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Abstract

Optical quantum metrology uses specially-prepared states of light to probe sensitive samples. Choos-
ing a suitable probe state allows one to extract more information per probe photon about an unknown
parameter than is possible using any classical technique. In effect, these techniques improve the sensitivity
of the measurement whenever the number of probe photons is constrained in some way.

This thesis presents experimental and theoretical results on the use of pairs of time-frequency entangled
photons in precision measurements. It begins with an overview of necessary background knowledge about
quantum optics and quantum information. This is followed by a theoretical discussion on the estimation of
a single delay using two-photon interference. We show that constraints on the probe photon’s bandwidth
complicate the measurement problem, requiring suitable optimization of the two-photon quantum state to
avoid losing precision.

We then consider the use of two-photon interference for linear spectroscopic measurements. Linear
spectroscopy relates the absorption and phase spectrum of a sample to unknown electronic parameters. We
describe a proof-of-principle experiment demonstrating that two-photon interferometric spectroscopy can
be used for simultaneously measurement of both absorption and phase. This is followed by an information-
theoretic discussion of the precision of this technique. For low losses, we show that the method provides
phase sensitivity similar to classical interferometry while approaching the optimal absorption precision
of any possible measurement. If the absorption and phase values are both related to a single unknown
parameter, then our technique provides improved sensitivity to this parameter compared to both classical
measurements and other quantum techniques in the presence of realistic levels of loss.

We conclude with a discussion of quantum-optical coherence tomography, which is a two-photon inter-
ferometric method for determining the material structure of a sample. We present an ongoing experiment
which aims to apply the method to tissue-like samples, where the quantum measurement is limited by a
poor signal-to-noise ratio. Preliminary results demonstrate that this noise can be largely reduced by suit-
able frequency-domain filtering. This allows us to precisely determine the position of a scattering center
using a few hundred detected photon pairs despite the presence of large amounts of noise. We follow this
with a theoretical discussion of signal artifacts which are known to complicate the measured interfero-
gram. We show these artifacts are due to a distinct interferometric effect, which can be distinguished from
the signal of interest using the relative time delay between detected photons. We conclude with a brief
discussion on possible techniques for artifact removal.
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1

Introduction

The precision of any measurement is limited primarily by the noises affecting the measured signal. Histor-

ically, most noises are due to the technical limitations of the instruments used. For instance, if one wishes

to measure the duration of an event using the motion of sand in an hourglass, the precision with which

the time can be determined is limited by the stochastic behaviour of the falling sand. The time required

to drain the hourglass is therefore different during different measurement trials, so that the time recorded

by the hourglass has a finite uncertainty. In making a measurement, then, a primary goal is to reduce the

various noises affecting a signal, thereby increasing the measurement’s precision.

The same principle applies to optical measurements. In this case, one can make a distinction between

technical noises and quantum noises. Technical noises are due to the imperfect behaviour of the optical

setup, which may be due to background light, to excess noise in electronic detectors, and to fluctuations

in the refractive index through which the beam propagates. Quantum noises, on the other hand, are

present even in an ideal setup, and are due to the random behaviour of light itself. Any sufficiently precise

measurement is limited by quantum noises; reducing these noises is the goal of quantum metrology.

This chapter lays out the prerequisite knowledge needed to understand experiments in quantum op-

tical metrology. First, Section 1.1 presents a broad overview of research on two photon interference and

quantum metrology. Section 1.2 summarizes some results from quantum optics which are required to un-

derstand the origins of quantum noise in optical systems and the techniques to avoid it. Then, Section 1.3

describes the theoretical formalism of quantum metrology, which provides a mathematical framework for

predicting the precision of arbitrary measurements. It ends with a discussion in Section 1.4 of spontaneous

1



1.1. OVERVIEW

parametric down-conversion (SPDC), which allows one to create quantum-correlated photon pairs (also

called biphotons) from an intense classical light source. The work described in this thesis focuses on inter-

ferometric measurements of spectral and temporal parameters using two-photon interference; in discussing

the mechanism responsible for these photon pairs, many of the spectral and temporal properties of these

pairs become apparent.

1.1 Overview

The work described in the following chapters lies at the intersection of two broad topics in quantum optics.

The first studies the phenomena of two photon interference. This line of research was initiated largely in

search of optical phenomena which were uniquely quantum mechanical, having no classical counterpart.

Nevertheless, these interference effects have been recognized as a tool for precision measurement even in

the first exploratory papers, and this practical utility has been a major reason for continued interest over

the past few decades.

Interference has been recognized as a key phenomena in quantum science since its inception. In the

case of electrons and other material particles, interference, e.g. from a double slit, is distinctly nonclassical

and a key indication of wave-particle duality. A single photon sent through two slits similarly reveals

interference fringes. In this case, however, the distribution of fringes is exactly predicted by the classical

Maxwell equations. Similarly, single photons sent through other interferometer geometries reproduce

classical intensity distributions, as in the experiments by Grangier et al. [1]. Even the stochastic nature of

photodetections, which was the original inspiration for optical wave-particle duality, is completely explained

by the quantum mechanical properties of the detector itself, with no need for a quantum theory of light

[2]. The first challenge for the field quantum optics was thus the need to justify its existence, to identify

optical phenomena which are uniquely quantum in origin.

Two photon interference was not the first nonclassical phenomena to be experimentally observed.

Years earlier, the photon antibunching effect, which has no explanation in terms of fluctuating classical

2



1.1. OVERVIEW

fields [3], was demonstrated in experiments by Kimble et al. using radiation from resonance fluorescence

[4]. Still, research continued to look for more nonclassical effects. Ghosh et al. demonstrated, first

theoretically [5] and then experimentally [6], that two photon interference was another genuinely quantum

effect. Ordinarily, measurement of two photons requires that one produce a photon pair and look for two

time-correlated detector clicks (i.e., coincidences). In two photon interference, each of the photons can

arrive at either detector. There are then two possible pairings of source photon to detector click; the

detector click can be triggered by two possible paired-photon-paths, and under certain indistinguishability

constraints, the corresponding amplitudes will interfere. This leads to a measurable variation in the

probability of seeing a pair of clicks. However, no interference fringes are seen in the optical intensity,

which is sensitive only to single photon interference [6].

The most well-studied two photon interference effect was first reported on by Hong, Ou, and Mandel

[7], and is therefore referred to as the Hong-Ou-Mandel effect. Here, the two photons of equal frequency

and polarization are produced in distinct beams, typically by parametric down conversion. Each photon

enters one port of a beamsplitter, and partial reflection of each photon provides the two possible paths. A

pair of detectors, one at each beamsplitter output, records the rate of coincidences. Hong et al. varied the

relative delay between the two photons, and found that when the relative delay was sufficiently small, the

rate of coincidence counts was entirely suppressed [7]. Monitoring this coincidence rate therefore allowed

for precise measurement of the relative delay, with a reported accuracy of 50 fs (corresponding to 15 µm

of path length).

This seminal work was followed quickly by further experiments in a variety of new configurations. When

the two photons each may have one of two initial wavevectors [5], or the photons each may have one of two

frequencies [8, 9], beat fringes in the coincidence rate appear. Steinberg et al. demonstrated that the width

of the interference (the so-called “Hong-Ou-Mandel dip”) is insensitive to all even orders of dispersion of

the optical medium before the beamsplitter [10, 11]. At a fundamental level, Hong-Ou-Mandel interference

became re-interpreted as a measurement of the distinguishability of the two photons at the beamsplitter

[12], where this distinguishability could be due to temporal differences, as in the original experiment, or

3



1.1. OVERVIEW

could come from frequency, spatial, or polarization differences. In this way, Hong-Ou-Mandel interference

can be used to measure changes in any optical degree of freedom.

More exotic variations of two photon interference were also studied as a means of testing quantum

nonlocality. The most well-known of these is the induced coherence effect, demonstrated by Zou et al., in

which one photon of a pair is provided only one path, while the other still takes two paths; the latter photon

is found to exhibit intensity fringes similar to classical (single photon) interference, though the physical

origin remains an interference of two-photon paths [13]. A second noteworthy example is the interferometer

proposed by Franson [14] and demonstrated by Kwiat et al. [15], in which the two photons travel through

separate, highly imbalanced Mach-Zehnder interferometers. Interference in this case, occurring between

the pair of short paths and the pair of long paths, can be used to violate a Bell-like inequality holding for

any theory of local hidden variables.

At the same time, the second foundational topic for this work, the quantum theory of measurement pre-

cision, was in development. Research in this field, which has come to have the name “quantum metrology”,

takes as inspiration the mathematical theory of classical statistics, particularly in regards to detection the-

ory and parameter estimation. Understanding that the final limitation to measurement precision comes

from quantum mechanical noise, e.g. arising from quantum indeterminacy, quantum metrology relates the

ultimate precision limits of any measurement to the physical properties of the probe and detector appara-

tus. Applying this theory to specific measurement tasks allows one to rigorously quantify the sensitivity of

various experimental approaches, and to identify the physical resources most important in improving pre-

cision. For this reason, the theory of quantum metrology has become the standard framework for studies

of precise optical measurements.

The quantum generalization of classical parameter estimation was formulated in a series of articles

by Helstrom [16, 17, 18]. His motivation was to generalize familiar results about optimal decision and

estimation from classical statistics to the type of statistics generated by quantum measurements. Impor-

tantly, this generalization included a quantum version of the Cramér-Rao bound. In classical statistics,

the Cramér-Rao inequality sets the minimum uncertainty (maximum precision) with which an unknown
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parameter can be estimated from a noisy signal. The quantum theory related the precision of an estimate

to a particular expectation value calculated from the probe system’s quantum state — the precision of a

measurement was now determined by a physical property of the measurement apparatus, with some phys-

ical states being more sensitive to the value of the parameter than others. Alas, the primary applications

Helstrom considered, such detection of a signal in a noisy background [16] and measurement of a coherent

field’s amplitude [19], yielded relatively unsurprising results, and were mostly ignored by experimenters at

the time.

More than a decade later, the issue of quantum noise in optical measurements was highlighted again.

In an effort to detect gravitational waves, the LIGO project proposed the construction of large Michelson-

type interferometers, with path lengths of many kilometers and using optical powers of hundreds of watts.

The precision of the interferometer would be fundamentally limited by shot noise which is observed in any

classical state of light. This problem was addressed by Caves, who showed that quadrature-squeezed light,

injected into the unused input port of a classical interferometer, could suppress shot noise in the resulting

phase measurement [20]. This paper contained a revolutionary insight: quantum mechanics not only

dictated the noise limit of measurements, but also provided tools to reduce noise by way of nonclassical

effects such as squeezing. Yurke et al. soon followed with a proposal for a new nonlinear (SU(1,1))

interferometer which could also evade shot noise [21]. Common to both the squeezed state interferometer

and the nonlinear interferometer was an error that scaled as N−1 when N photons are used, rather than the

N−1/2 scaling familiar from classical statistics. Whereas the N−1/2 scaling had been named the “standard

quantum limit” for phase measurements, the N−1 scaling was named the “Heisenberg limit” [22].

The discovery of Heisenberg-limited measurements became the basis for a renewed study of quantum

metrology. This effort was aided by simultaneous developments in quantum information theory. Hel-

strom had once sought to generalize the theory of classical parameter estimation and optimal decision

theory to quantum-enabled contexts. The new theory, inspired by the discovery of super-dense coding [23]

and quantum teleportation [24], aimed to quantify the resource of quantum entanglement using various

operationally-defined metrics such as capacity of communication channels [25]. Similarly, the problem of
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parameter estimation was reinterpreted by Wooters [26], and then by Braunstein and Caves [27], as a type

of quantum state discrimination. Estimation of a parameter θ from a probe state ρ(θ) was equivalent to

discrimination between the nearby states ρ(θ) and ρ(θ+ dθ). The task of quantum metrology was then to

design probe states which varied quickly with θ, and also to determine a suitable measurement strategy

for accessing this information. Furthermore, entanglement was found to also play a key role in quantum

metrology. Not only were entangled states able to reach the Heisenberg limit [21, 28]; Giovannetti et al.

pointed out that entangled probes played a crucial role in any Heisenberg-limited measurement [29].

A pedagogical example is the interferometer proposed by Bollinger et al. [30]. Consider the maximally

entangled N -photon state |N⟩ |0⟩+ |0⟩ |N⟩ (termed a “N00N state” by Lee, Kok, and Dowling [31]), being

a superposition of states with all photons in one interferometer arm and with all photons in the other.

A phase shift applied to one arm will perform the transformation |n⟩ 7→ einϕ |n⟩ to the portion of the

state in the affected arm, so that the probe evolves into the state |N⟩ |0⟩ + eiNϕ |0⟩ |N⟩. The use of N

photons leads to a phase shift enhanced by a factor of N ; applying the quantum Cramér-Rao bound to this

example shows that the phase uncertainty (assuming the right measurement is performed) is ∆ϕ = 1/N ,

exactly the Heisenberg limit. Such an interferometer is theoretically interesting, but faces severe practical

difficulties. Not only are N00N states exceedingly difficult to generate for states containing more than a

few photons [32], even the measurement stage requires state-of-the-art detection techniques [33]. However,

a more fundamental difficulty is the interferometer’s sensitivity to optical loss. A single photon scattering

out of the interferometer is enough to completely decohere the N00N state, resulting in the loss of all phase

information. In a state containing N photons, this loss sensitivity is
√
N times larger than that of classical

interferometers, comparable to the
√
N times enhancement in precision for ideal experiments.

Similar considerations apply to more general entangled probe states. For phase measurements using

probe states with a fixed number of photons, losses generally prevent saturation of the Heisenberg limit

[34]. Even in measurements of other quantities, any amount of decoherence (of which loss is one example)

generally restores N−1/2 scaling, though quantum metrology can still improve measurement precision by

a N -independent factor [35]. One of the main challenges of modern metrological research is thus to design
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probe states and measurements which are least degraded by optical losses.

Another major thread of research in quantum metrology is that of multiparameter estimation. The

problem in this case is to precisely estimate the value of multiple unknown parameters using a single

probe system. Multiparameter estimation was first treated shortly after the advent of quantum metrology

by Holevo [36] and Helstrom [37], who took a special interest in simultaneous estimation of complemen-

tary variables such as position and momentum. In classical estimation theory, results in the single- and

multiparameter theories are largely the same; for example, the same procedure (maximum likelihood es-

timation) allows one to saturate both the single- and multiparameter Cramér-Rao bounds [38]. This is

not the case in the quantum theory. Quantum metrology allows one to construct an optimal measurement

for estimation of any single parameter [39], but the optimal measurements for different parameters may

be incompatible, so that no single measurement is optimal for all parameters of interest [40]. The two

theories also differ in the resources of interest. For example, collective measurements provide no benefit in

single parameter estimation [29], yet a well-known result shows that collective measurements are optimal

in some multiparameter estimation problems [41]. Measurement incompatibility leads to radical changes

even in the conceptual understanding of metrology. Since the work of Braunstein and Caves, single pa-

rameter estimation has been understood in terms of distance metrics in the space of quantum states [27,

42]. The precision of multiparameter estimation, however, cannot be faithfully described by any distance

metric [43], so that some new, as-yet-unknown mathematical interpretation is needed. The multiparameter

theory is thus much less developed than the single parameter theory, with many key results being proved

only in the last few years, and many fundamental questions remaining unanswered at present. Reviews

summarizing these recent developments are available in Refs [44, 45, 46].

At the same time as these theoretical developments, multiparameter metrology has seen a renewed

push on the experimental front as well. This is driven by the recognition that many measurement tasks of

practical interest feature multiple unknown parameters. These parameters may provide mutually beneficial

information, such as the measurement of multiple phases which are spatially distributed [47], measurement

of a 3D rotation [48, 49], or measurement of phase and loss in spectroscopy [50] (see also Chapters 3 and
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4). Additional parameters may appear in the form of nuisance parameters, which are unknown but whose

values are not of interest [51, 52]. Multiparameter estimation also appears in an extreme form when one

considers continuous measurements [53], such as the measurement of an unknown waveform function [54,

55, 56].

The field of quantum metrology is currently characterized by a large body of theoretical work estab-

lishing relevant precision bounds, together with a relative scarcity of experimental demonstrations. One

major reason for this is technical difficulty. As mentioned above, entanglement is a crucial ingredient in

many quantum-enhanced sensing schemes, but the generation of large entangled states is still challenging

[57]. Furthermore, entangled states are more sensitive not only to parameter shifts, but also to noise, so

that the use of entangled sensors becomes increasingly difficult in applications which feature uncontrolled

environmental effects. In optics this noise is largely due to loss [58]. Development of high-efficiency optical

sources and detectors is therefore crucial for any successful applications of optical quantum metrology.

For the reasons outlined above, optical demonstrations of quantum metrology have largely focused

on the use of low numbers of entangled photons, with the most common sources of entanglement being

quadrature squeezing [59] and entangled photon pairs (e.g., by two-mode squeezing in the low-gain regime).

Quadrature squeezing is a relatively well-developed technology [60], it can be implemented in high-power

systems, and it is nearly optimal for phase sensing under many noise models [61]. For these reasons, it has

been the technique of choice in most practical applications, the most prominent of which is a Caves-style

enhancement of LIGO’s phase sensitivity [62], but also in laboratory measurements of optical properties

[63].

Entangled photon pairs (biphotons), on the other hand, are common in proof-of-principle experiments.

Since by definition only two particles are entangled, Heisenberg-limited scaling is not possible. Precision

is typically enhanced by a factor of ∼
√
2 compared to classical techniques (for example, in N = 2 N00N

interferometers), though in some specific tasks such as absorption estimation photon pairs are optimal

[64]. The benefit to using photon pairs is twofold: first, coincidence measurements allow one to extract

two-photon signals even in the presence of large backgrounds and loss, so that biphotons allow for easy
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proof-of-principle demonstrations without the technical challenge of other measurements; second, photon

pairs are usually hyperentangled, showing strong correlations in all of their degrees of freedom. A single

probe state can then provide quantum-enhanced sensitivity in many variables at once. For this reason,

photon pairs are commonly applied to quantum-enhanced imaging [65].

As discussed above, two photon interference has been identified since its conception as a possible

tool for metrology. This is due in part to some technical advantages compared to classical (single pho-

ton) interferometry, including improved sensitivity, dispersion cancellation and the aforementioned signal

improvements in coincidence counting. For example, quantum optical coherence tomography replicates

classical coherence tomography using two photon interference, promising greater resolution at low photon

fluxes [66]. Two photon interference has also been a tool of choice in the measurement of small quantum-

optical effects, such as the single photon tunneling time [67] and the spatial mode-induced group delay

[68]. A second motivation is the potential to use two photon interference to perform tasks which have

no classical counterpart, such as imaging with undetected photons [69]. For these reasons, photon pair

experiments have remained a major focus in the search for quantum-enhanced measurement techniques.

Despite this long-held interest in two photon interferometry, and the simultaneous application of quan-

tum metrological theory to optical tasks such as phase measurement, the metrological performance of two

photon interferometry has only recently become a topic of significant study. This may be due in part to the

historical focus on Heisenberg-limited measurements, which require large numbers of entangled photons.

The earliest metrological study to explicitly consider the use of entangled photon pairs as a resource was

that of K. Lyons et al., who in 2016 showed an enhancement in beam displacement measurements due to

the entirely quantum resource of position-momentum entanglement [70]. The same year, another study

by A. Lyons et al. quantified the precision of a Hong-Ou-Mandel interferometer using classical estimation

theory. This latter study did not focus on a quantum enhancement in precision, but rather sought to use

metrological theory to optimize the precision of a practical measurement technique. The use of frequency

entanglement as a means of enhancing interferometric precision was demonstrated by Chen et al. [71].

Using quantum estimation theory, Nair examined the precision of arbitrary optical states for absorption
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measurements [72]. As absorption naturally leads to decoherence, Heisenberg scaling is not possible in this

measurement. As a consequence, photon pairs were found to be the optimal measurement probe, and the

use of highly entangled multiparticle states is unnecessary.

Due to the wide range of possible measurement techniques utilizing photon pairs as probes, metrological

understanding of many tasks such as coherence tomography is still incomplete. Except in simple cases

such as absorption metrology, the optimal choices of probe state and measurement technique are op. In

particular, multiparameter estimation has been considered only in select contexts [73, 74]. Applications

of two photon interferometry to more complicated practical tasks such as spectroscopy are still mostly

speculative [75, 76, 77].

This thesis examines the use of two photon interference for three measurement tasks. In Chapter 2,

Hong-Ou-Mandel-based timing measurements are examined from the perspective of multiparameter quan-

tum metrology. Chapters 3 and 4 considers two photon interferometry as a means of enhancing the

precision of spectroscopic measurements. Finally, Chapter 5 examines two problems in quantum optical

coherence tomography: first, the use of frequency correlations to suppress uncorrelated background noise,

and second, the removal of artifact peaks through measurement of the joint temporal state.

1.2 Quantum optics

The classical theory of optics, as described by Maxwell, centers on three related quantities: the distribution

of charges in space, and the electric and magnetic field vectors. The fields may in turn be divided into

two components, with one contribution coming from the electrostatic fields due to the instantaneous

positions of the charges and the other describing self-sustaining propagating waves (i.e., light). The latter

component dominates at positions far from any charges, so that it is sufficient to consider only the fields of

propagating electromagnetic waves. However, the six components of a free electromagnetic field are highly

interrelated due the conditions imposed by Maxwell’s equations. A description in terms of the electric

and magnetic fields, while experimentally relevant, therefore has a great redundancy due to the number
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of vector components that must be described. A much simpler method relies on the vector potential A,

which is a single transverse field that encodes the physics of both the propagating electric and magnetic

fields. For similar reasons, the quantum theory of light begins with a description of the vector potential.

The quantum mechanical operator describing the vector potential is the field operator Â(r, t), which

in free space has the form [2]

Â(r, t) =
1√

2π3ϵ0

∑

s

∫
d3k

(
h̄

2ω

)1/2 (
âs(k)εs(k)e

i(k·r−ωt) + h.c.
)
. (1.1)

The electric and magnetic fields can be calculated from Â using the usual relations from classical electro-

dynamics,

Ê(r, t) = − ∂

∂t
Â(r, t)

=
i√

2π3ϵ0

∑

s

∫
d3k

(
h̄ω

2

)1/2 (
âs(k)εs(k)e

i(k·r−ωt) − h.c.
)
, (1.2a)

B̂(r, t) = ∇× Â(r, t)

=
i√

2π3ϵ0

∑

s

∫
d3k

(
h̄

2ω

)1/2 (
âs(k)k × εs(k)e

i(k·r−ωt) − h.c.
)
. (1.2b)

Here, s labels the two orthonormal polarization vectors εs(k) for a given wave vector k. In all three

expressions, ω = c|k| is the angular frequency corresponding to wave vector k, and h̄ and ε0 are Planck’s

constant and the permittivity of free space, respectively. The quantum mechanical annihilation operator

âs(k) corresponds to the classical plane wave amplitude, and obeys the canonical commutation relation

[
âs(k), â

†
s′(k

′)
]
= δss′δ

3(k − k
′), (1.3)

where the creation operator â†s(k) adds a single photon to the plane wave mode corresponding to k and

s; the abbreviation h.c. denotes the Hermitian conjugate of the preceding terms. Any optical state may

be written in terms of the vacuum state |0⟩, containing no photons, and the various creation operators
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â†s(k). It can be verified by direct computation that the fields Ê and B̂ given by (1.2a) and (1.2b)

satisfy Maxwell’s equations in free space, so that many of the familiar results of classical optics have close

analogues in the quantum theory.

1.2.1 Mode transformations

The expressions (1.1), (1.2a) and (1.2b) are similar in form to the plane wave decomposition of a classical

electromagnetic field, where the operators âs(k) and â
†
s(k) are replaced by the complex amplitudes α∗

s(k)

and αs(k) of each plane wave. This leads to a heuristic method of quantization, in which any linear

relationship between the classical amplitudes αs(k) has a quantum analogue in terms of the creation

operators â†s(k) [78, 79]. More specifically, if a linear optical device implements the transformation

αs(k) 7→ βs(k) =
∑

s′

∫
d3k′Mss′(k,k

′)αs′(k
′), (1.4)

then the same device, after quantization, implements the transformation

â†s(k) 7→ b̂†s(k) =
∑

s′

∫
d3k′Mss′(k,k

′) â†s′(k
′). (1.5)

Of particular importance is the case where

∑

s′′

∫
d3k′′Mss′′(k,k

′′)M∗
s′s′′(k

′,k′′) = δss′δ
3(k − k

′), (1.6)

so that the operators b̂s(k) satisfy the commutation relations

[
b̂s(k), b̂

†
s′(k

′)
]
= δss′δ

3(k − k
′). (1.7)

Transformations of this type may be considered a unitary transformation of the optical modes [79]; fur-

thermore, if this transformation does not change the frequencies of the modes and hence the energies of
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the associated photons, then it describes a lossless linear optical device. A lossy linear device can be

described by a lossless linear device which is followed by one or more modes being discarded [80]. It is

convenient to consider any operator b̂† which is related to the plane wave operators â†s(k) by such a unitary

transformation to be a creation operator on account of the commutation relation (1.7). This text uses the

term mode operator to describe the creation operator corresponding to an arbitrary optical mode. Two

creation operators b̂†1 and b̂†2 which satisfy
[
b̂1, b̂

†
2

]
= 0 are said to be orthogonal.

Two special cases are frequently used in this work and deserve mention. First, consider a single photon

state, which is described at a fixed time t0 by b̂†(t0) |0⟩. The operator b̂†(t0) may be decomposed into a

collection of plane wave operators â†s(k), through an expression of the form

b̂†(t0) =
∑

s

∫
d3k βs(k; t0) â

†
s(k). (1.8)

Each plane wave operator will evolve as â†s(k)e
−iωt on account of (1.5), so that the state of the photon at

a later time t is b†(t) |0⟩, where

b̂†(t) =
∑

s

∫
d3k βs(k; t0)e

−iω(t−t0) â†s(k). (1.9)

According to (1.8) and (1.9), the propagation of a single photon can be described by decomposing the

initial state into a set of plane wave amplitudes βs(k), each of which evolve in time as βs(k)e
−iωt. This is

the same procedure by which one calculates the propagation of a classical electromagnetic wave. In other

words, a single photon propagates through free space in a manner analogous to a classical wave [79].

As a second example, we consider a lossless beamsplitter, the quantum theory of which was first worked

out by Prasad et al. [78]. This device (Figure 1.1) consists of two input ports described by mode operators

â† and b̂†, and two output ports described by mode operators ĉ† and d̂†. We will assume that all four
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mode operators are orthogonal. The beamsplitter implements the transformation

ĉ† = ucaâ
† + ucbb̂

†, (1.10a)

d̂† = udaâ
† + udbb̂

†. (1.10b)

Requiring that the beamsplitter is lossless (and hence unitary), we have the requirements

|uca|2+|ucb|2 = 1, (1.11a)

|uda|2+|udb|2 = 1, (1.11b)

ucau
∗
da + ucbu

∗
db = 0. (1.11c)

After choosing suitable phases for the creation operators, then,

ĉ† =
√
η â† +

√
1− η b̂†, (1.12a)

d̂† =
√
1− η â† −√

η b̂†, (1.12b)

for some 0 ≤ η ≤ 1. Other phase conventions are sometimes useful, so long as the constraints (1.11) are

satisfied. Of particular importance is the case of a 50:50 beamsplitter, for which |uca|= |uda|= |ucb|= |udb|;

this is obtained by taking η = 1/2. Beamsplitters of this type are the foundation of many interferometric

effects, one of which is discussed in the following section.

For readability, it is helpful to drop the hatsˆover operators. In the rest of the text, we will use the

same symbol to label a mode and to denote the corresponding annihilation operator, with the meaning

being clear from context.
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a

b

c

d

Figure 1.1: Diagram of a beamsplitter. The device takes two input modes a and b, which mix to form two output
modes c and d.

1.2.2 Hong-Ou-Mandel interference

A single photon, incident at one port of a beamsplitter, leads to two distinguishable outcomes: the photon

may reflect from the beamsplitter, leaving one port; or, it may be transmitted, and leave the other. For

a 50:50 beamsplitter, each of these outcomes are equally likely. One may also consider a situation in

which two photons are incident at a 50:50 beamsplitter, with one photon entering each of the two input

ports. This situation leads to one of four outcomes, since each photon may separately leave one of two

output ports. In the two-photon case, however, the four outcomes are not equally likely, and the respective

probabilities depend strongly on the properties (e.g., polarization, frequency, time-of-arrival, and spatial

mode) of the two photons. This effect is called Hong-Ou-Mandel interference, after the authors of Ref.

[7], and it provides a relatively simple way of comparing the properties of one photon to that of another.

Evolution of the two-photon state

For simplicity, we suppose that the two photons begin in a separable state; the next subsection considers

a similar interference effect occurring for entangled photon pairs. The initial state of the photons is then

|ψ⟩ = a†1b
†
2 |0⟩ , (1.13)
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where we use the same labeling of the beamsplitter ports as in Figure 1.1. The indices 1 and 2 are used to

indicate the degrees of freedom of the two photons other than input port; for instance, they may possess

different polarizations. The state after the beamsplitter can be obtained from the inverse relationship to

(1.12),

a†i =
1√
2

(
c†i + d†i

)
, (1.14a)

b†i =
1√
2

(
c†i − d†i

)
, (1.14b)

leading to the state

|ψ′⟩ = 1

2

[
c†1 + d†1

] [
c†2 − d†2

]
|0⟩ . (1.15)

Expanding this out, we have

|ψ′⟩ = 1

2


c†1c

†
2 − d†1d

†
2︸ ︷︷ ︸

exit same port

− c†1d
†
2 + c†2d

†
1︸ ︷︷ ︸

exit opposite ports


 |0⟩ . (1.16)

As indicated, the first two terms describe a pair which leaves via a single output port, either c or d. The

final two terms describe outcomes in which the two photons leave via opposite output ports.

Distinguishable photons

Suppose first that the modes with indices 1 and 2 are orthogonal, so that

[
c1, c

†
2

]
=
[
d1, d

†
2

]
= 0. (1.17)

The four terms in the state (1.16) then correspond to distinct outcomes, with each outcome having a

probability of ( 12 )
2 = 1

4 . This is the same result that one would anticipate if one supposed that each
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photon scattered from the beamsplitter independently.

Indistinguishable photons

Now consider the case in which the photons have identical degrees of freedom before the beamsplitter.

More specifically, the case in which

c†1 = c†2, d†1 = d†2, (1.18)

so that the output modes cannot be used to determine which photon came from which input port. In this

case, the outcome in which both photons transmit through the beamsplitter is indistinguishable from that

in which both photons reflect from the beamsplitter, leading to quantum interference between these two

outcomes. Labeling c1 = c2 = c and d1 = d2 = d, the state is

|ψ′⟩ = 1

2

[(
c†
)2 −

(
d†
)2] |0⟩ , (1.19)

and one finds that the two photons always exit a single output port together, with each of the two output

ports being equally likely [7]. The outcomes in which photons exit opposite ports interfere destructively

and are never observed; this is a consequence of the sign difference between the two transformations (1.14),

which is a consequence of the beamsplitter being lossless. This destructive interference is the Hong-Ou-

Mandel effect, and the increased probability of a pair leaving via a single output port is termed photon

bunching.

In practice, the two photons may have degrees of freedom which are similar despite not being identical.

As the degrees of freedom of the two photons are made more distinguishable, the probabilities of the

four outcomes approach 1
4 . Conversely, as the degrees of freedom are made more indistinguishable, the

opposite-output-ports outcome becomes less probable [12].

A common experimental setup involves a photodetector placed at each output port (Figure 1.2). If
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Figure 1.2: Schematic diagram of a Hong-Ou-Mandel interferometer. One photon enters each of the two input ports
of a 50:50 beamsplitter, which results in one of four possible scatterings. If the two photons are distinguishable on
the basis of some auxiliary degree of freedom, such as time-of-arrival, then all four outcomes are equally likely. If the
two photons are indistinguishable, then the two outcomes leading to a coincidence detection interfere destructively,
leading to a “HOM dip”.

the two detectors click simultaneously, one counts a “coincidence” click. The photons are prepared with

identical degrees of freedom, except for one which can be varied (such as the relative time-of-arrival at

the beamsplitter). When this degree of freedom is tuned such that the two photons possess identical

properties, the rate of coincidence clicks decreases to zero [7].

1.2.3 Phase-sensitive two-photon interference

Classical interferometers, such as the Michelson and Mach-Zehnder interferometer, may be regarded as the

interference of a single photon with itself [81]. Each photon in a beam is placed in a superposition of two

paths which are later recombined, so that an interference signal depending on the relative phases acquired

in each path is observed. Analogous two-photon interferometers can be built, in which a photon pair is

placed in a superposition of two states, which are later recombined [8, 9]. This leads to a phase-sensitive

two-photon interference pattern.

A notable example is Franson interference [14], which occurs when a pair of photons, detected at a

fixed moment in time, may have been emitted from the source at one of two possible times. Franson
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interference is briefly discussed in Section 5.3 in comparison with a related effect. Another example, of

significant interest in Chapters 3 and 4, uses the same geometry and detection scheme as a Hong-Ou-Mandel

interferometer, with the difference that the initial state is entangled, rather than separable. We shall refer

to this type of interferometer as an “entangled state Hong-Ou-Mandel interferometer” for simplicity.

Consider again two photons, with one photon incident on each of the two input ports of the beamsplitter.

The initial state is now

|ψ⟩ = 1√
2

[
eiϕ/2a†1b

†
2 + e−iϕ/2a†2b

†
1

]
|0⟩ . (1.20)

Indices 1 and 2 are used to label degrees of freedom other than the input port; in later chapters, this

degree of freedom will be the frequency of the two photons. We use ϕ to denote a relative phase that may

exist between the two terms in the superposition. As was discussed in the previous subsection, a state

consisting of only one of these two terms would show no interference after the beamsplitter, due to the

distinguishably provided by the other degrees of freedom. We will find, however, that interference still

exists between the two terms in the original superposition state.

The action of the beamsplitter is once again given by (1.14). After the beamsplitter, the photon pair

is in the state

|ψ′⟩ = 1

2
√
2

[
eiϕ/2

(
c†1 + d†1

)(
c†2 − d†2

)
+ e−iϕ/2

(
c†2 + d†2

)(
c†1 − d†1

)]
|0⟩

=
1√
2

[
cos

ϕ

2
c†1c

†
2 − cos

ϕ

2
d†1d

†
2 − i sin

ϕ

2
c†1d

†
2 + i sin

ϕ

2
c†2d

†
1

]
|0⟩ . (1.21)

Similar to Hong-Ou-Mandel interference with a separable state, this interference can be observed if one

measures the fraction of pairs which leave the beamsplitter via a single output port (bunched pairs) and

those in which a single photon leaves each output port (antibunched pairs). Pairs tend to bunch when

ϕ ≈ 2nπ for n ∈ Z, and tend to antibunch when ϕ ≈ (2n + 1)π. Unlike in the separable case, photons

leaving the beamsplitter are always distinguishable, in the sense that the two photons always possess
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different values for some degree of freedom (corresponding to the indices 1 and 2). Nevertheless, the

interference is still due to indistinguishability of the fields in the two input modes a and b; the photon at

each input port has equal probability of possessing the index 1 or 2. A more detailed calculation (discussed

in Section 3.4) shows that the interference visibility decreases when the probability distribution at the two

ports are not equal.

Our discussion highlights a crucial difference between the separable- and entangled-state HOM inter-

ferometers. In the former, the interference always tends to decrease the coincidence probability; this is

due to a sign difference in (1.14), which is a consequence of unitarity. The separable-state interferome-

ter is therefore always phase-insensitive. In the latter, the phase ϕ determines the type of interference

(constructive or destructive), and this phase is under the control of the experimenter, being determined

entirely by the initial state of the photon pair. This fact is used in Chapter 3 to construct a phase-sensitive

spectroscopy technique.

1.3 Quantum metrology

The field of quantum metrology is concerned with the ultimate limits to the precision of physical measure-

ments, as dictated by the laws of quantum mechanics. This study originated in the understanding that

quantum indeterminism acts as a fundamental source of noise in physical measurements, so that a quantum

mechanical description of the measurement process is needed for a complete understanding of measurement

precision. Efforts to merge classical statistical theory with quantum mechanics, lead primarily by Helstrom

[39] and Holevo [40], resulted in a set of theoretical tools relating measurement precision to the physical

properties of a probe system — in particular, the quantum Fisher information [18], which quantifies the

sensitivity of a probe system in measurements of some unknown parameter. Following experimental ad-

vances in the control of quantum systems, it was realized that quantum noise can be partially overcome

by careful engineering of measurement devices. The first practical application was identified by Caves

[20]: interferometric phase measurements, which are ordinarily limited by the shot noise arising from the
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stochastic quantum nature of light, can be made to show greatly enhanced precision if one injects a small

amount of optical power into the unused input port of the interferometer. This additional light can be

prepared in a quadrature-squeezed state, whose phase uncertainty (over a small range of angles) is smaller

than the phase uncertainty of an optical ground state. The effect of this is to introduce a small amount of

entanglement between the two beams of the interferometer which reduces the shot noise observed at the

photodetector.

Squeezed-state interferometers are now routinely applied to phase measurements, with experiments

showing reductions in noise by a factor of more than 30 [60], and with the technique now being regularly

applied to improve gravitational wave detection [82]. This success has launched a large research effort to

investigate other techniques for quantum enhanced measurements. A common theme has been the use

of entangled states, which feature strong correlations across multiple variables, to reduce measurement

uncertainty [30, 41]. Often, one faces a constraint on the allowable types of measurement; for instance, the

allowable energy or available bandwidth of the measurement device might have an upper bound. These

constraints limit the possible precision in measurements of some quantities of interest [63]. Preparing the

probe in an entangled state can allow one to more effectively utilize the available resources, resulting in

improved sensitivity compared to classical techniques. In phase measurements, for instance, classical inter-

ferometers utilizing N probe photons have an uncertainty of 1/
√
N , known as the standard quantum limit.

If these same photons are instead prepared in a highly entangled N00N state, one finds the uncertainty

scales as 1/N instead, known as the Heisenberg limit [31]. When N is large, the precision enhancement

can be substantial. These quantum techniques come with some tradeoffs, as the quantum enhancement

often quickly degrades when one introduces small imperfections to the measuring device.

The current task of quantum metrology is threefold: first, to find quantum systems which maximize the

quantum Fisher information, enabling greater sensitivity to small shifts in unknown parameters; second, to

design measurement schemes which can read out this additional information and use it to provide precise

estimates of the values of these parameters; and third, to accomplish all of this in a manner which is

resistant to common forms of experimental error. In the case of optical measurements, the most important
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Figure 1.3: Schematic diagram of a typical measurement. A probe system is prepared in a known initial state ρ0.
This system undergoes an evolution which is parameterized by one or more unknown values λ0. Afterwards, the
probe is measured by some apparatus, leading to a measurement outcome. This outcome is then used to estimate
values λ of the unknown parameters.

error to consider is optical loss, which serves to degrade many of the nonclassical properties of light which

are used to enhance measurement precision in the first place.

1.3.1 The metrological problem

A reasonably general model of a physical measurement involves four main components (Figure 1.3): the

probe system, an evolution, a measurement, and an estimator [57]. The purpose of the measurement is to

determine one or more unknown parameters which characterize the evolution.

The probe is a quantum system which is prepared in a well-known initial state, described by a density

matrix ρ0. This system then undergoes some evolution, which is described by a quantum channel (a

completely positive trace-preserving map) E , which depends on a vector of unknown parameters λ with

components λi, i = 1, . . . , N . In the following discussion, it is sometimes useful to distinguish arbitrary

parameter values from the “true” values in a particular measurement; when necessary, we will use a

subscript λ0,i to denote the true values.

After undergoing this parameterized evolution, the probe is left in a final state

ρ(λ) = Eλ(ρ0). (1.22)
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The evolution often involves a coupling to another system, the object of the measurement, so that the

dynamics of the probe are determined by the (possibly unknown) properties of the object. However, the

theory does not require that the evolution have any particular form. The final step is a measurement of

the probe, whose outcomes x have a corresponding probability p(x;λ). These probabilities are given by

the Born rule,

p(x;λ) = Tr [ρ(λ)Π(x)] , (1.23)

where Π(x) is a positive operator-valued measure (POVM), normalized so that

∫
dxΠ(x) = 1. (1.24)

The λ-dependence of the measurement probabilities reflects the parameter-dependence of the post-

evolution probe state. The final task of the experimenter is to infer the values of the unknown parameters

from the observed measurement outcome x.

The general theory describing measurement precision, the quantum theory of parameter estimation,

takes the form of an optimization problem. The goal is to minimize the difference between the true param-

eter values and the estimated values, as given by some cost function. Each of the stages in Figure 1.3 has

an associated optimization problem and a corresponding bound. These bounds are most easily described

in reverse order, that is, considering first the estimation of the parameters from a particular data set, and

ending with the dynamical behaviour of the probe system. We proceed with a brief description of each of

these stages before giving a more detailed discussion of the theoretical results.

Suppose first that a measurement has been conducted as described above, yielding an outcome x. We

wish to find estimates λi of the parameters λi which are close to their true values. Since the outcome x

in a given trial is random, we seek to minimize the average error when carrying out an ensemble of many

measurement trials. The estimated values are determined by the observed outcome x, so that the estimates

are determined using an estimator function λi(x). In the simplest case, the estimator may compute the
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average outcome of multiple measurement trials. In more complicated situations, the estimator may

consist of a numerical optimization procedure which infers the value of λi which is most likely to lead

to the outcome x. The intent is to find a suitable set of estimators λi(x) which minimize the error in

the estimated parameter values. Since the relationship between the outcomes x and the parameters λ is

determined by the probability distribution p(x;λ), the optimal choice of estimator will generally depend

on the particular form of this distribution.

In a typical experiment, there is generally not a one-to-one relationship between the parameter values

λ and the measurement outcome. As a simple example, most parameters of interest lie in a continuum

of possible values; meanwhile, any real experiment has a finite number of possible outcomes set by the

range of measurable values and the measurement device’s resolution. It is therefore impossible to infer

the parameter values with certainty; given a fixed probability distribution p(x;λ), there is generally a

minimum average error with which the values of the λi may be estimated. This minimum achievable

error, which obviously depends on the particular distribution p(x;λ), is given by the classical Cramér-Rao

bound, which depends only on the distribution p(x;λ), considered a function of λ. The inverse of the

classical Cramér-Rao bound is the classical Fisher information (CFI) [83], which we discuss in detail in

Subsection 1.3.2. Measurements whose distributions have a large CFI can be used to estimate the unknown

parameters with great accuracy and precision, since an estimator exists which has a small average error.

The amount of CFI associated with a particular experiment depends on the form of the p(x;λ), and

therefore on the choice of physical measurement which is made on the probe system. Certain measurements

may have outcomes which are weakly correlated with the values of the λi, or may have outcomes whose

distribution is highly sensitive to small changes in the parameter values. Consider now the choice of

measurement Π(x) which maximizes the CFI given a fixed form of the probe state ρ(λ). If we assume

the state ρ(λ) depends continuously on the λ, no choice of Π(x) will lead to arbitrarily large values of

the CFI for estimation of a continuous parameter. This is a consequence of the fact that states whose

density matrices which are nearly equal cannot be distinguished with certainty (there are rare exceptions

to this statement discussed below, but it is true in all measurements encountered in practice). There is
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then generally a maximum value of the CFI for a given probe state ρ(λ). This maximum value is given by

the quantum Fisher information (QFI), whose value depends only on the state ρ(λ) and its dependence

on the λ [18]. The inverse of the QFI also provides a lower bound on the achievable error in estimates of

the λi known as the quantum Cramér-Rao bound.

The general framework discussed so far applies both to estimation of a single parameter and to joint

estimation of multiple parameters. However, some aspects of the theory differ between the two cases. For

this reason, and for pedagogical reasons, we first give a more detailed description of the single parameter

case before considering the more general situation.

1.3.2 Classical theory of single parameter estimation

Suppose that a probe system in an initial state ρ0 evolves under some dynamics into an unknown state

ρ(λ), where λ is a single real parameter characterizing some unknown aspect of the dynamics. As discussed

above, the final state is measured according to a POVM Π(x) yielding an outcome x. The outcomes follow a

probability distribution p(x;λ). From the measured outcome, an estimate λ(x) of the unknown parameter

is calculated.

The goal in estimating the unknown parameter is to produce an estimate λ which is on average close

to the true value λ0. The most common measure of this average error is the mean squared error,

MSEλ ≡ ⟨(λ− λ0)
2⟩, (1.25)

where the angled brackets ⟨·⟩ denotes an ensemble average over the estimated values λ, which depends on

the random measurement outcome. This may be rewritten in the form

MSEλ =
〈(
λ− ⟨λ⟩

)2〉
+
(
⟨λ⟩ − λ0

)2
. (1.26)

The first term on the right is the variance of the estimator λ, which quantifies the spread of values of the
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estimator about the mean. Note that the distribution of measured values depends on the true value of

the parameter, so that the variance has an implicit dependence on λ0. The second term on the right is

the square of the bias, ⟨λ⟩ − λ0, that is, the difference between the average estimate and the true value.

Estimators for which the bias vanishes are known as unbiased estimators; it is desirable for any estimator

to be unbiased, since then a sufficiently large ensemble of estimates can be used to accurately determine

the value λ0. If the relationship between average estimates ⟨λ⟩ and true values λ0 is one-to-one, then the

estimator may be made unbiased by adding some correction term which is found through calibration.

If the estimator in question is unbiased, then the mean squared error is equal to the variance of

estimates, so that the optimal unbiased estimator is that which that minimizes the variance of estimates.

The minimum attainable variance is determined by the distribution of measurement outcomes p(x;λ). We

now derive the lower bound on the variance of the estimator, following Kay [38]. For any estimator, we

may write

∫
dx p(x;λ0)

[
λ(x)− ⟨λ⟩

]
= 0, (1.27)

which follows from the definition of ⟨λ⟩. Differentiating with respect to λ0 gives

∫
dx p(x;λ0)

[
λ(x)− ⟨λ⟩

] ∂ ln p(x;λ0)
∂λ0

− d⟨λ⟩
dλ0

∫
dx p(x;λ0) = 0, (1.28)

where we have used the fact that ∂p/∂λ0 = p ∂ ln p/∂λ0. For an unbiased estimator, d⟨λ⟩/dλ0 = 1 and so

∫
dx p(x;λ0)

[
λ(x)− ⟨λ⟩

] ∂ ln p(x;λ0)
∂λ0

= 1. (1.29)

The Cauchy-Schwarz inequality for expectation values ⟨X⟩ states that ⟨XY ⟩2 ≤ ⟨X2⟩⟨Y 2⟩. Applying this

to the functions
[
λ(x)− ⟨λ⟩

]
and ∂ ln p(x;λ0)/∂λ0 leads to the inequality

〈(
λ− ⟨λ⟩

)2〉 ≥ 1

Fλ
, (1.30)
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where Fλ is the classical Fisher information for the parameter λ, given by the expression

Fλ ≡
∫
dx p(x;λ0)

(
∂ ln p(x;λ0)

∂λ0

)2

. (1.31)

This can also be written in the equivalent forms

Fλ =

∫
dx

1

p(x;λ0)

(
∂p(x;λ0)

∂λ0

)2

(1.32a)

= −
∫
dx p(x;λ0)

∂2 ln p(x;λ0)

∂λ20
. (1.32b)

The first expression follows from the familiar expression for the derivative of a logarithm; the second

expression holds if p(x, λ) satisfies some mild regularity conditions [44], and can be derived by writing Fλ

as the integral of (∂p/∂λ0)(∂ ln p/∂λ0) and performing an integration by parts. It is straightforward to

show that if N trials of measurement are carried out such that the results are independent and identically

distributed, then

〈(
λ− ⟨λ⟩

)2〉 ≥ 1

NFλ
, (1.33)

where Fλ is now calculated from the distribution of outcomes of a single trial. As promised, the minimum

error of an unbiased estimator is inversely proportional to the CFI determined by the distribution of

measurement outcomes. This inequality is the classical Cramér-Rao bound, and it is a consequence of

classical statistics.

The classical Cramér-Rao bound sets a lower limit on the possible variance of an estimate of λ, but

on its own it does not state whether any estimator actually reaches this bound. In the case of classical

estimation, a general estimator is known which does saturate the bound, at least in the limit of many trials
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N . Given an observed set of outcomes x1, . . . , xN , define the likelihood of a particular λ by

L(λ) =
N∏

i=1

p(xi;λ). (1.34)

That is, the likelihood function is the probability distribution evaluated at the observed measurement

outcomes, treated as a function of the unknown parameter λ. The maximum likelihood estimator of λ is

defined to be the value of λ for which the likelihood function for the observed outcomes is maximized.

With the exception of a few simple distributions p(x;λ), this optimization cannot be performed analytically.

Typically, a maximum likelihood estimator is implemented by numerically optimizing the value of lnL(λ)

over possible values of λ, with the logarithm serving to broaden the sharp peaks which occur in a typical

likelihood function.

In the limit N ≫ 1, so long as L and p(x;λ) satisfy some mild regularity conditions, one can show

that the maximum likelihood estimator is unbiased and saturates the classical Cramér-Rao bound [38].

Specifically, in the large-N limit, the maximum likelihood estimate becomes normally distributed with

mean λ0 and variance 1/NFλ. This does not guarantee any particular rate of convergence with N ;

in general, determining an optimal estimator given a finite number of trials is quite challenging [84].

Nevertheless, this result shows that the CFI is a useful description of the amount of information about the

value of λ contained in the measurement distribution p(x;λ).

1.3.3 Quantum theory of single parameter estimation

The quantum theory parallels the classical theory, in that it provides a lower bound on the possible

variance in measurements of an unknown parameter λ. The classical bound is derived from the statistical

distribution of measurement outcomes, which depends both on the post-evolution state ρ(λ) and also on

the choice of measurement. The quantum theory of parameter estimation performs an optimization over

all possible measurements, any one of which is described by a POVM Π(x). It provides a bound on the

variance, and hence on the mean squared error, which is due only to the physical state ρ(λ) of the probe
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considered as a function of the unknown λ. This bound is known as the quantum Cramér-Rao bound,

which is expressed as the inverse of the quantum Fisher information (QFI) of the state ρ(λ). Since the

classical Cramér-Rao bound describes the possible measurement precision given a particular POVM, the

classical bound is itself lower bounded by the quantum Cramér-Rao bound; equivalently, the QFI is an

upper bound on the CFI of any possible measurement scheme.

The quantum Cramér-Rao bound

The quantum Cramér-Rao bound was initially derived by Helstrom [18, 39] through a calculation which

parallels the derivation of the classical bound. We give here an alternative derivation, due to Braunstein

and Caves [27], in which the quantum Fisher information is obtained by optimizing the classical Fisher

information over all possible POVMs Π(x).

The derivation begins by writing the classical Fisher information in the form

Fλ =

∫
dx

1

p(x;λ0)

(
∂p(x;λ0)

∂λ0

)2

. (1.35)

For a given probe state ρ(λ0) and POVM Π(x), the probability density can be written

p(x;λ0) = Tr {Π(x) ρ(λ0)} . (1.36)

Then,

Fλ =

∫
dx

1

Tr {Π(x) ρ(λ0)}

(
∂ Tr {Π(x) ρ(λ0)}

∂λ0

)2

=

∫
dx

1

Tr {Π(x) ρ(λ0)}
(Tr {Π(x) ρ′(λ0)})2 , (1.37)

where ρ′(λ0) = dρ(λ0)/dλ0. At this stage it is useful to introduce the symmetric logarithmic derivative L
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for the parameter λ, which is implicitly defined by the expression [18, 39]

ρ′(λ0) =
1

2
(ρ(λ0)L+ Lρ(λ0)) . (1.38)

Note that L implicitly depends on the true value of the parameter λ0. The symmetric logarithmic derivative

is a generalization of the factor ∂ ln p(x;λ0)/∂λ0 to the case of non-commuting quantum theory. Generally,

both the eigenvalues and eigenbasis of the state ρ(λ) will change with λ; in the special case where only the

eigenvalues depend on λ, L simply encodes the classical derivative ∂ ln p(x;λ0)/∂λ0. The operator L has

an analogous role to this derivative in the quantum bound.

By definition, we have

Tr {Π(x) ρ′(λ0)} =
1

2
Tr {Π(x) ρ(λ0)L}+

1

2
Tr {Π(x)Lρ(λ0)}

= Tr {ρ(λ0)Π(x)L}+ 1

2
Tr {ρ(λ0) [L, Π(x)]} , (1.39)

where square brackets denote a commutator. Since Π(x) and ρ(λ0) are both Hermitian, Tr {Π(x) ρ(λ0)} is

real. The term on the left is the derivative of a real function, so it is therefore real. By contrast, [L, Π(x)]

is anti-Hermitian, so that the final term on the right is purely imaginary. It follows that

ReTr {ρ(λ0)Π(x)L} = Tr {Π(x) ρ′(λ0)} . (1.40)

The classical Fisher information can therefore be written

Fλ =

∫
dx

1

Tr {Π(x) ρ(λ0)}
(
ReTr {ρ(λ0)Π(x)L}

)2
, (1.41)

so that

Fλ ≤
∫
dx

1

Tr {Π(x) ρ(λ0)}
∣∣∣Tr {ρ(λ0)Π(x)L}

∣∣∣
2

. (1.42)
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After some rearranging, this can be written

Fλ ≤
∫
dx

∣∣∣∣∣Tr
{
ρ1/2(λ0)Π

1/2(x)√
Tr {ρ(λ0)Π(x)}

Π1/2(x)Lρ1/2(λ0)

}∣∣∣∣∣

2

. (1.43)

The Cauchy-Schwarz inequality for the Hilbert-Schmidt inner product states that for any A and B,

|Tr{A†B}|2≤ Tr{A†A}Tr{B†B}. Applying this to the expression above gives

Fλ ≤
∫
dxTr {Π(x)Lρ(λ0)L} . (1.44)

The operators Π(x) form a POVM, so
∫
dxΠ(x) = 1. The bound then takes the form

Fλ ≤ Qλ, (1.45)

where we have defined the quantum Fisher information

Qλ = Tr {Lρ(λ0)L} = Tr
{
ρ(λ0)L

2
}
. (1.46)

Whereas the CFI is the expectation value of the square of the logarithmic derivative ∂ ln p(x;λ0)/∂λ0, the

QFI is the expectation value of the square of the symmetric logarithmic derivative L.

Properties of the quantum Fisher information

As in the classical case, it can be shown that if N independent trials of the measurement are made, so that

ρ = ρ⊗N
0 and Π(x1, . . . , xN ) =

⊗N
i=1 Π0(xi), the QFI is given by NQλ, where Qλ is the QFI of a single

trial. Including the factors of N , then, the quantum Cramér-Rao bound can be expressed by the chain of

inequalities

〈(
λ− ⟨λ⟩

)2〉 ≥ 1

NFλ
≥ 1

NQλ
. (1.47)
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It is important to ask whether any choice of POVM Π(x) actually saturates the quantum Cramér-Rao

bound. A straightforward calculation shows that a projective measurement onto the eigenbasis of the

symmetric logarithmic derivative L results in a CFI that equals the QFI for any probe state [39]. Since

the operator L itself depends on the true parameter λ0, this optimal measurement is not always known in

advance; instead, one often starts with a guess of the value of λ and project onto the symmetric logarithmic

derivative corresponding to this value. Of course, this guess can be updated based on the result of previous

measurement trials so that the projection basis tends to the optimal value as N → ∞, forming an adaptive

measurement.

The framework developed so far allows for optimization of the parameter estimate from the observed

measurement outcomes; it also allows for optimization of the measured observables in order to maximize

the information obtained about the parameter. The remaining stages of the measurement process are the

choice of initial probe state, and the evolution which transforms the probe into a parameter-dependent

state. Typically, one assumes that the evolution is fixed, and the dynamical process which encodes the

parameter in the probe state is outside of experimental control [42]. This leaves a final stage of optimization,

which seeks to maximize the quantum Fisher information by choice of the initial probe state. The optimal

probe state depends on the nature of the dynamical evolution. We now consider a common form of

evolution and obtain the probe state which maximizes the sensitivity to the unknown parameter.

Unitary evolution and pure states

Under unitary evolution, the initial probe state ρ0 evolves into the state

ρ0 7→ ρ(λ) = U(λ)ρ0U
†(λ), (1.48)

where U(λ) is a unitary operator. Differentiating this gives

dρ(λ)

dλ
=
dU

dλ
ρ0U

† + Uρ0
dU†

dλ
=
dU

dλ
U†ρ(λ) + ρ(λ)U

dU†

dλ
. (1.49)
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Suppose now that U(λ) takes the form U(λ) = exp (iλh), where the generator h is Hermitian. This form

of unitary occurs in many contexts related to displacement of the state in some degree of freedom [85];

depending on the choice of h, λ can describe a displacement in time, frequency, space, momentum, angle,

phase, or quadrature. In this case, the expression above implies that

1

2
(Lρ(λ) + ρ(λ)L) = ihρ(λ)− iρ(λ)h. (1.50)

We may calculate the matrix elements of each side in the eigenbasis of the density operator; this results

in the expression [86]

L =
∑

j

∑

k

[
2i(pj − pk)

pj + pk
⟨j|h |k⟩

]
|j⟩ ⟨k| , (1.51)

where ρ(λ) =
∑

i pi |i⟩ ⟨i| and the sum is taken over all pairs of indices for which the denominator is

nonzero. It can be shown that the optimal state for estimation of a single parameter is always pure [45],

so it is reasonable to focus on this case. If the probe state after evolution is ρ = |ψ⟩ ⟨ψ|, then

L = 2ih |ψ⟩ ⟨ψ| − 2i |ψ⟩ ⟨ψ|h. (1.52)

Explicit calculation then shows that

Qλ = 4 ⟨ψ0|h2 |ψ0⟩ − 4 ⟨ψ0|h |ψ0⟩2 , (1.53)

so that the QFI is four times the variance of the observable h as calculated for the initial probe state |ψ0⟩,

a result first shown by Helstrom [85]. The optimal initial probe state is then one that maximizes this

variance, that is, an equal superposition of eigenstates of h with the largest and smallest eigenvalues [86].
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Heisenberg scaling and quantum-enhanced precision

A unique feature of quantum metrology as compared to classical metrology is that the scaling of the

precision with the number of probe states can be different. As discussed in Subsection 1.3.2, a measurement

which uses N trials consisting ofM probe systems has a classical Fisher information that scales asMN , so

that the precision scales as 1/
√
MN ; this type of scaling is sometimes referred to as the standard quantum

limit. This is not the only possible strategy: when quantum effects are considered, one can use in each

trial M noninteracting probe systems that are prepared in an entangled state. If the probe systems evolve

independently, then the unitary describing this evolution has the form

M∏

j=1

eiλhj = exp


iλ

M∑

j=1

hj


 , (1.54)

where the generator hj acts on the jth probe system. The optimal probe state now consists of an equal

superposition of two states: one state is the M -fold product of the lowest eigenstate of h, and the other is

theM -fold product of the highest eigenstate of h. The variance in this case scales asM2, so that Qλ ∝M2

and the optimal precision scales as 1/M
√
N , a

√
M improvement on the standard quantum limit. This

type of scaling is referred to as the Heisenberg limit [30], and highlights the advantage that entangled

probe states can bring to precision measurements.

1.3.4 Multiparameter estimation problems

In practice, it can be advantageous to determine multiple unknown parameters using a single measurement

scheme. The framework described above can be generalized to the case of multiparameter estimation, with

some minor changes. Conceptually, the problem of multiparameter estimation is very similar to that of

single parameter estimation, so we state some of the results of the theory without proof.

In the single parameter problem, the error in the parameter estimate was characterized by the mean

squared error, which could be written in terms of the variance and the bias of the estimator. In the
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multiparameter scenario, we wish to estimate a vector λi of unknown parameters using estimators λi,

where the true values of the parameters are λ0,i. We then consider the quantities

〈(
λi − λ0,i

) (
λj − λ0,j

)〉
=
〈(
λi − ⟨λi⟩

) (
λj − ⟨λj⟩

)〉
+
(
⟨λi⟩ − λ0,i

) (
⟨λj⟩ − λ0,j

)
. (1.55)

The first term on the right is just the covariance matrix of the estimator,

Cij =
〈(
λi − ⟨λi⟩

) (
λj − ⟨λj⟩

)〉
, (1.56)

while the second term vanishes when each of the estimators λi is unbiased, ⟨λi⟩ = λ0,i. Taking i = j,

(1.55) is again a statement that the mean squared error of each parameter is the variance plus the square

of the bias. The off-diagonal components quantify correlations in the errors of different parameters. For an

unbiased estimator, the covariance matrix C of the estimator can then be used as a measure of precision.

We again consider the problem of determining the optimal precision of the estimates λi. In the mul-

tiparameter case, this bound takes the form of a matrix inequality which places a lower bound on the

covariance matrix; the inverse of the bound is called the classical Fisher information matrix. The CFI

matrix is determined by the probability distribution p(x; {λ0,k}) of observed outcomes, which now depends

on all of the unknown parameters λk. The classical Fisher information matrix has elements

F ij =

∫
dx p(x; {λ0,k})

(
∂ ln p(x; {λ0,k})

∂λ0,i

)(
∂ ln p(x; {λ0,k})

∂λ0,j

)

=

∫
dx

1

p(x; {λ0,k})

(
∂p(x; {λ0,k})

∂λ0,i

)(
∂p(x; {λ0,k})

∂λ0,j

)
(1.57)

Note in particular that each diagonal element F ii of the CFI matrix is just the single parameter CFI of

the corresponding element λi. The CFI matrix bounds the covariance via another classical Cramér-Rao

bound [38],

C ≥ 1

N
F

−1, (1.58)
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where the matrix inequality A ≥ B should be interpreted as a statement that the matrix A−B is positive

semidefinite. In this inequality, N is again the number of identical, statistically independent trials which

are performed. Just like in the single parameter case the maximum likelihood estimator, defined in the

same way as in the single parameter case, asymptotically saturates this bound in the limit N → ∞ [38].

The multiparameter generalization of the quantum Cramér-Rao bound also takes the form of a matrix

inequality. It states that [45]

C ≥ 1

N
F

−1 ≥ 1

N
Q

−1, (1.59)

where the quantum Fisher information matrix Q is defined by

Qij =
1

2
Tr [ρ({λ0,k}) {Li, Lj}] , (1.60)

where {·, ·} denotes the anticommutator, and the symmetric logarithmic derivatives Li corresponding to

parameters λi are again defined by

∂ρ({λ0,k})
∂λi

=
1

2
(ρ({λ0,k})Li + Liρ({λ0,k})) . (1.61)

As in the classical case, each diagonal element Qii of the QFI matrix is just the single parameter QFI

calculated for the corresponding element λi.

The question of the saturability of the quantum Cramér-Rao bound is more complicated in the mul-

tiparameter case than in the single parameter case. For a single parameter, the optimal measurement is

a projection onto the eigenbasis of the symmetric logarithmic derivative. With multiple parameters come

multiple operators Li, which generally do not commute. If the symmetric logarithmic derivatives Li do

not commute, then the optimal measurements for different parameters cannot be performed on the same

probe system.

If the every pair of operators Li commute, then a projection onto the common eigenbasis of the operators
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results in a CFI matrix equal to the QFI matrix. Generally, a slightly weaker condition is sufficient, which

requires only that Tr (ρ({λ0,k}) [Li, Lj ]) = 0 for all pairs of operators [87]. In particular, if ρ({λ0,k}) is a

pure state and the evolution is unitary, then this condition is satisfied if all generators associated with each

pair of parameters commute. Otherwise, the quantum Cramér-Rao bound may not be attained by any

measurement, and a stronger bound due to Holevo holds [40, 88]. Even in this case, however, it is possible

to saturate the quantum Cramér-Rao bound for all unknown parameters, up to a constant factor. In

particular, if there are M unknown parameters, one can alternate between projections onto the eigenbases

of the M operators Li, so that at least N/M trials will use the optimal projection for each parameter. It

follows that the precision in each estimate will be within a factor of M−1/2 of the corresponding quantum

Cramér-Rao bound. Since the ratio between the realizable precision and the quantum bound does not

depend on the number of trials, an optimal measurement’s precision must have the same scaling with N

as the QFI matrix. In fact, a more detailed study of the problem shows that the QFI matrix still gives

the realizable bound to within a factor of two [89].

1.4 Spontaneous parametric down-conversion

Spontaneous parametric down-conversion (SPDC) is the most common technique for producing photon

pairs, also called biphotons. It is particularly appealing for quantum optics experiments since it can be

made to produce photon pairs which are highly entangled in essentially any degree of freedom. Photon pairs

produced by SPDC tend to have some characteristic properties due to the particular physical mechanism

by which they are produced. Since this thesis is primarily concerned with two-photon interference, these

characteristics of SPDC-based photon pairs play a prominent role in all later discussions.

Spontaneous parametric down-conversion is a process by which light of a high frequency is converted,

by means of a nonlinear optical interaction, into light of a lower frequency. The high-frequency light,

referred to as the pump, is typically provided by a laser beam. The interaction is commonly provided by

a nonlinear crystal; the anharmonic dielectric response of the crystal at high pump intensities effectively
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couple optical modes of different frequencies, allowing energy to be exchanged between the high- and low-

frequency modes. This process occurs far from any material resonance, so that the energy and momentum

of the crystal are unchanged. It follows that energy and momentum conservation must hold for the initial

and final states of the optical field alone. At low intensities, SPDC involves only a single pump photon

and two down-converted photons. Each photon has an energy h̄ω and a momentum h̄k, so that energy

and momentum conservation impose the restrictions

ωp = ωs + ωi, (1.62a)

kp = ks + ki. (1.62b)

The subscript p here refers to the pump field, while s and i (short for signal and idler) are conventional

names for the two lower-energy photons. The wavevector k describes the spatial dependence of each optical

mode through a factor eik·r, so that (1.62b) is often referred to as the phase matching condition [90].

In many experiments, one collects down-converted photons only along two fixed directions, in which

case the frequencies and polarizations of the two photons are the only undetermined variables left in (1.62).

Commonly, one uses a birefringent nonlinear medium; in this case, after fixing the propagation directions of

the photons, (1.62) is typically satisfied for at most one choice of polarizations. Exceptions occur for very

thin media [91], and for careful choices of material and geometry [92], where the phase matching condition

for a fixed pair of angles may have multiple solutions corresponding to multiple choices of polarization.

The process is classified according to the polarizations of the photons: type-0 and type-I SPDC involve

pairs with identical polarizations (either parallel or orthogonal to the pump polarization, respectively), and

type-II SPDC results in a pair of oppositely-polarized photons. We focus on those situations in which only

a single pair of polarizations satisfy the phase matching condition, so that only the angles and frequencies

of the photons may vary.

The wavevector k is related to the frequency by |k|= n(ω)ω/c, so that (1.62) provides four constraints

on the allowed frequency and direction of the down-converted photons. Considering a fixed pair of po-
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larizations, these photons are described by six variables (one frequency and two angles for each photon),

so that strict energy-momentum conservation still allows for an infinite number of solutions for possible

down-conversion. In practice, the finite thickness of the nonlinear crystal provides a spatial inhomogene-

ity in the interaction, which loosens the requirement for longitudinal momentum conservation [93]. A

single pump beam therefore leads to down-converted light across a wide range of frequencies and angles.

Nevertheless, the energies and transverse momenta of the two photons are always related by (1.62).

If one down-converted photon’s direction is fixed, transverse momentum conservation generally deter-

mines the direction of the other down-converted photon — the specific relationship between the angles

depends on the polarizations of the three beams as well as the birefringence and dispersion relations de-

scribing the nonlinear crystal, but typically the two photons are emitted in opposite transverse directions

relative to the pump beam (Figure 1.4a) [94]. Energy conservation (Figure 1.4b) specifies only the rela-

tionship between the signal and idler frequencies; the allowable range of frequencies (i.e., the bandwidth of

the down-converted beam) is determined by longitudinal momentum conservation. Define the momentum

mismatch ∆k by

∆k ≡ kp − ks − ki. (1.63)

Transverse momentum conservation corresponds to the condition ∆k⊥ = 0. As mentioned above, longitu-

dinal phase matching is weakened due to the finite length of the crystal; one can expect that a crystal of

length L will efficiently produce down-converted photons so long as

|∆kz|≲
1

L
, (1.64)

where the pump beam is incident along the z-axis (Figure 1.4c). A more detailed calculation shows that

the down-conversion efficiency is proportional to sinc2 (∆kzL/2) [93]. Since ∆kz is roughly proportional

to the range of allowed frequencies, it follows that the bandwidth of the radiation increases rapidly as the

crystal thickness decreases.
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Figure 1.4: A typical SPDC source. (a) Photon pairs are produced by pumping a nonlinear crystal with a
laser beam at frequency ωp. Pairs of photons are produced in a cone centered on the pump beam. Due to
momentum conservation, photons are found at opposite angles relative to the pump beam. (b) Condition for
energy conservation. The frequencies of the two down-converted photons must add to the frequency of the pump
photon. (c) Condition for momentum conservation. The wavevectors of the down-converted photons must add to
the wavevector of the pump photon in the two transverse directions. Along the longitudinal direction, the initial
and final wavevectors may differ by approximately the inverse of the crystal length.

The discussion so far has assumed a pump beam with a definite frequency ωp. More realistically, the

pump has some finite bandwidth δωp. Each frequency in the pump beam will lead to its own set of down-

converted photons whose frequencies satisfy (1.62a). A simple representation for the time-frequency state

of a photon pair emitted along a fixed pair of directions is [95]

|ψ⟩ =
∫∫

dω dω′ ϕ(ωs, ωi) a
†
s(ωs)a

†
i (ωi) |0⟩ , (1.65)

where a†s(ω) and a
†
s(ω) are creation operators for modes along the signal and idler directions, respectively,

with monochromatic frequency ω. The complex function ϕ(ωs, ωi), called the joint spectral amplitude

(JSA), completely specifies the time-frequency state of the pair. The corresponding intensity |ϕ(ωs, ωi)|2

is called the joint spectral intensity (JSI). Since each pump frequency is assumed independently generate

pairs consistent with (1.62a), the joint spectral amplitude can generally be written in the form [95]

ϕ(ωs, ωi) = α(ωs + ωi)f(ωs, ωi). (1.66)

Here, α(ω) is just the spectral amplitude of the pump beam, while f(ωs, ωi), called the phase matching
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function, is set by the crystal properties.

A typical form for the JSI is shown in Figure 1.5a, where we have assumed a narrowband pump and

employed a Gaussian approximation for the spectrum, which suppresses the side lobes arising from the

sinc2(∆kzL/2) contribution to the phase matching function. Supposing that the phase matching function

varies slowly with frequency near its peak, (1.66) shows that the width along the diagonal is equal to

the pump bandwidth δωp. The width along the antidiagonal, which we will call the biphoton bandwidth,

is determined by the crystal properties as encoded in the phase matching function. It is also sometimes

convenient to introduce a joint temporal amplitude defined by

ϕ̃(ts, ti) =
1

2π

∫∫
dωs dωi ϕ(ωs, ωi) e

−iωsts−iωiti , (1.67)

which is normalized so that

∫∫
dωs dωi |ϕ(ωs, ωi)|2=

∫∫
dts dti |ϕ̃(ts, ti)|2. (1.68)

The JSA gives the complex amplitude of the down-converted photons having a particular pair of frequen-

cies. The JTA gives the complex amplitude of the down-converted photons having a particular pair of

time-of-arrivals, measured relative to an arbitrary but fixed time zero (typically taken to be the arrival

time of the pump pulse at a detector). The joint temporal intensity (JTI) |ϕ̃(ts, ti)|2 for the state depicted

is shown in Figure 1.5b. From the general properties of the Fourier transform, the width of the JTI along

the diagonal is approximately 1/δωp, while the width along the antidiagonal, called here the biphoton

coherence time, is approximately the inverse of the biphoton bandwidth. From Figure 1.5b one observes

that the tight frequency anticorrelations in the JSI correspond to tight timing correlations in the JTI. In

common sources, the time-of-arrival of each of the two photons are equal to within a few femtoseconds,

ignoring any dispersion.

The tight timing correlations indicated by Figure 1.5b give an experimental signature that can be

used to identify pairs of photons which originate from a single down-conversion event, as opposed to
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Figure 1.5: Joint spectral intensity (a) and joint temporal intensity (b) of a typical biphoton generated by SPDC.
The width of the JSI along the diagonal direction is equal to the bandwidth of the pump beam. The width of the
JSI along the antidiagonal is determined by the phase matching conditions of the crystal, and is larger for shorter
crystals. The corresponding widths of the JTI are approximately the inverse of those of the JSI.

those originating from different down-conversion events. A typical setup involves two fast photodetectors

connected to a digital time-tagger. At modest intensities, a pair of clicks that arrive at detectors within a

short time interval, typically on the order of a nanosecond, are overwhelmingly likely to belong to a single

biphoton.
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2

Two-photon measurements of

relative delay using Gaussian

time-frequency states

2.1 Introduction

This chapter examines the theoretical precision bounds governing measurement of optical delays using

photon pairs. A common example of a two-photon measurement of delay uses the shift in a Hong-Ou-

Mandel interferometer as the readout. Focus therefore turns to the precision limits specific to such a

measurement, and the conditions under which Hong-Ou-Mandel interference can optimally extract the

delay information encoded in the state. Much of this chapter is based on the author’s paper [96].

2.2 Two-photon measurements of delay

Measurements of delay are fundamental to many metrological and technological tasks. Optical delays

can be used to infer material properties such as refractive index [97] and birefringence [98, 99]. Delay

measurements play an important role in technologies such as optical ranging [100], clock synchronization

[101], and optical coherence tomography [102]. They can also be used to answer fundamental questions
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in quantum optics, for instance in measurements of quantum tunneling times [67] and of the gain-induced

group delay in parametric down-conversion [103].

Traditional methods of obtaining quantum-enhanced delay measurements rely on increasing inter-

ferometric phase-sensitivity through the use nonclassical techniques such as N00N state interference or

quadrature squeezing. In the case of negligible losses, these techniques provide Heisenberg limited scaling

with the number of probe photons [33]. Nevertheless, these techniques have seen limited use in practice.

One reason for this is the fragility of these measurements in situations with significant losses. Another

drawback comes from the same enhanced phase sensitivity that makes these measurements theoretically

appealing. In order to measure a phase shift, it is necessary that the interferometer be kept phase stable to

within a fraction of an oscillation. In the case of N00N states, the period of oscillation is made smaller by

a factor of N , which places much more stringent conditions on the necessary stabilization [33]. Quadrature

squeezing does not change the oscillation period, but a reduction in noise occurs only over a small range

of phases, which again requires stringent stabilization techniques [104].

Hong-Ou-Mandel (HOM) interference, by comparison, does not offer Heisenberg limited phase scaling.

In fact, its precision in delay measurements is comparable to that of a classical interferometer utilizing a

similar number of probe photons. Despite this, HOM interference has become the technique of choice in

many recent experiments, including real-time measurements of delay [105] and scan-free profilometry [106].

The reason for this is due to technical advantages offered by HOM interference. First, the interference

pattern is largely phase-insensitive, so that stabilization is usually unnecessary. In common experimental

setups, the interferogram is also insensitive to all even orders of dispersion in either arm [10, 11]. As

a result, measured changes in the interferogram can be attributed almost entirely to the group delay of

interest, with third-order dispersion being the most common source of error. This makes it suitable for use

in environments with relatively high amounts of dispersion, such as in fiber. Also, since HOM interference

relies on coincidence measurements, the measurement is relatively insensitive to background light. Chap-

ter 5, for instance, shows how the tight correlations between photon pairs can be used for significant noise

reduction. Furthermore, broadband optical losses affect the measured interference pattern only through a
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reduction in intensity, rather than interference visibility. HOM interferometry therefore avoids many of the

experimental challenges associated with frequency-stabilized measurements and possesses useful features

that make it more feasible than many other low-light methods.

Section 2.3 begins by considering the general precision limits applying to any measurement of relative

delay which arise from the quantum theory of parameter estimation. It also examines the effect that an

unknown mean delay has for the achievable precision of relative delay measurements. Section 2.4 then

turns to the particular measurement scheme which infers relative delay from the HOM interferogram. For

simplicity, it focuses on an approximation to the two-photon state in which the spectro-temporal properties

are described by a Gaussian distribution. It considers the scenarios under which the HOM measurement

saturates the quantum Cramér-Rao bound, indicating that the measurement efficiently extracts all delay

information available in the two-photon state. A brief discussion of the role of detector time resolution is

given in Appendix A.

2.3 Quantum limits to timing resolution

This section examines the precision limits arising from the quantum Cramér-Rao bound. We consider

a probe state in which two photons are prepared in orthogonal spatial modes with arbitrary spectro-

temporal properties. Taking a†1(ω) and a
†
2(ω) to be creation operators that add a photon with frequency

ω into respective spatial modes labeled 1 and 2. We suppose that the probe is initialized in an arbitrary

two-photon pure state, which has the form [95]

|ψ0⟩ =
∫∫

dω1 dω2 ϕ0(ω1, ω2) a
†
1(ω1)a

†
2(ω2) |0⟩ . (2.1)

The complex function ϕ0(ω1, ω2) is called the joint spectral amplitude (JSA) of the state, and completely

describes the spectral and temporal properties of the state. The squared quantity |ϕ0(ω1, ω2)|2 is called
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the joint spectral intensity (JSI). We require that

∫∫
dω1 dω2 |ϕ0(ω1, ω2)|2= 1 (2.2)

so that |ψ0⟩ is normalized. The photon in each spatial mode is subject to respective delays τ1 and τ2 (see

Figure 2.1), which can be described by a unitary evolution given by

U(τ1, τ2) = exp (−iΩ1τ1 − iΩ2τ2)

= exp (−iΩ+τ+ − iΩ−τ−) . (2.3)

Here, τ± = (τ1 ± τ2)/2 gives the mean and relative delays of the two photons. The operator

Ωi =

∫
dω ω a†i (ω)ai(ω) (2.4)

generate the delays τi, and Ω± = Ω1±Ω2 are the generators of τ±. The effect of this unitary is to transform

the probe’s state from |ψ0⟩ into the state

|ψ(τ1, τ2)⟩ = U(τ1, τ2) |ψ0⟩ =
∫∫

dω1 dω2 ϕ(ω1, ω2; τ1, τ2) a
†
1(ω1)a

†
2(ω2) |0⟩ , (2.5)

where

ϕ(ω1, ω2; τ1, τ2) = ϕ0(ω1, ω2)e
−iω1τ1−iω2τ2 . (2.6)

As discussed in Subsection 1.3.4, the quantum Fisher information for the parameters τ1 and τ2 are then

determined by the generators and the initial probe state.

46



2.3. QUANTUM LIMITS TO TIMING RESOLUTION

Probe Evolution
Measurement

& Estimation

ϕ0(ω1, ω2)
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Figure 2.1: Schematic diagram of a two-photon measurement of delay. Incident photon pairs have a joint spectral
amplitude ϕ0(ω1, ω2). The two photons undergo separate variable delays. An arbitrary measurement is made, from
which the delay values are estimated.

2.3.1 Estimation with a single unknown delay

For completeness, we first review the bounds that apply when a single delay is estimated. That is, we

assume that the delay τ2 is fixed from one measurement to the next, so that any change in the distribution

of measurement outcomes can be fully attributed to changes in τ1. This bound has been previously derived

in [71]. We are then left with a single variable estimation problem, with the achievable precision taking

the form

(∆τ1)
2 ≥ 1

NQτ1

, (2.7)

where (∆x)2 denotes the variance of x, Qτ1 is the corresponding quantum Fisher information for a single

trial, and N independent trials are conducted. From (1.53), we have

Qτ1 = 4⟨Ω2
1⟩0 − 4⟨Ω1⟩20 = 4(∆ω1)

2, (2.8)
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where ⟨·⟩0 denotes an expectation value calculated for the initial probe state |ψ0⟩. Here, (∆ω1)
2 denotes

the variance of the marginal distribution for ω1,

(∆ω1)
2 ≡

∫∫
dω1 dω2 |ϕ0(ω1, ω2)|2 ω2

1 −
[∫∫

dω1 dω2 |ϕ0(ω1, ω2)|2 ω1

]2
. (2.9)

This result can be written in the form of a Heisenberg-like inequality,

∆τ1∆ω1 ≥ 1

2
. (2.10)

In this case the achievable precision is determined entirely by the spectral properties of the photon in the

first spatial mode, and the second photon plays no role.

2.3.2 Estimation with two unknown delays

We now turn to the situation in which both delays τ1 and τ2 are unknown. This is the case, for example,

in clock synchronization protocols in which an intermediary which sends a single photon to each of two

parties. In this case the probability distribution describing the measurement outcomes is parameterized

by two unknown parameters, although only one of them is of practical interest.

The quantum Cramér-Rao bound on the precision takes the form of the matrix inequality (1.59). The

diagonal elements of this inequality can be written in the form

(∆τi)
2 ≥ 1

NQ(i)
eff

, (2.11)

where

Q(i)
eff ≡ 1

(Q−1)ii
, (2.12)

with Q denoting the quantum Fisher information matrix. The quantities Q
(i)
eff bounds the variance in a
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similar manner to the single parameter quantum Fisher information. Explicitly, using the fact that the

matrix Q is symmetric, we have

Q(1)
eff = Q11 −

(Q12)
2

Q22
, Q(2)

eff = Q22 −
(Q12)

2

Q11
. (2.13)

A similar relationship holds if we instead parameterize by the mean and relative delays τ±. The diagonal

elements Qii > 0 are just the single parameter quantum Fisher information. The presence of an additional

unknown parameter reduces the information available about any individual parameter, except in the case

that the off-diagonal elements Q12 vanish. This is a general property of the quantum Fisher information

matrix than can be proven for the any n-parameter estimation problem.

Note that the commutator of the generators vanishes,

[Ω1, Ω2] = 0, [Ω+, Ω−] = 0, (2.14)

as a result of the orthogonality of the two spatial modes. As mentioned in Subsection 1.3.4, it follows

that the quantum Cramér-Rao bound is a tight bound on the variance; that is, a measurement exists

that saturates the bound. We may therefore interpret Q(i)
eff as being the amount of information about τi

contained in the probe state.

A calculation analogous to the one leading to (1.53) shows that the quantum Fisher information matrix

for a probe prepared in a pure state |ψ0⟩ undergoing unitary evolution has the elements

Qij = 2⟨{hi, hj}⟩0 − 4⟨hi⟩0⟨hj⟩0, (2.15)

where hi is the generator corresponding to the ith parameter, {·, ·} denotes the anticommutator, and ⟨·⟩0
denotes the expectation value calculated for the initial probe state. For the state and evolution defined
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above, the QFI matrix for the parameters τ± has the elements

Q++ = 4(∆ω1)
2 + 4(∆ω2)

2 + 8C, (2.16a)

Q−− = 4(∆ω1)
2 + 4(∆ω2)

2 − 8C, (2.16b)

Q+− = Q−+ = 4(∆ω1)
2 − 4(∆ω2). (2.16c)

Here (∆ωi)
2 again refers to the variance of the marginal distribution for parameter ωj , obtained after

integrating out one variable from |ϕ0(ω1, ω2)|2. The parameter C is defined as

C = ⟨Ω1Ω2⟩0 − ⟨Ω1⟩0⟨Ω2⟩0, (2.17)

and quantifies the correlations between frequencies ω1 and ω2 for the distribution |ϕ0(ω1, ω2)|2. Note that

the off-diagonal element Q+− vanishes only when the probe state has equal bandwidths in both arms. In

this case, estimation of τ− and τ+ can be regarded as separate problems, and the quantum Cramér-Rao

bound for either parameter is given by the corresponding single parameter QFI. In any case, the effective

QFI determining the precision bound is given by

Q(±)
eff =

(∆ω1)
2(∆ω2)

2 − C2

(∆ω1)2 + (∆ω2)2 ∓ 2C
. (2.18)

For fixed bandwidths ∆ω1 and ∆ω2, the maximum value of Q±
eff occurs for C = ±min

[
(∆ω1)

2, (∆ω2)
2
]
,

in which case the quantum Cramér-Rao bound takes the form

∆τ± ≥ 1

4
√
N

max
[
(∆ω1)

−1, (∆ω2)
−1
]
. (2.19)

The precision bound is always limited by the smaller of the two photon bandwidths. The factor of two

difference between this bound and the bound (2.10) is due to the factor of two in the definition of τ±, so

that the mean and relative delays are always bounded by the stricter of the two Heisenberg-like bounds
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Figure 2.2: (a) The effective quantum Fisher information for estimation of relative (τ
−
) and mean (τ+) delays.

(b) The effective quantum Fisher information for estimation of τ
−
, normalized to the bandwidth of one photon.

∆τi ≥ 1/2∆ωi. Estimation of the delays τ± is more challenging than estimation of either of the two

delays τ1 or τ2. Not only are τ± limited by the bandwidths of each arm, but optimal estimation of these

delays requires that the frequency correlations be tuned to obtain the optimal value of C. By comparison,

in simultaneous estimation of τ1 and τ2 the off-diagonal element Q12 is proportional to C, so that the

precision bound is optimal whenever the frequencies of the photons are uncorrelated.

The effective QFI values for estimation of τ± are plotted in Figure 2.2(a), normalized to the product of

the bandwidths ∆ω1 ∆ω2. The correlation parameter C/(∆ω1∆ω2) is normalized to the range [−1, 1], with

a value of +1 signifying complete correlation and a value of−1 corresponding to complete anticorrelation. It

is seen that correlated frequencies are best for estimation of the mean delay, while anticorrelated frequencies

are best for estimation of the relative delay.

We now consider estimation of the relative delay τ−. Many sources of photon pairs used in practice,

in particular cw-pumped SPDC, naturally produce photons with highly anticorrelated frequencies. It is

evident from the plot that in this case, the achievable precision in estimating τ− is highly dependent on the

bandwidth mismatch between the two photons; in the ideal scenario of perfect frequency anticorrelations,
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Q(−)
eff vanishes unless ∆ω1 = ∆ω2. This statement is not a consequence of any particular measurement

scheme, but is due to the nature of the probe state itself. By comparison, while uncorrelated photon

frequencies are not optimal for either delay τ±, they are also much less sensitive to any mismatch in the

photon bandwidths.

Figure 2.2(b) considers the case where one of the photons (here the photon with frequency ω1) has

a fixed bandwidth, while the other photon’s bandwidth is allowed to vary. The optimal precision for τ−

is the same as the precision bound for estimation of τ1 alone whenever ∆ω2 ≥ ∆ω1, in which case the

precision is limited solely by ∆ω1. By considering different values of the correlation coefficient, one sees

that this optimal bound is achievable regardless of the amount of frequency correlations in the probe state.

However, as the frequency correlations decrease, the necessary bandwidth ∆ω2 increases, so that in this

constrained situation anticorrelated frequencies are still preferable as they allow for precise estimation

without a large bandwidth ∆ω2. Note that this figure is plotted on a log-log axis, so that the precision

bound has a slow variation with ∆ω2/∆ω1.

2.4 Timing measurements based on two-photon interference

We now turn to the specific case of estimation of τ− using a Hong-Ou-Mandel interferometer. For simplicity,

we consider the case of time- and frequency-non-resolving detectors; the case of frequency-resolved has

been addressed in [107]. The detection scheme is illustrated in Figure 2.3. The beamsplitter mixes the

two spatial modes, performing the transformation

a†1(ω) →
√
ηa†1(ω) + i

√
1− ηa†2(ω), (2.20a)

a†2(ω) → i
√
1− ηa†2(ω) +

√
ηa†1(ω), (2.20b)

where η is the reflection coefficient of the beamsplitter, assumed here to be frequency-independent. Note

that the phase convention used here differs from that in Section 1.2; one can verify that this convention
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also satisfies the necessary commutation relations. After the beamsplitter, the state of the photon pair is

|ψ(τ1, τ2)⟩ = i
√
η(1− η) |ψ11(τ1, τ2)⟩+ i

√
η(1− η) |ψ22(τ1, τ2)⟩+ |ψ12(τ1, τ2)⟩ , (2.21)

where we have defined the (not necessarily normalized) state vectors

|ψii(τ1, τ2)⟩ =
∫∫

dω1 dω2 ϕ(ω1, ω2; τ1, τ2) a
†
i (ω1)a

†
i (ω2) |0⟩ , (2.22a)

|ψ12(τ1, τ2)⟩ =
∫∫

dω1 dω2 [ηϕ(ω1, ω2; τ1, τ2)− (1− η)ϕ(ω2, ω1; τ1, τ2)] a
†
1(ω1)a

†
2(ω2) |0⟩ . (2.22b)

The probability of detecting a coincidence is calculated using the projection operator

Π12 =

∫∫
dω1 dω2 a

†
1(ω1)a

†
2(ω2) |0⟩ ⟨0| a1(ω1)a2(ω2). (2.23)

The coincidence probability is found to be

Pc ≡ ⟨ψ(τ1, τ2)|Π12 |ψ(τ1, τ2)⟩

= η2 + (1− η)2 − 2η(1− η)Re

∫∫
dω1 dω2 ϕ0(ω1, ω2)ϕ

∗
0(ω2, ω1)e

−2i(ω1−ω2)τ− . (2.24)

The final term can be viewed as an inner product between the joint spectral amplitude ϕ0(ω1, ω2)e
i(ω2−ω1)τ−

and its transpose, obtained by interchanging ω1 and ω2. Since the JSA is normalized, this overlap integral

has a maximum value of unity, so that the final term is bounded in magnitude by 2η(1−η). Only this term

is sensitive to delays; the optimal interference visibility occurs for η = 1/2 (i.e., a 50:50 beamsplitter),

which we shall assume in the rest of the analysis. At τ− → 0, the interference visibility V , defined so that

Pc|τ=0 = (1− V )Pc|τ→∞, (2.25)
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Figure 2.3: (a) Measurement of relative delay using a Hong-Ou-Mandel interferometer. After encoding the delays
(Figure 2.1), the two photons interfere at a beamsplitter. The coincidence rate is used to estimate the unknown
delay τ

−
. (b) The HOM dip measured for a biphoton with a Gaussian joint spectral amplitude.

is

V =

∫∫
dω1 dω2 ϕ0(ω1, ω2)ϕ

∗
0(ω2, ω1), (2.26)

which is just the overlap integral of the incident JSA ϕ0(ω1, ω2) and its transpose. Since ϕ0 is normalized

to unity, the Cauchy-Schwarz inequality shows that V = 1 only when the state is symmetric, ϕ0(ω1, ω2) =

ϕ0(ω2, ω1). Note that the restriction to τ− = 0 does not place any fundamental restrictions on the analysis,

since any finite relative delay can be included in the definition of ϕ0.

In the model developed so far, the Hong-Ou-Mandel interference pattern appears in the probability

of a coincidence detection, and a complementary interference pattern appears in the probability of mea-

suring no coincidence (i.e., a single detector clicks). In practice, the exact number of pairs sent into the

interferometer is not known in advance. At the same time, losses in the interferometer mean that the

exact intensity correlations between the two arms is degraded, so that a single detector click does not

necessarily correspond to a photon pair that has bunched at the beamsplitter. Typically, the Hong-Ou-

Mandel interferogram is measured only from a change in the rate of observed coincidences, which arrive
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stochastically at the detectors (an example of an experiment which can detect the rate of both bunched

and “antibunched” pairs appears in Chapter 3). If an estimate of τ− is made from both the coincidence

probability Pc and from the probability of no coincidence 1−Pc, then the classical Fisher information per

input pair takes the form

Fτ− =
1

Pc

(
∂Pc

∂τ−

)2

+
1

1− Pc

(
∂(1− Pc)

∂τ−

)2

=
1

Pc(1− Pc)

(
∂Pc

∂τ−

)2

. (2.27)

Including the probability 1− Pc in the CFI overestimates the precision that is possible for measurements

which record only the rate of coincidence detections. This can be made rigorous if we assume that pairs

arrive at the beamsplitter with a mean rate R, so that the rate of coincidences is RPc. Supposing that

coincidence detections are distributed in time according to a Poisson distribution, the CFI should be

calculated from the distribution of coincidences which are detected in a fixed time interval. In this case,

one can show that the CFI takes the form

1

RPc

(
∂RPc

∂τ−

)2

=
R

Pc

(
∂Pc

∂τ−

)2

, (2.28)

assuming that the mean rate R does not depend on the delay. The information per photon pair is then

Fτ− =
1

Pc

(
∂Pc

∂τ−

)2

, (2.29)

which is what one would get if the second term in (2.27), corresponding to a no-coincidence detection,

were neglected. This is the expression for the CFI used in some other analyses of the Hong-Ou-Mandel

interferometer [108].

Based on the expression (2.29), two aspects of the probability Pc contribute to maximizing the CFI

for a given probe state. The first is that P → 0 as τ− → 0. The second is that the derivative ∂Pc/∂τ− is

large. The first condition is met when V → 1, which occurs when ϕ0(ω1, ω2) has a high overlap with its
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transpose ϕ0(ω2, ω1). In the limit that τ− → 0 with V → 1, the CFI takes the form

Fτ− = 4

∫∫
dω1 dω2 (ω1 − ω2)

2 ϕ0(ω1, ω2)ϕ
∗
0(ω2, ω1). (2.30)

Recalling that ϕ0(ω1, ω2) ∝ ϕ0(ω2, ω1) whenever V → 1, this is just the average of the squared frequency

difference (ω1 − ω2)
2. We see that a large CFI requires that |ω1 − ω2| is large, so that the state should

have strong frequency anticorrelations.

2.4.1 States with Gaussian joint spectral amplitudes

We now focus on a specific class of JSAs that approximate the states created in practice. These are the

states which have a JSA that is a two-dimensional Gaussian distribution. More specifically, we assume

that the JSA takes the form

ϕ0(ω1, ω2) = N exp


−1

4

2∑

i,j=1

(ωi − ωi)(Σ
−1)ij(ωj − ωj)


 . (2.31)

Here, ωi is the mean of the marginal distribution for ωi,

Σ =



(∆ω1)

2 C

C (∆ω2)
2


 (2.32)

is the covariance matrix, and N = (2π
√
detΣ)−1/2 is a normalization constant. Most sources of photon

pairs result in JSIs which possess sinc-like lobes in addition to a central peak; this Gaussian approximation

serves to model the main peak while neglecting the smaller side lobes. States of this form result in a

Gaussian Hong-Ou-Mandel dip,

Pc =
1

2

[
1− V exp

(
− τ2−
2T 2

)]
, (2.33)
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which has a width

T =
1

4

√
(∆ω1)2 + (∆ω2)2 + 2C

(∆ω1)2(∆ω2)2 − C2
(2.34)

and a visibility

V = 2

√
(∆ω1)2(∆ω2)2 − C2

[(∆ω1)2 + (∆ω2)2]
2 − 4C2

exp

(
− (ω1 − ω2)

2

2 [(∆ω1)2 + (∆ω2)2 − 2C]

)
. (2.35)

The center frequencies play a role only in determining the interference visibility; optimal visibility requires

that the mean frequencies are equal, ω1 = ω2. The bandwidths ∆ωi and the frequency covariance C affect

both the visibility and the width T of the interferogram. The visibility is maximal (V = 1) whenever

∆ω1 = ∆ω2 and ω1 = ω2, regardless of C; as discussed earlier, this is due to the fact that such a JSA

is symmetric for any choice of C. In this case, T ∝ [(∆ω)2 − C]−1/2, so that anticorrelated frequencies

produce a minimum width of T = 1/4∆ω, and correlated frequencies can produce arbitrarily large values

of T .

The CFI calculated from (2.29) (i.e., neglecting no-coincidence outcomes) is

Fτ− =
1

T 2

[
τ2−
2T 2

(V e−τ2
−
/2T 2

)2

1− V e−τ2
−
/2T 2

]
. (2.36)

Since the CFI is calculated from the functional form of Pc, this expression holds for any Gaussian-shaped

HOM dip, regardless of the physical mechanism determining the finite visibility V and width T . By

comparison, the CFI including bunching outcomes (calculated using (2.27)) is

F̃τ− =
1

T 2



τ2−
2T 2

(V e−τ2
−
/2T 2

)2
(
1− V e−τ2

−
/2T 2

)2


 . (2.37)

This functional form is similar to the one used in [109], which used both the rate of coincidences and

the rate of single clicks to estimate the delay. In this case, the finite visibility was due primarily to a
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polarization mismatch between the photons. Due to optical losses in this experiment, the CFI due to the

coincidence rate exceeded that due to the singles rate by a factor of ∼ 30, which justifies our neglect of

the second term in (2.29).

The effective QFI governing estimation of τ− is, from (2.18),

Qτ− =
(∆ω1)

2(∆ω2)
2 − C2

(∆ω1)2 + (∆ω2)2 + 2C2
=

1

T 2
. (2.38)

The HOM measurement saturates the quantum Cramér-Rao bound whenever the term in brackets in (2.36)

approaches one. This occurs only when V → 1 and τ− → 0. For finite V , the optimal value of the CFI is

achieved for a pair of τ− values displaced equally in the positive and negative directions from zero, which

can be obtained numerically, as discussed in [109].

2.4.2 Delay estimation when one bandwidth is constrained

We now consider the problem of optimizing the estimation of τ− when the bandwidth ∆ω1 is constrained

to lie below some value. This occurs when one photon must traverse a channel that is transparent only over

some spectral window, as would occur in measurements of the group delay induced by a material sample

or in clock synchronization where the channel connecting the source to one party has a finite transmission.

One is then left with the task of optimizing the spectral properties of the other photon, as well as the

frequency correlations, to maximize the measurement precision. Since the maximum precision is bounded

by the smaller of the two bandwidths, we assume that ∆ω1 takes on its maximum value, and furthermore

assume that ω1 = ω2. We then consider the optimal precision as a function of ∆ω2 and C.

Figure 2.4(a) shows a numerical evaluation of the CFI, normalized to the fixed value of ∆ω1, for

different values of ∆ω2 and C. At each point, the CFI is calculated for the value of τ− which maximizes

the measurement precision. The maximum precision occurs when ∆ω1 = ∆ω2. In this case, the optimal

precision occurs for maximally anticorrelated states, C → −1, which are produced naturally by most

sources. When the bandwidths are not equal, highly anticorrelated states rapidly lose their precision,
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Figure 2.4: (a) The classical Fisher information for measurement of the relative delay τ
−
, normalized to the

bandwidth of one photon (compare Figure 2.2(b)). Circles mark the state parameters used in (b) and (c). (b) and
(c) Overlap of the initial and transposed joint spectral amplitudes when the photons have unequal bandwidths.
The overlap is greater when the frequency anticorrelations are weaker (b) than it is when the anticorrelations are
stronger (c).

whereas less correlated states lose sensitivity more gradually. This can be explained by considering the

interference visibility, which is given by the overlap integral of ϕ0(ω1, ω2) and its transpose ϕ0(ω2, ω1).

Figures 2.4(b) and 2.4(c) depicts the covariance ellipses for two points with ∆ω2 = 1.4∆ω1 but different

values of C, as well as the ellipse for the transposed states. When the bandwidths are not equal, the ellipse

is at an oblique angle relative to the diagonal, so that the state no longer completely overlaps with its

transpose. As a result, the interference visibility is decreased. Reducing the frequency correlations for a

given pair of bandwidths tends to broaden the covariance ellipse, which in turn results in a smaller change

to the visibility.

Comparing Figure 2.4(a) to the quantum bound (Figure 2.2(b)), we see that the CFI saturates the

bound (
√

Fτ− = 4∆ω1) only when ∆ω1 = ∆ω2. The quantum bound shows a similar trade-off in which

highly correlated states are more sensitive to bandwidth mismatch; however, in the general case this cannot

be attributed to any interference visibility, and is a consequence of the choice of probe state itself. As well,

the horizontal axes in Figures 2.2(b) and 2.4(a) have largely different scales, so that the HOM measurement

degrades more quickly for ∆ω2 ̸= ∆ω1 than is required by the general bounds.
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2.4.3 The role of mean delay sensitivity in estimation of the relative

delay

Interestingly, despite the fact that the HOM measurement as described is entirely insensitive to τ+, the

ultimate measurement precision is bounded not only by the single-parameter quantum Cramér-Rao bound

determined by (2.7), but also by the stricter multiparameter bound for estimates of both τ+ and τ−. This

can be understood as follows: the measurement probabilities Pc are the same regardless of whether the

probe state is parameterized by a single delay or by two delays. Consequently, the CFI, which depends only

on the probability distribution of the measured outcomes, must have the same value for both the single-

parameter and multiparameter problems. It follows that Fτ− is bounded by both the single parameter

QFI (Q−− in (2.16)) and the multiparameter effective QFI Q(−)
eff . This illustrates a general property by

which the maximum precision of a measurement is determined not only by those parameters which it is

sensitive to, but also by those which it is entirely insensitive to. This is ultimately a consequence of the

nonzero off-diagonal components of Q, which makes the multiparameter matrix bound stricter than the

single parameter bound. Any two-photon measurement of the relative delay which is insensitive to τ+ can

be expected to follow the stricter bound Q(−)
eff .

One may argue that a Hong-Ou-Mandel interferometer in fact is sensitive to the mean time delay

τ+; any photodetector is capable of resolving time-of-arrival to some extent, even if this resolution is far

worse than the time resolution of an optical interferometer. Appendix A discusses a more elaborate model

which includes a poor, but finite, detector time resolution. In this context, one finds that as the detector’s

response time becomes large relative to the biphoton coherence time, the multiparameter information for

estimation of τ− approaches (2.29), plus corrections which vanish in the limit of a long detector response

time. This confirms the intuition that a poor detector time response is essentially negligible in determining

the metrological performance of a Hong-Ou-Mandel interferometer.
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2.5 Conclusion

Our analysis has considered the theoretical measurement limits governing the estimation of the time delays

affecting a photon pair. In general, this involves estimation of two unknown delays, τ1 and τ2 or τ− and τ+.

In many laboratory experiments the only variable delay is that of a single photon, say τ1. Any variation

in measured signals may be attributed entirely to changes in τ1, whose precision is then limited by the

inverse of the same photon’s bandwidth (i.e., to the coherence time of the photon being delayed).

Variations in both delays occurs when the source and detectors are each located in different laboratories.

This situation arises in clock synchronization protocols based on distribution of a photon pair [101]. Similar

considerations also apply to measurement-device-independent quantum key distribution [110] if the same

photon pairs used for key distribution are also used to stabilize the relative pulse delay. In this case,

we show that the achievable precision of τ− is limited by the smaller of the two photon bandwidths.

With one bandwidth ∆ω1 fixed, maximizing the other bandwidth is not always optimal, however. The

optimal value of ∆ω2 then depends on the amount of frequency correlation between the two photons.

For equal bandwidths, maximal frequency anticorrelations yield the most information about τ−. Highly

anticorrelated frequencies also lead to a very rapid deterioration in τ−-precision when the bandwidths are

not equal, which can be attributed to a strong correlation between estimates of τ− and τ+, with the probe

state being highly insensitive to the latter.

A similar behaviour occurs in Hong-Ou-Mandel-based measurements of τ−: highly anticorrelated fre-

quencies are optimal when the photon bandwidths are equal, but the same anticorrelations also lead to

a rapid deterioration in precision when one bandwidth differs slightly from the other. In this case, the

deterioration can be understood in terms of the decreased overlap between the two spectral amplitudes

leading to the interference, which tends to decrease the interference visibility (see Figure 2.4).

It is interesting to note that the effective multiparameter information for τ− in the case of a general

measurement also acts as an upper bound on the single-parameter information of a HOM measurement.
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This feature can be understood as a consequence of the HOM interferometer’s relative insensitivity to τ+

as well as the interdependency of τ+ and τ− estimation for unequal bandwidths. As shown in Appendix A,

the single-parameter and multiparameter estimation problems become identical when the detector time

resolution, which determines τ+-sensitivity, is much worse than the coherence time of the biphoton. Similar

conclusions are expected to hold in other two-photon measurements of the relative delay.

It should be noted that the conclusions made about Hong-Ou-Mandel interference are based on a

Gaussian approximation of the joint spectral amplitude, and so do not fully describe the behaviour of

more structured frequency distributions. Another case of great practical interest involves a JSA which

consists of two narrow but well-separated peaks; in this case it is the peak separation that determines

the bandwidth of the state, and hence the overall timing precision. The metrological performance of such

states is discussed in [71], and the phase sensitivity of a similar scheme is discussed in Chapter 4.
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3

Quantum spectroscopy using

Hong-Ou-Mandel interference

3.1 Introduction

The linear interaction between a material sample and light is characterized by two real-valued spectra.

First, the absorption spectrum of the sample describes the change in intensity of the incoming beam at

each frequency. Second, the phase spectrum (i.e., the frequency-dependent phase imparted by the sample)

relates the phase of a monochromatic incoming beam to the phase of the outgoing beam. Quantum-

enhanced measurements of each quantity have been proposed. Classical absorption spectroscopy, whose

quantum noise is determined by the intensity fluctuations of a classical beam of light (e.g., one emitted

from a laser), can be improved by preparing Fock states (photon-number eigenstates) of the field. Exper-

imentally, one replaces the incident beam of a standard absorption spectrometer by one of the two beams

emerging from a SPDC source — this beam, the probe beam, interacts with the sample, while the other

beam, the herald, is directed to a reference photodetector. Photons in each arm are always created in pairs,

so that the intensities of the probe and herald beam are (in principle, perfectly) correlated. Measurement

of the herald beam allows one to gain knowledge about the particular intensity of the probe beam, beyond

what is possible for unentangled, classical states of light, and hence reduce the uncertainty in the inferred

absorption parameter. Quantum-enhanced measurements of absorption using heralded single photons [111]
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have demonstrated reductions in noise of more than 30%.

Phase spectroscopy, on the other hand, can be enhanced through the use of entangled-state interfer-

ometry, for example using N00N states. In this form of interferometer, the probe state has the form

(|N, 0⟩+ |0, N⟩)/
√
2, where |a, b⟩ denotes a state with a photons in one interferometer arm and b photons

in the other. A phase shift ϕ transforms this to a state (eiNϕ |N, 0⟩ + |0, N⟩)/
√
2, which shows N times

the phase shift of a single photon. The phase fringes of this measurement are then N times finer, leading

to a reduction in phase uncertainty by a factor of N ; this is an improvement over the 1/
√
N -like scaling

that one obtains by measuring the phase with an equal number of uncorrelated photons, as in the case of

a classical interferometer.

Each method leads to a reduction in absorption or phase uncertainty, respectively, when one is lim-

ited to a fixed number of probe photons. This situation is increasingly important in measurements of

photosensitive samples [112], which include materials of current interest such as perovskite crystals [113]

and quantum dot emitters [114]. In many common systems (in particular, systems which do not involve

cavities), absorption and phase are interrelated quantities: the Kramers-Kronig relations relate the phase

shift at any frequency to the full absorption spectrum, and vice versa. This type of one-way inference of

one parameter from the other has been studied by Gianani et al. [115]. In the context of spectroscopy,

however, the end goal is usually not measurement of the absorption or phase profile of a sample; rather,

one would like to infer some information about the electronic behaviour using properties such as the center

frequency, linewidth, and oscillator strength of the various transitions. Thus, one should consider not the

metrological estimation of the absorption or phase shifts for a fixed number of probe photons, but rather

estimation of these electronic parameters. Information about resonance features is imprinted in both the

absorption and phase spectra of a sample. It is reasonable therefore to ask which measurements are opti-

mal for joint estimation of both absorption and phase. This problem is examined from the perspective of

the theoretical precision bounds in Chapter 4.

The present chapter discusses an experimental demonstration of joint absorption and phase measure-

ment using quantum-correlated photon pairs. The absorption measurement is performed in a manner simi-
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lar to heralded-photon methods, while the phase measurement occurs via a frequency-entangled Hong-Ou-

Mandel interferometer, of the type introduced in Subsection 1.2.3. We demonstrate through spectroscopic

measurement of an absorbing dye that the heralding statistics and Hong-Ou-Mandel interferogram can be

used for quantitative absorption and phase spectroscopy. As discussed in Chapter 4, this method provides

per-probe-photon absorption information which is close to the quantum limit, while also providing shot

noise-limited phase estimation. The additional phase information does not come at great expense to the

absorption information, allowing this method to extract more information about the joint amplitude-and-

phase response than existing methods. If one is concerned with estimation of a parameter which affects

both the absorption and phase shift of a sample, then, this method may provide more information than

even a quantum-optimal measurement of absorption alone.

Hong-Ou-Mandel interferometers of this type have been investigated in previous theoretical and exper-

imental studies. Frequency-entangled HOM interferometers result in an interferogram containing a rapid

oscillation [8], whose delay sensitivity is determined by the beat frequency of the two spectral compo-

nents [71]. Photon pairs which are in a superposition of two widely-separated, narrow spectral lines can

be for delay sensing at the scale of tens of attoseconds without requiring broadband transmission [71,

116]. In the context of spectroscopy, HOM interferometers have been proposed as a means of overcoming

time-bandwidth limitations [77, 117] and as a method of separating different contributions to the spectro-

scopic signal [76]. Another approach relies on the low probe intensities of a typical HOM interferometer

[118], which reduces the influence of probe-driven dynamics in nonlinear pump-probe spectroscopies. A

phase-sensitive Hong-Ou-Mandel interferogram similar to the one discussed in this chapter is measured

in Ref [119], who use the technique for single photon holography. The same authors suggest application

of the method to low-flux spectroscopy. However, they do not consider the possibility of performing a

simultaneous heralded absorption measurement, nor do they attempt to quantify the information content

of the measurement. So far, there has been little investigation of Hong-Ou-Mandel spectroscopy from the

perspective of quantum metrology. The work of the next two chapters demonstrates the great potential of

such nonclassical interferometers in measurements of the spectral properties of photosensitive samples.
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This chapter begins with a high-level description of the measurement technique in Section 3.2. Sec-

tion 3.3 gives a more detailed description of the measurement apparatus. This is followed in Section 3.4

by a model of the interferometer, which allows us to relate the measured count rates to spectroscopic pa-

rameters of the sample. As we show, the phase profile can be estimated quite simply using the measured

interferogram. When it comes to absorption, however, the problem is more complicated: the measured co-

incidence spectrum is necessarily symmetrized due to the indistinguishability of probe and herald photons,

so that quantitative absorption estimation requires the use of calibration measurements. A workaround to

this problem is presented in Section 3.5. Finally, the observed two-photon interferograms along with the

measured absorption and phase spectra are discussed in Section 3.6.

3.2 Spectroscopic measurements of absorption and phase

A conceptual schematic of the measurement is shown in Figure 3.1. The probe state consists of two

photons, where one photon is incident on a spectroscopic sample and the other travels through a reference

arm. A measurement step (detailed below) counts the number of photons exiting the setup. The signal

photon is either transmitted or absorbed; if it is transmitted, then two photons are detected, and if it is

absorbed then a single photon is detected. If the setup has negligible optical loss apart from the sample,

then this measurement can count the exact number of photons which were incident on the sample, as well

as the exact number of photons which were absorbed. As described so far, this measurement is identical

to a measurement of absorption with heralded single photons, which was shown in previous experiments

to beat the shot noise limit.

The novelty of our work lies in our introduction of phase sensitivity to the measurement scheme in a

manner that preserves much of the intensity correlations used for absorption measurements. It does this by

incorporating a broadband two-photon interferometer before the detectors. Before discussing in detail this

interferometer, it is useful to discuss a basic constraint on the possible probe states if this measurement

is to be phase-sensitive. Let |ωs⟩s denote a signal photon with frequency ωs and |ωh⟩h denote a herald
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𝜔1 𝜔2
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Figure 3.1: Schematic of the HOM-based measurement of absorption and phase. One photon from a frequency-
entangled pair is incident on a sample. Absorption by the sample (a) is identified by a single detector click, with the
detected frequency indicating the frequency of the absorbed photon. Transmitted photons (b) lead to two-photon
interference, which is used to measure the phase shift.

photon with frequency ωh. After transmission through the sample, the signal photon picks up a phase shift

ϕ(ωs), resulting in the state eiϕ(ωs) |ωs⟩s. If the probe and herald are prepared in a separable state, then

the total state after transmission is eiϕ(ωs) |ωs⟩s |ωh⟩h. The phase shift imparted by the sample appears as

a global phase and so is not measurable. It follows that any phase-sensitive measurement using a heralded

photon must use an entangled state. This is a consequence of the well-known adage that “a single photon

has no phase”. Considering a frequency-entangled state, the transmitted state will have the form

eiϕ(ω1) |ω1⟩s |ω2⟩h + eiϕ(ω2) |ω2⟩s |ω1⟩h . (3.1)

The measurable (relative) phase is ϕ(ω1)− ϕ(ω2); in any case, the phase measured using this scheme will

be the relative phase corresponding to two possible values of some degree of freedom of the signal photon.

We use a frequency-entangled probe state, which allows for a measurement of ϕ(ω1) − ϕ(ω2) through

two photon interference. The absorption of the sample can be determined from the ratio of two-photon

coincidence detections to single photon detections. For those pairs that are detected, the distribution of

pairs between the two output ports of a beamsplitter provides a measurement of ϕ(ω1)− ϕ(ω2). The next

subsection describes this interference in more detail.
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3.2.1 Hong-Ou-Mandel interference of frequency-entangled photons

As discussed in the paragraphs above, we consider a probe state of the form (3.1). Hong-Ou-Mandel

interference with this state is a special case of the entangled-state interference discussed in Subsection 1.2.3.

Specifically, we consider probe states which have phases imparted both by the sample and by a controllable

delay line. If the delay line imparts a delay τ on the herald photon, then the state (3.1) instead has the

form

1√
2

[
eiϕ(ω1)−iω2τa†1b

†
2 |0⟩+ eiϕ(ω2)−iω1τa†2b

†
1 |0⟩

]
, (3.2)

where we now include the proper normalization of the state, and where a and b are the spatial modes of the

signal and herald photons, respectively. Comparing with (1.20) and (1.21), we can immediately conclude

that the post-beamsplitter state is of the form

1√
2

[
cos

δ

2
c†1c

†
2 − cos

δ

2
d†1d

†
2 − i sin

δ

2
c†1d

†
2 + i sin

δ

2
c†2d

†
1

]
|0⟩ . (3.3)

Here,

δ ≡ ϕ(ω1)− ϕ(ω2) + (ω1 − ω2)τ (3.4)

is the relative phase between the two terms in the superposition state (3.2).

The probability of detecting a coincidence after the beamsplitter (i.e., of detecting either c†1d
†
2 |0⟩ or

c†2d
†
1 |0⟩) is

sin2
δ

2
=

1

2
− 1

2
cos
(
ϕ(ω1)− ϕ(ω2) + (ω1 − ω2)τ

)
, (3.5)

which oscillates at the beat frequency |ω1 − ω2| as τ is varied. Beat-frequency HOM interference of this

type was first observed by Ou and Mandel [8]. More recently, it has been studied in the context of delay
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sensitivity by Chen et al. [71].

If one knows τ , then the phase difference ϕ(ω1) − ϕ(ω2) can be determined from the phase offset of

the resulting sinusoid. We also note that in the post-beamsplitter state, the two photons always reside in

distinct spatio-spectral modes. If the detectors at c and d can resolve the two frequencies ω1 and ω2, then

it is possible to distinguish between single clicks and bunched pairs without the need for number-resolving

detectors. Frequency-entangled Hong-Ou-Mandel interference, together with frequency-resolving detectors,

allows for separate measurement of the interferograms for antibunched pairs (probability sin2(δ/2)) and

bunched pairs (probability cos2(δ/2)), unlike in traditional HOM interferometers.

3.3 Spectrally-resolved Hong-Ou-Mandel interference

As discussed in the previous section, the measurement consists of three main components. The first stage

consists of a source of broadband pairs of photons which are separated into two beams. The second

introduces a sample to one arm, and implements a controllable relative delay between the two photons.

The measurement stage consists of a beamsplitter which interferes the two photons, followed by spatial

filtering of the pairs using single-mode fibers, and finally a time-tagging biphoton spectrometer.

3.3.1 A broadband source of photon pairs

Photon pairs are produced using type-0 SPDC. The source uses a 1 mm long periodically poled potassium

titanyl phosphate (PPKTP) in a non-colinear geometry, pumped by a 405 nm continuous wave laser. This

results in a measured bandwidth of 155 nm, centered at 810 nm; the measured bandwidth is detector-

limited, and is likely larger. The resulting photons have identical linear polarization but exit the crystal

with opposite transverse momenta. A f = 10 cm achromatic lens is used to collimate the cone of photons

emerging from the crystal, and a D-shaped knife-edge mirror is placed 2f from the center of the crystal, at

the momentum plane of the down-converted photons. Due to the strong anticorrelations in the transverse
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Time-tagging camera
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Figure 3.2: Experimental implementation of the Hong-Ou-Mandel spectrometer. A source of broadband photon
pairs is generated using cw-pumped SPDC. One photon interacts with a sample; the other photon experiences a
variable delay. The photons interfere at a beamsplitter, and then are collected into single mode fibers and sent to
a biphoton spectrometer. The spectrometer uses a time-tagging camera, which can determine both the frequency
and time-of-arrival of each detected photon.
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momenta, photons appear on opposite sides of the momentum plane, so that one photon of each pair is

reflected by the mirror. This results in two D-shaped beams, which propagate through the two arms of

the interferometer. The positions of the photons in these beams are strongly anticorrelated due to the

momentum anticorrelations in the original SPDC cone. Each point in one beam has strong intensity and

frequency correlations with a corresponding point in the other beam, which is at an equal radial distance

and opposite azimuthal angle.

3.3.2 The spectroscopic sample

One of the beams passes through a cuvette holder containing the spectroscopic sample. We use two chem-

ical samples in our measurements: one contains only a toluene solvent; the other is a solution consisting of

toluene and silicon 2,3-naphthalocyanine (SiNC) dye (Sigma Aldrich). The SiNC dye features a primary

absorption peak centered at 774 nm [120]. This dye is chemically stable, and features an isolated absorp-

tion peak which is well suited to our spectrometer’s bandwidth and resolution. For calibration purposes

discussed later, measurements are also made with no sample placed in the cuvette holder, and also with

the sample and reference arms blocked.

Each of the cuvettes used features a slightly wedged shape, due to manufacturing error. This wedge

tends to deflect the beam passing through the sample arm. As discussed later in this chapter, the beams are

spatially filtered before detection to improve interferometric visibility; this deflection changes the part of

the beam which transmits through the spatial filters. Furthermore, the phase matching condition (1.62b)

couples angle and frequency in SPDC, so that photon pairs produced through this mechanism generally

feature spatial-spectral correlations. Deflection of the beam therefore also affects the JSI of measured

photons, in addition to the overall intensity of counts. In the setup described so far, this wedge is sufficient

to entirely deflect the correlated photons outside of the region collected by the spatial filters, so that

no coincidence counts are observed after inserting a sample. In order to reduce the sensitivity of the

interferometer to this wedge, a pair of f = 5 cm lenses are placed one focal length away from the cuvette

holder in either direction. These lenses bring the beam to a focus at the sample and collimate it again
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afterwards; this increases the numerical aperture of the beam at the point of the cuvette so that small

deflections in the beam’s direction due to the wedge have a smaller impact on the rate of coincidences.

Nevertheless, small changes in the JSI of the probe beam due to the combination of spectral-spatial

correlations and the spatial filter persist, and are a source of uncontrolled error in the experiment.

This pair of lenses results in a spatial inversion of the beam in the transverse direction; to maintain

the correct relative position of the photons, a second pair of identical lenses is added to the reference arm.

Small misalignment in the positions of each lens pair results in aberration in the transmitted beam; this

further necessitates the use of spatial filtering, since only a small region of either beam can be brought into

suitable alignment at a time. Though these lens pairs reduce the impact of the wedge on the total rate

of measured coincidences, differences in the spectrum of the collected light is observed when comparing

measurements with and without a cuvette.

3.3.3 The Hong-Ou-Mandel interferometer

The interferometer consists of two D-shaped correlated beams, described in Subsection 3.3.1 above, which

form the two arms of a Hong-Ou-Mandel interferometer. The incident beams show intensity and frequency

correlations at points which are diametrically opposed relative to the center of the down-converted cone.

To ensure that photon pairs enter the beamsplitter at identical transverse positions, a retroreflector is

added to one of the two arms to implement a spatial inversion, turning the anticorrelated transverse

positions into correlated transverse positions. This retroreflector is also used to add a variable delay τ to

one photon. In non-spectrally-resolved HOM interference, this delay introduces distinguishability between

the two photons. As discussed in Subsection 3.2.1, the same delay adds a controllable phase shift to the

interferometric oscillation in frequency-entangled HOM interference.

Interference occurs at a 50:50 nonpolarizing beamsplitter. Unlike a traditional Mach-Zehnder interfer-

ometer, the mean intensity of light exiting each beamsplitter port does not change as the delay is varied;

rather, the photons preferentially “bunch” (i.e., both photons exit a single beamsplitter port) or “an-
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tibunch” (i.e., both photons exit different beamsplitter ports), which can be measured using time- and

frequency-resolved photodetection, discussed in the next subsection.

3.3.4 Biphoton spectroscopy using a time-tagging camera

Central to this spectroscopic method is the ability to spectrally resolve the two-photon interference effect.

Since this interference appears only in the relative positions of the two photons at the beamsplitter output

ports — whether they emerge from a single port or from opposing ports — simple intensity measurements

are unable to detect this type of interference, and so a standard spectrometer is not sufficient. Instead, the

spectrometer must be able to identify pairs of correlated photons, originating from the same SPDC event,

which arrive at the beamsplitter within the biphoton coherence time and hence showing the interference.

This is accomplished using a spectrometer which tags each detected photon with a nanosecond-scale time

of arrival. The pair source we use produces pairs at a relatively low rate of thousands of pairs per second,

so that two photons arriving within a few-nanosecond window may be assumed to belong to a correlated

pair.

The spectrometer consists of two rows of time-tagging pixels providing a full set of spectral bins for

each of the two beamsplitter outputs. The bandwidth of the pairs spans hundreds of spectral bins, so

that photons in a pair almost always arrive at different spectral bins, due to the conservation of energy in

SPDC. This detector is therefore capable of distinguishing five possible categories of detection events: a

single photon may arrive in one of the two rows; a pair of photons may arrive with a single photon in each

of the two rows; or a pair of photons may arrive with both photons in one of the two rows. Detection of

a single photon is described by a single wavelength λ, resulting in a one-dimensional spectrum. Detection

of two photons is described by a pair of wavelengths (λ1, λ2), resulting in a two-dimensional spectrum.

The two-photon interference pattern can be resolved by comparing the relative rates of pairs arriving in a

single spectrometer row to that of pairs arriving at opposing spectrometer rows.

The description so far is independent of any specific detector technology. Our experiment relies on a
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time-tagging camera (Timepix3, Amsterdam Scientific), providing a 256-by-256 pixel CMOS sensor with

per-pixel time-tagging. Single-photon sensitivity is provided by the use of an image intensifier, which

uses optical-to-electrical-to-optical transduction to amplify a single incident photon into a cluster of many

incident detector clicks, allowing the camera to overcome the noise inherent to CMOS detectors. Biphoton

measurements using this intensified camera were pioneered by Nomerotski et al. [121, 122]; application of

this camera to spectrally-resolved measurements of Hong-Ou-Mandel interference originated in the work

of Zhang et al. [123]. These measurements are also possible using a linear array of single-photon avalanche

diodes [124]. A similar technique, relying on a pair of time-of-flight spectrometers, has been demonstrated

in [125]

Our detector follows the setup used by Zhang et al. [123]. We couple the two beamsplitter outputs into

single-mode fiber to allow for spatial filtering. Off-axis parabolic collimators direct the beams from the

fibers towards a blazed grating, which is imaged using a f = 20 cm lens onto the intensifier. The resulting

spectrometer has a bandwidth of 155 nm centered at 810 nm, a pixel-limited wavelength resolution of 0.6

nm, and a timing resolution of about 7 ns. The spectrometer was calibrated using the emission spectrum

of an argon gas lamp, and the pixel-to-wavelength relationship was found to be linear to within the pixel

resolution of the camera. The primary limiting factors of this spectrometer are a low overall quantum

efficiency, due to fiber coupling losses, grating reflectance, and the intensified camera efficiency of about

10%. As shown in Chapter 4, this is one of the primary factors preventing the demonstration of a true

per-photon quantum advantage in our spectroscopy measurement.

3.4 A simple model of the experiment

3.4.1 Optical state

We now discuss a model of the spectroscopic measurement including the effects of sample absorption and

the finite optical efficiencies of the setup. This model is later used to justify the calibration procedure and
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estimators used when performing spectroscopy. Since the detector involves a projection onto well-defined

spatial modes through the use of single-mode fiber, it is sufficient to consider only two spatial modes in

the interferometer; likewise, since the down-converted photons are produced by type-0 SPDC, we assume

all photons have the same linear polarization. We also assume that the pump power is low enough for the

two-mode squeezed light produced by the crystal to be considered a stream of independent photon pairs,

with simultaneous emission of more than two photons being negligible. The state of the field then has the

form

|ψ0⟩ =
√
1− g |0⟩+√

g

N∑

i,j=1

Ψija
†
i b

†
j |0⟩ , (3.6)

where g, related to the amount of squeezing, describes the probability of producing a pair in a given trial.

Here, the indices i, j = 1, . . . , N label the spectral bins ωi and ωj , Ψij is the joint spectral amplitude of

the light, normalized so that
∑

ij |Ψij |2= 1, and, a†i and b†i are creation operators for the ith spectral bin

in one of two orthogonal spatial modes (the two arms of the interferometer). These operators obey

[
ai, a

†
j

]
=
[
bi, b

†
j

]
= δij ,

[
ai, b

†
j

]
= 0. (3.7)

Our use of discretized spectral bins is largely one of mathematical convenience. As shown in Subsec-

tion 3.4.2, the spectrometer’s action consists of a simultaneous click/no-click measurement in each spectral

bin, which is expressed as a tensor product over all frequency bins. The use of discrete bins avoids much

of the mathematical subtleties associated with uncountably large tensor products.

The state (3.6) is propagated through the two interferometer arms and the sample, before being mixed

at a beamsplitter and detected by the spectrometer. Each of the two arms is assumed to have a finite

transmittance; the transmittance at frequency ωi through the sample arm (including any sample) is denoted

by Ti, and the transmittance at ωi through the reference arm by Ri. It must be emphasized that Ri denotes

a transmittance; reflectances, when required, are denoted by 1−Ti and 1−Ri. We also place any relative

phase shifts, including those due to the sample and due to changes in the relative path length, in the phase
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of the sample arm. Transmission through the two arms is described by the transformations

a†i →
√
Tie

−iϕia†i +
√

1− Tia
′
i
†
, b†i →

√
Rib

†
i +

√
1−Rib

′
i
†
, (3.8)

where any light lost during transmission is assumed to scatter into modes a′i and b′i. The state after

transmission through the arms is obtained by substituting these expressions into the density operator

|ψ0⟩ ⟨ψ0| and tracing out the auxiliary modes a′i and b
′
i. The 50:50 beamsplitter, meanwhile, performs the

transformation

a†i →
1√
2
c†i +

1√
2
d†i , b†i →

1√
2
c†i −

1√
2
d†i . (3.9)

With this substitution, we obtain the post-beamsplitter state

ρ = g
∑

ij

|Ψij |2(1− Ti)(1−Rj) |0⟩ ⟨0|

+
g

2

∑

i

(1− Ti)



∑

j

Ψij

√
Rj(c

†
j − d†j) |0⟩





∑

j

Ψ∗
ij

√
Rj ⟨0| (cj − dj)




+
g

2

∑

j

(1−Rj)

[
∑

i

Ψij

√
Tie

−iϕi(c†i + d†i ) |0⟩
][
∑

i

Ψ∗
ij

√
Tie

iϕi ⟨0| (ci + di)

]

+ |ψ′⟩ ⟨ψ′| , (3.10)

where we have defined the non-normalized state

|ψ′⟩ ≡
√
1− g |0⟩+

√
g

2

∑

ij

Ψij

√
TiRje

−iϕi(c†i + d†i )(c
†
j − d†j) |0⟩ . (3.11)

This state consists of four terms. The first involves no photons appearing after the beamsplitter; this

occurs either when no photons are produced by the crystal, with probability (1− g), or when photons are

produced but are both lost during transmission through the arms. The second and third describe a pair
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which enters the interferometer, after which one of the two photons is lost. The state of the remaining

photon depends on the frequency of the photon which was absorbed. The final state describes a pair which

transmits through the beamsplitter with neither photon being absorbed; this term describes a pair which

is left in a pure state and which exhibits Hong-Ou-Mandel interference.

3.4.2 Detection probabilities

There is one more important source of loss in the experiment, which is due to the finite detector efficiency,

including any coupling losses into single mode fiber. Let ηci and ηdi
be the effective quantum efficiencies

of the spectrometer pixels corresponding to modes ci and di, respectively. We assume these efficiencies

include also any losses due to the coupling into single-mode fiber. The POVM elements for a single-mode

non-number-resolving detector are

Π(nc) =

∞∑

m=0

(1− η)m

m!
(a†)m |0⟩ ⟨0| am, (3.12a)

Π(c) = 1−Π(nc), (3.12b)

where Π(c) describes a click and Π(nc) describes no click.

The spectrometer is modeled as a simultaneous click/no-click measurement of each mode ci and di.

This model ignores dark counts, which are observed to play a minor role in the measured intensities —

dark counts make up roughly 1% of the measured photon counts. In this approximation, we may assume

that at most two photons arrive at the detector in a given time bin. The relevant POVM elements are
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then

Πci = Π(c)
ci ⊗

⊗

k ̸=i

Π(nc)
ck

⊗
⊗

k

Π
(nc)
dk

, (3.13a)

Πdi
= Π

(c)
di

⊗
⊗

k

Π(nc)
ck

⊗
⊗

k ̸=i

Π
(nc)
dk

, (3.13b)

Πcicj = Π(c)
ci ⊗Π(c)

cj ⊗
⊗

k ̸=i,k ̸=j

Π(nc)
ck

⊗
⊗

k

Π
(nc)
dk

, (i ̸= j) (3.13c)

Πdidj
= Π

(c)
di

⊗Π
(c)
dj

⊗
⊗

k

Π(nc)
ck

⊗
⊗

k ̸=i,k ̸=j

Π
(nc)
dk

, (i ̸= j) (3.13d)

Πcidj
= Π(c)

ci ⊗Π
(c)
dj

⊗
⊗

k ̸=i

Π(nc)
ck

⊗
⊗

k ̸=j

Π
(nc)
dk

, (3.13e)

Π0 = 1−
∑

i

Πci −
∑

i

Πdi
−
∑

i ̸=j

Πcicj −
∑

i ̸=j

Πdidj
−
∑

ij

Πcidj
. (3.13f)

The first two POVM elements correspond to a single click in modes ci and di, respectively. The third

and fourth operators correspond to two clicks in a single spatial mode but different spectral bins. The

fifth operator describes two clicks in different spatial modes. The final operator describes no click. These

expressions may be expanded using the relations (3.12); truncating to the subspace of states with zero,
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one, or two photons results in the expressions

Πci = ηcic
†
i |0⟩ ⟨0| ci +

1

2
ηci(2− ηci)(c

†
i )

2 |0⟩ ⟨0| c2i

+ ηci
∑

j ̸=i

(1− ηcj )c
†
i c

†
j |0⟩ ⟨0| cicj + ηci

∑

j

(1− ηdj
)c†id

†
j |0⟩ ⟨0| cidj , (3.14a)

Πdi
= ηdi

d†i |0⟩ ⟨0| di +
1

2
ηdi

(2− ηdi
)(d†i )

2 |0⟩ ⟨0| d2i

+ ηdi

∑

j

(1− ηcj )d
†
i c

†
j |0⟩ ⟨0| dicj + ηdi

∑

j ̸=i

(1− ηdj
)d†id

†
j |0⟩ ⟨0| didj , (3.14b)

Πcicj = ηciηcjc
†
i c

†
j |0⟩ ⟨0| cicj , (3.14c)

Πdidj
= ηdi

ηdj
d†id

†
j |0⟩ ⟨0| didj , (3.14d)

Πcidj
= ηciηdj

c†id
†
j |0⟩ ⟨0| cidj . (3.14e)

In practice, it is more useful to consider the total rate of photon clicks, which includes clicks that arrive both

individually and also as part of a pair. We therefore define operators corresponding to these unconditioned

clicks,

Π(s)
ci = Πci +

∑

j ̸=i

Πcicj +
∑

j

Πcidj
, (3.15a)

Π
(s)
di

= Πdi
+
∑

j ̸=i

Πdidj
+
∑

j

Πcjdi
. (3.15b)

These have the approximate expressions

Π(s)
ci = ηcic

†
i |0⟩ ⟨0| ci + ηci

∑

j ̸=i

c†i c
†
j |0⟩ ⟨0| cicj + ηci

∑

j

c†id
†
j |0⟩ ⟨0| cidj , (3.16a)

Π
(s)
di

= ηdi
d†i |0⟩ ⟨0| di + ηdi

∑

j ̸=i

d†id
†
j |0⟩ ⟨0| didj + ηdi

∑

j

c†jd
†
i |0⟩ ⟨0| cjdi. (3.16b)

We have neglected in each expression those outcomes in which two photons arrive in the same spatial mode

and in the same spectral bin. When the photon frequencies are strongly anticorrelated, this corresponds
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to a negligible fraction of the total counts.

At this stage we assume that the photon frequencies are perfectly anticorrelated, so that Ψij =

ψiδi,N+1−i for some ψi, and also that the joint spectral amplitude is symmetric, so that ψi = ψN+1−i.

This is reasonable so long as the photons are produced by cw-pumped SPDC in a crystal which is aligned

with the optic axis; in this case, nothing distinguishes photons in one arm from the other, so that the

spectrum is necessarily symmetric. The probabilities for observing a single unconditioned click is then

Tr
[
ρΠ(s)

ci

]
=
g

2
ηci(Ti +Ri)|ψi|2, (3.17a)

Tr
[
ρΠ

(s)
di

]
=
g

2
ηdi

(Ti +Ri)|ψi|2, (3.17b)

and the probabilities of observing each type of coincidence is

Tr
[
ρΠcicN+1−i

]
=
g

4
ηciηcN+1−i

∣∣∣
√
TiRN+1−ie

iϕi +
√
TN+1−iRie

iϕN+1−i

∣∣∣
2

|ψi|2, (3.18a)

Tr
[
ρΠdidN+1−i

]
=
g

4
ηdi
ηdN+1−i

∣∣∣
√
TiRN+1−ie

iϕi +
√
TN+1−iRie

iϕN+1−i

∣∣∣
2

|ψi|2, (3.18b)

Tr
[
ρΠcidN+1−i

]
=
g

4
ηciηdN+1−i

∣∣∣
√
TiRN+1−ie

iϕi −
√
TN+1−iRie

iϕN+1−i

∣∣∣
2

|ψi|2. (3.18c)

The coincidence probabilities are evaluated only for pairs of spectral bins (i, N + 1 − i) due to our as-

sumption of tight frequency anticorrelations. This expression generalizes the simple model considered in

Subsection 3.2.1 to include the effects of finite transmission through each arm. This leads to a change in

the interference visibility, but otherwise the same beat-frequency oscillations are observed.

Neglecting the possibility of multiple down-converted pairs in a single pair of spectral bins, the total

number of single and coincidence counts of each type is a Poisson-distributed random variable with a mean

equal to the rate of production, times the integration time, times the probability g. The expressions above

can therefore be used in place of the mean number of counts so long as g is now interpreted as being the

total number of pairs produced during the measurement interval. Subsequent sections describe how the

optical absorption and phase shift imparted by a spectroscopic sample may be estimated from these rates.
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3.5 Calibration procedure

The goal of our spectroscopic method is to determine the absorption spectrum of a sample by means of

heralded (i.e., coincidence) counts, and to determine its phase spectrum from the two-photon interference

pattern. This is complicated by the presence in (3.17) and (3.18) of various parameters which are not of

primary interest. This section describes the procedure by which these unwanted parameters are eliminated,

leaving only the absorption and phase values.

The simplest parameters to correct for are the detector efficiencies ηci and ηdi
for each spectral bin i.

From the expressions (3.17) for the rate of unconditioned single clicks, we have that

Tr
[
ρΠ

(s)
ci

]

Tr
[
ρΠ

(s)
di

] =
ηci
ηdi

. (3.19)

The ratio of unconditioned click rates at each pair of spectrometer pixels can be used to estimate the

ratio of the corresponding efficiencies. By multiplying or dividing by this ratio, one of the two detector

efficiencies can be eliminated from (3.17) and (3.18), leaving factors of the as-yet-undetermined efficiency

of a single spectrometer arm; for definiteness, we take this arm to be the c arm.
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Explicitly, we calculate the quantities

Si = Tr
[
ρΠ(s)

ci

]
+
ηci
ηdi

Tr
[
ρΠ

(s)
di

]

= gηi(Ti +Ri)|ψi|2, (3.20a)

C+
i = Tr

[
ρΠcicN+1−i

]
+
ηciηcN+1−i

ηdi
ηdN+1−i

Tr
[
ρΠdidN+1−i

]

+
ηcN+1−i

ηdN+1−i

Tr
[
ρΠcidN+1−i

]
+
ηci
ηdi

Tr
[
ρΠcN+1−idi

]

= gηiηN+1−i(TiRN+1−i + TN+1−iRi)|ψi|2 (3.20b)

C−
i = Tr

[
ρΠcicN+1−i

]
+
ηciηcN+1−i

ηdi
ηdN+1−i

Tr
[
ρΠdidN+1−i

]

− ηcN+1−i

ηdN+1−i

Tr
[
ρΠcidN+1−i

]
− ηci
ηdi

Tr
[
ρΠcN+1−idi

]

= 2gηiηN+1−i

√
TiTN+1−iRiRN+1−i|ψi|2cos (ϕi − ϕN+1−i) , (3.20c)

where the corresponding expressions have been obtained from (3.17) and (3.18). The rate Si corresponds

to the total rate of unconditioned single clicks, weighted by the ratio of detector efficiencies. The two rates

C+
i and C−

i similarly combine the corrected coincidence rates. The rate C+
i quantifies the total number

of coincidences, irrespective of whether the photons bunched or antibunched; the rate C−
i describes the

difference between the bunching and antibunching rates. The total single and coincidence rates Si and

C+
i are insensitive to the bunching statistics of the photons, and their ratio C+

i /Si can be viewed as

the equivalent of the heralding ratio in a traditional quantum absorption spectrometer, which we discuss

further in Subsection 3.5.1. These two rates are used to calculate the absorption of the sample. The

rate C−
i , meanwhile, exhibits phase-sensitive oscillations, and can be used to estimate the phase spectrum

imparted by the sample on the transmitted light.
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3.5.1 Calculating the sample absorption

Earlier quantum spectroscopy experiments rely on the heralding ratio Ci/Si to determine the absorption

of a sample. This ratio has a simple physical interpretation, in that it measures the proportion of single

clicks in a given arm which also make up part of a coincidence detection. In repeated measurements,

the joint intensity will take on a range of values due to the spontaneous nature of the down-conversion

process, so that g|ψi|2 can be considered a thermal (Bose-Einstein)-distributed random variable. Both Ci

and Si are proportional to the joint spectral intensity g|ψi|2 of the probe beam, so that estimates of the

absorption from either the coincidence Ci or singles Si rate alone will have limited precision as a result of

this stochastic joint intensity. The minimum per-photon uncertainty of such an estimate occurs for g → 0,

when the intensity is approximately Poisson-distributed and the measurement becomes shot noise limited.

The heralding ratio, however, is independent of the joint spectral intensity — it still exhibits random

fluctuations due to the stochastic absorption process, but ideally will not depend on noise in the probe

intensity. This may be regarded as the origin of the improved precision in traditional quantum-enhanced

absorption spectroscopy.

In essence, this improvement is due to the strong intensity correlations which exist between the two

beams, so that detection of one photon alerts the experimenter to the presence of (“heralds”) the other.

The two beams in a heralded absorption measurement both derive from the same intensity g|ψi|2. This

is in contrast to the classical-like states of light which are produced by lasers, in which the quantum shot

noise of any two beams is uncorrelated. Heralded sources of light allow measurement of the intensity of

one beam to reduce uncertainty of the other below this shot noise limit.

By analogy, we seek to estimate the absorption of a spectroscopic sample using the ratio of coincidences

to singles. In our frequency-entangled experiment, a photon at frequency ωi is heralded by a photon at

frequency ωN+1−i. We therefore define the heralding ratio in this experiment to be C+
i /SN+1−i. Using
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(3.20), we have that

C+
i

SN+1−i
=
gηiηN+1−i(TiRN+1−i + TN+1−iRi)|ψi|2

gηN+1−i(TN+1−i +RN+1−i)|ψi|2

= ηi
TiRN+1−i + TN+1−iRi

TN+1−i +RN+1−i
. (3.21)

Here we have used the symmetry of the joint spectral intensity, |ψi|= |ψN+1−i|, which is appropriate for

photon pairs possessing the same polarization in the nonlinear crystal. Note that both C+
i and SN+1−i are

measured in a single trial of the experiment. The random variable g|ψi|2, describing the number of photon

pairs produced during this trial, takes the same value in each expression, so that random fluctuations

in the number of incident pairs do not affect the measurement. However, the heralding ratio still shows

statistical fluctuations which arise from the transmittance factors T and R. These fluctuations arise from

the stochastic nature of photon absorption and optical loss.

The properties of heralding ratio in this experiment are therefore similar to those in previous heralded

absorption measurements, with the important difference that the transmittance factors for the herald arm

do not cancel each other. Physically, this is due to the indistinguishability of the probe and herald photons

after the beamsplitter — the rate of coincidence detections at bins (i, N+1−i) contains information about

the transmission of the sample at both ωi and ωN+1−i, and these contributions cannot be separated. By

comparison, in a traditional heralded absorption measurement, there is no ambiguity about the path of

the two detected photons. Any decrease in the probe arm’s intensity can then be attributed entirely to

the sample’s absorption at the corresponding frequency. Suitable calibration of the experiment is needed

to eliminate the contribution of the unwanted second term in the numerator and denominator of (3.21).

We now consider a differential measurement, in which the goal is to estimate the relative absorption

T
(s)
i /T

(r)
i of a sample of interest (s) to a reference sample (r). Our calculation assumes that the de-

tector efficiencies ηi and the transmittance of the reference arm Ri remain unchanged between the two
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measurements. The relative absorption can then be calculated in terms of the relative heralding ratio,

C
+(s)
i /S

(s)
N+1−i

C
+(r)
i /S

(r)
N+1−i

=

(
1 + T

(r)
N+1−i/RN+1−i

1 + T
(s)
N+1−i/RN+1−i

)(
T

(s)
i + T

(s)
N+1−iRi/RN+1−i

T
(r)
i + T

(r)
N+1−iRi/RN+1−i

)
. (3.22)

As shown in (3.21), the heralding ratio itself is almost symmetric under a reflection of the spectrum

(i→ N+1−i), since only the detector efficiency ηi appears asymmetrically in the ratio. As a consequence,

calculations relying only on the heralding ratio cannot distinguish absorption at the low frequency from

that at the correlated high frequency. Fundamentally, this is due to the symmetrization imposed by the

beamsplitter. This symmetry can be broken by considering the spectrum of single clicks, which is not

symmetric, allowing for unambiguous absorption spectroscopy. The two samples used in this experiment

are known to be almost completely transmissive on one side of the degeneracy frequency ωp/2. It is

therefore reasonable to assume that the transmittance TN+1−i is the same for all measurements, where

i ≤ N/2. In this case,

C
+(s)
i /S

(s)
N+1−i

C
+(r)
i /S

(r)
N+1−i

=
T

(s)
i + TN+1−iRi/RN+1−i

T
(r)
i + TN+1−iRi/RN+1−i

=
T

(s)
i /T

(r)
i + TN+1−iRi/T

(r)
i RN+1−i

1 + TN+1−iRi/T
(r)
i RN+1−i

. (3.23)

Extraction of the relative absorption T
(s)
i /T

(r)
i from the heralding ratios requires we correct for the terms

TN+1−iRi/T
(r)
i RN+1−i. We now examine how this correction can be estimated from the measured data.

For calibration purposes, two more measurements are made with the setup. In one, the sample arm is

blocked, and in the other the reference arm is blocked. In each case, the singles spectrum is measured. We

use S
(0)
i to denote the spectrum with the reference arm blocked, and S

(0′)
i to denote the spectrum with

the sample arm blocked. We now use T
(0)
i to denote the transmittance through the sample arm, and write

T
(r)
i = T

(0)
i e−χ

(r)
i , T

(s)
i = T

(0)
i e−χ

(s)
i . (3.24)
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From (3.20),

S
(0)
i = gηiT

(0)
i |ψi|2, S

(0′)
i = gηiRi|ψi|2. (3.25)

From these, we calculate

S
(0)
i

S
(0′)
i

=
T

(0)
i

Ri
,

S
(0)
N+1−i

S
(0′)
N+1−i

=
TN+1−i

RN+1−i
. (3.26)

These provide the necessary correction factors, apart from the additional factor e−χ
(r)
i needed to account

for absorption by the reference sample. This factor can be estimated using the singles rates,

S
(r)
i − S

(0′)
i

S
(0)
i

=
T

(r)
i

T
(0)
i

= e−χ
(r)
i . (3.27)

Using (3.26) and (3.27), the transmittance ratio is found from

T
(s)
i

T
(r)
i

=

(
1 +

S
(0)
N+1−i

S
(0′)
N+1−i

S
(0′)
i

S
(0)
i

S
(0)
i

S
(r)
i − S

(0′)
i

)
C

+(s)
i /S

(s)
N+1−i

C
+(r)
i /S

(r)
N+1−i

−
S
(0)
N+1−i

S
(0′)
N+1−i

S
(0′)
i

S
(0)
i

S
(0)
i

S
(r)
i − S

(0′)
i

. (3.28)

This quantity is calculated below as an estimate of the absolute transmission of the sample of interest.

Replacing the reference singles rate S
(r)
i by the corresponding quantity for the sample of interest, (3.27)

yields an estimate of the sample transmittance which is independent of the coincidence count rates. This

can be compared directly to the transmission spectrum calculated from (3.28) to check for consistency.

Assuming our model sufficiently describes the measured count rates, the two spectra should be the same.

A comparison of this type is presented in the following section.
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3.6 Results of spectroscopic measurements

As discussed in Section 3.3, we perform an experiment which uses this two photon spectroscopy method to

measure the absorption and phase of SiNC dye molecules. This dye is measured in solution (concentration

of 0.15 mM), so that the absorption spectrum of the dye is determined via differential measurements with

a reference sample containing only the toluene solvent. The dye-in-solvent and solvent-only samples play

the role of the sample of interest and reference sample in the procedure described in the previous section.

3.6.1 The measured interferograms

Spectroscopic measurements are conducted on each sample by measuring the rate of single and coin-

cidence counts at each of the two beamsplitter outputs using the biphoton spectrometer described in

Subsection 3.3.4. These spectra are measured at a range of relative delays τ extending symmetrically

on either side of the HOM dip. These counts, after suitable calibration of the detector efficiencies as

discussed in Section 3.5, yield a singles spectrum Si along with total and difference coincidence spectra

C+
i and C−

i . The total coincidences and singles counts are phase-insensitive, and are not observed to vary

with delay; these counts are integrated over the range of delays to obtain a single spectrum of each type

for each sample. The ratio of total coincidences to singles at each frequency bin are used to determine

the absorption spectrum, in analogy to previous heralded absorption measurements. This procedure was

discussed in detail in Subsection 3.5.1.

The phase-sensitivity of the measurement appears in the difference coincidence rate C−
i . From (3.20),

including the phase shifts due to the relative delay τ imposed by a delay line, the coincidence rate is

C−
i = 2gηiηN+1−i

√
TiTN+1−iRiRN+1−i|ψi|2cos [(ωi − ωN+1−i)τ + ϕi − ϕN+1−i] . (3.29)

For each of the two samples, the difference coincidence spectrum is measured as a function of delay; the

interferograms obtained in this way are shown in Figure 3.3 and Figure 3.4. Each spectrum is symmetric
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Figure 3.3: The measured HOM interferogram for the reference (toluene) sample. (a) Joint spectral intensity of
coincidence counts measured at three values of the relative delay. (b) Measured interferogram for all delay values.
Each row of (b) is obtained by summing a JSI measurement over one axis (the vertical axis, in (a)). The resulting
interferogram shows oscillations with τ for each value of the frequency difference f1 − f2. The interferogram shows
a left-right symmetry due to the indistinguishability of the two photons after the beamsplitter.

under reflection across the center frequency ωp/2. At a particular spectral bin, corresponding to pairs at

frequencies ωi and ωN+1−i, the count rate varies sinusoidally as a function of time with a known frequency

ωi − ωN+1−i. The relative phase shift ϕi − ϕN+1−i acts to shift the position of fringe peaks. The relative

phase shift can therefore determined by fitting the oscillation at each pair of frequencies. The phase shifts

obtained in this manner can be used to reconstruct the phase spectrum ϕ(ω) imparted by the sample on

transmitted photons. This method is sensitive only to the relative phase spectrum ϕ(ω) − ϕ(ωp/2 − ω),

which is a consequence of our particular probe state; any measurement of this type using a narrowband

pump shows a similar restriction. As in the absorption measurement, the phase shift at frequencies below

ωp/2 is assumed to be negligible, so that this relative phase spectrum can be associated with the absolute

phase shift ϕ(ω) for ω > ωp/2.
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Figure 3.4: The measured HOM interferogram for the SiNC dye sample. The interferogram has the same inter-
pretation as in Figure 3.3. The addition of the sample causes two main differences. Absorption leads to a decrease
in the amplitude of oscillations at some frequencies; due to photon indistinguishability, a single absorption peak
appears symmetrically on both sides of the interferogram. The phase shift imparted by the sample appears as a
phase offset in each vertical oscillation.
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Figure 3.5: Measured HOM dips for both the reference (a) and dye (b) samples. Each curve is obtained by
summing over the horizontal frequency axis in interferograms of the type shown in Figures 3.3 and 3.4. The
curves labeled “AB” are those obtained from the JSIs for antibunched pairs, involving a single detection from each
beamsplitter port. The curves labeled “AA+BB” are obtained from JSIs for bunched pairs, in which both photons
are observed at the same output port of the beamsplitter. These JSIs show complementary two-photon interference
fringes.
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3.6.2 The absorption spectrum

Raw rates of single clicks are first used to estimate the ratio of the quantum efficiencies of the two

spectrometer arms using (3.19). Single and coincidence rates are then scaled by this ratio so as to correct

for this imbalance. (That is, a single factor of this ratio is used to scale the singles rates; two factors

are used to scale the coincidence rates.) This eliminates one of the two efficiencies ηci , ηdi
in favour of

the other, so that all count rates are proportional to a single frequency-dependent detection efficiency, as

discussed at the start of Section 3.5. An estimate of the transmission spectrum is obtained from the scaled

coincidence and singles rates using the expression (3.28).

The measured transmission spectrum for the SiNC dye is presented in Figure 3.6, which shows results

based on both the heralded method and on the singles rates alone. The same figure also shows the

transmission spectrum as measured with a conventional spectrometer.

The transmission profile shows qualitative agreement with the conventionally-determined spectra, but

in each case quantitative disagreements are observed. The disagreement in the absorption profile is believed

to be due to changes in the signal beam’s direction upon passage through the cuvette. The glass cuvettes

containing the two samples were observed to have slightly different wedges, so that insertion of a cuvette

into the spectrometer changed the portion of the down-converted beam which is later coupled into single-

mode fibers. A pair of f = 5 cm planoconvex lenses were placed one focal length before and after the

sample, which increased the numerical aperture of the beam at the location of the sample and reduced this

effect. Nevertheless, it was observed that significant reductions in the count rates were introduced when

adding cuvettes even with these lenses present, which could not be explained by the known absorption of

the sample. Since the calibration, reference sample, and sample-of-interest measurements were made with

different cuvettes present, this introduced a source of variation which is not accounted for in the simple

model of Section 3.4, and which cannot be corrected for without significant additional characterization.

The molecular absorption profile was measured using a commercial spectrometer containing a separate

optical setup, and so does not suffer from alignment issues to the same extent.
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Considering the model of Section 3.4, addition of a glass wedge in the sample arm acts to change the

spatial mode of the field which couples into the single mode fibers. Due to optical reciprocity, this fiber

mode can be traced backwards through the interferometer; after transmission through the cuvette, part

of the optical mode will terminate at the nonlinear crystal, and part will exit the interferometer due to

scattering outside of the beam’s aperture. The portion of the fiber mode which intersects the nonlinear

crystal will contribute optical photons, which will show some correlation with the photons contained in

the reference mode. Due to unitarity, the portion of the fiber mode which scatters outside of the aperture

will appear as result in additional optical loss between the crystal and the detector. Since the cone of

down-converted photons contains a large number of spatial modes, it is possible that the probe spectrum

|ψi| observed with the cuvette in place is not the same spectrum observed with the cuvette removed;

ultimately, this is due to the spatial-spectral correlations that exist in the down-converted beam as a

result of the phase matching conditions. The second effect, leading to additional optical loss, will lead

to a sample transmission spectrum Ti which is lower than would be the case if loss only occurred due to

sample transmission. In a classical spectrometer, the only variable of interest is the field amplitude
√
Tiψi

leaving the sample arm. In the HOM interferometer, these two variables contribute distinct errors to the

measured spectrum due to the measurement’s reliance on correlations.

The heralding ratios, which are ratios of spectra obtained from a single measurement of a fixed cuvette,

is not affected by changes to |ψi|. The correction factor used in the heralded measurement also involves

ratios of intensities obtained from different cuvettes. The absorption estimate using the heralding ratios

will therefore be sensitive to changes in |ψi| arising from the reference cuvette, but will not be affected

by similar changes arising from the sample cuvette. By comparison, additional loss included in T
(s)
i is

expected to affect both the heralded and singles measurements of absorption similarly. The systematic

errors observed in the heralded and singles-based measurements in Figure 3.6 are similar and appear only

as an additional reduction in the measured transmission, which suggests that scattering of light out of the

beam path by the wedge may be the dominant source of error in the present experiment.
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3.6.3 The phase spectrum

The phase spectrum of the sample is obtained by fitting a sinusoid to each column of Figure 3.4(b). The

resulting phase function has a large linear component due to the group delay imparted by the cuvette. To

correct for this delay, we calculate the shift τdip in the HOM dip’s peak (Figure 3.5) due to the sample,

and subtract the corresponding phase gradient ωτdip. The resulting profile is shown in Figure 3.7, together

with a phase profile calculated by applying the Kramers-Kronig relations to the conventionally-measured

absorption profile. The spectrum of each sample is measured ten times, and error bars indicate the

standard deviation of the measurements. Each plot shows only those wavelengths below the degeneracy

point (810 nm); as discussed earlier, the SiNC molecules are expected to have negligible absorption and

phase profiles at measured wavelengths larger than this. Due to differences in the thickness of the different

glass cuvettes used, a substantial group delay is found when comparing phase measurements between the

two samples. As our method is sensitive to the absolute phase shift, this group delay appears as a gradient

in the phase spectrum; this should be contrasted with the Kramers-Kronig calculation, which is inherently

insensitive to any delay-related phases. The magnitude of this delay is estimated based on the shift in

the (non-frequency-resolved) HOM dip, obtained by summing over all frequency bins (Figure 3.5), and a

corresponding phase correction has been applied.

In the phase measurement, changes in |ψi| lead only to a change in the amplitude of the observed

coincidence oscillations, so that a change in the probe spectrum due to the cuvette is not expected to lead

to systematic errors in the phase spectrum. Deflections due to the cuvette may introduced an additional

group delay in the cuvette measurements; this group delay is expected to be much smaller than that due

to propagation through the cuvette glass. Additional group delay between different measurements has

been estimated based on the position of the HOM interferogram, and this group delay has been removed

from the phase shift shown in Figure 3.7. Changes to the transmission spectrum Ti due to scattering

by the cuvette are also expected to lead to additional measured phase shifts. This may be the cause of

the systematic errors seen in the phase measurements. Since the cuvette-related losses extend outside of
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Figure 3.6: Estimated absorption profile for the SiNC dye. The blue curve shows the absorption profile measured
with a commercial spectrometer. Black points indicate the absorption profile estimated from the coincidence-to-
singles ratio, as discussed in Subsection 3.5.1. Error bars on these points are the standard error calculated from
ten repeated measurements. The red curve shows the absorption profile estimated from the ratio of singles counts
measured with the reference and dye samples. Error bars on the red curve are too small to be visible.
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Figure 3.7: Estimated phase profile for the SiNC dye. The blue curve shows the profile predicted from the
Kramers-Kronig relations applied to the conventional absorption profile shown in Figure 3.6. The black points
show the phase profile estimated from shifts in the positions of oscillations in the interferogram Figure 3.4. Error
bars on these points are the standard error calculated from ten repeated measurements.
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the measured bandwidth in Figure 3.6, it is not possible to correct for these phase shifts using the data

available at present.

Errors of the types previously mentioned can be reduced by suitable changes to the method of col-

lection of light out of the sample. One option is to fiber-couple the light both before and after each

sample; this allows for an independent measurement of transmission through the sample which never-

theless experiences identical losses due to scattering by the cuvette. Alignment through the cuvette can

be optimized using a commercial spectrometer to ensure that scattering by the glass has minimal effect,

which should in turn reduce errors in the heralded measurement. A second option is to increase the nu-

merical aperture of the lenses before and after the sample, to further minimize scattering losses; this was

avoided due to the increased aberrations coming from optical misalignment. A third option is to avoid

the use of single-mode fiber altogether, which would also reduce sensitivity to misalignment. This is the

approach taken by many practical spectrometers. At the same time, removing single-mode fibers may

act to reduce the interferometric visibility due to a reduction in spatial overlap between the two beams.

Fourier-transform spectrometry techniques, however, typically do not involve any spatial filtering. Entirely

free-space quantum interferometric spectroscopy may therefore be a viable practical technique.

3.7 Conclusions

This method of spectrally-resolved Hong-Ou-Mandel interference allows one to perform simultaneous mea-

surement of the linear-optical absorption and phase spectra imparted by a sample. Crucially, the absorption

measurement relies on heralding information — that is, on the ratio of coincidence counts to single counts

— which is not affected by the HOM-based phase measurement. If the only source of loss in the experiment

comes from the sample, then the unpaired single detections allows one to determine the exact number of

photons absorbed by the sample at each frequency. In traditional heralded measurements, the number of

coincidence detections allows one to also determine the exact number of transmitted pairs, which results

in an optimal measurement of the sample absorption. The situation is more complicated here, however,
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due to the presence of the beamsplitter. As discussed in Subsection 3.5.1, coincidence clicks involving

transmission through the sample of a photon at ωi are indistinguishable from clicks involving transmission

at the correlated frequency ωN+1−i. The HOM method therefore provides less absorption information per

coincidence click than a traditional heralded measurement. This issue is examined in more detail in Chap-

ter 4, which examines the classical Fisher information for a model of the experiment. By this method, one

finds that the HOM-based spectroscopy saturates the quantum limit for absorption measurement when

loss in the experiment is low. In this limit, the majority of the absorption information comes from the

relatively rare instances in which a photon is absorbed, so that the degraded coincidence information is

unimportant.

The same indistinguishability also introduces a practical challenge since the absorption is no longer

simply related to the heralding ratio. Our demonstration relies on a correction factor (3.28) which must

be determined using calibration measurements. We have not examined the uncertainty arising from the

absorption estimator (3.28), which is necessary for proper metrological demonstrations. In fact, from

Figure 3.6, it is expected that our estimator is not optimal, since the estimator which includes herald-

ing information has much larger uncertainty than the simple estimator based only on the rate of single

detections. A better method would use the singles-only estimator as a prior estimate, which could then

be updated to an appropriate extent using the heralding information. More generally, it is not necessary

to rely on analytic estimators; maximum likelihood estimation saturates the classical Fisher information

in the limit of a large number of samples [38]. Another option is to use machine learning algorithms to

approximate the optimal estimator [126]; here, the challenge is to build a large database of measurement

results to allow for training.

It is useful to also consider the properties of the HOM measurement from the perspective of practical

chemical spectroscopy. Here, the method performs well. The interferometer is quite phase-stable since the

phase of the interference pattern depends on the path length L through a term ∆ωL/c, which depends on

the difference of two optical frequencies; this is to be contrasted with the ωL/c dependence of classical (e.g.

Michelson) interferometers. The current measurements were made on a timescale of a few minutes, but
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the interferometer was observed to be stable over many hours without the use of active phase stabilization.

The use of SPDC provides continuous bandwidths exceeding 100 nm using only a narrowband cw pulse.

The introduction of time-tagged detection also automatically provides a coarse time resolution on the order

of a few nanoseconds, which allows one to easily incorporate signal modulation techniques at frequencies

up to hundreds of megahertz.

The early stage of development of these time-tagging cameras does place some restrictions on the

measurement, however. The most serious of these is the relatively low quantum efficiency of the intensifier

and sensor, which in this experiment was about 10%. As mentioned above, and discussed in more detail

in Chapter 4, this method is most useful when system losses are low, since any additional (non-sample)

losses tend to degrade the quantum correlations upon which the method relies. Image intensifiers with

quantum efficiencies of up to 50% are commercially available, but at the cost of much longer phosphor

decay times. The development of high-efficiency photocathodes and fast phosphors therefore seems vital

if this method is to find practical application. Less serious concerns involve the pixel-limited spectral

resolution and the exposure limits of the camera. The spectral resolution, which is currently limited

to about 250 bins due to the sensor resolution, can be improved by “wrapping” the dispersed beam of

photons across multiple camera rows; currently, only two rows of the camera sensor are used, whereas it

may be possible to illuminate dozens of rows, which would increase the spectral resolution by a similar

factor. The spectrometer’s throughput is currently constrained by saturation of the camera, which limits

the exposure to about 200 photons per pixel per second; exposing more camera pixels would similarly

lower the necessary exposure time. Alternatively, linear arrays of avalanche diodes are now available,

offering 512 pixels per package with improved time resolution and quantum efficiency compared to time-

tagging cameras [124]. At very high exposures, one will encounter signal-to-noise difficulties associated with

“accidental” coincidence counts. In a fixed time interval, two independent, randomly-distributed streams

of photons have some chance of containing a click, which will lead to an erroneous coincidence detection.

This probability increases quadratically with the rate of single clicks, whereas the true coincidence rate

increases linearly. For sufficiently high photon fluxes, then, a large fraction of detected coincidences will
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be due to these uncorrelated “accidental” clicks. This can be partially improved through the use of

better filtering methods, such as the time-frequency correlation-based filtering we use in this experiment.

Ultimately, given a fixed detector time response and spectral resolution, this problem will set the ultimate

limit to the allowable photon flux, and hence will set a minimum exposure time.

Having discussed the fundamental concerns limiting the usefulness of the method, it should be noted

that the absorption and phase estimates shown in Figures 3.6 and 3.7 are not limited by the available

precision, but instead by large systematic errors. These errors are believed to be due to beam deflections

introduced by the sample cuvette, which lead to unaccounted-for changes in the measured spectra., as

discussed in Section 3.6. Future experiments aim to reduce these errors, allowing for truly quantitative

spectroscopy. One approach forgoes the use of fiber coupling altogether, so that beam deflections do not

introduce large losses; this also greatly decreases the system losses, which in the current experiment are

due in large part to the fiber coupling. This introduces a new challenge, since beam alignment must be

maintained to preserve a high interference visibility. The beam alignment can be tracked and corrected

using the single-photon-sensitive camera, however. Another method uses a fiber-coupled SPDC source,

with one photon being fed through a sample holder which is also has fiber-coupled input and output.

The sample fibers can be connected to either the quantum spectroscopy setup, or to a classical white

light source and spectrometer; the classical spectrometer can be used to measure the transmission of

the entire fiber-sample-fiber stage, which can then be quantitatively compared to the estimates obtained

from the quantum spectrometer. After addressing the systematic errors, it becomes possible to pursue a

demonstration of a true per-photon quantum advantage.

Experimental quantum metrology has so far focused on separate optimization of absorption and phase

information. In the context of material spectroscopy, these tasks become intertwined, so that one is instead

concerned with maximizing the information about electronic parameters that is jointly expressed through

the absorption and phase spectra. The Hong-Ou-Mandel method we have demonstrated is one avenue by

which this information can be improved; notably, it introduces phase sensitivity to the already optimal

heralded-photon absorption measurement, with, at least for low losses, little degradation in absorption in-
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formation. It is not the only means by which one can estimate absorption and phase — any interferometric

phase measurement will of course be sensitive to absorption, since one can measure also the decrease in

total measured intensity. In this way, one can consider other well-known interferometric methods, such

as the N00N state interferometer, from the perspective of joint estimation. More broadly, the recognition

that many spectroscopic tasks are indeed an example of this parameter estimation should lead to greater

focus on improving low-light spectroscopy through a joint measurement of both absorption and phase.
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4

Metrological performance of

Hong-Ou-Mandel-based

spectroscopy

4.1 Introduction

The experiment discussed in the previous chapter was motivated by a desire to introduce phase sensitivity

to existing heralded absorption measurements. This phase sensitivity arises from the indistinguishability

of pairs for which the probe is at ω1 and the herald at ω2, and pairs for which the probe is at ω2 and the

herald at ω1. In traditional heralded absorption measurements, the exact number of photons transmitted

by the sample arm is (ideally) equal to the number of coincidence detections. By introducing indistin-

guishability between transmissions at two possible frequencies, the Hong-Ou-Mandel-based spectroscopy is

unable to distinguish transmission at ω1 from transmission at ω2, which somewhat degrades the absorption

information compared to standard heralding methods. It is therefore necessary to quantify the amount of

absorption information available using the HOM method to determine the circumstances under which it

surpasses classical spectroscopic methods.

This chapter examines the exact precision bounds governing absorption and phase measurement with

the HOM method. It does this by evaluating the classical multiparameter Cramér-Rao bounds for the
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absorption and phase at each frequency. The key parameters determining the precision of each variable are

the various losses experienced by the photon pair. We first consider the lossless case, in which any photon

loss is due to absorption by the sample. Following this discussion, we examine the impact of various losses

on the absorption and phase precision bounds.

This line of research is motivated in large part by the view that spectroscopic measurement can be

viewed as estimation of the various model parameters describing a sample’s optical response. As discussed

in Chapter 3, a sample’s absorption and phase spectra can be parameterized by a set of variables describing

the electronic response of the sample, such as resonance wavelengths, oscillator strengths, and line widths,

as well as environment parameters such as the temperature of the bath. The same set of variables determine

both the absorption and phase response of the sample, and conversely, both the absorption and phase

spectra yield information about the values of these parameters.

It is interesting to ask: to what extent does phase information improve in estimation of these param-

eters? A complete calculation of the precision bounds for this parameter estimation problem requires a

detailed model of the parameters of interest and of their relation to the absorption and phase at each

frequency — it is then difficult to extrapolate from the results of such a calculation due to the many

problem-specific details that must be included. Section 4.4 discusses a somewhat heuristic approach to

this question based on a single figure-of-merit describing both absorption and phase estimation. This allows

direct comparison between the HOMmethod, classical spectroscopy, and heralded absorption measurement

in the context of this joint estimation task.

While experimental investigation into joint absorption-and-phase measurements is still in early stages,

recent years have seen a steady increase in the theoretical interest of such a task. The idea that absorption

and phase variables may be based on a common set of parameters was first identified in a metrological

context by Birchall et al. [127]. They consider estimation of a single unknown parameter which is jointly

encoded in both spectral variables, showing that the quantum Fisher information of such a variable is (up

to some prefactors) the sum of the absorption information and the phase information. They also show that

squeezed coherent states can have precision exceeding that of a classical state with a similar number of
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probe photons. Other work on absorption-and-phase measurements considers independent measurement

of both parameters, rather than any relation to a set of underlying variables. Gianani et al. [115] consider

the relationship between precision in absorption measurements and precision in phase measurements when

the two quantities are linked by the Kramers-Kronig relations. Other research has focused on the role of

incompatibility in measurements of absorption and phase [128, 129], which generally introduces a trade-off

between precision in one and precision in the other. Of note, these investigations have recently revealed

that the quantum Fisher information for phase and absorption only shows incompatibility at small numbers

of photons; as the number of probe photons increases, a single probe state can be optimal for both variables

[130, 50]. Specifically, Ref. [50] distinguishes between “probe incompatibility” (the ability of a single probe

state to be optimally sensitive to both parameters) and “measurement incompatibility” (the ability of a

single measurement to optimally extract information about both parameters). For large photon numbers,

the probe incompatibility vanishes, whereas the measurement incompatibility does not — a single state

is optimally sensitive to absorption and phase, but no measurement saturates the precision bound for

both variables. The same work shows that entanglement between the sample beam and an auxiliary

beam can reduce the amount of measurement incompatibility between the two variables, and in fact a

second auxiliary mode is necessary if one wishes to have a Gaussian state (which includes any coherent

displacement, squeezing, or thermal noise) that saturates the quantum bounds. It should be noted that

the current work, which relies on two spatial modes and two frequencies, is a four-mode measurement, and

so does not fall under their framework.

This chapter is organized as follows. Section 4.2 makes some general remarks about the calculation

of the classical Cramér-Rao bound. In particular, it relates spectroscopic measurements involving a large

number N of frequencies to a simplified model involving only pairs of correlated frequencies. It argues that,

under some mild assumptions, the metrological performance of the HOM measurement can be analyzed by

considering only two frequencies at a time. It then discusses the mathematical model of the measurement,

which is largely similar to that of Section 3.4. Section 4.3 considers first the lossless limit of phase and

absorption estimation, and shows that the absorption measurement in this case approaches the optimal
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quantum bound, while the phase measurement is shot noise-limited. It then considers the various types of

loss that might exist in the measurement, and compares the absorption and phase precision with classical

methods and (in the case of absorption) with the heralded measurement. Finally, Section 4.4 discusses

the relationship between the absorption and phase bounds and the problem of estimating parameters

which affect both types of spectra. It provides a heuristic figure of merit, and with it compares the

overall performance of the HOM method to that of a Mach-Zehnder interferometer, a heralded absorption

measurement, and a two-photon N00N-state interferometer, which serves as an alternative method of

quantum interferometric spectroscopy.

Throughout this chapter, a general benchmark in comparisons is the shot noise limit. In all discussions,

this refers to a classical measurement which experiences the same losses and detector inefficiencies as

the quantum method in question. In the case of absorption, this optimal classical measurement is a

measurement of transmitted power with a coherent state as input; for phase measurements, the optimal

classical measurement is a shot noise-limited interferometer. Performance is generally characterized in

terms of the precision (i.e., inverse Cramér-Rao bound) divided by the average number of probe photons

incident on the sample at the frequency of interest. For interferometric phase measurements, this is not

the same as the precision-per-input photon, since not all photons interact with the sample.

Even in the classical case, there is generally a trade-off between per-photon sensitivity to absorption

and phase. As we discuss in Section 4.3, the optimal classical phase measurement uses a highly imbalanced

interferometer with a tiny fraction of the incident power being transmitted through the sample. This same

measurement gives almost zero information about absorption, since a similarly tiny amount of power is

actually absorbed. The discussion in Section 4.3, which considers separately the bounds for absorption and

phase, makes comparisons with both the optimal classical single-parameter measurements of absorption

and phase (the shot noise limit), and also with the case of a balanced classical interferometer. Section 4.4,

which considers the total information for both absorption and phase, defines the shot noise limit to be the

precision a classical interferometer, where all beamsplitter reflectivities have been chosen so as to optimize

the figure-of-merit in question.
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4.2 Description of the problem

This section describes a simplified model of the experiment which is used for further calculations. As in

the previous chapter, we assume that the probe beam can be described by a photon pair, with one photon

propagating in each of two spatial modes. We also assume perfect frequency anticorrelations in the state,

which corresponds to the assumption of a narrowband pump beam.

Denoting annihilation operators for frequency bin ωi in the two spatial modes by ai and bi, the probe

state has the form

√
1− g |0⟩+√

g

N∑

i=1

ψia
†
i b

†
N+1−i |0⟩ . (4.1)

Here g is some parameter describing the probability of possessing a photon pair in a given trial. Normal-

ization of the state requires that
∑

i|ψi|2= 1.

The photodetectors used at the end of the experiment are assumed to be frequency-resolving. In

principle, for N spectral bins monitoring each of the two output ports of the interferometer, there are

22N possible experimental outcomes, since dark counts allow any combination of detector bins to click

in a given trial. This leads to an analytically and numerically intractable problem, since calculation of

the corresponding Fisher information involves summation over 22N terms for each matrix element. We

therefore neglect the effect of dark counts at the detector. A given trial therefore involves zero, one, or

two detector clicks. By assumption, two simultaneous clicks must belong to frequency-anticorrelated bins.

We will determine the sensitivity of the spectroscopic method by calculating the relevant classical

Fisher information matrix. The effect of an arbitrary spectroscopic sample is described by N absorption

parameters α and N phase shifts ϕ acting on one spatial mode. The complete estimation problem therefore

involves 2N unknown parameters, and the corresponding classical Cramér-Rao bound is determined by a
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2N by 2N real symmetric matrix F whose elements are given by (1.57),

Fζζ′ =
∑

k

1

pk

(
∂pk
∂ζ

)(
∂pk
∂ζ ′

)
, (4.2)

where ζ, ζ ′ are each one of the 2N unknown parameters. After neglecting dark counts, each matrix

element is determined by a sum over all measurement outcomes, of which there are 5N + 1: one outcome

corresponding to no detector clicks, 2N possible clicks for a single photon, and 4N possible paired clicks

(2N possible positions for the first click, which determines the position of the second click up to a choice

of one of two spatial modes).

Due to the assumption of perfect frequency anticorrelations, the probability of a single or coincidence

click involving the frequency ωi can depend only on the absorption and phase parameters at frequencies ωi

and ωN+1−i. Each spectral bin therefore relates to four parameters, which are the absorption and phase

parameters at ωi and ωN+1−i. Conversely, consider the calculation of some fixed element of the Fisher

information matrix. If the element is in a row or column related to parameter ζ, then every term in the

summation (4.2) involves a derivative with respect to ζ. If ζ is one of the four parameters related to the

frequency pair ωi and ωN+1−i, then every term which involves clicks at an unrelated frequency vanishes.

It should be noted here that the term corresponding no-click outcome, whose probability depends on all

absorption coefficients, does not vanish whenever ζ is an absorption parameter. It follows that when ζ and

ζ ′ are parameters relating to distinct frequency pairs, every term in the calculation except for the no-click
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term necessarily vanishes, and F takes the form

F =




Fα1α1
Fα1αN

Fα1ϕ1
Fα1ϕN

FαNα1 FαNαN
FαNϕ1 FαNϕN

Fϕ1α1
Fϕ1αN

Fϕ1ϕ1
Fϕ1ϕN

FϕNα1
FϕNαN

FϕNϕ1
FϕNϕN

Fα2α2 Fα2αN−1
Fα2ϕ2 Fα2ϕN−1

FαN−1α2
FαN−1αN−1

FαN−1ϕ2
FαN−1ϕN−1

Fϕ2α2
Fϕ2αN−1

Fϕ2ϕ2
Fϕ2ϕN−1

FϕN−1α2 FϕN−1αN−1
FϕN−1ϕ2 FϕN−1ϕN−1

. . .




+F
(0),

(4.3)

where F
(0) is the contribution due to the no-click outcomes,

F (0)
ζζ′ =

1

p0

(
∂p0
∂ζ

)(
∂p0
∂ζ ′

)
(4.4)

If not for this no-click contribution, the classical Fisher information matrix takes the form of a block-

diagonal matrix, with each block describing the four parameters relating to a pair of anticorrelated fre-

quencies.

The absence of a click is typically not recorded in practice. Rather, many trials of the measurement

are performed, and the total number of clicks of each type are recorded. This distinction is important to

note in calculations of the Fisher information — as noted in Section 2.4, measurements which count only

the number of clicks have access to less metrological information than those which also know the total

number of trials (equivalently, the number of copies of the state (4.1)). The number of clicks of a fixed

type in N trials is then a Poisson-distributed random variable whose mean is N times the probability

of the same click pattern in a single trial. The random variables describing different click patterns are
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related only in that the total number of clicks of all types (including the no-click pattern) must sum to

the number of trials N . If one records only those experimental outcomes in which a detector click is

observed, the various Poisson-distributed counts can be regarded as independent variables, so that each

Fisher information matrix element is just the sum of the contributions from each individual click count.

(Strictly speaking, this neglects the remaining constraint that the sum of all counts cannot exceed N . We

restrict our analysis to the limit g → 0 in which photon pairs are rarely produced, so that the probability of

a click in a given trial is small; it follows that the probability of N or more clicks in N trials is negligible).

Under this assumption, the classical Fisher information determined by the distribution of counts for clicks

of all types, but excluding trials leading to no click, is equal to the number of trials N times a matrix

which is the same as (4.3), but now excluding terms related to the no-click outcome. Appendix B presents

a short proof that this neglect of the no-click outcome results in an effective Fisher information which

always lower bounds the true value, so that this procedure results in a useful (i.e., saturable) metrological

bound. Under this assumption, then, the classical Fisher information matrix breaks into a block-diagonal

form.

Under the conditions described above, the problem of determining the precision of the spectroscopic

measurement can be analyzed by considering a single pair of correlated frequencies which involves four

unknown parameters, consisting of two absorption and two phase variables. The complete classical Cramér-

Rao bound is determined by the inverse of a block-diagonal classical Fisher information matrix which

consists of one block for each pair of frequencies; since the inverse of a block-diagonal matrix is also block-

diagonal, the precision limits for a given variable depends only on the matrix block associated with the

related pair of frequencies. The problem can then be analyzed entirely using a model which includes only

two frequencies and four unknown parameters.
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4.2.1 A two-frequency model of spectrally-resolved HOM

Based on the preceding discussion, the probe state for the simplified model can be written in the form

√
1− g |0⟩+√

gψ1a
†
1b

†
2 |0⟩+

√
gψ2a

†
2b

†
1 |0⟩ . (4.5)

This state is used to probe a spectroscopic sample (in spatial mode a), and a relative delay τ is placed on

the reference photon (in spatial mode b). The action of these two components can be written in the form

a†i 7 −→ e−αi/2+iϕia†i +
√
1− e−αis†i , b†i → e−iωiτ b†i , (4.6)

where absorption by the sample is described by scattering into an auxiliary pair of modes si. We also

introduce additional losses into each arm, described by transmittances Ti for the sample arm and Ri for

the reference arm, using similar auxiliary modes. The modes a and b are inputs to a 50:50 beamsplitter

with output ports c and d. The four modes after the beamsplitter (two frequencies in each of the spatial

modes c and d) are detected at four corresponding photodetectors with efficiencies ηci and ηdi
which may

depend on frequency. This model is essentially the same one described in Section 3.4, and the state prior

to detection has the form

ρout = g
[
|ψ1|2(1− T1e

−α1)(1−R2) + |ψ2|2(1− T2e
−α2)(1−R1)

]
|0⟩ ⟨0|

+
g

2
(1− T1e

−α1)R2|ψ1|2(c†2 − d†2) |0⟩ ⟨0| (c2 − d2)

+
g

2
(1− T2e

−α2)R1|ψ2|2(c†1 − d†1) |0⟩ ⟨0| (c1 − d1)

+
g

2
(1−R2)T1e

−α1 |ψ1|2(c†1 + d†1) |0⟩ ⟨0| (c1 + d1)

+
g

2
(1−R1)T2e

−α2 |ψ2|2(c†2 + d†2) |0⟩ ⟨0| (c2 + d2)

+ |ψout⟩ ⟨ψout| , (4.7)
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where |ψout⟩ is the (unnormalized) state vector

|ψout⟩ =
√
1− g |0⟩

+

√
g

2
ψ1

√
T1R2e

−α1/2+iϕ1−iω2τ (c†1 + d†1)(c
†
2 − d†2) |0⟩

+

√
g

2
ψ2

√
T2R1e

−α2/2+iϕ2−iω1τ (c†2 + d†2)(c
†
1 − d†1) |0⟩ . (4.8)

Unlike the previous chapter, we consider the raw count rates of each type, rather than the rates corrected

for detector efficiency. We therefore consider the POVM given by (3.13), which has been truncated to

consider only the zero-, one-, and two-photon subspaces. It is helpful to first define the quantities

q0 = Tr [ρout |0⟩ ⟨0|] , (4.9a)

q1 = Tr
[
ρout c

†
1 |0⟩ ⟨0| c1

]
= Tr

[
ρ d†1 |0⟩ ⟨0| d1

]
, (4.9b)

q2 = Tr
[
ρout c

†
2 |0⟩ ⟨0| c2

]
= Tr

[
ρ d†2 |0⟩ ⟨0| d2

]
, (4.9c)

q
(b)
12 = Tr

[
ρout c

†
1c

†
2 |0⟩ ⟨0| c1c2

]
= Tr

[
ρ d†1d

†
2 |0⟩ ⟨0| d1d2

]
, (4.9d)

q
(ab)
12 = Tr

[
ρout c

†
1d

†
2 |0⟩ ⟨0| c1d2

]
= Tr

[
ρ d†1c

†
2 |0⟩ ⟨0| d1c2

]
, (4.9e)

which are given by

q0 = (1− g) + g|ψ1|2(1− T1e
−α1)(1−R2) + g|ψ2|2(1− T2e

−α2)(1−R1), (4.10a)

q1 =
g

2
T1e

−α1(1−R2)|ψ1|2+
g

2
(1− T2e

−α2)R1|ψ2|2, (4.10b)

q2 =
g

2
T2e

−α2(1−R1)|ψ2|2+
g

2
(1− T1e

−α1)R2|ψ1|2, (4.10c)

q
(b)
12 =

g

4
T1R2e

−α1 |ψ1|2+
g

4
T2R1e

−α2 |ψ2|2+
g

2

√
T1T2R1R2e

−α1/2−α2/2Re
[
ψ1ψ

∗
2e

i(ϕ1−ϕ2)−i(ω2−ω1)τ
]
,

(4.10d)

q
(a)
12 =

g

4
T1R2e

−α1 |ψ1|2+
g

4
T2R1e

−α2 |ψ2|2−
g

2

√
T1T2R1R2e

−α1/2−α2/2Re
[
ψ1ψ

∗
2e

i(ϕ1−ϕ2)−i(ω2−ω1)τ
]
.

(4.10e)
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The detection probabilities then have the form

p0 = Tr [ρout Π0] = q0 + (2− ηc1 − ηd1)q1 + (2− ηc2 − ηd2)q2

+ [(1− ηc1)(1− ηc2) + (1− ηd1)(1− ηd2)] q
(b)
12

+ [(1− ηc1)(1− ηd2
) + (1− ηd1

)(1− ηc2)] q
(ab)
12 , (4.11a)

pc1 = Tr [ρout Πc1 ] = ηc1q1 + ηc1(1− ηc2)q
(b)
12 + ηc1(1− ηd2

)q
(ab)
12 , (4.11b)

pc2 = Tr [ρout Πc2 ] = ηc2q2 + ηc2(1− ηc1)q
(b)
12 + ηc2(1− ηd1

)q
(ab)
12 , (4.11c)

pd1 = Tr [ρout Πd1 ] = ηd1q1 + ηd1(1− ηd2)q
(b)
12 + ηd1(1− ηc2)q

(ab)
12 , (4.11d)

pd2 = Tr [ρout Πd2 ] = ηd2q2 + ηd2(1− ηd1)q
(b)
12 + ηd2(1− ηc1)q

(ab)
12 , (4.11e)

pc1c2 = Tr [ρout Πc1c2 ] = ηc1ηc2q
(b)
12 , (4.11f)

pd1d2
= Tr [ρout Πd1d2

] = ηd1
ηd2

q
(b)
12 , (4.11g)

pc1d2
= Tr [ρout Πc1d2

] = ηc1ηd2
q
(ab)
12 , (4.11h)

pd1c2 = Tr [ρout Πd1c2 ] = ηd1ηc2q
(ab)
12 . (4.11i)

This probability distribution determines the metrological performance of the spectroscopic method, which

is given formally by the relevant classical Cramér-Rao bounds.

As described above, the classical Fisher information matrix related to a given pair of correlated fre-

quencies ω1 and ω2 has the form of a four-by-four real symmetric matrix,

F =




Fα1α1
Fα1ϕ1

Fα1α2
Fα1ϕ2

Fα1ϕ1
Fϕ1ϕ1

Fϕ1α2
Fϕ1ϕ2

Fα1α2 Fϕ1α2 Fα2α2 Fα2ϕ2

Fα1ϕ2
Fϕ1ϕ2

Fα2ϕ2
Fϕ2ϕ2




. (4.12)
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Each element of the matrix is given by

Fζζ′ =
∑

p∈P

1

p

∂p

∂ζ

∂p

∂ζ ′
, (4.13)

where the sum is over the set P ≡ {p0, pc1 , pc2 , pd1
, pd2

, pc1c2 , pd1d2
, pc1d2

, pd1c2}. The pair of parameters

ϕ1 and ϕ2 appear in the distribution only in the combination ϕ1 − ϕ2. This is a consequence of the fact

that the biphoton is a superposition of two terms, with one term acquiring a phase shift ϕ1 and the other

ϕ2; the absolute phase ϕ1 + ϕ2 then appears as an unmeasurable global phase in the biphoton state, and

only the relative phase can be measured. This is a consequence not of the spectroscopic measurement, but

rather of the probe state itself. The consequence for the Fisher information is that the ϕ1 and ϕ2 rows (and

similarly the corresponding columns) are linearly dependent, so that the matrix cannot be inverted, and

the Cramér-Rao bound is undefined. To obtain a well-defined statistical problem, we can only consider

estimation of the relative phase

δ ≡ ϕ1 − ϕ2 (4.14)

together with the two absorption parameters. The estimation problem therefore involves three unknown

parameters, and the corresponding classical Fisher information matrix has the form

F =




Fα1α1 Fα1α2 Fα1δ

Fα1α2
Fα2α2

Fα2δ

Fα1δ Fα2δ Fδδ



. (4.15)

Each derivative appearing in this matrix can in turn be written in terms of derivatives of the qi, which are

given in terms of the optical parameters of the measurement.

Due to the large number of terms involved in the calculation, explicit expressions for the matrix elements

are not useful. Symbolic calculations using Mathematica have been used for analytical calculation of the
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classical Cramér-Rao bounds, which after simplification can be used for numerical calculations. This

approach has the advantage over purely numerical techniques in that difficulties associated with numeric

stability of the matrix inversion can be handled by symbolic cancellation and limiting processes.

4.3 Evaluation of the precision bounds

We now consider the evaluation of the bounds described in the previous section. For simplicity, we first

consider the lossless limit, in which the optical transmissions through each arm (apart from the unavoidable

loss due to interactions with the sample) and the detector efficiencies are each unity. After this, we turn

to the question of loss tolerance in the measurement, which may occur in the sample arm, the reference

arm, or due to finite detector efficiency.

For concreteness, we focus on estimation of the absorption parameter α1 and the relative phase shift

δ. The bounds for α2 are obtained upon relabeling of the spectral bin indices. In discussing the phase

difference, we include the known phase (ω1 − ω2)τ in the definition of δ, which does not change the

metrological information but does simplify the resulting expressions. In all cases, the quantity of interest

for a given parameter is the multiparameter information per incident photon, of which there are g|ψ1|2

(we assume any loss in the sample arm occurs after the beam interacts with the sample). In counting the

photons that interact with the sample, we only include those at the frequency of interest (ω1 in this case),

which implicitly assumes that the phase shift δ can be entirely attributed to one frequency; this is the case

in the experiment of the previous chapter, where the spectral response of the sample was confined to one

half of the probe’s bandwidth. We always consider the limit of weak two-mode squeezing, for which the

probability of producing a pair on a given trial g → 0. The per-photon information in the multiparameter
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case is then given by

Cα1 ≡ lim
g→0

1

g|ψ1|2
(
(F−1)α1α1

)−1

= lim
g→0

1

g|ψ1|2

(
Fα1α1

−
Fα2α2

F2
α1δ

+ FδδF2
α1α2

− 2Fα1α2
Fα1δFα2δ

Fα2α2
Fδδ −F2

α2δ

)
, (4.16a)

Cδ ≡ lim
g→0

1

g|ψ1|2
(
(F−1)δδ

)−1

= lim
g→0

1

g|ψ1|2

(
Fδδ −

Fα1α1
F2

α2δ
+ Fα2α2

F2
α1δ

− 2Fα1α2
Fα1δFα2δ

Fα1α1
Fα2α2

−F2
α1α2

)
. (4.16b)

These have been defined so as to be the inverse of the corresponding classical Cramér-Rao bound, after

normalizing by the number of photons.

4.3.1 Precision in the lossless limit

The lossless limit consists of the case Ti → 1, Ri → 1, η → 0. In terms of the two amplitudes ψ1 and ψ2 in

the frequency-entangled state (4.5), the per-photon absorption information takes the form

Cα1 =
e−α1

1− e−α1
− e−α1 |ψ2|2
e−α1 |ψ1|2+|ψ2|2

. (4.17)

For arbitrary values of α1, this is optimized when |ψ1|2→ 1; in this limit, the scheme becomes a standard

heralded absorption measurement (see Section C.3), and the multiparameter absorption information tends

to the value e−α1/(1 − e−α1), which saturates the quantum bound for single parameter absorption mea-

surements. However, the phase information, which depends upon interference between the two terms in

the state (4.5), vanishes in the same limit. If we instead suppose an equal superposition,

|ψ1|2= |ψ2|2=
1

2
, (4.18)
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then the multiparameter absorption information tends to the value

Cα1 =
2e−2α1

1− e−2α1
= cothα1 − 1. (4.19)

This is a factor (1 + e−α1)/2 smaller than the quantum bound.

When the sample absorption is low (α1 → 0), the HOM measurement’s absorption information ap-

proaches the optimal limit. Unlike a traditional heralded measurement, however, the HOM measure-

ment performs worse than the shot noise limit when the sample loss is sufficiently large: for values of

α1 > ln(1+
√
2), or e−α1 < 1/(1+

√
2), the value of Cα1 falls below the information for a single-parameter,

shot noise-limited absorption measurement of e−α1 .

The phase sensitivity in the same lossless limit is

Cδ =
8e−2α|ψ2|2sin2 δ

2e−2α|ψ1|4+(1 + T + cos 2δ) |ψ2|4−T (1− T + (2 + T ) cos 2δ) |ψ1|2|ψ2|2
, (4.20)

which is maximum for phases near δ ≈ π/2, 3π/2. In this case, the phase information is

Cδ =
4e−α(1− |ψ1|2)

1− (1− e−α)|ψ1|2
. (4.21)

The maximum per-photon phase information occurs in the limit |ψ1|→ 0; this is analogous to a classical

Mach Zehnder interferometer, in which the maximum per-photon sensitivity comes in the limit of vanishing

probe intensity (see Section C.2). The phase information tends to zero in this limit, but the number of

probe photons tends to zero in the same way, so that the information per probe photon approaches an

asymptotic limit of 4e−α, which is the same shot noise limit as occurs in a classical interferometer. In

contrast to measurement of the sample absorption, which shows a near-optimal enhancement in sensitivity

as compared to classical techniques, the phase sensitivity of the measurement shows the same shot noise-

limited behaviour that is seen in classical interferometers. In a classical interferometer, this is due to the

Poissonian statistics governing the number of photons emitted in a given time interval; in the case of the
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HOM measurement, this is due to the Poissonian statistics governing the creation of biphotons at the

nonlinear crystal. In this limit the absorption information vanishes, since no photons at the frequency of

interest ω1 interact with the sample. In all later analysis, we will assume a value of |ψ1|= |ψ2|= 1√
2
, which

allows for estimation of both phase and absorption.

4.3.2 Loss-tolerance

A persistent challenge in applications of quantum metrology is the sensitivity of entangled probes to noise;

in optical experiments, the main source of noise is usually due to optical losses. Optical losses tend to

degrade nonclassical states of light, reducing quantum enhancements to measurement sensitivity [131].

When using entangled probe states, one often encounters a loss threshold, with excessive losses leading

to less precision with the quantum strategy than with a comparable classical technique. The origin of

this behaviour is simple to understand: optical losses tend to entangle the probe state with additional,

unmeasured optical modes. In measurements of the probe state alone, this entanglement appears to cause

decoherence, turning the initial pure probe state into a mixed state. The quantum technique then effectively

uses this mixed state as a probe; under excessive losses, the probe state typically approaches a mixture of

coherent states, which for many metrological tasks (such as phase measurement) is outperformed by a pure

coherent state. A salient feature of heralded absorption measurements is that the technique outperforms

classical measurements for any amount of loss. The shot noise limit for absorption acts as an asymptotic

limit for the heralded measurement’s precision as the loss increases, but at no point does the heralded

measurement perform worse than the shot noise limit. As was shown in the previous subsection, this is

not true for the HOM measurement; sample transmission below 1/(1 +
√
2) results in a precision that is

below the shot noise limit. The rest of this section considers similar thresholds arising from other sources

of loss in the measurement.

In the HOM method, three inequivalent forms of loss can occur: the loss can appear in the sample

arm, in the herald arm, or after the beamsplitter. We generally denote sample arm transmission by Ti,

reference arm transmission by Ri, and describe post-beamsplitter loss using a detector efficiency ηi. We
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Figure 4.1: Effective classical Fisher information for absorption (loss only in the sample arm).

will consider each in turn.

Losses due to finite transmission T1, T2 in the sample arm affect the probe state in the same manner

as losses due to sample absorption e−α1 , e−α2 . We therefore consider the affect of the net transmission

Tie
−αi on the measurement precision. Figure 4.1 shows the multiparameter per-photon absorption infor-

mation as a function of the sample arm’s net transmission T1e
−α1 , alongside the quantum and shot noise

limits for single-parameter absorption measurements. As discussed in the previous subsection, the HOM

measurement approaches the quantum bound for low losses. Excessive loss leads to performance worse

than classical absorption spectroscopy. The multiparameter phase information is shown in Figure 4.2. If

there are no losses at the correlated frequency ω2, then the HOM method has the same performance as

a balanced Mach-Zehnder interferometer. Sample arm losses at the correlated frequency ω2 degrade the

HOM measurement but not a Mach-Zehnder measurement.

The case of losses in the reference arm is shown in Figures 4.3 and 4.4. The behaviour of the absorption

information is very different depending on which frequency experiences loss. Loss at ω2 (i.e., loss in the

frequency correlated with the frequency of interest) decreases the heralding efficiency of the probe, and
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Figure 4.2: Effective classical Fisher information for phase (loss only in the sample arm).

leads to decreased performance when the sample also induces a large amount of loss. However, it still

allows for an unbounded advantage over the shot noise limit when the sample arm’s loss approaches zero.

This is similar to a traditional heralded measurement, in which any amount of heralding allows for a

large quantum advantage. By contrast, loss at ω1, which does not affect the heralding of the frequency

ω1 of interest in the sample arm, has a lesser impact when the sample arm’s transmission is low but a

much greater impact when the sample arm’s transmission is high. Ignoring all other sources of loss, the

absorption information for arbitrary R1 is 2/(1 − R2
1), so that even in the limit R1 → 0 the absorption

measurement still shows a factor of 2 advantage over the shot noise limit. In fact, as R1 → 0, the absorption

information, calculated for arbitrary T1e
−α1 but ignoring all other losses, has the form

Cα1
=

T1e
−α1

1− T1e−α1/2
, (4.22)

which outperforms the shot noise limit for all values of the sample arm transmission. That is, completely

attenuating the frequency ω1 in the reference arm returns the HOMmeasurement to one whose performance

qualitatively resembles the traditional heralded measurement. This shows that the poor performance of

the HOM measurement for strongly absorbing samples is a consequence of the additional detections at ω1
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Figure 4.3: Effective classical Fisher information for absorption, including reference arm loss.

due to the reference beam. Of course, in the same limit the phase information completely vanishes, and

we return to a phase-insensitive heralded measurement.

The degradation of the phase information is shown in Figure 4.4. Loss at either ω1 or ω2 reduces the

phase sensitivity for all values of the sample transmission Te−α. Losses at ω1 in the reference arm has

an identical effect to loss in a classical Mach Zehnder interferometer. Unlike the classical interferometer,

reference arm losses at ω2 also degrade the performance of the HOM measurement, since absorption of a

photon at this frequency also leads to decoherence of the probe state (4.5). Since the HOM measurement

is degraded by absorption at both frequencies, in contrast to a Mach-Zehnder interferometer which is

degraded only by absorption at a single frequency, the HOM measurement will generally perform worse

than a classical interferometer once finite losses are introduced at both frequencies.

We finally consider the effects of detector loss. In all cases, we assume uniform detector loss at all fre-

quencies and for both beamsplitter outputs. Figure 4.5 shows the per-probe photon absorption information

for three values of η. Detector loss leads to a decrease in absorption precision for all values of sample arm

transmission T1e
−α1 . In the absence of any other losses in the setup, the absorption information has the
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Figure 4.4: Effective classical Fisher information for phase, including reference arm loss.
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Figure 4.5: Effective classical Fisher information for absorption, including finite detector efficiency.
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Figure 4.6: Effective classical Fisher information for phase, including finite detector efficiency.

form

Cα1 =
η

2

(
1 +

η2

1− 2η + 2η2 − η3

)
. (4.23)

For detector efficiencies below η ≈ 0.727, any quantum advantage in the absorption measurement is lost.

Unlike the case of losses in the sample arm, no amount of loss in the reference arm is capable of restoring

an advantage that is lost due to detector inefficiency.

The effect of detector efficiency on phase precision is shown in Figure 4.6. Phase sensitivity of the

HOM measurement is the same as that for a classical Mach-Zehnder interferometer, except that classical

interferometer’s information is proportional to η whereas the HOM measurement’s information is propor-

tional to η2. The extra factor of η is due to the phase information appearing in paired photon detection

probabilities for a HOM interferometer, as opposed to single photon detection probabilities for a classical

interferometer.

In summary, the HOM measurement shows a per-photon absorption precision which approaches the
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quantum bound in the absence of losses. This quantum advantage persists even in the presence of low

amounts of loss. In phase measurements, however, the HOM measurement shows a precision that equals

a classical Mach Zehnder in the lossless limit, with the classical measurement generally showing better

performance once losses are included. As a result, any metrological advantage that the HOM measure-

ment shows over a classical interferometer must come from its advantage in absorption information; for

sufficiently low losses, the HOM measurement may outperform both traditional heralded measurements

and classical interferometry in estimating a single parameter which is encoded in both the absorption and

phase response. This is the case in linear spectroscopy, in which both absorption and phase encode the

parameters describing the electronic response of a sample.

4.4 Comparison with other spectroscopic methods

This section discusses the HOM measurement in the context of three other possible strategies for linear

spectroscopy. These are the classical Mach Zehnder interferometer, which has been discussed to a small

extent above; the heralded absorption measurement; and the two-photon N00N state. The three techniques

have varying degrees of feasibility for short-term applications. Mach Zehnder-type interferometers form

the basis of white light interferometry, which has been used for spectroscopic measurements in which the

phase response of a sample is of interest, one example being in the design of ultrafast optical components

[132]. Heralded interferometry has been implemented in proof-of-principle experiments; it is an attractive

method of low-light absorption spectroscopy due to potential for sub-shot noise sensitivity without the

need for tight tolerances on optical losses or the need for expensive detectors. We discuss also N00N state

interferometry as an example of a technique which is capable of achieving a quantum advantage in both

absorption and phase sensitivity, though at the cost of tight tolerances on net optical losses. Details of the

three measurements discussed here are provided in Appendix C.

As discussed in the previous section, the HOM measurement is primarily useful when it is used for

measurement of some parameters of interest which are encoded in both the absorption and phase shift
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imparted by a sample. For instance, in linear spectroscopy, both the absorption and phase are determined

by the same set of electronic parameters (resonance frequencies, line widths, . . . ). Rather than independent

estimation of absorption and phase, one is usually concerned with estimating these electronic parameters,

from which both amplitude and phase can be calculated. In Subsection 4.4.1, we first discuss some general

features of the relationship between the multiparameter phase and absorption bounds and estimation

of shared parameters which relate to both quantities. We then define an approximate figure of merit

which includes both absorption and phase information. This figure of merit is then used in Subsections

4.4.2, 4.4.3, 4.4.4, and 4.4.5 as the basis of a comparison between HOM spectroscopy and other possible

measurement techniques.

4.4.1 Linear spectroscopy as a parameter estimation problem

The task of a typical linear interferometry measurement, as applied to chemical, biological, and material

science, may be phrased in the following terms. An unknown spectroscopic sample is placed in a spec-

trometer, which measures either the absorption spectrum, the phase spectrum, or both. The measured

spectrum is compared to an analytic model describing the properties of the sample, which itself is parame-

terized by a series of parameters χi quantifying some features of the model. For instance, these parameters

may be the resonant wavelengths, line widths, and oscillator strengths of a typical Lorentzian resonance,

which in turn convey information of interest about some properties of the sample such as its electronic

transitions. The goal of the experiment is therefore to estimate from the measured spectrum the values

of the χi. If the sample is photosensitive, then one seeks to optimize the precision of these estimates for a

fixed allowable number of probe photons.

As a consequence of the Kramers-Kronig relations, resonance parameters which are encoded in the

absorption profile of the sample are also encoded in its phase spectrum. We can therefore parameterize

the measured absorption and phase as α(χi) and ϕ(χi). Estimation of the χi is determined by a classical
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Fisher information matrix F̃ with parameters

F̃ij =
∑

p

1

p

∂p

∂χi

∂p

∂χj

=
∑

kℓ

∑

p

1

p

∂p

∂fk

∂p

∂fℓ

∂fk
∂χi

∂fℓ
∂χj

=
∑

kℓ

∂fk
∂χi

∂fℓ
∂χj

Fkℓ (4.24)

For simplicity, we suppose the approximate the continuous absorption and phase profiles may be approxi-

mated by their values at a discrete set of frequencies. These discretized absorption and phase parameters

form the elements of the vector fk. The classical Fisher information matrix describing the χ is therefore

related to the matrix describing the phase and absorption parameters by the Jacobian matrix connecting

the two sets of variables. Denoting the Jacobian by Jki = ∂fk/∂χi, we have

F̃ = JTFJ. (4.25)

The classical Cramér-Rao bounds then take the form

(∆χi)
2 ≥ (F̃−1)ii = [J−1F−1(JT )−1]ii, (4.26)

or

(∆χi)
2 ≥

∑

kℓ

(F−1)kℓ
∂χi

∂fk

∂χi

∂fℓ
. (4.27)

The classical Fisher information matrix calculated for the absorption and phase can therefore be used to

directly determine the bounds on the spectroscopic parameters.

We now consider the case of a sample spectrum which contains a single resonance peak. Both the

absorption and phase response of the sample will be proportional to a single oscillator strength; the precise
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relationship between the χi and the spectrum parameters α and ϕ will depend on the detailed shape of

the line as well as the detuning, but it is reasonable to assume that ∂χi

∂α and ∂χi

∂ϕ will be of comparable

magnitude. For instance, in the case of a Lorenz oscillator, the absorption and phase are given by

α(ω) =
σz

2c

ω2γ

(ω2
0 − ω2)2 + ω2γ2

, (4.28)

ϕ(ω) =
σz

2c

ω(ω2
0 − ω2)

(ω2
0 − ω2)2 + ω2γ2

, (4.29)

where ω0 is the resonant frequency, γ the damping constant, z the thickness of the medium, and σ set

the oscillator strength. Measuring the absorption and phase at a single frequency is sufficient to estimate

any two parameters, which we take to be χ1 = ω0 and χ2 = γ. We suppose that 2πc/ω0 = 810 nm,

z = 0.1 mm, take σ equal to Avogadro’s constant, and set α = 1 and ϕ = 0.5 rad. In this case, all four

of the Jacobian elements relating ω0 and γ to α and ϕ lie within the range [240 GHz, 640 GHz], which is

reasonable agreement given the level of detail in our discussion. The precision bound on the χi will be

the sum of three terms, where two relate to the bounds for α and ϕ, given by the diagonal elements of an

inverse CFI matrix F−1, and the third is associated with the off-diagonal element of F−1 which may be

positive or negative. By our discussion above, we may assume that the proportionality factors associated

with the diagonal elements have similar magnitude For simplicity, we will take the trace of F−1 to be a

measure of the sensitivity of the spectroscopic measurement to the given electronic parameter χ. This

ignores the relationship between the parameter χi and correlations between α and ϕ, but does include the

effect of these correlations on the measurement precision for absorption and phase.

The next few subsections make a comparison between alternative spectroscopic measurements and

the HOM measurement discussed above. As described above, the natural performance metric of a given

measurement technique is the inverse of the sum of the precision bounds for α and ϕ; that is, the quantity

1

(F−1)αα + (F−1)ϕϕ
. (4.30)
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However, our analysis involves comparison between joint measurements of absorption and phase. For the

heralded measurement (F−1)ϕϕ is not well-defined, since the technique is insensitive to phase. We therefore

use instead the figure of merit

B =
1

(F−1)′αα
+

1

(F−1)′ϕϕ
, (4.31)

which (up to a constant factor) is an upper bound for the expression above; the prime indicates that the

precision bounds have been normalized by the number of photons incident on the sample, as in the earlier

discussion. This figure of merit is reasonable if we consider the absorption and phase measurements to

provide independent estimates of χ (and we assume ∂χ/∂α and ∂χ/∂ϕ have the same magnitude); then B

is proportional to the inverse of the variance that is obtained after doing a suitable weighted average of the

two measurement results. This figure of merit also has the advantage that for phase-insensitive measures,

we may set (F−1)ϕϕ = ∞ (that is, the effective information is zero) and still get reasonable results.

For each of the measurements we consider, we make as a first approximation the assumption that all

losses are equal; that is, the transmission of each spatial mode and the quantum efficiency of each detector

is equal to the same value, which we denote by η. We do not, however, include the effect of the sample’s

absorption in the definition of η. Our task is then to see which measurement performs the best for given

values of α and η.

4.4.2 Spectrally-resolved Hong-Ou-Mandel interferometer

Figure 4.7 shows the value of the metric B for various values of α and η. Two cases are considered: in

the first, the probe state is assumed to be an equal superposition of the two paths, |ψ1|= |ψ2|= 2−1/2;

in the second, the ratio of the two amplitudes is optimized so as to maximize the value of B. For low

values of sample absorption α, the optimization has little effect. As the sample absorption increases,

optimization of the probe state becomes increasingly important. Optimization of the probe state shows

minor improvements in sensitivity when the optical efficiency η is above a value of about 0.5. For efficiencies
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Figure 4.7: Total information in optimized and balanced Hong-Ou-Mandel measurements.

below this value, probe optimization can greatly improve the sensitivity of the interferometer, particularly

when the sample absorption is large. The limiting behaviour of the interferometer as the optical efficiency

η approaches unity is mostly unchanged by optimization of the probe state.

4.4.3 Classical interferometer

A plot of the performance of a classical Mach Zehnder interferometer is shown in Figure 4.8. The curves

corresponding to HOM measurement with a non-optimized probe state are shown for comparison. In all

three Mach Zehnder curves, the precision of the interferometer has been maximized over the range of

possible beamsplitter reflectivities; as a result, these results also include the special case of a classical non-

interferometric absorption measurement. Similar to the HOM measurement, sample absorption degrades

the performance of the interferometer for all values of the optical efficiency η. The HOM measurement gen-

erally outperforms a Mach Zehnder interferometer for this joint amplitude-and-phase measurement when

the efficiency η is sufficiently large; the range of η over which the HOM measurement shows an advantage

increases as the sample absorption becomes large. Despite the rapid decrease of HOM measurement per-
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Figure 4.8: Total information in balanced Hong-Ou-Mandel and optimized classical measurements.

formance for highly absorbing samples, the similar decrease in classical interferometer precision means that

the relative performance of the HOM measurement actually increases as the sample loss becomes large.

By this metric, then, the quantum advantage improves as the sample’s absorption becomes the dominant

source of noise in the measurement.

4.4.4 Heralded absorption measurements

Figure 4.9 compares a traditional heralded measurement to a HOM measurement with a non-optimized

probe state. Since the HOM measurement’s absorption information degrades more quickly with loss

compared to a heralded absorption measurement, at low sample losses and for high optical efficiency the

overall performance of the heralded interferometer is better than that of the more complicated HOM

measurement. Once a finite amount of sample absorption is introduced, the HOM measurement shows an

improvement in overall precision for η ≳ 0.5. For these cases, the additional phase information provided

by the HOM measurement allows for greater estimation of the joint parameter χ than is possible using
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Figure 4.9: Total information in balanced Hong-Ou-Mandel and heralded absorption measurements.

only the improved absorption estimate of the heralded measurement.

4.4.5 Two-photon N00N state interferometry

The performance of a two-photon N00N state is shown alongside that of the non-optimized HOM mea-

surement in Figure 4.10. The N00N measurement is optimized over all values of the final beamsplitter’s

reflectivity. For small values of sample absorption, the N00N measurement, which shows both a phase

and absorption enhancement, outperforms the HOM measurement for all values of the optical efficiency

η. The HOM measurement again outperforms the N00N state interferometer once sample absorption be-

comes large compared to other optical losses, with the threshold sample absorption above which the HOM

measurement can show a comparative advantage being α ≳ 1.

127



4.5. CONCLUSIONS

0.0 0.2 0.4 0.6 0.8

10-6

10-4

0.01

1

Optical Efficiency η

P
re
c
is
io
n
M
e
tr
ic
B

Overall Precision - N=2 N00N and HOM

N00N (α1=0)
N00N (α1=2)
N00N (α1=5)
HOM (α1=0)
HOM (α1=2)
HOM (α1=5)

Figure 4.10: Total information in balanced Hong-Ou-Mandel and optimized N = 2 N00N-state measurements.

4.5 Conclusions

This chapter has examined the precision limits relevant for Hong-Ou-Mandel-based spectroscopy from

two viewpoints: first, from the perspective of simultaneous estimation of two unknown parameters (the

sample’s absorption and phase shift) at each wavelength; and second, from the perspective of estimation

of a single unknown parameter which influences both absorption and phase. This problem is approached

through an analysis that considers each pair of correlated frequencies separately, so that the problem

involves four modes (two spatial modes at two frequencies each) and three unknown parameters (two

absorption parameters, and a relative phase). In short, we show that the HOM measurement is capable of

sub-shot-noise absorption spectroscopy, though there is no enhancement in phase sensitivity compared to

classical interferometry. In the problem of estimating a single parameter from both absorption and phase,

the HOM measurement performs quite well: when the sample absorption is large relative to other optical

losses, this measurement achieves significantly higher precision than any other technique we consider.
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For separate absorption and phase estimation, the main classical benchmarks are the classical (e.g.

Mach-Zehnder) interferometric phase measurement, and the shot noise-limited absorption measurement.

In the limit of low system losses (not related to the sample), phase measurement is identical to that of the

classical interferometer. There is some subtlety here: classical phase measurements provide the most per-

probe-photon information when the fraction of light directed through the sample arm decreases to zero.

The equivalent situation for the HOM measurement involves low sample exposure at the frequency of

interest, but high exposure at the correlated frequency. The HOM measurement is less practically useful

in this situation; furthermore, the same scenario leads to very low absorption information at the same

frequency. A more practical situation uses a probe state with an equal probability of each frequency in

each arm, which shows the same phase sensitivity as a balanced (50:50) Mach-Zehnder interferometer; this

falls below the classical precision bound by a factor of two. The low-system-loss absorption measurement

is more straightforward: if the sample transmits more than 41.4% of the incident light at the frequency

of interest, then the HOM measurement yields more absorption information than a shot noise-limited

measurement. As the sample’s transmission increases above this value, the quantum advantage grows;

in the limit of very low losses, the HOM method’s precision approaches that of an optimal quantum

measurement. It should be noted that the absorption and phase information do not detract from each

other; for low losses, the method yields a near-optimal absorption measurement while still providing the

phase information of a balanced Mach-Zehnder interferometer.

Since the HOM interferometer involves quite a few modes, losses can enter the setup in a few in-

equivalent ways. Loss in the sample arm affects the absorption information in the same way that sample

absorption does; since the HOM interference visibility is related to the spectral indistinguishability of the

two possible biphoton paths, absorption in the sample arm generally degrades phase information to a

greater extent than the equivalent classical interferometer. Loss in the reference arm similarly degrades

the phase information. Interestingly, high loss in the reference arm at one frequency actually improves

the absorption precision for highly lossy samples — when the reference arm has low transmission at a

frequency ω, any coincidence detection involving ω must be due to a transmission of a ω-photon through
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the sample. The loss therefore removes the indistinguishability between the two biphoton paths leading

to a coincidence, which generally degrades the absorption information relative to a traditional heralded

measurement. Nevertheless, this reference arm loss only restores the absorption information to the shot

noise level, and never leads to a quantum advantage. Finally, detector loss tends to degrade the HOM

interferometer’s phase precision more than a Mach-Zehnder, and degrades absorption information more

than in a traditional heralded measurement.

Overall, then, the HOM method’s performance for simultaneous absorption and phase estimation is

mixed; it is capable of a quantum-enhanced absorption measurement at low losses, but at the cost of a phase

measurement which scales poorly with loss compared to a classical interferometer. If only the absorption

information is of interest, a traditional heralded technique is better. If only the phase information is

needed, a classical interferometer is more robust against loss, and if the interferometer is made to be

highly unbalanced one even gains a factor of
√
2 in per-probe-photon-precision compared to a typical

balanced HOM interferometer. The use case of the HOM interferometer is then limited to scenarios in

which both the absorption and phase of the sample are of interest. As we have argued, this is exactly the

problem of low-light linear spectroscopy.

The final section of this chapter has considered the performance of each method in estimating a single

parameter whose value determines both the phase and absorption spectra. To avoid introducing unneces-

sary detail about the exact dependence of the spectra on this parameter, we have considered the problem

in terms of a figure of merit (4.31) which combines the multiparameter absorption and phase informa-

tion without any regard for how correlations in the two estimates impact the precision of the unknown

parameter. Here, we reach a surprising conclusion. If the sample is highly transmissive, the HOM interfer-

ometer is outperformed by an optimized classical interferometer except at very low system losses. At the

same time, any improvement compared to a heralded measurement is minimal. However, once the sample

absorption becomes the dominating source of loss in the interferometer, the HOM method outperforms

classical and heralded measurements even in the presence of significant system losses. With a sample

transmission of approximately 50%, for instance, the HOM method shows enhanced precision compared
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to both classical and heralded measurements when losses of 50% are introduced into both arms and into

both detectors. The HOM interferometer similarly outperforms a two-photon N00N-state interferometer,

which is taken as an example of a measurement showing quantum enhancements for both absorption and

phase. Demonstration of a quantum advantage in HOM-based measurement of such a joint parameter is

therefore possible under quite realistic levels of loss, so long as one considers a sample which absorbs a

significant fraction of incident light.

In summary, this HOM-based measurement is neither optimal for absorption nor for phase measure-

ment, though the presence of intensity correlations do enable a quantum enhancement in absorption

sensitivity. Rather, the primary application of such a measurement is likely to be in a problem such as

spectroscopy, where one is concerned not with making a particularly good measurement of absorption,

or of phase, but rather of inferring from one or both of these quantities the value of some variable of in-

terest. This interferometric measurement performs quite well even compared to other quantum-enhanced

measurement techniques so long as the sample absorption is larger than the system losses. Of course, we

have not conducted a thorough survey of all possible quantum strategies; it is possible that an alternative

measurement exists that outperforms the HOM measurement in any given circumstance. Nevertheless,

the experimental ease with which spectrally-resolved HOM interferometry can be implemented may make

it a promising approach for practical applications. A demonstration of genuine quantum advantage will

require future research that firstly identifies a specific light-sensitive material sample, whose absorption is

such that the HOM measurement can show a definite improvement in precision, and secondly constructs

a HOM measurement with sufficiently low optical loss such that suitable quantum correlations are main-

tained throughout the measurement. In the experiment of Chapter 3, the ultimate bottleneck dictating

the system efficiency is the relatively high loss introduced by the fast image intensifier. The prospect

of practical quantum technologies relying on such detectors may serve as additional motivation for their

future development.
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5

Quantum optical coherence

tomography

5.1 Introduction

In many contexts, one possesses an unknown material sample. The basic problem is then to identify the

composition of the sample in order to understand its properties. In contexts such as biological imaging

and device engineering, samples can be composed of many microscopic structures, so that one would like

to identify the shape and spatial distribution of the various materials forming the larger sample. Optical

coherence tomography (OCT) is an attractive option due to its nondestructive nature. In this method, a

probe pulse is sent into the sample; every discontinuity in the refractive index will cause a small fraction

of the power to reflect, so that a train of reflected pulses returns from the sample. This pulse train is

compared with a reference pulse by means of linear interferometry, and the measured interferogram can

be used to estimate the relative delay of each reflected pulse in the pulse train. From this information,

one can infer the depths of the various material interfaces in the sample. Measurement of the interface

positions at a fixed transverse position is called an A-scan. Usually, one performs an A-scan at various

transverse positions across the sample, and the map of interface depth z versus transverse position (x, y)

allows for three-dimensional reconstruction of the sample’s structure. The OCT technique is regularly

used in medical imaging, for instance in diagnostic imaging of the structure of the retina.
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Figure 5.1: Schematic diagram of quantum optical coherence tomography. A photon is incident on an unknown
sample. Each discontinuity in refractive index leads to partial reflection of the photon, so that the photon exits
the sample in the form of a pulse train. Interference with a reference photon leads to a HOM dip at the position
of each interface, plus an artifact (cross-interference) peak halfway between each pair of interfaces.

The classical implementation of OCT uses a probe and reference pulse which both originate at a single

broadband source. Interference between the probe and reference only occurs if the relative delay between

the two pulses is within the coherence time of the optical source. By scanning the delay of the reference

pulse, then, the interference envelope can be used to identify the delay of each pulse in the reflected pulse

train. Modern implementations replace a static broadband source with a narrowband swept-frequency

laser to improve the scan speed, but otherwise rely on the same principle.

Hong-Ou-Mandel interference can be used for the same purpose. In this type of measurement, called

quantum optical coherence tomography (QOCT), one photon enters the sample. This probe photon returns

from the sample in a temporal mode consisting of a train of pulses, analogous to the classical case. A

reference photon, meanwhile, is given a controllable delay; if the temporal modes of the reference and probe

photons overlap, then Hong-Ou-Mandel interference leads to an increase in the probability of bunching.

When one scans the reference photon’s delay, the measured coincidence rate shows a sequence of partial

Hong-Ou-Mandel dips, with the locations of the dips indicating the relative delays of the various pulses in

the probe photon’s waveform (see Figure 5.1).

A few possible practical advantages of QOCT have been identified. In the original proposal by

Abouraddy et al., it was noted that the width of a HOM dip is unaffected by group velocity dispersion
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[10], and also that the quantum interference is narrower by a factor of two than the classical interference

[66], so that the resolution of QOCT is double that of a classical OCT measurement with the same probe

bandwidth. The quantum interferogram also excludes a background term that is seen in the classical OCT

signal, which may lead to higher sensitivity for a fixed number of probe photons [66].

At the same time, the quantum method inspired advances in classical OCT. Classical measurements

which mimic coincidence detection, either experimentally [133, 134, 135, 136] or in post-processing [137],

also allow for cancellation of group velocity dispersion. Similarly, classical analogues to the HOM interfer-

ometer show a
√
2-enhancement in resolution, in contrast to the factor of two enhancement of QOCT. These

methods allow one to use much greater fluxes of photons, which generally results in better signal-to-noise

ratios than the quantum measurements.

A further issue arises when one tries to perform coherence tomography using measurement of intensity

correlations. The measured signal in both quantum OCT and its classical analogues is the autocorrelation

of the transfer function describing the sample reflections. The signal then involves the convolution of each

reflected amplitude with itself, which leads to the dispersion cancellation, but also the convolution of the

amplitude from one reflecting interface with that of another [66, 138]. A sample with N interfaces then

leads to N HOM dips centered at the interface positions, as well as approximately N2/2 so-called artifact

peaks which lie halfway between each pair of interfaces (see Figure 5.1). In complicated samples the number

of artifacts is much greater than the number of interface-related HOM dips, so that the correspondence

between measured signal and sample structure becomes quite complicated. These artifacts can be removed

via both numerical algorithms [139] and by modifying the pump beam [66, 134, 138].

This chapter considers application of spectrally-resolved detection to QOCT as a means of alleviating

two problems. Section 5.2 first considers the role of the heralding ratio in quantum interferometry. The

quantum OCT signal appears in the measured coincidence rate at a pair of photodetectors. Generally,

the measured rate not only includes coincidences due to correlated photon pairs, but also “accidental”

coincidences due to near-simultaneous detection of one photon from each of two pairs. In realistic mea-

surements, such as in measurements involving biological tissues, only a small fraction of incident photons
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are reflected from the sample. The vast majority of detections then come from reference-arm photons

whose correlated probe-arm partner has been lost. The rate of accidental counts then greatly exceeds the

rate of genuine coincidences, which greatly degrades the measured interferogram. Existing application of

QOCT has involved samples with a relatively large reflectance so as to maintain a reasonable coincidence-

to-accidental ratio. Indeed, previous reports on measurements of biological samples (onion skins) required

the sample first be coated in gold to enhance reflection [140]. Section 5.2 takes a different approach; using

spectrally-resolved detection and frequency-domain filtering, we are able to measure HOM interference

from a tissue-like sample even at very low photon fluxes and with poor coincidence-to-accidental ratios.

Separately, we also consider the value of spectrally-resolved detection for removal of artifacts in the

QOCT interferogram. Spectrally-resolved QOCT has been used for artifact removal in previous work [139].

However, removal of all artifacts requires extremely broadband pump beams, which make these methods

difficult to implement in a phase matched quantum interferometer. We discuss an alternative method

relying on distinct timing information in the biphoton state after the beamsplitter, which allows one to

distinguish the HOM and artifact interferences in the measured signal. This timing information can be

accessed through a frequency-domain quantum interference analogous to digital holography, allowing for

removal of all resolvable artifacts with current biphoton sources. Section 5.3 discusses the behaviour of

QOCT interference from the perspective of a time-domain model. This perspective shows that artifacts

arise from an interferometric effect distinct from Hong-Ou-Mandel interference. This effect, which we

refer to as cross-interference (following Ref. [66]), has properties which are in some ways hybrid between

HOM and Franson interference. Nevertheless, this cross-interference has a time-domain behaviour which

is qualitatively distinct from either of these effects. This behaviour forms the basis of an artifact removal

method which is described in Section 5.4. Appendix D discusses a possible implementation of this method

in a modified QOCT interferometer.
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5.2 Progress towards QOCT measurement of a tissue-like

sample

Much of the practical value of OCT is in its nondestructive measurement of biological samples. Coherence

tomography allows for micron-scale resolution at low optical powers, and so is an essential tool in modern

biological and medical imaging. Quantum OCT offers enhanced resolution compared to classical tech-

niques, and has been the focus of dozens of laboratory demonstrations since being proposed. Nevertheless,

all measurements to date have involved artificially-constructed samples, featuring highly reflective dielec-

tric or metallic interfaces. Measurements of biological samples [140] have in fact relied upon reflection

from deposited gold nanoparticles. This is suitable for laboratory demonstration, but cannot be used in

in-situ imaging of biological tissue. The reason for this lack of in-situ imaging is the reliance of QOCT

on intensity correlations. The number of measured coincidences decreases in proportion to the reflectance

from the sample, so that samples with low reflectance result in a very low rate of measured coincidences.

In principle, this is partially offset by the increased visibility of HOM interference, which does not depend

on sample reflectance; by comparison, the classical interference visibility decreases with the square root of

the reflectance. In practice, at very low coincidence rates, one finds that only a small fraction of recorded

coincidences are due to correlated pairs, with the rest of the rate coming from accidental coincidences

which do not show interference.

More specifically, suppose the flux of photon pairs generated by the source is R. Let ηs and ηr be the net

transmission through the sample and reference arms of the interferometer, including detector efficiencies,

so that ηs ≪ ηr on account of low sample reflectance. In a measurement time T , the number of biphotons

which result in coincidence counts is Nc = ηsηrRT . If coincidences are defined to be pairs of detector

clicks which arrive within a short time interval Tc, then the average number of “accidental” coincidences

involving detection of a single photon each from two different biphotons is Na = 1
4 (ηs + ηr)

2R2TTc. For

sufficiently low values of R both Nc and Na are approximately Poisson-distributed; the fluctuations in
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the total number of recorded coincidences is then
√
Na +Nc. The signal of interest is the number of true

coincidence counts, for which the signal-to-noise ratio is

Nc√
Na +Nc

=
ηsηrRT√

1
4 (ηs + ηr)2R2TTc + ηsηrRT

≈ 2ηs

√
T

Tc
. (5.1)

The final expression holds when ηs ≪ ηr and ηs ≪ ηrRTc. Due to the quadratic increase in accidental

counts with photon flux, the signal-to-noise ratio in this limit does not vary with R, and for highly lossy

samples is directly proportional to ηs. The only experimentally-accessible parameters are the coincidence

window Tc and the measurement time T ; the former is limited by the detector’s time resolution, and

practical considerations limit the latter.

The discussion so far has considered coincidence measurements using non-spectrally-resolved detectors.

If spectrally-resolved detectors are used, then “true” coincidences can be identified on the basis of the strong

frequency correlations between the two photons. If each detector resolves N different frequency bins, then

each coincidence detection can be associated with one of N2 joint-spectrum bins. If the biphotons possess

maximal frequency anticorrelations, then “true” coincidences will fall into one of the N bins along the

antidiagonal of the joint spectrum. Accidental coincidences, on the other hand, do not show frequency

correlations, and will be distributed across all N2 bins. If the measured joint spectrum is filtered so as

to remove coincidences which are not along the antidiagonal, then the coincidence-to-accidental ratio is

improved by a factor of roughly N , corresponding to a ∼
√
N -fold improvement in signal-to-noise.

The remainder of this section describes an ongoing experiment to demonstrate the use of such spectral

filtering in QOCT measurements of a highly lossy tissue-like sample. We present preliminary results

showing reliable reconstruction of the HOM interferogram using a small number of detected biphotons and

with coincidence-to-accidental ratios on the order of 1 : 100.
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5.2.1 Description of the experiment

The experimental apparatus consists of four stages, shown in Figure 5.2. First, broadband photon pairs

are produced using non-colinear type-0 SPDC in a periodically-poled potassium titanyl phosphate crystal

pumped by a 405 nm continuous-wave laser. The down-converted beam is collimated, and the photons are

separated into two beams by a knife-edge mirror placed one focal length away from the lens. The second

stage consists of two identical sample arms, one for each photon, consisting of a polarizing beamsplitter

(PBS), quarter wave plate, 40x objective lens (OBJ), and sample holder. One sample holder contains

the tomographic sample, which we describe below; the other contains a reference mirror. Back-scattered

radiation in each arm is collected by the objective and exits via the reflection port of the PBS. A controllable

delay is imparted on the reference arm using a retroreflector. The two beams are then mixed at a 50:50

non-polarizing beamsplitter (NPBS). Finally, the two beams exiting the beamsplitter are collected into

fibers and sent to detectors. These fibers are connected to a pair of Excelitas avalanche photodiodes for

non-frequency-resolved measurement. They can also be connected to a biphoton spectrometer, which is

build using a time-tagging camera as described in Subsection 3.3.4.

As a stand-in for a biological sample, we use a multilayer OCT phantom (BioPixS). This sample

consists of FeO nanoparticles (1µm diameter) embedded in a polymer substrate. The absorption coefficient

(µa = 5m−1) and reduced scattering coefficient (µ′
s = 300m−1) of the sample are similar to those of fatty

tissue (µa ≈ 5m−1, µ′
s ≈ 370− 650m−1 [141]). This phantom therefore serves as a reasonable stand-in for

a biological tissue, and is shelf-stable over long time periods. Due to the low amount of back-scattering

from the sample and the poor quantum efficiency of the biphoton spectrometer, current measurements rely

on a 40x, NA = 0.8 objective to increase the measured coincidence rate. This leads to a relatively short,

micron-scale depth-of-field at the sample, so that the current measurement is unable to simultaneously

resolve multiple scattering centers at different sample depths. We find that reliable reconstruction of the

HOM interferogram is possible using only a small fraction of the biphotons which are measured in the

current experimental setup. It should then be possible to repeat these measurements with a lower-NA
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Figure 5.2: Diagram of the quantum optical coherence tomography experiment. Broadband photon pairs are
generated using cw-pumped SPDC in a short nonlinear crystal. The photons are separated using a knife edge
mirror into two arms. One photon reflects from a tomographic sample, while the other is given a controllable delay
τ . The photons interfere at a beamsplitter, and are measured using a biphoton spectrometer similar to the one
shown in Figure 3.2.

objective, which will in turn allow for measurements which extend deeper into the sample.

Measurements using this sample are performed as in traditional QOCT experiments. In non-spectrally-

resolved measurements, the observed coincidence rate is recorded for a range of delay line positions τ . This

coincidence rate shows a Hong-Ou-Mandel interferogram; the dip in coincidences can be used to estimate

the position of the scattering center responsible for reflection. The spectrally-resolved measurement records

the joint spectral intensity of pairs after the beamsplitter. This JSI shows frequency-domain fringes, similar

to those described in Section 3.6. We perform frequency-domain filtering of the measured coincidences

to improve the signal-to-noise ratio of the Hong-Ou-Mandel interferogram. Summing the coincidences

recorded in all spectral bins results in a reconstructed coincidence dip which can be compared to the

non-spectrally-resolved case.
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5.2.2 Preliminary results

The current experiment has been used to demonstrate non-spectrally-resolved HOM interference arising

from a single sample reflection. A corresponding spectrally-resolved measurement has also been performed.

Due to failure of the camera’s image intensifier during the spectrally-resolved measurement, interference

has been measured only over a small range of delays far from the position of the HOM dip. Nevertheless,

the measured interferogram can be used to estimate the phase offset and amplitude of the interference

oscillation at each pair of frequencies (f1, f2), which can then be extrapolated so as to reconstruct the

entire HOM dip.

The measured joint spectral intensity, summed over all delay line positions, is shown in Figure 5.3.

The JSI includes only coincidences in which one photon is detected at each of the two beamsplitter output

ports; similar JSIs are also obtained from pairs which bunch at the beamsplitter. Using a coincidence

window of Tc = 10ns, which is determined by the timing resolution of the camera, a total of 9.75 × 105

coincidences are measured. Accidental counts are distributed almost uniformly across all spectral bins. In

addition, approximately 9.65× 103 excess counts lie along an antidiagonal line passing through the point

(λ1, λ2) = (810 nm, 810 nm). These excess points are due to detection of correlated biphotons; only these

counts display Hong-Ou-Mandel interference. The total coincidence-to-accidentals ratio is 1 : 100 before

any spectral filtering. Excluding counts that lie at points not on this antidiagonal line, we instead arrive

at a coincidence-to-accidentals ratio of approximately 1 : 1.

The joint spectral intensity was measured at a total of 18 relative delay values τ , all of which lie

far away from the position of the non-frequency-resolved HOM dip. At this point, the camera’s image

intensifier failed, preventing further measurements. This partial measurement still shows fringes in the joint

spectral intensity, however, which are due to frequency-entangled HOM interference between biphotons.

These fringes are visualized using a method similar to that of Chapter 3. The measured counts shown

in Figure 5.3 are filtered according to their frequencies, so that only counts along the antidiagonal line

are included. These counts are separated into 18 JSIs, one for each position of the delay line. The
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Figure 5.3: The measured joint spectral intensity, summed over all values of the delay τ . Correlated photon pairs
appear as a sharp antidiagonal line due to their strong frequency anticorrelations. Accidental counts appear as a
diffuse background spread over all pairs of frequencies.

expected number of accidentals are subtracted. Since interference fringes appearing in the bunched-pair

JSIs are inverted compared to those in the antibunched-pair JSI, we subtract the bunched JSIs from the

antibunched JSI. We then plot the distribution of counts along the antidiagonal for each of the 18 delay

steps. Stacking these distributions on top of each other, ordered by delay value, leads to the interferogram

shown in Figure 5.4a, which is similar to the interferograms measured in [123] and [125].

Further analysis is applied to this measured interferogram. We fit the oscillation at each pair of

measured frequencies (i.e., of each column of Figure 5.4a) to a sinusoid, obtaining the amplitude and

phase offset of the oscillation. These oscillations are then extrapolated to later times on the basis of these

parameters. The period of oscillation is known exactly from the frequency difference f1−f2 between the two

measured photons. The extrapolation to larger delays uses this exact oscillation period; the extrapolation

is therefore not limited by the poor Nyquist resolution of frequency arising from the small number of delay

positions used in the measurements. The extrapolated interferogram is shown in Figure 5.4b. Despite

using a small number of correlated pairs, this reconstruction results in smooth interference fringes.
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Figure 5.4: (a) The measured two-photon interferogram, obtained after filtering out all photon pairs which do not
lie on the antidiagonal line in Figure 5.3. The interferogram is constructed in the same way as shown in Figure 3.3:
the antidiagonal line at each delay is extracted from the corresponding JSI, and these lines make up the rows of
the interferogram. In this plot, we subtract the interferogram obtained for bunched pairs from that obtained for
antibunched pairs, since the two interferograms show complementary fringes. (b) The result of extrapolating the
interferogram in (a) to larger delays. The asymmetry between negative and positive delays is caused by third order
dispersion, which is due to the two arms having unequal path lengths through the polarizing beamsplitters.
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To test the accuracy of the reconstruction we can sum each row of the interferogram Figure 5.4b,

which corresponds to summing over all frequencies. The interferogram then reduces to a standard non-

frequency-resolved HOM dip. This HOM dip has been separately measured using avalanche photodiodes.

Figure 5.5 shows the HOM dip measured using the avalanche photodiodes, and the HOM dip obtained from

the extrapolated frequency-domain interferogram Figure 5.4b. The frequency-domain analysis described

above discards the constant term in the interferogram, so the two HOM dips are normalized to have

the same minima and the same values at large delays. The APD-based measurement, due to its much

greater detection efficiency, has a coincidence-to-accidental ratio of approximately 1 : 3, and involves

measurement of 37 times more correlated pairs than the frequency-resolved measurement. The spectrally-

resolved measurement yields a HOM dip with similar width and position to the APD measurement, and

also captures qualitatively similar oscillations arising from third-order dispersion in the interferometer.

The biphoton spectrometer therefore allows for suitable reconstruction of the HOM dip given far fewer

measured pairs, far worse quantum efficiency, and using measurements at only a small number of delay

line positions.

Finally, we test the reliability of the frequency-domain reconstruction method at smaller numbers of

photons. The measured coincidences used in the analysis above are divided into M different subsets

with equal exposure times. Each subset therefore contains approximately M times fewer pairs than the

measurement shown in Figure 5.4b. We calculate the standard deviation in the estimated position of the

HOM dip (i.e., the minimum of the interferogram) as a function ofM to estimate the precision of the delay

measurement for low numbers of measured pairs. The results are shown in Table 5.1. Our results show

that even with extremely low numbers of detected biphotons, involving only hundreds of correlated pairs

and at coincidence-to-accidental ratios near 1 : 100, reliable reconstruction of the HOM dip is possible.

These trials involve less than one correlated pair per frequency bin (along the antidiagonal) per delay step,

and yet are capable of estimating the position of the HOM dip to within 100 nm.

143



5.2. PROGRESS TOWARDS QOCT MEASUREMENT OF A TISSUE-LIKE SAMPLE

10 15 20 25 30 35 40 45
Delay line position ( m)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
No

rm
al

ize
d 

co
in

cid
en

ce
 c

ou
nt

s

Figure 5.5: Hong-Ou-Mandel dips obtained through direct measurement with non-spectrally-resolving avalanche
photodiodes (orange), and reconstructed using the measured frequency-domain interferogram (blue). The ∼ 1µm
shift in dip position is consistent with an observed day-to-day variation of about ∼ 2µm.

M Average Accidentals Na Average Correlated Pairs Nc St. Dev. Dip Position (nm)

2 2.3× 105 2124 29
3 1.5× 105 1416 32
4 1.2× 105 1062 48
5 9.7× 104 882 99
6 7.7× 104 708 51
8 5.8× 104 531 69
12 3.9× 104 354 120
25 1.9× 104 176 174

Table 5.1: Precision in estimates of the HOM dip’s position. Estimates are made by dividing the collection of all
detector clicks into M disjoint sets which have equal exposure times. For each value of M , the average number of
accidental coincidencesNa and the average number of correlated pairsNc obtained in spectrally-resolved coincidence
measurements are given. The precision of the dip estimate is taken to be the standard deviation in the position of
the dip.
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5.2.3 Discussion

We have reported on an experiment in progress which aims to demonstrate QOCT measurement of the

structure of a tissue-like sample. Ordinary HOM measurements struggle in this regime due to the poor

coincidence-to-accidental ratio found with for lossy samples, which makes it difficult to distinguish genuine

HOM dips from statistical fluctuations in the number of coincidences. Our results demonstrate that the

strong frequency correlations arising from cw-pumped SPDC, together with spectrally-resolved detection,

can enable reliable positioning of HOM dips even in the presence of large amounts of noise. These results

form a first step towards biological applications of QOCT.

Two major limitations exist in the current experiment. First is the use of a high-NA objective to

collect diffusely-scattered radiation from the sample. The 40x objective used in current measurements

greatly limits the depth of field of the measurement, limiting us to measurement of a single scattering

center at a time. One option is to translate the sample through this small focal region in order to perform

full tomography at all depths. A more practical approach replaces the current objective lens with a

lens of smaller numerical aperture. This allows a single HOM scan to resolve multiple reflections in the

sample, but comes at the cost of greatly decreased collection efficiency, which in turn leads to a degraded

coincidence-to-accidental ratio. As we discuss above, this coincidence-to-accidental ratio ultimately limits

the signal-to-noise ratio of any tomographic measurement. Our success in resolving a single reflection with

very few photon pairs indicates that our spectrally-resolved technique is highly resilient to noise, so that

further measurements at lower collection efficiencies may be viable.

A second limitation comes from the poor quantum efficiency of our detector (approximately 1%, includ-

ing fiber coupling efficiency). A similar concern was identified in the context of spectroscopic measurements

in Chapter 3 which discussed possible improvements to the overall efficiency of the optical system, partic-

ularly regarding fiber coupling. Some advantage may be found in the use of linear SPAD arrays, which

have a slightly improved quantum efficiency compared to time-tagging cameras [124]. Even more useful

in the context of QOCT, these detectors feature a timing resolution that is hundreds of times faster than
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that of image-intensified cameras. As noted by (5.1), the detector timing resolution is the key parameter

determining the signal-to-noise ratio in coincidence measurements using lossy samples, so that these de-

tectors may result in noise reductions of more than ten decibels. Ultimately, it may be the case that the

practical utility of quantum OCT is determined mainly by the performance of available detectors - in the

form of efficiency and timing resolution, and also through measurement of additional degrees of freedom

such as frequency.

5.3 Cross-interference in the QOCT interferogram

The previous section dealt with one practical concern of QOCT, namely the problem of statistical noise.

We now change focus to the second major source of error in these measurements, which comes from the

numerous artifacts which occur in QOCT interferograms.

Quantum optical coherence tomography is typically considered using a frequency-domain picture [66,

142, 138]. This is convenient as cw-pumped SPDC produces photon pairs with near-perfect frequency

anticorrelations. As well, the time resolution of the best modern photodetectors is on the order of many

tens of picoseconds, far beyond the femtosecond scale set by the sample structures of interest, making

time-domain descriptions inaccessible to most experiments. The recent introduction of frequency-resolved

QOCT experiments further reinforces this frequency-based view of QOCT experiments.

This section discusses QOCT from a time-domain perspective. This viewpoint is useful for two rea-

sons: first, it gives physical insight into some of the well-known features of QOCT, such as the origin

of the factor-of-two enhancement in resolution compared to classical OCT measurement with equivalent

bandwidth. More importantly, this analysis shows that the biphoton state after the beamsplitter contains

timing information which can be used to distinguish features in the interferogram corresponding to genuine

physical interfaces in the sample from false “artifact” peaks which tend to clutter the signal. As we discuss

in Section 5.4, this timing information resides in the phase of the joint spectral amplitude, which has been

ignored in existing analysis. This phase can be recovered by means of interferometry, leading to a new
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method of artifact removal which has practical advantages over existing techniques.

The current section presents the time-domain analysis at two levels of abstraction. First, in Subsec-

tion 5.3.1, we present a simple picture of the interferometer in terms of space-time diagrams. A more

detailed discussion in terms of the joint temporal amplitude of the biphoton state is given in Subsec-

tion 5.3.3. Finally, Subsection 5.3.4 uses this time-domain model to discuss the origins of the resolution

enhancement of QOCT.

5.3.1 Representing interferometry using space-time diagrams

We first give a simple pictorial representation of QOCT using space-time diagrams. These diagrams

treat each photon as a localized particle with a well-defined trajectory. Two paths interfere if they lead

to identical outcomes; that is, they will interfere if they result in the same set of detectors clicking at

the same time. For pedagogical reasons, we consider first the diagrammatic representation of Michelson,

Hong-Ou-Mandel, and Franson interferometers. The diagrams relevant to QOCT are then discussed.

As we show, QOCT is described using two distinct sets of diagrams. The first set corresponds to

Hong-Ou-Mandel interference, and leads to a dip in the coincidence rate whenever the delay line’s position

matches the position of a reflecting interface in the sample. The second set of diagrams explains the

appearance of artifact peaks halfway between each pair of sample interfaces. Following Abouraddy et al.

[66] we refer to this effect as cross-interference. Our diagrammatic representation of cross-interference

is similar to that of Ou [143], who discussed the effect as an example of non-local interference due to

the position of the interference pattern halfway between two physical interfaces. Likewise, Pittman [144]

considers a similar form of interference in order to draw fundamental conclusions about the nature of two-

photon interference. Despite this earlier work, this description has not yet been applied to the problem

of coherence tomography itself. We show that these diagrams reveal important information about the

biphoton state after the beamsplitter, enabling improved methods of artifact removal.

It should be noted that in assigning an exact position to each photon, we are implicitly considering
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Figure 5.6: Space-time representation of Michelson interference. Left: the path of rays through space. For clarity,
the beam has been drawn with a slight tilt; the horizontal spatial axis should not be confused with the temporal
axis. Right: the corresponding paths along one spatial dimension (vertical) as a function of time (horizontal).

the large-bandwidth limit. Subsection 5.3.3 presents a more complete mathematical description that takes

into account the finite bandwidth and coherence time of a biphoton.

Michelson interferometer

A Michelson interferometer begins with a single beam emerging from a light source. A beamsplitter

divides this input beam into two beams, each of which reflect off of a mirror before returning to the

beamsplitter. The two resulting beams show first-order optical interference. From the perspective of

quantum optics, a Michelson interferometer relies on single photon interference — each input photon is

placed in a superposition of two paths, which experience a relative delay before being recombined. The

corresponding space-time diagram is shown in Figure 5.6. For simplicity, we display only a single spatial

dimension along the vertical axis, with time along the horizontal axis. A star marks the optical source.

The beamsplitter, which has a fixed position at all times, is depicted by a dashed line, and solid lines show

the positions of the two mirrors. A circle denotes a detector placed at one output arm. A blue line marks

the two possible paths a photon may take from source to detector.

Interference occurs if the two paths shown on the diagram cannot be distinguished after the final

beamsplitter. This requires that the outgoing photon reaches any given position (for instance, the location
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of the detector) at the same time, regardless of the path taken prior to that point. If the round-trip path

lengths along the two arms of the interferometer are equal, then the path of the photon after the final

beamsplitter is the same regardless of the path through the interferometer. The two paths then cannot

be distinguished at the detector, and the probability of a single detection (or, equivalently, the optical

intensity) will contain a contribution arising from interference between the two possible paths.

Hong-Ou-Mandel interferometer

The diagrammatic representation of a HOM interferometer is shown in Figure 5.7. In contrast to the

Michelson interferometer, interference now occurs between two different biphoton paths, and involves two

detector clicks. The space-time diagram must then include the possible paths of each photon. In Figure 5.7,

one photon’s path is shown in red, and the other photon’s path is in blue. Each photon reflects off of a

mirror before arriving at a beamsplitter. A click is registered at each output port of the beamsplitter;

this can happen if both photons reflect at the beamsplitter, or if both photons are transmitted, so that

these are the two biphoton paths of interest. In order for these two paths to be indistinguishable after

the beamsplitter, it is necessary that the path length from the source to the beamsplitter is equal for each

photon. In this case, the reflect-reflect and transmit-transmit biphoton paths overlap in space and in time

after the beamsplitter (depicted by alternating red-blue dashed lines), and the probability of a coincidence

detection contains a contribution due to interference between the two possible paths. Furthermore, any

additional degrees of freedom of the two photons, such as their polarization, must be identical; otherwise,

the value of this degree of freedom in each of the two beams leaving the beamsplitter will distinguish

between the two paths and prevent interference.

Franson interferometer

The space-time diagram for a Franson interferometer is shown in Figure 5.8. This type of interference

involves a biphoton that can be created at one of two possible times [14]. Each photon encounters a
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Figure 5.7: Space-time representation of Hong-Ou-Mandel interference. A single biphoton path consists of two
traces, corresponding to the paths of the two photons. One photon’s path is in red; the other is in blue. After the
beamsplitter, two possible paths corresponding to two possible beamsplitter scatterings overlap (red-blue dashed
lines), leading to interference.

beamsplitter and a mirror. Each reflected beam arrives at a detector; likewise, the transmitted beam

reflects off of the mirror, and may transmit through the beamsplitter once again to also arrive at the

detector. Each photon can therefore take two possible paths to the detector, with one path having a

shorter path length and the other a longer path length. A coincidence detection occurs at a particular

moment in time; a biphoton leading to this pair of clicks may have taken the two short paths, or the two

long paths. Necessarily, this requires that the biphoton had one of two possible creation times: an early

creation time taking the two long paths and a late creation time taking the two short paths will result

in the same pair of detector clicks. Note that this diagram represents two paths of a single biphoton,

involving a total of two photons; one should not confuse this with an interference between two pairs of

photons.

Franson interference does not require that the two photons be identical in all degrees of freedom; if

the photon represented by the red path possesses a horizontal polarization, and the photon taking the

blue path has a vertical polarization, then the two possible biphoton paths are still indistinguishable.

This interference will vanish, however, if one creates the biphoton using a pump pulse with a very short

duration. If the pulse duration is much shorter than the difference in optical delay between the short and

long paths, then each of the two photons will be created in a correspondingly short temporal mode. After
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Figure 5.8: Space-time representation of a Franson interferometer. Interference occurs between two possible
biphoton paths which leave the crystal at different times. One biphoton path involves both photons traveling a
longer distance, which allows both biphoton paths to end with the same pair of detector clicks.

the beamsplitter, the temporal modes corresponding to the two possible paths of each photon will not

overlap, and no interference will occur.

5.3.2 A description of QOCT in terms of space-time diagrams

Having discussed the representation of interference effects using these diagrams, we now consider the

specific problem of quantum optical coherence tomography.

It is well-known that the QOCT interferogram contains two different types of contributions. One

component of the interferogram consists of a single Hong-Ou-Mandel dip in coincidences from each of the

reflecting interfaces in a sample. This contribution is the simplest to understand, and so we consider it

first. For definiteness, we consider a sample which contains two interfaces, leading to two HOM dips.

Figure 5.9 depicts a typical QOCT interferometer. A biphoton is created; one photon is incident on

the sample, and can reflect from one of two interfaces. The second photon is directed towards a delay line.

After reflection, the two photons mix at a beamsplitter, and the coincidence rate is recorded. When the

delay imposed by the movable mirror is equal to the round-trip delay for reflection from one of the sample

interfaces, we obtain the diagrams of Figure 5.9, where the left and right paths differ only in which sample
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Figure 5.9: Space-time representation of HOM dips in a QOCT interferometer. Hong-Ou-Mandel interference can
occur for two possible positions of the movable mirror. In either case, the interpretation of the diagram is the same
as in Figure 5.7.

interface leads to the interference. The situation here is identical to that of a standard Hong-Ou-Mandel

interferometer discussed above, apart from a decrease in the interference visibility of each HOM dip; this is

because only a fraction of the photons incident on the sample reflects from each interface. The properties

of these dips are the same as those of a traditional HOM interferometer, and do not need to be discussed

further.

The second contribution to the QOCT interferogram is cross-interference between a pair of distinct

interfaces; these contributions lead to artifacts in the tomographic signal. The artifact peaks appear at

delays halfway between the delays of the related interfaces; they are phase-sensitive (i.e., the paths can

interfere either constructively or destructively); and the interference visibility of a given artifact depends

on the reflectivities of both interfaces. The relevant space-time diagrams are shown in Figure 5.10, where

the delay line is set to an arbitrary position cτ , defined so that the first interface’s HOM dip occurs at

τ = 0. To simplify the diagram, we use a square to represent a beamsplitter followed by a pair of detectors.

As before, interference requires that the two paths arrive at each beamsplitter at the same time.

If the photon incident on the sample reflects from the nearest interface, then the arrival times of the

two photons at the beamsplitter are separated by the round-trip delay 2τ of the photon traversing the
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Figure 5.10: The two possible two-photon paths in an imbalanced QOCT setup. To avoid cluttering the diagrams,
solid squares now indicate a beamsplitter followed by a pair of detectors.

delay line. Likewise, if the sample-arm photon reflects from the farthest interface, then the different in

arrival times at the beamsplitter is 2T − 2τ , where 2T is the round-trip delay between the two interfaces.

Each biphoton will lead to a definite pair of detector clicks separated by some time interval. If we require

that these two paths each result in the same pair of clicks, then the arrival time differences must be equal,

so that

2τ = 2T − 2τ =⇒ τ = T/2. (5.2)

This explains the appearance of the cross-interference artifact at mirror positions halfway between the two

interface HOM dips, which are located at τ = 0 and τ = T .

Figure 5.11 shows the two paths of Figure 5.10 in the special case where τ = T/2. In order for the

arrival times at the beamsplitters to match, the two biphoton paths must begin at different creation times,

similar to the Franson interferometer. If the one-way delay between the two sample interfaces is T , then

the two creation times are separated by a time interval T . Likewise, in both paths the two photons arrive

at the beamsplitter at different moments in time, with the difference in arrival times also being T .

Comparison of Figures 5.9 and 5.11 shows that there are two timing features that distinguish the Hong-
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cT

cτ=cT/2

TT

Figure 5.11: The space-time diagram describing the cross-interference effect. Cross-interference occurs when the
two biphoton paths in Figure 5.10 are indistinguishable, which requires photons arrive at the beamsplitter at the
same pair of times regardless of which path is taken. The interference occurs then between paths in which the
photon pair is created at different times. Photon pairs undergoing this interference effect necessarily leave the
beamsplitter at different times.

Ou-Mandel and cross-interference components of the QOCT interferogram. First, in Hong-Ou-Mandel

interference the two biphoton paths originate at the same creation time, whereas the two biphoton paths

leading to cross-interference originate at distinct creation times similar to Franson interference. Second,

Hong-Ou-Mandel interference requires that the two photons leave the beamsplitter at the same time; in

contrast, cross-interference only occurs if the two photons leave the beamsplitter at different times. The

two interferogram contributions can therefore be distinguished based on the difference in creation time, or

based on the difference in detection time. This distinction plays a key role in Section 5.4, where it allows

one to separate the two contributions to the QOCT signal.

Remarks on the physical properties of the cross-interference

It is helpful to briefly consider the physical properties of the cross-interference effect as they relate to Hong-

Ou-Mandel interference and Franson interference. First, consider the creation times. HOM interference

involves two biphoton paths originating at a single creation time, so that it depends on the pump field only

at a single moment in time. Franson interference requires coherence between the two distinct biphoton

creation times leading to the two biphoton paths. It follows that Franson interference vanishes if the pump
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coherence time is made sufficiently short, while HOM interference does not. Second, consider the role of

auxiliary degrees of freedom. HOM interference, which involves interchange of the two photons at the

beamsplitter, requires that any auxiliary degrees of freedom, such as polarization, must be identical for

the two photons; if they are not, then the two biphoton paths are distinguishable, and interference does

not occur. In Franson interference a given photon always arrives at the same detector regardless of the

particular biphoton path; because of this, the two photons can differ in polarization (or other degrees of

freedom) and still show interference.

The cross-interference effect involves both two distinct creation times and interchange at a beamsplitter.

Similar to a Franson interferometer, interference only occurs if the pump coherence time is sufficiently

long since the two paths must be coherent regardless of creation time. Similar to a Hong-Ou-Mandel

interferometer, indistinguishability between the two biphoton paths requires that the two photons not

be distinguishable on the basis of auxiliary degrees of freedom. The cross-interference effect therefore

has properties that are in some ways similar to HOM interference, and in some ways similar to Franson

interference.

Nevertheless, cross-interference cannot be regarded as just a hybrid between Hong-Ou-Mandel and

Franson interferences. Figure 5.11 makes it clear that cross-interference only occurs between pairs of pho-

tons which leave the beamsplitter at different times. If detectors are placed at the two beamsplitter output

ports and one examines the distribution of relative arrival times, then three peaks will be observed, in the

simplest case of a two-interface sample. One peak will correspond to pairs which leave the beamsplitter at

the same time — as indicated by Figure 5.9, this peak will show Hong-Ou-Mandel interference. The other

two histogram peaks will be positioned symmetrically on either side, corresponding to a pairs in which

one detection occurs slightly before the other, and those in which the same detector clicks slightly later

than the other. These side peaks will show cross-interference, but no HOM interference. There is then

a physical distinction between pair detections which show HOM interference and those that show cross-

interference, if one’s detectors have sufficiently good time resolution. Comparing with Figure 5.8, one sees

that Franson interference also occurs between pairs which leave the beamsplitter at the same time. This
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timing difference after the beamsplitter distinguishes cross-interference from the more well-known HOM

and Franson effects.

5.3.3 The joint temporal amplitude after the beamsplitter

The discussion so far has focused on a simple diagrammatic representation of biphoton interference. This

section provides a more detailed mathematical description of the interferometer which incorporates a

finite bandwidth. The results of this section are used to understand the enhanced resolution of QOCT in

Subsection 5.3.4, and they form the basis of Section 5.4’s artifact removal method.

We consider a biphoton state which has an approximately Gaussian joint spectral amplitude of the

form

ϕ(ω1, ω2) =
1√

2πΩ−Ω+

exp

(
− (ω1 − ω2)

2

8Ω2
−

)
exp

(
− (ω1 + ω2 − 2ω0)

2

8Ω2
+

)
. (5.3)

Here 2ω0 is the pump frequency, and Ω− (Ω+) denotes the bandwidth along the antidiagonal (diagonal)

of the joint spectral intensity. It is sometimes helpful to write this in terms of the frequencies ω± =

(ω1 ± ω2)/
√
2, so that

ϕ(ω+, ω−) =
1√

2πΩ−Ω+

exp

(
− ω2

−
4Ω2

−

)
exp

(
− (ω+ −

√
2ω0)

2

4Ω2
+

)
, (5.4)

so that Ω± is the variance of the distribution along the ω±-axis. The corresponding joint temporal

amplitude is given by the two-dimensional Fourier transform of this function,

ϕ̃(t1, t2) =
1√

2πτ−τ+
eiω0(t1+t2) exp

(
− (t1 − t2)

2

8τ2−

)
exp

(
− (t1 + t2)

2

8τ2+

)
, (5.5a)

ϕ̃(t+, t−) =
1√

2πτ−τ+
ei

√
2ω0t+ exp

(
− t2−
4τ2−

)
exp

(
− t2+
4τ2+

)
, (5.5b)

where τ± ≡ 1/
√
8Ω± is the variance of the distribution along the t±-axis, where t± = (t1 ± t2)/

√
2.
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The delay line imposes a delay τ on the photon with frequency ω2, while each interface in the sample

imposes some delay T on the photon with frequency ω1. If we neglect group delay dispersion in the sample,

then the action of the sample can be described by a transfer function

H(ω1) =

∫
dT r(T ) eiω1T . (5.6)

This is a Riemann-Stieltjes integral over the delay T ; the relationship between T and the sample depth

z depends on the different group indices in the sample. The function r(T ) gives the reflection coefficient

for the interface with round-trip group delay T . The joint spectral amplitude before the beamsplitter is

ϕ(ω1, ω2)H(ω1)e
iω2τ , and the corresponding joint temporal amplitude is

ϕ̃(t+, t−) =

∫
dT

r(T )√
2πτ−τ+

eiω0(
√
2t++T+τ) exp

(
− (

√
2t+ + T + τ)2

8τ2+

)
exp

(
− (

√
2t− + T − τ)2

8τ2−

)
. (5.7)

The state after the beamsplitter will be described by two amplitudes, describing bunching and anti-

bunching pairs, respectively. Antibunching may occur either when the photons both reflect at the beam-

splitter, or when the photons both transmit. Mathematically, the antibunching amplitude is equal to the

difference of two terms, which are the incident JSA with the original frequency ordering (ω1, ω2), as well

as the same JSA with the frequencies swapped (ω2, ω1). Equivalently, the first term of the JTA will be

the incident JTA, while the second term will be the incident JTA where the delays have been transformed

as τ± → ±τ±. To preserve unitarity, the bunching amplitude must have a similar form, with the second

term possessing the opposite sign. After the beamsplitter, then, the joint temporal amplitude is

ϕ̃±(t+, t−) =

∫
dT

r(T )√
8πτ−τ+

eiω0(
√
2t++T+τ) exp

(
− (

√
2t+ + T + τ)2

8τ2+

)
. . .

. . .

[
exp

(
− (

√
2t− + T − τ)2

8τ2−

)
± exp

(
− (

√
2t− − T + τ)2

8τ2−

)]
. (5.8)

Here, ϕ̃+(t+, t−) describes the joint temporal amplitude of photon pairs which bunch at the beamsplitter,
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and ϕ̃−(t+, t−) describes pairs which antibunch at the beamsplitter.

This state has a simple interpretation. Suppose that the sample consists of a discrete set of reflections

at delays T = τj , j = 1, . . . , N , so that

r(T ) =
∑

j

rjδ(T − τj). (5.9)

Then

ϕ̃±(t+, t−) =
∑

j

rj√
8πτ−τ+

eiω0(
√
2t++τj+τ) exp

(
− (

√
2t+ + τj + τ)2

8τ2+

)
. . .

. . .

[
exp

(
− (

√
2t− + τj − τ)2

8τ2−

)
± exp

(
− (

√
2t− − τj + τ)2

8τ2−

)]
. (5.10)

The joint temporal amplitude consists of 2N two-dimension Gaussian functions, two from each interface.

These Gaussian functions consist of two sets; one set of N peaks is centered at the points (t1, t2) = (τj , τ),

and the other N peaks are centered at the points (t1, t2) = (τ, τj). As τ is varied, then, one set of peaks

translates along the t1-axis, while the other set translates along the t2-axis.

Interference occurs when two peaks overlap in the (t1, t2) plane — if the distance between the different

τj is larger than both τ− and τ+, then two peaks can overlap only if one is from the set translating along

t1 and one is from the set translating along t2. Figure 5.12 depicts this situation in the common case

where Ω− ≫ Ω+ (τ− ≪ τ+). Note that overlap between peaks can occur in two ways; if τ = τj for some

j, then the τj-peak of one set will overlap with the τj-peak of the other, which leads to Hong-Ou-Mandel

interference (Figure 5.12(b)). If, instead, τ = (τi + τj)/2 for i ̸= j, then the τi-peak of the first set will

have the position

(t1, t2) =

(
τi,

τi + τj
2

)
=
(τi
2
,
τj
2

)
+
(τi
2
,
τi
2

)
, (5.11)
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Figure 5.12: (a) Depiction of the joint temporal intensity after the beamsplitter. Four sample reflections lead
to eight peaks in the post-beamsplitter JTI. One set of peaks (orange) translates along the t1 axis when τ is
varied, while the other (red) translates along the t2 axis. (b) Hong-Ou-Mandel interference occurs when both
peaks arising from a single reflection overlap along the t1 = t2 diagonal. (c) Cross-interference occurs when a pair
of peaks corresponding to two distinct interfaces overlap each other. This necessarily requires an initial JTI which
extends sufficiently far in the diagonal t1 + t2-direction. This interference always occurs at off-diagonal points
t1 ̸= t2.

while the τj peak of the second set will have the position

(t1, t2) =

(
τi + τj

2
, τj

)
=
(τi
2
,
τj
2

)
+
(τj
2
,
τj
2

)
. (5.12)

The two peaks are offset from each other along the diagonal t+-direction. If the width of the temporal

distribution τ+ along this direction is much larger than |ti − tj |, however, then the two Gaussians will

still have significant overlap and lead to interference; a similar calculation shows that the other τi-peak

and τj-peak will also overlap each other near the point (τj/2, τi/2), so that the four peaks (two from τi,

two from τj) together result in cross-interference (Figure 5.12(c)). Noting that the relative-time histogram

discussed at the end of Subsection 5.3.2 is just the marginal distribution of the joint temporal intensity

|ϕ̃(t+, t−)| along the t−-axis, we see that Hong-Ou-Mandel interference occurs when t1 ≈ t2, or τ− ≈ 0,

while cross-interference occurs when |t1 − t2|= |τ−|≈ |τi − τj |/2. This confirms our earlier statement that

HOM interference and cross-interference occur at different peaks of the relative time histogram.
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5.3.4 Time-bandwidth product and tomographic resolution

We now apply the model of the previous section to understand the improved resolution of QOCT compared

to a classical OCT measurement with equal bandwidth. We show that this resolution enhancement consists

of two factors: one factor is related to the relationship between the variable delay τ and the measured

signal, and can be replicated using a pair of separable (unentangled) beams; the other factor comes from

the relationship between coherence time and bandwidth, which is different for entangled and separable

states of light.

It is well-known that the Hong-Ou-Mandel dip of a single interface in quantum optical coherence

tomography has a temporal width which is half that of the interference envelope of a traditional OCT

interferometer [66]. The width of the interference pattern τ0 arising from a single reflection sets the

resolution limit of the interferometer; as the delay between two reflections becomes smaller than τ0, the

interferograms overlap, and one’s ability to infer the positions of the two reflecting interfaces quickly

deteriorates [145]. When considering the resolution of the QOCT measurement, then, it is sufficient to

consider a sample with a single reflecting interface. In this case, only Hong-Ou-Mandel interference occurs.

As discussed in Subsection 5.3.3, Hong-Ou-Mandel interference occurs when two terms in the post-

beamsplitter joint temporal amplitude overlap along the line t1 = t2. The resolution of the interferometer

can be defined to be the standard deviation of one of the two Gaussian amplitudes which overlap in the

(t1, t2) plane. Figure 5.13(a) depicts this situation when the reference mirror imposes an arbitrary delay τ ,

where τ = 0 is the location of the HOM dip. One of the two Gaussian peaks in the JTA is translated along

the t1-direction by τ , while the other is translated along the t2-direction by τ . The total separation between

the two peaks is then
√
2τ directed along the t−-direction. This can be contrasted with a traditional OCT

interferometer, in which the pulse passing through the sample is unaffected by the delay line, while the

other pulse is delayed by τ . The effect of the delay line in the QOCT interferometer is enhanced by a

factor of
√
2 compared to a classical interferometer — this

√
2 increase occurs regardless of the quantum

state of the two photons, and is merely a consequence of the beamsplitter on a biphoton state. The
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Figure 5.13: Temporal resolution in the QOCT interferometer. (a) Delay by a factor of τ causes a given pair of
peaks receding from the diagonal. If the peaks overlap on the diagonal at τ = 0, then the total difference is

√
2τ .

This leads to one
√
2-enhancement in interferometer resolution. (b) A second

√
2-enhancement in resolution occurs

for highly entangled photon pairs. Interference occurs along the antidiagonal line of the JTI, so that the relevant
width of the JTI is the antidiagonal width (rightmost figure). This width is in turn determined by the antidiagonal
width of the JSI (leftmost figure), which is

√
2 times the bandwidth of a single photon.

additional factor of
√
2 means that any interferogram measured as a factor of τ is automatically a factor

of
√
2 narrower than would be the case in a classical interferometer. An experiment by Lavoie et al. has

found this
√
2 increase in resolution when using a pair of oppositely-chirped pulses and a sum-frequency

measurement, which is analogous to a coincidence detection [134].

In addition to this measurement-related
√
2-enhancement, QOCT features a second

√
2-improvement

in resolution due to the use of an entangled biphoton state, giving an overall resolution enhancement of

two. Figure 5.13(b) shows the joint spectral amplitude of the probe state, along with the corresponding

joint temporal amplitude. As noted above, the two peaks leading to HOM interference approach each

other along the t−-direction when τ is varied. The relevant parameter determining the width of the HOM

dip is then the width τ− along the t−-direction. The JTA and JSA are related by a two-dimensional

Fourier transform; it follows that the width τ− is inversely proportional to the bandwidth Ω− along the

antidiagonal of the JSA. When discussing the bandwidth of the optical state, however, one is concerned

with the bandwidth ∆ω1 passing through the sample. If ∆ω1 = ∆ω2 (other situations are discussed in
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Chapter 2), then

Ω− =
√
2∆ω1, (5.13)

so that τ− is a factor of
√
2 smaller than the coherence time ∼ (∆ω1)

−1 that would be anticipated from

classical optics. Stated another way, the biphoton coherence time (sometimes called the entanglement

time), defined to be the width of the joint temporal intensity along the t−-direction, is a factor
√
2 shorter

than the coherence time of a classical pulse of light with the same bandwidth ∆ω1. This is a uniquely

quantum-mechanical feature of entangled photon pairs — the joint spectral amplitude of a separable state

is just the product of the two spectral amplitudes of the two photons, so that the minimum width along

t−, which occurs for ∆ω1 = ∆ω2, is just the classical coherence time (∆ω1)
−1.

In summary, then, the resolution enhancement of QOCT comes from two distinct places. The use of the

beamsplitter together with two-photon detection leads to a factor of
√
2 — this factor can be reproduced

using entirely classical states of light, as in [134]. A second factor of
√
2 requires the use of entangled

photon pairs, which have a coherence time which is shorter by a factor
√
2 than that of a separable state.

One should note that just using entangled pairs is not enough; if one considers an interferometer

consisting of a Mach-Zehnder in one arm and no beamsplitter in the other, then interference occurs

between two peaks in the JTA, one of which translates along t1 and the other of which is stationary. The

relevant width is then just ∆t1 = (∆ω1)
−1, i.e. the classical coherence length. The improved sensitivity

of the biphoton state occurs only along the t−-direction. Hong-Ou-Mandel interference occurs along this

direction of the JTA, so that entanglement can lead to a resolution enhancement.

5.4 A proposal for interferometric removal of artifacts

The QOCT interferogram consists of a single HOM dip for each reflecting interface in the sample, and

a cross-interference artifact for each pair of interfaces. When the number of interfaces in a sample is
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large, the artifact peaks greatly outnumber the HOM dips; the correspondence between the measured

interferogram and the sample structure is then quite poor. Subsection 5.3.2 showed that dips corresponding

to HOM interference can be distinguished from those due to cross-interference by two means. First, cross-

interference relies on the pump field at two moments in time; if one uses a pulsed pump or a pump with a

short coherence time, then the artifact peaks vanish. Second, the relative arrival time of pairs is different

in the two cases. Hong-Ou-Mandel interference only occurs for pairs that leave the beamsplitter at the

same time, whereas cross-interference occurs for pairs that leave the beamsplitter at different times. Each

of these physical distinctions can be used to separate the HOM and artifact peaks in the interferogram.

Existing techniques for artifact-removal largely rely on modification of the pump beam. If a monochro-

matic pump is used, then the artifact peaks alternate from constructive to destructive interference as the

pump frequency is varied. By sweeping the frequency of a narrowband pump, the average contribution

of the artifacts washes out [138, 134]. A similar method relies upon a pulsed pump beam [146]. Another

proposal relies upon an electro-optic phase modulator to generate the pump incoherence [147]. These

methods encounter a common difficulty: removal of artifact peaks requires that the coherence length of

the pump pulse be less than the round-trip delay between the two related reflecting interfaces. For samples

of interest, this is on the order of a few microns (tens of femtoseconds). If one is performing measurements

of samples near the resolution limit of the interferometer, then the pump bandwidth required to remove

all artifacts is extremely large — on the order of 100 nanometers, for typical experiments. Swept-source

lasers with similar bandwidths are common in classical OCT, but nonlinear phasematching requirements

(see Section 1.4) make the use of such broadband pumps extremely difficult in biphoton experiments.

On the other hand, one can try to distinguish artifacts on the basis of the time-of-arrival information

after the beamsplitter. The timescale of question is again on the order of ten femtoseconds, so that

direct measurement of this time difference is not possible with current photodetectors. Only the spectral

intensity of the biphoton after the beamsplitter is easily measured, whereas this timing information resides

in the phase of the joint spectral amplitude. An alternative strategy is then to perform an interferometric

measurement of the complete post-beamsplitter biphoton state, including the JSA’s phase. The complex
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JSA can then be Fourier transformed to obtain the JTA, from which artifacts and HOM dips can be

separated.

This scheme has practical benefits. Interferometric measurement of the complex JSA occurs via in-

terference between the biphoton amplitude leaving the QOCT interferometer and a reference biphoton

amplitude, in a manner analogous to classical digital holography. Measurements of this type have been

demonstrated recently in order to perform tomographic reconstruction of the spatial component of the

biphoton amplitude [148]. A similar type of interference occurs in the experiment of [103]. Here, the

two biphoton amplitudes are associated with different orders of the perturbation expansion. The relative

weights of the amplitudes are controlled by tuning the pump power, and the net effect of the two interfering

amplitudes is a gain-dependent group delay between the two photons. Another recent experiment, Ref

[149], demonstrates this phase-sensitive interference between biphoton amplitudes which originate in differ-

ent nonlinear crystals. In each of these measurements, the bandwidth of the biphoton state determines the

possible time resolution. In contrast to the use of broadband pump beams, biphoton bandwidths greater

than 100 nanometers are easily obtained. Furthermore, since the biphoton bandwidth determines both

the resolution of the QOCT interferogram and the timing resolution of the artifact removal technique, it

follows that all resolvable artifacts can be removed by such a technique.

The rest of this chapter discusses the proposed scheme in more detail. The basic outline of the scheme

is as follows. A single pump beam is divided into two components; one component generates a probe

biphoton amplitude which enters the QOCT interferometer; the other component generates a reference

biphoton amplitude which does not encounter the sample. The probe biphoton is mixed at a beamsplitter,

resulting in a joint temporal amplitude of the kind considered in Subsection 5.3.3. After the beamsplitter,

the probe and reference amplitudes are recombined at beamsplitters. The joint spectral intensity of the

combined amplitude is measured — as in the case of digital holography, it will feature fringes which

are sensitive to the phase difference between the probe and reference amplitudes. As this relative phase

is varied, then, one can reconstruct the complex joint spectral amplitude of the probe biphoton. Fourier

transforming the joint spectral amplitude yields the joint temporal amplitude; by removing the off-diagonal
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(t− ̸= 0) components and performing the inverse transform, the artifact peaks can be removed, resulting

in an interferogram consisting of a single HOM dip for each sample interface.

5.4.1 The biphoton interferometry scheme

We now consider the scheme in more detail. This discussion focuses on the conceptual implementation of

the method. Appendix D discusses a simple modification of existing spectrally-resolved QOCT interfer-

ometers that can be used to perform such a measurement.

We suppose that a pair of SPDC sources has been constructed; these sources are driven by the same

pump beam (Figure 5.14) resulting in a two-photon state which is a superposition of a pair leaving the first

source (denoted the probe) and a pair leaving the second source (denoted the reference): |ϕ0⟩s + eiθ |ϕ0⟩r.

We assume that the pair has the same initial joint spectral amplitude ϕ0 in either case. The relative phase

θ can be controlled via a phase modulator acting on one part of the pump beam. As in Subsection 5.3.2,

we consider a state which consists of only a single photon pair, which may come from either of the two

sources. In the discussions that follow, we sometimes refer to a “probe biphoton” or a “reference biphoton”

— these terms are used to refer to biphoton paths which originate at the probe or reference sources, and

are not meant to imply that multiple pairs are created simultaneously.

The two beams of the probe biphoton are sent through a typical QOCT interferometer; after leaving

the beamsplitter, the probe pair is left in a state of the form (5.8), which includes amplitudes for bunched

and antibunched pairs. The reference biphoton, meanwhile, is prepared in a biphoton state ϕr(ω1, ω2); the

form of this reference state is discussed below.

At this point, the probe and reference states interfere at a second beamsplitter, shown in Figure 5.14.

As discussed above, the point of this interference is to allow for separation of the HOM interference,

which occurs along the diagonal line t− ≈ 0 of the JTA, and cross-interference, which occurs at off-

diagonal positions in the (t1, t2) plane. Due to destructive HOM interference, the JTA of antibunched

probe biphotons is always zero along the diagonal line t− ≈ 0. The JTA of bunched probe biphotons,

165



5.4. A PROPOSAL FOR INTERFEROMETRIC REMOVAL OF ARTIFACTS

χ

χ

QOCT

Interferometer Biphoton

Spectrometer

ϕp(ω1,ω2)

ϕr(ω1,ω2)

Reference State

Preparation

θ

1

1'

2

2'

Figure 5.14: Schematic diagram of the artifact removal method. Two biphoton amplitudes are generated by two
different nonlinear crystals; one amplitude enters a QOCT interferometer, while the other acts as a timing reference.
Each beam in the reference biphoton interferes with a beam in the QOCT-biphoton, leading to interference. The
measured interferogram can be used to reconstruct the complex joint temporal amplitude of the QOCT-biphoton,
from which artifacts and HOM interference can be distinguished.

on the other hand, shows constructive HOM interference along the same diagonal line; we therefore wish

to measure the amplitude of bunched probe biphotons, since this JTA will contain both HOM and cross-

interference components. We denote the JSA of bunched probe biphotons by ϕp(ω1, ω2).

The beamsplitter shown in Figure 5.14 mixes each beam of the probe biphoton with one beam of the

reference biphoton. After this beamsplitter, we are left with four beams (1, 2, 1′, and 2′), each of which

is subject to a spectrally-resolving detection. Each probe beam contributes to two of the beams after this

beamsplitter; a coincidence detection between two output beams associated with the same probe beam

(1 and 1′, or 2 and 2′) indicate a pair which was bunched prior to the beamsplitter. Such a detection

may come from a pair which was bunched in the corresponding beam of the probe biphoton, or one which

was bunched in the corresponding beam of the reference biphoton. Interference then occurs between

the amplitude describing a bunched probe biphoton and the amplitude describing a bunched reference

biphoton. Similar considerations shown that the antibunched amplitudes interfere with each other.

Based on these considerations, the desired state of the reference biphoton is a bunched state; a bunched

reference amplitude will interfere with a bunched probe amplitude, allowing for interferometric measure-

ment of the bunched probe amplitude ϕp(ω1, ω2). The reference state preparation stage should therefore

consist of a third beamsplitter; when the reference biphoton is incident on this beamsplitter, it will undergo

Hong-Ou-Mandel bunching. We therefore let ϕr(ω1, ω2) refer to the JSA describing a bunched reference
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biphoton.

The measured signal consists of coincidence counts which are distributed between four measurement

channels, with each channel being spectrally resolved. A coincidence detection between channels 1 and

1′, or between 2 and 2′, can only come from a biphoton which was bunched before the beamsplitter. The

probability of such a detection is proportional to

p(ω1, ω2) = |ϕp(ω1, ω2) + eiθϕr(ω1, ω2)|2= |ϕp(ω1, ω2)|2+|ϕr(ω1, ω2)|2+2Re
[
ϕ∗p(ω1, ω2)ϕr(ω1, ω2)e

iθ
]
.

(5.14)

As in classical digital holography, measurement of this probability distribution for various relative phases

θ, together with knowledge of the reference amplitude ϕr(ω1, ω2), allows for reconstruction of the complex

JSA ϕp(ω1, ω2) for bunched probe biphotons. This JSA can be Fourier transformed to obtain a probe JTA

of the kind shown in Figure 5.12(a). In practice, it is only necessary to transform along the antidiagonal

direction ω−; this is also the direction in which the JSA’s bandwidth is largest, corresponding to the

maximum timing precision.

Numerical simulations

We now assume that such an interferometric measurement has been performed. We simulate the results

of such a measurement, based on the probability distribution (5.14). Specifically, we consider Gaussian

biphoton states of the form (5.3) with a center wavelength of 810 nm, and with each photon having a

bandwidth of 105 nm. The pump beam is assumed to have a 1.2 nm bandwidth. Interference between

the probe and reference biphoton amplitudes is used to reconstruct the complex JSA of the probe after

the QOCT stage. This JSA is Fourier transformed along the ω−-direction; the transformed function is

multiplied by a filter f(t−); and the inverse transform is then applied. The total number of bunched-pair

coincidence counts at all frequencies is then calculated from this filtered JSA, and this number is plotted

as a function of the QOCT stage’s delay line position. Because we are considering bunched pairs, sample
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reflections appear as a HOM peak, rather than the HOM dip seen in antibunched rates.

We first consider a sample consisting of four interfaces of equal reflectance; the phases of the artifact

peaks are chosen randomly, and the dispersion of the sample is negligible. Figure 5.15 shows the results

of such a calculation when the filter function f(t−) is taken to have the form

f(t−) = exp

(
− t2−
T 2
−

)
, (5.15)

for different values of the filter width T−. This filter acts to suppress off-diagonal peaks of the probe

JTA. Since cross-interference occurs at off-diagonal positions in the (t1, t2) plane, this filter suppresses the

artifact peaks in the QOCT interferogram. As discussed in Subsection 5.3.3, cross-interference between

reflections at delays τi, τj occurs near t− ≈ ±|τi − τj |/
√
8. Artifact peaks due to closely-spaced pairs of

sample interfaces require small filter widths T− to be removed. Filter bandwidths of T− ∼ 5 fs are capable

of removing all artifacts in the interferogram, despite the separation between artifacts and HOM peaks

being close to the resolution limit of the interferometer.

Once the complex JTA is known, it is possible to also consider more complicated types of filters. For

instance, Figure 5.16 shows the interferogram that is obtained using filter functions of the form

f(t−) = 1− 1

2
exp

(
− t2−
T 2
−

)
. (5.16)

This function suppresses the JTA’s diagonal by a factor of two; for suitably chosen values of T−, it therefore

removes the contribution of constructive HOM interference along the line t− ≈ 0. When the value of T−

is suitably chosen, the filtered interferogram contains only artifact peaks due to cross-interference between

interfaces. Such information may be useful in estimating the dispersion of the different sample layers [142].

This method of time-domain filtering does come at a cost, however. Figure 5.17 shows the result of

removing the off-diagonal components of the JTA for a sample with very large group velocity dispersion.

Ordinarily, HOM interferometers are insensitive to odd orders of dispersion [10]. When the contributions
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Figure 5.15: Simulated QOCT interferograms after filtering out off-diagonal components of the joint temporal
amplitude, for filters of various widths. The filter widths T

−
are, from bottom to top, 1.5, 5, 15, 25, 50, 75, 125,

250, 500, 1250, and 5000 femtoseconds. Dashed lines indicate the position of sample interfaces. The simulated
sample provides four reflections with randomly-chosen phase shifts at depths of 0.0, 2.4, 6.4, and 8.0 µm from the
sample surface, and has a group index (1.48) and GVD (β2 = 58.9 fs2/mm) consistent with cellulose [150].
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Figure 5.16: Simulated QOCT interferograms after filtering out part of the diagonal components of the joint
temporal amplitude, for filters of various widths. The filter widths T

−
are 1.5, 5, 15, 25, 50, 75, 125, 250, 500, 1250,

and 5000 femtoseconds, from top to bottom. (The order of delays along the vertical axis is inverted compared to
Figure 5.15. This is because one filter (5.15) is an increasing function of T

−
, while the other (5.16) is a decreasing

function of T
−
.) Dashed lines indicate the position of sample interfaces. Optical properties are the same as in

Figure 5.15.
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due to cross-interference are removed, the HOM peaks broaden similar to a classical OCT signal. Since

this filtering is performed in post-processing, however, the interferogram for multiple filter widths can be

calculated from a single set of measured data. When the off-diagonal components of the JTA are removed,

artifact peaks disappear; this allows one to identify the “real” peaks corresponding to sample interfaces.

Once these have been identified, one can return to the original, unfiltered interferogram, which shows less

dispersive broadening and therefore greater precision in the location of the peaks. By comparing the results

of multiple kinds of filters, then, it is possible to avoid both the ambiguity arising from the artifact peaks

and also the poor resolution resulting from dispersion. Of course, one is not limited to the kinds of simple

filters we have considered here. A more holistic method of post-processing relying on the entire complex

JTA may provide the same information without the need for multiple analyses. One can also consider

methods which relate the measured JTAs at all delay line positions, rather than the current approach of

separately filtering the JTA at each delay.

5.5 Conclusion

Quantum optical coherence tomography holds some promise as a means of enhancing the resolution of

tomographic imaging. It is the case in many applications that the sample of interest determines the

allowable bandwidth of a probe beam. For instance, tomographic imaging of the choroid, a vascular

structure behind the retina, is limited to wavelengths greater than 1050 nm, which results in a reduced

imaging resolution. Quantum OCT, which shows resolution enhancements due to both the coincidence

measurement and to time-frequency entanglement (see Subsection 5.3.4), can improve resolution without

requiring invasive measurements. This resolution enhancement comes at the expense of many practical

challenges. Our work addresses two of these, namely the problem of statistical noise and the problem of

interference artifacts.

The primary source of statistical noise in QOCT comes from the presence of accidental coincidence

counts, which are due to uncorrelated detections and do not show any interference. The number of ac-
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Figure 5.17: Simulated QOCT interferograms after filtering out off-diagonal components of the joint temporal
amplitude, for a sample with large group velocity dispersion. The filter function and filter widths are the same as
in Figure 5.15. The right peak shows greater broadening than the left, due to its location deeper in the sample.
This simulation involves two reflecting interfaces (imparting equal phase shifts) at depths of 0.0 and 8.0 µm and a
group index of 1.48. An excessively large GVD of β2 = 2× 1012 is used to highlight the effect.
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5.5. CONCLUSION

cidentals increases quadratically with the source brightness; as a result, measurements of lossy samples

are fundamentally limited by the measurement duration and the detector’s time resolution. We discuss

preliminary experimental results which use frequency correlations to filter out accidental counts, thereby

improving the quality of the measured interferogram. Using a biphoton spectrometer, we show an im-

provement in the coincidence-to-accidentals ratio by a factor of approximately one hundred; furthermore,

frequency-domain processing of the measured interferogram allows for accurate reconstruction of a HOM

dip using only a few hundred measured biphotons. Ongoing work seeks to use this technique to perform

the first tomographic measurement of a tissue-like sample without relying on artificially-enhanced sample

reflections.

Artifact interference has long been identified as a fundamental challenge for QOCT. In a measurement

involving N HOM dips, there will generally be N2/2 additional artifact peaks which do not correspond

simply to the sample structure. Many authors have proposed methods of artifact removal; these methods

invariably rely on modification of the pump beam — for large pump bandwidths, the visibility of artifact

peaks decreases. In practice, one wishes to image structures near the resolution limit of the interferometer.

Removal of all artifacts in this case requires a pump bandwidth similar to the bandwidth of the biphoton

probe. Sources of this type are not in common use due to the great challenge in achieving suitable phase-

matching for all pump wavelengths. We discuss an alternative interferometric method of artifact removal;

this method relies on the bandwidth of the probe photons, not of the pump, and so can automatically

remove artifacts near the resolution limit. This method relies on physical differences between HOM

interference and artifact (cross-)interference. We show that these effects are physically distinct, so that

the two types of interference can be distinguished on the basis of their time-domain behaviour. This work

is one of the first to consider the time-domain behaviour of QOCT; as we show, consideration of both the

temporal and spectral properties of this interference can yield practical benefits.
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6

Conclusions

Quantum metrology as a field of research is currently at an inflection point. Much of the research of past

few decades has sought to establish a theoretical legitimacy to the idea of quantum-enhanced measure-

ments. This began in the early development of quantum information theory and the connection between

entanglement and sensitivity. Once the theoretical underpinnings of metrology were understood, effort

turned to detailed study of a few key measurement problems, such as interferometric measurement of a

single unknown phase parameter. In this concrete setting, the problem becomes optimization of the probe

state and measurement strategy given various constraints. It quickly became apparent that theoretically-

optimal states, such as the N -photon N00N state, were only practically useful in idealized settings. Ef-

ficient generation of these probe states and implementation of the optimal measurement scheme remains

challenging. Furthermore, these highly-entangled states were not only more sensitive to the parameter

of interest but are also more sensitive to experimental imperfections and loss, so that their performance

quickly degraded in practical settings. At present, it seems that these experimental imperfections limit

the amount of precision enhancement that can be obtained using quantum techniques. Rather than the
√
M -enhancement predicted by Heisenberg scaling, which can be made arbitrarily large by increasing the

number M of entangled particles, one instead finds that the quantum precision enhancement scales as
√
M only for small M , after which only classical-like scaling of the precision with the number of probes is

possible.

Despite this large body of theoretical knowledge, the techniques of quantum metrology have only led

to practical improvements in a few situations. Most prominent of these has been the use of quadrature-
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squeezed light in the LIGO gravitational wave interferometer. This experiment served as the ideal testing

ground for practical quantum metrology: the experiment involves measurement of a single unknown phase,

one of the most well-studied metrological problems; the generation and detection of squeezed light are rela-

tively straightforward; the experimental precision of the measurement was expected to be quantum-limited;

and the great difficulty and scale of the experiment meant that the potential precision enhancements from

quantum techniques were well worth the cost of implementation. Few measurements come close to the

scale and sensitivity of LIGO, however. Further applications of quantum metrology must therefore provide

practical benefits in measurements which are less well-defined, and which may contain larger amounts of

experimental imperfection. The resilience of quantum techniques in the face of loss is therefore crucial for

practical utility.

This work has largely focused on the measurement of parameters encoded in the temporal and spectral

properties of entangled photon pairs. A common theme throughout this work is the presence of many

unknown values in problems of interest. For instance, spectroscopic measurements (Chapters 3 and 4)

can be described by the many electronic parameters governing the optical resonances of a molecule, or

alternatively by an unknown amplitude and phase shift at each frequency. Chapter 2 discusses another role

that these additional parameters may play: under certain circumstances, information about one parameter

of interest (for instance, the relative delay between photons) may become correlated with information about

additional parameters which are not measured (such as the mean delay). Measurements which cannot

resolve both parameters are limited in their estimation of either value. In each of these situations, simple

models involving a single unknown parameter are insufficient, and a more complete description involving

many parameters gives further insight into the metrological performance of the technique. Another example

comes from Chapter 4: Hong-Ou-Mandel interferometers provide lower absorption sensitivity than heralded

measurements, and lower phase sensitivity than N00N-state interferometers. At the same time, HOM

interferometers may outperform both of these more conventional techniques when absorption and phase

are used together in the inference of model parameters. Here, consideration of only absorption or phase

fails to capture the possible utility of this technique in spectroscopic measurements.
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Leaving aside the information-theoretic advantages of entangled photon pairs, the optical properties

of these pairs may offer practical advantages. These pairs can be easily generated, possess broad band-

widths, and offer phase-stable interference that is insensitive to some forms of dispersion. Pairs which are

generated by down-conversion automatically feature strong time-frequency correlations which can form

the basis of powerful denoising techniques. Section 5.2 highlights the use of these frequency correlations

in measurements of a highly lossy sample; in this case, filtering the measured signal using this frequency-

domain information allows us to reject over 99% of the detected pairs, leaving only a few hundred which

contain the information of interest. These remaining pairs in turn allow for sub-micron estimation of

the position of a scattering center. These frequency correlations are not uniquely quantum, and can be

mimicked using classical sources of light, but the ease with which strongly-correlated quantum pairs can

be generated makes them an appealing optical probe.

Many current optical measurements operate in a regime in which the number of probe photons is

constrained. This is the case whenever the sample of interest may be damaged by incoming photons, as

occurs in measurements involving biological samples and many types of fluorophores. When this is the

case, one faces an inherent limit to the possible measurement sensitivity based on the limited information

available per probe photon. Quantum-enhanced measurement techniques, which allow one to greatly

increase the sensitivity by careful control over the incident photons, may lead to practical improvements

in measurements involving small numbers of photons.
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A

Time-resolved detection in

Hong-Ou-Mandel measurements of

delay

This appendix views the results of Section 2.4 from the perspective of a simple model of time-resolved

detection, and shows how the precision bounds described therein appear in the limit of poor timing

resolution.

Specifically, we consider a model in which the detectors project onto a set of time-frequency modes

ζTD,ωD
which are centered at time TD and frequency ωD. The time-frequency modes have a Gaussian form

ζTD,ωD
(ω) =

(
τ2

2π3

)1/4

e−τ2(ω−ωD)2eiωTD . (A.1)

The single-photon projectors then have the form

Πj(TD, ωD) =

[∫
dω ζTD,ωD

(ω) a†j(ω) |0⟩
]
× (h.c.), (A.2)

where j = 1, 2 denotes the two spatial modes, and h.c. indicates the Hermitian conjugate of the first factor.
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The two-photon projectors have the form

Πij(TD, ωD, T
′
D, ω

′
D) =

[∫
dω

∫
dω′ ζTD,ωD

(ω) ζT ′

D
,ω′

D
(ω′) a†i (ω)a

†
j(ω

′) |0⟩
]
× (h.c.). (A.3)

These operators are normalized so that

∫
dTD

∫
dωD Πj(TD, ωD) =

∫
dωa†j(ω) |0⟩ ⟨0| aj(ω), (A.4a)

∫
dTD

∫
dωD

∫
dT ′

D

∫
dω′

D Π12(TD, ωD, T
′
D, ω

′
D) =

∫
dω

∫
dω′a†1(ω)a

†
2(ω

′) |0⟩ ⟨0| a1(ω)a2(ω′),

(A.4b)
∫
dTD

∫
dωD

∫

T ′

D
>TD

dT ′
D

∫
dω′

D Πii(TD, ωD, T
′
D, ω

′
D) =

∫
dω

∫

ω′>ω

dω′a†i (ω)a
†
i (ω

′) |0⟩ ⟨0| ai(ω)ai(ω′).

(A.4c)

The requirement that T ′
D > TD ensures that basis vectors a†i (ω)a

†
i (ω

′) |0⟩ are only counted once, regardless

of the permutation of ω and ω′. For completeness, we also define the projector Π0 = |0⟩ ⟨0|, so that the

set of all projectors sum to the identity.

The detection probabilities for each outcome are calculated for a two-photon state with joint spectral

amplitude (2.6),

ϕ0(ω1, ω2)e
−iω1τ1−iω2τ2 . (A.5)

Since we wish to consider both single and coincidence clicks, it is necessary to introduce a source of loss;

for simplicity, we give each detector a quantum efficiency of θ. This detector efficiency can be included by

introducing beamsplitters with transmission θ in each arm, and tracing out the additional modes. We again

consider detectors that resolve neither photon number nor frequency, so that we must add the probability

for bunching outcomes to the single detection probabilities, and we must sum over all unobserved variables

(corresponding to the two detection frequencies, as well as the later of the two detection times for bunched
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pairs). Explicitly, we calculate

pi(TD) =

∫
dωD ⟨ψ|Πi(TD, ωD) |ψ⟩+

∫

T ′

D
>TD

dT ′
D

∫
dωD

∫
dω′

D ⟨ψ|Πii(TD, ωD, T
′
D, ω

′
D) |ψ⟩

(A.6a)

p12(TD, T
′
D) =

∫
dωD

∫
dω′

D ⟨ψ|Π12(TD, ωD, T
′
D, ω

′
D) |ψ⟩ (A.6b)

p0 = 1−
2∑

i=1

∫
dTD pi(TD) +

∫
dTD

∫
dT ′

D p12(TD, T
′
D). (A.6c)

These lead to the probabilities

p0 = (1− θ)2, (A.7a)

p1(TD) =
θ(1− θ)√

2πτ2

∫∫
dt dt′

∣∣∣ϕ̃0(t, t′)
∣∣∣
2 [

(1− η)e−[t
′+TD−(τ+−τ−)]

2
/2τ2

+ ηe−[t+TD−(τ++τ−)]2/2τ2
]

+
η(1− η)θ2

2
√
2πτ2

∫∫
dt dt′

∣∣∣ϕ̃0(t+ τ−, t
′ − τ−) + ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

e−(t+TD−τ+)2/2τ2

,

(A.7b)

p2(TD) =
θ(1− θ)√

2πτ2

∫∫
dt dt′

∣∣∣ϕ̃0(t, t′)
∣∣∣
2 [
ηe−[t

′+TD−(τ+−τ−)]
2
/2τ2

+ (1− η)e−[t+TD−(τ++τ−)]2/2τ2
]

+
η(1− η)θ2

2
√
2πτ2

∫∫
dt dt′

∣∣∣ϕ̃0(t+ τ−, t
′ − τ−) + ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

e−(t+TD−τ+)2/2τ2

,

(A.7c)

p12(TD, T
′
D) =

θ2

2πτ2

∫∫
dt dt′

∣∣∣ηϕ̃0(t+ τ−, t
′ − τ−)− (1− η)ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

. . .

. . . e−(t+TD−τ+)2/2τ2−(t′+T ′

D−τ+)2/2τ2

, (A.7d)

where we have defined the joint temporal amplitude

ϕ̃0(t1, t2) =
1

2π

∫
dω1

∫
dω2 ϕ0(ω1, ω2)e

−iω1t1−iω2t2 . (A.8)

If the detector time resolution is much larger than the characteristic time over which the joint temporal
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amplitude varies, then the exponential functions in each integral may be approximated by a constant. If

we suppose that ϕ̃0(t, t
′) is sharply peaked around t ≃ t′ ≃ 0, then we have

p0 = (1− θ)2, (A.9a)

p1(TD) =
θ(1− θ)√

2πτ2

[
(1− η)e−[TD−(τ+−τ−)]2/2τ2

+ ηe−[TD−(τ++τ−)]2/2τ2
]

+
η(1− η)θ2

2
√
2πτ2

e−(TD−τ+)2/2τ2

∫∫
dt dt′

∣∣∣ϕ̃0(t+ τ−, t
′ − τ−) + ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

,

(A.9b)

p2(TD) =
θ(1− θ)√

2πτ2

[
ηe−[TD−(τ+−τ−)]2/2τ2

+ (1− η)e−[TD−(τ++τ−)]2/2τ2
]

+
η(1− η)θ2

2
√
2πτ2

e−(t+TD−τ+)2/2τ2

∫∫
dt dt′

∣∣∣ϕ̃0(t+ τ−, t
′ − τ−) + ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

,

(A.9c)

p12(TD, T
′
D) =

θ2

2πτ2
e−(TD−τ+)2/2τ2−(T ′

D−τ+)2/2τ2

H(τ−). (A.9d)

Here, the function

H(τ−) =

∫∫
dt dt′

∣∣∣ηϕ̃0(t+ τ−, t
′ − τ−)− (1− η)ϕ̃0(t

′ + τ−, t− τ−)
∣∣∣
2

(A.10)

describes the two-photon interference pattern. Approximate precision bounds may be calculated directly

from this expression.

As discussed in Section 2.3, the precision bounds for measurements of τ± are described by the classical
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Fisher information F , whose elements are given by

Fij =
1

p0

(
∂p0
∂τi

)(
∂p0
∂τj

)

+

∫
dTD

1

p1(TD)

(
∂p1(TD)

∂τi

)(
∂p1(TD)

∂τj

)

+

∫
dTD

1

p2(TD)

(
∂p2(TD)

∂τi

)(
∂p2(TD)

∂τj

)

+

∫∫
dTD dT

′
D

1

p12(TD, T ′
D)

(
∂p12(TD, T

′
D)

∂τi

)(
∂p12(TD, T

′
D)

∂τj

)
. (A.11)

Here, τi, τj denote one of the two variables τ±. Analytical evaluation of this matrix is not possible without

further restrictions on the form of the joint temporal amplitude. Note, however, that Fij has the dimensions

of an inverse time squared. In the system under consideration, the two relevant timescales are τ , that of

the detector response, and T , which characterizes the timescale over which H(τ−) varies; as shown in

Section 2.4, T is approximately equal to the inverse of the biphoton bandwidth, and is usually much

shorter than τ . It is therefore sufficient to consider only the relevant order of each of the matrix elements.

By performing a series expansion of (A.11) using the probabilities (A.9), we have

F++ = O(τ−2), (A.12a)

F+− = O(τ−2), (A.12b)

F−− =
θ2

H(τ−)

(
dH(τ−)

dτ−

)2

+O(T−2) +O(τ−2). (A.12c)

The O(T−2) term in F−− denotes a contribution of the approximate form (dH(τ−)/dτ−)2/(1 − H(τ−))

arising from the singles counts. This term was discussed in the context of a no-coincidence event in Sec-

tion 2.4; in the context of the current discussion, a more detailed calculation shows that for high interference

visibility, the prefactor of this term decreases quickly as θ decreases from zero. In experimentally-relevant

situations, then, this singles contribution may be safely ignored in comparison to the first term.
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The effective precision bound for estimation of τ− is, from Section 2.3,

1

(∆τ−)2
≤ F−− − F2

+−
F++

≈ θ2

H(τ−)

(
dH(τ−)

dτ−

)2

+O(τ−2). (A.13)

When the detector timing resolution τ is negligible in comparison to the biphoton coherence time T ∼

(dH(τ−)/dτ−)/H(τ−), we obtain the same expression used in Section 2.4, in which information is obtained

only from pair detections and can be calculated from knowledge of the interference pattern H(τ−) alone.

It is worthwhile to consider the validity of this model as a description of realistic detectors. Photode-

tectors typically do not perform time-frequency projections of the type considered here, but rather are

described by a POVM which takes into consideration the detector time response. The analysis conducted

here follows essentially from the probability distribution (A.9), which makes no mention of a detection

frequency, and indeed which is obtained from the state not by a projection onto a pure state but rather

by a POVM (since it involves integration over the non-orthonormal time-frequency modes ζTD,ωD
). This

distribution can be taken as an approximate description of a realistic detector, where the time resolution

τ is no longer related to an intrinsic optical bandwidth of the detector, but rather is set by systematic

factors such as the electronic response time. The same conclusions about the Fisher information matrix

then continue to hold.
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B

The relationship between precision

bounds calculated with and

without the no-click outcome

Chapter 4 calculates the precision bounds for measurement of absorption and phase using a spectrally-

resolved Hong-Ou-Mandel interferometer. In principle, some information about the absorption is obtained

from the number of incident pairs which do not lead to any detector click. In practice, this rate is not

measured; furthermore, this contribution greatly complicates the theoretical discussion, since it prevents

one from separating the estimation problem at one frequency from the problem at other, unrelated fre-

quencies. The chapter presents physical arguments allowing for the no-click contribution to be ignored.

This appendix presents a mathematical proof that neglect of this contribution serves only to decrease

the effective Fisher information that one calculates for each parameter. This neglect therefore leads to

precision bounds which are still saturable, and hence describe the true metrological performance of the

measurement.

Let F be the classical Fisher information matrix calculated using some probability distribution pk({ζ}),

where k is an enumeration of some measurement outcomes and {ζ} denotes a set of unknown parameters.
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The elements of F are given by the expression

Fζζ′ =
∑

k

1

pk

(
∂pk
∂ζ

)(
∂pk
∂ζ ′

)
. (B.1)

We also define the matrix F
′ by a similar summation which extends over all outcomes k except for one.

F ′
ζζ′ =

∑

k ̸=0

1

pk

(
∂pk
∂ζ

)(
∂pk
∂ζ ′

)
. (B.2)

The effective classical Fisher information of a parameter ζ is defined to be 1/(F−1)ζζ , i.e., the inverse of a

diagonal element of F . We prove that the effective information for ζ calculated from F is lower bounded

by the same effective information calculated from F
′.

First, note that F −F
′ is a matrix with components

Fζζ′ −F ′
ζζ′ =

1

p0

(
∂p0
∂ζ

)(
∂p0
∂ζ ′

)
. (B.3)

The matrix F −F
′ is therefore just the outer product of a vector v with itself, where the ζ-component of

the v is (∂p0/∂ζ)/
√
p0. It follows that F −F

′ is positive semidefinite, so that F −F
′ ≥ 0, or

F ≥ F
′. (B.4)

So long as F is nonsingular, this is equivalent to the statement

F
−1 ≤ F

′−1
. (B.5)

This implies that the diagonal components of F−1 and F
′−1

are related by (F−1)ζζ ≤ (F ′−1
)ζζ , from

which the statement holds.
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C

Alternative spectroscopic methods

C.1 Introduction

Chapter 4 makes a comparison between the HOM experiment and other possible spectroscopic measure-

ments of absorption and phase. This appendix describes the different interferometers discussed, and

provides details about the precision bounds for each.

C.2 Classical interferometer

The simplest comparison one can make, and the one used as the classical benchmark for the HOM-based

spectrometer, is the classical Mach-Zehnder interferometer. This device takes as its input a coherent state

|α⟩, which is divided at a beamsplitter into two beams. One beam interacts with the sample, after which

it is recombined with the second beam at another beamsplitter. The distribution of intensities at each

output port is measured. Since the interferometer relies only on linear optics, any change in intensity of

the input beam can be entirely attributed to absorption by the sample. The phase shift, meanwhile, can

be determined by the difference in intensities leaving the two output ports.

The input state takes the form Da(α) |0⟩, where Da(α) is the displacement operator for mode a,

Da(α) = exp
(
αa† − α∗a

)
. (C.1)
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The first beamsplitter, whose transmission coefficient is assumed to be tunable, performs the transforma-

tion a† 7 −→
√
ζa† +

√
1− ζb†. Since the modes a and b are orthogonal, the displacement operator can be

factored to obtain the probe state

|ψin⟩ = Da

(√
ζα
)
Db

(√
1− ζα

)
|0⟩ . (C.2)

The effect of the sample is to perform the transformation

a† 7 −→ e−θ/2+iϕa† +
√
1− e−θs†, (C.3)

where s is an auxiliary mode used in place of the sample. After the sample, the state is then

Da

(√
ζαe−θ/2+iϕ

)
Db

(√
1− ζα

)
Ds

(√
ζα
√
1− e−θ

)
|0⟩ , (C.4)

and since this is a separable state, the mode s can be easily traced out to obtain

Da

(√
ζαe−θ/2+iϕ

)
Db

(√
1− ζα

)
|0⟩ . (C.5)

We also allow for additional losses in each arm with respective transmittances T and R, analogous to the

similar calculation in Section 3.4. This leads to the pre-beamsplitter state

Da

(√
Tζαe−θ/2+iϕ

)
Db

(√
R(1− ζ)α

)
|0⟩ (C.6)

The absorption and phase parameters are embedded in the amplitude of the probe arm’s coherent state;

uncertainty in the amplitude and phase of this coherent state ultimately sets the shot noise-limited sensi-

tivity for both parameters.

The final 50:50 beamsplitter transforms this state into one described by the output modes c and d,
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where

a† =
√
ξc† −

√
1− ξd†, (C.7a)

b† =
√
1− ξc† +

√
ξd†, (C.7b)

leading to the output state

|ψin⟩ = Dc

(√
Tξζαe−θ/2+iϕ

)
Dd

(
−
√
T (1− ξ)ζαe−θ/2+iϕ

)
. . .

Dc

(√
R(1− ξ)(1− ζ)α

)
Dd

(√
Rξ(1− ζ)α

)
|0⟩ ,

∝ Dc

(
α(
√
R(1− ξ)(1− ζ) +

√
Tξζe−θ/2+iϕ)

)
Dd

(
α(
√
Rξ(1− ζ)−

√
T (1− ξ)ζe−θ/2+iϕ)

)
|0⟩ .

(C.8)

In the final line we have dropped a global phase. The intensity (photon number) at each output port is

measured using a photodetector. Detector losses are included via a further factor of η in each coherent

state amplitude. Since the state is separable, the probability distribution for the measurement outcomes

at the two ports are independent variables. For a coherent state with amplitude γ, the distribution is

p(n) =
|ζ|2n
n!

e−|ζ|2 . (C.9)
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If ζ depends on θ and ϕ, then a simple calculation shows that

Fθθ =

∞∑

n=0

1

p(n; θ, ϕ)

(
∂p(n; θ, ϕ)

∂θ

)2

=
1

|ζ(θ, ϕ)|2
(
∂|ζ(θ, ϕ)|2

∂θ

)2

, (C.10a)

Fϕϕ =

∞∑

n=0

1

p(n; θ, ϕ)

(
∂p(n; θ, ϕ)

∂ϕ

)2

,

=
1

|ζ(θ, ϕ)|2
(
∂|ζ(θ, ϕ)|2

∂ϕ

)2

, (C.10b)

Fθϕ =

∞∑

n=0

1

p(n; θ, ϕ)

∂p(n; θ, ϕ)

∂θ

∂p(n; θ, ϕ)

∂ϕ

=
1

|ζ(θ, ϕ)|2
∂|ζ(θ, ϕ)|2

∂θ

∂|ζ(θ, ϕ)|2
∂ϕ

. (C.10c)

Since the measured intensities at the two output ports are statistically independent, the classical Fisher

information matrix for the joint probability distribution governing the two intensities is just the sum of

the matrices calculated using one output port’s intensity. We are interested in the case of a photosensitive

sample, so we generally consider the information per incident photon, which we define in the multiparam-

eter case to be
[
(F−1)θθ

]
/ζ|α|2 and

[
(F−1)ϕϕ

]
/ζ|α|2 for the respective parameters; that is, the inverse of

the classical Cramér-Rao bound, normalized by the number of photons ζ|α|2 in the probe arm.

The bound on estimation of θ found in this way,

(∆θ)2 ≥ 1

ζ|α|2
Te−θζ +R(1− ζ)

ηζT 2e−2θ
, (C.11)

is independent of the final beamsplitter transmission ξ. The phase estimation bound generally does depend

on ξ; numerical simulations show that the bound is optimized when ξ = ζ. We assume this value of ξ in

all future analysis. There is generally a tradeoff between the two parameters when choosing a value of the

ζ: the phase information per incident photon is optimal when ζ → 0, whereas the absorption estimation

is optimal when ζ → 1. The optimal value of ζ for a given problem therefore depends on the relative
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importance of phase and absorption estimation.

The phase bound generally has a complicated form. After optimizing the phase bound over ϕ, the

phase information per photon is a function of ζ, Te−θ, and R. The multiparameter information per

photon approaches the information Fϕϕ for single-parameter estimation of ϕ whenever ζ → 0 and T ≤ R.

In this case, the phase bound is

(∆ϕ)2 ≥ 1

ζ|α|2
1

4Te−θ
. (C.12)

In this situation, the information per photon (for either the multiparameter or single parameter case) is

independent of the exact intensity in the reference arm, so long as R > T .

It is important to note that the problems of phase and amplitude estimation are highly dependent on

each other with this measurement. Apart from the limit ζ → 0 discussed above, independent measurements

of ϕ and θ have very different metrological precision than the multiparameter case; in the lossless limit

T → 1, R → 1, η → 1, ζ → 1, the optimal phase offset for measurements of absorption is π, and the

absorption information-per-photon is Fθθ/|α|2ζ → e−θ. The phase estimation has an optimal working

point of ϕ ∼ π/2, and when we take ζ → 0 instead, the phase information-per-photon tends to a constant

value of Fϕϕ/|α|2ζ → 4e−θ. These values of Fθθ = e−θ and Fϕϕ = 4e−θ are what define the shot noise

limits for absorption and phase estimation, respectively.

C.3 Heralded absorption measurement

The method of heralded measurement of absorption was pioneered by David Klyshko[151], not as a method

of precise sensing but rather as a tool to determine detection efficiencies without the need for calibration

of the source intensity. Of course, if one puts an absorbing sample between the source and detector,

then an absolute measurement of efficiency automatically becomes a measurement of sample absorption.

Theoretical calculations [64] based on an optimization of precision over all quantum states have shown
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this heralded measurement to be the optimal absorption measurement on a per-probe-photon basis. More

specifically, the optimal measurement occurs for any Fock state along with number-resolving detection;

heralded single photons are merely the simplest such measurement to implement in practice.

The measurement begins with a photon pair, as may be produced by SPDC.

|ψin⟩ =
√

1− g |0⟩+√
ga†b† |0⟩ . (C.13)

We take mode a to be the probe beam, while mode b is a herald beam. Losses are introduced into each

arm: the total transmission of the probe arm is Te−θ, while the herald arm is R. Here, e−θ is taken to be

the transmission of the sample, while T is the transmission of all other optics in the probe arm; both T

and R are assumed to include the detector efficiencies as well. After tracing out auxiliary modes associated

with the losses, the system is left in a mixed state,

ρout = g(1− Te−θ)(1−R) |0⟩ ⟨0|+ gT (1−R)e−θa† |0⟩ ⟨0| a+ g(1− Te−θ)Rb† |0⟩ ⟨0| b

+
[√

1− g +
√
gTRe−θa†b†

]
|0⟩ ⟨0|

[√
1− g +

√
gTRe−θab

]
. (C.14)

The first term describes pairs which are both absorbed or lost; the second and third term describe loss of

a single photon in one of the two arms; the final term describes pairs which are both transmitted. This

state is measured at two photodetectors — since each arm has at most one photon, number resolution is

irrelevant. There are four possible outcomes: no detection, a single detection at one of two arms, or a pair

detection. These have respective probabilities

p0 = (1− g) + g(1− Te−θ)(1−R), (C.15a)

pa = gT (1−R)e−θ, (C.15b)

pb = g(1− Te−θ)R, (C.15c)

pab = gTRe−θ. (C.15d)
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As described, this measurement has no phase sensitivity, as any phase shift in the mode a appears as a

global phase in the two-photon component of the state (coherent projection onto a combination of the

vacuum and two-photon states can, however, detect this phase. This is the basis of phase measurements

using squeezed states). We therefore consider a single parameter estimation problem concerning the

unknown absorption θ.

The classical Fisher information has the form

Fθ =
1

p0

(
∂p0
∂θ

)2

+
1

pa

(
∂pa
∂θ

)2

+
1

pb

(
∂pb
∂θ

)2

+
1

pab

(
∂pab
∂θ

)2

= g
Te−θ

1− Te−θ

1 + T (1−R)e−θ − gR

1− gTe−θ(1−R)− gR
. (C.16)

The information per incident photon (of which there are g per trial) is

1

g
Fθ =

Te−θ

1− Te−θ

1 + T (1−R)e−θ − gR

1− gTe−θ(1−R)− gR
. (C.17)

The resulting expression generally increases with g. In the limit g → 1, this model describes deterministic

generation of a photon pair; in this case, the presence of a probe photon is always known regardless of

whether a herald photon is detected, so the information per probe photon in this case is the same as the

limit of perfect heralding, R→ 0. In typical experiments, the opposite is true: the pairs are generated by

very weak two-mode squeezing which requires g ≪ 1, so that the creation of pairs is highly stochastic. In

this limit, we have

lim
g→0

1

g
Fθ =

Te−θ

1− Te−θ

(
1− Te−θ(1−R)

)
. (C.18)

In the limit of perfect heralding the final factor drops out, and the information per photon is

lim
R→1

lim
g→0

1

g
Fθ =

Te−θ

1− Te−θ
. (C.19)
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If we instead consider the limit of no heralding, R→ 0, then

lim
R→1

lim
g→0

1

g
Fθ = Te−θ. (C.20)

This expression, in which the information per photon is just the number of detected photons, is just

the shot noise limit for absorption measurements discussed in the previous section. The single-photon

absorption measurement performs just as well as a shot noise-limited measurement with a coherent state;

i.e., there is no advantage without heralding.

For a finite heralding efficiency, the ratio of the heralded measurement’s per-photon absorption infor-

mation to the shot noise limit is

1− Te−θ(1−R)

1− Te−θ
. (C.21)

This is generally greater than unity: any amount of heralding enables a quantum advantage in absorption

measurements. For a fixed sample transmission, the advantage increases linearly with the herald arm

transmission R, so that the scale of the quantum advantage is proportional to the number of herald

photons detected. Furthermore, unlike many other metrological problems, the advantage of the heralded

measurement over the classical method is unbounded for even a single photon as the sample beam’s

overall efficiency Te−θ increases to unity. Returning to the expression (C.16) for Fθ, this unbounded

advantage comes entirely from the detection outcome pb. For any finite heralding rate, a click at the

herald arm’s detector but not the probe arm’s detector immediately indicates a photon was lost in the

sample arm. When the transmission Te−θ is close to one, a single absorption is highly informative about

size of θ. Mathematically, the large value of Fθ is due to the fact that the probability pb decreases to

zero as Te−θ → 1, while the sensitivity ∂pb/∂θ stays finite. The signal-to-noise ratio for this outcome can

therefore grow dramatically as the optical losses approach zero.
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C.4 Interferometry using N00N states

Heralded single photons are the optimal probe of absorption; at the same time, high-N N00N states are

known to be the optimal probe of phase. Practically, the difficulty associated with these states is due to

the fast degradation of the phase sensitivity as the optical losses decrease. Loss of a single photon destroys

any coherence in the state, and the probability of a single loss grows quickly as the number of photons is

increased. Because of this extreme sensitivity to loss, they also make good probes of sample absorption.

The optimal measurement scheme for phase measurements using a N00N state is generally quite difficult

to implement — comparable, in fact, to the difficulty in preparing the state in the first place. We do not

consider here the optimal phase measurement. Instead, since the goal is also to obtain a good absorption

measurement, we consider a measurement scheme in which the two modes are mixed at a beamsplitter, the

outputs of which are monitored by ideal number-resolving detectors. As we show, this leads to absorption

precision which approaches that of a heralded measurement, while also enabling enhanced phase sensitivity.

A N -photon N00N state takes the form

|ψin⟩ =
√
1− g |0⟩+

√
g

2

(
(a†)N√
N !

+
(b†)N√
N !

)
|0⟩ . (C.22)

As in other treatments, we take the sample arm to be a and the reference arm to be b. Interaction with

the sample, and losses in the two arms, can be described by the transformation

a† →
√
Te−θe−ϕa† +

√
1− Te−θa

′†, (C.23a)

b† →
√
Rb† +

√
1−Rb

′†. (C.23b)
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After expanding the binomials, this leads to the state

√
1− g |0⟩+
√

g

2N !

N∑

k=0

(
N

k

)[ (
Te−θ

)(N−k)/2 (
1− Te−θ

)k/2
ei(N−k)ϕ(a†)N−k(a

′†)k

+R(N−k)/2(1−R)k/2(b†)N−k(b
′†)k
]
|0⟩ . (C.24)

Tracing out the auxiliary modes, this becomes

ρ =

N∑

m=1

g

2(N −m)!

(
N

m

)(
Te−θ

)N−m (
1− Te−θ

)m
(a†)N−m |0⟩ ⟨0| aN−m

+

N∑

m=1

g

2(N −m)!

(
N

m

)
RN−m(1−R)m(b†)N−m |0⟩ ⟨0| bN−m

+
g

2N
|ψN ⟩ ⟨ψN | , (C.25)

where

|ψN ⟩ ≡
[√

1− g

g
+
(
Te−θ

)N/2
eiNϕ(a†)N +RN/2(b†)N

]
|0⟩ . (C.26)

The beamsplitter performs the transformation

a† →
√
ζc† +

√
1− ζd†, (C.27a)

b† →
√
1− ζc† −

√
ζd†. (C.27b)

The probe is detected at a beamsplitter, leading to a probability of having p photons in c and q photons
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in d given by

ps(p, q) =





(1− g) + g
2

[(
1− Te−θ

)N
+ (1−R)N

]
, p = q = 0,

g
2

(
N

p+q

)(
p+q
p

)[ (
Te−θ

)p+q (
1− Te−θ

)N−p−q
ζp(1− ζ)q

+Rp+q(1−R)N−p−q(1− ζ)pζq
]
, 0 < p+ q < N,

g
2

(
N
p

) ∣∣∣
(
Te−θ

)N/2
e−iNϕζp/2(1− ζ)q/2 + (−1)qRN/2(1− ζ)p/2ζq/2

∣∣∣
2

, p+ q = N,

0, p+ q > N.

We finally include equal losses η in the two output modes, after which the probability of detecting p

photons in c and q in d is

p(p, q) =
∞∑

ℓ=0

∞∑

ℓ′=0

(
p+ ℓ

ℓ

)(
q + ℓ′

ℓ′

)
ηp+q(1− η)ℓ+ℓ′ps(p+ ℓ, q + ℓ′) (C.28)

These probabilities are used to calculate the classical Fisher information matrix in the usual way. We

define the absorption and phase information per incident photon by

Cθ = lim
g→0

2

gN

((
F−1

)
θθ

)−1
, Cϕ = lim

g→0

2

gN

((
F−1

)
ϕϕ

)−1

, (C.29)

which are the inverse of the classical Cramér-Rao bound, normalized by the average number of incident

photons gN/2. The limit g → 0 is taken to eliminate any information associated with heralding of the

state; the resulting information is entirely due to N00N state enhancements to the sensitivity.

Due to the complexity of the resulting classical Fisher information expressions, analytic study of the

problem for arbitrary N is not possible. The following conclusions are based on symbolic and numeric

evaluation of the expressions for photon numbers N ranging from one to three. The absorption information

Cθ is optimal when the phase is near one of ϕ = 0 or ϕ = π. The phase information Cϕ is minimal when

ϕ = 0 and ϕ = π. Another tradeoff occurs in the choice of the beamsplitter transmission ζ: the absorption

information is maximized when ζ → 0 or ζ → 1, while the phase information vanishes in this limit, being
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maximized when ζ → 1/2.

In the limit ζ → 0, the N00N state probe approaches a heralded Fock state, similar to the one discussed

above. The absorption information has a simple expression in this limit. For low numbers of photons, it

is given by

Cθ =





ηTe−θ

ηR+ηTe−θ ηTe
−θ, N = 1,

ηTe−θ

1−ηTe−θ

(
1− 2ηTe−θ + 2η2T 2e−2θ

)
, N = 2,

ηTe−θ

1−ηTe−θ

[
1− 3ηTe−θ

(
1− ηTe−θ

)2]
, N = 3.

(C.30)

It is interesting to note that the N = 1 case behaves qualitatively different than other cases, depending

on R and also showing different scaling in the per-photon information. The N = 2 case performs the

best when ηTe−θ < 1/3. The N = 3 case shows the most improvement over N = 2 when ηTe−θ ≈ 0.678.

However, the multiparameter analysis breaks down in the limit ζ → 0, since the measurement gives no phase

information in this case. A more realistic analysis uses the per-photon information for single-parameter

estimation of absorption, which in the limit ζ → 0 is

lim
ζ→0

lim
g→0

2

gN
Fθθ =





ηTe−θ, N = 1,

ηTe−θ

1−ηTe−θ

(
1− 2ηTe−θ + 2η2T 2e−2θ

)
, N = 2,

ηTe−θ

1−ηTe−θ

[
1− 3ηTe−θ

(
1− ηTe−θ

)2]
N = 3.

(C.31)

As may be expected, the N = 1 case behaves the same as a classical (shot noise-limited) measurement

of absorption, with the information being simply the number of photons detected. This is the same

expression found for the heralded measurement when the heralding efficiency decreases to zero. The

remaining cases show the same expression in this limit as was given by the multiparameter bound, so

that the discussion above still applies. The N = 1 case now outperforms higher N when ηTe−θ is small

(below about 0.4). Ultimately, the N = 1 scaling is still much worse in the ηTe−θ → 1 limit. The ratio of
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the N > 1 information to the quantum bound (given by a perfect heralded measurement) is ηTe−θ when

ηTe−θ → 1. The N00N states approach the optimal measurement for high transmittance. This can be

understood as a kind of heralding: for high transmittance, it is unlikely for more than one photon to be

absorbed by the sample. The remaining photons then trigger the detector, and since we have assumed

number resolving detection, this detection “heralds” the existence of the remaining photon which was lost.

However, the increased sensitivity of N00N states to loss means that this information degrades much faster

than traditional heralded measurements as the transmission decreases, eventually performing worse than

the shot noise limit.

We now consider the case ζ = 1/2, which shows both absorption and phase sensitivity. The expressions

for Cθ including losses in the herald arm and detectors are very long rational functions in the losses (they

do not depend on the particular value of ϕ), and provide no insight. If the only losses come from the sample

arm, R → 1 and η → 1, then the expressions simplify greatly. In this case, the per-photon absorption

information for low values of N is given by

Cθ =





Te−θ

1+Te−θ Te
−θ, N = 1,

Te−θ

1−Te−θ
1−4Te−θ+5T 2e−2θ−2T 3e−3θ+2T 4e−4θ

1+T 2e−2θ , N = 2,

Te−θ

1−Te−θ
1−3Te−θ+3T 2e−2θ+T 3e−3θ−3T 4e−4θ+6T 5e−5θ−3T 6e−6θ

(1+Te−θ)(1−Te−θ+T 2e−2θ)
, N = 3.

(C.32)

Qualitatively, the absorption information behaves as discussed earlier. The N = 1 state generally performs

worse than the shot noise limit. The N = 2 and N = 3 cases again have the limiting form Te−θ/(1−Te−θ)

due to self-heralding by the probe beam, and these tend to the quantum limit as losses approach zero.

The loss tolerance of both states is worse than the ζ → 0 case, however: the N = 2 state falls below the

shot noise limit for transmissions below Te−θ ≈ 0.701, and the N = 3 state does the same for values below

0.621.

The per-photon phase information of an N -photon state is optimized when ϕ ∼ π/2N . The multipa-

rameter phase information has a simple form when this phase is chosen as the operating point. In general,
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the per-photon information is

Cϕ =
4NηNTNRNe−Nθ

RN + TNe−Nθ
. (C.33)

In the limit of low losses, the phase information approaches 2N . Even though the measurement under

consideration is not optimal from a metrological point of view (an optimal N00N state interferometer shows

a per-photon information that is N times the shot noise limit, whereas the information here is N/2 times

the limit), it still shows the same N -fold scaling. It should be noted, however, that due to this factor of 2,

any quantum advantage in phase estimation occurs only when N > 2. At the same time, the sensitivity

to losses also shows an N -fold enhancement, and in the absence of other losses (T = R = η = 1), the

per-photon phase sensitivity falls below the shot noise limit when e−θ falls below N−1/(N−1).

The main takeaway here is not that number-resolved N00N state interferometers are a practical avenue

towards enhanced spectroscopic sensitivity. N00N states are notoriously difficult to prepare when N ex-

ceeds 2, which is required for this scheme to show any enhancement in phase sensitivity (and this ignores

the tight loss tolerances that are introduced as N becomes large). At the same time, number-resolving

detectors as a technology are still in their infancy, and the prospect of building a number-resolving de-

tector with enough channels to perform practical spectroscopy, though technically feasible, appears to

lie in the distant future. Instead, this scheme highlights a surprising aspect of quantum-enhanced linear

spectroscopy: even though optical amplitude and phase are traditionally considered complementary ob-

servables, it is possible for a single, simultaneous measurement to achieve an arbitrarily large enhancement

in per-photon sensitivity of both absorption and phase. That is, enhanced sensitivity to one variable does

not necessarily come with any trade off in sensitivity to the other.
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D

Implementation of the artifact

removal scheme

Section 5.4 provided a high-level description of an interferometric method for removal of QOCT artifact

peaks. From Figure 5.14, it may seem that implementation of this method is quite difficult, involving multi-

ple different spatial modes and interference between many beams. This appendix shows how such a scheme

may be implemented in existing spectrally-resolved QOCT experiments similar to that of Section 5.2. The

basic idea is to prepare the probe and reference biphoton states with orthogonal polarizations; almost all

of the scheme can then be implemented in a colinear manner using polarization optics.

A diagram of such an implementation is shown in Figure D.1. The two biphoton amplitudes are

generated using a pair of nonlinear crystals which have a relative rotation of 90 degrees about the beam

axis; such a geometry is known as a “crossed-crystal” source [152]. Due to phase matching requirements,

each crystal generates biphotons only from a particular linear polarization of the pump beam. One therefore

prepares a pump beam with an elliptical polarization state

|Ep⟩ =
E0√
2
|H⟩+ E0√

2
eiθ |V ⟩ , (D.1)

where the relative phase θ is encoded using an electro-optic modulator. Assuming type-0 phase matching

in each crystal, the output is a superposition of two biphoton states — in one, both photons have horizontal
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Figure D.1: Schematic diagram of a possible optical implementation of the method of Section 5.4, involving small
modifications of the experiment of Figure 5.2. A pair of nonlinear crystals in a crossed-crystal geometry generate
two biphoton amplitudes with orthogonal polarizations. A single photon from one of the biphoton amplitudes
interacts with the sample. A single non-polarizing beamsplitter implements the QOCT interferometer and also
creates a bunched state in the reference biphoton amplitude. Half wave plates and beam displacers (BD) interfere
the two different polarizations. Spectrally-resolved detection of the four beams allows for reconstruction of the
complex joint temporal amplitude of the QOCT-probing biphoton amplitude.

polarization, and in the other, both photons have vertical polarization:

|ϕ0⟩HH + eiθ |ϕ0⟩V V . (D.2)

For definiteness, we will take the horizontally polarized pair to be the probe biphoton amplitude, and the

vertically polarized pair to be the reference biphoton amplitude.

The two cross-polarized biphoton amplitudes exit the crystals in a colinear beam. A collimating lens

and knife-edge mirror separates the photon pairs so that one photon travels down each of the two arms

of the interferometer. As in Section 5.2, a polarizing beamsplitter and quarter wave plate are placed in

each arm. The polarizing beamsplitter separates the two polarization states of each beam; one of the
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polarization components of the sample arm reflects from the tomographic sample, while the remaining

three beams reflect from mirrors. The positions of these three mirrors can be used to separately set the

relative delays of all four beams.

A non-polarizing beamsplitter serves two purposes. First, it mixes the two horizontally polarized

photons; this acts as the QOCT interferometer’s beamsplitter. Second, it mixes the two vertically polarized

photons; if the relative delay between the vertically polarized photons is set to zero, then the reference

biphoton always bunches at this beamsplitter. This beamsplitter thus also serves to prepare the desired

reference biphoton state.

After the beamsplitter, it is necessary to interfere the horizontally and vertically polarized components

of each output beam; this interference is indicated by the additional beamsplitter in Figure 5.14. This

interference can be easily accomplished by placing a half wave plate and a birefringent beam displacer in

each arm; the half wave plate rotates the horizontal and vertical polarizations to diagonal and antidiagonal

polarizations, and the beam displacer places the horizontal and vertical components of the resulting beam

in two spatially-separated beams. This implements a polarization interferometer between the probe and

reference biphoton amplitudes.

Finally, detection can be performed using a time-tagging camera, as discussed in Subsection 3.3.4.

Existing measurements involve illuminating only two rows of the camera’s sensor; it is straightforward to

instead use four illuminated rows, which allows for separate spectral resolution of each of the four exiting

the two beam displacers.
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