific category. This is why we must be careful
when stating that a category is monoidal to state exactly under which tensor product
we are analyzing it.

2.2.2 Symmetry

Generally, in a monoidal category, it is not dictated that the isomorphism A® B =
B ® A must hold. However, if the tensor happens to be a product or coproduct then
the above isomorphism automatically holds.

Definition 2.2.5 A monoidal category C is a symmetric monoidal category (= smc),
if for any two objects A, B € |C|, it is equipped with a natural transformation

cap:A®@B—-BQ®A
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such that the following diagrams commute:

AeB2E. Bo A Bl 19B
id e84 o5 As
A®B B
and
A®(B®C) 242S (4@ B)®C —225C. C 9 (A® B)
ids X cB.C ac,AB
id
AQ(C®B) %L (49C)@B A= (CoA)® B
Example 2.2.6

20

(a) The first four examples of Examples 2.2.3 are symmetric, while the last two are

not.

(b) Inj, the category of finite sets with injections, is a symmetric monoidal category.

Take the disjoint union, denoted by +, to be the tensor product. It is obviously

an associative and symmetric operation. For the identity object of the tensor

pick the empty set, i.e. J = 0, which satisfies the unity equations. Therefore,

(Imj, +,9) is a smc.

2.2.3 Monoidal Closed Categories

Similarly to a ccc structure, a monoidal closed structure arises when the tensor functor

— ® A has a corresponding right adjoint A —o —. This is the second structure we

shall need on our presheaf models.

Definition 2.2.7 A monoidal closed category (=mcc) (C,®,1,—0) is a monoidal
category such that for each object A € |C|, the functor —® A : C — C has a
specified right adjoint A — —, (i.e. for each A there is an isomorphism, natural in

B,C):
A‘
Homc(C ® A,B) = Homc(C,A — B)
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Moreover, we say that C is a symmetric monoidal closed category (= smcc) if C is a

monoidal closed category with a symmetric tensor.

As a consequence, just as in ccc’s, in any smcc there are unit and counit maps
eval* : (A < B)® A - Bandn® : C — (A — (C ® A)) determined by the
adjointness. We shall try to keep close to our ccc notation. In particular there is the
analog of currying, called linear currying, arising from the isomorphism above; it is
denoted by A} : C — (A —o B) for any map f: (C®A)—B.

Example 2.2.8 The category Veca,, the category of finite dimensional vector spaces
and linear transformations, is a smcc. Let U,V € [Vecgy|.

(i) The tensor is defined to be
U@V = Homyec,,(U", V)

where U* represents the dual vector space to U, i.e. U* = Homvec,, (U, K),
where K is the scalar field on which U is defined.

(ii) The linear function space is defined to be

U —o V = Homveca, (U, V)

(iii) I is the 1-dimensional vector space.

2.3 Doubly Closed Categories

To be able to model the finite 7-calculus, we shall need a category with sufficient
structure. The category will need to admit a cartesian closed structure, a symmetric
monoidal closed structure (which does not necessarily coincide with the cartesian
closed structure), and admit finite coproducts. Such a category, called a bicartesian
doubly closed category, defined in [19] in order to described bunched logic, will be
sufficient for our purposes.
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Definition 2.3.1 A doubly closed category (= dcc), is a category equipped with two
monoidal closed structures. A dcc is called cartesian if one of the closed structures
is cartesian and the other symmetric monoidal and bicartesian if, in addition, it has
finite coproducts.

In a dec, say C, we shall have two adjunctions due to the two closed structures in
the category, one with the cartesian structure (C, x,1,=) and one with the symmetric
monoidal structure, (C,®, I, —o). Let F,G, H € |C|. We have the isomorphisms:

Homc(G x F, H) = Homc(G,F = H) Homc(G ® F, H) =~ Homc(G, F — H)

In addition, the above adjointness relations give an isomorphism between the global
points of F = H and the global (monoidal) points of F —o H, in the sense that;

Homg(1, F = H) = Homc(F, H) = Homc(I,F — H)
An example, from [19], of a dcc, will help understand the double structure.

Example 2.3.2 Set x Set is a bicartesian closed, with coproducts and cartesian
closed structures defined pointwise from their corresponding versions in Set. A sym-

metric monoidal closed structure is given by:

I = (1,0), where 1= {z},0=10
(Eo, E\) ® (Fo, F\) = ((Eo x Fo)+ (B x F1),(Eo x F1) + (Ey x Fo))
(Eo. Ey) — (Fo, Fy) = ((Bo = Fo) x (E1 = F1),(Eo = F1) x (E1 > Fo))

Remark 2.3.3 The above example does not convey any particularly useful compu-

tational ideas but we can use it to make a few remarks.

(i) It is a non-degenerate model, in that I is not a terminal object and ® is not
cartesian product. So the definition of dcc’s does not somehow induce a collapse

of the specified structure.

(i) There are no maps in the model from 1 to I. In the model we have 1 = (1,1)
and I = (1,0), thus there are no maps of the form (1,1) — (1,0), since there

are no maps from 1 to 0.
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(iii) (0,1) ® (0,1) = (1,0) and (0,1) x (0,1) = (0,1). This, combined with the fact
that there are no maps between (0, 1) and (1,0) in either direction, implies that
in general, there are no maps between A® B and Ax B, where A, B € Set x Set.

(iv) ((0,1) = (1,0)) = (0= 1,1=>0) = (1,0) and ((0,1) — (1,0)) =
((0=>1)x(1=0),(0=>0)x(1=1))=(1x0,1x1)= (0,1). This, combined
with the fact that there are no maps between (0, 1) and (1,0) in either direction,
implies that there are no maps from ((0,1) = (1,0)) to (0, 1) —o (1,0)) or back.

2.4 Presheaves

In this section we will define the type of category we will use to construct a model
for the finite m-calculus. It is a category which admits all the properties we have
discussed in this chapter and hence will have a lot of categorical structure to exploit
when constructing our model. We begin by defining the category and by showing
that it is cartesian closed.

2.4.1 Presheaf Functors

First, we describe the objects in a presheaf category.

Definition 2.4.1 Let C be a fixed small category. A presheaf is a contravariant
functor from C to the category Set, i.e., it is a covariant funct_or P:C — Set.

Example 2.4.2 Let G be a group. Define a category Cg¢ as follows: |Cg| = {*} and
Homc,(*,*) = G, with composition the multiplication in G, and identity the element
ec, the unit of G. Therefore for each set X a presheaf Py exists, Px : Cc — Set
such that:

(i) on the object * € |Cgl, Px(*) = X.
(ii) On arrows f € Homcg(*, %),

Pxf: Px* and Px*
r +~— (Pxf)(z), which we denote by f -z
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Since Py is a functor the following is true: for f,h € G we have the arrows

f:%x —*and h:* — . Since Px(fh) = Px(f) o Px(h), this means for all z € X,
fh-z = f-(h-z). Similarly, Px(eg) = idp, (), S0 forallz € X, eg -z = z. So,
Px(-) : G = End(X) determines a monoid homomorphism. Since G is actually a
group (and since monoid homomorphisms are automatically group homomorphisms

if G is a group), we have a factorization:

G — End(X)

Sym(X)

Hence we can consider presheaves Px : Cg — Set as G-sets. We shall discuss natural

transformations between these presheaves in Example 2.4.7.

2.4.2 Yoneda Lemma

We have defined a presheaf to be a covariant functor from C to Set. Among them
there is a special functor h4 = Homc(A, —) which sends the object A’ € |C] into the
set Homg(A, A') and the arrow f : A’ — A” onto the mapping

Homc(1a, f) : Homg(A,A') — Homc(A,A"), defined by for g : A — A,
Homc(1a, f)(g) = f o g. Which brings us to an important result called Yoneda’s

Lemma.

Lemma 2.4.3 (Yoneda Lemma) If F : C — Set is a functor and C € |C| (for C

a small category), there is a bijection
y: Nat(h®,F)= FC

which sends each natural transformation a : R = F to ac(idc), the image of the
identity idc : C — C.

Definition 2.4.4 A functor F : C — D is faithful if the induced mapping
¢ : Homc(C,C') — Homp(FC, FC') which sends f : C — C'in C to
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Ff: FC — FC' for all C,C’ € |C]| is injective and we say the functor is full if the
same map is surjective. Moreover, we say that the functor is a full embedding if it
is full and faithful. Note that if the functor F' is contravariant the induced mapping
above becomes ¢ : Hom¢(C, C') — Homp(FC', FC).

Corollary 2.4.5 ([Yoneda Embedding]) If C is locally small, the contravariant
Yoneda embedding, y : C® — SetC defined by C — hC is a full embedding.

Proof. We need to show that for the functor y : C®? — Set® the induced mapping
1) is a bijection where:
¥ : Home(C,C") = Homgyc(y(C'), y(C))

defined such that:

f:C—-Cw—yf:y(C)>y(C)
where the natural transformation y f is defined, for B € |C], by:

(¥fls: y(C')YB) — y(C)B)

(yfle: hS(B) — hC(B)
So (yf)g = Homg(f, B) = hp(f), hence yf = Homc(f, 1c). However we know by
the Yoneda Lemma, that

y:¥(C)(C") = Homgae(y(C"),¥(C))

is a bijection, (replace the functor F with the functor y(C) in the statement of the
Yoneda Lemma and apply it to the object C’' € |C| ),defined such that:

f:€C=Cw f:y(C) > y(C)
where the natural transformation f is defined such that g : C' — B — [y(C)g|(f).
Now we show that ¢ =y: Let f:C—-C'and g:C' — B

(¥f)s(g) = (Falg) = K°(g)(f) = (9)(f) = ha(f)(g)

= (yf)e(g) = (¥f)s(9)

Therefore (yf)s = (1f)p for all B € |C|, hencey = 9. We then have that the induced
mapping ¥ is the Yoneda Lemma bijection and therefore is a bijection, making y a
full and faithful functor. a
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2.4.3 Presheaf Categories

We can form a category of all presheaves over any category C:

Definition 2.4.6 Let C be a fixed small category. The functor category from C to
Set is a category with:

(i) objects: functors P : C — Set ; and

(i) arrows: natural transformations 6 : P — P’ between such functors.

We call this the category of presheaves, denoted Set©.

Example 2.4.7
(a) Let G be a group considered as a one-object category (see Example 2.4.2). We

have previously seen that functors Px : Cc — Set are representations of G.
Therefore the objects of the category of presheaves are exactly those of the
category of G-Set. As for arrows, an arrow in the category of presheaves is a
natural transformation ¢ : Px — Py. We now show that these will correspond
exactly to the arrows of G-Set. The fact that ¢ is a natural transformation
implies that we get the following commuting diagram:

' Px(x) =2 Py(x)
g Pxg Pyg
x Px(*)——(pT.Py(*)

i.e Pygod.=¢.0 Pxg
Hence,
Pyg(¢.(z)) = d(Pxg(z))
g 9:(z) = (g - 7)

Letting X = Px(x),Y = Py(), and g1 = = Px(g)(z), g2y = Pr(9)(y) we see
o = (6.) : (X,1) = (Y,-2) is exactly the same as a G-set morphism given in
Example 2.1.17. This implies that ¢ is an arrow for Set® if and only if ¢ is an
arrow for G-Set. We can therefore conclude that G-Set is a presheaf category.
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(b) Set is also a presheaf category. Let C = 1, the category with one element
and the identity arrow. Then a presheaf Py : 1 — Set is a functor which
on the object *, Px(*) gives rise to an arbitrary set. Therefore the objects of
this presheaf category can be seen as elements of Set. Moreover the arrows of
the presheaf category are natural transformations ¢ : Px — Py, i.e,, they are
functions ¢, : X — Y, i.e. arrows in Set (the natural transformation condition
is trivial in this case).

2.4.4 Properties of Functor Categories

We begin by stating results from [14].

Proposition 2.4.8 If C is a small-complete category, so is every functor category
CP, for D, any category.

Corollary 2.4.9 Any presheaf category is small-complete, where limits are given

potntwise.

In particular, in such categories, monomorphisms are given pointwise. We identify
a monomorphism in Set with the associated inclusion.

Theorem 2.4.10 For any small category C, the functor category SetC is cartesian
closed.

We examine the proof given in (13].

Proof. We can observe that if the exponential exists for F,G : C — Set, we ought

to have

(F = G)(A) Nat(h?, F = G), by Yoneda's Lemma 2.4.2

>~ Nat(h* x F,G), by adjointness

So we are led to define (F = G)(A) = Nat(h* x F,G). Moreover, for f : A — B
and C € |C|, (F = G)(f) : (F = G)(A) — (F = G)(B) is defined by

(((F = G)(£))B))c(g.¢) =bc(go f,c),
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for any 0 € (F = G)(A), g: B—C and c€ FC.
The counit functor evalgr : (F = G) x F — G is defined by

evalg r(C)(,¢) = ¢c(lc,c)

for any ¢ € (F = G)(C) and c € FC.
The exponential adjunction

HxF4G
HY (F=G)
is defined by
((Ae)a)(@))c(h,c) = tc(H(h)(a),c),

for any objects A,C € |C|,h: A— C,a€ H(A) and c€ FC. i

2.4.5 Day Tensor

To construct our tensor in our presheaf category we shall make use of a special
construction due to Day [8]. However, before being able to explain this construct we
must understand about dinatural transformations, ends and coends.

We begin with the notion of dinatural transformations, which link special kinds

of bifunctors with mixed-variant domains, i.e. functors with domain C x C.

Definition 2.4.11 Given categories C,B, and functors S,T : C* xC — B, a
dinatural transformation a : S => T is a function which assigns to each object
C € |C]| an arrow ac : S(C,C) — T(C,C) of B, called the component of a at C, in
such a way that for every arrow f : C — C’ of C the following hexagonal diagram
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commutes.

C) —TC,C

YA

5(C’,C) T(C,C")

ﬂx / 1)

s(c, ¢ = 1(C',C")
Definition 2.4.12 If T = B : C®® x C — B is constant in both variables, a dinatural

transformation a : S —= B consists of components a¢ : S(C,C) — B which makes
the following diagram commute, for every f : C — C"

S(L f)

S(C',C) s(c',c")

S(fv 1) Qc

s(C,C) —<—~B
Such a transformation a : S = B is called a co-wedge' from S to B. A wedge
8 : B =5 T is the dual concept to co-wedge, where S =B :C?xC —- Bis
constant in both variables, given by components ¢ : B — T(C,C) such that for

every f : C — C', the following is commutative.

Bc

B T(C,C)
.IBC' T(lv f)
T(cl C!) T(f7 1) (C, Cl)

We may examine an example of a co-wedge, taken from [14].

INote: MacLane [14], ambiguously calls both wedges and co-wedges “wedges”. We use categorical
terminology, so ends are unijversal wedges and coends are universal co-wedges.
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Example 2.4.13 A co-wedge, is given by the following family of arrows
(evP : Homgee(B, A) x B — A)peiser) for A € |Set| where the component ev? is
defined by (g, b) — g(b). Given an arrow f : D — C in Set we construct the diagram

Homge:(C, A) x C

Homge: (C.A)x [ e

Homge(C,A) x D A

wo y

Homge (D, A) x D
By chasing (k,z) € Homget(C, A) x D in the diagram above

(k,z) @ oHomsa(CAXS _ k(f(z)), and

(k,z),__2oolxD) | (ko f)(z) = k(f(z)).

Therefore (ev?) pejser is a dinatural transformation from (Homsgee(—1,A) % —2) to

the constant functor which always maps to the object A. From now on we denote a
constant functor by its value.

From the notion of a wedge above we can define the end of a functor.

Definition 2.4.14 An end of a functor S : C® x C — X is a universal dinatural
transformation from a constant functor e to S; that is, an end of S is a pair (e, w),
where e is an object of X and w : e == S is a wedge with the property that to every
wedge 3:z = S there is a unique arrow h : T — e with 34 = wah for all A € |C|.

Thus for each arrow f : A — C of C there is a diagram

z SAA

S(1, f

S(C /

such that both quadrilaterals commute: the universal property of w states that there
is a unique h such that both triangles (at the left) commute.

§5c
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Definition 2.4.15 The uniqueness property, states that if (e,w) and (¢/,w') are two
ends of S, there is a unique isomorphism u : e — €’ with ' ou = w. We call w the

universal wedge, with components w., and is written with integral notation as
e =/CS(C,C) = End of §
We construct the end for set-valued functors as follows:

[.5€.c) = {g€TIS(C.C); for any wedge §:a = S, S(1.f)o B = S(f,1) o e
(o4
for all B,C € |C|and f: B — C in C}

Notice that an end is a limit - a subobject of a product. Moreover, an analogous

construction of ends can be given for arbitrary complete categories.

However, the Day construction is based on the dual version of an end, called a
coend. '

Definition 2.4.16 A coend of a functor S : C? x C — X is a universal dinatural
transformation from S to a constant d; that is, a coend of S is a pair (d,{ : § — d),
where d is an object of X and ¢ : S = d is a co-wedge with the property that to
every co-wedge @ : S == z there is a unique arrow h : d — T with aq = h o (4 for
all A € |C|.
Thus for each arrow f : C — B of C there is a diagram
% S(B,B)

wf)

(B,C)
(f,1
¢c S(6.€)

such that both quadrilaterals commute. The universal property of ¢ states that there

is a unique h such that both triangles commute.
We then construct set-valued coends as follows:

(a4

I
4

hi @c

¢ S

d

C
/ S(C,C) = {ge S S(C,C); for any cowedge a: S ==z, @ o S(1,f) =
C
acoS(f,1), forall B,C €|C| and f:C — Bin C}/ ~
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Where the equivalence relation ~ is such that:
g ~ ¢ iff for each arrow f : C — B,

¢ao S(1, £)(g) =¢a o S(L, f)(¢) and ¢ o S(£,1)(g) = {c o S(£,1)(¢)

Again, this construction works for general cocomplete categories.

Definition 2.4.17 Given the category Set, with the usual cartesian closed structure
(Set, x,1,=>), and a monoidal category (C,®c, Ic) (not necessarily closed), we can
define a monoidal closed structure (SetC, ® Day» IDay: —Day) ON the functor category
Set€. The construction, due to Brian Day (8], called the Day tensor, is defined as
follows: Let S, T € |Set€|, and 5, X,Y € |C|

(S®pay T)(s) = [¥SX x [YTY x Homc(X ®c Y, s)
= [XYSX xTY x Homc(X ®c Y, s)
= YxySX xTY x Homc(X ®c Y, s),
under an equivalence relation

The equivalence relation is generated from the following relation:
(zeSX,yeTY.n: X®cY —s)~(z'€SX',y/ eTY', 7 : X' @cY —s)

ifand only if 3f : X’ — X and g : Y’ — Y, such that Sf(z’) = z, Tg(y’) = y and

no(f®cg)=n"
The linear function space is given by (A —opgy C)(8) = Homggc(A,C(s ®c —)).
On amap f:s — s, we define (A —opgy C)(f)(9) such that

((A —opay C)(£)(0))s"(a) = C(f ®c ide)(65(a))

Proposition 2.4.18 The functor (A —op., —) is left adjoint to the Day tensor
(- ®Day A)

Proof. We construct an isomorphism of the form

Hom(B ®pay A, C) = Hom(B, A —opgy C),
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by defining two maps, a : Hom(B ®pay A,C) — Hom(B,A —op,, C) and 3 :
Hom(B, A —opgy C) — Hom(B ®pqy A, C) which are inverses to each other.
Define the maps as follows:

a: Hom(B ®Day AC) - HO"I.(B,A —ODay C)
0 - g
such that
(0.? (b))a' (a) = fgis (b, a, ids-i-c')
where b € B(s) and a € A(s').

B: Hom(B,A —opsy C) — Hom(B®pay A,C)
() —~ P
such that
W(bx,ax,n: X +Y — ) = Cn((¥x(bx))v(avr))
where by € B(X) and ay € A(Y).

First we show that 3 is well-defined. Suppose (bx,ay,n : X +Y — s) ~
(bxr,ay,n' : X' +Y' — s), then by definition there exists maps f : X' — X and
g:Y' =Y, such that Bf(bx') = bx, Ag(ay) = ay and 7 o [f, g = . Therefore, we
get the following equality by using naturality of 1/x (bx) and .

Cn((¥x(bx))v(ay)) = Cn(Clidz, g}((¥x(bx))y(ay)))
= Cn(Clidx, g}((A — C)(f)((¥x:(bx:))y"(ay))))
= Cn(Clidx, g](C[f, idv|((¥x:(bx'))y(ay))))
= Cn(C[f, gl((¥x(bx))y(ay’)))
= C(no|(f,g))((¥x(bx))y(ay’))
= Cn'((Yx:(bx'))y(ay))

Secondly we show that the maps are inverses of each other. We begin by showing
that (a o 8)(¥) = ¥.

(a0 B)(®))s(B)w(a) = Ui, y(bia,idsss)
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= Cid,+,'((¢,(b) )a’ (a))
= idC(s+a’ ) ((10s(b))s (a))
= ((¥s(b))s(a))
Now we show that (80 a)(8) = 6.
((Boa)®))s(bx,ay,n: X +Y —s) = Cn((0%(bx))y(ar))

= Cn(Ox+v(b,a,idxsy))
= 6,0 (B ®pay A)(n)(b,a,idx+y)
= B4ba,n:X+Y — )

The identity element Ip,, is defined to be Ip.y, = Homc(Ic, —).

We justify that Ip,, is in fact the identity element for our Day tensor. Let S € |Set®|.
We show that S ®pay Ipay = S:

(S ®Day IDGV)(S) = zX.Y SX x IDay(Y) X HmnC(X ®c },,8)
= YxySX x Homc(Ic,Y) x Homc(X @c Y, s)
under an equivalence relation

However, we will show that an arbitrary element (z,t,7) € _xy SXxHomc(Ic,Y)x
Homc(X ®cY, s) is equivalent to the element (S(n o (idx ®c t))(z), idy, ids)-

(i) (z,t,n) ~ (z,id1s,no (idx ®ct)). Pick the mapsidx : X —» X andt:Ic—Y.
Observe that they satisfy the requirements for the equivalence,

S(idx)(z) = idsix)(z) =z

Ipay(t)(idsg) = toidsg =t

no (idx ®ct) =no (idx Qct)
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(ii) (S(n o (idx ®c t))(z),idsc,ids) ~ (z,idc,n o (idx ®c t)). Pick the maps 7o
(idx ®ct) : X — s and idi, : Ic — Ic. Observe that they satisfy the
requirements for the equivalence,

S(n o (idx ®c t))(z) = S(n o (idz ®c t))(z)
IDay(idIc)(idlc) = ’id[c o id[c = id[c
id, o (n o (idx ®c t) ®c ids;) = no (idx @c t)

By transitivity we get (z,t,n) ~ (S(n o (idx ®c t))(z), idic,id,), which allows us to
define the following maps:

f: (S ®Day IDay)(s) — 5(s)
(z,t,n) ~ (S(n o (idx ®c t))(x),idIc,ids) — S(no (idx ®ct))(z)
and the map
g: S(s) — (S ®Day IDay)(s)
s — (8,idig,1d,)

One can easily verify that f o g = id(sgpe,lpe,)(s) 80d g © f = ids(s), confirming the
existence of the isomorphism.

If C is a smcc, this suggests considering the presheaf category Set€ with both its
standard cartesian structure, as well as the induced Day smcc structure. Therefore,

we have the following proposition from [19].
Proposition 2.4.19 If C is a monoidal category, then Set® is a bicartesian dcc.

Corollary 2.4.20 If C is a symmetric monoidal category, then ®pgy, the tensor
product of Set€ is also symmetric.

2.5 Monads

As stated in [4], from one point of view, a monad is an abstraction of certain properties

of algebraic structures. From another point of view, it is an abstraction of certain
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properties of adjoint functors. We shall use monads in order to add non-determinism
into our model for the finite m-calculus. Therefore, we construct a specific monad
called the free-semilattice monad, which on a presheaf category is representable by
the finite powerset monad.

Definition 2.5.1 A monad (T, 7, 1) on a category C consists of a functor T : C —» C
and natural transformations 7: 14 — T and u : T? — T satisfying the equations:

(i) poTnp=1r=ponT
(ii) popT =poTu

These equations are sometimes called the unity laws and associative laws respectively
and are illustrated by the following commutative diagrams:

Tn uT

T T? T3 T?
nT Ir |y Tu K
T T y G B

Example 2.5.2 Let T = P; be the covariant finite powerset functor Set — Set,
that is for any set A,

Ps(A) = {X|X C A and X is a finite set}
and, for any mapping g : A — B, and any finite subset X C 4,

Prg(X) = g[X]
= {g(z)lzr € X}

Furthermore, let the natural transformations 7 and p be given by the mappings
17(A) A - Pf(A) and ;l.(A) : Pf(Pf(A)) — pf(A) defined by:

1. n(A)(a) = {a}

2. p(A)(X) =U&X =Uxex X
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for any set A, any element a € A and any finite set & of finite subsets of A. Finally,
we show that the natural transformations satisfy the appropriate equations:

(i)
px o Pr(nx)(X) = px({nx(z);z € X})
= px({{z};z € &})

= Uzez\'{z}
= X

where X € (P;)?(X). Similarly, one can check that px o np,(x)) = idp,
(ii)

px o pp,xn(A) = px(UxeaX)

= Uxemureat)X

= UxeaUxex X

= px({UxexX; X € A})
= px({ux(X); X € A})
= px o Ps(px)(A)

where A € (Py)3(X).

Thus, we indeed have a valid monad on Set.

2.6 Free-Semilattice Monad for Set

To have non-deterministic choice within our model of the finite 7-calculus, we shall
need to create a monad to approximate that behavior within our presheaf category.

First, we shall need to define the category of complete V-semilattices and complete
V-semilattice homomorphisms, called CSLat.

Definition 2.6.1
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1. A V-semilattice is an ordered set A, together with the maps v: Ax A — A and
L :1— A satisfying the following equations:

(i) ava=a
(ii) avb=bVa
(iii) av(bve)=(aVvbd) Ve

(ivyavl=a
The order is defined such that A < b if and only if AV b.

2. A V-semilattice A is complete if every subset S C A has a suprema, i.e. VS
exists for any S C A.

3. A complete V-semilattice homomorphism ¢ : A — B is a map which preserves
suprema, i.e. ¢(VS) = V(¢S), where S C A. This condition preserves the
ordering on A.

Our candidate for a monad to which represents nondeterminism in our model is the
free-semilattice monad, which is induced by the forgetful functor U : CSLat — Set
from the category of complete V-semilattices and complete V-semilattice homomor-
phisms to the category Set and its corresponding left adjoint F' : Set — CSLat.

The construction of this monad will be given using the Eilenberg-Moore category
construction. We will show through this construction that the finite powerset monad
P; given in Example 2.5.2, is the free-semilattice monad for the category Set.

The following are an adaptation from [13].

Definition 2.6.2 Given a monad (7,7n,u) on a category C, the Eilenberg-Moore
category CT of the monad is defined as follows. Its objects called algebras, are pairs
(C, ), where ¢ : T(C) — C is an arrow of C satisfying the equations

on(C) =1c, ¢u(X)=9¢T(9)

for all objects C € |C|. Its arrows, called homomorphisms, (C,¢) — (C’,¢') are
arrows a : C — C' of C satisfying the equation

¢'T(a)=ad
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These equations are illustrated by the following commutative diagrams:

c 1), T(C) T*(C) #O), T(C) T(C) Tla) T(C)
X 6 T 6 6 ¢
C T(C) C C o
¢ a

Proposition 2.6.3 The Eilenberg-Moore category Set”’ is the category CSLat.
Proof. An object of Set™ is a pair (X, ¢), where X € |Set| and ¢ : Py(X) — X,

which satisfies the equations
o({z}) =z,Vz € X J(UxexX) = ({¢(X); X € &})

with X € Py(Ps(X)). In truth, we will show that an object of the Eilenberg-Moore
category Set”’ represents a complete V-semilattice.

We begin by showing that the relation on X such that for z,y € X,z < y if and
only if ¢({z,y}) = y is a genuine partial order. We need to show the following:

(i) reflexive: z < z, since h({z}) = z by the algebra equalities.
(ii) transitive: Suppose £ < y and y < z, this implies that ¢({z,y}) = y and

#({y,z}) = z. Hence by the algebra equalities we have that z = ¢({y,2}) =
¢({¢({z,y}),¢({y,z})}) = ¢({z?y12}) = ¢({¢({z}),¢({y,z}) = ¢({$,Z}).

Thus, we get that z < z.

(iii) Suppose that z < y and y < z, hence we get that ¢({z,y}) = y and ¢({y,z}) =
z. Since ¢ is well-defined, we have that z = y.

Next, we show that for any finite subset S C X, there exists a supremum V(S) = ¢(S).

(a) First, we show that ¢(S) is an upper bound for the subset S. Pick an arbitrary
z € S, we calculate ¢({z, ¢#(S)}):

¢({z,8(S)}) = e({¢({z}), 6(5)}) = ¢({z} U S) = ¢(S5)

Since, z was an arbitrary element of S, we have proven that for any z € S,
o({z,9(S)}) = ¢(S), which implies z < ¢(S).
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(b) Suppose there exists another upper bound for the subset S, say u. We will show
that ¢(S) < u. Let S = {z1,Z2,...,Za}

o({6(S),u}) = &({#(S).¢({uh})
= &(Su{u}) |
= ¢({z1, o({6({z2, ... ¢({6({za}): 6({u})})-.-HDH})

= u

Therefore #(S) = VS. What is left to show is that an arrow between the algebras is
in fact a V-semilattice homomorphism. Hence, suppose ¢ : (X, ¢) — (Y, ¢), hence an
arrow a : X — Y such that ¥Py(a) = a¢. Therefore for any subset S C X, we get

¥Ps(a)(S) = a¢(S)
v({a(z);z € S}) = a(¢(8))
¥(a(S)) = a(¢(S))
v(a(S)) = a(VvSs)
Therefore, the arrow preserves the suprema of arbitrary subsets, hence it is a V-
semilattice homomorphism. o

Definition 2.6.4 Given a monad (7,7, ) on a category C, by a resolution of this

monad we mean a category D and a pair of adjoint functors C £ DL Csuch

that UF = T with adjunctions 7 (as given) and eval such that UevalF = u. The

resolutions of the given monad form a category whose arrows

® : (D,U,F,eval) — (DU, F',eval') are functors & : D — D’ such that ®F =

F'.U'® = U and Peval = eval'®. In particular, the following two triangles commute:
D

/I

C ¢ C

| A
4

DI
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Proposition 2.6.5 The Eilenberg-Moore category CT of the monad (T,n,p) on C
gives rise to a resolution (CT,UT,F7,eval”), which is a terminal object in the
category of all resolutions. Thus, given any resolution (D,U, F,eval) there is a
unique functor KT : D — C7, called the comparison functor, such that K'F =
FT UTKT = U and KT eval = evalT K7. Moreover, UT is faithful.

The proof of this proposition, as seen in [13], is interesting because it gives a
concrete construction of the functors F7, U7 and the natural transformation eval”.

Therefore, we shall reproduce the proof in part here, to see their construction.

Proof.
(i) We define UT : C7 — C by

UT(C,¢)=C, UT(a)=a
for any algebra (C, ) and any homomorphism a. Evidently, U7 is faithful.
(ii) We define F7 : C — C7 by
FT(C) = (T(C),u(C)), FT(f)=T(f)

for any object C and any arrow f of C. It is easily checked that (7(C), u(C))
is an algebra, that 7(f) is a homomorphism and that UTFT = T.

(iii) We define the natural transformation eval” from F7U7 to the identity func-
tor on C7 by its action on the algebra (C,¢) as follows: the homomorphism
eval? (C, ¢) = ¢. Indeed, the square

72(0) 22 1)
u(C) ¢
T(C) C

commutes.
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Example 2.6.6 If we consider once again our finite powerset monad Py, we can

construct the following terminal resolution
(Set™, FP! U™’ eval®’) = (CSLat, F*,U, eval®’)

where U : CSLat — Set, is the usual forgetful functor, and where
FPr : Set — CSLat, is the functor defined such that F(X) = (Py(X), u(X)).

Therefore, the Proposition 2.6.5 shows how the Eilenberg-Moore category is used
to construct a left adjoint to the forgetful functor U : CSLat — Set, which induces
the finite powerset monad.

Set - CSLat % Set

Definition 2.6.7 Hence we shall call P; the free-semilattice monad on the category
Set, since it represents the left adjoint to the forgetful functor from CSLat to Set.

There is a more abstract construction which generalizes our approach to con-
structing the free-semilattice monad for an arbitrary Cpo-enriched cartesian cate-
gory, {2, 10]. However, for our model for the finite m-calculus, it is unnecessary to
generalize so.

2.7 Fixed Points

The object of processes in our model will arise as a fixed point of a certain endofunctor
in our model. Therefore, in this section we clarify what it means for a functor to have
a fixed point by adapting the material which appears in (3].

2.7.1 Algebras for an Endofunctor

Definition 2.7.1 Let C be a category and G : C — C be an endofunctor. A G-
algebra is a pair (C,g) where g : GC — C is an arrow of C. A homomorphism
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between G-algebras (C, g) and (C’, ¢’) is an arrow f : C — C’ such that the following
diagram commutes.

cc—3 .c
Gf f
cc -5 ¢

This construction gives rise to the category (G : C) of G-algebras.

Definition 2.7.2 An object (C, g) of (G : C) for which the arrow g is an isomorphism
is a fized point for G. '

Based on the perception that a category is a generalized poset, where the ordering
is given by arrows between objects, the following definition is reasonable.

Definition 2.7.3 A least fired point of a functor G : C — C is an initial object of
(G:C).

2.7.2 Lambek’s Lemma

For Definition 2.7.3 to be non vacuous, we show that the initial object in the category
of G-algebras (when it exists) is in fact a fixed point for the endofunctor G. This can
be shown by using Lambek’s Lemma below.

Theorem 2.7.4 (Lambek) Let G : C — C be an endofunctor. If (C,g) is initial
in the category (G : C), then g is an isomorphism.

Proof. Suppose (C, g) is initial, (GC, Gg) is an object of the category (G : C) and
hence there is a unique arrow f : (C, g) — (GC, Gg). This means that the top square
of the diagram commutes.
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cc—3 _.c
Gf f
4 {
cc -89 . gc
Gg g
! g b
GC C

The bottom square also commutes, since trivially Gg o g = Ggo g. Thus the whole
rectangle commutes and so go f : (C,g) — (C,g) is an arrow between G-algebras.
But (C,g) is initial and so only has the identity endomorphism. Thus go f = id.
Then the commutativity of the upper square gives us that

fog=GgoGf=G(go f) =G(id) = idg

which means that f = g~! and that g is an isomorphism. a

Next we examine the question of when such fixed points exist.

2.7.3 Fixed Points in Set™

The following results describe sufficient conditions in Set® which allow the functor
G : Set® — Set€ to admit a least fixed point.

Lemma 2.7.5 Let Ay 8 A; 3 A, B ... be a countable sequence of objects in SetC,
where a; : A; = Aiy1 are monomorphisms. Then, the colimit of the given sequence
ezists and is represented by the pointwise directed union of the objects of the sequence,
i.e. ((U;)A:)(C) = Ui(Ai(C)) for each object C € |C|.

Proof. We begin by proving that U;A; is an element of SetC. Recall the discussion
after Corollary 2.4.9 that monomorphisms are given pointwise. Let C € |C|. We
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note that if z € A;(C) then due to the monomorphism (= inclusion) there is a
corresponding z in every A;(C) where j > i. Hence this signifies that if z € (U;A;)(C)
then there is a minimal iy such that z € A;(C). This fact is important for our
arguments below.

(i) On objects; (U;Ai)(C) = Ui(Ai(C))

(i) On morphisms f : C — C' we define

(UA)(f) s (WA (C) — (UiA)(C")
z — Ay (f)(z), where ig =min{i;z € Ai(C) }

(8) (Uidi)(idc)(z) = Ai(ide)(z) = ida,(c)(2) = T = idy,a(c) (Z)

(b) Let f:C —C'and g:C' — C”, (UiAi)(g o f)(z) = Ay (g 0 f)(z) =
Ay (9) 0 Ay (f)(z) = (Ui Ai)(g) o (UiAi)(f)(z), where i is as above.

Since we have satisfied all the required properties, we have that U;A; € Set®.
We now show that U; A; is the colimit of the given sequence. Hence, we must show
that there exist maps in; : A; = U;A; such that the following diagram commutes:

UiAi
in’i inj
a.

A — .4

First, define the maps in; : A; = U;A; such that for any C € |C|

(inj)c = A;(C) — (UiA)(C)

T - I

Now, suppose a family of maps f; : A; = F, we must show there exists a unique map
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h : U;A; = F. Which makes the following diagram commute:

(i) First, we show existence by constructing h : U;A; = F, which we define for every
C € |C|.

(h)c: (UA)C) — F(C)
T — fi,(z), where ig = min{i;z € A;(C) }

Note that, h(in;(z)) = fi,(z) = fi(z) because f; o a;, = fi.
(i) To show uniqueness, suppose there exists a second map H : U;A; = F which
makes the following diagram commute:

A — o UA;
H
fi
F

Hence (H o in;)c(z) = (fj)c(z) for all C € |GC|. However (H o in;).(z) = He(z) =
(f;)c(z) = he(z), hence H = h. )
This shows that we have found the colimit of the sequence. a

Theorem 2.7.6 Let G : SetC — Set€ be an endofunctor of the category Set®. If Z
is the colimit of the sequence 0 — GO — G?0 — ... and G preserves directed unions,
then Z is the least fired point of G.
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Proof. Since G preserves directed union and by Lemma 2.7.5, the colimit of the given
sequence is the directed union of its elements, there is an isomorphism 7 : G(Z) — Z.
To have that Z is the least fixed point, we show that (Z,7) is initial in (G : Set®).
Let (F, 1) be an arbitrary element in (G : Set®),

VA = G(2)

G(F) ~—
Note that the square

GO

F—t _gGF
commutes, since 0 is initial. So all the other squares commute, by applying G*, i > 0.

So there are maps G*(0) — F by composition. Therefore, by the universal property
of colimits there exists a unique f : Z — F. Hence we have that the unique map
f : Z — F induces a G-algebra homomorphism from (Z,7) to (F,u), which makes
the following diagram commute.

6z = 2

61 f

; ;

GF F
7

Commutativity arises from the equation f = uoGfon~1 which is due to the unicity
of f. Since (F,u) was an arbitrary element of the G-algebra category we have that
(Z,n) is the initial element of (G : Set®). Hence, Z is the least fixed point of G. O
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Therefore, with the above results of fixed points, we shall be able to construct our
object of processes in our model for the finite m-calculus.



Chapter 3

The Finite m-calculus

The following chapter arises from the works by R. Milner, 16, 17}, and R. Milner, J.
Parrow, and D.Walker, [18], in their construction of a model for concurrent computa-
tion. Concurrent computation is a concept which consists of a collection of entities,
which we refer to as processes, trying to communicate with one another. The concept
of concurrency arises in the ability of the processes to influence each other’s and their
environment’s possible actions. In the 7-calculus model for concurrency, the interac-

tion is observed through the passing of messages between respective processes.

‘The n-calculus is based upon the notion of “naming”: we assign names to the links
between processes in order to identify which processes may interact. One way of visu-
alizing this is to think of the management of an individual’s e-mail addresses. Imagine
three individuals with two e-mail accounts each with distinct e-mail addresses. They
distribute their personal e-mail addresses in order to be able to communicate with
some, or all of the other individuals (they may give more than one per person). The
knowledge of an e-mail address is sufficient to enable one individual to communicate
with another, therefore we have created a system of possible communications. We will
see that the m-calculus is a tool which describes communicating systems in such a way
that we can capture the changing structure of the processes in a system. It is a way
of describing and analyzing systems consisting of processes which can interact among
their neighbors, and whose configurations or environment are continually changing.

49
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This change arises not only from the fact that processes can be arbitrarily linked, but
also by a single communication which may carry information that can either create
or destroy links between processes. Keeping to our analogy, a change in our system
occurs if an individual communicates someone’s e-mail account to another individual
who did not originally possess it; this creates a new link between the receiver and the
owner of the exchanged e-mail address. To destroy an existing link. an individual can
cancel one of his e-mail addresses. In doing so, any link to that individual through
that e-mail address is forfeited.

The m-calculus focuses on ever-changing situations, i.e. mobility of named links
between the processes of a system. From its first presentation in [18], the word
“mobility” has become a key point and is much more widely used. This is due to
networking technology and the worldwide web, two concepts which depend on the
continual changing of links.!

In the following section, we will study a much simpler version of the w-calculus:
the finite fragment of the 7-calculus, i.e. we will not discuss replication processes. We
make the simplification since it is this fragment of the 7-calculus we are interested to
model in Chapter 4. However, we shall see that all the structural properties of the
n-calculus are also found for its finite fragment consisting of only the finite processes.
The following is based on works by the previously mentioned authors. We shall,
henceforth refer to the finite fragment of the 7-calculus, as the finite 7-calculus.

3.1 The Finite m-calculus

The finite 7-calculus is a simplified version of its initial definition in [18]. Although it
has fewer process expressions, it can still be used to describe many types of systems.
In this section we shall describe the finite m-calculus processes formally, and take an
informal look at communication between processes, which we refer to as reaction.
As discussed, “naming” is an important concept in the finite -calculus. Thus we

1A reasoning first brought up by Milner in (16|
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begin by identifying the set of all possible “names”, with which we can label the links
between our processes.

Definition 3.1.1 Assume a set of names N, to be the set of links or channels avail-
able between processes. They shall be denoted by lower case letters; i.e. z,y,2,...
Define a set of action names, Act := N UN U {7}, where N = {Z;2 € N'}. The set
of action names is partitioned such that input action labels are in the set A/, output
actions labels are in the set NV, and the silent action label is in the set {r}.

Definition 3.1.2 The set Proc} of Finite m-calculus process ezpressions is defined
by the following syntax: Let I be a finite indexing set,

P :=0| PP, | ZigmP; | vzP | nP
where
1. 7.P represents a prefirzed process with prefix =:
o= z(2) | Ey) | Z2) | 7
such that:

e z(z) represents an input prefix. It is the action of receiving a name along
the channel z. It will subsequently substitute the received name for the
placeholder name z throughout the remainder of the process expression.

e Z(y) represents an output prefix. It is the action of sending the name y
along the channel z.

o T(z) represents a bound output prefix. It is the action of sending a local or
fresh name, i.e. no other process may contain the name z (except for the
process which is prefixed by Z(z)) along the channel z.

e T represents a silent action prefix. It is used to exhibit an internal action
in a process, i.e. it represents an action that cannot be modelled with the

existing prefixes.
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2. 0 represents the nil process, i.e. the process which does nothing. It is also
considered as the empty sum, i.e. [I| =0.

3. P,|P, represents two processes P, and P, acting in concurrent communication
or in parallel, which allows the processes to act simultaneously with each other
or with other processes in their environment.

4. ¥ir mi.P; called non-deterministic sum of m;.P;, represents a process able to
take part in one, and only one, of the possible alternatives for communication.
The choice is not made by the process; it can never commit to one alternative
until it occurs, and this occurrence precludes the other alternatives.

5. vzP represents the process P for which we consider the name z to be local, i.e.
no other process may contain the name z except the process P. We say that

the name z is restricted to the process P.

We observe in the definition above that prefixes play a large role in the construc-
tion of finite m-calculus processes. This is in fact the reasoning behind the name of
this model, 7 for prefixing, hence we are working in a prefixing calculus. In order
to be able to work with these prefixes we define two functions names, subj : finite
w-calculus prefixes — subsets of Act. The first function takes a finite 7-calculus prefix
and returns all the names with which it is constructed, e.g. names(z(z)) = {z, z}.
On the other hand, the function subj takes a finite 7-calculus prefix and outputs
the subject of that prefix, i.e. the link on which it is ready to communicate, e.g.
subj(Z(y)) = {z}. We are now ready to discuss the communication between pro-

cesses.

The main interest in the finite m-calculus is the possibility of expressing commu-
nication between the processes within a system. Thus, we shall need to identify when
such communications will be possible. Informally, we understand that communica-
tion shall occur when two prefixed processes, one with an input prefix and the other
with an output or a bound output prefix such that the subjects of both prefixes are
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equal, are placed in concurrent communication. The following definitions will help
formalize this concept.

Definition 3.1.3 Let 7 and 7’ be finite 7-calculus prefixes. If 7 = z(2) and

7 € {Z(y),T(2)}, for any z,2,y,2’ € N, then w and n’ are complementary prefixes.
In other words, # and 7’ are complementary prefixes if 7 and 7’ represent opposite
actions acting along the same link.

Definition 3.1.4 In the process expression 7.P, where 7 is a finite m-calculus prefix,
we say that the process P is guarded by the prefix 7. This implies that the action
represented by the prefix 7 must occur before the process P can become active.

Example 3.1.5 Typical finite 7-calculus processes are:
(i) P, = z(u).u(v).0|Z(z).0
(ii) P, =z(2).0+7(u).0
(iii) P = 7.(z(2).0)

(iv) Py = vz(Z(u).u(y).0)

In Example 3.1.5 there are two interesting situations to discuss: the first process
P, = z(u).u(v).0|Z(2).0 and the last process P; = vz(Z(u).%(y).0).
P, says “receive a (bound) u along z, then send v along the (bound) name u, then
do nothing” in parallel with “send z along z then do nothing”.
P, says “send a (bound) u along (bound) z, then send y along (bound) u, then do
nothing” where z is a local name in the whole process due to restriction.
Now we discuss their particularities.

e The process P, is the composition of two processes which are guarded by com-
plementary prefixes. We call such a situation a redez. The firing of a redex,
which involves a reaction from P; — Pj, will describe the communication be-
tween the two concurrent processes. Our example contains a redex pair: the
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prefixes z(u) and Z(z). Then the possible reaction will later be seen to be
P, — P{, where
P =Z(v).0|0

That is in firing the redex, we send z along z to be input for u. This results in
the term P|. We shall see in Section 3.3.3, the reaction relation that describes
all possible firings of such redexes.

e The second process P, is the restriction of the name z in the process P’ =
Z(u).u(y).0. In truth, since P’ is guarded by the prefix Z(u), and the name 2
is fresh for the process P’, due to the restriction vz, the process shall never
be able to communicate with any process. No process can be guarded by a
complementary prefix to Z(u), since only the process P’ has access to the name
z because of the restriction. We shall see in Section 3.5, that under a certain
relation called late-bisimulation, we will consider that P; and the process 0 are
equivalent processes.

Remark 3.1.6 A similar situation arises when we apply the restriction operator vz,
or the prefixes z(z) or Z(z) with the name z on the process P. Each of these bind the
name z which appears in its scope, which in this case is the process P. This same
binding occurs when we use the quantifiers: Vz and 3z in predicate logic, or use the
lambda operator: Az in the A-calculus. In this way, just as with the quantifiers and
lambda operator, we create two distinct sets of names within a process: the set of
bound names, whose elements are the names which are captured within the scope of
the above mentioned constructions, and the set of free names, whose elements are
the names which are not bound. Definition 3.1.7, below describes formally how to
construct each set.

Definition 3.1.7 We define two disjoint sets of names in every process P:
1. fn(P) the free names of P, and

2. bn(P) the bound names of P.
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which are defined by the following table:

process free names bound names
0 0 0
z(z).P | {z}u(fn(P) - {z}) | {z}ubn(P)
Z(y).P {z,y}u fn(P) bn(P)
z(z).P {x} U ( fn —{z})| {z}ubn(P)
vzP - {z} bn(P) U {z}
Yier mi-Ps Uielf"("i-Pi) Userbn(m;. P;)
P|Q fr(P)U fn(Q) | n(P)Ubn(Q) |

Example 3.1.8 Let P = vz(z(2').vy(Z'(y).0) + Z(z) Z(u).0).
(P)=

For the process P, we have that fn( {z,u} and bn(P) = {2, 2',y}.

Moreover, similarly to both the quantifiers and lambda operator, we do not dis-
tinguish between two processes which differ only by a change of bound names. For
example, we consider the processes z(z).0 and z(z’).0 as the same process. We shall
call two such processes alpha-convertible, denoted by P =, @Q, to signify that the
process P is alpha-convertible to the process Q, by a change of bound variable.

Example 3.1.9 Let P = vz(z(z).2(y).0 + Z(y).y(w).0) and P’ = va(z(b).b(y).0 +
a(c).c(w).0), then P =, P"
P = vz(z(2)Z(y).0 + Z(y).y(w).0)

) =a vz(z(b).b(y).0 + Z(y).y(w).0)
alpha-conv. on bound z in scope of vz =, va(z(b).b(y).0 + a(y).y(w).0)

alpha-conv. on bound z in scope of z(z

alpha-conv. on bound y in scope of @(y) =, va(z(b).b(y).0 +a(c).c(w).0)
= P

It will be necessary to be able to substitute one free name in a process for an-
other, as we described in Definition 3.1.2 when describing the input prefixed process.
Moreover, we have described communication as an exchange of names, whereas the
received name substitutes for an existing one in the process. To enable us to define
substitution, we shall proceed by structural induction on the set of processes.
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Definition 3.1.10 Define a new process expression P[z := y], called the substitution
of z for y in the process P. It represents the process P with every free occurrence of
the name z replaced by the name y, changing the bound names in P through alpha-
conversion if the need arises. This change of bound names is done to avoid the name
y from becoming captured in the scope of a vy, z(y), or Z(y), (which would change
the occurrence of the free name z in P to a bound name y).

Remark 3.1.11 It is important that when substituting a free name y, that it does
not become bound in the scope of any of the prefixes z(y) or Z(y), or by the restriction
vy. Such capture would change the whole meaning of the process, as we can see in
the following example.

Example 3.1.12 Let P = vz(z(z).2(y).0+2'(2).2(2').z'(y).0){Z(y).Z(y) 0. Note that
fn(P) = {z,y,7, z} and bn(P) = {z, 2, y}, and that these two sets are not disjoint.
However, observe that we can make them disjoint by using alpha-conversion. We
wish to compute Ply := u], P[2’ := v], and P[z := s]. The first step is to change our
process P to a process P’ such that P =, P’ and all the bound names are fresh in
our process, i.e. there are no identical free names and bound names in the process P.

Set P’ = va(z(b).b(y).0 + Z/{a).a(c).c(y).0)|Z(d).Z(d).0, where P =, P’. Notice
that fn(P’) = {z,y, 7,2} and bn(P’) = {a,b,c,d}. Now we can make our substitu-
tions:

o Ply := u] =, va(z(b).b{u).0 + 2'{a).a(c).E(u).0)|Z(d).Z(d).0
o P[Z :=v] =, va(z(b).b{y).0 + T(a).a(c).c(y).0)|Z(d).Z(d).0
o P[z := 5] =, va(z(b).b(y).0 + 2'(a).a(c).E(y).0)|3(d).Z(d).0

However without having done our initial alpha-conversion it would be easy to make
the following mistakes:

o P2 :=v] = vz(z(2).Z(y).0+T(z).2(2').7(y).0)|Z(y).Z(d).0, we see that we have
substituted for the bound 2’ in the underlined prefix, so the bound z’ becomes
the free variable v.
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o Plr := y| = vz(y(2).2(y).0 + z'(s).z(2').Z'(y).0)[2(y)-§(y).0, we have misused
our substitution once again. Notice that the free name z has been substituted
by the name y in the underlined prefix. However, the name y is now bound.
This is not allowed by the definition of our substitutions, and we must be wary
of this occurrence.

3.2 A Working Example: Private Key Generation

To help illustrate a small part of what type of systems the finite 7-calculus can
describe, we will see an example for which mobility plays an important role.

Example 3.2.1 Consider a simplified authentication protocol between two parties
which depends on a trusted third party. The protocol is very simple and is described

as follows:

e A initiates contact with the S by sending the name of their shared link along
with the shared link between B and S.

e S sends to A and B the name of a fresh link.
o A and B use the received name to communicate.

We can describe this system in the finite 7-calculus by creating a system of three
interacting processes: A, B, and S.

Consider the process A in Figure 1. Notice that it has two channels along which
it can communicate. We construct A by analyzing the actions that it must perform:

e It initiates a demand for a fresh link with which to communicate with B by
sending the names a and b along the request channel. Then it listens along a
for the private channel, then sends his message link m to B through the received
channel. This can be written as

request(a, b).a(private).private(m).0
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req

Figure 1: Simplified Protocol

o It listens for a private channel along its shared link with S, then listens for a
message along that link. This can be written as

a'(private).private(z).0
Hence we can describe the full behavior of A as follows
A = Tequest(a, b).a(private).private(m).0 + o' (private).private(z).0
Similarly, we define the process which represents B as
B = Tequest(b', a').b/ (private).private(m’).0 + b(private).private(z).0

Finally, S is a process which must iisten along the request channel for two links
to which to send a fresh name priv to the received links. This can be written as

S = vpriv(request(sender, receiver).sender (priv).receiver(priv).0)

We describe the whole system by placing our processes in concurrent communica-

tion as follows:

System = (A|B|S)
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After we have seen the reaction relation we shall be able to verify that
System —* 0

where —* represents the transitive closure of the reaction relation —, seen in Sec-
tion 3.3.3. It implies that after a number of communications System will act as
0.

3.3 Structural Congruence and Reaction Relation

One important structural property of the finite 7-calculus is the reaction relation.
This relation describes all possible communications between concurrent processes.
However, before defining the reaction relation one needs to specify the notion of an
equivalence between processes.

3.3.1 Process Congruence

We must formalize the notion of “congruence”, i.e. behavioral equality between pro-
cesses, since we will define several congruence relations of processes throughout this
chapter. Informally, we should consider two processes P and @ to be congruent if
they have equivalent behaviors. However, what do we consider equivalent behavior?
It is not unreasonable to consider that if a process P is interchangeable with any
possible instance of the process @ and behaves exactly like @ in that instance, then
P and Q are congruent. More formally, we have:

Definition 3.3.1 A process contezt C is of the form:
C == [-] | nC+M | C|P | PIC | vzC

where M is a process of the form ¥ ;c; ;.P;, with I a finite indexing set (|I| = 0
implies ¥;c; mi.P; = 0), and P;, P € Proc}. C[Q] represents the process context C' in
which we have filled the “hole” with the process Q. The elementary contezts are:

”'[-]"'Mv [_“P’ P|[_]* Vz[-]
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Remark 3.3.2 A process context is not a finite m-calculus process because of the
“hole” which has no meaning as a finite 7-calculus process. This “hole” represents an
empty slot in the process which is ready to be filled by any finite 7-calculus process
expression. Moreover, when filling a “hole” in a process context we do not have
the same restriction as when we substitute names in a process. When we compute
P[z := z], we must only replace the free occurrences of the name z by z in the
process P; however when we compute C[Q] we do not have such restrictions. We
simply replace the “hole” by the process @, and let free names of Q become bound if
they become captured.

Now, based upon the notion of process contexts, we can define what an equivalence

relation between processes must satisfy to be considered a process congruence.

Definition 3.3.3 Let = be an equivalence relation over Proc}. Then = is said to be
a process congruence if it is preserved by all elementary contexts; that is, if P = Q
then

nP+M = 7.Q+M
vzP = vz2Q
PR = QIR
RIP = R|Q

Example 3.3.4 The equivalence relation =, defined earlier such that P =, Q im-
plies that P and Q are alpha-convertible, forms a process congruence.

3.3.2 Structural Congruence

In the definition below we shall construct another process congruence by expanding
our definition of the =, relation to encompass more than simple alpha-conversion:

Definition 3.3.5 Two process expressions P and Q in the finite 7-calculus are struc-
turally congruent, written P = Q, if we can transform one into the other by using the
following equations (in either direction):

1. If P =, Q, then P = Q. In other words, =,C=.
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2. P|Q =Q|P, P|0 = P, and (P|Q)|R = P|(Q|R)
3. P+Q=Q+P, P+0=Pand (P+Q)+R=P+(Q+R)

4. v20 =0, vzvz’P = v2ZvzP, and vz(P|Q) = P|(vzQ), if z ¢ fn(P)

Remark 3.3.6 Once again the similarity between the restriction operator and quan-
tifiers are made obvious here by the equations it must satisfy. In predicate logic, we
have that the existential quantifier must satisfy a similar condition as the restriction
operator, i.e. 3z(AV B(z)) = AV 3zB(z) if z is not free in the formula A. In [15],
the authors define the concept of hyperdoctrines, a fibred categorical model for quan-
tified logic, as a model of concurrent constraint logic programming. This paradigm is
similar to finite m-calculus in that it has hiding (restriction) and parallel composition.
It is shown there that hiding satisfies the same categorical properties as an existential
quantifier. This proof does not directly apply to the finite 7-calculus here, but seems
to apply to a variant of the n-calculus, the n/-calculus, seen in [22].

Proposition 3.3.7 Structural congruence = is a process congruence over Procj}.

Hence, we have constructed a process congruence which allows us to ascertain if
two processes are equivalent. Moreover, we shall use structural congruence in our
definition of the reaction relation below, as one of the inference rules.

3.3.3 Reaction Relation

Communication between two processes P and Q will occur, if they are in concurrent
communication and they are guarded by complementary prefixes. The two main

situations are:

e The complementary prefixes are input P = z(z).P’ and output Q = Z(y).Q'".
The reaction consists of many simultaneous actions. First, Q sends the name
y along the link z, and P receives the name y along the same link. After @’s
prefix has finished its action the process continues as @', while P’s prefix has
also finished its action and the process continues as P'[z := y], i.e. with the free
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occurrences of the placeholder name z replaced by the received name y. Finally,
after communication the continuations of the processes remain in parallel, hence
we get P'[z :=y]|@.

e The complementary prefixes are input P = z(z).P' and bound output Z(z).Q'.
The reaction consists once more of many simultaneous actions. First, Q sends
the fresh name z along the channel z, while P is receiving the fresh name 2
along the channel z. However, since the name z is fresh the end process must
also express that the received name is fresh. We restrict the name z on the
continuation of both the process P and Q. Hence we get vz(P'|Q).

This idea is formalized in the notion of “reaction”, axiomatized by the inference rules
below.

Definition 3.3.8 The reaction relation — over Proc} contains exactly those tran-
sitions which can be inferred from the rules below: Let P € Proc} and M, N be

summation processes,

TAU: rP+M—P
REACT1[x]: (z(z).P+ M)|(Z(y).Q + N) — P[z:=y]|Q

REACT2[]: (z(2).P + M)|(Z(¥).Q + N) — vz(P|Q)

P— P
PAR: P|IQ - P|Q
P— P
RES: vzP — vzP
P—-P
STRUCT: Q—-Q ifP=Qand PP =¢Q

Example 3.3.9 From the discussion ensuing from Example 3.1.5 we had stated that
P, — PI, where P, = z(u).u(v).0[Z(z).0 and P| = Z(v).0[0. From the reaction
relation above we see that the reaction is due to the REACT1[z] rule.
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Moreover, we shall define an extension of the reaction relation —, denoted —°,
such that P —* P’ will mean that there exists a finite number of processes P =
P,P,...,P, = P such that P, - P, - P; — ... — P,. Hence, —* is the
transitive closure of the reaction relation. Now we are ready to check our claim from
Example 3.2.1

Example 3.3.10 Now we can see how in the mobile phone example, how System —*
0:

System = (Tequest(a,b).a(private).private(m).0 + o' (private).private(z).0)|
(request(b', a’).b/ (private).private(m’).0 + b(private).private(z).0)|
(vpriv(request(sender, receiver).sender (priv).receiver (priv).0))

— vpriv(a(private).private(m).0 + o’ (private).private(z).0)|
(request(b', a').b/ (private).private(m’).0 + b(private).private(z).0)|
(@(priv) Bpriv).0))

— vpriv(priv(m).0|(Tequest(t', a').b/ (private).private(m’).0
+b(private).private(z).0)|(b{priv).0))

— vpriv(priv(m).0lpriv(z).0)|0)

— vpriv(0/0|0)

0

3.4 The Finite n-calculus as a Labelled Transition
System

We have previously described a process congruence on the processes of the finite -
calculus, i.e. the structural congruence. However, structural congruence does not
permit all the obvious equivalences acceptable by our intuition.



- CHAPTER 3. THE FINITE n-CALCULUS 64

Example 3.4.1 If z # y, the processes z(2).07(u).0 and z(2).7(u).0 + F(u).z(z).0
should be considered to be equivalent, since they behave equivalently with their en-
vironments. The behavior of both processes follow the same pattern. There are two

possible cases:

e It could receive a name z through the link z, then send the name u along the
link y, and then act as the process 0.

e It could send the name u along the link y, then receive a name z along the link
z, then act as the process 0.

In either case both processes can do exactly the same actions the other process can.
We shall formalize this into an equivalence relation in Section 3.4.2.

We will define an equivalence relation called late-bisimulation based on the behavior
of processes. To understand how to describe the behaviors of processes we shall
describe the finite 7-calculus as a labelled transition system. In this section we shall
formally define labelled transition systems and describe how we construct a labelled
transition system from the finite m-calculus.

3.4.1 Labelled Transition Systems

Definition 3.4.2 A labelled transition system (= LTS) over a set of names N is a
triple (@, L, T) consisting of

e a set Q of states;
e a set L of labels;
e a ternary relation 7 C (@ x L x Q), known as a transition relation

If (g,a,¢) € T we write ¢ — ¢’, and we call ¢ the source and ¢ the target of
the transition. If ¢ < q; —2» --- == gy, then we call g, a derivative of ¢ under

Q1Qs - - Q3.

To see that it will be a natural step to view the finite 7-calculus as an LTS, here
is an example of an LTS, adapted from an example from [16].
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Example 3.4.3 A typical example of an LTS is a vending machine. Let’s create a
vending machine which sells Coke in small cans or large bottles, where a small can is
$1.00 and a large bottle is $2.00. There are three possible actions: insert $1.00 (1),
press the can button (C) and press the bottle button (B). We can see the system in
Figure 2. '

Figure 3: Modified Vending Machine

This structure can also be interpreted in a finite m-calculus syétem. The states are
represented by processes and the transitions by links, where the source of the arrow
is sending along the link and the target is receiving along the link. However, since we
wish to distinguish between the two actions of inserting $1.00, we represent the two
actions with a summand, i.e. I; and I, as seen in Figure 3. This is done to avoid the
possibility of getting a bottle for the price of a can. The system can be represented
with the following processes:

S = (L{z).(C(y)-m0 + B(y).r.0) (4)

The process S; can be described as doing the following:
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e It sends a signal along the channel I, signifying that someone has inserted
$1.00, then it can do one of two things:

(i) It waits for a signal along the C channel, i.e. it waits for someone to press
the “can” button, then it will give out a can of Coke, represented by the
internal action 7.

(ii) It waits for a signal along the B channel, i.e. it waits for someone to press
the “bottle” button, then it will give out a bottle of Coke, represented by
the internal action 7.

S = (I(y).(I{x).0+C(z).0) (5)
The process S; can be described as doing the following:

e It can listen for a signal along the I; channel, i.e. it waits for someone to insert
$1.00, then it can do one of two things:

(i) It sends a signal along the channel I, signifying that someone has inserted
the second $1.00, then becomes the nil process.

(ii) It sends a signal along the channel C, signifying that someone has pressed
the “can” button, then it becomes the nil process.

S = (h(y)-B(z).0) (6)
The process S; can be described as doing the following:

o It listens for a signal along the channel I, i.e. it waits for someone to insert
the second $1.00, then it sends a signal along the channel B, signifying someone
has pressed the “bottle” button, then it becomes the nil process.



CHAPTER 3. THE FINITE n-CALCULUS 67

Now we compose the processes together and restrict all the names in order to
guarantee only this system has access to these labels.
Vend = vIwvlovCvB(S5:|S:|Ss)
= vhvLvCvB((T\(z).(C(y).7.0 + B(y).7.0))|
(1i(y)-(To(z).0 + C(z).0))|(L2(y)-B(z) .0))

3.4.2 Commitment

As we have seen in Example 3.4.3 we can express finite 7-calculus systems as an LTS.
In this section we construct an LTS of finite n-calculus processes (@, L, T) where L
is the set of all finite m-calculus prefixes, Q is the set of all processes in Proc} and T
is the commitment relation seen below. The following is adapted from Milner [17].

Definition 3.4.4 We shall define commitment to be the relation generated by the
following axioms and rules of inference: Let m be a finite w-calculus prefix, P,Q €
Proc} and M a summation process,

PRE PSP
PSP PSP
SUM1 P+MS P SUM2 M+P3S P
PL P PLp
PARI PIQ S PIQ PAR?2 QP % QP
Pﬂ_"’)Pl Q&)QI P&)PI Q&)QI

COM1 P|Q L Pz =19l COM2 QIP 5 Q|P[z:=y]

CLOSE1 P|Q & vz(P|Q)  CLOSE2 QIP = vz(Q'|P')

-P_IELPL PSP
¥(z)

; ————— 7 & names(m)
OPEN vzP' = P RES vzP - vzP’
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Example 3.4.5 We can now see how our two processes used in the Example 3.4.1
have similar behavior by listing their possible commitments. Let z # y,

o All the possible commitments of the process z(2).0|5(u).0 are:

z(z) i U(u)
- 0Ofg(u).0 = 0|0
z(2).07(u).0{ 5w I9(u) =(2) |
= z(z).0[0 = 0[]0
e All the possible commitments of the process z(z).5(u).0 + F(u).z(z).0 are:
z(z) ¥(u)
_ _ = Fu)o = 0
z(2).§(u).0 + (u).z(2).0§ -, 2z
g z(z).0 2 0

Finally, since 0|0 = 0, 0|7(u).0 = 7(u).0 and z(2).0|0 = z(z).0 we have that no matter
which commitment is chosen for each process the other process can match it.

There is a relation between the commitment relation and the reaction relation.
Notice that a 7 transition from the commitment relation (i.e. COM, CLOSE rules)
mimics very closely the REACT rules from the reaction relation. The following few
results from Milner [16], demonstrate that the reaction relation is equivalent to a 7

transition up to structural congruence.

Lemma 3.4.6 If P — P', by the reaction relation, then P L= P, where we define
the relation P 1= P’ to signify that there ezists a P” such that P — P" and P" = P

Lemma 3.4.7 Let P = P'. Then P and P’ can be erpressed, up to structural
congruence, in the form

P = vi((r.Q + M)|R)
P' = viQIR)

where T is not captured by vZ, M is a summation of processes, and Q, R are processes.

Which allow us to prove the equivalence theorem.

Theorem 3.4.8 P 5= P’ if and only if P — P'.
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Therefore, the above sequence of results allows us to prove a close relationship
between the reaction relation — and a 7 commitment — in the commitment relation.
We end this section by stating some useful facts about the commitment relation
transitions, due to Milner [16].

Proposition 3.4.9

(i) Given P, there are only finitely many transitions P = P'.

(i1) If P 5 P’ then fn(P', ) C fn(P), where fa(P',n) = fn(P')U fn(r.0).
(iii) If P 5 P’ and o is any substitution then Po 55 P'o.

3.5 Late-bisimulation

We now introduce the notion of late-simulation and late-bisimulation between pro-
cesses. From these concepts we can create an equivalence relation on the states of
an LTS. In particular, they will define equivalence relations on the LTS of finite =-
calculus processes. The late-bisimulation relation will be able to differentiate between
processes which have different behaviors, such as the possibility of non-determinism.

Example 3.5.1 A classic example seen in [16] is the use of simulation to differentiate
between two similar vending machines A and B, see Figure 4.

Notice that both vending machines have buttons a, b and c; however in machine
B, the activation of the button a leaves us with one choice of action either b or ¢
but never both. Hence the vending machine B’s first move decides the choice of our
second action, unlike the case of machine A. Thus, we should have an equivalence
relation which differentiates between these two machines.

With the following notion of late-simulation we shall be able to distinguish between
the two vending machines.

3.5.1 Late-Simulation

Definition 3.5.2 Let (Proc%, Prefizes, Commitment) be an LTS for the finite =-
calculus, and let S be a binary relation over Procj. Then S is called a late-simulation
over (Procf}, Prefizes, Commitment) if it satisfies the following: If PSQ implies that
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Figure 4: Two vending machines, A and B

1. P2 P oand 2 ¢ fn(Q), then for some ¢, ) @’ and for all names c,
Pz :=SQ'[z == (]

2. If P = P for a € {Z(y), T}, then Q' exists s.t. Q — @ and P'SQ'".

3. 1f P 22 P and z ¢ fn(Q), then Q' exists s.t. Q 22 @ and P'SQ’

We say that Q late-simulates P if there exists a late-simulation S such that PSQ.

Example 3.5.3 If we return to our vending machines of Example 3.5.1, we can find
a late-simulation S such that py late-simulates go.

S = {(go: Po): (q1. 1), (41, 1), (2, P2), (g3, P3) }

However, it will be impossible to have a relation &’ such that go late-simulates py,
since any such relation must contain the pair (pg, qo) which has but one transition
po — p1. Here the two pairs that are possible are (p1, 1) or (p1,q;), but p, does not
strongly simulate ¢; nor q;.

To have an equivalence relation based on late-simulation, we will need a stronger
condition than: p is late-bisimular to ¢ if and only if p late-simulates q and q late-
simulates p. We can see why in the following example, adapted from [16].



CHAPTER 3. THE FINITE n-CALCULUS 71

Example 3.5.4 Consider the two systems proposed as an exercise in [16]:

O COan©

System A System B

We construct a late-simulation S such that p late-simulates ¢ and a late-simulation
S’ such that q late-simulates p. The relations are:

S = {(pvq)1(ph‘h)7(p21‘l1)v(p3’Q2)}
S = {(g:p)(q1,p2) (g2, p3)}

Notice that the above systems are such that we do not want them to be equivalent,
since A contains a deadlock i.e. p, has no continuation, yet ¢; always has a second
action available.

This is why we define late-bisimulation as follows:

Definition 3.5.5 A binary relation S over Q is said to be a late-bisimulation over
the LTS (@, L, T) if both S and its converse are late-simulations. We say that P and
Q are late-bisimular, written P ~; Q, if there exists a late-bisimulation S such that
PSQ

Example 3.5.6 Hence we can define a late-bisimulation for the following processes:

1. Recall the process from Example 3.1.5, vz(Z(u).%(y).0) and 0, with §; =
{(v2(Z(u).T(y).0,0)}, since 0 has no commitments this clearly shows that Si*
is a late-simulation and since by the commitment relation we can find no tran-

sitions for vz(Z(u).%(y).0), S is a late-simulation. Hence, vz(Z(u).u(y).0) ~ 0.
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2. An interesting example from [16] shows two processes which are late-bisimular
but name substitution will not preserve their late-bisimularity. Notice that
Z(u).0ly(v).0 and Z(u).y(v).0 + y(v).Z(u).0 are late-bisimular under

S = {(Z(u)-0ly(v).0,T(u).y(v).0 + y(v).Z(x).0), (0ly(v).0, y(v).0),
(0,0), (Z(u).00, T(u).0)}

since the only commitments of Z(u).0|y(v).0 are Z(u).0ly(v).0 04 Oly(v).0

and Z(u).0ly(v).0 w) Z(u).0|0, and the other process has the commitments
Z(u).y(v).0 + y(v).Z(u).0 il y(v).0 and Z(u).y(v).0 + y(v).Z(u).0 ) Z(u).0.
We notice that these are identical commitments. However, if we substitute
y for r in both processes we destroy the late-bisimulation between the pro-
cesses, i.e. T(u).0lz(v).0 % T(u).z(v).0 + z(v).Z(u).0. Here we can find a
commitment Z(u).0|z(v).0 — 0 which cannot be matched by the process
T(u).z(v).0 + z(v).ZT(u).0.

As explained in [16], the above example shows that under late-bisimulation we
can have P ~; Q but z(2).P #; z(z).Q. Therefore, there is a process context,
i.e in this case z(z).[-] which does not preserve late-bisimulation. We construct a
process congruence based on late-bisimulation by considering it under all substitution

of names. This creates a process congruence called late-equivalence.

Definition 3.5.7 Two processes P, @ are late-equivalent, written P ~; Q, if Po ~;
Qo for all substitutions o.

3.5.2 Late-bisimulation vs Early-bisimulation

Our definition of late-bisimulation is not the only possible equivalence relation we
can construct which is based on behavior. It is also possible to alter our definition of
the late-bisimulation, in order to create an alternate equivalence relation by simply
exchanging the order of the quantifiers in the first property in the late-bisimulation.

The new relation is called early-bisimulation.

Definition 3.5.8 A relation S’ on processes is an early-bisimulation if PS’Q implies
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1. Whenever P 22 P’ and 2 ¢ fn(Q), then for ail names c, there is Q' such that
Q 22 @ and Pz = S'Q[z := .

2. Whenever P — P’ for a € {Z(y), 7}, then Q' exists s.t. Q — Q' and P'S'Q".
3. Whenever P 22 P’ and z ¢ fn(Q), then Q' exists s.t. Q X)) Q and P'S'Q
4 ()" satisfies 1. - 3.

Processes P and Q are early-bisimular, written P ~, @, if PS'Q, for some early-
bisimulation &’.

Remark 3.5.9 As [18] states, notice that it is clause 1. of each definition of early
and late-bisimulation which differ. This makes early-bisimulation weaker than late-
bisimulation. That is, more agents are equivalent under the early-bisimulation. The
reason is that clause 1 of the late-bisimulation requires that there be one late-
simulating input transition which applies for all instances of the object. In contrast,
clause 1 of the early-bisimulation only requires that for each instance of the object
there exist a late-simulating transition (and these late-simulating transitions may be
different for different instances). Therefore we may think of ~, as happening simul-
taneously with (or even before) the input transition (i.e “early”), and whereas ~; the
instantiations may be regarded as happening after the transition (i.e. “late”).

3.5.3 Strong Ground Equivalence (SGE) Axiomatization

As we have seen, late-bisimulation is not preserved under substitution. For this reason
we often refer to late-bisimulation as strong ground equivalence. In this section we
define an axiomatic theory for late-bisimulation, i.e. we create an axiomatic list of
late-bisimular processes in the finite 7-calculus with inference rules. These axioms
and inference rules will generate all the possible late-bisimular pairs in the finite
w-calculus.

To understand the intricacies of the late-bisimulation of the parallel composition
it is helpful to understand the following theorem from Milner, Parrow and Walker,
(18].
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Theorem 3.5.10 Let P = %;a;.P, and Q = L;P;.Q;, where a;,[; are finite «-
calculus prefizes and no a; (resp ;) binds a name free in Q (resp P); then

0 i subj(a:) # subj(B;)
T.R;;  if subj(as) = subj(5;)

where the relation a; * B; (a; complementary (3;) holds in four cases:

P|Q ~1 £:0:.(Pi|Q) + Z;B;.(P1Q;) + Tayes, {

e a; is T;(u) and B; is y;(v); then Ry; is P;|Q;[v := u].

e a; is T;(u) and B; is y;(v); then Ry; is vw(Pi[u := w]|Q;[v := w]), where w is
not free in vuP; or in vv@Q;.

e a; is z;(v) and B; is Tj(u); then Ry; 18 Pifv := u]|Q;.

o a; is ;(v) and B; is Gj(u); then Ri; is vw(Pi[v := w]|Q;[u := w]), where w is
not free in vuP; or in vuQ);.

Now, we shall decompose P|Q into finer operations based on the late-bisimulation
above.

Definition 3.5.11 To properly axiomatize the parallel composition operator, we de-
fine two new operators left merge, denote by PJQ, and synchronization, denoted by

PliQ.

1. P]Q, expresses a process which commits itself to the behavior of the prefix which
guards P. For example, this signifies that Z(z).P'|u(v).Q' = Z(z).(P'|u(v).Q").
From the theorem above we notice that P]Q represents Z;c;.(P;|Q) and QJP
represents X;5;.(P|Q;).

2. P||Q, expresses a process which is ready for a 7 tramsition. Therefore
if P and Q are guarded by complementary prefixes P||Q will be equal
to the process after a 7 commitment. In any other situation it shall be
equivalent to the 0 process. In the above theorem we have that P||Q =
S { 0 if subj(a:) # subj(B;)

U TRy if subj(as) = subj(G;)
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We now have all the tools necessary to define the axioms and inference rules for
the strong ground equivalence relation. Therefore SGE F P = Q signifies that P is
equivalent to Q through use of the axioms and inference rules below. Our main result
in this chapter, Proposition 3.5.13, shows these axioms characterize ~;.

Definition 3.5.12 Define Strong Ground Equivalence (= SGE) to be the relation
generated by the following axioms and inference rules, as described in [9]:

1. The set of axioms:

(a) Alpha-conversion

AIfP=,Q,then SGEr-P=Q

(b) Summation

S1 SGEFP+0=P
S2 SGEFP+Q=Q+P
S3 SGE+FP+(Q+R)=(P+Q)+R

S4 SGEFP+P=P

(c) Restriction

R1 SGE‘+vz(P+ Q) =vzP +v2Q
R2 if z ¢ names(r) then SGE + vz(n.P) = m.vzP
R3 if z = subject(n) then SGE - vz(n.P) =0

R4 if z # z then SGE F vz(Z(z).P) = Z(z).P
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R5 SGEF v20=0

(d) Parallel
PAR SGE+ P|Q =PlQ+ Q{P + P||Q

(e) Left Merge
LM1 SGEFO0JR=0

LM2 SGE+ (P+Q)JR=PJR+QJR

LMS3 if bn(n.0) ¢ fn(Q) then SGE + (7.P)|Q = 7.(P|Q)

(f) Synchronization
SYN1 SGEFO||P=0

SYN2 SGEF P||Q = Q||P

SYN3 SGEF (P+Q)||R=P||R+Q|IR

SYN SGE - 2(2),PIF(0).0 = { T.(P[z 0= ylQ) if :::1:e z’
SYN5 SGE+ z(z).P||7(2).Q = { T'(W(OP'Q)) ) Iel.:e ’

SYN6 SGE + r.P||7.Q =0
SYN? SGE F z(z).P||7'(2).Q = 0

SYNS if 7,7’ € {Z(y),7(z)}, then SGE + n.P||x'.Q =0
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2. The set of inference rules:

(a) Equivalence

REF
SGE+P=P

SYMM
SGE+P=Q
SGE+Q=P

TRANS

SGEFP=Q SGEFQ=R
SGE+-P=R
(b) Congruence

CON1

SGErP=Q
SGE+Z(y).P =Z(y).Q
CON2

SGEFP=Q
SGE+%(z).P =%(2).Q

CONS3 Let fn(z(z).P,z(2).Q) = {ai,-...,a,}

Vien SGEF Plz:=¢;]=Q[z:=a] SGE+-P=Q
SGE+ z(2).P = z(2).Q
CON4 SGEF P=Q
SGEFT.P=1.Q
CONS SGE+P=Q
SGEFP+M=Q+M
CONG6 SGEF P=Q
SGEF vzP =v2Q
CON7

SGEFP=Q
SGEF P]JR=QJR
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CONS
SGEFP=Q

SGEt P||R=Q||R

Hence, the above axiomatization leads to the following result, shown in [18].

Proposition 3.5.13 Let P and Q be two finite w-calculus processes then SGE +
P=Q ifand only if P~ Q.

Therefore, the formal theory SGE axiomatizes late-bisimularity of processes. This
will help us in the next chapter, when we try to prove that our model! satisfies late-
bisimulation.



Chapter 4

Presheaf Models of the Finite

m-calculus

In this chapter we will discuss the properties presheaf categories must admit to give
a sound interpretation of the finite m-calculus. The interpretation is based on a
combination of two papers {24, 9], which discuss fully abstract models for the full
m-calculus. In their work Fiore et al, [9], and Stark, [24], construct fully abstract
models for the full 7-calculus, using the functor category Cpo™. Furthermore, both
(24, 9], and in [11] the authors suggest the existence of a set-theoretical model for the
finite fragment of the w-calculus. They also suggest that the model be constructed
using the presheaf category Set™.

Below we shall delineate some abstract properties of the functor category Set™
which allow it to give a sound interpretation of the finite m-calculus. We will discuss
the properties in Inj and Set which make them the obvious choice for such a model.
Hence we shall list the abstract properties we need, then in Theorem 4.1.10 we shall
prove that our concrete model Set!™ satisfies the discussed properties.

79
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4.1 The General Category

4.1.1 Abstract properties for the model Set™

1. Inj is a symmetric monoidal category, with structure (Inj, +, 0), where + rep-
resents the disjoint union. See Example 2.2.6 in Chapter 2.

2. (i) Set is a ccc equipped with the terminal object 1, representing an arbitrary
singleton set. To differentiate between different singleton sets we shall use the
notation that 1, = {a}. We consider 1={z}, unless otherwise stated.

(ii) Set admits the free-semilattice monad, seen in Section 2.6.

Remark 4.1.1 Notice that the terminal object 1 € {Set| is also an object of
Inj, i.e. 1 € [Inj|. However, 1 is not a terminal object in the category Inj, since
for any set s € |Inj| with |s| > 2 there exists no injective map from s to 1.

3. The functor category Set'™ is a dcc with symmetric monoidal structure
(Setm, ®Days IDays —°Day) Obtained by using the Day construction, as seen in
Section 2.4.5 and a cartesian closed structure (Set'™, x, =, 1g ), where x is
the cartesian product of Set taken pointwise, and lg,,n is the terminal object
of Set™ determined by the terminal object 1 of Set.

4. In our general presheaf model, for each object s € |Inj|, there exists an embed-
ding morphism, emb,, from the tensor product ®p,y of Set!™ to the cartesian
product x of Set™. Let F,G € |Set™ :

emb, : (F ®pay G)(s) — (F x G)(s)

This map will induce a surjection, surj,, from the function space (F' = G)(s)
to the linear function space (F —o G)(s), seen in Lemma 4.1.3 below.

5. There exists an object N € |Set™|, called the object of names which satisfies
the following equations: For any F,G € [Set™| and s, s’ € |Injj,

(a) N(1) =1,
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(b) N(s+ 8') = N(s)+ N(s'), where s,s' € |Injj,
(c) (N = F)(s) @ FIN®)(s) x F(s+1),
(d) (N —o F)(s) = F(s+1).

Informally, this functor shall take an object s € |Inj| to an object of the category
Set, which is isomorphic to some finite subset of Act, the set of action labels of
the finite m-calculus. The functor N : Inj — Set represents the only exponential
we shall need in our interpretation.

Remark 4.1.2 Since any finite set is isomorphic to the disjoint union of arbi-
trary singletons, note that if N(1) = 1 and N preserves disjoint that:

N(s) = N(1+1+...41) = N(1)+N(1)+.. . +N(1) = 1+1+.. .+1 = s Vs € |Inj|

Therefore, we may suppose, due to the above properties that N(s) = s for any
N satisfying (a) — (d).

6. There exists an object Proc € [Set™|, called the object of processes, such that
it is the least fixed point of the functor:

G: Set!¥ — Set'™
X = POUNx(N=>X)+NxNxX+Nx(N-oX)+X)

where the functor ’P;'“ is the lifted free-semilattice monad on the category
Set!™ ie. the free-semilattice monad as stated in Definition 2.6.7 on Set taken
pointwise. Each term in the sum respectively gives meaning to inputs, outputs,
bound outputs and silent actions of processes. The use of the free-semilattice
monad will enable us to interpret a subset of processes of the various types as
a nondeterministic sum, i.e. when we pick an element of the subset we must

disregard the remaining elements for the remainder of the process interaction.

Informally, on an object s € |Inj|, Proc(s) will represent all the processes one
can construct from the free names represented by N(s). Moreover, for a map
i:s — & in Inj, Proc(i) : Proc(s) — Proc(s'), represents a relabelling map
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of processes defined on the free names from N(s) to a process with free names

from N(s’), as one can see in the equation

Proc(i) = P¥(N x (N = Proc)+ N x N x Proc+ N x (N —o Proc)
+Proc)(i)
= Py(N(i) x (N = Proc)(i) + N(¢) x N(i) x Proc(i) +
N(i) x (N —o Proc)(i) + Proc(i))
P;(i x (N = Proc)(i) +i x i x Proc(i) + i x Proc([i + 1])
+Proc(i))

4

We notice that every free name in these sets of processes shall be substituted
by its image under the map %, hence the relabelling.

7. As seen in [9], we shall need to interpret the term constructors for our syntax
of the finite 7-calculus. The interpretation consists of combining the objects
of names and objects of processes via natural transformations. The natural
transformations are straightforward and represent the metalanguage in which

we represent processes in our model.

(a) nil : Proc or equivalently nil : lls':" = Proc
This will construct the 0 process. For any object s € [Inj|, we have that
nil(s) = nil, = 0 € Proc(s)

(b) in: N x (N = Proc) = Proc

This will construct an input prefixed process. For any s € |Inj|, we have
that in, : N(s) x (N = Proc)(s) — Proc(s) or equivalently by property
5(a) above in, : N(s) x Prod¥®l(s) x Proc(s + 1) — Proc(s). Infor-
mally, the natural transformation takes as input the triple (z,7: N(s) —
Proc(s),Q), where z € N(s) represents the subject of the input pre-
fix, n : N(s) — Proc(s) represents a map which for each name in the
set N(s) associates a process in Proc(s), and Q is a process such that
fn(Q) € N(s +1), (hence it may contain the local name z). Thus, it
outputs a process equivalent to z(z).P € Proc(s).
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(c) out: N x N x Proc = Proc
This will construct an output prefixed process. For any s € |Inj|, we have
that out, : N(s) x N(s) x Proc(s) — Proc(s). Hence, we can think of out,
as a natural transformation which takes as input the tripie (z, y, P) where
the pair of names (z,y) € N(s) x N(s) and P € Proc(s) is a process. Thus
it outputs a process equivalent to Z(y).P € Proc(s).

(d) bout : N x (N —o Proc) = Proc
This will construct a bound output prefixed process. For any s € [Inj|,
we have that bout, : N(s) x (N —o Proc)(s) — Proc(s) or equivalently by
property 5(b), bout, : N(s) x Proc(s + 1) — Proc(s). Hence, bout, is the
natural transformation that takes as input the pair (z, @), where z € N(s)
is the subject of the bound output prefix, and a process Q € Proc(s + 1)

with a local name z. Thus, it outputs a process equivalent to Z(2).Q €
Proc(s).

(e) tau : Proc = Proc
This will construct a silent action prefixed process. For any s € |Inj|, we
have that tau, : Proc(s) — Proc(s). Hence informally, we have that tau,

takes as input a process P € Proc(s) and returns a process equivalent to
r.P € Proc(s).

(f) res: (N —o Proc) = Proc
This will construct a restricted process. For any s € |Inj| the natural
transformation res, : (N — Proc)(s) — Proc(s) or equivalently by iso-
morphism 5(b) seen above, res, : Proc(s + 1) — Proc(s). The natural
transformation res, takes as input the process Q € Proc(s + 1), with

local name z as seen in (d). Thus, it outputs a process equivalent to
zP € Proc(s).
(g) sum : Proc x Proc = Proc
This will construct a non-deterministic sum process. On any object

s € |Inj|, we get the natural transformation sum, : Proc(s) x Proc(s) —
Proc(s). Informally, sum, takes as input a pair of processes PP’ €
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()

()

Proc(s) and returns their non-deterministic sum P + P’ € Proc(s).

par : Proc x Proc = Proc

This will construct a parallel process. Hence for objects s € |Inj|, we have
that par, : Proc(s) x Proc(s) — Proc(s). We may think of par, as a
natural transformation which takes as input a pair of processes P, P’ €
Proc(s) and returns their compaosition P|P’ € Proc(s).

Im : Proc x Proc = Proc

This will construct a left merge process. For any s € [Inj|, we have that
lm, : Proc(s) x Proc(s) — Proc(s). We may think of Im, as a natural
transformation which takes as input a pair of processes P, P’ € Proc(s)
and returns their left merge PJP’ € Proc(s). '

syn : Proc x Proc = Proc

This will construct a synchronization process. Hence for objects s € |Inj|,
we have that syn, : Proc(s)x Proc(s) — Proc(s). We may think of syn, as
a natural transformation which inputs a pair of processes P, P’ € Proc(s)
and returns their synchronization P||P’ € Proc(s).

8. To have our interpretation preserve the late-bisimulation relation from Sec-

tion 3.5.1 on finite 7-calculus processes, we need the above natural transforma-

tions to satisfy some equations. These equations will allow the interpretation

of the process P and @ to be equal whenever they are late-bisimular. These

equations are based on the axioms of the Strong Ground Equivalence, from
Section 3.5.3. Let s,t € |Injj; N(s) = {z1,22,....Za};2 € N(1); P,P',P" €
Proc(s); Q,Q € Proc(s +1); and R € Proc((s +1) +1)).

(a)

estriction

nil, ifa; =2

R1 res,(in, ai yR)) =
resdlifiers (@07, B) { (i, Tres, T€S(R)) else
where 77 : N(s + 1) — Proc(s + 1) and 7, : N(s) — Proc(s), such

that nres(zi) = Tesa(fl(l'i))-
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nil, ifa; =z
R2 res,(aut,“(ai’ aj, Q)) = bauta(aiy Q) if Q; # z and
aj =2
out,(a;, aj,Tes,(Q)) else
R3 res,(bout,, (a;, R)) = nil, ifa; =2
bout,(a;,Tes,(R)) else

R4 res,(tau,,1(Q)) = tau,(res,(Q))
RS res,(sum,.1(Q, Q') = sums(res,(Q), res,(Q"))
R6 res,(nily,;) = nil,
(b) Summation
S1 sum,(P, nil,) = P
S2 sum,(P, P') = sum (P, P)
S3 sum,(P, sum,(P’, P")) = sum,(sum,(P, P'), P")
S4 sum,(P,P)=P
(c) Parallel
P1 par,(P, P') = sum,(Im,(P, P'),lm,(P', P), syn,(P, P'))

(d) Left Merge
LM1 im,(nil,, P) = nil,
LM2 Im,(sum,(P, P'), P") = sumy(lm,(P, P"),lm,(P', P"))
LM3 Im,(in,(z;,n, @), P') = ing(zi, Mim, pars+1(Q, P'))
where 7, im : N(s) — Proc(s), and mim(z:) = par,(n(z:), P')
LM4 Im,(out,(z;, zj, P), P') = outs(zi, z;, pars(P, P'))
LMS Im,(bout,(z:, Q), P') = bout,(z:, pars+1(Q, P'))
LM6 Im,(taus(P), P') = tau,(par,(P, P'))
(e) Synchronization
SYN1 syn,(nil,, P) = nil,
SYN2 syn,(P, P’) = syn(P', P)
SYN3 syn,(sum,(P, P'), P") = sum,(syn,(P, P"), syn,(P', P"))

85
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SYN4 syn,(in,(zi, 7, Q), outs(z;, Tk, P))
_ nil, if z; # z;
_{ tau,(pars(n(z), P)) else
where 7 : N(s) — Proc(s).
SYNS5 syn,(ins(zi, 1, Q), bout,s(z;, Q')
_ nil, if z; # z;
- { tau,(res,(parss1(Q. Q) else
SYNG6 syn,(tau,(P),d) = nil,
where ¢ € {in,(zi, 1, Q), out,(z;, T, P), bout(zi, Q), tau,(P)},
and n: N(s) — Proc(s).
SYNT syn,(ins(zi,n, Q),ins(zj, 7', Q') = nil,
where 1,7’ : N(s) — Proc(s).
SYNS syn,(¢,¥) = nil,
where ¢, ¥ € {out,(z;, z;, P), bouts(zk, Q)}.

Lemma 4.1.3 For F,G € |Set'™| and s € |Inj|, the embedding map emb, : (F ®pay
G)(s) — (F x G)(8) induces a surjective map surj, : (F = G)(s) — (F — G)(s).

Proof. Since Set'™ is a dcc, and the map emb : H ®pgy F — H x F induces a
map hg(emb) : Homgeun(H x F,G) — Homgeun(H ® F,G), we have the following
diagram:

Homggyini(H ®pay F,G) X Homgeuai (H, F — G)
hc(emb)

Homgm(H x F,G) & Homgyuw(H,F = G)
We now use the technique from the Yoneda Lemma. Let H = F = G, this transforms
the diagram to:

Homg i ((F = G) ®pay F,G) X Homgpai(F = G, F - G)
hg(emb)

Homgun((F = G) x F,G) 4 Homgeuu(F = G,F = G).
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Hence, from the identity map idrog € Homguni(F = G, F = G), A* o hg(emb) o
AMidrsg) = A* o hg(emb)(eval) = A*(eval o emb) € Homgeuni(F = G, F — G),
where eval : (F = G) x F = G is the evaluation map defined by the adjunction
of the cartesian product. We will show that (A*(eval o emb)), is surjective for every
s € |Inj|.

First, our map is defined to be (((A*(eval o emb)),())s)(a) = 64 (a), by the proper-
ties of linear currying A\* and of the evaluation map eval. It is important that one
convinces oneself that (6,a) € ((F = G) ®pay F)(s), which can be easily checked.
Therefore, our map is surjective since for any ¥ € (F — G)(s), pick § € (F = G)(s),
such that 8, (a) = ¥y (a), for all a € F(s') C F(s+¢'). m|

4.1.2 Open Interpretation

As in [9] and [24], we shall begin by giving an open interpretation of the finite =-
calculus. The open interpretation will take a finite m-calculus process to a morphism
in the category Set™. More specifically, a process P such that fn(P) C N(s),
denoted by N(s) F P, will be interpreted as the natural transformation [[N (s) F P]] :
NG =, Proc. Therefore, the open interpretation considers only the prefix and
operational structure of the processes but does not distinguish between two processes
which differ up to free names.

Lemma 4.1.4 Let )\ be the currying operation in the category Set™, such that for a
morphism ¢ : NWW@IL 2, Proc we have that Ay : NIV 2 (N = Proc) and A* be
the linear currying operation such that for the morphism ¢/ : N®(N@H+1 =2, Proc we
have that A*y : N®N@I 2 (N —o Proc). Then there ezists the operator A such that
A = surj o \, where surj, is the surjection from (N = Proc)(s) to (N — Proc)(s)
defined in Lemma 4.1.3, such that for any ¢ : N\¥O)I+1 = Proc we have that (Ay), :
NINGN(g) — (N —o Proc)(s)
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Proof. This is due to the following diagram:
nven LDy prog)

emb (A(¥)) surj

NOIN(@)

) (N —o Proc)

o

Definition 4.1.5 (Open Interpretation) Let N(s) + P signify fn(P) C N(s).
We shall define an operator

[=]: AT = Homgu (NN Proc)

where A7 = {P € Proc}; fn(P) C s}. This operator takes a finite r-calculus process
P such that fn(P) € N(s), to a corresponding natural transformation N¥(s)l =,
Proc. In the open interpretation we do not distinguish between the use of different
free names in processes, i.e. Z;(z;).P and Zz(z;).P are interpreted by the same natural
transformation. We define the open interpretation recursively for the finite 7-calculus
as follows: Let N(s) = {z,,z,,...,2,} and z € N(1)

1. We define the open interpretation inductively starting with a free name z; €
N(s).
[N(s) = z,-u : NIW@I =, N is the i projection

N

ﬂN (s) F Oﬂ : NIVl =, Proc is the constant natural transformation such that
for any s’ € [Inj|, [ N(s) + 0]y = nil,.

w

[N(s) F zi(2).P] =ino ([N(s) F z:], A[N(s + 1) F P])

=

N(s) - Ti(z;).P] = out o ([ N(s) F z:], [N (s) F z;], [N(s) P))

o

(=]

[V
. [N(s) F Ti(2).P] = bout o ([ N(s) F =: ], A[ N (s + 1)  P])
[V

N(s I-TP]] _tauo([N(s )+ P])
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7. [N(s)Fvz.P] =reso (A[N(s+1)F Pﬂ)

8. [N(s)F Pi+ Py} = sumo ([N(s) - P.], [ N(s) F P:])

10. [N(s)F PP ] =lmo ([N(s) F Pi], [ N(s) F P2])
(

[Ms)
. [N(s)
9. [N(s) F P[P = par o ([N(s) - P.]. [N(s) - P2])
. [NGs)
. [N@G)F PR ] = syn o ([N(s) F ], [N(s) F P2])

11

Lemma 4.1.6 The following are four properties of the open interpretation.

s, 14, 1, t € |Inj|.

1. Permutation
Let N(s+ 15+ 1, + t) - P, then:

[Ns+la+1L+t)FP] = [N+ L+ 1la+t)F Plomp

where Tp = (11’1,”2, oo s TIN(8)]s TIN(8)|+2) TIN(8)|+1s TIN(8)|+32 - - » 7r|N(a)|+[N(t)|+2)

2. Contraction
Let N(s+t)F P, and a’ € N(1,), then:

[Ns+1.+t)F P] =[N(s+t)F P]omc

where o = (1,2, - . ., MN(8)]s FIN(8)[+21 - - - + TN (s)|+IN(e)l+1)

3. Substitution
Let N(s+ 1, +t) - P, a’ € N(1,), and z; € N(s +t), then:

[Ns+t)F Pl ==g;]] = [N(s+ La +t) F P oms

where s = (T, T2, ..., MnGays [ V(8 +8) F 2 ] oty - - Tivgapteinveen)

4. Alpha-Conversion
Let N(s)F P and N(s) - Q. If P =, Q, then:

[NGs) - P] = [N(s) + Q]

89
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The proof is shown in detail in Appendix A
Corollary 4.1.7 If N(s+ 1) F Q, where z € N(1), ¥ € N(1,) then
[Ns+1)FQ]=[N(s+1L)FQlz:=y1]

Unfortunately, the open interpretation will not correspond the late-bisimulation
relation, because the operational semantics considers processes with different free
names semantically different. However, it will correspond to the late-equivalence

relation, which forms a congruence relation over finite m-calculus processes

Example 4.1.8 From Example 3.5.6, we have seen how the processes P =
z(2).0[7(u).0 and Q@ = z(z).5(u).0 + F(u).z(2).0 are late-bisimular, i.e. P ~ Q.
However, Ply := z] # Q[y := z], hence [N(s) - P] # [N(s) - Q].

Nevertheless,we are mainly interested in capturing late-bisimulation in our inter-
pretation. That is why, in the next section, we shall extend our open interpretation
into a closed interpretation, which shall differentiate between distinct free names and
be preserved under late-bisimulation.

4.1.3 Closed Interpretation

Our open interpretation does not capture the notion of late-bisimulation in the finite
m-calculus because it cannot differentiate between free names. For this reason we

introduce the closed interpretation function:
(-] : A} — Proc(s)

where AT = {P € Proc}; fn(P) C s}. This interpretation sends a finite 7-calculus
process with free names in N(s) to an element of Proc(s). Therefore, we shall inter-
pret free names by (N(s) I z;) = z; € N(s) and processes by (N(s) - P) € Proc(s).
We shall define the closed interpretation by recursion:

Let N(s) = {Z1,22,.--,Za}, 2 € N(1), and P, P; € Proc(s),

1. (NsS)Fz) =1z
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2. (N(s)F0) = nil,

3. (N(s) F zi(2).P) = in, o ((N(s) F z:),((N(s) F Plz := ), (N(s + 1)
P))

4. (N(s) F Ti(z;).P) = out, o ((N(s) F z:], (N(s) F ), (N(s) - P))
5. (N(s) F Zi(z).P) = bout, o ({N(s) F z:), (N(s + 1) - P})
6. (N(s) F 7.P) = tau, o ((N(s) - P})
7. (N(s) F vz.P) = res, o ((N(s +1) F P})
8. (N(s) F P+ Py)) = sum, o ((N(s) - P1), (N(s) F P])
9. (N(s) - Pi|Py) = par, o ((N(s) - P1), (N(s) F P2))
10. (N(s) F PLiPy) = Im, o ((N(s) F P1), (N(s) F P2))
11. (N(s) - Pi||Py) = syn, o ((N(s) & P1), (N(s) - P2))

We notice that there is a similarity in the definitions of the open and closed
interpretations. In fact, take the process P = Zi(z;).0 such that fn(P) C
N(s) = {z1,Z2,...,Z,}. Since the open interpretation of the process P is a nat-
ural transformation we can observe it at the object s € |Inj|, i.e. ﬂN (s) F P[], :
N"(s) — Proc(s). Finally, since £ = (z1,%2,.--,Zn) € N"(s), we have that
[N(s) F P]a(1, 22, - -, Zn) € Proc(s). Therefore

[Ns)F Pl = outy([N(s) b z:]u2, [N(s) F z;]u, [ N(s)  0],2)
= out,(z;, z;,nil,)
Moreover, the closed interpretation of P is :

(N(s)F P) = outy({N(s) F z:), (N(s) b ), (N (s) - 0))

= outs(z;, z;,nil,)

There is in fact a relation between the open interpretation and the closed inter-
pretation of our finite m-calculus processes. It is described in the following lemma.
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Lemma 4.1.9 Let N(s) = {z},22,...,Zn}, then for any finite 7-calculus process P
such that N(s) - P,

(N(s)F P) = [N(s) F Pls(1, 22, - -, Zn)

Proof ([9]). There are two main cases we need to check: Let s € Inj|,£ =
(T1,...,Zn), N(8) = {21,Zs,...,Zn}, and 2 € N(1)

1. We must show that
A[N(s+1) F P]).Z = (((N(s) F Plz := 2]}y, (N(s + 1) F P))

Given our isomorphism a : (N = Proc)(s) — Proc*(s) x Proc(s + 1),
and since (\[N(s + 1) F P]),Z € (N = Proc)(s), a(A\[N(s+1)F P]),3) €
Proc*(s) x Proc(s + 1). By Proposition 4.2.2 the map a defined by a(f) =
(0,(idy, =), 0s+1(e, 2)), where e : 8 < s + 1 is an embedding and z € N(1),
is an adequate isomorphism from (N = Proc)(s) to Proc*(s) x Proc(s + 1).
Therefore, we can compute the following:

AN+ 1) FP))E
= (((A[N(s +1) F P])a(2))alids, =), (A[ N (s + 1) F P])s())s1(e, 2))
= ((A[N(s+1) F P]a(@))s(idy, =), [ N(s + 1) F P)sss(N™(e)(2), 2))
= ((A[N(s+1) F P])s(®))s(ids, =), [N(s + 1) F P)ssa(Z, 2))
(A[N(s+1) F P])s(2))s(ids, ), (N(s + 1) F P))

Moreover, since for 1 < i < n, Lemma 4.1.6 admits that:

(N(s)FPlz==z]) = [N(s)+ P[z:=zi].(2)
= [Ns+1)F P& [N(s) F z:]a8)
= [N(s+1)F P|y(Z 2)

it follows that

(A[N(s +1) F P])s(@))s(ids,z:) = [N(s+1)F Pls(N"(id,)(%), z:)
[Ns+1)F P)s(&.2)
= (N(s)F Pz :=xi])
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2. We must show that
N([N(s+1)FP])=(N(s+1)F P)

However, we have previously shown in Lemma 4.1.4, that A’ = surjo A. Hence

(W[N(s+1)FP]),E = (surjoA[N(s+1)F P]),Z
= surj,o ({({N(s) F Pz := zi]))z;es, (N (s + 1) - P])
= (N(s+1)F P)

4.1.4 Soundness

In this section we shall demonstrate that the closed interpretation of our finite =-
calculus processes will preserve the late-bisimulation relation. In other words, if two
processes P and Q are late-bisimular, we shall show that (N(s) - P) = (N(s) + Q).

Theorem 4.1.10 Let P and Q be two finite m-calculus processes such that N(s) - P
and N(s) - Q, where N(s) = {z1,Za,...,Za}. If SGE - P = Q, that is the processes
are late-bisimular, then (N(s) + P) = (N(s) F Q).

The details of the proof are shown in Appendix B

4.2 A Concrete Model for the Finite m-calculus

From the properties defined in the previous section we can construct a concrete
presheaf model for the finite 7-calculus using the presheaf category Set™. We now
analyze in detail the previously-discussed categorical structure of Set'™ and use it to
assign concrete mathematical operations to our defined natural transformations. We
list the following facts using the same numbering as they appeared when stating the
general list of abstract properties in Section 4.1.1.

1. and 2. Are exactly as they were stated in Section 4.1.1.

3. Set™ is a dcc.

(i) Set™ is a cartesian closed category:
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(a) Set™ has products: for F,G € |Set™|, and s € |Inj|:
(F x G)(s) = F(s) x G(s)
where x is the product in the category Set.

(b) Set™ has a corresponding function space, as previously defined, for presheaf
categories. Let F,G € |Set™| and s € [Inj|:

(F = G)(s) = Homggni(Homg(s, ) x F,G)

(i1) Set™ is a symmetric monoidal closed category.

(a) The tensor product follows from the Day construction in Section 2.4.5. We show
below it is given by the following construction of Stark adapted from [24]. Let
F.G € |Set™| and s € |Inj|:

(FRsG)(s) = {(a,b)e(FxG)s);3f:i—s8,9:j—s,
@ € F(i), and ¥ € G(j) such that a = F f(d'),
b= Gg(t') and Im(f) N Im(g) = 0}

(b) The tensor product is symmetric because Inj is a symmetric monoidal category.

(c) The linear space corresponding to the above tensor product is defined as follows.
Let F,G € |Set™| and s € |Inj|:

(F —o G)(8) = Homgeuni(F,G(s + ~))

Remark 4.2.1 Given that A —o — is also the left adjoint for Stark’s more accessible
definition of the tensor product on Set!™, given by: let F,G € |Set™| and s € [Injj:

(F @swark G)(8) = {(a,b) € (FxG)(s);If:i—3s,9:7—s,
a’ € F(i), and VY € G(j) such that a = F f(a'),
b= Gg(V) and Im(f) N Im(g) = 0},
we have that ®gark and ®p,, describe the same tensor product up to isomorphism
on Set'™.
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4. By the above definitions of the product and tensor we have the following facts, for
F,G € |Set™, and s € |Inj|:
An embedding,

(F ® G)(s) = (F x G)(s),
which also forces a surjection from Lemma 4.1.3,
(F = G)(8) =~ (F — G)(s).

5. We shall define the object of names N : Inj — Set to be the element of Set'™
which embeds Inj into Set, i.e. for s € |Inj|, N(s) = s and for i : s — & in Inj,
N(i) = i. Now we make sure that our functor satisfies the desired equations.

Theorem 4.2.2 For s € |Inj| we have:
(@) (N = F)(s) = (F¥(s)) x F(s +1)
(b) (N —o F)(s) = (F(s+1))

Proof.

(a) First, notice that F'*(s) represents all the possible outputs of a function of the
form 7 : s — F(s). Therefore we can represent the |s|-tuple F'*!(s) by a function 7.
(i) Define a map f : F*l(s) x F(s+1) — (N = F)(s) by:

f: FPl(s)x F(s+1) — (N = F)(s)
(n:s— F(s),n) — 60
such that
F(i)(n(z)) ify=i(z),z€s
F(li,y])(p) ify & Im(3)
wherei:s — ¢/, and [i,y]:s+1—s"+ 1
(ii) Define a map g : (N = F)(s) — F!I(s) x F(s + 1) such that:

(0 (i,y) = {

g: (N=F)s) — Fil(s)x F(s+1)
7] Land ((oa(idaa —')’ 0,4,1(8, Z))
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where e : s — (s+ 1), and z € ((s + 1) — 8). Notice 0,(id,, —) : s — F(3), is the
function which we have identified with Fl*l(s).

The two maps f and g are inverse to one another:

(i) We wish to show that:

((fo g)(e))s’(iv y) = os'(i’ y)

There are two cases to check:
(1) Case 1: Suppose that y = i(z), for some r € s.

((fog)(@)s(iy) = (f(0s(ids, =), 0541(e, 2))s (i, y)
= (o(ol(id---)-oul(evz)))’,(i’y)

= F(i)(6,(id,, z))
= 03’(iv y)

(2) Case 2: Suppose that y € Im(Z).
((fo9)(@))s(iy) = (f(0:(ids, =), 0ss1(e, 2)) (i, 9)

= (0(90(“10 D a'*"("")),:(z, y)
= F([i,y])(0s+1(e, 2))
= Oy(i,y)

Therefore, both cases allow us to conclude that f o g = id(n=F)(s)-

(i) We wish to show that:

(go f)(n p)=(nu)

(go fimu) = g(@™»)
= (6 (idy, —), 6% (e, 2))

where the following equalities hold:

(1) 67)(id,, —)(z) = 6" (id,, z) = F(id,)(n(z)) = n(z), and

(2) 62 (e,2) = F(le, 2D)(w) =
Therefore we conclude that go f = idgi(s)xF(s+1)- Finally, we conclude, by the above,
that we have an isomorphism.
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(b) For # € (N — F)(s8) = Hom(N,F(s + —)); we have the following square com-
mutes:

s N(s') b F(s+4)
i Ni F(s+1)
" N(s") s F(s+s")
Hence this is true for the following; Let 8’ = {z,,z,,...,z,}:
1 N(1) =2 F(s+1)
4 N (i) F(s +1))
s N(s') o F(s+4)

where we have:
By o N(i)(z) = F(s +1) 0 61(2)

Oy (z;) = F(s +1;)61(2)
Hence given 6 € (N —o F)(s) define f: (N — F)(s) — F(s+1) by:

f: (N—oF)(s) — F(s+1)
6 —~ 6(2)

Moreover, we also define a map:

g: F(s+1) — (N — F)(s)
B — g
where 8# : N = F(s + —) is a natural transformation defined by:
(6#)y : N(s') — F(s+9)

(6¥)y: & — F(s+59)
z o~ Fls+iu
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We verify that 6* is a natural transformation. Hence we must show that
(0“),/1 oNi= F(S + 'l) (=} (0“),1

LHS
(0#)s o Ni(z5) = (8*)g(i(;))
= (6#)s (k)
F(s + )

RHS
F(s+i)o(0¢)g(z;) = F i) o F(s +1i;)u

(s+

= F((s+i)o(s+1)u
(
(

F(s+ioij)u
= F3+Zk)

since

B: 1 — & doij: 1 — s

z =y i0ii(z) = iz;) =w
So, since RHS = LHS, we indeed have a natural transformation.
Finally we verify that our two maps are inverses. We need that:

/"

fog=idp,ys1) and go f = idn—oF)s)

Let p€ F(s+1)

(fog)u) = fla(n)
f(6*)
= (6*)1(2)
= F(s+id;)p
= (idF'(a-H))”'
= M

Let ¢ € (N — F)(s)
(go i) = g(f(¥))

= g(th(2))
= ¥z

98
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We want that §“:(3) should be equal to 1. Therefore the following should hold:

(65 (z;) = (¥w)(;)

LHS
(64 ®)s'(z;) = F(s+i;)91(2)
RHS
(e )zj) = (be)(Nij)(2)
= F(s+i;)%(2)
This show the equality §¥1(*) = .
Therefore, we have the required isomorphism:

(N F)(s)=F(s+1)

a

6. Set'™ admits a lifted free-semilattice monad, namely the finite powerset monad
P}"‘ taken pointwise.
Let G : Set'™ — Set!™. be the functor which is defined as follows, for X € Set!™:

GX)=PP(Nx(N=>X)+NxNxX+Nx(N-X)+X)

Proposition 4.2.3 Let Proc be the colimit of the sequence of objects 0 — GO —
G20 — ..., where 0 is the initial object in Set'™, then Proc is the least fized point
for the endofunctor G.

Proof. It will be enough to show that G preserves directed union and apply Theo-
rem 2.7.6. Let U;A; be the colimit of the directed sequence A, — A; — A3 — ...
where A; € Set'™ and A; — A;;; is a monomorphism. We will show that for any
s € Inj, G(U; Ai)(s) = Ui(G(A:)(s)).

Suppose X € G(U;A;)(s), then X is a finite subset of

s x (UsAi(8))'™ x UAi(s + 1) + 8 x 8 X Ui Ai(8) + 8 X UsAi(s + 1) + UsAi(s).

Therefore an element z, € X is of one of the following forms
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o z, = (z,P,..., Py, Q), where z € s, P; € U;Ai(s) and Q € U;A;(s + 1),
o r, = (z,y, P), where z,y € s and P € U;A;(s),

e z, = (z,Q), where z € s and Q € U;Ai(s + 1),

e 1, = (P), where P € U;A(s).

We will show that X € GA(s) for k = maz,k,, where the k, are determined by each
element z, as follows

o If z, = (z,Py,..., Py, Q), for each P; € U;Ai(s) and @ € U;Ai(s + 1), there
exists a least m; such that P; € Ap,(s) and a least n such that Q € An(s+1).

Hence, let k, = maz(m,,...,my,,n).

o If z, = (z,y, P), for P € U;A;(s), there exists a least m such that P € A,(s).
Hence, let k, = m.

o If z, = (2,Q), for @ € U;Ai(s + 1), there exists a least m such that @ €
Am(s +1). Hence, let k, =m.

o If z, = (P), for P € U;A;(s), there exists a least m such that P € Any(s).
Hence, let k, = m.

Therefore, we have that X € GAi(s) which implies X € U;GAi(s).

Suppose X € U;GA;(s), then there exists a least k such that X € GAi(s). Since
G preserves inclusions and that A; C A, for all i, therefore GA; C GA;;;. Hence
we consider X as a finite subset of

sx A',;"(s) X Ak(s+ 1)+ 8 x 8 X A(s) + 8 x Ax(s + 1) + Ai(s).
However, this makes X a finite subset of
8 X (UiAi(S))M X UiA;'(S + 1) +8X8X UiAi(S) +38X U,-A,»(s + 1) + UiAi(S)

since for any s € Inj, A(s) C U;Ai(3). a
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Remark 4.2.4 Consider the slightly modified endofunctor G’ : Set™ — Set'™ such
that

G(X)=PPN(NxNxX+Nx(N-oX)+X).

Which will be used to construct an object of broadcasting processes BProc, i.e.
processes which do not possess any input prefix. Define BProc to be the least fixed
point of G’, found by the same method we found Proc. What is interesting to remark
is that BProc is isomorphic to the functor F : Inj — Set such that F(s) = {P €
BProc}; fn(P) C s}, where BProc} represents the set of all broadcasting processes.
Therefore, we have that BProc(s) contains exactly the processes needed to model a
broadcasting variant of the finite m-calculus.

In the case of Proc we do not obtain such a strong result. However, we can claim
the following:

Let T : Inj — Set be the functor such that T(s) = {P € PRoc}; fn(P) C s},
there is a canonical embedding a such that @ : T — Proc. This signifies that
our object of processes is larger than the set of all finite 7-calculus processes. The
isomorphism fails because the type N x (N = Proc) of G contains more elements
than is needed to describe input processes.

7. Set!™ admits the necessary natural transformations to model the finite 7-calculus.

1. nil : Proc or equivalently nil : 1 = Proc, where on any object s € |Inj|:

nily : 1(s) — Proc(s)
{z} —» 0

Hence nil, = 0

2. out : N x N x Proc = Proc, where on any object s € |Inj|:

out,: (N x N x Proc)(s) — Proc(s)
: N(s) x N(8) x Proc(s) — Proc(s)
s x 8 X Proc(s) — Proc(s)

(zi, 5, P) = {(zi,z; P)}

Hence out, = the singleton map.
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3. in: N x (N = Proc) = Proc, where on any object s € |Inj|:

ing: (N x (N = Proc))(s) —  Proc(s)
N(s) x (N = Proc)(s) — Proc(s)
: 8 x (Proc®l(s) x Proc(s+1)) — Proc(s)
(zi, (n: 8 — Proc(s),Q))  — {(zi(n:s— Proc(s),Q))}
Hence in, = the singleton map.

4. bout : N x (N — Proc) = Proc, where on any object s € |Inj|:

bout,: (N x (N —o Proc))(s) — Proc(s)
: N(s) x (N —o Proc)(s) — Proc(s)

s x (Proc(s + 1)) —  Proc(s)

(z:,Q) — {(z.Q)}

Hence bout, = the singleton map.

5. tau : Proc = Proc, where on any object s € |Inj|:

tau, : Proc(s) — Proc(s)
P~ {(P)}

Hence tau, = the singleton map.

6. res : N —o Proc = Proc, where on any object s € [Inj|:

ress: (N —o Proc)(s) — Proc(s)
Proc(s+1) — Proc(s)

We define the restriction function res,(Q) by cases as follows:
Let s = {z,72,%3,...,Zn} and z € (s+ 1) — s and Q € Proc(s +1).

(a) If @ = 0, then Q would be representing the zero process. (i.e. @ = nily41).
Then
res,(Q) = ress(nilyyr)

= nil,
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(b) If Q represents an output process, (ie. @ = {(z;,z;, @)}
= outy+1((Zi,Z;,Q’))). There are three cases we must check:

i. Suppose z; = z,

res,(Q) = ress(outy1((2,2;,Q)))

= nil,
ii. Suppose z; # z, and z; = z,

TCSS(Q) = ress(WtHPI((ziv 2, Q’)))
= bout,((zi,res,(Q'))

iii. Suppose z;,z; # z2,
res,(Q) = res,(outsr((zi, 75, Q')))
= outs((Zi, j,res,(Q')))

(¢) If Q represents an input process, (i.e. @ = {(zi,(n: s+ 1 — Proc(s +
D, @)} = ing1((zi,(n: s+ 1 — Proc(s +1),Q')))), then there are two
cases to check:

i. Suppose z; = z,
ress(Q) = ress(ing+1((z,(n: 8 — Proc(s+1),Q’))
= mnil,
ii. Suppose z; # z,

TCS,(Q) = re.s,(in,“((zi, (77 N g P’I’OC(S + 1)7 Q'))
= in,((z;, (ress om : s — Proc(s),ress(Q'))))

(d) If Q represents a bound output, (ie. Q = {(z;, @)} = bouts1((z: Q)))
then there are two cases to check:

i. Suppose z; = z,
res,(Q) = res,(bout,1((z,Q'))

= nil,
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ii. Suppose z; # 2,

ress(Q) = res,(boutss((zi, Q')
= bout,((z:, ress(Q'))

(e) If Q represents a silent action process, (i.e. Q = {(Q')} = tau,;1(Q))
then:

ress(Q) = resy(tau,1(Q'))
= {(res, (Q,) ) }

7. sum : Proc x Proc = Proc, where on any object s € |Inj|:

sum, : Proc(s) x Proc(s) — Proc(s)

We define the summation function sum,(P,, P;) as follows:

sums(P, Py) = u(Py, Pp)
where u is the big union map defined in Example 2.5.2.

8. par : Proc x Proc = Proc, where on any object s € |Inj|:

par, : Proc(s) x Proc(s) — Proc(s)

We define the composition function par,(P,, P;) as follows:

Pa"'s(Ply P2) = sums(lma(Plv P2)1 lms(P21 Pl)v Sy'n(Ph P2))

9. lm, : Proc x Proc = Proc, where on any object s € |Inj|:

Im,: Proc(s) x Proc(s) — Proc(s)

We define the left merge function im,(P,, P;) by cases:
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(a) Suppose P, = nil,, then

Ims(P, Pp) = Imy(nil,, Py)
= nil,

(b) Suppose P, = iny(z;,n: 8 — Proc(s), @), then

Imy(P, P) = Im,(in,s(zi, 1, Q), P,)
= ina(xiynl 8= Proc(s),par,+1(Q, P2))

where 7/(z;) = Im,(n(z:), Q)
(c) Suppose P, = out,(z;,z;, P), then

Imy(Py, P;) = Im,(out,(z;,z;, P), P2)
= out,(z;, z;,pars(P, P,))

(d) Suppose P, = bout,(z;, Q), then

Imy(P,, P;) = Imy(bouts(z;,Q), P2)
= bout,(;, pars+1(Q, P2))

(e) Suppose P, = tau,(P), then

lma(Pla P2) = lms(taus(P)vP2)
= tauy(pars(P, P2))

10. syn, : Proc x Proc = Proc, where on any object s € |Inj|:

syn, : Proc(s) x Proc(s) — Proc(s)

We define the symmetric synchronization function syn,(P;, P;) by cases:

105

(a) Suppose P, = in,(z;,n : s — Proc(s), Q) and P, = out,(z;, i, P), then

pars(n(ze), P)  if zi =z;

(P, P2) =
syms(Pu, Fa) {ml, otherwise
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(b) Suppose P, = in,(z;,n : 8 — Proc(s), Q1) and P, = bout,(z;, Q>), then

ress(parss1(Q1,Q2)) if T =1z;

syns(P1, Py) = { )
nil, otherwise

(c) Suppose P,, and P, are processes other than the ones mentioned in the
cases above, then:

syns(P1, Py) = nil,

8. We must show that the natural transformations satisfy the given equations: The
above natural transformations must satisfy

1. Restriction For all 4, Ri is included in our definition of res.

2. Summation For all i, Si follows from the properties of the u natural transfor-
mation for the finite powerset monad.

3. Parallel P1 is included in the definition of par.
4. Left Merge For all i, LMi is included in the definition of im

5. Synchronization For all i, SYNi is included in the definition of syn.

Therefore, we have constructed a concrete model for the finite n-calculus. The
above shows that there exists at least one model satisfying our suggested properties
with which to model the finite 7-calculus.

4.2.1 Full-Abstraction and the Concrete Model

We have discussed in Chapter 3, the notions of late-bisimulation, denoted by ~;, and
late-equivalence, denoted by ~;. These described behavioral equalities between finite
r-calculus processes. We will see in this section that the closed interpretation of the
finite m-calculus captures exactly the notion of late-bisimulation and furthermore,
that the open interpretation of the finite 7-calculus captures exactly the notion of
late-equivalence. These are results which [24] and [9], also achieve for their models of
the full m-calculus. In this section, we base the proofs mainly on results suggested by
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[24] but restricted to the finite 7-calculus. Therefore, we end this section by proving
the following full-abstraction results:

PmQ & (sFP)=(s+Q) (7)
PX~Q & ﬂsi—P]’=ﬂsl~Q]] (8)

We begin with a result which describes the final form of a process under the closed

interpretation.

Lemma 4.2.5 Given the closed interpretation in our model we have that for P €
Proc}:
(st P) = sumy(by, ..., bn)

where s = {zy,...,Z,} and by € {in,(zi,((s + Qi[z = z])i.(s+1 F
Q)), outy(zi, z;, (s F Q)), bouts(zi, (s + 1 - Q)), taus((s - Q)), 0} , for Q € Procj.

Proof. We proceed by structural induction on the process P.

(i) Let P =0,

(s 0) )
(by property of sum) = sum,(0,0)

Thus, the result holds.

(i) Let P = z(2).P,

(st zi(z).P) = ing(zi,((st P'lz:=z;]))j1, (s + 1+ P))
(by property of sum) = sum,(in(z;, ((s F P'[z := z;]))}_1, (s + 1 F P)),
in(@i, ({8 F Plz = 2]))jey, (s + 1+ P)))
Thus, the result holds.

(#ii) — (v) Let P = T;(z;).P’, P = Ti(z).P’ or P = 1.P’, the results hold by similar
arguments made in (ii).
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(vi) Let P = 3 ;¢ m:.P;, and by induction hypothesis (s - 7;. B) = sum, (b1, - - -, bimy))-

(st Y m.P) = sumy((s+m.P),...,(s+ mn.And)

iel
(IH) = sum,(sum,(b(l'l), ooy b(l.ﬂu))v ooy 3um,(b(|1|'1), ey b(”lv"‘lll)))

(by property of sum) = sum,(b(m), ey b(l.m;)y ooy b(lll.1)1 ooy b(m'"'m))

Thus, the result holds.

(vii) Let P = vzP’, and by induction hypothesis (s + 1 F P') = sum,41(b1,...,bm).

(sFvzP) = res,((s+1F P))

(LH.) = ress(sumgsi(by,...,bm))
(by property of res) = sum(ress(b),...,ress(bm))

We must show that res,(b) is of the desired form. Let z = 2,44,
(a) Suppose b = in, 1 (z;, (s + 1+ Q[ := zj]]));-‘_i_’ll, (s+1+1-FQ)),

res,(b) = resy(ing(zi, (s +1F Q' = z;]))7H,

(s+1+1,+Q)))
{0} if 7, = 2
(by property of res) = { in,(z;, ((s F (v2Q)[z = zj]))}=1,
(s + 1 FvzQ)) else

(b) suppose b= m‘ts'{»l(xiv zj1 ([3 +1 F QD)

res,(b) = res,(outs1(zi z;,(s+1FQ)))
{0} ifz;=z2
(by property of res) = { bouty(z;,(s+1FH Q) ifz;#zandz;=2
out,(z;, z;, (s F vzQ)) else

(c) Suppose b = boutssi(zi, (s + 1+ 1+ - Q))
ress(b) = res,(boutss1(Ti,(s+1+1xFQ)))

{0} ifz; =2

(by property of res) = { bout,(z;, (s + 1 F v2Q)) else
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(d) Suppose b = tau,+1((s + 1+ Q))

ress(b) = res,(taug1([s+1F QD))
(by property of res) = tau,((s t vzQ))

(e) Suppose b = {0}

ress(b) = res,({0})
(by property of res) = {0}

Thus, the result holds.

(viii) Suppose P = P'|P”, and by induction hypothesis that (s + P) =
sumg(by, ..., bn) and (s + P") = sum,(cy, ..., Ck)-

(s+ P'|P") = pars((s+ P),(s+ P"])) :
= sumy(lm,((s + P'), (s - P")),lms((s + P"). (s F P')),
syns((s F P), (s - P"]))
(LH.) = sum,(im,(sum,(by,...,bm), (s P"}),
Imy(sumy(cy, -, ck), (s + P'D),
syny(sumy(by, - . ., bm), sums(cy, ..., ck)))
(by property of Im and syn) = sum,({im,(bu, (s F P")))oey; (bms(cu, (s = P)))5=1,

((8Yns(bus €v))ym1 5—.—1)

Thus, if @ € (s + P'|P") then a € (Im,(bu, (s F P")))1xy, @ € (Imy(cy, (s F P')) K L
or a € ({syns(bu, cy))™,)%_,. We verify each case,
(a) Suppose a € (Im,(by, (s = P"D))iiys

Imy(by, (s + P"))
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() iny(zi (s F @QIP")z = ;D) uy, bu=
(s+1FQIP"D) ing(zi, (s F Qz = z;]))}=1))
(s+1FQ)
= ¢ (i) outs(zi,z;, (s QIP")) if b, = out,(z;,z;, (s - Q))
(3ii) bout,(z;, (s + 1 + Q|P")) if b, = bout,(z:, (s + 1+ Q))
(iv) taus((s + Q|P")) if b, = tau,((s + Q))
| (V) {0} ifb, =0

(b) Suppose a € (Im,(c,, (s F P')))k_,, proceed with similar arguments made in (a).
(c) Suppose ac ((syn,(bu, cv))?:l)ﬁ:l

syny(bu, cv)
(1) taus((st Q[z :=;]|QD) if by = in,(zs, (s F Q[z := z;])) ]y
(s +1+ Q)) and ¢, = out,(zi, v, (s - Q"))
_ (1)  tau,({s F vz(QIQ")D) if by, = in,(z;, (s F Q[z == z;]))}=1,
(s + 1+ Q)) and ¢, = bout,(z;, (s + 1 - Q')

(i)  syny(cy, by) (by property of syn)
| (i) {0} else
Thus, the result holds. O

In order to prove (7), we shall consider the relation between the elements of the
closed interpretation {s - P) and the possible transitions of the process P. We will
prove that the closed interpretation preserves and reflects these process transitions.
Thus, we shall be able to prove our full abstraction result for the closed interpretation.

Lemma 4.2.6 Let P € Proc} be a finite w-calculus process then its closed interpre-

tation in Set'™ reflects and preserves transitions.

Definition 4.2.7 In order to prove the above lemma, we introduce two relations
on the elements of Proc(s) and AT C Proc}, where AT = {P; fn(P) C s}. Let
p € Proc(s) and P € A],
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(a) The relation &, C Proc(s) x AT is defined such that po, P if and only if whenever

¢ in,(x", (qs - Q[Z = z]]b);l‘—-l’ ) ¢ P zii) R
(Is +1F QD) ]
P R
0= out,s(z;, zj, (s - Q)) » C p then 3R. { p %) .
bout,(z;, (s + 1+ Q))
PL R
{ tau,((s F Q)) | L

and (s+ 1+ R)
=(s+1FQ)
and (s+ R)
=(s-Q)

and (s+ 1+ R)
=(s+1FQ)
and (s - R)
=(s+Q)

(b) The relation 4, C AT x Proc(s) is defined such that P <,p if and only if whenever

(1)

(i)
(i43)
(iv)

Proof.

P
P™
J
pP

4
A

IR 1A

~ [ (i)

1§

R
& > then ¢
R

R

/ | (iv)

ing(zi, ((s F Rz == z;])) 11,
(s+ 1+ R))

out,(z;, z;, (s - R))
bout,(z;, (s + 1 + R))
tau,({s - R))

(s+1+ P)
(s+ P)

(s+1FP)
(s+1+ P)

N N iN 1IN

(A) To prove that the closed interpretation reflects transitions, it will be enough to

show that (s = P) o, P. Thus, since (s - P) = sum,(b,...,

must satisfy the following statement,

\

iny(zs, ({8 F Qlz = 7 ]))y, |

(s+1+Q))
auts(zi’ TLj, (IS + QD)
bout,(x,-, (IS +1F QD)

taus(qs E QD)

» then 3R. {

’

\

bm) by Lemma 4.2.5, we

and (s+1F R)
=(s+1FQ)
and (s - R)
=(s-Q)

and (s+1F R)
=(s+1+Q)
and (s + R)
=(s-Q)

We shall proceed by structural induction on finite 7-calculus processes:
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(7) Suppose P = 0.
Since (s F 0) = @, there are no subsets of (s - 0) of the required form. Thus,
(s+0) o, 0.

(ii) Suppose P = z;(z).P’ and by induction hypothesis (s + 1+ P') o4, P'.
(sF zi(2).P) = ing(zi,((st Pz :=z;]))}-1, (s + 1+ P))
= sum,(in,(xi, ((st+ Pz :=zj]))j=rn (s + 1+ P]),
ina(ai (s Pz i= 2y]))os, (s + 1+ PD))

The only element of the required form is in,(zi, ((s F P'[z := z;]))}-,, (s + 1 + P'))
Hence, pick R = P’, we observe that P ) R and (s+1F R) = (s+1F P'). Thus,
we have satisfied the conditions of the relation.

(#ii) — (v) Suppose P = T;(z;).P', P = Z;(z).P' or P = 7.P' with their corresponding
induction hypothesis, then the relation holds by similar arguments made in (ii).

(vi) Suppose P = ¥/ m;:.P; and by induction hypothesis that (s - ;. B)) o, 7. P.

(IS F Zﬂ"P,D = sum,(([s f‘ﬂ’l.PlD,...,(Is (o Tl’m.PmD)
i€l
(by Lemma 4.2.5) = sum,(sumy(bu,1)s---»0my))s---» SuUms(bn,1y, - - -+ b(iimy)))

= sum,(b(m), ceey b(l,m1), ceey b(|1|'1), cey b(|1|'m|”)))

Thus, by induction hypothesis we have satisfied the statement of the relation.

(vii) Suppose P = vzP' and by induction hypothesis (s + 1+ P') byyy P'.

(sFvzP) = res,((s+1+ P))
(by Lemma 4.2.5) = res,(sumg4(by,...,bn))

= sum,(res,(b1),...,Tess(bm))

We verify the validity of our statement for each possible form of a = res,(b).
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(a) Suppose b = ing1(zi, ((s+1F Q[z’ = z;])) i, (s + 12 + 1 F Q)),
res(b) = iny(z;, ({8 F (vzQ)[2’ := z;]))j=1, (8 + 12 F v2Q))

By induction hypothesis, 3R'. P’ %) B and (s+1y+1+R)=(s+1.+1FQ).
Thus, let R = vzR', we have that P “3’ R and that (s+ 1, + R) = (s + 1o F
vzR) =reser, ((8+ 12 +1F R)) =respr ((s+ 12 +1FQ)) = (s + 1 F vzQ).

(b) Slxppose b = outs1(Zi, 25, (s + 1 + Q)), by induction hypothesis, IR’ such
that P’ *%" R and (s R) = (s+ Q). We have that res(b) can be of two forms:

(1) Suppose z; # z
res(b) = outy(zi, zj, (sF v2Q))
Pick R = vzR', then P "% R, and (s - R) = (s+1F vzR') = (s +1F v2Q).
(2) Suppose z; =z
res(b) = bouts(z;, (s+1F Q)
Pick R=R',then P™5 R,and (s+1+R)=(s+ 1+ R) = (s +1F Q).

(c) Suppose b = bout,,1(z, (s+ 1~ + 1+ Q)), by induction hypothesis there exists
R’ such that P' 5’ R and (s+1-+1FR)=(s+1-+1F Q).

res(b) = bouty(z;, (s + 1 + v2Q))

pick R = vzR', then P8R and (s+1+ R) = (s + 1+ vzR) = (s + 1 + vzQ).

(d) Suppose b = tau,.1({s+ 1+ Q)), by induction hypothesis there exists R’ such
that P > R and (s+1FR) =(s+1F Q).

res(b) = tau,((s+1FvzQ))

Pick R=vzR', then P 5 R, and (s - R) = (s F vzR) = (s - vzQ).
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(viii) Suppose P = P'|P” and by induction hypothesis that (s - P’) >, P’ and
(s+ P")os P".

(st PIP") = pars((st+ PD.(s+ P"))
= sum,(lmy((s - P), (s + P")),
Im,((s + P"), (s + P')),
syns((s + P, (s P")))
(by Lemma 4.2.5) = sum,(im,(sum,(by,...,bm), (s P")),
Imy(sum,(cy, - -, ck), (s F P)),
syns(sumy(by, . . ., bm), sum,(cy, ..., ck)))
(by property of lm and syn) = sum,({im,(by, (s + P")))i1, {Ims(co, (s F P))E_,,

((syn.(bu,cu))"..‘:1>§=1)

We verify our statement for each valid form of the elements of the summation.

(a) Suppose a = Im,(b, (s - P")). We want to show that a is of the required form
as seen in Definition 4.2.7. There are four cases to verify

(1) Suppose b = in,(z;, ((s F Q2 := z;]))}=y, (s+1 F Q)) € (s - P’). By induction
hypothesis, there exists R’ such that P/ &) B and (s+1-R)=(s+1FQ).
a = ing(zi ({sF (QP")z =z;]))j=1, (s + 1 F QIP"))
Pick R = R'|P", we have that P "5’ R and that (s + 1+ R) = par,((s + 1 +
R),(s+1F P"))=(s+1FQP").

(2)-(4) The result for b = out,(z:, z;, (s F Q)b = bout,(z;,(s+1F Q)) or b =
tau,((s - Q)) with the corresponding induction hypothesis, arise from similar
arguments made in (1).

(b) Suppose a € Im,(c, (s + P')), the result arises by similar arguments discussed
in (a).
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(c) Suppose a € syn,(b, c), there are two cases to consider

(1) Suppose b = iny(zs, ({5 F @[z = z3]))jm, (s + 1 - Q)) and
¢ = out,(zi, Tk, (s - Q). By induction hypothesis, there exists R) and R, such
that P23 R, PP TS R (s+1F R) =(s+1F Q) and (s+ Ry) = (st
Q).

a = taus((st Qfz:=z;]|Q)

Pick R = R|[z := z]|R;, we have that P 5 R and that (s - R) = par,((s F
Rlz=z) (s + R)) =pars((s F Qlz =z} (s - Q) = (s F Qlz =
z]| Q).

(2) Suppose b = in,(z:, (s F Q[z := z;]))}=1, (s + 1 - Q) and
¢ = bout,(z;, (s + 1 + Q). By induction hypothesis, there exists R} and R;
such that P' %% R}, pr 7Y R,(s+1FR)=(s+1+Q)and (s+1F

R’zb = (Is +1F Q,D
a = tau,((Is o VZ(QIQ’D)

Pick R = vz(R||R,), we have that P > R and that (s - R]) = res,(par,,((s +
1k R, (s + 1+ Ry))) = resy(pars((s + 1+ Q). (s F QD)) = (s - v2(QIQ")-

(B) To prove that the closed interpretation preserves transitions, it will be enough to
show that P <, (s - P). Thus, since (s P) = sumy(by, ..., by) by Lemma 4.2.5, we
must satisfy the following statement,

G PR (i) ine(zs (s F Rz =z;]))Ly, (s + 1+ R))
(i) P *jf.ﬂ B\ \hen 3ub. (i)  outs(zs, z;, (s + R))

(i) PSR (itd) bout,(zi, (s + 1+ R))

(w) PSR | (iv) taus((s+ R))

We proceed by induction on the last rule of the derivation of the transition.
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(1) Suppose P =) R, there are four possible derivations to check:

(a) Suppose P = z;(2).P’ and R = P'.

(s+ P)

(s F zi(2).P)

= iny(au (o F Plz = 20y, (s + 1+ P))

= iny(zi, ((sF Rlz == z;]))jcrn (s +1F R))

= sum,(ins(zi, ((s - P'lz :=z;])) o1, (s + 1+ PT)),
ing(zi, (s F P'lz = z;]))jo1 (s + 1F P)))

Thus, the relation holds.

(b) Suppose P = P' +Q, R = P" and P' *§) P". By induction hypothesis, we
have that P’ , (s - P’). Therefore, since (s - P') = sums(by, ..., bm), it must be the
case that for some 1 < ug < m, by, = ing(z;, (st P’z :=z;])) -, (s + 1F P")).

(sFP) = (s+-P +Q)

(by Lemma 4.2.5) = sum,(by,...,bm,c1,..-,Ck)

Thus, pick u = ug and the relation holds.

(c) Suppose P = P'|Q, R = P"Q, z ¢ fn(Q) and P’ "% P”. By induction
hypothesis, we have that P'<, (s - P’). Therefore, since (s - P') = sum,(by,...,bm),
it must be the case that for some 1 < ug < m, by, = ing(z:, (s F P"[z := z;])) =1, (s+
1+ P)).

(sFP) = (s+P|Q)
(by Lemma 4.2.5) = sum,({imy(by, (s Q)))ie1, (Ims(cu, (s F P,
((syms(bu, co))y)oy)

Thus, pick Im,(by, (s - Q) = ins(z: ((s F (P"1Q)[z = zj]))}=1, (s + 1 F P'IQD)
and the relation holds.
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(d) Suppose P = vZ’P’, R = vZ'P", P =B pr and 2’ # z;,z. By induction
hypothesis, we have that P'<, (s - P’). Therefore, since (s - P') = sum,(by, ..., bm),
it must be the case that for some 1 < ug < m, by, = in,(z;, ({s F P"[z := z;])) 71, (s+
1+ P").

(sF-P) = (s+vZP)
(by Lemma 4.2.5) = sum,(res,(b1),...,ress(bm))

Thus, pick res,(by) = ins(zi, ){s F W2’ P")[z == z;]))}=;, (s + 1 F vZ'P")) and the
relation is satisfied.
(i) Suppose P ) R, which satisfies the relation by similar arguments made in (3).

(iii) Suppose P ) R, there are five possible derivations to check:

(a), (b), (c), and (d) arise by similar arguments made in (7).

(€) Suppose P =vzP', R=P", P! %8 pr and z; # z. By induction hypothesis,
we have that P’ <, (s - P'). Therefore, since (s - P') = sum,(by, ..., bn), it must be
the case that for some 1 < ug < m, by, = out,(z;, 2, (s - P")).

(sFP) = (stvzP)
(by Lemma 4.2.5) = sum,(res,(b),...,ress(bm))

Thus, pick Tes,(by,) = bout,(z:, (s + 1 - P”)) and the relation is satisfied.
(iv) Suppose P 5 R, there are six possible derivations to check:
(a), (b), (c), and (d) Arise from similar arguments made in (%)
(¢) Suppose P = P'|Q, R = P"lz = z;]|@., P *& P" and Q ™% Q. By

induction hypothesis, we have that P’ 4, (s - P') and Q <, (s + Q). Therefore, since
(s - P') = sum,(by,...,bn) and (s F Q) = sum,(cy, ..., ck), it must be the case
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that for some 1 < ug, v < M, by, = ins(zi, (s F Pz =]y, (s + 1+ P")) an
vy = Outs(zi, z;, (s F QD).

(s-P) = (s+P|Q)
(by Lemma 4.2.5) = sum,({im,(by, (s Q)))u1: (lmy(cy, (s P,
((syns(by, Cv)):=1)5=1)

Thus, pick syns(bug, Cvy) = taus((s F (P"[z := z4]|Q")) and the relation holds.

() Suppose P = P'|Q, R = v2(P"|Q), P' ") P" and Q ™ @. By induction

hypothesis, we have that P’ 4, (s - P') and Q <, (s + Q). Therefore, since (s
P') = sum,(by,...,by) and (s F Q) = sum,(ci,...,ck), it must be the case that
for some 1 < ug,v9 < m, by, = ing(zi, ((s F P"[z := z;]))}-1, (s + 1 + P")) and
C = bouts(zi, (s F Q).

(s+ P) (s+ P|Q)
(by Lemma 4.2.5) = sum,({imq(bu, (s F Q)))my, (Imy(cu: (s F PD))smis
((syns(bu, cv) u—l):—l)

Thus, pick syng(buy, ¢yy) = taus((s F v2(P"|Q’)) and the relation holds. a

Now we can prove the main theorem of this section.
Theorem 4.2.8 (Full Abstraction)
(sFP)=(srFQ)eP~Q

Proof. By Lemma 4.2.6, we know that (s F Q) <, >,Q and (s F P) <, 0,P.

(=) Suppose (s - Q) = (s b P) = sumy(by,...,bm). Therefore, we have that
for every b, # {0} there exists R and R’ such that P = R and Q@ = R’ and
(s+ R) = (s F R). So by induction hypothesis, every commitment that P can
make via 7 can be duplicated by an identical # commitment by Q. Moreover, their
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continuations are also in relation. Therefore, we get that P ~; Q.

(«) Suppose P ~; Q. Therefore, for every transition P 5 Rand Q & R such
that R ~; R, there is an element b, of the required form such that (s - P) =
sumy(by, . ..,bm) = (s + Q). This satisfies the equality. m]

With the full abstraction result for the closed interpretation and due to the closely
formulated definitions of the open interpretation, we can easily show the full abstrac-
tion for the open interpretation and prove (8).

Corollary 4.2.9
[sFPl=[s+Q]ePQ

Proof. (=) Suppose [sFP] = l[s F Q], s = {z1,...,Zn}. Let o be an arbitrary
substitution and ' = {by,...,bn} such that o(z;) € s' forall 1 <i < n.

s+ Po]

[¢+s+P]o (ﬂs' - 0(171)]], ey Es’ - cr(:z:,,)]])

= [s+Plo(must,-- - moaia) o {8 Fo(@)]..... [ Folea)])
= [s+ Q] (mMyi+1s--- s Muieiat) © ([s’ - a(xl)], e ﬂs’ F a(z,.)]])
= ﬂs'-l—si-Qno([s’i—a(zl)ﬂ,...,ﬂs'l'-a(z,,)]l)

= ﬂs'l—Qo]

Therefore using the Theorem 4.2.8, for an arbitrary substitution o;

[s+Pl=[s+Q] = [s+Po]l=[s+Qo]
= [sFPoly(by,....bm) = [ FQo]u(br,. .. bm)
= (s'+ Po) =(s'+ Qo)
= Po~; Qo

Since o was chosen arbitrarily, we get that P ~; Q.
(<) Suppose P ~ Q,

P Q = Po~ Qo, for all substitutions o
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= (' Po) = (' Qo)), by Theorem 4.2.8
= [s'F Pola(by,....bm) = [’ F Qo]u(by,. ... bm)
= [¢+s+-Plsoms(by,....bu) = [s +3+QJums(br,. ... bm)
= [sl-P]I,:owCOﬂS(bl,...,bm)=[sl—Qn,:orrcows(bl,...,b,,,)
= [sFPloo([sFbi). [ Fbm]elbr,- - 0m)
= ﬂslv-Q],,o({s’i-bl]],...,[s’}-bm]),/(bl,...,b,,.)
Where 1s = (1r1,...,1rm,|Is’i-blﬂ,...,ﬁs'l-bmﬂ),: and ¢ = (Tmel -2 Tmin)s-

We must show that [sF PJs(ty,...,ta) = ﬂs F Q],(tl, ... ta), for any t € |Inj| and
(t1,...,tn) € N'®i(t). Therefore, in the above calculations pick o such that o(z:) =t
and s’ = t. Thus we have shown that

[sFPlio(t....tm) = [sFQ)elts,... tm)



Chapter 5
Conclusions:

We can see from our full-abstraction theorems how our denotational approach is su-
perior to an operational approach. We can actually study our late-bisimulation ~;
and late-equivalence ~; relation by analyzing the equality between objects in our
model. The most prominent of these properties we have verified is the preservation of
the ~; under substitution, which arose as a consequence of our open interpretation.
Therefore, the construction of a denotational model is used to verify that the prop-
erties we wished in our language exist. Moreover, it is a useful tool in verifying how
other properties might arise: we study closely the relation between equality in the
model and late-bisimulation or late-equivalence. For example, we can easily convince
ourselves of the validity of the restriction extrusion property i.e vz(P|Q) ~ PlvzQ if
z & fn(P). Similarly, we can also justify the associativity of the parallel composition
operator.

A key point in the construction of our model arose in the definition of the object

of processes
Proc = P{™(H(Proc)) (9)

whereH(X)=Nx(N=$X)+NxNxX+Nx(N—OX)+Xande""was
the lifted finite powerset monad. This construction could be used to model other
similar computation models by varying our chosen monad P;"‘i and even modifying
the endofunctor H : Set!™ — Set!™. For example, [9] admits the following:

121
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e to deal with global variables one should replace P}"’ with the monad TX =
P}“’(X x S)5, where S is an object of states.

e to deal with the m/-calculus, one should use the endofunctor HX =Nx(N=>
X)+Nx(N —o X)+X. This gives a fully-abstract model for the 7;-bisimularity.

It's natural when considering expressions with free variables to view them as fibred
categories (or hyperdoctrines) as seen in [15]. But the syntax of the n-calculus does
not seem to lead to a hyperdoctrine structure. The reason it fails is due to the
impossibility of the following inference:

vz(%(z).P) - Z(z).P
z(2).P + Z(2).P

where A - B means that B simulates A. It cannot occur, since Z(z).P does not
simulate Z(z).P. However presheaf categories suggest there is a fibred structure to
study. Since our models are fully-abstract the model might suggest a variation of
the syntax and/or the operational semantics which would lead to a hyperdoctrine.
For example, it is known that the 7/-calculus satisfies the above existential quantifier
adjointness property.

Furthermore, it would be very interesting to find other presheaf categories which
satisfy the properties that we defined. This would allow us to find a different model
for the Finite m-calculus. For example, can we pick the presheaf category of G-Sets?
However, the intuition behind the use of the category Inj is very convincing. So this
may not be such an easy task.

1Proved by P. Panagaden, McGill, but not published.



Appendix A

Proof of Lemma 4.1.6

We begin by stating and proving a result we shall need in the proof of Lemma 4.1.6.

Lemma A.1l Let )\ be the currying operation in Set™ and A be the operator defined
in Lemma 4.1.4. Then for any ¥ : NIN@+1 2 Proc we have that Ay : NINGI 2
(N = Proc) and Ay : N'¥@)I = (N —o Proc). Hence, we get the following results:

1. For any : NWEI+L 2, Proc, then A(yomp) is such that A(yomp) = A(¢)omp,

where ‘K'p = (71’1, T2y -« - s TN (8)|» T|N(8)|+2s T|N(8)|+1s T|N(s)[+3s - - -,W[N(a)|+w(e)|+1>-
Similar results hold for ws and 7c.

2. Forany v : NIN@HL = Proc, then A(yorp) is such that A(omp) = A(y)omp,

where Tf’p = (71’1, M2,y -+« s TN (s)]s TN (8)|+2> TIN(8)I+1> TIN(s)[+3> - - -eﬂ'lN(s)I+lN(t)l+l)'
Similar results hold for s and mc.

Proof.
1. From (13], p.54 (3.2), we have the following equality in any ccc:
A(h(kmy, m2)) = A(h)k
Hence let h = v, and k = 7. Therefore we obtain that:
A(®) o Tp = M (mp o m, 7)) = MW(mp, M (a)+iNwi+2)) = AW © 7p)

2. By Lemma 4.1.4, A = surj o A hence it holds by 1.

123
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Remark A.1 In the above Lemma for ease of notation, we shall often denote the
result in the following way:

Ay omp) = A(W)omp
and not distinguish mp and 75 and let the situation dictate which we are referring to.
Now recall the result we wish to show.

Lemma A.2 The following are four properties of the open interpretation. Let
8,14, 15, t € IInjl

1. Permutation
Let N(s+ 14+ 1, + t) - P, then:

[Ns+1la+L+t)-P]=[N(s+ 1L+ 1 +t)- Plomp

where mp = (T, T2, - . ., TN (s)}» TIN(s)|+2: TIN(8)l+1s FIN(s)[+31 - - -,TF|N(.)|+|N(:)|+2)

2. Contraction
Let N(s+t) - P, and a’ € N(1,), then:

[Ns+1.+t)F P] =[N(s+t)F Plomnc

where Tc = (71, T2, - -+, MN(8)]s FIN(s)+21 - - - » TIN()[+IN(E)+1)

3. Substitution
Let N(s+ 1, +t)F P, a' € N(1,), and z; € N(s +1), then:

ﬁN(s-{-t) + Pla’ == zj]ﬂ = ﬂN(s+1a+t) l-P]] ofs

where s = (11,2, ..., Mgas | N(8 + ) F 5] Mivapiens - - - Tincapiveen)

4. Alpha-Conversion
Let N(s) P and N(s) F Q. If P =, Q, then:

[N(s)F P]=[N(s) F Q]
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Proof.

1. (PERMUTATION) Suppose N(s+1a+1p+ t) - P, we will show by structural
induction on P that:

[N(s+1a+1b+t)i-P] = ‘IN(8+lb+la+t)|"P]]O7l’p
Let,

o N(s+la+1ls+t) = {Z1,22, - TN, @ = TNGaI+1 Y = TiN(a)42: TINGIS:
ceny :L‘|N(g)|+|N(z)|+2}v
e zE N(l)y a‘nd

¢ Induction Hypothesis:
[Ns+ L+ 1L+t) - B] = [Ns+ L+ L+ t)F R]omp fori=12.

(i) We begin with verifying that the equation works on our interpretation of
names. Let z; € N(s+ 1, + 1, +t), & € |Inj|, and y; € N(¢'),1 < j <
IN(s)| +|N(®)| +2:

LHS = IN (s+1l,+L+t)F l‘i]a'(yu e YIN()HNE)+2)
Ti(Y1s - - - YN@)+IN(O)+2)

= U
RHS = ['N (s+L+l.+t)F xi]s’ o Tp(Y1, - - - YUN()+INE@I+2)

7f|~(s)|+1(y1, -« YIN(S)] YIN(8)I+25 YIN(8)]+11 Y|N(a)| 43>

O YIN@HN@H2) fz; =V
= | m |N(s)|+2(y17 - e - s YIN(8)]» YIN(s)1+21 YIN(8)i+1) YIN(s)| 431
- YIN(HN@I+2) if z; = a’
T (Y1s - - - 2 YIN()]» YIN(8)+22 YIN()I4+15 YIN (o)l 431
| - UIN@HN@2) else
= ¥

We have that RHS = LHS
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(i) Suppose P = 0. Let s’ € [Inj|, and y; € N(s'), for
1<j < |N(s)|+IN@) + 2

LHS = ﬂN(S +1l,+ 1L +t)F Ols'(yh c e YNNI +2)

Nl +1p+t

RHS = [N(s+1+1la+t)F 0}y omp(ys, ... tinwisinei+2)
[N(s+ 1+ 1o+ ) F O] (y, - - Yol Uio42s
YN+ 1 YN [+3 - - s YIN@)+IN@1+2)

= Nilgy1,+1a+t

Therefore, RHS = LHS.
(iii) Suppose P = z;(2).P;

[Ns+la+L+t)F zi(2).P1 ]

= ino([N(s+1a+lb+t)i-x,-ﬂ,/\[N(s+1a+lb+t+1)P-Plﬂ)

= inO(llN(8+lb+la+t)l'-:t,-]loﬂ’p,
A([[N(s+lb+1¢+t+1)l-P1uo1rp))

= ino(IN(s+lb+la+t)l~x,~l|01rp,
z\(ﬂN(s+lb+1a+t+l)P-P1H)o1rp)

= ino([Ns+L+Lla+t) Fn] A[Ns+ L+ L+t+1)FP])ome

= ﬂN(s+1b+1..+t)r-x,-(z).ﬂ]owp

(iv) Suppose P = Ti(z;). P

[N(s +1a+ 1o +1) F Zilzs).P1]

= auto(ﬁN(s+1a+lb+t)I-:z:.-]],[N(s+la+lb+t)}-z,-]],
[Ns+la+b+t)FA])

= auto([N(s+lb+1 +t)}-z,ﬂo1rp,lN(s+lb+1 +t)l-z,ﬂo1rp,
[Ns+ 1+ 1a+t)F Pi]omp)

= auto({N(s+1,,+1,,+t)i—x,-]],{N(s+1b+1a+t)|—zj]],
ﬂN(s+lb+la+t)b-P1]])o1rp

= ﬂN(s+Ib+la+t)l-ﬁ(xj).P1“01rp
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(v) Suppose P = T3(2).P,

[Ne+L+L+t)F Ti(2). P |

= bauto(ﬂN(s+1.,+lb+t)l-z,-]],AﬂN(s+1¢+1b+t+1)I-Pll)

= bouto ([N(s+1,+1a+t)F z:] o 7p,
A(ﬂN(8+lb+la+t+1)|"P1]Oﬂ’p))

= bauto(uN(s+lb+la+t)l-z,-]]o1rp,
A([N(s+ 1+ 1.+t +1)F Pi])omp)

= bauto(ﬂN(s+1,,+1,,+t)r-z,-ﬂ,
AﬂN(s+lb+la+t+1)FP1])o7rp

= l[N(8+lb+la+t)l'-’1:-,-(z).P1l01rp

(vi) Suppose P = vzP,

l[N(s+1¢+lb+t)!-uzP1ﬂ
= reso(A[[N(s+la+1¢,+t+l)I—Plﬂ)
= resO(A(ﬂN(s+1,,+la+t+1)i—P1]|o1rp))
reSO(A(ﬂN(s+lb+1a+t+1)i—Plﬂ)owp)
= reso(AﬂN(s+lb+1a+t+1)I-Pll])owp
= [[N(s+lb+l.,+t)l—uzP1]|o1rp

(vii) Suppose P = P\|P,

[N(s+ 1+ L+t)F PP,
= paro([N(s+la+L+t)F A, [Ns+ 1L+ L+1)F P])
= Par°(uN(3+lb+1a+t)}'P1ﬂOWP,IN(8+lb+la+t)P-Pgnon'p)
= paro([Ns+L+L+t)F P] [N+ L+1la+t)F P]yore
= [Ns+L+la+t)F PP]omp

(viii) Suppose P = P+ P, P = P||P, or P = P, |P,, the result is shown
similarly as in (vi?).

2. (CONTRACTION) Suppose N(s +t) F P and a € N(1,), we will show by
structural induction on P that:

[Ns+1.+8)F P]=[N(s+1) FP]omc
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Let,

o N(s+1lg+t) = {Z1,Z2, .. -, T\N(s)s @ = T|N(a)l+1: TIN(a)}+2 - - - L TIN(S)+IN@)I+1 ]
e 2 € N(1), and

e Induction Hypothesis:
[[N(s+1.,+ti- P,-ﬂ = ﬂN(s+t) (o P,~]] ome fori=1,2.

(i) Suppose N(s +t) - z; (i.e. z; #a'). Let ¢ € |Injj,and y; € N(¢),1 <5 <
IN(s)| + [N(t)] + 1:

LHS = [N(s+lLo+t)Fa]e .. unesnes)

= (Y1, - YN()+HINOL+L)

= U
RHS = [N(s+t)Fzi]somelun - unasinei+)
Ti(Y1y - - - » YN @) YIN(S)I+25
YN)+3s - - - UN@+N @) 1§ S IN(8)]
Tic1 (Y11 - - -+ YIN(s)]s YIN(9) 420
YN)+3 - - - UN@+N@) 82 IN(8)] +2
= Y

We have that RHS = LHS.

(i) Suppose P = 0. Let s’ € |Inj|, and y; € N(s'), for 1 <j < IN(S)|+IN(@)|+
1:

LHS = [N(s+1la+t)F0]s(n .- yuniasinveisr)
nils+1.+t
RHS = [N(s+t)F 0]y o me(mr,- - - YNGo+INOI+1)

[N(s+8) 0w (w1, weols UNGa+2 N (o143 - - YNNI+ 1)
nila+t

We have that RHS = LHS.
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(i41) Suppose P = zi(z).P,

[N(s+1a +1t) F zi(2).P1]
= ino([N(s+L+t)Fz] A[Ns+ L. +t+ 1)+ P])
inO(ﬁN(s+t)l-z,]on’c A([N(s+t+1 !-Plﬂowc
ino ([N(s+1t)F ] omc, A([N(s +t+1) F P ) one)
= ino([N(s+t)F x| A[N (s+t+1)FP])omc
= [N(s+t)Fziz).P]omc

(iv) Suppose P = Ti(z;).P

[Ns+1+t)F zi(z;). P |
= auto([[N(s+1,,+t)}-z,-ﬂ,[[N(s-f-la-t-t)l-zjll,ﬂN(s+la+t)l-Plﬂ)
= aut0(|[N(s+t)t-xi]owc,ﬂN(s+t)i-zjnowc,ﬂN(s+t)+-P1]lovrc)
= auto([[N(s+t)l—zi],[N(s-i-t)i—x,-“,ﬂN(s-i-t)l-Pl]])owc
= [[N(s+t)i-§?(z,~).P1]’o1rc

(v) Suppose P =Ti(2). Py

[Ns+1.+t)F Ti(2). P |
= bouto ([N(s+1la+1) Fz], A[N(s+1la+t+1)F A])
bout o ([ N(s +t) F z:] o mc, A( ([NGs+t+1)F P]onc))
bout o ( ﬂ (s+1) I'-z,]]owc A(ﬂN(s+t+1)+—P1]])o1rc)
I

bout o ([ N(s +1t) F z; [[N(s+t+l )k P])onc
= [Ns+t)FT(2).P]or

(vi) Suppose P = vzP,

ﬂN(s+1a+t)l-uzP1]
= reso(A[N(s+1.+t+1)F Pi])
reso (A([N(s+t+1)F P] onc))
reso(A(|[N(s+t+1)E-Plﬂ)orc)
= reso(A[N(s+t+1)F P])omc
= {N(s+t)i-va1“o1rc
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(vii) Suppose P = P,|P,

[NGs+1l.+t)F PP,
= parO(ﬂN(s+la+t)l-PI]],[N(s-lv-la-i»t)I-PQ]])
= paTO(IIN(.H-t)I-Plﬂowc,iN(s+t)I-Pgﬂon'c)
= paro(l[N(s+t)P-PI]],[[N(s+t)l-P2]|)o1rc
= ﬂN(s-{-t)i—Plng]owc

(viii) Suppose P = P, + Py, P = Py||P,, or P = P,|P,, the result is shown
similarly as in (vii).

3. (SUBSTITUTION) Suppose N(s+1,+t)F P, a’ € N(1,), and z; € N(s+t),
we will show by structural induction on P that

[Ns+t)F Pl == o] = [Ne+L+t)F Plons
Let,

o N(3+1a+t) = {1'1,1'2, ceey le(a)Isa, = I|N(s)|+1s T|N(s)[+2s - - ~,1‘|N(s)|+|N(z)|+1},
e z € N(1), and
¢ Induction Hypothesis:

ﬂN(s-{-t) F Pid := zj]]l = [N(s-i— lo+t) P,-l] onms fori=1,2.

(i) There are 2 cases to check for the interpretation of free names. Let s’ € |Inj|,
and y; € N(s'),1 < j < [N(s)| +IN(2)|:
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(a) Suppose the free variable is a’ = Z|N(s)+1

LHS = ﬂN (s +1t) Fala =z5]]o(yn,- - v+ )
N(s+t)F z;]e (b, - ynG+INGN)
W Ynaene) 5 S IN(S)
Tf:-x(yx, o yN@Hner) 52 [N ()| +2
if j < |N(s)]
y]-l if j > |N(s)| +2

ﬂ s+1ls+t)Fa ],r o ws(y, - - vle(a)|+|N(t)|)

RHS

TN@)+1 (Y1 - - - YIN@I

Y YN@+L - - UNEHNe) BT S IN(s)]

TN () +1 (Y11 - - - YIN(a))»

Yiel, YN()+1s - - - UN@+IN) i 5 2 [N (8)] +2
_ { y  ifj <IN(s)|

yj-1 ifj2 |IN(s)| +2

We have that RHS = LHS.

(b) Suppose the free variable is z; € N(s + t), z; #a

LHS = [N(s+t)Fald :=zi]]evn - divasive)
= [N+t F )o@, dvenen)

_ { Ty - YN +ve) 1S [N ()]
Tty - YNNI 12 [N (s)| +2

if i < |N(s)|

{ i1 i |N(s)|+2

RHS = [N(s+1l.+t)+ zi|w o Ts (b, - - NN OIH)
= m(yl, - YN Ui YN )1 - - - MIN()HNN)
_Jw ifi<|N(s)
- { w2 [N(s)| +2

We have that RHS = LHS.
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(ii) Suppose P = 0. Let &' € |Inj|, and y; € N(¢'),1 <j < |IN(s)| + |N(t)].

LHS = [N(s+t) 0l :=z;]]o(, - diveinven)
[Ns+t)F 0]« (31, - -, dinva+inee)
= Nilyye
RHS = [N(s+lL+t)F 0]s o sy, - - UN@IHING)
= [N(s+L+t)F 0o @1, - - » UGS Ui YN (4L - - UINGHINCO)

nil!"’lo‘f’t
We have that RHS = LHS.
(i41) Suppose P = z;(z).P,

ﬂN(s +t) Fzi(2).Pfd = xj]“
= ino (ﬂN(s+t) F zifd = zj]“,/\ﬁN(s+t+ ) F Pd = xj][])
= ino(ﬂN(s+la+t)i-x,~ﬂo1r5,/\([N(s+la+t+1)i-P1]|o7r5))
= inO(ﬂN(s+la+t)l-ziBows,A([N(s+1a+t+1)F-PI]])ows)
= ino(ﬂN(s+1¢.+t)in],AﬂN(s+la+t+l)I—Plﬂ)on's
= ﬂN(s+la+t)l-:z,-(z).P1]o1rs

(iv) Suppose P = T(z;). P

ﬂN(s +t) F Ti(z;).Pild := :zj]ﬂ

out o (ﬂN(s+t) Fz;fa == zj]]], ﬂN(s-i—t) b zjla = a:,-]E,

ﬂN(s+t) F Pad = :r,-]ll)

= outo (ﬂN(s+1a+t) i-zi] o Ts, ﬂN(s+la+t) I-a:j]] oTs,
ﬂN(s-}- lo+t)F Pl]] o Ts)

= auto(uN(s+1a+t)&—z,-],[N(s+1.,+t)!—z,-ﬂ,
ﬂN(s+1a+t)i-P1]|)o1rs

= [[N(s-l—t) l-i‘?(xj).Plﬂ oms
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(v) Suppose P = Z;(2).Py

[[N(s +t) F T;(2).Pila' == :rj]ﬂ
= bauto(l[N(s+t ) b z;fa —z,]y ﬂ (s+t+1)F Pad :=:1:j]l])
= bouto ([N(s+1a+1) F 2] o ms, A([N(s + La +t + 1) F P ] o ms))
= bouto ([N(s+ L4 +t)F o] oms, A([N(s + Lo +t+1)F P])ons)
= bouto ([N(s+1a+t)F =] A[N(s+ 1a+t+ 1) F Ay ors
= ﬂN(s+la+t)l-i"()P1no Ts

(vi) Suppose P = vz P

EN(s +t)FvzPfd = Ij]“
= reso(AﬂN(s+t+1)|—P1[a’ = a:,-]]])
= reso (A([N(s+ L. +t+1)F P]oms))
= reso(A([N(s+1,+t+1)F P])oms)
= TCSO(A“N(3+la+t+1)"'Plﬂ>°7r$
= ﬂN(s+la+t)l—VzP1]]o1rg

(vii) Suppose P = P,|P;

ﬂN(s +t) F (P|Py){a = z,-]]]
= “N(s +t) F Pi[d :==z;]|P2fd = zj]ﬂ
= par,o ([N(s+1t)F Pi[d =5;]], [N(s +t) - Pald’ =z]])
= paro(ﬂN(s+1a+t)i-Plﬂows,[N(8+1a+t')i‘le|°7fs)
= paro([N(s+L+t)F A], [N(s+1la+t)F P2])ors
= [N+l +t)F A|P]oms

(viii) Suppose P = P, + P, P = Py||P,, or P = P||P,, the result is shown
similarly as in (vii).

4. (ALPHA-CONVERSION) For z € N(1), and 2’ € N (1), there are three cases
to check:
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(i) [N(s) & z:(2)-P] = [ N(s) F 2:(2).(Plz := )]

[N(s) F zu(2).(Plz := 2]) ]

ino ([N(s) F :], A[N(s + 1.) F Ple = 2]])
ino(lN(s)l-z,-l,/\([[N(s+l+1,I-Pgofrs))
ino ([N(s) F =], z\(ﬂN(s+1+1,)l-P])o1rs)
mo(lN(s l-z,l A(“ (s+1) I-Pllowc oTs)
mO([N(s)l-z,l ﬂ (s+1) I-P]])o1rc01r5
in o ([N(s) F z:], A[ N( (s+1)+ P])
[N(s) b zi(2)-P]

(i) [N(s) F vzP] = [ N(s) F v (Plz == 7]

[N(s) Fvz'(Pz = Z])]

Tes o (AlN(s +1,F Plz:= z’]]])
reso (A([N(s+1+1L)F P] oms))
reso (A([N(s +1+1.) F P]) oms)
reso(A(ﬂ (s+1) I-P]]on'c )ors)
reso(Aﬂ (s+1) I-Pﬂ)o-rrcon-s
= reso(A[Ns+1 I-P“)

= ﬂN(s)i—uzPl]

(iri) [ N(s) F Zi(2).P] = [N(s) F ze(2).(Plz == 2]

= bout o (

[N(s) F Z(2)-(Pz == 2]) ]

bout o ([ N(s)  z:], A[N(s+1.)F Plz = 21])
N(s)r—z,]] ([NGs+1+1.F P]oms))

bouto (s) F =], (ﬂN(s+1+lzl-PI|)o1rs)

) ,“ (l[N(s-{-l E-P“owc)o‘lrs)

N(s)i—z,ﬂ, ([NGs+1)F P])omcoms)

() F =] A[N(s+ D F P])

A
A
A
A



Appendix B

Soundness: Proof of
Theorem 4.1.10

We prove the following result:

Theorem B.1 Let P and Q be two Finite m-calculus processes such that N(s) - P
and N(s) - Q, where N(s) = {z1, T2, .. ..Tn}. If SGE \ P = Q, that is the processes
are late-bisimular, then (N(s) F P) = (N(s) F Q).

Proof. We proceed by proving that the closed interpretation preserves the SGE ax-
ioms and inference rules which generate all the late-bisimular processes in the Finite
w-calculus.

1. Alpha-Conversion
AC1 Suppose P =, Q, then we must prove that (N(s) I P) = (N(s) F Q).
Hence we must verify three cases: Let z € N(1), and 2’ € N(1,),

(i) P = Q. where P = z;(2).P' and Q = zi(2").(P'[z .= 2))

135
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(N(s) F zi(2)-P')

by Cor 4.1.7 =

by Lemma 4.1.6

by Cor 4.1.7

by Lemma 4.1.6

ing((N(s) F ). ((N(s) F P'lz = 25])}=r, (N(s + 1) F PD)
in ((N(s) F z:), ([N(s) F P'lz = z3] Jo(21, 22, - -, Zn)) s
(N(s+1,)F P[z:=ZT))

ing((N(s) F 2, ([ N(s + 1) F P'] o m5)a(21, T2, -+ Zn)3cts
(N(s+1,) F P[z:=2T))

ing((N(s) F z3),

((lN(s +1;)F Plz:= z’]] o7s)s(Z1, T2,-- ) Tn)) i1
(N(s+ 1) F Plz:=2T))

iny ((N(s) F z:),

([N(s) F (P[z:= 2))[Z = g |a(@0, 220 s Z0)) ity
(N(s+1,)F Pz :=72]))

ing((N(s) F i), ((N(s) F (P'[z := 2]’ = z;]))}=,
(N(s +1;) + P[z := 2]))

(N(s) F zi(').(P[z == 2]))

—

(ii) P =4 Q, where P =T5(z).P' and Q = T;(2).(P'[z := 2])

(N(s) F zi(2).P) = bouty((N(s) -z, (N(s + 1) F P'D)
by Cor 4.1.7 = bout,((N(s) Fz:),(N(s + 1.) - Plz := 21D

= (N(s) F Zi(2).(P[z := 2]))

(iii) P =, Q, where P = vzP' and Q = v2'(P'[z = 7))

(N(s) FvzP) = res,{(N(s+1) F PD)

2. Summation

by Cor 4.1.7 = res,{(N(s+1.)F P[z:=Z]])

= (N(s)FvZ(P[z:=21)

S1SGE+-P+0=P

(N(s)F P +0)

by Property 8(b),S1

sum,((N(s) F P}, (N(s) - 0))
sum,((N(s) + P), nil,)
(N(s) F P)
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S2SGEFP+Q=Q+P

(Ns)FP+Q) = sumy({N(s) + P),(N(s) F QN
by Property 8(b),82 = sum,((N(s) - Q),(N(s) F P})
= (N(s)FQ+P)

S3SGEFP+(Q+R)=(P+Q)+R

(N(s)F P+ (Q+R) = sumy((N(s)F P),(N(s)FQ+ R))
sum,((N(s) - P), sum,((N(s) - Q). (N(s) F R]))
by Property 8(b),S3 = sum, (sum,((N(s) + P), (N(s) - Q)), (N(s) - R))
sum,({N(s) - P+ Q), (N(s) - R])

= (N(s)F(P+Q)+R)
S4 SGE-P+P=P

(N(s)F P+ P) = sums((N(s)F P),(N(s) + P})
by Property 8(b),S4 = (N(s)+ P)
3. Restriction
R1 SGE + vz(P + Q) = vzP +v2Q

(N(s)Frz(P+Q)) = res{(N(s+1)FP+ QD)
= resy(sume ((N(s+1)F P),(N(s+1) - Q)))

by Property 8(a),R5 = sum,(res,((N(s+1)F P)),res((N(s+1) QD))
= sum,((N(s) F vzP), (N(s) - v2Q))
= (N(s)FvzP +vzQ)

R2 if : € names(a) then SGE - vza.P = avzP. There are a four cases to check:
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(i) Suppose a = z;(2)
(N(s) F vza.P)

by Property 8(a),R1

(i) Suppose a = F(Z;)

(N(s) Fvza.P) =

by Property 8(a),R2 =

ress((N(s +1) F a.P))

ress(ing 1 ((N(s + 1) Fz:), ((N(s+ 1) F P2 = z;]))}1s
(N(s+1)F Pl =2|),(N((s +1) + 1.)+F P)))
ing((N(s) F z:)), (res,((N(s + 1) - P2’ := zj])))}=1
res,((N((s +1) + 1.) F P]))

iny((N(s) F z), ((N(s) F vz P[Z = ;) 3=1,

(N(s+1;) - vzP))

(N(s)F a.vzP)

res,({N(s +1) F a.P))

ress(outyr1 ((N(s + 1) F z:), (N(s + 1) F z5),
(N(s+1)F P)))

outs((N(s) F z), (N(s) F z;), ress((N(s + 1) F P)))
out,({N(s)  z:), (N(s) F z;), (N(s) vzP))

= (N(s)+ avzP)

(#i1) Suppose a = T;(Z')

(N(s) Fvza.P) = res,((N(s+1)F a.P))
= resy(boutes ((N(s+1) F z:), (N((s +1) + 1) F P)))
by Property 8(a),R3 = bout,((N(s) F z:), res,((N((s +1) + 1) F P)))
by Lemma 4.1.6,4.1.9 = bout,((N(s) F z:], res,((N((s + 1.) +1) F P)))
= bout,((N(s) F z:), (N(s + 1.) F vzP))
= (N(s)+F a.vzP)
(iv) Suppose a =T
(N(s)Fvza.P) = res((N(s+1)F a.P))

by Property 8(a),R4

res,(taus.1 {((N(s +1) - P]))
tau,(res,((N(s + 1) - P)))
tau, ([N (s) + vzP))

= (N(s)F a.vzP)
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R3 if z € subj(a) then SGE +vzP =0. There are a three cases to check:

(i) Suppose a = 2(2’)
(N(s) + vza.P)

by Property 8(a),R1 =

= res,((N(s+1)+a.P))

ress(ings 1 ((N(s +1) F 2D, ((N(s+ 1) F P[Z :==z;]))}=1s
(N(s+1)F P[2' == 2]), (N((s + 1)+1;) F P))

nilg

(N(s)F0)

(1) Suppose a = z(z:)
(N(s)Fvza.P) = ress((N(s+ 1)+ a.P)

= resy(outi((N(s+1) F 2), (N(s +1) - z5),
(N(s+ 1)+ P])

by Property 8(a),R2 = nil,

= (N(s)FO)

(#11) Suppose a = Z(z;)

(N(s) - vza.P)

by Property 8(a),R3

= res,([N(s+1)Fa.P)
= res,({bout,. ((N(s+1)F2), (N((s+1)+ 1)+ P))
= nil,

= (N(s)F0)

RA4 if z # z; then SGE F vzTi(z).P = Ti(2).P
(N(s) FvzTi(2).P) = ress((N(s + 1) F Ti(2).P)

= resy(outyi((N(s +1) Fz:), (N5 + 1) F 2),
(N(s+1) F P}))

by Property 8(a),R2 = bout,((N(s)F z;), (N(s+ 1)+ P))

R5 SGEFvz0=0

by Property 8(a),R6

= (N(s)F5(2).P)

(N(s) Fvz0) = ress((N(s+ 1) + 0])

resy(nilse1)

nil,
= (N(s)F0)
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4. Parallel
PAR SGE+ P|Q = P1Q+QJP + P||Q

(N(s)F PIQ) = pars((N(s)F P),(N(s) - QD)
by Property 8(c),P1 = sumg(Im,((N(s) + P),(N(s) - QD).
Im,((N(s) F Q). (N(s) F P)),
syns{(N(s) F P, (N(s) + QD))
= sum,{(N(s) F PIQ), (N(s) F QP), (N(s) F PIIQD)
= (N(s)F PiQ+QIP+PlIQ)

5. Left Merge
LM1 SGE+-0JR=0
(N(s) FOJR) = Im,((N(s) 0], (N(s) - R))
= Im,(nil,, (N(s) - R))
by Property 8(d),LM1 = nil,
= (N(s)FO)
LM2 SGE+ (P+Q)|{R=PJR+QJR
(NG)F (P+Q)IR) = Im,((N(s)F P+Q),(N(s)F R])
= Im,{sum,((N(s) F P, (N(s) - Q)), (N(s)  R])
by Property 8(d),LM2 = sum,(lm,((N(s) F P), (N(s) - R)), Im,((N(s) F Q).
(N(s)+ RD))
= sum,((N(s)F PJQ), (N(s) F QR])
= (N(s)FPJR+QJR)

LMS3 if bn(c.0) € fn(Q) then SGE + (a.P)|Q = a.(P|Q)

(N(s) F (a.P)Q) = Im,{(N(s)F a.P),(N(s)F Q)
by Property 8(d),LM3,LM4,LM5,LM6 = (N(s) F a.(PIQ))

6. Synchronization
SYN1 SGEF0||P=0

(N(s)FO|IP) = syns((N(s)F O], (N(s)+ P))
by Property 8(e),SYN1

nil,

= (N(s)F0)
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SYN2 SGE+ P||Q = QI|P

(N(s) - PlIQ)
by Property 8(e),.SYN2

syna((N(s) F P}, (N(s) - QD)
syns((N(s) F Q). (N(s) F P))
(N(s) - QIIP)

SYN3 SGE+ (P +Q)||[R=P||[R+Q|IR

(N(&) - (P+Q)IR) = syni((N(s) - P+Q),(N(s)F R])

syn, (sum,{(N(s) - P), (N(s) F QD). (N(s) - P))
sum, (syns{(N(s) - P), (N(s) F R)), syns((N(s) - Q).
(N(s) - R)))

= (N(s)F PlIR+QIIR)

SYN4 SGE \ z(z).P||%i(z;).Q = 7-(Plz := 7;]|Q)

(N(s) F z:(2).PlITi(z;)- Q) = syns((N(s) Fai(2)-P), (N(s) F Tilz;)-Q))
= syn,(ing((N(8) F z:), ((N(s) F Plz == @D,
(Ns+1)F P)), out,((N(s) F z:), (N(s) F z;),
(N(s) QD)
by Property 8(e),SYN4 = tau,(par,((N(s) - Pz := z;]), (N(s) - QD))
= (N(s) F r(Plz:=1;]IQ))

SYN5 SGE + z,().P|[Ti(2).Q = 7-(v2(PIQ))

(N(s) F z:(2)-PIIT().Q) = syns((N(s) F z:(2).P), (N(s) F %(2).QD)

= syn,(in,((N(s) z:]), ((N(s) F Plz =z,
(N(s+1) F P)), bout,{(N(s) F z:), (N(s + 1) F @)
tau,(ress(parsc1{((N(s+1) F P),(N(s+1) F QM)
= (N(s) F7(vz(PIQ)))

SYN6 SGE  7.P||a.Q =0

by Property 8(e),SYN3

by Property 8(e),SYNS

(N(s) F .Plla.Q) syns((N(s) F7.P),(N(s) F a.Q))
= syn.(taua((IN(S) + PD)1 QN(S) = QQD)

nil,

(N(s)F0)

by Property 8(e),SYNG6
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SYN7? SGE F z:(2).P||z;().Q =0

(N(s) F z:(2)-Pllz;(2)-Q) = syma((N(s) F2:(2)-P), (N(s) F z3(2)-QD)
= syn,(ing((N(s) F z:), ((N(s) F Plz = z]))iLy,
(N(s +1) F P]),ins{(N(s) F i),
((N(s) F QIZ = z))ir, (N(s + 1) F QD)
by Property 8(e),SYN7 = nil,
= (N(s)F0)
SYNS if both a and 3 are output or bound output prefixes, then SGE F
a.Pl|B.Q =0
(V) - aPlBQ) = syna((N(s) F aP). (N(s) F BQD)
by Property 8(e),SYN8 nil,

= (N(s)F0)

7. Equivalence
REF SGE+P =P

(Ns)FP) = (N(s)F P)

SYMM Suppose SGE + P = Q then SGE+FQ =P
Suppose (N(s) - P) = (N(s) F Q) then it is true by symmetry on the equality that
(N(s)F Q) = (N(s) F P).

TRANS Suppose SGE + P =Q and SGE + Q = R, then SGE+P=R
Suppose that (N(s) - P) = (N(s) - Q) and that (N(s) - Q) = (N(s) F R) then
by the transitivity of the equality we have (N(s) F P) = (N(s) - R).

8. Congruences
CONT1 Suppose SGE - P = Q then SGE F Ti(z;).P = Ti(z;).Q
Suppose that (N(s) - P) = (N(s) F Q) then we have the following equalities:

(N(s) FT(z;).P) = outy((N(s) F z), (N(s) - z5), (N(s) - P])

out,((N(s) F z.), (N(s) F z;), (N(s) - @))
= (N(s) - %i(z;)-Q)
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CON2 Suppose SGE + P = Q then SGE F Ti(2).P = %i(2).Q
Suppose that {N(s+1) F P) = (N(s+1) F Q) then we have the following equalities:

(N(s) F Ti(2).P) = bouts((N(s) - z:), (N(s + 1) F P))
= bout,((N(s) - z:), (N(s + 1) F Q])
= (N(s)F7(2)Q)

CON3 Suppose that ¥i,1 < i < n, SGE F Plz := zi| = Q|z := z;] and that
SGEV P = Q then SGE F z;(2).P = 7:(2).Q
Suppose that ¥i,1 < i < n, (N(s) F Plz ==z) = (N(s) F Q[z := z;) and that
(N(s+1)F P) = (N(s + 1) F Q) then we have the following equalities:

(N(s) F zi(2).P) = ing{(N(s) F 2, ((N(s) - Plz:= z))ia, (N(s+1)F P))
= in,((N(s) F z:), ([N(s) F Qlz =z, (N(s+1) F QD)
= (N(s)F zi(2)-Q)

CON4 Suppose SGE P = Q then SGE + . P=10Q
Suppose that (N(s) + P) = (N(s) - Q) then we have the following equalities:

(N(s)FT.P) = tau,({N(s) F P))
= tau,((N(s) F QD)
= (N(s)F7.Q)

CONS Suppose SGE + P = Q then SGEF P+R=Q+R
Suppose that (N(s) - P) = (N(s) F Q) then we have the following equalities:

(N(s)F P+R) = sum,((N(s)+ R),(N(s)F RD)
= sum,((N(s) - Q). (N(s) F R])
= (Ns)FQ+R)

CONGB Suppose SGE - P = Q then SGE - vzP = vzQ
Suppose that (N(s+1) F P) = (N(s+1) F Q) then we have the following equalities:
(N(s) FvzP) = res((N(s+1)F P))

= res,{((N(s+1)F QD)
= (N(s) Fv2Q)



APPENDIX B. SOUNDNESS: PROOF OF THEOREM 4.1.10 144

CON7 Suppose SGE - P = Q then SGE + PJR=QIR
Suppose that (N(s) - P) = (N(s) + Q) then we have the following equalities:

(N(s)F PJR) = Im,((N(s)+ P),(N(s)F R))
= Im,((N(s) - Q), (N(s) F R))
= (N(s)-QIR)
CONBS Suppose SGE - P = Q then SGE + P||[R=Q||R
Suppose that (N(s) F P) = (N(s) F Q) then we have the following equalities:

(N(s)F P||R) = syn,((N(s)F P),(N(s)F R])
= syn,((N(s) F Q). (N(s)+ R))
= (N(s)+QIIR)
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