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Abstract

The present work is concerned with the study of higher structures through the lens of de-
pendent type theory and categorical logic. We distinguish two main themes, but type theory
can be seen as the common ground.

The first part presents some aspects of the theory of (o0, 1)-categories in the framework
of simplicial homotopy type theory of Riehl and Shulman. We present the theory of limits and
colimits in this setting and prove some results, such as universal properties and preservation
under adjunctions. We also include the computation of the limit of a family of spaces. In
this setting, we also study and characterize exponentiable functors, where our main tools
are Segal and Rezk completion of types, which we develop throughout. Importantly, we
emphasize the consistency of our definitions by providing explicit comparison results with
the bisimplicial sets model of simplicial homotopy type theory.

In the second part, given any weak model category, we associate to it the notion of an
infinitary first-order logic. The idea, originally due to Simon Henry, is motivated by Makkai’s
FOLDS. To build the logic, we use the syntactic specification of dependent type theory of
Cartmell’s generalized algebraic theories. In the language we build, the cofibrant objects of
the weak model category play the role of contexts from which the formulas are constructed.
The fibrant objects are the models which validate the formulas. Thus, the formulas refer
to properties of the fibrant objects of the weak model category. We prove what we call
inwvariance theorems to show that the language we define is homotopically well-behaved:
homotopic variables satisfy the same formulas, equivalent models satisfy the same formulas,
equivalent contexts produce equivalent sets of formulas, and Quillen equivalent weak model
categories have equivalent languages. The language avoids the so-called “evil properties”,
and can be seen as a homotopic version of the language for categories introduced by Blanc
and Freyd.
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Preface

This is a thesis by articles. The document contains the results obtained over the past 5
years, and that were prepared for publication. The content is faithful to those texts.

Chapter [2| consists of the paper [5], as submitted to Mathematical Structures in Com-
puter Science. In the paper, we develop and present the theory of limits and colimits in
synthetic co-categories within the type theory of Riehl and Shulman. In the same setting,
we study exponentiable functors between synthetic co-categories—also known as Conduché
fibrations. This is the content of chapter [3| which is the paper [6], as submitted to Mathe-
matical Structures in Computer Science.

Finally, we establish a new connection between higher structures and categorical logic:
it builds a language from any weak model category. The content encompasses the article [7],
which is written jointly with Simon Henry. The paper provides a proof of the main conjecture
on the language of a weak model category. Section 2 and appendix C were written by Henry.
The rest of the article contains the contributions of the author of this thesis.

vil



Chapter 1

Introduction

The main topic of this thesis is co-categories and related higher structures. Firstly, consider
the transition from categories to 2-categories; in a category, we have objects and arrows
between objects, but in a 2-category we have 0-cells (objects), 1-cells between 0-cells, and 2-
cells between 1-cells. We can define similar structures for any n € N, we get strict n-categories
or weak n-categories depending on the axioms we might impose. In strict n-categories, the
composition of k-cells is strictly associative and unital, and the interchange law also holds
strictly. This just means that the axioms hold up to equality. In contrast, in a weak n-
category these axioms hold up to a higher cell, which is subject to additional coherence
axioms. Adding cells at all levels should result in what we would call an co-category. We
often want to consider (o0, n)-categories, where the n in the notation informs us about the
k-cells which ought to be invertible in our (o0, n)-category. For instance, when n = 0 we
require that all k-cells for & > 0 are invertible, these (o0, 0)-categories are what we should call
the co-groupoids. Understanding what an (00, n)-category is the motive of active research.

It would be unsatisfactory to justify the existence of oco-categories simply as higher
versions of categories, even though such structures appear naturally. One can find more
compelling reasons for their relevance in many key areas in mathematics, theoretical com-
puter science and physics. On the mathematical side, for example, co-categories seem to be
a highly convenient tool to do homotopy theory in many contexts [50].

The usual way to present co-categories is through model categories, a fundamental notion
due to Quillen [54]:

Definition 1.0.1. A model category is a category C that has three distinguished classes
of maps: cofibrations COF(C), fibrations FIB(C) and weak equivalences W, satisfying the
following axioms :

1. C is finitely complete and finitely cocomplete.

2. Given any diagram
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where i € COF(C) n W, and p € FIB(C), i € COF(C) and p € F1B(C) n W, then the

diagonal map exists and makes both triangles commutative.

3. All arrows f € C admit factorizations f = pi where i € COF(C) n W, and pF1B(C), or,
i€ CoF(C) and p € F1B(C) n We.

4. Cor(C), F1B(C) and W, are closed under retracts.

5. W satisfies the 2-out-of-3 axiom: if any two maps of fg, f and g are in W, so is the
third.

Remark 1.0.2. Quillen calls the previous definition “closed model category.” In modern
literature, this is what we call “model category” or “Quillen model category.” Moreover, one
can require the category to have all small limits and small colimits, not only finite ones. We
will consider a more general notion called weak model categories discovered by Simon Henry

29].

An object in a model category is called cofibrant if the unique map from the initial
object is a cofibration. An object is called fibrant if the unique map to the terminal object
is a fibration. We often single out oo-categories as fibrant objects of a model structure; we
now look at some examples.

Let us denote by sSet the category of simplicial sets. A Kan complex is a simplicial set
such that for all n € N and 0 < @ < n, any lifting problem against the horn inclusion

A} — X

1
-,
-
-
.
.
.

ATL

has a diagonal filler as depicted above. The category sSet has a Quillen model structure,
called the Kan-Quillen model structure. The fibrant objects of this model are exactly the
Kan complexes. The Kan-Quillen model structure is a presentation of co-groupoids. One
way to see this is through the nerve functor N : Cat — sSet: for a category C, the simplicial
set N(C) is a Kan complex if and only if C is a groupoid. Although we are not intrinsically
interested in this fact, it is important to mention that there are other proposed models for
oo-groupoids. In the meantime, we move to discuss (oo, 1)-categories.

One of the first attempts to define what an (o0, 1)-category is implicit in the work of
Boardman and Vogt [14], Definition 4.8|: a simplicial set satisfies the restricted Kan condition
if for all 0 < ¢ < n, any lifting problem

A} — X

1
-
-
-
-
-
-

ATL

has a solution.



Joyal [35], [36], [38] coined the term gquasi-category for simplicial sets satisfying the
restricted Kan condition. Subsequent work by Lurie [49], building on Joyal’s work, extended
the theory of quasi-categories greatly. This is probably one of the most developed models
of (o0, 1)-categories. Quasi-categories are the fibrant objects of the Joyal model structure.
Again, a compelling reason why we think of quasi-categories is through the nerve functor,
similar to the case for Kan complexes.

Another popular model for (oo, 1)-categories is that of complete Segal spaces due to Rezk
[59]. The theory of (complete) Segal spaces has seen some development in [57]. There are
many other definitions of (o0, 1)-categories, all of which have been shown to be Quillen equiv-
alent (the right notion of equivalence between model categories.) In general, presentations
of (00, n)-categories are given as fibrant objects in some suitable Quillen model category.
There is a general consensus of what a model for (00, n)-categories should be, due to work
by Barwick—-Schommer-Pries [10].

Remark 1.0.3. There is another relation between model categories and quasi-categories: to
any model category, C one can associate a quasi-category C®, for example, by applying the
machinery of [21]. Moreover, a Quillen equivalence between model categories A and B, gives
rise to an equivalence between the associated quasi-categories A* and B* [31]. In practical
terms, a model category can also be thought of as an oco-category. But also it can be used
to organize and study co-categories, since co-categories can be seen as fibrant objects of a
model category. We do not use the former point of view, at most we are interested in the
last one.

This is where we point out an issue: whenever a new model arises, we usually have to
show that it is Quillen equivalent to another previously “validated” model. This begs the
question: Can we identify properties of Quillen model categories that are preserved under
Quillen equivalences? An answer to this question would tell us which parts of the theory of
higher categories are also valid in a Quillen equivalent model. We venture to give an answer
to this question. A further practical issue is that all the proposed definitions employ complex
tools, which make it difficult to use (oo, 1)-categories and even limit their applications. An
ideal scenario would be to have a model-independent approach to deal with (o0, n)-categories.

Omne approach to model independence is the work of Riehl and Verity [63], which in-
troduces the concept of co-cosmos. An co-cosmos is a 2-category C whose objects are called
oo-categories, and for every two objects A, B € C the morphisms f : A — B are objects of
a simplicial set Fun(A, B), which is furthermore a quasi-category. The category C contains
a distinguished collection of morphisms called isofibrations, which satisfy completeness and
isofibration axioms. The oo-cosmoi formalism includes many models for (oo, 1)-categories,
for example, quasi-categories and complete Segal spaces, and even (o0, n)-categories. In
oo-cosmoi, we can develop basic (o0, 1)-category theory: limits and colimits, the comma con-
struction, and representables; one can develop the theory of fibrations of different flavours.
By design, all the notions and the theory are internal to an ambient 2-category, hence it
is dubbed the formal theory of co-categories. This is analogous to the work of Street and
Walters [68] on Yoneda structures in a 2-category and the work of Wood |76}, [77] on proarrow
equipments.
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In [60] Emily Riehl points out that “The fundamental obstacle to giving a uniform
definition of a co-category is that our traditional set-based mathematics are not really suitable
for reasoning about co-categories.” The essence of the argument is that all constructions
pertaining to co-categories often involve accounting for an infinite amount of coherence data,
and such constructions will be well-defined only up to equivalence. The oo-cosmoi technology
overcomes the set-theoretic limitations, but still employs 2-categorical tools usually known
only by experts. With the widespread use of co-categories, we might attempt to look for
alternative approaches that are more accessible.

Riehl [60] argues in favour of a synthetic theory of co-categories that can be “integrated
into the undergraduate curriculum.” There is a framework proposed by Rielh and Shulman
[61] that makes use of Martin-Lo6f dependent type theory. More precisely, to reason about co-
categories, using type theory, they construct an extension of homotopy type theory (HoTT)
[70]. Before continuing, we make a quick interlude to give an overview of homotopy type
theory.

HoTT is a Martin-Lof dependent type theory enhanced with Voevodsky’s Univalence
Axiom. Firstly, the basic type theory consists of primitives

" Ctxt I~ AType 'a:A '-A=B F'a=d: A,

with rules that ensure the consistency of the system. It is important to remark that = is a
Judgmental equality, or definitional equality, just as the other rules, it is in the metatheory.
For consistency with the literature, we will often use the word identification instead of
equality. This identification is given, as the name suggests, by definition. On the other
hand, for any type A there is a type constructor id, called identity type. We can think of
the identity type as an internal identification. In HoTT, if two elements a, b are identical by
definition, then they are also identical internally, in the sense that we can construct a proof
p :ida(a,b). The implication in the other direction is not postulated, which gives to HoTT
its intentional character. Also, we can construct dependent types

x: A+ B(x) Type.

Given a dependent type, there are dependent products and dependent sums
[[B() > B(x).
z:A z:A

For two types A, B, we can also build the sum A+ B. The empty type and the single point
type are also postulated. We can also construct types that contain types, called universes,
and denoted U , which can be assumed to be hierarchical. Each type constructor can come
with introduction, elimination, computation, and uniqueness rules. We also stress another
aspect of the theory; proof relevance. For example, the judgment p : id4(a,b) should also be
thought of as providing a proof that a is identical to b. In general, this is just to say that
to provide a proof of a statement, one builds an element of a certain type. Two functions
f,g: A — B between types are said to be homotopic if the type

f~g=]]ida(fz,g2)

T:A
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has a proof. A function f: A — B is an equivalence if the type

(Z fog~ld3> x ( 3 hof~[dA>

g:B—A h:B—A

is inhabited. One can then form the type of equivalences between two types A and B, which
is denoted

A~B
and consists of all the functions that are equivalences.

The Univalence Axiom relates the identity in the universe U and the equivalences.
Specifically, it states that the induced map

idy(A, B) — (A ~ B)

is an equivalence. In HoT'T, the presence of univalence enforces that all constructions are
invariant under equivalence.

Remark 1.0.4. The Univalence Axiom is a realization of the statement: FEquivalent ob-
jects/structures can be identified. Objects that are identical enjoy the same properties.
Therefore, equivalent objects ought to satisfy the same properties. Note that it is a common
thing to do in mathematical practice. For example, if two groups are isomorphic, we can use
them interchangeably. Notice that what we mean by equivalent structures varies depending
on the structures, or objects, we are interested in. Ahrens—North—Shulman—Tsementzis [2]
establish a univalence principle for many relevant structures, and give a precise formulation
of the notion of identification between structures.

Simplicial homotopy type theory (sHoTT), introduced in [61], is an extension of homo-
topy type theory. In this extension it is possible to reason about (o0, 1)-categories. With the
rise of univalent foundations (UF) it is more natural to expect that type theory is a reason-
able prerequisite for studying oo-categories. Moreover, the fact this theory is grounded in
type theory allows computer formalizations [43].

To sum up, we aim to use and develop formal methods to study co-categories and model
categories; these methods are linked by dependent type theory. In Chapter 2] and Chapter [3]
we contribute to the development of the theory of (00, 1)-categories within the framework of
sHoTT. In Chapter we associate to any (weak) model category a first-order language, which
is built from a dependent type theory with no constructors. Using the notion of generalized
algebraic theory [17], we obtain a first-order language that is compatible with the homotopy
theory of the category. In addition, we also prove that this language is itself respected by
equivalences (Quillen equivalences) between model categories. We see the results contained
in chapter [4] as an effort pursuing model independence of co-categories.

1.1 Synthetic co-categories

Simplicial homotopy type theory (sHoTT), as developed by Riehl and Shulman in [61],
proposes a framework to define synthetic (oo, 1)-categories. This theory has been further
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studied by Bulchholtz and Weinberger in [16]. We must clarify that we can consider sHoTT,
as formulated in [61], as “incomplete” as we are unable to perform important categorical
constructions such as the opposite co-category, the core oco-groupoid construction or the
twisted arrow oco-category. Implementing these constructions is a highly non-trivial task.
Recent work of Bulchholtz—Gratzer—Weinberger [25] implements some of these constructions
by enhancing sHoT'T with modalities; the resulting type theory is called triangular type
theory TTz. In an even more recent development, [26] gives the twisted arrow category
construction, the Yoneda embedding. Future work should also provide us with universes
classifying (co)cartesian fibrations and Conduché fibrations.

In [5], which is Chapter [2| in this document, we presented the theory of limits and
colimits in this setting of higher categories. This work, and [6] (Chapter [3]) on exponentiable
functors, started as an experimentation of how much category theory of (o0, 1)-categories can
be done in the original formulation of sHoTT. In particular, we have not explored further
implications of this work in TTp, but we expect no change in the validity of the results.

Simplicial HoT'T is powerful enough to express the expected properties from a theory
of limits, but it faces some difficulties for certain computations. In the bare formulation of
sHoTT, it is not possible to construct the correct type of spaces (discrete types) within the
theory. To be more precise: the type consisting of discrete types (co-groupoids) is not a Rezk
type ((o0, 1)-category), and does not coincide with the (oo, 1)-category of co-groupoids when
interpreted in the bisimplicial sets model. However, we have shown:

Theorem 1.1.1. Under the mild assumption of the existence of the universe of spaces, it is
possible to compute the limit of spaces as a dependent product.

The formal statement and technicalities can be found in [5]. This is an expected result
that attests to the adequacy of the theory of limits. The construction of the universe of
spaces in [25] implies that the computation above can simply take place in said universe.

While remaining in sHoT'T, in [6] we have the following characterization of (synthetic)
exponentiable functors.

Theorem 1.1.2. Let f : E — B a map between synthetic co-categories. The following are
equivalent:

1. f is exponentiable,

2. f satisfies the Conduché condition.

This is a type-theoretic version of a result by Ayala-Francis-Rozenblyum [4] that char-
acterizes the same class of functors between quasi-categories. However, the conclusions of
[0] are partial due to the lack of some of the fundamental constructions in sHoTT mentioned
above. This represents a major obstruction than some we encountered for theorem [I.1.1]
However, we expect an enhancement of theorem within TTy or in further extensions
of the type theory.
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Remark 1.1.3. A formalization project by Kudazov—Riehl-Weinberger [43| for sHoTT came
to light. In particular, it supports the univalent foundations [70], and evidently sHoTT. The
overall goal is to, within the present framework, obtain computer-verified proofs of results
about oo-categories. Using the new proof assistant Rzk, the project aims to formalize the
existing work on sHoTT, which includes [61], [16], [5] and [6]. Further development on
proof assistants will be required in order to capture new developments like T T, and further
enhancements that include other desirable features such as higher inductive types.

1.2 The language of a model category

We recall that Blanc [I3] and Freyd [23] characterized the properties (or formulas) of cat-
egories that are invariant under equivalence of categories. Such formulas are those that do
not involve equality between objects. In this particular case, these formulas are written in
the FOLDS (First Order Logic with Dependent Sorts) of categories [52]. This is the origin of
some of the ideas by Simon Henry [28| to obtain similar results for model categories. Along
the way, this also puts some results of [52] under the lens of homotopy theory. Succinctly,
we can understand this work as identifying formulas in a model category that are preserved
when compared to an equivalent model. It is important to mention that [28] sketches a proof
for one of the main theorems (Fourth invariance theorem) that uses fundamental results yet
to appear. However, our work [7] (Chapter {4 altogether is the realization of all these ideas,
and more importantly, it includes full proofs via “elementary” results.

As we saw at the beginning, model categories are sometimes crucial in defining the dif-
ferent types of higher categories that we aim to study. Furthermore, whenever we introduce
new models for co-categories, we aim to confirm their validity by verifying they are equiv-
alent to a previously known and validated model. When it comes to (o0, 1)-categories, the
existing definitions have been demonstrated to be Quillen equivalent, for example the case of
quasi-categories and complete Segal spaces was addressed in [40]. Many other comparisons
are now available in the literature, which include models for (oo, n)-categories. The need
for new models is primarily motivated by the desire to study aspects of higher categories
that remain hidden in past models. Then we might need to transfer results from a model
into another one. For instance: quasi-categories have a well-known notion of limit, and
a corresponding definition exists for Segal spaces. Once we prove theorems about limits
of quasi-categories, instead of crafting a new argument for Segal spaces to verify that the
analogous (and expected) result also holds, we could hope for a theorem that makes this
automatic. In general, given a Quillen equivalence between model categories, we anticipate
that theorems should be transferable between them. This is basically what in theory we
achieve.

For any model category, we associate the notion of a (logical) theory, and we define a
language from it. More precisely, we start by extending the Generalized Algebraic Theories
of Cartmell [17]. The main reason we require this generalization is so that we can capture the
transfiniteness aspect of model categories. This gives us the appropriate notion of context
over which the constructed formulas can take variables from. Now, if we start with a (cofi-
brantly generated) model category, cofibrant objects will turn out to be the contexts, while
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fibrant objects play the role of models. In this case, variables for a formula are simply maps
from a cofibrant object to a fibrant object. Therefore, a formula written in this language
refers to properties of fibrant objects. The main results we prove in [7] can be informally
stated in the following:

Theorem 1.2.1.
e First invariance: Homotopic maps satisfy the same formulas.

e Second invariance: Homotopically equivalent fibrant objects validate the same for-
mulas.

e Third invariance: Homotopically equivalent cofibrant objects (contexts) give equiv-
alent sets of formulas.

e Fourth invariance: Two Quillen equivalent model categories have equivalent lan-
guages.

The first, second and third invariances can also be seen as verifying that the language
is sensible to the homotopy theory. We can also read the second invariance theorem as
establishing a structure identity principle (SIP) for fibrant objects of a model category in
the sense that equivalent fibrant objects satisfy the same properties. As a sanity check,
when we apply our construction to the canonical model structure on the category of small
categories, the language we obtain coincides with that of Blanc [13] and Freyd [23].

The fourth invariance theorem also gives us the promised result; that between Quillen
equivalent model categories we can transfer properties or theorems. We also point out that
all the constructions and results work for a more general notion of homotopy theory, namely
weak model categories [29].

For the proofs of the first three invariance theorems, the classical notion of model cate-
gory is sufficient. However, for the proof of the last invariance theorem, it seems necessary
to use weak model categories. This is because in the proof we need to perform a right Bous-
field localization of a certain category of diagrams. A right Bousfield localization of a model
category M with respect to a class of maps produces a new model category RM and a right
Quillen functor, M — RM which satisfies a universal property. It is known that if M is a
model category that is cellular and right proper, then the right Bousfield localization exists
[32, Theorem 5.1.1|. One can weaken the cellularity condition but not right properness, and
still we are left with set-theoretic conditions on M. Clark Barwick [9] proves that one can
drop the right properness condition, at the cost of considering right semi-model categories.
Even in this situation, there are still conditions, such as the right semi-model category M
being tractable, that guarantee the existence of a right semi-model category RM with the
expected universal property; for the precise statement, we refer to [9, Theorem 5.22|. In
contrast, the Fourth Invariance Theorem is valid with no special assumptions on the (weak)
model category. Therefore, we are only able to prove that the resulting categories that we
need in the proof have a weak model structure.



Chapter 2

Limits and colimits in synthetic
co-categories

The content of this chapter consists of the paper [5] as submitted to Mathematical Structures
in Computer Science. In the paper, we developed the theory of limits and colimits in synthetic
oo-categories within the type theory of Riehl and Shulman.

2.1 Introduction

Defining the notion of co-category is often a difficult task. There have been many different
proposed definitions, to mention a few, by Boardman and Vogt [14] with the idea of quasi-
categories, later exploited by Joyal [36] and Lurie [49], or by Rezk in [59] in the form of
complete Segal spaces. In the case of (00, 1)-categories, most of the known definitions have
been shown to be equivalent in an appropriate homotopy theoretic sense; see, for example,
the work by Toén [69], Bergner [I1] and Joyal-Tierney [40].

Recent work by Riehl and Shulman [61] develops a synthetic theory of (o0, 1)-categories.
They achieve this by implementing an extension of homotopy type theory. Moreover, Riehl
explores in [60] the novelty and advantages that support the philosophy behind this approach.
We highlight some of these points here. Firstly, all constructions are by design invariant under
equivalence. Another aspect of this synthetic theory is that it is by construction compatible
with the Univalence Axiom. Moreover, the standard model of the theory, the category of
bisimplicial sets, has a well-known homotopy theory. Furthermore, it is possible to carry
this synthetic theory internally to any Grothendieck co-topos (see Theorem [2.6.5). Finally,
another pleasant consequence of this synthetic account is that it somewhat simplifies some
definitions and constructions, streamlining the development of the theory of (o0, 1)-categories.
To begin with, the synthetic definition of an (oo, 1)-category is fairly succinct in comparison
with any other given before.

Previously, Voevodsky’s simplicial model for HoTT [42] interpreted types as co-groupoids.
However, we do not have a similar interpretation of types as co-categories, where by oo-
category we mean (00, 1)-category. To overcome this difficulty, [61] introduced a new type
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theory by adding to HoTT a strict interval object and the novel idea, due to Shulman and
Lumsdaine (unpublished), of a new type former called extension type. We call this simplicial
homotopy type theory, or sHoTT for short. This type theory can be seen as an instance of a
cubical type theory; however, it is different from the one presented in [19].

In this setting, it is possible to define Rezk types as certain special types that play the role
of co-categories. In this synthetic treatment they retrieve some expected results from higher
categories, including a theory for adjunctions, the analogue of left (right) fibrations, which
are called (contravariant) covariant families, and the Yoneda lemma for these fibrations.
Additional work by Buchholtz and Weinberger [16] studies synthetic cocartesian fibrations,
a generalization of covariant families. Further treatment can be found in Weinberger’s PhD
thesis [72]. The cited work also includes two-sided fibrations.

Exploiting results from [65], it is shown in [61] that sHoTT has a model in bisimplicial
sets where Rezk types correspond to complete Segal spaces (also called Rezk spaces).

However, we are not in a position to claim that sHoTT is indeed able to capture all
category theory of (o0, 1)-categories. For example, the construction of the opposite of an
(o0, 1)-category is not implemented yet, and we lack a Yoneda embedding in which an (oo, 1)-
category is embedded into an (oo, 1)-category of presheaves of spaces. Another important
problem is that the type of discrete types is a Segal type that does not coincide with the
oo-category of co-groupoids in the bisimplicial sets model.

Despite the current inherent limitations of the type theory, we have tried to explore
which other categorical properties can be obtained with the theory as is. Throughout this
paper we intend to present a reasonable theory of limits and colimits of diagrams of (oo, 1)-
categories. In this setting, we can prove most of the expected properties that are familiar
from category theory. Under the mild assumption of the existence of a type-theoretic universe
of spaces, we can compute the limit of a space-valued diagram as a dependent product (see

Theorem [2.5.14)).

2.1.1 Limits and colimits

Limits and colimits have been studied extensively for quasi-categories in [49], and for Segal
spaces. A short presentation appears in [57]. We introduce the definitions of limits and
colimits within this synthetic theory and verify that they are consistent with the current
definition for Rezk spaces in the bisimplicial model of sHoTT. We also prove some expected
results, such as Theorem [2.3.7], which can be phrased as the universal property of colimits.
We also present the interaction between limits and colimits with adjoints, Theorem [2.3.9]
showing that right adjoints preserve limits.

We prove in Theorem that in a Rezk type, the type of all limits of a given diagram
is a proposition. This can be understood as a uniqueness property. Lastly, in Section we
show that in an appropriate sense any limit of spaces can be computed simply as a dependent
product. The goal is to replicate the fact that for any diagram of spaces G : [ — oo-Gpd
where [ is a set, lim; G = [ [,.; G;. The difficulty carrying out this computation in sHoTT
is that we are unable to construct the correct type of spaces (discrete types) within the
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theory. We implement this using a directed formulation of the Univalence Axiom, due to
Cavallo, Riehl and Sattler, which allows us to assume the existence of a type with the desired
properties.

The reader will appreciate that the study of limits and colimits in the synthetic setting
is relatively simple. Our only prerequisite is some knowledge of homotopy type theory. This
is in line with the goal of having a synthetic theory of co-categories where these are somewhat
basic objects out of which we can effortlessly develop a robust synthetic theory.

2.1.2 Outline

In Section we begin with an introduction to the work of Riehl-Shulman. The material
we present here is not exhaustive, but for the understanding and development of this work
it will be enough. All results contained in this section are due to Riehl-Shulman and can
be found in [61]. The reader interested in the details of simplicial homotopy type theory is
invited to read the mentioned reference; the experienced reader may skip this whole section.

Having the basic theory at hand, we define in Section limits and colimits. We prove
Theorem [2.3.7, which can be understood as the universal property of limits and colimits.
We also prove the analogous result from category theory that right adjoints preserve limits
and left adjoints preserve limits.

In Section [2.4] we study limits in Rezk types. This special case yields Theorem [2.4.6]
which is the uniqueness of limits up to equality. Up to this point all the results and proofs can
be dualized. Finally, in Section we carry out the computation of the limit of a diagram of
“spaces” as a dependent product. Here we use univalent covariant families, due to Cavallo,
Riehl and Sattler (unpublished), to make sense of the co-category of spaces. Because simply
taking the type of all Rezk types does not yield the correct object.

Finally, in Section we verify that our definitions are consistent with the seman-
tics. The general procedure we follow is to first interpret our type-theoretic definition in
the intended semantics of bisimplicial sets and then prove that the resulting statement is
equivalent to the existing definition. For limits and colimits, we do this in Section [2.6.1]

Computer-verified proofs. While preparing this paper, a formalization project for sHoTT
[43] came to light. The overall goal is to, within the present framework, obtain computer-
verified proofs of results about co-categories. Using the new proof assistant Rzk, the project
aims to formalize the content of [6I], [16], and the content of the present work.

Acknowledgment. This work is part of the author’s ongoing PhD thesis under the

direction of Simon Henry. The author would like to thank his supervisor for his insights,
comments, and suggestions, which greatly improved early versions of this paper.
The author also acknowledges the support of the Natural Sciences and Engineering Research
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2.2 Extension types, Segal types and covariant families

In this section, we introduce the necessary material of the type theory that we use in the
paper. We refrain from providing detailed proofs. The best reference for this is the original
paper [61] where simplicial homotopy type theory was first introduced. We indicate precisely
where each result can be found in Ibidem.

2.2.1 Extension types

Essentially, simplicial homotopy type theory is ordinary homotopy type theory augmented
with some axioms postulating the existence of a strict interval object 2. That is, a type
2 equipped with a total order, a smallest element 0 and a distinct largest element 1. In a
general type X, an arrow in X can be defined as a map f : 2 — X, with the source and
target of f being the image of the endpoints 0,1 : 2. However, we would like to be able to
talk about the family of hom types from x to y, for z,y : X. This would not be achievable
in ordinary type theory; it can be done thanks to a new type former called an eztension
type. However, the inner workings of extension types force us to single out the interval 2 by
putting it in a separate layer of a layered type theory.

More concretely, simplicial type theory is built as a three-layer type theory: the layer
of cubes, the layer of topes, and the layer of types. All rules for each layer can be found
in greater detail in our main reference [61], here we just give a small account together with
some of the fundamental results we will need.

The first layer is a type theory with finite products of types. Some rules of this type
theory include the following;:

1 cube I—%:1

I cube Jcube
I x J cube.

The second layer is an intuitionistic logic over the layer of cubes. Its types are called
topes. Topes can be regarded as polytopes embedded in a cube. They admit operations of
finite conjunction and disjunction, but negation, implication, or quantifiers are not part of
this theory. The complete rules for topes can be found in [6I], Figure 2|. There is a “tope
equality” that appears in the third layer as a “strict equality.” For example, this tope equality
is used to define some shapes below, and it is denoted with the symbol “=.”

In simplicial type theory, the cubes layer is given as follows: It starts by postulating the
cube 2, which has two elements 0 : 2 and 1 : 2. This cube also comes with a tope inequality
ri2 y:2
(x < y)tope

In addition, there are axioms that turn the inequality tope into a total order relation on 2
with distinct endpoints 0 and 1. Recall that these axioms are:
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r:2y:2,2:2 r:2y:2

T:2
Fr<zx (x<y),(y<2)F (x < 2) (x<y),y<z)+ (x=y)
rx:2y:2 z:2 x:2 (0=1)
<y v(y<z) - (0 <x) - (x<1) =L

The rest of the cubes are generated by finite products of the cube 2. Using cubes and
topes, we can introduce shapes as follows:

I cube t:I+¢ tope
{t:I|¢} shape.

Some relevant shapes are:

A% = {t:1|T},

Al = {t:2|T},

A? = {{t1,ty) 1 2 x 2|ty <t}

AV :={t:2|(t=0)v (t=1)},

OA? = {{t1,ty) : A?|(0 =ty < ty) v (1 =ta) v (ta <t = 1)},
k2= {{ty,tyy A%t =1) v (b2 =0)}.

More can be said about this strict interval: the category of simplicial sets is the clas-
sifying topos for such strict intervals [51]. Furthermore, as explained in [61], by embedding
simplicial sets into the category of bisimplicial sets, it is possible to show that the latter
presents the “classifying (c0,1)-topos” of strict intervals.

Finally, there is a third layer of types that has all the ordinary type formers of homotopy
type theory and one additional type former, the extension type, that involves the previous
layers. Its formation rule is:

{t: I|¢}shape {t : I|1}shape t:I|pr1
E|o-TCxt Zt: 1|90 |THAType Zt: 1|9, 0|THa:A

10T+ (Tl AW2 ) Type.

We refer to [61] for the precise formulation of its rules. The name extension types are
suggestive of how to construe them. We can think of {t : I'| ¢} as a “sub-shape” of {t : I [}
and read the judgment =t : I | ®,¢| ' a: A as a function ¢ — A. We could represent a
point in an extension type with a dashed arrow in the commutative diagram:

— A
A

< - o
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This dashed arrow does not have to be unique in any sense. The benefit of this di-
agrammatic representation of extension types will be obvious later on when we introduce
Segal types. Note that the Hom type in Theorem is a special case of an extension type.
As noted in [16], it is possible to obtain a similar theory by considering HoTT plus a strict
interval theory and replacing extension types using identity types (see [61, Pag. 119] and
[16, Section 2.4]), but this makes the theory harder to use. In this paper we will follow the
original Riehl-Shulman formulation of sHoTT using extension types.

Remark 2.2.1. There is a connection of sHoTT with cubical type theory [19]. We refer
to [61, Remark 3.2] where this is explained further. We just mention that the cubical path
type Path4(z,y) can be expressed as the extension type ([ [,; 4 ffj&ip This is analogous
to the Hom types we introduce below in Theorem [2.2.6]

Extension types behave very much like dependent product types. In particular, one can
think of extension types as | [-types with a judgmental equality added to them. Furthermore,
many results that hold for | [-types are also valid for extension types. For example:

Theorem 2.2.2. If t : I |¢p ¢, X : {t : [|¢Y} > U and Y : ] (X — U), while
t:1 |4
a: [l X(@) and b: [, ;Y (¢t 2(t)), then
<Ht:]\¢(2x:X(t) Y(t,z)) i)t.(a(t),b(t))> = (Zf:<HMWX(t)|2> <Ht:1|w Y(t, f(t))‘lﬁ>>'

Proof. This is [61, Theorem 4.3]. i

This is similar to [70, Theorem 2.15.7]. The functions needed for the proof come from

introduction and computation rules for extension types; these rules are quite similar to those
of dependent products. We will need this idea of the proof later in Theorem [2.4.1] Also, we
have

Theorem 2.2.3. (|61, Theorem 4.4]) Suppose that we have t : I |¢ - ¢, ¢t : I| ¢ + ¥,
X:{t:I|x} >Uand a: [[ X(¢). Then
t:I]¢

[xe)- % (I1).

I | x FlTler o X|2) \ELIX

2.2.1.1 Relative function extensionality axiom

In homotopy type theory we use the function extensionality axiom for dependent functions.
We recall this formulation.

Axiom 2.2.4. Let B : A — U be a dependent type family over a type A. For f,g :
[1,.4 B(a), the canonical map f = g — [ [,.4(fa = ga) is an equivalence.
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Note that the equality on the left is in the dependent product. An element of [ [, ,(fa =
ga) is usually referred to as a homotopy, and often this type is written as f ~ g. There is a
version of function extensionality for extension types.

Axiom 2.2.5. Suppose t : [ | ¢ - v and that A : {t: I |y} — U is such that each A(t
is contractible, and moreover, there is an element a : [, |, A(t), then ([T, , A®)[3 > is

contractible.

Further discussion and different formulations on this axiom can be found in [61) 4.4].
Moreover, taking ¢ to be L in Theorem [2.2.5] gives us Theorem [2.2.4] This is because for
¢ = 1 extension types behave like ordinary dependent products (see [61, Section 2.2]). In
the paper, we assume Theorem [2.2.5] hence we also have function extensionality, and we use
the notation f ~ g from above.

2.2.2 Segal types

With extension types and simplices at hand, it is feasible to introduce “morphisms” of a
type as “points” in a “hom space.” The coherences that witness “composition” between these
morphisms are elements in another suitable type. We can use the above to define Segal types.

Let us recall first that from the rules presented in [61, Figure 3| it is possible to prove
the following: Given a type A, in order to construct an element a : A in context dA!, we can
just give two elements z,y : A, and vice versa, any two elements z,y : A determine another
element a : A in context dA®. Similarly, the construction of an element a : A in context dA?
is equivalent to giving three terms ag, aj,as : A in context ¢ : 2 such that ao[0/t] = a,[0/t],
ao[1/t] = a2[0/t] and a1[1/t] = ay[1/t]. For more details on this, we refer to [61], Section 3.2].
The last construction can be seen as the “boundary of a triangle in A”, see Theorem
below.

Definition 2.2.6. Given z,y : A, determining a term [x,y] : A in context dA!, define

aAl >

Hom(x,y) <A1

A term in this type is called an arrow in A.

Note that this is just an extension type where the type family has constant value A. An
element f : Hom(z,y) has the property that f(0) = x and f(1) = y. Thus, such an element
captures the idea of what an arrow in A from z to y should be.

Definition 2.2.7. For z,y,z : A and f : Homa(z,y),g9 : Homa(y,2) and h : Homy(z, 2)
there is a term [z,v, z, f, g, h] : A in context 0A?, define

f
2 2
Hom? . <A

8A2
[z,y,2,f,9,h] /*
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For an interpretation of the types above, we use the bisimplicial sets model of sHoTT.
We give more details in Section [2.6.1}

Definition 2.2.8. A Segal type is a type A such that for all z,y, 2z : Aand f : Homa(x,y), ¢ :
Hom 4(y, z) the type

f
2
>, Hom% . 7N
h:Hom 4 (z,z) h

is contractible.

Informally, A is a Segal type if any pair of composable arrows have an essentially unique
composite.

The first component of the center of contraction of this type is the composition of
f and g, we adopt the usual notation g o f for such a term. This composition of arrows
is associative whenever it is defined. For any type A we can define id, : Homy(z,x) as
id,(t) = x for all ¢ : A'. Furthermore, under the assumption that A is a Segal type, this
element is the identity for the composition (see [61], Section 5.2 and 5.3]). We can also get
a useful characterization of Segal types:

Theorem 2.2.9. ([61, Theorem 5.5]) A type A is a Segal type if and only if the restriction
map

(A% > A) = (k] > A)

is an equivalence.

Moreover, this allows us to show that if A : X — U is a family over a type or shape
X such that for all = : X the type A(z) is a Segal type then the dependent product of the
family A over X is again a Segal type [61, Corollary 5.6]. This means that the dependent
product of Segal types is again a Segal type.

Let A, B be types and ¢ : A — B a function. For any x,y : A there is an induced
function

¢4  homa(z,y) — homp(o(z), ¢(y))

defined by precomposition. We use ¢ for this induced function instead of ¢4 when there is
no risk of confusion. We have:

Proposition 2.2.10. Any function ¢ : A — B between Segal types preserves identities and
composition. This is for all a,b,c,d : A and f : Homa(a,b), g : Hom4(b, c), then we have

d(go f) = ¢(g) o ¢(f) and ¢(ids) = idg(a).-

Proof. See [61], Proposition 6.1]. i
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This proposition makes the functorial behaviour of functions between Segal types ap-
parent. From Theorem the type of functions A — B is a Segal type when B is itself a
Segal type and A is a shape or type. Given two functions, f,g: A — B we can select a term
a : Homu_5(f,g), spelling out the definition of such term, we get for all s : 2 a function
a(s) : A — B such that a(0) = f and (1) = ¢g. Additionally, for all a : A we have

A(s:2).a(s)(a) : Homp(fa, ga).

We denote this function as «, and we refer to it as the component of o at a : A. An element
a : Homy . 5(f,g) is called a natural transformation between f and g. Such terminology
is supported by the following remarks:

Remark 2.2.11. Let A be a type or shape, B a Segal type and f,g : A — B. Then the
induced function

Hom,_.5(f,9) — H Homp(fa, ga)
a:A

is an equivalence [61, Proposition 6.3]. And also [61], Proposition 6.5|, if & : Hom 4, 5(f, 9), 5 :
Homa_p(g,h) and = : A then

(ﬁ o Oé)m = Br O Oy and (Idf)x = idf(gg).

This is to say that natural transformations are component-wise defined and their com-
position is performed point-wise.

Remark 2.2.12. Under the same assumptions of the previous remark, if o : Homa_,5(f, g)
and k : Homa(z,y) then oy o fk = gk o a,.

Hence we can say that a natural transformation is truly natural in the categorical sense.

2.2.2.1 Discrete types

Definition 2.2.13. [61, Definition 7.1] For any type A, there is a map

idtoarr : H (x =4 y) — Homyu(z,y)

T,y A

given by path induction idtoarr, ,(refl,) := id,. We say that the type A is discrete if idtoarr,,,
an equivalence for all x,y : A.

The first aspect to note about discrete types is that they are also Segal types [61]
Proposition 7.3|.
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2.2.2.2 Rezk types

In the category of bisimplicial sets, Segal spaces are, intuitively, bisimplicial sets containing
categorical and homotopical information. These data are not necessarily compatible. Com-
plete Segal spaces fix this problem. More precisely, adopting the terminology and notation
of [59], we have Xpoequiv as the space of homotopy equivalences of X. This space Xnoequiv
is contained in X; and consists of homotopy equivalences. Then there is an obvious map
U Xo = Xhoequiv, if © is an equivalence of spaces we say that the Segal space is complete.
The map u is not always a weak equivalence; an example of such a Segal space can be found
in [50, Example 2.57]. A similar phenomenon occurs for Segal types. These have an asso-
ciative, unital composition but are not “univalent”, just as Segal spaces are not necessarily
complete. To amend this problem and obtain “better behaved” types, we need to introduce
Rezk types.

Let A be a Segal type and f : Homy(x,y), we define the type

isiso(f) := Y gof=idy]x >, foh=id,
g:Hom 4 (y,z) h:Hom 4 (y,x)
and say that f is an isomorphism if this type is inhabited. The reader might note that
we do not ask for the left and right inverses of an isomorphism to be equal. The reason
behind this can be found in [61, Section 10.1] There is an immediate characterization of
isomorphisms:

Proposition 2.2.14. Let A be a Segal type and f : Hom4(z,y). Then, f is an isomorphism
if and only if we have g : Hom4(y, x) with go f =id, and f o g = id,,.

Proof. This is [61, Proposition 10.1]. i

The type isiso(f) is a proposition [61, Proposition 10.2] hence, we can define the type
of isomorphisms between any two terms z,y in a Segal type A as

Ty = 2 isiso(f).

Given a Segal type A and z : A is clear that id, is an isomorphism. We get a family of
functions
idtoiso4 : H (x=y—>xxy)
z,y:A
constructed by path induction via idtoiso4(refl,) := id,. Although the function idtoiso, is
dependent on the type A, we will drop A from the notation since it is always clear over which
type the function is defined.

Definition 2.2.15. A Segal type A is a Rezk type if idtoiso is an equivalence. We denote
the inverse by rezk.
We will need the following fact about Rezk types from [61, Proposition 10.9]

Proposition 2.2.16. If B is a Rezk type then for any type or shape X, the type BX is a
Rezk type.
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2.2.3 Covariant families

Left fibrations were introduced by Joyal in [37], and further studied in [49]. These are
the quasi-categorical versions of functors cofibered in groupoids. In turn, the category of
bisimplicial sets also has a well-known theory of left fibrations (see [57]). In sHoTT we study
them as covariant families, and they play a central role in subsequent sections.
Let C': A — U be a type family over a type A. Two elements z,y : A, f : Hom,(z,y)

and u : C(z),v : C(y) define the type

oA

[uvv]> :

This type represents the type of arrows from u to v over f in the total type of C.

Home () (u, v) = H C(f(@))

Definition 2.2.17. A type family C' : A — U over a Segal type A is covariant if for any
f:Homyu(z,y) and u : C'(z) the type

2 Homc(f)(u,v)
v:C(y)
is contractible. Similarly, if for any f : Hom(z,y) and v : C(y) the type
2 Homc(f)(u,v)
u:C(x)
is contractible, we say that C' is contravariant.
In the situation of the definition above, we denote the center of contraction of each type

as (f.u,transg,) and (f*v, transy,), respectively.

From [61, Remark 8.3] we have that if g : B — A is a function and C' : A — U is a
covariant type family, then A\b.C'(g(b)) : B — U is also covariant. This just means that a
covariant family is stable under substitution.

The first important example of a covariant family is given by the Hom type (see [61]
Proposition 8.13|):

Proposition 2.2.18. Let A be a type and fix a : A. Then the type family Az.Hom(a, ) :
A — U is covariant if and only if A is a Segal type.

We can show that if C': A — U is a covariant family over a Segal type A, then the total

type
2. C()

is a Segal type [61, Theorem 8.8|. Also, as previously advertised, if the covariant family is
defined over a Segal type then it is functorial in the following sense:

Proposition 2.2.19. Suppose A is a Segal type and C' : A — U is covariant. Then, given
f :Homy(z,y), g : Homa(y, ), and u : C(z), we have g.(f.u) = (go f)su and (id,),u = u.
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Proof. This is [61, Proposition 8.16]. i

Furthermore, naturality holds:
Proposition 2.2.20. Let C, D : A — U be two covariant families and a fiber-wise map

¢:[[C(z) - D(x). Then for any f : Homa(z,y) and u : C(z),
z:A

Proof. See [61, Proposition 8.17]. i

If we have a covariant family C' : A — U over a Segal type, a path p : x = y and
u : C(x) then the element (idtoiso(p)).u : C(y) can be understood as transporting u along
the arrow idtoiso(p). The covariant transport and the usual type-theoretic transport along
paths coincide; by this we mean that they are propositionally equal:

Lemma 2.2.21. If A is Segal and C' : A — U is covariant and e : © =4 y, then for any
u: C(x) we have

idtoiso(e),u = transport® (e, u).

Proof. [61, Lemma 10.7|. |

2.2.3.1 Yoneda lemma

The Yoneda lemma is a fundamental result of category theory. In the context of co-categories
it has been proved for different models, such as quasi-categories in [49], [36], for Segal spaces
in [57] and oo-cosmoi in [62]. In simplicial type theory, as noted in [61], the result can be
viewed as a directed version of path transport. Also, there is a dependent version of the
Yoneda lemma, which can be seen as the analogous to path induction for covariant families.
Although we will need only one of its consequences, namely representability, we quickly
review it in full generality.

Let C': A — U a covariant family and a fix term a : A. Then there are functions
evid? := \p.¢(a,id,) (H Hom(a, x) C’(w)) — C(a),

yonS := Xuz.\f. fou: Cla (HHomAax C(z ))

Theorem 2.2.22. (Yoneda lemma, [61, Theorem 9.1]) If A is a Segal type, then for any
covariant family C': A — U and a : A the functions yonS and evidS are mutual inverses.

We have the dependent version of Yoneda:
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Theorem 2.2.23. ([61, Theorem 9.5]) If A is a Segal type, a: A and C': [ [(Hom,(a,z) —
T:A
U) is covariant, then the function

ewdc = \p.¢(a,id,) n H C(z, f) | = C(a,id,)

x:A f:Hom 4 (a,z)

is an equivalence.

One particular instance of this equivalence is when C' := Homu(a’, —), where A is a
Segal type and a’ : A. This gives the so-called Yoneda embedding. The concept of
representability is closely related to this embedding.

Definition 2.2.24. A covariant family C' : A — U over a Segal type is representable if
there exists a : A and a family of equivalences

[[(Homa(a,z) ~ C(x)).

x:A
We conclude this section with a result that is of particular interest to us:

Definition 2.2.25. A term b : B is initial if for any « : B the type Hompg (b, x) is contractible.
That is, if the type

isinitial(b) := [ [ iscontr(Hompg(b, x))

z:B

is inhabited. Also, a term b : B is terminal if for any = : B the type Hompg(x,b) is
contractible. That is, if the type

isterminal(b) := [ [ iscontr(Hompg(z, b))
x:B

is inhabited.

In a Segal type, initial and terminal elements are unique up to isomorphism.

Proposition 2.2.26. Let A be a Segal type. The following is true:

1. If a : A is an initial element, then it is unique up to isomorphism.

2. If a : A is a terminal element, then it is unique up to isomorphism.

Proof. Assume that A is a Segal type and let a,b : A be initial elements. The types
Hom4(a, b), Hom4(b,a) are contractible, in particular, inhabited, say, by f, g, respectively.
We get the terms fog: Homu(b,b),go f: Homa(a,a) and id, : HomA(b b),id, : Homy(a, a).
Again, these hom types are contractible so f o g = id, and g o f = id,. By Theorem
f is an isomorphism between a and b. Therefore, initial terms in Segal types are unique up
to isomorphism. Similarly, a terminal element is unique up to isomorphism. |
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Proposition 2.2.27. A covariant type family C' : A — U over a Segal type A is representable

if and only if there exists an initial element (a,w) in the type > C(x), in which case
z:A

yon (u) : Q(HomA(a, z) — C(x))

defines an equivalence.

Proof. This is [61, Proposition 9.10]. i

The majority of the results we have cited are stated in terms of covariant families.
However, for contravariant families we have similar results. The proofs for these statements
are completely analogous.

2.3 Limits and colimits

There is a well-known path to define limits and colimits in co-categories, as in [49] for quasi-
categories or in Segal spaces [07]. The strategy is first to establish an adequate notion of
cones and cocones. The second step is to define initial and terminal objects. Then a limat
is a “terminal cone,” and a colimit is an “initial cocone.” We follow the same approach to
define them in sHoTT using the machinery of covariant families.

For types A, B and b : B, define the constant function
ANb:=MXab: A— B.

Remark 2.3.1. If B is a Segal type then by Theorem m B4 := A — B is also a Segal
type. Let f: A — B, from Theorem [2.2.18 and the fact that covariance and contravariance
are stable under substitution (precomposition), then the type families

Ab.Hompa(f,Ab) : B — U and  Ab.Hompa(Ab, f): B — U

are covariant and contravariant, respectively.

Definition 2.3.2. Let f : A — B be a function. Define the type of cocones of f as the
type

cocone(f) :== Z Hompa(f, Ab),
b:B
and the type of cones of f as the type

cone(f) == Z Hompa(Ab, f).
b:B
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Observation 2.3.3. From Theorem 2.2.17] it follows that

cocone(f) ~ Z H Homp(fa,b)

b:B a:A

and

cone(f) ~ ZH Hompg(b, fa).

b:B a:A

We can recognize the type of cones and cocones of a function as direct analogues to
cones and cocones in category theory. In Section [2.6.1] we will verify how the definition
above and the following are consistent with the semantics.

Definition 2.3.4. A colimit for f : A — B is an initial term of the type:

cocone(f) = Z Hompa(f, Ax).

z:B

A limit for f: A — B is a terminal term of the type:

cone(f) = 2 Hompa(Ax, f)

z:B

Remark 2.3.5. Since the total space of a covariant family over a Segal type is a Segal type,
Theorem [2.3.1] implies that the type of cocones of a function f : A — B is a Segal type.
Similarly, we also get that the type of cones is a Segal type. We will make use of these two
facts where needed without explicit mention.

We can show the following:

Corollary 2.3.6. Let B be a Segal type and f : A — B a function. Limits and colimits are
unique up to a unique isomorphism if they exist.

Proof. It follows immediately from Theorem [2.3.5 and Theorem [2.2.26] above. i

We will obtain in Theorem [2.4.6]uniqueness property up to equality under the additional
assumption that B is a Rezk type. The following characterization is more flexible in terms
of computations. We can think of it as the universal property of limits and colimits.

Proposition 2.3.7. Let B a Segal type and f : A — B be a function. There exists a colimit
(b, B) for f if and only if

[[(Homg(b, z) ~ Hompa(f, Ax)).

x:B

Similarly, there exists a limit (a,a) for f if and only if

[[(Homg(z,a) ~ Hompa(Az, f)).

x:B
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Proof. The existence of a colimit (b, 3) for the function f i.e., (b,3) is an initial term of
the type Y. Hompa(f, Az), by Theorem [2.2.27|is equivalent to say that the covariant family
z:B

Hompa(f,A—): B —>U
is representable. The proof for the second part is similar. |

Remark 2.3.8. We can get an explicit description of the cone and cocones in theorem [2.3.7]
Under the same assumptions, given a family of equivalences

O : rJIB(HomB(x,a) ~ Hompga (A, f)),

we can take ¢, : Hompg(a, a) ~ Hompga(Aa, f). This give us the cone ¢,(id,) : Homga(Aa, f).
Following the usual categorical argument, we can show that (a, ¢,(id,)) is the limit for f.
Similarly we can get the cocone for the apex b.

In the situation of Theorem [2.3.7], it is common practice to say that “b” is the colimit
and that “a” is the limit of f : A — B, respectively. This leaves implicit the data of the
cocone and the cone, respectively.

2.3.1 Preservation of limits and colimits

The main goal of this section is to reproduce the classical result that limits are preserved
under right adjoints. The same argument will show that left adjoints preserve colimits. Dif-
ferent presentations of adjunction are studied in [6I], namely, transposing and diagram-
matic adjunctions, and it is shown that they are equivalent. The first kind of adjunction
corresponds to the standard definition of adjunction in category theory in terms of hom sets,
whereas the second resembles the triangle identities. For us, it will be enough to know that
a quasi-transposing adjunction between types A, B consists of functions f : A — B and
u: B — A and a family of maps

o H Homgp(fa,b) — Hom(a, ub)
a:Ab:B

with quasi-inverses given by the maps

Y || Homa(a, ub) — Homp(fa,b)

a:A,b:B

and homotopies

5 : 1_[ ¢a,b(¢a,b(k)) = k» g : H¢a,b(¢a,b(l>> = L.

a,bk a,b,l

In this situation, u together with the data above is a quasi-transposing right adjoint
for f. Using this notation we have:
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Theorem 2.3.9. Let A, B be Segal types and functions g: J - B, f: A— B,u: B — A.
If g has a limit (b, 5), and u is a quasi-transposing right adjoint of f, then (u(b),uf) is a
limit for ug : J — A.

Proof. In view of Theorem [2.3.7, we have
o H(HomB(x,b) ~ Hompgs(Ax,g)),

z:B

and we only need to show that

[ (Hom.a(y, u(®)) ~ Homus (8y. ug)).

y:A

Recall that Homps (Az, g) ~ [ ],,; Homp(z, g(j)). Then, for any y : A we get

Vi : Homp(f(y),b) ~ H Homz(f(y), 9(j)).

Using the adjunction we get a chain of equivalences:

Hom 4 (y, u(b)) =~ Homp(f(y),b) =~ H Homp(f(y) ~ | [Homa(y, ug(s)) =~ Homs (Ay, ug).

g:J

This give us the family of equivalences

r: H(HomA(y,u(b)) ~ Hom s (Ay, ug)).
y:A

To complete the proof, note that the cone for u(b) can be obtained from 5 : Hompgs(Ab, g),
since uf : Hom s (Au(b),ug). Following Theorem we must have that Iy (idy@)) =
|

uf.

We also have:

Corollary 2.3.10. If A, B are Segal types and f : A — B has a left quasi-transposing
adjunct, then f preserves colimits of functions g : J — A.

Proof. Similar to the previous theorem. |

2.4 (Co)Limits in Rezk types

In this section, we restrict our attention to colimits in a Rezk type, which allows us to
improve some of our results.

In what follows, for C': A — U a covariant (or contravariant) family, we denote by
O = Z C(x)
z:A

the dependent sum over A.



2. LIMITS AND COLIMITS IN SYNTHETIC c«o-CATEGORIES 26

Lemma 2.4.1. Assume that C' : A — U is a covariant family over a Segal type A, let
(a,u), (b,v): > C(x). Then
z:A

((a,u) = (b> U)) >~ Z fsu = 0.

frax=b
Proof. First, we have the equivalence
Homé((aﬂu)a (b,’l})) = Z HomC(f)('L% U)- (241)
f:Hom 4(a,b)

Recall that this follows from Theorem 2.2.2]

H ( Z Y(t,z)) ft.(a(t),b(t))> =~ Z H X ?>

Iy x:X(t) f:<Ht:I " X(t)|2> t:1 |
where the proof is established by following the composition of the maps given from left to
right by
h— (At (h(t)), At.mo(h(t))),

and from right to left by
(f,9) = AL(f(2), 9(1)).
This applied to (2.4.1)) yields in the first coordinate the projection

T ZC(m) — A.
x:A

Since C' : A — U is a covariant family over the Segal type A, C is a Segal type [61)
Theorem 8.8]._ By Theorem [2.2.10] the projection respects identities and composition. In
particular, if f : (a,u) = (b,v) then 7, (f) : @ = b. Furthermore, covariance of C' implies that

(v, ma(f)) = (m1(f)wu,trans, (7),) hence m1(f).u = v. Therefore, we define

¢: ((a,u) = (b,v)) — Z fsu=1v
f

:ax=b

to be ¢ := Af.(m.(f),p) where p: m(f)su = v.

In order to construct the function in the other direction, we observe the following: if f : a = b
then there exist g : Homy4(b, a) with fog =id, and go f = id,. The covariance of C' implies
that the types

2 Home (s (u, w) and 2 Home (g (v, w)
w:C(b) w:C(a)

are contractible with center of contraction (f.u,transy,) and (g«v,trans,,), respectively.
Note also that

u = (ida)su = (g0 feu = gu(four) = gsv.
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We get elements

(f, transg,,) : Z Homemy (u, v)

h:Hom 4 (a,b)

and

(g,trans,,) : 2 Home (v, u).
h:Homp (b,a)

Using the equivalence

N Homegy(w, 2) | ~ Home((z,w), (y, 2)) (2.4.2)

k:Hom 4 (z,y)

we get f : Homz((a,w), (b,w)) and g : Homg((b,v), (a,u)). Since C is a Segal type then
go f:Homg((a,u),(a,u)). We have the composition in A and the dependent composition,
so we obtain the 2-simplex

2 b g
. / AN
comp, ¢ : Hom 0 a
idg
and
v
. 2 /s N
Comptransg,v,translz,u : Homo(t) U ” U
[eI7)
We get a term (g o f7 (Compg,f7 Comptransgw,tranSf’u)) in
7 (b,v)
2 e ~N
h:Homg ((a,u),(a,u)) ’ h ’

Since this type is contractible, in particular we have go f = go f. Under the equivalence

2.4.2), id, is mapped to id4 ), SO
pp (a,u)
go }‘ go f ida id(a,u)-

Similarly, f o g = id(,,). Therefore we define

77/}: Z f*u:v—> ((awu> = (b7v))

fa=b

as ¥ := M(f,p).f. The functions ¢ and ¢ give us the required equivalence.



2. LIMITS AND COLIMITS IN SYNTHETIC c«o-CATEGORIES 28

A related result is [70, Theorem 2.7.2|, instead of identity types, we now have isomor-
phism types. Thus, an isomorphism in >-types is determined by an isomorphism in the base
together with a dependent isomorphism in the total type lying over it. We formulate the
result but give no proof corresponding to contravariant families.

Lemma 2.4.2. Assume that C': A — U is a contravariant family over a Segal type A, let
(a,u), (b,v) : >, C(x). Then
z:A

((a,u) = (bv)) = Y u= f.

fa=b

Theorem 2.4.3. If A is a Rezk type and C' : A — U is a covariant (contravariant) family
over A, then }) C(x) is a Rezk type.
x:A

Proof. Let (a,u),(b,v): >, C(x). We have
z:A

((a,u) = (b,v)) ~ Z transport® (f,u) = v

fa=b

~ Z idtoiso(f)su = v

idtoiso( f):axb

~(a,u) = (b,v),

the middle equivalence follows from A being Rezk type and from Theorem [2.2.21] where we
have the equality idtoiso(e),u = transport®(e,u). The function

idtoiso : (a,u) = (b,v) — (a,u) = (b,v)

is exactly the equivalence above. Indeed, we can use path induction to see this. If (a,u) =

(a,u) then refl, ) is mapped to (refl,, refl,). This goes to (id,, refl,) which finally corresponds

to id(qu) @ (a,u) = (a,u). Therefore, >; C(x) is Rezk. |
z:A

Remark 2.4.4. Theorem [2.4.3] can also be deduced from Proposition 4.2.6 and Corollary
6.1.4 of [I6]. Their proof makes use of their theory of (co)cartesian fibrations in sHoTT
that they develop throughout their work. Ours is more elementary and simply uses the
characterization of the type of isomorphisms between elements in a o-type we provided in

Theorem 2.4.11
Definition 2.4.5. Let B is a Segal type, f : A — B a function. We define the type:

hasColimit(f) := Z isinitial(w)

w:cocone(f)

and also

hasLimit(f) := Z isterminal(w).

w:cone(f)



2.5. LIMIT OF SPACES AS DEPENDENT PRODUCT 29

In Theorem we showed that limits and colimits are unique up to isomorphism.
Now, we can show further:

Corollary 2.4.6. If B is a Rezk type and we have a function f : A — B, then the types
hasColimit(f) and hasLimit(f) are propositions.

Proof. Let (a,a), (b, 8) be limits for f. By Theorem we have that (a,a) = (b, ).
Theorem [2.4.3] applied to the covariant family

Hompa(f,A—): B —->U
implies that cone(f) is also a Rezk type. Therefore:

((G,Oé) = (ba 5)) = ((a704> = (ba 6))

hence hasLimit(f) is a proposition. A similar proof shows that hasColimit(f) is also a propo-
sition. |

2.5 Limit of spaces as dependent product

Let {G;}icr be a family of co-groupoids indexed by a set I. Denote by G the obvious diagram
I — o-Gpd, then we have that
lim G; = [ [ Gs.
T

i€l
We can think for simplicity that the calculation above takes place in bisimplicial sets, i.e.,
this is a family of complete Segal spaces that are homotopically constant. This could also
be happening in simplicial sets.

Given the previous result, it seems natural to expect that a similar result is true in
sHoTT. However, such computation is not straightforward: The obstruction is that in our
type theory we do not have an oo-category of co-groupoids in which we can take this limit.
The way address this issue is by using the notion of univalent covariant families originally
due to Cavallo-Riehl-Sattler [I8] to sufficiently axiomatize the properties of the oo-category
of spaces.

Let B a Segal type. For any covariant family £ : B — U and a, b : B, using the notation
of Theorem 2.2.17 we obtain a function

arrtofun : Homg(a,b) — (E(a) — E(b))
where for any f : Homg(a,b) we set
arrtofun(f) = f. = Au. fyu.

Definition 2.5.1. Given E : B — U a covariant family over a Segal type B. We say that
E is univalent if for all a,b : B the map arrtofun is an equivalence. Denote its inverse by

dua: (E(a) — E(b)) — Homp(a, b).
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We can understand the type B as satisfying a “directed univalent axiom.” The prime
example of a univalent fibration in the semantics should be the co-category of co-groupoids.
In [61, Remark A.27] it is shown that covariant families correspond to left fibrations. Cav-
allo, Riehl, and Sattler announced in [I8] (unpublished) the existence of a fibrant universe
(bisimplicial set) of left fibrations. This implies the consistency of Theorem see also
Theorem [2.5.14]

The result in [61, Proposition 8.18| shows that; if £ : B — U is a covariant type family
over a Segal type B, then for any b : B the type E(b) is discrete. Furthermore, if E is
univalent, we could think of B as a Segal type “that has terms discrete types.” We will make
this idea precise in Theorem [2.5.8] In this part of the paper, we use the extensionality axiom
and the notation introduced in Section [2.2.1.1] In particular, we use f ~ ¢ introduced there.

Lemma 2.5.2. Let B a Segal type and E' : B — U a univalent covariant family and a,b : B.
If § : E(a) — E(b) is an equivalence, then dua(d) is an isomorphism.

Proof. By Theorem [2.2.19| for any x : B and u : E(x) we have (id;)«(u) = u. Therefore,
arrtofun(id,) = idg(,). This also implies that

dua(idg(,)) = dua(arrtofun(id,)) = id,.

Treat 6 : E(a) — E(b) as a bi-invertible function, so there is v : E(b) — FE(a) such
that 0y ~ idgp) and 70 ~ idgE). From the extensionality axiom we can further assume
0y = idgp) and vd = idgy). Hence, dua(éy) = id, and dua(yd) = id,. Observe that
again from Theorem [2.2.19] for any f : Homp(x,y), g : Homg(y, 2), and u : E(z), we have
gx(fsu) = (g o f).u, and as a consequence

arrtofun(dua(é) o dua(y)) = arrtofun(dua(d))arrtofun(dua(y))) = dv = idg@)
it follows that dua(d) o dua(y) = dua(dy) = id,. Similarly,
dua(y) o dua(d) = dua(yd) = id,.
This concludes the proof of the statement. |
Definition 2.5.3. Given a type A and a family £ : B — U over a type B, we define the

type
issmallj;(A) =) (E(b) =~ A).

b:B
We say that A is B-small if issmall5(A) is inhabited.

A related notion appears in [64, Definition 17.1.3] where they define what it means for
a type A to be small with respect to a univalent universe U; a type A is said to be U-small
if there is type X : U and an equivalence between A and X. The same definition appears in
[12, Section 2.19] under the name essentially U-small.

Remark 2.5.4. In the rest of the paper, we use Theorem under the assumption that
the family £ : B — U is covariant. One could also think of assuming that F is contravariant,
but we have no use for it.
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Remark 2.5.5. Since we will require a covariant family, we can express whether a discrete
type A : U is B-small. Firstly, [61, Proposition 8.18| proves that for a covariant type family
over a Segal type E : B — U each E(b) is discrete. Therefore, if we have a proof of
issmall%(A), then A is also discrete since it is equivalent to a discrete type and of course it
is B-small.

A more general and concrete example of this can be seen in the semantics. Given a
Grothendieck universe U, one could build a sub-universe U’ (an oo-category) that consists
of k-small co-groupoids, where x is a regular cardinal. By construction, elements of U’

are exactly the U’-small elements of U. Of course, this would be one way to justify the
consistency of Theorem [2.5.1]

The idea of Theorem is that B has an element representing the type A. We can
think of A as “a type in B”, hence the name B-small. To make sense of this, we need to
note some simple facts. The first lemma simply computes transport” for the type family
D : B — U as defined below.

Lemma 2.5.6. Let £ : B — U be a univalent covariant family over a Rezk type B. For
a type A, define D : B — U as D(b) := E(b) ~ A. Then for any b,/ : B, p : b = and
o:E(b)~A

transport” (p, o) = o(arrtofun(idtoiso(p~1))).

Proof.

By path induction we can assume that p = refl, : b = b. In this case,

transport” (refl,, o) = idpy (o) = o.

On the right-hand side we have

o (arrtofun(idtoiso(p~1))) = o(arrtofun(idtoiso(refl,)))
o(arrtofun(idy))

= O'IdE(b)

g

hence, we can simply use refl, : 0 = 0. |

Remark 2.5.7. Under the same assumptions of the previous lemma, we also have by path
induction that for any p : b =¥/,

arrtofun(idtoiso(p~')) = arrtofun(idtoiso(p)) "

since if p = refl, then both sides of the equality are idgp). Here, arrtofun(idtoiso(p))™"

abusively denotes an inverse for arrtofun(idtoiso(p)).

The two results above have the following consequence:
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Corollary 2.5.8. Let E : B — U be a univalent covariant family over a Rezk type B. Then,
for any type A, the type issmall5(A) is a proposition.

Proof. Let (b,0), (V,0'): > (E(b) ~ A). We have
b:B

((b,o) = (V,0")) ~ Z o =o'

p:b=b
therefore is enough to give a term of the right-hand side. We treat ¢ and ¢’ as bi-invertible
functions. Let 6 : A — E(b), &' : A — E(V) be their inverses, respectively. We get
an equivalence d'c : E(b) ~ E(I'), by Theorem dua(d’oc) : b =~ b. Since B is
a Rezk type, rezk(dua(é’c)) : b = . From the Theorem above and the fact that
((arrtofun)(idtoiso))((rezk)(dua)) = id gy ee) we obtain:

transport” (rezk(dua(&'c)), o) = o(arrtofun(idtoiso(rezk(dua(d'c))™"))
= cr(arrtofun(|dt0|so( rezk(dua(&8'0)))) ™)
=o(0o)™

= o(d0”)

=idso’

/
=0

where again (§’0)~! denotes an inverse for §’c. Since do’ is also an inverse, the two are
equal. |

Remark 2.5.9. In the situation of Theorem m, if a type A is B-small then issmall5(A) is
contractible. This entails the existence of a center of contraction (by, 0g), where by is a term
of type B and oy is an equivalence between E(by) and A. Hence, A is uniquely related to a
term in B.

Therefore, given a univalent covariant family of types £ : B — U, one can think of B
as being the oco-category of “small spaces”, or at least a full subcategory of it. However, note
that we do not assume that B is closed under limits. The next proposition shows that as
long as a dependent product of small types is itself small, it corresponds to a limit in B.

Proposition 2.5.10. Let B a Rezk type, a function f : D — B and assume that £': B - U

is a univalent covariant family such that [] E(f(d)) is B-small. If (by, 00) is the center of
d:D
contraction of issmall ([ ] E(f(d))), then by is the limit for the function f.
d:D

Proof. Indeed, using Theorem it is enough to show that for all b : B

Homp(b, by) ~ Hompn (A, f).
For the right-hand side, we have

Hompn (Ab, f) ~ <H Homp (b, f(d > <HE )))
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The last equivalence follows because FE is univalent. For the same reason together with the
assumption oq : E(by) ~ [ [ E(f(d)) the left-hand side is equivalent to
d:D

(E(b) = E(b)) ~ (E(b) - ]_[E(f(d))> :

Moreover, we have the equivalence
(E(b) -1 E(f(d))> = (H E(b) — E(f(d))> .
d:D d:D
|

For the rest of the section we want to show that the condition over the dependent
product of the fiber being B-small in Theorem [2.5.10] is necessary for the existence of the
limit.
Observation 2.5.11. Suppose that D : B — U is a constant covariant family at D : U over
a Segal type B. Take any f : Hompg(x,y) and w : D, then the type

Z Homp(s)(w,v)

v:D

has center of contraction (f,w,transs,,). The point (w, A(t : 2).w) belongs to the aforemen-
tioned type, which therefore must be equal to the center of contraction. In particular, this
implies that f.w = w.

This observation has the following consequence:

Lemma 2.5.12. Let B : U a Segal type and E : B — U a covariant univalent family over
B. If there is u : E(by) for some by : B, then for all b; : B

E(by) = | [Homp(b,by).
b:B

Proof. The covariant family £ : B — U is univalent, so instead we may prove that for all

b, : B
E(by) ~ (]‘[ E(b) — E(bl)) .
Let by : B and define "
F:E(b) — (H E(b) — E<b1>) :

where F(v) := F, is the dependent function A(b : B).A(w : E(b)).v. The function in the
other direction

G: <H E(b) — E(b1)> — E(by)
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for each ¢ : (]_[ E(b) — E(bl)) is defined by G(¢) := ¢p,(u). It is immediate that
G(F(v)) = G(F) = (Fy)(u) = v,

so the composition is the identity. For any ¢ : (H E(b) — E’(bl)> we have: F(G(¢)) =
b:B

F(¢p,(u)) = Fy, (u)- We need to show that this dependent function is equal to ¢. Consider
the family
D:B—-U

D(b) := E(by); this defines a covariant family. For any b : B define f : E(b) — E(by) as
f(w) := u. Since the family £ is univalent, dua(f) : Hompg(b, by) and

dua(f). = arrtofun(dua(f)) = f (2.5.1)

where the definitional equality follows by definition of arrtofun.

By naturality, as in Theorem [2.2.20] applied to the function ¢ : [[ E(b) — D(b) and
b:B

the arrow dua(f) : Hompg(b, by), we have the following commutative square

dua(f)x

where the horizontal functions are given by the specified type families. We now evaluate at
any w : E(b). Since D is constant over B, from Theorem [2.5.11| we get the first equality
below, the second follows by naturality, and the third equality comes from (2.5.1),

¢p(w) = dua(f).(gp(w))
= ¢, (dua(f)«(w))
= ¢u, (f(w))
= ¢, (1)
= (Fy,, () )o(w),

while the second-to-last and last equality follow by definition of f and F, respectively. This
establishes the equality ¢ = Fy, (,). Therefore, F'G is the identity on [[(E(b) — E(b1)),
b:B

hence the equivalence. |

Finally, we have:

Proposition 2.5.13. Let B a Rezk type and a function f : D — B with limit (b, «).
Assume that E : B — U is a univalent covariant family such that for some by : B there is

w: B(bo). Then B(by) = ] B(/(d))
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This just means that as long as the family £/ : B — U has at least one fiber that is
inhabited, then the sufficient condition of Theorem [2.5.10]is also necessary for the existence
of a limit.

Proof. From Theorem [2.5.12 we have

E(by) ~ 1_[ Hompg(b, by),
b:B

since by is the limit:

Homp (b, by) = | | Hom(b, f(d)).
d:D

Combining this equivalence, and using Theorem [2.5.12] again gives us:

Remark 2.5.14. In a recent paper [25], the authors construct the (oo, 1)-category of co-
groupoids. They achieve this by enhancing sHoTT with modalities. The type S they con-
struct satisfies exactly Theorem [2.5.1] Our results in this section simply say that a diagram
with values in § has a limit in §. This limit is given by the dependent product. We could
rewrite our results by replacing our type B by S, and each type E(b) for b : B by an element
of §. However, we keep our presentation as it is since we think it showcases a “resizing”
technique, by means of Theorem [2.5.3] that could be useful in other contexts.

2.6 The bisimplicial sets semantics of sHoTT

In this section, we verify that our synthetic definitions of limit a colimit are semantically
correct. We use the fact the semantics of sHoTT is the category of bisimplicial sets ssSet.

In [61, Appendix A] it is shown that sHoTT can be interpreted in the category ssSet.
Let us first recall the following result from [65]:

Theorem 2.6.1. For any elegant Reedy category C, the Reedy model structure on sSet®”
supports a model of intentional type theory with dependent sums and products, identity
types, and as many univalent universes as there are inaccessible cardinals greater than |C|,
where |C| is the cardinal of the set of objects of the category C.
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Let us first review how to interpret some usual types. The one point type is the easiest;
it agrees with the terminal object in our model. According to [65] we can take a category
M that is locally cartesian closed and has a model structure that is simplicial, right proper,
and the cofibrations are the monomorphisms; this is the situation of Theorem [2.6.1 If we
have a map f : A — B then the pullback functor f*: M/B — M/A has both a right and
a left adjoint, which are denoted by [ | s and > s» respectively. Since fibrations are closed
under compositions, the functor >’ s breserves fibrations if f is itself a fibration. The functor
f* preserves cofibrations since these are exactly the monomorphisms, thus ||  breserving
acyclic fibrations. Furthermore, one can also see that in combination with right properness
11 ; breserves fibrations, see [3, Theorem 26]. This is how dependent sums and products are
interpreted.

The Reedy model structure on bisimplicial sets gives rise to a comprehension cate-
gory with shapes in which the judgment I' - A Type is directly interpreted as a fibration
' - A. Here we are overlooking the fact that our types also may depend on topes and
shapes. To see more details and the correct definitions, we refer the reader to our cited main
reference [61]. The technical result is:

Theorem 2.6.2. ([61, Theorem A.18]) The comprehension category constructed from any
model category with T-shapes has pseudo-stable coherent tope logic with type elim-
inations for tope disjunction and also pseudo-stable extension types satisfying relative
function extensionality.

[61] uses the result on T the coherent theory of the strict interval of sHoTT presented in
Section or [61, Section 3.1]. Furthermore, Weinberger shows in [73] that the semantical
interpretation extension types is strictly stable under pullbacks and not only pseudo-stable
as in the theorem above. Moreover, [61, A.3| proves:

Theorem 2.6.3. Segal types correspond to Segal spaces in ssSet and Rezk types to Rezk
spaces (a.k.a. complete Segal spaces).

Remark 2.6.4. In Theorem we defined discrete types. However, the terminology
might be confusing. According to [61, Proposition 10.10] a type A is discrete if and only if
A is Rezk and all its arrows are isomorphisms. On the other hand, [59, Corollary 6.6] gives
a similar characterization for complete Segal spaces, such simplicial spaces are constant. A
simplicial space X is constant if for any map [n] — [m], the induced map X,, — X, is
an equivalence of spaces. In particular, for all n we have X,, = X,. Hence, discrete types
correspond to constant simplicial spaces. As a consequence, we interpret discrete types into
the bisimplicial sets model as constant simplicial spaces.

Remark 2.6.5. The interpretation of sHoTT can be done in greater generality. This is
essentially a consequence of the main result in [66], where it is shown that any Grothendieck
(o0, 1)-topos gives a model for homotopy type theory. If C is a type-theoretic model topos
then one can consider simplicial objects internal to £. The resulting category of internal
presheaves gives us again a model for sHoTT. For more details we refer to [73, Section 2].

Now we have the semantical overview of sHoTT. This gives us the opportunity to say
a few words on the necessity of contrasting the definitions we make in the type theory with
the existing ones in the bisimplicial sets model.
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Remark 2.6.6. As we mentioned above, sHoTT can be interpreted in the category of
bisimplicial sets. However, note that a type theoretic statement translates internally to the
bisimplicial sets model. A concrete example of this phenomenon is the characterization of
Segal types. In general, each type is interpreted as a Reedy fibrant bisimplicial set. On
the one hand, the equivalence A2” — A from Theorem is interpreted as a trivial
fibration in the Reedy model structure on ssSet. On the other hand, Segal spaces are
defined by the Segal condition: a bisimplicial set A is a Segal space if, for all n > 2, the map
A, — Ay x4, - X4, Ay is a trivial fibration in the Kan-Quillen model structure on sSet.
[61, A.3] shows that both conditions are equivalent.

Informally speaking, an internal statement in the model could be stronger under inter-
pretation in the intended semantics. The results we present in the following sections show
that this is not the case, 7.e., the internal and external notions coincide.

2.6.1 Limits and colimits

We verify the consistency of our definitions of synthetic limits and colimits introduced in
Theorem The notion of limits and colimits in Segal spaces we are considering are the
ones presented in [57]. The goal of this section is prove the next result:

Theorem 2.6.7. The definitions of limits and colimits from Theorem [2.3.4] under interpre-
tation in the category of bisimplicial sets, coincide with the definitions of limits and colimits
from [57].

Firstly, let us recall some standard notation and terminology we will use:

e A will denote the category whose objects are the non-empty linearly ordered finite
sets, [n] := {0 <1 < --- < n} with n € N, and morphisms the order-preserving maps
between linearly ordered sets.

e The representable presheaf A” — Set given by [n] € A is noted by A[n].
e For each n e N, F(n) : A x A? — Set is defined as
F(n)yg = A([k], [n]).

This just means we are looking at the constant bisimplicial set A([k], [n]). Two par-
ticular examples are F'(1) and F(0), the last of which is the terminal object.

e The category of simplicial sets is cartesian closed: for XY € sSet, the mapping
simplicial set is defined as

Map(X,Y), :=sSet(X x A[n],Y).

e The category of bisimplicial sets is cartesian closed: for X,Y € ssSet, the mapping
simplicial set is defined as

(Y¥) i :=ssSet(F (k) x All] x X,Y).
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e Decorated arrows “ —” indicate fibrations in the model structure. We will use this

notation for the different models involved, but there is no room for confusion as the
type of fibration is clear from the context.

Using Theorem [2.6.2] it is possible to conclude that simplicial type theory can be inter-
preted in bisimplicial sets. In particular, Hom types do coincide with hom spaces. From [59];
if T' is a Segal space, then the mapping space between two objects a,b € T} is constructed
via the pullback square of spaces:

mapr(a,b) — T}

l | l (2.6.1)

A[O] W TO X T().

On the other hand, from Theorem [2.2.3| we get

1
Al A= Y (AN AR,
k:0Al A

and it is immediate that the type of functions 0A' — A is equivalent to A x A. Therefore,
if Aisa Segal type, then A2" is the total space of a family over A x A whose fibers are Hom
types. This family is exactly Hom(—, —) : A x A — U. Under the standard interpretation,
A'is F(1) and 1 is F(0). Given a,b : A we obtain Homa(a,b) as the substitution along
(a,b) : 1 — A x A into Homy(—,—). When we interpret our type theory into simplicial
spaces, this gives us the pullback square of bisimplicial sets

hom (a,b) —— AFD

F(O)WAXA

We obtain the following comparison result:

Proposition 2.6.8. Let A be a Segal type and a,b : A. The interpretation of Hom(a, b)
into bisimplicial sets is a constant simplicial space with value the Kan complex mapa(a, b).

Proof. Note that homa(a,b)y = mapa(a,b). Furthermore, from [61, Proposition 8.29]
Homu(—,—) : A - A — U is a two-sided discrete fibration, so it is A" — A x A.
Hence, since each fiber Hom4(a, b) is discrete, it follows from Theorem that hom(a,b)

is a constant simplicial space at mapa(a,b). |

The definition of a colimit from [57] is formulated as follows: let f: K — A be a map
of bisimplicial sets where A is a Segal space. The space of cocones under K is the Segal
space

Af/ = F(O) X AK (AK)F(l) X AK A.
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If a € A then we can construct the space of objects under a by taking the map a : F(0) — A
and applying the previous definition.

The map f : K — A has a colimit if the Segal space Ay, has an initial object. This
is to say that there exists an object o € Ay, such that the map (Ay/), — Ay is a trivial
Reedy fibration. Let a € A be an initial object. Therefore, for any object x € A we have the
pullback:

homa(a,z) —— Ay

L
F(0) ———— A.

The assumption that the map on the right is also an equivalence implies that hom(a, z) is
equivalent to F'(0). This is to say that homa(a, ) is contractible, and it means that up to
homotopy there is a unique map from a to x. Let us see first why this prospect of initiality
matches with Theorem In Theorem we showed that hom4(a, b) is a bisimplicial
set constant at mapa(a,b). It remains to show that equivalences are translated correctly.
This follows immediately from [65, Lemma 4.3|:

Lemma 2.6.9. For a map f between fibrations p, : £; — B and py : Es — B the following
are equivalent:

1. f is a weak equivalence.

2. IsEquivg(f) — B has a section.

3. There is a map 1 — [ [ IsEquivg(f).

4. IsEquivg(f) — B is an acyclic fibration.

Theorem 4.4.3 and Theorem 4.2.6 of [70] imply that a function being an equivalence
is equivalent to having contractible fibers. The object IsEquivg(f) encodes this last fact,
as is shown throughout [65, Section 4]. Therefore, if a type is contractible, then under the
standard interpretation it is also contractible in the model. We can conclude that our notion
Theorem [2.2.25] of initiality coincides with the one in the semantics. All there is left to

do is to compare the cocones with Theorem [2.3.2] It is useful to see that the space Ay, is
constructed with the successive pullbacks

F(0) x axc (A%)F0 —— (AK)FD - 4p s F(0) x 4 (AK)FO)
L L |

F(0) AN 4K

Similar to the case with Hom types: (AK)Al is the total space of the type family Hom 4x (—, —)
over A% x AK. Then if we take f : K — A and any z : A the type Hom 4« (f, Ax) is the
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substitution of Hom 4« (—, —) along (f, A) : A — AKX x AK. Thus, this is the pullback in the
semantics:
A ——— (AN)F0

A x F(0) 225 A%« AX,



Chapter 3

Exponentiable functors between
synthetic co-categories

Once more, within the framework of simplicial homotopy type theory, we study exponentiable
functors, a.k.a. Conduché fibrations between synthetic co-categories. The content of this
chapter consists of the paper [6] as submitted to Mathematical Structures in Computer
Science.

3.1 Introduction

3.1.1 Synthetic co-category theory

A proposal for a synthetic theory (oo, 1)-categories using homotopy type theory appears in the
seminal work of Riehl and Shulman [61], called simplicial homotopy type theory, or sHoTT
for short. They define Segal and Rezk types, which play the role of (00, 1)-precategories and
(00, 1)-categories. The paper develops categorical properties of said types and also studies
discrete fibrations and adjunctions. Further work [16] and [5] present (co)cartesian fibration
and (co)limits, respectively.

The standard semantics of sHoTT is the category of bisimplicial sets ssSet with the
Reedy model structure. [61] shows that Segal types correspond to Segal spaces and Rezk
types to complete Segal spaces. Furthermore, the main result in [66] implies that if £ is a
Grothendieck (o0, 1)-topos, which is in particular a model of homotopy type theory, then we
can produce a model of sHoTT in the (internal) category of simplicial presheaves £2% [73].

This is the general framework of synthetic category theory in which our work takes
place. We study an important class of functors, the exponentiable ones, which we introduce
shortly after. This is also a continuation of [5], which started as an exploration on how far
we can go in the development of synthetic (00, 1)-category theory without enhancing sHoTT.

41



3. EXPONENTIABLE FUNCTORS BETWEEN SYNTHETIC «o-CATEGORIES 42

3.1.2 Exponentiable functors

An exponential object, or more generally, exponentiable map, can be defined in multiple
ways. If C is a category with binary products, we say a map f : E — B in C is exponentiable
if the pullbacks along f exist and the functor f*:C/B — C/E has a right adjoint | | s> 80 it

induces an adjoint triple
2y
/ L \
C/B *— C/E
i
\ 0 /
where )] s 1s given by composition with f. More generally, a locally cartesian closed
category is a category in which every map is exponentiable. Exponentiable maps in the
category of small categories Cat are also known as Conduché fibrations. The literature on
the topic is extensive, and they appear, for example, in [20]. In the context of co-categories

exponentiable functors have been studied in [4, Lemma 5.16] and [50, Appendix B.3]. This
result is in the same spirit as Theorem below.

Let us recall the case for categories, for which we first introduce some notation. Given
f & — B a functor and a € B, we denote its fiber as &£,. The category &, has objects
e € £ and morphisms k : e; — ey € &, such that f(e) = a and f(k) = Id,. Ifu:a — b
in Band z € &,y € &, then the set of arrows in £ over u with source x and target y
is denoted as hom(z,y); if j € homf(x,y), then f(j) = u. Therefore, we can define a
profunctor homg : €, x £,¥ — Set in the obvious way. The following statement characterizes
exponentiable functors between categories and it is due to Conduché [20] and Giraud [24].

Theorem 3.1.1. For a functor f : &€ — B, the following conditions are equivalent:

1. The functor f : & — B is exponentiable.

2. For all a, b, c€ B, u € homg(a,b), v e homg(b,c), x € &, z € ., the induced map

ye&y
([ tomete, ) = homity,2)) = hom (e

is an isomorphism.

The result we prove in Theorem can be seen as analogous to the previous state-
ment while partially recovering the result in [4] which is the oo-categorical statement of
Theorem Partial results about exponentiable functors also appear in [50, Appendix
B.3|. Condition 2 in Theorem states that the composition of the hom-profunctors is
given by the coend formula where the map is induced by composition. This is also what [4]
proves in their result, which they do using the language of correspondences. In Section
we explain how this is reflected in our Theorem [3.3.2]
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3.1.3 Outline

To define ezponentiable functors, throughout Section [3.2] we study Segal type completions.
This notion is essential to correctly formulate Condition 5 in Theorem [3.3.2] This is exactly
what we should think of as the composition of profunctors. In Section we present Theo-
rem [3.3.2] which is the characterization of exponentiable functors between Segal types. We
then specialize this result to Rezk types in Theorem [3.3.6]

Finally, in Section we verify that our definitions are consistent with the semantics:
we first interpret our type-theoretic definition in the standard semantics, bisimplicial sets,
and then verify that the resulting statement is equivalent to the existing definition. We do
this for the Segal type completion in Section Finally, in Section we verify that

our definition of exponentiable functor is semantically sound.
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3.2 The Segal type completion

The notion we study in this section is essential to correctly formulate Condition 5 in Theo-
rem [3.3.2 We start by establishing some basic definitions and mentioning some properties.

Definition 3.2.1. A Segal type completion for a type A consists of a Segal type S and
amap t: A — S such that for any Segal type X the map

= o1 (S—>X)->(A-X) (3.2.1)

is an equivalence i.e., if
isCompletion® (S, 1) := isSegal(S) x <H isSegal(X) — IsEquiv(L*)> .
X:U
It is immediate to see that whenever (5,¢) exists, it is unique up to equivalence.
Definition 3.2.2. Let A a type. We define

Completion(A) := 2 Z isCompletion™ (S, ¢).

S:U 1:A—S
The following result is a direct consequence of the Univalence Axiom:

isProp(Completion(A)).
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We call the Segal type in this proposition the Segal type completion of the type A. In
the Segal space model structure on ssSet this corresponds to the fibrant replacement of a
Reedy fibrant bisimplicial set by a Segal space, see Theorem We can define in the
same way the Rezk type completion of a type. The results that we get for Segal type
completions are also true for Rezk type completions. We formally state the relative version
of Rezk completions in Theorem [3.2.4]

It is more convenient to work with Segal type completions at an informal level, a trade-
off between clarity and formality. We favour this approach as it is more intuitive and it
reflects the nature of the semantical counterpart of these types. The equivalence tells
us that the fibers are contractible; for any ¢ : A — X we have

isContr( Z gpo¢=¢>.

p:S—>X

Unfolding the above means that for any @ : A — X, where X is a Segal type, there exists
a unique ¢ : S — X such that ¢ or = 1. We can put this pictorially by saying that any
1+ A — X uniquely factors through ¢ as in the diagram below:

A—— S

]
e
N

X.

We will often refer only to the Segal space S and assume that the map ¢ : A — S is given
and available for use. By uniqueness in the above, we simply mean that the type

isContr ( Z Y ~po L)

p:S—>X

is inhabited. The homotopy in the centre of contraction is omitted most of the time, and we
only make reference to the function. We carry this convention forward below.

We can also consider a relative version of this universal property. For the time being,
fix a Segal type B. We use the following notation:

U/B:=> S— B
S:U

Furthermore, we will refer to an element (S, ¢) of this type by leaving implicit the type S
and mentioning that we have a map of type S — B.

Recall from [16] that the relative function type between functions 7 : A — B and
¢ . E — B is given by the pullback diagram:

Fun/s(A, E) —— EA

% J lEA

A
T
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Note that if we assume further that E is a Segal type and A is a type or shape, then
Fun/p(A, E) is a Segal type. An element ¢ : Fun,g(A, ) is a function making the following
diagram commute:

A—— F
Nk
B.
Thus, we call the elements of Fun,z(A, E) functions over B.

Definition 3.2.3. Let A — B a type over B. A relative Segal type completion for
A — B consists of a Segal type over B, S — B, and a map ¢ : Fun (A, S) such that for any
Segal type X over B the map

L Fun/p(S, X) — Fun/p(A, X) (3.2.2)
is an equivalence, i.e., if

isCompletionfB(S, 1) = isSegal(S) x H isSegal(X) — IsEquiv(¢jp)

X:U/B

It is immediate to see that whenever S — B exists then it is unique up to equivalence.
Following Theorem we state:

Definition 3.2.4. Let A — B a type over B. A relative Rezk type completion for
A — B consist of a Rezk type over B, R — B and a map ¢ : Fun (A, R) such that for any
Rezk type X over B the map

tjp + Fun/p(R, X)) — Fun;p(A, X) (3.2.3)
is an equivalence i.e., if

isRCompIetionf‘B(S, 1) = isRezk(R) x H isRezk(X) — IsEquiv(/5)
X:U/B

It is again immediate to see that whenever R — B exists, it is unique up to equivalence.

Definition 3.2.5. Let A — B a type over B. We define

Completion, 5 (A) := Z Z isCompIetionfB(S, L).

S:U/B v:Fun,p(A,S)
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We will say often that S'is a Segal type completion relative to the type B leaving implicit
the map £ : S — B, and that ¢ : Fun,g(A, S) exists. The equivalence (3.2.3) tells us that the
fibers are contractible: for any ¢ : Fun,g(A, X) we have

isContr Z poLr=1

w:Fun, g (S,X)

Just as we did before, unfolding the above means that for any ¢ : Fun (A, X), where
d : X — B is a map between Segal types, there exists a unique ¢ : Fun (S, X) such that
@ ot =1. The picture for this situation is the commutative diagram below:

For the next section it will be useful to know that for a type A its associated Segal type
completion S is also universal relative to any Segal type B, and vice versa. Informally, the
categorical interpretation we give to this is that having the Segal type completion over the
single point Segal space is equivalent to having it over any slice (by a Segal space). This is
the content of:

Proposition 3.2.6. Let A be any type and B a Segal type. Assume further we have a
commutative diagram

A L s S

oA

B.
where S is a Segal type. Then:

isCompletion(S, ¢) ~ isCompIetionfB(S, L).
Proof. Since S is a Segal type it is enough to show that
<H isSegal(X) — IsEquiv(zf")) o~ H isSegal(X) — IsEquiv(¢jp)
XU X:U/B
It is possible to construct a function

v (H isSegal(X) — lsEquiV(b*)> = | 1 isSegal(X) — IsEquiv(i7;)

XU X:U/B
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after some preliminary observations we now make.

Let § : X — B, where X a Segal type, and j : Fun,g(A, X). We wish to show that
isContr (fib% (j)) .

By assumption we have the equivalence ¢* : X° — X4 this gives us unique functions
h:S— Band g:S — X which makes the following diagrams commutative:

A——— 8 A—— 8
\ig x ih
J - -

X B.

Since j : Fun,p(A, X) then, by uniqueness of h : S — B, we must have h = § o g. It is now
clear that g must be unique with this property. Thus, we have the following diagram:

If we were to unfold IsEquiv(cj;) and IsEquiv(c/5), we would be able to give an explicit formula
for ¢, then the above shows that ¢ is well-defined. We will not do this since it does not give
any more clarity on the result.

Likewise, it is possible to construct
(VI H isSegal(X) — IsEquiv(¢jp) | — (H isSegal(X) — IsEquiv(f")) .
X:U/B XU
Let 7 : A — X be a function where X is a Segal type. Now we want to observe that
isContr (fib;« (7)) .
Consider j x Idg : A x B — X x B. We construct the commutative diagram:

(Ida,m

D 4« B
\pg/
~ p2
B.

This implies that (j,7) : Fun;g(A, X x B). Since S is the Segal type completion of A
relative to B there exists a unique function f : S — X x B making the following diagram

jxIdp

A X x B
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commutative:

From this we obtain:

To show uniqueness, if we had a map ¢g : S — X fitting in the triangle above, then we
certainly get:

A (jm) s X x B
, A
\ (9:6)
e
™ S p2
|
3
S

B.

Uniqueness implies that f = (g, &), from which we finally conclude p; o f = g.
After obtaining ¢ and 1 we can then show that ¢ o1 and v o ¢ are homotopic. This follows
using the universality of each completion. |

3.3 Conduché’s theorem

The next theorem characterizes, and at the same time, allows defining exponentiable functors
between Segal types. As we mentioned in the introduction, this result is analogous to the
one given by Ayala, Francis and Rozenblyum in [4, Lemma 5.16] for quasi-categories. Its
proof is the main focus of this section.

Recall from [16] that a type family @ : B — U is an inner family if
islnner(Q) := 1_[ H isContr <<H Q(a(t)) §%>> .
)

a:A2-B J:Htm% Q(af(t t:A2
The significance of inner families can be understood via the following result, which can
be found in |16, Proposition 4.1.5 and 4.1.6]:

Proposition 3.3.1. Let @ : B — U be a type family over a Segal type B. Then isSegal (3,. 5 Q(b))
if and only if isInner(Q).
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Let us explain the proposition above. Firstly, given a type A, we can think of it as a
type family over 1, i.e., A« . A : 1 — U. This gives us a function 7 : A — 1. Then the
proposition above says that A is a Segal type if and only if the diagram

A —— A
L7
A2 —— 1

has a diagonal filler that is unique up to homotopy. Theorem [3.3.1| establishes a relative
version of this condition. If Q : B — U is a type family over the Segal type B and 7 : Q — B
is the canonical projection from its total type, then Theorem [3.3.1]can be rephrased by saying
that the diagram

A%L;@
A2T>B

has a diagonal filler that is unique up to homotopy, see [16, Observation 2.4.1]. We proceed
to prove the main result of this section.

Theorem 3.3.2. Let be £ : B — U an inner family over a Segal type B, the following are

equivalent:

1. For any inner family P: B — U,

isSegal (Z (E(b) — P(b))) .

b:B

2. For any inner family P : B — U, the type family Q := \b.(E(b) — P(b)) : B — U is
inner.

3. For any inner family P : £ — U, the type family @ := \b.[] 5, Ple) : B — U is
inner.

4. For any Segal type X, the type family @ := A\b.E(b) — X : B — U is inner.

5. For any map o : A? — B, together with the inclusion i : k? — A% Let [} :=
Dz B(a(t) and Fy := 3,2 E(a(i(t))) then

isCompletionfé(Fl, L),

where ¢ := A(t,e).(i(t),e) : Fy — F.
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Before proceeding with the proof, we give some motivations for the conditions of the
theorem. If a map f : F — B € C is exponentiable then we have a triple adjunction

2f
/ L \
C/B *— C/E.
L
\ 0, /
In this situation, the internal hom in the slice C/B is given by

[f: E— B,—|p:= nof*.
f

In general, this formula is the semantic interpretation of the type family in (2) of Theo-
rem [3.3.2) A\b.E(b) — P(b). In our framework of sHoTT, the extra condition of being an
inner family is a natural one since maps between Segal types are equivalent to inner fami-
lies (Theorem [3.3.1]). Conditions (2)-(3) above simply express the fact that exponentiation
happens over the point, over B or over a type dependent on B. An explanation behind (5)
can be found in Section 3.4.2.1] below.

Proof. (1)«<(2). This is immediate from [16, Proposition 4.1.5|, where it is proved that the
total space of a type family P : B — U is a Segal type if and only if P is an inner family.
(4) < (3) < (2) is a classical result that can be found, for example, in [53].
(1)=(5). Consider the projections ps : F» — k3, p; : Fi — A?. Denote by ¢ : F1 — Y, 5 E(b)
the map A(¢,e).(a(t),e). Let f: (>,.5 E(b)) — B the projection, thus aop; = fogq.

We prove that f oq: Fy — B is the Segal type completion relative to B of fogou :
Fy, — B. We will constantly make use of the commutative diagram

F,—tsr —13F

pzl pll /

A2 y A2 > B.

) «

In other words, we use that «op; = fogand aociopy, = foqgour.

If there is a map k£ : X — B with X a Segal type and ¢ : F5, — X over B, then we can
assume we have the canonical projection 7 : (3}, 5 P(b)) — B, where P : B — U is an inner
family given by Ab.fibg (D), i.e., by taking the fiber of k over each b : B. This gives us the
map ¢ : Fy — >, 5 P(b) such that a oiopy = mo. Our first goal is to construct:

v [ (Blali(t) = Plali(®)))).
t:n%
We can assume that ¢(t,e) = (b, e) :© D5 P(b). For each (t,e) : F, there is a path
pe: a(i(t)) = by given by aoiopy = mo1h. Then we can consider the transport map

pi : Pla(i(t))) — P(bi)
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together with its inverse
(pr')* : P(be) — Plafi(t)).
Define v := At.\e.(p; ')*(e;). This gives us the lifting problem:

KT —= 2.p(E(b) — P(b))

| .

A? B.

By assumption, there exists a unique

§: <H(E(a(t)) — P(a(t)))

t:A2

P (Z E(a(t))) - (Z P(b))
t:A2 b:B

is simply given by the formula: A(¢,e).(«(t),&(e)). It remains to show ¢ ot ~ 9. Consider
(t,e) : Xop.a2 E(a(t)). Then by definition we have

¢out,e) = (ali(t), S (e) and ¥(t, ) = (b, e).

Using the characterization of paths in the total space we obtain p; : a(i(t)) = b;, and also
there is an equality

The construction of

pi (& (€) = pi (mi(e)) = pi((pr )" (er) = e

Therefore, ¢ o 1(t,e) = 1(t, e), it gives us the required homotopy. To prove uniqueness, let

o' (2 E(a(t))) - (Z P(b)>

over B and a homotopy 7 : ¢’ ot ~ 1. We can assume that ¢'(¢,e) = (b},€}). There is a
homotopy ¢ : «opy ~ goy'. For any (t,e) : >, n2 E((t)) we get a path ¢, : «(t) = b}, which
gives rise to the transport map ¢; : P(a(t)) — P(b}).

Similarly, if (¢, ) : Zm% E(a(i(t))) then

re: @' (1t €)) = (b, ) = (b, er) = (t,e).
This is a path in a total space, so it is given by r, : b}, = b and d; : ri(e;) = e;, where
i+ P(bj,)) — P(bt) is the transport map.
We first make the following observation:

I H [ [T (@) (7 (e) = (07 (e (3.3.1)

(t,e):Fa pria(i(t))=be qi(s):a(i(t))= b/i(t) Tt:b;(t):bt
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By induction on the paths, we assume that p, = refl : a(i(t)) = a(i(t)), qi@) = refl : a(i(t)) =
a(i(t)), and ry = refl : a(i(t)) = a(i(t)). In this case the transport maps are identities, so we
can use refl : ¢, = ¢;. Using the map ¢’ we construct

1/1

by & = At.de.(q; ')*(e}). To see this indeed gives the correct type to ¢’ we evaluate on t : x2.
Our aim is to construct for each e : E(a(i(t))) a path ) (e) = 14(e). This is

(47" (eh) = (7))

Note that this follows from (3.3.1) in combination with the path d; : r(e}) = e;. The
uniqueness of £ gives us the equality &' = .

We now show that for all (¢,e) : Y, x2 E(a(t)), ¢(t,e) = ¢'(t,e), so we need ¢(t,e) =
(a(t),&(e)) = (b, e;) = ¢'(t,e). First, there is a path ¢ : a(t) = b,. Observe that

g7 (&(e)) = qr (&(e)) = g (g 1) (e})) = e}

The above proves that Fj is a Segal type completion for F5.

¢<wamepwm>

t:A2

(5)= (1). Let P : B — U an inner type family. Using the equivalence (1)<(2), it is
enough to show that the type family

P:=Xo.E(b) > P(b): B—>U
is an inner family. This amounts to showing that the projection map
T (Z(E(b) — P(b))) — B
b:B

is right orthogonal to the horn inclusion i : kK — A?. Consider a lifting problem

K —— 2p (E(0) — P())
| I
A? > B.

«

This means we have a partial section 0 : ][], (E(a(i(t))) — P(a(i(t)))). We define the

function
v EEmwm>ﬁ<2P@>

)
t:ky
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as ¥ := M. Ae.(a(i(t)), 0:(e)). We illustrate this in a commutative diagram:

2 P(0)

N

B — I » 2 B(0)
PQl pll \\ lf
A2 — A7 - > B.

Since P is an inner family, the universal property of F7 implies we can complete this diagram
to a unique map ¢ : Fy — >}, 5 P(b) over B. In what follows we can assume that ¢(¢,e) =
(by, er). We have paths

pezo(t) = by and g, 1 9(t e) = (ali(t)), 0ile)) = (biy, eir)) = @(u(t, €)).

The second path amounts to,

¢ a(i(t)) = by and dy : g7 (0:(€)) = e

where again ¢; : P(a(i(t))) — P(biw)) is the transport map. The element

Kt
5

is given by the formula & (e) := (p; *)*(e;). We have a function in

N [T ro=a 32

(t,e):F2 picey:a(i(t))=bscey qr:c(i(t))=bi(r)

§: <H(E(a(t)) — Pla(t)))

t:A2

Indeed, by path induction we can assume that p;) = refl : a(i(t)) = a(i(t)) and ¢ = refl :
a(i(t)) = a(i(t)). Moreover, in this case the transport maps are identities; therefore, the
claimed equality holds. From (3.3.2)) we get for all (¢,e) : Fy,

Eitry(€) = ()" (i) = (a7 ) (eitry) = di(e).
Assume an element

¢ <H(E(a(t)) — P(a(t)))

t:A2

Next, the function

¥ (Z E(a(t))> - (Z P(b)>

t:A2 b:B

is defined as A(t,e).(a(t),&;(e)). We observe that if (¢,e) : Zm% E(a(i(t))) then

¢ (ult,e)) = ¢ (i(t), ) = (a(i(t)), iy (e) = (ali(t), oi(e)) = (¢ e).
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where the middle definitional equality holds since fg(t)(e) = J;(e). By uniqueness we have
¢ = ¢'. This means that

p(te) = (bryer) = (alt), §(e)) = ¢ (t€)

This equality implies that for p;* : b, = a(t) we also get an equality (p;')*(e;) = &l(e).
Therefore & (e) = £, (e), proving the uniqueness of the extension £. This shows that the type
D u.p(E(b) — P(b)) is a Segal type. i

Definition 3.3.3. An inner family £ : B — U over a Segal type B is said to be Segal
exponentiable if it satisfies any of the equivalent conditions of Theorem [3.3.2] Moreover,
a function f : E — B between Segal types is Segal exponentiable if the family Ab.fib(b) :
B — U is Segal exponentiable, where fib(b) denotes the fiber of f over b: B.

Il

Remark 3.3.4. Observe that in the semantics, Segal spaces correspond to (o0, 1)-precategories.
Therefore, the above Theorem refers to exponentiability of functors between (o0, 1)-
precategories, hence, the name we suggest. Nima Rasekh pointed out to the author that, as
the theorem shows, completeness does not play any role in exponentiability. This character-
istic is new and does not appear in quasicategories. Certainly this aspect is not apparent in
categories either. We move swiftly to specialize our theorem to Rezk types.

From [I6] recall that a type family P : B — U over a Segal type B is called isoinner
family if the following proposition is true:

islsoinner(P) := islnner(P) x H isRezk(P(b)).

For our interests we can always assume the types involved are Rezk types. From [61]
Proposition 10.9] that if B is a Rezk type and X is any type or shape, then B¥ is also a
Rezk type.

Definition 3.3.5. Let A — B a type over B. We define

RCompletion z(A) := Z Z isRCompIetionfB(R, L).
R:U/B v:Fun,g(A,R)

Corollary 3.3.6. Let £ : B — U an isoinner family over a Rezk type B, the following are
equivalent:

1. For any isoinner type family P: B — U,

isRezk (Z (E(b) — P(b))) .

b:B

2. For any isoinner family P : B — U, the type family @ := \bo.E(b) — P(b) : B —> U is

isoinner.
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3. For any isoinner family P : E' — U, the type family Q := \b.[ [,z Ple) : B > U is
isoinner.

4. For any Rezk type X, the type family @) := \b.E(b) — X : B — U is isoinner.

5. For any map a : A? — B, together with the inclusion 7 : k2 — A2 Let F} :=
Syax B(alt)) and Fy i= 3, 2 E(a(i(t))), then

isRCom pletionff;(Fl, L),

where ¢ := \(t,e).(i(t),e) : Fy — F.

Proof. (2)=(1). Follows from [I6, Proposition 4.2.6] which proves that the total space of
an inner family over a Rezk type, is a Rezk type.

(1)=(2). Theorem [3.3.2 shows that isinner(Q). For each b : B we have isRezk(E(b) — P(b))
since such fiber can be obtained as a pullback from the Rezk type >}, 5 (E(b) — P(b)).

(2) < (3) < (4) is a classical result.

(5)=(2). From Theorem the family is inner. Since for each b, isRezk(P(b)) then each
fiber E(b) — P(b) is also a Rezk type.

(1)=(5). The proof that F is the completion is the same as in Theorem [3.3.2 We just need
to show that it is Rezk. This again follows from [16, Proposition 4.2.6] and the pullback
stability of Rezk types. |

Definition 3.3.7. An isoinner family £ : B — U over a Rezk type B is said to be ex-
ponentiable if it satisfies any of the equivalent conditions of Theorem Moreover,
a function f : ' — B between Rezk types is an exponentiable functor if the family
Ab.fib(b) : B — U is exponentiable, where fibs(b) denotes the fiber of f over b: B.

The terminology “functor” in the definition above is justified by the functorial behaviour
of functions between Segal types, see [61, Proposition 6.1]. We have reserved the name
exponentiable functor till this point in view of Theorem From Theorem [3.3.2] and
Theorem it would seem that we have two notions of exponential functors, one for Segal
types and the other for Rezk types. However, both coincide when we restrict to Rezk types.

Corollary 3.3.8. Let ' : B — U an isoinner type family over a Rezk type B. Then E is
Segal exponentiable if and only if E is exponentiable.

Proof. To prove this, we observe that Condition 2, respectively in Theorem and The-
orem [3.3.0], are equivalent. The forward direction is obvious since, by definition, any isoinner
family is in particular an inner family. Conversely, we just need to show that any fiber
E(b) — P(b) is Rezk. But this follows from [61], Proposition 10.9] since each P(b) is Rezk. §

3.4 The bisimplicial sets semantics of sHoTT

In this section we check that our synthetic definitions of Segal type completion and ex-
ponentiable functors are semantically correct. In Section verify that the Segal type



3. EXPONENTIABLE FUNCTORS BETWEEN SYNTHETIC «o-CATEGORIES 56

completion is consistent with the usual semantics. We finalize with exponentiable functors
in Section [3.4.2] We use the fact the semantics of sHoTT is the category of bisimplicial sets
ssSet. The details of the semantics are found in [61]. We also recommend [5], Section 6] for
a discussion.

3.4.1 Segal type completion and Segal space completion

Here we check the soundness of a Segal type completion by comparing it with the Segal space
completion defined in bisimplicial sets. Furthermore, since in general we want to consider
dependent types, we need a relative version. Given a Segal space B we consider the induced
model structure on the slice ssSet/B. The existence of such a Segal completion is given by
the fibrant replacement in the Segal model structure on ssSet, and in the relative case, the
fibrant replacement in the slice ssSet/B (see Theorem [3.4.5])

Recall that for objects 71 : A — B and £ : S — B in ssSet/B, the relative mapping
space is denoted as Map,p(A, S). This space is obtained by the pullback square:

Map/p(A,S) —— Map(A,S)

On the other hand, the Segal space of functions between 7 and £ is given by the following
pullback square:

Funp(A,S) —— S4
I
F(0) ———— B4
Observe that Fun (A, S)o = Map/s(A,S).

Definition 3.4.1. Let 7 : A — B and £ : § — B in ssSet/B. Assume further that S is
a Segal space and there is a map + : A — S € ssSet/B. We say that S is a Segal space
completion relative to B for A if for any Segal space over B, § : X — B, the induced map

Map/B(’SvX) - Map/B<AaX)
is an equivalence of spaces.
This definition is the generalization of the completion of a Segal space into a complete
one as defined by Rezk in [59]. A related notion of completion of a precategory into a category

in the context of homotopy type theory due to Ahrens, Kapulkin and Shulman appears in
[1], where the authors use the suggestive name “Rezk completion.”

Observation 3.4.2. Note that the interpretation of the map (3.2.3) from Theorem [3.2.3]
into bisimplicial sets gives us an equivalence between Segal spaces,

Funp(S,X) — Fung(A, X),
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which is just to say that we have a level-wise equivalence of spaces. Thus, for any function
m: A — B, with B a Segal type, the relative Segal type completion £ : S — B for the type
A gives us a Segal space completion relative to B for the Reedy fibrant bisimplicial set A.

Furthermore, these two notions coincide. Firstly, we introduce notation from [62]
Proposition 1.2.22]. The slice ssSet/B is cotensored over simplicial sets i.e., we have
Map p(F(n) x S,X) ~ Mapp(S, F(n)hpX) (here we think of F(n) as a space). Note
that since X is a Segal space over B so it is F(n)hpX as is constructed via the pullback

F(n)hpX —— XF™

l ! l&F(n)

B ———— B,

Lemma 3.4.3. Let 7 : A — B and £ : S — B in ssSet/B, where B is a Segal space.
Assume that there is a map ¢ : A — S € ssSet/B showing S as the Segal space completion
relative to B for A. Then for any Segal space X together with 6 : X — B, the induced map

Fun,p(S,X) — Funp(A, X)
is an equivalence of Segal spaces.

Proof. Firstly, for any n > 0 we have the following:

Funp(S,X), = Map(F(n

);
);
n), X ) X Map(F(n),BS) F(0)
) xS, X) X pap(r(nxs,5) £(0)
(n

We are relying on the fact that F(n)hpX is a Segal space (see the previous paragraph).
Similarly, we get that Fun g(A, X), = Map,p(A, F(n)hpX) for all n > 0. By assumption,
S — B is the Segal space completion relative to B for A. Hence, for F/(n)hgX we have an
equivalence of spaces

Mapp(S, F(n)hpX) — Map/s(A, F(n)hpX)
for all n = 0. This gives us the equivalence between Segal spaces:
Funp(S,X) — Fun/g(A, X).
|

Corollary 3.4.4. Given a Segal type B and any type A over B. The notion of a relative
Segal type completion for A is consistent with the semantics.
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Proof. This is immediate from Theorem B.4.2] and Theorem [3.4.3] ]

Of course, we also have the non-relative version of this soundness result, and it is enough
to take B to be the terminal object. To finalize this section, we observe that the fibrant
replacement in ssSet/B coincides with Segal completion relative to B. Since the model
structure on ssSet/B is induced by the one from ssSet, it will be enough to verify this fact
for B = 1.

Proposition 3.4.5. Let A be a Reedy fibrant bisimplicial set. If the Segal space completion
of A exists, then it coincides with its fibrant replacement in the Segal space model structure
ssSetgg.

Proof. Recall that a map i : A — S is a weak equivalence in ssSetgg if is a local map, i.e.,
a map such that

i*: Map(S, X) - Map(A, X)

is an equivalence of spaces for any Segal space X. Then, it is clear that if S is a fibrant
replacement, it must be a Segal space completion.

Conversely, if S is the Segal space completion, then it induces equivalences like the above.
Therefore, ¢ is indeed a weak equivalence. S is a Segal space by assumption, so it must be a
fibrant replacement in ssSetgg. |

3.4.2 Exponentiable functors
Here we verify that our notion of exponentiable functor is semantically correct. Ayala, Francis

and Rozenblyum prove in [4] the result below that characterizes exponentiable functors
between co-categories. This is our reference point.

Theorem 3.4.6. The following conditions on a functor 7 : £ — B between co-categories are
equivalent.

1. The functor 7 is an exponentiable fibration.

2. For each functor [2] — B, the diagram of pullbacks

Exp{ll —— Exp{l <2}

| |

Exp{0 <1} —— &€ x5[2]
is a pushout of co-categories.

For a full explanation of the theorem we recommend the original reference [4]. We will
focus on Condition [2] to see this is exactly Condition [5[of Theorem [3.3.6] This last condition
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involves objects that are defined by the following pullback square
Eryopora) —— Er@g) —— E

N

P(1) Ui F(1) —— F(2) —— B.

We remark that the arrow on the far left is not a fibration because F(1) Lip@) £(1) is not
a Segal space. Nevertheless, the diagrams express the fact that Ep) y and Ep(y) are
the fibers of f over F(1) i@y F/(1) and F(2), respectively.

The map Ep(l)uF(O)p(l) — Ep(9) shows Ep(9) as the Segal type completion of Ep(l)up<0)p(1).
Therefore, when we interpret the square in Condition 5| from Theorem into ssSetgegqi-
This shows that Ep) is the fibrant replacement of Ep) ]_[F(O) Era) in ssSetgeyq. This is
just to say that the diagram

Ero) — Erq)

| |

Epay — Er)

is a pushout square of Segal spaces. When E and B are Rezk spaces this is exactly Condition
of Theorem [3.4.6l On the other hand, the category of simplicial sets can be embedded
into bisimplicial sets via p} : sSet — ssSet as defined in [40]. Furthermore, this is shown to
provide a Quillen adjunction between the Joyal model structure on sSet, and the complete
Segal space model on ssSet. This inclusion preserves exponentials.

3.4.2.1 On profunctors and correspondences

Due to the limitations of sHoTT we can not yet incorporate all conditions of Theorem [3.4.6
into our Theorem [3.3.2 The composition of profunctors appears naturally in Conduché’s
theorem. The condition [f] in Theorem [3.3.6] carries similar information in the synthetic
framework. Given its relevance, in this last section we explain why this is not yet a theorem.

The result in Theorem [3.4.6] is expressed and proved using correspondences between
co-categories. If we have categories C and D, a correspondence from C to D is category M
which contains C and D as full subcategories, it is equipped with a functor 7 : M — {0 < 1}
such that C = 771(0) and D = 7 !(1). While a profunctor from C to D is a functor
P : C x D? — Set. There is a bicategorical equivalence between profunctors from C to D
and correspondences from C to D. Switching to the realm of co-categories:

Definition 3.4.7. A correspondence between co-categories C and D is a pair of pullbacks:

C > M < D

| J |

{0} — {0 <1} +— {1}

This is simply a functor between oo-categories M — {0 < 1} with fibers C over 0 and D over
1.
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It is a well-known fact that a profunctor P : C x D? — Set can also be defined as
a two-sided discrete fibration over C x D. This is a functor & — C x D that is a discrete
Grothendieck fibration over D and a discrete Grothendieck opfibration over C.

Taking into account the limitations of sHoTT, for us it would make sense to momentarily
think of profunctors as two-sided discrete fibrations. Let P : A — B — U be a two-variable
type family over Segal types A and B. From [61], we say that P is a two-sided discrete
fibration if for all a : A and b : B the type families

Ar.P(z,b) : A— U and \y.P(a,y): B—>U

are contravariant and covariant, respectively. The most famous two-sided discrete fibration
over a Segal type B is the “Hom” type family

Az Ay.Homgp(z,y) : B— B — U.

More generally, let f : F'— B be a function between Segal types, a, b : B, and u : Homg(a, b)
then
Az Ay Hom%y(z,y) : B, —» E, - U

is a two-sided discrete fibration. The type Hom%(z,y) denotes the type of arrows in E that
start at « : F, and end at y : E}.

Weinberger provides in [74] the following characterization of two-sided discrete families:

Proposition 3.4.8. Given P : A — B — U a two-side type family over Rezk types, the
following are equivalent:

1. The family P is a two-sided discrete fibration.

2. The family P is cartesian over A and cocartesian over B, and for all a : A, b : B the
bifibers P(a,b) are discrete types.

We have not introduced cartesian and cocartesian type families in sHoTT, this is the
main topic of [I6]. However, the meaning of such concepts is in practice the same one as
for oo-categories. Therefore, the first two conditions of the second point in Theorem
simply mean that the type families

Az.P(xz,b): A—>U and \y.P(a,y): B—>U

are cartesian and cocartesian, respectively, for all a : A and b : B together with some
compatibility condition. This is what [74] defines as two-sided cartesian family. Given
P:A—> B—->Uand Q : B— C — U two two-sided type families, there is a natural
composition to obtain another two-sided type family:

QOP =Xae. ) Pla,b) x Q(b,c): A—C - U.
b:B

The result in [74, Proposition 5.5| shows that if the families P and @ are two-sided cartesian,
then QOP is again a two-sided cartesian family. Unfortunately, even if both P and () are two-
sided discrete fibrations it does not follow that QP is a two-sided discrete fibration. Instead,
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to make sense of the composition in this case, we consider the discrete type completion of

QOP.

If we have a function f : F — B between Segal types, a condition we would like to add
to Theorem is the following: For any a, b, ¢ : B, u : Hompg(a,b), v : Homp(b, c) and
x: FE,, z: E, the canonical map induced by the composition

(Z Hom (2, y) x Hom%(y,z>> — Hom}s"(z, 2)

y:Ep

exhibits Hom}“(x, z) as the discrete type completion of

S Homis (2, ) x Homiy(y. 2).

y:Ep

The problem arises because Condition [5| of Theorem [3.3.6] encodes the composition
of correspondences in sHoTT. These are Segal (Rezk) types over Al. In [67] it is shown
that correspondences from C to D are the same as C x D? — S, where § denotes the
oo-category of spaces, and furthermore, are the same as a bifibration. This is done by
endowing the category of correspondences Corr(C,D) and the category sSet/(C x D), with
model structures, respectively, such that they are Quillen equivalent and where the fibrant
objects of sSet/(C x D) are the bifibrations. Both of these models are Quillen equivalent to
sSet/(C x D) endowed with the covariant model structure, i.e., this encodes profunctors.

We venture to say that until sHoTT is further enhanced, to be more expressive, the
analogous result from [67] is out of reach. By this we just mean we cannot yet establish
a full and precise relation between correspondences and two-sided discrete fibrations and
profunctors



Chapter 4

Homotopy languages

This chapter builds on original ideas due to Simon Henry. The content consists of a paper |7,
which was prepared for submission, was written jointly with Simon Henry, where section
and section [4.7) were written by him. The rest of the paper contains the contributions of this
thesis author.

4.1 Introduction

It is a well-known result in category theory (see for example [23], [13]) that any property
of a category, or of objects and morphisms of this category, that does not use equality
between objects is automatically invariant both under equivalence of categories, and under
substitution of all the objects and morphisms involved by isomorphic ones consistently.

For example, because the notion of limit in a category is naturally formulated without
using equality between objects we automatically know that equivalences of categories pre-
serves limits, or that if two diagrams are naturally isomorphic then a limit for one is also a
limit for the other.

To be a little more precise, the above-mentioned results are about first-order formula
in which we can have quantifiers over all objects of the category, or over all morphisms in
a given hom-set “hom(X,Y)”. We can use equality between two terms taken from the same
hom(X,Y’), but not between two terms of type “objects”, or two terms that are in different
hom-set.

For example, the property of an object X to be a terminal object, which can be written
as
isTerminal(X) := Vy € Ob, (v € Hom(y, X) and Vu,w € Hom(y, X),u = w)

is an instance of such formulas, but the following formula

VX,Y € Ob,Vf e Hom(X,Y),Vg € Hom(Y, X),
(fog:idy andgof:idXﬁXzy)

62
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which say that the category we are working with is skeletal, or the formula

VX,Y € Ob,Vf e Hom(X,Y),Vg € Hom(Y, X),
(fog=idy and go f =idx = f =idy)

which express that identities are the only isomorphisms, are not of this form: the first one
involves equality X = Y, and the second one involve an equality f = idx that is not correctly
typed as f € Hom(X,Y'). And these two formulas are indeed not invariant under equivalence
of categoried!]

Note that in order for this to make sense, it is key to use a notion of “dependent type”.
Indeed, we need to be able to formulate the idea that a morphism f is in Hom(X, Y'), without
being able to say that s(f) = X and #(f) = Y as this would involve using equality between
objects. So, given two objects X and Y, we need to be able to consider the type of arrows
from X to Y as a primitive notion.

Now, it is natural to expect that similar results can be generalized to higher categories.
For example, we expect (and it can be shown) that a property of 2-categories or bicategories
that does not use equality between objects or between 1-arrows will also be invariant under
biequivalences. One can also expect it can be generalized to other sort of higher structures,
for example a result about multicategories not using equality between objects should also
have similar invariance properties.

The main goal of this paper is, informally, to establish a version of this result for essen-
tially any kind of higher structure independently of the type of structure or the “categoricity
level”. The only requirement is that the sort of higher structure we are considering must be
organized as the fibrant objects of a model category (or semi-model category, or weak model
category).

That is, we will attach to every (semi/weak) model category a “first-order language”,
whose formulas are statements about objects of the category (possibly with parameters) such
that

e Replacing the value of the parameters by homotopically equivalent parameters does
not change the validity of a formula.

e Two weakly equivalent fibrant objects satisfy the same formulas.

We call these two results respectively the first and second invariance theorem, and their
precise statement is given as theorem [4.2.44, We will now go into a little more detail of how
this language is defined, and explain the role of the different section of the paper.

As mentioned above, we need to use dependent types. Our starting point is a “Gen-
eralised algebraic theory” T in the sense of Cartmell ([I7]) as our basis-if we compare to

! As they are formula with no free parameters, invariance under substitution by isomorphic objects does
not really make sense.



4. HOMOTOPY LANGUAGES 64

traditional model theory—T" plays a role similar to a signature. However, it is crucial that
the theory T" can be any generalized algebraic theory, in particular the theory 7" can include
equality axioms.

Starting from this 7', we build in section the first-order language £, as well as its
quotient, .7 by a fairly weak “provably equivalent” relation.

The idea is that for each formula, the (free) variables are taken from a context of the
theory T, and there can be no equality at all. In particular, the theory T itself can have
axioms that are not part of this first order language £7. We will see through example how in
some cases, some form of equality, for example the case of equality between morphism in the
same Hom(X,Y') in the example of categories we started from, can be recovered indirectly
using certain equality axioms in the theory 7T itself.

Since we want to be able to do infinitary logic, we use everywhere an infinitary gen-
eralization of the notion of Generalized algebraic theory that is introduced in section [4.5
However, a reader familiar with generalized algebraic theories can probably guess how it
works. The logic £T we introduce can include arbitrary disjunction and conjunction, as well
as quantifiers ranging on infinitely many variables. We will denote by Ein the language
where the formulas only include disjunction and conjunction on less than A subformulas and
where quantifier quantifies on less than x many variables at the same time. The k is very
often omitted from the notation for technical reasons, but see theorem [4.2.13]

In section we review quickly some important properties of the category of models
of a generalized algebraic theory, or equivalently of the category of models of a “clan” (in
the sense of Joyal), most notably their canonical weak factorization system. In section m
we explain how the language defined in section [4.2.1] can be given an alternative categorical
definition that can be applied to any clan. Note that every clan can be shown to be the
syntactic category of a generalized algebraic theory (and we prove more generally that in our
infinitary setting any “k-clan” is the syntactic category of a generalized x-algebraic theory,
this is in section ,) and the category theoretic definition of the language of the clan is
equivalent to the syntactic definition of the language of any such generalized algebraic theory.

This reinterpretation is the key to associate a language to any model category: Given a
(weak) model category M we take the category M“°F of cofibrant objects and cofibration
between them. This category constitutes a co-clan (the opposite of a clan) and we can take
the language associated to it. This is what we call the language of the model category
M. We review briefly the general theory of weak model category in section and in
section we explain in details how this language of M actually talks about the objects
of M and prove the first two invariance theorems mentioned above.

To give a general picture of how this language works, if M is our model category, each
formula in the language has a “context” C, which informally can be thought of as the list
of free variables that can appear in the formula as well as their types. This “context” C' is
concretely just a cofibrant object of M. An interpretation of the context C' into an object
X e Mis just amap v: C — X. And given ¢ a formula in context C' and v : C' — X a
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map, ¢(v) can be either true or false. We write
M+ ¢(v)

if it is true.

Section [4.2] ends with our first two invariance theorems, stated as theorem [£.2.44} The
first invariance theorem asserts that if X is fibrant and v : C' — X is homotopictov’ : C' — X
then M + ¢(v) < M + ¢(v'). The second invariance theorem states that if F/': X — Y is a
weak equivalence between fibrant objects, then X - ¢(v) < Y + o(f(v)).

To give a more concrete example of all this, when M is the canonical or folk model
structure on categories, our construction recovers the language of categories as in [23] or
[13]. Now, the formula

VZ € Ob,Vg,he Hom(Y,Z),go f =hof=g=h

is a formula in context X,Y € Ob, f € Hom(X,Y) which corresponds to the (cofibrant)
category C which has two objects X and Y and a unique non-identity arrow f: X — Y. A
map from C to another category D is the choice of an arrow f in D and ¢(f) is true if and
only if f is an epimorphism. The second invariance theorem says (in this special case) that
equivalence of categories preserves epimorphisms, and the first invariance theorem that if f
is isomorphic to another arrow then one is an epimorphism if and only if the other is.

In section 4.3 we show how these notions specialize to many classical model structures,
and we also discuss briefly some general tools to construct this language explicitly for any
model structure.

Finally, in section {4.4] we prove two more invariance theorems (theorem {4.4.2)), that are
this time about the expressive power of the language:

1. The 3" invariance theorem, informally, says that if A and B are two cofibrant objects
of M, then each formula in context A can be translated into a formula in context B
that is “equivalent” in the sense that its interpretation in any fibrant object is the same.

2. The 4" invariance theorem, informally, says that if M and A are two Quillen equiv-
alent weak model categories, then any formula in the language of M can be similarly
translated into an equivalent formula in the language of V.

More details on this will be given in the introduction to section 4.4}

The paper has three appendices that serve to review or introduce basic material. They
can either be read first, or skipped entirely: Section review Cartmell’s notion of gener-
alized algebraic theory, and generalize it to the infinitary case. The goal of section is
to establish the link between Generalized k-algebraic theory and a notion of k-clan, with
a notion of k-contextual category as intermediate. This result is absolutely crucial for the
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paper, but is a very expected generalization of what happens in the finitary case. Finally,
section 4.7 reviews some material on weak model categories and introduces a notion of Reedy
model categories in that context, which is only used in section [4.4]

We finish by mentioning that this work is closely related to Makkai “First-order logic with
dependent sorts” or FOLDS from [52]. In a sense, Makkai’s FOLDS corresponds to the special
case where 7' is the theory of presheaves on a direct category I, encoded using dependent type
axioms only, with an additional equality predicate for the types corresponding to maximal
objects of I. Because Makkai does not make assumption about the existence of a model
structure he only establishes an invariance theorem for what he call “very surjective maps”
(our “anodyne fibrations”), that is the analogous to our theorem , more general notions
of equivalence and homotopy are not clearly available in his settings.

In conclusion, the present work is at the same time considering a more general algebraic
setting (by allowing terms and type in T), but also is restricting the setting by assuming
the presence of a model structure that gives a good homotopy theory to be invariant under,
and allows obtaining much more interesting results. This seems to make our approach
considerably more usable in practice, given the richness of examples it potentially covers.

It should be noted however that there are some results in [52] that we have not yet been
able to generalize to this new setting: Makkai established several results that essentially
say that any formula that has the desired invariance properties is equivalent to one in the
language introduced. Similar results are also given in [23] and [I3], and this paper contains
no analogous to these results.

4.2 The homotopy invariant language

4.2.1 Syntactic approach: The first-order language of a generalized
algebraic theory

In this section, we give a very classic syntactical approach to the language we consider in this
paper. We start from a generalized algebraic theory, and we build its first-order language on
top of it.

Since we aim to do infinitary logic, we enhance Cartmell’s notion of generalized algebraic
theory to what we call generalized k-algebraic theory for k a regular cardinal, which we
develop in detail in section [4.5] Nevertheless, this generalization is straightforward and a
reader familiar with Cartmell’s formalism should be able to guess how it works and read this
section directly.

We fix k, A two regular cardinals and 7" a generalized x-algebraic theory. We will define
the first-order language of T' with A-small conjunction and disjunction, denoted L1 or E{H.

More precisely, for each context T' of T, we will define a set LI (T') of “T-formulas
in context I'". Essentially, these are first-order formulae with A-small conjunctions and
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disjunctions whose free variables are the variables of the context I', in particular, they have
less than k-variables.

Definition 4.2.1. The sets £1(T') of T-formulas in context I' are defined inductively using
the following rules:

1. For each context T', the true formula T and false formula | are in £ (T).
2. If & € £T(I') then —® € £T(I).

3. For each collection of formulas ®; € £ (T'), indexed by a A-small set I, the conjunction

and disjunction
Ve o Ao

el iel
are in L1 (T).

4. Given two ordinals v < a < k: If IV = {x3 : ['3}s<, is a context of length «a, and
I' = {5 : [s}s<, is the subcontext of length v, then for any formula ® € £I(I") we
have formulas

Hrp : Uplycpaa® V{zp: plicpca®
in £1(T).

The collection of all formulas {£1 (") }rer is what we call the language of T. Often, we
will simply refer to it by £} .

Remark 4.2.2. The key point in theorem is that we are not including atomic formulas
other than T and L. In particular, the language does not include any equality. At this point
it might be unclear how we get non-trivial formulae in this language as it seems that applying
quantifiers, conjunction or disjunction to formulas that are either 1 or T will never produce
any formulas that are not immediately interpreted as L or T. Or even, on how we might
obtain formulas with free variables. The central idea is that free variables appear thanks to
the fact we quantify over dependent types, that is, types in which free variables can appear.
The following examples will demonstrate these phenomena.

Example 4.2.3. Let C'at be the generalized w-algebraic theory of categories as introduced
in theorem [4.5.7] Then, in the context (z : Ob) we can write the formula

¢(x) == (Vy : Ob, 3f : Hom(x,y), T)

which expresses that for any object y there is an arrow from x to y. This simply means that «
is a weakly initial object. Indeed, T is a formula in context (z : Ob, y : Ob, f : Hom(z,y)), so
that 3f : Hom(x,y), T is a formula in context (z : Ob, y : Ob), and Vy : Ob,3f : Hom(x,y), T
is a formula in context (z : Ob).

The logic is still not strong enough to express many of the interesting category theoretic
notions. For example, without any kind of equality predicate on morphisms there is no way
to write down a formula for an initial object, or a limit. In the next example, we show how
modifying the theory Cat allows recovering equality on morphisms:
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Example 4.2.4. We consider the theory Cat_ obtained by adding to the theory Cat the
following;:

2,y : Ob, f,g : Hom(z,y) - Eq(f, 9)Type
z,y: Ob, f: Hom(x,y) - r;: Eq(f, f)
x,y:0b, f,g:Hom(z,y),a:Eq(f,9) - f=g
z,y: Ob, f,g: Hom(z,y),a: Eq(f,g) - a =y

One easily see that a model of Clat_ is just a category, with the type Eq(f, g) being empty if
f # gand {r} if f = g. In this new theory, we can now form a formula “f = ¢” in context
(x,y : Ob, f,g : Hom(x,y)) which is defined as

(f=9)=Fv:Eq(f,9),T)

Therefore, in the language £5*= we can form formulas involving equality between parallel
morphisms. Then, we recover the “language of categories” as studied in [13] and [23]. For
example, we can form the formula “z is initial” in context (z : Ob) as

isInitial(z) := Yy : Ob, (3f : Hom(z,y)) A (Vf, g : Hom(x,y), f = g).

Construction 4.2.5. If f : A — T is a context morphism and ¢ € £I(T), then we can
define its pullback f*¢. This pullback is obtained by substituting the free variables of ¢ by
the components of f. Formally, this is defined inductively as:

1. f*T:=Tand f*L:= L.
2. fH(—®) = —f*D.
3. f* (Vier i) = Vier 7 @i and f* (N\ie; i) = Ny [* i
4. UT"= (T, 21 € Xy,...,24 € X,) then
ffO(re Xy, ... x5 X0)P) =3 (21 € f*Xy,...,20€ [*Xo) [P,

f* (V(xl € Xl; N Xa)(I)) = V<SC1 € f*Xb o, Xy € f*Xa)f*(I),

where f*X; denotes the pullback of types, obtained by substitution, that is, the types
appearing in the canonical pullback of the generalized display map:

(A7f*X17"'7f*Xa) E— (F,Xl,...,Xa)

i ‘

A

Definition 4.2.6. For each context I in T we define the relation r on £1 (T') as the smallest
family of relations such that:

1. r is a transitive and reflexive relation on £1(T).
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2. Vo e £§(F), P Fr T and L 1 P.
3. Ve LT(D), oA~ Land T @ v —d.

4. For any A-small family (®;);c; € £1(T') we have

\/ @i b1 ¥ < Vi, (& 1 U)

el

U N\ @ = Vi, (U br ®)

el

5. For IV = (F, {xﬁ : Flﬁ}'y<ﬁ<oz> a context extension, with p : [V — IT" the corresponding
generalized display map, ¥ € £ (I") and ® € L1 (T") we have

3{])5 : Fﬁ}v<6<aqj Fr® < V- p*®,

D r V{x/g : F5}7<5<a\lf @p*(I) e .

While we have not included the following in the definition, we can show that:
Proposition 4.2.7. If f : A — I" is a context morphism in 7', and ® r ¥ then f*®
f*u.

Proof. We can show that if we define the relations ® . A to be “For all f : A — T, we
have f*® A f*WU” then it satisfies all the conditions from theorem 4.2.6| Which shows that
+=-+' and hence concludes the proof. |

Definition 4.2.8. A model of a generalized k-algebraic theory T is simply a contextual
functor X : Cr — Set. We will usually write X : T'— Set.

Construction 4.2.9. Given a model X of our theory 7', I' a context, x € X(I') and ® €
LT(T), we can interpret ®(x) as a proposition i.e., true or false in the obvious way by
substituting the components of x into ¢ and interpreting all the logic symbols in the usual
way. Formally we have:

1. If ® =T, then ®(x) is true and if & = L then ®(x) is false,

2. If ® = =WV, then ®(z) is true if and only if ¥(x) is false,

3. If & =\/ ®;, then ®(x) is true if and only if ®;(x) is true for some 1,
4. If & = A @;, then ®(z) is true if and only ®;(x) is true for all 4,

5. @ = ap : T'glycpcaV for IV = <F,{a:5 : F%}V<ﬁ<a> a context extension, with p :

[V — T the corresponding generalized display map, then ®(x) is true if there exists a
y € X(I") such that p(y) = = and ¥(y),
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6. If & = V{xs : I's},<p<a¥ in the same situation as above, then ®(x) is true if for any
y € X(I") such that p(y) = = we have ¥(y).

The following lemma is immediate by induction, the proof is left to the reader.

Lemma 4.2.10. Let X be a model of a generalized k-algebraic theory T

1. For ®,¥ € £I(T) and z € X(T), then if ¥ -r ® and ¥(x) then ®(x).

2. If f: T — A is any context morphism and ® = f*¥ and x € X(I') then ®(z) <
W (f ().

Definition 4.2.11. We write ¥ - ® to mean both ¥ - ® and ® I V. We denote by
Ly (T) = LX(T)/(Fr)

the quotient.

Note that (HFr) is indeed an equivalence relation, as - is transitive and reflexive.

Remark 4.2.12. It follows from theorem that for a context morphism f : A —» T
the f* operation from £I(T') — LT(A) is compatible with the relation —i-, and hence it
descends to an operation

[ LA(T) = LY(A).

It is also easy to see from theorem that the relation | is compatible with all the logical
operations on £1, that is —,\/, /\, 3,V in the sense that for example, if ®; - ¥, for all i € [
then \/,.; ®; = V,.; ¥i and hence they all descend into operations on Li.

Construction 4.2.13. At the beginning of the section, we have briefly called the language
ﬁfﬁ before dropping the x from the notation, as it can be read from the fact that T is a
generalized k-algebraic theory. However, we can consider E:‘C,{, for any k' > k. Indeed, given
T a generalized rk-algebraic theory, we can define a generalized k’-algebraic theory T, by
taking a set of axioms for T" and seeing them as axioms for a generalized r’-algebraic theory.
A model of T,/ is the same as a model of T. We then define

T o T;«/ _ TH/
‘C)\,H’ = EA,H/ =L,",

as well as its quotient
T . I Y
Ly =Ly =Ly,

Example 4.2.14. Let X be a signature in the sense of traditional model theory, that is a set
of formal symbols for types, functions and relations. Then we can consider the generalized
algebraic theory 7Ty _, which has one type in empty context of each sort symbol X in the
signature. Fach of these types have an equality predicate as the one constructed in theo-
rem [4.2.4] a term for each function symbol, and for each relation symbol R < X,..., X, a
type axiom

xy: Xy, x Xy b R(xq, ... x,) Type
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with the additional axiom
Iy - Xl,...,ZL‘n . Xn7t1,t2 . R(ml,...,xn) [ tl = t2.

Models of this theory are exactly ¥-structures, and elements of ]LUTJ,E‘;: are essentially the same

as usual first-order formula in this signature. Elements of Lii’: corresponds to infinitary
first-order formulas using A-small conjunction and disjunction and where 3 and V quantifier
can quantify over x-small set of variables.

4.2.2 Models of Clans and their weak factorization system

We recall that:

Definition 4.2.15. A clan, or w-clan, is a category C endowed with a class of maps called
fibrations such that:

1. C has a terminal object 1, and for every X € C the unique map X — 1 is a fibration,
2. Isomorphisms are fibrations, the composite of two fibrations is a fibrations,

3. Pullback of fibrations exists and are fibrations.

For xk a regular cardinal, a x-clan is a clan which further satisfies:

4 For any ordinal A < &, if A, : A°®> — C is a diagram in which all the transition maps
Ag - A, for a < [ are fibrations, then the limits

Limy<y Aa

exists, and all the projection maps s : Lim,<) A, — Ag are fibrations. We refer to
these as limits of k-small chains of fibrations.

A morphism of clans is a functor that send fibrations to fibrations, preserve the terminal
object and pullback of fibrations. A morphism of k-clans is in addition required to preserves
the limits of x-small chains of fibrations.

Fibrations will be denoted with a double-headed arrow —».

Remark 4.2.16. We define coclans and k-coclans dually, as the category C endowed with
a class of cofibrations whose opposite category is a clan or a k-clan, respectively.

Definition 4.2.17. If C is a x-clan, a model X of C is a functor X : C — Set that preserves
the terminal object, pullback of fibrations and limits of s-small chains of fibrations. The
category Mod(C) of models of C is defined as a full subcategory of the category Fun(C, Set)
of all functors.
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Remark 4.2.18. A key observation is of course that if T" is a generalized r-algebraic theory
and Cr is its contextual category, then Cr can be seen as a x-clan where fibrations are the
maps that are isomorphic to generalized display maps. Moreover, the models of T" are exactly
the models of this clan Mod(7") = Mod(Cr), so that models of generalized algebraic theories
are special cases of models of clans. Also note that:

e By theorem {4.6.55| every k-clan C is equivalent to a k-contextual category,

e By theorem [4.6.46|every r-contextual category is isomorphic to the contextual category
Cr of a generalized k-algebraic theory.

Combining these two results, every x-clan is equivalent to one of the form Cy for T" a gener-
alized k-algebraic theory. Hence, there is no fundamental difference between the models of
a clan and the models of a generalized x-algebraic theory.

Construction 4.2.19. Let C be a k-clan and X, : C°? — Fun(C, Set) be the contravariant
Yoneda embedding. Note that for every A € C°? the functor X, : C — Set preserves all
limits, so in particular it is a model. Therefore, we have an embedding J, : C°®® — Mod(C).
Note that by the Yoneda lemma we have a natural isomorphism

Hom( X 4, X) ~ X(A)
for X € Mod(C) and A € C.

Remark 4.2.20. The category of models of a k-clan C is characterized by preservation of
certain k-small limits. This implies, by general category theoretic results that, for a small
k-clan C:

e The category Mod(C) is locally k-presentable,

e The representable models X 4 for A € C are k-presentable objects.

Indeed, the category Mod(C) < Fun(C, Set) is closed under r-filtered colimits because k-
filtered colimits commute with x-small limits, which because of the isomorphism Hom( & 4, X)
X (A), implies that the object X, is k-presentable in Mod(C). Moreover, since every
X € Mod(C) can be written as X = Colimy  _,x & 4. This implies that the category Mod(C)
is locally k-accessible, and hence locally k-presentable, as it is also closed under small limits.

Remark 4.2.21. More generally, any x-presentable category C is equivalent to the category
of functors C® — Set that preserves r-small limits, where C, is the (essentially small)
category of k-presentable objects of C. In particular, every k-presentable category is the
category of models of a k-clan: One can take the category CP, with all maps being fibrations.
However, the category Mod(C) of models of a k-clans comes with an additional structure
that is more specific:

~
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Definition 4.2.22. Given a k-clan C, we consider the weak factorization on the category
Mod(C) which is cofibrantly generated by the maps

c}:A‘—> JiB

where B — A is a fibration in C. The element of the left class will be called cofibrations and
the element of right class anodyne fibrations.

Remark 4.2.23. In most of the paper, we will work with a model category instead of clan
(or at least weak model category.) In this case, the anodyne fibrations will be called trivial
cofibrations as usual. However, we want to reserve the use of “trivial fibration” to the case
where there is indeed a (weak) model category involved.

Remark 4.2.24. In the special case k = w, this weak factorization was defined in |27,
Definition 2.4.2] and extensively studied in [22]. In particular, Jonas Frey gave in [22] a
complete characterization of which pairs of a category and a weak factorization can be
obtained in this way from an w-clan. The methods used by Frey can be extended to the
k-case to obtain a similar characterization. Frey also shows that (in the Kk = w case) the
w-presentable cofibrant object in Mod(C) are exactly the retracts of representable models.
The same proof generalizes to the x-case to show that if C is a k-clan, then k-presentable
cofibrant objects are exactly the retracts of representables. We only mention these result for
context, we will not directly use them.

Lemma 4.2.25. Given C a clan, a morphism f : M — N of C-models is an anodyne fibration
if and only if for every fibration p : X — Y in C, the naturality square:

M(X) —— M(Y)
N(X) —— N(Y)

is a weak pullback square, that is, if the induced map M(X) — N(X) xnry) M(Y) is a
surjection.

Proof. By the Yoneda lemma, there is a one-to-one correspondence between elements of
M (X) and morphisms of models &y — M. The map M(X) — M(Y) is obtained as the
composite &y — Xy — M and the map M(X) — N(X) as the composite &y — M — N.
An element of N(X) x () M(Y) is hence the data of maps &y — N and &y — M such
that the composite &y — M — N and Xy — Xy — N coincide. This is exactly a
commutative square:

J:y—>M

N

J:X—>N.



4. HOMOTOPY LANGUAGES 74

An element of M (X') whose image in N(X) x ) M(Y') is the square above is then exactly
a dotted diagonal filling:

J:y—>M

otpl 7 Lf

J:X—>N.

Hence the surjectivity of this map is equivalent to the fact that f has the right lifting property
against Xy — Xy for all fibrations X — Y, which concludes the proof. |

4.2.3 The Category theoretic approach: The first-order language of
a k-clans

In this section we present another equivalent approach to the definition of the language, which
is more categorical in spirit, and strongly inspired from Lawvere’s theory of Hyperdoctrines
([46], [47]). This approach, while much more abstract, has several advantages over the
syntactic one. Mainly, it allows working directly with the more general notion of a clan (see
section [4.7)), instead of a generalized k-algebraic theory. This will be useful later on to define
the language of a model category without having to build explicitly a syntax for it.

As before, we fix A a regular cardinal. A A-boolean algebra is a boolean algebra which
admits joins (and hence intersections) of A-small families. We denote by Bool, the category
whose objects are A-boolean algebras and whose morphisms are boolean algebra morphisms
preserving A-small joins (and hence intersections).

We introduce the notion of A-boolean algebra over a clan C, which we can think as
an axiomatization of the structure that the LI from section have over the contextual
category of T

Definition 4.2.26. Given C a clan and A a regular cardinal, a A-boolean algebra over C is a
functor

B :C” — Bool,
such that:

1. For each fibration 7 : Z — X in C, 7* : B(X) — B(Z) has a left adjoint:

2. The Beck-Chevalley condition holds for each pullback square along a fibration. That
is, given any pullback square:
ARy
X’ T) X

with 7 a fibration, we have f*3, = 3,/ f"*.
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Morphisms of A-boolean algebras over C are natural transformations that commute with the
3. We call weak morphisms the natural transformations with no additional conditions.

Remark 4.2.27. If B is a A\-boolean algebra over C, then for each X e C, the negation
= B(X) — B(X)? is a contravariant equivalence. Therefore, if 7 : Z — X is a fibration,
then the map 7* : B(X) — B(Z) also has a right adjoint defined by:

Va(0) == ~(Fx9).

From this definition, we immediately have the other Beck-Chevalley condition f*(V,) = V. f*
and the fact that morphisms of boolean algebras over C are also compatible with V., simply
because f* is compatible with both 3, and the negation.

Remark 4.2.28. Theorem will in practice be applied to C a k-clan (and not just a
clan), the only reason it is stated like that is because the definition actually does not explicitly
involve k. This is related to the fact that the dependencies in k of the language defined in the
previous subsection is only through the choice of which context can our variables (including
bound variables) be taken from: taking a larger x means we can quantify over more variables
at the same time. Similarly, the dependency on « is hidden in the dependency on C, as C is
playing the role of the category of k-contexts.

Let us start with our main example of such boolean algebra over a clan, which is the
motivating example for the notion:

Theorem 4.2.29. Let T be a generalized k-algebraic theory and Cr the corresponding x-
contextual category, seen as a clan. Then the construction X — LT(X) from theorem
(see also theorem and is a A-boolean algebra over Cr. In fact, it is an initial
object in the category of A-boolean algebras over Cr.

Proof. We first check that £I is a A-boolean algebra over Cr. We have mentioned in
theorem that all the logical operations v, A, —,3 and so on are compatible with
the equivalence relation —-. Therefore, they all induce operations on the quotient 1.
The first four points of theorem immediately shows that each LI(X) is a boolean
algebra whose order relation is given by }, and with A-small unions. By theorem [4.2.5|
the map f* : L1 (X) — £I(Y) is compatible with all the logical operations, so it gives rise
to a morphism of boolean algebras LI (X) — LT(Y). We get a functor Cr — Bool,, the
conditions (go f)*(¢) = f*¢*(¢) and id*(¢) = ¢ follow immediately by induction. Next, the
last two conditions of theorem show that 3 and V defines left and right adjoint to 7*.
Finally, the Beck-Chevalley condition follows from how f* is defined on formulas starting
with a 3 quantifier:

f* (Has : Talycp<a®) = Hap : fTslr<pcal P,
which (after passing to the quotient £ — L) exactly says that f*3, = 37 f* where 7 is the
generalized display map corresponding to forgetting the variables {75}, <s<a € Xa-

We now check that it is an initial object in the category of A-boolean algebras over Cr.
Let B be any A\-boolean algebra over C. Any morphism v : LI — B has to satisfy:
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1. v(l)=1gand v(T) = Tg.
2. (=) = —v(P).

3. v(\/ ;) = \/U(CI),-) and v(/\ ;) = /\v(@i).

el el el iel

v(Hwp : Tlycp<a®) = Hap : Dplycpar(P)
and
v(V{zp : [ply<p<a®) = V{zp : [g}y<p<av(®).

These form an inductive definition for a function £ — B. So there is a unique such function
v: LT — B. To conclude, we only need to check that this function v descent to a function
LY — B and is a morphism of A\-boolean algebras over C. But this is rather immediate: We
first observe, by induction over theorem [4.2.6] that if ® - ¥ then v(®) < v(¥). This implies
that if ® 4 ¥ then v(®) = v(¥), so v does define a function LI — B. The naturality
condition

v(f5(®)) = f*(v(®))
can be proved by induction on the formula ®, and the compatibility of v with all the boolean
algebra operations and the quantifiers follows immediately from the definition of v. |

Proposition 4.2.30. Given any (small) clan C and A a regular cardinal, there is an initial
A-boolean algebra over C, which we denote by LS.

Note that by theorem [£.2.29] if T is a generalized k-algebraic theory, with Cr its k-
contextual category them
LST = LY.
This provides a way to define (or at least to characterize) the first-order language of any
clan without having to explicitly give a syntactic description of the clan.

Proof. We can either remark that the A-boolean algebras over C are (by their definition)
the models of a multisorted A-algebraic theory (with one sort for each object ¢ € C) and
hence there is an initial object by usual results on algebraic theories. Alternatively, we can
use (see section that every clan is equivalent to the contextual category of a generalized
algebraic theory and use theorem to conclude. |

Next, we mention a few more examples:
Example 4.2.31.

1. Let Set be the category of sets, considered as a clan where every arrow is a fibration.
The contravariant power-set functor P : Set” — Bool, is a A\-Boolean algebra over
Set. The Beck-Chevalley condition follows from theorem [£.2.32] below.

2. Given F' : C — D a morphism of clans, if B is a A-boolean algebra over D, then F*B
defined by F*B(I') = B(F(I')) is a A-boolean algebra over C.
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3. Combining the two observations above, given any model M of a clan C, that is a
morphism of clans M : C — Set, one has a boolean algebra P(M) over C given by
pulling back example 1 along the morphism M : C — Set. More explicitly:

P(M): C* —  Set
r — PM(T)).

Lemma 4.2.32. Given a square of sets,

L}X
h

<=

#Z’

then the power set functor satisfies the Beck-Chevalley condition on this square, i.e., k*3, =
1, f* as maps P(X) — P(Y) if and only if the square is a weak pullback square i.e., if and
only if the cartesian gap map W — Y x X is surjective.

Proof. Given a subset P < X one has:

k*hP = {y € Y|k(y) = h(p) for some p € P},

g f* P = {g(w)|f(w) € P}.

Surjectivity of the map W — Y x; X gives a canonical way to make any element of k*h, P
into an element of ¢ f*P, and conversely, applying the equality to P = {p} produces the
surjectivity of W — Y x, X. |

In this new setting with just a clan C, one can still define the set of formulas L as the
initial A-boolean algebra over C. We now explain what it means for formulas defined this
way to be “true” or “false” given a model and an interpretation of its variables in the model.

Construction 4.2.33. Given a clan C and a model of M : C — Set we have, as explained
in theorem [4.2.31] a A-boolean algebra over C defined by ¢ — P(M(c)). By initiality of the
k-boolean algebra IL§, there exists a unique morphism of A-boolean algebras over C:

| — o LS — P(M).

This morphism associates each formula ¢ in context I" to a subset |¢|y € M(I'). An element
x € M(T) is said to satisfy ¢ if x € ||y, with some abuse of notation, we say that “¢(z) is
true” in this case. We also write

M+ ¢(x)

when we want to insist on which model we are talking about. When I is the terminal object
of C i.e., ¢ is a closed formula, then M (I') = {x}. Therefore, P(M(I")) = {L, T} so that |¢|x
is simply a proposition. One then says that M satisfies ¢, and we write M  ¢.
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Lemma 4.2.34. When C = Cr is the s-contextual category of a x-generalized algebraic
theory, then through the identification LT = LS, the two definitions of validity of a formula
on elements of a model given by theorem [4.2.9) and theorem [4.2.33] are equivalent.

Proof. Defining the validity of formulas as in theorem it is immediate to verify all
the explicit conditions of the inductive definition given in theorem simply because the
map L§ — P(M) is a morphism of A-boolean algebras. Hence, it immediately follows by
induction on formulas that the two definitions are equivalent. |

Construction 4.2.35. Let F : C — D be a morphism of clans. And let L and L% be their
respective initial A\-boolean algebras. From the fact that LS is initial, there is a morphism
of A-boolean algebras

af (LS — F* (LY).

For any T € C and any formula ® € L{(T") we denote F(®) := o (®) which is a formula in
context F(T) i.e., an element of LY (F(T)). The following is immediate from the definition
above:

Proposition 4.2.36. Let M : D — Set a model of the clan D, ® € L§(I") a formula in
context I' and z € M(F(I')). Then, M + ap(®)(x) if and only if F*M  &(z).

Finally, we finish this section by showing the key property of invariance of formulas
along anodyne fibrations. An invariance property will be established in the next section
assuming we are working with a model category, but this first invariance property is purely
algebraic. This is also the key observation in Makkai FOLDS [52] and it is directly inspired
from it.

We start with the following observation: Let C be a clan and f : M — N a morphism
of two C-models, then we have an obvious map f* : P(N) — P(M) which sends a subset
Ac N(c) for ceC to
fo ' (A) = M(c)

c

this map is easily seen to be a weak morphism of boolean algebras over C. It is compatible
with the boolean algebra operations and the ordinary contravariant functoriality, but it does
not have to be compatible with the covariant functoriality 3, along fibrations. However, one
has:

Lemma 4.2.37. Let C be a clan and let f : M — N be a morphism between two C-models.
Then f is an anodyne fibration if and only if f* : P(N) — P(M) is a morphism of A-boolean
algebras.

Proof. We only need to show that for every fibration p : X — Y the following square

E| lfl
*

P(N(X)) —2 P(M(X))
P(N(Y)) - P(M(Y)),
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commutes. From theorem [4.2.32| this is equivalent to say that the dotted map in

fx

— N(X)

-
Lk

M) -2 N(Y)

is surjective. But this is exactly the characterization of anodyne fibrations given in theo-

rem [4.2.25] ]

This allows us to deduce the key result of invariance of formulae along anodyne fibrations
of models. Basically, the validity of formulae is preserved by anodyne fibrations of models:

Corollary 4.2.38. Let C be a clan and let f : M — N be an anodyne fibration between
two C-models. For ce C, let z € M(c) and ¢ € L§ be any formula. Then

M + ¢(z) = N + ¢(f(x))

Proof. As f: M — N is an anodyne fibration, it follows from theorem [4.2.37| that the map
f*:P(N)— P(M) is a morphism of boolean algebra over C. Hence, by initiality of LS, the
unique morphism | |5 : LS — P(M) is obtained as a composite

LS =5 ) S p(v).

By definition, M + ¢(z) means that x € |¢|y; while N  ¢(f(z)) means that = € f*|¢|y,
hence the result immediately follows. |

4.2.4 The language of a weak model category and two invariance
theorems

Construction 4.2.39. Given M a weak model category, the category MS°" of cofibrant
objects with cofibrations between them forms a coclan. We define the language of M to
be the language of the coclan M°F. For any regular cardinal ), we denote by L3 the
A-boolean algebra LM over MP°F.

Note that for each cofibrant object X € M, we have a set (or possibly a class if M is
large) of formulas L{(X).

Remark 4.2.40. There is a size issue to be mentioned here. In most practical examples,
ME°F is a large category while the construction of ]Lj\\’lcm developed in section assumes
it is a small category. We can deal with this by invoking a larger Grothendieck universe,
but this has a practical consequence: The set of formulas L{*(X) might not be a small set.
Indeed, it lives in the same Grothendieck universe as the one in which M©°" is small.
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Construction 4.2.41. If X € M then we can define a model of the coclan M“°F using the
restricted Yoneda embedding;:

(MCOF)OP N Set

Fx: c —  Hom(c, X),

which defines a functor & : M — Mod(M“°F).

Definition 4.2.42. Let M be a weak model category. For ¢ € M a cofibrant, and X € M
any object, v:c — X and ¢ € L{(c) we write

X + ¢(v)

to mean
Fx = ov)

where v is seen as an element of X x(¢) = Hom(c, X).

Remark 4.2.43. In the special case where M = Mod(T) is the category of models of a
generalized r-algebraic theory (or more generally of a k-coclan), then 131 is the initial A-
boolean algebra over the coclan of all cofibrant objects of M, while the syntactic category of
T is equivalent to a full sub-x-coclan of that. In particular, there is a morphism of A-boolean
algebra over the syntactic category Cr

LI(X) - LX)  (For X € Cp).
If we denote this map by ¢ then for X any model of T" we can easily check that
X = o) < X =i(¢)(v)

for any ¢ € Cr and ¢ € LT (c), where the left-hand side is interpreted in the sense of theo-
rem while the right-hand side is in terms of theorem |4.2.42]

Note that we do expect these to be the same. Informally, LT corresponds to an £, ) logic,
in the sense that quantifier can only be applied to formulas in k-small context—applied to
less than k-many variables at the same time—while L{! corresponds to an £, logic, where
quantifiers can be applied to arbitrarily many formulas at the same time.

Theorem 4.2.44. Let M be a weak model category, ¢ € M a cofibrant object and ¢ €
L4(c).

e 1% invariance theorem: Let v;,v; : ¢ — X be two homotopically equivalent maps
with X fibrant. Then

XEo(v) < X o)

e 2" invariance theorem: Let f : X — Y be a weak equivalence between two fibrant
objects and v : ¢ — X any map. Then

XE+olw) = Y o(fv)
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Proof. We start by first observing that the second invariance theorem in the special case
where f is a trivial fibration immediately follows from theorem as a trivial fibration
f has the right lifting property against all core cofibrations and hence is sent to an anodyne
fibration in Mod(M®*) by the functor from theorem [4.2.41]

We use this to prove the 1% invariance theorem: If vy, vy : ¢ — X are homotopic then
there exists a map h:
X
% Tm

¢y PX
D
X.

The two maps py,p2 : PX — X are trivial fibrations (they are both fibrations and weak
equivalences), v; = p; o h and vy = ps o h. By the observation above, we have:

X F own)
< X + é(ph)
< PX +  ¢(h)
< X + o(ph)
= X [ ¢(U2)

This concludes the proof of the 1% invariance theorem.

Next, we observe it is enough to prove the second invariance theorem when X and Y
are both bifibrant. Indeed, starting from f : X — Y a weak equivalence between fibrant
objects, v : ¢ — X and ¢ € L{!(c) as in the theorem. We can replace both X and Y by
bifibrant objects

XCOF % YCOF

X+>Y.

First replacing X by a cofibrant object X©°" and then factoring the map X" — Y,
which is a weak equivalence, as a trivial cofibration followed by a trivial fibration. The map
v:c— X, can be lifted to map v’ : ¢ - X©°F. As we can already apply the 2"¢ invariance
theorem to trivial fibrations, we have that:

X F ¢v) & X - (1))

Y ¢(fv) < YOO 1 o(f'v)).
Therefore, it is enough to show the 2"? invariance theorem for bifibrant objects.

This last step is achieved essentially using a “Brown factorization”: any weak equivalence
between bifibrant objects can be factored as a section of a trivial fibration followed by a trivial
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fibration. Indeed, if f : X — Y is a map between bifibrant objects we can form the pullbacks:

x- 1 .y
e’J e

X xy PY —— PY
X XY ——YxY

4

Tl ™1
- -

x—7"1 Ly
Note that because the fibrations PY — Y are trivial fibration, the map X xy PY — X in

the diagram above is also a trivial fibration. The total vertical maps are both the identity.
Which gives us a diagram:

X

idx f
X«;—XXYPY—p»Y

Where p is the map X xy PY - X xY Y. Note that all maps in this diagram are weak
equivalences due to the 2-out-of-3 condition. We can now prove the theorem, we have

X+ ¢(v) & X xy PY + ¢(c'v)
because v = ¢ge’v and ¢ is a trivial fibration, and
X xy PY + ¢(e'v) < Y + ¢(fv)
because p is a trivial fibration and fv = pe’v. Hence, combining the two

X+ o)=Y - o(fv)
|

Finally, we explain how Quillen adjunctions act on formulas. A Quillen adjunction
between two weak model categories is an adjunction

L:CsD:R

where the left adjunction L sends cofibrations to cofibrations and the right adjoint R sends
fibrations to fibrations.
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Remark 4.2.45. There is also a more general notion called “weak Quillen functors” intro-
duced in [29] which is sometimes more convenient. The functor L is only defined on cofibrant
objects and R on fibrant objects, and they are only required to preserve core (co)fibrations
— all results in this section below, as well as the 4" invariance theorem from section
apply to weak Quillen adjunctions too. We restrict ourselves to Quillen adjunctions in the
paper, unless otherwise stated, for simplicity, and because this already cover most of the
applications.

Construction 4.2.46. Given a Quillen adjunction?| L : C < D : R. Then, L restricts to
a coclan morphism L : C°" — DC°F which following theorem we have a (unique)
comparison map

ap LS — L*LY
obtained from the fact that L§ is an initial boolean algebra over C. As before, if ¢ € L{(C),
we often write L(¢) instead of az(®). Note that L(¢) € LP(L(C)).

Finally, exactly as in theorem [4.2.35| we have:

Proposition 4.2.47. For a Quillen adjunction L : C < D : R, anyﬂ object X € D, and
cofibrant object C' € C, any map v : C — R(X) corresponding to @ : LC' — X, and ¢ € L§
we have

R(X) - ¢(v) < X + L(¢)(0).
Proof. See theorem [4.2.35 |

The 4" invariance theorem theorem that we will establish in section 4.4 as theorem [4.4.2]
show that for a Quillen equivalence, this construction gives an equivalence between the
language of C and of D in an appropriate sense.

4.3 Examples of languages of model categories

In this section, we examine some examples of the language associated to a model category
by applying the construction as described in section .2, We include examples we believe to
be of interest. Furthermore, we start with some general considerations which allows us to
construct the language of a model category.

When applying the theory introduced in section to a model category M, we have
two possible approaches: we can manipulate formulas as element of the free Boolean algebra
over M®°F following the approach from section , or we can try to build a generalized
algebraic theory whose first language is the same as the language of M. For example, we
could try to realize M as the category of models of some generalized x-algebraic theory, or
if that is not possible try to realize the category of k-presentable cofibrant objects of M as
the opposite of the syntactic category some generalized r-algebraic theory.

20r more generally a weak Quillen adjunction in the sense of [29].
3If L and R are only a weak Quillen adjunction, then X needs to be fibrant.



4. HOMOTOPY LANGUAGES 84

We believe that, once we are familiar with how this language works the first approach
is simpler. But in order to build familiarity with the languages, in all the examples we
will cover below we will try to use the second approach and build a more or less explicit
generalized algebraic theory associated to each example, in order to show the reader what
can be done in the logic of each case.

It is shown in section that any k-clan is equivalent to the syntactic category of
a generalized r-algebraic theory. So in general, given M a combinatorial (weak) model
category, we can always find a regular cardinal x and a generalized k-algebraic theory so
that the language associated to M is the language of this generalized algebraic theory.
Unfortunately, the construction of this theory following section is extremely unexplicit.

What we would like to do here is to give some tools to help “guess” a simpler generalized
algebraic theory that works on concrete examples. Given that our goal is only to guess the
correct theory for a few examples, we will not try to make this completely formal and rigorous
— though it might be possible.

To that end, let us recall some facts about a generalized r-algebraic theory T', and of the
r-contextual category Cr associated to it. Theorem states inductively what it means
for a judgment I' = A Type in a k-pretheory to be well-formed in 7'; this is the case whenever
I' is a context, which itself entails that any constituent of I' is obtained from a derived rule
of the k-pretheory T'. In turn, each derived rule is deduced from the list of theorem |4.5.4] or
using a rule previously derived. In a generalized k algebraic theory, each type introduction
axiom (derived judgment) is well-formed by theorem [4.5.12] Concretely, this means that in
order to build new types in context IV we must know that all the variables used in I"” must
be previously be constructed in some context I'. In a sense, each type must be constructed
from more primitive types.

We can use the above in the following:

Remark 4.3.1. Let T be a generalized k-algebraic theory and Cr the syntactic k-contextual
category of T' with the natural k-clan structure i.e., in which the fibrations are the generalized
display maps. Each type axiom I' - A Type of T" corresponds to a display map (I"A — I').
Now, the type of axioms of T" admit a well-founded transitive relation < such that for each
type axiom I' — A Type we can show that I' is a context using only type axioms “smaller”
than I' - A Type. In particular, it means that only types “smaller than A” can appear in
the context I'. Formulated categorically, this means that the map I' — 1 can be constructed
as k-small composite of pullback of display map I'.B — I, for " - B Type type axioms
that are smaller than I' = A Type. Recall from theorem that Mod(T") has a weak
factorization system which is cofibrantly generated by the set

I={Xx,— XpeMod(T)|B— AeCr}.

Given that every display map is a k-small composite of pullback of the display map corre-
sponding to type axioms. We can restrict the set of generators to the display maps corre-
sponding to type axioms, which then comes with this additional well-founded relation.
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The previous example motivates:

Definition 4.3.2. Let C be model category and COF(C) the class of cofibrations. Assume
that the cofibrations are generated by a set . We say that the set of generating cofibrations
is well-founded if there exists a well-founded relation < on I such that for all ¢ € I, the map
&5 — Dom/(7) can be written as a k-composite of pushouts of maps j € I with j < 4.

Example 4.3.3. As explained in theorem [4.3.1], if T" is a generalized k-algebraic theory, then
the weak factorization from theorem 4.2.22/ on Mod(T") has a well-founded set of generators
corresponding to the type of axioms of 7.

The general idea is; if we start from a combinatorial weak factorization system, and
we want to see it as coming from an explicitly given generalized algebraic theory, we start
by finding a well-founded set of generators, and then we build a theory whose type axioms
correspond to these generators.

Note that in particular, we need the factorization system to be generated by map with
“cofibrant” domain, that is we need the model category to be “tractable”. Most model
structures we work with in practice, in fact all the examples we will encounter here are
tractable. But in general this is not an obstruction, this can be achieved using lemma 4.7 of
[30]:

Proposition 4.3.4. [30, 4.7 Lemmal. Fix x an uncountable regular cardinal. Let (L, R;)
and (L, Ry) two k-accessible weak factorization systems on a locally k-presentable category
C such that Ly < Ly or Ry © R;. There is a k-accessible weak factorization system (Ls, R3)
on C such that Rj3 is the class of maps tha have the right lifting property against all L;-
maps whose domain is Lo-cofibrant. If (L1, Ry) is k-combinatorial, then (Ls, R3) is also
k-combinatorial.

Observation 4.3.5. If M is a combinatorial weak model category, then there exists a
tractable combinatorial weak model category structure on M with the same core cofibra-
tions and core acyclic cofibrations. In order to see this, we apply theorem taking
(L1, Ry)=( acyclic cofibrations, fibrations) and (L, Re)=(cofibrations, acyclic fibrations).
This produces a weak factorization system (L3, R3) where the class R3 of fibrations is gen-
erated by acyclic cofibrations with cofibrant domain. We apply the the result again, but on
(cofibrations, acyclic fibrations)=(La, Ry)=(L1, Ry) to get another weak factorization system
(L%, RY) where the class R} is generated by cofibrations with cofibrant domain. Note this
process does not change the core (acyclic) cofibrations or core (acyclic) fibrations.

Once we have generating cofibrations with cofibrant domain, there is always an easy
way to get a well-founded set of generators:

Example 4.3.6. If L is a set of generating cofibrations with cofibrant domain of a combi-
natorial weak model category, then we can get a well-founded class of cofibrations by setting
L' ={Z — Dom(l)|l € L} [[ L. In this case, we can set (J — Dom(l)) < f for f € L and
le L.
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Theorem shows that starting with a k-clan, one can get a cofibrantly generated
weak factorization system on the category of models Mod(C) such that the generating set
of cofibrations is well-founded. We can reverse this process in the sense that if we are given
a weak factorization system with a well-founded set of generating cofibrations, then we can
produce a generalized k-algebraic theory from it, and therefore the k-clan associated to it.

The next example is similar to theorem [4.3.1

Construction 4.3.7. Let C be a x-clan. Assume that C has a weak factorization system
that is cofibrantly generated by a set I with a well-founded relation. Recall that this means
that for a cofibration ¢ : A < B the map ¢J — A is a k-composite of pushouts of maps j € [
with 7 < i. Therefore, we can introduce a type axiom:

A BType
for i : A — B € I. The notation A denotes the context in which the new type B is
built, and the context A is obtained using types strictly smaller than B, which reflects the
decomposition of the map ¢§ < A as k-composite of pushouts of maps j € I smaller than i.

We can think of this construction as similar to the functor U : k-CON — k-GAT from
section which produces a generalized k-algebraic theory U(C) from a rk-contextual
category C. In particular, for a display map By,1 — By € C it gives a type axiom By —
Byy1 Type.

Remark 4.3.8. For each of the examples below, we start with a Quillen model category M
and apply theorem [£.3.7to obtain a theory T). In general, this is the guiding principle that
will allow us to identify the statements, and the language, to which the invariance theorems
apply.

Furthermore, using the theory Th we can consider the category Mod(T() and use
theorem [£.2.22] to obtain a weak factorization system. Through this process, the cofibrations
and trivial fibrations we obtain coincide with the ones from the Quillen model category we
start with. However, in general we do not have an equivalence of categories Mod(T) = M.

4.3.1 Categories

Let us illustrate our construction on this prime example we have been referring to throughout
the paper. Recall that 0 is the empty category, 1 := {0} is the category with a single object,
2 := {0 — 1} the arrow category and P := {0 =3 1} the category with two parallel arrows.
Finally, J = {0 < 1} denotes the walking isomorphism category. The following result
appears in [58].

Theorem 4.3.9. There is Quillen model structure on the category Cat such that:

1. Weak equivalences are the equivalences of categories,

2. Cofibrations are the functors injective on objects,
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3. Fibrations are the isofibrations.

Furthermore, this models structure is cofibrantly generated. The sets
I={051,{0u{l}>2 P52)and J:={1 > J}
are the generating cofibration and trivial cofibrations respectively.

In this model structure all objects are cofibrant. We can immediately associate for each
generator in I a sort in the following way:

0—-1 —_—  Ob Type
{0bu{l} >2 —— z,y:Ob+ Hom(z,y) Type
P — xay:Obafvg: Hom(l‘7y)}_ Eq(f7g)Type
Note that while the type Ob has no dependencies, the type Hom(z,y) depends on two
elements of type Ob, which is encoded in the cofibration {0} L {1} — 2. The same situation

applies with the type Eq which furthermore has dependencies on the types Ob and Hom,
now the cofibration P < 2 expresses this.

The resulting theory is what we introduced earlier C'at— which by convenience we recall
here. This is defined as:

1. Type of objects: + Ob Type.
2. Type of morphisms: x : Ob, y : Ob - Hom(z,y) Type.
3. Equality type: x,y: Ob, f,g : Hom(x,y) - Eq(f, g)Type

4. Composition operation: x : Ob, y : Ob, z : Ob, f : Hom(x,y), g : Hom(y,2) = go f :
Hom(x, z).

5. Identity operator: = : Ob - id, : Hom(z, z).

Subject to the following axioms:

xz:0b, y:0b, f:Hom(z,y) -id,o f=f.

x:0b, y:0b, f:Hom(z,y) - foid, = f.

x:0b, y:0b, z:0b, w:O0b, f:Hom(z,y),g: Hom(y, 2),h: Hom(z,w) - (hog)of =
ho(go f).

x,y : Ob, f: Hom(z,y) - rf : Eq(f, ).
x,y:0b, f,g:Hom(x,y),a:Eq(f,9) - f=g.
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e z,y:0b, f,g:Hom(z,y),a:Eq(f,g9) - a=ry.

As remarked in theorem the language we obtain is the same as the one given by
[13] and [23]. In the introduction we presented the formula for an object x to be terminal:

Yy € Ob, (v € Hom(y, z) A Yu,w € Hom(y, x), Eq(u, w)) .

Such formula is written in the language of categories.

Observation 4.3.10. We verify the above differently to showcase the fact that we do not
need to explicitly know the language (type theory) associated to a model category, we only
need to know that can be constructed out of cofibrations. The formula above is constructed
by first quantifying universally over the cofibration 0 — 1 to give Vy € Ob. Note that
applying the existential quantifier to {0} L {1} — 2 give us 3v € Hom(y, z) and the universal
quantifier on 1 — J. In the end, the formula can be seen as a composition pushouts “in
context x.” Building the context of a formula is not an easy task, however, it might be easier
to describe a pushout.

Remark 4.3.11. We mentioned at the beginning of the section that the association we do
from cofibrations to types is not extremely formal. Again, the reason is that the equivalence
between k-clans and generalized k-algebraic theories, section [4.6] is not explicit. The associ-
ation we make, for categories and the other examples below, is the obvious one and ad-hoc
to the expected theory. From the start, we know what our intended models are, so once we
have the types we define the operations and impose the equations that our intended models
satisfy. We stress that this is informal and not very precise.

Remark 4.3.12. In general, a cofibration in a model category could be decomposed as a
pushouts of cofibrations in more than one way. Depending on our choices, it might happen
that we end up with different, but equivalent, theories.

One of the worst case scenarios is when we do not have a straightforward well-ordering,
see the case for unbounded chain complexes below section [4.3.4]

Although these remarks deserve a proof, we choose not give one as this would divert us
from the objective of the paper.

4.3.2 2-categories and Bicategories

In this section we examine the language associated to the canonical model structures on the
categories 2-Cat and Bicatg, respectively. The model structure for these two categories was
defined in [44] and [45].

Given a category C' its suspension Y. O is defined as the 2-category with two objects
X, Y, the hom categories are >, C(X, X) =oC(Y,Y) = > C(Y,X) = F and >, C(X,Y) =
C'. Furthermore, each bicategory & € Bicatg has an underlying Cat-graph, in the sense of
[75]. This induces a functor U : Bicats — Cat-graph which has left adjoint F', this gives
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us the free bicategory generated by a Cat-graph. The suspension of a category C' can be
seen as a Cat-graph associated to C'. The free bicategory generated by the suspension of a
category is denoted by > % . Moreover, this construction is functorial.

[45, Theorem 3| constructs a model structure for the category of bicategories. This model
structure is cofibrantly generated with generating cofibrations given by the suspension of the
generating cofibrations of the canonical model structure on Cat and an additional functor
we specify below. Finally, & is the “free-living adjoint equivalence ” is the bicategory with
objects x,y, freely generated by 1-cells f : x — y and ¢ : y — x, and two invertible 2-cells
n:ly,=gf, e: fg= 1, satistying the familiar triangle identities.

Theorem 4.3.13. There is a model structure on the category Bicatg of bicategories and
strict bifunctors such that:

1. Weak equivalences are the biequivalences,

2. Fibrations are the strict bifunctors with the equivalence lifting property.

Furthermore, the model structure is cofibrantly generated by the sets
I={¥—>1%uYv,Yw}and J = {1 - &}

where F# is the empty bicategory, 1 is the bicategory with a single object and no non-identity
2-cells, the functors u, v, w come from theorem and the bifunctor in J picks the object
x.

When we analyze the set of generating cofibrations I we rediscover the generalized
algebraic theory of bicategories Bicat_:

e ¥ —> W ——  ObType

o {z)ufy) 2 {z >y} — 2,y : Ob Hom(z,y)

0 0
v
° xl;y—>x1;}:y|—>x,y:Ob,f,g:Hom(w,y)l—Hom(f,g)Type
0 0
w : - H
o xwy > x/Fy . z,y Oba fag Om(xay>7
~— ~— a, B : Hom(f, g) - Eq(a, 3) Type

Moreover, we can also introduce the composition and identity operations for arrows and
cells:

e Composition operation for arrows: z : Ob, y : Ob, z : Ob, f: Hom(z,y), g : Hom(y, 2) -
go f:Hom(z,z2).

e Identity operator for arrows: = : Ob |~ id, : Hom(x, z).
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e Vertical composition of cells: x,y : Ob, f,g,h : Hom(z,y),« : Hom(f, g), 3 : Hom(g, k) -
Boa:Hom(f, h).

e Horizontal composition of cells: z,y,z : Ob, f,g : Hom(z,y),h,k : Hom(y, z),a :
Hom(f,g), : Hom(h,k) — a= 3 : Hom(ho f, ko g).

e Identity operator for cells: z,y : Ob, f : Hom(z, y) - id; : Hom(f, f).

One can also attempt to list all the axioms that the above theory ought to satisfy, with
the risk of running out of space. We simply exemplify this with the associator:

w,x,y,z : Ob, f: Hom(w, z), g : Hom(z,y), h : Hom(y, 2),

o Hom((hog)o f,ho(go ), Hom((ho (g0 f),hog)o f)
=1 Eq(ao B, idhoger)) A s Eq(B o a,idpog)or)-

We also include the axioms for Eq, the same ones as for categories, that give us the
expected behaviour.

Remark 4.3.14. If we now try to obtain the associated theory 2C'at_ using the generating
cofibration of [45], we see that the resulting theory has similar types and operations as the
theory Bicat— of bicategories. The notable differences is that we do not need associators
or unitors, but we need to include equations for the associativity and unitality of the com-
position of arrows and cells, and also the interchange law relating horizontal and vertical
composition of cells. All these axioms are the appropriate ones to obtain 2-categories as the
models of the theory 2Cat_.

Definition 4.3.15. Let C be a 2-category. An object x € C is bi-terminal if for all y € C
there is an equivalence of categories C(y,x) = 1.

Note that f : a — b being an equivalence can be written as
3h : Hom(b, a),3n : Hom(id,, ho f),3e : Hom(h o f,idy),islso(n) A islso(e), T.

Observe that the statement islso(n), which says that n : f = ¢ is a natural isomorphism,
only involves equality of natural transformations:

islso(n)) := e : Hom(g, f),s : Eq(eon,ids) A r: Eq(noe,idy), T.
We can then conclude that the notion of bi-terminal object is invariant.

Remark 4.3.16. Other natural, but somewhat different, higher categories to consider in this
progression are double categories. Fortunately, this question has been described in Paula
Verdugo’s PhD thesis [71]. In particular, she builds a model structure on double categories
where the fibrant objects are the equipments. The language for this model structure will
produce formulas that express properties of equipments. Therefore, we can use our invariance
theorems for this language of equipments. For the consequences of this, we refer to Ibidem.
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4.3.3 Bounded below chain complexes

In this section, examine the language of the projective model structure on bounded below
chain complexes Ch(R) over a commutative ring R. We start by recalling some facts about
this model structure. The detailed proofs can be found elsewhere, e.g. [33].

Given an R-module M for each n € Z define S™(M) € Ch(R) by

M k=n
S™(M), = ’
(M) {O,k;«én.

Similarly, D"(M) € Ch(R) is defined as

M, k=n—1,n

0, otherwise.

D"(M), = {

where the only non-trivial differential d,, : M — M is the identity. Obviously, we get an
inclusion S"Y(M) — D"(M).

These constructions induce functors S™ : R-Mod — Ch(R) and D" : R-Mod — Ch(R)
for each n € Z. Both functors have right adjoint Z,, : Ch(R) — R-Mod and Ev,, : Ch(R) —
R-Mod, respectively, where Z,X := Ker(d,) and Fv,X = X,,.

In particular, when M = R the chains above are denoted by S™ and D", respectively.
We can define the sets

I:={S"' > D"neZ}and J:= {0 — D"|ne Z}.

All constructions above work on unbounded chain complexes too. In the next result
we restrict to bounded below chains, i.e., n > 0, By definition (D°)_; = 0, so that S° =
D. With this information, what we need to know about the projective model structure is
summarized in the following:

Theorem 4.3.17. The category of chain complexes C'h(R) admits a model structure where:

1. Weak equivalences are the quasi-isomorphisms
2. Fibrations are the degree-wise epimorphisms.

3. Cofibrations are the degree-wise monomorphims with projective cokernel.

Furthermore, this model structure is proper, cofibrantly generated and combinatorial. Cofi-
brations and trivial cofibrations are generated by I and .J, respectively.

The cofibrant objects in the mode structure from theorem [4.3.17]are complexes such that
each R-module is projective. However, this is not the case for unbounded chain complexes,
where not every chain complex with projective modules is cofibrant. Nevertheless, in both
cases, all objects are fibrant.
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Remark 4.3.18. Using the adjunction S™ - Z,,, for any chain complex X, a map S™ — X
is simply a map R — Z,X of R-modules. And from D" H Ev,, a map D" — X corresponds
to y € X,,. Therefore, a commutative square

Sl X
|7

i

means that x € 7, 1 X < X,,_1 i.e., d,_1x = 0 and that fx = y € Y,,. Therefore taking a
pushout simply means we freely add (n — 1)-cycles to X,,_; with a specified boundary.

The first element i.e., n = 0, of the set I is the cofibration

0 0 < 0 < 0 <
I
DY 0 < R < 0 <

For any n > 1 we have cofibrations i,

St 0 < ]I%< 0 < 0 <
o] N T
D 0 < R <1r— R <« 0 <

We then see immediately that I has a natural, well-founded, order, where we can set i
to be the minimal element of the set.

From theorem we get cycles y € X,, and for each x € X,,_; such that dz = 0
and C,(x) = {y € X, |dy = z}, this is for each generating cofibration i, : S"~* — D™. This
tells us that the w-generalized algebraic theory has types C,(x) for n > 1. We sum up the
discussion in the following table:

’io 00— DO — H CO Type

i 2 S"H— D" — z:Ch1(0) - Cpu(x) Type

for n > 1. Note that differential is already included in the information that define the types
C.(x). We should also add, not included in the table, “4+” operations on each type C,(z),
and axioms, that ensure is an abelian group:

a:Cu(z), b:Co(y) Fa+b:Culx+y).

Observation 4.3.19. It is important to note that in the theory we do not have equality
between chains. The only possibility is to consider C,(z) for x : C,_;(0). However, this is
enough to speak about chains satisfying a boundary condition x — y = d,,z which is written
in our language as

3z :Cy(z —y), T.
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4.3.4 Unbounded chain complexes

When we work with unbounded chain complexes, with the obvious modifications, theo-
rem [£.3.17 becomes:

Theorem 4.3.20. The category of chain complexes Ch(R) admits a model structure where:

1. Weak equivalences are the quasi-isomorphisms
2. Fibrations are the degree-wise epimorphisms.

3. Cofibrations are the retracts of monomorphims with projective cokernel.

Furthermore, this model structure is proper, cofibrantly generated and combinatorial. Cofi-
brations and trivial cofibrations are generated by I and .J, respectively.

Unlike the case for bounded chains, the cofibrations, or I, is not well-founded. However,
we can obtain a new generating set of cofibrations following theorem [4.3.6] We consider the
new set I' .= [ U {0 — S™|n € Z}. Note that since 0 — S™ is a cofibration, we are not
altering the model structure. The resulting theory is similar to the bounded case, we now
must have the following association:

0— S — — Z, Type
ip ST — D — r:Z, 1+ C,(x) Type

for n € Z.

Again, we need to add some non-type axioms. For example, we need each Z, to contain
an element 0, and C,(0) = Z,, then each C,, has an abelian group structure as in the case
of bounded complexes.

4.3.5 Topological spaces

Here we recall the Quillen model structure on the category of topological spaces Top [55].
Recall that a map f : X — Y € Top is a weak homotopy equivalence if for all x € X and
n = 1 the induced map f, : m,(X,x) — m,(Y, f(z)) is an isomorphism of groups and for
n = 0 is a bijection. Additionally, the map f is a Serre fibration if for any C'W-complex W
the following square has a diagonal filler:

AX{O}—;X

L

Ax[0,1] — Y.

Theorem 4.3.21. The category Top has a model category structure such that:
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1. Weak equivalences are the weak homotopy equivalences.
2. fibrations are the Serre fibrations.

3. Cofibrations are the maps with the left lifting property against trivial fibrations.

Moreover, this model structure is cofibrantly generated. The generating cofibrations is the
set of boundary inclusions {S"~! — D"|n € N}. The set {D" — D" x [0, 1]|n € N} generates
trivial cofibrations.

We can immediately write some of the relevant type axiom of the resulting theory:

e  0-CW Type.
o z,y:0-CW 1-CW(z,y) Type.
o z:0-CW,vy:1-CW(z, z) - 2-CW(x, ) Type.

Note that the language associated to the model structure allow us to express properties
of topological spaces without relying on a specific set of axioms. However, this presents a
limitation coming from the fact that we do not have an equality type. It is a classic result
that there is no finitary presentation of a topological space. But in our setting, when X is
a CW-complex i.e., it is obtained as an iterated pushout of cells, then a continuous map
D™ — X can be written in the language above.

Example 4.3.22. We can not write the formula
Jx : 0-CWVy : 0-CW, z = .
The only possibility is to write
Va,y: 0-CW3a : 1-CW(x,y), T

which simply says that a space is path-connected. Moreover, we can not say that two paths
a, B : 1-CW(x, x) are homotopic in the usual sense, only that there exists o : 2-CW(z, o, 5).

4.3.6 Kan complexes and quasi-categories

In this section, we analyze two very well-known model structures on the category of simplicial
sets sSet; the Kan—Quillen and the Joyal model structures. One interesting feature is that
we obtain the same theory for both models, but under the light of theorem meaningful
statements are delimited by the fibrant objects. In the first model we are interested in Kan
complexes, while in the second model in the quasi-categories. The first model appears in
[55] and the second in [37]. These are the first references one can find, but the literature is
ample for both models.
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Recall that a map f : X — Y between simplicial sets is a Kan fibration if it has the
right lifting property for all horn inclusions, i.e., the solid diagram below a diagonal filler

Af[n] — X
7 l
j P

Aln] — Y

for all 0 < k < n € N. The simplicial set X is a Kan complex if the unique map to the
terminal presheaf is a Kan fibration. This is the result from [55]:

Theorem 4.3.23. The category of simplicial sets sSet carries a model structure in which:

1. Weak equivalences are maps f : X — Y whose geometric realization |f| : |X]| — |Y|
is a weak homotopy equivalence in the category of topological spaces Top. These are
called Kan equivalences.

2. Fibrations are the Kan fibrations.

3. Cofibrations are the monomorphisms.

The class of cofibrations is generated by I := {0" < A[n]|n € N} and trivial cofibrations are
generated by J := {A*[n] - A[n]lne Nand 0 < k < n}.

Similarly, a map f : X — Y between simplicial sets is an inner Kan fibration if it has

the right lifting property for all inner horn inclusions, ¢.e., the solid diagram below a diagonal
filler

AF[n] —— X
P

"

Aln] —— Y

for all 0 < & < n € N. The simplicial set X is a quasi-category if the unique map to the
terminal presheaf is an inner Kan fibration. This is the result from [37]:

Theorem 4.3.24. The category of simplicial sets sSet carries a model structure in which:

1. Weak equivalences are the weak categorical equivalences.
2. Fibrations are the inner Kan fibrations.

3. Cofibrations are the monomorphisms.

The class of cofibrations is generated by I := {0A[n]| — A[n]|n € N}, the set of boundary
inclusions.

Notice that both model structures have the same class of generating cofibrations. Hence,
we expect that they have the same theories. We get a type for each cofibration in /. The
first elements in this list of types are:
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e | O-simplex Type.
e 0¢,01 : O-simplex | 1-simplex(oy, 1) Type.

e 0g,01,05 : O-simplex, ooy : 1-simplex(0g,01), 012 : 1-simplex(o1,02), 002 : 1-simplex(og, 02)
2—simp|ex(00, J01,092,001,012, 0'02> Type

The picture we should have in mind on the dependency of types is the usual one about
simplices. A 1-simplex depend on two 0-simplicies, a 2-simplex consist of three 0-simplicies
and three 1-simplicies and so forth.

One can see that the faces of an n-simplex are obtained via the dependencies, or context
in which is defined. However, we can still adopt the usual notation for faces. Specifically,
for each n € N one has the faces d;(00123..(i—1)i(i+1)..n) ‘= 00123...(i—1)(i+1)..n 15 the (n — 1)-
simplex “opposite” to the i-th vertex of ogi2.,,. This simplex is already defined, and it used
in the construction of o¢12..,. We emphasize that this is not part of the theory, but just a
convenient and familiar shortcut.

The degeneracy operator is part of the theory and needs to be introduced:
00123...(i—1)i(i+1)..n - n-simplex - Si(0_0123...(i71)i(i+1)...n) : (n + 1)-simplex

where Si(00123...(z'fl)i(iJrl)..An) = 00123...(i71)i(i+1)...n is the (n—l—l)—simplex that contains 0'0123.“(1',1)1'(241)“.”
as its i-th and (i + 1)-faces. We have one of such operations for 0 < i < n. The way we have
introduced this operation is not completely correct as we are missing the dependencies for

n-simplex and (n + 1)-simplex and the context, nevertheless we can infer them. For example:

x,y: O—Simplex, f : 1—simp|ex(a:,y) = Sl(f) : 2—simp|ex(x,y,y, f7 SO(y)7 f)

where so(y) is the degeneracy of y or the “identity of y” and is constructed previously.

We also expect the simplicial identities to be satisfied. However, we do not need to
postulate all of them as axioms of the theory since some of them are given via dependencies
or by operation typing. The only equation we postulate is s;s; = sj115; for i < j. On the
one hand, the usual equation d;d; = d;_,d; for ¢ < j only involves faces, therefore everything
is encoded in the dependency. On the other hand, the equation

ijldia 1< ]
diSj: [d, ZIJ,]+1
dei—la 1> j +1
is valid from the definition of degeneracies and dependency of the faces. As we anticipated,

the only way to tell apart which formulas are meaningful is through the fibrant objects,
quasi-categories and Kan complexes, respectively.
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Example 4.3.25. A Kan complex X is contractible if is weakly homotopy equivalent to 1.
This is just to say that for any n > 0 we can find a lift

OA" —— X

l //\( l

A" —— 1

which expresses the fact that the unique map X — 1 is a weak homotopy equivalence. Note
that X must satisfy an infinite number of conditions:

e For n = 0 says: dog : 0-simplex,
e For n =1 says: Yoy, 01 : O-simplex, 3o0; : 1-simplex(oy, 1),

e For n = 2 says:

Voo, 01 : 0-simplex ooy @ 1-simplex(oq, 01), 012 : 1-simplex(cy, 03),

ooz : 1-simplex(og, 02), o012 : 2-simplex(og, 01, 02, 001, 012, 002).

One continues unpacking the conditions and take the infinite conjunction of the formulas.

Alternatively, we can note that the domain of a trivial cofibration 7, : JA"™ — A"
give us the context, or hypotheses, of the statement. In this case, the codomain gives us
the type where the conclusion holds. If we accept this, let us write, t € Ls5¢t(0A") for a
term (formula) which expresses a property in the context A", similarly ¢’ € L5t (A") for a
formula in the context A™. With this convention, we do not have to use the theory explicitly.
When we apply the quantifiers, universal or existential, we move these formulas to LS¢t( )
and ask whether a fibrant object satisfies the resulting formula. For T € L5°*(A™) then for
iy : OA™ — A™ and j, : & — JA™ we get maps

Elin : ]LsSet<An) N LsSet(aAn) and vjn . LsSet ((}An) N LsSet<@)7

and thus the formula V; 3; T : Ls5°*(2) would say that a Kan complex satisfies the corre-
sponding lifting problem. For a Kan complex to be contractible, it needs to satisfy formulas
for all n € N. Therefore,

isContr(X) == (X - /\ ¥;,3:,T).

neN

We are now convinced that contractibility can be written in the language we just de-
scribed. Theorem indicates that we might not need to get an explicit syntax from the
generating set of cofibrations. Instead, we might just quantify over the required cofibrations.
The main reason this is preferable over the syntax is that in general such syntax is compli-
cated to write, see for example section The previous example shows that we might
prefer to choose simplifications that make our sentences easier to read. This is specially true
for contexts like the ones covered in the following section.
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4.3.7 Reedy languages

The purpose of this subsection is to describe the language for the category MX™ where K
is a Reedy category and M is a model category whose language we know. This encompasses
some of the previous examples and opens the door to further applications.

Recall that if M is a cofibrantly generated model category whose cofibrations are gen-
erated by a well-founded set of cofibrations I then for each cofibration A — B € I we can
associate a type introduction axiom A - B Type, where A is a well-formed context previously
constructed.

Let K be a Reedy category with degree function deg : K — w. This restriction is
artificial since we could consider more general Reedy categories, however, for the examples
this construction is aimed at, this is enough. The objects of K have a well-founded order
relation induced by the degree function.

Construction 4.3.26. Let 0 &, be the latching object of the representable functor J; and
dy : 0% — X, the induced map. There is a bifunctor

®: Set™” x M — ME®

defined by (A® X)), :=[[,, X. Let I be as above, given i : X — Y € [ and k € K we apply
the usual Leibniz construction and obtain the dashed arrow below

1 1
(9J:k®Y — aJ:k®Y]_[a;k®X J:k®X

~~__ dp®i

We now consider the set of maps K ® I == {d, ®i|lk € K, i € I}. By identifying each
map dp ®i € K ® I with a pair (k,i), we see that K ® I is also a well-founded relation,
which we denote by <g. Here the relation is defined entry by entry i.e., (k',7') <g (k,7) if
and only if deg(k’) < deg(k) and i’ <; i, where <; is the well-founded relation on I.

The previous construction is further justified by [8, Proposition 2.3.22| for premodel
categories, but a similar description is abundant in the literature for Quillen model categories.

Proposition 4.3.27. The Reedy weak factorization system on MX™ is generated by K ®1,
and therefore the Reedy model category structure on MX™ is combinatorial whenever M is
combinatorial.

A useful result we can have in mind is the following:

Lemma 4.3.28. Given any i : A — B € M, a morphism f : X — Y € ME” has the lifting

. ~k
property with respect to dy ® 7 if and only if f : X, — Yi xay M X has the right lifting
property with respect to i.
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Proof. As written, this is [8, Lemma 2.3.21], but it is also a classical result found in [33]. 1

Remark 4.3.29. The matching objects in theorem 4.3.28| are computed with respect to the
Reedy structure of K°P. This means that the relevant diagram in M; X in given by maps in
(Kop)_ - K+ .

Observation 4.3.30. Many models for higher categories are built starting with presheaves
over a Reedy category. Then to obtain the desired model one takes a left Bousfield local-
ization for an appropriate class of maps. Importantly, this localization does not change the
generating cofibrations. This is just to say that the language of MX™ remains unchanged
after localization.

The cofibrations for the Reedy model structure are usually rather complicated, we can
sometimes proceed as in theorem This is, if IV < I is a generating cofibration then we
might simply consider a formula ¢/ € LM* (I") or ¢ € LM"" (I') with no explicit description
of the type associated to the cofibration.

As an interesting case, in the following section we examine the Reedy language for Segal
spaces. However, the construction applies to any other model category constructed similarly.

4.3.8 Segal spaces

We denote ssSet = [A° sSet] = [A°P x A°P Set| the category of simplicial spaces, or
bisimplicial sets. This category has two model structures that are obtained as left Bousfield
localizations of the Reedy model structure. For both of these localizations, we use the
Kan—Quillen model structure from the previous section. Recall that this model structure is
cofibrantly generated. The set of generating cofibrations are the boundary inclusions. We
will use the following facts and notation.

e There is an adjunction of two variables []: sSet xsSet — ssSet defined as (X[ ) =
X,, x Y, for each m,n € N. This is called the box product.

e sSet can be seen as vertically embedded into ssSet. If X € sSet, then it can be seen as
a simplicial space X[JA[0]. There is also a horizontal embedding by setting A[0]C1X.

e For [m] € A we write F(n) := A[n]OA[0] and 0F (n) = 0A[n]IA[0].
e The simplicial spaces F(n) represent the n-th mapping space functors, respectively
Map(F(n),X) = X,,.
There is map ¢ : F'(1) [ [+ [ £(1) = F(n), where the colimit on left has n
factors. The following two model category structures were constructed by Rezk [59].

Theorem 4.3.31. The category admits a unique simplicial model category structure such
that:

1. The cofibrations are the monomorphisms.
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2.

Fibrant objects are simplicial spaces X such that the map
Xn — X1 Xx, 0 Xx, X1
induced by ¢ is a Kan equivalence. These objects are called Segal spaces.
The weak equivalences are the maps f: X — Y € ssSet such that
Map(f,W) : Map(Y,W) — Map(X, W)
is a Kan equivalence for every Segal space W.

A map f: X — Y between Segal spaces is a fibration (weak equivalence) if and only
if is a Reedy fibration (Reedy weak equivalence).

Recall that J denotes the category with two objects and two arrows that are mutually

inverses. It is usual to denote by E(1) to the Segal space which is obtained by considering
the nerve NJ as a discrete simplicial space. This produces a map F'(1) — E(1).

Theorem 4.3.32. The category admits a unique simplicial model category structure such
that:

1.

2.

The cofibrations are the monomorphisms.

Fibrant objects are Segal spaces X such that the map
Map(E(1), X) — Map(F(0), X)

is a Kan equivalence. These objects are called complete Segal spaces.

. The weak equivalences are the maps f : X — Y € ssSet such that

Map(f,W) : Map(Y,W) — Map(X, W)

is a Kan equivalence for every complete Segal space W.

. Amap f: X — Y between complete Segal spaces is a fibration (weak equivalence) if

and only if is a Reedy fibration (Reedy weak equivalence).

These models are cofibrantly generated. The set of generating cofibrations can be de-

scribed using the box product [40, Proposition 2.2]. This set is given by I = {d[ldn|m,n e
N}. Explicitly a map in I is of the form

dlId, - OA[m]OA[R]  []  Alm]O0A[n] — Alm]OA[n]
0A[m]O0A[n]
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We can obtain the generalized algebraic theory for (complete) Segal space. The domains of
these maps provide the context in which a new type is formed. To get a sense of the theory,
consider the following picture of a bisimplicial set X:

Xoo > Xoi

i

X0 — Xn

m

The arrows indicate the degeneracy and face maps. Now we go back to consider the maps
dy[d,. When m = n = 0 then we simply get a map ¢ — A[0]JA[0], and allow us to
introduce the type

AN AN
N AN U~

- -space,, Type.
When n = 0 the resulting subset of maps is of the form
dn[JA[0] : OA[M]TOA[0] — A[m]OIA[0].
In this setting, since for m = 0 we obtain the previous cofibration ¢ — 1, for each m > 1
we can write the following types:
e 1,y :-spacey, - -space;y(x,y) Type.
e T,y,z:-spacey, [ :-space;o(z,y), g : -space,(y, z), h : -spaceo(z, z) - -spacey(, y, z, f, g, h).

When m = 0 we obtain the theory of the categorical direction. Now suppose that m = 1 = n,
then resulting generating cofibration is the map

d(1dy - OA[LDA[L] [ A[LJO0A[1] — A[1JDA[1]
OA[1]T0A[1]

From here we see that the type associated to this map has the following form:

To, T1, T2, T3 1 -Spacey, for : -spacey; (T, x1), foz : -spacey; (2, T3), foz : -space;y(wo, T2),
fis : -spaceo(z1, x3) F -space,; (zo, T1, T2, T3, for, fa3, fo2, fi3)-

We think of this new type as the type of squares where the solid boundary is the given
context

Jor
To— T

f02l lfls

Tog —— T3
23
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For different m, n the context are simply more involved, but the dependencies can be inferred.
Note we still need to add the degeneracy operators satisfying the usual axioms. We can see
that as we build more complex contexts, it will be computationally difficult to obtain an
explicit description of the types. We might instead proceed as in theorem [4.3.25]

Example 4.3.33. Two elements z,y : -spacey, are said to be homotopic if there exists
« : -space;o(x,y). Such sentence only involves types in the language of Segal spaces. In
contrast to topological spaces, we can express the fact that two maps are homotopic.

Remark 4.3.34. Note in particular that the language of spaces or Kan complexes is available
for us to use. This in combination with our construction in section 4.3.7 allow us to realize
many properties of (complete) Segal spaces, for example the ones found in [57], are written
in this language.

4.3.9 Functors and Isofibrations

We denote [1] := {0 — 1} the category with two objects and single non-identity arrow. This
category can be viewed as a Reedy category in two ways. The first one respects the direction
of the arrow, so we take [1], to be the non-identity map. While for the second we take the
same map to be in [1]_. Recall that if K is a Reedy category then K°P is also a Reedy
category where (K°), = K_ and (K°)_ = K,. In order to match the computations of
theorem [4.3.26] we use the same notation as there. By which we mean that for a model
category C we use CU+)™ and CIN-)* with the corresponding Reedy model structures,
ignoring the fact that {1+ = ¢t~ and ¢(-)* = ¢+,

Proposition 4.3.35. The Reedy model structure on Cgig;op coincides with the projective
model structure. In particular, weak equivalences and fibrations are the level-wise weak
equivalences and fibrations in C.

Proof. This is a classical and well-known a result. |

We are interested in the particular case of C = Cat. It is immediate to see that all
objects are fibrant. The language we obtain should be the language for functors. Since
Cat is cofibrantly generated by I = {0 > 1, {0} u {1} 5> 2, P > 2} we have that [1]® I
generates Cg;lgy)op, by theorem [4.3.26/ This gives us the set of maps

{d0®u7d0®v7d0®wadl®u7d1®vadl®w}~

To explain what it means for a map f : X — Y to have the lifting property against these
cofibration we can use theorem for which we need the matching objects. We observe
from theorem [4.3.29] that MyX =1 = M;X since ([1]_); has no non-identity maps, and the
same applies to Y. Therefore, for i € I and k = 0,1 we have (d, ® i)h f in Cat!"” if and
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only if z'rh}k, but fk is either Xy — Yy or X; — Y;. Diagrammatically we have:

64:]{:@()]![&; ®a k®Q—>X (l—)Xk
x

dk®il lf <= zl l}k

J:k®b/ .Y b Y,

Specializing to Y = 1, it gives us an idea of how types are introduced:

0 — X {0} L {1} — X P— X
/| | ‘|
1 2 2

for k£ = 0,1. This means that we introduce objects, arrows between two objects and equal-
ity between arrows to Xy or X;. This indicates that corresponding generating cofibration
produce the following type axioms:

- XoType a,b: Xo+ Xo(a,b) Type  a,b: Xo, f,9: Xo(a,b) = f =x, g Type

- X, Type  a,b: Xy Xi(a,b) Type  a,b: Xy, f,9: Xi(a,b) = f =x, g Type
and we introduce the operation symbol for the functor as an operation
a: Xy Fa: X, f:Xo(a,b) = Ff: X1(Fa, Fb)

On top of it, we add the usual axioms that ensure we have the expected behaviour with

respect to the identity and composition operations. Let us call denote this language by
LFun'

Now we examine the language for the other model structure.

Proposition 4.3.36. The Reedy model structure on cgigf coincides with the injective
model structure. In particular, weak equivalences and cofibrations are the level-wise weak
equivalences and cofibrations in C.

Proof. The result is folklore. [ |

We find that fibrant objects are those such that Xy — X; is an isofibration. Therefore,
the language in this case refers to isofibrations. Again, this model structure has generating
cofibrations

{doy®@u,dy @v,dy @w,d; @u,d, @v,d, @w}.

Next, observe that 0k, = 0 and 0%k, = X,. We have the maps dy : 0 — X, and
dy . £y — XK. Therefore, if i : @ — b € I, then this give us the following cofibrations

L] J:()@a/_) J:O®b,
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. J:1®a]_[ct0®a Fo®b— X, ®0.
The map &o®a — X,®b for i € I corresponds to the following type introduction:
= XoType  @,y: Xo = Xo(z,y) Type 2,y Xo, f,g9: Xo(z,y) = f =x, g Type
which we can think of as a category. The analysis of the second map is more intricate. Let us
denote the evaluation of the representables by ., and X, for £k = 0,1, and for simplicity

we keep the ‘®" symbol. Evaluating the cofibration &, ®a][, o, &o®b— &, ®b at [1]5F
give us the square,

Fu®ally g0 F10®0 — Fa®all, g, Foo®b

| |

F11 ®0 » o1 @b,

where the horizontal arrows are induced by the diagram [1]%. This simplifies to
a——al],0b
b— b,

which we now compute for ¢ € I, so the pictures take the following form:

0——1 {0} u{l} —— 2 P—2
I
1——1 2 2 2 — 5 2.

From the above we deduce that the type axioms introduced by these cofibrations take,
respectively, the following form:

z: Xo + Xq(z) Type,
€T,y XO:f : Xo(.f(f,y),(l : XI(J:))b : Xl(y) = X1<CL, ba f) Typea
X,y Xva : X()(l’,Q),CL : Xl(x)vb : Xl(y)ujak : Xl(au b7 f) '_.] —=Xi(a,b,f) kT}’Pe

Unlike the language for functors ", here we do not need a symbol for F': X, — X;. We
denote this language for isofibrations as L/*°.

For the observation below, it will be useful to remember that given a functor F' : X — Y,
an arrow f @ x — y € X is cartesian if for any h : ' — y and w : F(2') — F(x) with
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F(f) ow = F(h), there exists a unique u : ©’ — x such that fowu = h. The following
diagram illustrates this definition:

. vh
X '
EJ TN
Ty
) |
Fa' Fh

T

A Grothendieck fibration is a functor F' : X — Y such that for any y € Y and f : a — F(y),
there exists a cartesian arrow ¢y : f*y — y such that F(¢;) = f. The functor F': X — Y is
a Street fibration if for any y € Y and f : a — F(y), there exists a cartesian arrow }” e—y
and an isomorphism F'(e) =~ a that makes the resulting triangle commutative.

Remark 4.3.37. It is a classical result that Grothendieck fibration is the same as a Street
fibration which is also an isofibration. On the one hand, note that a Grothendieck fibration
can be written in the language L/*° of isofibrations, but not in Lf*" of functors since it
contains an equality between objects, such equality of is salvaged in L/*° thanks to the
dependencies. On the other hand, a Street fibration is a formula in L7*". We also know that
the two Reedy model structures on the category Cat! are Quillen equivalent. The above
result can also be automatically obtained as an elementary application of 4" invariance
theorem, whose proof is the heart of the next section.

4.4 Language invariance under Quillen equivalences

4.4.1 The third and fourth invariance theorem

The main goal of this section is to show two more invariance property of the first order
language from section that we can phrase informally{'] as:

1. 3" invariance theorem: If two cofibrant objects X and Y are equivalent then any
formula in context X can be translated into a formula in context Y.

2. 4™ invariance theorem: If two (weak) model categories M and N are Quillen equiva-
lents, then any formula in the language of M can be translated into a formula in the
language of .

These “translations” are equivalent to the original formula in the sense that they inter-
preted in the same way in any fibrant model, but they might not be equivalent in the more
syntactic sense introduced in theorem [£.2.11] More precisely, we introduce the following
equivalence relation on formulas:

4The precise statement is just below as theorem m
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Definition 4.4.1. Let A be a cofibrant object of M. Two formulas ¢, € L{*(A) are said
to be semantically equivalent if for all fibrant objects X € M we have |¢|x = |[¢|x. In this
situation we write ¢ ~ .

We define hIL{'(A) to be the quotient of L{*(A) by the relation ~. We easily check that
this is still a Boolean algebra.

By definition of ~ we have that for ¢, € L{(T), then ¢ ~ 1, if and only if all maps
v:['— X with X fibrant.
' o) T+ Y)

We can now state our theorems.
Theorem 4.4.2.

e 3’ invariance theorem: Let A, B € M two cofibrant objects of a weak Quillen
model category M and f: A — B a weak equivalence between them. Then the map
f*:Lx(B) — Ly)(A) induces a bijection

hLa(B) =~ hlLy(A).

e 4 invariance theorem: If F : M — A is a left Quillen equivalence between two
weak model categories, then for any cofibrant object A € M the induced map

hLF, : hLYY(A) — hLY (FA)
from theorem is an isomorphism.

Remark 4.4.3. Note that if F': M =2 N : G a Quillen equivalence between weak model
categories and B is a cofibrant object of N which his not of the form F'(A) for A € M then
one can still use the 4" invariance theorem to transfers formula in hIL(B) to a formula in M
by first finding an object of the form F'(A) which is homotopically equivalent to B, which is
always possible as F' is a Quillen equivalence, and first transferring our formula ¢ € hlL(B)
to a formula in RIL(F(A)) using the 3" invariance theorem.

Observation 4.4.4. For any cofibrant object I' € M, ¢, € L) we defined ¢ ~ 1 if
and only if |¢|x = |¢|x for all fibrant objects. However, note that if we take a cofibrant
replacement X “°F of X, then by theorem 4.2.44] (2"¢ invariance theorem) we have, X  ¢(fv)

if and only if XC° |- ¢(v) where f: X" 5 X and v : [ — XC°F,

Therefore, when testing the relation ~, it is enough to use bifibrant objects. More
precisely, define ¢ ~y, 1 if |¢|x = |[¢|x for any bifibrant object X. Then

¢ ~ 1 if and only if ¢ ~; .

We now explain the construction of the map ALFy : hIL{*(A) — hLY(FA) mentioned
in the 4" invariance theorem.
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Construction 4.4.5. The map hILF, in the 4" invariance theorem is the map coming from

LF, : LA(A) — LY(FA) constructed in theorem [£.2.46] It just comes from the fact that
L{1(A) is an initial object. Recall that it satisfies the formula:

GX)F ¢(v) & X - F(¢)(0).

for any object X € D, and cofibrant object C' € C, any map v : C' — G(X) corresponding to
v: F(C)— X, and ¢ € LS.

This immediately imply the following proposition that shows that the map hlL4 men-
tioned in the 4" invariance theorem is well-defined.

Proposition 4.4.6. For any left Quillen adjunction F' : M < N : G and A € M a cofibrant
object, the map F': Ly(A) — L\(F'A) is compatible to the relation ~ and induce a morphism
of A-boolean algebra

F : hILy(A) — RL\(FA).

Proof. If ¢ and 1) are semantically equivalent formulas in IL)(A), then for any fibrant object
X e N, and maps 0 : FA — X corresponding to v : A — GX we have

X F(9)(0) = GX) - o(v) < GX) - ¢(v) & X = F(¢)(0)
which shows that F'(¢) ~ F(¢) and concludes the proof. |

We are now ready prove the 3" invariance theorem. We start with a special case:

Lemma 4.4.7. Let I''T" € M®" and 7 : I' < I" be a core trivial cofibration, then the
induced map hIL{Y(T) — AIL{Y(TY) is an isomorphism of A-boolean algebras.

Proof. Assume that 7 : I' < I is a core trivial cofibration. Since to define the language of
M we take the k-clan (M©°)°P when constructing the language we get a covariant functor
ME°" — Booly. Therefore, we obtain a map ©* : L) — L{(TY) and its left adjoint
3, LM(TY) — LYT), that furthermore descends to the adjoint pair h3, : hL3YTY) =
RILYY(T) @ he* between the A-boolean algebras.

We claim that h3, is the inverse for hr*. It is enough to show that for any ¢ : Ly(T)
and ¢ € LYY(TY) we have 3,7%(¢) ~ ¢ and 73, () ~ ¢.

Firstly, let X € MY® be a fibrant object and z : ' — X. Note that z € |3,¢|x <
hom(I", X) if an only there exists «’ : ' — X such that 2’ € |[¢|x € homy (I, X) and
that makes the following triangle commutative:
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Since X is fibrant, the map x’ always exists. Such 2’ is not necessarily unique, however, in
a situation in which we have two arrows

r — X
ﬂ£~ %
z
1"/
that make the triangle commutative, then using that 7 is a trivial cofibration we see that y

and z are homotopic. By the first invariant theorem (theorem 4.2.44)) we have y € ||y if
and only if z € [¢|x. Therefore, the existence of 2’ € 1| x is independent of choices.

From here, the result is immediate: x € |3,7*¢|x if and only if there exists 2’ : IV — X
such that a'm = z such that X + ¢(x*2’) i.e., if and only = € |¢|x. This shows that
|3-m*¢|x = |¢|x for any fibrant object. Conversely, for y : I' — X we have y € |7*3,¢] if
and only if there exists z : ' — X such that zr = ym and X F ¢(z), which is equivalent to
y € |Y|x, showing that |3,7*Y|x = [¢b|x. This concludes the proof that h3, is the inverse
for hr*. |

We can now ready to prove the 3" invariance theorem:

Proof of the 3" invariance theorem: The idea is to use theorem together with
Brown’s factorization lemma from [15], or rather an adaptation of it to the setting of weak
model structures that we present now. If f : X — Y is a weak equivalence between cofibrant
objects in a weak model category, In general we cannot form a cylinder object for X, but
instead a “weak cylinder” for X, that is a diagram:

X[[X Y—> X

I

IX —~— DX,

we then take the pushout of this whole diagram by the map X — Y, using either of the two
canonical maps X — X[ X:

X[y —“D Ly

[ [N (4.4.1)

IX[[yY —— DX[[,Y

and by precomposing with the coproduct inclusion X — X [[Y, we obtain a diagram:

x— 1 .y

[ [

IX][ Y —— DX[[Y
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three of the four maps here are weak equivalence, so it follows by 2-out-of-3 that the left
vertical map is also a weak equivalence, hence a trivial cofibration. Applying hlL we obtain
a diagram:

PL(X) ———— AL(Y)

| |

WL(IX[],Y) «— hL(DX]][,Y)

The two vertical arrows are bijections because of theorem [4.4.7], so in order to show that f*
is a bijection, it is enough to show that the bottom map is a bijection.

This bottom horizontal map fit into a commutative diagram:
/ Y
IX][yY — DX]]yY
where the arrow Y — /X [ [ Y is obtained as the pushout:

X ——Y

i

IX — IX][Y

Applying the AL functor, we get a triangle:

/ T

WL(IX][yY) ¢— hL(DX][4Y)

the two vertical and diagonal arrows are bijections because of theorem [£.4.7] and so the
third, horizontal, arrows also is, which concludes the proof.

We can also, show that the injectivity part of the 4 invariance theorem.

Lemma 4.4.8. Let F': M =2 N : G a Quillen equivalence. Then, for any cofibrant object
I' e M, the induced map hLFy : hILAY(T) — ALY (FT) is injective.

Proof. Let ¢ and 1 be formulas in L3Y(T") such that F(¢) ~ F(¢) i.e., F(¢) and F(¢)) are
equal in ALY (FT'). We must show that 1) ~ ¢. Alternatively, by theorem we can show
that 1 &, ¢. The Quillen equivalence induces an equivalence between homotopy categories

Ho(G) : Ho(NB") — Ho(M?B™). Hence, there is a bifibrant object Y € A such that GY is
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isomorphic to X in Ho(M?PB™). Given any z : I' — X, denote by y : I' — GY any map such
that the following triangle

commutes in Ho(MB™). Lastly, let 4/ : FT' — Y the transpose of y via the Quillen ad-
junction. It follows from the first invariance theorem theorem that X - ¢(z) if and
only if GY + ¢(y). From theorem this is equivalent to Y + F'(¢)(y'). By assumption
F(¢) ~ F(¢),s0Y = F(¢)(y'). Again, this is GY + ¢(y) and X + v (z). This establishes
the equality |¢|x = [¢|x for all X € M bifibrant, which proves ¢ ~; ¢, and hence ¢ ~ ¢.
This concludes the proof of the statement. |

We now explain our strategy to prove the rest of theorem [4.4.2] that is the surjectivity
part of the 4*" invariance theorem.

In [8], Reid Barton constructs a model 2-category structure on the 2-category of simpli-
cial model categories. The trivial fibrations satisfy a property, that Barton called “extensible”
(see theorem . In this section, we introduce a version of these in the non-enriched case,
and we call those functors Barton trivial fibrations. In section [£.4.2] we show that the result
holds for Barton trivial fibrations. After that, the idea is to use the same strategy as for the
proof of the 3" invariance theorem based on this modified Brown factorization lemma to
conclude the result holds for general Quillen equivalences. We could do this immediately for
combinatorial simplicial model categories using Brown lemma in Barton’s model structure,
but for the general case we give a direct proof of the existence of the appropriate diagram
which is inspired by how it would be done in Barton’s model structure, but without relying

on it directly. This is done in theorem using section [4.4.3]

4.4.2 Invariance along Barton trivial fibrations

In this section we introduce a class of left Quillen functor that we call Barton trivial fibrations
as they are essentially a non-simplicial version of the trivial fibrations of the model structure
constructed by Barton in [8], and we establish that theorem holds for these particular
functors.

Definition 4.4.9. Let F' : C — D a morphism between x-coclans. We say that F'is extensible
if for every object in X € C and for any cofibration g : F.X — Y € D there exists f : X — Z
and an isomorphism F(Z) =~ Y making the obvious triangle commutative.

Dually, F' : C — D a morphism between k-clans is extensible if the induced map of
k-coclans F°P : C°P — D°P,

In our setting, a functor F' : M — N between weak model categories will be called
extensible if the morphism of coclans F : M©°" — AC°F is extensible.
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The terminology extensible in the definition above for both clans and coclans, instead of
“extensible” and “co-extensible”, is simply because it is always clear whether refers to fibra-
tions or cofibrations. This is because, for example, when considering a morphism between
clans the relevant structure that ought to be preserved is that related to fibrations. The
name extensible from theorem is adapted from Reid Barton’s PhD thesis |8, Definition
8.3.1].

Extensible functors always induce a surjection between the languages of clans.

Lemma 4.4.10. Let ' : M — N be an extensible morphism between k-clans and I' € M.
Then, any formula ® € LY (FT) is the image by F of a formula ®, e LY(T).

Proof. Since every r-clan is of the form C; for some 7' generalized x-algebraic theory it is
enough to show the result is valid for the syntactic definition of language as in theorem [£.2.1]
We prove by induction on formulas ® € L4 (A) that, given any context I and f : A = F(T'),
there is a formula ® € LYY(T") such that f*(F®g) = ®.

1. When & = T or & = 1, then this can clearly be lifted to T and L.

2.0 =—-TVor®=\/_,T or®=A,,¥ then it is also clear that ® can be lifted.

Indeed, we can simply use the inductive hypothesis to lift each ¥; and then use the
boolean algebra structure to conclude.

3. Suppose that ® is of the form 3,V or V,¥ for some fibration 7 : I — F(I'). The
formula ¥ e LY (I), so ® € LY(FT). Furthermore, we assume that ¥ can be lifted.
Since F is a trivial fibration, there is a lift 7 : I’ — ' € M of w : IV — F(T'), which
comes with an isomorphism g : IV = F(I") such that the following triangle commutes

I ——— F(T

l P

Therefore, we get a commutative square as in the left, and at the level of languages as
on the right

LY (F(I)) = LY (F(T))

— A
l g* lf *
F(T .

By assumption ¢ € LY (I") can be lifted. Hence, there is a formula ¥, € L(T) such
that g*(FW,) = W. Using the right hand square above, one can see that 3 is a lift
for .

This shows that the map is surjective. |
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As an immediate consequence of theorem [4.4.10] we can establish the 4% invariance
theorem in the special case where F' : M — N is a Barton trivial fibration as defined
below. Before proving theorem we give sufficient conditions to obtain a left Quillen
equivalence. We will use this result to be able to establish 4*" invariance theorem for the
general case later on.

Definition 4.4.11. A left Quillen functor F' : M — AN between weak model categories is
called weakly conservative if for any core cofibration z < y € M°F such that h : Fx < Fy
is a trivial cofibration, the map x < vy is a trivial cofibration.

The ‘weakly’ part in the previous definition does not come from weak model categories,
but rather from the fact that core trivial cofibrations are weak equivalences.

Lemma 4.4.12. Let be F : M — N a left Quillen functor which is extensible and weakly
conservative. Suppose there are diagrams

A1, FA 2 po
j Fij U£~
B FB—— Z

in M and N, respectively, where C € MB™¥ and Z € N'B'¥ are bifibrant and the right square
is commutative. Then, there exists g : B — C that makes the triangle commutative and
such that in the diagram

FA - po

o _nf-
FB —— Z

the lower triangle commutes up to homotopy relative to F'A.

Proof. Since F' is left Quillen then we have F(B[[,C) = FB][;4 FC and is cofibrant.

Up to this isomorphism, we factor the map F(B[[,C) — Z as F(B][,C) — Y — Z.
Since F is extensible we can lift this cofibration to a cofibration B[ [, C — D together with
the isomorphism FD =~ Y making the resulting triangle commutative, which also implies
that F'D is bifibrant since Y is. Furthermore, this produces a commutative diagram as on
the left,

f

A—1 (O FC —— 7
[ I, AN
B —— B[[,C » —F— FD—-=25Y

\k%l}

while the diagram on the right is the result of applying F, we introduce the name p :
FD — Z for the evident resulting trivial fibration. We can use the 2-out-of-3 property of
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weak equivalences between cofibrant-fibrant objects to conclude that F'C' — Y is a weak
equivalence, and hence a trivial cofibration. Since F'is weakly conservative, the map C' <— D
must be a weak equivalence too. Using that C' is bifibrant we can obtain a dashed arrow
which is a homotopy inverse of h

N

I, o1, ¢
P

hw

-

sy

k D’

we can take g := rk to be a diagonal filler of the square. Observe that when we apply F to
the resulting diagram, it gives us the square and the diagonal in the diagram

FA—"  FC

b eSS

FB —Fk—> FD —» A

where a priori the outer triangle involving w is not commutative. However, we can
realize this diagram in the homotopy category Ho(FA/N). So working in the homotopy
category we have hr = Id and FhFr = Id. By construction, we also get Fg = FrFk,

therefore FhF g = FhFrFk = Fk in the homotopy category, and p : F'D > Z becoming an
isomorphism implies vF'g = u up to homotopy relative to F A. |

Corollary 4.4.13. Let F : M — N a left Quillen functor between weak model categories.
Assume that F : M®" — AT is extensible and weakly conservative, then F is a left
Quillen equivalence.

Proof. We show directly that F' induces an equivalence of categories between the homotopy
categories.

Assume that X € NC°F is cofibrant. Then we can use that F is extensible for the
cofibration 0 < X to obtain a cofibrant object A € M©°F and an isomorphism FA =~ X € N.
This shows that the induced functor is essentially surjective.

We now show that for Ho(M) — Ho(N) is full. Let B,C € M cofibrant objects.
We could take a fibrant replacement C*™ and use this instead, so we can freely assume that
C' is bifibrant. A map FB — FC € Ho(N) can be represented by a cospan

FB — (FC)f® & FCeN.

Therefore, we can use theorem 4.4.12| to find a map B — C' in Ho(M) which is in the
preimage.

Lastly, we see that the induced functor is faithful. Let A, C € M®°" cofibrant and two
maps f,g: A — C € M which become equal in Ho(N') under the induced functor by F. This



4. HOMOTOPY LANGUAGES 114

is just saying that the maps Ff, Fg: FA — E(CFIB) are homotopic where f,g: A — C'™
are maps in M. It will be enough to show that f and g are homotopic i.e., there is a diagonal
filler for the diagram

A[]A — Y2 oFe

/

IA

where T A is a weak cylinder object for A. Since F' is a left Quillen functor, we can assume
that cylinders are preserved. Furthermore, homotopies are independent of the choice of
cylinders. We can express the homotopy between of F'f and Fg in N as the commutative
square

PAT]A) —E2— F(BFY)
F(IA) ———— F(B"®)"®,

where h is the homotopy, and the fibrant replacement F(CT'™)F® is necessary since F(CT™)
is not fibrant as F is only left Quillen. The assumptions of theorem are now satisfied,
so this produces a diagonal as on the left whose image fits on the right square up to homotopy:

g (Ff,Fg)

AJTA _v9 cFm F(ATTA) F(CT™)
/
F(IA) - F(CFIB)FIB

The above shows that Ho(M) — Ho(N) is faithful, concluding the proof that F' is a left
Quillen equivalence. ]

Definition 4.4.14. Let F': M — N a left Quillen functor between weak model categories.
We say that F' is a Barton trivial fibration if it is extensible as a morphism between of the
coclans M®°" and N'C°F and weakly conservative.

Barton trivial fibrations which are also simplicial Quillen functor between combinatorial
simplicial model categories are exactly the trivial fibrations in [8] in the model 2-category
of pre-model categories. As the reader might anticipate, the notion of fibration between
(simplicial) model categories exists as well, but we will make no use of it.

We now return to show the 4" invariance theorem for the case in which the functor is
a Barton trivial fibration.

Theorem 4.4.15. Let F : M — N be a Barton trivial fibration between weak model
categories. Then for any cofibrant I' € M the induced map hlLF, : hLAY(T) — hLY (FT) is
an isomorphism.

Proof. By the previous theorem we know that RILFy : AILAY(T) — ALY (FT) is injec-
tive. Next we can use theorem by observing that this surjectivity also descends at the
level of ALFr : RLAY(T) — R (FT). |
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Since our goal is to prove the third invariance theorem, with theorem [4.4.15| at hand,
we simply need to reduce our problem to the case in which we have Barton trivial fibrations.
The constructions to come are essentially the necessary steps for this reduction process.

4.4.3 Path objects for weak model categories

The next step is to build some sort of “path object” for (weak) model category so that we can
emulate Brown Factorization lemma to factor a general Quillen equivalence into a retract of
a Barton trivial fibration followed by a Barton fibration. Ideally, we would want for a model
category M, we would like to build a diagram of left Quillen functors

M—PM - MxM

where the maps PM — M are Barton trivial fibrations, and then try to use it to follow
the proof of Brown’s factorization. Unfortunately, that is not going to be quite possible: we
will not be able to construct a map M — PM. Instead, we will construct, a diagram of the
form

RM — PM

J |
M — M x M

where the arrow p is a Barton Trivial fibration. This will turn out to be sufficient to build
our desired Brown style factorization. These weak model categories will be constructed RM
and PM will be constructed as certain category of functor M7 and M, equipped with
certain localization of Reedy model structure. So we get a diagram

M) — M!

g |

M—s Mx M

were the arrow on the left and the two maps M! — M induced by the projections are
Barton trivial fibrations. More precisely, the construction we do takes as input a left Quillen
equivalence F': M — N between weak model categories and produces a diagram

MT —— NE

L]

M — N x M

were again the arrow on the left and the two maps N7 — A induced by the projections
are Barton trivial fibrations. Hence, the first diagram is a particular case when F' = Id,.
This can be seen as the analogue (or rather a dual) of the diagram that appear in
the proof of the 3¢ invariance theorem, and it will play the exact same role.

The bulk of the work lies in endowing the categories M! and M with the correct weak
model structure. This can be summarized as follows: We start with the Reedy weak model
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structure on the category M, or N!, and perform a “right Bousfield localization” to obtain
our desired models.

Remark 4.4.16. The weak model structure on N encodes a pair of objects A, B in N with
a “correspondence” between them; that is, a homotopy equivalence encoded by a cofibration
A B — C where both maps A — C and B — C are trivial cofibrations. The weak
model structure we obtain on M” encodes objects X in M equipped with a (weak) cylinder
object, so that we can send such an object X with a cylinder /X to the correspondence

X][X —IX.

4.4.3.1 Weak model for objects with weak cylinders

We start by fixing a weak model category M and let J be the category
a i; b —s ¢
J

such that ki = kj. Consider the degree function making J into a direct category, deg(a) =
0, deg(b) = 1, deg(c) = 2. Our first goal is to prove:

Theorem 4.4.17. The category of diagrams M7 has a weak model structure where:

1. A map between diagrams X — Y is a cofibration if

(a) It is a Reedy cofibration,
(b) Y, ux, X. = Y. and Y, Ly, X, < Y, are trivial cofibrations in M.

2. Fibrations are level-wise fibrations.

Remark 4.4.18. The theorem above make reference to Reedy cofibrations, therefore we
must justify first that M7 carries the Reedy weak model structure. Fortunately, this has
been addressed in theorem EL7.111

Notation 4.4.19. For the sake of clarity, we denote by ./\/l}]%eedy when referring to the Reedy
weak model structure and M7 __ for the weak model structure of theorem . Of course,
a priort, we have yet to prove that the last is indeed a weak model structure. Therefore,
whenever we say, for example, that a map f : X — Y is a cofibration we just mean that f

satisfies the corresponding condition of theorem [4.4.17|

We will justify that the following construction, which is simply the conditions of the
theorem, is the correct one.

Observation 4.4.20. One can verify that in this new model structure, the core fibrations
and core trivial cofibrations coincide with the ones in the Reedy weak model structure (see

theorem [4.4.23)).

The reader might suspect that this is not a fortuitous coincidence, these suspicions are
well justified. As we mentioned, what we have done is a right Bousfield localization of a
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Reedy weak model structure on M. Such localizations are studied in [30] in the case when
M is a combinatorial (accessible) weak model category. Due to the lack of a general theorem
that justifies the existence of these localizations indeed produce a weak model category, we
verify all required conditions by hand.

We examine the class of cofibrations. For a diagram X € M, the latching objects are
L X =0, hX = X, u X, and L. X = X, uy, Xp. These are cofibrant in M. Then a map
f X — Y being a cofibration means that X, <— Y,

Xy Ux,ux, (YauYs) = Y, and X Uix,uy, x,) (Vs Uy, Y3) < Ye

are cofibrations in M, and additionally Y, uy, X. < Y. and Y} uy, X, < Y, are trivial
cofibrations in M.

Therefore, a diagram Y € M is cofibrant if Y, is a cofibrant object in M,
YouY, = Y,and Yy Ly, ¥ — Yo

are cofibrations, and additionally Y, <> Y, and Y} <> Y, are trivial cofibrations. Spelling out
the second Reedy condition give us the following commutative diagram:

G —Y,

[

Y, — Y, uY,
\MYL

Yi
This says that both maps Y, ?ﬁ Y, are cofibrations. We can use this on the following
J

diagram
Yo — Y,

Y, —— Y, uyam
\/} Y.
to conclude that Y, < Y, is a cofibration. Of course this is in principle not necessary since we

also have Y, <> Y, is a trivial cofibration, the novel aspect is that this follows only from Reedy
cofibrancy. We also have a trivial cofibration Y, <> Y,, by the two-out-of-three property the

Yi
maps Y, ——< Y, are trivial cofibrations. We collect the above in the following:
Y
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Remark 4.4.21. If Y is cofibrant then we obtain the following diagram:

Y,uY, —Y,

[ [

This is just to say that cofibrant diagrams of M7 . encode objects of M for which a weak
cylinder exists in the sense of theorem [4.7.6]

We reiterate that our goal is to show that the category of diagrams M7 _has a weak
model structure on it, where the cofibrations are the ones as specified in theorem [4.4.17]
We begin by showing the following lemmas which are expected results in the theory of right
Bousfield localizations.

Lemma 4.4.22. Let X,Y € M7 __ cofibrant. Then, a map X — Y is a cofibration in M.
if and only if it is a cofibration in M., .

Proof. We only prove the interesting direction; assume that X, Y are cofibrant in M7 . and
that X — Y € M4, is a Reedy cofibration. Remains to show that

X.uUx, Yo — Y. and X, Uy, Y — Y.

are trivial cofibrations. The fact that the maps are weak equivalences follow by applying the
2-out-of-3 property of to the diagrams:

Xy — Y,

Lo b

Xc — XC Ux,

Xy — Y,

Lo b

XC — XC L X,

~ ~
)c )b
< <
N <
< N
N N
N ~
N <
< <
< N
N

Ye Ye

The vertical maps X, < X., X, < X, Y, < Y, and Y, < Y,, are trivial cofibrations
since X and Y are cofibrant in M7 .. Remains to see that they are cofibrations. From the
Reedy condition we have that the map X. vy, x L.Y < Y. is a cofibration, and observe
that the domains of the maps X, ux, Y, — Y, and X, ux, ¥, — Y. contained in the colimit
X.ur,x LY. Therefore, the maps factor as composition of cofibrations

Xc |—|Xa Ya — Xc Ur.x LCY — Y;: and Xc |—|Xb YE) — Xc \—ILCX LCY — }/;7
which concludes the proof. |

Lemma 4.4.23. Let X € M7, cofibrant and X — Z € M., a Reedy trivial cofibration.
Then Z is cofibrant in M7 .. Furthermore, X — Z is a trivial cofibration in M7_..
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Proof. Since X < Z is a Reedy trivial cofibration then X, < Z,, Xyux, x, (ZsUZ,) — Zy
and X, U(x,ux, Xy) (Zy Lz, Zy) < Z. are trivial cofibrations. We then obtain the following
diagram:
X, uX, — X,
Loy Uy —— @ \
Zy

This shows that X <> Z, is a trivial cofibration. Since X is cofibrant then all the maps in
the diagram

Xa:;Xb—>XC

are trivial cofibrations. Consider the commutative diagram where the back and front faces
are pushouts

Xa‘ = )Xb

Zy < > Ly Uz, 2y,

which, by the two-out-of-three, shows that X, Ly, X, < 7, Lz, 7, is a trivial cofibration.
Remains to prove that Z, < Z. is a trivial cofibration. The pushout

Xb Ux, Xb e XC

LT
ZbuZaZb—>o\

Ze

shows that X, < Z, is a trivial cofibration. Note that Z is Reedy cofibrant, hence Z, — Z,
is a cofibration. By the two-out-of-three property, we can conclude that Z, <> Z, is indeed
a trivial cofibration. The above says that Z is cofibrant.

The second part is also true, since X — Z is a level-wise weak equivalence. |
Corollary 4.4.24. Any map between diagrams f : X — Y, where X is a cofibrant diagram

X and Y is a fibrant diagram in M7 . can be factored as a trivial cofibration followed by
a fibration.
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Proof. We factor f : X — Y in /\/l}]%eedy to obtain X < Z - Y. Z — Y is also a fibration
in M{__ asis it is level-wise. Finally, X < Z € M{__ by the previous theorem |4.4.23 |

For the factorization of a diagram map f : X — Y in M7, with X cofibrant and Y
fibrant, into a cofibration followed by a trivial fibration we will need an auxiliary class of
diagrams.

Construction 4.4.25. Denote by K the category J with the opposite Reedy structure given
above (the degree function reversed). We endow M with the Reedy model structure. Then
a diagram Y € Mgeedy is fibrant if Y, - 1, ¥, — Y, and Y, — Y}, Xy, Y, are fibrations in M.
In this situation Y} is also fibrant.

The limit of a diagram Y € M is simply the equalizer Eq(Y;,Y;). Note that the
following pullback also computes the limit of Y:

P—Y,
Y, — Y, xy. Y,

From this we conclude that LimY is a fibrant object of M it YV e Mﬁeedy is fibrant, and
letting Z to denote the constant diagram at LimY then this comes with a diagram map
Z — 'Y of the following form

LimY —= LimY —— LimY

| I |

Yo —/— XY, —— Y.

where all top arrows are identities. Finally, note that Y being fibrant in ./\/lgeedy implies that
both maps Y, ——=< Y, are fibrations. This can be deduced from the following diagram:

Yy — Yo

Observation 4.4.26. Recall that the fibrations in M7 . are the level-wise fibrations. Since
Z € M¥ is point-wise fibrant then it is Reedy fibrant in M7 .. Similarly, Y is Reedy fibrant
in Mgeedy, in particular, implies that is object-wise fibrant, so it is fibrant in M7 .. We will
use this diagram Z throughout this section.

Lemma 4.4.27. The map Z — Y from above is a trivial fibration in M7__.
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Proof. We show that the map has the right lifting property against any cofibration A «—
B € M{,.. First, assume that A = ¢J, B is a cofibrant object in M7 _ and Y a fibrant
diagram in Mgeedy. We consider the lifting problem in M7, :

g — 7

[

B——Y

From the discussion above we obtain the following commutative diagram:

B, —= B, ~~— B,

I

Yo —=Y, ——> Y.

Thus, we obtain the following lifts:

B, — Y, B, — Y, B, — Y,

Bif~ /;’ vi  Bif~ /;’ i Bk~ /; LYk
i J k

Bb — YE) Bb — YE, Bc — Y;

Using this we can construct the following commutative diagram:

Ba%Bb

. j\

Bb%BbI_IBGBb—>Y;1

\& l\
By,
B ——— Y,y Y, — Y,

Yy — Yo

where the middle trivial cofibration and fibration come from B being cofibrant in M. and
Y being fibrant in M7, ., respectively. Then there exist a map B, — Y, that fits in the
diagram. Furthermore, we readily see from the diagram that Y;r = [, = Y;r. Therefore,

there is a unique arrow B, 4 Eq(Y;,Y;) = LimY making the obvious triangle commutative.

By taking the appropriate compositions with the map ¢ we can construct a diagram map
B — Z such that is a solution to the lifting problem.

For the general case
—

-

one can play the same game, the only change is that the diagram is a bit more involved. B
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The diagram Z from theorem is not necessarily Reedy cofibrant, but it is almost
cofibrant in M7 . as the maps in it are trivial cofibrations. The only missing part is that
limY is not cofibrant in M. In order to obtain cofibrant diagram in M ., we include the

following result.

Lemma 4.4.28. If Y € ./\/lgeedy is fibrant then there exists a trivial fibration W — Y € MY __
with W e M/, cofibrant.

Proof. Since Y is fibrant in M%_ . = then it is fibrant in M . as these are point-wise
fibrant. Similarly, Z from theorem [4.4.25|is fibrant in M7 __ which also comes with a trivial
fibration Z — Y by theorem 4.4.27, We can take a Reedy cofibrant replacement W > Z.
Since this last map is in particular a level-wise weak equivalence, it implies that the maps
in W are weak equivalences. By 2-out-of-3 property, the maps in W are trivial cofibrations.
This makes W a cofibrant replacement in M7 of Y by composing the trivial fibrations
W >Z>Y. i

Before giving the factorization, we need a technical result that follows from the next
lemma.

Remark 4.4.29. From [29, 2.1.11 Proposition|, if A € M is cofibrant then the coslice
category A/M inherits a weak model structure from M where a map in A/ M is cofibration,

fibration and weak equivalences if is one in M. Dually, one induces a weak model structure
on the slice M/Y if Y is fibrant.

Construction 4.4.30. Consider a map f : A — Y in M where A is cofibrant and Y is
fibrant. Consider A/M with the weak model described in the previous theorem [4.4.29,

The map f: A — Y allows us to see Y as an of object in A/ M, which is fibrant as Y is
fibrant in M. So, we can take the slice (A/M)/Y. Objects of (A/M)/Y are factorizations

of the form
A
| N

W —Y.
Let two objects in this category
A and A— X
N N
B——Y Y

which we refer to as B and X. A map from B to X is a diagonal filler of the resulting
commutative square:
A— X

A
s
L

s

B——Y
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A cofibrant object in (A/M)/Y is one in which the first map is a cofibration in M, and
a fibrant object when the last map is a fibration 7.e.,

A and A—— X
[ N N
B——Y Y

respectively. Also note that the category (A/M)/Y coincides with A/(M/Y), both as cate-
gories and as model categories.

Observation 4.4.31. |29 2.4.3 Proposition| observed that the Quillen adjunction descends
to the homotopy categories: If F': C = D : G is a Quillen pair, then we obtain a natural
isomorphism

Ho(CP")(W,G(Z)) = Ho(D¥'")(F(W), Z)
of the homotopy categories.

The category Ho(CE'™) is the localization of the subcategory of bifibrant objects at trivial
(cofibrations) fibrations. This is the content of [29] 2.2.6 Theorem|, which also proves that
there are equivalences

Ho(C°") = Ho(CP™) = Ho(C"™)
where the first category is the localization of C®°F at trivial cofibrations, and the second is

the localization of CF'™ at trivial fibrations. Therefore, up to these equivalences of categories,
we say that Ho(F) : Ho(CY°") — Ho(D“°") and Ho(G) : Ho(D¥'®) — Ho(C¥'®) are “adjoint”.

Lemma 4.4.32. For all i : A — B and i’ : A’ — B’ cofibrations between cofibrant objects,
for all p: X — Y fibration between fibrant objects, if there is a commutative diagram:

A%A’

B—7>B/

then ip if and only if /hmp. The dual statement also holds: For all i : A — B core
cofibrations, for all p: X — Y and p’ : X’ — Y’ fibrations between fibrant objects, if there
is a commutative diagram:

then ip if and only if idp'.

Proof. We prove the first part of the lemma, the second part is dual. We have the following
commutative squares

Ak w AL, x AL x
’L\[ \[i/ ’L\[ p i’I lp
B—"1 B B——Y B ——Y

9 g
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The proof relies heavily on theorem [4.4.30f The middle square above corresponds to a pair
of objects B, X in a double slice category A/M/Y | and a diagonal filler witnessing that ihp
is a map in this double slice category.

We start with the induced weak model structure on the slice M /Y. Note that from

[29, 2.4.2 Example| the weak equivalence k : A — A’ induces a weak Quillen equivalence
P, A/M)Y) s A/(MJY) : Ug. Observe that B, B’ are cofibrant and Y is fibrant.
In what follows we leave Y implicit as we work in the slice (A/M)/Y, here we use that

(A/M))Y = A/(M/Y) from theorem [4.4.30]

The functor Py takes a cofibration A — C along k : A — A’, while U, precomposes with
k. Using the following diagram, since P, B is cofibrant, by the two-out-of-three property

Ak o n

we see that there is a weak equivalence P,B — B’, this implies they are isomorphic in
Ho(A'/(M/Y')). We have:

Homyo(ar/y)) (B, X) = Hompo(ar vy (Pr(B), X)
=~ Homio(a/om/vy) (B, Ur(X))
=~ Hompo(a/myv)) (B, X).

The first isomorphism follows from B’ =~ P(B) in Ho(A'/(M/Y)), the second is the weak
Quillen adjunction P, — Uy applied to the cofibrant object B € (A/M)/Y and the fibrant
object X € (A’/M)/Y. We crucially use theorem [4.4.31] so the second isomorphism is really
up some equivalence of categories.

Now we use Homyo(ar/m/vy) (B’ X) = Hompoa/ vy (B, X) to conclude. First, recall
that a diagonal filler of
A—— X

[

B——Y

is the same as a map B — X in A/M/Y, and similarly for B’ and X. Assume that itp,
this give us a map B — X in Ho(A/M/Y"). Using the isomorphism, we have a map B’ — X
in Ho(A'/M/Y), from which we can select a representative of the homotopy class, which
implies that ¢ hp. Similarly, we get that i'dp implies ihp. |

Lemma 4.4.33. Let X — Y be a map in M’ with X cofibrant and Y fibrant. Then such
a map can be factored as a cofibration followed by a trivial fibration.
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Proof. Observe first that Y can be assumed to be Reedy cofibrant in M”. Indeed, we can
simply take a Reedy cofibrant replacement Y’ — Y, and instead use the dashed arrow

0 —— Y’

A
\[ /// l,\/
P

s

X —Y.

Under this assumption, Y is point-wise cofibrant, whence Reedy cofibrant in M. Therefore,
we can take a fibrant replacement in M* Y < Y. Using [29, Corollary 2.4.4] equivalences
are preserved under pullbacks along fibrations, so we get the pullback square

LY —— W

|

Y —= Y.

Furthermore, we know from theorem that W — Y is a trivial fibration in M.
Therefore, it has the right lifting property against any cofibration between cofibrant objects
in M”. We can use theorem to conclude that LY — Y satisfies the same property,
i.e., it is a trivial fibration in M. Since X is cofibrant, we obtain a lift

0 —— LY

\[ /\T l
// ~

-

X —Y.

The map X — LY can be factored in the Reedy model structure M7 as X < X’ = LY.
The diagram X' is cofibrant in M since is equivalent to the cofibrant diagram LY, and X is
cofibrant by assumption. Therefore, it follows from theorem [4.4.23that the Reedy cofibration
X < X' is a cofibration in the model M”. This gives us the desired factorization in M,

XX 5Y. i

All the previous work can be summarized in the following proof of theorem [£.4.17} This
proves that the category of diagrams M’ has a weak model structure with the specified
cofibrations and fibrations, which, as explained above, encodes objects with a weak cylinder
object. We remark that our proof will show that the conditions of |29 2.1.10 Definition| are
satisfied instead of theorem 7.7l The reason is for this is that in theorem we do not
have an explicit class of weak equivalences. More precisely, we will use [29] 2.3.3 Proposition]
which gives some alternative criteria to obtain a weak model structure in this sense.

Proof. (theorem Note first that we have the Reedy weak model structure on M’
by virtue of theorem Also, the existence of initial and terminal diagrams is clear.
We must justify that the class of (co)fibrations form a class of (co)fibrations in M”. For
fibrations, since these are level-wise, it is immediate that: the terminal diagram is fibrant,
any isomorphism with fibrant codomain is a fibration, it is closed under compositions, and
stable under pullbacks along maps between fibrant objects.
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The dual conditions must be verified for the class of cofibrations. That the initial
diagram is cofibrant it is immediate to verify. To see other stability conditions, we observe
these are true for M}Qeedy. In addition, for stability under isomorphisms we use repeatedly
that maps in M isomorphic to trivial cofibration are also trivial cofibrations. This simply
because the new condition we added involves the requirement that certain maps trivial
cofibrations. Stability under pushouts follows from the stability in M}]{eedy and the fact that
trivial cofibrations in the weak model M are pushout stable.

The factorization of a map f : X — Y, where X is cofibrant and Y is fibrant, into a
cofibration followed by a trivial fibration is the content of theorem [4.4.33|

The factorization of a map f : X — Y, where X is cofibrant and Y is fibrant, into a
trivial cofibration followed by a fibration is the content of theorem [4.4.24]

In order to conclude, we use [29, 2.3.3 Proposition|. For which we need to verify that a
cofibration X — Y € MY _with X cofibrant and Y fibrant admit a relative strong cylinder
object. Firstly, we know that the map admits a relative cylinder object in M%7, 4,:

Y[ Y — Y

[

IxY

with Y < Y [[Y < IxY a Reedy trivial cofibration. Since Y is cofibrant in M7, . we
can use theorem to conclude that IxY is also cofibrant in M7, ., and that the map
Y — IxY is a trivial cofibration in M7 .. Now we have cofibrant objects Y [[Y, IxY
in M7 . and a Reedy cofibration between them, so we use theorem to conclude it is
actually a cofibration in M7 __. This gives us the relative cylinder objects.

Finally, the 2-out-of-3 property for trivial cofibrations between bifibrant objects follow
using that Mz, is a weak model category, so the property is true in this Reedy weak
model structure. By which we mean that the property is true for the underlying Reedy
trivial cofibrations between bifibrant objects of M7 __. Theorem allows us to conclude
that such Reedy trivial cofibrations are indeed trivial cofibrations in M7 .. Now [29, 2.3.3
Proposition| allows us to conclude that M7 _ with the specified classes of maps, is a weak
model category. |

4.4.3.2 Weak model on correspondences

Next, we consider another diagram category I:
0—-2«1

Where deg(0) = deg(1) = 0 and deg(2) = 1. Similarly to the previous section, we construct
a “right Bousfield localization” of the Reedy weak model structure on NZ.

Theorem 4.4.34. There is a weak model structure N/, on the category of diagrams N’/
obtained from the Reedy weak model structure N, éeedy, where:
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1. A map between diagrams X — Y is a cofibration if

(a) It is a Reedy cofibration,
(b) Xo ux, Y1 = Y, and X5 Ly, Yo < Y3 are trivial cofibrations in M.

2. Fibrations are level-wise fibrations.

It will be useful to have in mind that for an object X € AN we have LyX = 0 and
L1 X = Xgu X;. Soamap X — Y is a Reedy cofibration if the maps Xy — Y, X7 — Y;
and (Yp u Y1) U(x,ux,) X2 < Ya are cofibrations.

Observation 4.4.35. Unwinding the definitions, a diagram X € A7 . is cofibrant if both
maps Xo < X, and X; < X, are trivial cofibrations.

The proof of the theorem is completely analogous to theorem [4.4.17, We state the
lemmas necessary for this and only comment on the proofs when adequate.

Lemma 4.4.36. Let X,Y € N} __ cofibrant. Then, a map X — Y is a cofibration in N7, if

and only if it is a cofibration in N, 4,-

Proof. Just as in theorem [4.4.22] we only prove the interesting direction; assume that XY
are cofibrant in N/, and that X — Y € N}, is a Reedy cofibration. Remains to show
that

eedy

XQUXOX/O_’YVQandXQUXIYI_’%

are trivial cofibrations. Again, the fact that the maps are weak equivalences follow from
X,Y being cofibrant and the 2-out-of-3 property. To see that they are cofibrations we can
use the Reedy condition just as in theorem [4.4.22 |

Lemma 4.4.37. Let X € N, cofibrant and X — Z € N},.4, a Reedy trivial cofibration.
Then Z is cofibrant in N .. Furthermore, X — Z is a trivial cofibration in N7,.

Proof. The difficult part is to show that. Since X — Z is a Reedy trivial cofibration, then
by theorem we have it is a levelwise trivial cofibration. Then Z is cofibrant by the

2-out-of-3 property. |

Corollary 4.4.38. Any map between diagrams f : X — Y, where X is a cofibrant diagram
X and Y is a fibrant diagram in A} ., can be factored as a trivial cofibration followed by a
fibration.

Proof. Now that we have theorem [4.4.37] we can proceed as in theorem [4.4.24) by first taking

the factorization in N éeedy. |

Construction 4.4.39. Denote by K’ the category [ with the opposite Reedy structure
given above (the degree function reversed). We endow N'%' with the Reedy model structure.
Then a diagram Y € Ié,:edy is fibrant if Y5 — 1, Yy — Y5 and Y; — Y5 are fibrations in V.

In this situation we can see that limY = Yj xy, Y7 and is fibrant in A/. We can again
take a Z € N'! to be the correspondence with constant value limY. So it comes with a map
Z —-Y.
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Lemma 4.4.40. The map Z — Y from above is a trivial fibration in N .

Proof. The same idea as in theorem carries over here. The diagrams are even simpler.
|

Lemma 4.4.41. If Y € N, is fibrant then there exists a trivial fibration W — Y e Nf,
with W € N, cofibrant.

Proof. The argument of theorem applies here too. i

Lemma 4.4.42. Let X — Y be a map in N/ with X cofibrant and Y fibrant. Then such a
map can be factored as a cofibration followed by a trivial fibration.

Proof. We have all ingredients to proceed as in theorem Firstly, we can assume
that Y is Reedy cofibrant in N and we can take a fibrant replacement in N5'. So we can
construct the following pullback square:

Then we can obtain a map X — LY. Factoring this map as X — X’ . LY, the first map
is moreover a cofibration in A in view of theorem [4.4.37] This produces the factorization

XX 5Y. i

The proof of theorem [£.4.34]is a carbon copy from the one of theorem [£.4.17] the lemmas

of this section provide us with all the required steps.

4.4.3.3 Projections are Barton trivial fibrations

Lemma 4.4.43. The functor N/ — A such that A - B — C e N1 — A e N, is extensible.
Also, the functor N7 — A such that A - B «— C e N — C e N is extensible.

Proof. Let A:=a <> b <> ce N/, be a cofibrant diagram and x € N'°°F a cofibrant object

and a cofibration a — x. We take the fibrant replacement of x and consider the pushout as
indicated below, and we obtain a solution to the lifting problem on the right:
c y oo glib

a T
\[ \[ /)(

c——b—busx
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The resulting map ¢ — 2/® can be factored as ¢ < z S 2/®. We can take further pushouts

y @ o—— gfib

a
N Y
— =3 b < >bu, o
JI |

3 zU.b —— P,

~

L
)

|

There is a map P — /® which we can factor as P < y — ® and the resulting diagram

we get
c N < ~ N ajf’ib

P
N [~

c
z
Furthermore, there is a map b L, *+ — y which is a cofibration as it is the composite of
the two cofibrations. Using the 2-out-of-3 property repeatedly, one concludes that the map
2 u.b — 1y is a trivial cofibration. Thus, we have constructed the cofibrant object X := 2 <>

y <> x € N{,.. The induced map A — X is a level-wise cofibration. The maps b L, z — y
and b L, z — y are trivial cofibrations.

s zU.b—-3 P

~

Remains to show that A — X is a Reedy cofibration. We already have that a — x and
¢ — z are cofibrations. We now need to show that the induced map

auc—— b

| [

is a cofibration. By diagram chasing, one can show that the diagram

auc /)

| |

Tz —— (z0:0) Ly (bug o)

commutes. One shows that the bottom right corner computes the pushout of the span. Using
that the map P < y is a cofibration one concludes that (x) L, .b — y is also a cofibration.
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This concludes the proof that A — X is a Reedy core cofibration in N'/. Therefore, it must
a cofibration. We summarize our construction with the following diagram:

¢ ¢

Qe T O

[=] [ ]

B L@ 0

a i

This cofibration is a (strict) lift of @ < x, showing that the functor N7 — N is an extensible
functor. The second part of the lemma is analogous. |

Observation 4.4.44. Note that in the previous theorem using 2-out-of-3 property,
if we start with a trivial cofibration a <> z then we obtain a level-wise equivalence between
cofibrant objects in N{ .. We conclude that the projections are weakly conservative.

Corollary 4.4.45. The functor N7 — A such that A — B <« C e N1 +— A e N, is as
Barton trivial fibration. Also, the functor N7 — A such that A - B «— Ce NT — Ce N,
is a Barton trivial fibration.

Proof. We saw in theorem[4.4.43|that the projections are extensible and from theorem [4.4.44]
that is weakly conservative. It is also straightforward to see that it preserve cofibrations and
trivial cofibrations. |

We now want to see that any left Quillen functor F' : M — N part of a Quillen
equivalence between weak model categories admits a Brown-like factorization. To this end,
consider the following:

Construction 4.4.46. We define the category of diagrams
Li=1{Fa— b« clae M bceN}.

The weak model structure on this category is similar to that of A/Z, the only difference is
that X — Y is a cofibration if X upyx, F'Y, — Y, is a trivial cofibration.

When F is the identity functor we recover N’/ from theorem 4.4.34. A cofibrant object
in N7 is a diagram of the form

Fa == b+~ ¢

Observation 4.4.47. With the set up above, it follows from theorem that the pro-
jection 7 : NL — M, sending each diagram Fa — b < c to a, is a Barton trivial fibration.

To show that the projection from 5 : N — N sending each diagram Fa — b < ¢ to
c € N is a trivial fibration we make use of the following:
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Lemma 4.4.48. Let F' : M — N be a left Quillen equivalence between weak model cate-
gories. For any objects x € M, y € N¥® and a map f : Fx — y there exists an object
z € MC°F such that f factors as

Fx ! >y
Fz.

Proof. We know that there is an isomorphism

¢ : Homy (Fa,y) = Homu(x, Gy) : !

given by the Quillen adjunction, natural in z € M and y € N¥'®. Recall from [29, 2.4.3

Proposition| that F': M®°" — NC°F and G : NF'® — M® preserve equivalences. Take ¢ f
the adjoint transpose of f. We can take a factorization

z
x o7 > Gy

By naturality, one checks that f = ¢~ 'sFr where Fr is a cofibration. Since the Quillen pair
is an equivalence, we deduce from [29, 2.4.5 Proposition (i)] that ¢~ 's is an equivalence. 1

Corollary 4.4.49. Let F : M =2 N : G be a Quillen equivalence. Then the projection
7y : NE — Nsending each diagram Fa — b < c to c € N is a Barton trivial fibration.

Proof. We show that in a situation as in the diagram

there is a cofibrant object over z that projects onto ¢ < z. By taking a fibrant replacement,
we can assume that the diagram is point-wise fibrant. From [29, 2.2.3 Proposition| there
exists a homotopy inverse of ¢ < b, this give us a map Fa — c. Using theorem
this last map can be factored as Fla — Fx — c. The rest of the proof continues as in

theorem [4.4.45] ]
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Theorem 4.4.50. Given ' : M = N be a left Quillen equivalence between weak model
categories. Then, we have a diagram of week model categories

M) — s N

f e

Md—,FBMXN’

(Idpm

where m; and 7y are Barton trivial fibrations.

Proof. The work we have done produces a diagram as on the left below, and the action of
the functors on objects is spelled out on the right:

M NI Xo 3 Xy — X —1s FX, 3 FX,
| e ] 1
MmMXN Xal—>(Xa,FXa)

We have shown in theorem [£.4.45 and theorem [4.4.49 that both projections are Barton trivial
fibrations. |

It will be essential to highlight that there is a diagonal functor which is a Barton trivial
fibration, making the lower triangle commutative.

Corollary 4.4.51. Let F' : M — M be a left Quillen equivalence. There exists a Barton
trivial fibration P : NL — M.

Proof. Theorem can be further specialized to a diagram

M7 —— N

I

M—W M

from which we see that there is a functor P : N} — M. This is an immediate consequence
of theorem [4.4.50] i
4.4.4 Proof of main theorem

Theorem 4.4.52. Let F : M =2 N : G a Quillen equivalence. Then, for any cofibrant
object A e M. The induced map hlLFy : hL{(A) — ALY (FA) is an isomorphism.
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Proof. Recall from theorem that for any cofibrant object A the induced map hILF4 is
injective. Remains to show that it is surjective. Using theorem [4.4.51] we obtain a diagram

M? —— N

l ,/P/ lm

where P is a Barton trivial fibration. P : N. — M induces, for any cofibrant object
X € ML, an isomorphism (hLm)y : h]Lj)\v{” (X) — hL{(m X). Indeed, this follows from
theorem [4.4.15 Similarly, the map (hLms)x : h]LjAv‘é (X) — hILY (7,X) is an isomorphism of
A-boolean algebras. For A € M©°F cofibrant we can get a correspondence in Cry € N with

all objects F'A and maps the identities. We can conclude that hILF, is surjective by chasing
through the maps (hlLmy)c, and (hILP)c, which we already know are isomorphisms. i

A

A
It is an immediate that:

Corollary 4.4.53. For any Quillen equivalence F' : M = N : G. The functors Ho(F)ohIL{"
and hILy : Ho(N') — Bool, are naturally isomorphic via hILF.

4.5 Infinitary Cartmell theories

We introduce a generalization of Cartmell theories, also known as generalized algebraic theo-
ries, Cartmell [I7]. This is straightforward and most of the proofs will be omitted since they
are similar to those in [I7], in very few cases we will need to provide new proofs. We claim
no originality other than the generalization itself. We begin by recalling some definitions
given in Ibidem. We assume to have a set of variables V' whose size is Ny and an alphabet
A. Informally, a Cartmell generalized algebraic theory consists of:

i) A set S, called the set of sort symbols,

ii) A set O, called the set of operation symbols,

)

)

iii) An introductory rule for each sort symbol,

iv) An introductory rule for each operation symbol,
)

v) A set of axioms.

To understand our generalization let us examine the previous definition in more detail,
for this we need some preliminary notions. An expression is a finite sequence of A U V U

{}u{}u{,}, inductively:

i) Elements of V' and A are expressions,
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ii) If fe A and ey, eq,..., e, are expressions, then f(ey, e, ..., €,) is an expression.

The set of expression is denoted by E. This is simply to say that an expression is a
finite string taken from the set AuV U {(} u{)}u{,}. A premise is a finite (possibly empty)
sequence of V x E. A conclusion will be an n-tuple of expressions, i.e. any element of E" for
some n € N. Finally, a rule is given by a premise P and a conclusion C. Rules are written
as: P C. This intends to convey the idea that under the premise P, the conclusion C'is a
valid expression. Whenever P is a premise we will write x1 : Ay, x5 : Ao, ..., 2z, : A,. For a
conclusion, this is slightly more involved since we differentiate depending on the size of the
tuple. For example, if we have a 1-tuple A, then we write AType. We favour the notation
“” from type theory instead of the set theoretic one “€” used by Cartmell. Furthermore, we
will take advantage of conventions and notation from type theory.

The most important definition we will need to change is that of a context. In a Cartmell
theory, a context is the premise such that a rule

MO Alv T @ A2(x1)7 ey Iy o An(wlax% e axn—1> H A(l’l,ﬂfg, e 7wn) Type

is a derived rule.

The only difference between Cartmell theories and infinitary Cartmell theories is that in
the contexts we allow infinitely many variables. Just as any Cartmell theory gives rise to a
contextual category, the same is true for the infinitary case with the appropriate generalized
version of a contextual category.

4.5.1 Generalized algebraic theories

In this section, we give the formal definition of an infinitary Cartmell theory. We follow
Cartmell [I7] to develop the theory, there will be some instances where a change has to be
made. We could say that by changing in the definition every instance of “finite” by “size
strictly less than 7 we get the correct notion, this is indeed the case. We carve out the
definition with a fair amount of details, since the applications we have in mind benefit from
having an explicit syntax. The technicalities and motivations for introducing a generalized
algebraic in the following way are presented in Cartmell [17].

From now on we fix a regular cardinal k, unless otherwise stated, all other ordinals
mentioned will be strictly smaller than .
Let V be a set such that |V| = k, this set will be called the set of variables. We make an
additional assumption on this set: Its elements have canonical names, this is V' = {x,}a<s,
This also known as an enumeration. This is a minor assumption that allows to change
variables. Otherwise, we would need to prove a result similar [I7, Corollary, pp 1.32]E].
Let A be any set, which as before is called alphabet. Following [17] we define inductively

5This result states that under the substitution property the derived rules are stable under substitution
of variables by another variables
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the collection of expressions A* over the alphabet A. An expression any A-sequence of

AuvV u{(}u{)}u{, } subject to:

i) If x, € V then z, € A*,
ii) If F'e A then F e A*,
iii) If F e A and {es}acr S A* then F(ey)a<x € A*.

A premise is any A-sequence of V' x A*. We will usually write premises as {z, : A, }a<x,
where z, are variables and A, are expressions for &« < A. Suppose we have a premise I,
or later a context, and we need an extra premise (or context), according to our variable
numeration, formally, we must write I', {z, : Ay}r<a<pu, Where A represents the number of
variables in I'. This is clearly a problem when the expression complexity increases. In order
to avoid overloading the notation, we choose to reset the variable counting to only essential
variables in use. Under this convention, we will write I', {z,, : A, }a<y instead. We will freely
assume that I is a premise unless otherwise specified.

Definition 4.5.1. A judgment is an expression over the alphabet A that has one of the
following forms:

1. Type judgment: I' — A Type.
2. Element judgment: ' -t : A.
3. Type equality judgment: I' - A = A’
4. Term equality judgment: T' -t =4 t'.

where I' is a premise.

Given a premise I', {€,}a<a expression and {z,}.<) variables then the new expression

F[€a|$a]o¢<)\

it is obtained by simultaneously changing the variables in I' by the expressions. This process,
unsurprisingly, is called substitution of variables. Along with the infinitary substitutions, we
will also allow operations to have possibly infinite arity. This is made explicit:

Definition 4.5.2. A k-pretheory T consist of the following data:
i) A set S, called the set of sort symbols,
ii) A set O, called the set of operation symbols,
iii) For each sort symbol B, a judgment of the form:
{zo : Aptacr - B(%a)a<a Type

where A is some ordinal strictly smaller than &,
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iv) For each operator symbol F, a judgment:
{xa : Aa}a<)\ = F(xa)a<)\ : A
where )\ is some ordinal strictly smaller than k,

v) A set of judgments, each of which is either a type equality judgment or term equality
judgment, listed in theorem [£.5.1] This is the set of azioms of the k-pretheory.

The following definitions are of inductive nature:

Definition 4.5.3. 1. A premise {z, : Ay}a<n is a context if the judgment

{zs: Ap}p<a F A Type

is a derived judgment of T for every a < A. Whenever we want to specify that a
premise I' is a context we will write - I" Ctxt.

2. The judgment
{zo: Aptacr = AType

is a well-formed judgment of T if and only if {x, : Ay}a<y I8 & context.

3. The judgment
{o: Aptacr T A

is well-formed if and only if
{zo: Aptacr - AType
is a derived judgment of T

Definition 4.5.4. Let T be a x-pretheory. The set of derived judgments of T are the ones
that can be derived from the following list:

1.
I' - AType
'-A=A
2.
F—t: A
Fl—tEAt
3.
FI—AlfAQ

FI—AQEAl
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4.
L't =4t
I'-ta=at
5.
FI—AlfAQ FI—AQEAg
F I— Al = A3
6.
't =at I'Hty=ats
r H tl =4 t3
7.
'-Ai=A4A 't =4t
F — tg =A, tl
8.
F I— t: AQ
9.
[, {xs : As}s<p<r = Ap Type
[ {zo : Aatar b To 0 Ag
10.
{xo: Aatacr b B(xy) Type, + T Cixt, T t,: Blta|ra]
[ B(t)) Type
This is true for any B sort symbol with a well-formed introduction type judgment.
11.

U, {zg: Astacr B F(zy) : A, Tty Anltalza]
T, {to : AultalTaltacr B F(t)) : Al | 2]

This is true for any F' operator symbol with a well-formed introduction type element
judgment.

12.
I I Ctxt {20 : Aptacr A=A

I to Aa[tﬂ | x5]5<a7 t; : A/a[tiﬂ ‘ Iﬁ]ﬂ<a = ta =Aultslrsls<a t;

F, {ta : Aa[tﬁ ‘ xﬁ]5<a}a<)\7 {t% :/Aix[t,/B ’ x5]13<04}a<)\
= AltalTa]acx = A, ]2a]a<n
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13.
I Ctxt {ro: Astacr Ht=at

I, sa: Aa[sﬁ ‘ mﬁ]ﬁ<0m S; : Aa[s,lé’ | 33,8],8<a F Sa =Aalshlzsls<a S;

', {sa : Aalsp | Tpls<ata<r, {85 1 Aalsh | Zals<ata<r
= t[sa ’ xa]a<)\ EA[sa|za]a<)\ t/[S; | xa]a<)\

14. If {zo : Agta<r H A=A’ is an axiom then

{xa : Aa}a<>\ [ AType {xa . Aa}a<)\ = A’ Type7
{xa : Aa}a<>\ = A = A/

15. If {zo : Apta<r F t =a t' is an axiom then

{To i Aptacr H T A (2o Aptacr 11 A
{xa : Aa}a<)\ -t =A t,

We are now ready for the following:

Definition 4.5.5. A k-pretheory T is well-formed if all its rules are well-formed. A gener-
alized k-algebraic theory or k-Cartmell theory is a well-formed k-pretheory.

Remark 4.5.6. Observe that a generalized algebraic theory as defined by Cartmell [17] is
the same as an w-generalized algebraic theory in our sense.

We introduce an important example of k-algebraic theories.

Example 4.5.7. Let C'at denote the w-algebraic theory defined in the following way:

1. Type of objects: - Ob Type.
2. Type of morphisms: x : Ob, y : Ob - Hom(x,y) Type.

3. Composition operation: x : Ob, y : Ob, z : Ob, f : Hom(z,y), ¢ : Hom(y,2) - go f :
Hom(z, z).

4. Identity operator: x : Ob I id, : Hom(z, x).
Subject to the following axioms:

x:0b, y:0b, f:Hom(z,y) x:0b, y:0b, f:Hom(z,y)
idyofEf foid,=f
x:0b, y::Ob, z: Ob, w:Ob, f:Hom(z,y),g: Hom(y, z), h : Hom(z, w)
(hog)of=holgo)
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4.5.2 Substitution property

Let T be a k-Cartmell theory. Recall that given A, {t,}o<\ expressions and {z, },<) variables,
then the new expression Aley|T4]a<x denotes the substitution of variables by the expressions.

Definition 4.5.8. Let {z, : Ay}a<r = A be a derived judgment of T. We say that this
judgment has the substitution property if for every i I' Ctxt and expressions {t,}a<x, such
that for all a < A

L, {tg : Aplty|z,]h<pts<a  ta : Aaltslzs]s<a

are derived rules, then
r = A[ta|xa]a<)\

is a derived rule of T'.

In [I7] it is proven that all derived judgment of a generalized algebraic theory satisfy
the substitution property. This is done through a series of results that can be generalized to
our setting. The proofs are omitted since they are the same as in the original reference.

Lemma 4.5.9. If {z, : As}a<x — A is a derived judgment of T' then the variables that
appear in A is a subset of {4 }a<x

Proof. See [I7, Lemma 1, Section 1.7]. |
Lemma 4.5.10. 1. The premise of a derived judgment is a context.

2. If - {zy : Anta<xCtxt then for o < A, we have
{LEB : A5}5<a — Aa Type
Proof. See [I7, Lemma 2, Section 1.7|. i

Theorem 4.5.11. Every derived judgment of a x-Cartmell theory has the substitution
property.

Proof. The same as proof as in [17, 1.7| applies. This goes by proving that each judgment
has the substitution property. For the last two judgments in theorem this is part of
theorem [4.5.4] While for the first two it is done by induction on the derivations. It is shown
that each derivation rule of theorem preserve the substitution property. |

This result has similar consequences of those in [I7]. The proofs are analogous or the
same. For us, it is only relevant to know that our k-Cartmell theories are well-defined.
Meaning;:

Proposition 4.5.12. The derived judgments of a k-Cartmell theory are well-formed.

Proof. Again, by induction on the derivations [I7, pp. 1.33]. |
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Both the statement and proof of the next lemma are the same as The Derivation Lemma
[17, pp. 1.34]. The proof does not rely on the context size.

Lemma 4.5.13. 1. Every derived type judgment of 7" is of the form
{zs: Qplpep b Alta)a<x
for some type symbol A with introductory rule
{ra 1 Antacr F A(Ta)a<x Type
and {t,}a<) are expressions such that for all & < A the rule
{25+ Qatpep b la 2 Dalts | 25]5<a-
2. Every type element judgment of 7T is of the form
{2 Qapep =259
for some x5 and such that {xs : Qg}p<, = Qg = Q, or is of the form
{zs - Qptpap = f(ta)acn : O
for some operator symbol f of T with introductory judgment of the form
{zo: Aptacr B f(Ta)axn : A
such that for each o < A the rules
{ws: Qb’}ﬂ<u Fta s Aalts | T5]5<a

and
{zs: Qstpep = Alta | Talacr = Q

are derived rules of 7.

Proof. This is follows from theorem and (1)) i

4.5.3 Equivalence relation on judgments

Trough out this section we work in an x-Cartmell theory. We first introduce a relation that
allows us to identify context which express the same meaning, but differ on the variables
that are used in it [17], 1.13].

There is a relation defined on the judgments of the xk-Cartmell theory 7'

Definition 4.5.14. Let {z, : Ayta<r F AxType, {z5 : Qpls<, = Q. Type be two type
judgments of T'. We say that

{T0 1 Anta<r F Ay Type ~ {xp : Qp}p<, - Q, Type

if either:
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1. Both ordinals are successors such that A = p = v + 1 and for all @ < v we have
{xs: Astsca F Aq =,
is a derived rule of T'.
2. Both ordinals are limits with A = p and for any successor ordinal v + 1 < A we have
{Ta: Adtacy H A, Type = {25 : Qs}py  Q, Type.

Lemma 4.5.15. The relation ~ is an equivalence relation on type judgments of the theory

T.

Proof. This is an immediate result, since we have assumed canonical names for variables.
Otherwise, we could repeat the argument as in [17, 1.13].

Definition 4.5.16. Let {7, : Ay}a<x and {zg : Qg}g<, be two contexts. We say that

{Ta : Aatacr ~ {75 : Qp}sey
if and only if A = p and for all a < A

{«ré : A6}6<a = Aa Type s {x'y : Q'y}'y<a = Qa Type

It follows that this induces an equivalence relation on contexts.

Definition 4.5.17. We say that
{Ta: Aotacr Ft: A {zs: Qslpcpu b 5:Q
if and only if {4 : Asta<r — AType ~ {z5: Qs}p<, - QType and {z, : Aptacr Ht=s.

Remark 4.5.18. Let {z, : Ay}a<i and {zg : Qg}g<, be two contexts. Assume further that

{Ta : Dotaer ~ {751 Qs}pp

Then for all derived rules
{zs: Qa}p<u - O,

the rule

{xa : Aa}a<)\ = Q
is also a derived rule.
Regardless of its simplicity, this remark is useful in the next:

Corollary 4.5.19. The relation ~ is an equivalence relation on judgments of the form
{iﬂg : A/g}5<u I— t: A
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Proof. Reflexivity is a consequence of [2| from theorem Assume that {x, : Ag}a<r F
t: A~ {r,: Qutacr - s: Q. Hence, the contexts satisfy {x, : Antacr ® {Ta @ Qata<nr-
Applying the symmetry of the relation ~ to contexts, and using theorem [£.5.18] we see that
{zo : Qatacr =t =s. Then we must have {z, : Qu}acr - s: A and {z, : Qp}acr - Q2= AL
We can apply {4f from theorem to conclude that {z, : Qu}a<r F s = ¢, thus proving
symmetry. Transitivity is a straightforward application of theorem [£.5.18] |

Definition 4.5.20. A morphism between contexts

<tﬁ>/3<u Aot Aatacr — {:135 : QB},@<M

is p-sequence of terms {t3}s<, such that for all 5 < p we have
{Ta 1 Antacr 15 1 Qp[ty |74 ]5<5-

Just as in the finite case, with the substitution as composition and the obvious identity,
it can be shown that contexts form a category with morphism as defined above. This is
called the category of realizations of the theory T. The composition of

(tp)p<p - {Za s Datacr = {75 Qplpp
and
(85)s<v : {2p : Qatpep — {75 Qsts<v
is the map
S86)6<v OB/ B<p ~ Lo - Rafa<h >\ T§ - disso<v
(88)5<v 0 {tp)pp + {Ta : Do} {ws : 5}
defined as the sequence {(ss[{ts|rs)s<ul)s<v
Using the previous relation ~ on contexts and rules we induce one on morphisms between
contexts. If we have morphisms
(ts)p<p : {Ta : Datacr = {25 : Qatscy and {t)pap : {Ta 1 Adtacr = {751 Vshsay
Then
(tars<u = (g)a<u
if and only if

{xﬁ : Qﬁ}ﬂ<u ~ {Ilﬂ : /5}6<u
and for all v < p

{ws 1 Dphoap b by Qylly |y ]y <y = {mg : Afdpay ) - L[ 20 ]0 s
Unfolding the definition this means that
{zs 1 Aptpap = Qy[ty|zy]y <y Type ~ {5 : A,ﬁ}ﬁku = Q:,[t;'|xw’]w’<v Type

and that {75 : Ag}pe, = t, =t for all v < p.

The following remarks are results from [17] whose proofs are completely similar. How-
ever, it is important to make them explicit, since they imply that we can define a composition
operation of equivalence classes of morphisms between contexts.
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Remark 4.5.21. Let {(t3)p<y : {Ta 1 Aata<r = {751 Qs}p<y and sy i {Ta @ Aatacr —
{zp : Q} <, two morphisms between contexts with (t3)s<, ~ (t3)p<p-

L If {zg : Qppey = QType and {z5 : Qp}p<, = Q' Type are derived judgment of the
theory such that
{za : Qp, mu: Yppap > {5 Uy, 71 Ve
then
{Ta: Aoy 2t Qts|Ts]a<ptacr = {Ta + AL, 7t VT2 p<pfaxn

This follows by unwinding the relation ~ and applying the principle from theo-
rem This simply means that we can extend contexts by a fresh variable. More-
over, there is a more general result:

For all € > 0, if {ws : Qg}g<pre and {zg5 : Qy}s,1c are contexts then

{Ta 1 Aay 251 Qalty]7, )<} a<n, = {Ta 1 AL, 251 Qgt |2, ]5<s) asn,
p<B<pte p<B<pte

2. If {wg: Qplpep 51 Qand {zg: Qgpey b 5" Q are derived judgment such that
{zs: Qslpcp Fs=qs.

Then
{Ta 1 Aataer F s[tsl2s]s<p =Q[tslesls<u Sl[tHxﬁ]Bﬂ"
Observe that the principle [I3] from theorem implies this result.

Remark 4.5.22. 1. Let (tp)p<, : {Ta : Aata<r — {xp : Q}s<, be a morphism between
two contexts. If

{Ta : Aataer ~ {7, 1 Al }a<x and {2 : Qs ~ {25 1 Uglpey
then {(tg)p<y : {7, : AL a<a — {2 1 Q3}p<, is also a morphism between these contexts.

2. If we have a context {, : Agta<ar1 and {zo @ Agtacr = {2, : Al }a< then we can
extend the context {2/ : Al }o<x to {x], : Al }o<ai1 such that o/ : Al is xy : A,.

Remark 4.5.23. Let (tg)p<u+1 : {ZTa @ Dotacr — {25 @ Qalp<ps1 and {(spyp<, @ {24 :
Agta<r — {z5 : Qs} <, be morphisms between contexts. Then we have a morphism

(88)<p+1 {Ta : Datacr = {75 1 Qglppst

where s, = t,,, and such that {sg}s<us1 ~ {ts}s<ps1-
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4.5.4 The category of k-Cartmell theories

We construct a category where the objects are k-Cartmell theories with maps interpretations.
This is analogous to the category that Cartmell constructs in [I7, 1.11|, all the results can
be copied from there to our setting. Since we work with different theories, the alphabets,
expressions and rules are marked accordingly. If 7" is a theory then these sets are denoted
Alp(T), Exp(T), Rul(T') respectively.

Let T and T two k-Cartmell theories. Let any function I : Alp(T") — Exp(T”). Using
this function, we can define a preinterpretation I : Exp(T) — Exp(T") by induction on the
construction of expressions:

1. fzeV

2. If F e Alp(T)

3. If L € Alp(T) alphabet symbol and {t,},<) are expressions
T(L(toz)a@\) = I(L)(T(ta))adv

Definition 4.5.24. Given a preinterpretation I we define a new function 1 : Rul(T) —
Rul(T").

L I(I' - AType) := I(I') - 1(A) Type

2. I(A - t:8) = T(A) - 1(1) : 1(A)

3. T(A, A EA=A)=T(A), T(A) - T(A) = T(A).

4 T(A 4 At =p ) == T(A), T(t), I(t') : T(A) = T(t) =5, 1(t).

This function is an interpretation from T into 7" if all introductory judgment and
axioms of T" are sent to introductory judgment and axioms of 7", we will simply denote this
as [ :T — T

Just as in [I7] it is possible to prove that:

Lemma 4.5.25. If [ is an interpretation from 7" to 7", then it preserves the derived judg-
ments of the theory 7.

Proof. From Lemma 2 [I7), pp 1.52]. To illustrate how this is done, we show that the derived
judgment theorem it is preserved by I. Consider the derived judgment
- I Ctxt {2a : Aptacr Ht=at
I, sa: Aalss | 28]p<as So : Dalsh | @als<a b Sa =aals)leslsze Sa

I, {sa : Aalsp | mslp<ata<r, {84 A/aES’B | 28]g<ata<r
l_ t[sa | xa]a<)\ EA[sa|aza]a<)\ t [Sa | xa]a<)\
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in the theory 7. We may assume that the context I' is of the form {zs : Qs}s-,, so we get

~ {:L‘ﬁ : Qﬁ}ﬁ<u Ctxt {[Ea : Aa}a<z\ =t =A t/
{QTB : QB}/B<M’ Sa - Aa[85 | l'/3]5<0” S:x : Aa[slﬂ | $5]5<a  Sa EA&[SHQCB]BQM S:x

{ZL‘B : Q/B}ﬁ<,u, {Sa : Aa[sﬁ ’ x,B],B<o¢}a</\7 {Sla : Aa[s,ﬁ ’ :B/J’]ﬁ<04}a</\
[ t[Sa | l‘a]a<A =Alsaltala<a t/[SIa | Ia]a<>\

Applying the I to the hypothesis and by theorem we obtain the following derivations
in 7",
o {5 1(Q4)}5, Ctxt,
o {Ta: I(Ad)taar F 1(t) =5 1(),
o {25 1(26)} s S0t H(A)I(55) | 25]5<ar 1(s4) - T(AQ)I(55) | 28] = 1(50) =pantisyie
I(sl).

(e}

B<a

We have all the requirements to use theorem {4.5.4 “ . ) for the theory 7”. Thus,
s T(Q) oy Coxt {ma: (Do) o F 1(8) =4 T(1)
{25 T() oy 50 L(Da)[I(5) | wals<ar 1(54) : TAL[L(55) | 28] 5<a
/

= 1(sa) =101 lesls0

I(s ()
{es: 1)} paps {1(s0) : (AT (s5) | 306] <atasn {1(sh) : T(Aa)[T(SE) | 5]p<ata<r
- I( )[ (Sa) | Zala<r = =T(A)I(50)|za]axx I(t/)[j( o) | Tala<n

is a derived rule of 7. Therefore, the rule is preserved by the interpretation I.

The following lemma fills the gap:

Lemma 4.5.26. If ] is an interpretation of 7" into 7" and we have expressions f and {t,}a<x
on the alphabet A7, then

I(flta | 2ala<y) = (P (ta) | Tala<n-

Proof. This is done by induction on the length of f in [I7, Lemma 1, pp. 1.52]. The
interesting case is when f = F'(eg)p<, for some F' in the alphabet and expressions {eg}g<,.
We assume inductively the result true for the expressions {eg}s,. Then we have:

F

I(flta | Tala<) = T(F(
(F)
(F)
(F)

eslta | Tala<r)s<u)

[
(I(eslta | Talaxr))s<n
F (7(65)[~( to) | Zala<r)p<u, by induction hypothesis
(i

F

I
N~ N =R

eﬁ>)5<u[ ( ) | xa]a<)\
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(F<65)B<M)[7(ta) | TaJa<x

=1
TN (ta) | Tala<s

There is also a notion of composition of interpretations: If I : S — T and J : T' — U are
interpretations, then there is an interpretation J oI : S — U that is defined in the obvious
way. It is also easy to infer what is the identity for this composition. A crucial result to
define these compositions is:

Lemma 4.5.27. If [ : S — T and J : T'— U are interpretations then j;—j(e) = J(I(e))
Proof. This is by induction of the expression e see [I7, Lemma 3, pp. 1.55]. |

We can define the category x-GAT of k-generalized algebraic theories. There is an
equivalence relation on interpretations between two theories 17" and T". If I, J : T — T" are
two interpretations, then I ~ J if an only if for every rule r € Ry we have I(r) ~ J(r) in
the theory T".

Lemma 4.5.28. If I and J are interpretations from 7" to T" such that I ~ J then for all
type and element judgment J of U, 1(J) ~ J(J) in T".

Proof. See [I7, Lemma 1, Section 1.14]. i

Then theorem implies that the compositions as given is well-defined. Finally,
in order to get the correct morphisms, we need to know that the equivalence relation on
interpretations is compatible with the composition. Another advantageous consequence is
that this it gives us criteria to establish whether two interpretations are equivalent.

Corollary 4.5.29. If I and J are interpretations from 7' to T "then I ~ J if and only if for
any type element judgment r, 7 (r) ~ J ().

Proof. This follows from theorem [4.5.28 and (3) of theorem [1.5.3] |

Corollary 4.5.30. If [ and J are interpretations from 7" to 7" and I’ and J’ are interpre-
tations from 7" to T” then from [ ~ J and I’ ~ J’' we conclude that I'o [ ~ J' o J.

Proof. [17, pp. 1.72]. |

The category k-GAT has morphisms equivalence classes of interpretations [17], pp. 1.72].
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4.5.5 Construction and properties of the category Cp

Let be T an x-Cartmell theory. The category Cr has the following data:

e Objects: Equivalence classes of contexts under the relation ~. If {z, : Ay}a<y is a
context then the object in Cp is denoted [{x4 : Anta<nr]-

e Morphisms: A morphism between [{z, : Ay}a<r] and [{zg : Q,}5<,] it is the equiva-
lence class of a map

<tﬂ>5<u AZa : Aatacr — {xﬂ : QB}E<M

induced by the relation ~ . We denote this set by
home, ([{za : Aataca], s« Qubs<ul).

e Composition: This is induced by the composition of maps between contexts. This is
again well-defined in view of 2] of theorem [4.5.21

e Identity: For a context {z, : Ay}a<y its identity is the equivalence class [{Z4}a<n]-

Remark 4.5.31. The category Cr has a unique object 1 := [F], the equivalence class of
the empty context. Note that this is a terminal object.

Remark 4.5.32. Let [{z, : A,}a<a] an object of Cr. Then for any p < A we get a morphism
[(zs)p<p] : [{Ta @ Aata<r] = [{zp : Ap}p<,]. Indeed, since {x, 1 Ay}ta<y is a context then
for any 8 < A we have {xs : As}s<s = Ap Type. Therefore, it follows from (theorem , @
that {Za 1 Aata<a F o 1 A, for all @ < A. In particular this is true for all § < pu, this gives
the morphism above.

Following the same argument, if v < p, then we also we have map [(z,),<,] : [{z5 :
Agtp<p] = [{zy 1 Ay}y<p]. Furthermore, we get a commutative diagram:

Kzp)p<u]
{7 : Aata<a] — [{xﬂ : AB}B<;L]

[m l[mm@]

{zy : Ay ]

Remark 4.5.33. Since these morphisms are somewhat canonical we will use the notation
“ — 7 and whenever we use this arrow for a morphism it must be assumed that such
map is of this form. These morphisms are called display, which is Cartmell’s terminology.
In contrast, our ‘display’ maps can be of arbitrary length, which we will often refer to as

generalized display maps.

Suppose there is a context [{x, : Ag}a<rre] With € = 0. Then we can consider an
e-indexed sequence of display morphisms:

{Za : Asacrta)] — [{za 1 Aatacrst] — [{Ta 1 Aata<n]
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Also, there is a display map [{z4 : Auta<rre] = [{Za 1 Aata<a]. This display morphism
will be by definition the composition for the sequence. If ¢ = 0, then this maps is simply the
identity. We also get a factorization of the map [{z, : As}a<a] — 1 via display maps for
any A = 0.

Observation 4.5.34. From the previous theorem [4.5.32| we can observe that if \ is a limit
ordinal then [{z, : Ay}a<a] is the limit of the sequence

[{l’l : Al,l‘g : AQ}] —_—> [{Il : Al}] — 1.

If there is another context [{z; : I's}s5<,] and maps

[ts)p<al : {75 : Tstsey] — [{75 : Ap}p<al

for all @ < X then we can simply take the map

[(tapa<a] s {75 : Tsocy] = [{a + Aataca]

This can be shown the cone map (which is unique). This verifies our claim.
Using theorem [4.5.32] we can define a function:

v:0b(Cr) — K

as V([{Za : Aata<r]) := A. We call this the length function. We can use v to construct
a filtration on the objects of Cr: we define

Ob)\((CT) = 7/_1(>\>
then Ob(Cr) = [],_, Obx(Cr), and so if o < f then Ob,(Cr) < Obs(Cyr). Furthermore, if
p: A — B is a display morphism, then v(B) < v(A).

For o < 3 there are functions
Uy Obﬁ((CT) — Oba(CT)

that are defined in the obvious way. Additionally, 1 € Oby(Cr) is unique.

The proof of the following lemma is the same as in [17].

Lemma 4.5.35. The pullback of a display map along arbitrary morphisms in Cp exists,
and it is also display.

Proof. We use induction over the context length. Assume we have the following diagram
in CTZ

{zs : Qs}p<pril
l[<x5>ﬁ<u]

REPREA Y W [{% : Qﬁ}ﬁ<u]
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Then the pullback is given using theorem [4.5.21] the context is
[{za : Ao, 2 s Qults | 2alp<ptac]-
Therefore we have a commutative square
t I <
[<tpsurp<pl

{za : An, 2 Qults | 28]p<ptaen] {75 : Qs}p<psi]
[<xa>a<ui l«zmq] (4.5.1)

[{xa . Aa}a<)\] [<t5>B<u] > [{xﬁ : Qﬁ}ﬂ<#]

Note that by definition the left vertical morphism is also display. If there is another com-
mutative square

[<gﬁ>6<u ]
[{z¢ : Teheel > [{zs: U} pepri]
[<fa>a<k]l l[<x6>6<u]
[{l'a : Aa}a<)\] [<tﬂ>ﬁ<u] ? [{xﬁ : Q/B}/8<,U«:|7

the map
(o gwpa<a] = [z : Tefezel = [ = Aas 2 - Qults [ p]p<ptacnl
shows that the square (4.5.1)) is the pullback.

Next, assume that we have a diagram

{75 : Qs}p<pul
l[<xﬁ>a<u]

[{za : Asta<al m {75 : Qs}p<s]

where g is a limit ordinal strictly larger than v. We simplify the notation as follows:

By,

|

A, —— B,
A {tprp<v

Assume that the factorization of the map B, — B, is of the form
- Bu+2 - Bl/+1 - Bl/

and therefore B, is the limit (obtained similarly as in theorem [4.5.34 and theorem (4.5.32)).
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Then we can take the successive pullback
f* B“‘ Q(valt) > BM
: B :
4(f, Bys1)* Byug W20
l ’ l (4.5.2)

q(val/‘Fl)

J*By11 J > By
| |
Ay 7 > B,

where at each successor stage it is given as before, f := (t3)s<,, the context

By = [{7a : Aa, 250 Qplts | T5]s<p) a<n |
v<p<p

is the limits of the sequence on the left-hand side, with the obvious display maps to each

object in the sequence, and

q(f, Bu) = [{ts; Ty )p<vry<pl-

This makes the outer rectangle in (4.5.2)) commutative. Moreover, the map ¢(f, B,,) is the

unique cone map induced by the family of maps

{[<t/3’ x7>/3<V<”/<5] : f*Bu - B5}V<5<u-

Using the same notation as in the lemma above, we have:

Remark 4.5.36. 1. If f = Idp, then (Idp,)*B, = B, and q(Idp,, B,) = Idp,.

2. For a diagram

A

f>B

D25 C

Y

we have that ¢*(f*(A)) = (fg)*(A) and q(fg, A) = q(f, A)(g, [* A).

We will refer to the category Cr as the syntactic category associated to the x-Cartmell

theory T

Observation 4.5.37. We note that theorem {4.5.35| give us an explicit construction of pull-

backs in Cr, as well the pullback of the maps and an explicit description of ¢(f, B,).

We finish this section by characterizing the display maps in the category C,. This result

says that display maps are somehow generic. We start with a preparatory result.
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Lemma 4.5.38. Let T a k-Cartmell theory and Cr its syntactic k-contextual category.
Assume that there is a f : A — I', then any display map B — A of length 1 can be obtained
as a pullback of the form

32

—

D «— o

=«

7

where IV — T is of length 1.

Proof. This simply a reformulation of theorem Assume that
f=1ts)s<p] : {7a s Dataa] = [{25 - Todpapl-

Therefore, when the display map is of the form
[{gja . Aa}a<)\+1] - [{xa : Aa}a<A]-

We can construct the square

<t » L > <p
[{xa . Aoz}o¢<)\-i-1] #} [{ZE . Fﬁ,l‘)\ . A)\},3<M]

| |

[{Ta 1 Aata<i] > [{z: Fﬁ}ﬁ<u]-

<t6>5<u

Since for all 8 < p, xg does not occur in Ay we have that Ay[tg|lzs]s<, = Ax. Hence, it
follows from the construction of pullbacks in Cr (theorem [4.5.35) that the square above is
indeed a pullback diagram. |

We are ready to give the full description of display maps.

Proposition 4.5.39. Every Display map B — A in Cr is a limit of a x-small tower V :
A — Cr where for each limit ordinal g < A

V(B) = Limy<p V()
and the map V(a + 1) — V(«) is a pullback of a length one display map of the form
(I'y A) - T" where I' = A Type is a type axiom of the theory T.

Proof. Each display map in Cr has a length A. Just as in theorem it admits a
decomposition into display maps. It will be enough to prove the second claim, but this
follows by an inductive argument in conjunction with the previous theorem [4.5.38 The
inductive step provides us with the required map f : V(a) — I' in theorem [4.5.38 |

4.6 Contextual categories and Cartmell theories

This section is the most relevant part. We will show that from the syntax of a k-Cartmell
theory we can construct a category, called k-Contextual category, which we now introduce.
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4.6.1 ~k-contextual categories

The discussion in section on the properties of the syntactic category Cr can be sum-
marized with the next definition, which is the natural generalization of Cartmell’s [17] or
[41]. We present our definition in the same way as in the latter. Recall that x is a regular
cardinal.

Definition 4.6.1. A category C is said to be a k-contextual category if:

1.

The objects of C have grading Ob(C) = [],_, ObA(C). This grading determines the
height of any object B € C, which we write as ht(B).

. There is a terminal object 1 € C and it is unique up to equality with height 0.

(13 7

There is a wide subcategory Dis(C) with distinguished maps ¢ — 7 called display
morphisms,

. The subcategory Dis(C) is closed under transfinite compositions: if we have

» Bj » By » B » By

a A-sequence of display maps, then there is a unique object B in Dis(C) with height
A and for each p < A a display map B — B, such that for any o < A we have a
factorization

B » By

\B

The inclusion functor preserve i : Dis(C) < C transfinite compositions.

If A— B is an arrow in Dis(C) then B € Ob,(C) and A € Oby(C) for some ordinals
A, o with g <A

For any object A € Ob,(C) and any ;1 < A there exists a unique object B € Ob,(C) and
a unique display map A — B. The length of this display map is the unique ordinal «
such that A = p + «, is such situation, we write lt(p).

. For any A € Ob,(C), amap A — B and any map f : C'— B there is a pullback square

f*A A,
¢ —— B

called canonical pullback of A along f, and we require It(f*p) = lt(p).

Canonical pullbacks are strictly functorial: for ordinals with u < A, A € Ob,(C)
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(a) If f =idp then idyA = A and q(idg, A) = ida.
(b) For a diagram

I

f>B,

D2, ¢
we have that g*(f*(A)) = (fg9)*(A) and q(fg, A) = q(f, A)(g, [*A).
10. Given display maps p: A — B and ¢: B — C and any f: X — C, in the diagram

q(f, B)* A a(a(f,B),A) A

we have that f*ro (¢(f, B)*p) = f*(rop) and q(q(f, B), A) = q(f, A).

Remark 4.6.2. We use the term "display map" in a rather different way to Cartmell. For
us, a display map can have any height, and it is only bounded by the regular cardinal x.

We have already seen one example of such a category.

Corollary 4.6.3. For any k-Cartmell theory T the syntactic category Cr is a k-contextual
category.

Proof. This is done throughout section [4.5.5] i

Remark 4.6.4. It follows from theorem [£.6.1] that for any object B € C the map B — 1 can
be decomposed as a transfinite composition of display maps

By, —» ...—» B —» 1.

The length of decomposition above is given by the degree of B. This is what [I7] calls the
tree structure of the category. Whenever we refer to objects in a x-contextual category as
above, we will emphasize its height by writing B). Likewise, we will denote the display maps
as po : By = B, for each a < \.

The following lemma is a consequence of theorem [£.6.1] and theorem [4.6.4]

Lemma 4.6.5. Let B € Ob,(C) such that X is a limit ordinal. Then B itself is a limit object
in C.
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Proof. From theorem we obtain a sequence

» Bs » Bs » B »

It follows from Axiom 4 of theorem that B must be the limit of the sequence. Finally,
we use that the inclusion Dis(C) — C preserve limits. |

Definition 4.6.6. Let C, D contextual categories. A functor F': C — D it is called contextual
functor if it satisfies the following conditions:

1. F(Oby(C)) < Oby(D) for all A < &,
2. F restricts to a functor Dis(C) — Dis(D),

3. F preserve canonical pullbacks up to equality, meaning that for any square in C

A q(f,A) A
f*pl ’ lp

we have F(f*A) = (Ff)*(FA) and F(q(f,A)) = q(Ff,FA).

Since the degree of each object is preserved by a k-contextual functor, it makes sense to
denote F'(A,) := F(A), for A\ € C. Another piece of notation we can introduce is from the
functor F': Dis(C) — Dis(D); since any display map p,, : Ay — A, is sent to a display map
F(pa): F(A)y — F(A),, and the degrees are preserved, we agree to omit F' on these maps.
Contextual functors are the morphisms of the category of x-contextual categories, we will
denote it as k-CON.

4.6.2 Interlude: categorical facts

We collect and recall some categorical facts about general k-contextual categories.

Proposition 4.6.7 (The slice k-contextual category). Let C be a k-contextual category. For
any object B € Ob,(C) there is a k-contextual category which is a full subcategory of the
slice C/p which has objects display maps A — B where A € Oby(C) with A > p.

Since we will rarely use categories other than s-contextual categories, we will employ
the slice notation C,p for the category from the previous proposition.

Proof. The proof is completely formal. The important fact to remember is that the pullback
of a display map is also display. |
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It is a well known fact that the pasting of two pullbacks give us a pullback, in our case
consider the following diagram:

q(f.By)
f*B, - > B,

f,B ),B $
(f> V+1) l/+2 w1 By QBV+2

| !

7BV
[*By A Bev) > By
A)\ 7 > Bu

Then if p is a limit ordinal, the object B, is the limit of the sequence on the right-hand
side. Thus, f*B, is the limit of the sequence on the left-hand side. Note that pairwise we
have q(f, By41)*Buya = f*Byy2 and q(f, Buy2) = q¢(q(f, But1), Buta)-

If f: A\ - B, and p, : B, — B, is a display map with y = v + 1, using the universal
property of the pullback we can construct the following diagram:

The map 0% makes both triangles commutative. We will focus on the fact that ((f,)*p,)d} =
Idyu,, where f, = p,f. Assume that we have a map p : B, — B, with p a limit ordinal, in
particular the length of p is a limit ordinal. Then a map f : Ay — B, is determinate by a
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family of maps {f, : Ax — B,}. Then we obtain:

e qa(f.Bu)
B, W, B,

G(f, Bys1)* By.g WP Bl

I Lp

7Bl/
f*BV-‘rl o Bee) > BV+1
A/\ 7 > By,

where the map 6% is given as the family of maps (d%),, each given by an intermediate
pullback square in the diagram above.

Notation 4.6.8. If the situation above, for f : Ay — B, we denote

L(BY) = {h: Ax = (0o )" By | (0o f) po)h = da,}-

We can consider a more general case, if Ay € Oby(C) and B, € Ob,(C) with A < p, then
there is a unique display map p : B, — A\. We set

I'(BY):={s: A\ — B, | ps = Ida,}
for this situation as well, since the object A, will be inferred from the context.

If the contextual category is Cr, then recalling theorem [4.5.35 we can give an explicit
description of the map d}.

Lemma 4.6.9. Assume that f := [{t5)s<v] : [{Za : Aata<r] = [{zs : Bs}s<,]| and there is
a display map p: [{zs : Bg}s<u] = [{zs : Bs}s<,] then 0f = [<xa,t5>yg§iﬂ].

Proof. This follows by induction on g and the explicit construction of pullbacks from the-
orem [4.5.35| |

In certain situations, the property above characterizes the map 07.

Lemma 4.6.10. If [{zs : Bs}s<,] is an object of C and v < p then f € I'(BY) if and only if
f = [{xp,t)p<p<ry<ul), where for all v < v < p, the rule {zg : Bs}p<p, {ty : By}yey -t : B,
is a derived rule.

The next result follows from the previous lemma, and it is used in theorem
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Lemma 4.6.11. Let A,, B, objects of C and for each f < p we have maps 7541 €
L(rf---rip*Bgy1) then there exists a unique sequence of maps {gs : Ax — Bgjs<, such
that for all 8 < p we have pggs1 = gp such that oy, = rs.

Some words about the previous lemma are in order. The expression rj - --rip*Bg,; can
be illustrated by the first two steps:

p*B? E— B2

Lo

p*B] e Bl TTP*B‘) — p*BQ
S
A)\ T> 1 A/\ T—1> p*Bl

4.6.3 The equivalence between k-GAT and xk-CON
4.6.3.1 The functor C: k-GAT — k-CON

To establish this equivalence of categories, we first define a functor C : k-GAT — k-CON
using the construction of section The proof again comes from (|I7], section 2.4.1).
We register all preliminary results needed to define this functor, however again we omit the
proofs since they are similar to the original ones given by Cartmell.

On objects C : k-GAT — k-CON is defined as Cr for T" a k-Cartmell theory. For a map
[I]:T — T" between theories, we need functor C(I) : Cp — Cy:

1. On objects; C(I)([{za : Asta<r]) == [{za 1?(Aa)}a</\]7

2. On morphisms: Tf [(t5)s=] ¢ [ : Aatacal = [{g : Ag}pe,] then CUN([(ta)se,]) =
[T (Y5,

If there is an interpretation J in the equivalence class [I], then by theorem [4.5.28 any
rule r of T" we get I(r) ~ J(r). Therefore, the definition of C(I) does not depend on the
representative of [I].

Remains to verify that C(/) is indeed a contextual functor. Firstly, it is primordial to
verify it is well-defined.

Lemma 4.6.12. Let [I]: 7 — 1" be a map in k-GAT then the following hold:

1. The interpEetation I preserves contexts: If {z, : Ay}ta<a is a context in the theory T'
then {z, : I(Ay)}a<x is a context in the theory 7.

2. The interpretation I preserves the equivalence relation ~ between contexts: If {x, :
Asta<r and {x, @ Q4}ta<y are contexts in the theory U with {z, : Ay}a<r ~ {74 :
Qotawr then {z, : [(An)}a<r = {Ta : 1(2a) }a<r-
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3. The interpretation I preserves morphisms between contexts: If (t5)s<,} : {Za : Aa}a<r —
{zs : Qp}p<, is a morphism between contexts in the theory 7" then {(I(t5))s<,} : {%q :
I(An)}a<x = {xp 1 1(Q)}s<, is a morphism between contexts in the theory 7".

4. The interpretation I preserves the equivalence relation ~ between morphisms of con-
texts: If (sg)pps (tp)p<p * {Ta + Data<r — {25 1 Qp}p<, are morphisms between
contexts in the theory 7" with (sg)s<, ~ {(t3)s<, then (I(sg))s<, ~ {L(t3))p<p-

Proof. The proof of each statement is consequence of theorem [4.5.26| or theorem [4.5.25|
Our enumeration of variables give us a notation simplification of the proof given by [17].

For example, to prove ; we have by assumption that {z, : Astacr F ty =, [tsle5]5-, Sv
for all 0 < v < p. Therefore, since the interpretation preserves this rule o7 we get that

{ra 1 1(Aa)}aer F 1(t,) =1(2)[T(ts)zp]s—., 1(sy) for all 0 <y < p. This exactly establishes

I(sp)Yp<u ~ I(ts))p<p- ]

We have seen that the definition of C(I) give us the correct objects and morphisms.
Now we show that it is indeed a contextual functor.

Lemma 4.6.13. Let [ : T — T" be a morphism in x-GAT. Then the map C(/) : C; — Cyv
is a contextual functor.

Proof. The map is a functor trivially. That it preserves the grading and restricts to a
functor between the display subcategories Dis(Cr) and Dis(Cyv), it is also immediate. To
prove it preserves canonical pullbacks, consider the following pullback square in the category
CTZ

[<t57$"/> /B<M7 ]
pSY<pte

{2 : Ao, zy [t | 25]p<u} _a<r, » [{zs : Qs}p<ptel
pusy<p+te
[<xa>a<n]l l[<x,8>ﬁ<u]

[{Ta 1 Aata<s] > {7 1 Qstp<ul

Then a straightforward computation, using the definition of C(I), shows that this is sent to
a pullback square in the category Cq. |

[Ktsrp<i]

Corollary 4.6.14. There is a functor C : k-GAT — x-CON.

4.6.3.2 The functor U : k-CON — k-GAT

We now turn to construct a functor that to each k-contextual category C associates a k-
generalized algebraic theory U(C), this is part of [I7, Section 2.4]. We will use the notation
introduced in theorem [4.6.4. This means we identify each object by its height, say B, and
write display maps as p, : By = B, if A > 0 and a < A. If & = 0 then By = 1 the terminal
object. A morphism f : Ay — B, is trivial when B, is trivial, i.e u = 0.

Definition 4.6.15. We define U(C) € k-GAT as:
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1. For each non-trivial object B, with = A+1 a type symbol B_u with introductory rule:
{zs : Bg}p<y = Bu(xs)s<, Type. The notation emphasizes the fact that B, depends
on the indicated variables.

2. If f: Ay — B, is morphism of C with y1 = v + 1 we get an operator symbol f. It has
introductory rule;

o If f: Ay — By, denote by p, : B,y1 — B,. Then the operator symbol has
introductory rule

{xa :Za}a<z\ = 7<xa>a<x\ . (ppf>*Bu+l<xa)a<)\-

This does not clash with the notation from the previous point since it always refer to
an object of C and in this case refers to map.

Subject to the following axioms in U(C):

1. Let Ay, B, C,41 be objects of C and maps f : Ay — B, g: B, — Cy41:

{Ia :za}a<)\ |_ H(:pa)a<>\ Em(xa) E(M(xa>a<>\)6<.u'

a<h
2. Let B, be a non-trivial object of C. For each ¢ < u we have

{26 1 Bo}sep b D5(28) 52 =5y(00),.5 To-
3. Let Ay, B, objects of C and a map f: Ay — B, then

{:L‘oc : Za}a<)\ = f*Bu+1(xa>a<>\ = B,u-‘rl (M(:pa)a<)\)ﬁ<u

and

{a : Aa, 75 [*Bus1(Za)a<rta<r b q(fs Bus1)(Ta, Ts)a<a =T B, (2a)a<x Lo

a<

Observation 4.6.16. It is immediate to observe that U(C) as defined is a k-pretheory.
We have sort symbol and operator symbols introduced by type judgment and type element
judgments respectively. Note that the list of axioms we provided are well-formed rules. This
is because the premise of each axiom is by definition a context.

Remark 4.6.17. If f : Ay — B, is a map in C, where p is a limit ordinal, ¢.e., B, is a limit
object, then we get a family of maps {f, : Ax — B,},<,. Therefore, the associated operator
f is uniquely determined by the operator f,, for which in this case we can assume that v is
a successor ordinal.

If FF:C — D is a functor between k-contextual categories, then we need an interpreta-
tion U(F) : U(C) — U(D);
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1. For an object A,, the interpretation is defined as

U(F)(A)\) = F_A,\(xa)oK,\.

2. For a morphism f : Ay — B, 1, the operator f is interpreted as

U(F)(f) == F(f)(@a)a<-

The next step is to prove that this is indeed an map between the x-Cartmell theories,
this is done in [I7, pp 2.29|. For this, it is enough to show that rules and axioms of U(C) are
sent to rules of U(D). The functoriality of U : k-CON — xk-GAT is also immediate from its
definition. This is tested on each type and operator symbol. It is then enough to take the
equivalence class [U(F)].

4.6.3.3 The natural isomorphism U o C =~ Id,._.gar

For each T' € k-GAT we want to define an interpretation [¢r] : T'— U(Cr), we do this by
defining a preinterpretation ¢ : Exp(T) — Exp(U(Cr)):

1. If A is a type symbol of T" with introduction rule

{.Z‘a : AB}B<M — A(:L‘/g)5<'u Type

then

pr(A) = [{xg : Ag, x5 0 Aag)s<ptp<ul(®s)p<p
2. If f is an operator symbol with introductory rule
{Ta 1 Dptpan b flaa)s<pn : A,

then

pr(f) = [Ces, [(28)p<p)<pl (¥8) p<p
where (xg, f(23)g<pu)p<p 1S the morphism {x, : Agls<y — {Ta : Ap, x5 1 A}sy.

We proceed to verify that as defined pp : T' — U(Cr) is an interpretation. This is a
crucial point in the proof, so we spell out some details in theorem [£.6.26] The results below
are the technical steps towards it.

Lemma 4.6.18. If C is a contextual category, objects Ay, B, and f : Ay — B, is map with
= v+ 1 (in particular it is non-trivial) then the rule

{'ra . Zoz(«r'y)'y<oz}az<)\ o 7($a)a<)\ : B_,u(pﬂ o f('roz)a<)\)

is a derived rule of U(C).

B<p
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Proof. We have the axiom

{xa : Zoz}oz<>\ = f*—Bu<ma)a</\ = B_u(pﬁ o f(xoz)a<)\)

B<p

for U(C) and the derivation rule for xk-GAT

F|—A15A2 tZAl
FI_tIAQ '

These put together give us the result. |

Lemma 4.6.19. Let C a r-contextual category, objects {Aa}a<r, {Bs}s<p+1, {Cyly<e and a
commutative diagram

Ca —l> Bu+1
‘| I

A)\ T> BN'

If h: C. — f*B,41 is the unique map given by the pullback, then the rule

{zy: C_“/<x5>5<'y}'v<6 = E(x7)7<5 = (FR)* Byt (1)< Uy ) y<e

is a derived rule of U(C).

Proof. The proof is the same as [I7, Lemma 2 pp. 2.32| using theorem [4.6.18 |

Lemma 4.6.20. Let C a x-contextual category, objects {Aq}a<r, {Bg}s<pu, {C}<c and for
0 < v < p a commutative diagram

If h, : C: — f*B, is the unique map given by the pullback, then the rule

{z,: O_ﬂ/<$5)6<7}7<8 = h_l,(x,y)y@ =(fk)*B,. by (T )y <e

(T )y<e

is a derived rule of U(C).

Proof. This by induction on the height of p,. When it is a successor ordinal, this is the
previous theorem 4.6.20 When it is a limit ordinal B, is a limit object, therefore the result
reduces to the inductive hypothesis, which is the successor case again. |

Recall from section we defined the set of maps I'(B). It follows from the previous
result that



4. HOMOTOPY LANGUAGES 162

Corollary 4.6.21. If C is a s-contextual category and f : Ay — B, is a map in C, then for
all v < p

{1'04 . Aa(x6)5<oz}a<)\ [ g(xa>a</\ = 7(xa)a<)\'
is a derived rule of U(C).

If we specialize theorem [.6.21] to the syntactic k-contextual category of a k-Cartmell
theory T', then

Corollary 4.6.22. Assume that {zg : Bg}s<, is a context, v < p and

foi=[ts)p<r] : [{za : Aata<r] = [{z5 : Bslp<v]

a map in Cr then

{SL’Q : A_a(x'y)’y<a}a<)\ = [<x°"t€>,,%§éu] = [<tﬂ>ts>ﬁ<u$€<u]~
is a derived rule of U(Cr).

Proof. This follows from theorem {4.6.21] and the explicit description of 07, given in theo-
rem [4.6.91 |

Lemma 4.6.23. If A), B, are objects and f, : Ay — B,, with v < p, is a map in a
r-contextual category C, then:

1. The rule o o
{xcx : Aa(£5)6<a}a<>\ — iju<xa)oz<)\ = B(5(7p7f) (xa)oz<)\>'y<y

is a derived rule of U(C).

2. If g : T'(B*) then the rule

{xa : A_a(x6)6<0c}a</\ [ %(l‘a)a<x\ = 5_5(%($a)a<)\)v<u
is a derived rule of U(C).
Corollary 4.6.24. If T is a x-Cartmell theory, {zs : Bs}s<, is a context, v <y and
fo = [{p)s<v] : [{Ta + Antar] = [{z5 : Bslp<u]

is a map in Cr then;

1. __
{xa : Aa(x6)5<o¢}a<)\

{Ta: 2y 1 Bylts|@sls<r} a<x [(Ta)a<r = [{25: Bs}p<o](G5(Ta)a<r)s<v

v<y<p

where for each § < v the map g5 := [(Za, 5)a<Ar]-
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2. If for all v, with v < v < u, the rule
{zs : Ba}pew, {ty : By}yey 1y 1 By

is a derived rule then

{za :A_a(x6>6<a}a<>\ - [(7a, tv[tv’ | xv’]7’<7>yg§éu] = E(%(xa)a<>\)ﬁ<v

where g is defined as in the previous point and h := [{z3,t,) s<v |.
v<y<p

Proof. This is a direct application of theorem [£.6.23] We remark that the assumption of
point (2) simply give us an element of I'( B#) and the map on the left depend on variables
that according to our convention we leave implicit. |

The following lemma is key to prove that we have an interpretation ¢ : T — U(Cr),
the results above are used to prove:

Lemma 4.6.25. If T is a k-Cartmell theory then:
1. If {xo : Anta<x H AType is a type judgment of 7', then the rule
{Ta 1 Aa(Ts)s<atacr F A(Ta)acri1 = G7(A)
is a derived rule of U(Cr) where A := {z, : Ay}ta<ar1 and A, = {zs5 : Asls<a-
2. If {wy : Au}aer -t Ais a type element judgment of T', then the rule

{xa : A_a(x§)§<a}a<>\ = <-romt>a<>\(xa>a<>\+1 EZ(:):Q)DK)\ @“(t)

is a derived rule of U(Cr).

Proof. The proof is by induction on the derivations, by showing that rule derivation pre-
serves the properties above. |

The important result of this section is the following.

Corollary 4.6.26. For every x-Cartmell theory T, the map ¢r : U — U(Cr) is an inter-
pretation.

Proof. We see that the function @7 : Rul(T) — Rul(U(Cr)) is well-defined. We start with
arule J of T and show that pr(J) is a rule of U(Cr)

1. Type judgment: Assume that J := {x, : Ay}acx = AType is a rule of T, from
theorem [4.5.24] it follows that

o1(T) = {xa : P(Ad)}axr F P1(A) Type.
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From theorem we have for any v < A + 1 the rule
{Ta : Aa(25)s<atacr F Ayi1(Ta)acyi1 = P1(A,)
is a derived rule of U(Cy). Thus, so it is
{za : 01(Ad)(T5)s<ata<r F m(ma)a<)\+l = pr(4).
Then it must be the case that {z, : 2(As)}a<xr - @1(A) Type is a rule of U(Cr).
2. Element judgment: I' -t : A. This very similar the previous rule.
3. Type equality judgment: I' — A = A’. Also follows from theorem

4. Term equality judgment: I' - ¢ = t'. The same argument works.

Corollary 4.6.27. For every r-Cartmell theory T, the map [¢r] : U — U(Cr) is morphism
in the category xk-GAT.

Next, we will show that [¢_]: Id,.gar = U o C is a natural transformation.

Lemma 4.6.28. Let T', T' two k-Cartmell theories and I : T — T" an interpretation between
them. Then, we have a commutative diagram

T 1 vy

[I]l lU((C(I))

!
T [80—T/]> U((CT/)

Proof. We use theorem [4.5.29| Therefore, it will be enough to test the commutativity of the
diagram on type element judgments. Let {z, : Ay}a<r € : Ay a type element judgment of
T. For any a < A we denote A, := [{zs : As}s<a]. It follows from theorem [4.6.25| that

~ ({xa : Aa}aQ) R LR
[

28 .~ 1. i )
t: A)\ <$a,t>a<,\] . A)\(xa)oz<)\

We conclude that

ven) <¢ (&)) N fra : COAD}acr

t: Ay CI)([{as haxal) : CU)(A)(a)a<r

Looking at the other composition: we get

,[\ ({l’a : Aa}a<>\> _ {moc :T(Aa)}oKA.

t: Ay I(t) : 1(A))
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A second use of theorem give us that

. (} ({xa : Aa}aQ)) N (T : Bataor |
t:Ax (o, T(t))acr] : Bx(Ta)ac

~

where for o < A\, B, := [{z5 : [(As)}s<a]- However, by definition we have C(I)(A,) = Ba,
for o < A. This completes our verification. |

Remains to show that [¢r] is an isomorphism, and natural in 7. We proceed to give
an inverse ¢y : U(Cyp) — T. Recall that a type symbol of U(Cr) is of the form A, =
[{za : Aata<n]- A = v + 1 then by choosing a representative of this equivalence class of
the context we can define 7 (A,) := A,.

If X\ is a limit ordinal once we chose a representative Ay = {z, : As}a<r. Then we know
that [A,] = limy<x[As] in Cr, and this limit is unique. In this case, the value of ¥ is
determined by non-limit ordinals o < ), which are 1p(A,) = A,. Therefore, we define
wr([Az]) := A, for some choice of a representative of the equivalence class. However, note
that the successor case determinate the limit case.

Operator symbols of U(Cr) come from morphisms of Cy. Therefore, for a morphism f :=
[t5)p<p] : [{Ta : Asta<r] = [{z5 : Qs}p<,] in order to define 1) on the associated operator,
it is enough to assume that pu is a successor ordinal. Firstly, we need to make choices for the
contexts and morphism. However, the definition does not depend on these choices because

of (1) from theorem 4.5.220 This allows to define 11 as

¢T(7) =1y

where t,, : Q,[ts|zs]p<p-

Lemma 4.6.29. The function ¢ is an interpretation from U(Cr) — T

Proof. We need to check that rules and axioms are preserved by ¢r. It will be enough to
deal with the case where A = v + 1. Suppose that A, has

{xa . A_a(x5)6<a}a<1/
A (%) a<w Type

Furthermore, we assume that {z, : Ay}a<x is such that Ay = [{z, : As}a<r]- By
definition,

- {za :A_oa(x5)5<a}o¢<u {xa : Aa}a<y
T — = .
A)\(xoc)a</\ Type AV Type

This is obviously a derived rule of T. Preservation of the rule for operator symbols is
straightforward. ]

Lemma 4.6.30. For any x-Cartmell theory T" we have r o o7 ~ Idr.
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Proof. From theorem it is enough to verify the statement on type element judgments.
Let {zq : Apta<xr F t: Ay a type element judgment. For any av < A we denote A, := [{zs :
As}s<al- It follows from theorem |4.6.25( that

o~ ({xa : Aa}a<)\> -~ {xa :A_oz}a</\

ér N e '
t: Ay [{Za, a<r] : Ax(Ta)a<r

Hence
’Q/D\ o~ {xa : Aa}a<)\ ~ ;D\ {xcx :A_a}oz<)\ _ {xa : Aa}a<)\
T l: A/\ ’ [<xo¢7t>a<z\] : A_)\(xoa)oc<)\ l: A/\ .

Lemma 4.6.31. For any x-Cartmell theory 1" we have 1 o o7 ~ Idr.

Proof. The proof is similar to the previous lemma. All the definitions and technical results
have been established, specially theorem [4.6.25[ |

Corollary 4.6.32. There is a natural isomorphism Id,.gar = U o C.

Proof. We have constructed [¢_] : Id,;.gar = U o C. |

4.6.3.4 The natural isomorphism Co U =~ Id,..con

In this section, we aim to construct a natural isomorphism 7 : Id,.con = CoU. Let C be
a K-contextual category. For this, we first construct a x-contextual functor n¢ : C — Cye).
Recall that if A, is an object in C then for any o < A we denoted p, : Ay — A, to the
canonical display map that exists. Then we can make the following definition:

1. For ne(1) := 1.
2. If A, is an object with t = A + 1 then
ne(Au) = [{za : Aa(5)s<atazi]-
3. For an object Ay, we define ne(po) := ne(p)o where ne(p)o : ne(A) — 1.

4. If Ay, B, are non-trivial objects, with p a successor ordinal, and f : Ay — B, is a
morphism in C then

ne(f) = [Ppf(Ta)acr)p<ul-

We observe that if y is a limit ordinal, then any map f : Ay — B, is determined by a
family of maps {f, : A\ — B,},<,. Thus, in order to define n on such map it is enough to
do it on ordinals v < p which we can assume to be successor ordinals. The map 7n(f) is the
map induced by the family of maps {n(f,) : n(Ax) — n(B.)}v<u. In conclusion, we simply
need to prove properties of n for successor ordinals. The property for limit ordinals follows
using the universal property of the limit object.
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Lemma 4.6.33. For any C, n¢ : C — Cyc) is a k-contextual functor.

Proof. First we verify that it is a functor. Since for any a < A we have po(Za)a<r = Tas
then it is immediate to see that 7e preserves the identities.
Assume we have non-trivial morphisms f : Ay — B, and g : B, — C,, then

ne(gf) = [W(wa)a<>\>ﬁ<1/]

From the first axiom in theorem U(C) it follows that the above must be ne(g)ne(f)
whenever ;o and v are successor ordinals. When we have limits

Now we must verify that it preserves display maps and canonical pullbacks. Both statements
are direct consequences of the definitions. Furthermore, the proof from [I7] works without
mayor changes.

For the preservation of pullbacks: We let f : Ay — B, then

Uls ( ) [< Aﬁ(x’y)'KOu Le f*Bu+1(xa)a<)\>a</\]
[< ('r’Y)’Y<OH Te m(ﬁ(xa)a<z\)ﬂ<u>a</\]

[<p f( o)anp<u) [{T5 3B_6(£7)7<6>6<u]
= nc(f) ne(B).

Qfl

For a display map of p, : B, — B, with height a successor ordinal, the same argument shows
that the pullback along f, : Ay — B, is preserved. When the height is a limit ordinal, we
combine the previous case and the fact that in any x-contextual category canonical pullbacks
are unique. |

Lemma 4.6.34. Let C, C' be k-contextual categories and a contextual functor F': C — C'.
Then the following diagram is commutative:

C L) CU(C)

Fl lC(U(F))

¢ = Cucen.
Proof. If f: Ay — B, is a map in C then

CUF)(ne(f)) = CUF))([psf(@a)a<rs<ul)
= [(F(psf)(Ta)a<r)s<ul

= [<pﬂF(f)(xa)a<>\>ﬁ<u]
= e (f)-

Corollary 4.6.35. There is a natural transformation /d,.cox = Co U.
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Remains to show that this natural transformation is an isomorphism. For each -

contextual category C we construct a x-contextual functor

S Cyey —C

which is a two-sided inverse to 7¢. From theorem we see that:

1. Every derived type judgment of U(C) is of the form

{J}g : Qg},{k# [ A_)\(ta)a<>\ Type

for some object Ay of C where for a@ < A the rule

{z5: Qs b ta : Aalts | T5lo<a
is a derived rule of U(C).
2. Every type element judgment of T is of the form
{2+ Qajpep 25 Qp
for some 8 < pu, or is of the form

{xﬁ : Qﬁ}5<u = 7<ta)a<)\ Y;

for some map f : Ay — B, of C such that for each oo < A the rules

{25 : Qa}pap - ta + Aalts | 25)5<a
and -
{zs: Qa}p<p - Bults)p<p =
are derived rules of U(C).

We may assume that g = v + 1, the limit case will follow induction. Let R¢ be the set
of type and element type judgments of U(C). Next, we define J : R¢ — C inductively. First

we get maps:

L. A rule rq, := {25 : Qg}s<u - Q, is sent an object J(rq, ) € C.

2. For any o < X the judgment r, := {x5 : Qp}p<y F to: Au[ts|Ts])5<a is sent to a map

j(rta)'
The we can make the following definitions:

1. j(TA#) = (j<ta)a<)\)*/4,u7
where J (to)a<x denotes the pullbacks as in theorem {.6.11}

2. j({xﬁ . Qﬁ}ﬁ<u - T(ta)a@\ Q) = (j(ta)a<>\)*5;'
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3. T({wp : Qslpp a5 : Q) 1= 55ﬁ where pg : J(ro,) — J(ra,).

The burden of the proof falls into showing that the function 7 is well-defined. The proof
is by induction on the derived rules of U(C). We will focus on writing down the inductive
hypothesis H as in [I7] for this induction.

e For rules rq, of the form {zs: Qg}g-, - 2, Type then H(rq,) is either:

1. If the premise of rq, is a non-empty context then H(rq,) for all 8 < p.

2. If rq, is the rule = A Type then ht(J(rq,)) = 1. Otherwise for all 3 < u we have
ht(TJ (ra,)) < ht(J (ra,)).
3. For a map {t3)p<y : {Ta : Aata<r = {xp 1 Qp}p<,. If for each §+ 1 < p we have

T (ri541) € T(T(ragii(tsles],<s)) Where 7o, (e )e,1,<5 18 the ule {74 @ Agtacn =
Qp11[ty|z4]y<s Type then

T (royltslesloe,) = (T (ta)p<p)* T (ra,)
e For rules r;, of the form {xg : Qg}g-, - t, : ©, then H(r,,) is either:

1. H(TQH).
2. J(r,) e T(JT(ra,)).

3. For amap (t3)p<p : {Ta : Aatacr — {25 : Qs}py. If for each f+ 1 < p we have
T (ri511) € T(T (rag .t 1ay1,<5)) then

T (Ttultslasloen) = (T (ts)s<p)* T (14,)
where 7y, (15105152, 18 the rule {z4 1 Anfacr b tultslzsls<u : Qultslrsls<p-
e For rules r— or of the form {z, : Ay}a<x = A = A’ the hypothesis H(r=) is either:
1. H(ra) and J(ra) = J(rar).
2. H(ra) and J(ra) = J(rar).
e For rules 7 or of the form {z, : Ay}a<r -t =a t/, the hypothesis H(r.) is either:

1. H(ry) and J(ry) = J(ry).
2. H(ry) and J(ry) = T (ry).

Lemma 4.6.36. Let {z5 : Qp}p, + Q a rule such that H is satisfied. If (tg)s<, @ {za :
Asfa<r = {w5 1 Q}p<y is a map such that H(ry,) for all 8 < p then H({zp : Qps<, -
Qtglesls<p)

Proof. By induction on p and treating all different cases for H. The proof in [I7, Lemma
11 pp.2.56] works here too. |

Lemma 4.6.37. 1. For any object A, € C, we have:
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(a) AN =T ({zq: A_a(xv)7<a}oc<>\ = A_A(xa)oK)\ Type) .

(b) Forall & < A, 0,p = T ({74 : A_oa(x'y)'y<a}oz<)\ 2 A_a(xw)v@é) where p) : Ay —
A,

2. For any non-trivial object Ay and f : Ay — Buy1, 0f = J({Za : Aa(®)y<ata<r F

f(@a)a<r(Puf)* B(Ta)a<x) Where p, @ B, — By,

Proof. This is [I7, Lemma 12 pp.263|. |
Lemma 4.6.38. Every derived rule of U(C) satisfies the hypothesis H.

Proof. This is by induction on derived rules of U(C). Indeed, [I7, Lemma pp.2.65| shows
that every derivation from theorem [£.5.4] preserves H. i

Corollary 4.6.39. 1. For any type symbol Ay of the theory U(C) we have H({z, :
Aa(£’y)’y<a}o¢<k (o A)\(xa)a<>\ Type)

2. For every operator symbol f in U(C) where f : Ay — B,,+1 we have H ({z,, : A_a(xw)Ka}aQ H

f(xa)a<>\(puf)*8(xa)a<>\)-

The foremost important result which summarizes the above is:

Corollary 4.6.40. 1. If {z, : Ay}a<x is a context of the theory then for any a@ < § < A
we have ht(ra,) < ht(ra,).

2. If there is a map {(tg)p<y : {Ta @ Aata<r — {2 : Qs}s<, then for each § < p
we have J(ry;) € T'(T(rasielel,<5)) Where ro (2], -, is the rule {74 @ Agfacn
Qp[ty|2]1<5 Type.

3. If {zo : Antacr = {xa : Al }aca then J(ra,) = j(rA/A).
4. If {ta)a<r = {tl)a<x then for each g < p, J(r,) = j(rt/ﬁ).

We are almost ready to define a contextual functor & : Cyey — C. We only need the
next:

Observation 4.6.41. Let a map {t)p<, : {Za : Aa}a<r — {25 : Qp}p<, then there are maps
{98+ T(ra,) — T(ray)}s<p With 6y, = T (T4,ea) and pgsi1 = gs. This is a consequence of
theorem and theorem [4.6.11} Therefore, there exists a unique g : J(ra,) — J(rq,)
such that for all 8 < u we have d,, = J(ry,) where p: J(ra,) — J(ro;,)-

Definition 4.6.42. We define a function
e : Cyey = C
by:
1. For an object [{zs : As}ta<r] € Cue),
E([{za : Datacrl) = T (ra,):
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2. For a morphism [{t3)s<u] : [{Za 1 Aata<r] = [{75 : Qs}s<,]
§([ars<pl) == 9,
where g : J(ra,) — J(rq,) is the unique map from theorem

Lemma 4.6.43. 1. If {z, : Ay}a<r = A)Type is a derived rule of U(C) then for all
a <\ {z, : Aylyan - Ay =T (ra,)(24)y<a is a derived rule of U(C).

2. If {zq : Anla<r F tx @ Ay is a derived rule of U(C) then {z, : A },cx — t =
T (11,)(Za)a<x is a derived rule of U(C).

Proof. See [I7, Lemma 15 pp. 2.74]. |

Corollary 4.6.44. As functions, we have that neée = ich(C) and &ene = Ide

The results needed for this have been introduced throughout the section. Using that we
have a bijection and that n¢ is already a functor it follows:

Corollary 4.6.45. The function & : Cy(c) — C is a contextual functor.

The main result that is of our interest is:

Theorem 4.6.46. There is a natural isomorphism C o U = Id, con.

Finally,

Corollary 4.6.47. The categories k-CON of k-contextual categories and k-GAT of k-
algebraic theories are equivalent.

4.6.4 Coclans and contextual categories

In this section, we prove that every x-contextual category can be obtained by strictification
of a k-clan. Clans were introduced in [39], a related definition appears in [29] under the
name category with fibrations.

Definition 4.6.48. We say that a category C is a k-coclan if it has a collection of maps
CoF(C) satisfying the following conditions:

1. C has initial object 0.
2. For any X € C, the map 0 — X € Cor(C).
3. Any isomorphism is an element of COF(C).

4. CoFr(C) is closed under compositions.

5. CoF(
Cor(

) is closed under pushouts: If f : A — C is a morphism in C and A — B €

C
C) then the map C' — C'[ [, B € Cor(C).
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6. COF(C) is closed under transfinite compositions: for any A\ < x and any A-diagram of
maps in COF(C)

AO > Al > A2 > o
Colimy A, exists and the map Ay — Colimy A, belongs to COF(C).

As is usual, maps in COF(C) are called cofibrations and they are indicated by arrows

« 7

Dually, a category C is k-clan if C? is a k-coclan. The distinguished maps are called
fibrations and they are denoted by FI1B(C). The fibrations are indicated by arrows ¢ — .
When working with k-clans we keep the terminology “transfinite compositions" from k-
coclans as there is no risk of confusion.

Observation 4.6.49. The k-contextual category Cr associated to a k-generalized algebraic
theory T has a natural k-clan structure. Indeed, we can take FIB(Cy) as the display maps.
All the axioms are easily verified. Moreover, this is true for any x-contextual category not
only for Cp.

Recall that a comprehension category consists of a category C, a fibration p : &€ — C
and a functor F': & — C~ such that:

2. If f is a cartesian arrow in € then F'f is a pullback in C, equivalently F'f is a cartesian
arrow with respect to the codomain functor oy : C~ — C.

The fibration p is cloven if it comes with a choice of cartesian lifts. The comprehension
category is said to be split is p is a split fibration. We also say that is full if F' is fully
faithful, we use the notation (C, &, p, F') for a comprehension category.

The following example appears in |34, Example 4.5], we rewrite it in our setting of -
clans. Let us fix a x-clan C, then the inclusion functor ¢ : FIB(C) < C~ and P = Jy¢ form a
full comprehension category. More precisely: FIB(C) has objects fibrations in C and arrows
between two fibrations a : f — g are commutative squares of the form

A—*,pB

Lo b

Hence, an object in FIB(C)r over I' € C is a fibration A — I'. Observe that an arrow
a : f — g as above is cartesian if and only if it is a pullback square in C. In conclusion, for
an arrow [ : A — ['and B — I' € FIB(C)r, a cartesian lift in FI1B(C) is a pullback square

A—*5 B
L
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This comprehension category is not necessarily split, reflecting the fact that taking
pullbacks is not strictly functorial. Nevertheless, we can replace it by a split one via the
functor

(=) : CompCat(C) — SplCompCat(C)

from the category of comprehension categories over C to the category of split comprehension
categories over C, the description of this functor appears in [48, 3.1] which we now recall.
This produces a split comprehension category (Cy, F1B(C)y, pi, 1) which is equivalent to the
one we started with. Unfolding the result, we take the C, to be simply C.

The category FIB(C), has:

e Objects: foreach I" € Cis atuple A := (Va, Ey4, fa) where V4 € C, E4 — V4 € FIB(C)y,
and fq : ' = V4 € C. We also employ the notation [A] := fiF4 given by taking the
pullback of F4 — V4 along fa, so we get a fibration [A] — I'. In addition, we write
(E4)y, for the arrow [A] — E4. Thus, an object over I' is a diagram in C of the form

Ea
|
r T Vy.

e Morphisms: A map between (Vg, Eg, fg) — (Va, Ea, fa) over o : A — I' is a map in
& between [B] — A and [A] — I i.e. a commutative square

e Composition is induced by the composition in &, consequently, given by pasting com-
mutative squares.

e The identity for (V4, E4, fa) is the identity of [A] — I" as an object in C™.

We now unpack the cartesian lifts for the induced functor p, : F1B(C); — Ci. Let
o:A - T and (Vy, Ey, fa) € FIB(C), over I'. Set Alo] := (Va4, E4, fac), pulling back along
fao, we obtain the commutative outer rectangle below




4. HOMOTOPY LANGUAGES 174

The universal property of the pullback on the right give us the unique map A, : [A[c]] —
[A]. Therefore, a lift for o is given by the evident map A, : (Va, Ea, fac) — (Va, Ea, fa).
From the definition of A, the square

[Alo]] —22 [A]
| |
A T> F

is a pullback, this implies that the square as a map in FIB(C), is a cartesian lift of o for
pi- Most importantly, this lift is uniquely determined by the composition fqo. Note that
the transfinite composition of fibrations play no role in the construction. We summarize the
discussion above in the following:

Theorem 4.6.50. For any -clan C there exist a full split comprehension category (C', €, pi, u1)
equivalent to (C,F1B(C),p, ¢).

Proof. We apply the previous construction, this give us (Cy, F1B(C)y, py). Since the putative
cartesian map is uniquely determined by the composition fso, we can use a slight abuse of
notation and write A, = fqo. Thus, if x : = — A is another map then f(ox) = (fo)x.
This shows that the fibration p, : FIB(C), — C, is split. The functor ¢, : FIB(C), — C~ is
defined as 1;(Va, Ea, fa) = t([A] - T') = [A] — T, similarly for arrows. The comprehension
category (Cy, F1B(C)y, p1, v) is full, since (C, F1B(C), p,¢) is full. |

A category with attributes is a comprehension category (C,&,p, F') such that p is a
discrete fibration. Equivalently, a category with attributes can be defined as:

1. A category C with a terminal object 1,
2. A presheaf Ty : C? — Set,

3. A function that assigns to each object A € Ty(I"), an object I".A € C together with a
map ["A - T,

4. For each A € Ty(T') and o : A — T', a pullback square

a*F._LJ\ — T.A
| |
A ————7T

Corollary 4.6.51. For any k-clan C there exist a category with attributes equivalent to C.

Proof. Theorem give us a full split comprehension category (Cy, FIB(C)1, 1, 11). We
take the category to be C; = C. The additional data is given in the obvious way. Defining
Ty(T") == (F1B(C),)r, for each A € Ty(I"), we get [A] — T" as described above. The required
pullbacks are given by the cartesian lifts of p,. Furthermore, these pullbacks are computed
strictly along compositions, since p; is a split fibration. |
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Our next goal is from the category with attributes given by theorem [4.6.51 define a
r-contextual equivalent to C. In particular, for each object I' € C we get a k-contextual
category C(I'). We start with the following observation:

Definition 4.6.52. The category structure is given by the following data:

e Objects: For each ordinal p < k, we define the set Ob,(C(I")) inductively over y;

— If p = XA+ 1 then we define Ob,(C(I")) := Ty([Ax]). More explicitly, an object
A, € 0b,(C(T")) can be represented as the sequence

A, —» Ay —» - >»T

and comes with a fibration A, — T'.
— If p is a limit ordinal then Ob,(C(I')) is the collection of objects of the form
A, = Limy., Ay obtained as the transfinite composition of a sequence

Each object comes with a fibration A, — I'. This is given by the transfinite
composition axiom of C.

e Morphisms: For ordinals ;1 < A < s and objects By € Ob\(C(I")), A, € Ob,(C(I")) we
set
Homc(p)(B)\, A#) = HOmc/F(BA, A“)

e The rest of the structure of C(I') is induced by C/T', in particular, the transfinite
composition is that of C/T.

Before proving that this gives us a x-contextual category, let us explain the objects of
this category. Recall that for A € Ty(I") means we have a diagram of the form

Ea
|
r T) VA.

When we identify this object with [A], then Ty([A]) is the set of objects of the form

Eg

|

(4] E..

—

Each of such objects give (Va, fa, Eg) € Ty(I') where Ep — V4 is the composition
Ep — E4 — V4. Equivalently, this is the composition [B] — [A] — I'. Furthermore, if we
write I.A := [A], then we can rewrite this in a more familiar fashion I"'A.B — I'' A — T..

This illustrates the general procedure for successor ordinals. A related construction appears
in [41], Definition 4.3].



4. HOMOTOPY LANGUAGES 176

Lemma 4.6.53. For any k-clan C and any I' € C, the category C(I') is a k-contextual
category.

Each axiom can be verified more or less immediately. We start with the category with

attributes we obtained in theorem [4.6.51] and the construction from theorem [4.6.52]

Proof.

10.

. The objects of C(I') have grading Ob(C(T')) = [, Ob,(C(T")) as in theorem [£.6.52

This grading determines the height of each object.
The terminal object is I'.

Given ordinals ¢ < A < k and objects Ay, A, € C(I'), the display maps between them
are the maps in Homer)(Ax, A,) which are also fibrations of C. We group these maps
and objects in Dis(C(I")), which is easily seen to be a subcategory.

Dis(C(I")) is closed under transfinite compositions, since C is itself closed under such
compositions.

The inclusion functor i : Dis(C(I")) < C(I") preserve transfinite compositions.

If A— B is an arrow in Dis(C(I")) then B € Ob,(C(I')) and A € Ob,(C(I")) for some
ordinals A, p with p < A: This follows directly by definition of the objects of C(I")

For any object A € Oby\(C(I')) and any p < A there exists a unique object B €
0b,(C(T")) and a unique display map A — B: We can easily obtain this by induction
on A\ and verify that the map has the correct length

Canonical pullbacks: This is given by the category with attributes structure on C, as

explained in theorem
Canonical pullbacks are strictly functorial: This is exactly what theorem achieves.

It follows from the description of objects given above.
|

Before we can state our main result, we first need to state the appropriate notion of

equivalence between r-clans. We borrow the definitions from [39] adapted to our setting.
Let C and &€ be two k-coclans. We say that a functor F': C — & is a morphism of k-coclans

if

1.
2.

3.

sends initial objects to initial objects,
preserves cofibrations,

preserves pushouts of cofibrations along any map
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4. preserves transfinite compositions.

Furthermore, a morphism between k-coclans I’ : C — £ is an equivalence of k-coclans if
there exists another morphism of k-coclans GG : £ — C and natural isomorphisms GF =~ Id¢
and F'G =~ Idg.

Similarly, F' : C — & is a morphism of k-clans simply if F°? : C? — £° morphism of
r-coclans, and an equivalence of k-clans if F°P : C? — £°P is an equivalence k-coclans.

Proposition 4.6.54. A morphism of clans F' : C — £ is equivalence of clans if and only if
F reflects fibrations and transfinite compositions in Dis(E), this is; if F/(Limy A,) — F(Ao)
is the transfinite composition of the sequence

F(Lim)\Aa>"‘ —»FAQ —»FAl - FAO
then Limy A, — Aj is the transfinite composition of the sequence

'_»AQ_»Al_»AO.

The equivalence of theorem |4.6.50] give us an equivalence between clans.

Corollary 4.6.55. For any k-coclan C there exists a k-contextual category equivalent to it.

Proof. Let us take the x-clan given by D := C°. We can then observe that D =~ D(1) where
D(1) is the k-contextual category obtained from theorem [4.6.53] We can take the opposites
again to get C. ]

4.7 Weak model categories

The most general setting in which we will show good homotopy theoretic properties of the
language introduced in section is for the weak model categories introduced in [29], which
we will briefly recall here. In practice this extra-generality compared to Quillen model
structure is not extremely useful - all the examples we will consider in section are Quillen
model structures, so it would not be unreasonable to skip the present subsection. There are
two reasons we need weak model categories:

e A key construction towards the proof of the third invariance theorem in section
is in general only a weak model structure, and we need to use its language as an
intermediate tool.

e Future applications to left and right semi-model structure: actual weak model structure
that are not left or right semi-model structures are fairly uncommon, but the weak
model categories which include both left and right semi-model structure at the same
time, are considerably more common.
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4.7.1 Review

Definition 4.7.1. A weak model category is a category M with three classes of maps,
cofibrations, fibrations and weak equivalences satisfying the following conditions:

1.

10.

M has an initial object 0 and a terminal object 1, the identity of 0 is a cofibration,
the identity of 1 is a fibration.

. A composite of cofibrations with cofibrant domain is a cofibration. A composite of

fibrations with fibrant codomain is a fibration.

Given two composable arrows X Ly 5 7 where each one of X Y and Z are fibrant
or cofibrant, if two of f, g, go f are weak equivalences, then the third also is.

Every isomorphism between objects that are either fibrant or cofibrant is a weak equiv-
alence.

Given a solid diagram:

A—— B
i Y
c D

Where i is a cofibration and A and B are cofibrant, then the pushout j exists and is a
cofibration.

The dual of condition [5| holds for fibrations between fibrant objects.
Every arrow isomorphic to a fibration, cofibration, or weak equivalence is also one.

Every arrow from a cofibrant to a fibrant object can be factored as a cofibration followed
by a trivial fibration.

Every arrow from a cofibrant to a fibrant object can be factored as a trivial cofibration
followed by a fibration.

Given a solid square:
A— X
A

i P

Where A and B are cofibrant, i is a cofibration, X and Y are fibrant, p is a fibration
and either p or 7 is a weak equivalence, then there exists a dotted map that makes the
diagram to commute.

Remark 4.7.2. In theorem we use the usual conventions: a cofibrant object is an
object such that the unique map 0 — X is a cofibration, and a fibrant object is an object
such that the unique map X — 1 is a fibration. A trivial (co)fibration is a map which is
both an equivalence and a (co)fibration. We will also use the term core cofibrations to mean
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“cofibration between cofibrant objects” and core fibrations to mean “fibration between fibrant
objects”.

Remark 4.7.3. It is crucial to observe that theorem only involve the core cofibrations,
core fibrations and weak equivalences between objects that are either fibrant or cofibrant.
By that we mean that if given M a category with these three class of maps, then (M,
cofibrations, fibrations, weak equivalences) is a weak model structure if and only if (M, core
cofibrations, core fibrations, weak equivalences between objects that are either fibrant or
cofibrant) is a model structure.

For this reason, we generally consider that only core cofibrations, core fibrations and
weak equivalence between objects that are either fibrant or cofibrant are to be treated as
relevant notions. Nothing we will do here depends on the three class of maps outside these
restrictions. In [29] it was even considered that the words cofibrations, fibrations and weak

equivalences to mean “core cofibrations”, “core fibrations” and “weak equivalences between
fibrant or cofibrant objects”.

Remark 4.7.4. The definition of weak model structure in [29)] is different from theorem4.7.1]
but it is equivalent. It is stated without reference to the class of weak equivalence and using
the notion of (weak relative) path object and cylinder object. It is easy to show that a weak
model structure in the sense of theorem is a weak model structure in the sense of [29)
by constructing the cylinder and path objects as factorization of the codiagonal and diagonal
maps (see below). Conversely, it is shown in [29] that given a weak model structure, it
admits a (uniqueﬂ) class of weak equivalences such that all conditions of theorem are
satisfied.

It is shown in [29] that most of the basic theory of Quillen model categories carries over
to weak model categories, with only some additional care taken - mostly replacing objects
by fibrant and cofibrant replacement of objects before applying the usual construction. The
main significant difference is that the homotopy category (defined in terms of homotopy class
of maps between bifibrant objects as we will recall below) is no longer equivalent to M[W 1]
- the localization of M at weak equivalence, but only to M@/ =1] the localization the
full subcategory of objects that are either fibrant or cofibrant at the weak equivalences. The
problem is that the axioms of a weak model category allows us to take a fibrant replacement of
a cofibrant object C' as a (trivial cofibration/fibration) factorization of C' — 1, and similarly
we can take a cofibrant replacement of a fibrant objects, but there is no way to do similar
replacement with an object which is neither fibrant nor cofibrant.

We now quickly go over some aspects of the construction of the homotopy category of
a weak model category, the result mentioned below are all proved in section 2.1 and 2.2 of
[29].

Construction 4.7.5. If X is a bifibrant object (i.e. fibrant and cofibrant), we can form a
cylinder objects I1X for X as a (cofibration, trivial fibration) factorization:

XHX%IX;X

6Keeping in mind theorem Only the class of weak equivalence between fibrant or cofibrant objects is
uniquely defined, outside of this, there are no restriction whatsoever on weak equivalence from theorem
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and a path objects for X as a (trivial cofibration, fibration) factorization
X S PX —» X x X,

Given a pair of maps f,g : X 3 Y between bifibrant objects, we say they are homotopic
if there is a dotted map h making the diagram below commutative:

X

%

or equivalently a map h

Y
>
X hn» PY
N
Y.
This is an equivalence relation, and the homotopy category Ho(M) of M can be defined as

the category of bifibrant objects with homotopy class of maps between them. Moreover, this
category is equivalent to the formal localization MVEP[/~1],

Construction 4.7.6. Note that if an object C' € M is only cofibrant and not fibrant we
cannot define a cylinder object in the same was as above, as the factorization axiom does
not allow us to factor the maps X [[ X — X if X is not fibrant. In place of this, we can
consider a fibrant replacement X <> X¥™® — 1, and then form a factorization:

X[[X —— IX
Fooob
X —=— XxbB,
This object I.X, and more generally any object fitting into a diagram:
X[[X —— IX

FoooL
X —> 4 DX

is called a weak cylinder object. Dually, if Y is fibrant we define a weak path object of Y as
any object PY that fits into a diagram:

TX —— PX

Lo

X 2 XxX
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We can then show that for a pair of maps X =2 Y from a cofibrant object X to a fibrant
object Y the following are equivalent:

e f is homotopic to g in terms of a weak cylinder object for X.
e f is homotopic to g in terms of a weak path objects for Y.

e f and g are equal in the localization MVEP[11/~1].

Moreover, any arrow X — Y in the localization M©VEP[IW=1] comes from an arrow
X - Y in M.

4.7.2 Weak Reedy model structure

Before doing all the constructions, we need to set up the formalism needed for such. In
this section, we study Reedy weak model categories. These are, as the name suggests, the
counterpart of Reedy model categories. Most of the proofs are straightforward adaptation
of the classical ones, so they are omitted.

Definition 4.7.7. A Reedy category is a category R together with two wide subcategories
R, and R_ and a functor deg : R — «, where « is an ordinal, such that:

1. For every a — b€ R, a non-identity arrow, deg(a) < deg(b).
2. For every a — b € R_ a non-identity arrow, deg(b) < deg(a).

3. Every arrow in R factors uniquely as an arrow in R_ followed by an arrow in R, .

When the subcategory R_ consists of identity arrows only, then R is called direct category.
Similarly, when the subcategory R, consists of identity arrows only, then R is called inverse
category

Let R be a Reedy category and M be a weak model category. Consider M* the category
of R-shaped diagram in M. Given X : R — M such a diagram and r € R any object. The
latching object at r is the colimit (if it exists)

L, X := Colims(r, /r)—{1d,} Xs-
Dually, the matching object at r is the limit (if it exists)

M, X = Lims(r/r_)—{1d,} Xs-
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Definition 4.7.8. A map f: X — Y in M?% is said to be a (trivial) Reedy cofibration at
r € R if the colimit L, Y vy x X, exists and the induced dotted map in the diagram below

L, X — X,

L

LTY — LTY UL.X XT

is a (trivial) cofibration in M.

Dually, f: X — Y in MP% is said to be a (trivial) Reedy fibration at r € R if the limit
M, X Xy Y, exists and the induced dotted map in the diagram below

exists and is a (trivial) fibration in M.

A map is said to be a (trivial) Reedy (co)fibration if it is one at each r € R.

Remark 4.7.9. We want to clarify that in theorem @ the colimit L, Y wip x X, is consid-
ered as a single colimit not as a pushout using the object L,X and L,Y. It is possible that
LY vy x X, exists without the colimit L,Y or L, X existing. Explicitly, it is the colimits
of all the X; for i € R*/r and of the Y; for i € R* /r — {id,}. with all the maps coming from
the functoriality in ¢ and the natural map X; — Y;. We apply the same logic to the limit
M. X xpy Y.

Definition 4.7.10. A Reedy category is said to be locally finite if for any object X € R the
categories (Ry/X) and (R_/X) are finite.

It is a classical result that for any Quillen model category M and a Reedy category R
that the category of functors M¥% carries a model structure in which the weak equivalences are
the level-wise weak equivalences, the (trivial) (co)fibrations are precisely the Reedy (trivial)
(co)fibrations. The same result can be obtained if we simply assume that the base category
carries a weak model structure.

Theorem 4.7.11. Assume that M is a weak model category and that R is a locally finite
Reedy category. Then there is a weak model structure on M such that amap f: X — Y
it is:
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1. A weak equivalence if and only if f,. : X, — Y, is a weak equivalence for all r € R.
2. An (trivial) cofibration if it is a (trivial) Reedy cofibration.
3. An (triwial) fibration if it is a (trivial) Reedy fibration.

Remark 4.7.12. When the Reedy category is directed, this model structure coincides with
the projective weak model structure. It is straightforward to define this last weak model
category. In this weak model, the weak equivalences and the fibrations are the level-wise
weak equivalences and fibrations respectively. Similarly, when the Reedy category is an
inverse category, then the Reedy weak model structure is Quillen equivalent to the injective
model structure. In this other case, weak equivalences and cofibrations are given level-wise.

We now prove the theorem:

Lemma 4.7.13. Let I be a direct category and X : [ — M be a diagram. Let U c V < [
be two sieves’| of I, such that V — U has a finite number of objects. Assume that the colimit

X(U) = Colimyepy X (u)

exists and is cofibrant, and that for each v € V' — U. The latching object L, X exists and is
cofibrant, and the map L, X — X (v) is a cofibration. Then X (V') exists and the comparison
map X(U) — X (V) is a cofibration. If L,X — X(v) is actually a trivial cofibration for
every v € V — U, then X(U) — X (V) is a trivial cofibration.

Proof. This is immediate by induction on the number of objects of V' —U. If it only has one
object, then X (U) — X (V') can be seen to be a pushout of the core cofibration L, X — X,
to the cofibrant object X (U). If V — U has several objects, we iterate this process once for
each object of V — U. |

Corollary 4.7.14. Let R be a locally finite Reedy category, X : R — M be a diagram and
let k € R an object. Assume that X is Reedy cofibrant at every r such that deg(r) < deg(k).
Then the latching object L;(X) exists and is cofibrant.

Proof. Using a proof by induction on deg(z), we can freely assume that all the latching
object L,.(X) are cofibrant for all r such that deg(r) < deg(x). We can then just apply the
theorem [4.7.13| to the finite direct category I = Rt /x and U = @, V = 1. |

Corollary 4.7.15. Let [ be a finite direct category, and let X : I — M be a Reedy cofibrant
diagram and U < I be a sieve. Then Colim; X and Colimy X exists, are cofibrant and the
obvious comparison map Colimy X — Colim; X is a cofibration.

If furthermore the latching map L,.X — X(r) is a trivial cofibration for each r € I — U,
then the map Colimy; X — Colim; X is a trivial cofibrations.

Proof. By theorem |4.7.14]all the latching objects of X are cofibrant, so we can simply apply
theorem [4.7.13] and conclude. i

"That is subcategories with the properties that if there is an arrow x — 2’ and 2/ € V then z € V.
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Corollary 4.7.16. Let R be a locally finite Reedy category.

e Any core (trivial) Reedy cofibration X — Y in M*# is in particular a levelwise (trivial)
cofibration. That is, the map X (r) — Y (r) are (trivial) cofibrations for any r € R.

e A map X — Y in MF® which is both a core Reedy cofibration and a level-wise weak
equivalence is a trivial Reedy cofibration.

Dually, the same is true for fibrations and trivial fibrations.

Proof. As both statement only depends on the restriction to the subcategory R*, we can
freely assume that R is a (locally finite) direct category. In both cases, we consider the
natural transformation X — Y as a diagram 7 : R x {0 < 1} — M. We then observe that
the latching map of T at an object (r,0) is just L,X — X, and the latching map of T at
(r,1) is

LY up,x X(r)—Y(r)

Hence the assumption that X — Y is a core Reedy cofibration translate into the fact that T is
Reedy cofibrant. For any object € R, the composite R x {0 < 1}/(r,1) - Rx{0 <1} - M
is immediately seen to be Reedy cofibrant as well, and we can then apply theorem to
the Sieve U = R/r x {0} to conclude that X (r) — Y(r) is a cofibration.

If X — Y is further assumed to be trivial, then the latching map of T at all objects of
the form (r, 1) are trivial, and hence using the “trivial” case of theorem [4.7.15( we conclude
that X (r) — Y (r) is trivial.

If instead we assume that X (r) — Y'(r) is a weak equivalence for all r, then we proceed
by strong induction on deg(r). Assume that we already know that at all k such that deg(k) <

deg(r).
If deg(r) = 0, then the latching map is just X(r) — Y(r) itself, so it is a trivial
cofibration as it is a cofibration and a weak equivalence. Assume now that we already know

that all the latching maps
LTY Ur,.x X(?“) - Y(?")

are trivial cofibrations for any r such that deg(r) < deg(k). We can then deduce by the same
argument as above that the map Ly(X) — Li(Y) is a core trivial cofibration, which shows
that the map X (r) — L,Y Ly, x X (r) is a trivial cofibration, hence an equivalence, and hence
by 2-out-of-3 for equivalences, the map L,Y v x X(r) — Y (r), is both an equivalence and
a core cofibration, so it is a weak equivalence. |

Note that we have also proved that:

Lemma 4.7.17. Let R be a locally finite Reedy category, and ¢ : X — Y be a core Reedy
cofibration in M®. Then the domain of the latching map L,Y Lz, x X(r) is cofibrant.

Proof. At the beginning of the proof of theorem we observed that it could be written
as a latching object L, 1)T of a cofibrant Reedy diagram T'. Hence, the result follows from

theorem [4.7.14] ]
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Proposition 4.7.18. For any locally finite Reedy category R, in M%, the composite of two
Reedy core cofibrations is a Reedy core cofibrations.

Proof. We use a strategy very similar to the proof of theorem [4.7.16, Here again, the result
only depends on the restriction to R so we can freely assume that R is a direct category.
Let X — Y — Z be two composable Reedy core cofibrations in M#. We consider this as a
diagram 7' : R x {0 < 1 <2} — M. As in the proof of theorem [4.7.16, We observe that the
latching map at an element of the form (r,0) is the latching map L,X — X of X hence is a
cofibration as X is Reedy cofibrant. The latching map at an element (7, 1) is the map

LY up,x X(r)—Y(r)

which is a cofibration as X — Y is assumed to be a Reedy cofibration. And finally, the
latching map at (r,2) is the map

LTZ Ur,.y Y(’I") — Z(T’)

which is also a cofibration. So this diagram R x {0 < 1 < 2} — M is Reedy cofibrant. It
immediately follows that, for any r € R the composite R x {0 <1 < 2}/(r,2) > R~ x {0 <
1 <2} —> M is a Reedy cofibrant diagram. Hence, applying theorem , we can deduce
that the map

Colimy T — Z(r)

is a cofibration, where U < R x {0 < 1 < 2}/(r,2) is the sieve containing all the objects
except (r,1) and (r,2). But this map can be seen to be exactly

LTZ Ur,.x X(T’) — Z(T’)
by theorem [4.7.12] This concludes the proof, as this can be applied to any object r € R. N

Proposition 4.7.19. Consider a cospan Y «— X — Z of diagram R — M, such that X, Y, Z
are all Reedy cofibrant and the arrow X — Y is a Reedy cofibration. Then the (level-wise)
pushout Y Lix Z exists in M% and the natural transformation Z — Y Ly Z is a Reedy
cofibration.

Proof. It follows from theorem [£.7.16] that for each r € R the three objects in the diagram
Y(r) « X(r) — Z(r) are cofibrant and the map X(r) — Y (r) is a cofibration, so the
levelwise pushout Y (7) Lx( Z(r) exists and by general category theoretic results is functorial
in r and is a pushout in the category of diagrams M?%. We only need to check that the map
Z(r) = Y(r) uxe) Z(r) is a Reedy cofibration. For this observe that as colimits commutes
with colimits we have:

L.(Y ux Z) = Colimy_,ep+ Y (') uxon Z(r') = LY up, x L, Z
So that in the latching map

LT(Y L x Z) uLTZZ —>Y\_JXz
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the domain can be identified with
(LTY ULTX LTZ) ULTZ Z = LTY ULTX Z = (LTY ULTX X) Lx Z

so the latching map is
(LrY Ur,.x X) |_|XZ—> YI_IXZ

which is a pushout of the latching map L, Y vy x X — Y, which is itself a core cofibration
as X — Y is a core Reedy cofibration. Hence, this concludes the proof. |

We are now ready to prove theorem [4.7.11}

Proof. We go over all the conditions of theorem [£.7.1l The validity of conditions [I}, [3]
[7 and [ is trivial. Condition 2] is theorem [.7.18 together with its dual. Condition [] is
theorem [4.7.19] and condition [0] is the dual statement.

The proof of conditions is essentially the same as the proof for ordinary model
categories, as for example in Chapter 15 of [32] or in Chapter 5.2 of [33]. The key step in
the proof is that in order to construct a diagonal lift in a square:

A— X

B
o
B——Y
where say 7 is a core cofibration and p is a core fibration, one of them being a (level-wise)

weak equivalence. Then we proceed by induction as in the usual proof, at each step we need
to produce a diagonal lift in a square of the form

A(r) Gt,a Lo(B) ———— X(r)

B(r) ———— Y(r) xay M, X

Now by theorem (and its dual) the object A(r) Ly, 4 L.(B) is cofibrant and Y (r) x p7.y
M, X is fibrant, by definition of Reedy cofibration and fibration, the left vertical map is a
cofibration and the right vertical is a fibration, and if one of 7 or p (say 7) is a weak equivalence,
then the second point of theorem [4.7.16]show that the left vertical map is a trivial cofibration,
hence the square admit a diagonal lift, which concludes the proof.

The proof of condition and (dually of condition @, also follows very closely the classical
proof, as in Chapter 15 of [32] or in Chapter 5.2 of [33]. Given A — X a map from a Reedy
cofibrant diagram to a Reedy fibrant diagram that we want to factor as a core trivial Reedy
cofibration followed and a core Reedy fibration, A — B — X. We proceed by induction
to construct the diagram, the object B(r), and the maps A(r) — B(r) — X(r) gradually
by induction on the degree of r. Following the classical proof, at each stage, we need to
construct a factorization of a map in M:

A(ryup,a LB — X(r) xy,.x M, B
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as a trivial cofibration followed by a fibration. But as observed above, the domain is cofibrant
and the target is fibrant, so this is indeed possible in M. The case of condition [0 is done

in the exact same way, but factoring the map above as a cofibration followed by a trivial
fibration.



Conclusions

In this thesis, we have compiled research that uses type theory to study a wide class of higher
structures, i.e., (0, 1)-categories and weak model structures.

The important aspect to remark is the special treatment of the equality, different to that
of classical logic. On the one hand, we have the intentional equality from Martin-Lof type
theory (MLTT.) In this setting, our objects can be “equal” in different ways; via definition
or via the equality of the type theory. MLTT enhanced with Voevodsky’s Univalence Axiom
give us homotopy type theory (HoTT), in which we have an additional way of thinking
about the equality via the type of equivalences. Moreover, the equality type in MLTT has
the structure of a weak w-category. All the extra features of this type theoretic equality are
not shared with the set-theoretic foundations equality.

Indeed, chapter [2] ([5]) and chapter |3| ([6]) use univalent foundations to study some
aspects of (00, 1)-categories. The type theory we use, due to Riehl and Shulman, is known
as simplicial homotopy type theory (sHoTT). In chapter , we defined limits and colimits of
a functor between (00, 1)-categories. Then, we proved basic fundamental results about these
constructions. Furthermore, we also compute the limit of a diagram of co-groupoids in a
(proposed) (o0, 1)-category of co-groupoids.

Throughout chapter [3] we studied a class of functors called Conduché fibrations or
exponentiable functors. Our main result is the characterization of such functors. Overall,
when we use sHoTT to reason about (00, 1)-categories, we see massive simplifications in the
arguments compared to the existing literature. The simplifications are not only at a technical
level, but also in the space for these arguments. It is evident that sHoTT either simplifies
or avoids completely the combinatorics of any particular model presenting (oo, 1)-categories.
It is important to remark that we have used the original formulation of sHoTT, and this is
enough for our initial goals. However, we have also seen that in order to further develop the
theory of (o0, 1)-categories and its applications, we will certainly need to use, at the very
least, an extension of sHoT'T.

In chapter {4 ([7]), we presented the findings on a new relation between type theory
and model categories. Furthermore, the constructions allow us to include even more general
structures: weak model categories. From each weak model category we can construct an
infinitary generalized algebraic theory. We construct a logic whose formulas have variables
in the contexts of the generalized algebraic theory. In this logic, we also take a non-traditional
approach to the equality between objects. However, unlike the equality of HoTT or ZFC,
this new equality is not postulated, but rather emergent and only dictated by the weak
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model category in question. This is encoded in the cofibrations of the weak model category.

We proved that the logic is compatible with the (weak) model structure; this is what
we have called “invariance theorems.” In particular, the 4" invariance theorem establishes
that the language we construct is itself invariant under Quillen equivalences. We see this
work as a step towards model independence. In addition, it opens the door to new relations
between logic and homotopy theory.
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