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Abstract

In the past several decades, the community of computational solid mechanics has devoted

a lot of efforts to develop robust and accurate numerical methods to model fracture initi-

ation and propagation. Some of the prominent methods include the cohesive zone model,

the embedded discontinuity approach, and the extended finite element method approach.

However, these earlier methods either suffer from pathological mesh-dependence or rely

on heuristic fracture tracking algorithm to track crack propagation. These tracking algo-

rithms cannot robustly handle complex crack geometries such as merging and branching

even in 2D problems, not to mention complex 3D crack surfaces. Recently, the phase-field

method (PFM) has drawn more and more attentions for simulations of crack propagation

in solids due to its capability of naturally handling complex crack patterns such as merging

and branching. In the view of energy functional, the PFM converts the sharp crack prob-

lem into a constrained optimization problem possessing a variational structure. The PFM

constructs a nonlinearly coupled problem between the displacement field and the phase-

field, which can be solved by either the staggered approach or the monolithic approach.

In this thesis, algorithms for both approaches are adopted, which respectively rely on the

alternate minimization (AM) and the limited-memory BFGS (L-BFGS) scheme. These

two algorithms can both overcome the convergence issues caused by the non-convex nature

of the energy functional in fracture mechanics. The PFM algorithms are further combined

with heat conduction problems to model the crack propagation under thermomechanically

coupled loads. Several numerical examples, including crack simulations in the quenching

problem and the thermal barrier coating problem, are provided to demonstrate the capa-

bilities of the developed method. The limitation of current model and possible solutions

in future research are discussed.
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Chapter 1

Introduction

In this chapter, the research motivation is firstly introduced. Then, several prominent

numerical techniques for crack simulation are briefly introduced, including their strengths

and limitations. Lastly, the objectives of this thesis are presented.

1.1 Research motivation

Computational fracture mechanics is an important research topic that is relevant to many

real-world engineering applications, such as the hydrogen embrittlement in green energy

storage, the hydraulic fracturing in oil and gas industry, the thermal barrier coating sys-

tem in aerospace engineering, and the structural safety evaluation in civil engineering. In

the past several decades, the community of computational solid mechanics devoted a lot of

efforts to develop robust and accurate numerical methods to model fracture initiation and

propagation. Some of the prominent methods include, for instance, the virtual crack clo-

sure technique (VCCT) and the extended finite element method (XFEM). However, these

earlier methods either suffer from pathological mesh-dependence or rely on some heuristic

fracture tracking algorithms to track crack propagation [5–7]. These tracking algorithms

cannot robustly handle complex crack geometries such as merging and branching even in

2D problems, not to mention complex 3D crack surfaces. In the past decade, the phase-field

method becomes a popular choice for modeling fracture propagation since it can naturally

handle complex crack geometries. This research focuses on addressing several numerical

challenges associated with the phase-field crack simulation technique. Several numerical

examples are also provided to demonstrate the capability of the phase-field method and

its potential for real-world engineering applications.

1



1.2 Literature review

In this section, the major results of the linear elastic fracture mechanics are summarized.

Then, several numerical methods that are commonly applied to model crack propagation

are briefly reviewed. Comments are provided regarding the advantages and limitations of

each method.

1.2.1 Linear elastic fracture mechanics

Linear elastic fracture mechanics focuses on investigating the stress state near the fracture

tip. Generally speaking, the pattern of crack can be classified as three modes [8], namely

opening, in-plane shear and out-of-plane shear, for instance, see Fig. 1.1.

Figure 1.1: Schematic of three basic fracture modes, including the opening mode, the

in-plane shear mode, and the out-of-plane shear mode (source: Wikipedia [1]).

The stress around the crack tip has singularity. Based on the linear elastic fracture

mechanics, the expression of the crack tip stress has the following general form [9]

σij =
K√
2πr

fij(θ), (1.1)

where K represents the stress intensity factor (SIF), r is the distance to the crack tip, and

θ is the relative angle to the crack plane. Depending on the fracture mode, various stress

components have different expressions. For type I fracture (opening mode), which is the

2



most common fracture mode, the crack tip stress components are
σx = KI√

2πr
cos θ

2
(1− sin θ

2
sin 3θ

2
),

σy = KI√
2πr

cos θ
2
(1 + sin θ

2
sin 3θ

2
),

τxy = KI√
2πr

cos θ
2

sin θ
2

sin 3θ
2
.

(1.2)

For type II fracture (in-plane shear mode), the crack tip stress components are
σx = KII√

2πr
sin θ

2
(2 + cos θ

2
cos 3θ

2
),

σy = KII√
2πr

sin θ
2

cos θ
2

cos 3θ
2
,

τxy = KII√
2πr

cos θ
2
(1− sin θ

2
sin 3θ

2
).

(1.3)

For type III fracture (out-of-plane shear mode), the crack tip components areτyz = KIII√
2πr

cos θ
2
,

τxz = −KIII√
2πr

sin θ
2
.

(1.4)

In the above equations, KI , KII , and KIII are the stress intensity factors corresponding to

each fracture mode. Based on these equations, the stress value can be singular (infinite)

at the crack tip (r = 0), which is obviously unphysical. Consequently, the criterion based

on the stress value is not proper to detect fracture initiation and propagation.

In practice, one of the crack propagation criteria is based on the stress intensify factor

(SIF). When the SIF value K is greater than the fracture toughness, also known as the

critical stress intensify factor (Kc),

K > Kc, (1.5)

the crack propagates. Alternatively, Griffith [10] and Irwin [11] proposed a criterion of

fracture propagation in brittle materials using energy. Based on this criterion, crack

propagates when the energy release rate g exceeds the critical value gc, that is,

g > gc. (1.6)

According to the linear elastic fracture mechanics, the critical stress intensity factor

(fracture toughness) Kc and the fracture stress σf have the following relationship

Kc = σf
√
πa (1.7)

where a is crack size. On the other hand, the energy release rate gc and the critical stress

intensity factor Kc have the following relationship

gc =


K2
c

E
plane stress,

(1− ν2)K2
c

E
plane strain,

(1.8)

3



where E and ν are the Young’s modulus and the Poisson’s ratio, respectively. Based on

Eqs. (1.7) and (1.8), the critical fracture stress can be expressed as

σf =


√
gcE

πa
plane stress,√

gcE

(1− ν2)πa
plane strain.

(1.9)

For brittle materials, the above crack propagation criteria are widely adopted. However,

in order to model the crack propagation properly, the critical question is how to represent

crack, which is a type of spatial discontinuity.

1.2.2 Virtual crack closure technique

The virtual crack closure technique (VCCT) is widely used in fracture mechanics to analyze

the growth and behavior of cracks in materials. It is particularly useful for calculating

the energy release rate and stress intensity factors in finite element simulations [2]. The

hypothesis of the VCCT is that the energy released during crack propagation equals to

the energy required to close the same crack. Figure 1.2 illustrates the basic idea of the

VCCT. The energy required to close the crack with a length of a+ ∆a is calculated as

∆E =
1

2
(X1l∆u2l + Z1l∆w2l), (1.10)

where X,Z are the horizontal and vertical components of the nodal force, ∆u2l and ∆w2l

are the relative displacements in the x- and z-direction on node l. The energy release rate

can then be calculated as

g =
∆E

∆A
=

∆E

h∆a
, (1.11)

where ∆A is the crack surface area, h is the thickness of the plane, and ∆a is the increase

of the crack length.

The VCCT can be used to calculate the energy release rate during a finite element

simulation. However, the accuracy of the VCCT depends on the mesh refinement near the

crack tip. Furthermore, according to the VCCT, the crack is only allowed to propagate

along the mesh edges. Therefore, this method works well if the crack path is known a pri-

ori. When the crack path is unknown beforehand, the numerical result based on the VCCT

is inevitably mesh-dependent, therefore, limiting its usage in real-world applications.
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(a) Energy for crack closure (b) Energy for Crack extension

Figure 1.2: Schematic of the virtual crack closure technique (VCCT), the basic idea of

which is that the energy released during crack propagation equals to the energy required

to close the same crack [2].

1.2.3 Extended finite element method

In order to address the limitation of the VCCT method, in which the crack is only allowed

to propagate along the mesh edges, the extended finite element method (XFEM) [12, 13]

is developed to model crack propagation. The most significant advantage of the XFEM

is that cracks are allowed to propagate inside an element. This feature is achieved by

introducing extra degrees of freedom to represent the discontinuity (crack) inside ele-

ments. As a result, the reconstruction of mesh (remeshing) during crack propagation can

be avoided [14]. In the XFEM, the standard finite element formulation is enriched by in-

troducing additional discontinuous (shape) interpolation functions. As shown in Fig. 1.3,

additional degrees of freedom are introduced on the nodes around the crack path, while

the nodes far away from the crack are considered as regular ones [15].

The XFEM has the following features:

• For elements that are far away from crack, the shape functions are the same as the

counterparts in standard linear elastic finite element.

• For elements that are fully cut by crack, the enriched shape function is expressed as

ψJ(x) = NJ(x)H(f(x)) (1.12)

5



Figure 1.3: Schematic of the extended finite element method (XFEM), which allows crack

to propagate inside elements. In this method, the standard finite element formulation

is enriched by additional discontinuous (shape) interpolation functions, and additional

degrees of freedom are introduced on the nodes around the crack path [3].

where H(x) is the Heaviside function defined as

H(x) =

{
1 x ≥ 0,

− 1 x < 0.
(1.13)

The level set function [16,17] is commonly used to describe the location of crack.

f(x) = min
x∈Γc

‖ x− x ‖ sign(n+ · (x− x)) (1.14)

where Γc is the crack surface. n+ is normal vector of the crack surface.

• For nodes around crack tip,

ψK(x) = NK(x)Φ(x) (1.15)

where

Φ(x) = [
√
r sin

θ

2
,
√
r sin

θ

2
sin θ,

√
r cos

θ

2
,
√
r cos

θ

2
cos θ] (1.16)

represents the impact of the distance r and the angle θ with respect to the crack tip.

In this way, the displacement can be expressed by the combination of the regular and

extended shape functions [18,19] as

uh =
∑
I∈S

NI(x)uI +
∑
J∈Sh

NJ(x)H(f(x))aJ +
∑
K∈Sc

NK(x)
∑
i

Φi(x)bKi (1.17)
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where S, Sh and Sc are regular nodes, nodes belonging to elements that are fully cut by

crack, and nodes around crack tip, respectively. The extended degrees of freedom are

represented by aJ and bK . With these enriched shape functions, the XFEM can not only

represent the discontinuity of crack surface, but also accurately describe the singularity

around crack tip.

Despite the aforementioned advantages, the XFEM is mostly used in 2D crack simula-

tions containing simple crack path. This method has limited successes in 3D simulations

due to the following reasons. First, when multiple cracks intersect inside a finite element

and interact with each other, it is unclear how to construct the enrichment shape func-

tions. Second, for 3D simulations, due to the presence of the enrichment shape functions,

it is challenging to perform numerical integration inside an element arbitrarily cut by a

crack surface. Third, the XFEM relies on the level-set method to track the crack path,

which is not able to handle complex crack patterns such as crack merging and branching.

1.2.4 Cohesive zone model

Figure 1.4: Bilinear cohesive relationship: linear stage and damage softening stage

Cohesive zone model (CZM) is introduced to deal with quasi-brittle fracture problems

in the plastic zone around crack tips [20]. The CZM assumes that a virtual crack [21, 22]

is located in front of the crack tip and there is a pair of traction forces in the relative

surfaces of that virtual crack, preventing the crack from propagating. The existence of

the traction forces eliminates the singularity of stress in linear elastic fracture mechanics.

The traction force value is a function of the opening displacement of the virtual crack δ.

f = f(δ) (1.18)
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The most common cohesive relationship is bilinear. As shown in Fig. 1.4, at the first

stage, the traction force f has a linear increment with the increase of δ, and reaches

maximum value when the virtual displacement reaches δ0. Then, f decreases with the

increment of δ due to the damage softening. When δ reaches δf , the real crack is formed.

Cohesive element [23] is a special element with zero thickness inserted in the possible

crack propagation region. Within a cohesive element, the constitutive law is the cohesive

relationship shown in Eq. (1.18). The concept of traction force avoids the difficulty en-

countered by crack tip singularity. However, the cohesive element still requires prediction

of crack path, making it challenging to handle complex crack geometries that are unknown

beforehand.

1.2.5 Phase-field method

Compared with the virtual crack closure technique (VCCT) and the extended finite el-

ement method (XFEM), the phase-field crack simulation does not rely on any heuristic

crack tracking strategies. Rather, this method can naturally handle complex crack geome-

tries, and therefore, becomes a popular approach to model crack propagation in many 2D

and 3D problems. In literature, there exists a large body of work in the field of phase-field

crack formulation, for instance, see [24–35].

The basic idea of the phase-field crack formulation is quite straightforward. Unlike

the VCCT or the XFEM method, where sharp crack is directly included in the finite

element simulation as shown in Fig. 1.5a, the phase-field method represents the crack in

a diffusive manner as shown in Fig. 1.5b. In the phase-field method, a scalar variable d is

introduced as the so-called phase-field that represents the damage state of the material.

When d = 0, it indicates that the material is intact. When d = 1, it indicates that the

material is fully damaged. The phase-field method assumes that the phase-field variable

d continuously changes from 0 to 1. Francfort and Marigo [36] proposed the approach of

potential energy minimization to solve the phase-field crack problems in solid mechanics,

and several numerical tests are developed to prove the effectiveness of their method [37,38].

Using the phase-field approach to model crack propagation faces at least the following

three challenges. First, the total energy functional of the phase-field crack formulation

is non-convex. As a result, classical Newton-based approaches encounter convergence

difficulties during the nonlinear iterations. In order to address this challenge, various

staggered approaches and monolithic approaches are developed, for instance, see [24,29,34].

Second, the phase-field is intrinsically expensive, since highly refined meshes need to be

adopted near the crack region. To address this challenge, the adaptive mesh refinement
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(a) Sharp crack (b) Diffusive crack

Figure 1.5: Schematic of the phase-field crack formulation, in which the so-called phase-

field represents the damage state of the material. When d = 0, it indicates that the

material is intact. When d = 1, it indicates that the material is fully damaged. The

phase-field method assumes that the phase-field variable d continuously changes from 0 to

1 [4].

technique is an effective approach, see [27,34]. Lastly, the crack should not self-heal once

it is developed, requiring the phase-field to satisfy the so-called irreversibility condition.

The history variable approach based on the maximum strain energy history is a popular

choice to enforce this condition due to its simple implementation [24]. Alternatively, other

numerical approaches can be adopted, such as the augmented Lagrangian method [29,39],

the active set method [27], the interior-point method [40], and the gradient project method

[35].

1.2.6 Thermomechanical interaction

Thermomechanically coupled problem is widely encountered in the area of aerospace, man-

ufacturing, and civil engineering. In this coupled problem, components and structures are

under the impact of both mechanical and thermal loading conditions. As a natural phe-

nomenon, thermal expansion is the change of volume in response to temperature change.

With applied external constraints or non-uniform distribution of the temperature field, the

tendency of the volume change causes stresses inside materials [41]. Generally speaking,

thermomechanically coupled problems can be classified into two types:

• Weak coupling: The temperature field significantly influences material deformation
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and stress distribution. However, the impact of material deformation on the tem-

perature field is negligible.

• Strong coupling: The temperature field and the material deformation have strong

impacts on each other.

Based on the specific type of thermomechanical coupling, the solving technique can either

follow the staggered (partitioned) approach or the monolithic approach [42]. The staggered

approach is usually used for weak coupling problems, while the monolithic approach is

generally used for strong coupling problems.

In many engineering applications, for instance, the thermal barrier coating system,

cracks are caused by various thermal effects. Typical examples include quenching cracks

[43] caused by thermal shock, which is an instantaneous temperature change results in

non-uniform volume change of material, and cracks caused by the mismatch of thermal

expansion coefficients [44]. Various approaches, such as the damage mechanics [45], the

cohesive zone model [46], and the XFEM [47], are adopted to model thermal-induced

cracks.

1.3 Research objectives

This thesis aims to accomplish the following tasks:

• The phase-field approach will be combined with an adaptive mesh refinement tech-

nique to represent preexisting cracks that possess complex patterns. The phase-field

approach is intrinsically expensive since highly refined meshes need to be adopted

to resolve the characteristic length-scale. The adaptive mesh refinement can signifi-

cantly reduce the computational cost by only refining meshes near the crack region.

• Several numerical techniques will be developed to overcome the convergence diffi-

culties inside the nonlinear iterations. The total energy functional of the phase-field

crack formulation is non-convex. As a result, the classical Newton-Raphson method

encounters convergence issues during the nonlinear iterations. In order to overcome

this difficulty, the staggered approach based on the alternate minimization and the

monolithic approach based on the limited-memory BFGS method will be presented,

which can significantly improve the robustness of the phase-field simulation.

• A computational framework will be developed to model crack propagation driven by

thermal effects. The heat conduction equation will be integrated into the phase-field
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crack formulation. As a result, the coupled problem involves the temperature field,

the displacement field, and the phase-field. Several solving strategies are presented

to effectively solve the coupled problem.

• Multiple numerical examples will be provided to demonstrate the capabilities of

the developed numerical approaches in modeling crack propagation under various

mechanical and thermal loading conditions. In particular, the crack propagation

in a thermal barrier coating system will be investigated for real-world engineering

applications.

• All the presented numerical methods and algorithms will be implemented in deal.II

[48], which is an open-source C++ finite element library. All the source codes and

input files used in this thesis can be found on GitHub1 to support open science and

reproducible research.

The original contributions of this thesis include:

• Extend the limited-memory BFGS (L-BFGS) method, originally proposed by Prof.

Tao Jin’s group [34], from the mechanical phase-field problem to the thermomechan-

ically coupled phase-field problem.

• Demonstrate the equivalence of the staggered approach and the L-BFGS monolithic

approach in the phase-field formulation. Moreover, the latter requires fewer itera-

tions to achieve convergence during the nonlinear solving process.

• Implement the computational framework in the deal.II library [48], which can be

extended to solve more complex problems in the future.

The remaining part of the thesis is organized as follows. In Chapter 2, the phase-field

method is introduced to represent preexisting crack in a diffusive manner. Moreover, an

adaptive mesh refinement technique is combined with the phase-field method to reduce

the computational cost. In Chapter 3, the variational structure, which is the theoretical

foundation of the phase-field crack formulation, is firstly introduced. Then, the derivation

of the weak form and the finite element discretization are presented. Several numerical

strategies are developed to overcome the convergence difficulties during the nonlinear iter-

ations caused by the non-convexity of the energy functional. Lastly, the phase-field crack

formulation is further extended to consider the thermal effect on the crack propagation

modeling. In Chapter 4, multiple numerical examples are provided to demonstrate the

1https://github.com/taojinllnl/
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capabilities of the developed numerical methods in modeling crack propagation under var-

ious mechanical and thermal loading conditions. The results and convergence performance

of the presented solving strategies are also compared. In Chapter 5, the conclusions of the

thesis are summarized, and several avenues are discussed to further improve the phase-field

crack modeling.
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Chapter 2

Phase-field representation of crack

In this chapter, the theory and numerical implementations of the phase-field method

[24,25] are reviewed in detail to model sharp cracks in a diffusive manner. First, a simple

one-dimensional scenario is provided to illustrate the basic idea of the phase-field method

for crack representation. Then, a variational approach is formulated to derive the strong

form of the phase-field method. Based on this strong form, the corresponding weak form

and the finite element formulation are obtained. The phase-field crack formulation is in-

trinsically expensive, since a highly refined mesh needs to be applied to the region around

the crack path. Using the same high mesh resolution in the whole computational do-

main is prohibitively expensive, particularly for three-dimensional problems, Therefore,

adaptive mesh refinement (AMR) techniques are indispensable for any practical phase-

field simulations. An AMR technique based on the so-called Kelly error estimator [49]

is provided. To illustrate the phase-field crack modeling with the adaptive mesh refine-

ment, several two-dimensional and three-dimensional numerical examples are provided to

represent preexisting sharp cracks in a diffusive manner.

2.1 Phase-field representation of crack topology

This section starts with a simple one-dimensional example to illustrate the basic idea of

using the phase-field method to represent the sharp crack topology. Then, a variational

approach is used to derive the strong form of the phase-field formulation, Subsequently,

the weak form and the finite element formulation are provided.
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2.1.1 One-dimensional scenario

Crack can be considered as a type of discontinuity in the displacement field, which in

general is challenging to deal with during finite element simulations. The basic idea of the

phase-field method for crack modeling is to represent the sharp crack topology (discontinu-

ity) in a diffusive manner. Consider an one-dimension scenario shown in Fig. 2.1a, where

a crack of the bar exists at the location of x = 0. This sharp crack can be represented by

a scalar field variable d(x) ∈ [0, 1], where d = 0 represents the intact (undamaged) state

and d = 1 represents the crack (fully damaged) state. This scalar field variable d(x) is

called the phase-field. Obviously, the distribution of the phase-field is discontinuous,d = 1 for x = 0,

d = 0 for x 6= 0.
(2.1)

In order to avoid the numerical difficulties associated with the discontinuity, an alternative

approach to represent the crack topology is to adopt the following exponential function as

an approximation,

d = e−|x|/l, (2.2)

where l is a length-scale parameter. Essentially, this exponential function smears out the

sharp crack d = 1 along the length-scale l, as shown in Fig. 2.1b. As the length-scale

parameter l goes to zero, the sharp crack topology can be recovered.

(a) Sharp crack topology (b) Diffusive crack representation

Figure 2.1: 1D phase-field Function: Replacing the sharp crack, phase-field makes diffusive

crack continuous in the computational domain
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2.1.2 Variational approach

The above simple one dimensional case can be extended to a more general setup [24]. The

crack density function per volume is defined as

γ(d, ∇d) =
1

2l
d2 +

l

2
∇d · ∇d. (2.3)

Therefore, the regularized crack functional is expressed as

Γl(d) =

∫
Ω

γ(d, ∇d)dV =
1

2l

∫
Ω

(d2 + l2∇d · ∇d) dV. (2.4)

Assume that the critical energy release rate of the solid is gc, then the crack energy can

be written as

Πcrack(d) = gcΓl(d) = gc

∫
Ω

γ(d, ∇d)dV =
gc
2l

∫
Ω

(d2 + l2∇d · ∇d) dV. (2.5)

The phase-field function d(x) can be decided by minimizing the crack energy functional,

that is,

d(x) = arg min
d∈WΓ

{Γl(d)} (2.6)

subject to the boundary condition

WΓ = {d(x)|d(x) = 1.0, ∀x ∈ Γ} ,

where Γ represents the sharp crack.

For the regularized crack functional shown in Eq. (2.4), the first variation can be

expressed as the following directional derivative

DδdΓl(d) =
d

dε

∣∣∣∣
ε=0

Γl(d+ εδd)

=
d

dε

∣∣∣∣
ε=0

1

2l

∫
Ω

[
(d+ εδd)2 + l2∇(d+ εδd) · ∇(d+ εδd)

]
dΩ

=
1

l

∫
Ω

[
dδd+ l2(∇d) · (∇δd)

]
dΩ = 0.

Based on the above first variation, using the techniques of integration by part and the

divergence theorem,

1

l

∫
Ω

(d− l2∆d)δd dΩ + l

∫
∂Ω

(∇d · n)δd dA = 0.
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Therefore, the strong form, or the governing partial differential equation, and the boundary

conditions can be obtained as [24,25]{
d− l2∆d = 0 in Ω,

∇d · n = 0 on ∂Ω,
(2.7)

where ∆(•) is the Laplace operator. The corresponding weak form is obtained as∫
Ω

[
dδd+ l2(∇d) · (∇δd)

]
dΩ = 0.

After the domain Ω is discretized by a finite element mesh, assume that at node A the cor-

responding test function is δdA(x) = NA(x), and the phase-field solution can be expressed

as

d(x) = NB(x)dB,

where dB is the phase-field nodal solution and the Einstein summation is used. Then, the

following linear system can be formed as

Kd = 0, (2.8)

where the component of the stiffness matrix K is

KAB =

∫
Ω

[
NANB + l2(∇NA) · (∇NB)

]
dΩ = (NA, NB) + (l2∇NA,∇NB).

In the above equation, (•, •) is the standard bilinear operator, and the solution vector d is

composed of the phase-field value at individual finite element node.

2.2 Adaptive mesh refinement

As discussed above, the diffusive representation of the crack converges to the sharp crack

topology when the phase-field length-scale l goes to zero. In practice, it is important to

use a small value of l, and the mesh size h inside the crack region needs to be smaller

than the length-scale l. Therefore, the phase-field representation of crack is intrinsically

expensive. For any practical simulations, particularly three-dimensional simulations, it is

prohibitively expensive to use the same fine mesh resolution in the entire computational

domain. Therefore, the adaptive mesh refinement technique becomes necessary.

The idea of the adaptive mesh refinement is to only refine regions of interest, in

this case, the crack region. In this work, the methodology of solve-estimate-mark-refine
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paradigm is adopted. The ”solve” stage means to solve the finite element problem, for

instance, as shown in Eq. (2.8). Once the solution vector is obtained from the ”solve”

stage, the ”estimate” stage is to estimate the error inside each element based on some

criterion. Then, the ”mark” stage is to mark those elements that have large errors for

refinement and those that have small errors for coarsening. Finally, the ”refine” stage

executes the mesh refinement and coarsening. From the above process, it can be seen that

a good error estimator is key to a successful adaptive mesh refinement technique. In this

work, the so-called Kelly error estimator [49] is adopted. The error estimation of element

K is expressed as

η2
K =

∑
F∈∂Ω(K)

cF

∫
∂Ω(K)

[[
a
∂uh
∂n

]]2

dA, (2.9)

where [[•]] represents the jump of the quantity at the element interface, and a∂uh
∂n

is the

solution gradient along the normal direction at the element interface.

During the ”estimate” stage, the error ηK is calculated for each element. During the

”mark” stage, all the elements can be ranked according to their error ηK from high to

low. The top 30% elements, for example, are labeled for refinement, while the bottom

30% elements, for instance, are labeled for coarsening. Then, in the ”refine” stage, the

refinement and the coarsening are executed.

(a) Adaptively refined mesh

1

5

2

Q1

Q1

Q1

3

1

2

Q1

3

4

Q1

re�ne

4

Q1

Q1

(b) Hanging nodes

Figure 2.2: During (a) the adaptive mesh refinement, (b) hanging nodes are generated

at the edges/faces shared by elements of different refinement level. These hanging nodes,

along with the nodes that are prescribed with essential boundary conditions, are treated

as constrained nodes.

In the context of the finite element method with adaptive mesh refinement, Fig. 2.2a

shows an example of an adaptively refined mesh, and Fig. 2.2b shows the hanging nodes
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at the edges/faces shared by elements of different refinement level during mesh refine-

ment. The degrees of freedom associated with the hanging nodes and the nodes that are

prescribed with essential boundary conditions are treated as algebraic constraints in the

assembled linear system. For instance, in Fig. 2.2b, the right element is refined by one

more level than the left element, resulting in a hanging node (node 5) at the interface.

Assume that both elements before the refinement use the bilinear shape functions (Q1).

Then, the degrees of freedom (DoF) of x5 associated with the hanging node (node 5) can

be expressed by the DoFs of x1 and x2 associated with the neighboring nodes (nodes 1

and 2) in the following linear relationship,

x5 =
1

2
x1 +

1

2
x2.

Moreover, if node 4 is prescribed with an essential boundary condition, then the DoF of

x4 associated with this node can be written as

x4 = k4,

where k4 represents the prescribed value. In general, the DoF of a constrained node can

be expressed in the following linear relationship

xi = cijxj + ki,

where cij represents the coefficients due to the hanging-node constraints and ki repre-

sents inhomogeneous constraints such as the essential boundary conditions. The entire

constraints can be written in a linear system as below:

x = Cx+ k.

Particularly, the coefficient matrix C is idempotent, meaning that C2 = C. For a linear

system Ax = b with the above set of constraints, the following modified linear system [50]

can be solved instead (
CTAC + Idc

)
x̂ = CT (b−Ak) (2.10)

and then, the true solution x can be recovered as

x = Cx̂+ k. (2.11)

In the modified linear system, the matrix Idc is defined as

(Idc)ij =


0 if i 6= j,

1 if i = j ∈ T ,
0 if i = j 6∈ T ,

where T represents the set of the DoFs of the constrained nodes, including the hanging

nodes and the nodes prescribed with essential boundary conditions. Obviously, for a linear

system without any nodal constraints, we have C = I, Idc = 0, and k = 0.

18



2.3 Numerical examples for crack topology represen-

tation

In this section, several two-dimensional (2D) and three-dimensional (3D) numerical exam-

ples are provided to demonstrate the phase-field representation of the crack topology. In

all the numerical examples, the phase-field length-scale is chosen as l = 0.005 mm, and the

finite element mesh is adaptively refined multiple times based on the phase-field solution

obtained by solving the linear system given in Eq. (2.8).

2.3.1 Single crack in 2D

In the first example, a single preexisting crack is located in the center of the unit square

computational domain. The Dirichlet boundary condition is set such that at the sharp

crack the phase-field value is d = 1.0. The initial coarse finite element mesh is consecu-

tively refined based on the solve-estimate-mark-refine paradigm. Figure 2.3 illustrate the

phase-field distribution obtained from various numbers of adaptive mesh refinement. As

the number of adaptive refinement increases, the phase-field provides a more and more

accurate representation of the original sharp crack topology. Due to the adaptive mesh

refinement, instead of the global mesh refinement, only the mesh around the sharp crack

region is refined. Therefore, the computational cost does not increase significantly during

the adaptive mesh refinement.

2.3.2 Intersecting cracks in 2D

In the second example, two preexisting cracks intersect with each other inside the unit

square computational domain. Similarly, the Dirichlet boundary condition is set such

that at the two sharp cracks the phase-field value is set as d = 1.0. Figure 2.4 show

the phase-field distribution that represents the two intersecting cracks. As the number of

adaptive mesh refinement increases, the phase-field provides a more and more accurate

representation of the original sharp crack topology. Similar as before, only regions near the

crack region need to be refined, which is the advantage of the adaptive mesh refinement

technique.
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(a) Original coarse mesh (b) Adaptively refined 4 times

(c) Adaptively refined 9 times

Figure 2.3: Single crack in 2D. A single preexisting crack inside the unit square computa-

tional domain is represented by the phase-field d(x). The quality of the solution improves

as the number of the adaptive mesh refinement increases.

2.3.3 Single crack in 3D

As the last numerical example in this chapter, a single preexisting crack inside a 3D solid

is represented by the phase-field. Generally, 3D finite element simulations are intrinsically

expensive since the number of degrees of freedom increases in a cubic fashion during

mesh refinement. Therefore, the adaptive refinement technique is indispensable for 3D

phase-field crack modeling to control the increase of the computational cost. As shown

in Fig. 2.5, the phase-field approach can also straightforwardly represent the sharp crack

topology inside 3D solids.
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(a) Original coarse mesh (b) Adaptively refined 4 times

(c) Adaptively refined 9 times

Figure 2.4: Intersecting 2D cracks. Two preexisting cracks intersect with each other in

the unit square computational domain. The phase-field method can easily represent the

topology of the intersecting sharp cracks.

2.4 Summary

Representing complex crack geometry is challenging in finite element simulations. The

phase-field method provides an effective framework to represent the sharp crack topology

in a diffusive manner. The phase-field method solves a Laplace-type boundary value prob-

lem, which is straightforward to implement. Furthermore, the adaptive mesh refinement

technique is introduced to confine the high mesh resolution refinement only to the crack

region, which is crucial to reduce the computational cost. This chapter only focused on

presenting the phase-field method and the corresponding numerical implementations to

represent preexisting cracks. The cracks themselves, however, do not develop or propa-

gate. In the next chapter, the phase-field crack modeling will be further combined with

the balances of linear and angular momentum equations, in which the crack will evolve

and propagate under mechanical loading conditions.
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(a) Original coarse mesh (b) Adaptively refined 4 times

(c) Adaptively refined 7 times

Figure 2.5: Single 3D crack. The phase-field can also represent sharp crack in three-

dimensional problems, and the adaptive mesh refinement is crucial to control the compu-

tational cost.
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Chapter 3

Phase-field model of crack

propagation

In this chapter, the phase-field method is developed to model crack propagation due to

mechanical and thermal loads. First, the total energy functional considering the energy

dissipation associated with the crack propagation is introduced. Then, the variational

method is applied to obtain the Euler-Lagrange equations that govern the crack propaga-

tion process. Since the total energy functional involves both the displacement field and the

phase-field, the crack propagation can be treated as a coupled problem. Due to the non-

convexity of the total energy functional, the classical Newton-Raphson iterations typically

encounter convergence difficulties. Therefore, the phase-field crack problem can be solved

by either a monolithic approach [51] that simultaneously solves for the displacement field

and the phase-field, or a staggered approach [24] that solves for the displacement field

and the phase-field alternately. The above algorithms are further combined with a heat

conduction equation to model the crack propagation under thermal loads.

3.1 Energy principle

In this section, the total energy functional for the crack propagation is introduced. Based

on this energy functional, the phase-field crack propagation problem is expressed as a

minimization problem. In order to prevent crack from self-healing, the history variable

approach is adopted [24]. Then, the corresponding Euler-Lagrange equations are derived.

23



3.1.1 Total energy functional

The minimum potential energy principle is the foundation of the finite element method

in solid mechanics. For a linear elastic problem without any damage involved, the total

energy functional of an intact material Π can be written as

Π = U + V

where U and V are the strain energy stored in the deformed material and the work asso-

ciated with external forces applied to the material, respectively. However, when fracture

is introduced, the total potential energy must include the dissipation term since the for-

mation of crack surface dissipates energy. As discussed in [36], the total potential energy

of a material sample containing cracks is expressed as

Π = E + Ed −Wext (3.1)

where E, Ed, and Wext are the strain energy degraded due to damage, the dissipation

energy due to crack propagation, and external work respectively. Let u(x) represent the

unknown displacement field vector and d(x) represent the unknown phase-field scalar.

The energy functional of the fractured solid system is expressed as

Π(u, d) =

∫
Ω

ψ(ε(u), d) dV +

∫
Ω

gcγ(d,∇d) dV −
∫

Ω

b · u dV −
∫
∂Ω

p · u dA, (3.2)

where b is the body force, p is the traction load, ε = ∇(s)u is the small deformation

linear strain tensor, ψ represents the strain energy density function, gc is the critical

energy release rate, and Γl is an approximation of the crack surface area. Particularly, the

approximated crack surface Γl is defined as

Γl(d) =

∫
Ω

γ(d,∇d)dΩ =

∫
Ω

1

2l

(
d2 + l2∇d · ∇d

)
dΩ, (3.3)

where γ(d,∇d) is considered as the crack surface density function, and l is the phase-field

length-scale parameter.

3.1.2 Minimization

The total energy functional depends on both the phase-field d(x) and the displacement

field u(x). When crack propagates, the distribution of the crack always minimizes the

total energy functional Π. Firstly addressed by Francfort and Marigo [36,37], the fracture
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problem is converted into an optimization problem. The displacement field and the phase-

field can be solved by minimizing the total energy functional

(u, d) = arg min
u,d∈Wu,Γ

{Π(u, d)} (3.4)

where Wu,Γ is a set of boundary conditions for the arguments. Following this approach,

the crack propagation problem is expressed as the above minimization problem.

3.1.3 Degradation function

When damage is involved, the energy stored in materials is dissipated. Therefore, a

degradation function needs to be introduced to represent the effect of damage. During

crack propagation, it is assumed that the elastic strain energy is only degraded due to

the tensile effect while the compression has no contribution to fracture [24]. Based on

this assumption, the degradation function is only applied to the tensile part of the strain

energy. Thus, the strain energy density is modified as [24,25]

ψ(ε, d) = g(d)ψ+(ε) + ψ−(ε), (3.5)

where g(d) is a degradation function, ψ+ is the strain energy associated with the tensile

effect, and ψ− is the strain energy associated with compression.

The phase-field d(x) indicates the damage in the material, which causes the degrada-

tion of the stored elastic energy. As a result, a degradation function needs to be introduced.

The degradation function should satisfy following properties
g(0) = 1,

g(1) = 0,

g′(1) = 0,

g′(d) < 0.

The physical meanings of these equations are:

• in an intact material, d = 0, the energy stored in material has no degradation;

• in a fully damaged material, d = 1, the stored elastic energy is reduced to 0;

• in a fully damaged material, the phase-field can no longer evolve;

• when damage increases, the remaining elastic energy decreases.
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The degradation function adopted in this work is expressed as the following quadratic

form [24,25]

g(d) = (1− d)2. (3.6)

Notice that Eq. (3.6) is only one of the possible degradation functions. There are many

other functions satisfying the above features. For example, the cohesive zone hypothesis

might be combined with the phase-field model [28], resulting in new forms of degradation

function.

3.1.4 Strain energy decomposition

In order to consider the different effects between the tension and compression on the strain

energy degradation, the strain tensor is decomposed as the tensile and the compression

parts [24, 25]

ε = ε+ + ε− (3.7)

The positive and negative strain tensors are defined as

ε± =
∑
α

〈εα〉±Mα, (3.8)

where

Mα = nα ⊗ nα

and the bracket operators 〈·〉 are defined as

〈x〉± =
x± |x|

2
.

In the above equation, εα and nα represent a pair of eigenvalue and eigenvector of the

strain tensor ε. The derivatives of the positive and negative strain tensors ε+ and ε−

define the following two projection tensors [24]

P± :=
∂ε±

∂ε
(3.9)

Let H(x) represent the Heaviside function

H(x) =

1 x ≥ 0,

0 x < 0.
(3.10)

The expressions of the two projection tensors P+ and P− are based on the work by Miehe

and Lambrecht [52,53]. First, a fourth-order tensor is defined as

Gαβ = nα ⊗ nβ ⊗ nα ⊗ nβ + nα ⊗ nβ ⊗ nβ ⊗ nα.
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For the expression of P+, we introduce the scalar

ϑ+
αβ =


〈εα〉+ − 〈εβ〉+

εα − εβ
, if εα 6= εβ,

H(εα) +H(εβ)

2
, if εα = εβ.

Then,

P+ =
∂ε+

∂ε
=
∑
α

H(εα)Mα ⊗Mα +
1

2

∑
α

∑
β 6=α

ϑ+
αβ

Gαβ + Gβα

2
.

For the expression of P−, we introduce the scalar

ϑ−αβ =


〈εα〉− − 〈εβ〉−

εα − εβ
, if εα 6= εβ,

H(−εα) +H(−εβ)

2
, if εα = εβ.

Then,

P− =
∂ε−

∂ε
=
∑
α

H(−εα)Mα ⊗Mα +
1

2

∑
α

∑
β 6=α

ϑ−αβ
Gαβ + Gβα

2
.

The fourth-order projection tensors P+ and P− have the following properties:

P+ : ε = ε+, P+ : ε+ = ε+, P− : ε = ε−, P− : ε− = ε−

and

P+ : ε− = 0, P− : ε+ = 0.

In an intact material, the elastic energy density function can be expressed by the strain

tensor ε as

ψ(ε) =
1

2
λtr2ε+ µε : ε,

where λ and µ are the Lamé parameters, and trε is the trace of the strain tensor. Using the

decomposition of the strain tensor, ψ can be simultaneously decomposed into the tensile

and the compression parts as

ψ±(ε) =
1

2
λ〈trε〉2± + µε± : ε±. (3.11)

Based on the degraded strain energy function in Eq. (3.5), the stress tensor is expressed

as

σ =
∂ψ(ε, d)

∂ε
= g(d)σ+ + σ−, (3.12)

where

σ± = λtr〈ε〉±I + 2µε±. (3.13)
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The stress-strain tensor D is defined as [54,55]

D =
∂σ

∂ε
= g(d)

∂σ+

∂ε
+
∂σ−

∂ε
= g(d)D+ + D− (3.14)

where

D± = λH(±trε)I ⊗ I + 2µP± (3.15)

and I is the second-order identity tensor.

3.1.5 History strain energy

According to the second law of thermodynamics, as the external load is released, the crack

should not heal itself. Thus, the phase-field irreversibility conditions needs to be enforced.

In this work, the so-called history variable approach is adopted [24]. The history variable

is defined as

H(x, t) = max
s∈[0,t]

ψ+(ε(x, s)). (3.16)

Numerically this history field enforces the crack propagation irreversibility condition,

which will be shown later.

3.2 Weak form and finite element formulation

Based on the total energy functional and the variational principle, the weak form could

be derived. Based on the weak form, the finite element method is adopted to obtain the

discretized linear system.

3.2.1 Construction of the weak form

The variational approach can be applied to the minimization problem shown in Eq. (3.4).

δΠ = Dδu,δdΠ(u, d)

=
d

dε

∣∣∣∣
ε=0

Π(u+ εδu, d+ εδd)

=

∫
Ω

(
∂ψ

∂ε
: ε(δu) +

∂ψ

∂d
δd)dV +

∫
Ω

(
gc
l
dδd+ gcl∇d · ∇δd)dV

−
∫

Ω

b · δudV −
∫
∂Ω

p · δudA

= (∇sδu,σ)− (δu, b)− (δu,p)∂Ω + (δd,
gc
l
d) + (∇δd, gcl∇d) + (δd, g′(d)ψ+)
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In the above calculation, the partial derivative of Eq. (3.5) gives

∂ψ

∂d
= g′(d)ψ+.

Considering the history variable approach to enforce the phase-field irreversibility condi-

tion, ψ+ is replaced by the history field variable H. Therefore, the modified first-order

variation of the total energy functional is obtained as

δΠ = (∇sδu,σ)− (δu, b)− (δu,p)∂Ω + (δd,
gc
l
d) + (∇δd, gcl∇d) + (δd, g′(d)H). (3.17)

3.2.2 Euler-Lagrange equations

The integral terms in the weak form can be further expanded with the divergence theorem∫
Ω

∂ψ

∂ε
δεdV =

∫
Ω

σijδεijdV

=

∫
Ω

σij
δui,j + δuj,i

2
dV

=

∫
Ω

σijδui,jdV

= −
∫

Ω

σij,jδuidV +

∫
Ω

(σijδui),jdV

= −
∫

Ω

∇ · σδudV +

∫
∂Ω

σ · nδudA

and ∫
Ω

gcl∇d∇δddV = gcl

∫
Ω

d,iδd,idV

= gcl

∫
Ω

(δdd,i),idV − gcl
∫

Ω

δdd,iidV

= gcl

∫
∂Ω

∇d · nδddA− gcl
∫

Ω

∇2dδddV

.

The weak form shown in Eq. (3.17) can be expressed as

δΠ(u, d) = −
∫

Ω

[∇ · [g(d)σ+ + σ−] + b]δudV +

∫
∂Ω

[(g(d)σ+ + σ−) · n− p]δudA

+

∫
Ω

[g′(d)H +
gc
l

(d− l2∇2d)]δddV +

∫
∂Ω

gcl∇d · nδddA

(3.18)

Therefore, the Euler-Lagrange equations obtained from the variational principle of the

total energy functional can be expressed as the governing partial differential equations
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and the corresponding boundary conditions of the phase-field and the displacement field:g′(d)H + gc
l
(d− l2∇2d) = 0 in Ω

∇ · [g(d)σ+ + σ−] + b = 0 in Ω
(3.19a)


∇d · n = 0 on ∂Ω

[g(d)σ+ + σ−] · n = p on ∂Ωh

u = ū on ∂Ωu

(3.19b)

It is noticeable that the degradation function only affects the positive part of the strain

energy, making the displacement field in Eq. (3.19a) non-linear, which is known as the

anisotropic energy model [25]. In the phase-field equation, the driving force of the phase-

field can be defined as

Fd = −g′(d)H, (3.20)

that is, the phase-field is driven by the maximum value of the positive strain energy in

history.

3.2.3 Finite element discretization

Based on Eq. (3.17), the residuals related to the displacement field and the phase-field are

calculated as

ru = (∇sδu,σ)− (δu, b)− (δu,p)∂Ω (3.21a)

rd = (δd,
gc
l
d) + (∇δd, gcl∇d) + (δd, g′(d)H) (3.21b)

Inside a typical Newton-Raphson iteration, the coupled system is linearized asD∆uru +D∆dru = −ru,

D∆urd +D∆drd = −rd,
(3.22)

where

D∆uru = (∇sδu,
∂σ

∂ε
: ε(∆u)),

D∆dru = (∇sδu,
∂σ

∂d
: ∆d),

D∆urd = (δd, g′(d)
∂H
∂ε

: ε(∆u)),

D∆drd = (δd, ((
gc
l

+ g′′(d)H))∆d) + (∇δd, gcl∇(∆d)).
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The computational domain is discretized by a finite mesh. Using the shape functions, the

displacement field and the phase-field can be expressed as

uh =
∑
A

NuA(x)uA, (3.24a)

dh =
∑
A

NdA(x)dA, (3.24b)

and their gradients are discretized as

εh =
∑
A

BA(x)uA, (3.25a)

∇dh =
∑
A

∇NdA(x)dA, (3.25b)

where the matrices Nu,∇Nd and B are defined as

NuA(x) =

NuA 0 0

0 NuA 0

0 0 NuA

 ,
∇NdA(x) =

[
∂NdA

∂x
∂NdA

∂y
∂NdA

∂z

]T
,

BA(x) =



∂Nu
A

∂x
0 0

0
∂Nu

A

∂y
0

0 0
∂Nu

A

∂z
∂Nu

A

∂y

∂Nu
A

∂x
0

0
∂Nu

A

∂z

∂Nu
A

∂y
∂Nu

A

∂z
0

∂Nu
A

∂x


.

Based on the linearization shown in Eq. (3.22), inside a Newton-Raphson iteration, the

solution update can be written as[
u(k+1)

d(k+1)

]
=

[
u(k)

d(k)

]
+

[
K

(k)
uu K

(k)
ud

K
(k)
du K

(k)
dd

]−1 [
−r(k)

u

−r(k)
d

]
. (3.27)

The finite element form can be obtained by replacing test functions in the weak form with

the shape functions,

Kuu =

∫
Ω

BT
A[g(d)D+ + D−]BBdV, (3.28a)

Kud =

∫
Ω

BT
Ag
′(d)σ+NdBdV, (3.28b)
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Kdu =

∫
Ω

NT
Ag
′(d)

∂H
∂ε

BBdV, (3.28c)

Kdd =

∫
Ω

g′′(d)HNT
dANdBdV +

∫
Ω

gc
l
NT
dANdBdV +

∫
Ω

gcl∇NT
dA∇NdBdV, (3.28d)

ru =

∫
Ω

BT
A[g(d)D+ + D−]BBdV u−

∫
Ω

NT
uA · bdV −

∫
∂Ω

NT
uA · pdA, (3.28e)

rd =

∫
Ω

gc
l
NT
dAN

T
dBdV d+

∫
Ω

gcl∇NT
dA∇NT

dBdV d+

∫
Ω

g′(d)HNT
dAdV. (3.28f)

3.3 Solving strategies

Since the total energy functional shown in Eq. (3.2) is non-convex, the conventional

Newton-Raphson iterations typically encounter convergence difficulties [37, 38]. In this

section, two approaches to solve the above phase-field crack problem are presented. The

first approach is based on the so-called alternate minimization [24], which is a type of stag-

gered scheme. The second approach is based on the limited-memory BFGS method [34],

which a type of monolithic scheme.

3.3.1 Alternate minimization

To overcome the convergence issues associated with the non-convex energy functional

shown in Eq. (3.2), one of the possible approach is based on the so-called alternate mini-

mization (AM) [24], which decomposes the coupled displacement-phase-field problem into

two sub-problems. In the first sub-problem, the phase-field is fixed, while the displacement

field is updated, that is,

u(k+1) = u(k) −K(k)
uu

−1
r(k)
u . (3.29)

Once the displacement field u(k+1) is obtained, then, the phase-field driving force shown in

Eq. (3.20) is updated. Using the new driving force, the residual related to the phase-field

equation is further updated to obtain r
(k+1)
d . Finally, the phase-field is updated as

d(k+1) = d(k) −K(k)
dd

−1
r

(k+1)
d . (3.30)

In the alternate minimization approach, the above two equations are solved alternately

until both residuals related to the displacement field and the phase-field are reduced to

the prescribed tolerance. Notice that only Eq. (3.29) related to the displacement field is

non-linear due to the degradation function applied to the positive part of the strain energy

function. On the other hand, Eq. (3.30) is linear.

32



3.3.2 L-BFGS scheme

Although the above AM method can overcome the convergence difficulties due to the

non-convexity of the phase-field fracture energy functional, the number of iterations to

satisfy the convergence criteria can demanding. The Broyden–Fletcher–Goldfarb–Shanno

(BFGS) method [56,57] is shown to be effective to solve the phase-field fracture problems

in a monolithic way [34,51]. Let f(x) represent the total energy functional discretized by

the finite element shape functions. The goal of the BFGS method is to find a solution

x∗ such that the residual r = ∇f(x∗) = 0. In k-th BFGS iteration, let Bk represent

approximation of the Hessian matrix and Hk is the inverse of Bk, i.e. Hk = B−1
k . The

main steps of the BFGS method include the following [56,57]:

• Compute the search direction pk

pk = −Hkrk (3.31)

• Update the solution vector xk+1

xk+1 = xk + αkpk (3.32)

in which αk is step length calculated in a line search procedure.

• Compute intermediate vectors sk,yk

sk = xk+1 − xk (3.33a)

yk = rk+1 − rk (3.33b)

• Update matrix Hk+1

Hk+1 = (I − ρkskyTk )Hk(I − ρkyksTk ) + ρksks
T
k (3.34)

in which

ρk =
1

yTk sk

• Repeat until convergence criteria is satisfied

‖rk‖2 < tol (3.35)
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In the line search procedure, the objective function f(xk+1) is expected to have a sufficient

descent compared with the previous function value f(xk), so a proper step length αk is

required. The strong Wolfe conditions are used to find the value of αk.f(xk + αkpk) ≤ f(xk) + c1αkr
T
k pk

|r(xk + αkpk)pk| ≤ c2|rTk pk|
. (3.36)

The strong Wolfe conditions guarantees that the non-convex function not only has suffi-

cient decrease, but also satisfies the curvature condition

sTk yk > 0. (3.37)

For the phase-field fracture problem, the function to be minimized is the total energy

functional,

f(x) = Π(x)

in which x = [u, d]T is the block vector containing the displacement field and the phase-

field. The total energy functional Π(xk+1) can also be rewritten as a function of the step

length αk in each iteration,

φ(αk) = Π(xk + αkpk) (3.38a)

φ′(αk) = r(xk + αkpk)
Tpk. (3.38b)

Based Eqs. (3.36) and Eq. (3.38), the strong Wolfe conditions are recast asφ(αk) ≤ φ(0) + c1αkφ
′(0)

φ′(αk) ≤ c2 |φ′(0)|
(3.39)

The theory of the strong Wolfe conditions [58] can be illustrated in Fig. 3.1. Assume

that the black curve in Fig. 3.1 φ(αk) is in the current search procedure. When αk = 0,

φ(0) = f(xk), this is the target function value corresponding to current solution. After

this line search procedure, the target function value should be lower than current φ(0).

The exact descent value in a search procedure is difficult to be determined. Alternately,

the gradient information at current solution can be used. The derivative at αk = 0 is

φ′(0) = rTk pk. Let 0 < c1 < 1, the expression of the yellow dash line is then φ =

φ(0) + c1φ
′(0)αk. Any value lower than this yellow dash line on the curve is considered

satisfying the sufficient descent conduction. As shown in Fig. 3.1, if αk is too small, the

value of φ(αk) is still lower than the yellow dash line, however, the absolute value of

descent is not enough. At very small αk value, the gradient of φ(αk) is still large, thus it

can still decrease with increment of αk. When the gradient of φ(αk) decreased to c2φ
′(0),
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Figure 3.1: Theory of strong Wolfe conditions

where c1 < c2 < 1 is adopted to prevent the gradient in each search procedure has too

large fluctuation, the descent of target function in current search procedure is considered

enough. However, if αk is too large, it might exceed the minimum point, thus, the absolute

value is applied, φ(αk) ≤ c2 |φ′(0)|, which is shown by the two blue dash lines.

The disadvantage of the conventional BFGS method is that the fully dense Hessian

matrix has to be stored, making the requirement of memory impractical. Thus, it is

necessary to improve the algorithm to save the required computer memory. To achieve the

limited-memory feature, inside the k-th iteration, the search direction shown in Eq. (3.31)

is calculated via a two-loop recursive process, as shown in Algorithm 3.1. Instead of

storing the full dense n×n Hessian matrix, only a few vectors of size n are stored. In this

algorithm, an integer m̂ = min(m, k) is defined, where m represent the maximum number

of vector pairs.
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Algorithm 3.1 Two-loop recursive process to calculate the search direction inside the

k-th iteration [34] .

Input:

residual rk

1: m̂ = min {m, k}
2: for i = k − 1, ..., k − m̂ do

3: calculate ρi = 1
yT
i si

4: calculate αi = ρis
T
i rk

5: rk ← rk − αiyi
6: end for

7: pk = H0
krk

8: for i = k − m̂, ..., k − 1 do

9: β = ρiy
T
i pk

10: pk ← pk + si(αi − β)

11: end for

12: pk ← −1× pk
13: return pk

3.3.3 Algorithms

The algorithms for the alternate minimization and the limited-memory BFGS method

are provided in the Algorithms 3.2, 3.3, and 3.4. These algorithms are implemented in

deal.II [48], which is an open-source C++ finite element library. All the source codes and

input files used in this thesis can be found on GitHub1.

3.4 Thermal-induced cracks

In many engineering systems, such as the thermal barrier coating that is widely used

in aerospace engineering, cracks are induced not only by mechanical loading but also

thermal effects. The phase-field crack simulation can incorporate the thermal responses

by introducing the thermal conduction problem into the coupled system. In this section,

the computational framework of the phase-field crack simulation is expanded to take the

thermal effects into consideration.

1https://github.com/taojinllnl/
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Algorithm 3.2 Phase-field fracture algorithm inside a load step

Input:

t,∆t . simulation time, step size

necessary information . meshing, materials properties,...

Output:

solution vectors un+1,dn+1 or block solution vector [un+1,dn+1]T

1: for tn = 0,∆t, ..., t−∆t do . time steps

2: if AM used then

3: uk ← un,dk ← dn . initialize solution vectors for AM iterations

4: else if L-BFGS used then

5: [uk,dk]
T ← [un,dn]T . initialize block solution vector for L-BFGS iterations

6: end if

7: for k = 1, ..., kmax do

8: if AM used then

9: call Algo. 3.3

10: else if L-BFGS used then

11: call Algo. 3.4

12: end if

13: calculate ∆Π . increment of energy

14: if ∆Π < tol then

15: break

16: end if

17: end for

18: if AM used then

19: un+1 ← uk,dn+1 ← dk . update values at current time step

20: return dn+1,un+1

21: else if L-BFGS used then

22: [un+1,dn+1]T ← [uk,dk]
T

23: return [dn+1,un+1]T

24: end if

25: if ψ+ > H then . update history field

26: H ← ψ+

27: else

28: H ← H
29: end if

30: end for
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Algorithm 3.3 Alternate minimization in the k-th iteration

Input:

solution vectors at beginning of iteration uk,dk

imax, tol . max Newton-Raphson iteration and tolerance of residual

Output:

uk+1,dk+1

1: for i = 1, ..., imax do . Newton-Raphson method for non-linear displacement field

2: calculate uik using Eq. (3.29)

3: if ru < tol then

4: uk+1 = uik
5: break

6: end if

7: end for

8: calculate dk+1 using Eq. (3.30) . linear equation is only solved once

9: return uk+1,dk+1

Algorithm 3.4 L-BFGS algorithm in the k-th iteration

Input:

solution vector at beginning of iteration xk . xk = [uk,dk]
T in this problem

Output: xk+1

1: calculate residual rk

2: call Algo. 3.1 to calculate search direction pk

3: calculate φ(0) = Π(xk) and φ′(0) = rkpk

4: calculate line search parameter αk satisfying strong Wolfe conditions

5: calculate increment ∆x = αkpk, and xk+1 = xk + ∆x

6: if k > m then

7: Remove vector pair {sk−m, yk−m}
8: end if

9: calculate inverse of Hessian matrix Hk+1

10: add vector pair {sk, yk}
11: return xk+1
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3.4.1 Heat conduction problem

The evolution and distribution of the temperature field T (x, t) are expressed by the fol-

lowing partial differential equation:

cρ
∂T

∂t
= κ∇2T + q, (3.40)

where c is the specific heat capacity, ρ is the material density, κ is the heat conductivity

tensor, and q is the heat source. Introducing the test function δT , the weak form of the

above equation can be obtained as∫
Ω

δTcρ
∂T

∂t
dV +

∫
Ω

δ∇Tκ∇TdV =

∫
Ω

δTqdV −
∫
∂Ω

δTJ · ndA (3.41)

where J is the heat flux at the domain boundary defined as

J = −κ∇T. (3.42)

Using the standard finite element method and the backward Euler method, the above

weak form can be solved to obtain the temperature field when the Dirichlet and Neumann

boundary conditions as well as the initial conditions are provided.

3.4.2 Thermal stress

The temperature distribution in the computational domain generates the so-called thermal

strain, which subsequently causes changes in the stress distribution. The thermal strain

can be calculated as

εT = α(T − Tref )I, (3.43)

where Tref is the reference temperature, α is the thermal expansion coefficient, and I is

the second-order identity tensor. Considering the thermal effect, the total stress is then

modified as

σ = D(ε− εT ), (3.44)

where D is the 4-th order material elasticity tensor. Introducing the thermal stress, the

weak form of the balance of the linear momentum is modified as∫
Ω

D(ε− εT )δεdV −
∫

Ω

b · δudV −
∫
∂Ω

p · δudA = 0, (3.45)

where b represents the body force and p represents the surface traction force. After

considering the thermal effect in the thermal strain, the strain decomposition is performed

as before to obtain the tensile part and compression part. Then, the procedures described

in Section 3.2 are followed for the phase-field crack simulation.
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3.4.3 Solving strategy of thermal-induced phase-field problem

Generally speaking, after considering the thermal effects, the phase-field crack simulation

becomes a three-field coupled problem that includes the displacement field u, the phase-

field d, and the temperature field T . Inside the k-th nonlinear iteration, the solution can

be updated according to the following incremental form,u(k+1)

d(k+1)

T (k+1)

 =

u(k)

d(k)

T (k)

+

K
(k)
uu K

(k)
ud K

(k)
uT

K
(k)
du K

(k)
dd K

(k)
dT

K
(k)
Tu K

(k)
Td K

(k)
TT


−1 −r

(k)
u

−r(k)
d

−r(k)
T

 . (3.46)

In this work, it is assumed that the displacement field and the phase-field have no impact

on the temperature field [59]. Therefore, some of the off-diagonal terms in the above block

matrix are zero, that is,

K
(k)
Tu = K

(k)
Td = 0.

Furthermore, it is assumed that the temperature field has no direct impact on the phase-

field, and therefore,

K
(k)
dT = 0.

Considering the above assumptions, the coupled nonlinear iteration becomesu(k+1)

d(k+1)

T (k+1)

 =

u(k)

d(k)

T (k)

+

K
(k)
uu K

(k)
ud K

(k)
uT

K
(k)
du K

(k)
dd 0

0 0 K
(k)
TT


−1 −r

(k)
u

−r(k)
d

−r(k)
T

 . (3.47)

During the finite element formulation, the temperature field is discretized using the same

finite element mesh for the phase-field and the displacement. Based on the shape function,

the temperature field is expressed as

T h =
∑
A

NTA(x)TA, (3.48)

and its gradient is written as

∇T h =
∑
A

∇NTA(x)TA, (3.49)

where

∇NTA(x) =
[
∂NTA

∂x
∂NTA

∂y
∂NTA

∂z

]T
.

Subsequently, the residual and the stiffness matrix related to the temperature field (heat

conduction) are defined as

rT = −
∫

Ω

q̇NT
TAdV +

∫
∂ΩJ

NT
TAJdA−

∫
Ω

∇NT
TAκ∇NT

BdV T +M
∆T

∆t
(3.50)
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and

KTT = ∆t

∫
Ω

∇NT
TAκ∇NTBdV +M , (3.51)

where M is the mass matrix defined as

M =

∫
Ω

cρNT
TANTBdV.

Moreover, the thermal-mechanical coupling term is defined as [59]

KuT =

∫
Ω

BT
A

∂σ

∂T
NTBdV. (3.52)

Notice that in Eq. (3.47), the stiffness matrix has the non-zero coupling term KuT

between the displacement field and the temperature field, making the matrix unsymmetric.

The staggered approach is adopted to solve this three-field coupled problem. That is, the

full problem is decoupled into two sub-problems. The first sub-problem concerns about

the heat conduction, from which the temperature field is obtained. Then, in the second

sub-problem, the temperature field is fixed, and the phase-field and the displacement field

are obtained simultaneously using the limited-memory BFGS approach represented in

Section 3.3. That is, the temperature field is firstly obtained in each time step by solving

T (k+1) = T (k) −K(k)−1
TT r

(k)
T , (3.53)

which is a linear equation and can be solved using either the direction solvers such as the

LU decomposition or the iteration solvers such as the conjugate-gradient method. Then,

the second sub-problem in Eq. (3.47) can be expressed as[
u(k+1)

d(k+1)

]
=

[
u(k)

d(k)

]
+

[
K

(k)
uu K

(k)
ud

K
(k)
du K

(k)
dd

]−1 [
−r(k)

u

−r(k)
d

]
. (3.54)

Notice that in the above equation, the newly obtained temperature field is fixed and

influences the stress field according to Eq. (3.44). Alternatively, the fully coupled three-

field problem can be solved according to the fully staggered approach, that is, the whole

problem is decomposed into three sub-problems, each of which is related to the temperature

field, the displacement field, and the phase-field, separately. Following this fully staggered

strategy, the stiffness matrix can be simplified as a 3×3 diagonal matrix [60]. The solving

scheme can be further degraded into three sub-equations isolated from each other

T (k+1) = T (k) −K(k)−1
TT r

(k)
T ,

u(k+1) = u(k) −K(k)−1
uu r(k)

u ,

d(k+1) = d(k) −K(k)−1
dd r

(k)
d .

(3.55)
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Figure 3.2: Algorithm design for the thermal-induced phase-field crack modeling that

involves the temperature, the displacement, and the phase-field.

3.5 Summary

Several algorithms are represented to solve the phase-field crack propagation problems

under external loads, such as mechanical loads and thermal loads.Starting from the concept

of the total energy functional, the weak form of the phase-field method is constructed

by the variational principle. It is a widely adopted assumption that only the tensile

principal stresses have effects on the crack propagation, so the spectrum decomposition

algorithm is utilized to split the stress. Since the existence of cracks reduces the elastic

energy stored in materials, a degradation function is introduced. According to second law

of thermodynamics, crack should not self-heal. Therefore, a history field is introduced

to enforce the crack propagation irreversibility. Due to the non-convex nature of the

total energy functional of the phase-field fracture, the convergence issue is a challenge

for numerical simulations. Thus, two solving schemes, the alternate minimization (AM)

and the limited-memory BFGS (L-BFGS) are presented. The AM method decouples the

system into two sub-problems. It fixes one of the fields while solving for the other until

convergence criteria are reached. The L-BFGS method, on the other hand, solves for the

coupled fields simultaneously. It solves for the search direction by using an approximated

Hessian matrix and deciding a step length in each search procedure via the strong Wolfe

conditions. These two algorithms are further combined with a heat conduction problem to
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simulate the thermal-induced fracture problems. For the thermal-induced crack problems,

the temperature field is firstly isolated from the coupled system. Then, either the staggered

or the monolithic approach can be adopted to solve the mechanical sub-problem. Figure 3.2

illustrates the algorithm design and the finite element implementation of the thermal-

induced phase-field crack problem.
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Chapter 4

Numerical examples

Based on the computational method for the phase-field crack simulation and the corre-

sponding solving strategies, several numerical examples are provided in this chapter. In

the first part, several crack propagation problems due to mechanical loading conditions

are provided. In the second part, several crack propagation problems due to the ther-

mal effects are presented. All the numerical algorithms and finite element simulations are

implemented and performed in deal.II [48], which is an open-source C++ finite element

library. All the source codes and input files used in this thesis can be found on GitHub1.

4.1 Crack propagation caused by mechanical load

In this section, the simulations of crack propagation due to externally applied mechanical

loads are provided. The first problem is about the crack propagation under tension. The

second problem is about the crack propagation under shear. The third problem is about

the crack propagation under bending. The last problem involves the crack propagation

in a plane with three unsymmetrical holes to demonstrate the capability of the developed

algorithms in dealing with complex geometries. The material properties used in these test

cases under mechanical loads are listed in table 4.1.

1https://github.com/taojinllnl/
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Table 4.1: Material properties for the four test cases under mechanical loading.

Test case Lamé λ (GPa) Lamé µ (GPa) critical energy release rate gc (kN/mm)

Simple tension test 121.15 80.77 2.7× 10−3

Simple shear test 121.15 80.77 2.7× 10−3

Simple bending test 6.16 10.95 9.5× 10−3

Three-holes test 1.94 2.45 2.28× 10−3

If the Young’s modulus E and the Poisson’s ratio ν are known, then the Lamé param-

eters λ and µ can be calculated by [61]

λ =
Eν

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
. (4.1)

If the Lamé parameters λ and µ are known, then the Young’s modulus E and the Poisson’s

ratio ν can be calculated by

E =
µ(3λ+ 2µ)

λ+ µ
, ν =

λ

2(λ+ µ)
. (4.2)

4.1.1 Simple tension test

In this example, a 1.0×1.0 mm specimen with a 0.5 mm preexisting crack is under uniform

tensile load. The boundary conditions are applied such that the bottom left corner of the

domain is fixed in both x- and y-directions. The bottom edge is fixed in the y-direction,

and the top edge is applied with a displacement-controlled load uy in the y-direction. The

phase-field length-scale parameter is chosen as l = 0.0075 mm. Since the crack propagation

path is known a priori, which extends the preexisting crack until it reaches the right edge

of the sample, the mesh is pre-refined around the anticipated propagation path.

Figure 4.1 shows the pre-refined finite element mesh and the fully developed crack

pattern obtained via the alternate minimization (AM) approach and the limited-memory

BFGS (L-BFGS) approach. When the top-edge displacement is uy = 6.0× 10−3 mm, the

crack propagates abruptly from the tip of the preexisting crack (the center of the domain)

to the right edge of the domain. The crack path follows the pre-refined mesh as expected.

Figure 4.2 illustrates the normal stress σ22 distribution at different loading stages. Before

the crack propagation, the stresses almost uniformly increase. After the crack propagation,

the stresses are suddenly released.

Figure 4.3 shows the force-displacement relationship of the simple tension test. The

sample loses load bearing capacity at the critical load step in which the crack fully develops.
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(a) Finite element mesh

(b) Crack path by AM method (c) Crack path by L-BFGS method

Figure 4.1: Crack propagation under simple tension inside a unit square (1.0 mm edge

length) with a preexisting crack of 0.5 mm long. The preexisting crack is from the center

of the left edge to the center of the domain. The boundary conditions are applied such

that the bottom left corner of the domain is fixed in both x- and y-directions. The bottom

edge is fixed in the y-direction, and the top edge is applied with a displacement-controlled

load uy in the y-direction. The mesh is pre-refined along the anticipated path that is

known a priori.

Furthermore, the results obtained from the alternate minimization (AM) approach and the

limited-memory BFGS (L-BFGS) approach are identical. Due to the non-convexity of the
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(a) σ22 distribution at u = 0.005 mm (b) σ22 distribution at u = 0.062 mm

Figure 4.2: Normal stress σ22 (GPa) distribution of simple tension test: Maximum stress

gradually increases before crack propagation and suddenly drops after crack propagation.

Figure 4.3: Load-displacement relationship of the simple tensile test obtained from the al-

ternate minimization (AM) approach and the limited-memory BFGS (L-BFGS) approach.

total energy functional of the phase-field crack formulation, conventional Newton-Raphson

iterations encounter convergence difficulties during the critical load step.
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4.1.2 Simple shear test

In this example, the same specimen used in the previous simple tension test is under a

shear load. The boundary conditions are applied such that the bottom edge is fixed in

both x- and y-directions. The top edge is fixed in the y-direction and is applied with a

displacement-controlled load ux in the x-direction. The phase-field length-scale parameter

is chosen as l = 0.0075 mm. As shown in Fig. 4.4a, the finite element mesh is pre-refined in

the lower-right quarter of the domain where crack is anticipated to propagate. Figures 4.4b

and 4.4c show the subsequent crack propagation obtained from the alternate minimization

(AM) and the limited-memory BFGS (L-BFGS) approach, respectively.

Figure 4.5 compares the load-displacement relationships obtained from the AM and

the L-BFGS approach, which indicate that both methods give similar results. In this

loading case, the sample starts to lose the shear load bearing capacity when the horizontal

displacement at the top edge reaches to 0.01 mm. Figure 4.6 compares the number of

nonlinear iterations required by the L-BFGS approach and the AM approach during each

load step in the simple shear test. The former, which is a type of monolithic solving

strategy, requires fewer iterations for convergence than the staggered strategy using the

alternate minimization (AM).

4.1.3 Simple bending test

In this example, an L-shape sample with the geometrical dimensions shown in Fig. 4.7a is

fixed at the bottom edge. A displacement-controlled load is applied upward at a location

30.0 mm to the sample’s right edge. Figures 4.7b and 4.7c show the fully developed crack

path obtained from the alternate minimization (AM) and the limited-memory BFGS (L-

BFGS) approach, respectively. Under the displacement-controlled load that is applied

in the vertical direction, the crack initiates at the corner of the L-shape sample and

subsequently propagates under the bending load.

The load-displacement curves obtained from the alternate minimization (AM) and the

limited-memory BFGS (L-BFGS) approach are compared in Fig. 4.8. After the vertical

displacement reaches to 0.24 mm, the L-shape sample starts to lose the load bearing

capacity. Figure 4.9 compares the number of nonlinear iterations required by the L-

BFGS approach and the AM approach during each load step in the simple bending test.

The former, which is a type of monolithic solving strategy, requires fewer iterations for

convergence than the staggered strategy using the alternate minimization (AM).
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(a) Finite element mesh

(b) Crack path by AM method (c) Crack path by L-BFGS method

Figure 4.4: Crack propagation under simple shear inside a unit square (1.0 mm edge

length) with a preexisting crack of 0.5 mm long. The preexisting crack is from the center

of the left edge to the center of the domain. The boundary conditions are applied such

that the bottom edge is fixed in both x- and y-directions. The top edge is fixed in the

y-direction and is applied with a displacement-controlled load ux in the x-direction. The

mesh is pre-refined in the region where crack propagation is anticipated.

4.1.4 Plane with unsymmetrical holes

In this case, a plane containing three unsymmetrical holes [62] is used to demonstrate the

capability of the phase-field crack algorithms to handle complex geometries. As shown in
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Figure 4.5: Load-displacement relationship of the simple shear test obtained from the al-

ternate minimization (AM) approach and the limited-memory BFGS (L-BFGS) approach.
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Figure 4.6: Number of iterations required for convergence in each load step in the simple

shear test problem. The L-BFGS approach, which is a type of monolithic solving strategy,

requires fewer iterations than the staggered approach based on the alternate minimization

(AM).

Fig. 4.10a, a vertical load is applied at the top hole, while the bottom hole is constrained in

both directions. Figures 4.10b and 4.10c compare the fully developed crack path obtained

from the alternate minimization (AM) and the limited-memory BFGS (L-BFGS) approach,

respectively. Both solving strategies can successfully capture the relatively complex crack

propagation path. Figure 4.11 compares the load-displacement relationships obtained from
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(a) Finite element mesh

(b) Crack path by AM method (c) Crack path by L-BFGS method

Figure 4.7: Crack propagation under a displacement-controlled cyclic load in a L-shape

sample. The bottom of the sample is fixed, and the displacement-controlled load uy is

applied in the y-direction.

the AM and the L-BFGS approach. These results are similar to the counterpart reported

in [62].
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Figure 4.8: Load-displacement relationship of the simple bending test obtained from the al-

ternate minimization (AM) approach and the limited-memory BFGS (L-BFGS) approach.
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Figure 4.9: Number of iterations required for convergence in each load step in the simple

bending test problem. The L-BFGS approach, which is a type of monolithic solving

strategy, requires fewer iterations than the staggered approach based on the alternate

minimization (AM).

4.2 Thermal-induced crack propagation

In many engineering applications, such as the thermal barrier coatings used in aerospace

engineering, cracks are induced by thermal effects. In this section, three numerical exam-

ples are provided to demonstrate the capability of the phase-field crack method to model

crack propagation due to various thermal effects. Tables 4.2 and 4.3 show the material
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(a) Finite element mesh

(b) Crack path by AM (c) Crack path by L-BFGS

Figure 4.10: Simulation of the crack path in a plane containing three unsymmetrical

holes. A vertical load is applied at the top hole, and the bottom hole is fixed in both

directions. The phase-field crack simulation based on the alternate minimization (AM)

and the limited-memory BFGS (L-BFGS) approach can both capture the complex crack

path.

mechanical properties and thermal properties used in the first two numerical examples.
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Figure 4.11: Load-displacement curves of the plane containing three holes under the tensile

load obtained from the alternate minimization (AM) and the limited-memory BFGS (L-

BFGS) method.

Table 4.2: Material mechanical properties for test cases 4.2.1 and 4.2.2

Test case Lamé λ (GPa) Lamé µ (GPa) critical energy release rate gc (kN/mm)

4.2.1 6.07× 10−5 9.1× 10−5 2.0× 10−10

4.2.2 213.46 143.2 42.5× 10−6

Table 4.3: Material thermal properties for test cases 4.2.1 and 4.2.2

Test case No. CTE α (K−1) conductivity κ ((W/(m· K)) heat capacity c (J/(kg· K)) density ρ (kg/m3)

4.2.1 6× 10−4 1.0 0.0 1.0

4.2.2 7.5× 10−6 31.0 880 3980

4.2.1 Crack under imposed thermal gradient

In this case, a cross-shaped specimen is under the effect of an imposed thermal gradient.

As shown in Fig. 4.12a, the top edge of the sample is gradually heated from 0.0 ℃ to

10.0 ℃, and the bottom edge of the sample is gradually cooled from 0.0 ℃ to -10.0 ℃.

Two different solving strategies are applied to this coupled problem that involves the

displacement field, the phase-field, and the temperature field.

In the first solving strategy, the coupled problem is decomposed into three sub-problems.

The first sub-problem updates the temperature field while fixing the displacement field

and the phase-field. The second sub-problem uses the newly updated temperature field to

update the displacement field while keeping the phase-field fixed. The last sub-problem
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uses the newly updated temperature field and the displacement field to update the phase-

field. Let T , u, and d represent the temperature field, the displacement field, and the

phase-field, respectively. The solution sequence inside the k-th iteration can be expressed

as below:

sub-problem 1: (T (k),u(k), d(k)) −→ (T (k+1),u(k), d(k)),

sub-problem 2: (T (k+1),u(k), d(k)) −→ (T (k+1),u(k+1), d(k)),

sub-problem 3: (T (k+1),u(k+1), d(k)) −→ (T (k+1),u(k+1), d(k+1)).

In the second solving strategy, the coupled problem is decomposed into two sub-

problems. The first sub-problem updates the temperature field while fixing the displace-

ment field and the phase-field. The second sub-problem uses the newly updated temper-

ature field and solve for the displacement field and the phase-field simultaneously using

the limited-memory BFGS approach. The solution sequence inside the k-th iteration can

be expressed as below:

sub-problem 1: (T (k),u(k), d(k)) −→ (T (k+1),u(k), d(k)),

sub-problem 2: (T (k+1),u(k), d(k)) −→ (T (k+1),u(k+1), d(k+1)).

Figures 4.12b and 4.12c compare the crack path obtained from the above two solving

strategies, which are both effective to obtain the crack path under the imposed thermal

gradient.

4.2.2 Quenching test

In this example, the phase-field crack approach is used to investigate the crack propagation

in a quenching test. A 100×10 mm specimen is firstly heated to 280 ℃ and then quenched

in a 0 ℃ liquid. Based on the symmetry, only half of the specimen is simulated, as shown

in Fig. 4.13b. Since the temperature gradient around the sample boundary is steep, as

shown in Fig. 4.13b, considerable thermal-induced stresses are generated in this area, see

Fig. 4.14, causing the crack to propagate from the exterior to the interior of the sample.

Figure 4.13c shows that multiple cracks propagate from the edges of the sample to the

interior, demonstrating the capability of the phase-field method in modeling complex crack

patterns induced by the thermal effects.

4.2.3 Crack propagation in thermal barrier coatings

Thermal barrier coatings (TBCs) [63,64] are ceramic layers used to protect substrates that

work in an elevated temperature environment such as gas turbine or combustion chambers.
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(a) Finite element mesh

(b) Crack path by the first strategy (c) Crack path by the second strategy

Figure 4.12: Crack propagation inside a cross-shaped sample under an imposed thermal

gradient. At the top edge of the sample, the temperature is gradually increased from

0.0 ℃ to 10.0 ℃. At the bottom edge of the sample, the temperature is gradually decreased

from 0.0 ℃ to -10.0 ℃. Two different solving strategies are applied to this coupled problem

that involves the displacement field, the phase-field, and the temperature field.

The typical structure of a TBC system includes four layers [65], the top ceramic coat

(TC), the thermal grown oxide (TGO), the metallic bond coat (BC), and the superalloy
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(a) Finite element mesh

(b) Temperature distribution

(c) Crack path distribution

Figure 4.13: A preheated sample is quenched in a 0 ℃ liquid. Due to the steep temperature

gradient around the sample edges, multiple cracks are formed at the sample exterior and

propagate into the sample interior, demonstrating the capability of the phase-field method

in modeling complex crack patterns induced by the thermal effects.

substreate (SUB). Air plasma spraying (APS) and electron beam physical vapor deposition

(EB-PVD) are two major processes used for TBC manufacturing [66,67].

Cracks in TBCs can be generally classified as bulk cracks and interface cracks [68,69].

However, the shapes of crack vary significantly due to different manufacturing processes

[70, 71]. The main contributing factors causing the failure of TBCs include the mismatch

among the thermal expansion coefficients of different layers, the swelling of the oxide

between the top coat layer and the bound coat layer (also known as TGO growth), the
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(a) Stress distribution at 10 ms

(b) Stress distribution at 50 ms

Figure 4.14: Normal stress σ11 (GPa) distribution during the quenching test: temperature

gradient induces large stresses, causing the formation of cracks around the sample edges.

micro defects such as micro cracks and voids, and the complex microstructure of the

interface between the TGO layer and the top coat layer [72].

Many numerical techniques have been developed in the past two decades to model the

failure mechanism of the TBC system. Most of these models are based on the VCCT

method or the XFEM [73,74]. In recent years, the phase-field method becomes a popular

choice in the research of the TBC failure mechanism [68, 75]. In this example, the phase-

field approach is used to model the crack propagation inside a TBC system under the

cooling effect. Figure 4.15 shows the TBC system used in this investigation [76], which is

composed of a top layer with the thickness H4 = 100 µm, a thermally grown oxide (TGO)

layer with the thickness H3 = 6 µm, a bond coat layer with the thickness H2 = 150 µm,

and a substrate layer with the thickness H1 = 1000 µm. Particularly, the TGO layer is

assumed to be sinusoidal with a wavelength L = 30 µm and an amplitude A = 5 µm. As

a result, the TBC system is periodic along the x-direction. In order to effectively resolve

the TGO layer that possesses the smallest thickness among all the components without

significantly increasing the computational cost, we take advantage of the periodic structure

of the TBC system by using a unit wavelength L = 30 µm as the computational domain.

Meanwhile, the periodic boundary conditions are applied to the left and right edges, as
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Figure 4.15: A typical TBC system has four layers with different thicknesses, including

a top coat layer (H4 = 100 µm) , a thermally grown oxide (TGO) layer (H3 = 6 µm), a

bond coat layer (H2 = 150 µm), and a substrate layer (H1 = 1000 µm). The TGO layer

is assumed to have a sinusoidal shape with a wavelength L = 30 µm and an amplitude

A = 5 µm. Due to the periodic structure, the computational domain only contains one

sinusoidal period with the periodic boundary conditions applied on the left and right edges.

shown in Fig. 4.15. The material properties, including the mechanical properties and the

thermal properties, of various TBC layers are listed in Tables 4.4 and 4.5. In this example,

the TBC is uniformly cooled from 1000 ℃. Due to the mismatch of the thermal expansion

coefficients between the TGO layer and the BC layer, cracks are initially formed at the

interface between these two layers and further propagate, as shown in Figs 4.16b and 4.16c.

Notice that in thees figures, even though the finite element simulation is performed across

the entire thickness of the TBC system, only the region near the TGO and BC layers is

shown for better visualization of the developed crack. This example demonstrates that

the phase-field method can be used to model crack propagation in real-world engineering

applications.

Table 4.4: Mechanical properties of various TBC layers used in the phase-field simulation.

Layer Lamé λ (GPa) Lamé µ (GPa) critical energy release rate gc (kN/mm)

TC 0.796 0.935 8× 10−6

TGO 96.6 122.95 50× 10−6

BC/TGO 126.92 84.62 10× 10−6

BC 126.92 84.62 300× 10−6

The normal stress distributions right before the crack formation and after crack for-

mation are illustrated in Fig. 4.17a and 4.17b. The existence of crack significantly changes

the stress distribution in different layers. In the current model, many assumptions are
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Table 4.5: Thermal properties of various TBC layers used in the phase-field simulation.

Layer CTE α (K−1) conductivity κ ((W/(m· K)) heat capacity c (J/(kg· K)) density ρ (kg/m3)

TC 11× 10−6 1.5 500 3.38× 103

TGO 8× 10−6 25.0 880 3.95× 103

BC/TGO 14× 10−6 4.3 501 7.32× 103

BC 14× 10−6 4.3 501 7.32× 103

made to simplify the simulation. At this stage, only thermal effect is considered as the

dominant cause of TBC failure, i.e., only stresses induced by mismatch of the coefficient of

thermal expansion (CTE) are the driving factor of crack propagation. In reality, the TGO

growth, caused by the oxidation of material is another major reason of crack propagation

in TBC system. The stress induced by oxidation effect is known as the growth stress. The

fracture simulation combined with the TGO growth will be performed in future research.

4.3 Summary

In this chapter, the phase-field approach presented in Chapter 3 is used to model the crack

propagation in several numerical examples. In the first set of examples, the crack is driven

by the externally applied mechanical loads, such as tension, shear, and bending. In these

examples, the staggered approach based on the alternate minimization and the monolithic

approach based on the limited-memory BFGS method are adopted, which provide similar

numerical results. It is shown that both solving strategies can effectively overcome the

convergence difficulties arising from the non-convex energy functional of the phase-field

crack formulation. Moreover, it is shown that the L-BFGS method requires fewer iterations

to achieve convergence compared with the alternate minimization approach, making the

former more appealing in large-scale finite element simulations. In the second set of

examples, the crack is driven by the thermal effects. The phase-field crack approach can

also successfully model the crack propagation process in the coupled multiphysics problem

that involves the temperature field, the displacement field, the phase-field. Particularly,

the phase-field crack approach is used to model the crack propagation in the thermal

barrier coating system, demonstrating its potential to investigate failure mechanisms in

real-world engineering applications.
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(a) Finite element mesh

(b) Initial crack (c) Final crack

Figure 4.16: Phase-field simulation of the TBC system during a cooling stage. Due to the

mismatch of the thermal expansion coefficient between the TGO layer and the BC layer,

crack is initially formed at the interface between these two layers and further propagates.
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(a) Stress right before crack formation (b) Stress after final crack formation

Figure 4.17: Stress σ22 (GPa) distributions inside the TBC system during a cooling stage.
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Chapter 5

Conclusions and future work

In this chapter, the major conclusions of this work are firstly summarized. Then, the

limitation of the current work and potential avenues for future improvements are discussed.

5.1 Summary of the current work

Fracture mechanics is an important research topic in many engineering applications. Due

to the difficulties associated with tracking complex crack patterns, previous computational

methods such as the cohesive zone modeling and the extended finite element method only

find limited successes in relatively simple crack propagation problems. The phase-field

method becomes a popular choice in crack propagation modeling since this method can

naturally handle complex crack geometries such as merging and branching. However,

classical Newton-based nonlinear solving techniques typically face convergence difficulties

caused by the non-convex energy functional of a fractured solid media. In this work, the

following tasks are accomplished:

• The phase-field approach is combined with an adaptive mesh refinement technique to

represent preexisting crack in a diffusive manner. The most prominent advantage of

the phase-field approach to represent crack is that it is based on a variational struc-

ture, making this approach mathematically rigorous compared with other heuristic

tracking strategies such as the level-set based method. However, the phase-field

method is intrinsically expensive since highly refined meshes need to be used around

the crack region. By combining the phase-field approach with the adaptive mesh re-

finement technique based on the so-called Kelly error estimator, the computational
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cost could be significantly alleviated, making this method practical for real-world

engineering problems.

• Various solving techniques are presented to robustly solve the coupled nonlinear

system deduced from the phase-field crack approach, and their convergence perfor-

mances are also compared. Due to the non-convexity of the total energy functional

of the phase-field crack representation, conventional Newton-based approaches face

convergence difficulties during nonlinear iterations. In order to overcome this diffi-

culty, two solving approaches are presented in this work. The first approach is based

on the alternate minimization, which belongs to the so-called staggered strategy and

decomposes the coupled problem into two sub-problems such that the displacement

field and the phase-field are updated separately. The second approach is based on

the limited-memory BFGS method, which belongs to the so-called monolithic strat-

egy and solves the displacement field and the phase-field simultaneously. Through

several numerical examples, it is shown that both approaches could produce similar

results. However, by comparing their convergence history, it is shown that in general

the limited-memory BFGS approach requires fewer number of iterations in each load

step, making this method more appealing for large-scale problems.

• The phase-field crack approach is further combined with a heat conduction problem

to model crack propagation induced by thermal effects. In many engineering ap-

plications, such as the thermal barrier coating system, crack is not only caused by

mechanical loads but also by thermal effects. Therefore, a heat conduction problem

is combine with the phase-field crack approach to consider the impact of the tem-

perature field on the crack propagation behavior. As a result, the problem includes

three independent fields, the displacement field, the phase-field, and the temperature

field. To robustly solve this three-field coupled problem, two solving approaches are

presented. The first strategy follows the idea of the staggered strategy and fully de-

composes the coupled problem into three sub-problems and update the temperature

field, the displacement field, and the phase-field separately. The second strategy

follows a mixed strategy, in which the temperature field is updated separately and

the phase-field and the displacement field are updated simultaneously using the

limited-memory BFGS approach. Both solving approaches can properly model the

thermal-induced crack propagation, though the second approach is more advanta-

geous since it requires fewer number of iterations to update the displacement field

and the phase-field.

The original contributions of this thesis include:
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• Extended the limited-memory BFGS (L-BFGS) method, originally proposed by Prof.

Tao Jin’s group [34], from the mechanical phase-field problem to the thermomechan-

ically coupled phase-field problem.

• Demonstrated the equivalence of the staggered approach and the L-BFGS mono-

lithic approach in the phase-field formulation. Moreover, the latter requires fewer

iterations to achieve convergence during the nonlinear solving process.

• Implemented the computational framework in the deal.II library [48], which can be

extended to solve more complex problems in the future.

Besides the above contributions, all the presented numerical algorithms and examples are

implemented in deal.II [48], which is an open-source C++ finite element library. All the

source codes and input files used in this thesis can be found on GitHub1.

5.2 Future work

The current work has several limitations and can be potentially further improved via

several avenues:

• Generally speaking, the monolithic approach is more appealing compared with the

staggered approach since it requires fewer number of nonlinear iterations to achieve

convergence than the latter. For the thermal-induced crack propagation problem,

only a fully staggered approach and a mixed approach are presented, and the fully

monolithic approach is yet to be developed. The difficulty comes from the fact

that it is still unclear how to introduce the thermal effect into the total energy

functional, which is required by the limited-memory BFGS approach. One of the

future directions is to develop the fully monolithic approach that solves for the

temperature field, the displacement field, and the phase-field simultaneously, which

could significantly reduce the wall clock time required by the thermal-induced phase-

field crack propagation problem.

• During the crack modeling of the thermal barrier coating (TBC), cracks are solely

driven by the mismatch of the thermal expansion coefficients among various TBC

layers. In reality, the failure mechanisms of the TBC system is much more complex.

For instance, it is reported that the oxidation is also an important process to drive

1https://github.com/taojinllnl/
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crack growth [68,72]. In order to consider the oxidation impact, a reaction-diffusion

model [77] can be further combined with the phase-field crack approach. However,

this approach will inevitably make the solving process of the coupled system even

more challenging.

Table 5.1: Material properties of a fiber-reinforced composite material.

Parameter Value

Fiber Young’s modulus 40.0 GPa

Fiber Poisson’s ratio 0.33

Matrix Young’s modulus 4.0 GPa

Matrix critical energy release rate 0.25 N/mm

Interface critical energy release rate 0.05 N/mm

• Currently, the interfaces among various material components in a complex engi-

neering system such as TBC are not directly considered. As a result, the material

properties change significantly at the boundary shared by two different components,

which might deviate from the physical reality. One approach is to use the so-called

diffusive interface model [78, 79], which could more accurately consider the inter-

faces between different material components. This is particularly relevant for the

modeling of the TBC system.

• The phase-field method can be used to investigate crack propagation in other com-

plex engineering materials such as composites. For instance, Fig. 5.1 shows an

example of using the phase-field method to model crack propagation inside a com-

posite material. The material parameters for the fiber and the surrounding matrix

are listed in Table 5.1.

• The phase-field method can be combined with fatigue failure model [80]. In re-

sponse to fatigue effect, an extended degradation function is needed to evaluate the

reduction of fracture toughness due to accumulated damage induced by cycling load.

Eq. (5.1) is one typical fatigue degradation function [81,82]

f(β) =

1

( 2βT
β+βT

)2
(5.1)

where β = β(t) is a cumulative history variable and βT is the fatigue threshold of

material. The corresponding phase-field equation in Eq. (3.19a) is then modified
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as [81,82]

g′(d)H +
gc
l

(f(β)d− l2∇(∇f(β)d)) = 0 (5.2)

Detailed numerical implementation can be found in [80–82].

(a) Unit cell (b) Diffusive interface (c) Crack propagation

Figure 5.1: Crack propagation modeled by the phase-field approach inside an unit cell of

the fiber-reinforced composite: (a) unit cell of a fiber-reinforced composite material, (b)

diffusive interface at the fiber-matrix, and (c) crack propagation in the composite material.

The interface between the fiber and the surrounding matrix is modeled by the diffusive

interface technique.

• As discussed in Chapter 3, the L-BFGS method uses vector pairs to update matrix,

thus, it is compatible with parallel computing to take advantage of modern computer

architecture. In order to model 3D crack propagation in large-scale simulations,

parallel computing via MPI (Message Passing Interface) [83] can be involved in

future research.
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