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Abstra
t

The lo
al false dis
overy rate (LFDR) 
an be utilized as a statisti
al approa
h for

simultaneously analyzing thousands of tests. We present a model for multiple hypoth-

esis testing that in
orporates a 
ovariate into ea
h test. In
orporating the 
ovariates

may improve the performan
e of testing pro
edures, be
ause ea
h 
ovariate 
ontains

additional information based on the s
ienti�
 
ontext of the 
orresponding test. This

method provides di�erent LFDR estimates depending on a tuning parameter that de-

termines a referen
e 
lass of hypotheses from the 
ovariate. We estimate the optimal
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value of that parameter by 
hoosing the one that minimizes the estimated LFDR re-

sulting from bias and the varian
e in a bootstrap approa
h. Su
h an estimation method

is 
alled an adaptive referen
e 
lass (ARC) method sin
e the 
lass of hypotheses de-

pends on the data. We apply this method to brain data to dete
t dyslexi
-non-dyslexi


di�eren
e voxels.

We prove a result for the asymptoti
 performan
e of the ARC method under 
ertain

assumptions 
on
erning the prior probability of ea
h hypothesis test as a fun
tion of the


ovariate and the LFDR estimator. For �nite numbers of hypotheses, we use simulation

data to evaluate the performan
e of the estimator asso
iated with the ARC method.

The simulations assuming a large 
ovariate e�e
t indi
ate that the LFDR estimator

has a smaller mean squared error under the ARC method than that under the method

that uses the entire set of hypotheses without regard for the 
ovariate.

Key words: Bias-varian
e trade o�; Bootstrap approa
h; Lo
al false dis
overy rate; Mul-

tiple Testing; Referen
e 
lass; Tuning parameter.
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1 Introdu
tion

Modern s
ienti�
 te
hnologies, su
h as mi
roarrays, geneti
 epidemiology, di�usion tensor

imaging (DTI), genome-wide asso
iation (GWA) studies, and so
ial s
ien
e surveys, pro-

vide statisti
ians with hundreds or even thousands of tests to be 
onsidered simultaneously.

The testing of many null hypotheses simultaneously may in
rease the number of Type I er-

rors. Statisti
al approa
hes su
h as the family-wise error rate (FWER), the 
ontrolling false

dis
overy rate (FDR) (Benjamini and Ho
hberg, 1995), and the tail-area FDR are often ap-

plied in 
ases where a large number of hypotheses are tested (Efron et al., 2001). Efron et al.

(2001) �rst proposed the lo
al false dis
overy rate (LFDR). The LFDR provides a measure

of 
on�den
e in the truth of the null hypothesis that depends on its observed statisti
 (Efron

and Tibshirani, 2002).

In many situations, the 
onsidered hypotheses are 
onne
ted by a s
ienti�
 
ontext. An

ignoran
e of this s
ienti�
 
ontext in data analysis 
an be misleading, as it may in
rease or

de
rease the number of false positives. For example, ea
h test in a GWA study 
orresponds

to a spe
i�
 geneti
 marker, ea
h test in a DTI brain s
an 
orresponds to a spe
i�
 brain

lo
ation, and ea
h test in a mi
roarray 
orresponds to a spe
i�
 gene expression level. Efron

(2008) pointed out that using the entire set of hypotheses in multiple hypothesis testing

approa
hes, su
h as FDR, may lead to in
orre
t inferen
es regarding the features.

1.1 Motivating Example

S
hwartzman et al. (2005) used an advan
ed MRI te
hnology, DTI, to measure water dif-

fusion in the human brain by s
anning the brain. DTI is used to map and 
hara
terize

the three-dimensional di�usion of a water mole
ule randomly moving in brain tissue to pro-
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vide information regarding the dire
tion of di�usion. The measured di�usivity; that is, the

di�usion 
oe�
ient, relates the di�usive �ux to a 
on
entration gradient (Sundgren et al.,

2004), and has units of (mm

2/s). In this study, n = 12 
hildren were tested, where n1 = 6

were dyslexi
 and n2 = 6 were not. Ea
h 
hild re
eived DTI brain s
ans in N = 15, 443

lo
ations, with ea
h represented by its own voxel's response. The aim is to determine the

dyslexi
-non-dyslexi
 di�eren
e at the ith brain lo
ation, in relation to reading development

in 
hildren aged 7−13 (Deuts
h et al., 2005). Ea
h test 
orresponds to a spe
i�
 voxel. We

have two 
omponents (wi, xi) asso
iated with ea
h hypothesis for i = 1, ..., N , where wi is

an observed test statisti
 that 
ompares the dyslexi
 
hildren with those who are not, and

xi is the distan
e from the ba
k of the brain to the front. The LFDR is used to estimate the

proportion of dyslexi
-non-dyslexi
 di�eren
es.

ConsiderN voxels in the brain, where for ea
h voxel we 
ompare the dyslexi
 patients with

the non-dyslexi
 patients. Let H0i denote the null hypothesis that there is no dyslexi
-non-

dyslexi
 di�eren
e for the ith voxel. Under the ith null hypothesis, assume that Zi ∼ N(0, 1),

where Zi represents the two-sample test statisti
. Let Wi = Z2
i . The observed statisti
s

w = (w1, ..., wN)
T
are 
onsidered as a realization of W = (W1, ...,WN)

T
. Under the ith

null hypothesis it holds that Wi ∼ χ2
1, while under the ith alternative hypothesis we have

Wi ∼ χ2
1,δ, where δ ∈ (0,∞) is an unknown non
entrality parameter, a

ording to the models

employed in Bukszár et al. (2009) and Yang et al. (2013). Let Ai be an indi
ator variable for

the event that the ith alternative hypothesis Hai is true. Assume the Ais are independent and

identi
ally distributed (i.i.d.) Bernoulli

(
1 − π0

)
variables, where π0 is the prior probability

that the ith null hypothesis is true.

The posterior probability that the ith null hypothesis is true given Wi = wi is the LFDR

(Efron et al., 2001), and is denoted as Ψ(wi), where
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Ψ(wi) = P(Ai = 0|Wi = wi) =
π0g0(wi)

g
(
wi; π0, δ

) , (1)

and g0(wi) ∼ χ2
1 denotes the null density of Wi. Denoting the mixture density of Wi by

g
(
wi; π0, δ

)
, we have

g
(
wi; π0, δ

)
= π0g0(wi) +

(
1− π0

)
g1(wi; δ), (2)

and g1(wi; δ) represents the unknown alternative density of Wi. The model de�ned in (2)

is 
alled the two-
omponent model. Under the two-
omponent model with the alternative

hypothesis, the observed test statisti
s are sampled from the same distribution Wi ∼ χ2
1,δ.

Under the i.i.d. assumption for the test statisti
s, the log-likelihood fun
tion now 
ontains

only two unknown parameters π0 and δ, with

ℓ(π0, δ) =
N∑

i=1

log
(
π0g0(wi) +

(
1− π0

)
g1(wi; δ)

)
, (3)

for whi
h the maximum likelihood (ML) estimates π̂0(w) and δ̂(w) may be derived numeri-


ally. For the ith hypothesis test, we have that

Ψ̂i(w) =
π̂0(w)g0(wi)

g
(
wi; π̂0(w), δ̂(w)

) (4)

denotes an estimate of Ψ(wi) in (1).

For our 
onsidered brain data, the observed statisti
s ve
tor w under the two-
omponent

model is applied to estimate the proportion of dyslexi
-non-dyslexi
 di�eren
es. From (3),

we estimate the values π̂0(w) = 0.923 and δ̂(w) = 3.7. Figure 1.1 illustrates N = 15, 443
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observed statisti
s for estimating the LFDR versus the brain lo
ation, (xi, Ψ̂i(w)), where

Ψ̂i(w) is 
omputed from (4). A total of 119 dyslexi
-non-dyslexi
 di�eren
es with LFDR

estimates that are lower than 0.2 are identi�ed.

From Figure 1.1 (a), 
onsider the example of xi = 53 and wi = 11.12, whi
h has an

estimated LFDR of Ψ̂i(w) = 0.19 that is 
lose to the threshold of 0.2. For that spe
i�


lo
ation, we de�ne a referen
e 
lass that 
ontains the voxels in su
h a way that their lo
ations

are within a symmetri
 window around xi = 53 with width 2∆. Su
h a symmetri
 window

is denoted by w
∆
i , where

w
∆
i = {wj : |xj − xi| ≤ ∆, j = 1, ..., N}. (5)

Di�erent window widths yield di�erent referen
e 
lasses. Again, under the two-
omponent

model the referen
e 
lass w
∆
i is used to estimate the LFDR Ψ(wi), with

Ψ̂i(w
∆
i ) =

π̂0(w
∆
i )g0(wi)

g
(
wi; π̂0(w∆

i ), δ̂(w
∆
i )

) , (6)

where π̂0(w
∆
i ) and δ̂(w∆

i ) are ML estimates determined from (3) using only the wjs fromw
∆
i .

Figure 1.1 illustrates the LFDR estimates versus the referen
e 
lass width, (2∆, Ψ̂i(w
∆
i )).

From Figure 1.1, it 
an be observed that 
hanging the referen
e 
lass width provides di�erent

LFDR estimates. This example raises the important question of how we 
an estimate the

optimal referen
e 
lass for estimating the LFDR.
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Figure 1.1: Brain data LFDR estimates under the two-
omponent model versus the brain lo
ations

xi (a) and referen
e 
lass width (b) for a �xed lo
ation xi = 53. The horizontal line represents the
threshold of 0.2. The verti
al lines in (a) indi
ate the symmetri
 around xi = 53 with ∆ = 10.

Considering all N voxels in estimating LFDR in (3) for a spe
i�
 brain lo
ation, instead

of 
onsidering the di�erent subsets of voxels, is 
alled the 
ombined referen
e 
lass (CRC)

method (see, e.g., (5)). A set of hypotheses or features for determining the posterior proba-

bility of a null hypothesis is 
alled the referen
e 
lass, and the problem of �nding su
h a set

is an example of the referen
e 
lass problem (Bi
kel, 2013). For the 
onsidered brain data,

the referen
e 
lass problem 
onsists of de
iding whi
h voxels should be used to determine

the probability that a voxel does not represent a dyslexi
-non-dyslexi
 di�eren
e.

1.2 Previous Resear
h Regarding the Referen
e Class Problem

Efron (2008) pointed out that using the entire set of hypotheses as opposed to a di�erent

referen
e 
lass may 
hange the number of false positives. He proposed the separate-
lass

model, in whi
h the hypotheses were divided into distin
t groups. For example, the brain
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data 
an be divided into two distin
t groups a

ording to lo
ation in the brain, where we set

thresholds on the front-half and rear-half of xi ≤ 50 and xi > 50, respe
tively. Thus, we need

to determine whi
h referen
e 
lass should be used to determine the posterior probability of

no dyslexi
-non-dyslexi
 di�eren
e o

urring at the brain lo
ation xi = 53. Should we use

the entire set of voxels or the rear-half voxels?

In many 
ases, the hypotheses 
an be divided into groups based on the 
hara
teristi
s

of the problem. In the above example, the lo
ations for the brain data are in
orporated

as 
ovariates. Efron's approa
h divides the 
ovariates into a �nite number of groups, where

some information is lost. Many methods have been proposed for in
orporating 
ovariates into

a variety of statisti
al te
hniques for handling multiple hypothesis testing. Benjamini and

Ho
hberg (1997) used a p-value-weighting method and evaluated di�erent pro
edures. Bi
kel

(2004, �4.3) 
onsidered the e�e
t of sele
ting to use the test statisti
s in estimators of the

weighted and unweighted FDR, and found that smaller referen
e 
lasses of null hypotheses

yield lower estimated expe
ted losses than larger referen
e 
lasses. Some resear
hers have

applied the idea of in
orporating a group stru
ture and weights to improve the statisti
al

power. Su
h a group stru
ture 
an be used in multiple hypothesis testing by assigning weights

for the hypotheses or p-values in ea
h group. Genovese et al. (2006) demonstrated that a p-

value weighting pro
edure 
an be employed to 
ontrol the FWER and FDR while in
reasing

statisti
al power. Subsequently, Wasserman and Roeder (2006) introdu
ed an optimal p-

value weighting pro
edure for FWER 
ontrol. Hu et al. (2010) proposed a weighting s
heme

based on a simple Bayesian framework. The proportion of null hypotheses that are true

was employed within ea
h group. Su
h an approa
h 
an 
ontrol the FDR for both the

independent hypotheses and p-values with 
ertain dependen
e stru
tures. The unknown

proportion of true null hypotheses is estimated within ea
h group. Ea
h of the statisti
al
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te
hniques reviewed above requires a �nite number of groups spe
i�ed before examination

of the data.

By 
ontrast, we adopt the general strategy of Zablo
ki et al. (2014), proposing methods

for the presen
e of a 
ovariate that generalizes the pre-data separation of hypotheses into

groups. Zablo
ki et al. (2014) used a hierar
hi
al Bayesian approa
h to in
orporate a set of


ovariates, where the prior probability that the null hypothesis test is true and the alternative

distribution of the test statisti
 are both modulated by 
ovariates.

Instead of spe
ifying the hyperprior distributions that are required for a hierar
hi
al

Bayesian approa
h, we use an empiri
al Bayes approa
h to estimate an optimal referen
e


lass for improving the LFDR estimate. We assume the prior probability to be a fun
tion

of a 
ovariate, as mentioned in Se
tion 2.1. After introdu
ing su
h a model, the LFDR


orresponding to the model is estimated. In Se
tion 2, we propose an adaptive referen
e


lass (ARC) method, where a bootstrap approa
h is used in order to estimate the optimal

referen
e 
lass. In Se
tion 3, we prove under some assumptions that the ARC method

has an asymptoti
ally smaller mean squared error in estimating the LFDR than the CRC

method. In Se
tion 4.1, we 
ondu
t a simulation study to assess the performan
e of the

LFDR estimator for ea
h method. We present an appli
ation of the ARC method on a set of

brain data in Se
tion 4.2. Finally, we 
on
lude the paper with a brief dis
ussion in Se
tion

5. The proof for the main theorem is in
luded in the Appendix.
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2 Methodology

2.1 Proposed Model

The des
ribed model in Se
tion 1 extends to the situation where a 
ovariate related to the

s
ienti�
 
ontext of ea
h hypothesis test is in
orporated. For our set of brain data, the


ovariate represents the lo
ation in the brain. Let X = (X1, ..., XN)
T
be i.i.d. random

variables with a probability distribution Px. Any test statisti
s may be transformed to the

standard normal statisti
 Zi, for i = 1, ..., N . The observed statisti
s ve
tor z = (z1, ..., zN)
T

is 
onsidered to be a realization of Z = (Z1, ..., ZN)
T
. Let Ai be the event that the ith

alternative hypothesis Hai is true. Assume that Ai|Xi = xi ∼ Bernoulli

(
1 − π0(xi)

)
, where

π0(xi) the prior probability that the ith null hypothesis is true, is an unknown fun
tion of

the given 
ovariate Xi = xi. We denote the posterior probability that the ith null hypothesis

is true given Zi = zi and Xi = xi by

Ψ(zi; xi) = P(Ai = 0|Zi = zi, Xi = xi) =
π0(xi)f0(zi)

f
(
zi; π0(xi)

) , (7)

where the mixture density of Zi that is 
onditional on the 
ovariate Xi = xi is given by

f
(
zi; xi

)
= π0(xi)f0(zi) +

(
1− π0(xi)

)
f1(zi; xi), (8)

where f0(zi) denotes the null density of Zi and f1(zi; xi) is the alternative density of Zi. The

mixture density in (2) is a spe
ial form of (8), where instead of applying Zi the statisti
 Wi

from Se
tion 1 is used. The quantities π0(xi) and f1(zi; xi) are unknown. The ARC method

is applied to estimate the LFDR in (7). Under the CRC method, the e�e
ts of the 
ovariates
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are ignored (see in Se
tion 1), while under the proposed ARC method some assumptions are


onsidered lo
ally to estimate the LFDR Ψ(zi; xi) de�ned in (7).

2.2 Adaptive Referen
e Class (ARC) Method

Under the ARC method, 
ertain assumptions only hold lo
ally, within a symmetri
 window

for ea
h 
ovariate. Let a symmetri
 window of width 2∆ be 
entered at a given 
ovariate

Xi = xi in (5). Let ∆0 denote the smallest 
onsidered value of the tuning parameter ∆. The

referen
e 
lass z
∆
i 
ontains 
omponents zj su
h that their 
ovariates are within a distan
e ∆

of xi. Denoting the expe
ted dimension of the referen
e 
lass z
∆
i by d

∆
i , we have

d

∆
i = NP

(
|Xj − xi| ≤ ∆, j = 1, ..., N

)
. (9)

d

∆
i in
reases as the number of null hypothesis tests N be
omes larger, provided that the

probability is positive. For ea
h referen
e 
lass z
∆
i , we may apply any LFDR estimation

approa
h su
h as the two-
omponent model in Se
tion 1.1. In 
ontrast with the CRC method,

instead of using the entire 
olle
tion of observed statisti
s z, only the referen
e 
lass z
∆
i is

used in obtaining the LFDR estimate Ψ̂i(z
∆
i ). The 
hoi
e of tuning parameter ∆ in�uen
es

the LFDR estimates, and we will fo
us on 
hoosing the one that results in the lowest error

in estimating the LFDR, whi
h is 
alled the optimal tuning parameter.

2.2.1 Optimal Tuning Parameter

The optimal tuning parameter ∆ spe
i�es the symmetri
 window width of a given referen
e


lass, and will be determined by minimizing the errors resulting from bias and varian
e. In

the following, we introdu
e some notational 
onventions.
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Let the mean and varian
e of the estimator Ψ̂i(z
∆
i ) be de�ned as

µ∆(xi) =E
(
Ψ̂i(z

∆
i )|Xi = xi

)
,

σ2
∆(xi) =E

[(
Ψ̂i(z

∆
i )− µ∆(xi)

)2
|Xi = xi

]
, (10)

respe
tively. When Xi = xi, the predi
tion bias for the estimator Ψ̂i(z
∆
i ) is denoted by

B∆(xi), with

B∆(xi) = E

[(
Ψ̂i(z

∆
i )−Ψ(zi; xi)

)
|Xi = xi

]
. (11)

Determining the optimal 
hoi
e of ∆ depends on the 
hoi
e of a loss fun
tion for measuring

errors in the estimation of the LFDR. The expe
tation of the quadrati
 loss fun
tion gives

us a 
riterion for 
hoosing the optimal tuning parameter ∆. The mean squared error for the

estimator Ψ̂i(z
∆
i ) 
onditional on Xi = xi is de�ned as

MSE

(
Ψ̂i(z

∆
i )|Xi = xi

)
= E

[(
Ψ̂i(z

∆
i )−Ψ(zi; xi)

)2
|Xi = xi

]
. (12)

It 
an be shown that the portion of the mean squared error that depends on ∆ is given by

err

(
Ψ̂i(z

∆
i )|Xi = xi

)
= σ2

∆(xi) + B2
∆(xi). (13)

We shall employ the errors resulting from bias and varian
e in (13) to �nd the optimal ∆.

Denoting the optimal ∆ by ∆⋆
0i, we have

∆⋆
0i = arg inf

∆≥∆0

err

(
Ψ̂i(z

∆
i )|Xi = xi

)
. (14)
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To estimate ∆⋆
0i, it is ne
essary to estimate the varian
e and predi
tion bias of the LFDR

estimator. The bootstrap approa
h is employed to estimate these quantities.

2.2.2 Bootstrap Estimation of the Optimal Tuning Parameter

We re-sample N pairs from {(z1, x1), ..., (zN , xN)}, until B bootstrap samples are obtained

that 
ontain the spe
i�
 pair (zi, xi), where zi ∈ z and xi ∈ x. Su
h samples are denoted

by (z⋆
1,x

⋆
1), ..., (z

⋆
B,x

⋆
B). The bth bootstrap sample (z⋆

b ,x
⋆
b) 
ontains pairs (z

⋆
bj , x

⋆
bj), for j =

1, ..., N and b = 1, ..., B. From (5), the bth bootstrap referen
e 
lass is de�ned as

z
∆
i,b = {z⋆bj : |x⋆

bj − xi| ≤ ∆, j = 1, ..., N}. (15)

The estimate of Ψ(zi; xi) based on the bth bootstrap referen
e 
lass is denoted by Ψ̂i(z
∆
i,b).

The random variables Ψ̂i(z
∆
i,1), ...., Ψ̂i(z

∆
i,B) provide the estimators µ̂(∆, B) and σ̂2(∆, B) for

estimating µ∆(xi) and σ2
∆(xi), respe
tively, where

µ̂(∆, B) =
1

B

B∑

b=1

Ψ̂i(z
∆
i,b) and σ̂2(∆, B) =

1

B − 1

B∑

b=1

(
Ψ̂i(z

∆
i,b)− µ̂(∆, B)

)2
. (16)

In order to estimate the predi
tion bias in (13), π0(xi) must be estimated. We propose

the use of a referen
e 
lass z
∆0

i,b that 
ontains the observed statisti
s zjs whose 
ovariates are

within a distan
e ∆0 of xi. Thus, the estimator µ̂(∆0, B) from (16) 
an be used to estimate

π0(xi). Denoting the bootstrap estimator of the predi
tion bias in Lemma 3 by B̂(∆,∆0, B),

we have that

B̂(∆,∆0, B) = µ̂(∆, B)− µ̂(∆0, B). (17)
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The estimator of err

(
Ψ̂i(z

∆
i )|Xi = xi

)
in (13) is denoted by êrr(∆,∆0, B), and is 
omputed

by simply summing the bootstrap varian
e in (16) and the squared bootstrap predi
tion bias

in (17). Let the optimal ∆⋆
0i be denoted by ∆̂⋆

0i, whi
h is given by

∆̂⋆
0i = arg inf

∆≥∆0

êrr(∆,∆0, B). (18)

After determining the optimal tuning parameter ∆̂⋆
0i, the optimal referen
e 
lass z

∆̂⋆

0i

i is

determined from (5), whi
h 
ontains the zjs whose 
ovariates are within a distan
e ∆̂
⋆
0i of xi.

The optimal referen
e 
lass z
∆̂⋆

0i

i is used to estimate the LFDR in (7). This LFDR estimate

is denoted by Ψ̂i

(
z
∆̂⋆

0i

i

)
. The estimation methods detailed above yield two estimators. The

estimator Ψ̂i(z) is related to the CRC method and Ψ̂i(z
∆̂⋆

0i

i ) is 
omputed using the ARC

method.

3 Theoreti
al Results

In this se
tion, we des
ribe the theoreti
al properties of the LFDR estimator based on

the ARC method. The 
onne
tion between the true LFDR Ψ(zi; xi) in (7) and the prior

probability π0(xi) is 
onsidered in the following lemma.

Lemma 1. If the random indi
ator Ai that is 
onditional on Xi = xi is Bernoulli

(
1−π0(xi)

)
,

then E

(
Ψ(zi; xi)|Xi = xi

)
= π0(xi).

Proof. We have

E(Ai|Zi = zi, Xi = xi) = P(Ai = 1|Zi = zi, Xi = xi) = 1−Ψ(zi; xi).

By taking the expe
tation with respe
t to the density of Zi that is 
onditional on Xi = xi,
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we obtain

E

(
E(Ai|Zi = zi, Xi = xi)|Xi = xi

)
=E

(
1−Ψ(zi; xi)|Xi = xi

)
,

E(Ai|Xi = xi) =1− E

(
Ψ(zi; xi)|Xi = xi

)
,

and the result follows.

The predi
tion bias for the estimator Ψ̂i(z
∆
i ) 
an be expanded as

B∆(xi) = E

(
Ψ̂i(z

∆
i )−Ψ(zi; xi)

)
|Xi = xi

]

= µ∆(xi)− π0(xi).
(19)

Then, it 
an be shown that the mean squared error of the estimator Ψ̂i(z
∆
i ) that is


onditional on Xi = xi is expanded as

MSE

(
Ψ̂i(z

∆
i )|Xi = xi

)
= σ2

∆(xi) + B2
∆(xi) + Var

(
Ψ(zi; xi)|Xi = xi

)
. (20)

Let Ψ̂(z∆
i,1), ..., Ψ̂(z∆

i,B) be i.i.d. with mean µ∆(xi) and varian
e σ2
∆(xi). It is known that the

bootstrap sample mean and the bootstrap sample varian
e are weakly 
onsistent estimators

for the mean and varian
e of Ψ̂i(z
∆
i ), respe
tively, as B be
omes large. In addition, be
ause

the estimator under the two-
omponent model in (4) involves the ML estimators π̂0(w) and

δ̂(w), it is a weakly 
onsistent estimator of Ψ(wi).

Our main 
on
ern now is related to the estimator µ̂(∆0, B), whi
h depends on ∆0. An

appropriate 
hoi
e of ∆0 may give us a weakly 
onsistent estimator for π0(xi). For a given

15



x0, we shall suppose that the unknown prior probability π0(Xi) is a step fun
tion of the


ovariate Xi, given by

π0(Xi) =





π01 if Xi ≤ x0,

π02 if Xi > x0,

(21)

where the prior probabilities π01 and π02 are both unknown with π01 ≤ π02. A fun
tion su
h

as that in (21) will have a biologi
ally meaningful interpretation. The fun
tion splits the N

tests into two distin
t groups, su
h that under ea
h group the test statisti
s are i.i.d. Under

the assigned values of x0 and ∆0, the observed ve
tor of 
ovariates x may be partitioned

into three regions, as follows:

R1(x0,∆0) ={xi : xi ≤ x0 −∆0, i = 1, ..., N},

R2(x0,∆0) ={xi : x0 −∆0 < xi < x0 +∆0, i = 1, ..., N},

R3(x0,∆0) ={xi : xi ≥ x0 +∆0, i = 1, ..., N}. (22)

We prove the following results for the regionR1(x0,∆0), and the same results 
an be demon-

strated to hold for the region R3(x0,∆0). The following lemma, whi
h is proven in the Ap-

pendix, indi
ates that in the region R1(x0,∆0) the bootstrap estimator µ̂(∆0, B) is a weakly


onsistent estimator for π01 as N be
omes large.

Lemma 2. For xi ∈ R1(x0,∆0), the bootstrap estimator µ̂(∆0, B) is a weakly 
onsistent

estimator of π01. That is,

lim
N→∞

lim
B→∞

P

(
|µ̂(∆0, B)− π01| > ǫ|Xi = xi

)
= 0 for any ǫ > 0.
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The next lemma shows that the bootstrap estimator B̂(∆,∆0, B) is a weakly 
onsistent

estimator of the predi
tion bias in (11).

Lemma 3. If xi ∈ R1(x0,∆0), then the bootstrap estimator B̂(∆,∆0, B) is a weakly 
onsis-

tent estimator of the predi
tion bias B∆(xi). That is,

lim
N→∞

lim
B→∞

P

(
|B̂(∆,∆0, B)− B∆(xi)| > ǫ|Xi = xi

)
= 0 for any ǫ > 0.

Proof. By Markov's inequality, we have for any ǫ > 0 that

P

(
|B̂(∆,∆0, B)− B∆(xi)| > ǫ|Xi = xi

)
≤
E

[
|B̂(∆,∆0, B)− B∆(xi)|

∣∣Xi = xi

]

ǫ

≤
E

[
|µ̂(∆, B)− µ∆(xi)|

∣∣Xi = xi

]

ǫ

+
E

[
|µ̂(∆0, B)− π01|

∣∣Xi = xi

]

ǫ
.

Be
ause µ̂(∆, B) is an unbiased estimator of µ∆(xi) whose varian
e is asymptoti
ally zero

in (24), the result follows from Lemma 2 and the fa
t that

lim
B→∞

E

[
|µ̂(∆, B)− µ∆(xi)|

∣∣Xi = xi

]
≤ lim

B→∞
E

[(
µ̂(∆, B)− µ∆(xi)

)2
|Xi = xi

] 1

2 = 0.

In the next lemma, we 
onsider the 
onsisten
y of the bootstrap estimator ∆̂⋆
0i.

Lemma 4. For xi ∈ R1(x0,∆0), the bootstrap estimator ∆̂⋆
0i is a weakly 
onsistent estimator

of ∆⋆
0i. That is,

17



lim
N→∞

lim
B→∞

P

(
|∆̂⋆

0i −∆⋆
0i| > ǫ|Xi = xi

)
= 0 for any ǫ > 0.

Proof. The bootstrap sample varian
e is a weakly 
onsistent estimator of the varian
e of

Ψ̂i(z
∆
i ) and it follows from Lemma 3, that

lim
N→∞

lim
B→∞

P

(
|êrr

(
∆,∆0, B

)
− err

(
Ψ̂(z∆

i )|Xi = xi

)
| > ǫ|Xi = xi

)
= 0.

Therefore, the result follows from the 
ontinuous mapping Theorem and the fa
t that

lim
N→∞

lim
B→∞

P

(
| arg inf

∆≥∆0

êrr

(
∆,∆0, B

)
− arg inf

∆≥∆0

err

(
Ψ̂(z∆

i )|Xi = xi

)
| > ǫ|Xi = xi

)
= 0.

The main result states that the estimator of the ARC method has an asymptoti
ally

smaller mean squared error than the estimator of the CRC method for the regionsR1(x0,∆0)

and R3(x0,∆0).

Theorem 1. Let Ψ̂i(z) be a weakly 
onsistent estimator of Ψ(zi) when N be
omes large. If

xi ∈ R1(x0,∆0), then

lim
N→∞

lim
B→∞

[
MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|R1(x0,∆0)
)
−MSE

(
Ψ̂i(z)|R1(x0,∆0)

)]
≤ 0.

Proof. See the Appendix.
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4 Results

4.1 Simulated Data Analysis

The aim of the following simulation analysis is to 
ompare the performan
es of the CRC and

ARC methods in estimating the LFDR in (7). In this se
tion, ea
h test statisti
 is assigned

a prior probability that is a fun
tion of the 
ovariate.

Let π0(xi) denote the true prior probability that the ith null hypothesis, representing no

dyslexi
-non-dyslexi
 di�eren
e voxel, is true. We assume that the proportion of dyslexi
-

non-dyslexi
 di�eren
e voxels tends to be very small. We present several simulation studies,

ea
h with di�erent value of x0 ∈ [0.05, 0.40]. The data sets were simulated as follows. In

ea
h simulation study, we randomly generated 1, 000 data sets, ea
h 
orresponding to an

arti�
ial 
ase-
ontrol study. For ea
h data set, we simultaneously generate both 
ovariates

and observed Wald χ2
test statisti
s, whi
h are denoted by xi and wi, respe
tively. Ea
h

observed 
ovariate xi is generated randomly from the uniform distribution between 0 and 1.

In ea
h simulation study, the true prior probability π0(xi) is determined a

ording the

given value of x0 as the fun
tion of the observed 
ovariates that is de�ned in (21). From

(21), let π̄0 = E(π0(Xi)) for i = 1, ..., N , where π̄0 ∈ [0.60, 0.95]. To generate the observed

statisti
s, we generate ea
h Ai ∼ Bernoulli(1 − π0(xi)) independently. To generate the

observed χ2
test statisti
s, if Ai = 1 the observed statisti
s are sampled from χ2

1,δ with

a non
entrality parameter δ. For ea
h given value of x0, a di�erent value of δ ∈ [1, 5] is

assigned. The Wald χ2
test statisti
s when Ai = 0 are sampled from χ2

1.

Ea
h data set has N pairs (wi, xi). The total number of pairs N is equal to 10, 000. In

ea
h simulation study, a pair (wi, xi) is randomly sele
ted from ea
h data set to estimate

Ψ(wi; xi). For a given 
ovariate xi, the estimators of the LFDR are 
omputed using the two
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methods. Under the ARC method, ∆0 has to be spe
i�ed in advan
e to determine ∆̂⋆
0i. We


onsider the range ∆0 ∈ (0, x0), and set B = 1, 000. Thus, under the two-
omponent model

des
ribed in Se
tion 1.1, the estimators Ψ̂i(w) and Ψ̂i(w
∆̂⋆

0i

i ) are 
omputed. The 
onditional

MSE approximations to measure the performan
es of the estimators are given by

M̂SE

(
Ψ̂i(w)|Rr(x0,∆0)

)
=

1

#{xi ∈ Rr(x0,∆0)}

∑

xi∈Rr(x0,∆0)

(
Ψ̂i(w)−Ψ(wi; xi)

)2
,

M̂SE

(
Ψ̂i(w

∆̂⋆

0i

i )|Rr(x0,∆0)
)
=

1

#{xi ∈ Rr(x0,∆0)}

∑

xi∈Rr(x0,∆0)

(
Ψ̂i(w

∆̂⋆

0i

i )−Ψ(wi; xi)
)2
,

for r = 1, 2, 3. The marginal MSE approximations are 
omputed as follows:

M̂SE

(
Ψ̂i(w)

)
=

1

1000

1000∑

i=1

(
Ψ̂i(w)−Ψ(wi; xi)

)2
,

M̂SE

(
Ψ̂i(w

∆̂⋆

0i

i )
)
=

1

1000

1000∑

i=1

(
Ψ̂i(w

∆̂⋆

0i

i )−Ψ(wi; xi)
)2
.

The relative MSE of the two estimators is a 
onvenient measure for 
omparing the MSEs.

The 
onditional and marginal relative MSEs are denoted by

ReMSE


ond

=
M̂SE

(
Ψ̂i(w

∆̂⋆

0i

i )|Rr(x0,∆0)
)

M̂SE

(
Ψ̂i(w)|Rr(x0,∆0)

) and ReMSE

marg

=
M̂SE

(
Ψ̂i(w

∆̂⋆

0i

i )
)

M̂SE

(
Ψ̂i(w)

) , (23)

respe
tively. From Figure 4.1, we observe that the performan
e of the ARC method de-

pends on the ∆0 values and the region of 
ovariates. When π̄0 ∈ [0.60, 0.95], in
reasing the

value of ∆0 results in a smaller MSE approximation for the ARC method in the regions

R1(x0,∆0) and R3(x0,∆0). Figure 4.1 shows that the ARC method has a smaller marginal
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MSE approximation than the CRC method. From Table 4.1, if we 
onsider the true prior

probabilities for all measured voxels to be independent of the 
ovariates, that is, π0(xi) = π0

for i = 1, ..., N , then the CRC method has a smaller MSE than the ARC method. In su
h


ases, the CRC method should be used instead of the ARC method to analyze the data.

π0 0.60 0.80 0.90 0.95

ReMSE

marg

0.9030 0.8156 1.3729 2.0908

Table 4.1: MSE of the ARC method relative to the CRC method when there is no 
ovariate e�e
t.

The true prior probabilities are 
onstant, π0(xi) = π0. The log2 value is given for the marginal

relative MSE. Under the ARC method, ∆0 is 0.01.

4.2 Brain Data Analysis

The brain related data introdu
ed in Se
tion 1.1, with a total of N = 15, 443 voxels, is

employed in the following statisti
al analysis. Under the CRC method, all observed statisti
s

w are 
onsidered to estimate the LFDR where 119 dyslexi
-non-dyslexi
 di�eren
e voxels

are identi�ed. The brain lo
ation is in
orporated as a 
ovariate. Under the ARC method,

the optimal referen
e 
lass is determined for ea
h lo
ation xi, whi
h depends on a 
hoi
e

of ∆0. Figure 4.2 presents the LFDR estimates under the CRC method versus the ARC

method when ∆0 = 20. We observe from Figure 4.2, that 
hanging ∆0 has a dire
t e�e
t on

the number of dyslexi
-non-dyslexi
 di�eren
e voxels. Under the ARC method, in
reasing

the value of ∆0 brings the proportion of dyslexi
-non-dyslexi
 di�eren
e voxels 
loser to the


orresponding proportion under the CRC method.
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Figure 4.1: The log2 value of the relative MSE 
onditional on regions and marginal versus di�erent

values of∆0; for (a) π̄0 = 0.60, (b) π̄0 = 0.80, (
) π̄0 = 0.90 and (d) π̄0 = 0.95, where π̄0 = E(π0(Xi))
for i = 1, ..., N .
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Figure 4.2: Brain data analysis. Panel (a) presents the LFDR estimate under the ARC method

for ∆0 = 20 versus that for the CRC method and (b) illustrates the proportion of dislexi
-non-

dyslexi
 di�eren
e voxels under the ARC method when the LFDR estimate is less than 0.2 versus

∆0 ∈ (0, 50).

5 Dis
ussion and Con
lusions

In this study, a novel approa
h in whi
h a 
ovariate (i.e., a s
ienti�
 
ontext 
orresponding

to ea
h hypothesis test) is in
orporated to improve the LFDR estimate for identifying the

alternative hypotheses. Through this approa
h, both the test statisti
 distribution under

the alternative hypothesis and the prior probability that the null hypothesis is true are

modulated by the 
ovariate. In the 
ase where the prior probability π0(Xi) is the step

fun
tion in (21), the advantage of our method is that the LFDR estimator under the ARC

method performs better than that under the CRC method when N be
omes large. It would

be interesting to investigate whether this result holds for a general prior probability π0(Xi).

Our simulation results 
on�rm that for the regions R1(x0,∆0) and R3(x0,∆0), the LFDR

estimator asso
iated with the ARC method has a smaller MSE than that of the CRC method
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(see Fig. 4.1). In the region R2(x0,∆0), the weak 
onsisten
y of µ̂(∆0, B) as an estimator

of π0(xi) 
ould not be proven. The ARC method was applied to a set of brain data, as

illustrated in Figure 4.2. By in
reasing the value of the tuning parameter ∆0, the proportion

of signi�
ant null hypotheses de
reases, and approa
hes the proportion based on the CRC

method.
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Appendix

Proof of Lemma 2. By Markov's inequality, it holds for any ǫ > 0 that

P

(
|µ̂(∆0, B)− π01| > ǫ|Xi = xi

)
≤
E

[
|µ̂(∆0, B)− π01|

∣∣Xi = xi

]

ǫ

≤
E

[
|µ̂(∆0, B)− µ∆0

(xi)|
∣∣Xi = xi

]

ǫ

+
E

[
|µ∆0

(xi)− π01|
∣∣Xi = xi

]

ǫ
.

µ̂(∆0, B) is an unbiased estimator of µ∆0
(xi), and has zero varian
e as B be
omes large.

That is,

lim
B→∞

E

[(
µ̂(∆0, B)− µ∆0

(xi)
)2
|Xi = xi

]
= lim

B→∞

σ2
∆0
(xi)

B
= 0. (24)

Hen
e,

lim
B→∞

E

[
|µ̂(∆0, B)− µ∆0

(xi)|
∣∣Xi = xi

]
≤ lim

B→∞
E

[(
µ̂(∆0, B)− µ∆0

(xi)
)2
|Xi = xi

] 1

2 = 0.

On the other hand, when xi ∈ R1(x0,∆0) the expe
ted dimension of the referen
e 
lass z
∆0

i

as N be
omes large is limN→∞ d∆0

i = ∞. By applying the 
onsisten
y assumption of Ψ̂i on

the referen
e 
lass z
∆0

i , we have that

lim
N→∞

P

(
|Ψ̂i(z

∆0

i )−Ψ(zi; xi)| > ǫ|Xi = xi

)
= 0.

Be
ause |Ψ̂i(z
∆0

i )−Ψ(zi; xi)| ≤ 1, the dominated 
onvergen
e Theorem implies that
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lim
N→∞

E

[
Ψ̂i(z

∆0

i )−Ψ(zi; xi)|Xi = xi

]
= 0.

For xi ∈ R1(x0,∆0), E
(
Ψ(zi; xi)|Xi = xi

)
= π01 and

lim
N→∞

E

[
|µ∆0

(xi)− π01|
∣∣Xi = xi

]

ǫ
= 0.

Proof of Theorem 1. We know that

MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|R1(x0,∆0)
)
=

∫

R1(x0,∆0)

MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)
dPxi

,

MSE

(
Ψ̂i(z)|R1(x0,∆0)

)
=

∫

R1(x0,∆0)

MSE

(
Ψ̂i(z)|Xi = xi

)
dPxi

.

It su�
es to show that

lim
N→∞

lim
B→∞

[
MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)
−MSE

(
Ψ̂i(z)|Xi = xi

)]
≤ 0.

MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)
−MSE

(
Ψ̂i(z)|Xi = xi

)
=err

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)

−err
(
Ψ̂i(z

∆⋆

0i

i )|Xi = xi

)

+err
(
Ψ̂i(z

∆⋆

0i

i )|Xi = xi

)

−err
(
Ψ̂i(z)|Xi = xi

)
.

From Lemma 4, the weak 
onsisten
y of ∆̂⋆
0i implies that
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lim
N→∞

lim
B→∞

err

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)
− err

(
Ψ̂i(z

∆⋆

0i

i )|Xi = xi

)
= 0.

On the other hand, be
ause ∆⋆
0i is optimal tuning parameter, it follows that

err

(
Ψ̂i(z

∆⋆

0i

i )|Xi = xi

)
− err

(
Ψ̂i(z)|Xi = xi

)
≤ err

(
Ψ̂i(z

∆
i )|Xi = xi

)
− err

(
Ψ̂i(z)|Xi = xi

)

for any ∆ ∈ [∆0,∞), whi
h indi
ates that

lim
N→∞

lim
B→∞

[
MSE

(
Ψ̂i(z

∆̂⋆

0i

i )|Xi = xi

)
−MSE

(
Ψ̂i(z)|Xi = xi

)]
≤ lim

N→∞
lim
B→∞

[
err

(
Ψ̂i(z

∆
i )|Xi = xi

)

−err
(
Ψ̂i(z)|Xi = xi

)]

= lim
N→∞

lim
B→∞

[
MSE

(
Ψ̂i(z

∆
i )|Xi = xi

)

−MSE

(
Ψ̂i(z)|Xi = xi

)]

=0.

The fa
ts that both limN→∞MSE

(
Ψ̂i(z)|Xi = xi

)
= 0 and limN→∞MSE

(
Ψ̂i(z

∆
i )|Xi = xi

)
=

0 follow from the 
onsisten
y and the dominated 
onvergen
e Theorem.
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