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Abstract

We consider a positive matrix Q,  with entries {1 , 2 , . . . } .  Kesten showed that if there 

exists a constant 1 <  L < oo and sequences u\ <  112 < . . .  and d\ <  cfo < ■ ■ ■ such 

that Q(i , j )  =  0 whenever i <  ur <  ur +  L <  j  or i >  dr +  L >  dr >  j  for some r, 

then if Q is also substochastic, it has the strong ratio limit property, that is,

Qn+m(i , j )
™  Qn(k ,l) f{k)n(l)

for a suitable R  and some -harmonic function /  and i?-1-invariant measure p. In 

this thesis, we delve into a counterexample of Kesten that shows that for a positive 

irreducible matrix Q , that is the transition probability matrix of a Markov chain 

{ X n},  the Yaglom limit theorem is not valid if we drop one of the restriction imposed 

above, even when Q  has a minimal normalized quasi-stationary distribution. In the 

last section, we show the ratio limit property must also then fail.
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Chapter 1

Introduction

Let Q =  {Q(i , j ) } i , jes  be a positive matrix on a countable state space S. (In this 

paper Q  being positive means that Q(i,  j )  >  0 for all i , j  £  S.) We say Q  has the 

strong ratio limit property (SRLP) if there exist strictly positive constants R, p( i ), 

f( i ) ,  i £  S,  such that
(I i)  iim Qn+m(j,j) p>-mf{j)r{j) i j k I £ S  m  e Z

We say Q  is irreducible, if for each i , j  £ S  there exists an n — n( i , j )  with Qn(i, j )  >  0. 

If Q is irreducible, it is called aperiodic, if gcdjn : Qn( i , j ) >  0} =  1. We also say Q 

is R-recurrent, when 

(1-2) =  
where

(1.3) R~l =  limn_>0o[Qn(*,j)]1/n-
It was observed by Vere-Jones [25], that for an irreducible aperiodic matrix Q,  the 

limit 7?” 1 exists and is independent of i , j ; that is, if (1.2) holds for some i , j ,  then it 

holds for all i , j .

The SRLP is also closely related to the age distribution of an absorbing Markov 

chain. Assume the chain { X n; n =  0 , 1 , . . . }  has state space tp — {0,1, .  . .}, that {0} 

is the single absorbing state and that the time to absorption has finite expectation. 

Introduce the instantaneous return process {X n; n =  0 , 1 , . . . }  obtained by allowing 

{ X n} to hit {0} and then instantly returning it to {1} and repeating this procedure

1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



so that each time { X n} hits {0} it moves immediately to {1} and then evolves with 

the same transition probabilities as { X n}  until next hitting {0}. Let Tn be the time 

measured backwards from n to the last time { X n} hit {0}. Assuming ip is irreducible 

and aperiodic for { X n},  Levikson [13] shows that for each j  £ p,  lim„_oc Pi{Tn =  

k\ X n =  j }  exists and is called the limiting age distribution. Pakes [18] (Theorem 

1 and corollary Section 2) showed that if the return chain {X n} is R-recurrent and 

satisfies the SRLP, then the limiting age distribution exists.

A measure // on So is normalized quasi-stationary distribution if it is a distribution 

probability and

Pfi{Xn =  i \r >  n}  =  /J,(i), for all i £ So, n >  1,

where jSo =  { 1 , 2 , . . . }  and r  is a stopping time(Kesten [10]). Closely related with the 

notation of quasi-stationary distribution is so-called Yaglom lim it; this is,

*°o P { r > n \ X 0 =  i }  n^ °°'E ies0Qn(h 1) ’ 

where Q := (P( i , j ) ) i j e s 0 ~  restriction of P  to So x So-

The existence of the Yaglom limit was established for branching processes in the pi­

oneering work by Yaglom [27], for symmetric random walks by Seneta [21], for left 

continuous random walks by Pakes [17], and for birth and death processes by Good 

[9], Kijima and Seneta [11] and Van Doom [24], In the case of finite Markov chains, 

there is only one quasi-stationary distribution (Darroch and Seneta [3]).

There is a close connection between the existence of a normalized quasi-stationary 

distribution and the existence of the Yaglom limit; that is, if the Yaglom limit exists 

for all j ,  then it is a normalized quasi-stationary distribution (Vere-Jones [26], The­

orem 1 and 2), Ferrari [6].

By the Perron-Frobenuis theorem, Gantmacher [7] chapter XIII, any finite irreducible 

aperiodic matrix Q has the SRLP.

As was observed by Kingman and Orey [12] for an irreducible recurrent aperiodic 

Markov chain with countable state space indexed by discrete time, if the probability 

of returning to i by time N  is greater than e, where N  and e are positive numbers 

independent of i, then the SRLP holds. This condition can be taken as a very weak
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form of spatial homogeneity.

Pruitt [19] showed that, if kPij is the probability, starting from i, of being at j  at step 

n  without visiting k at steps l,2,... ,n — 1, then for a R-recurrent chain, SRLP will 

hold if

(*) lim supn_̂ OG <  R r1.
00He also showed that (*) is always satisfied for a reversible chain; that is reversibility 

implies (★) (and therefore the SRLP if the chain is also R-recurrent).

The papers listed above all assume that Q  is /^-recurrent or that Q  is the transition 

probability matrix of reversible Markov chain. Kesten [10] has proven the SRLP for 

a more general class of sub-Markov chains on So =  {1 , 2 , . . . } ,  which are in general 

neither R-recurrent nor reversible. For a positive irreducible matrix Q  on So, consider 

following restrictions:

•  (1.4u) There exists a constant 1 <  L <  oo and an infinite sequence 1 <

u\ < u2 <  ■ ■. such that Q ( i , j ) =  0 whenever * < ur < ur +  L <  j  for some r.

Moreover, there exist constants do and M <  oo, and for each % €  (Jr [ur ,u r +  L), 

there exist integers 1 <  n' — n'(i),n" =  n"{i) <  M  such that Qn'( i ,i  +  1) >  do,

Qn"(i +  l , i )  > S 0 ;

•  (1.4d) There exists a constant 1 <  L <  oo and an infinite sequence 1 <

di <  d2 <  • • ■ such that Q{i , j )  =  0, whenever i >  dr >  dr +  L >  j  for some r.

Moreover, there exist constants do and M  <  oo, and for each i G (Jr [dr, dr +  L), 

there exist integers 1 < n '  =  n'(i),n" =  n"(i) <  M  such that Qn'(i , i  +  1) >  do,

Qn"(i +  l , i )  > d 0 ;

•  (1.5) There exist constants 5\ and N  <  oo and for each i € So, there exist 

integers 1 <  k i , . . . ,  kr <  N  (with kj =  kj(i) and r =  r(i)) such that Qks >  di 

for 1 <  s <  r, and gcd(Aq,. . . ,  kr) =  1.

For a positive irreducible matrix Q  that is the transition probability matrix of a 

Markov chain { X n}  and satisfies conditions (1.4)-(1.5) Kesten [10] proved Theorems 

1.0.1-2.

3
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Theorem  1.0.1. Let 0 < s <  oo and assume that Q is irreducible. If Q satisfies 

(1-4U) and (1-5)> then up to a multiplicative constant, Q has at most one positive 

s-harmonic function. If Q satisfies (l . f d ) and (1.5), then, up to a multiplicative 

constant, Q has at most one positive s-invariant measure.

Theorem  1.0.2. Let Q be irreducible and substochastic (  that is, ) <  1
for all i G So). If Q satisfies ( l . f  u), (l-4d), and (1.5), then R  defined by (1.3) is 

independent of the choice of i , j  in (1.3), and 1 <  R  <  oo. Moreover, for all i & S0 

there exist f ( i )  >  0 and p(i)  >  0 such that:

f ( i )  =  R(Qf) ( i ) ,  i e S 0;

p(i) =  R(pQ)(i) ,  i e  S0,

and such that (1.1) holds for i , j ,  k, I € So- In addition, if we assume that for some 

Li <  oo,

^ Q ( i , j )  =  i  for i > L i ,  
je s0

and that for some io,

(n —► oo) and R >  1,
jes0

then we can even take the measure p  to be a probability measure on So; that is,

=  !>
jes0

and with this normalization,

eL ĉM) =n —► oo

K esten  [10]

In this thesis, we delve into a counterexample of Kesten that shows that the limit 

in (1.1) does not exist if one of the conditions (1.4)— (1.5) does not hold, even when 

Q  has a minimal normalized quasi-stationary distribution. Failure of the ratio limit
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theorem in this example results from the failure of the Yaglom limit.

The failure of the Yaglom limit in this example is due to the fact that (1.4) does not 

hold; this means that we cannot drop (1.4) entirely.

We begin by constructing the Markov chain {Y„} in Section 3.1. Then in Section 3.2, 

we show that the absorbing state, r, has an exponentially bounded tail; by Theorem

2.2.1, this is necessary and sufficient for { X n} to have a normalized quasi-stationary 

distribution.

In Section 3.3, we try to reduce the proof of failure of the Yaglom limit, to an estimate 

for return probabilities of nearest-neighbour on Z. In this section, we temporarily 

work with a new Markov chain { X n}, which does not agree with { X n} on certain 

intervals.

In Section 3.4, we show the existence of a universal constant, which provides the 

required estimate on these return probabilities. In Section 3.5, we show the failure of 

the Yaglom limit by applying the results in Section 3.3 and 3.4 recursively. Finally in 

Section 3.6, we show that the failure of Yaglom limit implies the failure of the ratio 

limit property.

5
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Chapter 2

Background

2.1 Definitions

Most definitions are from Billingsley [2], unless otherwise indicated.

D efin ition  1. (field) Let Q be a completely arbitrary nonempty space. A class off l  is 

called a field, if it contains Q, itself and is closed under the formation of complements 

and finite unions.

D efin ition  2. (a-field) A class of fl is a a-field if it is a field and if it is also closed 

under the formation of countable unions.

D efin ition  3. (probability measures) A set function is a real-valued function de­

fined on some class of subsets of Q. A set function P  on a field is a probability 

measure, if  it satisfies following conditions:

1. 0 <  P{A)  <  1 for A in T ;

2. P (0 )  =  0, P(Q) =  1;

3. if A \, A<i, . . .  is a disjoint sequence of J7-sets and if (Jfcli ^ , then
OO OO

P ( \ j A t ) = ' £ P ( A t ).
k=1 k=1

6
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D efin ition  4. (probability measure space) If F  is a a-field in Q and P  is a

probability measure on IF, the triple (Ll,F ,P ) is called a probability measure space.

D efin ition  5. (M arkov chain) Let S  be a finite or countable set. Suppose that to 

each pair i and j  in S, a nonnegative number Pij is assigned such that for all i in S  

^2jes Pij =  1- Let X 0, X \. X 2, . . .  be a sequence of random variables whose ranges are 

contained in S. The sequence is a Markov chain or Markov process if

P { X n .̂i j J-Xq *0, • ■ • j in} P f X j j X n in} >

for every n and every sequence iQ, . . .  , in in S for which P {X 0 =  io, ■ ■ ■, X n =  in) >  0. 

The set S  is the state space of the process.

D efin ition  6. (nearest neighbour random  walks) A one-dimensional nearest 

neighbour random walk is a Markov chain whose state space is a finite or infinite 

subset of integers such that if it is in state i after a single transition, either stays in 

i or moves to i — 1 or i +  1.

D efin ition  7. (sim ple random  variable) Let (Ll ,F,P) be an arbitrary probability 

space, and let X  be a real-valued function on Lt; X  is a simple random variable if it 

has finite range and if

{oo : X(u>) =  x } e F

for each real x.

D efin ition  8. (a-field generated by a random  variable) The a-field a ( X)  gen­

erated by X  is the smallest a-field with respect to which X  is measurable; that is a (X)  

is the intersection of all a-fields with respect to which X  is measurable.

D efin ition  9. (Taylor series)A Taylor series is a series expansion of a function 

about a point. A one-dimensional Taylor series is an expansion of a real function 
f (x)  about a point x — a given by

f {x)  =  /(a ) +  f'{a)(x  -  a) +  ~  af  +  ■ ■ ■ +  -  a)" +  • • •

7
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D efinition 10. (power series) An infinite series of the form
OO

'Y2/ ak{z -  zQ)k =  a0 +  affz -  z0) +  a2(z -  z0)2 +  . . .  
k=o

where the coefficients are complex numbers, is called a power series in z — z q .

D efinition 11. (radius o f convergence) A power series will converge only for 

certain values of x. In general, there is always an interval (—R, R)  in which a power 

series converges, and R  is called the radius of convergence. The quantity R  is called 

the radius of convergence, because in the case of a power series with complex coeffi­

cients, the values of x with |x| <  R  form an open disk with radius R.

Definition 12. (analyticity at a point) A complex function w  =  f ( z )  is said 

to be analytic at a point zq if f  is differentiable at zo and at every point in some 

neighbourhood of z q .

Definition 13. (singular point) A point z at which a complex function w — f ( z )  

fails to be analytic is called a singular point of f .

Definition 14. (S tirling’s form ula)

y/2nnn+  ̂ e~n,

where the sign ~  is used to indicate that a ratio of two sides tends to one as n —» oo. 

Feller [4]

D efin ition  15. (indicator function) The indicator function of a set A is the func­

tion on 12 that assumes the value 1 on A and 0 on A c; it is denoted I  a-

D efin ition  16. (expected value) A simple random variable in the form

X  =  J 2 XilA*’
i

is assigned expected value or mean value

E[X} =  E

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



D efinition IT. (variance)  If E[X\  — m, the variance of X  is

Var [X ] =  E[(X -  m )2] =  E [ X 2] -  m 2.

D efin ition  18. (conditional probability) If P(A)  >  0 ; the conditional probability 

of B  given A is defined via

D efin ition  19. (conditional expectation) If P(A)  > 0 , and Y  =  IS a

simple random variable, the conditional expected value of Ygiven A is defined by

Epr\A] = ' £ y j P(Bj \A).
j

D efin ition  20. (independent events) The events E \, E2, , En are said to be 

independent if for every subset E y, E2r, . . . ,  Er> and 0 < r' <  n, of these events

P (E V D E 2' . . . n  E^) =  P { E V)P{ E2I) . . .  P ( E r>).

Ross [20]

D efin ition  21. (distribution function) The distribution function of a random 

variable X  is defined by

F( X)  =  p ( -oo , x ]  =  P [ X  <  x] 

for real x. F  is right-continuous, nondecreasing and

lim F(x) — 0, lim F(x)  =  1.
x —►—oo x —*oo

D efin ition  22. (density function )  The probability mass function of a discrete 

random variable X  is given by

f x { x ) =  P ( X  — x) for all x.

The probability density function of a continuous random variable X  is the function 

fx{x)  defined by

Fx {x) =  j  fx( t )d t  for all x.
J  — OO

9
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D efin ition  23. (n o rm a l d is tr ib u tio n )  Let X  be a random variable such that 

E ( X )  =  11, Var ( X)  =  a 1; then we say X  is a normal random variable or simply 

X  is normally distributed with parameters p  and Var (X)  — a 2, if the density of X  

is given by
, ,  v 1

f ( x ) =  —fz = ~  e 2"a ■\f2ira
The density function is a bell-shaped curve that is symmetric around p. Ross [20]

D efin ition  24. (g eo m e tr ic  ra n d o m  va r ia b le ) Suppose that independent trials, 

each having a probability p of being a success, are performed until a success occurs. If 

we let X  be the number of trails required until the first success , then X  is said to be 

a geometric random variable with parameter p. Its probability mass function is given 

by

p(n) =  P { X  =  n}  =  (1 — p)n-1p. n =  1 , 2 , . . .

D efin ition  25. (con vergen ce in  p ro b a b ility )  If for random variables X n

lim P[\Xn -  X\  >  e] =  0
n —>oo

holds for each positive e, then X n is said to converge to X  in probability.

D efin ition  26. (con vergen ce w ith  p ro b a b ility  1) If for random variables X n

P[lim sup(|Xn — X\ > e)] =  0
n —*oo

holds for each e (rational or not), then X n is said to converge to X  with probability 

1.

D efin ition  27. (expected  va lu e  as in tegra l) The expected value of a random 

variable X  on (Ll,P,P) is the integral of X  with respect to the measure P ,

E{X] =  I  XdP.

D efin ition  28. (c o n d itio n a l expected  va lue) Suppose that X  is an integrable 

random variable on (f l ,T,P)  and that Q is a a-field in P . There exists a random 

variable P [X |^ ]; called the conditional expected value of X  given Q, having these two 

properties:

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. E[X\Q] is measurable Q and integrable.

2. E[X\Q\ satisfies the functional equation

f  E{x\g\dP= f  xdP, G e g .
J g J g

D efin ition  29. (m artingale) Let X \, X 2 , . . .  be a sequence of random variables on 

a probability space (Ll,T ,P), and let fF\, ■ - be a sequence of a-fields in T . The 

sequence { ( X n, P n) \ n  — 1 , 2 , . . . }  is a martingale if the following conditions hold

1- T n C P n+\;

2. X n is measurable with respect to P n;

3. E[ \Xn\] <  00;

4- with probability 1, E[Xn+1| =  X n.

D efin ition  30. (superm artingale) The sequence of random variables X n is a su­

permartingale relative to a-fields T n if  1,2, and 3 of the definition of martingale hold 

and in place of 4,

E[Xn+i\ <  X n with probability 1.

D efin ition  31. (M arkov’s inequality) Let ( Q , P , P )  be an arbitrary probability 

space, and let X  be a real-valued function onTt. If X  is nonnegative, then for positive 

a

P { X  > a } <  -E[X1.
a

D efin ition  32. (stochastic process)  A stochastic process { X ( t ) , t  E T }  is a collec­

tion of random variables; that is, for each t in T , X( t )  is a random variable, where 

T  is the index set of the process. Ross [20]

D efin ition  33. (tightness) A sequence of probability measures p n on (R1, 1Z1) is 

said to be tight, if for each e there exists a finite interval (a,b\ such that

lin(a, b ]>  1 — e for all n .

11
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D efin ition  34. (absorbing sta te) A state is absorbing if on once being entered, it 

is never left.

D efin ition  35. (strong ratio lim it property (SR L P )) Let Q = { Q ( i , j ) } i j e s  be a 

positive matrix on the countable state space S  (here Q is positive means that Q( i , j )  >  

0 for all i , j  E S). We say that Q has the strong ratio limit property (SRLP) if there 

exist strictly positive constants R, fi{i) and f ( i )  (i E S),  such that

occur in some multiple of k time steps and k is the largest number with this property. 

Formally the period of state is defined as

where gcd is the greatest common divisor.

D efin ition  37. (irreducible) Let Q be as above then Q is irreducible if  for each i , j  

E S there exists an n — n ( i , j ) with Qn( i , j ) >  0. Kesten [10]

D efin ition  38. (aperiodic) If Q is irreducible it is called aperiodic, if gcd{n :

D efin ition  39. (recurrence) A state i is said to be transient, if, starting at state i, 

there is a nonzero probability that we will never return to i. Formally, let the random 

variable 7* be the next return time to state i, and set

Qn+m( i , j )
/O M O

i , j , k , l  €  S, m  E Z.

Kesten [10]

D efin ition  36. (periodicity) A state i has period k, if any return to state i must

k =  gcd{n : P ( X n =  i\ X 0 =  i) > 0},

Qn( h j )  >  0} =  1; this condition does not depend on i in the irreducible case. Kesten

Ti =  min{n : X n =  i\ X 0 =  i}\

the state i is transient if

If the state i is not transient, then it is said to be recurrent.

12
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D efinition 40. (R-recurrent) Q is R-recurrent if

Y , Q n& i ) R ~n =  °°>

where

R - 1 =  lim [Qn(i , j ) )1/n.
n —»oo

Kesten [10]

D efinition 41. (ergodic) An irreducible aperiodic positive recurrent chain is called 

ergodic. Asmussen [1]

Definition 42. (harm onic function) f  is called s-harmonic for Q if

Q f t t ) =  =  5/(*)> f or aU i e  S°
j ^So

where

5b =  { 1 , 2 , . . . } .

Kesten [10]

D efinition 43. (invariant measure) A measure p  on Sq is called an s-invariant 

measure for Q if

pQ (i) := ^ 2  v i f i QU A )  =  sp(i),  for all i G 50.
j&So

Kesten [10]

D efinition 44. (sta tionary distribution) Let S  be a finite or countable set. Sup­

pose that the chain has initial probabilities 7T; satisfying

^ i P i j  =  'Kj i j  €  S. 
i e s

It then follows by induction that

Y 2  =  7ri ’ i  E S > n =  0 , l , 2 , . . . .
i € S

If 7Tj is the probability that X 0 =  i, then iTj is the probability that X n — j ;  thus the 

probability of [Xn =  j] is the same for all n. A set of probabilities satisfying this 

condition is called a stationary distribution.

13
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D efin ition  45. (norm alized quasi-stationary) A measure p, on So is called a 

normalized quasi-stationary distribution if it is a distribution probability and if

P ii{X n — i\r  >  n } =  p(i),  for all i € So, n >  1.

Kesten [10]

D efin ition  46. (reversible process) The transition matrix is said to be reversible 

if and only if there is a sequence {pi}  of positive constants such that piPij =  pjPji for 

every i and j .  Pruitt [19]

D efin ition  47. (branching process) In probability theory, a branching process is 

a Markov process that models a population in which each individual in generation n 

produces some random number of individuals in generation n +  1, according to a fixed 

probability distribution that does not vary from individual to individual.

D efin ition  48. (birth and death process) The birth-death process is a special case 

of a continuous-time Markov process where the states represent the current size of a 

population and where the transitions are limited to births and deaths.

14
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2.2 Theorems

Theorem  2.2.1. Let X n be a Markov chain on So U {0} with 0 as absorbing state

and r  is a stopping time. Let Q be defined by

Q  := (P( i , j ) ) i j es0 — restriction of P  to S0 x S0.

Assume that Q is irreducible, that absorption of { X n} at 0 is certain, and that

lim P { t <  n \X 0 — i}  — 0 for all n >  1.
i —► oo

Then

P { t  >  n\Xo =  i}  —» 0 exponentially in n for some fixed i G So,

is necessary and sufficient for X n to have a normalized quasi-stationary distribution. 

Kesten [10]

Theorem  2.2.2 (central limit theorem). Let X \, X 2, . . .  be a sequence of indepen­

dent, identically distributed random variables each with mean p. and variance a 2 .

then the distribution of
X \ +  X 2 +  . . .  +  X n — np  

o \fn

tends to the standard normal as n —> oo. Ross [20]

Theorem  2.2.3 (Cauchy-Hadamard Theorem). The reciprocal of the radius of con­
vergence of the Taylor series

ao +  a\Z +  a2z 2 +  . . .

is given by
l im s u p ( |a „ | ) ^  =  R ~ l .

15
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Chapter 3 

A counterexam ple

3.1 Constructing the counterexam ple

In this section, we want to construct a Markov chain {X n} on Z+ for which the 

Yaglom limit does not exist, despite the existence of a normalized quasi-distribution. 

We will show in Section 3.6 that the failure of the existence of the Yaglom limit implies 

failure of the ratio limit property. Moreover Q  has at least two distinct R~l-invariant 

probability measures. We construct our Markov chain { X n} on Z+ with an absorbing 

state 5 rather than on So U {0} . We can transform it into a Markov chain on So U {0} 

by identifying 5 with 0, defined by r  =  inf{n >  0 : X n =  5}; we will show that the 

following limit does not exist for some fixed j :

lim P { X n =  j \X 0 =  0 ,r  >  n}.
71—>00

In our example, |Xn+1 — X n\ <  1, as long as r  >  n +  1.

16
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The transition probability matrix P  of our chain is:

(3.1) P{S,8) =  1-,

(3.2) P(0,5)  =  a e ( 0,1), P (0 ,0) =  r0 G [\,

P (0 ,l)  =  P ( 0 , - l )  =  i ( l - a - r o);

(3.3) if j  >  0, P ( j , j )  =  rj € [±,±], P { j , j  +  1) =  (1 - r j ) p ,

P ( j , j  -  1) =  ( 1 - ^ ) 9 -

(3.4) if j  <  0, P { j , j )  =  rj e  P ( j , j  - 1 )  =  (1 - r j ) p ,

P( j ,3  +  1) =  ( 1 - ^ ) 9 -

where

(3.5) 1 — a  — rj >  0, p +  g =  1, 0 <  p < |  <  g.

From these equations, we see that 6 is an absorbing state. Since gcd{n : Qn( i , j ) >  

0} =  1, Q is aperiodic. It is also possible to reach any point from any other point; 

thus for all i , j ,  there exists n such that Qn( i , j ) >  0 (so Q is irreducible). The 

Markov chain also satisfies (1.5) (there exist constants and N  <  oo and for each 

i e  So, there exist integers 1 <  k\ , . . . ,  kr <  N  with kj — kj(i) and r =  r(i) such that 

Q ks(i,i)  >  for 1 <  s <  r, and gcd(fci,. . . ,  kr) — 1). When X  is in state j ,  it will 

either stay there with probability r,- or will move to state j  + 1  or j  — 1 (like a nearest 

neighbour walk) with drift g — p >  0 towards 0; since 0 < p <  |  <  g. From Theorem

2.2.1, the normalized quasi-stationary distribution will also exist. The main difficulty 

is to prove lim„_^oo P { X n — j\Xo >  0 ,r  >  n}  does not exist for some fixed j .  The 

idea to prove this is to choose the rj such that for certain times (rq), X n will be

more likely to enter (—oo, —1] after visiting 0, for the last time, and for certain times
(n£), X n will be more likely to enter to [1, oo) after visiting 0 for the last time. Since 

between successive visits to 0 our chain has to stay either in (—oo, —1] or [1, oo), the 

value of
OO

P { X n >  0|Wo =  0 , r > n }  =  J 2  P { X " =  i \X o =  0 ,r  >  n}
3= 1

17
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will be larger for n =  than for n =  nk . So limn^oo P { X n — j \ X 0 >  0, r  >  n}  does 

not exist for some fixed j .

18
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3.2 An exponentially bounded tail for r

In this section, we want to show that for a Markov chain { X n} n>o on (Z(J{5}) with 

transition probability P  of the form (3.1)-(3.5) r, defined by r  =  inf {n >  0; X n =  

5}, has an exponentially bounded tail. By Theorem 2.2.1, this is necessary and 

sufficient for { X n}  to have a normalized quasi-stationary distribution. Note that, in 

our example \Xn+i — X n\ <  1, as long as r  >  n +  1; that is, lim^oo P { t <  n\Xo =  

i}  =  0 for all n >  1.

Let Q  be the restriction of P  to Z x Z. If rj G [ |,  |]  for all j  and 0 < a  <  1, then 

we have to show that after identification of Z U {<5} with So U {5}, then

P { r  >  n\ X q =  i]  —>0 exponentially in n for some fixed i in Sq.

We start by defining cr0 =  0 and 0 \ <  cr2 <  03 <  . . .  as the successive times (greater 

than zero) at which X n =  0.

Now take Xo =  0, then for X \  we have one of these possibilities: 

either

X \  — 8 and r  =  1,

or

X i  =  0 and =  1,

or

X \  — ±1 and cr 1 >  1.

For the sake of argument, let X i  =  1. So we have X n >  0 for n <  a 1: X ai =  0, and 

for each n <  a i ,

E { X n+1 -  X n\Xn}

=  0 +  1 x P { X n+i - X n =  l\ X n} +  ( -1 )  x P { X n+1 - X n =  - 1 |  X n}

=  (1 ~  rXn)p +  (1 -  rXn)q 

=  (1 ~ r Xn) ( p - q )  =  - (1  ~ r Xn) \ q - p \

(as long as rj G [5, 5] )• We will use this to show the following lemma.

19
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L em m a 3 .2 .1 . The sequence (X nAai +  Ij(n A rq)|g — p\)n is a positive supermartin­

gale with increments bounded by 2.

Proof. It is obvious that X nAai +  l(nA<q)|g —p\ is positive, as both terms are positive. 

The sequence is a supermartingale because

E { X n+lAai +  \ { n +  1 A a x)\q -  p\ -  (X nAai +  |( n  A cq)|g -  p|)| X n}

=  E { X n+1 +  ± \ q - p \ - X n\ X n}

— — p\ + E { x n+\ — x n\ x n}

<  - p\ -  \ \ q - p\

=  0.

To show that increments are bounded by 2, let Yn+i — X n+iAai +  |( n  4-1 A cq)|g — p\ 

and Yn =  X nAai +  \ (n  A cq)|g -  p\, then

|^n+i Yn\ — |(Xn-i-iAcr1 X nAaf) T — \q p|((n +  1 A cq) (n A <q)) |

— lAui X nAci | +  - \q  p\

< 1 +  1 =  2 .

□
Lem m a 3 .2 .2 . For some constants C \ , C 2 >  0

P { a i >  k\ X \  =  1} <  Ci exp{—C2A:}.

Proof. We have

P { a 1 > k \ X 1 =  l }  =  P { X 1 > 0 , . . . , X k. 1 > 0 , X kAai> 0 \ X 1 =  l }

<  P { X kA(Tl >  0| X , =  1}

=  P { X kAai +  A < q ) |g -p | >  ^ k \ q - p \  \ X i  =  1} (1)

(as k A cq =  k for cq >  k). For n =  1, the value of X nAai +  | ( n  A cq)|g — p\ is 

X \  +  \ { \  /\ <7i)\q — p\ — 1 +  | |g  — p\. Subtract this from both sides of the inequality 

inside (1), we obtain

20
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P { X kAr71 +  I ( k A c T i ) \ q - p \ - ( X i  +  k ( lA a i ) )  >  \ k \ q - p \  -  (1 +  \ \ q - p |) |  X i  =  1} 

=  P { X kA(Tl +  ^ { k A a x) \ q - p \  -  (X i +  ^(1 Acri)) >  ^(k -  l ) \ q - p \  -  1| X i  =  1}.

From Lemma 3.2.1, X nAai +  I(n  A oV) j g — p\ is a positive supermartingale with 

increments bounded by 2, so we can use standard exponential bounds [15] to show 

for some constants C \ , C 2 >  0

P{XkAai +  \ {k  A ai)\q -  p\ -  (Xi  +  |(1  A a i)) >  \ { k  -  l)|g  -  p\ -  1 | X x =  1}

<  Ci e x p { - C 2k},

so we have

P{<Ji >  k\ X i  =  1} <  Ci e x p {-C 2fc}.

□

The same estimate holds when X i  =  —1. Therefore for k >  1

(3.6) Po{a 1 >  k\ X i  — ± 1}  =  Po{ai >  k\ X i ^  5} <  Ci exp{ - C 2k}.

L em m a 3 .2 .3 . If for k >  1 and for some constants C i ,C 2 >  0,

Po{<Ji >  k\ X i  ^  5} <  Ci e x p {-C 2fc},

then for s <  C2,

£o{exp(scri)| X i  ^  5} <  00.

Proof. We have from (3.6)

£ ’0{exp(sa1)| X x ^  5} =

<

21
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The last inequality follows as replacing k by ^  in our hypothesis. Now

OO OO
J 2 c ie~c ^

 s-t In k' 2 ~

fc=1 k=1

and this will converge if ^  >  1 . So if >  s, we have

i?o{exp(scri)| X i  ^  6} <  oo.

□

Now define v =  inf{z : cr, =  oo}; then on {Xo =  0}, for n >  <r„_i, X n ^  0. So 

when {oj  <  oo}, aJ+1 — aj has the same distribution as Gy. Thus

P o l^ + i -  crj >  k\ a j <  oo; X aj+1 ^  5} =  PQ{a  i >  k\ X i ^  5}.

Hence, if {ĉ - <  oo, X a,j+\ /  5}, the chain returns to zero almost surely. It follows 

that almost surely on (Xo =  0},

since for n >  cq,_i, X n ^  0.

In the following lemma, we will show that E0{eST} <  oo and this will permit us to 

show that the distribution of r  has an exponentially bounded tail.

L em m a 3 .2 .4 . There exists sq >  0, such that

X(jv_i+i =  5 or equivalently r  =  <jv_ i +  1,

E0{eSoT} <  oo.

Proof. We have r  =  av_1 +  1. Therefore, we have

E0{eST} =  £ !o{es(<7t,_1+1)}
oo

=  J 2 Eo{es(ak+1);v =  k +  1)

OO

=  ^o{esK+1); ^  <  OO, X ak+1 =  5}. (2)

22
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Now let T k be the cr-field generated by {X o ,. . .  , X k}. Then 

E0{es^ k+1);ak <  o o ,X ak+i =  <5}

=  E0{E 0{es^ +Vl[ak <  oo]I[XCTfc+1 =  «5]| P CTJ }

=  E0{es^ +1h [a k <  oo]P0{ X ak+1 =  5\ P CTJ }

=  a E 0{es^ k+1')I[ak <  oo]}.

The last equality, (3), is because X ak =  0 almost everywhere on {a k <  oo} and 

before, we have P (0 ,5) =  a. Moreover,

{<Tfc <  OO} =  {(Tfc-l <  O O jX^j+i ^  5}.

So

E0{ e < ^ I [ a k <  oo]}

=  E0{es^ +1h [a k^  <  oo ,X ak_1+1 ±  8}}

=  <  oo]I[X„k_1+1 ^  <5]}

=  E0{es^ - ° ^ I [ X ak̂ +l ?  5}es^ +lh [a k^  <  oo]}

=  E0{E 0{es^ - ^ I [ X ak_1+1 ^  8}es^ - ^ I [ a k. x <  oo]}|

=  E0{ E o { e < ^ I [ X ak_l+1 ?  8}eâ - ^ I [ a k^  <  oo]}|

=  E o i E o i e ^ I l X ,  ±  8\es^ - ^ I [ a k^  <  oo]}| P ^ J  

=  P 0{es(ai)/[X i ±  8}}E0{es^ - ^ I [ a k- X <  oo]}.

Now from Lemmas 3.2.2 and 3.2.3,

P 0{exp(s<Ti)| X x ^  <5} <  oo if s < C2.

Thus we can find so >  0 for which

E o i e ^ I ^  ±  5]} =  P 0{eso(<Tl)| I [X x ±  5]}P0{X i ^  8}

< \ Z ± Pq{ X i ± 5 }
I — a  
1 — ^

-  ' " I -

23
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So, we have

<  o o ] }  <  ( 1  -  | ) S , { e » < " * - ‘ + 1 > / [ i 7 * _ 1 <  o o ] }

<  ( l - | ) 2-Eo{e*"(‘’*->+1)/ K _ 2 < o o ]}

<
<  (1 -  | ) fcexp(s0). (4)

From (2),(3) and (4) we have,

OO

Eo{eSoT} =  Y , Eo{eM>7k+1);ak < o o , X ak+1 =  6}
fc=0
oo

=  J 2 ® E Q{eS0̂ +Vl[ak < oo} }
k=0
oo

< 5 ^ a ( l  -  | ) fcexp(s0)
fc=0

<***<  aexp (s0) 5 ^ ( l  - - )
k=o

< aexp(so)— < ooa

as desired. □

Corollary 3.2.1. For some fixed i € So,

P { t >  n\Xo — i}  —> 0 exponentially in n.

Proof. From Lemma 3.2.4 we know, there exists M  <  oo such that M  =  E0{eSoT}. 

By Markov’s inequality, we have

P { r > n \ X 0 =  i }  =  P { e S0T >  eson\X0 =  i}

< E0{eSoT}
gson

Me~s°n —*• 0 exponentially in n for some fixed i £ Sq.

□
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L em m a 3 .2 .5 . If  Eo{eS°T} <  00 f or So >  0; then r  has an exponentially bounded 

tail.

Proof. Since E0{eSnT} <  00, there exist C  such that

C  =  E0{eSoT}
OO

=  J V onPo{r =  ra}
n = 0 

00

> eSo"F0{r  =  n}
n= k

00

> eSokJ 2 p o { r  =  n}
n ~ k

=  es°kP0{ r > k } ,

so we have

Po{ t > k } <  C e - Sok.

□

25
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3.3 An estim ate for return probabilities of nearest- 

neighbour walks on Z

In this section, we want to reduce the proof of failure of the existence of the Yaglom 

limit to an estimate for return probabilities of nearest-nighbour walks on Z.

We start with the following general result on positive matrices of Vere-Jones [25] 

which we will use in this section.

L em m a 3 .3 .1 . If Q is a positive, irreducible and aperiodic matrix, then

lim [Qn(i, j)]" =: FT1 E [0,oo]
n —> oo

exists for all i , j  and is independent of i , j .

L em m a 3 .3 .2 . If Q is a substochastic irreducible matrix which satisfies (1.5), then 

for fixed i , j

lim =  1
n >0° Qn(i , j )  R

for the same R  as in previous lemma; Moreover, 1 <  R  < oo. Kesten [10]

Let X n be as in Section 3.2; then X j  >  0 means Xj E [l,oo), and we exclude 

X j  =  5 .  Now define

g f  =  P0{n <  <j\ <  oo, X j  >  0 for 0 < j  <  n}

and

g~ =  P0{n <  o\ <  oo, Xj  <  0 for 0 < j  <  n}.

Now let

9n =  g$ +  g~ =  Po{n <  <Ti <  oo}.

This is the probability of starting from zero and not reaching zero for the first time 

by time n. Let f n be the probability of starting from 0 and reaching 0 for the first 
time at time n.

f n =  P0{ai  =  n},

26
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and un be the probability of starting from zero and reaching zero again after n steps 

(not necessarily for the first time);

nn =  Fo{X ri =  0} =  P"(0, 0).

Obviously, all these functions depend on rj. We choose rj recursively, together with 

sequences of times nf .

Choose integers

(3.7) a\ — 1 <  d2 <  a3 <  . . .

(3.8) b\ =  1 <  62 <  4  • • •

and select numbers

(3-9) cfc, 4 e [ | , | ] ,

such that

(3.10) rj =  cfc for ak < j <  ak+1;

(3.11) rj =  dk for -  bk+1 <  j  < - b k, k >  1.

That is, the rj is taken constant on certain intervals. We can also choose ck and dk
such that

(3.12) I <  rQ <  d-i <  ci <  d2 <  c2 <  . . .  <  I,

with

(3.13) lim ^oo cfc =  limfc^oo dk — \ .

27
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This means that as k increases, rj (which is either equal to Ck or dk) is also in­

creasing. Consequently (1 — rj) will be smaller for larger k, hence so will be (1 — r3)q. 

This implies that we will have less chance to return to origin for larger value of k. 

Now, we want to construct a new Markov chain, { X n}, from { X n}  which satisfies

(3.1)—(3.5), but with rj replaced by fr  For any 1 <  I <  k, let:

c  =  r3 =  °i fo r a / — j  <  ai+1; 

f j =  Tj =  di for -  bl+1 <  j  < -bi.

Moreover, let

fo =  r0;

rj =  ck for j  >  ak]

fj =  dk for j  <  - b k.

So fj  agree with rj for —bk <  j  <  ak. For any other entity A, we just use notation 

A,  for the choice { X n}.

Now, we construct the process { X n}  out of two ingredients:

•  The sequence of steps which behaves like a nearest neighbour walk; that is, 

{ * „ + , } #  { £ , } .

•  The sequence of steps which stands still; that is, { X n+i }  =  { X n}.

Define {p;}*, 0 <  po <  pi <  . . .  to be the successive values of n >  0 for which 

{X„+1} ^  { X n}, so X Pi — X fH_l =  ±1. Hence { X Pi} 1=q considers only the steps on 

which X n does not stay put.

Define

Yi =  X Pi- X Pi_1 i >  1;

and

i
Ti =  ^ 2  Yi +  X 0 =  (XP1 — X 0) +  (X P2 — X P1) +  . . .  +  (X PI — X p ^ )  +  X 0 =  X pi,

i=1
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and let

Ai =  Pi -  Pi-1 i >  1 and A0 =  po-

In fact Aj is the time required to jump from one state to the next one. So Ai =  t

means for (t — 1) units of time we have stayed at the same state and at the time t we

have jumped that is,

x pi_ 1+1 =  X pi_ 1+2 =  . . . — Xpi_1jrt—2 =  X pi_l+t- \

and

X pi_1+t =  X Pi.

So, we have for I >  1 on (T) =  j }  =  { X pi x+\ =  j } ,

P{Xi =  t\ T0, . .  . , T h X0, . .  . ,X t- i }  =  r*_1( l -  rj), t  =  1 ,2 , . . .

while on {T0 =  0} =  {X 0 =  0},

P{X0 =  t| T0} =  fo (l — r~o), t  >  0.

Thus, we see

X n =  T0 for n <  X0 =  po;

and for I >  0

X n =  TJ+i for A0 +  . . .  +  A; <  n <  Ao +  . . .  +  A +̂i.

So {Ti >  0};>o is a Markov chain and even stronger, on {TJ >  0},

P{Tm  = T, + 1| T„,... ,71,A„,..., V i }  = = P■
(! -  rj)

P { T l+1 =  Tj — 1| T0, . . . ,  Th Xo, . . . ,  A,_x} =  77 —
(! -  rJ)

and we have on {Tj <  0}:

P { T l+l =  T, +  11 To, . . . ,  7], A0, • • ■, A/_i} =  ~ ^  =  q.
I1 -  rj)
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P { T l+1 =  Tt -  1| To, . . . ,  Th Xo, . . . ,  W  =  P(1 ^  =  p.

Finally on {T/ =  0},

P{T I+1 =  <J| T0, . . . ,  Tj, Ao,. . . ,  W  =  .
1 -  r0

(as P { X i+1 =  <5} =  a  and P { X n+i ±  X n} =  (1 -  r0) when X n =  0)

Moreover

P {T l+1 =  ± l \ T 0, . . . , T h Xo, . . . ,  Am } =  h i  -
Z 1 Tq

(as we know the process does not stay put and for {T; =  0}, the probability of jumping 

to the left is the same as jumping to the right).

For our new Markov chain, { X n}, we will prove the following lemmas.

The next lemma shows that for certain times rif, it is more likely that X n entered 

[l,oo) at the last time that it left 0.

L em m a 3.3 .3 . Let k >  2 and assume thata0, ■ ■ ■ ,a^, b0, . . .  bk, ro, C\,. . . ,  Ck-i, d \ , . . . ,  dk

have already been chosen in accordance with (3.7) — (3.12). Then there exist m £ <

n~l <  oo such that uniformly for

1 4  1dk — H — ^  Ck ^  ~ and ak+\, bk+1 ti,

we have

^ 3  >  k for n >  m f .
9n

Proof. We begin by calculating gn~:

g~ =  Po{n <  di <  oo, X j  < 0  for 0 <  j  <  n}

=  Po{di >  n, X j  < 0  for 0 <  j  <  n}

=  Po{Xj  < 0  for 0 <  j  <  5 i, &i >  n}

=  P0{ X Pi < 0  for 0 < pi <  (J!, di >  n}.

The last inequality follows because we can remove the steps at which X j  =  X J+i.

Now due to the fact that starting at zero and returning to zero for the first time
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requires an even number of steps, we have,

OO

gn =  P0{ X Pi <  0 for 0 <  p* <  21, X 21 =  0, Ao =  0, oq =  Ai +  . . .  +  X21-1 +  1 >  n}
i=i

OO

=  'y ] Po{Tt <  0 for 0 <  t <  21, T21 =  0, Ao =  0, Ai +  • .. +  X21-1 P  (5)
1=1

The Zth summand in the right-hand side of (5) is the probability of those paths which 

return to 0 for the first time after 21 nonzero steps through strictly negative values of 

T, and the return occurs at time greater than n.

We have required that Ao =  0; otherwise d\  =  1. Now conditioned on the values 

To, . . . ,  T21 with Tj <  0 for 1 <  i <  21, the random variables Ax, . . . ,  X21-1 are indepen­

dent geometric variables with distribution

P{Xi =  t\ T0, . . .  ,Th A0, . . . ,  A;_i} =  r ^ a( 1 -  fj)', hence

OO

P{Xi >  f| T0, . . .  ,T2j} =  X V tT H l - f Ti)
k= t

=
( !  -  f T i)

=  fjX1 for 1 <  i <  21 — 1.

Moreover on Tj <  0, there exist j  <  k such that =  dj. Since

1 , , , 1-  <  r0 <  di <  ci <  d2 <  ■ ■ ■ <  dk <  ck <  - ,

we have that for all j ,  dj <  dk that is r*_1 <  d1̂ 1. So if we replace f j by dk for all 

j  > 1, then all the holding times Aj will be stochastically increased. For g~ we have

OO

gn =  y   ̂To{Tt <  0 for 0 < t  <  21, T21 — 0, Ao =  0, Ai +  . . .  +  \ 2i~i >  n}
i=\

OO

=  Po{Ti <  0, . . . ,  T21-1 <  0, T21 =  0, Ao =  0, Ai +  . . .  +  X21-1 >  n}
1=1
OO

=  ^ ^ P { X i  +  . . .  +  X21-1 >  n\ To,Ti , . . .  ,T2i }P {T o , . . .  ,T2i - i  < 0}. (6)
1=1
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From (6) we can conclude that, if we replace fj  by dk for all j  >  1, g~ will also 

increase.

Now after this replacement, X  behaves on the half line (—00, —1] as nearest neighbour 

walk, {[/„}„>0 with iid steps. Then Un stands still with probability dk and moves one 

unit to the right with probability (1 — dk)q and one unit to the left with probability 

(1 — dk)p■ For such a walk, we can explicitly calculate the probability of staying in 

(—00, —1] during the time interval [1, n]; from this we obtain for n >  1,

9n <  Po{Xi  =  - l } P - i { U j  <  0,1 <  j  <  n -  1}

=  ^(1 -  a -  r0) x A.

Now to calculate A:

Let Ujtn be the probability that the process reaches zero, starting from state j ,  after 

the nth step and let r* =  min{n; Un =  0}. Now define the generating function

(*) UA S) =  E “=o UJ,nSn =  £^=0  P j( ,T *  =  n)sn
then

U j , n +1 p i ,  1 d k ) U j - \ - l , n  "F 9(1 d k ) U j - l tn  T  d k U j tn , 

multiplying both side by .sn+1 and adding for n =  0 , 1, 2, . . . ,  we deduce

Uj(s) =  sp(l -  dk)Uj+i(s) +  sq(l -  dk)Uj-i(s) +  sdkUj{s)

( l - s d k)Uj(s) =  sp(l  -  dk)Uj+i(s) +  sq(l  -  dk)Uj-i(s)

Since the transition probabilities are the same starting from any point, we have

Uj+i(s) =  Uj+2(s) r (  ,
Uj{s) Uj+1(s) •••

where G(s)  is independent of j .  Therefore,

(1 -  sdk)Uj^{s)G{s)  =  sp{ 1 -  4 ) ^ - 1  (s)G2(s) +  sq( 1 -  d k p j - ^ s ) .

Dividing both sides by Uj-i(s) ,

( l - s d k ) G ( s )  =  sp(l  -  dk)G2(s) +  sq(l  -  dk)

n t  \ _  A  ~  dks) -  [{I -  dks f  -  A(l -  dk)2pqs2]i 
{S) 2(1 - d k)ps
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Now from (*), we can calculate

A  =  (coefficient of sl in G(s))
/> n

Now from Cauchy-Hadamard theorem, we have

r =  lim sup [coefficient of sl in G ( s ) ] t ,
71—+00

where r is the radius of convergence of G(s); therefore r must be smaller than size of 

smallest singularity of G(s).  So we have

lim sup [coefficient of s l in G(s)]^ <  [size of smallest singularity of G(s)]-1
I—*00

=  dk +  (1 -  dk)\ /4pq

< dk +  (1 — dk)

<  1.

It follows that

limsup[<7~]" <  dk +  (1 -  dk)y/4pq.
n —>00

In the other direction, we have

9n =  Po{Xj >  0 for 0 <  j  <  n}

>  Pq{X.  hits ak at the time (  <  a\  and X j  >  0 for 0 <  j  <  (

and X j  >  ak for (  <  j  <  (  +  n}

=  Po{X. hits ak at the time £ <  al  and X j  >  0 for 0 < j  <  ( }  

x P ak{X j  >  ak for 0 <  j  <  n}.

For j  >  a,k, fj  — Ck; therefore, on [a*., 00), X  behaves like a nearest neighbour walk 

{S'n} with iid steps, with probability

-P{5n+i =  Sn +  1} =  (1 — Ck)p,

P { S n+1 =  Sn -  1 }  =  (1 -  Ck)q.
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Thus

9n >  C3P0{S t >  0 for 0 <  t  <  n},

where C3 — Pq{X.  hits ak at the time (  <  a\  and X j  >  0 for 0 <  j  <  ( }  which

depends on a, ro, a i , . . . ,  ak, cq, . . . ,  c*,_1 but not on ck, b o , , bk, do, . . . , dk  or n.

Now define s0, such that exp(so) =  and define

•0 =  0 (exp(so)) =  (1 -  cfc)pexp(so) +  cfc +  (1 -  cfc)y e x p (-s0) =  ck +  (1 -  ck)y/ ipq.  

Introduce the transformed random walk {>5'*}.„>o,

D f  O *    Q *  \  .lPn+1 —

P K +1 =  s ;  + 1} = ^ 0 ( 1  -  ck)p =  i ( l  -  | ) ;

P {s;+1 = s :  - 1} = ^ 0 ( 1  -  ck)g = i ( l  -  | ) .

This definition implies that

Px{Sn =  y }  =  0  exp ( - ( y  -  x))Px{ S * =  y}.

We know for A i , A 2, . . . ,  An we have,

p (a i n d 2n . . . A n) =  p (A i)p (A 2| A i )p (a 3\ A \ n A i ) . . . P( An| A j n A i n . . . An- 1).

So for any set S  — Hn C Z/+1, using the fact that {S/} is a Markov chain we have
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P*0{ ( 3 > , . . . , 3 ) G S , 3  =  y}

=  P { ( S 0, . . . , Si )  =  (x0, xi , . .  . , xi - i , y) ,  for x0, x i , . . .  ,x/_i  € E}

=  P { S t =  y\ S0 =  xo, . . . ,  3 - i  =  x i_ i }P { 3 - i  =  x;_i| 3) =  x0, . . . ,  3 -2  =  x/_2}

. . .  P { S 2 =  x2| So — x0,Si  =  x i } P { S \  =  x i| So =  x0} P { S 0 =  x0}
' -------------------V------------------- '

1
=  Pe,_1{ 3  =  y}  x Px;_2{ 3 -1  =  Zz-i} • • • PX1{S 2 =  X2} x PX0{Si  =  Xi} x 1

=  P ^ r p w = ! ' i s r - i = ^ }  

x =  Z‘~^ S>-2 =  X‘- d

m -  =  ^ i s r  =  x, }

=  »)}
=  i f  X . . . ,  S f) €  3 , S„* =  i,}

Now we want to obtain a lower bound for P o {3  >  0, for 0 <  f <  n}. From the 

simple combinatorial fact that on the event { 3  =  3  =  0}, there exists at least one 

{0 <  j  <  1} such that

Sk ~  Sj >  0 for j  <  k <  j  +  I 

(with Sk interpreted as 3 t - i  if k >  I). Therefore,

P0{ 3  =  0 , 3  >  0,0  <  t <  1} =  P0{ 3  >  0,0  <  t  <  l\ Si =  0}P0{ 3  =  0}.

As observed by Spitzer [22], Theorem 2.1 and the beginning of Section 3,

P0{ 3  =  o , 3 > o , o < i < 0  >  ^ y P o{ 3  =  0}

=  ^ ^ 0 ( 3 *  =  0}

>  C ^ \ l  +  1 ) - | ,

for some constant Ck >  0 and all I >  0. The last inequality follows from the local limit 

theorem, as observed by McDonald [14], Section 2 Lemma 0. The standard proof of
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this limit theorem Gnedenko and Kolmogorov [8], Section 49 shows that this estimate 

is uniform in Ck €  [ |,  |] ,  so we can take C4 independent of Ck, provided \  <  Ck <  

Then we also have uniformly for Ck satisfying dk <  \  +  ^  <  Ck <  \ ,

9n+ >  CsPo{St >  0 for 0 <  t  <  n)

>  CsPo{Sn =  0, St >  0 for 0 < t <  n}

>  C3C4ipn( n + l ) - 2 .

Now we have

ip =  ck +  (1 -  ck)\/^pq >  dk +  (1 -  dk)yfkpq,

since
, 1 dk 1

dk — F — <’' C k <̂ '~~-
4 2 — 2

Now we have both

g + > C 3C4r ( n +  l ) - i ,

and

limsup[<7~]" <  dk +  (1 — dk) y/4pq <  ip] since
n —»oo

lim sup\g~] <  ipn.
n—♦•oo

Hence, we have
gn+ > CzCiipn(n +  l ) ~ f

9n
This means we can find an rrip such that

>  k for n >  m t .
gn

□
C orollary 3 .3 .1 . Under the conditions d k < \ - \ - ^ f < C k < \  and ak+\, bk+\ >  n,

9n

9n

implies

4 1 2

+
>  k for n >  ;

l+
9 n

> k for n >  m
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Proof. Clearly \Xj \  <  n and |X,j <  n for j  <  n, If X 0 =  0 , X 0 =  0. Therefore, g f  

does not depend on the choice of r3 for |j| >  n. Hence, g f  and g f  for I <  rnf  are 

independent of the further choice of a3, bj, Cj and dj with j  >  k +  1 as long as we 

take afc+i, bk+i > m f .  □

L em m a 3 .3 .4 . Uniformly for satisfying

1 1 ,  1
dk ^ T ” dk ^  Ck ^  “ ,

we have
un+i ( i , j )  _  1 

un{ f j ) R V
where R f  -  [ck +  (1 -  ck)^/4pq\ b

Proof. Note that

un =  Po{ X n =  O} =  Qn(O,0).

We already know from Lemma 3.3.1 and 3.3.2 that l im „ ^ 00(ft„)n and lim„^00 

exist; therefore we just need to show uniformity and determine the explicit value of 

the limits. As observed by Kesten [10] (proof of Lemma 4), uniformity will follow if 

we can show uniformly for Ck satisfying dk <  \  +  \dk <  Ck <

Q - 5 I
1 - 6

(0 , 0) converges to its limit,

for some 0 <  <5 <  |  min,- fj  =  |ro- To simplify instead of (®> , we prove

(**) limn^ oo[(5ri(0 , 0)]" =  lim ^ o o ^ ]"  ->

uniformly for c*,, satisfying dk < \  +  \dk <  Ck < \ .
Call

Ti =  X pl,

\  =  P i -  P i - i  i >  1 and A0 =  po-
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Now define

v(m) — number of indices i £  [0, m  — 1] for which T* € [a*,, oo)

and let £(m), n{m) be the total holding times during the first m  — 1 steps of T,  in 

points outside [akl oo) and inside [ak} oo), respectively. Thus

m — 1

€(m ) =  X^ ^  ^  G (“ °°> a )̂l>
i = 0

771 — 1

^(m ) =  X ] Ai/ e  [°*> °°)]-
t= 0

So «(m) is the sum of z/(to) geometric variables with parameter c*,. Now we decompose 

un in terms of the values of m  for which pm- i  < n  <  pm and the value of Tm; we have

X n =  Ti+j Ao +  . ■. +  A/ <  n <  Ao +  • .. +  A;+i.

Hence,

un -  Po{Xn =  0}
OO 71 71 71

=  X !  X !  X ]  =  0,^(2/) =  r, £(21 +  1) =  s, u{2l) =  t , n - s <  k {2 I) <  n
1=0 r —0 s= r  t = 0

The Ith. summand is the probability of a path returning to 0 for the first time after 

21 steps. We have started from zero and have reached zero again after n steps; so the 

total holding time during 21 — 1 steps of T  outside [a*., oo) can vary between zero and 

n,

£(2I) =  r, 0 < r <  n.

Hence, the total holding times during the 21 steps of T  outside [ak, oo) can vary 

between r and n,

£(21 +  1) =  s r <  s <  n.

Therefore, the total holding times during the first 21 — 1 steps inside [a*,, oo) can vary 

between n — s and n — r,

n — s <  n(2l) <  n — r.
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So, we have

un =  Po{Xn =  0}
oo n n n

=  E  E  E  E  Po^  =  ° ’ ^  =  r> &21 +  !) =  ^(20 =  t , n - s <  «(2 0  <  n -  r}
/—0 r = 0  s = r  t—0 
oo n n n

= E  E  E  E  po{T2l = o, £(2/) = r, £{21 + 1) = s, u{2l) =  t} x
i= 0  r = 0  s ~ r  t—0

P  — s <  Lj < n — r j '  . (7)

Here the Lj  are iid random variables, each with the distribution

P {L j  =  t }  =  4 -1 (l -  Ck), t >  1.

From (7), the event

{T2l =  0,£(2l) =  r,£(2l +  1) =  5, u{21) =  f},

only depends on the T-process. The holding times of un on c*, emanates from the last 

factor, which equals
t  n —r —1 /  1 \

p { E  Lj e [ n -  s , n - r ) }  =  I c ^ ( l  -  Ckf .
1 m = n - s  \  t  1 /

If we take rj to be a small positive number and I >  0, such that

i ( l + ->)'<<*< i ( i  + r f +1,

and define

P'{L,■ =  (} =  ( i ( i  +  -  j ( l  +  »)‘), t  >  1,

then we have

where

C  =

<

<

P*{ Lj = t }  =  C P { L j =  t},

 4~1(1 ~ cfc)______
(K 1 +  ri)l)i- 1(l  ~  K 1 +  J7)*) 
( l ( l  +  ^ ) « - 1( l - l ( l  +  ^ + 1) 

( i (1 + ^)')t_1(1 - 3 ( 1 + r?)') 

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Similarly

C > (i -  \ ( i  + v)l+1Y
If we replace ck by \ (1  +  rj)1 and |(1  +  rj)l+l, we will have

1 r ( i-jH + q )1) i ^  (1-1(1+^)') r  <  (1~ i ( 1+??)'+1) c  c t _L r(1~y(1+T?)i+1)i
(l+??)L(l_i(l+^+i)J -  (I_i(i+„)i+i) ^  °  ^  (1 —̂(1+17)0 -  1 ( l - 3 (l+r?)')

for each fixed rj >  0 and I >  0 with (1 +  77) <  2. We have

Hence,

P ' { L S =  ( } ( ! + , <  P { Lj =  t } <  P*{Lj  =  t } ( l+ i) ) -1[ (1 “  <(1 +  , ) ')
( i - i a +»/)') 3 J (J -  i ( 1 + r ?)/+1)

Now we can find a lower bound for un, on replacing ck by ^(1 +  rj)l+1 and an upper 

bound on replacing ck by ^(1 +  ij)1.

(1 + v)r

(1 + v)r

un calculated with ck replaced by ^(1 +  rj)1}

[un calculated with ck replaced by ^(1 +  rj)l+1]
i - \ 0 -  +  y) l+1.

Since we are taking ck in [ |,  |] ,  we see [Qn(0,0)]« =  [un\ i  —»• for some choice of

R£,  is implied by convergence of

[un calculated with ck replaced by ^(1 +  rj)1]™

for each fixed rj >  0 and I >  0 with (1 +  rj) <  2 (this convergence is known from 

Lemma 3.3.1). Thus uniformity in (**) holds; hence,

un+1( i , j )  J _
n ~*°° U n ( i , j )  R £

holds uniformly for ck satisfying dk <  \  -f \ d k <  ck <  | .  Now we need to show that 

R k is the same given in R ^  — [ck +  (1 — ck)y/4pg]-1 . By Lemma 3.3.1 is follows that
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limn_>00 (^n) n 
we know that

Thus
00

n= 0

(recall that go

exists, and we have shown uniformity. From standard renewal theory

00 00

53 ™nS = _ Y L 'f 'U’Ti.S
n = 0  n = 1

00

n l — 1
=  [ ! - £ •

71= 1 
OO

=  [ l - E / ^ T 1
7 1 =  1 

00

=  [ l - y ] P o { o - i  = n } s n}~1
71=1

OO

=  [1 — ^  (P0{n — 1 < o\ < 00} -  Po{n < cti < 00}) s"]_1
71=1

OO

=  t1 -  Y l ^ n - 1 ~  5n)«"]_1
71=1

O O  OO

=  t1 ~  Y 1  9n-lSU +  9nSn]~l
71=1 71=1

OO  OO

=  [1 -  s y ^ „ _ i s n_1 +  Y2,9nSn - g o ] -1
71=1 71=0

00 00

=  [ l - s ^ ^  +  y ^ - O L - a )]-1

71=0 71=0
00

=  [a +  (1 — s) y^5nSn]-1 , (8)
71=0

Po{(r 1 <  00} =  l — o;). We have shown in Lemma 3.3.3, 

9 n  < ~ (1 — ol — r0) coefficient of sl in G(s).
l> n
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Hence
OO  o o  1

Y  g^sn <  ^(1 — a ~  ro) E  (coefficient °f sl in G(s)) sT>
n = \  n = 1 l> n

1 ° °

~ ( l - a - r 0) J 2  E  (coefficient of sl in G(s)) sn2 '
n =  1 l> n

=  - (1  — a  — ro)[coefficient of s in G(s) x s +  
z
. . .  +  coefficient of sn in G(s)  x s"  +  . . . ]

= 1(1 -  a  -  r0) [G(s) -  G(l)]

Let H(s) be defined by replacing dk by ck in G(s),  that is

-  (! ~  cks) -  [(1 -  cfcs)2 -  4(1 -  ckf p q s 2]^

Then for

we have

Similarly,

Thus,

H (s) 2(1 -  ck)ps

£
0 <  s <  si  := smallest singularity o f  t [H(s) — H(l)],

S 1

00 ..

E » » s” £  2 (1 ”  “  “  ro>7£ -  s ( 1 ) | -
n =  1

00 1

E  9 t s n < - ( ! - « -  ro)J ^ T [F (S) -  H(l)].
71=1

OO
E  9 n S n =  9 o  +  E ^ S"

71=1
00 00

=  2 o + E ^ s n + E ^ s"

n = 0 n = l
00

n = 1 n = l
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Finally, from (8), for 1 <  s <  si

OO OO
=  [a +  (1 — s)

n = 0  n=Q

< [ a +  (g Q +  ( l - a -  r0) -  #  (1)]^ (1 -  s)]_1

=  [a +  (1 — a ) ( l  -  5) -  (1 -  a  -  r0)s[H(s)  -  (l)]]- 1 .

The right side cannot be analytic beyond |s| =  lim,woo [hn]~". This is because 

J2Z=o is a power series and it converges when (unsn)n <  1; so .s <  (d -)« . 

Moreover, if a  >  1 — ro — \ p  we have (1 — a  — ro) < 2p; thus

a  +  (1 -  s ) ( l  -  a)  -  (1 -  a -  r0)s{H{s) -  H{  1))
l

=  a  +  1 — a  — s +  sa  — (1 — a  — r o ) s (H (s )  — 1)

=  1 — ros — (1 — a  — ro)sH(s).

The right side is positive for 0 <  s <  [c*, +  (1 — Ck)\/kpq ]-1 . It suffices to check

the inequality for s =  [q, +  (1 — ey) ̂ 4pq  ]_1; since H  is a power series with positive

coefficient. The smallest singularity of [o;+(l — s ) ( l  — a) — (1—a —r0)s(H(s)  — f / ( l ) ) ] _1 

is at [cfc +  (1 -  ck)\/4pq ]-1 ; hence

lim [un]n <  ck +  (1 -  ck)^/4pq.n—+oo

In order to show lim ^oo [un]« =  Cfc +  (1 — ck)^/4pq , it would suffice to show also

lim [un]n >  ck +  (1 -  Cfc)y/4pg.
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We have

P0{ f  >  n j  =  P0{ t =  1}
l—n-Pl

oo
-  P o lity  = oyPiXt = 5}

/ = n + 1 

o o

=  J 2  p o{Xi-!  =  Oja
Z = n + 1 

o o

E  U~™- (9)
OO

a
m = n

Using the fact that limn_»oo ^fr1 =  P+, where R £  =  [ck +  (1 -  ck)y/4pq\~~TPT ~  Rt." W11C1C 1Lk ~  L̂fc T \ 1 -  _ 1 ,

we have
OO

lim E  £tm =  lim (fxn +  u„+i +  . . . )
7,— ►oo » ^  n .—►non —► o o

m = n

Un Un 
~  +  T3T +n R+ o+2Hk R t

00 /  i \  fc

k=0 Rk+

=  S . ( ^  j  . (10)

From (9) and (10),

lim jPo{t >  n} =  a  lim
7?,—►no n —►no « ■

o o

Unm
n —>oo

m = n

P0{ t >  n j  R£
lim — ^ ------  =  a-

n - * o o  U n  R k  ~~ 1 ’

as lim ^oo ^  =  4?  is uniform in ck, this convergence is uniform in ck satisfyingn Ufa
dk < \  +  ^  — °k — 5- Now we ^ave

lim [tin]" >  hm [Po{'? >  «}]"
n —>oo 71—+OC

>  limsup[^+]». (11)
71—> 0 0
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We have shown before in the beginning of this section that

g t  >  c3C4ipn(n +  1 ) ^ ,

where 03,04 >  0; so

lim sup[</+]" >  V’ =  Cfc +  (1 -  ck)y/4pq.
71—►OO

From (11),

lim [un]" >  ip
n —>00

and we have shown before that

lim [«„]" <  ip.
n—> 00

These two together imply

lim [un\" =  ip.
71—+OO

Moreover, we know from Lemma 3.3.1

lim [«„]« =  -nr, G [0,oo); 
n—>°° K f

thus

R k =  b P r 1 =  [Cfc +  (1 -  Ck) ^ j 4 p q } ~ 1.

L em m a 3 .3 .5 . Uniformly for dk <  \  +  y  <  Cfc <  afc+i, &*,+! >  

n£ <  oo, we have

P0{ X n > 0 |f  >  n} >  1
a R t

1=1

1
k

for n > n £ ,  where

R k =  \°k +  (1 -  ck)^/^pq]~l .
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Proof. We have

P0{ X n >  0 |f  >  n} =  P°{Xn >  O n r  > n }  =  I  ^  ^  > Q}
P0{ t >  n \  P0{ t > n}

A standard last-exit decomposition shows that

n —1

p0{x„ #  s , x n > 0} = £ > & _ !  = E ,  + E 2'
1=0

where ^  and ]T)2 are the sums over 0 < I <  n — rrif and over n — rnf <  I < n, 

respectively. So

P0{ X n >  0 |f  > n }  =  T— ^-----  (V +  Y ) .
P0{ t >  n}  V ^ i  ^ 2J

As shown previously(Lemma 3.3.4),

lim ^  >  ^  R *a-

So

n->oo u n R k  ~  1

= tn~*°° Pq{t > n} \ ,  + n j  Un(aRt)
\ l = n —m jT /

£ (̂t) '*  R£ - 1
U[)  un(aR£)

E  a+W)‘
’

The last equality follows from lim ^ ^  — -A-. Again this convergence is uniform
1 4 .  i  
4 2for cfc satisfying, 4 < z  +  % < C f c < | .
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On the other hand, we have for n >  m k

1=0

uo ~gt + i .  /n*-^
n —l

> g\
1=1

:9 n  +  9 n

>

(k +  l ) g t
k 9 n  +  k 9r

(fc+1)

1 .  
— 7 i 9 n

(by using Lemma 3.3.3, | ^ > £ ; f o r n >  m^). Thus for n >  m k sufficiently large but 

independent of Cfc,
E i ^ 1 ~ Rt  ~ 1

—  A 9 n  X  „ +  .Pol'? > n}  4 a R k u

So these observation show that there exists an n >  rnk (independent of c*,) such that

then

E i  +  E 2

if dk <  \  +  ^  <  ck <  |  for n >  nk , then

P0{ X n >  0 |f  >  n} =
Po{ t > n}

> E
l R t -  1 , 1 “  1 9n+  T X

>

1 = 1

Ri
a R k 1 = 1

aR k ’ 4 aR k un 

1
4tL k'E & ( R t ) l +

□

C orollary 3 .3 .2 . Under the condition d k < \  +  ^ < C k <  \  and ak+i,bk+i >  n, we 

can drop the tildes in Lemma 3.3.4 and 3.3.5.
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Proof. We have \ X t \ < n, \Xj\ < n for i <  n if X Q =  X 0 =  0. As long as we take 

cifc+i, bk+1 > n >  m l ,  we have that g f  and gi for I <  m l  are independent of further 

choices of a,j, bj , Cj and d j  with j  >  k +  1. □

We can also conclude from [ftn]f  —> 4 — uniformly for Cfc satisfying dk <  \  <

Cfc <  5 , so that we may choose n l  <  n large enough that

\ u j  "
1

< k'Rk+

L em m a 3 .3 .6 . If olq,. . . ,  a/,, b o , , bk, 4 + i, Co,. . . ,  Ck, do, . . . ,  4  /mve already 

been chosen as before then there rnk <  nk such that uniformly for

1 Cfc 1

C k < i  ~2 2 ’

and

afc+ij 4+2 > n

we have
£>
9 n

and

>  k fo r  n >  m k

P0{ X n >  0 |r > n }  <  ^  9 t  (Rk Y +  \  f o r  n > n k ,

where

R k =  [4+ i +  (1 -  dk+i)\/4pq]~1.

Moreover, the probabilities g l  for i  <  m k do not depend on further choice ofak+i, ck+\ 

or Cj, dj, aj, bj with j  >  k +  2, provided we take ak+i, 4+2 >  nk .

Proof. This also is proven in the same way as Lemmas 3.3.3-5 by interchanging the 

positive and negative half lines. Only for calculating

—  m fc

Po{Xn >  0|r >  n) <  g l  (Rk )l +  \  for n ^  nki
k (=1
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we have here again

n —1

p „ { x n /  s , x n >  0} = = e ,  + e 2’
1=0

where ^  and are the sums over 0 <  I <  n — m k and over n — m k <  I <  n 

respectively, and we have

i K - 1
P0{ f  >  n} “  a R t

This time, we estimate X a from above. We have n >  rnk

%- >  k for n >  m k , 
9 t  ~  ~

since

i=0
n —m k

^ l E  «^ n -l
1=0

< -^Po{Xn ^  5, X n <  0}

<  t Po{ t >  n.}, therefore we have,
rZ

Pa{ X n > 0|f > n} =  £ ‘.+  I : \  £  E  +  I n >  n-k .
P0{ t  >  n }  a R k ^  k

By Corollary 3.3.1 we can again drop the tildes; therefore,

— 771 k

P0{ X n >  0 | t  > n }  <  ~  Y 2  d t  (R k ) l +  \  for n  >  n k .

□
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3.4 Existence of a universal lower bound

In this section, we want to find a universal constant C5 >  0, which is independent of 

a,  ro, al , bi, C{ and di, with following property. If for some k >  2, a i , , b \ , . . .bk 

and a,  r0, c \ , . . ., Ck-i, d \ , . . . d k  have already been chosen as before, then there exist 

constants N k, qu such that for all choices of Ck which satisfy Ck <  \  +  ^  <  dk+i <  

and for all n >  Nk,
Qn—p  .. r imax ——-  >  Gs.

0<P<2q*,+l JJn - p

In this section we again use the Markov chain {X } and the random walks {S'} and 

{S'*}, where {X }  has the following transition probabilities

P (M ) =  i;

p(0,6)  =  a  E (0,1), P (0 ,0) =  r0 €

P (0 ,1) =  P(0, —1) =  ^(1 — a  — r0); 

if J >  0, P ( j , j )  =  Tj £  [^, i ] ,  P ( j , j  +  1) =  (1 - r j ) p ,

P O', J -  1) =  (1 -  rj)q.

) = rj £ [ \ , \ ] ,  P( j , 3-  

P{ j J  + 1) = 0 - ~ rj)q-

if j  <  0, P ( j , j )  =  rj e [ ^ } ,  P ( j , j  — 1) =  (1 — Tj)p,

Here

1 — a  — rj >  0, p +  q =  1, 0 < p < -  <  q.
1 
2

But with r-j replaced by c& or dk, if j  >  Q/c or j  <  —bk- Further

P{Pn+1 S'n} Cfc,

P { S n+1 =  Sn +  1} =  (1 -  Ck ) p ,  

P { S n+i =  Sn -  1} =  (1 -  Ck ) q ,  while 

P{S*n+1 =  S*n} =  ckR t ,

p { s ;+1 = s ;  ±  i} = i ( i  -  Cfcjs+).
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Note that xp =  and all the processes depend on k. Let X* be the Markov

chain with transition probability measure as above, except the r,- is replaced by Ck 

for all j  ^  0 and P* is the probability measure governing this chain.

L em m a 3 .4 .1 . Let T  and X as in Section 3.3, then we have

< Y , p ; { x ;  =  o}.Ur

l> n

Proof. We see that un is bounded by

£ « .  =  E # » w  =  °>
l> n  

l> n

=  £o{number of I >  n with Xi — 0}

=  ^{num ber of I >  n with Xi =  0 and has not left zero yet }

+  £o{mimber of I >  n with Xi — 0 and has left zero}

=  £^o{(^o — n +  1)+}
( ' 2 j 2j-l

+  / [ r 2i =  0] ^ ( A, - n + l ) + - ^ ( A i - n  +  l)
3=1  I L o 0

+ . ( 12 )

The last equality, (12), results from A being the holding time of the X n at zero. Since 

I > n, we take the max of the (Ao — n +  1)+ and zero. The jth  summand for the 

second part is for the paths which return to zero for the first time after 2j  nonzero 

steps. Now consider

2j 2j —1
J ^ ( A i - n + l ) + -  J ^ ( A i - n  +  l ) + ; 

o o

this is an increasing function of all the At. The right side of (12) increases if we replace 

A j by Lj for j  >  1, where conditionally on Ti: they are independent and L; has the 

distribution P { L j  =  t }  =  4 _1(1 -  ck), if X Ti ±  0 and Li =  Xi, if X Ti =  0. This means
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we are just replacing rj by ck for all j  ^  0; therefore,

oo f 2j 2j—l
<  -E'oKAo — n +  1)+} +  ^ Eq I I[T2j =  0] J ^ i U - n + i y - ^ 2 ( U - n  +  l ) +

l> n  j=1 t 0 0

=  £ / ? { * , *  =  0}.
l> n

Lem m a 3.4 .2 . Let

f t  =  P0* W  =  0 , x ; ? 0 f o r 0 < t <  1}

and

hi — Po{Si =  0, St >  0 for  0 < t < I},

then we have

n < h u i >  i.

Proof. For I =  1 we have

f t  =  r0 < c k =  P0{Si =  0}.

When I >  1, this means that either X'[ =  1 or X I  =  —1, so we have

f t  — P o { X t  — f  A* first returns to 0 at time 1}

+ P g { X t  =  —1,X*  first returns to 0 at time 1}

=  ^(1 — a  — r0)P t {X *  first visits to 0 at time I — 1}

+ ^ (1  — a  — r0) P f 1{X*  first visits to 0 at time I — 1}

— (1 — a  — ro)Px*{ first visits to 0 at time I — 1},

because for X* >  0 (X * <  0), X* (respectively —X*) behaves like S.. Finally,

1 -  a  -  r0 <  <  (1 - c k)

=  Po{^i =  l} .
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So for I >  1,

f* <  ■Pol'S'i =  1}-Pi{5. first visits 0 at time I — 1} 

-  hh

□

Corollary 3 .4 .1 . F ori > 1 we have

PZ{x;  =  0}  <  (R tr 'P o is :  = 0 , s ; > 0 f o r 0 < t <  I}.

Proof. If our first return to zero is at the Ith. step, then

p0-{ ;t; =  o} =  / ; .

If the second return to zero is at the Zth step, then

P „ - W = 0 } =  Y ,  A /n V
n i+ n 2 = l

If the rth return to zero is at the Ith step, then

p „ * w  =  o} =  £  Y
r > l  n\-\-n2+-.--\-nr ~ l

By Lemma 3.4.2,

w  = o} < E  E  hnihn2 . . . h nr
r>l ni+n2+...+nr=/

<  Po{^th return of S. is at time I and St >  0 ,0  < t <  1}
r> l

=  P0{S,  =  0, St >  0, 0 <  t <  1}

=  ( R - i y lp 0{ s f  =  o, s ;  >  0,0 <  f <  i}.

□

Corollary 3.4 .2 . For some universal constant Ce < oo,

p^{x; = o} < c 6( i+ 1r h R t r 1, i > o.
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Proof. We begin by showing that for some universal C7 < oc,

p0{s; = o , s ; > o ,  o < t < i } <  c 7(i + i)-t, i > 1.

We know that S* stands still with probability at each step; otherwise,

moves like a simple symmetric random walk. Ignoring the times that S* stands still, 

the probability of starting from zero and returning to zero after 2p jumps can be 

calculated by using Catalan numbers. We have

p p + i  \  p  j  p + i  v  ? /

Since S* moves to right and left with equal probability and there are 2p  steps, the

probability is 2~2p. The chain can stand still at each point that it visits as well; let

£* be the iid geometric random variable representing this behaviour at the ith point 

it visits. Then we have

p {(i = r} = (ckRtYi1 ~ ckRt), r >  0.
All together we have

P„{S,* = 0,S? > 0, 0 < t < 1} = = l -  2pj (  2p”  1 j  2"2'1.

Prom Sterling’s formula, it follows that there is a universal constant C& such that,

2 /  2p -
P +  1 I p

V 2’ s  £ p ( x >  =  ! - 2 p W + i)
P= 0 t  *=0 )  c  \  r  /  p= 0 V. <=0

Hi r 2P
= J 2 p \ Y , ^  = 1- 2p \ c *(p+ 1 )

p = o I. i=0 J
We have

'  2p >| f  2p >j

J 2 ( i  =  i - 2 p \  =  \  J 2 ( i  =  l - ( 2p + 1) +  1 \  . i=0 J t i=0 J
= | e * + i = i + i | ,
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and for a constant 0 <  t <  1, {C; +  1} ~  Geometric(t). Now by using the central 

limit theorem for some constants kQ, k \ , we have 

2P
+  1 } ~  Normal(fc0(2p +  l ) , k 1(2p +  1)).

. *=o

Thus

d / V'' /■  j o \ „ f  — ko(2p +  1))2N\IS pl (̂2p+i)i(jfc1)iexp( n2P+\)h )
1 (  2 p + l  N*

A;2(2p+1)2 \ ( l  +  1 — ko(2p +  l ) y  

The last inequality follows from x i  <  ex, hence x~i >  e~x. So

V i > / y V -  =  ! - 2 p l - G L _  < f  K C ,  ( 2 p + l ) i  1
U  ItS J(P+1)* “ ^(2p+l)i(i+l-W2p+l))»(p+ l)

<  c 8/ f | [ i ]  +  d  (i +  1)
2' j  (k0 +  i y ( i  +  iy-

/  c ( l  | n (* +  i ) 5 
5  c ' ( ' + 1 ) - ( r n y

=  C7(l +  1) 2, 

for some universal C7 <  00. By Corollary 3.4.1,

p0*W  = o} < ( R t r 1Po{s; = o , s ; > o f o v o < t < i }

< ( R t r 1C7(l + l)-§
< C6(l +  l ) ~ i ( R + ) - 1 I >  0.

C o r o lla r y  3 .4 .3 .  We have

OO OO

<  E E 0 ^ ' + i ) -1 w r '  < C12 <  °°.
p—0 p= 0 ;>p

□

where C\o is universal.
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Proof. From Corollary 3.4.2 and Lemma 3.4.1, we have
OO OO

E 5- ( R t r  < E E fi'<i?>’’
p —0 p = 0 l>p

oo

* E E  Pq{x * =  o m r
p—o

oo

5 EEai!+r>K )j w)'
p = 0 l>p

oo

=  E E ^  +  ' J ' h ^ r ' ^ C u o x ) .
p= 0  l>p

□
C orollary 3 .4 .4 . For some universal Cg, we have 

Po{Xn =  0 and X s =  0 for some r <  s <  n — 1} <  Cg(R£)~n(n +  l ) _ 2(r +  1)_ 2.

Proof. From Corollary 3.4.2 and Lemma 3.4.1 we have

Po{Xn =  0 and X s =  0 for some r <  s <  n — 1}
n —r

~  ^  ^ ^ s ^ n —s
s = r
n —r

< E E p»w = o} E  p« w =o}
s = r  l> s  t > n —s

n —r

s  c f E E ( i +  1)‘ , W ) - ‘ E ( t + 1 ) ' ! W )
- t

5= r  /> s  t > n —s
n —r

< c 62( ij+ )-(B + )- i”-*> 5 3  5 3 ( i +  i ) - t  5 3  <t + 1)-

< Cg(R^)~n(n +  l)~^(r +  1)“5.
s = r  l> s  t > n —s

□

Since C g  is a universal constant, for any e >  0 there exists g0 =  (lo(e) <  oo, which 

depends only on e, such that if r >  g0, then

C9( f l + ) - > +  l ) - t ( r +  l ) - i  <  e(n +  1)U (R + )-”.
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Lemma 3.4.3. If r > go and n > Nk, then

un <  2Po{Xn — 0 and X s ^  0 for r <  s <  n — r}

Proof. We have

Po{Xn =  0 and X s — 0 for r <  s <  n — r}

=  un — P { X n =  0 and X s ^  0 for r <  s <  n — r}

(13)

As was shown previously, Lemma 3.3.4, there exists Nk such that for all n >  Nk, 

Jirnn„ =  Po{f  > n} and gn >  C3C4(R f)~ n(n +  1)“ §.

Hence

u„ >  C wPo{ t >  n}

>  Cwgn

> Cw C3C4( R t y n(n +  i y (14)

Moreover, Cw  and Nk depend on a,ro ,a i ,b i ,d i , i  <  k and c*, i <  k — 1, but not on 

Cfc. From Lemma 3.4.1 and Corollary 3.4.2, we have

Urt <
l> n

< E po-w = o }
l>n

<  E C « ( !  +  1) - 9 « ) - '
l> n

< Cn (Rt ) -"(n+l ) - i .

Choosing e =  C\qC3C4/2,  we find that for qk qo{Cw C 3C 4/ 2 ); this is independent
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of Cfc. Prom (13) and (14), we have

un — P { X n =  0 and X s ^  0 for r <  s < n — r}

<  |un — P { X n  =  0 and X s ^  0 for r <  s <  n — r}|

<  e ( n + l ) - I ( i ? + r

<  Cw C3C4/2(n +  l ) - l ( R t ) ~ n
1 _< g  un.

The last inequality shows that

un <  2P o { X n =  0 and X s ^  0 for r <  s <  n — r }

for r >  q0 and n >  Nk- □

L em m a 3.4 .4 . There exists a universal constant C$ >  0, which is independent 

of a,  rg, a*, bi, Ci and di, i >  1, with the following property. If, for some k >  

2, a i , . . . ,  b \ , . . . ,  6fc and a, ro, c i , . . . ,  Cfc_i, di , . . . ,  dk have already been chosen as 

before, then there exist constants Nk , qk such that for all choices of Cfc which satisfy 

°k < \  +  ^  <  dk+1 <  \ ,  and for all n >  Nk,

Q n —p  ^max —------>  65.
o < p < 2 q k + i  U n - P

Proof. We have from Lemma 3.4.3, that

un <  2P o { X n  =  0 and X s ^  0 for r <  s <  n — r},

for r >  qo and n >  N k. The probability on the right side for r =  1 is very similar to 

gn. Standard decomposition with respect to the last time in [0, r — 1] and the first 

time in [n — r +  l ,n \  at which X, =  0, shows that
r —1 r —1

P o { X n =  0 and X s ^  0 for r <  s <  n — r }  =
p = 0  q= Q  

r —1 r —1
*  E E  U p G ln —p — q — l U q

p — 0  q = 0

)— 1 r —1

< max <?n_p_9_i y ^ U p 'V ]  uq. (15)
n .n < n i. * ■* *■■■p,q<qk ‘ p = 0  q= 0
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We have from Lemma 3.4.1 and Corollary 3.4.2

un <
l> n

< ’£ i p ; { x ;  =  o}
l> n

< +  l >  0. (16)
l> n

Moreover, from Corollary 3.4.3
OO OO

< £ £ c . ( i + i ) - J ( i £ r ‘
p = 0 p= 0  l> n

< Cu  <  oo. (17) 

So from (15), (16), (17) and Lemma 3.4.3, we have

un <  2Po{Xn =  0 and X s ^  0 for r <  s <  n — r}
r —1 r —1

— ^  m a x  Qn—p —q—l  ^  Up  ^  Uq
p,q<Qk p=0 q = 0

^  .  ( i ^ ) P ^  _ ( i £  ) ‘
-  2 S J , - , - h E % W E « . W ) ,

r —1 r —1

< 2 max ^ _ p_9_1(JRfc+)-^(i?+)-^ £  £  fi,(tf+)«

<  2C22 max gn- p- q- i (R £)~ p~q for n > Nk, r =  qk.
p,q<<ik

So

max <  2C22 max (r +)-p-«.
p,q<Qk u n _ p _ g_ i  p,q<qk u n _ p _ 9_ i

Since we know that for fixed p, q
Un

(R£ ) p q as n —» oo
“ n —p —q

uniformly for ck. We can increase Nk, if necessary, so that
9 n —p Qn—p —q—lmax - —-  =  max

0 < p < 2 g fc +  l  U n _ p P,q<qk f i n _ p _ g_ i

^ ] ( C\k-Hfc)"1 for n > N k.
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3.5 Failure of the Yaglom limit

In this section, we want to show the failure of the Yaglom limit, by applying the 

results of Sections 3 and 4 recursively. First we need to show that, the conditional 

distribution of X n, given r  >  n, is tight. Let fin(j) =  Po{X„ =  j\  r  >  n}.  We have 

to show for all n and for given e >  0, there exists a finite interval (a, b] such that

or equivalently

For all n , we have

Hn(a,b] >  1

1 -  nn{a,b] <  e.

1 -  fxn( - A , A ]  =  P0{|^n | >  A  | r  >  n}

<  Po{r >  A +  n\ t >  n}
OO

<  Y ,  P^ Xl  =  0| r  >  n}
l= n+ A

T , Z u+a p o{Xi  =  °. r > n }  
E E „ f o { V ,  =  0}a  

E S ^ « i { v .  =  0} 1 R- n —A
- r ~a -
aE Z n Po{Xn = 0}a a R -

by taking A  large, we have for given e, ^R~A <  e.

Now assume that a,  ro, a i , . . . ,  a*,, bi , . . . ,  bk, c i , . . . ,  ck~1 and d\ , . . . ,  dk have already 

been chosen as before. By Lemma 3.3.3 and Corollary 3.3.1, we can choose m£, 

so that

>  k for n >  m f ,

and

P0{ X n >  0|r > n } >  ^ ---- 1
a R l i=i

i
k

for n > r i £ ,  where

R t  =  [ck +  { l - c k) ^ p q \  l .
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We can choose ck so close to \  such that,

also holds. We have shown that

l im  [ < ] - '  =  R - \
K—*00

Since \gk \ <  1, as k —>• oo, we have

mi  mt

1 = 1 1 = 1

Hence, m k does not depend on the choice of ck . We have

a R t i=i

1<
-  k

Finally, we pick N k >  nk and 6„+1 =  N k +  1 so that

l ^ > c s .
“M,

Next we choose m k , nk such that by Lemma 3.3.6,

and

> k for n >  m k 
9 t ~

_  m.
R Z -  1 v 4

P0{* n  >  0 |r >  n} <  Y ^ 9 t ( R k )l +  l  f o r n > n k ,
= 1

A:

where P fc =  [4+ i +  (1 — 4 +i )V^P9 ] 1 holds. We choose 4 + i  sufficiently close to 
so that Cfc <  1 +  ^  <  dfc+1 <  |  also holds. Again we have

m , 77i,7~>— I _«_ D 1 __ *L

aW,fc i=i a:P i=i
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Finally we pick ak+1 >  (Nk V n J  +  l. We repeat the procedure with k replaced by 

k +  1, etc. Now for n =  Nk and n =  n)T; we have

< oo.
1=1

That is because,

1 >  Po{Xn >  0 |f  > n } >
aKZ E

«=i

1
k

As k —> oo we have

that is,

Now from Lemmas 3.3.5 and 3.3.6, we have

lim supn_>00 P0{ X n >  0 |t  >  n} -  lim inf^oo P0{ X n >  0|r >  n }

>  lim sup | %_i[ £  j+(JJ+)‘ +  ^ L ] -  I ] -  liminf f  £  9+ ( f l- ) ‘ +  1
"-"t — =  1

fc

 ̂ i • i? — 1 Oat, ,, .> lim sup — — -—— (k —► oo as n —> oo)
fĉ oo cm

-R — 1 r 9Nk ^  A — 1
■hmsupT—1 >  ———C 5 .

4ai? fc-»oo ftjVfc — 4<xR

This shows that \imn^ 00Po{Xn >  0 |r >  n} does not exist. This implies the failure 

of the Yaglom limit; since we have the conditional distribution of X n given r  >  n,

is tight. By using Theorem 25.10 in Billingsley [2] to interchange sum and limit, we

have

lim .Po{Xn >  0 |t  >  n} =  lim Y”' P { X n =  j \ Xo =  0, r > n}
n —*oo n —>oo • ^

j >  0

=  y 2  lim P { X n =  j  I X 0 =  0, T > n}.
* ■* n—+oo
j >  0 
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Since we have shown lim ^oo Po{Xn >  0 |r > n}  does not exist, lim ^oo P { X n — 

j\  X 0 =  0, t  > n)  does not exist for some fixed j ; This is the failure of the Yaglom 

Limit. This failure of the existence of the Yaglom limit is due to the fact that (1.4) 

does not hold for our chain. The example satisfies all the restrictions in Theorem 1.0.1 

and 1.0.2 except (1.4). To see that (1.4) fails, note that after the identification Z+U{6}  

with S0 U {0}, we will have Qn(2j,2 j  — 1) =  P { X n — —j \ X 0 — j }  and this equation 

is equal to zero whenever n < 2 j ,  since our chain behaves as if it were like a nearest 

neighbour walk. Similarly Qn{2j, 2j  +  1) =  Qn(2j — 1, 2j )  =  Q n(2j — 1, 2j  — 2) =  0 

for all large j , and this violates the second part of ( lAu)  and of (1.4d); Nor can any 

other identification of states lead to a walk satisfying.

For example suppose s* were identified with i, so that Qn(i , j )  =  P { X n  =  S j \ X n =  st}. 

Now let u >  0 ; without lost of generality, we may assume that su >  0 .

Let s =  min{sj : 1 <  i <  u}  and assume s <  0 and define w  by s — 1 =  sw. We must 

have w >  u, from the definition s =  m injs, : 1 <  i < u}  and where w <  u, then 

sw <  u, but sw =  s — 1. Now if (1.4) were satisfied, there should exist 1 <  L <  oo such 

that Q(i, v) =  0 whenever i <  u <  u +  L <  v. So we have to take u +  L >  w (because 

for some i <  u s* =  s, and Q ( i ,w ) =  P { X \  — s — 1|Y0 =  s} >  0, so w  cannot be 

greater than u+L).  But now [u, u + L ) contains some k with su >  0 and sw =  s — 1 <  0 

sicne we have su >  0 and .sw <  0 and k must becomes large when u become large. Then 

Q n(k,k  +  1) =  P { X n =  Sfc+i|Xo =  Sk} and this will be zero whenever n <  \sk~  Sfc+i|. 

For fixed n and L, this will actually be the case for large enough n, so (1.4) cannot 

hold.
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3.6 Failure of the ratio limit property

In this section we want to show that, in our example the ratio limit property also 

fails. The equations (3.1)-(3.4) shows that S is an absorbing state and the absorption 

is possible only from state zero. So for some L\ <  oo,

Q(i,  0) =  0 for i >  L\\

where S0 =  {1 , 2 , . . . } .  So

^ 2 Q ( h j )  =  i - Q M )
j<ESo

=  1 - 0  =  1. (18)

Moreover, when X  is in state j  ^  0, it will either stay there with probability r, or 

moves to state j  -f 1 or j  — 1 (like a nearest neighbour walk) with drift q — p >  0

towards 0 (since 0 <  p <  \  <  q). So for some io we have Qn(*o,0) =  1; hence

J 2 Q n(i o,3) =  1-Q"(h>,0)
j£ S o

=  1 - 1  =  0. (19)

By Kesten [10] Section 2, the ratio limit property ,(18) and (19) would imply the 

existence of

lim P { X n =  j | X 0 =  i , T  >  n}.
n —>oo

Since we have shown in Section 3.4 this limit does not exist for our example, the ratio 

limit property must also fail.
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