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ABSTRACT

The radiative transition probability from the (3/2+)
state at 16.69 Mev. to the (3/2-) ground state in He’ is
- calculated using cluster model wave functions. In this model,
the seéond excited state 1s assumed to have a "t-d" cluster
structure and the ground state an "g-n" clustér structure.
A method of antisymmetrization of the wave functicns not
involving the isospin greatly simplifies the calculation
of matrix elements.

The result is found to be in quite close agreement
. with the experimental value, thus confirming a high degree

of accuracy of the cluster model wave functions for He5.
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CHAPTER I

INTRODUCTION

The cluster model has had some success in predicting
the low-lying energy levels of some light nuclei.(z, page
L7

e .
) . In particular, Pearlstein, Tang and Wildermuth (6)

have attained relatively good results in calculating the

5

energles of the first three levels in He” on the basis of
the cluster model.

In this work, using the same model, we shall calcu-
late the radlative transition probability from the second
excited state (3/2 +4) to the ground state (3/2 ;) in He’
(fig.1). Since a change in cluster configuration is expec-
ted in thils transition, 1t seems reasonable that éﬁch a
calculation would be a fairly sensitive test of the cluster
model wave functilons.

In the cluster model, there is some kind of correla-
tion between the nucleons which is favoured in different
nuclear states., Thus, the ground state (3/2 -) of He5 is
considered as composed of an alpha-particle cluster and

a neutron.

The spatlial wave function describing this state is:

(I-1) @(2-) « P@) Pn) X (R, =R, )W (Rem)

* The number enclosed in parentheses refers to the referen-
ces listed at the end of the thesis.
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Fig.l Energy level diagram for the He” nucleus.
The proximity of the o-n and d-t reaction thresholds to
the (3/2 =) and (3/2 +) levels respectively suggests
that the (3/2 -) state has an "o-n" cluster structure

and the (3/2 +) a "t-d" cluster structure.
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The first two functions describe the internal mdtiohs
- -2 ’ .
of the two clusters, X (R.-R,) describes the relative motion
of the two clusters, and the wave function of the center-of-
mass W(R¢m) is included for mathematical convenience (it
will be dropped later as we shall see in Chapter IV).

Explicitly, (I-1) can be written as:

(I-2) (P(%-) = exp(—-"é‘l-g ré") R yem (9,) exp (‘%‘é’ Rf) exp ("% R )

where:

i i
Faz BB+ B+ +5 )
H - B- &

In the independent particle model, all nucleons move

5

in an oscillator potential; the ground state of He must

therefore have one quantum of energy hw (fig.2). In the
cluster model, we assume that there is no internal exci-
tation in the alpha cluster, so that the relative motion
part X(R:“ﬁ,,) is an oscillator function with one quantum
of energy, that is:
N=2(n-1) +€¢=1
or: n=4=1

It is emphasized here that, in the generalized clus-
ter model, the width parameters q,,ﬁ' do not have the same
value; their numerical values are determined by the Ritz
vafiational method (6). In this method, {H) is evaluated

as a function of the parameters &, g’ and the minimum of
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In the independent particle model, the ground state
has two neutrons and two protone in the ls state of the
oscillator potential and one neutron in the lp state ;

thus it has one quantum of energy'ﬁu>.
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{H) is taken to correspond with the energy of the ground
state., |

The second excited state (3/2 +) cannot be described
by this "« - ﬁ" configuration since it is a resonance level
with a large Iifetime and it can be shown that in this
circumstance, {H) has no minimum with respect to variations
in the above width parameters. Therefére, we take instead
the configuration of triton plus deuteron to represent this
state. It is found that the phenomenon of very narrow levels
suddenly following above very broad levels in many nuclei |

in addition to He5 can be characterized by such a change

in structure (2, page 52). Moreover, the proximity of the

d-t reaction threshold (at 16.63 Mev., see fig. 1) suggests
that the cluster wave function:,using the "triton-deuteron™
configuration might be a reasonable approximation to the
actual wave function for the (3/2 +) state.

The wave function describing the (3/2 +) state is

then:
(I-3) @(2+) = Q(t) P(d) X(R-Ra) W(Rem)
3
o . , 2 LY 3
= exp (-5 2t %Jwg) Y (@) exp (- 2£7%)
xexp(-%z R:m)

where:  F!a F,- R (i1=1,2,3)

I‘B:?J" Rd (j-—“LI'JS)

R, =1/3 (B+5+%) ﬁ’d=2 (Z+2)

R:Rt-le
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Here again, the triton and deuteron clusters ére in
their ground states (no internal excitations), and. for the
relative motion of the two clusters, we use ne 2 and 1=0
to get two quanta of energy for this excited state (3/2 +)w

x
SO

Chapter II will be devoted to the antisymmetriza-
tion of the initial state (3/2 +) and the final state (3/2 =)
wave functions of the He5 nucleus.

In Chapter III, a mathematical derivation of the
radiative transition probability Tif ls carried out; it is
assuﬁed there that only the electric dipole matrix element *ﬂ%
iis responsibie for the transition. Tif ils found to depend
on one type of integral which we call Ik‘ This integral
will be evaluated in Chapter IV.

Chapter V will be devoted to the numerical calcu-
lation of Tif and thence of the level width f} for gamma
emission. This theoretical value of Ty will be compared

with the experimental results found by different authors.
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CHAPTER II

ANTISYMMETRIZATION OF THE "CLUSTER MODEL"™ WAVE FUNCTIONS.

In order té calculate the matrix element of the elec-
tric dipole operator {Af]Q,JAi) , where Af and Ai are the
antisymmetrized wave functions of the final and initial states
respectively, we must first antisymmetrizé these wave func-
tions.

Some useful notations are defined to facllitate the
antisymmetrization.

The spatial pgrt of the ‘cluster model’ wave func-

5

tions for the initial and final states of the He” nucleus

will be written respectively as follows : wﬁ&
(123;45) and (1234;5)

The first two positions and fifth position denote the neu-
trons, the third and fourth positions denote the two pro-
tons; the numbers denote different particles, Thus 1, 2
and 5 are neutrons and 3, 4 are protons in the preceding
notations. The semi-éolons in these expressions indicate
ﬁhe fact that the initial state has a triton and a deute-
ron cluster while the final étate has an alpha-particle
cluster plus one neutron,

Our method of antisymmetrization of the wave func-
tions differs from that of Wildermuth and Kanellopéulos

(3) in that we antisymmetrize the protons and the neutrons

sepgrately. In other words, the protons and the neutrons
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aré not considered as ldentical particles. This method of
antisymmetrization has been proved to be equivalent to that
in which the isotopic spin is introduced when calculating
matrix elements of operators not involving isotopic spin (4).
This method has two advéntages: first, isospin need
not be included in the wave functions, and second, for the
case in which the operator QW- is symmetric only w. ° :es-
pect to protons and neutrons separately as occurs here, the
calculation of its matrix element will be greatly simplified.

This second point will become épparent in Chapter III.

le.- Antisymmetrization operator.,-

The antisymmetrization operator can be written as (4):

(IT-1) A= AnAp

where An and Ap are respectively the antisymmetrization ope-

rators for the neutrons 1, 2, 5 and for the protons 3, 4 :

(II-2) A, = L _yh : _ T g
oy LGP A -3 2 O
MM, and ﬂ} are the permutation operators which act on the

neutrons and protons respectively.

The antisymmetrized "cluster model" wave functions

are then:
(11-3) G = WA 0is WA § (123545) X )
(IT-4) O = Neh G- NoA {(123455) X}

where X; and ?; are the spin wave functions of the initial
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and final states respectively .
Here, we make a distinction between the eigenfunctions
@ y ¢ of the initial and final states and the antisymmetri-
zed wave functions of these states @; and @; . Ni and Nf are
the normalization factors which can be calculated from:
(II-5) (8] &)= N (AQ |AGD =1
(II-6) < 180= N A |AGY =1

i

2,= Antisvmmetrization of the initial state wave function,-

$: = WA [ (123545) X}

We must first write the spin eigenfunction X of the
initial state. In this state, The He5 nucleus is composed
of a triton and a deuteron cluster. The spin wave function
of the nucleus must therefore be formed from the spin wave
functions of the triton and the deuteron. The triton has
J"= 4%, while for the deuteron, J"- 1%

Thus, if [SM) is the spin wave function of the He’
nucleus, and lslml) and l52m2> are respectively the spin

wave functions of the triton and deuteron clusters, then :

(TT-%) lSM> .-.-m% ,{‘Slml>lszm2> (slszmlmzl SM)
The "triton-deuteron™ is a J=3/2 state having L= 0
for the relative motion of the .two clusters; hence:

§=3-—f so that é’:j’

and therefore : S=3/2
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From (II-7) we deduce:

a0 110

BF 114D, hod, + ($F -4 (11},
Fle-2) by + (G154, 11y

.

Wi

AV Vg
" it

The ground state of the deuteron is a triplet state,

so that its spin wave funcﬁions are:
11,

(II-9) 110} 4 = o (% 85+ B os)
-1 Bs Bs

where ¢ indicates that particle k is in a state having

Oy ‘.’(g

[}

it

m = % , while f indicates that particle k is in a state

having m_= -3 .

For the triton, the choice of the spin wave func-
tion is much more complicated., This choice is not unique
for we have here a problem of addition of three angular
Momenta .

We know that the spin of the triton in the ground
state is 3 (9, page 193); this can be formed «in several

g different ways. The spins of nucleons 1 and 2 (2 neutrons)

can first be coupled: §i+§2=§i2 , and then this resulting
spin coupled to gé (spin of the proton) : §12+§3=§ to give

the total spin S=3 .
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Since the coupling of the two spins givestwo possible
values O and 1 to S15 3 thls gives rise to two different
sets of spin wave functions for the triton:

(l) [ 2and 3122 O

! ,f"g,'%)e =-—V,= (0(,3&—‘8,0(3)0(3

>L' = _‘/%' (d'ﬁa.”ﬁluz ) gi

43, « k[ rge)sy 298]

Lot
15720 =gkl g +Be)8 - 266,%]
A different scheme is to couple first the spins of Q@!
nucleons 1 and 3 (a neutron and a proton) : 314»§é= §i3
- 2> .2 LD . s '
and then 513 and Sy ¢ 313+82=’§ . This is equivalent to
permuting 2 and 3 in the two sets of spin wave functions

(II-10) and (II-11) :

(3) o= _Si3= 0
(1112 g 540, = (g
jén?""‘)t = <L (B -B) B,

V2

1—)2' -2‘—>t. = —-‘—[(Q’,ﬂs-}ﬂ'c{;)dﬁ - 2’“’#2“3]
3

|5 -4, = 7= (Gt Bt) B - 28508,

A third alternative is to couple first 3. and S,

2 3

and then 323 and gi, but the result is the same as the second
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scheme, since in these two schemes, we add first the spiné
of one neutron and one proton (nucleons 1,3 and nucleons
2,3) and then the spin of the remaining neutron to the re-
sulting spin.

Of these four possible sets of spin wave functions
for the triton, the second set must obviously be ruled out
since it violates the Pauli principle: the spin wave func-
tion is symmetric with respegt to the two neutrons 1 and 2
and so is the spatial wave function, so that when ¢ is
antisymmetrized; AY; = O. |

We have tried the first =~ and third sets of spin
wave functions in the calculation of the matrix elements
(Alew]Ai) and we found that the matrix elements of the
principal term of Qw are zero(*); this is due to the sym-
metry character of these spin and spatial wave functions.

Therefore, we shall choose now the fourth set of

spin wave functions'(equation II-13), which are the only

wave functions Which do not make <lffz:eiriY§*JAi>==O

(%) The electric dipole operator Q%‘ is composed of two
terms: Q'F= Ze;r; 3#(“#) - —‘%’—’5 2;-' Gsi 6_:,'-'x . V("y.“)i

The second term 1s usually neglected because of its small
contribution to the matrix elements compared to that of ‘the

first term, which is the principal term of Q,’4 .
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Substituting (II-9) and (II-13) in (II-8) gives the

I'?-'“.i."‘) TL [("‘tﬁ,—,'*ﬁﬂ"a)( ﬂfﬂ;*/gzdfﬁ:+ﬂzﬂ4°l6’)
"2340(_1 Ba <°(4- ﬂ;+,34°‘5')“' 2“1,33 oly /34' ﬁ&']
152) < L [Ghra)b, - 2654 ) 4 6

result:
,'22, %) F‘-‘ [(d 53'*'3"”3)“ - 2oy 3, o ]o‘+d5'
5','> V'L-'— E( <N +6,9;) (“2“4 Bs + o, By "’.s""'ﬁz A ds)
‘n;’,}) " 2« ﬂﬁ- o3 (""4 ﬁ;* ﬂ4 olg ) - 21‘8, o, _53 oy °‘5’J

With these spin wave functions, the antisymmetriza- ‘ §
tion results from a straightforward application of the ope-

rator A::AnAp o the wave function (123;#5)Xg .

As we shall see later, only the antisymmetrized wave
function with X =12 2) is needed (in the calculation of the

normalization factor Ni) and it is given below: i

$:(3)= No A {(123;45)]2 3)]

4V_ { (58,- B, o) %% “5[(123145) ~(124; 35)]
H(Booty o B ) o o, @, [(523341) ~(524;31)]
+(Beot- i ) o ey [ (153;42)-(16%:32)] §

(X-15) =

3o~ Antisymmetrization of the final state wave function.

In the final state, the total spin of the nucleus
is S=3 , since it is formed by the coupling of the spin
of the alpha-particle (which is O) and the spin of the
single neutron.

As we have seen in Chapter I, the ground state of
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the He5 nucleus has an angular momentum L =1 for the rela-
tive motion of the two clusters, and its total angular mo-
mentun is J-.:_g - Hence, the spin S=% must be coupled 'fo the

angular momentum L=1 to give the total angular momentum of

the nucleus J:_z-i t

|oM>= 3 sy |1M> {sLM M |aM >

MMt

Thus:
32 = 111D144) {

PR EEE RN O RS YRS
340 = BV 101 s~5 >+ (5)T1 41 £ £
$-3>= 11->] 44

where: (32 5 = afactPeets
[2-5Y = eufacupups

and: f 40> = '2{:‘ ()

Y?ﬂ;l) is the angular part of the wave function of
the relative motion and is simply a spherical harmonic with
L=1. |

In order to obtain the compiete wave fh%ction,
all functions in (II-16) must be multiplied by internal
wave functions (wave functions of the internal motion in
the clusters) as well as by the radial part of the wave

function associated with the relative mQtion.

Hence, from (II-16) the overall wave functions can

be written explicitly as follows:
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[ 9%(2) = (1234,5) 1‘320\3&45

(II-17) .< ¢¥(-é)

]

\ %. (_?2_) = (312,?)4) 5>ML:-L o(a.Pz Oz P4 Ps

T o obtain the antisymmetrized wave functions of the .

final state, we apply the operator: A;=AnAp to the wave
functions (II-17). These antisymmetrized wave functions are

given in Appendix A.

L4 o.- Normaligation factors of the initial and final state

wave functions.

From (II-5) and (II-6) we have:
N O AN

since A 1s hermitian.
2

A is also idempotent (4) : A®= A , therefore;
(1-28) N7 <(123;45) Xe| A{(123545) X} D=1
Similarly:

(I-29)  N¢' < P | AG > =1

Now, since the normalization factors do not depend
on Sz s Wwe can choose for 7({ any one of the four spin
wave functions in (II-14) and for >Q: any one of the four
wave functions (II-17).

Thus:

N2 { (123345) Ay (3,4 {(123;45)X; (2 3)} D=1

Taking into account (II-14) and (II-15), and per~

‘{71: (%) = (_) (4234; s) L PafodsBiBs +(2—) 1234,520(@43@4%
(.3_) (1254, 5),. Jufacl; PeBs + (£ 3) (1254, i Prts
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forming the spin summation, we obtain:

2
(11-20) Zi {(123;45) | 3(123345) —3(124;35) - 2(523;41)
+ 2(524331) - (153;42) + (154;32) )= 1

But in an integral, we can exchange any two variables
of integration without changing the value of the integral,
provided that the integration domains of these variables are
the same; thus:

(II-21) ((123;45) | (524;31)) = (213;45) | (514;32))
(by exchanging variables 1 and é)

Now, since the wave function is symmetric with reé~
pect to all variables in one cluster; the order of these
variables is irrelevant: hence, using the result of equation

(IT-21) =
{(123;45) | (524331) ) = <(123;45) | (154532))

Similérly:

((123;45) | (124335)) = {(123;45) [ (523;41)) = {(123;45) | (153;42))
Equation (II-20) therefore becomes :

(11-22) N7 {(123345)[ (123;45) - 2(124;35) + (524531)) = 8
Similarly for the final state:

(t1-23)  NF ((123455)((1234;5) - (5234;1)) = 12

The numerical values of Ni and Nf areng;;en in Appen-
dix B,

In the next Chapter, while calculating the transition
probability,we shall deal with integrals of the form (AH@/@H%}
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where U is some operator.The antisymmetrized wave func-
tions AQ& given in Appendix A can be introduced into these
integrals and the spin summation can be performed as has

been done here so that the preceding matrix element is re-

duced to a form which contains only spatial variables.

e
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CHAPTER III

RADIATIVE TRANSITION PROBABILITY FROM

THE (3/2+ ) STATE TO THE (3/2—) STATE IN He?

l,- Introduction.

In this Chapter, we shall derive an expression for

the radiative transition probability from the second ex-

cited state (3/2 +) to the ground state (3/2 =) in the He5
nucleus. JW
16.69M6V <%+)
¥
Vi (5-)
/] 2 2
; (2-)
Vel z
Fig.l Energy level diagram for the He5 nucleus

If (ﬁﬁi) denotes the angular momentum and 1ts z-

component of the emitted photon of energy Aw , the tran-

% 2i+4

sition probability from a state i to a state f is (7)
(T1I-1) T..(0A) = oI (A+d) B (oA
it ‘A{(2A+Jbl!]a T (o8)

where O stands for the electric ( OT=E) or magnetic (0= M)

mode of decay, and B(GCA) is the reduced matrix element:
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(III-2) B(0A, J;~dp

Z <f’&Ay!i>l&

#yy

G&H stands for the electric or magnetic multipole operator

(Q’\F‘ OI'M,\H) .
(I11-3) Q. = Z e rt Y () - cyok(/\“)"'}: g G 73, V(A Y7);
(LIT-h) My = g 2 (3 S+ 2 4. 8)- 7(P3Y);

In the present case, since 7]}71}:-1 and J, = Jf=3/2,
the radiation must be of odd parity and A= IJ{Jfl ) 19,-351+1

v e « oy J.+J.=0,1,2,3. Therefore, the transition must
i

F=
be of the type El (we neglect the higher multipoles because
their contribution is small; this point is discussed more
fully in Chapter V).

With A=1 ; Ji=Jf=3/2 ; (III-1) and (III-2) become

for the electric dipole :

- 7. _lem K

(III-5) Jy (E1) = L= B(EI)

(ma6) B, 3o 4) - 0 Kflaul )]
i)'y

In equation (III-6) the selection rule requires
that only one value of '‘w contribute to each term in the
sums o

(III—?) }/l. == Mi— Mf (}A.::O,l,—l)

2.~Calculation of T, .(El).

i
The matrix element of the second term of the elec-
tric dipole operator Q”L(equation III-3 with A=1) is of

the same order of magnitude as that of N&H, sg@hat it can
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be neglected in the calculation of T(El). We therefore

have:

(I11-8) Q= eRy,

where:

(ITII-9) R"&z‘E:, riY{*(un) (summed over all protons)
34

We consider now all possible terms in the sum (III-6)
which contribute to B(El). This sum is subject to two con-
ditions: .

a) The selection rule (III-7) : pu= M, - M,

b) The spin configurations of the final and initial
states must be identical. That is, if there is a " spin

flip"™ between these states, the corresponding matrix element

" 3/2 /2 | -1/2 -3/2.
My |
3/2 NO p=-1 NO NO
1/2 NO u=0 == NO
-1/2 NO = | p=0 NO
-3/2 NO NO p=1 NO

Table T
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will be zero by virtue of the orthogonality of the spin
wave functions of these states.

Table I indicates those terms in equation (III-6)
which contribute to B(El) -~

Each term of (III-6) is labelled by a pair of (Mi,Mf)
values; those terms which contribute to Tif(El) are labelled
by their p -values in the appropriate position in the table.

The terms correspondlng to M = 3/2 and M —--3/2
(second and fifth columns in the table) contrbute nothlng
by virtue of (b). By inspecting the spin wave functions
of the initial state and final state given in Chapter II,
we find that there are "spin flips"™ between these states
(see equations II-1lh and II-%7 )f For instance, the initial
state with M = 3/2 has four spins "up" and one spin "down",
while any possible final state has either three spins®"down"
and two "up'", or three Mup" and two "down™.

The terms corresponding to M= -1/2, f::3/2 and to
M, =1/2, Mf==-3/2 are eliminated since their (Mi,Mf) values
violate the selection rule (a). |

In taking into account (III-8), equation (ITII-6)

can now be written explicitly as follows:

(111-10) BEN=Z{KEEIRIEED" + KEE)R,I &3
+)<§f(7'§f)} RH ! é‘( )>{ + ’<§j( ’ Ru 'é (—:"'.)>fz
FKEERELADE KEER) R, 1B

It is emphasized here that éjjﬂﬁ) and qﬁf(Mf) are respec-
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tively the antisymmetrized wave functions of the initial
state and the final state.

The general term of (III-10) can also be written:
(r1-21) @) Ry I8, 01)) = (00 4Rl 00,))

Y; and %; are respectively the eigenfunctions of the ini-
tial and final states, and A==AnAp’as before.

An and Ap commute with R since it is symmetric

s
in protons and in neutrons separately; hence:

Riyw & = By, AnAp= AA Ry = ARlH

Equation (III-11) becomes:
.r N
(rr1-12) QM) RIG; (1)) = (P00 [4 AR«;fWi(Mi»
Since A is hermitian and idempotent:
Afa - a2 A= aAF
and so (III-12) becomes:

Qe B, I, ()} = (Poli)[ £, ) ¢, (m)

or:

(ITI-13) (@f(Mf)fR.y@i(Mi»

CRENIEMUACE

The calculation of the matrix element on the right
hand side of equation (III-13) is clearly much simpler
than that on the left hand side. This explains why separate
antisymmetrizations over protons and over neutrons are
preferred, as was mentioned earlier in Chapter II.

Equation (III—%O) can be now written as :
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(T11-14) B(EN)= & % K ()R IGED + [ R (LDI*
| + G IR, | BB+ KGR, B0
G Rol RN+ KEGED) RGN )

In order to express these matrix elements in a more
explicit form in which only spatial wave functions are
involved , the wave functions of the initial and final
states willfow be written out explicitly. For the initial
state : ‘

(L) N

L (2) RV {(d'ﬁa*ﬁ'ds)(dzd-r Bs+ % ot + B, oty0xe)
- 2048, (4B +f,04) = 2 oy Byoyor ) (123 45)
. L =
%f2) [( “pfstf 3)("‘:.54.3;*%“4/3;*/’254“5)
~281% 5 (3 Bs + B, o) - 20, B % B4 ‘g:] (123; 45) )1
and for the final state: s
2 E
i)" (—5) = _,Nj' (d334"/$3°‘4-){ (=, 8.~ B, -z)"‘ ('254 5)
=1 (0t B, = Bty ) (5234 1)+ oty (o — /35)(15342)}

9 (%)= 72%;5- ("{aﬁrﬂg%){[{“’ﬁz"ﬂ:"’a) B (1234;8) |
"5: (ﬂz Oy —d ﬂj,‘) (5234" I) "ﬂz (dl ﬂ.s‘ "/31 %)(1534'2)J

[(d .- 5 o:z)o(5- (1234- 5)-< (“'5.62“«55"(2)(52"34'_!)
— (“‘ ﬁs Bn“s) (I534/ Z)Jm‘_co } |

b(4) = (b= B ) {VE [ (p o) i (123455)
= By (Brots=ct, B )(523971) - 4, (o4 f~Bog (1534 z))
+[ (et BBt ) o, - (123%:5) - o:,(o«.ﬂz_ﬁg%)(&% /)
- o (fe-es) (15342)) ]
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By02) = 4 (o-Gsos) { (= fima) i (123%;5)

-8 (ﬁz"‘s“"feﬁ;)('gz.?‘?}' 1) =5 (“vﬁr'ﬁlds)(’g's"}'Z)}m‘_‘_l
From these wave functions, scalar products of the
form <§f!R,H](Pi> can be formed and after carrying out the

_summation over spins, we obtailn:

G ENR 1A =B ((s2340) - (1234;5) IR, [(125;46))
<G (ENRIG(E) = N Ny ((5234 1), = (1234;5), IR, | (123;45))
$GE)RL 19 (-3) = ((523«4 1), - (1234:5), IR, 1 (123;45))

<§ (‘%”R:J % -;:)> = %((523%!}_‘—(1234;5)_,i R 1(123/45'»

<& (-4) IR I (1)) =___2/Y Ne ((s2341), - ( 1234,-5)° IR, 1(123;45))
3

(IR NG D) - Ny {sasty) )~ (1234,5), IR, [ (12.3;45))
In order to simplify the preceding expressions, the
following notation is introduced;
k ‘
L= (=00 {(123455), - (5234;1) [ R, |(123;45))

_k< '
where: Rl—k = r3 1 f w,) +-r4Yl (a&)

- (-)K (TBY§(Q%) ﬁ-rbYﬁ(o%))'
Therefore Ik becomes:
(1T1-15) T, = (123435), - (5234;1), Jry s (@) or, T () [ (123;45))

where: k =0, 1, -1.
Taking into account equation (III-l4), the reduced
matrix element corresponding to the electric dipole opera-

tor has the final form :
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21202
. e°NSN 2 2 2
‘B(El).. - £ {IIol +]1 | " r_y | }

And for the transition probability we have (equatién

III-5) :

‘ 23
(11226) | ni)= 2L i {3 )% |53 |17}

b

In this Chapter, we have derived an expression for
the transition probability for gamma emission in He5 (equa-
tlon III-16). This expression is particularly simple, for
it is a function of cnly one kind of integral :k (see equa-
tion III-15).

The next Chapter will be devoted to the evaluation

of Ik and thence the value of T(El).
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CHAPTER IV

METHOD OF CALCULATION OF THE INTEGRAL Ik .

In the last Chapter, the final formula for the tran-
sition probability T(El) was found to involve only one type

of integral, which was designated by Ik:
(IV-1) I ={(1234; 57;[ (5234; 1 |r3Yl(w)+r4Yl(w)I(123;45)>

In fact, in the matrix element (IV-~l) , the operator
(r Yl ag)-rr Yk (W,)) must be expressed in relative coor-

: — K=y = — . — —> >
dinates: that is rBYi(a@)4-r4Y§(ah) (where: ri=ri~Rcm) )
. =
since in the expression for the electric multipole QAF
(equation'III-B), the spatial coordinates are referred to

the center~-of-mass of the nucleus.

Therefore, (IV-1) becomes:

(TV-2) L= (1234;55), - (523431), |y Vs @)1 F, 15 @] (123;45)>

or.:

(IV-3) I,=4 - B

where:

(IV-k) Ay = ((1234;5), |T5Y (603)+ X 1 (@) (123; 45))
(IV-5) B, = <(5‘234;1)k|r 1 (@) + 7, ¥ (@) (123; 45)%

We shall demonstrate the evaluation of Ak in full

detall here; that of Bk is similar and only the result will
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therefore be written.

l.~ Evaluation of A .

The wave function for the initial state is

3 2 s¥p2
(Iv-6) (123;45) = exp{_%i T -iir’z} Rze“%ﬁﬁ & = e

=1 Jq-J

— — . . o
where ri and rB are respectively relative coordinates of

the -ith and jth particles in the triton and deuteron clus-

ters:
— ey e — i
- ) 7 _ .

rlsr, R, (i=1,2,3) rl=r; Ry (j=4,5)
R = 1/3 (To+To+Ty) . Ro= 3T+

t ™ 1273 ’ el L "5
—
R::Rt— Rd is the relative coordinate of the two

clusters, and Rcm is the coordinate of the center-of-mass
of the whole system.

The wave function for the final state is:

(Tv-7) (1234; 5)

& v2 % -2-R =z
= exp{‘%%rf }31% (@) e A2

TI'LL:k
— = .
where: risr;- R, (i=1,2,3,4)
— — -
Ry = %(rl+r2+r3+r4)
— e e
R1=%-13

.We have included in (IV-6) and (IV-7) the wave func-
- 4

tion of the center-of-mass of the nucleus € an-which,

in fact must bc¢ discarded, because the center-of-mass moves
like a free particle rather than in a harmonic potential.
It has been included here cnly because A, and B, must be

k k
integrated over five variables rl, 2,";,—1, (and not
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four), so the center-of-mass coordinate Rcm must be added
to the four internal and relative coordinates to give the
system five degrees of freedom. It will be shown later
that this center-of-mass wave function can always be sepa-
rated from the integrals Ak and Bk so that it does not
enter essentially into the calculation of Ak and Bk'

Expressing now (IV-6) and (IV-7) in terms of vari-
ables.;z;?;;;;;FZ;F; and bringing these wave functions
into (IV-4), we obtain:

2.

- ‘q’ k* 2 K, =k, 'SX'R(/m —> oy
(Iv-8) A, _—_fe R.Y, (2,)R (r3 Y (w3)+r;y1(w4))ﬂ Jﬁ’&udf;’ e dr?
where:

( 2 .2 2 2 2 T e
(IV-9) ¢ = A(r1+r2+r3)1-Br4f0r5+2D(rlr2+r2r3+r3rl)
o > > —
+ 2(urA+Fr5)(rI+r2+r3){-ZGr#r5

The values of A4,B,C,. . . . G are listed in table

III,Appendix C.

| In order to integrate Ak , we find a linear trans-
formation from the set of variables (?E;FZ;?;:?L:F;) to
the new variables, (Ff ,?:)?:)‘Z)E;) such that ¢ can be
expressed as a_sum of square terms of these new variables.

This work has been performed in Appendix C, and the result

is (formula C-16)

(1V-10) ¢ = TP +Mpi+ Py +Ffe
where: Ez-ﬁz = %(?;_+%+}-§+?Z) B ?;
(IV-11) (7" ?i.,_;;;f;) + Y?Lf Zr
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Note that Q> contains only four square termé (equa-

~ tion IV-10); since it does not include the center-of-mass
coordinate; it has therefore only four independent wvariables
associated Wifh it.

In term of the new variables, Ak becomes :

(1v-12) A = |J| 9fexp(-£ff.M{’i ~P5-f)x i yf‘*(g)(fa Y& @)
cBY@) €7 AR dE AR AR,

where J is the jacobian of the transformation:

(IV-13) g o oF L E L) 2
NP, By  3S(X-T)
On the other hand, we have : : ﬁ@ﬁ
(IV-14) ’%J{?Z: ¢'f(’+-5'p‘;+¢ﬁ:
where:
(IV-15) a=f OX-Z ., __ 2 . em-t
15 X4 3(X-Y) 38

From (IV—lh) we deduce that :

Also, we have :

?:: d_@i- e—f-;

(Iv-17) a4=23%2 . .2
3 Y-X 6(X-Y)

Hence:

(IV-18) R? =4 fl*-ezfs*'ZdeFlfécose

] ~
613 is angle between the directions fl and FB’ and we
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have :
{
(IV-19) cos B, _ AT o) Y™a)
Bringing now (IV-16) and (IV-18) into (IV-12), we
‘obtain :

¥ 2 —_ h :_ :_ L, o2
(17-20) s = U};fe 5 chczﬂm_ F (zplrmpZeps P“)Pj_?j,?‘*(ﬂl)x

( aﬁyikm") f%y? (Q, )+ 0(3491"(_(;4))( 5p + eAP;—
+adefif, (6, ) AFAFdEdp, .

In equation (IV-20), we can now drop the "center-
. 2 .
of-mass integral"dfé513”‘Zé;%, for this integral is also
figured in the normalization constants (see Appendix B).
Ak can now be written as a sum of simpler integrals:'
34
(IV-21) by = I[P Az Agra))

where An ls integral of the form :

b = [ LY @ME R BT BARAF,

and:
£, = af’lY]‘i(Q ) (dzP:2L+ ezfg)
£2= (0fTI(Q) +ef T (0) N pLr D)
f3 = 2def, Pycos lB(aPlYg(ngj-cPAYi(Lg) )
£, = 2deflf3005613bf)3¥l£(_o_§)
We can see easily that Ay= ;=0 , since they con-
tain integrals of the form: / yZ‘ @Hdo; =0

The integrations of Al and A4 are now straightfor;

ward:
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_ MZ/’ zp,&m/ upZy /--p;zlz;/‘ ~f’f(3ﬁ’
4 2o [y £ S berag W

5
3atm
A, - = +
1716 L%M%wd 3°1)

Lo P _F _pE e

n=oT0te [ ptap [t ot prap, [ o7 a7,
_ 3bdeTP
" 8rAM%

Finally, (IV-21) gives :

3
=717 (At
A
(IV-22) A~ ﬂ5(5ad2+ 3ae2L + 2bdel)
- 18(S(X—Y)]3 172 y%

2.~ Evaluation of Bk'-

1r-23) B = [Py )R (myiE) ) e
where: &&;dEZC%ﬁﬁZEdeE
= 2O T, -
$'< ar r¥+ Bt (rrr]) 401 (rferE) + 2?1.[D?(F’2+E~'§)+E?('xz+?§)]
+ 2F1T, 3+2G ?‘L“;-sz (“"+r J{ r4+r5

The values of A?,B?, . . . . H' are listed in Table I)

Appendix C. In this appendix, 1t is also shown that:
/ /e - 2 /o2
¢ = LPe +MP + NP “‘:Ef)%

where:
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fi = Ri=3(FpriewaTy) - 7
=T~
L~ 75
-
5:1‘2- I'B
—

.

- X? (T t (T
P+ =X rlfY (rgfrB)-fz (rgfrs
In terms of the new variables, (IV-23) becomes:

(IV-24) By = lzz TaE / exp (‘ b MPENE- £t fe %7% (-22)
(e 270 2000ty 20 ) (5 P 20
+ {:'Pz yk(ﬂz)*% Pg ?!f(ﬂg)) CZP-_: CZ ?_Jlb; J-’Z:

2
(we have dropped the integrala/c;;YEbZ§;;in this expres-—
sion for the same reason as it was dropped in the expres-
sion for Ak).

where:

o2 X1-TT o 5
cr= 3 YI-gt —B(Yt-Z*)

The integration of (IV-24) is similar to that of

Ak and we get the following result:

(IV-25) B 3P (cr?Pr 4 3/5 ar®pe)

K =
g Jzr-v1| 3 (orwe % 1 P

-

3
K sk
From equations (IV-22) and (IV-25), the value of
the matrix element Ik can be calculated by taking into

account equation (IV-3). It is noted here that‘Ik does
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not depend on the value of k, so that 1

I=I=I
This will simplify greatly the expression for T(El)

given in Chaptef IIT.
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CHAPTER V

NUMERICAL ANALYSIS AND CONCLUSIONS

The followlng expression was derived in Chapter III
for the probability of the transition in He? with which we
are concerned here:

3 : .
(V-1) T(EL) = A & o*NANS (TS24 I fPeir )

In Chapter IV, the integral I, (k= 0,1,-1) was evaluated,

and it was found that Ik is independent of k; equation (V-1)

becomes therefore:

3
(V-2) T(E1)= 20 KT o%3%y2 | PR

We now calculate T(El) numerically.

1.- Numerical calculation of T(ELl).

We shall use here the numerical values of the width
parameters given by'Pearlstein, Tang and Wildermuth (6).
These parameters were determined by these authors by a
variational method in a calculation of the first three

energy levels of the He5

nucleus.

We shall denote by ¢ , &, &, the width parameﬁers
of the harmonic oscillator potentials for the motion inter-
nal to the triton, deuteron and alpha-particle clusters,

and by g and 8’ those associated with the relative motiocn
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of the M"triton-deuteron® clusters and the “alpha-neutron"
clusters respectively.
The numerical values of these parameters are given

in Table I.

o 2.81 x 1072 cm™?
= L.78 x 1027 cm™?
B 0.422 x 10%° cm"'2 'l
ot L.33 x 10%° cm™?

*R

3.25 x 10 cm

2.25} 25 -2

Table I

Néte that there are two possible values of ,3’; these
arise’ from two possible choices for the range and the
depth of the spin-orbit potential used in (6); both gives
equally good agreement with the positions of the energy
levels. There will therefore be two numerical values for

L. and as many for T(E1l).

Evaluation of I..
[ 29

where:
(V-1 ) A L T° (52d%+ 32e°L +2bdel)
k 18(s(x-1)|° 1% M%
5 2 2
_ 3M° ( c*"Pr+ 3/5 ar°Lr )
(v 5) B, /

. _ v VAL A j(M?N? )3/z L1%2 pi%
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b 0.323 x 107727 cm ct ~0.462

d 0.713 gt | 0.162x107%° on”

e | -0.404 x10712%2 cm e | 1.80x 1077 en
25 ) 2.20 x 1025 c:m"2

1.88 x 10 cm

L 2.28 x 1027 cm™~ B 2.28 x 1027 cm™ %

M 1.79 x 1025 cm™% Nt 1.79 x 10%° cm™?

x | -0.384x 10727 cm™t pt 0.097 x 10™%cm®

Y 1.68 x 101275 om~t 1 2.77 x 10%° cm™?

s 0.772 x 1025 em™t 7t | -2.38x10%° cm™?

Table II Table III

The numerical values of the parameters a, by, . . .

X, Y . . . etc in the expressions for

Bk are listed

Ak and

in Tables II and IIT. Whenever these parameters depend on

B' , two entries appear in the tables.

Inserting these numerical values into (V-4) and

(V—5), we obtain :

{ 8.58 x 107202 ot

A=

.

202

4.09 x 10~ cm

and:

202 16
cm

21.64 x 10~

12.13 x 107707 om0

16
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Hence:

(V-6) I =

{ -1.306 x 10720 0
K=

_0.804 x 10~20L o6

We have now all the numerical values necessary for

the calculation of T(El) :

k= 2= 8.45x107 ent E=16.6_9 Mev. )
NE ’ Ng are caléulated in Appendix B :
N2 = 30310177 om0
5 (3 .50 x 10176 cm-lL"
e { 8.45x 10770 o™tk

Finally, taking into account equation (V-2) , we

obtain the fo%lowing results :

1.85 ><1015 sec_l 4

(V=7) T(El)=
1.70 x 102 sec™t

The level width.f% for electric dipole X—emission

is related to the transition probabllity by the equation:

[; = 0.66x107%° T(El) ev.

1.23 ev
(V-—S) &:
1.12 ev

2.~ Conclusion.

The calculated level widths (V-8) can now be compa-
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red with the experimental results. In the actual experi-
of thiswidth

mental situation, no accurate measurementYexists yet, pre-
sumably because of the relative sharpness of the energy
- level at 16.69 Mev. However,. some rough estimates of the
level width can be deduced from the T(d,X)He5 and T(d,n)Heh
experiments:

G.A. Sawyer and L.C. Burkh&fdt (12) have determined
a lower limit for the yield.ratio of neutrons to gamma rays -
as 10%. The neutron level width [ of the 16.69 Mev state
in the He5 compound nucleus for the T(d, n)He4 reaction is
quoted in thls work to be 66 kev, so that:

f} < 6.6 ev

A more recent study by J.H. Coon and R.W. Davis (13)
indicates that the yield ratio of gamma rays to neutrons
from the T(d,n)HeLF reaction is about 2 xlO_5. Using the
same values of [, as above, we deduced that:

Pb’ =~ 1.32 ev

Thus, the calculated level width agrees quite closely
with the experimental result.

4 calculation of the transition probability based
on the single particle model is carried out in order to
show how the description of the He5 nucleus is improved by
the cluster model. |

The ¥ -decay transition probability for a single

proton (see fig.l) can be written in a general form as (8);
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Tiep - 44(L+l) 2 2, - -
4{EN) = L[(2L+)!1)? (Lis) (lgwMeV)x (aint0 e S (i, Ly ) 107 sec”

o nheufron

) pro‘fon

5 nucleus
from the (3/2+ ) state to the (3/2 -) state is due
to the jump of one proten from the lp state to the

Fig.l The radiative transition in the He

ls state.

where a is the radius of the nucleus and is assumed to be
1.2 A'.é'xl.O—l3 cm, and S(Ji,L,J ) is the statistical factor:

- (5,753 120)) 2
_S(Ji,L,Jf)'= (2J,+1) {;9:3-3|100)°

Numerically:

17 - =1
‘I‘sp(El) = 2.8x10 sec

This value is about one hundred times bigger than the
transition probability obtained using the cluster model.
The reduction of the "cluster model transition probability™
Tcm(El) is dué partly to the cluster model wave functions
and partly to the fact that the single-particle wave func-

tions are not antisymmetrized : a calculation using the
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unantisymmetrized cluster model ﬁave functioﬂs gives T(El)="
~12.7 x 10%° sec"'l and 8.3><1O15 sec—l, which are factofs.ofv

8 and 5 larger than the value cbtained using antisymmetri-~
zed cluster model wave functions.

We mention for the sake of comﬁleteness that ﬁe have
also calculated the contributions of the spln term of the- 
electric dipole operator and the magnetic‘quadrupolé ope-
rator to the transition probability in the case where
there is no contribution of the principal (orbital) term
of Q. (see page 10, Chapter II).'In this»calculation? the
set (II-lO) of spih wave functions for the triton is ﬁsed. ‘

13':isec_'].',,

The result is that T(ELl) + T(M2) is about 4 x 10
which i1s fifty times smaller than the valuelgiven by equa-:a
tidn (V—?)} This verifies the féct mention¥ed in Chapter
II that the first’term of Q”k is predominantly respoﬁsible
for the transition in He®. o \

Finally, an alternative method of»calculaﬁion of'
the transition probability can be suggested: H.A. Bethe.
and E.E. Salpeter (14) have shown that if exact nuclear
wave functions are used, the operator'? in the eleétric

dipole operator can be replaced by ﬁ%ﬁ g , where B is the

momentum operator and m is the mass of the proton. Thus:

_ o,
(v-9) . N Q= e; ry Y2 (e )
becomes : ‘

- | o ke ¥
(V lO) o QIF."' mck Z plYl (wpi )
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This method provides us with a test for the cluster
model wave functions, because if our chosen wave functions
are exact, the matrix elements of Qmand Qly must be the
same, and so are the transition probabilities. However,
since we are using mbdel wave functions here, it is clear
that the difference between the two results will provide
a measure of the deviation of the ciuster model wave func-
tions from the exact nuclear wave functions. Such a cal~-
culation would be well worthAperforming, since the present
result seeméﬁ&ndicate that the cluster model provides

quite an accurate description of the He5 nucleus.
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APPENDIX A

ANTISYMMETRIZED WAVE FUNCTIONS OF THE FINAL STATE

x
X X

In the following expressions, @ " denotes the anti-
symmetrized wave function and the number between the paren-
theses of @ denotes the z-component of the total spin of

the nucleus.

8, (2) = 3—,; (s B0 { (o - Biote) o (12345

= (B =, B) (5234;1)+o, (16:“5’ — ﬁ;)(l§34;2)}m =1

é{(’z’;‘) 3,2'\/_ ( B~ s 4)*{ [("‘ B. - ﬂa“z)ﬁs (!2’34 ;5)
-8, (B, ot ~ o, B ) (5234; ’)""ﬂz(ﬂ:"‘s °‘,85)(’534 Q)Jm =1
+VE [(« B Boa) o5 (1234:5) - o4 (B, - o1, i) (52341)
- oty (o Bs - o) (’534’}2)1 mz=0 } |
@a"( 2l 3:91‘/— Siaire (B Becs {r[(dﬁz 13: o) B5 (1234:5)
_ﬂt ({?’zds 'o‘zﬂs) (52’34}'”"52 (dlﬁs"ﬁl di)(1534'}2)] =0
+ Ud’ﬁz"ﬁ;%)ds" (1234;5) — o (o, B - Bros)(15342)

= o (Byote =0y, B) (5234; ’)Jm,_-_--l}

37'\{{‘—" (“3.3 "53”‘4-){ (e ﬁ2~54“2)55 (‘234‘5)

—,Q(ﬁzoe; o(ﬁ;)(5234 1) - B, (e s - ﬂ,as (:5341)} |

| CI’,: ('%) =



-1~

APPENDIX B

CALCULATION OF THE NORMALIZATION CONSTANTS

Let rewrite equations (II—22),(I_I_-23) which deter-

Nf of the initial

mine the normalization constants N; »

and final state wave' functions:
N2 ¢ (123345) | (123;45) -2(124535) + (524531)) =8
..12

(B-1)
N2 (1234;5)| (1234;5) - (523k; 1);
L=1

(B-2)

l.- Bvaluation of N..
—1

We now calculate the threé integrals:
I, = (123;45)](123;45))
I, = (123;45)( (124335) >
I3 = {(123;45)] (524;531)

(a) I / B,exp( P‘)

where ¢ can be written as:

o lrdpdgdnds

- 2 p* * . Fp?
(® =5 [t t 3l +£f
. v s g N £ P g '
and: = T 2(:r'2-¢- rB)
—p — :
s = Ty 'r"3’
3 = 1+"' I‘S
B = 1/3(F4T#T,;) - 3(TT2)

( FJ_I PLI FB IE-)

In terms of the new coordinates

Il becomes:

—e

B
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(8-3) I,= 317 exp | - otfi-e(.pz___pg ..Eﬁa}ﬁ“

5

x dPdFdE dFyf & -V Jga

where:

)

w—pn
= r’;
(75,72 P B, ey

W
N
P

W

The evaluation of Il is now étraightforward since
Il can be separated in four ™single variable" 1ntegrals.
L sxaﬂn
Hereafter, the "center-of-mass- 1ntegral"a/ne ZR can

be dropped for the reason we have p01nted out in Chapter IV,

% 6
(B-4) 1,22
' 148 daﬁzp

7

(b) o
(B-5) I, _,f by & S0hcn dz; d I d%5 dy
where:

and;

¢1 = Al(r%-rg) + By §+r4)+0 §+ 2Dl 1To+RE) (rl+r )(ffgﬁz

2 Ty 2(Fy (P Ty + 6y (BT | 75
Coefficients A.,B, . « . « G, are given in Table I along

171 1
with their numerical values.

Substituting the following change of variables in (B-5):

— —F >
8 — .- I
h - "1 2
—
FZ. = ?:P_-r

3 4



Rop= 1/5 (FT+ T+ F§+ﬁ+?;)

2 2 -
bl =L+ 75& 1.93 x 1027 cm™%
o X 38 25 -2
Bl 3 +4 + 6o 2.22 x10 cm
% . 2B 25 -2
Cy R T 2.52x1077 cm
1 2 25 -2
Dy 3 T 5 -0.881 x 10 cm
S __ A 25 =2
Eq ( 3 +§%)"—T ~0.483 x 1077 cm
Fy '—% -0.0843 x 10%% cm™?
G, X B 1.17 x 10%% em™?
4 7720 ‘ |
Table I
we obtain:
- 1 2. 2- 2. 2 — - —»\2
(B-6) Ip = 363 °xp (‘Ifi'Mf’z“ Np, - Bf )(a?2_+5f3+ °F4)
! > > =>2 J=p Jo> [=p ]=>
x-S Y dRdE R dp,
' PG
wheré: L=2(A,-D;) ; M=%(B,- F,) 3 N:_i.}-E ; P_.:_l__
1 1 1 1 c 1 c
1 1
F +4G

=
|_l

Integration of (B-6) over ?T,p:,‘é’,'ﬁ: gives:



il

(B-7) I, _ 1517 (3‘4 o °4> |

T2~ 3 t 7zt
32 ci (LMNP)2 MNP

3Tl'6

16 03 % (yvp )2 (

a%b2P + 5b2c M-+ c2a N >

(c)
(B-8)

4)2 = A2 (rl+ ry +rll_+r5) t Boro- (rl-g- T3+ T+ r5) T,

—— ——l —’ﬂ)

+ 2C (rl-f-r )(rl*.l-r ) +2D (r':L r3+ ¥, T

o X, 13 25 =2
A, 3 T ) 760 2.22x 1077 cm

2 28 25 -2
B, = +t 5 1.93 x 10°? cm
c, ~£ ~0.0843 x 10%% em™%

oo, 138 25 =2
D, — 7 + &0 -1.57 x ZLO cm .

Table II

Substituting the following change of vériables‘ in

(B-8) :

- - =

PL =717 73

r=cd — b

fo = "4 75

o _To4+T.-T -T,
fs = T+ T3" 5 75
b+
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I. becomes :

3
(B-9) I3 - 'é‘/ebP (-L,Pf-L/P:—MP;“'NP:)( a‘?):'l- -B/F: >‘2
ey Vow o 2 e [ [
AR N AN C 0
B.
at= 5/12 ; bt=-1/3
Finally:

6
(B-10) I = 3 (51124 5pr2Mr 2y 22t 2p1RMNT)

32 L (Nt )2

Numerically we have:

I, = 2479.6 x 107200 16
I, - 2L.5x 107200 16
I3 = 203.6x10_20O cm16

Hence, from equation (B-1), we deduce:

(B-11) 2.8 _ 3.03x10%97 20

L T
Il 2.;.2+I3

2.~ Evaluation of Nf-

Let:

1, = {(1234;5)] (1234;5)}%'

I, = <(1234;5))(5234;1>>m='
oxr:

Il!_ =/evp(—ﬂp‘t'&f’:—9ﬂP2~ﬁlﬁz)ﬁfﬁz(—%‘) '1*(_‘2)

{2 6 2 3 5 - 4 1 ?yi , 1

~5¥R,,

X ¢ &5 dzde ey der



Y

‘where:

f, = 37 - (B« T+ 7))

F; = 2r;- (I—?B-f'?h).

% -7 7

R, = z’:(?l+'r?2'f?3+rh) - T
" (B-12) 14=_i’;_5_izrf_

258 %

and:

_ 2
(B-13) I, = je“" RR, Y ¥ (a,) Y(0,) &R g A dE d7 di

where:
Ry= 3B+ Ty Fy+F)) = B
¢ = A(r§+r§+ri) +'B(r]2‘_+r§) + 2G(?2F3+?3'§4f?4?2)
+ 2D(I">l+?5) (?24-?3-&-?4) + ZE?l?S

A _3.;&}% 3.36 x10%° cu™* |  3.41x 1025 em™?
B | 2 +%é’ 2.58 x10°5 om™? 3.00 x 1020 cm™?
c -5 ..é@c_', 120,97 x10%5 em? | -0.92x10%% cm™?
D —egf_ -3 |-0.7x 10%% em™? -0.79 % 10%° on™%
E --éi_/ ~0 .15 x 1022 ¢p=? -O.65vx 10%° cm™?

Table IIT
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Coefficients 4,B, . . . E are given in Table III.

Here, we have two sets of numerical values for these

coefficients since two possible values of B’ are given by

Pearlstein, Tang and Wildermuth (6).

] 1, __4A-C . D(C-4) .
where: | L=—Z§_— ; M= L(A+C) N= m ; P= -%(39'*‘7.}3)
and; |

B a2+ C(%;+ 7 )+ DT+ Fy)
= LA = =

iz = (A+ C)rB-x Qr4+D(I'1+I‘5)\

= =>
P3 = I‘l+?5'— 21"4

.5

z, = ?l— I‘5
In terms of the new variables, (B-13) become’sz
Iy = = '/‘e";P(“LPf‘MP;‘NP;—‘EP«:\)X 2@5@& .

A% (A+C)? . o

) 1 1%
Fopyed ey oo ) eyl
1 1 4 - —n

+ 50 Y 1 (0) + P Y, (2,)- dp XD mﬁ) JP: CZP:ZP;JID 2

1 R S AW
I5 = a\7 1 + - ¥,

8A3 (A+G')3 L. M N P 8(1.1\/11\11"),2-
1. A-C ) C -4 |
where: a=m 3 b= 1+.A.(A+C) ’ C:m; d=5/8
Numerically, we have two sets of values of Il!_andb
I,. and two possible.valués of Nf :

5

¢ can be written as :

b= LP2+MP +Np2 +PpF




1)

2)

L8~ -

I, = 2;866><10_176 emX

b

I = -0.560 107176 plk
v 12 _ 3.50x10%7°
S
L 75
I, = 1.L47x 107176 ot
I= ~0.273 x 107176 em
Nio 22 o 85« 10176

I].,.—I5

cm—lh

cmflh
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APPENDIX C

REDUCTION OF CERTAIN QUADRATIC FORMS

The object of this appendix is to reduce the follow-

ing quadratic forms:.
2 2 2 2 2 -
(c-1) ¢ = A(rlq-r24-r3)1-Br4+Gr5+2D(rlr2+r2rj+r3rl)

+-2(Er4+Fr5)(rIfr2+r5)-+2Gf4r5

and:

-rEf(r4+r5))1-2F'r2r3+2G*r4r5+2H*‘rzfrB)(rE+r5)

to sums of four square terms. |
As an example, we choose to perform the reduction
of the quadratic form.¢'. The result of thé reductioﬁ of
¢ will also be given.
In order to evaluate thé integral Bk (equation IV-
23) |
5, = (05234510, | Fy T (8,) + 5,758, | (123545) )

o [ Ry R (5 3@ 9a) €7 drrelit d el 4

we shall find a linear transformation from the variables
(rl,rz,rB,rA,r5) (in fact, we must write ?1’;2?52’52’?2
for these variables are vectors, but we adopt these sim-

plified notations in this appendix without confusion)
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to the new variables (81,82,83,34,85) , such that :
y 2 2 _.2 2 2
(a)' d) = ‘lsl+ msy + NS5 + PS) + 4Sg
Note that it is not necessary that all coefficlents
l,m,n,p,q be different from zero; we shall see later that

one of them is in fact zero.

(b). One of the new variable, say s;=RJ
T AT T T :
b

- I

or: Slc( 1.
In Table I, the coefficients A?,B*,Ct, . . . of.the
form ¢’ are expressed in terms of the width parameters < ,

o ,&, B and B’.

o | F %‘%*:%" o |2, 848
ok z* %% 70 i ”é%"f%“fé%
Table I

In what follows, the theory of the reduction of a -
quadratic form to a sum of square terms is quoted briefiy.
A more detailed theory can be found in reference (10).

First, we consider the quadratic form ¢'as a
scalar function of the vector ? = (rl,rz,r ,rh,rs)ﬁz

o' = ¢

Then, we define the polar form q7associated with
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the quadratic form 4)' :

: >

(c-3) ¢TI = 1) vt
=t (A’r +D' (r. 41, )+ Et (1, +1 )\
= 2+¥'3 4T T5)
+t <B' 2+D?rl+F*r3+H’ 4+r5)
+t3(B‘ 3+D*rl+F?r2+H'(r -:-r5 )
+% (C'r +E’rI+G’ 5{-H*(r +r3 )
+t5(0'xf5+E*rl+Gir1++ H'(rz-t—r )

h i |
where = (tl’tZ’tB’t@’tﬂ

From this definition and. from the equation:

— Ti%
(where {'é:} are vectors of a basis in which the quadratic
form ¢' has the form (C-2) ) an important relation can be

deduced :

\}

5

(c-4) ¢ @ . ¢FHN=2 L rr 03,7

i=1 J-I

If we change to a new basis?@j , the new components

—-
of V will be 115215358, ,85 so that :

5

- —
V= Z S . E R
gt Jd - Jd
Equation (C-4) becomes therefore:
, ) ii & e
(c-5) - (V). zJ s; ¥(&,8)
From this equation,we can see that if the trans-
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formation of the old basis {3&} to the new basis {é;;lis
chosen such that:
(C-6) So(é’,%) = 0 for i]

all cross terms in (C-5) will vanish, that is ;
5

$(T) = 2 9(EE) st

i=1

or.

(c-7) (V) =§i¢’<5’ s

In matrix equations, the linear transformation of

the new basis to the old basis, and that of the old vari-

ables to the new variables can be written respectively as

follows:

7

e i

RGN AR
| o |
-3
Oy onp vy Y

(c-8)

LCR R VU S

-
\
’—
-

-
Lo

w
B

9]
i\
3
e}
W

10)
L, TR B GO I V)
i-s

W

(c-9)

r

N A ~ - .

where T is a 5x5 matrix and'alits transpose.,

The choice of T such that equation (c-6) (and con-~

sequently,condition (a) ) and condition (b) are satisfied
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is not unique. One particular choice can be obtained in‘
the following way: E? can be chosen as a linear function
of the e]’s arbitrarily (for 1nstance we choose éf 4,
that is, in the equatlon ?’ z:x:e ; we put x.=1 , Xp=
3.. 4__ 5_.0 ’ because we have five 1ndependent varlables)
Now, with this vector a , the second vector E can - be
chosen with the condltlon that :q%fu ) 0 , so that the
choice of 6: is less arbitrary. . than that. of‘g twe
have only four independent variables. The third vector é:
muast satlsfy simultaneously : (P(E, ,53 ) SD( O , énd'so on
- - - . In this way, f“ 92.. . é; are selected in terms
of {ei} such a manner that allv eq_uations ?(5715):0 (13)
are satisfied.A | | ‘

The fact that one of the new variables s, is-deter-
mined beforehand (in condition (b) )'bomplicates thé choice

of T but does not restrict it to be a unique choice.

After a tedious calculation,we find that:

L ?,\ o 0 A=A %+A %*M\ /.éi\
i 11 L sl | 1 'e'>2
(C-10) El={ 0o o o 1.4 A
A o 1 -1 0 © g,
LC::-/ e A R ) k%,

Where: _ 2H*-(Ct+GT)

T 2(B%CT+F1+GT~ LH?)

&
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Thé‘5x5'matrix in (C-10) is just T—l ; hence:

() [ 1 0 0 =UeD) ’E_’f\
g, 1 0 0 & A+ g
(c-11) & |- |1 0 0 -3 A+d £
g 1. 0 % 0 A Ei‘
\ é”5 ] 1 0 -3 | 0 A ?:/
From this equat?on, it follows that :
(s, ] [ % 11 1 1) frl"
S, 1 0 | 0 0] 0 r,
(c-12) | sy|=| O O 0 3 -3 -,
5), 0 3 -3 0 0 T,
[55) Ltrmiag A A AL [rg

Using (C-7), ¢f can be now written as ;

013) § -4 - pt £yr ot Tobey ) SE) ) (—5——5"1"}‘
d>’(€4)( ) ¢(éZ-)[ 4A+1)r +(A+}) (ryer;)
+A(rw¢3)]2

where ¢Y?i)can be evaluated by expressing the é? as func-

tions of the old basis vectiors eJ (see equation C- 10) ,
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and substituting these expressiohs into (C-2) 1

YE)=3icrrar)-AELEY) ; FE) =0
YE)=2(cr-cr) ; Q&)L 2(Br-Fr)
$(€)= 2(Br+Cr+F1+Gr-LHT) |

Finally, changing notation, ¢’ becomes :

(C-14) ¢'= Lt el N1 PrpT

where: P = z’;(r2+r3+r4+r5)- ry
B_': I'1+— I‘5
g: r2°- rB

b= Xtr +Yt (r2+§) +"Z* (r'll_+r5)

In Table IT, L*,M*!,N',P?*,X?,Y? and Z' are expressed

in terms of A',BY, . . . H'.

Lt a(crecr) _ S(EMAHE)®
| B1+CYr F14GY —LH?
e 3(Cr-gr)
Nt 3(Br-F1)
Pt 3(Br+CrePteGrajHr) L
Xt  2(pr-En)T |
| _(DrehEt) |
zt Et44H?

Table II
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We turn now to the quadratic form ¢ . Table III

gives the coefficients of d) in terms of the width para-

meters & ,o, ,& , B and B’.

ol Bl g e S Il B
B E Rk || A
C | Fr B || FB-F
D | ~¥-% +-,§5-+-4%/- |

Table III

The reduction of (b can be perforzﬁed in a similar way :

(c-16) ¢ = LEwMpE+ pF 4P

where:

P, = é(rl-;- T+ r3+r1+) -‘rs, = Rl

g_:: I‘l— I‘2

(c-17)
P3 = X(rl+r2+r3) +Yr4+Zr5
& = S(r{+ Xp- 2r3)

and the. coefficient;‘ L,M,X,Y,Z, and S are givén in Table

IV ( page 57)
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16 (LE+F) 2
16B+8G+ C

_%S(E4-F) -

1 (A-D)

LE+F .
(16B+8G+C)=

LB+G N
- (16B+8G+C)*2

LG+C .
(16B+8G+C)?

Wl

(AﬁD E+F)
N2t 3

Table IV
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