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Abstract

The present work is concerned with the study of higher structures through the lens of de-
pendent type theory and categorical logic. We distinguish two main themes, but type theory
can be seen as the common ground.

The first part presents some aspects of the theory of p8, 1q-categories in the framework
of simplicial homotopy type theory of Riehl and Shulman. We present the theory of limits and
colimits in this setting and prove some results, such as universal properties and preservation
under adjunctions. We also include the computation of the limit of a family of spaces. In
this setting, we also study and characterize exponentiable functors, where our main tools
are Segal and Rezk completion of types, which we develop throughout. Importantly, we
emphasize the consistency of our definitions by providing explicit comparison results with
the bisimplicial sets model of simplicial homotopy type theory.

In the second part, given any weak model category, we associate to it the notion of an
infinitary first-order logic. The idea, originally due to Simon Henry, is motivated by Makkai’s
FOLDS. To build the logic, we use the syntactic specification of dependent type theory of
Cartmell’s generalized algebraic theories. In the language we build, the cofibrant objects of
the weak model category play the role of contexts from which the formulas are constructed.
The fibrant objects are the models which validate the formulas. Thus, the formulas refer
to properties of the fibrant objects of the weak model category. We prove what we call
invariance theorems to show that the language we define is homotopically well-behaved:
homotopic variables satisfy the same formulas, equivalent models satisfy the same formulas,
equivalent contexts produce equivalent sets of formulas, and Quillen equivalent weak model
categories have equivalent languages. The language avoids the so-called “evil properties”,
and can be seen as a homotopic version of the language for categories introduced by Blanc
and Freyd.
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Preface

This is a thesis by articles. The document contains the results obtained over the past 5
years, and that were prepared for publication. The content is faithful to those texts.

Chapter 2 consists of the paper [5], as submitted to Mathematical Structures in Com-
puter Science. In the paper, we develop and present the theory of limits and colimits in
synthetic 8-categories within the type theory of Riehl and Shulman. In the same setting,
we study exponentiable functors between synthetic 8-categories—also known as Conduché
fibrations. This is the content of chapter 3, which is the paper [6], as submitted to Mathe-
matical Structures in Computer Science.

Finally, we establish a new connection between higher structures and categorical logic:
it builds a language from any weak model category. The content encompasses the article [7],
which is written jointly with Simon Henry. The paper provides a proof of the main conjecture
on the language of a weak model category. Section 2 and appendix C were written by Henry.
The rest of the article contains the contributions of the author of this thesis.
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Chapter 1

Introduction

The main topic of this thesis is 8-categories and related higher structures. Firstly, consider
the transition from categories to 2-categories; in a category, we have objects and arrows
between objects, but in a 2-category we have 0-cells (objects), 1-cells between 0-cells, and 2-
cells between 1-cells. We can define similar structures for any n P N, we get strict n-categories
or weak n-categories depending on the axioms we might impose. In strict n-categories, the
composition of k-cells is strictly associative and unital, and the interchange law also holds
strictly. This just means that the axioms hold up to equality. In contrast, in a weak n-
category these axioms hold up to a higher cell, which is subject to additional coherence
axioms. Adding cells at all levels should result in what we would call an 8-category. We
often want to consider p8, nq-categories, where the n in the notation informs us about the
k-cells which ought to be invertible in our p8, nq-category. For instance, when n “ 0 we
require that all k-cells for k ą 0 are invertible, these p8, 0q-categories are what we should call
the 8-groupoids. Understanding what an p8, nq-category is the motive of active research.

It would be unsatisfactory to justify the existence of 8-categories simply as higher
versions of categories, even though such structures appear naturally. One can find more
compelling reasons for their relevance in many key areas in mathematics, theoretical com-
puter science and physics. On the mathematical side, for example, 8-categories seem to be
a highly convenient tool to do homotopy theory in many contexts [50].

The usual way to present8-categories is through model categories, a fundamental notion
due to Quillen [54]:

Definition 1.0.1. A model category is a category C that has three distinguished classes
of maps: cofibrations CofpCq, fibrations FibpCq and weak equivalences WC satisfying the
following axioms :

1. C is finitely complete and finitely cocomplete.

2. Given any diagram
‚ ‚

‚ ‚

i p

1



1. INTRODUCTION 2

where i P CofpCq XWC and p P FibpCq, i P CofpCq and p P FibpCq XWC, then the
diagonal map exists and makes both triangles commutative.

3. All arrows f P C admit factorizations f “ pi where i P CofpCq XWC and pFibpCq, or,
i P CofpCq and p P FibpCq XWC.

4. CofpCq, FibpCq and WC are closed under retracts.

5. WC satisfies the 2-out-of-3 axiom: if any two maps of fg, f and g are in WC, so is the
third.

Remark 1.0.2. Quillen calls the previous definition “closed model category.” In modern
literature, this is what we call “model category” or “Quillen model category.” Moreover, one
can require the category to have all small limits and small colimits, not only finite ones. We
will consider a more general notion called weak model categories discovered by Simon Henry
[29].

An object in a model category is called cofibrant if the unique map from the initial
object is a cofibration. An object is called fibrant if the unique map to the terminal object
is a fibration. We often single out 8-categories as fibrant objects of a model structure; we
now look at some examples.

Let us denote by sSet the category of simplicial sets. A Kan complex is a simplicial set
such that for all n P N and 0 ď i ď n, any lifting problem against the horn inclusion

Λni X

∆n

has a diagonal filler as depicted above. The category sSet has a Quillen model structure,
called the Kan-Quillen model structure. The fibrant objects of this model are exactly the
Kan complexes. The Kan-Quillen model structure is a presentation of 8-groupoids. One
way to see this is through the nerve functor N : CatÑ sSet: for a category C, the simplicial
set NpCq is a Kan complex if and only if C is a groupoid. Although we are not intrinsically
interested in this fact, it is important to mention that there are other proposed models for
8-groupoids. In the meantime, we move to discuss p8, 1q-categories.

One of the first attempts to define what an p8, 1q-category is implicit in the work of
Boardman and Vogt [14, Definition 4.8]: a simplicial set satisfies the restricted Kan condition
if for all 0 ă i ă n, any lifting problem

Λni X

∆n

has a solution.
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Joyal [35], [36], [38] coined the term quasi-category for simplicial sets satisfying the
restricted Kan condition. Subsequent work by Lurie [49], building on Joyal’s work, extended
the theory of quasi-categories greatly. This is probably one of the most developed models
of p8, 1q-categories. Quasi-categories are the fibrant objects of the Joyal model structure.
Again, a compelling reason why we think of quasi-categories is through the nerve functor,
similar to the case for Kan complexes.

Another popular model for p8, 1q-categories is that of complete Segal spaces due to Rezk
[59]. The theory of (complete) Segal spaces has seen some development in [57]. There are
many other definitions of p8, 1q-categories, all of which have been shown to be Quillen equiv-
alent (the right notion of equivalence between model categories.) In general, presentations
of p8, nq-categories are given as fibrant objects in some suitable Quillen model category.
There is a general consensus of what a model for p8, nq-categories should be, due to work
by Barwick–Schommer-Pries [10].

Remark 1.0.3. There is another relation between model categories and quasi-categories: to
any model category, C one can associate a quasi-category C8, for example, by applying the
machinery of [21]. Moreover, a Quillen equivalence between model categories A and B, gives
rise to an equivalence between the associated quasi-categories A8 and B8 [31]. In practical
terms, a model category can also be thought of as an 8-category. But also it can be used
to organize and study 8-categories, since 8-categories can be seen as fibrant objects of a
model category. We do not use the former point of view, at most we are interested in the
last one.

This is where we point out an issue: whenever a new model arises, we usually have to
show that it is Quillen equivalent to another previously “validated” model. This begs the
question: Can we identify properties of Quillen model categories that are preserved under
Quillen equivalences? An answer to this question would tell us which parts of the theory of
higher categories are also valid in a Quillen equivalent model. We venture to give an answer
to this question. A further practical issue is that all the proposed definitions employ complex
tools, which make it difficult to use p8, 1q-categories and even limit their applications. An
ideal scenario would be to have a model-independent approach to deal with p8, nq-categories.

One approach to model independence is the work of Riehl and Verity [63], which in-
troduces the concept of 8-cosmos. An 8-cosmos is a 2-category C whose objects are called
8-categories, and for every two objects A,B P C the morphisms f : A Ñ B are objects of
a simplicial set FunpA,Bq, which is furthermore a quasi-category. The category C contains
a distinguished collection of morphisms called isofibrations, which satisfy completeness and
isofibration axioms. The 8-cosmoi formalism includes many models for p8, 1q-categories,
for example, quasi-categories and complete Segal spaces, and even p8, nq-categories. In
8-cosmoi, we can develop basic p8, 1q-category theory: limits and colimits, the comma con-
struction, and representables; one can develop the theory of fibrations of different flavours.
By design, all the notions and the theory are internal to an ambient 2-category, hence it
is dubbed the formal theory of 8-categories. This is analogous to the work of Street and
Walters [68] on Yoneda structures in a 2-category and the work of Wood [76, 77] on proarrow
equipments.
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In [60] Emily Riehl points out that “The fundamental obstacle to giving a uniform
definition of a8-category is that our traditional set-based mathematics are not really suitable
for reasoning about 8-categories.” The essence of the argument is that all constructions
pertaining to 8-categories often involve accounting for an infinite amount of coherence data,
and such constructions will be well-defined only up to equivalence. The8-cosmoi technology
overcomes the set-theoretic limitations, but still employs 2-categorical tools usually known
only by experts. With the widespread use of 8-categories, we might attempt to look for
alternative approaches that are more accessible.

Riehl [60] argues in favour of a synthetic theory of 8-categories that can be “integrated
into the undergraduate curriculum.” There is a framework proposed by Rielh and Shulman
[61] that makes use of Martin-Löf dependent type theory. More precisely, to reason about 8-
categories, using type theory, they construct an extension of homotopy type theory (HoTT)
[70]. Before continuing, we make a quick interlude to give an overview of homotopy type
theory.

HoTT is a Martin-Löf dependent type theory enhanced with Voevodsky’s Univalence
Axiom. Firstly, the basic type theory consists of primitives

ΓCtxt Γ $ AType Γ $ a : A Γ $ A ” B Γ $ a ” a1 : A,

with rules that ensure the consistency of the system. It is important to remark that ” is a
judgmental equality, or definitional equality, just as the other rules, it is in the metatheory.
For consistency with the literature, we will often use the word identification instead of
equality. This identification is given, as the name suggests, by definition. On the other
hand, for any type A there is a type constructor idA called identity type. We can think of
the identity type as an internal identification. In HoTT, if two elements a, b are identical by
definition, then they are also identical internally, in the sense that we can construct a proof
p : idApa, bq. The implication in the other direction is not postulated, which gives to HoTT
its intentional character. Also, we can construct dependent types

x : A $ BpxqType.

Given a dependent type, there are dependent products and dependent sums
ź

x:A

Bpxq
ÿ

x:A

Bpxq.

For two types A,B, we can also build the sum A`B. The empty type and the single point
type are also postulated. We can also construct types that contain types, called universes,
and denoted U , which can be assumed to be hierarchical. Each type constructor can come
with introduction, elimination, computation, and uniqueness rules. We also stress another
aspect of the theory; proof relevance. For example, the judgment p : idApa, bq should also be
thought of as providing a proof that a is identical to b. In general, this is just to say that
to provide a proof of a statement, one builds an element of a certain type. Two functions
f, g : AÑ B between types are said to be homotopic if the type

f „ g :“
ź

x:A

idApfx, gxq
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has a proof. A function f : AÑ B is an equivalence if the type
˜

ÿ

g:BÑA

f ˝ g „ IdB

¸

ˆ

˜

ÿ

h:BÑA

h ˝ f „ IdA

¸

is inhabited. One can then form the type of equivalences between two types A and B, which
is denoted

A » B

and consists of all the functions that are equivalences.

The Univalence Axiom relates the identity in the universe U and the equivalences.
Specifically, it states that the induced map

idUpA,Bq Ñ pA » Bq

is an equivalence. In HoTT, the presence of univalence enforces that all constructions are
invariant under equivalence.

Remark 1.0.4. The Univalence Axiom is a realization of the statement: Equivalent ob-
jects/structures can be identified. Objects that are identical enjoy the same properties.
Therefore, equivalent objects ought to satisfy the same properties. Note that it is a common
thing to do in mathematical practice. For example, if two groups are isomorphic, we can use
them interchangeably. Notice that what we mean by equivalent structures varies depending
on the structures, or objects, we are interested in. Ahrens–North–Shulman–Tsementzis [2]
establish a univalence principle for many relevant structures, and give a precise formulation
of the notion of identification between structures.

Simplicial homotopy type theory (sHoTT), introduced in [61], is an extension of homo-
topy type theory. In this extension it is possible to reason about p8, 1q-categories. With the
rise of univalent foundations (UF) it is more natural to expect that type theory is a reason-
able prerequisite for studying 8-categories. Moreover, the fact this theory is grounded in
type theory allows computer formalizations [43].

To sum up, we aim to use and develop formal methods to study 8-categories and model
categories; these methods are linked by dependent type theory. In Chapter 2 and Chapter 3,
we contribute to the development of the theory of p8, 1q-categories within the framework of
sHoTT. In Chapter 4, we associate to any (weak) model category a first-order language, which
is built from a dependent type theory with no constructors. Using the notion of generalized
algebraic theory [17], we obtain a first-order language that is compatible with the homotopy
theory of the category. In addition, we also prove that this language is itself respected by
equivalences (Quillen equivalences) between model categories. We see the results contained
in chapter 4 as an effort pursuing model independence of 8-categories.

1.1 Synthetic 8-categories

Simplicial homotopy type theory (sHoTT), as developed by Riehl and Shulman in [61],
proposes a framework to define synthetic p8, 1q-categories. This theory has been further
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studied by Bulchholtz and Weinberger in [16]. We must clarify that we can consider sHoTT,
as formulated in [61], as “incomplete” as we are unable to perform important categorical
constructions such as the opposite 8-category, the core 8-groupoid construction or the
twisted arrow 8-category. Implementing these constructions is a highly non-trivial task.
Recent work of Bulchholtz–Gratzer–Weinberger [25] implements some of these constructions
by enhancing sHoTT with modalities; the resulting type theory is called triangular type
theory TTm. In an even more recent development, [26] gives the twisted arrow category
construction, the Yoneda embedding. Future work should also provide us with universes
classifying (co)cartesian fibrations and Conduché fibrations.

In [5], which is Chapter 2 in this document, we presented the theory of limits and
colimits in this setting of higher categories. This work, and [6] (Chapter 3) on exponentiable
functors, started as an experimentation of how much category theory of p8, 1q-categories can
be done in the original formulation of sHoTT. In particular, we have not explored further
implications of this work in TTm, but we expect no change in the validity of the results.

Simplicial HoTT is powerful enough to express the expected properties from a theory
of limits, but it faces some difficulties for certain computations. In the bare formulation of
sHoTT, it is not possible to construct the correct type of spaces (discrete types) within the
theory. To be more precise: the type consisting of discrete types (8-groupoids) is not a Rezk
type (p8, 1q-category), and does not coincide with the p8, 1q-category of 8-groupoids when
interpreted in the bisimplicial sets model. However, we have shown:

Theorem 1.1.1. Under the mild assumption of the existence of the universe of spaces, it is
possible to compute the limit of spaces as a dependent product.

The formal statement and technicalities can be found in [5]. This is an expected result
that attests to the adequacy of the theory of limits. The construction of the universe of
spaces in [25] implies that the computation above can simply take place in said universe.

While remaining in sHoTT, in [6] we have the following characterization of (synthetic)
exponentiable functors.

Theorem 1.1.2. Let f : E Ñ B a map between synthetic 8-categories. The following are
equivalent:

1. f is exponentiable,

2. f satisfies the Conduché condition.

This is a type-theoretic version of a result by Ayala-Francis-Rozenblyum [4] that char-
acterizes the same class of functors between quasi-categories. However, the conclusions of
[6] are partial due to the lack of some of the fundamental constructions in sHoTT mentioned
above. This represents a major obstruction than some we encountered for theorem 1.1.1.
However, we expect an enhancement of theorem 1.1.2 within TTm or in further extensions
of the type theory.
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Remark 1.1.3. A formalization project by Kudazov–Riehl–Weinberger [43] for sHoTT came
to light. In particular, it supports the univalent foundations [70], and evidently sHoTT. The
overall goal is to, within the present framework, obtain computer-verified proofs of results
about 8-categories. Using the new proof assistant Rzk, the project aims to formalize the
existing work on sHoTT, which includes [61], [16], [5] and [6]. Further development on
proof assistants will be required in order to capture new developments like TTm, and further
enhancements that include other desirable features such as higher inductive types.

1.2 The language of a model category

We recall that Blanc [13] and Freyd [23] characterized the properties (or formulas) of cat-
egories that are invariant under equivalence of categories. Such formulas are those that do
not involve equality between objects. In this particular case, these formulas are written in
the FOLDS (First Order Logic with Dependent Sorts) of categories [52]. This is the origin of
some of the ideas by Simon Henry [28] to obtain similar results for model categories. Along
the way, this also puts some results of [52] under the lens of homotopy theory. Succinctly,
we can understand this work as identifying formulas in a model category that are preserved
when compared to an equivalent model. It is important to mention that [28] sketches a proof
for one of the main theorems (Fourth invariance theorem) that uses fundamental results yet
to appear. However, our work [7] (Chapter 4) altogether is the realization of all these ideas,
and more importantly, it includes full proofs via “elementary” results.

As we saw at the beginning, model categories are sometimes crucial in defining the dif-
ferent types of higher categories that we aim to study. Furthermore, whenever we introduce
new models for 8-categories, we aim to confirm their validity by verifying they are equiv-
alent to a previously known and validated model. When it comes to (8, 1)-categories, the
existing definitions have been demonstrated to be Quillen equivalent, for example the case of
quasi-categories and complete Segal spaces was addressed in [40]. Many other comparisons
are now available in the literature, which include models for p8, nq-categories. The need
for new models is primarily motivated by the desire to study aspects of higher categories
that remain hidden in past models. Then we might need to transfer results from a model
into another one. For instance: quasi-categories have a well-known notion of limit, and
a corresponding definition exists for Segal spaces. Once we prove theorems about limits
of quasi-categories, instead of crafting a new argument for Segal spaces to verify that the
analogous (and expected) result also holds, we could hope for a theorem that makes this
automatic. In general, given a Quillen equivalence between model categories, we anticipate
that theorems should be transferable between them. This is basically what in theory we
achieve.

For any model category, we associate the notion of a (logical) theory, and we define a
language from it. More precisely, we start by extending the Generalized Algebraic Theories
of Cartmell [17]. The main reason we require this generalization is so that we can capture the
transfiniteness aspect of model categories. This gives us the appropriate notion of context
over which the constructed formulas can take variables from. Now, if we start with a (cofi-
brantly generated) model category, cofibrant objects will turn out to be the contexts, while
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fibrant objects play the role of models. In this case, variables for a formula are simply maps
from a cofibrant object to a fibrant object. Therefore, a formula written in this language
refers to properties of fibrant objects. The main results we prove in [7] can be informally
stated in the following:

Theorem 1.2.1.

• First invariance: Homotopic maps satisfy the same formulas.

• Second invariance: Homotopically equivalent fibrant objects validate the same for-
mulas.

• Third invariance: Homotopically equivalent cofibrant objects (contexts) give equiv-
alent sets of formulas.

• Fourth invariance: Two Quillen equivalent model categories have equivalent lan-
guages.

The first, second and third invariances can also be seen as verifying that the language
is sensible to the homotopy theory. We can also read the second invariance theorem as
establishing a structure identity principle (SIP) for fibrant objects of a model category in
the sense that equivalent fibrant objects satisfy the same properties. As a sanity check,
when we apply our construction to the canonical model structure on the category of small
categories, the language we obtain coincides with that of Blanc [13] and Freyd [23].

The fourth invariance theorem also gives us the promised result; that between Quillen
equivalent model categories we can transfer properties or theorems. We also point out that
all the constructions and results work for a more general notion of homotopy theory, namely
weak model categories [29].

For the proofs of the first three invariance theorems, the classical notion of model cate-
gory is sufficient. However, for the proof of the last invariance theorem, it seems necessary
to use weak model categories. This is because in the proof we need to perform a right Bous-
field localization of a certain category of diagrams. A right Bousfield localization of a model
category M with respect to a class of maps produces a new model category RM and a right
Quillen functor, M Ñ RM which satisfies a universal property. It is known that if M is a
model category that is cellular and right proper, then the right Bousfield localization exists
[32, Theorem 5.1.1]. One can weaken the cellularity condition but not right properness, and
still we are left with set-theoretic conditions on M. Clark Barwick [9] proves that one can
drop the right properness condition, at the cost of considering right semi-model categories.
Even in this situation, there are still conditions, such as the right semi-model category M
being tractable, that guarantee the existence of a right semi-model category RM with the
expected universal property; for the precise statement, we refer to [9, Theorem 5.22]. In
contrast, the Fourth Invariance Theorem is valid with no special assumptions on the (weak)
model category. Therefore, we are only able to prove that the resulting categories that we
need in the proof have a weak model structure.



Chapter 2

Limits and colimits in synthetic
8-categories

The content of this chapter consists of the paper [5] as submitted to Mathematical Structures
in Computer Science. In the paper, we developed the theory of limits and colimits in synthetic
8-categories within the type theory of Riehl and Shulman.

2.1 Introduction

Defining the notion of 8-category is often a difficult task. There have been many different
proposed definitions, to mention a few, by Boardman and Vogt [14] with the idea of quasi-
categories, later exploited by Joyal [36] and Lurie [49], or by Rezk in [59] in the form of
complete Segal spaces. In the case of p8, 1q-categories, most of the known definitions have
been shown to be equivalent in an appropriate homotopy theoretic sense; see, for example,
the work by Toën [69], Bergner [11] and Joyal-Tierney [40].

Recent work by Riehl and Shulman [61] develops a synthetic theory of p8, 1q-categories.
They achieve this by implementing an extension of homotopy type theory. Moreover, Riehl
explores in [60] the novelty and advantages that support the philosophy behind this approach.
We highlight some of these points here. Firstly, all constructions are by design invariant under
equivalence. Another aspect of this synthetic theory is that it is by construction compatible
with the Univalence Axiom. Moreover, the standard model of the theory, the category of
bisimplicial sets, has a well-known homotopy theory. Furthermore, it is possible to carry
this synthetic theory internally to any Grothendieck 8-topos (see Theorem 2.6.5). Finally,
another pleasant consequence of this synthetic account is that it somewhat simplifies some
definitions and constructions, streamlining the development of the theory of p8, 1q-categories.
To begin with, the synthetic definition of an p8, 1q-category is fairly succinct in comparison
with any other given before.

Previously, Voevodsky’s simplicial model for HoTT [42] interpreted types as8-groupoids.
However, we do not have a similar interpretation of types as 8-categories, where by 8-
category we mean p8, 1q-category. To overcome this difficulty, [61] introduced a new type

9
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theory by adding to HoTT a strict interval object and the novel idea, due to Shulman and
Lumsdaine (unpublished), of a new type former called extension type. We call this simplicial
homotopy type theory, or sHoTT for short. This type theory can be seen as an instance of a
cubical type theory; however, it is different from the one presented in [19].

In this setting, it is possible to define Rezk types as certain special types that play the role
of 8-categories. In this synthetic treatment they retrieve some expected results from higher
categories, including a theory for adjunctions, the analogue of left (right) fibrations, which
are called (contravariant) covariant families, and the Yoneda lemma for these fibrations.
Additional work by Buchholtz and Weinberger [16] studies synthetic cocartesian fibrations,
a generalization of covariant families. Further treatment can be found in Weinberger’s PhD
thesis [72]. The cited work also includes two-sided fibrations.

Exploiting results from [65], it is shown in [61] that sHoTT has a model in bisimplicial
sets where Rezk types correspond to complete Segal spaces (also called Rezk spaces).

However, we are not in a position to claim that sHoTT is indeed able to capture all
category theory of p8, 1q-categories. For example, the construction of the opposite of an
p8, 1q-category is not implemented yet, and we lack a Yoneda embedding in which an p8, 1q-
category is embedded into an p8, 1q-category of presheaves of spaces. Another important
problem is that the type of discrete types is a Segal type that does not coincide with the
8-category of 8-groupoids in the bisimplicial sets model.

Despite the current inherent limitations of the type theory, we have tried to explore
which other categorical properties can be obtained with the theory as is. Throughout this
paper we intend to present a reasonable theory of limits and colimits of diagrams of p8, 1q-
categories. In this setting, we can prove most of the expected properties that are familiar
from category theory. Under the mild assumption of the existence of a type-theoretic universe
of spaces, we can compute the limit of a space-valued diagram as a dependent product (see
Theorem 2.5.14).

2.1.1 Limits and colimits

Limits and colimits have been studied extensively for quasi-categories in [49], and for Segal
spaces. A short presentation appears in [57]. We introduce the definitions of limits and
colimits within this synthetic theory and verify that they are consistent with the current
definition for Rezk spaces in the bisimplicial model of sHoTT. We also prove some expected
results, such as Theorem 2.3.7, which can be phrased as the universal property of colimits.
We also present the interaction between limits and colimits with adjoints, Theorem 2.3.9
showing that right adjoints preserve limits.

We prove in Theorem 2.4.6 that in a Rezk type, the type of all limits of a given diagram
is a proposition. This can be understood as a uniqueness property. Lastly, in Section 2.5 we
show that in an appropriate sense any limit of spaces can be computed simply as a dependent
product. The goal is to replicate the fact that for any diagram of spaces G : I Ñ 8-Gpd
where I is a set, limI G “

ś

iPI Gi. The difficulty carrying out this computation in sHoTT
is that we are unable to construct the correct type of spaces (discrete types) within the
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theory. We implement this using a directed formulation of the Univalence Axiom, due to
Cavallo, Riehl and Sattler, which allows us to assume the existence of a type with the desired
properties.

The reader will appreciate that the study of limits and colimits in the synthetic setting
is relatively simple. Our only prerequisite is some knowledge of homotopy type theory. This
is in line with the goal of having a synthetic theory of8-categories where these are somewhat
basic objects out of which we can effortlessly develop a robust synthetic theory.

2.1.2 Outline

In Section 2.2 we begin with an introduction to the work of Riehl-Shulman. The material
we present here is not exhaustive, but for the understanding and development of this work
it will be enough. All results contained in this section are due to Riehl-Shulman and can
be found in [61]. The reader interested in the details of simplicial homotopy type theory is
invited to read the mentioned reference; the experienced reader may skip this whole section.

Having the basic theory at hand, we define in Section 2.3 limits and colimits. We prove
Theorem 2.3.7, which can be understood as the universal property of limits and colimits.
We also prove the analogous result from category theory that right adjoints preserve limits
and left adjoints preserve limits.

In Section 2.4 we study limits in Rezk types. This special case yields Theorem 2.4.6,
which is the uniqueness of limits up to equality. Up to this point all the results and proofs can
be dualized. Finally, in Section 2.5 we carry out the computation of the limit of a diagram of
“spaces” as a dependent product. Here we use univalent covariant families, due to Cavallo,
Riehl and Sattler (unpublished), to make sense of the 8-category of spaces. Because simply
taking the type of all Rezk types does not yield the correct object.

Finally, in Section 3.4 we verify that our definitions are consistent with the seman-
tics. The general procedure we follow is to first interpret our type-theoretic definition in
the intended semantics of bisimplicial sets and then prove that the resulting statement is
equivalent to the existing definition. For limits and colimits, we do this in Section 2.6.1.

Computer-verified proofs. While preparing this paper, a formalization project for sHoTT
[43] came to light. The overall goal is to, within the present framework, obtain computer-
verified proofs of results about 8-categories. Using the new proof assistant Rzk, the project
aims to formalize the content of [61], [16], and the content of the present work.

Acknowledgment. This work is part of the author’s ongoing PhD thesis under the
direction of Simon Henry. The author would like to thank his supervisor for his insights,
comments, and suggestions, which greatly improved early versions of this paper.
The author also acknowledges the support of the Natural Sciences and Engineering Research
Council of Canada (NSERC), under the grant reference number RGPIN-2020-06779, awarded
to Simon Henry. The author is grateful for the support granted by the Department of
Mathematics and Statistics of the University of Ottawa.
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2.2 Extension types, Segal types and covariant families

In this section, we introduce the necessary material of the type theory that we use in the
paper. We refrain from providing detailed proofs. The best reference for this is the original
paper [61] where simplicial homotopy type theory was first introduced. We indicate precisely
where each result can be found in Ibidem.

2.2.1 Extension types

Essentially, simplicial homotopy type theory is ordinary homotopy type theory augmented
with some axioms postulating the existence of a strict interval object 2. That is, a type
2 equipped with a total order, a smallest element 0 and a distinct largest element 1. In a
general type X, an arrow in X can be defined as a map f : 2 Ñ X, with the source and
target of f being the image of the endpoints 0, 1 : 2. However, we would like to be able to
talk about the family of hom types from x to y, for x, y : X. This would not be achievable
in ordinary type theory; it can be done thanks to a new type former called an extension
type. However, the inner workings of extension types force us to single out the interval 2 by
putting it in a separate layer of a layered type theory.

More concretely, simplicial type theory is built as a three-layer type theory: the layer
of cubes, the layer of topes, and the layer of types. All rules for each layer can be found
in greater detail in our main reference [61], here we just give a small account together with
some of the fundamental results we will need.

The first layer is a type theory with finite products of types. Some rules of this type
theory include the following:

1 cube Γ $ ‹ : 1

I cube J cube
I ˆ J cube.

The second layer is an intuitionistic logic over the layer of cubes. Its types are called
topes. Topes can be regarded as polytopes embedded in a cube. They admit operations of
finite conjunction and disjunction, but negation, implication, or quantifiers are not part of
this theory. The complete rules for topes can be found in [61, Figure 2]. There is a “tope
equality” that appears in the third layer as a “strict equality.” For example, this tope equality
is used to define some shapes below, and it is denoted with the symbol “”.”

In simplicial type theory, the cubes layer is given as follows: It starts by postulating the
cube 2, which has two elements 0 : 2 and 1 : 2. This cube also comes with a tope inequality

x : 2 y : 2.

px ď yq tope

In addition, there are axioms that turn the inequality tope into a total order relation on 2

with distinct endpoints 0 and 1. Recall that these axioms are:
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x : 2
$ x ď x

x : 2, y : 2, z : 2

px ď yq, py ď zq $ px ď zq

x : 2, y : 2

px ď yq, py ď xq $ px ” yq

x : 2, y : 2

$ px ď yq _ py ď xq
x : 2

$ p0 ď xq
x : 2

$ px ď 1q

p0 ” 1q

$ K .

The rest of the cubes are generated by finite products of the cube 2. Using cubes and
topes, we can introduce shapes as follows:

I cube t : I $ ϕ tope
tt : I | ϕu shape.

Some relevant shapes are:

∆0 :” tt : 1|Ju,

∆1 :” tt : 2|Ju,

∆2 :” txt1, t2y : 2ˆ 2|t2 ď t1u,

B∆1 :” tt : 2|pt ” 0q _ pt ” 1qu,

B∆2 :” txt1, t2y : ∆
2|p0 ” t2 ď t1q _ pt1 ” t2q _ pt2 ď t1 ” 1qu,

κ21 :” txt1, t2y : ∆
2|pt1 ” 1q _ pt2 ” 0qu.

More can be said about this strict interval: the category of simplicial sets is the clas-
sifying topos for such strict intervals [51]. Furthermore, as explained in [61], by embedding
simplicial sets into the category of bisimplicial sets, it is possible to show that the latter
presents the “classifying (8,1)-topos” of strict intervals.

Finally, there is a third layer of types that has all the ordinary type formers of homotopy
type theory and one additional type former, the extension type, that involves the previous
layers. Its formation rule is:

tt : I | ϕu shape
Ξ | Φ $ ΓCtxt

tt : I | ψu shape
Ξ, t : I | Φ, ψ | Γ $ AType

t : I | ϕ $ ψ
Ξ, t : I | Φ, ϕ | Γ $ a : A

Ξ | Φ | Γ $
A

ś

t:I | ψ Aptq
ˇ

ˇ

ˇ

ϕ
a

E

Type.

We refer to [61] for the precise formulation of its rules. The name extension types are
suggestive of how to construe them. We can think of tt : I | ϕu as a “sub-shape” of tt : I |ψu
and read the judgment Ξ, t : I | Φ, ϕ | Γ $ a : A as a function ϕÑ A. We could represent a
point in an extension type with a dashed arrow in the commutative diagram:

ϕ A

ψ.
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This dashed arrow does not have to be unique in any sense. The benefit of this di-
agrammatic representation of extension types will be obvious later on when we introduce
Segal types. Note that the Hom type in Theorem 2.2.6 is a special case of an extension type.
As noted in [16], it is possible to obtain a similar theory by considering HoTT plus a strict
interval theory and replacing extension types using identity types (see [61, Pag. 119] and
[16, Section 2.4]), but this makes the theory harder to use. In this paper we will follow the
original Riehl-Shulman formulation of sHoTT using extension types.

Remark 2.2.1. There is a connection of sHoTT with cubical type theory [19]. We refer
to [61, Remark 3.2] where this is explained further. We just mention that the cubical path
type PathApx, yq can be expressed as the extension type x

ś

t:IA|
t”0_t”1
rec_px,yq

y. This is analogous
to the Hom types we introduce below in Theorem 2.2.6.

Extension types behave very much like dependent product types. In particular, one can
think of extension types as

ś

-types with a judgmental equality added to them. Furthermore,
many results that hold for

ś

-types are also valid for extension types. For example:

Theorem 2.2.2. If t : I | ϕ $ ψ, X : tt : I | ψu Ñ U and Y :
ś

t:I | ψ

pX Ñ Uq, while

a :
ś

t:I | ψXptq and b :
ś

t:I | ϕ Y pt, xptqq, then

A

ś

t:I | ψp
ř

x:Xptq Y pt, xqq
ˇ

ˇ

ˇ

ϕ
λt.paptq,bptqq

E

»

´

ř

f :x
ś

t:I | ψ Xptq|
ϕ
ay

A

ś

t:I | ψ Y pt, fptqq
ˇ

ˇ

ˇ

ψ
f

E¯

.

Proof. This is [61, Theorem 4.3].

This is similar to [70, Theorem 2.15.7]. The functions needed for the proof come from
introduction and computation rules for extension types; these rules are quite similar to those
of dependent products. We will need this idea of the proof later in Theorem 2.4.1. Also, we
have

Theorem 2.2.3. ([61, Theorem 4.4]) Suppose that we have t : I | ϕ $ ψ, t : I | ψ $ χ,
X : tt : I | χu Ñ U and a :

ś

t:I | ϕ

Xptq. Then

C

ź

t:I | χ

X

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ϕ
a

G

»
ÿ

f :x
ś

t:I | ψ X|
ϕ
ay

C

ź

t:I | χ

X

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ
f

G

.

2.2.1.1 Relative function extensionality axiom

In homotopy type theory we use the function extensionality axiom for dependent functions.
We recall this formulation.

Axiom 2.2.4. Let B : A Ñ U be a dependent type family over a type A. For f, g :
ś

a:ABpaq, the canonical map f “ g Ñ
ś

a:Apfa “ gaq is an equivalence.
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Note that the equality on the left is in the dependent product. An element of
ś

a:Apfa “
gaq is usually referred to as a homotopy, and often this type is written as f „ g. There is a
version of function extensionality for extension types.

Axiom 2.2.5. Suppose t : I | ϕ $ ψ and that A : tt : I | ψu Ñ U is such that each Aptq

is contractible, and moreover, there is an element a :
ś

t:I | ϕAptq, then
A

ś

t:I | ψ Aptq|
ϕ
a

E

is
contractible.

Further discussion and different formulations on this axiom can be found in [61, 4.4].
Moreover, taking ϕ to be K in Theorem 2.2.5 gives us Theorem 2.2.4. This is because for
ϕ ” K extension types behave like ordinary dependent products (see [61, Section 2.2]). In
the paper, we assume Theorem 2.2.5, hence we also have function extensionality, and we use
the notation f „ g from above.

2.2.2 Segal types

With extension types and simplices at hand, it is feasible to introduce “morphisms” of a
type as “points” in a “hom space.” The coherences that witness “composition” between these
morphisms are elements in another suitable type. We can use the above to define Segal types.

Let us recall first that from the rules presented in [61, Figure 3] it is possible to prove
the following: Given a type A, in order to construct an element a : A in context B∆1, we can
just give two elements x, y : A, and vice versa, any two elements x, y : A determine another
element a : A in context B∆1. Similarly, the construction of an element a : A in context B∆2

is equivalent to giving three terms a0, a1, a2 : A in context t : 2 such that a0r0{ts ” a1r0{ts,
a0r1{ts ” a2r0{ts and a1r1{ts ” a2r1{ts. For more details on this, we refer to [61, Section 3.2].
The last construction can be seen as the “boundary of a triangle in A”, see Theorem 2.2.7
below.

Definition 2.2.6. Given x, y : A, determining a term rx, ys : A in context B∆1, define

HomApx, yq :”
A

∆1 Ñ A
ˇ

ˇ

ˇ

B∆1

rx,ys

E

.

A term in this type is called an arrow in A.

Note that this is just an extension type where the type family has constant value A. An
element f : HomApx, yq has the property that fp0q ” x and fp1q ” y. Thus, such an element
captures the idea of what an arrow in A from x to y should be.

Definition 2.2.7. For x, y, z : A and f : HomApx, yq, g : HomApy, zq and h : HomApx, zq
there is a term rx, y, z, f, g, hs : A in context B∆2, define

Hom2
A

¨

˚

˚

˝

y

x z

gf

h

˛

‹

‹

‚

:”
A

∆2 Ñ A
ˇ

ˇ

ˇ

B∆2

rx,y,z,f,g,hs

E

.
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For an interpretation of the types above, we use the bisimplicial sets model of sHoTT.
We give more details in Section 2.6.1.

Definition 2.2.8. A Segal type is a typeA such that for all x, y, z : A and f : HomApx, yq, g :
HomApy, zq the type

ř

h:HomApx,zq

Hom2
A

¨

˚

˚

˝

y

x z

gf

h

˛

‹

‹

‚

is contractible.

Informally, A is a Segal type if any pair of composable arrows have an essentially unique
composite.

The first component of the center of contraction of this type is the composition of
f and g, we adopt the usual notation g ˝ f for such a term. This composition of arrows
is associative whenever it is defined. For any type A we can define idx : HomApx, xq as
idxptq ” x for all t : ∆1. Furthermore, under the assumption that A is a Segal type, this
element is the identity for the composition (see [61, Section 5.2 and 5.3]). We can also get
a useful characterization of Segal types:

Theorem 2.2.9. ([61, Theorem 5.5]) A type A is a Segal type if and only if the restriction
map

p∆2
Ñ Aq Ñ pκ21 Ñ Aq

is an equivalence.

Moreover, this allows us to show that if A : X Ñ U is a family over a type or shape
X such that for all x : X the type Apxq is a Segal type then the dependent product of the
family A over X is again a Segal type [61, Corollary 5.6]. This means that the dependent
product of Segal types is again a Segal type.

Let A,B be types and ϕ : A Ñ B a function. For any x, y : A there is an induced
function

ϕ# : homApx, yq Ñ homBpϕpxq, ϕpyqq

defined by precomposition. We use ϕ for this induced function instead of ϕ# when there is
no risk of confusion. We have:

Proposition 2.2.10. Any function ϕ : AÑ B between Segal types preserves identities and
composition. This is for all a, b, c, d : A and f : HomApa, bq, g : HomApb, cq, then we have
ϕpg ˝ fq “ ϕpgq ˝ ϕpfq and ϕpiddq “ idϕpdq.

Proof. See [61, Proposition 6.1].
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This proposition makes the functorial behaviour of functions between Segal types ap-
parent. From Theorem 2.2.9 the type of functions AÑ B is a Segal type when B is itself a
Segal type and A is a shape or type. Given two functions, f, g : AÑ B we can select a term
α : HomAÑBpf, gq, spelling out the definition of such term, we get for all s : 2 a function
αpsq : AÑ B such that αp0q ” f and αp1q ” g. Additionally, for all a : A we have

λps : 2q.αpsqpaq : HomBpfa, gaq.

We denote this function as αa and we refer to it as the component of α at a : A. An element
α : HomAÑBpf, gq is called a natural transformation between f and g. Such terminology
is supported by the following remarks:

Remark 2.2.11. Let A be a type or shape, B a Segal type and f, g : A Ñ B. Then the
induced function

HomAÑBpf, gq Ñ
ź

a:A

HomBpfa, gaq

is an equivalence [61, Proposition 6.3]. And also [61, Proposition 6.5], if α : HomAÑBpf, gq, β :
HomAÑBpg, hq and x : A then

pβ ˝ αqx “ βx ˝ αx and pidf qx “ idfpxq.

This is to say that natural transformations are component-wise defined and their com-
position is performed point-wise.

Remark 2.2.12. Under the same assumptions of the previous remark, if α : HomAÑBpf, gq
and k : HomApx, yq then αy ˝ fk “ gk ˝ αx.

Hence we can say that a natural transformation is truly natural in the categorical sense.

2.2.2.1 Discrete types

Definition 2.2.13. [61, Definition 7.1] For any type A, there is a map

idtoarr :
ź

x,y:A

px “A yq Ñ HomApx, yq

given by path induction idtoarrx,xpreflxq :” idx. We say that the type A is discrete if idtoarrx,y
an equivalence for all x, y : A.

The first aspect to note about discrete types is that they are also Segal types [61,
Proposition 7.3].
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2.2.2.2 Rezk types

In the category of bisimplicial sets, Segal spaces are, intuitively, bisimplicial sets containing
categorical and homotopical information. These data are not necessarily compatible. Com-
plete Segal spaces fix this problem. More precisely, adopting the terminology and notation
of [59], we have Xhoequiv as the space of homotopy equivalences of X. This space Xhoequiv

is contained in X1 and consists of homotopy equivalences. Then there is an obvious map
u : X0 Ñ Xhoequiv, if u is an equivalence of spaces we say that the Segal space is complete.
The map u is not always a weak equivalence; an example of such a Segal space can be found
in [56, Example 2.57]. A similar phenomenon occurs for Segal types. These have an asso-
ciative, unital composition but are not “univalent”, just as Segal spaces are not necessarily
complete. To amend this problem and obtain “better behaved” types, we need to introduce
Rezk types.

Let A be a Segal type and f : HomApx, yq, we define the type

isisopfq :”

¨

˝

ÿ

g:HomApy,xq

g ˝ f “ idx

˛

‚ˆ

¨

˝

ÿ

h:HomApy,xq

f ˝ h “ idy

˛

‚

and say that f is an isomorphism if this type is inhabited. The reader might note that
we do not ask for the left and right inverses of an isomorphism to be equal. The reason
behind this can be found in [61, Section 10.1] There is an immediate characterization of
isomorphisms:
Proposition 2.2.14. Let A be a Segal type and f : HomApx, yq. Then, f is an isomorphism
if and only if we have g : HomApy, xq with g ˝ f “ idx and f ˝ g “ idy.

Proof. This is [61, Proposition 10.1].

The type isisopfq is a proposition [61, Proposition 10.2] hence, we can define the type
of isomorphisms between any two terms x, y in a Segal type A as

x – y :”
ÿ

f :HomApx,yq

isisopfq.

Given a Segal type A and x : A is clear that idx is an isomorphism. We get a family of
functions

idtoisoA :
ź

x,y:A

px “ y Ñ x – yq

constructed by path induction via idtoisoApreflxq :” idx. Although the function idtoisoA is
dependent on the type A, we will drop A from the notation since it is always clear over which
type the function is defined.
Definition 2.2.15. A Segal type A is a Rezk type if idtoiso is an equivalence. We denote
the inverse by rezk.

We will need the following fact about Rezk types from [61, Proposition 10.9]
Proposition 2.2.16. If B is a Rezk type then for any type or shape X, the type BX is a
Rezk type.
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2.2.3 Covariant families

Left fibrations were introduced by Joyal in [37], and further studied in [49]. These are
the quasi-categorical versions of functors cofibered in groupoids. In turn, the category of
bisimplicial sets also has a well-known theory of left fibrations (see [57]). In sHoTT we study
them as covariant families, and they play a central role in subsequent sections.

Let C : A Ñ U be a type family over a type A. Two elements x, y : A, f : Homapx, yq
and u : Cpxq, v : Cpyq define the type

HomCpfqpu, vq :”

C

ź

t:2

Cpfptqq

ˇ

ˇ

ˇ

ˇ

ˇ

B∆1

ru,vs

G

.

This type represents the type of arrows from u to v over f in the total type of C.

Definition 2.2.17. A type family C : A Ñ U over a Segal type A is covariant if for any
f : HomApx, yq and u : Cpxq the type

ÿ

v:Cpyq

HomCpfqpu, vq

is contractible. Similarly, if for any f : HomApx, yq and v : Cpyq the type
ÿ

u:Cpxq

HomCpfqpu, vq

is contractible, we say that C is contravariant.

In the situation of the definition above, we denote the center of contraction of each type
as pf˚u, transf,uq and pf˚v, transf,vq, respectively.

From [61, Remark 8.3] we have that if g : B Ñ A is a function and C : A Ñ U is a
covariant type family, then λb.Cpgpbqq : B Ñ U is also covariant. This just means that a
covariant family is stable under substitution.

The first important example of a covariant family is given by the Hom type (see [61,
Proposition 8.13]):

Proposition 2.2.18. Let A be a type and fix a : A. Then the type family λx.HomApa, xq :
AÑ U is covariant if and only if A is a Segal type.

We can show that if C : AÑ U is a covariant family over a Segal type A, then the total
type

ÿ

x:A

Cpxq

is a Segal type [61, Theorem 8.8]. Also, as previously advertised, if the covariant family is
defined over a Segal type then it is functorial in the following sense:

Proposition 2.2.19. Suppose A is a Segal type and C : A Ñ U is covariant. Then, given
f : HomApx, yq, g : HomApy, zq, and u : Cpxq, we have g˚pf˚uq “ pg ˝ fq˚u and pidxq˚u “ u.
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Proof. This is [61, Proposition 8.16].

Furthermore, naturality holds:

Proposition 2.2.20. Let C,D : A Ñ U be two covariant families and a fiber-wise map
ϕ :

ś

x:A

Cpxq Ñ Dpxq. Then for any f : HomApx, yq and u : Cpxq,

ϕypf˚uq “ f˚pϕxpuqq.

Proof. See [61, Proposition 8.17].

If we have a covariant family C : A Ñ U over a Segal type, a path p : x “ y and
u : Cpxq then the element pidtoisoppqq˚u : Cpyq can be understood as transporting u along
the arrow idtoisoppq. The covariant transport and the usual type-theoretic transport along
paths coincide; by this we mean that they are propositionally equal:

Lemma 2.2.21. If A is Segal and C : A Ñ U is covariant and e : x “A y, then for any
u : Cpxq we have

idtoisopeq˚u “ transportCpe, uq.

Proof. [61, Lemma 10.7].

2.2.3.1 Yoneda lemma

The Yoneda lemma is a fundamental result of category theory. In the context of8-categories
it has been proved for different models, such as quasi-categories in [49], [36], for Segal spaces
in [57] and 8-cosmoi in [62]. In simplicial type theory, as noted in [61], the result can be
viewed as a directed version of path transport. Also, there is a dependent version of the
Yoneda lemma, which can be seen as the analogous to path induction for covariant families.
Although we will need only one of its consequences, namely representability, we quickly
review it in full generality.

Let C : AÑ U a covariant family and a fix term a : A. Then there are functions

evidCa :” λϕ.ϕpa, idaq :

˜

ź

x:A

HomApa, xq Ñ Cpxq

¸

Ñ Cpaq,

yonCa :” λu.λx.λf.f˚u : Cpaq Ñ

˜

ź

x:A

HomApa, xq Ñ Cpxq

¸

.

Theorem 2.2.22. (Yoneda lemma, [61, Theorem 9.1]) If A is a Segal type, then for any
covariant family C : AÑ U and a : A the functions yonCa and evidCa are mutual inverses.

We have the dependent version of Yoneda:
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Theorem 2.2.23. ([61, Theorem 9.5]) If A is a Segal type, a : A and C :
ś

x:A

pHomapa, xq Ñ

Uq is covariant, then the function

evidCa :” λϕ.ϕpa, idaq :

¨

˝

ź

x:A

ź

f :HomApa,xq

Cpx, fq

˛

‚Ñ Cpa, idaq

is an equivalence.

One particular instance of this equivalence is when C :” HomApa
1,´q, where A is a

Segal type and a1 : A. This gives the so-called Yoneda embedding. The concept of
representability is closely related to this embedding.

Definition 2.2.24. A covariant family C : A Ñ U over a Segal type is representable if
there exists a : A and a family of equivalences

ś

x:A

pHomApa, xq » Cpxqq.

We conclude this section with a result that is of particular interest to us:

Definition 2.2.25. A term b : B is initial if for any x : B the type HomBpb, xq is contractible.
That is, if the type

isinitialpbq :”
ś

x:B

iscontrpHomBpb, xqq

is inhabited. Also, a term b : B is terminal if for any x : B the type HomBpx, bq is
contractible. That is, if the type

isterminalpbq :”
ś

x:B

iscontrpHomBpx, bqq

is inhabited.

In a Segal type, initial and terminal elements are unique up to isomorphism.

Proposition 2.2.26. Let A be a Segal type. The following is true:

1. If a : A is an initial element, then it is unique up to isomorphism.

2. If a : A is a terminal element, then it is unique up to isomorphism.

Proof. Assume that A is a Segal type and let a, b : A be initial elements. The types
HomApa, bq,HomApb, aq are contractible, in particular, inhabited, say, by f, g, respectively.
We get the terms f ˝ g : HomApb, bq, g ˝ f : HomApa, aq and idb : HomApb, bq, ida : HomApa, aq.
Again, these hom types are contractible so f ˝ g “ idb and g ˝ f “ ida. By Theorem 2.2.14
f is an isomorphism between a and b. Therefore, initial terms in Segal types are unique up
to isomorphism. Similarly, a terminal element is unique up to isomorphism.
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Proposition 2.2.27. A covariant type family C : AÑ U over a Segal type A is representable
if and only if there exists an initial element pa, uq in the type

ř

x:A

Cpxq, in which case

yonCa puq :
ś

x:A

pHomApa, xq Ñ Cpxqq

defines an equivalence.

Proof. This is [61, Proposition 9.10].

The majority of the results we have cited are stated in terms of covariant families.
However, for contravariant families we have similar results. The proofs for these statements
are completely analogous.

2.3 Limits and colimits

There is a well-known path to define limits and colimits in 8-categories, as in [49] for quasi-
categories or in Segal spaces [57]. The strategy is first to establish an adequate notion of
cones and cocones. The second step is to define initial and terminal objects. Then a limit
is a “terminal cone,” and a colimit is an “initial cocone.” We follow the same approach to
define them in sHoTT using the machinery of covariant families.

For types A,B and b : B, define the constant function

△b :” λa.b : AÑ B.

Remark 2.3.1. If B is a Segal type then by Theorem 2.2.9, BA :” A Ñ B is also a Segal
type. Let f : AÑ B, from Theorem 2.2.18 and the fact that covariance and contravariance
are stable under substitution (precomposition), then the type families

λb.HomBApf,△bq : B U and λb.HomBAp△b, fq : B U

are covariant and contravariant, respectively.

Definition 2.3.2. Let f : A Ñ B be a function. Define the type of cocones of f as the
type

coconepfq :”
ÿ

b:B

HomBApf,△bq,

and the type of cones of f as the type

conepfq :”
ÿ

b:B

HomBAp△b, fq.
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Observation 2.3.3. From Theorem 2.2.11 it follows that

coconepfq »
ÿ

b:B

ź

a:A

HomBpfa, bq

and
conepfq »

ÿ

b:B

ź

a:A

HomBpb, faq.

We can recognize the type of cones and cocones of a function as direct analogues to
cones and cocones in category theory. In Section 2.6.1 we will verify how the definition
above and the following are consistent with the semantics.

Definition 2.3.4. A colimit for f : AÑ B is an initial term of the type:

coconepfq ”
ÿ

x:B

HomBApf,△xq.

A limit for f : AÑ B is a terminal term of the type:

conepfq ”
ÿ

x:B

HomBAp△x, fq

Remark 2.3.5. Since the total space of a covariant family over a Segal type is a Segal type,
Theorem 2.3.1 implies that the type of cocones of a function f : A Ñ B is a Segal type.
Similarly, we also get that the type of cones is a Segal type. We will make use of these two
facts where needed without explicit mention.

We can show the following:

Corollary 2.3.6. Let B be a Segal type and f : AÑ B a function. Limits and colimits are
unique up to a unique isomorphism if they exist.

Proof. It follows immediately from Theorem 2.3.5 and Theorem 2.2.26 above.

We will obtain in Theorem 2.4.6 uniqueness property up to equality under the additional
assumption that B is a Rezk type. The following characterization is more flexible in terms
of computations. We can think of it as the universal property of limits and colimits.

Proposition 2.3.7. Let B a Segal type and f : AÑ B be a function. There exists a colimit
pb, βq for f if and only if

ś

x:B

pHomBpb, xq » HomBApf,△xqq.

Similarly, there exists a limit pa, αq for f if and only if

ś

x:B

pHomBpx, aq » HomBAp△x, fqq.
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Proof. The existence of a colimit pb, βq for the function f i.e., pb, βq is an initial term of
the type

ř

x:B

HomBApf,△xq, by Theorem 2.2.27 is equivalent to say that the covariant family

HomBApf,△´q : B Ñ U

is representable. The proof for the second part is similar.

Remark 2.3.8. We can get an explicit description of the cone and cocones in theorem 2.3.7.
Under the same assumptions, given a family of equivalences

ϕ :
ś

x:B

pHomBpx, aq » HomBAp△x, fqq,

we can take ϕa : HomBpa, aq » HomBAp△a, fq. This give us the cone ϕapidaq : HomBAp△a, fq.
Following the usual categorical argument, we can show that pa, ϕapidaqq is the limit for f .
Similarly we can get the cocone for the apex b.

In the situation of Theorem 2.3.7, it is common practice to say that “b” is the colimit
and that “a” is the limit of f : A Ñ B, respectively. This leaves implicit the data of the
cocone and the cone, respectively.

2.3.1 Preservation of limits and colimits

The main goal of this section is to reproduce the classical result that limits are preserved
under right adjoints. The same argument will show that left adjoints preserve colimits. Dif-
ferent presentations of adjunction are studied in [61], namely, transposing and diagram-
matic adjunctions, and it is shown that they are equivalent. The first kind of adjunction
corresponds to the standard definition of adjunction in category theory in terms of hom sets,
whereas the second resembles the triangle identities. For us, it will be enough to know that
a quasi-transposing adjunction between types A,B consists of functions f : AÑ B and
u : B Ñ A and a family of maps

ϕ :
ź

a:A,b:B

HomBpfa, bq Ñ HomApa, ubq

with quasi-inverses given by the maps

ψ :
ź

a:A,b:B

HomApa, ubq Ñ HomBpfa, bq

and homotopies
ξ :

ź

a,b,k

ϕa,bpψa,bpkqq “ k, ζ :
ź

a,b,l

ψa,bpϕa,bplqq “ l.

In this situation, u together with the data above is a quasi-transposing right adjoint
for f . Using this notation we have:
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Theorem 2.3.9. Let A,B be Segal types and functions g : J Ñ B, f : AÑ B, u : B Ñ A.
If g has a limit pb, βq, and u is a quasi-transposing right adjoint of f , then pupbq, uβq is a
limit for ug : J Ñ A.

Proof. In view of Theorem 2.3.7, we have

γ :
ź

x:B

pHomBpx, bq » HomBJ p△x, gqq,

and we only need to show that
ź

y:A

pHomApy, upbqq » HomAJ p△y, ugqq.

Recall that HomBJ p△x, gq »
ś

j:J HomBpx, gpjqq. Then, for any y : A we get

γfpyq : HomBpfpyq, bq »
ź

j:J

HomBpfpyq, gpjqq.

Using the adjunction we get a chain of equivalences:

HomApy, upbqq » HomBpfpyq, bq »
ź

j:J

HomBpfpyq, gpjqq »
ź

j:J

HomApy, ugpjqq » HomAJ p△y, ugq.

This give us the family of equivalences

Γ :
ź

y:A

pHomApy, upbqq » HomAJ p△y, ugqq.

To complete the proof, note that the cone for upbq can be obtained from β : HomBJ p△b, gq,
since uβ : HomAJ p△upbq, ugq. Following Theorem 2.3.8, we must have that Γupbqpidupbqq “

uβ.

We also have:

Corollary 2.3.10. If A,B are Segal types and f : A Ñ B has a left quasi-transposing
adjunct, then f preserves colimits of functions g : J Ñ A.

Proof. Similar to the previous theorem.

2.4 (Co)Limits in Rezk types

In this section, we restrict our attention to colimits in a Rezk type, which allows us to
improve some of our results.

In what follows, for C : AÑ U a covariant (or contravariant) family, we denote by

C̃ :”
ÿ

x:A

Cpxq

the dependent sum over A.
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Lemma 2.4.1. Assume that C : A Ñ U is a covariant family over a Segal type A, let
pa, uq, pb, vq :

ř

x:A

Cpxq. Then

ppa, uq – pb, vqq »
ÿ

f :a–b

f˚u “ v.

Proof. First, we have the equivalence

HomC̃ppa, uq, pb, vqq »
ÿ

f :HomApa,bq

HomCpfqpu, vq. (2.4.1)

Recall that this follows from Theorem 2.2.2

C

ź

t:I | ψ

p
ÿ

x:Xptq

Y pt, xqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ϕ
λt.paptq,bptqq

G

»
ÿ

f :x
ś

t:I | ψ Xptq|
ϕ
ay

C

ź

t:I | ψ

X

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ
f

G

where the proof is established by following the composition of the maps given from left to
right by

h ÞÑ pλt.π1phptqq, λt.π2phptqqq,

and from right to left by
pf, gq ÞÑ λt.pfptq, gptqq.

This applied to (2.4.1) yields in the first coordinate the projection

π1 :
ÿ

x:A

Cpxq Ñ A.

Since C : A Ñ U is a covariant family over the Segal type A, C̃ is a Segal type [61,
Theorem 8.8]. By Theorem 2.2.10 the projection respects identities and composition. In
particular, if f̄ : pa, uq – pb, vq then π1pf̄q : a – b. Furthermore, covariance of C implies that
pv, π2pf̄qq “ pπ1pf̄q˚u, transπ1pf̄q,uq hence π1pf̄q˚u “ v. Therefore, we define

ϕ : ppa, uq – pb, vqq Ñ
ÿ

f :a–b

f˚u “ v

to be ϕ :” λf̄ .pπ1pf̄q, pq where p : π1pf̄q˚u “ v.
In order to construct the function in the other direction, we observe the following: if f : a – b
then there exist g : HomApb, aq with f ˝ g “ idb and g ˝ f “ ida. The covariance of C implies
that the types

ÿ

w:Cpbq

HomCpfqpu,wq and
ÿ

w:Cpaq

HomCpgqpv, wq

are contractible with center of contraction pf˚u, transf,uq and pg˚v, transg,vq, respectively.
Note also that

u “ pidaq˚u “ pg ˝ fq˚u “ g˚pf˚uq “ g˚v.
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We get elements
pf, transf,uq :

ÿ

h:HomApa,bq

HomCphqpu, vq

and
pg, transg,vq :

ÿ

h:HomBpb,aq

HomCphqpv, uq.

Using the equivalence
¨

˝

ÿ

k:HomApx,yq

HomCpkqpw, zq

˛

‚» HomC̃ppx,wq, py, zqq (2.4.2)

we get f̄ : HomC̃ppa, uq, pb, wqq and ḡ : HomC̃ppb, vq, pa, uqq. Since C̃ is a Segal type then
ḡ ˝ f̄ : HomC̃ppa, uq, pa, uqq. We have the composition in A and the dependent composition,
so we obtain the 2-simplex

compg,f : Hom2
A

¨

˚

˚

˝

b

a a

gf

ida

˛

‹

‹

‚

and

comptransg,v ,transf,u : Hom2
Cptq

¨

˚

˝

v

u u
idu

˛

‹

‚

.

We get a term
`

g ˝ f, pcompg,f , comptransg,v ,transf,uq
˘

in

ř

h:HomC̃ppa,uq,pa,uqq

Hom2
C̃

¨

˚

˚

˚

˝

pb, vq

pa, uq pa, uq

ḡf̄

h

˛

‹

‹

‹

‚

.

Since this type is contractible, in particular we have ḡ ˝ f̄ “ g ˝ f . Under the equivalence
(2.4.2), ida is mapped to idpa,uq, so

ḡ ˝ f̄ “ g ˝ f “ ida “ idpa,uq.

Similarly, f̄ ˝ ḡ “ idpb,vq. Therefore we define

ψ :
ÿ

f :a–b

f˚u “ v Ñ ppa, uq – pb, vqq

as ψ :” λpf, pq.f̄ . The functions ϕ and ψ give us the required equivalence.
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A related result is [70, Theorem 2.7.2], instead of identity types, we now have isomor-
phism types. Thus, an isomorphism in Σ-types is determined by an isomorphism in the base
together with a dependent isomorphism in the total type lying over it. We formulate the
result but give no proof corresponding to contravariant families.

Lemma 2.4.2. Assume that C : A Ñ U is a contravariant family over a Segal type A, let
pa, uq, pb, vq :

ř

x:A

Cpxq. Then

ppa, uq – pb, vqq »
ÿ

f :a–b

u “ f˚v.

Theorem 2.4.3. If A is a Rezk type and C : A Ñ U is a covariant (contravariant) family
over A, then

ř

x:A

Cpxq is a Rezk type.

Proof. Let pa, uq, pb, vq :
ř

x:A

Cpxq. We have

`

pa, uq “ pb, vq
˘

»
ÿ

f :a“b

transportCpf, uq “ v

»
ÿ

idtoisopfq:a–b

idtoisopfq˚u “ v

»pa, uq – pb, vq,

the middle equivalence follows from A being Rezk type and from Theorem 2.2.21 where we
have the equality idtoisopeq˚u “ transportCpe, uq. The function

idtoiso : pa, uq “ pb, vq Ñ pa, uq – pb, vq

is exactly the equivalence above. Indeed, we can use path induction to see this. If pa, uq “
pa, uq then reflpa,uq is mapped to prefla, refluq. This goes to pida, refluq which finally corresponds
to idpa,uq : pa, uq – pa, uq. Therefore,

ř

x:A

Cpxq is Rezk.

Remark 2.4.4. Theorem 2.4.3 can also be deduced from Proposition 4.2.6 and Corollary
6.1.4 of [16]. Their proof makes use of their theory of (co)cartesian fibrations in sHoTT
that they develop throughout their work. Ours is more elementary and simply uses the
characterization of the type of isomorphisms between elements in a σ-type we provided in
Theorem 2.4.1.

Definition 2.4.5. Let B is a Segal type, f : AÑ B a function. We define the type:

hasColimitpfq :”
ÿ

w:coconepfq

isinitialpwq

and also

hasLimitpfq :”
ÿ

w:conepfq

isterminalpwq.
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In Theorem 2.3.6 we showed that limits and colimits are unique up to isomorphism.
Now, we can show further:

Corollary 2.4.6. If B is a Rezk type and we have a function f : A Ñ B, then the types
hasColimitpfq and hasLimitpfq are propositions.

Proof. Let pa, αq, pb, βq be limits for f . By Theorem 2.3.6 we have that pa, αq – pb, βq.
Theorem 2.4.3 applied to the covariant family

HomBApf,△´q : B Ñ U
implies that conepfq is also a Rezk type. Therefore:

`

pa, αq “ pb, βq
˘

»
`

pa, αq – pb, βq
˘

hence hasLimitpfq is a proposition. A similar proof shows that hasColimitpfq is also a propo-
sition.

2.5 Limit of spaces as dependent product

Let tGiuiPI be a family of 8-groupoids indexed by a set I. Denote by G the obvious diagram
I Ñ 8-Gpd, then we have that

lim
I
Gi “

ź

iPI

Gi.

We can think for simplicity that the calculation above takes place in bisimplicial sets, i.e.,
this is a family of complete Segal spaces that are homotopically constant. This could also
be happening in simplicial sets.

Given the previous result, it seems natural to expect that a similar result is true in
sHoTT. However, such computation is not straightforward: The obstruction is that in our
type theory we do not have an 8-category of 8-groupoids in which we can take this limit.
The way address this issue is by using the notion of univalent covariant families originally
due to Cavallo-Riehl-Sattler [18] to sufficiently axiomatize the properties of the 8-category
of spaces.

Let B a Segal type. For any covariant family E : B Ñ U and a, b : B, using the notation
of Theorem 2.2.17 we obtain a function

arrtofun : HomBpa, bq Ñ
`

Epaq Ñ Epbq
˘

where for any f : HomBpa, bq we set

arrtofunpfq :” f˚ ” λu.f˚u.

Definition 2.5.1. Given E : B Ñ U a covariant family over a Segal type B. We say that
E is univalent if for all a, b : B the map arrtofun is an equivalence. Denote its inverse by

dua :
`

Epaq Ñ Epbq
˘

Ñ HomBpa, bq.
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We can understand the type B as satisfying a “directed univalent axiom.” The prime
example of a univalent fibration in the semantics should be the 8-category of 8-groupoids.
In [61, Remark A.27] it is shown that covariant families correspond to left fibrations. Cav-
allo, Riehl, and Sattler announced in [18] (unpublished) the existence of a fibrant universe
(bisimplicial set) of left fibrations. This implies the consistency of Theorem 2.5.1, see also
Theorem 2.5.14.

The result in [61, Proposition 8.18] shows that; if E : B Ñ U is a covariant type family
over a Segal type B, then for any b : B the type Epbq is discrete. Furthermore, if E is
univalent, we could think of B as a Segal type “that has terms discrete types.” We will make
this idea precise in Theorem 2.5.8. In this part of the paper, we use the extensionality axiom
and the notation introduced in Section 2.2.1.1. In particular, we use f „ g introduced there.

Lemma 2.5.2. Let B a Segal type and E : B Ñ U a univalent covariant family and a, b : B.
If δ : Epaq Ñ Epbq is an equivalence, then duapδq is an isomorphism.

Proof. By Theorem 2.2.19 for any x : B and u : Epxq we have pidxq˚puq “ u. Therefore,
arrtofunpidxq “ idEpxq. This also implies that

duapidEpxqq “ duaparrtofunpidxqq “ idx.

Treat δ : Epaq Ñ Epbq as a bi-invertible function, so there is γ : Epbq Ñ Epaq such
that δγ „ idEpbq and γδ „ idEpaq. From the extensionality axiom we can further assume
δγ “ idEpbq and γδ “ idEpaq. Hence, duapδγq “ idb and duapγδq “ ida. Observe that
again from Theorem 2.2.19, for any f : HomBpx, yq, g : HomBpy, zq, and u : Epxq, we have
g˚pf˚uq “ pg ˝ fq˚u, and as a consequence

arrtofunpduapδq ˝ duapγqq “ arrtofunpduapδqqarrtofunpduapγqqq “ δγ “ idEpbq

it follows that duapδq ˝ duapγq “ duapδγq “ idb. Similarly,

duapγq ˝ duapδq “ duapγδq “ ida.

This concludes the proof of the statement.

Definition 2.5.3. Given a type A and a family E : B Ñ U over a type B, we define the
type

issmallEBpAq :”
ÿ

b:B

`

Epbq » A
˘

.

We say that A is B-small if issmallEBpAq is inhabited.

A related notion appears in [64, Definition 17.1.3] where they define what it means for
a type A to be small with respect to a univalent universe U ; a type A is said to be U -small
if there is type X : U and an equivalence between A and X. The same definition appears in
[12, Section 2.19] under the name essentially U-small.

Remark 2.5.4. In the rest of the paper, we use Theorem 2.5.3 under the assumption that
the family E : B Ñ U is covariant. One could also think of assuming that E is contravariant,
but we have no use for it.



2.5. LIMIT OF SPACES AS DEPENDENT PRODUCT 31

Remark 2.5.5. Since we will require a covariant family, we can express whether a discrete
type A : U is B-small. Firstly, [61, Proposition 8.18] proves that for a covariant type family
over a Segal type E : B Ñ U each Epbq is discrete. Therefore, if we have a proof of
issmallEBpAq, then A is also discrete since it is equivalent to a discrete type and of course it
is B-small.

A more general and concrete example of this can be seen in the semantics. Given a
Grothendieck universe U , one could build a sub-universe U 1 (an 8-category) that consists
of κ-small 8-groupoids, where κ is a regular cardinal. By construction, elements of U 1

are exactly the U 1-small elements of U . Of course, this would be one way to justify the
consistency of Theorem 2.5.1.

The idea of Theorem 2.5.3 is that B has an element representing the type A. We can
think of A as “a type in B”, hence the name B-small. To make sense of this, we need to
note some simple facts. The first lemma simply computes transportD for the type family
D : B Ñ U as defined below.

Lemma 2.5.6. Let E : B Ñ U be a univalent covariant family over a Rezk type B. For
a type A, define D : B Ñ U as Dpbq :” Epbq » A. Then for any b, b1 : B, p : b “ b1 and
σ : Epbq » A

transportDpp, σq “ σparrtofunpidtoisopp´1
qqq.

Proof.

By path induction we can assume that p ” reflb : b “ b. In this case,

transportDpreflb, σq ” idDpbqpσq “ σ.

On the right-hand side we have

σparrtofunpidtoisopp´1
qqq ” σparrtofunpidtoisopreflbqqq
” σparrtofunpidbqq
” σidEpbq

“ σ

hence, we can simply use reflσ : σ “ σ.

Remark 2.5.7. Under the same assumptions of the previous lemma, we also have by path
induction that for any p : b “ b1,

arrtofunpidtoisopp´1
qq “ arrtofunpidtoisoppqq´1

since if p ” reflb then both sides of the equality are idEpbq. Here, arrtofunpidtoisoppqq´1

abusively denotes an inverse for arrtofunpidtoisoppqq.

The two results above have the following consequence:
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Corollary 2.5.8. Let E : B Ñ U be a univalent covariant family over a Rezk type B. Then,
for any type A, the type issmallEBpAq is a proposition.

Proof. Let pb, σq, pb1, σ1q :
ř

b:B

`

Epbq » A
˘

. We have

`

pb, σq “ pb1, σ1
q
˘

»
ÿ

p:b“b1

σ “p σ1

therefore is enough to give a term of the right-hand side. We treat σ and σ1 as bi-invertible
functions. Let δ : A Ñ Epbq, δ1 : A Ñ Epb1q be their inverses, respectively. We get
an equivalence δ1σ : Epbq » Epb1q, by Theorem 2.5.2 duapδ1σq : b – b1. Since B is
a Rezk type, rezkpduapδ1σqq : b “ b1. From the Theorem 2.5.6 above and the fact that
pparrtofunqpidtoisoqqpprezkqpduaqq “ idEpb1qEpbq we obtain:

transportDprezkpduapδ1σqq, σq “ σparrtofunpidtoisoprezkpduapδ1σqq´1
qq

“ σparrtofunpidtoisoprezkpduapδ1σqqqq´1
q

“ σpδ1σq´1

“ σpδσ1
q

“ idAσ1

“ σ1

where again pδ1σq´1 denotes an inverse for δ1σ. Since δσ1 is also an inverse, the two are
equal.

Remark 2.5.9. In the situation of Theorem 2.5.8, if a type A is B-small then issmallEBpAq is
contractible. This entails the existence of a center of contraction pb0, σ0q, where b0 is a term
of type B and σ0 is an equivalence between Epb0q and A. Hence, A is uniquely related to a
term in B.

Therefore, given a univalent covariant family of types E : B Ñ U , one can think of B
as being the 8-category of “small spaces”, or at least a full subcategory of it. However, note
that we do not assume that B is closed under limits. The next proposition shows that as
long as a dependent product of small types is itself small, it corresponds to a limit in B.

Proposition 2.5.10. Let B a Rezk type, a function f : D Ñ B and assume that E : B Ñ U
is a univalent covariant family such that

ś

d:D

Epfpdqq is B-small. If pb0, σ0q is the center of

contraction of issmallEBp
ś

d:D

Epfpdqqq, then b0 is the limit for the function f .

Proof. Indeed, using Theorem 2.3.7 it is enough to show that for all b : B

HomBpb, b0q » HomBDp△b, fq.
For the right-hand side, we have

HomBDp△b, fq »

˜

ź

d:D

HomBpb, fpdqq

¸

»

˜

ź

d:D

Epbq Ñ Epfpdqq

¸



2.5. LIMIT OF SPACES AS DEPENDENT PRODUCT 33

The last equivalence follows because E is univalent. For the same reason together with the
assumption σ0 : Epb0q »

ś

d:D

Epfpdqq the left-hand side is equivalent to

`

Epbq Ñ Epb0q
˘

»

˜

Epbq Ñ
ź

d:D

Epfpdqq

¸

.

Moreover, we have the equivalence
˜

Epbq Ñ
ź

d:D

Epfpdqq

¸

»

˜

ź

d:D

Epbq Ñ Epfpdqq

¸

.

For the rest of the section we want to show that the condition over the dependent
product of the fiber being B-small in Theorem 2.5.10 is necessary for the existence of the
limit.

Observation 2.5.11. Suppose that D : B Ñ U is a constant covariant family at D : U over
a Segal type B. Take any f : HomBpx, yq and w : D, then the type

ÿ

v:D

HomDpfqpw, vq

has center of contraction pf˚w, transf,wq. The point pw, λpt : 2q.wq belongs to the aforemen-
tioned type, which therefore must be equal to the center of contraction. In particular, this
implies that f˚w “ w.

This observation has the following consequence:

Lemma 2.5.12. Let B : U a Segal type and E : B Ñ U a covariant univalent family over
B. If there is u : Epb0q for some b0 : B, then for all b1 : B

Epb1q »
ź

b:B

HomBpb, b1q.

Proof. The covariant family E : B Ñ U is univalent, so instead we may prove that for all
b1 : B

Epb1q »

˜

ź

b:B

Epbq Ñ Epb1q

¸

.

Let b1 : B and define

F : Epb1q Ñ

˜

ź

b:B

Epbq Ñ Epb1q

¸

,

where F pvq :” Fv is the dependent function λpb : Bq.λpw : Epbqq.v. The function in the
other direction

G :

˜

ź

b:B

Epbq Ñ Epb1q

¸

Ñ Epb1q
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for each ϕ :

ˆ

ś

b:B

Epbq Ñ Epb1q

̇

is defined by Gpϕq :” ϕb0puq. It is immediate that

GpF pvqq ” GpFvq ” pFvqb0puq ” v,

so the composition is the identity. For any ϕ :

ˆ

ś

b:B

Epbq Ñ Epb1q

̇

we have: F pGpϕqq ”

F pϕb0puqq ” Fϕb0 puq. We need to show that this dependent function is equal to ϕ. Consider
the family

D : B Ñ U

Dpbq :” Epb1q; this defines a covariant family. For any b : B define f : Epbq Ñ Epb0q as
fpwq :” u. Since the family E is univalent, duapfq : HomBpb, b0q and

duapfq˚ ” arrtofunpduapfqq “ f (2.5.1)

where the definitional equality follows by definition of arrtofun.

By naturality, as in Theorem 2.2.20, applied to the function ϕ :
ś

b:B

Epbq Ñ Dpbq and

the arrow duapfq : HomBpb, b0q, we have the following commutative square

Epbq Epb0q

Dpbq Dpb0q

duapfq˚

ϕb ϕbo

duapfq˚

where the horizontal functions are given by the specified type families. We now evaluate at
any w : Epbq. Since D is constant over B, from Theorem 2.5.11 we get the first equality
below, the second follows by naturality, and the third equality comes from (2.5.1),

ϕbpwq “ duapfq˚pϕbpwqq
“ ϕb0pduapfq˚pwqq
“ ϕb0pfpwqq

“ ϕb0puq

” pFϕb0 puqqbpwq,

while the second-to-last and last equality follow by definition of f and F , respectively. This
establishes the equality ϕ “ Fϕb0 puq. Therefore, FG is the identity on

ś

b:B

pEpbq Ñ Epb1qq,

hence the equivalence.

Finally, we have:

Proposition 2.5.13. Let B a Rezk type and a function f : D Ñ B with limit pb1, αq.
Assume that E : B Ñ U is a univalent covariant family such that for some b0 : B there is
u : Epb0q. Then Epb1q »

ś

d:D

Epfpdqq.
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This just means that as long as the family E : B Ñ U has at least one fiber that is
inhabited, then the sufficient condition of Theorem 2.5.10 is also necessary for the existence
of a limit.

Proof. From Theorem 2.5.12 we have

Epb1q »
ź

b:B

HomBpb, b1q,

since b1 is the limit:
HomBpb, b1q »

ź

d:D

HomBpb, fpdqq.

Combining this equivalence, and using Theorem 2.5.12 again gives us:

Epb1q »
ź

b:B

ź

d:D

HomBpb, fpdqq

»
ź

d:D

ź

b:B

HomBpb, fpdqq

»
ź

d:D

Epfpdqq.

Remark 2.5.14. In a recent paper [25], the authors construct the p8, 1q-category of 8-
groupoids. They achieve this by enhancing sHoTT with modalities. The type S they con-
struct satisfies exactly Theorem 2.5.1. Our results in this section simply say that a diagram
with values in S has a limit in S. This limit is given by the dependent product. We could
rewrite our results by replacing our type B by S, and each type Epbq for b : B by an element
of S. However, we keep our presentation as it is since we think it showcases a “resizing”
technique, by means of Theorem 2.5.3, that could be useful in other contexts.

2.6 The bisimplicial sets semantics of sHoTT

In this section, we verify that our synthetic definitions of limit a colimit are semantically
correct. We use the fact the semantics of sHoTT is the category of bisimplicial sets ssSet.

In [61, Appendix A] it is shown that sHoTT can be interpreted in the category ssSet.
Let us first recall the following result from [65]:

Theorem 2.6.1. For any elegant Reedy category C, the Reedy model structure on sSetC
op

supports a model of intentional type theory with dependent sums and products, identity
types, and as many univalent universes as there are inaccessible cardinals greater than |C|,
where |C| is the cardinal of the set of objects of the category C.
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Let us first review how to interpret some usual types. The one point type is the easiest;
it agrees with the terminal object in our model. According to [65] we can take a category
M that is locally cartesian closed and has a model structure that is simplicial, right proper,
and the cofibrations are the monomorphisms; this is the situation of Theorem 2.6.1. If we
have a map f : A Ñ B then the pullback functor f˚ : M{B ÑM{A has both a right and
a left adjoint, which are denoted by

ś

f and
ř

f , respectively. Since fibrations are closed
under compositions, the functor

ř

f preserves fibrations if f is itself a fibration. The functor
f˚ preserves cofibrations since these are exactly the monomorphisms, thus

ś

f preserving
acyclic fibrations. Furthermore, one can also see that in combination with right properness
ś

f preserves fibrations, see [3, Theorem 26]. This is how dependent sums and products are
interpreted.

The Reedy model structure on bisimplicial sets gives rise to a comprehension cate-
gory with shapes in which the judgment Γ $ AType is directly interpreted as a fibration
Γ Ñ A. Here we are overlooking the fact that our types also may depend on topes and
shapes. To see more details and the correct definitions, we refer the reader to our cited main
reference [61]. The technical result is:

Theorem 2.6.2. ([61, Theorem A.18]) The comprehension category constructed from any
model category with T-shapes has pseudo-stable coherent tope logic with type elim-
inations for tope disjunction and also pseudo-stable extension types satisfying relative
function extensionality.

[61] uses the result on T the coherent theory of the strict interval of sHoTT presented in
Section 2.2.1 or [61, Section 3.1]. Furthermore, Weinberger shows in [73] that the semantical
interpretation extension types is strictly stable under pullbacks and not only pseudo-stable
as in the theorem above. Moreover, [61, A.3] proves:

Theorem 2.6.3. Segal types correspond to Segal spaces in ssSet and Rezk types to Rezk
spaces (a.k.a. complete Segal spaces).

Remark 2.6.4. In Theorem 2.2.13 we defined discrete types. However, the terminology
might be confusing. According to [61, Proposition 10.10] a type A is discrete if and only if
A is Rezk and all its arrows are isomorphisms. On the other hand, [59, Corollary 6.6] gives
a similar characterization for complete Segal spaces, such simplicial spaces are constant. A
simplicial space X is constant if for any map rns Ñ rms, the induced map Xm Ñ Xn is
an equivalence of spaces. In particular, for all n we have Xn “ X0. Hence, discrete types
correspond to constant simplicial spaces. As a consequence, we interpret discrete types into
the bisimplicial sets model as constant simplicial spaces.

Remark 2.6.5. The interpretation of sHoTT can be done in greater generality. This is
essentially a consequence of the main result in [66], where it is shown that any Grothendieck
p8, 1q-topos gives a model for homotopy type theory. If C is a type-theoretic model topos
then one can consider simplicial objects internal to E . The resulting category of internal
presheaves gives us again a model for sHoTT. For more details we refer to [73, Section 2].

Now we have the semantical overview of sHoTT. This gives us the opportunity to say
a few words on the necessity of contrasting the definitions we make in the type theory with
the existing ones in the bisimplicial sets model.
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Remark 2.6.6. As we mentioned above, sHoTT can be interpreted in the category of
bisimplicial sets. However, note that a type theoretic statement translates internally to the
bisimplicial sets model. A concrete example of this phenomenon is the characterization of
Segal types. In general, each type is interpreted as a Reedy fibrant bisimplicial set. On
the one hand, the equivalence A∆2

Ñ Aκ
2
1 from Theorem 2.2.9 is interpreted as a trivial

fibration in the Reedy model structure on ssSet. On the other hand, Segal spaces are
defined by the Segal condition: a bisimplicial set A is a Segal space if, for all n ě 2, the map
An Ñ A1 ˆA0 ¨ ¨ ¨ ˆA0 A1 is a trivial fibration in the Kan-Quillen model structure on sSet.
[61, A.3] shows that both conditions are equivalent.

Informally speaking, an internal statement in the model could be stronger under inter-
pretation in the intended semantics. The results we present in the following sections show
that this is not the case, i.e., the internal and external notions coincide.

2.6.1 Limits and colimits

We verify the consistency of our definitions of synthetic limits and colimits introduced in
Theorem 2.3.4. The notion of limits and colimits in Segal spaces we are considering are the
ones presented in [57]. The goal of this section is prove the next result:

Theorem 2.6.7. The definitions of limits and colimits from Theorem 2.3.4, under interpre-
tation in the category of bisimplicial sets, coincide with the definitions of limits and colimits
from [57].

Firstly, let us recall some standard notation and terminology we will use:

• ∆ will denote the category whose objects are the non-empty linearly ordered finite
sets, rns :” t0 ď 1 ď ¨ ¨ ¨ ď nu with n P N, and morphisms the order-preserving maps
between linearly ordered sets.

• The representable presheaf ∆op Ñ Set given by rns P ∆ is noted by ∆rns.

• For each n P N, F pnq : ∆op ˆ∆op Ñ Set is defined as

F pnqk,l :” ∆prks, rnsq.

This just means we are looking at the constant bisimplicial set ∆prks, rnsq. Two par-
ticular examples are F p1q and F p0q, the last of which is the terminal object.

• The category of simplicial sets is cartesian closed: for X, Y P sSet, the mapping
simplicial set is defined as

MappX, Y qn :” sSetpX ˆ∆rns, Y q.

• The category of bisimplicial sets is cartesian closed: for X, Y P ssSet, the mapping
simplicial set is defined as

pY X
qkl :” ssSetpF pkq ˆ∆rls ˆX, Y q.
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• Decorated arrows “ ↠2 indicate fibrations in the model structure. We will use this
notation for the different models involved, but there is no room for confusion as the
type of fibration is clear from the context.

Using Theorem 2.6.2, it is possible to conclude that simplicial type theory can be inter-
preted in bisimplicial sets. In particular, Hom types do coincide with hom spaces. From [59];
if T is a Segal space, then the mapping space between two objects a, b P T0 is constructed
via the pullback square of spaces:

mapT pa, bq T1

∆r0s T0 ˆ T0.

{

pa,bq

(2.6.1)

On the other hand, from Theorem 2.2.3 we get

∆1
Ñ A »

ÿ

k:B∆1ÑA

x∆1
Ñ A|B∆

1

k y,

and it is immediate that the type of functions B∆1 Ñ A is equivalent to A ˆ A. Therefore,
if A is a Segal type, then A∆1 is the total space of a family over AˆA whose fibers are Hom
types. This family is exactly Homp´,´q : A ˆ A Ñ U . Under the standard interpretation,
∆1 is F p1q and 1 is F p0q. Given a, b : A we obtain HomApa, bq as the substitution along
pa, bq : 1 Ñ A ˆ A into HomAp´,´q. When we interpret our type theory into simplicial
spaces, this gives us the pullback square of bisimplicial sets

homApa, bq AF p1q

F p0q Aˆ A.

{

pa,bq

We obtain the following comparison result:

Proposition 2.6.8. Let A be a Segal type and a, b : A. The interpretation of HomApa, bq
into bisimplicial sets is a constant simplicial space with value the Kan complex mapApa, bq.

Proof. Note that homApa, bq0 “ mapApa, bq. Furthermore, from [61, Proposition 8.29]
HomAp´,´q : A Ñ A Ñ U is a two-sided discrete fibration, so it is AF p1q Ñ A ˆ A.
Hence, since each fiber HomApa, bq is discrete, it follows from Theorem 2.6.4 that homApa, bq
is a constant simplicial space at mapApa, bq.

The definition of a colimit from [57] is formulated as follows: let f : K Ñ A be a map
of bisimplicial sets where A is a Segal space. The space of cocones under K is the Segal
space

Af{ :” F p0q ˆAK pA
K
q
F p1q

ˆAK A.



2.6. THE BISIMPLICIAL SETS SEMANTICS OF SHOTT 39

If a P A then we can construct the space of objects under a by taking the map a : F p0q Ñ A
and applying the previous definition.

The map f : K Ñ A has a colimit if the Segal space Af{ has an initial object. This
is to say that there exists an object σ P Af{ such that the map pAf{qσ{ Ñ Af{ is a trivial
Reedy fibration. Let a P A be an initial object. Therefore, for any object x P A we have the
pullback:

homApa, xq Aa{

F p0q A.

{

x

The assumption that the map on the right is also an equivalence implies that homApa, xq is
equivalent to F p0q. This is to say that homApa, xq is contractible, and it means that up to
homotopy there is a unique map from a to x. Let us see first why this prospect of initiality
matches with Theorem 2.2.25. In Theorem 2.6.8 we showed that homApa, bq is a bisimplicial
set constant at mapApa, bq. It remains to show that equivalences are translated correctly.
This follows immediately from [65, Lemma 4.3]:

Lemma 2.6.9. For a map f between fibrations p1 : E1 Ñ B and p2 : E2 Ñ B the following
are equivalent:

1. f is a weak equivalence.

2. IsEquivBpfq Ñ B has a section.

3. There is a map 1Ñ
ś

B IsEquivBpfq.

4. IsEquivBpfq Ñ B is an acyclic fibration.

Theorem 4.4.3 and Theorem 4.2.6 of [70] imply that a function being an equivalence
is equivalent to having contractible fibers. The object IsEquivBpfq encodes this last fact,
as is shown throughout [65, Section 4]. Therefore, if a type is contractible, then under the
standard interpretation it is also contractible in the model. We can conclude that our notion
Theorem 2.2.25 of initiality coincides with the one in the semantics. All there is left to
do is to compare the cocones with Theorem 2.3.2. It is useful to see that the space Af{ is
constructed with the successive pullbacks

F p0q ˆAK pA
KqF p1q pAKqF p1q

F p0q AK

{

f

Af{ F p0q ˆAK pA
KqF p1q

A AK .

{

△

Similar to the case with Hom types: pAKq∆1 is the total space of the type family HomAK p´,´q
over AK ˆ AK . Then if we take f : K Ñ A and any x : A the type HomAK pf,△xq is the
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substitution of HomAK p´,´q along pf,△q : AÑ AK ˆAK . Thus, this is the pullback in the
semantics:

Af{ pAXqF p1q

Aˆ F p0q AX ˆ AX .

{

△ˆf



Chapter 3

Exponentiable functors between
synthetic 8-categories

Once more, within the framework of simplicial homotopy type theory, we study exponentiable
functors, a.k.a. Conduché fibrations between synthetic 8-categories. The content of this
chapter consists of the paper [6] as submitted to Mathematical Structures in Computer
Science.

3.1 Introduction

3.1.1 Synthetic 8-category theory

A proposal for a synthetic theory p8, 1q-categories using homotopy type theory appears in the
seminal work of Riehl and Shulman [61], called simplicial homotopy type theory, or sHoTT
for short. They define Segal and Rezk types, which play the role of p8, 1q-precategories and
p8, 1q-categories. The paper develops categorical properties of said types and also studies
discrete fibrations and adjunctions. Further work [16] and [5] present (co)cartesian fibration
and (co)limits, respectively.

The standard semantics of sHoTT is the category of bisimplicial sets ssSet with the
Reedy model structure. [61] shows that Segal types correspond to Segal spaces and Rezk
types to complete Segal spaces. Furthermore, the main result in [66] implies that if E is a
Grothendieck p8, 1q-topos, which is in particular a model of homotopy type theory, then we
can produce a model of sHoTT in the (internal) category of simplicial presheaves E∆op [73].

This is the general framework of synthetic category theory in which our work takes
place. We study an important class of functors, the exponentiable ones, which we introduce
shortly after. This is also a continuation of [5], which started as an exploration on how far
we can go in the development of synthetic p8, 1q-category theory without enhancing sHoTT.

41
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3.1.2 Exponentiable functors

An exponential object, or more generally, exponentiable map, can be defined in multiple
ways. If C is a category with binary products, we say a map f : E Ñ B in C is exponentiable
if the pullbacks along f exist and the functor f˚ : C{B Ñ C{E has a right adjoint

ś

f , so it
induces an adjoint triple

C{B C{Ef˚

ř

f

ś

f

K

K

where
ř

f is given by composition with f . More generally, a locally cartesian closed
category is a category in which every map is exponentiable. Exponentiable maps in the
category of small categories Cat are also known as Conduché fibrations. The literature on
the topic is extensive, and they appear, for example, in [20]. In the context of 8-categories
exponentiable functors have been studied in [4, Lemma 5.16] and [50, Appendix B.3]. This
result is in the same spirit as Theorem 3.1.1 below.

Let us recall the case for categories, for which we first introduce some notation. Given
f : E Ñ B a functor and a P B, we denote its fiber as Ea. The category Ea has objects
e P E and morphisms k : e1 Ñ e2 P E , such that fpeq “ a and fpkq “ Ida. If u : a Ñ b
in B and x P Ea, y P Eb, then the set of arrows in E over u with source x and target y
is denoted as homu

Epx, yq; if j P homu
Epx, yq, then fpjq “ u. Therefore, we can define a

profunctor homE : EaˆEopb Ñ Set in the obvious way. The following statement characterizes
exponentiable functors between categories and it is due to Conduché [20] and Giraud [24].

Theorem 3.1.1. For a functor f : E Ñ B, the following conditions are equivalent:

1. The functor f : E Ñ B is exponentiable.

2. For all a, b, c P B, u P homBpa, bq, v P homBpb, cq, x P Ea, z P Ec, the induced map
ˆ
ż yPEb

homu
Epx, yq ˆ hom

v
Epy, zq

̇

Ñ homv˝u
E px, zq

is an isomorphism.

The result we prove in Theorem 3.3.2 can be seen as analogous to the previous state-
ment while partially recovering the result in [4] which is the 8-categorical statement of
Theorem 3.1.1. Partial results about exponentiable functors also appear in [50, Appendix
B.3]. Condition 2 in Theorem 3.1.1 states that the composition of the hom-profunctors is
given by the coend formula where the map is induced by composition. This is also what [4]
proves in their result, which they do using the language of correspondences. In Section 3.4.2.1
we explain how this is reflected in our Theorem 3.3.2.
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3.1.3 Outline

To define exponentiable functors, throughout Section 3.2, we study Segal type completions.
This notion is essential to correctly formulate Condition 5 in Theorem 3.3.2. This is exactly
what we should think of as the composition of profunctors. In Section 3.3 we present Theo-
rem 3.3.2, which is the characterization of exponentiable functors between Segal types. We
then specialize this result to Rezk types in Theorem 3.3.6.

Finally, in Section 3.4 we verify that our definitions are consistent with the semantics:
we first interpret our type-theoretic definition in the standard semantics, bisimplicial sets,
and then verify that the resulting statement is equivalent to the existing definition. We do
this for the Segal type completion in Section 3.4.1. Finally, in Section 3.4.2 we verify that
our definition of exponentiable functor is semantically sound.

Acknowledgement. The author wants to thank his PhD supervisor for his insights,
comments, and suggestions for the development of this work.
The author also acknowledges the support of the Natural Sciences and Engineering Research
Council of Canada (NSERC), under the grant reference number RGPIN-2020-06779, awarded
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Mathematics and Statistics of the University of Ottawa.

3.2 The Segal type completion

The notion we study in this section is essential to correctly formulate Condition 5 in Theo-
rem 3.3.2. We start by establishing some basic definitions and mentioning some properties.

Definition 3.2.1. A Segal type completion for a type A consists of a Segal type S and
a map ι : AÑ S such that for any Segal type X the map

ι˚ :” _ ˝ ι : pS Ñ Xq Ñ pAÑ Xq (3.2.1)

is an equivalence i.e., if

isCompletionApS, ιq :” isSegalpSq ˆ

˜

ź

X:U
isSegalpXq Ñ IsEquivpι˚q

¸

.

It is immediate to see that whenever pS, ιq exists, it is unique up to equivalence.

Definition 3.2.2. Let A a type. We define

CompletionpAq :”
ÿ

S:U

ÿ

ι:AÑS

isCompletionApS, ιq.

The following result is a direct consequence of the Univalence Axiom:

isProppCompletionpAqq.
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We call the Segal type in this proposition the Segal type completion of the type A. In
the Segal space model structure on ssSet this corresponds to the fibrant replacement of a
Reedy fibrant bisimplicial set by a Segal space, see Theorem 3.4.5. We can define in the
same way the Rezk type completion of a type. The results that we get for Segal type
completions are also true for Rezk type completions. We formally state the relative version
of Rezk completions in Theorem 3.2.4.

It is more convenient to work with Segal type completions at an informal level, a trade-
off between clarity and formality. We favour this approach as it is more intuitive and it
reflects the nature of the semantical counterpart of these types. The equivalence (3.2.1) tells
us that the fibers are contractible; for any ψ : AÑ X we have

isContr

˜

ÿ

φ:SÑX

φ ˝ ι “ ψ

¸

.

Unfolding the above means that for any ψ : A Ñ X, where X is a Segal type, there exists
a unique φ : S Ñ X such that φ ˝ ι “ ψ. We can put this pictorially by saying that any
ψ : AÑ X uniquely factors through ι as in the diagram below:

A S

X.

ι

ψ
φ

We will often refer only to the Segal space S and assume that the map ι : A Ñ S is given
and available for use. By uniqueness in the above, we simply mean that the type

isContr

˜

ÿ

φ:SÑX

ψ „ φ ˝ ι

¸

is inhabited. The homotopy in the centre of contraction is omitted most of the time, and we
only make reference to the function. We carry this convention forward below.

We can also consider a relative version of this universal property. For the time being,
fix a Segal type B. We use the following notation:

U{B :”
ÿ

S:U
S Ñ B.

Furthermore, we will refer to an element pS, ϕq of this type by leaving implicit the type S
and mentioning that we have a map of type S Ñ B.

Recall from [16] that the relative function type between functions π : A Ñ B and
ξ : E Ñ B is given by the pullback diagram:

Fun{BpA,Eq EA

1 BA.

ξA

π

{
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Note that if we assume further that E is a Segal type and A is a type or shape, then
Fun{BpA,Eq is a Segal type. An element ι : Fun{BpA,Eq is a function making the following
diagram commute:

A E

B.

π
ξ

ι

Thus, we call the elements of Fun{BpA,Eq functions over B.

Definition 3.2.3. Let A Ñ B a type over B. A relative Segal type completion for
AÑ B consists of a Segal type over B, S Ñ B, and a map ι : Fun{BpA, Sq such that for any
Segal type X over B the map

ι˚{B : Fun{BpS,Xq Ñ Fun{BpA,Xq (3.2.2)

is an equivalence, i.e., if

isCompletionA{BpS, ιq :” isSegalpSq ˆ

¨

˝

ź

X:U{B

isSegalpXq Ñ IsEquivpι˚{Bq

˛

‚.

It is immediate to see that whenever S Ñ B exists then it is unique up to equivalence.
Following Theorem 3.2.3 we state:

Definition 3.2.4. Let A Ñ B a type over B. A relative Rezk type completion for
AÑ B consist of a Rezk type over B, R Ñ B and a map ι : Fun{BpA,Rq such that for any
Rezk type X over B the map

ι˚{B : Fun{BpR,Xq Ñ Fun{BpA,Xq (3.2.3)

is an equivalence i.e., if

isRCompletionA{BpS, ιq :” isRezkpRq ˆ

¨

˝

ź

X:U{B

isRezkpXq Ñ IsEquivpι˚{Bq

˛

‚.

It is again immediate to see that whenever RÑ B exists, it is unique up to equivalence.

Definition 3.2.5. Let AÑ B a type over B. We define

Completion{BpAq :”
ÿ

S:U{B

ÿ

ι:Fun{BpA,Sq

isCompletionA{BpS, ιq.
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We will say often that S is a Segal type completion relative to the type B leaving implicit
the map ξ : S Ñ B, and that ι : Fun{BpA, Sq exists. The equivalence (3.2.3) tells us that the
fibers are contractible: for any ψ : Fun{BpA,Xq we have

isContr

¨

˝

ÿ

φ:Fun{BpS,Xq

φ ˝ ι “ ψ

˛

‚.

Just as we did before, unfolding the above means that for any ψ : Fun{BpA,Xq, where
δ : X Ñ B is a map between Segal types, there exists a unique φ : Fun{BpS,Xq such that
φ ˝ ι “ ψ. The picture for this situation is the commutative diagram below:

A X

S

B.

π

ξ

ι

ψ

δ

φ

For the next section it will be useful to know that for a type A its associated Segal type
completion S is also universal relative to any Segal type B, and vice versa. Informally, the
categorical interpretation we give to this is that having the Segal type completion over the
single point Segal space is equivalent to having it over any slice (by a Segal space). This is
the content of:

Proposition 3.2.6. Let A be any type and B a Segal type. Assume further we have a
commutative diagram

A S

B.

π ξ

ι

where S is a Segal type. Then:

isCompletionpS, ιq » isCompletionA{BpS, ιq.

Proof. Since S is a Segal type it is enough to show that

˜

ź

X:U
isSegalpXq Ñ IsEquivpι˚q

¸

»

¨

˝

ź

X:U{B

isSegalpXq Ñ IsEquivpι˚{Bq

˛

‚.

It is possible to construct a function

φ :

˜

ź

X:U
isSegalpXq Ñ IsEquivpι˚q

¸

Ñ

¨

˝

ź

X:U{B

isSegalpXq Ñ IsEquivpι˚{Bq

˛

‚
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after some preliminary observations we now make.

Let δ : X Ñ B, where X a Segal type, and j : Fun{BpA,Xq. We wish to show that

isContr
´

fibι˚
{B
pjq

¯

.

By assumption we have the equivalence ι˚ : XS Ñ XA, this gives us unique functions
h : S Ñ B and g : S Ñ X which makes the following diagrams commutative:

A S A S

X B.
j

ι

g
π

ι

h

Since j : Fun{BpA,Xq then, by uniqueness of h : S Ñ B, we must have h “ δ ˝ g. It is now
clear that g must be unique with this property. Thus, we have the following diagram:

A S

X

B.

π h

ι

j

δ

g

If we were to unfold IsEquivpι˚Bq and IsEquivpι˚
{Bq, we would be able to give an explicit formula

for φ, then the above shows that φ is well-defined. We will not do this since it does not give
any more clarity on the result.

Likewise, it is possible to construct

ψ :

¨

˝

ź

X:U{B

isSegalpXq Ñ IsEquivpι˚{Bq

˛

‚Ñ

˜

ź

X:U
isSegalpXq Ñ IsEquivpι˚q

¸

.

Let j : AÑ X be a function where X is a Segal type. Now we want to observe that

isContr pfibi˚pjqq .

Consider j ˆ IdB : AˆB Ñ X ˆB. We construct the commutative diagram:

A AˆB X ˆB

B.

π
p2

pIdA,πq jˆIdB

p2

This implies that pj, πq : Fun{BpA,X ˆ Bq. Since S is the Segal type completion of A
relative to B there exists a unique function f : S Ñ X ˆ B making the following diagram
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commutative:
A X ˆB

S

B.

π p2

pj,πq

ι

ξ

f

From this we obtain:
A S

X.
j

ι

p1˝f

To show uniqueness, if we had a map g : S Ñ X fitting in the triangle above, then we
certainly get:

A X ˆB

S

B.

π p2

pj,πq

ι

ξ

pg,ξq

Uniqueness implies that f “ pg, ξq, from which we finally conclude p1 ˝ f “ g.
After obtaining φ and ψ we can then show that φ ˝ψ and ψ ˝φ are homotopic. This follows
using the universality of each completion.

3.3 Conduché’s theorem

The next theorem characterizes, and at the same time, allows defining exponentiable functors
between Segal types. As we mentioned in the introduction, this result is analogous to the
one given by Ayala, Francis and Rozenblyum in [4, Lemma 5.16] for quasi-categories. Its
proof is the main focus of this section.

Recall from [16] that a type family Q : B Ñ U is an inner family if

isInnerpQq :”
ź

α:∆2ÑB

ź

δ:
ś

t:κ21
Qpαpiptqqq

isContr

˜⟨︄
ź

t:∆2

Qpαptqq

ˇ

ˇ

ˇ

ˇ

ˇ

κ21
δ

⟩︄¸

.

The significance of inner families can be understood via the following result, which can
be found in [16, Proposition 4.1.5 and 4.1.6]:

Proposition 3.3.1. LetQ : B Ñ U be a type family over a Segal typeB. Then isSegal p
ř

b:B Qpbqq
if and only if isInnerpQq.
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Let us explain the proposition above. Firstly, given a type A, we can think of it as a
type family over 1, i.e., λ ˚ .A : 1 Ñ U . This gives us a function π : A Ñ 1. Then the
proposition above says that A is a Segal type if and only if the diagram

Λ2
1 A

∆2 1

π

has a diagonal filler that is unique up to homotopy. Theorem 3.3.1 establishes a relative
version of this condition. If Q : B Ñ U is a type family over the Segal type B and π : Q̃Ñ B
is the canonical projection from its total type, then Theorem 3.3.1 can be rephrased by saying
that the diagram

Λ2
1 Q̃

∆2 B

δ

π

α

has a diagonal filler that is unique up to homotopy, see [16, Observation 2.4.1]. We proceed
to prove the main result of this section.

Theorem 3.3.2. Let be E : B Ñ U an inner family over a Segal type B, the following are
equivalent:

1. For any inner family P : B Ñ U ,

isSegal

˜

ÿ

b:B

pEpbq Ñ P pbqq

¸

.

2. For any inner family P : B Ñ U , the type family Q :” λb.pEpbq Ñ P pbqq : B Ñ U is
inner.

3. For any inner family P : E Ñ U , the type family Q :” λb.
ś

e:Epbq P peq : B Ñ U is
inner.

4. For any Segal type X, the type family Q :” λb.Epbq Ñ X : B Ñ U is inner.

5. For any map α : ∆2 Ñ B, together with the inclusion i : κ21 Ñ ∆2. Let F1 :”
ř

t:∆2 Epαptqq and F2 :”
ř

t:κ21
Epαpiptqqq then

isCompletionF2

{BpF1, ιq,

where ι :” λpt, eq.piptq, eq : F2 Ñ F1.
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Before proceeding with the proof, we give some motivations for the conditions of the
theorem. If a map f : E Ñ B P C is exponentiable then we have a triple adjunction

C{B C{E.f˚

ř

f

ś

f

K

K

In this situation, the internal hom in the slice C{B is given by

rf : E Ñ B,´s{B :”
ź

f

˝f˚.

In general, this formula is the semantic interpretation of the type family in (2) of Theo-
rem 3.3.2, λb.Epbq Ñ P pbq. In our framework of sHoTT, the extra condition of being an
inner family is a natural one since maps between Segal types are equivalent to inner fami-
lies (Theorem 3.3.1). Conditions (2)-(3) above simply express the fact that exponentiation
happens over the point, over B or over a type dependent on B. An explanation behind (5)
can be found in Section 3.4.2.1 below.

Proof. (1)ô(2). This is immediate from [16, Proposition 4.1.5], where it is proved that the
total space of a type family P : B Ñ U is a Segal type if and only if P is an inner family.
p4q ô p3q ô p2q is a classical result that can be found, for example, in [53].
(1)ñ(5). Consider the projections p2 : F2 Ñ κ21, p1 : F1 Ñ ∆2. Denote by q : F1 Ñ

ř

b:B Epbq
the map λpt, eq.pαptq, eq. Let f : p

ř

b:B Epbqq Ñ B the projection, thus α ˝ p1 “ f ˝ q.

We prove that f ˝ q : F1 Ñ B is the Segal type completion relative to B of f ˝ q ˝ ι :
F2 Ñ B. We will constantly make use of the commutative diagram

F2 F1 E

Λ2
1 ∆2 B.

ι

p2

q

p1 f

i α

In other words, we use that α ˝ p1 “ f ˝ q and α ˝ i ˝ p2 “ f ˝ q ˝ ι.

If there is a map k : X Ñ B with X a Segal type and ψ : F2 Ñ X over B, then we can
assume we have the canonical projection π : p

ř

b:B P pbqq Ñ B, where P : B Ñ U is an inner
family given by λb.fibkpbq, i.e., by taking the fiber of k over each b : B. This gives us the
map ψ : F2 Ñ

ř

b:B P pbq such that α ˝ i ˝ p2 “ π ˝ ψ. Our first goal is to construct:

ν :
ź

t:κ21

pEpαpiptqqq Ñ P pαpiptqqqq .

We can assume that ψpt, eq ” pbt, etq :
ř

b:B P pbq. For each pt, eq : F2 there is a path
pt : αpiptqq “ bt given by α ˝ i ˝ p2 “ π ˝ ψ. Then we can consider the transport map

p˚
t : P pαpiptqqq Ñ P pbtq



3.3. CONDUCHÉ’S THEOREM 51

together with its inverse
pp´1
t q

˚ : P pbtq Ñ P pαpiptqqq.

Define ν :” λt.λe.pp´1
t q

˚petq. This gives us the lifting problem:

κ21
ř

b:BpEpbq Ñ P pbqq

∆2 B.

i π1

α

ν

By assumption, there exists a unique

ξ :

⟨︄
ź

t:∆2

pEpαptqq Ñ P pαptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

κ21
ν

⟩︄
.

The construction of

φ :

˜

ÿ

t:∆2

Epαptqq

¸

Ñ

˜

ÿ

b:B

P pbq

¸

is simply given by the formula: λpt, eq.pαptq, ξtpeqq. It remains to show ϕ ˝ ι „ ψ. Consider
pt, eq :

ř

t:∆2 Epαptqq. Then by definition we have

ϕ ˝ ιpt, eq ” pαpiptqq, ξiptqpeqq and ψpt, eq ” pbt, etq.

Using the characterization of paths in the total space we obtain pt : αpiptqq “ bt, and also
there is an equality

p˚
t pξiptqpeqq ” p˚

t pνtpeqq ” p˚
t ppp

´1
t q

˚
petqq “ et.

Therefore, ϕ ˝ ιpt, eq “ ψpt, eq, it gives us the required homotopy. To prove uniqueness, let

φ1 :

˜

ÿ

t:∆2

Epαptqq

¸

Ñ

˜

ÿ

b:B

P pbq

¸

over B and a homotopy r̄ : φ1 ˝ ι „ ψ. We can assume that φ1pt, eq ” pb1
t, e

1
tq. There is a

homotopy q : α ˝ p1 „ g ˝φ1. For any pt, eq :
ř

t:∆2 Epαptqq we get a path qt : αptq “ b1
t, which

gives rise to the transport map q˚
t : P pαptqq Ñ P pb1

tq.
Similarly, if pt, eq :

ř

t:κ21
Epαpiptqqq then

r̄t : φ
1
pιpt, eqq ” pb1

iptq, e
1
tq “ pbt, etq ” ψpt, eq.

This is a path in a total space, so it is given by rt : b
1
iptq “ bt and dt : r

˚
t pe

1
tq “ et, where

r˚
t : P pb1

iptqq Ñ P pbtq is the transport map.

We first make the following observation:
ź

pt,eq:F2

ź

pt:αpiptqq“bt

ź

qiptq:αpiptqq“b1
iptq

ź

rt:b1
iptq

“bt

pq´1
iptqq

˚
ppr´1

t q
˚
petqq “ pp

´1
t q

˚
petq. (3.3.1)
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By induction on the paths, we assume that pt ” refl : αpiptqq “ αpiptqq, qiptq ” refl : αpiptqq “
αpiptqq, and rt ” refl : αpiptqq “ αpiptqq. In this case the transport maps are identities, so we
can use refl : et “ et. Using the map φ1 we construct

ξ1 :

⟨︄
ź

t:∆2

pEpαptqq Ñ P pαptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

κ21
ν

⟩︄

by ξ1 ” λt.λe.pq´1
t q

˚pe1
tq. To see this indeed gives the correct type to ξ1 we evaluate on t : κ21.

Our aim is to construct for each e : Epαpiptqqq a path ξ1
iptqpeq “ νtpeq. This is

pq´1
iptqq

˚
pe1
iptqq “ pp

´1
t q

˚
petq.

Note that this follows from (3.3.1) in combination with the path dt : r˚
t pe

1
tq “ et. The

uniqueness of ξ gives us the equality ξ1 “ ξ.

We now show that for all pt, eq :
ř

t:∆2 Epαptqq, φpt, eq “ φ1pt, eq, so we need φpt, eq ”
pαptq, ξtpeqq “ pb

1
t, e

1
tq ” φ1pt, eq. First, there is a path qt : αptq “ b1

t. Observe that

q˚
t pξtpeqq “ q˚

t pξ
1
tpeqq “ q˚

t ppq
´1
t q

˚
pe1
tqq “ e1

t.

The above proves that F1 is a Segal type completion for F2.

(5)ñ (1). Let P : B Ñ U an inner type family. Using the equivalence (1)ô(2), it is
enough to show that the type family

P :” λb.Epbq Ñ P pbq : B Ñ U

is an inner family. This amounts to showing that the projection map

π :

˜

ÿ

b:B

pEpbq Ñ P pbqq

¸

Ñ B

is right orthogonal to the horn inclusion i : κ21 Ñ ∆2. Consider a lifting problem

κ21
ř

b:B

`

Epbq Ñ P pbq
˘

∆2 B.

i π

α

This means we have a partial section δ :
ś

t:κ21

`

Epαpiptqqq Ñ P pαpiptqqq
˘

. We define the
function

ψ :

¨

˝

ÿ

t:κ21

Epαpiptqqq

˛

‚Ñ

˜

ÿ

b:B

P pbq

¸
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as ψ :” λt.λe.pαpiptqq, δtpeqq. We illustrate this in a commutative diagram:

ř

b:B P pbq

F2 F1

ř

b:B Epbq

Λ2
1 ∆2 B.

f

α

p1p2

i

ι

ψ
g

Since P is an inner family, the universal property of F1 implies we can complete this diagram
to a unique map φ : F1 Ñ

ř

b:B P pbq over B. In what follows we can assume that φpt, eq ”
pbt, etq. We have paths

pt : αptq “ bt and q̄t : ψpt, eq ” pαpiptqq, δtpeqq “ pbiptq, eiptqq ” φpιpt, eqq.

The second path amounts to,

qt : αpiptqq “ biptq and dt : q˚
t pδtpeqq “ eiptq

where again q˚
t : P pαpiptqqq Ñ P pbiptqq is the transport map. The element

ξ :

⟨︄
ź

t:∆2

pEpαptqq Ñ P pαptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

κ21
δ

⟩︄

is given by the formula ξtpeq :” pp´1
t q

˚petq. We have a function in

ź

pt,eq:F2

ź

piptq:αpiptqq“biptq

ź

qt:αpiptqq“biptq

p˚
iptq “ q˚

t . (3.3.2)

Indeed, by path induction we can assume that piptq ” refl : αpiptqq “ αpiptqq and qt ” refl :
αpiptqq “ αpiptqq. Moreover, in this case the transport maps are identities; therefore, the
claimed equality holds. From (3.3.2) we get for all pt, eq : F2,

ξiptqpeq ” pp
´1
iptqq

˚
peiptqq “ pq

´1
t q

˚
peiptqq “ δtpeq.

Assume an element

ξ1 :

⟨︄
ź

t:∆2

pEpαptqq Ñ P pαptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

κ21
δ

⟩︄
.

Next, the function

φ1 :

˜

ÿ

t:∆2

Epαptqq

¸

Ñ

˜

ÿ

b:B

P pbq

¸

is defined as λpt, eq.pαptq, ξ1
tpeqq. We observe that if pt, eq :

ř

t:κ21
Epαpiptqqq then

φ1
pιpt, eqq ” φ1

piptq, eq ” pαpiptqq, ξ1
iptqpeqq ” pαpiptqq, δtpeqq ” ψpt, eq.
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where the middle definitional equality holds since ξ1
iptqpeq ” δtpeq. By uniqueness we have

φ “ φ1. This means that

φpt, eq ” pbt, etq “ pαptq, ξ
1
tpeqq ” φ1

pt, eq

This equality implies that for p´1
t : bt “ αptq we also get an equality pp´1

t q
˚petq “ ξ1

tpeq.
Therefore ξtpeq “ ξ1

tpeq, proving the uniqueness of the extension ξ. This shows that the type
ř

b:BpEpbq Ñ P pbqq is a Segal type.

Definition 3.3.3. An inner family E : B Ñ U over a Segal type B is said to be Segal
exponentiable if it satisfies any of the equivalent conditions of Theorem 3.3.2. Moreover,
a function f : E Ñ B between Segal types is Segal exponentiable if the family λb.fibf pbq :
B Ñ U is Segal exponentiable, where fibf pbq denotes the fiber of f over b : B.

Remark 3.3.4. Observe that in the semantics, Segal spaces correspond to p8, 1q-precategories.
Therefore, the above Theorem 3.3.2 refers to exponentiability of functors between p8, 1q-
precategories, hence, the name we suggest. Nima Rasekh pointed out to the author that, as
the theorem shows, completeness does not play any role in exponentiability. This character-
istic is new and does not appear in quasicategories. Certainly this aspect is not apparent in
categories either. We move swiftly to specialize our theorem to Rezk types.

From [16] recall that a type family P : B Ñ U over a Segal type B is called isoinner
family if the following proposition is true:

isIsoinnerpP q :” isInnerpP q ˆ
ź

b:B

isRezkpP pbqq.

For our interests we can always assume the types involved are Rezk types. From [61,
Proposition 10.9] that if B is a Rezk type and X is any type or shape, then BX is also a
Rezk type.

Definition 3.3.5. Let AÑ B a type over B. We define

RCompletion{BpAq :”
ÿ

R:U{B

ÿ

ι:Fun{BpA,Rq

isRCompletionA{BpR, ιq.

Corollary 3.3.6. Let E : B Ñ U an isoinner family over a Rezk type B, the following are
equivalent:

1. For any isoinner type family P : B Ñ U ,

isRezk

˜

ÿ

b:B

pEpbq Ñ P pbqq

¸

.

2. For any isoinner family P : B Ñ U , the type family Q :” λb.Epbq Ñ P pbq : B Ñ U is
isoinner.
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3. For any isoinner family P : E Ñ U , the type family Q :” λb.
ś

e:Epbq P peq : B Ñ U is
isoinner.

4. For any Rezk type X, the type family Q :” λb.Epbq Ñ X : B Ñ U is isoinner.

5. For any map α : ∆2 Ñ B, together with the inclusion i : κ21 Ñ ∆2. Let F1 :”
ř

t:∆2 Epαptqq and F2 :”
ř

t:κ21
Epαpiptqqq, then

isRCompletionF2

{BpF1, ιq,

where ι :” λpt, eq.piptq, eq : F2 Ñ F1.

Proof. (2)ñ(1). Follows from [16, Proposition 4.2.6] which proves that the total space of
an inner family over a Rezk type, is a Rezk type.
(1)ñ(2). Theorem 3.3.2 shows that isInnerpQq. For each b : B we have isRezkpEpbq Ñ P pbqq
since such fiber can be obtained as a pullback from the Rezk type

ř

b:B pEpbq Ñ P pbqq.
(2) ô (3) ô (4) is a classical result.
(5)ñ(2). From Theorem 3.3.2 the family is inner. Since for each b, isRezkpP pbqq then each
fiber Epbq Ñ P pbq is also a Rezk type.
(1)ñ(5). The proof that F1 is the completion is the same as in Theorem 3.3.2. We just need
to show that it is Rezk. This again follows from [16, Proposition 4.2.6] and the pullback
stability of Rezk types.

Definition 3.3.7. An isoinner family E : B Ñ U over a Rezk type B is said to be ex-
ponentiable if it satisfies any of the equivalent conditions of Theorem 3.3.6. Moreover,
a function f : E Ñ B between Rezk types is an exponentiable functor if the family
λb.fibf pbq : B Ñ U is exponentiable, where fibf pbq denotes the fiber of f over b : B.

The terminology “functor” in the definition above is justified by the functorial behaviour
of functions between Segal types, see [61, Proposition 6.1]. We have reserved the name
exponentiable functor till this point in view of Theorem 3.3.4. From Theorem 3.3.2 and
Theorem 3.3.6 it would seem that we have two notions of exponential functors, one for Segal
types and the other for Rezk types. However, both coincide when we restrict to Rezk types.

Corollary 3.3.8. Let E : B Ñ U an isoinner type family over a Rezk type B. Then E is
Segal exponentiable if and only if E is exponentiable.

Proof. To prove this, we observe that Condition 2, respectively in Theorem 3.3.2 and The-
orem 3.3.6, are equivalent. The forward direction is obvious since, by definition, any isoinner
family is in particular an inner family. Conversely, we just need to show that any fiber
Epbq Ñ P pbq is Rezk. But this follows from [61, Proposition 10.9] since each P pbq is Rezk.

3.4 The bisimplicial sets semantics of sHoTT

In this section we check that our synthetic definitions of Segal type completion and ex-
ponentiable functors are semantically correct. In Section 3.4.1 verify that the Segal type
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completion is consistent with the usual semantics. We finalize with exponentiable functors
in Section 3.4.2. We use the fact the semantics of sHoTT is the category of bisimplicial sets
ssSet. The details of the semantics are found in [61]. We also recommend [5, Section 6] for
a discussion.

3.4.1 Segal type completion and Segal space completion

Here we check the soundness of a Segal type completion by comparing it with the Segal space
completion defined in bisimplicial sets. Furthermore, since in general we want to consider
dependent types, we need a relative version. Given a Segal space B we consider the induced
model structure on the slice ssSet{B. The existence of such a Segal completion is given by
the fibrant replacement in the Segal model structure on ssSet, and in the relative case, the
fibrant replacement in the slice ssSet{B (see Theorem 3.4.5.)

Recall that for objects π : A Ñ B and ξ : S Ñ B in ssSet{B, the relative mapping
space is denoted as Map{BpA, Sq. This space is obtained by the pullback square:

Map{BpA, Sq MappA, Sq

∆r0s MappA,Bq.π

ξA
{

On the other hand, the Segal space of functions between π and ξ is given by the following
pullback square:

Fun{BpA, Sq SA

F p0q BA.π

ξA
{

Observe that Fun{BpA, Sq0 “Map{BpA, Sq.

Definition 3.4.1. Let π : A Ñ B and ξ : S Ñ B in ssSet{B. Assume further that S is
a Segal space and there is a map ι : A Ñ S P ssSet{B. We say that S is a Segal space
completion relative to B for A if for any Segal space over B, δ : X Ñ B, the induced map

Map{BpS,Xq ÑMap{BpA,Xq

is an equivalence of spaces.

This definition is the generalization of the completion of a Segal space into a complete
one as defined by Rezk in [59]. A related notion of completion of a precategory into a category
in the context of homotopy type theory due to Ahrens, Kapulkin and Shulman appears in
[1], where the authors use the suggestive name “Rezk completion.”

Observation 3.4.2. Note that the interpretation of the map (3.2.3) from Theorem 3.2.3
into bisimplicial sets gives us an equivalence between Segal spaces,

Fun{BpS,Xq Ñ Fun{BpA,Xq,
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which is just to say that we have a level-wise equivalence of spaces. Thus, for any function
π : A Ñ B, with B a Segal type, the relative Segal type completion ξ : S Ñ B for the type
A gives us a Segal space completion relative to B for the Reedy fibrant bisimplicial set A.

Furthermore, these two notions coincide. Firstly, we introduce notation from [62,
Proposition 1.2.22]. The slice ssSet{B is cotensored over simplicial sets i.e., we have
Map{BpF pnq ˆ S,Xq » Map{BpS, F pnq&BXq (here we think of F pnq as a space). Note
that since X is a Segal space over B so it is F pnq&BX as is constructed via the pullback

F pnq&BX XF pnq

B BF pnq.
cst

δF pnq

{

Lemma 3.4.3. Let π : A Ñ B and ξ : S Ñ B in ssSet{B, where B is a Segal space.
Assume that there is a map ι : A Ñ S P ssSet{B showing S as the Segal space completion
relative to B for A. Then for any Segal space X together with δ : X Ñ B, the induced map

Fun{BpS,Xq Ñ Fun{BpA,Xq

is an equivalence of Segal spaces.

Proof. Firstly, for any n ě 0 we have the following:

Fun{BpS,Xqn “MappF pnq, Fun{BpS,Xqq

“MappF pnq, XS
ˆBS F p0qq

“MappF pnq, XS
q ˆMappF pnq,BSq F p0q

“MappF pnq ˆ S,Xq ˆMappF pnqˆS,Bq F p0q

“Map{BpF pnq ˆ S,Xq

“Map{BpS, F pnq&BXq,

We are relying on the fact that F pnq&BX is a Segal space (see the previous paragraph).
Similarly, we get that Fun{BpA,Xqn “Map{BpA,F pnq&BXq for all n ě 0. By assumption,
S Ñ B is the Segal space completion relative to B for A. Hence, for F pnq&BX we have an
equivalence of spaces

Map{BpS, F pnq&BXq ÑMap{BpA,F pnq&BXq

for all n ě 0. This gives us the equivalence between Segal spaces:

Fun{BpS,Xq Ñ Fun{BpA,Xq.

Corollary 3.4.4. Given a Segal type B and any type A over B. The notion of a relative
Segal type completion for A is consistent with the semantics.
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Proof. This is immediate from Theorem 3.4.2 and Theorem 3.4.3.

Of course, we also have the non-relative version of this soundness result, and it is enough
to take B to be the terminal object. To finalize this section, we observe that the fibrant
replacement in ssSet{B coincides with Segal completion relative to B. Since the model
structure on ssSet{B is induced by the one from ssSet, it will be enough to verify this fact
for B “ 1.

Proposition 3.4.5. Let A be a Reedy fibrant bisimplicial set. If the Segal space completion
of A exists, then it coincides with its fibrant replacement in the Segal space model structure
ssSetSS.

Proof. Recall that a map i : AÑ S is a weak equivalence in ssSetSS if is a local map, i.e.,
a map such that

i˚ :MappS,Xq ÑMappA,Xq

is an equivalence of spaces for any Segal space X. Then, it is clear that if S is a fibrant
replacement, it must be a Segal space completion.
Conversely, if S is the Segal space completion, then it induces equivalences like the above.
Therefore, i is indeed a weak equivalence. S is a Segal space by assumption, so it must be a
fibrant replacement in ssSetSS.

3.4.2 Exponentiable functors

Here we verify that our notion of exponentiable functor is semantically correct. Ayala, Francis
and Rozenblyum prove in [4] the result below that characterizes exponentiable functors
between 8-categories. This is our reference point.

Theorem 3.4.6. The following conditions on a functor π : E Ñ B between 8-categories are
equivalent.

1. The functor π is an exponentiable fibration.

2. For each functor r2s Ñ B, the diagram of pullbacks

E ˆB t1u E ˆB t1 ă 2u

E ˆB t0 ă 1u E ˆB r2s

is a pushout of 8-categories.

For a full explanation of the theorem we recommend the original reference [4]. We will
focus on Condition 2 to see this is exactly Condition 5 of Theorem 3.3.6. This last condition
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involves objects that are defined by the following pullback square

EF p1q\F p0qF p1q EF p2q E

F p1q \F p0q F p1q F p2q B.

f

αi

ι

{ {

We remark that the arrow on the far left is not a fibration because F p1q \F p0q F p1q is not
a Segal space. Nevertheless, the diagrams express the fact that EF p1q\F p0qF p1q and EF p2q are
the fibers of f over F p1q \F p0q F p1q and F p2q, respectively.

The map EF p1q\F p0qF p1q Ñ EF p2q showsEF p2q as the Segal type completion ofEF p1q\F p0qF p1q.
Therefore, when we interpret the square in Condition 5 from Theorem 3.3.6 into ssSetSegal.
This shows that EF p2q is the fibrant replacement of EF p1q

š

F p0q
EF p1q in ssSetSegal. This is

just to say that the diagram
EF p0q EF p1q

EF p1q EF p2q

is a pushout square of Segal spaces. When E and B are Rezk spaces this is exactly Condition
2 of Theorem 3.4.6. On the other hand, the category of simplicial sets can be embedded
into bisimplicial sets via p˚

1 : sSetÑ ssSet as defined in [40]. Furthermore, this is shown to
provide a Quillen adjunction between the Joyal model structure on sSet, and the complete
Segal space model on ssSet. This inclusion preserves exponentials.

3.4.2.1 On profunctors and correspondences

Due to the limitations of sHoTT we can not yet incorporate all conditions of Theorem 3.4.6
into our Theorem 3.3.2. The composition of profunctors appears naturally in Conduché’s
theorem. The condition 5 in Theorem 3.3.6 carries similar information in the synthetic
framework. Given its relevance, in this last section we explain why this is not yet a theorem.

The result in Theorem 3.4.6 is expressed and proved using correspondences between
8-categories. If we have categories C and D, a correspondence from C to D is category M
which contains C and D as full subcategories, it is equipped with a functor π : MÑ t0 ă 1u
such that C “ π´1p0q and D “ π´1p1q. While a profunctor from C to D is a functor
P : C ˆ Dop Ñ Set. There is a bicategorical equivalence between profunctors from C to D
and correspondences from C to D. Switching to the realm of 8-categories:

Definition 3.4.7. A correspondence between 8-categories C and D is a pair of pullbacks:

C M D

t0u t0 ă 1u t1u

This is simply a functor between 8-categories MÑ t0 ă 1u with fibers C over 0 and D over
1.
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It is a well-known fact that a profunctor P : C ˆ Dop Ñ Set can also be defined as
a two-sided discrete fibration over C ˆ D. This is a functor E Ñ C ˆ D that is a discrete
Grothendieck fibration over D and a discrete Grothendieck opfibration over C.

Taking into account the limitations of sHoTT, for us it would make sense to momentarily
think of profunctors as two-sided discrete fibrations. Let P : AÑ B Ñ U be a two-variable
type family over Segal types A and B. From [61], we say that P is a two-sided discrete
fibration if for all a : A and b : B the type families

λx.P px, bq : AÑ U and λy.P pa, yq : B Ñ U

are contravariant and covariant, respectively. The most famous two-sided discrete fibration
over a Segal type B is the “Hom” type family

λx.λy.HomBpx, yq : B Ñ B Ñ U .

More generally, let f : E Ñ B be a function between Segal types, a, b : B, and u : HomBpa, bq
then

λx.λy.Homu
Epx, yq : Ea Ñ Eb Ñ U

is a two-sided discrete fibration. The type Homu
Epx, yq denotes the type of arrows in E that

start at x : Ea and end at y : Eb.

Weinberger provides in [74] the following characterization of two-sided discrete families:

Proposition 3.4.8. Given P : A Ñ B Ñ U a two-side type family over Rezk types, the
following are equivalent:

1. The family P is a two-sided discrete fibration.

2. The family P is cartesian over A and cocartesian over B, and for all a : A, b : B the
bifibers P pa, bq are discrete types.

We have not introduced cartesian and cocartesian type families in sHoTT, this is the
main topic of [16]. However, the meaning of such concepts is in practice the same one as
for 8-categories. Therefore, the first two conditions of the second point in Theorem 3.4.8
simply mean that the type families

λx.P px, bq : AÑ U and λy.P pa, yq : B Ñ U

are cartesian and cocartesian, respectively, for all a : A and b : B together with some
compatibility condition. This is what [74] defines as two-sided cartesian family. Given
P : A Ñ B Ñ U and Q : B Ñ C Ñ U two two-sided type families, there is a natural
composition to obtain another two-sided type family:

Qd P ” λa.λc.
ÿ

b:B

P pa, bq ˆQpb, cq : AÑ C Ñ U .

The result in [74, Proposition 5.5] shows that if the families P and Q are two-sided cartesian,
thenQdP is again a two-sided cartesian family. Unfortunately, even if both P andQ are two-
sided discrete fibrations it does not follow thatQdP is a two-sided discrete fibration. Instead,
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to make sense of the composition in this case, we consider the discrete type completion of
Qd P .

If we have a function f : E Ñ B between Segal types, a condition we would like to add
to Theorem 3.3.2 is the following: For any a, b, c : B, u : HomBpa, bq, v : HomBpb, cq and
x : Ea, z : Ec the canonical map induced by the composition

˜

ÿ

y:Eb

Homu
Epx, yq ˆ Homv

Epy, zq

¸

Ñ Homv˝u
E px, zq

exhibits Homv˝u
E px, zq as the discrete type completion of

ÿ

y:Eb

Homu
Epx, yq ˆ Homv

Epy, zq.

The problem arises because Condition 5 of Theorem 3.3.6 encodes the composition
of correspondences in sHoTT. These are Segal (Rezk) types over ∆1. In [67] it is shown
that correspondences from C to D are the same as C ˆ Dop Ñ S, where S denotes the
8-category of spaces, and furthermore, are the same as a bifibration. This is done by
endowing the category of correspondences CorrpC,Dq and the category sSet{pC ˆDq, with
model structures, respectively, such that they are Quillen equivalent and where the fibrant
objects of sSet{pC ˆDq are the bifibrations. Both of these models are Quillen equivalent to
sSet{pC ˆDopq endowed with the covariant model structure, i.e., this encodes profunctors.

We venture to say that until sHoTT is further enhanced, to be more expressive, the
analogous result from [67] is out of reach. By this we just mean we cannot yet establish
a full and precise relation between correspondences and two-sided discrete fibrations and
profunctors



Chapter 4

Homotopy languages

This chapter builds on original ideas due to Simon Henry. The content consists of a paper [7],
which was prepared for submission, was written jointly with Simon Henry, where section 4.2
and section 4.7 were written by him. The rest of the paper contains the contributions of this
thesis author.

4.1 Introduction

It is a well-known result in category theory (see for example [23], [13]) that any property
of a category, or of objects and morphisms of this category, that does not use equality
between objects is automatically invariant both under equivalence of categories, and under
substitution of all the objects and morphisms involved by isomorphic ones consistently.

For example, because the notion of limit in a category is naturally formulated without
using equality between objects we automatically know that equivalences of categories pre-
serves limits, or that if two diagrams are naturally isomorphic then a limit for one is also a
limit for the other.

To be a little more precise, the above-mentioned results are about first-order formula
in which we can have quantifiers over all objects of the category, or over all morphisms in
a given hom-set “hompX, Y q”. We can use equality between two terms taken from the same
hompX, Y q, but not between two terms of type “objects”, or two terms that are in different
hom-set.

For example, the property of an object X to be a terminal object, which can be written
as

isTerminalpXq :“ @y P Ob, pDv P Hompy,Xq and @u,w P Hompy,Xq, u “ wq

is an instance of such formulas, but the following formula

@X, Y P Ob, @f P HompX, Y q, @g P HompY,Xq,
pf ˝ g “ idY and g ˝ f “ idX ñ X “ Y q

62
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which say that the category we are working with is skeletal, or the formula

@X, Y P Ob, @f P HompX, Y q, @g P HompY,Xq,
pf ˝ g “ idY and g ˝ f “ idX ñ f “ idXq

which express that identities are the only isomorphisms, are not of this form: the first one
involves equality X “ Y , and the second one involve an equality f “ idX that is not correctly
typed as f P HompX, Y q. And these two formulas are indeed not invariant under equivalence
of categories1.

Note that in order for this to make sense, it is key to use a notion of “dependent type”.
Indeed, we need to be able to formulate the idea that a morphism f is in HompX, Y q, without
being able to say that spfq “ X and tpfq “ Y as this would involve using equality between
objects. So, given two objects X and Y , we need to be able to consider the type of arrows
from X to Y as a primitive notion.

Now, it is natural to expect that similar results can be generalized to higher categories.
For example, we expect (and it can be shown) that a property of 2-categories or bicategories
that does not use equality between objects or between 1-arrows will also be invariant under
biequivalences. One can also expect it can be generalized to other sort of higher structures,
for example a result about multicategories not using equality between objects should also
have similar invariance properties.

The main goal of this paper is, informally, to establish a version of this result for essen-
tially any kind of higher structure independently of the type of structure or the “categoricity
level”. The only requirement is that the sort of higher structure we are considering must be
organized as the fibrant objects of a model category (or semi-model category, or weak model
category).

That is, we will attach to every (semi/weak) model category a “first-order language”,
whose formulas are statements about objects of the category (possibly with parameters) such
that

• Replacing the value of the parameters by homotopically equivalent parameters does
not change the validity of a formula.

• Two weakly equivalent fibrant objects satisfy the same formulas.

We call these two results respectively the first and second invariance theorem, and their
precise statement is given as theorem 4.2.44. We will now go into a little more detail of how
this language is defined, and explain the role of the different section of the paper.

As mentioned above, we need to use dependent types. Our starting point is a “Gen-
eralised algebraic theory” T in the sense of Cartmell ([17]) as our basis–if we compare to

1As they are formula with no free parameters, invariance under substitution by isomorphic objects does
not really make sense.
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traditional model theory–T plays a role similar to a signature. However, it is crucial that
the theory T can be any generalized algebraic theory, in particular the theory T can include
equality axioms.

Starting from this T , we build in section 4.2.1 the first-order language LT , as well as its
quotient, LT by a fairly weak “provably equivalent” relation.

The idea is that for each formula, the (free) variables are taken from a context of the
theory T , and there can be no equality at all. In particular, the theory T itself can have
axioms that are not part of this first order language LT . We will see through example how in
some cases, some form of equality, for example the case of equality between morphism in the
same HompX, Y q in the example of categories we started from, can be recovered indirectly
using certain equality axioms in the theory T itself.

Since we want to be able to do infinitary logic, we use everywhere an infinitary gen-
eralization of the notion of Generalized algebraic theory that is introduced in section 4.5.
However, a reader familiar with generalized algebraic theories can probably guess how it
works. The logic LT we introduce can include arbitrary disjunction and conjunction, as well
as quantifiers ranging on infinitely many variables. We will denote by LTλ,κ the language
where the formulas only include disjunction and conjunction on less than λ subformulas and
where quantifier quantifies on less than κ many variables at the same time. The κ is very
often omitted from the notation for technical reasons, but see theorem 4.2.13.

In section 4.2.2 we review quickly some important properties of the category of models
of a generalized algebraic theory, or equivalently of the category of models of a “clan” (in
the sense of Joyal), most notably their canonical weak factorization system. In section 4.2.3
we explain how the language defined in section 4.2.1 can be given an alternative categorical
definition that can be applied to any clan. Note that every clan can be shown to be the
syntactic category of a generalized algebraic theory (and we prove more generally that in our
infinitary setting any “κ-clan” is the syntactic category of a generalized κ-algebraic theory,
this is in section 4.7,) and the category theoretic definition of the language of the clan is
equivalent to the syntactic definition of the language of any such generalized algebraic theory.

This reinterpretation is the key to associate a language to any model category: Given a
(weak) model category M we take the category MCof of cofibrant objects and cofibration
between them. This category constitutes a co-clan (the opposite of a clan) and we can take
the language associated to it. This is what we call the language of the model category
M. We review briefly the general theory of weak model category in section 4.7.1 and in
section 4.2.4 we explain in details how this language of M actually talks about the objects
of M and prove the first two invariance theorems mentioned above.

To give a general picture of how this language works, if M is our model category, each
formula in the language has a “context” C, which informally can be thought of as the list
of free variables that can appear in the formula as well as their types. This “context” C is
concretely just a cofibrant object of M. An interpretation of the context C into an object
X P M is just a map v : C Ñ X. And given ϕ a formula in context C and v : C Ñ X a
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map, ϕpvq can be either true or false. We write

M $ ϕpvq

if it is true.

Section 4.2 ends with our first two invariance theorems, stated as theorem 4.2.44: The
first invariance theorem asserts that ifX is fibrant and v : C Ñ X is homotopic to v1 : C Ñ X
then M $ ϕpvq ôM $ ϕpv1q. The second invariance theorem states that if F : X Ñ Y is a
weak equivalence between fibrant objects, then X $ ϕpvq ô Y $ ϕpfpvqq.

To give a more concrete example of all this, when M is the canonical or folk model
structure on categories, our construction recovers the language of categories as in [23] or
[13]. Now, the formula

@Z P Ob, @g, h P HompY, Zq, g ˝ f “ h ˝ f ñ g “ h

is a formula in context X, Y P Ob, f P HompX, Y q which corresponds to the (cofibrant)
category C which has two objects X and Y and a unique non-identity arrow f : X Ñ Y . A
map from C to another category D is the choice of an arrow f in D and ϕpfq is true if and
only if f is an epimorphism. The second invariance theorem says (in this special case) that
equivalence of categories preserves epimorphisms, and the first invariance theorem that if f
is isomorphic to another arrow then one is an epimorphism if and only if the other is.

In section 4.3 we show how these notions specialize to many classical model structures,
and we also discuss briefly some general tools to construct this language explicitly for any
model structure.

Finally, in section 4.4 we prove two more invariance theorems (theorem 4.4.2), that are
this time about the expressive power of the language:

1. The 3rd invariance theorem, informally, says that if A and B are two cofibrant objects
of M, then each formula in context A can be translated into a formula in context B
that is “equivalent” in the sense that its interpretation in any fibrant object is the same.

2. The 4th invariance theorem, informally, says that if M and N are two Quillen equiv-
alent weak model categories, then any formula in the language of M can be similarly
translated into an equivalent formula in the language of N .

More details on this will be given in the introduction to section 4.4.

The paper has three appendices that serve to review or introduce basic material. They
can either be read first, or skipped entirely: Section 4.5 review Cartmell’s notion of gener-
alized algebraic theory, and generalize it to the infinitary case. The goal of section 4.6 is
to establish the link between Generalized κ-algebraic theory and a notion of κ-clan, with
a notion of κ-contextual category as intermediate. This result is absolutely crucial for the
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paper, but is a very expected generalization of what happens in the finitary case. Finally,
section 4.7 reviews some material on weak model categories and introduces a notion of Reedy
model categories in that context, which is only used in section 4.4.

We finish by mentioning that this work is closely related to Makkai “First-order logic with
dependent sorts” or FOLDS from [52]. In a sense, Makkai’s FOLDS corresponds to the special
case where T is the theory of presheaves on a direct category I, encoded using dependent type
axioms only, with an additional equality predicate for the types corresponding to maximal
objects of I. Because Makkai does not make assumption about the existence of a model
structure he only establishes an invariance theorem for what he call “very surjective maps”
(our “anodyne fibrations”), that is the analogous to our theorem 4.2.38, more general notions
of equivalence and homotopy are not clearly available in his settings.

In conclusion, the present work is at the same time considering a more general algebraic
setting (by allowing terms and type in T ), but also is restricting the setting by assuming
the presence of a model structure that gives a good homotopy theory to be invariant under,
and allows obtaining much more interesting results. This seems to make our approach
considerably more usable in practice, given the richness of examples it potentially covers.

It should be noted however that there are some results in [52] that we have not yet been
able to generalize to this new setting: Makkai established several results that essentially
say that any formula that has the desired invariance properties is equivalent to one in the
language introduced. Similar results are also given in [23] and [13], and this paper contains
no analogous to these results.

4.2 The homotopy invariant language

4.2.1 Syntactic approach: The first-order language of a generalized
algebraic theory

In this section, we give a very classic syntactical approach to the language we consider in this
paper. We start from a generalized algebraic theory, and we build its first-order language on
top of it.

Since we aim to do infinitary logic, we enhance Cartmell’s notion of generalized algebraic
theory to what we call generalized κ-algebraic theory for κ a regular cardinal, which we
develop in detail in section 4.5. Nevertheless, this generalization is straightforward and a
reader familiar with Cartmell’s formalism should be able to guess how it works and read this
section directly.

We fix κ, λ two regular cardinals and T a generalized κ-algebraic theory. We will define
the first-order language of T with λ-small conjunction and disjunction, denoted LTλ or LTλ,κ.

More precisely, for each context Γ of T , we will define a set LTλ pΓq of “T -formulas
in context Γ". Essentially, these are first-order formulae with λ-small conjunctions and
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disjunctions whose free variables are the variables of the context Γ, in particular, they have
less than κ-variables.

Definition 4.2.1. The sets LTλ pΓq of T -formulas in context Γ are defined inductively using
the following rules:

1. For each context Γ, the true formula J and false formula K are in LTλ pΓq.

2. If Φ P LTλ pΓq then ␣Φ P LTλ pΓq.

3. For each collection of formulas Φi P LTλ pΓq, indexed by a λ-small set I, the conjunction
and disjunction

ł

iPI

Φi

ľ

iPI

Φi

are in LTλ pΓq.

4. Given two ordinals γ ă α ă κ: If Γ1 ” txβ : Γβuβăα is a context of length α, and
Γ ” txβ : Γβuβăγ is the subcontext of length γ, then for any formula Φ P LTλ pΓ1q we
have formulas

Dtxβ : ΓβuγďβăαΦ @txβ : ΓβuγďβăαΦ

in LTλ pΓq.

The collection of all formulas tLTλ pΓquΓPT is what we call the language of T . Often, we
will simply refer to it by LTλ .

Remark 4.2.2. The key point in theorem 4.2.1 is that we are not including atomic formulas
other than J and K. In particular, the language does not include any equality. At this point
it might be unclear how we get non-trivial formulae in this language as it seems that applying
quantifiers, conjunction or disjunction to formulas that are either K or J will never produce
any formulas that are not immediately interpreted as K or J. Or even, on how we might
obtain formulas with free variables. The central idea is that free variables appear thanks to
the fact we quantify over dependent types, that is, types in which free variables can appear.
The following examples will demonstrate these phenomena.

Example 4.2.3. Let Cat be the generalized ω-algebraic theory of categories as introduced
in theorem 4.5.7. Then, in the context px : Obq we can write the formula

ϕpxq :“ p@y : Ob, Df : Hompx, yq,Jq

which expresses that for any object y there is an arrow from x to y. This simply means that x
is a weakly initial object. Indeed, J is a formula in context px : Ob, y : Ob, f : Hompx, yqq, so
that Df : Hompx, yq,J is a formula in context px : Ob, y : Obq, and @y : Ob, Df : Hompx, yq,J
is a formula in context px : Obq.

The logic is still not strong enough to express many of the interesting category theoretic
notions. For example, without any kind of equality predicate on morphisms there is no way
to write down a formula for an initial object, or a limit. In the next example, we show how
modifying the theory Cat allows recovering equality on morphisms:
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Example 4.2.4. We consider the theory Cat“ obtained by adding to the theory Cat the
following:

x, y : Ob, f, g : Hompx, yq $ Eqpf, gqType

x, y : Ob, f : Hompx, yq $ rf : Eqpf, fq

x, y : Ob, f, g : Hompx, yq, a : Eqpf, gq $ f ” g

x, y : Ob, f, g : Hompx, yq, a : Eqpf, gq $ a ” rf

One easily see that a model of Cat“ is just a category, with the type Eqpf, gq being empty if
f ‰ g and trfu if f “ g. In this new theory, we can now form a formula “f “ g” in context
px, y : Ob, f, g : Hompx, yqq which is defined as

pf “ gq :“ pDv : Eqpf, gq,Jq.

Therefore, in the language LCat“ω we can form formulas involving equality between parallel
morphisms. Then, we recover the “language of categories” as studied in [13] and [23]. For
example, we can form the formula “x is initial” in context px : Obq as

isInitialpxq :“ @y : Ob, pDf : Hompx, yqq ^ p@f, g : Hompx, yq, f “ gq.

Construction 4.2.5. If f : ∆ Ñ Γ is a context morphism and ϕ P LTλ pΓq, then we can
define its pullback f˚ϕ. This pullback is obtained by substituting the free variables of ϕ by
the components of f . Formally, this is defined inductively as:

1. f˚J :“ J and f˚K :“ K.

2. f˚p␣Φq :“ ␣f˚Φ.

3. f˚ p
Ž

iPI Φiq :“
Ž

iPI f
˚Φi and f˚ p

Ź

iPI Φiq :“
Ź

iPI f
˚Φi.

4. If Γ1 ” pΓ, x1 P X1, . . . , xα P Xαq then

f˚
pDpx1 P X1, . . . , xα P XαqΦq :“ Dpx1 P f

˚X1, . . . , xα P f
˚Xαqf

˚Φ,

f˚
p@px1 P X1, . . . , xα P XαqΦq :“ @px1 P f

˚X1, . . . , xα P f
˚Xαqf

˚Φ,

where f˚Xi denotes the pullback of types, obtained by substitution, that is, the types
appearing in the canonical pullback of the generalized display map:

p∆, f˚X1, . . . , f
˚Xαq pΓ, X1, . . . , Xαq

∆ Γ.

Definition 4.2.6. For each context Γ in T we define the relation $Γ on LTλ pΓq as the smallest
family of relations such that:

1. $Γ is a transitive and reflexive relation on LTλ pΓq.
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2. @Φ P LTλ pΓq, Φ $Γ J and K $Γ Φ.

3. @Φ P LTλ pΓq,Φ^␣Φ $ K and J $ Φ_␣Φ.

4. For any λ-small family pΦiqiPI P LTλ pΓq we have
ł

iPI

Φi $Γ Ψô @i, pΦi $Γ Ψq

Ψ $
ľ

iPI

Φi ô @i, pΨ $Γ Φiq

5. For Γ1 ”

´

Γ,
␣

xβ : Γ1
β

(

γďβăα

¯

a context extension, with p : Γ1 ↠ Γ the corresponding
generalized display map, Ψ P LTλ pΓ1q and Φ P LTλ pΓq we have

Dtxβ : ΓβuγďβăαΨ $Γ Φô Ψ $Γ1 p˚Φ,

Φ $Γ @txβ : ΓβuγďβăαΨô p˚Φ $Γ1 Ψ.

While we have not included the following in the definition, we can show that:

Proposition 4.2.7. If f : ∆ Ñ Γ is a context morphism in T , and Φ $Γ Ψ then f˚Φ $∆

f˚Ψ.

Proof. We can show that if we define the relations Φ $1
Γ ∆ to be “For all f : ∆ Ñ Γ, we

have f˚Φ $∆ f˚Ψ” then it satisfies all the conditions from theorem 4.2.6. Which shows that
$ñ$1 and hence concludes the proof.

Definition 4.2.8. A model of a generalized κ-algebraic theory T is simply a contextual
functor X : CT Ñ Set. We will usually write X : T Ñ Set.

Construction 4.2.9. Given a model X of our theory T , Γ a context, x P XpΓq and Φ P

LTλ pΓq, we can interpret Φpxq as a proposition i.e., true or false in the obvious way by
substituting the components of x into ϕ and interpreting all the logic symbols in the usual
way. Formally we have:

1. If Φ “ J, then Φpxq is true and if Φ “ K then Φpxq is false,

2. If Φ “ ␣Ψ, then Φpxq is true if and only if Ψpxq is false,

3. If Φ “
Ž

Φi, then Φpxq is true if and only if Φipxq is true for some i,

4. If Φ “
Ź

Φi, then Φpxq is true if and only Φipxq is true for all i,

5. Φ “ Dtxβ : ΓβuγďβăαΨ for Γ1 “

´

Γ,
␣

xβ : Γ1
β

(

γďβăα

¯

a context extension, with p :

Γ1 ↠ Γ the corresponding generalized display map, then Φpxq is true if there exists a
y P XpΓ1q such that ppyq “ x and Ψpyq,
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6. If Φ “ @txβ : ΓβuγďβăαΨ in the same situation as above, then Φpxq is true if for any
y P XpΓ1q such that ppyq “ x we have Ψpyq.

The following lemma is immediate by induction, the proof is left to the reader.

Lemma 4.2.10. Let X be a model of a generalized κ-algebraic theory T .

1. For Φ,Ψ P LTλ pΓq and x P XpΓq, then if Ψ $Γ Φ and Ψpxq then Φpxq.

2. If f : Γ Ñ ∆ is any context morphism and Φ “ f˚Ψ and x P XpΓq then Φpxq ô
Ψpfpxqq.

Definition 4.2.11. We write Ψ %$Γ Φ to mean both Ψ $Γ Φ and Φ $Γ Ψ. We denote by

LTλ pΓq :“ LTλ pΓq{p%$Γq

the quotient.

Note that p%$Γq is indeed an equivalence relation, as $Γ is transitive and reflexive.

Remark 4.2.12. It follows from theorem 4.2.7 that for a context morphism f : ∆ Ñ Γ
the f˚ operation from LTλ pΓq Ñ LTλ p∆q is compatible with the relation %$, and hence it
descends to an operation

f˚ : LTλ pΓq Ñ LTλ p∆q.

It is also easy to see from theorem 4.2.6 that the relation $ is compatible with all the logical
operations on LTλ , that is ␣,

Ž

,
Ź

, D, @ in the sense that for example, if Φi $ Ψi for all i P I
then

Ž

iPI Φi $
Ž

iPI Ψi and hence they all descend into operations on LTλ .

Construction 4.2.13. At the beginning of the section, we have briefly called the language
LTλ,κ before dropping the κ from the notation, as it can be read from the fact that T is a
generalized κ-algebraic theory. However, we can consider LTλ,κ1 for any κ1 ě κ. Indeed, given
T a generalized κ-algebraic theory, we can define a generalized κ1-algebraic theory Tκ1 by
taking a set of axioms for T and seeing them as axioms for a generalized κ1-algebraic theory.
A model of Tκ1 is the same as a model of T . We then define

LTλ,κ1 :“ LTκ1

λ,κ1 “ LTκ1

λ ,

as well as its quotient
LTλ,κ1 :“ LTκ1

λ,κ1 “ LTκ1

λ .

Example 4.2.14. Let Σ be a signature in the sense of traditional model theory, that is a set
of formal symbols for types, functions and relations. Then we can consider the generalized
algebraic theory TΣ,“, which has one type in empty context of each sort symbol X in the
signature. Each of these types have an equality predicate as the one constructed in theo-
rem 4.2.4, a term for each function symbol, and for each relation symbol R Ă X1, . . . , Xn a
type axiom

x1 : X1, . . . , xn : Xn $ Rpx1, . . . , xnqType
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with the additional axiom

x1 : X1, . . . , xn : Xn, t1, t2 : Rpx1, . . . , xnq $ t1 “ t2.

Models of this theory are exactly Σ-structures, and elements of LTΣ,“ω,ω are essentially the same
as usual first-order formula in this signature. Elements of LTΣ,“λ,κ corresponds to infinitary
first-order formulas using λ-small conjunction and disjunction and where D and @ quantifier
can quantify over κ-small set of variables.

4.2.2 Models of Clans and their weak factorization system

We recall that:

Definition 4.2.15. A clan, or ω-clan, is a category C endowed with a class of maps called
fibrations such that:

1. C has a terminal object 1, and for every X P C the unique map X ↠ 1 is a fibration,

2. Isomorphisms are fibrations, the composite of two fibrations is a fibrations,

3. Pullback of fibrations exists and are fibrations.

For κ a regular cardinal, a κ-clan is a clan which further satisfies:

4 For any ordinal λ ă κ, if A‚ : λop Ñ C is a diagram in which all the transition maps
Aβ ↠ Aα for α ă β are fibrations, then the limits

LimαăλAα

exists, and all the projection maps πβ : LimαăλAα ↠ Aβ are fibrations. We refer to
these as limits of κ-small chains of fibrations.

A morphism of clans is a functor that send fibrations to fibrations, preserve the terminal
object and pullback of fibrations. A morphism of κ-clans is in addition required to preserves
the limits of κ-small chains of fibrations.

Fibrations will be denoted with a double-headed arrow ↠.

Remark 4.2.16. We define coclans and κ-coclans dually, as the category C endowed with
a class of cofibrations whose opposite category is a clan or a κ-clan, respectively.

Definition 4.2.17. If C is a κ-clan, a model X of C is a functor X : C Ñ Set that preserves
the terminal object, pullback of fibrations and limits of κ-small chains of fibrations. The
category ModpCq of models of C is defined as a full subcategory of the category FunpC,Setq
of all functors.
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Remark 4.2.18. A key observation is of course that if T is a generalized κ-algebraic theory
and CT is its contextual category, then CT can be seen as a κ-clan where fibrations are the
maps that are isomorphic to generalized display maps. Moreover, the models of T are exactly
the models of this clan ModpT q “ ModpCT q, so that models of generalized algebraic theories
are special cases of models of clans. Also note that:

• By theorem 4.6.55 every κ-clan C is equivalent to a κ-contextual category,

• By theorem 4.6.46 every κ-contextual category is isomorphic to the contextual category
CT of a generalized κ-algebraic theory.

Combining these two results, every κ-clan is equivalent to one of the form CT for T a gener-
alized κ-algebraic theory. Hence, there is no fundamental difference between the models of
a clan and the models of a generalized κ-algebraic theory.

Construction 4.2.19. Let C be a κ-clan and よ‚ : Cop Ñ FunpC,Setq be the contravariant
Yoneda embedding. Note that for every A P Cop the functor よA : C Ñ Set preserves all
limits, so in particular it is a model. Therefore, we have an embedding よ‚ : Cop Ñ ModpCq.
Note that by the Yoneda lemma we have a natural isomorphism

HompよA, Xq » XpAq

for X P ModpCq and A P C.

Remark 4.2.20. The category of models of a κ-clan C is characterized by preservation of
certain κ-small limits. This implies, by general category theoretic results that, for a small
κ-clan C:

• The category ModpCq is locally κ-presentable,

• The representable models よA for A P C are κ-presentable objects.

Indeed, the category ModpCq Ă FunpC,Setq is closed under κ-filtered colimits because κ-
filtered colimits commute with κ-small limits, which because of the isomorphism HompよA, Xq »
XpAq, implies that the object よA is κ-presentable in ModpCq. Moreover, since every
X P ModpCq can be written as X “ ColimよAÑXよA. This implies that the category ModpCq
is locally κ-accessible, and hence locally κ-presentable, as it is also closed under small limits.

Remark 4.2.21. More generally, any κ-presentable category C is equivalent to the category
of functors Cop

κ Ñ Set that preserves κ-small limits, where Cκ is the (essentially small)
category of κ-presentable objects of C. In particular, every κ-presentable category is the
category of models of a κ-clan: One can take the category Cop

κ , with all maps being fibrations.
However, the category ModpCq of models of a κ-clans comes with an additional structure
that is more specific:
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Definition 4.2.22. Given a κ-clan C, we consider the weak factorization on the category
ModpCq which is cofibrantly generated by the maps

よA ãÑよB

where B ↠ A is a fibration in C. The element of the left class will be called cofibrations and
the element of right class anodyne fibrations.

Remark 4.2.23. In most of the paper, we will work with a model category instead of clan
(or at least weak model category.) In this case, the anodyne fibrations will be called trivial
cofibrations as usual. However, we want to reserve the use of “trivial fibration” to the case
where there is indeed a (weak) model category involved.

Remark 4.2.24. In the special case κ “ ω, this weak factorization was defined in [27,
Definition 2.4.2] and extensively studied in [22]. In particular, Jonas Frey gave in [22] a
complete characterization of which pairs of a category and a weak factorization can be
obtained in this way from an ω-clan. The methods used by Frey can be extended to the
κ-case to obtain a similar characterization. Frey also shows that (in the κ “ ω case) the
ω-presentable cofibrant object in ModpCq are exactly the retracts of representable models.
The same proof generalizes to the κ-case to show that if C is a κ-clan, then κ-presentable
cofibrant objects are exactly the retracts of representables. We only mention these result for
context, we will not directly use them.

Lemma 4.2.25. Given C a clan, a morphism f :M Ñ N of C-models is an anodyne fibration
if and only if for every fibration p : X ↠ Y in C, the naturality square:

MpXq MpY q

NpXq NpY q

is a weak pullback square, that is, if the induced map MpXq Ñ NpXq ˆNpY q MpY q is a
surjection.

Proof. By the Yoneda lemma, there is a one-to-one correspondence between elements of
MpXq and morphisms of models よX Ñ M . The map MpXq Ñ MpY q is obtained as the
compositeよY ÑよX ÑM and the map MpXq Ñ NpXq as the compositeよX ÑM Ñ N .
An element of NpXq ˆNpY q MpY q is hence the data of maps よX Ñ N and よY Ñ M such
that the composite よY Ñ M Ñ N and よY Ñ よX Ñ N coincide. This is exactly a
commutative square:

よY M

よX N.

よp f
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An element of MpXq whose image in NpXq ˆNpY q MpY q is the square above is then exactly
a dotted diagonal filling:

よY M

よX N.

よp f

Hence the surjectivity of this map is equivalent to the fact that f has the right lifting property
against よY ÑよX for all fibrations X ↠ Y , which concludes the proof.

4.2.3 The Category theoretic approach: The first-order language of
a κ-clans

In this section we present another equivalent approach to the definition of the language, which
is more categorical in spirit, and strongly inspired from Lawvere’s theory of Hyperdoctrines
([46], [47]). This approach, while much more abstract, has several advantages over the
syntactic one. Mainly, it allows working directly with the more general notion of a clan (see
section 4.7), instead of a generalized κ-algebraic theory. This will be useful later on to define
the language of a model category without having to build explicitly a syntax for it.

As before, we fix λ a regular cardinal. A λ-boolean algebra is a boolean algebra which
admits joins (and hence intersections) of λ-small families. We denote by Boolλ the category
whose objects are λ-boolean algebras and whose morphisms are boolean algebra morphisms
preserving λ-small joins (and hence intersections).

We introduce the notion of λ-boolean algebra over a clan C, which we can think as
an axiomatization of the structure that the LTλ from section 4.2.1 have over the contextual
category of T .

Definition 4.2.26. Given C a clan and λ a regular cardinal, a λ-boolean algebra over C is a
functor

B : Cop Ñ Boolλ

such that:

1. For each fibration π : Z ↠ X in C, π˚ : BpXq Ñ BpZq has a left adjoint:

Dπ : BpZq Ô BpXq : π˚.

2. The Beck-Chevalley condition holds for each pullback square along a fibration. That
is, given any pullback square:

Z 1 Z

X 1 X

f 1

π1
{

π

f

with π a fibration, we have f˚Dπ “ Dπ1f 1˚.



4.2. THE HOMOTOPY INVARIANT LANGUAGE 75

Morphisms of λ-boolean algebras over C are natural transformations that commute with the
Dπ. We call weak morphisms the natural transformations with no additional conditions.

Remark 4.2.27. If B is a λ-boolean algebra over C, then for each X P C, the negation
␣ : BpXq Ñ BpXqop is a contravariant equivalence. Therefore, if π : Z Ñ X is a fibration,
then the map π˚ : BpXq Ñ BpZq also has a right adjoint defined by:

@πpϕq :“ ␣pDπ␣ϕq.

From this definition, we immediately have the other Beck-Chevalley condition f˚p@πq “ @πf
˚

and the fact that morphisms of boolean algebras over C are also compatible with @π, simply
because f˚ is compatible with both Dπ and the negation.

Remark 4.2.28. Theorem 4.2.26 will in practice be applied to C a κ-clan (and not just a
clan), the only reason it is stated like that is because the definition actually does not explicitly
involve κ. This is related to the fact that the dependencies in κ of the language defined in the
previous subsection is only through the choice of which context can our variables (including
bound variables) be taken from: taking a larger κ means we can quantify over more variables
at the same time. Similarly, the dependency on κ is hidden in the dependency on C, as C is
playing the role of the category of κ-contexts.

Let us start with our main example of such boolean algebra over a clan, which is the
motivating example for the notion:

Theorem 4.2.29. Let T be a generalized κ-algebraic theory and CT the corresponding κ-
contextual category, seen as a clan. Then the construction X ÞÑ LTλ pXq from theorem 4.2.11
(see also theorem 4.2.1 and 4.2.6) is a λ-boolean algebra over CT . In fact, it is an initial
object in the category of λ-boolean algebras over CT .

Proof. We first check that LTλ is a λ-boolean algebra over CT . We have mentioned in
theorem 4.2.12 that all the logical operations _,^,␣, D and so on are compatible with
the equivalence relation %$. Therefore, they all induce operations on the quotient LTλ .
The first four points of theorem 4.2.6 immediately shows that each LTλ pXq is a boolean
algebra whose order relation is given by $, and with λ-small unions. By theorem 4.2.5,
the map f˚ : LTλ pXq Ñ LTλ pY q is compatible with all the logical operations, so it gives rise
to a morphism of boolean algebras LTλ pXq Ñ LTλ pY q. We get a functor CT Ñ Boolλ, the
conditions pg ˝ fq˚pϕq “ f˚g˚pϕq and id˚pϕq “ ϕ follow immediately by induction. Next, the
last two conditions of theorem 4.2.6 show that D and @ defines left and right adjoint to π˚.
Finally, the Beck-Chevalley condition follows from how f˚ is defined on formulas starting
with a D quantifier:

f˚
pDtxβ : ΓβuγďβăαΦq “ Dtxβ : f˚Γβuγďβăαf

˚Φ,

which (after passing to the quotient L Ñ L) exactly says that f˚Dπ “ Dπf
˚ where π is the

generalized display map corresponding to forgetting the variables txβuγďβăα P Xα.

We now check that it is an initial object in the category of λ-boolean algebras over CT .
Let B be any λ-boolean algebra over C. Any morphism v : LTλ Ñ B has to satisfy:
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1. vpKq “ KB and vpJq “ JB.

2. vp␣Φq “ ␣vpΦq.

3. vp
ł

iPI

Φiq “
ł

iPI

vpΦiq and vp
ľ

iPI

Φiq “
ľ

iPI

vpΦiq.

4.
vpDtxβ : ΓβuγďβăαΦq “ Dtxβ : ΓβuγďβăαvpΦq

and
vp@txβ : ΓβuγďβăαΦq “ @txβ : ΓβuγďβăαvpΦq.

These form an inductive definition for a function LTλ Ñ B. So there is a unique such function
v : LTλ Ñ B. To conclude, we only need to check that this function v descent to a function
LTλ Ñ B and is a morphism of λ-boolean algebras over C. But this is rather immediate: We
first observe, by induction over theorem 4.2.6, that if Φ $ Ψ then vpΦq ď vpΨq. This implies
that if Φ %$ Ψ then vpΦq “ vpΨq, so v does define a function LTλ Ñ B. The naturality
condition

vpf˚
pΦqq “ f˚

pvpΦqq

can be proved by induction on the formula Φ, and the compatibility of v with all the boolean
algebra operations and the quantifiers follows immediately from the definition of v.

Proposition 4.2.30. Given any (small) clan C and λ a regular cardinal, there is an initial
λ-boolean algebra over C, which we denote by LC

λ.

Note that by theorem 4.2.29, if T is a generalized κ-algebraic theory, with CT its κ-
contextual category them

LCT
λ “ LTλ .

This provides a way to define (or at least to characterize) the first-order language of any
clan without having to explicitly give a syntactic description of the clan.

Proof. We can either remark that the λ-boolean algebras over C are (by their definition)
the models of a multisorted λ-algebraic theory (with one sort for each object c P C) and
hence there is an initial object by usual results on algebraic theories. Alternatively, we can
use (see section 4.7) that every clan is equivalent to the contextual category of a generalized
algebraic theory and use theorem 4.2.29 to conclude.

Next, we mention a few more examples:

Example 4.2.31.

1. Let Set be the category of sets, considered as a clan where every arrow is a fibration.
The contravariant power-set functor P : Setop Ñ Boolλ is a λ-Boolean algebra over
Set. The Beck-Chevalley condition follows from theorem 4.2.32 below.

2. Given F : C Ñ D a morphism of clans, if B is a λ-boolean algebra over D, then F ˚B
defined by F ˚BpΓq “ BpF pΓqq is a λ-boolean algebra over C.
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3. Combining the two observations above, given any model M of a clan C, that is a
morphism of clans M : C Ñ Set, one has a boolean algebra PpMq over C given by
pulling back example 1 along the morphism M : C Ñ Set. More explicitly:

PpMq : Cop Ñ Set
Γ ÞÑ PpMpΓqq.

Lemma 4.2.32. Given a square of sets,

W X

Y Z,

f

g h

k

then the power set functor satisfies the Beck-Chevalley condition on this square, i.e., k˚Dh “

Dgf
˚ as maps PpXq Ñ PpY q if and only if the square is a weak pullback square i.e., if and

only if the cartesian gap map W Ñ Y ˆZ X is surjective.

Proof. Given a subset P Ă X one has:

k˚h!P “ ty P Y |kpyq “ hppq for some p P P u,

g!f
˚P “ tgpwq|fpwq P P u.

Surjectivity of the map W Ñ Y ˆZ X gives a canonical way to make any element of k˚h!P
into an element of g!f˚P , and conversely, applying the equality to P “ tpu produces the
surjectivity of W Ñ Y ˆZ X.

In this new setting with just a clan C, one can still define the set of formulas LC
λ as the

initial λ-boolean algebra over C. We now explain what it means for formulas defined this
way to be “true” or “false” given a model and an interpretation of its variables in the model.

Construction 4.2.33. Given a clan C and a model of M : C Ñ Set we have, as explained
in theorem 4.2.31, a λ-boolean algebra over C defined by c ÞÑ PpMpcqq. By initiality of the
κ-boolean algebra LC

λ, there exists a unique morphism of λ-boolean algebras over C:

| ´ |M : LC
λ Ñ PpMq.

This morphism associates each formula ϕ in context Γ to a subset |ϕ|M ĎMpΓq. An element
x P MpΓq is said to satisfy ϕ if x P |ϕ|M , with some abuse of notation, we say that “ϕpxq is
true” in this case. We also write

M $ ϕpxq

when we want to insist on which model we are talking about. When Γ is the terminal object
of C i.e., ϕ is a closed formula, then MpΓq “ t˚u. Therefore, PpMpΓqq “ tK,Ju so that |ϕ|M
is simply a proposition. One then says that M satisfies ϕ, and we write M $ ϕ.
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Lemma 4.2.34. When C “ CT is the κ-contextual category of a κ-generalized algebraic
theory, then through the identification LTλ “ LC

λ, the two definitions of validity of a formula
on elements of a model given by theorem 4.2.9 and theorem 4.2.33 are equivalent.

Proof. Defining the validity of formulas as in theorem 4.2.33 it is immediate to verify all
the explicit conditions of the inductive definition given in theorem 4.2.9 simply because the
map LC

λ Ñ PpMq is a morphism of λ-boolean algebras. Hence, it immediately follows by
induction on formulas that the two definitions are equivalent.

Construction 4.2.35. Let F : C Ñ D be a morphism of clans. And let LC
λ and LD

λ be their
respective initial λ-boolean algebras. From the fact that LC

λ is initial, there is a morphism
of λ-boolean algebras

αF : LC
λ Ñ F ˚

`

LD
λ

˘

.

For any Γ P C and any formula Φ P LC
λpΓq we denote F pΦq :“ αFΓ pΦq which is a formula in

context F pΓq i.e., an element of LD
λ pF pΓqq. The following is immediate from the definition

above:

Proposition 4.2.36. Let M : D Ñ Set a model of the clan D, Φ P LC
λpΓq a formula in

context Γ and x PMpF pΓqq. Then, M $ αF pΦqpxq if and only if F ˚M $ Φpxq.

Finally, we finish this section by showing the key property of invariance of formulas
along anodyne fibrations. An invariance property will be established in the next section
assuming we are working with a model category, but this first invariance property is purely
algebraic. This is also the key observation in Makkai FOLDS [52] and it is directly inspired
from it.

We start with the following observation: Let C be a clan and f : M Ñ N a morphism
of two C-models, then we have an obvious map f˚ : P pNq Ñ P pMq which sends a subset
A Ă Npcq for c P C to

f´1
c pAq ĂMpcq

this map is easily seen to be a weak morphism of boolean algebras over C. It is compatible
with the boolean algebra operations and the ordinary contravariant functoriality, but it does
not have to be compatible with the covariant functoriality Dπ along fibrations. However, one
has:

Lemma 4.2.37. Let C be a clan and let f :M Ñ N be a morphism between two C-models.
Then f is an anodyne fibration if and only if f˚ : P pNq Ñ P pMq is a morphism of λ-boolean
algebras.

Proof. We only need to show that for every fibration p : X Ñ Y the following square

P pNpXqq P pMpXqq

P pNpY qq P pMpY qq.

f˚
X

D D

f˚
Y
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commutes. From theorem 4.2.32 this is equivalent to say that the dotted map in

MpXq

P NpXq

MpY q NpY q

fX

π˚

π˚

fY

is surjective. But this is exactly the characterization of anodyne fibrations given in theo-
rem 4.2.25.

This allows us to deduce the key result of invariance of formulae along anodyne fibrations
of models. Basically, the validity of formulae is preserved by anodyne fibrations of models:

Corollary 4.2.38. Let C be a clan and let f : M ↠ N be an anodyne fibration between
two C-models. For c P C, let x PMpcq and ϕ P LC

λ be any formula. Then

M $ ϕpxq ô N $ ϕpfpxqq

Proof. As f :M Ñ N is an anodyne fibration, it follows from theorem 4.2.37 that the map
f˚ : PpNq Ñ PpMq is a morphism of boolean algebra over C. Hence, by initiality of LC

λ, the
unique morphism |_|M : LC

λ Ñ PpMq is obtained as a composite

LC
λ

|_|M
Ñ PpMq f

˚

Ñ PpNq.

By definition, M $ ϕpxq means that x P |ϕ|M while N $ ϕpfpxqq means that x P f˚|ϕ|N ,
hence the result immediately follows.

4.2.4 The language of a weak model category and two invariance
theorems

Construction 4.2.39. Given M a weak model category, the category MCof of cofibrant
objects with cofibrations between them forms a coclan. We define the language of M to
be the language of the coclan MCof. For any regular cardinal λ, we denote by LM

λ the
λ-boolean algebra LMCof

λ over MCof.

Note that for each cofibrant object X P M, we have a set (or possibly a class if M is
large) of formulas LM

λ pXq.

Remark 4.2.40. There is a size issue to be mentioned here. In most practical examples,
MCof is a large category while the construction of LMCof

λ developed in section 4.2.3 assumes
it is a small category. We can deal with this by invoking a larger Grothendieck universe,
but this has a practical consequence: The set of formulas LM

λ pXq might not be a small set.
Indeed, it lives in the same Grothendieck universe as the one in which MCof is small.



4. HOMOTOPY LANGUAGES 80

Construction 4.2.41. If X PM then we can define a model of the coclan MCof using the
restricted Yoneda embedding:

よX :
pMCofqop Ñ Set

c ÞÑ Hompc,Xq,

which defines a functor よ : MÑ ModpMCofq.

Definition 4.2.42. Let M be a weak model category. For c PM a cofibrant, and X PM
any object, v : cÑ X and ϕ P LM

λ pcq we write

X $ ϕpvq

to mean
よX $ ϕpvq

where v is seen as an element of よXpcq “ Hompc,Xq.

Remark 4.2.43. In the special case where M “ ModpT q is the category of models of a
generalized κ-algebraic theory (or more generally of a κ-coclan), then LM

λ is the initial λ-
boolean algebra over the coclan of all cofibrant objects of M, while the syntactic category of
T is equivalent to a full sub-κ-coclan of that. In particular, there is a morphism of λ-boolean
algebra over the syntactic category CT

LTλ pXq Ñ LM
λ pXq (For X P CT ).

If we denote this map by i then for X any model of T we can easily check that

X $ ϕpvq ô X $ ipϕqpvq

for any c P CT and ϕ P LTλ pcq, where the left-hand side is interpreted in the sense of theo-
rem 4.2.1 while the right-hand side is in terms of theorem 4.2.42.

Note that we do expect these to be the same. Informally, LTλ corresponds to an Lκ,λ logic,
in the sense that quantifier can only be applied to formulas in κ-small context—applied to
less than κ-many variables at the same time—while LM

λ corresponds to an L8,λ logic, where
quantifiers can be applied to arbitrarily many formulas at the same time.

Theorem 4.2.44. Let M be a weak model category, c P M a cofibrant object and ϕ P
LM
λ pcq.

• 1st invariance theorem: Let v1, v2 : c Ñ X be two homotopically equivalent maps
with X fibrant. Then

X $ ϕpv1q ô X $ ϕpv2q.

• 2nd invariance theorem: Let f : X Ñ Y be a weak equivalence between two fibrant
objects and v : cÑ X any map. Then

X $ ϕpvq ô Y $ ϕpfvq.
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Proof. We start by first observing that the second invariance theorem in the special case
where f is a trivial fibration immediately follows from theorem 4.2.38 as a trivial fibration
f has the right lifting property against all core cofibrations and hence is sent to an anodyne
fibration in ModpMCofq by the functor from theorem 4.2.41.

We use this to prove the 1st invariance theorem: If v1, v2 : c Ñ X are homotopic then
there exists a map h:

X

c PX

X.

v1

v2

h

p1

p2

The two maps p1, p2 : PX Ñ X are trivial fibrations (they are both fibrations and weak
equivalences), v1 “ p1 ˝ h and v2 “ p2 ˝ h. By the observation above, we have:

X $ ϕpv1q
ô X $ ϕpp1hq
ô PX $ ϕphq
ô X $ ϕpp2hq
ô X $ ϕpv2q

This concludes the proof of the 1st invariance theorem.

Next, we observe it is enough to prove the second invariance theorem when X and Y
are both bifibrant. Indeed, starting from f : X Ñ Y a weak equivalence between fibrant
objects, v : c Ñ X and ϕ P LM

λ pcq as in the theorem. We can replace both X and Y by
bifibrant objects

XCof Y Cof

X Y.

„

f 1

„ „

„

f

First replacing X by a cofibrant object XCof and then factoring the map XCof Ñ Y ,
which is a weak equivalence, as a trivial cofibration followed by a trivial fibration. The map
v : c Ñ X, can be lifted to map v1 : c Ñ XCof. As we can already apply the 2nd invariance
theorem to trivial fibrations, we have that:

X $ ϕpvq ô XCof
$ ϕpv1

q

Y $ ϕpfvq ô Y Cof
$ ϕpf 1v1

q.

Therefore, it is enough to show the 2nd invariance theorem for bifibrant objects.

This last step is achieved essentially using a “Brown factorization”: any weak equivalence
between bifibrant objects can be factored as a section of a trivial fibration followed by a trivial
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fibration. Indeed, if f : X Ñ Y is a map between bifibrant objects we can form the pullbacks:

X Y

X ˆY PY PY

X ˆ Y Y ˆ Y

X Y.

f

{
e1 e

{

π1
{

π1

f

Note that because the fibrations PY Ñ Y are trivial fibration, the map X ˆY PY Ñ X in
the diagram above is also a trivial fibration. The total vertical maps are both the identity.
Which gives us a diagram:

X

X X ˆY PY Y

e1
fidX

pq
„

Where p is the map X ˆY PY ↠ X ˆ Y
π2
↠ Y . Note that all maps in this diagram are weak

equivalences due to the 2-out-of-3 condition. We can now prove the theorem, we have

X $ ϕpvq ô X ˆY PY $ ϕpe1vq

because v “ qe1v and q is a trivial fibration, and

X ˆY PY $ ϕpe1vq ô Y $ ϕpfvq

because p is a trivial fibration and fv “ pe1v. Hence, combining the two

X $ ϕpvq ô Y $ ϕpfvq

Finally, we explain how Quillen adjunctions act on formulas. A Quillen adjunction
between two weak model categories is an adjunction

L : C Ô D : R

where the left adjunction L sends cofibrations to cofibrations and the right adjoint R sends
fibrations to fibrations.
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Remark 4.2.45. There is also a more general notion called “weak Quillen functors” intro-
duced in [29] which is sometimes more convenient. The functor L is only defined on cofibrant
objects and R on fibrant objects, and they are only required to preserve core (co)fibrations
– all results in this section below, as well as the 4th invariance theorem from section 4.4
apply to weak Quillen adjunctions too. We restrict ourselves to Quillen adjunctions in the
paper, unless otherwise stated, for simplicity, and because this already cover most of the
applications.

Construction 4.2.46. Given a Quillen adjunction2 L : C Ô D : R. Then, L restricts to
a coclan morphism L : CCof Ñ DCof, which following theorem 4.2.35 we have a (unique)
comparison map

αL : LC
λ Ñ L˚LD

λ

obtained from the fact that LC
λ is an initial boolean algebra over C. As before, if ϕ P LC

λpCq,
we often write Lpϕq instead of αLpΦq. Note that Lpϕq P LD

λ pLpCqq.

Finally, exactly as in theorem 4.2.35 we have:

Proposition 4.2.47. For a Quillen adjunction L : C Ô D : R, any3 object X P D, and
cofibrant object C P C, any map v : C Ñ RpXq corresponding to ṽ : LC Ñ X, and ϕ P LC

λ

we have

RpXq $ ϕpvq ô X $ Lpϕqpṽq.

Proof. See theorem 4.2.35.

The 4th invariance theorem theorem that we will establish in section 4.4 as theorem 4.4.2
show that for a Quillen equivalence, this construction gives an equivalence between the
language of C and of D in an appropriate sense.

4.3 Examples of languages of model categories

In this section, we examine some examples of the language associated to a model category
by applying the construction as described in section 4.2. We include examples we believe to
be of interest. Furthermore, we start with some general considerations which allows us to
construct the language of a model category.

When applying the theory introduced in section 4.2 to a model category M, we have
two possible approaches: we can manipulate formulas as element of the free Boolean algebra
over MCof, following the approach from section 4.2.3, or we can try to build a generalized
algebraic theory whose first language is the same as the language of M. For example, we
could try to realize M as the category of models of some generalized κ-algebraic theory, or
if that is not possible try to realize the category of κ-presentable cofibrant objects of M as
the opposite of the syntactic category some generalized κ-algebraic theory.

2Or more generally a weak Quillen adjunction in the sense of [29].
3If L and R are only a weak Quillen adjunction, then X needs to be fibrant.
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We believe that, once we are familiar with how this language works the first approach
is simpler. But in order to build familiarity with the languages, in all the examples we
will cover below we will try to use the second approach and build a more or less explicit
generalized algebraic theory associated to each example, in order to show the reader what
can be done in the logic of each case.

It is shown in section 4.6 that any κ-clan is equivalent to the syntactic category of
a generalized κ-algebraic theory. So in general, given M a combinatorial (weak) model
category, we can always find a regular cardinal κ and a generalized κ-algebraic theory so
that the language associated to M is the language of this generalized algebraic theory.
Unfortunately, the construction of this theory following section 4.6 is extremely unexplicit.

What we would like to do here is to give some tools to help “guess” a simpler generalized
algebraic theory that works on concrete examples. Given that our goal is only to guess the
correct theory for a few examples, we will not try to make this completely formal and rigorous
– though it might be possible.

To that end, let us recall some facts about a generalized κ-algebraic theory T , and of the
κ-contextual category CT associated to it. Theorem 4.5.3 states inductively what it means
for a judgment Γ $ ∆Type in a κ-pretheory to be well-formed in T ; this is the case whenever
Γ is a context, which itself entails that any constituent of Γ is obtained from a derived rule
of the κ-pretheory T . In turn, each derived rule is deduced from the list of theorem 4.5.4, or
using a rule previously derived. In a generalized κ algebraic theory, each type introduction
axiom (derived judgment) is well-formed by theorem 4.5.12. Concretely, this means that in
order to build new types in context Γ1 we must know that all the variables used in Γ1 must
be previously be constructed in some context Γ. In a sense, each type must be constructed
from more primitive types.

We can use the above in the following:

Remark 4.3.1. Let T be a generalized κ-algebraic theory and CT the syntactic κ-contextual
category of T with the natural κ-clan structure i.e., in which the fibrations are the generalized
display maps. Each type axiom Γ $ AType of T corresponds to a display map pΓ.A ↠ Γq.
Now, the type of axioms of T admit a well-founded transitive relation ă such that for each
type axiom Γ $ AType we can show that Γ is a context using only type axioms “smaller”
than Γ $ AType. In particular, it means that only types “smaller than A” can appear in
the context Γ. Formulated categorically, this means that the map ΓÑ 1 can be constructed
as κ-small composite of pullback of display map Γ1.B Ñ Γ1, for Γ1 $ B Type type axioms
that are smaller than Γ $ AType. Recall from theorem 4.2.22 that ModpT q has a weak
factorization system which is cofibrantly generated by the set

I “ tよA ãÑよB P ModpT q|B ↠ A P CT u.

Given that every display map is a κ-small composite of pullback of the display map corre-
sponding to type axioms. We can restrict the set of generators to the display maps corre-
sponding to type axioms, which then comes with this additional well-founded relation.
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The previous example motivates:

Definition 4.3.2. Let C be model category and CofpCq the class of cofibrations. Assume
that the cofibrations are generated by a set I. We say that the set of generating cofibrations
is well-founded if there exists a well-founded relation ă on I such that for all i P I, the map
HÑ Dompiq can be written as a κ-composite of pushouts of maps j P I with j ă i.

Example 4.3.3. As explained in theorem 4.3.1, if T is a generalized κ-algebraic theory, then
the weak factorization from theorem 4.2.22 on ModpT q has a well-founded set of generators
corresponding to the type of axioms of T .

The general idea is; if we start from a combinatorial weak factorization system, and
we want to see it as coming from an explicitly given generalized algebraic theory, we start
by finding a well-founded set of generators, and then we build a theory whose type axioms
correspond to these generators.

Note that in particular, we need the factorization system to be generated by map with
“cofibrant” domain, that is we need the model category to be “tractable”. Most model
structures we work with in practice, in fact all the examples we will encounter here are
tractable. But in general this is not an obstruction, this can be achieved using lemma 4.7 of
[30]:

Proposition 4.3.4. [30, 4.7 Lemma]. Fix κ an uncountable regular cardinal. Let pL1, R1q

and pL2, R2q two κ-accessible weak factorization systems on a locally κ-presentable category
C such that L1 Ă L2 or R2 Ă R1. There is a κ-accessible weak factorization system pL3, R3q

on C such that R3 is the class of maps tha have the right lifting property against all L1-
maps whose domain is L2-cofibrant. If pL1, R1q is κ-combinatorial, then pL3, R3q is also
κ-combinatorial.

Observation 4.3.5. If M is a combinatorial weak model category, then there exists a
tractable combinatorial weak model category structure on M with the same core cofibra-
tions and core acyclic cofibrations. In order to see this, we apply theorem 4.3.4 taking
pL1, R1q=( acyclic cofibrations, fibrations) and pL2, R2q=(cofibrations, acyclic fibrations).
This produces a weak factorization system pL3, R3q where the class R3 of fibrations is gen-
erated by acyclic cofibrations with cofibrant domain. We apply the the result again, but on
(cofibrations, acyclic fibrations)=pL2, R2q=pL1, R1q to get another weak factorization system
pL1

3, R
1
3q where the class R1

3 is generated by cofibrations with cofibrant domain. Note this
process does not change the core (acyclic) cofibrations or core (acyclic) fibrations.

Once we have generating cofibrations with cofibrant domain, there is always an easy
way to get a well-founded set of generators:

Example 4.3.6. If L is a set of generating cofibrations with cofibrant domain of a combi-
natorial weak model category, then we can get a well-founded class of cofibrations by setting
L1 :“ tH Ñ Domplq|l P Lu

š

L. In this case, we can set pH Ñ Domplqq ă f for f P L and
l P L.
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Theorem 4.3.3 shows that starting with a κ-clan, one can get a cofibrantly generated
weak factorization system on the category of models ModpCq such that the generating set
of cofibrations is well-founded. We can reverse this process in the sense that if we are given
a weak factorization system with a well-founded set of generating cofibrations, then we can
produce a generalized κ-algebraic theory from it, and therefore the κ-clan associated to it.

The next example is similar to theorem 4.3.1.

Construction 4.3.7. Let C be a κ-clan. Assume that C has a weak factorization system
that is cofibrantly generated by a set I with a well-founded relation. Recall that this means
that for a cofibration i : A ãÑ B the map HÑ A is a κ-composite of pushouts of maps j P I
with j ă i. Therefore, we can introduce a type axiom:

A $ B Type

for i : A ãÑ B P I. The notation A denotes the context in which the new type B is
built, and the context A is obtained using types strictly smaller than B, which reflects the
decomposition of the map H ãÑ A as κ-composite of pushouts of maps j P I smaller than i.

We can think of this construction as similar to the functor U : κ-CON Ñ κ-GAT from
section 4.6.3.2 which produces a generalized κ-algebraic theory UpCq from a κ-contextual
category C. In particular, for a display map Bλ`1 ↠ Bλ P C it gives a type axiom Bλ $

Bλ`1 Type.

Remark 4.3.8. For each of the examples below, we start with a Quillen model category M
and apply theorem 4.3.7 to obtain a theory TM. In general, this is the guiding principle that
will allow us to identify the statements, and the language, to which the invariance theorems
apply.

Furthermore, using the theory TM we can consider the category ModpTMq and use
theorem 4.2.22 to obtain a weak factorization system. Through this process, the cofibrations
and trivial fibrations we obtain coincide with the ones from the Quillen model category we
start with. However, in general we do not have an equivalence of categories ModpTMq –M.

4.3.1 Categories

Let us illustrate our construction on this prime example we have been referring to throughout
the paper. Recall that 0 is the empty category, 1 :“ t0u is the category with a single object,
2 :“ t0 Ñ 1u the arrow category and P :“ t0 Ñ 1u the category with two parallel arrows.
Finally, J :“ t0 Ô 1u denotes the walking isomorphism category. The following result
appears in [58].

Theorem 4.3.9. There is Quillen model structure on the category Cat such that:

1. Weak equivalences are the equivalences of categories,

2. Cofibrations are the functors injective on objects,
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3. Fibrations are the isofibrations.

Furthermore, this models structure is cofibrantly generated. The sets

I :“ t0
u
Ñ 1, t0u \ t1u

v
Ñ 2, P

w
Ñ 2u and J :“ t1Ñ J u

are the generating cofibration and trivial cofibrations respectively.

In this model structure all objects are cofibrant. We can immediately associate for each
generator in I a sort in the following way:

0Ñ 1 $ Ob Type

t0u \ t1u Ñ 2 x, y : Ob $ Hompx, yqType

P x, y : Ob, f, g : Hompx, yq $ Eqpf, gqType

Note that while the type Ob has no dependencies, the type Hompx, yq depends on two
elements of type Ob, which is encoded in the cofibration t0u \ t1u Ñ 2. The same situation
applies with the type Eq which furthermore has dependencies on the types Ob and Hom,
now the cofibration P ãÑ 2 expresses this.

The resulting theory is what we introduced earlier Cat“ which by convenience we recall
here. This is defined as:

1. Type of objects: $ Ob Type.

2. Type of morphisms: x : Ob, y : Ob $ Hompx, yqType.

3. Equality type: x, y : Ob, f, g : Hompx, yq $ Eqpf, gqType

4. Composition operation: x : Ob, y : Ob, z : Ob, f : Hompx, yq, g : Hompy, zq $ g ˝ f :
Hompx, zq.

5. Identity operator: x : Ob $ idx : Hompx, xq.

Subject to the following axioms:

• x : Ob, y : Ob, f : Hompx, yq $ idy ˝ f ” f .

• x : Ob, y : Ob, f : Hompx, yq $ f ˝ idx ” f .

• x : Ob, y : Ob, z : Ob, w : Ob, f : Hompx, yq, g : Hompy, zq, h : Hompz, wq $ ph˝gq˝f ”
h ˝ pg ˝ fq.

• x, y : Ob, f : Hompx, yq $ rf : Eqpf, fq.

• x, y : Ob, f, g : Hompx, yq, a : Eqpf, gq $ f ” g.
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• x, y : Ob, f, g : Hompx, yq, a : Eqpf, gq $ a ” rf .

As remarked in theorem 4.2.4 the language we obtain is the same as the one given by
[13] and [23]. In the introduction we presented the formula for an object x to be terminal:

@y P Ob, pDv P Hompy, xq ^ @u,w P Hompy, xq,Eqpu,wqq .

Such formula is written in the language of categories.

Observation 4.3.10. We verify the above differently to showcase the fact that we do not
need to explicitly know the language (type theory) associated to a model category, we only
need to know that can be constructed out of cofibrations. The formula above is constructed
by first quantifying universally over the cofibration 0 Ñ 1 to give @y P Ob. Note that
applying the existential quantifier to t0u\t1u Ñ 2 give us Dv P Hompy, xq and the universal
quantifier on 1 Ñ J . In the end, the formula can be seen as a composition pushouts “in
context x.” Building the context of a formula is not an easy task, however, it might be easier
to describe a pushout.

Remark 4.3.11. We mentioned at the beginning of the section that the association we do
from cofibrations to types is not extremely formal. Again, the reason is that the equivalence
between κ-clans and generalized κ-algebraic theories, section 4.6, is not explicit. The associ-
ation we make, for categories and the other examples below, is the obvious one and ad-hoc
to the expected theory. From the start, we know what our intended models are, so once we
have the types we define the operations and impose the equations that our intended models
satisfy. We stress that this is informal and not very precise.

Remark 4.3.12. In general, a cofibration in a model category could be decomposed as a
pushouts of cofibrations in more than one way. Depending on our choices, it might happen
that we end up with different, but equivalent, theories.

One of the worst case scenarios is when we do not have a straightforward well-ordering,
see the case for unbounded chain complexes below section 4.3.4.

Although these remarks deserve a proof, we choose not give one as this would divert us
from the objective of the paper.

4.3.2 2-categories and Bicategories

In this section we examine the language associated to the canonical model structures on the
categories 2-Cat and Bicats, respectively. The model structure for these two categories was
defined in [44] and [45].

Given a category C its suspension
ř

C, is defined as the 2-category with two objects
X, Y , the hom categories are

ř

CpX,Xq “ σCpY, Y q “
ř

CpY,Xq “ H and
ř

CpX, Y q “
C. Furthermore, each bicategory B P Bicats has an underlying Cat-graph, in the sense of
[75]. This induces a functor U : Bicats Ñ Cat-graph which has left adjoint F , this gives
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us the free bicategory generated by a Cat-graph. The suspension of a category C can be
seen as a Cat-graph associated to C. The free bicategory generated by the suspension of a
category is denoted by

ř

C . Moreover, this construction is functorial.

[45, Theorem 3] constructs a model structure for the category of bicategories. This model
structure is cofibrantly generated with generating cofibrations given by the suspension of the
generating cofibrations of the canonical model structure on Cat and an additional functor
we specify below. Finally, E is the “free-living adjoint equivalence ” is the bicategory with
objects x, y, freely generated by 1-cells f : x Ñ y and g : y Ñ x, and two invertible 2-cells
η : 1x ñ gf , ε : fg ñ 1y satisfying the familiar triangle identities.

Theorem 4.3.13. There is a model structure on the category Bicats of bicategories and
strict bifunctors such that:

1. Weak equivalences are the biequivalences,

2. Fibrations are the strict bifunctors with the equivalence lifting property.

Furthermore, the model structure is cofibrantly generated by the sets

I :“ t⊬Ñ 1,Σu,Σv,Σwu and J :“ t1Ñ E u

where ⊬ is the empty bicategory, 1 is the bicategory with a single object and no non-identity
2-cells, the functors u, v, w come from theorem 4.3.9, and the bifunctor in J picks the object
x.

When we analyze the set of generating cofibrations I we rediscover the generalized
algebraic theory of bicategories Bicat“:

• ⊬Ñ ⊮ $ Ob Type

• txu \ tyu txÑ yu x, y : Ob $ Hompx, yq
ř

u

• x y x y x, y : Ob, f, g : Hompx, yq $ Hompf, gqType
0

1

ř

v
0

1

• x y x y
0

1

ř

w
0

1

ÞÑ

#

x, y : Ob, f, g : Hompx, yq,
α, β : Hompf, gq $ Eqpα, βqType

Moreover, we can also introduce the composition and identity operations for arrows and
cells:

• Composition operation for arrows: x : Ob, y : Ob, z : Ob, f : Hompx, yq, g : Hompy, zq $
g ˝ f : Hompx, zq.

• Identity operator for arrows: x : Ob $ idx : Hompx, xq.
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• Vertical composition of cells: x, y : Ob, f, g, h : Hompx, yq, α : Hompf, gq, β : Hompg, hq $
β ˝ α : Hompf, hq.

• Horizontal composition of cells: x, y, z : Ob, f, g : Hompx, yq, h, k : Hompy, zq, α :
Hompf, gq, β : Homph, kq $ α ˚ β : Homph ˝ f, k ˝ gq.

• Identity operator for cells: x, y : Ob, f : Hompx, yq $ idf : Hompf, fq.

One can also attempt to list all the axioms that the above theory ought to satisfy, with
the risk of running out of space. We simply exemplify this with the associator:

w, x, y, z : Ob, f : Hompw, xq, g : Hompx, yq, h : Hompy, zq,
α : Hompph ˝ gq ˝ f, h ˝ pg ˝ fqq, β : Hompph ˝ pg ˝ fq, h ˝ gq ˝ fq

$ r : Eqpα ˝ β, idph˝pg˝fqq ^ s : Eqpβ ˝ α, idphp˝gq˝f q.

We also include the axioms for Eq, the same ones as for categories, that give us the
expected behaviour.

Remark 4.3.14. If we now try to obtain the associated theory 2Cat“ using the generating
cofibration of [45], we see that the resulting theory has similar types and operations as the
theory Bicat“ of bicategories. The notable differences is that we do not need associators
or unitors, but we need to include equations for the associativity and unitality of the com-
position of arrows and cells, and also the interchange law relating horizontal and vertical
composition of cells. All these axioms are the appropriate ones to obtain 2-categories as the
models of the theory 2Cat“.

Definition 4.3.15. Let C be a 2-category. An object x P C is bi-terminal if for all y P C
there is an equivalence of categories Cpy, xq – 1.

Note that f : aÑ b being an equivalence can be written as

Dh : Hompb, aq, Dη : Hompida, h ˝ fq, Dε : Homph ˝ f, idbq, isIsopηq ^ isIsopϵq,J.

Observe that the statement isIsopηq, which says that η : f ñ g is a natural isomorphism,
only involves equality of natural transformations:

isIsopηqq :“ Dϵ : Hompg, fq, s : Eqpϵ ˝ η, idf q ^ r : Eqpη ˝ ϵ, idgq,J.

We can then conclude that the notion of bi-terminal object is invariant.

Remark 4.3.16. Other natural, but somewhat different, higher categories to consider in this
progression are double categories. Fortunately, this question has been described in Paula
Verdugo’s PhD thesis [71]. In particular, she builds a model structure on double categories
where the fibrant objects are the equipments. The language for this model structure will
produce formulas that express properties of equipments. Therefore, we can use our invariance
theorems for this language of equipments. For the consequences of this, we refer to Ibidem.
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4.3.3 Bounded below chain complexes

In this section, examine the language of the projective model structure on bounded below
chain complexes ChpRq over a commutative ring R. We start by recalling some facts about
this model structure. The detailed proofs can be found elsewhere, e.g. [33].

Given an R-module M for each n P Z define SnpMq P ChpRq by

SnpMqk :“

#

M, k “ n

0, k ‰ n.

Similarly, DnpMq P ChpRq is defined as

Dn
pMqk :“

#

M, k “ n´ 1, n

0, otherwise.

where the only non-trivial differential dn : M Ñ M is the identity. Obviously, we get an
inclusion Sn´1pMq Ñ DnpMq.

These constructions induce functors Sn : R-ModÑ ChpRq and Dn : R-ModÑ ChpRq
for each n P Z. Both functors have right adjoint Zn : ChpRq Ñ R-Mod and Evn : ChpRq Ñ
R-Mod, respectively, where ZnX :“ Kerpdnq and EvnX :“ Xn.

In particular, when M “ R the chains above are denoted by Sn and Dn, respectively.
We can define the sets

I :“ tSn´1
Ñ Dn

|n P Zu and J :“ t0Ñ Dn
|n P Zu.

All constructions above work on unbounded chain complexes too. In the next result
we restrict to bounded below chains, i.e., n ě 0, By definition pD0q´1 “ 0, so that S0 “

D0. With this information, what we need to know about the projective model structure is
summarized in the following:

Theorem 4.3.17. The category of chain complexes ChpRq admits a model structure where:

1. Weak equivalences are the quasi-isomorphisms

2. Fibrations are the degree-wise epimorphisms.

3. Cofibrations are the degree-wise monomorphims with projective cokernel.

Furthermore, this model structure is proper, cofibrantly generated and combinatorial. Cofi-
brations and trivial cofibrations are generated by I and J , respectively.

The cofibrant objects in the mode structure from theorem 4.3.17 are complexes such that
each R-module is projective. However, this is not the case for unbounded chain complexes,
where not every chain complex with projective modules is cofibrant. Nevertheless, in both
cases, all objects are fibrant.
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Remark 4.3.18. Using the adjunction Sn % Zn, for any chain complex X, a map Sn Ñ X
is simply a map RÑ ZnX of R-modules. And from Dn % Evn, a map Dn Ñ X corresponds
to y P Xn. Therefore, a commutative square

Sn´1 X

Dn Y

x

in f

Y

means that x P Zn´1X Ď Xn´1 i.e., dn´1x “ 0 and that fx “ y P Yn. Therefore taking a
pushout simply means we freely add pn´ 1q-cycles to Xn´1 with a specified boundary.

The first element i.e., n “ 0, of the set I is the cofibration

0 0 0 0 ¨ ¨ ¨

D0 0 R 0 ¨ ¨ ¨

i0

For any n ě 1 we have cofibrations in

Sn´1 0 ¨ ¨ ¨ R 0 0 ¨ ¨ ¨

Dn 0 ¨ ¨ ¨ R R 0 ¨ ¨ ¨

in 1R

1R

We then see immediately that I has a natural, well-founded, order, where we can set i0
to be the minimal element of the set.

From theorem 4.3.18, we get cycles y P Xn and for each x P Xn´1 such that dx “ 0
and Cnpxq :“ ty P Xn|dy “ xu, this is for each generating cofibration in : Sn´1 Ñ Dn. This
tells us that the ω-generalized algebraic theory has types Cnpxq for n ě 1. We sum up the
discussion in the following table:

i0 : 0Ñ D0 ÞÑ $ C0 Type

in : Sn´1 Ñ Dn ÞÑ x : Cn´1p0q $ CnpxqType

for n ě 1. Note that differential is already included in the information that define the types
Cnpxq. We should also add, not included in the table, “+” operations on each type Cnpxq,
and axioms, that ensure is an abelian group:

a : Cnpxq, b : Cnpyq $ a` b : Cnpx` yq.

Observation 4.3.19. It is important to note that in the theory we do not have equality
between chains. The only possibility is to consider Cnpxq for x : Cn´1p0q. However, this is
enough to speak about chains satisfying a boundary condition x´ y “ dnz which is written
in our language as

Dz : Cnpx´ yq,J.
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4.3.4 Unbounded chain complexes

When we work with unbounded chain complexes, with the obvious modifications, theo-
rem 4.3.17 becomes:

Theorem 4.3.20. The category of chain complexes ChpRq admits a model structure where:

1. Weak equivalences are the quasi-isomorphisms

2. Fibrations are the degree-wise epimorphisms.

3. Cofibrations are the retracts of monomorphims with projective cokernel.

Furthermore, this model structure is proper, cofibrantly generated and combinatorial. Cofi-
brations and trivial cofibrations are generated by I and J , respectively.

Unlike the case for bounded chains, the cofibrations, or I, is not well-founded. However,
we can obtain a new generating set of cofibrations following theorem 4.3.6. We consider the
new set I 1 :“ I Y t0 Ñ Sn|n P Zu. Note that since 0 Ñ Sn is a cofibration, we are not
altering the model structure. The resulting theory is similar to the bounded case, we now
must have the following association:

0Ñ Sn ÞÑ $ Zn Type

in : Sn´1 Ñ Dn ÞÑ x : Zn´1 $ CnpxqType

for n P Z.

Again, we need to add some non-type axioms. For example, we need each Zn to contain
an element 0, and Cnp0q “ Zn, then each Cn has an abelian group structure as in the case
of bounded complexes.

4.3.5 Topological spaces

Here we recall the Quillen model structure on the category of topological spaces Top [55].
Recall that a map f : X Ñ Y P Top is a weak homotopy equivalence if for all x P X and
n ě 1 the induced map f˚ : πnpX, xq Ñ πnpY, fpxqq is an isomorphism of groups and for
n “ 0 is a bijection. Additionally, the map f is a Serre fibration if for any CW -complex W
the following square has a diagonal filler:

Aˆ t0u X

Aˆ r0, 1s Y.

f

Theorem 4.3.21. The category Top has a model category structure such that:
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1. Weak equivalences are the weak homotopy equivalences.

2. fibrations are the Serre fibrations.

3. Cofibrations are the maps with the left lifting property against trivial fibrations.

Moreover, this model structure is cofibrantly generated. The generating cofibrations is the
set of boundary inclusions tSn´1 Ñ Dn|n P Nu. The set tDn Ñ Dnˆ r0, 1s|n P Nu generates
trivial cofibrations.

We can immediately write some of the relevant type axiom of the resulting theory:

• $ 0-CW Type.

• x, y : 0-CW $ 1-CWpx, yqType.

• x : 0-CW, γ : 1-CWpx, xq $ 2-CWpx, γqType.

•
...

Note that the language associated to the model structure allow us to express properties
of topological spaces without relying on a specific set of axioms. However, this presents a
limitation coming from the fact that we do not have an equality type. It is a classic result
that there is no finitary presentation of a topological space. But in our setting, when X is
a CW-complex i.e., it is obtained as an iterated pushout of cells, then a continuous map
Dn Ñ X can be written in the language above.

Example 4.3.22. We can not write the formula

Dx : 0-CW @y : 0-CW, x “ y.

The only possibility is to write

@x, y : 0-CW Dα : 1-CWpx, yq,J

which simply says that a space is path-connected. Moreover, we can not say that two paths
α, β : 1-CWpx, xq are homotopic in the usual sense, only that there exists σ : 2-CWpx, α, βq.

4.3.6 Kan complexes and quasi-categories

In this section, we analyze two very well-known model structures on the category of simplicial
sets sSet; the Kan–Quillen and the Joyal model structures. One interesting feature is that
we obtain the same theory for both models, but under the light of theorem 4.2.44 meaningful
statements are delimited by the fibrant objects. In the first model we are interested in Kan
complexes, while in the second model in the quasi-categories. The first model appears in
[55] and the second in [37]. These are the first references one can find, but the literature is
ample for both models.
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Recall that a map f : X Ñ Y between simplicial sets is a Kan fibration if it has the
right lifting property for all horn inclusions, i.e., the solid diagram below a diagonal filler

Λkrns X

∆rns Y

f

for all 0 ď k ď n P N. The simplicial set X is a Kan complex if the unique map to the
terminal presheaf is a Kan fibration. This is the result from [55]:

Theorem 4.3.23. The category of simplicial sets sSet carries a model structure in which:

1. Weak equivalences are maps f : X Ñ Y whose geometric realization |f | : |X| Ñ |Y |
is a weak homotopy equivalence in the category of topological spaces Top. These are
called Kan equivalences.

2. Fibrations are the Kan fibrations.

3. Cofibrations are the monomorphisms.

The class of cofibrations is generated by I :“ tBn ãÑ ∆rns|n P Nu and trivial cofibrations are
generated by J :“ tΛkrns Ñ ∆rns|n P N and 0 ď k ď nu.

Similarly, a map f : X Ñ Y between simplicial sets is an inner Kan fibration if it has
the right lifting property for all inner horn inclusions, i.e., the solid diagram below a diagonal
filler

Λkrns X

∆rns Y

f

for all 0 ă k ă n P N. The simplicial set X is a quasi-category if the unique map to the
terminal presheaf is an inner Kan fibration. This is the result from [37]:

Theorem 4.3.24. The category of simplicial sets sSet carries a model structure in which:

1. Weak equivalences are the weak categorical equivalences.

2. Fibrations are the inner Kan fibrations.

3. Cofibrations are the monomorphisms.

The class of cofibrations is generated by I :“ tB∆rns ãÑ ∆rns|n P Nu, the set of boundary
inclusions.

Notice that both model structures have the same class of generating cofibrations. Hence,
we expect that they have the same theories. We get a type for each cofibration in I. The
first elements in this list of types are:
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• $ 0-simplex Type.

• σ0, σ1 : 0-simplex $ 1-simplexpσ0, σ1qType.

• σ0, σ1, σ2 : 0-simplex, σ01 : 1-simplexpσ0, σ1q, σ12 : 1-simplexpσ1, σ2q, σ02 : 1-simplexpσ0, σ2q $
2-simplexpσ0, σ1, σ2, σ01, σ12, σ02qType.

•
...

The picture we should have in mind on the dependency of types is the usual one about
simplices. A 1-simplex depend on two 0-simplicies, a 2-simplex consist of three 0-simplicies
and three 1-simplicies and so forth.

One can see that the faces of an n-simplex are obtained via the dependencies, or context
in which is defined. However, we can still adopt the usual notation for faces. Specifically,
for each n P N one has the faces dipσ0123...pi´1qipi`1q...nq :“ σ0123...pi´1qpi`1q...n is the pn ´ 1q-
simplex “opposite” to the i-th vertex of σ012...n. This simplex is already defined, and it used
in the construction of σ012...n. We emphasize that this is not part of the theory, but just a
convenient and familiar shortcut.

The degeneracy operator is part of the theory and needs to be introduced:

σ0123...pi´1qipi`1q...n : n-simplex $ sipσ0123...pi´1qipi`1q...nq : pn` 1q-simplex

where sipσ0123...pi´1qipi`1q...nq :“ σ0123...pi´1qîpi`1q...n is the pn`1q-simplex that contains σ0123...pi´1qipi`1q...n

as its i-th and pi` 1q-faces. We have one of such operations for 0 ď i ď n. The way we have
introduced this operation is not completely correct as we are missing the dependencies for
n-simplex and pn` 1q-simplex and the context, nevertheless we can infer them. For example:

x, y : 0-simplex, f : 1-simplexpx, yq $ s1pfq : 2-simplexpx, y, y, f, s0pyq, fq

where s0pyq is the degeneracy of y or the “identity of y” and is constructed previously.

We also expect the simplicial identities to be satisfied. However, we do not need to
postulate all of them as axioms of the theory since some of them are given via dependencies
or by operation typing. The only equation we postulate is sisj “ sj`1si for i ď j. On the
one hand, the usual equation didj “ dj´1di for i ă j only involves faces, therefore everything
is encoded in the dependency. On the other hand, the equation

disj “

$

’

&

’

%

sj´1di, i ă j

Id, i “ j, j ` 1

sjdi´1, i ą j ` 1

is valid from the definition of degeneracies and dependency of the faces. As we anticipated,
the only way to tell apart which formulas are meaningful is through the fibrant objects,
quasi-categories and Kan complexes, respectively.
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Example 4.3.25. A Kan complex X is contractible if is weakly homotopy equivalent to 1.
This is just to say that for any n ě 0 we can find a lift

B∆n X

∆n 1

which expresses the fact that the unique map X Ñ 1 is a weak homotopy equivalence. Note
that X must satisfy an infinite number of conditions:

• For n “ 0 says: Dσ0 : 0-simplex,

• For n “ 1 says: @σ0, σ1 : 0-simplex, Dσ01 : 1-simplexpσ0, σ1q,

• For n “ 2 says:

@σ0, σ1 : 0-simplexσ01 : 1-simplexpσ0, σ1q, σ12 : 1-simplexpσ1, σ2q,
σ02 : 1-simplexpσ0, σ2q, Dσ012 : 2-simplexpσ0, σ1, σ2, σ01, σ12, σ02q.

One continues unpacking the conditions and take the infinite conjunction of the formulas.

Alternatively, we can note that the domain of a trivial cofibration in : B∆n ãÑ ∆n

give us the context, or hypotheses, of the statement. In this case, the codomain gives us
the type where the conclusion holds. If we accept this, let us write, t P LsSetpB∆nq for a
term (formula) which expresses a property in the context B∆n, similarly t1 P LsSetp∆nq for a
formula in the context ∆n. With this convention, we do not have to use the theory explicitly.
When we apply the quantifiers, universal or existential, we move these formulas to LsSetpHq

and ask whether a fibrant object satisfies the resulting formula. For J P LsSetp∆nq then for
in : B∆n ãÑ ∆n and jn :HÑ B∆n we get maps

Din : LsSet
p∆n

q Ñ LsSet
pB∆n

q and @jn : LsSet
pB∆n

q Ñ LsSet
pHq,

and thus the formula @jnDinJ : LsSetpHq would say that a Kan complex satisfies the corre-
sponding lifting problem. For a Kan complex to be contractible, it needs to satisfy formulas
for all n P N. Therefore,

isContrpXq :“ pX $
ľ

nPN

@jnDinJq.

We are now convinced that contractibility can be written in the language we just de-
scribed. Theorem 4.3.25 indicates that we might not need to get an explicit syntax from the
generating set of cofibrations. Instead, we might just quantify over the required cofibrations.
The main reason this is preferable over the syntax is that in general such syntax is compli-
cated to write, see for example section 4.3.8. The previous example shows that we might
prefer to choose simplifications that make our sentences easier to read. This is specially true
for contexts like the ones covered in the following section.
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4.3.7 Reedy languages

The purpose of this subsection is to describe the language for the category MKop where K
is a Reedy category and M is a model category whose language we know. This encompasses
some of the previous examples and opens the door to further applications.

Recall that if M is a cofibrantly generated model category whose cofibrations are gen-
erated by a well-founded set of cofibrations I then for each cofibration A ãÑ B P I we can
associate a type introduction axiom Ā $ B̄ Type, where Ā is a well-formed context previously
constructed.

Let K be a Reedy category with degree function deg : K Ñ ω. This restriction is
artificial since we could consider more general Reedy categories, however, for the examples
this construction is aimed at, this is enough. The objects of K have a well-founded order
relation induced by the degree function.

Construction 4.3.26. Let Bよk be the latching object of the representable functorよk and
dk : Bよk Ñよk the induced map. There is a bifunctor

b : SetK
op
ˆMÑMKop

defined by pAbXqk :“
š

Ak
X. Let I be as above, given i : X Ñ Y P I and k P K we apply

the usual Leibniz construction and obtain the dashed arrow below

Bよk bX よk bX

Bよk b Y Bよk b Y
š

BよkbXよk bX

よk b Y.

dkb̂i

We now consider the set of maps K b̂ I :“ tdk b̂ i|k P K, i P Iu. By identifying each
map dk b̂ i P K b̂ I with a pair pk, iq, we see that K b̂ I is also a well-founded relation,
which we denote by ďb. Here the relation is defined entry by entry i.e., pk1, i1q ďb pk, iq if
and only if degpk1q ď degpkq and i1 ďI i, where ďI is the well-founded relation on I.

The previous construction is further justified by [8, Proposition 2.3.22] for premodel
categories, but a similar description is abundant in the literature for Quillen model categories.

Proposition 4.3.27. The Reedy weak factorization system on MKop is generated by K b̂I,
and therefore the Reedy model category structure on MKop is combinatorial whenever M is
combinatorial.

A useful result we can have in mind is the following:

Lemma 4.3.28. Given any i : AÑ B PM, a morphism f : X Ñ Y PMKop has the lifting
property with respect to dk b̂ i if and only if f̂

k
: Xk Ñ Yk ˆMkY MkX has the right lifting

property with respect to i.
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Proof. As written, this is [8, Lemma 2.3.21], but it is also a classical result found in [33].

Remark 4.3.29. The matching objects in theorem 4.3.28 are computed with respect to the
Reedy structure of Kop. This means that the relevant diagram in MkX in given by maps in
pKopq´ “ K`.

Observation 4.3.30. Many models for higher categories are built starting with presheaves
over a Reedy category. Then to obtain the desired model one takes a left Bousfield local-
ization for an appropriate class of maps. Importantly, this localization does not change the
generating cofibrations. This is just to say that the language of MKop remains unchanged
after localization.

The cofibrations for the Reedy model structure are usually rather complicated, we can
sometimes proceed as in theorem 4.3.25. This is, if Γ1 ãÑ Γ is a generating cofibration then we
might simply consider a formula ϕ1 P LMKop

pΓ1q or ϕ P LMKop

pΓq with no explicit description
of the type associated to the cofibration.

As an interesting case, in the following section we examine the Reedy language for Segal
spaces. However, the construction applies to any other model category constructed similarly.

4.3.8 Segal spaces

We denote ssSet :“ r∆op, sSets “ r∆op ˆ ∆op,Sets the category of simplicial spaces, or
bisimplicial sets. This category has two model structures that are obtained as left Bousfield
localizations of the Reedy model structure. For both of these localizations, we use the
Kan–Quillen model structure from the previous section. Recall that this model structure is
cofibrantly generated. The set of generating cofibrations are the boundary inclusions. We
will use the following facts and notation.

• There is an adjunction of two variables l : sSetˆsSetÑ ssSet defined as pXlY qmn :“
Xm ˆ Yn for each m,n P N. This is called the box product.

• sSet can be seen as vertically embedded into ssSet. If X P sSet, then it can be seen as
a simplicial space Xl∆r0s. There is also a horizontal embedding by setting ∆r0slX.

• For rms P ∆ we write F pnq :“ ∆rnsl∆r0s and BF pnq :“ B∆rnsl∆r0s.

• The simplicial spaces F pnq represent the n-th mapping space functors, respectively
MappF pnq, Xq “ Xn.

There is map ι : F p1q
š

F p0q
¨ ¨ ¨

š

F p0q
F p1q Ñ F pnq, where the colimit on left has n

factors. The following two model category structures were constructed by Rezk [59].

Theorem 4.3.31. The category admits a unique simplicial model category structure such
that:

1. The cofibrations are the monomorphisms.
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2. Fibrant objects are simplicial spaces X such that the map

Xn Ñ X1 ˆX0 ¨ ¨ ¨ ˆX0 X1

induced by ι is a Kan equivalence. These objects are called Segal spaces.

3. The weak equivalences are the maps f : X Ñ Y P ssSet such that

Mappf,W q :MappY,W q ÑMappX,W q

is a Kan equivalence for every Segal space W .

4. A map f : X Ñ Y between Segal spaces is a fibration (weak equivalence) if and only
if is a Reedy fibration (Reedy weak equivalence).

Recall that J denotes the category with two objects and two arrows that are mutually
inverses. It is usual to denote by Ep1q to the Segal space which is obtained by considering
the nerve NJ as a discrete simplicial space. This produces a map F p1q Ñ Ep1q.

Theorem 4.3.32. The category admits a unique simplicial model category structure such
that:

1. The cofibrations are the monomorphisms.

2. Fibrant objects are Segal spaces X such that the map

MappEp1q, Xq ÑMappF p0q, Xq

is a Kan equivalence. These objects are called complete Segal spaces.

3. The weak equivalences are the maps f : X Ñ Y P ssSet such that

Mappf,W q :MappY,W q ÑMappX,W q

is a Kan equivalence for every complete Segal space W .

4. A map f : X Ñ Y between complete Segal spaces is a fibration (weak equivalence) if
and only if is a Reedy fibration (Reedy weak equivalence).

These models are cofibrantly generated. The set of generating cofibrations can be de-
scribed using the box product [40, Proposition 2.2]. This set is given by Î :“ tdml̂dn|m,n P
Nu. Explicitly a map in Î is of the form

dml̂dn : B∆rmsl∆rns
ž

B∆rmslB∆rns

∆rmslB∆rns Ñ ∆rmsl∆rns
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We can obtain the generalized algebraic theory for (complete) Segal space. The domains of
these maps provide the context in which a new type is formed. To get a sense of the theory,
consider the following picture of a bisimplicial set X:

X00 X01 . . .

X10 X11

...

...

The arrows indicate the degeneracy and face maps. Now we go back to consider the maps
dmldn. When m “ n “ 0 then we simply get a map H Ñ ∆r0sl∆r0s, and allow us to
introduce the type

$ -space00 Type.

When n “ 0 the resulting subset of maps is of the form

dml̂∆r0s : B∆rmsl∆r0s Ñ ∆rmsl∆r0s.

In this setting, since for m “ 0 we obtain the previous cofibration H Ñ 1, for each m ě 1
we can write the following types:

• x, y : -space00 $ -space10px, yqType.

• x, y, z : -space00, f : -space10px, yq, g : -space10py, zq, h : -space10px, zq $ -space20px, y, z, f, g, hq.

•
...

When m “ 0 we obtain the theory of the categorical direction. Now suppose that m “ 1 “ n,
then resulting generating cofibration is the map

d1l̂d1 : B∆r1sl∆r1s
ž

B∆r1slB∆r1s

∆r1slB∆r1s Ñ ∆r1sl∆r1s

From here we see that the type associated to this map has the following form:

x0, x1, x2, x3 : -space00, f01 : -space01px0, x1q, f23 : -space01px2, x3q, f02 : -space10px0, x2q,
f13 : -space10px1, x3q $ -space11px0, x1, x2, x3, f01, f23, f02, f13q.

We think of this new type as the type of squares where the solid boundary is the given
context

f01

f02 f13

f23

x0 x1

x2 x3
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For differentm,n the context are simply more involved, but the dependencies can be inferred.
Note we still need to add the degeneracy operators satisfying the usual axioms. We can see
that as we build more complex contexts, it will be computationally difficult to obtain an
explicit description of the types. We might instead proceed as in theorem 4.3.25.

Example 4.3.33. Two elements x, y : -space00 are said to be homotopic if there exists
α : -space10px, yq. Such sentence only involves types in the language of Segal spaces. In
contrast to topological spaces, we can express the fact that two maps are homotopic.

Remark 4.3.34. Note in particular that the language of spaces or Kan complexes is available
for us to use. This in combination with our construction in section 4.3.7 allow us to realize
many properties of (complete) Segal spaces, for example the ones found in [57], are written
in this language.

4.3.9 Functors and Isofibrations

We denote r1s :“ t0Ñ 1u the category with two objects and single non-identity arrow. This
category can be viewed as a Reedy category in two ways. The first one respects the direction
of the arrow, so we take r1s` to be the non-identity map. While for the second we take the
same map to be in r1s´. Recall that if K is a Reedy category then Kop is also a Reedy
category where pKopq` “ K´ and pKopq´ “ K`. In order to match the computations of
theorem 4.3.26, we use the same notation as there. By which we mean that for a model
category C we use Cpr1s`qop and Cpr1s´qop with the corresponding Reedy model structures,
ignoring the fact that Cpr1s`qop “ Cr1s´ and Cpr1s´qop “ Cr1s` .

Proposition 4.3.35. The Reedy model structure on Cpr1s´qop

Reedy coincides with the projective
model structure. In particular, weak equivalences and fibrations are the level-wise weak
equivalences and fibrations in C.

Proof. This is a classical and well-known a result.

We are interested in the particular case of C “ Cat. It is immediate to see that all
objects are fibrant. The language we obtain should be the language for functors. Since
Cat is cofibrantly generated by I “ t0 u

Ñ 1, t0u \ t1u
v
Ñ 2, P

w
Ñ 2u we have that r1s b̂ I

generates Cpr1s´qop

Reedy , by theorem 4.3.26. This gives us the set of maps

td0 b̂ u, d0 b̂ v, d0 b̂ w, d1 b̂ u, d1 b̂ v, d1 b̂ wu.

To explain what it means for a map f : X Ñ Y to have the lifting property against these
cofibration we can use theorem 4.3.28, for which we need the matching objects. We observe
from theorem 4.3.29 that M0X “ 1 “M1X since pr1s´q` has no non-identity maps, and the
same applies to Y . Therefore, for i P I and k “ 0, 1 we have pdk b̂ iq&f in Catr1s

op
´ if and
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only if i&f̂
k
, but f̂

k
is either X0 Ñ Y0 or X1 Ñ Y1. Diagrammatically we have:

Bよk b b
š

Bよkbaよk b a X a Xk

よk b b Y b Yk

dkb̂i f i f̂
k

Specializing to Y “ 1, it gives us an idea of how types are introduced:

0 Xk t0u \ t1u Xk P Xk

1 2 2

u v w

for k “ 0, 1. This means that we introduce objects, arrows between two objects and equal-
ity between arrows to X0 or X1. This indicates that corresponding generating cofibration
produce the following type axioms:

$ X0 Type a, b : X0 $ X0pa, bqType a, b : X0, f, g : X0pa, bq $ f “X0 g Type

$ X1 Type a, b : Xk $ Xkpa, bqType a, b : X1, f, g : Xkpa, bq $ f “Xk g Type

and we introduce the operation symbol for the functor as an operation

a : X0 $ Fa : X1 f : X0pa, bq $ Ff : X1pFa, Fbq

On top of it, we add the usual axioms that ensure we have the expected behaviour with
respect to the identity and composition operations. Let us call denote this language by
LFun.

Now we examine the language for the other model structure.

Proposition 4.3.36. The Reedy model structure on Cpr1s`qop

Reedy coincides with the injective
model structure. In particular, weak equivalences and cofibrations are the level-wise weak
equivalences and cofibrations in C.

Proof. The result is folklore.

We find that fibrant objects are those such that X0 Ñ X1 is an isofibration. Therefore,
the language in this case refers to isofibrations. Again, this model structure has generating
cofibrations

td0 b̂ u, d0 b̂ v, d0 b̂ w, d1 b̂ u, d1 b̂ v, d1 b̂ wu.

Next, observe that Bよ0 “ 0 and Bよ1 “ よ0. We have the maps d0 : 0 Ñ よ0 and
d1 :よ0 Ñよ1. Therefore, if i : aÑ b P I, then this give us the following cofibrations

• よ0 b aÑよ0 b b,
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• よ1 b a
š

よ0baよ0 b bÑよ1 b b.

The map よ0 b aÑよ0 b b for i P I corresponds to the following type introduction:

$ X0 Type x, y : X0 $ X0px, yqType x, y : X0, f, g : X0px, yq $ f “X0 g Type

which we can think of as a category. The analysis of the second map is more intricate. Let us
denote the evaluation of the representables by よk0 and よk1 for k “ 0, 1, and for simplicity
we keep the ‘b1 symbol. Evaluating the cofibration よ1b a

š

よ0baよ0b bÑよ1b b at r1sop`

give us the square,

よ11 b a
š

よ10baよ10 b b よ01 b a
š

よ00baよ00 b b

よ11 b b よ01 b b,

where the horizontal arrows are induced by the diagram r1sop` . This simplifies to

a a
š

a b

b b,

which we now compute for i P I, so the pictures take the following form:

0 1 t0u \ t1u 2 P 2

1 1 2 2 2 2.

From the above we deduce that the type axioms introduced by these cofibrations take,
respectively, the following form:

x : X0 $ X1pxqType,

x, y : X0, f : X0px, yq, a : X1pxq, b : X1pyq $ X1pa, b, fqType,

x, y : X0, f : X0px, yq, a : X1pxq, b : X1pyq, j, k : X1pa, b, fq $ j “X1pa,b,fq kType.

Unlike the language for functors LFun, here we do not need a symbol for F : X0 Ñ X1. We
denote this language for isofibrations as LIso.

For the observation below, it will be useful to remember that given a functor F : X Ñ Y ,
an arrow f : x Ñ y P X is cartesian if for any h : x1 Ñ y and w : F px1q Ñ F pxq with
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F pfq ˝ w “ F phq, there exists a unique u : x1 Ñ x such that f ˝ u “ h. The following
diagram illustrates this definition:

X x1

x y

Fx1

Y Fx Fy

F

D!u

@h

f

@w

Fh

Ff

A Grothendieck fibration is a functor F : X Ñ Y such that for any y P Y and f : aÑ F pyq,
there exists a cartesian arrow ϕf : f

˚y Ñ y such that F pϕf q “ f . The functor F : X Ñ Y is
a Street fibration if for any y P Y and f : aÑ F pyq, there exists a cartesian arrow f̂ : eÑ y
and an isomorphism F peq – a that makes the resulting triangle commutative.

Remark 4.3.37. It is a classical result that Grothendieck fibration is the same as a Street
fibration which is also an isofibration. On the one hand, note that a Grothendieck fibration
can be written in the language LIso of isofibrations, but not in LFun of functors since it
contains an equality between objects, such equality of is salvaged in LIso thanks to the
dependencies. On the other hand, a Street fibration is a formula in LFun. We also know that
the two Reedy model structures on the category Catr1s are Quillen equivalent. The above
result can also be automatically obtained as an elementary application of 4th invariance
theorem, whose proof is the heart of the next section.

4.4 Language invariance under Quillen equivalences

4.4.1 The third and fourth invariance theorem

The main goal of this section is to show two more invariance property of the first order
language from section 4.2.4 that we can phrase informally4 as:

1. 3rd invariance theorem: If two cofibrant objects X and Y are equivalent then any
formula in context X can be translated into a formula in context Y .

2. 4th invariance theorem: If two (weak) model categories M and N are Quillen equiva-
lents, then any formula in the language of M can be translated into a formula in the
language of N .

These “translations” are equivalent to the original formula in the sense that they inter-
preted in the same way in any fibrant model, but they might not be equivalent in the more
syntactic sense introduced in theorem 4.2.11. More precisely, we introduce the following
equivalence relation on formulas:

4The precise statement is just below as theorem 4.4.2.
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Definition 4.4.1. Let A be a cofibrant object of M. Two formulas ϕ, ψ P LM
λ pAq are said

to be semantically equivalent if for all fibrant objects X PM we have |ϕ|X “ |ψ|X . In this
situation we write ϕ « ψ.

We define hLM
λ pAq to be the quotient of LM

λ pAq by the relation «. We easily check that
this is still a Boolean algebra.

By definition of « we have that for ϕ, ψ P LM
λ pΓq, then ϕ « ψ, if and only if all maps

v : ΓÑ X with X fibrant.
Γ $ ϕpvq ô Γ $ ψpvq

We can now state our theorems.

Theorem 4.4.2.

• 3rd invariance theorem: Let A,B P M two cofibrant objects of a weak Quillen
model category M and f : A Ñ B a weak equivalence between them. Then the map
f˚ : LλpBq Ñ LλpAq induces a bijection

hLλpBq » hLλpAq.

• 4th invariance theorem: If F : M Ñ N is a left Quillen equivalence between two
weak model categories, then for any cofibrant object A PM the induced map

hLFA : hLM
λ pAq Ñ hLN

λ pFAq

from theorem 4.4.5 is an isomorphism.

Remark 4.4.3. Note that if F : M Õ N : G a Quillen equivalence between weak model
categories and B is a cofibrant object of N which his not of the form F pAq for A PM then
one can still use the 4th invariance theorem to transfers formula in hLpBq to a formula in M
by first finding an object of the form F pAq which is homotopically equivalent to B, which is
always possible as F is a Quillen equivalence, and first transferring our formula ϕ P hLpBq
to a formula in hLpF pAqq using the 3rd invariance theorem.

Observation 4.4.4. For any cofibrant object Γ P M, ϕ, ψ P LM
λ pΓq we defined ϕ « ψ if

and only if |ϕ|X “ |ψ|X for all fibrant objects. However, note that if we take a cofibrant
replacementXCof ofX, then by theorem 4.2.44 (2nd invariance theorem) we have, X $ ϕpfvq

if and only if XCof $ ϕpvq where f : XCof „

↠ X and v : ΓÑ XCof.

Therefore, when testing the relation «, it is enough to use bifibrant objects. More
precisely, define ϕ «b ψ if |ϕ|X “ |ψ|X for any bifibrant object X. Then

ϕ « ψ if and only if ϕ «b ψ.

We now explain the construction of the map hLFA : hLM
λ pAq Ñ hLN

λ pFAq mentioned
in the 4th invariance theorem.
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Construction 4.4.5. The map hLFA in the 4th invariance theorem is the map coming from
LFA : LM

λ pAq Ñ LN
λ pFAq constructed in theorem 4.2.46. It just comes from the fact that

LM
λ pAq is an initial object. Recall that it satisfies the formula:

GpXq $ ϕpvq ô X $ F pϕqpṽq.

for any object X P D, and cofibrant object C P C, any map v : C Ñ GpXq corresponding to
ṽ : F pCq Ñ X, and ϕ P LC

λ.

This immediately imply the following proposition that shows that the map hLA men-
tioned in the 4th invariance theorem is well-defined.

Proposition 4.4.6. For any left Quillen adjunction F : M Ô N : G and A PM a cofibrant
object, the map F : LλpAq Ñ LλpFAq is compatible to the relation « and induce a morphism
of λ-boolean algebra

F : hLλpAq Ñ hLλpFAq.

Proof. If ϕ and ψ are semantically equivalent formulas in LλpAq, then for any fibrant object
X P N , and maps ṽ : FAÑ X corresponding to v : AÑ GX we have

X $ F pϕqpṽq ô GpXq $ ϕpvq ô GpXq $ ψpvq ô X $ F pψqpṽq

which shows that F pϕq « F pψq and concludes the proof.

We are now ready prove the 3rd invariance theorem. We start with a special case:

Lemma 4.4.7. Let Γ,Γ1 P MCof and π : Γ
„

ãÑ Γ1 be a core trivial cofibration, then the
induced map hLM

λ pΓq Ñ hLM
λ pΓ

1q is an isomorphism of λ-boolean algebras.

Proof. Assume that π : Γ
„

ãÑ Γ1 is a core trivial cofibration. Since to define the language of
M we take the κ-clan pMCofqop, when constructing the language we get a covariant functor
MCof Ñ Boolλ. Therefore, we obtain a map π˚ : LM

λ pΓq Ñ LM
λ pΓ

1q and its left adjoint
Dπ : LM

λ pΓ
1q Ñ LM

λ pΓq, that furthermore descends to the adjoint pair hDπ : hLM
λ pΓ

1q Õ

hLM
λ pΓq : hπ

˚ between the λ-boolean algebras.

We claim that hDπ is the inverse for hπ˚. It is enough to show that for any ϕ : LM
λ pΓq

and ψ P LM
λ pΓ

1q we have Dππ˚pϕq « ϕ and π˚Dπpϕq « ϕ.

Firstly, let X P MFib be a fibrant object and x : Γ Ñ X. Note that x P |Dπψ|X Ď

homMpΓ, Xq if an only there exists x1 : Γ1 Ñ X such that x1 P |ψ|X Ď homMpΓ
1, Xq and

that makes the following triangle commutative:

Γ X

Γ1.

x

π „
x1
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Since X is fibrant, the map x1 always exists. Such x1 is not necessarily unique, however, in
a situation in which we have two arrows

Γ X

Γ1

x

π „
y

z

that make the triangle commutative, then using that π is a trivial cofibration we see that y
and z are homotopic. By the first invariant theorem (theorem 4.2.44) we have y P |ψ|X if
and only if z P |ψ|X . Therefore, the existence of x1 P |ψ|X is independent of choices.

From here, the result is immediate: x P |Dππ˚ϕ|X if and only if there exists x1 : Γ1 Ñ X
such that x1π “ x such that X $ ϕpπ˚x1q i.e., if and only x P |ϕ|X . This shows that
|Dππ

˚ϕ|X “ |ϕ|X for any fibrant object. Conversely, for y : Γ1 Ñ X we have y P |π˚Dπψ| if
and only if there exists z : Γ1 Ñ X such that zπ “ yπ and X $ ψpzq, which is equivalent to
y P |ψ|X , showing that |Dππ˚ψ|X “ |ψ|X . This concludes the proof that hDπ is the inverse
for hπ˚.

We can now ready to prove the 3rd invariance theorem:

Proof of the 3rd invariance theorem: The idea is to use theorem 4.4.7 together with
Brown’s factorization lemma from [15], or rather an adaptation of it to the setting of weak
model structures that we present now. If f : X Ñ Y is a weak equivalence between cofibrant
objects in a weak model category, In general we cannot form a cylinder object for X, but
instead a “weak cylinder” for X, that is a diagram:

X
š

X X

IX DX,

∇

„

„

we then take the pushout of this whole diagram by the map X Ñ Y , using either of the two
canonical maps X Ñ X

š

X:

X
š

Y Y

IX
š

X Y DX
š

X Y

pid,fq

„

„

(4.4.1)

and by precomposing with the coproduct inclusion X Ñ X
š

Y , we obtain a diagram:

X Y

IX
š

X Y DX
š

X Y

f

„

„
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three of the four maps here are weak equivalence, so it follows by 2-out-of-3 that the left
vertical map is also a weak equivalence, hence a trivial cofibration. Applying hL we obtain
a diagram:

hLpXq hLpY q

hL pIX
š

X Y q hL pDX
š

X Y q

f˚

The two vertical arrows are bijections because of theorem 4.4.7, so in order to show that f˚

is a bijection, it is enough to show that the bottom map is a bijection.

This bottom horizontal map fit into a commutative diagram:

Y

IX
š

X Y DX
š

X Y,

„
„

„

where the arrow Y Ñ IX
š

X Y is obtained as the pushout:

X Y

IX IX
š

X Y

„

x
„

Applying the hL functor, we get a triangle:

hL pY q

hL pIX
š

X Y q hL pDX
š

X Y q

the two vertical and diagonal arrows are bijections because of theorem 4.4.7, and so the
third, horizontal, arrows also is, which concludes the proof.

We can also, show that the injectivity part of the 4th invariance theorem.

Lemma 4.4.8. Let F : M Õ N : G a Quillen equivalence. Then, for any cofibrant object
Γ PM, the induced map hLFΓ : hLM

λ pΓq Ñ hLN
λ pFΓq is injective.

Proof. Let ϕ and ψ be formulas in LM
λ pΓq such that F pϕq « F pψq i.e., F pϕq and F pψq are

equal in hLN
λ pFΓq. We must show that ψ « ϕ. Alternatively, by theorem 4.4.4 we can show

that ψ «b ϕ. The Quillen equivalence induces an equivalence between homotopy categories
HopGq : HopNBifq Ñ HopMBifq. Hence, there is a bifibrant object Y P N such that GY is
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isomorphic to X in HopMBifq. Given any x : ΓÑ X, denote by y : ΓÑ GY any map such
that the following triangle

A X

GY

x

y
–

commutes in HopMBifq. Lastly, let y1 : FΓ Ñ Y the transpose of y via the Quillen ad-
junction. It follows from the first invariance theorem theorem 4.2.44 that X $ ϕpxq if and
only if GY $ ϕpyq. From theorem 4.4.6, this is equivalent to Y $ F pψqpy1q. By assumption
F pϕq « F pψq, so Y $ F pψqpy1q. Again, this is GY $ ψpyq and X $ ψpxq. This establishes
the equality |ϕ|X “ |ψ|X for all X P M bifibrant, which proves ψ «b ϕ, and hence ψ « ϕ.
This concludes the proof of the statement.

We now explain our strategy to prove the rest of theorem 4.4.2, that is the surjectivity
part of the 4th invariance theorem.

In [8], Reid Barton constructs a model 2-category structure on the 2-category of simpli-
cial model categories. The trivial fibrations satisfy a property, that Barton called “extensible”
(see theorem 4.4.9). In this section, we introduce a version of these in the non-enriched case,
and we call those functors Barton trivial fibrations. In section 4.4.2 we show that the result
holds for Barton trivial fibrations. After that, the idea is to use the same strategy as for the
proof of the 3rd invariance theorem based on this modified Brown factorization lemma to
conclude the result holds for general Quillen equivalences. We could do this immediately for
combinatorial simplicial model categories using Brown lemma in Barton’s model structure,
but for the general case we give a direct proof of the existence of the appropriate diagram
which is inspired by how it would be done in Barton’s model structure, but without relying
on it directly. This is done in theorem 4.4.50 using section 4.4.3.

4.4.2 Invariance along Barton trivial fibrations

In this section we introduce a class of left Quillen functor that we call Barton trivial fibrations
as they are essentially a non-simplicial version of the trivial fibrations of the model structure
constructed by Barton in [8], and we establish that theorem 4.4.2 holds for these particular
functors.

Definition 4.4.9. Let F : C Ñ D a morphism between κ-coclans. We say that F is extensible
if for every object in X P C and for any cofibration g : FX ãÑ Y P D there exists f : X Ñ Z
and an isomorphism F pZq – Y making the obvious triangle commutative.

Dually, F : C Ñ D a morphism between κ-clans is extensible if the induced map of
κ-coclans F op : Cop Ñ Dop.

In our setting, a functor F : M Ñ N between weak model categories will be called
extensible if the morphism of coclans F : MCof Ñ NCof is extensible.
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The terminology extensible in the definition above for both clans and coclans, instead of
“extensible” and “co-extensible”, is simply because it is always clear whether refers to fibra-
tions or cofibrations. This is because, for example, when considering a morphism between
clans the relevant structure that ought to be preserved is that related to fibrations. The
name extensible from theorem 4.4.9 is adapted from Reid Barton’s PhD thesis [8, Definition
8.3.1].

Extensible functors always induce a surjection between the languages of clans.

Lemma 4.4.10. Let F : MÑ N be an extensible morphism between κ-clans and Γ PM.
Then, any formula Φ P LN

λ pFΓq is the image by F of a formula Φ0 P LM
λ pΓq.

Proof. Since every κ-clan is of the form CT for some T generalized κ-algebraic theory it is
enough to show the result is valid for the syntactic definition of language as in theorem 4.2.1.
We prove by induction on formulas Φ P LN

λ p∆q that, given any context Γ and f : ∆ – F pΓq,
there is a formula Φ0 P LM

λ pΓq such that f˚pFΦ0q “ Φ.

1. When Φ “ J or Φ “ K, then this can clearly be lifted to J and K.

2. If Φ “ ␣Ψ or Φ “
Ž

iPI Ψi or Φ “
Ź

iPI Ψi then it is also clear that Φ can be lifted.
Indeed, we can simply use the inductive hypothesis to lift each Ψi and then use the
boolean algebra structure to conclude.

3. Suppose that Φ is of the form DπΨ or @πΨ for some fibration π : Γ1 ↠ F pΓq. The
formula Ψ P LN

λ pΓ
1q, so Φ P LN

λ pFΓq. Furthermore, we assume that Ψ can be lifted.
Since F is a trivial fibration, there is a lift π̄ : Γ1̄ Ñ Γ P M of π : Γ1 ↠ F pΓq, which
comes with an isomorphism g : Γ1 – F pΓ1̄q such that the following triangle commutes

Γ1 F pΓq

F pΓ1̄q.

π

– g
F pπ̄q

Therefore, we get a commutative square as in the left, and at the level of languages as
on the right

Γ1 ∆ LN
λ pF pΓ̄

1
qq LN

λ pF pΓqq

F pΓ1̄q F pΓq LN
λ pΓ

1q LN
λ p∆q.

π1

– g –f

Dπ1

g˚ f˚

F pπ̄q DF pπ̄q

By assumption ψ P LN
λ pΓ

1q can be lifted. Hence, there is a formula Ψ0 P LM
λ pΓ̄

1
q such

that g˚pFΨ0q “ Ψ. Using the right hand square above, one can see that Dπ̄Ψ0 is a lift
for Φ.

This shows that the map is surjective.
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As an immediate consequence of theorem 4.4.10, we can establish the 4th invariance
theorem in the special case where F : M Ñ N is a Barton trivial fibration as defined
below. Before proving theorem 4.4.15, we give sufficient conditions to obtain a left Quillen
equivalence. We will use this result to be able to establish 4th invariance theorem for the
general case later on.

Definition 4.4.11. A left Quillen functor F : M Ñ N between weak model categories is
called weakly conservative if for any core cofibration x ãÑ y PMCof such that h : Fx

„
ãÑ Fy

is a trivial cofibration, the map x ãÑ y is a trivial cofibration.

The ‘weakly’ part in the previous definition does not come from weak model categories,
but rather from the fact that core trivial cofibrations are weak equivalences.

Lemma 4.4.12. Let be F : M Ñ N a left Quillen functor which is extensible and weakly
conservative. Suppose there are diagrams

A C FA FC

B FB Z

f

i

Ff

F i „v

u

in M and N , respectively, where C PMBif and Z P NBif are bifibrant and the right square
is commutative. Then, there exists g : B Ñ C that makes the triangle commutative and
such that in the diagram

FA FC

FB Z

Ff

Fi „vFg

u

the lower triangle commutes up to homotopy relative to FA.

Proof. Since F is left Quillen then we have F pB
š

ACq – FB
š

FA FC and is cofibrant.
Up to this isomorphism, we factor the map F pB

š

ACq Ñ Z as F pB
š

ACq ãÑ Y
„

↠ Z.
Since F is extensible we can lift this cofibration to a cofibration B

š

AC ãÑ D together with
the isomorphism FD – Y making the resulting triangle commutative, which also implies
that FD is bifibrant since Y is. Furthermore, this produces a commutative diagram as on
the left,

A C FC Z

B B
š

AC FD Y

D

f

i

h

„

Fh

k

F

l

–

„

while the diagram on the right is the result of applying F , we introduce the name ρ :

FD
„

↠ Z for the evident resulting trivial fibration. We can use the 2-out-of-3 property of
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weak equivalences between cofibrant-fibrant objects to conclude that FC ãÑ Y is a weak
equivalence, and hence a trivial cofibration. Since F is weakly conservative, the map C ãÑ D
must be a weak equivalence too. Using that C is bifibrant we can obtain a dashed arrow
which is a homotopy inverse of h

A C C

B D,

f

i

Id

„h

k

r

we can take g :“ rk to be a diagonal filler of the square. Observe that when we apply F to
the resulting diagram, it gives us the square and the diagonal in the diagram

FA FC

FB FD Z

Ff

Fi Fh „ „

v
Fg

Fk

u

„

ρ

where a priori the outer triangle involving u is not commutative. However, we can
realize this diagram in the homotopy category HopFA{N q. So working in the homotopy
category we have hr “ Id and FhFr “ Id. By construction, we also get Fg “ FrFk,
therefore FhFg “ FhFrFk “ Fk in the homotopy category, and ρ : FD

„

↠ Z becoming an
isomorphism implies vFg “ u up to homotopy relative to FA.

Corollary 4.4.13. Let F : M Ñ N a left Quillen functor between weak model categories.
Assume that F : MCof Ñ NCof is extensible and weakly conservative, then F is a left
Quillen equivalence.

Proof. We show directly that F induces an equivalence of categories between the homotopy
categories.

Assume that X P NCof is cofibrant. Then we can use that F is extensible for the
cofibration 0 ãÑ X to obtain a cofibrant object A PMCof and an isomorphism FA – X P N .
This shows that the induced functor is essentially surjective.

We now show that for HopMq Ñ HopN q is full. Let B,C P MCof cofibrant objects.
We could take a fibrant replacement CFib and use this instead, so we can freely assume that
C is bifibrant. A map FB Ñ FC P HopN q can be represented by a cospan

FB Ñ pFCqFib „
Ðâ FC P N .

Therefore, we can use theorem 4.4.12 to find a map B Ñ C in HopMq which is in the
preimage.

Lastly, we see that the induced functor is faithful. Let A,C PMCof cofibrant and two
maps f, g : AÑ C PM which become equal in HopN q under the induced functor by F . This
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is just saying that the maps F f̄ , F ḡ : FA Ñ F pCFibq are homotopic where f̄ , ḡ : A Ñ CFib

are maps in M. It will be enough to show that f̄ and ḡ are homotopic i.e., there is a diagonal
filler for the diagram

A
š

A CFib

IA

pf̄ ,ḡq

where IA is a weak cylinder object for A. Since F is a left Quillen functor, we can assume
that cylinders are preserved. Furthermore, homotopies are independent of the choice of
cylinders. We can express the homotopy between of F f̄ and F ḡ in N as the commutative
square

F pA
š

Aq F pBFibq

F pIAq F pBFibqFib,

pF f̄,F ḡq

„

h

where h is the homotopy, and the fibrant replacement F pCFibqFib is necessary since F pCFibq

is not fibrant as F is only left Quillen. The assumptions of theorem 4.4.12 are now satisfied,
so this produces a diagonal as on the left whose image fits on the right square up to homotopy:

A
š

A CFib F pA
š

Aq F pCFibq

IA F pIAq F pCFibqFib

pf̄ ,ḡq pF f̄,F ḡq

„
H

FH

h

The above shows that HopMq Ñ HopN q is faithful, concluding the proof that F is a left
Quillen equivalence.

Definition 4.4.14. Let F : MÑ N a left Quillen functor between weak model categories.
We say that F is a Barton trivial fibration if it is extensible as a morphism between of the
coclans MCof and NCof and weakly conservative.

Barton trivial fibrations which are also simplicial Quillen functor between combinatorial
simplicial model categories are exactly the trivial fibrations in [8] in the model 2-category
of pre-model categories. As the reader might anticipate, the notion of fibration between
(simplicial) model categories exists as well, but we will make no use of it.

We now return to show the 4th invariance theorem for the case in which the functor is
a Barton trivial fibration.

Theorem 4.4.15. Let F : M Ñ N be a Barton trivial fibration between weak model
categories. Then for any cofibrant Γ PM the induced map hLFA : hLM

λ pΓq Ñ hLN
λ pFΓq is

an isomorphism.

Proof. By the previous theorem 4.4.8 we know that hLFΓ : hLM
λ pΓq Ñ hLN

λ pFΓq is injec-
tive. Next we can use theorem 4.4.10 by observing that this surjectivity also descends at the
level of hLFΓ : hLM

λ pΓq Ñ hLN
λ pFΓq.
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Since our goal is to prove the third invariance theorem, with theorem 4.4.15 at hand,
we simply need to reduce our problem to the case in which we have Barton trivial fibrations.
The constructions to come are essentially the necessary steps for this reduction process.

4.4.3 Path objects for weak model categories

The next step is to build some sort of “path object” for (weak) model category so that we can
emulate Brown Factorization lemma to factor a general Quillen equivalence into a retract of
a Barton trivial fibration followed by a Barton fibration. Ideally, we would want for a model
category M, we would like to build a diagram of left Quillen functors

MÑ PMÑMˆM

where the maps PM Ñ M are Barton trivial fibrations, and then try to use it to follow
the proof of Brown’s factorization. Unfortunately, that is not going to be quite possible: we
will not be able to construct a map MÑ PM. Instead, we will construct, a diagram of the
form

RM PM

M MˆM

p

where the arrow p is a Barton Trivial fibration. This will turn out to be sufficient to build
our desired Brown style factorization. These weak model categories will be constructed RM
and PM will be constructed as certain category of functor MJ and MI , equipped with
certain localization of Reedy model structure. So we get a diagram

MJ MI

M MˆM

„

were the arrow on the left and the two maps MI Ñ M induced by the projections are
Barton trivial fibrations. More precisely, the construction we do takes as input a left Quillen
equivalence F : MÑ N between weak model categories and produces a diagram

MJ N I
F

M N ˆM

„

were again the arrow on the left and the two maps N I
F Ñ N induced by the projections

are Barton trivial fibrations. Hence, the first diagram is a particular case when F “ IdM.
This can be seen as the analogue (or rather a dual) of the diagram (4.4.1) that appear in
the proof of the 3rd invariance theorem, and it will play the exact same role.

The bulk of the work lies in endowing the categories MI and MJ with the correct weak
model structure. This can be summarized as follows: We start with the Reedy weak model
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structure on the category MJ , or N I , and perform a “right Bousfield localization” to obtain
our desired models.

Remark 4.4.16. The weak model structure on N I encodes a pair of objects A,B in N with
a “correspondence” between them; that is, a homotopy equivalence encoded by a cofibration
A
š

B Ñ C where both maps A Ñ C and B Ñ C are trivial cofibrations. The weak
model structure we obtain on MJ encodes objects X in M equipped with a (weak) cylinder
object, so that we can send such an object X with a cylinder IX to the correspondence
X

š

X Ñ IX.

4.4.3.1 Weak model for objects with weak cylinders

We start by fixing a weak model category M and let J be the category

a b c
i

j

k

such that ki “ kj. Consider the degree function making J into a direct category, degpaq “
0, degpbq “ 1, degpcq “ 2. Our first goal is to prove:

Theorem 4.4.17. The category of diagrams MJ has a weak model structure where:

1. A map between diagrams X Ñ Y is a cofibration if

(a) It is a Reedy cofibration,

(b) Ya \Xa Xc
„

ãÑ Yc and Yb \Xb Xc
„

ãÑ Yc are trivial cofibrations in M.

2. Fibrations are level-wise fibrations.

Remark 4.4.18. The theorem above make reference to Reedy cofibrations, therefore we
must justify first that MJ carries the Reedy weak model structure. Fortunately, this has
been addressed in theorem 4.7.11.

Notation 4.4.19. For the sake of clarity, we denote by MJ
Reedy when referring to the Reedy

weak model structure and MJ
Loc for the weak model structure of theorem 4.4.17. Of course,

a priori, we have yet to prove that the last is indeed a weak model structure. Therefore,
whenever we say, for example, that a map f : X Ñ Y is a cofibration we just mean that f
satisfies the corresponding condition of theorem 4.4.17.

We will justify that the following construction, which is simply the conditions of the
theorem, is the correct one.

Observation 4.4.20. One can verify that in this new model structure, the core fibrations
and core trivial cofibrations coincide with the ones in the Reedy weak model structure (see
theorem 4.4.23).

The reader might suspect that this is not a fortuitous coincidence, these suspicions are
well justified. As we mentioned, what we have done is a right Bousfield localization of a
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Reedy weak model structure on MJ . Such localizations are studied in [30] in the case when
M is a combinatorial (accessible) weak model category. Due to the lack of a general theorem
that justifies the existence of these localizations indeed produce a weak model category, we
verify all required conditions by hand.

We examine the class of cofibrations. For a diagram X PMJ , the latching objects are
LaX “ H, LbX “ Xa \Xa and LcX “ Xb \Xa Xb. These are cofibrant in M. Then a map
f : X Ñ Y being a cofibration means that Xa ãÑ Ya,

Xb \Xa\Xa pYa \ Yaq ãÑ Yb and Xc \pXb\XaXbq pYb \Ya Ybq ãÑ Yc

are cofibrations in M, and additionally Ya \Xa Xc
„

ãÑ Yc and Yb \Xb Xc
„

ãÑ Yc are trivial
cofibrations in M.

Therefore, a diagram Y PMJ is cofibrant if Ya is a cofibrant object in M,

Ya \ Ya ãÑ Yb and Yb \Ya Yb ãÑ Yc

are cofibrations, and additionally Ya
„

ãÑ Yc and Yb
„

ãÑ Yc are trivial cofibrations. Spelling out
the second Reedy condition give us the following commutative diagram:

H Ya

Ya Ya \ Ya

Yb

x

This says that both maps Ya Yb
Y i

Y j
are cofibrations. We can use this on the following

diagram
Ya Yb

Yb Yb \Ya Yb

Yc

x

to conclude that Yb ãÑ Yc is a cofibration. Of course this is in principle not necessary since we
also have Yb

„
ãÑ Yc is a trivial cofibration, the novel aspect is that this follows only from Reedy

cofibrancy. We also have a trivial cofibration Ya
„

ãÑ Yc, by the two-out-of-three property the

maps Ya Yb
Y i

Y j
are trivial cofibrations. We collect the above in the following:
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Remark 4.4.21. If Y is cofibrant then we obtain the following diagram:

Ya \ Ya Ya

Yb Yc.

▽

„

„

This is just to say that cofibrant diagrams of MJ
Loc encode objects of M for which a weak

cylinder exists in the sense of theorem 4.7.6.

We reiterate that our goal is to show that the category of diagrams MJ
Loc has a weak

model structure on it, where the cofibrations are the ones as specified in theorem 4.4.17.
We begin by showing the following lemmas which are expected results in the theory of right
Bousfield localizations.

Lemma 4.4.22. Let X, Y PMJ
Loc cofibrant. Then, a map X Ñ Y is a cofibration in MJ

Loc

if and only if it is a cofibration in MJ
Reedy.

Proof. We only prove the interesting direction; assume that X, Y are cofibrant in MJ
Loc and

that X Ñ Y PMJ
Reedy is a Reedy cofibration. Remains to show that

Xc \Xa Ya Ñ Yc and Xc \Xb Yb Ñ Yc

are trivial cofibrations. The fact that the maps are weak equivalences follow by applying the
2-out-of-3 property of to the diagrams:

Xa Ya Xb Yb

Xc Xc \Xa Yc Xc Xc \Xb Yb

Yc Yc

„

x

„
„

„

x

„
„

The vertical maps Xa
„

ãÑ Xc, Xb
„

ãÑ Xc, Ya
„

ãÑ Yc and Yb
„

ãÑ Yc, are trivial cofibrations
since X and Y are cofibrant in MJ

Loc. Remains to see that they are cofibrations. From the
Reedy condition we have that the map Xc \LcX LcY ãÑ Yc is a cofibration, and observe
that the domains of the maps Xc \Xa Ya Ñ Yc and Xc \Xb Yb Ñ Yc contained in the colimit
Xc \LcX LcY . Therefore, the maps factor as composition of cofibrations

Xc \Xa Ya ãÑ Xc \LcX LcY ãÑ Yc and Xc \Xb Yb ãÑ Xc \LcX LcY ãÑ Yc,

which concludes the proof.

Lemma 4.4.23. Let X PMJ
Loc cofibrant and X Ñ Z PMJ

Reedy a Reedy trivial cofibration.
Then Z is cofibrant in MJ

Loc. Furthermore, X Ñ Z is a trivial cofibration in MJ
Loc.
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Proof. SinceX „
ãÑ Z is a Reedy trivial cofibration thenXa

„
ãÑ Za, Xb\Xa\XapZa\Zaq

„
ãÑ Zb

and Xc \pXb\XaXbq pZb \Za Zbq
„

ãÑ Zc are trivial cofibrations. We then obtain the following
diagram:

Xa \Xa Xb

Za \ Za ‚

Zb

„

x
„

„

This shows that Xb
„

ãÑ Zb is a trivial cofibration. Since X is cofibrant then all the maps in
the diagram

Xa Xb Xc

are trivial cofibrations. Consider the commutative diagram where the back and front faces
are pushouts

Xa Xb

Za Zb

Xb Xb \Xa Xb

Zb Zb \Za Zb,

x

„

„

„ „

„

„

„

x

„
„

„

„

which, by the two-out-of-three, shows that Xb \Xa Xb
„

ãÑ Zb \Za Zb is a trivial cofibration.
Remains to prove that Zb

„
ãÑ Zc is a trivial cofibration. The pushout

Xb \Xa Xb Xc

Zb \Za Zb ‚

Zc

„

x

„

„

shows that Xc
„

ãÑ Zc is a trivial cofibration. Note that Z is Reedy cofibrant, hence Zb ãÑ Zc
is a cofibration. By the two-out-of-three property, we can conclude that Zb

„
ãÑ Zc is indeed

a trivial cofibration. The above says that Z is cofibrant.

The second part is also true, since X Ñ Z is a level-wise weak equivalence.

Corollary 4.4.24. Any map between diagrams f : X Ñ Y , where X is a cofibrant diagram
X and Y is a fibrant diagram in MJ

Loc, can be factored as a trivial cofibration followed by
a fibration.
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Proof. We factor f : X Ñ Y in MJ
Reedy to obtain X „

ãÑ Z ↠ Y . Z ↠ Y is also a fibration
in MJ

Loc as is it is level-wise. Finally, X „
ãÑ Z PMJ

Loc by the previous theorem 4.4.23.

For the factorization of a diagram map f : X Ñ Y in MJ , with X cofibrant and Y
fibrant, into a cofibration followed by a trivial fibration we will need an auxiliary class of
diagrams.

Construction 4.4.25. Denote by K the category J with the opposite Reedy structure given
above (the degree function reversed). We endow MK with the Reedy model structure. Then
a diagram Y PMK

Reedy is fibrant if Yc ↠ 1, Yb ↠ Yc and Ya ↠ YbˆYc Yb are fibrations in M.
In this situation Yb is also fibrant.

The limit of a diagram Y P MK is simply the equalizer EqpYi, Yjq. Note that the
following pullback also computes the limit of Y :

P Ya

Yb Yb ˆYc Yb.

{

From this we conclude that LimY is a fibrant object of M if Y P MK
Reedy is fibrant, and

letting Z to denote the constant diagram at LimY then this comes with a diagram map
Z Ñ Y of the following form

LimY LimY LimY

Ya Yb Yc

where all top arrows are identities. Finally, note that Y being fibrant in MK
Reedy implies that

both maps Ya Yb are fibrations. This can be deduced from the following diagram:

Ya

Yb ˆYc Yb Yb

Yb Yc

Observation 4.4.26. Recall that the fibrations in MJ
Loc are the level-wise fibrations. Since

Z PMK is point-wise fibrant then it is Reedy fibrant in MJ
Loc. Similarly, Y is Reedy fibrant

in MK
Reedy, in particular, implies that is object-wise fibrant, so it is fibrant in MJ

Loc. We will
use this diagram Z throughout this section.

Lemma 4.4.27. The map Z Ñ Y from above is a trivial fibration in MJ
Loc.
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Proof. We show that the map has the right lifting property against any cofibration A ãÑ

B P MJ
Loc. First, assume that A “ H, B is a cofibrant object in MJ

Loc and Y a fibrant
diagram in MK

Reedy. We consider the lifting problem in MJ
Loc:

H Z

B Y

From the discussion above we obtain the following commutative diagram:

Ba Bb Bc

Ya Yb Yc

„

„

„

Thus, we obtain the following lifts:

Ba Ya

Bb Yb

„Bi Y i
li

Ba Ya

Bb Yb

„Bj Y j
lj

Bb Yb

Bc Yc

„Bk Y k
lk

Using this we can construct the following commutative diagram:

Ba Bb

Bb Bb \Ba Bb Ya

Bc Yb \Yc Yb Yb

Yb Yc

„

„

x
„

lj

„

Bk
„

Yj

lk

{

where the middle trivial cofibration and fibration come from B being cofibrant in MJ
Loc and

Y being fibrant in MK
Reedy respectively. Then there exist a map Bc

r
Ñ Ya that fits in the

diagram. Furthermore, we readily see from the diagram that Yjr “ lk “ Yir. Therefore,
there is a unique arrow Bc

t
Ñ EqpYi, Yjq “ LimY making the obvious triangle commutative.

By taking the appropriate compositions with the map t we can construct a diagram map
B Ñ Z such that is a solution to the lifting problem.

For the general case
A Z

B Y

one can play the same game, the only change is that the diagram is a bit more involved.
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The diagram Z from theorem 4.4.25 is not necessarily Reedy cofibrant, but it is almost
cofibrant in MJ

Loc as the maps in it are trivial cofibrations. The only missing part is that
limY is not cofibrant in M. In order to obtain cofibrant diagram in MJ

Loc, we include the
following result.

Lemma 4.4.28. If Y PMK
Reedy is fibrant then there exists a trivial fibration W ↠ Y PMJ

Loc

with W PMJ
Loc cofibrant.

Proof. Since Y is fibrant in MK
Reedy, then it is fibrant in MJ

Loc as these are point-wise
fibrant. Similarly, Z from theorem 4.4.25 is fibrant in MJ

Loc, which also comes with a trivial
fibration Z

„

↠ Y by theorem 4.4.27. We can take a Reedy cofibrant replacement W
„

↠ Z.
Since this last map is in particular a level-wise weak equivalence, it implies that the maps
in W are weak equivalences. By 2-out-of-3 property, the maps in W are trivial cofibrations.
This makes W a cofibrant replacement in MJ of Y by composing the trivial fibrations
W

„

↠ Z
„

↠ Y .

Before giving the factorization, we need a technical result that follows from the next
lemma.

Remark 4.4.29. From [29, 2.1.11 Proposition], if A P M is cofibrant then the coslice
category A{M inherits a weak model structure from M where a map in A{M is cofibration,
fibration and weak equivalences if is one in M. Dually, one induces a weak model structure
on the slice M{Y if Y is fibrant.

Construction 4.4.30. Consider a map f : A Ñ Y in M where A is cofibrant and Y is
fibrant. Consider A{M with the weak model described in the previous theorem 4.4.29.

The map f : AÑ Y allows us to see Y as an of object in A{M, which is fibrant as Y is
fibrant in M. So, we can take the slice pA{Mq{Y . Objects of pA{Mq{Y are factorizations
of the form

A

W Y.

f

Let two objects in this category

A and A X

B Y Y

f

f

which we refer to as B and X. A map from B to X is a diagonal filler of the resulting
commutative square:

A X

B Y
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A cofibrant object in pA{Mq{Y is one in which the first map is a cofibration in M, and
a fibrant object when the last map is a fibration i.e.,

A and A X

B Y Y

f

f

respectively. Also note that the category pA{Mq{Y coincides with A{pM{Y q, both as cate-
gories and as model categories.

Observation 4.4.31. [29, 2.4.3 Proposition] observed that the Quillen adjunction descends
to the homotopy categories: If F : C Õ D : G is a Quillen pair, then we obtain a natural
isomorphism

HopCBif
qpW,GpZqq – HopDBif

qpF pW q, Zq

of the homotopy categories.

The category HopCBifq is the localization of the subcategory of bifibrant objects at trivial
(cofibrations) fibrations. This is the content of [29, 2.2.6 Theorem], which also proves that
there are equivalences

HopCCof
q – HopCBif

q – HopCFib
q

where the first category is the localization of CCof at trivial cofibrations, and the second is
the localization of CFib at trivial fibrations. Therefore, up to these equivalences of categories,
we say that HopF q : HopCCofq Ñ HopDCofq and HopGq : HopDFibq Ñ HopCFibq are “adjoint”.

Lemma 4.4.32. For all i : A ãÑ B and i1 : A1 ãÑ B1 cofibrations between cofibrant objects,
for all p : X ↠ Y fibration between fibrant objects, if there is a commutative diagram:

A A1

B B1

„

k

i i1

„

l

then i&p if and only if i1&p. The dual statement also holds: For all i : A ãÑ B core
cofibrations, for all p : X ↠ Y and p1 : X 1 ↠ Y 1 fibrations between fibrant objects, if there
is a commutative diagram:

X X 1

Y Y 1

„

m

p p1

„

n

then i&p if and only if i&p1.

Proof. We prove the first part of the lemma, the second part is dual. We have the following
commutative squares

A A1 A X A1 X

B B1 B Y B1 Y

k
„

i i1

f

i p

f 1

i1 p

l

„

g g1
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The proof relies heavily on theorem 4.4.30: The middle square above corresponds to a pair
of objects B,X in a double slice category A{M{Y , and a diagonal filler witnessing that i&p
is a map in this double slice category.

We start with the induced weak model structure on the slice M{Y . Note that from
[29, 2.4.2 Example] the weak equivalence k : A Ñ A1 induces a weak Quillen equivalence
Pk : A{pM{Y q Ô A1{pM{Y q : Uk. Observe that B, B1 are cofibrant and Y is fibrant.
In what follows we leave Y implicit as we work in the slice pA{Mq{Y , here we use that
pA{Mq{Y “ A{pM{Y q from theorem 4.4.30.

The functor Pk takes a cofibration A ãÑ C along k : AÑ A1, while Uk precomposes with
k. Using the following diagram, since PkB is cofibrant, by the two-out-of-three property

A A1

B PkB

B1

k

i
{

„

„

we see that there is a weak equivalence PkB
„
Ñ B1, this implies they are isomorphic in

HopA1{pM{Y qq. We have:

HomHopA1{pM{Y qqpB
1, Xq – HomHopA1{pM{Y qqpPkpBq, Xq

– HomHopA{pM{Y qqpB,UkpXqq

– HomHopA{pM{Y qqpB,Xq.

The first isomorphism follows from B1 – PkpBq in HopA1{pM{Y qq, the second is the weak
Quillen adjunction Pk % Uk applied to the cofibrant object B P pA{Mq{Y and the fibrant
object X P pA1{Mq{Y . We crucially use theorem 4.4.31, so the second isomorphism is really
up some equivalence of categories.

Now we use HomHopA1{pM{Y qqpB
1, Xq – HomHopA{pM{Y qqpB,Xq to conclude. First, recall

that a diagonal filler of
A X

B Y

is the same as a map B Ñ X in A{M{Y , and similarly for B1 and X. Assume that i&p,
this give us a map B Ñ X in HopA{M{Y q. Using the isomorphism, we have a map B1 Ñ X
in HopA1{M{Y q, from which we can select a representative of the homotopy class, which
implies that i1&p. Similarly, we get that i1&p implies i&p.

Lemma 4.4.33. Let X Ñ Y be a map in MJ with X cofibrant and Y fibrant. Then such
a map can be factored as a cofibration followed by a trivial fibration.



4.4. LANGUAGE INVARIANCE UNDER QUILLEN EQUIVALENCES 125

Proof. Observe first that Y can be assumed to be Reedy cofibrant in MJ . Indeed, we can
simply take a Reedy cofibrant replacement Y 1

„

↠ Y , and instead use the dashed arrow

0 Y 1

X Y.

„

Under this assumption, Y is point-wise cofibrant, whence Reedy cofibrant in MK . Therefore,
we can take a fibrant replacement in MK , Y „

ãÑ Y 1. Using [29, Corollary 2.4.4] equivalences
are preserved under pullbacks along fibrations, so we get the pullback square

LY W

Y Y 1.

„

„

Furthermore, we know from theorem 4.4.28 that W ↠ Y 1 is a trivial fibration in MJ .
Therefore, it has the right lifting property against any cofibration between cofibrant objects
in MJ . We can use theorem 4.4.32 to conclude that LY ↠ Y satisfies the same property,
i.e., it is a trivial fibration in MJ . Since X is cofibrant, we obtain a lift

0 LY

X Y.

„

The map X Ñ LY can be factored in the Reedy model structure MJ as X ãÑ X 1
„

↠ LY .
The diagram X 1 is cofibrant in MJ since is equivalent to the cofibrant diagram LY , and X is
cofibrant by assumption. Therefore, it follows from theorem 4.4.23 that the Reedy cofibration
X ãÑ X 1 is a cofibration in the model MJ . This gives us the desired factorization in MJ ,
X ãÑ X 1

„

↠ Y .

All the previous work can be summarized in the following proof of theorem 4.4.17. This
proves that the category of diagrams MJ has a weak model structure with the specified
cofibrations and fibrations, which, as explained above, encodes objects with a weak cylinder
object. We remark that our proof will show that the conditions of [29, 2.1.10 Definition] are
satisfied instead of theorem 4.7.1. The reason is for this is that in theorem 4.4.17 we do not
have an explicit class of weak equivalences. More precisely, we will use [29, 2.3.3 Proposition]
which gives some alternative criteria to obtain a weak model structure in this sense.

Proof. (theorem 4.4.17) Note first that we have the Reedy weak model structure on MJ

by virtue of theorem 4.7.11. Also, the existence of initial and terminal diagrams is clear.
We must justify that the class of (co)fibrations form a class of (co)fibrations in MJ . For
fibrations, since these are level-wise, it is immediate that: the terminal diagram is fibrant,
any isomorphism with fibrant codomain is a fibration, it is closed under compositions, and
stable under pullbacks along maps between fibrant objects.
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The dual conditions must be verified for the class of cofibrations. That the initial
diagram is cofibrant it is immediate to verify. To see other stability conditions, we observe
these are true for MJ

Reedy. In addition, for stability under isomorphisms we use repeatedly
that maps in M isomorphic to trivial cofibration are also trivial cofibrations. This simply
because the new condition we added involves the requirement that certain maps trivial
cofibrations. Stability under pushouts follows from the stability in MJ

Reedy and the fact that
trivial cofibrations in the weak model M are pushout stable.

The factorization of a map f : X Ñ Y , where X is cofibrant and Y is fibrant, into a
cofibration followed by a trivial fibration is the content of theorem 4.4.33.

The factorization of a map f : X Ñ Y , where X is cofibrant and Y is fibrant, into a
trivial cofibration followed by a fibration is the content of theorem 4.4.24.

In order to conclude, we use [29, 2.3.3 Proposition]. For which we need to verify that a
cofibration X Ñ Y PMJ

Loc with X cofibrant and Y fibrant admit a relative strong cylinder
object. Firstly, we know that the map admits a relative cylinder object in MJ

Reedy:

Y
š

X Y Y

IXY

with Y ãÑ Y
š

X Y ãÑ IXY a Reedy trivial cofibration. Since Y is cofibrant in MJ
Loc we

can use theorem 4.4.23 to conclude that IXY is also cofibrant in MJ
Loc, and that the map

Y Ñ IXY is a trivial cofibration in MJ
Loc. Now we have cofibrant objects Y

š

X Y , IXY
in MJ

Loc and a Reedy cofibration between them, so we use theorem 4.4.22 to conclude it is
actually a cofibration in MJ

Loc. This gives us the relative cylinder objects.

Finally, the 2-out-of-3 property for trivial cofibrations between bifibrant objects follow
using that MJ

Reedy is a weak model category, so the property is true in this Reedy weak
model structure. By which we mean that the property is true for the underlying Reedy
trivial cofibrations between bifibrant objects of MJ

Loc. Theorem 4.4.23 allows us to conclude
that such Reedy trivial cofibrations are indeed trivial cofibrations in MJ

Loc. Now [29, 2.3.3
Proposition] allows us to conclude that MJ

Loc, with the specified classes of maps, is a weak
model category.

4.4.3.2 Weak model on correspondences

Next, we consider another diagram category I:

0Ñ 2Ð 1

Where degp0q “ degp1q “ 0 and degp2q “ 1. Similarly to the previous section, we construct
a “right Bousfield localization” of the Reedy weak model structure on N I .

Theorem 4.4.34. There is a weak model structure N I
Loc on the category of diagrams N I

obtained from the Reedy weak model structure N I
Reedy, where:
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1. A map between diagrams X Ñ Y is a cofibration if

(a) It is a Reedy cofibration,
(b) X2 \X1 Y1

„
ãÑ Y2 and X2 \X0 Y0

„
ãÑ Y2 are trivial cofibrations in M.

2. Fibrations are level-wise fibrations.

It will be useful to have in mind that for an object X P N I we have L0X “ 0 and
L1X “ X0 \X1. So a map X Ñ Y is a Reedy cofibration if the maps X0 ãÑ Y0, X1 ãÑ Y1
and pY0 \ Y1q \pX0\X1q X2 ãÑ Y2 are cofibrations.

Observation 4.4.35. Unwinding the definitions, a diagram X P N I
Loc is cofibrant if both

maps X0
„

ãÑ X2 and X1
„

ãÑ X2 are trivial cofibrations.

The proof of the theorem is completely analogous to theorem 4.4.17. We state the
lemmas necessary for this and only comment on the proofs when adequate.

Lemma 4.4.36. Let X, Y P N I
Loc cofibrant. Then, a map X Ñ Y is a cofibration in N I

Loc if
and only if it is a cofibration in N I

Reedy.

Proof. Just as in theorem 4.4.22 we only prove the interesting direction; assume that X, Y
are cofibrant in N J

Loc and that X Ñ Y P N I
Reedy is a Reedy cofibration. Remains to show

that
X2 \X0 Y0 Ñ Y2 and X2 \X1 Y1 Ñ Y2

are trivial cofibrations. Again, the fact that the maps are weak equivalences follow from
X, Y being cofibrant and the 2-out-of-3 property. To see that they are cofibrations we can
use the Reedy condition just as in theorem 4.4.22.

Lemma 4.4.37. Let X P N I
Loc cofibrant and X Ñ Z P N I

Reedy a Reedy trivial cofibration.
Then Z is cofibrant in N I

Loc. Furthermore, X Ñ Z is a trivial cofibration in N I
Loc.

Proof. The difficult part is to show that. Since X Ñ Z is a Reedy trivial cofibration, then
by theorem 4.7.16 we have it is a levelwise trivial cofibration. Then Z is cofibrant by the
2-out-of-3 property.

Corollary 4.4.38. Any map between diagrams f : X Ñ Y , where X is a cofibrant diagram
X and Y is a fibrant diagram in N I

Loc, can be factored as a trivial cofibration followed by a
fibration.

Proof. Now that we have theorem 4.4.37, we can proceed as in theorem 4.4.24 by first taking
the factorization in N I

Reedy.

Construction 4.4.39. Denote by K 1 the category I with the opposite Reedy structure
given above (the degree function reversed). We endow NK1 with the Reedy model structure.
Then a diagram Y P NK1

Reedy is fibrant if Y2 ↠ 1, Y0 ↠ Y2 and Y1 ↠ Y2 are fibrations in N .

In this situation we can see that limY “ Y0 ˆY2 Y1 and is fibrant in N . We can again
take a Z P N I to be the correspondence with constant value limY . So it comes with a map
Z Ñ Y .



4. HOMOTOPY LANGUAGES 128

Lemma 4.4.40. The map Z Ñ Y from above is a trivial fibration in N I
Loc.

Proof. The same idea as in theorem 4.4.27 carries over here. The diagrams are even simpler.

Lemma 4.4.41. If Y P NK1

Reedy is fibrant then there exists a trivial fibration W ↠ Y P N I
Loc

with W P N I
Loc cofibrant.

Proof. The argument of theorem 4.4.28 applies here too.

Lemma 4.4.42. Let X Ñ Y be a map in N I with X cofibrant and Y fibrant. Then such a
map can be factored as a cofibration followed by a trivial fibration.

Proof. We have all ingredients to proceed as in theorem 4.4.33. Firstly, we can assume
that Y is Reedy cofibrant in N I and we can take a fibrant replacement in NK1 . So we can
construct the following pullback square:

LY W

Y Y 1.

„

„
{

„

„

Then we can obtain a map X Ñ LY . Factoring this map as X ãÑ X 1
„

↠ LY , the first map
is moreover a cofibration in N I

Loc in view of theorem 4.4.37. This produces the factorization
X ãÑ X 1

„

↠ Y .

The proof of theorem 4.4.34 is a carbon copy from the one of theorem 4.4.17, the lemmas
of this section provide us with all the required steps.

4.4.3.3 Projections are Barton trivial fibrations

Lemma 4.4.43. The functor N I Ñ N such that AÑ B Ð C P N I ÞÑ A P N , is extensible.
Also, the functor N I Ñ N such that AÑ B Ð C P N I ÞÑ C P N is extensible.

Proof. Let A :“ a
„

ãÑ b
„
Ðâ c P N I

Loc be a cofibrant diagram and x P NCof a cofibrant object
and a cofibration a ãÑ x. We take the fibrant replacement of x and consider the pushout as
indicated below, and we obtain a solution to the lifting problem on the right:

a x xfib

c b b\a x

„

{

„

„

„
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The resulting map cÑ xfib can be factored as c ãÑ z
„

↠ xfib. We can take further pushouts

a x xfib

c b b\a x

z z \c b P.

„

{

„

„

„

{ {

„

„

There is a map P Ñ xfib which we can factor as P ãÑ y
„

↠ xfib, and the resulting diagram
we get

a x xfib

c b b\a x y

z z \c b P

„

{

„

„

„

{
{

„

„

Furthermore, there is a map b \a x Ñ y which is a cofibration as it is the composite of
the two cofibrations. Using the 2-out-of-3 property repeatedly, one concludes that the map
z\c bÑ y is a trivial cofibration. Thus, we have constructed the cofibrant object X :“ z

„
ãÑ

y
„
Ðâ x P N I

Loc. The induced map A Ñ X is a level-wise cofibration. The maps b \a x Ñ y
and b\a z Ñ y are trivial cofibrations.

Remains to show that AÑ X is a Reedy cofibration. We already have that aÑ x and
cÑ z are cofibrations. We now need to show that the induced map

a\ c b

x\ z px\ zq \a\c b

y

is a cofibration. By diagram chasing, one can show that the diagram

a\ c b

x\ z pz \c bq \b pb\a xq

commutes. One shows that the bottom right corner computes the pushout of the span. Using
that the map P ãÑ y is a cofibration one concludes that px\q\a\c bÑ y is also a cofibration.
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This concludes the proof that AÑ X is a Reedy core cofibration in N I . Therefore, it must
a cofibration. We summarize our construction with the following diagram:

c z

b y

a x

a x

„ „

„ „

This cofibration is a (strict) lift of a ãÑ x, showing that the functor N I Ñ N is an extensible
functor. The second part of the lemma is analogous.

Observation 4.4.44. Note that in the previous theorem 4.4.43, using 2-out-of-3 property,
if we start with a trivial cofibration a „

ãÑ x then we obtain a level-wise equivalence between
cofibrant objects in N I

Loc. We conclude that the projections are weakly conservative.

Corollary 4.4.45. The functor N I Ñ N such that A Ñ B Ð C P N I ÞÑ A P N , is as
Barton trivial fibration. Also, the functor N I Ñ N such that AÑ B Ð C P N I ÞÑ C P N ,
is a Barton trivial fibration.

Proof. We saw in theorem 4.4.43 that the projections are extensible and from theorem 4.4.44
that is weakly conservative. It is also straightforward to see that it preserve cofibrations and
trivial cofibrations.

We now want to see that any left Quillen functor F : M Ñ N part of a Quillen
equivalence between weak model categories admits a Brown-like factorization. To this end,
consider the following:

Construction 4.4.46. We define the category of diagrams

N I
F :“ tFaÑ bÐ c|a PMCof, b, c P N u.

The weak model structure on this category is similar to that of N I , the only difference is
that X Ñ Y is a cofibration if Xb \FXa FYa Ñ Yb is a trivial cofibration.

When F is the identity functor we recover N I from theorem 4.4.34. A cofibrant object
in N I

F is a diagram of the form

Fa b c.„ „

Observation 4.4.47. With the set up above, it follows from theorem 4.4.45 that the pro-
jection π1 : N I

F ÑM, sending each diagram FaÑ bÐ c to a, is a Barton trivial fibration.

To show that the projection from π2 : N I
F Ñ N sending each diagram Fa Ñ b Ð c to

c P N is a trivial fibration we make use of the following:
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Lemma 4.4.48. Let F : M Ñ N be a left Quillen equivalence between weak model cate-
gories. For any objects x P MCof, y P NFib and a map f : Fx Ñ y there exists an object
z PMCof such that f factors as

Fx y

Fz.

f

„

Proof. We know that there is an isomorphism

φ : HomN pFx, yq » HomMpx,Gyq : φ
´1

given by the Quillen adjunction, natural in x PMCof and y P NFib. Recall from [29, 2.4.3
Proposition] that F : MCof Ñ NCof and G : NFib ÑMFib preserve equivalences. Take φf
the adjoint transpose of f . We can take a factorization

z

x Gy

„

sr

φf

By naturality, one checks that f “ φ´1sFr where Fr is a cofibration. Since the Quillen pair
is an equivalence, we deduce from [29, 2.4.5 Proposition (i)] that φ´1s is an equivalence.

Corollary 4.4.49. Let F : M Õ N : G be a Quillen equivalence. Then the projection
π2 : N I

F Ñ N sending each diagram FaÑ bÐ c to c P N is a Barton trivial fibration.

Proof. We show that in a situation as in the diagram

Fa

b

c

c z,

„

„

there is a cofibrant object over z that projects onto c ãÑ z. By taking a fibrant replacement,
we can assume that the diagram is point-wise fibrant. From [29, 2.2.3 Proposition] there
exists a homotopy inverse of c „

ãÑ b, this give us a map Fa Ñ c. Using theorem 4.4.48
this last map can be factored as Fa ãÑ Fx

„
Ñ c. The rest of the proof continues as in

theorem 4.4.45.
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Theorem 4.4.50. Given F : M Õ N be a left Quillen equivalence between weak model
categories. Then, we have a diagram of week model categories

MJ N I
F

M MˆN ,

H

B pπ1,π2q

pIdM,F q

where π1 and π2 are Barton trivial fibrations.

Proof. The work we have done produces a diagram as on the left below, and the action of
the functors on objects is spelled out on the right:

MJ N I
F Xa Ñ Xb Ñ Xc FXa Ñ FXb

M MˆN Xa pXa, FXaq

H

B pπ1,π2q

H

B

pIdM,F q

We have shown in theorem 4.4.45 and theorem 4.4.49 that both projections are Barton trivial
fibrations.

It will be essential to highlight that there is a diagonal functor which is a Barton trivial
fibration, making the lower triangle commutative.

Corollary 4.4.51. Let F : M Ñ M be a left Quillen equivalence. There exists a Barton
trivial fibration P : N I

F ÑM.

Proof. Theorem 4.4.50 can be further specialized to a diagram

MJ N I
F

M M

π1

IdM

from which we see that there is a functor P : N I
F ÑM. This is an immediate consequence

of theorem 4.4.50.

4.4.4 Proof of main theorem

Theorem 4.4.52. Let F : M Õ N : G a Quillen equivalence. Then, for any cofibrant
object A PM. The induced map hLFA : hLM

λ pAq Ñ hLN
λ pFAq is an isomorphism.
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Proof. Recall from theorem 4.4.8 that for any cofibrant object A the induced map hLFA is
injective. Remains to show that it is surjective. Using theorem 4.4.51, we obtain a diagram

MJ N I
F

M N
P π2

F

where P is a Barton trivial fibration. P : N I
F Ñ M induces, for any cofibrant object

X P N I
F , an isomorphism phLπ1qX : hLN I

F
λ pXq Ñ hLM

λ pπ1Xq. Indeed, this follows from
theorem 4.4.15. Similarly, the map phLπ2qX : hLN I

F
λ pXq Ñ hLN

λ pπ2Xq is an isomorphism of
λ-boolean algebras. For A PMCof cofibrant we can get a correspondence in CFA P N I

F with
all objects FA and maps the identities. We can conclude that hLFA is surjective by chasing
through the maps phLπ2qCA and phLP qCA which we already know are isomorphisms.

It is an immediate that:

Corollary 4.4.53. For any Quillen equivalence F : M Õ N : G. The functors HopF q˝hLM
λ

and hLN
λ : HopN q Ñ Boolλ are naturally isomorphic via hLF .

4.5 Infinitary Cartmell theories

We introduce a generalization of Cartmell theories, also known as generalized algebraic theo-
ries, Cartmell [17]. This is straightforward and most of the proofs will be omitted since they
are similar to those in [17], in very few cases we will need to provide new proofs. We claim
no originality other than the generalization itself. We begin by recalling some definitions
given in Ibidem. We assume to have a set of variables V whose size is ℵ0 and an alphabet
A. Informally, a Cartmell generalized algebraic theory consists of:

i) A set S, called the set of sort symbols,

ii) A set O, called the set of operation symbols,

iii) An introductory rule for each sort symbol,

iv) An introductory rule for each operation symbol,

v) A set of axioms.

To understand our generalization let us examine the previous definition in more detail,
for this we need some preliminary notions. An expression is a finite sequence of A Y V Y
tpu Y tqu Y t, u, inductively:

i) Elements of V and A are expressions,
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ii) If f P A and e1, e2, ..., en are expressions, then fpe1, e2, ..., enq is an expression.

The set of expression is denoted by E. This is simply to say that an expression is a
finite string taken from the set AYV YtpuYtquYt, u. A premise is a finite (possibly empty)
sequence of V ˆE. A conclusion will be an n-tuple of expressions, i.e. any element of En for
some n P N. Finally, a rule is given by a premise P and a conclusion C. Rules are written
as: P $ C. This intends to convey the idea that under the premise P , the conclusion C is a
valid expression. Whenever P is a premise we will write x1 : ∆1, x2 : ∆2, ..., xn : ∆n. For a
conclusion, this is slightly more involved since we differentiate depending on the size of the
tuple. For example, if we have a 1-tuple ∆, then we write ∆Type. We favour the notation
“:” from type theory instead of the set theoretic one “ϵ” used by Cartmell. Furthermore, we
will take advantage of conventions and notation from type theory.

The most important definition we will need to change is that of a context. In a Cartmell
theory, a context is the premise such that a rule

x1 : ∆1, x2 : ∆2px1q, ..., xn : ∆npx1, x2, ¨ ¨ ¨ , xn´1q $ ∆px1, x2, ¨ ¨ ¨ , xnqType

is a derived rule.

The only difference between Cartmell theories and infinitary Cartmell theories is that in
the contexts we allow infinitely many variables. Just as any Cartmell theory gives rise to a
contextual category, the same is true for the infinitary case with the appropriate generalized
version of a contextual category.

4.5.1 Generalized algebraic theories

In this section, we give the formal definition of an infinitary Cartmell theory. We follow
Cartmell [17] to develop the theory, there will be some instances where a change has to be
made. We could say that by changing in the definition every instance of “finite” by “size
strictly less than κ” we get the correct notion, this is indeed the case. We carve out the
definition with a fair amount of details, since the applications we have in mind benefit from
having an explicit syntax. The technicalities and motivations for introducing a generalized
algebraic in the following way are presented in Cartmell [17].

From now on we fix a regular cardinal κ, unless otherwise stated, all other ordinals
mentioned will be strictly smaller than κ.
Let V be a set such that |V | “ κ, this set will be called the set of variables. We make an
additional assumption on this set: Its elements have canonical names, this is V “ txαuαăκ,
This also known as an enumeration. This is a minor assumption that allows to change
variables. Otherwise, we would need to prove a result similar [17, Corollary, pp 1.32]5.
Let A be any set, which as before is called alphabet. Following [17] we define inductively

5This result states that under the substitution property the derived rules are stable under substitution
of variables by another variables
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the collection of expressions A˚ over the alphabet A. An expression any λ-sequence of
AY V Y tpu Y tqu Y t, u subject to:

i) If xα P V then xα P A˚,

ii) If F P A then F P A˚,

iii) If F P A and teαuαăλ Ď A˚ then F peαqαăλ P A
˚.

A premise is any λ-sequence of V ˆA˚. We will usually write premises as txα : ∆αuαăλ,
where xα are variables and ∆α are expressions for α ă λ. Suppose we have a premise Γ,
or later a context, and we need an extra premise (or context), according to our variable
numeration, formally, we must write Γ, txα : ∆αuλďαăµ, where λ represents the number of
variables in Γ. This is clearly a problem when the expression complexity increases. In order
to avoid overloading the notation, we choose to reset the variable counting to only essential
variables in use. Under this convention, we will write Γ, txα : ∆αuαăλ instead. We will freely
assume that Γ is a premise unless otherwise specified.

Definition 4.5.1. A judgment is an expression over the alphabet A that has one of the
following forms:

1. Type judgment: Γ $ ∆Type.

2. Element judgment: Γ $ t : ∆.

3. Type equality judgment: Γ $ ∆ ” ∆1.

4. Term equality judgment: Γ $ t ”∆ t1.

where Γ is a premise.

Given a premise Γ, teαuαăλ expression and txαuαăλ variables then the new expression

Γreα|xαsαăλ

it is obtained by simultaneously changing the variables in Γ by the expressions. This process,
unsurprisingly, is called substitution of variables. Along with the infinitary substitutions, we
will also allow operations to have possibly infinite arity. This is made explicit:

Definition 4.5.2. A κ-pretheory T consist of the following data:

i) A set S, called the set of sort symbols,

ii) A set O, called the set of operation symbols,

iii) For each sort symbol B, a judgment of the form:

txα : ∆αuαăλ $ Bpxαqαăλ Type

where λ is some ordinal strictly smaller than κ,
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iv) For each operator symbol F , a judgment:

txα : ∆αuαăλ $ F pxαqαăλ : ∆

where λ is some ordinal strictly smaller than κ,

v) A set of judgments, each of which is either a type equality judgment or term equality
judgment, listed in theorem 4.5.1. This is the set of axioms of the κ-pretheory.

The following definitions are of inductive nature:

Definition 4.5.3. 1. A premise txα : ∆αuαăλ is a context if the judgment

txβ : ∆βuβăα $ ∆α Type

is a derived judgment of T for every α ă λ. Whenever we want to specify that a
premise Γ is a context we will write $ ΓCtxt.

2. The judgment
txα : ∆αuαăλ $ ∆Type

is a well-formed judgment of T if and only if txα : ∆αuαăλ is a context.

3. The judgment
txα : ∆αuαăλ $ t : ∆

is well-formed if and only if

txα : ∆αuαăλ $ ∆Type

is a derived judgment of T .

Definition 4.5.4. Let T be a κ-pretheory. The set of derived judgments of T are the ones
that can be derived from the following list:

1.
Γ $ AType
Γ $ A ” A

2.
Γ $ t : A

Γ $ t ”A t

3.
Γ $ A1 ” A2

Γ $ A2 ” A1
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4.
Γ $ t1 ”A t2

Γ $ t2 ”A t1

5.
Γ $ A1 ” A2 Γ $ A2 ” A3

Γ $ A1 ” A3

6.
Γ $ t1 ”A t2 Γ $ t2 ”A t3

Γ $ t1 ”A t3

7.
Γ $ A1 ” A2 Γ $ t1 ”A1 t2

Γ $ t2 ”A2 t1

8.
Γ $ A1 ” A2 Γ $ t : A1

Γ $ t : A2

9.
Γ, txδ : Aδuδăβăλ $ Aβ Type
Γ, txα : Aαuαăλ $ xα : Aα

10.
txα : Aαuαăλ $ BpxλqType, $ ΓCtxt, Γ $ tα : Brtα|xαs

Γ $ BptλqType

This is true for any B sort symbol with a well-formed introduction type judgment.

11.
Γ, txα : ∆αuαăλ $ F pxλq : ∆, Γ $ tα : ∆αrtα|xαs

Γ, ttα : ∆αrtα|xαsuαăλ $ F ptλq : ∆rtλ | xλs

This is true for any F operator symbol with a well-formed introduction type element
judgment.

12.
$ ΓCtxt txα : ∆αuαăλ $ ∆ ” ∆1

Γ, tα : ∆αrtβ | xβsβăα, t
1
α : ∆1

αrt
1
β | xβsβăα $ tα ”∆αrtβ |xβsβăα

t1α

Γ, ttα : ∆αrtβ | xβsβăαuαăλ, tt
1
α : ∆1

αrt
1
β | xβsβăαuαăλ

$ ∆rtα|xαsαăλ ” ∆1
rt1α|xαsαăλ
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13.
$ ΓCtxt txα : ∆αuαăλ $ t ”∆ t1

Γ, sα : ∆αrsβ | xβsβăα, s
1
α : ∆αrs

1
β | xβsβăα $ sα ”∆αrs1

β |xβsβăα
s1
α

Γ, tsα : ∆αrsβ | xβsβăαuαăλ, ts
1
α : ∆αrs

1
β | xβsβăαuαăλ

$ trsα | xαsαăλ ”∆rsα|xαsαăλ
t1rs1

α | xαsαăλ

14. If txα : ∆αuαăλ $ ∆ ” ∆1 is an axiom then

txα : ∆αuαăλ $ ∆Type txα : ∆αuαăλ $ ∆1 Type,
txα : ∆αuαăλ $ ∆ ” ∆1

15. If txα : ∆αuαăλ $ t ”∆ t1 is an axiom then

txα : ∆αuαăλ $ t : ∆ txα : ∆αuαăλ $ t1 : ∆

txα : ∆αuαăλ $ t ”∆ t1

We are now ready for the following:

Definition 4.5.5. A κ-pretheory T is well-formed if all its rules are well-formed. A gener-
alized κ-algebraic theory or κ-Cartmell theory is a well-formed κ-pretheory.

Remark 4.5.6. Observe that a generalized algebraic theory as defined by Cartmell [17] is
the same as an ω-generalized algebraic theory in our sense.

We introduce an important example of κ-algebraic theories.

Example 4.5.7. Let Cat denote the ω-algebraic theory defined in the following way:

1. Type of objects: $ Ob Type.

2. Type of morphisms: x : Ob, y : Ob $ Hompx, yqType.

3. Composition operation: x : Ob, y : Ob, z : Ob, f : Hompx, yq, g : Hompy, zq $ g ˝ f :
Hompx, zq.

4. Identity operator: x : Ob $ idx : Hompx, xq.

Subject to the following axioms:

x : Ob, y : Ob, f : Hompx, yq
idy ˝ f ” f

x : Ob, y : Ob, f : Hompx, yq
f ˝ idx ” f

x : Ob, y :: Ob, z : Ob, w : Ob, f : Hompx, yq, g : Hompy, zq, h : Hompz, wq
ph ˝ gq ˝ f ” h ˝ pg ˝ fq
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4.5.2 Substitution property

Let T be a κ-Cartmell theory. Recall that given ∆, ttαuαăλ expressions and txαuαăλ variables,
then the new expression ∆reα|xαsαăλ denotes the substitution of variables by the expressions.

Definition 4.5.8. Let txα : ∆αuαăλ $ ∆ be a derived judgment of T . We say that this
judgment has the substitution property if for every $ ΓCtxt and expressions ttαuαăλ, such
that for all α ă λ

Γ, ttβ : ∆βrtγ|xγsγăβuβăα $ tα : ∆αrtβ|xβsβăα

are derived rules, then
Γ $ ∆rtα|xαsαăλ

is a derived rule of T .

In [17] it is proven that all derived judgment of a generalized algebraic theory satisfy
the substitution property. This is done through a series of results that can be generalized to
our setting. The proofs are omitted since they are the same as in the original reference.

Lemma 4.5.9. If txα : ∆αuαăλ $ ∆ is a derived judgment of T then the variables that
appear in ∆ is a subset of txαuαăλ

Proof. See [17, Lemma 1, Section 1.7].

Lemma 4.5.10. 1. The premise of a derived judgment is a context.

2. If $ txα : ∆αuαăλCtxt then for α ă λ, we have

txβ : ∆βuβăα $ ∆α Type

Proof. See [17, Lemma 2, Section 1.7].

Theorem 4.5.11. Every derived judgment of a κ-Cartmell theory has the substitution
property.

Proof. The same as proof as in [17, 1.7] applies. This goes by proving that each judgment
has the substitution property. For the last two judgments in theorem 4.5.1 this is part of
theorem 4.5.4. While for the first two it is done by induction on the derivations. It is shown
that each derivation rule of theorem 4.5.4 preserve the substitution property.

This result has similar consequences of those in [17]. The proofs are analogous or the
same. For us, it is only relevant to know that our κ-Cartmell theories are well-defined.
Meaning:

Proposition 4.5.12. The derived judgments of a κ-Cartmell theory are well-formed.

Proof. Again, by induction on the derivations [17, pp. 1.33].
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Both the statement and proof of the next lemma are the same as The Derivation Lemma
[17, pp. 1.34]. The proof does not rely on the context size.

Lemma 4.5.13. 1. Every derived type judgment of T is of the form

txβ : Ωβuβăµ $ Aptαqαăλ

for some type symbol A with introductory rule

txα : ∆αuαăλ $ Apxαqαăλ Type

and ttαuαăλ are expressions such that for all α ă λ the rule

txβ : Ωβuβăµ $ tα : ∆αrtδ | xδsδăα.

2. Every type element judgment of T is of the form

txβ : Ωβuβăµ $ xβ : Ω

for some xβ and such that txβ : Ωβuβăµ $ Ωβ ” Ω, or is of the form

txβ : Ωβuβăµ $ fptαqαăλ : Ω

for some operator symbol f of T with introductory judgment of the form

txα : ∆αuαăλ $ fpxαqαăλ : ∆

such that for each α ă λ the rules

txβ : Ωβuβăµ $ tα : ∆αrtδ | xδsδăα

and
txβ : Ωβuβăµ $ ∆rtα | xαsαăλ ” Ω

are derived rules of T .

Proof. This is follows from theorem 4.5.4 (10) and (11).

4.5.3 Equivalence relation on judgments

Trough out this section we work in an κ-Cartmell theory. We first introduce a relation that
allows us to identify context which express the same meaning, but differ on the variables
that are used in it [17, 1.13].

There is a relation defined on the judgments of the κ-Cartmell theory T .

Definition 4.5.14. Let txα : ∆αuαăλ $ ∆λ Type, txβ : Ωβuβăµ $ Ωµ Type be two type
judgments of T . We say that

txα : ∆αuαăλ $ ∆λ Type « txβ : Ωβuβăµ $ Ωµ Type

if either:
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1. Both ordinals are successors such that λ “ µ “ ν ` 1 and for all α ď ν we have

txδ : ∆δuδăα $ ∆α ” Ωα

is a derived rule of T .

2. Both ordinals are limits with λ “ µ and for any successor ordinal ν ` 1 ă λ we have

txα : ∆αuαăν $ ∆ν Type « txβ : Ωβuβăν $ Ων Type.

Lemma 4.5.15. The relation « is an equivalence relation on type judgments of the theory
T .

Proof. This is an immediate result, since we have assumed canonical names for variables.
Otherwise, we could repeat the argument as in [17, 1.13].

Definition 4.5.16. Let txα : ∆αuαăλ and txβ : Ωβuβăµ be two contexts. We say that

txα : ∆αuαăλ « txβ : Ωβuβăµ

if and only if λ “ µ and for all α ă λ

txδ : ∆δuδăα $ ∆α Type « txγ : Ωγuγăα $ Ωα Type

It follows that this induces an equivalence relation on contexts.

Definition 4.5.17. We say that

txα : ∆αuαăλ $ t : ∆ « txβ : Ωβuβăµ $ s : Ω

if and only if txα : ∆αuαăλ $ ∆Type « txβ : Ωβuβăµ $ ΩType and txα : ∆αuαăλ $ t ” s.

Remark 4.5.18. Let txα : ∆αuαăλ and txβ : Ωβuβăµ be two contexts. Assume further that

txα : ∆αuαăλ « txβ : Ωβuβăµ.

Then for all derived rules
txβ : Ωβuβăµ $ Ω,

the rule
txα : ∆αuαăλ $ Ω

is also a derived rule.

Regardless of its simplicity, this remark is useful in the next:

Corollary 4.5.19. The relation « is an equivalence relation on judgments of the form
txβ : ∆βuβăµ $ t : ∆.
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Proof. Reflexivity is a consequence of 2 from theorem 4.5.4. Assume that txα : ∆αuαăλ $

t : ∆ « txα : Ωαuαăλ $ s : Ω. Hence, the contexts satisfy txα : ∆αuαăλ « txα : Ωαuαăλ.
Applying the symmetry of the relation « to contexts, and using theorem 4.5.18, we see that
txα : Ωαuαăλ $ t ” s. Then we must have txα : Ωαuαăλ $ s : ∆ and txα : Ωαuαăλ $ Ω ” ∆.
We can apply 4 from theorem 4.5.4 to conclude that txα : Ωαuαăλ $ s ” t, thus proving
symmetry. Transitivity is a straightforward application of theorem 4.5.18.

Definition 4.5.20. A morphism between contexts

xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ

is µ-sequence of terms ttβuβăµ such that for all β ă µ we have

txα : ∆αuαăλ $ tβ : Ωβrtγ|xγsγăβ.

Just as in the finite case, with the substitution as composition and the obvious identity,
it can be shown that contexts form a category with morphism as defined above. This is
called the category of realizations of the theory T. The composition of

xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ

and
xsδyδăν : txβ : Ωβuβăµ Ñ txδ : Ω

1
δuδăν

is the map
xsδyδăν ˝ xtβyβăµ : txα : ∆αuαăλ Ñ txδ : Ω

1
δuδăν

defined as the sequence xsδrxtβ|xβyβăµsyδăν .

Using the previous relation« on contexts and rules we induce one on morphisms between
contexts. If we have morphisms

xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ and xt1βyβăµ : txα : ∆1
αuαăλ Ñ txβ : Ω1

βuβăµ

Then
xtβyβăµ « xt

1
βyβăµ

if and only if
txβ : Ωβuβăµ « tx

1
β : Ω1

βuβăµ

and for all γ ă µ

txβ : ∆βuβăµ $ tγ : Ωγrtγ1 |xγ1sγ1ăγ « txβ : ∆1
βuβăµ $ t1γ : Ω

1
γrt

1
γ1 |xγ1sγ1ăγ.

Unfolding the definition this means that

txβ : ∆βuβăµ $ Ωγrtγ1 |xγ1sγ1ăγ Type « txβ : ∆1
βuβăµ $ Ω1

γrt
1
γ1 |xγ1sγ1ăγ Type

and that txβ : ∆βuβăµ $ tγ ” t1γ for all γ ă µ.

The following remarks are results from [17] whose proofs are completely similar. How-
ever, it is important to make them explicit, since they imply that we can define a composition
operation of equivalence classes of morphisms between contexts.
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Remark 4.5.21. Let xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ and xt1βyβăµ : txα : ∆αuαăλ Ñ

txβ : Ω1
βuβăµ two morphisms between contexts with xtβyβăµ « xt

1
βyβăµ.

1. If txβ : Ωβuβăµ $ ΩType and txβ : Ω1
βuβăµ $ Ω1 Type are derived judgment of the

theory such that
txβ : Ωβ, xµ : Ωuβăµ « txβ : Ω1

β, xµ : Ω1
uβăµ

then
txα : ∆α, xµ : Ωrtβ|xβsβăµuαăλ « txα : ∆1

α, xµ : Ω1
rt1β|x

1
βsβăµuαăλ

This follows by unwinding the relation « and applying the principle 12 from theo-
rem 4.5.4. This simply means that we can extend contexts by a fresh variable. More-
over, there is a more general result:

For all ε ą 0, if txβ : Ωβuβăµ`ε and txβ : Ω1
βuβăµ`ε are contexts then

txα : ∆α, xβ : Ωβrtγ|xγsγăβu αăλ,
µďβăµ`ε

« txα : ∆1
α, xβ : Ω1

βrt
1
γ|xγsγăβu αăλ,

µďβăµ`ε

2. If txβ : Ωβuβăµ $ s : Ω and txβ : Ω1
βuβăµ $ s1 : Ω1 are derived judgment such that

txβ : Ωβuβăµ $ s ”Ω s
1.

Then
txα : ∆αuαăλ $ srtβ|xβsβăµ ”Ωrtβ |xβsβăµ

s1
rt1β|xβsβăµ.

Observe that the principle 13 from theorem 4.5.4 implies this result.

Remark 4.5.22. 1. Let xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ be a morphism between
two contexts. If

txα : ∆αuαăλ « tx
1
α : ∆1

αuαăλ and txβ : Ωβuβăµ « tx
1
β : Ω1

βuβăµ

then xtβyβăµ : tx1
α : ∆1

αuαăλ Ñ tx1
β : Ω1

βuβăµ is also a morphism between these contexts.

2. If we have a context txα : ∆αuαăλ`1 and txα : ∆αuαăλ « tx
1
α : ∆1

αuαăλ then we can
extend the context tx1

α : ∆1
αuαăλ to tx1

α : ∆1
αuαăλ`1 such that x1

α : ∆1
α is xλ : ∆λ.

Remark 4.5.23. Let xtβyβăµ`1 : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ`1 and xsβyβăµ : txα :
∆αuαăλ Ñ txβ : Ωβuβăµ be morphisms between contexts. Then we have a morphism

xsβyβăµ`1 : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ`1

where sµ ” tµ, and such that tsβuβăµ`1 « ttβuβăµ`1.
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4.5.4 The category of κ-Cartmell theories

We construct a category where the objects are κ-Cartmell theories with maps interpretations.
This is analogous to the category that Cartmell constructs in [17, 1.11], all the results can
be copied from there to our setting. Since we work with different theories, the alphabets,
expressions and rules are marked accordingly. If T is a theory then these sets are denoted
AlppT q, ExppT q, RulpT q respectively.

Let T and T 1 two κ-Cartmell theories. Let any function I : AlppT q Ñ ExppT 1q. Using
this function, we can define a preinterpretation Ir : ExppT q Ñ ExppT 1q by induction on the
construction of expressions:

1. If x P V
Irpxq :“ x,

2. If F P AlppT q
IrpF q :“ IpF q,

3. If L P AlppT q alphabet symbol and ttαuαăλ are expressions

IrpLptαqαăλq :“ IpLqpIrptαqqαăλ.

Definition 4.5.24. Given a preinterpretation Ir we define a new function Ip : RulpT q Ñ
RulpT 1q.

1. IppΓ $ ∆Typeq :“ IrpΓq $ Irp∆qType

2. Ipp∆ $ t : ∆q :“ Irp∆q $ Irptq : Irp∆q

3. Ipp∆, ∆1 $ ∆ ” ∆1q :“ Irp∆q, Irp∆1q $ Irp∆q ” Irp∆1q.

4. Ipp∆, t, t1 : ∆ $ t ”∆ t1q :“ Irp∆q, Irptq, Irpt1q : Irp∆q $ Irptq ”Irp∆q
Irpt1q.

This function is an interpretation from T into T 1 if all introductory judgment and
axioms of T are sent to introductory judgment and axioms of T 1, we will simply denote this
as I : T Ñ T 1.

Just as in [17] it is possible to prove that:

Lemma 4.5.25. If I is an interpretation from T to T 1, then it preserves the derived judg-
ments of the theory T .

Proof. From Lemma 2 [17, pp 1.52]. To illustrate how this is done, we show that the derived
judgment theorem 4.5.4 (13) it is preserved by I. Consider the derived judgment

$ ΓCtxt txα : ∆αuαăλ $ t ”∆ t1

Γ, sα : ∆αrsβ | xβsβăα, s
1
α : ∆αrs

1
β | xβsβăα $ sα ”∆αrs1

β |xβsβăα
s1
α

Γ, tsα : ∆αrsβ | xβsβăαuαăλ, ts
1
α : ∆αrs

1
β | xβsβăαuαăλ

$ trsα | xαsαăλ ”∆rsα|xαsαăλ
t1rs1

α | xαsαăλ
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in the theory T . We may assume that the context Γ is of the form txβ : Ωβuβăµ, so we get

$ txβ : Ωβuβăµ Ctxt txα : ∆αuαăλ $ t ”∆ t1

txβ : Ωβuβăµ, sα : ∆αrsβ | xβsβăα, s
1
α : ∆αrs

1
β | xβsβăα $ sα ”∆αrs1

β |xβsβăα
s1
α

txβ : Ωβuβăµ, tsα : ∆αrsβ | xβsβăαuαăλ, ts
1
α : ∆αrs

1
β | xβsβăαuαăλ

$ trsα | xαsαăλ ”∆rsα|xαsαăλ
t1rs1

α | xαsαăλ

Applying the I to the hypothesis and by theorem 4.5.26 we obtain the following derivations
in T 1.

• $ txβ : IrpΩβquβăµ Ctxt,

• txα : Irp∆αquαăλ $ Irptq ”∆ Irpt1q,

• txβ : IrpΩβquβăµ, sα : Irp∆αqrIrpsβq | xβsβăα, Irps
1
αq : Irp∆αqrIrps

1
βq | xβsβăα $ Irpsαq ”Irp∆αqrIrps1

βq|xβsβăα

Irps1
αq.

We have all the requirements to use theorem 4.5.4 (13) for the theory T 1. Thus,

$ txβ : IrpΩβquβăµ Ctxt txα : Irp∆αquαăλ $ Irptq ”∆ Irpt1q

txβ : IrpΩβquβăµ, sα : Irp∆αqrIrpsβq | xβsβăα, Irps
1
αq : Irp∆αqrIrps

1
βq | xβsβăα

$ Irpsαq ”Irp∆αqrIrps1
βq|xβsβăα

Irps1
αq

txβ : IrpΩβquβăµ, tIrpsαq : Irp∆αqrIrpsβq | xβsβăαuαăλ, tIrps
1
αq : Irp∆αqrIrps

1
βq | xβsβăαuαăλ

$ IrptqrIrpsαq | xαsαăλ ”Irp∆qrIrpsαq|xαsαăλ
Irpt1qrIrps1

αq | xαsαăλ

is a derived rule of T 1. Therefore, the rule is preserved by the interpretation I.

The following lemma fills the gap:

Lemma 4.5.26. If I is an interpretation of T into T 1 and we have expressions f and ttαuαăλ

on the alphabet AT , then

Irpf rtα | xαsαăλq “ IrpfqrIrptαq | xαsαăλ.

Proof. This is done by induction on the length of f in [17, Lemma 1, pp. 1.52]. The
interesting case is when f “ F peβqβăµ for some F in the alphabet and expressions teβuβăµ.
We assume inductively the result true for the expressions teβuβăµ. Then we have:

Irpf rtα | xαsαăλq “ IrpF peβrtα | xαsαăλqβăµq

“ IpF qpIrpeβrtα | xαsαăλqqβăµ

“ IpF qpIrpeβqrIrptαq | xαsαăλqβăµ, by induction hypothesis

“ IpF qpIrpeβqqβăµrIrptαq | xαsαăλ
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“ IrpF peβqβăµqrIrptαq | xαsαăλ

“ IrpfqrIrptαq | xαsαăλ

There is also a notion of composition of interpretations: If I : S Ñ T and J : T Ñ U are
interpretations, then there is an interpretation J ˝ I : S Ñ U that is defined in the obvious
way. It is also easy to infer what is the identity for this composition. A crucial result to
define these compositions is:

Lemma 4.5.27. If I : S Ñ T and J : T Ñ U are interpretations then J ˝ IĆpeq “ JrpIrpeqq

Proof. This is by induction of the expression e see [17, Lemma 3, pp. 1.55].

We can define the category κ-GAT of κ-generalized algebraic theories. There is an
equivalence relation on interpretations between two theories T and T 1. If I, J : T Ñ T 1 are
two interpretations, then I « J if an only if for every rule r P RU we have Iprq « Jprq in
the theory T 1.

Lemma 4.5.28. If I and J are interpretations from T to T 1 such that I « J then for all
type and element judgment J of U , IppJ q « JppJ q in T 1.

Proof. See [17, Lemma 1, Section 1.14].

Then theorem 4.5.28 implies that the compositions as given is well-defined. Finally,
in order to get the correct morphisms, we need to know that the equivalence relation on
interpretations is compatible with the composition. Another advantageous consequence is
that this it gives us criteria to establish whether two interpretations are equivalent.

Corollary 4.5.29. If I and J are interpretations from T to T 1 then I « J if and only if for
any type element judgment r, Ipprq « Jpprq.

Proof. This follows from theorem 4.5.28 and (3) of theorem 4.5.3.

Corollary 4.5.30. If I and J are interpretations from T to T 1 and I 1 and J 1 are interpre-
tations from T 1 to T 2 then from I « J and I 1 « J 1 we conclude that I 1 ˝ I « J 1 ˝ J .

Proof. [17, pp. 1.72].

The category κ-GAT has morphisms equivalence classes of interpretations [17, pp. 1.72].
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4.5.5 Construction and properties of the category CT

Let be T an κ-Cartmell theory. The category CT has the following data:

• Objects: Equivalence classes of contexts under the relation «. If txα : ∆αuαăλ is a
context then the object in CT is denoted rtxα : ∆αuαăλs.

• Morphisms: A morphism between rtxα : ∆αuαăλs and rtxβ : Ωµuβăµs it is the equiva-
lence class of a map

xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ

induced by the relation « . We denote this set by

homCT prtxα : ∆αuαăλs, rtxβ : Ωµuβăµsq.

• Composition: This is induced by the composition of maps between contexts. This is
again well-defined in view of 2 of theorem 4.5.21.

• Identity: For a context txα : ∆αuαăλ its identity is the equivalence class rtxαuαăλs.

Remark 4.5.31. The category CT has a unique object 1 :“ rHs, the equivalence class of
the empty context. Note that this is a terminal object.

Remark 4.5.32. Let rtxα : ∆αuαăλs an object of CT . Then for any µ ă λ we get a morphism
rxxβyβăµs : rtxα : ∆αuαăλs Ñ rtxβ : ∆βuβăµs. Indeed, since txα : ∆αuαăλ is a context then
for any β ă λ we have txδ : ∆δuδăδ $ ∆β Type. Therefore, it follows from (theorem 4.5.4, 9)
that txα : ∆αuαăλ $ xα : ∆α for all α ă λ. In particular this is true for all β ă µ, this gives
the morphism above.

Following the same argument, if ν ă µ, then we also we have map rxxγyγăνs : rtxβ :
∆βuβăµs Ñ rtxγ : ∆γuγăνs. Furthermore, we get a commutative diagram:

rtxα : ∆αuαăλs rtxβ : ∆βuβăµs

rtxγ : ∆γuγăνs

rxxβyβăµs

rxxγyγăν s
rxxγyγăν s

Remark 4.5.33. Since these morphisms are somewhat canonical we will use the notation
“ ↠ ”, and whenever we use this arrow for a morphism it must be assumed that such
map is of this form. These morphisms are called display, which is Cartmell’s terminology.
In contrast, our ‘display’ maps can be of arbitrary length, which we will often refer to as
generalized display maps.

Suppose there is a context rtxα : ∆αuαăλ`εs with ε ě 0. Then we can consider an
ε-indexed sequence of display morphisms:

rtxα : ∆αuαăλ`2s rtxα : ∆αuαăλ`1s rtxα : ∆αuαăλs¨¨¨
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Also, there is a display map rtxα : ∆αuαăλ`εs↠ rtxα : ∆αuαăλs. This display morphism
will be by definition the composition for the sequence. If ε “ 0, then this maps is simply the
identity. We also get a factorization of the map rtxα : ∆αuαăλs ↠ 1 via display maps for
any λ ě 0.

Observation 4.5.34. From the previous theorem 4.5.32 we can observe that if λ is a limit
ordinal then rtxα : ∆αuαăλs is the limit of the sequence

rtx1 : ∆1, x2 : ∆2us rtx1 : ∆1us 1.¨¨¨

If there is another context rtxδ : Γδuδăγs and maps

rxtβyβăαs : rtxδ : Γδuδăγs Ñ rtxβ : ∆βuβăαs

for all α ă λ then we can simply take the map

rxtαyαăλs : rtxδ : Γδuδăγs Ñ rtxα : ∆αuαăλs.

This can be shown the cone map (which is unique). This verifies our claim.

Using theorem 4.5.32 we can define a function:

ν : ObpCT q κ

as νprtxα : ∆αuαăλsq :“ λ. We call this the length function. We can use ν to construct
a filtration on the objects of CT : we define

ObλpCT q :“ ν´1
pλq

then ObpCT q “
š

λăκObλpCT q, and so if α ď β then ObαpCT q Ď ObβpCT q. Furthermore, if
p : A↠ B is a display morphism, then νpBq ď νpAq.

For α ă β there are functions

πβ : ObβpCT q Ñ ObαpCT q

that are defined in the obvious way. Additionally, 1 P Ob0pCT q is unique.

The proof of the following lemma is the same as in [17].

Lemma 4.5.35. The pullback of a display map along arbitrary morphisms in CT exists,
and it is also display.

Proof. We use induction over the context length. Assume we have the following diagram
in CT :

rtxβ : Ωβuβăµ`1s

rtxα : ∆αuαăλs rtxβ : Ωβuβăµs

rxxβyβăµs

rxtβyβăµs
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Then the pullback is given using theorem 4.5.21, the context is

rtxα : ∆α, xµ : Ωµrtβ | xβsβăµuαăλs.

Therefore we have a commutative square

rtxα : ∆α, xµ : Ωµrtβ | xβsβăµuαăλs rtxβ : Ωβuβăµ`1s

rtxα : ∆αuαăλs rtxβ : Ωβuβăµs

rxxβyβăµs

rxtβyβăµs

rxxαyαăλs

rxtβ ,xµyβăµs

(4.5.1)

Note that by definition the left vertical morphism is also display. If there is another com-
mutative square

rtxζ : Γζuζăξs rtxβ : Ωβuβăµ`1s

rtxα : ∆αuαăλs rtxβ : Ωβuβăµs,

rxxβyβăµs

rxtβyβăµs

rxfαyαăλs

rxgβyβăµ`1s

the map
rxfα, gµyαăλs : rtxζ : Γζuζăξs Ñ rtxα : ∆α, xµ : Ωµrtβ | xβsβăµuαăλs

shows that the square (4.5.1) is the pullback.
Next, assume that we have a diagram

rtxβ : Ωβuβăµs

rtxα : ∆αuαăλs rtxβ : Ωβuβăνs

rxxβyβăµs

rxtβyβăν s

where µ is a limit ordinal strictly larger than ν. We simplify the notation as follows:

Bµ

Aλ Bν
xtβyβăν

Assume that the factorization of the map Bµ ↠ Bν is of the form

. . .↠ Bν`2 ↠ Bν`1 ↠ Bν

and therefore Bµ is the limit (obtained similarly as in theorem 4.5.34 and theorem 4.5.32).
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Then we can take the successive pullback

f˚Bµ Bµ

qpf,Bν`1q
˚Bν`2 Bν`2

f˚Bν`1 Bν`1

Aλ Bνf

...

qpf,Bν`1q

qpqpf,Bν`1q,Bν`2q

qpf,Bµq

...

{

{

{

(4.5.2)

where at each successor stage it is given as before, f :“ xtβyβăν , the context

f˚Bµ :“ rtxα : ∆α, xβ : Ωβrtδ | xδsδăβu αăλ
νăβăµ

s

is the limits of the sequence on the left-hand side, with the obvious display maps to each
object in the sequence, and

qpf,Bµq :“ rxtβ, xγyβăνăγăµs.

This makes the outer rectangle in (4.5.2) commutative. Moreover, the map qpf,Bµq is the
unique cone map induced by the family of maps

trxtβ, xγyβăνăγăδs : f
˚Bµ Ñ Bδuνăδăµ.

Using the same notation as in the lemma above, we have:

Remark 4.5.36. 1. If f “ IdBν then pIdBν q˚Bµ “ Bµ and qpIdBν , Bµq “ IdBµ .

2. For a diagram
A

D C B,
fg

p

we have that g˚pf˚pAqq “ pfgq˚pAq and qpfg,Aq “ qpf, Aqpg, f˚Aq.

We will refer to the category CT as the syntactic category associated to the κ-Cartmell
theory T .

Observation 4.5.37. We note that theorem 4.5.35 give us an explicit construction of pull-
backs in CT , as well the pullback of the maps and an explicit description of qpf,Bµq.

We finish this section by characterizing the display maps in the category CT . This result
says that display maps are somehow generic. We start with a preparatory result.
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Lemma 4.5.38. Let T a κ-Cartmell theory and CT its syntactic κ-contextual category.
Assume that there is a f : ∆Ñ Γ, then any display map B ↠ ∆ of length 1 can be obtained
as a pullback of the form

B Γ1

∆ Γ
f

{

where Γ1 ↠ Γ is of length 1.

Proof. This simply a reformulation of theorem 4.5.13. Assume that

f “ rxtβyβăµs : rtxα : ∆αuαăλs Ñ rtxβ : Γβuβăµs.

Therefore, when the display map is of the form

rtxα : ∆αuαăλ`1s↠ rtxα : ∆αuαăλs.

We can construct the square

rtxα : ∆αuαăλ`1s rtx : Γβ, xλ : ∆λuβăµs

rtxα : ∆αuαăλs rtx : Γβuβăµs.

xtβ ,xλyβăµ

xtβyβăµ

Since for all β ă µ, xβ does not occur in ∆λ we have that ∆λrtβ|xβsβăµ ” ∆λ. Hence, it
follows from the construction of pullbacks in CT (theorem 4.5.35) that the square above is
indeed a pullback diagram.

We are ready to give the full description of display maps.

Proposition 4.5.39. Every Display map B ↠ ∆ in CT is a limit of a κ-small tower V :
λÑ CT where for each limit ordinal β ă λ

V pβq “ Limαăβ V pαq

and the map V pα ` 1q Ñ V pαq is a pullback of a length one display map of the form
pΓ, Aq↠ Γ where Γ $ AType is a type axiom of the theory T .

Proof. Each display map in CT has a length λ. Just as in theorem 4.5.32 it admits a
decomposition into display maps. It will be enough to prove the second claim, but this
follows by an inductive argument in conjunction with the previous theorem 4.5.38. The
inductive step provides us with the required map f : V pαq Ñ Γ in theorem 4.5.38.

4.6 Contextual categories and Cartmell theories

This section is the most relevant part. We will show that from the syntax of a κ-Cartmell
theory we can construct a category, called κ-Contextual category, which we now introduce.
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4.6.1 κ-contextual categories

The discussion in section 4.5.5 on the properties of the syntactic category CT can be sum-
marized with the next definition, which is the natural generalization of Cartmell’s [17] or
[41]. We present our definition in the same way as in the latter. Recall that κ is a regular
cardinal.

Definition 4.6.1. A category C is said to be a κ-contextual category if:

1. The objects of C have grading ObpCq “
š

λăκObλpCq. This grading determines the
height of any object B P C, which we write as htpBq.

2. There is a terminal object 1 P C and it is unique up to equality with height 0.

3. There is a wide subcategory DispCq with distinguished maps “ ↠ ” called display
morphisms,

4. The subcategory DispCq is closed under transfinite compositions: if we have

¨ ¨ ¨ B3 B2 B1 B0

a λ-sequence of display maps, then there is a unique object B in DispCq with height
λ and for each µ ď λ a display map B ↠ Bµ such that for any α ă λ we have a
factorization

B B0

Bα

5. The inclusion functor preserve i : DispCq ãÑ C transfinite compositions.

6. If A ↠ B is an arrow in DispCq then B P ObµpCq and A P ObλpCq for some ordinals
λ, µ with µ ď λ.

7. For any object A P ObλpCq and any µ ď λ there exists a unique object B P ObµpCq and
a unique display map A ↠ B. The length of this display map is the unique ordinal α
such that λ “ µ` α, is such situation, we write ltppq.

8. For any A P ObλpCq, a map A↠ B and any map f : C Ñ B there is a pullback square

f˚A A

C B
f

pf˚p

qpf,Aq

{

called canonical pullback of A along f , and we require ltpf˚pq “ ltppq.

9. Canonical pullbacks are strictly functorial: for ordinals with µ ď λ, A P ObλpCq
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(a) If f “ idB then id˚
BA “ A and qpidB, Aq “ idA.

(b) For a diagram
A

D C B,
fg

p

we have that g˚pf˚pAqq “ pfgq˚pAq and qpfg,Aq “ qpf, Aqpg, f˚Aq.

10. Given display maps p : A↠ B and q : B Ñ C and any f : X Ñ C, in the diagram

qpf,Bq˚A A

f˚B B

X C,

qpqpf,Bq,Aq

qpf,Bq˚p
{

p

qpf,Bq

f˚r

{
r

f

we have that f˚r ˝ pqpf,Bq˚pq “ f˚pr ˝ pq and qpqpf,Bq, Aq “ qpf, Aq.

Remark 4.6.2. We use the term "display map" in a rather different way to Cartmell. For
us, a display map can have any height, and it is only bounded by the regular cardinal κ.

We have already seen one example of such a category.

Corollary 4.6.3. For any κ-Cartmell theory T the syntactic category CT is a κ-contextual
category.

Proof. This is done throughout section 4.5.5.

Remark 4.6.4. It follows from theorem 4.6.1 that for any object B P C the map B ↠ 1 can
be decomposed as a transfinite composition of display maps

Bλ ↠ . . .↠ B1 ↠ 1.

The length of decomposition above is given by the degree of B. This is what [17] calls the
tree structure of the category. Whenever we refer to objects in a κ-contextual category as
above, we will emphasize its height by writing Bλ. Likewise, we will denote the display maps
as pα : Bλ ↠ Bα for each α ă λ.

The following lemma is a consequence of theorem 4.6.1 and theorem 4.6.4.

Lemma 4.6.5. Let B P ObλpCq such that λ is a limit ordinal. Then B itself is a limit object
in C.
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Proof. From theorem 4.5.32 we obtain a sequence

¨ ¨ ¨ B3 B2 B1 1.

It follows from Axiom 4 of theorem 4.6.1 that B must be the limit of the sequence. Finally,
we use that the inclusion DispCq Ñ C preserve limits.

Definition 4.6.6. Let C, D contextual categories. A functor F : C Ñ D it is called contextual
functor if it satisfies the following conditions:

1. F pObλpCqq Ď ObλpDq for all λ ă κ,

2. F restricts to a functor DispCq Ñ DispDq,

3. F preserve canonical pullbacks up to equality, meaning that for any square in C

f˚A A

C B
f

pf˚p

qpf,Aq

{

we have F pf˚Aq “ pFfq˚pFAq and F pqpf, Aqq “ qpFf, FAq.

Since the degree of each object is preserved by a κ-contextual functor, it makes sense to
denote F pAλq :“ F pAqλ for Aλ P C. Another piece of notation we can introduce is from the
functor F : DispCq Ñ DispDq; since any display map pα : Aλ ↠ Aα is sent to a display map
F ppαq : F pAqλ ↠ F pAqα, and the degrees are preserved, we agree to omit F on these maps.
Contextual functors are the morphisms of the category of κ-contextual categories, we will
denote it as κ-CON.

4.6.2 Interlude: categorical facts

We collect and recall some categorical facts about general κ-contextual categories.

Proposition 4.6.7 (The slice κ-contextual category). Let C be a κ-contextual category. For
any object B P ObµpCq there is a κ-contextual category which is a full subcategory of the
slice C{B which has objects display maps A↠ B where A P ObλpCq with λ ě µ.

Since we will rarely use categories other than κ-contextual categories, we will employ
the slice notation C{B for the category from the previous proposition.

Proof. The proof is completely formal. The important fact to remember is that the pullback
of a display map is also display.
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It is a well known fact that the pasting of two pullbacks give us a pullback, in our case
consider the following diagram:

f˚Bµ Bµ

qpf,Bν`1q
˚Bν`2 Bν`2

f˚Bν`1 Bν`1

Aλ Bνf

...

qpf,Bν`1q

qpqpf,Bν`1q,Bν`2q

qpf,Bµq

...

{

{

{

Then if µ is a limit ordinal, the object Bµ is the limit of the sequence on the right-hand
side. Thus, f˚Bµ is the limit of the sequence on the left-hand side. Note that pairwise we
have qpf,Bν`1q

˚Bν`2 “ f˚Bν`2 and qpf,Bµ`2q “ qpqpf,Bµ`1q, Bµ`2q.
If f : Aλ Ñ Bν and pν : Bµ ↠ Bν is a display map with µ “ ν ` 1, using the universal
property of the pullback we can construct the following diagram:

Aλ

ppνfq
˚Bµ Bµ

Aλ Bν .pνf

pνppνfq˚pν

{

f

IdAλ

δνf

The map δνf makes both triangles commutative. We will focus on the fact that ppfνq˚pνqδνf “
IdAλ , where fν “ pνf . Assume that we have a map p : Bµ ↠ Bν with µ a limit ordinal, in
particular the length of p is a limit ordinal. Then a map f : Aλ Ñ Bµ is determinate by a
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family of maps tfγ : Aλ Ñ Bγu. Then we obtain:

Aλ

f˚Bµ Bµ

qpf,Bν`1q
˚Bν`2 Bν`2

f˚Bν`1 Bν`1

Aλ Bν ,fν

...

qpf,Bν`1q

qpqpf,Bν`1q,Bν`2q

qpf,Bµq

...

{

{

{

Id

f

δνf

p

where the map δνf is given as the family of maps pδνf qγ, each given by an intermediate
pullback square in the diagram above.

Notation 4.6.8. If the situation above, for f : Aλ Ñ Bµ we denote

ΓpBµ
ν q :“ th : Aλ Ñ ppνfq

˚Bµ | pppνfq
˚pνqh “ IdAλu.

We can consider a more general case, if Aλ P ObλpCq and Bµ P ObµpCq with λ ă µ, then
there is a unique display map p : Bµ ↠ Aλ. We set

ΓpBµ
λq :“ ts : Aλ Ñ Bµ | ps “ IdAλu

for this situation as well, since the object Aλ will be inferred from the context.

If the contextual category is CT , then recalling theorem 4.5.35, we can give an explicit
description of the map δνf .

Lemma 4.6.9. Assume that f :“ rxtβyβăνs : rtxα : Aαuαăλs Ñ rtxβ : Bβuβăνs and there is
a display map p : rtxβ : Bβuβăµs↠ rtxβ : Bβuβăνs then δνf “ rxxα, tβy αăλ

νăβăµ
s.

Proof. This follows by induction on µ and the explicit construction of pullbacks from the-
orem 4.5.35.

In certain situations, the property above characterizes the map δνf .

Lemma 4.6.10. If rtxβ : Bβuβăµs is an object of CT and ν ă µ then f P ΓpBµ
ν q if and only if

f “ rxxβ, tγyβăνăγăµs, where for all ν ă γ ă µ, the rule txβ : Bβuβăν , ttγ1 : Bγ1uγ1ăγ $ tγ : Bγ

is a derived rule.

The next result follows from the previous lemma, and it is used in theorem 4.6.41.
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Lemma 4.6.11. Let Aλ, Bµ objects of C and for each β ă µ we have maps rβ`1 P

Γpr˚
β ¨ ¨ ¨ r

˚
1p

˚Bβ`1q then there exists a unique sequence of maps tgβ : Aλ Ñ Bβuβăµ such
that for all β ă µ we have pβgβ`1 “ gβ such that δgβ “ rβ.

Some words about the previous lemma are in order. The expression r˚
β ¨ ¨ ¨ r

˚
1p

˚Bβ`1 can
be illustrated by the first two steps:

p˚B2 B2

p˚B1 B1 r˚
1p

˚B2 p˚B2

Aλ 1 Aλ p˚B1p

{

{

r1

r1

{

r2

4.6.3 The equivalence between κ-GAT and κ-CON

4.6.3.1 The functor C : κ-GATÑ κ-CON

To establish this equivalence of categories, we first define a functor C : κ-GAT Ñ κ-CON
using the construction of section 4.5.5. The proof again comes from ([17], section 2.4.1).
We register all preliminary results needed to define this functor, however again we omit the
proofs since they are similar to the original ones given by Cartmell.

On objects C : κ-GAT Ñ κ-CON is defined as CT for T a κ-Cartmell theory. For a map
rIs : T Ñ T 1 between theories, we need functor CpIq : CT Ñ CT 1 :

1. On objects; CpIqprtxα : ∆αuαăλsq :“ rtxα : Irp∆αquαăλs,

2. On morphisms: If rxtβyβăµs : rtxα : ∆αuαăλs Ñ rtxβ : ∆βuβăµs then CpIqprxtβyβăµsq :“

rxIrpxtβyβăµqs.

If there is an interpretation J in the equivalence class rIs, then by theorem 4.5.28 any
rule r of T we get Ipprq « Jpprq. Therefore, the definition of CpIq does not depend on the
representative of rIs.

Remains to verify that CpIq is indeed a contextual functor. Firstly, it is primordial to
verify it is well-defined.

Lemma 4.6.12. Let rIs : T Ñ T 1 be a map in κ-GAT then the following hold:

1. The interpretation I preserves contexts: If txα : ∆αuαăλ is a context in the theory T
then txα : Ip∆αquαăλ is a context in the theory T 1.

2. The interpretation I preserves the equivalence relation « between contexts: If txα :
∆αuαăλ and txα : Ωαuαăλ are contexts in the theory U with txα : ∆αuαăλ « txα :
Ωαuαăλ then txα : Ip∆αquαăλ « txα : IpΩαquαăλ.



4. HOMOTOPY LANGUAGES 158

3. The interpretation I preserves morphisms between contexts: If xtβyβăµu : txα : ∆αuαăλ Ñ

txβ : Ωβuβăµ is a morphism between contexts in the theory T then xIptβqyβăµu : txα :
Ip∆αquαăλ Ñ txβ : IpΩβquβăµ is a morphism between contexts in the theory T 1.

4. The interpretation I preserves the equivalence relation « between morphisms of con-
texts: If xsβyβăµ, xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ are morphisms between
contexts in the theory T with xsβyβăµ « xtβyβăµ then xIpsβqyβăµ « xIptβqyβăµ.

Proof. The proof of each statement is consequence of theorem 4.5.26 or theorem 4.5.25.
Our enumeration of variables give us a notation simplification of the proof given by [17].
For example, to prove 4; we have by assumption that txα : ∆αuαăλ $ tγ ”Ωγ rtβ |xβsβăγ

sγ
for all 0 ă γ ď µ. Therefore, since the interpretation preserves this rule oT we get that
txα : Ip∆αquαăλ $ Iptγq ”IpΩγqrIptβq|xβsβăγ

Ipsγq for all 0 ă γ ď µ. This exactly establishes
xIpsβqyβăµ « xIptβqyβăµ.

We have seen that the definition of CpIq give us the correct objects and morphisms.
Now we show that it is indeed a contextual functor.

Lemma 4.6.13. Let I : T Ñ T 1 be a morphism in κ-GAT. Then the map CpIq : CT Ñ CT 1

is a contextual functor.

Proof. The map is a functor trivially. That it preserves the grading and restricts to a
functor between the display subcategories DispCT q and DispCT 1q, it is also immediate. To
prove it preserves canonical pullbacks, consider the following pullback square in the category
CT :

rtxα : ∆α, xγ : Ωγrtβ | xβsβăµu αăκ,
µďγăµ`ε

s rtxβ : Ωβuβăµ`εs

rtxα : ∆αuαăκs rtxβ : Ωβuβăµs

rxxβyβăµs

rxtβyβăµs

rxxαyαăκs

rxtβ , xγy βăµ,
µďγăµ`ε

s

Then a straightforward computation, using the definition of CpIq, shows that this is sent to
a pullback square in the category CT 1 .

Corollary 4.6.14. There is a functor C : κ-GAT Ñ κ-CON.

4.6.3.2 The functor U : κ-CONÑ κ-GAT

We now turn to construct a functor that to each κ-contextual category C associates a κ-
generalized algebraic theory UpCq, this is part of [17, Section 2.4]. We will use the notation
introduced in theorem 4.6.4. This means we identify each object by its height, say Bλ, and
write display maps as pα : Bλ ↠ Bα if λ ą 0 and α ă λ. If α “ 0 then B0 “ 1 the terminal
object. A morphism f : Aλ Ñ Bµ is trivial when Bµ is trivial, i.e µ “ 0.

Definition 4.6.15. We define UpCq P κ-GAT as:
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1. For each non-trivial object Bµ with µ “ λ`1 a type symbol Bµ with introductory rule:
txβ : Bβuβăµ $ Bµpxβqβăµ Type. The notation emphasizes the fact that Bµ depends
on the indicated variables.

2. If f : Aλ Ñ Bµ is morphism of C with µ “ ν ` 1 we get an operator symbol f . It has
introductory rule;

• If f : Aλ Ñ Bµ`1, denote by ρµ : Bµ`1 ↠ Bµ. Then the operator symbol has
introductory rule

txα : Aαuαăλ $ fpxαqαăλ : pρµfq˚Bµ`1pxαqαăλ.

This does not clash with the notation from the previous point since it always refer to
an object of C and in this case refers to map.

Subject to the following axioms in UpCq:

1. Let Aλ, Bµ, Cν`1 be objects of C and maps f : Aλ Ñ Bµ, g : Bµ Ñ Cν`1:

txα : Aαuαăλ $ gfpxαqαăλ ”ppνgfq˚Cν`1pxαqαăλ
g
`

pβfpxαqαăλ

˘

βăµ
.

2. Let Bµ be a non-trivial object of C. For each δ ă µ we have

txβ : Bβuβăµ $ pδpxβqβăµ ”Bδpxβqβăδ
xδ.

3. Let Aλ, Bµ`1 objects of C and a map f : Aλ Ñ Bµ then

txα : Aαuαăλ $ f˚Bµ`1pxαqαăλ ” Bµ`1

`

pβfpxαqαăλ

˘

βăµ

and

txα : Aα, xδ : f˚Bµ`1pxαqαăλuαăλ $ qpf,Bµ`1qpxα, xδqαăλ ”f˚Bµpxαqαăλ
xδ.

Observation 4.6.16. It is immediate to observe that UpCq as defined is a κ-pretheory.
We have sort symbol and operator symbols introduced by type judgment and type element
judgments respectively. Note that the list of axioms we provided are well-formed rules. This
is because the premise of each axiom is by definition a context.

Remark 4.6.17. If f : Aλ Ñ Bµ is a map in C, where µ is a limit ordinal, i.e., Bµ is a limit
object, then we get a family of maps tfν : Aλ Ñ Bνuνăµ. Therefore, the associated operator
f is uniquely determined by the operator fν , for which in this case we can assume that ν is
a successor ordinal.

If F : C Ñ D is a functor between κ-contextual categories, then we need an interpreta-
tion UpF q : UpCq Ñ UpDq;



4. HOMOTOPY LANGUAGES 160

1. For an object Aλ, the interpretation is defined as

UpF qpAλq :“ FAλpxαqαăλ.

2. For a morphism f : Aλ Ñ Bµ`1, the operator f is interpreted as

UpF qpfq :“ F pfqpxαqαăλ.

The next step is to prove that this is indeed an map between the κ-Cartmell theories,
this is done in [17, pp 2.29]. For this, it is enough to show that rules and axioms of UpCq are
sent to rules of UpDq. The functoriality of U : κ-CON Ñ κ-GAT is also immediate from its
definition. This is tested on each type and operator symbol. It is then enough to take the
equivalence class rUpF qs.

4.6.3.3 The natural isomorphism U ˝ C – Idκ-GAT

For each T P κ-GAT we want to define an interpretation rφT s : T Ñ UpCT q, we do this by
defining a preinterpretation φT : ExppT q Ñ ExppUpCT qq:

1. If ∆ is a type symbol of T with introduction rule

txα : ∆βuβăµ $ ∆pxβqβăµ Type

then
φT p∆q :“ rtxβ : ∆β, xδ : ∆pxβqβăµuβăµspxβqβăµ

2. If f is an operator symbol with introductory rule

txα : ∆βuβăµ $ fpxβqβăµ : ∆,

then
φT pfq :“ rxxβ, fpxβqβăµyβăµspxβqβăµ,

where xxβ, fpxβqβăµyβăµ is the morphism txα : ∆βuβăµ Ñ txα : ∆β, xδ : ∆uβăµ.

We proceed to verify that as defined φT : T Ñ UpCT q is an interpretation. This is a
crucial point in the proof, so we spell out some details in theorem 4.6.26. The results below
are the technical steps towards it.

Lemma 4.6.18. If C is a contextual category, objects Aλ, Bµ and f : Aλ Ñ Bµ is map with
µ “ ν ` 1 (in particular it is non-trivial) then the rule

txα : Aαpxγqγăαuαăλ $ fpxαqαăλ : Bµ

`

pβ ˝ fpxαqαăλ

˘

βăµ

is a derived rule of UpCq.
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Proof. We have the axiom

txα : Aαuαăλ $ f˚Bµpxαqαăλ ” Bµ

`

pβ ˝ fpxαqαăλ

˘

βăµ

for UpCq and the derivation rule for κ-GAT

Γ $ A1 ” A2 t : A1

Γ $ t : A2

.

These put together give us the result.

Lemma 4.6.19. Let C a κ-contextual category, objects tAαuαăλ, tBβuβăµ`1, tCγuγăε and a
commutative diagram

Cε Bµ`1

Aλ Bµ.f

p

l

k

If h : Cε Ñ f˚Bµ`1 is the unique map given by the pullback, then the rule

txγ : Cγpxδqδăγuγăε $ hpxγqγăε ”pfkq˚Bµ`1pxγqγăε
lpxγqγăε

is a derived rule of UpCq.

Proof. The proof is the same as [17, Lemma 2 pp. 2.32] using theorem 4.6.18.

Lemma 4.6.20. Let C a κ-contextual category, objects tAαuαăλ, tBβuβăµ, tCγuγăε and for
0 ă ν ă µ a commutative diagram

Cε Bµ

Aλ Bν .f

pν

lν

kν

If hν : Cε Ñ f˚Bµ is the unique map given by the pullback, then the rule

txγ : Cγpxδqδăγuγăε $ hνpxγqγăε ”pfkνq˚Bµpxγqγăε
lνpxγqγăε

is a derived rule of UpCq.

Proof. This by induction on the height of pν . When it is a successor ordinal, this is the
previous theorem 4.6.20. When it is a limit ordinal Bµ is a limit object, therefore the result
reduces to the inductive hypothesis, which is the successor case again.

Recall from section 4.6.2 we defined the set of maps ΓpBq. It follows from the previous
result that
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Corollary 4.6.21. If C is a κ-contextual category and f : Aλ Ñ Bµ is a map in C, then for
all ν ă µ

txα : Aαpxδqδăαuαăλ $ δνf pxαqαăλ ” fpxαqαăλ.

is a derived rule of UpCq.

If we specialize theorem 4.6.21 to the syntactic κ-contextual category of a κ-Cartmell
theory T , then

Corollary 4.6.22. Assume that txβ : Bβuβăµ is a context, ν ă µ and

fν :“ rxtβyβăνs : rtxα : Aαuαăλs Ñ rtxβ : Bβuβăνs

a map in CT then

txα : Aαpxγqγăαuαăλ $ rxxα, tεy αăλ
νďεăµ

s ” rxtβ, tεyβăνďεăµs.

is a derived rule of UpCT q.

Proof. This follows from theorem 4.6.21 and the explicit description of δνfν given in theo-
rem 4.6.9.

Lemma 4.6.23. If Aλ, Bµ are objects and fν : Aλ Ñ Bν , with ν ă µ, is a map in a
κ-contextual category C, then:

1. The rule
txα : Aαpxδqδăαuαăλ $ f˚

νBµpxαqαăλ ” Bpδγ
ppγfq

pxαqαăλqγăν

is a derived rule of UpCq.

2. If g : ΓpBµ
ν q then the rule

txα : Aαpxδqδăαuαăλ $ δνgf pxαqαăλ ” δνg pδ
γ
pγf
pxαqαăλqγăν

is a derived rule of UpCq.

Corollary 4.6.24. If T is a κ-Cartmell theory, txβ : Bβuβăµ is a context, ν ă µ and

fν :“ rxtβyβăνs : rtxα : Aαuαăλs Ñ rtxβ : Bβuβăνs

is a map in CT then;

1.
txα : Aαpxδqδăαuαăλ

rtxα, xγ : Bγrtδ|xδsδăγu αăλ
νďγăµ

spxαqαăλ ” rtxβ : Bβuβăνspgβpxαqαăλqβăν

where for each β ă ν the map gβ :“ rxxα, tβyαăλs.
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2. If for all γ, with ν ă γ ă µ, the rule

txβ : Bβuβăν , ttγ1 : Bγ1uγ1ăγ $ tγ : Bγ

is a derived rule then

txα : Aαpxδqδăαuαăλ $ rxxα, tγrtγ1 | xγ1sγ1ăγy αăλ
νăγăµ

s ” hpgβpxαqαăλqβăν

where gβ is defined as in the previous point and h :“ rxxβ, tγy βăν
νăγăµ

s.

Proof. This is a direct application of theorem 4.6.23. We remark that the assumption of
point (2) simply give us an element of ΓpBµ

ν q and the map on the left depend on variables
that according to our convention we leave implicit.

The following lemma is key to prove that we have an interpretation φT : T Ñ UpCT q,
the results above are used to prove:

Lemma 4.6.25. If T is a κ-Cartmell theory then:

1. If txα : ∆αuαăλ $ ∆Type is a type judgment of T , then the rule

txα : Aαpxδqδăαuαăλ $ Apxαqαăλ`1 ” φTĂp∆q

is a derived rule of UpCT q where A :“ txα : ∆αuαăλ`1 and Aα :“ txδ : ∆δuδďα.

2. If txα : ∆αuαăλ $ t : ∆ is a type element judgment of T , then the rule

txα : Aαpxδqδăαuαăλ $ xxα, tyαăλpxαqαăλ`1 ”Apxαqαăλ
φTĂptq

is a derived rule of UpCT q.

Proof. The proof is by induction on the derivations, by showing that rule derivation pre-
serves the properties above.

The important result of this section is the following.

Corollary 4.6.26. For every κ-Cartmell theory T , the map φT : U Ñ UpCT q is an inter-
pretation.

Proof. We see that the function φTx : RulpT q Ñ RulpUpCT qq is well-defined. We start with
a rule J of T and show that φTxpJ q is a rule of UpCT q

1. Type judgment: Assume that J :“ txα : ∆αuαăλ $ ∆Type is a rule of T , from
theorem 4.5.24 it follows that

φTxpJ q “ txα : φrp∆αquαăλ $ φTĂp∆qType.
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From theorem 4.6.25 we have for any γ ă λ` 1 the rule

txα : ∆αpxδqδăαuαăλ $ Aγ`1pxαqαăγ`1 ” φTĂp∆γq

is a derived rule of UpCT q. Thus, so it is

txα : φTĂp∆αqpxδqδăαuαăλ $ Aγ`1pxαqαăλ`1 ” φTĂp∆q.

Then it must be the case that txα : φrp∆αquαăλ $ φTĂp∆qType is a rule of UpCT q.

2. Element judgment: Γ $ t : ∆. This very similar the previous rule.

3. Type equality judgment: Γ $ ∆ ” ∆1. Also follows from theorem 4.6.25.

4. Term equality judgment: Γ $ t ”∆ t1. The same argument works.

Corollary 4.6.27. For every κ-Cartmell theory T , the map rφT s : U Ñ UpCT q is morphism
in the category κ-GAT.

Next, we will show that rφ´s : Idκ-GAT ñ U ˝ C is a natural transformation.

Lemma 4.6.28. Let T, T 1 two κ-Cartmell theories and I : T Ñ T 1 an interpretation between
them. Then, we have a commutative diagram

T UpCT q

T 1 UpCT 1q.

rIs

rφT s

UpCpIqq

rφT 1 s

Proof. We use theorem 4.5.29. Therefore, it will be enough to test the commutativity of the
diagram on type element judgments. Let txα : ∆αuαăλ $ t : ∆λ a type element judgment of
T . For any α ď λ we denote Aα :“ rtxδ : ∆δuδďαs. It follows from theorem 4.6.25 that

φTx

˜

txα : ∆αuαăλ

t : ∆λ

¸

«
txα : Aαuαăλ

rxxα, tyαăλs : Aλpxαqαăλ

.

We conclude that

UpCpIqq

˜

φTx

˜

txα : ∆αuαăλ

t : ∆λ

¸¸

«
txα : CpIqpAαquαăλ

CpIqprxxα, tyαăλsq : CpIqpAλqpxαqαăλ

.

Looking at the other composition: we get

Ip

˜

txα : ∆αuαăλ

t : ∆λ

¸

“
txα : Irp∆αquαăλ

Irptq : Irp∆λq
.
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A second use of theorem 4.6.25 give us that

φT 1
x

˜

Ip

˜

txα : ∆αuαăλ

t : ∆λ

¸¸

«
txα : Bαuαăλ

rxxα, Irptqyαăλs : Bλpxαqαăλ

,

where for α ď λ, Bα :“ rtxδ : Irp∆δquδďαs. However, by definition we have CpIqpAαq “ Bα

for α ď λ. This completes our verification.

Remains to show that rφT s is an isomorphism, and natural in T . We proceed to give
an inverse ψT : UpCT q Ñ T . Recall that a type symbol of UpCT q is of the form Aλ “
rtxα : ∆αuαăλs. If λ “ ν ` 1 then by choosing a representative of this equivalence class of
the context we can define ψT pAλq :“ ∆ν .
If λ is a limit ordinal once we chose a representative ∆λ “ txα : ∆αuαăλ. Then we know
that r∆λs “ limαăλr∆αs in CT , and this limit is unique. In this case, the value of ψT is
determined by non-limit ordinals α ă λ, which are ψT p∆αq “ ∆α. Therefore, we define
ψT pr∆λsq :“ ∆λ for some choice of a representative of the equivalence class. However, note
that the successor case determinate the limit case.
Operator symbols of UpCT q come from morphisms of CT . Therefore, for a morphism f :“
rxtβyβăµs : rtxα : ∆αuαăλs Ñ rtxβ : Ωβuβăµs in order to define ψT on the associated operator,
it is enough to assume that µ is a successor ordinal. Firstly, we need to make choices for the
contexts and morphism. However, the definition does not depend on these choices because
of (1) from theorem 4.5.22. This allows to define ψT as

ψT pfq :“ tµ

where tµ : Ωµrtβ|xβsβăµ.

Lemma 4.6.29. The function ψT is an interpretation from UpCT q Ñ T .

Proof. We need to check that rules and axioms are preserved by ψT . It will be enough to
deal with the case where λ “ ν ` 1. Suppose that Aλ has

txα : Aαpxδqδăαuαăν

Aνpxαqαăν Type

Furthermore, we assume that txα : ∆αuαăλ is such that Aλ “ rtxα : ∆αuαăλs. By
definition,

ψTx

˜

txα : Aαpxδqδăαuαăν

Aλpxαqαăλ Type

¸

“
txα : ∆αuαăν

∆ν Type
.

This is obviously a derived rule of T . Preservation of the rule for operator symbols is
straightforward.

Lemma 4.6.30. For any κ-Cartmell theory T we have ψT ˝ φT « IdT .
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Proof. From theorem 4.5.29 it is enough to verify the statement on type element judgments.
Let txα : ∆αuαăλ $ t : ∆λ a type element judgment. For any α ď λ we denote Aα :“ rtxδ :
∆δuδďαs. It follows from theorem 4.6.25 that

φTx

˜

txα : ∆αuαăλ

t : ∆λ

¸

«
txα : Aαuαăλ

rxxα, tyαăλs : Aλpxαqαăλ

.

Hence

ψTx

˜

φTx

˜

txα : ∆αuαăλ

t : ∆λ

¸¸

« ψTx

˜

txα : Aαuαăλ

rxxα, tyαăλs : Aλpxαqαăλ

¸

“
txα : ∆αuαăλ

t : ∆λ

.

Lemma 4.6.31. For any κ-Cartmell theory T we have ψT ˝ φT « IdT .

Proof. The proof is similar to the previous lemma. All the definitions and technical results
have been established, specially theorem 4.6.25.

Corollary 4.6.32. There is a natural isomorphism Idκ-GAT ñ U ˝ C.

Proof. We have constructed rφ´s : Idκ-GAT ñ U ˝ C.

4.6.3.4 The natural isomorphism C ˝ U – Idκ-CON

In this section, we aim to construct a natural isomorphism η : Idκ-CON ñ C ˝ U . Let C be
a κ-contextual category. For this, we first construct a κ-contextual functor ηC : C Ñ CUpCq.
Recall that if Aλ is an object in C then for any α ď λ we denoted pα : Aλ ↠ Aα to the
canonical display map that exists. Then we can make the following definition:

1. For ηCp1q :“ 1.

2. If Aµ is an object with µ “ λ` 1 then

ηCpAµq :“ rtxα : Aαpxδqδăαuαďµs.

3. For an object Aλ, we define ηCpp0q :“ ηCppq0 where ηCppq0 : ηCpAq↠ 1.

4. If Aλ, Bµ are non-trivial objects, with µ a successor ordinal, and f : Aλ Ñ Bµ is a
morphism in C then

ηCpfq :“ rxpβfpxαqαăλyβďµs.

We observe that if µ is a limit ordinal, then any map f : Aλ Ñ Bµ is determined by a
family of maps tfν : Aλ Ñ Bνuνăµ. Thus, in order to define η on such map it is enough to
do it on ordinals ν ă µ which we can assume to be successor ordinals. The map ηpfq is the
map induced by the family of maps tηpfνq : ηpAλq Ñ ηpBνquνăµ. In conclusion, we simply
need to prove properties of η for successor ordinals. The property for limit ordinals follows
using the universal property of the limit object.
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Lemma 4.6.33. For any C, ηC : C Ñ CUpCq is a κ-contextual functor.

Proof. First we verify that it is a functor. Since for any α ă λ we have pαpxαqαăλ “ xα,
then it is immediate to see that ηC preserves the identities.
Assume we have non-trivial morphisms f : Aλ Ñ Bµ and g : Bµ Ñ Cν then

ηCpgfq “ rxpγgfpxαqαăλyβďνs

From the first axiom in theorem 4.6.15 UpCq it follows that the above must be ηCpgqηCpfq
whenever µ and ν are successor ordinals. When we have limits
Now we must verify that it preserves display maps and canonical pullbacks. Both statements
are direct consequences of the definitions. Furthermore, the proof from [17] works without
mayor changes.
For the preservation of pullbacks: We let f : Aλ Ñ Bµ`1 then

ηCpf
˚Bq “ rxxα : Aδpxγqγăα, xϵ : f˚Bµ`1pxαqαăλyαăλs

“ rxxα : Aδpxγqγăα, xϵ : Bµ`1

`

pβfpxαqαăλ

˘

βăµ
yαăλs

“ rxpβfpxαqαăλyβďµs
˚
rxxβ : Bβpxγqγăβyβďµs

“ ηCpfq
˚ηCpBq.

For a display map of pν : Bµ ↠ Bν with height a successor ordinal, the same argument shows
that the pullback along fν : Aλ Ñ Bν is preserved. When the height is a limit ordinal, we
combine the previous case and the fact that in any κ-contextual category canonical pullbacks
are unique.

Lemma 4.6.34. Let C, C 1 be κ-contextual categories and a contextual functor F : C Ñ C 1.
Then the following diagram is commutative:

C CUpCq

C 1 CUpC1q.

CpUpF qq

ηC

F

ηC1

Proof. If f : Aλ Ñ Bµ is a map in C then

CpUpF qqpηCpfqq “ CpUpF qqprxpβfpxαqαăλyβďµsq

“ rxF ppβfqpxαqαăλyβďµs

“ rxpβF pfqpxαqαăλyβďµs

“ ηC1pfq.

Corollary 4.6.35. There is a natural transformation Idκ-CON ñ C ˝ U .
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Remains to show that this natural transformation is an isomorphism. For each κ-
contextual category C we construct a κ-contextual functor

ξC : CUpCq Ñ C

which is a two-sided inverse to ηC. From theorem 4.5.13 we see that:

1. Every derived type judgment of UpCq is of the form

txβ : Ωβuβăµ $ Aλptαqαăλ Type

for some object Aλ of C where for α ď λ the rule

txβ : Ωβuβăµ $ tα : Aαrtδ | xδsδăα

is a derived rule of UpCq.

2. Every type element judgment of T is of the form

txβ : Ωβuβăµ $ xβ : Ωβ

for some β ă µ, or is of the form

txβ : Ωβuβăµ $ fptαqαăλ : Ω

for some map f : Aλ Ñ Bµ of C such that for each α ă λ the rules

txβ : Ωβuβăµ $ tα : Aαrtδ | xδsδăα

and
txβ : Ωβuβăµ $ Bµptβqβăµ ” Ω

are derived rules of UpCq.

We may assume that µ “ ν ` 1, the limit case will follow induction. Let RC be the set
of type and element type judgments of UpCq. Next, we define J : RC Ñ C inductively. First
we get maps:

1. A rule rΩµ :“ txβ : Ωβuβăµ $ Ωµ is sent an object J prΩµq P C.

2. For any α ă λ the judgment rtα :“ txβ : Ωβuβăµ $ tα : Aαrtδ|xδsδăα is sent to a map
J prtαq.

The we can make the following definitions:

1. J prAµq :“ pJ ptαqαăλq
˚Aµ,

where J ptαqαăλ denotes the pullbacks as in theorem 4.6.11.

2. J ptxβ : Ωβuβăµ $ fptαqαăλ : Ωq :“ pJ ptαqαăλq
˚δνf .
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3. J ptxβ : Ωβuβăµ $ xβ : Ωq :“ δβpβ where pβ : J prΩµq Ñ J prΩβq.

The burden of the proof falls into showing that the function J is well-defined. The proof
is by induction on the derived rules of UpCq. We will focus on writing down the inductive
hypothesis H as in [17] for this induction.

• For rules rΩµ of the form txβ : Ωβuβăµ $ Ωµ Type then HprΩµq is either:

1. If the premise of rΩµ is a non-empty context then HprΩβq for all β ă µ.

2. If rΩµ is the rule $ ∆Type then htpJ prΩµqq “ 1. Otherwise for all β ă µ we have
htpJ prΩβqq ă htpJ prΩµqq.

3. For a map xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ. If for each β ` 1 ă µ we have
J prtβ`1q P ΓpJ prΩβ`1rtγ |xγ sγďβ

qq where rΩβ`1rtγ |xγ sγďβ
is the rule txα : ∆αuαăλ $

Ωβ`1rtγ|xγsγďβ Type then

J prΩµrtβ |xβsβăµ
q “ pJ ptβqβăµq

˚J prΩµq

• For rules rtµ of the form txβ : Ωβuβăµ $ tµ : Ωµ then Hprtµq is either:

1. HprΩµq.

2. J prtµq P ΓpJ prΩµqq.
3. For a map xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ. If for each β ` 1 ă µ we have

J prtβ`1q P ΓpJ prΩβ`1rtγ |xγ sγďβ
qq then

J prtµrtβ |xβsβăµ
q “ pJ ptβqβăµq

˚J prtµq

where rtµrtβ |xβsβăµ
is the rule txα : ∆αuαăλ $ tµrtβ|xβsβăµ : Ωµrtβ|xβsβăµ.

• For rules r” or of the form txα : ∆αuαăλ $ ∆ ” ∆1, the hypothesis Hpr”q is either:

1. Hpr∆1q and J pr∆q “ J pr∆1q.

2. Hpr∆q and J pr∆q “ J pr∆1q.

• For rules rϵ or of the form txα : ∆αuαăλ $ t ”∆ t1, the hypothesis Hprϵq is either:

1. Hprtq and J prtq “ J prt1q.
2. Hprt1q and J prtq “ J prt1q.

Lemma 4.6.36. Let txβ : Ωβuβăµ $ Ω a rule such that H is satisfied. If xtβyβăµ : txα :
∆αuαăλ Ñ txβ : Ωβuβăµ is a map such that Hprtβq for all β ă µ then Hptxβ : Ωβuβăµ $

Ωrtβ|xβsβăµq

Proof. By induction on µ and treating all different cases for H. The proof in [17, Lemma
11 pp.2.56] works here too.

Lemma 4.6.37. 1. For any object Aλ P C, we have:
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(a) Aλ “ J ptxα : Aαpxγqγăαuαăλ $ Aλpxαqαăλ Typeq .
(b) For all α ă λ, δpλα “ J ptxα : Aαpxγqγăαuαăλ $ xα : Aαpxγqγăαq where pλα : Aλ ↠

Aα.

2. For any non-trivial object Aλ and f : Aλ Ñ Bµ`1, δf “ J ptxα : Aαpxγqγăαuαăλ $

fpxαqαăλppµfq˚Bpxαqαăλq where pµ : Bµ`1 ↠ Bµ.

Proof. This is [17, Lemma 12 pp.263].

Lemma 4.6.38. Every derived rule of UpCq satisfies the hypothesis H.

Proof. This is by induction on derived rules of UpCq. Indeed, [17, Lemma pp.2.65] shows
that every derivation from theorem 4.5.4 preserves H.

Corollary 4.6.39. 1. For any type symbol Aλ of the theory UpCq we have Hptxα :
Aαpxγqγăαuαăλ $ Aλpxαqαăλ Typeq.

2. For every operator symbol f in UpCq where f : Aλ Ñ Bµ`1 we haveHptxα : Aαpxγqγăαuαăλ $

fpxαqαăλppµfq˚Bpxαqαăλq.

The foremost important result which summarizes the above is:

Corollary 4.6.40. 1. If txα : ∆αuαăλ is a context of the theory then for any α ă δ ă λ
we have htpr∆αq ă htpr∆βq.

2. If there is a map xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ then for each β ă µ
we have J prtβq P ΓpJ prΩβrtγ |xγ sγăβ

qq where rΩβrtγ |xγ sγăβ
is the rule txα : ∆αuαăλ $

Ωβrtγ|xγsγăβ Type.

3. If txα : ∆αuαăλ ” txα : ∆1
αuαăλ then J pr∆λq “ J pr∆1

λ
q.

4. If xtαyαăλ ” xt
1
αyαăλ then for each β ă µ, J prtβq “ J prt1βq.

We are almost ready to define a contextual functor ξC : CUpCq Ñ C. We only need the
next:

Observation 4.6.41. Let a map xtβyβăµ : txα : ∆αuαăλ Ñ txβ : Ωβuβăµ then there are maps
tgβ : J pr∆λq Ñ J prΩβquβăµ with δgβ “ J prtbetaq and pgβ`1 “ gβ. This is a consequence of
theorem 4.6.40 and theorem 4.6.11. Therefore, there exists a unique g : J pr∆λq Ñ J prΩµq
such that for all β ă µ we have δpg “ J prtβq where p : J pr∆λq Ñ J prΩβq.

Definition 4.6.42. We define a function

ξC : CUpCq Ñ C

by:

1. For an object rtxα : ∆αuαăλs P CUpCq,

ξprtxα : ∆αuαăλsq :“ J pr∆λq.
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2. For a morphism rxtβyβăµs : rtxα : ∆αuαăλs Ñ rtxβ : Ωβuβăµs

ξprxtβyβăµsq :“ g,

where g : J pr∆λq Ñ J prΩµq is the unique map from theorem 4.6.41.

Lemma 4.6.43. 1. If txα : ∆αuαăλ $ ∆λ Type is a derived rule of UpCq then for all
α ď λ, txγ : ∆γuγăλ $ ∆α ” J pr∆αqpxγqγăα is a derived rule of UpCq.

2. If txα : ∆αuαăλ $ tλ : ∆λ is a derived rule of UpCq then txγ : ∆γuγăλ $ t ”
J prtλqpxαqαăλ is a derived rule of UpCq.

Proof. See [17, Lemma 15 pp. 2.74].

Corollary 4.6.44. As functions, we have that ηCξC “ idCUpCq
and ξCηC “ IdC

The results needed for this have been introduced throughout the section. Using that we
have a bijection and that ηC is already a functor it follows:

Corollary 4.6.45. The function ξC : CUpCq Ñ C is a contextual functor.

The main result that is of our interest is:

Theorem 4.6.46. There is a natural isomorphism C_ ˝ U – Idκ-CON.

Finally,

Corollary 4.6.47. The categories κ-CON of κ-contextual categories and κ-GAT of κ-
algebraic theories are equivalent.

4.6.4 Coclans and contextual categories

In this section, we prove that every κ-contextual category can be obtained by strictification
of a κ-clan. Clans were introduced in [39], a related definition appears in [29] under the
name category with fibrations.

Definition 4.6.48. We say that a category C is a κ-coclan if it has a collection of maps
CofpCq satisfying the following conditions:

1. C has initial object 0.

2. For any X P C, the map 0Ñ X P CofpCq.

3. Any isomorphism is an element of CofpCq.

4. CofpCq is closed under compositions.

5. CofpCq is closed under pushouts: If f : A Ñ C is a morphism in C and A Ñ B P

CofpCq then the map C Ñ C
š

AB P CofpCq.
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6. CofpCq is closed under transfinite compositions: for any λ ă κ and any λ-diagram of
maps in CofpCq

A0 A1 A2 ¨ ¨ ¨

ColimλAα exists and the map A0 Ñ ColimλAα belongs to CofpCq.

As is usual, maps in CofpCq are called cofibrations and they are indicated by arrows
“ ↣ ”.

Dually, a category C is κ-clan if Cop is a κ-coclan. The distinguished maps are called
fibrations and they are denoted by FibpCq. The fibrations are indicated by arrows “ ↠ ”.
When working with κ-clans we keep the terminology “transfinite compositions" from κ-
coclans as there is no risk of confusion.

Observation 4.6.49. The κ-contextual category CT associated to a κ-generalized algebraic
theory T has a natural κ-clan structure. Indeed, we can take FibpCT q as the display maps.
All the axioms are easily verified. Moreover, this is true for any κ-contextual category not
only for CT .

Recall that a comprehension category consists of a category C, a fibration p : E Ñ C
and a functor F : E Ñ CÑ such that:

1. B0F “ p.

2. If f is a cartesian arrow in E then Ff is a pullback in C, equivalently Ff is a cartesian
arrow with respect to the codomain functor B0 : CÑ Ñ C.

The fibration p is cloven if it comes with a choice of cartesian lifts. The comprehension
category is said to be split is p is a split fibration. We also say that is full if F is fully
faithful, we use the notation pC, E , p, F q for a comprehension category.

The following example appears in [34, Example 4.5], we rewrite it in our setting of κ-
clans. Let us fix a κ-clan C, then the inclusion functor ι : FibpCq ãÑ CÑ and P “ B0ι form a
full comprehension category. More precisely: FibpCq has objects fibrations in C and arrows
between two fibrations α : f Ñ g are commutative squares of the form

A B

∆ Γ.

f g

k

l

Hence, an object in FibpCqΓ over Γ P C is a fibration A ↠ Γ. Observe that an arrow
α : f Ñ g as above is cartesian if and only if it is a pullback square in C. In conclusion, for
an arrow l : ∆Ñ Γ and B ↠ Γ P FibpCqΓ, a cartesian lift in FibpCq is a pullback square

A B

∆ Γ.

f g

k

l

{
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This comprehension category is not necessarily split, reflecting the fact that taking
pullbacks is not strictly functorial. Nevertheless, we can replace it by a split one via the
functor

p´q! : CompCatpCq Ñ SplCompCatpCq

from the category of comprehension categories over C to the category of split comprehension
categories over C, the description of this functor appears in [48, 3.1] which we now recall.
This produces a split comprehension category pC!,FibpCq!, p!, F!q which is equivalent to the
one we started with. Unfolding the result, we take the C! to be simply C.

The category FibpCq! has:

• Objects: for each Γ P C is a tuple A :“ pVA, EA, fAq where VA P C, EA ↠ VA P FibpCqVA
and fA : Γ Ñ VA P C. We also employ the notation rAs :“ f˚

AEA given by taking the
pullback of EA ↠ VA along fA, so we get a fibration rAs ↠ Γ. In addition, we write
pEAqfA for the arrow rAs Ñ EA. Thus, an object over Γ is a diagram in C of the form

EA

Γ VA.fA

• Morphisms: A map between pVB, EB, fBq Ñ pVA, EA, fAq over σ : ∆ Ñ Γ is a map in
E between rBs↠ ∆ and rAs↠ Γ i.e. a commutative square

rBs rAs

∆ Γ.σ

• Composition is induced by the composition in E , consequently, given by pasting com-
mutative squares.

• The identity for pVA, EA, fAq is the identity of rAs↠ Γ as an object in CÑ.

We now unpack the cartesian lifts for the induced functor p! : FibpCq! Ñ C!. Let
σ : ∆Ñ Γ and pVA, EA, fAq P FibpCq! over Γ. Set Arσs :“ pVA, EA, fAσq, pulling back along
fAσ, we obtain the commutative outer rectangle below

rArσss rAs EA

∆ Γ VA.σ fA

{
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The universal property of the pullback on the right give us the unique map Aσ : rArσss Ñ
rAs. Therefore, a lift for σ is given by the evident map Aσ : pVA, EA, fAσq Ñ pVA, EA, fAq.
From the definition of Aσ the square

rArσss rAs

∆ Γσ

Aσ

{

is a pullback, this implies that the square as a map in FibpCq! is a cartesian lift of σ for
p!. Most importantly, this lift is uniquely determined by the composition fAσ. Note that
the transfinite composition of fibrations play no role in the construction. We summarize the
discussion above in the following:

Theorem 4.6.50. For any κ-clan C there exist a full split comprehension category pC 1, E , p!, ι!q
equivalent to pC,FibpCq, p, ιq.

Proof. We apply the previous construction, this give us pC!,FibpCq!, p!q. Since the putative
cartesian map is uniquely determined by the composition fAσ, we can use a slight abuse of
notation and write Aσ :“ fAσ. Thus, if χ : Ξ Ñ ∆ is another map then fpσχq “ pfσqχ.
This shows that the fibration p! : FibpCq! Ñ C! is split. The functor ι! : FibpCq! Ñ CÑ is
defined as ι!pVA, EA, fAq :“ ιprAs↠ Γq “ rAs↠ Γ, similarly for arrows. The comprehension
category pC!,FibpCq!, p!, ι!q is full, since pC,FibpCq, p, ιq is full.

A category with attributes is a comprehension category pC, E , p, F q such that p is a
discrete fibration. Equivalently, a category with attributes can be defined as:

1. A category C with a terminal object 1,

2. A presheaf Ty : Cop Ñ Set,

3. A function that assigns to each object A P TypΓq, an object Γ.A P C together with a
map Γ.AÑ Γ,

4. For each A P TypΓq and σ : ∆Ñ Γ, a pullback square

σ˚Γ.A Γ.A

∆ Γσ

{

Corollary 4.6.51. For any κ-clan C there exist a category with attributes equivalent to C.

Proof. Theorem 4.6.50 give us a full split comprehension category pC!,FibpCq!, p!, ι!q. We
take the category to be C! “ C. The additional data is given in the obvious way. Defining
TypΓq :“ pFibpCq!qΓ, for each A P TypΓq, we get rAs ↠ Γ as described above. The required
pullbacks are given by the cartesian lifts of p!. Furthermore, these pullbacks are computed
strictly along compositions, since p! is a split fibration.



4.6. CONTEXTUAL CATEGORIES AND CARTMELL THEORIES 175

Our next goal is from the category with attributes given by theorem 4.6.51 define a
κ-contextual equivalent to C. In particular, for each object Γ P C we get a κ-contextual
category CpΓq. We start with the following observation:

Definition 4.6.52. The category structure is given by the following data:

• Objects: For each ordinal µ ă κ, we define the set ObµpCpΓqq inductively over µ;

– If µ “ λ ` 1 then we define ObµpCpΓqq :“ TyprAλsq. More explicitly, an object
Aµ P ObµpCpΓqq can be represented as the sequence

Aµ ↠ Aλ ↠ ¨ ¨ ¨↠ Γ

and comes with a fibration Aµ ↠ Γ.
– If µ is a limit ordinal then ObµpCpΓqq is the collection of objects of the form
Aµ :“ LimλăµAλ obtained as the transfinite composition of a sequence

¨ ¨ ¨↠ Aλ ↠ ¨ ¨ ¨↠ Γ.

Each object comes with a fibration Aµ ↠ Γ. This is given by the transfinite
composition axiom of C.

• Morphisms: For ordinals µ ď λ ă κ and objects Bλ P ObλpCpΓqq, Aµ P ObµpCpΓqq we
set

HomCpΓqpBλ, Aµq :“ HomC{ΓpBλ, Aµq.

• The rest of the structure of CpΓq is induced by C{Γ, in particular, the transfinite
composition is that of C{Γ.

Before proving that this gives us a κ-contextual category, let us explain the objects of
this category. Recall that for A P TypΓq means we have a diagram of the form

EA

Γ VA.fA

When we identify this object with rAs, then TyprAsq is the set of objects of the form

EB

rAs EA.
pEAqfA

Each of such objects give pVA, fA, EBq P TypΓq where EB ↠ VA is the composition
EB ↠ EA ↠ VA. Equivalently, this is the composition rBs ↠ rAs ↠ Γ. Furthermore, if we
write Γ.A :“ rAs, then we can rewrite this in a more familiar fashion Γ.A.B ↠ Γ.A ↠ Γ.
This illustrates the general procedure for successor ordinals. A related construction appears
in [41, Definition 4.3].
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Lemma 4.6.53. For any κ-clan C and any Γ P C, the category CpΓq is a κ-contextual
category.

Each axiom can be verified more or less immediately. We start with the category with
attributes we obtained in theorem 4.6.51 and the construction from theorem 4.6.52.

Proof.

1. The objects of CpΓq have grading ObpCpΓqq “
š

µăκObµpCpΓqq as in theorem 4.6.52.
This grading determines the height of each object.

2. The terminal object is Γ.

3. Given ordinals µ ď λ ă κ and objects Aλ, Aµ P CpΓq, the display maps between them
are the maps in HomCpΓqpAλ, Aµq which are also fibrations of C. We group these maps
and objects in DispCpΓqq, which is easily seen to be a subcategory.

4. DispCpΓqq is closed under transfinite compositions, since C is itself closed under such
compositions.

5. The inclusion functor i : DispCpΓqq ãÑ CpΓq preserve transfinite compositions.

6. If A ↠ B is an arrow in DispCpΓqq then B P ObµpCpΓqq and A P ObλpCpΓqq for some
ordinals λ, µ with µ ď λ: This follows directly by definition of the objects of CpΓq

7. For any object A P ObλpCpΓqq and any µ ď λ there exists a unique object B P

ObµpCpΓqq and a unique display map A ↠ B: We can easily obtain this by induction
on λ and verify that the map has the correct length

8. Canonical pullbacks: This is given by the category with attributes structure on C, as
explained in theorem 4.6.51.

9. Canonical pullbacks are strictly functorial: This is exactly what theorem 4.6.51 achieves.

10. It follows from the description of objects given above.

Before we can state our main result, we first need to state the appropriate notion of
equivalence between κ-clans. We borrow the definitions from [39] adapted to our setting.
Let C and E be two κ-coclans. We say that a functor F : C Ñ E is a morphism of κ-coclans
if

1. sends initial objects to initial objects,

2. preserves cofibrations,

3. preserves pushouts of cofibrations along any map
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4. preserves transfinite compositions.

Furthermore, a morphism between κ-coclans F : C Ñ E is an equivalence of κ-coclans if
there exists another morphism of κ-coclans G : E Ñ C and natural isomorphisms GF – IdC
and FG – IdE .

Similarly, F : C Ñ E is a morphism of κ-clans simply if F op : Cop Ñ Eop morphism of
κ-coclans, and an equivalence of κ-clans if F op : Cop Ñ Eop is an equivalence κ-coclans.

Proposition 4.6.54. A morphism of clans F : C Ñ E is equivalence of clans if and only if
F reflects fibrations and transfinite compositions in DispEq, this is; if F pLimλAαq↠ F pA0q

is the transfinite composition of the sequence

F pLimλAαq ¨ ¨ ¨↠ FA2 ↠ FA1 ↠ FA0

then LimλAα ↠ A0 is the transfinite composition of the sequence

¨ ¨ ¨↠ A2 ↠ A1 ↠ A0.

The equivalence of theorem 4.6.50 give us an equivalence between clans.

Corollary 4.6.55. For any κ-coclan C there exists a κ-contextual category equivalent to it.

Proof. Let us take the κ-clan given by D :“ Cop. We can then observe that D – Dp1q where
Dp1q is the κ-contextual category obtained from theorem 4.6.53. We can take the opposites
again to get C.

4.7 Weak model categories

The most general setting in which we will show good homotopy theoretic properties of the
language introduced in section 4.2 is for the weak model categories introduced in [29], which
we will briefly recall here. In practice this extra-generality compared to Quillen model
structure is not extremely useful - all the examples we will consider in section 4.3 are Quillen
model structures, so it would not be unreasonable to skip the present subsection. There are
two reasons we need weak model categories:

• A key construction towards the proof of the third invariance theorem in section 4.4
is in general only a weak model structure, and we need to use its language as an
intermediate tool.

• Future applications to left and right semi-model structure: actual weak model structure
that are not left or right semi-model structures are fairly uncommon, but the weak
model categories which include both left and right semi-model structure at the same
time, are considerably more common.
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4.7.1 Review

Definition 4.7.1. A weak model category is a category M with three classes of maps,
cofibrations, fibrations and weak equivalences satisfying the following conditions:

1. M has an initial object 0 and a terminal object 1, the identity of 0 is a cofibration,
the identity of 1 is a fibration.

2. A composite of cofibrations with cofibrant domain is a cofibration. A composite of
fibrations with fibrant codomain is a fibration.

3. Given two composable arrows X f
Ñ Y

g
Ñ Z where each one of X,Y and Z are fibrant

or cofibrant, if two of f , g, g ˝ f are weak equivalences, then the third also is.

4. Every isomorphism between objects that are either fibrant or cofibrant is a weak equiv-
alence.

5. Given a solid diagram:
A B

C D

i
x

j

Where i is a cofibration and A and B are cofibrant, then the pushout j exists and is a
cofibration.

6. The dual of condition 5 holds for fibrations between fibrant objects.

7. Every arrow isomorphic to a fibration, cofibration, or weak equivalence is also one.

8. Every arrow from a cofibrant to a fibrant object can be factored as a cofibration followed
by a trivial fibration.

9. Every arrow from a cofibrant to a fibrant object can be factored as a trivial cofibration
followed by a fibration.

10. Given a solid square:
A X

B Y

i p

Where A and B are cofibrant, i is a cofibration, X and Y are fibrant, p is a fibration
and either p or i is a weak equivalence, then there exists a dotted map that makes the
diagram to commute.

Remark 4.7.2. In theorem 4.7.1 we use the usual conventions: a cofibrant object is an
object such that the unique map 0 Ñ X is a cofibration, and a fibrant object is an object
such that the unique map X Ñ 1 is a fibration. A trivial (co)fibration is a map which is
both an equivalence and a (co)fibration. We will also use the term core cofibrations to mean
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“cofibration between cofibrant objects” and core fibrations to mean “fibration between fibrant
objects”.

Remark 4.7.3. It is crucial to observe that theorem 4.7.1 only involve the core cofibrations,
core fibrations and weak equivalences between objects that are either fibrant or cofibrant.
By that we mean that if given M a category with these three class of maps, then (M,
cofibrations, fibrations, weak equivalences) is a weak model structure if and only if (M, core
cofibrations, core fibrations, weak equivalences between objects that are either fibrant or
cofibrant) is a model structure.

For this reason, we generally consider that only core cofibrations, core fibrations and
weak equivalence between objects that are either fibrant or cofibrant are to be treated as
relevant notions. Nothing we will do here depends on the three class of maps outside these
restrictions. In [29] it was even considered that the words cofibrations, fibrations and weak
equivalences to mean “core cofibrations”, “core fibrations” and “weak equivalences between
fibrant or cofibrant objects”.

Remark 4.7.4. The definition of weak model structure in [29] is different from theorem 4.7.1,
but it is equivalent. It is stated without reference to the class of weak equivalence and using
the notion of (weak relative) path object and cylinder object. It is easy to show that a weak
model structure in the sense of theorem 4.7.1 is a weak model structure in the sense of [29]
by constructing the cylinder and path objects as factorization of the codiagonal and diagonal
maps (see 4.7.5 below). Conversely, it is shown in [29] that given a weak model structure, it
admits a (unique6) class of weak equivalences such that all conditions of theorem 4.7.1 are
satisfied.

It is shown in [29] that most of the basic theory of Quillen model categories carries over
to weak model categories, with only some additional care taken - mostly replacing objects
by fibrant and cofibrant replacement of objects before applying the usual construction. The
main significant difference is that the homotopy category (defined in terms of homotopy class
of maps between bifibrant objects as we will recall below) is no longer equivalent to MrW´1s

- the localization of M at weak equivalence, but only to Mcof_fibrW´1s the localization the
full subcategory of objects that are either fibrant or cofibrant at the weak equivalences. The
problem is that the axioms of a weak model category allows us to take a fibrant replacement of
a cofibrant object C as a (trivial cofibration/fibration) factorization of C Ñ 1, and similarly
we can take a cofibrant replacement of a fibrant objects, but there is no way to do similar
replacement with an object which is neither fibrant nor cofibrant.

We now quickly go over some aspects of the construction of the homotopy category of
a weak model category, the result mentioned below are all proved in section 2.1 and 2.2 of
[29].

Construction 4.7.5. If X is a bifibrant object (i.e. fibrant and cofibrant), we can form a
cylinder objects IX for X as a (cofibration, trivial fibration) factorization:

X
ž

X ãÑ IX
„

↠ X

6Keeping in mind theorem 4.7.3. Only the class of weak equivalence between fibrant or cofibrant objects is
uniquely defined, outside of this, there are no restriction whatsoever on weak equivalence from theorem 4.7.1.
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and a path objects for X as a (trivial cofibration, fibration) factorization

X
„

ãÑ PX ↠ X ˆX.

Given a pair of maps f, g : X Ñ Y between bifibrant objects, we say they are homotopic
if there is a dotted map h making the diagram below commutative:

X

IX Y

X

f

h

g

or equivalently a map h
Y

X PY

Y.
f

g

h

This is an equivalence relation, and the homotopy category HopMq of M can be defined as
the category of bifibrant objects with homotopy class of maps between them. Moreover, this
category is equivalent to the formal localization Mcof_fibrW´1s.
Construction 4.7.6. Note that if an object C P M is only cofibrant and not fibrant we
cannot define a cylinder object in the same was as above, as the factorization axiom does
not allow us to factor the maps X

š

X Ñ X if X is not fibrant. In place of this, we can
consider a fibrant replacement X „

ãÑ XFib ↠ 1, and then form a factorization:

X
š

X IX

X XFib.

∇ „

„

This object IX, and more generally any object fitting into a diagram:

X
š

X IX

X DX

∇ „

„

is called a weak cylinder object. Dually, if Y is fibrant we define a weak path object of Y as
any object PY that fits into a diagram:

TX PX

X X ˆX

„

„

∆
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We can then show that for a pair of maps X Ñ Y from a cofibrant object X to a fibrant
object Y the following are equivalent:

• f is homotopic to g in terms of a weak cylinder object for X.

• f is homotopic to g in terms of a weak path objects for Y .

• f and g are equal in the localization Mcof_fibrW´1s.

Moreover, any arrow X Ñ Y in the localization Mcof_fibrW´1s comes from an arrow
X Ñ Y in M.

4.7.2 Weak Reedy model structure

Before doing all the constructions, we need to set up the formalism needed for such. In
this section, we study Reedy weak model categories. These are, as the name suggests, the
counterpart of Reedy model categories. Most of the proofs are straightforward adaptation
of the classical ones, so they are omitted.

Definition 4.7.7. A Reedy category is a category R together with two wide subcategories
R` and R´ and a functor deg : RÑ α, where α is an ordinal, such that:

1. For every aÑ b P R` a non-identity arrow, degpaq ă degpbq.

2. For every aÑ b P R´ a non-identity arrow, degpbq ă degpaq.

3. Every arrow in R factors uniquely as an arrow in R´ followed by an arrow in R`.

When the subcategory R´ consists of identity arrows only, then R is called direct category.
Similarly, when the subcategory R` consists of identity arrows only, then R is called inverse
category

Let R be a Reedy category and M be a weak model category. Consider MR the category
of R-shaped diagram in M. Given X : R ÑM such a diagram and r P R any object. The
latching object at r is the colimit (if it exists)

LrX :“ ColimsPpR`{rq´tIdru Xs.

Dually, the matching object at r is the limit (if it exists)

MrX :“ LimsPpr{R´q´tIdru Xs.
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Definition 4.7.8. A map f : X Ñ Y in MR is said to be a (trivial) Reedy cofibration at
r P R if the colimit LrY \LrX Xr exists and the induced dotted map in the diagram below

LrX Xr

LrY LrY \LrX Xr

Yr

{

is a (trivial) cofibration in M.

Dually, f : X Ñ Y in MR is said to be a (trivial) Reedy fibration at r P R if the limit
MrX ˆMrY Yr exists and the induced dotted map in the diagram below

Xr

MrX ˆMrY Yr Yr

MrX MrY

{

exists and is a (trivial) fibration in M.

A map is said to be a (trivial) Reedy (co)fibration if it is one at each r P R.

Remark 4.7.9. We want to clarify that in theorem 4.7.8 the colimit LrY \LrXXr is consid-
ered as a single colimit not as a pushout using the object LrX and LrY . It is possible that
LrY \LrX Xr exists without the colimit LrY or LrX existing. Explicitly, it is the colimits
of all the Xi for i P R`{r and of the Yi for i P R`{r ´ tidru. with all the maps coming from
the functoriality in i and the natural map Xi Ñ Yi. We apply the same logic to the limit
MrX ˆMrY Yr.

Definition 4.7.10. A Reedy category is said to be locally finite if for any object X P R the
categories pR`{Xq and pR´{Xq are finite.

It is a classical result that for any Quillen model category M and a Reedy category R
that the category of functors MR carries a model structure in which the weak equivalences are
the level-wise weak equivalences, the (trivial) (co)fibrations are precisely the Reedy (trivial)
(co)fibrations. The same result can be obtained if we simply assume that the base category
carries a weak model structure.

Theorem 4.7.11. Assume that M is a weak model category and that R is a locally finite
Reedy category. Then there is a weak model structure on MR such that a map f : X Ñ Y
it is:
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1. A weak equivalence if and only if fr : Xr Ñ Yr is a weak equivalence for all r P R.

2. An (trivial) cofibration if it is a (trivial) Reedy cofibration.

3. An (trivial) fibration if it is a (trivial) Reedy fibration.

Remark 4.7.12. When the Reedy category is directed, this model structure coincides with
the projective weak model structure. It is straightforward to define this last weak model
category. In this weak model, the weak equivalences and the fibrations are the level-wise
weak equivalences and fibrations respectively. Similarly, when the Reedy category is an
inverse category, then the Reedy weak model structure is Quillen equivalent to the injective
model structure. In this other case, weak equivalences and cofibrations are given level-wise.

We now prove the theorem:

Lemma 4.7.13. Let I be a direct category and X : I ÑM be a diagram. Let U Ă V Ă I
be two sieves7 of I, such that V ´U has a finite number of objects. Assume that the colimit

XpUq – ColimuPU Xpuq

exists and is cofibrant, and that for each v P V ´ U . The latching object LvX exists and is
cofibrant, and the map LvX Ñ Xpvq is a cofibration. Then XpV q exists and the comparison
map XpUq Ñ XpV q is a cofibration. If LvX Ñ Xpvq is actually a trivial cofibration for
every v P V ´ U , then XpUq Ñ XpV q is a trivial cofibration.

Proof. This is immediate by induction on the number of objects of V ´U . If it only has one
object, then XpUq Ñ XpV q can be seen to be a pushout of the core cofibration LvX Ñ Xv

to the cofibrant object XpUq. If V ´ U has several objects, we iterate this process once for
each object of V ´ U .

Corollary 4.7.14. Let R be a locally finite Reedy category, X : RÑM be a diagram and
let k P R an object. Assume that X is Reedy cofibrant at every r such that degprq ă degpkq.
Then the latching object LkpXq exists and is cofibrant.

Proof. Using a proof by induction on degpxq, we can freely assume that all the latching
object LrpXq are cofibrant for all r such that degprq ă degpxq. We can then just apply the
theorem 4.7.13 to the finite direct category I “ R`{x and U “ ∅, V “ I.

Corollary 4.7.15. Let I be a finite direct category, and let X : I ÑM be a Reedy cofibrant
diagram and U Ă I be a sieve. Then ColimI X and ColimU X exists, are cofibrant and the
obvious comparison map ColimU X Ñ ColimI X is a cofibration.

If furthermore the latching map LrX Ñ Xprq is a trivial cofibration for each r P I ´U ,
then the map ColimU X Ñ ColimI X is a trivial cofibrations.

Proof. By theorem 4.7.14 all the latching objects of X are cofibrant, so we can simply apply
theorem 4.7.13 and conclude.

7That is subcategories with the properties that if there is an arrow x Ñ x1 and x1 P V then x P V .
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Corollary 4.7.16. Let R be a locally finite Reedy category.

• Any core (trivial) Reedy cofibration X Ñ Y in MR is in particular a levelwise (trivial)
cofibration. That is, the map Xprq Ñ Y prq are (trivial) cofibrations for any r P R.

• A map X Ñ Y in MR which is both a core Reedy cofibration and a level-wise weak
equivalence is a trivial Reedy cofibration.

Dually, the same is true for fibrations and trivial fibrations.

Proof. As both statement only depends on the restriction to the subcategory R`, we can
freely assume that R is a (locally finite) direct category. In both cases, we consider the
natural transformation X Ñ Y as a diagram T : R ˆ t0 ă 1u ÑM. We then observe that
the latching map of T at an object pr, 0q is just LrX Ñ X, and the latching map of T at
pr, 1q is

LrY \LrX Xprq Ñ Y prq

Hence the assumption thatX Ñ Y is a core Reedy cofibration translate into the fact that T is
Reedy cofibrant. For any object r P R, the composite Rˆt0 ă 1u{pr, 1q Ñ Rˆt0 ă 1u ÑM
is immediately seen to be Reedy cofibrant as well, and we can then apply theorem 4.7.15 to
the Sieve U “ R{r ˆ t0u to conclude that Xprq Ñ Y prq is a cofibration.

If X Ñ Y is further assumed to be trivial, then the latching map of T at all objects of
the form pr, 1q are trivial, and hence using the “trivial” case of theorem 4.7.15 we conclude
that Xprq Ñ Y prq is trivial.

If instead we assume that Xprq Ñ Y prq is a weak equivalence for all r, then we proceed
by strong induction on degprq. Assume that we already know that at all k such that degpkq ă
degprq.

If degprq “ 0, then the latching map is just Xprq Ñ Y prq itself, so it is a trivial
cofibration as it is a cofibration and a weak equivalence. Assume now that we already know
that all the latching maps

LrY \LrX Xprq Ñ Y prq

are trivial cofibrations for any r such that degprq ă degpkq. We can then deduce by the same
argument as above that the map LkpXq Ñ LkpY q is a core trivial cofibration, which shows
that the map Xprq Ñ LrY \LrXXprq is a trivial cofibration, hence an equivalence, and hence
by 2-out-of-3 for equivalences, the map LrY \LrX Xprq Ñ Y prq, is both an equivalence and
a core cofibration, so it is a weak equivalence.

Note that we have also proved that:

Lemma 4.7.17. Let R be a locally finite Reedy category, and i : X Ñ Y be a core Reedy
cofibration in MR. Then the domain of the latching map LrY \LrX Xprq is cofibrant.

Proof. At the beginning of the proof of theorem 4.7.16 we observed that it could be written
as a latching object Lpr,1qT of a cofibrant Reedy diagram T . Hence, the result follows from
theorem 4.7.14.
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Proposition 4.7.18. For any locally finite Reedy category R, in MR, the composite of two
Reedy core cofibrations is a Reedy core cofibrations.

Proof. We use a strategy very similar to the proof of theorem 4.7.16. Here again, the result
only depends on the restriction to R` so we can freely assume that R is a direct category.
Let X Ñ Y Ñ Z be two composable Reedy core cofibrations in MR. We consider this as a
diagram T : Rˆ t0 ă 1 ă 2u ÑM. As in the proof of theorem 4.7.16. We observe that the
latching map at an element of the form pr, 0q is the latching map LrX Ñ X of X hence is a
cofibration as X is Reedy cofibrant. The latching map at an element pr, 1q is the map

LrY \LrX Xprq Ñ Y prq

which is a cofibration as X Ñ Y is assumed to be a Reedy cofibration. And finally, the
latching map at pr, 2q is the map

LrZ \LrY Y prq Ñ Zprq

which is also a cofibration. So this diagram R ˆ t0 ă 1 ă 2u Ñ M is Reedy cofibrant. It
immediately follows that, for any r P R the composite R ˆ t0 ă 1 ă 2u{pr, 2q Ñ R´ ˆ t0 ă
1 ă 2u ÑM is a Reedy cofibrant diagram. Hence, applying theorem 4.7.15, we can deduce
that the map

ColimU T Ñ Zprq

is a cofibration, where U Ă R ˆ t0 ă 1 ă 2u{pr, 2q is the sieve containing all the objects
except pr, 1q and pr, 2q. But this map can be seen to be exactly

LrZ \LrX Xprq Ñ Zprq

by theorem 4.7.12. This concludes the proof, as this can be applied to any object r P R.

Proposition 4.7.19. Consider a cospan Y Ð X Ñ Z of diagram RÑM, such that X, Y, Z
are all Reedy cofibrant and the arrow X Ñ Y is a Reedy cofibration. Then the (level-wise)
pushout Y \X Z exists in MR and the natural transformation Z Ñ Y \X Z is a Reedy
cofibration.

Proof. It follows from theorem 4.7.16 that for each r P R the three objects in the diagram
Y prq Ð Xprq Ñ Zprq are cofibrant and the map Xprq Ñ Y prq is a cofibration, so the
levelwise pushout Y prq\XprqZprq exists and by general category theoretic results is functorial
in r and is a pushout in the category of diagrams MR. We only need to check that the map
Zprq Ñ Y prq \Xprq Zprq is a Reedy cofibration. For this observe that as colimits commutes
with colimits we have:

LrpY \X Zq “ Colimr1ÑrPR` Y pr1
q \Xpr1q Zpr

1
q “ LrY \LrX LrZ

So that in the latching map

LrpY \X Zq \LrZ Z Ñ Y \X Z
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the domain can be identified with

pLrY \LrX LrZq \LrZ Z “ LrY \LrX Z “ pLrY \LrX Xq \X Z

so the latching map is
pLrY \LrX Xq \X Z Ñ Y \X Z

which is a pushout of the latching map LrY \LrX X Ñ Y , which is itself a core cofibration
as X Ñ Y is a core Reedy cofibration. Hence, this concludes the proof.

We are now ready to prove theorem 4.7.11:

Proof. We go over all the conditions of theorem 4.7.1. The validity of conditions 1, 3,
7 and 4 is trivial. Condition 2 is theorem 4.7.18 together with its dual. Condition 5 is
theorem 4.7.19, and condition 6 is the dual statement.

The proof of conditions 10 is essentially the same as the proof for ordinary model
categories, as for example in Chapter 15 of [32] or in Chapter 5.2 of [33]. The key step in
the proof is that in order to construct a diagonal lift in a square:

A X

B Y

i p

where say i is a core cofibration and p is a core fibration, one of them being a (level-wise)
weak equivalence. Then we proceed by induction as in the usual proof, at each step we need
to produce a diagonal lift in a square of the form

Aprq \LrA LrpBq Xprq

Bprq Y prq ˆMrY MrX

Now by theorem 4.7.17 (and its dual) the object Aprq\LrALrpBq is cofibrant and Y prqˆMrY

MrX is fibrant, by definition of Reedy cofibration and fibration, the left vertical map is a
cofibration and the right vertical is a fibration, and if one of i or p (say i) is a weak equivalence,
then the second point of theorem 4.7.16 show that the left vertical map is a trivial cofibration,
hence the square admit a diagonal lift, which concludes the proof.

The proof of condition 8 and (dually of condition 9), also follows very closely the classical
proof, as in Chapter 15 of [32] or in Chapter 5.2 of [33]. Given AÑ X a map from a Reedy
cofibrant diagram to a Reedy fibrant diagram that we want to factor as a core trivial Reedy
cofibration followed and a core Reedy fibration, A Ñ B Ñ X. We proceed by induction
to construct the diagram, the object Bprq, and the maps Aprq Ñ Bprq Ñ Xprq gradually
by induction on the degree of r. Following the classical proof, at each stage, we need to
construct a factorization of a map in M:

Aprq \LrA LrB Ñ Xprq ˆMrX MrB
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as a trivial cofibration followed by a fibration. But as observed above, the domain is cofibrant
and the target is fibrant, so this is indeed possible in M. The case of condition 9 is done
in the exact same way, but factoring the map above as a cofibration followed by a trivial
fibration.



Conclusions

In this thesis, we have compiled research that uses type theory to study a wide class of higher
structures, i.e., p8, 1q-categories and weak model structures.

The important aspect to remark is the special treatment of the equality, different to that
of classical logic. On the one hand, we have the intentional equality from Martin-Löf type
theory (MLTT.) In this setting, our objects can be “equal” in different ways; via definition
or via the equality of the type theory. MLTT enhanced with Voevodsky’s Univalence Axiom
give us homotopy type theory (HoTT), in which we have an additional way of thinking
about the equality via the type of equivalences. Moreover, the equality type in MLTT has
the structure of a weak ω-category. All the extra features of this type theoretic equality are
not shared with the set-theoretic foundations equality.

Indeed, chapter 2 ([5]) and chapter 3 ([6]) use univalent foundations to study some
aspects of p8, 1q-categories. The type theory we use, due to Riehl and Shulman, is known
as simplicial homotopy type theory (sHoTT). In chapter 2, we defined limits and colimits of
a functor between p8, 1q-categories. Then, we proved basic fundamental results about these
constructions. Furthermore, we also compute the limit of a diagram of 8-groupoids in a
(proposed) p8, 1q-category of 8-groupoids.

Throughout chapter 3, we studied a class of functors called Conduché fibrations or
exponentiable functors. Our main result is the characterization of such functors. Overall,
when we use sHoTT to reason about p8, 1q-categories, we see massive simplifications in the
arguments compared to the existing literature. The simplifications are not only at a technical
level, but also in the space for these arguments. It is evident that sHoTT either simplifies
or avoids completely the combinatorics of any particular model presenting p8, 1q-categories.
It is important to remark that we have used the original formulation of sHoTT, and this is
enough for our initial goals. However, we have also seen that in order to further develop the
theory of p8, 1q-categories and its applications, we will certainly need to use, at the very
least, an extension of sHoTT.

In chapter 4 ([7]), we presented the findings on a new relation between type theory
and model categories. Furthermore, the constructions allow us to include even more general
structures: weak model categories. From each weak model category we can construct an
infinitary generalized algebraic theory. We construct a logic whose formulas have variables
in the contexts of the generalized algebraic theory. In this logic, we also take a non-traditional
approach to the equality between objects. However, unlike the equality of HoTT or ZFC,
this new equality is not postulated, but rather emergent and only dictated by the weak

188
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model category in question. This is encoded in the cofibrations of the weak model category.

We proved that the logic is compatible with the (weak) model structure; this is what
we have called “invariance theorems.” In particular, the 4th invariance theorem establishes
that the language we construct is itself invariant under Quillen equivalences. We see this
work as a step towards model independence. In addition, it opens the door to new relations
between logic and homotopy theory.
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