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. ABSTRACT ST

This thesis presents new refinements of a finite
element method to perform nonlinear analysis of two dimen<
sional reinforced concrete members under monotonically in-

creasing loads.

"

r
e

-

Fihite element modelling of reinforced concrete
structures is complicated by the presence of reinforcing
steel, concrete cracking in tension, slip betweén.fhe rein-
forcing steel and the concrete and the nonlinear stress-

strain behaviour of concrete in compression.

An existing genearal purpose sStructural analysis
program NONSAP-1974 Version was modifiéd to include:

-- Two dimensional continuum elements with nonli-
near 1incremental orthotropic strees-strain relationship,
compregsivé strain softening, tension cracking, ' tension
stiffening and interlock shear transfer;

-- Three dimensional elastic-plastic truss ele-.

ments:

¢

-- Three dimensional linkage elements to réprésent

steel-concrete interaction.
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The numerial algorithmic was incremental load
steps with a comb{ned initiél stiffness and tangential
stiffness formulation within the load step. Concrete crack-.
- ing was accomplished by unbalanced force redistrubution with’

the load step.

_Finite element calculations were compared with
published expremental”results for an axially loaded tensile
specimen; under reinforced, over reinforced and shear segn-
sitive reinforced concrete beams. The good correlation be-
tween the calculated and published results demonstrated the

applicability of the presented work.

- iii -



ACKNOWLEDGEMENTS

The work presented in this thesis was carried out
under the supervision of Associate Dean/Professor N.J. Gard-
ner. His intersts in this topic, encouragement and continu-
ous guidance throughout this work 1is gratefully acknow-

ledged. ) v

The author also wishes to express his sincere
aépreciapion to the following individuals;:

To Professor A. G. Razaqpur at Carleton University
for his patient help and valuable criticism in this investi-
gation;

To Dr. M. S. Cheung at Puﬁlic Works, Canada and
Dr. M. S. Mirza at McGill University for their encouragement
and helpful comments on this thesis work;

To Mr. Pak Lok Sau for his help. from wvarious

» aspects, and to Mr. Hee Chaung Fu and Mr. Angelos Alexandri-
,dis for their friendship in the period offthq author's study
at the University of Ottawa. -
) . .-

The author appreciates the financial support from

the_éhinese Government and Department of Civil Engineering,

the University of Ottawa.

=]



FIG.

2.11

2.12

LIST OF FIGURES

* TITLE * PAGE

Typical Uniaxial Stress-Strain Curves for Concrete
(a) Under Compression (Wischers, 1978)
{b) Under Tension {Hughes and Chapman, 1966)0eese..11l

Experimental Stress-Strain Curve for Biaxial
Compression (Rupfer and Gerstle, 1973)......... eesall2

Experimental Stress-Strain Curve for Biaxial -
Tension-Compression (Kupfer and Gerstle, 1973).....113

Experimental Stress-Strain Curve for Biaxial

rension-Tension (Kupfer and Gerstle, 1973}.........114
Y ,

Equivalent Uniaxial Stress-Strain Curve for

Concrete Modelling Used in the Present Study....... 115

Experimental Biaxial Strength Envelope of Plain
Concrete (Kupfer and Gerstle, 1973)...... S B Y -

Failure Patterns of Biaxial Loaded Concrete
{Nelissen, 1972)...000veves cereaneas et ecraars e 117

Biaxial Strength Envelope Used 'in the Present -
SEUAY e rennnnnennnns e bmsasereeens Ceeeen e ....118
Stress Distribution in a Cracked Concrete Axiall
Loaded Tensile Specimen (Lin and Scordelis, 1975)..119

Different Tension Stiffening Approaches............120

(a) Scanlon's Approach (Scanlon, 1971)

(b) Lin's Gradually Unloading Approach (Lin, 1973)

(c) Modified Stress-Strain Diagram for Reinforcing
Steel (Gilbert, 1978)

Released Tensile Stress after-Concrete Cracking....12l

Strain Softening Beyond Maximum Compressive Stress.l122

Typical Stress-Strain Curves for Reinforcing Steel
t

..V_'

.



e

(Winter and Nilson, 1979)....ievvennnens terreeseasal23
(a) Non-Tensioned Mild Steel
(b) Prestressing Steel

-

Idealizations of the Stress-Strain Curve for Steel

in Tension Or COMPresSSioN...veeevereenoronneseern. 128
(a) Bilinear Approximation (Elastoplastic)

(b) Trilinear Approximation

(c) Complete Curve

Bilinear Stress-Strain Curve Used in the Present
Study..cvivienenna.. tenesne e

Alternate Representations of Steel............. ver 126
(a) Distributed Approach.
(b) Embedded Approach

_ (c) Discrete Approach

3D-EFuss‘Element for Reinforcement Idealization....127

Bond Stress -- Slip Relationship Used in the
Present Study (Houde, 1973)........ Chieereneeen ev..128

Comparison of Houde's Bond Stress-Slip Relationship
with the Others of Different Researchers........ ...129

Bond -- Dowel Action Idealization
{a) Analytical Model

{b) 2D Linkage Element

{c} 3D Linkage Element

.
.

Schematics of the Solutipn Procedure by Step-by-Step
Methods in a Nonlinear PRoblem.....veevuenn.. R B 3 1
(a) Simple Step-by-Step Mgthod

(b} Improved Step-by-Step Method

Schematics of the Solution Procedure by Iteration
Methods in a Nonlinear Problem.,
(a)} Direct Iteration

(b} Newton-Raphson Method -
(c) The Tangential Stiffness Method
(d) The Initial Stiffness Method

The Combined Iterétion Method Used in the Present
Study (The Tangential Stiffness Method with the
Initial Stiffness Method)......... O I

Modelling of Cracks by Sm2ared Approach in a

Cracked Concrete Element..... v .e.... ....134

Cracking Representation in Discret® Cracking

-

.'. - vl -



5.10
5.11

5.12
5.13

5.14
5.15

Modelling Approach................,................135

(a) One-Dimensional Cracking
(b) Two-Dimensional Cracking

possible Crack Configurations for Multiple

Cracking Modes.....................kﬁ..............136

Redigtribution of Element Nodal Unbalanced Forces
after Concrete CrackinNg..eeeeeessossnscnecs ceeenassl37
- \\\
\\
Axially ‘Loaded Tensile Specimen Idealization....... 138
Comparison of Force Displacement Relationship for

Axially Loaded Tensile Specimen (Houde, 1973)......139

Steel Stress Variation for Axially Loaded Tensile
Specimenl'liiil'llct.. ------ 4 B & 3 & ¥ B 8 8 F O " "9 .III'I...140
Bond Shear Stress Variation for Axially Loaded

Tensile Specimen..... Ceseiaseserasaaaasns P - 3
Stress Distribution for Axially Loaded Tensile
Specimen (‘gt Steel Stress = 16 ksi )..... S Y 37
Stress Distribution for Axially Loaded Tensile
Specimen ( at Steel Stress = 20 ksi )..... et .143
Simple Beam Test Specimen Series at the University

of Ottawa (Pilette, 19B84)...cevevenncas ceeees cesesaldd
(a) a simple beam with web stirrups, Beam A )
(b) a simple beam without web stirrups, Beam B -
(c) an over-reinforced concrete beam, Beam C

Finite Element Idealization for Beam A, C..........145
Load Deflection Curves for Beam A

(Pilette, 1984})........ Crecsesesantasaas ceanans e...146
Finite Element Idealization for Beam B.............147
Load Deflection Curves for Beam B

(Pilette' 1984).III IIIII Il'..‘l..lll....'.‘.......Illl148
Load Deflection Curves for Beam C

(Pilette, 1984)I|.. ----- P N I ...-.'.....1.49".
Simply Supported Beam Specimen, Beam J-4

(Burns and Seiss, 1962).ceeeecscccreassas Ceneeeean .150
Finite Element Idealizagion for Beam J-4........ ...151
Load Deflection Curves for Beam J-4

- vii - \



/*»-

ey

5.19

(Burns, Et al-, 1962) ----- NN -.o‘ba----n00152

Contlnuous Beam Test Specimen, Beam 23100 ‘\\
(Duddeck et al., 1976 e e eeeaan ............153

F1n1te Element Ideablzatlon for Beam 23100.........154

Load Deflection Curves for Beam 23100
(Duddeck et al., 1976)...... ..... crreeaaena

Deflection Profile for Beam 23100 _at Load .
P = 30.42 kN (Duddeck, et al., 1 76} eveeeennaasaa 156

CHART 1 Computer Program Flow Chart................ ....158

CHART 2 Flow Chart A
y :
CHART 3 Flow Chart Al

CHART 4 Flow Chart B

CHART 5 Flow Chart Bl

lCalculate Nonlinear Stiffness of

LA L L L R B B * s & &0 00 2w aavw --‘..160

t

Check Concrete Failing.........162

o

- viii -

Each Element.......ccv... eses..1b9.

Construct Element Stiffness Matrix

‘Check Material Failing.,..... <.161



-~

-

[B]
[CF .

C
[D'],[D]
Dijr1

a

E, ES

Ecy Eic

i

e

!
NOMENCLATURE -

Strain shape function matrix
Location matrix for the element

Distance from the reinforced end

. 3 ' ’
‘Elasticity matrix in 1bcal/global system

General function of strains
Loca;jbond slip {

Elastic/Secant elasticity modulus

o) ) o
c ic
Ec = + Eic =

C Eic‘. J

Initial elasticity modulus of concrete
Elasticity of steel _ o
Modulus of steel in strain hardening portion

Tangential modulus in material orthotropic
direction i

Tangential moduli of elastfcity corresponding
to the local system 1, .2

Elastic/Secant shear modulus

Effective shear modulus for the material under
plane stress :

Shear modulus for the material under plane stress

corresponding to material orthotropy, 1, 2

L

 Elastic response function

General function of stress

Direct tensile strength of concrete

i

- ix'_

A



-

£ Compressive strength of concrete
c
£y Yield strength of steel reinforcement

(k) ,[K] Stiffness matrix (element/global)

K, Kg Elastic/Secant bulk modulus
K, Linkage stiffness in the directidh parallel to
the reinforcing bar
K , K, Liftkage stiffness in the direction normal to the
v reinforcing bar :
(1] Identity matrix
1 Linkage spacing i
m Number of reinforcing bars in one direction
[N] Displacement shape function matrix
n Tangential modulus ratio
P Elastic response function
1]
(.ric ‘
Pi p = £!
c
E
iu -
g g = .
i €le

e
{R} ,{R} Applied force vector (element/global)

{dR} Incremental applied force vector

dR, Incremental shear force transferred at the
steel-concrete interface

dQ} Incremental normal force transferred at the
steel-concrete interface

fR ub1} Unbalanced nodal force vector

[T] " Transformation matrix

U i U . Strain energy {element/global)

ful - Displacement vector

u, v, w Displacement components in the global system,

[

- x -



R SR

77

u
ve v
i
X, y, 2
1, 2, 3
a
o' "
By
e
{6} .6}

£ 48)°, {as}

{6}

X, ¥, 2

}Nominal bond stress

Potential .energy of loads

Strain energy density function

Cartesion coordinates in,global‘system

Cartesion coordinates in material orthotroplc
system or local system

‘" 8tress ratio

Incremental stress ratio

Shear retention factor for cracked concrete
corresponding to the direction i

Nodal displacement vector (element/global)

Incremental nodal displacement vector
(element/global) -

Virtual nodal displadément vector

€15%K1 1 Cmm Strain tensor
de,, , de Incremental strain tensor

ij kl
{el Strain vector
€ e, 1 Yy Strain components ‘in the global system,. x, y
€/ € 1 Yy, Strain components in the local system, 1, 2
fde} Incremental strain vector *

dsx,dey,dYxy

deyyde, dyy
*®

fe }

€it

£,
itu

Incremental strain components in the global
system, x, y

Incremental strain components in the local
2 system, 1, 2 -
Virtual strain vector

Tensile strain corresponding to the maximum
tensile stress, Oip s 1B direction i

Strain at which the cracked concrete completely
releases the tensile stresg in direction i

- x1 -



ic

icu

it -

ic

icu

Strain correspondlng to the uniaxial compressive

strength f

Strain correspondlng to the maximum compressive
in direction i

stress, o

ic

r

1

Maximum compressive strain in material orthotro-

pic dlrectlon i at which concrete crushs
Equivalent unia
Strain of reinforcing steel
Incremental strain of steel

Countclockwise angle from the global system,
to the local system, 1, 2

Elastic/Secant P01sson's ratio

al strain in the direction 1

X,

-

Y,

Poisson's ratio corresponding to the local system,

1, 2

Effective Poisson's ratio of concrete under

biaxial stresses

Total potentia}*ehergy (element/global)

Stress tensor

Incremental stress tensor

Stress vector

Stress components in the global system,
Stress components in the local system,

. R
Incremental stress vector

-

X,

1,

2

Incremental stress components in the global

system,

12 Incremental stress components in the local
system,

X, Y

1, 2

- xii

Maximum tensile stress of concrete in the
direction i

L4

Maximum compre551ve stress of concrete in the
direction 1

Comprqssive stress at which the failed concrete

y



crushs in direction i

Released tensile stress of the cracked concrete
c direction i

in materialsorthotropi

Incremental released stress vector of the cracked
concrete :

Releasing stress vector of the cracking concrete

Releasing stress of the cracking concrete in
material orthotropic direction i

Compressive stress of failed concrete in material
orthotropic direction i

Incremental compressive stress of failed concrete
in material orthotropic direction 1

Stress of reinforcing steel '
Incremental stress of steel
Diameter. of reinforcing bar

Complementary energy density function

Transpose of a matrix
Inverse of a matrix
Summation sign

Integration sign

s

- xiil -



CONVERSION FACTORS

The following is a list of the conversion factors
for all imperial units (English System) used throughout this

thesis to the International System of Units (SI).

1l in, = 0.0254 meter = 25.4 mm
1 in2 = 0.00064516 m? = 645.16 mm?2
1 1b. (1 pound force) = 4,4482 N

n

1 kip (1000 1lbs. force) 4448.2 N = 4,4482 kN

1 psi (1 pound-force/in?2)

6895 Pascal = 0.006895 MPa

1 ksi (1 kip/in?) = 6895000.0 Pascal = 6.895 Mpa
1 lb—in._ ' = 0.112985 Newton-meter
1 kip-in. = 112.985 N-m = 0.112985 kN-m

/

N
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) Chapter I :
/, INTRODUCTION

1.1 AN QUTLINE QOF THE FINITE ELEMENT METHOD

The finite element method initially evolved from
the stiffness matrix meggpds for the linear elastic analysis
of framed structures where the beams and columns could easi-
ly be considered as discrete elements. By using a computer,
the matrices involved can guickly be computed and‘thé corre-
sponding large number of simultaneous algebraic equations
can easily be solved. However, difficulties of the analysis
of continua such as continuous solids, slabs or shells en-
couraged the development of matrix methods with wvarious
types of imaginary discrete elements to approximate the na-
ture of continuous sysﬁems. |

e

In the ’finite element method, the tinuum is
idealized as an asggmbly of discrete sub-structures connect-
ed onlypat a limiteé number of points, known as nodes. &All
loads are always répresented by nodal forces which are the
basic knowns of the problem. The displacemen;s of these no-

dal points become the basic unknowns similar to the conven-

tional structural stiffness method. A function is chosen to



2
define uniquely the state of displacement within each ele-
ment in terms of its.nodal'displacéments. Using compatibil-
ity of the displacements at the appropriate nodes and along
tﬂe element boundary, the behaviour of the whole system can
be defined in termé of these unknown nodal displacements;
Using eguilibrium, fhe.nodal displacements can be determined
and by back-substitution, the displacement at any point
within the elements and. hence the internal strains and

stresses can be found.

With the rapid development of digital computers
and the successful application of the finite element method
to linear elastic continuum analysis, the finite element
method has now been widely accepted as a powerful technigue
fér structural analysis. Recently, a number of finite ele-
ment program package; using various elements and material
models have become available for nonlingar structural analy-

sis and for the evaluation of stresses and deformations with

different degrees of success.

- ,
1.2 INTERESTS OF REINFORCED CONCRETE STRUCTURE ANALYSIS .

In the past few decades, considerable interest has
developed concerning the response of reinforced concrete
members and structural systems to applied loads. These stud-

ies had the objective of accurate prediction of different



3
aspects of thelstructural behaviour of' reinforced concrete
structures such as deformations, internal stresses in con-
crete and steel, and cracking patterns through the working

and ultimate load ranges up to failure,

Howéve%, the development of an analytical model
for reinforced concrete structures is complicated by the
following factors: nonhomogeneity of the composite matérials
and concrete itself; nonlinearity of the stress-strain rela- .
tionships of concrete and the reinforcing steel; .the behav-
iour of the interaction between concrete and the reinforcing
steel; the time-dependant concrete creep and - shrinkage;
éhanges in geometry of the _stfucture due to progressive
cracking under sustained loads; the complexity_ahd lack of
precise information on postfailure concrete behaviour which
is particularly important to the ultimate analysis because
concrete exhibits cracking at relatively low tensile stress
level (postfailure is defined in this thesis as the material
behaviour after a specimen or an element reaches its maximum
load carrying capacity). Because of these complexities, ear-
ly analytical studies : of reinforced concrete members and
structures were based either on simplifying assumptions,

such as linear elastic material behaviour, or on an empiri-

“cal approach, using the results from large numbers of exper-

imental tests.



A 4

Experimental and field\studies on ?érious struc-

tures have indicated that many of these structures are load-
ed beyond the range of linear elastic behaviour. Obviously,
linear elastic modelling is not sufficient for complete
analysis of reinforced concrete structures. Mbdern experi-
mental equipmentv makes it possible to obtain- valuable in-
sight into the behaviour‘of test specimens and even proto-

7

type structures. However, tests on structures are very
expensive and .time consuming because a larg?“number of mod-
els must be tested if variations of impoftant parameters are
to be investigated. Furthermore, | only experimental ap-
proacﬁeé on structhral systems are not sufficient for ade-
guate eﬁaluation of safety Qith . respect to th; limit state.
Faced with the ﬁidérrange of sizes and gypes of reinforcgé
concrete structures, it is impractical to design them based
on experimental work alone. Because of complexity of these
structures and the nature of the material involved, it has
therefore become advantageous to develop more sophisticated

analysis procedures. \

1

xj_ -

The advéﬁt of modern analytic models and large di-
gital cémputers now provide the powerful tools to develop
analytical approaches which can replace many of the experi-
mental tests and give‘rhighly sophisticated understanding.
The finite élement method has shown outstanding advantages

. . . . y
in the analysis of reinforced concrete structures,

7



1.3 REVIEW OF PREVIOUS WORK

Ngo and Scordelis (1967) were the first to demon-
strate\tﬁe'application of the finite ele;ent method to rein-
forced coﬂcrete structures. . The concrete-steel interaction
was idealized by the springs of =zero length having a con-
stant stiffness. These authors examined  linear elastic anal-

ysis on simple reinforced concrete beams with predefined

crack patterné. "

Nilson (1968)  expanded the technique further by
adding nonlinear material and a nonlinear bond-slip rela-
tionship in an incremental loading procedﬁre. In these early
studies, cracking of‘thé concrete was modelled by the sepa-
ration of the nodes; Thus,” propagation of cracks 1in the
structure was constrained, with cracks developing oniy aleng
the inter-element .-boundaries. Moreover, nodal separatign
amounted to a continuous change 1in the structural topology,
and to nodal connectivity of tﬁe finite element mesh. This
resulted” in serious computational inefficiencies in the com-
puter implementation of the procedure. .

Rashid (1968) ,.incgrporated the cracking of con-
crete and nonlinear material behaviour in the analytical
model by alteriﬁg the material property matrices ({(or eias;

ticity matrices) of individual elements.

- %



Ngo, Franklin and Scordelis (1970) formulated a
more refined model of a reinforced concrete beam which in-
troducea aggregate interlock linkages alorg pxedidted diago-
nal tensioﬁ crack of various lengths. Beams with and without .

stirrups were analyzed, .

Franklin (1970) developed an analytical model
which accounted automatically for cracking within finite el-
ements and redistribution of the unbalanced stresses into
the system. This allowed the analysis to be €3rried out in
one compyter run without stopping the solution. Incremental
loading with iteration within each load increment was used
to account for cracking and méteria} nonlinearity. \\/?

The group at McGill University wunder Mirza et al.
has done a series of studies on the‘ﬁinite element applica-

-

-tion to reinforced concrete members,
p R ‘
quantitative relationship describ

ude (1973) derived a
the bond stress-dis-
placement phenomena at the steel-concrete interface and
shear-transfer behaviour of postfaique concrete elements.
Khouzam (1876) {ncorporated the stress—-displacement réla—
tionship for cracked concrete shear transfer into a nonli-
near finite element program. Hanna (1983) .developed a cong

crete material model which was based on endochronic theory.



Greunen, 1979; Chan, 1982)

; 7
#

.A group at the University of California at Berke-
ley under Scordelis et al. is- quite active in the applica-
tion of the finite element methods in structural an%lysis. A
number o% computer pfograms have been developed, covering
nonlinear material, nonlinear geometry, static and dynamic
loads,1~time—dependant*re{:forced concrete structure analy-

sis. (Ngo and Scordelis, 1967; Scordelis, 1972, 1978; Nil-

son, 1968; Lin, 1973;: Lin and Scordelis, 1975; Kang, 1977;

L4

Powerful multipurpose .program packages are now
available such as' ADINA (Bathes and Ramaswamy, 1979),
NONSAP-C {(Adham at el, 1975) which simulated concEgge béﬁav-
iour with classical nonlinear elasticifyhbased models. Pro-
grams using other material models ‘-have been developed, such
as elastic-plastic models {Lin, 1973: Chéﬁ and Chen, 1975);

a plastic—frackuring model (Bazant and Shieh, 1980), endo-

., chronic models (Bazant et al., 1376; Hanna, 1983) and a mod-

el based on fracture mechanics approaches (Bazant and Cedo-

-lin, 1980);

‘\\\\\_ It 1s well recognized that the finite element

method can provide a valuable technigue for nonlinear analy-
sis of reinforced concrete members and structural systems.
Some models have given gquite good correlation between the

computed values and the experimental results. But there 1is
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still room left fdr developing more sophistgcated material
o

models. In particular, a general agreement on how to repre-

sent the structural response, to model concrete postfailure

behaviour and to idealize the interactions at the stee1~cg<1
AN

crete interface is needed.

1.4 OBJECTIVE AND SCOPE

The emphasis of this thesis 1is on the application
of the finite element method to reinforced concrete planar
members under monotonically 1increasing loads. The major

theoretical aepects of the present investigation are:

(1) to survey various concrete stress-strain rela-
tionships and .failure criteria. The .nonlinear orthotropic
model_i;hzﬁgsen for concrete material in this study. A fi-
nite element initial stiffness fgrmulaeion with tangential
stiffness formulation, coupled with a time step integration
scheme, is developed to analyze the concrete material behav-
iour throughout the inelastic and ultimate ranges. Within a
time step, an incremental 1oad procedure w1th an iterative
approach to ” obtain an eguilibrium p051qlon of a structure

for each load increment is aaopted to trade the nonlinear

behaviour of such a structure.
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(2) to examine postfailure concrete models. The
smeared crgcking approach is used in the present stﬁdy. The
model chosen includes tension stiffening, postfailure con-
crete shear trénsfer, concrete stfaip softening under high
compreésive stress. An efficient numerical analysis proce-
dure is developed -for crackiﬁg simulation.

(3) to evaluate the available bond stress-slip re-
lationshibs to model the interaction at the steel-conciete
interface., One is incorporated‘into an analytic;l model for
the analysis of the bond-dowel behaviour.

In summary, the objective of the program work in
this study is to extend an existing general purpose program

NONSAP-1974 Version (Bathe et al., 1974a; 1974b) to model

reinforced concrete members under monotonically increasing

locads.

The available NONSAP program contained 3D truss
eléments, 2D~isoparametric elemenﬁs, 3D thick solid elements
gnd 3D thick- shell elements. The nonlinearities -in NONSAP
covered large displacements, large strains, and nonlinear
material behaviour. The materjal descriptions available® for
truss elements were limited to linear and nonlinear elastic;:
while the 2D elements were limited to isotropic linear elas-

tic, orthotropic linear elastic, Mooney-Rivlin material,
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elastic-plastic, variable tangent moduli and curve descrip-
tion for isotropic model. Furthermore, NONSAP did both stat-

ic and dynamic analysis for structural systems.
The NONSAP extensions considered were:

(1) bilinear elastoplastic stress-strain relation-

ship for 3D truss elements to model tﬁe reinforcement,
'ﬁi) 3D linkage spring elements with a nonlinear
bond-slip relationship for simulation of the steel-concrete

. 3
interaction,

{3) nonlinear orthotropic material description for

2D isopatranetric element to represent concrete behaviour un-

AN

der biaxial stresses,

(4) concrete tension étacking and unbalanced force
redistribution,

(5) aggregate interlock shear transfer along ten-
sion cracks,

(6) cohcrete strain softening in compression,

.(79 a combined approach of &EE“EEitial stiffness
method and the tangential stiffness method for numerical it-
erative solution for nonlinear analysis.

_ Sevefal numerical examples are presented to demon-
strate the validity and applicability of the present analyt-

ical method. The examples can be classified into three cat-
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regories. The first category is an axially loaded tensile
specimen in which ultimate stage is controlled by crack pro-
pagation. The second category is a simple beam without
stirrups in ;hich 4ltimate behaviour is governed by concrete
shear capacity. The third category are three simple beams
and a continuous beam in ‘;hich ultimate stages are deter-
mined either by the reinforcing steel yielding or by con-
crete compression. The examples are compared with theoreti-
cal, and experimental results and with available analytical

results by other researchers.

B

It is hoped that this study can expand NONSAP ele-
ment types and material descriptions to nonlinear analysis
of 2D (even 3D in future studies) reinforced concrete struc-
tures. It is further hoped. that_the investigation 1in the
present study will be of some value in the stress and defor-

mation analysis of structures.



Chapter II

CONSTITUTIVE MODELS OF CONCRETE UNDER MULTIAXIAL
STRESSES

2.1  GENERAL REMARKS

Concrete is a complex heterogeneous material ex-
hibiting phenomena such as inelasticity, cracking, time de-
pendency. Since the mathematical modéliing of concrete
properties is such a complicated problem, it is usually en-
deavored to find models which represeng the dominant behav-
iour of the material in the way that the overall response of
actual structures can be modelled analytically. For several
decades, improved experimental techniqués have cffered a
better understanding of concrete behaviour and models based

on experimental statistics have been presented.

as follows, t'he topics concerning concrete mod-

-

elling are investigated in the present study:

(1) Nonlinearity of concrete stress-strain rela-

tionship,
L

(2) Concrete failure criteria,

(3) Concrete postfailure behaviour.

_12_
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2,2 NONLINEARITY OF CONCRETE STRESS-STRAIN RELATIONSHIP

2.2.1 General

From experimental investigation it has been estab-
lished that concrete behaves nonlinearly under applied
loads. FIG.2.1 shows typical stress-strain curves by which
the strain in concrete of different strength is plotted
against the stress in thg uniaxial loading tests, It is
also recognized that under a multiaxial stress state the be-
haviour of concrete is significantly different from that ob- -
served under!uniaxial stress. One of the most comprehensive
and dependable studies under biaxiél’st;ess conditions was
published by Kupfer et al. {1973), whose resultsAére pre-
sented here to illustrate the behaviour of concrete under
biaxial stresses. In FIG.2.2 to FIG.2.4, the stress-strain
curves for specimens tested at different constant principal
Stress ratios are shown. Nine ratios, which cover the whole
range of compreésion—compression, compression-tension and
tension-tension, were used. It can be seen that the stiff-
ness of the concrete in a pfincipal direction increases in
the presence of compression in the other principal direc-
tion. This increase in.stiffness has been ascribed to the
confinement of potential microcracks because of the biaxial

Sstress state. —
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The pronounced nonlinear behaviour of concrete has

brought about an 1intensive research effort in the past few
years, proposing a large number of constitutive models. No
agreement on a constitutive relationship for the ineléstic

’ response under one, two’o; three dimensional stress states
even for short time loading has been reached. M&gtlénalytic
models attempt to derive constitutive relationship for one,
two or three dimensional stress states in terms of one or
more values obtained from a simplé-uniaxial test or a triax-
ial cell test. In many cases, everything is related in terms
of one measured property, the uniaxial compressive strength
of the concrete fé ._In other cases,where measured uniaxial
stress-strain data are évailable for the material, one or
more additional factors such as the initial tangent modulus
of elasticity E,, the tensile strength f{ , the strain at
compression strength ¢_. or Poisson's ratio ¥V may be consid-
ered. It is important to note that even this_simple uniaxial
curve for a given concrete specimen is subject.to considera-
ble variations depending on environmental conditions, rates

and metheds of loading.

The highlights of these constitutive models for
short -time loading will be discussed using the following
broad categorization: |

(1) Nonlinear elasticity-based theéry,

(2) Plééﬁicity—based theory,

(3) Endochronic theory.
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2.2.2 Nonlinear elasticity-based theory

In general, there are two different approaches in
the formulation of the« nonlinear elasticity-based models.
The first approach describes the material behaviour in a se-
cant stress-strain formulation and the second uses piece-

wise linear step incremental techniques.

(1) Total material descriptions in the form of se-

cant stress-strain formulation

(a) Cauchy type

The current state of stress, Uij
uniquely as a function of the current state of strain, ¢

, 15 expressed

k1
that 1s:

Uij = Pi_]( Ekl) . ) (2. l)

‘where the Pij is the elastic response function.

{(b) Green (hyperelastic) type
This type of modelling is based on the assumption
of existence of a strain energy density function W(eij) or a

complementary energy density function @ (%) such that:

oW ( ) e
= =D £
i3 ac. ey - ™k <
ij
(2. 2)
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30 = Bkl (%mn ) %

£ g, .
: : _Fid -1
in which W -J; Utjdeij and Q-fo ?Ljdcij
are functions of the current components of the strain and
stress tensors: and D and F éfe enerél functions of
' 13kl 13k1 J
their indicated either stress or strain tensors.

The behaviour of total material descriptions in-
cludingxﬁoth Cauchy type and Green type is reversible and
path independent, and thus their applications are restricted
primarily to monotonig(pr proportional loading regimes.. De-
spite these shortcomings, the secant type of formulation has

been utilized in describing the nonlinear behaviour of con-

crete material.

In general, most of isotropic secant constitutive
models for concrete have beéﬁ formulated basically as a sim-
ple extension of isotropic lineaf elastic stress-strain re-
lationships. For these isotropic nonlinear elastic models,
the two constant élastic moduli (E and v , or K and G) are

replaced by secant moduli (ES and v ., or KS and GS),

in which, E, E the elastic/secant elasticity modulus,
S

vV, V5 = the elastic/secant Poisson's ratio,

K, K = the elastic/secant bulk modulus,

G, G_ = the elastic/secant shear modulus.l
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They are assumed to’be the functions of the\ stress and/or

strain invariants.

Exaﬁples using total material descriptions are:

{la) Total stregs—stfain models based on decoupled
secant moduli K, and G (.éédolin et al., 1977; Kotsovos and
Newman, 1978;: Kupfef‘and Gerstle 1975; and Murray, 1979),

(1b) Total sfréss—strain models based on coupled
secant moduli Ks and GS { Kotsovos and Newman, 1978),

| {(1c) fotal stress-strain models based on decoupled

secant moduli E; and V; considering the softenfng behaviour
( Ottosen, 1979),

(1d) Total stress-strain models based on general

Cauchy type of formulation { Bazant and Tsubaki, 1980),.

In the early application of the finite element
method to concrete problems, simplified- forms of total ma-
terial descriptions were generally utilizgd, basically as a
simple extension of linear elastic theory. These simplified
secant models are attractive from programmiﬂg aﬁd cemputer
economy points of view. Considering existing experimental
evidence and its limifétion on the procedure of apblied-

loads, total material descriptions are not likely to be

widely acceptable for practical purposes.
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(2) Incremental material descriptions in the form

of tangential stress-strain models

In contrast, 1incremental material descriptions do
not have the shorﬁcoming of reversibility and path indepen-
dency. The most prominent models of this category are the

differential (hypoelastic) formulation. That is:

dcij = Fij ( de,, + o ) ' | (2. 3)
where dUij = incremental stress tensor,

de,, = incrémental strain tensor,

Fij = elastic response function.

These tangential laws provide a more realistic
representation of the material behaviour than the total ma-
terial descriptions in the form of secant formulations, and
in fact, incremental models comprise the Cauchy and Green

models as special limiting cases.

Various incremental constitutive relationships
have been developed and utilized for modelling the behaviour

of concrete. Examples are:

o
(2a) Incremental stress-strain models based on

modific;z}bq of isotropic linear elastic formulations (Kup-
fer et al.,yi969,1973; Bathe and Ramasway, i979; and Gers-
tle, 1981),
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(2b) Incremental mulﬁiaxial orthotropiﬁ models

(Liu et al.,1972; Kupfer and Gerstle, 1973; Tasuji et al.,
1378; Elwi and Murray, 1979; and Chan, 1982),

(2c) Hypoelastic models (Coon and Evans, 1972).

Incremental stress-strain description is a mofe
general form of the material constitutive relationship. The
main body of the early incremental finite element analyses
_was conduéted with simplified forms of hypoelasticity. 1In
the most simplified form, the biaxial or.triaxial stress and
strain state are projected onto an one-dimensional 'equiva-~
lent uniaxial curvef; resulting in a stress~ or strain-de-
pendant modulus of elasticity. A more refined model is based
on the decoupling of volumetric and deviatoric stress and
straig increments and on the éssumption of nonlinear bulk
and shear moduli. More sophisticated incremental models as-
sume an orthotropic constitutive relationship with the prin-

cipal stress directions coinciding. with the directions of

orthotropy.

In the Hypoelastical model. based on the classical
theory of hypoe}asticity, the resulting constitutive equa-
tions contain many material‘constants which are difficult to
relatetdirectly to experimental results. Furthermore, the

material elasticity matrix is not always symmetric.

.w' ]
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Generally, nonlinear elasticity-based models are
at present most , widely used in various finite element pro-

grams for reinforced concrete structure analysis for their

¥ L

simplicity. They provide a reasonable representation of the
overall concrete behaviour, but some of them do 'not give

good representation near the ultimate loads.

e
2.2.3 Plasticity—baéEH:EPeory
3

Plasticity-based models, originally developed for

metals, have been extended to include concrete in recent

years. Two approaches have been proposed to characterize

concrete stress-strain relationships.

(1) Classical plasticity-based models

' .

(la) Elastic-perfectly plastic models (Lin, 1973;
and Cervenka et al,, 1971), . ‘ i

(1b) Elastic~-strain hardening plasﬁic models (Chen
and Chqn, 1975; Epstein et al., 1977; Murray et al., 1979;
and Bufukozturk, 1977).

Plasticity—based models are based on the microme-

chanism of plastic slip in crystals which is defined by the
- ‘ /

strain increment at constant stress without change in elas-

tic modulus. The plastic slip mechanism accounts oniy for

part of the inelastic behaviour of concrete.
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In elastic-perfectly plastic models, the material

behaviour before failure 1is assumed to be 'linear or nonli-
near elastic until a combined multiaxial stress state reach-
es the failure surface. Once it yields, the flow theory of
plasticity is introduced. The postfailure behaviour is gov-
rerned by-the constitutive relationship of the failed materi-
ai. The formulation of the incremental plastic stress-strain
relationship is based on the definition of the condition of
yielding at whicl the plastic flow begins>and on the failure

condition at which material failure begins.

E%astic—strain hardening plastic models are a gen-
eralization of the elastic-perfectly plastic models, In
these models, an initial discontinuity surface defined as
the limiting surface for the elastic behaviour is located at
a «ertain distance from the failure.surface. When the ma-
terial stress reaches the elastic limit surface, "a new dis-
continuity surface called the loading surface is developed.
This néw fu;face replaces the initial discontinuity surface.
Unloadihg and relecading of. the :naterial within this subseqg-
'ﬁent loading surface results in elastic behaviour, and no
‘ additional irrecoverablé deformation will occur until this
neJ surface is reached. Further discontinuity and additional
irrecoverable plastic defdrﬁatiqn will result if loadfng is

continued beyond this surface. Final collapse of the materi-

al is defined when the failure surface is reached and
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materiai'failure occurs, depending on the nature of the

stress state.

+

Classical plasticity models uégally‘cannot repre-
sent the nonlinear behaviour of .concrete adeqguately, espe-
cially in multiaxial compressipn.with.a large value of the
stress ratio and at _high stress levels. They accohnt, .in
principle, for the dependance of deformations of the stress
path, but unloading and feloading are’'elastic, and a reason-

able description of cyclic behaviour has not be&n obtained.

(2) Plastic-fracturing models .(Bazant ‘et al.,
{

1979) j

A more significant contribution, in ‘addition to

plastic slip, to the inelastic behaviour of concrete, re-

3

sults from microcracking which is accompanied by a decrease

of ‘elastic moduli. This component of inelastic behaviour is
considered in the plastic-fracturing models (Bazant et al.,

1979).

Plastic-fracturing models represent an extension
of classical incremental plasticity which adheres to the use

of loading surfaces and the flow rule based on these surfac-

eg,'and introduce, in addition to- plastic strain increments,

.

PN
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the-c;acking stress relaxations due to microcracking. This
theory uses a cracking loading surface in strain space to
compute the cracking stress decrements caused by given
strain increments. Nonlinear behaviour upon wunloading and
reloading is accounted for by introducing a jump-kinematic
hardening rulef according to which the ins£antaheous center
of the (plasfzé and cracking) loading surface jumps to a new
location whenéver a load reversal takes place. The plastic-
fracturing theory has been shown ,toc be capable of represent-
ing 2 very broad range of inelastic phenomena. Thesé are:
strain-softening, inela;tic dilatancy due to shear and in-
teérnal friction, hysteretic loops during cyclic loads, etc.
However, a large number of functions and parameters are ob-
tained by a nonstandard, optional fitting technique, and
this model gives a non-symmetric stiffness matrix which de-

mands much more computer time.

2.2.4 . Endochronic theory

The endochronic theory is an extension of the en-
dochronit theory of viscoplasticity, in which inelastic
strains are not obtained from a loading surface but directly
from the evolution of a measure of irreversible damage, re-
ferred to as intrinsic time, which increases whenever defor-

mation takes place ( Bazant. et al., 1976).
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It 15 capable of representing unloading irreversi-

- bilities, the salient feature of inélastic behaviour without

the use of any inegualities (unloading‘criteria). This makes
the endochronic theory extremely: effective for cyclic load-
ing. Ail inelastic strains tied to one time~like variable
makes it easy to control the stiffening of the hatérial by
changing the rate of growth of the intrinsic time. However,
even for loading, it cannot be reduced to an incrementally
linear form, Nevertheless, in the vicinity ﬁof specified
loading direction the endochronic theory’can be linearized,
i.e., brought into an incrementally linear form. The. tan-
gential moduli of 1linearized form are not constant and de-
pend on the chosen direction in the vicinity of which the
behaviour is linearized.

The endoéhronic approach can not use an incremen-
tal procedure, therefore it is quite costly in computing
time. Furthermore, 1like plastic-fracturing model, a large
number of functioﬁs and parameters. are required which can
only be obtained by a guite nonstandard, ;ptionallfitting'

technidue.

2.2.5 The model in the present study

The analytical model chosen in this study to rep-

resent the concrete stress-strain relationship under biaxial
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stress states before fallure 1is the incremental nonlinear
orthotropic model used by Chan (1982). The model will be
}discussed in detail as follows.

In the present model, the Iincremental stress-
strain relationship is formﬁlated' assuming that the princi-

pal axes of materfal orthotropy coincide with the principal
- L

‘ .
stress directions (i.e., principal axes of current state of
stress). The tangential moduli E, and E, in the principal
\ directions of orthotropy are obtained from the corresponding

stress—-strain relationship 1in the current principal stress

directions, 1 and 2.

Under plane stress state, the incremental consti-
tutive felationship in the directions 1 and 2 for an ortho-

tropi¢ material can be written as:

de 1 -V, E7l w0 ao_
1], ! L P 1
dez = "-\)2@1 E 0 d gz (2. 4)
-1

wﬂere 4 %1, dé&y, d%ﬁ} = incremental strain components in
the material ‘orthotropic directions, 1, 2

doy ,do,,d Ty, = incremental stress‘components in 1, 2
V15V, = Poisson's ratio in material orthotropy 1, 2

G, ,= shear modulus in material orthotropy 1, 2

Using symmetry,
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V12 Br = V01 Ey (2.5)

For simplicity, it is usually assumed that:

2 '
= 2,
v \)12 \)21 ‘ ( 6)

where V = the effective Poisson's ratic for the concrete.

Based on these assumptions, EQ. 2.4 can be rewritten as:

- _ -1
del El v{v ElEZ) 0 dcl
= 1 '
d62 E5 0 dcz (2. 7)
AdvYqo SYMM. Gi]2- dTyo
- - .
Inverting BEQ. 2,7 gives: i
v .
dcl . El VﬁlEﬁ 0 d €1
dﬁz = — E o 0 d €9 {2. 8)
1-v 2 2
dTq, SYMM. (1-v )Gy,1 1d 12

The orthotropic form of the incremental relation-
ship implies that there is no coupling between the normal
stress'increments and tﬁg shear stress 1increments in the
principal stress direcfion. The proper defiﬁition of the
shear bghavioﬁr presents-a main difficulty in this case ow-
ing to the lack of _available experimental evidence. Thére~
fore, it is assumed that the shear modulus Gysy remains in-
variant with rgspéct to the’ rotation of coordinate axes

(Darwin et al., 1977; and EIwi and Murray, 1979). Hence:
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= > ( E1_+ E2 - 2v¢glE2 ) (2. 9)
12 4(1 - v5)
where‘GiT = the effective shear modulus for the

concrete,

EQ. 2.8 can be rearranged to:

doy | TEp 0 0 7 qdey
do, |= E, 0 e, (2.10)
d,) . L SYMM. G104, 1dYy,

where the increments of equivalent uniaxial

strains; df® and de , are defined as:
lu 2u
¢
‘ 1 v,
de = deg, + ——— d ¢
2
Lu 1 - 2 1 (l-u2)¢fi -
(2.11)
VR 1 i
d€y, = ___ﬁii___ d€q + ; d €9
(1)) /E, . 1-v
dal .d02
Substituting d e, = -V and
1 12
dag doq . Eq E2
dep = - V91 » EQ. 2:11 can be rewritten as:
E, E,
'dﬁl
dg1u - L )
-V a'n
12 (2.12)
de
2
'dEZu =
- t
1 U21a n
o]
where o '= -S%

o biaxial incremental stress ratio,
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E2 .
n = ——, tangential modulus ratio.

Ep

EQ. 2.10 suggests a set of uniaxial stress-strain
relatiohships in which stress 93 is related to the eguiva-
lent uniaxial incremental strains, de, and de

1y 2u
include the effects of confinement but not of Poisson's ra-

El and E,

tiov , which 1is removed through the use of the equivalent

uniaxial strains.

Computationally, the increment of the equivalent

uniaxial strain de,Z is:

iu
. doi .
de = (2.13)
iu E
i
And the total eqguivalent wuniaxial strain ¢ is

u
then obtained by summation along the deformation path:

da \\
i
: (2.14)

®iu ) Edeiu =k E
EQ. 2.14 characterizeé concrete. as a path depen-
dent material.
Yo
'In, the compressive portion before reaching " the
maximum compressive strength stage, Saenz (1964) suggested

) . . . ¥
an uniaxial stress-straln curve:
F PR
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o = = - 5 (2.15)
(o] E
1 (—-2) — + (—)
E £ £
c c [
o
where E = __¢
[ Ce
0, ¢ = uniaxial stress and strain, respectively,
S., Ec = the uniaxial maximum compressive stress

and the corresponding strain, respectively.

Darwin and Pecknold (1977) proposed the use of an

eguivalent wuniaxial stress-strain curve for the biaxial

stress state:

E ey } -
o iu /
o, = o Py 7 for °'$FiJ(2'16)
' 1+(E°—2>cgm>+<{i’) :
Eje ic ic
Uic
vhere E. =
e Eic

o, ,E. = maximum compressive stress and corre-
1cC ic

sponding strain in principal stress direction i.
In the tensile portion, the relationship is linear:

o = E &, for o, ¢ o, (2.17)

-

where o, = maximum tensile stress of concrete in
1

principal stress direction_i.

-
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By differentiating EQ. 2.16 with respect to &y,
the modulus of elasticity E,; in the compressive portion can

be obtained:

2
_ da, ECL-q) } 2 18)
Ei = = g o 2'
E 2
O€ 1 ('1+(—°—2)qi+q:2l-)
Eic
for |Gi"£‘- Oicl
€4y
where q k6 =
i €
ic
Differentiating EQ. 2.17 with respect to €y gives
the tensile elasticity modulus:
Ei =-EO for [ -_é g (2.19)

i it

A typical equivalent wuniaxial stress-strain curve
for a biaxial stress state is shown in FIG.2.5. The point of
maximum compressive stress and corresponding strain under

biaxial loading is discussed in the following section.

2.3 FAILURE CRITERIA'QE CONCRETE

2.3.1 General

Concrete failure is defined in this section as the
maximum load carrying capacity of a concrete specimen or a
concrete element. The biaxial failure envelope of concrete

obtained by Kupfer et al. (1973) is shown in FIG.2.6.
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The main observed characteristics of the concrete
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failure behaviour under biaxial stress ‘states can be summa-
f‘

'rized as follows:

(1) vVarious failure modes of concrete under dif-
ferent combinaticns of biaxial loading caﬁ be illustrated by
FIG.2.7. Failure of concrete occurs by tensile splitting
with the cracked surface orthogonal to the direction of the
maximum tensile stress or strain. Experimental observations
" from different sources all indicate that the maximum tensile
deformation measured by the maximum teﬁsile strain component
is a dominant parameter in predicting brittle cracking .of
concrete (Wu, 1974). It is assumed that the plane of crack-
ing in concrete is normal to the direction of the maximum
tensile strain component. However, a general strain cri-
terion for failure of concrete is still incomplete. So far,
most of the existing failure criteria for concrete are ex-

pressed in stress space enly.

(2) As can be seen from the results obtained by
Kupfer et al. (1973} in FIG.2.6, the maximum compressive
4

stress increases under a biaxial compression state. A maxi-

mum stress increase of approximately 25% is achieved at a

g - .
stress ratio of —- = 0.5 and of about 16% at an egual biax-
0'2 g
. . 1 . .
lal compression state of —— = 1.0. Under a biaxial compres-
: 2

3 ’ 3 - - * ' /\(—
sion-tension state the maximum compressive stress’decre&iés

e
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almost linearly as the applied tensile stress is increased.
Under a biaxial tension state, the maximum tensile stress is
almost the same as that of uniaxial tensile stréngth.

)
7(3) It 1is clear from FIG.2.2 that "the concrete

strain corresponding to the maximum stress is dependent on
o1 ‘
¢2
state, the strain corresponding to the maximum stress is

the current stress rafio, %= For a biaxial compression
higher than that under the uniaxial compression state. In a
biaxial compression-tension state, the magnifudes at the
concrete failure of both the principal compressive stress,
the corresponding strain and the maximum tensile stress, the
corresponding strain decrease as the tensile stress increas-
es. Under a biaxial tension state, there is no significant
change in the maximum principal tensilef strain, compared

, x

with that under the uniaxial tension state.

/,,,"

2.3.2 Review of concrete failure criteria

b

The accurate prediction of concrete failure at
different states 1is complicated as 1t depends not only on
the physical and mechanical properties Jig the aggregate and
cement paste, but also on the nature of loading. The con-
crete material shows a great variety of values of load car-
rying capacities when subjected to different conditions. Us-

ing failure envelopes based on experimental statistics seems
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to be the only Zgy te model the maximum stress characteris-

tics of concrete for practical applications.

Fbr the past few decades, a large amount of re-
search has been done on the mechanical properties of con-
crete under multiaxial loaéing. Considerable experimental-
data are now  available regarding\ the multiaxial concrete
failure envelopes and a large number of models have been -
presented in the literature. These can be divided into three
approaches:

(1} Isotropy-based theory,

(2) Crack friction theory,

. (3) Fracture mechanics-based theory.

In the first category, it is accepted as a general
approach that concrete is a homogeneous, elastlc, isctropic
and contlnuous body; the effect of loading time and rate on
concrete failure is negligible; the sample is loaded for the
first time, and hence there is no 'material memory' nor load
case history; the behaviour at fracture is independent of
the loading sequence. In what follows, e brief review of
some of the commonly used failure criteria for concrete
based on material isotropy is given.

|

v
(1) One-parameter models (Chen et al.) 1982)

{la) maximum tensile stress criterion.

(1b) maximum tensile strain criterion.
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(lc) Tresca criterion

(1d) von Mises criterion

(2) Two-parameter models

(2a) Mohr-Coulomb criterion (Chen et al., 1982)
(2b) Drucker-Prager criterion (19525

(2c) Kupfer et al. criterion (1973)

(3) Three-parameter models
(3a) Bresler—Pistér critJrion (1958) .
(3b) Gardner ériteriop (1969)

(3c) Argyris et al. criterion (1974)

(4) Four-parameter models
(4a) Ottosen criterion (1977) .
(4b) Hsieh et al. criterion (1979) ‘
(4c).Mohr—Coulomb criterion with a maximum tensile

strength cutoff {(Cowan, 1953)

(5) Pive-parameter models

(52) Willam and Warnke criterion (1974)

. ] /A .
(6) Dual criterion expressed in terms of stresses
as well as strains \

(6a) Wu criterion (1974) =

/
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In fact, the progressive damage in concrete leads

dertainly to orientegd anisotropiés near‘the ultimate failure
. region. In the second category, crack friction theory has
been proposed recently by Bazant et al. (1980) to account
for the effect of these oriented anisotropies on the failure
condition. This theory is based on internal friction, but
differs from the cléssical Mohr—Coulomb“friction theory. 1In
crack friction theory, friction is considered on one partic-
ular plane, the crack plane, rather than as<Y;oﬁr6pic fric-
tional behaviour as in the Mohr-Coulomb criterion. It is
further assumed that ‘the crack plane can.-have any orienta-
tion, which contrasts with the Mohr—Cdulomh fricticn theorf
~for whiéh the frictiona?f slip plane can_have only one orien-

tation as determined by the limiting stress. However, the

crack friction Eheory is not pfesently available for general

use,

In recent years, the area of fracture ﬁechanics
'conéepts applied .to formulate stress toughness and energy
criteria of éoncrete for material failure has been consid—.
ered {(Bazant and éedolin, 1980). However failure models in
this category are 5till under gevelbpment. Further study and

experimental work are needed before this concept tan be

adépted in practical applications.
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2.3.3 The model in the present study

In the pfesent study, an ,isotropy-(based failure
envelope 1s used to find the concrete maximum stress and the
c'orresponding strain. -The biaxial maximum'-streﬁs envelope
is divided into four di_ffefent regiont as shown in FIG.2.8,
depending on the biaxlia‘l stress ratio a = -% . Compressive
stresses are negative wi_tﬁ tensil‘e stresses pqsitive,' and
lthe principal directions are chosen in such a way that
01202 algebraically. |

L~
r

The four regions of the maximum .stress envelope

are summarized as follows.

1. Biaxial compression, 0, = compression, 0, =
1]
- compression. Part 1: 0.0 =« =1.0

1+3.650 - _
g, =———, f' ‘
,ZC (1+ﬁ)2 / Q ' .
. (2.20)
9= ¢ 20\/. o
v [2 - N
\ T~
y Ezcj,){@ * 3p,) :
o = - 3 : .
(‘\El(c e, (0.35p,+ 2.25¢8 - 1.60p3), (2.21)
VO i . 7
-~ a 02C
where 'p, = fé and—p, = f::,
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EQ. 2.20 is based on the Kupfer et al. (1973) bi-~

axial maximum stress envelope, while Eé. 2.21 is proposed bf
Darwin et al. (1977). C&ncrete is assumed to behave as
strain softening in compression wheﬁ calculated strain is
beyond the strain corresponding the maximum compressive
stress and crushing over a specified ultimate strain (strain
softening‘is defined in this thesis as a further increase in
strain causes a decrease in stress). The strain softening

behaviour of concrete will be discussed in detail in the

sub-section 2.4.3. - ~—

-

2. Tension-compression , 91 = tension, %9 = com-

'pression. Part 2: -0.17= @ < 0.0

1+ 3.28c
g = ———2 f‘
2¢ (1 +4a) c
. (2.22)
I1eg= ¢ G2c
- - 2. 3
€3.= £, (4.42- B.38p,+ 7.54p2 2.58p2)
| (2.23)
I
1t EO

where p2;0,65

EQ. 2.22 1is proposed by Darwin et al. (1977),
while EQ. 2.23 is given by Rajagopal (1976). The concrete
failure in this region is assumed to occur due to strain

softening in the compression direction.
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3. tension-compression.. 0, = tension, 0, = com-
pression. ﬁértjg: —w<q < =0,17

Oy = 0.65fC

Tie= £ | _— (2.24)

fre = e (4.42- 8.38p,+ 7.54p2- 2.58p])

(2.25)
99t -

e = :
1t I:c)

where pz-:' 0.65

Failure is assumed to be caused by crdcking of

contrete in direction 1 and strain softening in direction 2.

~
4, Biaxial tension, o, = tension, 02 = tension,
Part 4: 1.0 =0 < w
Op = 99" = £} (2.26)
L ™
€, =€ = ft - (2.27)
1t _ .

2t EO - . ‘ .
For g};§ial_,;gnsion, the wuniaxial tensile

strength, f;, is chosen as the tension cut-off point. If

calculated tensile stress reaches f;, concrete cracking is

assumed to occur.
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Five material prppefties'of concrete are needed to
identify theé material. These are (1) uniaxial initial.tan-

gent modulus, E ; (2) uniaxial compressive strength, E' :
o]

(3)strain corresponding to uniaxial compressive strength,e_;
(4) uniaxial tensile strength, fé ; (5) Poisson‘s-fatio, Vo,
All these values can be obtained from uniaxial load tests on

Iy
concrete, x

2.4  CONCRETE POSTFAILURE BEHAVIOUR

2.4.1 General
In the nontinear finite element method applied to
reinforced concrete structures, modelling of postfailure be-
haviour of concrete is one of the extremely important
aspects which 1is little understood due to 1its complicated
-]

nature. The following Behaviour characteristics are normal-

ly considered in postfailure concrete modelling.

(1) Tension stiffening

When the concrete principal tensile stress in con-
crete .reaches the maximgmrten;ile'stress, tensile splitting
occurs and primary cracks form at finite1intervals along the
reinforced concrete member. The total lﬁad is transferred
across the cracks by the reinforcement, but the concrete be-
tween cracks is still capable of carrying stresses because

&

of the bond between reinforcement and concrete. FIG.2.9
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shows a typical stress distribution in the concrete and

”

"steel in an ?xiﬁlly_loaded. tensile specimen. The concrete
gtress is zego at the crack, but it would not be zero/if it
is averaged over the length of the element. As the load in-
~creases and the average tensile strain perpendicular to the

cracks increases, more cracks form and the tension carried

by the coricrete decreases. . :

At

(2) Strain softening

When the principal compressive stress in concrete

reaches the maximum compressive stress, concrete strain sof-

tenin& occurs as its compressive stress decreases with an

increase in compressive strain. This will result in unload-
.

ing in the concrete until it crushes at the ultimate'com-

pressive strain.

(3) Shear transfer

The crackéd surfaces are normally rough and irreg-
ular and capable of transferring sheaé forces by the phenom-
enon known as 'aggregate interlock’ or 'shear friction'. Aéﬁ
the crack width increases, the concrete conhtact area on the
tﬁo sides of the crack decreases and the shear force trans-
ferred by the aggregate interlock mechanism decreases. Fur~
thermore, the movement of the ‘crackea pieces of concrete

parallel to the crack causes the reinforcement crossing the

crack to transfer the shear force by the dowel action. Due

- ~

T —
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to lack of dependable data, dowel action will not be consid-

ered in this study.

2.4.2 Tension stiffening

T

There are basically two methods to incorporate the
tension stifferning effect. The first approach is to esti-
mate, on the assumption of unleoading in the concrete, the

- —_

remaining average tensile stress in the concrete, which is

called concrete referred method (Scanlen, 1971, FIiG.2.10a:

Lin and Scordelis, 1973, FIG.2.10b). Because of averaging,
the steel stress at the crack is always underestimated while
the concrete stress is overestimated (nog actually equal to
zero at the crack). Furthermore, concrete referred method
does not consider the influence reinforcement direction and
location to the concrete crack. The second approach is to
ignore the concrete tensile stress perpéndicular to the
crack after concrete cracking and use an increased stiffness
for the reinforcement, which is generally termed the steel

referred method (Gilbert et al., 1978, . FIG.2.10c). This

method gives actual concrete stress in the crack (equal to

zero) and takes into account of reinforcement direction and

fBEation to the crack, but the steel stress calculated in

the reinforcement is exaggerated.
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The first method is more popular than the second

one and is also used in this study for its simplicity.

in ofder to model the tension stiffening effeqt,
the normal tensile stress perpendicular to the cracked plane
shéuld be reieased gradually after cracking takes place, and
this can be accomplished by using the simplified bilinear
tensile stress-strain relationship for concrete as shown in

F1G.2.11, The released tensile stress, 0, , at straineg,

r

perpendicular to the crack can be written as

[ - |4 ¥
fu itu )
Bt - i, > '+ (2.28)
“it ®itu - :
\\
where e, = the cracking strain in direction i,
£, " = the strain at which the cracked concrete

itu
completely releases the tensile stress.

At "this stage, ﬁq general agreement can be reached
on the concrete strain at which the cracked concrete com--
pletely releases the tensile stress. Lin and $cordelis re-
commended c4ry as 5 €it (1975), Gilbert and Warner used éit@
as 10ey¢ (1977), while Hughes, Chapman and Hanna employed
€ity as 2085, to 30-F4, (Hughes and ChapmaQ, 1966; - Hanna,
1983). In the present study,;fj, 15 chosen as 104 (Gil-
bert and Warner, 1977). A discussion on this aspect will be

given in Section 6.2.



e

-

43

For the strains ( €;. ), "and (€. )y at the two

pcints, a and b, shown in FIG.2.11, the released stresses

(o )a

-1ir

ang (Uir)b are given by:

. (Eiu)a T fitu
( ir h = g -
: (c.) - it
it itu : (2.29)
(Eiu)b T Firu
10ir % = (e. ) - ¢ Yit .
it . itu
The increment of released stress, dcir , can be

expressed in terms of strain increment de;, perpendicular to

the crack as:

(e, )., - (e, ) de
= iu’b iwa 5, . 1u .
g =TT o %t T o T e (2.30)
it itu it itu

o~ .
2 h r NN = . - é:
) where dclu (Eiu )b { “ )a

2.4.3 Strain softening in compression

The existence of the falling branch of the con-
crete stress-strain curve beyond the maximum compressive
stress of concrete has long been established. In the pres-

ent.study, a linear unloading curve based on the envelope

curve obtained from uniaxial cyclic lecad tests of Karsan and

.Jirsa (1969) as shown in FIG.2.12 is used.

~

\

v
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b

As calculated concrete stress reaches the maximum
" compressive stress, the magnitude of the concrete compres-

o

sive stress decreases with an increase in the magnitude of
the cgmpressive strain, leading to a'negative }angent modu-
lus. The following précedufe is adopted in the present study
to avoid possible numerical problems caused by negative
elasticity modulus: when a calculated principal stress oy

reaches the value of the maximum compressive stress %y, ,
concrete strain softening is assumed to occur. The stress
dréps to o} and the elastic moduli in both directions are
set to zero fdr the any subsequent stiffness assembly, which

~is geometrically shown in FIG.2.12. The constitutive rela-

tionship after failure becomes:

ddi = 0 deg, ‘ (2.31)

1u

At a strain |eg, | <]| ¢ |, the stresso! in the
iu ie

u 1

concrete is:

icu ic
L]
ci = Gi(.‘. + —_— (Eiu _EiC ) (2-32) '
£ - E
icu ic
where ¢ { E = the stress and the correspon-
icu leu

ding strain at which the failed concrete crushs.

In this study, 9.y 1is chosen as 0,2 , while

EiCU. as 4 Eic" *
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Referring to FIG.2.12 and using the similar proce-
- dure for the incremental stress do;  in the concrete strain

softening portion, it gives:

Oicu %ic

do' = - ————— dei ' (2.33)
1 Eicu_ Eic v '

where de;, = (&5, )y - (€4,), .

2.4.4 Shear transfer

In order to model the shear transfer behaviour for
the postfailure concrete, a usual method is to modify the
concrete constitutive relationship by making the shear modu-
lus of the cracked concrete equal to a fraction of the un-
cracked concrete shear modulus, 1i.e., to modify the un-
cracked shear modulus, G, *by a factor B which can -be
considered to be a constant or a function of the tensile
strain normal to the crack.

It is noted that using a constant value for the
shear retention factor, which usually equals 0.4-0.6, does
not ke into account the dependence of the shear retention
facter on_the magnitude of the strain ‘perpendicular to the
crack and on the relative movement of the cracked pieces of

concrete parallel to the crack.
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For simplicity, the shear retention factor in this
study is chosen from Al~Mahaidi et al. (1379) model. It can

r

expressed as: o=

0.4

B = ———— ‘ E, = €
i Eiu for iu it

€4y | - (2.24)
Bi'= 1.0 for € Sy



Chapter III

——

MODELS OF REI\NEORCEM NT AND INTERACTION OF STEEL

w AND CONCRETE

3.1 GENERAL REMARKS /

/

Reinforced concrete 1is a composite material con-

sisting of concrefe and reinforcing steel. Modelling réin~
forcing steel and simulating the behaviour at the steel-con-
crete interface are the important aspects in nonlinear
analysis of the finite element method applied to reinforced

concrete structures.

Material modelling for reinforcing steel usually

can be represented by bilinear or trilinear stress-strain
° . ¥

relationship.

v ,\/) —

. ra !
.. The steel-concrete interface mechanical property

is a comé&f&ated dué to the bond between the two different
materials. The bond 1is now recognized as a combination of
chemical adhesion, friction and interlocking between the de-
formed reinfbrcing‘ bar lugs and‘the surrounding concrete.

Strictly speaking, the bond is a complicated three dimen-

sional problem even in planar structural situations, and it

1

e~

._47_
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is difficult to model mathemanfgally and also difficult to
verify by experimental work. However, an intenSive investi-
gation on this matter has beeﬁ done by a number of research-
efs for years and guite a lot of valﬁable experimental data

rature, Several mathematical models

o~

are ayailable in tbe lite

‘have been presented and some finite element programs have

achieved success by applying these models in the reinforced

concrete structure analysis.

* '

Modelling of the reinforcement and represenQSEion

of the bond are discussed in this chapter.@'

L)

i
-

3.2 MODELLING OF REINFORCING STEEL

3.2.1 Material modelling
I

i

Typical stress-strain curves for steel reinforcing

"bars, loaded monoton@é%lly in tension, are illustrated in

FIG.3.1. k

For applications to the ' situation where the re-
sponse is plrely elastic, incremental steel stress, do_ , can

be determined by the linear elastic relationship:

do = 'Est deS for 0_-5-‘: %]' (3. l)

where d€S= the incremental steel strain,

E_ = the elasticity mBéEThg of «steel, -
) .

f'
y

"

n

the steel yield strenéth.
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For applications requiring ‘consideration of plas-

tic deformation, it is common to ideal}ze the behaviour into
a bilinear, trilinear or complete‘steél stress-stfain curve
as shown in FIG.3.2. In this-study, a bilgnear curve ié used
with the possibility of using 'strain hardening after yield-
in&. FIG.3.3 gives the bilinear relatibnship, where E. is

the modulus of steel in strain hardening portion. The steel

stress-strain relationship in this  portion can be expressed

as:;

sh s . S

3.2.2 Element modelling

In modelling .the reinforcement by the finite ele-

ment method, = there are basically three approaches. These

_Atey

-
.

(1} Distributed approach (FfG.3.4a).

The steel is assumed to be distributed over the
concrete element, with a particular orientation angle & . a
composite steel-concrete constitutive relationship 1is used
in this case. Perfect bond must be assigned between- the con-

- »

crete and steeli ‘ . v

(2) Embedded approach.(FIG.3.42b)

o

AN



. .
Q " 7 It may be used 'in connection with higher order

T

isoparametricfconcrete elements. The reinforcing bar is con-
- , sidered to be an axial member so built into the isoparame-
" tric element that ité displacements are cecnsistent with
: those of the-element. To derive such a relationship, per-
} fect bopd shof?é alsq‘bé assumed.
j ._ (3)‘Discretg approach (FIG.3.4c) Ie
(rvj . This methag useS\b%r .elements or beam e&ements.
| In planar cases} the bar elemént, in which only axiqi'force
is considered, may be assumed to be pin-connected with two
dggrees of freedom at each nodal point; while beam  element,
p which is assumed to be capable of resisting axial force,
shear and bending, is assigned to have three degrees of

freedoi at each beam element en The reinforcement bar ele-

ments are easily Superimposed n a structural system model.

A.siénificaht ad&éntage'ogf hisl'method, in addition to its
simbligity, is that it can account for bond-slip behaviour
between the reinforcement and the sﬁftounding concrete. This
approach has been most widely used.

o ) - Q -- . . .
. The discrete approach 1s chosen in this study in
' .which the 3D pin—coqnected bar element models the reinforce-

. ment including flexural steel and . web steel as shown ™in

FIG.3.5.

N f\ | )
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3.3 BOND BEHAVIOUR MODELLING

3.3.1 Bond stress-slip relationship °

various repreéentations have beep suggested to
simulate the bond stress-slip. relationship based on experi-
mental results. The bond stress is definéd‘here as the unit
shear force acting parallel to the reinforciné steel axis at

the steel-concrete interface.

Nilson (1968) evaluated Bresler and Bertero's
{1968) experimental results an%gderived a tentative local

bond stress-slip relationship with a third-order polynomial:

u = 3.606%10% - 5.356%10° a*+ 1.986*10%%a° (3. 3)

where u = the nominal bond stress in psi,

il

the local Bond slip in inches.

.

. d

In another paper, Nilson'(l972)]suggested the fol-
lowing simplified expression representing the bond stress-
slip relationship:

2

u = 3100 (1.43C + 1.5) d f¢t (3. 4)

with u = (1.43C + 1.5) £

where v.-and d are defined in EQ. 3.3,
C = the distance from the reinforcement end
in inches,

f' = concrete compressive strength in psi.
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EQ. 3.4 1indicated that the bond stress-slip rela-

tionship is a function of the reinforcement end distance.

H@ude (1972) and Mirza and Houde (1979) undertook
an experimental program to aerive a general bond stress-slip
relationship which included the effect of lcad 1level, the
type of tests, the guality of the concrefe and the bar size.
The bond stress at the steel-concrete interface is sgeﬁ to
reach a maximum value at a slip about 0.0012" {(0.03048 mm).
Before the peak value is reached, the relationship can be

expressed with the fourth-order polynomial: '

)

6 23
u = 1.,95*%10 4 - 2.35*1& dz+ 1.39*1& da - 3.3*101&64 (3. 5)
where u and d are defined in EQ. 3.3,
In metric system, EQ. 3.5 can bg rewvritten as:
: 2 b2 53 64
u = 5.29*10 d - 2.51*10 4 + 5.85%*10 d - 5.47*10 4 ~(3.5a)

wvhere u

Hi

the nomin I/g;;;d;;;é§s in MPa,
the locagiggnd,s%fp*igzﬁr. oy
-

This relationship -is plotted f{n F1G.3.6 and the
ot
comparison with the other models is ‘shown in FIG.3.7.

(:

Because of successful use of Houde's model by oth-

a

er investigators (Houde, 1972; Khouzam,.1977; Hanna, 1983),
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. “oq
it is used iﬁ the present study. Since the maﬁimum value of
EQ. 3.5 1is 0.00125" (0.03175 mm), this extreme is chosen as
the maximum slip. 1In this investigation, the method deter-
mining the bond stress. in the bond féilufe portion is by

balancing residual forces at the steel-concrete interface. A

discussion on this matter is given in sub-section 5.2.2.

3.3.2 Linkage spring element

In the finite element analysis applied to¢ rein-

forced concrete structures, modelling the bond between rein-
(’yﬂ\\ forcing steel and the surrounding concrete, first carried
o by Ngo and Scordelis (1968), 1is commonly simulated by a’

éprinéqgg~5;;o length with a constant or nonconstant spring

modﬁlﬁs. e modelling of_ the bond-dowel phenomenon can be

represented g}\ ltiidirectional springs with zero length as

“"ﬂ
shown in the FiG. 3.

N

For a 2D preoblem, the linkage element consists of

vt

two orthogonal springs which connect and transmit shear
- force between nodes 1 and j, normal force between nodes m
. and n. The constitutive relationship for the element can be

represented as:

»

dr h Kh 0 ddh

dr 0 K dad
Y v
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wvhere dq} =the incremental shear force transterred
at the steel-concrete interface,

the incremental normal force transferred

o
P

at the steel-concrete interface,

“1 = spring stiffness representing the interface
s -
shear force transfer, -
*
K, = spring stiffness representing the interface

normal force transfer,

s,

dq} = the incremental local split at the interface

the incremental local slip at the interface,

The value of Kh can be derived from the measured
bond stress-slip relationship. Differentiating EQ. 3.5 with
respect to slip 4 , the nonconstant spring stiffness for the

shear transfer can be determined:

6 9. 12 2 . 153
K = — A = {1.95%10 -4.07*%10°4 +3.17*%10 4 ~1.32*%10 d )Jmq¢l
(3. 7)
where u and d are defined in EQ. 3.3,

A =mmd 1, the tributary surface area,

m = the number of reinforcing bars,
4 = the diameter of reinforcing bars,
1 = the linkage element spacing.

In metric system, EQ. 3.7 can be rewritten as:

_b h .

, .
K, = (5.29%10° - 5.02¢10" d + 1.75%10° & - 2.19%¥10 ' @°) mm1

(3.73)
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where

the nominal bond stress in MPa

the local bond slip in mm.

Thé value of K, relates to force transfer by dowel
'gction. A comprehensive analytical model for dowel stiffness
;Kv*in an analysis ﬁfécedure has not been produced yet. -~

L

In two extreme cases,Kv may be assigned either an
arbitrary small value 1if dowel action is not to be consid-
ered, or-a arbitrary:large value if a rigid connection in
the interface normal direction is assumed. Following Nilson
(1969) and other %nvestigators‘ assumption, the relationship
of steel and surrounding concrete is supposed eésentially to
be rigidly connected 'perpendicular to the slip, and K,
isnrepresented by an arbitrary large value in this investi-
gation: A discussion concerning the dowel effect will be gi-

ven in section 6.2.

3.3.3 Formation of the element stiffness matrix

In order to generalize the wutilization cf the
stiffness matrix, a three dimensional linkage element with

three degfées of freedoﬁ at each node is developed in the

L -
present study.
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Referring to FIG.3.8, the formation of the linkage

spring element stiffness in the global coordinate system is

worked out by simple transformation,

As for 2D problems, the relationship between the

bond-dowel forces and corresponding displacements can be

written in matrix form as follows: P
Flh Kh 0 —Kh 0 S5y
F,ol = 0 K, 0 “K_11)82 (3. 8)
’ _ ,
L Ey, K. 0 K. 0 |48
sz 0 _Kv 0 Kv ? ,6[}

where Fiy, » Foy, = the transferred forces along the

e
- reinforcement longitudinal directiograt nodal -
point 1 and 2, respectively, '
F F = th ransferred forces normal to
“’/ v ' " 2v the t )

reinforcement longitudinal direction at nodal
point 1 and 2, respectively,

K, » K, = the linkage spring stiffnesse§
along and normal to reinforcement longitudinal
direction, respectively.

§, . 63 = the displacements along Ehe
reinforcement longitudinal direction at nodal
‘point 1 and 2, resﬁectively,

6o §ﬂ = the displacements normal to the
reinforcement lonéitudinal direction at nodal

) \
point 1 and.2, respectively,

Y
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o . ‘ . . e
To transform the element stiffness matrix [K],
. from the local coordinate system, 1 and 2, to [K]fy, in the .
global coordinate system, x and Yr the following transforma-

)

tion is applied:

e _ t e
. [K]x.y = [T] [R]lz[T]

[T] = | -5 C 0 0 . (3.10)

Hence, [K]iy can be represented as:

/

- th2+KV52 Kysc—-K,sc —&]CZ-K,Sz "Kh$c+KVsc—
[K]® = sc-K_sc K. s> +K_c> -K sc+K sc “K s°-K c >
Xy Kpscok, ns Ry K, scl, Kas "R
2 2 ' 2 2
- — - + + -
th Kvs ' KhSC Kvsc ﬁlc st Khsc KVSC
~K sc+K sc -K_ s2-K c2 ﬁisc—x"sc Kh52+K c2~
— h v h v v o v
(3.11)
. . Y.
in whlch,l c =~'cosp , S = sing ,

= .the counterclockw1se Slee between the global

system, x, vy, and.,, t‘he local system, 1, 2.
1-5\\

In respect to 3D probhpms,.the relationship

“

between the bond~dowel forces aﬁ correspondlng to

displacements can.be written in matrix form as folloy

'f/

¢,
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F ~K 0 0 -K'-0 07 /&
1h h : h ‘
F 0 K 0 0 -K 0 62
1v v v .
F_ (=] O 0 K 0 0 -K 83 (3.12)
" lp) R p
Z& FZh[ —K 0 0. K 0 0 8y
sz 0 _KV 0 0 KV 0 65
2p P ‘P -
where Flh' Fon = the transferred forces along the
reinforcement longitudinal direction at nodal s
i point 1 and 2, respectively,’

Flv,Jsz = the transferred forces in oné of
normal to the reinforcement longitudinal direc-
tion at nodal point 1 and 2, respectively,

F , F = the transferred Eorces in the

"1p 2p X
other of normal to reinforcement longitudinal
direction at nodal point 1 aﬁd Z}Frespectively,

Kh = the linkage spring stiffness along

“the reinforcement longitudinal direction,

Kv‘, K = the I;Lkage spring stiffnesses
in onenof twi directions normal to the reinfor-
cement longitudinal direction, respectively,

;//J §1 , ¢, = the displacements élong the
) ij reinforcement longitudinal direction at’nodal
peint 1 and 2, réspectively,= ‘
' . ' 5, 55 = the displacements in one of the
‘ directions which are normal to the reinforcement

y longitudinal direction at nodal point 1 and 2,

respectively,
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6; » 8¢ = the displacements in the other -

one of two directions which are normal to the

reinforcement longitudinal direction-‘at noedal

A
point 1 and 2, respectively. =~ ) .
To transform the element stiffness matrix [K]ié3
e
from the local coordinate system, 1, 2 and 3, to [K] ,
. xyz
in the global coordinate system, x, y and z, the following
transformation is applied:
’ e e
K = [TIV{K T
{ ]xyz [ { 1123[ ]
(t] 0
where [T] = - (3.13)
- 0 [t]
X ¥ z
\ - C C .
[t] = y - 0 (3.14)
\/ci+c;‘.n/c2+c
E—ACC —ccé
Xy y 2 2
" - C_+ C
. R /e 4 c2 * —
where C . = , = , C, = ,
. L y L L .
1 i 1 .
_ 2 2 2
L, =7/, +Lj, *+ Ly,
L. = x,- x L i

- 5T Far PayT Y37 Yar Dep= Zy7 oz
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Therefore, the element stiffness matrix IK]iyz
in the global coordinate system, x,”y and z, can be obtained

in the following form:



Ll ~~
o Py [t
t 1 &) 1 1 1 [+
1 1 ] 1 1
1 1 + ] 1 1 +
] ~ i L = i ! H =~ ] n N 1
Q C 1 | & [ | o~ R i o o 1 [ &) &) ] [
® - 1 > - 1 ~ N [ 1 » » 1 ) EaS 1 o~ N [
C.h CV “ (& CV 1 L8} (V _n (& CV “ (&) CV 1 nwnu- f\V
— 1 = = 1
i o 1 w i Lo e [TY-a¢ ] (v 3 i = 7
] -+ 1 + ) 1 [} ] +
e et e T e el et bttt
. Latl-2Y o~ A 1 [ Y IS N | - [ e 1 o o 1
2 LS &) i [ R ) 1 | ES IS 2l 1] [S) e o) O I
& [ ' [V & ] 1 © & 1 o~ AR = 1
x| + - + t [ -+ 0N F 1 ] = - T r [&) - I I H
~ [ 1 o 1 B [N r -~ L [ 1 L 1
o X b BN 1 X [ t [ o 1 ] J\X ®aey M | o~ M (ot 1
x® [&] 8] [+ [ SN [ 3] 1 - £ I ® PN & 8] 1 ™ [} [=} 1
“a a > P “s o P i . S oS o > e o 5 '
8 v b K 1 1 e w2 . s " N s 9 i
1 + 1 1 1 i 1 + 1 -+ + +
................ —— - e - - -—
LY &N P i Lo - [V I -2y e ]
[S M-SR I 1 N S S 1 ] [SRLYRC] IS i
o~ w 1 o [&5 | ] o [ ]
[3] s 1 *| + > 1 I [&] T+ X o+ ¢
[&) [ - [ i L] N I o 1
A 4 [V . ] Q o mled M i [ &) (&) 1 Y o K 1
Lo (] q @ 1 t3 (&) (&) o 1 " . 1 » |8 {
< -9 Ed “ N (-3 Ed “ © CV q v O > |
v » 5 oo e ) 1 8" b Y o v i ‘
[ ] ! I + T [ + -+ +
—
1 1 [ Eat |
“ _ o
{ I + i ! -
M N | N H I i
L&) [&] 1 [&] Q I [ .1 _
X X ] ~ - i ™~ N | &]
S I O ST
o e VS o ' Vo ¥ 1
] | + 2
- [ ¥ 1 L) ™ P
V._ZC o~ N L ! O NN i
) [$] i X 3] 1 .
®| -+ >~ + 1 [+ 4+ R+ I
o o 1 [} i t
|53 S Hilca K I (I L S|
» Q o [#] 1 [ -1 Q o 1
“ e > e o > |
v v v T v b 1
I -+ + + -
— - _— -~ : m
E o ¢
_?_C o= O i ot
o [&] ]
[&] ~+ zcx -+ “ .
o8 K N ® 1 I
o M [&] (&) I
Se e Ll . .
%! -
[ | s
N
o B
[ |
=
S g



£

-

N

Chapter IV

FINITE ELEMENT APPLICATION IN RC STRWYCTURE
STRESS ANALYSIS

4,1 - GENERAL REMARKS

The computer program used in this analysis is a
modified, extended 1NONSAP——lQ?é Versibn (Bathe et al.,
1974a; 1974Db), writgen in Fortrdn IV language,. and it is op-
erable on thé AMDAHL V8/470 coméyterrét tPe Uniyersity of

Ottawva.

. -
y i

v

The thrﬁst of this, reseafch pfogram is to con-
struct a realistic analytical hodel to simulate the behav-
iour of|reinforced concrete stfuctures. In its present form,
the program only concerns .static, material  and geometric,
nonlinear analysis for planar reinforcea concrete structures
under monoténically increasing loads. ™ Concrete is modelled
in the planar 4-noded to 8-noded isoparametric elemeng
group, while feinforcing steel (including flexural and web
steel) 1is assigned in thé bar element group and steel-con-
crete intéraction is simulated by the'separated linkage

spring elements. It can be noted, however, that the program
- ) .'

is written- in such . a way that not many modifications are

o

...62_
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needed to include dfnaﬁ?& problems or three .dimensiopal

structural problems.

2

o

: 4
In the view point of computer pregraming, the

problems are focused in this chapter on five,aspects of con-

-~

crete elements which are as follows: o
(1} Mathematical formulation, K
{2) Numerigal solution process for nonlinear::'
analysis,
'(3)—Crac&ing mpde;”

(4) Cracking modes, . e

{5) Cracking propagation. o - }//

All these are discussed at length€in the follow-

ing.

4.2  MATHEMATICAL FORMULATION
\\ s
For a structural system, the total pogential"ener—
gy, I , can be represented by the sum of the element ener-

gy, n- , i.e.,

T o d

L

n =3 r®=IUu®+gve i . (1)
P e p e e

.

where U= the element strain energy:

ol

e 36 ']—;{ ) avol

AY WY
“.&"\‘
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1 ..
t
- ;i/;oﬂe} [D] { ) avol

1 ,
= | ({s1et[Blt[DI[BI1{s} dvel

2 Viﬁ
1 e t © e
= — {{8}) [KRY {§} . (4. 2)

2 ‘ _ ~
v ®= the element potential energy due to the

applied loads:
‘ ‘ . ‘
v e - (1s1%) Y (4. 3)

i.

in which, {a = [Dl{e} (4.4), [D] = the elasticity matrix

{£} = [81¢87 (4.5), [B] the sggain shape function matrix

[K]ei[;ﬂB}t[D][B]dVol (4.6),[K]ethe'element stiffness matrix

- —

{R}®= the applied loads in the element.

Introducing [C]eamatrix, which detemgineéuihe ele-
. .‘\

-

_ment Jocation”in the overall system when the element matrix

%
in the local system is being transferred to the global sys-

tem, it ylelds:

{

W = —2' 61 IRIL8} - (8) (R} (4. 7)
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 where [K] =g ([c]e)t[x]e[cl‘?\ ‘(4. 8)
{8} =x [cT {57 (4. 9)
(R} =7 (eIt {ry¢ (4.10)
e
¢

Since the principle of the minimum potential ener-~
gy suggesté that, for a prescribed set of displacements and
strains, the equilibrium conditions are satisfied when the
total potential henergy is at its minimum, diffgrentiating
EQ. 4.7 wiﬁh respect to each of the nodal displacements, in
turn and setting the result equal to zgro;'a set of sihqlta-

neous egquations can be obtained:

f anp

/ FT 0 _

an, ' T .
RiE 0 |

| o5, - .

) . = 1. A - {4.11a)
ahb L
5 0/ o ,

n *

dom of the discrete system. They can be rewritten as:

- . _ .. .
n which n is the total number of degrees of free-

o L IR G = R ~ (2.11)
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Similarly, in the case of incremental loading, EQ.

4,11 gives:
[K] {ds} = {dR} ‘ (4.12)

_EQ. 4.11 and EQ. 4.12 are the governing equatioﬁs

of the finite. element method.

The basic .calculation procedures to this approach

for plane stress problems are illustrated as follows.

{1) Construct the element strain shape matrix

1 Considering an ‘isoparametric element.with'n nodal
ﬁoints, ,) .
. gdu . \
Epr™y _
d®x S = *} dGl ‘
' : a 8y
a il 814 - as
°y f 3y - . i~
. d Gi
adu adv . N A
(S A}
dYX‘Y |— 3y ¥ A x = a%y L
AN N 3N S
. s : o2 o -0 g9 . o
. ax X g%
AN1 ANy, N '
(B] = Ty 2 g de (2.13)
< ay 53’ 4 ' ay .
Shy ox oy ox 3y ox s
- du . o : ’
) = §1%= ceen e e
wherg < [N]{dl } [1N IN INn]{dﬁj
Lav

-

k]

-
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[Ni = the eleﬁ%nt displacement shape function

matrix.

(2) Consgf:;t the element elasticity matrix [D']

-

in the local coordinkte system, 1, 2

’

do . de de oy sirfg sim cosp ||d ¢
1 1 ? 1 ) ’ X .
dos =[D"'] dg, >, d€2 = iﬁe & codo -sim cosg |<d Ey
d7yy) dyyp| |4 vyp) |~2simco T2sim c Ce-sinfol |d Yxy
q v El% 0 A
[D'] = T E, 0 L (414
. w2y

\j SREE SYMM, (1-+y )%2 :

- (3) Transfer [D'] in the local coordinate system, 1,2

T LN

to [D] in the global coordinate system, x,y,

[D] = [T [D'][T] (4.15
where transformation matrix ['T] is given byi |
coée: sirfo sirt cos 0
2 2 - .
[T] = sins cosd -sifd cos g (4.16

»

. . 2 . 2
-2s51infcosd  2sim cosd cos 9 - sin ©

L]

in which, ¢ 1is the counterclockwise angle between
v

the global cocrdinates, x, y, and the local coordgg;tes, 1

.

2, that coincide with material orthotropy principal axes.

(4) Carry-out the matrix multiplication [B]t[D}[B

and then apply numerical integration over the

-

|:'r-
Y

r .,

)

)

~

’

]

A
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- element area -
e t ' -
(x] “./:rol[B] [Di(Blavol | (4.17)
o
(5) Construct the system stiffness matrix [K]
@
- -
[K] =& ([cP)I[R) [CP (4.18)
. e
»
»
(6) Solve simultaneous algebraic equations
. . _1 .-
{as} = [K] {ar} (4.19)

»*

oy

{7) Calculate the element strains and the element

stresses,

4.3 NUMERICAL SOLUTION PROCESS FOR NONLINEAR ANALYSIS

Lk
, . " -
g In general, the use of finite element methods for

étructuralﬁapplications results in a system of simultaneocus

>

equations}as EQ. 4.11 or EQT 4.12. For simplicity in this

I

section, ¢Z:£fatrix [K] , and vectors {8}, {R} are reduced

to the sca equivalents, K and ¢, BZ ‘Therefore, EQ. 4.11

can be rewritten in the form: - \\\\\\\

»
(4.207}

)
~ . 3y

)

)

~

3

~
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, . in which § 1is the vector of the basic unknowns
referring to nodal displacements, R is the vector of applied

loads and K 1is the assembled stiffness matrix. (

-

If-the coefficients of the matrix K depend on the

,J ' .. unknowns § or their derivatives, the problem clearly becomes
Y

nonlinear. In this case, a step*by—stef procedure, an itera-

tive procedure, or a combination of Ep two must be adopted.
Many optiong remain open for thé&ﬂﬁéﬁricai sequence to be
followed. Some of the most generally applicable 'methods

available are discussed in the following:

(1) step-by-step method ° o™
=, .

In this approach, ,thet load.-. R is divided intod a

number of small ihcrements,ﬂhR , and the displacement re-
4 . v
sponse, § . 1s obtained by the summation of its increment,

. ) ' LY
A6 . This can be represented as:

K(Gr)A6r= AR
i § 1= &, +A8 \ . (4.21)

where r is the r" load sﬁggf\%g
y , . _

¥

An improved solution can be found when the residuals,

\, .
rY , from the previous step are added™“to the current locad
. .

iﬁcremenfbgn for the solution of ; . The computational

> v T L T+l /
Y procedure is: ' “« ’

Qg7



70
K ( 6‘.[') Aﬁr= ARI’ + R

5r+l..= <1S1: + Aé‘r (4.22)

The two.-methods for a single variable are geome-

. N ‘
trically shown i FIG.4.la and FIG.4.1lb. Neither method

7z

guarantees convergencé. The solutions tend to drift away

&/
) . from the true path unless 4R is chosen to be very small.
Therefore, the step-by-step method 1is rarely adopted for
nonlinear analysis. b
—rt ‘ '
(2) iterative method
- LS
» ye "
N {2a) direct iteration K_ﬁ,
S ‘ -
\/ - l
By this method successive solutions are performed.
.In each of them, the previous solution for the unknown 5
[ . . t ‘ . .
- is used to predict the current values of the coefficient ma-
- th
. trix. The iterative process, yields the (r+1) approximation
s being:
L 6r+1= IR 61‘)]—1 R (4.23)

If the process is convergent, the ture solution

\ | P

can be approcached as r  tends to infinity.
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For practical purposes, “the iterative.process is

deemed to have converged when some measure ( usually a norm

Al -

of the nodal unknowns } of the change' in the unknowns §°
between sucé@ssive ‘iterations has become tolerably small.
The process is }llustratgd . diagrammatically as a single
variable in FI1G.4.2a. The assuﬁé dependence of K on § is a
basic problem, function which must be presented bgfore solu-
tion can ¢Gmmence. - A disadvantage of tRe direct-iteration
method is that convergence of the solution scheme 1is not |

guaranteed and cannot be predicted at the initial solution

~
stage. .
o , .
(2b) The Newton-Raphson method
T
) During any step of an iterative process of solu-

tion, EQ.4.20 will not be satisfied unless convergence has

occurred. A system of residual forces can be assumed to ex-

- 1st , so that:

Yy =Kg- R £ 0 (4.24)

t

These residual forces Y can be interpreted as a

measure of the departure of EQ.4.20 from equilibrium. Since
K is a function of ¢ and possibly its derivatives, then at

any steép of the iterative process, Y=y(§) .

¥

If the true sclution exists at- Gr'*Aﬁr . 'then
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the Newton-Raphson approximation for the general term of
the residual force vector, ¥ { §.), can be written in an im-

proved solution using curtailed Taylbr expression as:

\ (%) =w (e )+ (& ) as . (4.25)
r dé r r ) -

with  &4q = 6+ 80,

;o (%)r .4 _[K(ﬁ;i 6 - R]_ J(8_ ) (4.26)

T

The iﬁproyed value of 6r+1can then be obtained by

computing:

-1
A8 = —(J{ 6§.)) " ¥ (6.)

(4.27)

= - p 9K 4ty (5 \

dé _ r
R
This allows. the correction to the vector of un-
knowns O _to be obtained from the residual fdrce vector
for any iteration. Again an iterative approach mﬁst be fol-
lowed with the vector of S;knowns. being gorrected_af each
stage according to EQ.4[27 until convergence of the process-
is deemed to have occurred. The technique is'illuétrated
échematically in FIG.4.2b in a single variablg?situation.

Solutions to the nonlinear problem will be achieved when the

residual forces W’ become tolerably small.

Fal

’ . (Zc) the tangential stiffness method
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In any nonlinear case, in which the stiffness de-
pends on the degrees of displacement in some manner, K is
equal to the local gradient of %the force/diéplacement rela-
tionship of the structure at any point and is termed the
tangential stiffness. The analysis of such -proBlems must
proceed in an incremental manner since the solution at any
stage may eot only depend. on tte éurrent displacements of
the structure but alsoc on the previous loading history. Con-
sequently, the problem can bey 1inearized over any iﬁbrement

of load and therefore the matrix, x , containing the nonli-

near terms, can be discarded from EQ. 4.25 and EQ. 4., 26.

With this modification, the’ solutlon process is identical to
that described 1in the prev1ou5 Newton-Raphson method which

1s sometimes termed a generalized Newton-Raphson method.

. The solution algorithm is illustrated in.FIG.4.2c.

Solution is commenced from a trial value s 0of the unknowns.

The tangentlal stiffness, K( § )., corresponding to this dis- -

placement state is then determined and the residual forces
calculated according to EQ. 4.24. The correction,ﬂ&r, to tHe

trial value 1is computed according to the linearized form of

EQ. 4.27 which 1is: - J

88 = IR, )_]‘1\F (5.) (4.28)

An improved approximation to the unknowns is then

) _ _ o
"obtained beings .= & +4s .J This iterative process then
r r : :

ot

N RN

E
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would continue until the solution converges the nonlinear
solution as indicated by the condition that

W(Grk=1((6r )Gr - R is within the ‘tolerance.

(2d) the initial stiffness method
. ) ' .

In the methods preyiously described, the complete
reduction and solution of the full set of simultaneous equa-
tions describing .the discrete structure are esséntial*far
each iteration. For the method of direct iteraf&on‘ thé
equation solution indicatea by EQ.4.23 is necessary, while
the Newton-Raphson techniduf and tangentifl stiffness method
requires the eguation solution indicated- by EQl4.27.. If
the tangential stiffness matrix in..EQ.4.?7 is repldced, at
all Sféps of the computation, by the stiffness anresponging.
to the initial trial value of 60 , a complete factorisation,
or reduction, of the assembled.equations can be avoided. 1In
this case, a complete equation solution needs only be per-
formed for the .first iteration and subsequent approximations

Al

to the nonlinear solution performed, via the expression:

85 = [K(s )T} v Ea ) . (4,28)
T 0 T . " .

!}

Since the same stiffness matrix K(GO ) is employed

at each stage, the reduced'equations can be stored in their

‘reduced or factored form and a second or subsequent solution

merely necessitates the reduction of the right-hand side
; :

)
4= “"i.(.

)
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( ¥(6_.)) terms, tbgethér with a back substitution. This has
an immediate advantage of significantly reducing computing
time pef iteraéion,“ but reduces the convergent rate as can

be seen from FIG.4.2d where the scheme is schematically il-

lustrated.

In NONSAP-1974 Version (Bathe et al., 1974a:
1974b), the initial stiffness method was used whereby a new
tangent stiffness- matrix could be formed in each loading

step only, and during iteration the stiffness always re-

. mained 'unchanged. The convergence tolerations in the itera- .

tion is the ratio of the Euclidian norms of,incremental dis-
placeménts and .total d?splacements. Therefore the solution
path in the analysis of a system with path deﬁendent materi-
al properfies can only beﬁaetermined by sufficiently small

steps for solution accuracy.

In this sfudy, a combined initial stiffness method
with the tangential stiffness method is used by whii?kfhe

stiffness can be changed at selected iterative intervals

within each loading step. The solution algorithm is illus-

trated in FIG.4.3. The convergence ' tolerance in the itera-
tion . is .from both the ratio of the Euclidian norms of incre-
mental displacements and total displacements and the ratio

of Euclidian norms of residual forces and incremental loads.
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These procedures are worked out fdr the elements

before material failures. The postfailure concrete element

—t

modelling and calculaticn procedures are discussed in the

following sections.

4.4 CRACKING MODEL

Basically, three different cracking models have

been used to represent concrete cracking in finite element

analytical models. These are : ? : ’

(1) Smeared cracking approach‘(FIG.4.4rilu:m

It gives automatic generation of/ cracks w1thout

the redeflnltlon of the finite element topology,, which cor-

7]

responds to an averaging procedure of Iocal d15cont1nu1t1es.;

This allows an equivalent continuum treatment with locallzed-
material anisotropy. If simplifiés the solution algorithms
substantially and fits well into the apéfo;imaté nature of
the f1n1te element method with C —cont1nu1ty of dlsplacement

and bounded non-singular straln and stress flelds. ' However,

it tends to diffuse the cracking system and loses accuracy

of the prediction in the str%gn and stress field around the

*

crack tip.

e .

(2) Discrete cq@ckfng approach (FI1G.4.5)
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‘This approach is normally followed by disconnect-

77

ing displacement at nodal.points for adjoining elements in a
finite mesh. It repféégnts a 'more rational method of mod-
elling cracks. ~ In the'early studies of the finite element
method application'to reinforéed concrete structures, this
approaéh was Qﬁtén used by the investigators (Ngo ang Scor-

delis, 1967; Nilson, 1968). The main problem in the ap-

proach is ‘that the techniques of redefinition of element

nodes are extremely complex and time-consuming. However, if

" detained local behaviour at the crack tip area is of inter-

est, this method exhibits a particular useness. N

1S

(3) Fracture mechanics approach

In the context of fracture mechanics, the approach

"to cracking is characterized by wuse of the stress intensity

factor or the energy releasé rate. Main efforts are concen-
trated on the stress field surrounding a crack tip. ‘During
cracking, it is.now generaly agreed that for cracks of suf-
ficient length the approach gives a more reasonable repre-
sentation. Hoyevér, this :eguires the mesh changes with each

crack increment, and usually/discrete crack modelling is the

only way. Alternately, aféodel that captures the essence of

fracture mechanics and the simplicity of the smeared crack
approach has been proposed by Bazant and Cedolin (1979).. For
the specific problems in which fracture mechanics is the ap-

propriate tool, a cracking model based on fracture mechanics

_may be necessary.

L]



Because of its simplicity, the smeared cracking

approach is most widely accepted in.general finite element

programs for the r&inforced concrete structure analysis and

is used in the present study.

T
e

4.5 CRACKING MODES

The 4—nodéd‘to 8-noded’ isoparametric elements are
introduced for theé concrete elements., Each integrétion point
only stands for partial eléﬁent material béhaviour during
Gauss numerical integration n finding the element stiffﬁess
'métrix. Due to this characteristic, this program checks con-
crete failing modes and imposes cracking at one integration

point after another, if cracking occurs.

To simulate the behaviour of reinforced conérete
structures, six different crack modes. for an’in;egration
po;nt of a concrete element are assumed as far as the con-
crete analytical model is concernéd. Referring to FIG.4.6,
there are: 1

" (1) uncracked concrete,

(2)_one 'crack;,

(3) first 'crack’ clgsed,

(4) first 'crack' closed, second 'crack' open,

- or alternatively first 'crack' open
and second ‘crack'hclosed,

{5) both 'cracks’ closed,



79
(6) both 'cracks' open.

Tbé‘concreté in an element is assumed.to-have par;
tially cfacked when the p;inéigle tensile gtpessés of con-
crete at any integration point of the element  reach the
failure envelope region of Part 3‘of éért 4 ip FI1G.2.8. 6nce
this first crack appears, the crack is fixed normallyto the
" maximum principle stress- di;éction in the current and fur-
thér andlysis as éhowﬁ in FIG.4.6. The app;opriaté stress-
straiq'relationship coinciding the axis of orthotropy normal
to the crack can be expressed by zero.elastiqity modulus for
that inteération-point of the elemeﬁﬁ; For exahple, crack=-
ing along the crack normal to o angle betweén the global co-
ordinate axis x and the local coordinate axis 1 in the coun-

terclockwise manner induces EQ. 4.14 to be:

_ 0 0 0
. E,
SYMM, BP
where B; = the shear modulus retention factor in

local coordinate axis 1, as given in
sub-section 2.4.4,
G = the shear modulus for the isotropic linear

elastic concrete material, i.e.

It

—_— (4.30)
2(1 + v)



N ‘ B B0
The cracked’ concrete is assumed .to behave as an
anisotropié material under uniaxial loading perpendiéular to
the crack. " The stress parallel to the crack cag be deter-

mined as:
d &y = '—I-—Q-g— d g9, (4.31)
-V

The -second crack appears 1if 9y = 95, , and new
formed crack is 1in the direction orthogonal to the existed
one. No distinction will be made in the material stiffness
of uncracked concrete in-an element, in which all cracks,
are closed (FIG.4.6 cases(l), (3) and (5)). Materigl stiff-
negss will be ' the same for the Concreée having.only one
crack, and -one crack open gnd the other closed (Fig 4.6 cas-
es (2) and {(4)). The éonqrete having two cracks open is a%-
sumed to transfer shear force only. 1In that case, the ele-

ment stiffness matrix in the local coordinate system, 1 and

2, corresponding to two crack directions, is written as:

0 0 0
[D'] = 0 0. (4.32)
SYMM, B1BoG
“

where P1 , 82 can be obtained from EQ. 2.33 con-

cerning local coordinates, 1 and 2, respectively.
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;/4 In’thls 1nvestlgat10n the computer program modl-
fleéitée structure stuffness automatlcally when crack1ng oc-

.

curs.

4.6 CRACKING PROPAGATION

To restore equilibriﬁh vhen any cracking occurs,
unbalanced forces due to crécking in new formed element are
applied at 1its nodal points common with the adjacent ele-r
‘ments and the femaining uncracked portiﬁn of that new formed
element, -and redistributed during the next iteratién but at
the same load level. FIG.4.7 shows restraint of unbalanced
modal forces when Element A is cracking at Integration Point
a so as to distribute'jts -tensile sffess into the surround-

ing concrete elements and the remaining uncracked portion of

Elemént A,

- The virtal energy priécipal suggests:

(16" 1°F {r,, 1% = [ {1 (o lavol (4.33)

where (5"}
fe* }

{o.y }= the releasing stress vector due to

]

the virtal element displacement vector.

I

the virtal strain vector,

~

concrete cracking,



e

™

82

=

The unbalanced nodal forces, iR, }, can be ob-

"tained as follows:

A -

(4.34)

=
~

{Rubl }. = ,/:rol [B]t {Gcr }avol

\ .
In the global coordinate system, {g } can be ex-

crY
pressed as:
cos2 o sinze g
’ Ox 0 ler
‘ .{c }: g = sinze cosze (4.35)
cTY ¥ ' ! "
T simp cosp ~S1NgHCOS g o
n Xy er . 2er

in which, ¢ and ¢ re releasing stress ¢ in .
ler 2¢P - g

icr
the local coordinate system, 1 and 2, respectivély.
= - for .
0lc:x:_' % “1r ~ 717 91¢
a = - : for . (4.36)
2ecx %2 Y 927 Y2t

- :
where 0,  can be found in sub-section 2.4.2.

. 4 .
The whole these procedures in transferring unbal-

anced forces are.done automatically following checking con-

‘crete failure in this program.

The flow charts for.- the computer program are, given

in Appendix B.

’



- Chapter V

-CASE STUDIES

N

- A

5.1 GENERAL REMARKS

!
-t .
-

The stress-strain relationship based on the con-
crete nonlinear orthotropic material modelling, postfailure
behaviour modelling and the bilinear stress-strain relation-

ship modelling elastoplastic reinforcing steel together with

the nonlinear bond stress-slip relationship are all incorpo-
rated in one finite element program for the nonlinear analy-

sis of planar reinforced concrete members.

To verify the accuracy of the proposed nonlinear
ite element models, the following six numerical examples
are presented in which’'the analytical results obtéined using
the proposed model are compared with -the. experimental data

and the analytical results obtained by other investigators:

p (1) an axially loaded tensile specimen tested by'

Houde in McGill University (Houde, 1%73);

_83.-
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(2) a tested series of simply supported reinforced
conc;ete beams at the University of Ottéwa (Piiette, 1984):
" a beam with web reinfofcement, Beam A,
a beam without‘web reinforé?mént, Beam B,
‘an over-reinforced concrete beam, Beam C;
(3) a simple reinforced concrete beam withiﬁeb re-
inforcement tested bf Burns and Seiss at the University of

Illinois (Burns and Seiss, 1962); :
{4) a two-span continuous' beam, Beam 23100, by
Duddeck;, et al. at the‘Technical University of Braunschweig

(Duddeck, et al., 1976).

All specimens were divided into a finite number of
discrete elements. Concrete is modelled by rectangular plane
stress elements, while pin-connected bar elements are chosen
for the steel reinfordement, and bond-dowel iinkage elements
are introduced at the nodes connecting the bar'elements.and

concrete elements.

5.2  AXIALLY LOADED TENSILE SPECIMEN {(HOUDE, 1973/MCGILL)

5.2.1 Analytical idealization

The axiallf loaded tensile specimen -selected was
the same as the one analyzed by Nilson (1968) and Houde -
(1973) which was modelled after Broms's experiﬁentfspecimen

T-RC3-1 {Broms, et al., 1965) and Houde's tests $1, #2, #3

-
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(Houde, 1973). The specimen consisted of a concrete prism
33*8;1*3.5 in., axially reinforced with a No.8 bar. The ma-

terial properties used for the analysis as follows:

Compressive strength f; = 4130 psi
Tensile strength £1 = 7.5/% = 4B2 psi
Concrete |Elasticity modulus E, = 57000/E]=3.54%10 psi
Poisson's ratio | v = 0.15
Strain at f! . £, = 2*%fl/E = 0.002333 .
Yield strength : f£' = 40000 psi
Steel Elasticity modulus B .~ 29*10 psi
No.8 bar diameter | ¢ = 1.0 in.
: 2
No.8 bar steel area A, = 1%*0.79 = 0.79 in.

-

The finite element idealization used to model axi-
ally loaded specimen is,shown in FIG}S:l. Because of symme-
try, only one guarter of the specimern was_ﬁodelled for fhe
analysés; Idealization of the concrete required 44 isoparam-
etric elements, while the reinforcement was represented by
12 axial bar elements. Twelve linkage elements were used to

model the steel-concrete interaction.

The test specimen was subjected to an incremental

loading of ten increments equivalent to a stress of 4 ksi in

the protruding bar. In this analysis, load increment is tak-

//“\x
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en as a steel stress of 1 ksi at the end of protruding bar

in each step {equivalent to a load level of 0.79 kip in the-
steel bar) \

Y

5.2.2 Experimental and analytical responses (

P

(1) Steel displacement vs steel stress (FIG:S.Z)
—

FIG.5.2 shows the steel displacements measured at
the free eﬁd of the bar with progressive loading. For com-
parison, the analyticaX results ,Gf Q}léon's (1968), Houde's
(1973) and experimental data as\well as the displacement of
a steel bar without concrete encasement, the displacement of
a élastically transferred section with perfect bond are ‘also

plotted in FIG.5.2.

’

The r;sults obtained with the proposed model in
the present’ study aré simila; to those obta;ned by Nilgon
(1968) and Houde (1973). The curve shows a better agreement
with the experimentalidata according = to the comparison in-
'FIG.5.2. The initial part of the curve is neariy linear and
corresponds to the elastically transferred séction behav-
iour, At a stres§ of 18 ksi at the free end of the steel
bar, a‘primary crack forms as all concrete elements in one

row at 13.5 " to 15.0" {(in Houde's tests No.l and No.2, this

turn steel stress value was observed as 18 ksi, while Nil-
. —

~p
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son's and‘Houde's analytical resul}s were 24 ksi_and 28 ksi,
respectively). from the free end face are overstressed and
- progressively crack. After cracking, displacements are seen
to be close to but smaller fhan the ?}ee bar dispiacements
because certain bond liﬁkages remain intact and some force
is trdnsferred from the steel bar to the conciete.

A second crack appears in the specimeqjat thg ele-
mént row of 3,0" to 4.5" from the free end face at a steel
stress of 26 ksi. The formation of the second crack is ob-
tained at a distance approximately equal to the member
width, 8 in., as observed in the experimental test (Broms,
et at., i965h,' which could not be found by Houde's analyf-
ical model (Houde, 1973). ’ -

(ﬁ) Steel stress variation (FIG.5.3)

The variation of the steel stress with distance

o~

»

~from the center line is presented in FIG.5.3.fUpwtb a stress
of 16 ksi at the free end of the steel bar,;ﬁ%e steel stress
| decreases-rgpidly with distance from the end face in a pat-
tern similar to those observed in ‘tests Qf specimené with

instrumented bar (Houde, 1973).
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At a\stress of 18 ksi at the free end of the steel .

bar, the concrete elements in one row.at 13.5" to 15.0" from

the end face*release their‘ tensile stresses and the steel
bar haa to cérry the tétal applied load;‘the steel stress in
this pogtioh is then equal to the free bar stress.

FIG.5.3 shows ‘the differgpces of steel stress
along longitﬁdinal.stgei bar direct{on before the first pri;
mary crack forms (at the 'free steel bar stress of 4, 8, 12,
16 Wsi), after the primary crack appears (20, 24 ksi) and
the second primary cdrack forms (28, 32, 36, 40.ksi).ﬂ

. R
(3) Bond shear force varkation (FIG.5.4)

v -

FIG.5.4 shows the bond shear stress variation vs

loading with distance from the center line. It can be noted

L]

that before primary crack forms (at a steel stress of 8, 16
ksi), these bond shear stresses traﬁsfer load smoothly be-
tween the steel bar and tﬁe surrounding concrete. After the
first primary crack appeafs (a steel stress of 20, 28, .40
ksi), the bond shear stress varies rapidly with distance

from the primary crack, and even changeé its direction at

the primary crack as would be expected. This phenomenon can

also be found in FIG.2.9.

-
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At a steel stress ofd 24‘ksi, bond failure’com*

menced The third l1nkage element. from the center IJPe sec-
T,
tion (13.5" from the free .end face) was broken and conseq-
‘uently the bond Porces yaries‘saccordlng to balance of the
residual farces between steei_bars and the concrete in fol-

.lowing load steps. From FIG.5.4, it can bg_noted'that bond
shear stress at failed linkage part of steel-concrete inﬁer-
face (12.75" to 14725“ ;orm .ghe free end face) decreases
with the further axially loading (at a steel stress of 28,

40 ksi). The bond stress-slip relationsﬁip séems to have a

b

negative tané&ntial portion after the bond reachs its fail-

ure criterion as shown-in FIG.3.4 obtained by some inveg<

tigatoré, which was not given in Houde's experimental fofmu-
lae(Houde, 1973). This phenomggon is similar to the condrete
strain softening behaviour in compression. However, further -

investigation is needed to formulate this effect.

(4) Concrete stress distribution (FIG.5.5 and FIG.
5.6) |

Distribution of principal concrete stress is gived
in FIG.5.5 for a steel stréss of 16 ksi, before the iirst‘
primary crack forms. 1In this analysis, the concrete princi-‘
pal stress at an integration point of an isoparametfic ele-

ment reaching its maximum)tensile stress first time is found
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at a steel stress of 8 ksi, at the corner of free face and
protruding steel bar {concrete element No. 2, integration
point No. 2). At the following load steps, concrete crack
propagates progreésively around the. steel bar. This phenom-
enon is noted as internal concrete cracking, which was mod-
elled as pregcracked concrete by Houde (1973) in his finite
element element analysis. Up to a steel stréSs of 16 ksi,
although internal crACks form around steel bar, the cracked
concrete is still able to.cér}y some load due to 'its tensile
stiffening effect, and the steel stress decreases réthef
smoothly with the distance from the free end face. The load
is partially transferred from the steel bar to the surround-
ing concrete through the steel-concrete interaction, which

is similar to.the behaviour of elastically transferred sec-

tion.

When—‘the first primary crack forms at a” steel
stress of 18 ksi, the concrete _siress drops to zero at the
location of the crack and the total applied load in this
pdrt is carried by steel bar. FIG.5.6 shows the concgﬁterl

stress distribution and the steel stress wvariation at a

steel stress of 20 ksi in the protruding bar.
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5.3 SIMPLE BEAM TEST SERIES, BEAM A, B, C (PILETTE,
1984 /OTTAWA)

5.3.1 Test series

91

As part oflthe undergraduate reinforced concrete
design course at the University of Ottawa, the students have.
to construct and test to failure a series of reinforced con-
crete beams which are designed to demonstrate the various
aspects of the design codes of the three simply supported
beams (FIG.S.?) involved.‘ Beam A was designed to meet the
requirements of CAN3 A23.3-M77 with_both under-reinforced
flexure steel and adegquate shear steel; Beam B Qas similar
to Beam A except without shear reinforcement so that would
fail in shear; Beam C was designgd to be over-reinforced and

fail by crushing of the concrete, but had adgduate shear

steel (Pilette, 1984).

¥ The material properties of these simply supported

reinforced concrete beams are listed as follows:

——
by

Compressive strength| f' = 30.9 MPa
Tensile strength f' = 3,65 MPa

Concrete {Elasticity modulus B = 5000/?2 = 27794 MPa

Poisson's ratio v = 0.15
‘|Strain at f' e = 2%'/E = 0,002224
[ c [s]
Yield strength f; = 483 MPa
Elasticity modulus  E s 200000 MPa
s .

t
\

i
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Steel $20 bar diameter & = 20 mm
2420 steel area A, = 2%300 = 600 m&z
‘#30 bar diameter ¢ = 30 mm
2430 steel area A_ = 2*700 = 1400 mi
Yield strength f; = 362 MPa
Stirrups |Elasticity modulus Egr= 200000 MPa
No;z‘bar-diam;;er ! ¢ = 0.25 in. = 6.35 mm
2*No:2 steel area A .= 2%32.5 = 65 mﬁz

(e

5.3.2 Beam

A simple reinforced concrete beam, Beam A, was de-
signed to reéist full flexure and shear loads up to the ul-

timate load, as determined by CAN3 A23.3-M77. The main. pur-

.pose of making this beam was to 1illustrate ‘a ductile-

behaviour through the yielding of the tension reinforcement
and preventing failure by diagonal tension with-ngquate_web
reinforcement. The member as shown in-FIG.5.7a consisted of
a concrete prism 2750%125*250 mm, main reinforcement with
2#20 bar, and web reinforcement ﬁith Imperial No.2 stirrups

spaced 100 mm centres.

The finite element idealization used to model this

test/specimen is shown in FIG.5.8. Due to symmetry of the
e

member and the applied loading, only one half of the speci-

N
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men is needed to be modelled for analysis. Iaéalization of
the concrete required 78 isoparametric elements, while the
reinforcement was represented by 78 axial bar elements.

Fourteen linkage elements were used to model the steel-con-

crete interaction.

The test specimen was subjected to an incremental
loading of thirteen increments equivalent to a load level of
P = 4,5 kN. .In this analysis, load increment is taken as P

= 2,25 kN in each step.

The analytical results of the proposed model and’

theoretic, experimental data are given below in Table No.l;

Table No.l Beam A
PARAMETER |  THEORY EXPERIMENT ANALYSIS
(CAN3 A23.3) | (F.E. MODEL)
cracking 6.28 kN-m | 17.8 kN-m 7.2 kN-m
. moment (7.85 kN) (22.25kN) (9.00 kN)
ultimate 52.4 kN-m 46.3 kN-m 45,0 kN-m
moment |l (65,5 kN) (57.0 kN) - (56.25kN)
shear 79.52 kN HE N
capacity \
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The load-deflection curve for the center line sec-

tion of Beam A using Ehe‘proposed analytical model is c&m-
pareéd with the experimental load-deflection curve ‘in
FIG.5.9. A good agreement between the analytical and experi-

mental response is obtained.

5.3.3 Beam B ~

A simple reinforced concrete beam without stirr-
ups, Beam B, was designed to _resist full flexure loads up to
the ultimate load, but the shear capacity was not provided.
The member as shown in FIG.5.7b consisted of a concrete
prism 2750;125*255 mm, and main reinforcement with 2#20 bar.

The finite element idealization used to model this

beam is shown in FIG.5.10,. Due'lto‘5ymmetry of the specimen

and the applied loading, only one half of the specimen is
needed to be modelled for the analysis. Idealization of the
. concrete requ;red 78 isoparametric elements, while the rein-
forcement was represented by 13 axial bar elements. Fourteen

linkage elements were used to model the steel-concrete in-

teraction.

The test specimen was subjected to an incremental

loading of nine increments equivalent to a load level of P

4,5 kN. In this analysis, load increment is taken as P

™~

2.25 kN in each step.



The

analytical

results of

the

25

proposed model,

theoretical and experimental data are given below in Table

No.2:

Table No.2 Beam B

PARAMETER THEORY EXPERIMENT ANALYSI Sl
’ (CAN3 A23.3) (F.E. MODEL)
cracking 7.10 kN-m 16.0 kN-m 7.2 kN-m

moment (8.88 kN) (20,0 kN) (9.0 kN)

~

shear 35.8 kN 38.9 kN 40.5 kN

capacity
N
ultimate 52.4 kN-m |  =-=-=-=-=- | = =====
moment (65.5 kN)

The load-deflection curve for the center line sec— -

tion of Beam B using the proposed analytical model is com-

pared

with

the

experimental

load-deflection

curve

in

FIG.5.11. A good agreement between the analytical and exper-

imental response is obtained.

5.3.4

was designed with main reinforcement

(

)

4

An over-reinforced concrete simple: beam, Beam C,

in excess of that per-
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mitted by CAN3 A23,3-M77. Adequate shear reinforcement was

provided, in order that a Srittle‘failure by crushing,oﬁ the
compression concrete would result. This beam was made to il-
lustrafe the difference in the nérmal ductile flexure fail-
ure and compression failure of over-reinforced concrete
beam. The member as shown in Fid.S.?c consisted of a con-
crete prism 2750%125%260 mm, main reinforcement with ;#30

bar, and web reinforcement with Imperial No.2 ‘stirrups

spaced 50 mm centers.

-
L

The finite element idealization used to model the
specimen is shown in FIG.5.8. Due to symmetry of the.speci—
men and the applied loading, only one half of the specimen
is needed to be modelled for analysis. Idealization of the
concrete required 78 isoparametric elements, while the rein-
forcement was represented by 78 axial bar elements. Fourteen

2]

linkage  elements were used to model the steel-concrete in-

teraction.

The test specimen was subjected to an incremental
loading of sixteen increments equivalent to a load level of

P = 4.5 kN, In this analysis, load increment is taken as P

= 2.25 kN in each step.

The obtained analytical results using the proposed

model, theoretical and experimental data are given below in

Table No.3:

!
5



Table No.3 Béam C
PARAMETER - THEORY EXPERIMENT ANALYSIS
(CAN3 A23.3)]| - (F.E, MODEL)
" cracking 11.9 kN-m 21.4 kN-m 9.0 kN-m
moment (14.8 kN) (26.8 kN)} (11.25 kN)
ultimate 62.1 kN-m 57.0 kN-m 63.0 kNim
moment (77.8 kN) {(71.3 kN) (78.75 kN)
shear 132.46 kN |  ===—— | = ==——-
capacity -
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The. load-deflection curve for the center line sec-

tion of Beam C using the proposed analytical model is com-

pared with the experimental load-deflection’ curve in

FIG.5.12. A good agreement between the analytical and exper-

imental response is obtained.

[

5.4 SIMPLE BEAM J-4 (BURNS AND SEISS, 1962/ILLINOIS)

5.4.,1 Analytical idealization

A reinforced concrete simple beam with stirrups,
Beam J-4, tested by Burns and Seiss at the University of Il-
linois (Burns and Seiss, 1962) is chosen in this analysis as

'shown in FIG.5.13. The member consisted of a concrete prism

3900*%200*500 mm, main reinforcement with 2 No.8 bas,

and



No.3 web reinforcement spaced 152

mm cefters.

properties used for the analysis are as follows:

—

98

The material

Compressive strength f; = 33.2 MPa
Tensile strength f% = 0.8%/E' = 3\46 MPa
Concrete [Elasticity modulus EO“r/ggbo¢T2=28809‘Z’39kf=‘\\\
Poisson's ratio v o= 0.1%5 . ’
Strain at fL E. = Z*ﬂf/Eo= 0.002305
Yield strength f' = 309.6 MPa
Steel Elasticity modulus Ege = 186000 MPa
No.8 bar diameter ¢ = 25,4 mm
2*No.8 steel area Ay = 2*509.68=1019.35mmz2
Stirrups [No.3 bar diameter $ = 9.525 mm
2*No.3 steel area A_ = 2%70.97= 141.94 mif

The finite element idealization used to model Beam

J-4 is shown in FIG.5.14. Because of symmetry, only one half

of the specimen w§slmodelléd

¥

for analysis. Idealization

of

the concrete required-52 isoparametric elements, while the
. \ .

‘ \ .
reinforcement was represented by 53 axial bar elements.

i ’

Fourteen linkagéd elements were used to model the steel-~con-

crete interaction.

T
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In this analysis, load increment is taken as 5 kN

in each step.
\‘

5.4.2 Experimental and.analytical responses

o

This beam was designed to resist full flexure and
shear loads up to the ultimate load, as determined by ACI
318 and CAN3 A23.3-M77. The main purpose of analyzfng this
beam was to illustrate a ductile behaviour through the
yielding of the tension reinforcement and preventing failure
—by diagonal tension with adeguate web reinforcement. The
comparison of fhe analytical results, theoretical and exper-

imental data are given below in Table No.4:

Table No.4 Beam J-4

" PARAMETER . THEORY EXPERIMENT ANALYSIS
(CAN3 A23.3) (F.E. MODEL)
cracking 25.87 kN-m| = --~-- 40.5 kN-m
. _
moment (28.75 kN) {45.0 kN)} |‘

ultimate 142.56 kN-m| 147.6 kN-m| 153.0 kN-m
moment (158.40 kN){- (164.0 kN) (170.0 kN)

shear 218.26 kN |  =-=-=-=—— | = —=m—-

capacity

-
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The %oad—deflectionrresponsé obtained usiné the

proposed analytical model is compared with the experihental
load-deflection curve in FIG. 5.15 which also shows the
analytical results of Hanna's (1983), Buyukozturk's (1977)
and Darwin, Pecknold's (1974). The computed load-deflection

curve compares favorably with the experimental load-deflec-

tion curve shown in FIG. 5.15. -

5.5  CONTINUOUS BEAM 23100 (BUDDECK, ET AL., .
1576 /BRAUNSCHEWIG)

5.5.1 Analytical idealization

The two-span continuous beam, Beam 23100, tested
at .the Techn}cal University of Braunschweig (Duddeck, et
al., 1976) 1is chosen in this analysis as shown in FIG.5.16.
This continuous beam had double reinf;rcement with 8 bars (4
mm diameter) which lay with 4 bars at each side. The web re-

inforcement consisted of 3 mm diameter stifrups spaced 30mm

centres. The material properties used for the analysis as

follows:

Compressi&e strength fé = 32 MPa o+
Tensile strength £ = 0.6*/15_(; = 3.4 MPa
Concrete |Elasticity modulus Es = SOOOJEE = 28284 MPa
o]
Poissen's ratio v = 0.15
Strain at f; e, = 2*ﬁf/Eo= 0.00226

Yield strength ' f' = 579 MPa
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Steel |Elasticity modulus E, = 196000 MPa
Bar diameter ¢ = 4.0 mm
Steel area A, = 4%12.57 = 50.27 mm
Stirrups |Bar diameter . ¢ = 3.0 mm
: L)
2 3mm stirrups area | A_ = 2*%7.07 = 14.14 mm

’

The finite element idealization used to model Beam
23100 is shown in FIG.5.17. Because of' symmetry, only one
span of the specimen is needed to be modelled for analysis.
Idealizatign of the concrete required 75 {soparametric ele-
ments, while the reinforcement was represented by 75 axial

bar elements.  Thirty two linkage elements.-Were used to model

the steel-concrete interaction.

In this analysis, load increment is taken as 1.25

kN in each step.

5.5.2 Experimental and analytical responses

-
-

This continuous beam was analyzed to illustrate
the ductile flexure failure due to the plastic hinge. The
analytical results obtained from the proposed model, theo-

retic and experimental results are given ‘below in Table

No.G:
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Table No.5 Beam 23100
PARAMETER THEQORY EXPERIMENT - ' ANALYSIS
’ (CAN3 A23.3) (F.E. MODEL)
cracking «302 kN-m ‘.l§5 kN-m .395 kN-m
moment (3.82 kN) (1.96 kN) | (5.00 kN)
ultimate 2.15 kN-m | 2.55 kN-m | 2.47 kN-m
moment (27.26kN) (32.3 kN) ﬁfEESQSkN)
. . T
shear 33.54 kN | +~ =—===== | ce_-
capacity
plastic ' 51.25 kN |  ~==== | oo
analysis v -

The load-deflection curve for the mid-span section.

using the proposed analytical model is compared with the ex-
perimental load-deflection curve and the analytical results

of Hanna (1983)

in FIG.5.18. A good agféement between the

analytical and experimental response is obtained.

FIG.5.19 presents the analytical and experimental

deflection profile for one span of the beam at P = 30.42 kN,
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5.6 FINAL REMARKS

b

From the previous case sEudies,/the proposed model
has shown a good approach in analyzing the complicated be-
haviour of reinforced concrete structural members under mon-

otonically increasing loads. The computer output offeéers;/a
. : o
~complete picture of results which are not as easily derived

\\
theoretically or experimentally. The cracking loads, ultiﬂu\\

mate loads, force-displacement curves, load-deflection J
: . "™ . T~
curves and. the stress distributions iff~§tfferent kinds of
reinforced concrete members can be easily obtained from a
single finite element analysis. .
) . N %
( .
Quantitative and qualitative comparisons between
the analytical results and the experimental or theoretical

results of these members indicated that:
N

%1) The computed al elastic deflection was
approximately 5% smalle; than "the defiection obtained by ex-
perimeﬂtal work. However, a noticeable difference about 20%
{(in Beam A, B, C] in load—defiéction curve in the portionv
close to ultimate loads waé found. This discrepancy might be
due to the'conﬁorming isoparametric planar element chgrac:
teristics model¥ing the concrete which led to a lower bound

solution, If a finer concrete.elemenp mesh or isoparametric \

elements with more degrees of freedom was used, or if the
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beam elements was chosen instead planar isoparametric ele*
ments, the better results in beam load-deflection curves can

be agxpected.

. (2) 1Initial cracking load levels in this analyt-
ical model agreed th:\theoretical results well. It is found
that analytical initial cracking valﬁg was higher than ex-
perimental data in the case of: Beam-23100. This may be at-
tribute to.that actual. concrete around reinforcing steel is
weaker than the concrete in other part. This effect was not

considered in this study. ’

n

;V (3) The wultimate load obtained b§3'the proposed
i :
model\igjthis study showed a good agreement with experimen-

tal results. This shows the accuracy and validity of the

proposed honlinear finite element model.
&
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Chapter VI

SUMMARY AND CONCLUSIONS

6.1 SUMMARY
i
An existing nonlinear finite element. program was
developed to perfoém the analysis of plana{ reinforced mem-
bers under monotonically incréasing loads. The nonlinearity
considereé in this thesis were concrete stress-strain rela-
tionships, concrete failure criteria, concrete postfailure

behaviour, yielding of reinforcement ana‘interactions at the

steel-concrete interface. '

~——y

The: existing general purpose program NONSAP-1974
Version (Bathe et -al., 1974a; 1974b) extensions 1in this
study were: (1) bilinear stress-strain relationship-£for 3D
truss elements to model the reinforcement; (2)- 3D linkage
spring elements with the nonlinear bond stress-slip rela-
tionship}for simulation of the steel-concrete interaction;
{3) nonlinear orthotropic’material desbription for 2D iso-
parametric element to represent(doncrete behaviéur'under bi-
axial condition; (4). concrete tention cracking and unbal-
anced force redistribution; -(5) aggregate interlock shear
transfer along tension cracks; {(6) concrete strain softening

.

- 105 -
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in compression; (7) a *combined approach of the &nit{al
stiffness method and the tangentia%rséiﬁfness method for nu-
merical iterative solution for nonlihear %nalysis.

To verify- the numerical models in this computer
program, six reinforced structural members Eested at differ-
ent institutions are énalyzed by the computer program based
on the above models.‘ These test specimens are chosen for
different members, which are an axially loaded tensile spec-—
imen, a singly reinforced simple beam without stirrups, two
simple beam.with pfoperly designed reinforcement, an over-
reinforced simple beam , and a two span continuous beam with
double reinforcement. The results’'are pgésented and compared
with with the available theoretiéal{ experimental results
and analytical results obtained by. other researchers with a
view to demonstrating the applicability and the validity of

the present method of the.analysis.

6.2 CONCLUSIONS

Based on the investigations carried out in the
present study, the following conclusibns_can be made:

(1) The present method of analysis has been shown
to be capable to analyze nonlinear response of reinforced

concrete structural members under monotonically increasin
. Y g

1oadsf
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(2) The cracking loads and the ultimate loads show

a godd agreement with_the corresponding experimental re-
sults. The stress analysis demonstrates a fair accuracy in
both concrete and reinforcement. In this investigation, the
anaiytical results of the force-displacement curve of the
axiélly loaded tensi%éﬂgbecimen and the load-deflection

curves of the beams are in good agreement.

(3) The gradual release of the tensile stresses in
concrete upon cracking improves tﬁe analytical predictions
of the stress characteristics in reinforced concrete. From
this inVéstigation, it ds found that the chosen vaiue of the
strain at which a complete release of the tensile stress in
the cracked concrete takes blace is of influence on load de-
flection'chrves of the beam specimens. The larger the value,
the smalier the deflection of a beam after passing cracking
load stage. But 1its influence on ultimate loads is not so
noticeable.,l In this study, this wvalue was chosen as ten
times of the stga;n.corresponding the maximun tensile stress
(Gilber£ and Warner, 1977) for the analysis in case sludies
of Chapter five which led to an acéeptable results referring

load-deflection curves of a set of beam specimens.

(4) The shear retention factor 8 used to modify
the uncracked shear modulus, G, in modelling the postfailure

shear behaviour is based on a reasonable assumption. It is
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noted in this study that the chosen value of the shear re-
tention factor is not significant to analytical results in

case studies,/ which was obversed by other investigators

(Lin, 1973).

(5) The bond stress-slip relationship suggested by
Houde (1973) gives satisfactory analytical response in the
case studies of the réinforced concrete structural members
analyzed in the present study. However, Houde's simulation
of the bond failure is obviously unreasonable. In this in-
vestigation, the methoq determininé bond stress in *bond
failure portion used is by " balancing residual forces at the
steel-concrete interface. The validity  of this approach

still needs extensive experimental investigation.

) -

{(6) Dowel ac£ioh is not considered in this study,
which is treated as perfect bond at the steel-concrete in-
terface in the direction perpendicular. to reinforcement
longitudinal direction. However, through stress analysis of
. beams=in the present study, it is noted that dowel action
does influence the stress diEection and aécuracy. A valid
model with slip-dowel consideration to simulate actions at

the steel~-concrete interface is required for further analy-

sis.
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(7) The cracking ‘modes, cracking models, cracking
propagation and numerical solution for the nonlinear analy-
sis improve the analytical predictions of stress field sur-

rounding the cracks, which can be recommended to the future

study.

6.3 RECOMMENDATIONS

(1) The constitutive model adopted in this study
to represent the behaviour of concrete under a state of bi-
axial stress could be extended to represent the behaviour of
concrete under triaxial stress state. It would be possible
to include cyclic loading, dynamic loading if the model
could be developed with such consideration. However, experi-
mental studies are needed to be able to check the validity

of any proposed model regarding these simulations.

(2) More experimental data on the stress field
around the concrete cracks in reinforced members are re-
guired. These will enable development of a more accurate

model to represent tension stiffening, aggregate interlock

L]

mechanism.

{3) Further experimeﬁtal investigation on bond-
dowel model is needed to simulate action at the steel-con-
crete interface in both the bond stress after bond failure

and dowel effect on reinforced concrete beams.
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(b) Two-Dimensional Cracking
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