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ABSTRACT

In his book "Lectures on Rings and Modules" Professor
J. Lambek introduced Extl based on the "Square Lemma". In this thesis
his approach has been used to define Ext" for any positive integer n.
This definition will be called symmetric definition of Extn,’since it
is symmetric in both projective and injective modules. The equivalence
of this new definition of Ext" and the ordinary one has been shown.
This symmetric definition together with the Square Lemma gives us an
elegant method of diagram chasing, by squares instead of elements.

Some applications are given.




- ii -

ACKNOWLEDGEMENT

" I wish to express my deep appreciation to my Supervisor,
Dr. Walter D. Burgess, for the never ending patience which accompanied his
advice‘throughout the progress of this work, and for his invaluable
guidance during my tenure at the University of Ottawa.
I also wish to thank the Department of Mathematics and
the Chairman, Dr. V. Linis, for providing me with an opportdhity for research
and with financial assistance during the period of my study at the University

of Ottawa.




- iii -

TABLE OF CONTENTS

Abstract ' i
"Acknowledgement | K ii
Chapter I Preliminaries ’ 1
1.1 Introduction - 1
1.2 Notationms : 2
1.3 Basic definitions ' 3
1.4 Basic Lemmas. | 5
1.5 Square Lemma 7
Chapter II  ExtP 9
2.1 Extl and Ext? ‘ 9
2.2 ExtP? | 13
2.3 Equivalence of the two definitions 17
2.4 Remarks ‘ 22
1. Ext0 , 22

2. Ext™ - by injective resolution only 3

3. Ext® - independent of resclution 24
Chapter III Some applications of Ext® 25

Simplification of Chapter 3 in the book '"Rings and Homology" by Jans

Appendix 37

Proof of the Exact Sequence of Homology Theorem by square chasing




-1 -
CHAPTER I

PRELIMINARIES

1.1 Introduction

Homology theory is a powerful technique in studying
the structures of rings., Often we have to deal Qith a lot of arrows
(homomorphisms) and many complicated diagrams. In order to show some

relationship between two objects (modules) in a given diagram a hide

"and seek game of chasing diagram by elements from one corner to

another, then to another etc.,Ais necessary, and in mosf cases this
is not an easy job and is uninteresting. For example, see the proof
of Exact sequence of‘homology theorem in (2). By introducing the
Square Lemma of (4), and the symmetric definition of Extn, we are
able to chase the diagrams by squares instead of by elements, which
is a more elegant tréatment (see the proofs of Exact sequence of
homology theorem in Appendix, and the theorem on Exact sequence'of
Ext" in first variable in Chapter III).

Based on the Square Lemma, Extl was first introduced
by Professor J. Laﬁbek. In this thesis this approach has been extended
to any positive integer n, by showing there does exist an isomorphism
of two particular R- modules, and the common value of this isomorphism
is taken to be Ext". This definition is symmetric in projective and
injective modules, and is different from the ordinary one given in (2).
Their equivalence is shown in Chapter II. If a statement concerning
projective module is proved based on ordinary definition of Extn, it ;s
not always the case that a corresponding statement concerning injective

module follows easily, quite the contrary, one might go a long way before




‘and second variables in (2)). However, in using the symmetric definition

the truth of the corresponding statement for injectivegis established.

(Compare the proofs of theorems on Exact sequence of Ext” in first

of thn, if a property concerningaprojective moddle is true, it is also
true when the word projective is replaced by injective, and vice versa.

In whatever way we may define thn, the most important point of all is

that Ext" should be independent of resolutions used to definé it. The
proof of this fact is quite long when the ordinary definition is used.
However, this can be seen directly from our symmetric définition of Ext".
Consider the stateﬁént: Mg A+B induces f*: thn(A,C)+Extn(B,C) for each
n and is independent of the resolution is used to define Ext™, The truth

of this statement cannot be seen easily if the ordinary definition of

Ext" is used, vet it is almost a direct consequence of the symmetric definition.

1.2 Notations

All modules which appear in the following are left R-modules
over a ring R with unity; We shall simply call a left R-module an R-
module without any further explanation.

Given any two R-modules A and B, we shall follow the
notation of the book by Lambek (4), denote the additive abelian group
of all R-homomorphisms from A into B by BPA, instead of the usual
notation Hom(p,R). If f; B+C is an R-homomorphism, we denote the

induced homomorphisms by:




BgA 0, CoA

agc 125, agn

where 1 denotes the identity homomorphism on A.

1.3 Basic definitions

1. Exact sequence

?

Suppose {Mi} is a non-empty collection of R-modules

with a corresponding collection of mappings fi: Mi*Mi-l such that

Kerf, = Imf, .. Then the sequence
i i-1 _

£, 1 £,
to.c‘——” M.-—l_—l—-) M.-—J;PM ) S0 BB e

is called an exact sequence of R-modules.

2. Projective module

An R-module P is called a projective R-module if the
diagram:

exact

can be embedded in the diagram

[




- P
u
Lu
A--'—’!‘-PB—-—+0

in such a way that the latter diagram is commutative i.e. mp =
3. Injective module

An R-module I is called injective if the diagram

00— A~—B exact

can be embedded in the diagram

0 —> A LN B exact
ul ﬁ
I

in such a way that the latter diagram is commutative, i.e. p = um.
4, Splitting of exact sequence
An exact sequence M -£+ 8§ — 0 is said to be split if
there is a map S 2> M such that pp is identity on S. An exact sequence
3 . . . k < s s .
0 —S M splits if there is a map M —> S such that kj is identity
on S,

5. Projective and injective resolutions

Given any module A, an exact sequence

4 dl
‘....___*P__r_x_*.'..__)P ——’P—-’A—"*O

n 1




.. AR S

with all Pi projective, is called a projective resolution of A. An

exact sequence:

Cl C2 C

o-'—>A-—->I—-—+11———->....———>I 3

with each Ii injective, is called an injective resolution of A.

Note that, given any module A. there exists a projective
resolution of A, and an injective resolution of A, since evefy'R-module
is a homomorphic image of a projective module and can belembedded as a
submodule of an injective module. (p.83, p.90 (4)),

¢

6. Exact functor

(For definitions of category and functor refer to (5)

and (6)),

Let Q@ be the category of all left R-modules, a covariant

functor T is said to be exact, if whenever 0 > El N E LR E2 > 0

is an exact sequence of R-modules, the sequence

0 — T(E,) — T(E) — T(E,) —> O

Yr¢p) T(p) 2

is also exact.

Remark: There is a corresponding definition for contravariant functor.
(Refer to (8)).

1.4 Basic Lemmas

Lemma 1 For any module D.

(i) If the sequence 0 — A =, p-8, L is exact at A and

B, the induced sequence

0 — A@D EEI B@D EEI LgD




Lemma 2

Lemma 3

Lemma 4

(ii)

of abelian groups is exact,

If the sequence M —» B —X» ¢ * 0 is exact at B

and C, the induced sequence

0 — DgC l_ﬁ D@B DgM :

1po

"

of abelian groups is exact.

(Refer to p. 23, (5)).

The following properties of module D are equivalent
D is projective
For each epimorphism B <o — 0

BgD gﬂ; C@gD is an epimorphism

IFO0—> A > B > C +* 0 is a short exact

sequence, so is

0 > A@D > B@D > C¢gD > 0
(Refer.tp p. 23 (5)).
The following properties of module D are equivalent.
D is injective
v

For each 0 —> A —» B monomorphism

DgB — DA is an epimorphism

If 0 > A + B * C — 0 is a short exact sequence,

so is

0 — DgC — Dg3B > DA —> 0
(Refer to p. 24 (5)).
Given the following homomorphism of R-modules

A=A &8, 4 g &, pr BL, gn




Lemma 5
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then (B8'fa).(Bfa') = (B'+B8)¥(a'ea). In particular,
if I denotes the identity mapping of A,B,A' and B'
then (1fa)+(8g1) = Bfa = (Bg1)+(1ga).

(Refer to p. 122 (4)). ’

LetT be an exact covariant functor and let El —> E —> E2

be an exact sequence of R-modules, then the sequence

T(El) — T(E) —> T(E2) is also exact.

(Refer to p. 1u7 (6)).

Corollary: An exact covariant functor ﬁreserves long

egact sequence.

Proof: A direct consequency of Lemma 5.

Remarks |

1. The corresponding statement of Lemma 5. and its
corollary for contravariant functor is also true
(Refer to (6)).

2. In view of definition 5. in 1.3 and the above Lemmas
@gP is an exact covariant functor if P is projective;
and I¢ is an exact contravariant functor if I is

injective

1.5 Square Lemma

Here we introduce the Lemma which plays a central role

throughout the remaining chapters.

Square Lemma: In the diagram

A u
A > B — C
0‘1 1 Bl 2 lY
D > E > F
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if both squares are commutative and both top and bottom rows are exact, then

_ Im(B+B) 0 Im(D+E) Ker (B>F)
Im(A~E) = Ker(B>C) + Ker (B+E)

" Proof: Consider

Im B nIm A'= ImB0Ker u'
since the bottom row is exact

= {B(b) {u'B(b) = 0}
since square 2 is commutative

= {8 yu» =0} -
= B(Ker(y+u))
Im(B+D) = B(Im N .
since the top row is exact
= B(Ker )
since B(Ker B) =0
= B(Ker y + Ker B
on the other hand we have the following isomorphisms
B(Ker(y-u)) = Ker(y-+u)/Ker 8
and B(Ker u + Ker B) = (Ker u + Ker B)/Ker B
By the 2nd isomorphism theorem in group theory (Refer to (1)), we have

B(Ker(y-w))  .Ker(y-p)/Ker B __ Ker(yew)/Rer B . _ Rer(y'uw
B(Ker u+Ker B) (Ker U + Ker B)/Ker® > (Ker U + Ker B)/Ker — Ker p+Ker B

Finally we get

Im nIm X' _ Ker(yeuw)
Im(B*)\) ~Ker u + Ker B

For simplicity, we sometimes denote the left hand side as Im 1, this meéns
the image of square 1; and the right hand side as Ker 2, the kernel of square 2.

The conclusion of the Lemma then becomes

Im 1 = Ker 2.




CHAPTER II

n
Ext

Ext1 will be defined after prdéosition 1. 1In order to
present Ext" clearly and be more familiar with its development, we introduce
proposition 2 and define Ext2 at the end of its proof. fhen Ext™ will be
defined in general for each positive integer n, by showing tﬁere does

exist an isomorphism from a particular module onto another particular module.
2.1 Ext1 and Ext2
Proposition 1 (Refer to (4)).
B o
Let 0— Pi‘—+ P—™A—/0

0— 35 1-% 11—
be two exact sequences with P projective and I injective, then

B¢Pi Ii¢A

m

Im(B¢P+B¢Pi) Im(IQA*IiQA)
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Proof: Consider the following diagram,

0
1
1;1PA
0 0 9
A>T
I10A
l ‘ l 5 l 6 -
0 - BgP ~1gP 1P — > 0
N
0 "BYP | »1¢P] >110P{
} Q1 | 2
BPP] BYP

0— - Q

Tm(BPP>BEP ') ~ Im(BEP-BPPI)

0

All rows are exact by Lemma 1 and Lemma 2, Chapter I, and all columns are
exact by Lemma 1 and Lemma 3, Chapter I. Moreover, each square in the
diagram is commutative. Let us consider the square 3. The compounded

mappings from BPP to IPP] are

(108)+ (R'9L)=B'ER
(B'@1)° (10B)= B'9B

by virtue of Lemma 4. The commutativity éf any other squares in the diagram
can be argued in a similar manner. Note that square 1 and square 7 are
trivially commutative since R-homomorphisms send zero element to zero
element. Hence the necessary conditions of Square Lemma are satisfied, and

L3
we can perform diagram chase:

Iml1=Ker 2= Im3 = Ker 4= Im 5= Ker 6= Im 7
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. di.e. B@P - 110A
Im(B@IL»B%@ o Im(IPA~1]0A)

Define the common value of this isomorphism to be the Extension product

of degree 1 of A and B, and denoted by
Extl(a,B).
Note that, as usual, Extl(A,B) is only defined up to isomorphism.

Proposition 2.

Y B o .
. Let . 0—>P'2—>P1""'P—>A—*O .
Y' B' a'

0B —w1I—I-—->I!'-0

1 2

be two exact sequences of R-modules with P, Pl projective and I, I; injective,

then

B@PS ~ I50A

Im(BFP1>BOPY) —  Im(I;PA~TJ0A)

Proof: Consider the diagram

| I
1¢A
0 0 0 0 —> 29
l Im(I10A>150A)
9
} ! !
0 - » BPA -+ IPA— I,0A — I3PA — 1594 — 0
Im(I1PA-I50A)
7
i v v B'¢l 3
0O —  B@P » IQP > I-|_¢P—+ Ié(?)P —_— 0
198 5 |18 ©
Y Y B'¢l Y Y
0 —————— BgP; — IPP;—> I,0P,— I}gP,
3 )
Y 4 Y

0 ————— B@P, — IgP;— I;0P) — I)fP)

Lo D]

o BEPY BOPY
" Im(BEP - BEP))  Im(B@P > BEP,)
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We observe that the third and the fourth rows in the diagram are exact,

as well as the‘third and the fourth columns. This is because P and Pl

are pr?jective and I and Il are injective. Then apply Lemma 5 of Chapter I.
It remains to show the exactness of some portions of

sequences in this diagram which are necessary for our diagram chase. The

fact that the following two sequences

—_— 1 1
0 B¢P2 —_— I(Z)P2

—_— 1 t
0 I2¢A — I2¢P

are exact follows from Lemma 1 of Chapter 1. The exactness of the last
row and the last column are obvious.
The commutativity of each square in the diagram is also

obvious. For example, consider square 5. The compounded mappings from

IgP +to Il;DPl are

(18 )-( 8'01L )= g' @8
1l
(801 )(1¢8 )= p' 98
by Lemma 4, i.e.

(198 )-( 8'@1L) = ( 8'@1 )-(108 ).

The commutativity of all other squares can be argued in a similar way.
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Thus we may use the square lemma in the following diagram chase:

.Iml=FKer 2= 1Im3 =Ker 4=1TIm5=ZKer 6 = Im 7 = Ker 8= 1Im 9

4

i.e. B@P 4 = I50A
- Im(B¢PI+B¢Pﬁ) Im(Il¢A*I§¢A)

Define the common value of the isomorphism to be the extension product of

degree 2 of A and B, denoted by
Ext2(A,B) .

Remark: From thé definitions of Extl(A,B) and Eth(A,B), one can see how

Ext™(A,B) should be defined.

2.2 ExtD

In the following we shall define Ext™ for each positive

integer n. Given any two R-modules A and B, let

£ dp-1 d
0 > Pr'l—) Pn—1-> Pn_2 >eesesce e o) Pl+ P> A~ 0

€1_ 2 €p~1_ T

0> B » I~ Il >t 800600000 In_z-)- In_l - Ir'). >0

be two exact sequences of R-modules with P, Pis veey P .1 projective and

I, I3, <.y I -7 injective, where
1=
P, =Kerd ,

Iﬁ ==In_l/Im Cho1 *




- 14 -

Consider the following diagram.

T
: I'gA
0 0 0 0 0 0o—-1
Imn'
. 2n+5
L 4 \} ‘L ~L v ’n' - wlr '
0 ——>BPA ——>IPA —>I PA »=-+vv+o>T _ gA—>I__ PA—TI'gA—IpPA
1
. n-2 n-1 n ImT]' .
' 2n+3 2n+4 1
Y Y ¥ * *L "L ¥
0 - B >I@P >L10P »eveee *o>In oPP —>I (0P —I10P — 0
2n+l 2n+2
2 4 v 4
! | L7 | } |
_—> LR BN BN Y > '
0 B¢Pn-2_+I¢Pn—§+Il¢Pn-?:+ *In—2¢Pn47*1n-1¢Pn4§71n¢Pn-2
5 6
l } ! ! } !
0-———>B¢Pn_l—+I¢Pn_I+Il¢Pn_I+--°-~+In_2¢Pn_I+In_l¢Pn_I+I&¢Pn_l
g' 3 4 | |
4 Y L 4 3 v
0 ———+B¢P;-——+I¢Pa——+11¢PA-+-'--°-+In_2¢P£-—+In_l¢P;-—+1;¢P;
|+ ]

0—B9%n _ BOER,

i T 0

0
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It is clear that all squares commute. In fact, a typical

square is

c.@l
i" 7Py .
10d5:1 16d5.3
Iim’j +1 " Ii+l¢Pj+l - _
Ci¢lP ) L
i+l _

The compounded mappings from Ii¢Pj to Ii+l¢Pj+l are

(1

Ii+1¢dj +l) * (ci¢le) - ci¢dj +1

(ci¢1Pj+l) ¢ (llimj'ﬁ-l) = Ciﬁdj_*_l

The fact that equalities hold follows from Lemma 4, Chapter I. This shows
the commutativity of the above square. Note that, as we mentioned in
Propositions 1 and 2, square 1 and square 2n+5 are trivially commutative.

Since each P, P;, ...., is projective and each

n-1
I, I3, ««evy In g is injective, all columns except the first and last

columns are exact, and all rows except the top and bottom rows are exact.

In fact, a typical row is
0—)B¢Pi-> I¢Pi—)o_u-'.ooooooo..-r Ir'l¢Pi—)-o i%n.

This is exact because ¢Pi with P; projective is an exact functor, hence
preserves the long exact sequence by corollary to Lemma 5, Chapter I.
Similar argument holds for the exactness of columns.

In order to reach the conclusion

I'gA .  BgP!
Tmn " o ImE;




we must find a suitable route for square chasing. Let us call each square
in the big diagram a . unit square. For each n, we define Ext! starting
from exact sequences | of n+l terms*, and construct a basic diagram consisting
_of (n+1)x(n+l) unit squares, then expand the'aiagraﬁ to (nr3) x(n+3) unit
’squareé by putting two particular modules at the corner of this square,

one on the bottom left corner and the other on the upper right corner.

The route for square chasing is via those squares along the diagonal. To
be precise: the route consists of all n+3 squares aiong thé main diagonal
and those n+2 squares situated immediately below the'diagonal. Hence there
are 2n+5 squareé involved. We arrange them in increasing order starting
from left comer sq 1, sq 2, ....., sq 2n+4, sq 2n+5 in such a manner that

all those odd number squares are on the main diagonal, and all even number

squares are immediately below the diagonal. Our main purpose is to show

Im 1 %= Ker 2= Im 3= Ker 4 =+¢¢+= In 2n+3 = Ker 2n+4 = Im 2n+5,

However, we are not entitled to claim this unless we make some more explanation.
As mentioned before, the following diagram is the largest possible subdiagram

of the big diagram that is both exact and commutative.

I¢P .*___;Ilqu > e s e coeen ‘e '—*In-—2¢P .____'_.>In_l¢P
l l 2n; 1 l
IPP; ———— I PPy> » v o ene e —Ip_pfP; ——I__,0P;
! | e T Y
; i i d
Ii’”’n—z PL 0Py g e L BB 3T 18P,
sl |

* An exact sequence 0 - Ny > Ny #eeeeer N, >0 is called an exact sequence

of n terms.
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- . Therefore we don't have to worry whenever our chasing route is inside this

diagram. We have

e

ar

Im 5= ...... =Ker 2n = Im 2n+1l

'The routine proof is thus omited.

Lemmas 1, 2, 3 enable us to have the following isomorphisms

Iml=FKer 2=Im3=Ker 4 =1Im 5

Im 2n+l = Ker 2n+2 = Im 2nt+3 = Ker 2t 4 = Im 2nt5

Finally we have
Im 1 2= Im 2n+5

i.e. BOR, I1'gA
In(BGP,_;>BER)  Im(I,_;@A>I!@A)

Define the common value of this isomorphism to be

Ext™(A,B). oo

2.3 Equivalence of the two definitions of ExtD

In this section, we shall prove that our symmetric definition
is equivalent to the ordinary definition of ExtR, which is described as
follows.

Let A be a given R-module and let

.dn d2 dl
csses > Pp—> ... Pp—> Pl——> P - A— O

be a projective resolution of A. Apply B¢ ,and we get

'. -1 ] T
d} d} d ',
0 — BYP — BPP; —— BPP,— .....—93¢Pn——>
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then define Ext®(A,B) = Ker d} / Imd; forn 2 1.

Before proving the equivalence, we introduce another Lemma.

Lemma 7. Given a commutative squdre

there exists a canonical homomorphism

¢: Kera -+ KerB, ¢': Coko -+ CokB
so that the following two additional squares commute

0 > Kero, > A > A' - Coka >+ O

TR

0> KerB~> B> B'~> CokB~>+0

where Coka = A'/Imo , CokB = 8" ImB .
In particular if A, A' are zero (identity) homomorphisms, the induced homo-~

morphisms ¢, ¢' are zero (identity) homomorphisms respectively. If moreover,

B Y

H
D —————
—_—

W =
O —0n

1
uv
is another commutative square such that

A u

00— A—B—>C — 0

0 — A'—> B'— C'— 0

A? u'
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.are exact,. then the following are exact,

Kero -+ Kerf - Kery

Coka + CokB - Coky

In other words, we have an induced commutative diagram with all rows and

columns exact

0 0 0 : ud

Lol o

Ker® —KerB —KerY

U

0 —A —B —C —0

o el ol

0 — A A U

»B! —C'—0

Lo

Cikq-+cik8—+CIKY
0 0 0

Under the ordinary definition

Ker dj,; Ker (B@P,*BOP,, 1)

Extn(A,B) = —
@B =1 g Im (BGP,_ ;”BOP.)
Consider the diagram,

0
T g d d d

0 —Ker dn_l ;Pn—l n 1>P -2+oc--..._2—>Pl 1;P0 »A
fI ///i{n
Py

Pn/




e e e v a2 s et B aee
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’

where g is the inclusion homomorphism and f is an epimorphism from P, onto
’d

Ker d,_;. Note that the triangle is commutative. We shall prove

BPKer dn—l_ Ker(B¢Pﬁ+B¢Pn+1)

Im(B¢Pn_I*B¢Ker dn—l) Im(B¢Pn_I+B¢Pn)

where Ker dn—l ==Pﬁ in the symmetric definition of Ext®, and Pﬂ is not

necessarily projective. By applying B¢ to the above diagram we get

0

l

‘ '
0 >B@A *BPPre+ v+ o>BYP _; BBgKer d, -

1
aiN £

Observe that the triangle is commutative. 1In fact

g' = 1¢g
£' = 1¢f
£'eg' = (10g)- (16f) = 1fg-f = 1¢d = d!

Bl

by Lemma 4.
After applying B@ , we have the sequence

£' d
0 — BgKer d__— * BPP_ D4 pgp

1 n+l

exact.
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Hence f is a monomorphism and Im f£'= Ker d;fl . In other words
we have

N ', — t
. f :  B@Ker dn—l Ker dnfl

an isomorphism.

Now Im d;== N is a submodule of Ker d; . Let M= f'-l(N)==

+1

= f'-l(Im d;) . This is a submodule of B@Ker dn-l + Therefore f'

induces an isomorphism

B@Ker dn—

\
1 = Kerdng
M N

This is a consequence of the following remark:

Let R be a ring and A, B R-modules, and f : A—— B
an R- epimorphism. If N& B is a submodule of B, let M ==f-l(N),
then f induces an R-isomorphism A/M = B/N . The proof of this fact
is simple. ( Refer to (6) ).

Since f' is a monomorphism and the triangle in the above

diagram is commutative, we have

1
BPKer dn-l . Ker dn+l
[ R [
Im g Im dn
which is the same as
]
BfKer dn—l . Ker dnrl

Im(BQPn_l———+ B@Ker dn- ) Im(B¢Pn-——*-B¢Pn)

1l -1




EONTR——

- 22 -

and recall the Symmetric definition of Ext" s we have

' __ pt
Ker dn-l = Pn
Ker d' BfKer d_ .  BgP! '
ExtD(A,B) = ol oz ol D
: Im 4} Inm g' Im(BSR _>BOP)

Hence we reach the agreement of the two definitions.

2.4 Some remarks

Remark 1

Ext! was defined, so far onl§ for nzl. However Ext™, when
n=0, still has its meaning. In general, we define ExtD by starting from two
exact sequences of n+2 terms*. Naturally, when n=0, we define Ext0 by
starting from two exact sequences of 2 terms. A precise description is as

follows: Let A and B be any two given R-modules, and let

0 —Pyg—A —>0

0 ——B ——>Io———>0

g
be two exact sequences. But then Po =4, B=I,. Consider the following

diagram.

0 0]
v ¥
0 —»BgA »IgPA ——0

{ y

0] 0

* Refer to the foot note on P. 16.
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Now define ExtO(A,B) to be the common value of the isomorphism

. BpP, = I, %A

. Actually we have BUA X BP) = I #A = BA. Since By A, B2 Iy, ExtO(A,B)

can be denoted simply by B@A.

Remark 2

It is worth noting that the ordinary definition of ExtP can
also be produced by using injective resolution. (Refer to P.55 (2)).
That is, if

- €1 €2
0 ;B ;I \,Il —‘,12—)0000000-.0+In—).c.oo

is an injective resolution of B, then Hom it into

1 1
c c
1

2
0 ——>I¢A-———+I1¢A—>oo ococoooo+In¢A+oono.

¥
and define Ext™(A,B) ==§E£—Eﬂtl
Im cj

Argue similarly by considering injective modules in 23, we

can reach the conclusion

|
I'ga Ker (I _@A>T,. 10A)

~

Im(I,_,@A>T'da) Im(I,_;@A>I,0A)

where I} =1, _,/Imc;_; as mentioned in 2.2. This result is useful to us

when we are trying to simplify some proofs of theorems in Chapter III of (2).
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"~ Remark 3

We have defined the common value of the following isomorphism

to be Extn(A,B;) s

N t '
B(}iPn . In¢A .
Im (B¢Pn_ 1+B¢Pr'l) Im (In- 1¢A+II'1¢A)
Notice that whatever the resolution of B we take as in s

> o0 s cassssssee '——)
,Il-> ->In 0

the left hand side expression remains the same. On the other hand, the

different choice of resolution of A

' se e 0san > >
0 ——Pp > +Py Py P——A—0

does not affect the right hand side expression. Hence both sides can only
depend on A and B, and not on the particular choice of resolution of A or B.

This means ExtN(A,B) is independent of the resolutions used to define it.
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CHAPTER IIIX

. SOME APPLICATIONS OF ExtD,

~As an ;pplication of the Square Lemma and the Symmetric
defini£ion of Extn,‘we shall rewrite Chapter 3 'in the book 'Rings and
Homology' by Jans. E;cept for those basic properties of Hom( , ) and
various terminologies we have mentioned before, the chapter can indeed
be simplified to a considerable extent. The following diagraﬁ gives

a general description of the material presented in chapter 3 of (3).

Exact Sequence Simultaneous £
of ‘Homology TH. Resolution TH. Lemma: A —>3B
,//””, \\\\\\\\\\\//’g//// induces ExtD —— Extl
o
— £
Ext in second xt in first :
variable TH. variable TH. )
4 | Independent of
1 Resolution TH.
Split of Ext in Split of Ext in
second variable first variable

The main object of ﬁhat chapter is to establish theorems
on the Exact sequences of first (second ) variable of ExtD,which are
extremely important to the rest of the book. In the following, we shall
establish these twg theorems directly and simultaneously by the Square
Lemma and the S ymmetric definition of ExtP without using the Exact sequence
of homology theorem and the Simultaneous resolution theorem. The proofs
of these two theorems are quite long. We shall also give various different
approaches to some other lemmas in this chapter by using the Symmetric
definition of ExtD.

First of all we need two lemmas which are also applicable
to the proof of the Exact Sequence of Homology Theorem, which will be given

in the appendix.
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Lemma 8. Given a diagram

0T} e p] e ) Sr—— O

+
(2]
R

O 4 A T ————

in which all rows and columns are exact and all squares commute. Then

there exists a 'connecting homomorphism' ————+-+ so that A+ B — I +> J
is exact.
Proof: Let X = Cok(A~+ B), Y = Ker(I + J), we obtain exact
sequences

A— B— X— 0 0O—Y¥Y— I—J

Our purpose is to show X =~ Y. We enlarge the diagram to
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O N — M 4—O

T
¢ —>p —
-
0 —F > ¢ —
ool
0 — ¥y > 1 > J
b
I 0 |
0

Note that this diagram is exact and commutative. By the Square Lemma
Y=FKerl= Im 2= Ker3= Im4= Ker 5
= Im6= Ker 7 Im 8-~ X

This completes the proof of the lemma.
Lemma 9. Given a diagram

c ——
//
£ f ’
7 8

B
N
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in which B — C —»> B'—> (' is an exact sequence, T* is the induced
map by TWso that w#*f' = fm , and N, M are any submodules of B, C
respectively such that M2 7(N) and f, f' are the natural epimoxrphismg,

Then there exists an induced homomorphism 6: C/M -— B' such that

e
B/N — C/M ——--» B' —- C' 1is exact provided M&Im w

Proof : Since Ker f = M £ ImT = Ker g, we have a well defined
homomorphism 6 : C/M —> B' which sent 6(g) = g(c) where t= c + M,
c € Cso that 0f(c) =0(E) = g(o) .

To show the exactness at B', consider 6f(C) = g(C) =

¢

=Kerj = 06(C/M) = Ker j, i.e. Im 6 = Ker j.

Next, we claim Ker 6 = Im T*. Suppose we have ImT%* _‘g_
& Ker 0 , and there exists € ¢ Ker 8, € & ImT*.Since f is epimorphism,
8f =g, then f(c) C Ker g= ImT™ =>»¢)=\.=1r"| (f-(r) € B. But notice
thaf our squére is commutative, hence m*f'(n~ (£ (8))) = £ E (©))=
= f(f7'(e) = € € ImT*. This is a contradiction to our assumption.
On the other hand it is clear that we have ~ ImT* & Kerf since

Or*(b+ N) = 6(m(b) + M) = gr(b) = 0. This proves the exactness at

C/M. Hence the lemma is proved.

Theorem 1. ( The exact sequence of the first variable of Ext.)

J
If 0 —- A > B ﬂr D > 0 dis exact, it induces the long exact

sequence
«vor —> Ext?1(a,0 &5 Ext"(D,0) —> Ext"(8,0) —>

—_> EJ{tn(A-’O'_—é‘ Extn*'l(D,C) ——.. * s e
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‘Proof: Let 0'—>c—->1_>.11._,......__,.1n_1_,1;1_>0 be

an exact sequeyce with I’ Il;,.;.. In_l inj ective and Ir'l = In_l/Im(In_z -> In"l)
as in the definition of Ext™. We claim that in the following diagrams all

rows and columns are exact and all squares commute by considering Lemma 7

Chapter II, and the properties of @ as stated in Lemma 3, and Lemma 4 Chapter I.

0

L]

Ker(I, ;B I\$B) —— Ker(I,_;0A - I'gA)

. !

00 —> I 00 —> I,_19B —_— I,_10A —0
| } | |
0 —— I} 9 ———— I, ¢B _— I} ¢A
l } o
) 1. #B 15 6A

Im(I,_16D - I]}¢D) T Im(I,-30B + 12@B) In(I,_10A - I}¢A)
0

0 0

Hence by Lemma 8 and 9, we have following diégram exact and

commutative
ov
Ker(In-1¢8 — I50B) > Ker(In_10A — IjgA) 8 I @D . I} ¢#B
Im(Ip-18D+I'GD) ~ Im(I,-10B>ILPB)
' n
f l £ . s
wk -8

Ker(I._1¢6B — L!GR) > Ker(I,_10A — I.0A) .~
In(In-20B — I,-108)  Im(I,_oPA — In-108)

where g is the connecting homomorphism of Lemma 8 and 6 is induced by g.
T* is induced by m°, which in turn, is induced by m. All we need to verify

is that the above diagram really satisties the hypothesis of Lemma 9. Indeed

it is true that
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T(Im In_2¢B+In_l¢B) ==Im(In_2¢A*In-l¢A)-

. 8ince we have the commutative squares,

: b L

I _,08B I 2¢A —0 I,_» is injective

| |

LB — I, ;04

} }

] -—
In¢B —— 1 ¢A

of course then
n0(In 1,081 _ 08 — In(I,_,@a>T__ 0A).

The condition Ker £ = In(I,_,PA>I,_10A) € Im 70 also follows from this fact.

In order to reach our final goal, we claim once more, that
Ker(I_ A —>1I r'1¢A) = Ker(I,_;0A>I_@A)

where I, is injective. But this is clear if we consider the situation in the

following diagrams.

0

|

ceeee L0 —I 4 — I, 1/In(I,_>In-) —0

cenes —>In_2¢A — 1, 10A -——+Ir'1¢A

!
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where Ij_31/Im(I,_5 »I,_7) = I}. Hence we have !
Rer(In10A >In@A) . Kex(Ip—i@A > I.gA) 15104
Im(I,_oPA + I,_30A) Im(Ig-20A + I,_10A) T Im(Iy_ofA > I} q0A)

The isomorphism comes from 2.3 and 2.4 Remark 2, chapter II. Similarly,.

Ker (In_1¢B ~ IA@B) . Ker(In.1¢B > In@B)

~ - I3-108B
Im(I,o¥B + In-16® ~  Im(Ip—20B > I,.10B) Im(I,—oPB > I}_10B)
Therefore we have following sequence exact,
7™ 0 _
Ij-1¢B , In-1 @A ; 1} ¢D
Im(In_2¢B -> I'_1¢B) In(In_20A > I)_710A) Im(Iy-10D > I,6D)
3* I} ¢B

Im(Ip-10B -~ IAGB)

Now recall our S ymmetric definition, we immediately recognize that the sequence
T* o *

ExtP~1(B, ¢ )+ Ext®1(s,c) — ExtR(D,C)— ExtT(B, C)

is exact, for all n > 1. In other words, we get the long exact sequence

]

6
— Extt~l(4,C)— Ext®(D,C)— Exth(B,C)—

8
— ExtD(A,C)— Ext?1l(p,c)—

Remark : As a special case, consider n = 0. We remark that the long

exact sequence of ExtD! starts from
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0O+ CPD ~ CPB > CPA + Extl(D,C) = ecceses
)

First of all recall the discussion of Ext® given in Remark 1, 2.4 chapter II

that

Ext®(D,C ) — CgD , ExtO(B,C ) — CPB , ExtO(A,C) — C@A

Consider the following dragram,

0 .0
(0} S - CpA
I¢D _ IgB — IgA
0 — 1j¢9p ————— 1j8 — Ijfa
1{¢D § 1{¢B
0 Im(I6D > 16D ) Tm(IPB -+ 110B)
where 1!¢D _ extl(,c), 11¢B _ Extle,c).
Im(I¢D - I{¢D) In(IgB + 1{#B)

The commutativity and exactness of the diagram is obvious ( Look at the diagram

of Extl ). By Lemma 8, there exists a connecting homomorphism 6 such that

the following sequence exact,

e .
0— C¢D~> CPB— CgA — Extl(D,C )— Extl(B,C )= eeeeens

Note that, we get the result without using Lemma 9 at all !

Theorem 2 ( Exact sequence of the second variable of Ext )

If 00— C—E—F— 0 1is exact, it induces the following

long exact sequence,
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-9
ev 000 0> Extn‘%A’F) — Extn(A,C ) — Extn(A’E)__>
9 .
—_— Extn(A,F) -— Extn+l(A,C )—-} eeec e

Proof : Since our definition of Ext"™ is symmetric in injective and
projective modules, the proof of this theorem is done in exactly the same

way as the proof of the exact sequence in the first variable of Ext by start-

ing from the projective resolution of A
0— Pp— P 1= **eeeee — P;— P> A= 0

where P == Ker(?n_l + Ph.9), and is not necessarily a projective module.

Before we proceed to another important theorem of this chapter,

-Splitting of Ext, we shall prove another lemma,

Lemma 10. If £: A - B is an R-homomorphism, then there are induced
maps f0: ExtP(B,C) » ExtP(A,C) for every C and n> 0.
Proof: Consider the following commutative diargam,

f

A——B

R

A———*B

By applying @ we have, in the following diagram square 1 is commutative,
where 0 + C =+ I > Ij > eseece > T,45 > I} is as in the defini-

tion of ExtD . The commutativity of square 2 follows from Lemma 7.
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I, 98 —— I, 1¢A

l . }

IA g 1) GA
}
: It @B , I' ¢gA
In(I,_1¢B > I1.0B) In(Ig-_10A *I1PA)
£n .
where I @B _ Extn(B,C ) , 1) GA _ Ext™(A,C).
Im(I,_108 > IA0B) Im(I,_10A > I.gA)

Hence, for each n, f, and any R-module C, there is a mapping fP: Ext"(B,C) -+
-> Ext®(A,C ). the that if f is a zero map, the induced f0 is a zero map ,

and if f is an identity map on A, f" is an automorphism on Ext®(A,C) by Lemma 7.
Also the induced map f" is independent of resolutions used to define Ext?,

since by Remark 3,2.4, chapter II, the Symmetric definition is independent of

resolutions.

We state the corresponding situation in form of another lemma.

Lemma 11. If g: C-»> D is an R-homomorphism it induces gR:. ExtD(A,C )~
-+ ExtP(A,D) for each n > 0 and any R-module A.

Proof : Similar to Lemma 10, only the modules T,-1 I' should be

n

replaced by Ph-1, Py in the proof.

Theorem 3. ( Splitting of Ext )
If 0> A i B I D-»> 0 is exact and splits, then for
each n and C
T 3"
0— Ext®(D,C )— Ext™(B,C )— Ext®(aA,C)— 0

is exact and splits.
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Proof:

‘ Suppose that p gives ﬁhe splitting, tha£ is mp is the identity
on D. Then we can construct k so that kj is the identity on A. But then
jPk" is identity on Ext™(A,C) and p™® is identity on Ext®(D,C). These facts,
together with the exact sequence of Ext in the.first variable, give the
desired exactness and splitting in the conclusion of the.theorem.

We state the corresponding theorem in the second variable.

i _m ‘

Theorem 4 If 0—C 2+E-—+F'—+0 is exact and split, then
n .

0 —Ext"(A,0) —Ext®(A,B) IR Exth(A,F) —0

is also split exact.

Proof:

The proof is similar to the above.

Next we prove a Lemma which enables us to compute Ext® for

certain special modules.

Lemma 12

Extn(A,C) =0 for all Cand n > 1 if and only if A is projective.

Proof:

If A is projective, consider the diagram of Exth:
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0
I1'gA
0 0 veren.. 0 0 N n
L
. Im(In_l¢A+I @A)
¥ v ¢ v I r'l @A
0 >B@A *I0A> ..., +>1,-19 >II'I¢A > >0
Im(I,_y0A I'¢A)
Y Y Y v ’ l
0 >B@P *IGP> ...0... I QP -1'@P >0
v ¥ n-1 ny

By Lemma 2, Im(In_l¢A+Ir'1¢A) = II'1¢A. Hence

1
1A

ExtN(A,C) = =0, for all C and n21.

Im(I,_;@A>110A)
Conversely, if Extl(A,C) =0 for all C and if
T

- Q=———>C —E —F ——0

is exact, then by the exact sequence of Ext" in the second variable we have

that

oY 6
*Hom(A ,E) ——Hom(A,F) ——Ext1(a,C)

0 ——Hom(A,C)

is exact. But this says that 7" is an epimorphism, which, since it is true

for all E - —F —*0, is just another way of saying that A is projective.

We state the corresponding property for the injective module

without proof.

Lemma 13

Ext™(A,C) = 0 for all A and n2l if and only if C is injective.
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- APPEND IX

Exact S equence of Homology Theorem
1f 0—A-1B-Hc—0 is an exact sequence of complexes, it

induces the following long exact sequence of homblogy,
. ) s % Tk
ceens H L (O) —BH () 15H (B) FoH (O ...,

Proof:

For the definition of a complex and maps between complex
refer to Chapter 3 in "Rings and Homology".

By definition of complex mappings j,T , we have following

commutative diagram

0 0 0 0
ceves PAng) —Apy AL | AL g7 eeees
} } B, aB }

v

O “— < b —
o2 )
o
So
I

ceves PBpiy —By g

} B Y-
cerie G2 — G ntl ,

Now we claim in the following diagram all rows and columns are exact and all

squares commute.




.
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n n-1 -1
‘l’ Y C
Ker d_; ‘Ker do-1 Ker d~ 4
Im d% Im d% Im 4§
0 0 0

Since we have following diagram commutative and exact

+ Y ¥
0 *An-1 *Bp-1 >Cp-1 >0
A B c
dn-ll dn-ll dn-ll
0 >Ap-2 >Bp-2 >Cp-2 >0
¥ v +
and Im d% < Ker d%—l s " Im dg.s Ker dﬁ;l R Im dg S Ker dg—l ’

it follows from Lemma 7, Section 2;3'(Chapter IT) ,the third row in

the diagram

(*) is exact, and every thing is exact and commutes. Whence the diagram (%)

satisfies the condition stated in the Lemma 8, Chapter 3, so there exists a

connecting homomorphism

sequence in the following diagram is exact.

g: Ker d§ — Ker dﬁ_lllm dA such that the horizontal

0 g Ker d%_l Ker dg_l
Ker dg ~—— F  Ker dg > i > B
. _ ; ﬂIm dn Im dn
: vd

B % C /’e
Ker dn ki \Ker dy ///

B C
Im dn+l Im dn+l
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The commutativity of thg équare iﬁ the above diagram is clear if we notice
the fact w(Im dB,1) = mdf,; ( =m%(Inm aB,;) = 1m al,;) in the big
diagram at the beginning, where T induces 70 which in turn induces w¥*.

f, £' are the natural epimorphisms. Now the comﬁutativity of the big diagram
also enables us to claim that Ker f = Im dg+i € Im 79 = Ker g. Hence

the above diagram satisfies all the hypotheses of the Lemma §, Chapter III.

Therefore, there exists a homomorphism , such that the following séquence

is exact for all n > 2.

Ker dB 7% Ker 4§ ® Ker ¢4 ; i* Ker daB_;
> ————— N
C A
Im dB_; Im d? Im dj . Im dB

i.e., we get a long exact sequence of homology.

) j* m* &)

cenes —H (A) —H_(B) —H_ (C) —H__,(A) —H_ _;(B)> .....

n
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(2)
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(4)

(5)

(6)
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