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Abstract

Antenna shape synthesis is an advanced design methodology that treats the geometrical shape of
radiating structures as free variables, constrained solely by the underlying electromagnetic physics.
This approach significantly expands the antenna design space and enables the discovery of high-
performance structures that differ from conventional antenna geometries. However, the prohibitive
computational cost associated with repeated full-wave simulations during the optimization process

has limited the practical adoption of shape synthesis in industry.

This thesis addresses this challenge by introducing model order reduction (MOR) techniques to
accelerate the electromagnetic analysis within shape synthesis workflows. Specifically, a novel
adaptation of MOR 1is developed and applied to the electric field integral equation (EFIE)
discretized via the Method of Moments (MoM) using the spatial-domain free-space Green’s
function for perfectly conducting objects. The proposed reduced-order model achieves substantial
reductions in computational time compared to traditional MoM solutions, with the efficiency gains

becoming particularly pronounced as the number of frequency points increases.

Leveraging this accelerated forward solver, a new subtractive mask-based shape synthesis method
is proposed. In this approach, a genetic algorithm systematically identifies and removes groups of
basis functions corresponding to geometric regions (masks) on the antenna mesh, while enforcing
complex multi-objective performance criteria. The resulting methodology enables the design of
unconventional, high-performance antennas in a matter of hours or days rather than weeks,

markedly improving the feasibility of shape synthesis for practical applications.

Furthermore, the developed MOR framework is shown to be effective beyond shape synthesis. A
novel antenna-circuit co-simulation technique is presented that incorporates the driving

beamforming circuitry directly into a single matrix formulation.

The effectiveness of both the reduced-order model and the proposed synthesis and co-simulation
techniques is demonstrated through multiple numerical examples, confirming significant
improvements in computational efficiency while maintaining high accuracy. This work contributes
new tools that enhance the practicality of advanced antenna design methods and opens pathways

for the more widespread industrial application of antenna shape synthesis.
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CHAPTER 1

Introduction

The long-term goal to which the research described in this thesis contributes towards is in the
acceleration of the automated antenna shape synthesis process to the point where it becomes viable
in engineering practice. It does so in three ways: (a) By developing a reduced order model for the
full-wave field simulation of conducting antennas that is essential in such shape synthesis. (b) By
developing a new technique to incorporate this new field-MOR capability with existing circuit
analysis methods, which will be an asset in future integrated antenna work. (¢) By proposing and

implementing a novel subtractive-mask shape synthesis (SMSS) algorithm.

The method of moments (MoM) is a widely used numerical technique in computational
electromagnetics for finding the frequency domain solution to electromagnetic (EM) scattering
problems [PETE 07]. It is often the preferred method of analyzing antennas due its ability to handle
unbounded domains. This is because the MoM solves for the current distribution on the scatterers
using an integral equation in which a Green’s function accounts for wave propagation over any
distance [PETE 07]. The current distribution can then be used to compute field quantities, resulting
in a fixed problem size for a given geometry. This is in contrast to another widely used numerical
technique known as the finite element method (FEM) which solves for the fields directly but
requires the discretization of the medium in which the fields are desired, yielding a problem size
that can rapidly grow far beyond that of the MoM. Despite the suitable nature of the MoM to
antenna problems, the computational time required to run many EM simulations, as is necessary
in the design of any antenna system, but particularly in optimization-type problems such as the
shape synthesis of radiating structures, has proven to be restrictive. The first item of research
presented in this thesis is thus on improving the efficiency of MoM simulations, in particular those
of EM scattering from perfect electrical conductors (PEC). This goal is achieved by substantially
adapting model order reduction (MOR) techniques commonly used in circuit simulation to the
MoM to construct an approximate, but accurate, problem of significantly lesser size. The reduced

order model can in turn be solved very quickly at any number of frequencies. It is this novel



approach that forms the groundwork for the other two contributions of this research, namely the
new antenna-circuit co-simulation technique and subtractive-mask shape synthesis method. The
structure of this work progresses as described below, where everything beyond Chapter 2

constitutes the new contribution.

Chapter 2 covers background material relevant to the topics of this thesis described in later
chapters, allowing for this work to be correctly placed amongst the existing literature. The chapter
begins by covering antenna fundamentals and important performance indices that will be referred
to throughout. This is followed by a brief, but mathematically comprehensive, outline of the
particular MoM formulation of interest. Then, an overview of the modified nodal analysis (MNA)
circuit representation is presented, followed by an extensive review of the MOR technique in the
context of linear circuit analysis, employing the aforementioned circuit representation. A review
of the MOR technique is then expanded upon when handling circuits with multiple ports. The
mathematical portion of the chapter is then concluded by a brief summary of the Chebyshev
approximation of functions, which will prove to be an important stepping stone in the MoM-MOR
formulation of Chapter 3, along with a short overview of the vector fitting technique that will be
used in Chapter 4. The final three sections of this chapter then cover existing literature pertaining
to the application of MOR to the MoM, field-circuit co-simulation techniques, and shape synthesis

methods for antennas.

Chapter 3 provides the new mathematical procedure and derivation for the application of MOR to
the MoM formulation of EM scattering from PEC objects. The MoM matrix equation is first
adapted using a Chebyshev approximation to suit the demands of the MOR technique. This
approximation comes with drawbacks which are mitigated by a novel efficient MOR procedure
devised specifically for this type of problem. The methodology is then verified for accuracy
through two examples, one of small size and one of significantly larger size, to highlight the wide
variety of problem that this method can handle. Furthermore, the computation time needed to
compute these solutions for various numbers of frequencies are compared to traditional MoM
simulation times, thereby fully characterizing the improved computational efficiency of the new

MoM-MOR approach.



Chapter 4 then introduces a novel formulation for simultaneously simulating antenna arrays along
with their feeding circuitry. This combines a MoM field solution along with the MNA circuit
formulation for linear lumped elements into a single matrix equation that links the voltages from
the circuit with those that drive the antenna elements along with the exchange of currents from the
circuitry to the antenna via the feed locations. The result is a single matrix formulation that solves
for all of the MNA circuit and MoM field unknowns at once, constituting a new method that is
first detailed here. The method is also well-suited for MOR which proves again to offer a
significant reduction in computation time, while also permitting the inclusion of nonlinear
elements in the circuitry via a novel sequential co-simulation technique. Furthermore, the reduced
order models of the antenna structures are circuit independent and can thus be connected with any
circuit for a combined circuit/full-wave solution, potentially justifying the creation of a “bank™ of
reduced order models. The need for a simulation technique such as this one has stemmed from the
ever-growing demand for higher frequency applications, resulting in tightly integrated arrays
which do not easily allow for measurements at individual element ports due to limited access. It
has thus become increasingly common for measurements to consider both the antenna array and
its transceiver circuitry. The formulation described above is derived and tested for its accuracy.

Examples validating this approach are also shown in this chapter.

Chapter 5 then details the subtractive-mask shape synthesis approach for antennas and explains its
advantages over other techniques. This is a new synthesis approach that improves upon previous
subtractive techniques by not necessitating a re-meshing of the structure between iterations,
yielding substantial improvements in efficiency. Furthermore, the very large number of MoM
analyses that must be performed in any thorough optimization problem such as this benefits
perfectly from the field-MOR technique devised in Chapter 3. Three antenna optimization
examples will be covered and used to highlight firstly both the speed and accuracy of using MOR,
secondly the accuracy of the shaping approach itself via a fabricated design with measurements,
and finally how this approach can comfortably handle problems with many optimization metrics

and thus a complex objective function.

Chapter 6 concludes the thesis and provides a summary of the contributions that have been made,

along with areas for future research.



CHAPTER 2

Review of Existing Background Concepts

2.1 INTRODUCTION

In order to place the work of this thesis in context and hence be able to indicate how it has made
contributions to the field of antenna analysis and synthesis, the present chapter will cover relevant
existing background concepts. It will begin by reviewing various antenna performance indices,
followed by the moment method analysis of scattering from perfectly conducting objects. Then
the fundamentals of MNA circuit formulation, the use of MOR in linear circuit analysis, and the
expansion of MOR to multi-port linear circuits along with the clustered approach will be
summarized. This chapter will then cover the Chebyshev approximation of functions over a
specified interval, vector fitting, and finally a review of existing contributions pertaining to the
application of MOR to the method of moments, existing field-circuit co-simulation methods, and

existing shape synthesis methods for antennas, as follows:

Section 2.2: Antenna Fundamentals and Performance Indices

= Section 2.3: Method of Moments Analysis of Electromagnetic Scattering from

Perfectly Conducting Objects

= Section 2.4: Modified Nodal Analysis Circuit Formulation

= Section 2.5: Model Order Reduction in Linear Circuit Analysis

= Section 2.6: Multi-Port MOR and the Clustered Approach to MOR in Linear Circuit
Analysis

= Section 2.7: Chebyshev Approximation

= Section 2.8: Vector Fitting



= Section 2.9: Existing Contributions Pertaining to the Application of MOR to

Computational Electromagnetics

= Section 2.10: Field-Circuit Co-Simulation Methods

= Section 2.11: Shape Synthesis Methods for Antennas

Throughout this chapter, as well as in those that follow it, the bolding of symbols is used to indicate

matrix quantities, while overlines are used to denote field vectors.
2.2 ANTENNA FUNDAMENTALS AND PERFORMANCE INDICES
2.2.1 Introductory Remarks

Antennas are structures designed to radiate or receive electromagnetic waves. They act as
transformers that convert guided waves propagating through distributed circuits to radiated
electromagnetic waves in the surrounding medium, or vice versa. As such, they are an integral part
of any wireless system. The upcoming sections will define important antenna performance metrics
which will be referred to at various points throughout this thesis. Such definitions can be found in

a plethora of antenna textbooks (e.g. [BALA 05] and [VISS 12]).
2.2.2 Antenna Power Budget and Equivalent Circuit

Figure 2.2-1 (top) illustrates an antenna in transmit mode fed by a transmission line. A certain
amount of incident power P, travels along the transmission line towards the antenna port
depending on the matching between the transmitter and the transmission line. Upon reaching the
antenna terminals, a mismatch between the transmission line and the antenna causes some of the
incident power to be reflected P,..r, back towards the transmitter. The remainder of the incident
power P, is accepted by the antenna. Figure 2.2-1 (bottom) shows the equivalent circuit of an
antenna in transmit mode. Resistance R,,4; models the power radiated by the antenna, resistance
R;,ss models the power lost on the antenna structure, and X, is the reactance at the antenna port.

The input impedance at the antenna port is thus



Zin = (Rrad + Rloss) +inn- (22'1)
The radiated power and power lost are thus
1 2
Proa = E IIinI Ryqa (22_2)
and
1 2
Ploss = E IIinI Rloss (22_3)

respectively, where I, is the current at the antenna terminals as depicted in Figure 2.2-1. The
reflection coefficient at the antenna input terminals and the voltage standing wave ratio are then

defined, respectively, as

Zin - ZO
., =—— 2-
and
vswr = 1 linl (2.2-5)
1- IFinI '

where Z, is the characteristic impedance of the transmission line. A mismatch factor of (1 — |Tj,|?)
can then be used to relate the power accepted by the antenna to the power incident upon its

terminals, namely

Pin = Pinc - Prefl = (1 - IFinIZ)Pinc~ (22'6)

To lessen the amount of reflected power at the antenna port, a matching network is often designed

and placed between the transmission line and the radiator. This matching network is then included



as part of the antenna and thus the antenna terminals would now be situated between the

transmission line and the matching network.
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Figure 2.2-1. Transmit mode antenna power budget (top) and equivalent circuit (bottom).

2.2.3 Radiation Efficiency

The radiation efficiency of an antenna is the ratio of the power radiated by the antenna to the power

it accepts. The radiation efficiency can thus be written as

e _ Prad _ Prad _ Rrad
rad — - - .
Pin Prad+Ploss Rrad+Rloss

(2.2-7)

It is desirable to have R,,q > Ripss, and Ry, = Ryqq + Rioss and X;, close to the characteristic
impedance of the transmission line Z, and close to zero, respectively, to facilitate matching. If
Xin = 0 at a particular frequency without a matching network, then it is said that the antenna is

self-resonant at that frequency.
2.2.4 Electromagnetic Fields and the Poynting Vector

Any electromagnetic field can be expressed as its spherical coordinate (r, 8, ) components as



E(,0,¢) =E.(r,0,0)f + Eg(r,0,$)8 + E,(r,0,$)¢ (2.2-8)
and
H(r,6,¢) = H.(1,0,9)f + Hy(r,0,$)0 + Hy (1,6, ). (2.2-9)

The complex Poynting vector at a point describes the power associated with an electromagnetic

wave and is given as

S(r0,¢) = %{E(r, 0,$) x H*(r,6,p)}. (2.2-10)

The time-averaged Poynting vector represents the average power density at a given point (7,6, ¢)

and is given by

1

zRe{E(r, 0,9) X H (r,0,¢)}. (2.2-11)

S, 08,¢) =

The average radiated power P,,4 can then be determined by integrating the time-averaged radiated

power density over a closed surface S that surrounds the antenna.

Py = # $r,0,) - dS = #S_(r, 0,4) - 7ds

’ o (2.2-12)

=f f [S(r,0,¢) - 7] r2sinfdOd¢
0 0

2.2.5 Field Regions

The space surrounding the antenna can be divided into three regions based on the behaviour of the
fields. The reactive near-field region is that immediately surrounding the antenna where the fields
mostly do not radiate but rather the reactive field predominates. The radiating near-field or Fresnel
region lies just further than the reactive near-field region. In this region, the fields predominantly

radiate, and the angular field distribution depends on the distance from the antenna. The far-zone



region extends from the furthest point of the radiating near-field to infinity. In this region, the
angular distribution of the fields are essentially independent of the distance from the antenna. For

larger antennas, the radius at which the far-zone begins can be approximated by

R=22 (2.2-13)

where D is the largest linear dimension of the antenna. In the far-zone region the fields take the

following forms.

E.(r,0,¢) =#-E(r,0,¢) ~ 0 (2.2-14)

H.(r,0,¢) =7 -H(r,06,¢) ~ 0 (2.2-15)

e—jkr

Eg(r,0,¢) = Fo(6,9) - (2.2-16)
—jkr
Ey(r,0,0) = F(0,¢) " (2.2-17)
The electric field in the far zone can thus be written in its entirety as
_ _ e‘jkr R R e—jkr
E(r,6,¢) =F(6,¢) = [Fo(6, )8 + F (8, 9| (2.2-18)

r r

Setting the radial components of the electric and magnetic fields to zero in Maxwell’s curl

equations results in the following relationship between the far-zone electric and magnetic fields

e—jkr

H(r0,¢) = nif X E(r,0,¢) = nif X F(6,¢) (2.2-19)

o [o) r

where 1, = /l,/5o.



2.2.6 Far-Zone Quantities

When the observation point is in the far-zone of the antenna the average radiated power density in

(2.2-11) becomes

< . |F@,®)I7
S, 0,0)=S(,0,p)F = Torzr. (2.2-20)
The radiated power in the far-zone can then be found as
2w T
Prog = f f S(r,0,¢) r’sinfdode
o (2.2-21)

1 2T T _
= —f f |F(8,¢)|? sin0dfddg.
2n,Jo Jo

The radiation intensity in a given direction is defined as the power radiated from an antenna per
unit solid angle in that direction. Radiation intensity is a far-zone quantity and is related to the far-

zone average radiated power density as

F(0,9)|?
U, ¢) =r?S(r,0,¢) = % (2.2-22)
The radiated power in the far-zone can be written in terms of the radiation intensity as
2m T
Prga = f f U6, ¢p) sinfdbde. (2.2-23)
o Jo

The radiation pattern of an antenna typically refers to the radiation intensity in decibels normalized

to its maximum value occurring in direction (6, ¢,).

F@6,d)|? F(o,
Ukirh (6, ) = 101og (%) ~ 201l0g (%) (2.2-24)
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The directivity of an antenna is also a far-zone quantity. It is a measure of the amount of energy
concentrated in the main beam of an antenna pattern or can mathematically be stated as the ratio
of the radiation intensity in a particular direction to the spatially averaged radiation intensity Uy,

of the antenna. Directivity is computed as follows.

U9,¢) 4nU(8,4)

Uavg P, rad

D6, ) = (2.2-25)

73T
1

Directivity is measured in dBi, where the “i” refers to an isotropic radiator. An isotropic radiator
is one which radiates equally in all directions. Such a radiator is not physically possible, however
theoretically, its directivity would be 1, and thus directivity can be considered measured relative

to it.
D4Bi(9, ) = 101og[D (6, p)] (2.2-26)
Since the far-field vector in (2.2-22) can be split into both 6 and ¢ components, so can the radiation

intensity as Uqy (0, ¢) and U, (6, ¢), and thus the directivity. This yields partial directivities given
by

Dy(6,¢) = Ml;f—(z’qb) (2.2-27)
and
Dy(8,$) = 4”%;1’(5’ ¢). (2.2-28)

The directivity shown in (2.2-25) is thus considered to be the total directivity and is of course the
sum of (2.2-27) and (2.2-28). Gain is a parameter very similar to directivity; however, it also

considers any losses within the antenna. It is defined as

11



G(6,¢) = erqaD(6,¢) (2.2-29)

and has partial gains defined in the same manner as (2.2-29), however using the partial directivities

in (2.2-27) and (2.2-28) instead of the total directivity.
2.2.7 Beamwidth

Beamwidth is defined as the angular separation between two points on opposite sides of the pattern
maximum. Concerning antennas, several different beamwidth quantities are defined. The one
which will be mentioned in this thesis, and which is one of the most widely used, is the half-power
beamwidth (HPBW) or known equivalently as the 3 dB beamwidth. The HPBW is the angle
between two directions in a plane containing the direction of the maximum beam whose radiation
intensities are half that of the beam maximum. Figure 2.2-2 shows a generalized example of a

normalized radiation intensity polar plot in which the HPBW is labelled.

Oo

330° 3

/0.75

300° AN o0

270° 90°

Figure 2.2-2. Illustration depicting HPBW using a linear scale.

2.2.8 Polarization

The polarization of an electromagnetic field is defined by the variation in the direction of the

electric field vector with respect to time. More precisely, the polarization of the wave is traced by

12



the locus of the tip of the electric field vector in time when viewed from the antenna at a fixed
position in space (a plane transverse to 7). In the most general case, a wave will have an elliptical
polarization, however in specific cases can also be linearly or circularly polarized. The axial ratio
(AR) is the ratio of the major axis to the minor axis of the general polarization ellipse. AR is a
quantity dependent on direction in space and can be calculated by first calculating the linear

polarization ratio

Fy(6,¢)
¢

0,p) =——— 2.2-30

and then the circular polarization ratio
(0,9) = —F——=. 2.2-31
pe(8.9) 1—-jpi(6,¢) ( )

AR is then given by
lpc(6,¢)] + 1

AR, ) = ——F 2.2-32
= @ i-1 (2239

If|AR(6, ¢)| = 1 then the antenna is circularly polarized and if |AR(6, ¢)| — oo then the polarization

is linear. AR is also often expressed in decibels as

AR!9B1(6, ¢) = 2010g[|AR(B, P)]]. (2.2-33)

Antenna systems are typically designed with a specific polarization in mind for some directional
coverage. This is referred to as the principal polarization or co-polarization. These systems
however will always have some unwanted other polarization, referred to as the cross-polarization.
The co- and cross-polarizations can be described by unit vectors #.,(6,¢) and #..(6, ),
respectively. These unit vectors must be orthogonal such that fi., (6, ¢) -t (8, ¢) = 0 and must

have unity magnitudes. The co- and cross-polarized far-zone radiated fields are then

13



F.o(0,8) = F(6,¢) U, (6,¢) (2.2-34)

and

Fr(8,8) =F(6,¢) U (6, 9) (2.2-35)

respectively, such that

F(6,9) = F.o(6, )0, (0, 9) + F.. (6, 9 (6, P). (2.2-36)
2.2.9 Bandwidth

The bandwidth of an antenna is the range of frequencies over which the performance of the antenna
is acceptable given particular criteria. The bandwidth of an antenna varies depending on the criteria
in question and therefore what bandwidth is being referred to must be distinguished. This is the
case as the range of frequencies in which an antenna conforms to acceptable bounds may not be
the same for, say, the input reflection coefficient as it is for the total directivity. The absolute
bandwidth of an antenna satisfying certain metrics between a minimum frequency fp;, and a

maximum frequency f;,., is defined as

Af = fmax - fmin- (22-37)

The fractional bandwidth (FB) of the antenna is then defined as the ratio of the absolute bandwidth

to the center frequency f, and is typically expressed as a percentage.

FB:£—2<

f — fmax - fmin) (22-38)

fmax + fmin

2.2.10 Mutual Coupling Between Two Antennas

Mutual coupling between antennas or between antenna elements in an array refers to the

interactions these radiating elements have with each other. For example, in the case of a transmit
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array with two elements, when there is no mutual coupling, each element will radiate a wave which
when added vectorially yields the overall radiation pattern of the array. When there is mutual
coupling between these elements, some of the power transmitted by the first element will induce
currents on the second element. These currents are partly accepted by the second element through
its port, while the rest are scattered back towards the first element. The scattered waves from the
second element back onto the first will distort the transmitted field distribution of the first element,
as well as its input impedance. The effect of mutual coupling is then compounded further when
additionally considering the effects of the second element in a manner similar to what was just
discussed for the first element. It is thus often desirable to minimize the effect of mutual coupling

to avoid these complications which effect antenna performance.

When analyzing the mutual coupling of any two antennas, they can be considered equivalently as

a two-port network with currents and voltages defined at each port as is shown in Figure 2.2-3.

Antenna

I
I
I\
I
AN Structures 4
T
I
I

Figure 2.2-3. Two-port network representation of two antennas.

The interaction between the antennas can be described via admittance parameters relating their

respective port quantities as

I I

1 1 2 2

Yi, = Vi =— 21 = - Vi, = A . (2.2-39)
1'v,=0 2ly;=0 1'v,=0 2y =0

Admittance parameters are simple to compute using the method of moments since a port voltage
can be easily set to zero in the right-hand vector of the matrix formulation in (2.3-20) covered in
the next section. Admittance parameters can then be related to scattering parameters assuming real

equal characteristic impedances Z, as
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(1= ZoY11) (A + ZyYso) + Z5Y1, Yo,

S = 2.2-40
y : (22-40)
_ZZOYIZ _ZZOYZI
S12 = A 21 = — (2.2-41)
Yy = (1 + ZOY11)(1 - ZOYZZ) + ZngZYZI (22_42)
A
where
A = (1 + Z()Yll)(l + ZOYZZ) - ZgY:lZYZl' (2.2-43)

2.3 METHOD OF MOMENTS ANALYSIS OF ELECTROMAGNETIC SCATTERING
FROM PERFECTLY CONDUCTING OBJECTS

2.3.1 Introductory Remarks

The MoM is a numerical technique used to solve integral equation models of electromagnetic
systems. The MoM solves for the current densities induced on scatterers which can then be used
to compute secondary parameters such as the scattered and total electric and magnetic fields. This

section will cover the particular MoM formulation relevant to this thesis.
2.3.2 Electric Field Integral Equation Formulation

This formulation will consider an electric field integral equation as its starting point, as magnetic
field integral equations are only applicable to closed conducting objects [RAO 82]. The electric
field integral equation stems from the boundary condition which denotes that the tangential electric

field must be equal to zero at all points on the surface of a perfect electric conductor defined as S,

AF) X E([F) =0 (2.3-1)

where 7 are vectors spanning from the origin to points on the surface of S, 7 is a normal unit vector
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outwardly directed from the surface of the perfect electric conductor, and E is the total electric

field. This total electric field can be written as the sum of the incident and scattered fields.
A(F) x [E™(F) + Esc(7)] = 0 (2.3-2)

The incident electric field is that which is generated by any impressed sources in the absence of
the scatterers. This field exists at all points, including inside the scatterers, and is responsible for
inducing surface currents, J, on the PEC. The scattered electric field is then the electric field which
arises from these induced surface currents [PETE 97]. Equation (2.3-2) can then be expanded and
rearranged as follows.

A(F) x EsCat(7) = —A(T) x E™¢(7) (2.3-3)
The electric field integral equation can finally be written as

A(F) x ESCt{r J} = —a(F) x E™¢(¥) ) (2.3-4)

where ES¢t{7, ]} denotes the scattered field due to the induced currents J evaluated at points 7. This

scattered field quantity is that in (2.3-4) which contains the integral and can be expressed as
Est(7) = —jwA(T) — VO(7) (2.3-5)

where the magnetic vector potential and the electric scalar potential are defined respectively as

F)———ds’ (2.3-6)
P

e T

| (2.3-7)

cb(rr)——fpe()

and 7' are vectors spanning from the origin to source points on §, k = w+/ue, with u and ¢ being
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the permittivity and permeability respectively of the surrounding medium, and p, being the surface
charge density [RAO 82]. In these equations, the quantity e /¥I"=7"I (47| — #'|)~* is known as the
free space Green’s function. The surface current density and the surface charge density can be

related through the continuity equation,

V- J(P). (2.3-8)

Substitution of (2.3-8) into (2.3-7) yields an alternative form of the electric scalar potential, namely

e~ JkIT— r'I

(7, 7) = V- J(F )) 7 | (2.3-9)

The final electric field integral equation can thus be written by substituting (2.3-5) into (2.3-4).

JwAean (T, ) + VO(F, ) an = Efps (7) (2.3-10)

The tan subscript refers to the tangential component of the scattered and incident fields, thus

replacing the unit vector cross products in (2.3-4) [JOHN 90].
2.3.3 Meshing of the Geometry

To apply the method of moments the geometry on which the unknown surface current density
exists must be divided into subsections forming a mesh. For the purpose of this work, the geometry
will be meshed using 2D triangular elements. In order to ensure that the mesh density is fine
enough to obtain accurate results, the length of the triangle edges will be approximately one tenth
of a wavelength. When meshing a geometry, all of the geometrical information is stored in tables.
This allows one to easily relate each element with its three nodes, node coordinates, and three
edges. Figure 2.3-1 shows an example of the meshing of a PEC patch antenna and ground plane

whose dimensions are defined in [HERS 98]. This structure will be revisited in later sections.
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Figure 2.3-1. Mesh of a PEC patch antenna and ground plane constructed using Gmsh [GEUZ 09].

2.3.4 Expansion and Weighting Functions

To solve the integral equation in (2.3-10) and determine the current distribution, J is represented

in the following form,

GEDWING (23-11)

where the I, are unknown coefficients and the fn(f) are a set of known expansion functions
(terminology which is used interchangeably with “basis functions”). This form allows for efficient
numerical computation. The expansion functions that will be used in this thesis are RWG

expansion functions defined as follows [RAO 82].

Iy _
f(f):{ uzPi  TETY
n n

0 otherwise

(2.3-12)

Each inter-element edge (an edge shared by two triangles in the mesh) has an associated expansion
function. One triangle attached to the common edge is denoted the plus triangle while the other is
the minus triangle. ,, in (2.3-12) is the length of the n*" edge in the mesh, A% is the area of the plus
or minus triangle on either side of the n*" edge, and 5, are the vectors defined below in Figure

2.3-2.
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Figure 2.3-2. RWG expansion function defined on the n-th inter-element edge where p,, € T,y (left) and p,, € Ty,
(right).

The p vectors in Figure 2.3-2 are constructed via the ¥ and 7 vectors which span from the origin

to a point within the T;F triangle and to the vertex of the T,¥, respectively.
o =1 — o (2.3-13)
Pn = —Ty + Uy, (2.3-14)
The advantage of using RWG expansion functions is that the current representation is free of

fictitious line or point charges. These same expansion functions will also be used as the weighting

functions [RAO 82].
2.3.5 Matrix Equation Formulation

The moment method matrix equation can be constructed by introducing the symmetric product.
(u,v) = fﬁ v dS (2.3-15)
S

Applying the above symmetric product to the EFIE in (2.3-10) and the weighting functions f_
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yields

JS{AT, ) tans fn) + (VO FE 7 an, frn) = (ERE(F), fin)- (2.3-16)

Applying integration by parts to the scalar potential term in (2.3-16) results in the following
approximation [RAO 82].

(VOF, ) tans fon) = I[P F&F) — Db (767))] (2.3-17)

This approximation also averages the scalar potential over each triangle by its value at the centroid,
hence the vectors 75~ and 75,*. Similarly, the magnetic vector potential term and the incident field

term in (2.3-16) can be approximated, respectively, as [RAO 82]

~c+ ~C—
(AF ™ tan fm) = b lz‘f(fn?) _p; + A(hy” 'p72n l (2.3-18)
~c+ —c—
(EGe (), fn) = L lE me(met) -me + Eme(757) -p;” l (2.3-19)

where pSE and 75 are defined in Figure 2.3-2 however are pertaining specifically to the centroid
of the minus or plus triangle. (2.3-17)-(2.3-19) can now be substituted into (2.3-16) yielding an

N, x N, system of linear equations which can be written in the form,
ZI =V (2.3-20)

where Z is an N, X N, matrix, and I and V are N, X 1 column vectors (N, being equal to the number

of inter-element edges in the mesh). Elements in Z and V are thus given by

_ p—C+ _ ﬁC—
Zm = L ljw (A,tm % + A5, %) + &5, — CD;;ml (2.3-21)
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inc(x=c+ p m inc '5 rCn—
Vip = L [E"C(FEST) - —— + EMC(757) (2.3-22)
and the magnetic vector potential and electric scalar potential are defined as
n ]k| ']
1+ Tl —4 14
Amn = 4 1247 f ) T P ds
(2.3-23)

]k|rm n,|

f pn(r )l |d5’

!

. I ]k|1’m n| l ]k|rm n
ot —=—J | f ——rds = f C as'| (23-24)
| T —7]

dnwe | A} i+ | et — |

where 1, is the length of the n'* edge, A} is the area of the plus or minus triangle associated with
the n‘" edge, p! (?f{ ) is a vector spanning from the vertex opposite the n edge in the T, triangle
to a point (x; "yt ') in the T;} triangle (7 is a vector from the origin to a point (x’,y’,z") in the
T triangle. The integrals in (2.3-23) and (2.3-24) are with respect to this primed coordinate), and
Pn (F,‘l ’) is a vector spanning from a point (x; ', Yn ') in the T,; triangle to the vertex opposite the

nt edge in the T,; triangle [MAKA 02]. The integration over the plus and minus triangles in

equations (2.3-23) and (2.3-24) must be evaluated numerically. This will be done by dividing each
triangle into nine sub-triangles using barycentric subdivision and using the centroids of each sub-

triangle as sample points.

f f(7E)ds' = %’ilif (f,f;—f) (2.3-25)

T, in (2.3-25) is a vector spanning from the origin to the centroid of the p'" sub-triangle. An

example of the barycentric subdivision of a triangle into nine sub-triangles is shown in Figure 2.3-

3.
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Figure 2.3-3. Barycentric subdivision of a triangle into nine sub-triangles. The triangle’s midpoint is shown by a

white circle while the midpoint of each sub-triangle is shown by a black dot [MAKA 02].

Finally, once the matrix equation in (2.3-20) has been solved, the coefficients in I can be

substituted into (2.3-11) to obtain the electric current density on the PEC scatterers.
2.3.6 Delta Gap Feeding Model

For all simulated examples shown throughout this thesis the antennas will be fed via a feeding
edge model where a voltage is applied across a gap of negligible width. For convenience, the gap
is taken to coincide with one or more inter-element edges such that there are one or more RWG
expansion functions associated with these edges. Relating this to equation (2.3-22), the incident
electric field will exist only on the chosen edges and will thus be zero elsewhere. Representing the

voltage across the gap as V, the electric field within the gap is [MAKA 02]
_i”C—V“—V(S' Foap )T (2.3-26
At (7 — Tyap)t 3-26)

where A is the width of the gap, 734, is the location of the centre of the gap, and 7 is a unit vector
depicting the direction of the electric field across the gap. As the width of the gap in (2.3-26)
becomes infinitesimally small, the electric field can be represented by a delta function
approximation. The integral of the electric field in (2.3-26) over the gap, or over the edges, is thus
the applied voltage. Applying this to the symmetric product on the right side of equation (2.3-16)
yields
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V, = (Einc'fm> — f Einc 'fmdS

Toh+Tm
(2.3-27)
= Vf 8(F — Tyap)T " fndS = LV
T —Tm
for the edge element f,, over which the voltage gap is applied and
Vo = (E™, ) = fo + frndS =0 (2.3-28)

elsewhere. (2.3-27) makes use of the property that the component of an RWG expansion function
normal to an edge is always equal to one [RAO 82]. The right-side vector V in the matrix equation
in (2.3-20) will thus be entirely zeros other than entries in the rows corresponding to the one or
more feeding edges. More than one feeding edge is required when the delta gap spans multiple
edges. For examples in later sections, if not specified otherwise, the voltage V in (2.3-27) will be

settol V.

2.4 MODIFIED NODAL ANALYSIS CIRCUIT FORMULATION

Modified nodal analysis (MNA) is a method used in circuit analysis to automatically formulate
general circuit equations which can be used to solve for nodal voltages and branch currents. The
basic idea stems from identifying the contribution of each circuit element to a circuit’s overall
matrix equation formed through the application of Kirchhoff’s Current Law (KCL) at each of the
circuit nodes. The general form of the circuit matrix equation is the system of differential equations

seen below.

6x(0) + ¢ 252 4 F(x(9) = b(® (24-1)

Matrices G and C are N;, X N and vectors x(t), b(t), and F(x(t)) are N, x 1, where N;, represents
the number of unknowns in the system. The G and € matrices are the conductance and susceptance

matrices respectively, the b(t) vector is referred to as the source or input vector, F(x(t)) contains
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nonlinear functions of x(t), and x(t) is the solution [NOUR 13b], [ACHA 01]. Should the circuit

contain no nonlinear elements, equation (2.4-1) can be written in the Laplace-domain as

(G + sC)x(s) = b(s)

where s = jw. As an example, consider the RC circuit in Figure 2.4-1.

R,

C
|
|

—

" AN
o %
L

Figure 2.4-1. RC circuit.

(2.4-2)

The number of nodes in the circuit excluding the reference node must first be identified. This

circuit has three non-reference nodes which are numbered in red. Writing a KCL at each of these

nodes results in the following equations.

—]+5sC(vy;—v,) =0

€y ( )+ 242 B o
Slvz_vl —_— S
R, R,
Vy — D
SCZU3+ 3 2:0

R,

Rewriting the above equations in matrix form yields

(

0 0 0
0 9g1+9: —9:
0 —9>2 ’p)

+s

Cl - Cl 0 vl ]
0 O Cz v3 0

(2.4-3)

(2.4-4)

(2.4-5)

(2.4-6)
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where g is the conductance of resistor R. From (2.4-6), it can be seen that resistors only contribute
to the G matrix and capacitors contribute only to the € matrix. Also, all three elements only effect
the rows and columns in (2.4-6) which correspond to the nodes which that particular element is
connected to. As such, the contribution of each element to the matrix equation can be generalized

via element “stamps.” The resistor stamp can be seen in the figure below.

g coli colj
Node / o_/\/\/v\/_o Node / row / [9 =9
row; 1=9 g lgg
g

col 7
Node i o—/V\A/\/—lll row i [gleg

Figure 2.4-2. MNA resistor stamp.

Similar stamps can be developed for the capacitor and current source from the above example,
while stamps for inductors, voltage sources, and dependent sources can be found in much the same
way. The term “modified” in modified nodal analysis refers to modifications which need to be
made to the matrix equation to accommodate certain elements. For example, there is no Ohm’s
law for a voltage source, hence the current through voltage sources must be added as an additional
unknown in the x(t) vector while the voltage difference across the source yields the additional

equation needed to accommodate this extra unknown.

Ultimately, the MNA formulation allows for the development of programs which can
automatically generate the circuit equations. The only information that the program would need as
an input is a list of every element in the circuit, their values, and which nodes they are connected
to. Such a list is typically referred to as a circuit netlist. Further and more detailed information on

the MNA formulation can be found in [NAJM 10].
2.5 MODEL ORDER REDUCTION IN LINEAR CIRCUIT ANALYSIS
2.5.1 Introductory Remarks

Model order reduction (MOR) is a technique which is applied to systems described by large

matrices in the form of a set of differential equations. MOR seeks to reduce the computational
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complexity of using such large systems in numerical simulations by effectively reducing the
degrees of freedom of the original system of equations to create a reduced order model (ROM) of

considerably lesser size that preserves the system’s fidelity (within a satisfactory error bound).
2.5.2 Overview of the MOR Technique

Let us assume that Ny, first order ordinary differential equations represented by a Laplace-domain

matrix equation can be written in the form
M(s)X(s) = b(s) (2.5-1)

where M is a matrix of size N, X Ny, and X(s) and b(s) are column vectors of size N X 1, X(s)
being the unknown vector. Furthermore, let us assume that the matrix M can be separated in the

following way,
(G +sCO)X(s) = b(s) (2.5-2)

such that neither N, x Nj matrices G nor € contain any elements which are dependent on s, where
s = jo. Recall this form as the form used to represent linear circuits using the MNA formulation.
The exact solution to (2.5-1) or (2.5-2) at, for example, Ny frequencies, would require the total
(G + sC) matrix to be inverted Ny times (or equivalently would require Nr LU decompositions).

Alternatively, the solution vector can be approximated by a Taylor series expansion centered at

s=20as

X(s) = z M,s™ =M, + M;s + M,s? + M3s3 + - (2.5-3)

n=0

where M, are the moments of X(s) which are column vectors of size N, X 1 [ACHA 01], [ANTO
01].

Given an impulse response, b(s)=[0 - 1 - 0], the moments can be computed as

derivatives of the solution vector X(s) at expansion point s, = 0 as
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_ 10X(s)
mT ol gsn

(2.5-4)

s=0

Alternatively, by substituting (2.5-3) into (2.5-2) and equating like powers of s, the moment M,

(the DC solution) can first be computed as

M, =G'b (2.5-5)

and can then be used in the recursive relationship

GM, = —CM,_, (2.5-6)

to compute all other moments [ACHA 01]. One can notice from the above equations that the
computation of all of the moments requires just one matrix inverse. As such, with the moments
computed, (2.5-3) can be used to approximate the solution of X at any number of frequencies, say
the previously mentioned Ny frequencies, while only requiring the inversion of the G matrix once.
Equivalently, the moments can be computed in terms of the matrix 4 and vector R as follows

[ACHA 01, NOUR 14],

M; = A'R (2.5-7)
where

A=-G"1C (2.5-8)

R =G'b. (2.5-9)

It can be found, however, that the moments of X, the sequence {R, AR, A’R, A3R, ...}, converges to
an eigenvector corresponding to the largest eigenvalue of matrix A. This convergence means that
after a certain number of moments are computed (typically fewer than 10), no more useful

information is obtained by computing additional moments. As such, the direct computation of the
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moments of X is considered an ill-conditioned numerical process, rendering the approximation in
(2.5-3) undesirable [ANTO 01, NOUR 14]. However, since (2.5-3) shows that the solution vector
X can be written as a linear combination of the moments, it can be said that X is a vector in the
space spanned by the moments. This particular subspace which is spanned by the moments is

called the Krylov Subspace and is represented as

k- (A,R,q) = Span{R, AR, A*R, ... A" 'R} (2.5-10)

where matrix Q is defined as an orthogonal basis of the Krylov Subspace [ACHA 01, NOUR 14].
It is this matrix @ which allows one to reduce the size of the G and € matrices in (2.5-2) such that
the system of equations can be approximated by a system of lesser dimension. The theorem used
to find the orthogonal basis Q is the following. If Q is an orthogonal basis of k,.(4, R, q), then AQ =
QH, where H is an upper-Hessenberg matrix [ACHA 01]. Recall that the moments themselves are
ill-conditioned, thus methods such as the Gram-Schmidt algorithm for determining the orthogonal
basis of a subspace will not be applicable here, as the moments themselves cannot be computed.

The above theorem is more clearly written as

hiy  hiz hys
h21 h22 h23 ey
AQ=QH-A[9: 92 q3 -]=[91 42 935 ]| 0 hy, hy; ..[ (25-11)

0 0 hay,

where Q is Ny X N, and H is N; X N, (N, being the number of columns of orthogonal matrix Q
which determines the size of the reduced model). In order to determine the vectors q; which form
the orthogonal matrix Q, Arnoldi’s Algorithm is used, which is a modified version of the Gram-
Schmidt Algorithm that utilizes the theorem in (2.5-11). This algorithm starts by defining the first

column of Q as follows.

=_— 2.5-12

Evaluating (2.5-11) firstly yields
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Aq, = hy1q; + hy1q; (2.5-13)

which when pre-multiplied by the transpose of q, gives

‘hTA‘h = Q1Th11¢I1 + Q1Th21QZ- (2.5-14)

Since an orthogonal basis is formed of orthogonal column vectors, (2.5-14) simplifies to

q:"Aq, = hy;. (2.5-15)

Next, the vector w is defined in Figure 2.5-1.

Figure 2.5-1. Vector diagram of the first two columns of Q.

Figure 2.5-1 shows that the vector w, which has the same magnitude and direction of vector q,, is

simply the difference between the vector b and the projection of vector b onto vector q;.
w=>b—(b,q,)q, (2.5-16)

Vectors a and b in Figure 2.5-1 represent two moment vectors which span the subspace, and that

are not orthogonal. Since vector R forms the first moment M, (2.5-12) defines the first vector in

matrix Q as being in the direction of the first moment a. The second moment b is of course in the

direction of the second moment, which from (2.5-10) is known to be AR, and thus in the direction
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of Aq,. Thus, replacing Aq, in (2.5-15) with b and substituting into (2.5-16) yields w and thus q,
as follows [ACHA 01].

w=Aq; — hiq, (2.5-17)

w

%2 = wll 2.5-18)

This process can then be repeated for however many columns of Q are chosen. Arnoldi’s Algorithm

is summarized below in Figure 2.5-2 which will run for N, — 1 iterations.

Require: R, 4, and N,
1: Initalize: 41 < R/ oo
2: forj=1toN;—1do

3: z = Aq;
4 fori=1toj
5: hij = q' z
6: z =z — hy;q;
7: end
8: hjt1j = llzl|
9: ifhj,,; =0
10: quit
11: else
12: qj+1 = Z/hjﬂj
13: end if
14: end for

Figure 2.5-2. Arnoldi Algorithm Pseudocode [ACHA 01].

The Q matrix can then be used to reduce G, C, and b to N, X N, matrices and an N, x 1 vector,

respectively [NOUR 14].

G=0"GQ (2.5-19)

C=0Q7cQ (2.5-20)
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b=0Th (2.5-21)

The reduced approximation of the unknown vector X can then be found by solving the reduced

matrix equation
(G +sC)X = b. (2.5-22)

The final full approximation X,,, of the unknown vector X can then be found by pre-multiplying

the reduced X vector by matrix Q [ACHA 01], [NOUR 14].

X, =0X =X (2.5-23)

app

In total, computing the Q matrix requires only one matrix inverse (the G matrix in order to compute
A and R) and is independent of frequency, thus does not have to be recomputed at each frequency.
This allows for a significant reduction in the size of the original matrix equation that is to be solved,

and hence faster computation times.
2.5.3 Linearization of Higher Order Matrix Polynomials

In the previous section it was assumed that the matrix M in (2.5-1) could be separated into a first
order polynomial in terms of s. This section will cover the procedure that is used to apply model
order reduction to higher order polynomials.
As an example, assume the equation in (2.5-1) can be written as follows.

(G+sCy +s%C, +s3C3)X(s) = b(s) (2.5-24)
For each additional order of s, a new unknown variable must be defined.

X, (s) = sX(s) (2.5-25)

X, (s) = s2X(s) = sX4(s) (2.5-26)
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Equation (2.5-24) can then be expanded and rewritten as follows.

GX(s) +sC,X(s) +sC,X,(s) +5sC3X,(s) = b(s) (2.5-27)

Rearranging (2.5-25) and (2.5-26) yields

X, (s) — sX(s) = 0 (2.5-28)

X,(s) — sX,(s) =0 (2.5-29)

which along with (2.5-27) can then be put in matrix form

—S HNk 0 Xa(s) = 0
0 ) HNk Xp(s) 0

G+sC, sC, sC3|[X(s) b(s)
[ ] (2.5-30)

where [, is an identity matrix of size Ny X Ni.. Equation (2.5-30) is now entirely in terms of s and

thus can be written in the form of (2.5-2) [NOUR 20].

G 0 O i G G]\[X(s) b(s)
0 Iy, O|4+s|-Iy, O Of]}[{x,(s) =[ 0 ] (2.5-31)
0 0 Iy 0 -I, 0|/[x,() 0

Equation (2.5-31) is now in the correct form required for the MOR process described in the
previous section. Once the approximate unknown vector X, is solved for, rows Ny + 1 to 3N
can be discarded, as it is only X in (2.5-31) which contains relevant information. Furthermore,
although the system has increased in size, and thus the equivalent G matrix which must be inverted
for MOR has increased in size, one can observe that the additional elements in (2.5-31) are all
identity matrices. Given that the inverse of a diagonal matrix of matrices is the inverse of each of
its matrix elements, and the inverse of an identity matrix is itself, the computation time required

to invert this new G matrix is comparable to that of the single G matrix in (2.5-2).
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2.6 MULTI-PORT MODEL ORDER REDUCTION AND ITS CLUSTERED APPROACH
IN CIRCUIT ANALYSIS

The MOR procedure described in Section 2.5 assumed that the reduced order model was computed
from that of a single-port circuit as b(s) was defined to have only a single column. The result from
this formulation is a reduced order model which is only valid for the particular set of excitations
included in this source vector (unless the circuit has only one source). The seminal work on the
application of MOR methods to circuit analysis allowed the use of multiple external ports, and
such “multiport” MOR implies that the construction of the reduced order model via Q considers
excitations from every port simultaneously. This is represented in the MNA equations by

modifying the right side of (2.5-2) as follows

(G+sC)X(s) =B, U(s) (2.6-1)

where U(s) is a vector of size N, X 1 describing the Laplace-domain independent stimuli (current
or voltage sources) in the circuit and B, is a matrix containing either ones or zeros that maps the
independent sources to the space of the circuit variables and is of size N, x N, equivalently stated
as {0, 1}N~*No_ with N, being the number of ports. Including multi-port excitations in the form of
(2.6-1) does not change the MOR process described in Section 2.5, however all columns on the
right side of (2.6-1) are now used in the determination of Q, leading to a reduced order model
which now need not be recomputed for every new set of port excitations. This Q is computed using
the same Arnoldi algorithm described in Figure 2.5-2, however the moments of X(s) in (2.5-3) are
now block moments of size Nj X N, whose columns are vector moments, one for each column of
B.. Because of this, @, which considers all N,, ports of the circuit simultaneously, is now of size
Ny X NgN,, and the reduced order model is now of size N;N,, x N,N,,. It is therefore evident that

the effectiveness of the MOR technique degrades when the number of external ports increases.

This limitation spurred the development of the clustered MOR approach in [NOUR 13a]. This
adaptation of multi-port MOR works by grouping the N, ports into “clusters” and applying the

principle of superposition [BENN 08] to achieve the same outcome as conventional multi-port
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MOR but using single-port reduced order models instead (should each cluster contain a single-

port, which it will for the work in this thesis) as follows

Np
X() = ) Xi(s) (2.6:2)
i=1
where X;(s) are solutions to the systems
(G+SC)XL(S) :BC,iUi' i = 1,2, "',Np (26-3)

and B, is the i*" column of B, and U; is the i*® component of U(s). This approach thus results in
N, single-port reduced order models of size N, x N, as opposed to the above-mentioned single
reduced-order model of size N;N, x N;N,,. These single-port models are faster to compute given
their smaller overall size, and result in a multi-port model that is more efficient to invert. The
reason is that to consider each cluster simultaneously, the single-port models are arranged block

diagonally which leads to inversions of O(N,>N,) rather than O ((Nqu)3). This idea will be

clarified further as its application to this thesis is discussed in Chapter 4.
2.7 CHEBYSHEV APPROXIMATION

The Chebyshev approximation is based on a sequence of Chebyshev polynomials which can be
used to approximate a given mathematical function. The Chebyshev polynomial of degree £ is

given by
Ti(x) = cos(kcos™1(x)). (2.7-1)
The first 11 Chebyshev polynomials are summarized in Table 2.7-1. Trigonometric identities can

be combined with the expression in (2.7-1) to yield polynomials as opposed to trigonometric

functions. The recursive expression
Ty (x) = 2xTy—1 () — T2 (x) (2.7-2)
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allows for the computation of a given Chebyshev polynomial from the previous two. The

Chebyshev polynomials can then be used to approximate a function f as follows,

N—-1

fe) ~ [Z xT()

k=0

where the coefficients ¢, are computed as

N N

N .1 .1
ck=%2f cos 71(1—2) cos M k=012--,N—1.
i=1

Table 2.7-1. The first eleven Chebyshev polynomials.

k Chebyshev Polynomial
011

1 | x

2 | 2x2 -1

3 | 4x3 —3x

4 |8x*—8x2+1

5 | 16x> — 20x3 + 5x

6 | 32x%—48x* +18x2 —1

7 | 64x7 — 112x° + 56x3 — 7x

8 | 128x8 — 256x° + 160x* —32x%2 + 1

9 | 256x° — 576x7 + 432x°> — 120x3 + 9x
10 | 512x1° — 1280x8 + 1120x° — 400x* 4+ 50x2% — 1

(2.7-3)

(2.7-4)

For an arbitrary fixed value of N, (2.7-3) approximates the function f for values of x in the interval

from [—1,1], which is where the zeros of T,(x) are located. In order to make use of this

approximation for a different interval of x, say [a, b], the following change of variables and

modifications must be made.
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%= ™ P (2.7-5)
1

B =5 (b—a) (2.7-6)
1

Ay ==(b+a) (2.7-7)

—= co (2.7-8)

f®) ~ [Z Tel(®)

Further details regarding Chebyshev approximations can be found in [PRES 92]. The need for

Chebyshev approximations in this work will become apparent in Chapter 3.
2.8 VECTOR FITTING

Vector fitting (VF) is an algorithm used to create reduced order models of linear time-invariant
systems based on their sampled response. These samples may come from experimental
measurements or numerical simulations, and as such, VF is considered to be a data-driven
approach to reduction. VF essentially seeks to determine an approximation of the rational transfer
function H(s), H(s), in the Laplace domain relating the input U(s) to the output Y (s) as

Y(s) = H(s)U(s) (2.8-1)
given k measurements of the transfer function as [TRIV 20]

H(wy) = H(jwy), k=1,..,k. (2.8-2)

The following form is then chosen for the approximation H(s).
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=1
() nis) i p‘r(lO) (2.8-3)
16 G '
1 =1
s —p

The VF algorithm then seeks to determine the coefficients c,, and d,, of the above rational function

of order 7 and set of initial poles p,(lo) by minimizing the error function

k
> | = Aol (2.8-4)

Substituting (2.8-3) into (2.8-4) and performing various mathematical manipulations covered in
detail in [TRIV 20] leads to the actual vector fitting error function used to fit the model iteratively

to the given samples,

_ _ - 2
k n @ n ()
@)? _ 1 w. @ n
(ef2) _EE He| 1+ E ﬁ —+®+ ﬁ (2.8-5)
k=1 n=1J %k = Pn n=1J%k = Fn

where p,, and 7, are the poles and residues of the model H(s). For multiple inputs and multiple

outputs, (2.8-5) is updated as follows

)\ 1 : L W(l) . n R(l)
(es(;g) = ]—(_—_Z Hp|1+ z ﬁ - R(()l) + z — =
ami= M jwr —py i jw, — ), (2.8-6)

F

where given samples H), are matrices of size g X m, ||. || is the Frobenius norm, and RS) € CIxm,
For the purposes of this thesis, it is of interest to utilize a real-valued formulation of VF, that is,
one whose resulting poles and residues of the approximate transfer function are either real or
complex-conjugate pairs. To ensure this condition, the approximate transfer function model is

updated to the following form [TRIV 20]
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ny 47,

_ R, R, R,
H(s) = R, + Z + Z [ bn (2.8-7)
S —DPn S — Pn S = Pn

n=1 n=n,+1

where 71, is the number of real poles and 7i. is the number of pairs of complex conjugate poles.
The form of model in (2.8-7) can be easily converted into various representations depending on

the scenario. One such representations that will be used in Chapter 4 of this thesis is
H(s) =D +C(sly,—A) B (2.8-8)

which uses the state-space coefficient matrices 4, B, C, and D where

B,
'C = [Cl Cﬁr‘l'ﬁc]'D = RO (28-9)

B 1,

and Iy, is an identity matrix equal to the size of A. The mathematical procedure through which the

poles and residues from (2.8-7) are used to compute the state-space coefficient matrices in (2.8-9)

is described in [TRIV 20].
2.9 EXISTING APPLICATIONS OF MOR IN CEM

Model order reduction techniques for the analysis of lumped circuits can be considered well-
established. This is not so for field analysis methods of CEM that result in a matrix equation similar
to that in (2.3-20). The majority of mathematical-based reduction techniques (as opposed to those
driven by physical insight [DAI 17]) are used in conjunction with the finite element method (FEM)
(e.g. [JIN 21], [IOAN 21], [KUMA 18]). As was mentioned in Chapter 1, the method of moments
in most cases is more desirable for antenna applications since it naturally handles problems with

unbounded domains.

Reference [WEIL 01] adopts an MOR approach in a MoM framework for the field analysis of
frequency selective surfaces (FSS). It uses the spectral-domain form of the modified Green’s

function for a planar infinite periodic surface (restricted to plane-wave excitation), Hermite
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polynomial interpolation of the MoM matrix over frequency in a manner appropriate to the
particular spectral-domain formulation (although details are not given), rooftop basis functions,
and establishes the reduced-order model via an Arnoldi algorithm. The work in this thesis instead
uses the spatial-domain free-space Green’s function that is suited to more general geometries and

excitations, Chebyshev interpolation of the MoM matrix, and RWG basis functions.

References [HOCH 14], [GAN 19], and [CHEN 22] employ singular value decomposition (SVD)
to develop reduced-order modes of the scattering operator. The approaches used in these works
can be viewed as a form of data-driven model order reduction since they utilize the system’s input-
output behaviour to create the reduced model. In contrast, the Arnoldi-like MOR detailed
throughout this work is a matrix-driven approach, relying on the Arnoldi iterative process for
construction of basis vectors that approximate the action of a left-hand matrix on a right-hand
vector. For MoM analysis with antenna arrays, generating data or “snapshots” of the system
behaviour can be computationally expensive due to the density and large size of the problem
matrix. This challenge is addressed in the MOR formulation in this work, while additionally
allowing for easy integration into a field-circuit co-simulation framework, delivering significant

benefits. Antenna-circuit co-simulation will be discussed in Chapter 4.
2.10 FIELD-CIRCUIT CO-SIMULATION METHODS

Work on field-circuit co-simulation has been briefly reviewed in [JIN 19] within the context of
multi-physics problems generally. The former differs from some other multi-physics problems in
that the temporal variations in the circuit model and the field model are of the same order and so
requires their “two-way simultaneous coupling” [JIN 19]. Almost all accurate field-circuit co-
simulation work of a general nature has utilized differential equation-based field analysis via the
finite-element time-domain (FETD) method or discontinuous Galerkin time-domain (DGTD)
method (e.g. [WANG 09], [LI 14], [ZHAN 22a)). In these field analysis formulations, the
discretized operator matrices are sparse and reminiscent of those of circuit analysis, and so can be
readily inter-connected to the similar lumped circuit analysis side. Time-domain integral equation
modelling via the MoM for field analysis has successfully been used in [AYGU 04], [YILM 05],
and [ZHAN 16]. Although the plane-wave time-domain (PWTD) and time-domain adaptive
integral method (TD-AIM) are used for computational acceleration of the field analysis in [AYGU
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04] and [YILM 05], respectively, I am not aware of any co-simulation approaches that use the
MoM with MOR, which is done in this thesis and is shown to provide significant acceleration. A
few commercially available simulators allow some level of field-circuit co-simulation. However,
specific details on the computational methods involved, ways in which these have perhaps been
accelerated, and so forth, are for obvious proprietary reasons not openly accessible. It is thus not

possible to comment on these here.
2.11 SHAPE SYNTHESIS METHODS FOR ANTENNAS

Antenna design is typically done by selecting geometries from a group of well documented
components, via insight or intuition, and arranging them in such a way to adhere to physical design
constraints. Repeated computational electromagnetic (CEM) full-wave analysis is then performed
to optimize the design such that its behaviour is sufficiently close to that which is desired. This is
typically being done using optimization algorithms which can adjust prescribed features of the
design. While the number of well documented components/designs is always expanding with
ongoing research, this method of design is limited by what is currently known. Shape synthesis of
antennas is not restricted by such a limitation. After constraints are set regarding material and the
space the design may occupy, the shape synthesis approach essentially allows the electromagnetic
physics to create the geometry/orientation of material needed to obtain the required performance.
This is done by specifying an objective function that simultaneously incorporates each of the
antenna metrics that are to be optimized. The layout of the material constituting the antenna is then
iteratively modified to shape the structure around fixed port locations. CEM full-wave analysis is
then used to compute the objective function of each structural iteration in order to quantify its
performance. Shape synthesis techniques differ in the methodology they employ to create each
new structure, as well as by the choice of optimization algorithm. As of now, the nomenclature
used to describe such techniques has not yet become standardized in the microwave engineering
field. This thesis will therefore refer to any automated changing of the material distribution, by the
methods to be briefly reviewed below, as shape synthesis, thus encompassing what others have

called “shape optimization” [TOIV 10], “topology optimization” or “inverse design” [GEDE 23].

Shape synthesis methods for antennas can generally be placed into two categories, discrete

pixelation methods and gradient-based methods. Existing discrete pixelation shaping techniques
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function by subdividing an initial material structure into pixels. These pixels are then assigned
values of either one or zero, indicating whether that pixel consists of conducting material (typically
PEC) or not (free space), respectively. In works utilizing discrete pixelation and the MoM, such
as in [JOHN 99], [AOKI 11], and [ALAK 21], the optimization variables take the values of the
material properties in each pixel which correspond with the mesh elements used for the CEM
analysis. While this technique yields results which are readily manufacturable in the sense that the
material properties are clearly defined over the entire structure, in order to achieve an acceptable
resolution so as to permit either narrow strips of conductor or narrow gaps of air, the dimensions
of the pixels must be sufficiently small and thus the total number of optimization variables can
become very large. Consequently, non-gradient optimization algorithms will struggle to find
global minima in the objective function and an increasingly dense mesh will lead to larger and thus
more computationally cumbersome repeated CEM analyses. Several discrete pixelation methods
have been introduced in order to try to overcome these issues by redefining what are used as pixels.
One such approach is the “subtractive” shape synthesis technique [MOHA 22]. This method was
developed with regards to numerous observations regarding prior shaping methods and geometries
of conventional designs (e.g. microstrip filters [HONG 04], waveguide filters [JIN 21]). Those
being that discrete pixelation methods often reveal small groups of pixels that contribute little to
the performance of the circuit, resulting in negligible difference in performance between a
pixelated and its corresponding “smoothed” layout, and that much of the microwave circuit library
can be arrived at by starting with a section of material and then subtracting material away in various
shapes. It is these “subtractive shapes” which make up the discrete pixels in this method. As such,
it is the size and location of these shapes (relatively few of them) on the starting surface which are
designated as optimization variables. These shapes are systematically excised from the starting
material distribution to generate the desired antenna/microwave circuit layout. The number of
optimization variables used in this technique is thus significantly reduced given that they are no
longer tied to mesh elements making non-gradient optimizers (e.g. genetic algorithms) viable,
while the geometrical resolution becomes essentially infinite. This method hints that far more
degrees of freedom are often used in shape synthesis (to ensure fine geometrical resolution) than
are actually necessary for a given design problem. The disadvantage to such a technique is that
each successive structure generated (as a result of altering the subtractive shapes) by the optimizer

must be re-meshed in order to compute the objective function via the CEM analysis. Another form
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of discrete-pixelation is shown in [CAPE 19], [CAPE 23a], and [CAPE 23b] where pixels are
selected to be individual basis functions. These individual basis functions are then added to or
removed from an initial structure one at a time, evaluating the resulting objective function each
time, and selecting the one which most improves the performance to be added or removed
permanently. Every possible addition or removal is then revaluated given the initial structure now
including this first permanent change until a second permanent alteration is made. This process is
repeated until the objective function can no longer be improved. The initial structure is defined
iteratively by a global genetic algorithm which uses the aforementioned process as a local
optimization step within each global individual. The removal/addition of single basis functions can
be done quickly via various mathematical tricks, such as the application of the Sherman-Morrison-
Woodbury formula to the inversion of the impedance matrix, so as to not necessitate full matrix
inverses upon the removal of a basis function. The limitations of this method however dawn from
the enormous number of times the objective function must be computed along with the resulting
shape of the structure. Each basis function addition/removal requires computation of the objective
function which can be exceedingly cumbersome for problems involving complex objective
functions that balance several performance metrics over many frequencies, this burden being
further emphasized in medium- to large-sized problems with many basis functions. Additionally,
the removal of a single basis function is equivalent physically to cutting a narrow slit in the
conducting material. This can result in a final structure that is littered with small slits yielding it

difficult to fabricate.

Gradient-based methods or continuous versions of pixelation-based methods, reviewed
instructively (albeit in a magneto-quasistatic context) in [LUCC 22], are those which allow for a
continuous variation in the material properties (e.g. conductivity [HASS 14], [TUCE 23]; relative
permittivity [HAMM 25], [MOLE 18], [HADJ 25], [HAMM 22]) of the pixels, permitting the use
of gradient-based optimization algorithms which are adept at handling an enormous number of
design variables. These methods depend on the following two conditions to achieve this. Foremost
is the ability to rapidly compute the gradient of the objective function with respect to each of the
design variables (e.g. the conductivity of the material in each pixel). This has been accomplished
through the use of so-called adjoint sensitivity techniques [LUCC 22]. Computationally rapid

means of determining such gradient information, for density-based approaches, has been available
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for quantities such as port parameters [NIKO 06], modal fields [HAMM 25], radiated fields
[GHAS 13], [WANG 25], [WANG 17], [GUO 23], [WHIT 22], and more recently directly for
antenna gain [TUCE 24], but their use with composite objective functions such as those in [KHAN
22] has not appeared. Secondly, the formulation must be such that it penalizes designs that do not
have material distributions that are binary. So-called filtering and projection (e.g. [GEDE 23]) are
needed to nudge the final design towards a binary one, and often some post-processing of the
shaped object is needed to realize complete binarization. In electromagnetics-related devices
relying on localized energy storage (resonances) for device operation, or similar, the use of such
projection may lead to less-than-optimal solutions, as observed in [HASS 14], [TUCE 23]. Work
on overcoming such a problem is ongoing [HAMM 25], [TUCE 25]. Intuition may lead one to
surmise that a method similar to the subtractive shape synthesis technique described earlier that
uses geometrical parameters as the design variables would alleviate the need for the above filtering
and projection. However, computationally efficient means of obtaining gradient information
directly in terms of geometrical variables, on par with that of the material-density-based route, is
not readily available [NIKO 04], [KATA 14], especially in the integral equation CEM of interest

here.

The various advantages, and drawbacks, of these methods will be touched on and referenced

further in Chapter 5.
2.12 CONCLUDING REMARKS

The purpose of this chapter was to relay background information to the reader that is important in
understanding and contextualizing the contributions this thesis will present in the chapters that
follow. First, Sections 2.2 through 2.3 covered antenna fundamentals and performance indices
along with the MoM analysis of EM scattering from PEC objects. These concepts form the
foundation of the work that will be presented in all of the upcoming chapters, as the ultimate goal
of this work is to increase the viability of historically long antenna shaping CEM optimization and
analysis routines caused by repeated laborious MoM matrix solving. Next, the MNA circuit
formulation, MOR applied to linear circuit analysis, and multi-port MOR and its clustered
alternative in circuit analysis were covered in Sections 2.4 through 2.6. These sections serve as an

introduction to MOR and will be referenced heavily throughout the thesis. It is this technique that
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we wish (albeit with the considerable developments that comprise Chapter 3) to apply to the MoM
to contribute to the aforementioned computational acceleration. Section 2.7 then highlighted the
basics of the Chebyshev approximation of functions over a specified interval. As will be seen in
Chapter 3, the Chebyshev approximation will prove to be a crucial stepping stone in the application
of MOR to the MoM. The Chebyshev approximation was then followed in Section 2.8 by a brief
overview of those aspects of vector fitting relevant to this thesis. This algorithm will be used in
Chapter 4 when non-linear circuit elements are introduced into the antenna-circuit co-simulation
framework. Finally, Sections 2.9 through 2.11 offered a literature review of prior contributions
pertaining to the application of MOR to CEM work, field-circuit co-simulation methods, and shape
synthesis methods for antennas. These sections detailed existing works that are most relevant to
the new contributions that will be presented in Chapters 3 through 5, respectively. They also
highlighted the drawbacks or gaps in the literature that this thesis will seek to address or fill. In
addition, Section 2.11 also covered the motivation for antenna shape synthesis, as well as detailing
its general methodology in a variety of implementations. This will have hopefully provided the
reader with sufficient understanding of the advantages of antenna shape synthesis that make it a
highly promising form of design, but also its disadvantages that have thus far limited it from

widespread use.
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CHAPTER 3
Application of Model Order Reduction to the Method of

Moments

3.1 INTRODUCTION

Among other topics, the previous chapter reviewed an existing MoM formulation, the notion of
MOR used in linear circuit analysis, and the Chebyshev approximation employed to approximate
a certain function over a specific interval by a series of Chebyshev polynomials and their
coefficients. This chapter seeks to adopt and combine these three concepts in order to develop a
MoM solution to model the electromagnetic radiation/scattering from PEC objects which applies
MOR techniques. The ultimate objective of this formulation is to decrease the computational
burden associated with solving the MoM matrix equation especially when this needs to be done at
many frequencies. This will be achieved in this chapter by developing an “approximation” of the
MoM matrix elements and subsequent application of MOR to the modified matrix equation, as

follows:

Section 3.2: Approximation of the Moment Method Matrix

Section 3.3: Application of Model Order Reduction to the Modified Matrix

Equation

Section 3.4: Verification of the Model Order Reduction Solution

Section 3.5: Concluding Remarks
3.2 APPROXIMATION OF THE MOMENT METHOD MATRIX

In order to apply the principles of model order reduction described in Section 2.5 to the moment
method solution of Section 2.3, it is evident that the impedance matrix Z(s) in equation (2.3-20)

must be decomposed into a power series with respect to frequency as follows,
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Z(S) :ZO +SZ1+SZZ2 +"‘+SN_1ZN_1 (3.2'1)

where s = jw. For ease of understanding, the key equations found at the end of Section 2.3.5 are

repeated again here.

_+ ﬁfn‘l_ A — p_fn_ —_ +
Zmn = lm]w Afn 2 + A T + P — P (3.2-2)

rm_ n
(3.2-3)
l ikl
+ = f o= (7 —dS'
Y MO
. —jk|FCt -7 —jk|Ft -7 |
] lnfe]k|rmr| lnfejm
o =— |2 Z— _qgg - —— _gg 3.2-4
"= dnwe |48 b TrE R T T A 324

As is seen from the above three equations, the frequency dependencies in the magnetic vector
potential and the electric scalar potential are found primarily inside of exponential functions. Thus,
in order to represent Z(s) in the form depicted in (3.2-1), each exponential term in (3.2-3) and (3.2-
4) must be approximated by a polynomial in terms of s. The approximation that will be used is the
Chebyshev approximation described in Section 2.7. This approximation allows for the exponential

terms in the above equations to be written as,

1
eS¢ ~ z ¢, Tr () —5Co (3.2-5)

where Ty (s) are the Chebyshev polynomials defined in Table 2.7-1, as well as in equations (2.7-1)
and (2.7-2), N, is the number of Chebyshev polynomials selected for the approximation, &+ is
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£t = ue|rst — it | (3.2-6)

13 2

given k = wy/ue and with the “+” in £* corresponding to the appropriate “+” or of the second
term, while ¢, are the Chebyshev polynomial coefficients seen in (2.7-4), which are defined once

more considering the specific exponential function of interest as
Nc ”(i_i) 4+ i 1
2 ‘(C"S(N—C)Amﬂp)f * k(i —=
Ck :—Ze cos (—2) k=0,12-,N.— 1. (3.2-7)

Recall that the Chebyshev approximation yields results over an interval of [—1,1]. Thus, the
inclusion of the variables A,, and A, in (3.2-7) are used to approximate the function over an
arbitrary interval of s, [Spin, Smax]- These variables were defined in (2.7-6) and (2.7-7). Applying
(3.2-5), the exponential terms in (3.2-3) and (3.2-4) can be approximated by a polynomial in terms

of s and coefficients b;(¢%).

Ne—1

eS¢ & by (§5) + by (§¥)s + by (§¥)s? + -+ + by,—1(§F)sNe™t = Z bg(§¥)s?  (3.2-8)
d=0

Next, the integration in equations (3.2-3) and (3.2-4) is handled via the method described in Section
2.3.5 and specifically that described in equation (2.3-25), which is repeated below.

fT S )as' = ?Zg: f (%) (3.2-9)

Substituting (3.2-8) and (3.2-9) into (3.2-3) and (3.2-4) yields,

9 [+ (=c+\Nc1 —— (—c—\Nc-1
Afn = ﬂ Z o g—?p ) Z [ba(§)s?] + p_n—g?p ) Z [bg(E7)s?] (3.2-10)
a=0
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and

l 9 . N.-1 . N.-1
D =LZ—Zb )54 ——= ) [by(E7)s? 2-11
mn 367TS€\/E|: §—+ [ d(f )S ] {_—_ [ d(f )S ] (3 )
p=1 d=0 d=0
where by (£%) and by (§7) are equivalent to by (§%) however with the “+” or “—~” of the second

term now explicitly defined, yielding
g =Vl -ne| & =Vl i, (3.2-12)

and n = /u/e. The vector f,fpi’ spans from the origin to the centre of the p* sub triangle within

the plus or minus triangle associated with the nt* edge. It is important to note that the coefficients
by (%) are found by expanding the summation in (3.2-5) and collecting like powers of s. Since s

must be excluded from the computation of the Z; matrices in (3.2-1), the summation,
Ne-1

NG (3:2-13)
a=o0

would be represented by a vector of computed coefficients as follows,

bo(§*)
b1 (§%)
B=| p,(¢%) (3.2-14)

b1 (€%)

with the understanding that b, (§%) is the coefficient of s¢. Substituting B into (3.2-10) and (3.2-

11) results in the following four equations,
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P
P /g (3.2-15)

= -+ _ < KB -

mn = oo = B~ + = B (3.2-16)
p=1
l ° 1 1
By = —"— Z — Bt —— B+ (3.2-17)
somsevie | S\ e e T g
9

@ = Z ! B“) 3.2-18)

mn 36nse\/_ a &~ (3.2-

where an additional plus or minus superscript has been added now that the plus and minus
component of the magnetic vector potential and the electric scalar potential have been explicitly

separated, yielding

_ ~ !
g = Juefrer -y | & = e [R5
_ ~r_ st __ ap !
§ = Jhelre - 6 = e -5

(3.2-19)

Each superscript combination of B is of course defined as in (3.2-14) however with the matching
¢ defined above. The bolding of the vector and scalar potential symbols in (3.2-15)-(3.2-18) is to

indicate that these are matrices. The vector potentials are matrices of size N, x 3 due to the x, y,
and z components of pn( C+), while the scalar potentials are matrices of size N, x 1. These

matrices can finally be substituted into (3.2-2).

_ ﬁC+ _ pC— 1 .
Zmn = lms (A;m % + Apn - ; > + - (q);m q);ln) (3.2-20)
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The scalar potential in equations (3.2-17) and (3.2-18) both have an s in the denominator. Equation

(3.2-20) has factored this s out of these equations, thus yielding ®;-,,, where the “hat” denotes the
scalar potentials with the removal of % . This i in (3.2-20) is problematic since the model order

reduction methods discussed in Section 2.5 require a power series of the form seen in (3.2-1),
containing no negative powers of s. This issue can be resolved by multiplying both sides of the

matrix equation in (2.3-20) by s, yielding,

SZ(s)I(s) = sV(s). (3.2-21)
Incorporating the s on the left side of (3.2-21) into each element of Z(s) results in
Pm

+ A - 7) + (P — B (3.2-22)

FCc+
Pm

2

Zmn = lmsz (ZT_;—’LTL

As a result of the s? in (3.2-22), the highest power in the series in (3.2-1) will thus be raised by
two. For example, if the number of Chebyshev polynomials selected are four, Table 2.7-1 indicates
that the highest power of s will be s3. However, due to the s? in (3.2-22), the highest power will
now be s>, thus yielding six Z; matrices in (3.2-1). As such, (3.2-1) will be adjusted as follows.

Z(s) = Zo + SZy + S2Zy + -+ sNeT1Zy oy (3.2-23)

The final step to obtain the above form is to expand and collect similar power of s terms in (3.2-
22). Recall that each of the vector and scalar potential terms is actually a matrix or vector
containing coefficients of powers of s. This is summarized below where a dot product is computed

with each row of 47,,,.

- +( +( 1 - .
A;(Emn) Ayomn) Azo mn) A;(mn)
- AT g ) - i+
— m m
A:—nn' > = AIZ(mn) A;Z(mn) A;—Z(mn) 2 = A-Zk(mn) (32_24)
+(.mn) +(.mn) +(.mn) A+(.mn)
LT XN -1 YNc-1 ZN,-1 - Ne—1
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-A;(Emn) A;(Emn) A;O(mn)' -Aa(mn)' (32-25)
—(mn) —( —( -
) p_c_ Ax1mn Aylmn) A21 mn) p_c_ A1 (mn)
mn " m o _ A—(mn) A—(mn) A—(mn) m _ A—(mn)
2 X2 V2 Z2 2 2 .
—(.mn) —(.mn) —(.mn) A—(mn)
LM XN -1 YNc-1 ZN,-1 - Ne—1
& +mn)7 [&—(mn)
(Do mn CDO mn
(’I3+(mn) a\)—(mn)
1 1
DL, = (52+(mn) D, = @;(mn) (3.2-26)
A+E ) A—E )
Lok Covtg

Computing and substituting (3.2-24)-(3.2-26) into (3.2-22) and simplifying and collecting like
terms of s thus yields a power series expression of Z,,,, in the following form, recalling that the
vector notation above stemmed from that used for B in (3.2-14), which contained coefficients of
powers of s used in the summation in (3.2-13) to approximate the exponential terms in the

magnetic vector and electric scalar potentials.
Zon = Z{™ + 520 4§22 4 oo g sNet1 700, (3.2-27)

Computing every combination of m and n and storing each Z;™" in its respective matrix Z; will
finally yield an appropriate form of the Z matrix that can be used in model order reduction. The

modified method of moments matrix equation can now finally be written as
[Zy + sZy + s2Z, + -+ + sNe¥1Zy 1 ]I(s) = sV (s). (3.2-28)

It is also worth noting that the Z; matrices in (3.2-28) that are multiplied by large powers of s will
contain very small values. To avoid encountering singularity issues when working with these
matrices, they are normalized by powers of the speed of light and a normalization factor ny

Z, =Zmnct (3.2-29)

lnorm
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fori =0,1,2,---,N. + 1. An acceptable normalization factor was found through testing to be 180.

To account for this normalization the set of frequencies s,,,,, are introduced.

S

Snorm = a (32-30)

It is thus understood that any instances of s which are multiplied by any matrix Z; in the upcoming

sections have been normalized.

3.3 APPLICATION OF MODEL ORDER REDUCTION TO THE MODIFIED MATRIX
EQUATION

Now that the impedance matrix Z(s) has been written as a power series in terms of s, MOR can be
used to compute a reduced matrix equation which can be solved quickly at many frequencies.
However, it is evident from (3.2-22) that regardless of N,, due to the s? in front of the vector
potentials, the power series approximation for Z(s) will always be of order two or higher. MOR,
however, requires the left side of the matrix equation to have only a linear polynomial of s.
Therefore, the linearization technique in Section 2.5.3 must be employed. Letting N, be the total

number of inter-element edges in the antenna mesh, this linearization is summarized below.

Z, 0 0 0
0 Iy O
0 0 I
0 In, No(Ne+1)XNo(Ne+1)
[ Z, Z, Zj Zy 41 I(s)
~ly, 0 0 1,(s)
+s| 0 —Iy, O© : ’zgs) (3.3-1)
1 In,(s)
| 0 0 HNE 0 N (Nt D)X N, (No 1) N¢ Ne(No+1)x1
V(s)
0
=S 0
L0 Iy, (v+1)x1
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Iy, is an identity matrix of size N, X N, and I,(s) = sI(s), I;(s) = sI;(s), I3(s) = sI(s), ...,

Iy (s) = sIy__1(s). Equation (3.3-1) can then be written as follows,
(P + sT)I(s) = sV(s) (3.3-2)

where I(s) and V(s) have replaced X(s) and b(s) respectively from equation (2.5-2) and recalling
that the right-side vector must be multiplied by s in order to remove the % term from the power

series representation of Z(s). The MOR derivation described in Section 2.5.2 stems from a Taylor
Series expansion of X(s) centred at zero, as is seen in equation (2.5-3). In antenna applications, s
is defined at frequencies much higher than zero, thus requiring an MOR solution centered at an
arbitrary frequency s, that is within the desired range of test frequencies. A Taylor Series

expansion of I(s) centred around s, is thus expressed as follows,

T= Z My, (s — 50" (3.3-3)

i=0

where M; ¢ is the i moment of T centred at s,. Substituting (3.3-3) into (3.3-2) yields

(P + sT) z My, (s — so)! = sV. (3.3-4)
i=0
Adding and subtracting s,T to the left side and s,V to the right side of (3.3-4) gives

(P + 54T — soT + sT) z M (s — o) = sV — sV + s,V (3.3-5)

=0

which can be rewritten as

(P + (s —so)T + 5,T) z M (s —s0)' = (s —so)V + s,V. (3.3-6)

=0
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Defining § = s — s, then yields

(P + 5T + s,T) Z M; 5 =5V +s,V. (3.3-7)

=0

Defining P = P + s, T finally results in
(P + 5T) z My 5 = 57 + soV. (3.3-8)
i=0

The moments M; 5, can then be found by equating powers of § on both sides of (3.3-8).
5% (P+5T)My,, =5V + 5,V — My, =P s,V (3.3-9)
st (P+ST)(My,, +35M,,,) =5V +s,V—o M, =P Y(V-TM,,,) (3.3-10)
520 (P+5T)(Myg, + 5My,, +5*My,,) = SV + 5,V — M, = —P7'TM, (3.3-11)

§3: (f’ + §T)(M0,SO + §M1r50 + §2M2,SO + §3M2450) = §V + Sov 4 M3'SO = _F’_lTMZ,SO (3.3'12)

To summarize equations (3.3-9)-(3.3-12) and subsequent powers of s, let
A=—-P'T (3.3-13)
R=P ' (V-TM,,) (3.3-14)

then,
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Mo, =P 5oV (3.3-15)
and
My, My, M5, ..., M5 | = R AR, AR, ..,A"'R]. (3.3-16)

Comparing the results in (3.3-13)-(3.3-16) to those in (2.5-7)-(2.5-9), it can be observed that the
multiplication by s on the right side of the initial matrix equation seen in (3.3-2) means that the
zeroth moment must now be computed explicitly in order to form the matrix @ which is to be used
to reduce the size of the original N, x N, system. With this zeroth moment computed, 4 and R can
then be computed and used in the Arnoldi algorithm outlined in Figure 2.5-2 to create the matrix
Q. The zeroth moment can then be incorporated into the orthogonal basis Q by using standard QR

decomposition since this moment has already been computed.

Matrix Q can now be used to reduce the expanded system using the methods described in equations
(2.5-19)-(2.5-21) to create the reduced system in (2.5-22). This system can then be solved at many
frequencies and expanded using (2.5-23) to produce the expanded vector I(s). All but the first N,
rows of I(s) can then be discarded, as it is only these rows which form the desired I(s) vector seen

in equation (3.3-1).

This process works, however can be made more efficient. As seen in the above equations, the
matrix P must be inverted. Recall that in the case where the Taylor Series expansion was centred
at zero, as in (3.3-1) and (3.3-2), inverting P is not a substantial burden since the additional
“expanded” elements are all identity matrices along the diagonal. In the above derivation however,
the Taylor series expansion was centred around an arbitrary frequency s,. As a result, P must be
inverted, which does represent a considerable burden to invert, especially as the number of
Chebyshev polynomials required to approximate Z increases. It is thus desirable to come up with
a way to construct the matrix Q without having to explicitly compute, and thus invert, any of the
expanded (those of size larger than the original system) matrices and vectors (4, R, P, V, P, T, and

M, ). This “efficient” MOR process will be explained in the following section.
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3.3.1 Efficient Model Order Reduction

The first step in the MOR process outlined in the previous section is to compute the zeroth moment

M, defined in (3.3-15). The computation of this moment takes the following form

[Zy + 502y SoZ,  Sols SoZ N +1] (MQ s, ] soV
_SO]INg [[Ne 0 ot M%,SO 0
0 _SOHNe HNe E M(Z),SO = 0 . (3.3'17)
0 0 b _SOHNe HNe ] _Mi)vfs‘o_ 0
Expanding the first equation in (3.3-17) yields
(ZO + Sozl)Mg'so + SozzM%'SO + 50Z3M(2)'50 + -+ SozNC+1M8{§0 = SoV. (3.3'18)

One can note that equation (3.3-17) holds the same form as the matrix equation in (2.5-30). In

Section 2.5.3, the unknowns in (2.5-30) were defined as recursive multiples of s. As such, it is
known that in (3.3-17), M(l,'so to MQ’;O can be computed directly from Mg,so. This means that the

expanded M, can be fully computed by knowing only Mg .

M}, = soMJ, (3.3-19)
M2, = ss2MS,, (3.3-20)
MyC = soNeM( (3.3-21)

Substituting (3.3-19)-(3.3-21) into (3.3-18) yields
(Zo + S()Zl)Mg,sO + SOZZSOMg,SO + SOZ3502M8,SO + -+ SOZNc+1SONCM8,SO = SoV. (3.3'22)
Simplifying (3.3-22) ultimately leads to
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[(ZO + Sozl) + SOZZZ + 503Z3 + -+ SONC+1ZNC+1]M8,SO ES Sov. (3.3'23)
M3, can thus be found as follows.

M8,SO = [(ZO + Sozl) + SOZZZ + SO3Z3 + °e + SONC+1ZNC+1]_1SOV (3.3'24)
This result can then be used in (3.3-19)-(3.3-21) to generate the entire expanded vector M,
without having to invert the expanded matrix P. Also, one can observe from (3.3-24), that the term
which is inverted is simply the Z matrix computed at s,. Next, the R vector will be computed in a

similar manner. The computation of this vector takes the following form.

Zy+5s0Zy  SoZ;  SoZs SoZn.+1][ R,

_SoﬂNe HNE 0 te R1

0 _SOHNe HNe RZ

0 0 _SOHNe HNe RNC

V Zl Zz Z3 ZNC+1 _Mg,SO- (3.3'25)

ol |-Iy, 0 0 - Mg,
=[{[{o]—-| 0 Iy, O Po||MG s,
0 ) N
0 0 HNe 0 _MO,SO_

The right-side vector, denoted here as B, of (3.3-25) can be computed as follows without

computing the entire expanded matrix T.

- NC -
BO V- (Z1M8,so + ZZM%),SO + Z3M%,SO + et ZNC+1MO,SO)
Bl Mg,SO
B = B.Z = M%,SO (33'26)
B Ne—1
NC L MO,SO

Now, the R vector can be rewritten as follows.
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[Zo +5S0Z1  SoZ, SoZ3 SoZ N, +1] R, B,
_SOHNe HNe 0 cee R1 Bl

0 _SOHNe HNe E RZ == BZ (3.3'27)
0 0 o —soly, Ty, | WRwel 1B

Unlike in (3.3-17), the right-side vector in (3.3-27) is full. As a result, the relationship between the
solution vector in (3.3-27) is not the same as that depicted in (3.3-19)-(3.3-21). Rather, the

relationship is as follows.

Rl == SORO + Bl (3.3'28)
Rz == SORI + BZ (3.3'29)
RNC = SORNC—I + BNC (3.3'30)

Expanding the first equation in (3.3-27) yields
(ZO + SOZ1)R0 + 50Z2R1 + 50Z3R2 + e + SOZNC+1RNC = Bo. (3.3'31)
Substituting (3.3-28)-(3.3-30) into (3.3-31) leads to the following.

(Zy +50Z1)Ry + S0Z,(soRy + B1) + 50Z35(soR; + B;) + -+ + SOZNC+1(SORNC—1 + BNC) = B,
(3.3-32)

The number of terms in equation (3.3-32) will depend on the number of Chebyshev polynomials
N, being used as a result of the recursive relationship of Ry . As an example, let us assume that

two Chebyshev polynomials are to be used. In that case, (3.3-32) can be rearranged as follows.
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[(ZO + Sozl) + SOZZZ + SO3Z3]R0 == BO - SozzBl - 5022331 - SOZ3BZ (3.3'35)

RO = [(Zo + Sozl) + SOZZZ + SO3Z3]_1(B0 - SOZ2B1 - 502Z3Bl - 502332) (3.3'36)

With R, now known, the rest of the R vector can be constructed using the relationships in (3.3-
28)-(3.3-30). It can again be observed from (3.3-36) that the term to be inverted is the Z matrix
evaluated at s,. For every additional Chebyshev polynomial that is used, additional terms will be
present on the right side of equation (3.3-35). A generalized equivalent of (3.3-36) for any number
of Chebyshev polynomials is shown in (3.3-37). This relationship is formulated in such a way that

minimizes the number of matrix-vector products.

Nc+1 i-1
Ry = Z(s)) |V - | z,M$, + Z Z,| M5 - Zsé‘fMng; (3.3-37)
i=2 j=1

With R now constructed, the first column of Q can be computed as was done in (2.5-12), namely

R
(1) = —. 3.3‘38
T =Rl (3-3-38)

Finally, the key part of Arnoldi’s algorithm is the multiplication of the A matrix with each
successive vector g, ultimately forming the orthogonal matrix Q. This is why the Arnoldi algorithm
pseudo-code presented in Figure 2.5-2 requires an input of the A matrix as well as the first q vector,
q™. The full A matrix cannot be created efficiently as it is the product of two matrices, not a matrix
and a vector, as is defined in (3.3-13). With that being said, the product of 4 and q,, (k representing
the k™ column vector making up Q) can be constructed without explicitly creating the expanded
matrix A in much the same way as was done to compute the expanded vector R. This product has

the following form.
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M4 - (k—1)7
Zy+soZy SoZ, S0l soZy,+11|A44 Z, Z, Z; Zy 11|49
—soly, Iy, 0 Aqgk) —Iy, 0 0 qgk—l)
0 _SOHNe HNE : Aqgk) = — 0 _I[Ne 0 : qgk—l)
0 0 _SO]INE ]INe _Aq](\]kc)_ 0 e 0 _HNe O _ql(\;z_l)_
(3.3-39)

The right-side vector, denoted here as D, can be computed once again without computing the entire

expanded matrix T as follows.

- k-1 k-1 k-1 k=1)\1
D, —(Zqu) Lt Z,q0 7V + Zoq 7V 4 4 ZNC+1q1(VC )
D, q(k—l)
0
D=|D,|= q(k—l) (3.3-40)
: 1
Dy, (k-1)
i An.-1
Now, solving for the Aq™® vector can be rewritten as follows.
_ - 'A (k)
Zy+soZy SoZ, SoZ3 SoZy +1 q, D,
_SOHNe HNe 0 b Aq:(lk) D1
0 _SOHNe HNE E Aqgk) = D'Z (3.3'41)
: : D-
| 0 0 _SOHNe HNe ] _Aq](\]kc)_ N¢

It is clear that (3.3-41) has the same form as (3.3-27). This means that the exact same process
outlined in equations (3.3-28)-(3.3-37) can be used in this case on (3.3-41) to compute the
components of 4g®) and thus each column vector making up the expanded orthogonal basis Q,

noting that (3.3-37) is modified to

Ne+1 i-1
Aql) =2(s)7 2,000 + )z a0 - ) s TalV || 634
i=2 j=1
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Since the A matrix is never explicitly computed, the Arnoldi algorithm must be modified slightly
such that the above steps pertaining to equation (3.3-41) occur within the outer for-loop of the

pseudo-code in Figure 2.5-2.

With that final step, the expanded orthogonal basis @ has now been constructed without explicitly
computing any of the expanded matrices. Recall the zeroth moment was not included in the Arnoldi
algorithm process due to the product of s on the right side of the original expanded matrix equation.
An orthogonal vector corresponding to this moment is thus computed and incorporated into Q via

QR decomposition. The number of iterations of the Arnoldi algorithm is thus N, — 2.

This final basis can then be used to reduce the expanded P, T, and ¥ matrices in equation (3.3-2)

as follows without explicitly computing them,

Z, 0 0 0
0 Iy, 0 -
PQ=1|0 0 HNE : [q(l) q(2) q(Nq)]
0 Iy, (3.3-43)
Zoq™M(1: N,) ZyqP(1:N,)

g W, + 1:N.N, +N,) gD Wy + 1:N.N, + N,)
Zoq(Nq)(li Ne)
q"d (N, + 1: N.N, + N,)

where the notation (x: y) denotes a range of rows of g(*). The reduced matrix, P, is then

P =QTPQ. (3.3-44)

The other reduced matrices are found in a similar manner.

Z, Z, Z; ZNC+1
-Iy, 0 0
TQ = 0 _HNe 0 [q(l) q(z) q(Nq)]
: (3.3-45)
0 0 =Dy, 0
ZqW 7q® 7qWa
—qW:N,) —qP(L:N) - —qMND(L:N,)
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Zq® =7,q®1:N,) + Z,q" (N, + 1:2N,) + Z,q® (2N, + (3.3-46)
1:3N,) + -+ Zy_1194® (NN, + 1: (N, + 1)N,)

T =Q'TQ (3.3-47)
V= [q(l)(l:Ne) q(z)(l: N,) - q(Nq)(l: Ne)]TV (3.3-48)

The reduced solution vector T can then finally be found using the same method that was described
in Section 2.5.2, however with the additional product of s on the right-side vector as a result of the

Chebyshev approximation.
(P +sT)I(s) = sV (3.3-49)

This reduced solution can then be expanded using the orthogonal basis and all, but the first N,

terms, can be discarded as
I(s) ~ (eln,,,®ly,)QI(s) (3.3-50)

where e, ,; denotes the m* column of an identity matrix of size M.
3.3.2 Explicit Computation of the Orthogonal Basis

It was mentioned in Section 2.5.2 that computing the moments is an ill-conditioned process which
has led to the use of Arnoldi’s algorithm in circuit simulation, enabling the construction of the
orthogonal basis Q of the subspace spanned by the moments without having to compute the
moments themselves. However, it is still possible to create Q via QR decomposition using
explicitly computed moments, so long as the number of moments of X(s) (in the context of Section
2.5.2) is not exceedingly large. Pertaining to the MOR procedure and methodology described for
the MoM, the moments can be explicitly computed using the Chebyshev approximated impedance

matrix and (2.5-4) as follows.
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M, = Z Z;st | soV

0 Al (3.3-51)
=0

No+1 -1 p Ng+1

Mo=( D zish | (v-{= D zisi M, (3.3-52)
¢ dsg 2
=0 =0
Ne+1 - n . Ng+1

. 1{ d’ '
My = Z Ziso z]_ ds Z Z;sy |My_;|, n=234.. (3.3-53)
0

While M, can be computed rather simply as is shown in (3.3-51), the subsequent moments become
increasingly more cumbersome to compute, as the nt* moment requires an additional n matrix-
vector products of size N,. Section 3.5 will compare the time taken to solve the given problems
using both the “implicit” method described in the previous section, as well as the “explicit” method
explained here. It will become clear that while the MoM explicit MOR method is able to achieve

accurate results in certain situations, the implicit method remains more efficient and more reliable.
3.4 SELECTING THE MODEL ORDER REDUCTION OPERATIONAL PARAMETERS

To use MOR three quantities must be determined: the number of Chebyshev polynomials N,
needed to approximate the impedance matrix over the desired frequency band, the size of the
reduced order model (ROM) N, and the number of frequency expansion points N, for which the
ROMs are to be centred around. Having to determine these quantities by trial and error would
obviously defeat the purpose of using MOR since the time needed to run many simulations would
likely amount to more total time than just running a traditional MoM analysis. Therefore, a method
is needed for quickly determining each of these quantities without having run any previous
rigorous simulations or having any prior knowledge of what the antenna’s frequency response (for

any metric) will look like.
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3.4.1 Determining N,

In a typical mathematical context, the degree needed for a Chebyshev series to accurately
approximate a function is found by examining successive Chebyshev coefficients. If several of
these coefficients in a row fall below a threshold of approximately 1071°, then the approximation
is deemed to be sufficiently accurate [TREF 20]. Using such a threshold-style approach would
mean simply that we can say a minimum N, is achieved when the magnitude of the Chebyshev
coefficients computed in (3.2-7) plateau (at around 10~1%), thus more coefficients added will no
longer contribute to the approximation’s accuracy. To test this approach, it is first important to
identify from (3.2-7) and (3.2-5) that there are only two factors which will determine the minimum
N, that is needed to approximate Z(s): the frequency band over which the approximation is to be
valid for, seen in A,, and A, of (3.2-7), and the distance between the midpoint of a mesh triangle
and the midpoint of one of the nine sub-triangles used for numerical integration as described in

Section 2.3.5, contained within £+ = \/ue |F,,Cli - Fni’|. If we select the midpoint of a single sub-

triangle within each mesh triangle for analysis, it would be reasonable to assume that the
exponential function that would require the highest degree Chebyshev series would be that which
spans the two mesh triangles which are furthest from each other, resulting in the greatest

ret Fni’ | Therefore, whatever value of N, is determined to accurately approximate this “extreme

distance” exponential would suffice for all other exponentials.

As an example, later in this chapter, two antennas will be analyzed, a patch antenna and ground
plane, and an array of eight patches above a ground plane. For the time being, the specific details
of these antennas are not important (they will be properly characterized later). It is sufficient now
just to say that we wish to analyze them over the same frequency band (1.5-6 GHz), and the
extreme distance of the single patch is 117.3 mm, while that of the array is 447.9 mm. Figure 3.4-
1 shows the magnitude of the Chebyshev coefficients, |c|, for k =0,1,2,...,100, of both
aforementioned antennas. From this plot we could conclude using the mathematical threshold
approach that approximately 27 and 51 Chebyshev coefficients would suffice for the patch antenna
and the antenna array, respectively. The issue with this conclusion is that these values of N, are
considerably higher than what is actually the minimum necessary for accurate antenna simulations.

In fact, it was found that the optimal choices for the two antennas are N. =5 and N, =9,
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respectively (as seen by the red circles in Figure 3.4-1). These values are obviously substantially
lesser than what was predicted mathematically and with N, translating to the number of problem-
sized matrices that must be constructed, the greater the difference between N, and the actual
minimum needed will result in significantly greater computation time and unnecessary additional
memory requirement. One might suggest a solution to such an issue could be to increase the
threshold at which we deem enough Chebyshev coefficients have been computed, however from
the red circles in Figure 3.4-1 it is not obvious as to what such a new threshold should be. In fact,

what is evident is that the actual threshold that yields the minimum N, is problem dependent.

T T T T T T T T T
100 f; . /"\\ Patch Antenna 7
(A \ N — =— —8 Element Patch Antenna Array | |
10°[
E
10-10 L
10-15 C 1 1 1 1 1 1 1 1Ly 1

0 10 20 30 40 50 60 70 80 90 100

Figure 3.4-1. | ¢y | for k = 0,1,2, ...,100, of a patch antenna and patch antenna array.

To understand why considering only the extreme distance exponential as a bound for determining
the minimum value of N, results in such a great overestimation, we must recall that these
exponential functions are scaled relative to the distance between basis functions as is dictated by

the free-space Green’s function below (pertaining to the particular MoM formulation of interest).

ot 5) e (3.4-1)
Y=, 1y = T
Y e ol
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This means that the formulation puts more weight on the exponential terms which consider basis
functions that are spaced closer to one another than on those considering further spaced mesh
edges. The result is that it is not necessary to perfectly approximate the extreme distance
exponentials to obtain accurate results since these functions are scaled down in (3.4-1) by this

separation, thus explaining the overestimation seen in Figure 3.4-1.

This thesis now develops a graphical approach to circumvent this hurdle and determine the
minimum, or at worst one greater than the minimum, value of N.. The method works as follows.

First, let

m,ext.

U= max(|ch_1|Ve‘Sfi, 7ot € EY). (3.4-2)

Then compute U as in (3.4-2) for several values of N.. This entails computing the magnitude of
the (N, — 1)*"* Chebyshev coefficient |CNC_1| for all exponential functions that contain one of the

two extreme triangles, denoted in (3.4-2) by the “ext.” subscript, and then taking the maximum.

Computing U for a series of values of N, (up to 30 in this case) will result in a curve that will likely
lie within a shaded area of the plot in Figure 3.4-2. The legend in this figure indicates the minimum
value of N, that will be needed. The seven curves shown in Figure 3.4-2 that bound the shaded
regions were determined via seven problems which are known to require that respective value of
N, to yield accurate results. Setting these known curves as the upper bound for each N, region
means that new curves are always rounded up one value of N.. This means that at worst, it is
possible that this method will select an N, that is one higher than it could be. Furthermore, Figure
3.4-2 only goes up to N, = 9, however this can be easily expanded upon through observation for
simulations requiring more. An example showing specifically how this figure is used is shown in
Section 3.5 along with an account of the time needed to compute the necessary U curve, which is

essentially negligible.
Of course, this method is making the large assumption that plotting U for the radiating structure

and frequency band of interest will yield a curve similar to those in Figure 3.4-2 which lies within

one of the shaded regions. It is impossible to say that this will always be so for every problem,
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however for the many that were considered in the making of this plot, as well as for those shown
in all the subsequent sections in this thesis, the computed U curves remained consistently of this

same nature.
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Figure 3.4-2. Equation (3.4-2) as a function of N,. The shaded areas refer to the value of N, that will be needed.

While a non-graphical, rigorous analytical solution to this problem linking a maximum error
between the exact and approximate exponential functions that lead to a minimum number of
Chebyshev coefficients needed for an accurate solution given a particular frequency band and size
of structure may exist, the task of determining such a relationship would evidently hardly be

straightforward.
3.4.2 Determining N, and N,

There are various methods in the MOR literature that describe how the size of reduced models and
the number of expansion points can be determined, but not all are applicable in the present context.
For instance, [NOUR 13Db] details an approach that necessitates time domain simulations. That
which could be applicable to this work is an adaptive binary search (ABS) scheme similar to that
presented in [FENG 15]. In this method the entire frequency band over which the reduced order

model is to apply is first defined via s,,,;, and s,,,4,. The exact “full-order” solution is then obtained
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at the midpoint of these two bounding frequencies (s,,;4 on “Line 1” of Figure 3.4-3). Reduced
order models are then computed at s, and sy, 0f size Ny pmin. These are then used to determine
approximations for the solution at the frequency midpoint and are compared with the exact
solution. Should the solutions be sufficiently close, the algorithm is terminated, and the two
reduced order models are used to compute the full response at frequencies within ranges
[Smins Smial and [Smiq, Smax], Te€Spectively. If the solutions are not sufficiently close, then N is
increased from N i, in increments of AN, until a user specified Ng pqy 1S reached. It is important
to note that for this work, when new columns of a previously constructed basis Q need to be
computed, the stored Q must be that prior to when the zeroth moment is incorporated into Q via
QR decomposition. As such, the zeroth moment for a given expansion point must always be stored.
If N, reaches N, mq, Without the solutions being sufficiently accurate, a new reduced order model
is constructed at s,,;; and new exact testing solutions are found at midpoints between [S,,in, Smial
and [Smig, Smaxl> SAY Smia,2 and spm;q 3, respectively, as on “Line 2” of Figure 3.4-3. The process is
then repeated until every section of the frequency band of interest has a reduced order model that
accurately covers it. This method of course allows for various ROM sizes that can cover unequal

portions of the band.

) Smin Smid Smax
Line 1 '
Smin Smid,2 Smid Smid,3 Smax
Line 2 [ } } } !
< P> < B>
Smin Smid,4 Smid,2 Smid,5 Smid Smid,6 Smid,3 Smid,7 Smax
Line 3 I } } } } } } } |
R ——— e —
«— > < > < > < »>t—>P
Smin Smid,a Smid,2 Smid,5 Smid Smid,6 Smid,3 Smid,7 Smax
Line 4 } } } } } } } } } } } } } } } } |
Smid,8 Smid,9 Smid,10 Smid,11 Smid,12 Smid,13 Smid,14 Smid,15

Figure 3.4-3. Diagram illustrating the frequency band splitting of the ABS technique. The frequencies highlighted in
yellow show the expansion points of ROMs, while those in red show the location of the exact points used for

checking the accuracy of the ROMs. The green, blue, and purple arrows are discussed in the following paragraph.
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Solutions are determined to be sufficiently close if

Ilexactl - IIMORI

} (3.4-3)

T = mean{ o]
falls below a certain tolerance t,,,,. When applied in the work of this thesis, it was observed that
it is not uncommon for 7 to stagnate when testing expansion points as N, is increasing. To improve
efficiency, a simple check was thus added to the algorithm that skips to the next expansion point
if the solution obtained using an ROM of size N; + AN, results in a 7 that is not less than that found
from the solution using an ROM of size N,,. This ultimately means that N ,,,4, can be set arbitrarily
high so as to not worry about setting it too low and missing a potential termination, while also

limiting wasted time computing unnecessary columns of Q.

While the ABS technique described above will produce accurate results, it is simply too slow for
present purposes. There are three reasons for this. The first concerns the number of LU
decompositions that must be done. As an example, consider the green, blue, and purple arrows
beneath the lines in Figure 3.4-3. Each of these coloured sets of arrows represents a possibility in
which the ABS algorithm determines that five expansion points are necessary. The green arrows
show the best-case scenario. Here, the ROM at s,,,;,, covers all frequencies in [Sp,in, Smia], the ROM
at s,iq covers all frequencies in [smid, sml-d,3], the ROM at sp,;43 covers all frequencies in
[Smia 3 Smia14)> the ROM at sp;4, covers all frequencies in [Spmig 14, Smia,7 ], and finally the ROM
at spq, covers all frequencies in [smidj, smax]. What is optimal about this arrangement is that all
of the exact-check frequencies (those in red in Figure 3.4-3) get used as expansion points in
subsequent lines (with the exception of sp,;414) and thus the LU factors needed for the exact
solutions at the checks will be reused to form ROMs at those frequencies. This ultimately means
that for a certain number of expansion points N, the smallest number of LU decompositions
needed will be N, + 1, or in this case, six. However, the blue and purple arrow sets show other
possibilities that would also result in five total expansion points. These, however, would require
seven and nine LU decompositions, respectively. Consequently, in the vast majority of simulations
done using this technique, the number of LU decompositions needed will significantly exceed N,

and thus significantly inflate the problem time, especially as the problem size increases and
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individual LU decompositions become more temporally demanding. This is easily conceptualized
when realizing that the case of the green arrows, which requires the minimum number of LU
decompositions, occurs only if the antenna’s response fluctuates significantly in a very narrow
band while barely fluctuating over the rest of the band. Exploratory runs show that it is far more
common to see the scenario requiring the maximum number of LU decompositions, the purple set
of arrows, in which the band is evenly split between the ROMs. The second reason relates to the
number of checks that must be done, that is, the number of times an ROM has to be validated
against an exact solution. For N,,, = 2, the minimum number of checks needed is two, but for all
subsequent values of N,,, the minimum number of checks increases by two from the previous N,,.
Thus, the minimum number of checks for N,,, = 5 is eight, which occurs in the situation depicted
by the green arrows. Again though, this is only the minimum. The blue and purple arrow sets show
examples where the number of checks increase to 10 and 14, respectively. The reason it is
important to keep the number of checks low is that within each one of these checks, the entire
process of increasing the size of the ROM from Ny ;in t0 Ny mayx, Or until T stops improving or is
within the predefined tolerance, must be repeated. This also includes the QR decomposition of the
zeroth moment at every increment, contributing to what can take up a non-negligible amount of
the total simulation time. The final issue with the ABS technique is that it does not support the
possibility of needing only a single expansion point, which is quite commonly the optimal choice
when considering a narrow band antenna. Of course, it would be possible for “Line 1” in Figure
3.4-3 to instead check an ROM at one expansion point located at s,,;4 against exact solutions at
Smin and Sy, but this would require three LU decompositions, the same as if “Line 1” in Figure

3.4-3 is to be left as is.

To address these three issues, a simpler and more efficient method for determining N, and N, is
developed here and similarly depicted in Figure 3.4-4. For this explanation, all mentions of certain
“Line” numbers are with reference to Figure 3.4-4. This method works by splitting the band into
evenly distributed intervals and placing expansion points at the centre of each. To start, as shown
by “Line 17, an expansion point is placed in the centre of the entire band of interest. The ROM
created at this point is then only tested and checked using (3.4-3) at sp,;,,, again starting with N i
and incrementally increasing to N4y, Or until T stops improving or is within the predefined

tolerance, to conclude that the ROM is accurate. If T does not fall below 7,4, then the method
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goes to the next line and repeats the same process. The band is split into two, as shown on “Line

2” and a ROM is constructed at the midpoint of the lowest frequency interval (the green dot on

“Line 2”’). That ROM is checked against only s,,;, once again. This process continues down each

line until one of the ROMs computed yields sufficiently accurate results at s,,;,,. Once this occurs,

an ROM at each of the remaining expansion points (the blue dots on that line) are constructed, of

the same size as that at the successful green dot. This method right away solves the compatibility

issue with a single expansion point, in that one expansion point here would only require two LU

decompositions and not three, as shown on “Line 1.”

Line 1

Line 2

Line 3

Line 4

Line 5

Line 6

Line 7

Line 8

Line 9

Line 10

Smax

Figure 3.4-4. Diagram helping to illustrate a new method of determining N, and N,,,. Green dots represent the

frequency on each line in which an ROM is created and checked against an exact solution at Sy, while blue dots

show where final ROMs are to be created if a specific line’s green dot ROM is deemed to be accurate. The vertical

dashed lines show instances where green dots of one line occur at the same frequencies as blue dots on other lines.

Before addressing the other two issues, the method can be improved by noticing (via the vertical

dashed lines in Figure 3.4-4) that some of the blue dots share frequencies with certain green ones,
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most noticeably that the basis used to create the first ROM on “Line 1” can always be reused to
create an ROM at that same frequency should the method terminate on an odd numbered line.
Table 3.4-1 shows how many LU decompositions and how many checks are needed if we consider
all of these reuse cases when using all lines, as well as when only using even lines or only using

odd lines.

Table 3.4-1. Number of LU decompositions and checks needed depending on what line is needed when all lines, only

odd lines, and only even lines are reconsidered.

LU Decompositions Checks
Line | Al Odd Even| Al Odd Even
1 2 2 - 1 1 -
2 4 - 3 2 - 1
3 5 4 - 3 2 -
4 8 - 6 4 - 2
5 9 7 - 5 3 -
6 1 - 8 6 - 3
7 13 10 - 7 4 -
8 16 - 12 8 - 4
9 16 12 - 9 5 -
10 19 - 14 10 - 5

This table shows that the number of LU decompositions can be significantly reduced when only
considering either an odd or even number of expansion points. In fact, when only considering odd
lines, the number of LU decompositions needed for a certain line is always less than the number
needed for one less line when considering all lines. For example, when using only odd lines, five
expansion points would always need seven LU decompositions which is less than the eight that
are needed for four expansion points when considering all lines. As such, using only odd lines will
always need fewer LU decompositions than when using all lines, even if it has to create an
additional ROM. This is not so when using only even lines. In the latter case, in addition to not
permitting a single ROM for the entire range, the total number of LU decompositions needed does
not become less than that required when using all lines, until at least five expansion points are

needed. For example, if a minimum of three expansion points are necessary, using all the lines
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would result in five LU decompositions, but using only even lines would necessitate four
expansion points which would require six LU decompositions. This ultimately means that only

using odd lines is the preferred route.

Compared to the ABS method the number of LU decompositions for a set number of expansion
points is fixed here and not dependent on the antenna’s response. As was mentioned earlier, for a
set number of expansion points, such as five, the ABS technique could require fewer LU
decompositions, as it could necessitate only six, however it can also require several more, in this
case up to nine. The new technique described here would always need seven, meaning it usually
needs either the same number, or often fewer, LU decompositions. It is also worth noting that the
ROMs created using this technique are all used in their entirety since they are never constructed at
Smin and Spq,. In terms of checks, for five expansion points, the ABS technique needed a minimum
of eight checks but could also need up to 14. Using this new method with only the “odd lines”,

five expansion points would require only three checks every time. This is a significant decrease.

Ultimately, as will be shown with numerical examples in Section 3.5, the new method described
here, specifically when only considering odd lines, offers significant time saving over the ABS
algorithm. At this stage concerns could be raised regarding the accuracy of this new method since
not the entirety of the frequency band is being checked. However as will be shown in the next
section, as long as the maximum tolerance is set to an appropriate level, no issues regarding

accuracy are observed.
3.5 VERIFICATION OF THE MODEL ORDER REDUCTION SOLUTION

The purpose of this section will be to verify results achieved via the MOR methods defined in
Sections 3.2-3.4. This section will then go on to compare and discuss the computational benefit of

using model order reduction.
3.5.1 Test Case 1 - Air Substrate Patch and Ground Plane

The first test case that will be used is the single layer patch antenna and ground plane structure
seen previously in Figure 2.3-1. This antenna is that presented in [HERS 98]. The dimensions of

the patch antenna used here for testing are the same which are defined in [HERS 98], with the
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Figure 3.5-1. The dimensions (in mm) of the patch antenna and ground plane shown in the x — y plane (left) and
Figure 3.5-2. Patch antenna and ground plane mesh with air substrate created using Gmsh software [GEUZ 09].

75

Figure 3.5-3. Patch antenna mesh of Figure 3.5-2 with black arrows indicating the feeding edges.



An overview of the structure and its dimensions are seen in Figure 3.5-1. The meshed structure is
shown in Figure 3.5-2 which consists of 1684 triangles and 2455 inter-element edges. Figure 3.5-
3 indicates which edges in the mesh in Figure 3.5-2 have been chosen as the feeding edges for the

delta gap feeding model described in Section 2.3.6.
3.5.1.1 Test Case 1 Results

This section will compare results obtained via the “Exact” solution computed using (2.3-20), the
“Chebyshev” solution computed using (3.2-28), and the “Implicit MOR” along with the “Explicit
MOR?” (using the procedure in Section 3.3.2) solutions found using both the ABS method and what
will be called the “odd minimum check” (OMC) technique illustrated by only the odd lines in
Figure 3.4-4. To start, it is necessary to determine the value of N, needed for the Chebyshev and
MOR methods. This will be done using the graphical approach described in Section 3.4.1.
Computing U in (3.4-2) for values of N, ranging from one to 30 given the mesh shown in Figure
3.5-2 and the desired frequency band of 1.5-6 GHz, the red curve in Figure 3.5-4 is obtained. It
can be seen that this red curve falls within the N, = 5 region. The total CPU time needed to generate

this plot was 0.059 seconds.
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Figure 3.5-4. U curve of the patch antenna in Figure 3.5-2 for 1.5-6 GHz overlayed on top of Figure 3.4-2.
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Figure 3.5-5 shows the input reflection coefficient as a function of frequency. The input impedance

Z;yn 1s calculated at each frequency using

Zip=7"= (3.5-1)

while the reflection coefficient I}, is calculated using (2.2-4) referenced to 50 Q. In (3.5-1), L, is
the feeding edge length and I,,, is the current coefficient corresponding to the feeding edge. Since

the mesh in this example requires two feeding edges, (3.5-1) must be adjusted to consider both

edges,
V; V
in m,avg
L = ST ] (3:3-2)
in mliml m2:m2
where
le + VmZ
Ve =V _tm1 ‘ma (3.5-3)
in — Ym,avg — 2
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Figure 3.5-5. Input reflection coefficient as a function of frequency. For clarity, the left plot shows the implicit

methods while the right plot shows the explicit methods.

Figure 3.5-6 shows the total directivity in the x — z (¢ = 0°) and y — z (¢p = 90°) plane at 2.5 GHz.
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Figure 3.5-6. Total directivity in the x — z (¢ = 0°) and y — z (¢ = 90°) plane at 2.5 GHz. For clarity, the left plot
shows the implicit methods while the right plot shows the explicit methods.

It can be seen from Figures 3.5-5 and 3.5-6 that the approximate results align almost perfectly with
those calculated exactly with no Chebyshev polynomial approximations or matrix reductions. The
upper bound on the accuracy of the MOR curves is the Chebyshev curve seeing as they all use the
same value of N.. Since the MOR curves are basically perfectly in line with the Chebyshev curve,
if even less difference between the exact and MOR curves is desired, than the N, values in the

legends of Figures 3.4-2 and 3.5-4 can be adjusted accordingly.
3.5.1.2 Examination of the Test Case 1 Computation Time

Table 3.5-1 shows the operational parameters for each of the six curves shown in the previous
section, as well as the MOR parameters that were determined by either the OMC or ABS selection
algorithms. Figure 3.5-7 then shows the CPU time needed for the full CEM analysis as a function
of the number of frequencies that were solved for each of the six curves. Figure 3.5-7 clearly shows
the computational benefit of the MOR method. Since it is only the reduced system that is being
inverted at each frequency point, additional frequency points translate to very little extra
computation time. This is seen clearly by the relatively constant computation times of both the
implicit and explicit MOR methods, contrastingly to the traditional “Exact” solution whose

computation time increases near linearly as the number of frequency points is increased.
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Table 3.5-1. Test Case 1 operational parameters

Implicit MOR Explicit MOR
N, = 2455 Chebyshev
OMC ABS OMC ABS
N, 5 5 5 5 5
N, - 3 7 3 16
{1.5, 3}
{1.7812, 3}
{2.0625, 3}
{2.3438, 3}
{2.2625, 3}
2{(1).652,55}5 {2.9062, 3}
{Expansion 2 5} {3.1875, 3}
Frequency {2.25, 9} {2.625, 5} {2.25, 9} (3.4688, 3}
(GH2), - {3.75, 9} {3.75, 5} {3.75, 9} (375 ’3}
N} {5.25, 9} {4.875, 5} {5.25, 9} (4 031’2 3)
4 {5.4375, 5} DO
(6, 5} {4.3125, 3}
’ {4.875, 3}
{5.1562, 3}
{5.4375, 3}
{5.7188, 3}
{6,3}
Tmax - 5% 5% 1% 1%
Ny min - 5 5 3 3
Ny max - 45 45 43 43
AN, - 2 2 2 2
1_5 T T T / T T T T T
/ — @ — Ezxact
@ — B — Chebyshev
/ — A — Implicit (OMC)
/ — > — Eaxplicit (OMC)
// — W — Implicit (ABS)
/ —<¢ — Explicit (ABS)
1r ¢ 1
0D /
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E / _m -
ey / _
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Figure 3.5-7. CPU time as a function of the number of computed frequency points. These times were found running

MATLAB on a computer with an Intel Core 19 CPU and 128 GB of RAM.
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When comparing the four MOR curves, implicit MOR is expectedly faster than its explicit
counterpart. Table 3.5-1 shows that the OMC algorithm yielded the same number of expansion
points and the same ROM size for both the implicit and explicit methods. While the difference in
computation time for this example is not massive, the gap tends to widen as the antenna response
becomes more complex and thus the explicit method is forced to compute more ROMs since
computing additional moments stops contributing to the accuracy of the approximation (as was
discussed in Section 2.5.2). We can begin to observe this in Table 3.5-1 where the explicit method
needed a lower 7,4, than the implicit method to achieve similar levels of accuracy. This issue also
limits the effectiveness of the explicit method as the problem size increases since larger ROMs are
naturally needed to continue achieving accurate results. This will become evident in the next

section.

Next, from Table 3.5-1 it becomes quite evident that the OMC algorithm in this case is faster than
the ABS algorithm simply due to requiring a lesser N,,,. Despite both implicit algorithms having
the same maximum tolerance, the OMC method proves that three expansion points is sufficient,
however the ABS method does not. Why this is the case becomes clear when looking at Figures
3.4-3 and 3.4-4. Figure 3.4-3 shows that when the ABS algorithm is checking whether three
expansion points is sufficient, the ROM constructed at s,,,;4 is responsible for ensuring the accuracy
of half of the total band. Figure 3.4-4 shows that since the OMC algorithm places the expansion
points in the centres of sub-bands, each ROM is therefore responsible for a sub-band of equivalent
size. As such, the three ROMs produced by the OMC algorithm on “Line 3” of Figure 3.4-4 for
this test case, each covering a third of the band, were deemed to be accurate, whereas those three
for the ABS algorithm were not and it was thus forced into constructing more ROMs than

necessary.

Additionally, a general observation can be made that the majority of the time saved between the
exact method and the MOR methods is a result of the Chebyshev approximation of the impedance
matrix rather than the MOR itself given the “Chebyshev” result in Figure 3.5-7. While this is true
for a small problem like this example, the computational benefit of MOR relative to the Chebyshev
method increases as the problem size increases. This is because with relatively small problems the

filling of the impedance matrices, whether that be the exact matrices at each frequency point or the
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Chebyshev matrices, is dominant in terms of computation time compared to their inversions (or

LU decompositions). As the system size increases, the time needed to invert the impedance

matrices will become more prominent and will eventually dominate the matrix filling time,

resulting in a greater benefit of MOR compared to just using the Chebyshev approximation since

the Chebyshev approximation saves time only on impedance matrix filling when compared with

the exact formulation, but not on matrix inversions. The second test case introduced in the

following section confirms this intuition in practice.

— Eight-Element Array Antenna of Air-Substrate Patches and Ground

3.5.2 Test Case 2

Plane

The purpose of this second test case is to analyze a problem of considerably larger size. This will

element array antenna and ground plane. The radiating elements

be done by simulating an eight

while the structure itself along with the dimensions of the

-1,

are those described in Figure 3.5

platform can be seen below in Figure 3.5-8.
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Figure 3.5-8. Eight-element array antenna of air-substrate patches above a ground plane. All dimensions are in mm.

3.5.2.1 Test Case 2 Results

Analogous to the results section for the previous test case, the following figure shows the input

reflection coefficient and total directivity, respectively, obtained using the various methods. The

reflection coefficient is taken at the port of the inside left element in the back row of Figure 3.5-8.
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Figure 3.5-9. Input reflection coefficient as a function of frequency (left) and total directivity in the x — z

(¢ =0 and y — z (¢ = 90°) plane at 2.5 GHz (right).
3.5.2.2 Examination of the Test Case 2 Computation Time

Table 3.5-2 shows the operational parameters for each of the four curves shown in the previous
section, as well as the MOR parameters that were determined by either the OMC or ABS selection
algorithms. Figure 3.5-10 then shows the CPU time as a function of the number of frequencies for
each of the four curves. The computational benefit from MOR is again clear to see. The most
notable difference in this example being the vast improvement in computation time between MOR
using the OMC algorithm and the Chebyshev solution. This of course was expected given the
much larger problem size than that of the previous example. It is also worth noting the huge
difference between the OMC and ABS algorithms. This is largely due to 7,,,, for the ABS method
needing to be reduced to 0.5% to achieve sufficiently accurate results, whereas the OMC method
was able to remain at the same 5% that was used in the smaller problem. In fact, all four of the
user-variable settings in the final four rows of Tables 3.5-1 and 3.5-2 were found to consistently

provide sufficiently accurate results. More examples can be seen in Chapter 4.
3.6 CONLUDING REMARKS

In this chapter, model order reduction techniques well-established in the field of circuit simulation,
but not so in the CEM landscape, have been enhanced so that they can be applied to the MoM

formulation of electromagnetic scattering from PEC objects. The process first involves adapting
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Table 3.5-2. Test Case 2 operational parameters

Implicit MOR Explicit MOR
N, = 23581 Chebyshev
OMC ABS OMC ABS
N, 9 9 9
N, - 1 31
{15, 5} (3.4688, 5}
{L5703,50 43 6004, 51
(17045, 9} ﬁ?g?g g% (3.7, 5}
21136,9) | o000 13.8906,5)
(25227,9) | o2 140313, 5)
, {2.9318, 9} 02, {41719, 5}
{Expansion {2.2031, 5}
{3.3409, 9} ’ {43125, 5}
Frequency {2.3438, 5}
- (3.75,9} ’ {45938, 5}
(GHz), {2.4844, 5}
N} (@1591,9) | ROl (4875,5) N/A N/A
a w“s682,9) | D070 (50156,5)
9773, 01 | aig sy 151563,5)
(5.3864,01 | 0T 1543755)
{57955, 9} 2105 (57188, 5}
(3.0469,5) oo
(3.1875, 5} 6.5
{33281, 5} ’
T - 5% 0.5%
Ny min - 5 5
Ny max - 45 45
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Figure 3.5-10. CPU time as a function of the number of computed frequency points. These times were found running
MATLAB via the Digital Research Alliance of Canada’s Narval compute node’s [NARV 21] with two AMD EPYC
7413 (Zen 3) CPUs and 498 GB of RAM.
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the MoM matrix into an MOR-compatible frequency power series form using a Chebyshev
approximation. This necessary approximation step was shown to greatly expand the problem size
in proportion to the number of Chebyshev coefficients needed to approximate the MoM impedance
matrix. To alleviate this additional computational burden, a novel efficient MOR procedure was
developed specifically for these types of problems, which obviates the need to construct or store
any of the expanded problem matrices. Furthermore, new algorithms were developed to
automatically determine the optimal or near-optimal (albeit problem-dependent) number of
Chebyshev coefficients, reduced order model size, and number of expansion points, to ensure
accurate results in an efficient manner without prior knowledge of the antenna’s performance. All
of the above aspects of the methodology were then verified through two examples of different
problem sizes that highlighted the vast improvement in computational efficiency as the number of
computed frequencies increases, while maintaining accuracy, all corroborated by comparison with
traditional MoM simulations. The two chapters that now follow will present new antenna

applications that benefit immensely from the developments of this chapter.
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CHAPTER 4

Antenna-Circuit Co-Simulation Via Clustering Model Order

Reduction

4.1 INTRODUCTION

With the process of applying model order reduction to a moment method formulation now laid out
and verified for accuracy and speed, the following chapters will incorporate the methodology in
Chapter 3 into other antenna simulation applications. The first of which, covered in this chapter,
is with regards to a system of equations which allows for the unification of integrated circuits
alongside radiating elements. Such an approach is becoming increasingly sought after as the drive
to use higher millimetre-wave frequencies in wireless communication technologies has created the
necessity [WATA 21] to closely integrate arrays of individual radiating elements with the
associated transceiver (RF electronics and beamformers, as depicted in Figure 4.1-1) due to

increasingly limited physical access to the input ports of radiating elements.
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Figure 4.1-1. Depiction of a model of an imagined tightly integrated passive array antenna and accompanying
beamforming circuits (possibly active, and containing non-linear components), in transmit mode. N, is the number

of radiating elements.
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Indeed, [ZHAN 22b] alludes to the advantages of including both the antenna and circuitry in the
same design analysis of such situations, so-called co-design. Thus, co-simulation approaches must
evolve to treat the onboard electronics and radiating elements as a unified entity for analysis

purposes in a computationally efficient manner.

Traditional metrics that evaluate passive array antenna performance, such as radiation patterns,
directivity, and impedance-matching characteristics, can be determined, at least for moderately-
sized arrays, using existing approaches in the literature [PAN 92], [WARN 18]. These are based
on the viewpoint shown in Figure 4.1-2, in which the linear passive beamforming circuit does not
include any transceiver electronics. Computational electromagnetics (CEM) is used to represent
the radiating elements as a matrix Z, of size N, X N,. This Z, is essentially a circuit model that
describes the ‘external’ coupling between the array elements and can be determined via a sequence
of CEM-based computations, as in [PAN 92] for instance. The linear passive beamformer circuit
is then modeled [WARN 18] by another frequency-dependent matrix Z;, which together with the
effective Thevenin sources, excites the array elements in the manner desired. Circuit analysis
(combining the impedance matrices of multiports) is then used to determine the actual excitations
at the array element ports; these are subsequently used as impressed sources in the CEM model of
the radiating elements to find the radiation pattern characteristics. In the terminology of [JIN 19],

this could be called a sequential coupling approach to the co-simulation.

Linear Passive
Independent Data  Beamforming Circuit Radiating Element
Signal Sources Impedance Matrix Impedance Matrix

Figure 4.1-2. Diagram illustrating existing passive beamformer and array antenna modelling.
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Although such conventional approaches remain successful in many applications that use array
antennas, they would not adequately address the complexity of future array antenna platforms.
One example is the fact that such an approach does not allow room for handling nonlinear devices
in the transceiver/beamformer circuitry, and so exploitation of the antenna port properties, in
addition to its radiating properties, to directly facilitate the design (e.g. [LIM 21]) of the entire
antenna and circuit arrangement of Figure 4.1-1 would not be possible, for instance. Also, the
limited access to the input ports of the individual radiating elements in highly integrated antenna
designs has prompted the measurement of performance metrics that can capture the combined
response of transceiver components and radiating elements, such as error vector magnitude
[BROW 23a], [BROW 23b]. The computation of such quantities would thus also be needed during
the design stage and would involve modulated-signal-based co-simulation. Many further reasons
for adopting a co-design approach have been given (e.g. [NALL 19], [MARZ 22]). Thus, co-
simulation methods are needed that have the computational efficiency to render feasible the large
number of repeated simulations required in any design process. Difficulties in achieving this are
accentuated by the disparity between the formulations that best suit lumped circuit analysis and
the 3D full-wave analysis that is needed to accurately model significantly distributed non-radiating
components and array radiating elements. Thus, [BELO 21] observes that antenna arrays have
already been optimized for a given receiver but not the other way around, in part because receivers
are optimized in circuit simulators and antennas in field simulators. It is for this reason that [ BELO
21] proposes a more comprehensive circuit model for the array antenna. The co-simulation method
presented in this section retains the circuit and direct field analyses for the respective parts in order
to allow flexibility in the complexity of the antenna types used, and for which equivalent circuits
and expressions for the relatively complicated radiation patterns (e.g. steered) are not

straightforward.

In the interests of simplicity of description this section will discuss matters in terms of the transmit
case of Figure 4.1-3, it being understood that similar considerations apply to the receive case.
Although nothing in the formulation will in principle preclude the inclusion of the DSP portions,
the presentation will have in mind the situation in Figure 4.1-3, with the DSP input to the RF
electronics modelled as independent data signal sources. This approach formulates a unified

system of equations which includes the MNA formulation form of the circuitry and the method of
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moments field modelling of the radiating elements. Recognizing that such an analysis would be
computationally cumbersome for even moderately-sized arrays, multi-port MOR is applied to

reduce the computational cost.

Antenna (MoM) and Circuit (MNA) Model
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Figure 4.1-3. Antenna (MoM) and circuit (MNA) model. In the MNA model the Thevenin impedances of the

equivalent sources are moved into the MNA model itself.

The above-mentioned formulation will be presented and demonstrated in this chapter through the

following sections:

Section 4.2: Unified Circuit and Radiating Elements Formulation

Section 4.3: Numerical Simulation Results

Section 4.4: Inclusion of Nonlinear Circuit Elements

Section 4.5 Concluding Remarks
4.2 UNIFIED CIRCUIT AND RADIATING ELEMENTS FORMULATION

Firstly, Table 4.2-1 defines numerous parameters and notations used in this section which have

been defined in previous sections but have been compiled here for convenience.
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Table 4.2-1. Definitions of antenna-circuit co-simulation parameters and notations.

Number of radiating element ports

Number of edges in the antenna mesh

Number of ports in the circuit

p
N Number of Chebyshev polynomials selected for the approximation of
‘ Z(s)
Ny Size of the reduced system
N Number of expansion frequencies Sy needed to approximate the
m solution over a certain frequency band using MOR
Ny Desired number of sample frequencies in the band of interest
Iy Identity matrix of size M X M
€M mth column of I,
{0, 1}M*N M X N matrix whose entries are 0 or 1

4.2.1 Development of the Unified Formulation

The multi-port MNA and MoM matrix equations from Chapter 2 are recalled here as

and

(G +s0)X(s) =B, U(s)

Z(s)I(s) = B.V(s)

(4.2-1)

(4.2-2)

respectively, where the right side of the MoM equation from (2.3-20) has been split up in a similar

manner to that in (4.2-1) which was described in Section 2.6. V(s) is a vector of size N, X 1

containing the voltages applied to the feeding edges of the antenna and B, is a matrix of size

N, x N, which maps the voltages in V(s) to their corresponding feeding edges for each of the N,

radiating elements. The delta-gap feeding model described in Section 2.3.6 is again being used

here to feed the antenna structures, therefore the i*" column of matrix B, is populated with the

lengths of the sides of mesh triangles that are coincident with the i** radiating element, but only
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for those entries whose row indices correspond to the location of those specific edges in the whole
set of N, edges of the mesh, and are zero otherwise. The product B,V (s) thus yields individual

entries in the right-side vectors which are in line with those derived for the delta-gap model.

The unified antenna-circuit (field-circuit) formulation is then built upon the following
observations.

1) The voltages, V(s), that drive the antenna elements, steering the radiation patterns,
constitute a subset of the nodes in the beamforming network (BFN) circuitry X(s). This
idea can be captured by defining a matrix D € {0, 1}V«*Na, that makes V(s) = DTX(s).

2) The radiating elements load the BFN circuitry through the currents exchanged at the
feeding edges. The currents in the radiating elements are encapsulated by the coefficients,
in I(s), of the RWG basis functions that represent the surface current densities in A/m.
Since the RWG basis functions have unity normal components at the edges of the mesh,
and the subset of those edges that are fed by the BFN have their lengths in the matrix B,
defined in (4.2-2), it then follows that the currents exchanged between the BFN and the
array elements at the feeding edges of the mesh are given by BLI(s).

3) The N, > N, ports of the BFN circuitry, represented in the columns of B, in (4.2-1) are
viewed as two distinct groups, those that are driven by external (independent) stimuli
sources and those that drive the feeding edges of the N, antenna elements. This notion is
reflected by splitting B, into two matrices, By, € {0, 1}N«*Ne = D that carries the ports
which drive the antenna elements, and B,,, € {0, 1}V<*(N»=Na) that channels the external
independent sources.

These observations enable the assembly of the unified antenna-circuit formulation as

G+sC Bg,B! [X(s)]

Byt
_BaBZnt Z(S) I(S) = [ ]Uext(s) (4.2-3)

0

where U,,.(s) is the set of external sources that drive the circuit and the antenna. The matrices
Bg,.:B% and —B, BT, . provide the connection between the circuit variables and the currents at the
ports of the antenna elements. The above formulation sets up an environment conducive to

simultaneously simulating antenna arrays and their BFN circuitry, however, suffers from heavy
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computational burdens, particularly as the number of radiating elements N, increases, as well as
an inability to handle a BFN which contains nonlinear elements. The following sections address

these issues.
4.2.2 Application of MOR to the Unified Antenna-Circuit Formulation

The application of MOR to (4.2-3) is done in much the same way as was covered in Chapter 3.
The impedance matrix is first expanded via a Chebyshev approximation using the methodology in

Section 3.2 allowing for (4.2-2) to be written in the expanded form

Z, 0 O 07 [ Z4 zZ, Z; Zy 1] I(s) B,
0 HNe 0 o _HNe 0 0 te Il(s) 0
0 0 Iy Pl+sl 0 Iy, O : I(s) |=s| 0 |V(s)
0 Iy,] ) w0 =Iy, 0 | Iy (s) 0
(4.2-4)
which is written compactly as
(P + sT)3(s) = sBV(s) (4.2-5)

analogous to that in (3.3-2), however differing by the multi-port nature of the system in (4.2-4)
identifiable by the matrix quantity on the right side as opposed to the vector quantity in the former.
The moments of JI(s) can then be found at frequency s, in the same manner as was done in Section

3.3 as

A=—(P+5s,T)"'T (4.2-6)
R=(P+s,D)(B-TM,;,) (4.2-7)

My, = (P +s,T) 's,B (4.2-8)

My, My, M5, ...M;5 | = [R,AR, AR, ..., A" 'R]. (4.2-9)
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and the construction of the orthogonal basis spanning the space of the first N, block moments is
carried out using a modified version of the Arnoldi process from Figure 2.5-2 considering the

block moments defined above. This modified Arnoldi process is shown in Figure 4.2-1.

Require: Z;, i =0,1,--,N. + 1, sg, B;, and N,

1: Initialize: W « ¢ {¢ is an empty set}
2: Initialize: Mo, < (P + soT) *soB
3: Solve: W « (P + soT)"*(B—TM,,)
4: Normalize: W « ﬁw
5 Append: W = [W W]
6: fork=1to N, —1do
7: if j = N; — 1 then
8: Assign: W « M,
9: else
10: Solve: W « (P + soT) ' T Wk-1
11: end if
12: fori=1to k do
13; Compute: Hy, « WIW
14 Orthogonalize: W—W-W;Hy
15: end for
16: Normalize: W) « mw
17: Append: W = [w w®)]
18: end for

Figure 4.2-1. Modified block-Arnoldi pseudo code.

It is important to note that the calculations at lines 2, 3, and 10 of the pseudo code in Figure 4.2-1
are performed using the efficient procedure detailed in Section 3.3.1, however accounting for the
fact that the moments are now block moments rather than single column vectors. The computation
at line 2 is analogous to the single-port form shown in (3.3-17), however the right side will now
be a matrix rather than a vector. Thus, the procedure to compute each column of the 0" block
moment M, will constitute setting the right side of (3.3-17) as each successive column of the
matrix soB followed by computing (3.3-23). Similar deductions can be made for the calculations
at lines 3 and 11. The single port equivalent of the calculation at line 3 is seen in (3.3-25). Now,
the right side of (3.3-25) is the matrix (B — TM,5,) which is found through performing successive

computations of (3.3-26) for each column of B and its corresponding column of M5, . Equation
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(3.3-37) along with the relationship in (3.3-30) can then be used for each set of columns to fully
characterize W. Line 10 is analogous to the single-port formulation of (3.3-39), however with
matrices W and W*~1 rather than vectors Aq®®) and q*=Y), respectively. Again, each individual
column of W can be computed using (3.3-39)-(3.3-42) using the corresponding column of W1,
The efficient procedure thus allows once again for the computation of the basis W without needing
to construct any of the larger expanded matrices in (4.2-5), needing instead only the Chebyshev
coefficient matrices Z; and the right-side matrix B,, both of which are the size of the original

problem, N,.
W is then be used to reduce the augmented system in (4.2-5) to form the reduced system

(P +sT)3(s) = sB (4.2-10)
where P = WHPW, T = WHTW, B = WHB, and 9(s) ~ W7(s). Again, this reduction can be
performed without computing matrices P, T, and B by using the procedure in (3.3-43)-(3.3-48),
recalling that each of [q(V, ¢, ---q"@] in these equations are now blocks of N, columns
(WO, w®, ... w®a=D]. Incorporating the reduced system in (4.2-10) into the unified antenna-
circuit formulation of (4.2-3) in place of the full MoM matrix Z(s) is carried out by recalling that

I(s) and B, are the first N, entries in J(s) and B, respectively. These facts are expressed

mathematically as follows.
I(s) = (el y 4+, ®ly, )WI(s) (4.2-11)
B, = (el y.+1®ly,)B (4.2-12)
(4.2-12) can be further manipulated yielding,

B, = ET(@I,NC+1®HNQ)T
B, = ET(@LNC+1®HN€)

Bl (ey.+1®ly,) = BT(e1n,+1®ly, ) (el y +1®ly,)
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BZ(@{NC+1®HN9) = ET(@LNC+1®{NC+1®HN@HN€)
BZ(@{NC+1®HN9) = BT, (4.2-13)

Next, (4.2-13) along with (4.2-5) can be used to rewrite (4.2-3) as

G+ sC BamBZ(e{NCH@HNe)l X(s)
—sBBT , P+ sT -7 (S)

ext] U, (). (4.2-14)
The theory of MOR maintains that the reduced set of current coefficient variables are related to

the original set as I(s) ~ W3(s). The system of lower dimension can thus be written as follows,

l G +sC B...B™W [X(s)

—sWHBBT ., WH(P +sT)W g(s)] [e’“] Ut (s) (4.2-15)

or equivalently as

l G+sC Bg,BT [X(s)

—sBBT,, (P+sT) g(s)] [e“] Uext(s). (4.2-16)

4.2.3 Clustered Multi-Port MOR of the Radiating Elements

The reduced dimension formulation in (4.2-16) matches the frequency-domain behaviour of the
original array antenna MoM problem at all of its ports connecting to the BFN circuit. This was
achieved through starting the Arnoldi process with the matrix B and running it for g iterations to
construct W used in building the reduced model. Consequently, matrices P and T that represent
the model end up being of size N;N, x N,;N, and dense. Recalling that N, is the number of separate
radiating elements in the array, these reduced metrices can become a significant computational
burden in the analysis for a large number of radiating elements. This section therefore develops an
approach whose objective is to address this growing computational burden as N, increases
following the clustering approach described in [NOUR 13a] and covered in Section 2.6, however
now applied to the MoM formulation rather than for circuit simulation. To begin, the matrix B, is

expressed in terms of its columns b; as
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Baz[b1 bz bNa]‘ (42-17)

The superposition principle can be applied to rewrite I(s) of (4.2-2) as a summation of I;(s),

namely

Ng
I(s) = Z 1,(s) (4.2-18)
i=1

which are the solutions to the systems
Z(s)I;(s) = b;Vi(s), i=1,2,,Ng (4.2-19)

with V;(s) being the i** component of V(s). The systems in (4.2-19) are single-port and therefore
the efficient single-port MOR process described in Section 3.3.1 can be applied to produce i bases

spanning the moments of 7;(s), which is the solution to the system
(P + sT)9;(s) = sb; (4.2-20)

where b; is defined as b; appended by N, N, zeros. The orthogonal bases obtained by executing the
algorithm in Figure 4.2-1 starting with the vector b; instead of matrix B, are denoted by W and

are of size N, (N, + 1) X N;. These bases are then used to obtain the reduced systems
(P; + sT;)3,(s) = sb; (4.2-21)

where P, = wlil pwlil 7, = wil"rwlil b, = wli"'5,, and 7,(s) = W3, (s). Next, the antenna
array must be modelled using the sequence of single-port reduced systems in (4.2-20) permitting
their inclusions in the antenna-circuit formulation. This task seeks to derive a relation that
approximates I(s) via the set of reduced dimension current coefficients J;(s). Considering the
superposition relationship in (4.2-18) and the fact that I;(s) consists of the first N, rows of 7;(s),

the desired relation is given as
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Na (4.2-22)
1) = ) (]2 @y, JWH3,(5).

i=1

The above relation can be utilized to recast the product BLI(s) as

T
BTI(s) = (@{NC+1®HN8)§) 1(s) (4.2-23)
= ET(@INC+1®HN9)I(S)
Ng
= B"(e1ne1 @11, ) (€l 181y,) D WIT,(5)
i=1
Ng

= ET(@LNCH@{NCH@HNQ) Z W[i]ﬁi(s)
i=1

:([1 1 - 1]Na®§T)‘P¢7(5)

where
will o - 0
2] ...
py=| 0 W% - 0 (4.2-24)
0 0 .. wi
and
5 a A A T
Jd(s) = [-71(5)T 3, - gNa(S)T] . (4.2-25)

The representation of BLI(s) in (4.2-23) enables the current coefficients in the reduced domain,
J(s), to be coupled to the space of the BFN circuit variables via multiplication by the matrix B,

as shown in the upper right block of the now rewritten version of (4.2-16) as

G +sC Bo([1 1 - 1]y, ®BT)¥

b, P, +sT; - 0 [X(s)] _ [Bext U, (s 4.2-26

—s¥ ~§ B'gnt : : NIQ) [ 0 ] ext( ). 4. )
bNa 0 o PNa + STNa
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Similarly, the sequence of reduced systems in (4.2-21) are used to provide the coupling of the BFN
circuit variables with the space of the reduced current coefficients J(s). This coupling is shown in

the lower left block of the same matrix in (4.2-26).

The reduced size formulation of the antenna-circuit problem shown in (4.2-26) provides the
clustered alternative to the reduced size problem of (4.2-16). Figure 4.2-2 contrasts the structures
of the matrices arising from these two formulations. Blocks on the sketch filled with solid black
colour denote full matrix blocks. Sparse blocks are indicated with few small points representing
non-zero entries. This figure highlights the fact that the matrix in the bottom right in the cluster-
based multi-port MOR structure is block diagonal as opposed to the same matrix being full for the

un-clustered multi-port formulation, both versions being of the same total size.

Figure 4.2-2. Illustration describing the structure of the matrix in the reduced-size antenna-circuit formulations

using multi-port MOR (left) and clustered multi-port MOR (right).
4.3 NUMERICAL SIMULATION RESULTS

Two examples are presented to validate the above defined clustered multi-port MOR formulation
for its accuracy and to demonstrate its computational efficacy. The results presented here will
compare the “MOR” formulation of (4.2-26) with the “Exact” formulation of (4.2-3), and the

“Chebyshev” formulation
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G +sC BBt

_SBaB’cIL‘nt ch-'-l ZiSi )I(((;))] - [B(e;ct] Uexc (s). (4.3-1)
=0

The two examples are not intended to represent optimized antenna designs in any way.
4.3.1 Patch Antenna on a Box-Shaped Platform

The example analyzed in this section is illustrated in Figure 4.3-1.

Feeding Edge

g Feeding Edge
(Patch Side)

g
J_ 5 Feeding Edge

O R

40

(Platform Side)

76.2
 » z
102 Y

Figure 4.3-1. L-section matching network (left) and patch antenna with an air substrate on a box-shaped platform

(right). All dimensions are in mm.

The circuit is a simple matching network designed to match the input impedance of the antenna to
50 Q at 3 GHz. The circuit component values are 1.69 nH and 0.79 pF. The dimensions of the
patch and feeding strip are the same as those in Figure 3.5-1. With the inclusion of the independent
voltage source in the circuit, the current through this source is included as one of the MNA circuit
variables in X(s). As such, the input impedance of the circuit is computed as Z;,, (s) = I;(s) ™" given
that the voltage source is set as V; = 1. The reflection coefficient is then found from Z;,(s) with
reference to 50 Q. The input reflection coefficient I}, is plotted versus frequency in Figure 4.3-2
(left) and the total directivity as a function of 6 in the x — z (¢ = 0°) and y — z (¢p = 90°) plane at
2 GHz is shown in Figure 4.3-2 (right). Furthermore, Figure 4.3-3 illustrates the normalized

magnitude of the surface current density on the antenna and platform at 2 GHz.
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Figure 4.3-2. Input reflection coefficient (left) and total directivity (right) at 2 GHz in two planes of the circuit

and antenna combination in Figure 4.3-1.
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Figure 4.3-3. Normalized surface current density magnitude of the antenna in Figure 4.3-1 computed at 2 GHz via

the exact formulation (left) and the MOR formulation (right). Dimensions are in m.

This current distribution is computed using (2.3-11), where g in (2.3-12) is taken at the centre of
the plus and minus triangle associated with each edge. The current distribution over each triangular
mesh element is thus the sum of the contributions from each of its inter-element edge boundaries.
The all but identical values of these metrics validate the accuracy of the MOR-based antenna-

circuit formulations.

4.3.2 Four-Element Linear Array of Air-Substrate Patches on a Finite Ground Plane

The second example is summarized in the following figures.
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Figure 4.3-4. Lumped equivalent circuit of an ideal transmission line BFN (top) and four-element linear array of

176.2

air-substrate patches and ground plane (bottom). All dimensions are in mm.

394

44.45

e

84 ‘

!

L

1
1

63.55

L1

Figure 4.3-5. Position of the patch elements relative to the ground plane. All dimensions are in mm.
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The dimensions of the patch elements and feeding strips in Figures 4.3-4 and 4.3-5 are once again
the same as those in Figure 3.5-1. The circuit in Figure 4.3-4 is a power-divider consisting of
idealized transmissions lines (distributed circuits) matched at its input to a reference impedance of
50 Q when terminated by each of the four patches at its outputs. This network consists of a half-
wavelength transmission line connected to each patch followed by two quarter-wavelength
transmission lines to transform the input impedance as needed, at 2.46 GHz. In order to fit this into
the MNA lumped circuit analysis framework, each half- and quarter-wavelength distributed
transmission line segment was represented by a cascade of 10 lumped-component T-networks,
each T-network consisting of two series inductors of value L and a shunt capacitor of value C, as
illustrated in Figure 4.3-4 (top). The same L and C values are used for all T-networks representing
a certain transmission line segment. The fixed values of L and C are needed for the lumped
equivalent circuit to faithfully reproduce the behaviour of the “true” distributed sections over the
frequency band of interest. These component values were determined for each transmission line

segment by using a genetic algorithm to minimize the function

N 5 2

A 2
F(L,C) = Z |Si(jDLstrLbuted) (fn) _ Si(;,umped) (fn' L C) (4.3-2)
n=11i=1 j=1

(Distributed) and Si(;,umped)

where the quantities S;; are the S-parameters of the distributed TL section

predicted by circuit theory and the S-parameters of the equivalent circuit consisting of cascaded
lumped T-networks, respectively. Figure 4.3-6 shows the reflection coefficient and directivity
analogous to those in Figure 4.3-2 for this example, while Figure 4.3-7 shows the exact and MOR
computed surface current density. These results further validate the accuracy of the MOR

approach.
4.3.3 Computational Comparison

Table 4.3-1 provides the parameters used in each example, while Figure 4.3-8 plots the execution
times for each example as a function of the total number of frequencies Ny at which we wish to
perform the antenna-circuit co-simulation. The expansion frequencies are not listed in Table 4.3-

1 since the MOR method uses the OMC algorithm and thus they are fixed for a given N,,,.
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Figure 4.3-6. Input reflection coefficient (left) and total directivity at 2 GHz in two planes (right) of the circuit

and antenna in Figure 4.3-4.
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Figure 4.3-7. Normalized surface current density magnitude of the antenna in Figure 4.3-4 computed at 2 GHz via

the exact formulation (top) and the MOR formulation (bottom). Dimensions are in m.
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Table 4.3-1. Parameters used for the analysis of the antenna-circuit examples.

Example 4.3.1 4.3.2
N, 5402 8131
N, 1 4
Chebyshev MOR Chebyshev MOR
N, 4 4 7 7
N, - 9 - 13
N, ] 3 : 5
Tomax ] 5% - 5%
Nq,min - 5 - 5
Ngmax : 45 - 45
AN, - 2 - 2
10 T T 7 T T T T T T 40 7T T T
/ — @ — Ezact / — @ — Ezact
s, /
9t PY — B — Chebyshev | 4 / — B — Chebyshev
/ — A -MOR 35 — A - MOR )
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Figure 4.3-8. Comparison of the CPU time versus the number of frequencies for the antenna-circuit combinations
in Section 4.3.1 (left) and Section 4.3.2 (right). These times were found running MATLAB on a computer with an
Intel Core 19 CPU and 128 GB of RAM.

As was the case in Section 3.5, the advantage of MOR is evident, particularly as the number of
frequency points increases. By analyzing the two plots in Figure 4.3-8, it is observed that the
intersection between the MOR curves and the exact and Chebyshev curves is problem dependent.
The example is Section 4.3.1 has frequency and angular responses that vary far less than those of
the example in Section 4.3.2. As would be expected, more expansion points are therefore required

in the second example despite the frequency sweep of both examples covering the same band,
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resulting in intersection points at a higher number of frequencies. It could thus be concluded that
for small to medium sized problems MOR will see its greatest benefit when the antenna’s response
is less varying, however even when this is not the case, as is so for the array example, MOR is still

observed to provide ample speed-up after only about 30 frequencies are computed.
4.4 INCLUSION OF NON-LINEAR CIRCUIT ELEMENTS

The unified circuit-radiating elements formulation presented in the previous sections is of course
limited to the use of linear circuit elements. The inclusion of non-linear circuit elements in the
MNA formulation would necessitate the addition of the non-linear vector F (x(t)) as is shown in
(2.4-1) and thus must be solved in the time domain. By observation, (4.2-26) can easily be
converted to the following time domain system of differential equations which includes the

aforementioned additional non-linear vector.

G Bant([1 1 - 1]Na®§T)‘P
P, - 0 x(t)
P [f(t)] "

a (4.4-1)
5, roe o |29 e )] _[B
1 1 T at F(x(t))] _ [Bext
-y ~E B! . P AE 34 (t) + [ 0 ] - [ 0 ]ueﬂ(t)
by 0 - Ty, ot

a

—~

0 - Py

The issue with (4.4-1) is that ¥, P;, T;, and b; are matrices containing complex quantities arising
from the method of moments formulation of the radiating elements. This leads to instability and
thus lack of convergence when solving using Newton iterations. A different approach has therefore
been taken to tackle this problem. A sequential step is added before performing the co-simulation.
That is, the procedure for handling circuits with non-linear elements is split into two steps. The
first step involves computing a frequency sweep of the antenna on its own with unity voltages
applied to its ports. Clustering MOR is of course used to do this for maximum efficiency. The
resulting MoM currents at each of the antenna ports are then used as samples within the vector
fitting (VF) procedure described in Section 2.8. This algorithm yields a transfer function modelling

the port currents directly (given the unity voltage inputs) after multiplying the current densities at
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each feeding edge by their respective lengths. The poles and residues can then be used to build the
state space matrices 4, B, C, and D seen in (2.8-9) such that the transfer function can be represented
in the equivalent form of (2.8-8). To avoid confusion with other quantities, the four state space
matrices will be denoted here as A, B, C, and D, respectively. The benefit of this approach is that
the VF algorithm enforces stability during its iterations by inverting the sign of the real part of a
pole estimation if said estimation is unstable, ensuring a stable approximation of the port currents
[TRIV 20]. The second step then uses these matrices as the representation of the radiating elements
in the co-simulation along with the MNA representation of the circuit in a transient time domain

solver. These steps are illustrated in the flowchart in Figure 4.4-1.

____________________________________________________

Full-wave multi-port analysis
of the radiating elements using
clustered MOR

1

Generate stable transfer function
approximation of the currents at the
antenna ports

Construct time domain

co-simulation matrix equation

|

Solve using transient

time-domain solver

Figure 4.4-1. Flowchart depicting the antenna-circuit simulation procedure when there are non-linear elements in the

circuitry.
4.4.1 Non-Linear Antenna-Circuit Formulation

The VF model and state-space matrices yield the following model of the currents at the ports of

the radiating elements, I,(s),

1,(s) = [D +C(slay, — dq)‘lzs] V(s) = [D +C(sly, — Jl)_lB] BT .X(s) (442
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where A is of size 7iN, X 7iN,, B is of size iN, X N, C is of size N, X #iN,, and D is of size N, X N,

recalling from Section 2.8 that i is the order of the VF model. From here, ¥ (s) is introduced as
Y(s) = (slgy, —A)  BBL.X(s) (4.4-3)
which lets I, (s) be written as
1,(s) = DBY,.X(s) + CY(s). (4.4-4)

Formulating (4.4-3), (4.4-4), as well as the linear MNA equations into a single matrix equation

gives us

G +sC 0 Bt X(s) B.,.
~BBgy Slin,—A 0 ||Y(s)|[=| 0 |U,..(5). (4.4-5)

By observation, (4.4-5) can then be converted into a time domain set of differential equations

including the non-linear MNA vector as follows.

F9x(t) ]

6 0 Bu[x)] 1c 0 0 S0 [F(x®)

-BBL,, —-A 0 y&) [+[0 Izy, O ~ + 0 ]

DBan: € ~lyJ[L(@®] 1o 0 oll5" 0 (4.4-6)
i .
ot

Bext
= 0 Uext(t)
0

4.4-2 Dual Polarized Patch Antenna Link

To demonstrate the formulation in (4.4-6), this section will consider the verification of a dual
polarized patch antenna link with a switching circuit. The antennas used in this example are shown
in Figure 4.4-2. These are modified versions of the patch antenna seen in Figure 3.5-2, however
the patches themselves and the ground planes have been made square such that single excitations

to port 1 or port 2 in Figure 4.4-2 will result in near identical fields. The antenna link itself is
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shown in Figure 4.4-3, while the modified dimensions of these antennas are shown in Figure 4.4-

4. The objective of this example will be to switch between feeding antenna 1 at either port 1 or

port 2 (at a switching frequency less than the RF source frequency). The link and associated

circuitry can be verified by observing the voltages induced at the ports of antenna 2. Since these

antennas are linearly polarized, when port 1 of antenna 1 is being powered we should see a higher

voltage at the similarly oriented port on antenna 2 (port 3) and a lower voltage at the other port on

antenna 2 that is rotated 90° (port 4), and vice versa when the voltage is being applied to port 2 of

antenna 1.
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Figure 4.4-2. Two identical patch antennas. The indicated ports are feeding edges halfway up each feeding pin

spanning the pin’s width. The dimensions shown on antenna 2 are in mm.

AN

Port 2

Port 1

Port 3

Figure 4.4-3. Antenna link showing the positioning of the two patch antennas. Note that the distance 7 (ground plane

to ground plane) is 0.5 m, however for clarity is not shown to scale in this figure relative to the size of the antennas.
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Figure 4.4-4. The dimensions (in mm) of the patch antenna seen from above. The dimensions of the feeding strip

and pin are the same as those in the right diagram of Figure 3.5-1.

To achieve a circuit that accurately provides this switching capability, BSIM (level 54) models are
used for NMOS and PMOS transistors. Such models would be cumbersome to code into MATLAB
thus it is desirable to integrate the formulation in (4.4-6) into HSPICE. To verify that such a time-
domain integration is working as intended, the linear circuit shown below in Figure 4.4-5 is

considered.

Port 1 Port 3
+
Vin1 Up3 Rout1
Port 2 Port 4
+
Vinz - Rouez

Figure 4.4-5. Linear test circuit driving the antenna link.
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The ports in Figure 4.4-5 are connected to their respective terminals of the antenna link shown in
Figures 4.4-2 and 4.4-3. Since this is a linear circuit, the frequency domain formulation described
in Section 4.2 can be used to observe the port voltages on the receive side of the antenna link (that

is at ports 3 and 4). At 2.5 GHz the results of such a simulation are shown in Table 4.4-1.

Table 4.4-1. Operational parameters and frequency domain results of the linear test circuit connected to the antenna
link.

Test Case ‘ Routl,z ‘ Vinl ‘ VinZ ‘ vpg ‘ Up4
1 50 Q 0.5V ov 0.027 VvV 0.012V
2 50 Q ov 0.5V 0.012V 0.027 V

The results in Table 4.4-1 show that the voltage at the receive port oriented in the same direction
as that which is being fed on the transmit side does indeed have a greater voltage than the other
receive port. A VF model of A, B, €, and D matrices is then computed to accurately model
behaviour at the ports of the four radiating elements at 2.5 GHz according to (4.4-2). Integrating
this model into HSPICE along with the same circuit in Figure 4.4-5 yields the time domain results
shown in Figure 4.4-6 given a sinusoidal source with a 1 V input amplitude and a frequency of 2.5

GHz. The amplitudes of these output waveforms agree with the frequency domain results of Table
4.4-1.

0.03 T T T T T T T 0.03
Up3 Upa
v ;
0.02f H ey 002 b
0.01 1 - 0.01f “ “ 1
S | S
L
g O S o
3 3
~ ‘ =~
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Time (s) %108 Time (s) %1078

Figure 4.4-6. Time domain output port voltages given a 1 V sinusoidal input signal applied to port 1 (left) and
port 2 (right).
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With the time domain simulation of the VF model of the radiating elements along with a circuit in
HSPICE verified, the actual nonlinear switching circuit can be included into the HSPICE netlist.

Such a circuit is shown below in Figure 4.4-7.

nmm Cl Port 1 Port 3
J + +
pmos
nmos Routl
1 VUp1 Up3

= nmos G2 Port 2 Port 4

H_T Ll + +
pmos
nmos Up2 Ups Routz

Figure 4.4-7. Switching circuit driving the antenna link.

,||—T_TT_

The above circuit element details are shown in Table 4.4-2 while Table 4.4-3 shows the MOR and

vector fitting parameters needed to run the time domain co-simulation.

Table 4.4-2. Element details of the circuit in Figure 4.4-7.

Vin sin(2m(2.5 x 109)t)
Initial value = 1.8 V, Pulsed value = 0
Delay time = 0's
P, Rise time = Fall time = 0.01 us
Pulse width = 200 ns
Period = 400 ns, Frequency = 2.5 MHz
Initial value: 0 V, Pulsed value = 1.8 V
Delay time = 0's
Py Rise time = Fall time = 0.01 us
Pulse width = 200 ns
Period = 400 ns, Frequency = 2.5 MHz

nmos BSIM nmos model (level = 54)
pmos BSIM pmos model (level = 54)
Cy, G, 10 nF
Ry, R, 10 kQ

Rout1, Routz 50 Q
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Table 4.4-3. MOR and vector fitting parameters.

N, 6918
Ny 50
N, 4
N, 10
N, 9
N, 7

Trmax 0.001%
Nq,min 5
Nq,max 45
AN, 2
l 25

The MOR parameters defined in the above table render the VF model accurate over the 2-3 GHz
band, a wide enough range to account for the circuit’s nonlinearities. The OMC method for
determining N, and N,, was used here, however the graphical method for determining N., while
sufficient for an accurate frequency domain simulation, underestimates the number of Chebyshev
coefficients needed for time domain simulations, and thus additional coefficients were needed.
Also, the maximum tolerance t,,4, had to be significantly reduced to generate an accurate VF
model. Furthermore, in addition to approximating the MoM current coefficients between 2-3 GHz,
a DC solution of zero was forced upon the VF model such that the port currents of the antenna at

DC are known for the initial guess of the time domain simulation.

Figure 4.4-8 shows the magnitude of the current computed at each port given a unity excitation
applied to port 1. This plot compares these quantities computed via an exact frequency domain
formulation and that using (4.4-2) where A, B, C, and D are found using MOR with the parameters
in Table 4.4-3. This plot confirms the accuracy of the stable transfer function approximation
needed for “Step 1” outlined in Figure 4.4-1. One could of course also construct the VF model
using the exact currents, however doing so in this case takes about 41 minutes compared to 19
minutes using MOR. Figure 4.4-9 then shows the results of the co-simulation in “Step 2” of Figure
4.4-1 by depicting the voltage as a function of time at each of the four antenna ports. These results

confirm the function of the circuit and antenna link given the switching of high-level voltages
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between ports 1 and 2 corresponding to the respective switching of high-level voltages between
ports 3 and 4.

0.03

Ezact
————— VF Model (MOR)

Unity Voltage Applied to Port 1

0.025

Port 1
0.02

5 0.015
0.01

0.005

2 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3

Frequency (GHz)

Figure 4.4-8. Current magnitude at each port given a unity voltage excitation applied to port 1 computed using the
exact MoM formulation and the VF model constructed using MOR acquired samples. Altering the port in which the

voltage is applied yields no change other than to the curve port labels.

Voltage (V)

Voltage (V)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

%10 Time (s) %10

Voltage (V)

0 0.1 0.2 03 04 05 06 07 08 09 1
Time (s)

0 01 02 03 04 05 06 07 08 09 1
-6 Time (s)
x10

Figure 4.4-9. Time domain port 1 (top-left), port 2 (bottom-left), port 3 (top-right), and port 4 (bottom-right)
voltages of the antenna link modelled using VF with samples taken from the MOR MoM formulation while

driven by the circuit shown in Figure 4.4-7.
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4.5 CONCLUDING REMARKS

A new idea that targets the co-simulation of an antenna array modelled via a MoM-MOR field
analysis, and a transceiver/beamformer modelled using lumped circuit analysis (MNA), has been
described. A unified field-circuit system has been developed in a form that has allowed the use of
a clustered multiport MOR approach for the MoM-based field-analysis part of the problem to be
devised that (very importantly) allows use of the efficient Arnoldi-like process for its
implementation. Many groundbreaking acceleration methods become computationally superior to
conventional MoM-based methods only for problems that are very large (in terms of the number
of unknowns). The field-circuit clustered multiport MOR method arrived at here has been shown
through examples to offer significant computational advantages for even small to medium sized

field analysis problems.

Furthermore, while the inclusion of non-linear elements in the antenna circuitry necessitates an
initial sequential step prior to the simultaneous simulation, the example in the previous section
provides a baseline of how such a formulation may be useful in analyzing antenna links. Of course,
further digital signal processing, digital to analog/analog to digital converters, and signal
modulation circuitry can be included in the model at both the transmit and receive ends of the link
to fully quantify specific system metrics (e.g. error vector magnitude). Ultimately, this non-linear
circuit formulation serves as an addendum to the co-simulation technique described in Section 4.2
that describes one possible method that uses both MOR and a co-simulation matrix equation, albeit
sequentially, to quickly and accurately handle the modelling of antenna-circuit systems that

include non-linear elements.
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CHAPTER 5

Antenna Subtractive-Mask Shape Synthesis

5.1 INTRODUCTION

We recall from Section 2.11 that existing antenna shaping techniques have three main drawbacks.
The first arises from non-gradient optimizers used in discrete-pixelation methods struggling to
identify global minima in the objective function space due to the very large number of pixels that
would be necessary to achieve sufficient geometrical resolution. This limits the use of most
pixelation-based methods to structures that are of intermediate or small electrical size. Continuous
versions of pixelation methods solve this issue by permitting the use of gradient-based algorithms
that allow for a huge number of design variables; however in their current state these methods run
into the second drawback. While rapidly determining gradient information for port parameters,
modal fields, radiated fields, and antenna gain has been reported, no such information has appeared
as of yet for composite objective functions. Furthermore, issues have been reported of these
methods leading to less-than-optimal solutions when the continuous material parameters must be
pushed towards the complete binarization needed for fabrication. The final drawback, and arguably
the most important, is the immense computation time needed to complete shaping routines,
particularly for medium to large sized geometries. This is most prominently seen in the subtractive
shaping technique described in Section 2.11 and which was introduced in [MOHA 22], to avoid
some of the drawbacks of pixelation methods by defining subtractive objects as a relatively small
number of shapes (relative to the size of the mesh) that indicate portions of the initial structure to
be removed. This limits the number of optimization variables such that non-gradient optimizers
can be safely used while also allowing for a high geometrical resolution. However, after each new
subtractive shape orientation is created, the structure must be re-meshed before CEM analysis can

be performed, leading to extremely long simulation times.

In this section the new antenna subtractive-mask shape synthesis procedure will be introduced. It
is best described as comprising of three components. (a) It uses subtractive objects as in the method
in [MOHA 22], however the shape of each object is imagined to be a part of a mask that is projected

onto the mesh of the CEM model of the starting conductive material distribution, and it is these
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mesh elements that lie within the projection (and their occupying conductor) that must be removed.
(b) Instead of actually removing these elements of the mesh (and hence the material there), these
mesh elements are effectively removed by leveraging an idea from [CAPE 19]. This obviates the
need to re-mesh the remaining structure or re-size the operator matrix of the associated CEM
forward analysis. (c) A customized form of the Arnoldi-based model order reduction technique
described in previous sections is used. Numerical simulations will demonstrate that each of these
components enhances the efficiency of the overall shape synthesis methodology. This method will

be presented in this chapter as follows:

Section 5.2: Existing Subtractive Shape Synthesis Methodology

Section 5.3: Subtractive-Mask Shape Synthesis

Section 5.4: Numerical and Experimental Results

Section 5.5: Concluding Remarks
5.2 EXISTING SUBTRACTIVE SHAPE SYNTHESIS METHODLOGY

The existing subtractive shape synthesis process is illustrated in Figure 5.2-1. This figure depicts
an initial conductor S, that is progressively modified by removing a set of R; standard geometrical
objects for i = 1,2, ..., Ns. The (usually fixed) ports are not shown. The shaping process is carried
out by iteratively modifying the dimensions and location of the geometrical objects through a non-
gradient optimization technique such as a genetic algorithm (GA) to reach a shape with the desired
performance metrics. By parameterizing the shapes with only a few parameters, the optimization
problem can be formulated with a greatly reduced set of decision variables. In each iteration, for
the existing form of the subtractive approach [MOHA 22], the surface is re-meshed anew after
removing the objects from S,. Such an approach is amenable for use with any commercial
computational electromagnetics code that permits automated control of its geometry by a shaping
script through its application programming interface. In the following section, not only will an
extension of this method be proposed, but it will also be more directly integrated within the CEM

analysis allowing for significant computational gains using MOR.
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Figure 5.2-1. Illustration of the concept of subtractive shape synthesis where the R; objects are actually removed

from the conducting surface S,, which need not be planar.

5.3 SUBTRACTIVE-MASK SHAPE SYNTHESIS

The idea of subtractive-mask shape synthesis (SMSS) is encapsulated in Figure 5.3-1 where
subtractive objects dictate regions of the initial surface S, to be removed. Compared to Figure 5.2-

1, the proposed method operates on edges of a far denser mesh that must be generated only once.

This formulation begins by associating a set of parameters P; that uniquely identifies every
projective object R;, where i = 1,2, ..., Ng, with Ng being the number of projective objects used in
the optimization. Without loss of generality, each P; is comprised of six variables: P; =
{si, x1, Vi, zi, wi, h;}, where s; s an index specifying the type of object (rectangle, ellipse, or triangle),
the triple (x;,y;,z;) denotes the centroid coordinates of a particular mesh triangle in which the
object is to be placed around, and the pair (w;, h;) specifies two dimensions of R; (those dimensions
depending on the type of shape). For a given P = {Py,P,, ..., Py} the shape S¢ is defined. The
optimization problem is thus defined as the determination of the configuration P* that minimizes
the problem’s error function [BAND 88], F(; f;), for all frequencies f;. This can then be formally

stated as the search for the parameter set
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Figure 5.3-1. Representation of the idea of projective subtractive shape synthesis (left). The R; are geometrical

objects whose projections onto S, (which need not be planar) dictate mesh edges to remove.

P ={P;, P}, ... Prg} (5.2-1)

such that, subject to fabrication and other physical design constraints,

Ny
P = argminz F(P; f,) = argmin(F*(P)) (5.2-2)
P =1 P

where F*(P) is the objective function which measures how close each of the Ny error functions are
to the required performance at their specific frequency and “argmin” is defined as “argument of
the minimum?”, which in this case is used in equating P* to the set of parameters P that minimizes

F*(®). The shaping process then proceeds according to the following strategy:

1) Fixed, dense triangulation: At the outset of synthesis, a dense triangular mesh is
generated and remains unchanged throughout the entirety of the shaping procedure. All
inter-element edges are assigned unique indices in advance. This mesh sets the fineness of

the geometrical resolution afforded by the shaping process.
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2) Object selection constraints: The GA used in the optimization is purposefully restricted
so that the centroid triplets (x;,y;, z;) of any projective object R; may only be assigned a
value equal to the centroid of one of the mesh triangles. This is done by assigning each
mesh triangle an integer value that is linked to its respective centroid triplet. The object’s
dimensions (w;, h;) are continuous variables that are limited only by the physical
constraints placed on the problem. These constraints will be specified further on.

3) Edge-flagging during evaluation: At every iteration, when computing F(%P;f;), the
algorithm scans each edge in turn. An edge is flagged if and only if both of its nodes lie
inside R;. This strategy is used instead of say, flagging an edge if its midpoint lies inside
R;, which would be faster to check, however would result in more isolated edges (those
not part of an entirely removed mesh triangle) leading to a design that is more cumbersome
to fabricate. This is demonstrated in Figure 5.3-2. The collection of unique edges identified

for all Ng objects are then stored.

The above strategy can be implemented as a specific update to the MoM impedance matrix Z(s)
that is constructed at the beginning of the shaping process in accordance with the initial dense
mesh. The update in Z(s) reflects the fact that all the edges located in the “shadow” of R; are to be
removed. It has been shown in [CAPE 19] that the operation of removing one edge is captured by
a scalar operation on the diagonal of Z(s). More precisely, if the nt* edge, n=1,2,...,N,, is
selected for removal, then this entails updating the matrix Z(s) by adding a large real value, R,
on its diagonal element, Z,,,,(s). The approach here extends this idea to the bulk removal of all the
edges that lie in R;. To this end, denote by Egk) the set of indices of the mesh elements that fall

within the boundary of R; at the k" optimization iteration. The update in Z(s) is then formulated
y P P

as
Z(s) < Z(s) + Py, (5.2-3)
where
Ng
T
Pe=D > (e )Ra(ein,)" (5.2:4)
=1 jegl®
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Figure 5.3-2. Mesh with projective object R, centred around triangle T; removing 17 edges if the flagging criteria
is the midpoint of the edge (top-left). The resulting shape (top-right) has two isolated edges (circled in red) that
would require narrow cuts to be made in fabrication. Dense meshes could result in many such isolated edges. The
same mesh and projective object if the flagging criteria are the edge nodes (bottom-left). This lowers the chance

of having isolated edges as shown by the resulting shape (bottom-right).

This idea is easily adapted to suit the multi-port MOR formulation described previously. MOR
enables the efficient evaluation of the error functions F(%P; f;), and hence the objective function.

Incorporating the k" update matrix P, into the MOR framework is straightforward. This is carried
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out by noting that the update to Z(s) in (5.2-3) requires modification of the power series

representation in (3.2-28). Specifically, one may write

Ng+1

Z(s) =Z,+ Py + Z Z;(s)st. (5.2-5)
i=1

This modification propagates solely through the augmented matrix P in (3.3-2), where the original
leading block is simply replaced by Z, + P,, with all other blocks remaining unchanged.
Additionally, [CAPE 19] demonstrates the application of the Sherman-Morisson-Woodbury
formula to update the moment method admittance matrix when a single basis function is being

removed. The result is given as

(5.2-6)

where Y is the admittance matrix, y,, is the n*® column of the admittance matrix, Y, is the nt?
diagonal element of the admittance matrix, n is the index of the basis function to be removed, and
Y is the updated admittance matrix. The SMSS technique can make use of this idea by expanding
(5.2-6) to update the admittance matrix given the bulk removal of edges. The general matrix-vector

product I = YV, with the indices of the basis functions to be removed defined by €® = €%y

Sgk) U..uU 8%‘5), is updated using the algorithm in Figure 5.3-3.

Require: ¥, V, I and £®
Define: M; as the columns of M defined by the indices j
Define: M; as the rows of M defined by the indices i

1. Initialize: C < ¥; {j = E®}

2 Initialize: R « ¥; {i = 0}
3: Initialize: N « C; {i = £®}
4. Solve: Q « N"IRV
5. Compute: I « I — CQ

Figure 5.3-3. Algorithm for the matrix-vector product YV given the bulk removal of basis functions.
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MOR can make use of this algorithm at each iteration of the optimization process by computing
and storing the admittance matrix of the original structure at each of the N,, expansion points.
Then once a set of edges X has been determined for the k" iteration, instead of recomputing
(3.3-24), (3.3-37), and (3.3-42) to obtain My, R, and Aq", respectively, by pre-multiplying their
respective vector quantities by Z(s,)~!, this time however with Z(s,) replaced by (5.2-5),
necessitating an additional matrix LU decomposition at each expansion point for every
optimization iteration, the algorithm in Figure 5.3-3 can be applied to instead update the product
of the admittance matrix and each of the aforementioned three vector quantities. These changes
would be applied within lines 2, 3, and 10 of the pseudo code in Figure 4.2-1. It is important to
note that the update Z, + Py is still necessary in order to compute the reduced matrix P as seen in
(3.3-43). Since making use of this algorithm obviously provides a substantial computational
benefit, one may envisage that instead of using MOR altogether, the admittance matrix at every
frequency can be computed and stored for the initial structure and are then updated using the above
algorithm to find the value of the objective function for each iteration. While this would have the
obvious drawback of costing more memory, it is also slower than incorporating Figure 5.3-3 into
MOR for the problems of interest. Computation times for each of these methods will be compared
in Section 5.4.2. Finally, a generalized overview of the shaping procedure is summarized in the
flowchart in Figure 5.3-4. In this figure, @ is used to indicate an empty set in the initial error and
objective functions given these are the values of the initial structure S,, and Z gint) denotes the Z,,
matrix of S,. Furthermore, the characterization of P; from the GA is done so by selecting a single
value from each of the four columns within the large curly brackets. The triangle index column
contains numbers in the set {1, 2, ..., N,} where N, is the number of valid triangles, that being those
which are part of a surface of the antenna that is permitted to be shaped. From this index, the
centroid triplet (x;,y;, z;) is then easily obtained. Finally, the dimension parameters w; and h; are
assigned an upper and lower limit, denoted here by (a;, ay) and (8., By), respectively, such that

a, <w;<ayand B, <h; <By,foralli=1,2,..,Ns.

The process through which a subtractive object is constructed on any flat surface of the antenna in
three dimensions, and who is characterized around the centroid of a mesh triangle with specific
dimensions, as well as how it is determined whether or not the endpoints of an edge lie within that

object, is explained in Appendix A.
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Figure 5.3-4. Flowchart illustrating the generalized projective shaping procedure.
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5.4 NUMERICAL AND EXPERIMENTAL RESULTS

This section presents three examples used to demonstrate the effectiveness of the SMSS method.
The first two examples examine individual air-substrate patch antennas situated above a ground
plane, while the third example considers the performance of a patch antenna embedded within a
linear array configuration. The first example will be used to highlight the accuracy and
computational efficiency achieved through using the MOR component of the proposed framework.
The second example then provides experimental validation of the methodology via fabrication and
measurements. Finally, the third example is used to address a more complex optimization scenario

involving a more intricate objective function.
5.4.1 Implementation Details

Prior to presenting the examples, this section details important operational parameters which were
found empirically to be efficient in driving the shaping process. Firstly, the GA employed is
implemented using populations of Np individuals per generation for the number of generations N;.
Each individual represents a unique parameter configuration, P. For the upcoming examples, the
upper limits of the two dimensions ay and Sy are specified as 20% of the largest dimension of the

initial conducting surface S, while the lower limits «; and S, are set very close to zero.

Next, particular end criteria was applied to all of the upcoming examples. That is, the number of
subtractive objects is set to an initial value upon starting the optimization process, Ns = Ng;. If the
GA exhibits stagnation, defined as no improvement in the objective function over Ngiqg4
consecutive generations, then N is incremented by Ng, additional projective objects, effectively
expanding the design space. After such an increment, the next generation is initialized by
preserving the configuration that yielded the best objective function value for the previous number
of projective objects, while the newly introduced objects are assigned initial values of negligible
dimension. This guarantees that should the addition of projective objects not result in an improved
objective function, the best result across the entire optimization routine is maintained.
Optimization proceeds until stagnation is detected at or beyond the initial predefined total number

of generations N;.
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Thirdly, the error functions used in the optimization process at a single frequency point f; follow

the formulation introduced in [KHAN 22], namely

F@if) == ) |Ha(ta(@. ) | |DogsigCtm(® 0 =B, 54D

m#n

where X,,, represents a specific performance metric (e.g. input reflection coefficient) computed for
the physical structure synthesized using configuration 2 at frequency f;. B,, denotes a minimum
activation value of the corresponding metric, while N, is the total number of metrics set for
optimization. The functions H, (X, (P, f;)) are tailored for each performance metric. The specific
definitions of X, (%, f;) and H, (Xn (P, fl)) are detailed individually in the upcoming sections for
each of the three examples. The explicit dependence of X,,, on P and f; will be supressed from this

point onwards for notational convenience.

Finally, the operational parameters for all examples are shown in Table 5.4.1.

Table 5.4.1. Parameters used for the examples in Sections 5.4.2-5.4.4.

MOR Shaping Parameters
Parameters
B Ne Ny w; h;
Ne | Ng | Njw | Ny | Nsi | Noy | Notag | No Ny | Ng

ag ay B By

5421|3612 | 50§ 5 | 10 2 11294 | 10 | 10 50 2 1107* | 23 | 107* | 23 | 250 | 250
5435338 | 50§ 5 | 10 2 11610 | 5 5 50 3 1107*| 23 | 107* | 23 | 250 | 250
5447829 | 50 | 5 | 12 2 11962 | 20 | 10 40 6 | 107* | 36 | 107* | 36 | 200 | 200

The MOR parameters in this table were not determined using the methods explained in Section 3.4
but rather were determined through a trial-and-error comparison with the exact solution. The
reason for this was to guarantee that the exact and MOR shaping routines (specifically for example
5.4.2) terminated in the same final shape so that fair conclusions could be drawn from their
computation times. This means that the MOR parameters for these examples lead to an

unnecessarily high level of accuracy, however since the route the optimization takes generation to
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generation depends on any improvement in the objective function, no matter how slight, a lesser
level of MOR accuracy would have resulted in an entirely different final shape after a differing
number of total generations. This does not mean that the results from such a shape would be
inaccurate, just that they could not be compared fairly to the exact result. This is all to say that if
the comparisons between the MOR and exact method was not necessary to this section, then the

methodology in Section 3.4 would be used.
5.4.2 Air Substrate Patch and Finite Ground Plane

The initial antenna structure used in this example is a slightly modified version of that in [CHAN
01], with the difference being in the feeding method. The structure, along with its dimensions, is
given in Figure 5.4-1. The objective of this example is to minimize the input reflection coefficient
and maximize the total broadside directivity of the below antenna over the 2.775-3.225 GHz (15%)
band.

Figure 5.4-1. Air substrate patch and ground plane. All dimensions are in in mm.

As such, two metrics (N, = 2) are used in the objective function. These are defined as

X; = |Tinagl X2 = Dapi(0,¢) (5.4-2)
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where I}, 4p 1s the input reflection coefficient and Dyp; (0, @) is the total broadside directivity. The
minimum activation values are given as B; = 15 and B, = 5, while the functions H; (X;) and H,(X,)

are given as

H,(X,) = 15 tanh (f—;) (5.4-3)

15 4
1 + e(-15(X2-7)

H,(X;) = 0.5(X; —10) + 5. (5.4-4)

Figure 5.4-2 plots H,(X;) and H,(X,). The dashed vertical lines illustrate the activation or
minimum values of X,,, B,. The green markers then show reasonable target values of X,,, that is
X, = 15and X, = 7, which at those points yield about the same value of H,,(X,,) (equal contribution
to the objective function) shown by the horizontal black dotted line. The blue curve shows that
H,(X;) will still benefit significantly should X, increase beyond seven (up to about 10 before it
begins to taper). However, H; (X;) increases far less as X; surpasses 15, indicating that once X; >
B,, the optimizer should focus on X, rather than on further improving X;, since further

improvement in the reflection coefficient beyond -15 dB is deemed to be unnecessary.
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Figure 5.4-2. Plot of the two components of the objective function.
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Figure 5.4-3 shows the final shaped antenna design.
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Figure 5.4-3. Final shaped antenna design. Note that the shaping was restricted to the patch element S, whose

design can be seen in the upper right corner.

Figure 5.4-4 then shows the total broadside directivity and input reflection coefficient as a function
of frequency, while Figure 5.4-5 shows the total directivity in the two principal planes at various
frequencies. Each of these plots reveals the vast improvement in performance from the initial to

the final geometry.
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Figure 5.4-4. Total broadside directivity D4p;(0, ¢) (left) and input reflection coefficient [}, 45 (right) as a
function of frequency. The band over which the performance was optimized is that seen between the two dashed

lines.
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within the optimization band.

Finally, Figure 5.4-6 shows the progression of the objective function as a function of the GA
generation. The proposed method, which incorporates MOR, completed after 501 generations,
denoted as Gppr, and as indicated by the green arrow. This optimization process required
approximately 51 hours and was executed on a MATLAB platform using parallel computing on a
workstation equipped with an Intel Core 19-14900 processor (2.00 GHz), 5 available cores, and
128 GB of RAM. To assess the impact of MOR, the same optimization problem was solved without
MOR under identical computational conditions, however with a set time limit of 51 hours. In this
case, the exact method, denoted G, 4.:, Was only able to complete 30 generations within the
allocated time, as indicated by the yellow arrow in the plot below. Although the computational
time per generation varies depending on the characteristics of the individuals, a conservative
estimate suggests that the use of MOR accelerated the optimization process by a factor of
approximately 501/30 = 16.7. It is important to also note that this speed-up estimate does not
account for the increasing computational cost (per individual population member) associated with
higher values of N, as the exact method did not progress beyond the initial 10 shapes. As such,
the actual performance advantage provided by the MOR-based approach is likely greater than the
estimated value. Figure 5.4-6 also compares the MOR approach with a strictly Sherman-Morrison-
Woodbury (SMW) formulation denoted as Ggyy and indicated by the red arrow. While this

formulation was able to finish 485 generations in the allotted 51 hours, the time it needed to
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complete the entire optimization was approximately 67 hours, meaning that the MOR process was

still faster by a significant factor of about 67/51 ~ 1.3 times.

As a point of comparison, [CAPE 23b] presents an example shaping a spherical shell to minimize
Q-factor. The problem size is given as 2304, 250 generations are considered with a population size
of 64, and with only a single frequency being optimized. Using their optimization method, they
reported that this problem took 46 hours using parallel processing with 16 available cores. The
problem presented above was of greater size (3612), went for more than twice the number of
generations (501), used populations of almost four times the size (250), optimized over many
frequencies (50), and used parallel processing with just 5 available cores. Despite this, the

optimization took only slightly longer at 51 hours.
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Figure 5.4-6. Progression of the best objective function as a function of the GA generation. The dashed lines indicate

the regions of various Ns with that region’s respective Ny overlayed within the section.

5.4.3 Circularly Polarized Air Substrate Patch and Ground Plane

The performance of circularly-polarized single-feed (simple probe or L-probe) air-substrate
microstrip patches has been studied in [YANG 08]. Those authors observed that, with a simple
probe feed, the presence of a U-slot allowed bandwidths of 12% for an axial ratio less than 3 dB
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and around 7% for an input reflection coefficient less than -10 dB, but that these bands are not
necessarily coincident. This work defines a benchmark for what can be achieved with a
conventional design approach and can thus be compared to what is achievable using the proposed

shaping methodology in a way it would likely be used in design practice.

This example uses the same structure as that seen in Figure 5.4-1, however the height of the patch
above the ground plane has been decreased from 13 mm to 9.5 mm. In addition to optimizing the
total broadside directivity and the reflection coefficient, this example will also seek to minimize
the axial ratio over the prescribed 15% band (2.775-3.225 GHz) such that the antenna becomes

circularly polarized. As such, N, = 3 with metrics given by

X, = [Tinas|, X2 = Dapi(0,$), X3 = ARy5(0, ) (5.4-5)

where AR;5(0, @) is the axial ratio in dB to be minimized to below a threshold of 3 dB to be
considered sufficiently circularly polarized. The minimum activation values for this example are
B, =15, B, =5, and B; = 3. The medium electrical size of the starting structure is such that
requiring maximization of the total broadside directivity to be 5 dBi or more will be sufficient to
ensure a single main lobe. Since B; is a desired maximum activation value rather than a minimum,
the logsig functions in (5.4-1) containing B; must be adjusted to logsig(—(X3 — B3)). The H

functions are then given by

H,(X,) = 15 tanh (f—;) (5.4-6)
15
H,(X,) = 0.5(X, — 10) + +5 (5.4-7)

1 4 e—15(2-7)

Hy(X3) = —1.5(X; — 10) + 3. (5.4-8)

1+ e20ad

Figure 5.4-7 plots the above three objective function coefficients analogous to Figure 5.4-2 in the

previous section. H;(X;) and H,(X,) are the same as those plotted in Figure 5.4-2 and have the
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same activation values. H3(X3) in this example is the objective function component that considers
the axial ratio as is shown in (5.4-5). The marker on the orange curve in Figure 5.4-7 illustrates
that the target value of the axial ratio is equal to that of the activation value and has a greater weight
than that of the other two components. This was found to be necessary since the desired axial ratio

is confined to a much tighter bound as a result of the steep drop off in H;3(X3) beyond X; = 3.

40

30

-10

Figure 5.4-7. Plot of the three components of the objective function.

Next, since it is known that a rectangular patch antenna with a single feed location can be made
circularly polarized by cutting away a pair of diagonally opposite corners, bilateral anti-symmetry
has been enforced on this problem about a y-directed line through the centre of the patch. That is
to say that only half (left or right) of the patch is being shaped with the other half being a copy of
the shaped half translated (left or right) and rotated 180°. This is reflected in the distinct halves of
the mesh shown in Figure 5.4-8. It is also worth noting from this figure that the mesh has been
made denser for this example than for the previous one. Figure 5.4-9 shows the final shaped

antenna design.
To verify this design, the results of the shaped antenna will be compared both with a simulated

version of the final structure (that is, a mesh constructed specifically from the final design of the

optimization, denoted as “simulated”) as well as with measurements of the fabricated design.

131



is shaped.

0o

50

-50

r (mm)

-100

132

I
i
a.ééﬁ
sy
i I
SRR

o
U

R
oy

X

A
O

While measurements only really serve as an indication of the accuracy of the computational
electromagnetics model used, they nevertheless act as a confidence check for any work. Figure

5.4-10 shows both of these comparison structures.

-100
Sy, whose design can be seen in the upper right corner.

y (mm)

60 -

Figure 5.4-8. Air substrate patch and ground plane. The patch mesh is bilaterally anti-symmetrical. Only the left half
100

Figure 5.4-9. Final shaped antenna design. Note that the shaping was restricted to the left half of the patch element
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Figure 5.4-10. Mesh structure (left) and fabricated antenna (right) of the final shaped antenna design. The

fabricated antenna was printed on a thin 0.127 mm RT/Duroid 5880 substrate (&, = 2.2) and placed on a Rohacell

HF (1.047 < ¢, < 1.067) foam spacer to obtain the required patch-to-ground plane spacing.

Figure 5.4-11 shows the total broadside directivity as a function of frequency, the input reflection

coefficient as a function of frequency, and the axial ratio as a function of frequency.
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Figure 5.4-11. Total broadside directivity Dy, (0, ¢) as a function of frequency (top), input reflection coefficient

Iinap as a function of frequency (bottom left), and axial ratio as a function of frequency (bottom right). The band
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over which the performance was optimized is shown between the two dashed lines.




For further characterization, Figure 5.4-12 shows the normalized surface current density

magnitude of the shaped design, while Figure 5.4-13 and Figure 5.4-14 show the total directivity

and axial ratio in the two principal planes at various frequencies, respectively. Finally, Figure 5.4-

15 shows the progression of the objective function as a function of the GA generation.

Figure 5.4-12. Normalized surface current density magnitude of the shaped antenna computed at 3 GHz. Dimensions
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Fig. 5.4-13. Total directivity as a function of 8 in the ¢ = 0° (left) and ¢ = 90° (right) plane at various frequencies

within the optimization band.
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Figure 5.4-15. Progression of the best objective function as a function of the GA generation. The dashed lines
indicate the regions of various Ns with that region’s respective Ng overlayed within the section. Due to the enforced

bilateral anti-symmetry, these numbers pertain to subtractive objects restricted to half of the geometry.

The measured directivity and axial ratio are in good agreement with the computed performance.
The reflection coefficient expectedly deviated the most given the inherent difficulty in replicating

the exact feeding mechanism used in the simulation, particularly in the machining of a narrow, flat
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feeding strip, as well as ensuring the very thin substrate that the conductor is printed on remains
flush with the foam substrate around the feeding pin connection. We can see that by using SMSS,
an approximately 12-13% 10 dB input return loss bandwidth was achieved coincidentally with an
approximately 9% bandwidth containing an axial ratio of less than 3 dB, while also ensuring a full
15% ancillary total broadside directivity bandwidth of approximately 10 dBi (more so if the

frequencies beyond the optimization band are considered).

5.4.4 Shape Synthesis of an Air Substrate Patch as an Embedded Element in a Linear Array

The final example will consider the design of an embedded patch within a linear array, motivated
by what was done in [THOR 05] for a patch in an infinite planar periodic structure environment.
In this case we are interested in decreasing the E-plane mutual coupling between the centre patch
(representative of a patch embedded within a large linear array) and the patches on either side.
Since the same shaped design will be enforced on every patch, it is then reasonable to surmise that
additional patches added to the linear array would also exhibit minimal mutual coupling since they
experience a similar environment. Figure 5.4-16 shows a diagram of the antenna structure along

with its dimensions. The array is a modified version of that seen in [SUN 21].

As can be seen in the upper left of Figure 5.4-16, the ground plane has been segmented into
identical portions beneath each of the three elements, each of which are identically meshed. For
this example, the central patch and its corresponding ground plane segment will be considered for
shaping. This shape will then be copied over to the other two element and ground plane
combinations. The feeding strips again are not permitted to be shaped, as well as the leftmost and
rightmost pieces of the ground plane in Figure 5.4-16. Additional patches and ground plane

segments can thus be inserted into the linear array should they be needed.

This example considers six metrics (Ny = 6) defined by

X = |Sll,dB|' X; = |521,dB|' X3 = |S31,dB| Xy = DdBi(O' ¢); Xs = BW(x—z)r X6
= BWo-2).

(5.4-9)
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Figure 5.4-16. Linear array of the unshaped patch antennas and ground plane viewed in the x — y plane (top
left), x — z plane (bottom left), and z — y plane (right). The diagram in the bottom left and on the right are not
to scale but have been adjusted for clarity. All dimensions are in mm. The elements are numbered 3, 1, and 2

from left to right.

The broadside directivity in X, is that of the central element and BW refers to the 3 dB main lobe
beamwidth of the central element in either the x — z or y — z plane. It is desired that the embedded
element pattern remains sufficiently broad in both principal planes while achieving the maximum
broadside directivity possible. The activation values for this example are B; = 15, B, = B3 = 20,

B, = 8, and Bs = B; = 40. The objective function components are then the following.

X

H,(X,) = 25 tanh (1—;) (5.4-10)
X,

H,(X,) = 20tanh <£) (5.4-11)
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X
Hy(X3) = 20tanh (2—;) (5.4-12)

10

H4(X4_) == 0.5(X4 - 10) + 1 n e—1.5(X4_—10) + 5.5 (5.4'13)

10

Hy(Xs) = 0.2(X5 — 40) + ——— - +2 (5.4-14)

10
Ho(X,) = 0.2(Xs — 40) + +2 (5.4-15)

1 4 ¢—0.7(X6—60)

The above functions are plotted in Figure 5.4-17.
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Figure 5.4-17. Plot of the six objective function components.

The first thing to note is that S;; was given a higher weight than S,; and S3,. As will be shown in
Figure 5.4-19, the initial antenna’s S;; over frequency is on average further from the desired
activation value (-15 dB) than that of S,; and S3; (-20 dB). Furthermore, through several trial runs,

it was found that S;; was the quantity that the GA most struggled to optimize which is why it has
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the greatest weight relative to not only the other S-parameters, but to all of the optimization
metrics. Next, despite the expectation that the total broadside directivity of the embedded element
will be less than that of the previous two examples (given the smaller size of starting patch), it was
found that a greater activation value and a slightly different function was necessary to achieve the
desired results. This was simply to keep the weight of H,(X,) in line with the other functions, that
is to say that (5.4-7) sometimes lead to structures with suboptimal directivities. Finally, an
activation value of 40° was set for the 3 dB beamwidths in each principal plane. By using a similar
function to that used for the directivity, a target value of 60° was set by offering a larger increase
in the value of the objective function should the beamwidth surpass about 55° up to about 65°. It
was found that this setup offered a good balance between beamwidth and directivity, thus any
greater beamwidth was considered unnecessary so it’s contribution to the objective function

decreases beyond about 65°.

The final shaped antenna design can be seen below in Fig. 5.4-18. Note that each patch element

and its associated ground plane segment are identically shaped.

6l -
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=50
iy (1) -100 -100 T (mm)

Figure. 5.4-18. Final shaped antenna design. A top-down view is shown in the upper right corner.
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Figure 5.4-19. S,4, S,1, and S5, as a function of frequency (top), total broadside directivity Dy, (0, ¢) as a function
of frequency (bottom left), and 3 dB beamwidth as a function of frequency (bottom right). The band over which

the performance was optimized is that shown between the two black dashed lines

Figure 5.4-19 above shows S;4, S,1, and S3; as a function of frequency for the initial and shaped
array, the broadside total directivity over frequency, along with the 3 dB beamwidth versus
frequency. Figure 5.4-20 shows the total directivity at various frequencies in the x —z and y — z
planes, respectively, where both planes exhibit the broad patterns desired for an embedded
element. Finally, Figure 5.4-21 displays the progression of the objective function throughout each

GA generation.

It is always possible to define shape synthesis problems with a tough set of performance metrics,

however it is often difficult to achieve the desired optimization across all such metrics. This
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example has demonstrated that the subtractive-mask approach, combined with MOR, renders such

problems do-able with modest computational resources.
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Figure 5.4-20. Total directivity in the ¢ = 0° (left) and ¢p = 90° (right) plane at various frequencies.
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Figure 5.4-21. Progression of the best objective function as a function of GA generation. Since the patch and ground

plane section is being shaped in this example, Ng; was set to 20 to account for the greater shaping area.
5.5 CONCLUDING REMARKS
The key attribute of the subtractive-mask shape synthesis method presented in this chapter is its

ability to apply a provenly effective subtractive shaping methodology (through various adaptations
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to the original approach) while obviating the need for remeshing during each iteration. This means
that throughout the entirety of the problem, only the initial structure needs to be meshed and
formulated. This improvement to the original subtractive shaping approach alone is significant,
and constitutes a massive reduction in computation time. To put this into perspective, let us
consider the circularly polarized patch antenna example of Section 5.4.3. By no longer needing to
re-mesh each new structure at every GA iteration, a new impedance matrix need not be computed.
For this example, the time needed to fill the Chebyshev-approximated (N, =5) impedance
matrices (seven matrices in total) of the final meshed design, shown on the left of Figure 5.4-10,
is approximately 40 seconds. If a Chebyshev approximation of the impedance matrix is not used
(conventional approach), filling the 50 impedance matrices (N; = 50) takes approximately 160
seconds. Each generation of the GA results in a population of 250 different structures that have
varying MoM problem sizes with slightly different matrix fill times. However, if we use the fill
time of the final meshed design as an estimated average, then with the 64750 antenna shape
possibilities that were considered in this synthesis example, utilization of the new subtractive-mask
approach saves approximately 719 hours (30 days) of matrix fill time if the Chebyshev
approximation is used, or about 2878 hours (120 days) of matrix fill time if the MoM matrix is
computed in the conventional way at each frequency. Although even the improvement afforded by
the subtractive-mask technique alone provides a substantial reduction in the computation time
needed for the shape synthesis process, the shaping of non-electrically-small antennas is shown in
this chapter to be rendered feasible only with the use of MOR compounded with the

aforementioned obviated re-meshing.

The subtractive-mask shape synthesis process thus ultimately allows for the rapid shaping of
medium- to large-sized antenna problems with complex composite objective functions that yield
directly manufacturable final designs that were validated in this chapter through both simulation

and measurement.

142



CHAPTER 6

Conclusion

The first contribution of this thesis was detailed in Chapter 3. There, the idea of model order
reduction, historically used in circuit simulation, was adapted to create reduced order models of
CEM analyses which allow for such problems (of fundamentally any size) to be solved at
essentially any number of frequencies without costing additional computation time beyond the

first solution. Achieving this was done through multiple steps:

= To start, the frequency dependent MoM impedance matrix had to be recast in such a way
to allow it to be equivalently written as a linear polynomial with respect to frequency. This
was done by taking a Chebyshev approximation of the exponential terms within the
computation of each impedance matrix element. The result, however, was a power series
representation of the impedance matrix with frequency independent coefficient matrices
whose number, and thus the order of the polynomial, was determined by the number of
Chebyshev coefficients needed for an accurate approximation. Such a polynomial was then
linearized by expanding the size of the matrix equation by derivatives of the solution
vector.

= Arnoldi’s algorithm, and thus what was termed implicit MOR in this thesis, could then be
employed, albeit in a painstakingly slow and inefficient capacity due to the much larger
system of equations now being considered. An alternative computationally efficient
procedure was thus developed to utilize Arnoldi’s algorithm to compute the ROMs from
only matrices and vectors of the original problem size, thus circumventing this
computational hurdle.

» This formulation was then finalized by developing new methods precise to antenna
applications that allow for the automatic determination of all of the necessary MOR
operational parameters, ensuring that an accurate result can be achieved without having to

brute-force such a result through repeated trial runs. These parameters being the number of
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Chebyshev polynomials needed to approximate the impedance matrix, the optimal size of

the reduced order models, and the number and location of expansion points.

Prior to this work, the literature surrounding the application of model order reduction to the method
of moments analysis of radiating structures was incredibly limited if not non-existent, which was
certainly the case when considering electric field integral equation modelling using the spatial-
domain free-space Green’s function. This thesis has extended this literature by developing an

MOR formulation for such class of MoM scattering problems from perfectly conducting objects.

Chapter 4 and Chapter 5 then made use of this MOR formulation to enable a novel antenna-circuit
co-simulation framework and shape synthesis algorithm, respectively, that would otherwise have

been computationally cumbersome.

Thus the second contribution, namely the formulation developed in Chapter 4, which
simultaneously solves a MoM field analysis along with the MNA circuit formulation of the feeding
circuitry, linking the voltages and currents at the circuit ports and antenna feed points. The multi-
port nature of the MOR formulation allows for what is effectively a “library” of ROMs to be
created for varying antenna structures over different frequency bands. This means that any circuit
can be connected to a ROM and can be simulated for a full-wave solution without having to
recompute the ROM, allowing for repeated rapid simulations of the entire antenna-circuit
combination as the circuit is being iteratively designed. Such a library is of particular value when
dealing with higher frequency applications which in turn lead to tightly-integrated array antennas
that do not easily allow for measurements at individual element ports (or even the array antenna
port), making measurements of the combined antenna array/transceiver circuitry increasingly
essential. Two examples in this chapter showed off this idea to be both accurate and
computationally efficient when working with a linear circuit. Non-linear circuits were then
considered by adding in a sequential step, along with a vector-fitting algorithm, to combat the
numerical instability and lack of convergence when dealing with this type of problem in the time
domain. A third example in this chapter showed how this type of formulation can be used, using

an antenna link as a vehicle. Although not shown here, this approach can easily include any signal
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processing and modulation circuitry involved at either end of the link to quantify system-specific

metrics.

Finally, from the onset of this research, the goal was to improve the computational efficiency of
antenna shape synthesis, an antenna design technique which, while promising in its concept, has
yet to become adopted as a common industry practice. The reason was evident from the
computational comparison shown for the first example of Chapter 5 where traditional MoM
computations (the exact formulation) would take far too long to complete. This is why the
comparison was done by halting the process (when using the exact MoM) after it had taken as long
as the MOR-based process took. A conservative estimate for the time needed for the exact method
to finish this example would have been approximately 35 days, but likely more given this estimate
is based on the number of generations the exact method completed while using only the minimum
number of subtractive objects (as was explained in Section 5.4.2), and that it was done for only the
duration for the smallest of the three problems presented in this thesis. However, by using MOR
in conjunction with this novel SMSS methodology, the third contribution of the thesis, the time
needed to shape medium-sized antenna structures with composite objective functions balancing
several design metrics was cut down from weeks or months to just a few days, ultimately
increasing the viability for such a technique to be used as part of standard design practice. Of
course, computational efficiency is hardly relevant if the methodology yields sub-optimal or
inaccurate results, but the examples in Chapter 5 proved this was not the case for the MOR-based
SMSS method which was able to achieve strong results relative to what would be expected as an
upper bound for the performance metrics, given the initial structure’s size. One of these examples
was also fabricated and assembled to confirm the method’s validity, while also providing
measurements that fundamentally confirm the accuracy of the CEM model used throughout this
thesis. As a whole, the SMSS method addresses many of the issues plaguing current antenna shape
synthesis techniques beyond just exhaustive computation times. It provides easily manufacturable
designs, scalable geometrical resolution (defined by the density of the mesh) without inflating the
number of design variables or the computation time. It can easily handle any type of objective

function, and has relatively few optimization variables making it ideal for non-gradient optimizers.
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To conclude, there do remain some points discussed throughout this thesis in which further
investigation would prove useful. The first is the determination of the minimum number of
Chebyshev coefficients needed to accurately represent the impedance matrix. While the graphical
approach covered here is functional, a rigorous analytical relationship between the minimum
number of Chebyshev coefficients, the frequency band of interest, and the maximum dimension
of the antenna structure may exist. Its determination is a more complicated task then was initially
thought, for the reasons mentioned in Section 3.4.1, but would certainly prove useful to uncover.
The second is related to the antenna-circuit co-simulation methodology when handling circuits
with non-linear elements. As was mentioned in Section 4.4, the sequential step and subsequent
necessity for the vector fitting algorithm was due to convergence and stability issues that were
encountered when attempting to solve the co-simulation formulation in the time domain via
Newton iterations, and stemmed from the complex nature of the reduced MoM matrices. A few
attempts were made throughout the research to model these matrices in an equivalent real-valued
manner to try to alleviate this issue, but a solution was not found. Future further research into this
area would very likely lead to a solution allowing for a full co-simulation framework with non-
linear circuit elements as was presented here for strictly linear circuits. Lastly, the obvious and
largest next step in the application of MOR to the MoM analysis of radiating structures would be
to broaden the class of problem in which MOR can be used to beyond just perfect electrical
conducting surfaces in free space to ones which also include dielectric materials. PEC materials
were chosen in this work simply as a test case for the methodology. Common design practice
entails initially assuming a PEC structure and then later considering losses via a perturbation
approach to see what the effect is on the final design. However, given how beneficial MOR has
been demonstrated to be throughout this thesis, expanding its application in the field of CEM

analysis would undoubtedly be worth investigating.
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APPENDIX A — Edge Removal

The subtractive-mask shaping algorithm allows for the removal of basis functions enclosed within
a rectangle, an ellipse, or a triangle superimposed on the antenna geometry regardless of its
orientation. Each shape is defined based on the midpoint of a triangle in the mesh and two

dimensions.
A-1. Rectangle Removal

The genetic algorithm produces first an index corresponding to the center of a triangle in the mesh.
This point is used as the center of the rectangle. Since the index indicates the triangle number, the
coordinates of the vertices of the triangle that contains this centroid are known. From these
coordinates, two vectors 7; and ¥, can be constructed coinciding with two edges of the mesh
triangle. The cross product of these vectors thus yields a vector 7 normal to the plane containing
the triangle. The rectangle is defined surrounding the midpoint of the triangle by four corners as is
depicted in Figure A-1. The coordinates of a particular corner can be determined by solving for
the translation vector . Since the orientation of the plane containing the mesh triangle is not

restricted in any way, t in general will have components t,, t,,, and t,.

Figure A-1. Example of a removal rectangle centred around a mesh triangle. The green box shows examples of

edges which would be removed while the red box shows examples of edges which would not be removed.
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Solving for the components of ¢ requires three equations. Firstly, the magnitude of £ is known

given that the dimensions of the rectangle are known.

7l = /(§)2+(§)2= Joe o7+ (A1)

Furthermore, since the corners must lie in the same plane as the mesh triangle,

t-n=tm,+t,n, +t,n, =0. (A-2)

Finally, since the genetic algorithm does not provide an orientation for the rectangle (how it is
angled with respect to some axis), the third equation must define one of the components of the

translation vector directly. In this case, the selection is as follows.

£ = (A-3)

It is important to note that this selection will only work if the plane in which the rectangle is on is
not parallel to the y-z plane or on a plane that was parallel to the y-z plane but has been tilted in
the x direction. It is evident that in these situations, t, must either be zero or a specific value that
corresponds to the tilt of the plane which is likely not exactly the distance in (A-3). In such cases
no real solution for the translation vector exists. As such, if no real solution is detected, (A-3) is

changed to either

t, = (A-4)

or

t, == (A-5)
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Solving equations (A-1), (A-2), and one of (A-3)-(A-5) will yield two solutions for the components
of the translation vector corresponding to two of the rectangle’s corners. The translation vectors
corresponding to the other two corners are found by solving the same system of equations however
with the negative of (A-3)-(A-5). The coordinates of the four corners are then calculated as follows
where P is a vector from the origin to the midpoint of the triangle and C; are vectors from the

origin to each of the rectangle’s corners.

C, =P, +§ (A-6)
C, =P+, (A-7)
Cy =P, + £, (A-8)
C, =P+, (A-9)

Once the corners of the rectangle are known, the endpoints of an edge are determined to be within
the rectangle if the sum of the area of four triangles formed by connecting each neighbouring
corner pair to an endpoint, respectively, equals the total area of the rectangle. If the edge is outside
of the triangle, the sum of the areas will be greater than the area of the rectangle. The areas of the
four triangles are easily found as follows considering as an example the triangle formed between

points at the ends of vectors Cs, C,, and P in Figure A-1.

Area = %I(I3 —C3) X (C, — C3)| (A-10)

A-2. Ellipse Removal

When removing edges within an ellipse, the ellipse is defined by the genetic algorithm which again
produces a midpoint of a triangle in the mesh, as well as two dimensions, which in this case
correspond to the major and minor axes of the ellipse. Similar to the case of the rectangle, the
midpoint of the mesh triangle is taken to also be the midpoint of the ellipse. Like in the previous

section, from the coordinates of the mesh triangle vertices, two vectors v; and ¥, can be

153



constructed. Their cross product then yields a vector 7 normal to the plane containing the triangle.
If the following inequality is true, then it is known that a point (x, y) lies within the ellipse, where

A and B are the major and minor axes lengths respectively.
X2 y?
—F =<1 A-11
TTF < (A-11)

The equation of the ellipse above is clearly only applicable for an ellipse which lies in the x-y
plane. Since the ellipse in this case can be superimposed on a plane oriented in any way, a local
coordinate system is defined such that the ellipse always lies in the x'-y’ plane of the local
coordinate system (that with the primed notation). The edge endpoints that are to be tested can
then be converted from the global coordinate system to the local coordinate system of the ellipse
allowing for (A-11) to be used. Figure A-2 shows an example of said situation. The local cartesian
coordinate system must be defined by three unit vectors in terms of the global coordinate system.
Since the ellipse must lie in the x -y’ plane, the unit vector in the z’ direction can simply be taken
in the direction of 7. The unit vector in the x’ or y’ direction must be in the plane of the mesh

triangle, therefore it is arbitrarily chosen that

T, — P,
R = — C (A-12)
Ty — Pl
where T; is a vector spanning from the origin of the global coordinate system to one of the vertices
of the mesh triangle and P is a vector spanning from the origin of the global coordinate system to
the midpoint of the mesh triangle. The unit vector in the y’ direction $' can then be found by taking

the cross product of 2" and 2.

Any point in the global coordinate system (x,y, z) can then by converted to a point in the local

coordinate system of the ellipse (x',y’,z") using the following relationship,

! ! !

X Xx Xy Xz|rx —Xxc
=1y w Y|y yc] (A-13)
z' Zy 2Zy Zy|lZ 7 Zc
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where the 3 x 3 matrix contains the global x, y, and z components of the local unit vectors. The
coordinate pair (x, y') can then be inserted into (A-11) to verify whether an edge endpoint is within
the ellipse. Since (A-11) has no z’' dependence, it must also be checked that the point lies in the

same plane as the ellipse. This is the case if z' = 0.

o3
<

5 /e

' (xc,¥e ze) )

————F ===~
—_—— N =
l
=

Figure A-2. Example of a removal ellipse centred around a mesh triangle.
A-3. Triangle Removal

When the genetic algorithm decides to remove a triangular shape, it defines said triangle again by
the midpoint of a mesh triangle as well as two dimensions. Unlike with the two previous shapes,
the midpoint of the mesh triangle does not need to be the midpoint of the removal triangle. The
two dimensions that the genetic algorithm provides are two of the triangles side lengths. Again,
from the vertices of the mesh triangle, two vectors ¥; and ¥, can be constructed. The angle between
these vectors can be computed as follows.
U U
0 = cos™ (%) (A-14)
D117,
Cosine law can then be used to determine the length of the third side of the triangle ¢, where a and

b are those given by the genetic algorithm.

¢ =+a? + b? — 2abcos O (A-15)
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Figure A-3 shows an example of the situation described in this section. Since 6 is computed from
the mesh triangle, it is being taken that one angle of the removal triangle is the same as that of the
mesh triangle. The length of the median AM taken from the vertex with the common angle 6 can

be computed as follows.

2a% + 2b? — c?
am = |2 ) ¢ (A-16)

A translation vector ¢ must now be constructed in order to determine the location of one of the
vertices of the removal triangle. Since the removal triangle could theoretically be placed in any
orientation surrounding the mesh triangle, an assumption regarding its orientation will have to be
made. It is thus taken that the distance between the common angle vertices of the removal and
mesh triangle are equal to the distance of the longer segment of the median if the centroid of the

triangle was the midpoint of the mesh triangle. This distance d could then be calculated as follows.
2
d = 3 AM (A-17)

Since the vertex A4 of the removal rectangle is aligned with the midpoint of the mesh triangle and
one of the vertices of the mesh triangle, a unit vector @ pointing in the direction of the midpoint of
the mesh triangle to said mesh triangle vertex would also be pointing in the direction of vertex A.
Since all points of the mesh triangle are known this unit vector is easily constructed. The translation

vector and subsequently the coordinates of vertex A can then be found.
t=du (A-18)
A=P:+t (A-19)

The coordinates of vertices B and C can then be found from vertex A knowing that AB and AC are

directed in the same way as 7; and v, respectively.
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B=4+bp, (A-20)

C =4+ ab, (A-21)

With the coordinates of the triangle now known, the same method used for the rectangle removal
to determine whether a point is inside the triangle or not can be applied here. In this case, if a point
is inside the triangle, then the sum of the area of three triangles formed by connecting each
neighbouring corner pair to that point, respectively, will equal the total area of the triangle. If the
edge is outside of the triangle, the sum of the areas will be greater than the area of the triangle. The
areas of these three triangles can be found in the same way as described in (A-10). The total area

of the removal triangle can be found as

1
Area = Z\/4a2b2 — (a2 + b2 — c2)2 (A-22)

Figure A-3. Example of a triangle removal described in this section. The black dashed triangle is the general
removal triangle with unequal edges, while the green triangle is one which has the midpoint of the mesh triangle as

its centroid.
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