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Abstract

We consider a positive matrix @, with entries {1,2,...}. Kesten showed that if there
exists a constant 1 < L < oo and sequences u; < ug < ... and d; < dy < ... such
that Q(¢,7) = 0 whenever ¢t < u, <u, +L < jori>d,+ L >d, > j for some r,
then if @) is also substochastic, it has the strong ratio limit property, that is,

po @) o fO)0)

oo Qn(k,1) F(R)u(l)
for a suitable R and some R~!-harmonic function f and R™!-invariant measure y. In
this thesis, we delve into a counterexample of Kesten that shows that for a positive
irreducible matrix @, that is the transition probability matrix of a Markov chain
{X,}, the Yaglom limit theorem is not valid if we drop one of the restriction imposed
above, even when () has a minimal normalized quasi-stationary distribution. In the

last section, we show the ratio limit property must also then fail.

i
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Chapter 1
Introduction

Let Q@ = {Q(3,7)}ijes be a positive matrix on a countable state space S. (In this
paper () being positive means that Q(i,5) > 0 for all 4,5 € S.) We say @ has the
strong ratio limit property (SRLP) if there exist strictly positive constants R, (i),
f(i), i € S, such that

. ntm(; 5 —m @ uly .
(1.1) limy, 0 T = RED i k1€ S, meL.

We say Q is srreducible, if for each i, j € S there exists an n = n(i, j) with Q"(3,5) > 0.
If @ is irreducible, it is called aperiodic, if ged{n : @"(i,5) > 0} = 1. We also say @

is R-recurrent, when

(1.2) 2, @M1, )R = o0,
where
(1.3) R™! = lim,_,.[Q"(4, §)]/™.

It was observed by Vere-Jones [25], that for an irreducible aperiodic matrix @, the
limit R~! exists and is independent of i, j; that is, if (1.2) holds for some 3, j, then it
holds for all ¢, j.

The SRLP is also closely related to the age distribution of an absorbing Markov
chain. Assume the chain {X,;n =0, 1,...} has state space ¢ = {0,1,...}, that {0}
is the single absorbing state and that the time to absorption has finite expectation.
Introduce the instantaneous return process {X,;n = 0,1,...} obtained by allowing

{X.} to hit {0} and then instantly returning it to {1} and repeating this procedure
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so that each time {X,} hits {0} it moves immediately to {1} and then evolves with
the same transition probabilities as {X,} until next hitting {0}. Let T, be the time
measured backwards from 7 to the last time {X,} hit {0}. Assuming  is irreducible
and aperiodic for {X,}, Levikson [13] shows that for each j € ¢, lim, o Pi{T, =
k| X, = j} exists and is called the limiting age distribution. Pakes [18] (Theorem
1 and corollary Section 2) showed that if the return chain {X,} is R-recurrent and
satisfies the SRLP, then the limiting age distribution exists.

A measure p on Sy is normalized quasi-stationary distribution if it is a distribution

probability and
PAX,=1|t >n}=p(i), forall i€S, n>1,

where So = {1,2,...} and 7 is a stopping time(Kesten [10]). Closely related with the

notation of quasi-stationary distribution is so-called Yaglom limit; this is,
lim P{Xn =.7|X0 ='Z} = lim Q (27.7)‘ 7
n—oo P{T >n|Xo=1} n—oc Zleso Q~(i,1)

where @ := (P(i,7)): jes, = restriction of P to Sp x Sp.

The existence of the Yaglom limit was established for branching processes in the pi-

oneering work by Yaglom [27], for symmetric random walks by Seneta [21], for left
continuous random walks by Pakes [17], and for birth and death processes by Good
[9], Kijima and Seneta [11] and Van Doorn [24]. In the case of finite Markov chains,
there is only one quasi-stationary distribution (Darroch and Seneta [3]).

There is a close connection between the existence of a normalized quasi-stationary
distribution and the existence of the Yaglom limit; that is, if the Yaglom limit exists
for all j, then it is a normalized quasi-stationary distribution (Vere-Jones [26], The-
orem 1 and 2), Ferrari [6].

By the Perron-Frobenuis theorem, Gantmacher (7] chapter XIII, any finite irreducible
aperiodic matrix ¢ has the SRLP.

As was observed by Kingman and Orey [12] for an irreducible recurrent aperiodic
Markov chain with countable state space indexed by discrete time, if the probability
of returning to i by time N is greater than ¢, where N and € are positive numbers

independent of 7, then the SRLP holds. This condition can be taken as a very weak

2
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form of spatial homogeneity.
Pruitt [19] showed that, if ,pf; is the probability, starting from ¢, of being at j at step

n without visiting &k at steps 1,2,...,n — 1, then for a R-recurrent chain, SRLP will

hold if
(n+1)
(%) lim sup,_, oo ffmr <R.

He also showed that (%) is always satisfied for a reversible chain; that is reversibility
implies (%) (and therefore the SRLP if the chain is also R-recurrent).

The papers listed above all assume that () is R-recurrent or that @ is the transition
probability matrix of reversible Markov chain. Kesten [10] has proven the SRLP for
a more general class of sub-Markov chains on Sy = {1,2,...}, which are in general
neither R-recurrent nor reversible. For a positive irreducible matrix ¢) on Sy, consider

following restrictions:

e (1.4u) There exists a constant 1 < L < oo and an infinite sequence 1 <
u; < ug < ... such that Q(7,j) = 0 whenever ¢ < u, < u, + L < j for some r.
Moreover, there exist constants dp and M < oo, and for each ¢ € |, [u,, u, + L),
there exist integers 1 < n' = n/(i),n” = n”(¢) < M such that Q™ (3,5 + 1) > dy,
Q' (3 + 1,3) > do ;

e (1.4d) There exists a constant 1 < L < oo and an infinite sequence 1 <
di < dy < ... such that Q(i,j) = 0, whenever i > d, > d, + L > j for some r.
Moreover, there exist constants o and M < oo, and for each ¢ € {J, [d,,d, + L),
there exist integers 1 < n' = n'(3),n"” = n”(i) < M such that Q™ (3,4 + 1) > &,
QY (i+1,3) > o ;

e (1.5) There exist constants §; and N < oo and for each i € Sy, there exist
integers 1 < ky,..., k. < N (with k; = k;(7) and r = (%)) such that Q* > §,
for 1 < s <r, and ged(ky,..., k) =1.

For a positive irreducible matrix @ that is the transition probability matrix of a

Markov chain {X,} and satisfies conditions (1.4)—(1.5) Kesten [10] proved Theorems
1.0.1-2.
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Theorem 1.0.1. Let 0 < s < oo and assume that @Q is irreducible. If ) satisfies
(1.4u) and (1.5), then up to a multiplicative constant, Q has at most one positive
s-harmonic function. If Q satisfies (1.4d) and (1.5), then, up to a multiplicative

constant, () has at most one positive s-invariant measure.

Theorem 1.0.2. Let Q be irreducible and substochastic ( that is, 3. Q(i,7) < 1
for alli € Sy). If Q satisfies (1.4 u), (1.4d), and (1.5), then R defined by (1.3) is
independent of the choice of 1,7 in (1.3), and 1 < R < co. Moreover, for all i € Sp
there exist f(1) > 0 and u(i) > 0 such that:

f(@) = R(Qf)(@), i€ So;

p(@) = R(uQ)(i), i€ So,
and such that (1.1) holds for i,7,k,1 € So. In addition, if we assume that for some
L < o0,

Y QU,j) =1 for i> Ly,

j€So

and that for some ig,
Z Q"(i0,7) =0 (n— ) and R >1,
J€So0
then we can even take the measure u to be a probability measure on Sy; that is,
> oui) =1,
Jj€So

and with this normalization,

CgrGg) o fG)
1 _y NS m
S 0 k) AR

/’L(])a i)j’k € SO-
Kesten [10]

In this thesis, we delve into a counterexample of Kesten that shows that the limit
in (1.1) does not exist if one of the conditions (1.4)—(1.5) does not hold, even when

@ has a minimal normalized quasi-stationary distribution. Failure of the ratio limit

4
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theorem in this example results from the failure of the Yaglom limit.

The failure of the Yaglom limit in this example is due to the fact that (1.4) does not
hold; this means that we cannot drop (1.4) entirely.

We begin by constructing the Markov chain {X,} in Section 3.1. Then in Section 3.2,
we show that the absorbing state, 7, has an exponentially bounded tail; by Theorem
2.2.1, this is necessary and sufficient for {X,} to have a normalized quasi-stationary
distribution.

In Section 3.3, we try to reduce the proof of failure of the Yaglom limit, to an estimate
for return probabilities of nearest-neighbour on Z. In this section, we temporarily
work with a new Markov chain {X,}, which does not agree with {X,} on certain
intervals.

In Section 3.4, we show the existence of a universal constant, which provides the
required estimate on these return probabilities. In Section 3.5, we show the failure of
the Yaglom limit by applying the results in Section 3.3 and 3.4 recursively. Finally in
Section 3.6, we show that the failure of Yaglom limit implies the failure of the ratio

limit property.
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Chapter 2

Background

2.1 Definitions

Most definitions are from Billingsley [2], unless otherwise indicated.

Definition 1. (field) Let Q2 be a completely arbitrary nonempty space. A class of  is
called a field, if it contains 2 itself and is closed under the formation of complements

and finite unions.

Definition 2. (o-field) A class of Q is a o-field if it is a field and if it is also closed

under the formation of countable unions.

Definition 3. (probability measures) A set function is a real-valued function de-
fined on some class of subsets of Q. A set function P on a field is a probability

measure, if it satisfies following conditions:
1.0<P(A) <1 for AinF;
2. P(Q)=0, P(Q) = 1;

3. if A1, A,,... is a disjoint sequence of F-sets and if |Jpo, Ax € F, then

P(J Ar) = iP(Ak)-
k=1 k=1
6
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Definition 4. (probability measure space) If F is a o-field in Q and P is a
probability measure on F, the triple (,F,P) is called a probability measure space.

Definition 5. (Markov chain) Let S be a finite or countable set. Suppose that to
each pair i and j in S, a nonnegative number Pj; is assigned such that for all i in S
Z]’es P = 1. Let Xo,X1,Xo, ... be a sequence of random variables whose ranges are

contained in S. The sequence is a Markov chain or Markov process if
P{Xn+1 = ]lXO = io, “aa ;Xn - ’Ln} = P{Xn+1 - ]’Xn = ’Ln},

for every n and every sequence g, . .., i, in S for which P{Xo = ig,...,Xn =in} > 0.

The set S s the state space of the process.

Definition 6. (nearest neighbour random walks) A one-dimensional nearest
neighbour random walk is a Markov chain whose state space is a finite or infinite
subset of integers such that if it is in state i after a single transition, either stays in

1 ormovestoi—1 ore+1.

Definition 7. (simple random variable) Let (2, F, P) be an arbitrary probability
space, and let X be a real-valued function on 2; X is a simple random variable if it
has finite range and if

{w: X(w)=z}eF

for each real x.

Definition 8. (o-field generated by a random variable) The o-field o(X) gen-
erated by X is the smallest o-field with respect to which X is measurable; that is o(X)

18 the intersection of all o-fields with respect to which X is measurable.

Definition 9. (Taylor series)A Taylor series is a series expansion of a function
about a point. A one-dimensional Taylor series is an erpansion of a real function
f(z) about a point x = a given by

f"(a)
2!

f(z) = fla)+ f'(a)(z —a) + (r—a)+.. . +1==
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Definition 10. (power series) An infinite series of the form

o0

Zak(z —20)* =ap+a1(z —20) +aa(z— 20)* + ...
k=0

where the coefficients ay, are complex numbers, is called a power series in z — zy.

Definition 11. (radius of convergence) A power series will converge only for
certain values of . In general, there is always an interval (=R, R) in which a power
series converges, and R is called the radius of convergence. The quantity R is called
the radius of convergence, because in the case of a power series with complex coeffi-

cients, the values of x with |x| < R form an open disk with radius R.

Definition 12. (analyticity at a point) A complex function w = f(z) is said
to be analytic at a point 2y if f is differentiable at zo and at every point in some

neighbourhood of z.

Definition 13. (singular point) A point z at which a complez function w = f(z)

fails to be analytic is called a singular point of f.

Definition 14. (Stirling’s formula)

1
n! ~V2rn™2 e,

where the sign ~ is used to indicate that a ratio of two sides tends to one as n — 0.
Feller [4]

Definition 15. (indicator function) The indicator function of a set A is the func-

tion on () that assumes the value 1 on A and 0 on A°; it is denoted 4.

Definition 16. (expected value) A simple random variable in the form

X = ZwiIAw

15 assigned ezpected value or mean value

E[X]=E
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Definition 17. (variance) If E[X| = m, the variance of X is

Var|X] = E[(X —m)?] = E[X?] - m?
Definition 18. (conditional probability) If P(A) > 0, the conditional probability
of B given A is defined via

P(AN B)
P(A)
Definition 19. (conditional exzpectation) If P(A) >0, andY =} y;Ip; is a

simple random variable, the conditional expected value of Y given A is defined by

EfY|A] = Zyj Bj|A).

P(B|A) =

Definition 20. (independent events) The events Ey, E,,..., E, are said to be
independent if for every subset Eyi, Fo,..., E. and 0 < r' < n, of these events

P(Ell NEy...N Err) = P(Ell)P(Egl) - P(ET/).
Ross [20]

Definition 21. (distribution function) The distribution function of a random
variable X is defined by

F(X) = p(—o0,z] = P[X < g
for real x. F is right-continuous, nondecreasing and
lim F(z)=0, lim F(z)=1

Definition 22. (density function) The probability mass function of a discrete

random variable X is given by
fx(z)=P(X =x) for all z.

The probability density function of a continuous random variable X is the function
fx(z) defined by
z/ fx(t)dt for all z.
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Definition 23. (normal distribution) Let X be a random wvariable such that
E(X) = p, Var(X) = o?; then we say X is a normal random variable or simply
X is normally distributed with parameters u and Var(X) = o2, if the density of X

is given by ) ,
f@) = et

- Vo

The density function is a bell-shaped curve that is symmetric around u. Ross [20]

Definition 24. (geometric random variable) Suppose that independent trials,
each having a probability p of being a success, are performed until a success occurs. If
we let X be the number of trails required until the first success , then X s said to be

a geometric random variable with parameter p. Its probability mass function is given

by
pn)=P{X=n}l=(01-p"!p. n=1,2,...

Definition 25. (convergence in probability) If for random variables X,
lim P[|X,—-X|>¢=0
n—0o0

holds for each positive €, then X,, is said to converge to X in probability.

Definition 26. (convergence with probability 1) If for random variables X,
Pllimsup(|X, — X|>¢)] =0

holds for each € (rational or not), then X, is said to converge to X with probability
1.

Definition 27. (expected value as integral) The expected value of a random
variable X on (Q,F,P) is the integral of X with respect to the measure P,

E[X] = / XdP.

Definition 28. (conditional expected value) Suppose that X is an integrable
random variable on (Q,F,P) and that G is a o-field in F. There exists a random
variable E[X|G), called the conditional expected value of X given G, having these two
properties:

10
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1. E[X|G] is measurable G and integrable.

2. E[X|G] satisfies the functional equation
/E[X|g]dP=/XdP, Geg.
G G

Definition 29. (martingale) Let X;, X, ... be a sequence of random variables on
a probability space (Q,F,P), and let Fi, Fa,...be a sequence of o-fields in F. The
sequence {(X,, Fn) :n=1,2,...} is a martingale if the following conditions hold

1. F C Foga;

2. X, is measurable with respect to Fp;
3. E[|X,]|] < oo;

4. with probability 1, E[X,11| Fn] = Xn.

Definition 30. (supermartingale) The sequence of random variables X, is a su-
permartingale relative to o-fields F,, if 1,2, and 8 of the definition of martingale hold
and in place of 4,

E[X 1| Fu] < X, with probability 1.

Definition 31. (Markov’s inequality) Let (0, F,P) be an arbitrary probability
space, and let X be a real-valued function on Q2. If X is nonnegative, then for positive

P{X >0} < ~ B[]

Definition 32. (stochastic process) A stochastic process {X (t),t € T} is a collec-
tion of random wvariables; that is, for each t in T, X(t) is a random wvariable, where
T is the index set of the process. Ross [20]

Definition 33. (tightness) A sequence of probability measures u, on (R, R!) is

said to be tight, if for each € there exists a finite interval (a,b] such that

Un(a, b >1—¢ foralln.

11
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Definition 34. (absorbing state) A state is absorbing if on once being entered, it

15 never left.

Definition 35. (strong ratio limit property(SRLP))Let Q={Q(:,7)}ijes be a
positive matriz on the countable state space S (here Q is positive means that Q(i,j) >
0 for alli,j € S). We say that @ has the strong ratio limit property (SRLP) if there
exist strictly positive constants R, (i) and f(i) (it € S), such that

Q" 0,d) _ pom JA0)

lim 2/ OB i kleS, meL.

naoo Qn(k, 1) f(R)p()
Kesten [10]

Definition 36. (periodicity) A state i has period k, if any return to state i must
occur in some multiple of k time steps and k is the largest number with this property.

Formally the period of state is defined as
k = ged{n: P(X, =1 Xo =1) > 0},
where ged is the greatest common divisor.

Definition 37. (irreducible) Let Q) be as above then Q is irreducible if for each i, j
€ S there exists an n = n(i,j) with Q™(i,5) > 0. Kesten [10]

Definition 38. (aperiodic) If Q is irreducible it is called aperiodic, if ged{n :
Q"(3,7) > 0} = 1, this condition does not depend on i in the irreducible case. Kesten

[10]

Definition 39. (recurrence) A state i is said to be transient, if, starting at state i,
there is a nonzero probability that we will never return to i. Formally, let the random

variable T; be the next return time to state i, and set
T; = min{n : X,, = i| Xo = i};

the state i is transient if
P(T; < ) < 1.

If the state i is not transient, then it is said to be recurrent.

12
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Definition 40. (R-recurrent) Q) is R-recurrent if

> Q(i,j))R™" = oo,
where

R = lim [Q"(¢, )]/
Kesten [10]

Definition 41. (ergodic) An irreducible aperiodic positive recurrent chain is called

ergodic. Asmussen [1]

Definition 42. (harmonic function) f is called s-harmonic for Q if
Qf@) =Y QG,i)f() =sf(i),  forall i€S
J€So
where
So=1{1,2,...}.
Kesten [10]

Definition 43. (invariant measure) A measure i on Sy is called an s-invariant
measure for Q if
pQ() ==Y w(5)QU,1) = su(@),  forall i€ S,
J€So

Kesten [10]

Definition 44. (stationary distribution) Let S be a finite or countable set. Sup-
pose that the chain has initial probabilities m; satisfying
Zﬂ-i,pijzﬂ-ja ]ES
ieS
It then follows by induction that
Smp) =m,  jeSs, n=012,..
€S
If m; is the probability that Xo = 1, then m; is the probability that X, = j; thus the
probability of [X,, = j] is the same for all n. A set of probabilities satisfying this

condition s called a stationary distribution.

13
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Definition 45. (normalized quasi-stationary) A measure p on Sy is called a

normalized quasi-stationary distribution if it is a distribution probability and if
PAX, =17 > n} = u(), forall i€ Sy, n>1.
Kesten [10]

Definition 46. (reversible process) The transition matriz is said to be reversible
if and only if there is a sequence {p;} of positive constants such that p;pi; = p;pji for
every i and j. Pruitt [19]

Definition 47. (branching process) In probability theory, a branching process is
a Markov process that models a population in which each individual in generation n
produces some random number of individuals in generation n+1, according to a fired

probability distribution that does not vary from individual to individual.

Definition 48. (birth and death process) The birth-death process is a special case
of a continuous-time Markov process where the states represent the current size of a

population and where the transitions are limited to births and deaths.

14
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2.2 Theorems

Theorem 2.2.1. Let X,, be a Markov chain on So U {0} with 0 as absorbing state
and T is a stopping time. Let Q be defined by

Q = (P(4,7)): jes, = restriction of P to Sy X Sp.

Assume that Q) is irreducible, that absorption of {X,} at 0 is certain, and that

lim P{r <n|Xo=1i}=0 foralln>1.

Then
P{7r > n|Xo =i} — 0 exponentially in n for some fized i € Sy,

is necessary and sufficient for X, to have a normalized quasi-stationary distribution.
Kesten [10]

Theorem 2.2.2 (central limit theorem). Let Xy, X,,... be a sequence of indepen-

dent, identically distributed random variables each with mean pu and variance o? .

then the distribution of
X1+X2++Xn—-nu

av/n

tends to the standard normal as n — co. Ross [20]

Theorem 2.2.3 (Cauchy-Hadamard Theorem). The reciprocal of the radius of con-

vergence of the Taylor series
a0+a1z+a2z2+...

18 given by

3=

=RL

lim sup(|an|)
n—o0

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

A counterexample

3.1 Constructing the counterexample

In this section, we want to construct a Markov chain {X,} on Z, for which the
Yaglom limit does not exist, despite the existence of a normalized quasi-distribution.
We will show in Section 3.6 that the failure of the existence of the Yaglom limit implies
failure of the ratio limit property. Moreover @ has at least two distinct R~!-invariant
probability measures. We construct our Markov chain {X,} on Z, with an absorbing
state ¢ rather than on Sy U{0} . We can transform it into a Markov chain on SoU {0}
by identifying 6 with 0, defined by 7 = inf{n > 0: X,, = §}; we will show that the

following limit does not exist for some fixed 7:

lim P{X, = j|Xo =0,7 > n}.

In our example, | X, 11 — X,| < 1,aslongas 7 >n+ 1.

16
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The transition probability matrix P of our chain is:

(3.1) - P(5,8) =1;
(3.2) P(0,6) = a €(0,1), P(0,0) =ro € [}, 3],
P(0,1) = P(0,~1) = %(1 —a—ro);

(3.3) if >0, P(j,j)=r; €33, PEIi+1)=1-ryp,
P@,j—1)=Q1-rq

(34) if j <0, P(j,5)=r;€lg 3 PU,J—1)=1-rp,
P@,j+1) =(1-r)q.

where

(3.5) l-a—-r;>0, p+g=1, 0<p<i<yq

From these equations, we see that § is an absorbing state. Since ged{n : Q"(s,j) >
0} = 1, Q is aperiodic. It is also possible to reach any point from any other point;
thus for all 4,4, there exists n such that Q™(¢,5) > 0 (so @ is irreducible). The
Markov chain also satisfies (1.5) (there exist constants §; and N < oo and for each
i € Sy, there exist integers 1 < ky,...,k. < N with k; = k;(¢) and 7 = r(¢) such that
Q% (i,3) > 6, for 1 < s < r, and ged(ky,..., k) = 1). When X is in state j, it will
either stay there with probability r; or will move to state j+ 1 or j —1 (like a nearest
neighbour walk) with drift ¢ — p > 0 towards 0; since 0 < p < % < g. From Theorem
2.2.1, the normalized quasi-stationary distribution will also exist. The main difficulty
is to prove lim, . P{X, = j|Xo > 0,7 > n} does not exist for some fixed j. The
idea to prove this is to choose the r; such that for certain times (n; ), X, will be
more likely to enter (—oo, —1] after visiting 0, for the last time, and for certain times
(n{), X, will be more likely to enter to [1,00) after visiting 0 for the last time. Since
between successive visits to 0 our chain has to stay either in (—oo, —1] or [1, 00), the
value of

P{X,>0Xo=0,7>n}= ZP{anj]Xo =0,7>n}

J=1

17
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will be larger for n = nj than for n = n;. So lim, ., P{X, = j|Xo > 0,7 > n} does

not exist for some fixed j.

18
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3.2 An exponentially bounded tail for 7

In this section, we want to show that for a Markov chain {X,},>0 on (Z|J{é}) with
transition probability P of the form (3.1)~(3.5) 7, defined by 7 = inf{n > 0;X,, =
0}, has an exponentially bounded tail. By Theorem 2.2.1, this is necessary and
sufficient for {X,,} to have a normalized quasi-stationary distribution. Note that, in
our example | X, — X,,| < 1, as long as 7 > n + 1; that is, lim;_,., P{r < n|X, =
i}=0 forallm>1.

Let @ be the restriction of P to Z x Z. If r; € [{,3] for all j and 0 < a < 1, then
we have to show that after identification of Z U {0} with Sp U {é}, then

P{r > n| X, =i} — 0 exponentially in n for some fixed 4 in So.

We start by defining op = 0 and 0y < 03 < 03 < ... as the successive times (greater
than zero) at which X,, = 0.

Now take X¢ = 0, then for X; we have one of these possibilities:

either

Xi=dand 7=1,
or

X1=Oand01=:1,
or

X1 ==1and oy > 1.

For the sake of argument, let X; = 1. So we have X,, > 0 for n < oy, X,, =0, and
for each n < oy,
E{Xp1 — X0 X0}

= 041X P{Xpy1 — Xn=1] X} + (=1) X P{Xps1 — Xn = —1| X,,}
= (I-rx,)p+(1-rx.)q
= (I-rx,)p—q)=—-(1—-rx,)|lqg—p|
1
< g —
< 2Iq |

(as long as r; € [, 1] ). We will use this to show the following lemma.

19
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Lemma 3.2.1. The sequence (Xnro, + 5(n A o1)lg—pl) is a positive supermartin-

gale with increments bounded by 2.

Proof. 1t is obvious that X,ro, +3(nAo1)|qg—pl is positive, as both terms are positive.
The sequence is a supermartingale because

E{Xniipe + 5(n+ 1A 01)lg = p| = (Xnno, + 3(n A01)lg = pl)] Xn}
1
= E{Xn+1 + §|q —pl - Xn| Xn}

1
= §|q _pl + E{Xn—H - an Xn}

A

— 0.

To show that increments are bounded by 2, let Y11 = Xni1a0, + %(n +1A01)lg—p|
and Y, = Xnno, + 3(n A o1)|g — pl, then

1
Yors = Yol = [(Xnt1rar = Xunoy) +5la = pl((n+ 1A 01) = (n A1) |
1
S '-Xn+l/\0'1 - Xn/\m' + é'lq - pl
< 1+1=2

Lemma 3.2.2. For some constants Cy,Cy > 0
P{0'1 > kJ| X1 = 1} _<_ Cl exp{—Cgk}.
Proof. We have

P{O'l Zkl X1=1} = P{Xl >0,...,Xk_1 >07Xk/\o'1 ZOl Xlzl}
P{Xirs, 2 0| X1 =1}
1 1
= P{Xinor + 5(kAa1)lg—p| 2 Sklg—pl | Xa =1} (1)

IA

(as k Aoy = k for oy > k). For n = 1, the value of X,ps, + %(n A o1)lg —p| is
X1+ 3(1Ao1)lg—p|l =1+ i|g — p|. Subtract this from both sides of the inequality

inside (1), we obtain

20
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P{Xino, +3(kAo1)lg—pl = (Xi+3(1A01)) > $klg—p| — (1+1|g—p|)| X1 =1}

1 1
= P{Xkno, +§(k/\01)|q—p| - (X1+§(1/\01)) > —(k=1)lg—p| -1 X1 =1}.

DO =

From Lemma 3.2.1, Xnno, + 5(n A 01)|g — p| is a positive supermartingale with
increments bounded by 2, so we can use standard exponential bounds [15] to show

for some constants Cy,Cy > 0
P{Xipo, +3(kAo1)lg —pl = (X1 +5(1A01)) 2 5(E—1)lg —p| = 1] X1 =1}

S C] exp{—C’gk},

so we have
P{O’l Z k' X1 = 1} S 01 exp{—Czk}.

The same estimate holds when X; = —1. Therefore for £k > 1
(36) Po{O'l > k| X = :tl} = Po{O'] > k’| X1 7é (5} < C1 exp{—C'gk}.

Lemma 3.2.3. If for k > 1 and for some constants C1,Cs > 0,
P0{0'1 > k' X 7é 5} <C eXp{—CQk},

then for s < Cy,
Eo{exp(soy)| X1 # 6} < 0.

Proof. We have from (3.6)

Eo{exp(so1)| X1 # 6}

> Po{e > k| Xy # 6}

k=1

= ZPO{UI > _lns_k| Xl?éfs}
k=1

o0

Ink

S E 016_027.
k=1
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The last inequality follows as replacing k£ by l‘ls—’i in our hypothesis. Now

S cueott = S ot
k=1 k=1
and this will converge if % > 1. Soif C5 > s, we have
Eo{exp(so1)| X1 # 0} < .
a

Now define v = inf{s : 0; = oo}; then on {Xo = 0}, for n > o,—1, X, # 0. So

when {o; < 00}, ;41 — 0; has the same distribution as o;. Thus
Po{O'j.H —0; > k‘l g; < OO;Xaj_H 76 (5} = P(){O'l > k'l X1 7é 5}

Hence, if {0; < 00, X,,41 # &}, the chain returns to zero almost surely. It follows

that almost surely on {Xo =0},
Xo, ,+1 =0 orequivalently 7=0,_; +1,

since for n > o,_1, X, # 0.
In the following lemma, we will show that Eg{e*"} < co and this will permit us to

show that the distribution of 7 has an exponentially bounded tail.

Lemma 3.2.4. There exists so > 0, such that
Eo{esoT} < o0.
Proof. We have 7 = 0,1 + 1. Therefore, we have

Eo{es‘r} — Eo{es(av_1+1)}

= ZEO{eS("’““);v =k+1}
k=0

= Y Eo{e"™™0p < 00, X1 = 8} (2)
k=0

22
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Now let F, be the o-field generated by {Xy, ..., Xx}. Then
Eo{e*@ ) oy, < 00, Xy 41 = 6}
= Eo{Eo{e* ™V I[o}, < 00)I[Xops1 = ]| Fur }}
= E0{63(0k+1)1[0'k < OO]PO{.ng+1 = (5' fgk}}
= aE{e’ ) [[g, < oo]}. (3)

The last equality, (3), is because X,, = 0 almost everywhere on {o) < 0o} and from

before, we have P(0,d) = a. Moreover,
{op < 0} = {041 < 00, Xy, _,+1 # 6}

So
Eo{ef@* [0}, < o0}

= Eo{e’“* V][oy_; < 00, Xy _,+1 # 0|}

= Eo{e* k141D 1[5y 1 < 00lI[ Xy, 41 # 6]}

= Eo{efro-0][[X, .1 # 8l 1[0 1 < o0}

= Eo{Eo{e’*-V[[X,, .1 # 6’1oy < o0l}| Fo,_,}
= Eo{Eo{es("l)I[X,,k_1+1 # 6]e® @1t g4 _1 < o0]}| Fori }

= Eo{Ep{e*“VI[X; # §]e 1V [[o, 1 < o0]}| Fop_,}

= Eo{e*“VI[X; # 8]} Eo{e*@ D o4y < o0]}.

Now from Lemmas 3.2.2 and 3.2.3,
Eo{exp(soy)| X1 # 0} < 00 if s < Cy.
Thus we can find sq > 0 for which

Eo{e®™I[X; # 8]} = Eofe™ )| I[X; # 6]} Py{X; # 6}

-5

<
< l—aPO{Xl#d}
_ -5
= l—a(l a)
o
= 1——5.
23
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So, we have

Eo{es"(””l)f[ak <]} < (1- %)Eg{es°(”’““1+1)l[ak_1 < oo}
< (1-5)Bofe @0y, < o]}

AV 4

< (1 2) exp(so). (4)

From (2),(3) and (4) we have,

Eo{eso'r} — ZEO{650(0k+1);0-k < 00,ng+1 — 5}

k=0
= Z aEy{e® D (g, < oo]}
k=0
= a
< a(l - 5)’“ exp(so)
k=0
< aexp(n) Y1 - 2
- 2
k=0
2
< aexp(so)— < 0
a
as desired. O

Corollary 3.2.1. For some fized i € Sy,
P{r > n|Xo =1} — 0 exponentially in n.

Proof. From Lemma 3.2.4 we know, there exists M < oo such that M = FEy{e*"}.

By Markov’s inequality, we have

P{'r > n,XO = 1} = P{eso'r > Gson[Xo — l}
Eo{esm'}

eson

= Me™™" — ( exponentially in n for some fixed 7 € Sp.

24
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Lemma 3.2.5. If Ey{e®"} < oo for sp > 0, then 7 has an exponentially bounded
tail.

Proof. Since Ep{e®"} < oo, there exist C such that
C = Ey{e "}
= Y erBir=n}
n=0

v

> e Rofr = n}
n=k

v

Csok Z Po{’?’ = n}
n=k
= "R >k},

so we have
Po{r >k} < Ce %k,

25
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3.3 An estimate for return probabilities of nearest-

neighbour walks on Z

In this section, we want to reduce the proof of failure of the existence of the Yaglom
limit to an estimate for return probabilities of nearest-nighbour walks on Z.
We start with the following general result on positive matrices of Vere-Jones [25]

which we will use in this section.

Lemma 3.3.1. If Q) is a positive, irreducible and aperiodic matriz, then

lim [Q"(i, §)]* = R~ € [0, 0]

n—oQ

exists for all i,j and is independent of i,j.

Lemma 3.3.2. If Q) is a substochastic irreducible matriz which satisfies (1.5), then

for fixed i, 5
n+l(; 4

n—oo Qn(i,5) R
for the same R as in previous lemma; Moreover, 1 < R < co. Kesten [10]

Let X, be as in Section 3.2; then X; > 0 means X; € [1,00), and we exclude
X; = 6. Now define

g =P{n<o; <o0,X; >0for0<j<n}
and
g, = FP{n <01 <00, X; <0for0<j<n}

Now let
In = g% + 9, = Po{n < o1 < o0}.

This is the probability of starting from zero and not reaching zero for the first time
by time n. Let f, be the probability of starting from 0 and reaching 0 for the first

time at time n.
fn = Po{o1 =n},

26
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and u,, be the probability of starting from zero and reaching zero again after n steps

(not necessarily for the first time);
Uun = Po{X,, = 0} = P*(0,0).

Obviously, all these functions depend on ;. We choose r; recursively, together with

sequences of times n;t

Choose integers
(3.7) m=1l<am<ag<...
(3.8) bh=1<by<bs<...

and select numbers

(3.9) ¢k, di € (3, 3],

such that

(3.10) ri=cx for ap < j < agi;
(3.11) ri=dp for —bgry <j<—bg, k> 1

That is, the r; is taken constant on certain intervals. We can also choose ¢, and dj,

such that

(3.12) 1<mp<di<a<d<c<..<}
with

(3.13) imy o0 Ck = limy o0 d = 1.

27
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This means that as k increases, r; (which is either equal to ¢ or di) is also in-
creasing. Consequently (1 —r;) will be smaller for larger k, hence so will be (1 —7;)q.
This implies that we will have less chance to return to origin for larger value of k.
Now, we want to construct a new Markov chain, {X,}, from {X,} which satisfies
(3.1)—(3.5), but with r; replaced by 7;. For any 1 <[ <k, let:

ri=r;=¢ for oy <j <ay;

r;=r;=d for —by1 <j<-—b.
Moreover, let
To = To;
fj=cx for j > ag;
7; =dp for j < —b.

So 7; agree with r; for —b; < j < a;. For any other entity A, we just use notation
A, for the choice {X,}.

Now, we construct the process {X,,} out of two ingredients:

e The sequence of steps which behaves like a nearest neighbour walk; that is,

e The sequence of steps which stands still; that is, {X,41} = {X,.}.

Define {p;}:;, 0 < po < p1 < ... to be the successive values of n > 0 for which
{Xpn} # {Xa}, s0 X,, — X,,_, = +1. Hence {X,,}i=o considers only the steps on
which X,, does not stay put.

Define

S

Ti=> Yi+Xo= (X, — Xo)+ (Xp, — Xp) + ...+ (Xp = X)) + Ko =

P
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and let
/\i:pi—pi-—l ZZ]. and )\0=po-

In fact ); is the time required to jump from one state to the next one. So A\, = ¢
means for (¢ — 1) units of time we have stayed at the same state and at the time ¢ we

have jumped that is,

X,Di—1+1 = XPi—1+2 == sz'~1+t—2 = sz‘—1+t—1

and

Xpi14t = Xp;.

So, we have for I > 1 on {T} = j} = {X,_ 41 = j},
P{u=1tTo,...,Ti,h, ..., N} =771 1 —75), t=1,2,...
while on {Tp = 0} = {X, = 0},
P{ho=t| To} =71 —75), t>0.

Thus, we see

Xn =Ty for n < Ay = po;

and for [ >0

Xn=Ty1 for o+... 4+ <n< D+ ...+ A1

So {T} > 0};>0 is a Markov chain and even stronger, on {7} > 0},

- 1—7
P{ﬂ+l =ﬂ+1[ TO""7E7)‘07"’7)‘I—1}=p((T_—:—J—) =p.
= 75)
> g(1 —73)
P{ﬂ.}.l :/.T’l—'].l TO,...’,J—},)\O,...,Al_l}:—(-I—_T')'=q,
7
and we have on {7} < 0}:
- 1—7,
P{Tiyy=T,+ 1| To,...,T;, Ao, ..., A1} = q((l f)
- 75)
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p(l—15)

P{ﬂ+1 =Tl—1! T(),...,’I'l,)\(),...,)\l_l}z m—)— =D
Finally on {7} = 0},
- «
P{n+1=5|TO;""T’I’)\ON"a)\l—-l}:1 .
_7'0
(as P{Xy41 =0} = a and P{X,1 # X»} = (1 — rp) when X,, = 0)
Moreover )
~ o
P{Tiyy =2 Tp,..., T}, 2oy, N1 = =(1 — ——),
2 1—7‘0

(as we know the process does not stay put and for {7; = 0}, the probability of jumping
to the left is the same as jumping to the right).

For our new Markov chain, {X,}, we will prove the following lemmas.

The next lemma shows that for certain times nj, it is more likely that X, entered
[1,00) at the last time that it left 0.

Lemma 3.3.3. Let k > 2 and assume that ag, ..., ax, bo,...bg, To, C1,-- -, Cht, d1,-..,dg
have already been chosen in accordance with (3.7) — (3.12). Then there exist m; <

ni < oo such that uniformly for

1 dg 1
di < Z+—5 << 3 and  Qry1,beq1 >0,
we have
gnt
= >k forn>m}.
gn

Proof. We begin by calculating g, ~:

g7 = P{n<&y <00, X; <0 for 0<j<n}
= P0{5'1>’I’L, Xj<0 for 0<j§7’b}
= P{X; <0 for 0<j<éy, & >n}

= Po{Xpi <0 for 0< P < g1, 01 > 7’1,}

The last inequality follows because we can remove the steps at which X'j =X 41

Now due to the fact that starting at zero and returning to zero for the first time
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requires an even number of steps, we have,

Gn = D B{X, <0 for 0<p <2, Xa=0,X=06=A+...+ 1 +1>n}
=1

= ZPO{Tt<0 for O<t<2l,T21=0,)\0=0,)\1+...+)\21_1Z’I’L}. (5)
=1

The Ith summand in the right-hand side of (5) is the probability of those paths which
return to O for the first time after 2/ nonzero steps through strictly negative values of
T, and the return occurs at time greater than n.

We have required that g = 0; otherwise d; = 1. Now conditioned on the values
To,..., Ty with T; < 0for 1 <4 < 2[, the random variables Aq, ..., Ay—1 are indepen-

dent geometric variables with distribution

P{N=1tTo,...,Ti, Mo, ..., N1} = 7 1(1 — 7;); hence

p{)‘l Z tl TO)' o )TQl} = Zﬁllc}_l(l _,FTi)

Moreover on T; < 0, there exist j < k such that 77, = d;. Since

1 1
Zéro<d1<c1<d2<...<dk<ck<§,

we have that for all j, d; < d; that is f;‘l < dfc"l. So if we replace 7; by dj for all

j 21, then all the holding times A; will be stochastically increased. For g, we have

Gm = Y P{Ti<0 for 0<t<2,Ty=0X=0N+...+X1>n}
=1

P Ty <0,..., T 1 <0,Tyy=0,20=0, \y+...+Ay_y >n}

I
M8

o~

1

P{M+...+ Xy 20| To,Tu, ..., T} P{To,..., Tu—1 <0}.  (6)

I
WK

X

1
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From (6) we can conclude that, if we replace 7; by dj for all j > 1, g;; will also
increase.

Now after this replacement, X behaves on the half line (—00, —1] as nearest neighbour
walk, {Un}n>0 with iid steps. Then U, stands still with probability d; and moves one
unit to the right with probability (1 — di)q and one unit to the left with probability
(1 — di)p. For such a walk, we can explicitly calculate the probability of staying in
(—00, —1] during the time interval [1,n]; from this we obtain for n > 1,

G, < P{X,=-1}P{U;<0,1<j<n-1}

= —;—(l—a—ro)xA.

Now to calculate A:
Let U;, be the probability that the process reaches zero, starting from state j, after
the nth step and let 7* = min{n; U, = 0}. Now define the generating function

(*) Ui(8) = Domeo Ujns™ = Dot o Pi(T* = n)s™
then
Ujn+1 = p(1 = di)Uj1n + q(1 — di)Uj1 0 + diUj;

multiplying both side by s"*! and adding for n = 0, 1,2, ..., we deduce

Uj(s) = Sp(l - dk)Uj_H(S) + sq(l - dk)Uj_l(S) + Sdej(S)
(1= sdy)Us(s) = sp(1 — dr)Uj11(s) + sq(1 = di)Uj-1(s)

Since the transition probabilities are the same starting from any point, we have

Usi(s) _ Uswals) _  _ o
U ~ Opals) = G)

where G(s) is independent of j. Therefore,
(1 — sdi)U;_1(8)G(s) = sp(1 — di)U;—1(s)G?(s) + sq(1 — d)U;—1(s).
Dividing both sides by U;_;(s),
(1-sd)G(s) = sp(1—dp)G*(s) + sq(1— dy)

(1- dkS) - [(1 - dk8)2 —4(1 - dk)2pq52]%‘

Gls) = 2(1 — dy)ps
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Now from (*), we can calculate
A= Z (coefficient of s'in G(s))
I>n
Now from Cauchy-Hadamard theorem, we have
r = lim sup[coefficient of s* in G(s)]%,

n-—>00

where 7 is the radius of convergence of G(s); therefore r must be smaller than size of

smallest singularity of G(s). So we have

lim sup[coefficient of s in G(s)]T < [size of smallest singularity of G(s)]™*
l—o0
di + (1 — di)\/4pq

di + (1 — dk)
1.

It follows that
1imsup{§;]% < di + (1 = di)v/4pg.

n—00

In the other direction, we have

gt = P{X;>0for0<j<n}
> Py{X hits a at the time ¢ < a?and X; >0for0<j<¢
and X; > a for ¢ <j < ¢ +n}
Po{X. hits a at the time ¢ < a? and X, > 0 for 0 < j < ¢}
xﬁak{)%j > ap for 0 < j < n}

Il

For j > a, 7; = cx; therefore, on [ax,00), X behaves like a nearest neighbour walk
{S.} with iid steps, with probability

P{Snt1=5,+1} = (1-c)p,
P{Sn+1 = Sn} = Gk,
P{Spt1=5, -1} = (1—-c)q.
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Thus
g > C3R{S; > 0 for 0 <t < n},

where C3 = Py{X. hits a; at the time ¢ < a? and X; > 0 for 0 < j < ¢} which
depends on a,rg,ay,...,ak,Co, - -.,Ck—1 but not on ¢, by, ..., bk, do,...,d or n.
Now define sg, such that exp(sp) = \/g and define

¥ = P(exp(so)) = (1 — cx)pexp(so) + ¢k + (1 — cx)gexp(—so) = ¢k + (1 — ck)v/4pg.
Introduce the transformed random walk {S} }.>0,

P{Si, =S} ==

w;
esox1 1 Ck
P(Sin= 5 +1)= S0 - a)p= 501~ &)
gsox -1 1 Ck
P{Sin =51 =11 = S -ag =50~ 2)

This definition implies that
Po{Sn =y} =1 exp(=(y — 2))P{S; = y}.
We know for A;, As,..., A, we have,
P(A1NAyn...A,) = P(A))P(Ay| A1)P(A3l AiNAp)...P(A,| AiNAsn... Any).

So for any set = = =,, C Z'*!, using the fact that {S;} is a Markov chain we have
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Pxo{(So, - ,Sl) € E,Sl = y}

= P{(So,...,S) = (®o,21,...,%i-1,Y), for zo,z1,...,T1-1 € Z}
= P{Si=y| So==o,...,5-1 =11} P{Si-1 = z1-1] So = To,..., 512 = Ti—a}

. P{SQ = .’I)gl S() = CL‘Q,S] = :El}P{Sl - 371| So = 1170} P{So = :170}
1
= Pml_l{Sl = y} X Pml_z{Sl_l = :cl_l} .. le {52 = 1}2} X Pxo{Sl = CEl} x 1

= L P =y St = o)

eso(y—wl—l

4

eso(@i-1—x1_2)

P{Sz*—1 =1-1| Sf_o = T2}

Y \ §
eSO(mz—ml) P{S2 = x2] Sl = xl}
b )
eso(ml—xo)P{Sl = To}
¢l

= ey P l(S5,- 1 55) = (@0, )}

eso(y—=zo

= ¢ x eI, {(S5,...,8) €5,S; =y}

Now we want to obtain a lower bound for Py{S; > 0,for 0 < ¢ < n}. From the
simple combinatorial fact that on the event {S; = 5; = 0}, there exists at least one
{0 < j <1} such that

Sp—298;20 for j<k<j+1

(with Sk interpreted as Sk_; if k > ). Therefore,
Po{Sl = O,St > 0,0 <t< l} = Po{St > 0,0 <t< l| S; = O}Po{Sl = 0}

As observed by Spitzer [22], Theorem 2.1 and the beginning of Section 3,

1
l+1
1 *
= Vs =0

> Ct(l+1)7%,

P{S=0,8>00<t<i} > Py{S; = 0}

for some constant Cj, > 0 and all | > 0. The last inequality follows from the local limit

theorem, as observed by McDonald [14], Section 2 Lemma 0. The standard proof of
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this limit theorem Gnedenko and Kolmogorov [8], Section 49 shows that this estimate

is uniform in ¢ € [3, 1], so we can take Cy independent of ¢, provided § < ¢ < 3.

Then we also have uniformly for ¢, satisfying d < 2 + % < ¢, < 1,

v

gn’ C3Py{S; >0 for 0 <t < n}
CsPo{S,=0,5;>0for 0 <t<n}

CaCayp™(n +1)71.

v

v

Now we have

¥ =i+ (1 —cn)y/4pg > dy + (1 — di)\/4pq,

since

1 d
dk<—+

k
— < <
1 2_Ck_

Do =

Now we have both

(S

gt > CsCyyp™(n +1)72,
and
limsup[j; ] < di + (1 — di)\/dpq < ¥; since

n—oeo

lim sup[g,, ] < ¥™.

n—o0

Hence, we have
gt GOy (n+1)73
g~ P '
This means we can find an m; such that

g~+
—?—:Zkforan,':.
an

O

Corollary 3.3.1. Under the conditions dj, < i—l— ‘2—’“ < < % and agiy,bp+1 > 1,

g~ +
S5k for nmi
gn
implies
+
g—i >k for n>mf.
In
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Proof. Clearly | X;| < n and |X'J| <nfor j <m If Xg=0,X, =0. Therefore, g*
does not depend on the choice of r; for |j| > n. Hence, i and g for | < m are
independent of the further choice of a;, b;, ¢; and d; with j > k + 1 as long as we

take Qf+t1, bk+1 > m,’: O

Lemma 3.3.4. Uniformly for ci satisfying

1 1 1
dp < =+ =d;, < < =
k > 4 9 kS Ce S 27
we have ~ o
un+1(1).7) o 1

where R = [cr + (1 — c)+/4pg) L.

Proof. Note that
iy, = By{X, = 0} = Q™(0,0).

We already know from Lemma 3.3.1 and 3.3.2 that limn_,oo(ﬂn)% and lim,,_, o %’i“—(lz(;—)’)
exist; therefore we just need to show uniformity and determine the explicit value of
the limits. As observed by Kesten [10](proof of Lemma 4), uniformity will follow if

we can show uniformly for ¢, satisfying dp < % + -é—dk < < %;

n 0
l' <Ql :§I> (0, O)] converges to its limit,

3=

~ n
for some 0 < 4 < -é—minj T = %ro. To simplify instead of [(91—5‘;—1) (0, 0)] , We prove

(%) lim, 0 [@7(0, )] = limyy o] — 7
k
uniformly for ¢, satisfying d;, < % + %dk < <L %—
Call

=X

Py

Ai=pi—pi-1 121 and Ay = po.
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Now define
v(m) = number of indices ¢ € [0,m — 1] for which T; € [ax, 00)

and let {(m), k(m) be the total holding times during the first m — 1 steps of T, in

points outside [ax, c0) and inside [ax, 00), respectively. Thus

£(m) = 3" AT [T, € (—o0, ak)];

i=0

m—1

k(m) = Z M [T; € [ag, 00)).

i=0
So k(m) is the sum of v(m) geometric variables with parameter c,. Now we decompose

U, in terms of the values of m for which p,,—1 < n < p,, and the value of T,,; we have

Xn=T11 X+...+N<n< o+ ..+ A1

- ZZZZPO{T?I=0a§(21)=T,f(2l+1)=s,u(2l)=t,n——sgfg(21)Sn_r}_

=0 r=0 s=r t=0

The {th summand is the probability of a path returning to 0 for the first time after
2[ steps. We have started from zero and have reached zero again after n steps; so the
total holding time during 2! — 1 steps of T" outside [a, o0) can vary between zero and
n,

E2l)=r, 0<r<n.

Hence, the total holding times during the 2! steps of T outside [ax,00) can vary

between r and n,
£E20+1)=s r<s<n.

Therefore, the total holding times during the first 2/ — 1 steps inside [az, 00) can vary
between n — s and n —r,

n-s<k2)<n-r
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So, we have
i, = Py{X,=0}
= Y YD P{Tu=0,¢2) =r¢@+1)=s,v2)=t,n—s< k@) <n—r}

=0 r=0 s=r t=0
o n

= S35 R{Tu=0,6(20) = r, 62 + 1) = 5,(20) = t} x

=0 r=0 s=r t=0
l
P{n—sSZLj<n——r}. (7)
1

Here the L; are iid random variables, each with the distribution
P{Ly=t}=c"'"1~c), t>1.
From (7), the event
{To = 0,€(21) =7, &2l + 1) = s,v(2l) = ¢},

only depends on the T-process. The holding times of i, on ¢, emanates from the last

factor, which equals

P{Z Lieh-sn—r)}= _Zj ( 77;__11 ) 1 — c)t

m=n—=8
If we take n to be a small positive number and [ > 0, such that
1 1
74+ e < (140,
and define

P == G+ (- 10 +0)), 121,

then we have
P{L; =t} =CP{L; = t},
where
c (1 - c)
(T+mh=1(1 - (1 +n)")
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Similarly - %(1 o)
=2+

If we replace ¢, by 3(1+ )" and 1(1 + n)'*!, we will have

C>

(1-1(14n)) (1-11+n)H —Laptt D < (1 3 (14n)+1)
(1+TI)[ (1—5(1+n)H1) ] - (- 1(1+ Y1) <C < (1 I(1+ » = (1 + 77) ;(1+h) b

for each fixed n > 0 and [ > 0 with (1 +7) < 2. We have

P{L; =t}

Hence,

(1- 30+
=10+

Now we can find a lower bound for @,, on replacing ¢, by 1(1 + n)"*! and an upper

(1-301+n)hH

P{L; = t}(1+n)] AT

| < P{L; =t} < P*{L; = t}(1+n) 7| B

bound on replacing ¢, by $(1+n)’.

1 F~iﬂ+m”l
(I4+n)m [ 1-31+n)

1
] [t calculated with c, replaced by Z( 1+ 1))

<@ <
1-3(1+n)
1— (14 7)1

Since we are taking c; in [}, 1], we see [Q™(0,0)]% = [@n]» —

l+1].

ﬂ+nV[

1
} [t calculated with c; replaced by Z(l +7)

R—+, for some choice of

R}, is implied by convergence of
1
[G, calculated with cj replaced by Z(l + )=

for each fixed n > 0 and [ > 0 with (1 + 1) < 2 (this convergence is known from
Lemma 3.3.1). Thus uniformity in (**) holds; hence,

lim un—{—l(i .7) - L
n—oo  Up(1,J) R

holds uniformly for ¢, satisfying dj, < 1 it dk < ¢, < 5. Now we need to show that
R} is the same given in Ry = [cx + (1 — cx)v/Zpg] L. By Lemma 3.3.1 is follows that
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limn_m(ﬁn)% exists, and we have shown uniformity. From standard renewal theory

i fins"™ = [L — i T
n=1

n=0

we know that

Thus

[]8
o}

st o= [1— iﬂns”]“l
n=1

= [1- ansn]_l
n=1

= [1 — Z P0{0'1 = n}s”]_l

3
1l
o

= [1- Z (P{n—-1<01 <0} —P{n<o <oo})s"™
n=1
= [1 - Z(gn—l - gn)sn]_l
n=1
= 1= Gn1s"+ Y Gas"]™
n=1 n=1
= [L=5> Gaas™ + D Gns" — Gol
n=1 n=
= [1- sZgns" + Zgns" —(1-a)]™
n=0 n=0
= fot+ (1= gus" ™, (8)

(recall that go = ]50{01 < o0} =1- ). We have shown in Lemma 3.3.3,

1
Gn < 5(1 —a—rg) Z coefficient of s' in G(s).

>n
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Hence

;g;s" < ; -;—(1 —a—rg) ; (coefﬁcient of s in G(s)) s"
= —(1 —a—ro ZZ (coefficient of s' in G(s))
n=1 I>n

1
= 5(1 — a — 1g)[coefficient of s in G(s) x s +

.+ coefficient of s" in G(s) x s" + .. ]
(1 - a—m)[G(s) - G(1)]
(6(s) — €(1)].

Let H(s) be defined by replacing dy, by cx in G(s), that is

[N N I

<

—~
jum—
|
Q
!
~
(=}
~—r

(1 —cs) — [(1 — cxs)? — 4(1 — ck)2pgs?]? .

H
(s) = 2(1 — c)ps
Then for
0 < s < 51 := smallest singularity of i 1[H(s) — H(1)],
s —_—
we have
o0 . 1 s
>3 < 1~ ) (A~ HO)
Similarly,
> 1 s
~+ i3 < - _ _ _
Thus,
D Gns" = Got+ Y Gns
n=0 n=1
= Go+ Y Grs"+ Y gus"
n=1 n=1
< Go+(1—a—r) — 1[H(s) — H(1)]
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Finally, from (8), for 1 < s < s1

Z Ups" = [a+(1—3s) Zgns"]"l
n=0 n=0
< ot (B (- a =)= - HQ)) (-9
= Ja+(1-a)1—s)—(1—a—re)s[H(s)— HD)]".
The right side cannot be analytic beyond [s| = lim,_ . [ﬁn]_%. This is because

U : : L L 1
Yoo o Uns™ is a power series and it converges when (4,s")» < 1; 50 s < (3-)n.

L
Un

Moreover, if & > 1 — 1y — 2p we have (1 — a — ro) < 2p; thus

a+(1—s)(1—a)—(1—a—r0)s(H(s)——£(,1-)/)

=a+l-a—-s+sa—(1—a-ry)s(H(s)—1)
=1—rgs — (1 —a—ry)sH(s).
The right side is positive for 0 < s < [cx + (1 — cx)v/4pq |71, It suffices to check
the inequality for s = [cx + (1 — ¢x)+/4pq |7; since H is a power series with positive
coefficient. The smallest singularity of [a+(1—s)(1—a)—(1—a—ry)s(H(s)— H(1))]™*
is at [ex + (1 — cx)v/4pg ]1; hence
lim [@n]7 < c + (1 — cx)/pg.

n—oQ

In order to show limy—,e[iin]* = cx + (1 — c&)v/3pq , it would suffice to show also

Hm [Ga]™ > ok + (1 — cx)\/4pg

n—oo
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We have

ﬁo{"f' > TL}

Using the fact that lim,, .

we have

o
lim 5 Uy =
n—o0

(e o]

l=n+1

S By{iy = 0}P{X = 5}

l=n+1

Y B{Xi1 =0}
l=n+1
@y Un.

Untt — 1 where Ry = [cp + (1 — c)vApg] ™,

0. ~ RD’

lim (@, + Gpy1 + .. .)
n—00

m=n
P Up | Un
~ u'ﬂ ———
Rf  R??
> (7)
= 1u —_—
n +
o M
[ R}
= 4, ) 10
(7=1) 1o
From (9) and (10),
. (e o]
lim Bod7 _ . -
Jim Po{7 > mp = ol ) i
+
~ Ol ; and so
(751)
. P{7 > R
lim ————O{i n = «a +k ;
n—00 Up, Rk -1
as lim,, %—11 = El;f is uniform in ¢, this convergence is uniform in ¢, satisfying

dp < 14+ % < ¢ <1 Now we have

Reproduced with permission of the copyright owner.

lim [G,)7 > lim [By{7 > n}]*
> limsup[g]*. (11)

n—oo
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We have shown before in the beginning of this section that
G > cscp"(n+1)7,
where ¢3,¢4 > 0; s0

limsup[g,ﬂ% > =cp+ (1 — cx)V4pg.

n—oo

From (11),
lim [ii] > > 1)

and we have shown before that
lim [, < 1.
These two together imply

lm [@n]" = 9.

n-—00

Moreover, we know from Lemma 3.3.1

1
e —, R €[0,00);
n—00 Rk

thus
R =[] = [ee + (1 — ci)y/4pg] ™.
0

Lemma 3.3.5. Uniformly for di, < 411"' %k < <L %, Qk+1, bey1 > n, and mf <

n{ < oo, we have

P{X >0|%>n}>R’J°r*1 Zg+(R+)l+_91 _
n = a 1 k i

[INN
?
3
| =

forn > nf, where

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. We have

150{)2”>00'f>n} _

]50{7' >n} - ]50{7: > n}PO{Xn # 0, X, > 0}.

Po{X,. > 07 >n} =

A standard last-exit decomposition shows that
_ N . n—1
Po{Xo# 6% >0 =Y agii = +
1=0

where »; and ), are the sums over 0 <! < n—m{ and over n — mj <1 < n,

respectively. So

P{X, > 07 >n} = (Z +3 )

0{7' > n}

As shown previously(Lemma 3.3.4),

Po{# >n} . R}

lim
n—o0 un Rk - 1
So
2o -1
lim —=~4— = U | =
n—0 Po{# > n} _Z il (aR+)
=1n— mk
B Z": - (an)‘l Rf -1
- n—1 —"—"_4-
l=n—m;c“ w un(Oka )
_ i le L.
= RZ ’

The last equality follows from lim,,_,, % = El_p. Again this convergence is uniform
" k

for ¢, satisfying, dp < % + %& < < %
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On the other hand, we have for n > mj

25 = 2

Do,
it
kgy
kgx
(k
(1+

n

v

1
2

(by using Lemma 3.3.3,

n

independent of ¢,
L >
P(){’T' > n}
So these observation show that there exis

ifdk<%—|—%&gckg%fornzn,‘:,then

Po{X, > 0|7 > n}

—mT
n—my

~
UGpn—_y

+
n—-mk

AT
I=1

+ gt

(k + 1)git

+ kg,

+1)

1.4, .

> kfor n > m}). Thus for n > m; sufficiently large but

1

CRf-1
2 9n

aRla,

ts an n > m; (independent of c;) such that

2t

130{%>n}
mt i
RF-1 1 Rf—1j
> = R+l k - k Jn
= ;g’( ‘) oRT 4" TaR?
+
aR} DG (R T | T w

=1

O

Corollary 3.3.2. Under the condition dj, < i + ‘—izﬁ < < % and Qg41,be1 > n, we
can drop the tildes in Lemma 8.8.4 and 38.8.5.
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Proof. We have |X;| < n, |X;| < nfori <nif Xo =X, =0. As long as we take
Qks1, by >N 2> m,j, we have that gli and g; for [ < m; are independent of further
choices of a;, b; , ¢; and d; with j > k + 1. O

We can also conclude from [ran]% — ﬁ uniformly for ¢ satisfying di < 1+ %’& <

ek < %, so that we may choose n}" < n large enough that

il — 2| < 3
" R+ k’
Lemma 3.3.6. Ifao,..., ag, bo,..., bk, bry1, co,..., Ck, do,..., di have already

been chosen as before then there m; < ny such that uniformly for

ck<-31+%§dk+1§%,
and
Qt1, beg2 > 1
we have
—‘(@ >k forn>m,
and
Ry —1 & 2
Po{Xn > 0T >n} < ;R; ;gf(R;)l + for n>n;,

where

Ry, = [dis1 + (1 = diyr)+/4pg]
Moreover, the probabilities g forl < m;, do not depend on further choice of a1y, Cri1

orcj, dj, aj, by with j > k4 2, provided we take api1, bria > 1y .

Proof. This also is proven in the same way as Lemmas 3.3.3-5 by interchanging the

positive and negative half lines. Only for calculating

Rp —1 & 2
Po{X, >0l >n} <~k — g g (RZ)' + = for n > ng;
aR, = k
48
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we have here again

n—1
D[ Y Y — et
PO{Xn 7é 6) Xn > 0} - ;ulgn—{—l - Zl + Zza
where ), and Y, are the sums over 0 <l <n—mf andovern—mf <l <n

respectively, and we have

+
my

Zz Z ~+(R+)lRZ -1

lim — = .
n—oo PO{”: Z n} 91 k Q{R:

I=1
This time, we estimate ), from above. We have n > m;
In >k forn>mp
:'_T_' - orn fatll mk )
In
since

n—my

21 = Z gy
1=0

1 n—my
_k—J UGn—
=0

IN

IN

1~ - ~
’k';PO{Xn 7é 5;Xn < 0}

1 -
< EPO{? > n}, therefore we have,

my

5 o - dat2n Bl 2 -
P{X,>0F >n} == < TR + = forn>nL.
o{ | } B{7>n) — oR; ;91( r) 2 Z Ny

By Corollary 3.3.1 we can again drop the tildes; therefore,

Rf -1 2
k ng’(R;)l—f--E for n > n .
=1

Po{X, > 0|t >n} < R
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3.4 Existence of a universal lower bound

In this section, we want to find a universal constant Cs > 0, which is independent of
a, 1o, a;, b;, ¢; and d;, with following property. If for some & > 2, a1,..., by,... b
and «, 19, C1,..., Ck-1, di,...d; have already been chosen as before, then there exist
constants Ny, ¢ such that for all choices of ¢;, which satisfy ¢, < % + 92’2 <dpy < %,
and for all n > Ny, y

9n—p

max = > (k.
Osp=2qx+1 U, _,

In this section we again use the Markov chain {X} and the random walks {S} and

{5*}, where {X} has the following transition probabilities

P(5,6)=1;
1

P00 =ac(01), P0,0)=ro€ 3],

P(0,1) = P(0,~1) = %(1 —a—ro);

it5>0, PG,) =75 €55 PGi+1)=(0-rp
P(,j=1)= (1= 73),
it§ <0, PG.j) =15 €lg5h PUI—1 =0,
P(,j+1)=(1-rj)q
Here

1
l-a—-r; >0, p+qg=1, 0<p<§<q.

But with r; replaced by ¢ or di, if j > ay or j < —by. Further

P{Sp+1=5.} = o,
P{Spi1=5.+1} = (1—c)p,
P{Sh+1 =S, —1} = (1—c)q, while

P{S;, =8} = aR{,

1

P(Sin=S5i+1} = 5(1-aR}).
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Note that 9 = (R})~! and all the processes depend on k. Let X* be the Markov
chain with transition probability measure as above, except the r; is replaced by c

for all j # 0 and P* is the probability measure governing this chain.

Lemma 3.4.1. Let T and X\ as in Section 8.3, then we have

iy <Y Py{X; =0}

I>n

Proof. We see that 4, is bounded by

i = Y R{X =0}

I>n >n

= 3 Bo{I(Xi=0))

i>n

= FEy{number of [ > n with X; = 0}

= FEo{number of [ > n with X; = 0 and has not left zero yet }
+ Eo{number of | > n with X; = 0 and has left zero}

= E{(do—n+1)*}

. iﬁ:o{fmj g [iw—nm— >0 n 1)

j=1 0 0

}. (12)

The last equality, (12), results from X being the holding time of the X, at zero. Since
[ > n, we take the max of the (A\g — n + 1)* and zero. The jth summand for the
second part is for the paths which return to zero for the first time after 25 nonzero

steps. Now consider

25 2j—1
S i=n+ 1t =Y (i —n+ 1)
0 0

this is an increasing function of all the \;. The right side of (12) increases if we replace
Aj by L; for j > 1, where conditionally on T;, they are independent and L; has the
distribution P{L; = t} = c¢i"'(1 — ), if X1, # 0 and L; = ), if X7, = 0. This means
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we are just replacing r; by ¢ for all j # 0; therefore,

i < E{(o-n+1)}+ f:Eo {I[ng = (] [i(Li —n+1)* - i(Li ~n+1)*

>n j=1 0 0

= > P{X; =0}

I>n

}

Lemma 3.4.2. Let
and
hl‘—‘Po{Sl=0,St>0f07"0<t<l},
then we have
fi<h I>1
Proof. For | =1 we have
fz* =19 < cp = PO{SI = 0}-

When [ > 1, this means that either X7 =1 or X} = —1, so we have

fi = Pj{X] =1, X" first returns to 0 at time [}
+Py{X] = —1, X" first returns to 0 at time [}
1

= 5(1 —a — 1) P {X™ first visits to 0 at time [ — 1}

1
+§(1 — a — 1) P* {X™ first visits to 0 at time [ — 1}
= (1 —a—ro)Py{ first visits to 0 at time [ — 1},

because for X* > 0 (X* < 0), X* (respectively —X*) behaves like S. Finally,

l—a—r < %p < (I-c)
= P(){Sl:].}
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So for | > 1,

i < Py{S1=1}P{S first visits 0 at time [ — 1}
= h.

Corollary 3.4.1. Forl > 1 we have
Pi{X; =0} < (RH™'P{S; =0,8; >0 for0 <t <}.
Proof. If our first return to zero is at the lth step, then
Bi{X{ =0} = f.
If the second return to zero is at the Ith step, then

P{X;=0y= > frfr
ni1+ng=l
If the rth return to zero is at the /th step, then
P{Xr=0y=> " > fufn- T
>l ni4+no+...+n,=l
By Lemma 3.4.2,

Pr{X;=0} < > > ey b

r>1 ny+no+...+np=l

< Z Po{rth return of S is at time [ and S; > 0,0 < ¢ < {}
r>l

= P(){Slzo, StZO, 0<t<l}
= (RH)7'P{S;=0,8 >0,0<t <}

Corollary 3.4.2. For some universal constant Cg < oo,
B{X; =0} < Cs(l+1)"3(R})™, >0,
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Proof. We begin by showing that for some universal C; < oo,
P{S;=0,8>00<t<}<C(+1)% 1>1

We know that S* stands still with probability %“ = ¢,R; at each step; otherwise,
moves like a simple symmetric random walk. Ignoring the times that S* stands still,
the probability of starting from zero and returning to zero after 2p jumps can be

calculated by using Catalan numbers. We have

1 2p 2 2p—1
Cp, = =1 =~ :
p+ p+ P

Since S* moves to right and left with equal probability and there are 2p steps, the
probability is 27?”. The chain can stand still at each point that it visits as well; let
(i be the iid geometric random variable representing this behaviour at the ith point

it visits. Then we have
P{¢i=r}=(aR})"(1 —cRf), r>0.

All together we have

o 2 2 [ 2p-1

Po{S;=0,8; >0, 0<t<l P p=1-2 272,
-0 00<r< =S [Samta) o2 (771)

p= 0

From Sterling’s formula, it follows that there is a universal constant Cgs such that,

o -1\, s
ZP{ZQ_Z—2p}p+1< pp >2— < ZP{ZQ_Z—zp}Cs(pH) 2

p=0 p=0

ZP{ZQ =1- Zp} Cs(p+1)7%.

p=0

We have

{ZpQ:l—Qp} = {i§i=l——(2p+1)+l}
= {i(i'i—l:l-i-l},

=0
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and for a constant 0 < ¢t < 1, {¢; + 1} ~ Geometric(t). Now by using the central

limit theorem for some constants kg, k1, we have

{ZPQ + 1} ~ Normal(ko(2p + 1), k1(2p + 1)).

=0

Thus
= 1 (1+1—ko(2p+1))?
P{;C"“l_Qp} Y VImp+ 1) (k) exp(" 2(2p + Dky )

< 1 ( 2p+1 )2
T k@p+1): \(+1-ko(2p+1))2) ~

The last inequality follows from z% < e®, hence 272 > %, So

(3] %] s
Z Z Cs KCy (2p+1) 1
P 1—1" 3 = 1 3
{ ¢ }(p+1)§ < —~ (2p+1)2 l+1—ko(2p+1)) (p+1)2

p=0 =0 p=
< ( ) l+1
= (ko + 1)2(1 +1)%
< oyt 1LY
- (I+1)
= Cy(l+1)73,

for some universal C; < co. By Corollary 3.4.1,

Pi{X; =0} < (RH™'R{S;=0,8>0for0<t<I}
< (RH'Ci+1)7%

< Cel+1)73H(R)™ >0

Corollary 3.4.3. We have

Zuka giz Co(l+1)"3(R})P™ < Cpy < o0,

p=0 p=0 I>p

where C1y s universal.
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Proof. From Corollary 3.4.2 and Lemma 3.4.1, we have

dTw(REP < YD wu(REP

p=0 p=0 i>p

< S R{X = )R

p=0 i>p

SN Gt + )R RS

p=0 I>p

IA

o0

= Y N Ce(l+1)FHREPT < Crp < 00

p=0 i>p

Corollary 3.4.4. For some universal Cy, we have

Po{X, =0 and X, =0 for somer <s<n—1} < Co(R)™(n+ 1)—%(r + 1)_%.

Proof. From Corollary 3.4.2 and Lemma 3.4.1 we have

Po{f(n = OandX3=Oforsomer§s§n—1}

n—r
< E UglUn—s
8=r

< Y)Y B{xr=0} ) Pi{X; =0}
s=r [>s t>n—s
< Y-S+ nTEEDT Y ¢+ )TEHED
s=r [>s t>n—s
< CHB) RTINS (+1)7E Y (t+1)7E
s=r [>s t>n—s
< Co(RP)™(n+1)"3(r +1)72.

O

Since Cy is a universal constant, for any € > 0 there exists gy = go(€) < 00, which

depends only on €, such that if r > go, then
Co(RP) ™+ 1)"3(r+1)7% < e(n + 1) 3 (R})™
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Lemma 3.4.3. If r > qo and n > Ny, then
ﬂn§2P0{Xn=0 cmdf(s#Oforrgngw-r}

Proof. We have
150{)2”=0and)2's=0for7"§s§n—7“}

ﬁn—P{X'n:()and)zs;é()forrgsgn—r}

< e(n+ 1) FHRH™ (13)

As was shown previously, Lemma 3.3.4, there exists N, such that for all n > Ny,

+ — ~
lim 4, = (RkR+1> Po{7 >n} and §, > C3C4(R)™™(n+ 1)‘%.
iy,

Hence

=4}
3
V

010P0{7~' > TL}
Chogn
> CioCsCa(Ri)™(n+1)77%. (14)

v

Moreover, Cyo and Nj depend on «,rg,a;,b;,d;,i < k and ¢;, ¢ < k — 1, but not on

ck. From Lemma 3.4.1 and Corollary 3.4.2, we have

i < )G

I>n

< > R{xr=0}
I>n

< N Ce(l+1)7H(R]E)
>n

< Cu(R)™(n+1)".

Choosing € = C19C3C4/2, we find that for g = go(C10C3C4/2); this is independent
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of ¢x. From (13) and (14), we have

Gn — P{X,=0and X,#0forr<s<n-—r}

jin — P{X, =0and X, # 0 forr < s <n—r}|
e(n+1)"3(RH)™

C1oC3Ca/2(n + 1) "2 (RE)™

1

=i,

2
The last inequality shows that

IN N A

IA

ity < 2Py {X, =0and X, #0forr <s<n-—r}
for r > qo and n > Ng. O

Lemma 3.4.4. There exists a universal constant Cs > 0, which is independent
of a,ro, ai, by, ¢ and d;, © > 1, with the following property. If, for some k >
2, a1,..., b1,..., by and a, 19, c1,..., Ck-1, d1,..., dr have already been chosen as
before, then there exist constants N, qr such that for all choices of ¢, which satisfy

e <14+ % <dpy1 <3, and for alln > N,

Jn—
m =2 > .
0<p<2qx+1 U, _,,

Proof. We have from Lemma 3.4.3, that
U, §2P0{anoand)zs#0forr§sgn—r},

for r > gop and n > Nj. The probability on the right side for » = 1 is very similar to
gn. Standard decomposition with respect to the last time in [0,r — 1] and the first
time in [n — 7 4 1,7] at which X, = 0, shows that

r—1 r—1

PO{X',, =0and X, #0forr <s <n-—-r} = Zzapfn_p_qﬂq

r—1 r—1

Z Z 1lpgn—zo—q—laq

p=0 ¢q=0

r—1 r—1
mMaX Jn—p—q—1 Z Up Z Uq. (15)

<

IA

INA
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We have from Lemma 3.4.1 and Corollary 3.4.2

i < )

>n

< Y R{X; =0}
I>n

< Y G+ 1)7HRHT 120
I>n

Moreover, from Corollary 3.4.3

iap(R,:)P < ZZC’gl+1‘% +)p-

p=0 p=0 [>n
< (g < 0.

So from (15), (16), (17) and Lemma 3.4.3, we have

U, < 2150{)2,,=Oand)23760forrSsgn—r}

-1 r—1
< 2max gnop ¢ 12’&,,211,,

Pa<qk

p=0 =0
- -1
;D r q
= 2max gnpg-1 E up k E :ﬂq(le—)q
P9k k p q=0 (R )
r—1 r—1
+\—p( pt ~ D+
< 2max Gnp—g-1(RY)P(R)? g Up(Ry)P E Ug( Ry )1
Pa<ak
p=0 q=0
2 ~ +\—p— -
< 2C7, max Gn-p—q-1(Ry)P"? forn > Ni, = g.
P94k
So ~
01 1 -
max ———— < 2C%, max gn—p—g———(R*”) pma,
P9SGk Un—p—q—1 2 pa<a Upep—q—1
Since we know that for fixed p, ¢
Up, _
— (Rf)™7 as n— o0
Un—p—q
uniformly for ¢,. We can increase Ny, if necessary, so that
Gn— On—p—q—1
m In-p _ max Inceoal
0<p<2qx+1 Up—p PISGE Up—p—g—1
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3.5 Failure of the Yaglom limit

In this section, we want to show the failure of the Yaglom limit, by applying the
results of Sections 3 and 4 recursively. First we need to show that, the conditional
distribution of X,,, given 7 > n, is tight. Let u,(j) = Po{X, = j| 7 > n}. We have

to show for all n and for given € > 0, there exists a finite interval (a, b] such that
tn(a,b] >1—c¢

or equivalently
1 — pn(a,b] <e.

For all n, we have

1 — pn(—A4, 4]

i

Po{|Xn| = A | 7>n}
Po{tr > A+n|7>n}

IA

(o o]

> P{X,=0|7>n}
l=n+A
Z?—in-{-APO{Xl = 0, T > n}
Yoien Po{Xn = 0}a
SinaPo{Xi=0} 1R 1

- R4
Yo, Po{ X, = 0}a T % R At

IN

by taking A large, we have for given ¢, 2R <e.

Now assume that «, r9,a1,..., ag, b1,...,bk, C1,...,ck—1 and dy, ..., di have already
been chosen as before. By Lemma 3.3.3 and Corollary 3.3.1, we can choose m{, n}
so that N
gﬁ_— > k for n > mf,
In
and
s | 1
Ry — g
Po{X, > 0|t >n} > = PR = ==

=1

for n > n}, where

R = [cx + (1 = cx)v/4pq| ™.
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We can choose ¢, so close to % such that,

1 d
dk<1+§éck§

N =

also holds. We have shown that

Jlim [R{]™ = R
Since |gi| < 1, as k — oo, we have
m+ m+
k k
Y G ERD =Y gt (R
=1 =1

Hence, m{ does not depend on the choice of c;". We have

x| =

m+ m+
Ri—1x 4 oou R-1C
Rf)Y - —= R <
oR7T z§=1:gk( ) oR l§=1 g (R)| <

Finally, we pick Ny > n{ and bn+1 = Ni + 1 so that

uNk

Next we choose m,, n; such that by Lemma 3.3.6,

9n -
—121@ for n > my

n

and )

Ry —1& 2
Po{X, > 0|7t >n} < éR; Zgi"(R;)l + z forn>ng,
=1

where Ry = [di41 + (1 — di41)/4pg | holds. We choose dj.; sufficiently close to 3

so that ¢, < ;i— + % < dipyq < % also holds. Again we have

Ry -1 ., R-1 | o1
= (By) ——5=)_ o (R)| < 7
aR Zl: — k k
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Finally we pick agi1 > (Ni V ng) + 1. We repeat the procedure with & replaced by

k + 1, etc. Now for n = N, and n = n;; we have

ngRl<oo.
=1
That is because,
+ mi
L . RS —1 - g 1
1> P{X, >0|f >n}>—* RO 4+ 2| — -
As k — oo we have
R-1E& g
> -+ pl Jn
12 aR ;glR—i_élun’
that is,
N R
R < (1- Iy 2 <
SR < (- gy <o

Now from Lemmas 3.3.5 and 3.3.6, we have

limsup,,_, ., Po{X, > 0|7 > n} — liminf,_ ., Po{X, > 0|7 > n}

+
my

: R =1 ovipiyy Gng 1 Lo B — 1 TN
> hin—igp oRT [;91 (B¢) +m % — lim inf oF; ;gz (Ry) T
R-1
> liglsogp —= 49161\1’\’; (k — 0o as n — o)
R-1.. an, R-1
= \ E> .
4o lﬁi‘.fp un,  4aR Cs

This shows that lim,,_,. Po{X, > 0|7 > n} does not exist. This implies the failure
of the Yaglom limit; since we have the conditional distribution of X, given 7 > n,
is tight. By using Theorem 25.10 in Billingsley [2] to interchange sum and limit, we

have

lim P{X,>0[r>n} = lim » P{X,=j| Xo=0, 7>n}
i>0

= > lim P{X,=j| Xo=0, 7 >n}.

j>0
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Since we have shown lim,_,., Po{X, > 0|7 > n} does not exist, lim, o, P{X, =
j| Xo =0, 7 > n} does not exist for some fixed j; This is the failure of the Yaglom
Limit. This failure of the existence of the Yaglom limit is due to the fact that (1.4)
does not hold for our chain. The example satisfies all the restrictions in Theorem 1.0.1
and 1.0.2 except (1.4). To see that (1.4) fails, note that after the identification Z, U{d}
with Sp U {0}, we will have @"(24,2j — 1) = P{X,, = —j|Xo = j} and this equation
is equal to zero whenever n < 27, since our chain behaves as if it were like a nearest
neighbour walk. Similarly Q"(25,2j + 1) = Q"(2j — 1,2j) = Q™(2j — 1,25 —2) = 0
for all large j, and this violates the second part of (1.4u) and of (1.4d); Nor can any
other identification of states lead to a walk satisfying.

For example suppose s; were identified with 4, so that Q"(¢, j) = P{X,, = ;| X, = s:}.
Now let v > 0 ; without lost of generality, we may assume that s, >0 .

Let s = min{s; : 1 <¢ < u} and assume s < 0 and define w by s — 1 = s,,. We must
have w > u, from the definition s = min{s; : 1 < 4 < u} and where w < u, then
Sw < u, but s, = s—1. Now if (1.4) were satisfied, there should exist 1 < L < oo such
that Q(Z,v) = 0 whenever : < u < u+ L < v. So we have to take u + L > w (because
for some i < u s; = s, and Q(i,w) = P{X; = s — 1| X, = s} > 0, so w cannot be
greater than u+L). But now [u, u+ L) contains some k with s, > 0 and s, = s—1 < 0
sicne we have s,, > 0 and s,, < 0 and k£ must becomes large when u become large. Then
Q™(k,k+1) = P{X, = s+1/Xo = sk} and this will be zero whenever n < |sg — sg41].
For fixed n and L, this will actually be the case for large enough n, so (1.4) cannot
hold.
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3.6 Failure of the ratio limit property

In this section we want to show that, in our example the ratio limit property also
fails. The equations (3.1)—(3.4) shows that ¢ is an absorbing state and the absorption

is possible only from state zero. So for some L; < o0,
Q(7,0) = 0 for ¢ > Ly;
where Sp = {1,2,...}. So

> QG5 = 1-QG,0)
Jj€So

= 1-0=1 (18)

Moreover, when X is in state j # 0, it will either stay there with probability r; or
moves to state j + 1 or j — 1 (like a nearest neighbour walk) with drift ¢ —p > 0
towards 0 (since 0 < p < 1 < g). So for some iy we have Q"(4o,0) = 1; hence

> Q(0,5) = 1-Q"(lo,0)

J€So

= 1-1=0. (19)

By Kesten [10] Section 2, the ratio limit property ,(18) and (19) would imply the
existence of

lim P{X, = j| Xo =14,7 > n}.

Since we have shown in Section 3.4 this limit does not exist for our example, the ratio

limit property must also fail.
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