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Abstract

This dissertation includes three essays on unit root tests and cointegration.

The first essay uses econometric tools to explore the possible causes of global
warming. By examining the time series properties of the global mean temperature, -
solar irradiance and greenhouse gases, it finds static long-run steady-state and
dynamic long-run steady-state relations between temperature and radiative forcing
of solar irradiance and a set of three greenhouse gas series. Estimates of the
adjustment coefficients indicate that temperature series is error correcting around
5% to 65% of the disequilibria each year, depending on the type of the long-run
relation. The estimates of the I(T) and I(2) trends indicate that they are driven by
linear combinations of three greenhouse gases and their loadings indicate strong
impact on the temperature series. The equilibrium temperature change for a
doubling of carbon dioxide is between 2.15 and 3.40 Celsius degree, which is in
agreement with past literature and the report of the Intergovernmental Panel on
Climate Change using fifteen different general circulation models.

The second essay examines the effect of random initial condition on the
power of unit root tests. It develops the test statistics in the context of unknown
structural change models using generalized least square detrended data when the
initial observation s drawn from its unconditional distribution. It derives the
limiting distributions of M-tests, ADF test and a family of feasible point optimal
tests. Using two methods to estimate the break point, this study calculates the
power envelopes and asymptotic power functions, and compares them with the case
where the initial condition is fixed. Finite sample Monte Carlo simulations under
various forms of error processes are performed using different lag length selection
methods. Empirical applications are also provided.

The third essay employs a multivariate framework to improve the power of
unit root tests. In the context of unknown structural change models, it shows that
when testing for a unit root against stationarity with an unknown structural break,
substantial power gains can be achieved by incorporating extra information
contained in an arbitrary number of covariates. The power gains are dependent on
the long-run correlations between the shocks of covariates and quasi-differences of
potentially integrated time series. The higher correlation between covariates and
quasi-differences of time series, the higher power gains can be realized. A feasible
statistic to estimate the unknown correlation is also derived. In finite sample
experiments, Monte Carlo simulation results confirm large power improvements
without size deteriorations.
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Introduction

Since the mid-1980s there has been an extraordinary development of research
on unit root tests and cointegration. Whether a variable has a unit root has
important implications in macroeconomics. When a time series has a unit root
(nonstationary or difference-stationary), a shock has permanent effect; while
for a stationary (or trend-stationary) time series, a shock has transitory effect.
Various methods of testing whether a time series is stationary or not have
been developed. When variables are nonstationary, the traditional ordinary
least square regression tends to give spurious relations. Therefore
cointegration was developed in order to analyze the relationship between
nonstationary variables. Surveys on the different issues concerning unit root
testing and cointegration may be found in Campbell and Perron (1991), Stock
(1994), Watson (1994) and Hubrich et al. (1998).

One of the most popular unit root test statistics is the Dickey-Fuller (DF
test hereafter) proposed by Fuller (1976), assuming identically and
independently distributed (7.z.d. hereafter) errors. However, macroeconomic
time series often exhibit serial correlations, which will cause bias in the DF
statistic. To account for this problem, Said and Dickey (1984) proposed the
Augmented DF test (ADF test hereafter). Both statistics test the null
hypothesis of a random walk against the alternative of a stationary time
series. Nelson and Plosser (1982) applied the ADF statistic to 14 US
macroeconomics time series, and found a rejection of the null hypothesis only
for the unemployment rates. The macroeconomic implication of this result is
that shocks have permanent effects. However, these results were challenged
by Perron (1989). He argued that the lack of modeling a broken intercept
and/or slope was responsible for the non-rejection of a unit root in the data
set studied by Nelson and Plosser, since a stationary process with a structural
break mimic the behavior of a random walk. Perron applied the ADF test to
the same data set assuming an exogenous break, and he found more evidence
of rejection. Christiano (1992) criticized the treatment of structural break as
exogenous by arguing that a known break point causes the problem of data
mining. Following his paper, Zivot and Andrews (1992) and Perron (1997)
proposed methods to estimate break point endogenously.

The key issue related to unit root tests is their low power. To address this
issue, Elliott, Rothenberg and Stock (ERS hereafter, 1996) proposed using
generalized least square (GLS hereafter) detrending to eliminate the
deterministic components before testing. This approach brings significant
power gains in both large and small samples. Perron and Rodriguez (2003)
extended this approach to the context of structural change models and they



developed the limiting distributions of a set of broadly used unit root
statistics, including the feasible point optimal statistic (ERS, 1996).

Another contribution in the spirit of improving the power of unit root
statistics has been achieved by Hansen (1995). He proposed a multivariate
unit root test by including a stationary covariate in the traditional ADF test.
The resulting covariate ADF (CADF hereafter) statistic showed substantial
power gains, especially when the covariate is highly correlated with the
potentially correlated time series. Following a similar approach, Elliott and
Jansson (2003) extended their point optimal test by including an arbitrary
number of covariates and they saw further power gains.

More researchers are interested in the testing of cointegration between
nonstationary variables as the literature of unit root test develops. The notion
of cointegration establishes that, even when a set of time series is
nonstationary, their linear combination might be stationary; see Engle and
Granger (1987). The first type of statistics proposed to test for cointegration
is named as residual-based tests. Assuming a set of n variables represented by
¥, a residual-based approach proceeds in a two-step fashion. In the first step,
we run a static or long-run regression between variables. In the second step, a
unit root statistic is applied to the residual from the first step. If the null
hypothesis of a unit root (in the residual) is not rejected, then non-existence of
cointegration will be concluded. In fact, any unit root statistic may be used to
verify the presence of cointegration. The critical values depend on the type of
deterministic components included and the number of right-hand-side
regressors in the first-step; see Phillips and Ouliaris (1990). The shortcoming
of this type of statistics is its identification problem, i.e.,, which variable should
be put on the left-hand-side of the regression?

The second type of statistics developed by Johansen (1988) used a
multivariate approach. Therefore they are called system cointegration tests.
The advantage of this type of statistics is that all variables are considered as
endogenous, and more than one cointegrating vector is potentially allowed in
a set of n variables. The most popular case analyzed in the literature is the
cointegration in an I(1) framework where the maximum integration order of
each variable is one; see Johansen (1995b). However, in recent years, the
possibility of modeling time series with double unit roots has been considered
and therefore the system cointegration test in an I{2) framework has been
developed; see Johansen (1992, 1995a). The advantage of this framework is
that it brings richer results in the sense that long, medium and short term
relationships are all identified.

This thesis deals with issues related to unit root tests and cointegration.
The first chapter uses I{(1) and I(2) framework of cointegration to analyze the
influence of greenhouse gases on global mean temperature deviation. The



second chapter is an extension of Perron and Rodriguez (2003) by using
quasi-differences of the data in unknown structural change models, assuming
the initial condition is drawn from its unconditional distribution. The third
chapter follows the approach proposed by Hansen (1995) and develops a
multivariate unit root test in the context of unknown structural change
models.

In the first paper, a system cointegration test has been applied to analyze
the cause of global warming. This topic is inspired by the observation that
both global mean temperature deviation and greenhouse gases (GHG
hereafter) have been increasing during the past 150 years. In the existing
literature, the unit root test and cointegration in an I(1) framework have been
used to analyze the time series property of global temperature variable and its
relationship with greenhouse gases (GHG hereafter). With the application of
unit root tests, most studies have agreed that global temperature is an I(1)
variable while the picture for GHG is mixed (results indicate it is likely that
GHG has more than one unit root). Furthermore, studies have come to the
conclusion that GHG has been a driving force for temperature (global
warming). But because the possibility that the GHG may have more than one
unit roots, the test of cointegration in an I(1) framework becomes insufficient.
This chapter intends to solve this problem using the newly developed
cointegration test in an I(2) framework. This approach is more complex but
richer in terms of the relationships that we may find. In fact, we can identify
not only the standard (static) long-run steady-state relations but also the
dynamic long-run steady-state relations which are given by the linear
combinations between the levels of the variables and their growth rates. The
empirical results show that global temperature, solar irradiance and GHG
series have different integration orders. Accordingly, three different systems
are proposed and are tested. The results indicate that the temperature series is
responding around 5%-65% to the disequilibrium error each year and the
equilibrium temperature change for a doubling of carbon dioxide is between
2.15 and 3.40 Celsius degrees, depending on which type of steady-state
relation is considered.

The second chapter examines the effect of random initial condition on the
power of unit root tests. The existing literature on unit root statistics has
assumed a fixed or random but bounded initial value (fixed initial condition
hereafter). The convenience of this assumption is that the initial value will
disappear at a rate of 7" asymptotically. But this simple assumption cannot
describe the behavior of initial observation in a realistic way. Elliott (1999)
assumed the initial value is drawn from its unconditional distribution (random
initial condition hereafter) and found loss of power in unit root statistics
derived upon. In practice, many time series appear to have a structural break.



But none of the previous papers examined the impact of a random initial value
when structural break is present. Therefore, the second chapter of this thesis
intends to fill this gap by examining the impact of a random initial value when
there is an unknown structural break in the time series. I adopt the unknown
structural change models in Perron and Rodriguez (2003) and assume random
initial condition. Two methods proposed by Zivot and Andrews (1992) and
Perron (1997) are used to select the break point. The power envelope and
asymptotic power functions are calculated. Simulation results show that the
asymptotic power functions are tangent to power envelope at one point and
never fall far below it. In small sample analysis, I use four information criteria
and a sequential t-statistic method to select the lag length in order to account
for the serial correlations in the time series. Both large and small sample
results show that the power of the tests has declined due to the change in the
assumption of the initial condition. An empirical application is provided at the
end of this chapter.

The third chapter of this thesis adopts the multivariate approach proposed
by Hansen (1995) to improve the power of unit root tests when there is an
unknown structural change. Traditionally, unit root tests have been applied to
univariate time series. Incorporating the useful information in the stationary
covariate, a variable correlated to the potentially integrated time series, may
increase the power of unit root tests. The reason is that the use of stationary
covariates results in a new error variance that is smaller than the error
variance of a univariate time series. This leads to smaller confidence intervals
and more powerful test statistics than those of the conventional unit root
tests. Inspired by this idea, the third chapter derives the limiting distribution
of a feasible point optimal statistic when there is an arbitrary number of
stationary covariates and an unknown structural break. It compares the
maximum power of this test with the power envelope derived by Perron and
Rodriguez (2003), where no covariates are present. Both large and small
sample simulation results show that substantial power gains are obtained,
especially when the covariates are highly correlated to the quasi-differences of
the time series to be tested.
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Cointegration Analysis
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1 Introduction

One of the main conclusions achieved by the Intergovernmental Panel on
Climate Change (IPCC, 2001) is that global mean temperature has been in-
creasing for the past 150 years. Furthermore, the same reference attributes
the responsibility of the changes to human activities generated GHG. A
basic argument in this diagnostic is that both temperature and GHG have
increased since the pre-industrial periods; see also Santer et al (1996). There
are two sources for this evidence. They are the physically-based simulation
models of climate and the statistical analysis of historical data. The simu-
lation models of climate are based on physical motion equations trying to
describe the principal issues governing the behaviour of temperature. They
also include the radiative forcing of GHG and tropospheric sulfates. This
kind of models are often referred as general circulation models (GCMs).
On the other hand, the statistical analysis deals directly with the his-
torical record of the temperature, solar irradiance and GHG. In some cases,
this approach uses simple and standard statistical or econometric tools in
identifying for the effects of human activities (GHG) on the temperature
series. However, because all these time series exhibit strong trends, classi-
cal tools will indicate spurious positive relation among these variables. In
consequence, it is important to identify clearly the time series properties
of the data before starting any other kind of analysis. In this aspect, the
principal goal is to identify the existence of unit root in the data, that
is, the existence of stochastic trends. This is the starting point of the re-
search agenda of Stern and Kaufmann (1997, 1999, 2000) and Kaufmann
and Stern (2002)!. Using different statistical tests for the identification of
unit root, they found that temperature series is an I(1) process?, and that
GHG contain two unit roots. After analyzing the causality between different
sets of time series, Stern and Kaufmann (1997) investigated the existence
of long-run steady-state relations (i.e. cointegration between sets of vari-

ables) using multivariate technique proposed by Johansen (1988, 1995b).

! See next section for a brief but more complete survey of the literature.

® A time series 1 is integrated of order d, which is denoted by I(d) if d differences are
needed to transform it into a stationary time series. Therefore, I(1)/I(2) means that the
series has to be differenced one/two times to achieve stationarity.



They concluded that there exists a long-run relation between the set of vari-
ables and that temperature series is reacting to the disequilibria towards
this steady-state relation at around 40-50% each year. However the authors
believe that this value is too high and it may be a consequence of the exis-
tence of I(2) trends in the system. Kaufmann and Stern (2002) recognizes
the necessity to take into account I(2) trends in a more adequate statistical
framework.

The statistical framework for I(2) is proportionated by the approach
suggested by Johansen (1992, 1995a); see also Paruolo (1996), Rahbek et
al. (1999), Paruolo and Rahbek (1999). It is more complex but richer
in terms of the long-run relations that we may find. In fact, there are
the standard (static) long-run steady-state relations but there also exist
the dynamic long-run steady-state relations which are given by the linear
combinations between the levels of the variables and their first differences.
It is also possible to find medium-run steady-state relations. In this paper,
we follow this approach in order to address the I(2) feature of the system.

The empirical results show that global temperature and solar irradiance
series are I(1) processes, carbon dioxide is an I(2) process, and methane
and nitrous dioxide seem to contain explosive roots. According to this ev-
idence, three different systems are proposed, estimated and analyzed. The
results indicate that temperature series is error correcting around 5%-65%
of the disequilibria each year and the equilibrium temperature change for
a doubling of carbon dioxide is between 2.15°C and 3.40°C, depending on
the type of steady-state relation that is considered. It is worth to note
that these values are in agreement with other values found in the literature
(see Kaufmann and Stern, 2002) and the average value calculated by the
Intergovernmental Panel on Climate Change (IPCC, 2001).

The rest of this paper is organized as follows. Section 2 presents a brief
review of the literature. Section 3 deals with the methodological issues while
Section 4 presents the empirical results. Section 5 concludes.



2 A Brief Review of the Literature

In order to place this work in the context of the literature on climate change,
a brief summary of some of the relevant papers is provided below. When we
observe pictures of global mean temperature deviation series, greenhouse
gas concentrations, and solar irradiance, all give us the information that
they have increased in the last one hundred and fifty years; see also Stern
and Kaufmann (2000). The presence of strong trends implies that the use
of standard statistical or econometric tools will indicate a significant and
positive association between sets of variables analyzed. Unfortunately, the
use of standard statistical or econometric tools is misleading in this con-
text. Therefore, a careful analysis of the statistical properties of the time
series appears as a necessary condition for an adequate empirical analysis.
This is the starting point of the research applied by Stern and Kaufmann
(1997, 1999, 2000), Kaufmann and Stern (1997, 2002). Apart from them,
there is few research that explicitly argued in favor of the use of econometric
time series methods, such as Tol (1994), Tol and de Vos (1998), Schénwiese
(1994). Some other exceptions in the analysis of the time series properties
of global temperature are Blomfield (1992), Blomfield and Nychka (1992),
Woodward and Gray (1993, 1995). Before them, most of the research ana-
lyzing the relationship between temperature and forcing variables have used
simple regression models as in Lean et al. (1995), or frequency domain
methods as in Kuo et al (1990), and Thomson (1995, 1997).

The analysis of the time series properties of temperature, solar irradi-
ance, GHG and other variables has been performed in Stern and Kaufmann
(1997). One of the principal conclusions of their research is that global tem-
perature series has a unit root or in another term, this time series has a sto-
chastic trend, denoted by I(1). At the same time, GHG variables have been
found to contain one or two unit roots. The econometric tools used were the
well-known unit root statistics proposed by Dickey and Fuller (1979), Said
and Dickey (1984), Phillips and Perron (1988), and Schmidt and Phillips
(1992). As a consequence'of the size and power problems of these unit root

statistics in detecting for more than one unit root?, there isn’t a complete

3See Haldrup and Lildholdt (2002).



and clear picture regarding the integration order of the GHG. However, the
evidence in favor of two unit roots is present in more than one test statistics.
This is also recognized by Stern and Kaufmann (1999, 2000), and Kaufmann
and Stern (2002).

When the time series are non-stationary there is room to test for cointe-
gration,'that is, the possible existence of long-run relations between sets of
variables analyzed. In other words, it is possible to find linear combinations
of the variables that annihilates the stochastic trends. The rest of linear
combinations are still stochastic trends and they drive the behaviour of the
time series. The cointegrating relations are also named as static long-run
relations because they represent a steady-state relation between sets of vari-
ables. Because in the short term the variables are not in the steady-state,
they will react to these disequilibria. In the case of temperature, for example,
it is possible to find a steady-state relation with GHG and natural factors
(solar irradiance, for example). In the short term, the temperature (and
the other variables) reacts to the disequilibria exhibiting an error correction
behaviour.

The only two trials to deal with the identification of cointegration re-
lations have been Stern and Kéufmann (1997), and Kaufmann and Stern
(2002). Using the methodology of Johansen (1988, 1995b)*, they arrive to
the conclusion that there exists a long-run relationship between time series of
temperature, solar irradiance and a set of GHG. The estimates of the short-
run dynamic model indicate that temperature is correcting around 40%—60%
of the disequilibria each year. The authors consider that this value is too
high and they attribute its cause to the existence of I(2) trends.

The acceptation that time series of GHG contain I(2) trends is also
present in Stern and Kaufmann (1999, 2000). In both papers, the authors
apply a multivariate structural time series approach to model temperature,
natural factors and GHGS. The advantage of this kind of models is that
different alternatives for the deterministic components are allowed. Also,
it is possible to allow for I(1) and I(2) trends. The model is also flexible
in including cyclical components. The basic conclusions are that most time

4See the I(1) model below for further methodological details.
This methodology is based on Harvey (1989).
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series analyzed contain a stochastic trend while the GHG containing sto-
chastic I(2) trends. Therefore, the two independent stochastic trends in the
data are associated to the radiative forcing due to GHG, solar irradiance,
and tropospheric sulfate aerosols that are found in the northern hemisphere,
respectively. A more recent research but applied to the temperature of Aus-
tralia is Lenten and Moosa (2003). According to their results, temperatures
in six Australian locations are I(1) processes, the cyclical component is not
significant, seasonality is deterministic and the irregular (or noise) compo-
nent is very significant.

However, some different results are proportionated by Kelly (2000). He
finds that temperature series contains a unit root but that GHG are station-
ary around a time trend. This impressive result implies that temperature
rise is due to long run cycles, and that the relationship with GHG is spurious.
These results are in complete opposition to most of the research detailed be-
fore. However, applying first difference to temperature series, Kelly (2000)
estimated a regression between growth rates of temperature and GHG, find-
ing support to previous results regarding the significant influence of these
gases on temperature series.

One important but uncertain parameter of the general circulation models
(GCMs) is the temperature sensitivity which is measured as the equilibrium
temperature change per unit of the change in radiative forcing. As Kelly
(2000) argues, an alternative measure, directly proportional to the climate
sensitivity, is the total equilibrium (steady-state) temperature change from a
doubling of GHG, frequently denoted as ATb,. Kelly (2000) finds that this
parameter is between 1.27°C and 1.33°C; while for Kaufmann and Stern
(2002) this value is around 2.0°C to 2.5°C, in agreement with the general
circulation models. It is worthwhile to mention that the IPCC (2001) argues
that the average value of ATy, is 3.5°C after considering fifteen different
models®. ,

In this paper we still use time series tools to analyze the existence of
steady-state relations between temperature series, solar irradiance and a set
of GHG. However, unlike the traditional approach of using the I(1) model,

The standard deviation is 0.92 C° and the range goes from 2.0 C° and 5.1 C°.
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as Stern and Kaufmann (1997) and Kaufmann and Stern (2002), we use
econometric tools allowing for the presence of I(2) trends in the identification
of the long-run relationships. The use of more sophisticated econometric
tools taking into account the presence of I{2) trends has been recognized by
Stern and Kaufmann (1999). The presence of two unit roots in time series
allows us to use the I(2) model, see Johansen (1992, 1995a,b). In this model
the number of cointegrating relations are detected, so are the number of I(1)
and I(2) stochastic trends that still in the system and drive the behaviour of
some variables. In terms of the cointegrating relations, unlike the analysis
of the I(1) model, the I(2) model allows for the existence of two types of
cointegration. The first type is a linear combination of the variables in their
levels, which is the same definition as that in the I(1) model. The second
type of cointegration is the possibility that there are linear combinations
between the levels of the variables and their growth rates. It is named
polynomial cointegration and also dynamic steady-state relations. Further
details of I(1) and I(2) models are presented in the next section.

3 Methodological Issues

In this section we provide elements help to understand the methodology
applied in the empirical analysis. Regression with nonstationary time series
implies spurious regression except when there exists a (or more than one)
linear combination between these variables that reduce the dimension of the

space spanned by them. This is known as cointegration.

3.1 The I(1) Model

Let 4, a vector of n variables, be represented by the following V AR(k):

k
Yp = Znyt—i + 0D + ¢ (1)

i=1
where it is assumed that ¢; is a sequence of 7.i.d. error with zero mean and
covariance matrix €. In most cases it is also assumed that the errors are
Gaussian which is denoted by ¢; ~ Nid(0,2). The variable D; contains
the possible deterministic components of the process, such as a constant,
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a time trend, seasonal dummies and intervention dummies. This is the
model proposed by Johansen (1988, 1995b) and is widely used in empirical
applications’.

The system (1) is reparameterized as a vector error correction model
(VECM):

k-1
Ay =Tys1 + > Til\ye—i + ®D; + (2)
=1
with II = —I + Y% I, Ty = Z§=i+1 II;. Notice that the matrix I' =
I~ Zi‘c;ll L.

I(1) cointegration occurs when the matrix II is of reduced rank, » < n
where IT may be factorized into Il = af’, o and  are both full rank matrices
of dimension n X r; the matrix & contains the adjustment coefficients and 3
the cointegration vectors. These vectors have the property that B'y; is sta-
tionary, even though y, itself is non-stationary. Notice that there also exist
full rank matrices a; and 3 of dimension n x (n—r) which are orthogonal
to o and g, such that o/, & =0 and B8 =0, and the rank(B, 8) = n.

An alternative representation of the cointegrated VAR model is in terms
of the common stochastic trend representation, see Stock and Watson (1988).
According to that, the y; vector is represented by

t
yi=8D;+CY e+ C(L)e (3)
=1

where C = 3, (c/,T'8,)"1a/, and C(L)e; corresponds to a n-dimensional
I(0) component. Using this representation it is possible to observe that
although y: is n-dimensional, the vector series is driven by just n—r common
stochastic I(1) trends which are o] 21?:1 €;. In terms of observable variables
the I(1) directions are calculated as 3’ y; which are just a particular linear
combinations of the stochastic trends.

To test the rank of matrix II, Johansen (1995a, b) developed maximum
likelihood cointegration testing method using the reduced rank regression

"There are a large number of empirical applications using this statistical framework.
Two very detailed and influencial applications are Johansen and Juselius (1992, 1994).
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technique based on canonical correlations. The procedure consists of ob-
taining an n X1 vector of residuals ro, and r1; from auxiliary regressions
(regressions of Ay, and y;—; on a constant and the lagged Ay 1 ... Ay gy1)-
These residuals are used to obtain the (n x n) residual product matrices:

T
Sij = (1/T) Y rurly, 4)
t=1
for 7,7 = 0,1. The next step is to solve the following eigenvalue problem
[AS11 — 51050_01501| =0 , (5)

which gives the eigenvalues AL > ... > A\ and the corresponding eigenvectors
,@1 through Bn, which are also the cointegrating vectors. A test for the rank
of matrix II 'can now be performed by testing how many eigenvalues A equal
to unity. One test statistic for the resulting number of cointegration relations
is the Trace statistic (see Johansen, 1988), which is a likelihood ratio test
defined by

n
Trace = ~T Z log(1 - \i) ' (6)
i=r+1
Another useful test is given by testing the significance of the estimated
eigenvalues themselves

/\max = _TlOQ(l - X’t) | (7)

In trace test, the null hypothesis is 7 = 0 (no cointegration) against the
alternative hypothesis that r > 0 (cointegration). The Apyax statistic tests
the null hypothesis that r = rp versus the alternative hypothesis that r =
ro+1, where rg = 0, 1, ..., n—1. For further details regarding the construction
of these statistics, see Johansen (1995b).

In summary, the I(1) model allows to identify the rank of cointegration
(r) and the number of stochastic trends driving the y; vector. Because in
this model it is assumed that y; contains variables with order of integration
no larger than one, it is clear that the number of unit root left in the system
is n—r. Notice that the estimate of 3 (the cointegration vector) is not iden-

tified in the sense that any linear combination of f is also a cointegration
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vector. In this sense, researchers have to identify these vectors by impos-
ing restrictions that are in most cases suggested by the economic theory.
For example, in a vector containing four variables, a possible restriction is
that the coefficient associated to the second variable is zero. If the statistic
(distributed as a x?) does not reject the null hypothesis, it means that the
second variable is long-run excluded from the cointegration vector. Another
example is the restriction of long-run homogeneity between a set of vari-
ables. If the null hypothesis is not rejected, it means that the unit vector
(i.e. [1,—1,...,~1]) may be used in the subsequent analysis. The estimated
adjustment coefficients (o) are also tested for restrictions, but in this case
the restrictions are associated with the null hypothesis of weak exogeneity.

3.2 The I(2) Model

In the I(1) model, the matrix II is of reduced rank and the matrix o/, T'G
is of full rank. For the system to be I(2) it is also required that the matrix
o/ T8, be of reduced rank s; < n —r. Following Johansen (1992, 1995a,b),
the model (2) can be reparameterized as

k—2
Ay, =TIy, —TAy 1 + Z U A%y, + OD; + ¢ (8)
i=1
where the matrix I is included as a parametér and ¥; = — Z;:ilﬂ L;.

With the matrix o/, T8, of reduced rank (sy), it is possible, as in the I(1)
model, to define parameter matrices £ and 7 such that the second reduced
rank condition is o/, T8, = ¢n’ with ¢ and 7 both matrices of dimension
(n—7r)x s1.

As in the I(1) model, the number of cointegration relations (or I(0) re-
lations) is denoted by r. However, unlike I(1) models, n — r does not only
represent the number of I(1) trends in I(2) models. It contains both I(1)
and I(2) trends, denoted as s; and sy respectively. Consequently there are
parameters describing the I(0), I(1) and I(2) directions of the variables and
an imporfant goal of the I(2) model is their identification. Followiﬁg the
notation of Juselius (1999), these matrices are §,3,; and 3,4 associated
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with dimensions r,s; and n — 7 — s; = sy respectively®. Paruolo (1996)
denotes r, 51, 9 as the integration indices of the VAR.

In a similar way as in the I(1) model, the common trend representation
of I{2) model is given by

t

J t .
=D+ C2 Y D> &+C1 > €&+ C*(L)e (9)
i=1

J=1 i=1

where Cy = (,4(a/|,0815) 7'/, and C*(L) is a matrix polynomial with
all roots ‘strictly outside of the unit circle. The first clear observation is
that y; has s common I(2) trends given by o/, Z§'=1 S_, €. In terms of
observable variables, it is given by 8 oy; which are just linear combinations
of the stochastic trends of| o 2;:1 YI_ e

Furthermore, as mentioned by Haldrup (1999), the combinations By
can cointegrate to I(0) level and/or have the property that they potentially
cointegrate with (' ,Ay:, which is I(1) by construction. This is named as
polynomial cointegration. These r relations are 'y; — 63’ Ay which define
the I(0) directions. However, not all the r I(0) relations need include the
differenced I(2) components. In fact, after defining &, such that &6 = 0,
there will be r— s non-polynomially conintegrated relations given by &, 8'y:;
and sy polynomial cointegrating relations given by & 3'y; — 6’68 5 Ayz.°.

The approach suggested by Johansen (1992, 1995) to identify the number
of I(2) trends is conducted as a combination of regression and reduced rank
regression. It is performed in a similar way as the determination of the
cointegration rank in the I(1) model. The difference is that now two reduced
rank conditions need to be examined. This is more complicated in the sense
that the second reduced rank condition depends on the first one. Instead of

8The notation and technical details of the 1(2) model are complex. Further details
regarding the calculation of matrices 8,, and B, are in Juselius (1999), also Haldrup
(1999) using a slightly different notation. In summary, because ¢ and 7 exist, their com-
plements, ¢, and 7n,, also exist. Then it is possible to define ey = {ar1,a12} and
By ={B11,B.2}, where a1 = ar(alar)™'(, aws = aily, By, = B.(B1LB.) ™0 and
Biq = PB.m,. Therefore, 3,3, , and B, , are mutually orthogonal and thus jointly describe
a basis for the n-dimensional space. The « has a similar property.

®The possibility to decompose 7 (in 19 and r1, say) exists only when r > s3. In this
case, the r cointegrating relations can be divided into 7o = r — s directly stationary
CI(2,2) relations and r; = sy polynomially cointegrating relations.
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a joint estimation of the indices 7 and s;, Johansen (1992, 1995a) suggests
a two step procedure. The first step is to solve the reduced rank problem
associated with the matrix II = af’. It calculates the estimates of a,, 3,,
ayr, and (3, for each value of r = 0,1,...,n — 1. "The second step deals
with the second reduced rank condition problem by replacing the unknown
matrices aj,, and 3, with the estimates from the first step. The problem
is solved for s = 0,...,n — r — 1. Then what remains to be determined
is which combinations of r and s; should be chosen. Because steps 1 and
2 proportionate an array of different values for » and s; corresponding to
different sub-models, the selection of r and s; can be performed in the
following way'?. The array is read starting from the left-corner. If the null
hypothesis is rejected, the next element {continuing to the right) is read and
so on. After the first row is done, and if no acceptation is observed, we
read the second row of the array. We continue until the first non—rejection' is
found. The associated values of r, s; and sg are selected as the integration
indices. Complete technical details can be found in Paruolo (1996), Johansen
(1992, 1995a).

It must be emphasized that only the space spanned by the cointegrating
vectors is identified; the single cointegration relations are unidentified. This
issue is also present in the I(1) model but the problem is more complex in

I(2) models!!.
' What is perhaps more interesting is the fact that in an I(2) model there
exist more than one steady-state relations. Recall that in an I(1) model,
the cointegration relation S'y; represents the static long-run steady-state
relation. In the present case, we have two additional steady-state relation.
One is medium-run steady-state relations represented by 3’ ; Ay:. The other
one is dynamic long-run steady-state relations represented by the polynomial
cointegrating relation (see Juselius, 1999, 2003). In consequence, there exist
different adjustment coefficients associated with each of these steady-state

relations.

10The test statistic is denoted as H, , and it is the same notation used in the empirical
analysis.

'1Regarding the adjustment coefficients, for example, the notion of weak exogeneity is
now different. Paruolo and Rahbek (1999) have proposed a sequencial approach to test
for weak exogeneity in the I(2) model.
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One should keep in mind that tools for analyzing I{2) models and statis-
tics used to select integration indexes are not yet fully developed in econo-
metric literature. This is the reason why the selection of the number of I(2)
trends should be combined with other tools. One of them, as suggested by
Juselius (1999), is the calculus of the roots of the companion matrix. If y;
vector contains variables that are integrated no more than order one, then
the total number of unit (or close to unit) root of the companion matrix
must be n — 7. If there exists more than n — r roots close to the unit circle,
it constitutes an indicator for the presence of I(2) trends. When there are
I(2) trends, the number of roots close to the unit circle is s1 + 2s3.

Another useful indicator for the presence of I(2) trends is to compare the
graphs of #'y; and B'Ry;, where Ry is a vector of residuals from regressing
y¢—1 on lagged short-run effects (Ayi—i, ¢ = 1,2,...,k — 2) and D;. If the
first graph looks non-stationary whereas the second graph looks stationary,
it can be considered as a strong support for the presence of I(2) trends.

Recently a few empirical applications in the field of economics have used
the I(2) framework. Without the intention to be exhaustive, some of these
references are Rahbek et al. (1999), Kongsted (2003), Holtemsller (2002),
Vostroknutova (2003), Juselius (1999, 2003), Fiess and MacDonald (2001)
and Haldrup (1999). It is worthwhile to mention that some of these papers,
after identifying for the presence of I(2) trends, proceed with transforming
the variables in such a form that a standard I(1) analysis can be performed
(see Fiess and MacDonald, 2001). Almost all references mentioned study
nominal variables such as money supply, nominal wages, and fundamentally
prices. We do not know that a similar methodology has been applied to

climate series.

4 Empirical Analysis
4.1 The Data and Preliminary Issues

The data used in this paper include the time series of global mean tem-
perature deviation (denoted by temp), the concentrations of methane (chy),
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nitrous dioxide (n20), carbon dioxide (cos)*?. All data are from the web site
of Goddard Institute for Space Studies available at www.giss.nasa.gov. The
data is transformed into radiative forcing'®, which affects the temperature
directly and indirectly. The formulae are tabulated in the Intergovernmen-
tal Panel of Climate Change (IPCC, 2001). Therefore the radiative forcing
of GHG at time t are denoted by rfchas, 7fn20;, 7fcog. We also include
radiative forcing of solar irradiance (rfsun;) as another variable in the sys-
tem.

Figure 1 presents the evolution of the time series for the period under
study, 1856-2001. It is a similar period as analyzed by the previous litera-
ture but with more recent information. A clear observation appearing from
Figure 1 is the fact that all GHG variables present strong upward trends
that have been observed in the previous literature.

As that argued in the literature (Stern and Kaufmann, 2000), an essential
preliminary step in the analysis of these variables is the identification of the
time series properties. One way to approach this issue is the application
of univariate unit root tests. Stern and Kaufmann (2000) proceeded with
using three different univariate unit root tests. However, as documented
by Haldrup and Lildholdt (2002), these statistics are incorrect. Because
when tested for I(2) and the underlying series is indeed integrated of order
two, these statistics give rise to an excessive rejection of the null hypothesis

12 A preliminary version of the paper included data of chlorofluorocarbons (CFCi; and
CFC12). Graphical inspection of both time series indicates zero values until 1930s, after
that they increased very fast. These two variables were found to be I(2) processes in Stern
and Kaufmann (2000). We decided exclude both time series for the following reasons: i)
the visual analysis indicates a particular behaviour that may distorts the analysis; i) their
importance in terms of total GHG has reduced; iii) increasing the dimension of the system
of equation to be estimated, therefore reducing the number of freedom degrees given our
sample size; and iv) identification of cointegration relations is complex and unlike the
field of economics, we are not sure what are the physical relationships and interactions
between all these GHG series, solar irradiance and temperature time series. Therefore, by
excluding both variables, we reduce the possibility to find too many cointegration relations
which are always difficult to identify and interpret.

13Radiative forcing is the change of the net irradiance caused by factors such as GHG,
water vapor, solar radiation. ‘GHG are of particular interest, as they are most likely to
change radiative forcings over the next decade. The net irradiance is the difference of the
irradiance that the earth absorbed minus the irradiance the earth emitted, expressed in
Wm ™%, where W is a measure of energy (Watt) and m indicates meters.
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of a unit root in favor of the stationary and explosive alternatives. This
size distortion is caused by the fact that the test statistics have a different
distribution originated by one additional unit root. In consequence, the
recommendation of Haldrup and Lildholdt (2002) is to test I(2) against I(1)
prior to testing I(1) against I(0). These authors concluded that all basic
univariate unit root tests suffer from size distortion.

In a set of results not reported here'*, we applied double unit root test
suggested by Dickey and Pantula (1987) and also the statistic proposed by
Hasza and Fuller (1979). The results indicated that the carbon dioxide se-
ries contains two unit roots, that is, it is an I(2) process. The temperature
and solar irradiance series were found to be I(1) processes, the other GHG
series under study (nitrous dioxide and methane) appeared containing ex-
plosive roots. The last result is not totally clear after the application of all
statistics. The difficulty with this case is the fact that explosive roots mimic
the behaviour of I(2) processes, see Haldrup and Lildholdt (2002).

In summary, most of the results confirm the previous results found in
the literature, see Stern and Kaufmann (2000). Although it appears to be
the case, we adopt another strategy in this paper. This approach consists of
applying multivariate technique to detect the number of I(0), I(1) and I(2)
trends in the system. As we shall see in the following analysis, there are

more than one possible cases in the selection of the integration indices®?.

4.2 The First Case

The first case is represented by the system with our 5 variables, ie, y: =
{tempy, r f suny, v fco2s, 7 fchds, 7 fn20:}. Table 1 presents the results ob-
tained from the application of the approach of Johansen (1988, 1995b) in
determining the rank of matrix 116, Both Trace and Amay statistics indicate

' But they are available upon request. I applied standard ADF test (Dickey and Fuller,
1979; Said and Dickey, 1984); Phillips-Perron test (Phillips and Perron, 1988), and ADF
test using GLS detrended data as suggested by ERS (1996).

15 Analysis of I(1) and I(2) models was performed using CATS for RATS, see Hansen
and Juselius (1995). A slightly modified version of the program of Jorgensen et al. (1999)
was used. I also thank H. C. Kongsted who proportionated his program used in Kongsted
(2003).

1¢Tn all cases, we consider linear trends in the data. An intercept and a time trend are
also allowed in the cointegration space. In terms of the I(2) framework, this is the model
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that 7 = 3, that is, there exist three cointegration relations. Because n = 5,
we have s} +so=n—7r=2.

Table 2 presents the results of the statistic H, s for selecting sg. The first
row represents the value of the statistic, the second and third rows (in italic)
are the critical values at 95.0% and 97.5% respectively. As we explained in
the previous section, reading of this table starts from the left-corner and we
continue to the right. If no acceptation is found, we continue to the second
row of values (r = 1). The procedure stops when a non-rejection is found.
In the present case, the results indicate that sg = 0 and consequently s; = 2.
Then, there are two I(1) trends and there is no I(2) trends in the system.
However, note that using critical values at 97.5%, it is possible to find s5 = 1
and consequently s; = 1.

As suggested by Juselius (1999), a good way to complement this infor-
mation is the calculus of the eigenvalues of the companion matrix. The eight
largest eigenvalues obtained from the unrestricted VAR are: 1.0292, 1.0292,
0.9641, 0.9641, 0.9384, 0.9384, 0.7163, 0.7163. It appears to exist two explo-
sive roots and four eigenvalues close to the unit circle. In other words, there
appears to exist four unit roots in the system. Now, because the first step (in
the I(1) framework, see Table 1) indicates r = 3, we proceed with imposing
this restriction and now the eight largest eigenvalues of the restricted VAR
are: 1.0283, 1.0283, 1.000, 1.000, 0.9378, 0.9378, 0.7179, 0.7179. There are
two unit roots as a consequence of the restriction of r = 3 but there are two
more eigenvalues close to the unit circle. It indicates, again, the existence of
four unit roots!”. Remember that in the I(2) framework the total number
of unit roots is given by s1 + 2s2, which in the present case indicates that
s1 =0 and sy = 2.

In summary, we have some different information using the H, s statistic
and the eigenvalues of the companion matrix. We decide to work with both
alternatives. Then, they are r = 3,51 = 1,so = land r = 3,87 = 0,89 =
2, respectively. In the following, they are named as Case 1 and Case 2
respectively. ‘

Following the notation used in the previous section, Table 3a presents

suggested by Rahbek et al. (1999).
7" Notice that the two explosive roots seem to confirm the univariate analysis.
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cointegration relations and adjustment parameters corresponding to Case 1.
Notice that there are two cointegrating relations including only the levels
of the variables (Bo,iyt, i = 1,2). Furthermore, the relation Blyt — Ri1Ay,
denotes the polynomial cointegrating relation or what we denoted in the
previous section as the dynamic steady-state relation. The bottom panel
gives the corresponding loadings (8,1, Qp,2, @1). and the coefficients that
reflect the composition of the stochastic I(1) and I(2) trends are &7 and
Gi19. The table also presents vectors 11 and 8 | o that denote the loadings
(adjustment parameters) to the stochastic I(1) and I(2) trends.

Table 3a specifies that around 46.6% of the disequilibrium in the static
long-run steady-state is corrected by the temperature series each year. This
is similar as what was found by Stern and Kaufmann (2000). On the other
hand, the result that temperature series does not react to the second static
long-run relation is also interesting. The response of the temperature series
to the dynamic steady-state relation is 19.1%. As we know, this dynamic
steady-state relation (polynomial cointegration relations) includes the lev-
els and the growth rates of the variables. Therefore, the result indicates
the response of temperature series to disequilibria towards the steady-state.
Regarding to the medium-run steady-state relation (B,J_lAyt), we observe
that it is composed by temperature, solar irradiance, carbon dioxide and
methane series.

Regarding the stochastic I(1) and I(2) trends, we have the followirg
observations. Firstly, it appears that both I(1) and I(2) trends are driven by
three GHG (a1, @12), whereas the influence of methane and nitrous dioxide
is higher in stochastic I(2) trend (@,9). In other words, permanent shocks
to the three GHG seem to have generated the I(2) trend. Secondly, the
respective loadings (or adjustment parameters) to these stochastic I(1) and
I(2) trends indicate that temperature series, solar irradiance and carbon
dioxide are influenced by them (3,;, f 12)- The results also show that
temperature, carbon dioxide, and solar irradiance are more influenced by
the stochastic I(1) trend (ﬁ 11)- However, the stochastic I(2) trend seems to
affect strongly the temperature series (B 5).

Regarding the equilibrium temperature change for a doubling of carbon
dioxide (AT%,), the results indicate that it is 3.4 °C; see the first long-run

22



steady-state relation. This value is higher than those found in the literature
but it is in agreement with the average of estimates from fifteen general
circulation models coupled to mixed—layer ocean models reported in IPCC
(2001).

Table 3b proportionates similar information but for the case r = 3,83 =
0,59 = 2. In this case the results show that there is only one static long-run
steady-state relation and two dynamic steady-state relations. The loading
corresponding to the long-run steady-state relation seem to indicate that
temperature series is not error correcting which may indicate that the dise-
quilibria are not corrected at all. The response to the dynamic steady-state
is, as before, higher and with the correct sign. In fact, it appears that tem-
perature series is correcting 4.8% and 64.6% (each year) of the disequilibria
presentéd in these relations.

Because in this case s; = 0, there are not I(1) trends in the system. The
two I(2) trends seem to be driven by carbon dioxide and nitrous dioxide
in the first case (@ 2,1) and by the three GHG in the second case (Gi122).
Observing the coefficients in B 12,1 and ﬁ 12,2, it is clear that the higher
influence (in both cases) is on temperature series. All these results confirm
the analysis of Kaufmann and Stern (2000).

4.3 The Second Case

Univariate and multivariate analysis seem to indicate that there are explosive
roots in the system. Therefore, an alternative analysis is to separate the five-
variable system into two sub-systems. The first system contains 3 variables:
temperature, solar irradiance and carbon dioxide. The second system has
two variables: methane and nitrous dioxide, the ones that seem to have
explosive roots.

Tables 4a and 4b present the Trace and Anyax statistics. Notice that the
selection of the rank of matrix II is valid even when there are explosive or
I(2) trends, see Nielsen (2001, 2002). Table 4a (3-variable system) indicates
that r = 1. The same result is found for Table 4b (2-variable system).

Tables 5a and 5b present the results from the H,. , statistic. The numbers
in italic are critical values at 95% quantile. In the case of the 3-variable sys-
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tem (Table 5a), we found sp = 1 and consequently s; = 1. The seven largest
eigenvalues of the companion matrix corresponding to the unrestricted VAR
are: 0.9942) 0.9297, 0.8402, 0.8402, 0.7796, 0.6543, 0.6543. It seems there
are two roots close to the unit circle. When r = 1 is imposed, the seven
largest eigenvalues are: 1.000, 1.000, 0.9546, 0.8494, 0.8494, 0.6844, 0.6844.
We have two unit roots as the results of restriction » = 1. However, there
is another root 0.9546 very close to the unit circle, and this indicates the
presence of I(2) trends. Therefore, according to the results of the eigenval-
ues of the companion matrix, the total number of unit roots is 81 +2s9 = 3.
This is in agreement with the results of the statistic H, ;. Because we have
the evidences that solar irradiance and temperature are both I(1) variables
from univariate tests. It seems that carbon dioxide is the one responsible
for the existence of the I(2) trend.

For the system with 2 variables (Table 5b), the results indicate s2 = 1,
therefore, s; = 0. In this case, the existence of one I(2) trend is difficult to
accept since our preliminary results (see the last sub-section) indicate that
there are two explosive roots which should be attributed to the two variables
in the 2-variable system. The five largest eigenvalues of the companion ma-
trix from the unrestricted VAR are: 1.0393, 1.0393, 0.8774, 0.6901, 0.6901.
When » =1 is imposed, the eigenvalues are: 1.029, 1.029, 1.000, 0.714,
0.714. We have one unit root corresponding to the restriction of r = 1 and
two explosive roots. Others are not close to the unit circle. This informa-
tion indicates that there is no I(2) trend in this system. Whereas it seems to
verify that explosive roots mimic the behaviour of I(2) trends, as reported
by Haldrup and Lildholdt (2002). Therefore in this case we conclude with
r=1,8 =1and sg =0.

Table 6 shows the estimates of ﬁl, R1, 01, BM, Bﬂ, @1 and a8, Each
year the temperature series corrects 12.6% the‘disequilibria in the dynamic
long-run steady-state relation (polynomial cointegration). It is interesting to
observe that the I(1) trend is driven by temperature and radiative forcing of
solar irradiance but not by radiative forcing of carbon dioxide. However, the
I(2) trend is completely driven by this greenhouse gas. The magnitude of the

18There is no similar estimates in the case of the 2-variable system because there are
not I(2) trends.

24



estimates of [3 11 tells us that the I(1) trend affects significantly all variables
in the system, with the major effect on temperature series. Because this I(1)
trend is driven by the temperature series itself and for the radiative forcing
of solar irradiance, the estimates of E 1 indicate that this trend corresponds-
to “inertial” (or persistent) factors (temperature itself) and natural factors
(radiative forcing of solar irradiance). In the case of the magnitudes of
B 192, the effects are also appreciated on temperature series. This I(2) trend
could correspond to the human factors, that is, the GHG effects, in this case
represented by radiative forcing of carbon dioxide.

The cointegration relation detected in the 2-variable system indicates a
relationship between radiative forcing of methane and nitrous dioxide. We
introduce this relation (together with the polynomial cointegration relation
found in the 3-variable system) in the error correction model to calculate
the response of the temperature series to these steady-state relations. The
results indicate that temperature series responds 50.18% to the static long-
run relation between radiative forcing of methane and nitrous dioxide. These
results are in agreement with those results found in the last sub-section.
From Table 6, we found that ATy, = 2.15 C°, which is in agreement with
past literature, see Kaufmann and Stern (2002).

4.4 The Third Case

Another alternative is to transform the variables in such a way that an I(1)
framework can be performed. Based on the results outlined before, tempera-~
ture series and radiative forcing of solar irradiance are I(1) processes. Hence
they enter the new system in levels. Radiative forcing of carbon dioxide is
most likely an I(2) process and then enters the system in the first differences
(Ar fco2). For the case of radiative forcing of methane and nitrous dioxide,
we found evidence of explosiveness. Therefore we apply filter Ay (Ayy; =
Yt — AYz—1) to these variables with A = 1.029. In summary, our 5-variable sys-
tem is now composed of y = {temps,rfsung, Arfco2;, Axrfchds,
Axrfn2o:}.

Table 7 presents the results from the application of the Trace and Aoz

statistics and it suggests r = 2. In order to be sure that our system does not
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contain I(2) trends, Table 8 presents the results of the H, s statistics. The
results confirm our claim. Therefore the integration indices are r = 2 and
s1 =n —r = 3. The eight largest eigenvalues of the companion matrix for
the unrestricted VAR are: 0.9581, 0.9581, 0.923, 0.923, 0.861, 0.861, 0.848,
0.848. In the case of the restricted VAR (r = 2), these eigenvalues are:
1.000, 1.000, 1.000, 0.890, 0.890, 0.858, 0.858, 0.838. We have three unit
roots corresponding to the restriction of » = 2 and no other roots close to
the unit circle!®. The results seem to confirm that the total number of unit
root is three implying that there are not I(2) trends.

Table 9 presents the estimates of the two cointegrating vectors, the load-
ing values and the I(1) trends. The null hypothesis for the long-run exclu-
sion of solar irradiance in the first steady-state relation and the imposition
of a coefficient of -0.5 associated to carbon dioxide was not rejected with a

( y = = 2.75 corresponding to a p-value of 0.10. The long-run exclusion of
the time trend was always strongly rejected.

The estimates of the adjustment parameters show that temperature se-
ries is error correcting 10.8% and 12.3% each year. The first I(1) trend is
driven by three GHG with a larger weight on radiative forcing of methane.
The second I(1) trend is almost completely driven by radiative forcing of
nitrous dioxide but with a small participation of radiative forcing of solar
irradiance. The last I(1) trend is driven by two GHG with a larger weight
on radiative forcing of carbou” dioxide and again, a small participation of
radiative forcing of solar irradiance.

5 Conclusions

This paper applies multivariate I(1) and I(2) tools to identify the existence
and the number of long-run steady-state relations between temperature se-
ries and radiative forcing of solar radiance and a set of three GHG. One of
the results indicates that temperature and radiative forcing of solar irradi-
ance series appear to be I(1) processes, radiative forcing of carbon dioxide is
an I(2) process, and radiative forcing of methane and nitrous dioxide seem to

°Tn economics, some researchers consider that an eigenvalue of 0.89 is close to the unit
circle. In our case, we prefer preclude this kind of possibilities.
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contain explosive roots. In most variables (temperature, radiative forcing of
solar irradiance and carbon dioxide), our results confirm previous evidences
in the literature.

Given the complex structure and properties of the time series, we ana-
lyzed three alternative cases. In the first case, a 5-variable system is con-
sidered. The second case studies variables with I(1) and I(2) characteristics
and the ones with explosive behaviour separately. The last system considers
a transformation of the variables in such a way that the I(1) framework can
be used. Overall, all systems show that temperature series is error correct-
ing the disequilibria towards the static steady-state or dynamic steady-state
relations. The degree of adjustment of the temperature depends on which
cointegrating relation is considered with a range from 5% to 65%. The
higher end of this range is comparable to the results found by Stern and
Kaufmann (2000). In some cases, however, temperature series is not error
correcting for the long-run disequilibria. It means that there is nothing in
the system that allows for correcting these disequilibria. On the other hand,
the high rate of adjustment with respect to other disequilibria could suggest
abrupt changes in temperature in order to correct for these disequilibria.

Another interesting result is the composition of the I(1) and I(2) trends.
According to our results, both trends are essentially composed by a lin-
ear combination of GHG that are affecting the temperature series strongly.
Specifically, we find that the I(1) trend is driven by temperature and radia-
tive forcing of solar irradiance, whereas the I(2) trend is driven by a linear
combination of the three GHG or exclusively by the radiative forcing of
carbon dioxide. The first component could be associated to inertial and/or
natural factors. In the case of the second component, it could be related to
human factors. '

Finally, we find that the equilibrium temperature change for a doubling
of carbon dioxide is between 2.15°C and 3.40°C, which is agreement with
previous literature and the report of the IPCC (2001) using fifteen different

general circulation models.
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Table 1. Testing for Cointegrating Ranks
Y: = (tempy, 7 fsung, v fcoge, 7 fcha, 7 frgor)

Hy  Jmax Trace Amax 90% Trace 90% .
Critical Values Critical Values
r=0 83.6 196.2 34.8 82.7
r=1 494 1125 29.1 59.0
r=2 419 631 23.1 39.1
r=3 142 213 16.9 ' 23.1
r=4 71 7.1 10.5 10.6

Table 2. Testing for Integration Indices
1/t = (tempt’ ’l“fsunt, TfCOQt, TfCh4t, r.anOt)l

T ) Hr,s ' Q'r‘

o

4180 3126 2520 2208 1982 196.2
(198.2) (167.9) (142.2) (119.8) (101.5) (87.2)
(203.2) (178.4) (147.1) (124.4) (105.6) (91.2)
1 268.6 1714 1368 1148 1125
(187.0) (113.0) (92.2) (75.8) (62.8)

(141.5) (117.4) (96.5) (79.0) (66.1)

2 1634 912  69.0  63.1
(86.7)  (68.2) (58.2) (42.7)

(90.8) (71.4) (55.9) (45.8)

3 579 362 213
‘ (47.6)  (34.4) (25.4)

(50.7) (36.8) (27.9)

4 153 7.1
(19.9) (12.5)

(22.2) (14.2)

n-—r—8=8y 5 4 3 2 1 0
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Table 3a. Decomposing the system into I(0), I(1) and I(2) spaces; Case 1
Y: = (tempy, r fsuny, v fcoas, 7 fchas, 7 frgor)’

Boa Boz B1 k1 Bii  Bio
temp 1.000 1.000 1.000 -79.039 -3.921 -5.698
rfsun -0.078 -4.639 -1.638 -26.868 -3.006 -1.937
rfcop  -0.792 -2.161 7.303 -35.985 9.647 -2.594
' rfchy 0.928 5.565 -22.491 -21.236 2.074 -1.531
rfngo -36.398 2.774 96.030 -1.872 -0.268 -0.135
trend  0.015 0.004 -0.050

&1 b2 61 ; i1 &g
temp -0.466 0.067 -0.191 ) -0.000 -0.001
rfsun -0.034 0.096 -0.014 -0.001 - -0.002
rfcog  -0.015 ~ 0.010 -0.005 0.007 -0.007
rfchy -0.003 0.002 -0.002 0.011  0.095

rfneo  -0.000 0.002  0.000 - -0.009 0.125

Table 3b. Decomposing the system into I(0), I(1) and I(2) spaces; Case 2
Y; = (tempt) TfS’U/TLt, T'fCOQt, lrfChllta Tfn20t),

Bo B R1 P12 Ry Bizi  Bizg
temp 1 1 17.424 1 -20.510 8.404 -5.473
rfsun -5.931 -0.238 -32.565 -0.959 3.306 7.540 -0.954
rfecop -3.127 5878 96.770 1.648 -28.565 -9.968 -3.149
rfchy 6.308 12.513 22,5607 -7.305 -8.875 -0.838 -1.444
rfngo 16.920 -88.710 -2.954 14.819 0.401 0.617 -0.054

trend  0.003 0.049 -0.007
&y é1,1 a2 i1 Gugp
temp . 0.100 -0.048 -0.646 0.0001 -0.002
rfsun  0.075 0.002 -0.031 0.001 -0.007
rfecog  0.009 -0.002 -0.017 -0.018  0.050
rfchy  0.002 0.000 -0.005 0.000 0.139
rfngo - 0.000 -0.000 0.000 0.065 0.048
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Table 4a. Testing for Cointegrating Ranks

Y: = (tempy, 7 fsun, r fcoa)

Hy  Agax Trace Amax 90% Trace 90%
‘ Critical Values Critical Values
r=0 36.1 54.5 23.1 39.1
r=1 147 18.4 16.9 23.0
r=2 3.7 3.7 10.5 10.6

Table 4b. Testing for Cointegrating Ranks
}/t = (TfCh/4t7 Tf’I’LQOt)I

Hy  Amax Trace Amax 90% Trace 90%
Critical Values Critical Values
r=0 43.3 52.2 16.9 23.0
r=1 89 8.9 10.5 10.6
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Table 5a. Testing for Integration Indices

Y; = (tempy, 7 fsun, 7 fcogt)’

r k 7 H; s Qr
0 213.5 1149 = 58.0 54.5
(86.7) (68.2) (53.2) (42.7)
1 102.0 21.6 18.4
(47.6) (34.4) (25.4)
2 6.4 3.7
(19.9) (12.5)
n—r—38=8 3 2 1 0

Table 5b. Testing for Integration Indices;
Y: = (rfchat, 7 froor)

r Hy s Qr
0 77.3 53.2 52.2
(47.6) (34:4)  (25.4)
1 15.6 8.9
(19.9) (12.5)
n-—7—8§=8 2 1 0

37



Table 6. Decomposing the systems into I(0), I(1) and I(2) spaces
Y; = (temypy, 7 fsung, r feon)

B1 R1 Bia Bz
temp 1.000  -0.819 10.505 2.606
rfsun -3.341 -0.085 4.396 0.269
rfcos - -0.500 -1.073 -8.366 3.414

trend 0.006

&1 TR Qg9
temp -0.126 0.046  0.000
rfsun  0.069 0.085  -0.001
rfeop  -0.001 -0.001  -0.096

Table 7. Testing for Cointegrating Ranks
Y = (temps, r fsuns, Ar foop, At fchas, Ayrfngor)

Hy  Jmax Trace Amax 90% Trace 90%
Critical Values Critical Values
r=0 572 1314 34.8 82.7
r= 424 743 — 291 59.0
r=2 17.0 31.9 23.1 39.1
r=3 9.6 14.8 16.9 23.0
=4 52 5.2 10.5 10.6
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Table 8. Testing for Integration Indices

Y; = (tempy, r f sung, Ar fcoay, Azt fchye, Axr frgor)’

T H'r,s Qr
0 506.9 384.1 302.3 224.8 163.1 131.4
(198.2) (167.9) (142.2) (119.8) (101.5) (87.2)

1 373.1 254.4 173.4 106.9 74.3
(187.0) (118.0) (92.2) (75.3) (62.8)

2 239.8 155.3 75.8 31.9
(86.7)  (68.2) (58.2) (42.7)

3 130.6 52.3 14.8
(47.6)  (344) (25.4)

4 23.2 5.2
(19.9) (12.5)

n—1r—35=859 5 4 2 1 0

Table 9. Decomposing the system into 1(0), I(1) and I(2) spaces
Y: = (tempy, r fsung, Ar fcoor, Azt fchas, Axr frgor)

Bo Bo,z Biiy Biig Biigs
temp 1.000 1.000  -0.016 - 0.335 ' . 0.002
rfsun 0.000 "~ -4.000° © 0.000° 0.086  0.007
Arfeoy -25.133 -0.500 -0.000 0.004 -0.004
Ayrfchy  -31.552 40.057 0.001 -0.000 0.000
Axrfnoo 1504.442 -196.466 0.000 -0.000 -0.000
trend 0.006 0.005
b1 a0,2 dy11 Gu12 G613
temp -0.108 -0.123 0.001 -0.006 -0.008
rfsun -0.000 0.060 -0.006 -0.015 -0.019
Arfeog -0.001 0.000 0.115 -0.003 0.993
Ayrfchy 0.000 0.001 0.993 -0.009 -0.115
Ayrfngo  -0.001 0.000 0.009 0.999 0.001
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Figure 1. Global temperature deviations (in °C), radiative forcing (in Wm_z) of solar
irradiance, GHG; 1856-2001.
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Chapter 2

Unit Root Tests and Structural Change when the
Initial Observation is Drawn from its
Unconditional Distribution
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1 Introduction

Since the seminal work of Nelson and Plosser (1982), large literature has
contributed to the debate of whether macroeconomic time series are trend-
stationary or difference-stationary. Perron (1989, 1997), Zivot and Andrews
(1992), Christiano (1992), Banerjee, Lunsdane and Stock (1992) contributed
to the debate by introducing an unknown structural break into the model
and proposed methods to estimate the break point. ERS (1996) derived
a family of point optimal tests using GLS-detrending approach, which im-
proved the power of unit root tests substantially. Perron and Rodriguez
(2003) extended their approach to the context of unknown structural change
models, and derived the statistics for point optimal tests, M-tests (Stock
1999) and ADF test (Dickey and Fuller 1979; Said and Dickey 1984).

However, few paper has studied the impact of initial observation on unit
root tests. Traditionally, theoretical work assume the starting value of time
series is zero or has finite expectations (fixed initial condition), therefore the
effect. of initial observation disappears asymptotically. Until now only two
trials addressed the influence of initial condition explicitly. Elliott (1999)
introduced a random initial condition by assuming the initial observation is
drawn from its unconditional distribution under the alternative hypothesis,
and he found loss of power in both large and small samples. Miiller and
Elliott (2003) extended this result by generalizing the initial condition and
derived a family of point optimal tests over a weighting function of different
initial conditions. ‘

But no paper has explored the impact of random initial condition in the
context of structural change models. This paper intends to fill this gap.
Following Perron and Rodriguez (2003) and Elliott (1999), this experiment
introduces both an unknown structural break and a random initial condi-
tion under the alternative hypothesis. Simulation results will show that the
power of unit root tests discussed have decreased in both large and small
samples.

The rest of this paper is organized as follows. Section 2 defines the
model, derives the asymptotic theory and calculates the asymptotic results.
Section 3 presents the finite sample results and evaluation. - Section 4 gives
an empirical application and Section 5 concludes. All proofs are presented
in the Appendix.
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2 The Model and Asymptotic Theory

2.1 The model

For the ease of comparison, this paper considers the same model and statis-
tics as those in Perron and Rodriguez (2003), but with a different assumption
on the initial observation. Hence the data generating process (DGP) is:

Yy = di+u (1)
Uy = U1+ Ut (2)
o = 1+t . (3)

Instead of assuming ug = 0, we adopt the following assumption from Elliott
(1999): '

Condition A (Initial condition assumption). We assume that ug is zero
when o = 1, s0 uy = vy, while u; has mean zero and wvariance o2/(1 — o?)
when a < 1. '

Under this assumption, the initial observation does not disappear at thie
convergence rate of T1/2 under the alternative hypothesis (see Lemma A.1
in Appendix for proof). Presumably, this will have an impact on the limiting
distribution and hence the power performance of the test statistics. In the
following section, we will use £ in the limiting distributions to represent the
effect of initial condition.

dy = 'z is the deterministic component. Two types of models are
considered using different specifications on di. Model I includes an in-
tercept, a time trend, a break in slope in the trend function and z =
{1,t,1(t > Tp) (t — TB)} where 1(-) is an indicator function, Tp is the
date of the break point. A set of estimates of coefficients is denoted as
& = [fu, /@1: ,32]' . Model II includes an intercept, a time trend, a break in
both intercept and slope, therefore we have z; = {1,1(t > TB),t,1 (¢t > Tg)
(t — Tg)}. Accordingly, a set of estimate of coefficients is denoted as ¢ =
(1, g, B1, B)'. Equation (3) is the local to unity framework established in
Phillips (1987), Chan and Wei (1987), and it functions as a bridge connect-
ing the stationary and non-stationary time series. When ¢ = 0 we are under
the null hypothesis of a random walk, while when ¢ < 0 we are under the
alternative hypothesis of stationary time series.

For the innovations {v;}, we have the following assumptions:
Condition B (see Elliott, 1999; and Davidson, 1994; for a general treat-
ment). The innovations {v;} satisfy (a) E[w] = 0 and 7,(j) —F 7,(5),
for fixed j, where 7,(j) = E[vvi—;] and 7,(j) = T} Y t=j1 Vett—j; (D)
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the functional central limit theorem can be applied to the partial sums
St = E§=1 v; and T-l/zsm] = N(0,0%) = oW(r), where = signifies
weak convergence, W(r) is a standard Wienner process on the interval [0,
1], 62 = limy_,o T"1E(S%) is the non-normalized spectral density at fre-
quency zero!, it is a finite positive number such that 0% = D e moo Yud )2

2.2 Asymptotic Theory Assuming Known Break Point

To derive the asymptotic distributions using GLS detrending approach, we
first transform the data using y& = [(1 - 542)1/2 y1, (1— &L)yt], 28 =
[(1 - a2)1/2 2, (1- &L)zt}, and uf = [(1 - a2)1/2 uy, (1- &L)ut], fort =
1,---, T, and & = 1 + &I'"!. Notice that the treatment of the first obser-
vation changes compared to the case analyzed by ERS (1996), Perron and

Rodriguez (2003). Secondly we estimate the coefficients of the deterministic
component using OLS regression:

yE= (4)

The limiting distribution of A1 ({p — 1/1) with a scaling matrix A =

diag (T%/2,T~%/2,T~1/2) is derived in Lemma A.2 and A.3 in the Appendix.
Then we arrive at quasi-differenced {y;}:

Gi=vi— P 2 (5)

Using the above detrended data, the asymptotic distributions of three test
statistics are derived. The first one is the widely used ADF statistic (Dickey
and Fuller, 1979; Said and Dickey, 1984), which tests whether Gg = 0 in the
following augmented regression:

k—1
Afy = Oofis—1 + Z bjAGr_j + sk (6)
i=1

! According to Elliott (1999), the process v; is a potentially serial correlated stationary
process. Under these assumptions with v; Gaussian and further the initial value up = 0
under both the null and alternative hypothesis, ERS (1996) showed that no uniformly most
powerful test exists and derived the asymptotic power functions for the most powerful test
against a sequence of local alternatives of o < 1. Perron and Rodriguez (2003) proceeded
with the same way. We will refer to this as the fixed initial condition case.

2 A number of consistent estimators of o are available. See Stock (1994) for a discussion
and review.
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where the lagged first differences are used to account for the serial correlation
in the time series.

The second group of statistics are based on M-tests proposed by Stock
(1999), further analyzed by Perron and Ng (1996). This class of tests include
a modified version of Phillips-Perron’s (1988) Z, test; a modified statistic
developed by Bhargava (1986), Sargan and Bhargava (1983); and a modified
Phillips-Perron’s (1988) Z;, tests. Using the detrended §; series, the M-test
statistics can be written as:

MzGH = (% -T7's%) (2T_2Zyt D7 (7

MSBELS = (T“ZZ /)2, (8)
T

MZGES = (T7'F - s)As'T2 Y g )2 9)
t=1

Perron and Ng (1996) showed that the main advantage of M-tests is that
they have less size distortions when the error term contains negative moving
average dynamics and in other cases acceptable size distortions.

The third statistic is based on a family of point optimal tests developed
by ERS (1996), in which they showed that no uniformly optimal tests exist
for unit root testing. Based on Dufour and King (1991), they developed a
feasible point optimal test, which has a power function tangent to the power
envelope at one point of the alternative hypothesis. The statistic is defined
as

PELS = {S(a) — aS(1)}/s* ‘ (10)

where S(&) = u®u® and S(1) = ul’u! are the squared sum of residuals
under the alternative and the null hypothesis respectively. s? is a consistent
estimate of o2, the spectral density at frequency zero. Perron and Rodriguez
(2003) extended PSS test to the case of an unknown structural break and
zero initial value. Here we adopt random initial condition and denote the
resulting test statistics as PICJ;LS , where £ represents the effect of random
initial condition.

To calculate the limiting distributions of M and P-tests, an estimator
of the spectral density at frequency zero is required. We use the following
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consistent autoregressii/e estimate s? proposed by Perron and Ng (1998):
= /1= b,

where §2, = (T —k)~ Zt—-k-{—l &2, b(1) = ZJ 1 bj, {&4) and b; are obtained
from the augmented regression (6).

We first assume a known break point at Tg and § = T /T (this assump-
tion will be relaxed in Section 2.3, the following theorem 1 and 2 state the
limiting distributions of the unit root statistics described above.

Theorem 1 Let {y;} be generated by (1) to (3), the initial value is given
by Condition A, {v:} satisfies Condition B, GLS-detrending is applied using
& =1+, § = Tg/T is the break point, s* is a consistent estimate of
02, the spectral density at the frequency zero. Then the MELS and ADFEGLS
statistics for Model I and IT have the following limiting distributions:

0591 (C, E, 5) MZGLS
GLS s L= a
(6) 92(c> c, 5) _J £ (c ® 6)
MSBGLS(6) = (g2(c, T, 8))1/2 = JMSBES (¢ %, 6)
0.5g1(c, €, 6) MzZGLS
GLS -
§) = —=2 7 = JMy c, 6
©) (92(c,, 6))1/2 AR

' 0.5g1(c, %, 6) ADFSLS | _
GLS ) ;
ADFg (8) = (alcc )~ JHTE T (e, T, 6)

where g1(c, T, 0) = V(l)(l 6)2‘ 2V6(52)(1,6) -1, g2(c,E, 6) = fo V(l)('r, 8)dr —
2 [FV(r,8)dr, V) (r,8) = We (r)=by—rbs, V) (r, 8) = be (r — §) W (r)—

» V' ce

rbs — by — (1/2) (r — §) bg]. The elements by, bs, bg can be calculated using

[ ~ 28 12-¢ ~E(1-6)+ 3 (1 - 6)°

o=
[2%]
!
ol
—
+
wl—
o
i
ol
& 3

—E(1-8)+3P 16 m

- where by = —2¢£—¢(c—¢) fol We(r)—eW (1), o =(1—2) W (1)+c fol We(r)—
&c—2) fyrWe(r), bg=(1—C+ )W (1) - W (6) —e(c—¢) f5 rWe(r) +
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§8(c — &) [y We(r) + e [f We(r), m=1—6§—c+26 — 126 + L& + 1&26%,
d=1-6-21-6)?%+3c%1-6)% and ¢ ~ N(0, —5-) under the alter-
native hypothesis, with W,(r) the Ornstein-Uhlenbeck process and satisfies
dWe(r) = cWe(r)dr + dW (r) with W;(0) =0

Theorem 2 Let {y;} be generated by (1) to (8), the initial value is given
by Condition A, {v:} satisfies Condition B. GLS-detrending is applied using
a =1+ to (5), § = Tg/T is the break point, s* is a consistent estimate
of 0%, the spectral density at frequency zero. Then the P%LS test for Model
I and II have the following limiting distribution ‘

1 1
P§LS(c,e,6) = —20¢? -2 / We(r)dW (r) + (¢ — 22c) / We(r)dr
0 0
+M(c,0,6) — M(c,,6) ¢

= JPR(c,5,0)

where M(c, ¢, 6) = A(c, ¢, 6) B (¢, 6) A(c, &, 6), and A(c,E,6), B (E,6) are de-
fined in the Appendix. Unlike Perron and Rodriguez (2003), the term &,
representing the effect of random initial condition, enters the limiting dis-
tribution of the statistics.

2.3 The Selection of Break Point

In order to circumvent the data mining problem caused by pre-examination
of the time series, two data-dependent methods estimating the break point
endogenously are applied. One is the infimum method proposed by Zivot
and Andrews (1992). The other one is the supremum method by Perron
(1997).

The first method is to select the break point that gives the strongest
rejection against the null hypothesis of @ = 1. Since among the statistics
studied here a smaller one indicates a rejection of the null hypothesis, the
break point 6* can be selected using

J(c,¢)= inf J(c¢E 6

(¢, ©) sl (¢,2,6)
where J represents the asymptotic distributions of the MEGLS , and the
ADFgGLS statistics derived in Theorem 1. Using this method, the selec-

tion of §* for PC,GCLS is slightly different. According to Perron and Rodriguez
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(2003), the break point can be selected using criterion:

PSLS(c g) ={ inf a,6)— inf & 2 1
e (¢, C) {56[16131_515(a,6) 6E[m1 E]aS(l,é)}/s (12)

where a truncation e is needed for critical values to be bounded and e =
0.15 is used throughout the paper as standard literature suggested. Perron
and Rodriguez recognized that when the break point is unknown “things
are different. The principle is, however, still the same” (page 8, Perron
and Rodriguez, 2003). Their argument, which was not clearly explained,
was concerned with the fact that the infimum of the GLS squared sum of
residuals are constructed in the same way as ERS (1996) suggested. Notice
that this criterion may be taken as not optimal if we consider that there
does not exist a break point under the null hypothesis. The reason is clear
because we have an unidentified parameter under the null hypothesis (see
Andrews, 1993). In this case we should take the Sup, Mean or Exp (see
Andrews and Ploberger, 1994) of the likelihood ratio statistic for a specific
break point. However, if we consider the existence of a break point under
the null hypothesis, the procedure used by Perron and Rodriguez (2003)
appears to be optimal because it is invariant with respect to all nuisance
parameters of the model, including the break point. In other words, the
minimization of the GLS square sum of residuals is performed taking into
account of all corresponding parameters of the model®. ,

Applying (12) to Theorem 2, P:,%LS test has the following limiting dis-
tribution:

1 1
P§FS(c,e) = -2 / We(r)dW (r) + (¢ - 256)/ WE(r)dr - (13)
0 0
+sup M(c, 0, 8) — sup M(c, &, 8) — ¢ — 2c£2

= JFE (e, 5).

The second method of estimating break point is proposed by Perron
(1997), where he recommended to choose the 6* related to the largest ab-
solute value of the t-statistic associated with the parameter of broken time
trend. After selecting 6*, we calculate the corresponding MEGLS (6%}, and
ADF, £G LS (6*) statistics. However, there is no criterion available for feasible
point optimal test when using supremum method to choose the break point.

3We thank important discussions with Pierre Perron regarding the adequacy of the
constructed power envelope in Perron and Rodriguez (2003). Our conclusion is that, even
in the case where their power envelope is not completely right, the correct or “optimal”
power envelope should be very close, and the statistics proposed have power very close to
" this power envelope. In practical terms, there are no significant problems:

48



2.4 Asymptotic Results

Under the null hypothesis of ¢ = 0, we use T" = 1000, 10,000 replications
to simulate asymptotic critical values when ¢ = —1 to -70 (& = 0.999 to
0.93). Then we let ¢ = ¢ to calculate maximal power at each ¢ and graph
the power envelope. To choose the € for the GLS detrending of {y;}, we
select the one that achieves 50% of the maximum power as suggested by
ERS (1996), and ¢ = —24. Intuitively, a lower ¢ here (compared to the
¢ = —22.5 in Perron and Rodriguez, 2003) indicates that it may take longer
to reach the same level of power. In other words, the power envelope shifts
down from the previous one calculated in Perron and Rodriguez (2003), and
the loss of power is caused by the relaxation' of assumption on the initial
observation. Power envelopes for both cases are graphed in Figure 1.

Next, we use the critical values obtained when ¢ = —24, T = 1000
and 10,000 replications to calculate the asymptotic power function for each
statistic and the results are graphed in Figure 1 and 2. It is obvious that
for each test, the curve of power function lies under the power envelope, but
not far from it. Using infimum method to choose break point sometimes
gives a slightly higher power function than supremum method. The results
from Perron and Rodriguez (2003) are also graphed in the same figure as a
comparison.. We can see that the power of each test has dropped due to the
change of initial condition. ’

3 Small Sample Monte Carlo Evidence

In practice, many time series have small sample size and asymptotic distri-
bution is not a good approximation. Therefore it is necessary to simulate
finite sample critical values and to evaluate the performance in terms of size
and power. When doing this, there is always a question of how many lags
should be chosen to account for the serial correlation and to maintain cer-
tain power. Now it is generally agreed that data-dependent methods bring a
better test performance than choosing lag length % a priori (see Ng and Per-
ron, 1995). In the following, we use four information criteria and a recursive
method (Campbell and Perron, 1991) to choose k.

3.1 The S.election of k

Akaike and Bayesian Information Criteria (AIC and BIC hereafter) are two
basic methods to choose the number of lags. They take the form of AIC(k) =
arg minke[o,kmx]{ln(égk) + %—k-} and BIC(k) = arg minke[o,kmx]{ln(égk) +
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M%;)—k}, where T* = T — kmax, §% = (T — kmax) ™} Zttr:kmx_*_l €% . Kmax
should be large enough to account for the potential serial correlations in the
time series, and Emax = int[12 x (T/100)*/4] as recommended by Ng and
Perron (2001). The shortcoming of these information criteria is that when
there are strong negative moving average (MA hereafter) components in the
error term, which is quite often in macroeconomic data, they tend to select
a smaller k& than necessary for unit root tests to have a decent size.

To account for the size distortions when there is strong negative MA
errors, Ng and Perron (2001) proposed a modified version of AIC and
BIC (MAIC and MBIC) by including a penalty factor #7(k) = (52,)"1a2
Z:{:km” +1 §2_,, where @ can be estimated using the augmented autore-
gression (6). Ng and Perron (2001) have shown that when a strong neg-
ative MA error exists, 77(k) increases as k decreases. Therefore, 77(k)
can be used as a penalty factor to correct underfitting, and MAIC, MBIC
are of the form: MAIC(k) = argminge(o ..., j{In(s%) + 2(F7(k) + k)/T*}
MBIC(k) = arg minge(o ... {In(s,) + In T*(F7(k) + k)/T*}.

The last method is a sequential ¢-test or recursive method (t-sig here-
after) proposed by Campbell and Perron (1991). To apply this method,
we start from kpax = int[(4 x (T/100)}/4] when estimating the augmented
regression (6). If the t-statistic associated with the kyaxth lag is significant
(p-value less than 0.1), then k& = kmpax is chosen. Otherwise we redo the
regression with kmax — 1 lags, and so on, until we find the lag that has a
significant t-statistic. Note that if k = 0 and no rejection is found, we will
select k = 0. The advantage of this method is that it has less size distortion
than AIC and BIC when there is a strong i;ega_.tive MA error.

3.2 Size and Power in Finite Samples

The performance of AIC is poor and hence, not included. Furthermore, in
order to save space, the results for MBIC are not included either®. The
critical values for model I and II, using k selected by BIC, MAIC and t-sig,
1000 replications, are tabulated in Table 1 to 4. Table 1 and 2 calculate the
critical values using infimum method to choose break point, whereas Table
3 and 4 present the critical values using supremum method. Based on these
critical values, we simulate finite sample size and power when T' = 100, and
200. We also include dynamics in the error term v;, which follows an AR(1)
and an MA(1) process, i.e., v; = pvs—1 + e; and v; = e; + fe;—1, where
et ~ t.4.d. N(0,1). The simulation results are tabulated in Table 5 to 8. We

4 All these results are available upon request.
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summarize the following two main features from these results:

First, when comparing different methods of selecting &, MAIC has much
acceptable size distortions than BIC when there is a strong negative MA(1)
error. For example, when § = —0.8, T' = 200 in Table 6, the size distortions
using MAIC are 0.140, 0.137, 0.140, 0.167 and 0.103 respectively; While
when using BIC, they are 0.874, 0.873, 0.871, 0.911, and 0.849 respectively.
Second, when comparing different statistics, all tests except the ADFSELS
statistic have low power when there is a strong negative AR(1) error. For
example, when p = —0.8, T' = 200 in Table 6 and 8, the power for M; GLS
and PGLS tests are at mos’c 5%, while the power for ADFGLS test is about
50%.

4 Empirical Applications

Two time series from the Nelson-Plosser data set are examined: real wages
(1900-1970) and common stock prices (1870-1970). A common characteristic
that appears by pre-observing the data is that they both exhibit a change
in level and slope (see Figure 3 and 4). Therefore, model II is selected to
test. whether the null hypothesis of a unit root will be rejected or not. The
test results using information criteria to select lag length k are tabulated in
Table 9a,b. We find that the date of break point selected are the same as
those in Perron and Rodriguez (2003), and they are associated with major
events. The fitted real wage series with a break in 1938 is graphed in Figure
3, and the fitted stock price series with a break in 1931 is gra.phed in Flgure

‘When using information criteria BIC and MAIC most test statlstlcs are
able to reject the null hypothesis of a unit root at least at 5% significance
level. But comparing the results with those of Perron and Rodriguez (2003),
there exists less evidences in favor of the rejection of the null hypothesis of
a unit root. For example, for real wages, it is rejected at 1% significance
level in Perron and Rodriguez (2003) but at 2.5% in our case when using
supremum method and MAIC for the M Z, statistic. When using infimum
method and ADF statistic for the real wages, it is rejected at 5% using BIC
and 2.5% using MAIC in Perron and Rodrfguez (2003). In the present study,
it is rejected at 10.0% when using BIC and 5.0% when using MAIC. These
evidence indicates that the power of unit root tests may have decreased due
to the new assumption on the initial value.

The results using t-sig method are summarized in Table 10a,b. When
using infimum method, the null hypothesis of a unit root is rejected in all
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cases at least at 10.0%. However, when using supremum method, the null
is not rejected for real wage time series.

To summarize, the empirical evidence suggests a rejection of the null
hypothesis of a unit root but with less evidence in comparison with what
has been found in Perron and Rodriguez (2003).

5 Concluding Remarks

Changing the initial condition in the DGP has different impact under the null
and alternative hypothesis in unit root testing. Under the null, the change
of initial value is equivalent to a mean shift. Therefore invariance principle
can be applied for various initial conditions and the test statistics remain
the same. But this proposition is not true under the alternative hypothesis,
where invariant tests will have a different distribution as the initial condition
changes, and hence, impacts on power performance are expected.

This paper examines M£GL5 ; ADFELS , PI%LS tests in the context of an
unknown structural change when the initial observation is drawn from its
unconditional distribution, in comparison with zero or fixed initial values as
dealt by Perron and Rodriguez (2003). As a result, we find loss of power
in both large and small samples. Therefore, it is recommended to assume
the initial observation is drawn from an unconditional distribution in order
to be more conservative. The finite sample size and power performance are
also studied when a variety of dynamics are included in the error term. The
performance of the tests are quite different when different criteria are used
to select the order of autoregressions, but what we observe is consistent with
what standard literature predicts.
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Appendix
Lemma A.1. Under the initial condition specified in Condition A, we have

1
T—1/2U1 = U'N(O, ':%)

= o¢.

and as ¢ — 0 the variance of £ converges to zero.

Proof of Lemma A.1l. Using the local to unity framework o = 1+ 7, we
can show that T' (1 — a2) = —2¢. Applying to u; ~ N(0, %;), we have
TY2y; = of, and € ~ N (0,:%). For continuity, we require that the
variance converges to zero as ¢ — 0 following Elliott (1999).

Lemma A.2. Let {y;} be generated by (1) to (3), the deterministic compo-
nents given by Model I, the initial condition is given by Condition A, and
6§ =Tpg/T is the break point, then we have,

T2 — ) = obs,
TYV2(B, — By) = abs,
T2(By — B) = obs.
where the definitions of by, bs, bg are given in the following proof.

Proof of Lemma A.2. In matrix notation, we have:

AT (H(6) — ) = {Az&za'A]_l [Az%u®]

where
_ 0 1mon1/2 —1 —1
i (-2¢/T — &/T?) —-er—t ... ~eT
2 = | (~2g/T-&/T2)* ... —eT-1(t-1)+1 e ,
0 —eT1(t-1)+éc+1

u = [(—25/T - 62/T2)1/2 uy, (¢ — &) T uy +vg,--+,(c— &) T_luT;1 + UT} ,
A = diag(TY? T2 7712,

We first calculate matrix Dsys, the limiting distribution of Az%z% A. We
know that the limiting distributions of entries D11 "Dyg Dag are the same
as those in Elliott (1999); the limiting distributions of D3, D33 have been
calculated in Perron and Rodriguez (2003). That is, D = & — 28, Dya =

162~ 6, Dyp=1+3c%—¢ Dyg=1-6—c+cb— 326+ L2 + 126 =m,
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Dy = 1—6— (1672 + 3 (1- 6)® = d. Therefore we only need to
calculate the limiting distribution of Di3:

Dz = [( 28/T — ‘2/T2)1/2 -¢/T --- —¢/T —¢/T --- —E/T}
x[0 -+ 1 1-¢/T 1-2¢/T - 1-(T-Tp~-1)gT]

[ti -5 e-0-)

=Tg4+1

= —5(1—6)+%<‘:2(1‘—6)2.

Next, we calculate the limiting distribution of Az%u®. We have

T2 ¢ 0
A% = | 0 T-12
1/2

0 0
- 2 ma\/2  _omo1 -1
(—2¢/T - &/T%) —-cIr— - —cr
x| (-2g/T -2/ ... —erl(-1)+1
0 —eT1(t—-1)+é6c+1

(—2¢/T — 62/T2)1/2 w1, (e = &) T ug +va, - - - (¢ — &) T up—y + vr, ]/

3 (—2,1,‘3 %g) U1 +T2 Zt —o ( ET‘l) [(c -7) Ty 1 + ’Ut]
(CF~#)m+ TS [ - ) 4 ) = T
Zt —Tg+1 [ —eT 1 (t—1)+éc+ 1] [(c - &) Ty + vt]

X
—

~

wlr-' wl»—-

T~
T~
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The first element of the above 3 x 1 vector may be expressed as:

T
= 26T Y2y, — BT 3%y + T2 Z(—ET_I)(C — )T g1
' =2

T
+TY2 Y (—eT Yo,
t=2
T
= 2TV — BTy T3 %%(c-2) Y w1
: t=2
T
-—--C_T'—l/2 Z Ut
t=2

1
o o2t —(c—7) /0 We(r) — oW (1)}
oby. 7 ' (A1)

il

By the same token, the second element may be written as
= 2T 3y — 2T u; +

T
T2 (el (t—1) (e — &) T ugr — T (E— Dt
t=2
+(c— ) T upy + v}

: : T
= 2T %2y = T = c(c= ) T2 (t— D
t=2
T T T
e S (=D e+ (=T ua + T2 vy
t=2 ' t=2 t=2

V 1 1
N a{—é(c—é)/o ch(r)—E[W(l)—/O W, ()]
1
+(c—a)/0 W, (r) + W (1)}

1]

1 1
a{(l—E)W(l)Jrc/O Wc(r)—é(c—é)/o W, (1))
oby. ' (A2)

i
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Finally, the third element is given by:

T ,
= T N (e ¢t-1) (- T my — el (t—Dw
t=Tg+1 .
+62(c— &) T usy + v + (c — &) T ug_1 + v}

T
= 772 Y {—er M e- T w1 + 2T (¢~ &) Ty
t=Tg+1
—eT Yty + T 1y + 6 (c — &) T g1 + bcuy
+ (c -2) T—lut-l + v} ‘

1
N a{(l—c‘:+5<‘:)W(1)—W(&)—E(c—E)/6 W, (r)
1 1
+62(c—2) /6 Wa(r) + ¢ /5 W, ()}
= obs. (A.3)

' Therefore, using D;j, for 1,7 =1,2,3 and (A.1), (A.2), and (A.3), we have:

i —
AL B1— b1
B2 — Ba

= (Az&za'A) RV

FZ-2 . . ; et-¢ —E(1-68)+ 12 (1-6)> -
= | 3-¢ 1+32 -2 m
—E1-8)+i21 -6 m d

oby

X | oby
obs
by

(el b5 y
be

the proof completes.ll

Lemma A.83. Let {y:} be generated by (1) to (8), the set of deterministic
components is given by Model II, the initial condition is defined in Condition
A, § is the break point. Let 1 (6) be the estimates of the coefficients of (4),
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then the results of Lemma A.8 still hold with the addition that jig — po =
limp_, o (€, 6)vry = v*, where k(¢ 6) is defined in the following proof.

Proof of Lemma A.3. For Model II, we have

X —H1 o\
A—l gQ —22 — (Azaza/A) Aza a/
17 M1
Ba = B

where A = diag (Tl/z, l,T_l/z,T_lﬂ) , and

~25/T — &%) &

!

| Slelon

1 —

| o -
|

Eli

e
4,
ot

_
3l
N
o
+
N
o

(

0 o
(—2¢/T - &/T%)'* 1-& 1
0 . 1- < +é6¢ ¢
As before, we first calculate the limiting dlStI‘lbuthIl of Az® z A From the
proof of Lemma A.3, we know that D11 = &2 - 2¢, D13 = 5 —¢ D=
—c(1—6)+ (1— ) D33 = 1+ 12— e =g, D34=>mD44=>d We
only need to calculate the terms Dis, D22, Da3, Doy:

C
Dy = T1/2{——+T2+ ﬁ}
= ‘Tf{—erﬁ(T—TB)}
= 0,
& &
Doy = 1+—T—2-+---+:,—,2—
&2
= 1+T§(T_TB)
= 1,
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T

Dy = T -(Ts-1)=2-2 3 [-@¢-13)
T‘1/2{1 — (T - 1) == (T Tg)
z (t-1)}
t=Tp+1
= 0,
Doy = T_1/2{1 — (TB - 1) —5' +6¢
5‘—1— Z [1—(t—1)—+6c]}
t=Tg+1
- T‘1/2{1+ ——(T TB)+ Z (t-1)
t""TB+1
—‘S—(T Tp))

= 0.

Next we calculate the limiting distribution of Az%u®. Note that the first,
the third and the fourth elements are already calculated in the proof for
Lemma A.3. We only need to calculate the second entry which is:

[0 1 o -f)
’
%2 2\V? _
X (_T_.:ZT?) ul’...(C_E)T 1ut—1‘+"Ut;"'
z T
= (C_E)T_IUTB—I‘i“vTB_T Z [(c—E)Tflut_1+vt]
t=Tp+1
= Urg-
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Therefore, we have

(Aza‘ za"A) 1 Az
—1

[N

2 -2 2 ¢ —c(1-8)+Z(1-67?

0 %
0 1 0

= %——6 0 a
—2(1-6)+21-6% 0 m

O’bl

UTy

O'bg

obs

o]

& 3

Using matrix algebra, the second element of the resulting matrix is equal
to:

k* (€, 6) vry
2
(@ ~ 2¢) ad — (i;- -a) d

k(¢ 6) vy =

b

with k* (¢, 8) = (& — 2¢) ad+2m (& ~ 26) [-c(1 - 6)+ 5 (1 - 8)*| [~ (1 — &)+
9_—23 (1 - 6)%2a—~m? (52 - 25)—d(%—5)2. That is, fig— e = im0 & (€, 6) v75 =
v*. M

Proof of Theorem 1. We only show the proof of MZSS for Model I

in detail. The proof for Model II and other statistics follows analogously.
First; we-calculate the limiting distribution of T‘lﬂ% as follows:

T = T fur— [y - ) + Bo— BT+ By - )1 () (T~ T8)]}
CT7Hud + (g — pg)? + (By — By)?T?
+(BZ — By)%1 (Z(T —T6)? — 2up(fiy — py)
+2(8; — B1)T(Bs — B2)1 () (T — T¥)
~2ur(By — B)T — 2ur(By — B2)1 () (T — T5)
+2(Hy — 1 )(B1 — BT
+2(1 — 1) (By — B2)1 () (T — T6)}.

It is worth to note that the limiting distributions of some terms have been
found already in Perron and Rodriguez (2003). The other terms are calcu-
lated as follow:
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L TN — m)? = (T30 — m))? = 0%,

AT gy — ) = 2TV ug) [Tl — )] = —20°Wi(1)bs,
2T (R —ay) (B — B)T = 2AT/2(3 — )T By — B)) = 20%babs.
273y~ By~ B0)(T ~T8) =27y ) B o) 207, ~py) B~

Bo)8 = 2[T~Y2(fh; — /~L1)HT1/2(/32 — Ba)) = 2TV (g — py ) TY2(B, —
B5)6] = 202bsbg(1 — 6).

=~ W

Therefore,

T2 = o*W2(1) + 022 + o2b2 + o263(1 ~ 6)?
—202W,(1)by + 202bsbg(1 — 8) — 20%bsWe(1)
—20%b6W,(1)(1 — 6) + 20%b4bs + 202b4bs(1 — &)
= o?{[W2(1) — 2b5W,(1) + b2 + b2 — 2b4W,(1) + 2b4bs)
—[2bg(1 — §)W,(1) — 2bsbe(1 — 8) — b2(1 — 6) — 2bsbg (1 — 6)]
= oX{[W.(1) — by — bs]® — 2[bg(1 — 6)][We(1) — by — b5

51— 8)b]
= 02{14%”(1,5)2 2w, 5)} (A.4)

where V.0 (1,6) = We(1) — bg — bs, and v(?)(l §) = [b6(1—5)][wc(1)—b4—
bs — ‘(1 — 6)bs]. : :

Next we calculate the hmltlng dlstrlbutlon of T~ 22 1177: 1- Using the
above results and by the Continuous Mapping Theorem (CMT), we have

T 1 1
23" g2 = 20 / v (r, 8)2dr — 2 / v 8)dry.  (A5)
=1 0 ')

Then by substituting (A.4), (A.5) into (7) and by using the fact that s? is
a consistent estimate of 02, the proof is complete.ll

Proof of Theorem 2. Here we onl%r give the proof for Model I. Defining
My (c, &, 8) = (u&za,A) (Azaza"A) (Az%u?) | we have S (&, §) = u®u®
Mz (c,0,6) and S(1) = ulul — M7 (0,0,6). By definition, u® = [(1 —
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&2)1/2u; (1 — @L)ug,- - -, (1 — &L)7], and u! = [0,(1 = L)ug,- - -, (1 — L)7].
Simple algebra shows that

uaual _ ulull

1 1
= 282+ (% - 2ct) / W2 (r)dr — 25/ We (r) dr.
0 0

= . =~ = -1 = =
Notice that all elements of M7 (c,¢,6) = (uaz"‘ A) (Azaza A) (Az%u®)
have already been calculated. Therefore,

MT(C,E,(S)
= [oby oby ob3z ] ,
(-2 12z —g1-6)+i2@1-621"
x| 3 —¢ 1+32-¢ m
| —E(1-8)+32(1-6)? m d
-(J‘bl
X | oby |.
| obs

The calculation of Mr (0,0, 6) follows the arguments of Perron and Ro-
drfguez (2003) since the initial value is not changed under the null. Using
infimum method to estimate the break point, the limiting distribution of the
feasible point optimal statistic is given by

PFfS(c,e) = sup M(c,0,6)~ sup M(c,,8)

b€le,1—¢] . sefe,1—¢]
1 1
282 — 2¢ / We(r)dW (r) + (& — 2éc) / We(r)2dr — €
0 0
= Jgf;s(c, ¢).

and this completes the proof.ll
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Table 1. Critical Values for PT%L S5 MECGLS agnd ADFCLS tests choosing T minimizing the statistics; Model I

(€= —24 when constructing the tests and s2)
Test Size T =c0 _T =100 T =100 T =200
k=0 BIC MAIC t-sig BIC MAIC t-sig

M Z, .01 -43.210 -30.422 43919 -30.876 -261.061 --39.131 -35.537 . -60.412
.02  -37.283 -27.589 -35.735° -27.956 -146.495  -33.697 = -31.174 -51.096
.06 -33.366 -25.507 -30.209 -25.379  -75.534 -30.185  -28.461  -43.068
10 -28.783 -22.994 -25.817  -22.492  -50.765 -27.080 -24.545  -32.537
20 -24.106 -20.016 -21.408  -19.368  -34.711  -22.068  -20.815  -26:767

MSB 0 0.107 0.127 0.106 0.125 0.043 0.113 0.118 0.090
.025 0.115 0.133 0.118 0.132 0.058 0.120 0.126 0.098

.05 0.121 0.138 0.127 0.139 0.081 0.127 0.131 0.107

.10 0.130 0.145 0.138 0.147 0.098 0.135 0.142 0.123

.20 0.142 0.155 0.150 0.159 0.118 0.149 0.152 0.135

MZ, .01 -4.621 -3.874 -4.674 -3.894  -11.408  -4.421 -4213 -5.468
.02 4300 -3.691 -4.217 -3.701 -8.525 -4.067 -3.923 -5.014

.05 -4.064 -3.545 -3.863 -3.541 -6.143 -3.876 -3.769 -4.601

.10 -3.766 -3.367 -3.577 -3.340 -5.033 -3.6567 -3.455 -4.020

.20 -3.449 -3.132 -3.240 -3.075 -4.129 -3:299 -3.205 -3.607

ADF 01 -4.621 -4.919 -5.122 -4.980 -5.297 -4.839 -4.790 -5.067
025 - -4.300 -4.562 -4.804 -4.538 -4.984 -4.530 -4.396 -4.675

.05 -4.064 -4.304 -4.488 -4.230 -4.655 -4.256 -4.172 -4.432

.10 -3.766 -3.997 -4.176 -3.865 -4.292 -4.046 -3.819 -4.149

.20 -3.449 -3.673 -3.755 -3.532  -3.929 -3.625 -3.479 -3.746

Pre .01 6.967 7.600 7.379 9.948 1.662 8.054 9.021 5.340
.025 8.065 9.149 8.950 11.340 2.935 9.260 10.008 . 6.399

.06+ - -9.340- 10.470 10430 12,118 - - 4.509 10.161 10.846 7.681

.10 10.866 12.135 12.016 13.479 7.129 11.755  12.962 10.003
.20 13.110 . 14.401 14.413 16.004 9.934 14.088 15.129 11.962




Table 2. Critical Values for ch'?’s, MGLS gpd ADFCGLS tests choosing Tz minimizing the statistics; Model II

(€ = —24 when constructing the tests and s2)
Test Size T =00 _T =100 T =100 - T =200
k=0 BIC MAIC t-sig BIC MAIC t-sig

MZ, .01 -43.210 -32.049 -92.017  -33.065. -529.130 © -44.641 -36.079 -70.335
025 -37.283 -29.436 -43.7199  -30.396  -220.145  -34.854  -32.217 -58.017
.05 -33.366 -27.214 -36.687  -27.039 -119.088 -32.066 -29.773 = -49.142
.10 -28.788 -24.566 -30.082  -24.686 -73.058  -28546 -26.219  -36.865
20 -24.105 -21.600 -24.610  -21.238  -47.797 -23.633  -21.862  -30.140

MSB 01 0.107 0.123 0.073 0.122 0.030 0.105 0.117 0.084
.025 0.115 0.129 0.106 0.127 0.047 0.117 0.124 0.092

.05 0.121 0.134 0.116 0.133 0.064 0.124 0.129 0.100

.10 0.130 0.141 0.127 0.141 0.082 0.131 0.136 0.115

.20 0.142 0.150 0.141 0.151 0.101 0.144 0.148 0.127

MZ; .01 4.621 -3.977 -6.763 -4.034 -16.265 -4.716 -4.233 -5.914
025  4.300 -3.805 -4.653 -3.878 -10.489 -4.164 -3.971 -5.367

.05 4.064 -3.660 -4.254 -3.663 -7.710 -3.963 -3.854 -4.913

.10 3.766 - -3.475 -3.836 -3.480 -6.014 -3.749 -3.596 -4.274

.20 -3.449 -3.255 -3.465 -3.216 -4.832 -3.403 -3.277 -3.848

ADF 01 4.621 -5.109 -5.281 -5.072 -5.518 -5.065 -4.811 -5:187
026 4.300 4.758 -5.068 -4.685 -6.227 -4.661 -4.509 -4.841

.05 -4.064 -4.492 4.739 -4.381 -4.945 -4.385 -4.243 -4.570

.10 -3.766 -4.183 -4.402 -4.103 -4.576 -4.121 -3.964 -4.260

.20 -3.449 -3.845 -3.987 -3.716 -4.163 -3.754 -3.593 -3.894

Py .01 6.967 9.136 7.824 10.761 2.276 8.964 10.195 5.307
.025 8.065 10.409 9.353 12.174 3.540 10.357 11.109 6.926

.05 9.340- 11:600 11.087 13.250 4.853 11.388 11.911 8.345

.10 10.866 13.208 13.061 14.572 7.415 12.617 13.761 10.457
.20 13.110 15.232 15.255 16.739  10.394 14.842 15.904 12.765




Table 3. Critical Values for MG and ADFCGLS tests choosing T'g maximizing | ; Model I
By

(2 = —24 when constructing the tests and s?)

Test: Size T =00 T=100 T = 100 T =200

k=70 BIC MAIC t-sig BIC MAIC t-sig

MZ, 01 -42.432 -30.876 -40.049 -30.424 -187.405 -38.111 -34.804 -57.572
025 -36.810 -28.678 -33.988 -27.585 -99.541 -33.506 -30.694 -50.1.02
05 -32.689 -25.717 -20.498  -24.982 -66.232 -29.851 -27.964 -40.333

.10 -28.266 -23.204 -24.967  -21.966 -42.880 -26.705 -24.048 -31.524

.20 -23.748 -19.986 -20.751 -18.829 -30.353 -21.764 -20.405 -25.718

MSB- 01 0.107 0.126 0.110 0.127 0.051 0.114 0.118 0.092
026 0.115 0.131 0.121 0.132 0.070 0.121 0.126 0.099

.05 0.122 0.138 0.129 0.139 0.086 0.129 0.133 0.111

.10 0.131 0.145 0.139 0.149 0.107 0.136 0.143 0.125

.20 0.143 0.156 0.153 0.160 0.126 0.149 0.154 0.137

MZ, .01 -4.579 -3.928 -4.440 -3.862 -9.653 -4.355 -4.171 -5.342
025 -4.263 -3.750 -4.100 -3.675 -7.008 -4.059 -3.899 -4.970

.05 -4019 -3.575 -3.784 -3.514 -5.751 -3.845 -3.734 -4.473

.10 -3.737 \-3.381 -3.506 -3.291 -4.600 -3.634 -3.415 -3.926

.20 -3.423 -3.124 -3.836 -3.008 -3.875 -3.274 -3.162 -3.560

ADF .01 -4.579 -4.981 -5.103 -4.897 -5.205 -4.788 -4.606 -4.941
025 -4.263 -41615 -4.713 -4.435 -4.928 -4.506 -4.324 -4.597

.05 -4.019 -4.366 -4427 - -4.163 -4.543 -4.226 -4.081 -4.383

.10 -3.737 -3.960 -4.076 -3.814 -4.226 -3.989 -3.757 -4.079

.20 -3.423 -3.621 -3.681 -3.458 -3.840 -3.567 -3.419 -3.689




Table 4. Critical Values for MG*® and ADFGLS tests choosing Tp maximizing [ta2 |; Model 11

(€ = —24 when constructing the tests and s?)
Test Size T =00 T =100 T =100 T = 200
k=0 BIC MAIC t-sig BIC MAIC t-sig
MZ, 01 -42432 -28.651 -38.583 = -27.367 -108.695 < -34.731 -30.784  -54.661
026 -36.810 -26.634 -32.090  -24.442 -78.069  -31.155 -27.036 -40.413
.05 -32.689 -23.638 -27.184  -21.780 -49.497  -26.721  -24.692  -33.122
.10 -28.266 -20.865 -22.605 -19.560 -36.566. -22.881  -2L.167  -27.747
.20 -23.748 -17.970 -18.664 -16.975 -25.375  -19.313  -17.837- -21.795
MSB .01 0.107 0.130 0.113 0.133 0.067 0119 0.127 0.095
.025 0.115 0.136 0.123 0.142 0.079 0.126 0.135 0.110
.05 0.122 0.143 0.134 0.149 0.100 0.136 0.141 0.122
.10 0.131 0.153 0.147 0.158 0.115 0.146 0.152 0.134
.20 0.143 0.165 0.162 0.169 0.138 0.159 0.164 0.150
MZ, .01 -4.578 -3.763 4.385 -3.684 -7.367 -4.158 -3.909 -5.206
.025  4.265 -3.608 -3.977 -3.483 -6.240 -3.909 -3.675 -4.494
.05 4.012 -3.421 -3.660 -3.290 -4.972 -3.640 -3.491 -4.050
.10 -3.737 -3.208 -3.326 -3.102 -4.253 -3.351 -3.219 -3.687
.20 -3.423 -2.963 -3.028 -2.882 -3.556 -3.096 -2.957 -3.282
ADF 01 -4.579 -4.674 4.823 = -4.529 -4.987 -4.631 -4.352 4.681
025 4.263 -4.403 -4.483 -4.121 -4.600 -4.286 -4.130 4.434
.05 -4.019 -4.062 -4.220 -3.784 -4.289 -4.030 -3.803 -4.163
.10 -3.737 -3.750 -3.845 -3.548 -3.987 -3.724 -3.520 -3.801
.20 ~3.423 -3.468 -3.512 -3.275 -3.627 -3.381 -3.223 -3.476




Table 5. Size and Power when using Infimum Method for Model I; T=100

(& = —24 when constructing the tests and s2)
Size Power

Criteria. MZ, MSB MZ, ADF Pr. MZ, MSB MZ, ADF Py,
i.4.d. BIC 0.051 0:050 0.051 0.050 - 0.051 0.318 0.299 0.324  0.510 0.381
MAIC 0.051 0.051 0.050 0.050 0.051  0.508 0.499 -~ 0.502 0.448  0.495
t-sig 0.050 0.050 0.061  0.051 . 0.051 0.180 0.181 0.180 0433  0.164

MA(1) Errors
0=-08 BIC 0.937 0.935 0.938 0.97 0932 0.9% 0996 0996 1.000 0.995
MAIC 0.399 0.397 0400 0378 0.339 0.827 0.829 0.825 0.829 0.707
t-sig 0.107 0.108 0.107  0.798 0.088 0.297 0299 0.297 0.961 0.263
8=-04 BIC 0.401 0.39% 0.395 0487 0.402 0.887 0884 0.886 0913 0.834
MAIC 0.135 0.135 0.136 0.100 0.111 0.556 0.552 0.550 0.457 0488
t-sig 0.040 0.040 0.040 0.253 0.038 0.136 0.136 0.136 0.737 - 0.121
=04 BIC 0.214 0.212 0.213 0.095 0.201 = 0.729 0.720 0.732 0524 0.735
MAIC 0.100 0.105 0.094 0.006 0.048 - 0.134 0.129 0.137 0.065 0.101
t-sig 0.066 0.066 0.066 = 0.061 - 0.064 0.189 0.190  0.187 0404 0.191
6=08 BIC 0.526 0.526 0.521 0.118 048 0.729 0.728 0.728 . 0.407 - 0.707
MAIC 0.223 0.231 0.220 0.008 0.105 ' 0.338 0.336 © 0335 0.046 0.265
t-sig 0.089 0.090 0.087 0.049 .0.091  0.282 0.283 0.281.  0.227  0.299

. =y AR(1) Errors
p=-08 BIC 0.018 0.017 0.018 ~ 0.047 © 0.013  0.040 0.039 0.040 0.45  0.033
MAIC 0.000 0.000 0.000 0.043 0.000 0.008 0.007 0.008 0.330° 0.010
t-sig 0.020 0.020 0.019 0.040 0015 0.072 0073 0.072 038  0.057
p=-04 BIC 0.142. 0.138 0.145 0.168 0.136  0.510 0.510 0.511  0.596 0.510
MAIC 0.062 0.064 0.064 0.050 0.058 0.353 0339 0356 0335 0.335
t-sig 0.048 0.049 0.048 - 0.085 .- 0.038 - 0.150 0:150 - - 0:150-- 0.434- 0.138
p=04 BIC 0.155 0.152 0.149  0.053 0.131 0.538 0527  0.543  0.296  0.562
MAIC 0.103 0.110 0.098 0.013 0.055 0.074 0073 0.075 0.021  0.048
t-sig 0.076 0.079 0.075 0.046 0.059 0.170 0.170 0.167 0.262 - 0.165
p=08 BIC 0.293 0.303 0.282 0.060 0.186 0.350 0.347 0.351  0.131 0.346
MAIC 0.326 0.339 0.308 0.049 0.189 0.383 0390 0.387 0.104 0.338
t-sig 0.145 0.149 0.143 0.061 0.079 0.117 0.117 0.114 0.132  0.100




Table 6. Size and Power when using Infimum Method for Model I; T=200

(€ = — 24 when constructing the tests and 52)
Size Power

Criterin MZ, MSB MZ, ADF Pr, MZ, MSB MZ, ADF Pr;
i.i.d. BIC 0.050 0.050 0.0560 .0.050 0.050 . 0.506 0.497 0.495 0.517 0.436
MAIC 0.051 0.050 0.051 0.050 0051 0.431 0.423 0.420 0.372 0.423
t-sig 0.050 0.051 0.051 0.051 0.061  0.200 0.204 0.213 0.432 0.242

MA(1) Errors
6=-0.8 BIC 0.874 0.873 0.871  0.911 - 0.849 0.9% 0.996 0.996 0.999 0:988
MAIC 0.140 0.137 0.140  0.167 0.103 0.394 0.390 0.391 0.421 0.281
t-sig 0.425 0.427 0.432 0.706 0.418 0.813 0.813 0.816 0.973 0.755
0=-04 BIC 0.236 0.238 0.228 0.241 0.213 0.849 0.842 0.845 0.861 0.809
MAIC 0.097 0.095 0.088 0.058 0.076 0.416 0.410 0.406 0.326 0.363
t-sig 0.056 0.058 0.068 0.123 0.061 0.337 0.338 0.346 0.633 0.384
=04 BIC 0.177 0.175 0173 0.104 0.156 0.719 0.708 0.711 0.567 0.699
MAIC 0.103 0.099 0.099 0.037 0.080 0450 0.443 0.441 0.219 0.378
t-sig 0.064 0.066 0.068 0.060 0.064 0.338 0.342 0.347 0.378 0.373
=08 BIC 0338 0338 0.328 0.097 0264 0730 0726 0723 0393  0.695
MAIC 0.189  0.195 0.188 0.006 0.114 0.430 0.423 0.426 0.083 0.366
t-sig 0.053 0.0563 0.054 -0.030 0.055 0.267 0.269 0.279  0.190 0.310

) ) AR(1) Errors
p=-—0.38 BIC 0.005 0.005  0.005 - 0.053 ~0.004 0.027 0.025 0.029 0475 0.021
MAIC 0.001 0.001 0.001 0.040 0.000 0.013 0.013 0.013 0.276 0.010
t-sig 0.011 0.012 0.012 0.047 0.010 0.055 0.055 0.055 0373 0.051
p=—-04 BIC 0.053 0.051 0.050 0.063 0.047 0.438 0.429 0427 0473 0.402
MAIC 0.044 0.043 0.044 0.041 0.041 0.346 0.339 0.336 0310 0.302
t-sig 0.034 0.036 -0.034- 0.049  0.033 0.161 0.166 0.167 . 0.385  0:1830
p=04 BIC 0.115 0111 0:108° 0.057 0.097 0571 0.558 0.562 0.401 0.551
MAIC 0.109 0108 0.104 0.041 0.090 0.454 0.448 0439  0.246 0.404
t-sig 0.054 0.052 0.052 0.047 0.052 0.269 0.273 0.276 0.350 0.315
p=0.38 BIC 0.145 0149 0.138 0.066 0.102 0.403 0.398 0393 0234 0.380
MAIC 0.153 0.154 0.136 0.042 0.093 0.365 0371 0.357 0.162 0.345
t-sig 0.091 0.096 0.092 0.0561 0.061 0.200 0.200 0.204  0.192 0.215




Table 7. Size and Power when using Supremum Method for Model I; T=100
(€ = —24 when constructing the tests and 32)

Size Power
Criteria MZ, MSB MZ, ADF MZQ MSB MZ, ADF
i.4.d. BIC 0.050 0.050 0.050 0.050 0.335 0.336 0.381 0:510

MAIC 0.051 0.049  0.050 0.051 .0.49 0.465 - 0.490 - 0.445

t-sig 0.050 0.050 0.050__ 0.051 0.169 0.170 0.169  0.451
: MA(1) Errors

6=-0.8 BIC 0.931 0931 0935 0.969 0.993 0.993 0.994 1.000
MAIC 0.333 0.328 0334 0329 0.707 0.706  0.706  0.711

t-sig 0.080 0.080 0.080 0.770  0.266 0266 0.265 0.934.

6=-04 BIC 0.395 0.401 0401 0.466 0876 0.875  0.883  0.906
MAIC 0.109 0.102  0.111  0.087 0.49 0481 0489 0412

t-sig 0.038 0039 0.038 0234 0121 0121  0.121 0.704

0=04 BIC 0.190 0.192 - 0.202 - 0.088 0.718 0.714 ~ 0.734 0.519
MAIC 0.047 0.048  0.047 0.005 0.098 0082 0.097 0.071

" tsig 0.066 0.068 0.064 - 0.060 0.194 0194 0193 0.423

6=08 BIC 0.440 0444 0451 0.098 . 0.703 0.705 0.708 - 0.397
MAIC 0.103 0.101 0.102  0.003 0.238 0224 0.239 0.035

t-sig 0.092 0.092 - 0.091 ~ 0.050  0.299 0.302  0.299 -~ 0.223

AR(1) Errors

p=-038 BIC 0.012 0.011 0.012° 0.042  0.030 0.029 © 0.030 0.417
MAIC 0.000 0.000 0.000  0.038  0.006 0.005 0.008 0.279
t-sig 0.014 0014 0014 0042  0.057 0.057  0.057  0.362
p=—-04 BIC 0.135 0.133 0.140 0.158 0497 0494 0504 0.582
MAIC 0.057 0.052 0.056 0.050 0.322 0295 0.324  0.326
t-sig 0.041 0.042 0.041 = 0.088  0.137 0.138 .0.136 .0.425
p=04 BIC 0.134 0137 0.134  0.047 " 0.537 0.535  0.558 0.296
MAIC 0.053 0.053 0.048  0.006 0.04 0.036  0.046 - 0.019
t-sig 0.065 0.065 0.064 0.042 0.165 0.165 - 0.164 0.285
p=08 BIC 0.193 0.203 0.196 0.036 0.330 0330 0.342 0.123
MAIC 0.205 0.211 0.198  0.034 0327 0316  0.326 0.095
t-sig 0.087 0.088 0.085 0.038  0.103 0.104 0.103 0.132




Table 8. Size and Power when using Supremum Method for Model I; T=200

(€ = =24 when constricting the tests and 52)
Size Power.
Criteria  MZ, MSB MZ, ADF MZ, MSB MZ, ADF
i.4.d. BIC 0.049  0.052° 0051 00510506 - 0.523 : 0.505~ - 0.510
MAIC 0048 - 0.050 0.051 0.050  0.423 = 0421 0410 0.366
tsig’ 0050 0.0561 - 0.050 0.051 ~0.240 0241 0237 0422
MA(1) Errors
6= -0.8 BIC 0.861 -~ 0.862 - 0.859 - 0.900 = 0.98% 0989  0.989 0.994
MAIC . 0105 0.104 - 0105 0138 0.283 0283 0.283 - 0.329
t-sig 0414 - 0415 0416 0672 0.756 . 0.756  0.756. 0.945
f=-04 BIC 0228 0238  0.229 0232 0.826 0827 0.823 0.832
MAIC ~ 0084  0.086 0.079 0.062 0376 . 0377 0.370 0.308
t-sig 0060 0.061 0.059 0113 0.38 0387 0380 0.59
8=104 BIC 0.166 ~ 0.171 0163 0.094 0.711 0716  0.708 0.561
MAIC = 0096  0.098 0.091 0.035 038 0387 - 0374 0207
t-sig 0.066 - 0.069 . 0.066 0.052 0.365 0366 0.363 . 0.373
6=0.8 BIC 0289 0293 0284 0088 - 0.699 0705 ~ 0.697 -~ 0.374
MAIC ~ 0118 - 0.126 0115 . 0.007 0364 - 0359 0.360 - 0.091
t-sig 0054  0.057 0.053 0030 028 0291 . 0.289 0.179
] . AR(1) Errors :
p=-0.8 BIC 0005 0.005  0.005 -0.045 --0.018 0020 0019 0427
MAIC 0000 0.000 -0.000 0040 0.013 0012 ~ 0.012 027
t-sig 0011 0011 0011 0.037 0048 0048 0.048 - 0.341
p=—04 BIC 0050  0.051 0.049 0053 0428 0441 0427 0452
MAIC. 0043 0.044 0.041 0.040 0324 0327 0.311  0.303
t-sig 0033  0.034 0033 0037 .0182. 0187  0.182 0.363
p=04 BIC 0.103° " 0.108 " 0:102 0.049  0.565  0.578 - 0.565° ~ 0.390
MAIC 0096 0.097 0.089 0.038 0402 0405 0.390 0.227
t-sig 0051 . 0.053 0052 0.044 0.301 0.306 0.299 0.349
p=1038 BIC 0113 0.126 - 0.109 0.052  0.377 0385 0.376  0.220
MAIC 0105 0.113 0.099 0.039 0.342 0347 0.338 0.170
t-sig 0067 0073 0.063 0036 0201 0205 0.200 0.18




Table 9a. Empirical Results using Informatiioin Criteria to select lag k and Infimum Method to choose Break Point Tg

Ip

Series T Criterial MZ, k MZ, k Tpg ADF k- Tg Pr k Tg &

Stock Prices 100 BIC  49.80° 1 1041 4.95® 1 1941 525 1 1937 892 .1 1931 0.65
MAIC 4922 1. 1937 4.93* 1 1037 5.25* 1 1937 13.26% 2 1931 0.65
MBIC -49.22% 1 1837 493* 1 .1937 525 1 1037 13.26% 2 1031 0.65

Real Wages 71 BIC  39.12° 1 1938 . -4.37° 1 1938 L 469 1 1938 90.43° 1 1940 0.6
MAIC -39.12% 1 1938 437 1 1938 467 1 1938 11.28° 1 1940 0.61
MBIC :39.12° 1 1938 437 1 1938 467 1 1938 '11.28° 1 1940 0.61

We use a, b, ¢, d to represent rejection at 1%, 2.5%, 5%, 10% of significance level.

Table 9b. Empirical Results using Information Criteria to select Lag k and Supremum Method to choose Break Point T

Series T Criterial - MZ, MZ, ADF

k Tp &
Stock Prices 100 - BIC  -3310° 405" 4.32¢ 1 1931 0.73
MAIC -225%° 3214 338 2 1931 0.77
MBIC -2025¢ 321 338 2 1931 077
Real Wages 71 BIC -2794°  3.67° 3862 1 1933 0.69
© MAIC -2794* 367 386° 1 1033 0.60

MBIC  -21.94> 367° 38° 1 1933 - 0.69
We use a, b, ¢, d to represent rejection at 1%, 2.6%, 5%, 10% of significance level.

Table 10a. Empirical Results using Recursive Method to select Lag k and Infimum Method to choose T'g

Series T MZ, k Tg MZ, ko T1=3 ADF k Tg Pr k Tg &

Stock Prices 100~ -14310° 3 1948 -8.43° 3 1048 525> 1 1936 5.%:4% 3 1930 065

Real Wages 71 J11628.50% 4 1041 -76.24° 4 1041 = 4.69% 1 1938 - 4.05° 3 1940 0.61
We use a, b, ¢, d to represent rejection at 1%, 2.5%, 5%, 10% of significance level.

Table 10b. Empirical Results using Recursive Method to select Lag k and supremum Method to choose T

Series T MZ, MZz ADF k Tg &

Stock Prices ~ 100 -49.87¢ -4.98° -3.99% -3 1930 0.73
Real Wages . 71 -27.94  -3.67 -3.86 1 1933 0.69

We use a, b, ¢, d to represent rejection at 1%, 2.5%, 5%, 10% of significance level.
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Chapter 3

Unit Root Test Using GLS Detrended Data and
Covariates in Structural Change Models

May 7, 2006



1 Introduction

There has been large literature on how to improve the power of unit root
tests. Hansen (1995) showed that it can be costly by ignoring the infor-
mation in related time series by using univariate unit root tests, as power
gains can be achieved by including correlated stationary covariates in the
regression equation. He reconstructed an ADF statistic (Dickey and Fuller,
1979; Said and Dickey, 1984) using multivariate framework. Comparing the
power performance of the CADF (covariate ADF) and the ADF tests, he
found substantial power gains in both large and small samples. ‘
Recently, Elliott and Jansson (EJ 2003, hereafter) generalized the ap-
proach of Hansen (1995) by including different sets of deterministic com-
ponent and an arbitrary number of covariates. They derived a family of
multivariate point optimal tests and a feasible test when nuisance parame-
ters are unknown. Their results have confirmed the impoftance of covariates
in improving the power of unit root tests. In fact, the limiting distributions
of the feasible point optimal tests are dependent on the long-run correlation
between the covariates and the quasi-differences of the potentially integrated
time series. The higher the correlation coefficient between the covariates and
the quasi-differences, the larger improvements in the power of unit root tests.
This paper contributes to the existing literature in two ways. First it
borrows the approach of EJ (2003) and applies it to the unknown structural
change models. Two types of models are considered following Perron and
Rodriguez (PR 2003, hereafter). Type I Model only includes a break in the
slope of the trend function, while type II model considers a break in both in-
tercept and time trend. The date of the break point is treated as unknown
in both models!. By introducing an arbitrary number of covariates to a
family of P-tests derived in PR (2003), this paper will show that the tests
of two types of models will converge to the same limiting distribution. In
other words, the rule that a break in intercept is a slowly evolving determin-
istic component still applies even when covariates are present. The limiting
distributions of the P test in PR (2003) are retrieved when the correlation

!An ADF in the spirit of Hansen (1995) has been proposed by Shin (2001) but dealing
with known break dates.
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coefficient between covariates and the quasi-differences of the potentially in-
tegrated time series is zero. When the correlation is between zero and one,
asymptotic and finite sample simulations show that large power gains are
achieved when using covariates. ‘ '

Second, this experiment allows us to derive a feasible test when nuisance
parameters are unknown. It takes into account one additional nuisance para-~
meter compared to that of EJ (2003) since the structural break is unknown.
It will show that, although different from that of EJ (2003), the feasible test
proposed here still achieves the power envelope asymptotically.

The rest of the paper is organized as follows. Section 2 defines the model
and derives the Iimjting distribution of the test. Section 3 presents the fea-
sible test when all the nuisan(:e parameters are unknown. Section 4 presents
results obtained from simulations and evaluates the test performance in both
large and small samples. Section 5 concludes. Proofs are contained in the
appendix.

2 The Model and Asymptotic Theory

The data generating process (DGP) considered is of the following form:

B = dyt+uyt7 (1)

Tt = dgt+ Ugt, , (2)
AL) ( L= pLlu ) = A(L)u(p) = 3)

p=1+cT™? 4)

where (4) is the local to unity framework established in Phillips (1987), Chan
and Wei (1987). A(L) is a matrix polynomial of finite order k and L the lag
operator, t = 1,2,...,T; z;, an m x 1 vector, includes- an arbitrary number
of stationary covariates containing extra information of y; (a scalar), the
variable to be tested. The deterministic component of y; is denoted as dy:.
Two cases are considered following PR (2003). The first case includes an
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intercept, a time trend and a break in the slope of the trend function. Hence
dyt = By + B3t + B5 (t — TB) 1 (t > T) , where 1(-) is the indicator function
and Tg the unknown break date. The second case considers an intercept, a
time trend, and a break in both intercept and the slope. Therefore dy: = 8;+
Bst + Bs (t — TB) 1 (t > TB) + Bl (t > T3). The deterministic component
of covariates include ‘an intercept and a time trend in both cases, that is,
dzt = g+ B4t. Notice that the first case can be obtained by setting Beg=0
of the second case. Therefore Case 1 and 2 can be simplified using the

restriction [Iyny9) — S;|B¢ = 0, where i = 1,2, 81 = [ 12"6+3 8 ] , and

Sy = o(m+2)-

Following EJ (2003), we have the following assumptions for the model: i)
|A(2)| = 0 has roots outside of the unit circle; ii) Ey_(e;) = 0, Ey_1(ese}) =
¥ and sup, E||e||>*" < oo (a.s.) for some n > 0, where ¥ is positive definite
and F;_1(-) denotes conditional expectation with respect to {et—-1,€t-2,.... };
ili) ug, w1, ..., Us—k, are Op(1).

Furthermore, using the same notation as in EJ (2003), the expression

Q= A1) 'ZA(Q)Y = [ Yy e } (5)
Wy oz

is defined as the spectral density at the frequency zero (scaled by 27) of u:(p).
Therefore R? = wyywyQszw, is a measure of the long-run correlation
between shocks to z; and quasi-differences of y; at the frequency zero. The
value of R? represents the contribution of covariates to the explanation of
ys, and the value of R2 ranges from zero to unity. When R? = 0, covariates
are irrelevant to the potentially integrated series and we have the traditional
case where no covariates are present in testing for unit roots. When R? = 1,
there is perfect correlation between covariates and quasi-differences of y;,
and the partial sums of x; cointegrates with y;2. In most cases, R? ranges
from zero to one, and we are concerned with the performance of unit root
tests as R? increases.

%If there exists cointegration, the model should be set up using another framework,
unless the coefficients of the cointegrating vector are assumed to be known, which is the
case analyzed by Elliott, Jansson and Pesavento (2005). Therefore, the range of correlation
is 0 < R? < 1 in this paper.

81



To summarize, we study a VAR model including covariates z; and quasi-
differences of y;. Our interest is to test whether the parameter p is equal to
unity, or in other words, whether y; has a unit root under the null against
the alternative that y; has a root less than unity. Using an univariate frame-
work, King (1980, 1988) and Dufour and King (1991) showed that the unit
root hypothesis can be examined using Neyman-Pearson tests in a univari-
ate framework. ERS (1996) further developed a family of point optimal
tests. using quasi-differenced data without considering structural break. PR
(2003) extended this type of statistics to models With an unknown struc-
tural change. In this paper, we extend them using a multivariate framework
originally proposed by Hansen (1995). v

We first derive an optimal statistic (denoted by P test) assuming all
the nuisance paraméters are known except the date of structural break.
Accordingly we have the following assumptions: i) A(L) = I, therefore
Q =3 ii) e is normally distributed with w,, = 0; iii) Tp = TA for some
A € (0;1). Based on these assumptions, we test the null hypothesis of
¢ = 0 against the local alternative that ¢ = ¢ < 0 where ¢ = T'(‘p - 1) and
¢ =T(5—1). PR (2003) showed that when the break point is unknown, the
limiting distribution of the P test can be defined by:

T
Pi(L,p) = )\él[loflj 4 (p, NS 5(p, A) —
. T =1 . -
T o .
Aéx[%)f” at (1,0 o7l (1,0 - 2 (6)
=1

where in the present case, 4t (r) = z:(r) —dz (r)’ ,Bl andr =7p,1. Whent > 1,

we have:
z(r) = [(1—rLy,z)
d; (r)’ 1-r 0 (Q-rL)t 0 @A-rL)(-Tp)1() (1-r)1()
K 0 In 0 Int 0 0
_ when t =1, we have:
z(r) = [y,2f
, _[1 0 1 0 00
@) = 10 I, 0 I, 0 0
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Furthermore,

) T R

B =18:Q_di () 71 (1)) SIS Y_di (1) B2 (7))
t=1 t=1

where D~ is the Moore Penrose inverse of D. The next Theorem establishes

the limiting distribution of the statistic.

Theorem 1 Let {y;} and {z:} be generated by (1) to (4), with A(L) = I,
e; ~4.4.d. N (0,%), assumptions (i) to (4i) hold. To test the null hypothesis
of p=1 (c=0) against the alternative hypothesis of p=p = 1+¢/T with
¢ =T fized as T — oo, the P-test has the following asymptotic distribution
for Casei=1 and 2:

PY(1,5) = A1(c, T, R?) + Ab(c,5, A R?) — ¢ (7
where Ay(c,5,R2) = (2 — 2:0)(1 + Ra) [WE — 28] WiedWi+

2¢ Viij’ﬁf f WicdWs, W1 and Wy are independent univariate standard Brown-
ian motions. Wi, is an Ornstein-Uhlenbeck process defined by Wic(s) =
cfy e~ W1 (h)dh+Wi(s). The expression Ag(c,T, A, R2) is defined in the
appendiz. '

The above limiting distribution has several indications. First, the as-
ymptotic power depends on ¢, which corresponds to one particular point -
under the alternative hypothesis. This means that the asymptotic power
functions are tangent to the highest power envelope at pbint ¢ = ¢. Second,
the limiting distribution is nonstandard. Third, the distribution of the P-
test also depends on the parameter R2. When R? = 0, there is no covariate
correlated with the quasi-differences of y; and consequently we retrieve the
same asymptotic distribution as that derived in PR (2003). When R? is
greater than zero, the limiting distribution is a function of R?, indicating
that extra information contained in the covariates may make a difference on
the performance of the test.

Using Theorem 1, T = 1,000, and 10, 000 replications, the asymptotic
power functions and power envelopes at different R? can be calculated.
The simulation results for R? = 0.0,0:3,0.5,0.7,0.9 are graphed in Fig-

ure 1. We observe that the power envelopes reach their lower bound when
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R? = 0. When R? is greater than zero, the power attainable increases
considerably. For example, when ¢ = —10, the maximum power of R? =
0.0,0.3,0.5,0.7,0.9 are 10.61%, 21.27%, 35.14%, 55.33%, and 85.95% respec-
tively. That is, the power increases by 100% from R2 = 0.0 to R? = 0.3;
by 65.2% from R? = 0.3 to 0.5; by 57.5% from R* = 0.5 to 0.7; and by
55.3% from R? = 0.7 to 0.9. These evidence suggests that incorporating the
information in covariates can substantially increase the power of unit root
test in large sample. This result is consistent with what has been found in
Hansen (1995) and EJ (2003).

3 A Feasible Test

In the previous section, we assumed all the nuisance parameters except the
break point are known and the errors are normally distributed. In practice,
R?, the correlation between x; and the variable to be tested is not known,
and it is likely that there is serial correlation in the time series. Therefore it
is necessary to develop a feasible test to estimate all the unknown nuisance
parameters. In this section, we derive this test by adopting the approach of
EJ (2003) in the first three steps when constructing the test, and we modify
the last step in order to estimate the break point. The construction of the
test is as follows:

1. Estimate R?. It is performed by running a VAR model: A(L)z(1,)) =
d; + e;, where A is the break point, d; is the deterministic component
specified according to the model under analysis. Then we use the resid-
uals generated from the VAR model to construct 5 = 71 T, 11 6())
&\, 0 = AQ,N)71EA1,N)7Y, and obtain R? = @y.053dl, /iy,
where A(1,A) = I + Ef=1 A; is the (¢ + 1)th matrix element of A(L).

2. Estimate the nuisance parameters for quasi-differencing and detrend
the data under the null and alternative hypothesis, respectively. That
is, construct w(r, \) = z(r, ) — di(r, )\)’ﬁz(r, A) when r =1, p, and

, T T
B, N) =3 de (r, )07 (r, M) e (1)) 72 (r, V)
t=1 t=1
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3. Run the VAR model A (L) (r, \) = & (r, \), using @ (r, \) obtained
from the previous step, and construct the variance-covariance matrices
| ~ . T . .
3 (r,\) =T71 & (r,\) & (r,N).
t=k+1

4. Select the break point and construct the test statistic. The break point
is selected by choosing the variance-covariance matrices X (1) and £(5)
minimizing 37, 161 (1N &, (r,\) for 7 = 1,7, respectively (see
appendix for proof). Then we can construct the test statistic

Pi(1,5) = T{tr[E (1) £()] — fm + 71}- (8a)

This test has the asymptotic power that achieves the power envelope
bound at ¢ under assumptions (i)-(iii). The following Theorem estab-
lishes its limiting distribution.

Theorem 2 Let {y;} and {z:} be generated by (1) to (4), assumptions
(i) to (ii) hold, also assuming deterministic components are correctly
specified for i = 1,2. To test the null hypothesis of p = 1 (¢ =0)
against the alternative hypothesis of p=p =1+7¢/T with ¢ =T fized
as T — oo, the limiting distribution of the test defined in (8a) has
asymptotic distribution:

PY(1,p) = A1(c,5, R + Al(c, T\, R?) — & )

As what we have observed before, the limiting distributions of the fea-
sible test and hence the asymptotic results depend on the selection of ¢
for detrending and R?. We have shown that the feasible test asymptoti-
cally achieves the highest possible power at ¢. Ideally we should calculate
a power envelope corresponding to each R? and our choice of ¢ for quasi-
differencing should be dependent on R2. However, in practice we may use
T = —22.5, which is the same value selected by PR, (2003) when R? = 0, for
GLS detrending, Because as R? increases, the power of the test increases
dramatically and the choice of € becomes less important; see EJ, 2003.
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We present the asymptotic critical values in Table 1. The simulations
of the limiting distribution are done by using 1,000 steps to approximate
the Wiener process on [0,1] as the partial sums of <.i.d. N(0,1) random
variables. As a comparison, we also present finite sample critical values
for both cases analyzed in the paper. We use T' = 100 and 200 with data
generated by a random walk with zero initial value and i.i.d. N(0,1) errors.
The lag length is set to zero in the estimation of the VAR model in step one.

4 Evaluation of the Test

Figure 2 graphs the asymptotic power of the feasible test for both cases and
R? =0.0,0.3,0.5,0.7,0.9. We first observe that the feasible test has power
tangent to the power envelope at one point and never falls far below it. This
suggests that very little asymptotic power is lost at points away from the
tangent point, especially for lower values of R2. Overall, substantial power
gains are realized due to covariates. Consider the asymptotic power gains
from using covariates when R? = 0.5 and the local alternative ¢ = —10.
The asymptotic power rises by 217% (power is 34.52% when R? = 0.5, and
10.86% when R? = 0.0). Using the local alternative ¢ = —4, power gains are
smaller, but still an increase of approximately 87% (power is 8.98% when
R? = 0.5, while it is 4.8% when R? = 0.0).

The test is also evaluated using small sample Monte Carlo analysis. To
simulate the critical values, power and size, {y:} and {xz:} are generated using
(1) to (4) with normal errors and known variance-covariance matrix, whose
variances equal to one and covariances equal to 0.3, 0.5,0.7, 0.9 respectively.
Using 10,000 replications, T" = 100, 200, finite sample critical values are
calculated and tabulated in Table 1 along with the asymptotic critical values.
Power and size are presented in Table 2 (Case 1) and Table 3 (Case 2). There
are two factors that influence the finite sample power performance. One is

~the number of observations, power increases as T' increases. For example,
when p = 0.90, R? = 0.81, the power increases 15% when T increases from
100 to 200 for Case 1 and 26% for Case 2. Another factor is the increase
of correlation between the covariate and the variable to be tested. As R
(or R?) is closer to 1, power increases dramatically. For example, power
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increases 19% as R increases from 0.3 to 0.5 in Table 2 when p = 0.90.

In terms of the overall power gains in finite sample, we have the following
observations. For Case 1, when T = 100 and p =.0.96, the test has a power
of 7.36% without covariates, while power increases to 11.57% when R? =
0.49, approximately a 57.2% power gain; while for Case 2, approximately
a 52.4% power gain. For Case 1, when T' = 200, p-= 0.96, the power is
11.87% without covariates, while it increases to 29.19% when R2 = 0.49,
approximately a 146% power gain; while for Case 2, approximately a 120%
power gain.

5 Conclusions

Following previous research (Hansen 1995; EJ 2003; Shin 2001; PR 2003), we
introduce an arbitrary number of covariates to unknown structural change
models. We have derived the test statistic that has asymptotic power func-
tion tangent to the power envelope at one point under the alternative hy-
pothesis. We have found that the proposed test is a function of both ¢ and
R? (the correlation of covariates and quasi-differences of y;). Lai”ge sample
simulations have shown substantial power gains when R2 is greater than
- zero, especially when R? is close to 1. Monte Carlo simulations have also
shown dramatic power improvements in finite samples without size deteri-
oration. . To be of more empirical relevance, we have developed a feasible
test when there are serial correlations, and when R? and break point are
unknown. Qur study has shown that this test achieves the power envelope
when T — oc.
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Appendix

Proof of Theorem 1. We derive the limiting distribution of the P-test for
Case i = 1, 2. The P-test statistic is given by

T
1nf2ut 14 ‘p)—-lanuﬁ 'v7la (1) —¢
t=1
where a};(r)zzt(r)—dt(r)',@i forr=p, 1.
When t > 1,
a) = | G7Pw], |
. -7 0 (1-rL)t 0 (-rL)@E-Tp)1() (1-7)1()\.
d(r) = < 0 L, 0 It 0 0 )
while when t =1,
o - [1].

' 1 01 0 00
b ) = (0 ImOImOO>’
where 1(-) is the indicator function. Using OLS,
Zdt (r) =7, ())S;)7[S; Zdt M E e (r
Therefore the P-test has the following form:

T
Pi(1,p) Zet Y S ey (p) Zet (1Y =7tey (1) —
t=1

mf [Si N (1))'[S; D (1) S;)] ™ [S:Np (1)) —
inf [S: Np(p)]'[SiDr(p) Si) ™ [SiNz(p)]

where Dy (1) :Z?zl[ 1dt('r)X] ldt(’r‘)’\Il Y, Ny (r ) Zt— (U7t (r)S ey (r)],
Up is a scaling matrix. Because s157's) = (1 + & 6)wy, w ! and 512" Y% =
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yyl/z[ 1 =8 (s = [10 ]1><(m+1) is a selection matrix, see EJ 2003)

still hold, we have

T
Zet “ley(p) — Y er(1)'Se(1)
=1
T
—2% 2 2cc  __
= Z{TE Y26 Uy 16 +?§s12 shul g — EoRe tsiug 1}
t=2

= & = 2e2) (1 + 8wt T2, — 28T uyy w21 — 8152,
Uyt Yy
t=2

= (52—206)(1 RQ) / W2 2% / WhedW, + 26— \/__ / Wi dWy
‘A1(6567R2)'

Hl

For Case 2, the scaling matrix is

—1/2
Wyy
T1/2 ;‘1/21
Y T1/2 ~1/2
Wyy 12
T3/2 ;y
T1/2w;yl/2

When t = 1, we have:

lim (O7ld(r )E‘lﬂ' =

T —o00

(A1)

OO O OO
OO OC oo

while when ¢ > 1, we have:
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0 0

0 Im
) <
: 1/2q—=1 ~1/2 I—crs —(1—crs)b
_,}ggo[%ssusr; 1T Urdirg () X777 ] = 0 sl
1—c(s—2) =8[1—cr(s—N)
0 0

(A.2)

where A\ = T /T is the break point. Combining the above results (A.1) and
(A.2) we have

. T
Dp(r) = > [Uzld(r) T ds (r) U7
t=1

T
= UFUNT () U+ ) [P (ST A (r) T
t=2

1+6'6 0 0
0 I —(1—cy/2)8
- 0 ~(1-¢/2)8 (1+c2/3=¢)(1+78%3)
, 0 I/2 —(1/2 - ¢,/3)8
0 da (1488w
0 0 0
0 0 0
In/2 fa 0
—(1/2—-¢/3)8 (1+88v 0
( /Im/3/ )o ( - ) 0 (A3)
&'b (1+88)d 0
0 0 0

where

a = 1—)\—cr>\+cr)\2/2,
1-X ¢ A3 e
3 T3t oo
v = 1—XA—cr+ceh—EN2+c2N3/2 +c2(1 - 23)/3,
d = 1—=A—cr—cr X +2eA+2/3—c2N3/3— EA+ AN

92



Similarly, we can calculate the limiting distribution for Np(r) = Yo, [7tdy(r)
S tey(r)],

Nr (r)

NIERANE

(U7, (r) D ey (r)]

V7, (r) ST [S7 2 (r)]

L
il
A

T

= URdi(r) TS ey(r)] + D W ()T [E ey (r)
t=2

= BB E )+

—1/22 T1/2 1d (‘I“ 2—1/2 ][2—1/2 ( )] (A.4)
t=2 :
€y1 — 0 €1
Extt (p— T)E“I/ZS’l_uy,t_1
fo (1- crs) [dW1 (s)—6 V(s)]
= (c—c.)(1+8%) fo (1 —c,8)Wi(s)ds |, (A.5)
fosdV(s) - (c —Gcr )6 [ sWic(s)ds

0
where
.1 , - 1
¢ = / (1= c8)[dWi(s) — V()] + (c— e )(1 + 5 5)/ (1= crs) Wieds
A A
.1 ol
oA / AW (s) = 5V (8)] + e (e — er)(1 + 5'5) / Wie(s)ds
A by
Thus the limiting distribution for Case 2 is:
P'1,p) = A1 (c, & R?) + A (c,e, R?) —¢

where expression Aj (c,&,R?) is the limiting distribution of inf [SiNp (1)}
(8D (1) 8:)][S: Np(D)] — inf [S:N7 ()} [S: Dr(2)S.]7(S Ne(7)], which can
be calculated using (A.3) and (A.5). Proof for Case 2 completes.
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Next we want to show that Case 1 has the same hmltmg distribution as
Case 2. For Case 1,

T
Dr(r) = Y [W7'd(r)57d(r) ¥7')
t=1
= Ur'd(r)S 7 dy(r)’ “’Z[‘I’_ldt S dy(r) U 7]
When t > 1
,_(1-r 0 (1-rL)t 0 (1-rL)(t-Ts)1() O
dt(r)—< 0 In 0 Int 0 0)’
and
0 0
0o I
) _ 1/ 1-— Cr8 —(1- S’
Jllggo[liuslilTl/Z\IlTld[Ts] (s = 0 ( sI:: )
TSeS 1—c(s—A) —8[L—c(s—N)]
0 0

Therefore, Dr (r) and Nr (r) have the same asymptotic distributions for
Case 1 and 2, and so is the limiting distribution for P test. Proof completesll
Proof of Theorem 2. Following EJ (2003),

L. ‘ZtT=k+1 E%(P)é"é(ﬁ)’~2?=k+; &( et(]- Zt——k-{-l et ) Zt—k+l et(l)et( )+
op(1), where é;(r) = A(L)uy(r).

2. Y1 € (r) 04 (r) =i et (r) £l (r) = —[SiN (e,8 RA)I[S:D (5 R?)
Si]7[SiN (c, € R?)],

3. Vi1 (Y S e(p) = Yoy & (1) B0 (1) = A{ (0,T, BP).
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Using the identity tr[S x ex €] =¢ x S x e, §=5"1=S(1)"*, we can
transform the equation 1:

T
Jnf r(® Z &, Ve N - it 1T D §1,NE LN]
t=k+1 t=k+1
T ’ T
= inf [tr[=7t &(p, \ éi-,,\' — inf [tr[2=7! e, e 1, ]+ o0, (1
T S A VR - gl ; HILNE 1))+ 0 (1)
T
= inf > &(p NSl (p,N) — Jnf Z 'S (LN +op (1), (A6)
U P} Pl
From equation 2 and 3, we have
' T . . T . .
S dEEEr) - Y day s Q)
t~k+1 t=k+1
T
Zet )/ S tey(p) — Zet 1) 2ty (
t=1 t=1 -

~[SiN(c, ¢, RAV[S:D (¢, R?) Si| " [SiN (c, ¢, R?)]
+[SiN(c, 0, R*))[S:D (¢, R?) Si] ™ [SiN (c,0, R?)] (A7)
Now, substitute (A.7) into (A.6), we get

Ag[gfl][tr[ﬁ“l tél &(p, VE (p, N1 - Aér(l)fl [er[= t:él & (1L,N) & (LAY])
= Zet (3, )=t Zet (1, =7te (1, 0)

_A?[lopll[si (c,& R%,\) [;:)(5,32) Si]7ISiN (c,8, B2, X))

+ Ase?él] [SiN(c,0,R?, N [S; D (g R?, X) S;]7[SiN (c, 0, R?, \)]
= P

In our model, only y; contains a structural break. Therefore we use 5 (r) =
infyejo1) ST i1 €4 (r, N) S7188  (r, ) to select the break point, and the
feasible test statistic is,

Pi(1,p) = T{tr(E () S(7)] - [m+ 7MW
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Table 1. Asymptotic and Finite Critical Values for P test choosing 15 minimizing the

statistic;
(C = —22.5 when constructing the test)
Sizee T = o0 T =100 T =200

Case 1 Case 2 Case 1 Case 2

R2=0.0 .01 66206 7.0831 8.2017 6.8656 7.9770
025 7.7184  8.3496  9.6151 82074  9.3505
05 87784  90.6171  10.7726 94273  10.4317
10 102240 . 11.2630 122715 11.0206 12.0643
20 124409 13.2086 14.1866 13.0273 14.0473
R2=0.1 01 63306 7.1161 7.7447 6.8647  7.4366
025 75704  8.3208 8.9815  8.1843  8.8018
05 88655  9.5971  10.3549 9.3553  10.0709
10 107418  11.1881 122124 11.0294 11.8583
20  13.3284 13.6536 14.7468 13.5258 14.5056
R*=0.2 01 63366 70755 7.6763 6.7214  7.5043
025  7.7627 85707  9.2372 83291  9.0627
05 93670 10.0312 109802 9.8132  10.6892
10 115830  11.9907 13.1029 11.8267 12.7795
20 146210 14.8797 16.2305 14.7595 15.9071
R2=0.3 01 63418 7.2735 81307 67738  7.4329
025 81433  9.1303 9.8774  8.7816  9.6521
05 101212 10.9046 11.8302 10.6501 11.5858
10 127136 13.2524 144177 129126 14.0307
20 162374 16.6372 18.0740 16.4752 17.6493
R2=0.4 01 64881  7.8499 87390  7.2775 82742
025 88891  10.0639 10.9070 9.7519  10.5740
05 113466 12.2461 13.3519 11.8917 12.9659
10 143757 15.0278 16.2870 14.6182 15.8075
20 184936  19.0608 20.5460 18.7793  20.4266
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Table 1 (continues). Asymptotic and Finite Critical Values for P test choosing T
minimizing the statistic;

(€ = —22.5 when constructing the test)

Size T =00 T =100 T =200
Case 1 Case 2 Case 1 Case 2
R2=05 01 7.1952 9.1102 9.6599 8.4968 9.2217
025 10.0659 11.7718  12.8048  11.3839  12.3373
05  13.0346 14.3242  15.6562  13.9767  14.9083
10 167505  17.6416  -19.1295 . 17.1750  18.7120
20 215898 22,5719  24.3645 222750  23.9609
R2=0.6 .01 83182 11.2399 - 12.0004  10.8230  12.0457
025 121112  14.5488  15.8906  14.0533.  15.1350
05 157378  17.7247  19.2281  17.3959  18.5054
10 202065 21.9735  23.5982 213516  23.1323
20 261940 @ 28.0226  30.1219  27.5030  29.5977
R*>=0.7 01 100794 15.3051 16.5035 151582  16.4011
025 156598  19.7340  21.1399  19.2412  20.3855
05 20.0063 24,0217 - 25.8066  23.3866  24.6636
10 26.0101  29.2556  31.4516 -~ 28.7144  30.6317
20 33.8148 37.2448  40.0105  36.5297  39.0657
R?=0.8 .01 139343 24.6019 26.0516 247058  26.6857
025 220148  30.7935  32.8000 - 30.3721  32.2811
05 288717 36.7978  39.1595  36.0741  38.1094
10 376966  44.5746° 47.0921 © 43.7420  46.6231
20 486718 55.6362  59.6670  54.7744  B8.7771
R2=0.9 .01 256335 54.3674  56.9218 556351  58.4940
025 43.7504 64.9650  69.1188  65.2765  68.7000
05 557402 76.4949  80.8711  75.554 80.1414
10 725938 90.7439  95.3365  89.8564  95.8853
20 927436 111.4939  119.3781 1104932 118.0968
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Table 2. Finite Sample Size and Power; Case 1
(€ = —22.5 when constructing the test)

T =100 T =200
R= 0.0 0.30 0.50 - 0.70 0.90 0.0 0.30 0.50 0.70 0.90
R? = 0.0 0.09 0.25 0.49 0.81 0.0 0.09 0.25 0.49 0.81
p
1.00 0.0501 0.0501 0.0501 0.0501 0.0501 0.0501 0.0501 0.0500 0.0500 0.0500
0.98 0.0565 0.0567 0.0610 0.0755 0.1033 0.0733 0.0752 0.0873 0.1206 0.2121
0.96 0.0736 0.0750 0.0795 01157 02082 01187 0.1378 01679 0.2919 0.6508
0.94 0.0896 0.0967 0.1127 0.1838 0.3956 0.2029 0.252 03214 0.5796 0.9661
0.92 0.1344 0.1462 0.1634 0.2894 0.6482 0.3455 0.3555 0.5306 0.8325  0.9997
0.90 0.1839 0.1948 02312 04284 0.8633 0.5218 0.5409 0.7441 0.9525 1.0000
0.88 0.2390 0.2592 0.3252 0.5825 0.9685 0.6796 0.7223 0.8821 0.9902 1.0000
0.86 0.3156  0.3777 0.4226 0.7150 - 0.9942 0.8030 - 0.8511 0.9498 0.9986 1.0000
Number of lags in VAR is zero; 10,000 replications.
Table 3. Finite Sample Size and Power; Case 2
(€ = —22.5 when constructing the test)
T =100 ‘ T =200
R= 0.0 0.30 0.50 0.70 0.90 0.0 0.30 0.50 0.70 0.90
R%= 0.0 0.09 0:25 0.49 0.81 0.0 0.09 0.25 0.49 0.81
P ' ,
1.00 0.0500 0.0501 0.0501 0.0500 0.0501 0.0501 0.0501 0.0500 0.0501 0.0501
0.98 0.0585 0.0595 0.0615 0.0775 0.0952 0.0628 0.0674 0.0832 0.1078 0.1882
0.96 0.0765 0.0775 0.0798 0.1166 0.1886 0.1239 0.1323 01706 0.2726 0.5875
0.94 0.0965 0.0978 0.1136 0.1788 0.3513 -0.2269 0.2588 0.3209 0.5329 0.8996
0.92 0.1427 0.1440 0.1613 0.2738 0.5768 0.3646 04100 0.5417 0.7947 0.9726
0.90 0.1921 0.1954 0.2262 0.4048 0.7867 0.5269 0.6557 0.7408 0.9251 0.9914
0.88 0.2529 0.2616 0.3216 0.5549 0.9114 06597 - 0.7198 0.8669 0.9735 0.9961
0.86 0.3277 0.3519 04168 0.6798 0.9550 0.7750 0.8580 0.9473 0.9892 0.9992

Number of lags in VAR is zero; 10,000 replications.
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Figure 1. Power Envelopes for R = 0.0, 0.3,0.5,0.7, 0.9.
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Figure 2. Power Envelopes and Asymptotic Power Functions of the Feasible Point
Optimal Test ’
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Conclusions

This thesis includes three essays dealing with issues related to unit root tests
and cointegration.

The first chapter applies I(1) and I(2) framework of cointegration to
analyze the cause of global warming. Due to the complexity of the time series
property of global mean temperature deviation and GHG, I use three cases to
study the system. The first case includes the levels of global temperature, the
irradiance of the Sun and three major GHG. The results indicate the
possibility that explosive roots may cause ambiguity on the detection of the
number of unit roots in the system. Therefore the second case subdivides the
five variables into two sub-systems. One includes global mean temperature,
the radiative forcing of solar irradiance and carbon dioxide; the other one
includes the radiative forcing of two GHG suspected of containing explosive
roots. The results show a very clear long-run relationship between global
temperature, solar irradiance and carbon dioxide. The third case performs a
traditional I(1) analysis on all the variables, which are either integrated of
order one or transformed to I(1) variable. The purpose of this trial is, on the
one hand, to verify the results of the previous two cases, and on the other
hand, to utilize cointegration in an I(1) framework (a well-developed
approach) to study the system as a complimentary. The results of all cases
show that the GHG have been driving up the global temperature, and the
temperature sensitivity of a doubling of carbon dioxide is between 2.15 and
3.40 Celsius degrees.

The second chapter investigates the effect of random initial values on unit
root tests in the context of unknown structural change models. Traditionally,
the initial value of unit root tests has been assumed to be zero or with fixed
expectations. Therefore it disappears and won't have any impact on the
statistical theory of unit root tests asymptotically. But when assuming the
initial value is drawn from its unconditional distribution under the alternative
hypothesis, it does not disappear at a convergence rate of 7", which will
generate impacts on unit root tests even in large samples. In fact, Monte
Carlo studies show that the power of unit root tests has dropped in both large
and small samples. Therefore it is recommended to use random initial
condition in unit root testing in order to be more conservative.

The third chapter proposes a multivariate unit root test for unknown
structural change models by including an arbitrary number of stationary
covariates correlated with the variable to be tested. Conventionally, unit root
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tests have been performed on univariate time series. But this may cause loss of
power due to the ignorance of information in related time series. Based on this
idea, this chapter includes stationary covariates in models with an unknown
structural change. It finds that the power of unit root tests is a function of the
correlation R’ between covariates and the variable to be tested. When R- is
close to one, substantial power gains are realized. The worst case is when R* =
0, where we retrieve the power of univariate unit root tests. Therefore this
trial offers a practical solution to increase the power of unit root tests
considerably in the context of unknown structural changes.
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