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Abstract

We study the cut and projection method, which is a way to construct tilings. This
construction leads to a minimal Z%action on the Cantor set. In this thesis, we will
focus our attention on two examples that we will describe in full details: the Fibonacci
tiling on R and the octogonal tiling on R?. For the octogonal tiling, we find small

strictly positive cocycles for the minimal action on specific cones of Z2.
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Chapter 1

Introduction

This thesis is focused on the minimal Z% actions over a Cantor set that arise in the
construction of certain tilings in R%. In the last 35 years, the study of tilings has un-

dergone a major revolution, thanks to an a priori unrelated link with crystallography.

1.1 Historical Perspective

The notion of what constitutes a crystal has changed numerous times over the twen-

tieth century. For a while, scientists could not even agree on what a crystal was:

Four hundred years ago, not only were crystals not distinguished from fos-
sils, they were not always distinguished from living things. The reality of
atoms was not fully established until the discovery of the x-ray diffraction

in 1912. [27]

Diffraction refers to different phenomena associated with the bending of waves when
they interact with obstacles in their path. In a Bragg diffraction pattern, first ob-
served in 1913, each dot is formed from the constructive interference of x-ray waves

going through a crystal. The data can be used to determine the symmetry and the
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Figure 1.1: Periodic tilings with a single type of regular polygon (modified from [14]).

atomic structure of the crystal. The diffraction pattern is a consequence of the inter-
ference of the x-ray waves reflecting from different crystal planes. Informally, then, a

crystal is a solid with an essentially discrete diffraction diagram.

To understand the link between crystallography and tilings, we need to know what a

tiling is:

A tiling of a space is a collection of tiles which completely covers the space,
and such that for each pair of tiles in the tiling the interiors have empty

intersection. (23, p.§]

In chapter 4, we will give a formal definition of a tiling. Constructing a tiling is very
similar to covering a bathroom floor with ceramic tiles. In the plane, we use polygonal
tiles. Squares, equilateral triangles and hexagons are the only regular polygons that
tile the entire plane using identical copies of themselves (see Figure 1.1). For example,
if one was to attempt to cover the plane with copies of a single regular pentagon, the

tilings thus constructed would always have gaps in them (see Figure 1.2).

Many tilings are periodic, meaning that a basic unit consisting of one or more tiles

is regularly repeated throughout the entire pattern [22].
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Figure 1.2: A single pentagon cannot tile the plane. A pentagon has interior angles of 108
degrees. If we glue three pentagons around a point, it covers 3 x 108 = 324 < 360 degrees,

and four pentagons cover 4 x 108 = 432 > 360 degrees so that the tiles overlap (from [14]).

Non-periodic structures, also known as aperiodic structures, are forbidden for
crystals because the constituents of the atoms that make up crystals have to fall into
an orderly, regular arrangement [21]. The crystallographic restriction formalizes
this notion by specifying which rotational symmetries are allowed in crystal struc-
tures: concretely, crystals can only have twofold, threefold, fourfold, or sixfold axes of
rotational symmetry, as periodicity is incompatible with N-fold rotational symmetry

for N =5 and N > 6 [27, p.6].

In the early 1970’s, Roger Penrose was trying to answer what appeared to be an
unrelated question: is there a single tile which builds only nonperiodic tilings? We
still cannot answer this question for tilings of the plane, however, in 1974, Penrose
found examples of several pairs of tiles that tile the plane only nonperiodically. Such
a pair is the kite and the dart. Figure 1.3 shows the kite and dart tiles, as well as the

modified kite and dart tiles which are necessary to build aperiodic tilings:

One can modify the original quadrilaterals [...], adding bumps and dents

to the edges [...]. The two original quadrilaterals can abut to form a
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Figure 1.3: The kite and dart and the modified kite and dart tiles (from [23]).

rhombus from which one can tile the plane in a simple periodic way; this

is what adding the bumps manages to avoid. [23, p.36]

Penrose tilings produce a diffraction pattern having a fivefold symmetry (as can be
seen in Figure 1.4). Although such tilings are nonperiodic, and so cannot be directly
connected to crystals, Penrose started to have doubts about the theory underlying

crystal structures. His doubts were justified:

A few people did take Penrose’s ideas seriously, but it took the discovery
in 1984 of tiny metallic crystals composed of aluminum and manganese

to alert the scientific world to Penrose’s tilings. [21]

Indeed, the solid discovered by Dany Schectman et al had a diffraction pattern show-
ing icosahedral symmetry, which is the equivalent of fivefold symmetry in three di-
mensions (see Figure 1.5). According to the crystallographic restriction, the solid in
question had a nonperiodic atomic structure and so could not be a crystal. At the
time, this was very surprising. As Charles Radin mentions in [23], “Physicists had
gotten used to thinking that solids had to be crystalline, though they were aware that
this state of affairs did not seem to follow from any known physical law.”

The newly discovered solid was highly ordered, just like any other crystal, but did

not have periodicity.
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Figure 1.4: A Penrose tiling using the kite and dart tiles and its diffraction pattern. The

Penrose tiling is taken from [3] and the diffraction pattern is taken from [2].

After this first discovery, many other such solids were found. They were called
quasiperiodic crystals, or simply quasicrystals. Informally, a quasicrystal is a solid
whose diffraction pattern exhibits symmetry forbidden by the crystallographic restric-
tion.

At that point, people became more interested in Penrose tilings and how they were
constructed, as their diffraction patterns were very similar to those of quasicrystals.
Later on, other aperiodic tilings of the plane were constructed using two or more
tiles. The octogonal tiling studied in this work and the Pinwheel tiling are examples
of such tilings (see Figure 1.6 and Figure 1.7). These tilings are constructed using
either of two different methods; the substitution rule and the cut and projection

method. We will give a detailed description of the latter method in chapter 4.
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Figure 1.5: The quasicrystal discovered by Schectman (from [3]).

1.2 Thesis Overview

This thesis studies the minimal Z%actions over the Cantor set which arises in the
construction of the Fibonacci tiling of R and the octogonal tiling of R%2. We will
study these actions and small cocycles associated to these actions. Since the Cantor
set will appear often in our work, chapter 2 will start with a reminder of the definition
and the theorem of uniqueness of the Cantor set. Next, we present the basic definition
and results concerning C*—algebras that will be of use in subsequent parts of this
work: the main objective of this section is to prove the Gelfand-Naimark Theorem
which states that every commutative unital C*—algebra is isomorphic to C(X) for
some compact Hausdorff space X. We prove this theorem early on so that we can
use it in the last section of chapter 4.

Chapter 3 will give definitions and results about cocycles. In particular, we will
give the definition of a small strictly positive cocycle on subsets of Z? for free, minimal

Z*-actions on the Cantor set. We will focus our attention on product actions: they
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Figure 1.6: Octogonal tilings (from [3]).

will arise from the construction of tilings in chapter 4. We will give three conditions for
a minimal free Cantor Z?-system that will guarantee the existence of a small strictly
positive cocycle. We then apply this theorem to product actions on the Cantor set
and specific cones. We show that given a free minimal Z? product action on the
product of two Cantor sets, we can find small strictly positive cocycles, for specific
cones in Z2. We also show that if (X, ®,) and (Y, ®,) are two minimal Cantor Z2-
dynamical systems and that F : X — Y is a Z?—equivariant factor map, then the
existence of a small strictly positive cocycle § on a cone C for (Y, ®;) implies the
existence of a small strictly positive cocycle on C for (X, ®;). This cocycle will be
given by 8 o (F x Id).

A cut and projection method is defined by a cut and project scheme which is
a triplet of three spaces; the d-dimensional physical space where the tiling will be
constructed, the n-dimensional internal space and a lattice. We project specific points
of the lattice on the physical space. This gives us a point set from which we construct

a tiling, using the Voronoi tesselation method. In the first part of chapter 4, we give
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Figure 1.7: A pinwheel tiling (from [3]).

basic notions of tilings, then we discuss the cut and projection method. This theory

will be illustrated with the help of the two tilings mentioned above; the Fibonacci

tiling and the octogonal tiling.

The second part of chapter 4 explains how, from certain cut and project schemes,

we can construct a minimal Z¢-action on a Cantor set. This action will in fact be

given by rotations on the product of n Cantor sets.



Chapter 2

Preliminaries

2.1 The Cantor Set

Let AO be the closed interval [0, 1], A1 = Ao — (%, ?23-) = [0, %] U [%, 1] = Al,l U A1,2,
Ay = Ay — ((é, %) U (g, %)) = [0, é] U [%, S] U [8, %] U %, 1] = A1 U Ay U Ay3 U Agy
and in general, define
® (1+3k 2+ 3k
An - An—l - U ( 3n s 3n ) = U An,i-
k=0
Definition 2.1.1 The Cantor set, denoted by C, is the intersection

C= (] A

neNU{0}

with the induced topology from R. We say that a topological space is a Cantor

space if it is homeomorphic to the Cantor set.

In fact, we have the following theorem that we could also use as the definition of

a Cantor space.

Theorem 2.1.2 A topological space X is a Cantor space if and only if it is a totally

disconnected compact metrizable space with no isolated points.

9
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Proof: See p.197 in [13], section 30 in [29], and p.121 in [1]. O

Remark 2.1.3 The totally disconnected condition in the last theorem can be re-
placed by the existence of a basis of clopen sets. Since every metric compact space
is separable (see 3.16.2 in [7]), i.e. has a countable dense subset, the basis of clopen

sets can be assumed to be countable.

2.2 (*-algebras

Most definitions and results in this section are taken from [6,16]. Let us first recall

the definition of an algebra over a field K.

Definition 2.2.1

1. An algebra A over a field K is a K-vector space equipped with an associative

bilinear operation.

2. An algebra A is unital if there is an element 1 € A, called a unit, such that

la = al = a for all a € A.
3. An involutive algebra A is an algebra over C together with a map
ace A—a €A

(called an involution) satisfying the following properties:
i. (a*)*=a,VacA
ii. (a4 pb)* = Xa*+mb*, Va,be A, VA ueC

iii. (ab)* =b*a*, Va,be€ A.
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Example 2.2.2

1. M,(C), the set of n x n-matrices with complex coefficients, is a unital in-

volutive algebra, where the involution is given by the conjugate transpose

M* = (M)T, M € M,(C).

2. C(X), the continuous functions from X to C, where X is compact, with the

pointwise multiplication of functions, is an involutive unital algebra, where

flz)*= f(z), Vz e X.

3. Co(X), the continuous functions from X to C which vanish at infinity, where
X is locally compact, is an involutive algebra for the same involution as C(X).

Notice that Co(X) has no unit. See Example 2.2.8 for more details.

Recall that a (complex) Banach space is a complete normed vector space over C.

Definition: A complex Banach algebra A is an algebra over C that has a norm
|| - || relative to which A is a Banach space and such that for all a,b € A, we have

|labl|| < ||al|||b]|. Moreover, if A is unital, we require that ||1]| = 1.
Example 2.2.3
1. C(X) with the sup norm, where X is compact, is a Banach algebra.

2. (LY(R, \), %) is a Banach algebra, where ) is the Lebesgue measure and * denotes

the multiplication by convolution.

Definition 2.2.4 A C*-algebra is a complex Banach space A which is an involutive

algebra such that for all a,b € A one has
L. [labl| < llall[[o]

2. lla*all = [|a]l*.
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Note that these two conditions imply that ||a*|| = |ja||. Indeed,
lall* = lla*all < lla*[fllall = llall < lla*l < o™ = [lall.

Remark 2.2.5 If A is a C*—algebra, there is only one norm that will satisfy the
second property of the previous definition, that is, norms on C*—algebras are unique.

We prove this in Proposition 2.3.14.
Example 2.2.6 M,(C) and C(X), where X is compact, are C*—algebras.

Remark 2.2.7 There exists Banach algebras which are not C*—algebras for any

involution. Such an example is the following Banach algebra:

A, B
A= ‘A€ C,B € M,(C)},
0 A,

with the usual matrix operations and matrix norm. Recall that the Jacobson radical
of a ring R is the intersection of the annihilators of all simple right R-modules. We
can show that the Jacobson radical of A is not trivial. Since every finite dimensional
C*-algebra must have a trivial Jacobson radical, A cannot be a C*-algebra for any
involution. Notice that there exists an involution on A but it does not satisfy the

second property of C*—algebras.

Example 2.2.8 If X is a locally compact space then we denote by Cy(X) the set
of all continuous functions f : X — C which vanish at infinity, in the sense that for
every ¢ > 0 there exists a compact subset K C X such that |f(z)| < ¢ for every
z € X\K. In this example, we show that Co(X) is a C*—algebra.

We will use the sup norm and the involution defined by f*(z) = f(z) for all z € X.
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If (fu)nen is a Cauchy sequence in Cy(X) then for all z € X, (fu(z))nen will be

a Cauchy sequence in C, since

| fn = fmll = ilel)lz{ifn(x) — fm(@)|}, Vn,m e N.

As C is complete, (f,(z))nen converges. Define f(z) = nanolo fa(x). Then it is well-
known that f,, will converge to f and that f is continuous.

To show that f vanishes at infinity, let £ > 0. Choose n large enough so that
|f — fall < §. For this f, there exists a compact set K for which |f,(x)| < § for all
z € X\K. Then

[f(@)] = [£(z) = falz) + fulz)|
< [f(2) = fal@)| + [ fnl2)] <,

for all z € X\ K. Therefore, f € Co(X).

Finally, defining (fg)(z) = f(z)g(z) and f*(z) = f(z) for all z € X makes Cp(X)
into a commutative C*—algebra. Indeed, the three conditions for the involution are

easy to verify and we also have

|73l = sup{1 (@)a(@)]} = sup{lf @)llg(x)1} < sup{1f(=)]} sup{la(e)l} = 1l

and

I£f*) = sup{|f ()" ()]}
zeX

= sup{|f(z)f(z)|}

reX

= sup{|f(z)[*}

reX

- <§§§{lf(r)|}>2
AP,

which concludes this example. a
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Example 2.2.9 An Hilbert space is a vector space with an inner product that is
complete in the associated norm. If H and K are Hilbert spaces then a bounded

operator from H to K is a linear map a : H — K for which
llal| := sup{||av|;v € H, (v,v) =1} < 0.

We denote B(H, K) the space of all such bounded operators. We have that B(H, K)
is a Banach space and when K = C we write B(H,C) = H* (the topological dual of
H). For every operator a € B(H), there is a unique operator a* € B(H) such that
(v,a*w) = (av,w) for all v,w € H. We call a* the adjoint of @ and we can check that

the application which sends a to a* is an involution on B(H) such that ||a*a|| = ||a||?.

Hence B(H) is a C*-algebra. O

Theorem 2.2.10 (GNS construction) The involutive subalgebras of B(H) are pre-

cisely the Banach algebras with an involution satisfying the second C*—condition.

Definition 2.2.11 Let A be a unital Banach algebra. The spectrum o(a) of a € A

is the set of all z € C for which a — 21 has no inverse in A.

Theorem 2.2.12 ([16], section 3) The spectrum o(a) of any element a € A is a

non-empty compact subset of {z € C;|z| < ||a||}.

2.3 Commutative C*—algebras and the Gelfand-
Naimark Theorem
The following definitions and results are taken from [5].

Definition 2.3.1 A field F is a ring in which every nonzero element has a multi-

plicative inverse.
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Definition 2.3.2 A division ring is a field in which the multiplication need not be

assoclative.

Theorem 2.3.3 (Gelfand-Mazur) If A is a complex Banach algebra that is also a
division ring, then A = C, i.e. A= {Al; A e C}.

Proof: If a € A, then o(a) # 0. Let A € o(a) so that a — A1 has no inverse.

Since A is a division ring, we have that a — A1 = 0, that is a = Al. |

Remark 2.3.4 If A is an abelian complex Banach algebra and h : A — C is a
nonzero homomorphism, then ker(h) is a maximal ideal. In fact, we have the following

proposition.

Proposition 2.3.5 ([5], Proposition 8.2) If A is an abelian Banach algebra and M
is a maximal ideal, then there is a homomorphism h: A — C such that M = ker(h).
Conversely, if h : A — C is a nonzero homomorphism, then ker(h) is a maximal ideal.
Moreover, this correspondence h +— ker(h) between homomorphisms and maximal

ideals is bijective.

Corollary 2.3.6 If A is an abelian Banach algebra and h : A — C is a homomor-

phism, then A is continuous.

Proof: Maximal ideals are closed, hence ker(h) is closed. ]

Proposition 2.3.7 If A is an abelian unital Banach algebra and h : A — C is a

nonzero homomorphism, then ||kl = 1.

Proof: Let a € A and set A = h(a). If |A\| > ||a]|, then |ja/A|| < 1. Hence 1 —a/\ is
invertible. Let b = (1 — a/A\)7? so that 1 = b(1 — a/\) = b — ba/\. Since h(1) = 1,
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we have
1 =h(b—10ba/\) = h(b) — h(b)h(a)/X = h(b) — h(b) = 0,
which is a contradiction. Hence ||a|| > |A| = |h(a)|. Consequently,
Ikl} = sup{|r(a)[;a € A, [lal| <1} < sup{llalj;a € A, laf| <1} =1,
since 1 € A. "

Definition 2.3.8 If A is an abelian Banach algebra, let A(A) denote the set of all
nonzero homomorphisms of A — C. Endow A(A) with the relative weak*-topology
that it has as a subset of A*. With this topology, A(A) is called the maximal ideal
space of A. Basic weak*-neighbourhoods for h € A(A) are given by sets of the form

Bi,..an(h) ={j € A(A); j(ai) — h(as)| <&, i=1,...,n},

~~~~~

where e > 0,n e N,andag; € Afori=1,...,n.

Theorem 2.3.9 If A is an abelian Banach algebra, then its maximal ideal space,

A(A), is a compact Hausdorff space.

Proof: We first notice that A(A) is contained in the unit ball of A* (i.e. the bounded
linear functionals on A with norm less than or equal to one). By the Alaoglu Theorem
(Theorem 9.7.9 in [8]), this ball is compact in the weak*-topology. Hence, to show
that A(A) is compact, it suffices to show that A(A) is weak*-closed. Let {h;} be a
net in A(A) and suppose that h; — h in the weak*-topology, for some h in the unit
ball. For any a,b € A we have:

hi (ab) = hi(a)hi (b)

l A
h(ab) h(a)h(b)
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and so h(ab) = h(a)h(b). Also, since h;(1) = 1 for all ¢, then h(1) = 1. Hence h is
a nonzero homomorphism, i.e. h € A(A). Therefore, A(A) is compact in the weak*
topology. To prove that A(A) is Hausdorff, consider h # k € A(A). By hypothesis,
there exists a € A such that h(a) # k(a). Let € = |h(a) — k(a)| > 0 and consider the

two following neighbourhoods of h and k, respectively,

Do

(h) = {j € A(A);[j(a) — h(a)| < 5}

(k) = {j € A(A);|5(a) - k(a)] < 5}

&
S|

These two neighbourhoods are disjoint, for if j € BZ(h) N BZ(k), then
Ih(a) = k(a)| < |h(a) —j(a)| + |5(a) — k(a)| <e,

which is a contradiction. This shows that A(A) is Hausdorff. |

Theorem 2.3.10 ([5], Theorem 8.7) If X is compact and A(C(X)) is the maximal
ideal space of C'(X), then the map z — &, is a homeomorphism of X onto A(C(X)).

Definition 2.3.11 Let A be an abelian Banach algebra with maximal ideal space
A(A). If a € A, then the Gelfand transform of a is the function @ : A(4) —» C
defined by a(h) = h(a).
Definition 2.3.12 The spectral radius 7(a) of a € A is defined by
r(a) = sup{|z| ; z € o(a)}.
Proposition 2.3.13 ([16], sections 3 and 4) For each a € A, one has
1. r(a) = lim ||a"||V/™

2. o(a) = o(a),

where o(a) = {h(a); h € A(A)}.
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Proposition 2.3.14 ([20], p.870) If || - || is a C*—norm on a involutive algebra A,

then it is given by the expression
l|la|| = r(a*a)%, VacA

Hence a C*—norm on a involutive algebra is unique if it exists.

Proof: If || - || is a C*—norm on A, then repeated use of the second C*—condition
gives

lall = lla"all = ll(aa)?|2 = ... = [|(a"®)*" |, Y n € N.
Hence

lal?> = lim ||(a*a)®"[|* = lim ||(a*a)™||= = r(a*a),
n—oo m—0Q0

by Proposition 2.3.13. Therefore, ||a|| = r(a*a)?, ¥V a € A. |

Theorem 2.3.15 If A is an abelian Banach algebra with maximal ideal space A(A)
and a € A, then the Gelfand transform of a, denoted by a, belongs to C(A(A)). The

map a — a of A into C(A(A)) is a continuous homomorphism of norm 1.

Proof: If h; — h in A(A), then h; — h in the weak* topology in A*. Soif a € A,

Thus & € C(A(A4)).
Define v: A — C(A(A)) by v(a) = a. If a,b € A, then
v(ab)(h) = ab(h) = h(ab) = h(a)h(b) = a(h)b(h).
Therefore, v(ab) = v(a)y(b). It is easy to see that ~ is linear so -y is a homomorphism.
Also, by Proposition 2.3.7, we know that if a € A, |a(h)] = |h(a)] < |la||; thus

7(@)llo = llélloc < llal]. So < is continuous and ||y|| < 1. But since 7(1) = 1,
Iyl = 1. u
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Lemma 2.3.16 If A is a unital C*-algebra and a = a* € A then h(a) € R for all
h € A(A).

Proof: Let h(a) = @+ 140, for a, 3 € R. Let us show that § = 0. Let b = a — al.
Then for t € R,

|R(b+4t1)|? < ||b+it1|? (by Proposition 2.3.7)
= |[(b+dt1)* (b +dtl)]] (by the second property of a C*—algebra)
= [|(b—dtl)(b+ itl)]] (since b is self-adjoint)

= [|6* + 1| < ||b||* + ¢
Moreover, we have
|h(b+it1)|> = |h(b) +it]> = |iB +it]* = |8+t = (B+1)* = §° + 20t + t°.

Combining these two inequalities, we get 32+ 2t < ||b]| for all t € R. This can only
hold if 8 = 0 which proves the result. [

Theorem 2.3.17 If A is an abelian unital C*-algebra and A(A) is its maximal ideal

space, then the Gelfand transform v : A — C(A(A)) is an isometric *-isomorphism.

Proof: We first show that a* = &. That is, for any h € A(A), h(a*) must be

equal to h(a). Let a € A and h € A(A). We write a = 2t + {252 so that

* L% * a—a*
a* = “;“4-@“21.“: “;“—1“2;’ . Hence

Moreover,
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Since %2 and %" are self-adjoint, Lemma 2.3.16 tells us that h <a+—2"—> and h (““.’*)

-3(5) 0 255)

Hence 7 is a x—homomorphism.

are real, so that

We now show that the Gelfand transform is an isometry. First, let * = z* be a
self-adjoint element of A. Then |[z2|| = ||zz*|| = ||z||% so that ||z|| = r(z) by part 1
of Proposition 2.3.13. But part 2 of the same proposition implies that

r(z) :==sup{|z| ; z € o(z)} = sup{|z| ; z € o(2)} = sup{|A(z)| ; h € A(A)} = ||Z].

Therefore, ||z|| = ||Z|| when z = z*. Let a € A. We have
lal|? = |la*al] since C(A(A)) is a C*—algebra
= ||a*al| since 7y is *-homomorphism
= ||a*al|
= ||a"al| since a*a is self-adjoint
= ||a])? since A is a C*—algebra

The Gelfand tranform is thus isometric and hence injective.

Because < is an isometry, its range is closed. To show that ~ is surjective, therefore,
it suffices to show that its range is dense. This is accomplished by applying the
Stone-Weierstrass theorem. Note that 1 = 1, so y(4) is a subalgebra of C(A(A))
containing the constant functions. Because v preserves the involution, v(A) is closed
under complex conjugation.

It remains to show that 7(A) separates the points of A(A). If h; and hy are
distinct homomorphisms in A(A), then there exists a € A such that hy(a) # ha(a),
i.e. a(hy) # a(hg). |
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Corollary 2.3.18 If A is an abelian C*—algebra without a unit and A(A) is its
maximal ideal space, then the Gelfand transform v : A — Cy(A(A)) is an isometric

*-isomorphism.



Chapter 3

Cocycles

In this chapter, we define small strictly positive cocycles following [11]. The reason
for studying these cocycles is that they can help us determine if an equivalence re-
lation is affable, i.e. orbit equivalent to an approximately finite (AF) equivalence
relation. The first section is a reminder of group actions and gives the description of
equivalence relations associated to these actions. The second section gives definitions
related to cocycles and an existence theorem of such cocycles (Theorem 3.2.4). In the
next section, we explain how to use cocycles to get results on equivalence relations
associated to minimal, free Z?-actions on a Cantor set. Finally, in the last section,
we give an example of a Z?—action on a Cantor set for which small strictly positive

cocycles exist.

3.1 Group actions and Etale Equivalence Relations

In this section, we recall the notion of a group action and we describe the equivalence

relation associated to such actions.

22
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Let G be a countable group with the discrete topology and X be a compact met-
ric space (we will mostly be interested in the case where X is a Cantor set). Let ® be
an action of G on X, i.e. for every g € G, ®(g) € Homeo(X) and the map g — ®(g)

from G to Homeo(X) is a homomorphism.

Definition 3.1.1 The action @ is
1. free if ®(g)z = x for some z € X if and only if g = id;

2. minimal if the ®-orbit Og(z) = {®(g)z; g € G} of every point z € X is dense
in X.

Definition 3.1.2 We will call (X, ®) a minimal, free Cantor Z?—system, if X is the

Cantor set and ® is a minimal, free Z2—action on X.

Definition 3.1.3 ([11]) Given two free group actions (X,G,®;) and (Y, H,®,), a
topological orbit equivalence between them is a homeomorphism h : X — Y such

that, for every € X, we have
h(Og, (z)) = O, (h(z)).

Before giving the definition of an étale equivalence relation, we consider a motivating
example. If ® is a free continuous action of G on X, let Re denote the equivalence

relation given by
Ro = {(z,P(g)z);z € X, g€ G} C X x X.

If we consider the space X x G endowed with the product topology, we get a o0 —compact,

locally compact space. Since we have a bijection

X xG—Rs

(z,9) — (z,2(g9)z)
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the equivalence relation Rg becomes a topological space (Re, 7 ), where 7 denotes
the topology defined by the above bijection. Denote the two canonical projections

from R4 to X by s and r (for source and range), so that
s(z, ®(g)z) = z, and r(z, P(g)z) = P(g9)z.

Then s and 7 are local homeomorphisms (that is, for any (z,®(g)z) € Re, there
exists neighborhoods U,V C Rg of (z,®(g)z) such that s(U) and r(V') are open
in X and s : U — s(U) and 7 : V — r(V) are homeomorphisms). Indeed, let
(z,®(g)z) € Re and choose an open neighborhood U, C X of z small enough so
that U, N ®(g)(U,) = O (such a neighborhood exists by freeness of the action). Then
s: Uy x {g} — s(Ux x {g}) = Uy and 7 : U, x {9} — r(U. x {g}) = ®(9)U, are

homeomorphisms.

As G is countable, Re is a countable equivalence relation, i.e. each equivalence

class
2], = {y € X;(z,9) € Ra}
is countable for each z € X.
Definition 3.1.4 Let R be a countable equivalence relation on a compact metric

space X. We say that (R, 7) is étale if the maps s,7 : R — X are local homeomor-

phisms.

3.2 Definition of Cocycles and Results

In this section, we define Z—valued one-cocycles for free Z?-actions on a compact
metric space. We also explain what we mean by a strictly positive cocycle. Theo-

rem 3.2.4 gives us sufficient conditions on minimal, free Cantor Z?-systems that will
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guarantee the existence of a stricly positive cocycle. We then apply this existence

theorem to give examples where strictly positive cocycles exist.

We consider G = Z? endowed with the discrete topology and X x Z2? with the
product topology, where X is a compact metric space. Recall that a Z2—action
®: X x7Z% > X is free if forbany z € X and n € Z%, we have ®"(z) = z only if
n = 0. We define a norm on Z? by |(4, )| = max{|i|, |j|}. For any n € Z? and positive

integer m, we denote the closed ball
B(n,m) = {n' € Z* |n' —n| < m}.
Notice that the topology on Z2, induced by the norm is the discrete topology.

Definition 3.2.1 [11] Let ® be a free action of Z* on the compact metric space X.

A Z—valued one-cocycle for ® is a continuous function
0: X xZ*—>Z
such that, for all z in X and m,n in Z2, we have
O(xz,m+n) =0(z,m) + 0(®™(z),n).
Let C be a subset of Z2. If § is a cocycle, we say # is positive with respect to C if
(X x C) > 0.
We say 6 is proper with respect to C' if the map
0: X xC—-Z

is proper, that is, the pre-image of any finite set is compact. The usual definition of a
proper map is one where the inverse image of compact sets is compact. In this case,

a compact set in Z is a finite set. If 6 is proper and positive with reépect to C' we
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say that @ is strictly positive with respect to C. Let M be a positive integer. We
will write 8 < M1 if |§(z,n)| < 1 for all z € X and n € B(0, M). We say that 0 is

small if § < 271,
Definition 3.2.2 A cone C of Z? is a subset of Z? defined by
C = {(a,b) = {ia + jb; 4,5 > 0}, for some a,b € Z>.

Lemma 3.2.3 Let (X,®,),(Y,®;) be two minimal Cantor Z2-dynamical systems
and let F: X — Y be a Z?—equivariant factor map, i.e. F is continuous, surjective
and

F(®,(2)) = &5(F(2)), Y z € X.

If 0 is a small strictly positive cocycle on a cone C for (Y, ®;), then f o (F x Id) is a
small strictly positive cocycle on C for (X, ®).

Proof: We want to show that # o (F' x Id) is a cocycle, i.e. we want to verify
the following equality:

(0o (F x1d))(z, k1 + kg) = (0o (F x Id))(z, k1) + (8 o (F x 1d))(®% (z), ky),
for all z € X, ki, ky € Z2. We have

(0o (F x1d))(z, k1 + ko) = 0(F(x), k1 + k2)
= 0(F(z), k) + 0(®5 (F(x)), ks) since 6 is a cocycle,

while

(60 (F x 1d))(z, k1) + (8 o (F x 1d))(®} (z), ko) = O(F(z), k1) + O(F(®7' (2)), k»)
= 0(F(z), k1) + 9(®§1(F($))> k2),

hence 0 o F is a cocycle.
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Since 6 is positive on C, i.e. §(Y x C) > 0, we have
Qo (FxI)(X xC)=0(F(X)xC)=0(Y xC)>0.

Therefore, § o (F x Id) is also positive on C.

Since 6 is small, we have that |0(y,n)] < 1 for all y € Y and n € B(0,2). Hence
|0(F(z),n)| <1forall z € X and n € B(0,2), so that § o (F x Id) is also small.

Finally, F is proper since it is a continuous function with compact domain X. Indeed,
let K CY be compact so that K is closed. Hence F~!(K) C X is closed and hence
compact. Moreover, F' x Id is proper as well. Since the composition of two proper

functions is proper, we have that the cocycle 6 o (F x Id) is proper. |

Theorem 3.2.4 [11] Let (X, ®) be a minimal, free Cantor Z?-system. Let a,b be
generators for Z2. Suppose that for any N > 1, we may find clopen sets A and B
such that

1. A and ®%(B) are disjoint, ®°(A) and B are disjoint,
2. AUD(B) = &*(A) U B,
3. the sets ®++9(A U ®%(B)), are disjoint for 0 <i < N.

Then for any M > 1, we may find a cocycle § which is stricly positive on the cone

C = {(a,b) and such that § < M1

Proof: We only give a sketch of the proof. For more details, see [11]. Given M > 1,
choose N > 1 such that the set {ia + jb; —N < i,j < N} contains B(0, M) in Z2.
Define 6(z,0) = 0, for all z € X. Then define 6(z,ia + jb) inductively on |i| + |7].
Let z € X. If © > 0, define

0(z,ia + jb) = 0(z, (i — 1)a + jb) + Xg-G-1a-ib(4)(T)-
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If i < 0, define
0(x,ia + jb) = 0(z, (i + 1)a + jb) — Xg-ia-s(4)(T).
If 7 > 0, define
0(z,ia + jb) = 0(z,ia + (j — 1)b) + Xg-ia-G-1e(5)(T)-
Finally, if j < 0, define
O(x,ia + jb) = O(z,ia + (j + 1)b) — Xo-ia-iv(p)(T).

We can verify directly that € is a cocycle and that by definition, it is positive on
{a, b). The choice of N and the third hypothesis of the theorem will guarantee us that
8 < M~!. Finally, the two first hypotheses guarantee us that # will be proper. |

Example 3.2.5 [12] Let a, 8 be two numbers such that {1, a, §} are linearly inde-
pendent over the rational numbers. We consider the natural action of Z? on the circle,
R/Z, by rotating by a and 8. We select a single orbit, say that of 0, and cut the
circle at these points, replacing each by two points separated by a gap. The old point
will become the right endpoint of the gap and a new point will be the left end of the

gap.

Consider the subgroup of R,
Cutep ={t +ja+kB; 4,5,k € Z}.

We let X = RU {a’; a € Cutys}. We give X a linear order by setting a’ < b, a < ¥/
and @’ < ¥, whenever a < b. Finally, we set a’ < a, for all a € R. The space X is
given the order topology. Notice that for z < y in Cut,g, [z,y) = [z,¥'] is a clopen

set in X and the set of all such sets forms a basis for X. The natural action of the
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group Z + aZ + BZ extends in a natural way to X. We let S’é,ﬁ = X/Z which is
a Cantor set obtained by disconnecting the circle S! along the forward orbits of 0:
{0, @, 20, 3cx, ...} and {0, 5,26,30,...} (See [17], section 3, for more details). It has
an action of aZ+pZ. This is a Cantor minimal Z*-system, (S}, 5, ®), where the action
® is given by

®(m") (1) = £ — ma — nB, when = is a real number, interpreted modulo Z, and

®mm (') = (z — ma — nB)’, when 2/ € Cutgyp.

(3.2.1)

Theorem 3.2.6 ([12], Example 9.4) The action ® satisfies the hypotheses of Theo-
rem 3.3.6. Therefore, for every generators a, b of Z2? and M > 1, there exists a cocycle

6 that is strictly positive on (a, b), and such that § < M~1.

From now on, we will assume we are working with a minimal, free product Z2-action,
denoted @, on the product X x X of two Cantor sets. The product action, & can be
written as ® = ¢ ® ¢ where ¢ and 9 are Z—actions on X. If (z;,22) € X x X and
(m,n) € Z%, ® is defined in the following way:

O™ (21, 25) = (9™ (21), 9" (22)). (3.2.2)

Notice that if ¢ and v are minimal, free Z-actions on X then the product action
¢ ® 1 will be a minimal, free Z?—action on X x X. Notice that it is not true that all
free, minimal actions on X X X can be decomposed into a product action. For now,

we are only working with actions that can be decomposed in such a way.

Theorem 3.2.7 If ® = ¢ ® ¢ is a minimal, free Z?-action, like in Equation 3.2.2,

‘then there is a small strictly positive cocycle for ® on the cone
C = (a,b) = {ia + jb;i,j > 0},

where a = (1,0) and b = (0,1).
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Proof: Let N > 1 and choose a clopen set A; C X such that ¢’(A;) are disjoint for
0 < ¢ < N. Such a clopen set exists since the action is free. Now let A = A; x X and
B = (. Let us verify that these subsets of X x X satisfy the conditions of Theorem

3.2.4. First of all, A and B are obviously clopen since A, is clopen. Furthermore,
1. AN®*(B)=ANB=0and ®(A)NB=d(A)NO =0,
2. AU®*(B)=AUD= A and

P (A)UB =3OV (A)Ud = p°(4)) x p1(X) = 4, x X = A,

3. the sets (AU @ B)) = dEI(4; x X) = ¢ (A)) x P(X) = ¢ (4,) x X
are disjoint for 0 < i < N, by the choice of A;.

Hence, by Theorem 3.2.4, there exists a stricly positive cocycle on the cone C gener-

ated by (1,0) and (0, 1). : ]

Another way to see this is to actually follow the proof of Theorem 3.2.4, which can
be found in [11] and is sketched in Theorem 3.2.4, to construct the cocycle. Given
M > 1, choose N > 1 such that {(i,5); —N < ¢,57 < N} contains B(0, M) in Z2.
Once again choose a clopen set A; C X such that ¢'(A4;) are disjoint for 0 < ¢ < N.
Now let A = A; x X. We define 8 : X x Z? — Z in the following way:

1 0(z,(i,5) = Y Xe-xa)(z), Vz€X, i>0,V ]

0<k<i

2. 6(:1;7 (7“7.7)) = Z _Xé_k(A)(:L‘)v Ve €X> 1 < O,V_]

1<k<0

More generally, we do the same for the cone C' = (a,b), where a = (a1,a2) and
b = (by,by). We assume that a and b satisfy a; > b, > 0, but we exclude the case

a1=b1:0.
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Theorem 3.2.8 Let C = {(a,b) be the cone where a = (a;,a2) and b = (by, b2) are
as described at the bottom of the previous page. If ® = ¢ ® ¥ is a minimal, free
Z?-action, like in Equation 3.2.2, then there is a strictly positive cocycle for ® on the

cone C.

Proof: Let N > 1 and let Y C X be a clopen set such that ¢?(Y) are disjoint
for j =0,...,(N+1)(a; +b)— 1. Set

Ar=Je(Y) and By =] ¢(Y),

icE jeD
where
{
0,...,00 —1} ifb #0,
D { 1 — 1} 1
@ otherwise
\
4
E=<{0,...,a1—1} 1fa17£0
k(Z) otherwise.

Let A= A; x X and B = B; x X. Since we exclude the case where both a; and b;
are zero, we know that at least one of D or E is nonempty. We verify the properties

of A and B. Since Y is clopen, A and B are clopen.

1. We have

AN®YB) = (A; x X)N(p"(B)) x X) = (A Np"(B1)) x X
(U soi(Y)> N ( U soj(Y))

®*(A)N B = (¢"(A) x X)N (B x X) = (¢"(A) N B) x X

[y o) (yem)

by the choice of Y.

xX =0

and

x X =0,
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2. We also have

AUDYB) = (gw’m> U (eg @f(Y)> x X
= g{w(y) x X.
and
P(A)UB = (_egb goi(Y)> U (g@j(m> x X
= g{w(y) x X.

where K = {0,...,a; + b, — 1}. That is, AU ®%(B) = ®*(4) U B.
3. The sets

q)i(a+b)(A U ‘I)a(B)) — Ppilar+bi)iaz+b2)) <U on(Y) x X)
keK

= ilarth) (U WY)) x X

keK

— U ¢k+i(a1+b1)(y) x X

keK

are disjoint for 0 < ¢ < N by the choice of Y.

Hence, by Theorem 3.2.4, there exists a stricly positive cocycle on the cone C gener-

ated by a and b. (]

Remark 3.2.9 Notice that a similar construction works for the cone C = (a,b),
where a = (aj,a9),b = (b1, by), if the following condition holds : b < a3 < 0

(excluding a; = b; = 0).
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The only difference is that we take

{b1+1,,0} lfb17é0, E {a1+1,,0} 1fa17éO

® otherwise 0 otherwise.

3.3 Cocycles and Affable Equivalence Relations

In this section, we define approximately finite equivalence relations and affable ac-
tions. We then state two results that gives us sufficient conditions for a minimal, free

Z2-action on the Cantor set to be affable.

Definition 3.3.1 An étale equivalence relation R on X is an AF-relation (approx-
imately finite equivalence relation) if X is a totally disconnected compact metrizable

space (e.g. the Cantor set) and if there are
RiCRyC---

such that U,R, = R and R,, C R is a compact open subequivalence relation, for

each n > 1.

Definition 3.3.2 An action is affable if it is orbit equivalent to an action whose
associated equivalence relation is an AF-equivalence relation.

The following theorem is the main result from [12].

Theorem 3.3.3 [12] On the Cantor set, any minimal étale equivalence relation which

arises from an action of a finitely generated abelian group is affable.

Special cases of this theorem have been obtained in [12] for free, minimal, Z*-actions
on a Cantor set with arbitrary small strictly positive cocycles. In this section, we

recall these results. The first theorem states that if a free, minimal Z2-action on a
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Cantor set possesses arbitrarily small cocycles for sufficiently many cones, then its

orbit relation is affable. We first start with a definition.
Definition 3.3.4 Let 7,7’ be positive real numbers. We define
C(r,r') = {(i,5) € Z%j < ri,j < r'i}.

The definition can be extended to include the cases r = +o0o and r = 0 (using the

convention +oo - 0 = 0).

Theorem 3.3.5 (Theorem 4.1 in [12]) Let (X, ®) be a free, minimal action of Z? on

._1§1

a Cantor set. Suppose that there are positive numbers 7o, o0, With s3} — 73

satisfying the following. For every £ > 0, there are positive 1o, +€ > 7 > 7' > r4 s0

that for every M > 1, there is a cocycle 8 on (X, ®) such that
1. @ is strictly positive on C(r,7’'), and
2. 0< ML

Similarly, for every € > 0, there are positive so, —& < 1 < 1’ < 8o such that for every
M > 1, there is a cocycle € such that the same conditions hold. Then the equivalence

relation Re is affable.

The following theorem is similar to the first one but the hypotheses are stronger.
Indeed, we ask for the existence of small strictly positive cocycles on any cone of the
form C = (a, b), where a, b are generators of Z?, not just on cones of the form C(r, '),

where 7,7 € R.

Theorem 3.3.6 (Corollary 4.2 in [12]) Let (X, ®) be a free, minimal action of Z2
on a Cantor set. Suppose that for every a,b € Z? which generate Z? as a group and

M > 1, there is a cocycle # such that
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1. 0 is strictly positive on {a,b) = {ia + jb;i,j > 0}, and
2. 6 < M!
Then the equivalence relation R is affable.

Remark 3.3.7 In Theorem 3.2.8, we have shown that if ® = ¢ ® 9 is a product
action on X x X, where X is a Cantor set, and if ® is minimal and free, then there
is a strictly positive cocycle for ® on the cone C' = (a,b) where a = (a;,a;) and
b = (b1, by) satisfy a3 > b > 0or by < a; <0, ie. when ajb; > 0 (where we exclude
the case a; = b; = 0). We would still need to show it holds for any cone to be able

to use Theorem 3.3.6 and conclude the equivalence relation R4 is affable.



Chapter 4

Tilings and The Cut and
Projection Method

4.1 Tilings

In the introduction, we gave a descriptive definition of tilings and showed some pic-
tures of well known tilings. In this section, we give mathematical definitions and

results about tilings.
Definition 4.1.1 A tiling of R? is a countable collection of closed subsets
T = {t1, 1y, t3, ...}
of R? such that
1. t; is homeomorphic to the closed unit ball in R,

2. t; Nt; has empty interior, 7 # j,
o0

3. Jti =R%
i=1

36
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The t;’s are called the tiles of the tiling. Let X € R% and 2’ € R%. Then X + 2’ =
{r +2';z € X} is called the translate of X by «’. If T is a tiling, its translate by
r € R? is defined by T +  := User(t + z). Notice that T + z is also a tiling. We will
often consider tilings constructed from a finite set of prototiles {p;,ps,...,pn}, i-€.

if t € T, then t = p; + z for some z € R%
Definition 4.1.2 [24] A patch in a tiling T is a finite subset of tiles
{t1,t2, .., tm} C T.

Remark 4.1.3 Some authors (e.g [25]) add the following condition in the definition
of a patch: (J;*, t; is connected.
Let R > 0 and = € R%. We define a special type of patch

TNB(z,R) :={teT;tcC B(z,R)}.
A patch has diameter less than R if there is a disk of radius R enclosing the patch.

Remark 4.1.4 If we work with tilings made of a finite set of prototiles which are
polygons meeting edge to edge, then the patch T'N B(z, R) will also be connected,

hence will satisfy the stronger definition of a patch.
Definition 4.1.5 We say that a tiling T is periodic if its translation group
Ir={zeRT+2=T}

is a lattice in R%. A tiling T is aperiodic if '+ = {0} (ie. T + 2z # T for any
r#0€RY.

£

Definition 4.1.6 A tiling T is said to have finite local complexity (denoted FLC)

if for any R > 0, there is only a finite number of patches in T (up to translation)
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with diameter less than R. In other words, for any R > 0, {T' N B(z, R); = € R?*}/R¢

(where we mod out by translations) is finite.

Example 4.1.7 A periodic tiling has FLC. O

Let P = {T; T is a tiling in R%} be the set of tilings in R% We define a metric
on P by saying that the distance between two tilings T and T’ in P is smaller than &

if the tilings agree on B(0, 1/¢) up to translations no greater than €. More precisely,

we defined: P x P — R by

d(T,T'") = inf{1,e; 3 z, 2’ with ||z||,||z'|| <€, s.t. TN B(x,1/e) =T N B(z',1/e)}.

(4.1.1)
The distance between two tilings is small when the tilings agree on a large ball about
the origin, up to a small translation. To prove that d is in fact a metric on P, we first

need the following lemma.

Lemma 4.1.8 ([28], p.9) If a and b are positive numbers such that a + b < 1, then

1 1—ab
< .
a+b— a

Proof: Since a,b,a + b < 1, we have
0<1-—a(a+b)
=0 <b—a’h— ab?

=a<a-a’h—ab®+b=(a+b)(l - ab)

Theorem 4.1.9 The function d : P X P — R defined in equation 4.1.1 is a metric
on P.
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Proof: ([28], p.9) By definition, d is symmetric and d(7,7") > 0, for all T,T" in
P. Also, d(T,T) = 0 for every tiling T since we can find arbitrarily large balls around
the origin where T agrees with itself. Conversely, if d(T,7") = 0, then T and 7" must
agree, up to small translations, on arbitrarily large balls. This only holds if 7' = T".
What is left to show is the triangle inequality. Let R, S and T be tilings. We need to
show that '
d(T,S) <d(T,R)+d(R,S).

If d(T,R) + d(R,S) > 1, then the equality holds since d(T,S) < 1. Hence we can
assume that d(T, R) + d(R, S) < 1. Choose £ > 0 small enough so that

d(T,R) +d(R,S) +¢e < 1.
Take z7g and zrp in R? with
£
lzzrll; llz7ell < AT, R) + 3,

such that

1 1
TNB — =~ V—prnB(dhe —o ).
(ITR’ d(T, R)+§) (ITR’ d(T, R)+§>

Similarly, take Trg and g in R? with
£
lzasll, 17551 < d(R, S) + 3,

such that

1 1
RNB — 1 =SNB|2hgy ——— .
(st, d(R, S)—i—%) (IRS, d(R,S)—i—%)

Since T — zrg and R — 27, agree on B (0, W), we have that T — z7r — xrs and

R — 12/, — zgs will agree on B) := B ( —zrs, 75— ). Similarly since R — zrg and
TR d(T,R)

T3

S — x’pg agree on B (O, W), we have that R — zgs — 275 and S — 2lhg — 27p
’ 2
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will agree on B, := B (—xi‘rR, WR,éT%_) Combining these two facts, we get that

T — zpp — Tps and S — zhg — 7. will agree on By N By. The latter intersection

contains the origin since ||z7zl, [zrs|| < 1 and g3 e T 77z > 1. Notice that
I 2 k) 2
s — loas]
T = —m % — lIZRS
d(T,R) + %
and
1

T =

W — ||zl
are the largest radii such that B(0,7) C B; and B(0,ry) C By. This means that

r:= min{ry, ry} is such that B(0,7) C B; N B;. We have

1
T1—W—”$RS”
1 €
> ————— —(d(R,S —

1 —(d(T, R) + 5)(d(R,S) + 5)
d(T,R) + §
>

By Lemma 4.1.8, we conclude that r; We can show the same

1
d(T,R)+5+d(R,8)+% "

for r4, and so r > d(T—,R)I—%(R,WE' Thus T — zrr — Trs and S — g — 2 p agree on
B (0, m> . From the triangle inequality in R?, we have

lzrr + zrsll < llzzrll + llzrs]l < d(T, R) + d(R, S) + ¢,
and

s + 27rll < lIZRs|l + [|27Rll < d(T, R) + d(R, S) + ¢,

and so we have d(T,S) < d(T, R) + d(R, S). |

We will use the following lemma to show that the metric space P is complete.

Lemma 4.1.10 If (S,),>; is a Cauchy sequence in P then for every R > 0, there

exists an integer Ng such that

B(0,R)N S, = B(0,R)N Sy, ¥V n > Na.
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Proof: Let R > 0 and choose € > 0 small enough so that for every z with ||z < e,

we have
1
B(O,R)C B (:c, E) .

Let Ngr = N, be such that for every n,m > N, = Ny, we have
d{( Sy, Sm) < €.

Such an N, exists since (S,)n>1 is Cauchy. By definition of the metric d, there exists
z, o', with ||z]|, ||z’|| < € such that

1 1
B(z,g)ﬂSn:B(z',—)ﬂSNR, V n > Ng.
£

By the choice of €, we then have B(0, R) NS, = B(0,R) N Sy, ¥V n > Ng. |

Theorem 4.1.11 The metric space P is complete.

Proof: Let (S,)s>1 be a Cauchy sequence in P. We need to show that (Sp)n>1
converges to a tiling. Let (Ri)r>1 be a sequence in R such that R, — oo when

k — oo and for each k > 1 let Np, be such that
B(O,Rk)ﬁSnzB(O,Rk)ﬂSNRk, ‘v’nz NRk-

We define a tiling S which will be the limit of the Cauchy sequence (Sy)n>1 in the
following way: For each k > 1, define B(0, R) NS := B(0, Bx) N Sny, - Let us show
that the tiling S is the limit of the sequence (S,)n>1. Let € > 0 and choose k > 1
such that R, > é Then

B(0,R,)N S = B(0,R) N SNr,
= B(0,Rx) N S, for all n > Ng,

Hence

1 1
B(O,E>ﬂS=B<0,E)ﬂSnforalln>NRk.
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Therefore, for all € > 0 there exists Ng, such that
d(S,S,) < € for all n > Ng,,

so that S, — S € P. This shows that P is complete. |

Definition 4.1.12 Consider T +R¢ = {T +z; z € R%} C P endowed with the tiling
metric defined above. Denote the completion of the metric space (T + R¢,d) by Qr,

which we will call the continuous hull of T'.

Theorem 4.1.13 ([24], Lemma 2): Q7 is compact if T has FLC.

For each z € R? we have a homeomorphism ¢, : Q07 — Qr defined by . (T') =T +z
for T' € Q. Since @, 0 Y, = Qz1y, R acts on Q. Therefore, given a tiling T' of R?,
we have a topological dynamical system (7, R%). Recall that the dynamical system

(97, R?) is minimal if the orbit of any point (i.e. tiling) in (Qz, R?) is dense.
Definition 4.1.14

1. The tiling T is called repetitive if for any patch Q@ C T, 3 R > 0 such that for
every z € RY, T N B(z, R) contains a translate of Q.

2. The tiling T will be called minimal if (7, R%) is minimal.

Definition 4.1.15 A subset Y C R? is relatively dense if there exists a compact
subset K’ C R? such that Y + K’ = R%.

Example 4.1.16 Let Y = R%\{0} and K’ be the closed ball centered at the origin
of radius equal to » > 0. Then K’ is a compact subset of R? such that Y + K’ = R
Indeed, let z € R%. If x # 0 then z € Y and 0 € K’ so we can write x = x + 0. If
z =0thenz = (r,0,...,0)+(-7,0,...,0) where (r,0,...,0) € Y and (-r,0,...,0) € K.

Therefore Y is relatively dense.
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Even when T is an aperiodic tiling, it is possible for {2 to contain periodic tilings.

Example 4.1.17 Consider tiling the plane with white unit squares, fitting edge to
edge. Remove one white tile and replace it with a black tile of the same size. Call
this tiling 7. This tiling is aperiodic but its hull contains the original tiling by white
unit squares. Indeed, let S denote the periodic tiling with white unit squares and let
g > 0. Assume without lost of generality that the black tile of T' contains the origin.
Let (T + z,)n>1 € Qr where z, = (n,0). Choose N, > é + s, where s is the length
of the side of the black tile. Then

(T +2,) N B1(0) = SN B1(0) ¥ n > N,

hence S = lim (T + z,) € Q7. O

n—oo

We say T is strongly aperiodic if )y does not contain any periodic tiling.

Proposition 4.1.18 ([15] Proposition 2.4) If the tiling T is aperiodic and minimal,

then it is strongly aperiodic.

4.2 Point sets in R?

In this section, we explain the relation between tilings and point sets. The method
used to construct a tiling from a point set is called the Voronoi tesselation and will

be described in Definition 4.2.11

Definition 4.2.1 [27] A point set A C R? is said to be uniformly discrete if there

exists a positive real number r such that, for every z,y € A, ||z — y|| > 7.

Definition 4.2.2 [27] A point set A is said to be relatively dense in R? if there is
a positive real number R such that every sphere of radius greater than R contains at

least one point of A in its interior.
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Recall that we gave a definition of relative density for subsets of R% in 4.1.15. This
definition also holds for point sets and is equivalent to Definition 4.2.2. Let us show

this.

Theorem 4.2.3 Let A C R? be a point set. The following are equivalent:

1. There is a positive real number R such that every sphere of radius greater than

R contains at least one point of A.

2. There exists a compact set K’ C R? such that A + K’ = R%.

Proof: Suppose that (2) holds. In order to get a contradiction, suppose that for
every R > 0 there exists £ € R? such that Br(z) NA = {. Let R > 0 and choose
z € R? such that Br(z) N A = {. Since (2) holds, there exists y € A and k € K’
such that = y + k. In particular, kK = x — y. By the choice of z, we have that
|z —y|| > R. Since K’ is compact in R?, it is bounded. Let

r = max{||k|; k € K'} < o0.

Then ||z — y|| = ||k|| < r. Therefore, we have R < ||z —y|| < r, and hence R < r. As

this holds for any R > 0, we get a contradiction. Hence there exists R > 0 such that
Br(z) N A # 0 for any z € R%.

Now assume (1) holds. Let z € R%. By hypothesis, Bg(z) N A # 0, so let
y € Br(z) NA.
Consider the compact set K’ := Bg(0). Let k := y — = so that
Ikl = lly — =l < R,

hence k € K’. Therefore, for any z € R?, there exists y € A and k € K’ such
z=y+k ie A+ K =R% |



4.2 POINT SETS IN R? 45

Definition 4.2.4 A point set A C R? is a Delone set if it is uniformly discrete and

relatively dense.

As with tilings, we can define a metric on the set of point sets in R, where two point
sets will be considered close if, after a small translation, they coincide on a large
compact region. Moreover, R? acts on any point set by translation. Let A be a point
set in R%. Denotes by [A]g« the orbit of A under the action of R We can complete
[AJge with respect to the metric defined above. Call this set X. Notice that the

action of R? extends to X, so that we get a dynamical system (X, R%).

The following definitions are taken from [26] and will be used in Theorem 4.2.10.

Definition 4.2.5 A point set A C R? is almost periodic if for any open neighbor-
hood U C X, of A, the set

Ay ={z e REA+ 1 € U}
is relatively dense in R
Definition 4.2.6 For a compact subset K C R% and a point set A C R%, we define
Te(A) :={z€RY(A+z)NK =ANK}.
Remark 4.2.7 Let K be a compact subset of R? and let
U=Ux={N € Xpy; NNK=ANK}.

Let Ay, = {z € RS A+ € Uk} If we have an z € Ay, , i.e. A+ z € Uk, then by
definition of Uk, we have that (A+2z)NK = AN K, i.e. £ € Tx(A). On the other
hand, z € Tk(A) implies that A +z € Ux. Hence T (A) = Ay,

Theorem 4.2.8 A point set A C R? is almost periodic if and only if Tx(A) is

relatively dense.
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Proof: Suppose that A is almost periodic. Let K be a compact subset of R? and
consider Uk defined in Remark 4.2.7. Since Uy is an open neighborhood of A and A is
almost periodic, the set Ay, is relatively dense. By the same remark, T (A) = Ay,

and therefore Tk (A) is relatively dense.

Now suppose that Tx(A) is relatively dense for any compact K C R Let U C X,
be an open neighborhood of A. Let » > 0 be small enough so that B(A,r) C U and
let K be the closed ball in R? centered at the origin of radius 1. Since K is compact,
Tk (A) is relatively dense by hypothesis. If A’ € Ug then A’ N K = AN K. By the
definition of K, this implies that d(A,A’) < r and so A’ € B(A,r) C U. This shows
that Ux C U. In general, if U; C U, are neighborhoods of A, we have Ay, C Ay,.
In our case, we then have Tx(A) = Ay, C Ay. Since Tk (A) is relatively dense, so
will be Ay. We have shown that for any open neighborhood U of A, Ay is relatively

dense. Therefore, A is almost periodic. |

Definition 4.2.9 [26] A point set A is of finite local complexity (FLC) if for every
compact K C R?, there is a compact K’ C R? such that, for every t € R¢, there is
some t' € K' with t + A)NK=(t'+A)NK.

Theorem 4.2.10 ([26], Proposition 3.1) If the point set A has FLC then the following

conditions are equivalent:
1. Tk(A) is relatively dense for every compact K,
2. (X4, R?) is minimal,

3. A is repetitive, i.e., for every compact K C R?, there is a compact K’ C R¢

such that, for every t1,t, € R%, there is an s € K’ with
y

th+A)NK=(s+ta+A)NK.
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Proof: By Theorem 4.2.8, we have that (1) is true if and only if A is almost periodic,
therefore (1) < (2) follows from general theorems on dynamical systems (see [9],
Proposition 2.5). Now let us show that (3) = (1). Let K C R be compact and
assume that (3) holds so that there exists a compact K’ C R? such that for all
T1,Zy € RY, there is an s € K’ with (z; + A) N K = (s + o + A) N K. In particular,
if zo € R?% and z; = 0, there exists —s € K’ such that

ANK=(-s+z:+A)NK.

We then have that —s + o € Tx(A), that is, there exists t € Tx(A) such that
T3 = s +t. Hence, for any 7o € R 1, € Tx(A) — K'. As —K' is compact, condition
(1) holds.

Assume now that (1) holds and let K C R® be compact. Since A has FLC we
can find a compact K; such that for all ¢, € R?, there is ¢ € K; with

ti+A)NK=({+A)NK. (4.2.1)

Since (1) holds by hypothesis, we have that Tix_k,)(A) is relatively dense. This
means that there exists a compact K3 such that Tx_r,)(A) + K2 = R% Then, for
any t; € RY there exists t” € K, such that t” +ty € Tx_k,)(A), ie.

(t"+t+ AN (K- K)=An(K — K;). (4.2.2)
Now since t' € K, we have that K —t' C K — K;. By the equation 4.2.2, we have
"+t +A)N(K-t)=ANn(K -t),
and so, by equation 4.2.1
(t"+t+t'+ANK=(t+ANK=(t; +A)NK. (4.2.3)

Ast' +t" € K, + Ks, (3) is fulfilled for K’ := K1 + Ky and s =t/ 4+ t". |
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Definition 4.2.11 For A C R% a Delone set, and z € A, the Voronoi cell of z is
Vo={y eR% |ly—zl| < |ly —2'||,V 2’ € A\{z}}.

To construct the Voronoi cell of z € A, we connect = to every other point in A
by straight line segments and construct the perpendicular bisector of each of these
segments. The Voronoi cell V, is the largest convex region about z bounded by
these hyperplanes. Since A is relatively dense, it is infinite. Therefore, we have to
connect = to infinitely many points and so, in principle, the Voronoi construction
calls for an infinite number of operations. We will see that in fact, a finite number
of operations always suffices (see Corollary 4.3.12). Relative density of A also implies
that the Voronoi cells of every point will be bounded. Discreteness of A excludes the
possibility for accumulation points in A so that V,, is well defined for all z € A. If we
carry out this construction for every point of A, we obtain a partition of R into cells

called the Voronoi tesselation induced by A.

4.3 The Cut and Projection Method

In this section, we give the details of a special case of the cut and projection method,

a way to construct certain tilings. See [18] for the general cut and projection method.

4.3.1 Lattices in RY

Let us start with two results about discrete subgroups of RY.

Definition 4.3.1 A lattice in RY is a discrete subgroup L of RY such that the
quotient group RY/ L has finite volume, i.e. has finite Lebesgue measure. A uniform

lattice is a lattice such that the quotient RY/ L is compact.
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Theorem 4.3.2 ([19], p.39) Every discrete subgroup L of R¥ is of the form

L=72v+..4 Zv,

where {v;} is some linearly independent set of vectors in R¥.

Let [ = Zvy + ...+ Zv; be a discrete subgroup of RY, where the v;’s are linearly
independent. We denote the R—linear span of L in RY by

(L) = Spang(L) = Spang{vy,...,u}.

If (L) # R, ie | < N, then R¥/(L) = R¥~!. Hence the volume of the quotient

space RV / L, relative to the Lebesgue measure on RY, is infinite, because already the
volume of the quotient space RY /(L) is infinite. That is, L will be a lattice in R¥ if

and only if I = N, in which case, it will in fact be a uniform lattice in R¥.

Corollary 4.3.3 [19] Let L be a discrete subgroup of RY. The following statements

are equivalent:
1. L is a lattice in RY;

2. L is a uniform lattice in RY;

3. (L) =RV,

4.3.2 The Cut and Projection Method

Definition 4.3.4 [3] A cut and project scheme is a triple (E, E+, Z") of locally
compact abelian groups in RY where E = R? and E+ = R" are orthogonal and ZV
is a lattice in E @ E+ = RY, where N = d + n. We also ask that the orthogonal

projections m and 71, onto E and E* respectively, be such that 7|z~ is injective, and
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7+(Z") is dense in E+. We get the following diagram:

EJRN T gl
U (4.3.1)
ZN

We call E the physical space and E* the internal space. We will soon explain

how we get a tiling from this scheme but for now, let us only mention that the tiling

will fill the physical space £ = RY,

For example, if we are working in E @ E+ = R? where d = n = 1, we will get a
tiling on the real line. To make sure that the conditions on the two projections are
satisfied, the physical space E will be a straight line going through the origin with

an irrational slope. We will discuss this in more details in Example 4.3.14.

Let M be a subset of E+ and denote ¥ = M + E. We will sometimes refer to
¥ as the strip of the tiling. Given M, we construct a point set A(M) in E in the
following way:

AM) = {n(a); a € Z" N T}. (4.3.2)

Equivalently, we have
AM) = {r(a); a € Z",7*(a) € M}.
We say that M is the acceptance domain of A(M).

Remark 4.3.5 We can define a cut and project scheme in a slightly different way
than what is defined in Definition 4.3.4. This new scheme is obtained from a cut and
project scheme (E, E+,Z") to which we apply the linear transformation which sends
E onto Spang{ey,...,eq} and E* onto Spang{eys,...,en}, where {e;,...,en} is
the canonical basis of RY. The lattice Z" will then be sent to another lattice of R

denoted by L. We denote the orthogonal projections on R% and R” by 7, and 7,
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respectively. We will have that m|; is injective and that m(L) is dense in R™. The
triple (R%, R", I~/) is then also called and cut and project scheme. This version of a
cut and project scheme is described in [18] as a special case of the more general cut
and project scheme which looks at a triple of the form (R¢, G, f/), where G is a locally
compact group in RV,

The diagram 4.3.1 becomes

RY & RY x R -2 R™.
U (4.3.3)

L
Similarly to the first cut and project scheme, given a subset M of R”, we define the

associated point set
AM) == {m(a); a € L,my(a) € M}.

Given a cut and project method (E, E*+, Z"), we can recover a cut and project method

of the form (R% R", L) and vice versa. Since E and E* are d—dimensional and

n—dimensional subspaces of R" respectively, we have
E = Spang{vy,...,vq} and E* = Spang{vgi1,...,vn},

for some linearly independent v;’s in RY. Let A be the invertible matrix which sends
e; onto v; for i = 1,...,N. Then A € O(N) is an orthogonal matrix. Notice that
E = ARY), EX = A(R"). Let L := A(Z") = Spang{vi,...,un}. By Corollary
4.3.3, L is a lattice in RN = R? @ R*. We have that 7 = A o m, 7+ = A o 7, while

m=Alomand 1y = At owt.

Moreover, R¥ = E @ E*, and |z~ is injective, while 7+(Z") is dense in E+. We

need to check that (R4, R", I~/) satisfies the properties of a cut and project scheme,

that is m|; is injective and m(L) is dense in R", where 7, and m, are the projections
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on R?% and R" respectively. We have the following commutative diagram:

- Al
L zN
mlz T|zn (4.3.4)
A
R? E

We first show that m|; is injective. Let z,y € L and suppose that
m(z) = m(y) = z € R%

Then

and

so that 7(A7Y(z)) = m(A7 (y)). As A(z), A" (y) are in Z" and 7|z~ is injective

by hypothesis, it implies that A~!(z) = A~!(y), which in turns implies that z = y.

To show that my(L) is dense in R™, we use a similar commutative diagram:

A—l

L zN
D mt (4.3.5)
A
R™ E

Let € R" and consider z := A(x) € E*. Since 71 (Z") is dense in E*, there exists
a sequence (2, )nen € ZY such that 71(2,) — 2 when n — oco. But (A(2,))nen is a

sequence in L for which

Ta(Alzn)) = A7 (1 (2)) = A7 (2) ==,
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when n — oo. Hence (A(z,))nen is a sequence in L for which m5(A(z,)) converges to

x, which proves the density property.

Conversely, given a cut and project scheme (R¢, R", [2), we want to recover a scheme
of the form (E, E+,ZN). First of all, since L is a lattice of RV, we have that L is a
discrete subgroup of RY, and hence, by Theorem 4.3.2 and Corollary 4.3.3, there are

linearly independent vectors vy, ..., vy of RY such that

L= Z’Ul e Z’UN.

Let A be the invertible matrix which sends e; onto v; for ¢ = 1, ..., N. Notice that the
v;’s might not be orthogonal under the usual scalar product. We will define a new
scalar product on R for which the v;’s will be orthogonal. Let z,4 € R and B be
an N x N matrix. Recall that (z,y)p := y'Bz defines a scalar product on R" if and

only if B is symmetric and positive definite. Let
B = (AAY)™L
We have that B is symmetric and positive definite. Moreover,
(vi,v;)B = (Ae;, Ae;)p = 5 A'BAe; = ele; = 6, 5,

for 1 < 4,7 < N, so that the new scalar product (-,-)p makes the v;’s orthonormal.
We then define
E := Spang{vy, ..., va}
and
E+ = Spang{vai1, -, Un},
which will be two orthogonal subspaces of RY with respect to the scalar product
(-,-)p. We can prove that 7|z~ is injective and m+(Z") is dense in E*, by using

diagrams very similar to those given in 4.3.4 and 4.3.5. O
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Throughout this chapter, we will assume that the acceptance domain A is a compact

subset of E+ which is the closure of its interior.

Remark 4.3.6 Since the acceptance domain, M, is assumed to be compact, the
boundary of M in E* is compact and nowhere dense (i.e. Int(Cl(OM)) = ). Indeed,

we have

Int(Cl(OM)) = Int(OM) since OM is closed
= Int(M N (Int(M))°) by definition of OM and since M is closed.

If there exists y € Int(M N (Int(M))¢) then there exists r > 0 for which the ball B, (y)
is contained in M N (Int(M))¢. In particular, B,(y) C (Int(M))¢, which implies that
y ¢ Int(M), that is, for all ¢ > 0, B.(y) € M. But we have that B,(y) C M, a
contradiction. This shows that Int(M N (Int(M)) is indeed empty. O

We will often take M = 7w*([0,1]"). Figure 4.1 illustrates the cut and projection
method when N = 2,d = n = 1, i.e. when we want to construct a one-dimensional
tiling. We use a cut and project scheme of the form (E, Et,Z?). The tiles of the

resulting tiling will be the line segments joining every two consecutive points of A(M).
Recall that a point set A in R is a Delone set if A is uniformly discrete and rel-
atively dense.

Theorem 4.3.7 [27] The point set A(M), defined in equation 4.3.2, is a Delone set

in F.

Proof: We must show that A(M) is uniformly discrete and relatively dense in E.

To prove uniform discreteness, it suffices to show that there is a neighborhood of the
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\

N\

Figure 4.1: The cut and projection method illustrated for the case d =n =1, N =2. In
this figure, M = n1([0, 1]?).

origin in E that contains no other points of A(M). Let m > 0 be any positive real
number. Consider D,,(0), the closed ball in E or radius m around the origin. Set
K =¥ N (D,(0)+ M). Then K is compact in RY because it is closed and bounded.
This and the fact that Z" is uniformly discrete implies that K N Z" is finite and
hence 7(K NZY) is also finite. From here, it is easy to choose r > 0 small enough so
that B,(0)NA(M) = {0} (for example, we can take r = imin{||z| : z € 7(KNZ")}).
Relative density is immediate because Z" is relatively dense in RY and hence in ¥

(therefore m(ZN N ¥) is relatively dense since 7|z~ is injective). |
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Remark 4.3.8 Since, by Theorem 4.3.7, A(M) is a Delone set in R¢, we can con-
struct the Voronoi cell of every point of A(M). The Voronoi tesselation will have the

following properties ([27], p.44)

1. The cells are convex and fit together along whole faces, no two cells have a

common interior point;

2. The points of A(M) whose Voronoi cells share a vertex v lie on a sphere, centered

at v, that has no points of A(M) in its interior.

The Voronoi tesselation of A(M) will give us a tiling of R%.

Definition 4.3.9 [27] A tiling is said to be normal if there are positive real numbers
r and R such that every tile contains a ball of radius  and every tile is contained in

a ball of radius R.

Remark 4.3.10 If a tiling is constructed from a finite set of prototiles, then it will

be normal.

Theorem 4.3.11 ([27] p.153) The Voronoi tessellation induced by a Delone set

A C R% is a normal tiling of R

Proof: Since A is a Delone set, it is uniformly discrete and so there exists a real
numbers r such that for every z,y € A, ||z — y|| > 2r. Therefore, the minimal dis-
tance between any two points of A is 2r. Since the edges of V. lie on the bisector of
the lines joining x to its neighbors, the distance from = to the nearest edge of V,, must
be greater than or equal to r. Thus a ball of radius r can be inscribed in V,. Next,
since A is a Delone set, it is relatively dense, so there exists a positive real number R
such that every sphere of radius greater than R contains at least one point of A in its

interior. Let v be any vertex of V. By definition 4.2.11, v is equidistant from z and
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at least d other points of A, those that lie at the centers of the surrounding Voronoi
cell. This means that v is the center of a ball of radius |v — z| containing no points

of A in its interior, so ||v — z|| < R. Thus V, is contained in the closed ball Dg(z).0

Corollary 4.3.12 To construct V,, we do not need to join z to all the other points

of A, but only those that lie inside the ball Dyg(z).

The following theorem states that the two conditions on the projections m and 7+ in
a cut and project scheme (E, E+,Z") are equivalent to one another and to the fact
that £ NZN = 0. We will often use the latter condition to construct cut and project

schemes.

Theorem 4.3.13 ([27] p.55) Let (E, EY,Z") be a cut and project scheme. Then

the following are equivalent:
1. m(Z") is everywhere dense in E;
2. EnNZN =0;
3. wl|z~ is injective.

Throughout this section, we will illustrate the theory of the cut and projection method
with two examples; the Fibonacci tiling, which tiles the line, and the octogonal tiling,

which tiles the plane.

Example 4.3.14 (THE FiBoNAccl TILING)

The Fibonacci tiling is a one-dimensional tiling, so N = 2 and d = n = 1. We use
(E, E+,Z%) as our cut and project scheme, where F is the line going through the
origin with slope equal to 1/7, where 7 = 1—%— is the golden mean. As ENZ? =0,

the conditions on the projections m and 7+ will be satisfied, by Theorem 4.3.13.
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Figure 4.2: Patch of the Fibonacci tiling.

The acceptance domain is M = 7+ ([—3,1]%), i.e. in this case we are not using the
usual acceptance domain 7+([0,1]?). To construct this tiling we first find its point
pattern A(M). That is, we take every point of Z? and project it in E*+. If the
orthogonal projection falls in M then we project the initial point in E. The tiles will
be the line segments joining every two consecutive points of the point pattern A(M).
See Figure 4.1 to get an idea of the construction and see Figure 4.2 for a patch of the
Fibonacci tiling. To illustrate the link between the two cut and projection methods

defined earlier, let
E = Spang{v:} = Spang{(7, 1)},
E* = Spang{v,} = Spang{(~1,7)}
and

A=
1 7

Define L = A(Z?). Then we can also use the cut and project scheme (R,R, L) to

construct the Fibonacci tiling. In that case, the physical space and internal space are

the one-dimensional subspaces generated by e; and e, respectively. a

Example 4.3.15 (THE OCTOGONAL TILING)
The octogonal tiling has N = 4 and d = n = 2, with cut and projection scheme

(E, E*+,7%), where the physical space E and its orthocomplement E' are the vector
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subspaces of R* invariant under the action of the linear map

0 00 —1

1 00 0
B =

010 O

001 O

To give a concrete description of E, we note that

+/2 +iv2

det(B — M) = A* 4+ 1 and that A = 5

are the eigenvalues of B. One choice of eigenvectors in C* is

(1 1—i i -1 1 140 i 144
U1—<2\/§, 4 a2\/§7 4 )a Ug—(2\/§, 4 a2\/§a 4 )a
(140 - —14i 1 C(1-i i —1-i 1

As we already mentioned, E and E+ will be two-dimensional subspaces of R*. They

0 -1 0 -1 -1 -1
) 3 ) bl 2 7\/5’ 2
and

1 -1 1 1 —-11
EJ'=S —1 - =S o a8 v =1 _7—_’—30 ’
pan{us + uq, —i(uz — uq)} pan{ <2,0, \/5) <2 752 )}
so that B(E) = F and B(E+) = Et. Set M = n+([0,1]*). Notice that the acceptance

are given by

Do =

E = Span{u) + ug, —i(u) —ug)} = Span{ (%,

domain, M, in this example, is an octogon (see Figure 4.3). To construct the octogonal
tiling, we have to start by computing A(M), which gives us a point set in E & R?
To get the octogonal tiling from A(M), we construct its Voronoi tesselation. Recall
that for the Fibonacci example, we only had to connect the points of A(M) to get

the tiling. This is equivalent to the Voronoi tesselation in R. Once again, we make
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M.
! & 7t(1,0,1.1)

7+ (1,0,1,0)

7(0,0,1,0) g 74(0,0,1,1) o 7+{1,0,0,1)
a
7=(1,1,1,1}
Al Al
€4 ~L
#+(0,0,0,0) & 7(0.0,0.1)
a+(0, 1, 1, 0) d g #=(1,1,0,0) h 54(1,1,0,1)

H
=] 1_0,1,0.1
[ 7= ( 1)

Figure 4.3: Acceptance domain for the octogonal tiling

the connection between the two cut and project schemes. Let

N
1 _1 g _1
A=| 2 o 1\5 € SO(4).
0 -5 —2 2
1 1
-z -3 5 O

and define L = A(Z*). Then we can use the cut and project scheme (R?,R?, L) to
construct the octogonal tiling, where the physical and internal spaces are the two-

dimensional subspaces generated by e;, e; and es, e4 respectively. 0O
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4.3.3 Non-singular points in RY

We now introduce the notion of non-singular points of RY. These points form a dense
subset of RY that will play a crucial role in section 4.4 when we will define minimal

Cantor Z?—dynamical systems associated to tilings.

Definition 4.3.16 Let (E, E* Z") be a cut and project scheme. A point v € RV |
is called non-singular if (v + Z") N 9L = (), where 9% is the boundary of the strip
¥ = M + E. We will denote the set of non-singular points by NS.

Remark 4.3.17 The condition of non-singularity can also be expressed as follows :

vE€ NS if nt(v+ZN)NOM = (. Indeed, if there exists w € (v + ZY) N 9%, then
w € 9L = 1 (w) € OM,

since ¥ = M + E. We then have 7t (w) € nt(v +Z") NdM. On the other hand, if
there exists w € 7+ (v + ZY) N dM, then

w=7t(v+m) € OM,
for some m € Z", so that v +m € 9. Hence (v + Z") N O # 0. 0

Definition 4.3.18 We can also look at the complement of NS, the singular points,
by noticing that a point v’ € RVN\NS if (v/ +ZN)NIT # 0, i.e. if I w € ZY such

that v — w € 9%, equivalently,
v el +w=90M+ E+w.
Hence, we get the following description of the singular points

RM\NS = | J (O0M + E + w).

weZN

We will refer to the singular points either by R¥\ NS or simply by S.
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Let P, = (v+ ZN) N T be the strip point pattern and P, = n(P,) C E be the
projection point pattern. Recall from 4.3.2 that A(M) = {n(a); a € Z¥ N X} so
we can see that A(M) = F,.

Lemma 4.3.19 The set of non-singular points, NS, is a dense Gs subset of RV,

invariant under translation by E.

proof: It follows from the fact that RV\NS = U (OM + E + w) and OM is

weZN
nowhere dense. First, NS is an intersection of open sets, hence a Gs set, since

NS = ﬂ (OM + E + w)° and OM + E + w is closed for all w € Z.

weZN
To show that NS is dense in RY, we first show that since 9M is nowhere dense and

closed in Et, then (OM)® is dense in E+. Indeed, since Int(dM) = @ (by Remark
4.3.6), every nonempty open set of £ contains a point of (OM )¢, which is equivalent
to saying that (OM)® is dense in E-.

Next,

Clgy (NS) = Clgn ( () (M +E+ w)]fw)

weZN

= (] Cla~r ((OM + E + w)in)

weZN

= () Clgw ((0M)%: + E +w)

weZN

= () (Clgs((0M)%.) + E + w)

wezZN

= ((E*+E+w)

weZN

= RN

so that the non-singular points are dense in R". The invariance under translation by

F is clear. L
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Definition 4.3.20 Let G be a group isomorphic to Z" such that G is of finite order
in ZV, i.e. for all g € G, there exists k # 0 € Z such that kg € ZV. Fix a free
generating set, 71,79,...,7y for G and let F' = Spang{r,...,r,}, where n = N —d.
Let

Go = Spang{r1,...,ms}

and let G; be the complementary subgroup generated by the other d generators. Let
7’ be the skew projection onto F parallel to E and let M’ = 7n'(M).

Remark 4.3.21 The set F' defined in Definition 4.3.20 will be complementary to E.
Indeed, we know that ENZ" = 0 and we will show this implies that £E NG = 0 and
therefore ENF = 0. Let g € ENG. Since G is of finite order, there exists kK # 0 € Z
such that kg € ZV. As E is a vector space, kg € ENZY = 0. Therefore g = 0, i.e.
ENG=0. Now let -

z=Y M €ENF

=1

We first suppose that \; = %: € Q, for some p;,q; € Z, ¢ = 1,...,n. Hence
(I[Ti=;¢:)r € ENG = 0. Therefore, x = 0. We can then use the fact that the
rationals are dense in R to show that if x = Z?:l AN € ENF with A\; € R for

i=1,...,nthenz = 0. O

Let g € G = Gy @ G1. Then G = Z" acts on F in the following way:
xX:FxG—-F
(4.3.6)
(z,9) =z +'(g).

As the actions induced by the groups Gy, and G; commute, we have that x|rxg,

induces a G-action on F/Gy via
([z], 91) € F/Go x G1 = x(([z], 1)) = [z + 7'(g1)], for g1 € G, (4.3.7)

We can see the quotient F'/Gy as a n-dimensional torus on which G; acts.
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Example 4.3.22 (THE FiBonaccl TILING)

We now return to our first example, the Fibonacci tiling. Recall that we defined

E = Spang{v1} = Spang{(7, 1)},

and

Et = Spang{v,} = Spang{(—1,7)}.

Let G = Z% = Spang{e;, e2} so that F' = Spang{e, } is the z—axis.
Then Go = Spang{e;} and G; = Spang{es}. If we denote ze; + yes = (z,y), the
Gi-action on F/Gq = [0,1) is given by

([(z, 0)], (0, k) = [(2,0) + ='((0, )]
[(z,0) + k7'((0, 1))]
(

(4.3.8)

[ z, 0) + (—k)T,O)]
= [(z — k7,0)],
where z € R, k € Z. That is, the action of G; on the F/Gy = [0, 1) is a translation

by 7Z mod [0,1). This is equivalent to a rotation on the circle [0, 1) by angles of the

form 2777Z. Since 7 is irrational, the rotation is minimal.

Now we give a detailed description of the singular points for the Fibonacci tiling.
As seen in Remark 4.3.17, v' € R? will be singular if 7+(v' + Z2) N M # 0, ie.
v’ € R2\NS if there exists m = (a,b) € Z? such that

7t (v +m) = 7+ (v') + ae; + be; € OM,

where €; = mt(e;), i = 1,2. But when N = 2, the boundary of the acceptance domain
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M = 7+([—3, 3]?) is only two points:
OM =t l,—l ,t —l,l
2 2 2°2
_ izt (& T L& _L(e_2
_{” (2)+7r (2 )’” (2 )J”r 2)}
(m-8 B-a
- 2 2 J

For ¢’ to be singular, we thus need

7t (V') + a8, + be, € OM,

that is,

71t (v) + a8 + bey = 92 o ,
for some a,b € Z. In both cases, we get that v/ € RA\NS if

(1+2Z); (1+2Z)e; @& €
(V') € 5 + 5 = 5 Zodd + 5 Zodd;

where Z,43q denotes the odd integers.

Next, we would like to compute (F' N S)/Gy, that is, we want to find the singu-
lar points in F/Gy = [0,1). Let (z,0) = ze; € F. For (z,0) to be singular, we

need
_ € (2
ot (.27, 0) =T€; € EZOdd + Ezodd.
But it is easy to verify that e, = —7€;, so that we need
_ _ €& !
ze1 € 5 Zodd + 5 Zodd;

m+7n

ie. x = """ for some m,n € Zy,qq. Taking the quotient by Gy, we get

(FﬂS)/GO = {(H%,O) + Gg; n € Zodd}~
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Recall the G;—action on F'/Gj given in equation 4.3.8:

([(z,0)], (0, %)) — [(z — k7, 0)].

Note that G; also acts on (F'N NS)/Gy. To prove this we only need to show that
the action sends elements of NS to elements of NS. Assume that (z — k7,0) € S,
i.e. we have

T — kT =

, for some m,n € Zy4q-

Then z = L(;H—k) for some m,n € Zyqq.- Since n+ 2k will also be odd, z isin S. O

Example 4.3.23 (THE OCTOGONAL TILING)

Recall from Example 4.3.15 that in the octogonal tiling, we take

E=Span{(7 % 0 ;1)’ <0_71\_/—;_71)}
s (105 ). (5400

with M = 71([0,1]*). Let {ey,...,eq} denote the canonical basis of R* and &; :=

and

ni(e), i = 1,..,4. Tt is easy to see that {&;,8} forms a basis for E*. For
this example, G = Z*!, F = E' = Spang{e,;, 2} with Gy = Spanz{€s,e} and
G, = Spang{ey, e3}. Recall that these two groups act on F = E+ and this action was

given in equation 4.3.6.

Recall from the definition of singular points, given in 4.3.18 that v’ € R* is singular

if there exists m = (a, b, ¢,d) € Z* such that
(v +m) = 71 (V) + a8, + bey + ces + dey € OM.

In particular, every point on the boundary of M is singular.
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The goal of what follows is to describe in more details the singular points in the

torus E+/Go = [0,1) x [0,1).

First consider every point on the edge Mjs (see Figure 4.3). These are all singu-
lar since they are on the boundary of M. These points get mapped on the line té4
for ¢ € [0,1) when we take the quotient by Gy. We can translate these points by Ze;

or Zesz and still get singular points;
tes + Ze, = {te, + ne;;n € 2} = {(t,O) +n (— _1) in € Z}
- {(H%,—Tg) ;nEZ}.

Similarly,

t§4+ZE3={(t+\%,_7’2‘);nGZ

——

These are the horizontal lines in the torus with vertical coordinate given by %Z
mod [0, 1). It is easy to verify that the edge Mi, when translated by Ze; or Zes, gives

us the same singular points in the torus.

For the edges M7 and Mj;, we can show in a similar way that when we mod out
by Gy, we get the singular points (%, t— %) + GGy. These are the vertical lines with

horizontal coordinate equal to \%Z mod [0, 1).

Now consider the edge Mg. When we take the quotient by Go, the edge Mg and
the line Mg + Zes get mapped to the diagonal (¢,t) for ¢t € [0,1). Let us see what
singular points we get by translating this diagonal by Ze;;

(t,t) + Z&, = {(t,t) +ney;n € 2} = {(t,t)+n(%,\‘/—%) ‘n € z}

(o4 330 ) smez)
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This is the set of points (z,y) = (t + %,t — —\%) for t € [0,1), n € Z. Solving for ¢
we get t = — \—”5 =y+ %, and soy =z — % = £ — v/2n. Hence all lines with slope
equal to 1 and y—intercept equal to v/2n mod [0,1) for some n € Z are singular
points in the torus. It is easy to see that the edge M, (and the line M, + Ze3) get

mapped to the same singular points than Mg + Zé; when translated by Ze,.

We can show that the edges M, and My become the singular points given by the lines
with slope equal to —1 and y—intercept equal to v/2n mod [0,1) for some n € Z,
when translated by Zes.

In summary, the singular points in the torus, (E1 N S)/Gy, are described as
1. vertical lines with horizontal coordinate given by %Z mod [0, 1),

2. horizontal lines with vertical coordinate given by %Z mod [0, 1), (4.3.9)

3. lines with slopes equal to £1 and y—intercept equal to v/2Z mod [0, 1).

Recall how we defined Gy and G, at the beginning of this example. These two
groups act on E- by translations. Furthermore, if we take the quotient of E+ by
G, the Z2—action of G; on E+ induces a Z?—action on the torus T = E1/Gy. Let

(m,n) € Z* and (z,y) € E+. This action is given by

Now suppose we wished to rewrite elements of E+, for example z€4+y€,, using another
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basis {wy, w,}, where w; = &, + €, and wy = —&; + . Notice that w, = —+/2€3 and
wy = —v/26;. We need to find # and § such that Fw; + jw, = 7€, + y&,. It is easy
to verify that £ = (z +y)/2 and § = (y — z)/2. Using the basis {w;, wo} of E+, we

express the Z?—action on the torus as follows:

(I)(m’n)(fiwl —+ g’LUQ + Go) = (I)(m,n) (Z—ﬂwl + u’LUQ + Go)

The reason we use the basis {w;,w,} is that we then get a product action, i.e. Z?
acts on the two component, Z,7 independently. The Z?—action by G; on the torus
E* /Gy can then be defined as two translations by elements of the form %Z. One
translation is in the direction of w; and the other is in the direction of ws. If we
express the torus using the {w,, w,} basis of E+1, we get rotations by angles of the

form %Z:
e®1Y:[0,1)x[0,1) x Z* = [0,1) x [0,1)

(@ 3). ) = (2+ 255+ )

Using the same method as in the Fibonacci tiling example, we can show that G; not

(4.3.10)

only acts on the torus E+/Gy but also on (E+ N NS)/Gy. To prove this, we assume

that (x + m\/%”,y — m\;%") isin S (i.e. it is expressed in one of the three forms given
in 4.3.9). It is easy to show that we then have that (z,y) € S as well. O



4.4 A Z%—AcTION ON THE CANTOR SPACE 70

4.4 A Z%—action on the Cantor space

In this section, we will look at a Z?-action on a Cantor space induced by the action
given in equation 4.3.7. Before we start, let us recall some definitions from the last

section.

Let (E, E+,Z") be a cut and project scheme with acceptance domain M. We let
G = Z" with G = Spang{ri,...,rn}. We consider the two subgroups

Go = Spang{ry,...,r,} and Gy = Spang{rp41,...,7n}.
Moreover, we let F' = Spang{ry,...,r,}. Hence F//Gy is isomorphic to an n—dimen-
sional torus. We say that v € R is non-singular (NS) if (v + Z") N 9L = 0, where &
is the strip ¥ = M + E. We will define a metric on R" such that the completion of

the quotient space (F'N NS)/Gp with respect to that metric will be a Cantor space

on which G, acts.

Let us first define a metric on subsets of 3. Let D,(0) be the closed Euclidean
ball of radius r around 0 in E. Let C, = 7#71(D,(0))NE and dC, = #=}(8D,(0)) N X.
Given a subset A of ¥, define A[r] = (ANC;)UdC,. Let d; be the Hausdorfl metric

defined among closed subsets of C. and define a metric on subsets of ¥ by
1
DI(A, A,) = inf {;——'—-—1 ] d;.(A[T‘], A,[T‘]) < 1/7'}
Notice that since the Hausdorff metric is only defined on closed subsets of C.., the D’

metric will only be defined on subsets A C ¥ such that A[r] is closed. We can use

the D' metric on subsets of £ to define a metric D’ on RY:; let v,w € RY and define
Di(v,w) = D'(P,, Py) + |lv — wl,

where P, = (v + ZY) N E. Since P, is closed for all v € RV, there is no problem in

using the D’ metric.
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Let M P be the D'—closure of the space {151, ; v € NS} and I1 be the D’-completion
of NS. We also define

- - D’

MP,:={P,; veu+E} .

Let F° = FN NS and F be the I’—closure of F° in II.
Lemma 4.4.1 (3.7 in [10])

1. The canonical injection g : NS — R extends to a surjection & : II — RV,

which is continuous.

2. The map v — P, v € NS extends to a continuous E-equivariant surjection

n: I1 — M P, which is an open map.
3. Ifae MP and b€ RY, then |77 (a) N a~'(b)| < 1.
Theorem 4.4.2 (Theorem 9.2 in [10]): With the data above, we have F = ji~}(F)

and there is a natural equivalence Il = F x E and a surjection v : F — F which fits

into the following commutative square

II — FxE
it v xid
RY «— FxE.
Moreover, the set v~ 1(v) is a singleton whenever v € NS N F.
Before we give the next definition, recall that 7’ denotes the projection on F', parallel
to E and that M’ = n'(M), where M is the acceptance domain.

Definition 4.4.3 Let A be the algebra of subsets (i.e. closed under finite union,

finite intersection and symmetric difference) of F° = F'N NS generated by the sets

(M'NNS) +7'(v)
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as v runs over Z". Let B = {A; A € A}, where the bar refers to the D’'—closure in
F. Define M to be the D'—closure of M’ N NS.

The following two lemmas will be needed in Propositions 4.4.8 and 4.4.7, respectively.

Lemma 4.4.4 Let X be a topological space with topology 7. Let B be a basis for
7. If B is closed under symmetric differences and (X, 7) satisfies the T} separation

axiom then (X, 7) is Hausdorff.

Proof: Let z,y € X, © # y. Since (X, 7) satisfies the T} separation axioms we can
find open sets U,V € Bsuchthat t e U,y € Vandz ¢ V,y ¢ U. As B is closed
under symmetric difference the sets U = UN(UAV), V=V nN({UAV) € B.
Furthermore, we have that z € U',y € V' and U' NV’ = . Consequently, (X, 7) is
Hausdorft. [ |

Lemma 4.4.5 Let X be a topological space and A C X. Then
0A = Cl(A) N (Int(A))* =0
if and only if A is clopen in X.
Proof: If A is clopen, then CI(A) = A = Int(A), so that A = AN A¢ = 0. Now

assume that 0A = 0. We know that Int(A4) C Cl(A). But if C1(A) N (Int(A))° =0
then we have Int(A) = CI(A) which implies that A is both open and closed. [

Lemma 4.4.6 (Lemma 9.6 in [10]) The set M = M’ N NS is a compact clopen sub-

set of F, where the bar refers to the D' —closure.

Proof: By definition, M is closed. To prove compactness, first recall that

P,:=@w+Z")Nx,
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P, = 7(P,) and

MP,:={P,; veu+ E}DI.
By Lemma 3.2 in [10], MP, is compact in F. Define f: M'N NS — MP, x M’ by
f(v) = (P,,v). Recall the definition of the D' metric: D' (v, w) = D'(P,, P)+|[v—wl.
Since M’ N NS is given the 5’—topology, MP, is given the D’ topology and M’ is
given the Euclidean topology, the function f is an isometry. Therefore M’ N NS is
embedded 5I-isometrically in MP, x M'. As the latter is compact, M is compact.

To show that M is open, let v € M. We need to find an € > 0 such that

—/

D(v,w)<e=>weM.

Suppose such an € does not exist. Then there exists two sequences (Un)n>1, (U, )n>1
with v, € MNNS and v, € (NSO F)\M for all n > 1 such that (v,)n>1 and (v),)n>1

are 5,—convergent and have the same limit. Let

. . 1] -
lim v, = lim v, = z € I1,.
n—oo n—o0

Then

lvn = 2|l < D'(vn, ) and |lo}, - z|| < D (v, ),

which implies that fi(z) € &M. By construction, 7, and P, have different D'-limit.

This is a contradiction since both limits must be equal to 7(z). n

Proposition 4.4.7 There is an isomorphism of Boolean algebras between A and B.

Proof: Consider the map ¢ : A — B, A — A, where the bar refers to the D
closure in F. We will show that ¢ is an isomorphism of Boolean algebras, i.e. ¢ is
bijective and preserves the operations (finite union, finite intersection and symmetric

difference) on A. By definition of B, ¢ is surjective. We always have AU B = AU B,
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for any metric. In particular, ¢ preserves the union. In general, the same for the
intersection does not hold, but we will show it does for the D'-metric. First, let us

show that ¢(A°) = @(A)°, for any A € A, i.e. Ac= (A)°. For A € A, we have
AcC A= (A)F C A°C Ae

By Lemma 4.4.6, we know that A is clopen in F. Hence, by Lemma, 4.4.5, this implies
that 04 = Cl(A) N (Int(A))° = AN A¢ = (. Therefore, A C (A)°. This shows that
A¢ = (A°) and therefore, ¢(A°) = ¢(A)°. From this, we now have that

B(AN B) = $((A°U BY)) = $(A° U BY)°
= ($(A°) U (B))* = ($(A)° U $(B))°
— $(A) N ¢(B),

for all A,B € A. Finally, ¢ is injective. To show this, let A = B. Then we have
A C A= B, hence A° D (B)° = B¢ D B°. Similarly, B¢ D A°, and so A = B. |

Proposition 4.4.8 The collection B is a base of clopen neighborhoods which gener-

ates the topology of F.

Proof: The sets in B are clopen by Lemma 4.4.6. Therefore, the metric topol-
ogy on F we are considering, let us call it 7, is finer than the topology 7’ generated
by B (i.e. 7 C 7). Both topologies are invariant under the action of Z" so that it
suffices to show their equivalence on some closed r-ball X of F. Let us first show
that (X,7’) satisfies the 7} separation axiom. Then we will combine this with the
fact that B is closed under symmetric differences (because A and B are isomorphic
as Boolean algebras and A is closed under symmetric differences) so that (X, 7') is

Hausdorff, by Lemma 4.4.4.
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If a,b € F, a # b then the facts that Int(M) # @, M’ is bounded and 7/(Z") is dense
in F, imply that there is some v € Z" such that a € Int(M')+7'(v) and b ¢ M'+7'(v),
where we take the Euclidean closure in F'. Hence a and b are separated by the topol-
ogy induced by ji(B). In particular, if z,y € F and y € N{B € B ; = € B}, then
i(r) = fi(y). (Here we assume that y is in every neighborhood of z, i.e. z and y
cannot be separated by ii(B).) But, if z # y and fi(z) = ji(y) = v, then, by part 3
of Lemma 4.4.1, 7j(z) # 7i(y) (otherwise z,y € i~(z) N 77(z) would imply = = y,

which is a contradiction).

Since ji(z) = ji(y), then by Theorem 4.4.2, we have that (v x id)(z) = (v x id)(y).
Since v~1(u) is a singleton for u € NSN F and z # y, we have that z,y ¢ NSNF,
which implies that v ¢ NS N F. By definition, v being a singular point implies that
(ZN +v) NI # 0. Let p € (ZN +v)NIL. As p € (ZN + v), there exists b € ZV
such that p = b+ v. Also, since 7'(Z") is dense in F' = E*, we can find sequences

Un, v, € m'(ZY) both converging to v in the Euclidean topology, such that
p+(vm—v)=b+v, €Y and p+ (v, —v)=b+v, ¢X,

for all n large enough. But then, for such a choice of n, y ¢ A (closure of A =
(NSNM')+7'(p+wv,) in D metric) and z € 4, a contradiction to the construction

of y. This implies that (X, 7') satisfies the T} separation axiom.

As mentioned earlier, this in turns implies that (X, 7’) is Hausdorff. Consider the
identity map Id : (X, 7) — (X, 7') which is continuous. As (X, 7) is compact we get
that Id is a homeomorphism (since any bijective continuous function from a compact
space to a Hausdorff space is a homeomorphism). This shows the equivalence of the

two topologies 7 and 7'. |
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Theorem 4.4.9 F is locally a Cantor set.

Proof: We need to show that F is locally compact, has a countable basis of clopen
sets and has no isolated points. First of all, let z € F so that = can be seen as the
D' —limit of a sequence (Z,),>1, where z, € FN NS for all n > 1. We will find a
compact neighborhood of z. Since Int(M') Vis nonempty and 7'(Z") is dense in F,
there exists v € Z" such that z € M’ + 7’(v). For N large enough, we have that
T, € (M'NNS) +7'(v) for all n > N. As z is the limit of the later sequence, we
have z € M'N NS + 7'(v) = M + 7’(v). From Lemma 4.4.6 , we know that M is
compact, and hence M + 7/(v), which is a set in B, is a compact neighborhood of .
By Lemma 4.4.6, we also know that the sets in BB, which generate the 7'— topology
on F, form a countable basis of clopen sets in F. Finally, we need to show that F has
no isolated points. We can show (see Theorem 9.4 in [10]) that every clopen subset

of F has ji image with Euclidean interior in F' and so cannot be a single point. B

Definition 4.4.10 We will denote X = F /Gy, which is a space on which G; acts

continuously.

Recall the action of G; on F/Gy, given in equation 4.3.7:

([z], 91) € F/Go x G1 = x(([z], 91)) = [z + 7' (g1)], for g1 € G1.

Theorem 4.4.11 (Theorem 10.3in [10]) Let (E, E*+,Z") be a cut and project scheme
and let G be a group isomorphic to Z”. Then X is a Cantor set on which G, acts

minimally and there is a commutative diagram of G; equivariant maps

q

F X
v v
F— 2. Fq,
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The space F//Gq is homeomorphic to an n—dimensional torus. The action of G, on

this space is by rotation and is minimal.

Proof: We first show that X is compact. Let ¢ : F — X be the quotient map.
Let

1<j<n

be a subset of F. Choose J C Z" finite but large enough that

Y = U(M' + 7' (v))

ved

contains Y, the Euclidean closure of Yy. In particular,

q (U<M+w'<v>>) _ X,

veJ

the image of a compact set under a continuous map. So X is also compact. Since
Gy acts isometrically on F with uniformly discrete orbits, g is open and locally a
homeomorphism and so X inherits the metrizability of F, a base of clopen sets and

the lack of isolated points. Therefore, X = F'/Gy is a Cantor set. [ |

Remark 4.4.12 Suppose we define A := EX NZY and A := U N 7L(ZN), where
U is the real vector space generated by A. In the octogonal tiling, we have A = 0
and hence A = 0. But this is not the case in general. For example, the Penrose
tiling has A = (e; + €3 + e3 + e4 + e5)Z which is a subgroup of index 5 in A ([10],
Example 2.12). In the general case, the previous theorem states that the space F/Gq
is homeomorphic to a finite union of tori each of dimension N — d — dim A. We see

this space as a topological group, in which case it is the product of a subgroup of

A/A with the (N — d — dim A)—torus.

Theorem 4.4.13 We have a *-isomorphism of C*—algebras Co(F) = C*(A).
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Proof: By Proposition 4.4.7 there is an isomorphism of Boolean algebras between A

and B. It follows that C*(.4) = C*(B), hence we only need to show Cy(F) = C*(B).
First, if A € A, we have that the characteristic function xz : F — {0, 1} is continuous
because A is clopen in F, by Lemma 4.4.6. By the same Lemma, we have that A is

compact. Consequently, xz € Co (7) since for ¢ > 0, we have that
Ixz(z)|=0<e¢, Vz e F\A

Let B denote the x—algebra generated by the characteristic functions x g, for B € B.
We have that B C Co(F). In what follows, we will show that B is dense in Co(F),
proving the result. Let f € Co(F) and £ > 0. There exists a compact set K C F
such that

|f(z)| <e, Ve F\K.

For all x € K, define V, = {y € F; |f(z) — f(y)| < €}. Since V, is open in F and
B is a basis for the topology in F', we have that for all z € K, there exists B, € B
such that z € B, C V,. Hence {B,},ck is a clopen covering of K. As K is compact,

there exists z,, ..., z,, such that

weUn.

i=1
By setting B, = By, Bz, = By,\Baz,, Bz, = Bu,\(Bz, I By,), etc., we get a clopen

-----

m

f= Zf(l"i)XBIi € B.
i=1

We then have that ||f — f|| < e. This shows that B is dense in Co(F) and therefore
B =C*(B) = Cy(F). n
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4.5 The M-topology and the F—topology

In this section we will define a new topology on R" = RY. We will define it in two
different ways and show that they are equivalent. The two topologies are called the
M-topology and the F-topology and are defined in [4]. The M-topology is related to
the cut and projection method. In fact, M stands for the acceptance domain defined
in section 4.3. The space R%**" endowed with he M-topology and the F-topology
will be denoted by R‘Xjn and ]Rd;" respectively. We will also define two pseudo tori,
T4t™ and T%™, on which R%™ and RE™, respectively, act by translation. When M

is f/—compatible, the two topologies are equivalent

4.5.1 The M-topology

We first start with some definitions and results.

Definition 4.5.1 Let (R4 R", L) be a cut and projection scheme and let M be a
bounded subset of R* with non-empty interior (M will be the acceptance domain).

We say that M is admissible if for every ball B.(z) with € > 0 and z € m(L) N M,

there exists a finite family {ay, ..., am} € mo(L) such that MN(M +a;)N...0 (M +an)

is a subset of B.(z) with non-empty interior.

For instance, any convex polytope (generalization of a convex polygon in higher
dimension) is an admissible set (see the following example). Recall that for the

octogonal tiling, M is an octogon.

Example 4.5.2 Let us show that any convex polygon is admissible. Let M denote
the polygon and M; its edges for : = 1,...,n. Let z € M and £ > 0 such that

-----
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For i = 1,...,n, let H; denote the hyperplanes in R" passing through and paral-
lel to the edge M;. Assume that (z,y) > 0 for all y € H; and i = 1,...,n. Let
HY ={y € R? (y,z) >0V 2 € H;}. We then have M = ()_, H;". Let h; be the
projection of  on H; and let k; be the point on the line segment joining z and h;

such that d(z, k;) = /2. Choose a; € mo(L) N Be(k;). Let H; be the translation of

H; by a;. Then [ H;" C Be(x). ]

i=1
For two functions f : RY — C and g : R®* — C, we define the function f ® g

from RY = R*™" by (f ® 9)(z,y) = f(z)g(y), for z € R?, y € R™,

We denote by Ay, the C*-algebra generated by the set of functions
{f©(XuoT*W)ae L, f € C(RY)},
where
e X,, denotes the characteristic function of M;
o T7*®) denotes the translations in R™ by my(a);

o C.(R%) denotes the set of continuous functions f : R — C with compact

support (the support of f is the set Y C R? for which f(z) =0V z € X\Y).

We will denote by R%™ the locally compact space of all characters of Ay. By
M

Gelfand’s theorem (see Section 2.3), we have that Ay, is isomorphic to Co(R%H™).

Lemma 4.5.3 When M is admissible, Co(R*™™") is a closed subalgebra of Ap,.

Proof: Let By, be the C*-algebra generated by the set of functions

{xp oT™%; a e L}.
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It is enough to show that Co(R™) C By. Let f € Co(R") and € > 0. There is a
compact K C R" such that |f(z)| < ¢ for x € R*\ K. For z € K, define

Vo :={y € R |f(z) - f(y)l < e},

which is open in R". Assume, without lost of generality, that x € M. Since M is
m, € mo(L) such that '

admissible, there exists af, al, ..., aZ,

celm(MN(M+al)N(M+a3)N...0 (M +aj, ) C V.

Hence

Kc|JIt(Mn(M+a})n(M+ad)n...0(M+ak,)).
zeK
As K is compact, we can reduce this to a finite union. Let

9= F@)X(M+a2)X(M+a3) - - - X(M+a,,)-
finite
Then g is in the *-algebra generated by
{xm o T a € L},

Moreover, |f(z) — g(z)| < € for all z € R™ so that f can be approximated, as close

as we want by functions like g. Therefore, f € B)y,. [

Recall the following

Theorem 4.5.4 (Riesz) If X is a locally compact Hausdorff space, then every bounded
linear functional ® on Cy(X) is represented by a unique regular complex Borel mea-

sure p, where @ f = fX fdu.

Let X be a locally compact set. By Riesz’theorem, we have that

CO(X); = MI(X) 2 P(X)7
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where M;(X) is the set of regular probability measures on X and P(X) is the set of

Dirac measures on X.

If we know all the Dirac measures on X then we know X. Hence we can recover
X from Co(X);. Now since Co(X)} = M;i(X) is the unit ball in Co(X)*, we have,
by the Alaoglu Theorem, that Co(X)} is a convex o(Co(X)*, Co(X))-compact set.

Moreover, the Dirac measures are extreme points of M;(X) (by Theorem 8.4 in [5]).

Lemma 4.5.5 Let X and Y be two topological spaces such that Cy(Y) C Co(X).

Then there exist a surjective application from X onto Y.

Proof: Denote the inclusion by ¢ : Co(Y) — Cy(X). Then ¢ is an isometric in-
jection. Define ¢* : Co(X)* — Co(Y)* by ¢*(¢¥) =9 o ¢, for ¢ € C(X)*, where
Pop:C(Y)—C
= (e(f)).

Let us show that ¢* is surjective. Let n € Co(Y)*. We would like to show that

7= o for some § € Co(X)*. Define € : p(Co(Y)) — C by E(e(/)) = n(/), for
f € Co(Y). By definition, ¢ is a linear form and £ o ¢ = 7. Since ¢(Cp(Y)) is a
subspace of Cy(X), we can extend ¢ to a linear form ¢ : Co(X) — C, by the Hahn-
Banach theorem (see Theorem 3.1.2 p.47 of [8]).

Then, ¥ € Cp(X)* and ¥|,c(v)) = €. In particular,
Ypop=Eop=n,

and this shows that ¢* : Co(X)* — Co(Y)* is surjective. Moreover, we have that
©*(ext(Co(X)7)) = ext(Cp(Y);), where ext denotes the extreme points. This last
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statements holds since ¢* is a linear application hence it preserve the convex property

and extreme points. By restricting ¢* to P(X) we then get a surjection
p*: P(X) — P(Y),

as the extreme points here are the Dirac measures, and so we get a surjection

X -Y. |

Hence, from the inclusion Co(R%™) C Ay = Co(R%™), proven in Lemma 4.5.3,
we get a continuous surjection ]R‘}fj” — R%™. Therefore, R‘j}” can be seen as the
completion of R%*" for a finer topology than the usual one, that will be called the

M-topology.

Lemma 4.5.6 In the M-topology, the sets R? x (M + a), for a € my(L), are clopen.

Proof: We verify this for ¢ = 0, i.e. we verify that R? x M is clopen in R‘j}”.
First, R? x M is closed in R%™™ since M is closed in R”. So R? x M is closed in

——M
Ré+n" = R4 since the M-topology is finer than the usual one.

Now let us show that R? x M is open in R%™. Let (z,y) € R x M. We would
like to find an open set U C R‘ij” such that (z,y) € U C R? x M. Let f € C.(R?)
such that f(z) = 1 and let 0 < & < 1. Then z € f~!((1 —¢,1 +¢)). Consider
g = f®xm € An. Since the M-topology makes all the functions in A continuous,

g is M-continuous. Moreover, g((z,y)) = 1, so that
(z,9) €97 ((1—¢,1+¢))=f((1—-¢1+¢)) x M.
Since g is M-continuous and (1 —¢,1 + ¢) is open in R, we have that

FFllll—-el1+e) x M
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is open in the M-topology. Hence the set U := f~}((1 —¢,1+¢)) x M does the trick.

In conclusion, the set R% x M is clopen in the M-topology. [ |

Because R%™ is dense in R4}™, the continuous function z € R#™ — x + a € R¥™,
for a € L, extends to R4™. Set T4™ = R%™/L. This is called a pseudo-torus. It is
a torus in the space R? and it is a Cantor set in the space R”. We can view T4}™ as

T x X where X is a Cantor set in R™ and T is a d-dimensional torus.

4.5.2 The F-topology

We assume the acceptance domain, M, is an L-compatible polytope, i.e. its vertices
belong to mo(L). Let Fy, Fy, ..., F,, be the hyperplanes of R%*" parallel to the maximal
faces of R? x M. For the octogonal tiling, the acceptance domain is an octogon so
p = 8, where the maximal faces are the edges of the octogon. For each j € {1,...,p},

let u; € R be a unit vector perpendicular to Fj. Define

F} = {x € R""; (u;,z) > 0},
— _ Tpd+n
Fr = R&#™\F}

Let F be the family of affine hyperplanes F; + a with j € {1,...,p} and a € m(L).
Let R? x R" be endowed with the coarsest (smallest) topology for which given any
F € F, the closed half-space F'* is clopen. This is what we call the F—topology. In

the same way as before, we can define the pseudo-torus T&" = RE™/L.
Theorem 4.5.7 If M is L—compatible, the M —topology and the F—topology are

equivalent in R%+".

Proof: Let us first show that if z € R%™™ belongs to an F—open set V, we can find an

M-open set U such that z € U C V. It is enough to show this for V = F* = Fj+ for
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some j € {1,...,p}. We will assume that each u; points away from M fori € {1,..., p}.
Since z € F;’ then (uj,z) > 0, i.e. z is on the positive side of Fj. Since M has
a nonempty interior and my(L) is dense in R®, we can find a € my(L) such that
x € mo(M + a). Moreover, we can assume that (u;,y) > 0 for all y € M + a. Set

U=R%x (M +a). Then U is an M —open set such that z € U C V.

Now we have to show that if z € R*" belongs to an M —open set U then we can find
an F-open set V such that z € V C U. It is enough to show this for U = R% x M.
Let z € U so that my(z) € M. Again, if we assume the u; are pointing away from M,

then z € m F7. If weset V = m F; then V is open in the F-topology and

Jj=L,....p Jj=l,...p

VCU. [
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