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Abstract

Algebraic Quantum Field Theory (AQFT) is a mathematically rigorous framework
that was developed to model the interaction of quantum mechanics and relativity. In
AQFT, quantum mechanics is modelled by C*-algebras of observables and relativity
is usually modelled in Minkowski space. In this thesis we will consider a generaliza-
tion of AQFT which was inspired by the work of Abramsky and Coecke on abstract
quantum mechanics [1, 2]. In their work, Abramsky and Coecke develop a categorical
framework that captures many of the essential features of finite-dimensional quantum
mechanics.

In our setting we develop a categorified version of AQFT, which we call pre-
monoidal C*-quantum field theory, and in the process we establish many analogues of
classical results from AQFT. Along the way we also exhibit a number of new concepts,
such as a von Neumann category, and prove several properties they possess.

We also establish some results that could lead to proving a premonoidal version
of the classical Doplicher-Roberts theorem, and conjecture a possible solution to con-
structing a fibre-functor. Lastly we look at two variations on AQFT in which a causal

order on double cones in Minkowski space is considered.
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Chapter 1

Introduction

1.1 General Overview

Algebraic Quantum Field theory (AQFT) is a mathematically rigorous framework
for modelling the interaction of quantum mechanics in its C*-algebra formulation
and relativity, usually modelled in Minkowski space. Moreover as its name suggests
this theory is an algebraic approach to standard quantum field theory [4, 16]. As such
many of its aspects can be motivated by seeing how they have a counterpart in the
usual QFT approach, see [4, 16] for explicit connections. From a mathematical point
of view an AQFT is essentially a well-behaved functor. Out of the numerous references
we could give for this subject we suggest the ones we found least intimidating to the
beginner, they are [17, 16, 32].

Let us briefly sketch here some of the main ideas involved in AQFT. We start by
considering Minkowski space, or more generally a Lorentz manifold, as a set equipped
with an order < on its elements, see Section 2.3 for a precise definition. The order
< gives a notion of a causality where one interprets © < y as x causally precedes y.
One uses this order to define a double cone which is simply an interval with respect

to the order <, i.e. a set of the form
D={z|a<z<b}

is the double cone determined by a and b. The set of double cones forms a partially
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ordered set with respect to subset inclusion, hence it forms a category. An AQFT is

then an assignment of a C*-algebra to each double cone U. Thus we have a map
U+— A(U).

The algebra A(U) is referred to as the algebra of local observables and the interpre-
tation of this algebra is as follows. A(U) is the C*-algebra generated by observables
measurable in the region U, where an observable measurable in U consists of any
observable measured in a region of space O during a period of time T such that
Tx0OCU [4].

There are numerous properties that one can demand be satisfied by this assign-
ment. Of these we single out two of particular interest. The first property is what is
referred to in the literature as isotony . An AQFT satisfies isotony if A(U) C A(V)
whenever U C V. Thus an AQFT satisfying isotony is what a category theorist
would call a functor A : K — C*-Algl where the codomain is the category of
C*-algebras and inclusions and K is the poset of double cones in Minkowski space.
Physically isotony is saying that any observable which can be measured in U can also
be measured in any larger region V.

The second property of interest is a statement concerning the causal structure of
spacetime and what implications this has for the local algebras. To state this condition
we need first to define the quasi-local algebra. Given an AQFT which satisfies isotony
then the set {A(U) | U € K} is a directed set with respect to subset inclusion, since
the set of double cones is a directed poset. Hence one can form the directed colimit
which is simply the norm-closure of the algebra

U A®@).

UeK
The resulting C*-algebra is denoted A and is called the quasi-local algebra. Moreover
one can view each local algebra A(U) as a subalgebra of A in a canonical way. We
can now state the second property known as microcausality or Einstein causality. An
AQFT, satisfying isotony, satisfies microcausality if whenever U and V are spacelike
separated regions then the local algebras A(U) and A(V') commute with each other

elementwise in A. The microcausality assumption is based on a fundamental principle
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of relativity that states events occurring in U and events occurring V', where U and
V' are spacelike separated, cannot influence each other. Thus a measurement in U
followed by a measurement in V' is equivalent to the opposite order of measurements.
Thus in any larger region O containing U and V' the observables corresponding to
the measurements in U and V respectively will commute with each other. There are
typically other axioms, for example involving the Poincaré group, but for us these will
mostly be peripheral, with the main focus on the isotony and microcausality axioms.

The second influence on this work is the recent abstract quantum mechanics of
Abramsky and Coecke [1, 2]. See also Selinger [36] for a categorical axiomatization
of the notion of completely positive map, which is fundamental in the interpretation
of quantum mechanics. There the authors abstract away from the category of finite-
dimensional Hilbert spaces and develop the notion of a dagger compact closed category.
This abstract framework captures many of the essential features necessary to express
quantum mechanical concepts. They go on to show that much of quantum mechanics
can still be carried out in this more abstract setting, and that it also provides insight
into underlying structures.

The authors show for example that dagger compact closed categories provide suf-
ficient structure to model protocols such as quantum teleportation or entanglement
swapping. The correctness of the interpretation basically just amounts to the coher-
ence equations of the theory.

One of the features of this encoding of the teleportation protocol is that it does not
take into account the fact that teleportation takes place in spacetime. We believe that
an appropriate modification of AQFT would allow for a modelling of such protocols
in a way which takes spacetime explicitly into account. More specifically following
the philosophy of AQFT one should associate to each region in spacetime some sort of
category. But exactly what sort of category one should associate is somewhat elusive.
A reasonable first guess would be to assign a dagger compact closed category to each
double cone.

Continuing down this road, it is then evident what an appropriate notion of isotony
could be; what is not evident is how to express the microcausality axiom. For argu-

ment’s sake suppose that for each double cone U we associate some type of category
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A(U). Whatever choice we make we should do so in a way that a traditional AQFT
is a degenerate example of such a thing. i.e. every one-object such category should
be a x-algebra. On the other hand a crucial element in Abramsky and Coecke’s ab-
stract quantum mechanics is the existence of a tensor product. Thus bearing this in
mind our categories, A(U), should also be equipped with some kind of tensor prod-
uct. Now it is well known that a one-object monoidal category is the same thing
as a commutative monoid. The commutativity is a consequence of bifunctoriality of
the tensor product. Hence imposing a monoidal structure on our categories is too
strong since our one-object categories are supposed to be x-algebras which may not
be commutative.

If we drop the requirement that tensor is a bifunctor from the definition of
monoidal category and simply ask that A ® — and — ® A are endofunctors for all
objects A, we obtain the concept of a premonoidal category, as introduced by Power
and Robinson [31]. One then has that one-object premonoidal categories are the
same thing as monoids. Thus we propose that our categories be obtained by modi-
fying the notion of dagger compact closed category, replacing the monoidal structure
with premonoidal structure.

We claim that the usual bifunctoriality equation can then be used to capture
microcausality. Indeed given two premonoidal subcategories A and B of C we say
that A and B commute with each other in C if for all arrows f € A(A, A") and
g € B(B, B’) the equations

ARgofeB=fB o0A®yg
gRA B f=B ®fog® A

hold. Note that in the case that A, B, and C are monoids this amounts to saying
that the submonoids commute with each other. Thus we will express microcausality
by saying that if U and V' are spacelike separated double cones then the premonoidal
categories A(U) and A(V) must commute with each other in A. (We also mention
the recent work of Coecke and Lal, [8], in which they interpret microcausality using
a partially defined tensor product.

Coincidentally, the above analysis leads to a natural point of departure for the
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true goal of this thesis, which is to categorify the traditional notion of AQFT. That
is to say, the ultimate goal of this thesis is to develop an abstract approach to AQFT
where the C*-algebras are replaced by certain types of categories, which we define,
and then to redevelop AQFT in this more abstract setting. Indeed we will show
that much of the so called DHR analysis can be redone in this new theory and that
certain notions such as Haag duality have interesting counterparts here which provide
surprising mathematical insight into these concepts.

The initial reason we became interested in AQFT is rooted in the astonishing
Doplicher-Roberts theorem. The theorem shows that the category of physically rel-
evant representations of the quasi-local algebra A is equivalent to the category of
representations of an essentially unique compact (super)group. This theorem is pre-
sented in [12] and its physical significance is explained in [13]. An alternate proof, by
Miiger, is given in the appendix of [17] and its importance is discussed by Halvorson
in the main body of this article. Miiger states this result in a very abstract man-
ner where the statement makes no reference to the category of physically meaningful
representations of A. Instead the statement is that any STC™ is equivalent to the
category of representations of an essentially unique compact (super)group, where an
ST C*(symmetric tensor *-category plus extra structure) is an abstraction of the cat-
egory of representations of the quasi-local algebra. Note that this result is explicitly
about monoidal rather than premonoidal categories. It therefore makes sense to look
at the Doplicher-Roberts theorem in the premonoidal setting.

Indeed we will examine this problem of proving the Doplicher-Roberts theorem in
the premonoidal setting. In the process we develop a premonoidal theory of STC*’s
which we call SPC*’s. We also define many premonoidal analogues of standard
notions from the theory of tensor *-categories including also the notions of conjugate
objects, compact closure, dimension theory etc. While we don’t have a complete
solution to this question, we indicate possible forms the solution could take.

In addition to these two major themes this thesis also proposes some other vari-
ations of AQFT. Namely we will consider a modification of the category of localized
transportable endomorphisms of A where for each double cone U € M in Minkowski

space we will view U as a spacetime in its own right. Then given any AQFT A,
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we consider the analogous notion of localized transportable endomorphisms of A(U)
instead of A. These considerations give a net of categories denoted Ay. Next we
introduce a second partial order, C, on the set of double cones which we interpret
as a causal order. Using this partial order we examine under what conditions it is
possible to obtain a functor Ay — Ay whenever U C V. It turns out that the
theory of Hilbert C*-modules and Rieffel induction provide some possible solutions
to these questions. This second ordering should be thought of as a causal order on
subsets and we propose a framework which interacts with this new order on double
cones. The idea here is that to each double cone U we will associate a dagger compact
closed category A(U) and require that this assignment be functorial with respect to
the causal ordering. Now it is not necessarily the case that the poset of double cones
will be directed with respect to C and so we cannot construct the directed colimit of
the categories A(U). Instead we will consider the Grothendieck category associated
to the functor A, denoted G(A). We then go on to show that one can model the

teleportation protocol in this category.

1.2 Chapter Descriptions

We begin with several expository chapters, giving most of the basic material we need
on manifolds and spacetime, functional analysis and category theory. Chapter 2
provides the necessary background in smooth manifolds and linear algebra to tackle
the basics of semi-Riemannian geometry and several concepts from relativity. In
particular we explain the two orderings on points in any spacetime manifold, and
then we specialize to Minkowski space.

Next we give a brief summary of key elements in the theory of operator algebras
in Chapter 3. Chapter 4 gives a quick introduction to the theory of Hilbert C*-
modules and Rieffel induction. These concepts are needed when we deal with one of
our proposed variations of an AQFT.

Then in Chapter 5 we give a review of monoidal categories and related notions
of tensor x-categories. Next we present premonoidal categories following Power and

Robinson in [31]. We also prove several of our own results concerning premonoidal
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categories which we use later on. Chapter 7 gives an abbreviated presentation of the
classical Doplicher-Roberts theorem, in the style of Miiger and Chapter 8 provides
a moderately detailed description of the so called DHR analysis as well as a brief
introduction to algebraic quantum field theory.

Chapter 9 develops the premonoidal analogues of notions from the theory of tensor
x-categories and serves as background for Chapters 10 and 11. At last we arrive at
Chapter 10 where we develop an abstract approach to AQFT, which we refer to
as Premonoidal C*-Quantum Field Theory or PC* QFT for short. We are able to
establish many of the results presented in Chapter 8 here in this new setting. Finally
in Chapter 11 we conjecture a premonoidal version of the Doplicher-Roberts theorem.

In Chapter 12, we present one of our proposed variations of AQFT in which a
second order on double cones, modelling causality, is considered. We then build a
category in which the teleportation protocol can be encoded. Chapter 13 deals with
our second proposed variation on AQFT and following this, we conclude in Chapter

14 with a look towards future work.

1.3 New Results

As a courtesy to the reader we provide here an indication of what results contained

in the thesis are new.

e Chapters 2, 3, and 4 are background material and contain no new results.

Chapter 5 also consists mainly of background material with the exception of
Remark 5.6.10 which is new.

In Chapter 6 all of the material in section 6.1 is known. In section 6.2 Theorem
6.2.2, Lemma 6.2.3, and Example 6.2.4 are new as well as all results in section
6.3.

Chapters 7, and 8 are survey chapters and do not contain any new results.

Chapters 9, 10, and 11 represent the main contributions of this thesis, and all

the results found therein are new.
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e All material found in Chapter12 is new with the exception of the beginning of

section 12.4 including up to Theorem 12.4.2.

e Finally, all of the results in Chapter 13 are new as well.



Chapter 2
Spacetime and Causality

We assume the reader is familiar with the notion of a smooth manifold. A suitable

reference is [29].

2.1 Linear Algebra

The underlying mathematical structure of general relativity is that of a Lorentz man-
ifold. In this theory spacetime is modelled by a Lorentz manifold. In order to define
the concept of a Lorentz manifold we must first introduce the concept of covariant
tensors on a real vector space. For this section we follow the treatment found in [27].

Fix a finite-dimensional real vector space V with dimg) = n.

Definition 2.1.1. A bilinear form on V is a map 5 : )V x V — R such that the
induced maps 3(—,v) : ¥V — R and f(v,—) : ¥V — R are linear. The space of all
bilinear forms on V is denoted 72(V) and its elements are also referred to as covariant
tensors of rank two on V. A bilinear form [ is symmetric if 5(v, w) = G(w,v)
for all v, w € V. A symmetric bilinear form [ is nondegenerate if 3(v,w) = 0 for

all w € V implies v = 0. i.e. the assignment v — [(v, —) is injective.
The following is standard terminology.

Definition 2.1.2. A scalar product g on V is a nondegenerate symmetric bilinear

form on V.
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Notice that a scalar product as defined above is not required to be positive definite,

only nondegenerate. Consider the following example.

Example 2.1.3. Define g : R” x R* — R by g(v,w) = v'w! + v*w? + -+ +

" Lt — p™w™. Then g is a scalar product which is not positive definite.

From now on assume that g is a scalar product on V. Then we say that v, w € V
are orthogonal if g(v,w) = 0. We say that u € V is a unit vector if g(u,u) = +1.
Finally if {e1,...,e,} is a basis for V whose elements are pairwise orthogonal unit
vectors then we call such a basis orthonormal. We now state a result which establishes

the existence of orthonormal bases for spaces with scalar products.

Theorem 2.1.4. Suppose g : V X V — R is a scalar product on an n-dimensional
real vector space V. Then there exists a basis {eq,...,e,} for V such that g(e;, e;) =
+6; ; for i, j =1,...,n. Moreover the number of basis vectors e; for which g(e;, ;) =

—1 is the same for any such basis.

The number r = [{e; | g(e;, e;) = —1}| is called the index of g. For simplicity we
will assume that all orthonormal bases are indexed in such a way that all of these e;
appear at the beginning of the list so that if {eq,...¢e., €,11,...,€,} is an orthonormal
basis then g(e;,e;) = —1 for i = 1,...7 and g(e;,¢;) =1 for i = r +1,...n. Thus if

v = Zizl v'e; and w = Zi:l w'e; then we have

g(v,w) = —v'w' — - — V"W + oW

2.2 Semi-Riemannian Manifolds

We suppose in this section that M is a smooth n-dimensional manifold. References

for the material in this section are [28] and [29].

Definition 2.2.1. A covariant tensor field of rank two on M is a map A

assigning to each p € M an a bilinear form A, on the tangent space T),(M).
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If (U, ¢) is a coordinate chart with coordinate functions z',...z" then
0 0 i ;
Ap = ; Ap(%l]m %‘p)d]?p X dl’g) (1)

The functions A;; : U — R defined by A;;(p) = p(%

components of A relative to (U, ¢).

s 5 |p) are called the

Definition 2.2.2. A covariant tensor field of rank two on M is smooth if its
components relative to (U, ) are smooth real valued functions for all charts (U, ¢) in

some atlas for M.

Definition 2.2.3. A metric tensor g on a smooth manifold M is a smooth covariant
tensor field of rank two on M such that each g, is a scalar product and the index of
g, is independent of p € M. A semi-Riemannian manifold is a smooth manifold

M equipped with a metric tensor g.

Suppose we are given a semi-Riemannian manifold M with metric tensor g, then
the index of M is defined to be the index of g, where p € M. So the index of M
is an integer r with 0 < r < n =dim M. If r = 0, then M is called a Riemannian
manifold and we see that each symmetric nondegenerate bilinear form g, on 7),M is
in fact positive definite. Thus each tangent space is equipped with an inner product.
Ifr=1and n=dim M > 2 then M is called a Lorentz manifold.

Example 2.2.4. Consider the smooth manifold R"”. Then for each p € R"™ we have
a canonical isomorphism of vector spaces R" = T,R™ which we denote by v — v,,.

This allows us to define a scalar product on T,R" as follows:
(Vp, wp) = v - w (2)

where the right hand side is the inner product of v and w in R™. Thus we obtain
a metric tensor g on R™ defined by g,(v,, w,) = (v,, w,). This metric tensor makes
R"™ a Riemannian manifold. We can modify the above construction to obtain a semi-

Riemannian manifold as follows. For 0 < r < n we get a new metric tensor

g(vp, wy) = — Zviwi + Z v'w’ (3)

=1 i=r+1
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of index r where v = (v!,...,v") and w = (w',...,w™). This makes R™ into a

semi-Riemannian manifold which we denote by R'. When n > 2 and r = 1 R} is

called Minkowski n-space.

The theory of special relativity is concerned with the Lorentz manifold Rf. The
space R} is usually referred to simply as Minkowski space rather than Minkowski

4-space.

2.3 Causality

For this section we follow the presentation given in [29]. Let (M, g) be a fixed semi-

Riemannian manifold.

Remark 2.3.1. As a convenient notation we will write (v, w) in place of g,(v, w) to

denote the scalar product of tangent vectors v and w € T,M.

Definition 2.3.2. Let v € T,M be a tangent vector to M. Then v is

spacelike if (v,v) >0o0rv=0,
null (lightlike) if (v,v) =0 and v # 0,
timelike if (v,v) < 0.

The set of null vectors in 7}, M is called the nullcone at p € M.

Thus each tangent vector to M is one of these three types, and is referred to as
its causal character i.e. the causal character of v € T,,M is either spacelike, null, or

timelike. We may also extend these notions to smooth curves in M as follows.

Definition 2.3.3. A smooth curve o in M is spacelike if all tangent vectors o/()

are spacelike. One defines timelike and null/lightlike curves similarly.

Now suppose that (M, g) is a Lorentz manifold and let T, denote the set of timelike

vectors in T, M.
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Definition 2.3.4. Let u € T, be a timelike tangent vector to M. The timecone of

T,M containing u is the set
Clu) ={v e T, | (u,v) <0} (4)

The opposite timecone is
C(—u) = —C(u) ={v e T, | (u,v) >0} (5)

In fact one can show that T, is the disjoint union of the timecones C(u) and
C(—u). Moreover it is also the case that u € C'(v) & v € C(u) < C(u) = C(v). One
further useful property of timecones is that they are conver in the sense that if v, and
w € C(u) and a, b > 0, both not zero, then au+bv € C(u). Thus in the tangent space
T,M of a Lorentz manifold M there are precisely two timecones however there is no
canoncial choice of timecone in each of these tangent spaces. Selecting a timecone
in T,M 1is said to time-orient T,M. Thus a natural question in Lorentz geometry,
and an important one in general relativity, is: Is there a way of time-orienting each
tangent space of M in a continuous manner? Suppose we have a function 7 which
associates to each p € M a timecone 7, in T,M. Then 7 is smooth if for each p € M
there exists a smooth vector field V' on some neighbourhood U of p such that V, € 7,
for all ¢ € U. In this case 7 is called a time-orientation of M. M is said to be
time-orientable in case there exists a time-orientation of M. Finally, to time-orient

M amounts to choosing a specific time-orientation on M.

Example 2.3.5. Minkowski n-space, R} is time-orientable. If u°,... u"~! denote
the natural coordinates on RY then the tangent vector 8%0|p is a timelike vector in
B

T,R} and thus determines a timecone 7,. Since 375 is a smooth vector field 7 is indeed

a time-orientation on RY.
This example suggests the following equivalent characterization of time-orientability.

Lemma 2.3.6. A Lorentz manifold M is time-orientable if and only if there exists
a timelike vector field X on M.

Another key notion in a Lorentz manifold is that of a causal vector. A vector v €

T,M is causal if it is either null or timelike. Then for any timelike vector v € T,M we
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define the causal cone containing v to be the set C'(v) = {w | w is causal and (v, w) <
0}. Lastly we say that a curve in M is a causal curve if all its tangent vectors are
causal.

Now suppose that (M, g) is a spacetime, that is to say (M, g) is a time-orientable
Lorentz manifold with a fixed time orientation 7. Then a tangent vector v € T, M is
future-pointing if v € 7,. Equivalently if X € X (M) is a timelike vector field on M
which determines the time orientation on M then v € T,M is future-pointing if and
only if (X,,v) < 0. Similarly the tangent vector v € T,M is past-pointing if v € —7,,
ie. (X,,v) > 0. A timelike curve is future-directed if each of its velocity vectors is
future-pointing and similarly a causal curve is future-directed if each of its velocity
vectors is future-pointing. Dually one can define past-directed timelike (respectively
causal) curves by saying that all the velocity vectors must be past-pointing. These
concepts lead to extremely important binary relations on the set M, which are referred

to by O’Neil as causality relations.
Definition 2.3.7. If p and ¢ € M we define two relations on M as follows:
1. p < q if there is a future-directed timelike curve in M from p to q.
2. p < q if there is a future-directed causal curve in M from p to gq.
3. p<qifeitherp=gqorp<aq.
4. If A C M then the chronological future of A is the set

I'(A)={¢d e M| I € Awithp < ¢}. (6)

5. Similarly if A C M then the causal future of A is the set

JT(A)={d e M| € Awith p' < ¢} (7)

Note that for any p € M define I (p) = I ({p}) = {¢ € M | p < ¢} and similarly
for J*(p). Replacing “future” with “past” in the above definitions one obtains the

sets I7(A) and J~(A), the chronological (respectively causal) past of A.
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Lemma 2.3.8. The relations < and < are transitive. If M does not contain any

closed causal curves then < is antisymmetric.

Lemma 2.3.9. The sets I7(p) and I~ (p) are open in M for all p € M. More
generally the sets I7(A) and I~ (A) are open in M for any subset A of M.

Thus for p and ¢ € M we can define the set I(p,q) = {r € M | p < r < q} which

is open since it is the intersection of the two open sets I (p) and I (q).

Remark 2.3.10. If 2 < z in M then it is a non-trivial fact that there are infinitely
many y € M such that © < y < z, c.f. [29] p.402. Hence it follows that I(z,z) # ()
if and only if z < 2.

Definition 2.3.11. Let p and ¢ € M be such that p < ¢ then the set I(p,q) is

called the open double cone with vertices p and gq.

Theorem 2.3.12 (c.f. [30] Prop.4.21, Def.4.22 p.33). The collection {I(p,q) | p, q €
M} forms a basis for a topology on M called the Alexandrov topology.

The following theorem of Kronheimer and Penrose gives a characterization of when

the Alexandrov topology agrees with the manifold topology.

Theorem 2.3.13. Given a spacetime M the following conditions are equivalent.
1. M is strongly causal.
2. The Alexandrov topology is in agreement with the manifold topology.
3. The Alexandrov topology is Hausdorff.

Remark 2.3.14 (c.f. [30] Def.4.4 p.27). Note a spacetime M is strongly causal at
p € M if for every open neighbourhood U of p there exists an open set ) C U, with
p € @, which is order convex with respect to the order <, i.e. if x, and y € ) and
r K z < y then z € Q). Then we say that M is strongly causal if it is strongly causal

at each of its points.
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2.4 Causality in Minkowski Space

Since the majority of AQFT is concerned with Minkowski space we will give fo-
cus on this specific case of a spacetime. Thus throughout this section M will de-
note 4-dimensional Minkowski space M = {(t,z,y,z) € R*'} and given vectors
v = (t1,m1,11,21) and w = (ta, T2, Yo, 22) € M then as usual we define their inner
product by

(v,w) = —t1ty + T122 + Y1y + 2120

Then translating previous notions to our setting we see that a vector v = (¢, x,y, 2)

in Minkowski space is:
1. timelike if (v,v) <0, i.e. t? > 2% +y? + 22
2. null/lightlike if (v,v) =0, i.e. t* = 2% + y* + 2°
3. spacelike if (v,v) > 0, i.e. t? < 2? +y* + 22

Thus for example the vector vy = (1,0, 0,0) is certainly timelike and thus it defines a
timelike vector field X on M by X, = v, for all p € M. Hence a vector v = (t,z,y, 2)
is future-pointing in case (vy,v) < 0, i.e t > 0. Similarly v is past-pointing if ¢ < 0.
Moreover one can show that for p and ¢ € M that p < ¢ if and only if the vector
pg = q— p is timelike and future-pointing and similarly p < ¢ if and only if the vector
PG = q — p is causal and future-pointing.

Now for each p € M the chronological future of p is called the future timecone
of p and is given by the set I*(p) = {g € M | pq is timelike future-pointing} and
similarly I~ (p) is called the past timecone of p. We also have J"(p) = {q¢ € M |
pq is causal future-pointing} and similarly for J~(p). Moreover it is also the case
that J*(p) and J~(p) are closed subsets of Minkowski space and are equal to the
closures of the open sets I (p) and I~ (p) respectively. Lastly if p and ¢ € M and

q — p is timelike future-pointing then the open double cone with vertices p and ¢ is
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given by the set

I(p,q) ={z € M | z— p and q — z are timelike future-pointing }
3

={z € M [py <2z < qo and Z(Zz —pi)* < (20— po)*,
i=1

3
and Z(qi — )" < (90 — %0)°}-
i=1
Before closing this section we note that the equivalent conditions of Theorem 2.3.13

are satisfied for Minkowski space and thus the double cones form a basis for the

manifold topology.



Chapter 3
Hilbert Spaces and C*-algebras

Remark 3.0.1. We will assume that all vector spaces given are complex vector
spaces unless we explicitly state otherwise. This assumption stands for the whole of

Chapter 3. Our main references for this material are [9] and [20].

3.1 Banach Space Preliminaries

We start by recalling some important concepts from functional analysis that are

directly relevant to understanding the basic theory of C*-algebras.

Definition 3.1.1. A normed space consists of a vector space V' and a mapping
||| : V' — R such that for all c€e C, v, w € V

e|lv[ >0 and ||v|| = 0 implies v =0 (8)
o [lcof = elllv]] (9)
o |lv+wl < |v]| + ||w|| (triangle inequality) (10)

Thus one sees that if (V|| ||) is a normed space then it can be made into a metric
space with metric d : V' x V' — R given by d(u,v) = |ju — v|| for all u, v € V.

It is clear that if (V.|| ||) is a normed space then the following maps are continuous
with respect to the topology induced by the metric d(z,y) = ||z —y| : (z,y) — z+y,

(c,x) — cx, and x + ||z|| for all z, y € V and ¢ € C.

18
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Definition 3.1.2. A normed space (V]| ||) is called a Banach space if the corre-

sponding metric space (V,d) is complete.

It is clear that the complex field C with the usual absolute value as norm is a
Banach space. Hence for any n € N it follows that C" is a Banach space with norm
|(c1,...en)|l = |ea] + -+ + |ea]- Note that all norms on finite dimensional vector
spaces induce the same metric topology and so this norm is not the only norm one
could use on this space. Morphisms between Banach spaces will be continuous linear

maps, and turns out they have a nice characterization in this setting.

Lemma 3.1.3. [c.f. [20] Theorem 1.5.5 p.40] If T': V' — W is a linear map between

normed spaces, then the following are equivalent.

1. T is continuous.
2. There exists a real number C' > 0 such that ||Tz| < C|z|| for all x € V.
3. sup{||Tz[|/[l«] [ x € V;, z # 0} < oo.

4 sup{||Tz|| |z €V, [[z]| = 1} < occ.

If one and hence all of these conditions are satisfied then the suprema in 3 and 4 are

equal to the smallest C' satisfying 2.

For any linear operator T : V. — W between normed spaces we define ||T|| €
R>o U {oo} to be the suprema in Lemma 3.1.3. Hence T is continuous if and only
if [|T|| < oo, and in this case one also has ||Tz|| < ||T||||z| for all z € V. Moreover
|T|| is the smallest such real number and is called the bound of T'. In view of Lemma
3.1.3 one often refers to a continuous linear map between normed spaces as a bounded
linear operator. Now as one might expect the set of bounded linear maps between
normed spaces V and W is again a normed space, denoted B(V, W), with the norm of
a bounded linear operator T" given by its bound ||T'||. The following theorem extends

this result to the level of Banach spaces.

Theorem 3.1.4 (c.f. [20] Theorem 1.5.6 p.41). If V is a normed space and B is
a Banach space then the set of bounded linear operators B(V, B) is a Banach space

with operator bound as its norm.
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Note that every normed space V' can be viewed as an everywhere-dense subset of

a Banach space V which is essentially unique:

Theorem 3.1.5 (c.f. [20] Theorem 1.5.1 p.36). If (V,|||lv) is a normed space
then there exists a Banach space (V]| ||) such that V is a subspace of V which
is everywhere-dense and |[v[|; = ||v|ly for all v € V. Moreover if (B, ||| 5) is any
other Banach space with these same properties as V then there exists a norm pre-

serving epimorphism U : V — B such that
v
B
commutes. The Banach space V is called the completion of V.

Note that in the literature norm preserving epimorphisms are sometimes called

isometric isomorphisms.

3.2 Hilbert Spaces

A particularly important example of a Banach space is a Hilbert space. These are

Banach spaces whose norm is induced by an inner product.

Definition 3.2.1. An inner product on a complex vector space H consists of a

function (,) : H x H — C satisfying for all z, y, 2 € H and a, b € C

L {az + by, 2) = a(z, 2) + b{y, 2),

2. (z,y) = (y,2),
3. (z,2) >0 .

If one also has that (z,z) = 0 implies x = 0 then the inner product is called a definite
inner product. An inner product space consists of a vector space H equipped

with an inner product ().
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The next lemma summarizes some useful properties of inner products.

Lemma 3.2.2 (c.f. [20] Props.2.1.1 and 2.1.2 pp.78-79 ). Suppose that (H,(,)) is

an inner product space. Then
L [z, y)* < (@, 2){y,y) for all v, y € H

2. L={z€ H | (zz2) =0} is a linear subspace of H and the equation (x + L,y +
L)1 = (z,y) defines a definite inner product (,); on the quotient vector space
H/L.

3. ||z|| = (z,2)"/? defines a semi-norm on H. If the inner product is definite then

one obtains a norm on H in this way.

Thus given any inner product space one can apply the above result to obtain an

inner product space with a definite inner product and hence a normed space.

Definition 3.2.3. A pre-Hilbert space consists of a normed space (H, || ||) such
that ||z|| = (z,2)"/? for all z € H for some definite inner product (,) on H. If in
addition (H, || ||) is a pre-Hilbert space which happens to be a Banach space then we
call (H,(,)) a Hilbert space.

Remark 3.2.4. In other words a Hilbert space is an inner product space H with a

definite inner product (, ) such that the associated normed space (H, || ||) is complete.
As in the case of Banach spaces one also has

Theorem 3.2.5 (c.f. [20] Prop. 2.1.6 p.80 ). If H is a pre-Hilbert space then its

completion H is a Hilbert space.

For morphisms of Hilbert spaces we take bounded linear maps. Thus for Hilbert
spaces H and K the set of morphisms from H to K is B(H, K ), which, as previously

mentioned, is a Banach space.

Proposition 3.2.6 (c.f. [20] Theorem 2.4.2 p.101). If H, K, and L are Hilbert spaces
and T € B(H, K), then there exists a unique bounded linear map 7™ € B (K, H) such
that
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1. (T*z,y)y = (x,Ty)k for all z € K and y € H.
In addition, if S € B(H, K) and R € B(K, L), then
2. (aT +bS)* = aT* + bS* for all a, b € C
3. (RT)"=T*R*
4. (T*)* =T
5. |77 = |2
6. |71 = 1T
The unique bounded linear map T* is called the adjoint of T

As a convenient short hand we will simply write B(H) instead of B(H, H) to
denote the Banach space of bounded linear maps from a Hilbert/Banach space H to
itself. One then quickly sees that for a Hilbert space H, ®B(H) is in fact a C-algebra
equipped with an anti-linear map * satisfying equations 3, 4, and 5 of Proposition
3.2.6 for all R, and T" € ®B(H ). Moreover the ring multiplication given by composition
is in fact continuous. This algebra B(H) is an example of a C*-algebra, a concept to
be introduced shortly.

Before closing this section we mention some interesting types of operators on

Hilbert spaces.

Definition 3.2.7. If H and K are Hilbert spaces then we say that an operator
U: H — K is unitary if U*U = idyg and UU* = idxg. We say that an operator
T : H — H is: self-adjoint if 7% = T, normal if T*T = TT*, and positive if
(Tx,z) >0 forall z € H.

Remark 3.2.8. Note that the term unitary operator is usually reserved for those

operators U whose domain and codomain are equal and also satisfy U*U = id = UU*.
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3.3 (*-algebras

Definition 3.3.1 (c.f. [20] Def. 3.1.1 p.174). Suppose that A is an algebra over
C with unit /. Then A is called a normed algebra if A is a normed space and
|labl| < ||a||||b]] for all a, b € A and ||I]| = 1. If in addition A is a Banach space then
A is called a Banach algebra.

We can now finally state the main definition of this chapter.

Definition 3.3.2. An involution on a Banach algebra A is a function (—)* : A —
A such that for all a, b € A and A\, and p € C,

1. (Aa + pb)* = Xa* + jib*¥,
2. (ab)* =b*a*, and
3. (a")* =a.

A (C*-algebra is a Banach algebra, A, together with an involution (—=)* : A — A
and satisying
la*al| = ||a||® (C*-identity) (11)

A key example of a C*-algebra arises from the Banach algebra %B(H), where H
is Hilbert space, described in the previous section. The involution is given by taking
the adjoint of a bounded linear map. In fact an amazing result know as the GNS
construction implies that every C*-algebra can be viewed as a subalgebra of B(H)
for a suitable choice of Hilbert space H. Before discussing this result, we present a

nontrivial example of a C*-algebra.

Example 3.3.3. Suppose H is a Hilbert space and let (H), := {z € H | ||z] <
1} be the closed unit ball in H. A compact operator is a bounded linear operator
T : H — H such that the set T'(H), = {T'z | v € (H),} is relatively compact, i.e.,
has compact closure with respect to the norm topology. If K(H) denotes the set of
compact operators on H, then KC(H) is a C*-algebra ([33] Cor.1.2 p.2). Moreover,
IKC(H) contains the identity if and only if H is finite-dimensional.



CHAPTER 3. HILBERT SPACES AND C*-ALGEBRAS 24

In order to sketch the GNS construction we need a few definitions. The first notion
is a generalization of the notion of eigenvalues of a linear map on a finite dimensional

vector space.

Definition 3.3.4. If A is a Banach algebra and a € A then we define the spectrum

of a to be the subset sp4(a) of complex numbers given by
spa(a) = {X € C | a — Al does not have a two-sided inverse} (12)

If A € spa(a) we say that A is a spectral value for a.

We will simply write sp(a) to denote the spectrum of a when the algebra A is

clear from the context.
Definition 3.3.5. If A is a C*-algebra and a € A then we say that a is:
1. hermitian/self-adjoint in case a* = q,
2. unitary in case a*a = I = aa™,
3. normal in case a*a = aa*, and
4. positive in case a is hermitian and sp(a) C [0, 00).
If a is positive we write a > 0 and we denote the set of positive elements in A by A™.

The positive elements in a C*-algebra play an important role in the theory. The

following proposition is one of the many results concerning this set A*.

Proposition 3.3.6 (c.f. [9] Theorem 3.6 p.241). If A is a C*-algebra, and a € A,

then the following are equivalent.
1. a>0.
2. a =10 for some b € A

3. a = z*x for some x € A.



CHAPTER 3. HILBERT SPACES AND C*-ALGEBRAS 25

Definition 3.3.7 (c.f. [9] Def. 5.10 p.250). A linear functional p : A — C on a
C*-algebra A is positive if p(a) > 0 for all a € A". A positive linear functional p is
called a state if ||p|| = 1.

Notice that a positive linear functional isn’t assumed to be bounded, but it turns

out that it always is!

Lemma 3.3.8 (c.f. [9] Prop.5.11 and Cor.5.12 p.250). If p is a positive linear

functional on a C*-algebra A then,

oy )* < p(y*y)p(z*z). (13)
If p is also nonzero then p is bounded and ||p|| = p(1).
We need two more definitions in order to state the main result.

Definition 3.3.9. A x-homomorphism from a C*-algebra A to another C*-algebra
C consists of a C-algebra homomorphism ¢ : A — C such that ¢(a*) = ¢(a)* for
all a € A. We say that B C A is a C*-subalgebra of A if B is a subalgebra which is

norm-closed and for each b € B one has b* € B.

Note that one does not need to assume that a *-homomorphism is continuous, as
this is a consequence of the definition (see [20] Theorem 4.1.8). In fact, ||¢(a)|| < ||a||
for all a € A. The GNS theorem is concerned with the existence of representations

of C*-algebras, so we need the following:

Definition 3.3.10 (c.f. [9] Def.5.1 p.248 and Def.5.6 p.249). A representation of a
C*-algebra A consists of a Hilbert space H and a x-homomorphism 7 : A — B(H).
A representation is called cyclic if there exists a vector e € H such that the set
{p(a)e | a € A} is everywhere-dense in H. In this case e is called a cyclic vector.

Two representations (my, Hy) and (mg, Hy) are equivalent if there exists a unitary
map U : Hy — Hy such that Uny(a)U ™! = my(a) for all a € A.

Theorem 3.3.11 (Gelfand-Naimark-Segal Construction, c.f. [9] Theorem 5.14, p.250).
Let A be a C*-algebra. Then,
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1. if p is positive linear functional on A, there is a cyclic representation (m,, H,)
of A such that p(a) = (m,(a)e, e) for all a € A where e € H is the cyclic vector,

and

2. if (m, H) is a cyclic representation with cyclic vector e, the equation p(a) =
m(a)e, e) defines a positive linear functional on A. Moreover the representation

{
(mp, H,) one obtains using the process in (1) is equivalent to the representation
(m, H).

Note that if p is a positive linear functional on a C*-algebra A then for any ¢ > 0
we have that cp is positive as well and in addition the representations 7, and =, are
equivalent. Thus up to equivalence it is sufficient consider states on A rather than

arbitrary positive linear functionals.

Theorem 3.3.12 (c.f. [9] Theorem 5.17 p.253). It A is a C*-algebra then there

exists a representation (7, H) of A for which 7 : A — B(H) is an isometry.

3.4 Von Neumann Algebras

For this section we fix a Hilbert space H.

Definition 3.4.1. Let S C ®B(H) be any subset of bounded linear operators on the
Hilbert space H. The commutant of S is the set S’ C B(H) defined by

S'={T € B(H) | TK = KT VK € S}. (14)
We call the set S” = (S”)" the double commutant of S.

It is clear from the definition that if X C Y C B(H) then Y/ C X’ and that
X C X" for all subsets X and Y. Consequently it follows that S = S’ for all subsets
S of B(H).

Definition 3.4.2 (c.f. [9] Def.7.1 p.281). If A is a x-subalgebra of B(H) such that

A" = A then we say that A is a von Neumann algebra.
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This definition is not the traditional one found in many texts on the subject
but is indeed equivalent. This equivalence is usually referred to as von Neumann’s
double commutant theorem. In order state this theorem we first need to define some

important topologies on B(H).

Definition 3.4.3. The strong-operator topology on B(H) is the topology which
has a base of neighborhoods at Ty € B(H) given by sets of the form

V(To:ay, .. xmse) ={T € B(H) | (T = To)xsl| <e(j=1,...,m)}
where x1,...,x, € H and ¢ > 0.

Definition 3.4.4. The weak-operator topology on B(H) is the topology with a
base of neighborhoods at each Ty € B(H) given by sets of the form

V(T (@1,90)s -+ s (@ )i €) = {T € BUH) | [{(T = To)ay, i)l < e(j = 1,...m)}
where 1, ..., Tm, Y1,.-.,Ym € H and € > 0.

Remark 3.4.5. Every set which is open (resp. closed) in the weak-operator topology
is open (resp. closed) in the strong-operator topology which is in turn open (resp.

closed) in the norm topology on B(H).

Theorem 3.4.6 (Double commutant c.f. [20] Theorem 5.3.1 p.326). If A is a self-
adjoint algebra of operators on a Hilbert space H that contains the identity, then
the closure of A in the weak-operator topology is the same as the closure in the

strong-operator topology which in turn is equal to A”.

We now state some elementary facts concerning von Neumann algebras which can
be found in [20]. If S C B(H) then the set (SUS*)”, where S* = {a* | a € S}, is the
von Neumann algebra generated by S. The set (S U S*)" is always a von Neumann
algebra for any subset S of B(H).

Specific examples of von Neumann algebras acting on H include C - idy and
B(H). If G is a group and v : G — B(H) is a unitary representation of G then the
commutant of u(G) = {u, : H — H | g € G} is a von Neumann algebra. Moreover

u(G) is equal to the set of maps in B(H) which commute with the group action.
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Remark 3.4.7. We note that von Neumann algebras do admit an abstract descrip-
tion which does not make reference to a Hilbert space. It was shown by Sakai [35]
that a von Neumann algebra can be defined as a C*-algebra M which as a Banach
space is the dual of some other Banach space M, called the predual which is unique

up to isomorphism, i.e., M = (M,)* as Banach spaces.



Chapter 4

Hilbert C*-modules and Induced

Representations

In this chapter we take a minimalist approach and present just enough of the theory of
Hilbert C*-modules to be able to state theorems concerning the problem of inducing
a representation of a C*-algebra B to a representation of another C*-algebra A. This
process is sometimes referred to as Rieffel induction after Marc A. Rieffel. Two good

references for this material are [24, 33], the latter being the one we use for this chapter.

4.1 Inner Product Modules

Let A be a fixed C*-algebra which may not necessarily have an identity.

Definition 4.1.1 (c.f. [33] p.8). A right-A-module consists of a complex vector
space X and a bilinear mapping X x A — X, denoted (z,a) — x - a, satisfying the

usual equations stating X is a module over the ring A.

Remark 4.1.2. If A has an identity then we also require that z - 14 = z for all
x € X. In this case requiring X to be a vector space in advance is redundant. When

X is a right A-module we will sometimes write X 4 to emphasize this.

Definition 4.1.3 (c.f. [33] Def.2.1 p.8). Suppose X is a right A-module equipped
with a pairing (, )4 : X X X — A such that conditions

29
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L (x, Ay + pz)a = Ma,y)4 + p(z, z) 4 for all X and p € C,
2. (z,y-a)a = (z,y)aq,
3. (x, y)a = (U, 1),
4. (x,x) 4 is a positive element of the C*-algebra A, i.e., (x,z)4 > 0,
5. (z,x)4 = 0 implies that x = 0,
are satisfied. Then, X is called a right inner product A-module.
Remark 4.1.4. It is immediate that (,) 4 is conjugate linear in the first variable.
We pause now to give some basic examples.

Example 4.1.5. In the case A = C, inner product C-modules are the same thing as
complex inner products spaces in which the inner product is conjugate linear in the

first variable and linear in the second variable.

Example 4.1.6. A is an inner product A-module with obvious .4-module structure

and pairing given by (z,y) 4 = ™.

A standard result on complex inner product spaces is the Cauchy-Schwarz inequal-
ity, and Example 4.1.5 suggests that this might generalize to arbitrary inner product

A-modules. Indeed one has the following result.

Lemma 4.1.7 (c.f. [33] Lem.2.5 p.9). Suppose that X is an inner product A-module
and x and y € A, then

() 4z, ) < (2, 2)all{y, y)a (15)
as positive elements of the C*-algebra A.

The Cauchy-Schwarz inequality has the following nice consequence.
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Corollary 4.1.8 (c.f. [33] Cor.2.7 p.10). If X is an inner product A-module then

the formula
4 = Iz, 2)all*? (16)
defines a norm on X such that ||z - al|4 < ||z||4]|a]. Moreover the normed module

(X4, || ||4) is nondegenerate in the sense that the elements z-a span a dense subspace
of X. Explicitly,

X - <X7X>.A = Span{x ) <ya Z)A | r,Y,z € X}
is || || a-dense in X 4.

Definition 4.1.9 (c.f. [33] Def.2.8 p.11). An inner product A-module X is called
a Hilbert C*-module or Hilbert A-module if X is complete with respect to the
norm || ||4. It is a full Hilbert A-module if the ideal I = span{(z,y)4 | z,y € X} is

dense in A.
Example 4.1.10 (c.f. [33] Ex.2.9 p.11). Hilbert C-modules are Hilbert spaces.

Example 4.1.11 (c.f. [33] Ex.2.10 p.11). If Ais a C*-algebra then A4 is a Hilbert
A-module with a - b = ab and (a, b) 4 = a*b.

Example 4.1.12 (c.f. [33] Ex.2.12 p.11). Suppose that p € A is a projection in
the C*-algebra A. Then the set Ap = {ap | a € A} is a Hilbert pAp-module with
(ap, bp)pap = pa*bp. Then we have that ||ap|/,4, = ||ap| and since Ap is a closed
linear subspace of A it follows that it is complete with respect to || ||,4, = || || Hence

it is a Hilbert pAp-module.

4.2 Adjointable Operators

One might naively expect that given a map between Hilbert modules that it has an

adjoint as is the case for Hilbert spaces. This is however not automatic.

Definition 4.2.1 (c.f. [33] Def.2.17 p.16). A function 7" : X — Y between Hilbert

A-modules is called adjointable if there exists a function 7* : Y — X such that

(Tz,y)a = (x, T"Yy) 4 forallz € X,y €Y. (17)
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Lemma 4.2.2 (c.f. [33] Lem.2.18 p.16). If T": X — Y is an adjointable map
between Hilbert A-modules X and Y then T is a bounded linear map between the
underlying Banach spaces X and Y, and T preserves the A-module structures on X,
and Y.

If X and Y are Hilbert A-modules then the set of adjointable operators from X
to Y is denoted £(X,Y) and one simply writes £(X) or £(X 4) when ¥V = X.

Lemma 4.2.3. If T € £(X,Y) then T* is unique and 7** = T". Moreover L(X) is a
Banach subalgebra of B(X) = {bounded linear maps on X'} and it is equipped with

an involution T +— T™.
The previous lemma foreshadows the following proposition.

Proposition 4.2.4 (c.f. [33] Prop.2.21 p.17). If X is a Hilbert .A-module then £(X)

is a C*-algebra with respect to the operator norm.

Example 4.2.5. Adjointable maps between Hilbert C-modules are the same thing

as bounded linear maps between Hilbert spaces.

As mentioned earlier there are examples of bounded A-linear maps between Hilbert
A-modules which aren’t adjointable. For example see [33] Example 2.19 on page 17
or also see [24] page 8.

Example 4.2.6. If A is a C*-algebra, and a € A, then the map L, : A — A given
by b — L4 (b) = ab defines an adjointable operator on A with adjoint L.

4.3 Induced Representations: Rieffel Induction

We conclude our brief presentation on Hilbert modules with a discussion on induced
representations. For this discussion fix C*-algebras A and B, a Hilbert B-module X
and a *-homomorphism p : A — L(X). Then Xz becomes a left A-module with
a-x = p(a)(x). In this case we say A acts as adjointable operators on Xp. Now
if 7 : B — 9B(H,) is a nondegenerate representation of B then we would like to
build a representation of A. i.e., we want to induce a representation of A given a

representation of B.
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Proposition 4.3.1 (c.f. [33] Prop.2.64 p.23). Suppose A and B are C*-algebras
and Xp is a right Hilbert B-module on which A acts as adjointable operators. If
7w : B — B(H,) is a nondegenerate representation then there is a unique positive

semi-definite inner product on the algebraic tensor product X ® H, satisfying

A quick calculation reveals that any vector of the form v = z-b@h—x @ w(b)h €
X ® H, has the property that its inner product with any other vector y®k € X ©® H, is
zero. Now applying statement 2 of Lemma 3.2.2 the quotient vector space X ® H,/S
where § = {z € X ® H; | (2,2) = 0} becomes a pre-Hilbert space with a definite
inner product which we also denote (,). After completing this space we get a Hilbert
space which is denoted X ®p H,. Moreover vectors x ® h € X ®p H, now have the
property that (x-b) ® h = x ® w(b)h for all b € B. The subscript B on the tensor
symbol is there to emphasize that this tensor product is B-balanced in this sense. As
a convenience we will sometimes write x ®z h for the image in X ®p H,; of the element
r®hin X © H,.

Theorem 4.3.2 (c.f. [33] Prop.2.66 p.35). Suppose A and B are C*-algebras, 7 :
B — B(H,) is representation of B and that A acts as adjointable operators on the
a Hilbert B-module X. Then

Indr(a)(z @5 h) = (a-z) @5 h (19)

extends to a representation Indw : A — X ®p H, where X ®p H, is as described in
the above discussion. If in addition, A- X is dense in X then Ind~ is a nondegenerate

representation of A.

Remark 4.3.3. In general the induced representation Indrw will depend on the
Hilbert B-module X and also the homomorphism A — £(X). For these reasons
we will use the following notations to refer to the induced representation X — Indéw,
Indgn, and X-Ind.

Lastly we state one more result which shows that Rieffel induction is functorial.
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Theorem 4.3.4 (c.f. [33] Prop.2.69 p.37). Suppose that A, B and X are as in
Theorem 4.3.2. If m; : B — B(H;) are nondegenerate representations of B and
T : HA — H, is a bounded intertwining operator then the map 1 ® T' given by
x®@h +— ®(Th) extends to a bounded linear operator 157 : X @g H; — X ®@p H;
which intertwines X-Indm; and X-Indmy. Moreover the map T +— 1 ®g T is *-linear,
and if S : Hy — Hj intertwines m and w3 then 1 ®5 ST = 1R Sol®gT.
Consequently the functor X-Ind : Rep(B) — Rep(.A) preserves unitary equivalence

and direct sums.



Chapter 5

Category Theory

5.1 Monoidal Categories

We start by collecting some important notions from category theory.

Definition 5.1.1 (c.f. [25]). A monoidal category (C,®, I, a, A\, p) consists of a
category C, a functor ® : C x C — C, an object I € |C|, and natural isomorphisms
VA B,Ce|C:
)\A T IQRA— A
PA A X I — A
OCA,B,C . (A®B)®C—>A®<B®C)

35
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such that the following diagrams commute

(A® B)® (C® D)

PN

(A B)®(C)® ®(B® (C® D)) (M1)

a®lp 1y ®a«

(A® (B®())® D—7pFy—A® (B® C)® D)

(A )® B—%— A® (I ® B)

p®x /@A o)

A® B
A=p: IQ[—— ] (M3)

We say that a monoidal category is strict if all components of a, A, and p are identity

maps.

Example 5.1.2. Let M be a monoid in the usual sense of the word. Then we can
view M as a category whose objects are elements of M and the only arrows are
identity arrows. Let ® denote the multiplication in M and let I € M be the unit for
this multiplication. Then (M, ®, ) is a strict monoidal category, as follows directly

from the monoid axioms.

Example 5.1.3. Any category with all finite products (resp. coproducts) is a monoidal
category where ® = X (resp. +), I = 1 (resp. 0). The isomorphisms «a, A, and p are
determined by the universal property of product (resp. coproduct). In particular
the category Set is a monoidal category. Unless stated otherwise we will take the

monoidal structure on Set to be the one given by cartesian product.
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Example 5.1.4. Let k be a fixed field and consider the category Vect, whose objects
are vector spaces over k and arrows are k-linear maps. Then Vecty is a monoidal

category where:

VoW =VegW
I=k

and a: (U@V)eW=2U(VeW),A\:keU=U,and p: U®k =2 U are the

usual vector space isomorphisms.

Example 5.1.5. Let C be a category and consider the category Func(C) whose
objects are endofunctors on C and arrows are natural transformations between such
functors. Then Func(C) is a strict monoidal category where F' ® G = F o G for
functors I and G and I = ide.

We now state a coherence theorem for monoidal categories which can be found in
[25]. We give the version from Kock’s book [23].

Theorem 5.1.6 (Mac Lane’s Coherence Theorem). Let (C,®, I, a, A, p) be a monoidal
category. Every diagram that can be built out of the components of o, A, and p, and

identity maps, using composition and monoidal operations, commutes.

We will use this theorem extensively to establish the commutativity of diagrams.

5.2 Monoid Objects

Definition 5.2.1 (c.f. [25]). Let (C, ®,I, a, A, p) be a monoidal category. A
monoid ( M, p, ) in C is an object M € |C| together with two arrows p: MM —
M, n:1 — M such that

1y ®
MM @M—Y Mo (Mo M—L2E oM
1R 1y H (Monl)
M@ M M
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and
©1 1y @
ToM—T2M vre a2 e
3 i ; (Mon2)
M

commute. The map p is called multiplication and 7 is called the unit. Equation

(Monl) is called the associativity axiom and (Mon2) is called the unit axiom .

Example 5.2.2. As one might expect, monoids in the monoidal category Set are

monoids in the usual sense.
Example 5.2.3. Monoids in the monoidal category Vecty are associative k-algebras.
Example 5.2.4 (c.f. [25]). Monoids in the monoidal category Func(C) are monads .

Definition 5.2.5. A morphism of monoids f: (M, u, n) — (M', ¢/, 1) is an

arrow f : M — M’ such that following diagrams commute:

Mo L2 e Mt

(I RV

M —— M

S

The following lemma is immediate and can be found in [25].

Lemma 5.2.6. Given a monoidal category (C, ®, 1, a, A, p) the monoids in C form

a category Mone.

5.3 Monoidal Functors and Natural Transforma-

tions

Definition 5.3.1 (c.f. [25]). A monoidal functor (F, d”, e’ ) : C — D between

monoidal categories C and D consists of the following three items
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e a functor F': C — D between categories;

e morphisms d}j 5 : F(A)® F(B) — F(A® B) in D for all A, B € |C| which are

natural in A and B and,
e for tensor units I and I’; a morphism e’ : I’ — F(I) in D.

These must make the following three diagrams, involving the structural maps a;, A,

and p, commute in D:

/

(F(A)® F(B)) @ F(C)—%——F(A) ® (F(B) ® F(C))

dip®1 1@dh .
F(A® B)® F(C) F(A)® F(B®C) (MF1)
di@B,C di,B@C

F(A® B)® ()

F(a)
F(B)®I" A F(B)
1® eF‘ ]F (p) (MF2)
F(B)® F(I)——ng—+F(B ® I)
I'® F(B) A F(B)
ef ® 1‘ {F () (MF3)
F()® F(B)TF([ ® B)

A monoidal functor is said to be strong when ef” and all the di p are isomorphisms,

and strict when e and all the dfj 5 are identities.

Remark 5.3.2. If (F, d", ") is a strict monoidal functor then Definition 5.3.1

reduces to the following:
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e a functor F': M — M’;

o Pla)=d, F\) = X, F(p) = '

o ['(f®g)=F(f)® F(g) for all arrows f and g in M.

Next we consider what morphisms of monoidal functors should be.

Definition 5.3.3 (c.f. [25]). A monoidal natural transformation 6 : (F,d" e") —
(G, d%, %) between monoidal functors (F,d", e, (G,d%, e%) : M — M’ is a nat-
ural transformation 6 : F' — G between the functors F' and G such that the following

two diagrams

di,B 0]
F(A) ® F(B)}—"— F(A® B) F(I)—1>G(I)
0 0 0
A® B‘ ‘ A®B oF e
dA,B
commute.

5.4 Braided Monoidal Categories

Braided monoidal categories form an interesting class of monoidal categories.

Definition 5.4.1 (c.f. [18]). A natural isomorphism o45: A® B — B® Ain a

monoidal category, (C,®, I, a, A, p), is a braiding if the following diagrams commute:
AR (B(CO)—Z—(Ba0)® A

e N

(A B)®C B® (C®A) (B1)

0'®1(J\4 %;;@0

(BA)RC—FGg—>B(ARC)
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(A B) C—Z —C®(A® B)

Oé/ al

A® (B®C) (C®A)®B (B2)
®

%@13

g
A®(C®B)—— (A2 Cj® B

-1

A monoidal category equipped with a braiding is called a braided monoidal cate-

gory.

Remark 5.4.2. If (C,®,1,a,\, p,0) is a braided monoidal category then it may
happen that op 4 0 04 = lagp for all objects A and B in C. In this case we say

that (C,®,1,a, A\, p,0) is a symmetric monoidal category.
Lemma 5.4.3. If C is a symmetric monoidal category then Mon¢ is monoidal.
The following is due to Joyal and Street [18].

Proposition 5.4.4. The following diagrams are commutative in any braided monoidal

category (C,®,I,a, \, p,0):

AT g

I®A I® A g AR T
\Tl) \ \m/
A A

We now state a result of Kelly and Laplaza found in [22].

Proposition 5.4.5. If C is any monoidal category with tensor unit I, then the
monoid Hom(I,I) is commutative. Furthermore the value of the composite I =
1112 1 ® 12T shows that fog=gof.

Remark 5.4.6. We note that Hom(I, I) is sometimes called the set of scalars.
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5.5 Tensor x-Categories

In this section we give a brief overview of tensor x-categories and related categorical
notions which are relevant to AQFT. The reader is referred to the work of Selinger
[36], where the detailed definition and properties are given. In [36], he also gives a

graphical calculus for representing morphisms in such categories.

Definition 5.5.1. A dagger structure on a category C consists a functor (—)* :
C? — C such that A* = A for all objects A and (f*)* = f for all arrows f. A
dagger category consist of a category C equipped with a dagger structure (—)*. If
C and D are dagger categories then a dagger functor from C to D consists of a
functor F': C — D such that F(f*) = F(f)* for all arrows f in C.

Example 5.5.2. The category Hilb of Hilbert spaces with 7™ defined to be the
adjoint of the bounded linear map 7" yields a dagger structure on Hilb. Similarly the
category Rel of sets and relations is also a dagger category with R* = R where R is

the converse relation of R.

Definition 5.5.3. In a dagger category C we say that a map f: X — Y is an
isometry if f* o f = idx, we say f is unitary if f and f* are both isometries. If

p: X — X then p is called a projection if p =pop = p*.

Definition 5.5.4. A C-linear category is category C such that for each pair of
objects A and B the homset C(A, B) is a complex vector space and such that the
composition map o : C(B, C')xC(A, B) — C(A, C) is bilinear. A functor F': C — D
between C-linear categories is called C-linear if for all objects A and B in C the
function F': C(A, B) — D(F'A, F'B) is C-linear. An object X in a C-linear category
is irreducible if C(X, X) = C - idy.

Definition 5.5.5. If X and Y are objects in C-linear category C then a direct
sum (also called a biproduct) of X and Y consists of an object Z in C and maps
X 25 Z &Y and maps X —— Z 25 Y such that vy ouq = idx, v 0 us = idy and
Uy 0 vy + ug o vy = idy. A C-linear category is called semisimple if every object is a

finite direct sum of irreducible objects.
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Definition 5.5.6. If C is a C-linear category, then a x-operation on C consists of
a dagger structure (—)* on C such that the function (—)* : C(A,B) — C(B, A) is
antilinear for all objects A and B. A x-operation on C-linear category is positive
if f*o f =0 implies f = 0. A x-category consist of a C-linear category equipped
with a positive x-operation. A functor F': C — D between x-categories is called a

x-functor if F' is at the same time a C-linear functor and a dagger functor.

Remark 5.5.7. In any C-linear category C we have that C(A4, A) is a C-algebra. If
C is x-category then C(A, A) is a x-algebra.

Definition 5.5.8. A C"*-category is a x-category C such that for each pair of objects
A, and B the space C(A, B) comes equipped with a norm, denoted || || 4 5, with respect

to which it is a Banach space. Moreover these norms must satisfy
L lgo fllac < llgllcll fllag for all arrows f: A — B, and g: B — C, and
2. ||f* o fllaa = |f||% p for all arrows f: A — B.

Remark 5.5.9. In a C*-category C, the space C(A, A) is a C*-algebra for all objects
A. Moreover if A is a C*-algebra then it can be viewed as a one-object C*-category

in an evident manner.

Another example of a C*-category is the category Hilb, which is of course the
motivating example for the definition. Yet another example of a C*-category (de-
scribed in Example 5.5.10) arises from considering the set of self-adjoint idempotent

elements of a C*-algebra.

Example 5.5.10 (c.f. [15]). Suppose A is a C*-algebra, then we define a category
P(A) as follows. An object consists of an element a € A such that a = a®> = a* and
an arrow r : a — a' consists of an element r € A such that ra = r = a'r. Then
composition is given by multiplication in A and the identity arrow on « is equal to a,

ie. id, = a.

Definition 5.5.11. If C is a *-category then we say that an object X is a subobject

of Y if there exists and isometry v : X — Y in C, i.e. we have amapu: X — Y
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such that u* ou = idyx. We say that C has subobjects if for every object Y and
projection p : Y — Y there exists an object X and an isometry u : X — Y such
that p = uowu*. Given objects X and Y of C a direct sum of X and Y consists of an
object Z and isometries u : X — Z and v : Y — Z such that uou*4+vov* =1dy.

We say that C has direct sums if each pair of objects has a direct sum.

Definition 5.5.12. A C-linear tensor category consists of a C-linear category
C equipped with a monoidal structure (C,®,a, A, p,I) such that @ : C(A4, B) x
C(X,)Y) — C(A® X,B ®Y) is bilinear for all objects A, B, X, and Y in C.
We say that C is a symmetric C-linear tensor category in case the underlying

monoidal category is symmetric.

Definition 5.5.13. A tensor x-category is a C-linear tensor category C which is
also a *x-category and satisfies (f ® g)* = f*® ¢* for all arrows f and g. Moreover all
the components of the structural isomorphisms «, A\, and p are required to be unitary.
We say that C is a symmetric tensor x-category if it also comes equipped with a
symmetry for the monoidal structure on C which is unitary. A functor F': C — D
between tensor #-categories is called a tensor x-functor (respectively symmetric
tensor x-functor) if it is a *-functor, which is also a monoidal functor (respectively

symmetric monoidal functor) and all the accompanying structural maps are unitary.

We present a construction which can be thought of as a categorical extension of
the GNS Theorem discussed previously (see Section 3.2 Theorems 3.3.11 and 3.3.12).
The following is taken from [15] where the elementary theory of C* and W*-categories
is developed. If C is a C* category then a state on C is a pair (A, ¢) where A is an
object of C and ¢ : C(A, A) — C is a positive linear form on the C*-algebra C(A, A).
A representation of a C* category is a - functor F' : C — Hilb. The following

proposition is taken from [15].

Proposition 5.5.14 (c.f. Proposition 1.9 in [15]). If C is a C* category with state
(A, ¢) then there exists a representation F, : C — Hilb of C and a cyclic vector
vy € Fy(A) such that

¢(a) = (vg, Fy(a)vg)  Va € C(A, A).
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Moreover if F'is another representation with cyclic vector v € F(A) such that ¢(a) =
(v, F(a)v) for all a € C(A, A) then there is a unique unitary natural transformation

u: Fy = F such that ujvg = v.

Proof. We give just a brief sketch of the proof. For B € |C|, we build a Hilbert
space Fy(B) as follows. For a, b in the Banach space, C(A, B) define a semi-definite

inner-product by
(a,b) = ¢(a” o).

Now define F,(B) as the Hilbert space obtained as the completion of the quotient of
C(A, B) by the vectors of length zero. Thus we have a canonical map C(A, B) —
F,(B) which we denote by a — a. Now given b : B — (' in C we define Fy(b) :
FyB — F4C by Fy(b)(a) = boa. The details that this gives a bounded linear map
can be found in [15]. O

The last theorem we state from [15] concerns the existence of faithful representa-

tions.

Theorem 5.5.15 (c.f. Proposition 1.14 in [15]). If C is a C* category then there
exists a faithful embedding functor F': C — Hilb.

Proof. Again we simply sketch the idea of the proof here. Let F' = @ s F where ¢
ranges over all positive linear forms on the C*-algebras C(A, A) and A ranges of over
all objects in C. Then clearly F'is a representation and it is faithful since if F'(a) =0

for some a € C(A, B) it follows that ¢(a*a) = 0 for all positive linear functionals on
C(A, A) and so a = 0. O

5.6 Conjugates and Traces

In this section we examine the notions of conjugate object in a tensor x-category and
the related notion of a trace. If one makes certain assumptions then these notions
considered yield the familiar categorical concepts of compact closed categories and

traced monoidal categories.
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Definition 5.6.1. If X is an object in tensor *-category C then a conjugate of X
consists of an object X in C and arrows 7 : [ — X ® X and 7: I — X ® X such
that the diagrams

A 7 _ Oy ¥ _
X2 1o x 24 (x e X) o X 55 X 9 (X o X)
Xr*
d
1ex Xol
PX
X

both commute. In this case we say that the triple (X, r,7) is a conjugate of X, and
as an abbreviation we will also call just the object part of the triple, X, a conjugate

of X. We say that C has conjugates if every nonzero object has a conjugate.

Remark 5.6.2. Note that if we have a symmetric tensor x-category with conjugates
and if we choose a conjugate for each object then this will induce a compact closed
structure on the category. Indeed if (X,,7) is a conjugate of X then we can define

maps Ny : I — X ® X and ex : X ® X — I by r and 7. Then for example one of
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the required equations for compact closure is

/\Xo(T*@X)OQ;IYXO(X(@T)Op;(I:idX

which one can show is simply the image of the first conjugate equation under the

*

functor (—)*. The other equation for compact closure is exactly the same equation

as the second conjugate equation.

Definition 5.6.3. If X is an object in a tensor x-category then a conjugate of X,

(X,r,7), is called a standard conjugate in case

r X®s

[——— X X——X®X
T r

X®77>X®YT>I

commutes for all arrows s : X — X.

Definition 5.6.4. A TC" consists of tensor *-category C such that the following

conditions hold:

1. dimC(X,Y) < oo for all objects X and Y,
2. C has conjugates,

3. C has direct sums,

4. C has subobjects, and

5. the tensor unit [ is irreducible.
An STC” consists of TC* such that the underlying tensor *-category is symmetric.

The prototypical example of an ST'C* is the category Hilby,; of finite dimensional
Hilbert spaces and linear maps. For each Hilbert space H the Hilbert space H is
given by the dual space and if e; is basis for H and f; the corresponding dual basis
for H then r(1¢) = Y. fi ® ¢; and 7(1¢) = Y. e; ® fi. An important offshoot of this
example is the category of finite dimensional unitary representations of a compact

group G, Rep(G) 4.
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Lemma 5.6.5. Every T'C* is semisimple.
Lemma 5.6.6. If C is a T'C* then every object X in C admits a standard conjugate.

Proposition 5.6.7. If C is a TC* and X is an object of C and (X, r,7) is a standard

conjugate then the map
Trx :C(X,X) —C
s 10 (X ®s)or
is independent of the choice of standard conjugate. Moreover we also have that
1. Trx(sot)=Try(tos) foralls:Y — X, and t: X — Y, and
2. Trxgy(s®t) =Trx(s)Tr,(t) foralls: X — X andt:Y — Y.
The map T'ry is called the trace.

Thus the proposition shows that in a T'C* there is a notion of trace of an endomor-
phism the result of which is a scalar. Moreover this trace function satisfies similar
properties of the familiar trace in linear algebra. Now as the trace of the identity
morphism in linear algebra yields the dimension of the vector space it is sensible to

define the dimension an object in general T'C* as such.

Definition 5.6.8. If X is an object in a T'C"* then we define the dimension of X,
denoted d(X), by d(X) = Trx(idx). In other words d(X) = r* o r for any standard

conjugate (X,r,7).

This innocent concept of dimension is in fact a powerful tool that plays a key role

in the reconstruction theorem. Here are some of its properties.
Theorem 5.6.9. If X and Y are objects in a T'C* then
LdXaY)=dX)+dY),
2. dX®Y)=dX)d(Y),

3. d(X)=d(X)>1, and
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4. if d(X) =1 then X ® X = I, in which case we say X is invertible.

Remark 5.6.10. In any compact closed symmetric monoidal category we can define
the trace of an endomorphism f : X — X by trx(f) = ex o cx y o nx where
nx 1 — X ® X and ex : X ® X — I are the usual unit and counit respectively.
Notice that this is in general not same as the trace defined in terms of standard
conjugates in a TC*. If X is an object in an STC* with standard conjugate (X, r,7)
then for any f: X — X we will have Trx(f) = trx(f) provided the diagram

[— XX

X, x (20)

=3I

X®X
commutes. This equation first surfaced in a landmark paper by Abramsky and Co-
ecke, [1], where they constructed a categorical framework for doing abstract quantum
mechanics. Abramsky and Coecke defined the notion of a strongly compact closed
category which is a compact closed category equipped with a dagger structure which
is a strict symmetric monoidal functor (—)* : C°” — C and such that the above dia-

gram commutes. In [36], Selinger proposed the term dagger compact closed category

for such categories, and they have subsequently become known by this name.

Lemma 5.6.11. If X is an object in STC* and (X,r,7) is a standard conjugate

then the expression

O(X) = (" ®X)o(X@cxx)o(r@X)
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defined by:

A _ _
XX jox 22 L Xex)exX —L > Ko (X oX)

is independent of the choice of standard conjugate.

The map ©(X) : X — X defined in Lemma 5.6.11 is called the twist. We now

summarize a few important properties of this map.

Proposition 5.6.12. If C is an STC* then O(X) : X — X is a unitary monoidal

natural transformation of the identity functor on C. Explicitly we have
1. OY)os=s00O(X) forall s : X — Y,
2. (X)) =0(X) Y
3. (X ®Y)=0(X)®06(Y), moreover we also have that
4. O(X)? =idy

5. If X and Y are irreducible then ©(X) = +idx, and if Z is an irreducible direct
summand of X ® Y then ©(Z) = wxwyidy where ©(X) = wyidx and similarly

for wy.
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We close this section with a final definition and an interesting result related to
the theory of TC*’s.

Definition 5.6.13. If C is a C*-category which is also a tensor x-category, with
respect to the same dagger structure, then we say C is C*-tensor category in case

ls@t|| < ||s]| - ||| for all arrows s and ¢.

Lemma 5.6.14. If C is a C*-tensor category with direct sums, and an irreducible

tensor unit, then dimC(X,Y) < oo whenever X and Y have conjugates.

Proposition 5.6.15. If C is a C*-tensor category which has direct sums, subobjects,
conjugates, and an irreducible tensor unit then C is a T'C*. Conversely if C is a T'C*

then there exist unique norms on C(X,Y’) making C a C*-tensor category.



Chapter 6

Premonoidal Categories

6.1 Introduction to Premonoidal Categories

As we saw previously, a monoidal category can be seen as a natural generalization of
the notion of a monoid. There is however a simpler generalization of a monoid. Any
monoid M can be viewed as a one-object category denoted M|[1] and M[1](1,1) = M
with m o n = mn where the right hand side is multiplication in M. Thus we can
think of a small category as a “multi-object monoid” or that categories come from
monoids. So a natural question is to ask: what is the analog for the case of monoidal
categories? It is a well known fact that the category M|[1] is monoidal if and only
if the monoid M is commutative (this is due to the fact that ® is a bifunctor).
Thus monoidal categories are “multi-object commutative monoids”. Now as there
are plenty of noncommutative monoids one should reverse this process to see what
categorical gadget corresponds to the noncommutative monoids. This leads us to the
concept of a premonoidal category, a notion defined by Power and Robinson in [31].

We follow their presentation given in [31].

Definition 6.1.1. A binoidal category consists of a category C and functors Hp :
C — C and Kp : C — C for all objects B in C satisfying Hg(C) = K¢(B) for all
pairs of objects B and C' in C.

In a binoidal category the object Hg(C') = K¢ (B) is denoted B ® C' and for any

02
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arrow f: X — Y we write B® f for Hg(f) and f® B for Kg(f). Thus in this new
notation Hg = B ® — and Kg = — ® B. Notice that — ® — is only a functor when

one of the arguments is fixed, i.e. it is not a bifunctor.

Definition 6.1.2. If C is a binoidal category and f : A — C'is an arrow in C then

f is central if for all arrows g : B — D both diagrams

B B
Aep 128 con Boa 221 cop
A®yg C®g g®R A g C
A@DWO@D D®A“D“§*}“>O®D

commute. The composite C ® go f ® B will be denoted f x g, and read f left-times
g, and the composite f ® D o A ® g will be denoted f x g and read f right-times g.
Moreover if f is central then we will write f ® g for f x g = f x g and ¢ ® f for the

other composite.

Now in order to define a premonoidal category we require one more definition.

Namely

Definition 6.1.3. If C is a binoidal category and G, H : B — C are functors then
a natural transformation a : G = H is central if its components ap : G(B) —

H(B) are central maps in C.

Definition 6.1.4. A premonoidal category consists of a binoidal category C
together with a distinguished object I € |C| and central natural isomorphisms «, A
and p with components agypc: (A®B)QC — AR (BR®C), A4 : [® A — A, and
pa: A® I — A. These structural isomorphisms must satisfy the same coherence
equations as in the definition of a monoidal category. A premonoidal category is

strict if the structural maps are identities.

We now pause to present some examples.
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Example 6.1.5. If M is a monoid, then M[1] is a one object strict premonoidal

category.

Example 6.1.6. If D is any category then define a new category C = [D, D], whose
objects are functors F' : D — D and an arrow h : FF — (G is a transformation
i.e. consists of arrows hp : FFD — GD for each D € |D|. Then F® G = FoG
for F,G € |C| and for any transformation h : F' — G define (H ® h)p = H(hp)
and (h ® H)p = hgp. Then C is a strict premonoidal category. If one restricts
to transformations which are natural then one obtains a subcategory of C which is

monoidal.

Example 6.1.7. FEvery monoidal category is a premonoidal category, and every

strict monoidal category is a strict premonoidal category.

Definition 6.1.8. If C is a premonoidal category then the centre of C is the category

Z(C) with objects the same as those of C and its arrows are the central maps in C.
The following example justifies the choice of the term centre.

Example 6.1.9. If G is a group then it can viewed as a one object premonoidal
category G[1]. It is easy to show that Z(G[1]) is just the centre of G viewed as one

object monoidal category.
This example suggests the following proposition.

Proposition 6.1.10. The centre Z(C) of a premonoidal category C is a monoidal

category.

This clever observation by Power and Robinson allows them to easily prove the

following coherence theorem for premonoidal categories.

Theorem 6.1.11. Every diagram built from the components of the structural nat-

ural isomorphisms in definition 6.1.4 of a premonoidal category commutes.

Proof. Given such a diagram in a premonoidal category C we have by definition that
it consists entirely of central maps, therefore it is a diagram in the monoidal category
Z(C). By the coherence theorem for monoidal categories this diagram commutes in
Z(C) and hence in C. O
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At this point we conclude this section with a brief discussion on the notion of mor-

phism between premonoidal categories.

Definition 6.1.12. Let (C,®,I,a, A, p) and (D, ®, J, o', XN, p’') be premonoidal cat-
egories. A premonoidal functor from C to D consists of a functor F' : C — D,
which maps central arrows in C to central arrows in D, and a central natural trans-
formation d* with components d’ 5 : (FA)® (FB) — F(A® B) and a central map
el . J — F(I) satisfying diagrams analogous to those for monoidal functors. We
say that a premonoidal functor is strong if the maps d4 p and e are isomorphisms.

A premonoidal functor is said to be strict if these maps are identities.

6.2 Examples of Premonoidal Categories

We now outline two more interesting examples.

Example 6.2.1. Let C be a symmetric monoidal category with symmetry 74 p :
A® B — B® A and let S € |C| be a fixed object. Define a new category Cs as
follows, the objects are the same as those of C and C5(X,Y) =C(X ® S,Y ®S5). For
Z €|Csland f € Cs(X,Y) define Z® f € Cs(Z ® X,Z ®Y) as the composition;

ZoX)aS— 255 e xes)—928 e es)
-1
Z&f ‘az,y,s
(ZoY)® 8
and then f® Z € Cs(X ® Z,Y ® Z) by

® id Z
(X®2)05—2X29Y% 79 x)0s ®f L (zev)es
fo7 ‘Tz,y®ids
Y ®2)®S.

The structural isomorphisms for associativity and units come from the corresponding

maps in C.
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This example gives a nice construction for transforming a symmetric monoidal
category into a premonoidal category. One symmetric monoidal category that will
be of particular interest is Hilb the category of complex Hilbert spaces and bounded
linear maps. If we fix a Hilbert space S with dim(S) > 1 and we consider the centre
of Hilbg then the following result holds.

The following is an example of the calculation of the centre of a premonoidal
category, followed by an observation regarding the centre of functor categories. These

results are new.
Theorem 6.2.2. If S is a Hilbert space with dimS > 1 then Z(Hilbg) ~ Hilb.

Proof. If dim(S) = 1 then S = C and clearly Hilbg ~ Hilb. So now suppose
that dim(S) > 1 and that f € Hilbg(X,Y) is central. Then we will show that
f = f ®idg for some bounded linear map f: X — Y. Let Bg = {h;j | j € J} be
an orthonormal basis for S. Then for a # b € J define T, : S® S — S ® S by
Tap(hi @ hj) = (8i00jp + 0ip0ja)h; ® h; where §,, =1if p =g and ,, = 0 otherwise.
Now notice the that the vector subspace (S®5S5)ap = {Aa @ by + phy @by | A, p € C}
is a finite-dimensional linear subspace of S ® S and hence is closed. Moreover the
map T, is then just the projection onto the closed subspace (S ® S),; followed
by a twist and is therefore continuous. Now suppose that Bx = {e; | i € I} and
By = {gr | k € K} are orthonormal bases for X and Y respectively. We now
compute f X Ty, : (X ®95)® 5 — (Y ®S5)®S on basis elements.

fxTaple: ®hy @ hy) = f @ S(X @ Tap(e: © hy @ hy))
= f ® SK(Sj,aék,b + 5j,b5k,a)€i (9 hk & h]]

Now taking j = k = a # b we get that

f X Ta,b(ei 0% hj X hk) = f X Ta,b(ei (%9 ha X ha)
= 0.

On the other hand we now calculate f x T}, applied to (e; ® h; ® hy). First observe
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that

f®S(e;®@h; ®hy) = (Tsy ®ids)(ids ® f)(7x,s ®idg)(e; @ hj ® hy,)
= (15y ®idg)(h; ® f(e@- ® hy))
(Tsy®ld5 Z Czk’g’f’

reK,peJ

= (1sy ®ids)( Z CiPh; @ g ® hy)

reK,peJ

= Z Czkgr®hj®hp-

reK,peJ

Thus we have

I xTop(ei@h;@hg) =Y @Tup)(f @ S)(e; @ hj @ hy)
=Y @ Tpu( Z Cingr @ hj @ hy)

reK,peJ

= Z C;:llcjgr ® Top(h; ® hy)

reK,peJ

= > (85000 + 0540pa)gr @ hy @ hj.

reK,peJ

Now we have assumed that j = k = a # b thus the above becomes

S g @y @by = Y g, @ hy @ ha.

reK,peJ rekK

Now as f is central it follows that

Zcmgrébhb@ha:&

reK

Thus it follows from properties of orthonormal bases that cfs =0forall r € K as

long as a # b. Thus in general we have shown that

At =4, bcrb (21)

1,4

for all r € K. We now show that c;" =cr i b for all a, b € J. For this we consider the
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case when j =a and k =b and a # b € J. In this case we get

f X Ta,b(ei & hj X hk) = <5j,a6k,b —+ 6j,b5k,a>(f X S) (ei X hj ® hk)
= Z i 5 (0j.a0k b + 060k,a) Gr @ i @ hyy

reK,peJ

= Z CiPgr @ hy @ hy,
reK,peJ
= Z g, @ hy @ hy.

rekK

On the other hand

f X Ta75(6i & hj & hk) = Z cl’,’c’(éj’aép’b + 5j,b6p,a)gr X hp X hj.

reK,peJ

= Y g @by @,

reK,peJ

= CT’ZI:QT X hb & ha

1y

reK

. . . a b
Now by centrality of f and properties of orthonormal bases it follows that c:g = c;b

for all a,b € J and r € K. Thus fix a € J and define dj = ¢;, for all r € K. We now

have

fles®ha) = > clagr @ hy

rek, beJ

= Z OaCiialr ® My

reK,beJ

= Z Cz’sgr ® hq

reK

=Y dig ®h,

reK

= (D _dig,) ®ha
rekK

~

= f(e;) ® hq.

The map f is defined by the equation Fle) = > rex 4 gr. Moreover it is now clear

that f = f® 1dg as was claimed. Thus the natural inclusion functor Hilb — Hilbg
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is full and faithful and essentially surjective on objects when restricting the codomain
to Z(Hilbg). Hence Z(Hilbg) is equivalent to Hilb. O

Another interesting example to consider the finding the centre of is the pre-
monoidal category in Example 6.1.6. One might be tempted to guess that the centre
of this premonoidal category would be the monoidal category whose objects are end-
ofunctors and arrows natural transformations. However this turns out not to be the

case.

Lemma 6.2.3. Let C be a category and let [C,C], be the premonoidal category
defined in Example 6.1.6. Then Z([C,C],) C C°.

Proof. We must show that every central map in [C, C|, is natural. Let t : FF — G be
a central map in [C,C], and let f: A — B be any arrow in C. Now let A4 and Ap
denote the constant endofunctors on C, then the family sy defined by sx = f for all
objects X € |C| defines an arrow from A, to Ap in [C,C],. Now we invoke centrality

of t to get that the diagram

FoA =FoA,— L @5 poA,—FoAg
t®AA‘ Jt®AB
G&As=Goly—=———>GRAp=GoAp

commutes. Thus for any object X we have the diagram

(F®s)x = F(f)

FA,X=FA FAgX =FB
(t@AA)XtA‘ ‘(t@AB)XtB
GRA,X =GA G®AgX =GB

(G®s)x =G(f)

which commutes for any arrow f: A — B in C. Thus t is a natural transformation

from F' to G. In general if a : FF — G in [C,C], is natural it is not the case that it
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will be central. The naturality of a will guarantee that the diagram

FoH-—28H ooy

F®p G®p

commutes for all arrows §: H — K in [C,C],. However the other diagram required

for a to be central has no reason to commute. At a typical component this diagram

becomes
H (Oé A)
HFA — HGA
Bra Bea
KFA ———— KGA
K(aa)
whose commutativity is a priori independent of the naturality of a. O

The following example illustrates that in general the above containment of Lemma

6.2.3 is strict.

Example 6.2.4. Consider the group Q = {1,—1,i,5,k | ij = k, jk =1,i* = j2 =
k* = —1} of quaternions. Then we can view ) as a one object category denoted
Q[1]. Now consider the category [Q[1], @[1]]. of Example 6.1.6. Then objects of this
premonoidal category are simply group homomorphisms of () and arrows are merely
elements of (). Now notice that an arrow g : I — G is central if for all x € ) and

group homomorphisms H and K : () — () we have

G(x)g = gF(x) (22)
wH(g) = K(g)x. (23)
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Thus taking H = K = idg we see that g must be a central element of the group @
and thus ¢ = £1. Now define a group homomorphism F : ) — @ by

1, ifx==+1or:

F(r) = (24)

-1, ife=jork
To see that I is a well-defined group homomorphism we must verify that it respects
the relations which define (). Then for example ¢ € @) is a natural transformation
from F to itself since iF'(x) = F(x)i for all z € @ but ¢ is clearly not central in @

since 17 = k = —j4. Thus the natural transformation ¢ isn’t central.
Another example of how premonoidal categories arise is as follows.

Example 6.2.5 (c.f. [31]). Suppose (C,®,I,a,l,r,7) is a symmetric monoidal cat-
egory and (7, pu,n) is a monad on C with strength tap : A® TB — T(A® B).
Then the Kleisli category Cr has a premonoidal structure. Given objects A, B in C
we define A ®¢, B = A ® B and given any arrow f € Cp(X,Y) define A® f by the

following composite in C

d

Ao x Al oy
¢

S

T(A®Y)

and similarly one defines f ® A as the following composite in C

A®f .

X@A—X84 4o X (A®Y)
foA le’Y)
T(Y ® A)

The structural maps are also defined in an evident manner.
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6.3 Commutants in Premonoidal Categories

The results of this section are new, and inspired by the theory of von Neumann

algebras. It will be the basis of our definition of von Neumann category below.

Definition 6.3.1. Let A, and B be premonoidal subcategories of the premonoidal
category C. Then we say that A and B commute if for all arrows f: A — A" in A
and g: B — B’ in B we have that f x g=fxgand gx f=¢gx fin C.

An easy calculation shows that if A, and B are submonoids of a monoid C then they
commute with each other as monoids if and only if they commute as premonoidal
categories. In a related note we can also define the commutant of a premonoidal
subcategory A of a premonoidal category C. Our invention of the notion of commutant
for the setting of premonoidal categories will prove to be an important notion in later
chapters. In addition this notion also has links to von Neumann algebras and more
general structures that are being explored by the author and his thesis advisor R.
Blute.

Theorem 6.3.2. Let A be a set of objects and arrows in a premonoidal category
C. Then the commutant of A with respect to C will be the category with objects
the same as those of C and its arrows will be arrows f : A — B in C such that
fxg=fxgand gx f=gx f for all arrows g in A. This category, which will be

denoted A’, is premonoidal.

Remark 6.3.3. Before we prove Theorem 6.3.2, we make an important observation.
By definition of A’ it has the same objects as C and if z : A — B is an arrow in
Z(C) then in particular we have that z x g = z x g and g X z = g x z for all arrows

g in A. Thus A’ contains all the central maps in C.

Proof. We start by showing that A’ is a category. For each object A the identity map
id4 is a central map in C and thus a map in A’, so A’ contains identities. Next we
must show that given f: A — B,ande: B — Cin A that eo f: A — C is an
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arrow in A’. Indeed let g : X — Y be an arrow in A.

eo f)® X]

(o f)xg=[Cw®dl
[e® X])[f ® X]
[
[

[
([C®yl

g
Y([B®g]lf ® X])
YlifeY])]A®g
R Y][A® g]

= (eo f)

=le®

(e®
f

=leo

Similarly we can show that g X (eo f) = g x (eo f). Hence eo f is an arrow in
A’. Clearly this composition is associative and unital thus A’ is a category. Thus by
Remark 6.3.3 we have that Z(C) is a subcategory of A’.

We now establish the premonoidal structure on the commutant category. Given
objects A and B of A’ we define AQ 4 B=A®:B =A®B. Ifalso f: X — Y in A
then we define AQ 4 f = AR f and fo4 A = f®A. We must verify that both of these

arrows are still arrows in A’. For example consider the arrow AQ f : AQX — ARQY
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and let g : U — V be any arrow in A then

(A2 X)®V AefeU

(ARY)®U

dexe) 220 o v e

(A X)®g A® (X ®g) A (Y ®g) (ARY)®yg
(*)

(A2 X)o V. Ao eV (AY)eV

All the inner diagrams except (*) commute on account of naturality of a and diagram
(*) commutes since it is just the result of applying the functor A ® (—) to the both
sides of the equation f x g = f x g. Hence we have that (A® f)x g=(A® f) x g
and similarly one can check that ¢ X (A® f) = g x (A® f). Hence (A® f) is an
arrow in A" and likewise so is (f ® A). Now since Z(C) C A’ it follows that the
remaining requirements for A’ to be a premonoidal category are all satisfied since all
the relevant diagrams that must commute are diagrams which live in the centre and

commute there. O

6.3.1 Maximally Monoidal Categories

In general, computing the commutant of a collection of arrows in a premonoidal

category is a priori a nontrivial endeavor. However it is evident that for the case
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when A = Z(C) that A’ = C and C' = A. The following lemma provides a nice

example of a commutant inside a premonoidal category.

Lemma 6.3.4. Let C be a category and let [C,C], be the premonoidal category
defined in Example 6.1.6, then (C¢) = C¢, where C® denotes the subcategory of

[C,C],, whose arrows are natural transformations.

Proof. Suppose that a : FF — G and 3 : H — K are natural transformations.

Then the diagram

®

FoH-—28H ooy

F®p3 G®p

F@KWG@K

commutes since for any object X the diagram

rHX —2X L anx

F(Bx) G(Bx)

FKX WGKX

commutes by naturality of a. Similarly the other required diagram

Heor-H8Y nea

feF B®G

K@F—mo 7 KeG
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will commute on account of the naturality of 3. Hence we have established that
C¢ C (C°)'. Thus to complete the proof we must show that any arrow 8 : H — K
in (C°)" is a natural transformation. Indeed consider the previous diagram in the
case that F = Ax and G = Ay are the constant functors and where X and Y are
arbitrary objects in C. Then a natural transformation from F to G is simply any

arrow f: X — Y in C. So letting ay = f for all objects A the diagram becomes

HAx(A) = gx — D) =0 oy =y
ﬁAxA = ﬁX ﬁAyA = ﬁY
KAX(A) = KX —— e KA (4) = KY

which commutes by assumption on 3. Thus [ is a natural transformation and hence

we have completed the proof. O

Remark 6.3.5. The above lemma provides an example of a category that is equal
to its own commutant, a property that is quite unusual and deserves the prestige of a
definition. Suppose that A is a premonoidal subcategory of a premonoidal category C
then in case A’ = A we will say A is maximally-monoidal or a maximal-monoidal

subcategory of C. We will justify the name shortly.

The following proposition summarizes some key properties of maximal-monoidal

categories.

Proposition 6.3.6. Let A be a maximal-monoidal subcategory of the premonoidal

category C then following statements hold
1. Z(C) C A;
2. A is a monoidal category;

3. Z(C) = A if and only if C is monoidal;
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4. if B C C where B is monoidal, then B C B/,
5. if B is maximally-monoidal and A C B then A = B;

6. if B C C is a monoidal category which is maximal with respect to monoidal

subcategories of C, and B’ is also monoidal, then B is maximally-monoidal;

7. if C contains a monoidal subcategory whose commutant is also monoidal, it

contains a maximally-monoidal subcategory.

Proof. 1. Let A and C be as above then the first statement is a consequence of
Remark 6.3.3 which shows that every central map is a map in the commutant

category A’ and using that A" = A the result follows.

2. To see that A is monoidal simply notice that given any arrows f and g they are
also both arrows in A’ and hence fixg = fxg = fQgand gx f = gxf = gQf.
Thus ® is a bifunctor when restricted to the category A and so this category is

monoidal.

3. Z(C) = Aif and only if Z(C)’ = A= Abut Z(C)' =C. Thus Z(C) = A if and
only if Z(C) = C which occurs if and only if C is monoidal.

4. if B C C is monoidal then we have that f x g = f x g, and g x f = g x f for
all arrows f and g in B. Hence B C B'.

5. Suppose B’ = B. Then if A C B, taking commutants we get B’ C A’ so B C A,
and hence A = B.

6. Suppose that B C C is monoidal and is maximal in the sense that ift D C C
is any other monoidal category with B C D then B = D. We have by 4 that
B C B’ and thus by maximality B = B, since B’ is also monoidal.

7. For simplicity we will assume that C is a small premonoidal category. Then we

will define a set M as follows

M = {B C C | B and B’ are monoidal w.r.t. the monoidal structure on Z(C)}.
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Then M becomes a partially ordered set with respect to inclusion of subcate-
gories and is clearly nonempty since we have assumed there exists at least one
monoidal subcategory whose commutant is also monoidal. We will use Zorn’s
lemma to show that this set possesses at least one maximal element. Indeed
suppose that 7" C M is a totally ordered subset then we must show that it
has an upper bound. Define a category 7 as follows. Let |T| = (Jgep [B| and
arr(T) = Ugep arr(B). The fact this defines a category follows from a general
lemma that we prove later (Lemma 10.1.2). Moreover clearly 7 C C since every

object of 7 belongs to a subcategory of C as does every morphism.

Furthermore, given objects A and B in 7 then there exists monoidal subcat-
egories B; and By belonging to T and containing A and B respectively. In
addition since T is totally ordered we may assume without loss of generality
that By C B, and thus A ® B can seen as an object in this larger category.
Hence A ® B is thus an object of 7. By similar arguments one can show that
given a pair of arrows f and ¢ in 7 that f ® g exists and is an arrow in 7. The
structural maps that make 7 monoidal are given by the structural maps that
make Z(C) monoidal.

The last fact we need to establish before applying Zorn’s lemma is to show that
7T’ is also monoidal. Indeed suppose that f and g are arrows in 7" then for all
arrows h in 7 we have that f x h = f x hand h X f = h x f and similarly
for g. Thus since arr(7) = (Ugep arr(B) we have that f,g € (\zeparr(B').
Moreover as B’ is monoidal for each category B it follows that f x g = f x g
and g X f =g x f. Hence 7" is also monoidal. Thus the totally ordered set T’

has an upper bound.

Therefore by Zorn’s lemma the poset M contains at least one maximal element,
call it M. Then by definition as M € M we have that M’ is also monoidal. On
the other hand by 4 M C M’ and taking commutants and using that £ C £”

for any premonoidal category, we get that
MCM'CT M.

Now since both M and M’ are monoidal then so is M”. Using maximality of
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M we must have that M = M’.

Remark 6.3.7. Part 7 of the proposition actually admits an alternate proof, which
is much simpler and does not make use of Zorn’s lemma. Further the proof that we
now present does not require that C be small. By assumption there exists a monoidal
category B C C such that B’ is also monoidal. Letting & = B’ we will show that
&' = £. Indeed since by part 4 B C £ taking commutants we get that & C B’ = £.
Now by assumption £ is monoidal thus applying part 4 again we get that £ C £ and

hence & = £. Thus £ = B’ is a maximal-monoidal subcategory of C.

Remark 6.3.8. Notice that if A is a maximal-monoidal subcategory of a pre-
monoidal category C then it is clearly maximal in the sense made precise in Propo-
sition 6.3.6. Furthermore it is also clear that A4” = A. Now the reader who is
familiar with the notion of a von Neumann algebra (see Section 3.4) will have noticed
the parallels with our notion of commutant defined here and the corresponding no-
tion for von Neumann algebras. Furthermore a von Neumann algebra that satisfies
M =M CB(H) is called a mazimal abelian von Neumann algebra since it will be
abelian and maximal with respect to the abelian von Neumann algebras on B(H)
(see [9] pp. 281 for a brief discussion). Thus drawing on this concrete setting as our
inspiration we coin the term mazimal-monoidal subcategory. The use of the adjec-
tive monoidal is justified since these categories will be monoidal. As well monoidal
subcategories of C are categories that commute with themselves in the sense of our
Definition 6.3.1. Note that we avoid the adjective abelian as this already has a precise

meaning in the world of categories that is widely used.



Chapter 7

Reconstruction Theorem for

STC*’s

In this chapter we give an overview of the Doplicher-Roberts reconstruction theorem
[12, 13] highlighting the key aspects. For the most part we will present the proof
as given by Miiger in the appendix of [17] indicating any instance where significant
differences occur. We will begin the chapter by making some preliminary definitions
and then give a precise statement of the reconstruction theorem. Next we will delve
into the heart of the proof and show the existence of an absorbing monoid. We
then indicate how this key ingredient provides the tool required to prove the main
Doplicher-Roberts theorem.

The class of theorems we are considering are generalizations of Pontryagin duality.
In Pontryagin duality, one associates to a locally compact abelian group, its class of
characters, called its dual group. The theorem then states that the original group is
isomorphic to its double dual [26].

To generalize to the case of nonabelian groups, one has to use the category of rep-
resentations, rather than the group of characters. This is because a nonabelian group
will have irreducible representations that are not one-dimensional. The Tannaka-
Krein theorem [19] is about reconstructing the group from its category of represen-
tations.

The basis of the Tannaka-Krein theorem is a fibre functor, thought of as a forgetful
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functor, to the category of vector spaces. One then recovers the group as the group
of structure-preserving endomorphisms of this functor. The remarkable aspect of the
Doplicher-Roberts theorem is that no such functor is required. In the proof given
by Miiger in [17], one takes the data of the theorem, and uses it to construct a fibre

functor. The result then follows from the classical Tannaka-Krein theorem.

7.1 Preliminary Definitions and Statement of the

Theorem

In order to state the main theorem we will first need to make several definitions.

Definition 7.1.1. If C is an STC* (Definition 5.6.4) then it is said to be even in
case the twist map (Lemma 5.6.11) satisfies ©(X) = idx for all objects X € |C|.

Examples of such categories include Hilb;,; and Rep(G)q where the latter cate-

gory consists of the finite-dimensional representations of a compact group G.

Definition 7.1.2. A supergroup consists of a group G and k € G which is central
and has order 2. A compact supergroup consists of a supergroup (G, k) such that G
is a compact Hausdorff group. An isomorphism of of supergroups between (G, k)
and (H, j) consists of a group isomorphism ¢ : G — H such that ¢(k) = j. In the

case that the supergroups are compact we also require the map ¢ to be continuous.
Now given a supergroup (G, k) there is also a notion of a representation.

Definition 7.1.3. Let (G, k) be a compact supergroup. A representation of (G, k)
consist of a unitary representation (H,n) of G. A morphism of representations
(H,m) and (K,v) of (G, k) consists of a bounded linear map 7" : H — K such that
Ton(g) =v¢(g)oT for all g € G.

Now it is worth noting that since k € G has order 2 that for any representation

(H, ) the maps PT = (idy £m(k))/2 are orthogonal projections. Thus H decomposes
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as a direct sum H = H; & H_ where Hy = P{(H). Furthermore, if T : (H,7) —

(K, 1) is a map of representations then

r(pp()) = 72T

_ (T £ T2o 7(k)) (h)

_(TE9)oT)
2
2

which shows that T(Hy) C Ki. As well since k € G is central it follows that 7(g) o
(k) = w(k) om(g) for all ¢ € G and hence 7(g)(Hy) = Hy. Let Rep(G, k) denote
the category of unitary representations of the compact supergroup (G, k). Then from
our observations, one can show that there is an equivalence of C*-tensor categories
Rep(G, k) ~ Rep(G). An interesting feature about the category Rep(G, k) is the
symmetric structure it possesses. Namely if (H, 7) and (K, 1) are two representations
then we define (H,7) ® (K,v) = (H® K, 7 ® ¢) where (71 ® ¥)(g) = 7(g9) ® ¥(g).
Now define o i : (H,7) @ (K,¢) — (K,v) ® (H, ) by

O'H’K:TH,KO(Z'dH(@K—QPj@PE}) (25)

where 7y : H ® K — K ® H is the symmetry given on decomposable tensors by
T ®y > y®x. Note in the case that G = Zy = {e, k | k* = ¢} that Rep({e, k}, k) is
denoted SHilb and is called the category of super Hilbert spaces. Clearly there is a
forgetful functor V' : Rep(G, k) — SHilb for any compact supergroup (G, k).

Theorem 7.1.4 (Doplicher-Roberts Reconstruction Theorem). Let C be an ST'C*.
There exists a compact supergroup (G, k), which is unique up to isomorphism together
with an equivalence of symmetric tensor *-categories F' : C — Rep(G, k)s4. Con-
sequently the functor £ =V o F': C — SHilb is a faithful symmetric *-preserving

tensor functor.
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7.2 Reconstruction Toolkit

The existence of a compact supergroup guaranteed from Theorem 7.1.4 stems from
the existence of a so called fibre functor. In this section we provide the major tools

that will be used in the proof of the reconstruction theorem.

Definition 7.2.1. Suppose C is an STC*. Then a fibre functor for C is a faithful
C-linear tensor functor £ : C — Vectc. A functor £ : C — Hilb is called a
x-preserving fibre functor if it is a faithful tensor x-functor. FE is said to be

symmetric in case it maps the symmetry of C to the symmetry in Vectc or Hilb.

The next important step in getting towards a proof of Theorem 7.1.4 is to show
that fibre functors exist. We will now provide the required foundation following the

approach of Miiger in [17].

Definition 7.2.2 (c.f. B.37 [17]). Suppose that C is an additive tensor category.
It is said to be finitely generated if there exists an object Z in C such that every

object X is the direct summand of some tensor power of Z.

Thus if C is finitely generated then there exists an object Z such that any object
Xj is a direct summand of Z%" = Z ® --- ® Z for some n € N. Thus there exists an
object X5 and maps u; : X; — Z%", and p; : Z%" — X, for i = 1,2 satisfying the

following equations:
pi o u; = idx, Uy O P14 Ug © Py = idgen.

Now in order to proceed with the construction of a fibre functor we need to ensure
that we can form a certain directed/filtered colimit. In general C need not have all
filtered colimits, however it is possible form its free filtered cocompletion which we

describe now. Our description is taken from Borceux [7].

Definition 7.2.3 (c.f. [7] Def.1.6.4). If F: C — Set is a functor then Elts(F) is

the category called the elements of F' defined as follows:

1. Objects consist of pairs (A, a) where A € |C| and a € F(A),
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2. an arrow z : (A,a) — (B,b) consists of an arrow © : A — B such that
F(z)(a) = b, and

3. composition is given by composition in C.
Definition 7.2.4 (c.f. [7] Def. 2.13.1). A category C is filtered if
1. it contains at least one object;

2. for all objects A and B there exists an object C' and arrows f : A — C and
g:B— C;

3. for all pairs of parallel arrows f,g: A — B there exists an arrow h: B — C
such that ho f =hog.

Remark 7.2.5. A category C is called cofiltered when C is filtered.

Definition 7.2.6 (c.f. [7] Def.6.3.1). A functor F': C — Set is flat just when the
category Elts(F') is cofiltered.

Proposition 7.2.7 (c.f. [7] Ex.6.7.3). The category of flat functors and natural
transformations, denoted Flat(C, Set), from C? to Set is the free filtered cocom-

pletion of C.

There is an alternate description of the free filtered cocompletion of a category C,
which is usually referred to as IndC. This description is slightly more complicated
on the surface, however it turns out to be useful. We will give some of the details of
this construction which can be found in A.7 of [17].

Indeed let C be a category. We define a new category IndC as follows. An
object consists of a pair (I, F') where [ is a small filtered category and F' : [ — C
is a functor. Now given a pair of objects (I, F') and (J, H) we define the hom-set
IndC((I,F),(J,H)) by

IndC((I, F),(J,H)) = lim colim C(F'i, Hj).

iell| jelJ]

Unpacking this definition one can work out the composition in this category. The

category C can be embedded in IndC by sending each object X to the pair (1, F)
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where 1 = {x} is the discrete category on the one element set and F' : 1 — C is
given by F'(x) = X. This embedding turns out to be full and faithful.

Now the real reason that we chose to give a description of Ind C was that it is easy
to describe the monoidal structure on this category. If C is a monoidal category, then
given objects (I, F') and (J, H) in Ind C, define

(I,F)® (JH)= (I x J,F  H)

where FQ H : I x J — Cis given by (FF ® H)(i,j) = Fi® Hj.
We finish our discussion on filtered colimits by stating two results that we will

require later on.

Theorem 7.2.8 (c.f. [17] A.71). If C is a category, then IndC has all small filtered

colimits. Ind C is an abelian category whenever C is abelian.

Lemma 7.2.9 (c.f.[17] A.72). If X is an object in a TC* C, then it is projective

when viewed as an object of IndC.

Now we will turn our attention to how the symmetric groups act in an STC*.
For each n € N let §,, denote the symmetric group on n letters. Then &, has the

following presentation:

S, = (o1,...,0, | R1, R2, R3)

o,0; = 0jo; when |[i—j| > 2 (R1)
0i0i410; = 03110041 (R2)
of =1 (R3)

Definition 7.2.10. Suppose that C is an STC* with symmetry cxy : X ® Y —
Y ® X. Let X € |C| and n € N then we define a map

IS, — C(X®", X®) by [IX(0;) = idyei1 @ cx x @ idyen—i1.

Lemma 7.2.11 (c.f. [17] B.45). The maps I\ respect the defining relations of S,
and thus extend to a group homomorphism from the group §,, to group of unitary of

automorphisms of X",
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We will use these maps to produce projections.

Lemma 7.2.12 (c.f. [17] B.47). If C is an even STC*, for each object X, we
will define orthogonal projections SX : X®" —s X®" and AX : X®" — X" by

S = Af = idxeo = id; and for n > 1

1
Sy =~ > (o)
O'GSn
1
AX = } Z; sgn (o)L (o).
gESH

Then S and AX are orthogonal projections which satisfy

I
nn
>~

I (0) 0 S5 = Sy oI,y (o)
Hff (o) o Aff = Aff o Hf(a) = sgn(a)AX.

Definition 7.2.13 (c.f. [17] B.48). S,(X) and A,,(X) denote the subobjects of X®"

corresponding to the idempotents SX and AX respectively.

Theorem 7.2.14 (c.f. [17] B.49 and B.50). If X is any non-zero object in an ST'C*,
then the dimension of X (Definition 5.6.8) satisfies d(X) € N.

Definition 7.2.15 (c.f. [17] B.51). For any object X, we define the determinant
of X as the isomorphism class of the object Ayx)(X), and denote it by det(X).

This concludes all of the relevant definitions that we need. We will now pro-
ceed to state several results that combine to yield a sketch of the Doplicher-Roberts

reconstruction theorem.

7.3 Fibre Functors and Absorbing Monoids

Lemma 7.3.1 (c.f. [17] B.44). Suppose C is a TC* with generator Z and that C is a
C-linear strict tensor category containing C as a full tensor subcategory. If (B, u,n)

is a monoid in C such that

1. dimC(I,B) =1,
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2. there exists d € N and an isomorphism ayz : (B ® Z, 4 ® idy) — ©a(B, p) of

B-modules.
Define £ : C — Vect by:
EX =C(I,B® X) and,
E(s)=(idpg®s)ogpforalls: X — Y and ¢: ] — B® X.
Then, FE is a fibre functor.

Thus in order to build a fibre functor all we need to do is find a category C' that
contains a monoid B satisfying the above conditions.
Let C = Ind C and from now on we assume that C is an STC*. Now for any object

X in C there exists an object
S(X) = colim € 5,(X) € [C|
i=0

together with monomorphisms v, : S,(X) — S(X). This is the usual symmetric

algebra, familiar from algebraic geometry.

Proposition 7.3.2 (c.f. [17] B.56). If C is an ST'C* then there exists a map mg(x) :
S(X)® S(X) — S(X) such that

Mg (x) 0 V; ® Vj = Uit 0 Mg(x) : Si(X) ® S;(X) — S(X).
Moreover (S(X), mgx),Ns(x) = Vo) is a commutative monoid in C.

Lemma 7.3.3. Suppose that C is an STC* with generator Z satisfying det(Z) = I.

Then there exists arrows:
s: [ — 7% s Z%
such that s’ o s = id; and so s’ = AZ, where d = d(Z).

For a proof of this see the remark in the proof of B.50.
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Set Q to be Q@ = S(Z)®¢, where d = d(Z) and Z is a generator of C with det(Z) =
I. Then (Q,mq,nq) = (S(Z),ms(z),ns(z))®* has the structure of a commutative

monoid. Moreover the map:
mo=mgqo (idg® (f—ng)) : Q — Q

is a map of ()-modules. Here f : I — () is the map given by f = v; ® - - - ® vy 0s.

d
Thus the image of myg, j = immyg : (J, uy) — (Q, mg)defines an ideal in j : J —

. Finally we let B be the quotient monoid of ) determined by this ideal. The
calculations that B satisfies the hypothesis Lemma 7.3.1 are contained in B.59 and
B.61.

Both B.59 and B.61 have as their hypothesis that C is even. Thus we have pro-

duced a fibre functor in the finitely generated even case.

Theorem 7.3.4 (c.f. [17] B.40). Every finitely generated even STC* admits a

symmetric fibre functor £ : C — Vect.
Now note that:

Lemma 7.3.5 (c.f. [17] B.38). Let C be a TC*. The finitely generated tensor

subcategories C; of C form a directed system and C = colim;¢; C;.

This can be used to show that the finitely generated assumption can be eliminated.
The next order of business is to produce a *x-preserving symmetric fibre functor given
a symmetric fibre functor £ : C — Vect. Indeed for each object X in C, choose an
arbitrary inner product structure on F(X). Since these spaces are finite-dimensional

they will automatically be Hilbert spaces. Now define a new functor E as follows:

2(X)
E(s)

E(X) for all objects X

E(s*)! for all arrows s.

Then one can prove the following result.

Lemma 7.3.6. Suppose C is an STC* and F : C — Vect is a symmetric fibre

functor then E : C — Hilb is a symmetric *-preserving fibre functor.
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7.4 Tannaka-Krein

In order to produce the compact group we need the classical Tannaka-Krein theorem.

Theorem 7.4.1 (c.f. [17] B.6). Suppose C is an STC* and E : C — Hilb is a *-
preserving symmetric fibre functor. Let G be the group of unitary monoidal natural
transformations of £ with topology inherited from []yc o U(E(X)). Then Gg is a
compact group and the functor F': C — Rep(Gg)¢q defined by:

FX = (EX,mx) where mx(g) = gxVX € |C],

is an equivalence of STC*’s. If Fy, Fy : C — Hilb are x-preserving fibre functors
then E1 = E2 and GEl = GEQ.

One key point to keep in mind is that if a an STC* admits a fibre functor then
necessarily it is even, see [17] B.10. Combining this with previous results it follows
that:

Theorem 7.4.2 (c.f. [17] B.12). If C is an even ST'C* then there is a compact group

G, unique up to isomorphism, such that there is an equivalence ' : C — Rep(Gg) 4.
Finally we show how one can eliminate the evenness criterion.

Definition 7.4.3. Let C be an STC*. Define a new category C called the bosoniza-
tion of C as follows. As monoidal *-categories C and C coincide, but we define a new
symmetry by:

= (1—@(X))4(1—®(Y))

(c)xy = (-1)

for all irreducible objects X and Y and then extend to all objects by naturality.

CXy

Lemma 7.4.4. C is an even STC*.

Now to see why one gets a supergroup instead of just a group we first need the

following result.

Lemma 7.4.5. If G is a compact group, then the unitary monoidal natural transfor-
mations of the identity functor on Ref(G) 4 form an abelian group that is isomorphic
to the centre Z(G) of G.
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Now suppose that C is an STC* and consider its bosonization C. Then as C
is an even STC* we have by Theorem 7.4.2 there is a compact group G such that
C ~ Rep(G)sq as STC*’s. Now as the twist O is a unitary monoidal natural trans-
formation of the identity functor (see Proposition 5.6.12) it follows that under this
equivalence it corresponds to a unitary monoidal transformation of the identity func-
tor on Rep(G)q. Hence by Lemma 7.4.5 there exists an element £ € G which is
central and satisfies k* = e. We refer the reader to the proof of B.18 in [17] for the
remaining details which show that C ~ Rep(G, k)4 as STC*’s.



Chapter 8

Algebraic Quantum Field Theory

8.1 The Basic Setup

Algebraic quantum field theory (AQFT) is an algebraic approach to quantum field
theory. This is done by extracting the key ideas from quantum field theory and or-
ganizing this data into a rigorous mathematical framework. The fundamental notion
in AQFT is the concept of a net of local observable algebras indexed by spacetime
regions. The spacetime manifold that is usually considered is Minkowski spacetime
M = R}, the spacetime of special relativity. This is the spacetime that we will con-

sider as well. In this case the regions of spacetime considered are the double cones.

Definition 8.1.1. If z and y € M and y is in the causal future of = then the
double cone determined by = and y is the set (z,y) given by the intersection of the
causal future of x with the causal past of y. Denote by K the set of double cones on

Minkowski space.

Then K becomes a partially ordered set with respect to the subset ordering,

moreover this partially ordered set is directed.

Definition 8.1.2. A net of observable algebras over Minkowski space consists
of a functor A : K — C*-Alg such that if O; C O, then the induced map o, o, :

A(O;) — A(Oy) is an isometric *-homomorphism.

81
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Given a net of observable algebras A : K — C*-Alg the interpretation of the
C*-algebra A(O) for a double cone O € K is that it contains all observables which
can be measured in the spacetime region O. For instance Araki, see [4] p.78, gives
the example that measuring an observable in a finite spatial region A during a finite
time period T can be considered as an observable being measured in the spacetime
region T" x A. Armed with this intuition we can now proceed by introducing some

plausible conditions that should be satisfied by the net of algebras.

Definition 8.1.3. Let A : K — C*-Alg be net of observable algebras then A
satisfies isotony if A(O;) C A(Oz) whenever O; C O, € K.

The intuition for isotony is that any observable which can be measured in Oy can
also be measured in a “bigger” region O;. The next condition that is usually consid-
ered is called microcausality or Einstein causality. In order to state this condition we
first need a definition. Note that since K is directed we have that {A(O) | O € K} is
a directed system of C*-algebras thus we can form the directed colimit of this family
to get a C*-algebra A, called the quasi-local algebra. Note that A is the completion
of UpexA(O). Then one can view each A(O) as a subalgebra of A.

Definition 8.1.4. A net A satisfies microcausality if whenever O, and O, € K
are spacelike separated we have that [A(O;), A(O,)] = 0 in A.

The microcausality condition is intended to incorporate the causality features
of relativity into the theory. One of the fundamental elements in relativity theory
is that events occurring at spacelike separated spacetime locations have no causal
relationship. Thus, if O; and O, are spacelike separated then events in O; do not affect
events in Oy. Hence if T" is an observable measurable in O; and S is an observable
measurable in Oy then we can measure 7" and S simultaneously, since measurement
of one does not affect the measurement of the other. Moreover one of the tenets of
quantum theory is that simultaneously measurably observables should commute with

each other. Thus the microcausality axiom is physically reasonable.

Remark 8.1.5. Note that there many more physically relevant conditions that

could be considered, however the two mentioned here are always part of the basic
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assumptions in any AQFT. We will present a few more of these possibilities in the
next section and use these assumptions to build a symmetric monoidal *x-category

known as the DHR category. Here DHR stands for Doplicher, Haag, and Roberts.

8.2 Localized Transportable Endomorphisms

For this entire section suppose that we have given a net A : K — C*-Alg which
satisfies isotony and microcausality. Furthermore suppose that (my, Hy) is a fixed
representation of A which we call the vacuum representation.

In physics as well as mathematics one often uses representation theory as a tool
for understanding any underlying structure, and AQFT is no exception. In this
realm, representations of the C*-algebra A satisfying a certain criterion, which is
sometimes referred to as the selection criterion, are what is considered. The study
of these representations is what led to the so called Doplicher-Roberts reconstruction
theorem, which shows that from this category of representations of A one can produce
a compact group such that its category of finite dimensional unitary representations
is equivalent to the original category of representations of A.

The category of representations of A is however somewhat complicated to work
with directly. To circumvent this issue one considers a special class of *-endomorphisms
of A and builds a category whose objects consist of these endomorphisms. This cat-
egory is called A(A) and the objects of this category will be chosen in such a way
that if f : A — Aisan object and a representation 7 : A— B(H) satisfies the
selection criterion then so does the representation 7o f : A — B(H). So without

~

further delay we now define the category A = A(A).

Definition 8.2.1. If O € K is a double cone then we define A(O°) to be the C*-
subalgebra of A generated by the set U, 1 0exA(O1) where Oy L O means that Oy

and O are spacelike separated.

Definition 8.2.2. A s-homomorphism p: A — A is localized in O € K if

pla) =a Va € A(O°). (26)
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We say that p is localizable if it is localized in some O € K. If p is localized in
O then we say it is transportable if for any double cone O; there exists a unitary

clement U € A and a x-homomorphism p; : A — A localized in O; and satisfying
Up(a) = p1(a)U Va € A. (27)

If O € K then we denote by A(O) the set of transportable endomorphisms which are

localized in O.

~

Now we will define a category A(A) = A as follows. The objects of A is the set
0b(A) = Upex A(O). Given two objects p and 6 a morphism from p to ¢ is an element
r € A such that rp(a) = 6(a)r for all a € A. Then composition of arrows is given
by multiplication in A and the identity arrow on p is given by the identity element
1; € A. Tt is straightforward to verify that this is a category. Moreover it is a routine

calculation to show that:
Lemma 8.2.3. The category A is a x-category.

Next we will show that A has direct sums provided the net satisfies three basic

assumptions.

Definition 8.2.4 (Property B). A net of von Neumann algebras V : K — C*-
Alg on a Hilbert space H satisfies property B if whenever O; and O, are double
cones such that the closure of O; is contained in O,, i.e. O; C O, the following
implication holds. If £ € V(Oy) is any nonzero projection then E = VV* for some
isometry V' € V(O,).

Remark 8.2.5. Notice that using the vacuum representation of A we obtain for
each double cone O a x-subalgebra of B(Hy) given by mo(A(O)). Thus taking the
double commutant of this set, mo(A(O))”, we obtain the smallest von Neumann al-
gebra containing mo(A(O)). We denote this net of von Neumann algebras by Ry, i.e.
Ro(0) = mo(A(O))” for all double cones O.

Definition 8.2.6. We say the net A : K — C*-Alg satisfies Haag duality in case

mo(A(O0%)) = me(A(O)) for all double cones O € K. (28)



CHAPTER 8. ALGEBRAIC QUANTUM FIELD THEORY 85

Remark 8.2.7. Note that if the net A satisfies Haag duality then for each dou-
ble cone O we have that m(A(O°)) = m(A(O)) thus taking the double commu-
tant of both sides we get that mo(A(O°))” = m(A(O))” but for any subset X of
bounded linear operators on a Hilbert space one has X" = X’ and hence 7y(A(O)) =
To(A(0°)) = mo(A(09))" = mo(A(O))"”. Thus for each double cone O one has that

7o(A(O)) is a von Neumann algebra.

Theorem 8.2.8 (c.f. [17] Prop.8.16 and Prop.8.18). If the net A satisfies Haag
duality, the net Ry satisfies property B, the vacuum representation m is faithful, and

each mo(A(O)) # C - idp, then the x-category A has direct sums and subobjects.

Remark 8.2.9. Note that if M is a von Neumann algebra on a Hilbert space H
then it is generated by its projections [21]. Thus if M # C - idy then it follows that
M contains a nonzero projection p € M such that p # idg. In this case notice that
e =1dy—p = 1 —pis also a nonzero projection in M. Hence there exists projections

p and e in M such that p +e = 1,,.

We can now proceed to give a sketch of the proof of Theorem 8.2.8, adding some

details which do not appear in [17].

Proof. First notice that by Remark 8.2.7 we have that the net of von Neumann
algebras R, satisfies Ry(O) = mo(A(O)) for all double cones O € K. Now by Remark
8.2.9 we also have that there are projections £ and F'in mo(A(O)) such that £+ F =
idg,. Now let p; € A(O;) and py € A(O,) and let O € K such that O, UO, C O.
Then it follows that there are projections £ and F' € my(A(O)) such that E+F = idg,
and moreover by property B it follows that we have isometries V; and V; € m(A(O))
such that £ = VjV" and F = VL,V)". Now as m is faithful it follows that there
exists unique elements v; and vy € A(O), with V; = m(v;), satisfying viv; = id and
v1v] + vovy = td. Moreover it now also follows that v;v; = 0 whenever ¢ # j. Thus

Wedeﬁnep:A—>Aby

pla) = vip1(a)v] + vepa(a)vy for all a € A. (29)
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Then p is a *-homomorphism and if a € A(O°) then it follows that p;(a) = a moreover

since v; € A(O) we have that v;a = av; for each a € A(O°) hence

p(a) = vipi(a)vy + vapa(a)vy
= v1av] + vaavy
= alv1v] + vav}]
=a-1d = a.
Thus p is localized in O.

Next we would like to show that p is transportable. If O is any double cone in
K then there exists double cones Ol and 02 such that Ol U Og C O. Now since

both p; and py are transportable it follows that there exists p; and po localized at
Ol and Og respectively. In addition we have unitary elements U; and U, € A such
that Uypi(a) = pr(a)Uy and Usps(a) = pa(a)Us for all a € A. Now arguing as above
we find that there exists elements ¢y and 7, € A(O) such that 9;0; = &, - id and
0107 + Dy05 = id. Thus p(a) = 011 (a)dF + Opa(a)is defines a *-endomorphism of A
which is localized in O. Now define w € A by w = 0,U1v] 4+ 02Usv3 one then checks
that wp(a) = pla)w for all a € A and w*w = id = ww*. Hence p is an object of
A, and moreover it is easy to see that v; : p; — p are maps in A which satisfy the
conditions of a direct sum, i.e. p = p; & po.

Next to see that A has subobjects suppose that e : p — p is a projection in A

for p € A(O). Then one has that for each a € A(O°) that

Thus my(e) € m(A(O°)" and so by Haag duality mo(e) € mo(A(O)). Hence as mg is
faithful it follows that e € A(O). Now pick O; such that O; C O and use property B

to get an isometry v € A(O) such that v*v = E. Then we define a *-homomorphism
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o+ A — A as follows:
p'(a) = v*pla)v for all a € A. (30)

Then p' is localized in O and also vp'(a) = vv*p(a)v = ep(a)v = p(a)ev = p(a)vv*v =
p(a)v, in other words vy (a) = p(a)v for all a € A.

In order to wrap things up we must show that p’ is transportable. Let Oy be any
double cone and then pick another double cone Os in such a way that O3 C O,. Next
invoke the transportability of p to obtain a map pu localized in O3 and a unitary arrow
U:p— pin A. Thus by composition in A we see that ¢/ = UeU* is a map from pu
to p in A, indeed €’ is in fact a projection. Hence by a similar argument to the one
above for the projection p we see that there exists an isometry v' € A(O,) such that
e = v'v™. So letting p/ = v*pv’ we get that p' is localized in Oy and the element
w = v*Uv satisfies wp/(a) = p/(a)w for all @ € A and w is unitary. Thus this shows
that p’ is transportable.

To summarize we have shown that if e : p — p is a projection in A then there

exists an object p/ in A and an arrow v : p’ — p such e = vv* and v*v = id. ]

~

Lemma 8.2.10. If the vacuum representation is irreducible then my(A) = C - idpy,.

Proof. Note that irreducibility of my means that the only closed subspaces left invari-

ant by the algebra my(A) are (0) and Hy. Now simply apply the following theorem
which can be found in [20] p.330.

Suppose F' C B(H) is a self-adjoint set of bounded linear operators on
a Hilbert space H. If (0) and H are the only closed subspaces of H left
invariant by the set F' then the commutant F' satisfies F' = C -idy. The

converse also holds.
O]

Corollary 8.2.11. If the vacuum representation is faithful and irreducible then the
object id; of A is irreducible. In other words A(idy,id;) = C - id;q, .

We state one last theorem to close this section.

Theorem 8.2.12. A is a C*-category.
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8.3 The Monoidal Structure of A

In this section we explore the tensor structure on the category A and indicate how it

has a symmetry if the spacetime dimension is three or larger.

Remark 8.3.1. For this section we will assume that the net A satisfies the hypotheses
of Theorem 8.2.8.

From an abstract nonsense point of view one can easily see how the category A is
monoidal. Indeed as mentioned earlier we may view any C*-algebra, A, as a one object
C*-category which we denote by A[1]. Then an endofunctor on A[1] is the same thing
as a monoid endomorphism on the underlying monoid of A. Thus we consider the
functor category Func(A[1]) with its usual monoidal structure. Note that a morphism
f + F — G in this category is a natural transformation which in this degenerate
case corresponds to an element f of A such that fF(a) = G(a)f for all a € A. Thus
taking A = A the category A can be seen as the full subcategory of Func(A[1]) whose
objects consist of the x-functors which are localizable and transportable. Then A will
be monoidal as long as the composition of two such functors is again localizable and

transportable.

Lemma 8.3.2. If p € A(O;) and 0 € A(O;) are objects in A then p oo is also an
object in A and is localized in any O with O; U Oy C O.

So one has that A is a strict monoidal category where given two objects p and o
we define p@ o =pooandifr:p— p and s : 0 — o' then we define r ® s by
r ® s = rp(s) which is the same as p/(s)r. The only obstacle that remains is to build
a symmetry map €,, : p® o — o ® p. We will present following the proof given by
Halvorson in [17].

For convenience we state a useful lemma.

Lemma 8.3.3. If r € A and ra = ar for all a € A(O°) then r € A(O). If T : p; —
p2 in A where p; € A(Oq) and py € A(O,) then T € A(O) for any O O O; U Os.

Proof. Let r € A and suppose that ra = ar for all a € A(O°) then we have that
7o(r)mo(a) = mo(a)me(r) for all a € A(O°). Thus mo(r) € m(A(O°)" and hence by
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Haag duality mo(r) € mo(A(O)). Moreover since 7 is faithful we have that r € A(O).

By a similar argument one shows the other statement also holds. O

Now given p € A(O;) and o € A(O,) it is instructive to consider p® o and o ® p

in the case that O; and O, are spacelike separated.

Lemma 8.3.4. If p € A(O;) and 0 € A(O,) and O and O, are spacelike separated
then po =op,ie, pRoc =0 p.

Proof. For this proof we combine elements of the proof given by Halvorson in [17]
and by Haag in [16]. First note that since UpexA(O) is dense in A is suffices to show
that po(a) = op(a) for all a € A(O) for each O € K. Thus let O € K be arbitrary.
Then there exists double cones O;, ¢ = 2,...,6 such that

e (O and Oj are spacelike separated,

O3 and O are spacelike separated,

Oy and Oy are spacelike separated,

0,4 and O are spacelike separated,

01U 03 C Os,

02 U Oy C O,
e Oj and Og are spacelike separated.

Following Haag we illustrate this situation in the diagram below.
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Now since p and o are transportable there exists unitaries U; and Uy € A and p e
A(O3), o € A(Oy) such that Uy : p — p' and Uy : ¢ — ¢ are arrows in A.
Applying Lemma 8.3.3 we get that U; € A(Os) and Uy € A(Og). Since Os and Og
are spacelike separated we therefore have U;Uy; = UyU;. Moreover since p € A(O;)
and O; and Og are spacelike separated we have that p(Uy) = U, and similarly one
shows that o(U;) = U;.

Now let a € A(O). Since O is spacelike separated from O, and Oz we have that
o'(a) = a = p'(a) thus

= UyU1p' (a) U U
= U UyaU UT
= Uyo(a)Uy
= o(Ur)o(a)a(U7)
= o(UyaU7)
= op(a).
Hence p® o =0 ® p. O]

Now suppose that p; € A(O;) for i = 1,2. Then pick double cones O; which
are spacelike separated from each other. Using transportability of p; there exists
pi € A(/Ovz) and unitary maps U; € A(p;, p;). Furthermore we also have that U; ®
Uy € A(p1 ® pa, p1 ® p2) and since O is spacelike separated from O, we have that
1 ® pa = p2 ® p1. Hence the composition (U ® Uy)* o (U} ® Us) is defined and yields
amap €, p,(U1,Uz) 1 p1 @ po — p2 ® p1. Notice that this map is just given by the
formula

Ep1,02 (U1, Uz) = pa(UT)UsUrp1 (U). (31)

Remark 8.3.5. The endomorphisms p; used in the above discussion are sometimes

referred to as spectator morphisms [17]. The reason for this is that they do not
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explicitly appear in the definition of ¢,, ,, (U, Uz) but rather only implicity through

the unitary elements U;.

Remark 8.3.6. It turns out that this map leads to a braiding if the dimension of
spacetime is two or less and otherwise if the spacetime dimension is three or greater
one gets a symmetry. We will assume that our Minkowski space is at least three-

dimensional for simplicity.

Lemma 8.3.7. Let p; € A(O;), i = 1,2, and suppose 5: are spacelike separated
double cones and that p; € A(a) If Wy e A(@C) and Wy € A(ONlC) are unitary
elements such that WiW, = Wyl then €, ,,(Ur, Us) = €,, 5, (W1Uy, WaUs).

Proof. Since W, € A(@;c) it follows that po(W;) = Wy and similarly p; (W) = Wh.
Now the proof proceeds by expanding the expression ¢,, ,, (WU, W)Us). ]

Lemma 8.3.8. Let p; € A(O;), i = 1,2 and suppose that /O\: are spacelike separated
double cones and that U; € A(p;, p;) , and U] € A(p;, pi) are are unitary maps with
p, and p; € A(O;). Then we have that Epr.ps(Ur, Uz) = €, (U7, U3).

Corollary 8.3.9. If 51-, 1 =1, 2, are spacelike separated double cones and 6\@ is any
other pair of spacelike separated double cones such that O; C O; then Epr.ps(Ur,Uz) =
€p.po (U7, U3) where U; € A(pi, pi), U € A(p;, p;) are are unitary maps with p; €
A(0) and f € A(O)).

Proof. Since O; C 0; it follows that pi € A(a) thus applying the previous lemma
we get the desired result. O

Remark 8.3.10. Notice that the above corollary implies that if instead 6\1 - 5; that
€p,,p, Temains unchanged. Thus we can either expand or shrink the regions in which

the spectator morphisms are localized without affecting the value of €,, ,,(Uy, Us).

Remark 8.3.11. The next step in this argument is to show that given any pair
of spacelike separated double cones that ¢,, ,, (Ui, Us) is independent of their choice.
First note that if (ONl, ONQ) is a pair of spacelike separated double cones then so are
(b: + x, bvg + z) for all x € M. Now we claim that spectator morphisms localized in

O; give the same definition for € as spectator morphisms localized in 5; + x.
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Indeed by shrinking fO\I we can assume that 5; + x is spacelike separated from b;
and moreover that there is another double cone O which is spacelike separated from
5; and such that ONl, and 5; +x C O. Thus applying Corollary 8.3.9 we get that
(E)vl, Ej;) , (@\1, @), and (bvl +z, 5;) all give the same definition for €,, ,,. Repeating
the same process for @\2 we get that ((3; + x,@ + z) and (5;,5;) give the same
definition for ¢,, ,,.

Now the next fact is only true if the dimension of spacetime is three or larger.
Suppose that (E)vl,bvg) is a pair of spacelike separated double cones. Then for any
other pair of spacelike separated double cones (O}, 0}) there is a sequence of pairs

A~
of spacelike separated double cones (O;, O; ), i = 1,...,n. Moreover the sequence
satisfies that each (O;y1,0;41) is obtained from (O;, O; ) by a translation or by a
shrinking or expanding of double cones as in Corollary 8.3.9. Note we also must have
AN — A~ o o
that (O1, Oy ) = (01,04) and that (O, O,, ) = (0}, 03). Thus we have in this case

—

that the value of ¢ is the same for each pair (O;;1,0;41) and hence is independent of

the choice of spacelike separated double cones used to define it.

1

Lemma 8.3.12. If the dimension of spacetime is three or larger then ¢,, ,, = ¢,/ .

Proof. Suppose that p; € A(O;) then choose spacelike separated double cones /O\: in
such a way that 51 = O;. Also choose spectator morphisms p; with p; = p;, and

Uy =id € A(p1, p1) and Uy € A(ps, p2) unitaries. Then we get

Epr,pn = P2(UT)UsU1p1 (Us)

= U;p1(U>)
and on the other hand
Epan = P1(U3) Ui Uapa(Un) (32)
= p1(U2)"Us
= €y
But ¢, p, is unitary and hence we see that ¢,, ,, = ¢, , = 6;117 o [l

Finally we can state the last two results of this section which shows that ¢ is a

symmetry for the monoidal category A.
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Theorem 8.3.13. The map ¢,, ,, is a symmetry on the monoidal category A.
Furthermore it is the unique symmetry on A satisfying €,, ,, = id,,gp, Whenever

pi € A(O;) and Op and O, are spacelike separated.
Lemma 8.3.14. A is a symmetric C*-tensor category.

Remark 8.3.15. The category A is an endofunctor category, with monoidal struc-
ture given by composition which is a highly non-symmetric operation. It is thus
astonishing that this category is symmetric monoidal. In general one would not ex-

pect any relationship between p; o p, and py o p;.

8.4 DHR-Representations

For completeness we will present in this section the concept of a DHR-representation
of A and exhibit the connection they have with localized transportable endomor-
phisms [16, 17]. Again we assume that the net A is equipped with a vacuum repre-

sentation (g, Hy).

Definition 8.4.1. A representation 7 : A — B (H) is called a DHR-representation
if for each double cone O € K there exists a unitary map Vp : H — Hj such that

Vo om(a) = m(a)Vo Va € A(O°). (33)

Remark 8.4.2. The representations in the above definition were proposed by Do-
plicher, Haag, and Roberts as physically relevant and thus bear the name DHR-

representation.

Notice that one can immediately form a category DHR, = DHR whose objects

are DHR-representations and arrows are intertwining maps.

Theorem 8.4.3. The assignment p € A(O) — F(p) = m o p extends to a functor
F: A — DHR with F(s) = my(s) for all arrows s in A. If 7 is faithful and

satisfies Haag duality then F' is an equivalence of categories.

Remark 8.4.4. We will prove a more general version of this result in Chapter 10 in
Theorem 10.2.23.



CHAPTER 8. ALGEBRAIC QUANTUM FIELD THEORY 94

Remark 8.4.5. The equivalence allows one to endow the category DHR with a

symmetric C*-tensor structure and shows that studying A is a useful way to study

DHR.



Chapter 9

Premonoidal x-categories & von

Neumann categories

In this chapter, we present several new definitions which will be fundamental in our
notion of functorial quantum field theory. We also prove some properties of our

structures and give examples.

9.1 Premonoidal x -categories

In this section we extend some well known concepts, used in the Doplicher Roberts
theorem, to the setting of premonoidal categories. We will use these definitions in

later sections to prove an analogous reconstruction theorem.

Definition 9.1.1. An Ab-premonoidal category is a premonoidal category C
such that for all objects X,Y in C the set C(X,Y) is equipped with an abelian
group structure. Moveover if f,g € C(X,Y) and h € C(A, X) and k € C(Y, B) then
(f+g)oh=foh+gohand ko(f+g) = ko f+kog. In addition we also
require that for all objects A the functions A®@ —: C(X,Y) — C(A® X, A®Y) and
—®RA:CX,)Y) —C(X®AY ®A) are group homomorphisms for all objects X,
Y in C.

In many cases the hom-sets in our categories will be more than just abelian groups,

95
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they will turn out to have the structure of a complex vector space. The following

definition precisely captures this phenomenon.

Definition 9.1.2. A C-linear premonoidal category is a a premonoidal category
C in which every hom-set C(X,Y") is a complex vector space and the composition map
(f,g) — go f is bilinear and the functions A® — : C(X,Y) — C(A® X,A®Y) and
—®A:C(X,)Y) —C(X®AY ®A) are C-linear for all objects A, X, and Y in C.

Definition 9.1.3. A positive x-operation on a C-linear premonoidal category C
is a family of functions assigning to each arrow s € C(X,Y’) an arrow s* € C(Y, X)
with (go f)* = f*og* for composable arrows f and g and id* = id4. The map s +— s*
must be anti-linear, and satisfy (s*)* = s and if s* 0os = 0 then s = 0. We also require
that if f is a central map in C then so is f* and that for all arrows ¢ in C and objects
A that (A® f)* =A® f*and (f ® A)* = f* ® A. Finally if C is not strict then we
will insist that a* = o™, A* = A7!, and p* = p~! and in the case of symmetry that
7% = 771 A C-linear premonoidal category equipped with a positive *-operation is

called a premonoidal *-category.

Definition 9.1.4. A premonoidal *-functor from a premonoidal x-category C to
another premonoidal x-category D consists of a premonoidal functor F' : C — D such
that the function C(A, B) — D(F A, FB) is C-linear for all objects A and B € |C|

and F(s*) = F(s)* for all arrows s in C.

Now in a premonoidal *-category, C, we say an arrow v € C(X,Y) is an isometry
if v* ov = idy and wnitary if we also have v o v* = idy. A map p € C(X,X) is a
projection if p = pop = p*. Lastly C has subobjects if for every projection p € C(X, X)
there exists an isometry v € C(X,Y) such that p = v o v*. In the case that the map

v is central then we say that C has central subobjects.

Definition 9.1.5. Let C be a premonoidal x-category and X, Y objects. A direct
sum of X and Y consists of an object Z together with central maps v : X — Z

and v : Y — Z such that u* ou = idx, v* ov = idy, and uou* + v ov* =idy.

Notice that if D = Z then D will also be a direct sum of X and Y. Thus direct
sums are only defined up to isomorphism and for this reason we will write Z = X @Y.

We now present a notion which is a key ingredient for the Doplicher Roberts result.
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Definition 9.1.6. A conjugate of an object X in a premonoidal *-category C
consists of an object X and a pair of arrows 7: ] — X @ X and 7: I — X @ X
such that r,7 € Z(C) and satisfy the conjugate equations.

-1

A 7 — Q¥ _
X2 1o x 18X (X e X)X Y X o (X o X)
X®r*
d
rax Xl
Px

In this case we say that (X,r,7) is a conjugate of X. We say that C has conjugates

every non-zero object has a conjugate.

The following lemma shows that any two conjugates of X are unitarily isomorphic.
The proof of this result is the same as the one given in [17] for the case of tensor

x-categories.

Lemma 9.1.7. Let X be an object in a premonoidal *-category C and (X, r,7), and
(X',7',7) conjugates of X. Then the map P’ © (X' @7) o ax yx o (F®X)o )x%l ;

X — X is unitary.
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Definition 9.1.8. Let C be a C-linear premonoidal category. Then an object X is
called irreducible if Z(C)(X,X) =C - idx.

We now give the main definition of this section.

Definition 9.1.9. A PC” is a premonoidal *-category C with dim Z(C)(X,Y") < o0,
for all objects X and Y, and moreover we require that C has conjugates, direct sums,
central subobjects and an irreducible tensor unit /. A BPC" is a PC* with a unitary

braiding, and an SPC* is a PC* with a unitary symmetry.

Remark 9.1.10. Note that a monoidal PC* is referred to as a TC™* in [17]. Similarly
a BPC* is referred to as a BT'C* and an SPC* as an STC".

The following result is now immediate.

Lemma 9.1.11. If C is a PC* then the centre Z(C) is a TC*. Similarly if C is BPC*
or an SPC* then Z(C) is a BTC* or an ST C* respectively.

We now proceed by establishing several results concerning PC* analogous to those
for T'C™.

Lemma 9.1.12. If C is a PC* then it is semisimple. That is to say every object is

a finite direct sum of irreducible objects.

Proof. 1t C is a PC* then Z(C) is a TC* and any object in C is an object in the
centre. Hence applying Lemma A.35 in [17] to the centre the result follows. O

Now there is a more general notion which is related to premonoidal *-categories.
This notion is the premonoidal analogue of C*-tensor categories considered by Do-

plicher and Roberts.

Definition 9.1.13. A premonoidal C*-category is a premonoidal x-category C
such that C(X,Y) is a Banach space with norm denoted by || - ||x,y such that ||s o
tllxz < lIsllxylltlly,z and [|s* o s[| = [s[|* and |4 ® s[aex.a0y = Islxy = s ®
Allxgayga forall s : X — Y and t: Y — Z and objects A.
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Definition 9.1.14. If C and D are premonoidal C*-categories then a premonoidal
C*-functor from C to D consists of a premonoidal functor (F,d", ef") such that F is

a premonoidal x-functor.

Again by virtue of the definition of premonoidal C*-categories we have the follow-

ing result.
Lemma 9.1.15. If C is a premonoidal C*-category then Z(C) is a C*-tensor category.

Proposition 9.1.16. Let C be a premonoidal C*-category with direct sums, and an
irreducible tensor unit /. If X and Y have conjugates then dim Z(C)(X,Y) < oc.
Hence a premonoidal C*-category with direct sums, conjugates, central subobjects,

and an irreducible unit is a PC*.

Theorem 9.1.17. Suppose that (X,r,7) is a conjugate of X then for all objects Y
and Z in a premonoidal *-category C there is a bijection C(X ® Z,Y) 2 C(Z, X ®Y).

Proof. Given f: X ® Z — Y define o(f): Z — X ®Y by
p(f)=(X@f)o(r@z)ol,.

Similarly given g : Z — X ® Y define ¢(g) : X ® Z — Y by
P(g) = Ay o (FFOY)o (X ®g).

Now suppose that f: X ® Z — Y is given then we will show that ¥o(f) = f. We
will omit associativity isomorphisms for convenience. Unpacking ¥ (f) we get
Vo(f)=dy o (T RY)o (XX ® flo(X®r®Z)o(X @A,
=l o(I@f)oFRX®Z)(X®r®Z)o(X®A,") by centrality of 7*
=foMx®2)o(FRXRIN(XRr®Z)o(X®A).

Note since we are omitting associativity isomorphisms we have that X ®\,' = p'® 7

by the coherence axioms for premonoidal categories. Thus we get

Vo(f)=foAx®@2)o(TMOX@Z)(X®r®Z)o(py ®Z)
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and by using the first conjugate equation it follows that

M2 o(FRXRIN(XRr®2)o(py @2Z) =Moo X)(X®@r)op®Z
=idx ® 2

=idxgpz.

Hence ¥o(f) = f. By similar arguments we can show ¢i(g) = g for all arrows
g: 7 —XQY. O]

9.2 von Neumann Categories

The following definition is our attempt at generalizing the notion of a von Neumann
algebra, much like our definition of premonoidal C*-category is an attempt at gener-

alizing the notion of a C*-algebra.

Definition 9.2.1. Let A C C be a premonoidal C*-subcategory of a premonoidal
C*-category C. Then A is called a C-von Neumann category when A”(X|Y) =
A(X,Y) for all objects X and Y in .A. We also say A is called a von Neumann
category on C. When C = Hilby then A is simply called a von Neumann

category.

Now a natural question to ask is whether a one-object von Neumann category is a
von Neumann algebra or not. Before we provide an answer to this question we need

an intermediate result.

Lemma 9.2.2. If Ais a collection of objects and arrows in a premonoidal *-category

C closed under *, then the commutant A’ is a premonoidal *-subcategory of C.

Proof. By Theorem 6.3.2 the category A’ is a premonoidal category, and thus it
remains to show that given any arrow S : B — A in A that S* is again an arrow in

this category. Indeed if g : X — Y is any arrow in A then

(9@B)o(X®S) =Y ®S)o(geA) iff
(9®B)"o(X®5") = (Y ®S5%)o(geA)™ (34)
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Now using that S is an arrow in the commutant category we get that

(X®So(g"®@B)=("®A) o (Y ®S) using properties of
(X®S)o(g8 B) = (9@ A) o (Y ),

Now applying * to both sides of the above equation one obtains the required equation,
namely equation 34. Similarly one can show that the other required equation for S*
to be an arrow in A" also holds. In addition since composition is bilinear we also have
that A" will be C-linear and the positivity of the x-operation is also immediate. Thus

A’ is a premonoidal *-category. [

Theorem 9.2.3. If A C Hilby is a von Neumann category then A(C,C) has the

structure of a von Neumann algebra.

Proof. Let M = A(C,C). First notice that since A is a category closed under x we
have that T'o S* € M for all T, S € M. Thus M is a x-subalgebra of B(C ® H).
We will show that if S € A (C,C) then SoT =T oS for all T € M. Indeed if

S x T =95 xT then the following diagram commutes

de ® S ® id
CoCeH tac ® CoCoH Tec By

CeCoH
Tcc @ idy tdc ®@T

Now the map 7¢c: C® C — C® C is given by 7(a ® b) = b ® a but by definition
of tensor and linearity of 7 it follows that 7(a ® b) = abr(1® 1) =ab(1® 1) =a®b

and hence 7¢ ¢ = td. Using this fact in the above diagram one obtains
(id({j (024 T) o (Zd(c & S) = (ld@ X S) o (Zd(c & T)

and thus idec ® (T 0 S) = idc ® (S o T) and this occurs if and only if T oS = SoT.
Hence we have shown that in fact that S € A'(C,C) if and only if SoT =T o S
for all T' € M. We denote the commutant of the algebra M in B(C ® H) by M.
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Thus we have shown that M’ = A'(C,C) and all that we used about A is that it was
a premonoidal C*-category. Hence as A’ is a premonoidal C*-category we also have
that N/ = A”(C,C), where N' = A’(C,C). On the other hand A is a von Neumann
category and hence A(C,C) = A”(C,C). Thus M = N’ and clearly as M’ = N it
follows M"” = N’ = M showing that M is a von Neumann algebra. O

Scholium 9.2.4. If A C Hilby is a premonoidal C*-subcategory then S € A'(C, C)
if and only if SoT =T oS for all T € A(C,C).

Corollary 9.2.5. Every one-object von Neumann category is a von Neumann alge-

bra.

Thus the above corollary justifies our claim that a von Neumann category is an
appropriate generalization of the notion of a von Neumann algebra. Before provid-
ing some concrete examples of von Neumann categories we will first establish some

analogues of classical results found in the theory of von Neumann algebras.

Proposition 9.2.6. If A is a set of objects and arrows in a premonoidal C*-category
C closed under *, then A’ is a premonoidal C*-category. In particular it is a C-von

Neumann category.

Proof. By Lemma 9.2.2 we have that A is a premonoidal x-category. Furthermore
each hom-set A’(X,Y) is a normed linear subspace of C(X,Y’) with norm || ||x,y com-
ing from the C*-structure on C. These norms already satisfy the required conditions
of Definition 9.1.13. Thus it remains to show that each space A'(X,Y’) is complete
with respect to its norm, or equivalently that it is a closed subspace of C(X,Y). We
will show that the former is true.

Notice that for any arrow f : A — C the linear map (s : C(B,D) — C(A®
C.B® D) given by (s(g) = fxg—fxg=(C®@g)e(f®B)—(f®D)o(A®g)
is bounded. Similarly the linear map 7y : C(B,D) — C(C ® A,D ® B) given by
(@) =gx f—gxf=(D@f)o(g®A) —(¢g®C)o(B® f)is bounded. So let
(gj) be a Cauchy sequence in A'(B, D). By completeness of C(B, D) it converges to
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amap g = limg; in C(B, D). Now for any arrow f: A — C in A we have that

¢r(g) = ¢¢(lim g;)
= lim (s (g;), by continuity of (;
= 1lim 0, since (f(g;) =0 Vj
=0.

Similarly we also have that 7¢(g) = 0 for any arrow f in A and thus g € A'(B, D).
Hence we have shown that A'(B, D) is complete, establishing that A’ is a premonoidal
C*-category.

To see that A’ is a C-von Neumann category we observe that A C A” and taking
commutants we get A” C A’. On the other hand we also have that A" C A" and
thus the result follows that A" = A’. O

In fact even more is true about the category A’.

Lemma 9.2.7. Let A and C be as in Proposition 9.2.6, then A'(X,Y) is closed in
the weak topology for all objects X and Y.

Proof. To show that A'(X,Y) is closed we will show that it is equal to its closure in
the weak topology. Clearly we have that A'(X,Y) C wk —cl A(X,Y). If an element
x € wk —c A'(X,Y), then we will show that € A'(X,Y). Since z is in the weak
closure it follows that there exists a net (z;) in A'(X,Y’) that converges to z, i.e.
limx; = z. Now to show that z is an arrow in the commutant category we will show
that (f(z) = 0 and n¢(x) = 0 for all arrows f in A, where (; and 7y are the continuous
maps defined in the proof of Proposition 9.2.6.

Our argument relies on the following fundamental fact which can be found in [20]

Proposition 1.3.3. p.30.

Suppose that T : V. — W is a continuous linear map of locally convex
spaces. Then T will also be continuous with respect to the weak topologies
on'V and W.
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Thus this result shows that the maps (y and ny will also be continuous with respect

to the weak topologies. Thus for any arrow f in A we have that

Cr(w) = Cs(limzy)

= lim (¢ (z;), since (y is continuous w.r.t the weak topologies
= limO0, since z; € A'(X,Y)
=0

Thus (¢(z) = 0 and similarly ny(x) = 0 for all arrows f in A. Hence A'(X,Y) is
closed in the weak topology for all pairs of objects X and Y. O]

Remark 9.2.8. Notice that in the case of a locally convex space with a given initial
topology, one can always define a new topology called the weak topology which in
general is coarser than the initial one. Thus any weakly closed subset will automati-
cally be closed in the initial topology, but the converse may not be true. Notice also
that in the case that F C B(H), where H is a Hilbert space, that the commutant
F' CB(H) is closed in the weak topology. Thus our Lemma 9.2.7 establishes a nice
analog of this classical result. In light of this result it is natural to ask whether von
Neumann’s Double Commutant theorem (see Theorem 3.4.6) has an analog in our
setting. At this point we don’t have enough machinery at our disposal to establish

such a result.
Now we consider some consequences of our above results.

Definition 9.2.9. Let A be a collection of objects and arrows in a premonoidal
C*-category C and let A* = {2* | z € A}. Then {AU A*}" is the C-von Neumann
category generated by A.

Corollary 9.2.10. If M is a von Neumann category on Hilby then M (K, K) is a
von Neumann algebra on K ® H for all objects K.

Proof. By Lemma 9.2.7 we have that M (K, K) is weakly closed, and thus applying
von Neumann’s double commutant theorem we have that the weak closure of a self-

adjoint set of operators on a Hilbert space is equal to the double commutant of that
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set. Since M(K, K) is already closed we have that it is equal to its double commutant

and thus is a von Neumann algebra. O

Remark 9.2.11. The above result, Corollary 9.2.10, is somewhat surprising con-
sidering the abstract definition of a von Neumann category, c.f. Definition 9.2.1. A
priori, there is no reason that one would expect such a strong connection between
our concept of von Neumann category and the classical notion. Our notion of von
Neumann category turns out to also be closely related the Ghez-Lima-Roberts no-
tion of W*-category [15] in the sense that every von Neumann category is also what
they call a concrete W*-category. Our notion however has a more algebraic flavour
whereas theirs is more topological. In addition another main difference is that our cat-
egories have a premonoidal structure and W *-categories need not have this additional

structure.

9.3 Examples of von Neumann Categories

At this point we feel that some examples of von Neumann categories are in order. We
will also use this opportunity to draw further parallels between our theory and the

classical one.

Example 9.3.1. By Corollary 9.2.5 every von Neumann algebra M can be viewed

as a one-object von Neumann category.

Example 9.3.2. If C is a premonoidal C*-category then C and Z(C) are C-von
Neumann categories. This is clear since C = Z(C)'. In the case C = Hilby we see
that Z(Hilby) ~ Hilb is a von Neumann category. In the case that C is a von
Neumann algebra viewed as a one-object von Neumann category we get that centre

of a von Neumann algebra is again a von Neumann algebra.

The above example motivates the following comparison that we now explore. If
H is a Hilbert space then B(H) is a von Neumann algebra and the centre of B(H)
is C. Now by the above example B(H) can be viewed as a one-object von Neumann

category on Hilby and its centre will be the subcategory with object C and will have



CHAPTER 9. PREMONOIDAL x-CATEGORIES AND VNC’S 106

as arrows the central maps on this object. Thus we think of Hilby as a multi-object
version of the classical B(H) and likewise since Z(Hilby) ~ Hilb we think of Hilb

as a playing the role of the complex numbers C. We now illustrate the analogy with

a diagram.
categorify
BH) ----—-—--F-=-—-- > Hilby

Figure 1: B(H) Analogy

Now if M C B(H) is von Neumann algebra then we can fill in the above diagram

as follows.
categorify
BH) ----—-—--"F-=-—-- > Hilby
Moo Steeorily T
= categorify ~
E(M) -~~~ - T - Z(M)
ZBH)=C--------- Hilb ~ Z(Hil
(B(H)) =C categorify - Hilb (Hilby)

Figure 2: Expanded B(H) Analogy

Here in Figure 2 the left column corresponds to the classical setting and the second
column corresponds to our categorified setting of von Neumann categories. Notice

also that for the sake of our analogy we have simplified things by assuming that
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M” = M which entails that it is a wide subcategory of Hilby that contains the

centre of Hilby. Thus using these two analogies for intuition, one can see how our

theory matches up with some of the standard features of von Neumann algebras.
Continuing with more examples of von Neumann categories, we will consider pre-

monoidal C*-categories that arise as a functor category.

Example 9.3.3. Suppose that D is a C*-category then let [D, D], be the premonoidal
category whose objects are x-functors. An arrow t : ' — G consists of a family
of maps t4 : FA — GA in D such that the set {||t4]|} is bounded. We call these
arrows bounded transformations. We should note that this example is a premonoidal
variation on an example of Ghez-Lima-Robers, [15], of a C*-category. Now given a
map t : ' — G then one defines ||t|| = supy ||tal|, which yields a norm on the linear
space [D, D].(F,G), where addition and scalar multiplication are defined point-wise.

The premonoidal structure on this category is the same as the one described in
Example 6.1.6. Namely given two *-functors F' and G we define F ® G = F o G
which is clearly again a x-functor. Further given a transformation t : /' — G and
a #-functor H then we define (H @ t)4 = H(ta) and (t ® H)a = tya. Now it’s clear
that {||(t ® H)al|} is bounded and since |H(f)|| < ||f|| for all arrows f it follows
that {||(H ® t)4||} is also bounded. Now let DP denote the wide subcategory of
D, D). whose arrows are the bounded natural transformations. Observing that a
constant functor is a *-functor one can reuse the proof of Lemma 6.3.4 to show that

(DP) = DP. Hence DP is a [D, D],-von Neumann category.

As we mentioned in our section on maximally-monoidal categories any monoidal
category A in a premonoidal category C that satisfies A’ = A is called a mazimally-
monoidal category and it shares similarities with maximal abelian von Neumann alge-
bras. In the above example, Example 9.3.3, the category DP is a maximally-monoidal
category which is also a [D, D],-von Neumann category. Thus we propose the term
maximally-monoidal C-von Neumann category for any maximally-monoidal
category A in a premonoidal C*-category C. This leads to a more general version of
Example 9.3.3.

Example 9.3.4. FEvery maximally-monoidal C-von Neumann category is a C-von
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Neumann category.

Now in the case of Hilby it would be interesting to understand the relationship
between von Neumann algebras on 8(H) and von Neumann categories on Hilby. For
example, is it the case that every von Neumann category A is of the form A(X,Y) =
wk — cl(B(X,Y) @yy M) where M C B(H) is a von Neumann algebra? Notice
that we could also use the strong closure instead of the weak closure here since they
coincide on convex subsets (see [20] p.305 Theorem 5.1.2 for the precise statement of

this fact).



Chapter 10

Premonoidal C*-Quantum Field

Theory

This chapter represents our primary new material including our definition of pre-

monoidal C*-quantum field theory.

10.1 Local Systems of Premonoidal C*-Categories

In this section we investigate some properties of certain families of premonoidal C*-

categories called local systems of premonoidal C*-categories.

Definition 10.1.1. Let (K,<) be a directed poset. A local system of pre-
monoidal C*-categories is a functor A : K — PDAG where PDAG denotes
the category of (small) premonoidal C*-categories and premonoidal C*-functors be-
tween them. (We also require that A satisfy that A(U) C A(V') whenever U <V in
K.) If U <V then we denote the corresponding functor from A(U) to A(V') by iy y.
The poset K will be called the index poset.

Now let A be a local system of premonoidal C*-categories with index poset (K, <).
Then we can associate to such a functor a category which will be denoted A and which
will be called the quasi-local premonoidal C*-category. The set of objects is given by

a quotient of the disjoint union |A| = (Lyex IAU)])/ ~ and we represent an x € IN

109
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by the equivalence class of the element (U,a) where U € K and a € |A(U)|. The
equivalence relation ~ is defined as follows (U, a) ~ (V,b) if there exists W € K with
U,V < W and such that iy w(a) = ivw(b) in A(W). Clearly this relation is reflexive
and symmetric, and transitivity follows from functoriality of A and directedness of
K. Indeed if (U,a) ~ (V,b) and (V,b) ~ (W, c) then there exists X,Y € K such that
U,V <X and V,IW <Y such that iy x(a) = iv x(b) and iyy(b) = iwy(c). So as K
is directed there exist Z € K with X, Y < Z. Thus

iv,z(a) = ix ziv.x(a)
= ix,ziv,x(b)
=iyvz(b)
= iy,zivy ()
=iy ziwy (c)

= Z.W7z(c)

as required. Similarly the arrows of A are defined as follows (A); = (Hyer(AWW))1)/ ~.
Again arrows of A will be denoted by equivalence classes of elements of the form
(U, f :a — d') where U € K and f : a — d is an arrow in A(U). We will also
write just (U, f) when no confusion will result. The equivalence class [(U, f)] is an
arrow from [(U,a)] to [(U,a')] in A. We define (U, f :a — ') ~ (V,g: b — V) if
there exists W € K with U,V < W and such that iyw(f) = iv,w(g) in the category
A(W). Notice it follows that (U, a) ~ (V,b) and (U,a’) ~ (V,V'). By exactly the same

arguments one shows that ~ is an equivalence relation on [, (A(U));.

Lemma 10.1.2. If A : K — CAT is functor from a directed poset into the category
of categories then Aisa category. In particular if A is a local system of premonoidal

C*- categories then Ais a category.

Proof. To show that Ais a category we must show ~ is a congruence relation with
respect to composition. To this end suppose that [(U, f)] = [(V,9)] : [(U,a)] =
(V.0)] — [(U,a)] = [(V,)] and [(X,h)] = [(Y;F)] - [(X,r)] = [(Y,s)] —
(X, )] = [(Y,s')] and [(U,a")] = [(X,7)]. Then we must show that [(X, h)]o[(U, f)] =
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(Y, k)] o[(V, g)] where composition is defined as follows, [(X, )] o [(U, f)] = [(Z, cs4)]
where X and U < Z and ¢sj, = ix zhoipzf in A(Z). Hence let [(X,h)] o [(U, f)] =
[(Z,ixzhoiyzf)] as above and let [(Y, k)] o [(V,g)] = [(N,iynk o ivng)]. Then we
must show that (Z,ix zhoiyzf) ~ (N, iy nkoiyng). Since (U, f) ~ (V, g) there exists
Wy € K such that U, V < W; and iyw, f = iv.w, ¢ and similarly as (X, h) ~ (Y, k)
there exists Wy, € K with X, Y < Wy and ixw,h = iyw,k. Now as K is directed
there exists W € K with Z, N, Wy, Wy < W. Furthermore

izwlixzhoivzf) =ixwhoiywf
= Uy, wix,wy 1 0wy wivw, f
=ty wivwok o tw, wiv,w, g
=iywkoiyvwg
= inwiy.NK O inwiv,Ng

= inw(iynkoiyng)

and hence (Z,ix zhoiyzf) ~ (N,iynk oiyng). One now easily verifies that this
composition is associative and unital with identity given by the class of (U, id, : a —
a). O

The results proved thus far within this section are essentially minor variations of
some standard results concerning functors from a directed poset into the category
CAT. However the remaining results that we now present are original and play a
significant role in our theory of premonoidal C*-quantum field theory that we are

developing.

Lemma 10.1.3. If A is a local system of premonoidal C*- categories then A has a

premonoidal structure.

Proof. We now show that A is a premonoidal category. Given objects [(U,a)], and
[(V,b)] in A define [(U,a)] @ [(V,b)] = [(W,iywa ® ivwb)] where W € K and U,
V < W. Note that if W' € K with U, V- < W’ then (W, iywa®iywb) ~ (W', ipwa®
ivwb) holds since by directedness of K there exists W” € K and W, W' < W".
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Thence

iwwr (ivwa @ tyvwb) = twwrivwa ® iwwriv,wb
= lgwra @ tywrb
=ty wrivwra @ tyr wriv,wb

= iwrwr (ivwra ® ivwb)

as required. Thus the tensor product is independent of the choice of upper bound W.
We must also show that it is independent of the choice of representatives for [(U, a)]
and [(V,b)]. Thus suppose that (U,a) ~ (U’,ad') and (V,b) ~ (V' ) so that there
exists X, Y € K such that U, U’ < X and V, V' <Y and such that iy xa = iy xa’
and iyyb = iy yb'. Now pick Z € K such that X, and Y < Z. Then by functoriality
of A we have iy za = iy za' and iy zb = iy zb'. Hence by the previous argument, as
Z is an upper bound for U, and V' we have that (W, igwa®iywb) ~ (Z, iy za@iy zb).
But (Z,iyza ®iyzb) = (Z,iy za' @iy z') and so (W, igwa @ iywb) ~ (Z, iy zd' &
iy zb') as required.

Next suppose that [(U, a)] is an object and [(V, g)] : [(V,b)] — [(V,b')] an arrow
in A. Define [(U,a)] ® [(V.9)] : [(U.a)] ® [(V,0)] — [(U.a)] @ [(V.¥)] by [(U,a)] &
[(V,9)] = [(W,igwa ® iywg)] where U, V < W € K. By similar arguments to those
used above one shows that this operation is well-defined. Functoriality of [(U, a)|® — :
A — A follows from the observation that the iywa ® — : A(W) — A(W) are
functors for each W > U € K. Similarly one defines the functors — @ [(U, a)] : A —
A. The tensor unit in A is the equivalence class of the element (U, I;;) where I, is
the tensor unit in A(U). Note that [(U,Iy)] = [(V,Iy)] for any U, V € K, so let
I'=[(U, Iv)].

Now given objects [(U, a)], [(V,b)], and [(W, ¢)] then ([(U, a)]@[(V,b)]) @[(W,c)] =
(X, (luxa ® iy xb) ® iwxc)] for any X € K with U, V, and W < X. Similarly
[(U,a)] ® ([(V,b)] @ [(W,)]) = [(X,ivxa ® (ivxb® iw,xc))] for any X € K with U,

V,and W < X. Then we define the associativity isomorphism as follows

QU)X (ivxa @ ivxb) @ iw,xc)] — [(X,ipxa ® (iv,xb ® iw,xc))]
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by

UL IVOLWl = (X Oy xa), (v xb),(w.x0)]

where

Uiy xa),(iv.xb),(iwxe)  (1U,x0 @ iy, xb) ® iw,xc — iy xa @ (iyxb ® iw xc)

is the natural associativity in the premonoidal category A(X). Since « is defined
in terms of the maps a it follows that « is natural and satisfies the Mac Lane pentagon
since the a maps do. Now notice that [(U, Iy)] = [(V, Iv)] thus [(U, Iy)] ® [(V,b)] =
(V. Iv)] @ [(V,0)] = [(V, Iy @ b)], similarly [(V, )] @ [(U, Iy)] = [(V,b® Iy)]. Thus we
define the left and right units as Ay = [(V, )] and pyvey = [(V, )] respectively
where [ : [y @b — b and v, : b® Iy — b are the premonoidal units in the category
A(V). Again the naturality of A and p follow from the naturality of the maps [ and
t respectively moreover the structural equations also follow from the fact that they

hold for the maps [ and t. Hence (A, ®,1,a, A, p) is a premonoidal category. O

Proposition 10.1.4. If A is a local system of premonoidal C*- categories then an
arrow [(U, f)] in A is in Z(A) if and only if f is an arrow in Z(A(U)).

Proof. Suppose that [(U, f)] is central in A with f : a — o/ an arrow in A(U). Let
g :b— b be any arrow in A(U) so that

(U a) @[, 9)]) o (U, N @ [(U,b)]) = [(U,d' @ g)] o [(U, f @ )]
=[(U,(d@g)o(f@Db))

and on the other hand

(U, feb)lo|[U,aeg)]
= U (febt)ola®g))

([, N @[] o ([(U,a)] @ [(U, 9)])

and by centrality we have [(U, (' ® g) o (f ®b))] = [(U,(f ®V) o (a® g))]. So there
exists W > U € K such that ipw(a® go f®b) = igw(f ®V 0ca® g). So in the case



CHAPTER 10. PREMONOIDAL C*-QUANTUM FIELD THEORY 114

that iy w is a faithful functor it follows that a®@ go f @ b= f @V ca® g in A(U).
Similarly one can show that g aob® f =V ® fog® a.

To see that the converse is true suppose that f : a — a' is a central map in
A(U) and let [(V,g)] : [(V,b)] — [(V, V)] be any arrow in A and let W € K with
U, V. <W. Then [(U, f)] ® [(V,b)] = [W,ivw [ ® ivwb)] and [(U,d")] ® [(V,g)] =
(W, igwad @ ivwg)]. Thus

([T, a2 [(V,9)]) o ([(U, NH] @ [(V,D)]) = [(Wivwa @ivwg)] o [(W,ivwf @ ivwb)]
(W, (iuwa @ ivwg) o (iuw f @ iv,wb))]

(W, (ivw | @ivwb) o (ivwa @ ivwg))].

We have used the fact that the functors iy take central maps to central maps in
the passage from the second last line to the last line above. We can now rearrange

the last line above as follows.

(W, (iuw | @ivwl) o (ivwa @ivwg))] = (W ivw [ @ ivwb)] o (W, ivwa @ ivwg)]
(U, NI [(V,0)]) o ([(U,a)]l @ [(V, g)])-

Similarly one shows that the other relevant diagram commutes. Hence [(U, f)] is
central in A.
[

Our next result concerns the existence of a premonoidal C*-structure on the cat-

egory A.

Theorem 10.1.5. If A is a local system of premonoidal C*- categories then A can
be faithfully embedded into a premonoidal C*- category (A) = Y. Moreover this

embedding is a strict premonoidal C*- functor which is surjective on objects.

Proof. We have already shown that A has a premonoidal structure. We now en-
dow it with a positive x-operation. Indeed given [(U, f)] : [(U,a)] — [(U,d’)]
define [(U, f)]* : [(U,d")] — [(U,a)] by [(U, f)]* = [(U, f*)]. This is well-defined
since the functors iyw : A(U) — A(W) commute with the x-operation. More-
over [(U, ))]** = [(U, f*] = [(U, f)]. To show positivity and anti-linearity of * we
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must first show that the hom-sets of A are complex vector spaces which behave well
with respect to composition, i.e. we must show A is C-linear premonoidal. Indeed
given parallel arrows [(U, f)] : [(U,a)] — [(U,a’)] and [(V,g)] : [(V,b)] — [(V, )],
then there exists X > U, and V with [(U,a)] = [(X,ivxa)] = [(X,ivxb)] = [(V,))]
and [(U,d)] = [(X,ivxa)] = [(X,ivxt)] = [(V,0))]. Thus [(U, )] = [(X,iv.xf)]
and [(V; g)] = [(X, iv.xg)]. Hence define [(U, £)] + [(V; 9)] = [(X, ivzxf + ivxg)] and
(U, )] = (U, 1)) A

A tedious but routine calculation shows that this makes A a C-linear premonoidal
category. The zero maps are the equivalence classes 0 = Oq 4 = [(U,040)] : A =
[(U,a)] — A’ =[(U,d’)] where 044 : @ — a’ is the zero map in A(U).

Now suppose that [(U, f)]" o [(U, f)] = 0. Then [(U, f* o f)] = 0 = [(U,0)] and
hence f* o f = 0 and therefore f = 0, since A(U) is a premonoidal x-category,
so [(U, f)] = 0 as required. The anti-linearity of * is also easily verified. If [(U, f)]
is a central map then it follows that f in A(U) is central and hence so is f* by
assumption. Thus [(U, f*)] is central. One can also easily verify with these definitions
that ({(U, a)]®[(V, 9)])" = [(U, a)l@[(V, g)I" and ([(V. 9)|®|(U, a)))* = [(V; g)]"®[(U, 0)]
and that the structural maps «a, A, and p are unitary. Hence A is a premonoidal *-
category.

Lastly given any arrow [(U, f)] : A — A’ in A we define its norm by ||[(U, f)]|| 4.4 =
| flla.w Where f:a — o' in A(U). If [(U, f)] = [(V,g)], then there exists W > U,
and V in K such that ipwf = tvwg : ¢ — ¢ in A(W). Now as the map
A(U)(a,d') — AW)(iywa,iywa') is a *-monomorphism it follows from elemen-

tary results in C*-algebra theory that this map is norm-preserving. Hence

Hf”a,a’ = HiU,WinU,Wa,iU,Wa’
- "iMWg|’iV,WbyiV,Wb/

= |lgllep-

It is now routine to see that with this definition the norm satisfies the triangle in-
equality, and respects the scalar multiplication and all the other properties which
define Banach and C*- norms. The only issue is whether or not the normed space

~

A(A, B) is complete with respect to the given norm. In general there is no reason
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for this space to be complete, so we must complete it. We denote by LU(A, B) the
completion of A(A, B) and the resulting space will be a Banach space with a positive
x-operation. Thus we have built a C*- category U with objects the same as those of
A and hom-sets given by the sets (A, B) as defined above.

Furthermore since all the structural maps such as composition, the x-operation,
etc. are continuous it follows that they lift to the appropriate maps in 4 making it
a premonoidal C*- category. Moreover it is immediate that A embeds faithfully into
i and that this embedding is a strict premonoidal C*- functor which is surjective on

objects. O]

We wish to show that the above construction is a colimit. In order to do that we

have developed the following convenient result.

Lemma 10.1.6. Let C be a premonoidal *x-category such that for each pair of
objects A and B the vector space C(A, B) has a norm || || 4 s satisfying the equations
in Definition 9.1.13. Then there exists a premonoidal C*-category C and an isometric
embedding ¢ : C — C. Moreover if D is any other premonoidal C*-category and
k : C — D an isometric embedding then there exists a unique premonoidal C*-

functor F : D — C such that the diagram

__F__>.D

C
[/1

K
C

Proof. We begin by defining the category C. The objects of C will be the same as
those of C. Now for each pair of objects A and B in C we know that C(A, B) is

a normed vector space. Thus we define C(A, B) to be the Banach space obtained

commutes.

by completing this normed vector space. One particular realization of C(A, B) has,
as elements equivalence classes of Cauchy sequences in C(A, B) where two sequences

(f)nen and (g)nen are equivalent if the sequence (||f, — gnlla.B)nen of real numbers
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converges to 0. Moreover there is a canonical map ¢ = @5 : C(A, B) — C(A, B)
given by ¢©(f) = [(fn = [)nen] i.e. f maps to the equivalence class of the constant
sequence with value f. One clearly has that p(f) = ¢(g) if and only if f = g and so
® is injective.

Now suppose that [(f,)nen] € C(A, B) and [(g,)nen] € C(B,C). Then we define
[(gn)nen] © [(fa)nen] = [(gn © fr)nen]- First we show that the sequence (g, o fn)nen is a
Cauchy sequence. First notice that if (h,),en is a Cauchy sequence then the sequence
of real numbers (||h]|a.5)nen is a Cauchy sequence since for any e > 0 there exists
N € N such that ||k, — ha|lap < € for all m, n > N but |||hnllap — [|hallas] <
1" = hallag 50 ||l ag = |Bnlla,| < € for all m, and n > N. So by completeness
of R the sequence (||hy||4.5)nen converges and is therefore bounded. So there exists
H > 0 such that H = 1+ sup{||hn||as | n € N}.

Now let ¢ > 0. Then since (f,)neny and (gn)nen are Cauchy sequences, there
exists Ny and Ny € N such that || f,, — fullas < €/2G and ||gn — gullBc < €/2F
for all m ,n > max(Ny, N3) where F' = 1 + sup{||fnllas | n € N} and similarly
G =1+ sup{|lgnll.c | n € N}. Hence for all m ,n > max(Ny, Na)

”gm O fm = gno anA,C = ||gm O fm = 9mO fu+tgmo fn—gno anA,C
S Hgm o .fm —3m © fn”A,C’ + Hgm o fn —Ggn© fn”A,B
= ||gm o (fm - fn)HA,C + ||(gm - gn) o anA,C
<|gmllB.cllfm = fallas + [lgm — gnllB.cll fallas
9 g
<G— + —=F
2G T 2F

= E.

Thus (gn © fu)nen is a Cauchy sequence. Next we show that this composition is
well-defined. Suppose that [(f.)] = [(f))] and [(gn)] = [(¢,,)] then we show that
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([lgn © fu — g © frlla,c) — 0. Indeed

1900 fo = gno fullac = llgno fo = guo fr + gufy — gno frllac
<gno fo—gno frllac+llgnfs — g o fillac
<|gullzcllfe = fillas + llgn — gullzcll follas
< G|fn = fillas + gn — 9ol F

where G = 1 + sup{||gnllc | n € N} and IV = 1 + sup{||f.|las | » € N}. Now
for any € > 0 there exists N; and N, € N such that for all n > N = max(Ny, N2)
| fo— fillas < e/2G and ||g, — ¢, || a5 < €/2F". Hence for all n > N the above chain

of inequalities becomes

lgn © fr — g o fillac < Glfu = fullas + llgn — gollBcF’

€ €
<G2G+2F’

=¢&.

Hence the sequence (g, o fr, — g, 0 f1||a.c) converges to 0 and so composition is well-
defined. The identity map in C(A, A) is given by ids = ©(14) where 14 € C(A, A)
is the identity on A in the category C. The associativity of this composition follows
from the associativity of the composition in C. Hence C is a category.

Next we show that if f : A — B and g : B — C in C, then p(go f) =
©(g) o o(f). Indeed p(go f) = [(h,)] where h, = go f for all n € N; on the other
hand ¢(g) 0 ©(f) = [(gn = )] o [(fn = F)] = [(gn o fn = g o F)] = [(hn)] = w(g © f).
Notice that ¢ preserves identities by definition. Hence we have a functor + : C — C
given by ¢(A) = A for all objects A so given f: A — B in C define «(f) = o(f).

Now we proceed by equipping C with a premonoidal structure as follows. Given
objects A and B we define A ®; B = A®¢ B and in the future we simply abbreviate
this by writing A® B. Next for each object A in C we must define functors A®(—) and
(—) ® A. Indeed, since for each object A in C the functions A ® (—) : C(X,Y) —
CA® X,A®Y)and (-)® A : C(X,)Y) — C(X ® A,Y ® A) are continuous,
it follows that the induced maps A ® (—) : C(X,Y) — C(A® X,A®Y) and
(-)®@A:C(X,Y) — C(X ® AY ® A) are linear and continuous. Explicitly one
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has A® [(fu)] = [(A® f,)] and [(fn)] ® A = [(fn ® A)]. Tt is now straightforward to
verify that A® (—) :C — C and (—) ® A : C — C are functors. The structural
isomorphisms @ : (AR B)®C — AR (BRC),\: I A— Aandp: AR — A
are given by a = t(a) = ¢(a), A = () = ¢(I), and p = ¢(r) = p(r) respectively where
a, [, and v are the corresponding structural maps in C. To see that these maps are
central it is enough to show that ¢+ sends central maps to central maps. Certainly if

f:A— BinCis central and [(g,)] : X — Y is an arrow in C then

(B®@[(ga)]) o (t(f) @ X) = [(B® gn)] o [(f ® X)]
B®gnof®X)]

[(
[(
[(f ®Y 0o A® gn)]
((
¢

feY)leo[(A®gn)l
(f)@Y)o(A@[(gn)])

as required. Similarly the other diagram for centrality also commutes in C. Analogous
calculations also show that o, A, and p satisfy the coherence equations and are natural
transformations.

The only piece of structure missing the is % operation on C. Given an arrow
[(sn)] : A — B define [(s,)]* = [(s%)]. To see that x is well-defined it suffices to
observe that (—)* : C(A, B) — C(B, A) is continuous. Notice that [|s||* = ||s* o s|| <
Is*llls]l and so ||s|| < [|s*|| similarly [|s*||* = [|s o s*|| < [Is[[[|s"]| so [[s*]| < [ls]|
Thus [|s*|| = ||s]| and so (—)* is isometric and hence continuous and thus extends to
a continuous map (—)* : C(4, B) — C(B, A). To see that (—)* is positive consider
[(sn)] : A — B and suppose that [(s,)]* o [(sn)] = 0. Then [(s} o s,)] = [(0)] and so
we have that (||s? o s,|)neny — 0 i.e. (||sn]]*)neny — 0 and hence (||, ||)neny — O.
Thus [(s,)] = [(0)] as required.

The remaining properties that (—)

* must satisfy follow easily from its definition.

Lastly, given an arrow [(¢,,)] : A — B define ||[(¢,)]|| 4,5 = lim; . ||tn||4,5. That this
norm makes C(4, B) a Banach space is a standard result in analysis. Moreover the

remaining properties that these norms should satisfy, listed in Definition 9.1.13, all
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follow from properties of limits and the primitive norms coming from C. In addition,
the maps C(A, B) — C(A, B) given by f + o(f) are isometric embeddings and the
image of ¢ is dense in C(A, B) for all objects A and B. Therefore C is a premonoidal
C*-category and the functor ¢ : C — C is an isometric strict premonoidal C*-
embedding.

Now suppose that D is a premonoidal C*-category and x : C — D is an isometric
embedding. We will define a functor F : C — D as follows. For each object
A in C we have that A is actually an object of C. Thus, we define FA = kA.
Now if [(f,)] : A — B, then define F([(f,)]) = lim, o k(fn). To see that this is
well-defined we must check that the sequence (k(f,)) is convergent and the limit is
independent of the choice of representative. First, as (f,,) is a Cauchy sequence we
have for any € > 0 that there exists N € N such that || f,, — fullaps < € for all m,
n > N and hence [(fn) = £(F) lxans = [6(m = Fo)llians = lfin— fullas < & So
(k(fn)) is a Cauchy sequence and thus convergent. Now suppose that [(f,)] = [(gx)]-
Then we have that (|| f, — gn|la.5) — 0. Hence we have that

” 'rL11—>I£10 K’(fn - gn)“nA,nB = lim HK:(fn - gn)”ﬁA,NB

n—oo
= lim “fn _gn”A,B
n—oo

=0.

Thus 0 = limy, o0 £(frn—9n) = lim, o0 £(fn)—lim, o £(g,) and hence lim,, .o k(f,) =
lim,, o k(gn) as required. So F' is well-defined. If [(f,)] : A — B and [(9,)] : B —
C in C, then we want to show that F([(g.)] o [(f.)]) = F([(9.)]) © F([(f,)]). This
amounts to showing that

lim (k(gn © fn)) linolo k(gn) o lim k(fy,) (35)

n—oo n— n—oo
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If g =lim,, .o k(gn), then by continuity of composition we have the following

lim (k(gn 0 fn)) — lim k(gy,) o nh_)rgo K(fn) = lim (k(gno fn)) —go 11_{{)1o K(fn)

n—oo n—oo

Now taking norms on both sides we obtain
| lim (s(g o ) — lim x(g,) o lim £(£)]| = | lim (x(g.) — g) o 5(£,)]
= 1im [|(s(g.) — 9) o w(£:)

< Tim |((gn) — 9)llI5(f)]
= (1im fln(g0) = g} (tim [1s(£)])
=0 Tim [lx(f,)]

=0.

Hence equation 35 holds, and so F' preserves composition. Furthermore it is clear that
I also preserves identities and is thus a functor. Now as taking limits of convergent
sequences is a C-linear operation it follows that F' is C-linear. Moreover since (—)* :
D(X,Y) — D(Y, X) is continuous & is a *-functor we have that

F((f2)]") = lim x(f7)

n—oo

= lim &(f,)"

n—oo

= (lim £(fn))"

n—oo

= (FI(f)])"

and so F'is a x-functor.
Now we wish to demonstrate that F'is a premonoidal *-functor. Since « is a such

a functor we have for all objects A, and B in C a central natural transformation with
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components d 5 : KA® KB — k(A ® B) and a central morphism e" : Ip — r(I¢).
Thus for all objects A and B in C we define dly p = d g and " = e". Using arguments
similar to those given above one can verify that these morphisms satisfy the relevant
requirements and hence F' equipped with these morphisms becomes a premonoidal
C*-functor.

Next we show that F' ot = k, indeed for each object A € |C| we have that
Fiu(A) = F(A) = k(A). Moreover, if f € C(A, B) then Fu(f) = F[(f, = f)] =
limy, oo 6(fn = f) = K(f). Now suppose that G : C — D is another premonoidal C*-
functor such that G ot = k. As the maps C(A, B) — D(FA, FB) and C(A, B) —
D(GA,GB) are x-homomorphisms it follows that they are continuous. Hence as
Flycay = Glucia,py and ((C(A, B)) is dense in C(A, B) it follows that F' = G for
all arrows in C. Clearly FA = GA for all objects A and hence G = F and therefore
F' is unique. ]

Proposition 10.1.7. If A : K — PDAG is a local system of premonoidal C*-
categories then LU(A) is the object part of the colimit of the functor A.

Proof. For each U € K we need an arrow 7 : A(U) — U(A) in PDAG. We define
7 in two steps. First we have a functor 7y : A(U) — A given by my(a) = [(U, a)]
for all objects a € A(U) and, given an arrow f :a — b in A(U), we define my(f) =
(U, )] : [(U,a)] — [(U, b)]. It is immediate that 7 is a functor. Thus we will define
w=tomy:AlU) — A. Notice that by definition A= U(A).

Now to see that 7 is a premonoidal C*-functor it is enough to show that 7y
is, since composition of premonoidal C*-functors is again such a functor. Indeed
for f:a — bin A(U) we have my(f*) = [(U, f*)] = [(U, f)]* = mu(f)*. Now given
objects a, b of A(U), we have that [(U, a)|®[(U,b)] = [(U,a®b)] hence 7y (a) @7y (b) =
mu(a®0b). Moreover I; = [(U, Iy)], and so my(Iy) = I;. Thus we have shown that 7
is a strict premonoidal C*-functor. In addition if U < V € K then we have a strict
premonoidal C*-functor iy @ A(U) — A(V') which satisfies 7y = 7y o iy y hence
Ty = Tv oiyy whenever U <V € K. Hence (7,8(A)) is a cocone on A with vertex
U(A), i.e. 71 A = Ay is a natural transformation where Ay : K — PDAG

is the constant functor with value L(A).
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Now suppose that (3,D) is any other cocone on A, i.e., for each U € K we
have premonoidal C*-functor Gy : A(U) — D such that if V € K and U < V,
then By = By o iyy. Now what we must do is define a premonoidal C*-functor
G : U(A) — D. By Lemma 10.1.6 it suffices to define a premonoidal *-functor
% : A — D such that the diagram

A(U) LA
K
Bur
D

commutes for all U € K. Indeed for [(U,a)] € |A| define x([(U,a)]) = By(a). To see
that this is well-defined, suppose that (U, a) ~ (V,b). Then there exists W € K with
U,V <W and iyw(a) = iyvw(b). Hence

K([(U,a)]) = Bu(a)
= Bwivw(a)
= Bwivw(b)
= Bv(b)
= r([(V,0))).

Similarly if [(U, f)] is an arrow in A then define x([(U, f)]) = Bu(f). The verifi-
cation that this is well-defined is similar to the previous argument. It follows that
K is premonoidal *-functor because each By is. For example if [(U,a)] @ [(V,b)] =
[(W,ivwa ® ivwb)] then we need a map dfiy; vy © 5([(U,a)]) ® s([(V.D)]) —
K([(Wivwa @ dvwb)]).  Thus we need a map dfjy vy & Bvla) @ Bv(b) —
Bw (ivwa ® iywb). Notice that fy(a) = PBwipw(a) and By (b) = Bwivw(b) and
thus we have a map dfywwv’wb : Bwivw(a) @ Bwivw (b) — Bwlivwa ® iywb) as
required.

We must show that these maps are independent of the choice of representatives

chosen. Notice that the choice of map d depends only on the upper bound W of U
and V. Suppose that W’ € K is an upper bound for U and V' then we must show that
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i =d . Since K is directed there exists Z € K with W, W' < Z.

ZU,W/CL,’LVVWlb iu,wa,iy,wb

Moreover it is easy to see that since Sy = Bziwz and By = Bziw z that

Bwivw(a) ® Bwivw (b) = Bwrivw (a) @ Bwivw (D)
= Brivz(a) ® Bziv,z(b)

and similarly that

Bw (ivwa & ivwb) = Bw (luwra @ iy b)

= Bz(iv,za @ iy zb).
Thus d)"' , = d™ . when d’ , = dz = , for all
g, w! @ ZV w'! U, W GV, W U, W Q, ZV w 1,205V, Z y,w! @ ’L w'!
Z € K with W, W' < Z. This last equality follows from the assumptlon that
whenever O < O’ € K that dJ9 = dfoOlo/mo ,, Which follows from the fact that

Bo = Poroio,or as premonoidal functors. Now one also clearly has that gy = komy for
all U € K. Now applying Lemma 10.1.6 to the functor k we get unique a premonoidal
C*-functor G : 4(A) — D such that the diagram

il(A)/>D
A

commutes. Thus we obtain the following diagram

u(a)--% -p

which commutes for all U € K. Moreover G is unique, since it is uniquely determined
by x which is uniquely determined by (3. Hence $4(A) has the relevant universal

property, and is thus a colimit. O



CHAPTER 10. PREMONOIDAL C*-QUANTUM FIELD THEORY 125

The following example considers the familiar case where one has a local system
of premonoidal C*- categories given by a directed family of C*-algebras where each
algebra is viewed as a one object premonoidal C* category. This example illustrates

why one needs to pass to the category il.

Example 10.1.8. Suppose that (K, <) is a directed poset, that for each U € K,
A(U) is a C*-algebra, and if U < V then A(U) C A(V). Then since a C*-algebra is
the same thing as a one-object premonoidal C*- category it follows that A is a local
system of premonoidal C*- categories. Thus we can construct the category A which
amounts to taking a union A = Uvex A(U). Here A is an algebra where given a, b € A
then there exists U, V < W € K witha € A(U) C A(W) and b € A(V) C A(IW) and
thus ab € A(W). Since there is a common identity in all the algebras A(U) it follows
that this is the identity of A. In general however the algebra A is not complete thus

we must complete it to obtain a C*-algebra.

Now in light of the fact that C*-algebras are one object premonoidal C*- categories
one could ask what is the natural generalization of a representation of a C*-algebra

to the premonoidal setting. We propose the following definition.

Definition 10.1.9. If C is a premonoidal C*- category then a representation of C
consists of a Hilbert space H and a premonoidal C*- functor 7 : C — Hilby. We

denote this representation by the pair (H, ).

Remark 10.1.10. Notice that in particular if I is the tensor unit in C then C(/,I)
is a C*-algebra and that a representation of C gives a representation (77, H) of this
C*-algebra as follows. If f : [ — [ then define 7;(f) = H 2 C® H () C®H=H.
Given any premonoidal C*- category C we will denote by Z the distinguished C*-
algebra C(1,1).

We also define the notion of morphism between representations of premonoidal C*-

categories.

Definition 10.1.11. Let (H,7), and (K, ) be two representations of a premonoidal
C*-category C. A morphism from (H,7) to (K, ) consists of a family of maps
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04 :7m(A)® H— ¢(A) ® K, where A € |C|, such that for all arrows f: A — B in
C the diagram

m(A) ® H L m(B)® H

3 o

0(4) ® K—————p(B)® K
o(f)
Remark 10.1.12. Notice that if (H, ) is a representation of a premonoidal C*-
category C then there is an associated functor 7 : C — Hilb given by 7(A) = 7(4)®
H for all objects A and given f: A — B 7w(f) =n(f) :7(A) @ H — 7(B) ® H.
So given a pair of representations (H,m) and (K, ) of C one sees that a morphism

from (H,7) to (K, ) is the same as a natural transformation 6 : 7 = ¢.

10.2 Premonoidal DHR Representations

The goal of this section is to generalize the notion of an AQFT A by replacing each
C*-algebra A(U) by a premonoidal C*-category and then also to appropriately modify
the notions of DHR-representation and also the category of localized transportable
endomorphisms of A.

We start first by presenting the main definition of this section. Let (K, <) denote

the poset of open double cones in Minkowski space ordered by subset inclusion.

Definition 10.2.1. A premonoidal C*-quantum field theory (PC* QFT) con-
sists of a local system of premonoidal C*-categories A, indexed by (K, <), such that

U <V then the functor iy : A(U) — A(V) is faithful and, (36)
if U LV then A(U) and A(V') commute in LI(A). (37)

Notice that in the case of a PC* QFT where each A(U) is simply a C*-algebra one
recovers the usual notion of an AQFT. Now let (Hy, ) be a fixed representation of
U(A), where A is a PC* QFT, which we will call the vacuum representation. The

following definition generalizes the notion of a DHR-representation to our setting.



CHAPTER 10. PREMONOIDAL C*-QUANTUM FIELD THEORY 127

Definition 10.2.2. A premonoidal DHR-representation of A is a representation
(H,m) of U(A) such that for each U € K there exists a family 8(U) 4 : mo(A) @ Hy —
m(A) ® H, where A € |U(A)| which is unitary and satisfies the following equation, if
f:A— Bin A(V),and V L U, then the diagram

WQ(A) ® HO%TF()(B> ® HO

commutes in Hilb.

Now we wish to build a category whose objects will be premonoidal DHR-
representations. The arrows of this category will simply be maps between repre-
sentations. Call this category DHR-Rep. We now leave our discussion of DHR-
representations to discuss a related category, namely the category of localized trans-
portable endomorphisms of $(A). Let A be a PC* QFT then we will denote this
category by ®. The objects of this category will be certain types of premonoidal
C*-endofunctors F' : t(A) — LU(A). We define these in two steps.

Definition 10.2.3. A premonoidal C*-functor F' : {(A) — U(A) is localized at
U € K in case that for each A € |[A(V)|, where V' L U, there exists a unitary map
va: FA — A such that for all arrows f: A — B in A(V) the diagram

FA F/ FB
UA‘ ‘UB
A 7 B

commutes in Y(A). We say that a premonoidal C*-functor is localized if there exists

a double cone U at which it is localized.
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Definition 10.2.4. Let F' : Y(A) — U(A) be localized at U € K. Then F is
transportable if for any double cone V' € K there exists a premonoidal C*-functor
G : U(A) — HU(A) localized at V and a unitary premonoidal natural transformation
¥ F = G.

Definition 10.2.5. If U is a double cone then we let ©(U) be the set of premonoidal
C*-endofunctors on LU(A) which are transportable and localized at U.

The set of objects for the category ® is given by the set |D| = | J,cx D(U). Next we

define the morphisms between two localized transportable functors.

Definition 10.2.6. If ', and G € |D| then a morphism from F' to G consists a map
ta: FA — GA in for each object A in LU(A).

Note that there is no assumption that the morphisms be natural transformations.
Lemma 10.2.7. % is a category.

Proof. Suppose that t : ' — G and s : G — K are morphisms in ® then define
sot: F — K by (sot)s = sqots. This composition is clearly associative and
the arrow idp defined as (idrp)a = idpa acts as an identity with respect to this
composition. Thus the result follows.

m

The category ® has much more structure, in particular it has a premonoidal structure.
For objects F', and G in © we will define F®G = FoG. To see that this is well-defined

we must show that the composite F' o G is again localized and transportable.

Lemma 10.2.8. If F € ®(U) and G € ©(V) then F o G € (W) for any double
cone W e KwithU,V <W.

Proof. Let O L W where U, V < W € K. Then it follows that U 1 O and
V' L O and thus for any A € |A(O)| there exists unitary maps vs : FA — A and
wa : GA — A such that for any arrow f: A — B in A(O)

vgoFfouvy=f

wpoGfowy=f
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then we define 84 : FGA — A by wA ovga = vy o F(wa). Then clearly (4 is

unitary and for any arrow f: A — B in A(O) we have

Bpo FG(f)ofBa=wpo(vgpo FG(f)ouiy,)owy

=wpoGfowy
=f

as required. It remains to show that F' o (G is transportable. To this end suppose
that D € K is any double cone then by transportability of F' and G there exists
premonoidal C*-functors Tr and T : U(A) — U(A) which are localized at D and
unitary premonoidal natural transformations ¥ : F' = Tp and § : G = Tz. Now
since both T7 and T are localized at D it follows that T o T is also localized at D
and moreover we have a unitary natural transformation x : FG = T§T given by
ka=TpoVga =V, 0 Foa for all A e |UA)| O

With the aid of this lemma we can now prove the following.
Theorem 10.2.9. The category ® has the structure of a strict premonoidal category.

Proof. Given objects F' and G in © we define F ® G by F'® G = F o(G. This is well-
defined according to the previous lemma. Now given t : FF — F’ in © and G any
object we define the map G®t: GF — GF' by (G®t)a = G(ta) : GFA — GF'A
similarly define t ® G : FG — F'G by (t ® G)a = tga : FGA — F'GA. Note the
tensor unit is the identity functor. This premonoidal structure is identical to the one
in Example 6.1.6 in Section 6.1. O]

The reason for considering the category ®© is that it is very rich in structure. We

now indicate the relationship between this category and DHR-Rep.

Lemma 10.2.10. Suppose that F' € |D| and let (Ho, m) be the vacuum represen-
tation. Then (Hy, 7o o F') is a DHR-representation.

Proof. Let U € K. Since F is transportable there exists G € ®(U) and a unitary
premonoidal natural transformation ¢ : F' = G. Thus for each A € |U(A)| we
have a unitary ¥4 : FA — GA. Now as G is localized at U it follows that for
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each A € |A(V)|, where U L V| there exists unitary maps 64 : GA — A satisfying
the diagram in Definition 10.2.3. Thus we for each A € |A(V)| we define 5(U)4 :
mo(A) @ Hy — mp o F(A) ® Hy by

BU)a = mo(%) © mo(04)-

Now let f : A — B be an arrow in A(V) then as 7 is a functor the following

diagram commutes since functors preserve commutative diagrams.

7T0(f)
oA @ Hy—————— 1B ® H,

7'('061*4‘ [71'09*3

GA® H GB ® H,
0 X QWTFO X 0

Now by the naturality of ¥ and functoriality of my we have that the diagram

7rO(Gf)
7TOGA & H(] —>7ToGB & HO

7T079j<4‘ [71'019*3

FA® H FB ® H,
ST R

commutes. Hence stacking these two diagrams together we obtain

mo(f)
7TOA® HO —>'7ToB ® HO

which commutes as required. Now it remains to show that if X is an object in $(A)

that is not an object of A(V) for any V' L U that we can construct a unitary map
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B(U)x : mo(X)® Hy — moF X ® Hy. Indeed suppose X € |U(A)| and that X ¢ A(V)
for any V' L U. Then, there exists Ox € K such that X € |A(Ox)|. Moreover,
since for any double cone one can always find another double cone which is spacelike
separated from it, we can therefore choose a double cone Ox € K with Ox L Ox.
Now, as F' is transportable there exists GOx ¢ @(OX) and a unitary premonoidal
natural transformation 72X . FZ — GO (7). Furthermore, as GOx s localized at
Ox we also have that for all W L Ox there are unitary maps egx : GOx(Y) — Y for
all objects Y e [A(W)|. Thus as Ox L Oy it follows that e)o;x o ,Y)O;x :FX — X is
a unitary map. Thus we define 5(U)x = wo(y?(x )*o WO(G)O;—X )*. Hence we have shown

that (Hop, m o F) is a premonoidal DHR-representation. O

Now in order for this assignment to be functorial we will require some additional

assumptions on the morphisms in .

Lemma 10.2.11. Ift: F — G is an arrow in ® which is also a natural transfor-
mation from the functor F' to G then the there is an induced arrow (Hy, mp o F') —
(Hp, mo o G) given by mo(ta) : moF (A) — moG(A) for all A € [HU(A)].

Proof. Let f: A — B be an arrow in $(A) then we must show that the following

equation holds

oG (f) omo(ta) = mo(tp) o moF'(f)
which is clearly the case by functoriality of my and naturality . n

Remark 10.2.12. Notice that if 7y is faithful then mo(¢) will be a map of DHR-

representations if and only if £ : FF — G is a natural transformation.

Now in the traditional AQFT setting one uses the category whose objects are
localized transportable endomorphisms and arrows are natural transformations to
study the category of DHR representations. Similarly for our more general setting
we will consider a subcategory A of ® whose objects are the same as those of © but
arrows are those arrows in ® which are also natural transformations. It is clear that

A is a monoidal category.
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Remark 10.2.13. We will write ' € A(O) to indicate that F' is an object of A
which is localized at O.

We now introduce some technical conditions on the vacuum representation and the
net A which will ensure the functor A — DHR-Rep defined above is an equivalence
of categories. The first condition is what is known as Haag duality in the context
of AQFT. Here we present the corresponding analogue for PC* QFT. In order to
state the Haag duality condition we need to first define the notion of a premonoidal
C*-category generated by a family premonoidal C*-categories. More precisely suppose
that C;e; C C are premonoidal C*-subcategories of the premonoidal C*-category C
then we will construct a premonoidal C*-category, denoted \/,;C; C C, such that
C; C V,C; for all j € I and if D is any other premonoidal C*-category with these
properties then \/,C; C D.

We give an inductive definition of \/,C;, starting first with the objects of this
category. Indeed we define the set O inductively by X € O for all X € |, |C;| and if
A, BeOthen A® Be O and BR A € O, and for any triple A, B, and C' € O then
(A®B)®C € Oand A® (B®C(C) € O. Notice that O C |C| and thus two elements
A and B € O are defined to be equal if and only if they are equal as objects in C.

Now we define another set A inductively by f € A for all f € |J, Arr(C;) and
if f,ge Aand A € O then fR®A € A and A® f € A and if dom(g) = cod(f)
then go f € A. If f and g € A are a pair of parallel arrows then we also insist that
cf +bg € A for all a and b € C. Moreover for all A, B and C' € O we require that
aapc, A, and ps belong to A as well as their inverses. Again as A C Arr(C) we
define f and g € A to be equal when they are equal as arrows in C.

Now we define \/,C; to be the category with object set equal to the set O and
whose arrows consist of the set \A. To prove that this is a category we use induction.
First we show that for all A € O that Ids € A. Suppose A € |C;| for some ¢ then
Idy is an arrow in C; and hence Id4 € A. Now for our induction hypothesis suppose
that Idy € A for some A € O. We will now show that Idssp and Idpga € A for
any B € O. Indeed Idsop = Idy ® B and Idy ® B € A since by the induction
hypothesis Id4 € A. Similarly we have Idgga € A, and hence by induction we have
Idx € Afor all X € O. Now clearly A is closed under composition and hence \/,C;
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is a category and furthermore for all objects A, and B we have that \/,C;(4, B) is a
complex vector space and composition is bilinear with respect to these vector space
structures. Next we show that A is closed under the x-operation. Again we do this
by induction, thus suppose that f € Arr(C;) for some ¢ then f* € Arr(C;) and hence
f* e A. Now suppose that f € A such that f* € A then for any ¢ € A with
dom(g) = cod(f) we have that g o f* € A since both f* and g are in A. To see that
(f ® X)* is in A notice that (f ® X)* = f* ® X and by the induction hypothesis
fre A so f*®X € A. Similarly we see that (X ® f)* € A. In addition since the
structural maps are unitary it follows that o’ 5 o, A% and p} belong to A. Finally if
h € A is of the form h = af + bg for a, b € C and f, g € A with f* and g* € A then
h* = @f* + bg*, this is a linear combination of elements of A and is thus an element
of A. Therefore by induction we have that A is closed under the x-operation.

To see that \/,C; is a premonoidal C*-category we must verify that the functors
A® (-): V,;C — V,C; are C-linear. But this is immediate since this functor is
simply the restriction of A® (—) to the subcategory \/, C; of C. Similarly the functors
(-)®A:V,C — V,C; are also C-linear. Finally the structural maps satisfy the
required diagrams in C and hence they also satisfy these diagrams in the subcategory
V,C;. Thus \/,C; is a premonoidal *-category. For all objects X, and Y € |\/,C;| we
now take the closure of (\/,C;)(X,Y) in C(X,Y’) to guarantee completeness. We will
also denote this category \/,C;. It now follows that this category is a premonoidal
C*-category. Moreover if D C C and C; C D for all i@ € I then it is clear that
V,Ci € D. Thus V,C; is the smallest premonoidal C*-subcategory of C containing
the premonoidal C*-categories C;.

Using the above construction we may now define the notion of Haag duality. In

order to do this we must make some further assumptions concerning the category A.

Remark 10.2.14. From this point forward the only objects of A which we will
consider are those objects F' such that if F' is localized at O € K then for all O’ € K
with O" L O we have that F(f) = f for all arrows f : A — B in A(O’). In
other words, we only consider those functors which are the identity on all categories
associated to a spacelike-separated region of O. We also assume that these functors

are strict, i.e. preserve the premonoidal structure on the nose. The subcategory
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consisting of these objects will also be denoted by A. We also at this point make the
simplifying assumption that all DHR representations (H,w) are strict in the sense

that the functor 7 is a strict premonoidal functor. We will also denote this category
by DHR-Rep.

Definition 10.2.15. A representation (H, ) of 4(A) is said to satisfy Haag duality
if the following two conditions hold. The first is a condition on each double cone

O € K. Suppose that we have a family of maps
nx : m(FX) — 7(GX) (38)

in Hilby where X € |H(A)| and F and G are objects of A which are localized at
O € K. Then ngon(f) = n(f) ona for all arrows f: A — B in \, A0
implies ny € 7(A(O)(FA,GA)) for all A € [A(O)| and moreover there exists a family
of arrows t§ : FX — GX, one arrow for each object X € [4(A)|, such that
nx = m(tQ) for all X. The second condition requires that for all double cones O € K,

T ( \/ A(O’)) (X, 7Y) = 7 [AO)(X,Y)] (39)

for all objects X, and Y € |A(O)|.

The above definition is a subtle generalization of Haag duality one normally en-
counters in AQFT. In particular conditions 38 and 39 will coincide in the special case
that one is dealing with a net of C*-algebras rather than the more general case of
premonoidal C*-categories. In this special case one recovers the usual notion of Haag
duality found in Definition 8.2.6. The correctness of our generalization is evidenced
by our Theorem 10.2.23, a major result that shows that a certain subcategory of A
is equivalent to a certain subcategory of DHR-Rep. What is surprising about this
generalization is that Haag duality in this new setting is not simply the restatement
of one condition in more general terms but rather the statement of two separate

conditions that turn out to coincide in the AQFT setting.

Remark 10.2.16. We now pause to make some additional noteworthy observations

about representations (H, ) satisfying Haag duality:
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1. for every double cone O € K the category 7 (\/, o A(O ))/ is a premonoidal

C*-subcategory of Hilby which is a von Neumann category;

2. m(A(O)) is a C-von Neumann subcategory of the full subcategory C of Hilby
with objects |C| = 7|A(O)];

3. condition 38 is a technical condition that will guarantee that the functor in
Theorem 10.2.23 is full.

Before stating the theorem which provides sufficient conditions for the functor
A — DHR-Rep we must make some further assumptions about the objects in

each of these categories.

Definition 10.2.17. Let (H,7) be a premonoidal DHR representation. Then we
say that (H, ) is coherent if for each double cone U there exists a family of unitary
maps 3(U)4 : mo(A) @ Hy — 7(A) ® H satisfying the conditions of Definition 10.2.2
and the following two additional requirements. For all objects A, B, and X € |U(A)|
and arrows ¢ : A — B in (A) the diagrams

mo(A) ® m(X) ® Hy BU)asx m(A)@7(X)® H
Tro(A)mo(X) @ Tl Tr(4)x(x) @ 1du  (40)
mo(X) ® mo(A) ® Hy 30)xon T(X)®n(A)@ H
mo(X) ® mo(A) ® Hy PU)xza T(X)@m(A) @ H
idryx) @ B(U) a idr(x) @ 7(q)
mo(X)@7m(A)®@ H m(X)®n(B)® H (41)
idro(x) @ 7(q) BU)xen

mo(X)®@n(B)® H

- 7o(X) @ m9(B) ® H
idry(x) @ BU)3 olX) @ mo(B) ® Hy

must commute in Hilb.
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The reason we use the term coherent is simply because the above conditions are
natural equations to impose from a categorical point of view and in the categorical
world these types of conditions are usually referred to as coherence conditions. Equa-
tion 40 is just a formal way of saying that the family G(U)z should be compatible
with the twist map in Hilb. On the other hand an interpretation of equation 41
is less straightforward. Omne way to think about it is as follows. Given any map
q: A — Bin H(A) we get a bounded linear map 7(q) : 7(A) ® H — 7(B) @ H
in Hilb, i.e. a map from 7(A) to m(B) in Hilby. Now using the maps (U)a we
can produce a map SB(U)sm(q)B(U)a : m(A) @ Hy — mo(B) ® Hp, i.e. a map
in Hilby, from m(A) to mo(B). Now equation 41 simply states the maps from
7o(X) @ mo(A) — mo(X) @ mo(B) in Hilby, given by m(X) ® S(U) 57 (q)5(U)a and
BU)xeplm(X) @ 7(q)|B(U)xga are equal. We will see in Theorem 10.2.23 another

reason for insisting on this equation.

Remark 10.2.18. The conditions of Definition 10.2.17 that define a coherent pre-
monoidal DHR representation can be given a nice categorical interpretation. Sup-
pose that (H,7) is such a representation then we can define a new representation
(Ho,Yu- = 1) for each double cone U as follows: (X) = mX for all objects
X € |4(A)| and for any arrow f: X — Y we define ¢(f) = S(U)}7(f)B(U)x. Now
the conditions of Definition 10.2.17 will guarantee that ¢ : U(A) — Hilby, will be
a strict premonoidal functor. This observation is a key component in our Theorem

10.2.23, and it will be given a proof in the body of the proof of the theorem.

Next we must define the corresponding notion of coherent DHR representation for

localized transportable endomorphisms in the category A.

Definition 10.2.19. Suppose that F' is an object in A. Then we say that F' is

coherently transportable if for each double cone U € K there exists maps 7§ =

rx : X — FX in U(A) which are unitary and for all arrows f : A — B the
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diagrams
A®X TAox FA® FX
TAX TFAFX (42)
X®A o FX®FA
X®A TXed FX®FA
X®ra FX®Ff
X @ FA FX®FB (13)
XQFf TXeB
X®FB Xar, X®B

commute for all objects X. We also require that F/(f)ra = rpf for all arrows f :
A— Bin \, ,A(V).

Lemma 10.2.20. Suppose that F'is an object in A such that for each double cone
U € K there exists maps r{ = rx : X — FX in 4(A) which are unitary and central.
Suppose further that for all arrows f : A — Bin \/y, | ; A(V) we have F(f)ra = rpf
and that ragp = ra®rp for all objects A and B. Then F is coherently transportable.

Lemma 10.2.21. Suppose that F' € |A] is coherently transportable, then (Hy, mgo F')

is coherent.

Proof. For each U € K define 3(U)x : mo(X)® Hy — moF (X)® Hy by mo(r{) where
the maps 7§ are as in Definition 10.2.19. To see that equation 40 holds simply note
it is the image of equation 42 under the functor my. Similarly equation 41 holds since
it is the image of equation 43 by .

Lastly we must show that the maps (G(U)4 satisfy the conditions in Definition
10.2.2. Indeed suppose that f : A — B in A(V) for some V' L1 U. Then,

by assumption, we have F(f)rY = r§f and hence by functoriality of my we have
moF (f)mo(rg) = mo(r)mo(f) and hence mF(f)B(U)p = B(U)amo(f)-
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]

Corollary 10.2.22. Let A, denote the full subcategory of A whose objects are
those F' € |A| which are coherently transportable. Similarly let cDHR denote the
full subcategory of DHR-Rep with objects consisting of the coherent premonoidal
DHR representations. Then the functor A — DHR-Rep restricts to a functor
A. — cDHR.

We now state and prove the result which establishes the equivalence between
the category A. and cDHR. The corresponding result for AQFTs is Proposition
8.57 in [17]. This corresponding result from algebraic quantum field theory is of
the utmost importance as far as the so-called DHR-analysis is concerned. It is this
equivalence of categories that allows one to endow the category of physically relevant
representations with a monoidal structure and ultimately show that this category of
representations is equivalent to a category of representations of a compact super group
via the Doplicher-Roberts reconstruction theorem. In our setting we have developed
our own version of the classical result, namely Theorem 10.2.23, and it is our feeling
that this equivalence of categories will play a similar role in our theory of premonoidal

C*-quantum field theory.

Theorem 10.2.23. If the vacuum representation (Hy, ) of a PC* QFT A satisfies
Haag duality and the functor mg : 4(A) — Hilby, is faithful and injective on objects

then the functor A, — cDHR is an equivalence of categories.

Proof. We start by first establishing some notation. Let us denote the functor which
maps an object of ' € A to the premonoidal DHR-representation (Hy,my o F') by
P(F). Thus given a morphism ¢ : F' — G in A, we write P(¢) for the map mo(t) :
(Hp, moo F') — (Hy, oo G) of premonoidal DHR-representations. First we show that
PP is faithful. Suppose that P(t) = P(s), so that P(t)4 = mo(ta) = P(s)a = mo(sa) for
all A € |U(A)|. Since my is faithful we have that t4 = s4 for all A € |{(A)] and so
t = s. Therefore P is faithful.

Now let’s see why PP is full. Let 6 : P(F') — P(G) and suppose that F' is localized
at O; € K and G is localized at Oy € K. Then, as K is directed we can find a double
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cone O € K such that O, and Oy < O. Thus F' and G are also localized at O € K.
Now suppose that f : A — B is an arrow in \/,, , A(O’) then

Opmo(f) = Opmo(F(f)) since F is localized at O
=mo(G(f))0a since 6 is a morphism from P(F) to P(G)
=mo(f)0a since G is localized at O.

Hence by Haag duality it follows that 64 = 7(tQ) for all objects A. Notice that
since 04 : mpFA — mGA in Hilby it follows that the maps t§ are of the form
FA — GA. Now to see that this family is natural suppose that f : X — Y in
$U(A) then

mo(tPF(f)) = mo(t9)mo(F(f))

and so as 7 is faithful it follows that t$F(f) = G(f)t{. Therefore t$ is natural in
X. Thus t: F — G is a map in A.

Lastly we must show that P is essentially surjective on objects. Suppose that
(H, ) is a coherent DHR representation and let O € K be any double cone. Then
there exists unitary maps 5(0)4 : mo(A)® Hy — 7(A) ® H for each A € |U(A)| such
that for any O" L O, we have 3(O)gmo(f) = n(f)B(O)4 for all f: A — B in A(O').
In addition the family 3(O)x also satisfies equations 40 and 41 of Definition 10.2.17.
Thus we define a new representation (¢, Hy) as follows. For all objects X € $(A)
define ¥(X) = m(X) and if f : X — Y then we define ¢(f) : mo(X) ® Hy —
mo(Y) @ Hy by 4 = B(0)m(f)5(0)x. Then we claim that $(X) ® ¢(f) = $(X @ )
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and ¥(f) @ (X)) = ¢¥(f ® X) for all arrows f: A — B and objects X. Indeed

WX © f) = B(O)xeplm(X ® [)]F(0)xea
( )

= B(O)xep[m(X) @ 7(f)]3(0)xea
= mo(X) @ [B(O)7(f)B(O) 4] by equation 41
= (X)) @(f)

Similarly using equation 40 and equation 41 one shows that ¥(f)®@¢(X) = ¢(f @ X).

Now we want to show that for all arrows f: A — B in U(A) that ¢(f) = mo(h)
for some arrow h in U(A). First we observe that if f: A — B is an arrow in A(O'),
where O" L O then ¢(f) = B(O)5m(f)B(0)a = mo(f) by definition. Thus it remains
to consider the case of an arbitrary double cone U which is not spacelike separated
from O. Since K is directed there exists W € K with O, U < W. Hence we also
have that A(U) C A(W) and so f : A — B is an arrow in A(IW) as well. Now for
any g: X — Y in \/y  y A(W') we have

Similarly one shows that 7y(g) X ¥(f) = mo(g) x ¢ (f) and hence by Haag duality, i.e.,
equation 39, we have that ¥(f) € mo (\/ AW (moX, 1Y) = 7 [A(W)(X, Y)].
Hence there exists fr, : X — Y in A(W) such that ¢¥(f) = mo(fr,).- As m is
faithful it follows that f, is unique. Furthermore we can now view v as a functor
¥ U(A) — mo(U(A)). Thus we define a functor W : U(A) — U(A) by ¥ = 75 o1,
Then U(X) = X for all objects X and clearly if f € A(O") where O" L O then
U(f) =7y o(f) =75 mo(f) = f. Thus W is localized at O € K.
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Now to see that W is transportable choose any double cone D. Then, as above
we can find a family 5(D)x : mo(X) ® Hy — (X)) ® H satisfying the conditions of
Definition 10.2.17. Thus we can define a new representation as before (Hy, ¢) where
O(X) = mo(X) and o(f) = B(D) s (f)B(D)a for all objects X and arrows f : A — B
in Y(A). By the above argument we obtain a functor ® : Y(A) — LU(A) given by
® = 7, 0 ¢. Now we know that ® is localized at D € K and thus we simply need
to build a unitary natural transformation ex : U(X) — ®(X), ie, ex : X — X.
So define Ox : my(X) ® Hy — mo(X) ® Hy by 0x = (D)% o B(O)x. Then we claim
that 6 is a map from the representation (Hy, 1) = mpo W) to (Hp, ¢ = mp o ®). Indeed
let f: A — B be any arrow in (A) then

O o ¢(f) = B(D)p o B(O)p o B(O)p7(f)B(O0)a
= B(D)pm(f)5(0) 4
= B(D)pm(f)B(D)aB(D)45(0)
= ¢(f) 0 0a.

Hence by fullness of P there exists a natural transformation ex : V(X) — &(X)
such that 0x = mo(ex). In addition since the 0x are unitary and g is faithful, it

follows that ex is also unitary. Thus V¥ is transportable. We now show that the maps

ri = €% satisfy the all the properties listed in Definition 10.2.19.

We start by checking equation 42. Indeed

Wo(Tpr,szX o 7"A®X) = WO(TX,A) o 7To(7"A®X)
= [TroX,moa @ idp,] 0 [B(O0)agx] © [B(D) aex]
= [8(0)xgallTranx ®idu] o [B(D) asx]
= [6(0)xgal © [B(D)xo4] © [Troamox @ idu,]
= mo(rxea) © To(7x,4)
(

= To(Tx®A © TXA)

Hence as my is faithful we have that equation 42 holds. Next to see that equation 43

is satisfied we will use the same approach. Let f : A — B be any arrow in (A).
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Then

(TX®BO\I/ ®\IJ(f)orX®A)
= mo(exen) 0 MW (X) ® mW(f) o mo(exga)
B(D)xepb(0)xsp] o [mMX @ Y(f)] 0 [B(0)xpaB(D)xea]  so by equation 41
B(D)xepP(0)xs8] 0 [0(0)xep[m(X) @ 7(f)]5(0)xs4] © [3(0)xea8(D)x04]
= B(D)xgp o [1(X) @ 7(f)] o B(D)xza
o(X
o(X

Il
)

(X)®o(f) by equation 41

(X) @ B(D)pm(f)B(D)a

o(X) ® B(D)pL(0)sB(0)pm(f)B(0)aB(0) B(D) 4
= mo(X) @ o (1) (f)mo(ra)

(X) @ mo(ry)mo¥(f)mo(ra)

mo(X @ rp¥(f)ra).

I
3

o(f
(D
(

I
3

*

B
_ *
= T B

Since my is faithful it follows that r§ 5 0 [V(X) @ W(f)] orxga = X @ rz¥(f)ra as
required. Lastly given f : A — B in \/,, p A(D’), then ®(f) = f and as ex is

natural in X and unitary we have that

U(f)ra =V (f)ey
= ep®(f)
=rpf,
as required. Hence we have shown that U is coherently transportable and so by
Lemma 10.2.21 we have that P(¥) = (Hp, ) is coherent. In addition we also have

that P(V) is isomorphic to the representation (H, 7). Hence the the functor P is an

equivalence of categories. O]

10.3 Symmetry Structure on A

For this section we will keep the same assumptions that we stated in Remark 10.2.14.

We would like to show that if the dimension of spacetime is three or larger, the vacuum
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representation satisfies Haag duality and is faithful, then A can be equipped with a
symmetric monoidal structure. Hence to our list of assumptions for this section
we also add that the vacuum representation is faithful and satisfies Haag duality.
However it turns out these assumptions are insufficient to yield such a result. The
obstacle that one encounters is that there is a lack of “uniformity” with regards to
the objects of the categories |A(O)|. What we mean by this is that in the traditional
AQFT setting we can view each C*-algebra A(O) as one object premonoidal C*-
category and then every category A(O) has the same object set as every other category
A(O'). In our more general setting we have not imposed such a restriction on the
functor A and consequently we are unable to exploit the theorems used in the classical
DHR analysis to show the category A is symmetric.

Instead of giving a complete proof that the category A is symmetric, under suitable
assumptions, we will simply give an indication of how one might approach such a

result.

Lemma 10.3.1 (c.f. Lemma 8.3.3). If F} € A(Oy) and Iy, € A(Oy) and t : F} — F
is an arrow in A then t, : F1A — F»A is an arrow in A(O) for all A € |A(O)| where
O, U0, CO.

Proof. By Lemma 10.2.8 it follows that F; are also localized at O and so for any
f+A— Bin\/, o, A(0) we have that Fi(f) = f. Furthermore since ¢ is a natural
transformation we also have that tgFi(f) = F5(f)ta and thus tgf = fta. Hence we
have that

mo(ts)mo(f) = mo(f)mo(ta)

and so by Haag duality we have that mo(t4) € mo[A(O)(F1 A, F5A)]. But 7 is faithful
and hence t4 : F1A — F,A is an arrow in A(O) for all objects A in A(O). O

The next order of business is to show that /"o G = G o F' whenever F' and G are

localized at spacelike separated double cones. First we need the following definition.

Definition 10.3.2. Let A be a PC* QFT. Then we say that A is uniform if
|A(O)| = |A(O)| for all double cones O, O' € K.



CHAPTER 10. PREMONOIDAL C*-QUANTUM FIELD THEORY 144

Lemma 10.3.3. If FF € A(O;) and G € A(O,) then F o G = G o F whenever O

and O, are spacelike separated and A is uniform.

Proof. Using the universal property of A it suffices to show that (F o G)lao) =
(G o F)|aco) for each O € K. Thus let O € K be arbitrary. Then there exists double
cones Oy, ...,0q such that O L O3, O3 L. O, Oy L Oy, Oy L O, O U O3 C O3,
O3 U Oy C Og, and Os L Og. (See Lemma 8.3.4 for an explanatory diagram.) Now
as I’ and G are transportable there exists [V € A(O3) and G’ € A(O4) and unitary
maps ¢ : ' — I’ and 0 : G — G’. Applying Lemma 10.3.1 we get that ¥4 is an
arrow in A(Os) for all objects A in A(Os) and similarly 65 is an arrow in A(Og) for
all objects B in A(Og). By uniformity it follows that fx is an arrow of A(g) and ¥
is an arrow of A(Os) for all objects X € |{(A)|. Furthermore uniformity also implies
that FX = X = F'X = GX = G'X for all objects X, which means all the objects of
A will be identity on objects functors.

Appealing to the naturality of ¥ we have that
Verx o F(0x) = F'(0x) o Vax.

But F and F” are localized at Oy, O3 C Os, and 0x € A(Og), so F(0x) = 0x = F'(0x)
since O1, O3 L Og. Recalling that all the functors involved are the identity on objects,
we get from the naturality of ¢ that

19X09X:9X019X

for all objects X. Furthermore since ¥x € A(Os) and O,, O, L O3 we also have that
G(Wx) = Ux = G'(Ux) for all objects X. We can now show that F o G = G o F.
Indeed it is clear that these two functors agree on objects since they are both the

identity on objects. So now let f : X — Y be any arrow in A(O) then since Os,
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O4 L O it follows that F'(f) = f = G'(f). Thus:

FG(f)

F(63G'(f)0x)

(605 f0x)
F(0y)"F(f)F(0x)

= 9y(19* F,(f)ﬁx)gx

= 0y 0y fUx0x

= 95 (6y fOx)dx

=9 G(f)Ix

= G(0y)G(f)G(x)

= G(Vy fix)

= GF(f).

[]

Now supposing that A is a uniform premonoidal C*-quantum field theory then
for any objects F; € A(O;) we can pick double cones /07 spacelike to O; and so by
transportability there exists F, e A(a) and unitary natural transformations U; €
A(F;, F). Putting all this data together one obtains maps:

€F17F2(U1,U2>X = F2< ikx)UQ*XleFI(UQX) : FlFQX — F2F1X.

Now by following the presentation that we gave in Section 8.3 it is our suspicion
that the category A in our more general setting will also be symmetric with symmetric
structure given by the map ¢ that we defined above. Notice that we need to make

the assumption that A is uniform to be able to reuse the arguments given in Section
8.3.



Chapter 11

Towards a Premonoidal

Doplicher-Roberts Theorem

In this rather speculative chapter, we begin to put together the ideas necessary to
obtain a premonoidal version of the Doplicher-Roberts theorem. We hope to have a
definitive result in future work.

Throughout this chapter we will assume that C is a symmetric premonoidal C*-
category with direct sums, conjugates, central subobjects, and an irreducible tensor
unit. Thus in particular C is an SPC*. Let’s agree to call such a category a normed
SPC™.

A premonoidal Doplicher-Roberts theorem would be something like:

If C is a normed SPC*, then there exists a group GG and a representa-

tion H of G and an equivalence of premonoidal C*-categories F' : C —

Repfd(G)H.

One approach to establishing such a result would be to try to mimic the proof pre-
sented by Miiger in [17]. The first stage of the proof would be to produce a *-
preserving fibre functor £ : C — Hilby and the second stage would be to imitate
the classical Tannaka-Krein construction.

Stage one in the proof of the Doplicher-Roberts theorem is much more difficult

than stage two. In other words proving the existence of/constructing a fibre functor

146
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is much more involved than producing the compact supergroup from a given fibre
functor. Furthermore without a fibre functor we cannot appeal to Tannaka-Krein
type arguments, thus for this reason we will focus on how one might construct a fibre
functor in the premonoidal setting.

We will start by assuming that we have a fibre functor and see what implications
this has. Let H be a fixed Hilbert space and suppose that £ : C — Hilby is a

strong premonoidal functor which is faithful and *-preserving.

e if I/ preserves central maps then it restricts to a s-preserving fibre functor

E: Z(C) — Hilb;

e there is a faithful representation 7L : C(I,1) — B(H) given by a: I — [
me(a) = E(a);

e for each object X € |C| there is a faithful representation of the C*-algebra
C(X, X) on the Hilbert space EX @ H. If f : X — X then define 75 (f) =
E(f): EX®H — EX®H.

Now we see that whatever we construct as a candidate for a fibre functor we should
at least have that it satisfies the above three properties. In particular when restrict-
ing to the monoidal category Z(C) we should obtain the classical Doplicher-Roberts
theorem. Before we proceed to outline a possible course of action for constructing a
fibre functor we make a few observations about the category C.

Let Z denote the C*-algebra C(I,I). Then for all objects X and Y we can define
an action C(X,Y) x T — C(X,Y) as follows:

-1

X—P  xe 2% yeor P X
foS f
Y

forallseland f: X — Y.
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Remark 11.0.4. In the case that C is also a monoidal category then the above
action f e s coincides with definition of e given by Abramsky and Coecke in [1](see

equation 46 of section 12.4 for our description their definition).

Lemma 11.0.5. If C is a normed SPC*, then the Banach space C(X,Y) is a right

Z-module.
Proof. Follows from the bilinearity of composition. O
In fact even more is true.

Proposition 11.0.6. Under the above assumptions on the category C the right
Z-module C(X,Y") can be equipped with the structure a Hilbert Z-module.

Proof. We need to define an Z-valued inner product on C(X,Y’). To this end suppose
that (X,7: 1 — X ® X,7: [ — X ® X) is a conjugate of X. Then given any
f: X —Y wedefine f1: ] — X ®Y as follows:

[ ———X®X

e X®f

XY

Then given f and g : X — Y we define their inner-product by

(fog)r="fTolg™. (44)

We must show that the conditions of Definition 4.1.3 are satisfied. The only condition
which might cause a problem is the second condition, all others are straightforward.

Indeed given s: [ — [ and f, g : X — Y then we need to show that

(frges)z={(f.g)z0s

Tf*olges ="f"0Tgos.



CHAPTER 11. TOWARDS A PREMONOIDAL DR THEOROEM 149

This equation follows from the following calculation.

I X ® X
nat. p—*

1

§ pY@X
rel
XX®I
I ®s centrality of r
r XRX®s
Il
r® 1

X®X X X1

-1
pY@X

Using the commutativity of the above diagram one can now easily verify Equation

44 holds. To see that C(X,Y) is a Hilbert Z-module it remains to show that it is
1

complete with respect to the norm || f|lz = |[(f, f)zl|7 ;- Notice that:

1FI5 =" o™ fInr

=171 %oy

and hence || f|lz = |7 f7l|; xgy- Thus (f,) is a Cauchy sequence with respect to || ||z
if and only if it is a Cauchy sequence with respect to | ||; xgy- Thus as C(I, X @ Y)
is complete with respect to the norm || [|; 5y it follows that if (f,) is a Cauchy

sequence with respect to || ||z then there exists a unique map g : I — X ® Y such
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that lim" f,, ' = g. Now by Theorem 9.1.17 it follows that there exists a unique map
f: X — Y such that " f7 = g. Moreover it is now clear that (f,) converges to f in

the norm || ||z as required. Thus C(X,Y") is complete with respect the norm || ||z. O

As an interesting side note it is almost immediate that there are functors R :
C — Z-hMod from the category C to the category of right Hilbert Z-modules.
Indeed for any fixed object X in C define RY = C(X,Y) and given any f:Y — 7
then Rf : C(X,Y) — C(X, Z) is defined by post-composition. It is clear that this
preserves composition and identities since R is a hom-functor. The only thing one
needs to check is that Rf has and adjoint, but this is also easy to see and its adjoint
is given by (Rf)* = R(f*).

Now the reason we were considering this situation is that we wanted to indicate
the connection between the C*-algebra Z and the spaces C(X,Y’). Up to this point,
we haven’t really exploited the fact that we are dealing with a premonoidal category.
We will now explore one possible condition that we could impose on C that gives us

a way of relating central maps to arbitrary maps.

Definition 11.0.7. If C is a normed SPC*, we say that it is centrally dense, if
for all pairs of objects X and Y the set

ZIC)(X,Y)eZ =span{fes|feZ(C)X,Y), s}
is || [|z-dense in C(X,Y).

Remark 11.0.8. Note that the space C(X,Y") has two norms on it. Namely the norm

| || x,v that comes from the fact that C is a C*-tensor category and the other norm
1

1 fllz = I<f, f)zll} ;, coming from the inner-product Z-module structure. Comparing

these norms we see

LAz =17 o™ inr
="
=[(X®f)or|?

< 115 1717 xey
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and thus || fllz < ||fllxy[I7[l; xgy- Now it follows from a standard result of point set
topology that the || ||z-topology will be coarser than the || || x y-topology on C(X,Y).
Thus sets which are || ||z-closed in C(X,Y’) are necessarily also || || x y-closed, however
the converse need not hold. Thus a centrally dense category is a priori a weaker

notion than requiring the sets Z(C)(X,Y) ¢ Z to be dense in the|| || x y-topology.

We will now give an outline of a possible solution to constructing a fibre functor
E :C — Hilby. Let C be a centrally dense normed SPC*, then

e by the Doplicher-Roberts theorem there exists a fibre functor F' : Z(C) —
Hilb;

e by the GNS construction there exists a faithful representation of the C*-algebra
7, which denote 7w : Z — B(H).

Hence we define a functor £ : C — Hilby by
e FX = FX and,;
o if f =1lim; f; ®s; then define Ef = lim; F(f;) ® m(s;).

We do not yet have a proof that E as we have just defined it is indeed well-defined
let alone a fibre functor. Thus for the moment we can only conjecture that this yields
a fibre functor. Assuming that this procedure yields a fibre functor then our next
step would be to try to imitate the classical Tannaka-Krein construction to obtain a

premonoidal version of the Doplicher-Roberts reconstruction theorem.



Chapter 12

Extension of AQFT to Causal
Orderings

The following chapter is a departure from the previous work, and was inspired by
discussions between the author and several colleagues at the Oxford University Com-
puting Laboratory. Discussions with Samson Abramsky, Richard Blute, Bob Coecke,

Tim Porter and Jamie Vicary led us to consider the notion of a causal dagger net.

12.1 Causal Dagger Nets

We introduce the notion of causal dagger net. Inspired in part by ideas from algebraic
quantum field theory, a causal dagger net is a functor from some poset of regions of
spacetime to the category of monoidal dagger categories.

One crucial difference with AQFT is that rather than order spacetime regions
under subset inclusion, we extend the causal ordering on points to regions. We argue
here that, for the purposes of encoding protocols such as quantum teleportation, this
is more appropriate.

This brings our notion of functorial QF T more in line with the causal set theory of
Sorkin [6]. We explore the extent to which the monoidal and dagger structures of the
individual categories in the codomain of the functor extend to the dagger net. Such

a question makes sense when considering the Grothendieck category associated to the

152
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net. We show that there are local versions of the monoidal and dagger structures,

and argue that such notions have good physical intuition.

12.2 Causal Orderings of Subsets

One of the main goals of this chapter is to develop a framework in which causal
evolution can be represented in AQFT by having a second ordering on the poset K of
double cones in Minkowski space. In the standard definition of AQFT, one orders K
by subset inclusion. However, there is an ordering on individual points in Minkowski
space, namely the causal ordering as described in Section 2.3. A second ordering on
double cones taking into account the causal ordering on points would then be the
appropriate mechanism to model evolution.

This leads to the classic question of the appropriate method of lifting an ordering
on elements of a poset to a class of subsets of the poset. This is a standard topic
in domain theory and typically goes under the heading powerdomain theory [3]. We
collect here 5 possible definitions for such an ordering, and discuss their relative
merits. It is sensible to think of the poset as arising from the causal ordering on
Minkowski space or a Lorentz manifold. But in fact, one can apply these constructions
to any partially ordered set.

The first approach we consider is due to Crane and Christensen [10]. If U,V € K,
they define U C.. V by

VeeUVyeV,ze<y

The result is a strict partial order; the only element of K comparable to itself is the
empty set. The real problem from the point of view of modelling causal evolution is
exhibited in the following situation. Suppose that one has a sequence of double cones
Dy, ..., D, where we imagine that each D; is the same region in space during some
period of time T;. Also suppose that T;,; is a period of time which occurs after T;
for each i, i.e. we could think of Dy as a laboratory during some initial time period
Ty and then D; would be the same laboratory during some later time period 75 and

so on and so forth. Then the sequence of double cones should be thought of as an
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evolving sequence. But under the Crane-Christensen ordering Dy is not less than any
D; until the intersection of the two is empty, i.e. the lowest point of D; is greater
than the highest point of Dy. But to model evolution, one would want this family of
double cones to form a chain.

Borrowing some techniques from powerdomain theory we define three more possible

orderings, namely the lower order, the upper order, and the Egli-Milner order.
e The lower order is defined by saying U C; V' if

VeeU dJyeV, x<uy.

e The upper ordering is defined by saying U C, V if

VyeV,deeU,x <uy.

e The Egli-Milner order is defined by saying U Cgy, V if and both U C; V' and
U C, V hold. Each of these relations provide a preorder structure on K and in
the case of the Egli-Milner order we get that C g,/ is antisymmetric. This result
follows from the fact that if the collection of subsets are order-convex then the
Egli-Milner order is antisymmetric. Thus since any double cone in Minkowski
space is order-convex the result follows. Note that a subset C' of a poset is
order-convex if x < y < z implies y € C whenever x and z € C'. Thus while
these orderings are reasonably well-behaved there is a clear sense in which they

fail to capture causality. Consider the following diagram

Future of U

time
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We see that the point z is in the past of V' but has no causal relationship with
any point of U. Moreover one can easily verify that U Cgy, V' and thus one
would only be able to obtain partial information about V', even when given

complete information about U.

The next order is an order which seems to be original to this setting, we call it the
Bellairs order. We say that U Cg V if for every v € V, every maximal descending
chain with v as its top element intersects U. This, we believe properly captures causal
precedence in the sense that all of the events which have an influence on V' must pass
through or have passed through U. Thus in theory, one could completely calculate
the state of V', based on complete information about U. There is however one strange

feature enjoyed by this order, namely if V' C U then U Cg V.

12.3 Causal Dagger Net Structure

Now we define a category DAG as follows. Objects are compact closed dagger cate-

gories, and morphisms are strong monoidal dagger functors.

Definition 12.3.1. A dagger net is a functor A : K — DAG. Evidently, we are
taking K with one of the orderings considered above. We further require that if a C b,

then A(a) C A(b). Thus A is a functor with respect to both structures.

We note that the second requirement has clear intuitive meaning. If A(a) is
a category encoding all of the processes taking place locally to the region a, then
evidently we can view each of these processes as a taking place in any larger region,
b, containing a.

Given a dagger net, of immediate concern is the Grothendieck category, which can
be formed whenever one has a functor from a category into a category of categories.
So let F': C — CAT be such a functor. The objects of G(F') are pairs (a, B) with a
an object of C and B an object of F'(a). An arrow (a, B) — (a/, B') is a pair (f, g)
with f:a—d inCand g: F(f)(B) — B’ in F(d).

The category G(A) will be the category in which quantum protocols will be en-
coded.
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12.3.1 The case of binary sups

We wish to make K a monoidal category. We also assume throughout that the causal
ordering has binary sups. (We will deal with the case this fails next.) We will define
U®V as the sup of U and V' with respect to the EM-ordering. So if U = [a,d'] and
V = [bV], then U®V = [aVb,a VI]. The empty set is the tensor unit. (This is

purely formal.)

Lemma 12.3.2. This makes K a symmetric monoidal poset (with respect to EM

ordering).
We now note that when K is monoidal, so is G(A). This result seems to be new.

Lemma 12.3.3. G(A) is monoidal. The tensor is given by (a,B) ® (a’,B’) =
(a ®a',A(iy)(B) ® A(iy)(B’)). Note that the strong monoidality of the functors
in DAG is needed here. Here, i, denotes the inequality ¢ < a ® a/. The tensor
unit is (0, Ia(g)) where Ia(p) € |A(0)] is the tensor unit in the compact closed dagger
category A(0).

Proof. Let (a,B), (a’,B’), and (a”, B”) be objects in G(A). Then we need to con-
struct a natural isomorphism o = a(q,B),(@,8),.B") : ((a, B)®(d’, B"))®(a",B") —
(a, B) ® ((¢/, B") @ (a”, B")). We have:

((a, B) ® (', BY)) @ (a", B") = (a ® d', A(ia)(B) ® Aliw)(B)) © (a”, B")

= (a®d @ad", Aliaga)(A(ia)(B) @ Alia)(B) @ A(jar)(B"))

= (a & a & a'Hv (A(ia@)a/ia)(B) ® A(ia@)a’ia’)(B/)) ® A(ja/’)<B//))

Thus

((a, B)® (a, B)) @ (a", B") = (a®@ a’ @ a”, (A(jo) (B) © A(jur)(B)) © A(jur)(B")).

On the other hand
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(a, B) @ (o, B') @ (a", B")) = (a, B) ® (¢’ @ a", A(kar)(B') @ A(kar)(B"))

= (a ®ad ® a’”’ A(]a)(B) ® A(ia’®a”)(A(ka’)(B,) ® A(ka”)(B”)))

= (Cl & a’ & CLH, A(]a)(B) X (A(ia’®a”ka’)(3/) ® A(ia’®a”ka”)(3”)))'

The last equality follows from the fact that A (iyge-) is a strong monoidal functor.
We have used i, g, to denote the inequality ¢’ ® a” < a ® @’ ® a”, and k., denotes
a < a ®ad and k., denotes the inequality a” < a’ ® a”. With these definitions one

sees that iy ge ke = jo and iy garker = jor. Therefore we have

(a,B)® ((d', B") ® (a", B")) = (a® a' ® a”, A(ju)(B) ® (A(ka)(B') @ A(kar)(B")))

We see that the first components of both objects are the same. Thus an arrow
from one to the other in G(A) will simply be an arrow in the category A(a®a’ ®a”).
Now as A(a®a’ ® a”) is a monoidal category there is a natural isomorphism 0‘;(&3/,‘2” :
(X®Y)®Z — X®(Y®Z) for all objects X, Y, and Z satisfying the usual coherence
conditions. Thus we define o, p) w557 : ((a,B) ® (¢/,B)) ® (a",B") —

(a,B) ® ((a/,B") ® (a”, B")) by
(a,B),(a, ), (a8 = (10, OA (k) (). Ak, ) (B), Ak ) (B)) - (45)

We must also construct natural isomorphisms A = X, p) : (0, Ia@))®(a, B) — (a, B)
and p = p,p) : (a,B) @ (0,1a@9)) — (a, B) for all objects (a, B) in G(A). Let s,
denote the inequality ) < a, then a quick calculation shows that (0, Ia)) ® (a, B) =
(a,A(s,)(Ia@))®B). Similarly (a, B)® (0, Ia@)) = (@, B&A(s.)(Ia@))). In addition
since A(s,) is a strong monoidal functor the object A(s,)(Ia(p)) is the tensor unit in
A(a).

Similarly there exist natural isomorphisms L% : Ia@) ® X — X and R% :
X ® Ia(q) — X, where I5(, is the tensor unit in A(a), satisfying the usual coher-

ence conditions. So define A, ) = (id, L%) and pp) = (id, R). The coherence



CHAPTER 12. EXTENSION OF AQFT TO CAUSAL ORDERINGS 158

conditions for a, A, and p follow from the fact that each diagram amounts to one
in which every object is of the form (z, —) where the first coordinate is the same.
Thus commutativity reduces to an instance of the monoidal coherence axioms in the
category A(x).

It should also be verified that this operation ® extends to a bifunctor. Indeed let
s:(b,B) — (V/,B')and t : (¢,C) — (¢/,C") be arrows in G(A). Let’s agree that
it <y in K then we denote this arrow by ¢%. Then it follows that s is of the form
s = (1%, f) where f : (Aif)(B) — B'is an arrow in A(V') and similarly we have that

t = (i€, g) where g : A(i¢)(C) — C" is an arrow in A(¢). Then we will define
(boa @i @ W) 2 (e A (ML) )

as follows. First we must have that s ® t = (iggf, h) where

h s (A )[(Aig™) (B) @ (Aig™)(C)] — (Aig®)(B') @ (Aig)(C")

bRc

is an arrow in A(0’ ® ). By strictness of the monoidal functors it follows that the

domain of h in the above expression reduces to
(A ) (B) @ (Aig =)(C).

Now if we apply the functor A(i5®) : A(b') — A(W'®¢') to the arrow f : (Al )(B) —
B’ we get the arrow

AGE)(f) « (Ad®)(B) — A(ip®)(B)).
Similarly using the functor A(i%%¢) : A(¢') — A(W' @ ¢) applied to the arrow g :
A(i€)(C) — C" yields

AL ) (g) - AN (C) — A=),
Thus we define h by
h=A@iy =) (f) ® A@ES)(g).

Now routine calculations show that the maps «, A, and p are natural transformations

and that ® is a bifunctor. Hence G(A) is a monoidal category. ]
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12.3.2 The general case

The existence of a monoidal structure on G(A) puts a severe restriction on the types
of spacetimes being considered. But in fact to interpret protocols, for example, the
quantum teleportation protocol, one need only take tensors “locally” as we now de-

scribe. Define a ternary relation 7" by

T ={(a,b,c)|a,b < ceK}

Then if (a,b,c) € T, we define:

(a, B) & (b, B') = (¢, Alig)(B) ® A(i) (B'))

Now the map ¢ refers to a < ¢ similarly for ;.
Lemma 12.3.4.

e If (a,b,c) € T and (a,b, ') € T with ¢ < ¢, there is a canonical map (a, B) ®,
(b, B") — (a, B) ® (b, B').

o If (a,b,c) € T and if (a,b',c) € T with b < V', then there is a canonical map
(a,B) ®. (b,B") — (a,B) ®. (V/, B').

o If (a,b,c) € T and (d’,b,¢) € T with a < d/, then there is a canonical map
(a,B) ®. (b,B") — (d’, B) ®. (b, B').

12.4 Encoding Protocols in a Causal Set

In [1] the authors establish a categorical framework that captures many of the main
ingredients present in finite-dimensional quantum mechanics. In addition the authors
go on to show that many quantum protocols can be modelled in their setting of “semi-
additive dagger compact closed categories”. What we aim to do in this section is to
add to their framework by explicitly involving spacetime through the use of causal

dagger nets.
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We now give a brief description of abstract quantum mechanics. A more detailed
account of the abstract quantum mechanics of Abramsky and Coecke can be found
in §8 of [1]. Let (C,®,a,\, p,0,1,% 1) be a dagger compact closed category with
biproducts.

Remark 12.4.1. In the setting of a compact closed dagger category the dagger
structure is denoted by T rather than by x. Moreover the symbol * is used in this
context to denote the conjugate structure, i.e. each object has a conjugate object

which is denoted A* instead of A.
e State spaces are represented by objects in C

e A basis for A consists of a unitary isomorphism basey : n- I — A where
\q/._/
N copiles
o The qubit state space consists of an object () and a unitary isomorphism baseg, :
Il —Q

e Given state spaces A and B then A ® B is the state space describing the com-
pound system and basesgp = (bases ® basep) o d,, |, where dy, = (n-1) ® (m -

I) ~ (nm) - I comes from the distributivity isomorphisms of ® over &

e A teleportation base consists of amap s : I — [ together with a map prebase :
4.1 — Q" ® Q such that:

1. baser = s e prebase, is unitary where e is defined as follows. Suppose
that we have maps r : I — [ and f : A — B then there is a map
ref:A— B given by

1 ®
I P B N S S (46)

2. The four maps 3; : Q — @ defined by "3, ' = prebase; og; are unitary.
Here q; : I — 4-1 is the canonical coproduct injection onto the jth factor
and we are using the fact that in any compact closed category there is a
bijection C(A, B) ~ C(I, A* ® B) given by sending a map f: A — B to
its name " f7 = (ida- ® f) ona.
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3. 2sts = idj.

e Suppose that we have a teleportation base as above then it defines a teleportation

observation
(st oLl Q@ —4-1.

Now we wish illustrate the teleportation protocol, as described by Abramsky and
Coecke in [1] §9, so that we can refer to it later. Let C be a dagger compact closed
category with biproducts and suppose that it admits a teleportation base (s : I —
I, prebase; : 4-1 — Q* ® Q). Now we will be considering the teleportation protocol
which involves 3 qubits whose state spaces are all equal to Q but we will label them
by Q., Qp, and Q. respectively to distinguish which qubit we are referring to. Now as
before we have maps 3, :  — @ which we will label as ﬁ;b 1, — @y to indicate
which qubits are involved and similarly for identities 14, : Q. — Q. The final piece

of the teleportation protocol is the labelled, weighted diagonal which is the map:
Al = (sTs@1,.)1=1: Q, — 4- Q..

According to [1] this map expresses the appropriate behaviour of the teleportation
protocol which is that “...the input qubit is propagated to the output along each
branch of the protocol, with ‘weight’ s's, corresponding to the probability amplitude
for that branch.”
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Theorem 12.4.2. The following diagram commutes.

import unknown state

—1 Qa ® I
Pa

Qa

1, ® (s @1, ") |produce EPR pair

Qa ® (Qb ® Qc)

Qab,c|spatial delocation

(Qa ® Qb) ® Qc

ac

(s" @ L39%.)i=" @ 1.|teleportation observation

(4 - \e) o v.|classical communication

4'@0

unitary correction

The right-hand side of the above diagram is the formal description of the tele-
portation protocol, while the commutativity of the diagram shows that the protocol
behaves as it should.

Suppose that A : K — DAG is a causal dagger net and that each category
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A(U) is a dagger compact closed category with biproducts. Here we use the symbol
T to denote the dagger functor and we use % to denote the compact structure on
the category A(U). We denote the unit and counit by nx : I — X* ® X and
ex : X®X* — [ respectively. Furthermore we will also assume that these categories
have strict compact structure in the sense that A** = A, (A ® B)* = A* ® B*, and
I* = 1. If G(A) is the associated Grothendieck category, then we have a functor
m: G(A) — K given by n(U, A) = U and, given an arrow (f,g), then 7(f,g) = f.
Furthermore given any U € K then the fibre over U, 7=(U), is equivalent to A(U).
We will also assume that if U <V € K then A(U) C A(V) and that each category
A(U) admits a teleportation base. Suppose that Alice is in possession of a qubit
that she wishes to transmit to Bob. We will illustrate the sequence of events with a

diagram of double cones.

Common future of Alice and Bob

time

Common past of Alice and Bob
Alice is in possession of a qubit, then sometime in Alice and Bob’s past an EPR

pair was created. After they share this entangled pair of qubits, Alice gets one of
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these entangled qubits while Bob gets the other one. Then Alice performs a Bell
base measurement on her system of two qubits and then sends Bob the result of this
experiment by means of classical communication. Thus Bob receives this message in
the common future of Alice and Bob. It is then that Bob can use this measurement
result to perform a unitary correction on his qubit thus obtaining a qubit whose state
is that of the original qubit possessed by Alice. We give a formal description of the
teleportation protocol using the Grothendieck category G(A).

Let E denote the double cone in which the EPR pair was created, U and V be
the double cones that Alice and Bob are located in during some given time interval.
Lastly let F' be any double cone which is in the common future of Alice and Bob in
which Bob receives a classical communication from Alice. Then the above diagram
suggests the following must hold £ < U,V < W. The right-hand side of the diagram

below is our formal description of the teleportation protocol.
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import unknown state

(U7 Qa) 1 <U7 Qa) Qu (E7 I)

Pa

1, ® (s @ "1;. ") |[produce EPR pair

(U> Qa) Ru ((Ea Qb) KF (E7 Qc))

Qab,c|spatial delocation

((U7 Qa) Qu (E7 Qb)) QF (‘/7 Qc)
A4

ac

(st @ LB% )=" @ 1.|teleportation observation

(4 - Ae) o v.|classical communication

(Fa4Qc)

unitary correction

(F74Qc>

Note that we have omitted writing morphisms in the above diagrams as pairs (f, g)
since there is only at most one map U — V in K. Now we claim that the above
diagram commutes. This follows immediately from the above theorem, Theorem
12.4.2.



Chapter 13

Local DHR Analysis

In the previous section, we considered the partially ordered set (M, <) of spacetime
and looked at some of the different possibilities for lifting this order to subsets. In
this section we will look some different possibilities on how to incorporate this causal
ordering on subsets of M into AQFT. In addition to this, the other main thread of
this chapter is to look at AQFT on a local level in the sense that each double cone is a
spacetime in its own right. Formulating local versions of notions such as transportable
endomorphism we look at how causality can be used to relate different double cones

and the associated local theories.

13.1 Localized Transportable Endomorphisms

To fix our notation let M denote Minkowski space, and let (K, C) denote the set of
double cones on M ordered under inclusion. In addition let A : (K, C) — C* — Alg
be an AQFT satisfying isotony and microcausality, and also as usual let A denote the
quasi-local algebra of observables.

Now for each U € K let Ky = {O € K | O C U}. Also for each O € Ky let
Ay (O1) be the C*-algebra generated by the set

U A©).
O/EKU
O'10

166
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Definition 13.1.1. A s-homomorphism p : A(U) — A(U), U € K, is localized at
O € Ky if p(a) = a for all a € Ay(O+). We say that an endomorphism p : A(U) —
A(U) is localized in U if there is an O € Ky at which p is localized.

Within the class of endomorphisms localized in U are the ones which are also

transportable within U.

Definition 13.1.2. Let U € K, and suppose p : A(U) — A(U) is localized in U.
Then p is transportable in U if for each O € Ky 3 7: A(U) — A(U) localized at
O and a unitary element x € A(U) such that

pla) =z*1(a)x Va € A(U). (47)

For our convenience we let Ay (O) denote the collection of endomorphisms A(U) —
A(U) which are localized at O € Ky and transportable in U and we let Ay =
Uoery, Av(O).

These definitions lead one to consider an important category whose set of objects
is Ay for U in K. The construction of this category is an instance of the following
general result. Let R be a ring with unity and S C End(R) then there is a category
Ends(R) whose objects are elements of S and an arrow r : f — ¢ consists of an

element r € R such that rf(r") = g(r')r for each 1’ € R.

Lemma 13.1.3. Endg(R) is a category. If S is a monoid with respect to composition

then Endg(R) is a monoidal category.

Thus by Lemma 13.1.3 it follows that Enda, (A(U)) is a category. In fact more

is true.
Lemma 13.1.4. Let U € K then Ay is a monoid with respect to composition.

Proof. If p € Ay and 0 € Ay are localized at O; and O, respectively then their
composite p o o will be localized at any O3 2 O; U Oy. Now as O; U Oy C U it
follows by properties of Minkowski space that there exists a double cone O3 C U with
01 U Oy C O3. Transportability within U of the composite is also easily verified. If
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O C U then there exists z, y € A(U) and *-homomorphisms p', o/ : A(U) — A(U)
localized at O satisfying Equation 47. Then the following calculation

plo(a) = 2 (0(a))z
— a*p (' (a)y)a
— :C*IO/< /

y
y)p'o’(a)p'(y)x
= (/' (y)z)"p'o’(a)p'(y)x Va € A(U)

shows that po is transportable in U. O]

Hence Enda, (A(U)) is a monoidal category for each U € K called the category
of localized and transportable endomorphisms in U.

Now assume that K is also equipped with a second partial order C which we
interpret as a causal order. Then we wish to answer the following question. If V' C U
then what additional data are needed to construct a functor between the categories
Enda, (A(V)) and Enda, (A(U))? We now give one possible solution to this question.

First we make a couple of definitions.

Definition 13.1.5. If U, V € K, and V C U then a causal connection from V'
to U consists of a pair of functions I' : Ky — Ky and A : Ky — Ky which are

monotone with respect to C and also satisfy

O CATO YO € Ky (48)
TAO' C O YO € Ky. (49)

In other words A and I' are functors with A left adjoint to I'. We will abbreviate
this by just writing (A 4 T).

The second definition we need is one that relates the algebras A(V) and A(U).

Definition 13.1.6. Suppose V C U € K and (A 4 I') is a causal connection.
An embedding projection pair with respect to (A - I') consists of a pair of *-
homomorphisms (f,g) with f: A(U) — A(V) and g : A(V) — A(U) satistying
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if a € Ay((TO)F) then f(a) € Ay ((ATO)*) (50)
gf(a) =a Vac Ay((TO)*Y). (51)
Theorem 13.1.7. Suppose that V, U € K, (A - T), and (f,g) are as in Definition

13.1.6. Then given a *-homomorphism p : A(V) — A(V) define F(p) : A{U) —
A(U) by

F(p)(a) = gpf(a) Va € A(U).
If p € Ay then F(p) € Ay. In particular F(p) € Ay (I'O) for p € Ay (O).

Proof. Let a € Ay((TO)*4) then by assumption f(a) € Ay ((AT'O)*). In addition,
since O C AT'O we have that Ay ((ATO)*) C Ay(O+). Hence f(a) € Ay(O1) and
so for p € Ay(O) we have that p(f(a)) = f(a) Va € Ay((TO)*). Therefore for
a € Ay((TO)*)

=a since a € Ay ((I'O)*)

Hence F'(p) is localized at I'O. It remains to show that F'(p) is transportable in
U. Let O € Ky, then as p is transportable in V' there exists 7 € Ay (AO’) and a
unitary element z € A(V') such that

So

)" F(7)(a)g(x) as required.
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Lastly we need check that the endomorphism F(7) is localized at O'. Indeed, since
LAO’ C O it follows that Ay ((O)*) C Ap((TAO")t). Thus if a € Ay((O')*1) then
a € Ap((TAO)1). So f(a) € Ay((ATAO")1), but Ay ((ATAO")*) C Ay ((AO')L) as
AO' C ATAQ'. Therefore f(a) € Ay ((AO")*), but 7 is localized at AO’ so

F(7)(a) = g7f(a)
=g/(a)
=a since a € Ay ((TAO)Y)
Hence F'(7)is localized at O'. O

Using Theorem 13.1.7 we can define a functor F : Enda, (A(V)) — Enda, (A(U))
which on an object p € Ay is F(p) = F(p) and if r : p — ~ is an arrow in
Enda, (A(V)) then F(r) = g(r) is and arrow form F(p) to F(v) in Enda, (A(U)).

Lemma 13.1.8. If fg : A(V) — A(V) is localized in V' and transportable in V'
to the identity. Then for p and v € Ay there is an isomorphism m, . : F(py) —

F(p)F(v).

Proof. Since fg is transportable in V' to the identity, we have that there exists a
unitary ¢ € A(V') such that fg(a) = c*ac for all a € A(V'). Thus

p(c)” gm(f(a)) p(c)
= gp(c)"F(py)(a)gp(c)

So m,,F(py)(a) = F(p)F(v)(a)m, for m,, = gp(c)* which is unitary. O

13.2 DHR Representations

In the previous section we were considering localized transportable endomorphisms

which were localized and transportable within some “region” U € K. We then
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constructed the category Enda,(A(U)) and established a functor between two of
these categories under certain assumptions. We now wish to provide a more general
construction for doing this. In order to proceed we will need to consider a different
category DHR(U) for U € K, which we will show is related to Enda, (A(U)). We
start by describing the objects of DHR(U). Let (m, Hy) be a fixed x-representation

of A which will we refer to as the vacuum representation.

Definition 13.2.1. Let U € K and (7, H;) be a x-representation of A(U). (w, Hy)
is a DHR-representation in U if for every O € Ky there exists a unitary map
To : H, — Hj such that

Tor(a)(h) = mo(a)To(h) Va € Ay(O*), he Hy, (52)

Thus define DHR/(U) to be the category whose objects are DHR-representations

in U and arrows are bounded linear intertwining maps.
Theorem 13.2.2. For each U € K there is a functor Enda, (A(U)) — DHR(U).

Proof. Given an endomorphism p : A(U) — A(U) localized and transportable in U
then we define €(p) : A(U) — B(H,) by

E(p)(a) = m(p(a)) Va e A(U). (53)

Then it is straightforward to check that (£(p), Hy) is a *-representation of A(U).
It is a DHR-representation in U because p is localized and transportable in U. Now

suppose that r : p — 7 is an arrow in Enda, (A(U)) then define E(r) : (E(p), Hy) —
(5(7—)7 HO) by

E(r) = mo(r). (54)

Then we have for each a € A(U)
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and hence &(r) is an intertwining map as required. Thus we have defined a functor
€ : Enda,(A(U)) — DHR(U). The functor equations follow from the fact that m

is *-homomorphism. ]

Remark 13.2.3. We suspect that under the appropriate assumptions the functor
that we have defined would turn out to be an equivalence of categories. Indeed
what one needs is an analogous notion of Haag duality for this setting. Further, by
assuming that the vacuum representation is faithful this would guarantee our functor

& to be faithful. Fullness and essential surjectivity should follow from Haag duality.
Now given V C U € K we want to build a functor G : DHR(V) — DHR(U).

Definition 13.2.4. Suppose that X = X, is a right Hilbert A(V')-module and
[ A(U) — L(Xa(v)) is a *-homomorphism. We say that the A(U)-A(V) bimodule
X is of DHR-type if for each O' € Ky there is a unitary Sor : X ®4vy Hy — Hp
such that

m0(a)Sor = SorIndmy(a) Va € Ay(O™) (55)
i.e. (Indmy, X ®acvy Hp) is a DHR-representation in U.

Theorem 13.2.5. Suppose that V £ U € K and let Xy, and f be as in De-
finition 13.2.4 and let A : Ky — Ky be a function. Then for any (w, H,), a
DHR-representation in V', (Indmr, X ®av) Hy) is a DHR-representation in U.
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Proof. Suppose that (7, H,) is a DHR-representation in V. We want to show that
(Indm, X ®av) Hy) is a DHR-representation in U. Let O' € U and consider AQ’
which is an element of K. So as (7, H;) is a DHR-representation in V' there exists a
unitary map Tho : Hy — Hj satisfying an equation analogous to that in Definition
13.2.1. Moreover since X is an A(U)-A(V') bimodule of DHR-type we have another
unitary map Sor @ X ®@a) Hy — Hj satisfying the equation in Definition 13.2.4.
To show that (Indm, X ®a) Hy) is a DHR-representation in U we will show that
Sor(1 @av) Tao)Indr(a) = mo(a)So (1 @apy Taor) for all a € A(O™). Indeed

SO/<1 Qa(v) TAO/)]ndﬂ(a) = SO/ITLdﬂ'O(a)(l Qa(v) TAO’)
= 7T0<CL>SO/(1 ®A(V) TAO’)

as required. O

Now as X ®a(vy (—) is a functor from the category of x-representations of A(V),
Rep(A(V)), to the category of x-representations of A(U), Rep(A(U)), it follows that
X ®a(v) (—) restricts to a functor DHR (V) — DHR(U) since these categories are
both full subcategories Rep(A(V)) and Rep(A(U)) respectively.

Thus Theorem 13.2.5 provides some sufficient conditions for obtaining a functor
G : DHR(V) — DHR(U) whenever V C U. The key ingredients are the existence
of an A(U)-A(V) bimodule X of DHR-type and of a function A : Ky — K. At this
point it is not clear when these things might exist in general. Therefore the next step
along this path would be to examine their existence when using one of the specific

causal orderings that we mentioned in Chapter 12.2.



Chapter 14

Future Work

Initially the goal of this thesis was to try to establish a categorical version of algebraic
quantum field theory. Inspired by the work of Abramsky and Coecke [1], we wanted
our theory to incorporate not only elements from AQFT but also elements from
their work such as a dagger structure and a tensor product structure. What has
resulted from this effort is the development of our premonoidal C*-quantum field
theory. Along the way we explored many exciting research avenues that warrant

further investigation. Of these we mention the ones that we find the most intriguing.
1. von Neumann Categories:

(a) Our theory of von Neumann categories seems to be a very promising sub-
ject to pursue. As we alluded at the end of Section 9.3, von Neumann
categories on Hilby may possibly be classified by the von Neumann alge-
bras on H. This result would depend on an extension of the commutation
theorem for tensor products of von Neumann algebras. An elementary
proof of this classical result was given by Rieffel and van Daele [34], and it
is our hope that by modifying their approach we can establish the required

result.

(b) With the help of such a result we would also be able to classify all the
monoidal subcategories of Hilby in terms of the abelian von Neumann

algebras on H.

174
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(c) Develop a theory of factors for von Neumann categories.

(d) Mimic classical constructions, such as the crossed product construction, to

produce more examples of von Neumann categories.

(e) Establish a double commutant theorem for VNC'’s.

2. Premonoidal C*-Quantum Field Theory:

(a) Show that the category A in our premonoidal setting can be equipped with

a symmetry.

(b) Look at categorical versions of other common axioms from AQFT such as

Property B for example.

(¢) Look for ways of incorporating the theory of von Neumann categories in

our theory, in the same way that von Neumann algebras fit into AQFT.

(d) Investigate connections with other categorical theories of physics, in par-
ticular topos theory and its use in physical theories as studied by Doering,
Isham, Butterfield, Landsman, ...etc. (See [11])

3. Premonoidal Category Theory

(a) We already considered premonoidal categories with duals/conjugates. It
would be interesting to develop this further and look at how this relates

to Benton and Hyland’s traced premonoidal categories [5].

(b) Of course proving our conjecture about the existence of fibre functors in
the premonoidal setting is one of our more pressing research goals. In
conjunction with this, another goal is to prove the full Doplicher-Roberts

reconstruction theorem in the premonoidal setting.
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