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Chapter I

IR CTAGH

ivery abstract Riemann surface Q can bo made "concretet Ly
considering i3 as a smoth covering surface of the complex plane iy by
means of a suitable projoction mup ¥« Sinece this eovering oy is not
unicue, it seems naturnl &0 single oub some such maps by an extrenal
provertye. The use of Riemannian nmetries compatible with tho ecunformel
structure on the given suriuce R for the study Of—R is well=iriown;
it sugrests an investifation of the distortion caused by 0 belween
such o netric ds‘k and the Huciidean metric of /LU". A definition of
integral (or average) distortion inveiving the logaritism of the local
distortion, alresdy introduced by “evalima (£43s pe 245} Lor 2 ppoof of
the ficard-landau theorem, is used. It has the disadvantape off depending
on the syster of coordinates used on ‘R 3 however, the corresponding

invarient integral invelving the srea-elerant of <ls.1L does 2ot evist

in genersl - rot even for tie noturei metmies of exmstant curvabures
‘n this thesis, shar Ilnequnlities are deduced for 4lds i g

tortlon for doubls connected surinees and bhe rdndcdginge o
' 2 L.

AR VA
are determineds The simply eonnceted eise 1ws boon frestod in
N resuid Ls avaded in pertiedinr 4o the usdurnt loon ;

Yl Comerbolie

rebrie mnd to the rseudns hore.

Aprddentions to the oriren: and Lindelds elrlen na wrell g

Lo suzineas of hilster evmachivids will LopRy e lsewhora.

(%




Chapter II

DEFINITIONS

let R be a doubly connected Riemann surface - that is, the
fundamental group of 'R is infinite eyclie. Let ’UJ' denote the (finite)

complex ze-plane, and let.

¢

4

' { z | o~ |z~ wi = the puetured Zuciidean jplane,

&/

{ z ! oc lz]e l} = the runctured hyrerboiic plane,

]

aﬂ {zqu(_le(_}__‘ s 0’(1/1% .

Jq

R is conformaily equivalent to one and only one of the akove
stendard surfaces [5). Denote this surface by a » and et 3 be a 1.1
conformal mup of R onto & « For eny smwoth covering map p ,R—»’UJ,

there exists 2 unicue amalytic nap £(z) , £1(2) # 0 forail = in 14}

such thet the diagram

>

is eomutnbive.

Since all the surfrees CL are schiichtartis, a. this furnishes
-

o giobal sretem of coordinates for ‘Q s Whorebyr we ray define an "intesral

distortion” for azy such map p s

Doy o= L7 Gn & (2)) a: dy »
z a b ,

r‘_«r_




; 3
there
; 8f(z) = local distortion at 2z = |fv(z)] . 7v(2) R
‘ ¥(z) = Idzl >0 :x.na sond 2 = x4 iy,

‘ dsk
with integration in the Jebescue sense.

In order to meke n later statement inderendent of coordinate

grstern, we define, for an arbitrary real eonstent ©

Dips €} = /7 (in &
2

- ¥ aca .
a : |

f

In the foliowing we vestrict ourselves to the cases (d = Clc‘

ps
or :)( + The precseding definition yleide infinite values for 1)3[1;] in
the cose of é,b -

Llthough we shall not use it here, the following is a swypestion
for an invariant definition of distortion. If & is any obtiwer lel con-
fomel mapof R onte A s> then there exists a wicue conformnl auto-
morpidan h sach that the dingram

A q=foh”

is ooy ubabive.

Accordingly, relntive to the new systa: of esordinntes

LY

Bn) = g = g + i\’( y we hive

1}; tr) = 7 (in 5{'{5'))2 &g dV( .
hia) i




l___._m.«..m..__._..._ .
H

SN PENON T PSR

4

“he local distortion being invarient ’
L2
Dglpi = // (n Spla))® 1957 ae gy
a ds

To make the reasure of distortion independent of coordinate

grsten, we may define

Dip] = ing Dh(z)[’p} s where h ronges over all the cone
~h

formal automorphisms of (.

e
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Chapber III

DISTORTICY T-LORENS

Suppose 12 is conformally equivalent to some a Let
SD(“) = 1n v(z) have in d the Fourier expansion

whopre

20 )
ak(r) = _2%; / @ (z) e'j‘l"ie ds for all k,
4]

i R . ‘ . .
and 2 = re ® (we will assume later that ¢ is at least plecewise smooth

in & « that is, aP exists in ao and is rlecewise continuous there -
36 ‘

8o thot it mey be represented by its Fourler series).

Define for all integers Kk @

1 1
7a Bk
r "y * l
Iy = '\’/n lak(r)lzrdr P N o= {/q a(r) T * ’
1
Jq va
e o Ok.-l-l . =2 k-lvl .
e {/ a(r) et ar 4y /;q F+L gr
Cleaply, U, >0 for ali k.
Lot
1 1
Va Va
6 = S/  Inp. rpdr . ¥ = f 1n?%r . rdr .
g Vo

4




2
S O.kﬂ.k"'ogk#()
. '/1/. ay{r) « Inr . rdr , Ak £ .

2]
q U Y - 5“ s k=0
2 the Schwertz inequality, A, >0 foranl k.
Finally, let

Uy B, o= wy, M
by, = 07121( ik 'k s k§ 0 R

A, = & nearest intescr to iy = "‘08

Ao

1Y) % e

H o+ ga
o 0O O

%o

i - o 2 2
e ¥ om u( +-.W:)-u_ !T*” - f;‘ kgo.
and G = Ak{ ¥ kk k Tk ’

{253 -aé‘]*(vzj) oo

Treorem T

a) With notation as above, if @ is rliccovilse swooth in § and
scuore=intesmble over C[ q°? then for any srooth covering man o ¢ R-——w

the foliowing inequality holds:

p,ip] > 2n § Ao

%

b) If in addition f existe, is riecewlse continucus, nnd

botnded in da s then




.

A
: o0
g(z)aexp{.{i +i\l)§ -zo.expiz Z'szk}
o & -.ook

is analybtie (and one-valued) in aq s with (P o on erbitrary real cone

stant and L' denoting susmation over k # O .

c) Under the eonditions for b), the inequelity (1) is sharp if and

§ g(s) dz2 = 0 ’
sl=1

with equality holding then if and oniy 4f = / g(z) dz o J , (Vo and

only if

4 constant of integration being arbitrary.
froof of a)
Given L= fo 3 QW set
() = 1In lge(2)] = W 10g £1(2) «

Under the projection wap J = e o j :R-—)f\b’, vhere e{(z) =2 ,
we have #(2) = 0 and so D5[3}<oo s 8ince In 83- CP is square-
integrable over CI. q® Thus there exist smooth mrnjection maps with findte
distortion. Consequently we will establish inequzlity (1) among such maps =
that 1s, we will assume In ) ¢ = g+ P 1is square-integrable over d o 3

(1) wiil hold trivially for maps with infinite distortion, sivice the r.hes.

of (1) rust be finite.

F72) velng hermonic in QG s 6+ P is niecewise smooth in

.. p itk . . .
3 let & h},.\r) e © be lts Fourier representztion in d a ®
.ot 4
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g+ @ belng square-interrible over aq s by, the iebespuc~

Fubini theorem and the completeness relation we have

1
Vq 2w 2
Dipl =/ rdr f (P+P )

Vo 0
1

o T In ()2 (2)

= ) 4 \r !’d!‘ seae 2

o - K

1et hn(x-) = 2 lbk(r)lz «+ P ,and lim hn(r) = hir) « From

-1 n -5 0o

h(r) < hir) and (2),

1 1
Vo

va
/. h(r)ar </ hir)dr <oo,
Va Va

(hy,(r}) is therefore an increasing sequence of inbeprable
=) » 1l ,2 peee

real-valued functions; apnlylng the onotone Convergence thuoren, we may
urite (2) as
1

1
va va
Dz[p] = mj,:’ hir) d» = 20 lim [/ hn(r) dr

> oo \/q
1
n v 2
= 20 im ¥ /b (e)]T . par
neo0 en g
1
w V4 o .
- E 0 Il e e (3)

= L (b(r) - a(r)) o™ is tarmonic in A+ invermting
(e - (,k LTI E 2N a : 40 {.[,g.n.. JJ){J
- 00 .

2
V=06, vwe find
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K K . |
Br o+ Fr o+ a8 (r) s k#£Q
bk(r) o - . ven (kj
;.Olnrxv F°+ ao(r) s k=0

where Ly, Fj. are complex constants depending on £(z) .

From (3) , (L) we ohtain

G - g 2
Dalp] = am ---A°lEo"-----—--§' o~ %3 | ¢ 2 g +ar +nRPee
a A @ 0 00 o] [s}
o (7] o)
: g 1, v
+ bR ] (Ak lEk - L!.O; e - d‘k, kl 2
+ l ! b % i ]2 c ) (S)
_— Golp * BgF) * el ot Ve ess
-k

# and P+ @ are real-vaiued; therefore 3y, = a_ , and
'51: = b‘_k o It fellows from (L) that
Te=Fys kF0 3 T =u,, F,=F,. e (0)

Calealating the harmonic emjuste of

od o
e B .1 (o pX . B opeKYy giks
#(z) B oelnrs Fo + j; (:.kr + F}: e

end uaing (6), we find that £1(z) is of the fomm

poA oo -
f'(Z) =@y {Fo + 1 q’)o} « & o o @D {2 L3 E:"ZI\E 3 XK K?)

('Po sone real constonte Since £{(z) wns nne-valued analytic, e eure
clude thet Eo st he an intepers

a) now follows £rom (5).
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Proof of b) |

L d I3
We show Lt Az eonverges wniformly in a q°

- 00
wWriting
o0 o0 <0
&' A, zk = % Akzk « L A k wk :
-0 k=l =l T -
. by K
with w=1, we show xl b 87 unifornmiy conversent in jel « 2 3 the

q

? o

Ld
3 Poyyer . - k. s
wuitom: converpence of A W in wl « 2 may e estobliished in a

kzl (i
sinilar way.
et

’,-:12? < D < ob in ':

q 3
:’.‘92

with D independent of r and & . Twice repented interretion by vapts

2 .
of &.(r) = %é @ e~ K8 qa yields

la (o)) <

it is then engy to see thnt

l.‘}r’! 3 !.’Tr’ Lt T: { ~(k 2 " 1)

End
g for lzppe It o

13

»~

ot

Also for k lappre exsugth, A .



1
llence for k sufficiently large, say & > ko(g) »

!Ak’ = L !ﬂo g = g ‘%kl
Ay

< 2
" T %k

lag e ~ oy 4]

< 2 (gt Inbh
Qe

k,.

(_ig,q/z .

Therefore for |zl < 1 and kp» k

Va ° !
Iy 21 < ? .
and the convergence followse
Uroof of ¢)
The vanishing of the perinsd g(z) dz -is necessary and

jz]=1
sufficient for / g(t) dt to be vne-valued analytic in dq « The rest
1
is clear from (5), where the variables Bys F appeer within scuares

rultipiled by rositive eoafficientss

EY

Goxoliarmy

Suprose Y(z) = ¥(r) «» Then the inequality (1) holds with

Cpe= 0,y kd0; (1) is sharp if and only if Ag # =1 , with equality

T L




holding then if and oniy if

p'-(m{z;o;iwfb% ' ﬁ%’l*q)l)"J
O‘P

&

with LP o and LP 1 arbitrary constants, real and eomplex respectively.

Eroofs
Sinee g (r) =0, k¢o0,
;,gkgg,;kuLks- Ckﬂ'(}g kfOo.
Fence

g(z) = exp f‘%* i‘ﬁ,} .5

and / g(z) dz is one-valued analytic in ([ o fandomyir A g-1,

I y(z) = v(r) end Ap = =1 ; then the inequality (1) cannot be
sharp ~ that is, in this case there exists no map with minimnl distortion.
The rehes. of (1) may yet be, however, the preatest lower bowd for the dise
tortions of the nrojection r “P8e  Knowing that for any suech p = £ o J s
£ is an analytic map such thnt (7) holds with Ey an interer, ve cee,
keeping in mind QD = @(r) and (5), that this question is equivalent to

the following: with I&:‘5 = 4 o= =1 » is it poseible to choose the conplex

oD
constants Ek, k# G, in such a way that 3 Ak IEIJ;3 is arbitrarily
- O “ .

wic
anll and §; £1(2) da = 0 7 This problem rerains opene
Bi=l

Sup, 086 -R ie conformally eguivalent to )( s and that -




i3

¥{c) = ¥(r) « Defining for ){ the quantities ans PBs 7 s ebe., as for

ac by =2esigning the aroropriate Limita &0 the integrals, we stato

Theoren 2

i @ (r) is square-integroble ovor }( » bhen for any smooth

ps'R_’UT,

2
Ao + Co .

Bplpd 2 29 Ao A, = ¥ = %3
) Ao

“his inequelity is sharp if and only if A, ¥ L
2700L e

We have

ob >
£ fm e v B e ) par
" :

1 2
BLpl=2r/ (Jb(r)]*»
z 0

i 2
?_ Eﬂ’f !bo(r)!- L] I‘d!‘ »
0

and the rroof carries on 25 before.

tnder the same assumpbions zs in the above thooprens, one eun

deduce in the same wiy os fop (1) an inequality

Bles €1 2 v
for rrbitecry real eonstordt O 2 With a vmenesntive Jindte Jowep
bound Dviesendeant of C and P e Prun the neun-vilue {lworen of

ivtepretion {assuning continuity of the integrand) we dedice an irwv rliod

inerwclits for 8 f(z) + for evers renl ennstant

C there edsts n point






Chaptesr 1V

le The Jocalily typerbolice 'fetric

Every Riemonn surlace R has a universal covering surface [YL
which 15 elther the Riemann sphere ,g s the Zuciidecn :dane @ s O

the iypurbollic pisne M (iniformisation Theorem, [5j)e Correspondingly,

-

R is snid to be of eliiptie, uarabolie, or lyperbolic tyve. Any vrojection

AN D :%—’ R induces on R a natural Riemanrdisn netrie of constant
curveture (locally spherical, locally Bwelidesa, or Locslly hyporboiic

notric).
}(. is of Yyperbolie Yype. Iif M. is represented r the upner

oy of
Y

. =~ "o 5 § .
tnlf § eplone witk line elemont de W= g%(-ﬂ-i » then a covering v

M onto }{ is given by 2= @ = +« 7The induced locaily i

ferperbo de netyie
on X becones

ds o = dz
A lz] in

Lach d o ig of iynorbolic type. HWith the same rojvesentabion

&

1 s
for M s 2= /g . e 1n e In ¥ is a projection wap M—’ d .
i

T e i1 8
Inlk . izl « cos (w*’:ﬁ}l‘-:
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In both these axvinies , () = ¥y{r) , from @he eateniations
whieh £oliow it will Lecome evident that @ is squwre-integrable in both
cases8, so that we are justified in ap: lying the theorems. e will deme
onstrate the existence of mindtied2ing econformal rerrecentations for the
surfacesn 3{ and d q with metriecs (&) and (9) resuectively by estimmting

!\0 for each case. We will also give the r.hes. of (1) for ench surfacee

A=, v

2e = rinl. Then
r
‘P(r) = ay{r) = lnr+inlnl
r
rhence
1
M, = Y ac(r) rdr
o
= f + Gl
8 = T - GE
Where

i 2u
G =/ InInl.rde = flnu. e au
- ) r o

= -(E + 1ln 2) (Bee A v A, 11): §’ = Sulorts eonstont)
2
o0
G, = f Inu., .oV gy = i+1 Gl
2 o L 3
o0 2 it 2
Gy =/ W u.e™au = 1(Esmaf e (no.n, i)
Q iz

alse "2—_02’3"".].*’7”
2 L

=~
w
&
fout
L 4
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B =20 = +1,ands A =1,

s}

o= E+lelnz

2 2
G, = B3 = v Oy + 2p 4Gy + a Gy

Ao

Y

i view of theorem 2, we may thervefore state

For K with nmetriec given by (3}, army emoth covering map

» s X—"W satisties

=
DB{P] = a(z” - 1) P

vith equality holding only for

n{z) axn {g + Lo iqj‘)? . '52 4 q)l s

with ('Po and CPl arbitrary constants, real and eomdie ves. 2CLively.

b, au a‘l 2 ¥(z) = ©. lné . cos (£ i“ﬁr)
ot
7
Than
inl
f(r) = Ingpe In( 7 g lnr)

Tna Q

T

whonee



from

P

18
= 8+ 810.0'-36)_

= Y+sl;3+8262

e
= v+s‘iuo~ses+2(sls-slsel+szegj,

-5 @
= Inece®.6.¢ d6
T
N -
= 2 1M wsa. B0 ,
wt¥
2
dx
oMz i2e) [Nk~ i29)
2 2
'\"a‘;.“-;.l',
= - L. d
5 %8
“ ds

-t -

2 o . sy
x T r‘ (L% s i:_:s) » P(L v o= 3163

a Al ..,.P(",,w) ?
J

ot s
4

.y
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we obbain upon simplification

91 = = gin h g'n'sz o

S

Sy = =~ L (sinh (ws) - cosh (ws) . (a8)) « &
- 282

«elnh (ms) « 8. 'J ((;l"(is))}
% = - sl () . { Q*(l)-ﬁ?-%m(g-<is;)} ,
with 2= € + In2+ R(WEs)) end P(z) = l;,': ; alse
4, = sinh (ws)
g = .;_ (cos h (#8) « (w8) = sin k (ms))

Y = % (sin h (ws) (11’8)2 ~2cosh (m8) « {7s) + 2 sin h (ws))

A - 21: (sin B° (18) - (#s)°) .

;5‘0 - cxog s(ﬁ-’al + 8 &,) 1
A [e} Ao
3y
= =28 . 8inh {(us) v .’j { q."(is}} -1 eue flhi)

’” A 7
sin 12 (78) - (78)2

e yrefor to values of o where




SaTna

BT - g 8

2] (] = 2nse 1l for some integer n

4o 2

as eritieal values of the conforsal modulus, where Ao(q ) moy be either

n oor n+ L. Yewill show thet

-1 < iz""o""”-c;é‘«(% for G« B o0
2 Ao
thus proving (Theérem 1, Corollary) the aristence of maps with least dise

tortion for eneh dq "

Diven «q , Ay and By ey then be calculnted and the rroecise
Torm of the minirmising mmps obtuineds Their inteprl distortion rey be

caiculabed nowing

C. = s5 E (v52 + 288,85 (58,)°)
o T 93 = 2 (% + 20885 + o (85,
0

o
[

- sin b (se) - {&y'm-%(’kc @r@e)) 1)

- sint®(me) . & . (J(PrEs))Ps oL L

sin 12 (ws) ~ (wg)?

e Ineorporate these results inte
Theosren b

o) For any anmulus &( with metric (9), any

A
1
&

D'_"[pj Z; 2 A_G_ izﬁ.c - E} .TO ) “OS tg + CO sen (:Ls}
&
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whore ,_10___'_:“08 and G are given by (10} end (11) respectively.

Ao °

This inecuality is sharpe

b) There exists only one eritical value, ¢ € (e":.g;’i , e-%,
ond
lfor O0<q~q
afe) = Gfor o< o<l .

Sorlfor q=q
troof of a)

tising the scries renresentation

We) « -8 « F (2 -.1)
k=0 kel gk

ve rewrite (10) in the form

#
‘v
t
2]
o))

c(s)

By o + 1 = L4 e b(s). &(s)

with
b(e) = Bl 12 {8) . §°
sin h* (rs) - (775)2
ob
i(s) = % n .
Pl

L

To myove the axistence of minimizing rops and to rive rowrh

bounds for A (q) , we show

2 Ao

61 ,0%)
-




o
V]

that iS,

%‘r_c(s)(g .

vhience A, = either O or l.
It is shown in appe B, 1) that b(s) is sirictly incrensing

in (0y20) « Weuse lim b(s) = 3_ (appe 8, i1)) to define b(0)
g-»0

and e(D) « Ve estimate L(k) for k a roeitive interer by its Lulere
“telaurin expansion, truneating aftor the third term, within the following

error (apme B, iii)):

X(!‘C) =1 e 1 + “ﬁ' . 1 4 ‘J; . i
Y- A B -5
i 5 e 1 cee (13
£ % )

- e

It I=[e', s"] is ony Tinite ciosed subinterval of [C, 00 j ,
since Db{s) is strictly increoeing and £(s) ie obviously decressing
thare, we have

in efs) > 4 (AR Blery | dn als)y oy, pler) sfs)
s e 1 5 € § 8 &

rax efs) « 4 (X
_ 5€&:

o(e)y , ([ Bx 2(8)) oy nian) ulst)
s el -

I s €7

ve will show efs) > L by partitioning {0, %0 ) into u: popriste

ol

subintervnls {st, s and showing

L bist) 2(s") =1 o

byl
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for ercht such interval.

This is essily checked Ffor each of the intervals [0, -lé-] »
[%, 1], {1, %'j , and [%, 2] « Thus for s € (0, 2) , e(8) > 1. b(D)
2 2

1s nueded for the first of thase calailationse

Sunpose noW 8 € [ny, n+ 1] , n =2n integer > 2 . Then

e(s) > Lbnyz(n+1) > &n°.zlneld)

“

- 2“ - 2(} - =

2

20+ 1 from (13)
1T e 2ne 2 9 nl’

Thus e(s)>1 for s e (0,0) .
2

The proof of c(8) < § is similar to thut aboves A partition

#

of [0, 10] into intervnls of diameter 1  proves sufficiently fine to
10

checkt that !ax c(8) « 5 for s e (0, 10) « If s €fn, m¢l], n an

N

integor > 10 , then using bd(n) = n?‘ ginee sin i (M) > 107 )

e(s) <« Lb{ns+ 1)« 2(n)

i
~ 4 {n * 3.)“ . E(n)

< Do l2n+ 54+ 10n+ 4 4 &n +{n+};)2-£.;‘_(_)_
3L+ vy 3@+ n2)° 3@+ 03 0 9
from (13)

< Zb3 for nzl0.




=

2

Therefore o(s) <§ for 8 e (0,®) .

From the above caleculations and (11), we may remark that c,

varies aprroximetely as sin b (ws); from

Ao = sin:-:z n8) ~ (@ 2

. "L ®in h (7e

1>

we see thot therefore the rehes. of (12} also varies roughly as sin b (ws) .
troof of b)

A partition process, sinmilar to those used above, with mesh
diaceter _1_ , w3s programmed for an I5M 1650 and yielded

200

e(s) « % for 8 €(0, +33]
o(s) >% for @ €[+35, 3]

In appe B, iv) and v), e'(s) is shown to be rositive in the

intervale [¢33, «35) and [3, ®©) resvectively. Also, ofe3k) >3
2

by direct caleulation. Combining these pesults with Liose in the vroof
of a), ve conciwde that there exists a point 8 = 1n -1-'- € (o33, «3L) such

T
that  es) = 3 end
2

for 08«8

[
A
(24
~~
o
~r
A
ok

3 < e(s) -~ 5 for Bewsgec o0 ,

N
N




The above inequalities, interpreted in terms of Apla) and q,
give the sought vrelation.

vnowing e'(s) > 0 in [.33, .34] , @ may be calculated as

accurately as degivred.

2e The PFseudosrhere 'P .

e use for (P the rarametrie representetlion in E3 )

¥y ™ 08 Y s X, = giny ,zaau-t.amhu,
cos hu cos h u '

Devedi , «00«cud 0O

Decause of the singularity at the rm u= ¢ , the iuclidean
metric of E° does mot induce a conforral structure on the total

pseudosphere. lowever, the upper funnel -dg o @ > 0 is a Riemam

surface which is conformally equivalent to X s represented by

o< la] < et s B = rei® » through the wap J @ Gju—*}((. glven by

rse-QOBhu s g=v '

The natural loeally hyperbolie metrie of X does not coinclde
with the metrie of ‘(P u induced by the Euciidean metric of .E3 (it is
oniy this latter metric which gives some geometric interest to ° w *
ience _@ u does not fall into one of ocur classes of doubly connected
Riemann surfzces with a complete Riemannian metrie in the sense of topf

and iinow [3]. {owever, our methods, ap-lied to 'P w with the above~

e e e PSRN,
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mertioned metric and coordinate system given by J , pernit aleo to
determine maps p ¢ '(P u"’w with minimum distortional

Ve find v(z) » rInl e y(r) , and it will beoome clear from
r

the calculations that follow that CP (r) = In(r 1n 1) is squere-integrable

r
mré(o
EaBily’
?i?‘.oa {3+Il
Lo" 7-212#:{3 »
where
o0 oD
L =/ Inu.otan = 1/ &% au
e 2 1 u

- % E:i.(’z) (Ei(x) denotes the integralelogarithm)

ot -2u
I, =/ lnu.us.e du = 1 + 11
1

A—— "’l

o
i, =/ ® u. % qu
301
2 P R -V
L 3.!1203::1(02)—1!1 gd‘}.j In"veeo dv
2e° 22

2
ln2-Ei(-2)-ln 2+
)

2
(-4

ol

[P — ]




P}

o T @2 tanP-0% 1 (apps A, 331)) 3
mel ' m'?' g

and a ".____1_2 ) 9"_}5’ 2 Ye_3_ o Ac" 1,! .
° 26 Le l..ez 6 ¢

We obtain

Pig = 90 o Bly + dolp w 1
Ao A,

- aez.Ei(-2)¢1z-0.M5 s

whence Aouc).

taing
2 .
BQ = % + @ . Ei("Z)

2 b E(R)

Gy = Iy = 9; (5 (By(-2)) + 1)

R

wo f£ind the minimizing maps and estimate their distortions 1ith rospect

to the coordinate system given by J , we have
Theorem
forany p: © ,— W,

whepe the minimum distortion hns been estimated accurately to two decimal

placeds The minimising maps are p = heJd,
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h(z) = W{%+32.E1(~2)+i q)oli .rz-p q)l »

kPo ’ (P 1 arbitrary as before.




AFTLIDEX A

ot

) To evaluate f“ (in cos )" & b é , n
il
2

2 nositive integer

and « arbitrory real, consider

m
1) = 2/2 (cos t) cos b (at) dt
Q0
x
2
= 2/ {cos t)* cos (iat) at

3

= T o r'(x+ 1) ' ([13y wol.
> . Ma. %) .P(l+52§-:;2_.1.‘§.)

—d

Diferentiating n times with respect to ¥ and then settine = = o

o™ = sy

nne finds

-3

il
5
N ilx [ = 2/7 (in eos £)? cos h (at) dt
n O
L N
z
n g
= /% (ncos t)" oY at
-
2
o s loen
ax 22: P(I*Juki“).{-‘('zi.:{"hi&:
=0 4 o .
11) To find [/ Intw o e~ du , consider

(

s
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L) = / ut .« ® 2u du = 1 7 .};}t’ eV av
¥ Q2 0 - g

2. DMws for Wit)> -1 .

obel
Inu) = In P@e1)o@e1)oma ,
whonoes
i) e 78) . (Yt 1)-m2) .
v:e nobtiece that
. s -2 . ]
(D) = S lnu.e du = #(Q) . (qf(l) - 1In 2)

L]

]

F e

+

)

b
L:
o
.

Dirferentinting further,

(e) e ) (W(e e n)-In2) . (s) LW ),
and
b
7(0) = f In"u. e du
0O
5 ‘o
= (o) (¥@) « e 2)® . r(n) « W)
= 1(E+ma)y. 2 .
2 12
143) He viotiee thot
2 ~V av 2

in"va.e j w, zi .

g

EISBIEE



From
ob
N = D) - T t, 0
=0 nl @+ n
« f 0; '-]., -2, [ X X (El_h ml- 2, P 135)
we obtnin
2 )
2V ey x = E2.2 + T (2o, .
R o w=l :
. ) 1 P
ob -~
Another evaluation of }:3 = [ In“u. ™% qu is 18 follows.
1
Intermubing by parts and lettiyy u = % 3
. o0
= = f inue 9..211 du
3 1 u
g -4 0 %
= flnbteo d-In2/7e d .
2 % 2 %

e obtain

= o [27 (us 2331 s
@

u=0

which can be evaluwated to anmy desired de:ree of occuyradye
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i) We show b'(s8) >0 for s> .

bt(s) = 20 . (B(8))2 + (rb. - 081 (78)

- ]
(ws)®>  sin 13 (ms)
it is sufficient to show
ht)epinh’ b =47 >0 for ¢ >0 .
eos h ¢
“nls foliows from
L -
h(0) = h(3) = h(6) = 0
angd
ses . L ) .
h(t) = 2 sin h* & (4 cos h™ ¢ + 2) >0
eos Wb ¢
i1) To evaluate lim b(s) , we notice tint
S0
b(S) = S‘l2 L 1 e 32 . & ﬂn
1~ (.88 ) n=y
a8in h (ws)
2 .
Where 2 = (wewdS__ Y -1 for all
sin i {us)
Sooring the Duler-aelanrin expansion for s € {0y 1) with

1

We e
o0 o
X .
& :.11-.-: & :J(n)n-‘_ +___L.-lna
n=0 =) Inag 2 12

10 8 4 ee s P {10 a) =l

t———y

720 Arad

LR X ]

o) w at

R S

[

Ly
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vwhere

.l < 2 !B?mzz (in a)Zwl]
) ({20 + 2N

since g(m){:{) is of constant sign in (0, 1) for any m ([5], we 133)

From
Gy = (1) e 2 (BT (on) ([61, pe 129)
(2ar)om
vo see

{
;‘(.h ! < 2 o§ (?’.m + '2) D) “l":lﬁ'
mooox

(]

and since ‘-l%&i‘. <1l for s & (0, 1) , we conciude that () converpes

for 8 near QO+ Sinee lin {(Ina) = 0, we have from (1) , (2)
80

Lin b(s) = lim = &
s> 80 ina

v 2 2
= 1 1im 8

Z s—0 In sin b (78) - in (7s)

Trom which, uging 1t ordtal’s mile tirlce,

im bis) = 2 .

. P Y
85-»0
i3ii) Je estimate () for k a positive intener. e rotice that
LAY A ) 0y
£{z) = —_X has a8 seeond derivative

A

for < s

fﬂ(:{) = 172y (3(2"'32)
(‘{2 % 8?')L'

Por x> 8

fv
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which permits use to use BEulert!s fomula twice:

Vil k=1
I n = - & f£{n)
n=l1 (n"’: . k2)2 ne=l

k k k
o f t dtv - L f t +* l fg t’ " E ‘ e
JEOR 100 ) ¢ 1001 - B )
QZ? L = Ff(t)dt ¢ 1 0(k) « 1 £r(k) « EZ’.(":)
neke (n® + 1;2)2 k 2 12

eee (&)
ard estimate

0 i

Iz ()|~ 2 );_l‘i(f'“(k)—f'”(l)j‘ |

B ()« 2 By, o (k)* .
i |

|
Yie find li
k) = 3. 1 .
2 8 |
fewra)) < 12,36
kE i
whence

(k) « 5,0 2 e )]« e ()]

< zi_{x‘ o (2@ + £m(1))
X
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Adding (3) and (L) we get
2(1{) A -L . 1 __2 e 4 .
1+k2 {L (1+ k4)2 3 iy 9
iv) To show e'(s) > 0 in IEO = {«33, +35] , we consider the function
n{s) defined by
et{s) = - vl . (sin b3 (ws)
2 e Y2 Y2
(sin h= (ws) - (ws)<) - cos h {us) . (05)3) . 4(s)
S o0
- 26% . ain h (u8) . {sin t° (m8) - (w0)2) « 3 n
A el (nz'+52)3 |
ces  (5)
= _Os.sinh (m8) . pls) . ;

(sin e {(ns) - (vs)z)?‘

e orove nie) » 0 in & o Calewiotions yield

p(s35) > n(.33) > 0.0135

Ye anrroxdmete ps) in “T'o with the liner Interpolating molymordinl :

P(8) = 0.0135 « (8 - 5.0135) (Pe35) = (3304
#35 = #33

with an securacy

t2(e) - p(ed] < (35~ .33 . I(E
8

whore g € Iy ¢« me ean show  {p(s)] < & in tg s Whencs



}P(S) - [J(B)i <« 2.10.& .

Cleorly ¥(s) 2 0.0135 in I, , hence

p(s) > 5.0L33 > 0 in I
v) For 82 3, ct{s) is very neurly equl to

d(s) = B8 . sin 12 (ms) _ . 54 ngnz - 32}
sin h° () - (‘Us)2 nel (n? + )3

8

this can be seen fram (5) using sin h (ws) & cos h (w3) , and (ns)? = (ms)z
in comporison to sin 123 (w8) « The Luler expansion of the series temmn

enzbles us to find a constardt r such thet

a(s) >r>¢ and |e'(s) ~d(s)l «r for 823 o
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be

5.

6.

To
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