N | Vo

A BAYESIAN APPROACH
TO
SYSTEM IDENTIFICATION

by
Chun Loo

(July, 1966)

Submitted to the Department of Electrical Engineering
in partial fulfilment of the requirements for the degree

of Master of Science,

Department of Electrical Engineering
Faculty of Pure and Applied Science
University of Ottawa
Ottawa, Canada
1966

VARG (BRALY
R AN TN OTTAWA
; [ R Y A
Oy Lty i Dy

hun Loo

(]

©

1969




¥

i
A BAYESIAN APPROACH TO SYSTEM
IDENTIFICATION
by
Chun Loo

ABSTRACT

A Bayesian approach iv system identification is considered in this
thesis. The method uses all a priori knowledge of the plant under
investigation, Indirectly, it is shown that the methlod unifies and extends
the works of Levin [1 ] and Lindenlaub (2], This thesis also shows
that the limit on the identification time is greatly reduced when a priori

knowledge is used.

Several examples of a second order plant were simulated on a
digital computer to confirm the method. The results indicated that the
effect of a priori knowledge used in the identification process is critical
only in the first few iterations. Moreover, these examples showed that
the method converges rapidly to a value which is very close to the true

value of the plant.




ii

ACKNOWLEDGEMENTS

The author wishes to express his sincere thanks to Professor
Jaan Kruus for his guidance, suggestions and constant encouragement

throughout this research,

The helpful discussions with Professor S, G. Shiva and his
colleague Mr, M. Arozullah are gratefully acknowledged, This work
was supported by N, R, C, grant, No, A-2580,




iii
TABLE OF CONTENTS

Chapter No,

II

i

ABSTRACT
ACKNOWLEDGEMENTS
TABLE OF CONTENTS
LIST OF FIGURES

INTRODUCTION

[y
- - - - -
o~ (S 1 - (8] ©o

Outline of Problem

Previous Work

Statement of Problem
Specification of Linear System
System Model

Examples of Engineering Systems with
Unknown Parameters

Outline of New Results

STATISTICAL ESTIMATION METHODS RELATED
TC SYSTEM IDENTIFICATION "

2.1
2.2
2.3
2.4
2.5
2.6

Linear Regression Methcd
Least Squares Estimate
Markov Estimate

Maximum Likelihood Estimate
Bayes Estimate

Equivalent Properties of Statistical
Estimation Methods

Page No,

ii

iii

W W DNV

N~ =

IDENTIFICATION. OF SYSTEM IMPULSE RESPONSE 13

3.1

3.2

Least Squares Estimate of Sysiem Impulse
Response

Optimum Test Signals

13

17

2y




iv

Table of Contents -- Continued --

Chapter No. Page No.
3.3 Bayes Estimate of System Impulse 20
Tesgponse
3.4 Derivation of Confidence Index 25
3.5 A Criterion for Choosing Sampling a1
Time
3.6 Comparison of Bayes and Maximum 29

Likelihood E stimates

2.7 Improvement Over Identification Time 31
IV EXPERIMENTAL RESULTS 33
4,1 General Description of Experiment 33

4,2 Example I: A Highly-Damped Second 33
Order System

4,3 Example II: A Critically-Damped Second 33
Order System

4,4 Example III: An Under-Damped Second 34
Order System

4,5 Effect of External Noise at the Output 34
4,6 Effect of A priori knowledge of the plant 34

4,7 Calculating the improved Identification 35

Time
Vv CONCLUSIONS AND REIL.ATED PROBLEMS 43
REFERENCES 44
APPENDIX A 46

APPENDIX B 47

e —— e e e R e L



LIST OF FIGURES

. ° Title Page No,
: Figi.1  Model for System Identification 3

! 3

’a Fig 3.1 System Model for Least Squares Estimate 13

& Fig 3.2 Pseudo Random Signal and its Auto-Correla- 18
tion Function

Fig 4.1  Impulse Response of an Under-Damped
Second Order System

! A, Maximum likelihood and Bayesian 36
estimates with standard noise level

B.  Maximum likelihood and Bayesian 37 . ‘
estimates with double noise level E

¥ Fig 4.2 Impulse Response of a highly Damped Second :
5 ' Order System 4

e

A, Maximum likelihood and Bayesian 38
estimateswith standard noise level

B.  Maximum likeliticod and Bayesian 39
estimates with standard noise level

® Fig4,3 Impulse Response of a Critically Damped
Second Order Systems

A, Maximum likelihood and Bayesian 40
estimates with standard noise level

B.  Maximum likeiihood and Bayesian 41
eotimates with double noise level

=
o

(e
fi=N
1N

Impulse Response of a Critically Damped 42
Second Order System

Bayes estimate with a priori knowledge 10%
higher than the actual value.



LIST OF FIGURES

g Title Page No.
= Fig 1.1 Model for System Identification 3
[“\\‘
: Fig 3.1 System Model for Least Squares Estimate 13
‘ ‘ Fig 3.2 Pseudo Random Signal and its Auto-Correla- 18
B tion Fanction
o
|
r(‘ Fig 4.1  Impulse Response of an Under-Damped
B Second Order System
B
[ f A,  Maximum likelihood and Bayesian 36
| % estimates with standard noise level ;
l 3
B s
¥ B.  Maximum likelihood and Bayesian 37 '
i estimates with double noise level
‘ , Fig 4,2 Impulse Response of a highly Damped Second ;
i Order System e
A.  Maximum likelihood and Bayesian 38 |

) estimateswith standard noise level

B.  Maximum likelihood and Bayesian 39
estimates with standard noise level

Fig 4,3 Impulse Response of a Critically Damped
Second Order Systems

A, Maximum likelihood and Bayesian 40
eotimates with standard noise level

B.  Maximum likelihood and Bayesian 41
eotimates with double noise level

Tip 4,4 Impuloe Responoe of a Critically Damped 42
Second Order Sygtem

Bayes estimate with a priori knowledge 10%
higher than the actual value,



CHAPTER I

INTRODUCTION

1.1 Outline of Problem:

This investigation considers the problem of identifying a
linear system from deterministic inputs and observed outputs over
a finite interval of time, making use of all prior knowledge of the
system. In order to develop a practical procedure, it is necessary

to assume that there is some uncertainity in the observed outputs.

i Lt et B e St

This uncertainity could be due to random noise, measurement errors

and internal system noise, With such an assumption, the problem
of identification becomes an estimation problem which requires the
estimation theory of mathematical statistics. In particular, Bayesian

statistics will be used to estimate the system impulse response.

In this thesis, the procedure for identifying the system

impulse response will be derived, Systems with only a single input

and one output will be treated, With suitable modifications to notation,

the procedure is applicable to multi-dimensional systems.

1,2 Previous Work:

Levin [ 1 ] has considered the optimum estimate of the impulse
response of a linear system, His estimate can be obtained by putting
the problem into a form for which least squares and Markov estimates
are appropriate. These estimates, together with their sampling variances,
are determined without any asoumption regavding the form of the system
input, The least squares estimate requires the solution of a matrix
equation having the form of a discrete version of the Wiener -Hopf

equation, whereas the Markov estimate requires the solution of a

e T o I —



generalization of this equation.

Lindenlaub [2 ] has extended this analysis to include a time
limit on the identification of system impulse response using a known

input signal.

Hill and McMurtry [3 Jhave developed a digital technique for
the above method, Their technique uses a discrete interval binary

test signal and is applicable to on line system identification,

All previous methods failed to make use of any prior knowledge
of the plant. However, the work in this thesis represents an extension

of Levin's method, making use of all prior knowledge of the plant.

1.3 Statement of the Problem :

It is desired to form an estimate of the discrete impulse
response of a linear system corrupted by additive noise. This estimate
uses all prior knowledge of the system, The system noise is assumed

to be white and CGauseian,

1,4 Specification of Linear Systems:

The usual methods for specifying characteristics of a linear
gystem are as follows:

(1) Differential equations

(2) Frequency response (for continuous system only)

(3) Transfer function (continuous or discrete)

(4) Impulse ox Step Response (continuous or digcrete)
(5) State-Space representation i.e. transistion matris.



1.5 System Model:

The dynamic characteristics of the system are determined by
analyzing an input x(t) to the system and the resulting output of this
system, z(t). It.: is assumed that the input x(t) is known exactly, but
z{t) i8 assumed to be corrupted by white Gaussian noise v(t). It is
further assumed that v(t) is independent of x(t), Thus the only avai-

lable data for analysis is at the output
L
i y(t) = z(t) + vlt). (1.1)

; The resulting model is shown in Fig, 1,1.

i vlt)

Unknown

;(—t)-——-(b System: h(t) T +

y(t)

Fig. 1.1  Model for System Identification,

1.6 Examples of Engineering Systems
with Unknown Parameters;

Numerous examples of engineering systems with unknown para-

meter o exist in our scientific world. A few of the examplesis given

below:
(1) Indusirial processes - e, g. distillation column
and evaporator (4]
(2) Communication systems - e, g, transmission path
and space probe [9 ].
(3) Adaptive conirol systems - e.g. aviomated flight

divecior [5] .



1.7 Outline of New Results:

A Bayesian solution to the problem of identifying system
impulse response is derived in this thesis. This solution uses
all prior knowledge of the system in combination with all expe-
rimental observations, The law of combining the prior and
obgerved information depends on the confidence index of each i.e, it
uses Bayes' Theorem, The results obtained with this procedure
are far better than those using any method not taking into account
the a priori knowledge of the system, From a practical point
of view, there always exist a certain amount of prior knowledge
in any system to be identified, In addition, the method developed
in this thesis is very well suited for numerical computation using

a digital computer, Moreover, this technique identifies the system

impulse response sequentially making on-line identification possible.

On-line identification is an essential part in any adaptive control

system, Finally this procedure is easily implemented in practice.

|
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CHAPTER II

STATISTICAL ESTIMATION METHODS RELATED
TO SYSTEM IDENTIFICATION

In this chapter, we shall describe several statistical methods

pertinent to system identification.

2.1 Linear Regression Method:

Consider n samples (observations) y(0), y{1).... y(N-1),
These samples can be represented as components of a column vector Y ,
Now suppose there exist functions of the regressors X which are com-
pletely known and unknown parameters hk,
k=201,2 ......K

called regression coefficients, For convenience, we define the following:

Y A |y(K 1 hA| h(0)
y(Kri) ' h(1)
y(K+N) h{K}

—;c(l{) x@-1) .. .. x(O)—

XA | x(K+t) HK) . ... x(1)

oK+N)  x(K+N-1). . . x(N)

Then Y may be expressed as

Y = Xh + V (2. 1)



where V is a column vector

vV = v{0)
v(1)

| viN-i)

It can be shown [10 ] that a linear unbiased estimate# can be obtained

by minimizing a quadratic loss function of the following form.,
X: (Y - Xh)' WY - Xh) (2.2)

where W is a symmetric non-negative weighting matrix and X'X is

non-singular and the prime indicate transpose, Thenz may be
expressed as {
- 1
A = v WI-XX'WX) (WK) ]Y

L 1
+ [(X'WX)2h-X'WX) 2 (WK) ' Y I,
{ |
, [(X'WX)Zh - (X'WX)" 2 (WX)' ¥ ] (2.3)

where { 1

(X'Wl’{)Z (X’WX)2 = X'WX

Since the second term is the sum of squares and must be non-negative,

i io minimized when
i |

(x'vvx)z}_l-(x'vvm-z (WX)'Y = 0.
Thio ig satioiied when

h = '@_ - xwr) oy (2.4)
The covarionce of h io given by

Cov g = ::'foi (WX)' R(WX) (x'wxfl (2.5)

where R ip the covariance of the vecior \_f .

* Lineur unblas esilmoie Is a mindmum varlance esiimaie,

§



2.2 Least Squares Estimate:

When the weighting matrix W defined previously becomes
an identity matrix i.e. W =1, it can be shown [10 ] that the least
squares estimate is obtained by minimizing the following quadratic

loss function

!
J = (£-Xh) (L - Xh) .
The least squares estimate i8 now

ﬁ_ - xy X'y (2. 6)

A
and the covariance of h is given by

A -1 -1
Covh = (X'X) XRX(X'X) . (2.7)

2.3 Markov Estimate:

When the weighting matrix W is made equal to the inverse of
the covariance of V , i.e. W= R-l, asguming R is non-singular,
the Markov estimate [10 ] is obtained by minimizing the following loss

function:

Lo - xmy R - X,
The estimate is

/ﬁ = ({'R-i}{)-i R Y (2.8)
with covariance given by

cov b = xrly (2.9)

2.4 Maximum Likelihood Estimate:

The method of maximum likelihood is, from a theoudtical
point of view, the most impoxrtant geneval method of ectimation.
This method was originally developed by Tisher who used it in

point estimation of parameter 5. The hasic concept of the method

AN
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is quite simple and can be found in most standard texts of statistics
and probability e.g. [12]. First, we define a likelihood function,
which is usually the conditional probability P [Y/h ]relating the

parameter h and the measurement Y.

Consider a random process which has a multi-variate normal
distribution. Then the conditional probability density function of the

random variable Y is given by

P ] = e exp - 3 Q1)
202 “R'z
where Q(y) =(Y - XR)' R'i@ - Xh)

The likelihood function of ')_{_ is defined as

1
L= log —pryr—pexp-3 QY (2.10)
2% IR’ 5

To find the best estimate of h in the maximum likelihood sense,

we oimply maximize the likelihood function with reopect to h . Thiso
i equivalent to minimizing the quadratic function Q(y)., This io the
same procedure used for finding the Markov estimate . Thuo for a
random process which has normal distributions, the maximum
likelihood estimate is identical to the Markov eotimate, Therefore,

A
the maximum likelihood estimate h of h ic
N S |
h = (X'R "X) R "X)' Y (2.11)

with covariance given by

A -
Cov h =-(X'RX) ! (2.12)

Suppoce an o priori disiribution funciion ig available not

=

only for meaourement errors bui algo for the values of the unkuown

poraracies b, then it i poseible to find an estimate h which




minimizes the expected loss. Such an estimate is called a Bayes

estimate [11].

In general, the Bayes estimate depends upon the form of
both the loss function and the a priori distributions of parameters
and measurement noise, In particular, we ghall consider only the
special case of a positive semi-definite quadratic loss function, Then
the Bayes estimate is just the mean of h conditioned on the obser-
vation Y . This is true regardless of the distribution of parameters
or measurement [{1]. In order to compute the Bayes estimate, it
is necessary to determine the conditional probability density function,
This can be obtained from Bayes Theorem

Pmﬂ=PMPM

P y]

(2.13)

where
P [h!y] is the conditional (a posteriori) probability

density function,,
P[h] isthe apriori probability density,

and . P [7/h ] is the likelihood function.

The term P [y ] in the denominator is a normalizing factor.

For a Gausoian process, Parzen [7 ] nhao obtaized the
following reoults; Considex the probability density (likelihood) function

of the form
1

2
P[] = exp [MU -3 h™ G ]
and the a priori probability density of hio given by

P [h] = —1——-.exp[- —17 (h'hp)]

2 —
with known mean b and kanown variance 0 . The a posieriori
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probability density of h becomes

h {
PUWI: == expl- —(n- <) 2.14
27y P[ Zy( Y ) ] (2.14)
where
2
a =U+0 h
p
\(=G+cr'2

Thus the conditional density is normal with mean -3- and variance ! .
Y

: %
The Bayes estimate, h , of h is given by the conditional mean

£
B e ——P (2.15)
G+0

with mean square estimation error

2 .-1

Effh-n1°]=[G+a ] (2.16)

Now, suppose we are very uncertain about the possible range
of values of the parameter h, This corresponds to assuming that
the prior variance is very largei.e

g —> o

B G U
and

Elh-b0] =g
If the variance ot of the parameter h is very large, the Bayes
estimate is approximately given by the estimate

Aot
h=G U

It can be shown [ 7] that ﬁ is the maximum likelihood estimate

which ig algo minimum variance linear unbiased estimate .

To put the Bayes estimate into a more cuitable form which is
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ugeful for application, we define the following:

_ g2yt L g2

- (E[}n hp‘ 1V =0 (2.17)
T - (Efn-0}"1)" =g (2.18)
U= (B (fn-*}2 1) (2.19)

A %
where Ip, I and I represents the confidence ' indices attached
respectively to the prior estimate h , the maximum likelihood
A *
estimate h and the Bayes estimate h , Now the Bayes estimate

can be rewritten as
% % o1 AA
h =(I)1(Ih+Ih)v (2, 20)
PP
where

¥ A
[

I =1+1,

P

Thus the Bayes estimate is a weighted average of the maximum
likelihood estimate and of the prior estimate, The weight is
proportional to the confidence index in each estimate.

The above derivation could easily be extended to a multi-
parameter h . Then the maximum likelihood estimate g of h

is given by

f-c"u (2.21)
with mean square estimation error matrix
A A -1
Efb-2) (k-bT= G (2.22)
A
and I = G,

If the vector parameter h poscess a prior disiribuiion which iu
multivariate Gaussian with mean E [31_ 1= llp and the priow

confidence index

1= B ) (- BT, (2.23)
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%
The Bayes estimate h  becomes

% A -1 AN
h = (I+I) (Ih+ I h ) (2. 24)
- p - P-P
with mean square estimation error
o o % wf
Effh-b)(-b )| @) (2. 25)
where
* A
I =1+1

2.6 Equivalent Properties of Statistical
Egtimation Methods:

{, If the system noise is white i.e has covariance matrix

a) The least squares estimate is a minimum variance
unbiased estimate of h (1]

b) Markov and least squares estimates are equivalent 7.

2. If the system noise is white and Gaussian, the least

gquares and maximum likelihood estimates are equivalent, 1]

3. If the system noise is white and Gaussian and the prior

variance is very large O Lo , the Bayes and maximum likelihood

estimates are coincident [7 ] .
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CHAPTER III

IDENTIFICATION OF SYSTEM IMPULSE RESPONSE

In this chapter7a statistical estimate is derived in terms of

a sampled-data system with sampling interval T.

N LR

3.1 Least Squares Estimate of System
Impulse Response:

l: Using the model assumed in Section 1.5, we sample the input

and the output ., Our model is as shown in Fig, 3.1

v(t)
Unknown
_; o o= System: h(t) 20 E w\\-}/, i)
ideal sampler ! / ideal sampler 7
1
|
|
%(n) z(n) ¥(n)

Fig. 3.1 System Model for Least Squares
Estimate.

The obgerved output can be represented by a sampled-data ver sion

of the convolution integral
Q

aln) = Z x(n-k) hik) T (3. 1)
=0
and
y(n) = z(n) + vin) (3.2)
wheze

x(n) is the sampled input
y(n) i the campled ouiput
v{n) i a Gauscian white noice sample

and h i the sampled system impulce response,
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First, we can represent the impulse response h(t) to a good
approximation by the following vector

[ ho) |
h(1)

h = (3.3)

i h(K)

where K is chosen so that KT is greater than the significant

durantion of h(t), An estimate of h is computed from a sequence
of N+K sampled inputs and a sequence of N sampled outputs.
The delay caused by the system being identified makes it necessary

to record N ¥ K sample values of the input x(t).

For convenience, we introduce the following notation:

_ - . - _
z(K) V=] wWK) Y = | y(K) (3.4)
z2(K+1) v(K+1) WK+)
z(I'{'fN) v(K"+N) Y,(K‘+N)

and the matrix
oK)  =(K-1) . ~X(0)T

X2 |k x(K) (1) (3.5)
K AN) 2{K4N=-1) . %(N)

With thio notation, we can replace the sampled-data ver sion of the

convoluiion integral
K
Z x{n-k)h{k) T

k=0

(3.6)

z(n) =




First, we can represent the impulse response h(t) to a good
approximation by the following vector

i h(0) 1
h(1)

h =

B h{K) i

where K is chosen so that KT is greater than the significant

14

(3.3)

durantion of h(t). An estimate of h is computed {rom a sequence

of N+K sampled inputs and a sequence of N sampled outputs.

The delay caused by the system being identified makes it necessary

to record N ¥ K sample values of the input x(t).

For convenience, we introduce the following notation:

Z = | z(K)
z(K+1)

Lz(l'{*”N)

and the matrix

oK)  xK-1)

- HK+) =(K)

(K AN) z(K+N-

Y_:

1 .

B 7
WK)
v(K+1)

v(K"+N)

x( 0)_‘

% 1)

%(N)

!:

y(K)
Y‘(KAH)

y(K-+N)

n

(3.4)

{3.5)

With #hic notation, we can replace the sampled-data ver gion of the

convolution integral
K

z(n) =

k=0

2 x(n-k) k) T

(3.6)

e
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by the matrix equation
Z =XhT (3.7)

Due to external disturbance we can not obtain Z directly. The

best we can do is to approximate Z from the observed output Y.

The method of least squares is used to estimate the impulse
response, This method chocses that value of h which will mini-

mize the sum of squared deviations,
[Y-XhT]' [Y - Xh T] = minimum

Levin [1] has shown that a least square estimate of the impulse

response is given by a set of so-called normal equations
XXhT = X'Y (3.8)

One can put this set of equation into a more familiar form by defining

pseudo correlation function in terms of the sampled input and output

sequences;

{, Pseudo auto-correlation function

b W= T nZ:O x(n) x(nti) (3.9)

2. Pseudo cross-correlation function
{ N
U (i) === Z x(n)ylnti) (3.10)

xy N+l n=o
These pseudo correlation functions are not statistical parameters
but are divectly calculated from a set of input and output sequences.
However, if x(t) comes from a stationary random process then,

A A .
in the limit as N=»® § and y__ become true correlation functions
biold Xy

im0 () = ¥ () (3. 11)
N—~a ’

v
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by the matrix equation

Z = X T

(3.7)

Due to external disturbance we can not obtain Z directly. The

best we can do is to approximate Z from the observed output Y .

The method of least squares is used to estimate the impulse

response, This method chooses that value of h which will mini-

mize the sum of squared deviations,

[Y-XhT]' [Y - Xh T] = minimum

Levin [1] has shown that a least square estimate of the impulse

response is given by a set of so-called normal equations

X'XhT = X'Y

One can put this set of equation into a more familiar form by defining

(3.8)

pseudo correlation function in terms of the sampled input and output

sequences;

{, Pseudo auto-correlation function

Uxx(1) * Rl z x(n) x(n+i)

2. Pseudo cross-correlation function

N { N
| 3 o — % +i
vX‘Y (1) N+1 n=o0 X(n) Y(n 1)

(3.9)

(3.10)

These pseudo correlation functions are not statistical parameters

but are directly calculated from a set of input and output sequences.

However, if x() comes from a stationary random process then,

A
in the limit as N==© I',Jm

lim  §_ (i) = ¢ (i)

w ~ryr
Andn pio:4

/\ .
and §  become {rue corvelation functions
Xy

(3.11)



and

N—->®

A
im g ) = b0

16

Xy

It is seen that the i-jth element of the matrix X'X is Wxx('rj)

KN
Z x(n)
X'X= K

K+N-1

Z x(n)x(n+1)
K-1

N
Z x(n)x(n+K)

LO

and .

0 (k-i)=

X%

| -
UXX( Nt )

K+N
Z x(n)Xn+l) .
K

K+N-1

Z  x(n)
K-1

2

K
Z x(n)x(ntK=1)
0

§ (-N+2)

HX

KN
Z x(n) x(n+K)
K

K+N-i
Z x(njx(n+K)
K-1

(3.12)

(3.13)

(3. 14)

.f
i
|
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The normal equation then becomes
K N ~

A -

This equation appears similar to the sampled-data version of the
Wiener -Hopf equation. However, the correlation functions used

here ate not truc in the statistical sense and we can only call this

equation the pseudo Wiener-Hopf equation.

3,2 Optimum Test Signals:

So far, we have not mentioned anything about the type of
test signals to be used for identifying system impulse response.
In order to obtain an optimum in the least square sense test signal,

it is necessary to have a signal which will satisfy the criterion as

defined by Levin [1]. His criterion is as follows:
If x(n) is a deterministic signal then its value must be such
as to satisfy the following two conditions
N
.y _(0)#0
XX
A
2. U (i) =0 0<ig K
A clasgo of binary signals which is known as pseudo-random
binary sequence gives a good approximation to the optimum test
signal. In addition, a pseudo binary random sequence has the
following properties
i, The signal can be generated by means of linear
feedback shift registef
2. The multiplication of the signal can be dene by a
gating circuit
3. The delayed signal can be obtained with ease froma cyclic shift of

itc original signal by means of modulo 2 addition
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4. The pseudo auto-correlation function is a good
approximation to a unit impulse response and is
fixed in form,

We can estimate its error easily,

5. Since the signal is periodic, it shortens the time
required to calculate the pseudo-correlation
function,

T
o o

A0
JULT 1

|ﬂ__NT__®{ —t

1

S

L
1

a?. a) Pseudo-random signal,
2
-
N
y - & —] Y y (.
T —
g NT 2NT
b) Pseudo auto-correlation
Tig. 3.2 Poeudo vandom signal and its auto-correlation
function.,
For a poeudo-random binary sequence with period (lenghih) N,
then 2
N 2 A a
L0 =2 end 'y ) = - Z




This condition is closely satisfies Levin's criterion for an

19

optimum test signal, Thus we have

=
2
2
2
-a/
ORISR
-aZ/N

It can be shown [3] that

XX

-a /N ........ -a /N
2
- a /N
L ] 2
-a /N ........ a
—
2 4 L., {
{ 2 ..., 1
N
aZ(N+1)
{ | 2

(3.16)

(3.17)

We now define the kth vector estimate of the impuloe reoponse and

the kth poeudo croco-correlation function as follows:

h{k, 0)
A
hl_ = | h(k, 1)
h(k, N-1)

=1

A
(0
N N
) (k, 1) = vk 1)
OZ‘ZV ) X'y

1
f (e 1)

ey

e
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The pseudo Wiener -Hopf equation becomes

A | A R
b =@ (ki) ¢xy(k,1) 7 (3.19)

Substitution of (3, 17) gives

_ -
2 0t e ] a0
&
o2 e ] T )
A Xy
N o .
— co ; (3. 20)
aNety T | :
Lot 2 [ 1] N
S — L._xy -

3,3 Bayes Estimate of System Impulse
Response:

In the previous section, we derived an estimate of the system
impulse response using the method of least squares. This method,
however, doeo not consider any prior knowledge about the plant
being identified, In practice, a certain amount of prior knowledge
ic available in aﬁ.y plant under the process of identification, A
complete disregard for prior knowledge about the plant means that
a great deal of information is lost, especially when information is
at a premium, For theoe reagons, a Bayesian eotimate is derived
here which takes into account all prior knowledpe about the plani

being identified.

To begin, o confidence index io aosigned to oll the prioy
?
knowledge which we have on the plant vnder jnvestigation, This

confidence indey is 1? s which io inver gely propowtional

to the variance of the priov impulse veoponse, The prior impulse
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response is represented by the following vector

h-n
hk-1 h-ntt (3.21)
h-1

For Gaussian processes, Parzen [ 7 ] has shown that the
Bayes estimate is a weighted sum of the prior estimate and the
maximum likelihood estimate, the weight being proportional to the
confidence index in each estimate, The confidence index of the

A
maximum likelihood estimate hk after the kth observation is given by

A A A -1
- - ! - N
L = (E0](h-h) (b -h) | 1) (3.22)
A
where hk is the actual val.lue)Lk is inversely proportional to the
mean square error, The complete derivation of this confidence index

will be described in a later section. The Bayesian estimate of the

system impulse response, after k observations is

sk A | {[\ﬁ + * }* ) (3 23)
e T BT iy |
P A %
- ¥
where Ik Lk Ik_1
Similarly

% w1 N {1\ % h*
h1<+1 B Ik+1 (Lk+1 k+1 +Il< k )

P P _1 A sk 5
I I + ., b,
hk+j lk+j (LkJrj ktj Ik+J~1 1<+J-1)

and
R A E
S R WL
(3.24)
I\ s
w' ooz ] +1
Tktj k+tj ]]H-jui
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Thus the resulting estimate will be a weighted sum of the preceding
estimate with the latest estimate,

For a process with Gaussian white noise,the least squares
estimate and the maximum likelihood estimate coincide. Therefore,
the least squares estimate derived in the previous section is the

required maximum iikelihocd estimate, It is

— - __ — —

o | Ewo 2t || w0
N |
= )
}jl bk, 1) az(N+1) p |t ozt wxy(k,i) 8.25)
Bk, N-1) : :
_ Loy 2 LD wone ;
- A A

To make computation easy, it is necessary to obtain each
succeeding vector from the preceding vector by addition of some
perturbation terms, i,e, to obtain h  fromh . Inthic way we

letl k
do not require to calenlate each estimate from our original estimate

Since
glk+1,0) 2 ..., V»y(k”'o)
A A
/1\11 - et |, N ST B R I C T e
< ' Ny T | L : ;
. .o :
plk+iyN) Lo :
A
- | L U{ry(k-ri,N)
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It is necessary to partition the above matrix equation in order
to obtain a recursive relation between each estimate., After

a bit of manipulation, we obtain the following relation.

A
S
b= (3. 27)
k+l~ e ' )
Blkt,N)
L .
A A A
where .g_li = }i +C ny(kH, N)
for C = zN
a (N+) T
and

A N A ' A
g (k+,N) = C {ig:;o INCERE wx&kn, N)}

Similarly
A AT o
g .. =h .+ CU (ktj, N+j)
Jeti- 1 k4j-1 Xy
and ) N+J'A .
i N I ], 1 | j, N+j
i, N4 = G {fo U et i) + (et i)

Finally the k+ jth iteration of the system impulse response will

A
depend only on the previons vector g

.+, and a succeeding term

2 Ik, NHj) i,
/g\ .
A S kdj-1

..... (3.29)

h, =
S
B+, N+j)

We see in this procedure that the dimensions of the input matrix

keep on growing affer more and more observations are obtained.
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Therefore we must decide how large 2 dimension should be used
in order to obtain the required accuracy.

Another approach is to keep the dimension of the input matrix
fixed, This can be done quite easily, since the matrix is symmetrical
with identical elements at its diagonal and with all off-diagonal elements
equal to unity, It has been shown that after k+jth iteration, the

estimate of the impulse response is

fg = B 1 0t & (3.30)
kk
where _ _ _ _
£ i, 0
gkﬂ i g(.?“) g, ke - @Yu'm
i) fyfl)

The dimencion of the input matrix is k by k and is fixed,

y 2 1.1

} _ N
ols B t1 2.... 1
o ke a.Z(NJri) T

{o

1 i.... 2 kxk

Wibke using pseudo-random binary sequence of period {length)
N ag test signal, the maximum number of distinet delay vew sion
of the original signal is(N=1), Keeping the dimension of the input

matrix fixed and leiting k = N-1, it can be shown thai |

U (N) are equivalent pseudo cross-correlaiion functions. They
xy :

(0) and
¥
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differ only by the external noise and parameters variation of the
plant being identified,

Similarly
N e A
ny(NH) is equivalent to wxy(i)

n N
} : : !
vxy(N+2) is equivalent to vxv(Z)

A A
¢xy(N+j) is equivalent to ny(j)-

In"this way we can obtain a sequential estimate of the system impulse

response,

3.4 Derivation of Confidence Index:

A brief description of the maximum likelihood confidence
index will be given in this section. The confidence index is chosen
to be the inverse mean square error between the actual and the
estimated impulse response. This confidence index can be obtained
in the following way; Since the actual output vector of the system is
given by
Y = Xhl T+V , (3.32)

- =K

Multiply both cide by X' gives

X'y =X'"Xh T+X' V ., (3.33)

— — — E—| & —

The entimaied impulse response is given by the following equation

N A A
®

1
-
=
=

(3. 34)

Xy xx =k
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where
A
= X!
%X
A
= i
by =X 1

Substituting equation (3, 34) into equation (3. 33},

A
= 1
T8, h T+ XV

=g

A
@

x K

and (3. 35)
b oony =85 txey L
kTl T 2TV 7o

A A ) {A \ 1 VA Lo )
Bl b By-m)=EoL(8, X0V (g, XV

g "'1
- Havw
T
A~ =1
P 2
= - 5 g (3. 36)
T v
2, \ .
where OV ig the noise variance, (
The magimum likelihood confidence index/i/s chosen to be
et
- : - ' - 3,37
1= (0] - b (- b {1 (3.37)

When using poeudo-random binary sequence ao test signal the
OLEE T 1

o}

term  “ux is closely approzimated by a constant, Thus the

2

-

T
maximum likelihood confidence index ic inver gely proporiional to

the noice variance. In practice, however, the statictic of the

noise variance io ofien an unknown quantity end we muost approximate

it a5 follows:
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Let the mean estimated impulse response be
"
COMH s, Kk (3.3

-

Then the approximate variance is given by

N

2 { A= A

Sz — - ! -

] k2=0 (Ek h) Hik_ h) (3. 39)

and

2 -t 2

o]

v ¢xx o~ 8

/I‘k n Y2 (3.40)

3.5 A Criterion for Choosing Sampling Time:

As indicated in Section 3.1, the system impulse response

can be represented to a good approximation by the vector

h(0)
h(1)

I=
1

(3.41)

L‘ h(K)
provided KT is chogen to be greater than the significant duration
2—2—; y Where {fc is the
acourmed upper cut-off frequency. If, due to our ipnorance «of the

of the impuloe regponge, We canuge T =

charocteriotics of the system being identified, T io chocen to be
oraplier thon thic, then a larper number of parameiers will appa-

m
1

renfly be requived for a given system seitling time
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T
K= B/T is the number of values hk which must be estimated .

I T were chosen to be greater than 1/ch, we would introduce

a system structural error and the fine structural of the system i.e,

the high frequency response characteristics would be lost. The
number of impulse response parameters to be estimated is K = rI‘s/T '
Therefore the minimum number of input samples observed must be
2K-1, If more data is observed we have to use a longer measurement
time interval Tm. This will allow us to form an excess number of
equations relative to the number of independent parameters to be
estimated. A redundancy is obtained from the excess equations

which can be used for noise smoothing, Kerr and Surbe;’{é]have

3

defined a "redundancy factor" R.

T M-K M

= = 3 — = - - 3,42

R X X [+ -1 ] (3.42)
where . | s ~—

K = "gf T = minimum number of output samples
(2K-1") = minimum number of input samples

M = total number of observed output samples
w = (M-K) = number of excess output samples.

If Mand K are expresced in terms of time intervals of T and Tm’

the "redundancy factor" then becomes
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For continuous signals with no bandwidth limitationi.e. T = 0
and K—=>% , the minimum measuring time for zero redudndancy
becomes Tm = ZTB. For a bandlimited system, the minimum

observation time is of the form

T'=[(2-—)Te] : (3.44)

3,6 Comparison of Bayes and Maximum Likelihood
Estimates:

Bayes and Maximum likelihood estimates are compared in
terms of their mean square errors. It has been shown ], that
for a proé_:ess with Gaussian white noise the maximum likelihood

estimate of b.k is given by;

A -1
ho= (XX x'Y (3.45)

——

and the mean square estimation error is

AL -1.
Ik i (X' X) i 5 2
When the a priori probability density p(hk) of hk is known along

with the statistic of the noise, the Bayes estimate h1: for the

given measurement Y has been shown to be the mean of hk.

For a process with Gaussian white noise and with mean hk { and

varisnce 02, Parzen [ 7 ] has shown that the Bayes estimate h

w

k
is given by
s .:: - 1 /\ /\

Low W W 2 A
nk ) Ik (Ik hk ¥ Lk-i hk-i ) (3.46)

0 A P
Where I] = I] + Il' i ic the inverse mean sguare ¢vroy and
X S K=

5 B 1 :
Ik-i B 0__2
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Kozin [ 8 ] has shown that the mean square error of the
Bayes estimate is in general less than the mean square error of the
maximum likelihood estimate., For convenience, we compare the
mean square errors of different estimates in terms of the mean

square erior of the maximum likelihood estimate. To .facilitate

the comparison, we define & "correction factor" Q where
r
Q = k-1
~ (3.47)
Ik +1,
k-1
and
0£Q¢<t

The mean square error of the Bayes estimate is given by the

following identity:

%
% a AL -
R TR S
I +1‘
k X
-1
- ‘11 (1 -0Q) (3. 48)

Since 0<.Q <1, the mean square error of the Bayes estimate will
always be less then that of the maximum likelihood estimate except
when Q =0, The value of Q approaches zero only when 0 %->ca

for a given OZV . The value of 02 can be considered as a measure
of the range in which hk may be expected to lie, When the

possible ranpe of values of hk is uncerta,in., this corresponds to
assuming a very large a priori variance OZ . The Bayes estimate
then approaches the maximum likelihood estimate. With known aprioxi

mean and known @ priori variance, the Bayes eotimate ic a betier

~n

estimate in the cense of less mean square error than the maximum
likelihood estimate., The smaller the a priori variance available,
better will be the Bayes estimaic as compared to the maximum

likelihood estimate.
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3.7 Improvement Over Identification Time:

This section deals with an improvement on the identification time TI

when applying the Bayesian method to system identification. Lindenlaub [2]
has shown that the identification time TI using the least squares estimate is
equal to the time required by his ideal identifier, The identification time of

the ideal identifier represents a greatest lower bound obtainable by practical

methods. This result was obtained without assuming any apriori knowledge
about the system, Proper uses of any available apriori knowledge should re-
i duce the identification time,

In general, the overall accuracy of the estimated impulse response
is determined by its variance and sampling interval T, The variance, as

described previously, is a direct measure of the mean square error of the

estimate and a trade -off between variance and identification time can be made.

For a process with Gaussian white noise, Lindenlaub [ 2] has shown that

the identification time for his ideal identifier is given by:
2 W_.K

GG

T, -yé% (3.49)
k

where

TI = the identification time

WGKG = the gain-bandwidth product

Y = signal to noise ratio

Oa L. variance of the maximum likelihood estimate.

Sirnilazly, the identification time required by the Bayesian estimate is

1K
2 WK,

It is shown in the preceding section that the rrean square error of

the Bayes estimate is

O = 0% (120) (5.50)

k I
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Substituting equation (3. 50) into equation (3.49), the identification time of
the Bayes estimate becomes
(1-Q)T, = LV K
. 2

T
For the same accuracy, the identification time of the Bayes estimate will
in general be less than the maximum likelihood estimate except when
Q = 0, However, the condition for Q = 0 is when the Bayesian estimate
approaches the maximum likelihood estimate, Thus, it is shown that
proper uses of apriori knowledge of the plant will reduce the identification
time for the same accuracy as compared to the case when no apriori

knowledge is used,
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CHAPTER 1V

EXPERIMENTAL RESULTS

4,1 General Description of Experiment:

In the previous chapter, the method of Bayesian estimation is
developed and applied to the problem of system identification, In this
chapter, examples of a second order system, differing only in their
damping factors, wiil be described in order to gain an insight into the
method and its recursive feature, This method is readily applicable
to higher order systems, The problem of identifying these examples
using the Bayesian estimate has been programmed for digital computa-
tion, Computed results of each example will be shown in the following
sections,

4,2 Example I
A Highly-Damped Second Order System:

The differential equation of the highly-damped second order plant

i clven oye
)

d‘ L ‘dZ ,

[

1he foapulss response of this plant was first identified using’

s wothod of maximum likelihood, It is assumed that the plant is cor-
sipted by additive Gaussian white noise, Once the maximum likelihood
ervimate is obtained, the procedure for Bayesian estimate is used, The
sooults of the maximum likelihood estimate and Bayesian estimate are
shown in Fig. 4.2, The moximum likelihood estimate is more suscept=
ible to external disturbance, whereas the Bayes ectimate io not disturbed
ag much, In addition, the wesuli of the Bayes cstimate showed it converges

vapidly toward a value which is very close to the actual of the plant.

]

Wsample I

i

4.2

1=

A Critically-Damped Second Order Sysiom:

The differential cquation of the critically~damped second ovdey

syotem 1o
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The maximum likelihood estimate of the impulse response was
first ootained. Then the method of Bayesian estimate is used, Their
results are shown in Fig, 4,3 and 4,4 which indicated that the Bayes
estimate gave a better accuracy and has a tendency to smooth out much
of the external noise,

4,4 Example III
An Under-damped Second Order System:

The differential equation of the under-damped second order sys-

tem 1is
2
~d-—72+ bdz x(t)
dt dt

Again, the impulse response of this system was first estimated
by the method of maximum likelihood and then using the Bayes estimator,
Once more the reault of the Bayesiaﬁ estimate is better in accuracy than
the maximum likelihood estimate, Also, the Bayes estimate converges
toward a value which is very close to the true value of the plant,

4,5 Effect of External Noise at the Output:

Results indicated in Fig, 4, 1-A and B showed that the effect of
sxternal noise on the maximum likelihood estimate is more pronouvaced
than on the Bayes estimaté. When the external noise level is doubled,
Fig. 4,1-A and B, we observe immediately that the maximum likelihood
estimate fluctuates widely, but we hardly noticed any variation in the
Bayes estimate, This noise smoothing properiy of the Bayes estimate
is one of the reasons of obtaining a better estimate,

1,6 Effect of A Priori Knowledpe of Plant:

A fixed set of values which is about 10% lower than the actual
value of the plant was used as o priori knowledge of the plant for each
swample described in the previous seciion, In each case, a low value
ot the Bayes estimate was observed. This is to be expected, since the

apriozi knowledge used in each plant was low, As more and move obsere
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knowledges diminishes very quickly, This result is shown in Fig. 4,1,
Fig, 4.2, and Fig, 4.3, When a correct apriori knowledge is used for

the plant Fig, 4.2-B, the Bayes estimate of the first several iteration
give-a better result than if wrong apriori knowledge were used, Fig, 4,2-B.
Again as more and more observations are obtained the effect of apriori
knowledge disappeared, In both cases, the Bayes estimate converges
rapidly to a value which s very close to the actual value of the plant,

4,7 Calculating the Improved Identification Time:

It is shown in the previous chapter that the identification TI is
reduced by a factor of {1 - Q when using the Bayesian method, Inthis
section, several values of Q will be shown based on the experimental
regults of the previous examples, For example: Results of the

Second Order Critically Damped System is shown below:

Nn, of lteration Value of Q Bayesian

1‘ on I*1 Identification:

& - L3 Qui » .

whe same point Q = Time T

| B+ 1B

| k-1 kK

j e

o 507 A9 T,

L2 664 336T,

{
3 ,B846 . i54~TI
4 .974 . 026TI
5 .375 . 0125T,'.
b 981 .01 9'1"]:
7 . 970 . 030TT

where '1‘.|. is the identification defined by Lindenlaub [2].

NOTE: - Y .
standavd apriori knowledge in Fig. 4.1 to 4,4 means 10% low

Pretibitntiocithed
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CHAPTER V

CONCLUSIONS AND RELATED PROBLEMS

Throughout this investigation, a method has been found which
unifies and extends the woiks of Levin [1], Lindenlaub [2], and
Hill et al [3], The Bayesian approach to s °tem identification has
produced a much better result as compared to previously available
methods, Some of these results were described in Chapter IV,

The role of apriori knowledge of the plant used in the Bayesian
estimate is critical in the first few iterations, Once sufficient observa-
tions are taken, the effect of the original apriori knowledge diminishes
very quickly. Thie is to be expected, since the Bayesian method uses
each preceeding estimate as the most recent apriori knowledge of the
plant. Anotheyfeature of the method is that it yields a reduction of

system identification time T, by a factor { ~ Q.

I
The investigation carried out in this thesis represents only a

‘ small pazt of the identification problem and its relation to adaptive
: control systems. There remain many interesting and unsolved problems
| on system identification, Two of them will be indicated:
1. The problems of using the Bayesion method to identifying
lineaz time varying systems warrant further studies.,
2. Another intevesting problem is to use the Bayesian method

for on line identification within an adaptive coatrol system.
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APPENDIX A

Basic Equations for Digital Computation

Program |
Simulating an unknown plant,
K
Zn = Z X
k:o n"khk
Yn =

Zn + Vn
where Vn is gaussian and white with zero mean and variance

Do correlation
Xn = Xn-ZeDXn-?:

@ : Modulo 2 %Iddition

AN { .
¢xx(1)_ N+{ hEo X(n) X(nt]
N ! N

(bxy(l) vy 'h;ZO X(n) Y(nti)

Propram 2

Poeudo Wiener Hopf Equation,

A A -l A .
B ) ¢xx ¢xy(1)

Program 3

Bayesian Egtimate

o= A .
S R SR
k

b k k-1 k-1

-~k &

wheve

Al

A2

.01,

A3

A5



INITIALIZE[

EXPAND X
X8to Xy 4

Repeat the |
Identificatioln
Process

—
i

0

7
A
/
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APPENDIX B

Flow Charts for Digital Computer Simulation

Flow Chart for Program 1,

0

P
et

Z(I) = 0

Calculate
ghe Cutput

Zyto 2y

EXPAND 2z
ZS to 214

Calculate
~INoise Call
Random

|
I

VN=VN+UN

Ki= 30/\/
- _<z?>
~

Calculate
Zero Mean
and
Variance

PRINT 1,
and
RXY(I)

NOISE
OUTPUT

i

Calculate Y
Y = Z+VN




INITIALIZE
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READ
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Y
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Flow Chart for Program 2,

il

,,,,,,,,,,,,,,,,,,,,,

END ,

S s At i etk )
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Flow Chart for Program 3,

INITIALIZE
!] STORE MEAN Calculate
> READ FB VALUE  Bayes
Estimate BH
ESM = 0 é
Print Bayes
Calculate Mean ayes Lt B
: quare Error
BH = FB of FMH XII
& ; Store Most
K7 Recent Bayes
READ 4 Index BI and
FMH 127 Bayes Esti-
lL mate BH,
l Store Mean <$
FME = 0 Squ?r;hi)éz-or
2 GO TO
3|/ & READ
) ‘ FMH
" Calculate Calculate |
~| Mean Value Max, L. Conf. U
of TTMH , Index FMI, '
| \Il END .
I
| I<7 PRINT
: =9

127 |
j !

{ Calculate
7 Bayes Conf,

Index BI,

I/

@

NG INDEX
\l Fi
\




50

VITAE
NAME: Chun Loo
BORN: Hon-How, Kung-Tung, China,
May 18, 1937,
EDUCATION:
Primary: La Tuque High School,
La Tuque, P, Q,
Secondary:  La Tuque High School,
La Tuque, P, Q.
University:  McGill University,
Montreal, P, Q.
Degree: Bachelor of Engineering,

Option:

(B. Eng)

Electrical





