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Abstract

In 1954, H. Dye proved that the unitary groups of von Neumann factors not of type
I,, determine the algebraic type of factors. Using Dye’s result, M. Broise showed
that any isomorphism between the unitary groups of two von Neumann factors not of
type I, is implemented by a linear or a conjugate linear *—isomorphism between the
factors. Using Dye’s approach, A. Booth proved that two simple unital AF-algebras
are isomorphic if and only if their unitary groups are (algebraically) isomorphic. In
the first part of this thesis, we extend Booth’s result to a larger class of amenable
unital C*—algebras. If ¢ is an isomorphism between the unitary groups of two unital
C*—algebras, it induces a bijective map 6, between the sets of projections of the
algebras. For some UHF-algebras, we construct an automorphism ¢ of their unitary
group, such that 8, does not preserve the orthogonality of projections. For a large
class of unital C*—algebras, we show that 8, is always an orthoisomorphism. This
class includes in particular the Cuntz algebras O,, 2 < n < 00, and the simple unital
AF-algebras having 2-divisible Ky—group. If ¢ is a continuous automorphism of the
unitary group of a UHF-algebra A, we show that ¢ is implemented by a linear or a

conjugate linear x—automorphism of A.
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Chapter 1
Introduction

For two unital C*—algebras 2; and 2, A. Paterson proves in [Pt] the following result:

Theorem 1.0.0.1. [Pt, Th.4.6] The unitary groups of Uy and Az are isometrically
isomorphic with respect to the metrics induced by the norms of %, and Ay if and
only if /; is the direct sum of closed ideals I;, J; (i = 1,2), where I; and I, are

x—1isomorphic and J, and Jy are x—antitsomorphic.

He asks also the following question:
What can one say about unital C*—algebras U, and A, which are such that there is a

(topological and algebraic) isomorphism from U(%,) onto U(A,) ?

Let us elaborate Paterson’s question as follows:
[Q.1] If A, and A, are two simple unital C*—algebras whose unitary groups are iso-
morphic (as abstract groups), are A, and 2, either x—isomorphic or x—antiisomorphic
?
[Q.2] If A, and A, are simple, unital C*—algebras and ¢ is an isomorphism between
their unitary groups, does ¢ extend to a x—isomorphism or x—antiisomorphism be-
tween A, and ™A, ?

In this thesis, we study both questions. Before stating our results, let us review

what is known about these questions. For continuous von Neumann factors, [{Q.1]



and [Q.2] were answered by H. Dye in [Dy] combined with M. Broise’s result in [Br].
Indeed:

Theorem 1.0.0.2. [Dy, Th.2] Let N and M be two von Neumann factors not of type
Ly, and @ be a group isomorphism between their unitary groups U(N) and U(M).
Then there exists a linear or a conjugate linear x—isomorphism ¥ of N on M which
implements o in the following sense: for every u € U(N), p(u) = AM(u)¥(u) for some
(possibly discontinuous) character A of U(N).

In [Br, Th.1], M. Broise shows that the unitary group of a factor not of type I,

has no non-trivial characters. Therefore using Dye’s result, he obtains

Theorem 1.0.0.3. If N and M are two von Neumann factors not of type In(n < 00),
then any isomorphism between their unitary groups is implemented by a linear or a

conjugate linear *—isomorphism between the factors.

Generalizing Dye’s approach, A. Booth proves in [Bo], that any isomorphism
between the unitary groups of two simple unital approximately finite C*—algebras
(AF-algebras) A and B induces an order isomorphism between the K —groups Ko(A)
and Ky (B) sending [14] to [15]. Using Elliott’s classification theorem for AF-algebras,
A. Booth answers [Q.1] by showing:

Theorem 1.0.0.4. [Bo, p.88] If A and B are simple, unital AF-algebras with iso-

morphic unitary groups, then A and B are isomorphic as C*—algebras.

In Chapter 4, we answer [Q.1] affirmatively for a large class of unital amenable
C*—algebras, which includes the Cuntz algebras and the irrational rotation algebras.

In Chapter 6, we solve [Q.2] for UHF-algebras, if the isomorphism ¢ is continuous.

Let 2 and B be two unital C*—algebras, and ¢ be an isomorphism between their
unitary groups. Let us recall Dye’s strategy. As ¢ sends self-adjoint unitaries to self-
adjoint unitaries, then a natural mapping 6, between the sets of projections P ()
and P(*B) can be defined by setting

I-20,(p) = oI - 2p), p€ P(A).

2



Such a map 6, is a projection orthoisomorphism between the C*—algebras
and B if it is a bijective map which preserves orthogonality of projections, i.e., if
p,q € P(2), then

pg = 0 if and only if 8(p)6(q) = 0.

Now, let us ask the following question:

[Q.3] When is the induced map 0, an orthoisomorphism 7

For von Neumann factors, Dye answered it by proving:

Theorem 1.0.0.5. [Dy, Le.13] Let M and N be two factors. If ¢ is an isomorphism
between U(M), U(N) and M is not of type I, (n > 1), then 8, is an orthoisomor-

phism.

Moreover, Dye outlined the construction of an automorphism ¢ of U (Mo, (C)) whose
induced map 6, : P(Mz,(C)) — P(My,(C)) is not an orthoisomorphism.

We now give a detailed presentation of the chapters of this thesis. In Chapter
2, we present the background material we shall need. We have used the following
references: [B], [Dal, [Ef], [Go], [M], [RS] and [WO).

In Chapter 3, we introduce the results of Dye ([Dy]) and Booth ([Bo]). One of the
main tools used by Dye in his study and that we shall also need in Chapter 6, is a
family of projections of M, (A), for a C*—algebra A and n > 3. If V;,(A) denotes the
direct sum of n copies of A, considered as a left Hilbert A—module, Dye considers the
following projections of M, (A): for each a in A and 1 < i # j < n, P;j(a) denotes
the projection whose range consists of all left multiples of the vector with 1 in the ith
place, a in the j** place, and zeros elsewhere. If {E; ;}7; denotes the standard system
of matrix units of M,,(C), then

P, (a) = (1+aa*) '®F; ;+(1+aa*) 'a®E; j+a*(1+aa*) ' QF;+a" (1+aa*) 'a®E; ;.

In the second part of this chapter, we present results ([Bo]) that A. Booth ob-
tained in his master thesis (1998). In [Bo], he proves that if 2 and B are simple,

unital AF-algebras with isomorphic unitary groups, then 2 and 28 are isomorphic as

3



C*—algebras. Let ¢ be an isomorphism between U(2) and U(*8). To 6, Booth asso-
ciates an orthoisomorphism 8, from P(2A) to P(B), preserving unitary equivalence of
projections and he proves that (% induces an order isomorphism of the scaled dimen-

sion groups Ky (2) and Ky(*B). By Elliott’s theorem, 2 and B are then x—isomorphic.

In Chapter 4, we solve [Q.1] by extending Booth’s method to a larger class of
finite C*—algebras and purely infinite C*—algebras. Let F denote the collection of
all simple unital stably finite C*—algebras of real rank zero which have cancellation
and whose Ky—group is a weakly unperforated interpolation group. If A and B belong
to F, or if they are simple purely infinite C*—algebras and if ¢ is an isomorphism
from U(A) and U(B), then we show that ¢ induces an order isomorphism between
Ko(A) and Ky(B), sending [14] to [1g]. In particular, if A and B are both irrational
rotation algebras or both Cuntz algebras with isomorphic unitary groups, then A and
B are isomorphic as C*—algebras.

More generally, using Elliott’s classification theorem, we show that simple, unital
AT-—algebras of real rank zero, where unitary and K, groups are isomorphic, are
also isomorphic as C*—algebras. If the isomorphism between the unitary groups
is topological isomorphism, the assumption on the Kj—groups is not necessary. In
particular, the C*—crossed product associated to two Cantor minimal systems are
isomorphic if and only if their unitary groups are isomorphic.

For simple, unital purely infinite C*—algebras, we study the case of Kirchberg
algebras, and we prove that two Kirchberg algebras are *—isomorphic if and only if

their unitary groups are isomorphic.

In Chapter 5, we study [Q.3]. Let A be a unital C*—algebra and ¢ be an au-
tomorphism of U(A); we prove that if A belongs to one of the following classes of
C*—algebras:

e Cuntz algebras O,, 2 < n < oo,
o C*—algebras of class F and whose Ky—groups are 2-divisible,

o UHF-algebras whose generalized integers are (3"3,5™,...),

4



o Simple purely infinite C*—algebras whose Ky—groups are 2-divisible,

e C*—algebras which have a normalized faithful trace T, such that

for every self-adjoint unitary u in the C*—algebra,

then the induced map 6, is an orthoisomorphism of P(A).

On the other hand, if A is a UHF-algebra whose generalized integer is such that
= (2",3™,5™ ...), where 1 <ny < oo and 0 <n, <o

for every prime p > 2, we construct an automorphism ¢ of U(A), whose induced
map 6, is not an orthoisomorphism. This construction generalizes Booth’s precise
description of Dye’s example of such an automorphism of U (M2, (C)).

In this chapter, we also show that if A is a unital C*—algebra, ¢ € Aut(U(A))
and A has a p—invariant faithful trace, then ¢ is implemented by a *—isomorphism
of the algebra A.

In Chapter 6, we discuss the extension problem of question [Q.2]. To a unital
C*—algebra A and a system of matrix units {e; ; }ﬁjzl, n > 3 of A, we associate as in
Dye, the family of projections P, j(a), for a € e114e11, 1 <i# j < n. If ' denotes
the subgroup of U(A) generated by the self-adjoint unitaries of the form 1 — 2P, ;(a),

for a € e114e11, 1 <i# j <n, we generalize [Dy], Lemma 6 as follows:

Theorem 1.0.0.6. Let A and B be two unital C*—algebras and for some n > 3,
let {e1, - ,en} be a partition of the unity in A, consisting of orthogonal equivalent
projections. If ¢ : U(A) — U(B) is an isomorphism such that 0, is a projection
orthoisomorphism, then there exists a unique ¢ : A — B, which is a direct sum of

linear and conjugate linear x-isomorphisms, such that ¥(u) = ¢(u) for allu € T.

In particular, we study the UHF-algebra case and we show that, if A is a UHF-
algebra and ¢ is an automorphism of U(A), such that 6, is an orthoisomorphism

of P(A), then there exists a linear or a conjugate linear *—automorphism v which

5



coincides with ¢ on the subgroup of U(A) generated by {I', K}, where K, denotes
the subgroup generated by the self-adjoint unitaries in A (= Up>14,). Moreover,
if A is a UHF-algebra and 6, is not necessarily an orthoisomorphism, we show that
there exists a linear or a conjugate linear x—automorphism % which coincides on K,
with ¢ up to a character of U(A).

Finally, we discuss the case where ¢ is a continuous automorphism of the unitary

group of the UHF-algebras, and we show

Theorem 1.0.0.7. Let A be a UHF-algebra. If ¢ is a continuous automorphism of

U(A), then ¢ is implemented by a linear or a conjugate linear x— automorphism v of

A.



Chapter 2

Background Material and Some

Basic Results

In this chapter, we recall some background material, basic definitions, and some main

theorems. Also, we prove some results which will be used in the next chapters.

2.1 Dimension Groups

2.1.1 Ordered Groups

A set 7 with a partial order relation < is said to be a partially ordered set, and
will often be denoted by (Z, <). Two elements = and y of 7 are comparable if either
z < yorz>y. A partial order on a set Z in which any two elements are comparable

is called a total order, and a set with a total order is called a totally ordered set.

Definition 2.1.1.1. A partially ordered set (Z,<) is said to be upward directed if
every finite subset of T has an upper bound in I, and is downward directed if every

finite subset of I has a lower bound in Z.

Definition 2.1.1.2. A partially ordered abelian group is an abelian group G with
a specified partial order < which is translation-invariant, i.e. for any z,y,z € G we
have

zLly=>z+z<y+z

7



A totally ordered abelian group is a partially ordered abelian group in which

< is a total order.
Example 2.1.1.3. Consider the following examples:

1. The additive group Z with the partial order x < y if and only if 0 <y —z s a
partially ordered abelian group (in fact, a totally ordered abelian group). This
will be referred to as the usual ordering on Z. Similarly, the additive groups

Q and R with their usual order < are totally ordered abelian groups.

2. The additive group C is a partially ordered abelian group with z < w if and only
fw—z€ Randw—22>01inR.

3. We can define another ordering on Z by setting x < y if and only if y — z is
non-negative and even. Then Z is a partially ordered abelian group, (but not a

totally ordered abelian group).

4. Let x = (z1,...,24), y = (Y1,-.-,Yn) € Z". Say that z < y if and only if
z; < y; for every i = 1,...,n, where z; and y; are compared using the usual
ordering on Z. Then Z™ is a partially ordered abelian group. This ordering on

Z" is called the simplicial ordering.

Definition 2.1.1.4. A cone in an abelian group G is a subset C of G containing
0 € G and C s closed under addition. A cone C is called a strict cone if 0 is the

only element x € C for which —x € C.

Definition 2.1.1.5. Let G be a partially ordered abelian group. Let x € G. We say
that x is a positive element of G if 0 < z, and we say that x is a strictly positive
element of G if 0 < z.

We denote by G the set of all positive elements of G. Then G™ is a strict cone,
called the positive cone of G. Conversely, given a strict cone C in G we can define a
relation <c on G by

r<cy<==y—z € C.

Then the relation <¢ is a translation invariant partial order, therefore (G, <¢) is a

partially ordered abelian group.



Example 2.1.1.6. For each of the ezamples in (2.1.1.3), the positive cone is as

follows:

1. Z is the set of non-negative integers, Z* = {0,1,2,...}. Similarly for Rt and
Q*.

2. Cr =R™.
3. It =27+,
4 (@2 = {(%:); 7 € LT}

Proposition 2.1.1.7. [Go, 1.3] Let H be a subgroup of a partially ordered abelian
group G. Then the following are equivalent:

1. H is an upward directed partially ordered set,

2. H s a downward directed partially ordered set,

3. H is generated (as a subset of G) by a subset of G,

4. All elements of H have the form z — y for some x,y € H™.

Definition 2.1.1.8. A directed subgroup of a partially ordered abelian group G is
any subgroup H of G which satisfies the equivalent conditions of Proposition (2.1.1.7).
If G is a directed subgroup of itself then we say that G is directed, or that G is a

directed abelian group.

Definition 2.1.1.9. Let G be a partially ordered abelian group. We say that G is
unperforated if for any x € G and any n € N, then nx is positive only if T is

positive.

Example 2.1.1.10. If Z is made into a partially ordered abelian group with positive
cone {0,2,4,...}, then Z is perforated.

Let G be an abelian group together with a subset P of G, called the positive

cone, such that



1. P+PCP,

2. P-P =G,

3. Pn(-P) = {0},

4. If a € G and na € P for some n € N, then a € P.

Then G is a directed, unperforated partially ordered abelian group. Conversely, any
directed, unperforated, partially ordered abelian group satisfies (1-4) with P = G™.
Let G be a directed, unperforated, partially ordered abelian group. If a,b € G

and na < nb for some n € N, then a < b. Indeed,
na<nb=0<nb—na=nb-a)=>nb-a)eGt=b-—aeG =a<b

So, in particular, na = 0 implies that a = 0; therefore a directed, unperforated,

partially ordered abelian group is torsion free.

Definition 2.1.1.11. Let G and H be two partially ordered abelian groups. A pos-
itive homomorphism from G to H is a group homomorphism f: G — H such
that

f(GHYC HT.

Note that a homomorphism is positive if and only if it is order preserving (that

is, z < y implies f(z) < f(y), for any z and y € G).

Definition 2.1.1.12. Let G be a partially ordered abelian group, and let u € G7.
We say that u is an order unit in G if for any x € G, there is ann € N such
that ¢ < nu. We say that a positive homomorphism f: G — H ts a normalized

if f(u) =v, where u and v are order units of G and H respectively.

Example 2.1.1.13. Any strictly positive element of R is an order unit.

10



2.1.2 Grothendieck Groups

For a given commutative semigroup #, the Grothendieck group G(#) is the smallest
abelian group containing H. Recall that a commutative semigroup H is said to satisfy

cancellation if
T+y = z4+y = x ==z for any z,y,2 € H.

Definition 2.1.2.1. Let H be an abelian (additive) semigroup. Denote by =

the equivalence relation given on H X H by
(h1, k1) = (ho, k2) <= Jx € H such that hy + ko +2 = ho + ki + .
The Grothendieck group of H is
G(H) =H x H/ =, where
addition is defined by
[(h1, k1)] + [(h2, k2)] = [(h1 + ho, k1 + k2)].
The identity I is the class of (x,z), for any z € H.

Remark 2.1.2.2. Thinking of an element [(h,k)] € G(H) as the formal difference
h —k, it is natural to represent h € H in G(H) as [(h,0)].

Example 2.1.2.3. G(Z*) = Z, G(R") = R, G(Q*) = Q.

2.1.3 Dimension Groups

Proposition 2.1.3.1. [Go, 2.1] For a partially ordered abelian group G, the following

are equivalent:

1. Given x1,%2,y1,Yy2 € G such that x; < y; for all i, j, there ezists an element

z € G such that x; < z < y; for alli,j.

2. Given x,y1,y2 € G such that z < y; + yo, there erist T1,2o € Gt such that

T =1x,+ 22 and x; < y; for all i.

11



3. Given z1,%2,Y1,y2 € G* such that z, + o = y; + ya, there exist elements
211, 212, 221, 222 € G such that x; = 2z;1 + 22 for each i and y; = z1; + 25 for

each j.

Definition 2.1.3.2. A partially ordered abelian group G is said to satisfy the Riesz
interpolation property, provided G satisfies condition (1) of Proposition (2.1.3.1),
and is said to satisfy the Riesz decomposition properties if conditions (2) and
(8) of Proposition (2.1.3.1) hold in G.

Proposition 2.1.3.3. [Go, 2.2] Let G be an interpolation group. Then we have the

following:

1. Given z;,y; € G such that z; < y; foralli=1,...n, j =1,...k, there ezists
z € G such that z; < z < y;.

2. Given z,yi,...yx € GT such that z < Z§=1 y; there exists xy,..., T € G
such that z = Zle z; and z; < y; for all j.

3. Gen xi,...,Zn,Y1,-..,Yx € GT such that ), z; = Zj y;, there exist z;; € G*

such that
T = Zzij and y; = Zzij
j i

for alli,j.

Definition 2.1.3.4. A dimension group is a directed, unperforated, partially or-
dered abelian group which satisfies the Riesz interpolation property. A scale on a

dimension group G is a subset ¥ of Gt which satisfies:
1. For each a € G* there are aq,...,a, € ¥ such thata=a;+ -+ a,.
2. If0<a<buwithb € ¥, thena € X.
3. Given a,b € X, thereisc € ¥ witha<candb<c.

We call (G,X(G)) a scaled dimension group.

12



Let (G,X(G)) and (H,X(H)) be scaled dimension groups. Let f : G — H be
a positive homomorphism. We call f a contraction if f(X(G)) C ¥(H). If f is
invertible and f~! is also a contraction, then we call f an isomorphism of scaled
dimension groups.

Consider the examples in (2.1.1.3):

1. Z with the usual ordering is a dimension group, for any n € Z*\{0} the set
[0,n] ={0,1,2,...,n} is a scale on Z.

2. € with that ordering is not directed, and hence not a dimension group.

3. Z in this case is neither unperforated nor directed, hence is not a dimension

group.

4. Z™ with the simplicial ordering is a dimension group, and the scale are the sets
[0,71] X ... x [0,nk], withni,...,n, € Z+\{0}.

Let G be a dimension group with an order unit u. Then the set
0,u] ={z € G|0<z < u}
is a scale on G.

Definition 2.1.3.5. Let (G,X(G)) and (H,X(H)) be scaled dimension groups. A
map f : (G) — L(H) is a scale homomorphism if whenever a = b+ c, for some
a,b,c € X(G), it follows that f(a) = f(b) + f(c). If f is invertible and f~* is also a

scale homomorphism then f is called a scale isomorphism.

The following is the extension theorem of scale homomorphisms (scale isomor-

phisms) to contractions (isomorphism of scaled dimension groups), which was proved
by E. Effros in [EF, L.7.3]

Proposition 2.1.3.6. Any scale homomorphism f : L(G) — X(H) extends to a
unique contraction f : G — H. If f is a scale isomorphism, then f is an isomorphism

of scaled dimension groups.
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Proof: Extend f to an additive map f; : Gt — H* by

filar + -+ a,) = flar) + -+ + flay,).

To see that this is well-defined suppose that a; +---a, = by + - - - by,. From the Riesz

interpolation property, there exist ¢;; > 0 with a; = 3 ¢;j, bj = 3, ¢ij, and we have
> fla) = fleg) =) fby).
i (3] J

Extend f; to G = Gt — G by setting fa(a — b) = fi(a) — f1(b), where a,b € G*. f,
is well defined since if a —b = o' — ¥/, then a+¥ = o' +b which implies fo(a) + fo (V') =
f2(a') + fa(b). Hence f is the desired extension. O

Remark 2.1.3.7. The extension of f in the previous proposition is based on the

following:

1. the scale ¥ generates G as an abelian group.

2. G satisfies the Riesz interpolation property.

Definition 2.1.3.8. A convex subset of a partially ordered set G is a set H C G
such that
(z,2 € Hy € Gizx<y<z)=—y € H.

A convex subgroup of a partially ordered abelian group G is a subgroup H of G which
15 a convez subset of G. An tdeal of a partially ordered abelian group G is any directed
convez subgroup of G. A partially ordered abelian group G is simple if G is nonzero
and directed (so G is a non-zero ideal of itself) and the only ideals of G are {0} and
G.

2.2 (*—Algebras

2.2.1 Basic Definitions

Definition 2.2.1.1. An involutive algebra A is a complez algebra given together with

. . A— A
an nvolution such that
a+—a*

(a+b)=a"+b

14



foralla,be A and A € C.

Recall that a Banach algebra A is an algebra over C that has a norm ||.|| relative
to which A is Banach apace and ||ab|| < ||a|| ||0]| for all a,b € A.

Definition 2.2.1.2. A C*—algebra is a Banach involutive algebra A such that ||a*a|| =
lla||? for alla € A.

Definition 2.2.1.3 (Inductive limit of C*—algebras). Let A;, i € I be C* —
algebras and let ®,;; : A; = A; be C*—algebra morphisms. It follows that {A;, ®;;}
is a normed inductive system of normed algebras, hence has a direct limit A in the
category of normed algebras. Moreover, Ay has a *x—algebra structure and satisfies
lla*al| = ||a||?>. Hence we construct the (unique) C*—algebra direct limit A of the
directed system {A;, ®;;} to be An.

A *—homomorphism ® : A — B between two C*—algebras is a linear map such
that

&(ab) = ®(a)®(b)

for all @,b € A.
Definition 2.2.1.4. Let A be a unital C*—algebra.
1. a € A is normal if a*a = aa*,

2. a € A is self adjoint if a* = a, and B C A s self adjoint if B is closed under

involution,
3. a € A is positive if there exists b € A such that a = b*b,
4. p € A is a projection if p* =p =p?,
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5 w € Aisan isometry if ww =1,
6. we A is a partial isometry if w*w is a projection,
7. u € A is a unitary if vu* = u*u = 1.

We will denote by U(A) the unitary group of A.

Example 2.2.1.5. The following are C*—algebras, with the indicated involutions and

norms:

1. C, with the complex conjugation as involution.

2. The complex matrices M,,(C), with the involution (a;;)* = (az;)!, and
|All = sup{[|AC||; ( € C" such that||C|| = 1}.
3. For a given Hilbert space H, the space of all bounded linear operators B(H) is
a C*—algebra with the usual adjoint operator, and for T € B(H), the norm of
T is
IT|l = sup{|IT(=)[}; ll=l] < 1}.

4. Let X be a compact space. Then the set C(X) of all continuous complez valued
functions on X, with f*(z) = f(z) is a C*—algebra and the norm defined by

11l = sups e x [l F(2)I]-

An ideal in a C*—algebra A, is defined to be a norm-closed two sided ideal. A is

said to be simple if there is no proper ideal in A ([Da, p.12}).

Proposition 2.2.1.6. If A is a simple unital C*—algebra, then the centre of A is
Z(A) = {al|a € C}.

Definition 2.2.1.7. The C*—matriz algebra M,(A), of a C*—algebra A is defined

to be the algebra of the n x n matrices (a; ;) over A with operations:

a(a;i;) = (0a;;)(a scalar), (ai;) + (bij) = (aij + bij)

(a: )" = (a’;,i) and (a;;)(bi;) Zaz Kbk ;)

16



2.2.2 Spectrum of C*—Algebras

The spectral theory for C*—algebras holds for more general algebras. Consider A to

be a unital Banach algebra.

Definition 2.2.2.1. For each a € A, the spectrum of a is the subset
o(a) ={) € C| A —ais notinvertiblein A}
of the complex plane.

Lemma 2.2.2.2. [HJ, 4.11] For each a € A, the sequence (||a"||%)n21 is convergent

and

limnosoolla™[[* = infasilla®]| < Jall.
Definition 2.2.2.3. [HJ, 4.12] The spectral radius of a € A is the real number

. 1
pla) = limp_eolla™||=.

Equivalently, p(a)™! is the radius of convergence of the series Y -, A"a". Observe

that p(a) < ||a||. If A is a C*—algebra and a is normal element, then p(a) = |al|.

Proposition 2.2.2.4. [HJ, 4.14] For each a € A, the spectrum o(a) is a non empty
compact subset of C which is contained in the closed disc of radius p(a), centered at

the origin.

Proposition 2.2.2.5. [HJ, 4.20] Let A be a unital C*—algebra, then we have:

(i) if a € A is self adjoint, then its spectrum is in R.

(1) if u € A is unitary, then its spectrum is in the unit circle of the complex plane.
(ii) for each a € A, the spectrum of a* is {A € C; A € o(a)}.

Theorem 2.2.2.6. (Continuous functional calculus)[HJ, 4.24] Let A be a unital
C*—algebra, and a € A be a self-adjoint element. Let C(o(a)) be the C*—algebra of

continuous functions on the spectrum of a, then a map

{ C(o(a)) — A
fr— f(a)

defines a morphism of C*—algebras, moreover o(f(a)) = f(o(a)), for all f € C(o(a)).
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Now we prove the following result:

Theorem 2.2.2.7. If A is a unital C*—algebra, then any element of A can be written

as a linear combinations of four unitaries.

Proof: If a € A, with ||a|| < 1, then p(a) C [-1,1]. Let f(t) =v1—-1t%,s0 f €
C(o(a)) therefore by using the continuous functional calculus, we have /1 — a? € A.

Define uy, uy to be as follows:
u; = a+1vV1 — a?
U =a—1vV1— a2

Notice that u; and uy belong to U(A), moreover u} = up, and a = (u; + uz)/2.
Now, if a € Ay, and ||a|| > 1, define o' = a/2||a||, then o’ € A,,, and we get that
a = ||a||uy + ||a||luz, hence the theorem follows for the self adjoint unitaries. Finally if

a € A then, a = a; + ayt, where a; and a; are in A,,, therefore the theorem follows.O

2.2.3 Projections in C*—Algebras

Let us denote by P(A) the set of all projections in a C*—algebra A. This set is
a partially ordered by the following partial ordering: For p;,p» € P(A), p1 < p2
whenever pi;p; = pop; = p;. Also two projections pi, p; are orthogonal if p;p, = 0.
Note that 0 < p < 1 for any projection p. If p < ¢, then g—p is a projection orthogonal
to p, the projection 1 — p is called the orthogonal complement of p. The sum of
two projections p and q is a projection precisely when p and g are orthogénal.

Not all C*—algebras have plenty of projections, the following example shows that

some algebras have only trivial projections.

Example 2.2.3.1. If X is a compact subset, then p is a projection in C(X) if and only
if there exists a clopen subset B of X such that p = xg, where x is the characteristic

function on X, therefore if X is connected, then either p =0 or p=1.
For two commuting projections p and ¢, we define their symmetric difference
pAg=p+q—2pg.
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If p and ¢ are two orthogonal projections, then pAg = p+q. The following properties

of the symmetric difference of commuting projections can be verified by directly:
pA(qAr) = (pAg)Ar
(1-p)Ag = 1-pAg

(p1Ap2 ... Apy)r = pirAperA... Ap,r.

Definition 2.2.3.2. [WO, 5.2.1] Projections p and q in a unital C*—algebra A are

said to be:

e equivalent, denoted p ~ q, when there is a partial isometry v € A such that

*

p = v'vandq = vv¥;

e unitarily equivalent, denoted p ~, q, when there is a unitary u € A such

that p = u*qu;

o homotopically equivalent, denoted p ~p q, when p and q are connected by a

norm-continuous path of projections in A.

Let p and ¢ be two projections in a C*—algebra A. If p is equivalent to a subpro-
jection of ¢, then we write p < ¢, and if p is equivalent to a proper subprojection of
g, then we write p < q.

Lemma 2.2.3.3. [WO, 5.2.10] If p and q are projections in A, then
P~hg=—=>pr~yg==p~g.

Lemma 2.2.3.4. [WO, 5.2.5] Let p and q be projections in a unital C*—algebra A.
Then p ~y, q if and only ifp~qandl —p~1—gq.

Proposition 2.2.3.5. [WO, 5.2.6] If p and q are projections in A such that ||p—q|| <

1, then they are homotopically equivalent.

Proposition 2.2.3.6. [HJ, 4.28] Let A be a unital C*—algebra. If there exists a
tower Ay C Ay C ... of C*—subalgebras of A such that Ay, = Un21 A, is dense in A,

then for each projection € € A, there exists a unitary u € A such that uveu* € Ay.
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Definition 2.2.3.7. Let A be a C*—algebra, and B be a C*—subalgebra of A. We
say that B is a hereditary x—subalgebra of A if

[a € A,b€ B,0<a<b=a € B.

Example 2.2.3.8. Obviously, {0} and A are hereditary C*—subalgebras of A, and

any intersection of hereditary C*—subalgebras is also hereditary.

Example 2.2.3.9. Let A be a C*—algebra, and p € P(A). Then pAp is also a
C*—algebra with unit p. Clearly pAp is a x—algebra with identity p. To show that
pAp is closed, suppose that x is an accumulation point of pAp. Let (z,) be a se-
quence in pAp converging to some x in A. Since ||p|| < 1 we see that the sequence
(pznp) converges to pxp. However pr,p = z, since z, € pAp for all n. Then
Z = liMy_0oPTnp = prp, and hence r € pAp. Hence pAp is a C*—algebra; it is thus
a hereditary C*—subalgebra of A.

Remark 2.2.3.10. A C*—subalgebra of a simple C*—algebra need not be simple; as
a trivial ezample, My & My C My, shows.

Theorem 2.2.3.11. [Mu, 3.2.8] A hereditary C*—subalgebra of simple C*—algebra

s simple.

Definition 2.2.3.12. [Da, p.101] A C*—algebra A is said to be finite if for any two
equivalent projections p and q such that p < q, then p = q. Moreover, A is said to be
stably finite if M,,(A) is finite for alln > 1.

Example 2.2.3.13. Any finite dimensional C*—algebra s stably finite.

2.2.4 AF-Algebras
We first mention the following results about the finite dimensional C*—algebras.
Lemma 2.2.4.1. [Da, p.74] A finite dimensional C*—algebra has a unit.

Lemma 2.2.4.2. [Da, Th.III.1.1] Every finite dimensional C*—algebra A is isomor-

phic (as C*—algebras) to a direct sum of full matriz algebras

A~M,, &...&M,, for somen; k € N.
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Now we define a set of matrix units of C*—algebras, and we prove some basic

results, which will be used in the next sections.

Definition 2.2.4.3. If B is a unital C*~algebra, then a set {e],;} € B,1 <1,j <

nandl < r < m, is said to be a system of matriz units in B if it satisfies:
n,m
T T — 5T r 8 — iy y r * T T
€; i€k = €ip €k, =0if r# sorj#k, (ei,j) =€ E € =1
i,Tr

and e; ; are projections for every i.

Proposition 2.2.4.4. Let A be any unital C*—algebra. Then A has a set of matriz
units {e;;}, 1 < 1,5 < n if and only if there exists a set of n pairwise orthogonal

equivalent projections which constitutes a partition of unity.

Proof: Let {e;;}, 1 < 4,5 < n be a system of matrix units of A. For every
t, define r; = e;;, so it is clear that these r;’s are orthogonal projections such that
dov,mi = 1. Now we prove that r; ~, 7;, and the general case is similar. Let
u =€+ €1+ Z;;l’l# ey S0, u is a self-adjoint unitary in A, and ue;;u = e
therefore the set {ry, r2, ... r,} forms a partition of unity. Conversely, as r; is
equivalent to r; for every i, let s; be a partial isometry such that sjs; = r; and
s;s; = r;. Define e;; = s;s7, and we claim that the set {eij, 1 <1,j < n} forms a
set of matrix units of A; we show that as follows:
(i) For every i, e;; = r; is a projection and ) - €;; =1,
(i) (€)™ = 5557 = €5,
(iii) e; jejx = 8i8}8;jSk = 8iT18% = €ik,
(iv) If j # k, then e;jex; = sisisgs; = si(sjr;)(resk)s; = 0. Therefore, we have

proved our claim. ]

Proposition 2.2.4.5. Let A be any unital C*—algebra. Then A has a system of
matriz units if and only if there exists n € N such that M,,(C) can be embedded in A.

Proof: If {e;;, 1 < i,j < n} forms a set of matrix units of A, then define the
map

¥: M,(C) — A by
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n
(@i )nxn — Y G j€ij.
ij=1

It is clear that ¥ is an embedding of M,(C) into A. Conversely assume that, for some

n € N, there exists an embedding
¥: M,(C)— A

As{E;;,1<1i,j < n}, where E; ; denotes the matrix with 1 placed in ¢ X j and zeros
elsewhere, forms a system of matrix units of M, (C), then {¥(E;;), 1 <4,j < n}

forms a system of matrix units of A, hence the result follows. a

Proposition 2.2.4.6. If A is a unital C*-algebra, and for somen, {ei; 17,21, {fii}ij=1
are two systems of matriz units of A such that e, ~ fi,1, then there exrists a unitary

u in A such that, u(e;;)u* = fi;, for every1 <4, < n.
Proof: Let v be a partial isometry such that v*v = e;; and vv* = fi;. Define

U = Z?:l fj,lvel,j, then

n n
* * —_ * —
uu = E fiveyjer1v™ fix = E fiaver1v* fr; = 1.
Ji.k J
Similarly, u*u = 1, therefore u is a unitary in A and
* %*
u(ei)u” = fiaverv* fi; = fiy-
O

Definition 2.2.4.7. [HJ, 5.6] A C*—algebra A is an approxzimately finite algebra
(AF-algebra) if A = UA, such that for every n > 1, A, is a finite dimensional
C*—subalgebra of A, and A, C Any1. In other words A is an AF-algebra if it is the
C*—algebraic direct limit of a directed system of finite dimensional C*—algebras and

C*—algebra homomorphisms.

Consider the following examples:
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Example 2.2.4.8. For eachn € N, let A, = M,,(C), and let @, ,11 be the embedding
of A, into Apyq, given by

A0

q)n,'n.+1(A) = ( 0 0

) € M1, forany Ain M,,.

Then the corresponding AF-algebra is isomorphic to K, where K denotes the compact

operators on the separable, infinite dimensional Hilbert space H =~ {5.

Example 2.2.4.9. [HJ, 5.7] The algebra of continuous functions on the Cantor
ternary set X is a commutative AF-algebra. For each n € N, define an algebra
A, of continuous functions on X as follows:

Ap is the algebra of constant functions,

A, is the algebra of functions constant on X N[0,3] and X N[2,1], and so on

A, is the algebra of functions constant on Xﬂ[g%, %1] for each j € {0,1,...,3"—1}.
Then

AgCAC...CA, CA 41 C...

is a nested sequence of finite dimensional abelian C*—algebras, and the corresponding

AF-algebra is the C*—algebra of continuous functions on the Cantor set X.
Now we introduce another example of AF-algebras, the UHF-algebras.

Example 2.2.4.10. Let (k;);j>1 be a sequence of integers, with k; > 2. For each
n > 1, the algebra

An = Q) My, (C) & My, £, (C)
j=1
is a full matriz algebra, and the embedding from A, to A,y is given by
T T ®lg, -

The resulting inductive limit C*—algebra

®Mka‘(c)
i=1
is an AF-algebra called a 'UHF-algebra.
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Let A be a UHF-algebra. If for every j, k; = 2, then A is called a 2-infinity
UHF-algebra, and if for every j, k; = 3, then A is called a 3-infinity UHF-algebra.

Theorem 2.2.4.11. [Da, Th.III.5.2] Any UHF-algebra is simple.
Theorem 2.2.4.12. [Da, IV.2.3] AF-algebras are stably finite.

Proposition 2.2.4.13. [Da, IV.1.3] If A = Up>14, is an AF-algebra, then every
projection in A is equivalent to a projection in U,>1A,. Moreover, if p and g are in

Un>14n and equivalent in A, then they are equivalent in Un>14n.

2.3 K-Theory

2.3.1 Ky-Groups

Let P(A) denote the collection of all projections in Un>1 Mn(A). This is a semigroup

under the operation of direct sum, in the following sense: If p and g are in P(A), then

p O
pbqg= :
(0 q)

Definition 2.3.1.1. [Da, p.99] Two projections in P(A), say p € My (A) and g €
M, (A) with m < n, are equivalent (p ~ q) if p®O0n_pm, is equivalent to q in M, (A). Say
that p and q are stably equivalent (denoted p = q) if there is a projection v € P(A)
such thatp@r~q®r.

Stable equivalence is an equivalence relation. Let K (A) denote the collection of

all stable equivalence classes, denoted by [p] for p € P(A).

Lemma 2.3.1.2. [Da, IV.1.4] Let p,p',q,q and r be projections in P(A). Then
(i) fpr=p andg= ¢, thenp®qrp @ 7.

() p®q~qgp.

(111) If pg = 0 in M,(A), thenp+qg~pDg.

(w) Ifp®r=q&r, thenp=q.
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Corollary 2.3.1.3. K (A) is an abelian cancellation semigroup with the operation

[Pl +g] = [p@® 4]
and with zero element [0).

Proof: By the previous lemma (i), the sum operation on K (A) is well defined.
By part (ii), it is commutative. By (iv), [p] + [r] = [g] + [r] implies that [p] = [g], so
K (A) has the cancellation property. Associativity follows because direct sum is an

associative operation. Finally it is clear that [0] is a zero element. a

Note that an equivalence of two projections implies a stable equivalence, simply
by choosing r = 0. A C*—algebra A satisfies the cancellation property if stable

equivalence implies equivalence.

Theorem 2.3.1.4. [Da, IV.1.6] If A is an AF-algebra, then A satisfies cancellation,
and K (A) is generated by projections in A.

Remark 2.3.1.5. Two projections in M,,(C) are equivalent if and only if they have

the same rank.

Definition 2.3.1.6. [Da, p.100] If A is a C*—algebra, then K,(A) denotes the
Grothendieck group of the semigroup KJ (A), recall §2.1.2.

Consider the following elementary examples:
Example 2.3.1.7. K,(M,(C)) = Z.

Example 2.3.1.8. Let A be the finite dimensional C*—algebra M,, @ --- & M,, .
Then two projectionsp = p1®---Opx and g = ¢, D -+ - D g, in some matriz algebra

over A are equivalent if and only if rank(p;) = rank(g;) for all1 < i < k. Therefore
KO(A) - Zk.

Define an order relation on Ky(A) by setting z < yif y —z € K (A). Then we

have the following proposition:
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Proposition 2.3.1.9. [Da, IV.2.2] Let A be a C*—algebra. Then
(i) < is a reflezive and transitive relation.

(it) If x <y, then x4+ z < y+ z for all z € Ky(A).

(151) If A is unital, then [1] is an order unit for Ky(A).

Recall that a strict cone of an abelian group G is a subset C of G such that 0 € C,
C is closed under addition and 0 is the only element z € C for which —z € C.

Theorem 2.3.1.10. [Da, IV.2.4] If A is a stably finite C*—algebra, then K (A) is

a strict cone.
Corollary 2.3.1.11. If A is stably finite, then Ko(A) is a partially ordered group.

Proof: By the previous theorem K (A) is a strict cone. Therefore the relation
< is a partial order. O

The following remark is a characterization of a dimension group. Recall the Effros-
Handelman-Shen Theorem ([EHS]).

Remark 2.3.1.12. Every dimension group is of the form Ky(A) for some AF-algebra
A.

If ¢ is a x—homomorphism between two C*—algebras A and B, then define the
*—homomorphisms ¢™ of M,,(A) into M, (B) obtained by applying ¢ to each matrix

entry. So we can define a natural map
¢* = K0(¢) : Ko(A) — KQ(B) by
¢.([p]) = [6™(p)), for allp € P(A).

Moreover, if ¢ is unital, then so is ¢,.

Theorem 2.3.1.13. [Da, IV.3.3] If A = UA,, is an AF-algebra, then
Ko(A) = limKo(An)

as a scaled dimension group.
Note that for an AF-algebra A, K (A) = limK; (A,) and £(A) = limZ(A,).
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Example 2.3.1.14. Consider the C*—algebra of compact operators K. Think of K
as a direct limit of M,,(C), with the embedding dmn : Mm — M, given by ¢mn(A) =
A ® Op_pm. The corresponding imbedding dmns of Ko(Mp,) = (Z,Z%,[0,m]) into
KoM,) = (Z,Z*,[0,n)) is the identity map. Thus Ko(K) = (Z,Z%,Z").

Now let us recall Elliott’s classification result for AF-algebras:

Theorem 2.3.1.15. [Da, 1V.4.8] Two AF-algebras A and B are x—isomorphic if
and only if their scaled dimension groups are isomorphic. Moreover, given a scaled
dimension group isomorphism p : Ko(A) — Ko(B), there is a x— isomorphism ¢ of
A onto B such that ¢, = p.

2.3.2 K;-Groups

Let A be a unital C*—algebra. By GL,(A) (resp. Up(A)) we denote the invertible
(resp. unitary) group of M, (A). The connected component of the identity will be
denoted by GL,(A)y and U,(A)s. A homotopy between elements z and y is a

continuous path of elements, which starts at x and ends at y.

Definition 2.3.2.1. [WO, 4.1.3] If A is a unital C*—algebra, then define the follow-
ing: Moo (A) = U2 M, (A), GL(A) = UX,GL,(A), and Uy = UL Un(A).

Lemma 2.3.2.2. [WO, 4.2.1] If z,y are elements of M,,(A) such that x is invertible
and ||z — y|| < n;—l—l—”, then the elements  +t(y — z), t € [0,1], are all invertible in
M (A).

Proposition 2.3.2.3. [WO, 4.2.4] If u,v are unitaries of a unital C*—algebra A with

llu — v|| < 2, then u is homotopic to v.
Remark 2.3.2.4. The connected components coincide with the path components.

Proposition 2.3.2.5. [WO, 4.2.6] For each n € N, or n = oo, we have that
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Definition 2.3.2.6. [WO, 7.1.1] Let A be a unital C*—algebra. Then
Kl(A) = GLoo(A)/GLoo(A)O = Z/{oo(A)/uoo(A)O

When u is a unitary or invertible n x n matriz, [u] € K;(A) denotes the connected

component containing diag(u, 1e).

Proposition 2.3.2.7. [WO, 7.1.2] K;(A) is a commutative group with a multiplica-
tion defined by
[wllv] = [uv] = [diag(u,v)].

Proposition 2.3.2.8 (Homotopy Invariance of K;). [WO, 7.1.6] K is a covari-
ant, homotopy invariant functor from the category of C*—algebras to the category of

abelian groups.

Example 2.3.2.9. [WO, 7.1.11]
1. K;(C)=0.
2. K1(A) =0 for any AF-algebra A.
3. Ki(A® B) = K(A) ® Ki(B).

4. For any abelian group G there is a C*—algebra A with K,1(A) ~ G.

2.4 Infinite C*—Algebras

A projection p in a C*—algebra is said to be finite if p ~ ¢ < p, implies p = g¢.
Hence in a finite C*—algebra, all projections are finite. Now we study another type of
C*—algebras in which not all the projections are finite. A projection p in a C*—algebra
A is said to be infinite projection if p is equivalent to one of its proper subprojections,

and A is called an infinite C*—algebra if it contains an infinite projection.

Definition 2.4.0.1. [B, 6.11.1] A unital C*—algebra is properly infinite if it con-

tains two orthogonal projections equivalent to the identity.

28



Theorem 2.4.0.2. [B, 6.11.8] If A is a properly infinite (unital) C*—algebra, then
Ky (A) = Ko(4) = Z(A).

Proposition 2.4.0.3. Let A be a simple unital C*—algebra. The following are equiv-
alent:

(i) A is infinite.

(1) A is properly infinite.

(#1) A contains a sequence of mutually orthogonal equivalent nonzero projections.

Proof: (ii) implies (i) is trivial.
(i) implies (iii) : Let (pn)n>1 be a sequence of mutually orthogonal nonzero equivalent
projections. Let p = p;, and u, a partial isometry with u}u, = p and u,u; = p,
for each n, so p = up,u,. Then there are elements z; with 1 = > 7 zipzr; =
Yoo piandv =31 u;x;, then 1 = v*qu, so vq is an isometry with range projection
quv* < ¢. Similarly, there is a projection equivalent to 1 under ng}cj;i)l p; for every

k. O

The following is an even stronger notion of infiniteness:

Definition 2.4.0.4. [B, 6.11.4] A unital C*—algebra A is purely infinite if A # C

and, for every nonzero a € A, there are x,y € A with zay = 1.

If A is purely infinite, then any matrix algebra over A is also purely infinite ([B,
p.46]). The Cuntz algebra is an example of a purely infinite C*—algebra; it will be
discussed in §2.6.3.

Proposition 2.4.0.5. /B, 6.11.5] Let A be a simple unital C*—algebra. Then A is
purely infinite if and only if every nonzero hereditary C*—subalgebra of A contains
an infinite projection. In particular, every nonzero projection in a purely infinite

C*—algebra is infinite.

Proposition 2.4.0.6. [Cul, 1.5] In any C*—algebra A, the following hold:
(i) If p,q are infinite projections and pg = 0, then p + q is an infinite projection.

(#) If p is an infinite projection, and p' ~ p, then p' is an infinite projection,
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(iii) If p and q are infinite projections, there exists an infinite projection p' such that
p~p and p' < q, moreover ¢ — p’ is an infinite projection,
(iv) If q is a projection in A, which majorizes an infinite projection in A, then q is

an infinite projection.

Recall that in a C*—algebra A which has cancellation, two projections are equiv-
alent if and only if they have the same Kj—class. For the set of infinite projections,

we have the following results.

Theorem 2.4.0.7. [B, 6.11.9] Two infinite projections in a simple unital C*—algebra
are equivalent if and only if they have the same Ko—class. Two infinite projections
with infinite complements which have the same Ky—class are unitarily equivalent.
Two nontrivial projections with the same Ko—class in a purely infinite C*—algebra

are unitarily equivalent.

By the preceding results about infinite projections, we give condition so that an

infinite C*—algebra may have a set of matrix units of some size.

Theorem 2.4.0.8. Let A be an infinite C*—algebra, and let p be a non-trivial pro-
jection in A, such that p and 1 — p are infinite projections. If [1] = n[p] in Ko(A),

for some n > 3, then A has a system of matriz units of dimension n.

Proof: As p and 1—p are infinite projections, there exists a projection p; ~ p and
py < 1 — p, moreover 1 — (p + p;) is also an infinite projection. Again there exists a
projection p; ~ p and p; < 1 — (p+p;) with 1 — (p+p; +p2) is an infinite projection,
then we continue applying the same argument to find a projection p,_; ~ p and
Pn1<1—(p+p1+--+pn2). Therefore, (1] = [p+pi + - + pn_1), which implies
that 1 ~ (p+p1 + -+ + pp_1)-

Let s be a partial isometry such that ss* =p+p; + -+ + p,_1 and s*s = 1. For
every 1 <1< mn—1, put ¢; = s*p;s, also let ¢ = s*ps. If i # j, then

¢:q; = $*piss*pjs = s"pipjs = 0.

Note that ¢; ~ p;, ¢ ~ p, therefore {g,q;; 1 < i < n — 1} is a set of orthogonal
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equivalent projections, moreover

g+q+ - For = SPs+sPis++ 8PS
= s*(ss%)s

= 1

Therefore, the set {g,¢;; 1 < i< n—1} forms a partition of the unity consisting of
orthogonal equivalent projections, and hence A has a set of matrix units of dimension
n. a

Recall that for any unital C*—algebra A, U(A), is the identity component of the
unitary group of A.

Theorem 2.4.0.9. [Cul, p.188] If A is a purely infinite simple C*—algebra, then
(i) Ko(A) = {[p] | p is a non-zero projection in A },
(i) Ki(A4) = U(A)/U(A).

Theorem 2.4.0.10. [Le, 3.8] If A is a simple, unital purely infinite C*—algebra, then
the set of self adjoint unitaries of A forms a set of generators for Uy(A).

Let A be a simple, unital purely infinite C*—algebra. Recall from Theorem
(2.4.0.9)(ii) that K;(A) ~ U(A)/U(A)o. Also in this cace, M. Leen ([Le, Th.3.8])
proved that U/(A), is generated by commutators of elements of I/(A). Hence if ) is
a character of U(A), its restrict to U(A)o is trivial.

We show that A can be extended to a character of K;(A) as follows: If [u] = [v],
then

1 = Auv*) = AMu)A(v)

hence A(u) = A(v). Now define ) : K;(A) — S* by [u] — A(u). Moreover,
Mlullv]) = Afuv]) = Mu)A(v) = Alu) A(lv)),

s0 A is a character of K;(A).
We denote by U(A) and K;(A) the groups of characters of U(A) and K;(A)
respectively. Let m denote the quotient map from U (A4) to U(A)/U(A)p.
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Proposition 2.4.0.11. If A is a simple, unital purely infinite C*—algebra, then
K1(A) and U(A) are isomorphic as groups.

Proof: We show that the map A : K;(4) — U(A) defined by A(\) = Ao is
an isomorphism.
(i) A is a homomorphism: If \;, A, belong to K;(A) and u € U(A), then

(MA2) om)(u) = (MAz)(m(u))
= M(7(u) (7 (u))
(Mom) (A2 0m))(u)

hence A()\l)\g) = A()\l)A()\Z)
(ii) A is bijective: If A(X) = 1 as the trivial character of U(A), then for every u € U(A)
we have

1= A (w)(A(m(u))

therefore, A = 1 as the trivial character of K;(A), hence A is injective.
If 1 belongs to U (A), then as we showed above, p can be extended to a character
A of K1(A), such that A(7(u)) = p(u), therefore A(X) = u, hence A is surjective. O

2.5 Properties of State Space

2.5.1 Stable Rank and Real Rank Zero

Let A be a unital C*—algebra. Set

lgn(A) = {(xl, coyTn) € AT Zx’[w, is invertible} .

i=1
The stable rank of A, denoted sr(A), is the smallest n such that lg,(A) is dense in
A", If 1g,(A) is never dense, set sr(A) = co. Note that sr(4) =1 if and only if the

invertible elements of A are dense in A.

Theorem 2.5.1.1. [B, p.36] Let A be a C*—algebra. If A has stable rank one, then

any matriz algebra over A has also stable rank one.
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Definition 2.5.1.2. [B, p.87] A C*—algebra A has real rank zero if the invertible

self-adjoint elements of A are dense in A,,.
Proposition 2.5.1.3. [Da, Pro.V.7.2] Every AF-algebra has real rank zero.

Theorem 2.5.1.4. [B, 6.5.6] Let A be a C*—algebra. Then A has real rank zero if

and only if the set of self-adjoint elements of A of finite spectrum is dense in A,,.

Proposition 2.5.1.5. [B, 6.5.7] Let A be a C*—algebra with real rank zero. Then A
has cancellation if and only if sr(A) = 1.

Proposition 2.5.1.6. [ET, p.27] Let A be a C*—algebra. Then A has cancellation
if and only if for every n, equivalent projections in M, (A) are unitarily equivalent in
M, (A).

2.5.2 Traces and FCQ

Definition 2.5.2.1. Let A be a C*—algebra. A quasitrace on A is a map
T: A — C such that

(1) T(a*a) = T(aa*) > 0,

(i1) T(Aa) = A7(a), A € C,

(i11) T is linear on any commutative C*—subalgebra B of A,

(iv) T extends to 7' : M, (A) — C that satisfies (i),(it) and (iii).

Let us denote by QT (A) the space of all quasi-traces on A.

Definition 2.5.2.2. A trace on a C*—algebra A is a linear map 7: A — C such
that 7(ab) = 7(ba), and 7(a*a) > 0 (i.e. T is positive). In case A is unital, T is called
a normalized trace if 7(1) = 1. Then 7 is said to be a fasthful trace if a > 0 and

7(a) = 0 implies that a = 0.

It is clear that every trace is a quasi-trace. However, the converse is true for many

C*—algebras, e.g. exact C*—algebras. these will be discussed in section §2.8.

Theorem 2.5.2.3. [B, p.41] In exact C*—algebras, every quasitrace is a trace.
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Definition 2.5.2.4. [B, 6.8.1] A state on a scaled ordered group (G,G*,u) is an

order preserving homomorphism s : G — R such that s(u) = 1.

Now given a quasi-trace 7 of a C*—algebra A, extend 7 to a quasitrace on M, (A).
If A has cancellation, then we can extend 7 to a state on Ko(A). First define
s: K (A) — C by s([p]) = 7(p). It is clear that s is a well-defined order pre-
serving normalized homomorphism. Extend s to Ko(A) linearly. We define a map
X : QT(A) — S(Ko(A)), sending 7 to the extension s.

Theorem 2.5.2.5. [B, 6.9.1] If A is a stably finite, unital C*—algebra with real rank
zero then the map x : QT(A) — S(Ko(A)) is a bijection.

Evans and Takesaki studied the fundamental comparability questions in [ET]. In
the following, we state the FCQ (V.I and V.II ):

o Fundamental Comparability Question, Version 1(FCQ1)[ET, p.22]: Let
A be a simple C*—algebra. If p, g are nonzero projections in A with 7(p) < 7(q)

for every trace 7 on A, is it true that p < ¢q7

¢ Fundamental Comparability Question, Version 2(FCQ2)[ET, p.22]: Let
A be a simple C*—algebra. If p, g are nonzero projections in A with 7(p) < 7(q)

for every trace 7 on A, is it true that p < g7

Theorem 2.5.2.6. [ET, p.22] Any AF-algebra satisfies FCQ2.

2.5.3 Finite C*—Algebras and Systems of Matrix Units

In this section we show that some finite C*—algebras have a systems of matrix units.

In particular, this true for simple, unital AF-algebras, whose Ky—group is 2-divisible.

Theorem 2.5.3.1. Let A be a stably finite, simple, unital C*—algebra with real
rank zero such that Ko(A) is unperforated and has cancellation. If there exists p €
P(A)\{0} such that n[p] = [1] in Ko(A) for some n > 1, then A has a system of

matriz units of dimension n.
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Proof: As Ky(A) is unperforated, it has no torsion elements, hence p # 1. Since
nlp] = [1], we have (n—1)[p] = [1—p], so [p] < [ —p]. If [p] = [1 —p], then n = 2 and
1 =p+ (1 - p) is a sum of two orthogonal equivalent projections, which means that
A has a system of matrix units of dimension 2. If [p] < [1 — p], then by [B, 6.9.2],
there exists a projection ry < 1 —p such that p ~ ry. If ; =1 —p, then n = 2, so we

may assume that 7y <1 —p. As

[1—(p+r)]=(n-2)p),

[p] < [1 - (p+71)], note that the equality gives the case n = 3, i.e. the unity is a sum
of three orthogonal equivalent projections, so the theorem holds. If [p] < [1—(p+71)],
then there exists a projection 7, < 1 — (p+ r;) such that p ~ r,. Continuing to apply
the same argument, we get a projection 7, < 1 — (p + 71 + « -+ + rp_3) such that

P~ Tp_o. Now as
A=(+r+-+r2)]=[]-(n-1)p =,
we have that
l=(p+r+-+rmma2)+Q—-@+r+: - +rn2)),

which forms a partition of unity consisting of n—orthogonal equivalent projections,
hence A has a system of matrix units of dimension n. O

In particular, we have the following result for AF-algebras:

Corollary 2.5.3.2. If A is a simple, unital AF-algebra such that n[p] = [1] in Ko(A)
for some n > 1, and some p € P(A)\{0}, then A has a system of matriz units of

dimension n.
Proof: Follows directly from the preceding theorem. m)
Now we prove the following result for AF-algebras such that its Ky—group is
2-divisible, which in particular will be used in the last chapter of the thesis.

Proposition 2.5.3.3. If A is a simple, unital AF-algebra, such that Ky(A) is 2-

divisible, then for any k > 1, A has a system of matriz units of dimension 2*.
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Proof: As Ky(A) is a 2-divisible group, then [1] = 2[p;], for some p; € P(A4)\{0,1}.
Then continue applying the same argument and for any k& > 1, we get [1] = 2¥[p],
for some non-trivial projection p of A. Hence Corollary (2.5.3.2) proves that A has a

system of matrix units of dimension 2*. O

2.6 (C*—Algebra Examples

In this section, we introduce different examples of simple unital C*—algebras. We
discuss the irrational rotation algebras, and we give some main properties. Also
we introduce the approximately divisible C*—algebras, which generalize both simple
unital AF-algebras, and the irrational rotation algebras. And we introduce the Cuntz

algebras, which are one of the main examples of purely infinite C*—algebras.

2.6.1 Approximately Divisible C*—Algebras

B. Blackadar and A. Kumjian studied the case of simple approximately divisible
C*—algebras ([BK]), and they proved main results of these C*—algebras and their
K —theory.

Definition 2.6.1.1. [BK, 1.1] A finite dimensional C*—algebra is completely non-
commutative (cncfd) if it has no commutative central summands (i.e., no abelian

central projections).

Definition 2.6.1.2. [BK, 1.2] A separable unital C*—algebra is approzimately di-
visible if, for every xi,...x, € Aande > 0, there is a completely noncommuta-
tive finite dimensional C*—subalgebra B of A, containing the unit of A, such that
| [z, 9] li< eVi=1,2,...,n and for all y € By, where By is the unit ball of B.

If B is a C*—subalgebra of A, then B’ denotes the commutant of B in A.

Theorem 2.6.1.3. [BK, 1.3] Let A be an approzimately divisible (separable unital)
C*—algebra. Then
(a) A can be written as UA,, where Al N A,y contains a completely noncommutative

unital finite dimensional C*—algebra (in particular, the A, are strictly increasing).
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Conversely, any (separable unital) C*—algebra which can be written in such a way is
approzimately divisible.

(b) There is a decreasing sequence (D,) of unital subalgebras of A such that D, is an
AF-algebra with no abelian projections and A = [U(AN D7)]

Theorem 2.6.1.4. [BK, 1.4] Let A be an approzimately divisible (separable unital)
C*—algebra. Then

(a) If A is finite, it is stably finite. If A is infinite, it is purely infinite.

(b) A has stable rank 1 if and only if it is finite.

(c) A satisfies all the Fundamental Comparability Questions.

(d) A has real rank zero if and only if the projections of A distinguish quasitraces (i.e.
if 71 and 7o are quasitraces on A with T1(p) = To(p) for all projections p € A, then
T = To), in particular, if A has a unique quasitrace, then A has real rank zero.

(e) If A is exact, then A has real rank zero if and only if the projections of A distinguish
the tracial states of A. In particular, if A has a unique tracial state, then A has real

rank zero.

Definition 2.6.1.5. [BK, 2.6] A standard completely noncommutative finite dimen-
sional C*—algebra is a C*—algebra isomorphic to My, M3 or My & M.

Every cncfd C*—algebra contains a (unital) standard cncfd C*—subalgebra. In
fact, if n > 7, then M, contains a unital copy of M, & M3, (see [BK, p.270]).

Proposition 2.6.1.6. [BK, 2.7] A C*—algebra is approzimately divisible if and only
if for every T,,%s,...,T, € Aande > 0, there is a standard cncfd C*—subalgebra
B of A with

|[zx, €] ;]I < €, for all k,i,5 andr, for a set of matriz units {e] ;} of B.

Proposition 2.6.1.7. [BK, 3.11] Let A be a simple approzimately divisible algebra.
Then K{(A) ~ U(A)/U(A)o, where U(A) is the unitary group of A and U(A), s the

connected component of the identity.

Proposition 2.6.1.8. [BK, J.1] Every infinite dimensional simple, unital AF-algebra

s approzimately divisible.
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Theorem 2.6.1.9. [Ell, Th.2] Let A be a simple unital C*—algebra, not of finite
dimension. If A is an inductive limit of a sequence of finite direct sums of matriz al-
gebras over the continuous functions on the unit circle C(T), then A is approzimately

divisible.

Now we prove the following lemma, which shows that in approximately divisible

C*—algebras, projections can be divided into smaller subprojections.

Lemma 2.6.1.10. Let A be a unital approzimately divisible C*—algebra. Ifp € P(A),
then either

(i) p = p1 + pa, such that pyps = 0, and p; ~ py, or

(i) p = p1 + pa + p3, such thatp;’s are pairwise orthogonal equivalent projection, or
(1)) p = p1 + P2 + @1 + g + g3 pairwise orthogonal projections such that p, ~

p2 and all ¢;’s are equivalent projections.

Proof: Recall from Theorem (2.6.1.3)(a) that A can be written as Un>; A,,, where
A, are strictly increasing, and B C A N A, such that B is either isomorphic to M,
M3 or M, & M3. We may assume that p € A,,. Then we consider the possibilities of
B:
(i) If B = M, and p € A, for some n, then for some system of matrix units {e; ;; 1 <
i,j <2} of B, we have
€jp=peij; 1<1,5<2,

p =pei1 + pesa, (pei;)(peis) = pei; = (peis)”
pei1 = (pei2)(per2)” and pegs = (pe] ,)(pe1,2)

Hence, pe;; ~ peys.

(ii) If B = M3, then the proof is similar to (i).

(iii) If B = M, @ Mg, then let {e?;, e3,} 1 <i,j <2and1 < k,! < 3 be a system of
matrix units of B. As fo ej; = 1, then

p= Peh + peé,z + peil + pegg + peg,s’

per, = (pe1,)(pe1q)*, pey, = (per,)* (el )
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pe?,i = (Pez?,j)(Pei,j)* and Peg,j = (pei,j)*(pezz,j) for 1 <4,5 <3.

Now if p € A, then by Proposition (2.2.3.6), p is unitarily equivalent to a projection
in A, apply the first part of the proof on this projection, therefore the lemma is
checked. O

2.6.2 Irrational Rotation Algebras

In this section, we study a class of C*—algebras that has been studied intensively in
recent years. The canonical model acts on the circle T which we will think of as R/Z
via the map t — 2(t) = exp(27it). Fix an irrational number 8. Let H = L*(R/Z)
and consider two unitary operators on H, the operator U = M, of multiplication

by the unimodular function z(t), and V, the operator of rotation by 6. That is
Uf(t) = 2(t)f(t) and Vf(t) = f(t - 0)
A simple calculation yields
VUf(t)=Uf)(t—0)==2(t-0)f(t-0)

= exp(—2mi)z(t)(V f)(t) = exp(—2mi®)UV f (1)
Hence

UV = exp(2mif)VU (1)

Definition 2.6.2.1. [Da, p.166] A C*—algebra Ay is universal for the relation (1)
provided that it is generated by two unitaries uy,v; satisfying (1) and if B = C*(u,v)
is any other C*—algebra, where u and v satisfying (1), then there is a homomorphism

of B onto Ay which carries u; to u and v, to v.

Definition 2.6.2.2. [Da, p.167] For 6 an irrational number, the irrational rotation

algebra Ag is a universal C*—algebra generated by two unitaries u,v that satisfy (1).

Theorem 2.6.2.3. [Da, VI.1.2] The irrational rotation algebra Ay has a faithful

unital scalar valued trace T, which is unique.

Theorem 2.6.2.4. [Da, VI.1.4] Ay is simple.
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Now we have the following result which was proved by M. Rieffel.
Theorem 2.6.2.5. [Da, VI.2.1] 7(P(4y)) = (Z+6Z)N [0, 1].
Theorem 2.6.2.6. [RS, p.52] For any irrational rotation algebra Ag, we have:
1. Ko(Ag)=(Z+6Z) CR.
9, Ki(Ag) = Z2.

In particular Ay is not an AF-algebra, while K(Ay) is a dimension group. Indeed
Ag can be embedded in an AF-algebra (this is due to Pimsner and Voiculescu) with

the same Kj-group.

(G,G*,5(G)) = (Z +0Z, (Z + 6Z) NR*, (Z + 6Z) N [0, 1]).

Theorem 2.6.2.7. [Da, VI.5.3] Two irrational rotation algebras Ag and A, are iso-
morphic if and only if n = £ 0 mod Z.

Theorem 2.6.2.8. [Ri] The irrational rotation algebra Ag has the FCQ.
Theorem 2.6.2.9. [Ri] The irrational rotation algebra Ag has cancellation.

Theorem 2.6.2.10. [EE, 85] The irrational rotation algebra Ag is isomorphic to the

inductive limit of a sequence of direct sums of two matriz algebras over C(T).
Corollary 2.6.2.11. The irrational rotation algebra Ag is approzimately divisible.

Proof: Directly follows from the previous theorem and Theorem (2.6.1.9). O

2.6.3 The Cuntz Algebras

The first interesting examples of purely infinite, simple C*—algebras were given by
Cuntz in [Cu2] where he introduced the class of C*—algebras O, for 2 < n < oo,

now called the Cuntz algebras.
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Definition 2.6.3.1. [Cu2] The Cuntz algebra O,, where 2 < n < oo, s the

universal unital C*—algebra which is generated by isometries sy, Sg, . .., Sn, Such that

n
E sis; =1,
i=1

with s}s; = Qwheni # j. The Cuntz algebra O is the universal unital C*—algebra
generated by an infinite sequence of isometries si, S, S3, - . . with mutually orthogonal

range of projections s;s;.

For every i = 1,2,..., n, and 2 < n < oo the projection s;s; will be denoted
by p;, and we call such projections the standard projections of O,, therefore,
p; ~ 1 forevery i = 1,2,...,n since s}s; = 1, hence [p;] = [1]. In case n < o0, the

standard projections form an orthogonal partition of unity in O,.
Theorem 2.6.3.2. [Cu2] For every 2 < n < oo, the Cuntz algebras O, are simple.

Remark 2.6.3.3. By using the universal property we have that, if t;,...,t, are any
isometries, such that Y .  tit? = 1, then C*(ty,...,t,) is isomorphic to the Cuntz

algebra O,,.

Theorem 2.6.3.4. [Cu2] For all 2 < n < oo, the Cuntz algebras O, are purely

infinite.
Theorem 2.6.3.5. [Da, V.6.7] If n # m, then O, and O,, are not isomorphic.
Proposition 2.6.3.6. [Da, V.7.5] If n > 2, then O, has real rank zero.

The following theorems summarize the K-theory results of the Cuntz algebras.

Theorem 2.6.3.7. [Cul, 3.7, 8.8] (i) Ko(Op) = Zyp—1,
(it) K1(On) = 0.

Being a torsion group, Ky(O,) is not a dimension group. And for Oy, we have

the following results.

Theorem 2.6.3.8. [Cul, 3.11] (i) Ko(Ox) = Z,
(it) K1(Ox) = 0.
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Recall that, for a purely infinite simple, unital C*—algebra A,

Ko(A) ={[p]|p € P(A\{0,1} }.
Indeed for the Cuntz algebras O,, where n < oo, we have the following:

Proposition 2.6.3.9. Ifz € K(O,), n < oo, then z = [py +p2+ - +p,], for some
1<s<n-1

Proof: Let 1 be the isomorphism from Ky(0,) onto Z,_; such that 9([1]) = 1.
If z € Ko(O,), then ¢(z) € Z,_;. Therefore,

1 = %([p))
2 = Y([p+pa))

n—2 = ¥(p1+p2+---+pn-2), and
0 = Y(p1+p2-+Pa-1])

O
Now we prove the following results for Cuntz algebras:
Lemma 2.6.3.10. In O,, pi ~u pi, for1 <k, I <n.
Proof: As py = sis} and p; = s;sf, we know that py ~ p; ~ 1. Moreover
n n
l-pr= » piand 1—p= > b
i=1,i#k i=1,i£l
Let t = sgs; and a =1+ Z;;k,i# p;. Then t*t = p;, tt* = pg,a0* =1 —p; and a*a =
1 — py, therefore 1 — py ~ 1 — p;, hence pi ~, pi. O

Lemma 2.6.3.11. If A is a unital C*—algebra and p € P(A) such that p ~ 1, then
there exists a x—isomorphism A — pAp which maps 1 to p.

Proof: Let v be a partial isometry such that v*v = p and vv* = 1. Define
A, : A — pAp by z — v*zv. A, is well defined since, v*zv = v*vv'rvvtv =
p(v*zv)p € pAp. Linearity is clear, A, preserves the adjoints and A, (zy) = v*zyv =
vizovtyy = Ay(x)A(y). Also Ayl is defined by y — vyv*, that ends the proof. O
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Lemma 2.6.3.12. Let p be a projection of the Cuntz algebra O,. If p is equivalent
to 1, then p can be written as a sum of n unitarily equivalent orthogonal projections

and each of them is equivalent to p.

Proof: In O,, we have 1 = p; + py + -+ - + p,. Let v be a partial isometry such

that v*v = p and vv* = 1, therefore we have,

p=Au(m) + Au(p2) + -+ + Ay (pn).

Let Ay(p:) = ¢;,1 = 1,2,...,n. Then ¢;g; = Ay(pip;) = 0, moreover, g; ~, g; since
A, preserves unitarily equivalence of projections. As p; ~ 1, therefore p; = u}u; and

wiu; =1, 50 ¢; = Ay(uf)Ay(w;) and p = A, (u;)Ay(u), hence we have ¢; ~p Vi =

I3

1,2,...,n. O

2.7 von Neumann Algebras

Definition 2.7.0.1. Let H be a Hilbert space and M be a subset of B(H). The
commautant of M, denoted M', is the set of all elements of B(H) which commute
with all elements of M. The bicommutant (M')" of M will be denoted by M".

Example 2.7.0.2. B(H)' = C.1pm).

Remarks 2.7.0.3. (i) M Cc M",
(ii) If M and N are subsets of B(H) and M C N, then N' C M' and M" C N,

and so on we have:
M=M"=M=... and McCM'=M'=...

Definition 2.7.0.4. A x—subalgebra M of B(#) is called a von Neumann if M =
MII.

Example 2.7.0.5. The algebra B(H) is a von Neumann algebra.

Definition 2.7.0.6. A factor is a von Neumann algebra M whose center Z(M) =

M N M only contains the scalar operators.
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Example 2.7.0.7. B(H) is a factor.

The following proposition is von Neumann’s density theorem in the finite dimen-

sional case.

Proposition 2.7.0.8. If A is an involutive subalgebra of M, (C) which contains the

unit matriz, then A is a von Neumann algebra on C".
Proof: See [HJ, Pr.2.13]. @l

Example 2.7.0.9. Let (X, F,p) be a separable o—finite measure space. Let M =
{m; : f € L®(X,pn)}, where m; denotes the multiplication operator on L*(X, p):
(ms{)(z) = f(z)¢(z), ¢ € L*(X,p). Then M is an abelian von Neumann algebra

acting on a separable Hilbert space. Moreover, M is x—isomorphic to L (X, u).

Let M C B(H) be a von Neumann algebra and € M be a self adjoint element.
Then the spectral projections of z belong to M. Indeed the spectral theorem ([Ru,
p.324]) states that there exists a unique resolution of the identity £ : B(o(z)) —
M C B(#H) defined on the Borel subsets of the spectrum of z which satisfies

z= / AE(N).
o(x)

In addition, every projection E(w) belongs to M.

Let M be a factor. A dimension function on M is a function
D: P(M) — [0,00] such that

(i) p ~ ¢ <= D(p) = D(q),

(i) D(p @ q) = D(p) + D(q),

(iii) p is a finite iff D(p) < oo.

Definition 2.7.0.10. Let M be a factor. Then the type of M is defined to be as
follows:

(i) I, if D(P(M)) = {1,2,...n}, and M is called a finite discrete factor. If
n = 0o, then it is called an infinite discrete factor,

(ii) 11, if D(P(M)) = [0,1], and M is called a finite continuous factor,

(iii) 11, if D(P(M)) = [0,00], and M is called an infinite continuous factor,
(iv) I11, if D(P(M)) = {0,00}, and M is called a purely infinite factor.
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Example 2.7.0.11. M,,(C) is a finite factor.

Example 2.7.0.12. Let G be a discrete group, and £2(G) = {f : G = C; X4 |f(9)|* <
oo}. Define the map
u: G — B(*(G))

by (uef)(€) = fg7'0).

Then {uglg € G}" is a von Neumann algebra denoted by vN(G). If all the conjugate
classes in G are infinite (G is icc), then vN(G) is a 11 factor.

2.8 Nuclear and Exact C*—Algebras

For each pair of C*—algebras A and B, let A ®in B (A ®mar B) denote the minimal

(maximal) tensor product of A and B, respectively.

Definition 2.8.0.1. /RS, 2.1.1] A C*—algebra A is said to be nuclear if the canon-
ical surjection A ®maz B — A Qmin B is injective (and hence an isomorphism) for

every C*—algebra B.

A C*—algebra A is nuclear if and only if its bidual A** is an injective von Neumann
algebra ([RS, p.25]).

Proposition 2.8.0.2. [RS, 2.1.2] (i) All abelian C*—algebras are nuclear.
(ii) An inductive limit of nuclear C*—algebras is nuclear.
(#ii) If A and B are nuclear, then so is A ®min B.

Example 2.8.0.3. Let A be an inductive limit C*—algebra of a sequence of finite
direct sums of matriz algebras over the continuous functions on the unit circle T. As
any finite dimensional C*—algebra F, and C(T) is nuclear, then F Quin C(T) is so.
Therefore by Proposition (2.8.0.2)(ii), we have that A is nuclear. In particular any

wrrational rotation algebra is nuclear.

Definition 2.8.0.4. [RS, 6.1.9] A C*—algebra A is said to be exact if every short

exact sequence of C*—algebras
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0— I —3B-"B/I —0

induces an exact sequence

O—>A®m,-nIM—>A®mmB%A@mmB/I—)O.

Theorem 2.8.0.5. [RS, p.94] Every nuclear C*—algebra is ezact.

Proposition 2.8.0.6. [RS, 6.1.10] (i) Every sub C*—algebra of an exact C*—algebra
18 ezact.

(11) An inductive limit of exact C*—algebras is ezact.

Theorem 2.8.0.7 (Kirchberg’s Exact Embedding Theorem). /RS, 6.3.11] A
separable C*— algebra A is ezact if and only if there is an injective x—homomorphism
t: A— 02.
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Chapter 3

Dye’s and Booth’s Results

In this chapter, we recall known results proved by H. Dye in 1954: The unitary groups
of von Neumann factors not of type I, determine the algebraic type of the factors. In
the first section, we give a summary of Dye’s result for factors. In the second section,
we recall A. Booth’s result from his M.Sc. thesis in 1998 concerning simple, unital
AF-algebras.

3.1 Dye’s Results

H. Dye proved that an isomorphism between the unitary groups of two von Neumann
factors not of type I, is implemented by an isomorphism or an antiisomorphism of

the factors themselves.

Let A and B be simple unital C*—algebras, and let ¢ be an isomorphism between
their unitary groups U(A) and U(B). Then ¢ maps the self-adjoint unitaries of A onto
the self-adjoint unitaries of B, and therefore defines a natural mapping 8, between
the sets of projections P(A) and P(B) via

1 —260,(p) = »(1 - 2p).

Notation 3.1.0.1. The quadruple (A, B, ¢,0,) consists of simple unital C*—algebras
A and B, ¢ : U(A) — U(B) is a group isomorphism and 6, : P(A) — P(B) is the
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induced map between their sets of projections.
The map 6, has the following properties:

Lemma 3.1.0.2. [Dy, L.9] Let (A, B,,0,) be as in (3.1.0.1). Then

(i) 0 (upu*) = @(u)d,(p)(u)*,

(1) o(-1) = -1,

(iii) 0,(0) = 0, 0,(1) = 1, and 6,(1 — p) =1 - 0,(p),

(i) 0, preserves commutativity and the symmetric difference of commuting projec-

tions.
The following concept will be crucial in the next chapters.

Definition 3.1.0.3. [Dy, p.75] A projection orthoisomorphism between two
C*—algebras A and B is a one-to-one mapping 0 from P(A), the set of projections
in A, onto P(B), the set of projections in B, which preserves orthogonality, i.e., if
p,q € P(A), then

pq =0 if and only if 6(p)8(q) = 0.
We collect certain properties of these mappings:

Lemma 3.1.0.4. [Dy, L.1] Any projection orthoisomorphism 6 between C*—algebras
A and B preserves the following: 0, 1, the orthocomplement 1 — p of p, order, and

commutativity.

Theorem 3.1.0.5. [Dy, L.18] If A is a factor not of type Ipn(n > 1), then 6, is an

orthoisomorphism.

Dye associates to any element a of a C*—algebra A, a family of projections in
the C*—matrix algebra M,(A) (n > 2), denoted P, ;(a). He used them to prove
his main results. For n > 2 and a € A, we shall also use the set of projections
{P;(a), 1 <i,j < n} in the next few chapters. Now we remind the reader of their

properties.
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Definition 3.1.0.6. [Dy, p.76] Let A be a unital C*—algebra, and let {E;;}7; be the
standard system of matriz units of M,(C). For eacha € A and1 < i # j < n, define
the following projection of M,(A) by

P, i(a) := (1+aa*)“1®E,-,i+(1+aa*)“1a®Ei,j+a*(1+aa*)_1®Ej,i+a*(1+aa*)_1a®Ej,j.
Ifa=0, then P, j(a) is the ith diagonal matriz unit E; of M, (A).
In particular, if n = 3, then
(1+aa*)™ (1+aa*)a O
Pig(a)=| a*(1+aa*)™! a*(1+aa*)ta O
0 0 0
In the Hilbert A-module A®---® A (n times), P, ;(a) is the projection in M, (A)

whose range consists of all left multiples of the vector with 1 in the 4th place, a in

the jth place, and zeroes elsewhere.

Lemma 3.1.0.7. [Dy, L.3] (i) P, ;(—a*) = e; + ¢; — P, j(a),
(i) P;;(b) = P, j(a) if and only if b=a™".

Dye used these projections to prove:

Theorem 3.1.0.8. [Dy, L.6] Let 6 be a projection orthoisomorphism between the
C*—matriz algebras M, (A) and M, (B) (n > 3), under which the diagonal matriz
units e;, and more generally, projections of the form P, j(a) correspond. Then there ez-
ists a linear mapping ¥ of M, (A) onto M,,(B) being the direct sum of a x-isomorphism
and *—antiisomorphism, with the property that ¥(P; j(a)) = 6(P;  (a)).

Following [Dy, Lemma 2], let 8 be the collection of all projections of the C*—matrix
algebra M,,(A) having as its rang the submodule [z(e, az, . ..,a,)|z € A] of A®--- DA
(more generally, e is in any place), where e is a projection of A and ay,...,a, are
elements of A satisfying ea; = a;. Clearly, P properly contains {P; j(a), a € Aand1 <
i#j<n)

Lemma 3.1.0.9. Let A be a C*— algebra. If 0 is an orthoisomorphism of P(M,(A))
such that 6 leaves all the projections P, j(a) fized, then all projections in ‘B are also
fized.
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Proof: See first part in the proof of Lemma 7 of [Dy]. a

Theorem 3.1.0.10. [Dy, Th.2] Let N and M be two von Neumann factors not of
type Ioy,, and @ be a group isomorphism between their unitary groups U(N) and U(M).
Then there exists a linear or a conjugate linear x—isomorphism ¥ of N on M which
implements ¢ in the following sense: for every u € U(N), p(u) = AM(u)¥(u) for some
(possibly discontinuous) character A of U(N).

Kadison [Ka] proved that the unitary group of a factor not of type I,, has no
non-trivial continuous characters. In [Br, Th.1], Broise extended this result by prov-
ing that the unitary group of a factor not of type I, has no non-trivial characters.
Therefore Dye’s result ([Dy, Th.2]) becomes:

Theorem 3.1.0.11. If N and M are two von Neumann factors not of type Iy,
then any isomorphism between their unitary groups is implemented by either linear

or conjugate linear *—isomorphism between the factors themselves.

3.2 Booth’s Results

Let A and B be two simple, unital C*—algebras, and let ¢ : U(A) — U(B) be an
isomorphism of their unitary groups. The associated map 6, from P(A) to P(B) is
not necessarily an orthoisomorphism (see section §5.3). In [Bo|, A. Booth associates
to 6, a projection orthoisomorphism éw which preserves the unitary equivalence of
projections, and then shows that 0~¢ induces an isomorphism of the scaled dimension
groups from Ky(A) to K¢(B). Using Elliott’s theorem, Booth obtains:

Theorem 3.2.0.1. [Bo, p.88] If A and B are simple, unital AF-algebras with iso-

morphic unitary groups, then A and B are isomorphic as C*—algebras.

Let us now review in more details the definition of 67(/,.

Let S! denote the group of characters of the unit circle S!. Recall that the inverse

of the character x is given by
X () = X(1) = x(w), for all p € S
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Theorem 3.2.0.2. [Bo, 8.1.0.5] If (A, B, ,0,) is as in (8.1.0.1), and p is a non-

trivial projection of A, then there are elements a, and b, in S! such that

p(up +1 =) = ap(1)0y(p) + bp(k)(L = 04(p)), for allp € S".

Definition 3.2.0.3 (The map c). [Bo, 3.2.1.2] If (A, B, ¢,0,) is as in (3.1.0.1),
let ¢ : P(AN\{0,1} — S be the map defined by

¢(p) = ¢, = a,b, € S
We collect main properties of ¢ in the following propositions.

Proposition 3.2.0.4. [Bo, 3.2.1.3] Let (A, B, ¢,0,) be as is in (3.1.0.1). The map
c¢: P(AN{0,1} — §' has the following properties:
(i) If p is unitarily equivalent to q, then c, = c,.
(i) For any p € P(A)\{0,1}, the map ¢, : S* — S' is a group automorphism of
St. So in fact

c: P(A\{0,1} — Aut(Sh).

(iii) For any p € P(A)\{0,1}, we have ¢, = c1—p.

Proposition 3.2.0.5. [Bo, 3.2.2.3] Let (A, B, ¢,0,) be as in (3.1.0.1). If p,q €
P(A)\{0,1} are such that pg =0 and p+q =r < 1, then ezactly one of the following
holds:

0,(p)0y(q) =0 & g =c;=¢ 2)
0p(1=p)l,(1-q) =0 <= G=c, =0 3)
0,(1—p)0y(q) =0 = G =C=¢ (4)
0,(0)0,(1—¢q) =0 <= G =cy=¢ (5)

Let (A, B, ¢,0,) be asin (3.1.0.1). If the map c is constant, then from the previous
proposition we have that §, is an orthoisomorphism. If the image of ¢ contains only
two elements ¢, and ¢,, for some p € P(A)\{0, 1}, then define

P, = {g € P(A\{0,1}; ¢4 = ¢}
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and
P, = {q € P(AN{0,1}; ¢ = &}
Clearly, P., and P;, form a partition of P(A)\{0,1}.

Now for a given (4, B, ¢, 8,), suppose there is a projection p € P(A)\{0, 1} such
that c(P(A)\{0,1}) = {c,,&,}. Define 8, : P(A) — P(B) by

0,(q) ifqg € P,
1-0,(q) ifq € P,
1 ifg=1
0 ifg=0

Then we have:

Proposition 3.2.0.6. [Bo, 3.2.2.9] Let (A, B, ,0,) be as in (3.1.0.1). If there is a
projection p € P(AN{0,1} such that c(P(A\{0,1}) = {cp, &}, then the map 8, is

an orthoisomorphism and preserves unitary equivalence.

In [Bo, 3.2.3.8], Booth introduced the following sufficient condition on simple
unital C*—algebras A guaranteeing the image of the map c consists of at most two

elements.

Definition 3.2.0.7. [Bo, 3.2.3.8] Let A be a C*—algebra. A is said to be oddly
decomposable if for every pair p,q € P(A)\{0,1} there is an odd integer n > 3
and a decomposition of ¢ as a sum q¢ = Y .., r; of pairwise orthogonal projections

r; € P(A)\{0,1}, such that each r; is unitarily equivalent to some projection 7; < p.

Proposition 3.2.0.8. [Bo, 8.2.8.10] Let (A, B, ¢,0,) be as in (3.1.0.1). If A is oddly
decomposable, then for any projection p € P(A)\{0,1} we have c(P(A)\{0,1}) C

{co G}
As a consequence of the preceding, we have:

Theorem 3.2.0.9. Let (A, B, ,0,) be as in (3.1.0.1). If A is oddly decomposable,
then ¢ induces an orthoisomorphism between P(A) and P(B) that preserves unitary

equivalence of projections.
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Booth proved the following results, which he used in order to prove Proposition
(3.2.0.6):

Lemma 3.2.0.10. [Bo, Le.3.2.8.13] Let (A, B, ¢,8,) be as in (3.1.0.1), and suppose
also that A is oddly decomposable. Let p € P(A)\{0,1}. Suppose that p; and p, are
two orthogonal projections of P, such that p; + ps # 1 and 6(p1)0(pz) = 0. Then 0

preserves orthogonality in P, .

Proposition 3.2.0.11. [Bo, Pro.8.2.3.14] Let (A, B,¢,8,) be as in (3.1.0.1), and
suppose also that A is oddly decomposable. Letp € P(A)\{0,1}. If P, # P(A)\{0,1},
then 6 preserves orthogonality in P, (respectively in Pz,) and flips orthogonality in
Py, (respectively P, ).

Lemma 3.2.0.12. [Bo, Cor.8.2.3.15] Let (A, B, ,0,) be as in (3.1.0.1), and suppose
also that A is oddly decomposable. Let p € P(A)\{0,1} be such that 6 preserves
orthogonality on P, and flips orthogonality on Ps,. Suppose that p; and py are two
orthogonal projections in P(A)\{0,1} such that py +p, =r # 1. Then

1. p1,p2a € P, =1 € P,

2.p1 € P, andps € Pe, > 7€ P,

3. p1 € P, andps € Pe, =7 € P,

Finally, in [Bo, Pro.3.4.0.1], Booth then shows the following

Proposition 3.2.0.13. [Bo, 8.4.0.1] Every simple unital infinite dimensional AF-
algebra is oddly decomposable.
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Chapter 4
Extensions of Booth’s Result

In this chapter, we extend Booth’s result to a larger class of finite unital C*—algebras
as well as to purely infinite unital C*—algebras. We prove that an isomorphism
between unitary groups induces an isomorphism between the corresponding scaled
ordered groups (Ky—groups) for many simple unital C*—algebras.

Recall that for simple unital C*—algebra, a group isomorphism ¢ between the
unitary groups induces a map 6, between the sets of projections of the C*—algebras.
When the C*—algebras are oddly decomposable we construct from 6, a projection or-
thoisomorphism that preserves unitary equivalence of projections. If the C*—algebras
have cancellation, then this map induces an isomorphism between the scaled ordered
groups (Ky—groups).

We also study when ¢ induces an isomorphism between K;—groups, or even

*x—isomorphisms between the C*—algebras themselves.

4.1 Finite C*—Algebras of Real Rank Zero

4.1.1 An Isomorphism Between the Ky—Groups

Let F denote the collection of all C*—algebras A such that
(i) A is a simple, unital, stably finite C*—algebra with real rank zero,

(ii) Ko(A) is a weakly unperforated interpolation group, with cancellation.
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The set F is non-empty as the irrational rotation algebras Ay belong to F.

In this section, we prove that if A and B are two C*—algebras which belong to
F such that their unitary groups are isomorphic, then their K—groups are isomor-
phic, in particular, we prove that two irrational rotation algebras having isomorphic

unitary groups are isomorphic.

For any unital C*—algebra A, B. Blackadar in [B, p.32] defined the scale of A as
Y(A) = {[p]| pis a projection in A}.

If A has cancellation, then £(A) is a hereditary subset of K (A) (see [B, p.38]), so if
0 < [p] < [1], then [p] € £(A), on the other hand if [p] € £(A), then [p] < [1] hence

2(A) = [0, [1]].

Definition 4.1.1.1. Let A be any C*—algebra. An element a € A is full if the two
sided ideal of A generated by a is all of A, i.e. if there exist elements z;,y;(t =1,...,7)
with 1 =Y., ziay;. If a > 0 is full, then there exist z1,7,...,2, in A with

,
1= Z z;az;.
i=1
Proposition 4.1.1.2. [B, 6.3.5] If A is stably finite and every non-zero idempotent
in Moo (A) is full, then Ky(A) is a simple ordered group.
As a consequence result, we have

Corollary 4.1.1.3. If A is a stably finite simple C*—algebra, then Ko(A) is a simple

ordered group.
Proof: Follows directly from the previous proposition. O
Theorem 4.1.1.4. Every C*—algebra in F is oddly decomposable.

Proof: Let p,q be non-trivial projections of A. Then [p] and [g] are in £(A); as
Ky(A) is a non-cyclic simple interpolation group, by [Go, Le.14.5], there exists y > 0
such that y < [g]. As y is an order unit, there exists £ € N such that

[p] < ky.
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By the Riesz interpolation property, there exist ai,...,a; € Ko(A)T such that
[pl=a1+ - ak, 0<a;<y<]g, and 1 <3<k,

Hence for all 1 < i < k, a; = [p;], and p; € P(A). Moreover by [B, 6.9.2], the
projections p}s can be chosen to be orthogonal. Then we have [p] = [p;+- - -+ p} and
for every 1 < i < k, [p;] < [g], and again using [B, 6.9.2], we have that p; ~ r; < g,
moreover as Ky(A) has cancellation, p; ~, 7; < ¢ and also there exists a unitary u of
A such that

k
p= Z up;u*.
i=1

If k is an odd number exceeding three, then we are done. Otherwise we can increase
the number k as follows: As a; > 0, by [Go, Le.14.5], there exists 0 < a;1,; < a1, then
[p] = a1 + (a1 — a1,1) + az + - - - + ax, and we complete the proof as in the first part.
In particular, if £ = 1, i.e. [p] < [g], using the same argument of [Go, 14.5], there
exists @ > 0 such that 2a < [p]. Then we have

[p] = a+a+([p] - 2a),

notice that a < [g] and [p] — 2a < [g], therefore as we did above, they can be realized

as orthogonal projections of A, hence the theorem follows. O

Theorem 4.1.1.5. Let A and B be two C*—algebras which belong to F. If ¢ is an
isomorphism between U(A) and U(B), then ¢ induces a projection orthoisomorphism

from P(A) to P(B), that preserves unitary equivalence of projections.
Proof: Follows directly from Theorem (4.1.1.4) and Theorem (3.2.0.9). 0

Proposition 4.1.1.6. [Go, 1.9] If G is an ordered group and S C G™, then the
convez subgroup < S > generated by S is an ideal of G.

Proposition 4.1.1.7. If A is a simple, unital, stably finite C*—algebra, then L(A)
generates Ko(A).

Proof: As A is stably finite and simple, Ky(A) is a simple ordered group by
Proposition (4.1.1.2). The convex subgroup generated by the scale of A is an ideal of
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Ko(A) by Proposition (4.1.1.6), hence is equal to Ko(A). O

Recall from Remark (2.1.3.7) that the previous proposition together with A having
Riesz interpolation property will enable us to use the extension theorem (Proposition

(2.1.3.6)) of scale homomorphisms. We now prove the main theorem of this section.

Theorem 4.1.1.8. Let A and B be C*—algebras in F. If U(A) and U(B) are iso-
morphic, then Ko(A) and Ko(B) are isomorphic as scaled ordered groups.

Proof: From Theorem (4.1.1.5) we obtain a map § : P(A) — P(B); this is an
orthoisomorphism that preserves unitary equivalence of projections. If [p] = [g], since
A has cancellation then p ~y g, therefore 8(p) ~ 8(q) and hence [f(p)] = [f(g)]. Then
we can define

8, : ©(A) — X(B) by
[p] — [6(p)].

Let us show that 6, is a scale homomorphism: Suppose z,y and 2z € X(A) and
z2=z+y.

So z = [p] and y = [g], for some projections p and ¢ in A. Then [p| < [1 — ¢], as
Ko(A) is weakly unperforated, therefore by [B, 6.9.2], it follows that p ~ q; <1 —g,

therefore z = [¢1], and y = [q], ¢: and g are orthogonal projections in A, indeed

0.(2) = O.(lq]+1[a))

So 6, is a scale homomorphism. Since the inverse of 0, under composition is given
by 6-[q] = [6=1(q)] for any ¢ € P(B), we see that 6, is also a scale homomorphism
and hence 6, is a scale isomorphism. Then by Proposition (2.1.3.6), we get that 6,
extends to an isomorphism between Ko(A) and Ky(B). O
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As a consequence of the previous theorem, we have the following result for the

irrational rotation algebras.

Corollary 4.1.1.9. If Ay and A, are two irrational rotation algebras with isomorphic

unitary groups, then Ag ~ A, as C*—algebras.

Proof: By the previous theorem we get
Ko(Ag) = Ko(Ay)

therefore, Z + 07 = Z + nZ, which implies that § = +n mod Z, hence by Theorem
(2.6.2.7) we get Ag ~ A, as C*—algebras. O

4.1.2 AT-Algebras

We proved in the last section that the unitary groups of the irrational rotation algebras
determine the algebraic type. Here we are going to extend this result to a larger class
of C*—algebras. By an AT—algebra, we mean the C*—algebra inductive limit of a
sequence of finite direct sums of matrix algebras over the continuous functions on the
unite circle T. Recall from Theorem (2.6.2.10) that the irrational rotation algebra
is an AT—algebra. Every simple, unital AT—algebra is approximately divisible (see
[Ell, Th.2]).

Now let us show the following consequence of this result:

Proposition 4.1.2.1. If A is a simple, unital AT—algebra of real rank zero, then A
belongs to F.

Proof: By [RS, Pro.3.2.4], A has stable rank one. As A is a simple, unital
AT—algebra, it is approximately divisible, then it is finite by Theorem (2.6.1.4)(b)
and hence stable finite by Theorem (2.6.1.4)(a). As A has real rank zero, Ky(A) has
cancellation by Proposition (2.5.1.5). From [RS, p.48], K((A) is weakly unperforated.
As A has real rank zero, we get that Ky(A) has the Riesz interpolation property [BK,
3.15]. Hence A belongs to F. O
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Let A and B be simple unital AT—algebras of real rank zero, and let ¢ be an iso-
morphism between their unitary groups. So far we have proved that such C*—algebras
have the same scaled ordered groups. In this section, we extend the result to obtain
a *—isomorphism between the C*—algebras themselves. To do this, we shall use El-
liott’s theorem ([El2]). In the case of simple, unital AT—algebras of real rank zero
(as in [RS, p.51]), Elliott’s theorem ([E12]) reduces to the following:

Theorem 4.1.2.2. [El2] If A and B are two simple, unital AT—algebras of real
rank zero, then A is isomorphic to B if and only if there are group isomorphisms
ap : Ko(A) = Ko(B) and a; : K;(A) = Ky (B) such that ag(Ko(A)t) = Ko(B)* and
ao([1alo) = [1Blo- For each pair of isomorphisms (o, 1), there is an isomorphism
a: A — B such that Ko(a) = op and K1(o) = a;.

The following theorem shows that we can construct an isomorphism between the
K;—groups in the case where the isomorphism between the unitary groups is assumed

to be continuous.

Theorem 4.1.2.3. If A and B are simple, unital AT—algebras and ¢ is a topological
isomorphism between U(A) and U(B), then

Ki(A) ~ K.(B).

Proof: By Proposition (2.6.1.7), it is enough to show that U(A)/U(A)y =~
U(B)/U(B)o. Let ¥ denote the homomorphism from U(A) to U(B)/U(B)y, given
by ¥ = 7 o ¢ where 7 is the quotient map from U (B) to U(B)/U(B)o. Therefore ¥
is surjective. Let us check that ker ¥ = U(A)o. If u € U(A)o, there is a continuous
map u; : [0,1] — U(A) such that up = u and u; = 1,4, whence the map

You: [0,1] — U(B)

is continuous. Indeed, ¢ o ug = ¢(u) and @ o u; = 1p then ¥(u) = U(B)o and hence
u € ker .

Conversely, If u € ker ¥, then ¢(u) € U(B)y, and thus there exists a continuous map
v @ [0,1] = U(B) such that v = ¢(u) and v; = 15. Therefore the map

o tow : [0,1] — U(A)
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is continuous. ¢ !owvy = u and ¢ ! owv; = 14 hence, u € U(A)o. Therefore the
theorem is verified. O

Now we have the following:

Theorem 4.1.2.4. Let A and B be two simple, unital AT—algebras of real rank zero.
If ¢ is an isomorphism between U(A) and U(B) such that K,(A) ~ Ki(B), then

A and B are * —isomorphic.

Proof: As A and B belong to F (by Proposition (4.1.2.1)), and applying Theorem
(4.1.1.8), it follows that ¢ induces an isomorphism ag between the Ko(A) and Ko(B)
such that ao(Ko(A)*) = Ko(B)* and ag([lale) = [18Jo. By Theorem (4.1.2.2), A

and B are isomorphic as C*—algebras. |

The following result is similar

Theorem 4.1.2.5. Let A and B be two simple, unital AT—algebras of real rank
zero. If ¢ is an isomorphism between the topological groups U(A) and U(B), then

A and B are * —isomorphic.

Proof: As ¢ is a topological isomorphism, it follows from Theorem (4.1.2.3) that

Hence the result follows directly From Theorem (4.1.2.2). O

4.1.3 C*—Algebra Associated to Cantor Minimal Systems

In this section, we define the associated C*—algebra C(X) xr Z of a Cantor minimal
system (X, T), and we give some properties. As a good application, we obtain conse-
quently from the previous section a result for C(X) xr Z, that the unitary groups of
these algebras determine their algebraic types. We introduce the notion of topological
full groups of a minimal system studied in [GPS2], and we make the link with the
unitary groups of C(X) xr Z.
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Definition 4.1.3.1. (Minimal System). Let X be a compact metric space and let
T : X — X be a homeomorphism. Then (X,T) is called a (topological) dynamical
system. We say that (X, T) is minimal if TA = A, where A is a closed subset of X,
implies that A = ¢ or A = X. This is equivalent to all T—orbits being dense, i.e.
Orbr(z)” ={T™(z)|n€ Z} =X, fordlz € X.

Let us recall the connection between dynamical systems and C*—algebras (see
[Pul] and [To] for a complete treatment).

The homeomorphism T gives rise to a *—automorphism of C(X), also denoted T,
by setting T'(f) = foT !, f € C(X). The associated C*—crossed product, which we
denote by C(X) X1 Z, is the universal C*—algebra generated by C(X) and a unitary
element u satisfying ufu* = T(f), for all f in C(X). Assume that (X,T) is mini-
mal. Then we may realize the crossed product as follows: Let i be any T'—invariant
probability measure on X. Then C(X) X7 Z is isomorphic to the C*—algebra acting
on the Hilbert space H = L%(X, 1) and is generated by the multiplication operators
my € B(#H) such that g — fg and the unitary operator

u=up: g—rgoT ™}

for every f € C(X) and g € H, C(X) is naturally embedded in C(X) x7 Z as
a maximal abelian C*—subalgebra. The minimality of T implies that C(X) X1 Z
is a simple C*—algebra. There is a one to one correspondence between the set of
normalized traces on C(X) X7 Z and the set of T—invariant probability measures on
X.

We now assume that (X, T) is a minimal Cantor system, i.e. X is the Cantor set

and summarize some of the properties of C(X) xr Z (see for example [Pul], [Pu2],
[GPS1] and [E12]).

Theorem 4.1.3.2. If (X,T) is a Cantor minimal system, then

(1) Ko(C(X) X7 Z) is a simple dimension group and K;(C(X) xr Z) = Z,
(i) C(X) X1 Z has real rank zero,

(1) C(X) x1 Z is an AT—algebra.

Recall that if p is a projection of C(X) xrZ, then p ~, xv, for some clopen subset
V of X, (see [Pu2, Th.2.1)).
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Theorem 4.1.3.3. Let (X1,T1) and (X3,T3) be two Cantor minimal systems. If ¢
is an isomorphism between the unitary groups of C(X1) X1, Z and C(X3) X1, Z, then

(j(){l) X7 Z ~ C7()(2)><7§2Z
as C*—algebras.

Proof: As C(X) xr Z is a simple, unital AT—algebra of real rank zero, and
K (C(X) X7 Z) = Z, the result follows directly from Theorem (4.1.2.4). O

To a Cantor minimal system (X, T) can be associated several types of full groups,
which were studied in [GPS2]. Let us recall these definitions. Let Homeo(X') denote

the group of all homeomorphisms of X.

Definition 4.1.3.4. [GPS2, 1.1] Let (X,T) be a dynamical system. The full group
[T] of (X, T) is the subgroup of all homeomorphisms v of X such that

v(z) € Orbr(zx), for allz € X.

Remark 4.1.3.5. [GPS2, 1.2] To any v € [T] is associated a map n : X — Z,
defined by
y(z) = T"®(z), forz € X.

Definition 4.1.3.6. [GPS2, 2.1] If (X,T) is a Cantor minimal system, then the
topological full group 7[T] of [T) is subgroup of all homeomorphisms v € [T}, whose

associated map n: X — Z is continuous.
Let v € 7[T] and for each k € Z,
Xy = {z € X; () = T*(2)} = n~'({k}).

Then (Xi)kez is a finite partition of X into clopen sets such that

X =[] xe =T x»),

keZ keZ

where || denotes the disjoint union. Therefore, 7{T'] is a countable group.
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Definition 4.1.3.7. [GPS2, 4.5] If (X1,T}) and (X2, Ts) are two dynamical systems,
they are (topologically) orbit equivalent if there exists a homeomorphism F : X; —
Xy such that

F(Orbp (z)) = Orbp,(F(z)), forall z € X;.

Such a map is called an orbit map.

Definition 4.1.3.8. [GPS2, /.9] Let (X1,T1) and (X2, T3) be two minimal systems
that are (topologically) orbit equivalent. We say that (X, T1) and (Xs,T3) are strong
orbit equivalent if there exists an orbit map F : X, — X3 so that the associated

orbit cocycles each have at most one point of discontinuity.

Let (X,T) be a Cantor minimal system. For all z € X, let
Orby(z) = {T*(z); k> 1}
denote the forward orbit of z.

Definition 4.1.3.9. [GPS2, 4.10] If (X,T) is a minimal system and y € X, we

denote by T[T, the subgroup of T[T| consisting of those v such that v(Orbi(y)) =
Orbi(y).

Combining Theorem (4.1.3.3) with [GPS2], Corollary 4.11, we obtain:

Theorem 4.1.3.10. For i = 1,2 let (X;,T;) be two Cantor minimal systems. Then
the following are equivalent:

(i) The unitary groups U(C(X1) x7, Z) and U(C(X2) X1, Z) are isomorphic as ab-
stract groups,

(i) The dimension groups Ko(C(X;) X1, Z), t = 1,2, are isomorphic by a map pre-
serving the distinguished order units,

(i11) C*(X1,T1) and C*(X,,Ts) are isomorphic,

(iv) For any y; € X;, i =1,2, 7[T1)]y, and 7[T3},, are isomorphic as abstract groups,
(v) (X1,Th) and (X3, T») are strong orbit equivalent.
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4.2 The Kirchberg Algebra Case

In this section, we study the classification of a special class of simple purely infinite

C*—algebras.

Definition 4.2.0.1. A Kirchberg algebra is a separable, simple, unital, purely

infinite C*—algebra which is nuclear.

Let A and B be two Kirchberg algebras. We prove in this section that if their
unitary groups are isomorphic, then the algebras are also isomorphic. We shall do

this by showing that such algebras have the same K —theory.

Theorem 4.2.0.2. [RS, Th.8.4.1] Two Kirchberg algebras A and B are *-isomorphic
if and only if there are isomorphisms o : Ko(A) = Ko(B) and oy : K;(A) = K, (B)
with ag([1a)o) = [Lslo. For each such pair of isomorphisms, there is an isomorphism
¢ A — B with Ko(p) = ap and K1(p) = a4.

Let ¢ be an isomorphism between U(A) and U(B), where A and B be as given
above. We show that from ¢ we construct an orthoisomorphism between the sets of
projections which preserves the unitarily equivalence of projections. To do this we

prove the following theorem.

Theorem 4.2.0.3. Every simple, unital purely infinite C*—algebra A is oddly de-

composable.

Proof: Let p,q € P(A)\{0,1}. As g is an infinite projection, there exists ¢' < ¢
such that ¢' ~ g. As p and ¢' are infinite projections, using Proposition (2.4.0.6),
there exists p; ~ ¢/, p1 < p and p — p; is an infinite projection. Similarly there
exist a projection p, < p — p; such that p» ~ ¢/, and a projection r < ¢’ such that
r ~ p—p; — pa. Then by Theorem (2.4.0.7), we get that

D1~ G <q Pr~ugd <gand p—pp—pr~u T < g

As p = p; + p2 + (p — p1 — p2), is written as a sum of three orthogonal projections,
such that each of them is unitarily equivalent to a proper subprojection of ¢, A is

oddly decomposable. O
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Theorem 4.2.0.4. If A and B are simple, unital purely infinite C*—algebras, then
an isomorphism between their unitary groups induces an orthoisomorphism between

P(A) and P(B) preserving the unitary equivalence of projections.

Proof: By the previous theorem, A is oddly decomposable and by Theorem
(3.2.0.9), the proof is completed. O

Let A be an infinite C*—algebra. As 1 is an infinite projection of A, we obtain
from Theorem (2.4.0.9)(i).

Proposition 4.2.0.5. If A is a simple, unital, purely infinite C*—algebra, then

Ko(A) ={lp] |p € P(A\{0,1}}.

Recall that if A is a simple, unital, purely infinite C*—algebra, then by Theorem
(2.4.0.2), we have
K§ (A) = Ko(A) = Z(A).

Theorem 4.2.0.6. If A and B are two simple, unital, purely infinite C*— algebras and
@ 1s an isomorphism between U(A) and U(B), then Ko(A) and Ko(B) are isomorphic

as ordered groups.

Proof: Let 6 : P(A) — P(B) be the orthoisomorphism constructed from ¢,
in Theorem (4.2.0.4). It preserves the unitary equivalence of projections. If p and
q are two non-trivial projections of A, with the same Kjy—classes, then by Theo-
rem (2.4.0.7), p ~, g, which implies 6(p) ~, 6(q), and hence [f(p)] = [#(q)] in
Ko(B). Then we can define v : Ko(4) — Ko(B) by %([p]) = [0
p € P(A)\{0,1}. Now let us check that 1 is an isomorphism:

(i) ¢ is a homomorphism: Let [p]and [¢] € Ky(A). Pick py, p» two orthogonal infinite

(p)], for every

projections in A, such that p; + ps < 1. There exists r; ~ pand r; < p;. Also there

exists ro ~ gandry < py. Then 7; and r, are two orthogonal infinite projections of A
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with infinite complement, such that [r;] = [p] and [r2] = [g], therefore

([p] +1g)) = ¥([r]+[re])
= P([r1 +72])
(r1) +0(r2)]
= [6(r1)] + [0(r2)]
= () + ¥ ([a])-

—

Z
Z

(ii) ¢ is bijection: If ¥([p]) = v¥([g]), where p and ¢ are non-trivial projections,
then 6(p) and (g) are also non-trivial projections with the same Ky—class, hence
0(p) ~u 0(q), which implies that [p] = [g]. It’s clear that ¢ is surjective. Hence we
have that 1 is an isomorphism i.e. Ky(A) ~ Ky(B) as a scaled ordered groups. O

In particular, we have the following result for the Cuntz algebras (O,), with

n < 00.

Corollary 4.2.0.7. Two Cuntz algebras O, and O,, are isomorphic if and only if

their unitary groups are isomorphic.
Proof: As Ky(O,) = Z,_, the result follows directly from the previous theorem.O

Theorem 4.2.0.8. Let A and B be two simple, unital, purely infinite C*—algebras.
If ¢ is an isomorphism between U(A) and U(B), then the groups K,(A) and K;(B)

are isomorphic.

Proof: By Theorem (2.4.0.9)(ii), it is enough to show that U(A)/U(A), and
U(B)/U(B)y are isomorphic. By Leen’s result stated in Theorem (2.4.0.10), the con-
nected component of the unitary group of a simple, unital, purely infinite C*—algebra
A is generated by the self-adjoint unitaries of A. Let m : U(B) — U(B)/U(B), be
the quotient homomorphism, and let

U : U(A) — U(B)/U(B)o

be the surjective homomorphism defined by ¥(u) = 7(p(u)), for every u € U(A). If
u is a self-adjoint unitary of A, then so is ¢(u) in B and therefore U(A)y C ker(¥).
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Conversely if u € ker(¥), then ¢(u) € U(B)y, and by Leen’s theorem again, u €
U(A)o. Therefore U(A)/U(A)o and U(B)/U(B), are isomorphic. O

Theorem 4.2.0.9. Two Kirchberg algebras A and B are x—isomorphic if and only

if their unitary groups are isomorphic.

Proof: Follows directly from Theorem (4.2.0.2), Theorem (4.2.0.6) and the pre-

vious result. O

4.3 A Counter Example in a Non-simple Case

In this section we give an example of two C*—algebras whose unitary groups are
isomorphic however the algebras themselves are not *—isomorphic. The example
is given in the non-simple C*—algebra C(X), where X is a compact set. We use

Milutin’s theorem which is stated as follows:

Theorem 4.3.0.1 (Milutin). [Va, p.494] If X and Y are two compact, metrizable
spaces which are non-countable, then C(X,R) ~ C(Y,R) as Banach spaces.

Let us recall the following results of V. Pestov [Pe]. Let { denote the group
homomorphism from C(X,T) to the cohomotopy group 7'(X) assigning to every
mapping its homotopy class. Denote by C°(X,T) the kernel of (. Let X be a
topological space and @ be the map of the linear space C(X, R) to the group C(X,T),
given by 0(f) = exp(27if). The image of C(X,R) under 6 is contained in C°(X,T)
and @ is an additive group homomorphism.

If 2o € X, then let C(X,zo,R) = {f € C(X,R); f(zo) =0}, C(X, 2, T) ={f €
C(X,T); f(zo) =1}, C%(X,x,T) = {f € C°(X,T); f(zo) =1}. Obviously, § maps
C(X, o, R) to C°(X, zo, T). Denote by 6, the restriction of 8 to C(X, zo, R).

Proposition 4.3.0.2. [Pe, Pro.13] Let X be a path-connected space and let o € X.
Then the map 8y : C(X, zo,R) = C°(X, 2o, T) is an algebraic isomorphism.

For every element zo € X, the groups C°(X,T) and C%(X, zy, T) & T are isomor-
phic under the mapping f — (f.f(zo) ™!, f(2o)). Similarly, the groups C(X, zo, R)®R
and C(X,R) under the mapping f — (f — f(20), f(z0)), (see [Pe, Lemma 7]).
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now consider the following short exact sequence:

0 — C°(X,T) —— C(X,T) = 71(X) — 0.
If X is compact, then C(X,T) splits, i.e. C(X,T) = C%(X,T) & n}(X). Now let us

prove the following lemma:

Lemma 4.3.0.3. Let X and Y be two compact spaces. If C(Y,R) and C(X,R) are
isomorphic as Banach spaces, then there is an isomorphism between C(Y,R) and
C(X,R) which sends 1 (as a constant function) to itself and hence sends all constant

functions to constants.

Proof: Let ¢ denote the isomorphism from C(Y,R) onto C(X,R). If zg € X,
and k£ € R\{—1}, then we define ¢ : C(X,R) — C(X,R) by g — g + kg(zo). It is
clear that ¢y is a linear map and ¢, (1) =1 + k.

The map ¢y is surjective: If h € C(X,R), then h — £h(x) € C(X,R) and

orlh = gh(a0)) = b+ Kh(so) = oh@)gu(1) = b

k+1

Now to show that ¢y is injective, let g € ker(pk). Then for every z € X, g(z) +
kg(zo) = 0 and in particular, (k+1)g(zo) = 0, therefore g = 0, hence y, is a bijective.

Let (1) = f. As f is a non-zero function which belongs to C'(X,R), there exists
zo € X such that |f(zo)| = || flleo- Let k& = 2sign(f(zo)). Then for all z € X,

ee(f)(z) = f(z)+kf(zo)
= f(z) + 2sign(f (z0)).f (z0)
= f(z) +2[f(20)| > 0.
The map 9; = ot is an isomorphism from C (Y, R) onto C(X, R) with (1) > 0.
Then define ® : C(Y,R) — C(X,R) by g — 5i57¢1(9) and hence the lemma is
checked. O

Now we introduce the following main example:

Example 4.3.0.4. Consider X = [0,1] and Y = [0,1] x [0, 1] as subspaces of the

usual topology of R. As X and Y are not homeomorphic topological spaces, the

63



C*—algebras C(X) and C(Y) are not x—isomorphic.

Claim: C(X,T) ~ C(Y,T) as abstract groups.

As X and Y are both contractible subsets of R, their cohomology groups HY(X) =
HI(Y) = 0for all ¢ > 0. Then by [Hus, Corollary 10.2], the cohomotopy groups 7!(X)
and 7! (Y') are trivial. As X and Y are both compact metrizable non-countable spaces,
there exists a Banach space-isomorphism ® from C(X,R) to C(Y,R), by Milutin’s
theorem. By Lemma (4.3.0.3), we may assume that ® maps constant functions onto
themselves. Now define ¢ : C(X,zo,R) = C(Y,y0,R) by f = ®(f) — ®(f)(vo)-
It is clear that ¢ is a linear. If g € C(Y,yo,R), then h = & 1(g) — 7 (g)(zo) €
C(X, zo,R) and 9(h) = g, hence ¢ is a surjective. If (f) = 0, then for all y € Y,
®(f)(y) = D(f)(yo), therefore ®(f) is a constant function of Y and then f = 0. Hence
¢ is an isomorphism. By Proposition (4.3.0.2), we have that C°(X,T) ~ C°(Y,T),
hence C(X,T) ~ C(Y,T). 0
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Chapter 5

About the Induced Map 6,

Recall that any isomorphism ¢ between the unitary groups of two unital C*— algebras
induces a map 6, between their sets of projections.

In this chapter, we prove that this map 6, is an orthoisomorphism for some
classes of C*—algebras including the Cuntz algebras O,, 2 < n < oo, simple uni-
tal purely infinite C*—algebras whose Ky—group is 2-divisible, and a large class of
finite C*—algebras of real rank zero (including AF-algebras) whose Ky—group is 2-
divisible. In the last section, we also give examples which show that the induced map

6, need not be an orthoisomorphism.

Notation 5.0.0.1. In this chapter, the quadruple (A, B, ¢,0) will represent the fol-
lowing: A and B are simple, unital C*—algebras, ¢ is an isomorphism between their

unitary groups, and 6 = 0, is the induced map between the sets of projections.

5.1 (C*—Algebras With p—Compatible
Faithful Traces

Let (A, B,,0) be as in (5.0.0.1). Suppose that 74 and 7p are traces on A and B
respectively. They are p—compatible if for all u € U(A),

Ta(u) = 7B(9(u))-
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In this section, we show that if A and B have p—compatible faithful traces, then 6,
is a projection orthoisomorphism, moreover ¢ is implemented by a *—isomorphism

between the algebras themselves.

Lemma 5.1.0.1. Let A be a unital C*—algebra, and ¢ be an automorphism of U(A).

If T is a p—compatible trace on A, then

7(0,(p)) = 7(p) for all p € P(A).

Proof: If p € P(A), then p = 15 for some self adjoint unitary u. Therefore

0p) = =2 = 1(,0)) = LT _rp),

a
Let A be a unital C*—algebra and let ¢ be an automorphism of U(A). Recall from
the definition of 6, that if ¢ is extendible to a x—isomorphism 1 of A, then so is 8,

hence 6, is an orthoisomorphism.

Theorem 5.1.0.2. Let (A, B, p,8) be as in (5.0.0.1). If there exist faithful, normal-

1zed traces T4 and T on A and B respectively, such that
Ta(u) = 78(p(u)) for every self-adjointu € U(A),
then 8 is a projection orthoisomorphism.

Proof: Assume that p and ¢ are non-trivial orthogonal projections in A. Let u, v
be the unitaries defined by u =1 —2p and v =1 — 2¢. If x = 6(p)é(q), then

wrt = Sl - )1 - p@)(1 - o)

= %[2 —2¢(u) — p(v) + p(uv) + p(vu) — p(uvu)).

Applying 75, we get:

1
(zz*) = §[2 — 274(u) — 74(v) + Ta(uv) + T4(vu) — T4(UVU)]
= 74(pgp)
= 0.
As 7p is faithful, z = 0. a
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Theorem 5.1.0.3. Let (A, B, ¢,0) be as in (5.0.0.1). If A and B have p—compatible
faithful traces T4 and Tg, then @ is implemented by a x—isomorphism between the

algebras themselves.

Proof: If 3 7", oqu; = 0, then 377, oy@uuj = 0, therefore
0 = TA(Z a,‘aju,u;)
]
n
= Zaia_jm(uiu;)
i,
n
= 750 0sTp(ui)p(u;)")
i,J

= () ep(w) 3 elu))

As 75 is a faithful trace, Y ; a;¢(u;) = 0. As every element of A can be written as a
finite linear combinations of U(A), then let ¢' : A — A denote the map defined by

0 () o) = Z aip(us).

i=1

3

Now we show that ¢’ is a *x—isomorphism. (i) It is clear that ¢'(z*) = ¢’(z)*, and ¢’
is a linear map. Alsoif z = ) ., au; and y = Z;"zl v;v;, where for every ¢ and j

u;, v; are unitaries in A, then

n,m
¢'(zy) = SO'(Z 7Y UiVj)
4,j=1

= Z ;7 (us) o (v;5)

t,j=1
= ¢ (@)¢'(v)

hence the map ¢’ is a x—homomorphism.

(i) ¢’ is bijective: If y = 37 | au; € A, then there exist v;, 4 = 1,2...,n, such that
o(v;) = u;. Let z =7 ; oyv; therefore ¢'(z) = y, hence it is surjective.

Now let z = Y | aqu;. If ¢'(z) =0, then
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o
li

n
TB(Z ;0o (u)p(us)”)
i
n
= ) dgra(ui)
i

n n

- e
i J

= T4(zx").

As 74 is a faithful trace, x = 0. Therefore ¢’ is injective, and hence the theorem

is proved. g

Remark 5.1.0.4. Let A be a simple, unital C*—algebra with a non-trivial character

A and an isomorphism ¢ on U(A) such that
7(u) = Auw)7(¢(u)), for allu € U(A),

where T is a normalized faithful trace on A. Then a proof similar to Theorem (5.1.0.8)
shows that ¢ is implemented by a x—isomorphism on A up to the character \. How-

ever, it is not clear that such a C*—algebra and isomorphism exist.

5.2 On the Cuntz Algebras O,

In §4.2 we proved that, if ¢ is an isomorphism between the unitary groups of two
Cuntz algebras O,, and O,,, then n = m.

Let ¢ be an automorphism of U(O,,), where 2 < n < oo. In this section we prove
that the induced map 6, is an orthoisomorphism of P(0,).

Recall that the Cuntz algebra O, is the universal C*—algebra generated by isome-
tries s1, Sg, . . ., Sn, such that >, s;s7 = 1, and the Cuntz algebra O is the universal
C*—algebra generated by an infinite sequence of isometries with mutually orthogonal

range projections s,si. We will denote by p; the standard projections s;s.
8 J1°3 J J°s

Proposition 5.2.0.1. In Ky(O,), we have [1] = n[f,(p1)].
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Proof: From Lemma (2.6.3.10) we have p; ~, p;, therefore 0,(p;) ~u 0,(p;),
hence they have the same Ky—class, on the other hand {6,(p;); i =1,2,...,n} forms

a partition of the unity, so the proposition is proved. a

5.2.1 General Results on the c—Map

Let (4, B, ¢,0) be as in (5.0.0.1). Recall that to any non-trivial projection p € P(A),
Booth associated ([Bo] or see §3.2, 3.2.0.3) an automorphism ¢, of S.

Lemma 5.2.1.1. Let (A, B, ¢,0) be as in (5.0.0.1). If for any non-trivial projections

p and q in A, ¢, = g, then 8 is an orthoisomorphism.
Proof: Let p and g be two orthogonal projections of A. Then 6(p)6(q) = 0 follows

from the definition of 8 if p+ ¢ = 1, and from Proposition (3.2.0.5)(2) if p+¢ < 1. O

The converse holds if A satisfies the following condition:

{Vp,qg € P(A\{0,1},3p1 <p and ¢ < ¢q; p1,q #0, such thatp; ~, ¢: } (1)

Lemma 5.2.1.2. Let (A, B,,0) be as in (5.0.0.1). If A satisfies the condition (1)
and if 8 is an orthoisomorphism, then for any two non-trivial projections p and q in

A, cp =cy.

Proof: If p,qg € P(A)\{0, 1}, then by (}) there exist nonzero projections p, and
q1 such that p; < p, ¢ < ¢ and p; ~, ¢1, and hence ¢,, =c¢;. Asp=p1 + (p — 1)
and ¢ = q; + (¢ — q1) , by Proposition (3.2.0.5)(2)

0(p1)0(p —p1) =0 <= ¢ = ¢ = Cpyp,
0(q1)0(q — QI) =0 ¢ =¢y =Cp—q

and therefore ¢, = c,. O

Proposition 5.2.1.3. Any purely infinite unital C*—algebra satisfies the condition

(1)
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Proof: Let A be a purely infinite unital C*—algebra. If p,qg € P(A4)\{0,1}, then
there exists p; < p such that p, ~ ¢, and there exists ¢; < g such that ¢; ~ p;. Now
p, and ¢ are two infinite with infinite complement projections of A, indeed they have

the same Ky—classes, therefore ¢, ~y p;. O

Proposition 5.2.1.4. [Bo, 3.2.8.10] Any simple unital oddly decomposable C*-algebra
satisfies the condition ().

Remark 5.2.1.5. Many simple, unital C*—algebras satisfy condition (I). In partic-
ular, this applies if A is a simple, unital, stably finite C*—algebra of real rank zero

and Ko(A) is a weakly unperforated interpolation group with cancellation.
For simple, unital C*—algebras, we prove the following two results:

Lemma 5.2.1.6. Let (A, B,p,0) be as in (5.0.0.1). If p and q are two non-trivial
orthogonal projections of A such that p ~, q and p+ q < 1, then either

8(p)0(q) = 0 or 6(p)8(q) = 6(1 — p)Ab(g).

Proof: Assume that p+ ¢ = r < 1. Then p and ¢ are unitarily equivalent

projections, whence ¢, = ¢,. By Proposition (3.2.0.5),

either ¢, = ¢; = ¢,; this occurs iff 6(p)f(q) =0
or ¢, = ¢, =7¢; thisoccursiff (1 —-p)0(1 —q) =

It is easy to check that

6(1 - p)O(1 — q) = 0 <= 8(p)8(g) = 6(1 — p)Ad(q).

Now let us prove the following lemma (see [Dy, Lemma 12}):

Lemma 5.2.1.7. Let (A, B, ¢, 0) be as in (5.0.0.1). If py,p2, ..., Pons+1 are unitarily
equivalent orthogonal projections of A that form a partition of unity, then there exist
i # j such that 0(p;)0(p;) = 0. Moreover, 0(p,)8(ps) =0 for all r # s.
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Proof: By Lemma (5.2.1.6), we may assume that

0(pi)0(p;) = 6(1 — p:) Ab(p;), for alli # j.
Now, 1 — p1 = paApsA ... Ap, therefore, 1 — 0(p;) = 0(p2)A8(p3)A ... Ab(pn),
multiply both sides by 6(p;) to get,

0 = 6(p1)0(p2)A0(p1)0(p3)A.... AO(p1)0(pn)
[9(1 - pl)Ae(pz)]A[e(l - Pl)Ao(Ps)]A s A[9(1 - Pl)Ag(Pn)]-

Note that,
[0(1 — p1)A8(p:)]AB(1 — p1)AO(p;)] = O(pi) AB(p;); Vi # .

Since n is odd, we have that 0 = 60(p2)Af(p3)A ... A8(p,), therefore 6(p;) = 1,
which is a contradiction since p; # 1 and @ preserves 1. Therefore for some ¢ # j,
6(p;)0(p;) = 0. By Proposition (3.2.0.5)(2) and Lemma (3.2.0.12), ¢, = ¢p; = Cp,4p;-
As all the projections p,’s are equivalent and for all r # s, p, + ps is also equivalent
to p; + p;, it follows 6(p,)0(p,) = 0. 0

Let A be a unital C*—algebra which has a system of matrix units {e;;}7;_;.
By Proposition (2.2.4.4), {e;;, ¢ = 1,...,n} forms a partition of unity consisting of
orthogonal unitarily equivalent projections. Then by Proposition (3.2.0.4)(i), all the
Ce;; (¢ = 1,2,...,n) are equal, and we call this automorphism ¢; (= ce;;, = Ceyp =
“+» = Ce,,). Also note that [e;; + e;;] = [ess + €] for all i # j and s # r. Then

€+ €jj ~u €55+ €y, Dy 2 we mean c, 4, ; for all 7 # j, and we continue to define

Ck = Ceyytenatter; fOTreEveryk <mn—1.

5.2.2 Results for O,, n < ©

Let ¢ be an automorphism of the unitary group of the Cuntz algebra O,, and let
6 : P(O,) — P(O,) be the associated bijection. In this subsection, we will denote
this data (On, ¢, ). The standard projection s;s; = p; is denoted by p;.
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Lemma 5.2.2.1. Let (O, p,0) be as above. Then for all 1 < r # s < n, we have
that 6(p,)0(ps) = 0.

Proof: As the standard projections of O, are unitarily equivalent and form a
partition of unity, i.e., 1 = p; + ps + -+ + pn, and {p;} are pairwise orthogonal
unitarily equivalent. If n is odd, then the result follows directly from (5.2.1.7).

If n is even, then by Lemma (2.6.3.12), p; can be written as a sum p; = py;+piz+-- -+
p1n Of n non-trivial projections equivalent to p;. For all : = 1,2,...,n, as py; ~y p1,
we have that

l=pun+po2+--+pin+p2+ps+---+pn,

is a sum of an odd number of unitarily equivalent orthogonal projections. By Lemma
(5.2.1.7), for all r # s, it follows 8(p,)8(ps) = 0. O

Theorem 5.2.2.2. Let (O, p,0) be as above. Then the map 0 is an orthoisomor-

phism.

Proof: Recall that any non-trivial projection of O, is unitarily equivalent to a
sum p; + - - - + pi of standard projections for some 1 < k < n — 1. By (5.2.1.1), the
proof of the theorem will be completed if we show that ¢; = ¢, foralll1 <k <n-1.

From the previous theorem, we have that ¢; = ¢;. As for every k <n — 1,

O(pr +p2+ - pe-1)0(px) = [0(p1)A0(p2)A.. . AB(px—1)]0(px)
= 0(p1)0(pr) A0(p2)0(pk)A . . . Ab(px-1)0(px)
= 0,

by Proposition (3.2.0.5) we have ¢; = ¢x—1 = ¢, hence the theorem follows. O

5.2.3 The O, Case

In this subsection, we show that if ¢ is an automorphism of U(O), then @ is an

orthoisomorphism of P(Q,,). We recall the following:

Theorem 5.2.3.1. [Cul, 8.12] In Oy, every projection is equivalent to a projection
either of the form Ef:__l sist(1<k<oo)orl—3Y"F sist(1<k<o0).
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Proposition 5.2.3.2. [RS, 4.2.3] Let A be a C*—algebra and let p be a projection in
A.

(i) There is a unital embedding v : Oo, — pAp if and only if p is properly infinite.
(1) If p is a full, properly infinite projection and [p] = 0 in Ko(A), then there is a
unital embedding 1 : Oy — pAp.

As O is a purely infinite and simple C*—algebra, it is oddly decomposable. If
¢ is an automorphism of U(Oy ), then by Booth’s result, the image of the map c
contains at most two elements. By Proposition (3.2.0.11), there exists a partition
{P.,P,} be the partition of P(Ox)\{0, 1}, such that the induced map 6, preserves
orthogonality on P, and flips orthogonality on P,.

Lemma 5.2.3.3. Let (O, ¢, 0) be given and P, P, be as above. Then for all 1 <

1 < 00, the standard projection p; belongs to P,, and hence, so does every finite sum

of pi’s.

Proof: If ¢ = 1 — p;. Then q is a full, properly infinite projection, with [g] = 0
in Ky(Oy), therefore by Proposition (5.2.3.2)(ii) there exists a unital embedding
t: Oy = q(Ox)g. And therefore, ¢ can be written as a sum of two orthogonal
unitarily equivalent projections, ¢; and g2, S0 ¢;, = ¢g,, which means that either both
of ¢; and ¢, are in P, or in P,, and in both cases (Lemma (3.2.0.12)), ¢ belongs to P..
As ¢i1_p, = ¢p,, p1 belongs to P, hence so does p; for every ¢, and again by Lemma

(3.2.0.12), any finite sum of such projections is in P,. O

Theorem 5.2.3.4. For (O, ¢, 0), the map 0 is an orthoisomorphism.

Proof: By Proposition (5.2.1.1), it is enough to show that ¢ € P, for every non-

trivial projection ¢ in O. Let ¢ be a non-trivial projection of Q4. As by Theorem
(5.2.3.1), either

k k
gr~u Y P, OF gryl=) pi,

for every 1 < k < oo, we then get in both cases that ¢, = Csk_ pi)

(5.2.3.3), ¢ € P,, and the theorem follows. O

and by Lemma
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5.3 Purely Infinite C*—Algebras with 2-Divisible
Ky—Group

Let A be a simple, unital purely infinite C*—algebra. Then by Theorem (4.2.0.3),
A is oddly decomposable. If ¢ is an automorphism of U(A), then let {P,, P,} be
the partition of P(A)\{0,1}, such that the induced map 6, preserves orthogonality
on P,, and flips orthogonality on P,. In this section, we study the case of A where

K,(A) is a 2-divisible group, and then we prove the following:

Theorem 5.3.0.1. Let (A, B,,0) be as in (5.0.0.1). If A is a purely infinite

C*—algebra whose Ko—group is 2-divisible, then 8 is an orthoisomorphism.

Proof: Let p be a non-trivial projection in A. By Lemma, (5.2.1.1), it is enough
to show that p € P.. As Ky(A) is 2-divisible, [p] = 2[g], where ¢ is a non-trivial
projection in A. As q and 1 — ¢ are infinite projections, there exists an infinite
projection ¢’ in A such that ¢ ~ ¢’ and ¢ < 1 — q. Therefore [p] = [¢ + ¢']. The
projections p and ¢ + ¢’ are infinite and having infinite complement projections, then
by Theorem (2.4.0.7), p ~, q¢ + ¢’ and hence ¢, = ¢gy. As ¢g = ¢, either ¢ and ¢’
belong to P, or to P,, and in both cases we have that their sum ¢ + ¢’ belongs to P,
hence p € P,, and then the theorem follows. 0O

5.4 Finite C*—Algebras with 2-Divisible
Ky—Group

As in chapter 4, let F denote the class of all simple, unital, stably finite C* —algebras
A of real rank zero which have cancellation, and whose Kj(A) is a weakly unperfo-

rated interpolation group.

A C*—algebra belonging to F is oddly decomposable by Theorem (4.1.1.4). As
in §5.3, If ¢ is an automorphism of U(A), let {P., P,} denote the partition of
P(A)\{0,1}, such that the induced map 6, preserves orthogonality on P, and flips
orthogonality on P,.
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Theorem 5.4.0.1. Let (A, B, ¢,0) be as in (5.0.0.1). If A belongs to F, and Ko(A)

is a 2-divisible group, then 6 is an orthoisomorphism.

Proof: Let p be a non-trivial projection of A. As Ky(A) is 2-divisible, there
exists an element a in the scale of Ky(A), with [p] = 2a, and therefore a non-trivial
projection g of A, with [p] = 2[g]. As [q] < [1 — ¢], and by [B, 6.9.2], there exists a
projection ¢' < 1—gand ¢~ ¢'. Then as [p] = [¢+¢'], p ~u ¢+ ¢ and ¢, = Cgqq. As
¢q = cg, €ither ¢ and ¢’ belong to P, or to P,, and in both cases we have that their

sum ¢ + ¢’ belongs to P,, hence p € P,, and then the theorem follows. o

5.5 The UHF-Algebras

Let (p;);j>1 be the sequence of prime numbers. If A is a UHF-algebra, we denote by

n= (p}” )j>1 its generalized integer. We have the following result:

Theorem 5.5.0.1. Let A be a UHF-algebra with generalized integer ni. If the exponent
ny of p1 = 2 is either zero or is infinite in i and if ¢ is an automorphism of U(A),

then the induced map 0, is an orthoisomorphism of P(A).

Proof: By Theorem (5.4.0.1), we can assume that n; = 0. For any sequence
(m;);>1 of integers with 0 < m; < n; and m; = 0 for all but finitely many j, let
n= HJ.leTj. By Lemma (5.2.1.7), for any partition {¢;, s = 1,...,n} of the unity
consisting of orthogonal equivalent projections, we have 6,(¢;)0,(g;) = 0, ¢ # j.
If {P.,P,} denotes the partition of P(A)\{0,1} induced by 6,, (i.e. 6, preserves
orthogonality on P, and flips orthogonality on P,), then for all 1 < i < n, ¢; € P,
by Lemma (3.2.0.12).

For any ¢ € P(A)\{0,1}, there exists a number n as above, such that 7(q) =
%, 0 < k < n. As g is unitarily equivalent to a sum of k—orthogonal equivalent

projections (g;)%_,, with 7(¢;) = %, then ¢ € P, hence the theorem is checked. O
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5.6 A 6, which is not an Orthoisomorphism

In this section, we construct examples of automorphisms ¢ of the unitary groups
of some UHF-algebras A, whose induced map 6, are not orthoisomorphisms of the

projections of A.

5.6.1 Some Useful Tools

In [HS1, p.245] de la Harpe and Skandalis defined a determinant (H-S determinant),
for C*—algebras. Let E be a Banach space, and A be a C*—algebra which has a
continuous trace 7 : A — E. They defined A, as follows

A, : GLY(A) — E/7(Kq(A)),

if z = exp(y), then A, (z) = s=7(y).

 2m

Proposition 5.6.1.1. [HS1, Pro.2] (i) A, is a homomorphism,
(i) If A = M, (C), and T is the usual trace, then the restriction to GL}(A) = GL(n,C)

of exp(2miA;) is the usual determinant.

Let A be a UHF-algebra and 7 be its unique normalized trace. In [HS3, p.194],
de la Harpe and Skandalis showed that

U(A)/DU(A) ~ R/7T(Ko(A)),

i.e. DU(A) is equal to the ker(A,).

Let K denote the normal subgroup of U(A) generated by the self-adjoint uni-
taries of A. Define 7 : R/Z x K — U(A) by w(0,k) = exp(2mif)k. If u € U(A)
and # € A,(u), then A (exp(—2mif)u) = 0 and using de la Harpe and Skandalis
results (see [HS3, p.194] and [HS2, Th.1]), we obtain exp(—27if)u € K, moreover

7(0, exp(—27if)u) = u, so 7 is a surjective homomorphism, therefore we have that
U(A) ~ (R/Z x K)/ ker ().

For all n € Z%, let K, be the normal subgroup of U, = U(M,(C)) generated
by the self-adjoint unitaries. Let us denote by A, (resp. A,) the H-S determinant

associated to the usual (resp. normalized) trace on M, (C).
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By Proposition (5.6.1.1), the usual determinant on U, is given by
det(u) = exp(2miA,(u)) = exp(2minA,(u)).
In [Dy, p.87) Dye showed that

K, = {u€U,| det(u) =+1}

= {u € Uyl An(u) € %Z}

~ 1
= {u € U,| An(u) € %Z}.

Now for every n € Z*, let 7, : R/Zx K,, — Uy, denote the map 7 (6, k) = exp(2mif)k.

Then
ker(m,) = {(6, exp(—27i0)1,)| 6 € (Elﬁ)Z},
and hence

U, ~ (R/Z x K,)/ ker(my,).

Following Dye, we define the automorphism V;, : K, — K, by V,(k) = det(k)k.

5.6.2 The Construction

For all (n > 2), Dye constructed in [Dy, p.87] an automorphism ¢ of Us, such that for
every projection p € My, (C), of odd rank, rank(f,(p)) = 2n — rank(p). A detailed
discussion of Dye’s example can be found [Bo, App. A].

If A is a UHF-algebra whose generalized integer 7 is of the form (272,32 5% ...),
with 1 < ny < oo and 0 < n, < oo, forevery prime p > 2. We generalize Booth’s
description to construct an automorphism ¢ of U(A) for which 6, is not an orthoiso-
morphism of P(A).

Before constructing ¢, let us first recall that if we consider R as a Q—vector space

and if H is a basis, containing 1, of R, then

Rz@e( ) @),

he H, h#1
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and

R/Z:Q/Z@( a5 Q).

he H, h#1

Denoting by Z(p*™) = Z[%]/Z = { La€ Z,ne Z+}, we have

"
QzZ= P Z(p™),
p prime

hence

R/Z ~ Z(2*°) & ( @ Z(p°°)) ® ( @ Q) : (6)

P prime#2 he H, h#1

Then we have

Lemma 5.6.2.1. Let m be an integer > 1. Then there exists an automorphism x of

R/Z such that for each odd integer q, we have

(7)) = moen [z

Proof: Let £ be the map of Z(2) defined by £([%]) = [5E], foralln €

Z*. 1t is easy to check that ¢ is an automorphism. Then using (6), we define an
automorphism x of R/Z by x = ¢ & (id) & (Pid).
As ged(2™+1) q) = 1, there exist k, [ € Z (with [ odd) such that 1 = 2™*+1k + gl,

hence
1 _ l k
gm+1g ~ | gm+t + E ’

with [z4r] € Z(2%°) and [ﬂ € @D, Z(p™). As

(o)) =B 5] = ™

1+2™g| [1+2™q
2m+1q - 2m+1q )

the lemma is checked. ]
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Let A be a UHF-algebra whose generalized integer 7 is of the form (272,373, 5", .. )
with 1 < n, < 00 and 0 < n, < oo, for every prime p > 2. There exists an increasing

sequence (A;)n>1 of finite dimensional full matrix algebras with A = Up>1 A4, and
Ap =M @M, ®--- M,

= M2"2p1...pna

where the p; s are odd prime numbers. Let so = 2" and for every n € Z*, denote

2™p;...pn by s,. Then

M,, — M, —2 M, oo — M,
and
Ko(A) ~ {sﬁ, where p € Zand n € Z*}.

Lemma 5.6.2.2. Let A be a UHF-algebra as above. Then

K= {u € U(A)| Ar(u) € %T(KO(A))}.

Proof: Let v = 1 — 2p be an involution of A. Therefore v = 1 — 2p, for some

projection p, moreover

exp(mip) = exp(wi)p + (1 — p) = v.
Now apply A, to v, we get A,(v) = A,(exp(mip)) = (1/2)7(p), and hence A,(v) €
37 (Ko(A)).
Conversely, we can choose an involution vy in A such that A;(ve) € 37(Ko(A)), fix
such vg. If u € U(A) such that A;(u) € 37(Ko(A)), then

A (uvg) = Ar(u) + Ar(vg) =0,

mod 7(Ky(A)), using de la Harpe and Skandalis results (see [HS3, p.194] and [HS2,
Th.1]), we get that uvy € K and hence u = (uvg)vy € K. O

Consequently, we have:

K = {u € UA)] A (u) = %, for somep € Z, and somen € Z+}.

n
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Also recall the surjective homomorphism 7 : R/Z x K — U(A). If (8,k) € R/Zx K
such that exp(2mif)k = 1, then k = exp(—2716).1, and
. 1 .
A, (exp(—27i0).1) = %T(—Qm&l) = -0,

therefore § = 32, for some p € Z and n > 0, and hence

Sn’

ker(m) = {(9, exp(—2mif).1)| 6 = 2L for some p € Z and somen € Z+} .

n
Now we define an automorphism V on K as follows: if ¥ € K, then for some
p € Z and for some positive integer n we have that A.(k) = 5£-, then we define the

image of k to be

V(k) = (exp(2misp,A,(k))) .k

= exp(wip).k
_ k; if piseven
—k; if pis odd

As s, are odd numbers, the map V is well-defined.
Now let ¢,, and ¢ be the automorphisms on R/Z x K, and R/Z x K defined by
@s, = (X, Vs,) and @ = (x, V). If 6 = [ﬁ] = z- +Z, then

s, (0, exp(—27if)1,,) =

As x(6) = [%], we proved that ¢, (ker(ws,)) C ker(ng,). Therefore, we define the

automorphisms
vs, ¢ (R/Z x K,)/ ker(ms,) — (R/Z x K,,)/ ker(ms,)

as follows, if u = [(6, k)], then @, (u) := [(x(0), Vs, (k))].
Also, if 0 = [-2-*3;] for some p € Z and n € Z*, then A, (exp(—2mif).1) = 7£. As
642 =(1+s,)0,

V (exp(—27i6).1) = exp(—2mi(6 + %’))-1 = exp(—2mi(1 + s0)8).1
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and hence we proved that ¢(ker(m)) C ker(w). Then we define the automorphism ¢

of U(A) as follows, if u = [(6, k)], then p(u) := [(x(9), V(k))]-

If k € K, then k = [(0, k)] moreover p(k) = V(k), similarly o, |k,

every n € Z+.

Now let us prove the following lemmas:
Lemma 5.6.2.3. The following diagram is commutative:

1
usn u3n+1

Psn l Jv‘psn-m

usn i u3n+l

Proof: It is enough to check for k € K,

i(Vs, (k) = i(exp(2mil,, (k)).k) = exp(2miA,, (k)).k ® 1p,,,.

On the other hand,

Vorra (i(K) = Voo i (k®1p,,4)
= exp(2mil,,, (k® 1p,,,)) -k ® Ly,
= exp@mipi e, ()5 1.,
= exp(2mid;, (k)).k®1

Pn+17
and hence the diagram is commutative.

Lemma 5.6.2.4. Let n € Z*. Then |y, = ¢s

Proof: We show that Vg, =V;,. f u € K,,, then

~ 0,
Arw) = A,y () = 2220

therefore
V(u) = exp(2mil,, (u)).u = det(u).u = Vg, (u),
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hence the lemma is established. O

The Conclusion: The map 6, between the sets of projections of A, induced by
¢, is not an orthoisomorphism. Hence ¢ is not extendable to a x—isomorphism on
the algebra A. ‘

Proof: Let p and g be orthogonal projections of odd ranks in M, (C) for some
n € Z%. Let u and w be the self-adjoint unitaries which correspond to p and ¢

respectively. It is easy to check that p(u) = —u and ¢(w) = —w, and hence

0,()6,(q) = (1 —p)(1—q) #0,

which proves that 6, is not an orthoisomorphism. O

Moreover, we show the following property of the constructed automorphism .

Proposition 5.6.2.5. Let A be as before. Then there is a character n of U(A) such
that p(u) = n(uw)u, for every u € U(A).

Proof: Recall that for all k € K, V(k) = sign(k)k, where sign(k) € {x1}. If
u € U(A), then u = uk, for some p € S' and k € K, moreover

p(u) = x(uw)V(k)
(u)sign(

w)sign(k)k

—_—

x(u)sign (k)i uk
= [x(w)sign(k)afu
therefore, p(u)u* € S!, and the map n: U(A) — S!, defined by n(u) = p(u)u* is a
character of U(A). O

5.6.3 More About 6, for UHF-Algebras

Let A be a unital UHF-algebra as in the previous section, i.e. A has the generalized

integer:
= (2"2,3",5™,...), wherel < ny < oo and 0 < n, < oo, forevery primep > 2.
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For every n > 0, and let s, be also defined as before. Denote by {E;7};%_; the
standard set of matrix units of M, (C). Let 7 denote the normalized faithful trace of

A . For such C*—algebra we define the following:
Definition 5.6.3.1. Let A be a C*—algebra as above, and p € P(A) therefore

bl = 2= € 7(3(4)),

Sn
for somen > 0 and some 0 < m < s,. Then p is a projection of even rank if m is

even number, and of odd rank if m is odd number.

Lemma 5.6.3.2. Let A be a unital UHF-algebra, such that its generalized integer has
1 < ny < 0o, and ¢ be an automorphism of U(A). If 8, is not an orthoisomorphism,
then even rank projections are trace-preserved and odd rank projections are trace-
flipped by 0.,

Proof: As A is oddly decomposable, by Booth’s result the image of the map ¢
contains at most two elements. By Proposition (3.2.0.11), let {Pe, P, } be the partition
of P(A)\{0, 1}, such that the induced map 6,, preserves orthogonality on P,, and flips
orthogonality on P,.

The image (under the map c) of a projection in P(M;, (C)) of rank ¢ will be
denoted by ¢;”. If Ei} € P, for some n > 0, then any finite orthogonal sum of E;",
1 <@ < sp, will also be in Pe. As ;" = cpntt, we have Ej;*' € P.. Therefore the
map c is constant, which is a contradiction. Then for all n > 0, we have Ej} € P,,
Le. for any ¢ # j, 0,(1 — E;")8,(1 — Ej3) = 0. Therefore

EES" = Al 8,(B2) Zo (1 - E),
and then
Za (1 — Eir)) = sp7(0,(1 — ES7)),

hence we have that 7(6,(1 — Eff)) = = =7(E}).
Ifpe P(A), then p~, S v E;F for some n > 0. If p is an even rank projection,

then m is an even number, moreover

m

zm = AT~ 0,(B) = D00, - E),

=1
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and then

mn = 7(p),

7(0p(p)) = m(r(0,(1 - Ey7))) = -

therefore the trace of p is preserved by 0,.

If p is an odd rank projection, then in this case m is an odd number and

0, Bir)=1- AT (1-0,(Ey) =1 0,(1— Eg),

i=1 =1

therefore we have

T(6,()) = 1-m(r(6,(1 - EiF))
= 1-mr(B})

= 1-17(p),

therefore the trace of p is flipped by 6,,.

Consequently, we prove the following:

Theorem 5.6.3.3. Let A be a UHF-algebra, such that its generalized integer has

1 <ng <oo. If g1 and , are two automorphisms of U(A) whose induced maps 6,,,,

Oy, (between the sets of projections) are not orthoisomorphisms, then 0y, o 8,, is an

orthoisomorphism.

Proof: Let ¢ = ¢; 0 ¢,, then 6, = 0, 068,,. By the previous lemma, we have

that all the projections of A are trace-preserved by 6, therefore the theorem follows

directly from Theorem (5.1.0.2).
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Chapter 6

Automorphisms of the Unitary

Groups and Their Extension

Let A and B be two unital C*—algebras, and ¢ : U(A) — U(B) be a group
isomorphism, whose induced map 6, : P(A) — P(B) is an orthoisomorphism.
Following Dye’s strategy in [Dy], we show in this chapter that there exist Jordan
*—isomorphisms between A and B, which coincide with ¢ on special subgroups of
UA4).

Also we study the case of UHF-algebras, and we show that if A is a UHF-algebra
and ¢ is a continuous automorphism of U(A), then ¢ is implemented by a linear or

a conjugate linear *—automorphism of A.

6.1 Technical Results

Recall that a C*—algebra A can be written as a (n x n) — C*—matrix algebra if (and
only if) it contains an (n x n) system of matrix units {e;;}7,-;. Let N = {a €
Alae;; = e 10 =a} =e;1A4e;; denote the corner algebra.

Let A be a unital C*—algebra, and {e;;}7;; be a system of matrix units in A.
Then any element z € A is equal to } 7., eii(ersmeji)er; and (erire;n)fn; €

M, (e1,14e1,1). Conversely if (a; ;) € My(e114e€1,1), then 2:’,] €i10ije1; € A.
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Let A be a unital C*—algebra, and for some n € Z*, {e,...,e,} be a par-
tition of the unity consisting of orthogonal equivalent projections. For all i, 7, let

Part.Isom(e;, e;) denote the set of all partial isometries u € A such that u*u = e; and

*

uu* = e;.

Definition 6.1.0.1. Let A be a unital C*—algebra, and for somen € Z%, {ey,...,en}

be a partition of the unity consisting of orthogonal equivalent projections. For 1 <
1#j <
(a) If u € Part.Isom(e;j,e;), then p; j(u) will denote the projection of A given by

pij(u) = 5(ei + e + eiue; + eju’e).
(b) T'; j will denote the set of self-adjoint unitaries 1 —2p; ;(u), u € Part.Isom(ej, €;).

Lemma 6.1.0.2. If A is a unital C*—algebra, and {ey,...,e,}(n € Z*) is a partition
of the unity, then for 1 <i# j<mn,

Tij={z € UA)|2* =1, zep = ex, Vk ¢ {i,j}, and zeiz = ¢;}.

Proof: Let u € Part.Isom(ej,e;), and z =1 — 2p; ;(u). Thenz =1 — (e; + € +
e;uej + eju*e;). If k ¢ {i,7}, then

zer = e, — (e; + € + e;ue; + eju’e;)ex = ex.
Also, we have that

ze;x = z(e; — (e + e;ue;))
= —z(e;ue;)
= —(e;ue; — (ejue; + €;))
= ej.

Conversely, if z is a self-adjoint unitary in A such that ze; = e, for all k£ ¢ {1, j},

re;xr = ej, then define u = ze;, so u*u = e; and uu* = e;, hence u € Part.Isom(e;, e;),
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moreover
1-2p(—u) = 1— (e +e; — eizej — e;ze;)
= 1—(e;i+e; — ze; — 7€;)

n
= Z er + re; + xe;
k¢{i.j}

= x(Zek-%-ej—i-ei)
k¢{ij}
= .

ad

Remark 6.1.0.3. If A is a unital C*—algebra, and {e;;}7; is a (n X n)—system of
matriz units in A, then the map which associates to any v € Part.Isom(e;j,e;;) the

unitary ey ve;1 of e;1Ae1 1 1s a bijection.

Now let A be a unital C*—algebra, and {e;;}7;, be a system of matrix units
in A. Recall (§3.1) that to any a € e;14e17 and 1 <4 # j < n, Dye associates a

projection P; j(a) of A. If v € U(eyAe11), then e, ve; j € Part.Isom(e;, e;) and

1
pij(eiver;) = -2‘(€i + e; + €;1vey; + €10 ey ;) = Py i(v).

Lemma 6.1.0.4. Let A be a unital C*—algebra, and {e;;}7,-1, {fi;}i;=1 be two sys-
tems of matriz units in A, such that e;; = fi;, for all1 <i<mn. Ifv e U(ei1Ae1),
then there exists u € U(e1Ae11) such that
Pi{j(v) = Pze;(u),
where Pf;(.) (resp.ﬂ{j(.)) denotes the projection P; ;(.) corresponds to {e;;}7 ;-
(resp{fij}ij=1)-
Proof: For every 1 < 4,5 < n, recall that

Pfi(v) = %(fi,i + fig + fiavfig + v fii) € P(A).

Note that e;; f;1 is a unitary in e;,1Ae;,; hence so is u = e fi1v f1,5€;,1, and it’s easy
to check that Pi’:j(v) = Pf;(u). a
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6.2 An Extension Result for Unital C*—Algebras

Let A and B be two unital C*—algebras, ¢ be an isomorphism between U(A) and
U(B), and 6, be the induced map between the projections P(A) and P(B).
Let {e;, 1 < i < n} be a partition of the unity in A, consisting of orthogonal
equivalent projections. If
6: P(A) — P(B),

is a projection orthoisomorphism, preserving equivalence classes of projections, then
{fi = 0(e;), 1 < i < n} forms a partition of the unity in B consisting of pairwise
orthogonal equivalent projections, that we will call the induced partition of the unity
in B from 6 and {e;; =e€;, 1 <i<n}.

Lemma 6.2.0.1. Let A, B and ¢ be as above such that 8, is an orthoisomorphism. If
{e1, -, e} is a partition of the unity, consisting of orthogonal equivalent projections
in A, and {f1, -+, fa} is the induced partition of the unity in B, then for every
u € Part.Isom(e;,e;), (1 <t # j < n), we have that 0,(p; ;j(u)) = ps;(v), for some
v € Part.Isom(f;, f;).

Proof: If u € Part.Isom(e;,e;), and z = 1 — 2p; j(u), then by Lemma (6.1.0.2),
ze;r = ej, and
fi = Oy(zeiz) = o(2) fip(z).
If k ¢ {i,7}, then p; j(u)ex = 0, and as 6, is an orthoisomorphism, 6, (p; ;(v))fx = 0,
therefore ¢(z)fi, = fi. By Lemma (6.1.0.2), there exists w € Part.Isom(f;, f;) such
that p(z) =1 — 2p; ;(w). O

Recall the following result proved by Dye (in the first part of [Dy, Le.8]).

Proposition 6.2.0.2. Let A and B be two unital C*—algebras. If § : P(M,(2A)) —
P (M, (B)) is an orthoisomorphism, such that for every 1 < i,5 < n and u € U(Y),
6(P;;(u)) = P, j(w), for some w € U(B), then (P, ;(a)) = P, ;(b), where a, b belong
to A, B respectively.
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Lemma 6.2.0.3. Let {e;;}7,;-1, and {fi;}7,;=1 be two systems of matriz units in A
and B respectively such that 0,(e;;) = fi;. If 0, is a projection orthoisomorphism,
then for every a € ej1Ae;s and 1 < i # j < n, 0,(P,;(a)) = Pi;(b), for some
be fiiBfi1.

Proof: If v € U(e;14€1,1), then

0, (Pi,;(v)) = 0y (pij(einver ;) = pij(w),

for some w € Part.Isom(f;, f;), by Lemma (6.2.0.1). Then v = f,,wf;: is a unitary
of f1,1Bf1,1: and

0,(Pij(v)) = s, (w)
= pi(fir(frawfin)fis)
= Pi;(u).

The result now follows from Proposition (6.2.0.2). O

Definition 6.2.0.4. Let A be a unital C*—algebra. If forn € Z%, {e;;}7;= is a
system of matriz units in A, then we denote by I' the subgroup of U(A) generated by

{u € Use(A)|u=1-2P,;(a), for somea € e Ae;1, 1 <i# j<n}.

Remark 6.2.0.5. The subgroup I" depends only on the partition of the unity {e; ;}7-,.
Indeed if {e;;}7;1, and {fi;}7;=1 are two systems of matriz units in A, such that

€ii = fi,i and zfa € 61,11461’1, then it is €asy to check that H“;’j(a) = H{j(fl,iei,lael,jfj,l).

Remark 6.2.0.6. In [Dy, p.79], Dye proves that any Jordan *—isomorphism of a
C*—matriz algebra My, () (n > 3) which leaves all the P, ;(a) fized is the identity.

Therefore if 1 and n are two x—isomorphisms or x—antiisomorphisms between two

C*—matriz algebras My, () and M, (B) such that (P, j(a)) = n(P; ;(a)), then ¢ =n.

Remark 6.2.0.7. Recall that if n is a x—antihomomorphism between two C*— algebras
A and B, then the map n; : A — B, defined by m(z) = (n(z))*, for allz € A, is a

conjugate linear x—homomorphism.
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Finally, we prove the main theorem of this section:

Theorem 6.2.0.8. Let A and B be two unital C*—algebras and for some n > 3,
let {e1, - ,en} be a partition of the unity in A, consisting of orthogonal equivalent
projections. If ¢ : U(A) — U(B) is an isomorphism such that 8, is a projection
orthoisomorphism, then there exists a unique ¢ : A — B, which is a direct sum of

linear and conjugate linear x-isomorphisms, such that ¥(u) = (u) for allu € T,
where ' is defined in (6.2.0.4).

Proof: As 6, is an orthoisomorphism which preserves unitary equivalence of
projections, let {f1,---, fn} be the partition of unity in B, induced by {e1, - ,e,}
and 6,. By Lemma (6.2.0.3), for every a € e;14e;; and 1 < i # j < n, 0,(P;;(a)) =
P; ;(b), for some b € f;:1Bf1,:. Then as 6, satisfies the hypotheses of Lemma (3.1.0.8)

([Dye, Le.6]), there exists a linear map
Y: A— B,
which is a direct sum of a *-isomorphism and a *-antiisomorphism, such that

Y(Py(a)) = 0,(F;;(a)),

for every a € e;14e11 and 1 < i # j < n. By Remark (6.2.0.6), such 9 is unique, and
by Remark (6.2.0.7), we can assume that 9 is a direct sum of linear and conjugate

linear *-isomorphisms.

Now if u = 1 — 2P, j(a), for some a € e;;A4e;; and 1 < 4,5 < n, then u is a

self-adjoint unitary of A and

Y(u) = ¥(1-2P;(a))
= (1 —2¢(P;(a))
= (1-20,(F,;(a))

= ¢(u).

Hence 9(u) = ¢(u), for all u € T. O
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6.3 The Case of UHF-Algebras

Let A be a UHF-algebra. We fix an increasing sequence (An,)m>1 of subalgebras of
A, such that for all m > 1, A,, is isomorphic to a (k,, X k,,)—full matrix algebra, and
we denote Up,>1 A4 by As. We can assume that n = k; > 3 and let {e;,--- ,e,} be
a partition of the unity in A;. As in (3.1.0.6), We will consider the subset

{P;(a); a € erde;, 1<i#j<n}

of projections of A.

If ¢ is an automorphism of U(.A) such that the induced map 6, is an orthoiso-
morphism of P(A) , then extending Theorem (6.2.0.8), we show that there exists a
linear or conjugate linear x—automorphism 1 of A such that ¢(u) = ¥ (u), for every
self-adjoint v unitary in A. Denote by Ky, the subgroup of U(.A) generated by all

self-adjoint unitaries of A.

Lemma 6.3.0.1. Let ¢ be an automorphism of U(A), such that 8, is an orthoiso-
morphism of P(A). If 0,(P,j(a)) = P,;(a), for alla € ejAe;, and 1 < i # j < n,
then 0,(p) = p, for allp € P(Ax).

Proof: If p € P(As), then for some k > 1, p € P(Ay), i.e. p is a projection in
the matrix algebra over the von Neumann algebra e, A;e;. Then the restriction of 8,
on P(Ag) is an orthoisomorphism onto its image. Moreover for any a € e; Age;, and
<1 # j < n, the projection P, j(a) is fixed under 6,. Therefore by the same argument
in the proof of [Dy, Le.7], there exists a subprojection q of p, where ¢ is a projection
of Mj,(e1Axe1) having as its range the submodule [z(e, as,...,a,)| T € e1Are;] of
e1Are; @ - -+ @ e1Age;. By Lemma (3.1.0.9), 6,(g) = g. Let J denote the set

{g € P(M,(e14xe1)) | g < p and 6,(q) = q},

then J is a non-empty set. Let ¢ = sup{q; ¢ € J}, therefore ,(q:) = q1. If ¢, < p,
then there exists a projection q of My (e;Axe;) such that ¢ < p — ¢; and 6,(q) = g,

therefore ¢; + ¢ is a ,—invariant which is a contradiction, hence ¢, = p. O
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Therefore in the case of the UHF-algebras, Theorem (6.2.0.8), can be rewritten

as follows:

Theorem 6.3.0.2. Let A be a UHF-algebra as above. If ¢ is an automorphism of
U(A), such that 8, is an orthoisomorphism of P(A), then there ezists a (unique)
linear or conjugate linear x—automorphism ¢ of A such that v coincides with ¢ on
the subgroup generated by {T', K}, where I is defined in (6.2.0.4).

Proof: As A is simple, by Theorem (6.2.0.8), there exists a unique linear or con-
jugate linear x—automorphism 1 of A which agree with ¢ on I'; hence 6,(P; j(a)) =
Y(P; j(a)), for every a € e;Ae; and 1 < i,j < n. By Lemma (6.3.0.1), we have
¥(p) = 0,(p), for all p € P(Ax), and therefore 1(u) = ¢(u), for every self-adjoint

unitary u of A, hence the theorem is checked. O

In the following result, we discuss the extension of ¢ as in Theorem (6.3.0.2)

without assuming that 6, is an orthoisomorphism, and we show

Theorem 6.3.0.3. If ¢ is an automorphism of the unitary group of a UHF-algebra
A, then there exists a linear or a conjugate linear x— automorphism ¢ of A, such that

Y coincides with ¢ up to a character of U(A), on K.

Proof: We have the following two cases:
Case I: If 0, is an orthoisomorphism of P(.A), then the result follows directly from
Theorem (6.3.0.2).
Case II: If 4, is not an orthoisomorphism of P(.A), then by Theorem (5.4.0.1) and
Theorem (5.5.0.1), 1 < ny < c0. Recall from §5.6.2 the constructed automorphism
@k of U(A), such that 6, is not an orthoisomorphism. Then define ¢; = px' o ¢,
as 8, = 0y, 00,,, by Theorem (5.6.3.3), the map 6,,, is an orthoisomorphism. Then
by Theorem (6.3.0.2,) there exists a linear or conjugate linear x—automorphism % of
A, such that ¥ = ¢; on K, which implies that p(u) = i (¥(u)), for all u € K.
Recall from §5.6.2 that for some character n of U(A), px(u) = n(uw)u, for all
u € U(A). Therefore for all u € Ko, we have



As not is a character of U(A), the theorem follows. O

For a UHF-algebra A, de la Harpe and Skandalis ([HS3, p.194]) proved that
U(A)/DU(A) = R/7(Ko(4)),
where DU(A) denotes the subgroup of commutators of U(A). Therefore we have

Proposition 6.3.0.4. If A is a unital UHF-algebra, then
HU(A) ~ {) € Ry; Mr(ko(a)y = 1}, where Ry denotes R endowed with the discrete
topology.

In particular, the only continuous character of U(A) is the trivial character (as
T(Ko(A)) is a dense subgroup of R, [Ef, Cor.4.7]).

Let A, K and K, be as above. As K is dense in K, we have

Proposition 6.3.0.5. If ¢ is a continuous automorphism of U(A), such that p(u) =
u, for allu € K, then o(u) = u is the identity on K.

Proposition 6.3.0.6. If ¢ is a continuous automorphism of the unitary group of a
UHF-algebra A, then 0, is an orthoisomorphism of P(A).

Proof: If 6, is not an orthoisomorphism of P(.A), then by Theorem (5.4.0.1) and
Theorem (5.5.0.1), 1 < ny < oo. Recall from §5.6.2 the constructed automorphism
ok of U(A), such that 6,, is not an orthoisomorphism, moreover the restriction of
¢k on K is the continuous automorphism V of K. Therefore ¢ o ¢k is an automor-
phism of 2(.A), by Theorem (5.6.3.3), we have that 6., is an orthoisomorphism
of P(A). Then by Theorem (6.3.0.2), there exists a linear or a conjugate linear
*x—automorphism 1 of A such that for all u € K, ¥(u) = ¢ o pg(u), and therefore
for all w € K, we have that

V(u) = ¢t otp(u).
As ¢ is a continuous automorphism of U(A), so is p~! o 7, which is a contradiction

and hence the proposition is now checked. m]
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Lemma 6.3.0.7. Let A be a real rank zero C*—algebra. If an element x € A
commutes with all the projections of A, then = belongs to the center Z(A) of A.

Proof: Let y € A be a self-adjoint element. We want to show that zy = yzr. As
A has real rank zero, the self-adjoint elements with finite spectrum of A are dense in
the set of self-adjoint elements. If ¢ > 0, then there exists a self-adjoint element z
with finite spectrum such that ||y — z|| < €/2. But z = 3. | \;r; where for each i, r;
is a projection in A. Therefore zr; = r;z, for every ¢t = 1,2, ...,k and hence zz = zz.
And then
ey =yl < llzll lly = zll + llz — yll ll=l] < ell=]].

As € is arbitrary, zy = yz and hence z € Z(A). O

Finally, we have the following result:

Theorem 6.3.0.8. Let A be a UHF-algebra as above. If ¢ is a continuous au-
tomorphism of U(A), then ¢ is implemented by a linear or a conjugate linear -

automorphism ¢ of A.

Proof: By Proposition (6.3.0.6), the induced map 8, is an orthoisomorphism of
P(A). By Theorem (6.3.0.2) and Proposition (6.3.0.5), there is an automorphism
of A, such that ¢ = ¢ on K.

Define ¢, on U(A) by o1 =9y 1op. If u € U(A) and v € K, then

p1(w)v = o1 (uv) = (wvu™" )1 (u),

therefore, u='p;(u) € Z(K) and this implies that u™'¢;(u) commutes with all pro-
jections in A. Then by Lemma (6.3.0.7), u=lp;(u) € Z(A), therefore u=lp;(u) =
Mu) and A(u) is in the unite circle, and that’s true for every unitary u, so we get
A: U(A) — S! is a character, moreover p(u) = A(u)y(u). As ¢ is continuous, A is
continuous character of U(A), hence A = 1.

O
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